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Notation

To help the reader navigate through the specific notation in this thesis, we have listed all
the necessary symbols and notation in alphabetical order, first Latin, then Greek.

A bare persistence length of the polymer
c Concentration of crowders
f Applied external force
f ∗ Collapse force applied by the crowders on the polymer
fc Characteristic force
kB Boltzmann Factor
L Contour length of the polymer
r Radius of the monodisperse crowders
r0 Radius of the DNA monomer
s Arc length coordinate of the polymer
T Temperature
z molecule extension
β Inverse temperature β = 1

kBT

ẑ Pulling direction
ϕ Volume fraction
ρ Fluctuation radius of the DNA
f̃ Effective force on the polymer

t̂(s) Tangent vector over the arc length coordinate
t⊥(s) Orthogonal component of the tangent vector
u⊥(s) Orthogonal displacement of the chain
ξ Force dependent correlation length

Table 1
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Abstract

In this report, we present a theory to understand the effects of osmotic pressure due to
neutral macromolecular crowders on double-stranded DNA or any semiflexible polymer
under tension. The leading order effect is a crowder-induced compaction, which acts
against the external applied force. This compacting force f ∗ is dependent upon crowder
size r and volume fraction ϕ, high ϕ and small r result in a higher compaction force
f ∗. At first order in perturbation theory, we calculate a fluctuation-dependent correction
to the depletion volume, which competes with the compaction of the polymer for large
crowders leading to expansion of the polymer.
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1 Introduction

1.1 The Biological problem

The Bacterium Escherichia coli is often considered one of the simplest living organisms.
It lacks a membrane-bound nucleus and many other compartmentalised structures char-
acteristic of eukaryotic cells [1, 2]. Yet despite its apparent simplicity, E. coli poses several
significant scientific questions. Among the most striking is the organisation of its genetic
material. With a genomic length of ≈ 1.5mm and a cellular volume of ≈ 1µm3, and the
nucleoid only occupies roughly 0.2µm3 [3] of the cellular volume, Simple scaling estimates
put the radius of gyration (Rg) ≈

√
LA suggesting that radius of gyration for the E coli

nucleoid in free space should be around ≈ 10µm far exceeding the cellular dimensions.
Thus, the bacterial chromosome must be compacted by several orders of magnitude to
fit inside the cell while remaining dynamically accessible to the cell’s replication and
transcription machinery.

1.2 Basics of the bacterial nucleoid architecture

The bacterial chromosome lacks a membrane-bound nucleus and histone-based chromatin
organization. Yet, the bacterial nucleoid is not a random blob of DNA; several experi-
ments have revealed that the E. coli nucleoid demonstrates a high level of 3-dimensional
organization instead of existing like a random polymer coil. The E. coli genome is par-
titioned into hierarchical structures which maintain both DNA accessibility and global
chromosome compaction.

Several experimental studies have shown that the nucleoid is organized into domains
stabilized by protein binding, DNA topology, and spatial constraints of the cell[1]. Un-
derstanding these structural levels is necessary for connecting the physical properties of
DNA with the functional organization of the genome.

The chromosome is confined inside the cell with a large number of macromolecules
fundamental for cellular function. Many of these macromolecules, such as transcription
factors, DNA and RNA polymerases, nucleosomes, and specific enzymes, associate with
the DNA, giving rise to nucleoprotein complexes in the bacterial nucleoid. However,
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many other macromolecules near the genome do not interact directly but share the same
space inside the cell, and interact with the genome via steric interactions.

At the largest scale, the E coli chromosome is divided into megabase-sized macrodomains
and smaller topological domains. Experiments revealed that distinct chromosomal loci
occupied preferential spatial locations in the cell, suggesting a non-random reproducible
spatial organization of the genome[4]. Subsequent studies identified macrodomains like
Ori, Ter, Left, and Right[4]. Within these macrodomains, the chromosome gets further
organized into topological domains, these domains are usually tens of kilobases and con-
tain independent subunits of DNA supercoils, restricting propagation of torsional stress
along the chromosome[5].

Beyond this macrodomain organisation, nucleoid-associated proteins (NAPs) also
drive organisation. These proteins bind along the chromosome and modulate its con-
formations through bending, bridging and wrapping of DNA segments. But these NAP-
induced structures are unlike histones as they are not specific repeats and act as dynamic
modulators of DNA topology[6].

Many NAPs have been identified in E coli, like HU, Fis, IHF and H-NS. Each protein
varies in its activity but contributes to the compaction of the genome. HU and IHF are
known to introduce sharp bends in DNA, facilitating loop formation and local compaction.
H-NS is a bridging protein and brings distant sections of DNA closer together, giving rise
to higher-order nucleoprotein complexes that contribute to transcriptional silencing and
condensation of chromatin [7].

Although there is ample evidence for these NAPs being used for DNA compaction and
organization, the NAP-mediated bridging and looping are not enough to explain the over-
all nucleoid compaction on its own. Instead, experimental evidence suggests that NAPs
operate cooperatively with other physical mechanisms like crowding and supercoiling, to
achieve the observed compaction in the DNA [8].

Supercoiling is a central component of nucleoid organization. The bacterial chromo-
some typically sits in a closed topological domain; important processes, such as transcrip-
tion and replication open up parts of the DNA to get access, in turn increasing torsional
stress in the DNA. This stress leads to the formation of supercoiled structures in which
the DNA double helix becomes over- or underwound relative to the relaxed state[9].

The DNA in the nucleoid sits in a slightly underwound state compared to its relaxed
state. This results in negative supercoiling, promoting the formation of plectonomic
structures, which causes the DNA to wrap around itself, forming intertwined loops. These
plectonomes also provide an effective compaction while reducing stress on the polymer
during cellular processes.

In eukaryotes, the DNA uses well-categorized structural mechanisms to achieve the re-
quired compaction. The genome first wraps around histone octamers, which further fold
into higher-order chromatin structures within a membrane-bound nucleus[6]. This strat-
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Figure 1.1: The figure shows a topologically constrained DNA segment undergoing su-
percoiling due to the action of macromolecular machinery of the organism. (A) shows
a topologically constrained DNA segment where the constraint could be a protein or
membrane anchor. (B) shows the accommodation of RNA polymerase for transcription
initiation of this segment of DNA. (C) shows an elongation of the DNA due to the removal
of the helical turns by the RNA polymerase, as the RNA polymerase itself cannot rotate
around the helical axis of the DNA. This elongation due to the opening of helical turns
of DNA causes overwinding and underwinding of the DNA, leading to the formation of
plectonemes with positive supercoiling in the overwound region and negative supercoils
in the underwound region. The figure has been borrowed from [2]

14



egy requires specific protein-DNA interactions and machinery to regulate accessibility and
maintain organization. But as is known, E. coli lacks any such machinery or a bounded
membrane for its nucleoid. Although the bacterial chromosome uses nucleoid-associated
proteins (NAPs) to introduce bending, bridging and supercoiling[6, 9, 10], these inter-
actions alone prove to be insufficient. Instead, the chromosome organization in bacteria
appears to have a cooperative dependence on these NAPs and passive, generic physical
forces such as confinement and molecular crowding[8]. Indeed, macromolecules tend to
occupy upwards of 40% of bacterial volume. This contrast raises the question: to what
extent are these passive mechanisms responsible for the large-scale DNA compaction and
organization in prokaryotic cells?

1.3 The physical problem

Now that we have an understanding of the biological context of the DNA compaction
problem. It is of interest to understand the progress that has been made to solve this as
a question based on physics.

1.3.1 Nucleoid as a phase separation between cytoplasm and

DNA

Beyond compaction at the level of individual polymer conformations, fluorescence mi-
croscopy revealed that the bacterial nucleoid is "phase separated" from the surrounding
cytoplasm, and the chromosome occupies a distinct protein-sparse region near the cen-
ter of the cell. While the segregation is not exactly an equilibrium phase transition
in the thermodynamic sense, it is interpreted as an entropy-driven demixing driven by
excluded-volume interactions and osmotic pressure. The DNA-rich region tends to ex-
clude macromolecules(proteins) to the exterior, exerting an outward stress on the cell
membrane, which is also linked with cellular growth [11]. The crowder phase (charac-
terized by the high diffusive mobility and osmotic pressure of the free molecules in the
system), in turn, exerts a reciprocal osmotic force on the DNA polymer network, com-
pacting the DNA and causing it to phase separate [12, 13]. The physical principle behind
this crowder-driven compaction and separation is entropic and related to the depletion
interactions first described by Asakura and Oosawa in 1954 [14]. In this framework, small
particles are excluded from a region surrounding large particles. When the excluded vol-
umes of two large particles overlap, the volume available to the smaller particles increases,
which maximizes entropy, and this gain in entropy physically manifests as an effective
attraction between the large bodies.
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Figure 1.2: An image of the nucleoid following Cryofixation followed by Freeze-
stabilization (CFS) showing thin sections of growing E.coli. These images show regions
of the nucleoid that are depleted of ribosomes. Panels A and B show the same section;
in panel B, the ribosome-free spaces are enhanced by colouring by hand. The image has
been taken from [15]

1.3.2 Bacterial DNA as a semi-flexible polymer

To understand how these biological and physical mechanisms work together to achieve
the high degree of compaction while maintaining accessibility for cellular processes, it
is useful to study the physical properties of the DNA itself. To that end, the DNA is
investigated from the perspective of polymer physics.

From a physical perspective, DNA is a semi-flexible polymer characterized by its
bare persistence length (A) of approximately 50nm under physiological conditions. The
contour length (L) of DNA in bacteria far exceeds its persistence length, placing the
question firmly in the domain of long-chain polymers. Thus, we are inclined to look at
the statistics of semi-flexible polymers under confinement and in crowded environments

In the context of bacterial DNA, the chromosome can be viewed as a large extended
object immersed in a bath of smaller crowders. Overlap of excluded volumes between
different segments of the polymer increases the entropy of the crowders and thus generates
an effective self-attraction of the DNA. Because there is no interaction between DNA and
crowders, this DNA compaction is purely physical.
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1.3.3 Polymer collapse and the PSI transition

The collapse of a polymer from a swollen coil to a compact globule has been studied in
polymer physics[16, 17]. In a good solvent, polymer solvent interactions dominate, and
the polymer takes an extended conformation. In a poor solvent, the effective monomer-
monomer attraction leads to the polymer’s collapse into a dense globule. The transition
between these regimes occurs at the θ temperature. Foundational theoretical models of
this phenomenon were developed by Paul J. Flory[18] and were later refined through
scaling concepts by Pierre-Gilles de Gennes[19]. But the compaction of polymers induced
by polymers and salt in vitro is fundamentally different from the θ transition and is
referred to as the ψ transition for the Polymer-and-Salt induced (PSI) transition. Early
experiments with neutral polymers like polyethlene glycol (PEG) in a high concentration
of salt showed evidence of compaction in DNA[20]. The ψ transition is not driven by
the temperature-dependent solvent quality; it is dependent upon the excluded-volume
effects and osmotic pressure from external macromolecules. This key difference between
θ and ψ transition must be highlighted as it makes the latter susceptible to changes in
the crowder concentration and size.

1.4 Experimental and computational evidence

Before diving into the experimental evidence itself, it is useful to understand the key
experimental techniques that have enabled these discoveries.

One of the key techniques for inferring polymer and DNA behaviour is to characterize
the molecule’s response under tension in vitro using force spectroscopy. Tweezers(optical
and magnetic) are a key experimental technique to study the polymer response under
tension.

1.4.1 Optical Tweezers

Optical traps are one of the most versatile tools for single-molecule manipulation. The
technique relies on a focused laser, creating a 3D potential well trapping dielectric particles
like micron-sized beads. The bead experiences a potential gradient, thus a restoring force
directed towards the centre of the trap due to an induced dipole interaction with the
optical field gradient.
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Figure 1.3: The image shows the forces acting on a dielectric sphere interacting with a
light gradient, with the incident beam focused by a high numerical aperture lens. In panel
(a), the particle(smaller than the light wavelength) is being pushed away from the centre,
along the direction of light propagation, by the scattering force(Fscat, redarrow), and the
particle experiences a restoring gradient force (Fgrad) bringing it towards the centre of
the beam. In panel (b), the dielectric particle shown is bigger than the wavelength of the
light beam. This leads to reflection or refraction of light(pink arrows). This leads to a
change in direction, correspondingly a change in momentum, which in turn results in an
equal but opposite change in momentum of the dielectric bead. The reflected rays lose
forward momentum, resulting in a pushing force (Freflection) pushing the bead along the
direction of propagation, and refraction leads to rays that are deflected forward due to
their high incidence, generating a reactive force (Frefraction) pulling the bead towards the
focus. The images are borrowed from [21]

Typically, a biomolecule will be tethered between two micron-sized beads, one held
in the optical trap and the other attached to a micropipette or surface. By displacing
the bead in the trap relative to the trap centre. For small displacements, the trap acts
like a Hookean spring, allowing force to be calculated from the displacement of the bead.
Optical tweezers can apply forces ranging from 0.1 to 100 piconewtons while maintaining
a sub-nanometer precision and sub-millisecond time resolution, allowing optical tweezers
to be used with the manipulation of DNA, RNA as well as active molecular motors.
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Figure 1.4: The figure depicts the optical layout of a standard single-beam optical trap. A
standard set would contain a high-powered optical laser that generates the trapping beam.
The beam will pass through a telescope, which expands it. There will be some beam-
steering machinery controlling the beam axis. A high numerical aperture objective(OBJ)
that focuses the beam on the sample. The image is borrowed from [21]

1.4.2 Magnetic Tweezers

Magnetic tweezers use a robust technique to manipulate single molecules using magnetic
forces. The apparatus is typically made of a pair of permanent magnets positioned above
a microscope chamber containing super-magnetic beads attached to the molecule under
consideration. The Magnetic field gradient generated by the magnets exerts a force on
the bead, pulling it along the gradient and thereby stretching the molecule attached.
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Figure 1.5: The image depicts the most common types of experiments conducted using
magnetic tweezers. Where N and S represent the north and south poles of the permanent
magnets. Panels A and B illustrate the pulling experiments, where the magnetic bead
gets pulled under the influence of the magnetic field. These experiments are essential in
determining the force extension behaviour of polymers. Panels C and D are representative
of the twisting application of magnetic tweezers, where a torque can be applied by rotating
the magnets. These experiments are useful in studying the supercoiling behaviour of DNA
under torsional stress.

Figure 1.6: The figure depicts the standard elements of a magnetic tweezer setup. (A) A
schematic of major components of the magnetic tweezer, including the magnets, holder,
objective, cameras, tethered sample and piezo actuators. (B)A schematic for the flow of
current and magnetic fields to conduct vertical and horizontal pulling experiments using
magnetic tweezers.

Magnetic tweezers use a robust technique to manipulate single molecules using mag-
netic forces. The apparatus is typically made of a pair of permanent magnets positioned
above a microscope chamber containing super-magnetic beads attached to the molecule
under consideration. The Magnetic field gradient generated by the magnets exerts a force
on the bead, pulling it along the gradient and thereby stretching the molecule attached.
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One end of the molecule will be attached to a glass surface, while the other end is
attached to the bead. Since the gradient varies slowly with position, the tweezers provide
a nearly constant environment. Magnetic tweezers can also be used to apply torque to
the molecule, facilitating studying the topology, including supercoiling for DNA and for
studying the activity of enzymes such as topoisomerases.

1.4.3 Experimental evidence

Experimental studies also provide strong evidence for the compaction of DNA through
macromolecular crowding. Osmotic shock-driven condensation is observed in the E coli,
resulting in a reduction in the nucleoid volume following an increase in the salt concentra-
tion [22]. The osmotic shock drives out the water from inside the cell, thereby increasing
the macromolecular concentration inside the cell. The nucleoid was observed to show a
more significant reduction in volume compared to the cytoplasmic volume, suggesting a
cooperative compaction mechanism consistent with crowding-induced collapse[23]. Simi-
lar effects were also observed with eukaryotic chromatin in human cell lines: an increase in
density of molecular crowders has been correlated to chromosomal mitotic condensation
post the dissolution of the nuclear envelope.[24]

Complimentary in vitro experiments using purified DNA and neutral crowders such
as PEG have also shown direct compaction with an increase in crowder concentration
[8, 25, 26]. Experiments performed on Intrinsically Disordered Proteins(IDPs) using
Single-molecule Forster resonance energy transfer(SM-FRET) demonstrate compaction
of the polymer under increasing crowder concentrations and increasing crowder sizes[27].
Suggesting relevance of the parameters, ϕ and crowder size r. Through these experiments,
one can systematically tune the system by changing the volume fraction and crowder size.
Together in vivo and in vitro observations support the idea that crowding at physiological
densities can regulate chromosome organization.

1.4.4 Computational modelling and simulations

Figure 1.7: The figure is a depiction of bead spring polymer in a bath of spherical crowders
of diameter d. The figure highlights all the key parameters relevant to molecular dynamics
simulation-based studies. The figure is borrowed from [28]
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Experimental results and theory have also been complemented by molecular dynamics
simulations reproducing crowder-mediated compaction of polymer models in silico [22,
28–31]. A typical MD simulation would consist of L spherical beads of radiusD connected
by springs of similar extension immersed in a bath of smaller spheres or crowders of radius
d with density c. These simulations were able to identify that the volume fraction of the
crowder ϕ = 4πd3c

3
and the relative size of the crowder D

d
are the key parameters in

determining the strength of crowder-induced polymer compaction.
While simulations were able to show and quantify the crowders’ ability to exert force

and compact the polymer, there are limits to this approach as well. For starters, as with
all empirical derivations, simulation approaches are only valid for the range of investi-
gated parameters, and one cannot simply extrapolate these results to a wider range of
parameters with brevity. Furthermore, it is a challenge to improve this type of simula-
tion, as a reduction of d/D by a factor of x with a constant volume fraction ϕ entails
an increase in the number of simulated particles of O(x3). Similarly, an increase in the
polymer length by a factor x entails, due to the scaling of polymer dynamics, an increase
in the simulated volume and number of particles by O(x5/2). More fundamentally, the
bead spring model is not a good polymer to simulate DNA due to its significantly slender
nature (bending stiffness).

1.5 Analytical theory to describe macromolecular crow-

ders as a compacting agent

Despite extensive work on crowding-induced collapse, far less attention has been devoted
to the modification of a polymer’s mechanical response under crowding conditions. In
particular, it remains unclear how bending fluctuations and depletion-induced osmotic
forces come together to tune the polymer’s mechanical response. While experiments and
simulations demonstrate compaction, it is of interest to analytically illuminate the link
between microscopic steric interactions and macroscopic mechanics of the polymer. The
objective of this thesis is to construct a theoretical description of crowding-induced forces
acting on a semiflexible polymer. with particular emphasis on bacterial DNA. We aim
to bridge the gap between classical polymer physics, depletion interaction theory and
single-molecule elasticity.

The structure of the thesis is as following First, we review the statistical mechanics of
semiflexible polymers, the worm-like chain model and the Marko-Siggia model, then we
will introduce the depletion interactions and osmotic pressure in crowded media following
which we will derive an effective free energy for the stretched polymer in a bath of crow-
ders and use the Gibbs ensemble framework to derive analytical results for the modified
force-extension relation. The results will be presented and discussed within the context
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of double-stranded DNA. Finally, we will evaluate the implications of our findings for
chromosome organisation in the larger picture.

By developing an analytical approach to crowding-induced compaction, this work aims
to extend the conceptual clarity and predictive power beyond the existing simulation-
based studies.
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2 Worm Like Chain Model

This chapter describes the theoretical background necessary for our work, the Worm-
like chain (WLC) model, the Marko-Siggia model[32], which adapts the WLC model to
external stretching, and the concept of depletion interactions that appear due to the
entropic effects of the crowders.

2.1 Worm-like chain model

ẑ

ℓp

t̂(s)

t⊥(s)

r(s)

Figure 2.1: Illustration of a Worm-like chain. The red segment indicates one persistence
length ℓp measured along the polymer contour. The unit tangent vector t̂(s) and its
transverse component t⊥(s) are shown at arclength position s. The illustration was
created via a TikZ code with assistance from Microsoft Copilot (AI companion, March
2026).

The Worm-like chain (WLC) model, or the Kratky-Porod Model, is a model in poly-
mer physics used to describe semi-flexible polymers. It is a standard model and can be
found in any textbook. The following introduction is borrowed from Michael Rubinstein
[16]. These polymers are fairly stiff with successive segments pointing in roughly the
same direction and with some persistence length.
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The WLC model describes a continuously flexible isotropic rod. This is in con-
trast with the Freely-jointed chain(FJC) polymer, which is only flexible between discrete
hinges.

For a polymer of contour length (L), parameterised by s ∈ (0, L). t̂(s) is the unit
tangent vector to the chain at the point s, and r(s) is the position vector along the chain
as shown in the image. Then:

t̂(s) =
∂r(s)

∂s
(2.1)

and the end-to-end distance

R =

∫ L

0

t̂(s)ds (2.2)

The energy associated with the bending of the polymer can be written as

E =
kBT

2

∫ L

0

A ·
(
∂2r(s)

∂s2

)2

ds (2.3)

where A is the persistence length or the characteristic length over which a bend can
be made with energy cost kBT , kB is the Boltzmann constant and T is the absolute tem-
perature. At finite temperatures, the end-to-end distance of the polymer is significantly
shorter than the contour length due to thermal fluctuations, resulting in a coiled, random
configuration of the undisturbed polymer.

An important quantity of the WLC model is the polymer’s orientation correlation
function that follows an exponential decay.

⟨̂t(s1) · t̂(s2)⟩ = e−
|s1−s2|

A (2.4)

Another important quantity is the mean-squared end-to-end distance of the polymer
ends

⟨R2⟩ = ⟨R ·R⟩ = 2AL

(
1− A

L

(
1− e

L
A

))
(2.5)

In the long chain limit, i.e. L >> A, ⟨R2⟩ −→ 2AL, implying that the Kuhn segment
is twice the length of the persistent segment.
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2.2 Marko-Siggia model or the Stretching WLC poly-

mer

Figure 2.2: The figure represents the force-extension relationship for a worm-like chain
under stretching force as per the Marko-Siggia theory. The axes are in the normalized
units.

Upon application of force, the polymer begins to stretch, approaching the contour length.
For forces less than the characteristic force fc = kBT/A, the polymer acts like any
other freely jointed polymer; the force-extension relationship is linear, and the polymer
is organised into Pincus blobs. The size of each blob is set by the quantity kBT/f . These
blobs are purely entropic in nature.

Upon stretching, as the force on the polymer increases, the blobs first reduce in
size and finally, as we approach the characteristic force fc, the WLC approaches the
contour length L, and the tangent vector fluctuates only slightly around ẑ. The following
calculations in this section are based on the work of John F. Marko and Eric D. Siggia’s
work [32].

The effective energy of a stretched WLC becomes

E

kBT
=

∫ L

0

A

2

(
∂2r(s)

∂s2

)2

ds− fz

(2.6)
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Since the orthogonal fluctuations are small in the strong stretching regime, imposing
the condition |̂t| = 1 and the orthogonal components tx and ty are considered to be
independent, then tz can be written as a quadratic function of the two-vector t⊥

t⊥ = [tx, ty] (2.7)

tz = 1− t⊥
2/2 +O(t⊥

4) (2.8)

to quadratic order (∂2sr(s))
2 = (∂2st⊥(s))

2, the the effective energy becomes,

E

kBT
=

1

2

∫ L

0

ds
[
A(∂st⊥

2 + ft⊥
2
]
− fL (2.9)

taking a fourier transform t̃⊥ =
∫
dseiqst⊥ decouples the energy into normal modes

E

kBT
=

1

2

∫ L

0

dq

2π

[
Aq2 + f

]
|t̃⊥|2 − fL (2.10)

The average of t2⊥ at any point s is simply given by the equipartition theorem

⟨t⊥2⟩ =
∫

dq

2π
⟨| ˜t2⊥(q)|⟩ = 2

∫
dq

2π

1

Aq2 + f
=

1

(fA)1/2
(2.11)

The leading factor in above equation comes from counting both components of t⊥.
The extension, as represented by the black line in the Fig. 2.2 is given by:

⟨z⟩
L

= t̂ · ẑ = 1− 1

(4fA)1/2
(2.12)

The side-to-side excursions of the chain over arc length s, can also be calculated
exactly in the gaussian limit using t⊥ = ∂sr⊥

R2
⊥ = ⟨[r⊥(s)− r⊥(0)]

2⟩ (2.13)

R2
⊥ =

2

f

(
s− 1− e−s(f/A)1/2

(f/A)1/2

)
(2.14)

This model introduces the notion of effective persistence length ξ = (kBTA/f)
1/2.

For small forces f ≈ (kbT/A), ξ ≈ A as one would expect. For even smaller forces,
the Gaussian fluctuation approximation for t⊥ is not applicable anymore. The above
equation works for forces down to f ≈ kbT/A
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2.3 Depletion interactions as an effective compaction

force due to crowders

The second virial coefficient is also referred to as the ’excluded volume’ parameter because
of its interpretation in the case of the hard-core repulsion. The excluded volume is defined
as minus the integral of the Mayer function over the whole space [16].

v = −
∫
f(r) d3r =

∫
(1− exp(−U(r)/kBT )) d3r (2.15)

The term U(r) contains information about the interaction between two monomers. If
typical monomers ’like’ each other more than they ’like’ the solvent, then U(r) contains
an attractive well corresponding to this energy difference. If the monomers are chemically
identical to the solvent and there is no energy difference between their interactions, then
U(r) will only contain the hard-core repulsion. And, if the monomers like the solvent
more than they like each other, then there will be no attractive well in U(r) but an extra
repulsion.

For this work, we only consider the effective attractive interaction due to the crowders.
The crowders only contain a hardcore repulsion with each other and the monomers. To
understand the effective attraction due to crowders, we need to understand the term
’depletion interactions’.

Aasakura and Oosawa first proposed that an attractive force acts between two neu-
tral plates in a bath of colloids [14]. We can generalise this force to other geometries.
Monomers in a box of volume V with crowders of volume v. And, consider a shell of
thickness equal to the radius of the crowders around the monomer. We call this shell the
"particle excluded volume". Due to hard-core repulsion, the crowder cannot enter this
volume and the total volume accessible to the crowder becomes V −Nv where N is the
number of crowders in the box.

When two monomers come close together, their excluded volumes overlap, thus increasing
the volume available to the crowders. This is a higher entropy conformation, thus more
favourable. This leads to an effective attraction between the monomers.

Another way to understand this idea is via the osmotic pressure exerted by the
crowders on the monomer. If the crowders are homogenously distributed around the
monomers, at equilibrium, all forces are balanced. If, due to thermal fluctuation, two
monomers come close together such that there are no monomers between them, the pres-
sure contribution from their excluded region vanishes, and a net pressure force will try to
bring them together. The potential between the two spheres will be the osmotic pressure
Π multiplied by the integrated overlap volume Voverlap between two monomers.
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Some approximations as we go forward with this work

• Mean Field Approximation: the monomer density is uniform in all space occupied
by the polymer.

• Only the entropic forces from the crowders are incorporated in the theory

• The crowder gas is ideal

With this background, we can now proceed to incorporate the effects of the crowders
in the Marko-Siggia WLC theory.
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3 The Partition Function Z

To write the effective energy of the system, we can write a Hamiltonian that considers
the configuration of crowders in space. We need to supplement the general worm-like
chain Hamiltonian with a term that considers an interaction between each crowder at
position xi and the crowder chain. We consider that individual crowders are indexed by
i spanning from 1 to N ; the concentration of the crowders is c = N/V , where V is the
experimental volume.

In that case the total energy of the system becomes,

βE
[
t̂(s), {xi}

]
= βEch + βEcro (3.1)

where

βEch

[
t̂(s)

]
=

∫ L

0

ds

[
A

2

(
∂st̂
)2 − βf ẑ · t̂

]
, (3.2)

and

βEcro

[
t̂(s), {xi}

]
=

∫ L

0

ds

[
N∑
i

U (xi − u)

]
, with

∂u(s)

∂s
= t̂; (3.3)

We have assumed low crowder density as we ignore the two-body interaction between
crowders, and any higher-order interactions. We also assume overdamped conditions,
meaning the inertial mass of the crowders and the chain are both negligible. Given
monodisperse crowders of radius r, we set the steric potential as:

U(x) =

∞ if |x| < r

0 otherwise.
(3.4)

The partition function corresponding to the Hamiltonian defined above can be written
using the Gibbs distribution, which is path integral over all the conformations of the WLC,
integrated over all positions of the crowders over the experimental volume V :

Z(f, β,N, r, L) =

∫
D
[
t̂(s)

]∏
i

∫
V×N

dxi exp [−βE] . (3.5)

On integrating the partition function over the crowder degrees of freedom, we essen-
tially determine the volume available in the configuration space post-reduction due to
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the interaction between the crowders and the polymer, i.e. the strength of the deple-
tion interaction. Given the shape of the potential in Eq.(3.4), the problem reduces to
calculating the reduction in the volume accessible to the crowders, δV .

Z ′ [t̂(s)]
Zcro(N)

= exp

[
N log

(
1− δV

V

)]
≈ exp

[
−N δV

V

]
= e−c δV (3.6)

This is the van’t Hoff entropy approximation[33], valid for δV << V . Finally, the
partition function becomes:

Z(f, β, c, r, L) =

∫
D
[
t̂(s)

]
e−c δV exp [−βEch] =

∫
D
[
t̂(s)

]
exp [−βEeff ] . (3.7)
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4 Understanding and calculating the im-
pact of the crowders

In this chapter, we will incorporate the osmotic effects of the crowders in the free energy
defined for the pulled Worm-like chain.

4.1 excluded volume due to the polymer and the effec-

tive free energy

We consider a semi-flexible polymer (equivalently a WLC), pulled and stretched by an
external force f , the polymer is described by its tangent vector ˆt(s) over the arc length
coordinate s spanning the full contour length (L) of the polymer. We assume ẑ to be the
pulling direction and cylindrical symmetry about the pulling axis.

The effective free energy will have contributions from the bending stiffness with the
bare persistence length (A), the coupling of the external pulling force with the polymer
extension and an osmotic term which indicates the contribution of the crowders. This
osmotic term will simply be the product of the crowder concentration c and the volume
excluded to the crowders due to the polymer δV .

βE =

∫ L

0

ds

[
A

2
(∂st̂)

2 − βf ẑ · t̂
]
+ c δV (4.1)

In the zero crowder concentration limit (c −→ 0, or volume fraction ϕ = vc −→ 0), this
equation returns the standard worm-like chain under tension. The model, as described in
the previous section, utilises a characteristic force fc, which is the force on the polymer
when the radius of the Pincus blob is the same as the unperturbed persistence length
of the polymer. The characteristic force fc, corresponds to the 50% extension of its
maximum length.

For pulling forces f > fc an expansion of the extension ⟨z⟩ gives a full chain extension
L, minus a force-dependent term that is proportional to the pulling force.

⟨z⟩
L

= 1−
(
4f

fc

)−1/2

+ ... (4.2)
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To calculate the δV , we make the first approximation by neglecting any transverse
fluctuations of the polymer chain. We assume the polymer to be a rigid rod of radius r0
and variable elongation z. In this case, the excluded volume, or the volume inaccessible
to the crowders, is equal to the volume of a cylinder with radius R = r0 + r due to
the hard-core repulsion. The length of the cylinder will be equal to the extension in the
polymer.

c δV
[

ˆt(s)
]
≈ c δVcyl

[
ˆt(s)
]
=

∫ L

0

ds πcR2 t̂ · ẑ (4.3)

Adding the approximation from (4.3) into (4.1), we get

βE =

∫ L

0

ds

[
A

2
(∂st̂)

2 − βf ẑ · t̂
]
+

∫ L

0

ds πcR2 t̂ · ẑ (4.4)

βE =

∫ L

0

ds

[
A

2
(∂st̂)

2 − β

(
f − πcR2

β

)
ẑ · t̂

]
(4.5)

This suggests a renormalization of the applied force on the polymer, suggesting that
the net effect of the crowders is to counteract the force acted upon the polymer by the
external pulling force, which will be discussed later in the results and discussions.

We define a quantity f ∗ which is,

f ∗

fc
= πcAR2 =

3

4

A

r

(
1 +

r0
r

)2
ϕ (4.6)

we define a renormalized force f̃ such that,

f̃ = f − f ∗ (4.7)

and
⟨z⟩
L

= 1−
(
fc

4f̃

)1/2

+ ... (4.8)
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4.2 Incorporating the transverse fluctuations in the ex-

cluded volume

f
~

t̂t s

δV

Figure 4.1: An illustration of the fluctuating Worm-Like chain. It represents the crudeness
of the solid cylinder approximation of the excluded volume. We can see that, according
to this picture, some excluded volume is overestimated or underestimated by the solid
cylinder approximation.

In the previous section, we made a very crude approximation by assuming the polymer
to be a straight cylinder in the crowder gas. But when the polymer is pulled by an
effective force f̃ in the ẑ direction, there are fluctuations in the x̂ and ŷ directions which
may change the volume available to the crowders. Thus, it is important to quantify the
change in the excluded volume due to these fluctuations and their significance.

The orthogonal displacement of the polymer is given by u⊥(s) where

∂su⊥(s) = t⊥(s) (4.9)

The fluctuations in u⊥ have a force-dependent correlation length at any point s0 along
the length of the polymer, given by

⟨t⊥(s0) · t⊥(s)⟩ =
ξ

A
exp [−(s− s0)/ξ] (4.10)

and

ξ = A

(
fc
f

)1/2

(4.11)

Consider a crowder touching the polymer chain at a point s0, the trajectory of the
polymer will act like a rigid rod for all s such that |s − s0| < ξ and then the trajectory
starts acting like a random walk in the transverse direction for |s− s0| > ξ.
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4.2.1 Perturbative expansion of the excluded volume

A
r

ρ r r0ρ

B

Figure 4.2: (A) Illustrates the polymer trajectory that first comes into contact with the
crowder at some s1 and then the same trajectory touches the crowder at some point s2
due to the transverse fluctuations. The shaded region represents the additional excluded
volume not being accounted for in the solid cylinder approximation. (B) Illustrates the
additional fluctuation-dependent radius ρ.

A trajectory will be excluded if it interacts with the crowder again at any other point
apart from s0. To bring this idea into the theory, we consider this effect like an increase
in the radius of the depletion cylinder by an extra, fluctuation-dependent radius ρ. It
represents the extra volume inaccessible to the crowders.

c δV
[
t̂(s)

]
≈
∫ L

0

ds π (r + r0 + ρ)2 (4.12)

c δV ≈ c δVcyl + π
[
⟨ρ2⟩+ 2R

√
⟨ρ2⟩

]
(4.13)
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4.2.2 Calculation of ⟨ρ2⟩

Figure 4.3: A 1D illustration of the calculation for ⟨ρ2⟩ at a fixed r/r0 and ϕ. It represents
two spherical crowders of different radii touching the polymer at s = 0. It shows that the
non-zero mean component(red solid line) of the WLC trajectory along the component
of t⊥(0) direction does not contribute to the depletion, whereas the standard deviation
does(grey shaded region).

In the equation (4.13), the calculation of ⟨ρ2⟩ poses a significant challenge. To calculate
this, we first considered the orthogonal displacement u⊥(s) of the WLC conformation
over distances comparable to the size of the crowders (r), which should be compared to
the correlation length for bending and displacement fluctuations ξ.

For a particular trajectory, care must be taken while the crowder size r is less than the
correlation length ξ of the fluctuations. As in this regime, the strong correlation of the
tangent vector comes into play over the distances of the crowder size. We represent the
correlated length at a particular segment by ⟨t⊥(0) ·u⊥(s)⟩/⟨|t⊥(0)|2⟩1/2. It is a nonzero
quantity that represents the component of orthogonal displacement in the direction of
the tangent vector tilt, u⊥(0)/|u⊥(s)| i.e. the unit tangent vector at the point of contact.

The projection can be calculated as following:

t⊥(0) · u⊥(s)⟩
⟨|t⊥(0)|2⟩1/2

=

∫ r

0

ds
t⊥(0) · t⊥(s)⟩
⟨|t⊥(0)|2⟩1/2

=

(
f̃

fc

)1/4

ξ
(
1− e−s/ξ

)
(4.14)

Subtracting this projection from u⊥(s) yields the correct transverse volume, as now
we are looking at the displacement fluctuation in the tilted reference frame. With this,
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the fluctuation-corrected radius, as a function of r, now becomes,

〈
ρ2
〉
=

〈∣∣∣∣u⊥(r)−
⟨t⊥(0) · u⊥(r)⟩t⊥(0)

⟨|t⊥(0)|2⟩

∣∣∣∣2
〉
, (4.15)

Solving the equation by squaring, the cross terms will vanish, and we are left with

⟨ρ2⟩ =
∫ r

0

ds

∫ r

0

ds′⟨t⊥(s) · t⊥(s′)⟩ −
(∫ r

0

ds
⟨t⊥(0) · t⊥(s)⟩
⟨|t⊥(0)|2⟩1/2

)2

(4.16)

Now we just take the equation (4.16) and solve each integral individually using the
following relation. The integration is simple, and a standard technique.

⟨t⊥(s).t⊥(0)⟩ =
ξ

A
e−(s/ξ) (4.17)

I1 =

∫ r

0

ds

∫ r

0

ds′ ⟨t⊥(s).t⊥(s′)⟩

=
ξ

A

∫ r

0

ds

∫ r

0

ds′ e−|s−s′|/ξ

=
ξ

A
ξ2
∫ λ

0

dx

∫ λ

0

dx′e−|x−x′| with λ =
r

ξ

=
2ξ3

A

∫ λ

0

dx e−x

∫ x

0

dx′ex
′

=
2ξ3

A

(
e−λ − 1 + λ

)

I2 =

(∫ r

0

ds
⟨t⊥(0) · t⊥(0)t⊥(0)⟩

⟨|t⊥(0)|2⟩

)2

=

∫ r

0

ds
⟨t⊥(0) · t⊥(0)⟩2

⟨|t⊥(0)|2⟩

=
ξ3

A

(∫ λ

0

dx e−x

)2

with λ =
r

ξ

=
ξ3

A

(
1− e−λ

)2

(4.18)

Putting I1 and I2 together in the equation (4.16) we get,

⟨ρ2⟩ = ξ3

A
g(λ), where g(λ) = 2λ− 3 + 4e−λ − e−2λ. (4.19)

So the fluctuation-dependent radius of the cylinder is a function of ξ and λ, where

ξ = A
√
fc/f̃ is the force-dependent persistence length of the polymer from the Marko-
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Siggia WLC theory and carries a similar meaning as here it has the normalized force in
the denominator. And we have λ = r/ξ, that is, the relative crowder size with respect
to the apparent persistence length. This quantity will become relevant when we want to
understand the significance of transverse fluctuations with respect to crowder size.

4.3 Deriving the force Extension relation

Finally, we can calculate the force-extension relationship by using a simple formula:

⟨z⟩
L

= −∂ ln(Z)
∂βf

(4.20)

Through the canonical ensemble, we obtain

1

L
lnZ = βf̃ −

√
βf̃

A
− πc

(
2R
√
⟨ρ2⟩+ ⟨ρ2⟩

)
+O

(
f̃−3/2

)
(4.21)

4.3.1 Force-extension relationship in the absence of transverse

fluctuations

⟨z⟩
L

= 1−

√
fc

4f̃
(4.22)

4.3.2 Force extension relationship in presence of transverse fluc-

tuations

1

L
logZ (λ, ξ, A) = βf̃ −

√
βf̃/A− πc

(〈
ρ2
〉
+ 2R

√
⟨ρ2⟩

)
+O(f̃−3/2), (4.23)

The force-extension relationship follows as ⟨z⟩/L = ∂ logZ/∂(βf̃), leading to correction
of the zeroth-order force extension relationship of Eq. ??

1

L
lnZ = βf̃ − πc

(
2R

√
ξ3

A
(2λ− 3 + 4e−λ − e−2λ) (4.24)

+
ξ3

A

(
2λ− 3 + 4e−λ − e−2λ

)
−

√
βf̃

A
+O

(
f̃−3/2

)
(4.25)
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1

L

∂ lnZ

∂βf
= 1− ξ

2A
− πc

(
−3Rξ7/2

2A3/2

(
2λ− 3 + 4e−λ − e−2λ

)1/2
+
Rr ξ5/2

2A3/2

2− 4e−λ + 2e−2λ

(2λ− 3 + 4e−λ − e−2λ)1/2

+
−3 ξ5

2A2

(
2λ− 3 + 4e−λ − e−2λ

)
+
r ξ4

2A2

(
2− 4e−λ + 2e−2λ

))
(4.26)

The above equation can be condensed into a more compact one which makes under-
standing it’s nuances and further analysis much more easy.

⟨z⟩
L

=
z0
L

+
3ϕ

8

[
ξ2

A2
+

(r0 + λξ) ξ1/2√
g(λ)A3/2

]
3g(λ)− λg′(λ)

λ3
, (4.27)

Here (z0/L = 1− (fc/[4f̃ ])
1/2) and ϕ, ξ, λ, g(λ) all carry their usual meanings.
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5 Results

In this chapter, we will go over some of the key results of this research. The chapter is
structured such that we first discuss the impact of our considerations in calculating the
excluded volume δV on the force extension relationship as derived in equations (4.22),
and (4.27). We will also do an asymptotic analysis of the eq. (4.27) to ensure that our
model is in line with the previously proposed model and then point out some interesting
phenomenology that we observe.

5.1 The Osmotic force has a compacting effect on the

polymer in the Zeroth order

Figure 5.1: Force-extension relationship without crowders(in black) vs with crowders(in
red). The dashed line represents the compaction force f ∗ applied by the crowders on the
polymer as per eq. (4.6)
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To understand the impact of crowders on the polymer chain, we made a simplistic ap-
proximation of the polymer-crowder system. We assumed that the polymer acted as a
rigid cylinder, ignoring any transverse fluctuations, and the volume inaccessible to the
crowders is a cylinder of radius R = r0 + r.

This zeroth-order approximation predicted that the osmotic force on the polymer
due to the crowders counteracts the extension force f acting on the polymer with a
dependence on the conformation t̂ as the pulling term (see eq. (4.5)). This results an
effective reduction in the pulling force by a crowder dependent force f ∗ as depicted in the
figure with the red line.

Figure 5.2: Collapse force f ∗ as a function of ϕ and relative crowder size r/r0. This
shows that the collapse force increases for smaller crowders. The dashed line in the figure
corresponds to f ∗ = 1.1fc. Below this line the collapsing effect is very small.

The crowder-dependent compaction force f ∗ (see eq. (4.6)) is a function of the crowder
size relative to the monomer size r0/r and the volume fraction. As shown in the figure
Figure, we observe that for a constant crowder fraction ϕ smaller crowders apply a higher
compacting force as compared to the bigger crowders. This is a result of the crowding
force being an osmotic pressure phenomenon. In simple terms, the polymer experiences
a higher force when it has more crowders coming in contact with its surface. As the
crowders get bigger, fewer crowders can exist in the same volume thus reducing the force
experienced by the polymer.
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5.2 The Transverse fluctuations tend to swell the poly-

mer

Figure 5.3: The figure depicts the effect of the transverse fluctuations on the force-
extension relationship for different relative crowder sizes r/r0. The dashed line depicts the
zeroth-order effect that compacts the polymer, and the solid line represents the second-
order correction, which counteracts the compaction and is actually swelling in nature.

As discussed in the previous section, the zeroth-order approximation predicts a compact-
ing effect by the crowders on the polymer. The addition of transverse fluctuations shows
a more nuanced behaviour for the force-extension that depends on the relative size of the
crowder (r/r0) and the force-dependent persistence length.

The solid black line in the Fig. 5.3 represents the force-extension relationship from
the Marko-Siggia theory of WLC under stretching in zero crowder condition (ϕ = 0) as
in Fig. 2.2. The dashed lines in Fig. 5.3 are the zeroth-order correction as in Fig. 5.1,
and the solid lines show the force-extension with transverse fluctuations as a function of
r/r0 and λ as per the eq. (4.2) and eq. (4.27).

The figure shows that, first, the second-order correction has a swelling nature regard-
less of the crowder size. And that the crowder size plays a critical role in the relevance
of the transverse fluctuations. As the correction is almost negligible for small crowder
size (r/r0 = 2) in blue. But as we increase the relative crowder size, the swelling effect
becomes more and more relevant (red and brown curves).
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5.3 Asymptotic behaviour of g(λ) and the force exten-

sion relationship

Figure 5.4: This figure highlights the polymer fluctuation-dependent contribution to the

force extension as a function of r/A at a fixed effective force (
√
fc/f̃ = 0.5). The solid

lines represent the contribution for various monomer sizes relative to the bare persistence
lengths. The dashed lines represent the behaviour for λ << 1

We can rewrite equation (4.27) as:

⟨z⟩ − z0
Lϕ

=
3

8

[
ξ2

A2
+

(r0 + λξ) ξ1/2√
g(λ)A3/2

]
3g(λ)− λg′(λ)

λ3
(5.1)

For sufficiently high forces and large crowders (r > ξ or λ > 1); g(λ = 2λ + · · · ,
with ⟨ρ2⟩ = 2ξ2/A+ · · · in its asymptotic limit, which is compatible with the predictions
of regular WLC in its high force regime[32].

On the other hand, when the crowder is small, (r < ξ or λ < 1) , g(λ) = 2r3/3A. This
means in the small crowder or the small λ limit, the force dependence of the fluctuation
radius disappears, which is compatible with the analysis of transverse fluctuations of
WLC under confinement as shown in [34]. This is a very important result as we could
not have achieved the right small-λ behavior if we had not removed the tangent tilt.
without removing the tangent tilt, g(λ) ≈ λ2 and ⟨ρ2⟩ ≈ r2ξ/A, resulting in unrealistic
force dependence of even in the absence of crowders or r → 0.
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following the analysis of g(λ). We can now concentrate on (5.1), whose results are
represented in 5.4. We immediately notice that the fluctuation correction to ⟨z/L in
(4.27) will always be positive as the term 3g(λ) − λg′(λ) positive for all λ and all other
quantities can only be positive. Following this, we define a new characteristic force fλ
which is the force(f̃) at which the λ = 1 or r = ξ which also marks the boundary between
the two fluctuation regimes.

First, we look at fluctuation contribution when fλ << f̃ i.e. when the applied force is
much larger than the characteristic force. In this case, the fluctuation correction goes to
zero as O[(fc/f̃)3/2] asymptotically. This physically makes sense, as at very high forces,
the polymer approaches the contour length. The fluctuation contribution also decreases
for very large crowders as O[(A/r)3/2].

In the other regime, fλ >> f̃ , , i.e. when the applied force is less than the char-
acteristic force, g(λ) ≈ 2λ3/3 and g(λ) − λg′(λ) ≈ λ4/2, which leads to the fluctuation
correction looking like

⟨z⟩ − z0
Lϕ

≃ 3

16

[
r

A
+

√
3

2

( r
A

+
r0
A

)√A

r

]√
fc

f̃
. (5.2)

The contribution from the fluctuation correction varies as
√
fc/f̃ which is the same as

the variation in a z0/L as in eq. (5.1). So at small forces, the fluctuation correction would
appear like the polymer has a persistence length different from the bare persistence length
A. The bulkier is the polymer, the greater the contribution from fluctuations. Also, as a
function of r/A the function has a minimum at r ≈ r0 and it increases for larger r/A.

At fixed external force f̃/fc, the eq. (5.1) has a maximum for r ≈ ξ, when the radius
of the crowder is almost equal to the force-dependent persistence length of the polymer,

but this only holds in the regime when r0/A <<
√
fc/f̃ or when the polymer is slender

enough as is visible in the fig. 5.4. Our result also implies that at high enough forces,
small crowders tend to have higher swelling contribution compared to the larger crowders,
but in absolute terms, the effect is just too small to be visible in the figure 5.4.

44



6 Discussion

The central outcome of this research is that neutral crowders, who have a purely steric
interaction with the polymer, can modify the mechanical response of a semiflexible poly-
mer. It was previously understood and theorized that neutral crowders only have a
compacting effect on the polymer. But our theory suggests that the effect is not purely
compacting but is tuned by the size of the crowder. While steric exclusion generates
a compacting osmotic force, transverse fluctuations have a fluctuation-induced swelling
effect which counters the compaction. The interplay of these two effects produces a rich
force-extension behaviour.

As shown in the theory and the results, neutral crowders with purely steric inter-
actions with the polymer can tune the mechanical response of a semi-flexible polymer
under tension. Previously, it was shown experimentally and through simulations that
the crowders only had a compacting effect, irrespective of the crowder size and volume
fraction. Our results explicitly show that consideration of only steric effects generates a
compacting osmotic force, but incorporating transverse fluctuations makes the resultant
mechanical response more sensitive to the relative size of the crowder (r/r0) and the vol-
ume fraction of the crowder (ϕ), leading to a competition between osmotic compaction
and fluctuation-driven swelling of the polymer.

At leading order, the excluded volume between the polymer and the crowders acts
as an effective additive force opposing the externally applied extension force. This com-
pacting force scales like

f ∗ ≈ kBT
ϕ

r
(6.1)

The simplest physical interpretation of this osmotic force could be the osmotic pressure
of the crowders acting over a cross-sectional area of interaction between the polymer and
the crowder. For large enough f ∗, the compacting force may even drive the polymer to a
collapsed state even in the presence of an extending force(f̃ ≤ 0).

But, the transverse fluctuations in the polymer significantly alter the excluded volume.
Because bending fluctuations effectively increase the spatial volume unavailable to the
crowders, the correction term introduced has a swelling effect on the force-extension curve.
This swelling can be understood as an attempt by the system to reduce its free energy
by allowing the polymer to extend a little, reducing the overlap between the fluctuating
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segments and the surrounding crowders. But this fluctuation-dependent swelling term is
sensitive to the crowder size and applied force.

Putting both the compacting effects of the leading order approximation of the excluded
volume and the swelling effect of the fluctuation-driven second order correction gives rise
to three regimes of the force-extension relationship.

(i) If the crowders are very small, or the crowder volume fraction (ϕ) is very large,
the polymer response is dominated by the osmotic compaction of the crowders.

(ii) If the ϕ is small enough such that f ∗ < fc and the crowder size is large enough
such that the transverse fluctuations stay relevant. In that case, the theory predicts a
counterintuitive swelling of the polymer due to the crowders. The crowders can even drive
the extension beyond the uncrowded regime force extension. This behaviour is depicted
by the brown curve in Fig. 5.3. And finally,

(iii) If the tension is extremely large, i.e. the strong stretching regime, the extension
approaches the contour length of the polymer and the polymer is now in the rigid rod
limit where the fluctuation-dependent swelling becomes negligible.

These three regimes can be interpreted as different regions of an effective parameter
space spanned by a dimensionless force, crowder size ratio r/r0, and volume fraction
ϕ. The crossover from the compaction-dominated regime to the fluctuation-dominated
regime can be understood as a phase boundary analogous to a polymer collapse transition.

The theory can serve as a tool to understand DNA compaction in vivo and other
intracellular polymer compaction processes. Beyond providing a simple qualitative un-
derstanding, one can also make testable predictions using our results.

Our theory, even in its present simple form, can directly inform single-molecule pulling
experiments. Quantitatively, the theory predicts a force renormalization of order f ∗ ∼
kBTϕ/r, which for typical experimental conditions (ϕ ∼ 0.1, r ∼ 1− 10 nm) corresponds
to forces in the sub-piconewton to piconewton range. We predict that the addition
of crowders normalizes the force, and the force read by the instrument is not the one
experienced by the polymer under stretching. We believe that the addition of crowders
would lead to a shift up in cantilever-type experiments that use constant extension,
and a shift down in the apparent force in experiments that use constant force methods.
Experiments that use fluctuations (e.g., magnetic tweezers [23, 27, 32, 34–36]) to calibrate
can also benefit from our theory, as at a constant external force, an addition of crowders
leads to enhanced transverse fluctuations as predicted by the theory.

The predicted competition between the osmotic compaction and fluctuation-induced
swelling suggests that experiments should be designed to systematically vary both the
crowder size (r) and the volume fraction (ϕ). The theory identifies a non-trivial regime
of polymer swelling with large and dilute crowders. Observing this effect is challenging,
but controlled variation in crowder size at fixed volume fraction, using well-characterized
polymeric crowders such as PEG could be useful.
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The theory highlights the relevance of transverse fluctuations in determining the me-
chanical response of polymers. This information can be used to test a new set of exper-
imental observables, like fluctuation spectra and extension variance, which can contain
additional information about the crowding effects. Furthermore, the theory allows for
an inverse characterization of the crowded environments: By fitting the force-extension
data obtained in an unknown crowding environment to the theoretical predictions. This
can be used to extract effective parameters, such as crowder size and volume fraction.
In this sense, the theory can then serve as a mean-field description for the system, al-
lowing complex and heterogeneous crowding conditions to be mapped onto an effective
coarse-grained representation.

We have made several assumptions while making this theory, and one should be care-
ful when comparing with experimental data. We compute the osmotic pressure assuming
a dilute system of crowders where the ideal gas approximation is valid. The worm-like
chain effective energy was expanded using a perturbation expansion in the strong stretch-
ing limit, where we assumed the fluctuations to be small and Gaussian distributed. on
top of that we have also neglected higher order virial coefficients, many-body correlations,
polymer self-avoidance and hydrodynamics drag effects. These approximations may con-
strain the quantitative validity of the model at high crowder volume fractions as in typical
cellular environments.

To make this theory more realistic, a natural extension would incorporate non-ideal
crowder equations of state, such as the Carnahan-Starling approximation equation. The
crowder environment inside the cell is not uniform and contains many different kinds of
crowders, which simultaneously interact with the DNA, thus it would be interesting to
see the effects of polydispersity in this theory. One can also look into the statistics of
the crowding-induced collapsed globule as predicted by this theory in the f̃ < 0 regime.
Extensions to active or non-equilibrium crowders may also provide some insights towards
modelling the effects of molecular motors and other active machinery within the cell[37].

Despite our simplification, the present theory provides predictive insights into how
steric crowding modifies the behaviour of a semiflexible polymer under a broad range of
forces. By linking the microscopic excluded volume with the macroscopic elasticity of the
polymer, our theory offers a framework to better interpret force spectroscopy datasets and
enhances our understanding of chromosome compaction in intracellular environments.
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7 Conclusion

This thesis successfully derives an analytical relationship between purely steric macro-
molecular crowding interactions with a semi-flexible polymer and its mechanical response.
We developed an effective free energy in the Gibbs ensemble by incorporating the ex-
cluded volume effects of the crowder polymer system and the bending fluctuations of the
polymer.

We first approximated the volume inaccessible to the crowders due to the polymer
as a solid cylinder, assuming a simple hard-core repulsion between the two. Within
this approximation, we showed that monodisperse spherical crowders exert a uniform
compacting force on the polymer under tension, opposing the external. This force by the
crowders also normalizes the free energy and the force-extension relationship.

We also investigated the effects of bending fluctuations in the strong stretching (⟨z⟩/L >
0.5) limit through a perturbation expansion, assuming a force-dependent fluctuation ra-
dius. In this limit, we showed that fluctuations have a swelling effect counteracting the
compaction of the osmotic pressure. And we predicted a parameter range in which our
novel swelling could be of significance.

With this work, we were able to bridge the gap between microscopic steric interac-
tions and macroscopic elasticity of semi-flexible polymer. In the strong stretching and
dilute crowder regime, this theory offers predictive power across a broad range of phys-
iological forces, therefore aiding the interpretation of single-molecule force spectroscopy
experiments in crowded environments.

Although we make several approximations to simplify the problem, the theory offers
a firm base for future extensions to the theory, like incorporating non-ideal equations of
state [38], heterogeneous crowding or active crowders, enabling future studies with more
realistic intracellular environments.

In conclusion, this thesis presents an analytical theory to show that macromolecular
crowding is not just a passive confinement, but it takes an active role in tuning the macro-
scopic mechanical response of the polymer under tension, enhancing our understanding
of biological systems.
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