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Abstract

How do individual opinions, shaped through everyday interactions, give rise to large-scale pat-

terns in public discourse and democratic outcomes? This thesis explores that question through

two domains where opinions are both formed and revealed: online social networks and electoral

systems.

The first part addresses polarization in digital environments, driven by homophilic interactions

and algorithmic reinforcement. To mitigate this, a simple intervention – the random nudge – is

introduced, enabling occasional exposure beyond one’s echo chamber. Simulations across various

opinion dynamics models show that even a small probability of such encounters can significantly

reduce polarization, breaking echo chambers while preserving diversity and autonomy.

The second part examines the statistical structure of electoral competition. Using a newly

assembled dataset spanning 34 countries and multiple spatial resolutions, we uncover a striking

universal pattern: when margins of victory are normalized by local turnout and rescaled by their

national average, the distribution collapses onto a single curve across democracies. To explain

this, the Random Voting Model (RVM) is proposed – a minimal, parameter-free stochastic model

that reproduces the universal curve and accurately predicts scaled distributions of margins, win-

ner, and runner-up votes.

These models go beyond description: the random nudge suggests a viable strategy to reduce

polarization online, while deviations from RVM predictions signal potential electoral anomalies,

as shown in case studies from Ethiopia and Belarus. Together, these findings reveal simple,

robust statistical principles underlying complex collective decisions – and offer new tools to better

understand and strengthen democracy.
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Synopsis

Collective human behavior, particularly as manifested in opinion formation within social net-

works and the outcomes of democratic elections, presents substantial challenges for quantitative

understanding, prediction, and constructive intervention. This thesis applies tools from statistical

physics, network science, and dynamical systems to uncover emergent macroscopic patterns in

these domains. It argues that randomness, far from being merely noise, can act as a unifying

explanatory principle and a source of practical interventions in complex social systems.

Chapter 1 – Statistical Physics of Collective Decision-Making

This chapter lays the conceptual and methodological foundation by framing human society as

a multi-scale complex system composed of interacting individuals whose collective behaviors

give rise to emergent phenomena. This perspective justifies applying statistical physics to model

social systems. The chapter reviews key literature on opinion dynamics – from classical models

like DeGroot, Voter, and Sznajd to more recent extensions incorporating homophily, bounded

confidence, and algorithmic feedback – as well as studies on universal statistical regularities in

democratic elections. These strands collectively motivate the thesis’s focus on randomness as a

potentially generative and organizing force.

Chapter 2 – Random Nudge: A Strategic Intervention for Digi-

tal Polarization

This chapter addresses the growing problem of online polarization by introducing the random

nudge – an intervention where agents occasionally interact with random others outside their ho-

mophilic circles. Simulations show that small degrees of randomness reduce polarization, though

too strong an intervention risks eliminating diversity by collapsing the system into consensus.

This leads to an optimization problem: how to balance depolarization with opinion heterogene-
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ity. The robustness of the random nudge is demonstrated across multiple models, highlighting its

broad potential for real-world implementation. The work described in this chapter is published in

Ref. [1].

Chapter 3 – Electoral Data: Collection and Preparation Frame-

work

Here, the thesis details the construction of a large-scale, cross-national electoral dataset spanning

34 countries and multiple electoral levels, from polling booths to national constituencies. Data

sources include national election portals, academic repositories, and historical records, necessi-

tating customized pipelines for extraction and cleaning. A distinctive feature is the multi-scale

resolution, particularly in countries like India, where data ranges from → 103 to → 106 voters.

This curated dataset underpins all subsequent empirical analyses of electoral regularities.

Chapter 4 – Universality in Electoral Competition

Chapter 4 presents a central empirical finding: the scaled margin of victory – normalized by

turnout and rescaled by the national mean – follows a universal distribution across democracies.

This pattern appears robust across 32 countries, different voting systems, and spatial resolutions.

The finding suggests the presence of deep, context-independent statistical regularities underly-

ing electoral competition, pointing to universality in democratic processes. The central finding

described in this chapter is published in Ref. [2].

Chapter 5 – Random Voting Model: Analytical Framework

This chapter introduces the Random Voting Model (RVM), a parameter-free stochastic model

that explains the observed universality in scaled margins. Candidates receive random preference

scores, which are normalized to generate expected vote shares. Using tools from order statistics,

the model analytically predicts the margin distribution in three-candidate elections. Once the

empirical turnout distribution is provided, the model accurately replicates the observed country-
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level margin distributions, highlighting the explanatory power of randomness.

Chapter 6 – Beyond Margins: Winner and Runner-Up Votes

Building on the RVM, this chapter models the scaled vote shares of winners and runner-ups using

Indian election data across electoral levels. By incorporating the effective number of candidates,

the model captures competitiveness more accurately than raw candidate counts. The model’s

predictions match empirical distributions from polling booths to parliamentary constituencies,

and the scaled distributions exhibit a remarkable scale-invariance unique to India, revealing new

structural insights about large-scale electoral behavior. Ref. [3] details the findings, which is

demonstrated in this chapter.

Chapter 7 – From Theory to Practice: Applications and Inter-

ventions

This chapter explores real-world applications of the thesis’s findings. The random nudge mech-

anism could be integrated into platform algorithms to counteract echo chambers with minimal

invasiveness. In electoral contexts, the RVM offers tools for anomaly detection: deviations from

predicted distributions may flag potential manipulation. Case studies from Ethiopia and Belarus

illustrate how these methods can support democratic integrity, showing that physics-based models

are not just descriptive but also diagnostic.

Chapter 8 – Summary and Outlook

The final chapter synthesizes the thesis’s findings, emphasizing randomness not merely as disor-

der but as a source of structure, predictability, and intervention. By revealing universal features

in both opinion dynamics and electoral behavior, the thesis demonstrates the utility of principled,

minimal models. Future directions include enriching opinion models with cognitive realism and

dynamic networks, extending the RVM to include strategic or partisan behavior, and developing

statistical indicators for detecting anomalies in complex social systems. The work advocates for
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an interdisciplinary synthesis between physics and social science to build predictive, transparent,

and actionable models of collective human behavior.
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CHAPTER 1

Statistical Physics of Collective Decision-Making

Society is among nature’s most intricate complex systems – a vast ensemble of interacting indi-

viduals whose collective behaviors emerge across multiple scales, from ephemeral digital trends

to enduring democratic institutions. The emergent properties arising from these interactions of-

ten manifest as non-trivial macroscopic patterns that cannot be easily inferred from individual

behaviors [1]. This thesis employs tools from statistical physics, network science, and dynami-

cal systems to investigate two fundamental aspects of collective public opinion: polarization in

social networks and universal patterns in democratic elections. Through this examination, we

demonstrate that randomness, properly understood and harnessed, serves as both an explanatory

principle and an intervening force for understanding and improving such social systems.

1.1 Complex Systems Framework for Social Dynamics

Human society operates across extraordinarily diverse scales, both spatial and temporal. Spa-

tially, interactions span from local communities to global networks, encompassing physical prox-

imity interactions and increasingly, technology-mediated connections that transcend geographic

constraints [2]. Temporally, processes range from millisecond-scale information transmission to

decade-spanning political movements and generational cultural shifts. This multi-scale nature

creates layered feedback mechanisms that make social systems resistant to reductionist analysis.

Consider how a single tweet can trigger cascading reactions across millions of users within

minutes, while simultaneously contributing to slowly evolving cultural narratives that unfold over

years. These cross-scale interactions create feedback loops where macro-level structures shape

individual behaviors, which in turn reshape those very structures – a dynamic reminiscent of how

atoms collectively determine the properties of materials, which then constrain atomic movement.

Within this complex landscape, opinion formation and electoral processes represent critical

mechanisms through which individuals collectively navigate their shared environment. These

processes share common features with physical systems that have long been studied using sta-
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Chapter 1

tistical mechanics – they involve numerous interacting components, exhibit emergent behaviors,

and often display robust statistical regularities despite their apparent complexity [3, 4]. However,

they also present unique challenges: human agents possess agency, adaptability, and strategic

behavior absent in physical particles.

The statistical physics approach to social dynamics leverages powerful analytical tools devel-

oped for understanding physical systems while acknowledging these distinctive features of social

interactions. This approach focuses not on predicting individual behavior but on identifying sta-

tistical patterns that emerge at the population level, along with the mechanisms that generate

them. The value of such an approach lies in its ability to abstract away unnecessary details while

preserving essential dynamics that govern system behavior.

1.1.1 Opinion Dynamics and Polarization Models

The study of opinion formation has long fascinated researchers across disciplines, from sociology

and political science to statistical physics. From a physics perspective, opinions are viewed not

as fixed attributes of individuals, but as dynamic variables that evolve through social interactions,

akin to spins in an interacting many-body system.

One of the earliest formal frameworks for understanding how opinions evolve in groups is the

DeGroot model [5]. In this model, individuals iteratively update their beliefs by taking weighted

averages of their neighbors’ opinions. Under suitable connectivity and weight conditions, this

process can lead to convergence to a shared opinion – making it a useful null model for how

information may flow and aggregate in a connected population. Its appeal lies in its mathematical

tractability and clear interpretation of consensus as an emergent group belief. The DeGroot model

also serves as a foundational reference point for later models that incorporate more complex social

dynamics.

Building upon this, various models grounded in the framework of interacting particles have

been proposed. The voter model [6, 7] is one of the simplest such models, where each individual

(or “agent”) randomly adopts the opinion of a randomly chosen neighbor. Despite its simplicity,

the voter model captures the stochastic nature of opinion change and predicts consensus under

certain conditions, although the time to reach it can be long and depends heavily on system size

and dimensionality.
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1.1 Complex Systems Framework for Social Dynamics

Another influential model is the Sznajd model [8, 9], which introduces a more structured

social mechanism. In this model, a pair of neighboring agents sharing the same opinion can

convince their neighbors to adopt it. This local group influence mechanism reflects the notion

of social reinforcement: people are more likely to adopt an opinion when they observe agree-

ment among their peers. In closed systems, the model leads either to complete consensus or to

persistent disagreement, reflecting the possibility of both dictatorship and stalemate.

At their core, these models capture a fundamental insight: opinions evolve through social

influence. Much like how particles exchange momentum upon collision, individuals adjust their

beliefs based on those around them. The underlying assumption in these early models is that

interactions gradually reduce opinion differences, thereby pushing the system toward consensus.

However, real-world observations often contradict this outcome. Empirical studies have

shown that, especially on controversial topics, opinion distributions tend to become bimodal or

polarized rather than convergent [10–12]. This mismatch has led to the development of more

nuanced models that incorporate features of human psychology and social behavior.

One such model is the Axelrod model for cultural dissemination [13], which represents indi-

viduals as vectors of cultural features. Interaction is more likely between individuals with similar

traits (homophily), and interactions can lead to greater similarity. Interestingly, while the model

allows for local convergence of opinions, it also frequently results in global polarization – regions

of cultural similarity that resist further assimilation. This is a direct consequence of homophily

inhibiting interaction between dissimilar groups.

Another class of models that captures the emergence of persistent disagreement is the fam-

ily of Galam models [1, 3, 4, 14]. These models simulate group discussions and majority rule

decision-making, often in small, randomly formed groups. Notably, they can account for the in-

fluence of stubborn minorities or inflexible agents who never change their opinion. These agents

play a critical role in maintaining polarization and even swaying majority opinions under certain

conditions [15–17]. Galam’s work demonstrates that the presence of even a small fraction of such

agents can lead to surprising macroscopic consequences.

Similarly, bounded confidence models [18, 19] extend the idea of social influence by assuming

that individuals only interact with others whose opinions lie within a certain confidence interval.

These models are capable of generating a rich variety of opinion distributions – ranging from con-

3



Chapter 1

sensus to bimodal or multimodal clusters – depending on the initial distribution and confidence

bounds. Such models reflect the psychological tendency of people to avoid engaging with views

they find too extreme or unfamiliar.

As the importance of online interaction grew, more recent models began incorporating algo-

rithmic feedback and digital homophily, which are essential in understanding opinion dynamics

in social media settings. A significant development in this direction is the model by Baumann et

al. [20], which introduces social influence, homophily, and a simple algorithmic recommender

mechanism. Their model reproduces empirically observed features of online polarization, such

as the emergence of echo chambers, opinion clusters, and persistent active extremists.

This new generation of models reflects a growing awareness that digital technologies are not

neutral platforms but active mediators of opinion dynamics. Empirical evidence of echo chamber

effects has been documented across multiple platforms like Facebook and Twitter [21–24]. These

studies show that people tend to be exposed predominantly to views that align with their own, a

phenomenon often reinforced by engagement-maximizing recommendation algorithms.

Building on these insights, a handful of models have begun explicitly modeling the platform-

level mechanisms behind polarization. For instance, Baumann et al. [25] explore how ideological

polarization can arise even when users initially have moderate opinions, due to interaction rules

and feedback effects. Similarly, models in [26, 27] study how features such as link recommen-

dations, selective unfollowing, and peer reinforcement accelerate the divergence of opinions and

lead to fragmented public spheres.

Traditional models from statistical physics primarily predict convergence toward consensus.

However, they fail to capture the persistent and often deepening polarization observed in the real

world. The incorporation of psychological realism (e.g., homophily and bounded confidence),

network effects, and algorithmic feedback mechanisms has allowed newer models to qualitatively

reproduce phenomena such as echo chambers, ideological segregation, and the proliferation of

extreme views. Together, these models serve as a vital toolbox for both interpreting observed

social patterns and exploring potential interventions to mitigate harmful polarization.
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1.1 Complex Systems Framework for Social Dynamics

1.1.2 Mitigating Polarization in Digital Networks

While diversity of opinion is essential for a healthy public sphere, extreme polarization can lead

to structural fragmentation in social networks [28]. As individuals increasingly cluster into like-

minded groups, network segregation emerges, restricting the pathways through which information

can spread. This hampers exposure to diverse viewpoints at the individual level and limits the

potential for shared understanding at the societal level – undermining the common factual basis

required for informed collective decision-making.

A closely related phenomenon is that of echo chambers, where individuals are primarily ex-

posed to information that reinforces their existing beliefs. Empirical studies show that such envi-

ronments can sustain misinformation for longer periods than more open networks [29, 30]. Echo

chambers function as self-contained information loops, where content circulates within a closed

group with limited external input. As a result, individuals in such environments become increas-

ingly resistant to alternative perspectives, making opinion shifts rare and depolarization more

difficult.

This feedback-driven isolation is not merely a passive outcome of individual preference; it

is actively shaped by the design of online platforms. Recommendation algorithms, optimized

to maximize engagement, tend to connect users with similar views and promote content that

aligns with their prior preferences. Over time, this reinforces belief homogeneity and deepens

polarization. While the tendency to engage with like-minded others (homophily) is a well-known

social bias, the algorithmic amplification of this tendency leads to structurally entrenched echo

chambers.

These challenges necessitate careful consideration of intervention mechanisms. From a sys-

tems perspective, one can think of these interventions as analogous to controlled perturbations in

physics – small, targeted changes introduced to study or steer the evolution of a complex system.

The goal in this case is to reduce harmful polarization without compromising autonomy, privacy,

or engagement. However, designing such interventions involves a delicate balance. For instance,

increasing exposure to opposing views may reduce polarization for some users but provoke back-

lash or disengagement in others.

Moreover, it is not clear what constitutes a “healthy” distribution of opinions. While consen-

sus may not be realistic or even desirable, excessive clustering around ideological extremes poses
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risks to deliberative democracy. Interventions must therefore be guided not only by empirical

findings but also by normative considerations – ensuring that diversity, openness, and informed

disagreement are preserved.

The persistence of polarization in digital spaces – especially on controversial topics – raises

the question of whether debate and interaction inevitably lead to further division. Yet, most mod-

els suggest that polarization emerges not from interaction per se, but from the selective nature of

interaction – particularly when it is confined to ideologically similar peers. This insight opens up

the possibility for counteracting mechanisms. For example, algorithmic strategies could be re-

designed to promote diverse but non-antagonistic exposure, enabling opinion adjustment without

confrontation.

Overall, addressing polarization and echo chambers requires a shift from treating online net-

works as neutral infrastructures to understanding them as active mediators of social dynamics.

Intervening in such systems must be grounded in both rigorous modeling and empirical vali-

dation, with a recognition that the solution space is constrained by competing goals: reducing

polarization, protecting autonomy, preserving engagement, and safeguarding democratic values.

1.2 Electoral Systems and Statistical Patterns

Electoral processes represent a formalized mechanism through which individual preferences ag-

gregate to produce collective decisions. They are episodic events that condense the ongoing,

often diffuse, processes of opinion formation into measurable outcomes. These outcomes – elec-

tion results – are shaped by a multitude of interacting individual decisions made simultaneously

across a population, and have the potential to substantially influence the structure and direction

of governance.

Elections, the cornerstone of democratic societies, are often regarded as unpredictable due

to the complex interactions that shape them at various scales – ranging from individual voter

preferences to institutional rules and social influences. Democratic elections constitute some of

the most extensively documented instances of large-scale collective human behavior, with records

spanning decades, encompassing diverse electoral systems, and involving hundreds of millions

of voters across varying geographies and time periods.

One of the central tenets of democratic systems is that governance must rest on a represen-
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tation of the collective will of the citizens. The institution of elections is key to the operational

success of this principle. Elections to public office remain among the clearest expressions of

collective decision-making by human populations. Their outcomes are determined by multiple

interacting agents – voters, candidates, parties – distributed across a range of spatial and temporal

scales. These features make elections a fertile testing ground for tools from statistical physics,

whose key lesson is that a multitude of complex interactions between microscopic units of a sys-

tem can manifest into robust, universal behavior at a macroscopic level [31–43]. Classical exam-

ples of such emergent macroscopic features include ideal gases or magnetic materials composed

of many interacting particles [44], as well as large-scale phenomena like earthquakes [45, 46] and

financial market crashes [47]. In the context of elections, identifying such universal patterns can

help distill the complexities of electoral dynamics into simplified, interpretable models, and may

provide benchmarks for evaluating the integrity and competitiveness of electoral systems.

1.2.1 Universal Statistical Patterns in Elections

Given these features, the possibility of discovering universal statistical patterns in elections has

attracted sustained interest from physicists, political scientists, and data scientists alike [48–54].

These efforts often focus on two core quantities: the distribution q(ω) of vote shares ω obtained

by candidates, and the distribution g(ε) of voter turnout ε across electoral units. The former

captures the spread of popularity among competing candidates, while the latter reflects the scale

of participation.

Studies have found that under certain conditions – such as elections conducted within the

same country or using similar electoral protocols – both q(ω) and g(ε) can show recurrent sta-

tistical features across different election years and regions [48–50]. For instance, Fornari and

Castellano [49] analyzed vote-share distributions and showed consistent scaling across different

Italian municipal elections. Similarly, in the case of Brazilian elections, Borghesi and Bouchaud

[50] reported universal features in turnout distributions, noting similarities with models of self-

organized criticality.

However, subsequent analyses have identified notable departures from these claimed univer-

salities. Deviations arise especially in cross-country comparisons, where differences in electoral

institutions, district sizes, the role of political parties, and sociopolitical contexts introduce vari-
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ability [53, 55–58]. For example, Kalampokis et al. [55, 56] highlighted the absence of consistent

scaling laws in many European elections, pointing to the non-trivial influence of contextual vari-

ables such as multi-party dynamics, compulsory voting laws, and heterogeneous district sizes.

In some cases, the assumption of universality was undermined by methodological issues such as

inconsistent normalization, aggregation biases, or limitations in data availability.

Furthermore, while spatial correlations in voting behavior – where neighboring regions ex-

hibit similar turnout or candidate preference – have been observed [59–62], these too tend to

be context-dependent. For example, the strength and scale of such correlations differ markedly

between urban and rural areas or between centralized and decentralized political systems. The

presence of geographic and cultural clustering, media bubbles, and partisan strongholds all con-

tribute to the diversity of outcomes.

Despite extensive efforts and the growing availability of high-resolution election data, the field

has yet to identify a robust, reproducible universal behavior that holds across multiple countries,

election types, and spatial scales. This lack of a well-validated, generalizable statistical pattern in

election outcomes – particularly one that connects microscopic behavior (individual voter choice)

to macroscopic observables (outcome distributions) – represents a key open challenge in the sta-

tistical study of elections.

1.2.2 Electoral Competitiveness Metrics

Among the many statistics of interest, the margin of victory – defined as the difference in vote

share between the top two candidates in a constituency – encapsulates critical information about

the competitiveness of elections. Prior studies have examined margins from political and com-

putational perspectives, often in the context of electoral reform, redistricting, and prediction [63–

68]. However, most of these analyses treat margins as independent indicators, rarely exploring

their joint distribution with turnout.

Our empirical analysis, drawing on large-scale election data from 34 countries across six con-

tinents and multiple decades [69–72], reveals a strong correlation between margins of victory and

voter turnout. This insight further helps us to discover a scaled measure of electoral competition

which follow a universal distribution.
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1.3 Thesis Structure and Contributions

The thesis proceeds through several interlinked investigations to uncover the dynamics and statis-

tics of public opinion.

Chapter 2 introduces and optimizes the “random nudge” intervention strategy against digital

polarization. Building on our understanding of opinion dynamics, we demonstrate how carefully

calibrated random interventions can counteract the reinforcement mechanisms that drive polar-

ization without compromising system integrity.

Chapter 3 details extensive data collection and curation efforts, laying the empirical founda-

tion for electoral analysis. This chapter bridges theory with real-world observation, establishing

the robust dataset necessary for testing universal patterns.

Chapter 4 explores and empirically validates the universality in scaled margin-to-turnout ra-

tios across multiple electoral systems. We demonstrate how properly normalized electoral statis-

tics reveal striking patterns across diverse democratic contexts.

Chapter 5 develops the Random Voting Model (RVM), analytically deriving and validating

predictions against extensive electoral data. This model demonstrates how stochastic processes,

properly understood, can capture essential features of complex social decision-making.

Chapter 6 further explores the Random Voting Model to predict several other key electoral

statistics, with a focus on the Indian context. This extends our theoretical framework to additional

empirical tests, strengthening the potential of the model.

Chapter 7 demonstrates some practical applications, from intervention design to detecting

electoral malpractices. Here, we translate theoretical insights into pragmatic tools for improving

social systems.

Chapter 8 provides a comprehensive discussion synthesizing our findings across both opinion

dynamics and electoral patterns, offering broader implications and future research directions.

Having established the foundational context, we now embark on our first critical inquiry –

designing an effective intervention to mitigate online polarization through strategic randomness.
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Random Nudge: A Strategic Intervention for Digital
Polarization

In the previous chapter, we established the motivation for understanding complex societal phe-

nomena through the lens of statistical physics. We now shift our focus towards a specific chal-

lenge of the digital age: the polarization of opinions in online social networks. In this chapter,

we will introduce and analyze a novel intervention strategy – the “random nudge” – that can

effectively reduce polarization without causing undesirable side effects.

2.1 Opinion Dynamics in Digital Social Networks

Having examined the broader landscape of opinion formation in Chapter 1, we now focus on

developing tangible solutions to the polarization challenge. As previously established, the em-

pirically observed bimodal opinion distributions and the formation of echo chambers represent

significant challenges in modern digital environments. These patterns resist the consensus pre-

dictions of traditional opinion dynamics models and create self-reinforcing information silos that

impede healthy discourse.

Building on the foundation of existing models, we will adapt a recently introduced framework

that successfully captures key empirical features of online opinion dynamics, including polariza-

tion, echo chambers, and the tendency for more active users to hold stronger opinions. This

model provides an ideal testbed for exploring intervention strategies aimed at reducing harmful

polarization.

The central question we address is whether a minimal intervention can effectively disrupt the

reinforcement cycles that drive polarization without compromising individual agency or platform

engagement. Specifically, we will demonstrate that a carefully calibrated ”random nudge” can

achieve substantial depolarization while avoiding the pitfalls of radicalization.

While Chapter 1 provided a comprehensive review of opinion dynamics models, we’ll focus

here on the specific framework that will enable us to test our intervention strategies. Of particular
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relevance is the model introduced by Baumann et al. [20], which successfully captures key em-

pirical features observed in online social networks: polarized opinion distributions, echo chamber

formation, and the tendency for more active users to hold more extreme opinions. This model

demonstrates how homophilic interactions – the preference to connect with those holding similar

opinions – naturally lead to polarized states even from initially diverse opinion distributions.

Our intervention approach is motivated by the underlying mechanism of polarization: the

reinforcement of opinions through homophilic interactions. We hypothesize that by strategically

disrupting this reinforcement cycle, we can achieve depolarization. Specifically, we introduce a

“random nudge” intervention that exposes agents to more diverse opinions. Through simulation

and analysis, we will demonstrate that this approach can effectively break echo chambers when

calibrated appropriately.

However, our findings also reveal an important caution: excessive intervention can lead to

radicalization [73, 74] – a state where all agents adopt the same stance on an issue. This creates

a delicate optimization problem: finding the precise intervention strength that reduces polariza-

tion without triggering radicalization. We will formulate and solve this optimization problem to

compute the optimal nudge parameters for achieving a healthier opinion distribution.

2.2 Theoretical Framework: A Model of Opinion Dynamics

Having identified our approach, we now provide a detailed mathematical formulation of the opin-

ion dynamics model that will serve as our experimental testbed. We adapt the framework intro-

duced by Baumann et al. [20], which allows us to rigorously analyze how interventions affect the

evolution of opinions in digital social networks.

2.2.1 Opinion Dynamics Framework and Formulation

The model has N interacting agents, and it is assumed there are only two possible sides to an

issue. This is typical of many, but not all, issues – for example, to allow abortion or not. Opinion

on a given issue is denoted by xi, which can take any real value in the range (↔↗, ↗). The sign

of the xi corresponds to the stance of the agent in the corresponding issue, and |xi| denotes the

conviction of the agent in their respective stance. This implies that the larger the value of |xi|, the

more extreme the agent’s opinion is.
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The model used to capture the evolution of opinion is activity driven [75–78], i.e., at each

time step, only active agents can influence other agents. Based on empirical data [75, 77], the

distribution of agent’s activity is described as,

F (a) =
1 ↔ ϑ

1 ↔ ϖ1→ω
a→ω, (2.1)

where a is the activity, ϖ is the minimum activity (chosen in this work to be 10→2), and ϑ controls

how steep the function F (a) which is chosen to be 2.1.

In simpler terms, this activity distribution means that most agents have low activity levels

(they rarely post or interact), while a few agents are highly active (frequent posters) – similar to

what we observe in real social media platforms, where a small percentage of users generate the

majority of content.

Agents’ opinions evolve based on their interactions with other agents, and this information is

encoded in the time-dependent adjacency matrix Ai,j(t). Further, opinion evolution also depends

on the strength of social interaction K > 0 and the controversialness of the issue ϱ > 0. The

opinion dynamics is given by the following N coupled differential equations [20]

ẋi = ↔xi + K

(
N∑

j=1

Aij(t) tanh (ϱxj)

)
. (2.2)

To understand this equation intuitively, an agent’s opinion (xi) changes based on two opposing

forces – a natural tendency to moderate their view over time (the ↔xi term), and the influence

from other agents they interact with (the sum term). The parameter K determines how much

weight social influence has compared to the natural moderation tendency. While people with

extreme opinions have a stronger influence than moderately opinionated ones, the tanh function

ensures the social influence of each person is limited between ↔1 and 1

In this, Ai,j(t) is the temporal adjacency matrix of interaction at time t. If at time t agent j

influences agent i, than Ai,j(t) = 1, and Ai,j(t) = 0 otherwise. If agent i is active at time t, they

will interact with m other agents, weighted by the probability Pi,j .

Further, the probabilistic reciprocity factor r ↘ [0, 1] determines the chance that an interaction

is mutually influential, i.e., Aij(t) = Aji(t) = 1. The interaction probability is defined to be a
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function of the magnitude between two agents’ opinions.

Pij =
|xi ↔ xj|→ε

∑
k |xi ↔ xk|→ε

, (2.3)

where ς is the homophily factor which quantifies the tendency for agents with similar opinions to

interact with each other: ς = 0 refers to the absence of interaction preference, and ς > 0 implies

that the agents with similar opinions are more likely to interact with one another. Evidently,

Eq. (2.3) is modeled as a power-law decay of connection probabilities with only a small chance

for agents with opposite opinions to interact. Since most of the interactions tend to occur between

agents with similar opinions, this can lead to the formation of echo chambers.

This homophily equation captures the tendency we observe in real life: people prefer to in-

teract with those who share similar opinions. The higher the ς value, the stronger this tendency

– representing how we might naturally gravitate toward content and people who reinforce our

existing views, creating “filter bubbles” or echo chambers.

2.2.2 Three Fundamental Opinion States

Now that we have established the mathematical foundation of our model, we can examine the

emergent collective behaviors that arise from these individual interactions. Depending on the

strength of social interaction (K) and the homophily factor (ς), the model exhibits three distinct

steady states that closely resemble opinion distributions observed in real-world scenarios.

The interaction dynamics in the model is enforced by the activity-driven temporal network that

is fully encoded by the parameters (ϖ, ϑ, m, ς, r), together with the parameters that characterises

the issue, (K, ϱ). Asymptotically, this model features three distinct states in the distribution of

opinions. If the Social interaction K is sufficiently small, then the opinion of every agent decays

to zero, and this state is known as the neutral consensus state. This is demonstrated in panel (a) of

Fig. 2.1. However, if social interaction K is large but the homophily factor ς is small, then due to

statistical fluctuations, all the opinions either become positive or negative. This state, where each

agent has the same stance (the sign of xi for all i is the same) with possibly different convictions,

is called radicalization. It is important to note that radicalization is an absorbing state of this

model. This is because when all agents have opinions with the same sign, the dynamics does not

allow for a sign-change of any agent’s opinion. The most interesting case emerges when social
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Figure 2.1: Opinion trajectories, illustrating the three fundamental states of opinion dynamics.
Panel (a): The consensus state, characterized by all agents converging to neutral opinions (near
zero) in the absence of strong social interaction. Panel (b): The radicalization state, where all
agents adopt the same stance (all negative opinions, in this case) with varying degrees of convic-
tion. Panel (c): The polarized state, where the population is split evenly between positive and
negative opinions, with a very few neutral opinionated agents.

interaction K and homophily factor ς are large enough. In this case, a meta-stable polarized state

emerges, which is characterized by a bimodal opinion distribution. The opinion trajectories, in

panels (b) and (c) of Fig. 2.1, depict such radicalized and polarized states, respectively.

2.2.3 Polarization Measurement Metrics

Before we delve into the details of the intervention strategy and results, we discuss the three

quantities employed to measure the degree of polarization based on the opinion distribution P (x).

They are defined as: (a) Polarization is measured through !̄, defined as the distance between the

average of positive opinions and the average of negative opinions. (b) When opinion distribution

exhibits a bimodal character, the distance between the two peaks, denoted by !peak, can also be

used as a measure of polarization [79]. (c) A gross measure of polarization could also be the

standard deviation ω of the entire opinion distribution [26]. Fig. 2.2 illustrates the schematics

of all three measures of polarization. It must be noted that if polarization decreases due to the

intervention proposed in Eq. (2.4), ideally, all these three quantifiers must decrease.

These measures have practical applications in analyzing real-world opinion data. For exam-

ple, !̄ can be calculated from survey data where respondents rate their agreement with statements

on a numerical scale. In social media analysis, !peak might be observed in the distribution of

sentiment scores on controversial topics, where comment sentiment often clusters around two
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Figure 2.2: Schematic illustration of three complementary measures of polarization used in this
study. !̄ (left) represents the distance between mean positive and negative opinions, capturing
the average separation between opposing groups. !peak (center) measures the distance between
the two peaks in a bimodal opinion distribution, highlighting the gap between the most common
opposing viewpoints. ω (right) denotes the standard deviation of the entire opinion distribution,
quantifying the overall spread of opinions across the population. All three metrics decrease when
polarization is successfully reduced.

opposing positions. The standard deviation ω is particularly useful when analyzing large-scale

data from platforms like Twitter or Reddit, where the full spectrum of opinions can be mapped

and quantified.

Importantly, these metrics capture complementary aspects of polarization. !̄ focuses on the

“distance” between opposing groups, !peak highlights the most prominent opinion clusters, while

ω measures the overall spread regardless of modality. By tracking all three simultaneously, we can

distinguish between different types of opinion shifts – for instance, distinguishing between gen-

uine depolarization versus a shift where opinions remain far apart but become less concentrated

around specific values.
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2.3 Random Nudge Intervention Strategy

Having established the model dynamics and identified how polarization emerges and can be mea-

sured, we now turn our attention to a key question: How can we effectively counter the formation

of echo chambers and reduce polarization in online social networks?

2.3.1 Echo Chamber Formation Mechanisms

Echo chambers are increasingly becoming more apparent in online social media platforms. These

self-reinforcing information environments arise from two primary mechanisms:

• First, there is our natural tendency toward homophily – we prefer to interact with people

who hold similar opinions to our own. In our model, this is captured by the homophily

factor ς, where larger values represent more closed and isolated echo chambers.

• Second, this natural tendency is often amplified by recommendation engines on social me-

dia platforms. These algorithmically driven systems recommend similar connections or

content to keep users engaged, inadvertently strengthening opinion bubbles.

The challenge lies in developing interventions that can effectively disrupt these echo chambers

while simultaneously maintaining user engagement on the platforms and respecting user pri-

vacy and preferences. Such interventions should ideally not require knowledge of users’ specific

opinions and should create sustainable diversity rather than just temporary exposure to different

viewpoints. This is a delicate balance to achieve in practice.

2.3.2 The Random Nudge Mechanism

To address these challenges, we propose a simple yet powerful intervention strategy – the “ran-

dom nudge.” The core principle is introducing a controlled amount of randomness into user inter-

actions:

With probability p (where p < 1), active agents will interact uniformly with any other agents

in the network, regardless of opinion similarity. With the complementary probability (1 ↔ p),

interactions proceed according to the normal homophily-based probability given in Eq. (2.3).

This approach offers several advantages over more direct interventions. It preserves privacy

since it requires no knowledge of agent opinions or beliefs. The intervention strength can be
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precisely controlled by adjusting the parameter p, allowing for fine-tuning based on the specific

context. Additionally, it maintains the platform’s engagement-driven structure while introducing

just enough diversity to prevent echo chamber formation. Perhaps most importantly, it creates

natural opportunities for cross-opinion exposure without forcing specific content on users, which

could lead to disengagement or reactance.

2.3.3 Mathematical Implementation

We implement this random nudge by modifying the interaction probability as follows:

P̃ij = p ≃ 1

N ↔ 1
+ (1 ↔ p) ≃ Pij. (2.4)

The first term represents the uniform random interaction (each agent has equal probability 1
N→1

of interacting with any other agent), while the second term preserves the homophily-driven inter-

actions proportional to the original Pij . The parameter p controls the strength of the intervention

– higher values introduce more randomness, while values closer to zero preserve more of the

natural homophily-driven structure.

This modified interaction probability is used for all subsequent simulations presented in this

chapter. As we will demonstrate, even small values of p can lead to dramatic reductions in

polarization and the breakdown of echo chambers.

2.4 Intervention Results and Analysis

With the intervention strategy introduced in Sec. 2.3, we find that with sufficiently small random

nudge probability p, significant depolarization can be obtained, which is evident as the opinion

distributions approach towards a unimodal distribution along with the decay of all three measures

of polarization. To see the effects of nudge, we perform numerical simulations of the basic

model in Eq. (2.2) using the interaction probability given in Eq. (2.3) and the intervention model

in Eq. (2.4). The simulations are performed with N = 5000 agents for 1000 time steps with

dt = 0.01. At initial time xi is uniformly chosen from a small interval, i.e., xi ↘ [↔1, 1] for

i = 1, 2 . . . N . The model parameters are chosen to be ϱ = 3, ς = 3, K = 3, m = 10, ϑ = 2.1,

ϖ = 0.01 and r = 0.5 for all the simulations unless mentioned otherwise. The parameters chosen

for the simulations lead to a polarized state in the original model without intervention. Our
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Figure 2.3: Visualization of opinion trajectories and resulting distributions with and without the
random nudge intervention. (a) Without nudge (p = 0): Opinion trajectories show clear diver-
gence, avoiding the moderate region around x = 0 (shown in the magnification). The resulting
distribution (right panel) is distinctly bimodal, indicating strong polarization with few moderate
opinions. (b) With a small nudge (p = 0.01): Opinion trajectories show significant crowding
around x = 0 (magnification), leading to a nearly unimodal symmetric distribution (right panel).
This demonstrates how even a minimal random intervention can substantially reduce polarization
by promoting moderate viewpoints.

analysis reveals several key insights into how small perturbations can lead to significant changes

in collective behavior patterns.

2.4.1 Depolarization Effects

In Fig. 2.3, we show the contrast between the trajectories of individual opinions and the opinion

distribution with and without the application of a nudge. In the absence of nudge (p = 0), the

simulation results in Fig. 2.3(a) show fewer trajectories with opinions xi ⇐ 0. This leads to a

bimodal distribution of opinions characteristic of a polarized state. In contrast, in Fig. 2.3(b), a

small nudge with a probability of p = 0.01 is applied, and we find significantly more trajectories

with moderate opinions. This, effectively, is seen to lead to an absence of polarization, which is

evident from the unimodal opinion distribution. The magnifications of the region around xi = 0

and its distribution (shown in Fig. 2.3) reveal a clear distinction between these two scenarios.

2.4.2 Network Effect: Breaking of Distinct Clusters

To examine the effect of network nudge, we analyze the underlying time-averaged structures

of the temporal interactions network. Without nudge, the interaction network has two distinct

clusters; most of the connections are among positive opinionated agents or negative opinionated
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agents. There exist very few connections between these two groups other than for the agents with

extreme opinions. This is expected since the agents with extreme opinions are also those who

tend to be more active on social networks fora; hence on average, they form more connections.

This enables them to be relatively more connected to the agents with opposing opinions. These

results are visually depicted in Fig. 2.4 as two snapshots of evolving network diagrams. If p = 0,

no nudge is applied. In this case, as Fig. 2.4(b) shows, a polarized network, made up of two

distinct blue and red-colored clusters, is formed. Blue color corresponds to nodes with x > 0,

and red color to x < 0. The opinion distribution shown in Fig. 2.4(a) confirms the existence of

polarization.

However, when a nudge is applied, even for the case when the nudge probability is as small

as p = 0.01, we find the network to be well mixed (large blue and red clusters have disappeared)

(Fig. 2.4(e)), and this leads to a significantly depolarized state indicated by the approximate uni-

modality of the opinion distribution as shown in Fig. 2.4(d).

Figure 2.4: Comprehensive analysis showing how random nudges affect opinion distribution, net-
work structure, and echo chamber formation. Top row (a-c): No nudge (p = 0) condition showing
(a) polarized opinion distribution, (b) segregated network with two distinct clusters (blue nodes
for positive opinions, red for negative, with color saturation indicating conviction strength), and
(c) two distinct lobes in the heatmap of agent opinions versus their neighbors’ mean opinions,
confirming strong echo chamber effects. Bottom row (d-f): With nudge (p = 0.01) showing
(d) depolarized, single-peak opinion distribution, (e) well-mixed network without clear cluster-
ing, and (f) single-lobed heatmap confirming the successful weakening of echo chambers. This
demonstrates how a small intervention in connection patterns can fundamentally alter the macro-
level opinion landscape.
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The term echo chamber describes a situation where the beliefs or opinions of people are

reinforced by interactions among a closed group of people who hold similar opinions. In recent

years, this has been widely discussed in the context of online communities [21–24]. However,

some studies appear to suggest that the effects of echo chambers are overestimated [80]. To

infer the presence of echo chamber-type effects, we calculate the average opinion of the nearest

neighbors (NN) of each agent [20, 24]. This is denoted by

↑xNN↓ = k→1
i

∑

j

aijxj, and ki =
∑

j

aij, (2.5)

where aij is the temporally aggregated (over the last 100 time-steps) adjacency matrix. When a

nudge is not applied (p = 0), a colored heatmap of x and ↑xNN↓, in Fig. 2.4(c) reveals two disjoint

hot spots corresponding to the two distinct echo chambers. And we find a strong bimodality in the

marginal distributions. Now, when we apply a nudge with probability p = 0.01, we can observe

only one hot spot indicating the existence of only one closed group (Fig. 2.4(f)). All the agents are

inside this closed group, and the echo chamber effect is largely diluted or non-existent. We did not

find perfect unimodality in the marginal distribution of x, which can be attributed to the fact that

different realizations can lead to either of these three distributions: (a) slight bimodal distribution

with significant reduction in all three polarization parameters, (b) unimodal distribution with a

slight skew towards positive opinions and (c) similar distribution with a skew towards negative

opinions. As the heat maps and the marginal distributions are created from data averaged over 200

realizations, all the above factors contribute to the slight bimodality in the marginal distribution of

x. Nevertheless, the marginal distribution corresponds to a signification reduction in polarization

and echo chambers.

2.4.3 Quantitative Depolarization Analysis

To obtain a global picture of how depolarization sets in as a function of nudge probability p, we

plot the three measures of polarization as a function of p. All three measures, !̄, !peak and ω,

have been computed from the simulation results. The results shown represent an average over

the last 100 time steps of the simulations and averaged over 200 realizations. In Fig. 2.5, we

observe that all three measures of polarization decrease as the strength of the nudge p increases.

In particular, !̄ and ω are found to decrease as a stretched exponential function exp(↔pω), and
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Figure 2.5: Quantitative analysis of polarization measures as functions of nudge strength p. (a-
c) Three measures of polarization: (a) !̄ (distance between mean opinions), (b) !peak (distance
between peaks), and (c) ω (standard deviation of opinions) all decrease with increasing nudge
strength, following an approximate stretched exponential decay. (d) The fraction of agents with
extreme opinions (fext) similarly decreases, showing the nudge reduces extremism alongside po-
larization. (e) The lifetime of polarized states decreases as a power law with increasing nudge
strength, indicating faster transitions to the radicalization state. (f) The fraction of simulations re-
sulting in radicalization increases sharply beyond p ⇐ 10→2, revealing the critical threshold where
the intervention begins producing undesirable outcomes. All results represent averages over 200
simulations, excluding radicalized cases for panels (a-d).

the stretching factor ϑ is determined through regression to be approximately 0.3. A recent work

studying the depolarization of echo chambers [79] considered adding an effective noise term de-

pendent on a random sample of opinions to Eq. (2.2). While this approach succeeds in making the

opinion distribution unimodal, it increases the width of the distribution significantly, which as a

consequence, corresponds to an increase in extreme opinions. To quantify the effect of the nudge

on the extreme opinions, we define fext as the fraction of agents with conviction |x| > xth, where

xth is a positive threshold. And indeed our framework of nudging the mechanism of forming so-

cial connections in online interactions works well in decreasing width of the opinion distribution

(Fig. 2.5 (c)) as well as extreme opinions (Fig. 2.5 (d)) and also suggests direct algorithmic inter-

ventions for recommender systems. In the original model, the authors found the polarized state to

be meta-stable and showed that with an increased value of ς, the lifetime of the state has a faster

than exponential growth. Our intervention adds more randomness to the system and increases

statistical fluctuations. Hence, for large p, we observe a drastic decrease in the average lifetime

of the polarized and depolarized states. An approximate straight line in the log-log plot indicates
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Figure 2.6: Optimization analysis for balancing depolarization against radicalization risk. The
heatmaps show utility values (combining polarization reduction and radicalization avoidance) as
functions of nudge strength p and population fraction f being nudged. Panels (a), (b), and (c)
correspond to utilities based on !̄, !peak, and ω measures respectively. The red dashed curves,
following p·fA = B (where A and B are constants), indicate the optimal parameter combinations
that maximize depolarization while minimizing radicalization risk. This analysis provides practi-
cal guidance for implementing nudge strategies in real-world systems by showing that nudging a
smaller fraction of the population more strongly can be as effective as nudging everyone weakly.

the lifetime of polarized or depolarized states decreases as a power law as nudge strength (p) is

increased (see Fig. 2.5 (e)). Fig. 2.5 (f) also captures the same effect as we see that radicalization

is either non-existent or a rarity for p < 10→2, but it increases quickly and becomes the norm for

p > 10→2.

2.5 Balancing Depolarization Against Radicalization Risk

In many situations, radicalization is as much undesirable as polarization. Hence, to solve the issue

of radicalization at a high value of nudge probability, rather than nudging all the people in the

population, at each time step of the simulation, we randomly select f fraction of the population

and nudge them. We define a simple linear utility function U(!̄, frad) = ˜̄! + frad Where ˜̄! is

!̄, linearly scaled to be between 0 and 1, and frad is the fraction of radicalized simulations. The

structure of the utility function is the same for the other two measures of polarization.

2.5.1 Optimal Parameter Identification

This utility function represents a fundamental trade-off: we want to minimize both polarization

(measured by !̄) and the risk of radicalization (frad). In practical terms, this means finding

intervention parameters that create enough opinion diversity to prevent echo chambers, but not so
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much randomness that the system tips into a radicalized state.

Fig. 2.6 depicts the heat map of the utility functions corresponding to the three utility func-

tions. The optimal population fraction and nudge probability is numerically found to follow the

curve p · fA = B, where A and B are constants.

This power-law relationship reveals an important insight: there’s a mathematical trade-off

between how many people we nudge (f ) and how strongly we nudge them (p). For example, it

suggests that nudging 10% of the population with a stronger intervention might be as effective as

nudging everyone with a weaker intervention. This finding has significant practical implications

for platform design, as it means targeted interventions could potentially be as effective as system-

wide changes while requiring less disruption to the overall user experience.

2.6 Cross-Model Validation

To ensure the robustness of our intervention framework, we applied network nudge to another

recent model [81] of opinion dynamics, which, together with homophily, exhibits the effect of

echo chambers. This validation demonstrates that the random nudge strategy is not limited to a

single model but represents a more general principle for disrupting echo chambers across different

mathematical frameworks. The dynamics of the model is governed by the following N coupled

differential equations:

ẋi(t) = |xi| sin (x0
i ↔ xi) + K

(
N∑

j=1

Aij(t) sin (xi ↔ xj)

)
. (2.6)

In contrast to the original model [81], the variable xi is chosen to be the opinions of the people

on a single topic, and the temporal adjacency matrix is formed according to homophily probabil-

ity (2.3). x0
i is the initial opinion of agent i, and all the other variables and parameters have the

same meaning as in the previous model (2.2). In Fig. 2.7, we show that when the social interac-

tion and the homophily factor are high enough (K = 4, ς = 4), many echo chambers are formed,

which is clear from the trajectories of the opinion as well as from the multiple communities seen

in the aggregated network (Fig. 2.7 (a, b)). But when we introduce a slight nudge (p = 0.002),

the effect of echo chambers is reduced drastically. The opinion trajectories seem to converge to

a moderate value, and the interaction network is well-connected without any obvious segregated

communities (Fig. 2.7 (c, d)).
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Figure 2.7: Demonstration of the random nudge effectiveness in an alternative opinion dynamics
model (Equation (2.6)). (a) Without nudge: Opinion trajectories display multiple stable clusters,
showing the formation of several distinct echo chambers. (b) The corresponding interaction net-
work shows clear community structure with limited cross-group connections. (c) With a small
nudge (p = 0.002): Opinion trajectories converge toward moderate values, showing successful
depolarization. (d) The resulting interaction network becomes well-connected without distinct
communities. This cross-model validation confirms that the random nudge strategy represents
a robust intervention principle applicable across different mathematical frameworks of opinion
dynamics.

2.7 Discussion

The widespread use of the internet, and consequently, social media platforms, have drastically al-

tered the way humans consume and interact with information. Polarization and the formation of

echo chambers have been shown to negatively impact constructive discussions and debates – two

fundamental pillars of a healthy democracy. Building on the recent advances in the modeling of

opinion dynamics in social networks, in this work, we study the possibility of depolarizing a pop-

ulation using a stochastic nudge. The implications of our findings extend beyond digital platforms

to broader questions about how collective opinions shape societal outcomes and decision-making

processes.

Our results suggest that a small number of randomized interactions, which are otherwise

dominated by homophily-driven mechanisms, can lead to a significant reduction in polarization.
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This reduction was quantitatively captured by three different measures of polarization. While we

show that minimal nudges can burst echo chambers and lead to socially desirable distributions of

opinions, increasing the strength of this nudge can result in radicalization. Given this sensitivity

on the nudge strength, we show that a possible resolution is obtained if, instead of nudging each

agent, only a fraction f of the agents are nudged. We highlight that this interplay of the nudge

strength p and the fraction f of nudged individuals leads to an interesting optimization problem.

This optimization can help inform the fraction of individuals to be nudged for a fixed nudge

strength for optimal depolarization.

We believe that the strongest case for the application of such randomized nudges can be

made for recommendation systems. While ubiquitous, recommender algorithms are optimized for

increasing engagement [82], which we now know can come at the cost of creating echo chambers

[83], increase in the representation of extreme ideologies [84], and even the tampering of users’

preferences [85]. In such settings, the randomized nudges can be potentially operationalized as

the poisoning of a viewer’s watch history with a limited amount of random content, uncorrelated

with the viewer’s preferences [86]. While there are several ethical and legal considerations that

must be accounted for before implementing any such interventions, it certainly opens up several

interesting avenues for future research to build on. Non-invasive interventions may be important

to reduce the detrimental effects of polarization. However, an important first step is to build

reliable tools to quantify polarization from data [87], which in itself constitutes an intriguing

direction for future research.

The random nudge offers a promising, algorithmically implementable strategy for address-

ing polarization at the individual level. However, this raises important questions about how

individual-level interventions might affect collective decision-making processes. The statisti-

cal principles underlying opinion formation and the emergence of consensus or polarization may

manifest across different scales of human organization. Understanding these connections be-

comes particularly relevant when considering how societies make collective choices and how the

quality of public discourse influences the outcomes of democratic processes. These insights moti-

vate further investigation into the statistical patterns that govern competitive dynamics in various

forms of collective decision-making.

In the next chapter, we will shift our focus from opinion dynamics to electoral systems, exam-
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ining empirical data from elections across different countries. While not directly employing the

opinion models developed here, the underlying theme of how individual choices aggregate into

collective outcomes remains central. By analyzing the statistical patterns in election margin distri-

butions, we will uncover universal properties that emerge across diverse electoral systems. These

patterns provide a different but complementary perspective on how collective decision-making

processes operate at scale, offering insights into the robustness and predictability of democratic

institutions regardless of their specific implementation details.
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Electoral Data: Collection and Preparation Framework

In the previous chapter, we explored how random nudges can effectively reduce polarization in

online social networks. We now shift our focus to a different but related arena of collective

decision-making: democratic elections. Just as individual opinions can aggregate into social pat-

terns, individual votes aggregate into electoral outcomes. Elections represent the ultimate test

of democratic opinion dynamics at scale, where millions of citizens express their preferences

through a structured process. However, before we can uncover any meaningful patterns or uni-

versals in electoral behavior, we must first establish a solid empirical foundation through careful

data collection, preparation, and analysis.

3.1 From Opinion Formation to Electoral Analysis

Individual opinions ultimately aggregate into collective choices through elections. While the pre-

vious chapter dealt with the dynamics of opinion formation and the potential interventions to

mitigate polarization, this chapter focuses on the empirical foundation of electoral analysis. Elec-

tions represent the most structured and widespread manifestation of collective decision-making,

offering a rich dataset for studying how individual preferences translate into societal outcomes.

The quality of data is paramount for any meaningful electoral analysis. Without robust, com-

prehensive, and well-curated data, theoretical insights remain untethered from reality. This chap-

ter details our extensive data collection and preparation efforts, establishing the empirical back-

bone that will enable the discovery of universal patterns in subsequent chapters.

3.2 Data Collection Methodology

To conduct a comprehensive analysis of electoral patterns across different democratic systems,

we compiled election data from 34 countries spanning six continents. Our data collection began

with an ambitious survey of 180 countries and territories worldwide, from which we ultimately
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selected 34 countries that met our stringent quality criteria for statistical analysis.

Our primary data sources included the Constituency-Level Election Archive (CLEA) website

for constituency-level data of lower chamber legislative elections across the globe [70]. For spe-

cialized datasets, we collected polling booth level data for India and Canada directly from their

respective Election Commission websites [69, 71], employing semi-automated techniques using

Python libraries to handle the diverse data formats. County-level data for the United States was

obtained from the MIT Election Data and Science Lab [72].

The data collection process faced considerable technical challenges due to the heterogeneous

formats in which electoral data is published worldwide. While constituency-level data from

CLEA was consistently formatted in tabular structures, polling booth-level data presented sig-

nificant extraction challenges, ranging from structured tabular formats to machine-generated and

scanned PDFs. We developed robust data cleaning procedures using combinations of Python

libraries to handle these varied formats systematically.

For countries like India, we successfully collected data across multiple electoral scales that

span three orders of magnitude in voter numbers. At the finest granularity, polling booth level

data encompasses approximately 102 voters per unit, assembly constituency level data covers

approximately 105 voters, and parliamentary constituency level extends to approximately 106

voters. This multi-scale approach enables investigation of scale-dependent electoral phenomena

that have rarely been studied systematically across such a broad range of democratic contexts.

3.3 Dataset Architecture

The raw election data was collected across various countries through different sources. The

typical structure of the scraped data varied from tabular, machine-generated PDFs to scanned

PDFs. Figs 3.1, 3.2, and 3.3 show representative examples of the constituency-level, parliamen-

tary constituency-level, and polling booth-level election data from CLEA, Election Commission

of India, and Election Commission of India, respectively. While the CLEA data is in a tabular for-

mat, the data from the Election Commission of India is in PDF format, which poses a challenge

for automated data extraction. The original election data contained several essential variables

that form the foundation of our electoral analysis. Voter turnout represents the actual number of

voters who cast ballots in each electoral unit, serving as a crucial scale parameter for our statis-
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tical models. Candidate vote tallies provide the detailed breakdown of votes received by each

competing candidate, from which we derive the winner and runner-up vote counts. The winning

margin, defined as the difference between votes secured by the winner and runner-up, captures

the competitiveness of each electoral contest.

Figure 3.1: A representative example of the constituency-level election data from CLEA [70].
The dataset contains various fields, including name of the party, candidate’s name, and several
other identifiers. However, for our analysis purpose we only considered the columns cv1, and cv2
(not visible in the above example), which corresponds to the votes received by the candidates in
first and second rounds, respectively. The voter turnout for a electoral unit is calculated as the
sum of all the votes received by all the candidates (combining both rounds). The negative values
in several columns correspond to missing parameter values or other errors.
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Figure 3.2: A representative example of the constituency-level election data from the Election
Commission of India [69].
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Figure 3.3: A representative example of the form 20, which contains the polling booth-level
election data from the Election Commission of India [69].

3.4 Data Processing Protocol

The raw data required extensive cleaning and standardization procedures to ensure analytical in-

tegrity. Our systematic data cleaning approach addressed multiple technical challenges inherent

in cross-national electoral data compilation. Missing values were handled through careful ex-

clusion of affected data points rather than imputation, preserving the authenticity of electoral

outcomes. Format inconsistencies were systematically standardized, with particular attention to

turnout and margin calculations to ensure cross-country comparability.

Statistical robustness requirements drove our implementation of stringent filtering criteria that

ultimately shaped our final dataset. We established a minimum threshold of 400 consolidated data

points per country to ensure adequate statistical power for universality demonstration while main-

taining the capability for electoral fraud detection. This threshold proved effective for identifying

potential electoral misconduct in Ethiopia and Belarus while preserving robust statistical founda-

tions for analysis. Cases with zero turnout were systematically excluded from analysis, as were
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electoral units with fewer than two competing candidates, ensuring that our margin calculations

reflected genuine electoral competition.

Our filtering criteria necessitated significant dataset reduction from the initial survey of 180

countries to the final analytical set of 34 countries. This reduction prioritized data quality over

mere quantity, ensuring that each included country contributed statistically meaningful informa-

tion to our cross-national analysis. To maintain consistency in our turnout calculations, we de-

fined turnout as the sum of valid votes received by all candidates in each electoral unit, avoiding

discrepancies that might arise from different approaches to calculating voter participation rates.

The temporal consolidation of multiple elections from each country created unified statistical

ensembles that capture long-term electoral patterns while maintaining sufficient sample sizes for

robust statistical inference. For Indian elections specifically, our dataset spans from 1962 to 2019

for parliamentary constituencies, 1999 to 2019 for assembly constituencies in general elections,

2004 to 2019 for polling booth level data, and 1961 to 2023 for state assembly elections, providing

comprehensive temporal coverage across multiple electoral scales and types.

3.5 Cross-National Electoral Patterns

Our cleaned and standardized dataset reveals remarkable diversity in electoral patterns across

countries and scales, providing insights into the fundamental characteristics of democratic com-

petition worldwide. The consolidated electoral data demonstrates substantial variation in mean

turnout values, ranging from Denmark’s constituency-level average of approximately 2,700 voters

to India’s parliamentary constituency average exceeding 569,000 voters. Similarly, mean margins

of victory exhibit considerable cross-national variation, reflecting different degrees of electoral

competitiveness across democratic systems.

The temporal depth of our dataset provides exceptional analytical power, with some countries

contributing over 150 years of electoral history. The United States congressional district data

spans from 1788 to 2020 across 167 elections, while the United Kingdom’s constituency data

covers 1832 to 2019 through 46 electoral cycles. This extensive temporal coverage enables inves-

tigation of long-term electoral trends and system evolution across different democratic contexts.

Table 3.1 presents comprehensive summary statistics for our dataset, illustrating the extraor-

dinary diversity of electoral scales and patterns across different democratic systems. The table
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demonstrates the multi-scale nature of our analysis, with electoral unit sizes varying by more than

three orders of magnitude within single countries and by over four orders of magnitude across the

complete dataset.

Country Time span Number Scale Mean turnout Mean margin Number
of of electoral

elections units
(consolidated)

Australia 1901-2016 37 Constituency 7.37 ↑ 104 1.31 ↑ 104 1740
Bangladesh 1973-2008 4 Constituency 1.57 ↑ 105 3.15 ↑ 104 1188

Belarus 2004-2019 5 Constituency 4.83 ↑ 104 2.61 ↑ 104 441
Canada 1867-2019 43 Constituency 2.76 ↑ 104 5.50 ↑ 103 10662
Canada 2004-2021 7 Polling Booth 5.56 ↑ 102 1.35 ↑ 102 489919
Chile 1945-2017 7 Constituency 1.07 ↑ 105 1.05 ↑ 104 420

Denmark 1849-2019 30 Constituency 2.70 ↑ 103 4.64 ↑ 102 2178
Ethiopia 2010-2010 1 Constituency 4.95 ↑ 104 4.18 ↑ 104 492
France 1973-2017 3 Constituency 7.88 ↑ 104 1.10 ↑ 104 1712

Germany 1871-2017 19 Constituency 1.37 ↑ 105 2.26 ↑ 104 5108
Ghana 1992-2016 6 Constituency 3.75 ↑ 104 9.88 ↑ 103 1410

Hungary 1990-2018 6 Constituency 5.32 ↑ 104 8.57 ↑ 103 936
India 1951-2019 18 Constituency 5.69 ↑ 105 8.33 ↑ 104 8389
India 2004-2019 4 Polling Booth 5.82 ↑ 102 1.89 ↑ 102 752786
Japan 1947-2017 26 Constituency 2.88 ↑ 105 2.35 ↑ 104 4603
Kenya 1961-2013 2 Constituency 3.72 ↑ 104 1.19 ↑ 104 417
Korea 1948-2012 13 Constituency 6.17 ↑ 104 1.01 ↑ 104 2258

Lithuania 1992-2020 8 Constituency 3.24 ↑ 104 3.98 ↑ 103 570
Malawi 1994-2019 4 Constituency 2.31 ↑ 104 6.29 ↑ 103 755

Malaysia 1959-2018 13 Constituency 3.41 ↑ 104 8.90 ↑ 103 2199
Myanmar 2010-2015 2 Constituency 6.76 ↑ 104 2.32 ↑ 104 634

New Zealand 1943-2020 9 Constituency 3.04 ↑ 104 6.94 ↑ 103 637
Nigeria 2003-2019 2 Constituency 7.75 ↑ 104 2.20 ↑ 104 710
Pakistan 1988-2013 3 Constituency 1.28 ↑ 105 2.45 ↑ 104 683

Papua New Guinea 1972-2017 8 Constituency 5.07 ↑ 104 5.66 ↑ 103 841
Philippines 1946-2013 17 Constituency 1.83 ↑ 105 2.63 ↑ 104 2525

Solomon Islands 1967-2019 14 Constituency 3.67 ↑ 103 4.37 ↑ 102 543
Taiwan 1986-2020 11 Constituency 2.33 ↑ 105 1.98 ↑ 104 482

Tanzania 2005-2020 2 Constituency 5.37 ↑ 104 2.01 ↑ 104 492
Thailand 1969-2011 12 Constituency 1.86 ↑ 105 1.46 ↑ 104 2263

Trinidad and Tobago 1925-2020 13 Constituency 1.53 ↑ 104 5.12 ↑ 103 411
Uganda 2006-2021 4 Constituency 4.45 ↑ 104 1.08 ↑ 104 1430

UK 1832-2019 46 Constituency 3.43 ↑ 104 6.30 ↑ 103 23105
Ukraine 1998-2019 5 Constituency 8.89 ↑ 104 1.67 ↑ 104 1072

United States 1788-2020 167 Congressional District 1.14 ↑ 105 2.96 ↑ 104 33946
United States 2000-2020 6 County 1.78 ↑ 105 2.00 ↑ 104 18905

Zimbabwe 2005-2018 4 Constituency 1.77 ↑ 104 6.55 ↑ 103 743

Table 3.1: Typical values of Margin and turnouts at different scales for different countries. The
available data for the mentioned time spans were consolidated for each country and used to cal-
culate the mean turnout and mean margin. The consolidated number of electoral units (in the
last column) is calculated by adding the number of valid electoral units for all the elections that
happened in the mentioned time span. The data for an electoral unit is considered to be valid if (a)
a list of votes received by all the candidates is available, (b) at least two candidates are contesting,
and (c) the turnout is non-zero. For example, in polling booth level data for India, lists of votes
for all the polling booths are not always available. We could obtain valid data for 752786 polling
booths from the four elections held during the time span of 2004 ↔ 2019 for which the above-
mentioned conditions were met. Only national-level elections are considered in this dataset.
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The summary statistics reveal several fundamental patterns in our comprehensive dataset.

Electoral unit scales demonstrate extraordinary variation both within and across countries, ex-

emplified by the contrast between Canadian polling booths averaging 556 voters and Indian par-

liamentary constituencies averaging 569,000 voters. The consolidated number of electoral units

provides insight into the statistical power available for each country, ranging from Ethiopia’s lim-

ited 492 units to India’s extensive polling booth dataset encompassing 752,786 units. The tem-

poral coverage demonstrates the robustness of our longitudinal analysis, with consolidated data

representing decades or centuries of democratic evolution. Countries like Australia contribute 37

elections from 1901 to 2016, while Canada’s constituency-level data spans a remarkable 43 elec-

tions from 1867 to 2019. This extensive temporal depth enables investigation of how electoral

patterns evolve over time within stable democratic systems, providing insights into the persistence

or change of competitive structures across different historical periods.

3.6 Discussion

This comprehensive dataset represents the empirical foundation upon which our discovery of

electoral universality rests. The systematic collection, cleaning, and validation of data from 34

countries across six continents provides unprecedented analytical power for investigating funda-

mental patterns in democratic competition. Our dataset encompasses millions of electoral units

when consolidated across all countries and scales, representing one of the most extensive cross-

national electoral databases assembled for statistical physics analysis.

The quality-first approach in our data collection is essential to uncover robust statistical pat-

terns. Rather than pursuing maximum geographical coverage, we prioritized statistical robustness

by maintaining stringent quality thresholds for each included country. This methodology enabled

us to demonstrate genuine universality in electoral statistics while providing sufficient statistical

power to detect deviations indicative of electoral irregularities.

The multi-scale architecture of our dataset, particularly exemplified by the Indian election

data spanning three orders of magnitude in electoral unit size, enables investigation of scale-

invariant phenomena that would be impossible with single-scale analysis. The successful col-

lection of polling booth level data for India and Canada, representing hundreds of thousands of

electoral units, provides the granular resolution necessary for detecting universal statistical sig-
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natures across different scales of democratic aggregation.

With this empirically grounded foundation established, we possess the analytical infrastruc-

ture necessary to pursue our central research question: do universal statistical patterns emerge in

democratic competition that transcend the specific institutional, cultural, and temporal contexts

of individual electoral systems? The subsequent chapters will demonstrate how this carefully

curated dataset enables the discovery of remarkable universality in electoral margins when prop-

erly scaled, revealing fundamental principles governing competitive democratic processes across

vastly different contexts.
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Universality in Electoral Competition

Building on the empirical foundation established in Chapter 3, we now embark on a focused

search for universal patterns in electoral competition. Although elections vary dramatically across

democracies in their rules, contexts, and scales, our aim is to uncover whether there are funda-

mental statistical signatures that transcend these differences. In this chapter, we undertake a

systematic search for universal patterns in electoral data. We first focus on two key variables,

the margin of victory and voter turnout. While the former captures the essence of democratic

competition across different electoral systems, the latter sets the scale of the election. With exten-

sive election data [69–72] from 34 countries (from 6 continents) spanning multiple decades and

electorate scales, we analyze distributions of these variables, gradually uncovering a remarkable

universal distribution. Finally, we develop a minimal statistical model that explains this universal

pattern, offering insights into the fundamental nature of democratic competition.

4.1 The Electoral Process: A Template

A template of a basic electoral process is as follows. At each electoral unit, candidates compete

against each other to win the votes of the electorate, who can cast their vote in favor of only one of

the candidates. The candidate securing the largest number of polled votes is declared the winner.

This template, as illustrated in the schematic of Fig. 4.1, represents the core process in many

electoral systems. It is the standard first-past-the-post system followed in many countries, e.g.,

India, the UK, and the USA. In an instant-run-off system (such as in Australia) or two-round run-

offs (such as in France), the final run-off round boils down to this template. Typically, national

or regional elections following this template consist of many electoral units made up of polling

booths, precincts, constituencies, or counties. These units set a size scale in terms of the number

of electorates – a polling booth represents the smallest scale, while a constituency (subsuming

many polling booths) represents the largest scale. For our analysis, an “election” could be either

a national, regional, or even a city-level electoral process encompassing N electoral units, and
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Figure 4.1: Basic template of an election. The map highlights a single electoral unit within a
larger region. In this unit, multiple candidates (colored icons) compete for votes cast by the
electorate (black icons). A representative voter casts a ballot for one candidate. The distribution
of votes is summarized by key quantities on the right. The turnout T (top bar) denotes the number
of participating voters and sets the scale of the contest. Among these, the candidate securing the
most votes (Vw, blue) is declared the winner, while the one with the second-highest votes (Vr, red)
is the runner-up. The margin of victory M = Vw↔Vr (gray) quantifies the degree of competition –
smaller margins reflect tight races, while larger margins indicate strong consensus. This template
abstracts the first-past-the-post electoral mechanism used in countries like India, the UK, and
the USA, and serves as the basis for analyzing competitiveness and engagement across electoral
units.

each unit could be a polling booth, county, or constituency.

In any such election, an informative indicator of the degree of competition and the extent of

consensus is the margin of victory. A vanishing margin of victory signifies tight competition and a

divided electorate, whereas large margins of victory indicate a decisive mandate and overwhelm-

ing consensus in favor of one candidate. Let ci, i = 1, 2, . . . N , denote the number of candidates

contesting an election in the i-th electoral unit. The winning and runner-up candidates receive,

respectively, Vi,w and Vi,r votes such that Vi,w > Vi,r. The margin is given by Mi = Vi,w ↔ Vi,r.

If ni > 0 is the size of the electorate, i.e., number of registered voters in the i-th unit, then

0 ⇒ Mi ⇒ ni. However, in practice, only a fraction of the electorate participates in voting. In

such cases, the number of voters who show up to cast their vote is termed as the turnout Ti, such

that 0 ⇒ Ti ⇒ ni, and consequently, the margin is further restricted by 0 ⇒ Mi ⇒ Ti.

4.1.1 Turnout-Margin Relationship

To fix our ideas, we might focus on the elections in one country, e.g., the general elections in

India. Then, the object of interest would be Mi and Ti (i = 1, 2, . . . N ). To be statistically

robust, the data is consolidated from many elections spread over several decades (For India, 18
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Figure 4.2: (a) Turnout distribution g(T ) obtained from election data for different countries. Note
the differences in shapes and ranges for g(T ). (b-g) Scaled margin distribution QM̃

(
M̃

)
obtained

from election data (open circles with solid lines) for India, USA, South Korea, Canada, Japan,
and Germany. Despite their distinct electoral systems and political cultures, these distributions
show broad similarities but also notable differences in their decay patterns.

elections from 1951 to 2019). This leads to the associated empirical distributions QM(M) and

g(T ), respectively, for margin and turnout. Figure 4.2(a) displays the distribution of raw turnout

g(T ) at the constituency level for national elections in six countries, namely, India, USA, South

Korea, Canada, Japan, and Germany. Striking dissimilarities in g(T ) are visible in the shape and

support of distribution for countries. For Germany, g(T ) has a unimodal character, while that for

Canada and the USA display multiple peaks. Further, we scale the margin distribution with the

sample mean ↑M↓, hoping to find a universal pattern. However, as displayed in Fig. 4.2(b-g),

the distributions of scaled margin M̃ = M/↑M↓ (computed from the consolidated margin data

for each country) demonstrate certain noticeable differences. In particular, QM̃

(
M̃

)
for German

elections in Fig. 4.2(g) has a sharp cutoff, but for India and Japan in Fig. 4.2(b, f) the distribution

has a slower decay.

Next, we investigate how the electoral scale affects the distributions of our key variables, an

essential consideration for any claim of universality. In large countries, depending on the size

of the electoral unit, the typical turnout can differ by several orders of magnitude. For example,

in India, the polling booths have a typical electoral size → 103, while at the parliamentary con-

stituency level it is about 106. Further, the shapes of g(T ) are also vastly different at different

scales. Figure 4.3(a) captures the striking differences in range and shape of g(T ) for India, the

US, and Canada at two different scales. The dashed lines represent smaller scales (polling booths
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Figure 4.3: The turnout distribution g(T ) and scaled margin distribution QM̃

(
M̃

)
for India

(blue), the USA (orange), and Canada (red), at two widely different scales, i.e., size of electoral
units. (a) g(T ) at two different scales for each country. The dashed line is for smaller scales
(polling booth for India and Canada, County for the USA), while the solid line represents a larger
scale (constituency for India and Canada, congressional district for the USA). (b-g) QM̃

(
M̃

)

from election data (open circles). Despite the differences in scale and shape of g(T ), the empirical
QM̃

(
M̃

)
shows certain consistent patterns, though scale effects are still evident.

for India and Canada, counties for the USA), while solid lines represent larger scales (constituen-

cies for India and Canada, congressional districts for the USA). The corresponding scaled margin

distributions QM̃

(
M̃

)
are shown in Figure 4.3(b-g). Figure 4.3(b, c, d) shows the empirical

distribution of scaled margins (in national elections) at the constituency-level scale, and Figure

4.3(e, f, g) shows the same at the scale of polling booths (county for USA). For each country,

the distributions at different scales show certain similarities but also notable differences. For in-

stance, in the USA, the county-level distribution (Figure 4.3(f)) displays a heavier tail compared

to the congressional district level (Figure 4.3(c)), reflecting the influence of the underlying turnout

distribution. Similar scale-dependent effects are visible in the data from India and Canada.

This variability in the scaled margin distribution suggests that QM̃

(
M̃

)
still carries the im-

print of the underlying turnout distribution and is affected by the scale of electoral units.

4.1.2 Scale-Invariant Measure Requirement

The variations in distributions observed across countries and scales clearly demonstrate that nei-

ther raw turnout nor simple scaled margin can reveal universal patterns in electoral competition.

The influence of electoral scale and country-specific factors persists in these measures. This sug-
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gests we need a more fundamental approach – one that effectively normalizes out the scale effects

while capturing the essential competitive dynamics common to all democratic elections. Such a

measure would need to account for both the margin and the contextual scale of each electoral

contest.

4.2 Specific Margin: A Scale-Invariant Metric

Given the observed dependencies between margins and turnouts, and the constraint that M ⇒ T ,

we consider a new measure: the specific margin µ = M/T . This ratio represents the margin

normalized by the turnout at each electoral unit, producing a measure of electoral competitive-

ness that is independent of the size of the electorate. The specific margin µ ranges from 0 to 1,

where values close to 0 indicate extremely competitive elections (nearly tied results), and values

approaching 1 represent complete consensus (where nearly all voters chose the same candidate).

By normalizing the margin by the local turnout, we effectively remove the scale dependency that

affected our earlier analysis.

4.2.1 Universal Scaled Distribution

The true breakthrough comes when we examine the scaled specific margin µ̃ = µ/↑µ↓, where ↑µ↓

is the average specific margin for each country. Figure 4.4 shows the distribution Qµ̃ (µ̃) of this

scaled specific margin computed from electoral data across 32 countries.

Remarkably, Figure 4.4 reveals that the scaled specific margin distributions Qµ̃ (µ̃), follows a

universal trend across all 32 countries, despite vast differences in their electoral systems, cultural

contexts, and historical backgrounds. Each colored point in the figure represents a specific coun-

try’s data, and while there are small fluctuations around the aggregated distribution (attributable

to finite-size effects), the overall pattern is strikingly consistent.

This represents a remarkable finding: despite the immense complexity and diversity of elec-

toral systems worldwide, the scaled specific margin follows a universal distribution, suggesting

that the fundamental process of electoral competition—when appropriately normalized—follows

the same statistical pattern regardless of where or how the election takes place.
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Figure 4.4: The empirical distribution of µ̃ = µ/↑µ↓ from election data of 32 countrie. Each color
indicates a specific country for which the empirical election data is consolidated over several
elections. The average of these empirical distributions is shown as red open circles.

4.3 Theoretical Model Requirements

While the empirical universality we have discovered is compelling, it raises a fundamental ques-

tion: Why does this universal pattern emerge across such diverse electoral systems? What under-

lying mechanism could generate such consistent statistical behavior despite the vast differences

in political contexts, voter behaviors, and electoral rules?

4.3.1 Random Voting Model Introduction

The consistency of the pattern suggests that there might be a simple but powerful statistical prin-

ciple at work – something fundamental to the process of competitive selection itself, rather than

specific to electoral politics. The universality we have discovered hints that once turnout is “nor-

malized out” through the specific margin, what remains is a fundamental statistical process com-

mon to all competitive elections, suggesting that a minimal model focused on the core statistical
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features of electoral competition might be sufficient to explain the observed universality.

With this insight, we propose a simple stochastic model, called the Random Voting Model

(RVM). In this model, each voter in a constituency selects one of the candidates according to some

probability pj for j = 1, 2, 3. While in the next chapter we address the precise choice of these

probabilities as well as the detailed analysis of the model, for now, we focus on their statistical

consequences. We solve the model in the limit of large turnout (T ⇑ 1), meaning when the

number of voters is sufficiently large. In this limit, the votes received by the j-th candidate can be

approximated as vj ⇐ pjT (the probability of voting for that candidate multiplied by the turnout),

and the margin of victory as M ⇐
(
p(3) ↔ p(2)

)
T , where p(k) denotes the k-th order statistic

[88] of the probabilities assigned to the candidates – in simpler terms, p(3) is the probability

of the winner and p(2) is the probability of the runner-up. Evidently, in this limit, the specific

margin µ ⇐ p(3) ↔ p(2) becomes the difference between these probabilities and its distribution

has no explicit dependence on turnout T . With this insight, we obtain the distribution of specific

margins as:

Qµ(µ) =
(1 ↔ µ)(5 + 7µ)

(1 + µ)2(1 + 2µ)2
. (4.1)

Thus, the distribution Qµ̃ (µ̃) of the scaled specific margin µ̃ = µ/↑µ↓ is:

Qµ̃ (µ̃) = ↑µ↓Qµ (µ̃↑µ↓) , (4.2)

with ↑µ↓ = 1
2 + ln

(
9 4↓3
16

)
and the distribution is independent of the underlying turnout distri-

bution g(T ). In figure 4.5(a) we demonstrate that Qµ̃ (µ̃), computed from RVM simulations with

vastly different turnout distributions g(T ), does not depend on the detailed structure of g(T ) and

is in agreement with the analytical prediction in Eq. 4.2. The RVM simulations are performed

with 106 electoral units using g(T ) corresponding to power law, Gaussian, and uniform distribu-

tions (inset of Fig. 4.5(a)). The simulated distributions (open circles in Fig. 4.5(a)), for the three

cases of g(T ), collapse on the analytical prediction Qµ̃ (µ̃) (red line).

We further examine if prediction in Eq. 4.2 holds good for the empirical election data. Indeed,

as observed in Fig. 4.5(b), the RVM prediction (black open circles) is in excellent agreement with

the averaged distributions (open red circles) obtained from all the 32 countries. The averaged

empirical distribution is also consistent with the analytical universal curve Qµ̃ (µ̃) (red line). Fur-

ther, the empirical distribution for each of the 32 countries (denoted by the solid-colored circles)
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Figure 4.5: (a) Qµ̃ (µ̃) predicted by RVM for three different turnout distributions g(T ) (see inset).
The open circles are obtained from RVM simulations with N = 106, while the solid colored
circles are generated from RVM simulations with N identical to empirical election data. The
red line corresponds to Qµ̃ (µ̃) in Eq. 4.2. (b) The empirical distribution of µ̃ = µ/↑µ↓ from
election data of 32 countries (excluding Ethiopia and Belarus). Each color indicates a specific
country for which the empirical election data is consolidated over several elections. The average
of these empirical distributions (red open circles) closely follows the analytical curve (red line)
and the averaged RVM predictions for each country (black open circles). The inset depicts the
distributions on a linear scale.

closely follows the trend of Qµ̃ (µ̃), albeit with some fluctuations induced by the finite size of data.

Similar fluctuations are evident in RVM simulations as well, seen as solid circles in Fig. 4.5(a),

when the number of electoral units N is taken from the empirical election data (rather than fixed

at 106). Empirical distributions shown in the inset of Fig. 4.5(b) demonstrate that at large x, the

absolute fluctuations decrease.

Thus, the universality in Fig. 4.5 suggests that irrespective of the finer details of election pro-

cesses, the mechanism underlying the core component of any competitive election – choosing one

candidate from many contenders – leads to a universal distribution for the scaled specific margin

µ̃ = µ/↑µ↓. This remarkable agreement between our simple Random Voting Model and empirical

data from diverse democracies suggests that we have identified a fundamental statistical signature

of democratic competition that transcends specific electoral systems and cultural contexts.

4.4 Discussion

In this chapter, using extensive election data from 32 countries spanning multiple decades and

electorate scales, we have demonstrated a remarkable statistical universality in democratic elec-
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toral competition. While raw turnout distributions vary dramatically across countries and scales,

and scaled margin distributions retain country-specific features, the scaled specific margin follows

a universal distribution across 32 diverse democracies.

This universality transcends the particularities of individual countries, electoral systems, and

scales, revealing what appears to be a fundamental statistical signature intrinsic to competitive

democratic processes. Like other universalities discovered in complex systems, this pattern

emerges not despite but because of the underlying complexity, as coherent patterns can arise

from the aggregation of many individual decisions. We further argue that this universality is a

stylized fact of elections, and any successful election model should be able to reproduce it.

The elegance of this finding lies in its simplicity: once we properly normalize the margin

by the local turnout and scale by the country-specific mean, the resulting distribution follows a

consistent pattern regardless of cultural, historical, or institutional factors. It suggests that beneath

the surface complexity of electoral politics lies a simpler statistical regularity, which is a signature

of democratic competition, which we capture with our proposed Random Voting Model.

Building on the success of the RVM in explaining this universal pattern, the next chapter will

provide a comprehensive analysis of the model from first principles. We will derive its mathemat-

ical foundations, demonstrate how it connects turnout distributions to margin distributions across

different electoral contexts, and explore how this elegantly simple model can explain multiple

empirical findings.
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Random Voting Model: Analytical Framework

In the previous chapter, we uncovered a remarkable universal pattern in electoral statistics: the

scaled distribution of the specific margin (margin-to-turnout ratio) follows a consistent curve

across diverse democracies, electoral systems, and scales. This universality emerged despite the

vast differences in raw turnout and margin distributions across countries. We introduced the

Random Voting Model (RVM) as a simple stochastic framework that remarkably captures this

universal pattern with surprising accuracy.

Building on this discovery, this chapter provides a comprehensive analysis of the RVM from

first principles. We will delve into its mathematical foundations, derive key analytical results, and

demonstrate how this elegantly simple stochastic model can explain multiple empirical findings

from electoral data. Through both analytical derivations and simulation results, we’ll show that

the RVM not only predicts the universal specific margin distribution but also connects turnout

distributions to margin distributions across different electoral contexts.

5.1 Foundation of RVM

The Random Voting Model is based on the premise that electoral outcomes can be understood

through a minimal statistical framework that captures the essence of competition without mod-

eling voter psychology or strategic behavior. The model is parameter-free beyond the turnout

distribution and number of candidates, relying only on simple probabilistic principles.

In this Random Voting Model, ci number of candidates contest at i-th electoral unit with ni

electors (voters) and each elector from the i-th electoral unit casts their vote for j-th candidate

with a probability pij . These probabilities are assigned as follows: for each candidate, a number

between 0 and 1 is drawn uniformly at random, which is assigned as an unnormalized probability

weight wij to that candidate. The weights are subsequently normalized to get the probability

49



Chapter 5

pij, j = 1, 2 . . . ci of receiving the vote of an elector. This can be mathematically stated as

wij → U(0, 1) and pij =
wij∑
k wik

, with j = 1, 2 . . . ci, (5.1)

where U(0, 1) denotes a uniformly distributed random variable in (0, 1).

After each of the ni electors (voters) in i-th electoral unit casts their vote for some candidate

j independently with probability pij , the candidate receiving the most votes Vi,w is declared the

winner, and the candidate securing the next largest number of votes Vi,r is the runner-up. The

margin of victory Mi is then defined to be the vote difference between the winner and the runner-

up: i.e. Mi = Vi,w ↔ Vi,r. The empirical election data we employ shows that the top three

candidates, on average, account for nearly 87% of all votes polled in an election. Hence, as part

of the model specification, we fix the number of candidates in each electoral unit to be three, i.e.,

ci = 3 for all i.

The only input to this model is the raw turnout data, i.e., the number of voters (who actually

voted) in each constituency. For the model simulation, we use the turnout data of real elections

as the total number of voters in different constituencies. To understand how simulations are

performed, consider this notional example: if a country has N = 100 constituencies and data

for five such elections is available. Then, the turnouts for these five elections are consolidated,

resulting in 500 turnout data points. Further the model is simulated on 500 electoral units with

number of electors in each electoral unit taken from the consolidated turnouts. Such a simulation

of an election is performed multiple times to get the average distributions.

5.2 Universal Distribution Derivation

We now demonstrate how the RVM explains the universal distribution of scaled specific margin

Qµ̃ (µ̃) observed in the previous chapter. As mentioned in the previous section (5.1), we consider

the case where 3 candidates are contesting in an election. The weight assigned for the j-th can-

didate of the i-th electoral unit is wij . These weights are drawn independently at random from

a uniform distribution between 0 and 1. The corresponding probability pij of receiving votes is

calculated by normalizing these weights. Hence, we have the following,

wij → U(0, 1) and pij =
wij∑3
k=1 wik

; with j = 1, 2, 3. (5.2)
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For the rest of the analysis in this chapter, we focus on a single (i-th) electoral unit with voter

turnout T and drop the corresponding index i for brevity. Hence,

wij := wj and pij := pj. (5.3)

5.2.1 Large Turnout Approximation

For a large turnout (T ⇑ 1), it is reasonable to assume the number of votes received by the j-th

candidate is proportional to their probability pj , in particular, vj ⇐ pjT . Hence, for T ⇑ 1, the

margin can be approximated as

M ⇐ (pmax ↔ p2nd max)T, (5.4)

where pmax and p2nd max correspond to the largest and the second largest probabilities assigned

to the candidates. For example, if the probabilities p1, p2, and p3 assigned to the 3 candidates are

0.1, 0.6, and 0.3, then pmax = p2 = 0.6 and p2nd max = p3 = 0.3. The margin M can also be

written in terms of wj as the following:

M ⇐
(

wmax

w1 + w2 + w3
↔ w2nd max

w1 + w2 + w3

)
T,

=

(
w(3)

w(1) + w(2) + w(3)
↔

w(2)

w(1) + w(2) + w(3)

)
T,

=

(
w(3) ↔ w(2)

w(1) + w(2) + w(3)

)
T, (5.5)

where w(k) is the k-th order statistics [88]. Hence,

M

T
⇐

w(3) ↔ w(2)

w(1) + w(2) + w(3)
. (5.6)

5.2.2 Order Statistics Framework

Consider n iid random variables {X1, X2 . . . Xn} drawn from a distribution φ(x). When arranged

in ascending order, the random variable at the k-th spot is defined as the k-th order statistic. In

particular, n-th and 1-st order statistics correspond to the maximum and minimum of those n
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random variables, respectively. The k-th order statistic of the random variable X is denoted by

X(k).

The joint probability density of all the order statistics of the above-mentioned n random vari-

ables,
(
x(1), x(2), ...x(n)

)
, defined as the probability density that the random variable X(k) takes

the value x(k) for k ↘ {1, 2, . . . , n}, is

(
x(1), x(2), ...x(n)

)
= n!

n∏

k=1

φ
(
x(k)

)
. (5.7)

5.2.3 RVM Analytical Solution

Now that we understand the joint probability density of the order statistics, for RVM, we have

n = 3 and φ(x) = U(0, 1). Hence, we have,

(
w(1), w(2), w(3)

)
= 3! = 6; with 0 < w(1) < w(2) < w(3) < 1, (5.8)

and
(
w(1), w(2), w(3)

)
= 0 otherwise, with the following normalization:

∫ 1

0

dw(3)

∫ w(3)

0

dw(2)

∫ w(2)

0

6dw(1) = 1. (5.9)

From the joint probability distribution of all the order statistics, we calculate the approximate

probability density function of specific margin M/T = µ from Eq. (5.6) as follows,

Qµ (µ) = 6

∫ 1

0

dw(3)

∫ w(3)

0

dw(2)

∫ w(2)

0

↼

(
µ ↔

w(3) ↔ w(2)

w(1) + w(2) + w(3)

)
dw(1),

= 6

∫ 1

0

dw(3)

∫ w(3)

0

w(3) ↔ w(2)

µ2 0<
w(3)→µw(3)→(1+µ)w(2)

µ <w(2)

dw(2),

= 6

∫ 1

0

dw(3)

(1 ↔ µ)(5 + 7µ)w2
(3)

2(1 + µ)2(1 + 2µ)2
. (5.10)

(5.11)

Finally, after performing this integral, we get

Qµ (µ) =
(1 ↔ µ)(5 + 7µ)

(1 + µ)2(1 + 2µ)2
. (5.12)
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The distribution Qµ (µ) does not depend on the turnout and is universal. Now, by a change of

variable to scaled specific margin defined as µ̃ = µ/↑µ↓, we obtain its distribution Qµ̃ (µ̃) to be

Qµ̃ (µ̃) = ↑µ↓ Qµ (µ̃↑µ↓) =
↑µ↓(1 ↔ µ̃↑µ↓)(5 + 7µ̃↑µ↓)
(1 + µ̃↑µ↓)2(1 + 2µ̃↑µ↓)2

, (5.13)

where ↑µ↓ = 1
2 + ln

(
9 4↓3
16

)
. This derived distribution Qµ̃ (µ̃) is precisely the universal curve

observed in the empirical data across 32 countries in the previous chapter. The remarkable agree-

ment between theory and data, as shown in Fig. 5.1, confirms that the RVM captures the essential

statistical features underlying electoral competition. Individual predictions of Qµ̃ (µ̃) for all 32

countries are demonstrated in the Appendix A, Sec. A.3.
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Figure 5.1: Qµ̃ (µ̃): The distribution is universal and does not depend on the turnout distribution.
Each color indicates empirical Qµ̃ (µ̃) for a specific country for which the election data is con-
solidated over several elections. The average of these empirical distributions (red open circles)
closely follows the analytical curve (red line) and the averaged RVM predictions for each country
(black open circles).
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5.3 Margin Distribution Prediction

Having established that the RVM predicts the universal specific margin distribution, we now

explore how the model can predict the margin distribution QM(M) from an arbitrary turnout

distribution g(T ). From the previous section, we have the distribution of the specific margin

µ = M/T to be

Qµ (µ) =
(1 ↔ µ)(5 + 7µ)

(1 + µ)2(1 + 2µ)2
. (5.14)

Through a simple change of variable (M = µT ) we get,

P(M |T ) =
(1 ↔ M/T )(5 + 7M/T )

T (1 + M/T )2(1 + 2M/T )2
. (5.15)

For an arbitrary turnout distribution g(T ), we obtain the distribution of M to be,

QM(M) =

∫ ↔

M

g(T )P(M |T )dT =

∫ ↔

M

g(T )
(1 ↔ M/T )(5 + 7M/T )

T (1 + M/T )2(1 + 2M/T )2
dT. (5.16)

Again with u = T/M , the above integral transforms to,

QM(M) =

∫ ↔

1

g(Mu)
u(u ↔ 1)(5u + 7)

(1 + u)2(2 + u)2
du. (5.17)

5.3.1 Turnout Distribution Effects

We compute QM(M) for different turnout distributions g(T ). In particular, we take g(T ) to be

(A) exponential, (B) power law, and (C) Gaussian distributions as they have vastly different tail

behaviors. Finally, we also consider a uniform turnout distribution with finite support.

5.3.1.1 Exponential Turnout Distribution

In this case g(T ) = 1
ϑ e

→T/ϑ , with ε > 0. Hence,

QM(M) =

∫ ↔

1

1

ε
e→Mu/ϑ u(u ↔ 1)(5u + 7)

(1 + u)2(2 + u)2
du, (5.18)

or,

QM(M) =
e→M

ω

ε 2

(
4e

2M
ω (ε + M)Ei

(
↔2M

ε

)
↔ 9e

3M
ω (ε + 2M)Ei

(
↔3M

ε

)
↔ 4ε

)
, (5.19)
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where Ei(x) =
∫ x

→↔
et

t dt. At large margin limit (M ⇓ ↗), the asymptotic behavior of the

distribution is the following (up to the leading order of M ):

QM(M) =
ε

3M2
e→M/ϑ . (5.20)

This suggests that in the large margin limit, both the margin and its corresponding turnout distri-

bution have an exponential decay with the same rate.

5.3.1.2 Power law Turnout Distribution

In this case g(T ) = ϖ→1
T 1→ε
min

T→ϖ, with ϱ > 1 and T > Tmin. Hence we have,

QM(M) =

∫ ↔

1

ϱ ↔ 1

T 1→ϖ
min

(Mu)→ϖu(u ↔ 1)(5u + 7)

(1 + u)2(2 + u)2
du, (5.21)

or,

QM(M) = C(M)
ϱ ↔ 1

T 1→ϖ
min

(M)→ϖ, (5.22)

where,

C(M) =


I1(↗) ↔ I1(Tmin/M), if M ⇒ Tmin (5.23)

I1(↗) ↔ I1(1), otherwise, (5.24)

with,

I1(y) =

∫
y1→ϖ(y ↔ 1)(5y + 7)

(1 + y)2(2 + y)2
dy, (5.25)

and,

I1(y) =






↔ 4

y + 1
+

9

2(y + 2)
↔ 1

4
7 ln(y) + 4 ln(y + 1) ↔ 9

4
ln(y + 2), if ϱ = 2 (5.26)

y2→ϖ
(
16 2F1(2, 2 ↔ ϱ; 3 ↔ ϱ; ↔y) ↔ 9 2F1

(
2, 2 ↔ ϱ; 3 ↔ ϱ; ↔y

2

))

4(ϱ ↔ 2)
, otherwise, (5.27)

(5.28)

where 2F1(a, b; c; z) is a hypergeometric function [89], defined as,

2F1(a, b; c; z) =
↔∑

n=0

(a)n(b)n
(c)n

zn

n!
= 1 +

ab

c

z

1!
+

a(a + 1)b(b + 1)

c(c + 1)

z2

2!
+ · · · .
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It is evident from Eq. (5.22) that for M > Tmin, the margin distribution decays with a power law

exponent ϱ, exactly the same as the turnout distribution.

5.3.1.3 Gaussian Turnout Distribution

In this case g(T ) = C0e→(T/T0)2 , with T > 0. Hence,

QM(M) =

∫ ↔

1

C0e
→(Mu/T0)2

u(u ↔ 1)(5u + 7)

(1 + u)2(2 + u)2
du. (5.29)

At large margin limit (M ⇓ ↗), the asymptotic behavior of the distribution is the following (up

to the leading order of M ):

QM(M) =
C0

12

(
T0

M

)4

e→(M/T0)
2

, (5.30)

and it has a Gaussian decay similar to the corresponding turnout distribution.

From the asymptotic analysis of the margin distributions for the three above-mentioned turnout

distributions, we provide strong evidence that the tails of the margin distributions mimic those of

the corresponding turnout distributions. For completeness, we also compute the margin distribu-

tion corresponding to a uniform turnout distribution which has a finite support (no tail behavior).

5.3.1.4 Uniform Turnout Distribution

In this case g(T ) = 1
b→a , when T ↘ [a, b], otherwise g(T ) = 0. Hence,

QM(M) =






1

b ↔ a

∫ b/M

a/M

u(u ↔ 1)(5u + 7)

(1 + u)2(2 + u)2
du, if M ⇒ a (5.31)

1

b ↔ a

∫ b/M

1

u(u ↔ 1)(5u + 7)

(1 + u)2(2 + u)2
du, otherwise, (5.32)

or,

QM(M) =






1

b ↔ a
(I2(b/M) ↔ I2(a/M)) , if M ⇒ a (5.33)

1

b ↔ a
(I2(b/M) ↔ I2(1)) , if a > M ⇔ b (5.34)

0, otherwise, (5.35)
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where,

I2(y) =

∫
y(y ↔ 1)(5y + 7)

(1 + y)2(2 + y)2
dy = ↔ 4

y + 1
+

18

y + 2
↔ 4 ln(y + 1) + 9 ln(y + 2). (5.36)

5.3.2 Synthetic Turnout Simulations

We perform simulations using the following four different synthetic turnout distributions to fur-

ther validate our analytical results, specifically the tail behavior of the margin distribution. We

also simulate RVM with different protocols for generating pij , detailed in Section A.1 of Ap-

pendix A, to investigate its effect on predictions.

1. Gaussian Turnout Distribution: g(T ) = 1
ϱ
↓

2ς
exp

(
↔ (T→µ)2

2ϱ2

)
, with µ = 50000, ω =

10000 and T > 0.

2. Exponential Turnout Distribution: g(T ) = 1
ϑ exp

(
↔T

ϑ

)
, with ε = 50000.

3. Power law Turnout Distribution: g(T ) = ϖ→1
T 1→ε
min

T→ϖ, with ϱ = 2 and Tmin = 100 (mini-

mum possible turnout).

4. Uniform Turnout Distribution: T → U(a, b), with a = 100 and b = 100000. U(a, b)

denotes uniform distribution between the range a and b.

Each of the RVM simulations was performed on 106 electoral units, with turnouts (rounded down

to the nearest integer) drawn from one of these four distributions. The simulation demonstrates

that the tail of the margin distribution mimics the turnout distribution’s tail. This is evident in

Fig. 5.2(a), (b), and (c). The tail of the margin distribution (Fig. 5.2 (c)) corresponding to power

law turnouts decays with the same power law exponent. In the simulation with Gaussian turnout

distribution, we find the tail of the margin distribution also has a Gaussian falloff (Fig. 5.2 (a)).

Similarly, the margin distribution corresponding to exponential turnouts has an exponential tail

(Fig. 5.2 (b)). As the probability density function of uniform turnout distribution and corre-

sponding margin distribution have finite supports, their tails can not be properly defined. We

find a sharp cutoff in the corresponding margin distribution. The analytical (semi-analytical for

Gaussian turnout) predictions for the margin distributions (shown as black lines in Fig. 5.2) cor-

responding to all four aforementioned turnout distributions are in excellent agreement with the

RVM simulation. In empirical county-level election data of the United States, the heavy-tailed
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decay of the turnout distribution is reflected in the corresponding margin distribution (Fig. 5.2(e)).

In Fig. 5.2(f), we see a similar decay trend in both margin and turnout distribution, which corre-

spond to congressional district-level election data of the USA.

Figure 5.2: The margin distribution QM(M) is plotted with the corresponding turnout distribu-
tion g(T ) to demonstrate that the tails of both these distributions are correlated. Panels (a), (b),
(c), and (d) correspond to Gaussian, exponential, power law, and uniform turnout distributions,
respectively. Blue open circles denote the turnout distributions. Red open circles denote the mar-
gin distribution computed through RVM simulations. Black solid lines correspond to the margin
distribution computed using Eq. 5.17. For exponential, power law, and uniform turnout distri-
butions, the integration was analytically calculated, and for the Gaussian turnout distribution, it
was evaluated numerically. Panels (e) and (f) depict the margin and turnout distribution for the
county-level and congressional district-level election data of the USA, respectively.
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5.3 Margin Distribution Prediction

5.3.3 Scaling Requirements for Margin Analysis

While the RVM successfully explains the shape of the margin distributions QM(M) and captures

their tail behaviors remarkably well, it fails to predict the empirical mean of those distributions.

The empirical study to find a scaling relation between mean margin, mean specific margin, and

turnout is discussed in Section A.2 of Appendix A. To overcome this limitation, we scale the

margin distribution by its mean ↑M↓, and investigate the predictive power of the RVM on the

scaled margin distribution QM̃(M̃).

5.3.3.1 Predicting Scaled Margin Distributions Across Countries

As demonstrated in the previous chapter, different countries exhibit vastly different turnout distri-

butions g(T ) that reflect distinct electoral systems and contexts. The key question is whether the

RVM can capture the resulting variations in scaled margin distributions QM̃(M̃). Figure 5.3 (b-g)

shows that the RVM predictions (solid lines) achieve excellent agreement with empirical scaled

margin distributions (open circles) across diverse countries including India, USA, South Korea,

Canada, Japan, and Germany. Notably, the model faithfully captures the disparate decay features

observed in different countries, from the sharp cutoff characteristic of German elections to the

heavier tails seen in Indian and Japanese data. This demonstrates that raw turnout data carries

intrinsic information about the margin distribution, which the RVM effectively leverages without

requiring any parameter tuning.
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Figure 5.3: RVM predictions of scaled margin distributions across diverse electoral systems. (a)
Turnout distributions g(T ) showing the diversity in electoral contexts. (b-g) Empirical scaled
margin distributions QM̃(M̃) (open circles) compared with parameter-free RVM predictions
(solid lines) for India, USA, South Korea, Canada, Japan, and Germany. The shaded regions
represent prediction variability from multiple RVM realizations.

59



Chapter 5

5.3.3.2 Scale-Independent Predictive Accuracy

The predictive power of the RVM extends across different electoral scales without requiring pa-

rameter adjustments. As shown in Figure 5.4 (b-g), the same model accurately predicts scaled

margin distributions at both constituency-level (larger scale) and polling booth/county-level (smaller

scale) for India, USA, and Canada. Despite turnout distributions that differ by orders of magni-

tude in scale and exhibit completely different shapes, the RVM maintains its predictive accu-

racy, confirming that the underlying statistical principles captured by the model are truly scale-

invariant.
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Figure 5.4: Scale-independent RVM predictions. (a) Turnout distributions g(T ) at two different
electoral scales: dashed lines for smaller scales (polling booths/counties), solid lines for larger
scales (constituencies/congressional districts). (b-g) Empirical QM̃(M̃) (open circles) and RVM
predictions (lines) demonstrate excellent agreement across both scales despite vastly different
turnout characteristics.

5.3.3.3 Comprehensive Validation Across All Countries

Figure 5.5 provides a comprehensive demonstration of the RVM’s predictive accuracy across our

complete dataset of 32 countries. The remarkable agreement between empirical distributions

(colored circles) and parameter-free RVM predictions (black lines) across such diverse electoral

systems – spanning different continents, political cultures, and institutional arrangements – under-

scores the model’s robustness and the fundamental nature of the statistical principles it captures.
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Figure 5.5: Comprehensive validation of RVM predictive accuracy. Empirical scaled margin
distributions QM̃(M̃) (colored circles) compared with parameter-free RVM predictions (black
solid lines) across all 32 countries in our dataset, demonstrating consistent predictive accuracy
across diverse electoral systems.
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5.4 Discussion

In this chapter, we have provided a comprehensive analysis of the Random Voting Model (RVM)

from its first principles. We demonstrated how this elegantly simple model generates the univer-

sal distribution of scaled specific margins observed across diverse electoral systems worldwide.

Through rigorous mathematical derivations, we showed that the model successfully predicts this

universality without requiring any parameters beyond the turnout distribution and number of can-

didates.

Furthermore, we established that the RVM provides powerful insights into how turnout dis-

tributions shape margin distributions across different electoral contexts. Through both analyti-

cal solutions and simulations with various synthetic turnout distributions (Gaussian, exponential,

power law, and uniform), we demonstrated that margin distributions inherit the tail behavior of

their corresponding turnout distributions. This finding explains why electoral margin distribu-

tions can vary dramatically across countries while still adhering to the universal specific margin

pattern.

The model’s ability to predict scaled margin distributions from raw turnout data alone – with-

out any adjustments or free parameters – is remarkable and represents a significant advance in

our understanding of electoral statistics. It suggests that beneath the apparent complexity and

diversity of electoral systems worldwide lies a fundamental statistical principle that governs com-

petitive selection processes.

However, the RVM also has limitations. While it excellently predicts the shape and tail be-

havior of margin distributions, it struggles to reliably predict the mean margin. This necessitates

scaling by empirical means when comparing model predictions to real-world data. Addition-

ally, the model’s simplified assumption of random voting does not account for strategic voting

behavior, partisan affiliations, or other psychological and sociological factors that influence real

elections.

Despite these limitations, the success of this minimal statistical model in capturing key uni-

versal features of electoral competition demonstrates the power of stochastic approaches in un-

derstanding complex social phenomena. In the next chapter, we will build upon this foundation

to further explore the prediction of several other key electoral statistics.
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Beyond Margins: Winner and Runner-up votes

Building on our exploration of the Random Voting Model in the previous chapter, we now extend

our investigation to other key electoral statistics and their relationship with voter turnout. While

we established that the RVM successfully predicts the universal specific margin distribution and

connects turnout distributions to margin distributions across different electoral contexts, a natural

question arises: Can the distribution of other relevant electoral statistics be uncovered using voter

turnout distributions?

To address this question effectively, we require large datasets covering a range of different

electoral scales. India, the world’s largest democracy, regularly conducts elections involving vast

electorates (960 million in 2024), and its publicly available election data spans multiple decades

and electoral scales. The diversity of India’s linguistic and cultural landscape further adds to the

complexities of its electoral outcomes, making it an excellent testing ground for assessing the

robustness of the RVM framework.

In this chapter, using empirical data from Indian elections spanning several decades and vastly

different electoral scales, we demonstrate a strong correlation between the distributions of votes

received by winners and runner-ups and voter turnouts. Leveraging this correlation and the RVM,

we analytically predict the scaled distributions of the votes secured by winners and runner-ups

using the corresponding turnout distributions. This prediction remarkably holds good at all the

electoral scales – from large parliamentary constituencies (→ 106 voters) down to the smallest

polling booth levels (→ 102 ↔ 103 voters). Further, we show a rather surprising scale invariance

of the margin distributions, a characteristic typical of Indian elections.

6.1 The Effective Number of Candidates

While our previous analysis employed a fixed number of candidates (nc = 3) for the Random

Voting Model, here we refine our approach by introducing the concept of the effective number

of candidates [90]. This metric, widely used in political science, captures the actual level of
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competition more accurately than the raw count of candidates on a ballot.

The effective number of candidates is defined as:

(E)nc
i =

1
∑nc

i
k=1(Vik/Ti)2

. (6.1)

In large electoral exercises such as those in India, even though many candidates join the fray, a

few corner most of the votes. For instance, if all the votes are garnered by just one candidate, then

Vi1 = Ti, and Vij = 0 for j = 2, . . . nc. In this case, (E)nc
i = 1. However, if all the votes are split

equally among two candidates, (E)nc
i = 2, thus, Eq. 6.1 captures the idea of an effective number

of candidates in i-th electoral unit.

By averaging over all the electoral units, we obtain:

(E)ñc =


1

N

N∑

k=1

(E)nc
k


, (6.2)

where [ ↖ ] denotes the operation of extracting the closest integer value. And (E)ñc indicates the

effective number of candidates for an entire election at different electoral scales.

From empirical data of Indian elections at different scales, we find (E)ñc = 2 at the polling

booth (PB) level for the General Elections. However, for all the other three cases of Assembly

Constituency in General Elections (AC-GE), Parliamentary Constituency in General Elections

(PC-GE), and Assembly Constituency in State Elections (AC-SE), we obtain (E)ñc = 3. This

insight allows us to adapt our modeling approach to better match the electoral reality at each

scale.

6.2 Turnout-Vote Distribution Correlation

Depending on the electoral level considered, the winner and runner-up vote distributions have

vastly different scales, with the winner vote distribution having wider support than the runner-up.

However, when both distributions are scaled by their respective mean values (mean taken over

all elections for which data is available), the winner and runner-up vote distributions – QṼw
(Ṽw)

and QṼr
(Ṽr) – explicitly display a strong correlation with the corresponding scaled turnout dis-

tributions QT̃ (T̃ ). Figure 6.1 shows this correlation for four different electoral scales in India.

Remarkably, at larger electoral scales (Parliamentary and Assembly constituencies), not only the
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Figure 6.1: Winner, runner-up vote distributions, and turnout distributions, scaled by their respec-
tive means. Notably, at larger electoral scales (AC / PC), the winner and runner-up distributions
mimic the corresponding turnout distribution.

tail but the entire scaled distributions of winner and runner-up votes mimic the corresponding

scaled turnout distribution (panels (b), (c), and (d) in Fig. 6.1). This strong correlation indi-

cates that the turnout distribution contains crucial information about different election statistics

and can be leveraged to predict the scaled vote distributions of the winner and the runner-up. To

explore this possibility, we apply the Random Voting Model, which has already demonstrated

effectiveness at predicting the scaled distribution of margins of victory.

6.3 Vote Distribution Prediction Framework

We now extend our analytical framework to derive the distributions of votes received by winners

and runner-ups in the RVM.

6.3.1 RVM Fundamentals Review

In Random Voting Model, in the i-th electoral unit, electorates vote for the j-th candidate with a

probability pij . These probabilities as assigned to the candidates as follows:

wij → U(0, 1) and pij =
wij∑
k wik

, with j = 1, 2 . . . nc
i , (6.3)

66



6.3 Vote Distribution Prediction Framework

where U(0, 1) denotes a uniformly distributed random variable in (0, 1) and nc
i is the number of

candidates in the i-th electoral unit.

6.3.2 Vote Share Analysis in Large Turnout Regime

For a large turnout (T ⇑ 1), the votes received by the j-th candidate can be approximated as

Vj ⇐ pjT (we remove the electoral unit index i for brevity). Consequently, the vote share is

defined as:

vj = Vj/T with j = 1, 2, . . . nc. (6.4)

Thus, in this limit, the vote share distribution is effectively the same as the distribution of pj .

Building on the order statistics framework introduced in the previous chapter, the winner’s vote

share vw and runner-up’s vote share vr can be expressed as:

vw =
wnc

(nc)∑nc

k=1 wnc

(k)

and vr =
wnc

(nc→1)∑nc

k=1 wnc

(k)

. (6.5)

6.3.3 Random Voting Model with two candidates

We begin with the simpler two-candidate case before extending to the more complex three-

candidate scenario. These mathematical derivations will allow us to predict the shape of vote

distributions based solely on turnout data.

In the two-candidate Random Voting Model, we have n = nc = 2 and wj → U(0, 1). Hence,

the joint probability distribution of all the order statistics has the following form,

(
w(1), w(2)

)
= 2! = 2; with 0 < w(1) < w(2) < 1, (6.6)

and
(
w(1), w(2)

)
= 0 otherwise, with the following normalization:

∫ 1

0

dw(2)

∫ w(2)

0

2dw(1) = 1. (6.7)

6.3.3.1 Winner vote share distribution

From the joint probability distribution of all the order statistics (Eq. 6.6), the approximate vote

share distribution of the winner can be obtained as,
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Pvw (vw) = 2

∫ 1

0

dw(2)

∫ w(2)

0

↼

(
vw ↔

w(2)

w(1) + w(2)

)
dw(1),

= 2

∫ 1

0

2w(2)

v2
w

1/2↗vw<1dw(2),

(6.8)

or,

Pvw(vw) =






1

v2
w

if
1

2
⇒ vw < 1 (6.9)

0, otherwise. (6.10)

6.3.3.2 Runner-up vote share distribution

We can similarly calculate the probability density function of the runner-up vote share as follows,

Pvr (vr) = 2

∫ 1

0

dw(2)

∫ w(2)

0

↼

(
vr ↔

w(1)

w(1) + w(2)

)
dw(1),

= 2

∫ 1

0

2w(2)

(1 ↔ vr)2 0<vr<1/2dw(2),

(6.11)

or,

Pvr(vr) =






1

(1 ↔ vr)2
if 0 < vr <

1

2
(6.12)

0, otherwise. (6.13)

6.3.4 Three-Candidate Model Analysis

In the three-candidate Random Voting Model, we have n = nc = 3 and wj → U(0, 1). Then, the

joint probability distribution of all the order statistics is,

(
w(1), w(2), w(3)

)
= 3! = 6; with 0 < w(1) < w(2) < w(3) < 1, (6.14)
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and
(
w(1), w(2), w(3)

)
= 0 otherwise, with the following normalization:

∫ 1

0

dw(3)

∫ w(3)

0

dw(2)

∫ w(2)

0

6dw(1) = 1. (6.15)

6.3.4.1 Winner vote share distribution

From the joint probability distribution of all the order statistics, we calculate the approximate

probability density function of the winner vote share vw = Vw/T as follows,

Pvw (vw) = 6

∫ 1

0

dw(3)

∫ w(3)

0

dw(2)

∫ w(2)

0

↼

(
vw ↔

w(3)

w(1) + w(2) + w(3)

)
dw(1),

= 6

∫ 1

0

dw(3)

∫ w(3)

0

w(3)

v2
w 0<

w(3)→vw(w(2)+w(3))
vw

<w(2)

dw(2),

(6.16)

or,

Pvw =






6

∫ 1

0

w2
(3)

3vw ↔ 1

2v3
w

dw(3), if
1

3
< vw ⇒ 1

2
(6.17)

6

∫ 1

0

w2
(3)

1 ↔ vw
2v3

w

dw(3), if
1

2
< vw ⇒ 1 (6.18)

0, otherwise. (6.19)

Finally, after performing the integral, we get

Pvw =






3vw ↔ 1

v3
w

if
1

3
< vw ⇒ 1

2
(6.20)

1 ↔ vw
v3
w

, if
1

2
< vw < 1 (6.21)

0, otherwise. (6.22)

6.3.4.2 Runner-up vote share distribution

Similarly, the probability density function of the runner-up vote share vr = Vr/T can be obtained

as follows,
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Pvr (vw) = 6

∫ 1

0

dw(3)

∫ w(3)

0

dw(2)

∫ w(2)

0

↼

(
vr ↔

w(2)

w(1) + w(2) + w(3)

)
dw(1),

= 6

∫ 1

0

dw(3)

∫ w(3)

0

w(2)

v2
r

0<(1/vr→1)w(2)→w(3)<w(2)
dw(2),

(6.23)

or,

Pvr(vr) =






6

∫ 1

0

w2
(3)

vr(2 ↔ 3vr)

2(1 ↔ vr)2(1 ↔ 2vr)2
dw(3), if 0 < vr ⇒ 1

3
(6.24)

6

∫ 1

0

w2
(3)

1 ↔ 2vr
2v2

r(1 ↔ vr)2
dw(3), if

1

3
< vr <

1

2
(6.25)

0, otherwise. (6.26)

Finally, after performing the integral, we get

Pvr(vr) =






vr(2 ↔ 3vr)

(1 ↔ vr)2(1 ↔ 2vr)2
if 0 < vr ⇒ 1

3
(6.27)

1 ↔ 2vr
v2
r(1 ↔ vr)2

, if
1

3
< vr <

1

3
(6.28)

0, otherwise. (6.29)

6.3.5 Scaled Distribution Calculation Method

The winner and runner-up vote shares and specific margins are random variables scaled by the

voter turnout T . However, through a simple change of variable, Y = yT , we can obtain the

conditional distributions of the unscaled variables as,

P (Y |T ) =
1

T
Py (Y/T ) , (6.30)

where y can be vw, vr, and µ and Y represents unscaled variables Vw, Vr, and M respectively. The

distribution of Y for an arbitrary turnout distribution g(T ) can be obtained as,

QY (Y ) =

∫
g(T ) P(Y |T )dT, (6.31)

with ↑Y ↓ defined as,

↑Y ↓ =

∫
Y QY (Y )dY. (6.32)
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Finally the distribution of scaled Y , defined as Ỹ = Y/↑Y ↓, can be obtained as follows,

QỸ (Ỹ ) = ↑Y ↓ QY (Ỹ ↑Y ↓) (6.33)

Again, the dummy random variable Y can be either, Vw or Vr.

6.4 Empirical Validation Across Scales

Having derived the analytical expressions for vote share distributions, we now turn to testing these

predictions against real-world election data. This validation process will demonstrate how well

our theoretical framework captures the essential features of electoral outcomes across different

scales.

To validate our analytical framework, we compare the predicted distributions against empiri-

cal data from four different electoral scales in India:

1. Parliamentary Constituency level in General Elections (GE-PC): → 106 voters

2. Assembly Constituency level in General Elections (GE-AC): → 105 voters

3. Polling Booth level in General Elections (GE-PB): → 103 voters

4. Assembly Constituency level in State Elections (SE-AC): → 105 voters

Using the empirical turnout distribution g(T ) from election data, Eq. 6.31 is numerically inte-

grated. The resulting distribution is then scaled using Eq. 6.33 to obtain the scaled distributions

for the winner and runner-up vote shares, QṼw
(Ṽw) and QṼr

(Ṽr), respectively. As demonstrated

in Fig. 6.2, the analytical prediction (solid lines) is remarkably consistent with the empirical vote

share distributions. The predictions from RVM simulations, which use the raw turnout data and

nc = (E)ñc as inputs, closely follow the analytical distributions in Fig. 6.2.

The scaled distributions of winner and runner-up votes depicted across all electoral scales,

in Fig. 6.2, typically exhibit a power-law behavior in the tails for Ṽw, Ṽr ⇑ 1. Conversely,

for Ṽw, Ṽr ↙ 1, the distributions display different profiles. Remarkably, these differences are

well captured by RVM predictions: RVM (T, 2) accurately predicts distribution at the GE-PB

level, while RVM (T, 3) closely matches the distributions at the GE-AC, GE-PC, and SE-AC

levels. Hence, the effective number of candidates (Eq. 6.1) and the turnout distribution g(T ),
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Figure 6.2: Winner and runner-up vote distributions scaled by their respective means. Panels
(a, b), (c, d), and (e, f) depict, respectively, the scaled winner and runner-up vote distribution at
the polling booth, assembly constituency, and parliamentary constituency level for Indian general
elections. Panels (g, h) correspond to the distributions for the state elections at the assembly
constituency level. The analytical predictions (solid lines) are in remarkable agreement with the
empirical distributions (open circles). Predictions from RVM simulations (dashed line) closely
follow the analytical curves. Note particularly the power-law behavior in the tails (Ṽ ⇑ 1) across
all scales, and the distinct profiles at small values (Ṽ ↙ 1) that vary with the effective number of
candidates.

when used within the RVM framework, successfully predict the winner and runner-up vote share

distributions across distinct electoral scales.

6.5 Scale Invariance of Margin Distributions in Indian Elec-
tions

Building on our analysis of specific margins µ = M/T from the previous chapter, we now

examine the behavior of the scaled margin distributions QM̃(M̃) across different electoral scales

in India.

Remarkably, as demonstrated in Fig. 6.3 (a), the scaled distributions for the margin for Indian

elections at four different scales (GE-PB, GE-AC, GE-PC, and SE-AC) collapse onto a single

curve. This data collapse is a direct consequence of the similarity in tail behavior in the corre-

sponding turnout distributions. This appears to be a characteristic feature of Indian elections.

For instance, scaled margin distributions from US elections at the County and Congressional

district levels do not exhibit such a collapse (Fig. 6.3 (b)). This finding highlights a unique

characteristic of the Indian electoral system that deserves further investigation.
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Figure 6.3: Margin distributions scaled by their respective means. (a) Data collapse in the scaled
margin distributions of Indian elections at four electoral scales. Note how, despite the vastly
different electoral sizes (from → 102 to → 106 voters), the distributions align remarkably well.
(b) In contrast, such a collapse is absent in the election data from the USA, where county and
congressional district level distributions differ significantly.

6.6 Discussion

In summary, this chapter has demonstrated that voter turnout distributions are not merely indica-

tors of public trust and interest in the electoral process, but they also encode crucial information

about several key election statistics. The Random Voting Model, enhanced with the concept of
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effective number of candidates, provides a powerful framework for predicting various electoral

statistics from turnout distributions alone.

Our analysis reveals that voter turnout distributions strongly correlate with winner and runner-

up vote distributions, especially at larger electoral scales. This correlation is particularly evident

in the remarkable agreement between the analytical predictions from our model and the empirical

data. The RVM, when parameterized with the appropriate effective number of candidates (nc = 2

for polling booth level, nc = 3 for constituency levels), accurately predicts the scaled distributions

of winner and runner-up votes across different electoral contexts.

Perhaps most striking among our findings is that Indian elections exhibit a unique scale in-

variance in margin distributions, with scaled margin distributions collapsing onto a single curve

across vastly different electoral scales. This phenomenon, not observed in many other democratic

systems, including the United States, highlights distinctive characteristics of the Indian electoral

landscape. Furthermore, the universality of the scaled specific margin distribution is confirmed

across multiple electoral scales within India, reinforcing the robustness of our analytical frame-

work.

These findings deepen our understanding of electoral statistics and their relationship with

voter turnout. The predictive power of the RVM framework, using only turnout data and the

effective number of candidates as inputs, provides a valuable tool for electoral analysis and could

potentially aid in identifying anomalies or irregularities in electoral processes.

As we move to the next chapter, we will explore the practical applications of these insights,

focusing on designing interventions and developing methods to flag electoral malpractice based

on deviations from the expected statistical patterns.
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From Theory to Practice: Applications and Interventions

In the previous chapter, we uncovered that the Random Voting model can predict the scaled

distributions of winner and runner-up votes across vastly different electoral units, from small

polling booths to large parliamentary constituencies. This finding, alongside our earlier discovery

of universal patterns in specific margin distributions, demonstrates how the Random Voting Model

(RVM) can effectively predict electoral statistics across diverse contexts. These insights provide

not just theoretical understanding but also practical tools for addressing real-world challenges in

social systems.

This chapter explores two significant applications of our research: designing interventions to

mitigate polarization in social networks and developing tools for detecting electoral malpractice.

Both applications demonstrate how statistical physics principles can be applied to address soci-

etal challenges. We first examine how targeted interventions can reduce polarization in online

discourse, then show how statistical patterns can help identify potential electoral irregularities.

7.1 Reducing Polarization in Social Networks

Our research on opinion dynamics in Chapter 2 identified how polarized states emerge naturally

in social systems, particularly in online networks where homophily – the tendency to interact with

like-minded others – creates reinforcing echo chambers. The key insight from our modeling work

is that these self-reinforcing patterns can be disrupted through carefully designed interventions.

7.1.1 Echo Chamber Dynamics and Challenges

Echo chambers represent a significant challenge to healthy discourse in modern digital environ-

ments. These self-reinforcing information environments arise through two primary mechanisms.

First, homophily – our natural tendency to interact with like-minded others – creates initial clus-

tering of similar opinions. Second, algorithmic recommendation systems on social platforms
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amplify this tendency by optimizing for engagement, often leading to content that reinforces ex-

isting beliefs rather than challenging them.

The consequences of these echo chambers extend to both individual and societal levels. In-

dividuals exposed to increasingly homogeneous information tend to develop more extreme opin-

ions and decreased tolerance for opposing viewpoints. At the societal level, this fragmentation

undermines the shared factual basis necessary for productive public discourse and democratic

decision-making. Our research in Chapter 2 demonstrated how these dynamics can be modeled

mathematically, showing that polarized states emerge naturally from homophilic interactions even

without external manipulation.

The challenge lies in developing interventions that can effectively disrupt these patterns with-

out compromising user agency or platform viability. Any practical solution must balance the

need to expose users to diverse viewpoints with respect for individual preferences and platform

engagement metrics.

7.1.2 Random Nudge Intervention Strategy

The “random nudge” mechanism emerged as the most promising intervention strategy from our

analysis. This approach introduces a controlled probability (p) that users encounter opinions

outside their usual interaction patterns. When properly calibrated, this intervention reduces po-

larization while avoiding radicalization. Its implementation simplicity is valuable – requiring

only a measured degree of randomness in recommendation algorithms without identifying users’

specific political positions.

The intervention works by modifying the interaction probability between agents as:

P̃ij = p ≃ 1

N ↔ 1
+ (1 ↔ p) ≃ Pij (7.1)

In this formulation, P̃ij represents the modified interaction probability, Pij represents the original

homophily-based interaction probability defined in Eq. 2.3, N is the total number of agents, and p

is the nudge strength. Intuitively, this formula combines two components: a small random chance

of interaction with any agent in the system, and the original preference-based interaction pattern.

The parameter p controls the balance between these components. This approach preserves most

natural interaction patterns while introducing just enough randomness to prevent echo chamber
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formation.

In practice, this could be implemented by social media platforms as a subtle modification to

their recommendation algorithms. For example, a platform might introduce a small probability

that content from outside a user’s typical interaction sphere appears in their feed. Importantly,

this approach requires no knowledge of users’ specific political positions – only the pattern of

their past interactions, making it privacy-preserving and technically feasible.

7.1.3 Implementation Considerations and Constraints

Despite its promise, the random nudge intervention faces several practical limitations. The pri-

mary challenge is calibration. Too little randomness fails to disrupt echo chambers, while ex-

cessive randomness risks pushing the system toward radicalization. Our optimization analysis

showed that applying stronger interventions to a smaller subset of users often outperforms weaker

interventions across the entire user base.

Platform incentives present another significant challenge. Social media companies optimize

for engagement metrics that often benefit from the very echo chambers this intervention aims to

disrupt. Implementing such changes would require either regulatory pressure or demonstrating

that moderate depolarization can coexist with robust user engagement.

User resistance must also be considered. People naturally gravitate toward content that con-

firms their existing beliefs, and may disengage if exposed to too much challenging content. The

intervention must be calibrated not just for mathematical optimality but also for psychological

acceptability.

Finally, there are legitimate questions about who should determine the appropriate level of

intervention. While our research provides mathematical guidance on optimal nudge strength, the

decision to implement such systems ultimately involves value judgments about the proper balance

between individual choice and collective discourse health.

7.2 Electoral Integrity Assessment

The universal patterns we discovered in electoral data offer not just theoretical insights but also

practical tools for assessing election integrity. Our research identified two complementary ap-

proaches for detecting potential electoral malpractice: deviations from universality patterns and
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departures from Random Voting Model predictions.

7.2.1 Democratic Integrity Threats

Electoral malpractice undermines the foundational principle of democracy – that governance

should reflect the genuine will of the people. When elections are manipulated, whether through

ballot stuffing, voter intimidation, or administrative interference, this essential link between citi-

zens and their government is broken. Beyond the immediate impact on specific election outcomes,

persistent malpractice erodes public trust in democratic institutions and can lead to political in-

stability, social unrest, and democratic backsliding.

The threat is particularly acute in emerging democracies where electoral systems may lack

robust safeguards and independent oversight. However, even established democracies face chal-

lenges in maintaining electoral integrity, particularly as new technologies create both opportuni-

ties and vulnerabilities in electoral processes. The development of reliable methods for detecting

potential malpractice is therefore crucial for protecting democratic governance worldwide.

7.2.2 Existing Detection Methods and Limitations

Electoral integrity is fundamental to democratic governance, yet traditional methods for identify-

ing malpractice often face significant limitations. Direct observation requires extensive resources

and can only monitor a fraction of polling stations. Meanwhile, post-election surveys depend on

respondents’ willingness to accurately report experiences, which may be compromised in envi-

ronments where intimidation is present.

Statistical approaches offer a complementary tool that can identify patterns of irregularity

across entire electoral systems. Previous work by Klimek et al. [91] and Jiménez et al. [92] has

explored using statistical indicators to detect potential fraud. Our research extends this toolkit

by providing a robust, theoretically grounded framework based on universal statistical patterns

observed across diverse electoral contexts.

7.2.3 Statistical Pattern-Based Detection

Our analysis revealed pronounced deviations from the universal pattern in certain electoral con-

texts. Figure 7.1 shows how the distributions for Ethiopia (2010) and Belarus (2004-2019) di-

verge significantly from the expected pattern predicted by the Random Voting Model as well
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Figure 7.1: Detecting electoral malpractice through statistical signatures. The distributions (a)
QM̃(M̃), and (b) Qµ̃(µ̃) obtained from empirical data from Belarus (2004 ↔ 2019) and Ethiopia
(2010) (blue circles) show significant deviation from the model predictions (red line). The light
red shaded region represents the variability in RVM prediction computed from 100 realizations.
These deviations from expected patterns suggest potential electoral irregularities that warrant
further investigation.

as the universal distribution of scaled specific margin. In both cases, the distributions show an

overrepresentation of large margins and specific margins compared to what would be expected

in competitive electoral environments. This pattern is consistent with reports from independent

electoral observers who documented concerns about these elections.

Our framework provides two complementary tools for flagging potential electoral malprac-

tice. First, deviations from universality: The scaled distribution of margin-to-turnout ratio should

follow a universal form across all competitive elections. Significant departures from this universal

pattern can indicate manipulation. Second, departures from Random Voting Model predictions:
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The RVM accurately predicts scaled margin distributions across diverse electoral contexts when

using actual turnout data as input. When empirical margin distributions deviate substantially from

these predictions, this suggests the possibility of non-random influences on voting patterns.

These statistical methods offer several advantages over traditional monitoring approaches.

They can be applied retrospectively to historical data, allowing for the identification of patterns

that might have been missed during the election. They also provide a quantitative baseline against

which to compare future elections, potentially signaling deterioration or improvement in electoral

integrity over time. Most importantly, they can analyze entire electoral systems rather than sam-

ples, potentially revealing systemic patterns of irregularity that might be missed by more localized

approaches.

7.2.4 Method Limitations and Contextual Factors

While our statistical approach offers powerful tools for identifying potential electoral malpractice,

several important caveats must be considered in practical implementation.

Statistical signatures cannot definitively prove malpractice alone – they identify patterns war-

ranting further investigation and should complement other forms of evidence, including observer

reports and historical context.

Not all deviations necessarily indicate fraud; legitimate factors like unusual demographics or

natural disasters can cause statistical anomalies. These methods work best with sufficient data

points, making them most reliable for elections with numerous electoral units.

Ultimately, detection is only the first step – effective remediation requires robust legal frame-

works, independent electoral commissions, and political will to enforce consequences for viola-

tions.

7.3 Discussion

In this chapter, we have demonstrated how the theoretical insights developed throughout this

thesis can be translated into practical applications. From designing interventions to mitigate po-

larization in social networks to developing statistical methods for detecting electoral malpractice,

our research offers tools to address significant societal challenges.

The random nudge intervention provides a promising approach for reducing polarization with-
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out compromising user privacy or engagement. By introducing controlled randomness into user

interactions, this mechanism can effectively break echo chambers while avoiding the risks of

radicalization.

Similarly, our statistical framework for detecting electoral malpractice offers a useful com-

plement to traditional monitoring approaches. By identifying deviations from universal patterns

and Random Voting Model predictions, this framework can help safeguard democratic processes

and strengthen electoral integrity.

Both applications highlight the value of statistical physics approaches to social phenomena.

By identifying underlying universal patterns and developing models that capture essential dynam-

ics, we can gain insights that transcend specific contexts and inform effective interventions.

The final chapter will synthesize these findings, discuss limitations of our current approaches,

and outline directions for future research that could further enhance our understanding of social

systems and their practical applications.
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Summary and Outlook

This thesis examined collective human behavior through tools from statistical physics, dynamical

systems, and network science. We focused on two domains: opinion formation in digital networks

and the statistical structure of democratic elections. Across both, randomness emerged not as

noise but as a key mechanism—revealing structure in electoral data and offering ways to reduce

polarization.

8.1 Research Contributions and Insights

We began in Chapter 1 by framing society as a multi-scale complex system, justifying the use of

statistical physics to model collective outcomes. We reviewed models in opinion dynamics and

statistical regularities in elections, providing the context for the chapters that followed.

In Chapter 2, we addressed online opinion polarization using extended models of bounded

confidence. We proposed the random nudge mechanism: agents occasionally interact outside

their homophilic groups. Simulations showed that even a small amount of such randomness can

significantly reduce polarization and dissolve echo chambers. The intervention’s effectiveness

showed a non-monotonic dependence on the level of randomness—too little has little effect;

too much can destabilize opinions. We demonstrated the robustness of this mechanism across

multiple models.

Chapter 3 shifted to data. We assembled a large-scale, curated dataset covering elections from

34 countries. This spanned polling booth to national levels and enabled us to test for statistical

regularities with high resolution and cross-country consistency.

Chapter 4 identified a key empirical result: after normalizing the margin of victory by turnout

and scaling by its country-level mean, we found a universal distribution of the scaled margin that

holds across countries, election years, and scales. This result suggested deep statistical constraints

in electoral competition.

In Chapter 5, we developed the Random Voting Model (RVM) to explain this universal distri-
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bution. Using order statistics in the large-voter limit, we derived the observed universal form from

first principles. Crucially, the RVM requires only the empirical turnout distribution as input—no

free parameters—highlighting the central role of turnout in shaping competition.

Chapter 6 extended the RVM to India’s multi-scale electoral system. By incorporating the

effective number of candidates, we showed the model can predict the scaled vote shares of both

winner and runner-up candidates across polling booths and parliamentary constituencies. We also

found scale-invariant patterns in the scaled margin distribution.

Finally, Chapter 7 discussed applications. The random nudge can be implemented algorith-

mically in digital platforms to reduce polarization, while the RVM provides a quantitative bench-

mark for detecting anomalies in elections. We applied this to data from Ethiopia and Belarus to

highlight deviations from statistical expectations.

8.2 Future Outlook and Potential Applications

The results of this thesis open several directions for both application and further research.

The random nudge intervention offers a concrete strategy for digital platforms aiming to mit-

igate polarization. Its algorithmic simplicity and privacy-preserving design make it suitable for

deployment in recommendation systems that seek to broaden users’ exposure to diverse view-

points. Calibrated carefully, such interventions could promote healthier online discourse without

being intrusive. Further empirical work—especially user-centered experiments—will be essential

to evaluate practical effectiveness, user acceptance, and potential side effects.

The statistical regularities uncovered in electoral data—particularly the universality in the

distribution of scaled specific margins and the predictive strength of the RVM—can inform tools

for electoral monitoring. These models provide quantitative baselines against which to detect

irregularities. Deviations from these signatures could serve as early indicators of anomalies, sup-

porting election forensics and reinforcing transparency. Integrating such statistical benchmarks

into existing electoral integrity frameworks could help flag outlier constituencies or polling units

for further scrutiny.

Several research extensions follow naturally. In opinion dynamics, future models can incorpo-

rate multi-dimensional opinion spaces, dynamic network evolution, and the interaction between

factual information, misinformation, and correction. Bridging these extensions with platform
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data could improve realism and enable more effective interventions.

In the electoral context, the RVM can be enhanced by incorporating strategic voting, the role

of partisanship, and campaign effects. A significant challenge—and opportunity—is to build

dynamic models linking pre-election opinion evolution to final electoral outcomes. This would

integrate the two central threads of this thesis into a unified framework.

Methodologically, improved statistical tools for anomaly detection are needed. This includes

composite indicators using multiple tests, or models that can detect specific types of manipulation,

especially when high-resolution data are available. Extending the analysis of universality and the

RVM to other electoral systems, such as proportional representation or ranked-choice voting,

would also test the model’s generality.

More broadly, this work illustrates the value of combining statistical physics with social sci-

ence. Agent-based models, grounded in empirical regularities, can serve as platforms for explor-

ing policy interventions before real-world deployment. As such approaches are increasingly con-

sidered in policy and platform design, continuous attention to the ethical implications—regarding

surveillance, algorithmic control, and user autonomy—is essential. Acknowledging model limi-

tations, especially oversimplified assumptions about human behavior, should motivate the devel-

opment of richer, data-informed frameworks.

8.3 Concluding Perspective

This work explored how randomness and statistical structure govern collective outcomes in soci-

ety. The random nudge mechanism showed how minimal interventions can reduce polarization.

The Random Voting Model revealed universal patterns in elections, pointing to deeper organizing

principles beneath democratic competition.

Together, these results show that complex social dynamics can be modeled, understood, and

even influenced using principled tools from physics. While simplified, such models can illuminate

regularities that are otherwise hard to see. We hope this thesis serves as a step towards building a

rigorous, empirically grounded, and ethically aware science of collective behavior.
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Appendix A

A.1 Scaled Margin Distributions for Different pij Distributions

To investigate the effect of the distribution of pij on the prediction of scaled margin distribution,

we simulated RVM using the following three protocols for choosing pij .

1. Protocol 1: wij → U(0, 1) and pij = wij∑3
k=1 wik

; with j = 1, 2, 3.

2. Protocol 2: wi1 → U(0, 1), wi2 → U(0, 1 ↔wi1), wi3 = 1 ↔wi1 ↔wi2 and pij = wij∑3
k=1 wik

=

wij; with j = 1, 2, 3.

3. Protocol 3: wij = pij = 1
3 , with j = 1, 2, 3.

In Fig. A.1, we demonstrate the differences in the prediction of scaled margin distributions for

synthetically generated turnout distributions when the three aforementioned protocols are used.

Panel (a) shows that, for turnouts drawn from a uniform distribution, the predictions using proto-

cols 1 and 3 are similar, while protocol 2 produces a scaled margin distribution that decays faster.

In panel (b), we see similar results for turnout drawn from a Gaussian distribution. However,

panel (c) depicts that, for turnouts drawn from a power law distribution, the predictions using

protocols 1 and 2 are almost identical, while protocol 3 produces a vastly different scaled margin

distribution.
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Figure A.1: Prediction of scaled margin distribution for three different protocols of choosing pi,
the probability of receiving votes. Panels (a), (b), and (c) are for uniform, Gaussian, and Power
law turnout distributions, respectively.

A.2 Scaling of ↑M↓ and ↑µ↓ vs T

At a large turnout limit (T ⇑ 1), the distributions of µ and M produced by RVM are the follow-

ing,

Qµ(µ) =
(1 ↔ µ)(5 + 7µ)

(1 + µ)2(1 + 2µ)2
,

P(M |T ) =
(1 ↔ M/T )(5 + 7M/T )

T (1 + M/T )2(1 + 2M/T )2
.

From this, we find ↑µ↓ = 1
2 + ln

(
9 4↓3
16

)
and ↑M↓ = T

(
1
2 + ln

(
9 4↓3
16

))
. We investigate if such

linear scaling of ↑M↓ with T exists in empirical data. As shown in Fig. A.2, for some countries

(India, Canada, the United States, and the UK), there is a region of linearity in the ↑M↓ vs T plots.

Correspondingly, ↑µ↓ is constant in those regions. Japan and Germany pose as counterexamples

to this linearity hypothesis, and developing a better understanding of this scaling provides a rich

avenue for further research.
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A.2 Scaling of ↑M↓ and ↑µ↓ vs T

Figure A.2: ↑M↓ vs T and ↑µ↓ vs T for India, Canada, the United States, Japan, the UK, and
Germany. The bottom-most panels display plots of the consolidated election data, combining
data from 32 countries.
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A.3 Figures Containing Qµ̃ (µ̃) for 32 Countries
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Figure A.3: The empirical distribution of the scaled specific margin (colored open circle), along
with RVM model prediction (black solid line) for 32 countries.
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