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Abstract

For a group G and an abelian group A, the theory of group cohomology gives an isomor-
phism E(G, A) — H?*(BG, A), where E(G, A) is the group of central extensions of G by A.
We generalize this construction to the case where G and A are (sufficiently nice) topological
groups by producing a map « : E(G, A) — H*(BG, A). Here, E(G, A) consists of central ex-
tensions which are also principal A-bundles, and H?(BG, A) is defined using the Q-spectrum
A, BA B?A,--..

The study of ker a naturally leads us to define certain maps o™ : H(G, A) — H"(BG, A),
where H!(G, A) is the homology of the chain complex of continuous inhomogeneous cochains.
When G and A are discrete, o™ agrees with the classical isomorphism between group coho-
mology Hp (G, A) and H"(BG, A). Contingent on a conjecture regarding the cohomology
of the Milgram—Steenrod filtration (equivalently, Milnor’s filtration) of BG, we obtain the
following satisfactory characterization of ker a™: a cohomology class lies in ker o” if and only
if the algebraic information it contains can be killed by homotopy, loosely speaking. The
special case n = 2 gives a similar characterization of the extensions contained in ker a. We
demonstrate several examples where ker o™ and ker a can be characterized independent of
the conjecture.

The study of o™ is of independent interest, since it generalizes the homotopy-theoretic
approach to classical group cohomology. Furthermore, it complements the analytic and

categorical lenses employed in existing literature on continuous group cohomology.
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Chapter 1
Introduction

Let G and A be groups with A abelian. Classically, there are several ways to interpret
the group cohomology Hg (G, A) (with G acting trivially on A). Algebraically, the low-
dimensional cohomology groups H,,(G,A) and HZ (G, A) are understood through their
isomorphisms with group homomorphisms Hom(G, A) and central extensions E(G, A) re-
spectively. Topologically, H, gp(G, A) can be studied using its isomorphism with the singular
cohomology H*(BG, A) of the classifying space BG. Combining these perspectives yields

bijections

Hom(G, A) = H'(BG, A) and (1.1)
E(G, A) = H*(BG, A). (1.2)

The domains and codomains of these two bijections make sense even when G is a (suf-
ficiently nice) topological group and A is a discrete abelian group — by Hom(G, A) we
mean the group of continuous homomorphisms G — A, by E(G, A) we mean the group
(under Baer sums) of central extensions of G by A which are A-sheeted covers of G, and
classifying spaces exist for sufficiently nice topological groups. Hence, it is natural to ask
whether the bijections themselves also generalize to this context. This is immediate for (1.1)
— Hom(G, A) ~ Hom(m(G), A) since A is discrete and H'(BG, A) ~ Hom(m(BG), A) ~
Hom(my(G), A) by Hurewicz’s Theorem, the Universal Coefficients Theorem, and the long
exact sequence of homotopy groups for the universal G-bundle EG — BG. Generalizing
(1.2) is not as straightforward, and is considered by Joshi-Spallone in [9]. They produce a
natural injection « : E(G, A) — H?*(BG, A) and show that it is an isomorphism in several

cases (most importantly, when G is connected).
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Further generalization is possible. If both G' and A are sufficiently nice! topological
groups, then Hom(G, A) can still be interpreted as the group of continuous homomorphisms
G — A and E(G, A) as the group of central extensions of G by A which are principal A-
bundles over G.? Making sense of H*(BG, A) is less straightforward. Let B denote the
Milgram—Steenrod construction of the classifying space functor, described in [16]. This
construction has the property that for an (sufficiently nice) abelian topological group A’, the

classifying space BA’ itself is an abelian topological group.?> Hence, we obtain a sequence
A, BA, B?A, - - (1.3)

of abelian topological groups. There is a weak homotopy equivalence A" — QBA’ (this
holds even if A’ is not abelian; see Lemma 2.8.1), so (1.3) is an {-spectrum. Fur-
thermore, B"A is a K(A,n)-space when A is discrete. This yields a reduced cohomol-
ogy theory X — H"(X,A) := [X, B"A], which agrees with reduced singular cohomology
when A is discrete (see [8, Theorem 4.57]).% In particular, H(BG,A) = [BG, BA], and
H?(BG, A) = [BG, B*A],. With these definitions, we produce maps

B :Hom(G,A) — H'(BG, A); f — Bf and
a:E(G,A) — H*(BG, A)

which reduce to those previously discussed when A is discrete. In this generality, one cannot
expect these maps to be isomorphisms, or even injections. For instance, if G = A = R, then
clearly Hom(R, R) is non-trivial but H'(BR,R) is trivial since R is contractible. Similarly,
E(R?* R) is not trivial® but H?(B(R?),R) is. In light of these examples, one might hope
that although B and « are not injective, perhaps they do still capture information which
cannot be killed by homotopy. One of the main goals of this thesis is to study the kernels of

these maps and show that this hope does materialize in a certain precise sense. We do so in

'For the purposes of the introduction, ‘sufficiently nice’ can be understood as G being a CW complex
and A being well-pointed, i.e., 14 < A is a cofibration.

2E(G, A) is isomorphic to the second “locally continuous” cohomology HZ (G, A) (see [18, Remark 1.3],
for instance). This cocycle-centric approach is more suitable when working with sheaves.

3Actually, BA’ may not be a topological group — the multiplication BA’ x BA’ — BA’ will only be
continuous when the domain is given the compactly generated topology. We ignore this technicality for now.

1Caution. Generally, an expression like H*(X,R) refers to the cohomology of X with coefficients given
by R as a discrete group. However, in our notation, the topology of R comes into play and H*(X,R) = 0
since R is contractible (with the Euclidean topology).

®The Heisenberg group, which consists of 3 x 3 real matrices with all diagonal entries 1, is a non-trivial
extension of R? by R.



several increments. During this journey, we also encounter a generalization of the classical
isomorphism H; (G, A) = H"(BG, A) from the case of G and A discrete. Henceforth, BG

will always denote the Milgram—Steenrod construction of the classifying space for G.

Remark 1.0.1. This thesis will not study the images of o and B, except in the case of A
discrete (see Chapter 8). Note that B and « are trivial when G is discrete and A = BA’
for some (sufficiently nice) abelian topological group A’ (see Example 3.1.3), so B and «
are not surjective in general. We discuss an important aspect of the failure of surjectivity in
Section 10.2. O

1.1 Understanding ker o

The most obvious question to ask is whether « detects the bundle structure of extensions.

We answer this in the affirmative in Chapter 3:
Theorem 1.1.1. Every extension in ker v is trivial as an A-bundle over G.

This is Corollary 3.1.2 in the main text, which follows from the generalization Theo-
rem 3.1.1 of [9, Proposition 7.1].

In light of the above, the natural next step for understanding ker « is to demand a
systematic way of analyzing extensions which are trivial as bundles. Analogous to the
classical isomorphism H, gp(G ,A) = E(G, A) from the case of G and A discrete, one can use a
(inhomogeneous) continuous 2-cocycle f : G x G — A to produce a continuous multiplication
on G x A given by

(9.0) - (¢, d') = (99'.ad' f(9,9)),

yielding a central extension of G by A. Two 2-cocycles f and f’ yield isomorphic extensions
if and only if they differ by the coboundary of a continuous 1-cochain G — A. Furthermore,
every central extension of G by A which is trivial as an A-bundle comes from a 2-cocycle in
this way. Writing H? (G, A) for continuous group cohomology, given by continuous cocycles
modulo coboundaries of continuous cochains, we obtain an injection H(G, A) — E(G, A)
whose image contains precisely those extensions which are trivial as A-bundles. This can
be stated succinctly as a short exact sequence (see (2.17)). Henceforth, we will identify
H?(G, A) as a subgroup of E(G, A) in this way.

By Theorem 1.1.1, the study of ker a reduces to the study of the kernel of the restriction
a: H*(G,A) — H*(BG,A). For this, we use a natural filtration BiG C BoG C ... C BG

3



(with BG the direct limit) of the Milgram-Steenrod construction. This filtration has the
property that the successive quotients B,G/B,_1G are homeomorphic to £"G"", the n-fold
reduced suspension of the n-fold smash product of G with itself. This allows us to obtain
an explicit description of a[f] in terms of a given normalized® 2-cocycle f : G — A —
the restriction of «[f] to ByG is given by the image of the homotopy class of f under the

composition

HOGN2, A) —= H?(S2G2, A) —— H2(B,G, A); (1.4)

this is Theorem 5.2.1. The isomorphism comes from the fact that H*(—, A) is a reduced
cohomology theory and the second map is induced by the quotient map BoG — X?G"2. This

has the following implication for ker o, where ¢,, is the inclusion B, G — BG.

Theorem 1.1.2. Fvery cohomology class in ker « C H2(G, A) has a null-homotopic repre-
sentative. In fact, a cohomology class lies in ker(i5 o) if and only if it has a null-homotopic

representative.

Remark 1.1.3. When A is discrete, we have HZ (G, A) = HZ (mo(G), A). There is only one
null-homotopic map m(G) X m(G) — A, namely the constant map at the identity of A.

Hence, the injectivity result of [9] follows from the above theorem. O]

This theorem provides a better upper bound for ker o than Theorem 1.1.1, combining
the algebraic and topological aspects of the set-up in a way which fits the hope we set out
with. However, it has an obvious limitation — it only uses the information captured by ¢joa,
the restriction of o to BoGG. The natural next step would be to start with a null-homotopic
2-cocycle f : G"? — A and try to obtain a necessary condition for ¢} o a[f] to be trivial.
From Theorem 1.1.2 and the long exact sequence of cohomology for the pair (B3G, BoG),

we know that ¢ o a[f] lies in the image of the map
H? (2°G™,A) — H*(BsG, A)

induced by the quotient map B3G — B3G/B.G = ¥3G™. Note that Q3B%A is weakly

homotopy equivalent to QA (since (1.3) is an Q-spectrum), so

H? (3PG", A) = [22G7%, BA] ~ [G",Q4] = H° (G"*,0A4) .

6An inhomogeneous n-cocycle G® — A is said to be normalized if it factors through G"". Through-
out the introduction, we will assume cocycles are normalized whenever convenient. This is justified by
Proposition 2.4.2.



Hence, ¢} o a[f] lies in the image of the map
H° (G"*,QA) — H*(B3G, A). (1.5)

Comparing with (1.4) suggests that there might exist a normalized 3-cocycle f': G — QA
whose homotopy class maps to ¢ o a[f] under (1.5). A natural guess for such a 3-cocycle
is as follows. Since f is null-homotopic, it has a lift f : G — PA to PA, the path
space of A. Although f may not be a 2-cocycle, its composition with the evaluation map
ep : PA — A;y — 7(1) is a 2-cocycle (indeed, e; o f = f). Hence, the image of &f, the
coboundary of f, lies in QA € PA. Now 62f =0, so 6f : G — QA is a 3-cocycle.” Our
guess for f’ is then 6.

We will return to the topic of the correctness of this guess later; for now, suppose it is
indeed correct. With some work, perhaps one could then show that ¢§ o a[f] = 0 if and only
if the cohomology class [f'] € H3(G,QA) has a null-homotopic representative, which is an
improvement on Theorem 1.1.2. Furthermore, the techniques used so far suggest that if f’
is null-homotopic, one could choose a null-homotopy f’ and obtain a normalized 4-cocycle
"+ GM — Q%A such that ¢} o off] is the image of the homotopy class of f” under the

analogue
H° (G, Q%A) — H*(B4G, A)

of (1.5). It is clear how this algorithmic procedure can be repeated ad infinitum, hopefully
giving a complete description of ker a.. Of course, this is based on a lot of guesses, particularly
that our construction of f’, f”, etc. has the desired properties. The need for systematizing
this procedure and proving the requisite intermediate results brings us to the next part of
this thesis, which is to generalize the classical isomorphisms H}, (G, A) = H*(BG, A) from

the discrete case.

1.2 Analogues for « in higher degrees

In Chapter 7, we construct and study maps

a": H}(BG,A) — H"(BG, A)

7Although 6 f is a coboundary in PA, it may not be a coboundary in QA.



which generalize the isomorphisms H} (G, A) = H"(BG,A) from the setting of G and A
discrete. In order to convey the full significance of this construction, we first recall the
construction of the classical isomorphism H? (G, A) = H"(BG, A) for G and A discrete.
Here, BG is Milnor’s construction of the classifying space of G. The isomorphism is based on
the observation that the inhomogeneous chain complex for group cohomology is isomorphic
to the simplicial chain complex of BG (viewed as a A-complex in the sense of Hatcher
[8]). Similarly, one observes that the normalized inhomogeneous chain complex for group
cohomology is isomorphic to the cellular chain complex of BG (which is a CW complex with
d-skeleton B;G when G is discrete). This yields an isomorphism Hy (G, A) = Hlw(BG, A)
(the notation highlights that the cohomology of spaces being used here is the cellular kind).

In order to identify H@w(BG, A) with H"(BG, A) as defined using an Q-spectrum, we
must start with a cellular n-cocycle fow for BG with coefficients in A and construct a
based map ¢ : BG — B"™A. An outline of the standard approach for this is given in this
MathOverflow post, with the upshot that ¢ is easy to define on B,G whereas the process of
extending its definition to B,11G, B,12G, - -+ is cellular and non-constructive. Hence, this
approach is not feasible when G and A may not be discrete.

In Chapter 7, we show that this extension process can instead be done constructively
and purely algebraically using combinatorial techniques. This insight allows us to construct
the maps o™ : H'(BG,A) — H"(BG, A), although some might consider the insight more

important than the maps themselves. As one might expect, o? is the restriction of a to

H?(G,A) and o' = B: Hom(G, A) = H}(G, A) — H'(BG, A) (see Proposition 7.2.2 and
Proposition 7.2.3).

The restriction ¢ o " of a" to B, G has a description in terms of cocycles analogous to
that of t5oa. For f: G — A a normalized n-cocycle, ¢ a"[f] is the image of the homotopy

class of f under the analogue
HY(GM, A) —=— H" (X"G", A) —— H"(B,G, A)

of (1.4). The corresponding analogue of Theorem 1.1.2 is Theorem 1.2.3 below, which

requires the following conjecture:

Conjecture 1.2.1. For A’ a discrete abelian group, the restriction maps HY(B,_1G, A’) —
HYB,_2G,A") and H(BG,A") — HYB,_»G,A") have the same image.

Remark 1.2.2. We show in Section 10.1.1 that the above conjecture is equivalent to the

corresponding statement for Milnor’s filtration of the classifying space obtained using joins
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(see Conjecture 10.1.2).

Theorem 1.2.3. For given G and n > 1, suppose Conjgecture 1.2.1 holds for all A" and
d > 0. FEwvery cohomology class in kera™ C HI(G,A) has a null-homotopic representa-
tive. In fact, a cohomology class lies in ker(c: o ™) if and only if it has a null-homotopic

representative.

Just as Theorem 1.1.2 only uses the information contained in the restriction of «a to
ByG, Theorem 1.2.3 only uses the information contained in the restriction of o” to B,G.
The procedure for linking ker a to null-homotopic cocycles in degrees higher than 2 (discussed
in Section 1.1) is systematized and generalized by the following theorem, whose notation we

explain below.

Theorem 1.2.4. The following commutes up to a sign of (—1)".

H"(G,PA,QA) —— H™Y(G, QA)

lan+1

J. H"(BG,QA)

\[(‘%)*

H (G, A) —“—— H"(BG, A)
Here,

o H¥(G,PA,QA) is the homology of the chain complex of continuous null-homotopic

cochains,

e J, is the map induced by the inclusion of the above-mentioned chain complex in the

chain complex of continuous cochains,

e 0" is defined using the natural generalization of the lifting procedure described in

Section 1.1,% and
e the map (04). is induced by a homotopy equivalence 6,4 : BQA — A°.

In particular, setting n = 2 and n = 3 respectively in this theorem shows that our guess

for f’ in Section 1.1 is correct, whereas our guess for f” is off by a sign. This issue of signs

8The notation 6™ is justified by the fact that this map is the connecting morphism from a certain long
exact sequence of homology induced by a short exact sequence of chain complexes (see Section 2.4.1).

7



does not affect the algorithmic procedure for determining ker o that was discussed, although
we now see that Conjecture 1.2.1 must be assumed for the procedure to work. More
generally, Theorem 1.2.4 implies that an analogue of this algorithmic procedure works for
determining ker " for all n > 1 (once again, contingent on Conjecture 1.2.1).

At the ends of Chapters 6 and 7, we provide several examples where ker o can be

characterized without assuming Conjecture 1.2.1.

Remark 1.2.5. Although the continuous cohomology groups H(G, A) have been studied
extensively, our homotopy-theoretic approach using o™ is novel. Existing literature has
generally focused on techniques that ‘see’ the entire group H!(G, A), whereas our approach
ignores those classes in H'(G, A) which can be ‘killed by homotopy’.

Stasheff [15] provides a thorough exposition of the work done on continuous cohomol-
ogy until the 1970’s by relating it to various other cohomology theories (including some
homotopy-theoretic ones). More recent work includes [18], which relates continuous coho-
mology and its “locally continuous” counterpart to various other cohomology theories, [7],
which shows that the continuous and locally continuous cohomologies are isomorphic when
the coefficient group is contractible through group homomorphisms, and [2], which uses tech-
niques from Lie theory (such as connections with the cohomology of Lie algebras) when the

coefficient group is a vector space. ]

1.3 Layout of the thesis

e We begin by covering various preliminaries in Chapter 2, of which Section 2.2 (details
of the Milgram—Steenrod construction), Section 2.4 (an introduction to continuous
cohomology), Section 2.5 (an introduction to central extensions of topological groups),
and Section 2.8 (defining the cohomology theory H*(—, A)) are the most important.
The reader who does not wish to wade into the weeds of topological technicalities may

read only these sections of Chapter 2 and still follow most of the thesis.

e In Chapter 3, we define the map a : E(G, A) — H*(BG, A) and show that it detects the
underlying bundle structure of extensions. The main tool for this is a certain model
of the classifying space for A, written X¢, whose structure encodes the information
contained in a given extension £ € E(G, A). Hence, we conclude that ker a« C H2(G, A).

e Chapter 4 uses the Dold-Thom Theorem to relate the cohomology theory coming
from the Q-spectrum A, BA, B?A, - - - to singular cohomology. Section 4.4 explores the



relation between the homotopy types of A and BQA.

e In order to further understand ker cr, Chapter 5 provides an explicit formula for ¢joa[f],
where f is a cocycle in Z2(G, A). Section 5.3 uses this formula to show that a agrees
with the classical isomorphism HZ (G, A) = H*(BG, A) when G and A are discrete.

e The above-mentioned formula easily generalizes to give a map «, : C*(G,A) —
H"(B,G, A), which we explore in Chapter 6. Theorem 1.2.3 follows from Theo-
rem 6.3.2. In particular, this gives Theorem 1.1.2 as Corollary 6.3.5.

e In Chapter 7, everything comes together to yield our main results. We define the maps
a" : HY(G,A) — H"(BG, A), with ¢} o o™ equal to the restriction of «, to cocycles.
Furthermore, o' = B (Proposition 7.2.2) and o? = o (Proposition 7.2.3). The-
orem 1.2.4 is proved as Corollary 7.3.3, which links ker ag, 4 to ker agTQIA. The

algorithmic description of ker o™ then follows easily.

e Chapter 8 is largely independent of the rest of the thesis, and looks at some partial
results for the surjectivity of @ when A is discrete. The main result Theorem 8.0.6

says that a is an isomorphism when A is discrete and HJ, (mo(G), A) is trivial.

1.4 Original contributions

e Our definition of and results regarding pCW complexes (Sections 2.6 and 9.1) are novel,
although most of the proofs are natural generalizations of well-known techniques used
for CW complexes. The most important consequence of this work is Corollary 2.6.9,
which asserts that BG has the homotopy type of a CW complex when G is a CW

complex.

e The contents of Chapter 3 are original, although several of our ideas are inspired by
[9]. A more precise description of how we drew inspiration from [9] can be inferred

from the remarks which relate our results to theirs.

e The main definitions and theorems in Chapters 5 to 7 are novel. These include the
definitions of a,, and o, Theorems 5.2.1, 5.3.1 and 6.3.2, Corollary 7.3.3, and the

algorithmic description of ker o™ in Section 7.4.
e Chapter 8 gives a breakdown of the original contributions it contains.

9



e The author is unaware whether Proposition 9.2.1 is novel, but suspects that it might
follow from known necessary conditions for a given space to have the homotopy type

of a loop space.

e Proposition 9.3.3 and the examples of k-rings in Section 9.3 are original.
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Chapter 2
Preliminaries

For all unexplained notation, we refer to [8]. By ‘space’, we will always mean topological
space. A map between topological spaces is understood to be a continuous function. If
the continuity condition is to be relaxed, we will make this explicit by saying ‘set-map’.
I :=[0,1] is the compact unit interval. N and Ny are the sets of positive and non-negative
integers respectively. For n € Ny, let [n] = {1,--- ,n} and [n]o = [n] U {0}. In particular,
[0] = 0 and [0]p = {0}. The n-skeleton of a CW complex X is written as X ™).

For spaces X and Y, the set of homotopy classes of maps from X to Y is [X,Y]. If base
points are chosen, then [ X, Y], is the set of based homotopy classes. Write X = Y if X and
Y are homeomorphic, and X ~ Y if X and Y are homotopy equivalent (likewise for pairs of
spaces). For maps f, f': X — Y, write f ~ f’if f and f’ are homotopic. If f is constant
and f(x) =y for all z € X, then write f = y.

For (X, z¢) a based space, CX and ¥X denote its reduced cone and reduced suspension
respectively. Explicitly, CX is the quotient of X x I by the relation (z,0) ~ (xq,t) for
all (z,t) € X x I, and XX is the quotient of CX by the relation (z,1) ~ (z,1) for all
z € X. The unreduced cone CX and unreduced suspension X are defined analogously.
For both cones and both suspensions, we take the base point to be (zg, 1). There is an action
((x,5),t) — (z,st) of I (as a monoid under multiplication) on CX and CX. X is identified
as a subspace of CX and CX as x — (x,1). For a pair of spaces (X, X’), we often write
X UCX’ for the pushout of X’ < X and X’ — CX’ (likewise X U CX").

*
sing

group A. Hiw(—,A) and HX(—, A) will denote the cellular and simplicial cohomologies for

For A a discrete abelian group, write (—, A) for singular cohomology with coefficient

CW complexes and A-complexes respectively. For discrete abelian groups A and A’, write

A ~ A’ if they are isomorphic.
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2.1 Conventions for compactly generated topologies

The category of compactly generated spaces is often convenient for doing algebraic topology
in, and we will use it extensively in this thesis. This section provides a brief exposition of
our conventions and notations regarding it, and a detailed exposition can be found in [17].
A space X is said to be compactly generated (CG for short) if U C X is open if and only
if U N K is open in K for every compact subspace K C X. In other words, the topology
on X is the finest topology which makes the inclusion K — X continuous for all compact
subspaces K C X.

From a space X we obtain a CG space kX, the k-ification of X, by taking an obvious
refinement of the topology on X. The set-theoretic identity map kX — X is continuous,
and kX = X if and only if X is CG. Furthermore, k-ification is functorial — corresponding
toamap f: X — Y we obtain a k-ified map kf : kX — kY, with kf = f as set-maps.
In other words, £ is a functor from the category Top of topological spaces to the category
kTop of CG spaces (morphisms being continuous functions).

For spaces X and Y, write X x, Y for their product space (with the product topology)
and write X x Y for their k-product given by k(X x,Y). Write X™ for the n-fold k-product
of X with itself and X* " for the n-fold 7-product of X with itself. Note that if X and Y
are CG, then X x Y is the product of X and Y in kTop. Furthermore, if X and Y are CG

and & and X are equivalence relations on X and Y respectively, then natural the set-map

X xY X Y
SRS

~ X ~

is a homeomorphism (apply [17, Proposition 2.17] twice). This property, which would not
hold if the k-product were replaced by the 7-product, is the main reason for working in
kTop.

If base points xg € X and yo € Y are chosen, then X AY denotes the smash product of

X and Y, defined as
XxY

({zo} x Y) U (X x {yo})
The smash product is associative for CG spaces — if X, Y, Z are based CG spaces, then the
natural set-map X A (Y AZ) — (X AY) A Z is a homeomorphism. This allows us to define
XM= XAXA...ANX (n times) unambiguously.

All CW complexes are CG. For CW complexes X and Y, a natural product cell structure
can be given to X x Y. If both X and Y have countably many cells, then X xY = X x, YV

12



(see [8, Theorem A.6]).

2.1.1 Spaces of maps

For spaces X and Y, Map(X,Y) is the space of all maps from X to Y, topologized using the
k-ification of the compact-open topology. If X and Y are based spaces, then Map,(X,Y)
denotes the analogous space of based maps. In particular, if X is a based space, then
QX := Map, (S, X) is its loop space and PX := Map,((1,0), X) is its path space. The base
point for Map(X,Y’) and Map, (X, Y) is the constant map at the base point of Y.

For pairs of spaces (X, X’) and (Y, Y”), write Map((X, X’), (Y, Y”)) for the space of maps
of pairs topologized as above. If X has base point g, then we define Map(X, (Y,Y”)) :=
Map((X, zo), (Y,Y”)). Likewise for Map((X, X’),Y) if Y is a based space.

For x € X, the evaluation map e, : Map(X,Y) — Y; f — f(z) is continuous (likewise

for spaces of based maps and maps of pairs). In particular, if X is a based space then

OX —— PX 23 X

is the path space fibration.

2.1.2 Currying

Let X,Y,Z be CG spaces with Y locally compact and Hausdorff. The currying of a map
f:XxY — Zisthemap f: X — Map(Y, Z);x — f(z,—), and the uncurrying of a
map f: X — Map(Y,2)is f': X XY — Z;(x,y) — F(2)(y). It is a standard result that

currying and uncurrying preserve continuity. In fact, [17, Proposition 2.12] states that
Map(X x ¥, Z) - Map(X, Map(¥. 2)); f = (z — f(z.—)) 2.1)

is a homeomorphism (we will not need this). Currying and uncurrying preserve homotopy
classes, so we obtain a bijection [X x Y, Z] — [X,Map(Y, Z)]. Certain factoring and base

point restrictions on a map X X Y — Z easily translate to restrictions on its currying:

Proposition 2.1.1. Let XY, Z be based CG spaces with Y locally compact and Hausdorff.

13



Let Y' C Y be a subspace containing the base point. Currying yields natural set-bijections

Map, (X AY, Z) — Map, (X, Map, (Y, Z)) and [X \Y, Z], — [X,Map,(Y, Z)l.,
X xY

XxY
Map*( ; ,Z) s Map(X, Map, (Y, Z)) and {

X xY Y X xY Y
Map* (m,Z) — Map (X, Map* <F7Z)> and [X X Y”Z:|* — |:X, Map* <?,Z>:|

with tnverses given by uncurrying.

,z] S [X Map,(Y, Z)], and

2.1.3 Groups, monoids, and H-spaces
A Hausdorff CG space G is said to be a k-group if
e it is a group,
e the multiplication G x G — G and inverse G — G are continuous, and

e it is well-pointed, i.e., (G, 1¢) is a cofibration.

Remark 2.1.2. Since G is well-pointed, 15 has a neighborhood U such that the inclusion
U — @ is null-homotopic. In particular, U lies in the identity component G° of GG. Taking
shifts, we see that every point in G has a neighborhood in its path component. Hence,
all path components of G are open. In particular, G is path-connected if and only if it is

connected. O

A 7-group is defined analogously, except G need not be CG and the multiplication map
must be continuous with domain G x, G. Similarly, we define 7-monoids and k-monoids.
When such objects are viewed as based spaces, the base point is always assumed to be
the identity. Every 7-group (monoid) that is CG is also a k-group (monoid), although the
converse does not hold.

We will make extensive use of the following technical facts.

Lemma 2.1.3. For G a k-group and X a compact Hausdorff based space, Map, (X, G) is a

k-group under pointwise multiplication of maps.
Corollary 2.1.4. For G a k-group, PG and QG are k-groups.

Proof of Lemma 2.1.3. We only need to check that G := Map, (X, G) is well-pointed.
First, recall that G being well-pointed is equivalent to the existence of maps u : G — [ and
h: G x I — G such that

14



o u'(0) ={lc},
e h(g,0) =g for g € G, and
e h(g,t) = 1g whenever u(g) < t.

Now, define

i:G— I f — supuf(z) and
zeX

heGox I — Gi(f,t) > (z— h(f(),1)).

@ is continuous since X is compact, and continuity of i follows from the continuity of its

uncurrying (here we used that (2.1) is a bijection). We also have

o u'(0) ={1g},

e h(f,0)=ffor f e G, and

R

o h(f,t) =15 whenever a(f) < t,
so the lemma follows. O

A k-group (monoid) is said to be a CW group (monoid) if the underlying space is a
CW complex. Henceforth, G will always denote a CW group and A will always denote an
abelian k-group (unless explicitly mentioned otherwise). The identity of a CW group is

always assumed to be a 0-cell.

Remark 2.1.5. A CW group (monoid) with countably many cells is a 7-group (see [8,
Theorem A.6]). O

A H-space is a well-pointed CG space (L, 1) with a multiplication map L x L — L such
that 17, - 1, = 1, and the composition L < L x L — L is homotopic to idy, rel 1, for both

axial inclusions L «— L x L.

2.1.4 Bundles

Let G be any k-group. Our definition of (principal) G-bundles is the standard one, except
that local trivializations and the continuity of the G-action on the total space are interpreted

in the CG sense. To be precise, a G-bundle is a map p : E — B such that
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e there is a free and continuous right G-action £ x G — FE, and

e for each b € B there exists a neighborhood U C B of b and a G-equivariant homeo-
morphism p~!'(U) — U x G which makes

p Y U) — U xG
|
U

commute, where the diagonal map is the first projection.

Write Bung(G) for the collection of G-bundles over B and Bung(G) for the set of

isomorphism classes of these bundles. Bung(G) forms an abelian group under Baer sums.

2.2 The Milgram—Steenrod construction of the classi-
fying space

We give a brief summary of the important aspects of the Milgram—Steenrod classifying space
construction. For G any k-group, [16] constructs a contractible k-group EG with G a closed
subgroup. The coset space is BG := EG/G. Additionally, the projection pe : EG — BG
is a numerable G-bundle, so that BG is the classifying space for G. This construction is

functorial, i.e.,

e F is a functor from the category kGrp of k-groups and continuous homomorphisms
to itself,

e the inclusion G — E(G is a natural transformation from the identity functor on kGrp
to F,

e B is a functor from kGrp to kTop., the category of based CG spaces, and

e (G — pg is a natural transformation from F to B, where the codomain of E is viewed

as kTop, instead of kGrp.

Remark 2.2.1. Here, we are using the fact that a pair (X, A) is an NDR in the sense of
[16] if and only if it is a closed cofibration. This can be seen as follows. Puppe [12, Satz 1]
shows that (X, A) is a closed cofibration if and only if there exist maps v,w : X — I and
¥ X x I — X satisfying
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e w(0) =4,

e v(4) = {0},
e Y(z,1) € Afor xz € X with v(z) <1, and

e Y(a,t) =a for (a,t) € AxI.

The latter of these is clearly weaker than [16]’s NDR condition (take v = w = u and ¢ = k),

and it is also stronger since setting u = max(v, w) and k = ¢ in [16]’s definition works. [J

As a group, EG is generated by the set G x I subject to the following relations for
g9 €Gand0<t' <t <1

(9,0) = (1g,t) = 1
(9,t)(g',t) = (99',1) (2.2)
(9. 0)(g,t") = (99’97 . t') (g, 1)

Consequently, each non-trivial element of FG is represented by a unique word of the form
(g1,t1) -+ (g, t;) with j > 1,0 <ty <...<t; <1, and g; # 1 for all i (see [16, §7]). Such
words, together with the empty word, are said to be in normal form. Non-empty words in
normal form are non-trivial elements of EG. G is embedded in EG as g — (g, 1).

We will refer to the spaces labeled D,, in [16] as D, G so that the dependence on G is
explicit. Recall that we have natural inclusions DyG — DG — ..., with EG the colimit.
This filtration can be understood in terms of the above group structure — D,,G consists of all
elements which have a normal form representation with at most n words (see [16, Theorem
7.6]). In other words, D,G contains all those elements of EG which are represented by

length n words (not necessarily in normal form).
D,G = {(91,751) s (gmtn) | gi € G, t; € I} C EG (23)

A word is said to be in semi-normal form if it is empty or has the form (g1,%1) - - - (g5, t;) with
0<t; <...<t; <1 (the g;’s are allowed to be trivial). We can reduce the redundancy in

(2.3) by restricting to words in semi-normal form:
DG = {(g1,t1) - (gn,tn) | s € G,0 <ty <oty <1} (2.4)

The space
Ay i={(t1, - b)) |0<t <. <t, <1} CI”
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is an n-simplex, and (2.4) determines a surjection k, : G" x A,, — D, G. This is a quotient
map by [16, Theorem 5.1]. G™ is embedded in G"*! by fixing the last coordinate to 1¢ and
A, is embedded in A, by fixing the last coordinate to 1, so k,, 1 restricts to k, on G™ x A,,.

The space pg' (pa(DnG)), the union of all left G-cosets which intersect D, G, is given by
E,.G={(gi,t1) - (gnstn)(gns1, 1) | i € G,0<t; < ... < t, <1} C Dy G.

The restriction of k,,1 to G"™! x A, is a G-equivariant surjection onto E,G, where G acts
on G" x A, by multiplication with the rightmost coordinate. Note that when G is discrete,
E,G is the n-skeleton of EG (as a CW complex). This follows from the fact that &}, (E,G)
is the n-skeleton of G"*1 x A, ;. Consequently, the n-skeleton of BG is given by

B,G = pe(E,G).

Write ¢, for the inclusion B, G — BG. If G is a CW group with cellular multiplication,
then D, G, E,G and B,G are CW complexes (with the obvious subcomplex relations) and
the projection E,G — B,G is cellular. In particular, FG and BG are CW complexes and
pe is cellular. The multiplication on EG is also cellular. See [16, §9].

General points of BG will always be written as

(g1,t1) -+ (gns tn),

with the understanding that this expression is in semi-normal form, i.e., g; € G and 0 <
th<...<t, <1

2.2.1 TIterating B

Since A is abelian, so is FA. Hence, the coset space BA = FA/A also becomes a k-group.
BA is generated by A x I, subject to the relations (2.2) and (a,1) = 1p4 for a € A. Applying
the functor B again, we see that BBA is generated by elements of the form ((a,t),t") for
a € Aand t,t' € I. We drop the inner brackets for simplicity, so BBA is the abelian group
generated by A x I? with the following relations for a,a; € A and t,t' € I.

(alatat/)(a%tat/) = (ala2at7 t/)
(a,t,t") =1gpa if {t,t'} N{0,1} # 0
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These relations have obvious analogues for B™A.

Now, suppose A were discrete. Then B"A is a K (A, n)-space, so it is desirable to fix an
identification of 7,(B™A) with A. A simple guess is that a € A can be identified with the

class of the map
(I",0I") — (B"A,1gna); (t1, -+ ,tn) ¥ (a,ty, -+ ty). (2.5)

Indeed this works, and it matches with the isomorphism 7,(B"A) — A that the below se-
quence yields (this follows from a routine check). The maps 0 are the appropriate connecting

morphisms from long exact sequences of bundles, and they are all isomorphisms.

. —— m(B"A) —2 7,1 (B"1A) oL y m(BA) —2— mo(A) = A

Additionally, since discrete groups are CW groups with cellular multiplication, BA is a CW
group. The multiplication on BA is cellular by [16, Theorem 9.6]. Indeed, by induction
on n, the same theorem yields that B"A is a CW group with cellular multiplication for all
n > 0.

2.3 Milnor versus Milgram—Steenrod

Throughout this section, G is discrete. We recall Milnor’s construction of the classifying
space of G, denoted by BG. The universal cover EG, a G-space, is a A-complex with 0-cells
the elements of G' and j-cells given by (j + 1)-tuples in G'*!. The cell corresponding to
(9o, -+ ,g;) is glued to the cell corresponding to (go,- -+, i, - - , g;) in the obvious way, and
the right-action of G is the diagonal action.

(90s -+ +95) -9 =199, " 959)

Since the G-action is simplicial, BG := EG/G becomes a A-complex such that the map
pe : EG — BG is simplicial and a covering.
A general point in EG, lying in the cell corresponding to (go,- - - ,g;), has barycentric

coordinates (sg, - ,s;) € "t with 3~ s; = 1. We will represent this point with the notation

[QO,SO,"' 7gj78j]' (26)
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The ‘i-th coordinate’ of such a representation refers to the tuple (g;, s;). The gluing of the
various cells is captured by the heuristic that if s; = 0 for some ¢, then the i-th coordinate
can be ignored. We now use this to make the simplicial structure more explicit.

For n > 0, let

T — OGj+1 x NI,

J=0

where A7 C I’+! is the standard j-simplex given by

Aj = {(So,"' ,Sj) € Ij+1

Zisizl}.

Following are homeomorphisms between A; and A’ (they are inverses of each other).

Aj — A], (tl,' e ,tj) — (tl,tg — Ty, ,tj — tj—la 1-— t]) (27)
AN — Aj;(SO,"' ,Sj) — (80,80+51,"' 780+51+...+Sj_1) (28)

When writing out the coordinates of a point in G/t x A7, we will interleave the ¢’s and s’s

as in (2.6). Consider the equivalence relation on I';, generated by

~

(.907807"' 7gia07"' 7gj78j) ~ (907807"' agi707"' agj78j)'

The n-skeleton of EG is precisely I/ ~, so taking a colimit yields £G. The equivalence

class of (go, S0, - ,9j, ;) in this colimit is precisely [go, S0, - , gj, 5;]-

The simplex which is the image of (go, - - - , gn) X A" in BG will be said to be the n-simplex

with vertices go, - - - , gn. The characteristic map of this simplex is taken to be

An — BG7 (tla U 7tn) = [907t07gl7t1 — 1o, 7gn—17tn - tn—hgna I tn] (29)

This simplex is the same as that with vertices gog ', - ,9n_19; ", 1l¢. Note that BG has
only one O-cell, so, strictly speaking, it does not make sense to specify simplices in BG by
referring to their vertices. However, the proposed convention alludes to the fact that the
simplex with vertices go, - , g, lifts to the simplex in EG with vertices [go, 1], - , [gn, 1],
and n-simplices can be uniquely specified using their vertices in FG. Of course, this lift is
not unique; this can be remedied by demanding that the last vertex of the lift be [1g,1]. We

will not do this, however.
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2.3.1 A homotopy equivalence

We will now produce a G-equivariant surjection ¥ : EG — FEG which descends to a homo-
topy equivalence ¥ : BG — BG.' The map is analogous to the isomorphism between the
homogeneous and inhomogeneous cochain complexes used to calculate group cohomology —
EG is analogous to the inhomogeneous complex and EG to the homogeneous complex.
First we define a map U, : G"" x A" — G x A, using (2.8) as follows, where all

coordinates are interleaved as in (2.6).

(g()aSOa o 7gn7sn) = (9091_173079192_1a80 + 1,77 agn—lgglaso +...+ Sn—1y9n, 1)

Here, A, has been realized as its embedding in A,,;. The image of k, 1 o U, is E,G, the
(n+ 1)-fold join of G. Furthermore, k, 1 o W,, factors through the n-skeleton E,G = I/ ~.
This yields a surjection ¥, : £,G — E,G. We define ¥ to be the colimit of ¥,. It is clear

that U, is G-equivariant, so U is too.

To see that U is a homotopy equivalence, it suffices to show that 7 (¥) is an isomorphism
(since BG and BG are both CW models of K (G,1)). For this, observe that ¥ sends the loop
Yy 1t [g,t,1g,1 —t] in BG to the loop 7, : t — (g,t) in BG. The unique lift 7, of 7, to
EG, starting at [1¢, 1], has endpoint [g, 1]. Likewise, the unique lift 7, of y, to EG, starting
at 1pg, has endpoint (g, 1). Hence, the following diagram commutes, where the maps 0 are
the appropriate maps from the long exact sequence of homotopy groups for EG — BG and
EG — BG.

(BG) —= m(G) =G

1 B ~
™ BG) —>Z 7T0<G) =G
This completes the proof of ¥ being a homotopy equivalence. In Section 10.1.1, we briefly

sketch why ¥ is a homotopy equivalence even when G is a CW group.

2.4 Continuous group cohomology

First, we recall the classical construction of the cohomology groups of a discrete group G
with discrete coefficient group A, acted on trivially by G. Let égp(G, A) (n > 0) be the

In Section 10.1.1, we will show that this map is also a homotopy equivalence when G is a CW group.
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group of set-maps from G" to A. The coboundary maps ¢" : ég"p(G, A) — C’g;l(G, A) are

defined as follows for n > 1.

" f (g1, gn1) =[G gnr1) + D F(G1, 1 Gim1s GiGirns Givar 5 Gnr)
=1
+ (=D (g1, )

For n = 0, we set 6° = 0. This yields the inhomogeneous cochain complex

0 — C%(G, A) . » (G, A) " CIFHG A) — .. (2.10)

whose homology groups are defined to be the cohomology groups Hg, (G, A).

In our context, it will be more convenient to work with a normalized version of the above
chain complex. Let Cg, (G, A) be the subgroup of C’gp(G , A) consisting of set-maps G — A,
which are set-maps G™ — A which vanish on tuples (g1, -, g,) with g; = 15 for some 1.
We take C (G, A) = égp(G, A). This yields a subcomplex

0 — C%(G, A) - » O (G, A) =" CIFH(G,A) — .. (2.11)

of the inhomogeneous cochain complex (2.10), called the normalized inhomogeneous cochain

complex.

Proposition 2.4.1. The homology groups of (2.11) are isomorphic to H; (G, A), with iso-
morphism induced by the inclusion of (2.11) in (2.10).

Sketch of proof. It is well-known that the simplicial cochain complex of the A-complex BG
is naturally isomorphic homogeneous cochain complex of G with coefficients A. The latter
is naturally isomorphic to the inhomogeneous cochain complex C’gp(G, A) (for instance, see
[5, §17.2, Exercise 2]).* Similarly, Cy (G, A) is naturally isomorphic to the cellular cochain
complex of the CW complex BG.

With the above isomorphisms treated as identifications, the map from the cellular cochain
complex of BG to the simplicial cochain complex of BG induced by the cellular map ¥ :
BG — BG (see Section 2.3.1) is the inclusion C7, (G, A) — C‘;‘p(G, A). This must induce an

isomorphism on homology since W is a homotopy equivalence. O

Remark. Proposition 2.4.1 is a special case of Proposition 2.4.2 below, and our proof of

2The composition of these isomorphisms is described in some detail in Section 5.3.
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the prior does not work for the latter. Nonetheless, the above proof is a nice demonstration

of the technique of doing algebra using topology. m

For G a CW group and A an abelian k-group, we define the continuous group cohomology
H*(G, A) completely analogously. Let C(G, A) C é’gp(G,A) be the group of continuous
maps G" — A. The continuous cohomology groups H} (G, A) are defined to be the homology
groups of the following subcomplex of (2.10).

0 —— C%G, A) . sy Cn(G,A) -2 CrtY(G,A) —— ... (2.12)

We also have a normalized version of this, with C7'(G, A) C Cg (G, A) the group of continuous
maps G — A.

0 —— C%G, A) . y O1(G,A) L CrYGLA) — . (2.13)

Proposition 2.4.2. The homology groups of (2.13) are isomorphic to HX(G, A), with iso-
morphism induced by the inclusion of (2.13) in (2.12).

Proof. See Eilenberg-MacLane’s [6, Lemmas 6.1 & 6.2]. Note that they work in a purely
algebraic set-up (i.e., G and A discrete), but their proof works in the continuous set-up too.
Indeed, in their Equation 6.3, continuity of f implies continuity of g; for all 7, which in turn

implies continuity of f,. ]

In light of the above, we will view the continuous cohomology groups as the homology
groups of (2.13) throughout this thesis. Elements of C?(G, A) will be called continuous
n-cochains (n-cochains if continuity is clear from context), and elements of C*(G, A) will be
called non-normalized continuous n-cochains.

The group of continuous cocycles is denoted by Z(G,A) = kerd” C CIG,A) and
the group of continuous coboundaries by B*(G, A) := imdé" ' C C"(G,A). Consequently,
HX(G,A)=ZG,A)/B:G,A).

Of course, Cy (G, A) = C;(G, A) when G and A are discrete, so Hy (G, A) = H(G, A)

in this case.

Proposition 2.4.3. When A is discrete, the quotient map G — m(G) induces an isomor-
phism
Hy,(m0(G), A) = Hi'(m0(G), A) = HZ'(G, A).
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Proof. The map Cg,(mo(G), A) = C(mo(G), A) = C¢(G, A) induced by the quotient G —
mo(G) is an isomorphism since every continuous map G — A factors through m,(G"") =
7T0(G>/\n. ]

2.4.1 A long exact sequence

When G is discrete, a short exact sequence

of discrete abelian groups induces a short exact sequence
1 — Cgp(G,Al) — Cgp(G,A2> — Cgp(G7 Ag) — 1 (214)
of chain complexes. This produces a long exact sequence

. —— H} (G, A)) —— HJ (G, Ay) —— H} (G, As) —— HIFHG Ay) —— ...
(2.15)
of cohomology groups. However, for continuous group cohomology with G a CW group and
Ay, Ag, Ag all k-groups, right-exactness of (2.14) fails. Consequently, there is no immedi-
ate analogue of (2.15). To remedy this, we define a ‘relative’ version of continuous group
cohomology which fits into a long exact sequence analogous to that for relative singular

homology.

Let G now be a CW group and A" C A be abelian k-groups with A/A’ also a k-group. A
continuous relative n-cochain is an n-cochain G — A/A’ which lifts to A, and C?(G, A, A')
is the group of all continuous relative n-cochains. In other words, C*(G, A, A is the image
of the map C(G, A) — C(G, AJ/A"). Clearly, C¥(G, A, A) is a subcomplex of C} (G, A/A).

Its homology groups are HX(G, A, A"). Furthermore, there is a short exact sequence
1 — CHGA) — CHG,A) — CHG,AA) —— 1
of chain complexes, yielding a long exact sequence
. —— H™G,A) —— H™G,A) —— HMG,A,A) 2 H* (G A) — ...
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of cohomology groups. The inclusion J : C}(G, A, A") — C¥(G, A/A’) induces a map
Jo: H (G, A A") — H (G, AJA")

of cohomology groups.

Of particular interest to us will be the case of the short exact sequence

1] —— QA —— PA 25 A°

~
—_

in which case C?'(G, PA,QA) is the group of null-homotopic n-cochains G — A.

2.5 Central extensions
A central extension of G by A is a tuple (E, u, p) such that
e p: EF — (G is an A-bundle,
e i : F x E — FE is a multiplication map which makes E a k-group,
e p is a group homomorphism, and
e The A-action on F is compatible with p, i.e.,

pule-a,e -a')=pulee) aad Ve,e' € E,a,d € A.

Remark. The compatibility condition implies that the fiber inclusion A — F;a+ 1g-a is

a group homomorphism with image contained in the center of F. O

Write E(G, A) for the collection of all central extensions of G by A. Two such extensions
(Ei, i, pi) € E(G, A) (i = 1,2) are said to be equivalent if there is an isomorphism F; — Es
of k-groups which is also an A-bundle isomorphism. Denote the collection of isomorphism
classes by E(G, A). The Baer sum makes E(G, A) an abelian group with identity the trivial

extension G x A. There is also a ‘forgetful’ map
FG,A : E(G, A) — Bung(A),
which simply forgets the group structure. Clearly, this is a group homomorphism under the
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Baer sum. We also have a map
Tea: HX(G,A) — E(G, A), (2.16)

analogous to the standard isomorphism HZ (G, A) = E(G, A) from the case when G and A
are discrete, which ‘twists’ the component-wise multiplication on G x A (see [5, §17.4]). For
a continuous cocycle f : G"? — A, we define T A([f]) to be the class of (G x A, ug,p) €
E(G, A), where p is the first projection and /s is defined as

ps((g,a), (h, b)) = (gh, abf(g,h)).

The identity element of this extension is (1g, 14). Clearly, F'oT = 0. The standard proof
of the fact that T" is an isomorphism when G and A are discrete generalizes immediately to

show that 7" is a group homomorphism and the sequence
0 — H2(G,A) —— E(G, 4A) — Bung(A) (2.17)

1s exact.

Next, observe that we have a double-sided action of G on Bung(A) given as follows. For
X = (X,p) € Bung(A), we define

g-X-h=(X,g-p-h)Vg,heQqG.

The image of F' is fixed under both these actions by virtue of the group structure of central
extensions. Furthermore, g- X - h is the pullback of X under the map G — G;x > g txh™ %
The homotopy class of # — g~'zh~! depends only on the connected components in which
g and h lie, so the actions of G on Bung(A) factor through mo(G) (here, we used that G
is paracompact). Hence (2.17) can be refined to say that the following sequence is exact,
where Bung(A)™(@ is the collection of fixed points of the double-sided action of 7o(G).

0 —— H2(G,A) —= E(G, 4) —£— Bung(A)™© (2.18)
G also acts on Bungo(A4)™(©) as
g X=(X.g-p-g)
for g € G and X = (X,p) € Bungo(A), and as before one checks that this action factors
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through 7y(G). Restriction gives a map
ReSG,A : Bung(A)”O(G) N BU.IlGo (A)WO(G)7

which we claim is an isomorphism. To construct its inverse consider a bundle X = (X, p) €
Bungo(A)™(@) and fix a choice of coset representatives s : m(G) — G. Define X' =
(mo(G) x X, p') with p’ : mo(G) x X — G ([g], z) — s([g])p(z). Since the isomorphism class
of X is fixed under the action of m(G), it follows that the isomorphism class of X is fixed
under the double-sided action of 7y(G) and does not depend on the choice of s. The inverse
of Res is then defined to take the class of X to that of X’. Let F/ = Res o I, so that the

discussion so far can be summarized as follows.

Theorem 2.5.1. The following is exact.
0 —— HCQ(G, A) L} ]E(G,A) L} BUDGO(A)ﬂO(G)_

Remark 2.5.2. When A is discrete, H2(G, A) = H2,(m(G), A) = E(m(G), A) and Bungo(A)™(@) ~
E(G°, A)™(@) (see [9, Theorem 4.9]). Hence, Theorem 2.5.1 reduces to [9, (5)] in this case.
In particular, [9, Example 3.7] shows that (2.18) need not be right-exact. O

2.6 pCW complexes

In general, EG and BG need not be CW complexes when G is. In this section, we will define
a class of spaces called pCW complexes (short for pseudo-CW complexes) such that EG and
BG are pCW complexes (for G a CW group). Additionally, we will show that all pCW
complexes are homotopy equivalent to CW complexes. Section 9.1 provides pCW analogues
of the computation of homotopy and (co)homology groups of CW complexes using skeleta.

A space X is said to be a pCW complex if there exist

e subspaces Xy C X; C ... C X, with Xy a CW complex and X = lim X,,,,

m

e CW complexes Y7, Y5, .-+ and respective subcomplexes Z,, C Y,,, and
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e maps 4, : Z,, — X,,_1 such that

I — Y,

| |

Xm—l —> Xm

is a pushout square.

Remark 2.6.1. X,, ;| — X,, is a closed cofibration because Z,, — Y,, is. Consequently,
X,, = X is a closed cofibration. O

These spaces and maps give a pCW structure on X. If there also exists M : N — N
such that the n-skeleton of Y;,/Z,, is a point for all m > M (n), then we say that X is a
good pCW complex. It is not hard to see that CX,YX,CX, and ©X have natural pCW
structures coming from that of X, and they are good if X is.

Every CW complex B is a pCW complex in a trivial way, by letting B = Xg = X; = ---.
However, it will be more convenient to give the pCW structure in which X, is the n-skeleton

and Y, is a disjoint union of n-cells. Hence, CW complexes are good pCW complexes with

M(n) = n.

Remark 2.6.2. Given a CW complex B with a subcomplex B’, one can also give a good
pCW structure to B by taking X, to be the union of B’ and the m-skeleton of B (as a CW

complex). We will not use this in the present discussion. O

Henceforth in this section, X denotes a pCW complex with the above pCW complex
structure. If X is good, then the n-skeleton of X is defined to be X;(,). This agrees with
the standard notion of ‘n-skeleton’ for CW complexes. Note that X/X M(n) 1s a good pCW

complex with n-skeleton a point.

Remark 2.6.3. A single pCW structure can admit several good pCW structures, and it
could happen that the n-skeleton of a good pCW complex X contains the (n + 1)-skeleton

as a proper subset (since M need not be strictly increasing). []
Proposition 2.6.4. BG is a good pCW complex with n-skeleton B,G.

Proof. Set X,, = B,G and Y,, = G" x A,,. Let Z, be the subspace of Y,, consisting of points
(gh e 7gn7t17 te ,tn) with

e g; = 15 for at least one 7, or
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o (ti, - ,ty) € DA,

Clearly, Z, is a subcomplex of Y,,, where Y,, is given the standard product cell structure
(recall that 15 is a O-cell of GG). Now, recall the quotient map k, : G" x A,, — D,,G studied
in Section 2.2. Since pgok, : Y, — X, is surjective and its restriction to Y,, — Z,, is injective,
gluing Y,, to X,,_; along ¢, := pg o k,|z, gives X,,.

Any cell of Y, which is not in Z,, must contain the n-cell of A, as a factor, so the
(n — 1)-skeleton of Y,,/Z, is a point. Hence, we may take M(n) = n so that the n-skeleton
is X,, = B,G. O

Proposition 2.6.5. pC'W complexes are paracompact. In particular, BG is paracompact.

Proof. Use Theorem 4.1 and Proposition 4.2 here. O]

To show that X has the homotopy type of a CW complex, we will mimic the proof
of Whitehead’s Theorem [8, Theorem 4.5] on a CW approximation for X to show that
this CW approximation is actually a homotopy equivalence. For this, we first rephrase the

Compression Lemma [8, Lemma 4.6] accordingly.

Lemma 2.6.6 (Compression Lemma). Let V' be a space, (Y,Z) a CW pair, 0 : Z — V a
map, and (Q, R) a pair of spaces. Let U =V Uy Y be the pushout and & : (U, V) — (Q,R) a
map. If m;(Q, R,r) is trivial for alli > 0,r € R, then & is homotopic rel V to a map U — R.

Remark. The condition that (@, R, r) is trivial for all » € R is understood as saying that
R meets every path component of Q. m

Proof. Completely analogous to the proof of [8, Lemma 4.6]. n

Corollary 2.6.7. Let (Q, R) be a pair of spaces with m;(Q, R,r) trivial for alli > 0,7 € R.
Any map & : (X, Xo) = (Q, R) is homotopic rel Xy to a map X — R.

Proof. Let &, : (X, Xo) — (@, R) be the restriction of £ to X,,, and set &, = &, & =
Suppose, inductively, that &, | : X,,-1 — R extends to &, : (X, Xn-1) — (Q,R). By
Lemma 2.6.6, £’ |x,, is homotopic rel X,, 1 to a map & : X,, — R. Since X,, — X is
a cofibration, this extends to a homotopy from & | to a map & : (X, X,,) = (@, R). This
completes the inductive construction of £, and ¢/, for all m > 0.
Let & : X — R be the direct limit of the maps ¢, which makes sense since &, |x, = &,
for p < m. A homotopy from & to £ is obtained by playing out the homotopy from & = &[ to
{'in [0,1/2], then that from & to &) in [!/2,3/4], and so on. At time 1 we define the homotopy
to be ¢'. Continuity at 1 follows from the fact that the restriction of this homotopy to X,

is constant in [Qm’l 1]. ]

2m
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Theorem 2.6.8. If f : B — X is a CW approximation for X, then it is a homotopy

equivalence.

Proof. As in the proof of Whitehead’s Theorem in [8], the high-level strategy is to show that
the mapping cylinder My deforms onto B using Corollary 2.6.7 with (Q, R) = (My, B).
There are two ways to go about this, each with a counterpart in [8]. The first is to argue that
f is homotopic to a cellular map, i.e., one which takes the n-skeleton of B to the n-skeleton of
X. Hence, we may assume that f is cellular without loss of generality. This allows us to give
a pCW structure on the mapping cylinder My, and then the theorem follows immediately
from Corollary 2.6.7. This is left as an exercise for the inquisitive reader.

The second way is more direct. The inclusion (B U X, B) — (M, B) is homotopic rel
B to amap BUX — B (by Corollary 2.6.7). Since B U X — M/ is a cofibration, this
extends to a homotopy from the identity My — My to a map g : (My, BU X) — (My, B).
Then we apply Lemma 2.6.6 to the composition

(BxITUX,Bx9IUX) — (M;,BUX) —2— (M;,B) ,

and the resulting homotopy factors through My to yield a deformation of My onto X. U

Corollary 2.6.9. BG has the homotopy type of a CW complex.

2.6.1 Subcomplexes

A subcomplex of a pCW complex is defined analogously to that of a CW complex. A

subspace X’ C X is is a subcomplex if there exist
e a subcomplex X C Xj,
e subspaces X, C X, with Xj C X{ C ..., and
e subcomplexes Y, C Y,
such that
e the restriction ¢/, of ¢, to Z] = Z,,NY,, has image in X, _,,
e X, is the pushout X,,_; Uy Y, and

e X'=|J X/

m>1
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The subspace topology on X’ coming from X is the same as the pCW complex topology.
X,, = X,, can be seen to be a closed cofibration by induction on m. Consequently, X, — X
and X’ — X are also closed cofibrations. Collapsing X’ in X, the space X" := X/X’ has a
natural pCW structure. Note that X’ and X" are good if X is.

Remark 2.6.10. With the above definitions, the excision axiom for generalized cohomology
theories can be stated for pC'W pairs. This allows us to talk about cohomology theories on

pCW complexes, which we discuss in the next section. O

Proposition 2.6.11. A pCW pair (X, X') is a good pair in the sense of [8], i.e., X' has a
neighborhood in X which deforms onto X'.

Proof. The proof of this statement for CW pairs (e.g., [8, Proposition A.5]) generalizes to
the pCW case without much difficulty. O]

Theorem 2.6.12 (Blakers—-Massey Excision Theorem). If a based pCW pair (X, X') is r-

connected and X' is s-connected (r,s > 0), then the map
7TZ'<X,X/) — 7T1(X/X/)
1s an isomorphism for 1 <1 <r 4+ s and a surjection fori =1r+ s+ 1.

Proof. Let U C X be a neighborhood of X’ which deforms onto X’ (such U exists by
Proposition 2.6.11). Set

Y =XUCX/,

Y, =CX'uU

Yo =X U (Y2, 1] x X', and
Yo=YiNY,=UU((12,1] x X".

Hence, {Y1, Y2} is an open cover of Y. Observe that Y] is contractible, Y5 deforms onto X,
and Y, deforms onto X’. From the long exact sequence of relative homotopy, we see that
the pair (Y7,Yp) is (s + 1)-connected. Also, (Y3,Y)) =~ (X, X') is r-connected. Hence, [4,
Theorem 6.4.1] yields that the map

(Y2, Yo) = m(Y, Y1) (2.19)
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is an isomorphism for 1 < ¢ < r + s and a surjection for ¢ = r + s + 1. We also have the

commutative diagram

| Fo

mi(Ya/Yo) —— m(Y/Y1)

with the isomorphisms coming from the facts that Y; is contractible and Y5/Yy = Y/Y).
Hence, the preceding observations about (2.19) show that

(Yo, Yy) = mi(Ya/Yp)

is an isomorphism for 1 <i < r + s and a surjection for ¢ = r + s+ 1. Using [8, Proposition
0.17] together with the fact that U deforms onto X’ (equivalently, U/X’ deforms onto the
point X’/ X’) now proves the theorem. O

2.7 Extraordinary cohomology theories

This section provides a brief account of the extraordinary cohomology theory coming from
an (-spectrum. We adapt the treatment given in [8, §4.3] to our context of pCW complexes
(in light of Theorem 2.6.8, there is no essential difference between the theories for CW
complexes and pCW complexes).

An Q-spectrum K is a sequence of based spaces (K,,), (where n generally runs over
either the integers or the non-negative integers) together with weak homotopy equivalences
K, — QK, 1. Hence, for any based space X with the homotopy type of a CW complex,
(X, K,]. ~ [X, 02K, ], is an abelian group (in particular, we may take X to be a pCW
complex). The cohomology theory coming from K is the sequence of functors H"(—,K) :=
[—, K]« from the category of based pCW complexes and based maps to the category of
abelian groups. If A is a discrete abelian group and K is the Eilenberg-MacLane spectrum
K, = K(A,n), then H*(—,K) is the reduced singular cohomology theory with coefficient
group A.

For our purposes, the most important property of such cohomology theories is the excision
property — for a based pCW pair (X, X’) with inclusion ¢ : X’ — X and quotient map

q: X — X/X', there is a natural long exact sequence of cohomology groups
L —— HYX/X',K) - H"(X,K) — H"(X' K) — H™ (X)X K) — ... .
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The connecting morphism 6" is defined using a Puppe sequence, and is best understood
by first considering the case of the pair (CY,Y). In this case, the connecting morphism
6" H"(Y,K) — H"™ (XY, K) is defined to be the composition

[K Kn]* — [Y> QKnJrl]* — [EY, Kn+1]*'

Here, the first isomorphism comes from the weak homotopy equivalence K, — QK,,; and
the second comes from the adjoint relation between > and 2. To define 6™ for an arbitrary
pCW pair (X, X’), we start by fixing a homotopy inverse h : X/ X’ — X UCX' for the map
X UCX' — X/X' which collapses C X' (this is a homotopy equivalence by [8, Proposition
0.17]). We define 0™ to be the composition

(X' K] —2— [BX), Kpi1)s —— [XUCX', Kpple —o— [X/X', Knials,  (2.20)

~
~

where the first arrow is the connecting morphism for the pair (CX’, X’) and the second
arrow is induced by the map X U CX’ — ¥ X’ which collapses X.

Remark 2.7.1. Of course, the above discussion works just as well with the unreduced cone

and unreduced suspension replacing their reduced counterparts. O

2.7.1 Morphisms of spectra and cohomology theories

A morphism K — L of Q-spectra is a sequence of maps K,, — L,, such that the resulting

square
Kn E— QKn—H

J |

L, — QL

commutes. This induces a natural transformation H*(—,K) — H*(—,L) of cohomology

theories, and the commutativity of the above square ensures that

H"(X' K) -2 H""(X/X' K)

l l (2.21)

H™M(X' L) —"» H"(X/X' L)

commutes for all pCW pairs (X, X').

More generally, a natural transformation between two cohomology theories (as functors
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from the category of based pCW complexes to the category of graded abelian groups) is
said to be a morphism of cohomology theories if it respects the connecting morphism (as
in (2.21)). Injectivity and surjectivity of such morphisms is defined in the obvious way.
A notion of exact sequences of cohomology theories is now immediate. A split short exact
sequence of cohomology theories is a short exact sequence of cohomology theories which splits
via a morphism of cohomology theories. A weakly split short exact sequence of cohomology
theories is a short exact sequence of cohomology theories which splits via a functor which
may not necessarily be a morphism of cohomology theories (i.e., this functor may not respect
the connecting morphism).

In categorical language, most of the above discussion can be summarized as follows.
There is a category of (2-spectra and their morphisms, an abelian category of cohomology

theories and their morphisms, and a functor K — H*(—,K) from the prior to the latter.

2.8 OB

The classifying space functor B is a right-inverse for the loop space functor €2 in the following

sense:

Lemma 2.8.1. Let G be a k-group. There is a weak homotopy equivalence ¢ : G — QBG

such that the following triangle commutes.

(G) m(9c) s 10(QBG)

> /

Tny1(BG)

If G is abelian, then ¢g can be chosen to be a group homomorphism (with QBG a group

under pointwise multiplication of loops).

Remark 2.8.2. Let p : (X,z9) — (B,by) be a G-bundle. In our setup, it will be con-
venient to define the connecting morphism 0 : m,.1(B,by) — 7,(G, 1) by lifting maps
(1", 01" — (B,by) to (I 1" x {1},0I" — ™ x {1}) — (X, 20 - G,ep). This is
slightly different from the convention described in [8, P. 344]. O

Proof. The inclusion G — FEG is null-homotopic (since EG is contractible), so there is a
homotopy H : G x I — EG with H(-,0) = 1gg and H(-,1) the inclusion of G in EG.
Composing with pg : EG — BG, we see that pg o H(-,0) = pg o H(-,1) = pg(1lgc). Hence
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pg o H induces a map ¢¢ : G — QQBG. Commutativity of the triangle follows from a routine
check using the definition of 0. In particular, this yields that m,(¢¢g) is an isomorphism and
hence ¢¢ is a weak homotopy equivalence.

Recalling the construction of EG, an explicit choice for H is (g,t) — (g,t). The induced
map G — PG is a group homomorphism, since (g1,t)(g2,t) = (9192,t). When G is abelian,

this choice of H ensures that ¢¢ is also group homomorphism. O

Remark 2.8.3. The homotopy class of ¢ is independent of the choice of H. One way
to see this is using the fact that concatenating one such null-homotopy with the reverse of

another yields a map G — QFEG, which is null-homotopic since QFEG is contractible. m
Corollary 2.8.4. The sequence A := (A, BA, B*A,---) forms an Q-spectrum.

The map obtained by slightly modifying the definition of ¢ as
g G— QBG;g— (t—(g,1—1))

is also important. ¢ is a homomorphism of H-spaces, i.e., the two maps G x G — QBG

given by

(91, 92) = ¢(g192) and
(91,92) = 9G(91) * 95 (92)

(where ‘x” denotes concatenation of loops) are homotopic. This can be seen from the fact
that the map
G? x 00y = BG; (g1, g2, 11, t2) = (g1.t1) (g2, t2)

extends to G* x A, (an extension is given by pg o ky). Since g — ¢a(g) * ¢p(g) is null-
homotopic, ¢ is a weak homotopy equivalence. Furthermore, the map g — ¢g(g7!) is
homotopic to ¢.

Remark 2.8.5. my(¢y) is a group homomorphism only when m(G) is abelian. Indeed,

70(@g) is an antihomomorphism since m(¢¢) is an isomorphism and 7o (¢ )(z) = mo(¢a)(z) .

O

2.8.1 The cohomology theory H*(—, A)

We define H*(—, A) to be the cohomology theory H*(—,A) coming from A (in the sense
of Section 2.7). When A is discrete, A is the Eilenberg-MacLane spectrum. Consequently,
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H*(—, A) is the reduced singular cohomology theory with coefficient group A (up to choice

3 This construction is is also natural in A — a

of isomorphism — see [8, Theorem 4.57]).
continuous homomorphism A — A’ of abelian k-groups induces a morphism B*A — B*A’ of

Q-spectra, which in turn induces a morphism H*(—, A) — H*(—, A") of cohomology theories.

Remark 2.8.6. There are two natural group operations on these cohomology groups. First
is the usual group operation defined using the fact that A is an {2-spectrum, and second is the
pointwise-addition of maps using the group operation on B"A. It is a standard exercise to
check that these operations coincide. Due to its simplicity, we will treat the latter operation

as the ‘standard’ choice. O

Remark 2.8.7. For X a well-pointed space and G any path-connected k-group, the base-
point-forgetting map [X, G]. — [X, G] is an isomorphism of groups (group operations being
pointwise multiplication of maps, cf. [8, §4.A, Exercise 1]). In particular, this allows us to
make the identification H"(—, A) = [—, B"A] for n > 1. O

3Caution: For A discrete, H*(—, A) is the singular cohomology theory in the notation of [8], whereas it
is the reduced singular cohomology theory in our notation.
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Chapter 3
A first encounter with «

In this chapter, we will construct the map ag .4 : E(G, A) — H?(BG, A), whose study moti-

vates much of this thesis. For any space B and abelian k-group A’, we have an isomorphism
nB,A’ : BunB(A/) 1> [B,BA/] = HI(B,A/)

with inverse given by the pullback construction f +— f*EA’. For B = BG and A’ = BA,
this yields
nBG.pA - Bunpg(BA) = [BG, BBA] = H*(BG, BA).

Next, an extension &€ = (E, u,p) € E(G, A) gives a BA-bundle Bp : BE — BG (by [11,
Lemma 7.4, Theorem 7.7]). Equivalent extensions in E(G, A) yield equivalent bundles in
Bunpg(BA), so we have a map B : E(G, A) — Bungg(BA). We define

aG.A = 1NBaG,.BaC B.

This definition coincides with that given in [9] when A is discrete, up to choice of isomorphism
between H*(BG, A) and HZ ,(BG, A).

sing

Having generalized the definition of a from [9], we now generalize one of their key results
which many of their proofs rely on, namely Proposition 7.1. The obvious challenge in doing
so is that there is no obvious analogue for Hurewicz’s Theorem and Hurewicz’s map when
working with extraordinary cohomology theories. To address this, we interpret the propo-
sition in terms of bundles and their classifying maps. However, we still state the result in

terms of an anticommuting square.

37



3.1 Constructing the square

Let f: BG — BBA be any map. By Lemma 2.8.1 and [8, Proposition 4.22], there exists
amap f: G — BA (unique up to homotopy) such that the following diagram commutes."

0BG -, oBBA

¢GTN NT(bBA
f

f > f yields a map
w: [BG,BBA] — |G, BA].

One checks that this is a homomorphism of groups using the last statement of Lemma 2.8.1.
Hence, given an extension £ € E(G, A), we can use w to construct an A bundle over G

by pulling back EA — BA along w o «(&). This yields the following square.

E(G,A) —— Bung(A)

o] K

H?*(BG,A) —— HYG, A)
Generalizing [9, Proposition 7.1, we claim that this square anticommutes.
Theorem 3.1.1. woa +no F:E(G,A) - HY(G, A) is the trivial map.

The proof of the above spans the next two sections. Combining this theorem with the ex-
actness of (2.17) yields the important corollary that extensions in ker o come from continuous

cocycles.
Corollary 3.1.2. kera C imT), i.e., kera can be identified with a subgroup of H*(G, A).

Example 3.1.3. If f : G AG — A is a 2-cocycle which is null-homotopic through cocycles,
then f has a lift f : G AG — PA which is also a cocycle. By naturality of a o T, we have
(€1)x 0 g pa © T(;va[f] = agaoTgao (el)*[ﬂ. The prior is 0 (since PA is contractible)
and the latter is ag.a o Tg.alf], so [f] € keraga under the identification mentioned in

Corollary 3.1.2.

1Since f is not assumed to be based, a priori f need not be defined. However, by Remark 2.8.7, this is
not an issue since BB A is connected.
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The hypothesis on f is satisfied when G is discrete and A = BA’ for some k-group A’.
This is because f must lift to a cocycle GAG — EA" and EA’ is contractible through group

homomorphisms. O

3.2 A heuristic involving path space bundles

Let (B,by) be a based CW complex and p : (X,z9) — (B,by) a based G-bundle. Pick
a representative fy € npa(X), so X = f*EG as G-bundles. Let fx : X = EG be the

corresponding overmap.

Lemma 3.2.1. The projection Pp : PX — PB of path spaces is a PG-bundle, where PG

15 viewed as a group under pointwise multiplication of paths.

Proof. 1t is clear that PG acts freely on PX with orbits given by fibers of Pp. It remains to
produce local sections of Pp. Fix a path v € PB, i.e.,v: [ — B with v(0) = by. The image

of v is compact, so there exists a partition
O=ar<a1 <...<ap=1

of I and open sets Uy, -+ ,U, C B such that y([a;—1,a;]) C U; and there is a section
s; : Uy — p1(U;) of p. Assume without loss of generality that s;(by) = zo. Let U C PB be
the open neighborhood of « consisting of all paths 7' € PB s.t.

v ([ai-1, a;]) € U; Vi.

Let 7 : U; N U;11 — G be the transition functions of these sections, satisfying s; = s;41 - 7.
We will now construct a section s : U — Pp~'(U). For 7/ € U define

(510 Y (t) t €10, a]
sg07'(t) - o7 (t) t € [a1, as]
5307/ (t) -0 (t) - o (t) tE [a,as]

-

Clearly, s(v') is a well-defined and continuous path. To show that s is continuous, we note

that the uncurried map
S:UXT— X;(,t)— s(y)(t)
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is continuous (by the Pasting Lemma). O

Since PB is contractible, it is tempting to conclude that every principal bundle over PB
(in particular, Pp : PX — PB) is trivial. However, we recall that drawing this conclusion
would require the bundle Pp to be numerable. The author is unaware of any reasonable
conditions on p which guarantee that Pp is numerable. Notwithstanding this technical issue,

assuming the following conjecture is a useful heuristic.
Conjecture 3.2.2. The bundle Pp: PX — PB admits a section sx : PB — PX.

Lemma 3.2.3. Assuming Conjecture 3.2.2, there exists a map Ox : QB — G such that
the following diagrams commute in the group and homotopy categories respectively, where O

1s the connecting morphism from the long exact sequence of homotopy groups associated to

the bundle X — B (see Remark 2.8.2).

(QB) ™ (0x) s (G OB Y  QBG
X‘ 41 & Oec
Tny1(B) G

Furthermore, the composition Q0B %G X s null-homotopic.
Remark. 0 is an Old English letter, pronounced ‘eth’.

Proof. Identifying p~!(by) with G as g - g ~ g, the section sx allows us to define

Ox(7) =sx(v)(1) € G.

Continuity of Oy is clear. Commutativity of the first triangle follows from a routine check
using the definition of 9. Commutativity of the second triangle follows from the fact that
given a loop v € OB, a lift of fxy oy € QBG to P(EG) can be obtained by first lifting v to
PX and then composing with overmap f X-

With tx : G — X;g + g - g a fiber inclusion, a null-homotopy of ¢y o Ox is given by
(t,7) = sx()(t). O

Corollary 3.2.4. Assuming Congecture 3.2.2, Ogq is a left homotopy inverse for ¢q.

Proof. The composition Ogg © ¢ : G — G induces identity on the homotopy groups of G
by Lemma 2.8.1 and Lemma 3.2.3, so the claim follows by Whitehead’s Theorem. O]
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An analogue of Lemma 3.2.3 which does not rely on Conjecture 3.2.2 can be obtained
using CW approximation. Let wB be a CW approximation for 2B, with ¥5 : wB — QB a
weak homotopy equivalence. For B’ another based CW complex and amap h : B — B’, there
exists a map wh : wB — wB’ (unique up to homotopy) such that the following commutes in

the homotopy category (by [8, Proposition 4.22]).

OB -2, OB
wB’TN NTllJB
wB' -y wB

Ell

This gives a map w : [B,B]| — [wB,wB’]. We adopt the convention wBG = G and
Ypa = ¢g, so that this definition does not clash with the map

w: [BG,BBA] — [G, BA]
defined previously. Now we define 0y ;= wfx : wB — wBG = G, i.e.,

[6{){] = wWo ?7376*(X>. (31)

Lemma 3.2.5. The following diagram commutes, where 0 is the connecting morphism from

the long exact sequence of homotopy groups associated to the bundle X — B.

Tn(wB) 0%, T (G)

Tn (VB )lz 8]\

T (QB) —— mp41(B)

8/
Furthermore, the composition wB = G — X is null-homotopic.

Proof. The lemma essentially follows using an alternate definition of @'y which is closer in

spirit to the definition of dx. The composition
wB 5 OB —— PB

is null-homotopic (since PB is contractible), so the PG-bundle over wB obtained by pulling
back PX — PB is trivial (since wB is paracompact and Hausdorff). The existence of a
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section for this bundle translates to a lift 95 : wB — PX of the above composition.

N e PX

1@/’// le

wB —— QB —— PB
B

The image of this lift is contained in Pp~*(2B), so

Vp(y)(1) € p~H(by) Yy € wB.

Identifying p~!(by) with G as zg - g ~ g, this yields a map
% twB = Gyy e dp(y)(1).

To see that 0% ~ 0y, it suffices to show that the following commutes in the homotopy
category.

0B —Y* . aBG

TPBTN NT¢BG:¢G (3'2)
wB —2 WBG =G
For this, let H : GXI — EG be a null-homotopy of G — EG as in the proof of Lemma 2.8.1

and
H:G — Ppgt(ABG); g (t— H(g,t))

be the currying of H. We have the following diagram.

G-t
Pp1(QB) 25 Pp(QBG) (33)
V lpp lppg
wB —% o — ¥, apag

The maps temporarily labeled ¢ and r are defined as v — ~(1), where G is identified with
the fibers of the base points of B and BG as usual. One checks that the square and two
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triangles formed by the solid arrows commute. By definition of % and ¢g we have

,)/(:qO@Z)B,

¢ = Ppgo H.

Hence, the commutativity of (3.2) reduces to checking that the two maps wB — QBG
obtained by following the outermost paths in (3.3) are homotopic. By commutativity of the
square and triangles in (3.3), this reduces to showing that H or is homotopic to the identity
on Pp;'(QBG). For this, consider the map

Ppg! (QBG) — QEG;y > (1 1(1) - Hr(3)(1) ™) |

where “” and ‘=1 are interpreted in the group EG. Since EG is contractible, this map is null-
homotopic. This shows that Horis homotopic to the identity on Ppg;l(QBG),2 completing
the proof of the fact that 0% ~ d'y. The lemma now follows using arguments analogous to
Lemma 3.2.3. O

3.3 Combining several bundles into one

We now work towards a proof of Theorem 3.1.1. Fix an extension & = (E, u,p) € E(G, A).
Our main tool will be the object X¢ := FG X gg BE which fits into the pullback square

X¢e —— BE

L

EG -2 BG

The first projection X¢ — EG is a BA-bundle and the second projection X¢ — BFE is a G-
bundle, so the diagonal composition Xg — BG is a (G x BA)-bundle. Furthermore, the map
Epxpg: EE — Xgis an A-bundle.® This allows us to view X¢ as the quotient group FFE /A,
since A C F'A is contained in the center of EE. The fiber inclusion ¢y : G X BA < X¢ then
becomes a group homomorphism. Let (g : G — X¢ and 14 : BA — X¢ be the components

of 1y.

2Here we are using the fact that QEG < Pp&l(QBG) as groups under pointwise multiplication of paths.
3This follows from the fact that pg : FE — BE is an E-bundle and p: E — G is an A-bundle.
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Lemma 3.3.1. The restriction of EE — X¢ to G, BA C X¢ yields the extensions (and
hence A-bundles) p: E — G and ps : EA — BA respectively.

Proof. The claim follows by considering the preimages of G and BA under Ep X pg : EE —
Xe. ]

Corollary 3.3.2. 14 is a homotopy equivalence.

Proof. E'E is contractible, so Ep X pg : EE — X¢ is a universal A-bundle. Since tj;, FE =

EA is also a universal A-bundle, the claim follows. n

Corollary 3.3.3. (tpa)« : [B,BA] — [B,X¢] is a group isomorphism under pointwise

multiplication of maps.

Proof. (tpa)« is a homomorphism since 154 is a homomorphism, and it is a bijection since

tpa is a homotopy equivalence. O
Corollary 3.3.4. Under (tpa).ono F :E(G, A) — [G, X¢|, the class of € maps to [iq].

Proof. The pullback of EA = 5 ,EFE under no F(€) is the A-bundle £ = ;,EE. Since
there is a unique class in [G, X¢| which pulls EE back to E (by universality), we must have

ta] = (1Ba)« 0o F(E). O

Proof of Theorem 3.1.1. The bundle X¢ — BG yields a map
O, :wBG =G — G x BA.

Using the fact that B(G x BA) = BG x BBA (see [16, §6]), one checks that

~

O, = Opg X Opp-
Remark. The above can also be shown using the alternate construction of @ described in
the proof of Lemma 3.2.5. O

Now 0%y = widpg = idg, since EG = idpEG (this is analogous to Corollary 3.2.4).

Hence we have

e A 1dg X O

lidg] x wonpapa(BE) (by (3.1))

idg] X wonpg,pac B(E)

lidg] X wo (). (3.4)

I m
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Using the group structure on G' X BA, the right side can be written as the product of two

classes in [G, G x BA| as follows, where 154 and 15 denote the respective constant maps.
[ldg] X W o 04(5) = [ldG X 1BA] . [lg] X W O Oé(g)
Composing (3.4) with ¢y yields

Ly 0 0%, € [tg] - (tBa)x 0w o a(E)
= (tga)sono F(E) - (tpa)s owoa(f) (by Corollary 3.3.4).

The left side is null-homotopic since ¢, o 0, is null-homotopic (by Lemma 3.2.5), so
(1o F+woa)E)

is in the kernel of (¢54).. The result now follows by Corollary 3.3.3. O
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Chapter 4

The Dold—Thom Theorem and A

This chapter is a brief excursion meant to understand the consequences of the Dold-Thom

Theorem for the Q-spectrum A and the cohomology theory it births.

4.1 The classical and the CG

In this section, we adapt the exposition of the Dold~Thom Theorem given in [8] (Theo-
rem 4K.6) and its consequences for abelian topological groups (Corollary 4K.7) to the CG
context. For a based CG space (X, ), let SPT(X) denote the n-fold symmetric product
of X in the sense of [8], i.e., SPI(X) is the quotient of X*" by the coordinate-shuffling
action of the symmetric group. We have an inclusion SP](X) — SP7,,(X) by setting
the (n + 1)-st coordinate to xg, and the direct limit is defined to be SP7(X). This is the
symmetric product denoted by SP(X) in [8]. Let SP¥(X) and SP*(X) be the analogues of
the above constructions with the 7-product replaced by the k-product. These constructions
are functorial and homotopy-preserving. If X is a CW complex, then so are SP¥(X) and

SPk(X), since the action of the symmetric group on X" is cellular.
Lemma 4.1.1. The quotient map X*™™ — SPT(X) is proper.

Proof. Let K C SPT(X) be compact and K be its preimage in X*=". Hence, K = C*" for
some C' C X. We will show that C' is compact. Let Y = {U; | i € Z} be an open cover of
C. The set U™ is a saturated open set in X**" so its image V; C SPI(X) is open. Now
{Vi | i € Z} is an open cover of K, so it has a finite subcover. The corresponding subcover
of U is a finite cover of C. O
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Lemma 4.1.2. Let'Y be a topological space equipped with an equivalence relation ~. If the
quotient map Y — Y/~ is proper, then the induced map kY — k(¥Y/~) is also a proper

quotient map.

Proof. kY — k(¥Y/~) factors through ¥/~ — k (¥/~), which is a continuous bijection. The
compact sets in both ¥/~ and k (¥/~) are images of compact sets in Y, so ¥/~ — k (¥/~)

is a homeomorphism. kY — #Y/~ is proper by a similar argument, so the lemma follows. [

From the above lemmas and the fact that every compact set in SP7(X) is contained in

SPT(X) for some finite n, we obtain
Corollary 4.1.3. SP*(X) = kSP7(X) and SP*(X) = kSP™(X).

Corollary 4.1.4. The maps SPT(X) — SP*(X) and SP™(X) — SP*(X) are weak homo-

topy equivalences.
This last corollary allows us to state the following as a consequence of [8, Theorem 4K.6].

Theorem 4.1.5 (Dold-Thom Theorem). For X a CW complez, there are natural isomor-
phisms H;(X,Z) ~ m;(SP*(X)), i > 1.

Using the following lemma, we can replace ‘H-space’ by ‘k-H-space’ in [8, Corollary 4K.7].
Lemma 4.1.6. Let (X;,2;),i > 1 be a sequence of based CG spaces. The obvious set-map
k . k
SP <\Z/1 XZ> — 1%1111 SP*(X;)

18 a homeomorphism.
We relegate the proof to the end of this section.

Corollary 4.1.7. Let A be a connected abelian k-monoid. There exist abelian CW monoids
Ay, Ay, -+ such that

o A, is a K(m,(A),n)-space, and
e there exists a continuous homomorphism
lim [J4: — A
noj=1
of monoids, which is also a weak homotopy equivalence.
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Proof. Morally, the proof is identical to that of [8, Corollary 4K.7], with Theorem 4.1.5
used in place of [8, Theorem 4K.6]. We take

A, = SPE(M(m,(A),n)),

where M (—, —) denotes the standard CW realization of Moore spaces. The technical details
which differ from [8] are covered by Lemma 4.1.6. O

Proof of Lemma 4.1.6. We start with the following general fact about iterated direct limits
of topological spaces. Let Y be a space with subspaces Y, ,,, indexed by m,n > 1. Suppose

there are inclusions Y;,,,, C Y41, and Yy, C Vi ppr. If

Y ZlimlimY,, ,,
=T )

m n

then
Y

12

limlimY,,, = lim Y,,,..
[ — ) = ’
n. m (m,n)

This allows us to write

k ~ 1 k
Sp (\/ Xi) >~ lim S P (\/ Xi) .
i>1

n i=1

Hence, the lemma reduces to showing that the obvious set-map

is a homeomorphism. Induction on n reduces this to the n = 2 case, i.e.,
SPH(X,V Xy) — SPF(X)) x SP*(X5) (4.1)

is a homeomorphism. Continuity and bijectivity are easy to check, so it suffices to show that
(4.1) is proper. Any compact subset K C SP*(X)) x SP*(X5) is contained in SPF(X;) x
SPF(X,) for some i > 1. The quotient maps Xi — SPF(X;) and X — SPF(X,) are proper
(by Lemma 4.1.2 and Corollary 4.1.3), so the preimage K’ C X} x X} of K under their

product is compact. Hence, the image of K’ under
Xix X3 — (X, V Xp)% — SPH(X, V Xy)
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is compact. This image is precisely the preimage of K under (4.1). O]

4.2 The connected case

A will be assumed to be a connected abelian k-group throughout this section.

Lemma 4.2.1. Let Ay, Ao, --- be abelian k-monoids. The obvious set-theoretic map

lim [ [ BA; = Blim [ [ 4 (4.2)
no=1 noi=1

s an isomorphism of k-monoids.

Here, B still refers to the Milgram—Steenrod construction from [16]; the description of

this construction for abelian k-monoids is much the same as that for abelian k-groups.

Proof. One checks directly that (4.2) is an isomorphism of abstract monoids. We now show

that it is continuous and proper. From the discussion in [16, §6], it is clear that the map
[[ B4 - B]] A (4.3)
i=1 i=1

is a homeomorphism. In particular, (4.2) is continuous. Every compact subset of Blim [] 4;
n i=1
is contained in the image of (4.3) for some n, so (4.2) is also proper. O

Lemma 4.2.2. If A is a connected abelian k-monoid which is a K(A', n)-space, then BA is
a K(A',n+1)-space.

Proof. This is immediate from [16, Theorem 8.1]. O

We now show that the functor H*(—, A) can be expressed in terms of shifts of singular

cohomology with various coefficient groups.

Proposition 4.2.3. Suppose A is connected. There is an isomorphism

H*<_’ A) ~ H H*—H(_? 71(A>>

i>1
of cohomology theories (in the sense of Section 2.7.1).
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Proof. Let Ay, As,--- be as in Corollary 4.1.7, and set

A = lgnﬁ A; and
no4=1
A =T] B A

i>1

There is a weak homotopy equivalence A" — A which is also a homomorphism of monoids.

Hence, we have
H"(X,A) ~ [X,B"A].

for X a based pCW complex. Furthermore, using Lemma 4.2.1, it is immediate that the

inclusion B"A" — A is continuous and a weak homotopy equivalence. Hence, we also have

(X, B"A'l, ~ [X, A”].

~ H[X, B" A},
1>1

~ H Bn+z ]*
i>1

= H Hn+i(X> WZ(A))
1>1

for every based pCW complex X, where the third isomorphism comes from Lemma 4.2.2

and the definition of the A;’s. Combining the above isomorphisms proves the proposition. []

For d > 0 and A not necessarily connected, say that A is of type d if m,(A) is trivial for
n > d. Say that A is of finite type if A is of type d for some d > 0. When A is connected

and of finite type, the direct product in Proposition 4.2.3 becomes a direct sum.

4.3 The general case

We no longer assume that A is connected.

Lemma 4.3.1. The short exact sequence

1 s A°

I

> mo(A) —— 1
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induces a weakly split short exact sequence
0 —— H*(—,A°) —— H*(—,A) —— H*(—,m(A)) —— 0
of cohomology theories.

Proof. Let A" = my(A). For each n > 0, we have a B"A°-bundle B"A — B"A’. The
lemma will follow if we show that this bundle is trivial, i.e., there is a section B"A" — B"A
(not necessarily a group homomorphism). Since B"A’ is a CW complex, this can be done
using a cell-by-cell lifting argument. In particular, it suffices to show that given any map
f: D= B"A and a lift f' : S9! — B"A of its restriction to the boundary, f’ extends
to a lift f of f. This follows from the facts that bundles are Serre fibrations and that the
connecting morphism 0 : mq(B"A") — 741 (B"A°) from the long exact sequence of homotopy
groups for the bundle B"A — B™A’ is trivial. O

Combining Proposition 4.2.3 and Lemma 4.3.1 yields

Theorem 4.3.2. There is a weakly split short exact sequence

0 —— J[H (- m(A) — H (=, A) —— H*(—,m(A)) —— 0

i>1

of cohomology theories.

4.4 BN}

Loosely speaking, Lemmma 2.8.1 says that the functor €2 is a left-inverse for B up to weak
homotopy equivalence. We will now show that for connected abelian k-groups, it is in fact
a two-sided inverse in this sense.

There is a natural homomorphism
0s: BQA — A

generated by (v,t) — ~(t). It is easy to see that this is well-defined and continuous.®

Through routine arguments, one checks the following.

IThe fact that A is abelian is essential here.
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Lemma 4.4.1. Forn > 1, the following triangle commutes.

Tn(BQA) < y Tn1(A)

T (04) /

Tn(A)
In particular, 0, : BQA — A° is a weak homotopy equivalence.

Together with Lemma 4.3.1, the above yields

Corollary 4.4.2. The following is a weakly split short exact sequence of cohomology theories.
0 —— H*(—, BQA) % e A) — s H*(—, m(A)) —— 0

It will also be useful to know how ¢4 interacts with 0 4:
Lemma 4.4.3. The composition

Boa Opa

BA —/—s BOQBA —~+s BA

18 the identity.

Proof. 1t suffices to check that the composition is the identity on generators (a,t) € BA for
a € At € I. First, recall that ¢(a) is the loop 7, : I — BA;s — (a,s). Hence, we have

B¢A(av t) = (/Yaa t)'

Consequently, we have

‘93A o BngA(a, t) = ‘QBA(’Ymt)
= Ya(t)
= (a,1). O
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Chapter 5
« in terms of cocycles

In light of Corollary 3.1.2, studying ker a requires understanding how « acts on extensions
coming from continuous 2-cocycles G AG — A. This chapter gives a partial explicit descrip-
tion of this action, essentially providing a formula for the restriction 5 o «[f] in terms of
the cocycle f. Furthermore, the ideas of this chapter form the backbone of our subsequent
construction of the maps " : H*(G, A) — H"(BG, A).

5.1 DG, DyG, and their images in BG
We begin with some simple technical lemmas.

Lemma 5.1.1. Let p: E — B be a fiber bundle, X C E andY =p(X). Thenp|x : X =Y

1S a quotient map.

Proof. The claim is easy to prove when p is a trivial bundle. The general claim follows by

locally reducing to the trivial case using local trivializations. O

Lemma 5.1.2. Let X,Y and Z be spaces with a continuous map f : X — Y and a set-map
g Y — Z. Furthermore, suppose that f and g o f are quotient maps. Then g is also a

quotient map.
Proof. The lemma follows from routine arguments. O]

Now we proceed with studying the objects mentioned in the title of this section. Since k; :
G x I — DG is a quotient map, DG is the reduced cone CG of G by (2.4). Consequently,
B,G is XG, the reduced suspension of G. Note that here we are using both of the above

lemmas as follows. pg|p,¢ : D1G — B;1G is a quotient map by Lemma 5.1.1, and there
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is also a set-theoretic bijection between B1G and XG. This yields the following commuting
diagram, where the dotted arrow denotes a set-map which is not a priori continuous and

solid arrows denote quotient maps.

Gx1l— DiG — BG

By Lemma 5.1.2 (with X = G x [, Y = D;G and Z = ¥G), we now see that the dot-
ted map is a homeomorphism. Henceforth we will identify B;G with XG, and hence we
have a natural inclusion ¢; : ¥G — BG. This identification also makes the isomorphism
X, Gl = [2X, BG|, (for X a based pCW complex) easier to understand explicitly. Orig-
inally, this isomorphism comes from the weak homotopy equivalence ¢g : G — QBG (see

Lemma 2.8.1), but we also have the following commutative triangle.

X, [©X, BGl,

l / (5.1)

XX, XG].

Remark 5.1.3. Commutativity of the triangle follows from the commutativity of

X.G). —%— [X.0BG),

5| I~

X, 26 " [2x, BA,
which is easier to see. O
Now we will do a similar analysis for DyGG. First, we have a quotient map

(917927 %7%) ty #0
(16,16,0,0)  t5=0

q// : G2 X AQ — 22(G AN G), (gl,gQ,t17t2) — (52)

Here, $?(G AG) is viewed as a quotient of G* x I%. Next, note that ¢” factors through pg ok
(which is a quotient map, by Lemma 5.1.1), yielding a map ¢’ : BoG — ¥?(G A G) with
q" = ¢ opgoky. By Lemma 5.1.2, we see that ¢’ is a quotient map. In fact, ¢’ is the map
which collapses G = B;G C BG. Hence we have a homeomorphism ByG/XG = Y2 (GAG),
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and the corresponding quotient map

q: ByG = (G AG).

5.2 A partial explicit description of o T

Throughout the rest of this section, we will identify H?(G,A) as a subgroup of E(G, A)
using 7" (see (2.16) and (2.17)). Hence, we may apply « directly on 2-cocycles by defining
af := a[f], where [f] denotes the cohomology class of f. Combining the various maps in

this section yields a peculiar square.

Z2(G, A) —* s H?(BG, A)

HYGAG,A) -1 H(B,G, A) (5.3)
H?(3*(G N G),

Here, F, is the forgetful map obtained by looking at the homotopy class of a cocycle, the
vertical isomorphism comes from excision for H(—, A), and the dotted arrow is defined so

that the triangle commutes. We claim that the square commutes.
Theorem 5.2.1. The two maps 5o a,q. 0 F, : Z*(G, A) — H*(ByG, A) are equal.

Given a 2-cocycle f, this theorem essentially yields, explicitly in terms of f, the restriction
to BoG of a representative of af. This can be seen by examining ¢* o F as follows. Applying
(5.1) twice (first with A in place of G, then with BA in place of G), we see that the vertical
isomorphism in (5.3) takes f : G A G — A to the map

N2 3G AG) = B A (91, 92, 1, t2) = (f(91,92), 1, ta).
Composing with ¢, we obtain the following representative of ¢* o F.(f).

ByG — B*A; (g1, 1) (g2, t2) — <f(91>92)7 %Jz) (5.4)

Remark 5.2.2. The above expression is not problematic when t; = 0 because (—, —,0) =

(0

(14,0,0) regardless of what is substituted for . This is made precise by the fact that
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(t1,t2) — (%, t2> defines a homeomorphism Ay/dA, — I?/0I2. O

Using (5.4) together with Theorem 5.2.1 is the most important step in the proof of
Theorem 5.3.1, which makes precise the agreement of o with the classical isomorphism
HZ,(G,A) = H} ,(BG,A) when G and A are discrete. Another application of Theo-

rem 5.2.1 is Corollary 6.3.5, which provides a complete description of ker(t5 o «).

Proof of Theorem 5.2.1. Fix a 2-cocycle f and let £ = (F, u,p) be the corresponding ex-
tension. Hence, F = G x A as a topological space, p is the first projection, and multiplication
in E is given by

(g, a),(¢',a")) = (g9’ ad'f(g,9)).
Recall that 15 = (1g, 14). Also recall the topological group Xg = EE/A from Section 3.3,
and the fact that the inclusion 14 : BA — X¢ is a homotopy equivalence (see Corol-
lary 3.3.2). Hence, Bipa : B2A — BXg is a weak homotopy equivalence. Consequently, it

suffices to show that
(Bipa)s oty 0a(f) = (Bipa)soq" o Fe(f).

(Bipa)« and ¢5 commute (the prior acts by left-composition and the latter acts by restriction /right-

composition), so we will instead prove that
ty0 (Bipa)s 0 a(f) = (Bipa)s« 0 ¢" o Fe(f). (5.5)

(5.4) yields the following representative R of the right side of (5.5). The conventions used

to write elements of BX¢ are analogous to those used for B2A.

R: BG — BXg;(g1,11)(g2, 12) ((16‘: f(g1,92)), %,t2>

For the left side of (5.5), first recall that v : G — X¢ pulls back EE to E (as extensions by
A). Hence, Big : BG — BX¢ pulls back BEE to BE (as BA-bundles). The homotopy class
(Bipa)sxoa(f) € [BG, BXg] also pulls back BEE to BE. The BA-bundle BEE — BXg is

universal (since BEFE is contractible), so we must have

[Big] = (Bipa)« o a(f). (5.6)
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¢ has the straightforward description
g G = Xe;g— ((9,1a), 1),
so Big is given by
Big : BG — BXg; (g1,t1) -+ (gn, tn) = ((91,14), L, t1) -+ ((g1, 1a), 1, tp). (5.7)
In toto, the left side of (5.5) is represented by
L: BoG — BXe:i (g1, t1) (g2, t2) = ((91,14), 1,£1)((g2, La), 1, 22).

It remains to show that L and R homotopic. For this, we first observe that while BX¢
is not a group, it is nonetheless acted on by B2A on the right (it is a B?A-bundle over
BEG, since X¢ is an extension of EG by BA). In this light, we can multiply two maps
hi,hs : X — BXg pointwise to obtain h; - hy, where X is any space and the image of hs
is contained in B2A — BXg. Likewise, hy can be inverted pointwise to obtain h,*. Hence,
to show that L and R are homotopic, it suffices to prove that L - R~! is null-homotopic.
Following is a null-homotopy, with H; = L - R™! and H, constant.

Hy s (91,42) (g2012) = (91, 1), 5 10)((92, 1), 12) (L F(91,92)7") o)

In order to check that this is well-defined and continuous, it is left to the reader to verify
the following for ¢g; € G,t € I, and 0 < t3 <t; <ty < 1.

o H.((g1,t1)(1g,t2)) = Hy((1a,t3)(91,t1)) = Hs((g1,t1)(1c, 1)).
o H,((91,0)(g2,t2)) = Hs((g2,t2)(93,1)) = Hs((92,t2)(1c, 1)).

o H,((g1,1)(g,1)) = Hy((g192,t) (15, 1)). H

5.3 « when G and A are discrete

In this section, we will use Theorem 5.2.1 to show that when BG and BG are identified (up
to homotopy) using ¥, the maps « : E(G, A) — H%*(BG, A) and the classical isomorphism
H (G, A) = HA(BG,A) are ‘the same’. In this sense, o generalizes the classical isomor-
phism E(G, A) = H?(BG, A) to the case of G a CW group and A an abelian k-group.
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First, we fix an isomorphism H"(X, A) = H&w (X, A) for n > 1 and X a CW complex.
The Hurewicz map m,(B"A) — H,(B"A) is an isomorphism, so the Universal Coefficient
Theorem yields an isomorphism Hy (B"A, A) = Hom(m,(A), A). Under this identification,
let €, € Hiw(B"A, A) be the class corresponding to the isomorphism 7, (B"A) — A given
by (2.5). By [8, Theorem 4.57], the map ¢! : [X, B"A] — H&w (X, A);¢ — ¢*(g,) is an
isomorphism.

The inverse of the above isomorphism can be constructed as follows. Given a cellular
cocycle f: Hiw(X"/X™ 1) — A, consider the map ¢, : X" — B"A which sends X" to

1pna and sends a n-cell e : I™ — X of X to the representative
I" = B "A; (ty, -+, tn) = (fle) b, )

of the class in 7,(B"A) corresponding to f(e) € A. The fact that f is a cocycle implies
(in fact, is equivalent to) the existence of an extension ¢,.; : X" — B"A of ¢,. Since
mi(B"A) =~ 0 for i > n, ¢,41 can now be extended cell-by-cell (uniquely, up to homotopy)
to a map ¢ : X — B"A. One checks that ¢*(¢,,) = [f] in H&w(X, A), so this construction
indeed gives a representative for (7)7![f]. An outline of a direct proof that this construction
is an isomorphism (without alluding to [8, Theorem 4.57]) can be found in this MathOverflow
post.

Theorem 5.3.1. The following commutes for G and A discrete.

E(G, A) —2— H*(BG,A) —Y— H2(BG, A)

~ ~ *
Nl Nl%

H2 (G, A) —=— H3(BG,A) —=— H2y(BG, A)

Corollary 5.3.2. « is an isomorphism when G and A are discrete.

In the theorem, the isomorphism HZ, (G, A) — E(G, A) is the standard one. The isomor-
phism between simplicial and cellular cohomology of a A-complex X is obtained by regarding
each characteristic map A,, — X given by the A-complex structure as a characteristic map
for an n-cell. The isomorphism between group cohomology and simplicial cohomology of BG
is as follows.

Let F, = ZG™*!, with G acting on the rightmost component from the right, be the inho-
mogeneous free resolution of Z as a simple G-module. F,, has basis G"*! as an abelian group,

and this basis is in G-equivariant bijection with the n-simplices of EG — (go, -+ , gny1) COT-
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responds to the simplex in EG with vertices [go ... gn+1,1], (91 9n, 1], -+, [gns1, 1]. This
yields a G-equivariant isomorphism between F}, and the group C2(EG) of simplicial n-chains
(with Z-coefficients) in EG.

ZG-module morphisms F,, — A are constant on all G-orbits (since G acts trivially on A),
and the group of G-equivariant simplicial cocycles in C% (EG, A) is isomorphic to C% (BG, A).
Hence, the isomorphism of the preceding paragraph yields

Homg (F,, A) ~ CR(BG, A). (5.8)

As depicted in the below diagram, we now have two complexes, with the upper produc-
ing H} (G, A) and the lower producing H*(BG, A). This yields the isomorphism between
H (G, A) and H*(BG, A) used in Theorem 5.3.1.

. —— Homg(F,, A) —— Homg(F,1,A) —— ...

| |

. — C%(BG, A) —— CT*Y(BG, A) — ...

A basis of F, as a ZG-module is G" x {1g} C G""!, so Homg(F,, A) is isomorphic to the
abelian group of set-maps G"™ — A. We will use this identification throughout, so that the
simplicial cochain in C% (BG, A) corresponding (under (5.8)) to f : G® — A is that which
takes the simplex with vertices go,- -+, gn to f(gogi s+, gn_19").

Proof of Theorem 5.3.1. Let f : G NG — A be a 2-cocycle. Under the lower horizontal
composition in the diagram, the image of the class of f is represented by the cellular cocycle
fow which sends the simplex with vertices go, g1, g2 (viewed as a 2-cell) to f(gog; ', 9195 ).
Now we will construct a representative ¢ : BG — B2A of (e5)~![fow] € [BG, B2A]. For this
we first need to describe the cells of BG using characteristic maps I™ — BG instead of the
more familiar A,, — BG (see (2.9)). This can be done by composing with the map

oI = Apy (b, ) (Bt bty ),

so that the characteristic map of the n-cell with vertices gg, - - - , g, is given by composing

(2.9) with . The construction of (¢f)~" described previously yields that the restriction

¢2 = ¢|BQG is

P2 B,G — BQA; [90, 50, 91, 51, 92, S2] <f(9091_1a9192_1)7 20—, 50 + S1> .

so+s1’
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Now, suppose ¢’ : BG — B?A is a representative for a(f). The theorem will follow if we
show that ¢’ o W|z,o & ¢o. Since W(ByG) = ByG, it suffices to prove that

¢,2 e} \IIQ = ¢2, (59)

where ¥y = U|z,¢ and ¢ = ¢/|p,c. By Theorem 5.2.1 and (5.4), we may choose ¢' so
that ¢}, is given by

¢y : BoG — B2A; (g1, 11) (92, 1) = (f(91,92); %7152) '
Composing with W, yields
¢y 0 Wy : BoG — BA; [go, 50, 91, 51, ga, 52) — (f(909f1791951)7 s S0+ 81) ;

which in fact gives equality in (5.9). O
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Chapter 6

Analogues of /5 o o in higher degrees

6.1 The successive quotients B,G/B, 1G

In Section 5.1, we observed that there are homeomorphisms

BG = XG, and
ByG/B,G = Y*GAG).

This generalizes — we have
B,G/B, G 2 X"G"", (6.1)

where G is the n-fold smash product of G with itself. This holds for n = 1 too, since ByG
is a point. A homeomorphism can be constructed as follows, directly generalizing the form

that (5.2) takes. Consider the homeomorphism

2 A JOA, — I JOT™ (tr, -+ 1) (i—l e t’;_l,tn) , (6.2)
2 n

and define
Gt BuG — S"G"; (g1, 1) -+ (gns tn) > (G (D)) -

Here, § = (g1, -+ ,gn) € G* and t = (t1,--- ,t,,) € A" It is left to the reader to verify that
this map is a quotient map, as was done for ¢ = ¢, in Section 5.1. It is clear that ¢, collapses
B,,—1G, and hence factors through (6.1).
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6.2 A topological counterpart to the coboundary op-

erator

Given an n-cochain f : G — A, write X" f for the map
S"GN = B A5 (3.6) = (£(9), (1))
The homotopy class of X" f is the image of f under the composition

CYG,A) —— [G'", A]l, —=— [Z"G"", B"A] ,

~

where the first map takes homotopy classes and the second uses the isomorphism [—, A}, —

[X—, BA| n times (see (5.1)). Composing with ¢, then gives a map
a, : ClG,A) - H"(B,G, A).

With this notation, Theorem 5.2.1 can be rephrased as saying that ¢ o « is the restriction

of ais to cocycles. For an n-cochain f, we also write «,, f for the map

BoG — B"A; (g1,11) -+ (gn tn) = (F(), k(D)) -

With 6" : HY(B,G, A) — H" 1 (XnH1GN ) " A) the connecting morphism from the long

exact sequence of cohomology for the pair (B, 11G, B,G), we obtain the following square.

Cn(@, A) — 5 BrH(G, A)

oml lEnJrl (6.3)

Hn(BnG,A) _n H"+1(Zn+1G/\(n+l),A)

Theorem 6.2.1. Forn > 1, the square (6.3) commutes up to a sign €, € {—1,1} (indepen-
dent of G and A), i.e., X" 0 " = €,0" o a,.

Remark 6.2.2. The proof of the theorem will show that, with sufficient labor, it is possible
to determine €, (see Remark 6.2.12). We will not do this, however, since the precise value

of €, is immaterial for our purposes. O

This theorem essentially gives an explicit formula for the connecting morphism " :
H"(B,G, A) — H" (X GA+) | A). Consequently, proving the theorem would require us
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to make explicit the data conveyed by the statement ‘(B,.1G, B,G) is a cofibration’. This
is extremely difficult to do directly, so we instead translate the problem to one of giving an
explicit formula for the connecting morphism for a different cofibration which is easier to

work with.

Recall the quotient map k,; : G"™ x A,y1 — D,1G defined in [16], which satisfies
PG ok, (G" x 0A,41) = B,G. Consider the following diagram, whose upper square is (6.3).

CM(@, A) o~ » B"(G, A)

anl lEnJrl

H"(BnG,A) e Hn+1<zn+1G/\(n+1)’A)

(pGOkn+l)*l l

H" (G"™ X 0An11, A) —— H™ (% A)

Gn+1 XaAn+1 9

Here, the lowermost arrow denoted by 6" comes from the long exact sequence of cohomology
for the pair
(Gn+1 X An+17 Gn—H X 8An+1) .

The lower right vertical arrow is induced by the quotient map
GnJrl X An+1 - En+lG/\(n+1); (ga {) = (ga Hn1 ({)) .

The lower square commutes (by naturality of the connecting morphism). If the lower-right
vertical arrow were injective, then showing that the upper square commutes up to a sign

would reduce to showing that the outer square (shown below) commutes up to a sign.

CMG, A) ~ s BIY(@, A)

| |

o n—+1 An
H" (Gn+1 X aAn-H? A) Hn+1 (C?:H-l XXBAnJ:-ll ) A)
A moment’s thought should make the commutativity of this square believable — the left
vertical arrow ‘acts like’ the coboundary operator, and the lower horizontal arrow simply
raises the dimension by converting n-spheres to (n+ 1)-spheres. We provide a rigorous proof
at the end of this section. First, we produce a chain of lemmas to show that the requisite

injectivity indeed holds. Throughout this section, for based CG spaces (X, zg) and (Y, ),
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we identify X and Y as subspaces of X x Y as z ~ (z,y0) and y ~ (z,y) respectively.

Definition 6.2.3 (Fat wedge). For a based space X and integers 0 < m < n, the n-fold
m-fat wedge of X is the subspace Fat;, (X) C X™ consisting of points (z1,---,x,) € X"
with z; = x¢ for at least n —m values of i. Note that Fat, (X) is a CW complex if X is. O

X"

Fat?

Remark 6.2.4. The quotient map X™ — X" induces a natural homeomorphism NeS

o~
X, O

Lemma 6.2.5. Let X be a based space. Every based map Fatl (X) — A extends to X™.

Proof. Let xy € X be the base point. For each set S C [n] of size m, let pg : X™ — Fat,, (X)
be the map

(xla"' >xn) = (yla"' 7yn>

with y; = x; if i € S and y; = xg otherwise. Clearly, pg is continuous.

The proof of the lemma is by induction on m € [n]o. For m = 0 the claim is trivial.
Now suppose the claim is true for some m > 0 and we will prove it for m + 1. Let ¢ :
Fat,, ., (X) — A be based map and ¢ : Fat;, — A be its restriction. Set

o:= [[ dops:X"— A, (6.4)
SCln]
|S|=m+1

and let ¢ be an extension of ¢ to X™.
Note that if 1) = 14, then ¢ an extension of ¢ to X™ (this follows directly from (6.4)).

We can use this to construct an extension of ¢ in general as follows. Let
/ T1—1
¢ =0 Vlpr,,,x)
(where ‘- and ‘~!” are interpreted as pointwise operations done in A), so that
¢ par. (x) = 1a.

Hence, ¢ has an extension ¢’ : X™ — A as noted above. Now, ¢/ -9 is an extension of ¢. [J

Corollary 6.2.6. For X a based pCW complex, the restriction map H*(X", A) — H*(Fat, (X), A)

18 surjective in all degrees.

Corollary 6.2.7. For X a based pCW complez, the map H*( X", A) — H*(X", A) induced
by the quotient map X™ — X" is injective in all degrees.
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Proof. Consider the following snippet of the long exact sequence of cohomology for the pair

(X", Fatl (X)), keeping in mind that X" := —Fat:;)i(x)'

H (X", A) —— H*'(Fat”

n—1

(X),A) —— H* (X" A) —— H*(X™ A)
The leftmost arrow is surjective by Corollary 6.2.6, so the rightmost arrow is injective. [J

Lemma 6.2.8. Let X and Y be based pCW complexes. The map % UCX — XX which

XxY
Y

collapses 18 null-homotopic.

Proof. Let px : % — X be the projection and consider the following maps.

X xY

H: X I —XX;(z,t) — (px(2),1)

H :CX xI—XX;(2,t)—tz

The disjoint union H LI H' : (% U C’X) x I — XX factors through (XYLY U C’X) x I, and
this factor map is the desired null-homotopy. O

Corollary 6.2.9. In the notation of the preceding lemma, the connecting morphism ¢ :

H*(X,A) — H*(X ANY, A) from the long exact sequence of the pair (X;Y,X) is trivial.

Proof. Use the definition of the connecting morphism (see (2.20)) and the preceding lemma.
[

Corollary 6.2.10. Let X be a based pCW complex, d,n > 1 and 0 < m <n. The map

L[ X" x Sd . (Fat™ (X) x S4
H( X ’A)%H< Fatl, (X) ’A>

induced by the natural inclusion

Fatp, (X) x §7 X" x &
Fat” (X) Xn

18 surjective in all degrees.

Proof. The rows of the following commutative diagram are snippets of the long exact se-

quences corresponding to the pairs <X }and, S d) and (%X&)‘gd, Sd>, where we use the fact
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that Y A S? = 24V for all based CG spaces Y. The vertical arrows are induced by the

obvious inclusion of pairs.

H*<Ean,A) -y H* (X;Lg;sd’A) s H* Sd H*+1(2an,A)
H* (2 Fat™ (X), A) —» H* (Fa;?;t&ﬁ);s A) s HH(SYA) —— HT(D4Fat” (X), A)

The rightmost arrows of both rows are trivial by Corollary 6.2.9. The leftmost vertical

arrow is a surjection by Corollary 6.2.6, so the claim follows by the Four Lemma. O]

Corollary 6.2.11. Let X be a based pCW complexr and n,d > 1. The map

X" x A
* (\d AR * d
H* (XX, A) — H <—n>< d,A)

induced by the quotient map

XnXAd

dyAn. (= 7 ST
X”xaAd%EX (Z,0) = (2, pa(t))

15 injective in all degrees.
Ag ~ Qd
Proof. We begin by observing that a choice of homeomorphism 3 = S induces a natural

homeomorphism
Y x Ad ~ Y x Sd

Y x0A; Y

for all CG spaces Y. Furthermore, there is a natural homeomorphism

<X"><Sd>

Xn ~ d yvAn
Fat?_,(X)xS4\ ~— X
< Fat] _,(X) )

is identified as a subspace of %= X,LS as in Corollary 6.2.10 (cf. Re-

(6.5)

Fat?_ (X)xS?
Faty,_1(X)
mark 6.2.4). Hence, there is an exact sequence

where

Xn Fat”_(X) Xn

n—1

H*1 (X"de7A> 1 (Fat” 1(X)><Sd7A> , H*(Zan,A) o+ (X"de7A>'

The leftmost arrow is surjective by Corollary 6.2.10, so the rightmost arrow is injective. []
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Proof of Theorem 6.2.1. As discussed in the beginning of this section, it suffices to show
that the following square commutes up to a sign (the requisite injectivity follows from Corol-

lary 6.2.11). We replace n by n — 1 for convenience, so n > 2.

(Z?_l((;>f4) _____éz:i____+ 13?((;7f4)

l | (6.6)

H™ (G 00, A) 2 H (G, A)

Fix a continuous (n — 1)-cochain f : GV — A We break the proof into several
parts, analyzing the journey of f along the various arrows in the above diagram. ¢ =
(g1, ,gn) € G* and £ = (t1,--- ,t,) € A, denote general points. For 1 < i < n, write £
for (ty,--- 4, -+ ,t,). Similarly,

(927“'7.971) ZZO
gi = (91,"' » 9i—159i9i+1, Git2, " " ,gn) 0<i<n.
(gl’ 7gn_1) Z:TL

(a) Right-down: The right-down composition in the square takes f to the homotopy

G XA,
G xOAy,

class of the map f : — B™A given by

(G,1) = (6£(9), (D)) -

(b) For 0 <i <mn,let o; : A,_1 — OA,, be the i-th face map, given by

(07t17”' 7tn*1> i1=0
(1 tno1) = Q (b1, s tistsy o s te1) 0<i<m.
(th'" atn—la]') i=n

We also use o; to denote the image of the map o;.

(c) Leftmost vertical: The leftmost vertical arrow in the square takes f to the homotopy
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class of the map f, : G™ x OA,, — B" 1A given by

(5.7 s d (001 \(£)) tea |
’ (F(G)stnn(F)) te€o for0<i<n

For X a based space and ¢ : (A,_1,0A,_1) — X any map, write (0;).( for the unique
map (0A,,0A, — 0;) — X satisfying ( = ((0;).() 0 0;. For Xo = A, _1/0A,_1 and
Co @ (Ap_1,0A,-1) — Xo the quotient map, (0;).(y can be viewed as a map from
one (n — 1)-sphere to another. An analysis of local degrees shows that the resulting
elements [(0;).(o] € mp_1(S™ 1) ~ H,,_1(S"!) satisfy

[(3)+Co) = (=1)"7[(05)Co]

(see [8, Proposition 2.30]).

Let (0A,)" 2 denote the (n — 2)-skeleton of 9A,,. Let A’ be an abelian k-group and
£:(0A,, (0A,)"?) — A" amap. Set & = £ o gy, so that

=]

=0

.

with the product interpreted in A’. From part (d), it follows that £ is homotopic to

’:]:

(70). | (&)

@
Il
=)

with the exponents and product interpreted in A’. This construction is universal in

the sense that the set-map

n

Map ((0A,, (0A,)"), A') = Map, (0A,,, A') ;& = (o9). [ [ (&)

=0

is continuous and homotopic to the inclusion Map ((9A,, (04,)"=?), A') = Map, (A, A').

(f) Alternate description of leftmost vertical: Part (e) yields that f, is homotopic
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to the map f3 : G™ x A, — B" 1A given by

- 7 5f(§)>ﬂn—l({1) 56 g0
(G:t) = ( ) L,
1Bn71A t ¢ (o)
(g) We have homeomorphisms
. . o 1 2 n
CCOA, — Ay (Et) > t-T4(1—1)- , :
¢ = Ani(ft) > bt (1) (n+ln+1 n+1>
5 N . p(f,2t) <3
G 1 OA, = A, UCIA,; (t,1) — ¢ , and
(t,2—2t) t>3
—1 An S ~
1= g0 ¢ :aA — YOA,, — A, UCIOA,,.
Remark. (%H, ni—l-l’ cee nL+1> is the image of the barycenter of A™ under (2.8).

Clearly, 1 is a homotopy inverse of the map A,, UCAA,, — aAA”n which collapses COA,,.
Let R: A, — I be ‘radial’ component of ¢;*, given by the composition

Similarly, write T'(t) € A, for the ‘transverse’ component of ¢;'(¢) when R(t) > 0.

Hence,

o1 ' () = (T(2), R(F))
when R(t) > 0.

(h) To make the connecting morphism 6"~! in (6.6) explicit, we must produce an explicit

homotopy inverse

G™ x A,

of the map
G" x A,

G" x 0A,,
which collapses C'(G™ x 9A,,) (see (2.20)). Viewing (G x A,) U C(G™ x dA,) as a

(G™ x A,) UC(G™ x OA,) — (6.7)

71



quotient of G™ x (A, UCIA,), we define
he(G.8) = (3.4()).
It is not hard to see that h is a homotopy inverse of (6.7) and also a homeomorphism.

(i) Down-right: We wish to produce a representative for the class 6"~[fs;]. This is the

composition

fu: G s (G x A UC(G™ x DA,) —— S(G™ x 9A,) —2% B A,

Explicitly, we have

L o Ipna R(t) < 3
f4 : (g7t) = ? 5 — — - i
(f5 (3. T(t)) .2 —2R(t)) R() =3
~ J1pna R(t)<Lor T(F) ¢ o9
(87@): 1 (T(F)2).2 = 2R(E))  R(E) > § and T(F) € o0
where T'(t); is T(t) with the first coordinate omitted.
(j) Consider the map
. Jorjor, R{) < Lo T(F
b ALJOA, s 1o 10T ) ) (] <z or T )fé o
(tn—1(T(t)1),2 = 2R(t)) R(t)>3and T(t) € 0o

p is injective on p~t(I™ — I™) and p,, is injective on p, *(I"™ —I™), so either [p] = [1,,]
or [p] = —[pn] as classes in 7, (I"/0I™) (see [8, Proposition 2.30]). Let €,_1 € {£1} so
that [p] = €,-1[pn]-

Remark 6.2.12. To calculate €,_1, one must compare the signs of the determinants of the
derivatives of p and p, (viewed as linear maps R” — R in the obvious way) at a generic
point £ € A, — 0A, with R(f) > 1 and T(f) € oy. Here, a ‘generic’ point is one at which

the derivatives of p and p, are non-singular (such a point exists by Sard’s Theorem). ]
From part (j), it follows that €, 1[f1] = [f1] as classes in H" < GGn"anAAnn’ > O
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Corollary 6.2.13. «,, is trivial on n-cochains which are homotopic to a coboundary. In
particular, restricting and factoring o, yields a map o, : H*(G,A) — H"(B,G, A) whose

kernel contains cohomology classes with null-homotopic representatives.

Proof. The proof follows by chasing the following diagram, which commutes up to sign (by

Theorem 6.2.1) and has an exact lower row.

CrY(G,A) — BY(G,A) — O(G, A)

an,ll l / l O

H"Y(B,1G, A) 2 H (3G, A) — s H™(B,G, A)

6.3 Determining ker oy,

Corollary 6.2.13 says that
H™(G, PA,QA) —— HMG,A) -~ H"(BG, A) (6.8)

is a chain complex. Phrased this way, it is natural to ask whether the above sequence is also
exact — does every class in kera,, C H!(G, A) have a null-homotopic representative? We

show that an affirmative answer is equivalent to the following conjecture with A’ = B 1 A.
Conjecture 6.3.1. A map B,,_»G — A’ extends to B,_1G if and only if it extends to B, G.

Theorem 6.3.2. For fized G, A, and n > 2, Conjecture 6.3.1 holds with A’ = B" 1A if
and only if every n-cochain in ker oy, is homotopic to a coboundary. In particular, Conjec-
ture 6.3.1 implies that (6.8) is exact — a cohomology class in H*(G, A) lies in ker o, if

and only if it has a null-homotopic representative.

Remark 6.3.3. It is immediate that every 1-cochain in ker a;; is homotopic to a coboundary

since ¢ : B1G — XG is a homeomorphism.
An alternative formulation of Conjecture 6.3.1 is
Conjecture 6.3.4. A map B,, oG — A’ extends to B, 1G if and only if it extends to BG.

For fixed G and A’, Conjecture 6.3.1 holds for all n > 2 if and only if Conjecture 6.3.4
holds for all n > 2. However, if n is also fixed, then Conjecture 6.3.4 is stronger than

Conjecture 6.3.1.
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Proof of Theorem 6.3.2. The proof essentially follows from chasing the diagram

Crl(G, A) ——— (G, A)

S| 2l \ ’

H L (Zr i aheh Ay L gl (B, GLA) s HY(ERG A) —2s HY(B,G, A)

which commutes up to sign by Theorem 6.2.1. Here, we write d for the coboundary operator
and 6" ! for the connecting morphism to disambiguate notation. Since ker ¥" consists of

precisely the null-homotopic n-cochains (see (5.1)), we wish to show that
ker a;, = ker X" 4+1im ¢ (6.9)
if and only if Conjecture 6.3.1 holds. By commutativity, (6.9) is equivalent to
ker ¢; =imd o X". (6.10)
The bottom row is exact at H"(X"G"", A), so (6.10) is equivalent to
imé" ' =imédo X", (6.11)

Once again alluding to commutativity, together with the surjectivity of ¥"~1, (6.11) is equiv-
alent to

. n—1 __ : n—1 *
imo" " =imd" " oq,_4,

which is further equivalent to
ker "' +imq: , = H" '(B,1G, A). (6.12)

Now, let 7; : B;G' — B;1;G be the inclusion. Using the long exact sequences of cohomology
for the pairs (B, _2G, B,-1G) and (B,_1G, B,G), (6.12) can be seen to be equivalent to

mz:  +kertt ,=H"YB, G, A).

Upon applying 7 _, to both sides, the theorem follows. O

Corollary 6.3.5. A cohomology class lies in ker(it5 o a) C HX(G, A) if and only if it has a

null-homotopic representative.
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Proof. Conjecture 6.3.1 is vacuously true for n = 2, so the corollary follows from Theo-

rem 6.3.2 and the fact that 15 o o = ay on 2-cocycles. [

6.4 Some simple cases of the conjecture

By Theorem 4.3.2, proving Theorem 4.3.2 for all abelian k-groups A’ reduces to proving
it in the discrete case. To be precise, for given G and n > 2, proving the following for all

discrete abelian groups A and all d > 0 would prove Conjecture 6.3.1.

Conjecture 6.4.1. For A a discrete abelian group, the restriction maps HY(B,_1G,A) —
HY(B,_»G,A) and H4(B,G,A) — HYB,,_2G, A) have the same image.

Here are some cases where the above is immediate.
Theorem 6.4.2. Conjecture 6.4.1 holds when

1. G is discrete,
2. G=S"orG=253 or
3. d<n-—2.

In particular, Conjecture 6.3.1 and Conjecture 6.3.4 hold when G is discrete, G = S*,
or G = S3.

Proof. The case of G discrete is immediate upon considering the cases d <n—3, d =n — 2,
and d > n — 1 separately.

If G = S, then B,G = CP" has a cell in each even dimension < 2n. Likewise, if G = S3,
then B,,G = HP" has a cell in each dimension < 4n that is a multiple of 4. Hence, the
restriction map H%(B,,G, A) — H%(B,,_1G, A) is either 0 or an isomorphism for each m > 1.

If d < n — 2, then both the maps in Conjecture 6.4.1 are isomorphisms by Corol-
lary 9.1.4. ]

What Conjecture 6.3.4 is to Conjecture 6.3.1, the following is to Conjecture 6.4.1.

Conjecture 6.4.3. For A a discrete abelian group, the restriction maps HY(B,_1G,A) —
HY(B,_2G,A) and HYBG,A) — HY(B,,_2G, A) have the same image.

To be precise, for fixed G, A, and d > 0, Conjecture 6.4.1 holds for all n > 2 if and only
if Conjecture 6.4.3 holds for all n > 2. However, if n is also fixed, then Conjecture 6.4.3

is stronger than Conjecture 6.4.1.
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6.5 Some examples

Example 6.5.1. Suppose G = S' or G = 53, i.e., the underlying space of G is a sphere.
Hence, G"®1) and G"" are spheres of different dimensions. In particular, for any d > 0
and discrete abelian group A’, at least one of H4(G""~V A") and HY(G"", A') must be
trivial. Consequently, Theorem 4.3.2 yields that all n-coboundaries are null-homotopic.
By Theorem 6.3.2 and Theorem 6.4.2, kera,, C C?(G, A) consists of precisely those

n-cochains which are null-homotopic. In other words,

ker o, = C'(G, PA,QA). O

Example 6.5.2. Let us examine the map induced by a non-normalized 2-cocycle f : GXG —

A on homotopy groups. Fix n > 1 and let ¢q, ¢o : m,(G) — m,(A) be the maps induced by

G—saGxG 1o a,

where G — G X G varies over the two axial inclusions. The cocycle condition

flx,y) + f(zy,2) = f(y, 2) + f(z,y2)

yields the following for all a,b,c € m,(G).

d1(a) + pa(b) + d1(a+ b) + da(c) = d1(b) + da(c) + ¢1(a) + P2(b+ ¢).

Setting b = ¢ = 0 yields ¢;(a) = 0 for all a, and setting a = b = 0 yields ¢o(c) = 0 for all c.
Hence, m,(f) = 0 — f is trivial on all homotopy groups.

When A has a weakly contractible universal covering and G is connected, this implies
that f must be null-homotopic. By Corollary 6.2.7, all normalized 2-cocycles must also

be null-homotopic in this case. Hence, 15 0 v is trivial on continuous cohomology in this case
(by Corollary 6.3.5). O

Example 6.5.3. Suppose G = BA; and A = B?A, for discrete abelian groups A; and A,,
with Ay written additively. We will find the image of the map B%(G, A) — [G AG, A].. This
will be used in the next example to produce an element of H2(G, A) which is not in ker

(for certain choices of A; and A,).
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First, we examine the homotopy classes of maps G — A. We have

(G, Al, = H*(BA,, Ay)
~ Hg2p<A1,A2),

with an isomorphism given by a, a, : H (A1, Ay) — H?*(BAy, Az) (see Corollary 5.3.2).
Hence, every 1-cochain f : G — A is homotopic to a map f' : G — A whose restriction to
the 2-skeleton By A; of G is

BZAI — A7 ((1,1, tl)(a&’ t2) = (h(a17 a2)7 /,L2<t1, t2)) ’ (613>

for some 2-cocycle h € ng(Al, As). We wish to understand the homotopy class of d f ~ 0 f/,
for which it suffices to examine (0 f')|, 4,18, 4, (since By A; A By A; is the 2-skeleton of GAG).

B1A; = Y A; is a wedge of circles (one circle for each non-trivial element of A;), so
B1A; A B1A; is a wedge of 2-spheres (one 2-sphere for each ordered pair of non-trivial

elements of Ay). The characteristic map for the 2-cell corresponding to (ay, as) € Ay X A; is
ery o I = BA A BA; (s1,52) = ((a1,51), (a2, 52)).
Hence, it suffices to examine the map
(0f)oel,:I?/OI" — A
for non-trivial a,b € A;. By (6.13), we have

(0f") o€l y(s1,52) =61 ((ar, 51), (a2, 52))
= f'(a1, s1) + f'(ag, s2) — f'((a1, s1)(az, s2))

_ (—h(a1,a2), pa(s1,52)) s1 < 8o - (6.14)

(_h(a27a1)7ﬂ2(52751)) 81 2 S2

7



It is not hard to see that the homotopy classes of the two maps [?/0I* — I?/0I* given by

51,8 51 <s
(s1,82) — Halon,8) 81 < 8 and (6.15)

812/812 81282

812/812 S1 S S9o
(81,52) —

po(s2,81)  S1> So

are negatives of each other (in my(I%/01%)). Also, (6.15) is homotopic to idsz2/sr2. Hence,
(6.14) yields that §f’ o €2, is homotopic to the map

(81782) — (h<a27a1) - h(al,@),sl, 82)-

Putting this together over all 2-cells of G shows that the homotopy class of (§f)|p, 4,184,

is the image of the 2-cocycle!
AL N Ay — Ay (ay,ag) — h(ag, ar) — h(ay, as) (6.16)
under the map
W Z§p<A1,A2) — [B1A1 A B1Ay Al B = [((ag, 81), (ag, s2)) — (B (ay, az), s1, 82)].

Here is a succinct reformulation of the above. Write p for the involution ZZ (A, Ay) —
ZZ,(Ay, Az) induced by interchanging the two coordinates of A; A A;. The following com-

mutes.
—id
Z§p<A1, Ag) p_) ng(Al, Ag) &) [BlAl A\ BlAl, A]*

l ] (6.17)

H2 (A, As) 2225 (G A, ——— [GAG, Al

~
~

Here, 6% denotes the coboundary operator acting on homotopy classes as [f] — [0f], the
vertical inclusion restricts to the 2-skeleton, and W is injective because h' — mo(W (R'))
is. U

Example 6.5.4. Let A’ =Z/nZ (n > 2) or A’ =7Z. Set G = BA' and A = B?A’. We will
produce a 2-cocycle f : GAG — A which is not homotopic to a coboundary, so that f ¢ ker «

'h being a cocycle implies that (a1, as) — h(az,a1) is a cocycle since A; is abelian. Hence, (6.16) is also
a cocycle.
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by Corollary 6.3.5. The construction builds on the 2-cocycle A’ A A" — A’; (a,b) — ab

(where ab is the product in A’ as a ring).

¢

We define f as follows, recalling that every element of BA’ can be written as [](ay, s;)
=1

for some ¢ > 0 and (a;,s;) € A’ x I (we do not require that s; < ... < s, since BA’ is

abelian).

¢ m
f (H A, S; 7H b]at ) H (aibj73i7tj)'
=1 7j=1

1<i<e
1<5<m

To see that f is well-defined and continuous, observe that the following hold for all a,b € A’
and s,t € I.

f((0,5),y) = f(z,y),
f(z,y(0,s)) = f(z,y),
f(2(a,0),y) = f(z(a,1),y) = f(z,y),
f(z,y(a,0)) = f(z,y(a,1)) = f(z,y),
f(z(a,s)(b,s),y) = f(z(a+0b,s),y),
f(z,y(a,s)(b,s)) = f(z,y(a+b,s)), and
[z, 16) = f(le,y) = La.

A straightforward computation shows that f is also a cocycle. To show that f is not ho-
motopic to a coboundary, first observe that all central extensions of A’ by itself are abelian.
Hence, the involution p : Z2 (A", A’) — ZZ (A', A’) from Example 6.5.3 is the identity
map and all coboundaries in B?(G, A) are null-homotopic (by the commutativity of (6.17)).
Hence, f is not homotopic to a coboundary if and only if it is not null-homotopic.

We will now show that 7o (f) is non-trivial. Indeed, consider the following representative
of a class in m(G A G).

NP = GAG;(s,t) = ((1,5),(1,1)).

f o X represents the image of 1 € A’ under the isomorphism A’ = my(B2A’) (see (2.5)), so
the claim follows. O
Example 6.5.5. Let A’ be a discrete abelian group (written additively) such that there
exist ag, by € A" with ag ® by # —by ® ap in A’ ® A’ (for instance, A’ being finitely generated
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with order at least 3 works). Set G = BA’ and A = B?*(A’ @ A’). We will produce a
2-cocycle f : G A G — A which is not homotopic to a coboundary, so that f ¢ kera by
Corollary 6.3.5. The construction builds on the 2-cocycle AANA" — A'®@ A'; (a,b) — a®b.

Analogous to the preceding example, we define

f : (H(ai7 Si)7

i=1 j=1

s

(%Q‘)) =[] (@ @b,s.1).
1<i<t
1<j<m

To see that f is well-defined and continuous, observe that the following hold for all a,b € A’
and s,t € I.

f(@0ar,8),y) = f(z,y),

f(z,y(0a,5)) = f(z,y),
f(z(a,0),y) = f(z(a,1),y) = f(z,y),
y(a,1)) = f(z,y),

A straightforward computation shows that f is also a cocycle.? To show that f is not
homotopic to a coboundary, first observe that 2-coboundaries G A G — A are fixed under
composition with the involution r : G AG — G A G; (g1, g2) — (g2, 91) (since G is abelian).
Hence, f is not homotopic to a 2-coboundary if f 5% f or.

We will now show that mo(f) # ma(f o 7). Indeed, consider the following representative
of a class in m(G A G).

AN I? — G AG;(s,t) = ((ag, s), (bo, 1)).

~

f o\ represents the image of ay ® by under the isomorphism A’ ® A" = my (B*(A’ @ A')) (see
(2.5)). Likewise, f or o A represents the image of —by ® ag under said isomorphism. Hence,
the claim follows from the fact that ay ® by # —by ® ay. O

Example 6.5.6. The general form taken by G and A in the preceding example, namely

2Actually, BA’ ® BA’ and B?(A’ ® A') are isomorphic as abstract groups — z ® y + f(z,y) is an
isomorphism. Hence, f is is also of the form (a,b) — a ®b.

80



G = BA’ and A = B*(A’ @ A’), can be generalized. The techniques used in that example
also work for G = BYA’ and A = B*(A’ ® A") with d odd. O

Example 6.5.7. Let G = Z/mZ (m > 2) and A = S*. Let f: G — A;x — e’m" be the
canonical inclusion. Clearly, f is a null-homotopic group homomorphism and hence lies in
the kernel of oy = 1j o B : H(G,A) — H'(B,G, A). However, [Bf] € H'(BG, A) is not
trivial — see Example 7.5.2. O]
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Chapter 7

Analogues of o in higher degrees

When G and A are discrete, it is not hard to see, using the techniques of Section 5.3, that

the composition

n ~ n( R (\Tl*) n n
H2 (G, A) —= HY(BG, A) U5 HY(BG, A) —— H*(B,G, A)

is the same as a,,. In particular, for f € Z"(G, A) a cocycle, the cohomology class «, f €
H"(B,G, A) extends to BG. In this chapter, we will show that this holds in general, without

the assumption that G and A are discrete.

When G and A are discrete, the restriction map H"(BG,A) — H"(B,11G,A) is an
isomorphism. Hence, in this case, «,, f (as above) extends to BG if and only if it extends to
B, 11G. This line of reasoning fails for general G and A, but nonetheless it is instructive to
first try extending «,, f to B,+1G in the general set up. We begin with the ansatz that the

desired extension of a,, f to B, 1G takes the form

F:(g1,t1) - (Gna1, tngr) — H (ml(g'),un(zf_;))

i=1

for some continuous maps z; : G*"*t1) — A. Here, we have borrowed notation from Chapter 6

— G = (91, ygny1) € G"and £ = (t1,--- ,tp41) € A,y are general points. Since F
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extends «,, f, we must have

anf (g_éaa) 0=t
F(§,t) =S anf (3,1 ti=ty for0<i<n+1, (7.1)

an.f (gn—i-lat_;l—i-l) tn+1 =1

where points in B,G and B,,,1G are viewed as points in G"xA,, and G"" x A, respectively

for notational simplicity. This imposes the following equations on the z;’s.

—

ZT; (g) Titr1 (g) f (g}) for O<i<n -+ 1, and (72)
Tnt1 (§) = [ (Gntr) -

This is essentially a system of n+ 1 linear equations in n unknowns, so it is over-determined.

However, it has a unique solution given by
z; (§) = Hf (g'j)(fl)iﬂ.+1 for0<i<n-+1.

The fact that this solution works is equivalent to the cocycle condition on f:

os1 () = F (Gur) = [ £ @)

=0

One checks that the resulting map F' : B, 1G — B"™A is well-defined. In particular, if
gi = 1¢ for some i € [n + 1], then

F(g.t) = anf (g i) -

One could similarly use the ansatz

(91,t1) = (Gns1s tug2) = H (%g (9), Mn(t_;j)) (7.3)
1<i<j<n+2
for an extension of F' to B, oG, where t_;] = (ty, - e ,t}-, -+ tpyo). The analogue of

(7.1) then yields a system of linear equations for the xz;;’s in terms of the z;’s (analogous

to (7.2)), although it is once again over-determined. Hence, a non-trivial check needs to
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be done to ensure that a solution exists and that the resulting map (7.3) is well-defined.
This process gets harder when one tries to extend to B,.3G, B,14G,---. This calls for a

systematization of the above ansatz, which we now do.

7.1 Formalizing the ansatz

Throughout this section, A is written additively. Let S denote an arbitrary finite (possibly
empty) subset of Ny, the non-negative integers. If ¢ € S, write dsc;S for the i-th descent of
S, defined as

dse;S:={jeS|j<iyu{j—1|j€S,j>i}.

IfieSandi—1¢S, write rep,S for the i-th replacement of S, defined as
rep;S =S —{i} U {i —1}.

If |S| > 2, write D(S) for the difference between the largest and second-largest elements
of S. If S is singleton, then D(S) will denote the sole element of S. For S non-empty,
let M(S) and m(S) be the maximum and minimum elements of S respectively. Let S' =
S —{M(S)} = dscas)S.

Let G be the subspace of GNo consisting of tuples with all but finitely many coordinates
trivial. For ¢ > 0, define

di:G =G (90,91, ) = (915, Gim15 YiGit1, Gig2r " )

Note that
di o d] = djfl o dz for 0 < 1< ] (74)

To each finite S C Ny, we associate an ‘unknown’ continuous map zg : G — A on which the

following equations are imposed for ¢ > 1.

T§ = Tgse;s 0 di—q ifi,i—1 € S, and (7.5)

TS + Trep,s = Tdse,s © di—1 if i€ Sandi—1¢S. (7.6)
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Remark 7.1.1. For m > 1, these equations come from the ansatz

(91; tl) U (gn+ma tn-l-m) = H (l’s(g), Mn(FS))
SC[n+m)]

|S|=m
for an extension of a, f to B,.,,G, and are analogous to Equation (7.2). Here, tg denotes t
with coordinates indexed by elements of S dropped. In analogy with (7.1), (7.5) and (7.6)
come from the case of t;_; = t; (which is interpreted as 0 = ¢; for ¢ = 1 and t,4,, = 1 for
i =n+m+1). This remark will be formalized in Section 7.2, but for now the reader shall

regard it only as motivation for the algebra that follows. O

Proposition 7.1.2. If xy is fived and xyoy = 0, then for each finite S C Ny there exists
unique g so that (7.5) and (7.6) are satisfied.

Proof. We will first define xg by inducting on |S|, and then show that (7.5) and (7.6) are
satisfied. Uniqueness will be clear from the fact that our definition of the xzg is forced on
us by special cases of (7.5) and (7.6) (see Case 1 below). For S non-empty, we define xg

inductively as
D(S)

Trg = Z(—l)jilllsl o dM(S)—j- (77)

j=1
We now show that this definition satisfies (7.5) and (7.6) by inducting on |S|, with the base

case of |S| = 1 being easy to verify (here one uses that zy = 0). Hence, suppose |S| > 1
and ¢ € S is positive. We will show that xg satisfies (7.5) if i — 1 € S and (7.6) otherwise.

e Case 1: i = M(S).

In this case, the claim is immediate from the definition of xg.

e Case 2: i< M(S)andi—1¢€5.
First, observe that
(dse;S)" = dsc; S,
D(dsc;S) = D(S), and (7.8)
M (dsc;S) = M(S) — 1.
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Next, (7.7) yields

D(S)
rg = Z(—I)Jilfﬂsl o) dM(S)—_]

j=1

D(S)
= Z(—l)j_lxdscig/ od;—1 o dps)—; (using (7.5) for S" and @)
7j=1

D(S)
= Z<_1>J_1xdsci5’ o dn(g)—j—1 0 di—y (by (7.4))
j=1
D(dsc;S)
= 3 (1 ey © durgaseis)—s © dia (b (7.8))
j=1

= Tdse;s © di—1 (by (7.7) for dsc;S, which is non-empty),

as desired.

e Case 3: i < M(S) — D(S) (i.e., i is neither the largest nor the second-largest element
of S)andi—1¢S.
First, observe that

(rep;S)" = rep; ",
D(rep;S) = D(5),

(dsc¢;S) = dsc; S, (7.9)
M (dsc;S) = M(S) — 1, and
D(dsc;S) = D(S).
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Hence, (7.7) yields

D(S)

L5+ Trepys = 9 (~ 17 (250 + Trepys) 0 sy
j=1

D(S)
= Z(—l)j_ll‘dscigl o d;—1 o dp(s)—; (using (7.6) for S” and @)
7j=1

D(5)
= Z(_l)]_lxdscifﬂ o dpr(s)—j—1 0 di—1 (using (7.4))
j=1
D(dsc;S)
= Z (_1)J71x(dsci5)’ o dM(dsciS)—j o difl (USng (79))
j=1

= Zgse;s © di—1 (by (7.7) for dsc;S, which is non-empty),

as desired.

e Case 4: i = M(S) — D(S) (i.e., i is the second-largest element of S) and i —1 ¢ S.
First, observe that

(rep;5)" = rep; 5",
D(rep;S) = D(S) + 1,
(dse;S)" = dsc; S,
M (dsc;S) = M(S) — 1,
D(dsc;S) = D(S) + D(S") — 1 > D(S), and
M (rep,;S) — D(rep,;S) =i — 1.

(2

(7.10)

Hence, (7.7) yields

D(S) D(rep;S)
Ts + Treps = ) (=1)'wg 0 durs)—; + (=) Trep,s1 © Ansrep,9)j
j=1 j=1

D(S)
= Z(—l)]_l ($S’ + :BrepiS’) o dM(S)—j + (—1)D(5)$repis/ e} di—l (by (710))
j=1

(7.11)
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We temporarily denote the summation in the above expression by 7. We have

D(S)
T = (—1) ' Tase,sr © di—1 © dpr(s)—; (using (7.6) for S’ and i)
j=1
D(S)
= Z(_l)JilmdsciS’ @) dM(S)fjfl o difl (USng (74))
j=1
D(dsc;S)
= Z (=1) " (dse;8) © dai(dses)—j © di-
j=1
D(dsc;S)
- (1) ' Zase; s © darasers)—j © di—1 (by (7.10)).
j=D(S)+1

Using (7.7) for dsc;S (which is non-empty) on the first summation and making a change

of variable in the second summation, we obtain

D(dsc;S)—D(S)
T = Zgsess 0 dig — (—1)PF Z (=1 Zasessr © ds(dses$)—D(s)—j © di—1

D(S")—1
= Tgse,s © di—1 — (—=1)P) Z (1) Zdsess0 © dar(asess)—p(s)—j © di—1 (by (7.10)).

J=1

(7.12)

We have

M(dsc;S) — D(S) = M(S) — 1 — D(S) (by (7.10))
=1 — 1 (by definition of D(S) and choice of 7)
= M(rep;S’),
dsc¢;S" = (rep;S’)’, and
D(8') = 1= D(rep,5’),

so (7.12) yields

rep;

D(rep, ')
1)D(5) (—1)371x(repi5/)' o dM(repiS’)—j odi

T = Tdsc; 8 © difl - <_
Jj=1

= Tdse;s © di_1 — (—1)D(s)xrepisf od;_; (using (7.7) on rep,S’, which is non-empty).
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Plugging the above into (7.11) yields the desired result. O
Corollary 7.1.3. If xy is fived and x(oy = 0, then x5 = 0 whenever 0 € S.

Proof. The claim is vacuous for |S| = 1. Hence, the corollary follows from (7.7) using

induction. O

Now fix n > 1 and a cochain f € C?(G,A). Write zgf for the map zg given by (7.7)

when 79y = 0 and zy is chosen as

22 G = A; (9o, 91,7+ ) = fg1, - 5 gn)-

By induction on |S| (with base case |S| = 0), it is easy to see that zgf is only a function of

the coordinates indexed by [n + |S]], i.e.,

xSf(g(]ugla te ) = xSf(1G7g17g27 “ s OntS) 1G7 1Gv o )

Hence, we will view zgf as a map G"*!8l = A by embedding G"*1*! in G as

(917' o ,gn+\S|) = (1Gagl>' © s Ond|S) lg,1g, - )

Note that the set-map C7(G, A) — Map(G"H15I, A); f + x5 f is a group homomorphism (the
topology of Map(G™*15I, A) is irrelevant here).

Lemma 7.1.4. If M(S) =n+|S|+1€ S, then
vsf = (=1)"wg (3f).
Proof. The proof proceeds by induction on |S]|.

e Base case: |S| = 1.
We have S = {n + 2}, so (7.7) yields

n+2

rsf = Z(‘l)jilxwf O dpyo;
j=1

— (~1)™sf
= (~1)"2y(5).
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e Induction step: |S| > 1.
We use induction on m(S), with the base case of m(S) = 0 following from Corol-

lary 7.1.3. For m(S) > 1, we have

xSf = xdscm(S)Sf o dm(S)—l - xrepm(S)S’f (by (76))
= (—1)"*! <:z:dscm(s)5/(6f) 0 dpy(5)-1 — xrepm(s)s/((Sf)) (by the induction hypotheses)
— (1) (31) (by (7.6))

Here we have used that (dsc,,(s)S)" = dscus)S” and (rep,,s)S)" = rep,,s)S’, which
follow from the fact that |S| > 1. O

Corollary 7.1.5. If f is a cocycle and M(S) =n+ |S| + 1, then x5 = 0.
Proof. Use Lemma 7.1.4 and the linearity of f — xgf. O
Lemma 7.1.6. If g; = 1g for some i € [n+ S]], then

xdsciS.f o di—l(gb U agnJr\S\) i €S

xsf(gl,"' ,9n+\5\): 'géS.
(3

Proof. The proof proceeds by induction on |S|, with the base case of |S| = 0 immediate from
fact that f has domain G*". Now suppose |S| > 1.

e Case 1: i = M(S).
We have
g fodys)—i(91, s Gntis)) = 0 for j > 1

by the induction hypothesis, so the claim follows by (7.7).

e Case 2: i < M(S)—D(S)and i ¢ S.
We have
rs f odus)—i(g1, -+ 5 gnyls) = 0 for 1 < 5 < D(S)

by the induction hypothesis, so the claim follows by (7.7).

e Case 3: i < M(S)— D(S)and i€ S.
We have

Ts fody(s)—i(91, 5 Inrls) = Tdsers © dio1 0 dar(sy—j (91, -+, gnyys)) for 1 < j < D(S)
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by the induction hypothesis, so the claim follows by (7.4) and (7.7) (with S replaced
by dsc;S).

Case 4: M(S) — D(S) <i < M(S).
(7.7) yields

D(S)
xs(gu T agnHSI) = Z(—1)371$5/ © dM(S)fj(gla T >9n+|s|)-
j=1

The j = M(S) —i and j = M(S) — i+ 1 terms cancel, so the claim follows from the

induction hypothesis.

Case 5: i = M(S) — D(S). We have di(g1,- -, gntis]) = di=1(g1," " , Gnts|), SO the
claim follows from (7.7) and the induction hypothesis. ]

7.2 Extending o, to BG

We are now ready to produce an extension of a, f to BG for f € Z(G, A) a cocycle. First,

for m > n we define

anf i BuG — B"A;(gi,th) - (gotm) = [ (25(@), 1a(E5))

SC[m]
|S|=m—n

where § = (g1, - , gm) and tg is the tuple obtained by omitting the coordinates in (t1, - - , t)

which are indexed by S. To see that this is well-defined and o, f|5,, ¢ = o, _, f for m > n,

we make the following checks.
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o Ift; =0, then

ol f (grt) (ot =[] (25f(@). 1a(Fs)

_ H (Qfsfodﬂ(g)?Mn(t_;iscl_lS))

SClm—1]
|S|=m—n—1

= a1 f ((92,82) (G ) - (7.13)

o If t;_1 =t; for some i with 1 < i < m, then

a:@f ((gl7t1) T (gmatm)) = H ('TSf(g)v MTL({S))

Sc[m]
|S|=m—n

{i—1,i}NS#0

= ] (@sf@.ms) T (2sf@) + Trepsf (@), a(fs))

SClm)] SC[m)]
|S|=m—n |S|=m—n
i—1,4€S i€S,i—1¢S

= [I (asesf o dics(@). (i) (by (7.6))

SC[m)]
|S|=m—n
€S

— H (JJSdei—1<§)7Mn(ilsc;1$)>

SC[m—1]
|S|=m—n—1

= a1 f (91, t1) -+ (gi2, ti2)(Gi19is tio1) (Giv1, tia) - -+ (Gms t)) -
(7.14)
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o Ift,, =1, then

ol f (grt) (ot =[] (25f(@). 1a(Fs)

SC[m]
|S|=m—n
mesS

— H (xsf(ﬁ) + xrep;#lsf(ﬁ), un(fg)> (by Corollary 7.1.5)

SC[m]
|S|=m—n
mesS

= T (sfodu(@.pulis) (by (7.6)

Sclm]
|S|=m—n
mes

= I (zsf 0 dm(@), pn(Esuimy))

SC[m—1]
|S|=m—n—1

=ap 1 f ((92,12) - (Gm-1,tm-1)) - (7.15)

e Calculations similar to but simpler than the above involving Lemma 7.1.6 show that

if g1 = 1¢ for some ¢, then
@i f (g1t2) - (gms b)) = s f ((91:82) -+ (95,8 -+ (g )

Remark 7.2.1. Observe that we only needed to use the fact that f is a cocycle in the t,, = 1

case (since Corollary 7.1.5 relies on f being a cocycle). O]

In light of the above, the direct limit of o), f over m yields a map o"f : BG — B"A.
We have o"f|p,¢ = al'f = «a,f since zypf = f. Furthermore, since f — zgf is a group
homomorphism, so is

o™ Z'(G, A) — H"(BG, A).

It is not yet clear whether a" factors through continuous cohomology; we show that it does in
the next section. First, we show that o™ agrees with the maps B : Z}(G, A) = H}(G, A) —
H'(BG, A) and o : Z*(G, A) — H*(BG, A) for n =1 and n = 2 respectively.

Proposition 7.2.2. For f : G — A a continuous homomorphism (i.e., 1-cocycle), we have

ol f = Bf.

Proof. For m > 1 and i € [m], let S7* = [m] — {i} and 2}" = zgm f. We wish to show that

™™g,y gm) = f(gi), which we will prove by induction on m. The base case of m =1 is
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immediate from definitions. For m > 2, we have

) € -1
Y C O L
m—1 1=m
1 iem—2
D(S") =<2 i=m—1 , and
1

(2

Srlie m—1]

(spy =4
Sm—t i=m
Hence, (7.7) yields
2" ody i€m—2]
:B'?Ln = xm:% o dm—l - mz:i o dm—? t=m—1
xz:% o dm—2 L=m
The claim now follows using the induction hypothesis. O]

Proposition 7.2.3. The two maps o,a? : Z*(G, A) — H*(BG, A) are equal.

Proof. The proof is essentially the same as that of Theorem 5.2.1, except with more moving
parts. Fix a 2-cocycle f € Z2(G, A) and let € = (E, i1, p) be the corresponding extension (as
in the proof of Theorem 5.2.1). Form > 2 and 1 <j <k <m, let S7} = [m] — {j, k} and
Ty = Tsm, f. Recall the object X¢ defined in Section 3.3, in particular that the inclusion
tpa : BA — X¢ is a homotopy equivalence (Corollary 3.3.2). Hence, Bips : B?A — BX¢

is a weak homotopy equivalence. Consequently, it suffices to show that
(Bipa)s o a(f) = (Btpa)s o &2 (f).
By (5.6), this reduces to proving that
[Big] = (Bipa)s 0 &2(f). (7.16)
By (5.7), the restriction to B,,,G (m > 2) of the left side in (7.16) is represented by

Ly = Big oty : BnG — BXg; (g1,t1) - (g tm) = ((91,14), 1, t1) -+ ((9m, 14), 1, tn).

95



Likewise, the restriction of the right side of (7.16) to B,,G admits the representative

Ry BG = BXei (g1,t1) -+ (gotw) = [ (s (@) 2ty 1)

1<j<k<m

where §:= (g1, ,gm). Let L and R be the respective direct limits, so that (7.16) reduces
to showing that L ~ R. Equivalently, we may show that L- R~! (interpreted in terms of the
right-action of B2A on BXg) is null-homotopic.

Analogous to the proof of Theorem 5.2.1, consider the homotopy H!" : B,,G — BX¢
(s € I) given by

o\ St
H;n : (glvtl)"'(gmatm) — ((glalA)asatl)"'((gmalA)7$7tm)' H ((1G>_x;rfk(g)) 7t_Jatk:) .
1<j<k<m k
(7.17)

Supposing for the moment that this is well-defined, it is immediate that H™ = L,, - R and
HJ" is constant. We will now show that H™ is well-defined and H™|p, ¢ = H™ ', so that

the direct limit yields a null-homotopy of L - R~

For m = 2, it is clear that H? is well-defined (this was proved while proving Theo-
rem 5.2.1). For m > 2, we have the following. When ¢, j,k € [m] (j # i # k) are fixed, we

use the notation

—1 1<
j= J 7 and
J (>
. k—1 i<k
)k i>k

. _ agm—1
In particular, dsc; S}y, = S7

e Suppose g; = 1¢ for some i € [m]. Since o2, f|z, ¢ = a?,_,f, we have

N7 o L
H ((1G7x??k<g)) ,#,tk) - H ((1Gax]/7k’1(gl>) 7t_]7tk) .
1<j<k<m k 1<j<k<m k
JFiF£k
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The calculations used to prove this also yield

sty st
H ((1G7$;T,lk(g)) ) i__]:7tk> - H ((16*795]/,16/1(91)) 7i_k]7tk) .

1<j<k<m 1<j<k<m
J#itk

This shows that
H;n ((gl7t1) T (gmatm)) = Hgnil ((91,t1> e (gia tz) U (gma tm)) '

e For the cases of t; = 0 and t,, = 1, the calculations done for (7.13) and (7.15) yield

H;nil ((g2>t2)"'(gmatm)) tl =0 .

o) b)) =3 ot (00 (s bot)) = 1

e Suppose t;_1 = t; for some i with 1 < i < m. The calculation done for (7.14) yields

— lj m — m—1/= 7]
H ((]—Gal‘;?k(g)) ) i__J7tk) - ((1G7xi71,i<g)) Jsati)' H <(1va]/7k/1(gl)) ) i__J7tk) .
1<j<k<m k 1§_j¥<§é§€m k
J#i

We also have

((917 1A)7 S, tl) U ((gm7 114)7 S, tm) = ((917 1A)7 S, tl) U ((gi*% 1A>> S, ti*2>
((gi—lgiv f(gi—b gl)) S, ti) ((gi-i-l’ 1A)7 S, ti+1) e ((gn"w 1A)’ S, tm) :

Hence, to show that H™ is well-defined and H™|g, ,c = H™ !, it only remains to

show that =", ;

on m using (7.7) and considering the cases i € [n — 2], i = n — 1, and ¢ = n separately

(9) = f(gi—1,9;) for m > 2 and 1 < i < m. This follows by inducting

(this is similar to the proof of Proposition 7.2.2). ]

Example 7.2.4. We generalize the idea of Example 3.1.3 to o™. If f € Z'(G,A) is
null-homotopic through cocycles, then f has a lift f : G’ — PA which is also a cocycle.
By naturality of o”, we have (e1), o o/évaf = Qga° (e1).f. The prior is 0 (since PA is
contractible) and the latter is ag 4 f, so f € kerag, 4.

The hypothesis on f is satisfied when G is discrete and A = BA’ for some k-group A’.
This is because f must lift to a cocycle in FA’, and FA’ is contractible through group

homomorphisms. O
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7.3 A topological counterpart to continuous cohomol-
ogy’s connecting morphism

Recall the evaluation map e; : PA — A°, which fits into a short exact sequence

€1

1] — QA —— PA s A°

~
—_

The connecting morphism 6" : H*(G, PA,QA) — H(G,QA) from the corresponding long

exact sequence of continuous cohomology is induced by the coboundary map
§" el N (ZMG, A)) = ZMHG,QA).

Also, recall the weak homotopy equivalence 64 : BQA — A°; (v,t) — ~(t) from Section 4.4.

n

Proposition 7.3.1. The following commutes up to a sign of (—1)".

e (Z0(G,A)) —"— 217G, QA)

lan+l

er H™(BG, QA)

\[(QA)*

ZMG, A) —2— H"(BG, A)

Proof. Fix a cocycle f € Z'(G, A) and a lift fe et (ZM(G, A)), ie., f is a null-homotopy
of f. We wish to show that the two maps

(=1)"a"f, B"04 0 o™ (0f) : BG — B"A

are homotopic. We will explicitly construct a null-homotopy of the difference between these
two maps using a technique similar to that used for Proposition 7.2.3. For m > n + 1,

consider the following homotopy.

HY(grt) - (ta) =[] (26 @@ o) T 0a ((F)" 25(0F)(@): s (sis) )
SC[m]

SC[m]
|S|=m—n |S|=m—n—1

(7.18)

Here, sty denotes coordinate-wise multiplication of s to all entries of tg. Assuming that this
homotopy is well-defined, it is clear that H* = a” f + (—1)""'B"04 0 a™'(6f) and H is
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constant. Hence, the proposition will follow by taking direct limits if we show that H" is
well-defined with H™|p, _, = H™ '. For this, we make the following checks.

e Suppose g; = 1 for some i € [m]. The corresponding calculation done in the beginning
of Section 7.2 shows that

HI (91,11) -+ (9 t) = HP 7 ((g182) -+ (00 - (gt )

Although those calculations were done in the context of cocycles (and f is not a

cocycle), this is not an issue by Remark 7.2.1.

e Suppose t; = 0 or t;_; = t; for some ¢ with 1 < ¢ < m. Appealing to Remark 7.2.1

once again, we use the calculations (7.13) and (7.14) to conclude that

HY ((g1:t1) -+ (G tm)) = HI ' ((g2,12) -+ (G tm))

if t4 = 0 and

H ((g1,t1) -+ (G tm)) = HI 7 (g1, t1) - -+ (gimas tima) (Gi-1935 ) (G, tivr) -+ (Gms b))

if ti1 =1;.

e Suppose t,, = 1 (so Remark 7.2.1 no longer applies). The first product in the expression

for H" is

[T (0w (GRE)@). () (by Lemma 7.1.4)
Sc[m]
|S|=m—n
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The first product in the right side can be simplified just as in (7.15), so we obtain

I (s5f&@ @) = T (25560 dul@), mmosim)) -

SC[m] SC[m—1]
|S|=m—n |S|=m—n—1
[T (0 esGNE)@) imlEsom) - (719)
ScC[m—1]
|S|l=m—n—1

Next, the second product in the expression for H!" is

[T 0a (=0 2s6/)@). pa(sis)

Sc[m]

|S|l=m—n—1
= I o (0 esN@mntsis)) - TT 0a (=1 25O N)@): (s
S S

m¢S meS
= I oa (0 esN@mntsis)) - T 0a (=1 25O )@ tarals
ScC[m—1] SC[m]

|S|=m—n—1 |S|=m—n—1

meS

The first product in the right side of the above is the inverse of the second product in
the right side of (7.19) (since t,, = 1 is the last coordinate of fg when m ¢ S). The

second product in the right side of the above can be seen to be

H 04 <(—1)"+1$5(5f) o dm(§)7Mn+1(3£SU{m})>

SCm—1]
|S|=m—n—1

using (7.15) (since 6 f is a cocycle). Combining these observations with (7.19) yields
H ((91:t1) - (9ms tm)) = HY ™ ((9141) -+ (9m—1, tm—1)) -
as desired. [

Corollary 7.3.2. The kernel of o™ : Z!(G,A) — H"(BG, A) contains BI(G,A), i.e., a”
factors through a map o™ : H(G, A) — H"(BG, A).

Proof. The claim is trivial for n = 1, since 0 is the only 1-coboundary. For n > 1, consider
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the following diagram.

CL(Zr (G, BA)) — T 206 QBA) <P G, A)

b b

o H"(BG,QBA) & [n(BG, A)

l(GA)* /

ZY(G, BA) —2" H"Y(BG, BA)

Here, ¢4 : A — QBA is the weak homotopy equivalence (and group homomorphism) from
Lemma 2.8.1. The top-right square commutes by naturality of o™, and the lower-right
triangle can be seen to commute using Lemma 4.4.3. Hence, the diagram commutes up to
sign by Proposition 7.3.1.

Now fix a cochain f € C" (G, A) with coboundary §f € Z"(G,A) lying in the top
right corner of the diagram. We wish to show that a™df = 0. Let f' = (¢a).f, so that
e Cr 1 (G,QBA) c C" (G, PBA). Since e;f’ = 0, we see that f’ lies in the top left
corner of the diagram. By definition of f’, we have §f" = (¢a).0f. Commutativity of the
diagram thus yields a"t o e, f’ = a"§f. The left side is 0 (since e, f’ = 0), so the claim
follows. O

Corollary 7.3.3. The following commutes up to a sign of (—1)".

H™(G, PA,QA) — H"(G,QA)

lanJﬁl

J. H"(BG,QA)

\[(%)*

H (G, A) —2—— H"(BG, A)

7.4 An algorithmic description of ker "

If Conjecture 6.3.1 holds, then Theorem 6.3.2 and Corollary 7.3.3 lend themselves to
an algorithmic way of understanding ker a”, which goes as follows. We start with a class
(o € H(G, A) and ask whether it lies in ker a”.

1. If ¢y does not have a null-homotopic representative in Z'(G, A), then a,,(y # 0 (by
Theorem 6.3.2). Hence, a"(y # 0. [Algorithm terminates]
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2. If ¢, has a null-homotopic representative, then it lies in im J,. Let {, € H(G,PA,QA)
be a preimage and set {; = 6", € H'" (G, QA).

3. If ¢; does not have a null-homotopic representative in Z"(G,QA), then a,1(; # 0
(by Theorem 6.3.2). Hence, a"™(; # 0. Consequently, a"(; # 0 (by Corol-
lary 7.3.3). [Algorithm terminates]

4. If ¢ has a null-homotopic representative, then it lies in im J,. Let {; € H*(G, PQA, Q2A)
be a preimage and set ¢, = "1, € H""2(G, Q2A).

5. If (5 does not have a null-homotopic representative in Z" (G, Q?A), then ay,,2( # 0
(by Theorem 6.3.2). Hence, a""2(, # 0. Consequently, a"*1(; # 0 (by Corol-
lary 7.3.3) and o(y # 0 (by Corollary 7.3.3). [Algorithm terminates]

If the algorithm never terminates, then o], (o = 0 for all m > n. Hence, a"(y = 0 in this

case.

Remark 7.4.1. It is true unconditionally (i.e., without assuming Conjecture 6.3.1) that

a"(p = 0 if the algorithm never terminates.

If A is of finite type and Conjecture 6.3.1 holds, then the algorithm determines whether
o € ker o™ in only finitely many steps (since Q¢A is weakly contractible for sufficiently large

d). When G is connected and A is of finite type, we can say even more.
Proposition 7.4.2. If G is d-connected (d > 0), then G is (n(d + 1) — 1)-connected.

Hence, if G is d-connected (d > 0), then the connectivity of G ™+™ grows linearly
with m. If A of finite type, then the type of 2™ A simultaneously falls linearly with m. In
particular, if A has type ¢, then all maps G"*™) — Q™A are null-homotopic when

(n+m)(d+1)—1>t—m,

. 1—n(d+1
l‘e" m Z %

712 - In particular, all cocycles in ZM (G, Q™A) are null-homotopic in this

case.

The proof of Proposition 7.4.2 requires some intermediate results.

Lemma 7.4.3. Let
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e X andY be spaces with f : X — 'Y a homotopy equivalence,
e D be a disjoint union of disks (not necessarily of the same dimension), and

e ¢ :0D — X be a map, where 0D denotes the union of the boundaries of all disks in
D.

The map f : X Uy D — Y Uy D induced by f is a homotopy equivalence.
Proof. This is a special case of [3, 7.5.7]. O

Lemma 7.4.4. Let X be a CW complexr and Y be a d-dimensional CW complex which is
homotopy equivalent to XD . There exists a CW complex X' which is homotopy equivalent
to X and has d-skeleton Y .

Proof. Let Y; =Y and f; : Yy — X be the given homotopy equivalence. By induction
on i > d, we will produce an i-dimensional CW complex Y; and a homotopy equivalence
fi Vi = X® such that Y;(i_l) = Y;1 and fily,_, = fi-1. Taking direct limits will yield
a CW complex X’ with X’ = Y; and a map f : X’ — X which restricts to homotopy
equivalences X' — X for all i. Hence, f will be a homotopy equivalence by Whitehead’s
Theorem, proving the lemma.

Suppose f;_1 and Y;_; have been constructed for some i > d. Let D be a disjoint union
of i-disks and ¢ : D — X~V a map so that X = X0~V 1y D. Let Y; =Y, U;,_,4 D and
fi Y = X® the map induced by f;_;. By Lemma 7.4.3, Y; and f; are as desired. O]

Corollary 7.4.5. Suppose X is a d-connected CW complex, d > 0. There exists a CW

complex X' which is homotopy equivalent to X and has d-skeleton a point.

Proof. For d = 0, the corollary follows from [8, Propositions 0.17 & 1A.1]. Next, suppose
d > 0 and X is (d + 1)-dimensional. Hg1(X,Z) is free abelian, so let X’ be a wedge of
(d+1)-spheres indexed by a basis of Hy.1(X,Z). Hurewicz’s Theorem yields a map X’ — X
which induces isomorphism on (d + 1)-st homology with integer coefficients. This map is a
homotopy equivalence by [8, Corollary 4.33], so X' is as desired.

The general case now follows from Lemma 7.4.4. O

Corollary 7.4.6. Let Xy and X3 be based CW complezes such that X; is d;-connected (d; >
0). Then X; A X3 is (dy + dy + 1)-connected.
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Proof. The homotopy type of X; A X5 depends only on the homotopy types of X; and
Xs, and X; is homotopy equivalent to a CW complex with d;-skeleton a point (by Corol-
lary 7.4.5). Hence, we may assume, without loss of generality, that X; has d;-skeleton a
point. Consequently, the (d; 4+ dy + 1)-skeleton of X; x X, is contained in X; V Xs. Thus,
X1 A X; has (dy 4+ ds + 1)-skeleton a point. O

Proof of Proposition 7.4.2. Apply Corollary 7.4.6 n — 1 times. m

Although the algorithm requires Conjecture 6.3.1 in general, some specific cases hold

unconditionally in light of Corollary 6.3.5 and Theorem 6.4.2.

Theorem 7.4.7. 1. The algorithm works unconditionally when G is discrete, G = S*, or

G = S3.
2. For n =1, the algorithm works unconditionally up to step 3.
3. Forn = 2, the algorithm works unconditionally up to step 1.

Proof. The case of G discrete or G = S, S? follows immediately from Theorem 6.4.2. The
case of n = 1,2 follows from Remark 6.3.3 and Corollary 6.3.5. ]

7.5 Some examples

Example 7.5.1. Recall the set-up of Example 6.5.3. Since G is connected, G"? is 1-
connected (by Proposition 7.4.2). Hence, all cocycles in Z2(G,QA) are null-homotopic.
Since G is connected, all cocycles in Z(G,Q?A) are null-homotopic. Also, all cocycles
in ZM2(G, Q" A) are null-homotopic for n > 2 since Q™A is weakly contractible for n > 2.
From Remark 7.4.1, it follows that ker o = ker a® = ker aiy. Hence, Example 6.5.3 provides

a complete description of the homotopy types of cocycles in ker a. n

Example 7.5.2. Recall the set-up of Example 6.5.7. We will use Theorem 7.4.7 to show
that (o := [f] is not in ker a!. Since f is null-homotopic, we proceed to the second step in

the algorithm and choose an explicit null-homotopy f : G — PA of f. We make the choice

~ 2mixt

f@)(t) = e m,
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where x € {0,--- ,;m — 1}. Hence,

& = [f] € HY(G, PA,QA) and
G =6 = [6f] € HX(G, QA).

For z,y € {0,--- ,m — 1}, we have

3f(x,y)(t) = f()() - F(y)(t) - flz +y) (D)7
1 TH+y<m

6271'it T + y Z m.

We will show that (; does not have a null-homotopic representative, so that the algorithm
will terminate on the third step. It suffices to show that ¢.(; € H?(G,m(A)) does not have
a null-homotopic representative, where ¢ is the projection QA — m1(A). Since m(A) is
discrete, it suffices to show that ¢.(; # 0.

Identifying 7 (A) = m;(S') with Z by choosing its generator to be the homotopy class of
t — 2™ the extension
1-Z—-E—-G—1

induced by the 2-cocycle g o 8 f is
122 —-72—7Z/mZ— 1.
This is a non-trivial extension, so ¢.(; # 0 (by Theorem 7.4.7) as desired. O

Example 7.5.3. The preceding example can easily be generalized to cohomologies of higher
degrees when m = 2. Let G = Z/27Z and A = S!, and fix odd n > 1. Consider the n-cocycle
f € Z"(G, A) which takes (1,---,1) (n-times) to —1 € A.! This is indeed a cocycle, since

SF(L,---,1) = f(1,--- v”'ﬁf(lv”' .0, ’1)(—1)j.f(1’... ,1)(—1)"“

j=1
= f(1,---,1)* (since n is odd)
= (-1 =1.
Note that G has only two points, one of which is the base point (0,--- ,0) and the other is (1,--- ,1).
Hence, defining f on (1,---,1) determines it completely. Similar reasoning is used in the subsequent check

that f is a cocycle.
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In the indexed product, the j-th coordinate of the argument of f is 0 and all other coordinates
are 1. Let (o = [f] € H(G,A). f is clearly null-homotopic, so we proceed to the second
step of the algorithm and fix the null-homotopy

f:G/\"—>PA;(1,--- 1) — (t|—>emt).
Hence,

G = [f] € H*(G, PA,QA) and
G =0"C = [0f] € H™(G,QA).

We have

Sf(L,--- 1)) = f(L'" J1)(¢) - Hf(17... 0, 71)(75)(*1)1' .f(l,... 71)@)(71)”*1

j=1
f(1,--,1)(t)? (since n is odd)

2wt

Hence, g o 6f(1,---,1) = 1 (where ¢ and the identification 7,(A) ~ Z are as in Exam-
ple 7.5.2). It is not hard to see that ¢.(; = [qo&f] = 0, so (7 does not have a null-homotopic
representative. Hence, (y ¢ ker o” by the third step in the algorithm (since G is discrete, we

use Theorem 7.4.7). O

Example 7.5.4. Suppose G is abelian and A4, is an abelian k-group. Let h € Z2(G, A,) be a
cocycle which is not homotopic to a coboundary, so [h] ¢ ker ag 4,. Suppose h is symmetric,
i.e., h(g1,92) = h(g2,g1) for g; € G. Let € = (E, u,p) be the extension of G by A induced

by h. Note that E is abelian because h is symmetric.

Let A = X¢, where X¢ is as defined in Section 3.3. We will show that the inclusion ¢q :
G — Xg; 9+ ((g,14),1) does not lie in ker a; 4 using the algorithm and Theorem 7.4.7.

First, observe that ¢ is null-homotopic — we have the null-homotopy
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Hence, we proceed to the second step of the algorithm with

Co = [1g] € HX(G, A) = Hom(G, A) and
G = [ic] € HX(G, PA,QA).

A representative of (; = 5150 is 0ig. We have

3t (g1, 92)(t) = La(g1)(t) - Ta(g2)(t) - i (91g) (1)
= ((91,14) - (92, 14), 1) (9192, 1), 1)
= ((1g, h(g1, 92)), 1)
= tpa.(M(91, 92), 1)
= tpa, (P4, 0 h(g1,92)(1))

where tp4, is the inclusion BA, — Xg;(a,t) — ((1g,a),t) and ¢4, is the weak homotopy
equivalence A, — QBA;a+— (t — (a,t)) (see Lemma 2.8.1). Hence,

dig = pa, © da, o h.

We claim that this is not homotopic to a coboundary, so that the algorithm terminates on
the third step and g ¢ ker O‘é‘, 4. For the sake of contradiction, suppose h' : G — QA were
a l-cocycle with 0h’ &~ dig. Since tpa, is a homotopy equivalence (by Corollary 3.3.2),

Qupa, © ¢4, is a weak homotopy equivalence and there exists h” : G — A, such that

Ae

1 ;1
h e lQLBA. oPA,

-
s

G My 0A

commutes up to homotopy. Hence, 6(Qipa, © ¢pa, o h") = Qupa, © ¢4, o 0h” is homotopic to
0N = dig = Quga, 0 Pa, oh. Since Qupa, © P4, is a weak homotopy equivalence, this implies
that h =~ dh”. This contradicts the hypothesis on h. m

7.6 kera”" and null-homotopy through cocycles

Example 7.2.4 shows that if f € Z(G, A) is null-homotopic through cocycles, then [f] €
ker o™. Morally, this says that if the information captured by ¢ € H?(G, A) is ‘strongly null-
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homotopic’ in some sense, then ¢ € ker o”. The algorithm from Section 7.4 gives another way
of interpreting ‘strongly null-homotopic’, and this interpretation completely characterizes
ker o™ if Conjecture 6.3.1 holds. This naturally leads to the question of whether these
two interpretations are equivalent. To be precise, does the algorithm terminate for a class in
H™(G, A) if and only if it has no representative which is null-homotopic through cocycles?

In this section, we produce a counter-example for the ‘if’ part of the above question.
The main tool for this is a k-group analogue of the standard mapping cone construction for
spaces. Recall that, given a based map ¢ : X — Y between based spaces, the mapping cone
Cy is the pushout of X — C'X and ¢.

Now, consider a continuous homomorphism f : A — G whose image is contained in the
center Z(G) of G. Let K be the subgroup

K :={(a,f(a)") |ac A} < EAxG.

This is indeed a subgroup since A is abelian, and it is normal in EA X G since im f C Z(G).

Define
_ EAXG

K
Observe that the image of CA x G in Ey is Cy, and C generates Ey as a group (since C'A

Efi

generates E'A). Also, the projection £y — BA is a G-bundle — it is the pushforward of
pa: EA — BA along f.2

Proposition 7.6.1. If A is a CW group, both A and G have cellular multiplication, and
[+ A— G is cellular, then Ey has a cell structure which renders G C Ey a subcomplex and
the projection EA x G — E; cellular.

The proof is relegated to the end of this section. Now, consider the case of A = BZ,
G = S', and f generated by (1,t) — €*™®. The hypotheses of Proposition 7.6.1 are
satisfied, so F; is a k-group and oz%; By makes sense. We claim that the algorithm does
not terminate on the inclusion G — Ey, but it is not null-homotopic through 1-cocycles
(group homomorphisms). The first part follows from the fact that E is weakly contractible,
which can be seen as follows. m1(f) is an isomorphism, which yields that the connecting
morphism 7(BA) — m1(G) from the long exact sequence for the bundle £y — BA is also

an isomorphism. The same long exact sequence now yields that F is weakly contractible.?

2The projection E; — BA is the k-group analogue of the map C — $X which collapses Y.
3In fact Ey is contractible, since it is a CW complex by Proposition 7.6.1.
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To see that G — FE is not null-homotopic through 1-cocycles, assume the contrary.
Composing a given null-homotopy through 1-cocycles with the projection Fy — BA yields
a continuous homomorphism S! — QBA which induces an isomorphism on fundamental
groups. In particular, we have obtained a non-trivial continuous homomorphism S! — QBA.
This is a contradiction because every open set in S' contains a torsion element and QBA

has no torsion. This concludes the counter-example.

Proof of Proposition 7.6.1. Recall from Section 2.2 that, under the present hypotheses,
EAisa CW complex with subcomplexes D, A and E,, A. Write p for the projection EAXG —
E¢. By inducting on n, we will produce a cell structure for X,, := p(E, A x G) so that the
restriction p : K, A x G — X, is cellular and X,,_; is a subcomplex of X,,. Note that we also
have X,, = p(D,A x G). Since Dy = {14} is a point, the cell structure on Xj is the same
as that for G and p : Dy x G — Xj is a homeomorphism. Since f and the multiplication
G x G — G are cellular, sois p: Ey x G = A X G — Xo;(a,9) — (1ga, f(a)g).

Now, suppose n > 1 and the cell structure on X,,_; is given. For Z an indexing set, let
{e; : D% - D,AxG|jeTI}
be the characteristic maps of the cells of (D, A — E,_1A) x G. Observe that
e poe; restricts to a homeomorphism from the open disk int D% to its image, and
e the union over Z of the images of these open disks is (D, A — E,, 1A) x G.

Hence, we obtain a cell structure on X,, = p(D, A x G) by adding the cells poe; to X,,_;.
Cellularity of p : E, 1A x G — X,,_1 ensures that the intersection of X,,_; with the image
of a gluing map p o Je; is contained in X,(fljl_l). Clearly, p : D,A x G — X, is cellular; it
remains to show that p: F,A x G — X, is also cellular.

Write A for the A-action D,A x A — E,A. Since f and the multiplication G x G — G

are cellular, so is the composition
DAxAxG X% pAxGg P X, ,

which takes (z,a,9) € D,A x A x G to p(x, f(a)g). Also, X is cellular and restricts to a
homeomorphism from (D,A — E,_1A) x (A —14) to E,A — D, A. Combining the above
observations, we see that p: F,A x G — X,, is cellular. n
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Remark 7.6.2. One can show that, under the hypotheses of Proposition 7.6.1, the mul-
tiplication on Ey is also cellular. This allows for iterating the construction by taking a
sequence of cellular homomorphisms f1 : A1 = G, fo: Ay = Ey -+, fot Ay — Ey, | (with
im f; C Z(Ey, ,)) and obtaining a CW group EY,. This is analogous to how CW (and pCW)
complexes are obtained by iteratively gluing disks — gluing an n-disk to a space X amounts

to taking the mapping cone of a map S"~! — X. n
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Chapter 8
Surjectivity of o for discrete A

Throughout this chapter, A is assumed to be discrete. Write my for mo(G). Joshi-Spallone
proved that « is injective under this hypothesis, and in Remark 1.1.3 we saw that our results

yield this too. On the topic of surjectivity, they prove
Theorem 8.0.1. If A has prime order and G = G° x mo(G), then « is an isomorphism.

The hypothesis of A having prime order came about due to the same hypothesis appearing
in [1, Lemma 1.12], which Joshi-Spallone used to conclude that a,, 4 is an isomorphism.

Theorem 5.3.1 yields bijectivity of a,, 4 without such a hypothesis, so we have
Theorem 8.0.2. [f A is discrete and G = G° x mo(G), then « is an isomorphism.

In order to include this improved result within the context of their manuscript [9], Joshi—
Spallone decided, in consultation with the author, to add the requisite material from Chap-
ter 5 to a new version of their manuscript. At the time of writing, this updated version
(Jain—Joshi-Spallone) is in preparation.

In discussions with the author, Joshi—Spallone proposed the following approach to proving
that ag 4 is an isomorphism (in the absence of hypotheses on G). In the proof of [9, Theorem

10.4], they produce the diagram

0 —— E(mp, A) —— E(G, A) —— E(G°, A)™

! ! P

0 —— H?(Bmy, A) 2% H?(BG, A) 25 H2(BG°, A)™

where ? : G — m is the projection and ¢ : G° — G is the inclusion. They show that both

rows are exact (and the squares commute by naturality of «). Suppose one could produce
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maps § : B(G°, A) — HJ (m, A) and § : H*(BG°, A) — H?(Bm, A) so that the extended

diagram

0 — E(mp, 4) —— E(G, A) ——— E(G°, A)™ —— H3 (m, A)
I I [ J=
0 —— H?(Bm,, A) 2% H*(BG, A) 2 H2(BG°, A)™ —'— H*(Bm, A)
also commutes and has exact rows.! All vertical arrows apart from ag 4 are known to be

isomorphisms, so it would follow that a¢ 4 is also an isomorphism (by the Five Lemma). We

propose the following modified strategy: produce a map § : E(G°, A) — ng(ﬂo, A) so that
0 — E(m, A) —— E(G, A) ——— E(G°, A)™ —"— H3 (o, A)
o o o | H3(Bro, A)

<~

0 — H*(Bmy, A) 25 H2(BG, A) 5 H2(BG®, A)™ 5 H3(BG/BG", A)

\

B

(8.2)

commutes and has an exact top row, where
e the dotted arrow is defined to make the triangle commute,

e 02 is (the appropriate restriction of) the connecting morphism for the pCW pair
(BG, BG®), and

e B?: BG/BG° — B is obtained by factoring B? : BG — By through BG/BG°.

The definition of 62 automatically ensures exactness of the bottom row, and we now show
that BY is injective. Hence, the dotted arrow is also injective and the Five Lemma would

still yields that ag 4 is an isomorphism.

Remark 8.0.3. The existence of such § would imply that im 6% C im BY', so ultimately one
would obtain a map H?(BG°, A)™ — H3(Bm, A) (as in the strategy proposed by Joshi-
Spallone) anyway. O]

Proposition 8.0.4. B?" : H3(Bmy, A) — H*(BG/BG°, A) is injective.

The proof requires the following lemma.

! Actually, their proposal involved the classical isomorphism in place of af’m, 4- We noted in the beginning
of Chapter 7 that this agrees with af’rm A

112



Lemma 8.0.5. 7 (B?) is an isomorphism and mo(BG/BG®) is trivial.

Proof. By [9, Corollary 6.7.2], m(B?) is an isomorphism. Also, BG® is 1-connected (since
G° is connected), so van Kampen’s Theorem implies that the quotient map BG — BG/BG°
induces an isomorphism on fundamental groups. Hence, m;(B®) is an isomorphism.

Again by [9, Corollary 6.7.2], mo(B¢) is an isomorphism. Hence, mo(BG, BG®) is trivial.

The second part of the lemma now follows from Theorem 2.6.12 withr =0 and s =1. [

Proof of Proposition 8.0.4. Let X be the space obtained by gluing cells of dimension 4
and above to BG/BG® so that m,(X) is trivial for n > 1 (this can be done in light of the
second part of Lemma 8.0.5).2 Hence, B? extends to a map B;Q : X — Bmy which induces
isomorphism on fundamentfxl groups (by the first part of Lemma 8.0.5). Since X and By

are both K (m, 1)-spaces, B? is in fact a weak homotopy equivalence. In particular,
BY : H3(Bmy, A) — H3(X, A)

is an isomorphism. Next, we observe that the map
H3(X,A) - H*(BG/BG®, A)

induced by BG/BG°® — X is injective, since X was constructed by gluing cells of dimensions
4 and above to BG/BG°. Hence, taking the third cohomology of

X ~

] T

BG/BGO ? B7T0

proves the proposition. O

To prove that o 4 is an isomorphism, it now suffices to produce a map ¢ which fits into
(8.2), rendering the top row exact and the rightmost square commutative. In the following
section, we produce a candidate for § and show that it makes the top row of (8.2) exact.
However, we are unable to prove the commutativity of the square. Nonetheless, the Five

Lemma yields the following partial result.

Theorem 8.0.6. If A is discrete and H} (1o(G), A) is trivial, then ag,a is an isomorphism.

2This is the standard construction of the first term in the Postnikov tower of BG/BG®.
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Remark 8.0.7. The hypothesis of Theorem 8.0.6 is satisfied if, for instance, A and m(G)

are finite and have coprime orders. n

8.1 A candidate for §

8.1.1 Loops and paths

For paths v, 71,72 : I — G, write 7 - 2 for their pointwise product. If v(1) = 72(0), then

1

41 * 7 is their concatenation. v~! is the pointwise inverse of v and ~*~! is the reverse path

t—=y(1—t). For 0 <a<b< 1, write |y for the path
t—=y(a+ (b—a)t).

If 71 and 5 have the same end-points, write 7, &~ 7, when there is an end-point fixing
homotopy between ~; and ~s.
Recall that if X is a loop based at 14, then

Al A (8.3)
Also,
Arymys (A1) =y 917 Ay (1), (8-4)
In particular, if y(1) = 1 then
YV ARYRAR N, (8.5)
If v(1) = 1¢g, then
M2 = (1 72(0)) * 72 (86)

8.1.2 A motivating construction

The following theorem is a restatement of [9, Theorem 4.9], but we spell out its proof in a

way which motivates the upcoming techniques.

Theorem 8.1.1. If G is connected, then every A-cover p: E — G with a choice base point

in p~Y(1g) has a unique group structure which makes it a central extension of G by A.
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Proof. Write 1g for the chosen base point of E, and identify A as a subspace of E as

ar— 1g-a. Given e, ey € E, we will define their product eje, such that

e [ is a k-group with this product, and
e the maps p and A — F are group homomorphisms,
e F a central extension of G by A with these maps, and

e the action of A on E coming from the A-cover structure is the same as that coming

from the group structure on F.

Each component of F meets A, so pick aj,as € A and paths v1,7, : I — E with v,;,(0) = ;
and v;(1) = e; for i = 1,2. Let 15 be the unique lift of py; - pyo with v12(0) = ajas (where
‘> denotes the pointwise product of paths in G) and define ejes := v15(1). Standard lifting

arguments can be used to check that

e this definition is independent of the choice of a; and ~;,

1g is the identity with respect to this product,

this product is associative and has inverses,

p and A — E are group homomorphisms, and

e the two actions of A on F agree.

This product can also be realized as a lift of the composition
ExE™ GxG— G,

where the second map is the product on G. Continuity and uniqueness can now be checked

using standard lifting arguments. O]

8.1.3 Extending the construction

For g € G, write g for the class of g in my. We now attempt to apply this procedure when
(G is not connected; the obstruction in doing so will give the required map 6. Hence, fix an
A-bundle p : E — G. It will be convenient to regard F as the pullback of EA — BA along
some map ¢ : G — BA. Hence,

E={(g9,2) e GX EA| ¢(g9) = pa(x)}
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and p is the first projection. Let 7 : my — G be a choice of coset representatives, with
7(1g) = 1g.

A simple necessary condition for £ to have a central extension structure is that the
homotopy class of ¢ should be fixed under the two-sided translation action of G on the
domain, so we assume at the outset that this condition is satisfied. Hence, we may assume,

by adjusting ¢ up to homotopy if necessary, that
o(1(9)g") = ¢(g') for g € mo, g’ € G°. (8.7)

Also, the homotopy class of ¢ is fixed under the conjugation action of G on itself.
Since G is well-pointed, we may further assume that ¢(lg) = 1pa, and consequently

&(7(g)) = 1pa for g € m. In other words, the fiber p~'(7(g)) is given by

p~(7(9)) = {(7(9),a) | a € A}.

Now, consider the following attempt at mimicking the procedure from the proof of Theo-
rem 8.1.1, with 15 = (1g,14). Let e1,e5 € E. Each component of E contains a point of
the form (7(g),a) for some g € my and a € A, so pick g1,92 € 7, a1,a2 € A, and paths
1,72 : I — E satisfying v;(0) = (7(7;), a;) and (1) = e; for i = 1, 2.

The next step would be to let v12 be the unique lift of py; - py» starting at some cleverly
chosen point in the fiber of 7(g7)7(g2). A naive choice would be the point (7(g7)7(92), a1as2),
which does not work since it need not be a point in E. This can be somewhat remedied as
follows. Choose, as part of the the information about G in the set-up, paths eg 4 : I — G°
with

e :(0) = (T(@)7( @) T([THR),
e.55(1) = 1¢, and (8.8)
€51 = €ig,5 = lG

It will be convenient to view ¢ as a map 2 x I — G°. Now, let 75 be the unique lift of
PY1 - DY2 - Eg7.g5 starting at (7(g1gz), a1az). Define ejes := 712(1). Once again, one checks

using standard lifting arguments that
e this definition is independent of the choice of a,as and 7, s,

e this product is continuous,
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i (g,x)(lg,a) = (g,xa) - (]-G:a)(g?x) for (g,l’) € Fand a € A7 and

e pleiez) = pler)p(es).

This last property is satisfied precisely because of how eg; 5z was chosen. However, we refrain
from saying that p and A — E are homomorphisms for now — we do not yet know whether
the product on E satisfies the group axioms.

Assuming for the moment that the product thus far defined is associative, it is easy to
construct inverses. Hence, this product makes A — E — G into a central extension if and
only if it is associative. To examine associativity, let eq, es, e3 € E and g;, a;,y; be as before.
Define

%2,3 = (P PY2 - Egi,35) * PV3 * Egigs, g and
%,23 =py- (P2 pys - 597,9?) " €91,9203

Observe that ,(0) = 1¢ and 7, (1) = g1 9293, where e can be substituted by ‘12,3 or ‘1, 23".
Let 7123 and 7123 be the respective lifts to E starting at (7(g1g203), a1azas). Associativity
holds if and only if 712,3(1) = 71.25(1).

Note that (7{273)*1 “Y1.23 18 @ loop at 1g, so associativity holds if and only if the homotopy

class of (7153) " - 7] 93 lies in the kernel of m;(¢). Writing out the definitions, we obtain

—1 _ _ _
(Ma2s) Vios = Cagm) - 01) " (Eanm) PV - Eg.55  Eor, 5505+ (8.9)

We also have a homotopy of loops

t = (eggmas)  Pisloy  (Eamam) ™ Pulod  e5 - Eor, v

from

Eqmam) 7@ (Emm) " T(®B)  fmm - Co

to (8.9). To summarize,
Proposition 8.1.2. Let 7 : G — my be a choice of coset representatives with 7(1g) = 1¢g.
Let ¢ : G — BA be a based map satisfying (8.7) whose homotopy class is fized under the

conjugation action of G on itself, and let E = ¢*E A the corresponding A-cover of G. Given
a choice of € satisfying (8.8), the above-defined product on E makes A — E — G a central
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extension if and only if the homotopy class of the loop

g = (Eamam) (@) (Emm) T T(%)  cmm - Sornmms
based at 1, lies in ker(mwi(¢)) for g1, G2, g3 € mo.

Remark 8.1.3. Every central extension of G by A can be obtained in the above way — if
¢ and a product X : F x E — E are given (such that A — F — G is a central extension),

then € can be chosen as follows. For g1, g2 € 7, let €5, g5 be any path in F from a point in

p~ ((7(@0)7(32)) ' 7(9102))

to a point in p~'(154). Define e 5 := pégr.55. One checks that this choice of ¢ satisfies the
hypothesis of Proposition 8.1.2 and eje; = €1 X ey for eq,e5 € F. O
Remark 8.1.4. When GG = G° x 71y, we may choose 7 to be a group homomorphism and ¢
to be constant. Hence, Proposition 8.1.2 yields that ¢* from (8.1) is surjective. Thus, we
recover Theorem 8.0.2. O

We now give another perspective on Proposition 8.1.2. Let 7 be as in the proposition

and ¢ : G° — BA be a based map whose homotopy class is fixed under the conjugation
action of G on G°. We can extend ¢ to ¢ : G — BA as

o(7(g)g) = o(g') for g € mo, g’ € G°,

so that ¢ satisfies the hypothesis of the proposition. Of course, this construction can be

reversed by simply restricting ¢ to get ¢, and this gives an isomorphism
(G, BA]Y ~ [G°, BA]°.

Here, [G, BA]Y denotes the fixed points of the two-sided action of G on [G, BA], and
(G°, BA]Y denotes the fixed points of the conjugation action of G' on [G°, BA]. Both of

these actions factor through 7y, so we can also write
|G, BA|™ ~ [G°, BA]™. (8.10)

Next, let E' = ¢*EA as before and pick arbitrary ¢ satisfying (8.8). We have a map f; :
mg — m(BA) &~ A given by

<m7 g_27 %) — ¢* [Ggil,g*l,g*g] )
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thought of as an inhomogeneous 3-cochain in Cj (7o, A) (with 7y acting trivially on A). Tt
is natural to ask whether this cochain is a cocycle, and how it depends on the choice of ¢.

We answer these questions in the next two lemmas.
Lemma 8.1.5. f; depends on the choice of € only up to a 3-coboundary.

Proof. Let € be another map 2 x I — G° satisfying (8.8), and let ¢ and fé be the cor-
responding analogues of € and fj respectively. It is clear that f; = f(;—) if eg7,95 ~ €5 g5 for

'___is given by

all g1, g2 € mo. Hence, we may assume that, for all gi, g2 € mo, the path e

€g1,95 * Agr, g5 for some loop Agr 55 at 1g.

Several applications of (8.5) show that there is an end-point fixing homotopy

g = G * Oagmg) * (1@) 7 Oang) ™ - 7(3)) * Aga.g * Aor, sags

for all (91,92,93) € m. Taking homotopy classes and applying ¢, on both sides yields the
following, where m1(BA) is written additively.

151,92, 93) = [35(01, 92, 93) + 0« [Mgizns) ] + 0 [7(93) " Qgrgs) ™ - 7(95)]

+ ¢« gz, 35) + O g, 73]

[5(01,92,03) + & [Qgimzm) ] + 0 [(Agn) ] + 04 [Mgzgs) + &5 Ao, 5051
f5(01, 52, G3) — 0« Pgrgz.zs) — O« [Nara) + 0« [Nz, 5] + 0+ Mg, 58] -

The second equality follows from the hypothesis on ¢, and the third follows from (8.3). The

lemma now follows. [
Lemma 8.1.6. f; is a 3-cocycle.

Proof. The proof is essentially a long calculation which involves going back and forth between
products and concatenations of paths in order to get cancellations. First, we establish some
notation. 14 will sometimes be used to denote the constant path at the identity. Fix g; € mg

(1 < i < 4), and write g; for 7(g;), ¢;; for 7(g:g;), and so on. Write ¢, ; for eg; 5, likewise

g;
€ijk for g7 g, and so on. Hence, for instance,

€12,34 *= Eg192, 9391
Similar notation is used for e. For loops A1, Ay with a common base point, write
¢
)\1 ~ )\2
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if p o \; = ¢ o \y. In particular, recall that

ghg! g A

(8.11)
for all ¢ € G and loops A based at 1g, since the homotopy class of ¢ is fixed under the

conjugation action of GG. To prove the lemma, we need to show that

*k— *— d_)
€234 % (612,3,4) ! x €1,234 % (61,2,34) !y €123~ 1g.
By (8.5) and (8.3), it suffices to show that

_ _ ¢
€123 (612,3,4) . €1,234 ° (61,2,34) . €234~ la

We now write out the left hand side, omitting ‘-’ and using angular brackets () to enclose
products which are loops at 1. Terms which are important for the next step are highlighted.

€123 (612,3,4)_1 €1,23,4 (61,2,34)_1 €234

= <(€12,3)_1 g5 (e12) " gz €23 51,23> <(€12,34)_1 (e34) " g1 €123 Ga€123.4 >
1 —

< (€1234)" 91 (51,23)_1 G4€234 €1,234 > < (51,234)_1 (52,34)_1 93_41 €12 Y34 512734>
((e23.4) " 91" (23) " gae3aE234)

((52,34)_1 31 €12 934 512,34) <(€23,4)_ g

= <(€12,3)_1 97" (e12) ' g3eas 51,23> ((612,34)_1 (e34) " gi" 512,3) ((51,23)_1 94 523,4)
1
4

(e2,3) ' gaesacass)

(8.12)
An application of (8.5) allows for more cancellations. We continue from (8.12).

<( g5 (€12) Y93 €2,3 51,23> ((512,34)_1 (53,4)_1 gt 512,3) ((51723)_ ga 523,4)
<(<‘323,4)71 91"

(€2 3)71 G4 €34 €234 > ( (52,34)71 93741 €1,2 934 512,34)

|
—~ 7~
—~
Q)
—_
N
w

€23) " Ga 63,4) (93_41 €1,2 934 612,34)

(8.13)
Interchanging the highlighted factors would also lead to several cancellations, but this cannot

be done since (8.5) is not applicable. Hence, we instead use (8.4) and (8.11) to continue
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g3€23€123 s ))

(8.13):
~ (((512,34)_1 (53,4)_1 gt 512,3) * ((512,3)_1 93_1 (51,2)_1
(81,23)_1 ((52,3)_ s €3 4) (93_41 €1,2 934 512,34) (by (8.4))
¢ _ 1 _
~ 0a (((512,34) ! (63 4) 194 1812,3) * ((512,3) ds (51 2) g3€23€1,23 Gy ))
(1,28) 7" ((52 3) " g4 53,4) (93_41 €1,2 934 €12 34) g (by (8.11))
((94 (512734)_1 (€34)” 9" 512,3) * <g4 (512,3)_1 g5 (51,2)_1 93€2,3€1,23 g4_l>)
(e1,28) " ((e2,3) " gae3a) (931 €12 934 €12,34) g (8.14)
At 0, the highlighted path evaluates to g := gjs5 g1234 95 = € G°. Hence, we can continue
(8.14) as follows using (8.6)
(94 (e123) " 95" (e12) ' g3e23€123 95" 9) *

Yortens 9)

( (512 34) ! (53 4)
Ygse; 4) (93,_41 €1,2 934 512,34) 94 )
- 193623193 g)

((51 23 - ( 523
i 91 (e12,31) " (e34) ' g5 E123 g) * ((512 3) g3 (€12)
((51 23) " ((52 3) " gaes 4) (93_41 €1,2 934 512,34) 94_1) (by (8.11))
Yoyt enns) ¢ ((e123) g5 ' (e12) g3 Ea3€123))
;! (using (8.6)) (8.15)

((94 (512,34)_ (€34)”

~
~

g4 €3 4) (93_41 €1,2 934 612,34) g

(e1,23) " ((g2,3) 7"
(8.5) now applies on the highlighted concatenation, so (8.15) can be continued as
-1

(94 (512 34) ! (83 4) g4 8123) < (812,3)_1 g (81 2) g3 €23€1 23>

(€1.23) ! ( (62 3) " 04 53,4) (93_41 €1,2 934 512,34) ga
93) (9a€34) (931 €12 934 €12,34) 9i
(8.16)

= (g Yort) (g5 (e12)
= s (€12,34) <(€3 D)7 gt g (e12) g3 a3 95 €10 934> €12,34 4
The last equality simply involves some re-bracketing to highlight that a new loop, based at

(e3 4)
1, has been obtained (it is left to the reader to verify that it is indeed a loop at 1¢). The

512 34

reader should also verify that the following is a homotopy of loops based at 1
t,1] 93 94 €34 93_41 51,2|[t 1] 934-

ts (e34) " gy"

121



Hence, (8.16) may be continued as

~ g1 (€12,31) " <<53,4)_1 91 95" 93 92634 93 934> €12,34 G4

= 1g. O
Putting the last two lemmas together, we see that ¢ — J3 induces a well-defined map
[G°, BA]™ — H} (m, A).

Composing with the isomorphism E(G°, A)™ = [G°, BA]™ (which comes from Theorem 8.1.1)
yields the desired map 6 : E(G°, A)™ — ng(WO,A>. In terms of this map, Proposi-
tion 8.1.2 and Remark 8.1.3 can be restated as

Theorem 8.1.7. The sequence
E(G, A) —— E(G°, A)™ —>— H3 (m, A)

18 exact.

Theorem 8.0.6 now follows.
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Chapter 9

Miscellaneous

9.1 Homotopy and singular (co)homology groups of
good pCW complexes

As a general principle, the n-skeleton of a CW complex determines all of its elementary
homotopy invariants (homotopy, singular homology, and singular cohomology groups) with
dimension at most n — 1. We will now prove analogous results for good pCW complexes.
Throughout this section, X is a good pCW complex (with pCW structure as in Section 2.6)

and A is discrete.

Lemma 9.1.1. Every compact subset of X meets only finitely many sets of the form X,, —
X1

Proof. Suppose K C X with K N (X, — Xpn,—1) # 0 for my < my < ---. Pick z; €
KN (X, — Xm,—1), and let U; = X — ({x1, z9,--- } —{2;}). For all i and m, U; N X,, is the
complement of finitely many points in X,,,. Hence, U; is open in X (here we used that pCW
complexes are Hausdorff). The open cover {Uy, Us, - - - } of K has no finite subcover, so K is

not compact. ]

Corollary 9.1.2. The inclusions X,, — X induce isomorphisms

lim H,,(X,,, A) = H,(X, A) and
=

m

lim T (Xm) = ma(X).

m
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Proof. The corollary essentially follows from Lemma 9.1.1, since the images of all maps
A" — X and S™ — X are compact. n

Lemma 9.1.3. Suppose X is a good pCW complex. For i > M(n), the maps

HJ(XZ,A) — Hj(X, A) and
mj(Xi) = m;(X),

induced by X; — X, are isomorphisms for j < n and surjections for j = n. Likewise, for

i > M(n),
HI(X,A) — H/(X;, A)

1s an isomorphism for 7 < n and an injection for j = n.

Proof. Tt suffices to prove the claim regarding the homology and homotopy groups, since the
claim regarding cohomology groups would follow using the Universal Coefficients Theorem.
By Corollary 9.1.2 it suffices to show that, for i > M(n),

H](XZ,A) — Hj(Xi+17A) and
m;(Xi) = mj(Xin)

are isomorphisms for j < n and surjections for j = n. Since Y;;1/Z;11 = X;11/X;, the space
X1 (i > M(n)) is obtained by attaching cells of dimension n + 1 and above to X;. The

claim now follows using standard cellularity results. O]

Corollary 9.1.4. For i > n, the maps

H](BZG,A) — H](BG, A) and
7TJ<B1G) — Wj(BG),

induced by B;G — BG, are isomorphisms for j < n and surjections for j = n. Likewise,

fori>n,
H’(BG,A) — H’(B;G, A)

s an isomorphism for j < n and an injection for j = n.

Proof. Use Proposition 2.6.4 and Lemma 9.1.3. O]
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Corollary 9.1.5. E,G is (n— 1)-connected. Consequently, the restriction pg : E,G — B,G

s a universal G-bundle with respect to CW complexes of dimension at most n — 1.

Proof. E,G is clearly connected, so it remains to show that m;(E,G) = 0 for 1 < i <n. For

this we use the diagram

Tn(BnG) —— 1 1(G) —— m1(BnG) —— m-1(B,G) > > mo(G)
| | | | |
m(BG) —— m,-1(G) —— 7,1 (EG) —— 7,_1(BG) > > mo(G)

which commutes and has exact rows. By Corollary 9.1.4, m;(B,G) — m;(BG) is an iso-
morphism for 1 < i < n and surjection for ¢ = n. Also, EG is contractible so m;(EG) = 0

for 1 <17 < n. Hence, the Five Lemma proves the corollary. O

9.2 Classifying spaces and suspensions
Commutativity of (5.1) shows that the suspension map
Y [X, Gl — [EX, 5G],

is injective, for X a based pCW complex. This reasoning works even when G is an arbitrary
k-group (not necessarily a CW group). This immediately provides a necessary condition for

a space K to have the based homotopy type of a k-group:

Proposition 9.2.1. If a based space K has the based homotopy type of a k-group, then the

SuSpension map
X, K] — [EX, XK.

1s injective for all pCW complexes X .
The classical necessary condition that m1(K) must be abelian follows from the special

case X = S! of the above. Also, taking G = S® (the group of unit quaternions) and X = S

shows that the suspension map
Tn(S?) = i1 (SY)

is injective for all n > 1.
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9.3 Some interesting k-rings

In this section, all abelian groups are written additively (including groups of the form BA’
for A" an abelian k-group).

A k-ring is a CG space R with a ring structure, so that addition makes it an abelian
k-group and multiplication makes it a k-monoid (in particular R must have a multiplicative
identity). The most ubiquitous examples of non-discrete k-rings are the matrix rings M, (R)
and M,,(C) and their subrings. However, being contractible, these are somewhat trivial from
a homotopy-theoretic perspective. In this section, we exhibit some k-rings which do not have

weakly contractible components.

Remark 9.3.1. If R is a k-ring whose additive and multiplicative identities lie in the same
component (for instance, if R is connected), then R must be contractible. Indeed, a path
v : I — R with v(0) = Og and (1) = 1g yields a null-homotopy ¢t — (r — r-~v(t)). In
fact, this shows that the underlying additive k-group of R is contractible through group

homomorphisms. O

Let C,, = Z/mZ, and consider the ring R = End(BC,,) of continuous group endomor-
phisms of BC,,. R is a subset of Map(BC,,, BC,,), so it can be topologized as a subspace.
This renders addition and composition of maps continuous. Hence, R is a k-ring if it is

well-pointed. We show something much stronger:

Proposition 9.3.2. Composition with S* < BC,,;t — (1,t) defines a homeomorphism
&m i R— QBC,.

In particular, R is well-pointed, and hence a k-ring.

Proof. {1} x I generates BC,,, so it is clear that &, is injective. To check surjectivity, we

will show that, given a based loop v € QBC,,, the map
BC,, — BCp;(g1,t1) + ...+ (gn, tn) = q1y(t1) + ... 4+ gny(tn) (9.1)

is continuous. Here, gz denotes z + x + ... + x (g times) for g € C,, and x € BC,,. First,
observe that the image of + is contained in ByC,, for some N € N (since S' is compact).
Hence, (9.1) takes B,,C,, to B,nC,, for all n € N. Continuity of the restriction of (9.1) to

B,C,, is now easy to show, so (9.1) is continuous. Hence, &,, is a continuous bijection.
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Now, we check the continuity of £1. Tt is enough to prove continuity when R is given the
compact-open topology (instead of the k-ification of the compact-open topology). Hence,
consider a compact set K C BC,, and an open set U C BC,,. Let S(K,U) = {f € R |
f(K) c U}. We wish to show that &,,(S(K,U)) is open in QBC,,. Fix fy € S(K,U), and
we will produce a neighborhood of &,,(fy) which is contained in &,,(S(K,U)).

Let Nk € N so that K C By, C,,. Let V C BC,, be a neighborhood of the identity so
that fo(V+ K) ={fo(x +y) |z € V,y € K} CU (here, we use compactness of K and the
fact that BC,, is a 7-group (by Remark 2.1.5)). Let W C BC,, be a neighborhood of the
identity so that mNxgW =W +W 4 ...+ W (mNg times) is contained in V' (once again,
we have used that BC,, is a 7-group). Hence, the neighborhood

{v € QBC,, | v(t) — fo(1,t) e W} C QBC,,

of & (fo) is contained in &, (S(K,U)). O

Clearly, &, is also a homomorphism of additive groups. Hence, transfer of structure yields
a multiplication on QBC,,, which makes it a k-ring! However, this is still not very interesting
from a homotopy-theoretic perspective — Q2BC),, has m components, all of which are weakly
contractible (see Lemma 2.8.1). Nonetheless, this is a step in the right direction. The

proof of Proposition 9.3.2 generalizes easily to prove

Proposition 9.3.3. Suppose mi,mo € N such that mo divides my. Composition with

1" /01" — B™MC,,,;x— (1, ) yields a homeomorphism
Hom(B™C,,,, B*2C,,) — Q™ B2C,,.

Remark 9.3.4. The condition of my dividing m; is needed so that the analogue of (9.1) is
well-defined. O

Now, consider the k-ring

End(BC,, x B*C,,) = End(BC,,) x Hom(BC,,, B*C,,) x Hom(B*C,,, BC,,) x End(B*C,,)
=~ OBC,, x QB*C,, x *BC,, x Q*B*C,, (by Proposition 9.3.3).

By Lemma 2.8.1, this has the weak homotopy type of C,, x BC,, x C,,. In particular, its

components are not weakly contractible. Similar examples include
End (B™C,, x B2C,, X ... x B™C,,).
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Chapter 10

Further questions

10.1 Conjecture 6.3.1 and its equivalents

The importance of Conjecture 6.3.1 for the study of continuous cohomology and central
extensions is apparent through our work. It first came up in Chapter 6, where we saw that
the study of ker «,, is intimately linked with the conjecture. In Chapter 7, we gave a complete

characterization of ker o™ (in particular, ker o) by assuming Conjecture 6.3.1.

In this section, we wish to convince the reader of the importance of this conjecture in the
broader context of homotopy theory, and provide a perspective that might aid an eventual
proof. This calls for the conjecture to be placed in a framework that is interesting from a
homotopy-theoretic perspective, i.e., all the objects in the conjecture must be defined using

ideas that are ubiquitous in homotopy theory.

For this, we turn to the equivalent formulation Conjecture 6.4.3. The objects of interest
are singular cohomology, the classifying space BG, and the Milgram—Steenrod filtration
BG C ByG C ---. Singular cohomology needs no introduction, and BG can be understood
as either a classifying space for G-bundles or a delooping of G (see Lemma 2.8.1). What is so
interesting, from a homotopy-theoretic perspective, about the Milgram—Steenrod filtration?
An answer is provided by Stasheff [13, 14| through the framework of A,-spaces, whose
implications in our context can be summarized as saying that the cohomology of B, G carries

information regarding A,-maps out of G (viewed as an A,-space in a trivial way).

To make use of this framework, however, we must show that the Milgram—Steenrod
filtration is the same as that of Milnor (up to homotopy). This is needed since Milnor’s

construction is older and more popular than that of Milgram—Steenrod, and the literature
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generally uses the prior when stating results.!

10.1.1 Revisiting Milnor versus Milgram—Steenrod

In Section 2.3, we produced a homotopy equivalence ¥ : BG — BG in the case of G discrete.
In fact, the same construction also works in the general case of G a CW group. Furthermore,
the restriction ¥,, :== ¥|z  : B,G — B,G is also a homotopy equivalence, where B,G is
the image of E,G (the (n + 1)-fold join of G) in BG.

Theorem 10.1.1. ¥, and ¥ are homotopy equivalences for G a CW group.
In particular, Conjecture 6.4.3 is equivalent to

Conjecture 10.1.2. For A a discrete abelian group, the restriction maps H(B,_1G, A) —
HY(B,_2G,A) and HYBG,A) — HY(B,,_2G, A) have the same image.

Sketch of proof of Theorem 10.1.1. First, one observes, in similar fashion as (6.1), that
E,G/D,G = y"GMNntD),

Since D, G is contractible and D, G — E,G is a cofibration, we thus obtain a homotopy

equivalence
E,G — "GN, (10.1)

Next, for 1 <i < n, let X C E,G be the subspace consisting of points

[90, S0,y 9n, Sn]

with g;_1 = g; (here, we used notation from Section 2.3). Let X, C E,G be the subspace
consisting of points

[907 S0y 5y 9n, Sn]

with g, = 1g. It is easy to see that, for each S C [n + 1], the space

(xr

€S

n fact, the paper [10] which first developed the Milgram—Steenrod construction came four years after
[13, 14].
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is contractible. Hence,

xm=J X7

i€[n+1]
is weakly contractible. Now,
e £,G/X" = yrGNH) and
e (E,G,X")is a pCW pair,
so we obtain a homotopy equivalence
E,G — xrghnth (10.2)

(by Theorem 2.6.8). (10.1) and (10.2) fit into the commuting triangle

EG - L EBG

L

ZnG/\(n+1)

so ¥, is a homotopy equivalence. By the Five Lemma and the long exact sequences of
homotopy groups for the bundles E,G — B,G and E,G — B, G, we now see that ¥, is a
weak homotopy equivalence, and hence a homotopy equivalence (by Theorem 2.6.8, since
B,G and B,G are pCW complexes).

BG is a good pCW complex with n-skeleton B, G, so VU is also a weak homotopy equiv-

alence (see Corollary 9.1.2), and hence a homotopy equivalence. O]

10.2 The images of a and "

We studied the image of o only in the case of A discrete, in which case the following conjecture

implies that « is an isomorphism.
Conjecture 10.2.1. The rightmost square in (8.2) commutes.

Next, we consider im . It is clear that
ima" C im (H"(BG/B,-1G,A) — H"(BG, A))

(by definition of a,, = ¢} o ™). When G and A are discrete, this is an equality. Hence, one

might conjecture that this is also an equality in general. Here is an example to show that
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this does not hold. Let G = Z/27Z, A} = BZ, and A, = S'. By Example 7.2.4, aga, = 0.
Also, ag 4, # 0 for odd n by Example 7.5.3. However, A; and A are both K(Z, 1)-spaces,

and hence weakly homotopy equivalent.? In particular,

im (H"(BG/By1G, Ay) — H"(BG, A)) and
im (Hn(BG/Bn_lG, AQ) — Hn(BG, Ag))

are isomorphic but im o 4, and imag 4, are not. In fact, this example shows that im ag 4
depends on something more than just the homotopy-theoretic data about BG, its filtration
B1G C ByG C ---, and the Q-spectrum A. The same is true for ima = a(E(G, A)), since
E(G, A;) = H2(G, 4;) (i =1,2) in the preceding example.

10.3 " and Yoneda extensions

The story of a started with central extensions, and we later narrowed our attention to second
continuous cohomology (which corresponds with ‘topologically trivial” extensions) since our
main goal was to understand ker a. Conversely, one could view « as an ‘extension-based’
definition of a® which reduces to the original definition of o? when only ‘topologically trivial’

extensions are considered. This begs the question:

Question 10.3.1. Is there an ‘extension-based’ definition of "™ which reduces to our defi-

nition when only ‘topologically trivial’ extensions are considered?

It is well-known (see, for instance, [19, Vista 3.4.6]) that for discrete groups G and
A, group cohomology Hg (G, A) is isomorphic to the group (under Baer sums) of Yoneda
extensions of length n modulo equivalences. In this context, a Yoneda extension of length n

is an exact sequence

E:0—— Ey=A f°>E1 h, . f"_1>En In_, i1 =2 —— 0

in the category of G-modules (with G acting trivially on A and Z). For G a CW group

and A an abelian k-group, [15, §3] describes how the above can be generalized to give a

2Something much stronger is true. (1,t) + 2™ generates a continuous homomorphism f : A; — A
which is also a weak homotopy equivalence. Since A; and As are CW complexes, f is a homotopy equivalence.
Furthermore, B" f : B"A; — B™ A, is also a group homomorphism and a homotopy equivalence by the same
reasoning. In particular, the homotopy equivalence between B™ A; and B™ A, captures some group-theoretic
data, and yet imag, 4, # imag 4, (cf. Section 7.6).
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correspondence between continuous cohomology H(G, A) and Yoneda extensions of length
n which are ‘topologically trivial’. To make this precise, we need some definitions.

For G a CW group, a G-module is an abelian k-group E with a continuous G-action
G x E — FE through group automorphisms. Morphisms of G-modules are continuous and
G-equivariant group homomorphisms. For A a fixed abelian k-group, a Yoneda extension of

length n is an exact sequence

£:0 —s By=A L B, v B, —Iy 1 =2 — 0

in the category of G-modules (with G acting trivially on A and Z) such that, for 1 <i <n,
e im f; | = ker f; is a k-group,
e the map f; : cokerf,_; — im f; induced by f; is a homeomorphism, and

e the projection E; — cokerf; ; is a numerable (im f;_;)-bundle.

Equivalence of Yoneda extensions is defined in the same way as in the discrete case, and
YE"(G, A) is the group (under Baer sums) of equivalence classes of length n Yoneda exten-
sions. The Yoneda extension £ is said to be topologically trivial if the bundles F; — coker f;_;
are trivial, and YE, (G, A) is the group of equivalence classes of topologically trivial length
n Yoneda extensions.

The precise statement of [15, §3] (alluded to previously) is that there is a natural isomor-
phism

YE; (G, A) ~ H} (G, A).

Hence, we may state Question 10.3.1 more precisely as

Question 10.3.2. Does there exist a natural map 5" : YE"(G, A) — H"(BG, A) whose
restriction to YE7 (G, A) =~ H!(G, A) is a™?

Remark 10.3.3. [20, Theorem 4] gives an isomorphism between YE*(G, A) and the sheaf
cohomology of BG when A is discrete and G is finite dimensional and has countably many

cells (i.e., G is a Lie group). O
In the n = 2 case, it would be nice to have agreement with a:

Question 10.3.4. Is there a natural isomorphism YE*(G, A) ~ E(G, A)?

Question 10.3.5. If the answers to both the preceding questions are affirmative, then does

the map E(G, A) ~ YE*(G, A) — H?(BG, A) agree with a?
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Since we have already studied ker o, it would be nice if ker o™ = ker 5™:

Question 10.3.6. If the answer to Question 10.3.2 is affirmative, is there an analogue
of Theorem 3.1.1 for 5”7 In particular, do we have ker " = kera™ (with appropriate

identifications)?
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