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Abstract

Toric varieties form a subfield of algebraic geometry That provides with a lot of
examples to text theory in, since a lot of their geometric data can be expressed as
combinatoric information that is easier to compute and study. In this thesis, we
study the basics of toric varieties, look at some examples, and then see how this

combinatoric data about toric varieties extend to vector bundles defined on them.
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Chapter 1
Toric Varieties

Much of this chapter, much like the rest of this thesis, is based on material from
[CLS11] and [Ful93]. The basics of algebraic geometry is assumed from [Har77].

1.1 Some Preliminaries

1.1.1 The Algebraic Torus

Here we introduce some basic facts of an algebraic torus 7', which is considered to
be an affine variety isomorphic to (C*)" for a natural number n, and inherits its
group structure through this isomorphism. We introduce the notions of the lattices
of characters and cocharacters as follows:

A character x is a morphism (of varieties) from 7" to C* which is also a group
homomorphism. For the torus 77 = (C*)", if we have an element m € Z" with

m = (mq,...,my), we have the following character:
X" (C) = C

(ty, ... ty) — T g

We can show that all characters of T" arise similarly from elements of M = Z", and
hence M is called the character lattice of T.

Remark 1.1.1.1. By the word lattice, we mean a free abelian group of finite rank,

which means it is isomorphic to Z", where n is the rank of the lattice.

1



2 CHAPTER 1. TORIC VARIETIES

Dual to this concept is the idea of cocharacter. A cocharacter (also called a one pa-
rameter subgroup) A is a morphism from C* to ¢ which is also a group homomorphism.
Like characters, we have a similar lattice N = Z", called the cocharacter lattice. For
the torus 7' = (C*)", the element u € N with u = (uy,...,u,) corresponds to the
following cocharacter:

AV Cr = (C)”
e (A A

We can also show that every cocharacter comes from an element of N, like we had for
characters. For an arbitrary torus 7', its character lattice M and cocharacter lattice
N are free abelian group whose ranks are equal to the dimension of the torus.
There also exists a natural bilinear pairing between N and M. Given that 7' =
(C*)™, one way to describe the bilinear product for m € M and u € N, is to observe

the following composition:
"o A Ct = C*

t — tk
for some k € Z. We then write
(m,u) =
Another more explicit way to describe this bilinear product, form = (my ..., m,) €

M and u = (uy,...,u,) € N (since M = 7" and N = Z"), is as follows:

n
(m,u) =) miu;
i=1

We can see that this is equivalent to the first description.

We note that due to this bilinear pairing, N = homy(M,Z) and M = homgz(N, Z).
We also have the canonical isomorphism from N @z C* — T given by u ® t — \“(t).
Due to this, given a lattice of finite rank N, we write the associated torus as Tl .

We also have this important theorem about tori in other tori:

Proposition 1.1.1.2. 1. Given two tori T} and 75 and a morphism of varieties

¢ : Ty — T3 which is also a group homomorphism, ¢(7}) is a torus in T5.

2. If T7 is a torus containing an closed irreducible subvariety H, H is also a torus.
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Finally, we end with a discussion of what happens when a torus 7" acts linearly on
a vector space W of finite dimension. Given such an action, for every t € T', we have
a linear map X (t) : W — W, where w + t - w. We find that these X (¢) diagonalise
simultaneously at all ¢ € T'. That is, if we consider the following subspace for each
m € M, where M is the character lattice of T":

Wi (t) ={w e Wt -w = x"(t)w}

We see that W, (t) = W,,(s) = W, for all t,s € T. We also see that if W,,, # {0},
w € Wy, is a simultaneous eigenvector for all X (¢). Hence, we have the following

decomposition:

Proposition 1.1.1.3. For a finite dimensional vector space W with a torus 71" acting

W= W

meM

linearly on it, we have that :

where W,,, and M are the same as what has been described in the paragraph above.

1.1.2 Convex Geometry

In this section we will discuss about convex polyhedral cones and polytopes, after
defining the notion of affine semigroups. We will be working with two lattices M
and NN, which are dual to each other and are embedded in dual real vector spaces
Mgr = M ®z R and Ng = N ®z R.

Affine Semigroups
A semigroup S is a set with an associative binary operation, along with an identity
for that operation. We define an affine semigroup as follows:

Definition 1.1.2.1. A semigroup S with binary operation + is called an affine semi-

group if it satisfies the following conditions:
e The binary operation + is commutative.
o S is generated by finite subset o7, i.e., S = Z>o%, and hence can be embedded
nto a lattice M.

An affine semigrpup S C M is called saturated if it for all kK € N and m € M,
kmeS=melS.
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Convex Polyhedral Cones

Definition 1.1.2.2. For a finite subset A C Ng, we define the convex polyhedral cone
generated by A as follows:

o = Cone(A) = { > Mias|\; > OVi}

a;€EA

From now on, whenever we say the word ’cone’, we mean a convex polyhedral
cone. The dimension of a cone ¢ is the dimension of the vector space Ro. We now

define the dual of a cone o C Ny as follows:
o' :={m € Mg|(m,u) > 0Vu € o}

We define the dual for every convex set similarly. We see that for every point m € ¢V,
we have a hyperplane H,, = {u € Ng|(m,u) = 0} C Ng, and a corresponding
supporting half space H = {u € Ng|(m,u) > 0}. We define faces of the cone o as

the intersection 7 := H,, N o for some m € ¢¥. We denote 7 as a face of o by:
T0O

Note that o is a face of itself. A face 7 is called a proper face of ¢ if 7 # 0. We note

the following facts about faces, which follow after assuming that (V)" = o:
Proposition 1.1.2.3. Let 0 = Cone({uy,...,us}) C Ng. Then:

1. A face 7 = H,, N o for m € " of ¢ is also a cone, generated by the subset of

generators of o contained in 7.

2. Intersection of faces 7 and 7 of ¢ is also a face of o, as well as a face of 7 and

T

3. Facets of o are faces of codimension 1, and all proper faces of o are contained

in a facet.
4. A proper face of o is the intersection of all the facets containing it.

5. If dim(o) = dim(Ng), then the topological boundary of ¢ is formed by the union

of its facets.
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The relative interior of a cone o, denoted by relint(c), and refers to the topological
interior of o in the vector space Ro. We state the following facts about the dual of a

cone o, which utilises the notion of the relative interior in their proofs:
Proposition 1.1.2.4. Let o be a cone in Ng. Then the following are true:
1. The dual of the cone ¢ is also a convex polyhedral cone.

2. Let 7 be a face of the cone 0. Let 7+ = {m € Mg|(m,u) = OVu € 7}. Then,
7" = 71N0oY is a face of ¢V, and more over, this relation forms a order reversing

bijection between faces of o and ¢".
3. dim(7) + dim(7*) = dim(Ng) = dim(Mg)

4. If dim(o) = dim(Ng), then o is the intersection of the supporting halfspaces

corresponding to facets of o. i.e.

o = {u € Ng|[(m,,u) >0 for 7 corresponding to facets and 7 = o N H,’ }

We call a cone in Ny a rational polyhedral cone, when it is generated by points in
the lattice N. Note that the dual of a rational polyhedral cone ¢ in Ny corresponding
to the lattice N is also a rational polyhedral cone in Mg. For such a o, we see
that ¢¥ N M is a semigroup with a commutative group operation. The following

proposition, called Gordan’s Lemma, shows that it forms an affine semigroup.

Proposition 1.1.2.5 (Gordan’s Lemma). For a rational polyhedral cone o € N,

Sy, = 0" N M is a finitely generated semigroup, and hence is an affine semigroup.

Sketch. We do this by taking the union of the set of R-generators of o¥ and the set
Sy MN[0, 1]™, which is finite as it is the intersection of a discrete set and a compact set.

This union gives us a set of Z-generators of S, . m

Now we will state a result where we relate the affine semigroups of a rational

polyhedral cone o and a face 7 of o (which is also a rational cone):
Proposition 1.1.2.6. Let 7 = 0 N H,, be a face of a cone o, for m € ¢¥. Then:

1. 7¥=0"+R{—m}



6 CHAPTER 1. TORIC VARIETIES

2. If o is a rational polyhedral cone, then there exists m € S, such that 7 = cNH,,.
And for this m, S; = S, + Z{m}.

Most of the cones we will deal with will be strongly convex, which we define as

follows:

Definition 1.1.2.7. A strongly convex polyhedral cone o C Ny is a cone that satisfies

any of the following equivalent criteria:
1. o contains no non zero subspace of Ng.
2. {0} is a face of o, i.e. there exists m € o¥ such that {0} = o N Hy,.
3. oN(—o) ={0}
4. a" spans Mg.

We discuss one more fact, called the separation lemma, which deals with two cones
o and o', whose intersection is another cone 7, which is a face of each. The following
result holds:

Proposition 1.1.2.8. Let 0, ¢/ and 7 be as described above. Then:
1. There exists m € ¢V N (—o’)¥, such that 7 = o N H,, = o' N H,,

2. If o and o’ were rational polyhedral cones, the above result implies that for the

associated semigroups, S; = S, + Sy.

Something special about strongly convex rational polyhedral cones is the following

proposition that relates them to saturated affine semigroups.

Proposition 1.1.2.9. For a strongly convex rational polyhedral cone o € Ng, S, is a
saturated affine semigroup. And the converse is also true, i.e., every saturated affine
semigroup S C M is of the form .S, for some strongly convex rational polyhedral cone
o C N]R.

Polytopes

In this section, we will again consider a finite set A, but consider the polytope gen-

erated by A, i.e., its convex hull.
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Definition 1.1.2.10. Let A = {my,...,ms} C Mg be a finite subset. The polytope
generated by A is defined as follows:

P = Conv(A) = {D_ Ami| DX\ = 1\ > 0Vi}
=1 =1

The dimension of a polytope is the dimension of the vector space RP. For u € Ng,
and b € R, we consider the affine hyperplane H,, = {m € Mg|(m,u) = b}, and the
corresponding halfspace H, = {m € Mg|{m,u) > b}. If there exists u € Ng,b € R,
such that Q = PN H,, and P C H;fb, then @ is called a face of P, and we denote
this by @ <X P. P is a face of itself, and every face of P is a polytope of the form
Q) = Conv(A N H,;). The notions of a proper face and a facet are similar to those
discussed for cones. We also have edges and vertices, which are faces of dimensions 1

and 0 respectively. We now state a few facts related to polytopes:
Proposition 1.1.2.11. Let P = Conv(A) be a polytope in Mg. Then:

1. P is the convex hull of its vertices.

2. The vertices of P are contained in A.

3. If ) X P is a proper face, it is the intersection of the facets containing it.

There is a way to write P as an intersection of finitely many supporting halfspaces
corresponding to facets. When P is full dimensional, i.e., dim(P) = dim(Mpg), this
representation becomes unique, because every facet corresponds to a unique u Ng up
to a multiple of u. This representation is given as follows:

P= ﬂ Ht = {m € Mg|(m,ur) > apVF is a facet of P}

up,—ar
F is a facet of P
Where the facets of P are of the form F' = PN H,, .., unique up to a positive
multiple of (up, —ar).

Notice that any polytope hence becomes an intersection of finitely many halfs-
paces. However, every set that is an intersection of finitely many half spaces is a
polytope only if it is bounded. In general, such sets are called polyhedra.

If a polytope P C Mg has dimension d, then:

e It is called a simplex if it has d 4+ 1 vertices.
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o It is called simplicial if all of its facets are simplices, i.e they have d — 1 vertices.
o [t is called simple if all of its vertices are the intersection of exactly d facets.

We also note that multiples P = Conv(rA) of polytopes as well as Minkowski
sums of two polytopes Py + P, = {a € Mg|a = my + my for some my € P, ms € Py}
are polytopes as well.

Polytopes of special interest to us are lattice polytopes. These are polytopes P
whose vertices lie inside the lattice M. Their faces are also special because () < P
can be written in the form @ = PN H,LTQ,_GQ, such that ug € N and —ag € Z.

These lattice polytopes are of further interest based on if they contain 'enough’

points of the lattice M. Thus we make the following definitions:
Definition 1.1.2.12. A [attice polytope P C My s said to be:

1. Normal if for any two positive integers k,l, (kPOM)+(IPNM) = (k+1)PNM.

2. Very ample if for every vertexr m of P, the affine semigroup Sp,, = Z>o(P N
M — {m}) is saturated.

Now, the following facts hold:
Proposition 1.1.2.13. 1. Every normal polytope is very ample.

2. Let P be a full dimensional lattice polytope in Mg of dimension d > 2. Then kP
is normal, and hence, very ample for £ > d — 1. In particular, lattice polygons

are normal and very ample in Mg of dimension 2.

1.2 Affine Toric Varieties

In this section, we will look at the definition and different equivalent ways to describe

affine toric varieties.

1.2.1 Definition and some Examples

Definition 1.2.1.1 (Affine Toric Variety). An irreducible affine variety U is called
an affine toric variety, if it contains a Zariski open subset T isomorphic to a torus
Ty = (C*)", such that the action of T on itself extend to an algebraic action of T on
U.
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We now describe a few examples:

Example 1.2.1.2. Consider the irreducible variety V = Z((z? — 3?)) c C*. We
see that the torus C* = U = V\{0}, via the isomorphism ¢ — (#3,¢?), is an open
subset of V', and the torus action extends to all of V. Note that the coordinate ring
Clz,y]/{x* — y?) is not integrally closed. OO

Example 1.2.1.3. We can also consider the irreducible variety V = Z({xy — zw)) C
C*. Here, we have the torus (C*)? 2 U = V\Z((zyzw)) as an open set in V, via the
isomorphism (z,y, z) = (z,y, 2z, %). The torus action extends to the whole of V' by

component wise multiplication. o 20

1.2.2 Lattice points of a Torus, and Toric Ideals

Given a torus Ty with character lattice M, we can construct an affine toric variety by

taking a finite subset &7 = {my,...,ms} C M and constructing the following map:
(I),Qy : TN — C°*

b (X)X ()

We then consider the Zariski closure Y 0f &, (T ) in C* and by the following theorem,

show that Y, is an affine toric variety:

Proposition 1.2.2.1. Y,, as described earlier, is an affine toric variety, with torus
., (Ty), whose character lattice is Z.o7.

Sketch. We first see that T'= &, (Ty) is a closed torus in (C*)* by 1.1.1.2. And since
T is irreducible, its Zariski closure Y, in C® is also irreducible. To show that the
action of T on itself extends to an algebraic action on Y, we use the fact that Y, is
the Zariski closure and hence the smallest subvariety of C® containing 7" as well as

the following fact:
T=t-TCt-Yy

Finally, to show that the character lattice M’ of T' is Z.o/, we consider the following

commutative diagram:
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Where the map ®,, has image T in (C*)*. We have a corresponding map d,, from
character lattice Z~ of (C*)* to the character lattice M of Ty that factors through

M’ as follows:
d .y
M —— 7Z°
M/
This commutative diagram implies that M’ is isomorphic to the image of the dual map
®_,. This dual map d_, between the character lattices is the map corresponding to the

one that takes the character £" : (C*)* — C* to the character x* = {"o®,, : Ty — C*.

Because of the way we defined ®,,, the map Ci{@/ is the one that takes the basis elements

e; (fori =1,...,5) of Z° to elements m; of M, which are precisely the elements of
o/ . Hence, ®,,(2°) = 7.4/ .
Therefore, we see that M’ = Z.o/ , and we are hence done. m

As we have seen in the proof of this theorem, once we have the map d from Z~
to M. If we were to consider the kernel of this map, we get a sublattice L C Z°.
We see that for I = (Iy,...,l;) € L, > _;_,lim; = 0. For each element [ € L, let
Ly =) soliei, and [ = 7, —le;, where e;,i = 1,...,s are the basis elements
of Z° such that [ = Y7  l,e;. Now if we were to consider all polynomials of the
form z'T — 2!~ (Here, by 2!, where | = (Iy,...,ls) = Y7 lie; € 7%, we mean the
monomial 2% - - - z% in Clxy,...x,]) we can see that all elements of ®,,(T,) are roots

of all such polynomials, since z;—f = 1 are satisfied by all elements of the image of @, .

We can hence define the ideal generated by the sublattice L as follows:
I = (a"* —al-[le L) = (z* — 2P|a, B € 2y, 00 — B € L)

We can show rather easily that the two ideals are in fact the same, and hence, we

prove the following claim about the ideal of Y, :
Proposition 1.2.2.2. The ideal of Y, is given by:

1(Yy) =1,

Sketch. We can easily see that I, C I(Y,). To show the converse, we apply a

monomial ordering on C[zy,...,z;], and find a contradiction when I(Y,)\/ is non
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empty. We do this by considering a polynomial f with a minimal leading term, and
then show that we can construct a polynomial whose leading term is less than the

minimal leading term of f with respect to the monomial ordering, as per [CLS11]. [

We now generalize to obtain all ideals that give us an affine toric variety. We

begin with the following definitions:

Definition 1.2.2.3. Consider a sublattice L C Z°, and consider the coordinate ring
C[[L’l, c. ,iL‘s]

1. An ideal is called a lattice ideal if it is of the form I = (% — 2P|a, B €
7%y, — B € L) for some sublattice L C 7°.

2. An ideal is called a toric ideal if it is a lattice ideal that is prime.

We can see that toric ideals always give rise to affine toric varieties, because of

the discussion we had earlier. We now discuss a characterization of toric ideals.

Proposition 1.2.2.4. Anideal I € C[zy, ..., x| is toric if and only if it is prime and

generated by binomials of the form z® — 2%, a, 5 € L.

Sketch. We already see that a toric ideal is prime and generated by binomials of the
above form, based on our previous discussion. To show the opposite implication, we
begin with showing that for a prime ideal I of the above form, the associated variety
V' contains the point (1,...,1), and hence (C*)*NV is non empty, and also a subgroup
of (C*)*. Then we use the fact that V is irreducible, to show that (C*)*NV is a closed
subvariety of (C*)*, and hence, by 1.1.1.2, T = (C*)* NV is a torus, and an open
subset of V. Finally, to show that I = I(Y,,) for an a finite subset &/ C M for the
character lattice M of T', we use the inclusion map of 7" < (C*)® to obtain the inverse
image of the characters x“ corresponding to the coordinate wise projection map on
(C*)*. This gives us the finite set @/ C M, after which showing that V' &Y, is easy,
and this implies that I = I(Y,,) by the Nullstellensatz. Hence, I is a toric ideal. [J

Example 1.2.2.5. We can show that the ideal I C C[z, ..., z4] of the form (z;x;11—
izl < i < j < d of the form is toric since the variety Z(I) is irreducible,
by applying 1.2.2.1 to the map ® : C* — C restricted to (C*)?, where (z,y) —
(x4, 2%y, ... 2y y?). We see that the ideal I is the ideal of the image of ®.
Hence [ is a toric ideal, and Z(I) is an affine toric variety. O¢0
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1.2.3 Semigroup algebras and Equivalence of Definitions

Now, we describe a fourth way to define an affine toric variety, that is, as the maximal

spectrum of a algebra generated by an affine semigroup, which we define as follows:

Definition 1.2.3.1. For an affine semigroup S C M, where M 1is a lattice, we
define the algebra generated by the semigroup as the algebra generated by the set
{x™m € S}, with the multiplication between two elements of the set obtained by

extending X™ - X" = x"™ . In other words, it is the following algebra:

ClS] := {Z cix™e; =0 for all but finitely many i}

m;ES
with multiplication as defined earlier.

Note that this means that C[S] = C[x™,...,x"], it S = Zs¢o/, and & =

{mq,...,ms}.

Example 1.2.3.2. Let S = Z3;. Then, one can see that C[S] = C[x“,..., x*].
This ring is isomorphic to C[zy, ..., x|, and hence, Spec(C[S]) = C*. X 20

Example 1.2.3.3. For S = M = Z°, we see that S = Z>¢{=£ey, ..., tes}. Hence, the

semigroup algebra C[M] = C[x**, ..., x*%] is isomorphic to the Laurent polynomial
ring C[z7!, ..., 2¥!], and hence we have that Spec(C[M]) is isomorphic to the torus
Ty = (C)°. 040

Now we can define an affine variety as the maximal spectrum of C[S]. We will
show that this variety is also an affine toric variety, with a torus having character
lattice M.

Proposition 1.2.3.4. For an affine semigroup S = Z>¢«/ , for & = {m4,...,mg},

inside a lattice M,
1. C[9] is an integral domain and finitely generated.

2. Spec(CJ[S]) is an affine toric variety, whose torus has character lattice Z.<7, and

is isomorphic to the affine toric variety Y., .

Sketch. To prove 1., we already see that C[S] is finitely generated by the discussion
above, and since C[S] C C[M], we see C[S] is an integral domain by 1.2.3.3. For 2.,
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we construct the map ®,, : Clzy, ..., x,] — C[M], where z; — x"™. We show that the
image of this map is C[S], and this map corresponds to the map &, : Ty — C*; as
described in 1.2.2.1. We use this to show that the affine toric variety Y., = Spec(C[5]),

and we are hence done. O

We now discuss the action of a torus T on its coordinate ring C[M], so that we
can see what happens when a subspace of C[M] is invariant under the action of the
torus and we then use this to explain how any affine toric variety can be expressed
as the maximal spectrum of the algebra generated by an affine semigroup. We define
the action of Ty on C[M] as follows:

t-f(p) —~ f(t'p)

Now we note the following result about subspaces of C[M] invariant under this torus

action.

Proposition 1.2.3.5. If A is a subspace of C[M] invariant under the action of torus

A= @C~Xm
X

Sketch. We see that the inclusion @xm cA
the other way, we use the fact that A and any subset B of C[M] spanned by finite

characters is invariant under the action of the torus, and hence, using 1.1.1.3, we

described above, then:

C-x™ C Ais obvious. To show the inclusion

decompose them as a direct sum of eigenspaces. But for B, these eigenspaces are
those of spanned by individual characters, and we use this to show that each element

of A is spanned by characters already in A. O
We now use this to prove the equivalence of all the definitions given earlier.

Theorem 1.2.3.6. Given an affine irreducible variety U, the following are equivalent:
1. U is an affine toric variety with torus T, whose character lattice is M.

2. U is isomorphic to the affine toric variety Y, for a finite set <7 in the character

lattice of a torus 7T

3. U is obtained from a toric ideal.
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4. U is isomorphic to the maximal spectrum of the algebra C[S] of an affine semi-
group S C M

Sketch. The equivalence between 2., 3., and 4. is obvious from 1.2.3.4, 1.2.2.4, and
1.2.2.2. And we already know that 2. implies 1. using 1.2.2.1. Now, if we show that
1. implies 4., we are done. To show this, we use the inclusion of the torus T as a
Zariski open subset of the affine toric variety U to describe the coordinate ring C[U]
as a subset of the coordinate ring C[M]. Then, since the torus action extends to all of
U, C[U] is a torus invariant subspace of C[M], and hence, using 1.2.3.5, we can write
it as a semigroup algebra C[S], for the semigroup S C M, which is finitely generated

since C[U] is finitely generated. Hence, we are done. O

1.2.4 Relating Cones and Affine Toric Varieties, and some

other Properties

We discussed the affine semigroup that arises from the dual of a rational polyhedral

cone o0 C Ng, namely S, = ¢¥ N M. Hence we have the following fact:

Proposition 1.2.4.1. Let ¢ be a rational polyhedral cone in Ng. Then, U, =
Spec(ClS,]) is an affine toric variety, whose torus has character lattice ZS,. Moreover,

the torus of U, is T if and only if o is strongly convex.

Sketch. The only part left to prove is that o¥ being full dimensional corresponds to
the torus Ty being the torus of U,. This is true because the character lattice ZS, is
isomorphic to M if and only if ¢ is full dimensional, and hence, corresponds to the
torus Ty. ]

Furthermore, we can relate the semigroup algebras corresponding to a rational

cone o and its face 7 = H,, N o (where m € S,) as follows:

Proposition 1.2.4.2. For the above situation, the semigroup algebra C[S;] is the

localization C[S,],m.

Sketch. This is proved by applying the result mentioned in 1.1.2.6 to the semigroup

algebra generated by the cones 7 and o. O]

We now study points in affine toric varieties in terms of the semigroups they come

from. We get the following important result:
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Proposition 1.2.4.3. Given an affine toric variety U = Spec(C[S]) for an affine
semigroup S, we see that points in U correspond to semigroup morphisms v : S — C,

where C is a semigroup under multiplication.

Sketch. To prove this, given a point p € U, we get a semigroup morphism v : .5 — C
by taking m — x™(p) for those m that generate S. And given a semigroup morphism
v : S — C, we get a surjective map § : C[S] — C, whose kernel corresponds to a
maximal ideal of C[S], and hence a point p € U. ]

Once we have this, we describe the torus action on an affine toric variety in terms

of these semigroup morphisms:

Proposition 1.2.4.4. For an affine toric variety U = Spec(C[S]), with a point ~ :
S — C, the action of of the torus Ty C U is described by:

t-v:9—=C

m = X" (t)y(m)

Sketch. We get this action by observing that the action of Ty on U corresponds to a
C-algebra homomorphism from C[U] — C[Ty x V] = C[M]|®C[S], which corresponds
to the map x™ — x"®x™. From this, we get the aforementioned action on semigroup

morphisms. [

We then describe a distinguished point for U, = Spec(C[S,]) for the semigroup
Sy = 0¥ N M obtained from the rational polyhedral cone ¢ C Ng which corresponds

to the following map:
Ty : S = C

1ifmeot
zy(m) =
0 otherwise

A related result about the affine toric variety corresponding to a pointed semigroup

(an affine semigroup S where S N (—S) = {0}), will prove useful:

Proposition 1.2.4.5. Let S be an affine semigroup and let U = Spec(C[S]) be the
associated affine toric variety. For such a U, the point v: S — C :

0ifm#0

y(m)=4q
1ifm=0
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is the only fixed point of U if and only if S is a pointed semigroup.

Sketch. The proof of this hinges on the fact that the given map is a semigroup mor-
phism if and only if S is a pointed semigroup. Then, we notice that for a map on
the semigroup S to be fixed by the torus action, we always have some m # 0 € S
such that x™(t) # 1 for some ¢t € T, and so y(m) = 0 for m # 0. Hence, the map
v : S — C takes the aforementioned form if it is fixed by the torus action. O]

As a result of this proposition, the distinguished point of an affine toric variety
U, is its only fixed point if and only if the cone o has the same dimension as Ng.

We finally describe how normal affine toric varieties (i.e., its coordinate ring is
integrally closed) correspond to saturated affine semigroups, and therefore to strongly

convex rational polyhedral cones o € Ng.

Proposition 1.2.4.6. An affine toric variety U = Spec(C][S]) is normal if and only

if the affine semigroup S' is saturated.

Sketch. The proof that S is saturated if U is normal is given by the fact that we can
write x™ as the solution of a monic polynomial in C[S] if km € S for some natural
number k. The proof of the converse is done by using the associated strongly convex
rational polyhedral cone o, and the rays that generate this cone, as explained in
[CLS11). O

Example 1.2.4.7. We see that if we refer to 1.2.1.2, that affine toric variety corre-
sponds to the affine semigroup S C Z generated by the points 2 and 3. Note that this
means that S is not a saturated affine semigroup, and we can see that Z({z* — %))

is not normal. OO

1.3 Projective Toric Varieties

1.3.1 Definitions, Facts about the Affine Cone, Character
Lattice, and Affine Pieces

We first start with our definition of what P” is:

P" = (C*"\{o})/C’
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Here, we identify the lines of C"*! that pass through the origin as points in P". We

observe that P" has the following torus inside it:
Tpn = P"\V(zoz1 - ) = {(ao : a1 : -+ : ap)|agay - - - an, # 0}

We notice that the action of Tp» on itself extends in an obvious manner to P*. We
can describe the lattices of characters and cocharacters .#,, and .4;, of Tp» by looking

at the following exact sequence:
1 —-C — (C)" — Tpn — 1

We obtain the fact that ., = {m = (mo,...,m,)m € Z""'&>"" ;m; = 0} and
Ny =7 )(Z{(1,...,1)}).

We now define a projective toric variety in a similar way to an affine toric variety,
when we were given a torus Ty and a finite subset &7 = {my, ..., m4} of its character
lattice M. We then have the map &, : Ty — (C*)® as discussed earlier. We then
have the projection map 7 : (C*)* — Tps—1 C P71,

Definition 1.3.1.1. Given Ty, M, o/, ®,, 7 as above, we define the projective toric

variety X, as the Zariski closure of mo @, (Tx) in Pt

Given a projective variety X C P", we know that there exists a homogeneous ideal
of I(X) C Clzo, ..., x,] that corresponds to X by the projective Nullstellensatz. The
affine variety X corresponding to I(X) in C"*! is called the affine cone of X. Now,
we can discuss how the affine cone X w of X, behaves with respect to the affine toric
variety Y, which we described in an earlier section. We use some facts about the
kernel L of the map ég{ : Z° — M of character lattices which we used earlier to define
the toric ideal I; = I(Y.,) of Y.

Proposition 1.3.1.2. Consider a finite subset 7 of the character lattice M of a torus
Ty, and the affine and projective toric varieties, Y, and X, respectively, obtained

from 7. Then the following are equivalent:
1. The affine cone of X, is Y,,.
2. I =1(Xy)

3. Iy, is a homogeneous ideal.
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4. There exists u € N and k > 0 such that (m;,u) =k fori=1,... s

Sketch. We can see that the definition of the affine cone of a projective variety proves
that 1. and 2. are equivalent. We also see that 2. implies 3. is obvious. To show that
3. implies 4., we first see that the ideal I} is generated by homogeneous polynomials

of the form z® — z? we tensor the following exact sequence with Q, and dualize it:
0—=>L—->72Z"—M
to get the exact sequence:
Ny — Q° — homg(L ®7Q,Q) — 1

We now see that the image of (1,...,1) in homg(L ®7zQ, Q) is 0, since the ideal I}, is
generated by homogeneous polynomials of the form 2*—2”, and hence, (I, (1,...,1)) =
0 for all [ € L. Therefore, for the element @ € Ng which maps to (1,...,1) € Q°, we
have that (m;,a) = 1 for all m; € &/. To show that 4. implies 1., we only have to
show that X, N (C*)* C Y,,, since it is obvious that Y,, C X,,. To show this, we use
the fact that any p € X, N (C*)* is of the form p(x™ (), ..., x™(t)). We use the el-
ement v € N to show that the image of the point A“(7)t in the map ®,, : Ty — C**!
can be manipulated to get p. And hence, p € Y,,. O

Now, another way to think about this condition is that there exists an affine
hyperplane in M that contains the points in .7 that does not pass through the origin.
And hence, when we are given any finite subset &7 of the character lattice M of a
torus Ty, we can consider the subset o7 x {1} C M @ Z, which is the character
lattice of the torus T x C*. We therefore have the map ®.. 41 @ Ty x C* — C?,
where, (¢, 1) — (ux™ (1), ..., ux™ (t) = pw(x™ (t),...,x™(t)). Hence, we have that
the projective toric variety X, is the same as that of the projective toric variety
X.x{1y, and the affine cone of X/, 1) is the affine toric variety Y, .1}, since the set
o/ x {1} lies on an affine hyperplane in M & Z that does not lie on the origin.

An example to consider here is as follows:

Example 1.3.1.3. We described the affine toric variety Z(/) in 1.2.2.5. We see
that we can define an analogous projective toric variety by using &7 = {(d,0), (d —
1,1),...,(1,d—1),(0,d)}, and using this description, we have a projective toric variety
X that satisfies the conditions of 1.3.1.2.
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Now, if we were to consider 8 = {0,1,...,d} C Z, we can construct the affine
toric variety Yz and the projective toric variety X4. In this case however, I(Yy is

not homogeneous and does not satisfy 1.3.1.2, even though X, = X 4. %X 29

We have not yet described how the character lattice of a projective toric variety

X looks. We will answer this question with the following proposition:

Proposition 1.3.1.4. Consider a projective toric variety X,. Then the character

lattice of the torus contained in X, is given by:
7 of = {Z a;m;la; € Z, Zai =0}
i=1 i=1

Sketch. We prove this in a similar way to 1.2.2.1, by considering the maps between
the different character lattices mentioned there, along with the projection map 7 :

(C*)* — Tps—1, and corresponding map of character lattices to obtain the following

Mg g
|
M/

Where M’ is the character lattice of the torus in the projective toric variety X, .

commutative diagram:

Again, by using a similar argument to 1.2.2.1, we get the required isomorphism of
lattices. O

Another special thing about projective space P*~! is it has a decomposition into
open sets U; := Ps"1\V(x;) each of which are isomorphic to the affine space C*~! as

follows:
U, PNV () 2 CoF

) o . ai Ai—1 Gjt1 Qs
(@ : - ra;:--rag)— [ —, ..., , e, —

a; ’ Q; a; a;

We see that each affine piece U; contains the torus Tps—1, which we see maps to the
torus (C*)*~!. We can then show that the affine pieces of a projective toric variety

X7, which are given by X, N U;, correspond to the following affine toric varieties:
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Proposition 1.3.1.5. Let X, be the projective toric variety for &7 = {my,...,ms} C
M, where M is the character lattice for the torus T. Then if U; are the affine pieces
of P~ X, NU; is the affine toric variety:

Y., = Spec(C[Si])

where o, = o/ —m; = {m; — m;|j # i} and S; = Z>o<f Moreover the inclusions
Xpav NU; O Xpane NU; NU; C Xpaar NU; is given by the following localizations:

Spec(C[Si]) D Spec(C[Si]mi-m; ) = Spec(C[S;] m;-m;) C Spec(C[S;])

Sketch. This description of X, N U; comes from the morphism ®,, : Ty — C*7!) as
described in 1.2.2.1, which we see is the same as the map W; o 7 o ¢, which gives
us the affine piece X, N U;. Showing that the intersection of affine pieces take the
form mentioned in the theorem is just noticing that x™i~™ € C[S;] is always non

zero when we restrict it to X, N U; N Uj, and then using that. ]

Finally, we describe the affine pieces of a projective toric variety X, as those

corresponding to vertices of the polytope generated by <.

Proposition 1.3.1.6. Given & = {m,,...,ms} C M for the character lattice M of
the torus Ty, and let P = Conv(&/) C Mg, i.e., P is the convex hull of &7 and hence
is a polytope generated by «/. Let J = {i € {1,...,s}|m; is a vertex of P}. Then
Xy = UjeJXﬂ NU;.

Sketch. The proof of this theorem is to show that when m; is not a vertex, m; can be
written as the convex linear combination of vertices of P. Clearing the denominators
in this linear combination so that it is a linear combination with integral coefficients,
and using this, we can show that for some vertex m;,j € J, m; —m; € S;. Hence,
x™ 7™M € C[Sy], due to which C[S;], mi-m; = C[S;]. We therefore have that X, NU; =
XyNU;NU; C Xy NUj, by 1.3.1.5, and we are hence done. O

1.3.2 Relationship with Polytopes, and the Notion of a Nor-

mal Fan

We start by considering a polytope P C My, which is very ample relative to the
lattice M, which is the character lattice for the torus 7). Then we get the finite
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subset PN M = {my,...,m4}, and we can look at the projective toric variety X pny;.

Proposition 1.3.2.1. Consider the projective toric variety Xpnys, for a full dimen-

sional very ample lattice polytope P. Then the following facts are true:

1. The affine pieces of Xpnys are affine toric varieties of the form Xpqy NU; =
Spec(C[oy N M]), where o; is the strongly convex rational polyhedral cone dual
to the cone C; = Cone ((P N M) — {m;}), where m; is a vertex of P.

2. The torus of Xpnas has character lattice M.

Sketch. To prove 1., we show that the cone Cone ((P N M) — {m;}) and its dual
o; is strongly convex, by considering the hyperplane H,,, if the vertex m,; is the
intersection PN H, . Then, using the fact that S; = Z>o(PNM — {m;}) is saturated
since P is very ample, we show that 0/ N M = S;, and we get the required description
of the affine pieces of X, using 1.3.1.5 and 1.3.1.6. 2. follows by using 1.2.4.1. m

Example 1.3.2.2. We can consider the lattice polytope P = Conv ({(0,0), (1,0),(0,1)}) C
Z2. We can see that since P is a polygon, our given construction works, and we find

out that the projective toric variety Xpnys is isomorphic to the projective space

P2 2 20

Now, we study how these cones o; patch together on Ng. For a full dimensional
lattice polytope P = Conv(A) C Mg, we know there exists a facet presentation of
P of the form {m € Mg|(m,ur) > apVup,ar}, where up are vectors in N, and
—ap € Z. Now, for a vertex m; of P, we can show that faces () < P containing m;

bijectively correspond to faces Q,,, < o, by the following relation:

Q — Cone((Q N M) —{m;}) = Qm,

Now, in particular, using the facets that contain m;, we have that every facet of P
that contains m; corresponds to a facet of 0, and we hence have a facet presentation
of

o/ ={m € Mg|(m,ur) > 0V facets F > m,}

What is special about this is that this gives us an alternative presentation for o; by
duality:

o; = Cone({ur|F is a facet of P containing m;})
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We can similarly define the corresponding cone og C Ng for each face ) < P as
follows:

oo = Cone({up|F is a facet of P containing Q})

Now, let us denote the collection of these cones as X p. We define a collection of

cones in Ng with special properties as follows:

Definition 1.3.2.3. Let X be a set of rational polyhedral cones in Ng. It is called a

normal fan if it satisfies the following properties:

1. Fach cone o € X is a strongly convex cone.
2. For a cone o0 € X, every face T of o is also a cone in X.

3. The intersection of two cones o,0’ € 3 is a face of each.

We call the union of cones |X| = J, .5 0 in a normal fan X as the support of the
fan ¥. The collection of all r-dimensional cones in 3 is denoted by (7). We now

state the following theorem:

Theorem 1.3.2.4. Let P be a full dimensional lattice polytope in Mg. Then the

following are true:

1. The collection of cones > p is a normal fan of cones in Np.

2. The support of Xp is the whole space Ng.

Example 1.3.2.5. For the polytope P, the fan ¥ has the following cones:

Y= {{<O’ O>}p17 P2, pP3,01,02, 03}

Where p; = Cone({v;}) and o; = Cone({v,, v}) such that a # ¢ and b # i. Here,
V] = €1,Vy = €9,V3 = —e; — ey for the standard basis {e; = (1,0),e; = (0,1)} of R2.
This is visualised in figure 1.1

040

This notion of a normal fan is the foundation for how we define abstract toric
varieties, and this will be explored deeply in the next few sections. Now, we will
discuss how this fan is important in the context of 1.3.2.1, namely how the intersection
of affine pieces corresponds to the toric variety of a cone in the fan > p, since we already
saw how the affine piece Xpnys NU; is the affine toric variety obtained from the cone

0;,which is in the fan Xp.
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Figure 1.1: The fan Xp embedded in Ng.

Proposition 1.3.2.6. Let P be a full dimensional and very ample lattice polytope in
Mg, and let Xpnps be the associated projective toric variety. Let m; and m; be two
vertices in P, corresponding to the affine pieces X pryNU; = Uy, and XpryNU; = Us,-
Let Q X P be the smallest face of P containing both m, and m;. Then the intersection
of the affine pieces U,, and U, is given by the following toric variety:
Xpru NU; N U; = Spec(Cloy, N M) = Uy,
Moreover, the inclusion Xpny NU; D Xpay NU; NU; C Xpay N U; is given by the
localisation:
UC"i ) (Uﬂi)

mj—m; = UO’ = (Uo.j>xmi7mj C Uo'j

X Q

Sketch. We can show this by using 1.3.1.5, and applying 1.1.2.8 with o0;,0; and o¢g =
g; N gj. ]

We now define the projective toric variety of a full dimensional lattice polytope

P as follows:

Definition 1.3.2.7. The toric variety defined by the full dimensional lattice polytope
P C My s the projective toric variety Xgpponr, where k € N is chosen such that the
polytope kP 1is very ample.
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1.4 (Normal) Toric Varieties

1.4.1 Abstract Varieties, and The Toric Variety of a Normal

Fan

We first begin by defining an abstract variety as a glueing of finitely many affine
varieties. We then talk about how for a normal fan ¥ on Ng, the affine toric varieties
defined by each of the cones o € ¥ glue together to give us an abstract toric variety
that is normal.

We first start with how to define an abstract variety, referring to [CLS11]. For
this, we begin with a collection of finitely many affine varieties {V, },c4, for a finite
indexing set A. We define an equivalence relation on the disjoint union of {V, }.ca,
after we define a group of gluing functions.

For every pair of affine varieties V,, V},, we have Zariski open sets V;, , C Vg, Vo C
Vi and corresponding morphisms gyq @ Voo — Vap and gap : Vop — Vi o, which are
inverses of each other and hence form isomorphisms between V4, and V, ;. The other
property these functions have is that for any three a,b,¢c € A, gyo(Vou N Vea) =
Vap N Vep and geo = Gep © gboa-

Now if we define a relation ~ on | |, V., where x ~ y when y = gy.(x) for

acA
some b,a € A. Then the conditions we discussed earlier will ensure that ~ is an
equivalence relation. We now define the abstract variety X as the set | |, ., Va/ ~
with the quotient topology. We notice that the set U, = {[a] € X|a € V,} is an open
set of X, and is isomorphic to V,. Thus, locally, X looks like an affine variety.

We call an irreducible abstract variety X normal if all the corresponding local
rings Ox, are integrally closed. This is equivalent to the condition that for a cover
of affine open sets of X, each affine open set is a normal affine variety.

We can now define an abstract variety Xy if we have a normal fan ¥ as defined
in 1.3.2.3. In this case, we consider the collection of affine varieties U, obtained from
every cone o € Y. We obtain the gluing morphisms from 1.2.4.2 and the following

relationship between U,, U, , U,, for three cones o,0’,7 € ¥, such that 7 = o No’:

1%

U, D (Ug)xm U, = (UU/)X—m Cc U,

Where m is such that 7 = o N H,, = ¢’ N H,,, which we obtain from 1.1.2.8.

We now define a general toric variety as follows, and then see that Xy is a toric
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variety for a normal fan 3.

Definition 1.4.1.1. A toric variety is an irreducible variety X that contains a torus
Ty = (C*)™ as a Zariski open subset, such that the action of Tx on itself extends to

an algebraic action of Ty on X.

Now, Xy is a toric variety since for each affine toric variety U, for a cone o € ¥,
the corresponding torus is T, where N is the lattice corresponding to Ng, where the
cones in Y are contained. And when gluing these varieties together, Ty is contained
in the intersection of all these affine varieties, and are hence the same torus in Xs.
The action of Ty extends on each U,, and then one just has to show that they patch
together with the gluing morphisms to obtain an algebraic action of Ty on Xy.

Xy is also a normal variety since each cone o is a strongly convex rational poly-
hedral cone, and hence, U, is a normal affine variety. Thus Xy is normal based on
our discussion earlier.

We can see that for every full dimensional polytope P C Mg, the projective toric
variety X p is isomorphic to the toric variety Xy ,. Similarly, if we take the collection
of all faces of a strongly convex rational polyhedral cone o C Ng, it forms a fan and
we get an associated toric variety which is isomorphic to U,. Henceforth, all toric
varieties we study will derive from normal fans ¥ of cones in Ng, and hence will be

normal toric varieties.

1.4.2 Limits of Cocharacters, and the Orbit-Cone Correspon-
dence

In this section, we first want to recover the cones and hence the fan that gives us a

toric variety Xy. We do this by taking a look at the limits of cocharacters v € N as

z — 0. This works because for v € N, the corresponding cocharacter lim, o A"(z)

goes to the distinguished point . € U, for the cone 7 in fan ¥ such that v € relint(7).

This is covered in the following proposition:

Proposition 1.4.2.1. Let ¥ be a normal fan in N, and Xy be the corresponding

toric variety. Let v € N be a point in the cocharacter lattice. Then:
1. v € relint(7) if and only if lim, o \’(z) = .

2. If v ¢ |X]|, then lim,_,0\"(z) does not exist in Xy
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Sketch. In this proof, if v € o, we use the following identification: Ty = homgz (M, C*),
and the corresponding identification between points of U, and semigroup morphisms
from S, to C. We then check the case for the limiting morphism v : S, — C, which
we see corresponds to the distinguished point z,. The second point is true because
the limit point of A\Y(z) is not defined in U,, as z — 0, if v ¢ 0. O

These distinguished points of each cone 7 help us identify the T orbits of Xy.
We define the orbit O(o) of the distinguished point z, for a cone o € ¥ as follows:

O(o) =Tn - 2,

Example 1.4.2.2. For the projective space P?, we have the fan described in 1.3.2.5.
The map of the cocharacter \* to P? for u = (a,b) € N = Z?* is given by \*(t) = (1 :
t% : t*). And hence, for each cone o € ¥, the limit of the cocharacter for u € relint(c),

and hence the distinguished point x,, is given as follows:
1. lim, ;o A¥(2) = (1:1:1) for v € relint({0}).
2. lim, 0 A"(2) = (1:0: 1) for v € relint(py).
3. lim, ,o A’(2) = (1:1:0) for v € relint(py).
4. lim, o AY(2) = (0:1:1) for v € relint(py).
5. lim, 0 A”(2) = (0:1:0) for v € relint(oy).
6. lim, ,o A"(2) = (0:0: 1) for v € relint(oy).
7. lim, ;o A"(2) = (1:0:0) for v € relint(os).
2 20

Now, we can show that this is isomorphic to the torus obtained from the lattice
construction N (o) = N/Z(o N N), whose dual lattice is - N M. The torus obtained
from this lattice N(o is denoted by Ty(). We describe this isomorphism in the

following proposition:

Proposition 1.4.2.3.

O(0) ={y: 8, = Cly(m) £0 =& me o'} = Ty,
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Sketch. We prove this after noticing that z, € 0" = {y : S, — Cly(m) # 0 &
m € o}, and that O’ = homz(ct N M, C*), which we do by restricting v € O’ to
ot N M. We can then see that Tniy = homgz (o N M, C*) implies our result. This
last isomorphism can be obtained after working out that N (o) and o N M are dual
lattices to each other, and hence by applying hom and tensor products with C* as

required, we get the isomorphism. O

With this above proposition, we can describe the torus orbits of P? using 1.4.2.2.
Now, we can state the main result of this section, which generalizes this description

to any toric variety Xy for a fan ¥ € Ng:

Theorem 1.4.2.4 (Orbit-Cone correspondence). Let ¥ be a normal fan in N, and

let Xy, be the associated toric variety. then the following facts are true:

1. There is bijection between the cones o € ¥ and the T orbits of Xy as follows:
o+ O(0)

Which means all torus orbits of Xy are of the form O(co) for some cone o € X.
Moreover, if dim(Ng) = n, dim(O(0)) = n — dim(o)

2. The affine open variety U, C Xy can be written as a union of torus orbits as

follows:

U, = J o)

T=0

3. For a cone 7 € ¥, a cone o has 7 as a face if and only if the closure O(r)

contains O(c). Moreover;

o(r) = J 00
o=
Sketch. To prove 1., we see that any orbit O in Xy, belongs to U, for some ¢ € ¥, and
if we pick the minimal such cone 7, we can prove that O = O(7). The dimension of O
comes from the dimension of Ty (,), as discussed in 1.4.2.3 To prove 2., we just notice
that U, has to be a union of torus orbits, and then use the fact that O(r) C U,

only if 7 < 0. To prove 3., we show the closure O(7) in the complex topology is

given by the union, by using the fact that it is torus invariant, and using the limits
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of cocharacters v € relint(o), such that o > 7. Then we show that the closure in the

complex topology as well as the Zariski topology coincide for O(7). O

1.4.3 Complete Fans and Associated Toric Varieties

In this section, we try to relate when a toric variety Xy is compact in the classical
topology obtained from C to the the support of the fan . The main theorem of this

section is as follows:

Theorem 1.4.3.1. The toric variety Xy is compact in the classical topology if and
only if |X| = Ng.

This is done by showing that a particular morphism obtained by a map between
fans is proper, which can be specialized to a map from ¥ to the {0} fan. We state

that result here, from which 1.4.3.1 is a simple corollary:

Proposition 1.4.3.2. For a lattice homomorphism ¢ : N' — N, which maps a fan
¥ in Ng into a fan ¥ in Ng, the corresponding map of varieties ¢' : Xy — Xy is
proper if and only if ¢(|¥'|) = |X].

Sketch. To prove that ¢(|X'|) = |X|, we see that if there exists v’ such that ¢(v') = v €
13|, and o' ¢ |¥'], then by 1.4.2.1, X\?(2) has a limit when z — 0, but A” (z) does not,
which contradicts properness. To prove the properness of the map when ¢(|¥'|) = |¥],

we use the valuative criterion of proper maps as described in [Har77]. O



Chapter 2
Toric Divisors and Vector Bundles

In this chapter, we will only be discussing separated irreducible normal varieties.
Much of this chapter is based on similar sections in [CLS11], with some of the algebraic

geometry being based on [Har77].

2.1 Divisors over a toric variety

2.1.1 Introduction to Weil and Cartier Divisors

For a variety X, a prime divisor D of X is an irreducible variety of codimension 1.
Prime divisors are special because we get a ring Ox p C C(X) which is a discrete
valuation ring on the field of fractions C(X) of X and hence gives a discrete valuation
on vp : C(X)* — Z. The DVR associated to the prime divisor D is of the following

form:
Oxp ={f € C(X)|f is defined on U C X, where U open and U N D # (0}

We see that for an open subset U C X, Ox p = Opunp which we get from the fact
that C(U) = C(X), since X is irreducible. We start with the following proposition:

Proposition 2.1.1.1. For f € C(X), vp(f) is zero for all but finitely many prime
divisors D of X.

We now define the group of Weil divisors over X:

29
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Definition 2.1.1.2. 1. The free abelian group generated by prime divisors D of
a variety X is called the group of Weil Divisors over X, and is denoted by

Div(X). Their elements are called Weil divisors, or just divisors, of X.

2. When a Weil divisor D, when represented as a sum of prime divisors, has only
positive coefficients, then it is called an effective divisor, which is denoted by
D > 0.

3. For every rational function f € C(X)*, we have a Weil divisor div(f) =
2D, is a prime divisor of x VD;(f)Di, which is well defined. Every divisor of this
form are called principal divisors of X. The set of principal divisors is de-
noted by Divy(X)

4. Two divisors D and E are said to be linearly equivalent if there exists a principal

divisor div(f) such that: D = E + div(f).

Since vp is a discrete valuation, div(fg) = div(f)+div(g) and div(—f) = —div(f)
for f,g € C(X)*. Hence Divy(X) is a subgroup of Div(X).
For an open subset U C X, we define the restriction of a divisor D = 3 D, i D;
to U as:
Dly =Y \UND)
D,

where D; are the prime divisors of X.
Another special subgroup of divisors are those called Cartier divisors. These are

Weil divisors that are locally principal. i.e.:

Definition 2.1.1.3. A Weil divisor D of X is called a Cartier divisor if there exists
an open covering of X {U;}, such that D|y, = div(f;) for some function f; € C(U;).
The subgroup of Cartier divisors is denoted by: CDiv(X). The collection {(U;, f;)} is
called the local data of the Cartier divisor D.

We can see that all principal divisors by definition are Cartier divisors. We can
use the relation of linear equivalence of divisors to define the following two quotient

groups:

Definition 2.1.1.4. 1. Diw(X)/Divy(X) is called the class group of X, denoted by
Cl(X).

2. CDiv(X)/Divy(X) is called the Picard group of X, denoted by Pic(X).
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Now we state the following result about the divisors of rational functions, which

motivate our definition of the sheaf of Ox-modules for a divisor D.

Proposition 2.1.1.5. For a function f € C(X), the divisor div(f) > 0 if and only if
f € Ox(X). Moreover, div(f) > 0 if and only if f € O%(X).

We will now define a sheaf of Oy modules on X for each divisor D € Div(X), by
defining the module Ox(D)(U) for each open set U C X as follows:

Ox(D)(U) ={f € C(U))Div(f) + D = 0}

This gives a sheaf of Ox modules Ox (D) over our variety X.

2.1.2 Torus Invariant Weil and Cartier Divisors

In this section, we will first describe an action of a torus on a divisor, and then talk
about torus invariant divisors. We will describe how torus invariant Weil divisors
behave. We then discuss an important correspondence between torus invariant Cartier
divisors of a toric variety Xy that correspond to piecewise linear functions on the
support of the fan .

The way we define the action of the torus Ty on a divisor of Xy, the toric variety
obtained from the fan > begins with noticing that for a prime divisor D; C Xy, the
subset t - D; is also a prime divisor of Xy. Thus, the torus action on a Weil divisor

D =" \;D; over finitely many prime divisors D; is given as follows:

t-D=> X\(t-Dy)

We will connect this with the prime divisors obtained from the 1 dimensional cones
p € X(1). We know from 1.4.2.4 that the dimension of p is the codimension of the
orbit O(p), and hence its closure O(p) = D,. This means that D, is a prime divisor of
Xy, which is invariant under the torus action, because of the way we constructed it.
We also notice that divisors of the form D = ) pesi(1) Ao Dp will be torus invariant. We
can show that all torus invariant Weil divisors are of this form, by using 1.4.2.4once

again. We can describe these prime divisors for P? as follows:

Example 2.1.2.1. Referring to examples 1.3.2.5 and 1.4.2.2, as well as using 1.4.2.4,

we see that the torus invariant prime divisors of P? are of the form:
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1. D, ={(z0: 1 : 22) € P?la; = 0}
2. D,, ={(wo : ¥1 : x2) € Py =0}
3. D,, ={(wo: 1 : 12) € P g =0}
2 20

We will now describe how the divisor of a character x™ € C(Xyx) can be rep-
resented as a sum of prime divisors originating from rays p € ¥(1). We have the

following result:

Proposition 2.1.2.2. Consider a toric variety Xy originating from a fan > in Ng.
For cones p € ¥(1), let u, be the minimal generator of p in p N N. Let D, be the

corresponding prime divisor of Xy,. Then:

1. The valuation of a character x™ at D, is given by:
vp,(X™) = (m; u,)

2. The divisor of the character x" is given by:

div(x™) = Z (m,u,) D,

peX(1)

Sketch. To prove 1., we describe the discrete valuation ring Ox,, p, by studying the
affine variety U, and its intersection with the prime divisor D,. We then get a
discrete valuation on C(X), which for characters x™, can be represented in terms of
the minimal generators u, of p. The proof of 2. follows from 1. and the fact that D,

forms an open cover of Xy, on which ™ is supported. n

We see that the divisor of a character is a torus invariant Weil divisor. Now, we
want to describe how torus invariant Cartier divisors behave, of which div(x™) for a
character x" is an example. For this, we first start with affine toric varieties arising
from strongly convex rational polyhedral cones ¢ C Ng. For the proof of the following

proposition, we refer to [CLS11].

Proposition 2.1.2.3. Let U, be an affine toric variety arising from a strongly convex
rational polyhedral cone o C ng. Then, every torus invariant Cartier divisor is of the

form div(x™) for a character x of the torus Ty, and is hence a principal divisor.
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We can now use this to find a way to describe torus invariant Cartier divisors and

their local data in a more convenient way:

Proposition 2.1.2.4. Let D = ZpEZ(l) ApD, be a torus invariant Weil divisor. D

being a torus invariant Cartier divisor is equivalent to the following properties:

1. D restricts to the divisor of a character x" on each affine set U, for every cone
o€ .

2. For every o € ¥, there exists some m, € M, such that (m,,u,) = —\, for all
p€oa(l).

3. For every cone o € Y.y, i.e., for every maximal cone o of 3, there exists some

me, € M, such that (m,,u,) = —\, for all p € o(1).
Moreover, for each cone o € ¥, m,, is unique modulo o+ N M.

Sketch. We can see that being a torus invariant Cartier divisor is equivalent to 1.
because of 2.1.2.3. Then, we show that 1. is equivalent to 2. using the description
of the divisor of a character discussed in 2.1.2.2. The equivalence of 2. and 3.
comes from the fact that every cone in ¥ is a face of a maximal cone in Y. To prove
uniqueness modulo o N M, we just have to show that if we have m, and m/, satisfying
this condition, then since v € ¢ are spanned by u, for p € o(1), we can show that

me —m. € ot N M, because (mgy,u) = (m, u) for all u € 0. O

This gives us local data of each torus invariant Cartier divisor in the form of
{m,}sex. To make this easier to work with, we can view these as piecewise linear

functions on the support |X| of 3. We define these functions as follows:

Definition 2.1.2.5. A function ¢ : |X| — R is called a support function on ¥ if it
15 linear on each cone o € . Moreover, it is integral with respect to the lattice
N, if o(m) € Z for each m € || N N.

It is quite easy to see how once we have the local data {m, },cx for a torus invariant
Cartier divisor to see how we get an associated support function integral with respect

to the lattice NV, which we describe in the following proposition:

Proposition 2.1.2.6. Let D = ZpGZ(l) Ap,D)p be torus invariant Cartier divisor with

local data {m, },ex of a toric variety X corresponding to a normal fan 3. Then, we
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have the corresponding support function that is integral with respect to N, and is
well defined:
op: || =R

u— (mgy,u)for u € o

Moreover, if we have a support function ¢ : |X| — R integral with respect to the

lattice N, we have the following torus invariant Cartier divisor of Xy:

Dy = Z —(up) Dy

peX(1)

Hence, we have an identification between torus invariant Cartier divisors of Xy and

support functions on ¥ integral with respect to the lattice N.

Sketch. To prove this, we have to check that the defined support function is well
defined, and that Dy is a torus invariant Cartier divisor, both of which are true
because of 2.1.2.4. O

Finally in this section, we describe global sections of the sheaf of Ox,-modules
obtained from torus invariant Weil divisors of a toric variety Xy, which we do in this

following proposition:

Proposition 2.1.2.7. Let D = ZpEE
the toric variety Xy obtained from the fan . Then the global sections of the sheaf

) ApD, be a torus invariant Weil divisor of

Ox, (D) can be written in the following manner:

Ox,(D)(Xs) =T'(Xs, Ox, (D)) = @ C-x"= @ C-x"

div(x™)+D>0 mePpNM

where Pp C M is the polyhedron () oy {m € Mg|(m,u,) > —A,}.

Sketch. To prove this, we notice use 2.1.1.5 to notice that if f € I'(Xy, Ox. (D)),
div(f) > 0 on Ty, and hence, we have that f € C[M]. Now we use 1.2.3.5 to prove
the second equality. To prove the third equality, we use the expression of div(x™) in

terms of sums of prime divisors to represent the ms as the elements of a polyhedron
Pp m

The polyhedron Pp is called the polyhedron of the divisor D. For a complete fan
Y. such that || = Ng, Pp for any torus invariant Weil divisor D of Xy ends up being
a polytope.
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2.2 Vector bundles over Toric Varieties

2.2.1 Introduction to Vector Bundles and Line Bundles

In this section, we will first describe vector bundles and then talk about how they
correspond to locally free sheaves over varieties. A sheaf .7 of Ox-modules over a
variety X is called locally free of rank r, if there exists an open cover {U} of X such
that .Z |y = Of,. Another kind of sheaf of interest to us are those that are generated
by global sections. A sheaf ¢ of Ox-modules over a variety X is said to be generated
by global sections if for every point p € X, the stalk ¥, is generated by images of
se'(X,9).

A vector bundle V' of rank r over a variety X is the variety V with the following
data:

1. A morphism 7 : V — X.

2. An open cover {U;};er of X, with each open set U; coupled with the following
isomorphism:

(bi : Wﬁl(Ui) — Ul x C"
such that composing the projection p : U; x C" — U; with ¢; is 7|1 1,).

3. For every pair i, j € I, there exists transition functions g; ;,g;; € GL.(I'(U; N

U,,Ox)) such that g, ; = g;iland the following compositions are true:

®;

U;nU; = 1 X gijo; U;NU;

i

UinU; = 1 X gjio09; U;NU;

This means that locally, a vector bundle V' of rank r is of the form U x C". We
study vector bundles over a variety X by studying the set of sections over an open
set U C X, which are functions p : U — V such that mop = idy. These sections form
a sheaf over the variety X. This is where locally free sheaves come in. The sheaf of
sections of a vector bundle or rank r over a variety X is a locally free sheaf of rank r.
Moreover, every locally free sheaf of rank r over X is the sheaf of sections of vector
bundle of rank r over X.

Vector bundles of special interest in this section are those of rank 1, called line

bundles. These correspond to locally free sheaves of rank one, which are also called
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invertible sheaves. What is special about line bundles is that the sheaf of O x-modules
over X obtained from a Cartier divisor D is locally free of rank 1. Moreover, given
any invertible sheaf % over a variety X, we have a corresponding Cartier divisor,
since we have an open cover {U;}; in; of X, and for each of those U;, a corresponding
function f; € C(U;), that gives us the isomorphism Z|y, = Op,. This gives us the
local data of Cartier divisor D, whose corresponding sheaf of modules is isomorphic
to Z.

We now discuss what it means for a line bundle to be basepoint free, and discuss
some other properties by which this can be characterized. A subspace W C I'( X, %)
of the global sections of a line bundle .Z is said to be basepoint free if for every point
p € X, there exists an s € W such that s(p) # 0. For a Cartier divisor D, the

following are equivalent:

1. The sheaf Ox (D) is generated by global sections.
2. The space I'(X, O) X (D)) associated to D is basepoint free.

3. For every point p € X, there exists an s € I'(X, Ox (D)) such that p is not in

the support of the divisor of zeroes of s.

We finally discuss a map to a projective space which is the backbone of the def-
inition of very ampleness. We first start by defining P(WV) for a the dual WY of a
subspace W C I'(X, %) for an invertible sheaf ., as P(WY) = WY — {0} /C*. Now
to define the map ¢ w : X — P(WVY), we look at each point p € X, and consider
a non zero point v, € 7 '(p) = C, where 7 : Vo — X, is the map associated to
the line bundle V¢ corresponding to our invertible sheaf .. Then, for any s € W,
s(p) = Asvp, and this gives us a map [,(s) = A, which is a member of WV and is
unique upto choices of v,. Therefore, the class [[,] is well defined in P(W") for each

p € X, and hence gives us our required map ¢ »,which ends up being a morphism.

2.2.2 Basepoint free and Very Ample Toric Divisors

We first discuss how we can describe the property of a torus invariant Cartier divisor
D of a toric variety Xx being basepoint free is related to the polyhedron Pp of the

divisor. This is given by the following result:

Proposition 2.2.2.1. Let D be a torus invariant Cartier divisor of the toric variety

Xy, with local data {m,}ses,... Moreover, let ¥,.x = 3(n), which means that the
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local data is unique for D. Then D is basepoint free if and only if m, € Pp for all

cones o € X(n).

For fans 3 such that |X| is convex and has the same dimension as Ni (such fans
are said to be full dimensional with convex support), the convexity of the support
function ¢p of a torus invariant Cartier divisor D is also an equivalent characterization
of D being basepoint free. First, we see that Pp for a torus invariant Cartier divisor

D can be represented in terms of its support function ¢p as follows:
Pp ={m € Mg|pp(u) < (m,u)Vu € |X|}
A support function ¢ : |X| — R is said to be convex if:
otu + (1 —t)v) > td(u) + (1 —t)p(v)

Now, we characterize the property of a torus invariant Cartier divisor D being base-

point free as follows:

Proposition 2.2.2.2. Let D be a torus invariant Cartier divisor of the toric variety
Xy, where the fan ¥ is full dimensional with convex support. Let {m,},exm) be
the local data for the divisor D, whose support function is ¢p. Then the following

properties are equivalent:
1. D is basepoint free.
2. m, € Pp for all cones o € ¥(n)
3. The support function ¢p : |X| — R is convex.
4. ¢p(u) = mingesm) (Mo, u)

Moreover, if the fan Y is complete, the above conditions are equivalent to the follow-

ing:
1. Pp = Conv({m,|o € ¥(n)}), and the vertices of Pp are all the m,.
2. ¢p(u) = ming,ep,nn (m, u).

We now describe what ample and very ample Cartier divisors are. We start

with a complete normal variety X, with Cartier divisor D. Then the divisor D and
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the associated line bundle is said to be very ample if D is basepoint free, and for
W =T'(X,O0x(D)), the morphism ¢pw : X — P(WV) is a closed embedding. D is
said to be ample if kD is very ample for some natural number k.

We defined the projective toric variety X of a full dimensional lattice polytope P
in the previous chapter. This corresponds to the toric variety Xy, for the fan ¥p
obtained from the polytope P. Here, we will use a facet presentation of P of the

following form:
P = {m € Mg|(m,ur) > —ap over all facets F'}

Now, using this, we can see that the divisor Dp = > ¢ .1 fucets p @FDp is a torus

invariant Cartier divisor. Furthermore, the following statements are true about Dp:

Proposition 2.2.2.3. 1. Dp is an ample divisor, which becomes very ample if

and only if P is a very ample polytope.

2. For dim(Mg) = n > 2, the divisor kD is very ample for all £ > n — 1.

This tells us how very ample polytopes give rise to very ample divisors in the

corresponding projective toric variety.

2.2.3 Torus Equivariant Vector Bundles

In this section, we refer to chapter 2 of [Pay08] to discuss Klyachko’s classification
of torus equivariant vector bundles over toric varieties. We first begin with how we
construct a filtration of vector spaces, given a torus equivariant vector bundle over a
toric variety.

We first begin with a vector bundle V' over a toric variety Xy, which has an action

of the torus T on it such that the following diagram commutes for all ¢t € Tyy:

V —t stV

L

Xzét'Xg

Such vector bundles are called torus equivariant vector bundles over the toric variety
Xx. With an action of Ty on both V and X, we can define an action on the space of
global sections I'( Xy, V) as follows, for each s € I'( Xy, V):

Ty x T'( Xy, V) = T(Xg, V)
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(t-5)(p) = t(s(t™"(p)))

This action on I'(Xy, V) leads to a decomposition of I'( Xy, V') into eigenspaces as
follows, since I'( Xy, V') is a C- vector space, by 1.1.1.3:

M(X5, V) = D T(Xs, V)
meM

Where I'( Xy, V), is the eigenspace where ¢ - s(p) = x"(t)s(p). Now to build the
filtration of vector spaces, we first consider the fiber of the identity x( of the torus in
Xy, over V. Call this vector space E. Now, we have a map from I'( Xy, V), to E, by
evaluation at xy. Let the image of this map be FE,, C E. Similarly, we have a map
LUy, V)m < E, by evaluation at o, whose image we denote by E7 C E.

Now, we describe a map I'(U,, V), = I'(Us, V)i—me, obtained by multiplication
by x™. This is because if we have that s € T'(Uy, V), (t-8)(p) = X (t)s(p). Hence,
we get that:

’ / / !

(™ (p)s(p)) = tX™ (t'p)s(t'p)) = X" (EX™ (D)X (H)s(p) = X" ()™ (p)s(p)

Therefore, x"'s € T(Uy, V) pm_m. Hence, we get the following commutative diagram:

/

LUy, V) = T(Uy, V)

lS(%) lS(wo)

E E

Hence we see that EJ C E¢ This inclusion becomes an isomorphism for

—m/’
m' € o N M. We can now define the filtration of vector spaces on E by considering
the rays p € X(1). For these cones, we define £(i) = Ef, , where m; € M such that

(mi, u,) = 1. Then we get the following decreasing filtration:
D EP(i—1) D EP(E) D EP 1) D -

Another important aspect is that using 2.1.2.3, we can say that all torus equiv-
ariant line bundles over an affine toric variety U, arise as divisors of characters x™
for m € M, and are unique modulo o N M. Moreover, the underlying line bundle is
trivial. We then get the following result about torus equivariant vector bundles over

an affine toric variety:
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Proposition 2.2.3.1. Every toric vector bundle over an affine toric variety U, splits
equivariantly as a sum of toric line bundles over U,. And therefore, we have a bijection

between finite multisets over M /(o N M) and toric vector bundles over U,.

We end this section with a statement of Klyachko’s classification of toric vector
bundles, before which we describe a morphism ¢ between two vector spaces £ and
F with decreasing filtrations {E”(i)} and {F*(i)} indexed by rays p € X(1). ¢ is a
linear map from E to F, which takes EP(i) into F*(i) for every i € Z and p € X(1).

Proposition 2.2.3.2. The category of toric vector bundles over the toric variety Xy
is naturally equivalent to the category of C vector spaces with collections of decreasing
filtrations indexed by p € (1), which satisfy the following compatibility criterion:

For each cone o € ¥, there is a decomposition of F = @[m]e MJotnM Epy), such that:

E()= Y  Ew

[m][{m,up) =1

for every p € o(1) and i € Z.
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