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Abstract

Biological systems at micrometer scales and below often operate in crowded, highly
viscous environments characterized by persistent stochastic thermal fluctuations.
Diffusion is incessant and plays an important role in transporting these entities
in crowded environments. The presence of membranes/pores and multiple biologi-
cal entities in a constricted space can make the damping/diffusion inhomogeneous.
This effect of inhomogeneity is presented by the diffusion becoming coordinate-
dependent. Coordinate dependence of damping/diffusion arises near a boundary or
interface due to the presence of slow hydrodynamic modes generated by thermal
fluctuations of a Brownian particle. Existence of this coordinate/state dependence
of damping/diffusion entails new physics for structured mesoscopic objects evolving
through an Itô process under uncorrelated white-noise fluctuations of a heat bath.

In this thesis, we analyze the consequences of coordinate-dependent diffusion on
Brownian systems within the Itô framework. We investigate how spatially varying
damping, even in the absence of external driving or correlated noise, can give rise
to rich and unexpected transport phenomena. We begin by studying a single Brow-
nian dimer in one dimension with broken damping symmetry and demonstrate that
sustained spontaneous directed motion can emerge purely from equilibrium fluctua-
tions. We then extend this framework to a weakly non-equilibrium scenario, where
a small external force is applied. In this case, we demonstrate that the symmetry-
broken dimer can exploit thermal fluctuations to extract energy from the external
drive. In the next part of our work, we move beyond the single-dimer case and exam-
ine the transport behavior of many-body systems composed of interacting dimers.
We show that collective rectified spontaneous transport can arise purely from equi-
librium fluctuations, driven by homogeneous, isotropic fluctuations of the bath in
the presence of spatially varying damping/diffusion. Finally, we explore the thermo-
dynamic implications of Itô-type evolution for mesoscopic objects in inhomogeneous

xiii



xiv Contents

media and identify transient non-equilibrium mechanisms such as entropic pulling
and the diffusion diode effect. This thesis offers new insights into how passive sys-
tems subject to spatial variation in diffusivity/damping in complex environments
can generate effective transport without any active input when viewed through the
Itô lens.
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1

Introduction

The physical world operates across distinct yet interconnected length scales, each
governed by its own set of principles. Understanding phenomena across these scales
is central to fundamental physics and for technological applications. Broadly, physi-
cal behavior can be categorized into three regimes based on the characteristic length
scales involved: microscopic, mesoscopic, and macroscopic.

Microscopic physics deals with phenomena at the scale of atoms and subatomic
particles, typically below 10−9 meters. In this regime, the fundamental laws of
quantum mechanics govern the behavior of matter. Systems are described in terms
of wavefunctions. Microscopic physics provides the foundation for understanding
atomic structure, chemical bonding, and fundamental interactions.

Macroscopic physics, in contrast, describes systems at the bulk scale, ranging
from millimeters to thousands of kilometers and above. These systems are easily
visible to the naked eye. In this regime, systems are typically modeled using de-
terministic continuum theories such as classical mechanics, thermodynamics, and
fluid dynamics. Thermal and quantum fluctuations are averaged out, and physical
quantities like pressure, temperature, and density are treated as smooth fields.

Mesoscopic physics bridges these two regimes. It focuses on systems whose char-
acteristic sizes lie between the microscopic and macroscopic scales, typically ranging
from 10−9 to 10−6 meters (nanometers to micrometers). Unlike macroscopic sys-
tems, where fluctuations average out, mesoscopic systems are strongly influenced

1



2 1.1. Brownian Motion

by thermal fluctuations and surface/interface interactions. These systems often dis-
play rich, complex phenomena that cannot be fully captured by classical continuum
theories or purely microscopic descriptions.

At the mesoscopic scale, systems are small enough that thermal fluctuations play
a significant role in their behavior. Brownian Motion is one such phenomenon
where thermal fluctuations play a versatile role and dictate the physics.

1.1 Brownian Motion

Figure 1.1: Motion of particle undergoing Brownian Motion

One of the earliest and most careful observations of the random motion of meso-
scopic particles was made by Robert Brown in 1827 [1]. While examining pollen
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grains of the plant Clarckia pulchella under a microscope, Brown noticed that tiny
particles within the pollen grains exhibited a continuous, erratic motion when sus-
pended in water. To determine whether this phenomenon was specific to living
material, Brown extended his observations to a variety of inorganic substances,
including powdered minerals, volcanic ash, and fragments of glass, all of which dis-
played similar random motion. This crucial step ruled out any biological origin (or
vital force) and pointed toward a universal physical cause. Describing his observa-
tions, Brown wrote,

"While examining the form of these particles immersed in water, I observed many
of them very evidently in motion; their motion consisting not only of a change of
place in the fluid, manifested by alterations in their relative positions, but also not
unfrequently of a change of form in the particle itself."

Further emphasizing the non-biological nature of this motion, he concluded,
"These motions were such as to satisfy me, after frequently repeated observation,
that they arose neither from currents in the fluid, nor from its gradual evaporation,
but belonged to the particle itself."

Brown’s insistence on the spontaneous, non-biological motion of these particles
was radical at the time. He suggested that the motion was universal and not ex-
clusive to living material, challenging the prevailing notions that associated inter-
nal motion solely with vitality. Although he could not determine the underlying
mechanism, his meticulous observations laid the experimental foundation for future
developments. This phenomenon, known today as Brownian motion, is named in
his honor.

In 1905, Albert Einstein [2–4] proposed a theoretical explanation by showing that
Brownian motion could be attributed to incessant collisions between suspended par-
ticles and the molecules of the surrounding fluid with the molecular kinetic theory
as its basis. Einstein’s theory connected the macroscopic long-time diffusion coeffi-
cient D with microscopic quantities such as temperature and particle size, providing
one of the first quantitative proofs of the molecular nature of matter. In parallel,
Marian Smoluchowski [5–8], in 1906, independently developed a complementary sta-
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tistical approach, analyzing the random walk behavior of particles and emphasizing
the probabilistic nature of their displacement over time. Further theoretical refine-
ment came in 1908 when Paul Langevin [9–11] introduced a dynamic description of
Brownian motion through what is now known as the Langevin equation. Langevin
modeled the motion of a particle under the combined effects of systematic viscous
drag and rapidly fluctuating random forces, successfully bridging Newtonian me-
chanics and stochastic behavior.

Jean Perrin’s subsequent experiments in 1908–1909 [12–16], provided empirical
confirmation of Einstein’s theory, establishing Brownian motion as direct evidence
for the molecular nature of matter. Jean Perrin was later awarded the Nobel Prize
in physics in 1926 for this experimental study of colloids and the Brownian motion
of particles suspended in liquids. Incidentally, Einstein was also awarded a Nobel
Prize in 1921, not for his theoretical work on Brownian motion, but for the discovery
of the law of the Photoelectric effect and services to theoretical physics.

Brownian Motion and Self-Diffusion
Brownian motion refers to the incessant, random movement of mesoscopic-sized

particles suspended in a fluid, driven by collisions with the rapidly moving molecules
of the medium. Brownian motion forms the physical basis of self-diffusion, the
spontaneous spreading of particles within a medium due to their intrinsic thermal
motion, even without any net concentration gradient or external force.

1.2 Langevin’s Phenomenological Approach
In 1908, Paul Langevin [9–11, 17–19] proposed a classical phenomenological

model for describing the Brownian motion of a mesoscopic particle, an approach
he characterized as "infinitely more simple." For a single, structureless, free Brow-
nian particle, in a stationary, homogeneous, isotropic, unbounded medium, in one
dimension, he began with Newton’s second law, assuming that the particle experi-
ences two types of forces from the surrounding solvent molecules:

1. Systematic viscous drag : This force represents the mean effect of the sol-
vent molecules on the particle. This viscous friction force acts in the direction
opposite to the particle’s motion, resisting its velocity. It arises due to the
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Figure 1.2: Photograph of Paul Langevin (source: Linda Hall Library)

friction between the particle and the surrounding fluid molecules, which slows
down the particle’s movement over time. The drag force is often modeled by
Stokes’ law as −Γv⃗, where Γ is the friction/damping coefficient and v⃗ is the
particle’s velocity. It corresponds to the systematic/deterministic component
of the dynamics.

2. Random rapidly fluctuating force (thermal noise) : This force accounts
for the fluctuating contribution due to particle-solvent interactions arising from
random collisions of the particle with the solvent molecules. This fluctuat-
ing force accounts for the residual force exerted by the heat bath (solvent
molecules) after subtracting the frictional (viscous) drag. This force is as-
sumed to be independent of particle velocity and is also sometimes called the
Langevin force or thermal noise.
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Langevin further assumed that the macroscopic hydrodynamic damping formula
Γ = 6πηa holds for the Brownian particle (BP), where η is the dynamic (or absolute)
viscosity of the fluid (heat-bath) and a is the radius of the particle, which he as-
sumed spherical for simplicity. He also assumed that the fluctuating force should be
equally likely to take both positive and negative values, meaning its mean is zero.
This assumption reflects the idea that, on average, the random thermal impacts
from the solvent molecules on the particle should not favor any particular direction,
embodying the symmetric nature of the fluctuations. We discuss below Langevin’s
approach and elaborate on the details in our own words.

Consider a BP in one-dimensional space, where its mass and position are denoted
by m and x, respectively. Langevin used X to denote the random, rapidly fluctuating
force and called it the complementary force. Based on the above assumptions,
he wrote the following equation of motion, ingeniously dividing the particle-bath
interaction into deterministic and time-fluctuating (stochastic) parts:

mv̇ = −6πηav︸ ︷︷ ︸
systematic

+ X(t)︸︷︷︸
stochastic

(1.2.1)

Multiplying both sides by x, yielding:

mxv̇ = −6πηa xv +X(t)x

Using d
dt
(xv) = v2 + xv̇, we can rewrite the left-hand side as:

m

[
d

dt
(xv)− v2

]
= −6πηa xv +X(t)x

m

2

d2x2(t)

dt2
−mv2 = −3πηa

dx2(t)

dt
+X(t)x(t), using

1

2

d

dt

(
x2
)
= xv. (1.2.2)

Because X(t) is a random (stochastic) force representing thermal fluctuations,
each realization of the Langevin equation produces a different trajectory x(t). There-
fore, rather than analyzing individual realizations, we focus on ensemble-averaged
quantities, i.e., averages taken over many independent realizations of the stochastic
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process at each instant in time (or equivalently, averages over a large number of
independent, identical particles, each experiencing an independent instance of the
stochastic force). We denote ensemble averages using angle brackets ⟨∗⟩.

〈
m

2

d2x2(t)

dt2

〉
−m

〈
v2(t)

〉
= −3πηa

〈
d

dt
x2(t)

〉
+ ⟨X(t)x(t)⟩ (1.2.3)

Ensemble Average and Time Derivative Commutation

Let us consider an ensemble of N independent systems (or realizations)
evolving under the same stochastic dynamics. For each system i =

1, 2, . . . , N .
The ensemble average of Y(t) is defined as:

⟨Y(t)⟩ = 1

N

N∑
i=1

Yi(t)

Here, N is the total number of systems in the ensemble. Each system
follows its own trajectory due to stochasticity (e.g., noise, random initial
conditions), and Yi(t) captures the outcome of the ith realization at time
t.
Taking the time derivative of the ensemble average gives:

d

dt
⟨Y(t)⟩ = d

dt

(
1

N

N∑
i=1

Yi(t)

)
=

1

N

N∑
i=1

d

dt
Yi(t) =

〈
dY(t)

dt

〉

Thus,
d

dt
⟨Y(t)⟩ =

〈
dY(t)

dt

〉
One can interchange the order of differentiation and summation for a
finite sum due to the linearity of both operations. Since an ensemble
average corresponds to the limit of the sum as the number of realizations
tends to infinity, this interchange is justified provided the ensemble sum
converges uniformly.
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m

2

d2 ⟨x2(t)⟩
dt2

−m
〈
v2(t)

〉
= −3πηa

d ⟨x2(t)⟩
dt

+ ⟨X(t)x(t)⟩ (1.2.4)

Langevin further made two more assumptions:

1. Statistical independence assumption: Langevin argued that, for a large
number of identical particles, take the mean of the equations (1.2.2) written
for each one of them, (which corresponds to an ensemble average). In his own
words, "by the irregularity of the complementary force X, the average value of
the term ⟨X(t)x(t)⟩ is evidently null." This means ⟨X(t)x(t)⟩ = 0. This says
that the particle’s position x(t) at time t is independent and hence uncorrelated
with the random force acting on it at the same instant. Since the position at
time x(t) has resulted from stochastic forces existing in earlier intervals, this
basically means that Langevin noise X is independent at different times. This
tells us that the correlation time of noise is very small in comparison to slow
time scale at which BP evolves.
Thus, the equation becomes

m

2

d2 ⟨x2(t)⟩
dt2

−m
〈
v2(t)

〉
= −3πηa

d ⟨x2(t)⟩
dt

(1.2.5)

2. Particle has equilibrated: Since Langevin was interested in the long-time
behavior of the system, he focused on time scales much larger than the char-
acteristic velocity relaxation time. On such scales, the fast velocity degrees
of freedom is assumed to have already equilibrated with the thermal bath.
This assumption justifies him invoking the classical equipartition theorem, ac-
cording to which the particle’s kinetic energy reflects the bath temperature:
m ⟨v2(t)⟩ = kBT .

Thus,
m

2

d2

dt2
〈
x2(t)

〉
+ 3πηa

d

dt

〈
x2(t)

〉
= kBT, (1.2.6)

This equation reduces to a first-order differential equation in z(t) = d
dt
⟨x2(t)⟩.

m

2

dz(t)

dt
+ 3πηa z(t) = kBT (1.2.7)
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The solution to this equation is :

z(t) =
2kBT

6πηa
+ C e−

6πηa
m

t, (1.2.8)

where, ζ−1 = m
6πηa

is the velocity relaxation time and C is an integration constant
fixed by initial conditions. The exponential term decays rapidly over a timescale
ζ−1, which is approximately 10−8−10−6 seconds for BP depending on its size. After
this short transient, z(t) approaches a constant value, equal to the first term in the
equation (1.2.8). Langevin then shows by integration of (1.2.8) for large times that:

〈
x2(t)

〉
−
〈
x(t0)

2
〉
=

2kBT

6πηa
· (t− t0)

Now, the displacement ∆x is related to position as : x(t) = x(t0) + ∆x

〈
x2(t)

〉
=
〈
(x(t0) + ∆x)2

〉
=
〈
x2(t0)

〉
+ 2 ⟨x(t0)∆x⟩+

〈
∆x2

〉
.

since the displacements ∆x are random with equal probability of positive and
negative values, the mean displacement is zero: ⟨∆x⟩ = 0, and ⟨x(t0)∆x⟩ =

⟨x(t0)⟩ ⟨∆x⟩ = 0, due to causality (or statistical independence).

Thus, the equation reduces to

〈
x2(t)

〉
=
〈
x2(t0)

〉
+
〈
∆x2

〉
,

or equivalently,

〈
∆x2

〉
=
〈
x2(t)

〉
−
〈
x2(t0)

〉
.

The mean squared displacement takes the form,

〈
∆x2

〉
=

2kBT

6πηa
(t− t0).

This shows that after a very short initial transient, the Brownian particle enters
a diffusive regime where the mean squared displacement grows linearly in time,
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consistent with the classical diffusion behavior, with diffusion coefficient D

D =
kBT

6πηa
.

This relation is called the Stokes-Einstein relation, which relates the diffusivity of the
particle to its damping and the temperature of the bath (equal to the temperature of
a particle in equilibrium). Note that D here is a long-time global diffusion constant.

1.3 The Langevin Equation
The framework discussed in the previous section was Langevin’s original phe-

nomenological approach, introduced in 1908, to describe the dynamics of a BP. Al-
though this approach was insightful and captured the essential physics, the random
force remained heuristically defined, lacking a precise mathematical formulation. It
was only much later, with the development of a formal mathematical treatment
of stochastic processes, that Langevin’s approach was formalized and the Langevin
equation acquired its modern stochastic differential equation (SDE) form.

The Langevin equation [17, 18, 20, 21] in its modern form is an SDE that captures
the dynamics of a BP by incorporating both dissipation and thermal fluctuations into
a unified mesoscopic framework. Its genesis relies on the assumption that the mass
(and size) of BP is substantially more than that of surrounding molecules, allowing
for clear separation of the relaxation timescale for fluid and BP. This separation en-
ables the formulation of a fluctuation-dissipation relation (FDR) [17, 18, 20, 22, 23]
for BP, which establishes the damping (Γ) experienced by BP due to the surround-
ing fluid is intrinsically linked to the intensity of the bath induced stochastic forces
(Fstoc(t)) acting on it, thereby ensuring that the particle equilibrates thermally with
the fluid molecules.

Γ =
1

2kBT

∫ ∞

−∞
ds ⟨Fstoc(0)Fstoc(s)⟩. (1.3.1)

This equality is called the fluctuation-dissipation theorem of the second kind,
which quantifies the intrinsic balance between energy loss due to damping and energy
input from thermal fluctuations [17, 18, 20, 22, 23], where kB is the Boltzmann
constant. This relation ensures that the BP thermalizes locally with the heat bath
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at time scales larger than ζ−1 = m
Γ
.

In its most simplistic form in one dimension, the Langevin equation for a free,
structureless BP of mass m, instantaneous velocity v, constant damping Γ, in a
quiescent, unbounded, homogeneous, isotropic fluid (heat-bath) at temperature T

reads:

m
dv

dt
= −Γv + Fstoc(t), (1.3.2)

where Fstoc(t) denotes a fluctuating stochastic force imparted by bath molecules
to the particle. This stochastic force was represented by X in Langevin’s phe-
nomenological approach. This bath-induced stochastic force is modeled as Gaussian
noise, representing the cumulative effect of a large number of rapid, random micro-
scopic collisions with fluid molecules.

Since the fluctuating bath forces relax on a timescale of O(10−12) seconds, which
is much shorter than BP’s typical timescale of O(10−6 − 10−7) seconds (see Ap-
pendix A), the Gaussian noise becomes statistically uncorrelated at different time
instants. This leads to a Markovian description of the dynamics, where the system
(BP) has no memory of past fluctuations [17, 18]. In the frequency domain, this
delta-correlated noise exhibits a flat power spectral density, meaning all frequencies
contribute equally to the noise. Such a noise is termed as white noise.

Based on Eq. (1.3.1), the stochastic force is often expressed as Fstoc(t) =
√
2ΓkBT η(t), where the prefactor is the strength of fluctuation that ensures thermal

equilibration at long times, as a consequence of FDR. The noise term η(t) repre-
sents a continuous, Markovian, Gaussian white noise process with the statistical
properties:

⟨η(t)⟩ = 0, ⟨η(t)η(t′)⟩ = δ(t− t′).

Here, the noise η(t) is a Gaussian white noise in the strong sense, i.e., a jointly
Gaussian stochastic process with statistically independent noise values at different
times. These conditions reflect isotropic, uncorrelated fluctuations with zero mem-
ory, capturing the rapid and random nature of microscopic collisions in the fluid.

Langevin Equation with Coordinate-Dependent Damping: In mesoscopic
systems, spatial variations in damping naturally arise due to local heterogeneities
[24, 25]. Under the assumption of local thermal equilibrium with the heat bath,
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the position-dependent damping coefficient Γ(x) can be related to the local tem-
poral autocorrelation of the stochastic force via a more general form of the second
fluctuation-dissipation relation [22, 23]:

Γ(x) =
1

2kBT

∫ ∞

−∞
ds ⟨Fstoc(x, 0)Fstoc(x, s)⟩. (1.3.3)

This relation ensures that the Brownian particle remains in local thermal equilib-
rium with the fluid at temperature T , on timescales longer than the local velocity
relaxation time ζ−1(x) = m

Γ(x)
[23]. This form of FDR ensures that no additional

drift term needs to be added to ensure local equilibrium of BP with the
heat bath. When the damping for such a system depends on position, the Langevin
equation generalizes to:

m
dv(t)

dt
= −Γ(x)v(t) +

√
2Γ(x)kBT η(t), (1.3.4)

where Fstoc(x, t) =
√

2Γ(x)kBT η(t), and η(t) is a Gaussian white noise with same
properties as for constant damping case.

When an external force Fext acts on the Brownian particle and varies slowly
enough so as not to disrupt the underlying fluctuation–dissipation balance, the
Langevin equation generalizes to

m
dv

dt
= −Γ(x)v(t) + Fext +

√
2Γ(x)kBT η(t). (1.3.5)

Neglecting Inertia: Overdamped approximation

In mesoscopic systems, such as biological entities ranging from nanometers to mi-
crometers in size, the interplay between forces is fundamentally different from that
at macroscopic scales. The characteristic energy scale for such systems is of the order
kBT , where thermal fluctuations are significant [26, 27]. Here, viscous forces domi-
nate the motion due to the highly resistive fluid environment, while inertial effects
become negligible. At these scales, the Reynolds number, a dimensionless quantity
expressing the ratio of inertial to viscous forces, is extremely small (Re ≪ 1). As a
consequence, any acceleration of a particle is rapidly damped by viscous forces, caus-
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ing its velocity to relax almost instantaneously compared to the slowest timescale of
position degree of freedom. It is thus physically justified and mathematically con-
venient to approximate the dynamics by neglecting inertia entirely, which is called
the overdamped approximation for such systems.

An overdamped or viscous limit of the Langevin dynamics corresponds to the
regime of slowest temporal evolution. In this limit, the BP is always in local equi-
librium with the heat bath because the dynamics evolves slower than its own mo-
mentum relaxation time ζ(x)−1. The contribution from the inertial term in the
Langevin equation becomes negligible compared to the other terms. Formally, this
overdamped limit is taken by letting m → 0 and ζ(x) → ∞, while keeping the prod-
uct Γ(x) = mζ(x) finite. Taking this limit in Eq. (1.3.4), the following overdamped-
Langevin equation (also called as Brownian equation) emerges:

dx

dt
=
√

2D(x)η(t), (1.3.6)

where the local diffusivity D(x) is related to the local damping coefficient Γ(x)

as D(x) = kBT/Γ(x) by the local Stokes-Einstein relation.
In the presence of Fext(x) (which is weak enough not to disrupt the local

fluctuation-dissipation balance), the overdamped Langevin equation becomes:

dx

dt
=

Fext(x)

Γ(x)
+
√

2D(x) η(t). (1.3.7)

Accordingly, in the chapters that follow, we will focus exclusively on the over-
damped regime, which accurately captures the behavior of mesoscopic particles un-
der thermal fluctuations in low Reynolds number environments.

The Shift from Homogeneous to Inhomogeneous

Damping in Brownian Motion
For much of the 20th century, Einstein, Smoluchowski, and Langevin’s description

of Brownian motion, featuring a constant damping coefficient, proved remarkably
successful in describing particle dynamics in homogeneous fluids. In such systems,
far from boundaries or interfaces, the viscous drag experienced by a particle is
well-approximated by Stokes’ law with constant damping, leading to a constant
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diffusivity and a linear time dependence of the mean-squared displacement (MSD).
This prediction was not only confirmed in countless experiments but also played
a pivotal role in validating the atomic hypothesis, by linking mesoscopic thermal
fluctuations to macroscopic observables [3, 13].

However, by the late 1980’s, it had become increasingly evident that this assump-
tion of uniform damping breaks down in spatially inhomogeneous environments.
Experiments and theoretical studies showed that proximity to boundaries or other
Brownian particles could induce spatial variations in hydrodynamic drag, leading to
coordinate-dependent diffusivity [25, 28, 29]. A notable demonstration came from
Faucheux and Libchaber in 1994 [24], who studied the Brownian motion of micro-
spheres (1–3 µm diameter) suspended in ultrapure water between two horizontal
glass plates. They measured the decrease in particle’s diffusivity as it approached
the walls, showing clear evidence of position-dependent damping. These observa-
tions highlighted that damping can become position-dependent, even in equilibrium
systems, motivating plenty of experiments in this direction [30–32].

In the following section, we delve into the case of state-dependent diffusion, where
the system (in the overdamped regime) is in local thermal equilibrium with the bath
and the diffusivity depends explicitly on the particle’s position. This phenomenon
is also referred to in the literature as heterogeneous diffusion or diffusion in inho-
mogeneous media.

1.4 Noise-Induced Drift in State-Dependent Diffu-

sion

Consider the overdamped equation of motion of a BP in one-dimensional space
with position coordinate x, in the presence of a potential U(x) due to a conservative
force, local diffusivity D(x), and local damping Γ(x), in contact with a heat bath in
equilibrium at temperature T . The local Stokes–Einstein relation holds D(x) = kBT

Γ(x)
.

The stochastic dynamics is governed by the overdamped Langevin equation:

dx

dt
= − 1

Γ(x)

∂U(x)

∂x
+
√

2D(x) η(t), (1.4.1)
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where η(t) is a Gaussian white noise with

⟨η(t)⟩ = 0, ⟨η(t)η(t′)⟩ = δ(t− t′).

In the absence of potential, Eq. (1.4.1) reduces to

dx

dt
=
√

2D(x) η(t). (1.4.2)

Integrating over a time interval ∆t, the increment in position is

∆x =

∫ t0+∆t

t0

√
2D(x(t′)) η(t′) dt′, (1.4.3)

where ∆x = x(t0 +∆t)− x(t0).

Here, the noise term
√

2D(x) η(t) is multiplicative noise since its amplitude de-
pends explicitly on the state x, also called state-dependent noise. However, η(t) is
not a regular function but a generalized function (distribution), characterized by
infinite variance and undefined pointwise values. As a result, the standard rules of
calculus, such as those governing Riemann or Lebesgue integration do not apply
in this context. For ordinary (smooth) functions, the precise point at which the
integrand is evaluated within an interval [t0, t0+∆t] does not affect the value of the
integral in the limit ∆t → 0. However, in stochastic integrals involving multiplica-
tive noise, the choice of evaluation point becomes crucial. It matters at what point
in the time interval [t0, t0 +∆t] should the integrand

√
2D(x) be evaluated.

Thus, the stochastic integral in Eq. (1.4.3) remains mathematically ill-defined
unless one specifies the precise interpretation of the integral, that is, the rule gov-
erning how the state-dependent noise coefficient

√
2D(x) is evaluated relative to

the stochastic increments of η(t). The question then becomes: at what point in
the time interval [t0, t0 + ∆t] should the function D(x) be evaluated? The answer
depends on the choice one chooses. That is, the stochastic integral can have dif-
ferent values depending on the interpretation of the integral i.e., the rule used to
evaluate the integrand within each infinitesimal time interval. This leads to the need
for a stochastic calculus convention, also referred to as the sense of the stochastic
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differential equation. To parameterize this choice, we define

t′ = t0 + λ∆t,

and evaluate the diffusion coefficient as

D(x(t0 + λ∆t)) ≡ D
(
x(t0) + λ∆x

)
,

where λ ∈ [0, 1] is the interpolation parameter. Following three common conventions
are prevalent in Physics literature:

• Itô interpretation (λ = 0), where the noise coefficient is evaluated at the
beginning of each time step, i.e., at t = t0; equivalently, the diffusion coefficient
is taken as D(x(t0)).

• Stratonovich interpretation (λ = 1/2), where the noise coefficient is evalu-
ated at the midpoint 1 , i.e., at t = t0+∆t

2
; equivalently, the diffusion coefficient

is taken as D
(
x(t0) +

1
2
∆x
)
= D

(
x(t0)+x(t0+∆t)

2

)
.

• Anti-Itô interpretation (λ = 1), where the coefficient is evaluated at the
end of the time step, i.e., at t = t0 + ∆t; equivalently, the diffusion coeffi-
cient is taken as D(x(t0 + ∆t)). Note that it is also called in literature as
Hänggi–Klimontovich, Isothermal and the kinetic interpretation [35].

Thus, Eq. (1.4.3) can be written as

∆x =

∫ t0+∆t

t0

√
2D
(
x(t0 + λ∆t)

)
η(t′) dt′. (1.4.4)

Discretizing for small ∆t (see Appendix C), we have

∆x =
√
2D(x+ λ∆x)∆t ξR, (1.4.5)

1In standard textbooks [11], the Stratonovich choice is described as evaluating the diffusion
coefficient at the midpoint in position, D

(
x(t0) +

1
2∆x

)
. For Brownian motion, this is equivalent

to evaluating diffusivity at the time midpoint. See Theorem V-5.30 in Protter [33] and also
Øksendal [34].
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where ξR ∼ N (0, 1) is a standard Gaussian random variable, and for brevity we
write x ≡ x(t0).

Expanding D(x+ λ∆x) to linear order:

D(x+ λ∆x) ≈ D(x) + λ
dD

dx
∆x+O(∆x2).

Substituting into eq. (1.4.5):

∆x ≈ ξR

√
2

(
D(x) + λ

dD

dx
∆x

)
∆t

= ξR
√
2D(x)∆t

(
1 + λ

dD

dx

∆x

D(x)

)1/2

≈ ξR
√
2D(x)∆t

(
1 +

λ

2

∆x

D(x)

dD

dx

)
= ξR

√
2D(x)∆t+

λ

2

dD

dx

∆x

D(x)
ξR
√
2D(x)∆t︸ ︷︷ ︸ .

Rearranging to isolate ∆x:

∆x = ξR
√

2D(x)∆t

(
1− λ

2

dD

dx

ξR
√

2D(x)∆t

D(x)

)−1

≈ ξR
√

2D(x)∆t

(
1 +

λ

2

dD

dx

ξR
√

2D(x)∆t

D(x)

)
= ξR

√
2D(x)∆t+ λ

dD

dx
ξ2R∆t.

Using ⟨ξR⟩ = 0,⟨ξ2R⟩ = 1, the average displacement for small ∆t becomes

⟨∆x⟩ = λ
dD

dx
∆t+O(∆t3/2). (1.4.6)

This corresponds to an effective noise-induced drift velocity [36]

vλdrift = λ
dD

dx
, (1.4.7)
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also known as spurious flow, spurious drift or noise-induced drift. Note that even
without external forces, the spatial variation of diffusivity generates a deterministic
drift whose direction is in that of the diffusivity gradient and magnitude depends
on the stochastic interpretation parameter λ.

Noise-induced drift is the measure of correlation introduced in the noise. For any
λ ̸= 0, one is explicitly introducing correlation because the noise is being calculated
at a future times. Only under the Itô prescription, the noise remains correlation-free.
The noise term in Itô prescription is evaluated using the state at the beginning of the
time interval, ensuring that it is uncorrelated with the future evolution of the system.
Therefore, Itô prescription is also called non-anticipating. All other prescriptions,
be it Stratonovich (λ = 1

2
), Anti-Itô (λ = 1) or any other, are anticipatory in nature.

Note that from Eq. (1.4.6), it is clear that even under the generalised λ (also
called as generalized Stratonovich) architecture, the local average of the diffusion
term vanishes

(
⟨ξR
√

2D(x(t0))∆t⟩ = 0
)

as diffusion (normal) is locally isotropic.
Thus, the total stochastic displacement ∆x over small time ∆t becomes,

∆x = λ
dD

dx
∆t+ ξR

√
2D(x)∆t+O(∆t3/2), x ≡ x(t0).

In the presence of a conservative force derived from a potential U(x), the dis-
placement update rule over a small time interval ∆t becomes:

∆x = − ∆t

Γ(x)

∂U

∂x
+ λ

dD

dx
∆t+

√
2D(x)∆t ξR +O(∆t3/2), x ≡ x(t0). (1.4.8)

Thus, the total drift velocity in λ architecture is:

vd(x) = λ
dD

dx
− 1

Γ(x)

∂U

∂x
.

Note that the diffusion term remains unchanged in any architecture.
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1.5 Fokker Planck for Generalized Stratonovich Pro-

cess

Now, one can immediately write a corresponding Fokker–Planck equation for the
probability density P (x, t) for the generalized Stratonovich process.

∂P (x, t)

∂t
= − ∂

∂x

[
vd(x)P (x, t)− ∂

∂x

(
D(x)P (x, t)

)]
= −∂J(x, t)

∂x
, (1.5.1)

where J(x, t) is the total probability current density with, J(x, t) = vd(x)P (x, t)−
∂
∂x
(D(x)P (x, t)).

Equilibrium steady state solution corresponds to ∂P (x,t)
∂t

= 0, that is probability
distribution becomes time independent. Along with that, the condition of local
detailed balance also has to be satisfied, i.e., setting of the probability current to zero,
J(x) = 0, yielding the equilibrium distribution P (x) corresponding to generalized
Stratonovich as:

P (x) =
C

D(x)1−λ
exp

(
−U(x)

kBT

)
, (1.5.2)

where, diffusivity and damping obey local Stokes-Einstein relation, D(x) =

kBT/Γ(x) and C is the normalization constant.

We list the corresponding equilibrium distributions for different choices of λ:

• Itô interpretation (λ = 0):

P (x) =
C

D(x)
exp

(
−U(x)

kBT

)

• Stratonovich interpretation (λ = 1
2
):

P (x) =
C√
D(x)

exp

(
−U(x)

kBT

)



20 1.5. Fokker Planck for Generalized Stratonovich Process

• Anti-Itô interpretation (λ = 1):

P (x) = C exp

(
−U(x)

kBT

)

These expressions clearly demonstrate that the steady-state distribution is sensi-
tive to the choice of stochastic interpretation when the diffusivity D(x) is position-
dependent. Note that under the Itô interpretation (λ = 0), the equilibrium dis-
tribution includes an inverse dependence on the diffusivity, leading to an effective
accumulation of probability in low-diffusivity regions. The Stratonovich case (λ = 1

2
)

yields a milder dependence, involving a square root of D(x). The Anti-Itô inter-
pretation (λ = 1) gives the distribution dependent only on the potential U(x),
independent of the diffusivity profile.

It is worth noting that different scientific communities often favor different
stochastic interpretations based on their respective priorities. Mathematicians
tend to prefer the Itô interpretation due to its rigorous mathematical framework,
particularly the martingale property and the non-anticipative nature of Itô integrals,
which are foundational in stochastic analysis and financial mathematics. In contrast,
most physicists often favor the Anti-Itô interpretation because it naturally yields
the most familiar form of canonical Boltzmann distribution [37].

Imposing Boltzmann Distribution by Hand

To reconcile deviations from the canonical Boltzmann distribution in interpreta-
tions other than Anti-Itô, it has sometimes become practice in the statistical physics
community to introduce an additional ad-hoc drift term by hand to the right-hand
side of the Langevin equation. This term is not derived from microscopic dynamics
but is inserted a posteriori to ensure Anti-Itô distribution.

Under the generalized stochastic interpretation parameterized by λ, the proba-
bility current density reads:

J(x, t) = − 1

Γ(x)

∂U(x)

∂x
P (x, t)− ∂

∂x
(D(x)P (x, t)) + λ

∂D(x)

∂x
P (x, t).
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This expression can be rewritten as:

J(x, t) = − 1

Γ(x)

∂U(x)

∂x
P (x, t)−D(x)

∂P (x, t)

∂x
−(1− λ)

∂D(x)

∂x
P (x, t)

An ad-hoc term +(1 − λ)∂D(x)
∂x

is added by hand to the Langevin equation [37]
to cancel the term −(1 − λ)∂D(x)

∂x
. This adjustment alters the stochastic dynamics

so that the corresponding Fokker–Planck equation yields the Anti-Itô distribution,
regardless of the chosen λ.

This practice, while common, reveals a deeper issue: the equilibrium distribution
is not uniquely determined by the physical ingredients U(x) and D(x), but also by
the interpretive framework. The widespread imposition of the familiar Boltzmann
form, even when it does not arise naturally from the dynamics, reflects a bias toward
the canonical distribution’s appearance. In this sense, the Anti-Itô distribution is
often imposed adhoc, raising conceptual concerns about the physical legitimacy of
such procedures in spatially inhomogeneous systems.

Discussion on Boltzmann Distribution

The Boltzmann distribution characterizes the equilibrium of a system in the
thermodynamic limit, where inhomogeneity in the bulk is due to some conservative
force. This conservative force breaks the homogeneity of the space, biasing the
distribution and is hence reflected in the distribution from a uniform one to P (x) =

C exp
(
−U(x)

kBT

)
.

Mesoscopic systems operate away from the thermodynamic limit. In such sys-
tems, boundary-induced inhomogeneities are often present, which a conservative
force cannot capture. In the context of Brownian particles, in a confinement or in
the vicinity of each other, the net effect is that the damping/diffusivity becomes
coordinate-dependent, bringing itself as an additional agent which breaks the ho-
mogeneity of space. It is thus plausible to expect this source of inhomogeneity to
be captured by the equilibrium probability distribution.

In the following sections, we make a case for why the Itô distribution is a legit-
imate candidate to describe the equilibrium of BP in the presence of coordinate-
dependent damping.
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1.6 Discussion on Itô Equilibrium Distribution
We first discuss the physical basis of probability currents following the discussion

by Bhattacharyay in [23, 38]. For a stationary equilibrium solution of a generalized
Stratonovich process, detailed balance demands that the probability current must
vanish:

− 1

Γ(x)

∂U(x)

∂x
P (x)︸ ︷︷ ︸

drift due to potential

+ λ
∂D(x)

∂x
P (x)︸ ︷︷ ︸

noise induced drift/ spurious drift

−

D(x)
∂P (x)

∂x︸ ︷︷ ︸
fickian term

+P (x)
∂D(x)

∂x︸ ︷︷ ︸
additional term

 = 0.

(1.6.1)
As shown in previous sections, λ = 0 corresponds to an Itô process, which is

correlation-free or non-anticipitating, and the equilibrium distribution for an Itô
process is:

P (x) ∝ 1

D(x)
e−U(x)/kBT ,

owing to the presence of the additional diffusion current term −P (x) ∂D(x)
∂x

that
arises from the coordinate dependence of the diffusivity. This is also referred to
as diffusion gradient-induced current density. This term is convention-independent
and persists regardless of the stochastic calculus convention used [23, 39].

For λ = 1, corresponding to the Anti-Itô convention, the equilibrium distribution
becomes:

P (x) ∝ e−U(x)/kBT ,

because the spurious drift density term P (x) ∂D(x)
∂x

exactly cancels the additional dif-
fusion current, restoring the distribution to a familiar-looking form of the canonical
distribution (Anti-Itô). For intermediate α, the steady-state equilibrium distribu-
tion lies between the Itô and Anti-Itô forms.

Now, to understand how and why current density (probability flow) emerges in
such systems, it would be helpful to look at a discrete version of diffusion, which
is a jump process. This is exactly the path employed in [23, 38] to understand the
meaning associated with each term.

We consider a linearly increasing diffusivity profile D(x) as in Fig. 1.3 for sim-
plicity. We have already established in the previous sections that diffusion (normal)
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Figure 1.3: Schematic to understand the origin of additional current arising from
global broken symmetry in the presence of a diffusivity gradient for Itô prescription.
Adapted from [23, 38].

is locally isotropic. Because of this local isotropy in diffusion, a particle at position
B makes symmetric jumps to positions A and C. At another point E with higher
diffusivity, the particle jumps to D, and F are larger in size but still symmetric.
Although each individual jump is locally isotropic (unbiased), the global gradient in
diffusivity implies that over an ensemble, asymmetric effective currents arise. For
instance, a forward jump from E to F followed by a backward jump to G results in
a net backward displacement, giving rise to a current in the direction opposite to
the gradient. Such processes accumulate to generate the additional diffusion current
−P (x) ∂

∂x
D(x). It is very important to note that this current is not a drift current

since it does not stem from local breaking of isotropy due to a force. Rather, it
arises from the spatial variation of diffusivity and is present in all interpretations,
be it Itô, Stratonovich, or Anti-Itô.

We compare this with Anti-Itô convention with λ = 1, illustrated in Fig. 1.4.
Note that, noise is anticipating. This means that particles preferentially make longer
jumps toward regions of higher diffusivity. This local asymmetry in jump size mim-
ics the effect of a force and induces a spurious drift current in the direction of
the diffusivity gradient Jspurious drift = P (x) ∂D(x)

∂x
. This spurious drift current exactly

cancels the legitimate "additional" diffusion current −P (x) ∂D(x)
∂x

when λ = 1, result-
ing in the canonical equilibrium distribution. However, this cancellation is purely
mathematical and does not correspond to any underlying physical mechanism or
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Figure 1.4: Schematic to understand the origin of spurious current along with ad-
ditional currents in the presence of a diffusivity gradient due to anticipating noise
for Itô prescription. Adapted from [23, 38].

conservative force.

Related works

The work by Escudero and Rojas [35] investigates how different interpretations
of stochastic calculus impact the kinetic energy dynamics of a Brownian particle
with constant damping (and diffusivity) in Langevin dynamics. They demonstrate
that only the Itô interpretation consistently captures the physical behavior expected
in thermal environments, such as kinetic energy growth from rest due to thermal
fluctuations. In contrast, Stratonovich and Anti-Itô interpretations can lead to un-
physical outcomes, like absorbing states at zero energy or non-real (complex) fluc-
tuations/ negative kinetic energy. They extend their finding to relativistic systems
and highlight the Itô convention as the physically robust choice for modeling energy
evolution in stochastic processes since it possesses a unique global, physical solution
as a consequence of the Watanabe-Yamada theorem [40].

There have also been other approaches that support the Itô framework as physi-
cally meaningful. In particular, Bhattacharyay [23] demonstrates that multiplicative
noise in systems with coordinate-dependent damping can be transformed into an ef-
fective additive noise form through local rescaling of space and time, performed in
a way that preserves the particle’s velocity and, consequently, the temperature of
the bath. This analysis reveals that the Itô steady-state distribution emerges natu-
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rally as the equilibrium distribution in such systems. Furthermore, the same work
interprets the 1

D(x)
factor in the Itô distribution as the local density of states, which

reduces to the standard Boltzmann distribution when the diffusivity D(x) is spa-
tially uniform. This will also be discussed in chapter 5. Escudero [41] has explored
the problem in a different way, where he uses the theory of backward stochastic dif-
ferential equations and shows that some solutions originating from the Stratonovich
interpretation are unphysical in nature; however, such a problem does not arise in
Itô. In the lattice model by Maniar and Bhattacharyay [42], the authors compare
the Itô process with Anti-Itô for a weakly non-equilibrium process and their findings
reveal that Itô process gives more physically meaningful results than Anti-Itô. There
has been similar line of work which can be found in ref [23, 43–45]. The author and
coworkers have demonstrated in ref.[46] that non-Fickian transport currents, emerg-
ing naturally within the Itô framework of stochastic dynamics, successfully explain
the experimentally observed trends in the thermophoresis of colloidal proteins like
Lysozyme, BLGA, and Poly-l-lysine in aqueous solution. In a different context, the
superiority of Itô has been argued over Stratonovich even for a stochastic cosmolog-
ical model [47].

1.7 Main Research Questions Addressed
The central aim of this thesis is to understand the transport of mesoscopic objects

in the presence of coordinate-dependent damping. We explore the consequences of
modeling the coordinate-dependent damping as an Itô process.

1.7.1 Outline

This thesis is organized as follows.

Chapter 2 We begin by introducing a damping symmetry-broken structured mesoscopic
object placed in a heat bath in one-dimensional space in the absence of any
external force, where interactions in the system depend only on relative sep-
aration. We derive an equilibrium distribution in position space under the
Itô setting. Our analysis demonstrates that the symmetry-broken dimer can
spontaneously filter isotropic, homogeneous bath fluctuations in equilibrium.
As a consequence, the object moves with a non-zero constant velocity in a
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force-free situation, signifying that steady-state mechanical equilibrium with
directed motion is possible for a symmetry-broken object in thermal atmo-
sphere. We further discuss how the system is in accordance with principles
like energy conservation, the second law of thermodynamics, and detailed bal-
ance. Publication related to this project– (i).

Chapter 3 We extend our study to now account for an external force against which the
dimer could move and store energy. We analyze how the equilibrium position
distribution of the dimer system changes due to the presence of a force. We
also display how various system parameters contribute to the efficiency of
ratcheting, converting heat to work. Publication related to this project– (i).

Chapter 4 We broaden our purely equilibrium single symmetry-broken dimer framework
to a many-body system consisting of multiple symmetry-broken dimers inter-
acting in two-dimensional space. Here, the collective behavior emerges from
the interplay of coordinate-dependent damping and thermal fluctuations. We
explore how these many-body interactions lead to spontaneous collective trans-
port phenomena such as swarming, flocking, and coherent rotation, all occur-
ring in thermal equilibrium without external driving. The study provides new
insights into how broken damping symmetry can give rise to rich emergent
dynamics in higher dimensions. Publication related to this project—(ii).

Chapter 5 We study the transient dynamics of mesoscopic objects within the Itô
framework. This chapter focuses on the evolution towards Itô equilibrium
steady states, analyzing transient processes under the influence of coordinate-
dependent damping. We highlight how inhomogeneity in diffusivity within
the Itô framework leads to the emergence of a new source of entropy, which
generates a diffusivity-dependent entropy gradient that influences the trans-
port. We talk about novel effects of entropic pulling and diffusion diode, which
emerge as a consequence of it. Publication related to this project—(iii).

Chapter 6 Finally, we conclude this thesis with closing remarks and future prospects.
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Symmetry-Broken Dimer Model

Biological systems are inherently structured and asymmetric. Inside living cells,
motor proteins like kinesin and myosin (consisting of two heads) walk along molec-
ular tracks, playing a vital role in transport and other biomechanical processes. To
understand their motion, various ratcheting models have been proposed [48, 49].
However, these simple models often predict much lower efficiencies than those ob-
served in real motor proteins [50].

Real biological systems are far more complex than any simplified model. But
when the efficiency gap is significant, it suggests that something fundamental might
be missing. One common assumption in many ratcheting models is that motor
proteins are structureless particles, overlooking their internal mechanics and asym-
metries. Yet, biological transport mechanisms rely on intricate structural features
that significantly impact efficiency.

To explore the role of structure in transport, we consider a simple structured
system, a dimer. We consider this because it is one of the most basic ways to in-
troduce internal structure while keeping the problem manageable. To model asym-
metry, we consider a dimer with broken damping symmetry. Such a model based
on coordinate-dependent diffusion was first proposed by Bhattacharyay in 2012 [51].
In this chapter, we study how this system, constrained in one-dimensional space,
behaves in an equilibrium bath, examining how its internal properties influence its
motion. This chapter is adapted from Ref. [52].

27
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Figure 2.1: Schematic of a dimer in one dimension.

2.1 Dimer model with Broken damping symmetry

under Itô formulation
Consider two Brownian particles constrained in one-dimensional space with coor-

dinates x1 and x2 (x1 > x2), in contact with an isotropic, homogeneous heat bath in
thermal equilibrium at a temperature T . These two Brownian particles constitute a
dimer, interacting via an attractive potential that ensures cohesion, except at very
short distances, where repulsion accounts for excluded volume effects.

It is common knowledge that biological systems at submicrometer scales operate
in a regime dominated by high friction, making inertia’s contribution negligible.
Thus, we describe the system in the over-damped limit(inertia-less limit), where the
dynamics of the particles is governed primarily by dissipative forces and thermal
fluctuations. The over-damped equations of motion for the two particles are:

dx1

dt
= − 1

Γ1(z)

∂V (z)

∂x1

+

√
2kBT

Γ1(z)
η1(t),

dx2

dt
= − 1

Γ2(z)

∂V (z)

∂x2

+

√
2kBT

Γ2(z)
η2(t). (2.1.1)

where z = x1−x2 is configuration/internal coordinate, ηi(t) is Gaussian white noise
of unit strength with zero mean ⟨ηi(t)⟩ = 0 and no temporal and inter-particle corre-
lation i.e. ⟨ηi(t1)ηj(t2)⟩ = δijδ(t1 − t2) and kB is the Boltzmann constant. Particles
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are characterized by different damping coefficients Γi(z) (i = 1, 2) which depend on
the configuration coordinate z of the system, and therefore can differ between the
particles. For instance, a particle close to a wall experiences altered hydrodynamic
drag, causing its damping to vary with the distance from the boundary [24, 53].
Similarly, nearby particles can influence damping, making it a spatially dependent
property. V (z) is the interaction potential between these particles. Considering the
centre of mass (CM) of the dimer to be x = x1+x2

2
. Although this is technically

the center of the system rather than a true center of mass, we refer to it as CM
throughout the thesis. One performs a coordinate transformation and rewrites the
dynamics as:

dz

dt
= −

[
1

Γ1(z)
+

1

Γ2(z)

]
dV (z)

dz
+ ξz(z, t),

dx

dt
= −1

2

[
1

Γ1(z)
− 1

Γ2(z)

]
dV (z)

dz
+ ξx(z, t). (2.1.2)

where, ξz(z, t) =
√
2kBT

[
η1(t)√
Γ1(z)

− η2(t)√
Γ2(z)

]
and ξx(z, t) =

√
kBT

[
η1(t)√
2Γ1(z)

+ η2(t)√
2Γ2(z)

]
are linear combination of white noise, such that the auto correlation of noise at vari-
ous times is ⟨ξz(z, t1)ξz(z, t2)⟩ = 2kBT

(
1

Γ1(z)
+ 1

Γ2(z)

)
δ(t1−t2) and ⟨ξx(z, t1)ξx(z, t2)⟩ =

kBT
2

(
1

Γ1(z)
+ 1

Γ2(z)

)
δ(t1−t2). Note that ⟨ξz(z, t)⟩ = 0 and ⟨ξx(z, t)⟩ = 0 only because

we are considering it as an Itô process [54].

Figure 2.2: Schematic of a dimer after coordinate transformation in one dimension.
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In dynamics (2.1.2), the configuration space (z-space) has decoupled from that of
CM of the system. Importantly, the equilibrium fluctuations are determined solely
by the configuration variable z in this model, making it the primary coordinate
governing the system’s thermal noise characteristics. Thus, one could write the
equilibrium distribution function using the corresponding Fokker-Planck equation.

The equilibrium distribution of the configuration coordinate z, according to a
standard Itô process (see Appendix D), under the condition of detailed balance [23,
42, 44, 45, 55, 56] being

P (z) =
A

kBT
(

1
Γ1(z)

+ 1
Γ2(z)

)e−V (z)/kBT

=
A

D(z)
e−V (z)/kBT ,

(2.1.3)

where A is a normalization constant, and D(z) = kBT
(

1
Γ1(z)

+ 1
Γ2(z)

)
is effective

diffusivity of the dimer in configuration space. The average velocity of the configu-
ration variable and centre of mass, which are functions of the internal/configuration
coordinate (z), are then evaluated using the equilibrium distribution of the config-
uration coordinate. We define ⟨G(z)⟩ =

∫ z2
z1

G(z)P (z)dz, where G(z) is an arbitrary
function.

Now, we evaluate the average velocity of the internal coordinate, where the con-
figuration space is within the range z1 to z2 (say) in thermal equilibrium.

〈
dz

dt

〉
= −

〈[
1

Γ1(z)
+

1

Γ2(z)

]
dV (z)

dz

〉
= −

∫ z2

z1

[
1

Γ1(z)
+

1

Γ2(z)

]
dV (z)

dz
P (z) dz

= −
∫ z2

z1

A

kBT

dV (z)

dz
e−V (z)/kBT dz

= A

∫ z2

z1

d

dz
[e−V (z)/kBT ]dz

= A

∫ 0

0

d[e−V (z)/kBT ] ≡ 0.

(2.1.4)

where e−V (z)/kBT vanishes at V (z) → ∞ at z = z1, z2 with respect to finite energy
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scale corresponding to thermal noise. The presence of a non-zero average current in
configuration space will produce entropy, violating the condition of detailed balance
in thermal equilibrium. Thus, the vanishing of average current or velocity of the
internal coordinate z for any confining potential ensures the stationarity of the
distribution, and ensures the system has equilibrated in z space.

Next, we evaluate the average CM velocity of the system using the equilibrium
distribution.

v =

〈
dx

dt

〉
= −1

2

〈[
1

Γ1(z)
− 1

Γ2(z)

]
dV (z)

dz

〉
= −1

2

∫ z2

z1

[
1

Γ1(z)
− 1

Γ2(z)

]
dV (z)

dz
P (z) dz

= −1

2

∫ z2

z1

A

kBT

(
Γ2(z)− Γ1(z)

Γ2(z) + Γ1(z)

)
dV (z)

dz
e−V (z)/kBT dz

=
A

2

∫ z2

z1

dz

[(
Γ2(z)− Γ1(z)

Γ2(z) + Γ1(z)

)
d

dz
[e−V (z)/kBT ]

]
̸= 0

(2.1.5)

The term
[

1
Γ1(z)

− 1
Γ2(z)

]
is the structural symmetry breaking term. It’s evident

that when there is broken structural symmetry, that is Γ1(z) ̸= Γ2(z) in the presence
of a confining potential V (z), the CM can attain a nonzero steady velocity.

The Vanishing of internal current,
〈
dz
dt

〉
≡ 0, in general, for any choice of Γi and

V (z) ensures thermal equilibrium, where nonzero uniform centre of mass current,〈
dx
dt

〉
is resulting in a Galilean transformation of the frame which will not disturb

any equilibrium physics.

It is important to note that constant damping Γ1 ̸= Γ2 alone cannot break the
symmetry of the system to produce net CM motion. The responses of the dimer’s
constituents (for constant unequal damping) remain equal and opposite during both
attractive (confining) and repulsive (excluded volume) interactions. This symme-
try in the response ensures that any fluctuation-driven motion remains reversible
over long timescales, preventing the emergence of sustained, directed motion. One
can also see from above that when damping coefficients are constants but unequal,
⟨dx
dt
⟩ ∝

∫ 0

0
d[e−V (z)/kBT ] ≡ 0, where e−V (z)/kBT vanishes at V (z) → ∞ at z = z1,

z2 with respect to finite energy scale corresponding to thermal noise. This is why
homogeneous diffusion is not seen to result in any directed motion, whereas a non-
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homogeneous diffusion can. To validate the analytical predictions, we compare them
with numerical simulations in the next section:

2.2 Comparison with Simulation
The damping function is modeled as a linear combination of the Heaviside/unit-

step function Θ. The Heaviside function is zero for negative arguments and unity
otherwise. We choose damping function: Γi(z) = γiΘ(z−zmin)+µi(1−Θ(z−zmin)),
where µi and γi break the damping symmetry by differing below and above zmin.

Γi(z) =

µi, z < zmin

γi, z ≥ zmin

0.0 0.5 1.0 1.5 2.0

z

1

2

3

4

Γ
i(
z)

Γ1(z)

Γ2(z)

Figure 2.3: Variation of damping coefficient as a function of the internal coordinate
for both constituents, used in the simulation. The parameters used are γ1 = 1,
γ2 = 2, µ1 = 4, µ2 = 3 and zmin = 1.

The intra-dimer potential V (z) is modeled by a harmonic potential in the simu-
lations. V (z) = α

2
(z − zmin)

2, which is repulsive below equilibrium separation zmin

and attractive above it. α is the spring constant and represents the strength of
intra-dimer interaction.
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2.3 Simulation units to Physical units
In our simulations, the reference length scale rmin and the thermal energy scale

kBT are set to unity. Consequently, all lengths (such as particle positions and
interparticle separations) are expressed in units of rmin, and all energies in units of
kBT . We also choose the damping coefficients Γi to be of order unity, ensuring that
the corresponding diffusivities Di =

kBT
Γi

are also of order unity in simulation units.
To relate the simulation units to physical units, consider a micron-sized particle

immersed in water. In such a system, rmin corresponds to the particle radius (ap-
proximately 1µm), and kBT ≈ 4×10−21 J at room temperature (300K). With water
viscosity η ≈ 10−3 Pa.s, the Stokes drag is given by Γ = 6πηrmin ≈ ×10−8 kg/s. A
unit of damping in simulation units corresponds to a damping of 10−8 kg/s for a
micron-sized particle in physical units. Equivalently, a diffusivity D ∼ 1 in simula-
tion units corresponds to a real diffusivity of order

D =
kBT

Γ
≈ 10−21

10−8
= 10−13m2/s,

The parameter values used throughout the simulations are listed in Table 5.1.
These values are kept constant across all simulations, unless stated otherwise.

Symbol Parameter Simulation value
kBT Thermal energy 1
rmin Reference length scale 1
γ1 Damping coefficient 1
γ2 Damping coefficient 2
µ1 Damping coefficient 4
µ2 Damping coefficient 3
α Bond stiffness (intra-dimer) 100
∆t Integration time step 10−4

Table 2.1: Fixed simulation parameters (in dimensionless/simulation units)

We now, present the results for the symmetry-broken dimer system in Fig. 2.4,
which illustrate the system’s behavior under Heaviside function damping. Fig. 2.4(a)
demonstrates an excellent agreement between the simulated and theoretical proba-
bility density (denoted by ρ(z), instead of P (z) here). The presence of the Heaviside
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Figure 2.4: System behavior with Heaviside-function damping. (a) Matching of
simulated and analytical Itô probability density. (b) Asymmetric effective potential
of constituents. (c) Directed motion of the center of mass (CM) due to broken
symmetry. (d) No net CM motion in the symmetry-unbroken case, γ1 = γ2 =
1, µ1 = µ2 = 3.

function in the damping term causes a discontinuous change in diffusivity around
zmin, leading to a discontinuity in the probability density at zmin. Fig. 2.4(b) il-
lustrates the effective potential (V (z)/Γi(z)) experienced by each particle both be-
low and above the equilibrium separation. Due to the asymmetry in the effective
potentials experienced by the constituents on either side of zmin (consequence of
differential response of damping below and above zmin), directed transport emerges,
as shown in Fig. 2.4(c). Finally, Fig. 2.4(d) depicts a scenario where no structural
symmetry breaking occurs (damping symmetry remains unbroken). In this case, the
system exhibits purely Brownian fluctuations, resulting in no net transport. We use
the following damping parameters γ1 = γ2 = 1, µ1 = µ2 = 3 to generate Fig. 2.4(d),
keeping the remaining parameters unchanged.
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2.4 Physics of the Symmetry-Broken Hetero-dimer

Model
Being in the overdamped limit, the internal forces (corresponding to confining

potential) get rescaled by their respective damping coefficients (Eq. 2.1.1). Broken
damping symmetry disrupts the balance of these rescaled forces. The effective po-
tential of one monomer becomes steeper than the other. This breaks the inversion
symmetry and creates a force imbalance −1

2

[
1

Γ1(z)
− 1

Γ2(z)

]
dV (z)
dz

, on average in the
configuration space as seen in Eq.( 2.1.2). This physically means that monomer with
higher damping loses more momentum in comparison to one with lower damping,
creating a net force imbalance. This force imbalance induces motion. However, in
the overdamped regime, a net force cannot persist. Instead, this imbalance is ex-
actly counteracted by the system’s overall damping, on average, allowing the dimer
to move with a steady velocity in a force-free manner, driven by homogeneous,
isotropic bath fluctuations. The symmetry-broken dimer thus filters the Brownian
fluctuation to produce rectified transport [51].

At this point, it becomes important to discuss the sources of energy and energy
conservation. Our system is a passive system with no active source for propulsion,
like an external force, active force, or external energy source. Our system has broken
damping symmetry and is placed in a homogeneous, isotropic heat bath. The heat
bath continuously injects energy via thermal fluctuations. Let’s closely examine
what is happening in our system:

Step 1: Initial Condition (t = 0). Suppose the dimer is placed in a ho-
mogeneous, isotropic thermal bath at temperature T . The bath consists of ran-
domly colliding molecules, which impart stochastic forces (thermal noise) to the two
monomers of the dimer.

Step 2: Early Dynamics (t > 0) Each monomer experiences random thermal
kicks from the bath, representing the injection of energy from the environment. Due
to the broken damping symmetry, the two monomers dissipate this injected energy
and momentum at different rates. The monomer with higher damping acts like a
strong sink, quickly converting the injected (stochastic) kinetic energy into heat and
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dissipating it back to the bath. As a result, the monomer with higher damping loses
momentum faster, responding more sluggishly to the thermal kicks. The monomer
with lower damping, by contrast, dissipates energy at a slower rate and retains its
momentum towards the other constituent particle for a longer duration, making it
more responsive to fluctuations and responds more efficiently to the stochastic kicks.
This differential response creates an imbalance: the less-damped monomer under-
goes larger displacements inward compared to the more-damped one. In a system
with inertia, this would result in acceleration, but in the overdamped limit, inertia
is negligible, and by definition, the system cannot sustain a net force. Instead, this
force imbalance is immediately countered by the overall damping of the system,
on average, ensuring that velocity evolves smoothly rather than accelerating indef-
initely. The overdamped limit corresponds to m → 0, ζ → ∞, such that Γ = mζ

is finite. ζ−1 is the velocity relaxation timescale. This process occurs on a time
scale ζ−1 = m

Γ
. This implies that the system relaxes to equilibrium almost instanta-

neously, allowing the velocity to adjust immediately to any force imbalance without
any inertial delay in comparison to other time scales in the overdamped limit.

Step 3: Emergence of Steady Directed Motion The system thus reaches a
steady state where both monomers are in dynamic "mechanical" equilibrium while
thermal energy is continuously injected by the bath, it is also being dissipated back
into the bath by the same amount, on average. This creates a constant, steady
velocity in one direction.

Broken damping symmetry   
induced motion

Figure 2.5: Schematic of symmetry broken dimer exhibiting directed motion in 1D
driven by isotropic, homogeneous thermal fluctuations.

The following section provides a deeper examination of energy conservation, en-
ergy extraction, and consistency with the laws of Thermodynamics.
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2.5 Perpetual motion Vs Perpetual motion machine
The dimer system exhibits persistent directed motion in equilibrium, but it is

not a perpetual motion machine. Using both the terms interchangeably can create
a source of confusion. Let’s clarify this:

Perpetual Motion: A perpetual motion system refers to an object that moves
indefinitely.

Perpetual Motion Machine: A hypothetical device that operates indefinitely
without an external energy source. There are two main types:

1. First Kind: A machine that produces more energy than it consumes, effec-
tively creating energy from nothing. It would keep running forever without
any energy input, directly violating the First Law of Thermodynamics.
Example: A wheel that spins indefinitely without any external force or energy
source.

2. Second Kind: A machine that extracts useful work solely from equilibrium
thermal fluctuations, without any external gradient. This type violates the
Second Law of Thermodynamics. Example: An engine that continuously
extracts work from a single temperature bath without expelling heat.

Does our system violate the laws of Thermodynamics?
The First law of thermodynamics states that: Energy is conserved and heat and

work are both forms of energy.

The Kelvin-Planck statement of the second law of thermodynamics states that:
It is impossible to construct a cyclic device (or a device operating in a cycle) that

functions as a heat engine and converts all the heat absorbed from a single reservoir
entirely into work without any other effect.

First, our system does not extract energy. The rectified motion observed in
our model arises from an interplay between thermal fluctuations and asymmetric
dissipation, but it does not correspond to the extraction of useful work.

Since we are considering a closed composite system consisting of the dimer and
the heat bath, no energy is being extracted from the composite system by any
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third agent, ensuring energy conservation. Any attempt to extract energy from the
composite system by third agent would initiate a transient process in which the
bath would begin to lose temperature, as no real bath has infinite heat capacity.
The transient would persist until the bath temperature drops to a point where the
dimer’s velocity (roughly being proportional to the square root of the temperature
[51]) is no longer sufficient to drive dimer against a barrier. In such a case, the
dimer would come to rest. Therefore, there can be no perpetual extraction of energy
enabling the dimer to move indefinitely against a global barrier. Thus, perpetual
energy extraction is impossible, meaning the system cannot generate continuous
work against some global barrier or some external agent.

In the absence of external agent, since no net energy is harvested from the bath
in a way that could be used to perform external work, the symmetry-broken dimer
system does not function as a heat engine. Therefore, the model remains consistent
with the laws of Thermodynamics. The symmetry-broken dimer moves in perpetual
motion but is not a perpetual motion machine of the second kind and remains
consistent with the laws of thermodynamics.

2.6 Detailed Balance

Detailed balance is a fundamental principle of equilibrium systems, ensuring that
microscopic transition rates between states remain symmetric. However, the dimer
model presents an intriguing case, an equilibrium system exhibiting persistent di-
rected motion. This raises the question: Does detailed balance still hold in such a
scenario?

To understand why the uniform motion of a symmetry-broken dimer in equi-
librium does not violate this condition, we analyze the underlying physics. Our
model is inhomogeneous in the configuration frame. In our model, the interaction
potentials depend only on relative coordinates between particles, and not on their
absolute positions. Importantly, this coordinate-dependent damping does not nec-
essarily break equilibrium or violate detailed balance. As shown rigorously within
the Itô interpretation of stochastic dynamics, we obtain a steady-state distribution
that by setting local probability current to zero, thus satisfying detailed balance
even in the presence of inhomogeneous damping. The equilibrium distribution P (z)



Chapter 2: Symmetry Broken Dimer Model 39

becomes:
P (z) =

A

D(z)
exp

(
−V (z)

kBT

)
,

where D(z) is the position-dependent diffusivity (inversely related to damping) and
V (z) is potential associated with system and A is a normalisation constant. This
distribution compensates for the dynamical inhomogeneity and maintains equilib-
rium.

Moreover, the heat bath is assumed to be homogeneous (identical properties ev-
erywhere) and isotropic (exhibiting the same behavior in all directions). These
properties ensure that the bath does not distinguish between different absolute po-
sitions or orientations of the system and does not favor any particular direction of
motion. Because of this, the bath does not impose a preferred reference frame, mean-
ing that the system’s center-of-mass motion is just as valid as any other Galilean
state. Consequently, the probability of finding the center of mass at any location
remains constant, ensuring that equilibrium conditions are maintained.

Since the system operates in the overdamped regime, the net force is zero in equi-
librium. However, a steady nonzero velocity can still exist. The entropy production
rate, given by the product of force and flux, remains zero because the net force is
zero. This implies that no entropy is produced, and the entropy remains constant.
Another way to say it is, a symmetry-broken dimer moving with a constant average
velocity in a heat bath does not exchange energy with the bath, on average. The
thermal properties of the bath remain unchanged, and no additional entropy is being
generated.

Thus, the dimer system can remain in a state of mechanical equilibrium (net
force is zero), while also maintaining thermal equilibrium. This shows that a sym-
metry broken mesoscopic object moving with constant velocity does not disturb the
equilibrium state of the bath.

2.7 Discussion on Feynman-Smoluchowski-Lippmann

Ratchet

Often, it has been argued in the literature that the Feynman-Smoluchowski-
Lippmann ratchet often prohibits the possibility of rectified transport in equilibrium.
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We address the following below.
The Smoluchowski–Feynman-Lippmann ratchet [57] is a well-known thought ex-

periment originally introduced by Lippmann, studied further by Smoluchowski, and
popularised by Feynman, which was proposed to investigate the possibility of ex-
tracting useful work from thermal fluctuations, exploring the possibility of violating
the second law of thermodynamics. The device consists of a ratchet and pawl sys-
tem connected to vanes immersed in a heat bath. The ratchet is intended to convert
random thermal kicks into directed motion, thereby creating the illusion of work
extraction from equilibrium thermal noise.

Feynman’s analysis showed that such a device cannot produce directed motion
without an external temperature gradient. If the system is in thermal equilibrium,
thermal fluctuations from both sides are statistically balanced, and no net motion
occurs. This conclusion is consistent with the second law, as the absence of a
temperature gradient ensures that entropy production remains zero on average.

However, this analysis is based on systems where symmetry is either unbroken
or broken solely through temperature differences. Our model introduces a distinct
mechanism of symmetry breaking: damping asymmetry in the absence of temper-
ature gradients. Unlike the Smoluchowski–Feynman ratchet, where temperature
asymmetry drives directed motion, our model employs spatially varying damping
to maintain a constant average velocity in thermal equilibrium. Importantly, in our
system, the average velocity emerges due to the broken-symmetry in the dissipation
landscape, not due to an external drive or temperature gradient.

2.8 Conclusion
In this chapter, we show that a simple symmetry broken structured object can

remain in state of mechanical equilibrium and show directed transport in a state
of thermal equilibrium. This work points towards the possibility of time reversal
symmetry-broken equilibrium state, like that of macroscopic bodies following New-
ton’s first law, or like that in a dissipation-less super current. Such a uniform motion
can exist in equilibrium because the system moves in a force-free condition.
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Symmetry-Broken Dimer model in Presence of a
Force

In the previous chapter, we examined how a symmetry-broken dimer can filter Brow-
nian motion and generate directed transport by harnessing fluctuations from a ho-
mogeneous, isotropic heat bath in equilibrium in one dimension. However, we es-
tablished that an external agent cannot extract energy from the bath perpetually.
Any attempt to extract energy would drive the system out of equilibrium, causing
a local temperature drop in the bath and triggering heat and material transport
within the bath, leading to entropy production. This would happen until the bath
reaches a temperature, below which the velocity of dimer would not be sufficient to
drive against the barrier.

In this chapter, we consider a situation in which our heat bath is thermally con-
nected to a much bigger reservoir (surrounding), which replenishes it all the time
by exchanging energy so that its temperature doesn’t fall and its equilibrium is
maintained. This would be a non-equilibrium steady state. For example, consider
a water tank exposed to sunlight. Here, the water tank acts as the bath, while the
sun establishes its coupling to the larger environment. The exposure to sunlight can
maintain the water tank at a nearly constant temperature over a long timescale, even
as the bath (water tank) loses energy to a system immersed in it. We explore how
the coupling between thermal fluctuations from a heat bath, which is maintained at

41
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a constant fixed temperature (courtesy of its interaction with a bigger reservoir) and
a symmetry-broken mesoscopic structure, can enable efficient heat-to-work conver-
sion (enable energy extraction) in the presence of an external load. In our analysis,
we employ an overdamped model, which necessarily describes a slow process. This
approach is common in modeling such systems because, even under non-equilibrium
conditions, one can still meaningfully define thermodynamic quantities like temper-
ature for slow processes. This chapter is adapted from Ref. [52].

3.1 Symmetry-Broken Dimer Model in Presence of

a Force

Consider a structural symmetry broken dimer constrained in one-dimensional
space with monomer’s coordinates x1 and x2 (x1 > x2), configuration-dependent
damping coefficients Γi(z), i ∈ {1, 2}, in contact with an isotropic, homogeneous
heat bath in thermal equilibrium at temperature T . Monomers are bound by an
attractive potential, and at short distances, there acts a repulsive potential which
prevents the particles from passing through each other. The constituents obey local
Stokes-Eintein relation, Di(z) = kBT/Γi(z), z = x1−x2 is configuration coordinate,
Di(z) is configuration dependent diffusivity of the ith constituent. ηi(t) is Gaussian
white noise associated with ith constituent, of unit strength with zero mean ⟨ηi(t)⟩ =
0 and no temporal and inter-particle correlation i.e. ⟨ηi(t1)ηj(t2)⟩ = δijδ(t1 − t2). F
is a constant external global force against which the dimers move. The time scale of
the dynamics that we are considering here is larger than the time scale over which
the temperature and the diffusivity gets defined and, therefore, it is an overdamped
dynamics.

The following equations governs the dynamics of monomers of a dimer:

dx1

dt
=

1

Γ1(z)

[
F − ∂V (z)

∂x1

]
+

√
2kBT

Γ1(z)
η1(t),

dx2

dt
=

1

Γ2(z)

[
F − ∂V (z)

∂x2

]
+

√
2kBT

Γ2(z)
η2(t). (3.1.1)

A simple coordinate transformation to the center of mass (CM) x = x1+x2

2
and
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Static external global force

Broken damping symmetry
induced motion

(a) (b)

Figure 3.1: (a) Schematic showing ratcheting of dimer against external force. (b)
Exact same motion shown in the potential landscape. The tilted black line corre-
sponds to the potential due to the global force. As the dimer moves uphill against
the global force from A to B, it gains mechanical (potential) energy.

internal coordinate frame z = x1 − x2, one can rewrite the equation as:

dz

dt
= F

[ 1

Γ1(z)
− 1

Γ2(z)

]
−
[

1

Γ1(z)
+

1

Γ2(z)

]
dV (z)

dz
+ ξz(z, t),

dx

dt
=

F

2

[ 1

Γ1(z)
+

1

Γ2(z)

]
− 1

2

[
1

Γ1(z)
− 1

Γ2(z)

]
dV (z)

dz
+ ξx(z, t). (3.1.2)

where the stochastic noise’s, ξz(z, t) =
√
2kBT

[
η1(t)√
Γ1(z)

− η2(t)√
Γ2(z)

]
and ξx(z, t) =

√
kBT

[
η1(t)√
2Γ1(z)

+ η2(t)√
2Γ2(z)

]
are linear combination of white noise, such that the auto-

correlation of noise at various times is ⟨ξz(z, t1)ξz(z, t2)⟩ = 2kBT
(

1
Γ1(z)

+ 1
Γ2(z)

)
δ(t1−

t2) and ⟨ξx(z, t1)ξx(z, t2)⟩ = kBT
2

(
1

Γ1(z)
+ 1

Γ2(z)

)
δ(t1 − t2).

The dynamics of z can also be written as:

dz

dt
=

[
F
Γ2(z)− Γ1(z)

Γ2(z) + Γ1(z)
− dV (z)

dz

] [ 1

Γ1(z)
+

1

Γ2(z)

]
+ ξz(z, t).

(3.1.3)

We again recognize the complete decoupling of CM coordinate from internal
coordinate. The Smoluchowski equation resulting from the standard Kramers-Moyal
expansion for the internal coordinate is of the form (see Appendix D)
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∂P (z, t)

∂t
= − ∂

∂z

[
h(z)P (z, t)− ∂D(z)P (z, t)

∂z

]
= −∂J(z, t)

∂z
.

(3.1.4)

In the above equation, P (z, t) is the probability density, and h(z) is the drift
velocity. We find that for our model,

h(z) =

(
F
Γ2(z)− Γ1(z)

Γ2(z) + Γ1(z)
− dV (z)

dz

)(
1

Γ1(z)
+

1

Γ2(z)

)

=
1

kBT

(
F
D2(z)−D1(z)

D2(z) +D1(z)
− dV (z)

dz

)(
D1(z) +D2(z)

)
. (3.1.5)

and D(z) = kBT
(

1
Γ1(z)

+ 1
Γ2(z)

)
= D1(z) + D2(z), is the effective diffusivity for

the internal coordinate.

We observe that the CM coordinate x has decoupled from the internal coordinate
z even under the influence of a global force. Now, we assume that this external force
is sufficiently weak, ensuring that the system operates within the linear response
regime. In this regime, the equilibrium probability density provides a reasonable
approximation for evaluating physical quantities near equilibrium. Accordingly, we
set the current density in configuration space to zero (J(z) = 0), as the system
remains close to equilibrium. The following distribution (near equilibrium or weakly-
non equilibrium) P (z) emerges:

P (z) =
A

D(z)
exp

∫ z

z1
dz′
(
F Γ2(z′)−Γ1(z′)

Γ2(z′)+Γ1(z′)
− dV (z′)

dz′

)
kBT


=

A

D(z)
e−V (z)/kBT e

∫ z
z1

dz′(F/kBT )
D2(z

′)−D1(z
′)

D2(z
′)+D1(z

′)

(3.1.6)

where A is a normalization factor. Note that we assume that the configuration
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space is within range z1 to z2 (say).

The stationarity of the distribution is ensured by the fact that the average internal
current identically vanishes

⟨dz
dt

⟩ = A×
∫ z2

z1

dz
d

dz
exp

∫ z

z1
dz′
(
F Γ2(z′)−Γ1(z′)

Γ2(z′)+Γ1(z′)
− dV (z′)

dz′

)
kBT

≡ 0 (3.1.7)

under the consideration that the Boltzmann factor
exp

(∫ z

z1
dz′
(
F Γ2(z′)−Γ1(z′)

Γ2(z′)+Γ1(z′)
− dV (z′)

dz′

)
/kBT

)
vanishes at z = z1 and at z = z2 with

respect to finite energy scale.

Now, the average CM velocity v becomes:

v =⟨dx
dt

⟩ =

〈
F

2

[
1

Γ1(z)
+

1

Γ2(z)

]〉
+

〈
−1

2

dV (z)

dz

[
1

Γ1(z)
− 1

Γ2(z)

]〉
. (3.1.8)

The first term

〈
F
2

[
1

Γ1(z)
+ 1

Γ2(z)

]〉
in the above equation represents the motion

induced by global force and will always drive system downhill the global potential.

The second term

〈
−1
2

dV (z)
dz

[
1

Γ1(z)
− 1

Γ2(z)

]〉
as seen in previous chapter represents

the motion due to broken structural symmetry and will only produce a center of
mass motion when there is the structural symmetry breaking present i.e. Γ1(z) ̸=
Γ2(z). By the adjustment of the values of Γ1(z) and Γ2(z) (or, more physically, the
Stokes radii of the particles) we can make this part of the center of mass motion
to counteract or even overcome that due to the global force and make the system
move against the global force. In such a scenario, the thermal energy of the bath
would be directly converted into the potential energy of the system as shown in
Fig. 3.1(b), where dimer moves from A to B uphill against the global potential and
gains potential energy.

Note that from the expression of average centre of mass velocity (Eq. 3.1.8), there
exists a critical value of force at which the transport due to force is counterbalanced
by that due to that of broken-symmetry. In such a situation, the system would come
to a halt. The value of that particular force at which this happens is called stall
force Fstall. In the context of energy extraction, efficiency is meaningful only for force
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values less than or equal to the stall force. For F > Fstall, the dimer moves along the
direction of the applied force, precluding any possibility of extracting useful work
from thermal fluctuations. The efficiency of a dimer in working against the force F

is the ratio of available power output and thermal energy per unit time. We define
the efficiency as η = |Fv|

kBT
. We next turn to a detailed comparison of simulation and

analytical results.

3.2 Simulation Results

The parameters used in the simulation remain the same as shown in the previous
chapter in table 5.1(unless stated otherwise). In this chapter of the thesis, we have
an additional parameter global static force F , which has been fixed to 1.5 in the
simulations.

Figure 3.2: System behavior with Heaviside-function damping for F = 1.5. (a)
Probability density, (b) Effective potential, and (c) Directed motion of CM are
shown. (d) Force-driven motion of CM in the positive direction for symmetry un-
broken dimer (symmetrical damping coefficients) γ1 = γ2 = 1, µ1 = µ2 = 3 and
F = 1.5.
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A unit force in simulation for a micron sized particle corresponds to kBT/rmin =

10−21/10−6 = 10−15N in physical units. We now compare the analytical results with
the simulation ones in the next section to validate our analysis.

The probability density obtained from simulations is in quantitative agreement
with the analytical Itô solution when an external force is applied as shown in
Fig. 3.2(a). This agreement serves as a key validation, indicating that the ex-
ternally applied force chosen in the simulation is small enough for the system to
operate within the linear response regime. The presence of external force F changes
the effective potential experienced by each constituent 1

Γi(z)

∫
dz[dV

dz
+ (−1)iF ], as

shown in Fig. 3.2(b). Comparing this force-modified effective potential to the one
in the absence of force (see Fig. 2.4(b)) from the previous chapter), one observes a
clear change in the potential landscape. As a consequence of this altered landscape,
the CM travels a shorter distance than in the zero force case, as depicted in Fig.
3.2(c) compared to Fig. 2.4(c).

Now, it was evident from Fig. 2.4(d) in the previous chapter that a symmetry
unbroken dimer would show no net motion in the absence of an external force.
However, in its presence, the symmetry unbroken dimer moves systematically in the
direction of force in the positive x direction as visible from Fig. 3.2(d) for the same
set of parameters except F = 1.5. Thus, the external force tends to drive the dimer
in the positive x direction.

In the context of a dimer broken by symmetry, the motion induced by external
force opposes the direction of motion induced by symmetry breaking in Fig. 2.4(c),
which again explains why the dimer travels a shorter distance in the current case
(Fig. 3.2(c)) compared to the zero external force scenario shown in previous chapter
in Fig. 2.4(c).

We compile the results from various regimes together in the Fig. 3.3 to com-
pare the motion of the center of mass for both symmetry-broken and symmetry-
unbroken dimers, under equilibrium (or weakly non-equilibrium) as well as under
the application of a weak external force. This comparative visualization helps clar-
ify the differences in their dynamical behavior. The damping parameters for the
symmetry-unbroken dimer used are γ1 = γ2 = 1, µ1 = µ2 = 3, whereas the parame-
ters for the symmetry-broken dimer are γ1 = 1, γ2 = 2, µ1 = 4, µ2 = 3. The rest of
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Figure 3.3: Trajectories of dimer shown under varying external forces and damping
symmetries. (a) F = 0 and symmetrical damping: no net motion, (b) F = 1.5
and symmetrical damping: net drift in positive x direction, (c) F = 0 and Broken
symmetry: net motion in negative x direction (d) F = 1.5 and broken symmetry:
damping asymmetry drives motion left while force drives it right; the competition
results in net motion toward negative with less displacement.

the simulation parameters are the same as stated in table 5.1. In the absence of ex-
ternal force, a symmetry-unbroken dimer exhibits purely Brownian motion with no
net displacement, as evident from Fig. 3.3(a). Upon applying an external force, as
shown in Fig. 3.3(b), the symmetric dimer drifts in the direction of the force along
the positive x axis, as expected. In contrast, Fig. 3.3(c) illustrates the case of a
symmetry-broken dimer in the absence of any applied external force. The symmetry
broken dimer exhibits net motion in the negative x direction, transport arising from
the broken damping symmetry. Lastly, in Fig. 3.3(d), we examine the case where
both damping asymmetry and an external force are present. The intrinsic asymme-
try drives the dimer in the negative x direction, while the external force tends to push
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it in the positive x direction. For the chosen parameters, the damping asymmetry-
induced transport dominates, resulting in net motion against the direction of the
applied force, thus performing mechanical work. This behavior demonstrates that
the system is able to harness thermal fluctuations from the heat bath and convert
them into directed motion, effectively storing energy as mechanical (potential) en-
ergy by climbing an energy gradient (potential energy landscape due to external
force) as shown in schematic in Fig. 3.1(b). In this way, equilibrium thermal noise,
when coupled with spatial damping asymmetry, can be rectified to perform useful
work in the presence of an external force. The heat bath, maintained at a constant
temperature, thereby enables an inchworm-like symmetry-broken dimer to ascend a
potential ramp, converting thermal energy into potential energy.

The parameters in the system can control the propensity of motion. We examine
how the average CM Velocity depends on individual model parameters at F = 1.5.
The interplay between these factors determines how effectively the system converts
thermal energy into mechanical work.

Figure 3.4: Variation of the average velocity of CM shown against system parameters
with F = 1.5, keeping rest of the parameters fixed as in table 5.1.
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Figure 3.4(a) shows how the average CM velocity depends on the interaction pa-
rameter α, in the presence of a constant external force F . The external force tends
to drive the system in the positive x-direction. However, as α increases, the interac-
tion potential becomes steeper, and the strength of the symmetry-breaking internal
force grows. This eventually counteracts the effect of the external force, reducing
the net CM velocity to zero at α = 58.6. Beyond this point, the system moves in
the negative x-direction, indicating that internal symmetry-breaking dominates the
external drive. While this reversal is clearly visible in Fig. 3.4(a), it’s important
to note that α cannot be increased arbitrarily, as excessively steep potentials vio-
late the assumption of slow, overdamped dynamics. To monitor this, we use the
efficiency η; values of η ≈ 1 signal a breakdown of the overdamped approximation.

Fig. 3.4(b) illustrates the dependence of the average center-of-mass velocity on
thermal energy kBT . At kBT = 0.586, the velocity drops to zero, indicating a
balance between the external force and the symmetry-induced ratcheting effect. Be-
yond this point, increasing thermal fluctuations enhance the ratcheting mechanism,
leading to net motion opposite to the direction of the applied force.

Figures 3.4(c) and (d) show the variation of centre of mass velocity with damping
parameters. The divergence of the average center-of-mass velocity as the parameters
γi and µi approach smaller values. This divergence arises from the growing differ-
ences |γ1 − γ2| and |µ1 − µ2|, which enhance asymmetry in the system. As these
differences increase, the relevant timescales shorten, potentially pushing the system
beyond the regime of slow, overdamped dynamics (for fixed time step of simulation).
This can result in a breakdown of the model’s validity, particularly if the system
approaches or exceeds the efficiency bound (analogous to the Carnot limit) imposed
in our analysis.

We next understand how the efficiency of ratcheting depends on system param-
eters. The linear dependence of the average center-of-mass velocity on the external
force, as shown in Fig. 3.5(a) serves as another confirmation for our linear regime
modeling. Moreover, we identify the stall force as approximately F ≈ 1.96. This
force marks the transition point where the asymmetry-induced spontaneous motion
is exactly counterbalanced by the applied force, resulting in no net transport. Fur-
thermore, Fig. 3.5(b) shows that the efficiency of the system in converting thermal
energy into mechanical work, displays a non-monotonic behavior with respect to the
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Figure 3.5: Variation of the average center-of-mass velocity and ratcheting efficiency
as functions of the applied external force. The results illustrate the linear response
behavior and highlight the existence of an optimal force that maximizes efficiency.

applied force. Initially, as the force increases, efficiency improves, reaching a peak
of around 40% around F ≈ 1.0. Beyond this point, further increases in the force
reduce the efficiency Thus, average velocity of the center of mass and the efficiency
of ratcheting against an external force are sensitive to the system parameters.

Finally, we examine the dependency of efficiency of ratcheting depends on sys-
tem parameters. These include the degree of damping asymmetry, the inter-particle
interaction potential, and thermal energy. The interplay among these factors de-
termines the extent to which the system can rectify equilibrium fluctuations and
convert thermal energy into useful mechanical work.

Fig. 3.6(a) shows excellent matching of simulation generated and analytically
obtained values of efficiency for the model. At lower thermal energies, the system
shows limited efficiency, as the thermal fluctuations are insufficient to drive the
ratchet mechanism effectively. However, as thermal energy increases, the efficiency
rises, reflecting the increasing contribution of thermal fluctuations to the directed
motion. With further increase in thermal energy, efficiency starts decreasing. This
non-monotonic behavior underscores the delicate interplay between thermal energy
and the system’s efficiency, with an optimal range of thermal energy that maximizes
the ratcheting efficiency. Understanding this relationship is crucial for designing
systems that leverage thermal fluctuations for optimal energy extraction or directed
transport.
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Figure 3.6: Dependence of efficiency on thermal energy, spring parameter, and
damping coefficient of the system for F = 1.5.

The efficiency also increases with the interaction(spring) parameter α. As evi-
dent from Fig. 3.6(b), η and would eventually exceed unity at sufficiently large α.
However, such high values of α indicate a breakdown of the overdamped theory, so
we restrict our analysis to much smaller values. Notably, α represents the inverse
square of a characteristic time scale for a unit mass. A very large α corresponds
to an extremely short time scale, which contradicts the assumption of slow over-
damped dynamics. Therefore, one cannot arbitrarily increase α without violating
the theoretical framework.

Furthermore, Fig.’s 3.6(c) and (d) illustrate how efficiency varies with the damp-
ing parameters. The differences in γi and µi serve as indicators of broken symmetry.
As these differences increase or decrease, the efficiency correspondingly rises or falls,
emphasizing the crucial role of symmetry breaking in enhancing transport efficiency.
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3.3 Conclusion
In this chapter, we have investigated the dynamics and energetics of a symmetry-

broken dimer (inchworm-structured ratchet system), capable of extracting useful
work from thermal fluctuations in a heat bath, in the presence of an opposing (ex-
ternal) force. Our analysis, based on an overdamped Langevin framework, focuses
on slow dynamical regimes where notions of thermodynamic quantities such as tem-
perature remain meaningful despite the non-equilibrium setting. Within this frame-
work, we have demonstrated that a significant component of the energy driving the
ratchet arises purely from fluctuations of the bath, a feature absent in conventional
flashing or rocking ratchet models, where efficiency is primarily tied to external
driving forces. Conventional ratchet models typically treat particles as point-like,
attributing all symmetry-breaking to external potentials. The other key insight from
our study is that the structure of the moving object itself, not just the landscape it
moves through, can serve as a source of asymmetry and energy conversion.
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Interacting Symmetry-Broken Dimers in Higher
Dimensional Space

In the second chapter, we laid the groundwork for understanding how equilibrium
fluctuations can drive directed transport in a structured, symmetry-broken dimer
confined to one dimension. In the third chapter, we introduced a constant exter-
nal load opposing the dimer’s motion and demonstrated how this symmetry-broken
dimer extracts energy from the heat bath (which is maintained at constant temper-
ature by the aid of a much bigger reservoir) to move against this load.

In this chapter, we extend the study of the symmetry-broken dimer operating
in the absence of external force from one dimension to higher dimensions, focusing
exclusively on pure equilibrium conditions. Unlike in one dimension, where rotation
is forbidden, the presence of rotational degree of freedom in higher dimensions can
average out axial asymmetry and potentially disrupt the directional transport ob-
served in one dimension. A central question we explore in this chapter is: Whether
rectified transport can still emerge (in pure equilibrium conditions) under some con-
ditions without an external non-equilibrium source or drive?

To explore such a possibility, we perform numerical simulations of interacting
symmetry-broken dimers undergoing Brownian motion in the presence of coordinate-
dependent damping. We look at many-body effects of these objects in two-
dimensional space. This chapter is adapted from Ref. [58].

54
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4.1 Many Body Dimer Model
We consider a system of N interacting, symmetry-broken dimers confined within

a two-dimensional circular domain in contact with an isotropic, homogeneous ther-
mal bath at constant temperature T . Each dimer consists of two bonded monomers
(or constituents) that differ in their dissipative properties (as seen in Chapter 2),
leading to internal asymmetry through coordinate-dependent damping, which de-
pends on monomer separation. In the context of Fig. 4.1, the two bonded monomers
correspond to a silver and a red constituent (interacting by a harmonic potential in
figure) that together form a dimer. This damping asymmetry between both con-
stituents (red and silver) gave rise to a persistent directional bias in one dimension,
as discussed in previous chapters.

The two monomers in each dimer attract one another, except at very short dis-
tances, where excluded volume interactions generate repulsion. They are connected
by a stiff but flexible harmonic bond that maintains the internal separation near an
equilibrium length while still allowing fluctuations driven by thermal noise.

Repulsion

Soft repulsion, 
and attraction

Harmonic  

interaction

Figure 4.1: Schematic of many dimer model.

Interactions between different dimers are designed to suppress free rotation and
enable structure formation. In this setup, the similar constituents of different dimers
i.e., those with the same form of damping repel each other within a defined proximity.
In regard to Fig. 4.1, it means that the red constituents of different dimers (as well
as the silver constituents of different dimers) share the same damping profile and
thus repel each other. Conversely, dissimilar constituents of different dimers attract
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each other within a certain distance, while the excluded volume interaction ensures
that they do not overlap at small distances. Thus, in the context of Fig. 4.1, these
interactions occur between the red and silver constituents of different dimers. This
choice of dipolar interaction is made to restrict the rotational degree of freedom of
the system; other interaction forms could similarly achieve this effect. To ensure
that the system remains spatially bounded and the emergent structures can be
clearly visualized, all particles are confined within a circular domain of fixed radius.
The confinement helps prevent diffusion out of view and makes the observation of
collective motion more tractable.

4.1.1 Coordinate Definitions and Notation

Let i, j ∈ {1, 2, . . . , N} denote dimer indices. Coordinates ri1 and ri2 are positions
of constituent 1 and constituent 2 of the i-th dimer, where the origin of coordinates is
at the center of the circular boundary. We define the separation vector as ri = ri1−ri2,
and denote magnitudes as ri = |ri|, ri1 = |ri1| and ri2 = |ri2|. Moreover, m/m′ ∈ {1, 2}
correspond to constituent identification index. Thus, rim = |rim|.

To define inter-dimer separations between same (like) constituent (m = m′) of
different dimers (i ̸= j), we define rijmm = rim−rjm and rijmm = |rijmm| is the magnitude
of separation between same constituent (same index m) of different dimers (different
indices i and j).

We define inter-dimer separations between different (unlike) constituent (m ̸=
m′) of different dimers (i ̸= j), rijmm′ = rim− rjm′ and rijmm′ = |rijmm′ | is the magnitude
of separation between unlike constituents of different dimers.

4.1.2 Interaction Potential

The dimers interact by the following interactions:

Intra-Dimer Bonding Potential

The interaction potential Vh between primary constituents of a dimer (constituent
1 and constituent 2 of ith dimer) is harmonic in simulations:

Vh(r
i) =

α

2
(ri − rmin)

2,
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where α is the fixed bond stiffness/spring constant and rmin is the equilibrium intra-
dimer bond length.

Inter-Dimer Interaction Potentials

Like-Monomer Repulsion: The potential Vl(|rim−rjm|) is harmonic repulsive in
nature maintaining interaction between similar (like) constituents of different dimer
(i ̸= j) has the following structure in our simulations.

Vl(r
ij
mm) =

1
2
κl(r

ij
mm − rl)

2 rijmm < rl

0 rijmm ≥ rl

rl is the fixed distance below which the same constituents of different dimers start
feeling repulsive force and κl measures strength of repulsion.

Unlike-Monomer Interaction: The interaction between dissimilar constituents
(m ̸= m′) of different dimers (i ̸= j) is modeled using a piecewise potential Vu(|rim−
rjm′|). This combines a truncated and shifted Lennard-Jones potential for attraction
and a harmonic potential for short-range repulsion. The construction ensures that
both the potential and the force vanish smoothly at the cutoff rc and above it,
enabling efficient integration without requiring very small time steps, even for large
well depths.

Vu(r
ij
mm′) =


(Φ̃u − V ∗

LJ) + F ∗
LJ × (rijmm′ − rc), if rijmm′ ≤ r′

(VLJ − V ∗
LJ) + F ∗

LJ × (rijmm′ − rc), if r′ < rijmm′ ≤ rc

0 if rijmm′ > rc

with the Lennard Jones (LJ) form :

VLJ(r
ij
mm′) = 4ϵ

( σ

rijmm′

)12

−

(
σ

rijmm′

)6
 ,

where ϵ sets the interaction strength, σ is the characteristic length scale and r′ = 2
1
6σ

corresponds to the potential minimum of LJ potential. The constants V ∗
LJ = VLJ(rc)
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and F ∗
LJ = − dVLJ (r

ij

mm′ )

drij
mm′

∣∣∣∣
r=rc

are the values of standard Lennard-Jones potential and

force magnitude (radial derivative of potential) at cutoff distance rc = 4σ.

The shifted harmonic repulsion is given by:

Φ̃u(r
ij
mm′) =

ku
2
(rijmm′ − r′)2 − ϵ,

where kuis the repulsion strength.

Confinement Potential

Particles are confined within a circular domain of radius R via a harmonic repul-
sive boundary potential Vb(r

i
m):

Vb(r
i
m) =

0 rim < R

1
2
kbo(r

i
m −R)2 rim ≥ R

kbo sets the repulsion strength, and R is the confinement radius. The potential is
zero inside the domain and increases quadratically outside to gently repel particles
back into the domain.

4.1.3 Thermal Noise Terms

The noise term ηi
m(t) represent independent vector Gaussian white noise acting

on mthconstituent of the ith dimer, expressed in Cartesian components as:

ηi
m(t) = ηimx(t) x̂+ ηimy(t) ŷ, for m = 1, 2.

Each component ηimS(t) (with S ∈ {x, y} is a spatial component book-keeping vari-
able) represents a Continuous, Markov, independent, zero-mean Gaussian white
noise process with unit variance, delta-correlated in time and mutually uncorrelated
across dimer indices, constituent labels, and spatial components:

⟨ηimS(t)⟩ = 0,

⟨ηimS(t)η
j
m′S′(t

′)⟩ = δij δmm′ δSS′ δ(t− t′).
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(a) (b)

(c) (d)

Figure 4.2: Representative profile of potentials with typical parameters used in
simulation: (a) Intra-dimer harmonic potential: α = 200, rmin = 1. (b) Confining
potential: kbo = 1000, R = 31. (c) Similar constituent (like monomer) interaction
potential: κl = 80, rl = 2. (d) Dissimilar constituent (unlike monomer) interaction
potential: ku = 60, ϵ = 20, σ = 1.

4.1.4 Damping Function

Each mth monomer of ith dimer experiences damping dependent Γm(r
i), which

depends on the internal dimer coordinate ri:

Γm(r
i) =

am
1 + exp[−λm(ri − rmin)]

+ bm,

where am, bm, and λm are tunable parameters controlling the amplitude, baseline,
and steepness of the damping profile. rmin is the equilibrium separation between
constituents of the dimer. The damping symmetry of the dimer is broken by choosing
unequal value of one (or more) tunable parameter(s) for either monomer of the
dimer.

It is important to note that the damping in this model is only function of the con-
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Figure 4.3: Damping profile for typical parameters used in simulation : rmin = 1, a1 = −0.3,
b1 = 0.4 and λ1 = 100; and a2 = −0.1, b2 = 0.3 and λ2 = 100 (unless stated otherwise).

figuration (or separation) coordinate ri of an individual dimer and does not depend
on the interparticle separation of different dimers. Additionally, the circular confine-
ment is treated as a purely geometric boundary without introducing hydrodynamic
interactions or coordinate-dependent effects. This is a simplified approach, however,
enough to reveal intended results in the present context. Typical parameters used
in the simulation which amount to broken symmetry dimer is shown in Fig. 4.3.

4.1.5 Stochastic Equations of Motion

The dynamics for monomer m/m′ ∈ {1, 2} of the ith dimer is governed by the
following overdamped Langevin equations:

drim
dt

= − 1

Γm(ri)
∇rim

V i
m +

√
2kBT

Γm(ri)
ηi
m(t).

where V i
m include all potentials acting on mth monomer of the ith dimer. These in-

clude the contributions from intra-dimer, inter-dimer and confining potential acting
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on the mth constituent of ith dimer.

V i
m = −∇rim

[
Vh(r

i) + Vb(r
i
m)
]
−∇rim

∑
j

j ̸=i

Vl

(
rijmm

)
+

2∑
m′=1
m′ ̸=m

Vu

(
rijmm′

)
Explicitly, these have the following form:
V i
1 = −∇ri1

[Vh(r
i) + Vb(r

i
1)]−∇ri1

∑
j

i ̸=j

[
Vl(|ri1 − rj1|) + Vu(|ri1 − rj2|)

]
V i
2 = −∇ri2

[Vh(r
i) + Vb(r

i
2)]−∇ri2

∑
j

i ̸=j

[
Vl(|ri2 − rj2|) + Vu(|ri2 − rj1|)

]
4.2 Simulation Methodology

The dynamics in position coordinate representation is transformed to 4N coupled
Brownian equations in cartesian system of coordinates for our simulation. Dimers
are initialized in random configuration in a two-dimensional circular confinement
and Euler-Maruyama algorithm (see Appendix C) is implemented to simulate these
4N coupled Brownian dynamics equations. All simulations use a new random seed
each time step. The following updating scheme is used in simulations:

(1) Assign random positions to dimers at beginning of the simulation.

(2) Corresponding to the positions, calculate the respective forces.

(3) Update the position of each dimer using the forces calculated in step (2) by
employing explicit Euler-Maruyama discretization scheme.

(4) Go back to step (2) and repeat.

4.3 Simulation Details
All simulations are performed in the overdamped regime using Brownian dy-

namics, where the thermal energy kBT and the equilibrium bond length rmin are
set to unity and serve as the fundamental reference scales for energy and length,
respectively. The parameters expressed in simulation units can be rescaled using
appropriate reference values similar to ones discussed in previous chapters. Tables
4.1, 4.2, 4.3 and 4.4 display the parameters used in the simulation.
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Symbol Length Scale Value
rmin Equilibrium bond length 1
rl Interaction range (like monomers) 1.8 to 3 (varied)
σ LJ interaction width (unlike monomers) 1 to 2 (varied)
rc Cutoff distance for LJ-like potential 4σ
R Circular arena radius 31

Table 4.1: Length scales and cutoff distances used in the simulations.

Symbol Interaction Value
α Intra-dimer bond stiffness 200
κl Like-monomer repulsion strength 80
ϵ Unlike-monomer attraction strength 20
ku Harmonic repulsion stiffness (unlike monomers) 60
kbo Boundary wall stiffness 1000

Table 4.2: Interaction strength parameters used in the simulation.

Symbol Parameter Value
a1 Sigmoidal damping (monomer 1) -0.3
b1 Sigmoidal offset (monomer 1) 0.4
λ1 Damping steepness (monomer 1) 100
a2 Sigmoidal damping (monomer 2) -0.1
b2 Sigmoidal offset (monomer 2) 0.3
λ2 Damping steepness (monomer 2) 100

Table 4.3: Parameters for sigmoidal coordinate-dependent damping profiles.

Symbol Parameter Value
kBT Thermal energy 1
N Number of dimers 30
∆t Time step 10−5 to 10−4 (varied)

Table 4.4: Other simulation parameters.
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4.4 Results

Emergent Collective Motion in Interacting Dimer Systems

While a symmetry-broken dimer exhibits directed motion in one dimension 1, this
behavior is generally lost in higher dimensions due to its ability to rotate freely. In
two dimensions, the directional bias is effectively averaged out over time, resulting
in no sustained net motion for an isolated dimer.

However, when multiple such dimers interact, new forms of organized behavior
can emerge. The inter-dimer forces and geometric constraints introduced by inter-
actions can suppress rotational freedom and lead to the spontaneous formation of
structured assemblies. Within these structures, the directional biases of individual
symmetry broken dimers no longer cancel out. Instead, they become aligned or
coordinated, allowing the system to regain and even amplify coherent motion at the
collective level.

In the following subsections, we present a range of structures that emerge under
different interaction regimes, and we examine how collective motion arises from
the interplay of broken symmetry, thermal fluctuations, and confinement within
these formations. In particular, by varying σ and rl, and adjusting the time step
accordingly while keeping other parameters fixed (shown in table’s 4.1, 4.2, 4.3, 4.4),
we observe how these structural and dynamical patterns emerge. Simulations are
run for each set of interaction parameters under both symmetry-broken (Γ1(r

i) ̸=
Γ2(r

i)) and symmetry-unbroken (Γ1(r
i) ≡ Γ2(r

i)) conditions and can be found in
the Journal website and in the Youtube links attached in caption of figures.

4.4.1 Chain formation: Emergent flocking

In a class of simulations characterized by moderately long repulsive interactions
range between similar constituents and controlled attraction range between dissimi-
lar ones (σ = 1.5, rl = 3), we observe the spontaneous formation of linear aggregates
of dimer chains. These structures display persistent, coherent translation across the
system, evocative of flocking behavior commonly attributed to self-propelled or ac-

1For completeness, we analyze the behavior of a single dimer confined to one dimension un-
der sigmoidal damping, which is summarized in the Appendix E. The qualitative results in one
dimension remain the same as discussed in previous chapters.

https://www.sciencedirect.com/science/article/pii/S0378437123006374


64 4.4. Results

tive matter systems.

What makes these chains particularly remarkable is that the motion emerges in
a system entirely governed by thermal noise and conservative interactions, with no
external drive or alignment rule. The key lies in the broken symmetry of damping:
due to coordinate-dependent damping(friction) experienced by the constituents, the
stochastic response to isotropic thermal noise becomes biased along the internal
axis of the dimer. When several such dimers come together in a mutually aligned
configuration, their individual tendencies to move along their axes align, resulting
in coherent translational motion of the entire chain.

The constituent dimers effectively freeze into an orientation-locked state, giving
rise to motion as a single object. The chain behaves like an extended nonrigid fila-
ment moving through the heat bath, not due to any imposed force but because of a
subtle re-weighting of stochastic responses encoded in the Itô equilibrium distribu-
tion. This phenomenon exemplifies equilibrium-induced flocking, made possible by
the spontaneous filtering of Brownian noise due to coordinate-dependent damping.

Figure 4.4: Snapshot of Flocks, where the arrow denotes the instantaneous direction of motion of
the center of mass. Parameters: (σ = 1.5, rl = 3 and ∆t = 10−4). See video here.

https://www.youtube.com/watch?v=raPftgQ-RPU
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4.4.2 Swarming: Ferromagnetic-Like Alignment

In a different parameter regime (σ = 2, rl = 3), particularly at longer times and
with adjusted interaction ranges, the system evolves into dynamic swarming clusters
that move coherently as a unit. These swarms remain structurally fluid, stochasti-
cally reconfiguring at the boundary of the structure they form, while maintaining a
stable global direction of motion. The resulting collective state, where assembly of
dimers move in near-unison, is analogous to ferromagnetic ordering in spin systems
but realized here through alignment of velocity vectors in physical space rather than
spins.

Figure 4.5: Snapshot of Ferromagnetic like ordered dimers or Swarms, where arrow denotes the
instantaneous direction of motion of center of mass. Parameter: (σ = 2, rl = 3) and ∆t = 10−5.
See video here.

The emergent swarming motion (similar to flocking case) stems from two comple-
mentary factors: local conservative interactions that promote spatial clustering and
partial orientation alignment, and broken symmetry in damping, which biases the
response of each dimer to stochastic forces along its internal axis. These two ingre-
dients, acting together, give rise to large-scale dynamical coherence in an otherwise
passive system.

https://www.youtube.com/watch?v=_6jkxK9bgRo&t=142s
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As a result, the system self-organizes into a traveling band, reminiscent of the
collective motion seen in Vicsek-type models [59–61] of active matter, but here,
without any explicit alignment rule or external propulsion. This demonstrates that
directional consensus can arise naturally in thermal systems, provided that the in-
ternal structure of the constituents introduces state-dependent asymmetry in how
they interact with the heat bath. These findings show that swarming without ac-
tivity is not only possible, but a natural consequence of structured response and
state-dependent internal asymmetry.

Origin of Rotation in Many Body Clusters

In the next few examples, we observe that a group of dimers self-organizes into
compact clusters that rotate coherently around a central axis. The origin of this
rotation lies in the intrinsic directional bias of each dimer, which arises from the
broken symmetry in its damping profile. In one dimension, an isolated dimer tends
to drift from its low damping end toward its high damping end aided by thermal
fluctuations. However, in two dimensions, a freely rotating dimer experiences no net
rectification, as its orientation changes over time and the directional bias averages
out.

When multiple such dimers come into close proximity, the inter-dimer interactions
(non-angular in nature) defined in the model drive them to assemble into configura-
tions. Within these closed-loop structures, each dimer retains its internal drive but
is geometrically constrained and unable to translate freely in its preferred direction.
Instead, the collective effect of these constrained, biased motions manifests as a net
torque on the entire cluster.

Crucially, this torque is not imposed externally, it emerges spontaneously from
the coordinated motion of asymmetrically damped particles fluctuating under ther-
mal noise. The result is a persistent, steady rotation of the entire cluster, driven by
equilibrium fluctuations and sustained by internal asymmetry. This phenomenon ex-
emplifies how microscopic directional biases, when coupled with spatial confinement
and interactions, can convert random thermal energy into organized, macroscopic
motion, even in systems that obey detailed balance.

Occasionally, the torque generated by one part of the cluster can counteract with
torques from other parts, depending on the spatial arrangement. This can occur
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due to asymmetric geometry within the structure or local misalignment of dimer
orientations. In some cases, the entire cluster may also be structurally unstable,
undergoing shape changes over time. Such reconfigurations can alter or interrupt
the rotation.

4.4.3 Crystal-Like Structures with Coherent Rotation

Figure 4.6: Snapshot of many-body crystal like structures with coherent rotation. Parameter:
σ = 1, rl = 1.8 and ∆t = 10−5. See video here.

In a slightly different parameter regime of small repulsion and attraction range
σ = 1, rl = 1.8, the system exhibits the spontaneous formation of crystal-like struc-
tures compact, ordered assemblies of dimers stabilized by conservative inter-dimer
interactions. While these clusters resemble static solids in structure, they display a
remarkable dynamical feature: persistent, coherent rotation around their collective
center of mass. In Fig 4.6, the crystal like structures with the direction of coherent
rotation are shown.
These crystalline clusters are dynamically stable yet structurally soft. Their internal
ordering remains intact over time, though individual dimers may fluctuate slightly
or form transient defects. Still, the clusters often complete many revolutions with

https://www.youtube.com/watch?v=GFWTYNqKp5s
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minimal distortion. At small times, dimers form chiral symmetry-broken tri-dimer
and quad-dimer which then combine and form a large chiral-symmetry broken rect-
angular lattice like structures which rotate depending upon the broken symmetry
following the direction of motion of the individual dimers.

4.4.4 Rotating Triangular Clusters: Chiral Asymmetry from

Damping Asymmetry

In the parameter regime with small repulsion range rl = 2.2 between similar
constituents of different dimers and higher attractive range σ = 2 between differ-
ent constituent of different dimers, rotating triangular cluster, typically composed
of three (or more) dimers arranged in a compact, loop-like configuration emerges.
These clusters rotate coherently around their collective center of mass.

Figure 4.7: Snapshot of triangular patterned rotators. Parameter : σ = 2, rl = 2.2 and
∆t = 10−4. See video here.

This arrangement of constrained, directionally biased dimers in a two-dimensional
domain generates a net torque on the entire structure, converting stochastic thermal
fluctuations into sustained rotational motion even without any external force. The

https://www.youtube.com/watch?v=CThM4UdfJKM&t=81s
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overall effect is that the cluster as a whole begins to spin steadily. As stated above in
some configurations, the local torques produced by individual dimers can partially
oppose each other, reducing or even temporarily cancelling the net rotation. This is
what is happening in one of the structure shown in Fig. 4.7. The direction of rotation
is not predetermined, rather, it is chosen stochastically due to the structure formed
and chirality encoded in the damping asymmetry of the individual dimers during
self-assembly, demonstrating a thermal fluctuation-driven emergence of macroscopic
chirality from built-in damping asymmetry.

Phase plot of Emergent structures discussed so far

We now present snapshots of the emergent structural phases exhibiting net trans-
port as a consequence of broken damping symmetry, as discussed above. Since these
phases are inherently dynamic, corresponding movies comparing symmetry broken
with symmetry unbroken structures, illustrating their time evolution are provided in
the captions of Fig. 4.8. All the sub-figures in Fig. 4.8 comprise of parts, where the
figure in the circle gives a snapshot of the dimer configurations, other vector-plots
show velocity of these structures on average over a given time interval.

The phase shown in Fig. 4.8(a) corresponds to the flocking behavior illustrated
in Fig. 4.4. The translation motion of CM of structure II over some time interval is
shown where the direction of motion is represented by arrows. Linear queued chains
of dimers formed in this regime as shown in Fig. 4.8(a). Fig. 4.8(b) corresponds to
swarming parameter regime illustrated in Fig. 4.5. Initially small cyclic chains of
associated tri-dimer and quad-dimer are formed. The intermediate structures formed
by the association of the three and four dimers when exist in a closed loop always
rotate in a particular direction dictated by the direction of motion of individual
dimers. At large times, many-body interactions in this parameter regime leads to
parallel aligned dimers akin to ferromagnetic order. This eventually forms a single
cluster that swarms through on the confined plane. This is also clear by seeing the
phase plot of its CM.

In Fig. 4.8(c) and Fig. 4.8(d), we display the local time averaged velocity vector
of one member of each cluster depicted by arrow with the tail of arrow being fixed
at local time averaged position of the member as seen from centre of masses of re-
spective cluster. The average angular velocity of each cluster in 4.8(c) and 4.8(d) is
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(a) (b)

(c) (d)
Figure 4.8: Parameters: 4.8(a): σ = 1.5, rl = 3, and ∆t = 10−4; 4.8(b): σ = 2, rl = 3, and
∆t = 10−5. The movie of the time evolution of configurations in 4.8(a) and 4.8(b), sped up by
ten times and five times respectively, is attached here: 4.8(a) and 4.8(b). Parameters: 4.8(c):
σ = 1, rl = 1.8, and ∆t = 10−5; 4.8(d): σ = 1, rl = 2.2, and ∆t = 10−4. The movie of the time
evolution of structures in 4.8(c) and 4.8(d), sped up by ten times and one and a half times
respectively, is attached here: 4.8(c) and 4.8(d).

https://www.youtube.com/watch?v=raPftgQ-RPU
https://www.youtube.com/watch?v=_6jkxK9bgRo&t=142s
https://www.youtube.com/watch?v=GFWTYNqKp5s
https://www.youtube.com/watch?v=CThM4UdfJKM&t=81s
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evaluated by first doing a long-time average over time series of angular velocity of
each member of cluster, and then doing an arithmetic average over all the particles
constituting a cluster. For obvious reasons, this averaging is done on clusters when
no particle entered or left the cluster and number of particles in cluster remain fixed.

Fig. 4.8(c) shows snapshot of results of simulation, which correspond to crystal
like rotating structures as shown in Fig. 4.6. Three members form a cluster in I
as shown in Fig. 4.8(c), they are less compactly arranged, therefore, fluctuations
are more. The cluster II is more dense and thus strength of binding forces is more
than thermal fluctuation responsible for displacing dimers considerably from their
mean position with respect to centre of mass of cluster. This is responsible for the
velocity-plot being less fluctuating. The cluster III undergoes rearrangement in its
structure depicted by transition of arrows from one phase line to other and the less
fluctuation in velocity plot is obviously attributed to compactness of structure. To
see a smoothed velocity plot in Fig. 4.8(c), a local average over velocity and position
over time duration equivalent to 200 subsequent recorded positions is performed for
cluster II. The local (small time) average angular velocity on calculation came out
to be about 0.2 per step of iteration in clockwise direction. We checked that the
average angular velocity and qualitative nature of phase plot does not change appre-
ciably by average obtained over time duration corresponding to 100, 150, 250, 300
subsequent recorded positions. Similar scheme is followed for plotting phase plot of
other clusters of Fig. 4.8(c). The average angular velocity of clusters I, II and III
are found to be 4.6, 0.2 and 0.59 per step of iteration respectively with averaged
direction of rotation indicated by arrows in vector plot figure.

In Fig. 4.8(d), we show snapshot of results for simulation, where dimers arrange
themselves in triangular lattice like structures that shows uni-directional rotation.
This phase corresponds to the structures illustrated in Fig. 4.7. Some Clusters un-
dergoes rearrangement by forming contracting or expanding dimer ring like structure
that rotates in one direction, and this is why the velocity plot shows spread, while
others forms a more compact structure with uni-directional rotation, thus, the phase
plot is less fluctuating. For smoothing out the trajectories of cluster II, a local time
averaged velocity and position over time corresponding to subsequent 10 positions
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is taken into account. The average angular velocity on calculation came out to be
about 2.8 per step of iteration in anti-clockwise direction which does not change
appreciably by doing a local overage over 5 or 15 subsequent position instead of
10. Similar scheme is followed for other clusters. The steady state average value of
angular velocity of cluster I, II and III in 4.8(d) were found out to be 0, 2.8 and
0.38 per step of iteration.

4.5 Quantitative Measure of Broken Symmetry In-

duced Collective Transport
Directed transport in many-body systems discussed above arises due to the

broken symmetry introduced via coordinate-dependent damping. This is evident
from the simulation videos linked in Fig. 4.8 and in earlier figures, which com-
pare symmetry-broken and symmetry-unbroken cases under identical interaction
parameters. To move beyond qualitative observation and develop a quantitative
understanding of how broken symmetry leads to motion, we define suitable order
parameters that characterize the dynamics of different types of collective behavior.

We see that a cluster of symmetry-broken dimers show net transport in the
system, whereas a cluster of symmetry-unbroken dimers show random jiggling. Now,
the net transport can be translational, or rotational or a mixture of both. Inspired
from [62–64], a meaningful order parameter ϕ is defined to quantify a net translation
motion along circular boundary for the structures formed in the parameter regimes
of Fig.’s 4.4 and 4.5. We define an instantaneous measure ϕ(tk) that measures
relative directional alignment and motion of group of dimers with respect to circular
boundary of a cluster at time tk.

ϕ(tk) =
1

N∗

∣∣∣ N∗∑
i=1

vi(tk) · êθi(tk)
|vi(tk)|

∣∣∣,
where, N∗ denotes total numbers of dimers constituting a cluster at time tk. Velocity
vi(tk) is that of the centre of mass of the i-th dimer at time tk as shown in Fig. 4.9.
Angle θi(tk) is the polar angle made by dimer’s centre of mass to x-axis at time tk,
êθi(tk) = − sin θi(tk)x̂+cos θi(tk)ŷ is the instantaneous tangential unit vector corre-
sponding to i-th dimer. ϕ(tk) = 1 would imply that all dimers of a cluster are aligned
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and moving in same tangential direction along inner circumference of circle at a time
instant tk. A schematic description of the quantity used in ϕ(tk) is shown in Fig. 4.9.

Figure 4.9: Polar angle θi, it’s corresponding polar unit vectors and velocity vi shown for the i-th
dimer.

To characterize the persistence of collective alignment over time, we generate a
time series of the instantaneous alignment measure ϕ(tk), This time series is then
divided into several shorter segments, and for each segment, we compute a local
time-averaged quantity, denoted ϕM , defined as: ϕM = 1

M

∑k1+M
k1

ϕ(tk), where k1 is
the starting time index of the segment, and M is the number of time points within
the interval. This averaging helps smooth out short-time fluctuations and captures
sustained directional coordination during each segment. The final order parameter
ϕ, representing the overall degree of tangential alignment throughout the simulation,
is obtained by averaging over all such local segments: ϕ = ⟨ϕM⟩ = 1

N ′

∑N ′

j′=1(ϕM)j
′ ,

where N
′ is the total number of segments, and j

′ indexes each segment.
In all cases, to quantify motion using the order parameters ϕ and Ω (will be

defined on next page), we vary only the steepness parameter λ2 (which quantifies
damping) of monomer 2, while keeping all other parameters fixed. The amplitude
parameters aiand baseline parameters bi of the damping profiles are chosen to be
identical for both monomers of each dimer. The steepness parameter λ1 of monomer
1 is held constant throughout. When the steepness parameters of both monomers
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are equal, the damping profiles become identical, resulting in a symmetry-unbroken
case where no net transport is expected. By systematically varying λ2, we explore
the emergence of spontaneous directed motion as symmetry is broken.

Thus, Fig. 4.10 confirms that broken symmetry corresponds to a net collective
transport for flocking (Fig. 4.4) and swarming regime (Fig. 4.5. This broken sym-
metry vanished at λ1 = λ2 = 100, for the order parameter ϕ.

(a) (b)

Figure 4.10: Variation of order parameter ϕ with λ2, keeping other damping parameters fixed:
a1 = a2 = −0.3, b1 = b2 = 0.4 and λ1 = 100. The interaction parameters for Fig. 4.10 (a) and (b)
are for the exact same regimes that correspond to kind of motion shown in Fig. 4.4 and 4.5
respectively.

To quantify rotational motion as observed in Fig’s. 4.6 and 4.7, we define an order
parameter Ω that captures overall local unidirectional rotation of dimer clusters.

Figure 4.11: Polar angle ∆Θi swept by i-th dimer of a cluster, with respect to center of mass of
cluster O as time elapses from tk−1 to tk. The instantaneous angular velocity of i-th dimer
calculated as: ωi(tk) =

∆Θi

tk−tk−1
.
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For each dimer i in a stable cluster, the instantaneous angular speed at time tk

is defined as the polar angle ∆Θi swept by the dimer around the cluster’s center of
mass between two successive time instants tk−1 and tk: ωi(tk) =

∆Θi

tk−tk−1
as shown in

Fig. 4.11. The time-averaged angular speed for dimer i in the cluster is calculated
as: ω̄i = 1

N ′

∣∣∣∑k2+N ′

k=k2
ωi(tk)

∣∣∣, where k2 marks the start of the averaging window,

and N
′ is the number of time steps in the average. Finally, the order parameter Ω

representing the steady rotational motion of the cluster is defined as the arithmetic
average of angular speed ωi over all N ′′ dimers (members) in the cluster, Ω = ⟨ω̄i⟩ =
1

N ′′
∑N

′′

i=1 ω̄i.
A non-zero value of order parameter Ω for all λ2 except λ2 = 100, tells us that

the system has broken symmetry and constitutes a net average motion.

(a) (b)

Figure 4.12: Variation of order parameter Ω with λ2, keeping other damping parameters fixed :
a1 = a2 = −0.3, b1 = b2 = 0.4 and λ1 = 100. The interaction parameters for Fig. 4.12 (a) and (b)
are for the exact same regimes that correspond to kind of motion shown in Fig. 4.6 and 4.7
respectively.

Even with the same parameters λ2, ai, and bi, different clusters may exhibit
different values of Ω due to variations in internal dimer arrangements and inherent
stochasticity induced by thermal fluctuations.

4.6 Other Emergent Configurations
Competing Orders and Local Anti-Alignment In addition to coherent

translational and rotational states, the system can also exhibits antiferromagnetic-
like spatial ordering as shown in Fig. 4.13 in a parameter regime comprising long
attraction and repulsion range σ = 2, rl = 2.2. These configurations arise from com-
peting local preferences imposed by the damping asymmetry and steric constraints,
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leading to patterns that lack global alignment but show local anti-alignment. Here
the alignment of dimers in one direction generates a stronger torque than the anti-
torque produced by the opposing alignments, driving rotational motion despite the
local anti-alignment. The link to the video can be found here.

Figure 4.13: Snapshot of Anti-ferromagnetic like ordered dimers showing spontaneous rotation.
Parameter: σ = 2, rl = 2.2 and ∆t = 10−5. See video here.

Emergent Rotating Clusters: Between Vortex and Swarm
In a parameter regime of intermediate attraction and repulsion range σ = 1.5,

rl = 2, many-body dimers organize into a loosely bound rotating cluster, exhibit-
ing persistent and coherent angular motion. While a central region behaves like a
rigidly rotating core, this core is not static, it can slowly shift its position within
the cluster over time, reflecting the fluid and adaptive nature of the system. The
outer layer remains highly dynamic: dimers continuously rearrange, flip orientation,
and intermittently join or leave the main vortex structure. This leads to a hybrid
state, combining global rotational coherence characteristic of a vortex with the local
plasticity and reconfiguration typical of swarming. The cluster as a whole exhibits
sustained angular momentum and global chiral order, while the local structure re-
mains fluid and adaptable.

The interplay between a transiently stable core and a responsive periphery allows
the system to sustain collective motion while adapting to fluctuations, all within an

https://www.youtube.com/watch?v=nl77PRMKb98&list=PL9T3W1enkpaisuKeuhYkozvDk-b3qIbdn&index=15
https://www.youtube.com/watch?v=nl77PRMKb98&list=PL9T3W1enkpaisuKeuhYkozvDk-b3qIbdn&index=15
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equilibrium framework. The link to the video can be found here.

Figure 4.14: Snapshot of more emergent structures showing chiral symmetry broken rotating
structures. Parameter: σ = 1.5, rl = 2 and ∆t = 10−5

Table 4.5: Summary of simulation parameters and corresponding emergent behav-
iors shown

Label σ rl ∆t Observed Behavior
(a) 1.5 3.0 10−4 Flocking behavior with coherent transport
(b) 2.0 3.0 10−5 Swarming behavior with clustered transport
(c) 1.0 1.8 10−5 Crystal like structures rotation in broken chiral symmetry
(d) 1.0 2.2 10−4 Chiral symmetry broken triangular structures
(e) 2.0 2.2 10−5 Anti-ferromagnetic structure with rectified rotation
(f) 1.5 2.0 10−5 Hybrid swarm-vortex rotating structures

4.7 Conclusion
In this chapter, we have explored thermal fluctuation driven collective/directed

transport of many-body interacting dimers in equilibrium whose constituent par-
ticles have a coordinate-dependent damping and diffusion related by the Stokes-

https://www.youtube.com/watch?v=RsPIN-ZHobs
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Einstein (fluctuation-dissipation) relation. The coordinate-dependent damping/diffusion
in a homogeneous, isotropic heat-bath drives this coordinated motion in the absence
of any active force. The most striking consequence of the existence of such mo-
tions under Itô distribution is that the pathway of structure formation in complex
molecules or collections of them may not only be determined by fluctuations over
a free energy surface, but complemented by characteristic motions at different free
energy states. Moreover, the results shown here provides a minimal and tractable
novel approach for understanding how chirality can organize motion at mesoscopic
scales in soft-matter systems using equilibrium fluctuations.

These results challenge the conventional assumption that directed transport re-
quires non-equilibrium conditions, and open up new possibilities for understanding
fluctuation-driven organization in biological systems, soft matter, and synthetic ac-
tive materials. Our findings underscore the importance of incorporating spatial
inhomogeneities in theoretical descriptions of equilibrium systems and provide a
foundation for exploring novel forms of passive transport in structured thermal en-
vironments.



5

Non-Equilibrium Transients in Itô Dynamics:
Effects and Consequences

In the preceding chapters, we examined how spatial asymmetries in damping can
drive spontaneous rectified transport in both single and many-body systems under
equilibrium or near-equilibrium conditions, as described within the Itô framework.
These studies demonstrated that detailed balance does not preclude the emergence
of steady directed motion when equilibrium fluctuations are coupled to spatially
varying damping (or mobility) in a structured symmetry-broken object.

In this chapter, we investigate non-equilibrium transient transport phenomena
that emerge in systems with spatially varying diffusivity within the rigorous frame-
work of Itô dynamics. At the heart of these effects lies the principle that gradients
in diffusivity can induce transient directed motion even in the absence of external
forces. One manifestation of this is the phenomenon of entropic pulling: a diffu-
sion gradient(or diffusivity-dependent entropy gradient) driven transient transport
towards regions of high entropy. From another perspective, the same mechanism
gives rise to what we term a diffusion diode, wherein the system exhibits asym-
metric transport due to an underlying diffusion (or entropic) gradient. While the
former emphasizes the thermodynamic tendency of the system to maximize acces-
sible microstates, the latter highlights the functional outcome: directional bias in
transport. These are not distinct phenomena but rather two interpretations of a

79
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common underlying process transport driven by internal gradients in diffusivity
(entropy). This unified view provides a powerful lens through which to understand
directional motion in soft and biological matter, where such gradients arise naturally
from confinement, crowding, or environmental heterogeneity.

These mechanisms are particularly relevant for biological systems at sub-micron
scales, where motion is dominated by diffusion and viscous damping, and where spa-
tial inhomogeneities such as those arising from crowded environments, membranes,
or confining geometries, lead to coordinate-dependent diffusivity [24, 65–69]. This
chapter is adapted from Ref. [70].

5.1 Itô Diffusion: Interpretation and Thermody-

namic Implications
The equilibrium distribution P (x) for a Brownian particle (BP) undergoing

coordinate-dependent diffusion, in contact with a heat bath at temperature T , in
the Itô interpretation (for derivation, see appendix B) is given by:

P (x) = C
D0

D(x)
exp

(
−U(x)

kBT

)
, (5.1.1)

where C is a normalization constant with dimension of inverse length, D(x) is the
position-dependent diffusivity, D0 is the constant bulk diffusivity, kBT is thermal
energy and U(x) is the potential.

This expression can be rewritten in a more illuminating form [38] as:

P (x) = C exp

(
− 1

kBT

[
U(x)− TSD(x)

])
= C exp

(
−F(x)

kBT

)
, (5.1.2)

where SD(x) is the excess entropy arising from inhomogeneities in diffusivity or damp-
ing and F(x) represents the free energy, expressed as:

F(x) = U(x)− TSD(x), with SD(x) = kB log

(
D0

D(x)

)
. (5.1.3)

This entropy term SD(x) reflects an increased density of accessible microstates in
regions of reduced diffusivity. Suppose D(x) represents the diffusivity of BP near
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interface/other entities, then D(x) ≤ D0 [24]. Consequently, the inhomogeneity
entropy is non-negative. A natural choice for D0 is the constant bulk diffusivity
justified by the fact that in the zero-temperature limit (T → 0), spatial inhomo-
geneities vanish and the system becomes homogeneous with D(x) → D0, making
the inhomogeneity entropy term vanish smoothly.

Phase-space perspective and minimum state volume:

To understand the origin of this entropy term, we consider the classical phase
space of the Brownian particle. In quantum mechanics, Planck’s constant h sets a
lower bound on phase space volume per state. In classical stochastic dynamics, a
similar role is played by the diffusivity D, which determines the minimum resolvable
phase space volume over the relaxation time scale [23, 38].

Consider Brownian motion in a homogeneous medium with position x, mass m,
velocity v, constant damping Γ (constant diffusivity D0, where D0 = kBT/Γ) in con-
tact with a thermal bath at temperature T . The velocity spread of the BP at temper-
ature T is ∆v =

√
kBT/m, and the characteristic relaxation time is τ = m/Γ = 1/ζ,

using Γ = mζ. The characteristic time ζ−1 is the average minimum relaxation time
below which BP doesn’t come in equilibrium with the bath. Therefore, in time
scales shorter than ζ−1, BP neither gets access to the temperature of the bath nor
does the Stokes-Einstein relation hold. It means that in the characteristic time ζ−1,
the particle’s position uncertainty is ∆x = ∆v × τ = ∆v/ζ, giving a phase-space
cell size:

∆x∆v =
kBT

mζ
=

kBT

Γ
= D0, (5.1.4)

Thus, D0 plays the role of the minimum phase space volume or cell size available to
the Brownian particle in the bulk. This volume corresponds to one thermodynamic
state in the bulk.

For coordinate-dependent damping, the local relaxation time is τ(x) = 1/ζ(x),
so the corresponding phase-space volume becomes D(x). Hence, the number of
distinguishable microstates available in a bulk-sized volume D0 is:

Ω(x) =
D0

D(x)
. (5.1.5)

The term Ω(x) denotes the microcanonical contribution to the entropy, represent-
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ing the density of accessible states at position x. This ratio quantifies how many
microstates are available to the system at a specific position x relative to the bulk.
Near an interface or wall where D(x) < D0, more microstates fit within the same
phase-space volume, leading to a higher local entropy. A schematic is shown in
Fig. 5.2. This provides a thermodynamic explanation for why a Brownian particle
spends more time near interfaces, an effect that is experimentally observed.

Figure 5.1: Emergence of micro-canonical entropy shown in the schematic.

For example, Carbajal-Tinoco et al. [23, 53] (insets of Fig. 4) observe a clear shift
in the peak of the BP’s position distribution toward confining walls, with a long tail
extending into the bulk. Importantly, the same trend is observed near both the top
and bottom surfaces, ruling out gravity as a cause. This behavior is consistent with
the entropy-driven accumulation of probability in regions of lower diffusivity.

Emergence of Entropic pulling force:
Due to the presence of the excess entropy SD(x), in the presence of specially

varying diffusivity/damping, the free energy landscape gets modified. As a result,
one could associate an emergent thermodynamic force - an entropic force fE, which
reflects the system’s tendency to explore regions of higher entropy.

fE(x) = − d

dx
F(x) = T

dSD(x)

dx
= −kBT

d

dx
logD(x)

This entropic "pulling" force drives the system toward regions of lower diffusiv-
ity (higher damping) under coordinate-dependent damping. In these regions, the
density of accessible microstates is higher, favoring particle accumulation due to
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increased local entropy. This mechanism arises because the system tends to move
in a direction that maximizes its entropy.

While the force interpretation offers intuitive insight, it is strictly valid during the
system’s transient relaxation dynamics (until the position degree of freedom hasn’t
reached the equilibrium steady state). In this non-equilibrium transient regime,
detailed balance is broken in position space, and a nonzero probability current exists.
During this phase, the entropic (or so-called kinetic) force guides the system toward
regions of higher entropy. However, once the equilibrium position distribution is
attained, i.e., when the entropy is maximized, the probability current vanishes,
detailed balance is restored, and the system reaches the Itô equilibrium distribution
P (x) (see Eq. 5.1.1).

5.2 Diffusion Current Density in Itô diffusion

To further clarify the origin of transport mechanisms in the Itô setting, consider
the diffusion current density arising from spatially varying diffusivity and particle
concentration. From the Itô Fokker-Planck (see appendix B), the diffusion current
density can be expressed as:

− ∂

∂x
(D(x)P (x, t) = −D(x)

∂P (x, t)

∂x
− P (x, t)

∂D(x)

∂x

The first part of this current is the well-known Fickian diffusion current due to con-
centration gradient, i.e., −D(x) ∂

∂x
P (x, t), which drives the flow of particles opposite

to the concentration gradient to even out the density. This part of the diffusion
current always occurs irrespective of the presence of a diffusion gradient because it
depends on the gradient of the particle concentration. However, the second part
of the diffusion current −P (x, t) ∂

∂x
D(x) is the diffusivity-gradient dependent le-

gitimate diffusion current, and this current exists in the direction opposite to the
diffusivity gradient. It is easy to see from this that the diffusion-gradient induced
transient velocity associated with this component of the diffusion current is given
by vD(x) = −∂D(x)

∂x
, reflecting a net flow from regions of higher diffusivity to lower

diffusivity.
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5.3 From Transients to Steady-State: Directional

Response in an Itô Process
Coordinate-dependent damping and diffusion arise near boundaries or interfaces

due to slow hydrodynamic modes generated by the thermal fluctuations of Brownian
particles. In the following sections, we investigate the effects and implications of
Itô diffusion by analyzing two simple toy models, both studied through numerical
simulations. These examples aim to capture the consequences of having coordinate-
dependent damping that emerges as a result of confinement. In this simplified
approach, we have neglected hydrodynamic interactions between particles arising
from their proximity to one another. Note that the BP is always in local equilibrium
with the heat bath, thus Stokes-Einstein is always satisfied locally, i.e. D(x) = kBT

Γ(x)

in the overdamped dynamics. Below, we discuss the first toy model, called the
Diffusion diode model.

5.3.1 Non-Equilibrium Directional Response: Diffusion Diode

Behavior

We consider a system of interacting Brownian particles confined inside a three-
dimensional box maintained at thermal equilibrium in contact with a heat bath
at temperature T . The particles interact with each other via excluded volume
interaction and evolve via overdamped stochastic (Brownian) dynamics under the
Itô interpretation.

A key feature of this model is the presence of a spatially varying damping co-
efficient, such that each particle’s damping (thereby, diffusivity) depends on its
instantaneous position within the box. This position-dependent damping sets an
inhomogeneous diffusivity across the system despite the uniform thermal environ-
ment.

We set up a confinement box in the first octant, with the origin (0, 0, 0) coincident
on one of the corners. All distances are measured from the origin. The length of
the box in y and z directions are equal by construction. The box aligned with
the Cartesian axes is partitioned along the x axis into three continuous cuboidal
regions: R1, R2, and R3, such that R1 and R3 are geometrically identical and
symmetric with respect to the central region R2 as shown in Fig. 5.2. The damping
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Figure 5.2: Set up of the model (not drawn to scale). The box consists of three regions R1,
R2 and R3, with R1 and R3 identical in geometry. Damping increases smoothly from R1 to R3,
saturating in the outer regions. The box has an equal extent in y and z directions.

coefficient is chosen to be a smooth, monotonically increasing function. It remains
approximately constant in R1, increases steadily within R2, and again saturates to
a different constant value (approximately) in R3 as evident from Fig. 5.2.

Suppose i, j ∈ {1, 2, . . . , N} denote the particle (index). Coordinate ri denotes
the three-dimensional position coordinate of the ith particle and ηi(t) represent
independent, three-component vector continuous, Markov, Gaussian white noises
acting on the ith particle, whose cartesian representation reads as:

ηi(t) = ηxi (t) x̂+ ηyi (t) ŷ + ηzi (t) ẑ, for i = 1, 2, ..., N.

Each component ηSi (t) (with S ∈ {x, y, z}) has zero mean, unit variance, is delta
correlated in time, and is not correlated between the labels of the constituents
and the spatial components. This means, ⟨ηSi (t)⟩ = 0, and ⟨ηSi (t1)ηS

′
j (t2)⟩ =

δij δSS′ δ(t1−t2). The particles in this model experience excluded volume interaction
and the effect of confinement potential, in case they try to cross the boundary.

The excluded volume interaction between different particles i and j is modeled
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by a repulsive harmonic potential Vij.

Vij =

1
2
κ(|ri − rj| − rl)

2 if |ri − rj| < rl,

0 if |ri − rj| ≥ rl,
(5.3.1)

where κ measures the strength of repulsion, rl is the proximity scale below which
repulsion is felt by particles. Suppose ϕi represents the net potential on the ith

particle due to other particles, then ϕi =
∑
j

Vij(1 − δij), where δij is the standard

Kronecker delta function. The corresponding force felt is −∇riϕi.

The confinement interaction is modeled by a piecewise harmonic repulsive po-
tential applied independently to each Cartesian component of the particle. Suppose
bi = {xi, yi, zi} and lb = {lx, ly, lz} constitute ordered pairs, where elements of bi

represent cartesian components of ith particle’s position and elements of lb represent
edge-length of the box in x, y and z direction respectively. The confining potential
on ith particle corresponding to each component of bi and lb is denoted by Vbi .

Vbi =


1
2
κb2i if bi < 0,

0 if 0 ≤ bi ≤ lb,

1
2
κ(bi − lb)

2 if bi > lb.

(5.3.2)

The overall confining potential Vc =
∑
bi

Vbi . Fi is the instantaneous force amount-

ing to the total contribution of excluded volume interaction and the confinement felt
by the ith particle, in case it tries to cross the boundary. Then, the net force felt by ith

particle due to excluded volume and confinement effects is Fi = (−∇riϕi)+(−∇riVc).

The damping profile chosen is a monotonically increasing, continuous, and dif-
ferentiable function modeled by a hyperbolic tangent function. The following func-
tional form of position-dependent damping Γi experienced by ith particle, is used in
simulations:

Γi = A tanh β(xi − x0) + (A+ 1),

where x0 is shifted origin and A is the amplitude parameter, where β is the measure
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Figure 5.3: Tangent hyperbolic damping profile for typical parameters used in simulation:
A = 4.5, β = 2.5 and x0 = 7.

of the steepness of the profile in the neighbourhood of x0 and effectively is a measure
of the width of the region R2 in x direction. The last term in the above expression
of damping accounts for the vertical shifting of the standard hyperbolic tangent
function to ensure that damping is always positive. We have chosen x0 to be the
midpoint of the length of the three-dimensional box in the x direction. Following
overdamped stochastic differential equations govern the motion of the particles.

dri
dt

=
Fi

Γi

+

√
2kBT

Γi

ηi(t). (5.3.3)

Simulation Details

Thermal energy kBT and the characteristic length scale rl are used as reference
parameters for energy and length, respectively. The damping chosen is of the order
unity in the simulations. The simulation parameters listed in table 5.1 are kept fixed
throughout the analysis in this diffusion diode section.

To investigate the influence of the damping gradient, simulations are performed
for three different values of the steepness parameter β, which controls the sharpness
of the transition region R2 along the x-axis and parameters are shown in table 5.2.
A smaller width of R2 corresponds to a higher gradient in the damping profile.
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Table 5.1: Fixed Simulation Parameters

Parameter Value Description
kBT 1 Thermal energy scale
rmin 0.25 Characteristic interaction length scale
N 100 Number of particles
lx 14 Box length in x-direction
ly, lz 5 Box length in y- and z-direction
κ 1000 Strength of repulsive harmonic interaction
A 4.5 Amplitude of the damping function
x0 7 Midpoint of damping gradient along x
∆t 5× 10−4 Simulation time step

Table 5.2: Simulation parameters for varying damping profiles

Steepness parameter β Approx. width of region R2

2.5 4
3.3 3
5.0 2

Two Settings of the Model

We study this model under two different initial conditions: in the first setting, all
particles are randomly distributed in region R1, while in the second, they are initial-
ized in region R3. We generate ensembles and obtain an average over them to study
quantities of interest. In either case, these initializations create a concentration gra-
dient that, under normal (homogeneous) diffusion, would relax toward a uniform
distribution across regions R1, R2, and R3, with occupation numbers proportional
to their respective volumes.

However, the presence of a spatially varying damping profile, treating it as an Itô
process, modifies this behavior by inducing an additional transient current in the
direction of higher damping (entropy). This transient current is diffusion-gradient
driven, which guides particles toward high-damping regions. Equivalently, it can be
interpreted as entropic gradient-driven, which pulls particles (even in the absence of
external forces) to diffuse toward regions of lower diffusivity (i.e., higher damping)
in order to maximize their entropy. Consequently, instead of reaching a uniform
steady state as in homogeneous diffusion, the particles are non-uniformly distributed
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Figure 5.4: Setting I: All particles are randomly initialized in the region R1 (schematic ).

in steady state. The particles accumulate where the entropy is higher (or damping
is stronger), in accordance with the Itô equilibrium steady-state distribution.

Setting I: Particles Initialized in Region R1: Forward Bias

In this setting, particles are initially placed randomly in region R1 as depicted
schematically in Fig. 5.4. As the system evolves, the particles experience an entropic
pull toward regions of higher damping, particularly towards R3, as explained above.
This causes the transient currents driven by the concentration gradient and the
entropic pull to align, resulting in a forward bias like situation. The gradient in
diffusivity acts like a one-way filter, preferentially guiding particles forward. The
schematic of the resulting distribution of particles is displayed in Fig. 5.5(a).

Fig. 5.5(b) presents the time evolution of the average particle occupancy nf

in region R3 for varying strengths of the damping gradient. nf is obtained by
performing an ensemble average over 100 independent ensembles for each value of
β, which corresponds to a unique width of R2. The narrowing of R2 (smaller width)
sharpens the gradient, boosting the entropic force and causing a higher particle
accumulation in R3, which is also evident from Fig. 5.5(b).
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Figure 5.5: Setting I: (a) Schematic of the particle distribution at large times. (b)
Time evolution of the average particle occupation in region R3, computed over 100
ensembles, for various widths of R2 using simulation parameters stated in table 5.1
and table 5.2, showing forward bias behavior.

Setting II : Particles initialized in the region R3: Reverse bias

.

Figure 5.6: Setting II: All particles are randomly initialized in R3 (schematic).

In this complementary setting, all particles are initially placed in region R3 as
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Figure 5.7: Setting II: (a) Schematic of the particle distribution at large times. (b)
Time evolution of the average particle occupation in region R3, computed over 100
ensembles, for various widths of R2 using simulation parameters stated in table 5.1
and table 5.2, showing reverse bias behavior.

shown in 5.6. As the system evolves, particles initially positioned in region R3 en-
counter an opposing entropic gradient as they attempt to diffuse toward R1. The
transient currents driven by the concentration gradient and the entropic gradient
act in opposite directions, creating a reverse bias configuration, where the entropy
(or damping) gradient resists particle movement toward regions of lower damping
(higher diffusivity), effectively acting as an entropic (diffusive) barrier. This bar-
rier generates a directional bias that inhibits particle flux, preventing significant
movement from R3 to R1. The particles eventually distribute non-uniformly in ac-
cordance with the resulting Itô distribution in this reverse bias condition, which is
schematically depicted in Fig. 5.7(a).

Fig. 5.7(b) shows the time evolution of the average particle occupancy nb in
region R3 for different damping gradient strengths. The narrowing of R2 (smaller
width) sharpens the gradient, intensifying the entropic barrier and thereby opposing
particle escape from R3. This is evident from Fig. 5.7(b), where the region with the
smallest width acts as a robust barrier, effectively confining particles within region
R3 and preventing their escape, unlike larger widths where particles more easily
diffuse into neighboring regions. We verify that at long times, when the average
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particle occupation becomes time-independent for both settings I and II, the total
diffusion current vanishes, as the product P (x)D(x) remains constant, which serves
as a confirmation that the system has reached equilibrium steady state, consistent
with the Fokker-Planck description of an Itô process.

In the next section, we discuss the second model that we have considered in our
work.

5.3.2 From Wide to Narrow: Entropic Effects on Polymer

Transport

Figure 5.8: Funnel geometry (perspective view, not drawn to scale) with three regions: R1

(cylinder, radius R), R2 (truncated cone, radius R to r), and R3 (cylinder, radius r). The z-axis
is the axis of symmetry, with the origin at the centre of the rear circular base of R1.

In biological systems, macromolecules translocate through constricted and het-
erogeneous environments. These confined spaces can impose hydrodynamic ef-
fects, influencing how macromolecules move and interact. To explore the effects
of hydrodynamical effects (manifested as damping/diffusivity becoming position-
dependent) on a mesoscopic macromolecule (a polymer), we consider the following
simple model. Consider a polymer chain composed of interacting Brownian parti-
cles confined within a three-dimensional funnel-like geometry in thermal equilibrium
with a heat reservoir at temperature T . The interactions between nearest neighbors
are modeled as attractive at large distances and repulsive at short distances, with
all monomer pairs interacting via excluded volume forces to prevent overlap.
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The funnel geometry, illustrated in Fig. 5.8, consists of three continuous regions:
R1, R2, and R3. Region R1 is a hollow right circular cylindrical region of radius R.
Region R2 is a hollow, truncated cone-shaped region (or frustum of a cone) with a
big radius R and a small radius r. Region R3 is a hollow right circular cylindrical
region of radius r. All regions have equal length h. We set our reference point, the
origin, at the centre of the rear circular base (radius R) of the funnel, which marks
the beginning of region R1. The positive direction of the z axis is a ray coincident
with the axis of symmetry of the funnel emerging from the origin towards other
regions, with the x and y axes perpendicular to the z axis. The funnel’s shape is
designed to model the effect of spatial confinement, where the volume available for
the particle motion decreases as the particle moves from the wider to the narrower
regions, especially in R2.

In a more detailed model, one could calculate the exact distance of each particle
from the nearest wall and define damping as a function of this separation. How-
ever, we take a more simplified approach by modeling the damping of a particle
(monomer) in each region of the funnel as inversely proportional to the radius of
curvature. This approach reflects the idea that as the particle moves toward nar-
rower regions of the funnel, such as in R2, the radius of curvature decreases, and the
available physical space for particle motion becomes more confined. As a result, the
damping experienced by the particle increases, simulating the effects of proximity
to the walls without explicitly calculating the distance to the periphery. This sim-
plification is effective because it captures the essential hydrodynamic behavior, that
damping increases as the particle moves closer to the boundaries [24], while remain-
ing computationally manageable. It is important to note that in this simple model,
we do not consider the hydrodynamic effect on the damping of a particle due to its
neighbors. Our goal is to effectively model the effect of damping due to confinement.

Suppose i, j ∈ {1, 2, . . . , N} denote the monomer index of the polymer chain
confined within a three-dimensional funnel-like geometry. Coordinate ri denote the
three-dimensional position coordinate of ith particle. We define the separation vector
as rij = ri−rj, and denote magnitudes as ri = |ri| and rij = |ri−rj|. The monomer
experiences following interaction potential:
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Figure 5.9: Schematic of Brownian chain (not drawn to scale)

Interaction Potential:

• Nearest Neighbor Interaction: The nearest neighbor monomers interac-
tion is modeled by a harmonic potential of the form

VNN(rij) =
α

2
(rij − rmin)

2,

where α is the bond stiffness, rij is the separation between monomers i and j,
and rmin is the equilibrium bond length.

• Excluded Volume Interaction: All other monomer pairs interact via a
Weeks–Chandler–Andersen (WCA) potential, given by

VO(rij) =

4ϵ

[(
σ
rij

)12
−
(

σ
rij

)6]
+ ϵ, rij < 21/6σ

0, rij ≥ 21/6σ

,

where ϵ is the interaction strength and σ is the interaction range.

The z coordinate determines the region a particle occupies in the funnel, which
in turn specifies the cross-sectional radius s(z). The radius of cross-section s(z) is
related to z-coordinate as:
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s(z) =


R, 0 ≤ z ≤ h

r + (2h− z)
(R−r

h

)
, h ≤ z ≤ 2h

r 2h ≤ z ≤ 3h

.

s(zi) (or si) will be the radius of cross-section corresponding to the coordinate zi

for the ith monomer. Due to the cylindrical symmetry of the funnel, the confining
potential at the boundary and the terminal ends can be conveniently expressed
in cylindrical coordinates, {ri} ≡ {ρi, ϕi, zi}. ρi is the radial distance of the ith

monomer from the z-axis, and ϕi is the azimuthal angle in the x-y plane, defined
as: ρi =

√
x2
i + y2i , ϕi = tan−1

(
yi
xi

)
. The funnel boundary comprises two distinct

surfaces: a curved cylindrical surface and a flat circular surface at the terminal ends
of the funnel along the z-axis.

• Confinement interaction: The confinement interaction is defined separately
for these surfaces, each modeled as a harmonic repulsion. Let Φc and Φp

represent the confining potentials experienced by the ith monomer when it
overshoots the curved cylindrical boundary and the flat(or plane) circular pe-
riphery, respectively:

Φc(ρi) =

0 if ρi < si,

κ
2
(ρi − si)

2 if ρi ≥ si.
and Φp(zi) =


κ
2
z2i if zi ≤ 0,

0 if 0 < zi < 3h,

κ
2
(zi − 3h)2 if zi ≥ 3h.

where κ denotes the strength of the harmonic repulsion. Consequently, the
overall confining potential VB can be expressed as: VB = Φc + Φp.

ηi(t) is a three-component Gaussian white noise with properties and cartesian
representation, as discussed in the former section (diffusion diode) of this chapter.
The damping function for any ith monomer of the polymer in this model has the
following simplistic form (unless stated otherwise) Γi = A

s(zi)
, where A controls

damping strength.
The dynamics of the ith monomer under the Itô framework is described by the

stochastic differential equation:
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dri
dt

= − 1

Γi

∇riVi +

√
2kBT

Γi

ηi(t),

where Vi is the total potential acting on the ith monomer, given by :

Vi =
∑
j=i±1

VNN(|rij|) +
∑
j ̸=i

j ̸=i±1

VO(|rij|) + VB(ri).

which is the sum of the nearest-neighbor interaction potential, the interaction
potential for non-neighboring monomers, and the confining potential. Note that for
the end monomers, the nearest-neighbor interaction term involves only one adjacent
monomer due to the absence of a second neighbor.

5.4 Simulation Details

Thermal energy kBT and rmin serve as reference energy and length scales in
our simulations, both normalized to unity. The damping (thus, diffusivity) is of
order unity in the simulations. The parameters used in simulation are displayed in
table 5.3.

Table 5.3: Simulation Parameters used in Fig. 5.10

Parameter Value Description
kBT 1 Thermal energy scale (normalized)
rmin 1 Characteristic length scale (normalized)
N 25 Number of monomers
R 3 Rear radius of funnel
r 2 Front radius of funnel
h 27.5 Height of funnel
α 100 Strength of attractive bonding potential
ϵ 1.5 Depth of Lennard-Jones-like potential
σ 1.5 length scale in WCA
κ 1000 Stiffness of confinement or repulsive walls
A 4 Amplitude in damping profile
∆t 10−4 Time step
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Homogeneous damping vs Coordinate dependent damping:

In the first part of our exploration, we investigate the influence of spatially varying
damping on transport. We compare the dynamics of a polymer under two distinct
damping scenarios (or cases). Case I corresponds to damping-dependent on z coor-
dinate as Γi =

A
s(zi)

. Case II corresponds to homogeneous damping. The polymer is
initialized in an identical configuration for both cases. The configuration being an
unfolded linear chain aligned along the z axis, fully contained within region R1 across
all ensemble realizations for both cases. Each ensemble in the simulation is assigned
a unique random-number seed, generating a distinct Gaussian noise sequence (zero
mean, unit variance, no cross-correlations). This sequence is then applied identi-
cally in both the homogeneous and coordinate-dependent damping cases, ensuring
that any observed differences in dynamics are attributable solely to the presence of
coordinate-dependent damping/diffusivity. The time evolved trajectory of the aver-
age center of mass of the chain (of the fifty-realization ensemble) in the z direction,
denoted by z̄ for both cases, is shown in Fig. 5.10.

Figure 5.10: Time evolution of a chain in the presence (Case I) and absence of coordinate-
dependent damping (Case II). A video illustrating the time evolution of a specific realization
under both conditions is available here.

https://www.youtube.com/watch?v=c46BubA9Nkg


98 5.4. Simulation Details

It is evident from Fig. 5.10 that under a homogeneous damping setting (case II),
the polymer undergoes purely diffusive motion and meanders stochastically between
regions R1 and R2. However, when damping is position(coordinate) dependent (case
I), the polymer is entropically pulled and reaches R3 in the same simulation time
due to entropic gradient (or diffusion gradient) driven transient transport. After
reaching R3, the net transient transport ceases. It is important to note that after
reaching R3, the chain gets trapped in the region because there is an entropic barrier
which opposes the transport from R3 to R2.
Let us emphasize what these results mean. Entropy is typically associated with
spatial spreading: particles tend to diffuse from regions of confined physical space
to those with larger available volume. Contrary to this expectation, we demonstrate
that in systems governed by coordinate-dependent damping formulated within the
Itô interpretation, it is possible for a particle or composite entity to move preferen-
tially from a region of larger physical space to a smaller one in the complete absence
of any active driving or external force. A video illustrating the time evolution of a
specific realization under both conditions is available here.

Analysis of Transport Response Under Varying Damping Gra-

dients

Now that we have established the role of the entropic (diffusion) gradient in driv-
ing transient transport, we proceed to examine the influence of varying the strength
of the damping gradient (entropy gradient) on transport behavior. To isolate this
effect, we remove regions R1 and R3 and retain only region R2, extending its length
while maintaining confinement at the boundaries. The polymer is initialized in
an unfolded linear chain conformation along the z axis, fully contained within R2

across all ensemble realizations, each corresponding to a distinct damping gradient
strength. The system remains in thermal equilibrium with a heat bath at tempera-
ture T , subject to a coordinate-dependent damping profile that is linearly scaled by
a parameter A.

All simulation parameters remain unchanged as shown in table 5.3 except the
following: The length of region R2, h = 200 and s(zi) = r + (h − zi)

(R−r
h

)
, while

the functional form of damping Γi =
A

s(zi)
remains same.

https://www.youtube.com/watch?v=c46BubA9Nkg
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To systematically assess the impact of the damping gradient, strength parameter
A is varied, keeping s(zi) fixed. The diffusion gradient induced transient velocity
(vz)1 of the system in z direction refers to the average net displacement of center of
mass of particle in z direction in a specified time interval, divided by the duration of
that interval, vz = (z(t)− z(t0)/(t−t0). From the diffusion current density section of
this chapter, we know that the diffusion gradient transient velocity associated with
ith monomer is vi = −∂D(zi)

∂zi
. Using this one can easily show that vz = −∂D(z)

∂z
=

−kBT
A

ds(z)
dz

. It is clear that as A increases, vz decreases. The results shown in Fig. 5.11
are obtained by ensemble averaging over 200 independent realizations. This trend
is evident in Fig. 5.11(a).

Fig. 5.11 (b) further illustrates the relationship between the transient center-of-
mass velocity vz and the inverse damping strength A−1. A linear fit confirms a
proportional relationship between the diffusion gradient induced transient velocity
and the diffusivity strength (inverse damping strength).
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Figure 5.11: Time evolution of the polymer trajectory and diffusion gradient-driven
transient center-of-mass velocity in the z direction under varying damping (diffu-
sion) gradient strengths displayed, highlighting the impact of gradient steepness on
transient transport dynamics.

1It is actually vz, but we will continue to denote it as vz.
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5.5 Conclusion
In this chapter, we showed that the Itô equilibrium distribution consists of the

canonical Boltzmann weight and a micro-canonical-like density of states that cap-
tures the spatial inhomogeneity arising from the coordinate dependence of diffusivity.
In the special case of homogeneous diffusion, this micro-canonical prefactor becomes
uniform and is effectively absorbed into the normalization constant, thereby remain-
ing hidden. We reveal how this micro-canonical part corresponds to an additional
entropy source arising from coordinate-dependent damping. This additional entropy
results in an emergent force of entropic origin and drives transient transport, effec-
tively relocating particles to more constricted space even against a concentration
gradient. We demonstrated how the presence of coordinate-dependent damping un-
der the Itô formulation can create an entropic barrier that favors particle flow in
one direction but blocks it in other direction, much like a diode, which we named as
diffusion diode. Additionally, we explored how chains of particles be spontaneously
entropically pulled from a wide region to a much narrower one under coordinate-
dependent damping, a phenomenon unattainable under homogeneous diffusion. Re-
cently experimental findings have provide unambiguous evidence of the Entropic
Pulling mechanism in the context of some biological systems [71].



6

Closing Remarks and Outlook

In this chapter, we conclude the thesis by summarizing key findings and discussing
future research directions.

Results

In Chapter 2, we investigated the role of asymmetry and structure by considering
a symmetry-broken dimer in one-dimensional space subject to coordinate-dependent
damping within the Itô framework. Despite the system being in thermal equilib-
rium and free of any external forces, the symmetry-broken dimer exhibits a per-
sistent directional motion, driven purely by the asymmetry in damping across its
constituent particles. This result demonstrates that spontaneous transport can arise
even in equilibrium systems when internal symmetry is broken and the dissipation
landscape is inhomogeneous without introducing any correlation in bath-induced
thermal noise.

In Chapter 3, we extended our analysis of the symmetry-broken dimer model to
include the presence of a weak external constant global force, while maintaining spa-
tially varying damping. Our results highlight a fundamentally different mechanism
of energy extraction and conversion, rooted in the internal asymmetry of the system
rather than in external modulation. We identify dimer’s asymmetric structure, com-
bined with broken symmetry in presence of a homogenous, isotropic thermal noise

101
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and an external opposing force, enables it to rectify bath fluctuations and convert
it into directed motion and mechanical work, thus contributing to the efficiency of
the ratcheting.

Motivated by the insights gained from the single-dimer system in one dimension
in Chapter 2 under pure equilibrium conditions, we turned to the explore many-body
regime in Chapter 4. We demonstrated that even in the absence of any external
force or active driving, the passive system exhibits robust collective motion includ-
ing directional migration, swarming, and spontaneous rotation in the presence of
coordinate-dependent damping. These phenomena arise purely from equilibrium
thermal fluctuations and the asymmetry embedded in the internal structure of each
dimer, coupled with the spatial variation in damping. While active contributions
can coexist and enhance such motion in biological contexts, our results show that
passive, equilibrium driven transport can arise as a fundamental mechanism.

In Chapter 5, we uncover how a new source of entropy arises in the presence
of coordinate-dependent damping, when the dynamics are interpreted within the
Itô framework. This additional entropy contribution, stemming from the spatial
inhomogeneity of the damping coefficient, gives rise to a transient (non-equilibrium)
entropic force which controls the transport of mesoscopic objects. Two key conse-
quences are identified: entropic pulling, where particles exhibit spontaneous trans-
port from regions of larger physical volume to smaller ones, and the diffusion diode
effect, where diffusion becomes directionally biased allowing easier transport in one
direction than the reverse one, despite the absence of any external force. These phe-
nomena have no analogue in systems with homogeneous diffusion and underscore
the rich transport behavior enabled by passive dissipation inhomogeneity.

Future Research Directions

Problem 1: Crowding induced coordinate-dependent damping : An interesting di-
rection for future research is to explore scenarios where the presence of many
particles in the vicinity induces a position-dependent damping. In such sys-
tems, the local dissipation experienced by a particle is dynamically modulated
by the surrounding particle density, leading to emergent coordinate depen-
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dence that arises from crowding effects. It would be interesting to look at the
impact on transport, structure formation and collective dynamics.

Problem 2: Compare with Active matter dynamics A direction worth exploring for
future research lies in exploring hybrid systems where passive coordinate-
dependent damping coexists with active driving, such as self-propelled particle.
While much of the existing work focuses on either purely passive or purely ac-
tive systems, the interplay between them remains largely unexplored. In par-
ticular, it would be interesting to investigate how spatially varying damping
profiles can interact with active propulsion.





Appendix

A Estimation of Characteristic Timescales in Langevin

Dynamics
To justify the applicability of Langevin dynamics to model Brownian motion, it is

important to identify the relevant microscopic timescales governing the interaction
between a Brownian particle and the surrounding fluid [72]. Two key timescales
play a central role:

1. The microscopic fluid correlation time τc, which characterizes the dura-
tion over which the random force due to molecular collisions remains tempo-
rally correlated.

2. The momentum relaxation time of the particle ζ−1, which denotes the
time required for a particle’s velocity to decay under viscous damping.

A clear separation between these timescales ensures the validity of the Markovian
and overdamped approximations employed in construction of Langevin description.

Molecular Correlation Time τc

The timescale τc is estimated as the time taken by a fluid (say water) molecule to
traverse a typical intermolecular distance ā, at its root mean square (RMS) thermal
speed vRMS:

τc ∼
ā

vRMS

To estimate ā, we consider water at room temperature. Using the density ρ ≈
103 kg/m3, molecular weight M ≈ 18 g/mol, and Avogadro’s number NA ≈ 6 ×
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1023 mol−1, the number density of water molecules is given by n ≈ ρNA/M . This
yields an average molecular spacing:

ā ≈ n−1/3 =

(
M

ρNA

)1/3

≈ 3× 10−10 m

The RMS speed of a water molecule of mass mH2O ≈ 3× 10−26 kg is:

vRMS =

√
kBT

mH2O

≈ 4× 102 m/s

Combining the above estimates, we obtain:

τc ∼
3× 10−10 m
4× 102 m/s

∼ 10−12 s

This timescale characterizes how rapidly thermal noise loses its correlation. For
Langevin dynamics to be valid, the random force acting on the Brownian particle
must be treated as delta-correlated white noise, an assumption justified only for
t ≫ τc.

Particle Relaxation Time ζ−1

The relaxation time ζ−1 is the timescale over which a Brownian particle’s velocity
decays due to viscous drag. It is given by:

ζ−1 =
m

Γ
=

m

6πηR

Here, m is the mass of the particle, η is the viscosity of the surrounding fluid, and
R is the particle radius. Assuming a spherical particle with radius R = 1000 nm,
and the density of water ρ = 103 kg/m3, the particle mass is:

m =
4

3
πR3ρ ≈ 4× 10−15 kg
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Using the viscosity of water at room temperature, η ≈ 10−3 N · s/m2, we estimate:

ζ−1 ≈ 4× 10−15

6π × 10−3 × 10−6
∼ 10−7 s

This is significantly larger than τc, by approximately five orders of magnitude, con-
firming a well-separated timescale hierarchy.

Timescale Hierarchy and Validity of the Langevin Description

The hierarchy
τc ≪ ζ−1 ≪ τdiff

(where τdiff is the diffusive timescale over which appreciable spatial displacement
occurs) justifies several key approximations in Langevin modeling:

• Thermal noise can be approximated as delta-correlated white noise for t ≫ τc.

• The inertial term can be neglected in the overdamped limit for t ≫ ζ−1.

• Genuine diffusive behavior sets in only for times t ≫ ζ−1, after the particle
velocity equilibrates.

In summary, for a consistent Langevin description, the dynamics must be probed
in the regime t ≫ ζ−1 ≫ τc. For times shorter than τc, hydrodynamic memory
effects and detailed molecular interactions become important, necessitating more
refined microscopic models.
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B Derivation of Itô distribution

Consider a Brownian particle moving in one spatial dimension x, subject to a
force F (x). The particle experiences position-dependent damping, denoted by Γ(x),
leading to a drift velocity ν(x) = F (x)

Γ(x)
. The diffusion coefficient of the particle D(x)

is related to it’s damping by local Stoke’s-Einstein relation D(x) = kBT
Γ(x)

, where kB

is the Boltzmann constant and T is the absolute temperature of bath.

Trajectory based approach

The stochastic dynamics of such a system, interpreted in the Itô sense, is governed
by the following overdamped Langevin (or Brownian) equation:

dx

dt
= ν(x) +

√
2D(x)η(t), (B1)

where η(t) is a continuous, Markov, temporally delta correlated white noise of zero
mean ⟨η(t)⟩ = 0 and unit strength, and ⟨ηi(t1)ηj(t2)⟩ = δijδ(t1 − t2).

Equation (B1) provides a trajectory-level description of the system, where indi-
vidual realizations represent distinct time evolutions of the particle’s position. Each
realization corresponds to a specific random path that the particle follows, deter-
mined by the initial conditions and the stochastic noise term.

Probability based approach

There also exists an alternate but equivalent description. Instead of tracking
the path of a single particle, the focus shifts to the probability distribution of the
particle’s position. This statistical approach considers the likelihood of the particle
being at a given location at a specific time. It is formalized through the Fokker-
Planck equation. The Fokker-Planck equation corresponding to the equation (B1)
treating it as an Itô process [44, 73] is:

∂

∂t
P (x, t) = − ∂

∂x
[ν(x)P (x, t)] +

∂2

∂x2
[D(x)P (x, t)]

= − ∂

∂x
J(x, t)
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where P (x, t) is the probability density of particle and J(x, t) = ν(x)P (x, t) −
∂
∂x
D(x)P (x, t), is the probability current density. The first term in J(x, t) corre-

sponds to drift current density, and the second term to diffusion current density [38,
42, 44, 52, 73–77]. Now, the equilibrium distribution is obtained by setting the total
probability current to zero, that is J(x) = 0 (condition for detailed balance), the
following equilibrium distribution P (x) results:

P (x) = C
D0

D(x)
exp

(∫
dx

ν(x)

D(x)

)

Here, C is a constant with dimensions of inverse length, and D0 is the bulk diffusiv-
ity away from any interface to which D(x) converges as the Brownian particle makes
its excursion away from an interface. This distribution is referred to as general-
ized/modified Boltzmann distribution or Itô-distribution in [42–45]. Now,
if the force F (x) can be written as negative gradient of a conservative potential
U(x), the drift velocity takes the form: ν(x) = − 1

Γ(x)
∂
∂x
U(x). In the presence of

a conservative potential U(x), the Itô distribution takes its most familiar form,
P (x) thus becomes [42, 44, 52, 58].

P (x) = C
D0

D(x)
exp

(
−U(x)

kBT

)
. (B2)

This is often written in literature as:

P (x) =
C

D(x)
exp

(
−U(x)

kBT

)
.

where, C = CD0 is new normalization constant with dimensions of speed.
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C Discretization of Langevin Equation as an Itô

process

Continuous-Time Langevin Equation

The overdamped Langevin equation (as discussed in the preceding appendix) in
the presence of coordinate-dependent damping is given by:

dx(t)

dt
= ν(x) +

√
2D(x) η(t) (C1)

Discretizing Time and Space

Discretize continuous time into discrete steps of size ∆t, so that tk = k∆t for
k = 0, 1, 2, 3, . . .. The continuous space is also a discretized space so that xk = x(tk)

and the discrete version of noise is ηk = η(tk).

We discretize continuous time as:

tk = k∆t, k = 0, 1, 2, . . . (C2)

We define the discrete version of continuous variables like position and noise as:

xk = x(tk), ηk = η(tk) (C3)

Itô Discretization of the Langevin Equation

Itô disretization means that during the time evolution of equation (C1) from
tk to tk+1, all functions of the position, such as the drift term ν(x) and the diffusion
coefficient D(x), are evaluated at the beginning of each time interval.

Therefore, the discrete-time version of the Langevin equation (C1) interpreted as
Itô process is written as

xk+1 − xk

∆t
= ν(xk) +

√
2D(xk) ηk

Discrete Delta Function Approximation

In the discrete setting, the Dirac delta function δ(t− t′) is approximated as [78]:
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δ∆t(tk − tk′) =

 1
∆t
, −∆t

2
< |tk − tk′| < ∆t

2

0, otherwise
(C4)

One can verify that by defining t = tk − tk′ , the discrete delta function δ∆t(t)

converges to the Dirac delta function in the limit ∆t → 0:

lim
∆t→0

δ∆t(t) =

∞ for t → 0

0 otherwise
(C5)

Additionally, the integral over the delta function is normalized to unity:

∫ ∞

−∞
δ∆t(t) dt = 1 (C6)

A shorthand notation for the discrete time delta function employs the Kronecker
delta δkk′ , defined as:

δkk′ =

1 if k = k′

0 otherwise
(C7)

Thus, the discrete delta function can be expressed as:

δ∆t(tk − tk′) ≈
δkk′

∆t
(C8)

Discrete Noise Term and Scaling

The continuous-time Gaussian white noise η(t) satisfies the correlation:

⟨η(t)η(t′)⟩ = δ(t− t′)

Upon discretizing time into steps of size ∆t, with discrete times tk = k∆t, the
correlation becomes

⟨η(tk)η(tk′)⟩ = δ∆t(tk − tk′) =
δkk′

∆t
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Thus, the covariance of the discrete noise samples ηk = η(tk) is

⟨ηkηk′⟩ =
1

∆t
δkk′

Thus, the variance of ηk scales as:

⟨η2k⟩ =
1

∆t
(C9)

Thus, ηk scales as:
ηk ≃ O(∆t−1/2).

Each noise sample’s variance diverges as ∆t → 0

Scaling Noise for Finite Variance

The discretizations of Equation (C1) becomes

xk+1 − xk = ν(xk)∆t+
√

2D(xk)∆t ηk,

To ensure a finite variance as ∆t → 0, we define the scaled noise:

ξk =
√
∆t ηk

which satisfies
⟨ξk⟩ = 0, ⟨ξkξk′⟩ = δkk′ .

ξk ∼ N (0, 1),

Thus, ξk ∼ N (0, 1), i.e., ξk is an independent Gaussian random variable with zero
mean and unit variance.

This scaling ensures that, although each noise sample’s variance diverges as ∆t →
0, the integrated noise over a finite time interval remains finite. Practically, this
means the noise increment ξk =

√
∆t ηk has variance ⟨ξ2k⟩ = 1, preserving the

correct continuous-time limit and allowing consistent numerical integration of the
stochastic differential equation.
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Discretized Langevin Equation

Using the scaled noise ξk ∼ N (0, 1), the discrete-time Langevin equation reads:

xk+1 − xk = ν(xk)∆t+
√

2D(xk)∆t ξk,

This discretization has been used to simulate the Itô process throughout the
thesis. This is also referred to as the Euler-Maruyama discretization scheme.
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D Derivation of Equilibrium distribution for Symmetry-

Broken Dimer Model for an Itô Process
Consider the equation:

dz

dt
= −

(
1

Γ1(z)
+

1

Γ2(z)

)
dV (z)

dz
+ ξz(z, t),

Where the noise term is :

ξz(z, t) =
√

2kBT

(
η1(t)√
Γ1(z)

− η2(t)√
Γ2(z)

)
.

This can be rewritten as:

ż = h(z) + g1(z)η1(t) + g2(z)η2(t), (D1)

With the following definitions for the functions:

h(z) = −dV (z)

dz

(
1

Γ1(z)
+

1

Γ2(z)

)
, g1(z) =

√
2kBT

Γ1(z)
, g2(z) = −

√
2kBT

Γ2(z)
.

The formal solution to the stochastic differential equation is given by:

z(t+ τ)− z(t) =

∫ t+τ

t

h(z(t′)) dt′+

∫ t+τ

t

g1(z(t
′)) η1(t

′)dt′+

∫ t+τ

t

g2(z(t
′)) η2(t

′)dt′.

Suppose z(t) ≡ y. Now, let’s Taylor expand various terms about y up to first
order:

h(z(t′)) = h(y) + (z(t′)− y)× h̃(y),

g1(z(t
′)) = g1(y) + (z(t′)− y)× g̃1(y),

g2(z(t
′)) = g2(y) + (z(t′)− y)× g̃2(y),

where, h̃(y) = dh(z(t′))
dz(t′)

∣∣∣
z(t′)=y
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z(t+ τ)− y =

∫ t+τ

t

(
h(y) +

(
z(t′)− y

)
× h̃(y)

)
dt′ +

∫ t+τ

t

(
g1(y) +

(
z(t′)− y

)
× g̃1(y)

)
η1(t

′) dt′

+

∫ t+τ

t

(
g2(y) +

(
z(t′)− y

)
× g̃2(y)

)
η2(t

′) dt′,

z(t+ τ)− y =

∫ t+τ

t

dt′
[
h(y) + g1(y)η1(t

′) + g2(y)η2(t
′)
]

+

∫ t+τ

t

dt′(z(t′)− y)×
(
h̃(y) + g̃1(y)η1(t

′) + g̃2(y)η2(t
′).
)

Now let us iterate (z(t′)− y) to first order in terms of (z(t′′)− y):

z(t+ τ)− y =

∫ t+τ

t

dt′
[
h(y) + g1(y)η1(t

′) + g2(y)η2(t
′)
]

+

∫ t+τ

t

dt′
[
h̃(y) + g̃1(y)η1(t

′) + g̃2(y)η2(t
′)

]
×(∫ t′

t

dt′′
(
h(y) + g1(y)η1(t

′′) + g2(y)η2(t
′′)
)

+

∫ t′

t

dt′′
(
h̃(y) + g̃1(y)η1(t

′′) + g̃2(y)η2(t
′′)
)
× (z(t′′)− y)

)

Separating term by term :
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z(t+ τ)− y =

∫ t+τ

t

dt′ h(y) +

∫ t+τ

t

dt′ η1(t
′)g1(y) +

∫ t+τ

t

dt′ η2(t
′)g2(y)

+

∫ t+τ

t

dt′ h̃(y)

∫ t′

t

dt′′ h(y) +

∫ t+τ

t

dt′ g̃1(y)η1(t
′)

∫ t′

t

dt′′ g1(y)η1(t
′′)

+

∫ t+τ

t

dt′ g̃2(y)η2(t
′)

∫ t′

t

dt′′ g2(y)η2(t
′′) +

∫ t+τ

t

dt′ h̃(y)

∫ t′

t

dt′′ g1(y)η1(t
′′)

+

∫ t+τ

t

dt′ h̃(y)

∫ t′

t

dt′′ g2(y)η2(t
′′) +

∫ t+τ

t

dt′ g̃1(y)η1(t
′)

∫ t′

t

dt′′ h(y)

+

∫ t+τ

t

dt′ g̃1(y)η1(t
′)

∫ t′

t

dt′′ g2(y)η2(t
′′) +

∫ t+τ

t

dt′ g̃2(y)η2(t
′)

∫ t′

t

dt′′ h(y)

+

∫ t+τ

t

dt′ g̃2(y)η2(t
′)

∫ t′

t

dt′′ g1(y)η1(t
′′) + Integrals of order (z(t′′)− y).

Now, we need to evaluate

⟨z(t+ τ)− y⟩ =
∫ t+τ

t

dt′ h(y) +

∫ t+τ

t

dt′ ⟨η1(t′)⟩ g1(y) +
∫ t+τ

t

dt′ ⟨η2(t′)⟩ g2(y)

+

∫ t+τ

t

dt′ h̃(y)

∫ t′

t

dt′′ h(y) +

∫ t+τ

t

dt′ g̃1(y)

∫ t′

t

dt′′ g1(y) ⟨η1(t′)η1(t′′)⟩

+

∫ t+τ

t

dt′ g̃2(y)

∫ t′

t

dt′′ ⟨η2(t′)η2(t′′)⟩ g2(y)

+

∫ t+τ

t

dt′ h̃(y)

∫ t′

t

dt′′ g1(y) ⟨η1(t′′)⟩

+

∫ t+τ

t

dt′ h̃(y)

∫ t′

t

dt′′ g2(y) ⟨η2(t′′)⟩

+

∫ t+τ

t

dt′ g̃1(y) ⟨η1(t′)⟩
∫ t′

t

dt′′ h(y)

+

∫ t+τ

t

dt′ g̃1(y)

∫ t′

t

dt′′ ⟨η1(t′)η2(t′′)⟩ g2(y)

+

∫ t+τ

t

dt′ g̃2(y) ⟨η2(t′)⟩
∫ t′

t

dt′′ h(y)

+

∫ t+τ

t

dt′ g̃2(y)

∫ t′

t

dt′′ ⟨η2(t′)η1(t′′)⟩ g1(y).
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Using properties of Gaussian white noise: ⟨ηi(t)⟩ = 0 and ⟨ηi(t)ηj(t′)⟩ = δijδ(t−
t′).

⟨z(t+ τ)− y⟩ =
∫ t+τ

t

dt′ h(y) +

∫ t+τ

t

dt′
∫ t′

t

dt′′ h(y) h̃(y)

+

∫ t+τ

t

dt′ g̃1(y) g1(y) +

∫ t+τ

t

dt′ g̃2(y) g2(y).

(D2)

From the Kramers-Moyal expansion, we define:

D(1)(y, t) = lim
τ→0

1

τ
⟨z(t+ τ)− y⟩.

The only terms in ⟨z(t+ τ)− y⟩ that survive are of order τ . Thus, we obtain:

D(1)(y) = h(y) +
1

2
[g̃1(y)g1(y) + g̃2(y)g2(y)] .

Similarly, the second Kramers-Moyal coefficient is defined as:

D(2)(y, t) = lim
τ→0

1

2τ

〈
[z(t+ τ)− y]2

〉
.

Now, instead of expanding this fully, we note that only terms of order τ will
contribute to D(2).

A delta function in K dimensions contracts an integral with n differentials to an
integral with n−K differentials (n ≥ K).

Thus, integrals of the form

∫ t+τ

t

dt′
∫ t′

t

dt′′ δ(t′ − t′′),

which initially involves two differentials, will reduce to a single-variable integral
due to the presence of one delta function. This remaining integral is of order τ and
contributes to D(2).

Now, consider the integrals of the form:

∫ t+τ

t

dt′
∫ t′

t

dt′′
∫ t′

t

dt′′′ ⟨ηi(t′)ηi(t′′)ηi(t′′′)⟩,



118 Appendix

which vanish by Wick’s theorem.

However, we also encounter integrals of the form:

∫ t+τ

t

dt′
∫ t′

t

dt′′
∫ t′′

t

dt′′′
∫ t′′′

t

dt′′′′ ⟨ηi(t′)ηi(t′′)ηi(t′′′)ηi(t′′′′), ⟩

which, by Wick’s theorem, do not vanish. We obtain the sum of the products of
two-term pairings for all possible combinations. However, for each product of pairs,
we eventually get a product of two delta functions in the four-variable integral,
which contracts it to a two-variable integral of order τ 2. Hence, these terms do not
contribute to D(2).

Therefore, we can write:

D(2)(y, t) = lim
τ→0

1

2τ

〈
[z(t+ τ)− y]2

〉
=

1

2

[
g1(y)

2 + g2(y)
2
]
.

Evaluating the expectation value:

⟨z(t+ τ)− y⟩ =
∫ t+τ

t

dt′h(y) +
1

2

(
g̃1(y)g1(y) + g̃2(y)g2(y)

)
. (D3)

For the second Kramers-Moyal coefficient:

D(2)(y, t) =
1

2

(
g1(y)

2 + g2(y)
2
)
. (D4)

The corresponding Fokker-Planck equation is given by:

∂P (y, t)

∂t
= − ∂

∂y

(
h(y)P (y, t)

)
+

∂2

∂y2
(
D(y)P (y, t)

)
, (D5)

where the diffusion coefficient is:

D(y) =
1

2

(
g1(y)

2 + g2(y)
2
)
= D1(y) +D2(y), (D6)

and
D1(y) =

1

2
g21(y) =

kBT

Γ1(y)
, D2(y) =

1

2
g22(y) =

kBT

Γ2(y)

Now, the stochastic equation corresponds to an overdamped Fokker-Planck equation
given by:
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∂P (y, t)

∂t
= − ∂

∂y

[
D(1)(y, t)P (y, t)

]
+

∂2

∂y2
[
D(2)(y, t)P (y, t)

]
. (D7)

Substituting the expressions for D(1)(y) and D(2)(y), we obtain:

∂P (y, t)

∂t
= − ∂

∂y

[
h(y)P (y, t)

]
+

1

2

∂2

∂y2

[(
g21(y) + g22(y)

)
P (y, t)

]
. (D8)

Note that the spurious term arises as a consequence of the Stratonovich conven-
tion. This term has been accounted for by adding −1

2

[
g̃1(y)g1(y) + g̃2(y)g2(y)

]
to

the overdamped Fokker-Planck equation.

Now, let us define the diffusion coefficient:

D(y) ≡ D(2)(y, t) =
1

2

[
g21(y) + g22(y)

]
. (D9)

Thus, the Fokker-Planck equation can be expressed as:

∂P (z, t)

∂t
= − ∂

∂z

[
h(z)P (z, t)−

∂
[
D(z)P (z, t)

]
∂z

]
= −∂J(z, t)

∂z
, (D10)

where J(z, t) is the probability current.

The Fokker-Planck becomes:

∂P (z, t)

∂t
= − ∂

∂z

[
−dV (z)

dz

(
1

Γ1(z)
+

1

Γ2(z)

)
P (z, t)−

∂
[
D(z)P (z, t)

]
∂z

]
= −∂J(z, t)

∂z
.

(D11)
In Chapter 3, we have the following equation.

dz

dt
=

[
F
Γ2(z)− Γ1(z)

Γ2(z) + Γ1(z)
− dV (z)

dz

] [ 1

Γ1(z)
+

1

Γ2(z)

]
+ ξz(z, t).

with
h(z) =

[
F
Γ2(z)− Γ1(z)

Γ2(z) + Γ1(z)
− dV (z)

dz

] [ 1

Γ1(z)
+

1

Γ2(z)

]
,
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∂P (z, t)

∂t
= − ∂

∂z

[(
F
Γ2(z)− Γ1(z)

Γ2(z) + Γ1(z)
−dV (z)

dz

)[ 1

Γ1(z)
+

1

Γ2(z)

]
P (z, t)−

∂
[
D(z)P (z, t)

]
∂z

]
.

(D12)
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E Symmetry-broken dimer in one dimension with

sigmoidal damping
In this appendix, we present the details corresponding to the one-dimensional case

of a single symmetry-broken dimer considered in Chapter 4. The dimer is confined
to motion along the x axis with constituent coordinates x1 > x2, with z = x1 − x2,
interaction potential V (z) = α

2
(z − zmin)

2, and constituent coordinate-dependent
damping described by sigmoidal profiles given by:

Γi(z) =
ai

1 + exp[−λ(z − zmin)]
+ bi,

as shown in Fig.1. Note that there are no inter-dimer forces because we only have
a single dimer. Moreover, no confinement interaction is present.

0.0 0.5 1.0 1.5 2.0
z

0.1

0.2

0.3

0.4

Γ
i(
z)

Γ1(z)

Γ2(z)

Figure 1: Variation of damping coefficient as a function of the internal coordinate
for both constituents is displayed. Γ1(z) ̸= Γ2(z) corresponds to Broken symmetry.
The parameters used are: a1 = −0.3, b1 = 0.4 and a2 = −0.1, b2 = 0.3, λ = 100
and zmin = 1.The interaction strength α = 200 and time step ∆t = 10−5 is used in
the simulation.

Corresponding to this sigmoidal damping profile, the results are displayed in
Fig. 2. The simulation shows excellent agreement with the theoretically predicted
probability density for the configuration coordinate, as illustrated in Fig. 2(a).
Fig. 2(b) depicts how the average center-of-mass velocity of the dimer increases
with temperature, while all other parameters are kept fixed. This indicates that
the spontaneous rectified motion becomes stronger with increasing thermal energy.
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(a)                                                      (b)  

  (c)                                                       (d)
Figure 2: (a) Itô distributed configuration coordinate for a symmetry broken dimer.
(b) The average CM speed of the dimer increases with thermal energy. (c) Symmetry
broken dimers showing rectified transport for three different damping parameters
The damping determining parameters corresponding to I, II and III are b1 = 0.4,
b2 = 0.3; b1 = 0.5, b2 = 0.4 and b1 = 0.6, b2 = 0.5 respectively. (d) Symmetric dimer
with equal damping coefficients, a1 = a2 = −0.3 and b1 = b2 = 0.4 showing no net
directed motion.

In Fig. 2(c), the motion of center of mass motion is analysed for three different
damping profiles. For all three cases, a1 = −0.3 and a2 = −0.1 are fixed and b1 and
b2 are varied. The damping determining parameters corresponding to I, II and III
in Fig. 2(c) are b1 = 0.4, b2 = 0.3; b1 = 0.5, b2 = 0.4 and b1 = 0.6, b2 = 0.5 respec-
tively. These choices correspond to an overall increase in the damping experienced
by the dimer from I to III, resulting in the largest center-of-mass displacement for I
and the smallest for III over the same time interval. Fig. 2(d) presents the motion
of center-of-mass motion in a symmetry-unbroken case with a1 = a2 = −0.3 and
b1 = b2 = 0.4. As expected, no net motion is observed in this configuration.
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