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Abstract

In this thesis, we study structural and entropic properties of hom-shifts arising from

finite connected graphs. Our main goal is to understand how the topology of the
underlying graph influences rigidity phenomena in the associated shift space. We
prove that whenever the square cover of a graph is a tree, the corresponding hom-
shift is entropy minimal, meaning that forbidding any admissible pattern strictly
decreases entropy.

To develop the necessary tools, we investigate Lipschitz extension problems for
graph homomorphisms and establish a bipartite version of the Kirszbraun—Helly
equivalence, adapted to parity-preserving maps. This extension framework plays a
key role in enabling global constructions from local constraints.

A central component of our approach is the use of height functions obtained by
lifting configurations using the square cover of the graph. This cover provides a
natural setting in which lifts are well defined and distances encode global structural
information. Using the ergodic theorems, we analyze the asymptotic growth of these
height functions and show that maximal directional slope forces strong rigidity.

A final chapter discusses a related direction for certain tiling systems, where we

prove a necessary and sufficient condition for tileability.
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Chapter 1
Introduction

In this thesis we study shift spaces arising from graph homomorphisms from the
lattice Z? into a finite graph. Let G be a finite undirected graph without multiple

edges. The space
Xg = Hom(Z%, G)

consists of all graph homomorphisms from Z? to G. Such spaces, called hom-shifts,
form an important class of multidimensional shifts of finite type. They arise natu-
rally in several models in statistical mechanics and combinatorics like the hard-core
model, the Widom-Rowlinson model and proper k-colorings of Z.

A fundamental invariant associated with a shift space X is its topological entropy,
denoted by hiop(X), which measures the exponential growth rate of admissible pat-
terns as the size of the underlying region increases. Computing the entropy of
multidimensional shifts of finite type is generally a difficult problem. Instead of
attempting to compute entropy explicitly, we study a structural property of shift
spaces known as entropy minimality. A shift space X is said to be entropy minimal

if for every proper subshift Y C X we have
htOP(Y> < htOp(X>-

For d = 1, irreducible nearest-neighbour shifts of finite type are entropy minimal
(see [LM21]). In higher dimensions, however, much less is known. Certain strong

mixing conditions imply entropy minimality ([Sch10]), but nearest-neighbour shifts

1



CHAPTER 1. INTRODUCTION 2

of finite type with weaker mixing properties need not be entropy minimal ([BPS10]).
Hom-shifts provide a natural class of systems in which these questions can be stud-
ied.

The goal of this thesis is to prove entropy minimality for a class of hom-shifts
by analyzing the structure of measures of maximal entropy. A key observation from
thermodynamic formalism is that to prove entropy minimality it suffices to show
that every measure of maximal entropy is fully supported. Moreover, it is enough
to consider ergodic measures.

The approach developed here relies on associating height functions to configura-
tions in Xg. These height functions arise from lifting configurations to a covering
graph of G known as the square cover, which is obtained as a quotient of the univer-
sal cover. Tools from algebraic topology on graphs provide a framework for studying
these lifts and for ensuring their existence. Once a lift of a configuration is fixed, it
naturally induces a height function whose differences capture rigidity properties of
configurations.

The asymptotic behaviour of these height functions is studied using the ergodic
theorems. In particular, one can define slopes describing the average rate of change
of the height function in each coordinate direction. Measures whose slopes are
maximal in some direction correspond to configurations with rigid behaviour and
lead to zero entropy. For measures whose slopes are submaximal in every direction,
we obtain uniform bounds on the growth of height differences. More precisely, for
sufficiently large boxes, the difference between the height at the origin and the height
along the boundary is bounded by a constant multiple of the side length of the box.

A further ingredient in the argument is a bipartite version of the Kirszbraun—
Helly equivalence for graphs. This result provides a mechanism for extending Lip-
schitz maps defined on subsets of the lattice. In the present setting it allows one
to combine any finite admissible pattern in the interior of a large region with a
configuration outside the region belonging to the support of a measure of maximal
entropy. Using this extension property, we show that every admissible finite pattern
appears in configurations in the support, and hence that every measure of maximal
entropy is fully supported.

Combining these ingredients yields the entropy minimality of the hom-shifts
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considered in this thesis.

Theorem 1.0.1. Let GG be a finite connected graph and let Xz = Hom(Z%,G)
denote the associated hom-shift. If the square cover of G is a tree, then Xy is

entropy minimal.

We show in Lemma 5.5.1 that the square cover of G is a tree exactly when G is

square-free.

The thesis is organized as follows. Chapter 2 introduces shift spaces and the ba-
sic symbolic dynamics needed for the rest of the thesis. Chapter 3 introduces ergodic
theoretic tools, and the thermodynamic formalism required to relate entropy mini-
mality to the structure of measures of maximal entropy. Chapter 4 establishes the
bipartite Kirszbraun—Helly equivalence for graphs. Chapter 5 reviews the algebraic
topology of graphs, including covering graphs and the square group. Chapter 6 in-
troduces height functions and slopes associated with configurations and studies their
properties. Finally, Chapter 7 combines these tools to prove entropy minimality for
the class of hom-shifts studied in this work. The thesis concludes with Chapter 8

where we consider a related problem of tilings by 1 x m and n x 1 rectangles.



Chapter 2

Shift Spaces

2.1 Introduction

Let A be a finite set, viewed as a discrete topological space. The full configuration
space AZ" is endowed with the product topology, and is therefore compact. An
element z € AZ" will be referred to as a configuration, and we write x = (7);-74,
where x; denotes the symbol placed at site i€ Z% The group Z% acts naturally on

A2 by translations.

Definition 2.1.1. For each i € Z%, define the shift map o7 AZ A2y

(osta))y = 25,5
The family {o7}z.54 defines a Z%-action on AZY

Intuitively, the shift translates the configuration by a lattice vector, reindexing

the symbols accordingly.

Definition 2.1.2. A subset X C A% is called a shift space if it is closed (in the

product topology) and invariant under the shift action.

Shift spaces can equivalently be described through local constraints: Let F' C Z¢

be finite. A pattern supported on F' is an element a € A¥. Given such a pattern,
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the associated cylinder set is as follows.
[a]r = {z € A% | z|p = a}.

If x| = a, we may also denote the cylinder by [z]f.
Let F be a collection of patterns, interpreted as forbidden configurations. We
define

Xr= {x e A™ ‘ no translate of x contains a pattern from .7-"} )
More explicitly,
v Xy <<= oiz)|p¢ FforallicZ

It is a standard fact that a subset X C A% is a shift space if and only if it
can be described as X = Xz for some collection F of forbidden patterns. Different
collections of patterns may define the same shift space. Readers can refer to [LM21]

for proofs in the case d = 1. For higher dimensions the same arguments still hold.

Definition 2.1.3. A shift space X is called a shift of finite type if there exists a
finite collection of forbidden patterns F such that X = Xx.

Definition 2.1.4. A shift of finite type is called a nearest neighbour shift of finite
type if the forbidden patterns are supported only on single vertices and edges of 7%
(more precisely the Cayley graph of Z2).

Any shift of finite type can be recoded so as to become a nearest neighbour shift

of finite type, although the alphabet may become larger under this recoding.

2.2 Hom-Shifts

We now restrict attention to configurations taking values in a graph. Let G be a
graph. A configuration = € G%' may be viewed as assigning to each lattice site a

vertex of GG.
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Definition 2.2.1. Define
X& = {x e G™ ’ r7 ~¢ x7 whenever i~ ;} .

Thus X¢ consists precisely of graph homomorphisms from the lattice Z? to G.
We refer to X& as the hom-shift associated to G.
When G is finite, X is a nearest neighbour shift of finite type. Indeed, letting

Fo = {[v,w]dgj vbgw, 1 <5< d},

we obtain
X&=Xx,.

In this sense, hom-shifts are precisely those nearest neighbour shifts whose lo-

cal constraints enforce adjacency in a fixed graph, uniformly across all coordinate

directions.
o 1 0 0
< > 0o |0 |0 |1
0 1 1 10 [0 O
0 [0 |1 |0

Figure 2.1: The constraint graph of the hard-core shift and an example configuration
on a finite region of Z2.

2.3 Topological Entropy

Definition 2.3.1 (Globally Allowed Patterns). Let X C AZ be a shift space and
let A C Z% be finite. The set of globally allowed patterns of X on A is defined by

La(X):={aec A" | Jz € X such that x|4 = a}.

Definition 2.3.2 (Language of a Shift Space). The language of X is the collection
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of all finite patterns that appear in configurations of X, namely

LX) = |J Lax).
Acz?
A finite
Remark 2.3.3 (Locally vs. Globally Allowed Patterns). The notion of global admis-
sibility differs from that of local admissibility. Suppose X is defined by a forbidden
set of patterns F. Given a finite set A C Z¢, a pattern a € A* is said to be locally
allowed if no translate of any pattern from F appears inside a.
In other words, a is locally allowed whenever it does not violate any of the

defining local constraints, even if it does not extend to a full configuration in X.

Definition 2.3.4 (Topological Entropy). Let X C AZ" be a shift space. The topo-
logical entropy of X is defined as the exponential growth rate of the number of

globally allowed patterns on large finite regions. More precisely,
htop(X> = lim

where B, C Z% denotes the box [—n,n]? and |B,| is its cardinality.

The existence of the limit follows from standard subadditivity arguments.

Note that if the graph G is a single edge or a single vertex with a self-loop, then
the number of globally allowed patterns are 2 and 1 respectively. In both cases,
htop(Xe) = 0. We will now see that in all graphs containing either of these two as

a strict subgraph, the topological entropy is positive.

Proposition 2.3.5. Let H be a finite graph with distinct vertices a, b, ¢ such that

a~gband b ~pg c. Then
log 2
htop(XH> Z g .

Proof. 1t suffices to prove the claim for the graph H consisting of exactly three
vertices a,b,c with edges a ~g b and b ~g c. Any larger graph satisfying the
hypothesis contains this graph as a subgraph, and hence the corresponding hom-

shift has entropy at least as large.



CHAPTER 2. SHIFT SPACES 8

For this graph, any configuration in Xy assigns the symbol b to one partite
class of Z%, while vertices in the other partite class may be assigned either a or ¢
independently. Thus the values on half of the sites are forced, while the other half
can be chosen freely between two symbols.

Consequently we obtain
|‘CB (XH)| = 2\_(2n+1)d/2j + 2[(271—‘,—1)51/2"‘

Taking logarithms and dividing by |B,| = (2n + 1)¢ gives

log 2
ht0p<XH) - g .

Proposition 2.3.6. Let X3¢ C {0, 1}Zd be the hard-core shift. Then

log 2
ht0p<XHC) Z 5 .

Proof. Fix one partite class of Z¢ and assign the value 0 to all its vertices. The
hard-core constraint is then automatically satisfied, and the vertices in the other
partite class may be assigned 0 or 1 independently.

Thus we have
L5, (Xac)| > 21En0%2),

Hence ( /2|
1 2n+1)%/2
——log|Lp, (X > —————=log2.
BN og |Lp, (Xnc)| > (2n + 1) 0g
Taking n — oo gives
log 2
hftop<X’HC) > § .

]

Definition 2.3.7. A shift space X is said to be entropy minimal if for every non-

empty proper subshift Y C X we have

hiop(Y) < hiop(X).
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Equivalently, X is entropy minimal if forbidding any globally allowed pattern
results in a strict decrease in topological entropy.

From before, it is easy to see that if GG is a single edge or a single vertex with a
self-loop, then X¢ is entropy minimal, since forbidding any globally-allowed amounts

to getting a shift space which is empty.



Chapter 3

Invariant Measures and Entropy

3.1 Ergodicity

Ergodic theory studies the long-term statistical behavior of dynamical systems
through the lens of measure theory. Rather than analyzing individual trajecto-
ries, one investigates how measurable sets and observables evolve under repeated
application of a transformation. In this, and the upcoming sections, we introduce
the notion of ergodicity and some of the Ergodic theorems, which will be useful in
proving limit theorems for heights in Chapter 6 and Chapter 7. For further de-
tails and proofs of the results in Section 3.1, Section 3.2, and Section 3.3, refer to
[Sar19, EW11, Wal82].

Let (X, B, i) be a measure space, where X is a set, B is a o-algebra on X, and
/4 18 & measure.

A measurable map T : X — X is called a measure-preserving transformation

(m.p.t.) if for every A € B we have
W(T1A) = pu(A).

In this case the quadruple (X, B, u,T) is called a measure-preserving system. If
the measure p is a probability measure then, T' is called a probability-preserving
transformation (p.p.t.).

A set A € B is said to be T-invariant if T7'A = A.

10
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Definition 3.1.1. Let (X, B, u,T) be a measure-preserving system. The transfor-
mation T is said to be ergodic if for every T-invariant set A € B, u(A) = 0 or

n(A) =1.
Thus, in an ergodic system, the only measurable sets that remain unchanged

under the dynamics (up to null sets) are trivial from the measure-theoretic point of

view.

3.2 Ergodic Decomposition

The ergodic decomposition theorem asserts that every invariant probability measure
can be represented as an integral of ergodic invariant measures. As a consequence,

statements about invariant measures can often be reduced to the ergodic case.

Theorem 3.2.1 (Regular Conditional Probabilities). Let u be a Borel probability
measure on a standard probability space (X, B, i), and let F C B be a o-algebra.

Then there exists a family of Borel probability measures {ji, }.cx such that:

1. For every E € B, the map
T — p(E)

is F-measurable;

2. If f is p-integrable, then

[rau= [ (/fdux) du():

3. If fis p-integrable, then
/fdux =E(f | F)(x) for u-almost every x.

Theorem 3.2.2 (Ergodic Decomposition). Let (X, B, i) be a standard probability
space, and let T : X — X be a Borel measurable map preserving u. Let {,}rex

be the family of regular conditional probabilities with respect to Inv (7).
Then:
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1. For every f € LY (X, B, p),

[rau= [ (/fdux) du():

2. For p-almost every x € X, the measure p, is T-invariant;

3. For p-almost every x € X, the measure p, is ergodic.

3.3 Ergodic Theorems

A fundamental question in the study of dynamical systems is whether long-term
time averages along a single orbit reflect the global statistical properties of the sys-
tem. Given a probability-preserving transformation (X, 5, u,T) and an integrable
function f, we may interpret f(T%z) as the observation of a quantity f at time k

along the trajectory of z. One may then ask whether the averages

=z

f(T*z)

0

1
N

i

stabilize as N — oo, and if so, what their limit represents. The ergodic theorem
provides a precise answer: time averages always converge almost everywhere. In the
special case of an ergodic transformation, the limit is constant and equals the global
average [ fdpu, expressing the principle that long-term temporal behavior reflects

spatial averages.

Definition 3.3.1. Let (X, B, u,T) be a probability-preserving transformation. The

T-invariant o-algebra is defined by
Jno(T)={Ee€B:T'E=E}

Equivalently, Ino(T) is the o-algebra generated by all T-invariant measurable func-

tions i.e. all f satisfying f o T = f almost everywhere.
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Theorem 3.3.2 (Birkhoff’s Ergodic Theorem). Let (X, B, u,T) be a probability-
preserving transformation, and let f € L'(X, B, ). Then the limit

N—

flz) = Jim %Z F(T*2)
£

exists for p-almost every x, and

=

—1
foTF — f in L'
0

1
N

£
I

Moreover,
f=E(f|Ino(T)) almost everywhere,

so that f is T-invariant, belongs to L', and satisfies
[ Fan= [ rau

f = / fdup almost everywhere.

If T is ergodic, then

In many dynamical systems one is interested in quantities that measure growth

along an orbit and satisfy a subadditivity property.

Definition 3.3.3 (Subadditive cocycle). Let (X, B, u,T) be a measure-preserving
dynamical system. A sequence of measurable functions {g,}n>1 with g, : X — R is
called a subadditive cocycle if g, € L' (X, B, 1) for all n and for all m,n > 1,

Gman(T) < g () + go(T™z)  for p-almost every x.

Theorem 3.3.4 (Kingman’s Subadditive Ergodic Theorem). Let (X, B, 1, T) be a
probability-preserving transformation, and let {g, }»>1 be a subadditive cocycle over
T with g, € LY(X, B, i1).
Then the limit .
g(x) == lim =g (z)

n—oo N,
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exists for p-almost every z € X, and the function g is T-invariant. Moreover,

o1
/gduzgf@/gndu-

If, in addition, T' is ergodic, then ¢ is constant almost everywhere and

1
g(x) = inf — /gn dp for p-almost every z.

n>1ln

3.4 Support of Invariant Measures

Throughout this thesis, u will denote a shift-invariant Borel probability measure on
a shift space X. The support of i, denoted by supp(u), is defined as the intersection
of all closed subsets Y C X satisfying pu(Y) = 1. Equivalently, it is the smallest

closed subset of full measure.
Proposition 3.4.1. supp(u) is a shift space.

Proof.
supp(p) = ﬂ{F C X : Fis closed and u(F) = 1}.

Since supp(p) is an intersection of closed sets, it is closed.

If Fis closed and p(F') = 1, then by shift-invariance of p,

Moreover, o' F is closed because o' is a homeomorphism.
Since supp(p) is the intersection of all closed full-measure sets, it is contained in

every such set, and in particular in its translations. Therefore
supp(p) C o' (supp(p)).
Applying the same argument to ot gives the reverse inclusion, hence

o' (supp(p1)) = supp(se).



CHAPTER 3. INVARIANT MEASURES AND ENTROPY 15

Since supp(p) is closed and shift-invariant, it is a shift space. O

Proposition 3.4.2. The support of p may equivalently be defined as
supp(p) = {x € X : u(U) > 0 for every open set U containing x}.

Proof. Let
S:={z € X :u(U) >0 for every open set U > x}.

If x ¢ S, then there exists an open neighborhood U of & with p(U) = 0. Hence X \U
is a closed set with u(X \ U) = 1 that does not contain x. Therefore x ¢ supp(u),
so S C supp(p).

Conversely, if © ¢ supp(u), then there exists a closed set F' with p(F) = 1 and
x ¢ F. Then U := X \ F is an open neighborhood of = with u(U) =0, so x ¢ S.
Thus supp(u) C S, proving the claim. ]

3.5 Measure-Theoretic Entropy
We begin with the classical notion of Shannon entropy for a discrete random variable,
which quantifies uncertainty in a probability distribution.

Definition 3.5.1 (Shannon entropy). Let X be a discrete random variable with

distribution (p;). The Shannon entropy of X is
H(X) = —sz‘ log pi,

with the convention that 0log (O = 0.

This notion extends naturally to finite measurable partitions of a probability

space.

Definition 3.5.2. Let (X, B, 1) be a probability space and let P = {Aq, ..., A} be

a finite measurable partition. The entropy of P is

k

Hy(P) = — Z 1(A;) log 11(As).

=1
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We now specialise to shift-invariant measures on Z¢. Let u be such a measure.
For n > 1, define

B, = [-n,n]?,

and let Pp_ denote the partition into cylinder sets determined by configurations on
B,.

The entropy of u is obtained by normalising the entropy of these finite regions.

Definition 3.5.3 (Measure-theoretic Entropy). The measure-theoretic entropy of
1S

. 1
p = lim ——H,(Pg,).

h
n—o0 ‘ Bn’
The existence of the limit follows from subadditivity arguments.
The reader can refer to [Sarl9, Wal82] for more a more general theory of entropy

for dynamical systems.

Definition 3.5.4 (Measure of maximal entropy). A shift-invariant probability mea-
sure p on X s called a measure of maximal entropy if it mazimizes entropy among
all tnvariant measures, i.e.

h, = sup h,,

where the supremum is taken over all shift-invariant probability measures v on X.

The existence of measures of maximal entropy follows from the upper semi-
continuity of the entropy map
v — h,

with respect to the weak-* topology on the space of invariant probability measures
(see [Wal82]).

The Variational Principle gives a relation between topological entropy and measure-
theoretic entropy. Refer to [Din70, Goo71, Wal82] for a proof.

Theorem 3.5.5 (Variational Principle). Let X be a Z¢ shift space. Then the
topological entropy of X satisfies

hiop(X) = sup h,
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where the supremum is taken over all shift-invariant probability measures on X. In

particular, if x4 is a measure of maximal entropy, then

htop(X) - hﬂ'

Note that from Proposition 2.3.5 and Proposition 2.3.6, h, is positive for any
measure of maximal entropy on a hom-shift which is either the hard-core shift or

where the graph has distinct vertices a, b, ¢ such that a ~g5 b and b ~g c.

We will now rephrase the problem of entropy minimality in terms of these mea-

sures of maximal entropy ([QT00]).

Proposition 3.5.6. A shift space X is entropy minimal if and only if every measure

of maximal entropy for X is fully supported.

Proof. Suppose first that X is entropy minimal and let ;1 be a measure of maximal

entropy on X. By the variational principle applied to X,
htop (X) - h,u'

Since supp(u) is a shift space contained in X, the variational principle applied to

supp(y) gives
hy < hiop(supp(p)).

On the other hand,
hiop(Supp(42)) < hriop(X),

because supp(u) € X. Combining these inequalities yields

ht0p<X) S htop(SUPp(M)) S hftop<X)7
and hence
htop(supp(u)) = htop(X)-

Since X is entropy minimal, this forces supp(u) = X. Thus every measure of

maximal entropy is fully supported.
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Conversely, assume that every measure of maximal entropy for X is fully sup-
ported and suppose, for the sake of a contradiction, that X is not entropy minimal.
Then there exists a proper subshift Y C X such that

hiop(Y) = hiop(X).

By the variational principle applied to Y, there exists a shift-invariant probability

measure i supported on Y satisfying
hy = hiop(Y) = hyop(X).

Thus p is a measure of maximal entropy for X, but its support is contained in Y
and hence is not equal to X, contradicting the assumption. Therefore X must be

entropy minimal. O]

3.6 Markov Random Fields

Definition 3.6.1 (Markov random field). A Borel probability measure p on AZ s
called a Markov random field if for all finite sets A, B C Z% satisfying

DAC BC A,
and for all patterns a € L4 and b € L with p([b]g) > 0, we have

pllalal[b]s) = p([ala | [bloa)

In words, the conditional distribution inside a finite region depends only on the

configuration along its boundary.

Definition 3.6.2 (Uniform Markov random field). A Markov random field 11 is said
to be uniform if, for every finite A C Z and every boundary pattern b € Ly, with
w([bloa) > 0, the conditional distribution on A is uniform. That is,

(lala|[bloa) = N
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where

Ny = ‘{a € L | p(lala N [bloa) > 0}‘.
Definition 3.6.3 (Homoclinic equivalence [PS97, Sch97]). Let X be a shift space.
The homoclinic equivalence relation on X, denoted by Ax, is defined by

Ay = {(a:,y) c X xX } x; = y; for all but finitely many i € Zd} )

Definition 3.6.4 (Adapted measure). Let X be a shift space. A probability measure
1 1s said to be adapted to X if

supp(u) C X,

and the support of p is closed under homoclinic equivalence; that is, whenever x €

supp(p) and y € X satisfy (z,y) € Ay, it follows that y € supp(p).

Theorem 3.6.5. Let X be a nearest—neighbour shift of finite type. Then every
measure of maximal entropy on X is a shift-invariant uniform Markov random field
4 which is adapted to X.

The above result is a special case of the classical Lanford-Ruelle theorem (see
[LR69, Rue04]).

The following fact is implied by Theorem 14.15 in [Geo88] and Theorem 4.3.7 in
[Kel98].

Theorem 3.6.6. Let X be a shift space and let p be a shift-invariant uniform
Markov random field adapted to X. Suppose the ergodic decomposition (see Theo-

rem 3.2.2) of p is given by a measurable map x — pu, such that

uz/){uzdu(ﬂﬁ)-

Then, for p-almost every x € X, the measure p, is itself a shift-invariant uniform

Markov random field adapted to X, and moreover

supp (i) C supp(p).



CHAPTER 3. INVARIANT MEASURES AND ENTROPY 20

In addition, the entropy decomposes as

b = | . dul)
X

As a consequence of this theorem, it will suffice for us to check certain claims

only for the ergodic measures.



Chapter 4

Kirszbraun-Helly equivalence for
Graphs

4.1 Kirszbraun-type theorems amd Helly Prop-
erty

A central question in metric geometry is whether Lipschitz maps defined on a subset
of a space can be extended to the whole space without increasing their Lipschitz
constant. Such extension problems arise naturally in analysis, probability, and com-
binatorics, and are closely related to convexity and intersection properties of metric
balls. The classical result addressing this question in Euclidean spaces is due to
Kirszbraun, McShane and Whitney ([Kir34, McS34, Whi34]).

Notation 4.1.1. For 1 < p < oo and z = (21, ...,24) € R? the £, norm is defined
by

1/p
(Zhileil) ™ 1< <00,

maxi<i<q |, p = o0.

[l =

Theorem 4.1.2 (Kirszbraun Extension Theorem). Let A C R" and let f : A — R™
be a Lipschitz map with Lipschitz constant L > 0, i.e.,

1f(z) = fW)ll2 < Lllz —ylla for all z,y € A.

21
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Then there exists an extension

f:R" > R™
such that

L. .ﬂA:faand

2. f is Lipschitz with the same constant L, i.c.,

1f () = F@)ll < Lllz = ylls for all 2,y € R,

The Helly property is a fundamental intersection principle for families of subsets
of a metric or combinatorial space (see [Hel23]). Roughly speaking, it asserts that
global intersection behaviour can be detected from small subfamilies. In geometric
settings, this phenomenon is classically associated with convexity: for instance, in
Euclidean spaces, finite collections of convex sets intersect whenever all sufficiently

small subcollections do.

Theorem 4.1.3 (Helly’s Theorem in R™). Let F be a family of convex subsets of
R™ such that every subfamily of at most m + 1 sets has nonempty intersection.

If F is finite, then
(N C+#e.

CeF

The same result holds if F is an infinite family of convex compact sets.

A classical connection between Helly-type intersection results and Lipschitz ex-
tension theorem was established by Valentine [Val45], who showed that Helly’s the-
orem can be used to obtain the Kirszbraun extension theorem.

An analogous phenomenon in the setting of graphs was explored more recently
by Chandgotia, Pak, and Tassy in [CPT18]. In their work, the authors showed
that Helly-type intersection properties admit an equivalent formulation in terms of
Lipschitz extension phenomena for graph metrics. More precisely, they proved that

a graph satisfies an appropriate Helly property for metric balls if and only if it enjoys



CHAPTER 4. KIRSZBRAUN-HELLY EQUIVALENCE FOR GRAPHS 23

a Kirszbraun-type extension property for Lipschitz maps defined on its subsets. For

a more extensive survey of the Helly property in graphs refer to [BCO0S].

Definition 4.1.4 (X-Kirszbraun Property). Let (X,dx) and (Y,dy) be metric
spaces. We say that Y is X-Kirszbraun if every 1-Lipschitz map defined on an
arbitrary subset A C X can be extended to a 1-Lipschitz map on the whole space X .

Under this terminology, Kirszbraun’s theorem asserts that (R™, ¢s) is (R", {s)-

Kirszbraun.

Definition 4.1.5 ((n,m)-Helly Property). Let m € N and let n € NU {oco} with
n > m. A metric space (X,d) is said to satisfy the (n,m)-Helly property if the
following holds:

For every collection of closed balls
317327"‘7371 g X

each of radius at least 1, whenever every subcollection of at most m balls has

nonempty intersection, we have
(B # 2.
i=1

Theorem 4.1.6. [CPT18] A graph H is Z%-Kirszbraun (where both H and Z¢ are
equipped with the graph metric) if and only if it is (2d, 2)-Helly.

4.2 The Bipartite case

In many combinatorial settings, particularly when working with graph homomor-
phisms from Z? an additional parity constraint naturally appears. Since Z< is
bipartite, any graph homomorphism must respect the bipartite structure of the tar-
get graph. Consequently, extension problems in this discrete framework require
preserving parity in addition to Lipschitz continuity. An underlying Helly property
in the target graphs ensures the existence of extensions. This leads to a bipartite

analogue of the Kirszbraun and Helly properties, tailored to parity-preserving maps.
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Definition 4.2.1 (Bipartite (n, m)-Helly Property). Let H be a bipartite graph with
partite classes Hy and Hy. Let m € N and let n € NU {oo} with n > m.
We say that H is bipartite (n, m)-Helly if the following holds:

For every collection of balls
Bi,B,,...,B,

in H (finite if n # oo, and any finite collection otherwise), whenever every subcol-

lection of size m among
BiNHg, BoNHyg, ..., B,N Hy

has nonempty intersection, it follows that

n

((BinHy) # @

i=1

for k=0,1.

Definition 4.2.2 (Bipartite G-Kirszbraun Property). Let G and H be bipartite
graphs with partite classes Go, G and Hy, Hy, respectively.

We say that H is bipartite G-Kirszbraun if the following holds:
For every subset A C G and every 1-Lipschitz map

f:A—=H

such that
f(ANGy) CHy and f(ANG:) C Hy,

there exists a graph homomorphism

7 € Hom(G, H)

extending f, i.e.,
f(x) = f(x) forallz e A
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Theorem 4.2.3. A bipartite graph H is bipartite Z%Kirszbraun if and only if it is
bipartite (2d, 2)-Helly.

The proof of the bipartite case proceeds along the same lines as the proof of
the non-bipartite theorem given in [CPT18], and we adapt their arguments to the

present setting.

Definition 4.2.4 (Geodesic Extension). Let G be a graph, let A C G, and let
be G\ A. The geodesic extension of A with respect to b is defined as

Ext(A,b) := {a €A

there is no a’ € A\ {a} }

such that there exists a geodesic from a to b passing through a’

ase 2 H——o

ap | d

Figure 4.1: Illustration of Ext(A,b) where A = {aj,as,a3} in the lattice graph.
There is a geodesic from a; to b which passes through as, so a; ¢ Ext(A,b). Thus
Ext(A,b) = {as,as}.

Remark 4.2.5. When G and H are bipartite graphs, parity-preserving 1-Lipschitz
maps coincide with graph homomorphisms. Indeed, if f : G — H is 1-Lipschitz
and preserves the bipartitions, then adjacent vertices in G have opposite parity, and
hence their images lie in opposite partite classes of H. Since a 1-Lipschitz map sends
adjacent vertices to vertices at distance at most one, the images must be adjacent,

so f is a graph homomorphism. The converse is immediate.

Proposition 4.2.6. Suppose G and H are bipartite graphs. Let A C G and let
f A — H be a 1-Lipschitz map which preserves parity. Let b € G\ A. Then
f admits a parity-preserving 1-Lipschitz extension to A U {b} if and only if the
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restricted map
f ‘ Ext(A,b)

admits a parity-preserving 1-Lipschitz extension to

Ext(A, b) U {b}.

Proof. The forward direction is immediate since Ext(A,b) C A.
For the converse, suppose f|gxt(4,5) admits a parity-preserving 1-Lipschitz exten-
sion

f:Ext(A,b)U{b} — H.

Define f : AU {b} — H by

Fa) = Ji(a) ae€A,
F(b) a=bo.

Clearly f preserves parity and extends f. It remains to show that f is 1-Lipschitz.

Thus we must verify that for every a € A,

di(f(a), f(b) < da(a,b).

If a € Ext(A,b) this follows immediately since f is 1-Lipschitz. Otherwise a €
A\ Ext(A,b). Then there exists a’ € Ext(A, b) lying on a geodesic from a to b, so

da(a,b) = dg(a,d’) + da(d',b).
Since f and f are 1-Lipschitz we have

do(a,d') > dy(f(a), f(d),  de(d,b) > du(f(a'), f(b)).
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Applying the triangle inequality gives
du(f(a), f(b) < du(f(a), f(a) +du(f(d), f(b) < dg(a,d') + d(d’,b) = dc(a,b),

which completes the proof. O

Notation 4.2.7. Denote the parity classes of a bipartite graph G by Gy and G.
If g € G; then define parity(g) := i. We can relabel the indices for parity classes so

that parity-preserving maps become index-preserving.

Proposition 4.2.8. Let H be a graph satisfying the bipartite (n, 2)-Helly property.
Let f : A — H be a parity-preserving 1-Lipschitz map with A C G, and let b € G\ A.
If

|Ext(A,b)| <mn,

then f admits a parity-preserving 1-Lipschitz extension to A U {b}.

Proof. For all a,a’ € Ext(A,b), we have

dy(f(a), f(d)) < dela,d) < dg(a,b) + de(b,d).

Consequently,
Bﬁém,b)(f(a)) N Bi(b,a/)(f(@/)) #* 2.
Now let
€ By u(f(a)) N By wu(f(d)).
Then

dy (z, f(a)) < dg(a,b), dy (z, f(d')) < dg(d',b).

Since H is bipartite, distances determine parity classes modulo 2. Because f is

parity-preserving, we have

parity(f(a)) = parity(a).

Hence
parity(z) = parity (f(a)) + dg (2, f(a)) (mod 2).
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If ch(a,b)(f(@)) N Bj‘;(b’a,)(f(a/)) contains two adjacent vertices, then we can
make a choice of  such that parity(z) = parity(b). Otherwise, dy (f(a), f(a)) =
dg(a,b) + dg(b,a’). So, we can choose x such that it is at dg(a,b) distance from

f(a) along a geodesic from f(a) to f(a’) in H. Therefore
parity(z) = parity(a) + dg(a, b) = parity(b) (mod 2).

Thus x lies in the same parity class as bi.e. ¥ € Hyarity(p)-

We have that

Hparity(b) N leité(a,b)(f(a’)) N Bdl-é(b,a’)(f(a/)) # %

for all a,a’ € Ext(A,b).
Since |Ext(A,b)| < n and H satisfies the bipartite (n, 2)-Helly property, it follows
that

Hpanity(v) N ﬂ Bclli;(a,b)(f(a)) #J.

a€Ext(A,b)
Let y be a vertex in this intersection. Defining f(b) = y yields a parity-preserving
1-Lipschitz extension of f to Ext(A,b) U {b} and by Proposition 4.2.6 we have the

result.

]

Notation 4.2.9 (7, graph). Let r = (rq,72,...,7,) € N". Define T} to be the tree
formed by taking a vertex by and attaching to it n pairwise vertex-disjoint paths of

lengths r1,...,7r,. Denote the terminal vertex of the i-th path by b; for 1 <7 < n.
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by

bs
bo

by

Figure 4.2: The tree T, where r = (3,2,4,3)

Proof of Theorem 4.2.3. (=) Let H be a graph that is bipartite Z¢-Kirszbraun.
Given any r € N?? one can construct an isometry from 7, to Z¢ under which the
geodesic rays starting at the central vertex correspond to walks on the coordinate

axes. Consequently, H is bipartite T,-Kirszbraun for every r € N2¢,

Suppose that
Bg(vl), 35(02)7 ..., BX (v59)

T2d

are balls in H such that
Iy == HoN B (v;) N Bfl(v;) #2 forall 1 <i,j < 2d.

Also define

Choose the partite class labels such that parity(by) = 0. Denote by b} the unique
vertices situated at unit distance from b; in T;.

Consider the map

f{l_)l,,ggd}CTr—>H, f(gfL):UZ (1§Z§2d)7
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where the vertices b; are defined according to parity by

b;, if the parity of r; and v; agree,

b;, if the parity of r; and v; differ.

Here parity(r;) is simply the value of r; modulo 2. This definition makes the

map f parity-preserving. Now we check that f is 1—Lipschitz.
Case 1 (b; = b; ,b; = b;): In this case d(f(b;), f(b;)) = d(vi,v;) < ri+71; = d(bs, b)
Case 2 (b; =V, ,b; = b;): This decomposes into two different cases.

Case 2a (There are no adjacent vertices in [;;.): Here, d(v;,v;) = r; +
r;. Let x € I?j. Since v; and r; have different parities, but v; and r; have
the same parity, x will have different parities when calculating using the

former and latter values. This is a contradiction.

Case 2b (There are adjacent vertices in I;;.): In this case, d(f(b), f(b;)) =
d(vi,v;) <ri+r; —1=d(b,0b;).

Case 3 (b; =V} ,b; = V;): This decomposes into three cases.

Case 3a (There are no adjacent vertices in [;;.): Here, d(v;,v;) = r; +
rj. This case is not possible since we can take z € I?j, but the parities of
v; and r; are different, so they add up to 1.

Case 3b (There are adjacent vertices in I;;, but none of the vertices
adjacent to a pair of adjacent vertices are in [;;.): Take a pair
of such adjacent vertices and consider the one nearer to v;. It will have
parity, parity(v;) + parity(r;) + 1 = 0. But it should also have parity,
parity(v;) 4+ parity(r;) = 1. This is a contradiction.

Case 3c (There is a path ujuyuz contained in I;;): In this case, d(f(b}), f(b})) =
d(Ui,’Uj> < T + Ty — 2= d(b, b/)

17 7]



CHAPTER 4. KIRSZBRAUN-HELLY EQUIVALENCE FOR GRAPHS
By the T,-Kirszbraun property, the map f admits an extension
f € Hom(T,, H).

By construction of f, the image of the central vertex b, satisfies

2d
f(bo) € H() N m Bg(@z),
i=1
where the radii 7; are defined by
Ty if Z_)z = bi7

ry—1, if b = b,

31

Note that in the case where r; = 1 and b; = b, we simply obtain 7; = 0, and

hence
2d

v; € H[) N mB{I(’Ul)
i=1

It follows that
2d

i=1

( <= ) Suppose that H satisfies the (2d, 2)-Helly property. We aim to show that
for every subset A C Z%, any parity-preserving 1-Lipschitz map f : A — H admits

a parity-preserving 1-Lipschitz extension to Z?. It suffices to establish this when A

is finite.

We argue by induction on |A|. For n € N, consider the statement:

St(n): Let A C Z% with |A| = n, and let f : A — H be parity-preserving 1-Lipschitz.
Then for every b € Z4\ A, the map f extends to a parity-preserving 1-Lipschitz map

on AU{b}.

From Proposition 4.2.8, St(n) holds for all n < 2d.

Now assume St(n) for some n > 2d, and let us prove St(n + 1). Let A C Z4
with |[A| = n+1, let f: A — H be parity-preserving 1-Lipschitz, and let b € Z¢\ A.
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WLOG we may assume that b = 0 (shift all the vectors involved by —b other-

wise). Moreover, we may assume that
Ext(A,0) = A,

since otherwise the induction hypothesis together with Proposition 4.2.6 yields a
1-Lipschitz extension of f to AU {0}.

We will show that there exists a subset
Acz
and a parity-preserving 1-Lipschitz map
f:A—H,

such that the following properties hold:

1. f admits a parity-preserving 1-Lipschitz extension to AU {0} = f admits
a parity-preserving 1-Lipschitz extension to A U {0}.

2. Either A is contained in the coordinate axes of Z%, or |A| < 2d.

Since H has the (2d, 2)-Helly property, by Proposition 4.2.8 it follows that f has

an extension to

Au{o},

which completes the proof.

Since |A| > n+ 1 > 2d, we can find vertices 7,; € A and a coordinate index
1 < k < d for which the components i, and j; are both nonzero and share the same
sign. Without loss of generality, assume that 7, < jpi.

Consider the vertex i —ijé). There is a geodesic path from j to this vertex which
passes through i

A = Ext(A, 0) implies that no vertex of A lies on a geodesic from another vertex
of A to 0. Then we have,

i —ix@y ¢ {0} U A.
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since i —ix€; € A would result in a geodesic from 0 to i which passes through A
and i — e, = 0 would result in a geodesic from 0 to jwhich passes through i
Also,
¢ Ext(A,i — i),

and therefore

By St(n), the restriction
f‘EXt(A,;—Zkék)

admits a parity-preserving 1-Lipschitz extension to
Ext(A, i —ir€) U {i — i€}
Applying Proposition 4.2.6, this yields a parity-preserving 1-Lipschitz extension
frrAU{i—igey = H

of the original map f.
Finally, observe that there exists a geodesic from ito0 passing through i — i€

Consequently,
Set
A= (AN{3}) U {7 — ixéi}.

By Proposition 4.2.6, the map f’ admits a parity-preserving 1-Lipschitz extension

to

AU{i — e} U{0}

if and only if the restricted map

'l a
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admits a parity-preserving 1-Lipschitz extension to
A'u{o}.

Thus we have constructed a subset A’ C Z¢ and a parity-preserving 1-Lipschitz
map

A —-H
satisfying the following properties:
1. If f" extends to A’ U {0}, then f extends to AU {0};

2. The total number of nonzero coordinates among the vertices of A’ is strictly
smaller than that for A.

Iterating this reduction procedure produces the desired subset
Acz?
together with a parity-preserving 1-Lipschitz map
f A — H.

This completes the proof.
O

Let us see why it suffices to establish the extension property for finite subsets
A C 74

Indeed, extending a parity-preserving 1-Lipschitz map f : A — H to a vertex
b€ Z*\ A amounts to finding a vertex

x € Hy N ﬂ Bfa(bﬂ)(f(a))/

acA

where we assume WLOG that parity(b) = 0.
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For each finite subset F' C A, define

Sp=Hy 0 () Bioa(f(a).

a€F

If the extension property holds for finite sets, then Sg # & for every finite F' C A.
Moreover, if F' C F’, then Sp C Sp.

Fix ap € A and set R := dg(b,ag). We can approximate A using an increasing
sequence of finite sets {F},} each of which contain ag. so the family {Sg,} is nested

and decreasing. For every F,, C A we have

Sr, € Bi(f(ao)).

Hence all sets Sg, lie inside the finite set

K = Bg(f(ao)).
We therefore have:
e a finite ambient set K,
e a nested family Sp C K,
e cach Sp # @.

A decreasing family of nonempty subsets of a finite set has nonempty intersection.

Consequently,

ﬂSFn # 0.

Any vertex in this intersection satisfies all Lipschitz constraints, and thus defines
the required extension to b.

It remains to justify why the one—point extension property implies extension to
all of Z.

Since Z% is countable, we may enumerate its vertices as

Zd - {170,'[71,’62, e }
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Reindexing if necessary, assume that the initial domain A C Z¢ is contained in

(Gor v, T}

We construct inductively a sequence of finite sets
A, = AU{Un11,. .., U}, n>m,
together with parity-preserving 1-Lipschitz maps
fni A, —> H

satisfying
fnlAn,1 = fn—l-
Set f,, := f. Suppose f, has been defined. Since A, is finite and v, 1 ¢ A,,, the

one—point extension property yields a parity-preserving 1-Lipschitz extension

fn+1 : An U {1771—&—1} — H

of f,.
This inductive procedure produces a compatible family of maps {f,}n>m. We
now define
F:7" - H
by setting

F(v,) := fu(V,), n > 0.

This is well defined because the extensions are consistent on overlaps.
Since, F'is defined pointwise by parity-preserving maps, it is also parity-preserving.
Finally, we verify that F' is 1-Lipschitz. Let @,7 € Z%. Then there exists N such

that both vertices lie in Ay. Since fy is parity-preserving 1-Lipschitz, we have
d (F(@), F(7)) = dy (fu (@), (7)) < do(@, 7).

Thus F is a parity-preserving 1-Lipschitz extension of f to all of Z¢.

Alternatively, an application of Zorn’s Lemma also gives us the same justification.
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4.3 Helly for Trees

Proposition 4.3.1. Trees are (n,2)-Helly for all n.

Proof. Let T be a tree. Closed balls in a tree (with the graph metric) induce
connected subgraphs, in particular, they are subtrees.

Base case: Let 17,75, T3 be subtrees of T such that T; N7} # @. Suppose that
TiNTyNT; = @. Then there exist vertices v; € ToNT3, vo € T1NT5 and vg € T1NT5
such that v; ¢ T;.

Thus there exists a path P C T3 joining v; to vy. Along this (unique) path,
choose vertices x,y € P such that x € T} and y € T3, and no vertex lying strictly
between z and y on P belongs to 77 U T5. By construction, x and y are distinct,
although they may be adjacent.

We now construct a path @ from x to y contained entirely in 77 U T5. Indeed,
consider the walk obtained by travelling from z to v within 7} and then from v3 to
y within T3; let @) be a shortest path between x and y contained in this walk, and
hence in T} U T5.

By the choice of x and y, the path @) is internally disjoint from P. Consequently,
the union P U @) contains a cycle, contradicting the fact that 7' is acyclic.

Induction step: Suppose that the hypothesis holds true for some k& > 3.

Consider k+1 subtrees, 17, ..., Ti41 such that T;NT; # @ forall 1 <i¢ < j < k+1.
Applying the hypothesis for three subtrees, we get that T; N T, N Ty, # @ i.e.
(TiNTe )NV (T5NTgtq) # @ forall 1 <i < j < k+1. Now, (T1NTjt1), .. (TN Ths1)

is a collection of k subtrees. By the induction hypothesis,

k k+1

ﬂ((TimTkH))i’é@ = ﬂTHA@

i=1 i=1

Proposition 4.3.2. Trees are bipartite (n, 2)-Helly for all n.

Proof. Let T} and T5 be the partite classes of a tree T" and By, ..., B, be closed balls
in T such that (BlﬂTl)ﬂ(B]ﬂTl) # @ for all 1 §Z<j <n. Then, BlﬂBj # %]
for all i # j and by Proposition 4.3.1 we get that (), B; # @.
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Pick z € (_, B;. If x € T3, then we are done.

Suppose x € T,. Fix any 1 <4 < n and let ¢; be the centre of the ball B;. Since
T is a tree, the geodesic [c;, 2| is unique and the vertices alternate in parity along
it. Also, by the convexity of B;, [¢;, 2] € B;. Let z; be the neighbour of x on this
geodesic, then z; lies in B; N'T}.

Suppose z; and z; are distinct such that z; does not lie in B; and z; does not lie
in B;. It must the case that x € 0B; N dB;. The removal of the vertex x splits T’
into two subtrees T}, and T such that no point in T, lies in B; and no point in T
lies in B;. But then, we would have B; N B; N1} = &, which is a contradiction.

If z; and z; are distinct such that WLOG z; lies in B;, then for all other z;s which
are distinct from z; also lie in B, since « ¢ 0B;. It follows that © € (), (B;NTy) O

Corollary 4.3.2.1. Trees are bipartite Z-Kirszbraun.
Proof. Follows from Theorem 4.2.3. O

Remark 4.3.3. Theorem 3.1 and Theorem 3.3 in [BC08] give general characterisa-
tions for the (n,2)-Helly and bipartite (n,2)-Helly properties respectively on graphs.



Chapter 5

Algebraic Topology on Graphs

5.1 Fundamental groups and graph covers

The fundamental group is one of the basic objects studied in algebraic topology,
describing the structure of loops in a space up to deformation. For a detailed
treatment we refer the reader to standard texts such as [Hat02]. In this chapter we
work with a combinatorial version of this construction adapted to graphs, following
the approach introduced in [CGAMO25]. While related ideas appear in [Wrol7,
GJKS25, KM25], the frameworks developed there do not treat self-loops in a manner
suitable for applications to graph homomorphisms. This is a significant restriction,
since many important examples of hom-shifts are defined using graphs with self-

loops.

Notation 5.1.1. Let p = pg ... pyp) and ¢ = qo . . . qe(q) be walks on a graph G, such
that py,) = qo. We denote by p ® ¢, the concatenated walk

Po---DPep)dr - - -4eq)-

We also denote by p~!, the reverse walk

pg(p) ... DPo-

39
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Notation 5.1.2. Let ¢ denote the map which associates to a walk p the non-
backtracking walk obtained by repeatedly removing backtracks of the form aba.

It is straightforward to verify that the resulting non-backtracking walk does not
depend on the order in which backtracks are removed, and hence ¢ is well-defined.

For walks p and ¢ satisfying py;) = qo, define the star-concatenation,

pxq:=e(pOq).
The operation * is associative.

Notation 5.1.3. Let G be a graph and let a € V(G). We denote by m(G,a) the
set of all non-backtracking cycles in G that start and end at a. This set is equipped

with the star-concatenation operation
(0. ) > p*p,

under which 71(G,a) forms a group. The identity element is the trivial cycle of

length zero at a, and the inverse of a cycle p is given by the reverse cycle p~*.

Definition 5.1.4 (Fundamental Group of a Graph). For any two vertices a,b €
V(G), the groups (m1(G,a),*) and (m1(G,b),*) are isomorphic. Indeed, if p is any
walk from b to a, the map

CI—>p*C~kp—1

defines a group isomorphism between them. The resulting isomorphism class is called

the fundamental group of G and is denoted by m (G).

In order to simplify notation, we will typically drop the choice of base vertex
a and write m1(G) in place of 71 (G, a). Likewise, any subsequent constructions or
notations defined with respect to a base vertex will be presented without explicitly
indicating it. All statements should be understood to hold independently of the

chosen basepoint.

Notation 5.1.5. Let G be a graph and a € V(G). We denote by Ng(a) the
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neighbourhood of a, defined by
Ng(a) :={beV(GQ) | (a,b) € E(G) }.

In particular, if G admits self-loops, then a € Ng(a) whenever (a,a) € E(G).

Definition 5.1.6 (Covering Map of Graphs). Let G and G be graphs. A graph
homomorphism

0:G =G

1s called a covering map if it is locally bijective on neighbourhoods. More precisely,

for every vertex a € V(G), the restriction

0|Né(d) : Nz(a) — Ne(6(a))
is a bijection. Equivalently, for each vertex a € V(G), the preimage of its neigh-

bourhood decomposes as

07 (Nala)) = || Na(@).

acb—1(a)

A graph G is said to be a cover of G if there exists a covering map 6 : G- G.

A basic feature of coverings is that walks lift uniquely. Given a walk in G and a
lift of its starting vertex, there is exactly one walk in the covering graph projecting
to it.

Coverings also admit symmetries called deck transformations. A deck transfor-
mation of a covering map 6 : G — Gis an automorphism 7 of G satisfying fon = 6.

Such maps act by permuting each fibre §~*(a), for a € V(G).

5.2 Universal covers and quotient constructions

Among all covers of a graph, the universal cover plays a distinguished role, providing

a canonical way to unfold all cycles while preserving local structure.
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Definition 5.2.1 (Universal Cover). Let G be a graph and fiz a verter a € V(G).
We define Ugla] to be the graph whose vertex set consists of all non-backtracking
walks in G starting at a. Two such walks are adjacent if one is obtained from the
other by extending it by a single vertex. The universal cover of G, denoted Ug, is

the common isomorphism class of the graphs Ugla], a € V(G).

The isomorphism type of Ug[a] is independent of the choice of base vertex: if
a,b € V(G) and q is a non-backtracking walk from a to b, then concatenation with
q defines an isomorphism between Ug|a] and Ug[b]. We therefore identify Ug with
any representative Ug[a] and suppress the basepoint from the notation.

Each vertex of Ug is a walk in G, and hence has a well-defined endpoint. Sending

a walk to its endpoint defines a graph homomorphism
a:Ug — G,

which is a covering map. In particular, Us is a cover of G. Moreover, U is acyclic.
The fundamental group acts naturally on the universal cover. If g € m1(G) and

w is a walk starting at the base vertex, then the concatenation
ne(w) = g*w

produces another vertex of Ug. These maps preserve the projection «, and therefore
act as deck transformations.

More generally, covers of G can be obtained from the universal cover by taking
quotients. If I is a subgroup of m; (G), the action of I" on Uy yields a quotient graph

Ug/T. The projection « then induces a covering map
ar :Ug/T — G.

In this way every covering graph of G arises from a subgroup of the fundamental
group.

When T is normal in m;(G) the quotient group m(G)/I" acts on U /I" by deck
transformations. Such coverings are called regular covers. The universal cover cor-

responds to the trivial subgroup.
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5.3 Square groups, square covers, and square lift-
ing

Let G be a graph. A square in G is a non-backtracking cycle of length four. In
other words it is a cycle

apa1020a304

with ag = a4, ag # as, and aq # as.
Squares naturally appear when studying lifts of configurations z € X&. If p =
(po, - - -, pr) is a walk in Z¢, reading the configuration along p produces a walk

LTp = TpgLpy - -+ Lpy,

in G.

Suppose 0 : G—Gisa covering map and we try to lift a configuration = to a
configuration = € X%. Choose a lift ¥ of zg. For a vertex u € Z¢, one may attempt
to define 7,, by choosing a path p from 0 to v and lifting the walk z, starting at o.
The endpoint of this lifted walk would then be taken as Z,,.

For this construction to be well defined, the result must not depend on the chosen
path p. The difficulty is that two lattice paths with the same endpoints typically
differ by a sequence of elementary squares. Consequently the walks in G obtained
by reading the configuration along these paths differ by inserting or removing cycles
of length four. Understanding how such cycles lift therefore becomes essential. In
particular, we would want squares in G to lift to squares in G.

This leads to the following construction. Let A(G)[a] denote the subgroup of
m1(G)]a] generated by all conjugates of squares, that is, by cycles of the form

prsxpt,

where p is a non-backtracking walk based at a and s is a square in G. These
groups are naturally isomorphic for different choices of base vertex, and we write
A(G) for their common isomorphism class. Elements of A(G) will be referred to as

square-decomposable cycles. For more references regarding this, consult Section 4 of
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[CGAMO25).

Definition 5.3.1. [CGdMO25][Square Group] The square group of G is defined as

the quotient
m(G) == m(G)/A(G).

Informally, this group is obtained from the fundamental group by forcing all
squares to behave like trivial cycles.
As usual, subgroups of the fundamental group correspond to quotients of the

universal cover. Applying this correspondence to A(G) produces the graph
Ug = U/ A(G),
which we call the square cover of G. The associated covering map will be denoted
o™ UF — G.

The relevance of this construction can be seen by examining how squares lift in

covering graphs. Suppose that
G =Ug/T

is a quotient of the universal cover corresponding to a subgroup I' C 7;(G). One
may then ask when a square in G lifts to a square in G.

The answer is that this happens precisely when the subgroup I' contains the
square subgroup A(G). In other words, squares in G lift to squares in G exactly

when

A(G) CT.

In particular, the square cover
Ug = Ua/A(G)

is the largest cover of GG in which every square of G lifts to a square.
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5.4 Configuration lifting

Let 0: G — Gbea covering map. A configuration T € Xda is called a lift of z € X
if
6(z,) =x, forallue Z%

The following result characterizes when configurations admit lifts.

Proposition 5.4.1. [CGAMO25] Let G be a graph and let I' C 71 (G) be a subgroup.
Set
é = UG/F,

and let 6 : G — G be the associated covering map. Then

AG)CT

if and only if the following lifting property holds:

For every configuration z € X¢ and every lift w of zg to G, there exists a lift
i€ Xg
of x with respect to # such that
JNIO = w.

As a consequence, the square cover is maximal among covers admitting lifts of

all configurations.

Corollary 5.4.1.1. [CGAMO25] Let G be a graph, let G be a cover of G, and let
0 : G — G be a covering map. Assume that every configuration z € X& admits a
lift © € Xg, such that

oz =ux.

Then there exists a covering map

0:Us -G
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satisfying
fob =a".

We also record the following uniqueness property of lifts for regular covers.

Proposition 5.4.2. [CGAMO25] Let G be a graph and G a regular cover of G. Let

0:G—G

be the covering map. Let » € X& and suppose 7,7 € X g are two lifts of x. Then

there exists a deck transformation 7 such that

Jr=n(;) forallie Z%

5.5 Graphs whose square cover is a tree

There are three graphs which satisfy the definition of a square.

A Qo

Figure 5.1: ‘Squares’

Lemma 5.5.1. The square cover of a graph G is a tree iff G does not have a square

as a subgraph.

Proof. Suppose that G doesn’t have a square as a subgraph. Then U is the square
cover since vacuously all squares lift to squares. On the other hand if the square
cover is a tree, then its fundamental group must be trivial i.e. A(G) is trivial. A(G)

is trivial iff there are no squares in G. O



Chapter 6

Height Functions and Slopes

6.1 Height functions.

The existence of lifts to the square cover, established in the previous chapter, allows
us to quantify the ‘rigidity’ of configurations. In this section we introduce height
functions and, subsequently, the notion of slope, where larger gradients correspond
to increased ‘rigidity’. The general method of employing height functions were
introduced by J.H. Conway and J.C. Lagarias in [CL90] and popularised by W.P.
Thurston in [Thu90]. In the context of shift spaces, height functions were introduced
by Klaus Schmidt in [Sch97]. We will use a version similar to that used in [Chal6].

Definition 6.1.1. Let G be a finite connected graph and let v € X&. Choose a lift

T € Xf{g of x to the square cover US. We define the associated height function

hy : 72 x 7% —7
ha(i §) = dyg (27, 75).

The existence of the lift is guaranteed by Proposition 5.4.1. By the uniqueness of
lifts (to regular covers) up to deck transformations (Proposition 5.4.2), this definition

is independent of the choice of lift , and hence h, is well defined.

47
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Remark 6.1.2. The height function h, is subadditive i.e. for any z € Xg and any
;,j, ke 74, we have

- - -,

he(,7) < ho(@, k) + ho(k, )

This follows from subadditivity in the graph metric.

6.2 Slope

Definition 6.2.1 (Slope). Let i = (i1, ..., iq) € R? and write

7] = (i), - Lia))-

Forn € N, set

|ni] == (|nit], ..., |nig).

For x € X&, the slope of x in the direction;, whenever the limit exists, is defined

by
sle(x) := lim lhI(O, Lm])

n—oo 1,

Fix i € Z and consider the sequence of functions
fn: X& — NU{0}, fo(z) := hg(0,n7).

By subadditivity of the height function, the sequence (f,,),>1 satisfies the hypotheses
of the subadditive ergodic theorem with respect to any shift-invariant probability
measure on Xg.

Indeed, the bound

fi(x) = ha(0,7) < ]

holds. Moreover, if we write T' := o7, then the cocycle (subadditivity) relation

becomes

—

From(2) = he(0, (n 4+ m)i) < hy(0,07) 4 hy o(0,mi) = fo(z) + fr(T"2).
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Thus (f,,) forms a subadditive cocycle over the Z%shift action.

The asymptotic behaviour of height functions along lattice directions therefore
follows from the subadditive ergodic theorem (Theorem 3.3.4). In what follows, an
ergodic measure on X¢& will always mean a shift-invariant probability measure that

is ergodic with respect to the Z?-shift action.

Proposition 6.2.2. [Chal6][Existence of Slopes| Let G be a finite connected graph

and let 1 be an ergodic measure on X¢. Then for every i € Z? the limit

1 -
sle(x) = lim — h,(0,n4)

n—oo N,

exists for p-almost every z and is independent of x.

Furthermore, if 1 = (11,...,1q), then

M&

lik| sle, for p-a.e. x.
k=1

Corollary 6.2.2.1. [Chal6] Let G be a finite connected graph and let p be an

ergodic measure on X¢%. Then for every i € R? the limit
g G Yy

slz(z) = lim = ha (0, [ni])

n—oo N,

exists for p-almost every x and is independent of z.

Moreover, if ¢ = (i1, 12, ...,14), then

d
sle(x Z ik sle, for p-a.e. x.
k=1



Chapter 7
Entropy Minimality

We now have the machinery to deal with the question of entropy minimality of

hom-shifts for graphs whose square cover is a tree.

7.1 Characterising zero entropy measures

In this section we show that existence of maximal slope in some direction is tied to

the entropy, corresponding to an ergodic probability measure on X¢, being zero.

Lemma 7.1.1. Let GG be a finite connected graph with a tree square cover and let
p be an ergodic probability measure on X&. Suppose that for some 1 < k < d we

have

() =1 for p-almost every x.

Then p is frozen. In particular,
h, = 0.

Proof. Step 1: WLOG assume that sl (z) = 1 almost everywhere.
Fix k,n € N. By subadditivity of the height function,

n—1
ha(0,knéy) <> hy(kméy, k(m + 1)é).

m=0

50
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Also,
hx(km€17 k(m —+ 1)51) = hakme*lw(o, k'éi)

Dividing by kn gives

By assumption,
1 "
lim k—hm(O,knel) =1 for p-a.e. x.

n—oo KM

Hence taking limits in (7.1) yields
1e-1

lim — —hgrme (0, ké1) =1 €.

nlﬁr{olo n ";) L ok :):( 61) a.e

Now set

Then the previous term is precisely the Birkhoff average of g with respect to the
measure-preserving transformation T' = o*1. By the ergodic theorem (Theorem 3.3.2)
it follows that if ¢* = lim,,_ % Zzl;lo g(T™x) then [g*du = [ gdu. But g* is 1
almost surely. Thus it follows that [ gdp = 1. In other words,

1
/Emmxamu:L

On the other hand,
h.(0,kéy) <k for all z,

so g(x) < 1 everywhere. Since its integral equals 1, we must have
h.(0,ké)) =k for p-a.e. x.

Finally,
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for all i € Z¢ and k € N, almost everywhere.

Step 2: Frozen support.
Let
X :={x € X¢& : x satisfies (7.2)}.

By Step 1, u(X) = 1.
Claim. Every finite pattern appearing in supp(u) extends to a configuration in X.

Let a be a finite pattern appearing in supp(u) and let [a] denote the corresponding
cylinder set. By definition of support (Proposition 3.4.2), u([a]) > 0. Since u(X) =
1, we have p(X°) = 0, and therefore

p(la] N X) = p(la]) — p(la] N X€) = p([a]) > 0.

Hence [a] N X # @&, proving the claim.

We denote [—n,n|? by B,. Fix n € N and let

a,b € Lp,us,8,(5upp(1t))
satisfy
a’|82Bn - b|823n

By the claim, there exist configurations x,y € X such that

x|B,uoyB, = a, Y|B, s, = b.

Let
a7 Uf - G

be the square covering map. Fix j_(; € 0»B,,. Then by Proposition 5.4.1 consider
the lifts ,y such that 2z = y-. Since 0B, is connected (Note that 0B, is not
connected which explains the choice of 2-boundary) it follows that z; = y; for all
Jj € "B,.
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Fix i € B,,. Choose k € —N such that

By (7.2),
g (Frikers Tir @naaime) = 20+ 2.
Consider the walks
(532+ke*17 R :Z.f+(2n+2+k)é'1)
and

(%ﬁ—ké’u R y{+(2n+2+k)é‘1)'

Each walk has length 2n + 2 and joins the same endpoints, since the lifts agree
on 0, B,. Because the graph distance between the endpoints is 2n + 2, both walks
realise the distance and hence are geodesics.

Since UJ is a tree, geodesics between two vertices are unique. Therefore the two

walks coincide, and in particular

As i was arbitrary, we obtain
'CE’B’VL = y’Bn

Applying o yields

a’|Bn - b By

This completes the proof of Step 2. Now we will complete the proof of Lemma 7.1.1.
We have that supp(u) is frozen. Consequently,

L, (supp(p))| < |G1%251),

50 hyop(supp(p)) = 0, and by the variational principle, h, = 0.
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7.2 Full Supports

In this section, we will show that for a finite connected graph G' (we do not consider
the trivial cases of a single vertex with a self-loop or a single edge since they have
been considered in Chapter 2) with a tree square cover, every ergodic shift-invariant
probability measure adapted to Xg with positive entropy is fully supported. This
will constitute a proof for Theorem 1.0.1 using the following argument.
By Theorem 3.6.5, every measure of maximal entropy on Xg& is a uniform shift-
invariant Markov random field adapted to X&. The topological entropy of Xg& is
positive (Proposition 2.3.5 and Proposition 2.3.6), barring the trivial cases which
had been dealt with in Chapter 2. By the Variational Principle (Theorem 3.5.5),
these measures have positive entropy. If we check that ergodic measures adapted to
X4 are fully supported, then by Theorem 3.6.6, all the measures of maximal entropy
are fully supported and then Proposition 3.5.6 implies Theorem 1.0.1.

Some of the ideas underlying the following proof are inspired by [Chal6] and by
Lemma 6.4 of [CM16].

Step 1: Non maximal slopes.
Let p be an ergodic shift-invariant probability measure adapted to Xg, such that
h, > 0. If for some 1 < k < d we had

then by Lemma 7.1.1 the measure p would be frozen and hence have zero entropy,

contradicting h, > 0. Therefore
slg, (1) <1 forall 1 <k <d.

Set

6 := max, slg, (1),

so that 6 < 1.
By Corollary 6.2.2.1, for every @ € R? the slope slz(u1) exists almost everywhere
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and satisfies

d
sla(i) <> Jwel sl ().

k=1
Let 8! denote the unit sphere in R? with respect to the ¢! norm. Then in partic-
ular, if 7 € S9! |
sla(p) <0 < 1.

Thus slopes in all directions are uniformly bounded away from 1.

Step 2: Boundary heights.
Let # < 1 be as obtained in Step 1 and fix 8 such that

0<p<l.
Choose € > 0 small enough so that
0+ 3 < .

Since 8¢~ is compact in the /!-metric, there exist finitely many vectors oy, ..., 7, €

S9! such that for every 7 € S ! there exists 1 < i < t satisfying

17— @y < e

Uniform convergence via Egoroff’s theorem.
For each 1 <7 <t we have

1
Ehx (0, |nt;]) — slg(p) <0 for p-almost every w.

Fix ¢ > 0. For each i, apply Egoroff’s theorem with parameter ¢/t. Since u is a
probability measure, for each 1 <1 <t there exists a measurable set A; C Xé such
that

€

and an integer NN; for which convergence is uniform on A;. In particular, for all
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r € A; and all n > N,
h. (0, [nT;]) < 0 +e.

S

Let .
A= ﬂAi, N = {rél?g:t N;.

Then .
N(A)21—2§:1—5.

=1

Moreover, for every x € A, every n > N, and every 1 < <,

1 .
EhI(O, [n¥i]) <6 +e.

Extension to all boundary points.
Fixz € Aand n > N. Let i € D,,. Then,

Choose 1 < iy < ¢ such that || — ¥;,||; < e. Then,

|7 = nTiy Iy = |7 Ty [ < en.

Using subadditivity of the height function,
he(0,7) < hy (0, [nTiy |) + hy ([0 ], 7).

The first term satisfies h, (0, [n@;,]) < (6 + €)n by the uniform estimate on A.

For the second term, since the height function is 1-Lipschitz with respect to the ¢*

metric,
he ([0, ],0) < [l = [n )11 < [[i = 0@y +d < en +d,

where d accounts for the rounding error (It is the d in Z%).

Therefore,
he(0,7) < (0 + 2¢)n + d.
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In order to deduce the desired bound %, (0,7) < (6 + 3¢)n, it suffices to ensure
that
0+ 2e)n+d < (04 3e)n.

1.e.
d < en.

Since d is independent of n, choose N; := (gw . Then for all n > N; we have
d < en, and therefore
(0 +2)n+d < (0+3e)n.

Replacing the previous threshold N by N’ := max(N, Ny), we have that for all
n> N,
he(0,7) < (6 + 3¢)n.

Since 0 + 3¢ < 3, we conclude that for every x € A, every n > N’, and every
i € 0D,
ha(0,7) < Bn.

In particular, we can choose x € A N supp(u).

Step 3: Arbitrary finite patterns are in the support.
Let F' C Z¢ be finite and let P € Lr(XZ) be any globally-allowed pattern in
X¢&. We show that P appears in supp(u).
Choose § > 0 such that
b<1l—-6<1.

Fix n sufficiently large so that F© C Ds, and n > N’, and x € supp(u) be a
configuration as chosen in Step 2. Let v € F and v € 9D,,.

lu = vlls = [[lully = llvll| = 7 —0n = (1 —d)n.

Let  be a lift of z. Lift the pattern P to a map P : F — U satisfying
oo P = P. Since P is globally-allowed, the lift exists. Also, P is 1-Lipschitz.



CHAPTER 7. ENTROPY MINIMALITY 58
We now define a partial map

f:0D,UF = U5

f|8Dn :j|8Dna f|F:p
On the other hand, by the triangle inequality in the tree,

dug (P(u),:f:(v)) < dug (ﬁ(u)’io) + dlxlg (fofi(l}))'

The second term is at most Sn due to our choice of x.
Since F is finite, the set

{d,;0(P(u), %) : u € F}

G

is finite. Define

M := max dyg(P(u), Zo).

ueF

Since § < 1 — ¢, the inequality
M+ pn<(1-4d)n

holds for all sufficiently large n. Thus the map f is 1-Lipschitz on its domain.
Since UY is a tree, it is bipartite Z%-Kirszbraun. If the parities of the patterns

on F and 9D, do not match, we can reconcile them by shifting the pattern P by

a unit vector. Since supp(u) is shift-invariant, this does not cause any problems.

Hence f extends to a graph homomorphism
f:2t = Uus.
Projecting back to G gives a configuration

y::aDofeXé.
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By construction,

ylp = P, ylop, = T|op,-

Thus y differs from x only on the finite set D,,. Since pu is adapted, its support

is closed under finite modifications, and hence

y € supp(p).

Therefore P appears in supp(u).



Chapter 8

Further Directions

8.1 Tilings and height functions

In this chapter we discuss a possible extension of the ideas developed in this thesis
to tilings of Z?2 by translates of the two tiles with dimensions 1 x m and n x 1. This
is joint work with Aditya Thorat and Nishant Chandgotia.

Our eventual goal is to understand whether methods analogous to those used
for hom-shifts can be applied in this setting, with the hope of proving entropy min-
imality for these tiling spaces as well. A first step in this direction is to understand
when prescribed height values on a finite subset of Z2 can be extended to a global
tiling. One may view such an extension criterion as playing a role analogous to that
of a Kirszbraun-type theorem in the hom-shift setting.

This chapter is inspired by the work of Martin Tassy in his PhD dissertation, in
particular Theorem 6 of [Tas12]. The original work contains some gaps and typos,
and we provide an alternative proof here.

Consider tilings of Z? by translates of the 1 x m and n x 1 rectangles (m,n > 1),
where the vertices of the tiles lie in Z2. These tilings admit a natural height-function
description, introduced by Conway, Lagarias, and Thurston (see [CL90, Thu90]).
The height function is defined on the lattice vertices Z? and takes values in a group
generated by horizontal and vertical increments, with relations expressing the fact

that traversing the boundary of an m x 1 tile or a 1 x n tile produces no net change

60
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m

Figure 8.1: The 1 x m and n x 1 tiles.

in height. Thus one may begin with the group
(h,v | h™oh™™v™ ! o™ ho A1),

We will describe this height function more formally below. However, for the exten-

sion problem considered here, it is more convenient to work with the quotient
G=(hv|h" =0"=1) =7, * Ly.

This quotient retains the algebraic information relevant for the compatibility condi-
tions on height differences, while being much easier to handle. Claire and Richard
Kenyon had used these height functions to come up with a linear-time algorithm to
decide if a polygon can be tiled by these tiles in [KK92].

Given a tiling 7 of Z2 by 1 x m and n x 1 rectangles, one obtains a G-valued
height function in the usual way. Choose a basepoint zy € Z2, an element g € G,
and set h(7,x¢) = g. For any other point z € Z?, choose a lattice path from z¢ to x
along the boundaries of the tiles and read off a word in the generators A and v by
recording horizontal and vertical steps along the path. Passing one unit to the right
contributes a factor of h, passing one unit to the left contributes h~!, passing one
unit upward contributes v, and passing one unit downward contributes v=!'. The
relations imposed by the tiles ensure that the resulting group element depends only

on the endpoint x and not on the choice of path. We multiply the obtained word by
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g on the left since that is the height value we chose for the basepoint. In this way

one obtains a well-defined function
h(r,-) : Z* — G.

Equivalently, the height difference between two points x,y € Z? is obtained by
evaluating the group element associated to any lattice path following tile boundaries
from x to y. The relations A" = 1 and v™ = 1 reflect the fact that traversing across
the length of a horizontal 1 x m tile or a vertical n x 1 tile produces no net change

in height in the quotient group G.

8.2 A necessary and sufficient condition for tileabil-
ity
Let
A= {.Tl,xg, ce ,fEN} C ZZ,

and suppose that for each x; € A we are given a height value g; € G. For ¢ # j,
the element g; 'g; € G admits a unique reduced expression in free product normal

form, which we write as

g — by Blhcm B2 .. ,hazvﬂz
1 9

where

2
I
2

xi,xj) € [Lm—1] for 2 <t <l =4(z;,z;),
ay = ozl(x,,xj) € [0,m — 1],
Je[l,n—1 forl1<t<(-1,
Be = Be(xi, xj) € [0,n — 1].
Thus all exponents are taken to be non-negative, with the first exponent of h and
the last exponent of v allowed to be zero so as to include all possible reduced words.

We now state a necessary and sufficient condition, proved below, for the pre-

scribed values {gi,...,gny} to extend to the height function of a tiling of Z? by
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1 x m and n x 1 rectangles. In particular, when S C Z2 is a finite simply connected
region, this criterion can be used to determine whether S admits such a tiling. From
the point of view of the present thesis, the significance of this result is that it sug-
gests a possible analogue of the Kirszbraun property in this tiling setting, and hence

a possible route toward proving entropy minimality for these tiling spaces.
Theorem 8.2.1. For i # j, write
xj; — x; = (aij, bij).
Then there exists a tiling 7 of Z? by 1 x m and n x 1 rectangles such that
h(T,x;) = g; forall 1 <i< N

if and only if for every pair i # j, there exist integers k = k(i,7) and k' = K'(, j),
with at least one of k and k' non-positive, such that the following hold:

1. If a;; > 0 and b;; > 0, then

Z@t($i7$]’) — ay; = km, Z@t(fﬂial’j) —bj = k'n.
t t

2. If a;; <0 and b;; > 0, then

Z(m — ay(wi, ;) + a; = km, Zﬁt(%‘, x;) — bij = k'n.
t

t

3. If a;; <0 and b;; <0, then

Z(m — ay(xy, x])) + a;; = km, Z(n — Be(x;, xj)) + bi; = k'n.

t t

4. If a;; > 0 and b;; <0, then

Z (i, ;) — a;; = km, Z(n — Bi(ms,x5)) + bij = K'n.
t

t
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Proof.
Necessity:
We first prove necessity. Suppose that there exists a tiling 7 of Z? such that

h(t,x;) = g; for 1 <¢ < N.

Case la: x;—x; = (a;;,0), where a;; > 0. Since 7 is a tiling of Z?, there exists a non-
backtracking path along tile boundaries joining x; to x; for which every horizontal
step is in the positive x-direction, as shown in Figure 8.2. To show the existence of
such a path, note that it is possible when going to a point, which is one unit to the
right of the current point.

This path records the change in the height function between z; and x;. Moreover,
the sum of the exponents of h and v in the reduced word for g; * g; can be no greater
than the corresponding sums in the word traced by this path, when the latter is
viewed in the free group (h,v). The difference between the sum of the exponents
of h and a;; is a multiple of m, equal to m times the number of disjoint straight
horizontal segments of length m traversed by the path. For the vertical direction,
note that the net vertical displacement between x; and x; is zero. Thus every
upward segment must be paired with a downward segment. Such pairs combine to
give contributions in multiples of n. Moreover, cancellations in the reduced word also
occur in blocks of length n, and hence only change the total exponent by multiples
of n. It follows that

Z&t(%, x;) — a;; = km, Zﬂt(xi, z;) = k'n,
t t

where kK < 0 and k' > 0.
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D9

D9

Y

Z; fl’j

\
r

Figure 8.2: A non-backtracking path from z; to z; along tile boundaries in which
every horizontal step is to the right.

Case 1b: xj — x; = (0,b;5), where b;; > 0.

By symmetry with Case 1la, we obtain

Z (w4, x5) = km, Zﬁt(%,%‘) — b = k'n,
t

t

where £k > 0 and & < 0.

Case 1c: x; — x; = (a;j, b;j), where a;; > 0 and b;; > 0.

Consider an up-right path in the tiling 7 starting at x;, where at each step one
moves either upward or rightward. Choose one direction and continue along the
tiling as far as possible; then switch direction and continue in the same way. Such a
path must either reach a point of the form z; + (a;;,b) with 0 < b < b;;, or a point
of the form z; + (a,b;;) with 0 < a < @;;. WLOG, assume the former occurs, and
write

wi; = x; + (ai, b).

Then
gi*lgj = h(r, Ii>71h(7, x;) = (h(T, xi)*lh(T, wij)) (h(T, wij)*lh(ﬂ x]))
Since the path from z; to w;; is an up-right path, if

h(r, )" h(r,wy) = [ [ o™,
t
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then
Z ay (i, wij) — ai; = pm, Z Bi(wi,wij) — b= p'n,
t t
where both p < 0 and p’ <0.

Similarly, by Case 1b, if

h(T,w;) " h(T, x;) Hha" A

then

Zaél(wij@j) =qm, Zﬁt (wig, z;) — (byy — b) = ¢'n,
t

where ¢ > 0 and ¢’ < 0.

Now consider the product

(1) (1105)
t t

as a word in the free group (h,v). The reduced word for g; lgj in G can only have

smaller total exponent sums in A and v. Hence, if
1g] = H hatUBt?
t

then

Zﬁt(xi,xj) — bz’j = k;/n
t

for some k' < 0. Together with Case la, this gives the required condition in the
case a;; > 0 and b;; > 0.

For the rest of the cases, if the difference is non-negative in some coordinate,
we proceed as in Case 1. For coordinates where the difference is negative, consider

instead the path from z; to x;, where

gj—lgi = an_ﬁt’hm_at’, where t' =0+ 1 —t.

t/
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N

*—r—

T

Figure 8.3: An up-right path from z; to w;; = z; + (a;;,b), followed by a non-
backtracking path from w;; to x; whose vertical steps are all upward.

This establishes the necessity of the stated condition. We now prove that it is

also sufficient.

Sufficiency:
For an element
g = hotyPr ... paeyPre

written in reduced form with non-negative exponents as above, define

H(g) =Y ar, V(g =) B

t=1

Assume now that the prescribed values satisfy the conditions in the statement
of the theorem. We will show that they extend to a height function on all of Z2.
It is enough to show that any admissible height assignment on a finite set can be
extended to one additional point.

Let z9 € Z? \ A. For each 1 <14 < N, define

C; = {g € G| g satisfies the condition corresponding to xy — z; }.

Then a value ¢ € G is an admissible choice for the height at z, if and only if
g 'g € C; for every 1 <i < N. Equivalently, the set of all admissible values at x

is ﬂle 9;C;. Thus it suffices to show that this intersection is non-empty.
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We first prove that
9:.CiNgC; # @ for all @ # j.

It is enough to consider the case xz; — x; = (a,b) with @ > 0, b > 0, since the

remaining cases are analogous. Write
g{lgj — ha1vﬁ1 L. haevﬁe.
The hypothesis implies that

Zat—a:km, Zﬁt—b:k"n,
t t

where at least one of k and k' is non-positive. Starting at x;, trace the path in the
lattice determined by the reduced word for g;* gj, and let w be its endpoint. The
assumptions imply that the horizontal and vertical displacements from z; to w are
multiples of m and n respectively, and also that w is either to the left or below
that of ;. Hence w and z; are diagonally opposite corners of a rectangle whose
side lengths are multiples of m and n, and which only intersects the path at its
boundary. This rectangle admits a tiling by 1 x m and n x 1 rectangles compatible
with the traced path. Extending this tiling outside the rectangle then yields a tiling
of all of Z2. This yields a height value at zy which is compatible with both g; and
g;. Hence
:C; N g;C; # 2.

To pass from pairwise intersections to a common intersection, we use the struc-
ture of the commutator subgroup of G. By Proposition 4 of Chapter I in [Ser03],

the kernel of the canonical map
Loy % Loyy = Loy, X Ly,
which is the commutator subgroup K = [G, G], is a free group on the generators

{0 |1<i<m—1,1<j<n—1}
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z; 4 z;

(a) (b)

Figure 8.4: (a) The path determined by the reduced word for g; ' g; starting at ;.
The endpoint w and the point z; are diagonally opposite corners of a rectangle
whose side lengths are multiples of m and n. (b) A compatible tiling.

Hence the Cayley graph of K with respect to this generating set and its inverses is
a tree.

Now observe that if g1, go € G satisty
H(g)= H(g:) (modm),  V(g)=Vi(g) (modn),

then
H(g;'g2) =0 (mod m), V(gitg2) =0 (mod n),

and hence g;'gy € K. Thus two elements of G lie in the same coset of K if and
only if they have the same parity class modulo (m,n). Since G/K = Z, X Z,, we
have that [G : K| = mn i.e. there are exactly mn cosets.

Choose a transversal
T=A{t,...,twn}

for the left cosets of K, so that
G=|]tK
r=1

Each set C; is contained in a single parity class, hence in a single coset ¢, K. After

identifying that coset with K by left multiplication by ¢!, we may regard C; as a
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subset of the Cayley graph of K. Likewise, each translate g;C; lies in a single coset
and may be viewed as a subset of the same tree.

We now show that each such subset is convex. Consider first the case
o — x; = (a,b) with a > 0, b > 0,
and assume for simplicity that
a=0 (modm), b=0 (mod n),
so that C; C K. Then
Ci={g9g€e K| H(g) =a+km, V(g) =b+ k'n, with at least one of k, k" <0}.
Equivalently,
Ci=Kn({geG:H(g) <alU{geG:V(g) <b}).

We claim that C; is convex in the Cayley graph of K.
Indeed, begin at the identity vertex and follow any non-backtracking path in the
Cayley graph of K. Suppose that at some stage one reaches, for the first time, a

vertex for which both
H(g) >a and V(g) > 0.

It is enough to show that along any continuation of this path which does not im-
mediately retrace the last edge, neither H nor V' can decrease. This will imply that
once the path leaves C;, it can never re-enter, and hence C; is convex.

The generators of K are

(R, v7] = W' B ™ 1<i<m-—1, 1<j<n-—1,
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together with their inverses
(A, 0]t = I T R
Let
q = [h', ] = Kl W™ iy

and let 7 # ¢~! be another generator or inverse generator. If the reduced word for r
begins with h, then there is no cancellation between the end of ¢ and the beginning
of r, and therefore both H and V increase.

Now suppose that

Y, o Y
r=v' AoV AT

Then

. o g o
qr = hiyd iyl jmodnhz pt I pme

If y/ # j, then H(qr) > H(q), while
Vigr)=n+(j —j") +[(' = j) mod n],

which is equal to either n or 2n, and in particular is not smaller than V' (q). If j' = j,
then

S . o
qT:h'L,U]hz zmodmvn Jpm z’

1

and since r # ¢~ we have i’ # i. Hence again H does not decrease and V' remains

unchanged. The remaining cases are entirely similar. Now let

9o, 915+ -5 9r
be a non-backtracking path in the Cayley graph of K. Writing
gi+1 = GiSi,

the reduced word for g; ends with some generator ¢ when written as a concatenation
of generators as dictated by the non-backtracking path to reach that vertex on the

graph. Since the path is non-backtracking we have s; # ¢~!. Reduction in the
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product g;s; can therefore occur only at the interface between the final generator of
g; and the initial generator of s;. No cancellation propagates further into the reduced
word for g;. Hence the preceding calculations for products of two generators apply
at every step along the path. It follows that along any non-backtracking path in the
Cayley graph of K, H and V' are non-decreasing. Therefore C; is convex.

If @ and b are not both divisible by m and n, then C; lies not in K itself but in
some coset t,.K. After identifying that coset with K by left translation, the same
argument applies verbatim. Thus in every case the set C;, and therefore also each
translate g;C;, is convex in the relevant copy of the Cayley tree of K.

We have already shown that the family {g;C;}¥_, is pairwise intersecting. Since

these sets are convex subsets of a tree, the Helly property for trees implies that
k
m giCi # 9.
i=1

(Note that although we originally defined the Helly property for graphs in terms of
balls, the proof of Proposition 4.3.1 was done for subtrees, which are precisely the
convex subsets of a tree.) Hence there exists a value g € G which may be assigned
to xy so that the enlarged height assignment on AU {x(} still satisfies the condition
of the theorem.

By an argument similar to that in Chapter 4, we obtain height values on all of

72 satisfying the same pairwise conditions.

Reconstructing the tiling:
It remains to show that the resulting global height function corresponds to a

tiling of Z% by 1 x m and n x 1 rectangles.

Step 1: We begin by analysing the height differences between neighbouring ver-
tices. Let e; = (1,0),e2 = (0,1) and let z,y € Z? be neighbouring vertices
with

y=x+e;.
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Then the conditions satisfied are,
Zat(x,y) —1=km, Zﬁt(x, y) = k'n,
t t

where at least one of k£ and k&’ is non-positive.

Since all exponents are non-negative, we have
Zat(x7y) 207 Zﬁt<x7y) ZO
t t

Moreover, Y, Bi(z,y) € nZs.

Case 1 (), Bi(z,y) > 2n): In this case K’ > 2, so we must have that £ < 0
ie.

Zat(x,y) =1+km<1.
t

To satisfy the condition for this case the word for the height difference
between x and y must also have at least three blocks of v’s with blocks
of h’s between every consecutive pair (since every block of v’s can have
length at most n — 1). But then we would have >, ay(z,y) > 2, a

contradiction.

Case 2 (>, Bi(z,y) € {0,n}): Here, suppose that ), ou(z,y) # 1. Then
Zat(xvy) >1 +m,
t

i.e. k> 1. We must then have that ¥’ =0 = >, fi(z,y) = 0. The

reduced word would be of the form h2=:*+(*%) But then we can only have
0< Z@t(%y) <m-—1,
t

which is a contradiction. Thus we must have that >, ay(z,y) = 1.
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Therefore, for every horizontal edge from x to x + ey,
h(z)'h(z + ) = v*ho™ ™

for some
0<a<n-—1

That is, height differences across horizontal unit edges are precisely conju-
gates of h. Similarly, height differences across vertical unit edges are precisely

conjugates of v.

Step 2: Take neighbouring vertices x and y = x + e, and suppose
h(z) 'h(y) = v"ho"

forsome 1 <a<n-—1.

Set
¥ =x+ e, Y =y + e

By the previous part, there exists a’ € {0,...,n — 1} such that

h(z)"th(y) = v¥ o

Similarly, there exist b, 4" € {0,...,m — 1} such that
h(z) *h(z') = hboh™?,

and

h(y)~'h(y') = B on™ ",
Comparing the two paths from z to 3/, we obtain

(v ho™ ) (R vh™ ") = (Rboh™ =) (v ho™ ).
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Rearranging gives

(hbuh™*) =L (v ) (R vh™ ") = v B

The right-hand side is a reduced word with exactly three alternating blocks.
Hence the left-hand side must reduce to such a word as well. This is possible

only if the outer h-blocks cancel completely, forcing

b=10 =0.

In that case,

Unfl(vah,vnfayv — vaflhvnf(afl)’

where the indices are interpreted modulo n. Thus

ad=a—-1 (modn).

Therefore, if two horizontal edges are vertically adjacent and one of them has
height difference with three alternating blocks, then their conjugacy indices
differ by —1 modulo n. By symmetry, if two vertical edges are horizontally
adjacent and one of them has height difference with three alternating blocks,

then their conjugacy indices differ by —1 modulo m.

We now define a tiling associated to the height function h. A unit cell is said to

be covered by a vertical tile if one of its horizontal edges has height difference

n—a

v*ho

with
1<a<n-—1.

Similarly, a unit cell is said to be covered by a horizontal tile if one of its

vertical edges has height difference

hbypm b
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with
1<b<m-—1.

It is easy to see from the previous calculation that there is no overlap between

distinct tiles.

It remains to show that every unit cell is covered by a tile. Let xy,xs,x3, 24
be the vertices of a unit cell listed clockwise, with z; the lower-left corner.
Suppose that every edge difference is of the form of a single block. Then

traversing the boundary of the cell gives
h(zy) = h(z)hoh vt

which is impossible in Z,, x Z,.

Hence at least one edge of the cell must have height difference with three
alternating blocks. Therefore every cell is covered by either a horizontal tile
or a vertical tile. Since overlaps are impossible, these tiles form a tiling of Z2.

By construction, this tiling induces the original height function h.
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