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Abstract

We theoretically study single and multi particle dynamics on long-range hopping one di-
mensional fermionic and bosonic lattice systems with hopping decaying as a power-law with
exponent u. The lattice is further subjected to local particle number conserving dephasing
at each of its sites. In the limit of strong dephasing, we adiabatically eliminate the coher-
ences and obtain effective dynamical equations for the two-point and four-point correlation
functions in the site basis. We devise a novel bond length representation for the four-point
correlator, which holds for the alternating initial state and allows us to numerically simulate
four-point correlator dynamics for significantly large system sizes. For single particle dynam-
ics, we find that even moments of the density profile of a single exciton shows one-parameter
scaling behaviour in the form of Family-Viscek (FV) scaling for p > 1.5 with diffusive scaling
exponents, whilst for u < 1.5 the moments fail to show FV scaling. For multi particle dy-
namics, we find that observables such as particle transport and particle number fluctuations
show FV scaling with diffusive scaling exponents for g > 1.5 and super-diffusive scaling
exponents for u < 1.5. We further use the bond length representation to analytically derive
the exact F'V scaling exponents for particle number fluctuation on fermionic tight-binding

(n — o0) lattice.
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Chapter 1

Introduction

The Eigenstate Thermalization Hypothesis (ETH) predicts that generic many-body quan-
tum systems, with bulk dephasing, inevitably equilibrate to an infinite temperature thermal
state [, 2]. The non-equilibrium dynamics of such thermalization processes entails rich
physics, and can be used to establish universality class of the transport phenomenon of the
system. Indeed, the universal properties of non-equilibrium dynamics of local and non-local
observables in many-body systems has been a subject of great interest [3-14]. For initial
states without large scale density variations, the local observables relax in a system size
independent time scales which can predicted via emergence of hydrodynamics in many-body
quantum systems [3, 5, [7, [I5]. However, the relaxation of non-local observables extends
beyond this framework, and typically exhibit much slower and system size dependent time
scales [16-H22]. Recent theoretical as well as experimental efforts have tried to understand
the non-equilibrium dynamics and subsequent equilibration of non-local observables through
the frameworks of quantum generalized hydrodynamics [I8] and fluctuating hydrodynam-
ics [9, [11]. A key non-local observable to study out-of-equilibrium dynamics is the particle
number fluctuation, which quantifies the variance in particle densities in a finite domain
of the system [23-29] 2936]. Many recent works have used particle number fluctuation
in contexts such as quantum surface roughening dynamics [37-H40], entanglement entropy
dynamics [23H25] 29], many-body localization [29H36], characterization of dynamical phase

transitions [26128], among others.



Interaction of quantum systems with the environment leads to dephasing in the form of
decoherence, which affects the dynamics of local as well as non-local observables and their
corresponding scaling behaviours [41H46]. However, research in this direction has hitherto
been limited to short-range hopping systems [11], B7] 38| 47], leaving open questions about
dynamics of number fluctuation in long-range hopping systems with power-law hopping and

environmental interactions.

Long-range systems exhibit significant qualitative changes in equilibrium phases, ground
state properties, and dynamics [48-59] leading to rich and unconventional physics, such
as measurement-induced entanglement transitions [60-H62] and transitions from normal to
anomalous transport in steady-state currents under bulk dephasing [63] [64]. Long-range
systems with hopping strength decreasing as a power-law with distance (~ 1/r*) are preva-
lent in natural and artificial light harvesting systems [65H69], and can be engineered in
experimental setups [70, [71]. We model such a lattice setup, say with L sites, via the Hamil-
tonian [58] [63] 64] [72],

=733 d(:j)# [ccj + éjéj]. (1.1)

Where, éz(éj) denotes the fermionic or bosonic annihilation(creation) operator at lattice site
i. J is the hopping strength and p is the power-law hopping exponent. d(i,j) denotes
the distance between lattice sites ¢ and 7, and for periodic boundary conditions, is given
as d(m,n) = min(|¢,j|,L — |i — j|). Throughout this thesis, we adopt the natural units,
h = ¢ = 1. We further consider a particle number conserving dephasing probe at each site
of the lattice [47, [58] [63] [64] [73H81]. Such a local dephasing can arise from thermal noise
or local coupling to the vibrational degrees of freedom [82]. We model the dynamics of the

open lattice system setup by the Lindblad quantum master equation (LQME) [83],

L .,

ST 0(0)}). (1.2)

L

() = L[] = =i [ 7, p(0)] +7 3 (A () s -
j=1

Where, p(t) denotes the system density matrix and the jump operator #; = él¢; is the

particle number operator at lattice site . The first term in Eq. (1.2)) represents the unitary

(coherence) evolution, whilst the second term represents the Lindbladian dissipation, in the

form of on-site (local) dephasing.

Previous studies on such systems have established the existence of a critical value of the



hopping exponent, p, = d/2+ 1 (where d is the spacial dimension) below which the system
exhibits a distinct phase [58] [62H64]. Such studies have either been in the single exciton
limit [58] 64] or have been in the context of steady states of the system [62] [63]. However,
the criticality of the hopping exponent p in the context of multi-particle dynamics remains
to be elucidated.

Bipartite particle number fluctuation w(L,t) is defined on a one-dimensional (bosonic or
~ A\ 2 ~
fermionic) lattice with L sites as w(L,t) = <h2> — <h> , where the operator h = ZL/Zﬁ

i=1 "4
counts the number of particles in one-half the lattice system. Fujimoto et.al. [11] 37, [38] 147]
have established number fluctuation as an excellent candidate to study multi particle dynam-
ics on one-dimensional lattices with conserved total particle number, and have found that in
tight-binding (1 — 00) lattice systems, bipartite particle number fluctuation dynamics show

one-parameter scaling in the form Family-Vicsek (FV) scaling [84-86]:

t
w(z) =1 () (13)
where, the scaling function f(y) satisfies the limiting behaviour

Bt
Y or y<1
fly) ~

1 for y>1

with 8 = a/z. This implies the scaling w(L,t) ~ t? in the limit t < t* ~ L?. In the absence
of dephasing, the scaling exponents fall in the ballistic class (« = z = 1) [11}, B8], whilst
in the presence of dephasing the transport is diffusive and the scaling exponents fall in the
so-called Edwards-Wilkinson (EW) class (o = z/2 = 1) [47]. FV scaling of bipartite particle
number fluctuation in long-range lattices and the impact of long-range hopping on the scaling

exponents remains to be shown and forms one of the main questions of this project.

In this project, we study single and multi particle out-of-equilibrium dynamics on one-
dimensional long-range fermionic and bosonic lattices, via establishing spatio-temporal scal-
ing of relevant observables. To study single particle dynamics, we consider the moments
of the density profile of a single exciton, whilst multi-particle dynamics is studied via ob-
servables such as particle transport (comprising of local correlators) and bipartite particle

number fluctuation (comprising of non-local correlators).



All observables of our interest can be written in terms of two-point and/or four-point
correlators in the site basis. In chapter , considering strong dephasing (v > J), we obtain
effective equations of the correlators and develop the bond length representation for the
effective equations of the four-point correlators. This representation allows us to simulate
four-point correlator dynamics for significantly large system sizes (~ 10* sites), which has
hitherto been a computational challenge. We present our results for fermionic and bosonic
single particle dynamics in section and find that even-moments of the density profile
show FV scaling with diffusive scaling exponents for ¢ > 1.5, whilst for u < 1.5 the moments
fail to show FV scaling. The results for fermionic and bosonic multi particle dynamics is
presented in sections|3.2|and respectively. We report that particle transport and number
fluctuations show universal behaviour in the form of FV scaling for all values of hopping
exponent p, whilst the criticality of u appears in the values of the scaling exponents «, 3
and z. We find a crossover from super-diffusive (o, 3,2 = 1,1/(2u —1),2p — 1) dynamics to
diffusive dynamics (o, 5,z = 1,0.5, 2) at the critical value of the hopping exponent pie, ~ 1.5.
We further used the bond length representation to analytically derive the exact FV scaling
exponents for dephased fermionic lattices in the short range (1 — o00) limit. Our results
thus illustrate the Family-Viscek universality of non-equilibrium phenomenon for dephased
long-range lattice systems, where the value of the scaling exponents entail information of
the universality class. Notably, all observables of our interest are experimentally accessible
through quantum simulators [8} 9] [70] [71], 87H95].



Chapter 2

Method

The long-range hopping one-dimensional lattice system, consisting of L sites, with hopping

strength decreasing as a power-law, can be modelled by the Hamiltonian,

L L
H:JZZW[@@}M}@], (2.1)

i=1 j>i

where, d(i, j) denotes the distance between lattice sites indexed by ¢ and j, J is the hopping
strength and g is the power-law hopping exponent. Each lattice site is further subject
to local particle number conserving dephasing. Given that the mixed state of the system
is described the the density matrix p(t), the system dynamics can be represented by the
Lindblad Quantum Master Equation(LQME), dp/dt = L[p], where L[x] is the Lindblad

super-operator, given by:
- 1
LIp) = =i [ H.p(0)] +7 3 (7 p(0) s = {02, 6(0)}). (2:2)
j=1

Here, the jump operators n; = éjéz is the particle number operator at lattice site i, with
éz(é;r) being the fermionic or bosonic annihilation(creation) operator. Each lattice site is,
thus, subject to local particle number conserving dephasing of homogeneous strength .

The equation of motion of expectation value of an observable (A)(t) = Tr [ﬁ(t)/q may be



obtained as,
(A) = {Af%}:—404Jﬂ>+§37<<mAm>—%<@ﬁg@>), (2.3)

Dynamics of thermalization

Q.lg‘

The LQME Eq. conserves the total particle number in the system, i.e, >~ Tr[f;j(t)]
N is a constant of motion. Since the system dynamics remains confined to a fixed particle
number Hilbert space Hy, which is dictated by the initial condition p(¢t = 0). Note that,
dimHy = ().

Further, due to the local particle number dephasing, the system undergoes decoherence
in the site basis in time scale 1/, controlled by the strength of dephasing. That is, the
off-diagonals of the density matrix p written in the site basis vanish in time scale 1/v. The
steady state of Eq. is the maximally mixed state, i.e., dp/dt = 0 for p o< I, where I
denotes the identity matrix in the Hilbert space H. Under the conditions of strong dephasing
(7> J), the coherences(off-diagonals) of the density matrix die out much before the system

relaxes to the maximally mixed state.

2.1 Two-point correlator dynamics

The two point correlator D,,,(t) is defined as, D,,,(t) = Tr [ﬁ(t)éinén] Here, ¢, denotes
the bosonic or fermionic annihilation operator at site m. The equations of motion of D, (t)
may be obtained using Eq. . It is important to note that given the quadratic nature
of the Hamiltonian and the Lindblad jump operators, the fermionic and bosonic equations
of motion of D,,,(t) are identical. Hence the analysis that follows in this section holds for

fermions as well as bosons. The equation of motion of D,,,(t) is given as,

& = =il }+zy(mc cuie) — 3432 1

HLRDLR2 o (2.4)
=g Y S Iy (57— 1) Dy
= |71



Here we have assumed periodic boundary conditions on the lattice and the site indices are
understood to be in  mod L arithmetic. The number of independent variables in the above
set of equations is L2. To understand the effect of dephasing, it is worth transforming these

equation to the momentum basis defined by the Fourier transform,

~ ]_ 27
Dy, = F[Dyn] = 7 > e imthp (2.5)

m,n=0

The equation of motion in the momentum basis can be obtained as follows,

L—-1
d ~ 1 27 d
_D — 77(k1m+k2n)_Dmn
dt Rk T ;n;oe : it
’ L (2.6)
= i(E(k1) — E(ks)) Dy ry + - S e Bty (57— 1) Dy
m,n=0

The first term in the above equation represents the unitary(coherence) evolution, whilst the
second term represents the Lindbladian dissipation. E(k) is the spectrum of the long-range

hopping Hamiltonian H (Eq. (2.1)), given as,

L/2—1

cos( 27rk L) eirk
) =2 Z ]/ T (2.7)

The second term in Eq. (2.6 can be solved as,

L-1

L—1
d ~ . ~ 'Y _ 27 ’7 27rz
_ _ _ =L (kim+-kan) s m(k1+k2)
= Dik = i(B(ky) = E(ky)) Dy = = Y e Do + 7 m§:0e D,

m,n=0

L—1
. ~ ~ 27i ’ /
= l(E(l{?l) — E(k?g))Dkle — ’kale + % Z Z e L [(k +kg)— (k1+k2)]Dk/ K

Kk, m=0

(2.8)

Now, in order to evaluate the summation over m in the above equation, note the following:

~

_1 ! ! = DR
o 2T (K k) — (ki +k2)| 1 for (ky + k3) — (k1 + k2) = 0, L, 2L, (2.9)

0 0 otherwise

e~ =

3
I



Hence the equation of motion of two-point correlators in the momentum basis reads as,

d ~ , ~ ~ N
— Dy, = i(E(k1) — E(k2)) Dk, — VDrkyiy + % Z Dy, (2.10)

dt
(ki +ks)=(k1+kz),(k1+k2)£L

Thus we see that the local particle number dephasing induces scattering such that the mode

(K4, k%) couples to the mode (ki, k2) with the following selection rule:

(k‘ll + k/Q) = (]{31 + ]{72) or (k‘l + kQ) + L or (lﬁ + kz) —L (211)

2.1.1 Effective equations for two-point correlator dynamics

As noted before, the density matrix p(¢), under the LQME Eq. remains confined to
a fixed particle number Hilbert space Hy. The density matrix confined to the one-particle
Hilbert space H;, written in the site basis is the transpose of the two point correlation
matrix. That is,

(nlplm) = Dy, (2.12)
T

where, |i) = ¢} |0) represents the single particle pure state, with a particle localized at site i.

Thus, under the conditions of strong dephasing v > J, the off diagonals of the two-point
correlator matrix D,,,(m # n) decay to zero in time scale 1/7, much before the system
achieves equilibrium, and at late times (£ > 1/v) the dynamics can be effectively described
as a classical Markov process involving only the diagonals D,,,,. Such effective equations can

be obtained via adiabatic elimination of the off-diagonals in the slower time scale = Jt. In

dDpmn
dt

this time scale, note that for the off-diagonals, < 3Dy Hence, the strong dephasing

assumptions are:

1. Dy € Dy Ym #n

2. C”Z%«%Dmn Vm#n

The equation of motion of the two-point correlator off-diagonal D,,, is

+(L/2—-1),L/2

: Drntj) = Dimtj)n
Dy = i : — 4Dy 2.13
TR o 1




Applying the second strong dephasing assumption, the derivative on the LHS may be ne-
glected with respect to the dissipative term on the RHS. Which gives,

L +(L/2-1),L)2
T A G

Now, on the RHS, noting the first assumption, the off-diagonals may be neglected with

respect to the diagonals. This gives the off-diagonal correlator element D,,, in terms of the

D i g(u) (2.15)

m —nlt

diagonals D,,,, and D,,,,

Now, the microscopic equation of motion of the diagonal D,,,, reads

+(L/2—1),L/2
— Dy = 1J ] / 2.16
=il 3 — (2.16)

Note that on the RHS, only the off-diagonal terms appear. Substituting these with diagonals

using Eq. (2.13)) gives,

+(L/2-1),L/2
d D(m+ j)(m+j) — Dmm
— Dy = A I . 2.17
i Py P 217

Here, A = 2J%/v may be identified as the effective diffusion constant. Equation is
a discrete one-dimensional fractional diffusion equation, which effectively describes the dy-
namics of the two-point correlator diagonals, in time scale t > 1/v. Fig. , compares the
dynamics of a two-point correlator diagonal obtained via numerical integration of the micro-
scopic equations, Eq. , and effective equations, Eq. , of the two-point correlator,
under the strong dephasing condition (v/J = 100). The dynamics show a perfect collapse
at times vt > 1.

The effective equations Eq. (2.17) are translationally invariant, and hence decouple in

the Fourier space. Defining the discrete Fourier transform as,

_ 2w

L
. 1
Dp=—=Y e "™ Dy, (2.18)
VL~



—8— exact «— effective

1.0 1.01 1.0
(a)p=12 (b)ypu =17 () — oo
0.9 0.91 0.9
=038 = 0.8 + 0.8
= = =
g g g
Q0.7 Q 0.71 Q0.7
0.6 0.61 0.6
051 . ‘ ; 051 ' 051 ‘ ‘ ;
w0t 10 10! 102 0=t 10 10t 102 10t 100 10! 107
t t t
Figure 2.1: Plot for dynamics of a two-point correlator diagonal D, (t) = <cT cm>

obtained via numerical integration of the microscopic equations (Eq. ( . and effectlve
equations (Eq. ) of the two-point correlator, for three different values of hopping ex-
ponent p (a)p = 1.2, (b)p = 1.7 and (c)p — oo. Lattice size L = 32 and dephasing strength
7 =100 % J. Dynamics start from the alternating initial state |¢ay) = HL/2 eh,10)

where, k € {0,1,---,L — 1}. The equation of motion of the Fourier modes D; can be

obtained as,

27r7,mk, d
dt Dy, = \/_Z
+(L/2-1),L/2 R
—2rimk
=A ——= > ¢ L " (Dinij)omts) — Dinm) (2.19)
= bl L=

+(L/2-1),L/2

:AZ

=

As expected, the effective equations decouple in the Fourier basis, and the Fourier modes

decay as,

Dy(t) = e BRI D, (0), (2.20)

where, the spectrum of the effective equation, Eq. (2.17)), F(k) is given by,

sin? ij/L 1 — etk
=Al4
Z (L/2)%

(2.21)

10



The only non-decaying mode of this spectrum is the lowest lying & = 0 mode, since, E(k =

0) =0 and E(k) > 0 for kK > 0. Hence, the two-point correlator matrix equilibrates to:

1 27 ~
Dmm(t — OO) = ﬁ E G_ka(slng:()(t = O)
k=0 (2.22)

2.2 Fermionic four-point correlator dynamics

The four point correlator on a fermionic lattice in the site basis is defined as:
Frnpq(t) = Tr[p( )b, CTCpéq} (2.23)

where ¢,,(¢!) is the fermionic annihilation(creation) operator at site m. Fermionic anti-
commutation sets correlators of the form F,,,,, and F,,,, to zero at all times. For the
four-point correlator F,,,q, with (m # n) and (p # ¢), the dynamical equation can be
obtained via Eq. , as follows:

d . L 1
Eanpq = —i [éjnéizépéqa H}) + 27 <<ﬁ%éT chepCqni)e — o {n?, ct.eléy Ca}) )

=1

(L/2—1),1/2
Z ( 5%) mn(p+j)q ( 6§+j) mnp(q+j)

=iJ
= 7] (2.24)

L/2-1),L/2 et m
. (B0 ( - 5n +j>F(m+j)npq + ( 5n+y) m(n+j)pg
—13J E

= M

Y (08, 4 07, + 08 + 0% — 2) Frrypg-

The (1—07") factors appear on the RHS of the Eq. due to Fermionic anti-commutation
relations, which sets the four-point correlators of the form F),,,,, and F,pp, to zero. The
(1 —4d7™) factors prevent such correlators from appearing in Eq. . The last term on the
RHS of Eq. represents the dissipation due to the local particle number dephasing on
the lattice.

11



2.2.1 Effective equations for Fermionic four-point correlator dy-

namics

The four-point correlators are, in fact, elements of the system density matrix p(t), confined
to the two-particle Hilbert space Hs. In the two-particle site basis {|mn)}, where |mn) =
é1,,10) and (m # n),

(mn|plpg) = Frnpg (2:25)

Fermionic anti-commutation relations confers the following symmetries on the four-point

correlator:
anpq = _anpq = _anqp = anqp (226)

Hence, there exists (;)2 independent four-point correlators. Of these, (g) are the diagonals

of the four-point correlation matrix, identified as the diagonals of the two-particle density

matrix in the two-particle site basis, of the form F,mn OF Frunpm, where m # n. The

microscopic equation of motion for these diagonals is given as,

*“g“ (1= 07"*) Fuuntontgyn + (1= 675 Pt )
Mz

+(L/2-1),L/2 " m

NG

d
_anmn =1iJ
dt !

(2.27)
—iJ

The off-diagonals of the four-point correlation matrix F,,,,, can be categorized as follows:
(i) Only one element of pair (m,n) matches with pair (p,q) i.e., either m = p, or m = g,
orn = p,orn = q. (ii) No element of pair (m,n) matches with pair (p,q). Note that
in the equation for the diagonals Fyyum. (Eq. (2.27)), only the off-diagonals of type 1 (i.e.,
Frnmnti)s Emnnm+i)s Fnsjynmn OF Fongjymn, With j # 0) appear on the RHS. The equation

of motion of these off-diagonals is given as follows:

+(L/2-1),L/2 m+j’ m
d F _ i (1= 6,57 ) Fonimtg s + (1 = 67 i) Frnnmntj+57)
—'mnm(ntj) = 4
dt | Vel
j'==%1
+(L/2—-1),L/2 m—+7’ m
i (E/2-1).L/ (1 — 5n + )F(m—i-j’)nm(n-l-j) + (1 B 5n+j/)Fm(n+jl)m(n+j)
VA
jl==+1
- 7anm(n+j)

(2.28)

12



d . . +£(L/2-1),L/2 (1- 57T+j+j/)an(m+j+j/)n +(1— 5?$7')an(m+j’)(nﬂ')
E mn(m+j)n — Z |j/|u
jr=+1
+(L/2-1),L/2 S m
. (L/ )L/ (1 _ 5n +Jj )F(m+j’)n(m+j)n -+ (1 — 5n+j’)Fm(n+j’)(m+j)n
— Z HE
jr==+1
- ﬁYan(m—l—])n
(2.29)
+(L/2-1),L/2 S m
a, " /Z) P (1= ) Fns gt + (1= 8ty Fon gyt )
dt (m+j)nmn — ‘jl’u
jl=+1
.Ji(L/2—1)7L/2 (1 _ 5f,(lm+j)+j/)F((m+j)+j’)nmn + (1 B 5£T;Sj))F(m+j)(n+j/)mn
— > 7|
jl=%1
- /VF(m—s—j)nmn
(2.30)

+(L/2-1),L/2 .
iF ; = 1J Z (1 - 5771714'] )Fm(n+j)(m+j’)n + (1 - (57T+j’)Fm(n+j)m(n+j’)
dt m(n+j)mn

jl==+1 ’j,|#

+(L/2—1),L/2 — m
R (g S ) Fna gy metymn + (L= 60 ) Pt g ymn
—1J E

= V(e j)mn
(2.31)
Under the conditions of strong dephasing (v > J), the off-diagonals of the four-point cor-
relator matrix vanish, much before the system equilibrates to the maximally mixed state.
Hence, in the slower time scale (f = Jt), the dynamics can be mapped to a classical Markov
process involving the diagonals F,,mn, Via adiabatic elimination of the off-diagonals. Denot-
ing the diagonals as Fy and the off-diagonals as F,g_q4, the strong dephasing assumptions,

valid in time scale ¢ = Jt are:

1. Fog_q < Fy
2. 6{F’()ﬁ?fd < %Foﬂ“fd
Applying the second assumption to Egs. (2.28) to (2.31)), the derivative on LHS of these

equations may be neglected. Further, applying the first assumption, the off-diagonals in the

13



summations on the RHS of these equations may be neglected. This gives the off-diagonals

of type (i) in the terms of the diagonals, as follows,

1J m 'Fm+'nm+'n_anmn
F(m+j)nmn:_(1_6n+J) (m+j)n(m+j)

v G
iJ m Fm(n+ ym(n+j) — anmn
Fonjymn = 7(1 - 5n+j> : |]|Ju ’
T . ] (2.32)
m=i\ L' mnmn — L' (m+j)n(m+j)n
Frn(metiyn = X +J) ‘(u F)n(m+j)
o M
7J m anmn - Fm(n+j)m(n+j)
anm(n+j) = 7(1 - 5n+j> |]|M :

Substituting the above in the equation of motion of the diagonal F,,,,,,. (Eq. (2.27)), provides

the effective equation for the Fermionic four point correlator:

+(L/2—1),L/2
S - Eimtjyn(mtiyn — Fmnmn
j—t1 ! KRS

d
_anmn =A
dt

+(L/2-1),L)2 (2.33)

m Fm(n+j)m(n+j) - anmn
=4 Z (1= 0n)) HEZ
=41

I

with the constraint m # n, and A = 2J%/v can be identified as the diffusion constant.
Fig. compares the dynamics of a four-point correlator diagonal obtained via numerical
integration of the microscopic equations, Eq. , and effective equations, Eq. , of
the four-point correlator, under the strong dephasing condition (v/J = 100). The dynamics
show a perfect collapse at times vt > 1.

Although Eq. appears to be a two-dimensional discrete diffusion equation, the
(1 —0™) factors, appearing due to Fermionic anti-commutation relations, destroy the trans-
lational invariance of the equations. This prevents the decoupling of the equations in the
Fourier space. The effective equations for the four-point correlator are essentially a classical

Markov process amongst the diagonals of two-particle density matrix. Since, the number

L
2

a significant computational improvement, compared to the microscopic equations for the

of diagonals are ( ), the size of the generator of these equations grows as ~ L* This is

four-point correlator, where the number of independent variables are (5)2 and the size of the

generator grows as ~ L5,

14
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Figure 2.2: Plot for dynamics of a four-point correlator diagonal Fi..q(t) = (el élé,c,)

with (m,n,p,q) = (1,L/2,1,L/2), obtained via numerical integration of the microscopic
equations (Eq. (2.24)) and effective equations (Eq. (2.33))) of the four-point correlator, for
three different values of hopping exponent p (a)u = 1.2, (b)u = 1.7 and (¢)pu — oo. Lattice
size is L = 8 and the dephasing strength is v = 100*.J. Dynamics start from the alternating
initial state |¢a) = [122, &, 0)

2.2.2 Bond length equations for Fermionic four-point correlators

On a lattice system with L sites, under periodic boundary conditions, the distance d(m,n)
between sites m and n is given as, d(m,n) = min(|m —n|,L — |m —n|). This distance
can be defined as the bond lenght of the four-point correlator diagonal Fi,m.. Note that
d(m,n) € {1,2,--- ,L/2}. For the alternating state |¢u) = an/jl ¢b 10, all bonds with
d(m,n) being odd have one lattice site occupied and another unoccupied. Whilst for bonds
with d(m,n) being even, either both the lattice sites are occupied or both the lattice sites are
unoccupied. These points, along with the translational invariance of the effective equations

for the four-point correlators (Eq. [2.33)) motivate the following claims:

— Given a value p € {1,3,..,L/2 — 1}, the values of all diagonals F,mn(t) with bond
length d(m, n) = p are identical throughout the dynamics, and we label these as G\ ().
That is, Fio1o = Fhzez = -+ = Frip1 = G(()l), Fiyy = Fosgs = -+ = F(L—3)1(L—3)1 = Géo)

and so on for p=5,7,--- | L/2 —1

— Given a value p € {2,4,---, L/2}, the values of all diagonals Fj,,;m,(t) with (i) bond
length d(m,n) = p and (ii) both sites occupied in the initial state are identical through-

out the dynamics, and we label these as Gél). That is, Fogou = Fygus = -+ = Frare =

15



Ggl), F2626 = F4848 = F(L_Q)Q(L_Q)Q = Gil) and so on for P = 6, 8, ce 7[;/2

— Givenavaluep € {2,4,---, L/2}, the values of all diagonals F},;,mn, (t) with bond length
d(m,n) = p and both sites unoccupied in the initial state are identical throughout the
dynamics, and we label these as GI(DQ). That is, Fi313 = Fs35 = -+ = Fo_ii—1yn1 =
Géz), Fisis = Farar = Flo—s)1(—3)1 = Gf) and so on for p =6,8,---, L/2.

The above rules essentially define a bijection between the set of four-point correlator diago-
nals { F,.umn } and the set of bond length variables {Gﬁ,o)’(l)’m}. Using this map on Eq. (2.33))

and substituting the diagonals F},,,,, with the appropriate bond length variables G}O)’(l)’@)

gives,
d © Y 4+ G2
0) __ 0 P P 0
G =2A T U (G =GP 428 Y UW<T —G), (239)
p’'—odd p'—even
p'#p p'#p
d 0 1
SOV =2A YT U (G = GY) 20 Y U (G = GY), (2.35)
p’'—odd p’ —even
p'#p p'#p
d 0 2
ZOP =20 Y Uy (G)) =GP 420 Y Uy (G = GP). (2.36)
p’'—odd p' —even
p'#p p'#p

Here, A = 2J?/~ is the diffusion constant appearing in Eq. (2.33) and the elements of the

coupling matrix U, are given as,

e = 12
U,y = (p+p)> it ptp < L2 2.37
Pp \p/_lppu /(p+7) p+p <L/ ity < L2 ( )
V(L= (p+p))* ifp+p >L/2
Now, particle number fluctuations on a domain {1,2,---, M} of the lattice, wy(L,t) =

~ A\ 2 ~
<h2> — <h> where h = Zf\il n; counts the number of particles in the domain {1,2,--- , M},

16



can be written in terms of the bond length variables as,

p=1 p=1 m=1 n=1
p—odd p%even

where D,,,, = <é;fném> are the diagonals of the two-point correlator matrix, as defined in
Sec. [2.1] In the above expression of particle number fluctuation, for bonds with even length
bond length, the occupied (G™) and unoccupied (G®) bonds contribute equally. Hence,
for purposes of computing particle number fluctuation, the following representation can be

used:
G for p € odd

G, = 1 2
p Gé)_i_G;)

(2.39)
for p € even

The dynamical equations of the bond length variables {G,} can be obtained via averaging

Egs. (2.35) and (12.36]), which gives,

d L2
Gy =2A > Upy (Gy — Gy), (2.40)

/=1

Z’#p

where, the coupling matrix U, is as defined in Eq. (2.37). Fig. compares the dynamics
of a four-point correlator diagonal obtained via numerical integration of the microscopic
equations (Eq. [2.24) and bond length equations (Eq. |2 of the four-point correlator. One

observes a perfect collapse between the microscopic and bond length dynamics at all times.

There are L/2 independent variables in the above bond length equations, Eq . Asa
result, the number of elements in generator of these equations grows as ~ L2. This provides
a significant computational advantage in the numerical simulation of number fluctuation
dynamics, over the microscopic (Eq. and effective equations (Eq. of four-point

correlator dynamics, where the size of the generator grows as ~ L® and ~ L*, respectively.

17



—&— exact =— bond length equations

0.00 0.001 0.00
(@)p=12 byp=17 (¢)p — oo

—0.05 —0.05 1 —0.05

= 010 = 010 = 0.0
£ 3 £
S S S

= 015 0151 & —0.15

—0.20 —0.201 —0.20

10° 10° 10 107 10° 107
t t t
Figure 2.3: Plot for dynamics of a four-point correlator diagonal Fi.,g(t) = (el élé,c,)

with (m,n,p,q) = (1,L/2,1,L/2), obtained via numerical integration of the microscopic
equations (Eq. (2.24)) and bond length equations (Eq. (2.40)) of the four-point correlator,
for three different values of hopping exponent p (a)u = 1.2, (b)u = 1.7 and (c)u — oo.
Lattice size L = 8 and dephasing strength v = 100 * J. Dynamics start from the alternating
initial state [1ay) = Hﬁﬁ L &..10). One observes a perfect collapse between the dynamics at
all times.

Solution for Fermionic bond length equations for tight-binding lattice (1 — o)

The Fermionic bond length equations (Eq. 2.40) can be written as the linear first-order
differential equation:
d
—|G) =U0,|G 2.41
£16) = U,/G), (2.41)

where, 7 = 2At and the p-th element of the vector |G) is the bond length variable G,. For
the tight-binding lattice setup (i.e., for hopping exponent ;1 — o0) the generator U, is

tri-diagonal and is of the form:

-1 1 0 0 0 0
1 -2 1 0 0 0
0 1 -2 1 ... 0 0
Uisoo = | oo oo . (2.42)
0 0 ... 1 =2 1 0
0 0 0 -2 1
0 0 0 0 2

L/2xL/2
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This generator U, can be symmetrized to fJM by scaling the last row by half, i.e. fju =5SU,,

where,
1 0 0 0
0 0 ...
S=\... ... ... ... .. (2.43)
0 0 1 O
0 0 0 05

L/2xL/2

The symmetrized generator for the tight-binding setup is:

-1 1 0 0 ... 0 0
-2 1 0 ... 0 0
0 1 -2 1 ... 0 0
Uisoo =S Upsoo= | .. oo 0 : (2.44)
0 0 ... 1 -2 1 0
0 0 1 -2
0 0 0 1 -

L/2xL/2

It can be shown that the dynamics generated by U,,_,, and fju_m for a bond length variable
G, converge in the thermodynamic limit (L — o0), provided that p < L (see appendix .
That is,

lim (pl et [G(t = 0)) = lim (p| ¥r="|G(t = 0)), (2.45)

where the vector |p), [p); = (51{, extracts the p-th element from the dynamics generated by
U, or fJ,HOO. Therefore, the symmetrized generator fJM_)OO can be used to analyse the

dynamics of the bond length variables, in the thermodynamic limit.

The symmetrized tight binding generator fju—m can be diagonalized, with eigenvectors

lv®)) and corresponding eigenvalues A*¥) [96] given as,

21k k
A — 92 4 92¢os (%) = —4gin? (%)

1/4/L/2 for k=0 (2.46)

|’U(k)>j - L o [ ™@=D fork=1.2.... L _1
—\/L_/4 Y — 4 )92
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where, j = 1,..., L/2. The bond length vector at time 7 = 2A¢, |G(7)), is given by:
|G (7)) = F~1ePU7G(0)). (2.47)

Where |G(0)) = F|G(0)) is bond length vector in the eigenbasis {|v®)}, k-th row of F is the
eigenvector [v®)) and F~! = FT. The initial state of the bond length vector can be obtained
from the alternating initial condition on the lattice, |G(0)), = 0 for p = 1,3,--- ,L/2 — 1
and |G(0)), = —4 for p=2,4,---,L/2. The initial state in the eigenbasis {|v™)} is given

as,

Gi(1 = 0) = |FIG(0))r = Z [0®);1G(0)),;

__Ly/8 _
_ i for k=0
——=cos(ZE) ZLM cos< nk j> — —=sin(ZF) Z;M sin( nk j) for k # 0
VL I j=1 (L/4) VL L j=1 (L/4) '
(2.48)

For k € {1,..,L/2 — 1}, the summations over cos and sin can be evaluated exactly, to get:

Lf ( ok ) 0 ifk € even
cos | ——=j | =
‘= (L/4) ~1 ifk € odd
i _ (2.49)
z/:sﬂl ( ok j) - 0 if £ € even
= (/4 cot (%) if k € odd.
Therefore at t = 0, and for k € odd, the mode occupancy is:
~ o1 k 1 . [(7k\ cos(2nk/L)
=0 = 7pen (7 ) = 7 (7 ) ey
1 k 1 . [(7k cos(2mk /L)
=—cos|— | ——=sin| — | —
VL L VL L ) 2sin(nk/L) cos(wk/L) (2.50)
1 (2cos*(nk/L) — cos(2mk/L) '
VL 2 cos(mk/L)
1 (2cos?*(nk/L) —2cos*(nk/L)+1\ 1 1
VI 2cos(mk/L) ~ 9y/Lcos(rk/L)’

Therefore, to summarize, the initial state of the bond length vector in the eigenbasis {|v(k))}
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is,
—V2L/8 for k=0
Gr(r=0) = 0 if k € even

=B if k€ odd

for k # 0.

Using this result, the bond length variables at time 7 = 2At can be obtained as

L/2—1
Gy(1) = Z f&ﬁle’\(k)Ték(T =0)

k=0
1 1 = 7T]€(2p— ) )\<k)TG ( )
4 N L
11 Tk(2p—1)\ ), Tk
R Z (—)6 «(7)
1 1 2npk k\ . 2mpk O™
1 de( ( )—i—tan(L)sm(L)>e .

(2.51)

(2.52)

At sufficiently late times, low-lying modes (k < L) dominate the dynamics and higher

modes k ~ O(L) decay to zero. Hence, small angle approximation holds for wk/L, i.e., the

approximations (i) A*) ~ —472k?/L?, (ii) tan(wk/L) ~ nk/L hold, and one obtains,

1 1 2mpk k 2mpk an 22
Gp(t) = —— 17 Z <COS (%) + 7Tfsin (%)) e T

4
k€odd
1 1 27Tpk _47r2k27,
N—Z+Z Z Cos( I )e L2
keodd

The second term on the RHS is denoted as H,(7), and is solved as follows,

1 2mpk 7252
=73 ( i )
k€odd
L/2 1

2mpk an252 1 2mp(2k 2 (2k)2
()1 ()

21
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In the limit L — oo and p < L, the summations above can be approximated as integrals,

1R fompk e, 1 ([ Lo cos(pa)e=T — e

- CcOS e L ~ — X COS(px)e = ————€

L L 2m Jo P 4/7T

k=0
s (2.55)

1 27rp(2/€) —74"2]53]“)27' 1 > d ( ) —x2r 1 —p2 /4T
- oOS| —— | € ~ — T COS\ DX )e = ————€
L & L dn P 8T ’

which gives the profile of the bond length variables G,(t) for the dephased, tight-binding

lattice setup,

1 2
+————e P /AN for p < L. (2.56)

SV TAL

Hence the bond length variables exhibit a Gaussian profile. Additionally, recall that A =

1
Gp(t) ~ 1

2J%/~ is the effective diffusion constant of the system.

2.3 Bosonic four-point correlator dynamics

The four point correlator on a Bosonic lattice in the site basis is defined as:
Frnnpg(t) = Tr [p(t)éinéjzépéq} (2.57)

where ¢,,(¢l ) is the Bosonic annihilation(creation) operator at site m. The microscopic

equations for the dynamics of the four-point correlator can be obtained from Eq. ([2.3),

%anpq —1 <[ I el éncy, A]> Z’y (<nlc cpcqnl> - 1<{nl,éjnif cq}>>

—isY +Fon(ptj)g + anp(flﬂ) — Flntjynpg — Fmn+i)pg (2.58)
B 7]~
J#0
+ Y (00 + 0 + 60+ 67 — 0 — 08 — 2) Frpg-

Here, the lattice site indices are understood to be in mod L arithmetic, a consequence
of periodic boundary conditions of lattice setup. The first term on the RHS in the above
equation represents the standard unitary contribution and exhibits translational invariance,
whilst the second terms contributes to dissipation and represents the local particle number

dissipation.
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2.3.1 Effective equations for Bosonic four-point correlator dynam-

ics

As described in section[2.2.1, the four-point correlators are the elements of the density matrix
confined to the two-particle Hilbert space Hs, when the density matrix is written in the two-
particle site basis {|mn)}, where |mn) = éf ¢! |0). The four-point correlator matrix diagonals
are identified as the diagonals of the two-particle density matrix in this site basis, and are
of the form F),,;n or Frpnnm, where m = n is allowed. The standard Bosonic commutation

relation confers the following symmetry to the four-point correlators:
anpq - anpq = anqp = anqp (259)

Hence, there are ((g) + L)2 linearly independent four-point correlators, out of which (g) + L
are the four-point correlator diagonals. Under the conditions of strong dephasing (v > J),
the off-diagonal elements relax to zero, much before the system attains equilibrium. Hence at
late times (¢ > 1/7), the dynamics can be effectively described by a classical Markov process
involving only the diagonal elements. The off-diagonals can be adibatically eliminated in the

slower time scale { = Jt, to obtain these equations.

The microscopic dynamical equations of the four-point correlator diagonals of the form

Frnmn(m # n) reads

+(L/2-1),L
_anmn — _i_,lJ Z (m-+y) ( +]). (m-+j) (n+3) ' (260)
dt = |71

Only the off-diagonals of the four-point correlator matrix appear on the RHS of the above

equations. To understand better, the form of these off-diagonals, the summation can be split

as follows:
+£(L/2-1),L
Bl A J J J mnnn nnmn
z P> Fig T el
J==*1
sEnm (2.61)
+(L/2-1),L
+iJ Z anm(n+j) - Fm(n+j)mn 4 Frnmm — Fommn
i m—n]
j#m—n
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Following the prescription described in section [2.2.1, the off-diagonals appearing the above

equation can be obtained in terms of the diagonals:

Fn(m+in = %]
Flantjynmn = %]

anmn - F(m+j)n(m+j)
11"
F(erj)n(erj)n - anmn

11"

anmn - Fm(n+j)m(n+j)

141"

Fm(n+j)m(n+j) - anmn

11"

E, mnnn —

anmn =

anmm =

memn =

-F mnmn + F, mnnm F, nnnn

im —n|" ]
F, nnnn ~ F, mnmn ~ F, nmmn-

jm —n|" ]
-annm + anmn - memm-
I im —n|" ]
-memm - anmn - anmn-
I jm —n|" ]

(2.62)

Substituting the above in Eq. (2.61]) gives the effective equation of motion of four-point

diagonals of the form F,,,mn, where (m # n),

2
Y

dt
(2

J2

v

J#n—m

J#Fm—n

D

D

F(m+j)n(m+j)n - anmn 2annn - 2anmn - annm - anmn
Fik m —n|*

Fm(n+j)m(n+j) - anmn 2memm - 2anmn - annm - anmn
51 [m — n|* '

(2.63)

Now, the microscopic dynamical equation of the diagonals of the form F},,,.mm 1S given as,

d

dt

mem(erj) - F(erj)mmm -

me(erj)m +
z

11"

Following the same prescription as above (and as described in section [2.2.1), the off-diagonals
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on the RHS in the above equation can be written in terms of the diagonals,

Ja o Z;] _memm - F(m+j)m(m+j)m - Fm(m+j)(m+]‘)m—
mm(m+j)m — =
Tl 7] ]
Jai o Z;] memm - Fm(m+j)m(m+j) — F(m+j)mm(m+j)
mmm(m+j) — ~ |J|H
J [ - (2.65)
E, i = 2;7 Fm(m+j)(m+j)m + Fm(m+j)m(m+j) — Fovmmm
m(m+j)mm — —
L 7] ]
F 1J F(m+j)m(m+j)m + F(m+j)mm(m+j) — memm
(m~+j)ymmm — 7 ‘]‘#

Substituting the above in Eq. (2.64) gives the effective equations of motion of the four-point

diagonals Fmmm:

+(L/2-1),L
d _ 2 (Fm<m+j>m<m+j) + Frnme+d) meti)m = memm)
mmmm — .12
dt = Vins (2.66)
+(L/2-1),L ’
2J° 3 (F (m)m(m-+)m + Flmsgymm(mes) — memm)
.12
T A Vs

Noting the symmetries of the Bosonic four point correlator, equations (2.63)) and (2.66]) can

be written together as,

+(L/2—1),L . iy
qp - mnmn = T
j==+1 ¥
+(L/2-1),L <2'67)
A 7 (1 + 521)Fm(n+j)m(n+j) - (1 + 57T+])anmn
- Z | ~|2,u )
j=+1 J

where, A = 2.J2 /7 can be identified as the diffusion constant. The above equations effectively

describe the dynamics of the Bosonic four-point correlator diagonals in time scale ¢ > 1/7.

2.3.2 Bond length equations for Bosonic four-point correlators

Akin to the case of Fermionic four-point correlator diagonals (Sec. [2.2.2), the “bond length”

of a Bosonic four-point correlator diagonal F,,,,,.,, is defined as the distance d(m,n) between
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lattice sites m and n. On a periodic lattice with L sites, d(m,n) = min(|m — n|, L—|m — n|),
and can take values {0,1,---, L/2}. For the alternating state |{ay) = Hﬂi(é;m)M |0), with
M bosons on all sites with even indices, all bonds with d(m,n) being odd have one site
unoccupied and the other occupied with M bosons. Whilst, all bonds with d(m,n) being
even have either both sites unoccupied or both sites occupied with M bosons. These points,
along with the translational invariance of the effective equations (Eq. , support the

following claims:

— Given a value p € {1,3,..,L/2 — 1}, the values of all diagonals F,,,m,(t) with bond
length d(m, n) = p are identical throughout the dynamics, and we label these as G\ ().
That is, Fio1o = Fazo3 = -+ = Fprip1 = G(()l), Fiyy = Fosgs = -+ - = F(L—3)1(L—3)1 = Ggo)
and so on for p=5,7,--- | L/2 —1

— Given a value p € {0,2,4,---,L/2}, the values of all diagonals F,,,,(t) with (i)
bond length d(m,n) = p and (ii) both sites occupied in the initial state are identical
throughout the dynamics, and we label these as G;l). That is, Fyo99 = Fyygy = -+ =
Froon = Gél),F2424 = Fugas = -+ = Fropo = Ggl) and so on for p=4,6,---, L/2.

— Given a value d € {2,4,---,L/2}, the values of all diagonals F,;,m,(t) with bond

length p(m,n) = d and both sites unoccupied in the initial state are identical through-

out the dynamics, and we label these as Gf). That is, Fij11 = F3333 = -+ =
F(L—l)(L—l)(L—l)(L—l) = G(()Q),Flzm = F3s35 = -+ = F(L—l)l(L—l)l = G§2) and so on

for p=4,6,---  L/2.

The above rules define a bijection between the set of Bosonic four-point correlator diagonals
{Fynmn} and the set of bond length variables {G,(JO)’(U’(Z)}. Using this map on the effective
equations of bosons (Eq.[2.67), and substituting the diagonals F},,m, with appropriate bond

length variables Géo)’(l)’@), gives the following equations,

For p = 0:
d
ZG =20 N7 U,y (26 = GY) 420 Y Uy (269 -G) (268)
p’'—odd p'—odd
p'#p p'#p
d
ZGH =2\ N Uy (265 = GP) 420 Y Uy (2G§> - G](f)) (2.69)
p’'—odd p’'—odd
p'#p p'#p
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For p > 0:

%Gg —20 Y U, (

p'—odd
p'#p

=20 " Uy (G

p’'—odd
p'#p

P20 Y Uy (G

p’'—odd
p'#p

Gl + G?,
1+5”)G°) +20 > Uy (%—
odd
pp_’;ép

(1 +5§’)G3)

(2.70)
1+5P)G1)+2A S U <G >—<1+5{;’)G§}>) (2.71)

p’'—odd
p'#p

— (144 G2)+2A > pp< ¥

p’—odd
p'#p

— (1+6)G® ) L (2.72)

where A = 2J2/~ is the diffusion constant, and the elements of the coupling matrix Uy, is

given as:

1
I’ —p|**

Upp’ =

|l —p|#

Particle number fluctuations on a domain {1,2,---

A\ 2 ~
<h> where h = Zf\il n; counts the number of particles in the domain {1,2,---

+ (p+p')2H

(L—(p+p"))2+

for p' =0, L/2

forp+p' < L/2 (2.73)

for 0 <p' < L/2
1 forp+p' > L/2

, M} of the lattice, wy (L, t) = <i12> -

, M}, can

be written in terms of the bond length variables as,

M—-1

0 AP +alP & -
M(Lvt) = _MG((] ) Z (M—p)GéO)— Z (M p)T""Z Drum [1 - ZDnn] )
n=1

p=1
p—odd

p=1 m=1

(2.74)

where, D,,,,, = <éiném> are the diagonals of the two-point correlator matrix, as defined in Sec.

2.1] In the expression of particle number fluctuation, for bonds of even length, the occupied

(GMW) and unoccupied (G®) bonds contribute equally. Hence, for purposes of computing

particle number fluctuation, the following representation can be used:

G, =

G for p € odd
“t——— for p € even
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Finally, the equations of the bond length variables {G,} can be obtained via averaging

Egs. (2.68) and (2.69) for p = 0 and Egs. (2.71) and (2.72) for p > 0, which gives,

L2
d ,
ZGy =20 Uyy ((1 LGy — (1 +55)Gp), (2.76)
=0
i’sﬁp

where, the coupling matrix U,y is as defined in Eq. . As can be seen, the size of the
generator of the bond length equations Eq. grows as ~ L?. This provides a significant
numerical advantage for computation of four-point correlator dynamics, over the effective
(Eq. and microscopic (Eq. equations, size of the generators of which grow as ~ L*

and ~ L8, respectively.
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Chapter 3

Results

3.1 Single particle dynamics

Given the quadratic nature of the Hamiltonian and the jump operators in Eq. (2.2)), a single
fermion and boson behave identically on the lattice system. Mathematically, this is reflected
in the identical equations of motion of the fermionic and bosonic single particle density

matrix (Eq. . Hence, what follows in this section holds for fermions as well as bosons.

To study the dynamics of a single particle on the dephased long-range lattice system, the
lattice is initialized in a pure state with a single particle localized at site mo, |1o) = &l |0).
Under the strong dephasing assumption, the effective equations for the single particle density
matrix is given by Eq. (2.17). As described in section [2.1.1, the effective equations decouple

2w

in the Fourier space, defined as, D) = %anzl e" L™ D,..., where, k can take values
k€{0,1,---, L —1}. Further, the initial state [¢) = ¢f,, |0) in the Fourier basis reads as,

Dyt =0) = —=¢ T ™m0k (3.1)

o 2 (m—mo)k .~ B(k)t (3.2)
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where, F(k) is the spectrum of the effective equations of the two-point correlator (derived

in section and is given as,

B = (158 (;»Tik/L)+zL_/2e)ZZ“ . (3.3)

Here A = 2J%v is the diffusion constant of the effective equations of the two-point correlators.

3.1.1 Early time density profile

—O—At =100 —e—At=10"2% At = 10723
& (b) p=1.7
107"
= =
~ >~ 107*
= =
& S
Q Q 10—7
10710
m —my m —1my

Figure 3.1: Density profile for a single particle initialized at site my, at early times (t < 1/A),
for two different values of hopping exponent (a)u = 1.2 and (b)u = 1.7. The hydrodynamic
tail Dy, ~ 1/|m — mg| is a characteristic of long-range lattices with power-law hopping.

At early times ¢ < 1/A, the propagator e ®®)?* can be approximated till linear order, to
give the density profile,

1L
D (t) = 7 ¢ £ (m=mo)k o=~ E(k)t
k=0
= y Lol (34)
27i 27
~ et (mmmok(1 — B(k)t) = o1 — 7 et mmmolk B (L)



The summation on the RHS solves as follows,

~

—1
T mmmolk (k) = 4A
0

L—
Z L (m=mo)kgip 2(njk/L)

k=0

"Mw\h

£
Il

<
Il
—

= QAZ o Z e’L (m=mo)k (1 —cos(2mjk/L)) (3.5)

j= 1

R R
_QAZ']T;L(amO_ 0 2 0 )

j=1

Therefore, at early times (¢t < 1/A), the density profile is given as,

Do (1) — 2At ZL/Q Q%L for m = my. (3.6)
At om for m # my.

[m—mo[™*
Where, my is the site index of the initial excitation. The ~ 1/|m — mg|* density profile is the
so called "hydrodynamic tail” of the excitation, and is a characteristic feature of long range
lattices [58] [72]. In fact, these hydrodynamic tails appear at all times on the lattice system,
at sites far away from the initial excitation site (Sec. m Figure plots the density
profile on the lattice system, obtained via numerical integration of the effective equations
(Eq. ), starting from the localized single particle state, clearly showing the presence of
hydrodynamic tails at early times (¢t < 1/A).

3.1.2 Density profile at finite time

The effective equation Eq. (2.17]) dictates the rate for hopping of the initial excitation at site

myg to site m, given as

Wngosm = % (3.7)

|m — mg|™
This rate sets the time scale 7(m) for hopping of the initial excitation to lattice site m,
T(m) = 1/Wpy—m- At arbitrary time ¢, for lattice sites m far away from the initial excitation,
such that ¢t < 7(m), the density profile is governed by single hopping events and is given by
the hydrodynamic tails. That is, Dy (t) = At/|m —me|* for t < 7(m). For lattice sites

m near the initial excitation, such that ¢ > 7(m), Refs. [58, [72] provide a solution to the
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density profile, which is given as follows,

|m—mg|?
T for p>1.5
D (1) & { 8V ™Dut (3.8)

1 m—m,
87r(DMt)*1/(2M*1)‘FM ((D,Lt)l/(2?4|*1)> for p < 1.5.

Here, the constant D, is proportional to the diffusion constant A, and the scaling function
Fu(y) is given by, F,(y) = fj;o dk eIk Therefore, at sites near the excitation,

the density profile shows the universal behaviour,

1 |m — mg|

with some scaling function f(y), and the value of the scaling exponent is given as,

2u—1 for p<1.5
=t s (3.10)
2.0 for p>1.5

Figure [3.2] plots the density profile on the lattice system, starting from a single excitation
at site mg and illustrates (i) the self-similar behavior (Eq. of the profile near the initial
excitation site mg and (i) hydrodynamic tails ~ 1/|m — mg|* of the profile at sites far away

from my.

3.1.3 Moments of the density profile

The n-th moment, (z") (¢), of the density profile D,,,(t) of a single exciton initialized at
site myg is defined as:

(@) () =Y (m = mg)" Dy (t) (3.11)

m=1
Given the symmetric nature of the density profile D,,,,(t) about the initial excitation site
myo, all odd moments of the profile are zero at all times. The moments of the distribution
may be obtained from the characteristic function K(g,t) of the density profile, defined as,
K(g,t) = Zﬁlzl elatm=mo) p (1), for real number q. Expanding the exponential in the above
equation gives the relation between the characteristic function K(q,t) and the moments
{(z™) (t)} of the profile, K(¢,t) = S°°° Y (37) (¢). Therefore the moments can be written

n=0 n!
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Figure 3.2: Plot for density profile D,,,, vs |m — mg| on the lattice system, starting from
an initial excitation at mg, obtained via numerical integration of the effective equations
Eq (2-17)). (a) and (c) show the scaling behaviour of the density profile, D,,, =
= f(Im —mg |/t'/%), at sites m near the initial excitation site mg. Scaling the y and x
axes by t'/# and 1/t'/# shows a perfect collapse amongst the profile D,,,,(t) at different
times, verifying the scaling behaviour. The value of scaling exponent is z = 2y — 1 for
p < 1.5 and z = 2.0 for p > 1.5. (b) and (c) show the hydrodynamic tails of the density
profile D, = At/|m — m0|2“ at sites m far away from the initial excitation site my.

as,

<x2> (t) = _M < 4> 8 K(Q? ) <l’6> (t) _ _86K(q, t)
dq? J —4 ) T

(3.12)
q=0 q q=0 aq6 q=0

and so on, for all even-moments. The equation of motion of the characteristic function can
be obtained from the effective equations for the two-point correlator D, (t). Given the

translationally invariant nature of the effective equations, the equations for K (g,t) decouple
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in ¢ space, and is given as, K(q,t) = e F@! with F(q) = 4A ZL/Z sin (q,f/2 With this, the

temporal growth of even-moments (z?), (z?) , (%) can be obtained as,

() () = 2 ab; @) ! (3.13)
(%) (t) = 3 <a ajf; §q> q0> 249 aqg ) ! (3.14)

3
0?E(q 0?E(q) *E(q 9°E(q

(2%) (t) = 18 ag) 8 —24 ag ai) t2+—ag) t

? |0 ? | ' | R
(3.15)

Further, the derivatives of F(q) can be obtained as,
0*"E(q) n+1 <

dg?" =(=1) QAZ 2(u n) |- (3.16)

Note that at early times ¢ < 1/A, the linear term in Egs. (3.13)-(3.15) dominates, and as a
result, at early times, the moments grow linearly in time. ThlS is illustrated in Fig. [3.3] At
late times, the leading order term dominates, which gives the growth (z?") (t) ~ (Dt)™ for

even moments, where the constant D can be identified as the effective diffusion constant,
82E(q)}

and is given as, D =

For values of hopping exponent p < 1.5, the effective diffusion constant D diverges in
the thermodynamic limit (L — o0), a signature of super-diffusive transport in the regime
u < 1.5. Whilst, for values of hopping exponent p > 1.5, the even moments do not diverge in
the thermodynamic limit and grow as (x*") (t) ~ t™. This is a signature of diffusive transport
in the regime p > 1.5. In fact, in the diffusive regime (u > 1.5), at late times (At > 1),
even-moments of the density profile show self similar behaviour in the form of FV scaling

(as defined in Eq. [L.3). That is, for At > 1,

(z*) = Lf (Li) , (3.17)
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Figure 3.3: Plot for dynamics of even moments (%) = S°F _ (m —mg)? Dy, of the density

profile, obtained numerically. All moments initially grow linearly in time. The collapse in
dynamics on scaling the y and x axes with 1/L®% and 1/L? respectively, along with ¢# growth
confirms FV scaling of even moment (x?") with scaling exponents («, 3, z) = (n/2,n/4,2)

with some scaling function f(y), that shows the limiting behaviour

Bof L*
Y or y<«
fly) =
1 for y>L?

and z = a/B. The scaling exponents for the even moment (z*") is given by (a,3,2) =

(n/2,n/4,2). The limiting behaviour of scaling function f(y), implies the limiting behaviour

t? for t < t*
(%) ~ (3.18)
LY for t > t*,

where, the saturation time scale t* shows system size scaling t* ~ L*. Figure |3.3| plots the
dynamics of even moments of the density profile, obtained via numerically via integrating
Eq. (2.17)), and illustrates (i) the linear growth of the moments for At < 1 (ii) FV scaling of
the moments for At > 1.
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3.2 Fermionic multi particle dynamics

3.2.1 Particle transport

Particle transport, P, (%), is a local observable employed to study multi-particle dynamics
for the domain wall initial condition, |¢pw. ) = ng ¢l 10) . For such an initial condition
particle transport is defined as the number of particles in the right half of the lattice system,
i.e., Pua(t) = an: 1/241 Dmm(t). Under strong dephasing, particle transport dynamics can

be obtained via numerical integration of the two-point effective equations.

As illustrated in Fig. [3.4] particle transport dynamics shows universal behaviour in the
form of FV scaling, for all values of hopping exponent p. That is,

t
Pya(t) = Lf (E) (3.19)
with some scaling function f(y), that satisfies the limiting behaviour

y? for y <1

fly) =
1 for y>1

with 5 = «/z. This implies the limiting behaviour of P,,,(t),

8 for t < t*
Pia(t) ~ (3.20)
LY for t > t*,

where, the saturation time scale t* shows system size scaling t* ~ L*. Further, the infor-
mation of the universality class is encoded in the values of the scaling exponents («, 53, z).
For pu < 1.5, particle transport dynamics shows super-diffusive scaling with exponents values
(v, B,2) = (1.0,1/(2u — 1),2p — 1), whilst for p > 1.5, diffusive dynamics is retained with
exponent values (a, 8, z) = (1.0,0.5,2.0) (See Fig. [3.4)).
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Figure 3.4: Plot for dynamics of particle transport Pua(t) = S22 Dyn(t), of fermionic

m=1
lattices, defined for the domain wall initial state [¢pw.) = [T=/%, & |0), for three different

m=1"m
values of hopping exponent (a)u = 1.2,(b)u = 1.7 and (¢)p — oo. The dynamics show a
collapse upon scaling the y and x axes by 1/L* and 1/L? respectively, along with an initial
~ t? growth, where 2 = a/3. This confirms the FV scaling of the dynamics, with scaling
exponents (a, 3,2) = (1.0,1/(2u — 1),2u — 1) for p < 1.5 and (o, 8, 2) = (1.0,0.5,2.0) for
> 1.5.

37



3.2.2 Bipartite particle number fluctuation

Bipartite particle number fluctuation, w(L,t), is a multi-particle, non-local observable that
quantifies the variance of particle number in one-half of the lattice system. That is, w(L,t) =
<il2> - <ﬁ> where h = Zf/ 27,;(t) counts the number of particles in one-half of the lattice
system. Particle number fluctuation can be written in terms of two-point, D,,,, = <éjnén>, and
four-point, F,npg = <éjnéLépéq>, correlators in the site basis. This requires the decomposition

of <ﬁ2>, in terms of the two and four-point correlator, which can be done as follows,

L/2 L/2
(i) = 37 (i) + 3 (02)
ol mt
L/2 L/2
= Z (NnTin) + Z (M) Since, for fermions 72, = fi,,
ol m=
L/2 LJ2
== > (ehehemen) + Y (Ehém) (3.21)
Mo, m=l
L/2 L/2
== > (el demen) + > (ehe
m,n=1 m=1
L/2 L)2
m,n=1

Therefore, bipartite particle number fluctuation can be written in terms of two and four-point

correlators as,

L/2 L/2 L/2
== )" Fonon® + Y Do) |1 =) D) (3.22)
m,n=1 m=1 n=1

Under the conditions of strong dephasing, the dynamics of F,, ., and D,,,, can be described
by effective equations (2.17) and (2.33]), respectively. The effective equation of two-point

correlator is given as
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+(L/2-1),L/2

d Dn-+j)mt) — Dimm
— Dy = A IR 3.23
dt Z ¥iks (3.23)
j==%1
which can be solved employing Fourier transform, D) = fzm 1 e~ LMk Dy for k€

{0,1,--- , L — 1}, which decouples the effective equations as Dy (t) = e-F®!D;(0), with the
spectrum (see Sec. [2.1.1)

é -1 itk
— A 4zsm /L) 1L/2€)2H - (3.24)

L/ 2 AT . |0), only two Fourier modes,

Starting from the alternating initial condition |ta) = [[,/2
k =0, L/2 are occupied, and the effective equations solve as D m(t) = (1 + ™ e~ EL/2) /9,
Further, the particle number in one half of the lattice remains constant, i.e. ZL/ ® Dy (t) =
Z‘ Thus, starting from alternating initial state, bipartite particle number fluctuation can be

written as
L2

= > Frunmalt) 4L {1 - ﬂ (3.25)

m,n=1

The dynamics of four-point correlator diagonals F,,,n(t) is obtained via numerical integra-
tion of the bond length equations (Eq. , which hold for the alternating initial state and
are derived in section [2.2.2.

Dynamics of saturation— At times t — 0o, the system density matrix p(t), undergoing
the dynamics as described by the LQME Eq. (??), relaxes to the maximally mixed state,
i.e., limy_yoo p(t) o< I, where T is the Identity matrix. For the maximally state, the value of
the four-point correlator F,,m, is given as, Foumn = —(L —2) /(4L — 4) where m # n. This

gives the saturation value of bipartite number fluctuation,

L2
. . L L
fimw(Lt) == 2 1 B (£) 7 [1 B ﬂ
(L/2)(L/2 — 1)2 , (3.26)
= L/4— (L/4
XL-1 /4= (L/4)
~ L[4 for L>1

The deviation A(t) of the bipartite number fluctuations w(L,t), from its saturation value
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limy o w(L, ) is defined as,

im0 w(L,t)] — w(L,t)

A pr—
®) Ty w(L,£)

. (3.27)

At late times (i.e., for times when A(t) < 1072), number fluctuation relaxes exponentially
to its equilibrium value, with decay rate 7,(L). This is illustrated in Fig. [3.5(a),(b) and (c),
which shows exponential decay of the deviation A(t) when A(t) < 1072, for three different
values of hopping exponent p. The rate of this exponential decay, 7,(L), shows system size

scaling with dynamical exponent z,
Tu(L) ~ L7 (3.28)

This system size scaling of the relaxation rate 7,(L) is illustrated in Fig. [3.5(d). Fig. [3.5(¢)
plots the values of the dynamical exponent z against the hopping exponent u. From this,
the dependence of the dynamical exponent z on the hopping exponent p can be concluded
to be
2u—1 for p<1.5
=t s (3.29)
2.0 for p>1.5
which indicates super-diffusive non-equilibrium dynamics for u < 1.5 and diffusive non-

equilibrium dynamics for 1 > 1.5 with crossover happening at pu ~ 1.5.

Family Viscek (FV) dynamical scaling— Fig. [3.6{a)-(c) plots the dynamics and eventual
saturation of bipartite particle number fluctuations w(L,t) for three representative values
of the hopping exponent p = 1.2, p = 1.7 and p — o0, respectively. For each case, the
dynamics for different lattice sizes L exhibit excellent data collapse upon rescaling w(L, t)
and t axes by 1/L* and 1/L*, respectively, with the saturation exponent @ = 1 and the
dynamical exponent z given by Eq. . Additionally, at times ¢t < 7,(L) ~ L?, the
fluctuations grow as w(L,t) ~ t°, with 8 = a/z. These results confirm the Family-Vicsek

(FV) scaling of bipartite particle number fluctuations, given by

t
w(L,t) =Lf (E) : (3.30)
where, the scaling function f(y) satisfies the limiting behaviour f(y) ~ y® for y < 1 and
f(y) ~ 1 for y > 1, with 8 = a/z. This implies the scaling 02(L,t) ~ t° in the limit
t < L?. Thus, particle number fluctuation dynamics show FV scaling with super-diffusive

exponents (o, 3,z) = (1.0,1/(2u — 1),2u — 1 for p < 1.5 and diffusive scaling exponents
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(o, 8,2z) = (1.0,0.5,2.0) for p > 1.5. Further, as reported in the appendix particle
number fluctuation dynamics show FV scaling with the same scaling exponents also for
the domain wall initial condition, highlighting the robustness of the universality class with

respect to the choice of initial state.

Derivation of Family Viscek (FV) scaling exponents for tight-binding (u — o0)

lattice setup

As previously shown, the bipartite particle number fluctuation equilibrates to the saturation
value w(L,t — oo) ~ L. Hence, for all values of hopping exponent, the value of spatial
exponent is a = 1.0. In section, the bond length representation for the four-point correlator
(Sec.[2.2.2) is used to analytically establish the value of the dynamical scaling exponent (%)
and diffusive growth of bipartite number fluctuations w(L,t) ~ t°, with 3 = 0.5 for the
tight-binding lattice setup.

The bond length equations for the tight-binding lattice (derived in section [2.2.2) can be
written as,

d
21G) = 20U, [, (3.31)

Further, in appendix [A] it is shown that in the thermodynamic limit (L — co) the generator

U, o can be approximated as the symmetric fJu_m, where,

-11 0 0 ... 0
-2 1 0 ... 0
0 1 -2 1 ... 0 0
Upoo = | oo oo . (3.32)
0O 0 ... 1 -2 1 0
0 0 0 1 -2 1
0 0 0 0 1

L/2xL/2
The eigenvalues {\(*)} of the symmetrized generator U, is given as [96], \®) = —4sin® (”Tk
where k = 0,1,--- ,L/2 — 1. Further, the alternating initial state, in the eigenbasis of the
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Figure 3.5: (a),(b) and (c): Exponential decay of deviation of particle number fluctuation,
defined as A(t) = 1 —w(L,t)/w(L,t — 00), for A(t) < 1, with decay rate 7,(L). (d) System
size scaling of the decay rate 7,(L) ~ L?, for three different values of hopping exponent
w =12 p = 17 and p — oo. (e) Dependence of dynamical exponent z on hopping
exponent i, showing a crossover from super-diffusive dynamics (z = 2u — 1) to diffusive
dynamics (z = 2.0) at p~ 1.5
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Figure 3.6: Plot for dynamics of bipartite particle number fluctuation w(L,t) = <h2> — <h> ,

with h = Zf:/ 27;(t), of fermionic lattices, starting from the alternating initial state [1a) =
an/j L é510), for three different values of hopping exponent (a)u = 1.2,(b)u = 1.7 and
(¢)pt — oo. The dynamics show a collapse upon scaling the y and x axes by 1/L* and 1/L?
respectively, along with an initial ~ ¢# growth, where z = o//3. This confirms the FV scaling
of the dynamics, with scaling exponents (o, 8, 2) = (1.0,1/(2u — 1),2u — 1) for p < 1.5 and
(e, B,2) = (1.0,0.5,2.0) for u > 1.5.
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symmetrized generator fju_m, is given as (see Sec. [2.2.2),

—V/2L/8 for k=0
Grt=0) = 0 if k € even (3.33)
wec(m/L) - for k > 0.
=t ik —odd
The time scale of equilibration of the bond length equation (and hence, of bipartite number
fluctuation w(L,t)) is determined by the lowest occupied non-zero mode. Since the spectrum
AK) satisfies the inequalities A(¥) < 0 for k > 0 and |A\FV| < [A\*2)| for k; < ko, the saturation
time scale of bipartite number fluctuation, 7,,o(L), is determined by the & = 1 mode. That
is, Tysoo(L) = 1/‘)\(1) | In the limit L > 1, this gives the system size scaling of the saturation
time scale, 7, (L) & L?/47?. By definition of the dynamical exponent 7, (L) ~ L?, one

obtains the value of the dynamical exponent z = 2.0.

The profile of the bond length variables for the tight binding setup (u — o0) in the
thermodynamic limit (L — oo) at late times (At > 1) is derived in section [2.2.2 to be
Gp(t) = —1/4+ Hp(t), where,

(t) ~ —e /A (3.34)
8v At
Bipartite particle number fluctuation w(L, t) can be written in terms of bond length variables

as

L)2

w(L,t)=-2)" (g —p> Gp(t) + L/4 — (L/4)?

. (3.35)
L/2 I {
= -2 — - —= + Hy(t L/4— (L/4)?
2(2 p) (~1+ () + 11— @/
The summation over H, can be written as follows,
L2 o 7 L2 P /1At L2 e I
3 (5 _p) EAOREE=) ey o R (3.36)
= S 8VmAt L 8VrAt 16/t

Since the above expression holds for the limit At > 1, the summations can be approximated
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as the following integrals,

LZ/Q (L )H (t) - /L/Z\/Eal%‘ewz/4 \/E/L/zmd r-e /4 L
_ ~ — S — €T . J—
i\ 2 b 16v/7 Jo 8v'm Jo 16v/TAt
(3.37)
which upon taking the limit L/vAt > 1, i.e., t < L?/A gives,
L)2
L L [ At
- — H,(t) x — — 4/ — 3.38

Substituting the above in the expression for bipartite number fluctuation (Eq.3.35) gives,

L/2

w(L,t)=-2)" (g —p> G,(t) + L4 — (L/4)?

L/2 L/2

- Z% -2) (g—p) H,(t) + L/4 — (L/4)* (3.39)
~ L?/16 — L/8 — L/8 + +\/At/(27) + L/4 — (L/4)?

Y

“Viar

Hence at times At > 1, but much before saturation (i.e., L/v/At > 1), bipartite particle
number fluctuations grow as w(L,t) ~ t%5, thus confirming the diffusive growth of particle

number fluctuations and the value of diffusive exponent g = 0.5.
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3.3 Bosonic multi particle dynamics

3.3.1 Bipartite particle number fluctuations

Akin to the case of fermionic lattices, bipartite particle number fluctuation w(L, t) is defined
A \ 2
as the variance of particle number in one half of the lattice system, i.e., w(L,t) = <h2> — <h>

where h = ZL/ 2#,;(t) counts the number of particles in one half of the lattice. In terms of
the bosonic two-point D,,, = <éjﬂén> and four-point correlator F,,,, = <éinéflépéq>, <i12>

can be written as follows,

L/2 L/2

<iLQ> - Z <ﬁmﬁn> + Z <ﬁ2n>

m,n=1 m=1
m#n

L2 L/2

= 3 (ehélintn) + 3 (2hin)

m,n=1
m;én

LJ2 LJ2

= Z <C Can>+Z<C cmc Cm> (3'40)

m,n=1
m;én

L)2 L/2 L/2

- Z <c cmcn> + Z <c Cm0m> + Z <c Cm>

m,n=1
m;én

L2 L/2

m,n=1

Therefore, bipartite particle number fluctuation can be written in terms of two and four-point

correlator as,

L/2 L/2 L/2
= ) Fonmn(t) + > Dyn(t) |1 =D Dia(t) (3.41)
m,n=1 m=1 n=1

The dynamics of bipartite particle number fluctuation is studied under the strong dephas-
ing condition (y > J), starting from the alternating initial state, defined as [tay) =
HL/ > el |0). Since the two point correlator for fermions as well as bosons, behave identi-

m12m

cally, the number of particles in one half the lattice remain constant, i.e. ZL/ ? Dy = L/4.
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And bipartite number fluctuations can be written as, w(L,t) = Zm/m:l Frmn (t)+2 [1 = £].
The dynamics of four-point correlator diagonals F,,,n(t) is obtained via numerical integra-
tion of the bosonic bond length equations (Eq. , which are derived in section [2.3.2 and

hold for alternating initial state.

Family Viscek (FV) dynamical scaling— Fig. ﬂplots the dynamics and subsequent sat-
uration of bipartite particle number fluctuations on bosonic lattices, for three representative
values of the hopping exponent p = 1.2, 4 = 1.7 and p — 00, respectively. For each value of
11, the excellent collapse in the numerical data for different lattice sizes L upon rescaling the
w(L,t) and t axes by 1/L® and 1/L?, along with the initial w(L,t) ~ t® growth, confirms the
FV scaling of bipartite particle number fluctuations on dephased long-range lattice system
consisting of bosons. Further, the value of the scaling exponents («, 3, z) are identical to the
case of fermions (see Sec. m That is, (o, 8,2) = (1.0,1/(2u—1),2u — 1) for p < 1.5 and
(o, B8, 2) = (1.0,0.5,2.0) for p > 1.5. Thus, particle number fluctuation dynamics in bosonic
systems exhibit super-diffusive dynamical phase for © < 1.5 and diffusive dynamical phase

for p > 1.5, with the cross-over happening at u ~ 1.5.
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Figure 3.7: Plot for dynamics of bipartite particle number fluctuation w(L,t) = <h2> — <h> ,

with h = Zf:/ 27;(t), of bosonic lattices, starting from the alternating initial state |1b,) =
an/j L é510), for three different values of hopping exponent (a)u = 1.2,(b)u = 1.7 and
(c)p — oo. The dynamics show a collapse upon scaling the y and x axes by 1/L% and
1/L? respectively, along with an initial ~ t? behaviour, where z = /3. This confirms the
FV scaling of the dynamics, with scaling exponents (o, 3,2) = (1.0,1/(2u — 1),2pu — 1) for
w<1.5and (o, f,z2) = (1.0,0.5,2.0) for > 1.5.
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Appendix A

Approximate generator for
tight-binding fermionic bond length

equations

In section [2.2.2, the bond length equations for the tight-binding (@ — oo) lattice setup,

L1G) = 2AU,,_,|G), is approximated with the symmetrized generator U, oo,

-1 1 0O o0 ... 0
-2 1 0 0 0
0 1 -2 1 ... 0 0
Uisoo= | .. oo o . (A1)
0 o ... 1 -2 1 0
0 0 0 1 -2 1
0 0 1 -

L/2xL/2

This section shows that this approximation holds in the thermodynamic limit (L — o0).
The approximation claims that, given an initial state |G(t = 0)), the dynamics generated by
U, and ﬁ#_m, for a bond length variable G, (t), converge in the limit L — oo, provided
that p is finite. That is,

lim (p| =" |G(t = 0)) = lim (p| %= |G(t = 0)), (A.2)
—00

L—oo

29



where the vector |p), |p) ;= (513;, extracts the p-th element from the dynamics generated by

U, 0r Uy

To show that Eq. (A.2) holds for finite values of p, one needs to show that p-th rows of
eUnsot and eUn—=t are identical in the limit L — oo. These propagators can be approx-

imated to arbitrary precision by choosing an arbitrary upper cut-off m in the their series

expansion,
"1
Upsoot Ao E
e ¢ tN EUZ—motn (AB)
n=0
N m 1
Upsoot ~ 3
eUn—oot oy EUZ_,OOt" (A.4)
n=0

Further, note that the tridiagonal structure of the generators U,_,,, and fLHOO implies,

(plUp =l U, for p<L—n. (A.5)
Hence, in the limit L — 0o, one may choose arbitrarily high cut-off m in the series expansions
Egs. (A.3)) and (A.4]), whilst keeping the p-th rows of the propagators identical. Which proves

the result,
lim (p|eY#=>" = lim (p|eY»~>' for finite values of p (A.6)
L—o0 L—oo
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Appendix B

Particle number fluctuation dynamics

in closed long-range hopping lattices

In this section, bipartite particle number fluctuations w(L,t) = <iz2> — <ﬁ>2 on a long-
range hopping fermionic lattice, closed to environmental interactions, is studied. The lattice
system is modelled by the Hamiltonian given in Eq. .Given the quadratic nature of the
Hamiltonian, applying Wick’s theorem, all observables can be written in terms of two-point
correlators D,,,, = <é;fnén> Bipartite particle number fluctuations can be written in terms

of two-point correlators as follows,

2\ 2 L2
w(L,t):< Zn >— <Zn>

L/2 L/2
=3 (ung) = Y (fa) (Ay)
ij=1 ij=1
L/2 L2 L/2 (B.1)
=D (@) + Y (i) = D () (i)
i=1 i,j=1 ij=1
i#]
L)2 L)2 L)2
= () + > (i) — Y (i) ()
=1 2,7=1 7,7=1
i#]
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Applying Wick’s theorem to the 4 point correlator (n;n;) (i # j):

)= {de) () — (dle) (2,) (32

Hence, the last two summations in the expression for w(L,t) solve to:

(i) = (eleicle;

L/2 L2 L/2 L/2 L2

D (i) = Y () () = > <Cjcz> <;J> -y <CIC]> <ch> -y <CZTCz> <;a>
i,j=1 ij=1 i,j=1 i,j=1 i,j=1
i#] i#] 1#]
L/2 L/2
- () (00}~ 5 (e )
ij=1 ij=1
i=j i#j
L/2
(]
1]
ij=1
(B.3)
Putting the above solution in the expression for w(L,t) gives,
L/2 L/2 )
w(L,t) =Y () — > |[(ele;)
i=1 ij=1
L/2 L/2 (B'4>
2
= Dult) = > |Dy(t)|
i=1 ij=1
Now, the unitary evolution of the two-point correlator can be written as
d .
=D = =i [cincn Hb
+(L/2-1),L/2 (B.5)

: Drntj) = Dim+jin
=i 2 I
j==+1

The long-range Hamiltonian (Eq (|1.1))) exhibits translational invariance and this symmetry
is conferred upon the dynamical equations for the two-point correlator Eq. (B.5). Hence,
the latter decouple in the momentum space, defined by the Fourier transform, [71«11@ =

% Zﬁf,f:o e_%(klmJ“kQ”)Dmm where ki, ky = 0,1,--- , L — 1. The equations of motion in the

62



momentum basis can be obtained as follows,

d ~ 271'1 d
k1k2 - g e (kimtkan) dtDmn
m,n=0
+(L/2-1),L/2 11 L-1
. _ 2 (lm, n
=1qJ E = g e L (kmths )(Dm(n+j) - D(m-i-j)n)
j|m L
j==1 m,n=0
+(L/2-1),L/2 2mip L-1 B.6
e L 1 2mi ( . )
. - — = (kym+kan)
= ZJ . E —|J|“ I, g e L Dmn
j==%1 m,n=0
+(L/2-1),L/2 @kgj L—-1
e L 1 2ms
o - 7—(k1m+k:2n)
v L2 Drn
j==%1 m,n=0

= i(E(k1) — E(k2)) Dyyho,

Where E(k) is the spectrum of the Hamiltonian (Eq[L.1]), and is given as

B cos(2rk ek
E(k) =27 ; (zjfj/LH(L/Q)M (B.7)

Hence at arbitrary time ¢, the two-point correlator in the momentum basis is given as,

Dkll@ <t> - ei(E(kl)_E(k2))tDk1k2 (O) (B8)

The dynamics of bipartite particle number fluctuation w(L, t) is obtained via numerically
solving Eq. . Figure illustrates the Family-Viscek (FV) dynamical scaling of bipar-
tite particle number fluctuation dynamics, for all values of hopping exponent p. As opposed
to the case of dissipative systems, the value of the hopping exponents has no impact on

the universality class of the scaling and the scaling exponents always take ballistic values,

(e, B, 2) = (1.0,1.0, 1.0).
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Figure B.1: Plot for dynamics of bipartite particle number fluctuation w(L,t) = <h2> — <h> ,

with h = ZZL:/ f n;(t), of free fermionic lattices, starting from the alternating initial state
) = [T/, &l |0), for three different values of hopping exponent (a)u = 1.2,(b)u = 1.7

m=1 "2m
and (c¢)u — oo. The dynamics show a collapse upon scaling the y and x axes by 1/L* and
1/L? respectively, along with an initial ~ ¢’ behaviour, where z = /3. This confirms the
FV scaling of the dynamics, with ballistic scaling exponents («a, 8, z) = (1.0,1.0, 1.0) for all

values of hopping exponent .
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Appendix C

Initial state dependence of particle

number fluctuation dynamics

In this section, dependence of initial state on the dynamics of bipartite particle number
fluctuation on a long-range fermionic lattice (Eq (2.1))) with particle number dephasing at
each site (Eq (2.2))) is discussed. In the main text (Sec)3.2.2), Family-Viscek(FV) dynamic

scaling of bipartite number fluctuation dynamics, starting from the alternating initial state

|Vare) = H{;L/j L& |0) is established. An initial state that can be taken as extreme example
to the alternating state, is the domain wall state, defined as |ipw.) = Hﬁﬁ Leho).

Under strong dephasing conditions, the dynamics of the two and four-point correlators
can be effectively described by Egs. (2.17) and ([2.33)), respectively. These are numerically

integrated to obtain the dynamics of bipartite number fluctuation.

Figure [C.1[a)-(c) plots the dynamics of bipartite particle number fluctuation, starting
from the domain wall initial state, for three representative values of the hopping exponent
p =12 = 1.7 and 4 — o0, respectively. Identical to the case of alternating initial
state, particle number fluctuation dynamics starting from the domain wall state show spatio-
temporal universality in the form of F'V scaling, with the exact same scaling exponents. That
is, (a, B,2) = (1.0,1/(2u — 1),2pu — 1) for p < 1.5 and (o, 5, 2z) = (1.0,0.5,2.0) for p > 1.5.
This result, thus highlights the robustness of the FV scaling universality of particle number

fluctuation against the choice of initial conditions.
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Figure C.1: Family-Viscek(FV) scaling of bipartite particle number fluctuation w(L,t) dy-
namics, starting from the domain wall initial state. For (a)u < 1.5 the scaling exponents are
super-diffusive, whilst for (b),(c)u > 1.5 the scaling exponents are diffusive. Note that in
the super-diffusive regime, (a)y = 1.2, the initial super-diffusive growth ~ t# is not observed

due to finite-size effects in small lattice sizes (L ~ 10?).
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