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Abstract

Let Ab, CRings, Rings respectively denote the category of abelian groups, unital
commutative rings and unital associative rings. For a prime p, we have the classical
construction of a p-typical Witt vector functor W : CRings — CRings given by E. Witt.
There are multiple constructions of the group of p-typical Witt vectors of associative
(possibly non-commutative) rings. It is known that all these constructions match with
classical Witt functor W, when restricted to the CRings. One of the natural questions
we have tried to answer in this thesis is - Is there a universal Witt functor on the Rings?

The first part of the thesis is devoted to the commutative set-up. Note that for
R € CRings, the group W(R) is endowed with a Verschiebung operator W (R) AR W(R)
and a Teichmiiller map R O, W(R). One of the properties satisfied by V, () is that the
map R — W(R) given by x — V(2P) — p(z) is an additive map. In this thesis, we show
that for p # 2, this property essentially characterises the functor W. Unlike other known
characterisations, this is a group-theoretic characterisation, in the sense that it does not
use the ring structure of W(R). This is important because most of the constructions of
a Witt functor defined on non-commutative rings do not have a ring structure. Hence,
we can use our group theoretic characterisation of W to answer the above question.

The second part of the thesis is devoted to the associative rings. We first define a
notion of a pre-Witt functor which abstracts the above group theoretic property. We
give a construction of a pre-Witt functor E : Rings — Ab adapting the construction of
the Witt functor given by Cuntz-Deninger for the commutative rings. We prove that E
when restricted to CRings matches with the functor W. We then define a Witt functor
E Rings — Ab and give a universal group theoretic characterisation of E modulo
an explicit conjecture about non-commutative polynomials. We prove that E admits a
natural surjection to the Hesselholt’s Witt functor Wy, without using the conjecture. We

also suspect that the Witt functor Wy is the universal Morita invariant Witt functor.
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Notation

N The set of natural numbers {1,2,3,...}.
Ny The set {0,1,2,...}.
Ab The category of abelian groups.

CRings  The category of commutative rings.

Rings The category of associative rings.

w The classical Witt vector functor on CRings.

Wy Hesselholt’s generalisation of W to Rings.

E, An alternative construction of W given by Cuntz and Deninger.
E Our modification of E, that extends it to Rings.

R, R] The additive subgroup of R generated by commutators.

R/[R,R] The additive abelianisation of R (not equal to R*").

W,(R)  The ring of truncated Witt vectors of length n with coefficients in R.

V, F The Verschiebung and Frobenius maps.

(x) The Teichmiiller lift of x.

st The p-saturation of a subgroup H C G, H* = {g € G : p‘g € H for some £ > 0 }.

Xiv



Chapter 1

Introduction

Let CRings denote the category of commutative rings, Rings the category of associative

rings, and Ab the category of abelian groups. Let p denote a prime number.

On the category CRings, there is the classical functor of p-typical Witt vectors (see [28],
[24])
W : CRings — CRings.

The Witt vector functor is a fundamental tool in arithmetic geometry and homotopy
theory. An explicit description of W (R) is given in [24, Chap. 2, §6], where the addition
and multiplication are defined using the Witt polynomials. We note here that if R is a

commutative ring of characteristic p, then W (R) is a commutative ring of characteristic 0.
It is known that W has the following universal property in the context of strict p-rings.

Theorem 1.0.1 ( [24, Chap. 2, §6]). Let k be a perfect ring of characteristic p. Then

W (k) is the strict p-ring with residue ring k.

There is also a known categorical characterisation of W involving d-rings.

Theorem 1.0.2 ( [18]). The Witt vector functor W is the right adjoint to the forgetful
functor from the category of 0-rings to CRings.

We emphasise that both of these characterisations rely crucially on the ring structure
of W(R). For associative (possibly non-commutative) rings, there are several interesting
constructions of Witt vectors (see [11], [13], [8], [6]). Most of these constructions, however,
do not equip the resulting Witt vectors with a natural ring structure. Nevertheless, they

all agree with the classical definition when the underlying ring is commutative.



This naturally leads to the question of how these various constructions are related, and
whether there exists a universal approach to defining the Witt vector functor on the cat-
egory Rings. In this thesis, our focus will be on the following two particularly important

constructions.

The first construction is due to L. Hesselholt ( [11], [13]), which extended the classical

construction to the following functor

Wy : Rings — Ab.
The construction uses non-commutative analogue of the Witt polynomials to define group
structure.
The second construction is due to Cuntz-Deninger [6], providing an alternative definition
of the classical Witt vector functor

E : CRings — CRings,

which extends to associative rings; see [6, page 564]. The construction uses free presen-
tations of rings and therefore does not require universal polynomials to define the ring

structure.

For an associative ring R, Wg(R) forms an abelian group, whereas F(R) is a ring. Let
HIE(R) = B(R)/LE(R), ().

The following question is posed by L. Hesselholt:

Question 1.0.3. Is Wy (R) isomorphic to HHy(E(R))?

This question was answered negatively by Hogadi and Pisolkar in [17] for p = 2, and
later by Pisolkar in [21] for any prime p.

Theorem 1.0.4. [21, Theorem 1.1] Let A := Z{X,Y} be the free ring with two variables.
Then there is no continuous surjective group homomorphism from Wy (A) — HHy(E(A))
which is compatible with V and ().

For associative rings, most constructions of Witt vectors do not have a ring structure.
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Therefore, we consider W (R) only as an abelian group instead of a ring; that is, we treat
W : CRings — Ab.

This viewpoint allows a characterisation of W that extends naturally to the non-

commutative setting. A more detailed discussion appears in Chapter 5.

In order to seek a universal Witt vector functor on Rings, it is natural to first ask whether
the classical functor W admits a universal group-theoretic description. More precisely,

we are led to the following question:

Question 1.0.5. Can we obtain a universal group-theoretic characterisation of W7

As mentioned earlier, we have the following natural question for the associative rings.
Question 1.0.6. Does there exist a universal construction of a Witt vector functor on

Rings?

These are the central questions addressed in this thesis. Now we present the main results
of the thesis.

(I) A universal group-theoretic characterisation of p-typical Witt
vectors for commutative rings

(S. Pisolkar and B. Samanta; A group-theoretic characterisation of p-typical Witt vec-
tors; J. Algebra 677 (2025), 1-12)

Let p denote a fixed odd prime throughout. To address Question 1.0.5, we first observe
the important group-theoretic properties satisfied by the classical Witt functor W. These

properties are recorded below.
Properties 1.0.7. For R € CRings, there exist functorial maps

- (Verschiebung) V : W(R) — W(R) (group homomorphism)

- (Teichmaiiller map) (—) : R — W (R) (set map)



which satisfy the following properties

1. (0) =0. If p # 2 then (—zx) = —(z) for all x € R.
2. x — V{(aP) — p(z) is an additive map from R — W (R).
3. W(R) is complete w.r.t the filtration {V"W(R) | n € Ny}.

4. If A is p-torsion free then W (A) is also p-torsion free (see Lemma 2.2.20).

We now abstract the properties 1.0.7 in the following definition.

Definition 1.0.8. [pre-Witt functor] A functor F' : CRings — Ab is called a pre-Witt
functor, if for every R, F(R) is endowed with a functorial endomorphism F(R) < F(R)
and a functorial map R U p (R) such that the properties 1.0.7 are satisfied.

We show that these properties essentially characterise the Witt vector functor W, which

is summarized in the following theorem.

Theorem 1.0.9. [22, Theorem 1.6] The classical functor of p-typical Witt vectors W is

a universal pre-Witt functor.

To prove this, we use the alternative definition of W due to Cuntz-Deninger, denoted by
E. A crucial step in the argument is a linear-independence statement for Teichmiiller-

type elements in the abelian group X (R) introduced in [6].

For R € CRings, write
(x) = (z,2%,2",...) € X(R) C R

for x € R; see Definition 3.2.1 for details.

Lemma 1.0.10. Let p # 2. Let A = Z[S] be a commutative polynomial ring over a set
S. Let {f;}i_, be a finite set of distinct non-zero elements of A. Further assume that

fi # —f; for any i # j. Then the subset {(f;)}i_, of X(A) is Z-linearly independent.

We first define a functor C' : CRings — Ab by enforcing the properties listed in 1.0.7.
We show that C' is a universal pre-Witt functor. Using Lemma 1.0.10, we prove that C'
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is isomorphic to E, which establishes Theorem 1.0.9. A detailed proof is presented in
Chapter 4.

(IT) A group-theoretic characterisation of p-typical Witt vectors
for associative rings (Preprint)

(Authors: Supriya Pisolkar, Biswanath Samanta)

In order to answer Question 1.0.6, we extend the ideas of [22] to the case of associative
(possibly non-commutative) rings. To approach this, we first observed the following
change in Property 1.0.7(4) for associative rings in the construction given by Hesselholt
[11].

(4') If R and R are p-torsion free then Wy (R) is p-torsion free, where R := ﬁ and
([R, R]) is the ideal generated by the commutator subgroup [R, R]. (For details see

Properties 5.1.1)

Definition 1.0.11. (Pre-Witt functor on Rings) A functor F' : Rings — Ab is called a
pre-Witt functor on Rings, if for every ring R € Rings, F'(R) is endowed with a functorial
endomorphism V : W(R) — W(R) and a functorial map ( ) : R — W{(R) which satisfy
the first three properties of 1.0.7 and the property (4') above.

We give a new construction of a pre-Witt functor, denoted E, which is a slight modifica-
tion of the construction of Cuntz—Deninger [6, page 564]. We now state the main results

of this work.

Theorem 1.0.12. E is a pre-Witt functor. Moreover:

1. The restriction of E to CRings is canonically isomorphic to the classical Witt func-
tor W.

2. There exists a unique natural transformation £ — Wy, which is surjective.

Furthermore, we formulate a conjectural characterisation of the functor F on Rings. This
reduces to an explicit conjecture about non-commutative polynomial rings. This is the

non-commutative analogue of the Lemma 1.0.10. Unfortunately, at present, we have



only computational evidence supporting this statement, and therefore we record it as a

conjecture.

Conjecture 1.0.13. Let p # 2. Let A = Z{S} be a non-commutative polynomial ring
over a set S. Let {fi}i_, be a finite set of distinct non-zero elements of A. Further
assume that f; # —f; for any i # j. Then the subset {(fi)}i_, of X(A) is Z-linearly

independent.

We discuss more about this conjecture and provide computational evidence in Section 5.5.
Assuming this conjecture, we obtain a universal characterisation of the functor E, which

is summarized in the following theorem.

Theorem 1.0.14. Assuming Conjecture 1.0.13, E is a universal pre-Witt functor on

Rings.

One of the main motivations for this work and also [22] was the following question.

Question 1.0.15. Can Wy be characterized by universal properties?

For a commutative ring R, the group of p-typical Witt vectors W (R) has an additional
property, i.e. that sum and difference of elements in W(R) is given by explicit Witt
polynomials. This implies the existence of a canonical bijection RN — W/(R) of sets.
A similar statement also holds for Wy (R) for associative rings R, except that instead of
a bijection, we have an epimorphism RYo — Wy (R) (see [13, Page 56]). Motivated by
this, we call a pre-Witt functor F' a Witt functor if the sum and difference of elements

in F'(R) are given by non-commutative Witt polynomials (see Definition 5.4.2).

It is natural to ask if there is a universal Witt functor on Rings. To answer this, we
define a Witt functor E that is a suitable quotient of the pre-Witt functor E by a
closed subgroup defined by certain Witt polynomials (see Definition 5.4.5). We have the

following conjectural characterization of the functor E.

Theorem 1.0.16. The Conjecture 1.0.13 implies that E is a universal Witt functor for

p # 2. In particular there is a unique natural transformation from E — Wy

One can show that F is not isomorphic to Wy and moreover it is not Morita invariant.
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We would like to pose the following question related to 1.0.15.

Question 1.0.17. Is Wy a universal Morita-invariant Witt functor?

Outline of the Thesis

In the next chapter which is Chapter 2, we recall the definition and fundamental prop-
erties of classical p-typical Witt vectors. We describe some applications and uses of
p-typical Witt vectors. We conclude this chapter with a short discussion on big Witt

vectors.

In Chapter 3, we discuss generalisations of the classical Witt vector construction to
associative rings. Although several such constructions appear in the literature, in this
thesis we focus on two particularly important ones: the construction of Hesselholt and

the construction of Cuntz—Deninger.

In Chapter 4, we prove Theorem 1.0.9, which provides a universal group-theoretic char-
acterisation of the classical Witt vector functor W on CRings. Our approach uses the
alternative construction of W due to Cuntz-Deninger (6], denoted by E.. We first define
a functor C' : CRings — Ab that attempts to enforce the properties listed in 1.0.7. We
have proved that C' is universal pre-Witt functor on CRings. We have then proved the
universality of W by proving C' is isomorphic to E.,.

In Chapter 5, we prove Theorem 1.0.12 and Theorem 1.0.14. We introduce the notion
of a pre-Witt functor on Rings, defined by four properties 5.1.1 satisfied by Hesselholt’s
construction of Wy. We give a construction of a pre-Witt functor F : Rings — Ab adapt-
ing the construction of the Witt functor given by Cuntz-Deninger for commutative rings.
We have proved that the restriction of E' to CRings is the classical Witt functor W. We
have defined E as a quotient of E. Furthermore, we also show that assuming Conjec-
ture 1.0.13, E is the universal Witt functor. We prove that E admits a natural surjection
to the Hesselholt’s Witt functor Wy, without using the conjecture. In Section 5.5, we

also provide evidence for Conjecture 1.0.13.



Chapter 2

Classical Witt Vectors

In this chapter, we recall the theory of Witt vectors, following the standard references,
including Serre’s Local Fields [24] and Hazewinkel’s exposition in [10]. The chapter begins
with a brief motivation for Witt vectors and the associated Witt polynomials arising from
the structure of Z,. After this, we recall the definition and basic properties of classical
p-typical Witt vectors. This construction is equipped with some important maps, namely
the Verschiebung operator V' and the Teichmiiller map (), and we recall these together
with their fundamental properties. The chapter concludes with a short discussion of big

Witt vectors and their relation to the p-typical construction.

2.1 Motivation from p-adic integers

In this section, we follow the classical approach to Witt vectors and use the structure
of the ring of p-adic integers Z, as a motivating example. There are several equivalent
ways to define the ring Z, of p-adic integers. It may be viewed as the completion of Z
with respect to the p-adic metric, or equivalently, as the inverse limit of the system of
rings Z/p"7Z for n > 1. A fundamental property of p-adic integers is the existence of
systems of representatives for the residue field I, in Z,. The following lemma formalizes

this notion:

Lemma 2.1.1. If S is a system of representatives of IF,, in Z,, then every element of Z,

can be written uniquely as 322, s;p" where s; € S.
A natural and familiar choice for such a system of representatives is

S={0,1,..,p—1}.



Chapter 2. Classical Witt Vectors 9

This leads to a bijection between the countable product of I, and Z,:

I1F, =z,

1>0

given by the mapping (ao, a1, ...) = Yo a;p".

However, a natural question arises: can we express addition and multiplication of p-adic
numbers using closed algebraic formulas in terms of their digits a;? At first glance, this
might seem like an easy question, but the problem is in fact quite subtle. The main
difficulty comes from the familiar issue of carrying digits when performing arithmetic in
base p, much like in ordinary decimal addition. These carries make it hard to write clean

algebraic expressions for the operations directly in terms of the digits.

To deal with this difficulty, we can use an idea based on Hensel’s lemma. Applying it to
the polynomial f(x) = zP~! —1 gives us a special set of representatives for the elements of
[F,, called the Teichmiiller representatives. This construction defines a map 7 : F, — Z,,
with the convention 7(0) = 0. The map 7 is multiplicative and satisfies the identity
7(x)P = 7(x) for all x € F,,

By choosing our representatives to be S = 7(IF,), we make it easier to understand and
work with arithmetic in Z,. In fact, this choice helps us write algebraic formulas for
addition and multiplication of p-adic numbers. This idea was first studied by Hensel and

Teichmiiller, and was later fully developed by Witt.

To prove this claim, let us consider elements of Z, in Teichmiiller digit expansions.

Assume

dap +d bt =>cp'. (2.1)
i=0 =0 =0

Now going modulo p, we have ¢y = ag + by (mod p); this implies
Cg = ((10 + bg)p (mod p2>

Going modulo p?, we get

co + per = (ao + pay) + (bo + pby)  (mod p2).
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By the property o = « for all « € S = 7(F),), we get

b+ per = (ag + par) + (b +pbr)  (mod p?).

Now substitute cf = (ag + by)? (mod p?) and as afj + b — (ag + by)? is divisible by p, we

get
ab 4+ bh — (ag + by)?
o1 =a;+ b + 22 p( 0+ bo) (mod p).
Continuing this process we can solve the equation (2.1) for ¢y, c3,... € S O

In each step, we find polynomials with integer coefficients, call them sg, s1, ... such that

doap' + > bip' = si(ao, a1, ... bo, by, )P
1=0 =0 1=0

We can do the same for multiplication of two elements of Z,. That is we can find

polynomials mg, mq, ... with integer coefficients such that

(i&ipi) . (ibipi) = imi(ao,al,...;bo,bl,...)pi.
i=0 i=0 i=0

As Teichmiiller representative is multiplicative, this will be easier than addition.

This defines a ring structure on [[;2, F}, which makes it as a characteristic 0 ring. This

also makes the set bijection

115 -z,
i=0
defined by
(ag,as,...) — ZT(ai)pi
into a ring isomorphism. If we define Witt polynomial to be w, = >, p'a? " and view

them w, : [[;—yF, — F,. As Teichmiiller representative commutes with pth power, it is

easy to see that the ring structure is uniquely determined by the relation

wWn (T +y) = wn(T) + wn(y) and wn(zy) = wn(z)wn(y)

for all n € Ny.
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Remark 2.1.2. Although the preceding discussion used the ring IF,, the polynomials
S0, S1, - .. and mg, mq, ... obtained have integer coefficients. Hence they make sense over
an arbitrary commutative ring R, and they determine corresponding operations on R.
The resulting ring is called the Witt ring of R, denoted by W (R).

2.2 p-typical Witt vectors

The exposition in this section follows standard references [24] and [10]. Let (Xo, X1, ..., Xy, ...

be a sequence of indeterminates, and consider the following polynomials (called “Witt

polynomials”):

WOZXO

wr = X§ +pXy

The following theorem guarantees the existence of polynomials of integer coefficients

similar to {s;} and {m;} in our motivating example.

Theorem 2.2.1. [24, Chap. 2 §6] For every ® € Z[X,Y], there exists a unique sequence
(00, P1y ey Py o) with @; € Z[Xo, X1, ..., Xi, Yo, Y1, ..., Yi] such that for alln > 0,

Wn (00, @1, ooy ) = P(wn(Xoy ooy X)), wn (Yo, s Ya))-

Proof. From the given expression, it is easy to see the existence and uniqueness of each ;
as an element of the ring Z[1/p|[Xo, X1, ..., X, Yo, Y1, ..., Y;]. The hard part is to show
that these elements actually have integer coefficients. For a reference, see [24, Chap. 2
§6]. O

Definition 2.2.2. In the above theorem if we take ®(X,Y) = X +Y and ®(X,Y) =
X - Y, we get back the polynomials {s;} and {m;} respectively. For any commutative

ring with unity R, consider the set RNo and define addition and multiplication of two

)
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elements z = (z¢, 71, ..., Tp, ...) and y = (Yo, Y1, ..., Yn, -..) of RYo by

T +u Y = (S0(T0,Y0), 51(T0, T1, Yo, Y1), ---)

X w y — (m()(any(])?ml('rOuxlayOvyl)a )

Theorem 2.2.3. [24, Chap. 2 §6, Thm. 7] The laws of composition defined above make
RN into a commutative ring with unity (called the ring of Witt vectors with coefficients
in R and denoted by W (R)).

Definition 2.2.4 (Truncated Witt vectors). Fix a natural number n. Since in Theorem
2.2.1, ¢, depends only on {X;}", and {Y;}?",. We can use {s;}"=y and {m;}!2, to give
a ring structure on R". The resulting ring is called ring of Witt vectors of length n with
coefficients from R and is denoted by W, (R).

Definition 2.2.5 (Ghost map). For any commutative ring with unity R, we define the
ghost map
w:W(R) = (R, +,")

defined by

W($0, Zy, ) = (w()(l‘o), wl(l’o, .131),&)2(370, Ty, .172), . )

1
+ .+ p Ty, )

_ D p" p"
= (w0, 24 + p21,..., 20 + pay

For x € W(R), the values w,(z) for n € Ny are called the ghost components of z, and
the coordinates x,, are the Witt components. If p is invertible in R, then the ghost map
w : W(R) — RYo is an isomorphism of rings. If R is p-torsion-free, then w is injective.
In this case, the ring structure on W(R) agrees with the one obtained by pulling back

the componentwise ring structure on RN along the ghost map w.

The construction of Witt vectors W is functorial. For R € CRings, we have already
shown how to define a ring structure on W (R). Given a ring homomorphism ¢ : R’ — R,

the induced map

Wi(g): W(R') = W(R)
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is defined by
W(g)(zo, z1,...) = (9(x0), g(21), - ..)-

In fact, the categorical definition of Witt vectors is given in the following theorem.

Theorem 2.2.6. [14, Prop. 1.2] There exists unique ring structure on the domain of the
ghost map w : W(R) — (RN, +,-) making it a natural transformation of functors from
W (=) to (=)Mo on CRings.

Example 2.2.7. We have the following classical examples of Witt rings.

1. W(F,) = Z,. We have discussed this in the motivating example.

2. If F, denotes the finite field with p™ many elements then W (F,) = Z,[p,-1] is the

ring of integers of the unique unramified extension of degree n of the p-adic numbers
Qp.
We now discuss the basics of strict p-rings and their connection to the ring of Witt

vectors.

Definition 2.2.8 (p-ring). A ring R that is Hausdorff and complete for the topology
defined by a decreasing sequence a; D as D ... D a, D ... of ideals such that a,,-a,, C a, 1

and whose residue ring Kk = R/a; is a perfect ring of characteristic p.
Ring of integers of local fields and complete discrete valuation ring are examples of p-
rings.

Definition 2.2.9 (Strict p-ring). A p-ring R is called a strict p-ring if a,, = p"R and if

p is not a zero-divisor in R.

Example 2.2.10. We have the following examples of strict p-ring [24, page 37].

1. Ring of integers of absolutely unramified local fields of mixed characteristic.

2. S = Z[X? ] with residue ring S/pS = F,[X? *], which is perfect ring of charac-

teristic p.

Theorem 2.2.11. [24, Chap.2 §5, Thm. 5| For any perfect ring k of characteristic p,

there exists a unique strict p-ring H(k) with residue ring k.
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Theorem 2.2.12. [24, Chap.2 §6, Thm. 8] For a perfect ring k of characteristic p, W (k)
is isomorphic to the strict p-ring H(k).

Corollary 2.2.13. For any perfect field x of characteristic p > 0, the ring W(k) of
Witt vectors is a complete discrete valuation ring with uniformizer p (i.e., it is absolutely

unramified) and residue field k.

Important maps on ring of Witt vectors

In this subsection, we recall several fundamental maps on the ring of Witt vectors, namely
the Verschiebung operator, the Teichmiiller lift, and the Frobenius map. We also record
the basic relations among these operators and describe how they interact with one an-

other.

Definition 2.2.14 (Verschiebung operator or Shift operator). The Verschiebung opera-
tor is a map
V:W(R) - W(R)
defined by
V($0,$1, .. ) = (O,Io,l’l, .. )

Lemma 2.2.15. The Verschiebung operator V : W(R) — W(R) is an additive map.

Proof. The explicit formulas for addition and multiplication in Witt vectors are notori-
ously complicated, so direct computations are generally avoided. Instead, one typically
works via the ghost map, whose injectivity on torsion-free rings allows arguments to be
carried out on the simpler ghost components and then lifted back to Witt vectors. In
ghost components, V¢ : RNo — RNo ig given by V¥ (zg,71,...) = p(0, 20, 1,...). This

makes the following diagram commute:

W(R) —Y—— W(R)

RNO L} RNO.
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As the ring structure on R™ is defined pointwise, it is easy to see V¥ is additive. If R
is p-torsion-free, w is injective and hence V' is additive. For a general ring, choose a ring
surjection g : R — R with R’ is p-torsion-free. The induced map W (g) : W(R') — W(R)
is again surjective. Since V' is additive on the domain, it remains additive on the codomain

as well. O

Definition 2.2.16 (Teichmiiller map). It is a multiplicative map from
():R—W(R)

defined by
(x) = (x,0,0,...).

In ghost components, it is given by
()R- R%,
() = (z,a?,2",...).
Definition 2.2.17 (Frobenius map). The unique ring homomorphism
F:W(R) — W(R)
whose ghost components are given by
FY(zg,x1,...) = (x1,29,...)

is called the Frobenius map.
We have the following commutative diagram.

W(R) —E—— W(R)

RNO Fe RN 0
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If R is a ring of characteristic p, then the Frobenius map on Witt vectors is given by
F(xo,z1,...) = (x5, 2},...).

Definition 2.2.18 (Truncation maps). There are surjective ring homomorphisms, called
Truncation maps

Wyik(R) — W, (R)

defined by

(CL(), ai, ... ,CLn+k_1) — (CL(), ai, ... ,CLn_l).

We have the following short exact sequence that relates the operator V' and the truncation

map 7.

Proposition 2.2.19. The sequence
0= Wi(R) X5 Win(R) I Wi(R) — 0

is a exact sequence of rings.

Proof. By definition V*(ag,ay,...,a,_1) = (0,0,...0,a0,...,0,_1) € Wyir(R). So, Vk

is injective. Now T"(aq, ..., ansx—1) = (ag,as,...,ax_1), so it is surjective. It is easy to
see that Im(V*) = {(ao, ..., anix1) a9 =+ = ax_1 = 0} = ker(T™"). Hence, the above
is a short exact sequence. O

The following lemma records the key relations among V', F'.

Lemma 2.2.20. For any commutative ring with unity R, we have the following relations.

1. FoV =pl.

2. If R is p-torsion free then W (R) is also p-torsion-free.

Proof. All of these statements can be verified by working in ghost coordinates, using the

technique explained in the proof of Lemma 2.2.15.
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(1) Consider the ghost components:
(FoV)(x)=F*(V¥x)) = F“(p(0,z9,21,...)) = p(x0, 21, ...) = [p]“(2).

Thus, w(F o V) = w([p]). If R is p-torsion free, then the ghost map w is injective, so we
conclude F'oV = [p] in W(R). For a general ring R, choose a surjection R' — R where
R’ is p-torsion free. Then the induced map W(R') — W(R) is also surjective. Since
F oV =p| holds in W(R'), it must also hold in W (R).

(2) If R is p-torsion free, then so is RY. From Definition 2.2.5, the ghost map w :
W(R) — RY is injective in this case. Hence, W (R) must also be p-torsion-free. O

2.3 Applications of Witt vectors

This section outlines several contexts in which Witt vectors arise naturally. We begin with
Witt’s original motivation for introducing these objects. We then recall the definition
and the category of d-rings, emphasizing that for a p-torsion free ring, a J-structure is
equivalent to the existence of a Frobenius lift. The section concludes with an explanation
of how, for R € CRings, the Witt ring W (R) serves as the universal ring equipped with
a Frobenius lift mapping to R.

Witt’s original motivation to study these objects

The material in this subsection is based primarily on [28]. To understand what led
E. Witt to study such objects, consider the problem of classifying cyclic extensions of a
field k£ of fixed degree n. A foundational tool in this direction is Kummer theory. Its
main limitation is that it requires the base field k£ to contain a primitive nth root of unity.
When this assumption fails, or when char(k) divides n, Kummer theory does not give a
complete classification. For instance, one may ask for a description of cyclic extensions
of degree p over a field of characteristic p. This question is answered by the following

classical result, known as the Artin-Schreier theorem.
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Theorem 2.3.1. [1] If k is a field of char p > 0, any cyclic extension L/k of degree p

is of the form L = k(o)) where « satisfies P — x — a = 0 for some a € k.

E. Witt was interested in the classification of cyclic extensions of degree p™ over fields
of characteristic p. In studying this problem, he discovered certain polynomials closely
related to the addition law for p-adic integers. By organizing these polynomials system-
atically, he obtained a description of cyclic extensions of degree p”. The main result from

this work is now known as the Artin-Schreier-Witt theorem.

Theorem 2.3.2. [28] Let k be a field of characteristic p > 0. Then any cyclic extension
L/k of degree p™ is of the form

L = k(ﬁmﬁla-'wﬂnfl)
where B = (Bo, b1y Bn1) € Wilks) satisfies F — 8 —a = 0 for some a =
(ao, @, ..., an—1) € Wy(k).

Let k be a field of characteristic p > 0. Then any cyclic extension L/k of degree p™ is of
the form

In other words, L is the splitting field of a system of equations

xh = wo(z +a), 2] =wi(z +a),... 751 = wy1(z +a)
for some a = (ag,ay,...,a,1) € k™.

Connection with /-rings

André Joyal has shown the connection between the theory of Witt vectors and the theory
of d-rings and Frobenius lifts. Within this framework, Witt vectors provide a “universal
way” to lift the Frobenius endomorphism modulo p for any ring R. This perspective has
since become central in p-adic Hodge theory and prismatic cohomology. The material in

this section is based primarily on [18].

Definition 2.3.3. For a integer prime p and for a commutative ring R, a Frobenius lift
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¢ on R is a ring homomorphism which makes the following diagram commute.

R ¢ R

R/pR —*>* . R/pR

Given two rings with Frobenius lifts (Ry, ¢1) and ( Rz, ¢2), a homomorphism between them

is a ring homomorphism f : Ry — Ry which makes the following diagram commutes.

R, —1— Ry

¢1 2
f

Ry —— Ry

Let Ring, denote the category of rings equipped with a Frobenius lift. The category
Ring, admits arbitrary limits, but these do not commute with the forgetful functor to

Ring. This is one of the reasons we prefer the category of d-rings.

Definition 2.3.4. A J-ring is a pair (R,J) where R is a commutative ring with unity

and 0 : R — R is a set map satisfying the following conditions for all x,y € R.

1. 6(1) =0

2. §(zy) = 2P5(y) + yPé(x) + pd(x)d(y)

3. 0(w +y) = d(x) + d(y) — LI iy
The last condition implies that

p(0(r +y) —0(x) —d(y)) = a? + " — (v +y)*

and conversely if R is a p-torsion-free.
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Example 2.3.5. There is a unique way to equip Z with the structure of a d-ring, namely

via the map

x—xP

o(x) = )

Lemma 2.3.6. Fix a commutative ring R.

1. Suppose that 6 : R — R is a d-structure on R (that is, (R,§) is a 0-ring). Then
the map ¢ : R — R given by

¢(x) = 2" + pd(z)

is a ring homomorphism that induces the Frobenius endomorphism on R/pR.

2. If R is a p-torsion-free, then this construction defines a bijection between o-

structures on R and Frobenius lifts on R.

Let Rings denote the category of rings equipped with a d-structure, where morphisms are
ring homomorphisms compatible with the respective d-structures. The category Rings
admits arbitrary limits and colimits, and these commute with the forgetful functor to

Ring. Consider the forgetful functor
F': Rings — Ring.

For a é-ring (R,J), the functor simply forgets the J-structure, so that F(R,§) = R.
Applying Freyd’s Adjoint Functor Theorem to F', we find that it admits a right adjoint.
The right adjoint is precisely the p-typical Witt vectors, as defined earlier in this chapter.

Remark 2.3.7. One can interpret this adjointness in terms of the lifting of maps. Let

R be a commutative ring and A a d-ring. Since W is right adjoint to F', we have

HomRing<Aa R) = HomRing5 (Aa W(R))

In other words, if A is a d-ring with a ring homomorphism to R, then there exists a



Chapter 2. Classical Witt Vectors 21

unique map of d-rings A — W (R) such that the following diagram commutes:

W(R)

-
-
-

P
-
- wo
g

A—— R

2.4 Big Witt vectors

We take a short digression to relate the p-typical Witt vector functor to the big Witt
vector functor and to the theory of A-rings. In this section, we discuss the notion of
generalised (or big) Witt vectors as developed by P. Cartier. The material in this section
is due to P. Cartier [5] and L. Hesselholt [14]. A more modern viewpoint is given by

Borger [2]. In this section, we do not fix a prime p.

Definition 2.4.1. A non-empty subset S C N is called truncation set if n € S, and if d

is a divisor of n, then d € S.

Definition 2.4.2 (Ghost map). For any commutative ring with unity R, we have ghost
map
w:R%— R®

that takes the vector a = (a, : n € S) to the sequence w(a) = (wy(a) : n € S) with

wy(a) =Y ea.

eln
This is injective when R is S-torsion free.

In the approach to Witt vectors taken here, all necessary congruences are given in the
following lemma, commonly attributed to Dwork, whose non-commutative version we

will discuss in Lemma 3.1.5.

Lemma 2.4.3. [14, Lemma 1.1.] Suppose that for every prime number p € S, there
exists a ring homomorphism ¢, : R — R such that for all x € R

¢p(x) =2 (mod pR).
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Then for a sequence x = (x,, : n € S), the following are equivalent.

1. The sequence x is in the image of the ghost map w : R® — RS.

2. For every prime p € S and every n € S with v,(n) > 1,
Gp(Ty)p) =,  (mod p™MR).

Proposition 2.4.4. [14, Prop. 1.2.] There exists a unique ring structure on the domain
of the ghost map
w RS - (Rsv+> )

making it a natural transformation of functors from CRings to CRings.

Definition 2.4.5 (Big Witt vectors). For a truncation set S and R € CRings, the set
R® equipped with the unique ring structure mentioned in Proposition 2.4.4 is called the
ring of big Witt vectors. This is denoted by Wg(R).

Therefore, the ghost map is a ring homomorphism
w: Ws(R) — R”.

For x = (z, : n € S) € R?, the values w,(x) for n € S are called the ghost components

of z, and the coordinates z,, are called the Witt components.

Remark 2.4.6. Fix a prime number p. If we take the truncation set

S - {17p7p27' * '}7
then we recover the p-typical Witt vectors defined earlier in this chapter.

The construction of Witt vectors W is functorial. As in the classical case, there are several
fundamental maps on the ring of big Witt vectors, namely the Verschiebung operator,
the Teichmiiller lift, and the Frobenius maps. If S C N is a truncation set and n € N,
then the set

S/n:={eeN:nee S}

is again a truncation set, possibly empty.
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Definition 2.4.7 (Verschiebung operator). For every n € N, the nth Verschiebung

operator is an additive map
V. : Wg/n(R> — Ws(R)
defined by for x = (z. : e € S/n), V,(z) = (ym : m € S) where

x. if m = ne,
Ym =
0 otherwise.

Definition 2.4.8 (Frobenius map). For every n € N; there exists a unique natural ring

homomorphism
Ws(R) £ W (R)

called the nth Frobenius that makes the following diagram, where the map £ takes the

sequence x = (z,, : m € S) to the sequence F¥(x) = (2, : € € S/n), commute.

Ws(R) —"— Ws/u(R)

RS a RS/™.

Definition 2.4.9. The Teichmiiller representative is the map
R 3% Wy (R)

whose mth component is r, if m = 1, and 0, otherwise. It is a multiplicative map.

Lemma 2.4.10. Every element x € Wg(R) can be written as > ,cq Vi(zy).

Proof. Observe that both elements have the same image under the ghost map. Hence,
they are equal whenever R is S-torsion free. For a general ring R, choose an S-torsion
free ring R’ together with a surjective ring homomorphism R’ — R. This induces a

surjective homomorphism

WS(R/) — WS(R)
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Since the claim holds in the domain, it also holds in the codomain. O

The notion of A-rings is motivated by the operations that naturally arise in the theory
of Witt vectors. It provides a framework in which the big Witt vector functor can be

understood as a universal construction.
Definition 2.4.11 (\-rings). A A-ring is a commutative ring R together with functions
AN':R—R (n>0),

called M\-operators such that for all z,y € R, the following axioms are satisfied:

1 MN(z) =1,

2. A(z) =z,

3. A"(1) =0 for all n. > 2,

4Nz +y) = iy jon X(@)N (y),

5. N (zy) = Pu(A'(2), ..., X(@); A (y), ..., \*(y),

6. \"(A™(x)) = Pom(A(2),..., A"™(2)).
Here, P, and P, ,, are universal polynomials with integer coefficients as in [30, Exam-

ple 1.9] and [30, Example 1.7]. Their explicit formulas are quite involved, so we avoid

writing them down here and refer to the cited source for the full details.

Example 2.4.12. [30, page 9] Some of the examples of A-rings are given below.
1. The ring Z with A-structure is given by

MN(n) = coefficient of ¢ in (1 4 ¢)™.

2. The ring W(R) of big Witt vectors on R is a A-ring.
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Definition 2.4.13. The category of A-rings is defined as follows. The objects are A-rings.

For two A-rings R and S, a morphism is a ring homomorphism f : R — S satisfying

foX=Xof for all 4 > 0.

The category is denoted by CRings,. The category CRings, admits arbitrary limits and
colimits, and these commute with the forgetful functor to CRings. Applying Freyd’s
Adjoint Functor Theorem, one finds that it admits a right adjoint, which is precisely the
big Witt vector functor.

Remark 2.4.14. One can interpret this adjointness in terms of the lifting of maps. Let

R be a commutative ring and A a é-ring. Since W is right adjoint to F', we have

HomCRings(A> R) = HomCRings,\ (A> W(R))

In other words, if A is a A-ring with a ring homomorphism to R, then there exists a

unique map of A-rings A — W(R) such that the following diagram commutes:

W(R)
~ X
g/// wo
g

-
-
-

A—— R

Corollary 2.4.15 (Universal property of big Witt Vectors). Ws(R) is the universal ring
with a commutating family of Frobenius {F, : for primes p € S} mapping to R. That
is for any torsion free ring A with a commutating family of Frobenius {¢, : for primes
p € S} mapping to R then the 3 unique ring homomorphism A — Wgs(R) compatible

with the Frobenius.
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Witt vectors of associative rings

In this chapter, we discuss generalisations of the classical Witt vector construction
to associative rings. Although several constructions appear in the literature, our focus

will be on two important constructions. The first is the functor
Wy : Rings — Ab,

introduced by Hesselholt in [11, 13] using non-commutative analogues of the classical

Witt sum and difference polynomials. The second construction is the functor
E : Rings — Rings,

introduced by Cuntz—Deninger in [6], which does not rely on universal polynomials for
addition and multiplication. Instead, the construction is based on torsion-free presenta-
tions of rings. This chapter gives a brief overview of these constructions and records the

necessary modifications that will be important in later chapters.

3.1 Hesselholt’s construction

The goal of this section is to present the construction of the functor Wy, following the
work of L. Hesselholt in [11,13]. Although Hesselholt denotes this functor by W, we
will use the notation Wy to distinguish it from the classical Witt vector functor, for
which we reserve the symbol W. We begin with a simple observation that motivates the

construction.

26
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Let R be any ring and p a prime. If R is commutative, then for all a,b € R, we have
(a+bP =a”+V" (mod pR).
In the associative case,
(a+0bP =a”+ 0V (mod pR+ [R,R]),
where [R, R| denotes the subgroup generated by all commutators.

Remark 3.1.1. This identity suggests a framework for extending Witt vectors to asso-
ciative rings. A natural approach to do this would involve defining Witt-like polynomials

modulo pA + [A, A], mimicking the ghost components from the commutative case.

Circular words

Let S be a totally ordered poset, and consider the free (non-commutative) ring A = Z{S}.
Two words in A are said to be conjugate if one can be obtained from the other by a cyclic

permutation of its letters.

Definition 3.1.2 (Circular words). The equivalence classes of ordinary words under the

natural action of the cyclic group are called circular words.

For each circular word, the lexicographically least element will be called its preferred

representative. We use w to denote an ordinary word and w to denote a circular word.

Lemma 3.1.3. Let S be a totally ordered poset and let A = Z{S} denote the free ring
generated by S. Then we have the following:

1. Two words are conjugate if and only if their difference is a commutator.
2. The abelian group AJ[A, A] is freely generated by the set of circular words in S.

3. An element o € A lies in [A, A] if and only if all the lexicographically least words

(in the additive expansion of o) appear with coefficient zero.
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Proof. (1) Let 1 = $189---8, and Wy = $;S;41 - SpS1S2 -+ S;—1 be conjugate words in

A. Writing x = s1---s;_1 and y = s; - - - 5,,, we observe that
@1—@2:$y—y$7

which is a commutator. Conversely, if &; — wy = xy — yx for some words x,y, then
w1 = xy and Wy = yx must be words of the same length. Suppose |y| = m. Then @y
is obtained from w; by applying a cyclic permutation m times. In particular, the two

words are conjugate.

(2) This follows immediately from part (1), together with the fact that A = Z{S} is a
free abelian group with basis given by words in S. The conjugacy classes of words (i.e.,

circular words) thus form a basis for A/[A, A].

(3) Given a circular word w, let og(w) be the lexicographically least representative in its

conjugacy class, and extend o linearly to all of A/[A, A]. This gives a section
o0: A/[AA] — A

of the natural projection 7w : A — A/[A, A]. Then oy is an injective group homomorphism

satisfying 7 o 0y = id, and hence:

a € [A Al <= oo(m(a)) =0

<= all the lexicographically least words in a have coefficients zero.

]
Definition 3.1.4 (Ghost map). For any associative ring R, the ghost map
w: R" — (R/[R, R])™
is given by
w(zg, 1, ...) = (wo(xg), w1 (xg, 1), -..),
where wo(2) = 2o, wil@o,x1) = 28 4+ pay , wal@o, T1,22), .., wn(To, ..., xn) = xh +

p” Tt p"x, and so on.
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If R/[R, R] is p-torsion-free, then the map w is injective. We have the following noncom-

mutative analogue of Dwork’s lemma.

Lemma 3.1.5. [11, Lemma 1.3.2] If a ring R has an additive homomorphism ¢ : R — R
such that
« ¢([R, R]) C [R, R] and

o forallxz € R and for alln > 1,

oz ) =2" (mod p"R+[R, R)).

Then a sequence (wg,wy, . ..) is in the image of the ghost map w : RN — (R/[R, R])No
if and only if p(w,_1) = w, (mod p"R + [R, R]) for all n € Ny.

Fix a prime p. Let S be a totally ordered poset. Consider the free ring A = Z{S}.
Define ¢ : A - A by ¢(> azw) =Y azwP. Then ¢ is a group homomorphism satisfying
the hypothesis of Lemma 3.1.5. Recall that the projection 7 : A — A/[A, A] has a
preferred section oy which which sends a circular word w to the lexicographically least
representative in its class and extends by linearity. Then as a corollary of the above

lemma, we get the following.

Corollary 3.1.6. (1) There is a preferred set-theoretic section o : w(AN) — ANo of the
ghost map w : AN — (A/[A, A])No.

(2) Since ¢ is additive homomorphism, image of w is a subgroup of (A/[A, A])No.

Non-commutative sum and difference polynomials

We consider the free ring U = Z{ay, by, a1, by, ...} with the generators ordered as indicated.
Let ¢ : U — U be as above. Since, image of w forms a subgroup of (U/[U, U])"°. There

must exists (co, ¢1, ...) such that w(cy, c1,...) = w(ag, ay, ...) + w(bg, by, ...).

Definition 3.1.7. We define non-commutative polynomials s;, d; € Z{ay, by, ..., a;, b;} by

(S0, 81, S2, -..) := o(w(ag, ay, ...) + w(bg, by, ...)),
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(d07 dl, dg, ) = U(W(ao, az, ) - W(bo, bl, ))

Then s; is a non-commutative polynomial in the variables ag, by, ... a;, b; and similarly
for d;. If we map U to the commutative polynomial ring with the same set of generators
then s; and d; are mapped to the classical Witt sum and difference polynomials defined
in Definition 2.2.2.

Let R € Rings. For a = (ag, a1, ..., an_1),b = (bg, b1, ..., b,_1) € R™, define
a * b = (So(ao, bo), ey Snfl(do, bo, ey Ap—1, bnfl))

Then this gives a binary operation on R"™ with zero element 0 = (0, ..., 0). Consider ghost
map

w: (R" %) = (R/[R, R])",

which is a composition preserving map. The map w is not injective, even when R/[R, R]
is p-torsion free. Hence identifying (R", ) with W,,(R) does not match with our classical
Definition 2.2.5.

Definition 3.1.8. [13, page 56] We define abelian groups W,,(R) inductively, such that
ghost map w factors through W, (R).

b
Wa(R)

such that

1. Wi(R) = R/[R, R]

2. the induced map (also called ghost map) w is a homomorphism of groups and is

injective if R/[R, R] is p-torion-free.

Definition 3.1.9 (Definition of Wy). From the construction of W,(R), we have an
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inverse system {7 : W,(R) — W,,_1(R)}, where
T :Wy(R) = Wy1(R)

defined by T'(ag, a1, ...a,—1) = (ag,ai,...a,_o) for all n € N. We define
Wg(R) := lim W, (R).

Then clearly the ghost map w : RY — (R/[R, R])M factors through

RNO w ([T{%RQNO

[

Wx(R)

where ¢ is surjective and @ is injective whenever R/[R, R| is p-torsion free. By abuse of

notation, we denote an element ¢(ao, ay,...) of Wy (R) simply by (a, ai, ...).

We have the additive Verschiebung operator
defined by
V(l’o,l‘l, .. ) = (0,1’0,1‘1, ce ),

and the Teichmiiller map

():R— Wy(R)
given by

(x) = (2,0,0,...).

We also have their truncated versions: V' : W,,(R) — W,41(R) and ( ) : R — W,(R).
There is a short exact sequence relating the operator V' and the truncation map 7',

analogous to Proposition 2.2.19.
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Proposition 3.1.10. [11, Prop. 1.6.3] The sequence

Tn

0= Wi(R) L5 Wir(R) IS Wi(R) — 0
1S exact.

We conclude this section with a result that will be used in later chapters of this thesis.

Lemma 3.1.11. For any (rg,r1,...) € Wg(R), we have
(To,’f’l, .. ) = ZV1<T2>
i=0

Proof. Applying ghost map, both sides become (rg, 75 + prq,...). Therefore, if R/[R, R]
is p-torsion-free, then the ghost map is injective, and hence they are equal (see also [17,
Lemma 3.3|). For a general ring R, choose a surjective ring homomorphism R — R such
that R'/[R', R'] is p-torsion free. Then the induced map W (R') — W(R) is a surjective
continuous homomorphism compatible with both V" and (-). Since the claim holds for
the domain R/, it follows for the target R as well. [

3.2 Cuntz-Deninger’s construction

Cuntz and Deninger [6] provided an alternative construction of the classical p-typical
Witt vectors that avoids the use of universal polynomials to define the ring structure.
Their construction applies more generally to any truncation set .S, but in this thesis, we
will restrict our attention to the p-typical case where S = {1,p,p? ...}. Although on
CRings, Cuntz and Deninger denote this functor by E, we will use the notation E. to
distinguish it from the Witt vector functor of associative rings, for which we reserve the

symbol E. The material in this section is based on [6].

We briefly recall the construction of the ring E.(R) and collect some results for the
reader’s convenience. For R € CRings, and with the truncation set S = {1,p,p? ...}, we
identify the ring R® with R™ via the correspondence (ay,ap, ae,...) ~ (ag, a1, az,...).

From now on, we consider RN equipped with the product topology, where each copy of
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R has the discrete topology.

Definition 3.2.1. For R € CRings and p a prime number, we have

1. (Verschiebung) A map V : RN — RNo defined by V(ag, ai,...) := p(0,ag, ay, .. .).
2. (Teichmiiller map) ( ) : R — RN defined by (r) := (r,7?, 77", .. ).

3. X(R) is the closed subgroup of R generated by

{V™(r) | n € Ng, r € R}.

Note that X (R) is invariant under the Verschiebung operator V. For an ideal I C R,
the subgroup X (7) is defined in the same way. It is important to note that the operators
V' (Verschiebung) and (-) (Teichmiiller lift) appearing here are not the same as those in

the construction of L. Hesselholt.

Definition 3.2.2. Fix R € CRings. Consider the presentation
0=-I—-A5R—0

where A is p-torsion free. Let [ ] be a fixed set-theoretic section of 7. Let

Then E.(R,7) is a Hausdorff topological abelian group equipped with the operators V'
and (-), inherited from those on X(R). The subgroup X(I) is stable under V', so it
induces an operator (again denoted by V) on E.(R). Similarly, the Teichmiiller map
induces a well-defined map

<>R_>EC(R>7

which sends z to the class of ([z]) in E.(R). Thus, the construction of E, defines a
functor from CRings to Ab.

Also we have a natural surjection

E.(R) := X(A)/X(I) = X(R)
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induced by 7 : A — R.

Lemma 3.2.3. [6, Cor. 2.5] The definition of E.(R,7) is independent of the choice of

p-torsion-free presentation of R.

Lemma 3.2.4. [6, Cor. 2.10] For any p-torsion-free ring R, we have E.(R) = X(R).

This subsection concludes with the observation (see [6, pg. 561]) that the usual Witt
vectors can be recovered via the bijection ¢g (see [6, Thm. 2.4]). The construction is
further extended from the category CRings to the category Rings, resulting a functor
E : Rings — Rings. In this thesis, we will not use this generalisation directly. Instead,
we will modify the construction to obtain a more suitable functor for our purposes. A

detailed discussion is postponed to Chapter 5.



Chapter 4

A group-theoretic characterisation
of p-typical Witt vectors for

commutative rings

In this chapter, we present our first main result, Theorem 1.0.9, which provides a
universal group-theoretic characterisation of the p-typical Witt vectors. This chapter is

based on joint work that appears in [22].

For a prime p and a commutative ring R with unity, let W (R) denote the group of
p-typical Witt vectors. This group is equipped with a Verschiebung operator

V:W(R) > W(R)

and a Teichmiiller map
(y: R —> W(R).

One of the key properties these maps satisfy is that the map
x v+ V{(zP) — p(z)

is additive. We show that for any odd prime p, this property essentially characterises the

functor W. We recall the statement of the theorem from the introduction.

Theorem 1.0.9. [22, Theorem 1.6] The classical functor of p-typical Witt vectors W is

a universal pre-Witt functor.

35
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Most constructions of the group of p-typical Witt vectors of associative rings do not have
a ring structure, and hence this characterisation is more suitable for generalisation to the

setup of associative (possibly non-commutative) rings , which we deal in Chapter 5.

4.1 Preliminaries and Main Tools

Let p be a fixed odd prime throughout. To prove Theorem 1.0.9, we first observe the
following important group-theoretic properties satisfied by the classical Witt functor W.

We recall the properties from the introduction.

Properties 1.0.7. For R € CRings, there exist functorial maps

- (Verschiebung) V : W(R) — W(R) (group homomorphism)

- (Teichmiller map) (=) : R — W(R) (set map)

which satisfy the following properties

1. (0) = 0. If p # 2 then (—x) = —(x) for all z € R.
2. x— V{(zP) — p(x) is an additive map from R — W (R).
3. W(R) is complete w.r.t the filtration {V"*"W(R) | n € Ny}.

4. If A is p-torsion free then W (A) is also p-torsion free (see Lemma 2.2.20).

Proof. We will prove these properties using the ghost map, whose injectivity on p-torsion
free rings allows us to work with ghost components and then lift the arguments back to
Witt vectors.

(1) In ghost coordinates, the Teichmiiller lift of —z € R is

(—z) = (—x, (—2)P, (—2)"",...) = (—z, —a?, —2¥,...) = —{(z),

as p is odd. Hence the same is true in W (R).
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(2) Again, working in ghost coordinates: for x € R,

2

V{zP) — p(x) :p(O,xp,xPQ, o) = plx, 2P a? o) = —p(x,0,0,...),

which is clearly additive in .

(3) We have the truncation maps
T:W(R) — W,(R)

defined by

(ao,al, .. ) — (Go,al, . ,an,l).

This is a surjective ring homomorphism with kernel
{(ag,a1,...) eW(R):ap=a1 =+ = a,-1 =0} = V(W (R)).

Hence, W(R)/V*(W(R)) ~ W,(R) for all n € N. Passing to quotients, we get {T :
Wy (R) — Wy (R)} forms an inverse system with

W(R) = lim W(R)/V"(W(R)),

which shows that W (R) is complete with respect to the V-adic filtration.

(4) Tt follows from the fact that the ghost map is injective when A is p-torsion free. [

Remark 4.1.1. The above properties do not use the ring structure on W(R). For
example, the Teichmiiller map R LEN W(R) is multiplicative. However, since we do not
intend to use the ring structure of W (R), only a weaker consequence of multiplicativity
is stated in the form of (1).

We now abstract the properties 1.0.7 in the following definition. We recall the definition

from the introduction.

Definition 1.0.8. [pre-Witt functor] A functor F' : CRings — Ab is called a pre-Witt
functor, if for every R, F(R) is endowed with a functorial endomorphism F(R) < F(R)
and a functorial map R O g (R) such that the properties 1.0.7 are satisfied.
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Remark 4.1.2. R — W(R) is an example of a pre-Witt functor.

Remark 4.1.3. For every ring R, W(R) admits one more functorial endomorphism, viz.,
the Frobenius endomorphism W (R) L W(R). However, F is uniquely determined by

the requirements F(x) = (2?) and FV = p.

Remark 4.1.4. For R € CRings, and for all x € R, we have the identity
V{zP) — p(x) = (VF — FV)(x).
In ghost coordinates, we compute:

(VF —FV){(z) = V(a®,2”,...) — pF(0,z,2", . ..)
:p(O,:L'p,po,...) —p(x,xp,xPQ,...)
= —p(z,0,0,...)
= V{aP) — p().

Therefore the identity V(zP) —p(x) = (VF —FV)(x) holds for all z € R. This shows that

the Frobenius map plays a nontrivial role and is not being neglected in the construction.

The outline of the proof is as follows. In the second section, we recall the definition
of the functor F,. : CRings — Ab with a slight modification that will become apparent
in the next chapter. The functor FE, is essentially an alternative construction of W
(see [6, page 561]). In the third section, for p # 2, we give a construction of a functor
C : CRings — Ab which is obtained by enforcing the properties 1.0.7. At this stage
however, it is not straightforward to check that C' satisfies property (4) of 1.0.7. Hence
we introduce a temporary notion of weak pre-Witt functor, in which a weaker version
of 1.0.7(4) is used (see Definition 4.3.5). We will then prove that C' is a universal weak
pre-Witt functor. The fourth section will be devoted to proving that C' and E,. are
isomorphic. This shows that C'is a universal pre-Witt functor. This is used to finish the

proof of Theorem 1.0.9.
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4.2 The functor E.: CRings — Ab

In this section we will highlight a few points of the functor E. that will be needed to
prove our main theorem. Although in the original paper [6], the authors have denoted
this functor by £, we will denote this by E.. We will reserve the notation £ for the
functor we are going to define in the next chapter. Throughout this subsection we will
assume that R € CRings.

Definition 4.2.1. [6, Prop. 1.2] For R € CRings and p a prime number, we have

1. (Verschiebung) V : RNo — RNo given by V(rg, 7y, ...) := p(0, 70,71, ...).
2. (Teichmiiller map) For r € R define (r) := (77, 77", ...)

3. Let X(R) to be the closed subgroup of R™ generated by {V™(r) | n € Ny, r € R}.
Here we give discrete topology to R and product topology on RY.

Let A := Z[R] be the commutative polynomial ring on the set R. For z € R we denote
the corresponding variable in A by [z]. Let

where [ is the kernel of the natural surjection A — R and X;(A) C X(A) is the closed
subgroup generated by

{V™(a) = V™(b) | n € Ny, a,b € A such that a —b € I}.

Thus we have a natural surjection E.(R) := ))((I ((AX) — X(R). E.(R) is naturally endowed
with an endomorphism V' and a map ( ) : R — E.(R) which sends x to the class of ([z])

in E.(R).

Lemma 4.2.2. Every element of X (R) can be written as > 02 o V"™ (an).

Proof. Since X (R) is the quotient of X (Z[R]), it suffices to prove the statement when R
is a polynomial ring. When R is a polynomial ring, X(R) = E.(R) [6, Cor. 2.10] and
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E.(R) = W(R) [6, page 561]. The result then follows from the corresponding well known
bijection R — W (R) which is indeed given by the formula

(ag, a1, ...) = >_V™ay).

]

Lemma 4.2.3. The closed subgroup Xi(A) coincides with the closed subgroup X (I) as
given in Definition 3.2.1.

Proof. We recall that, X (A) is generated by {V"(a) —V"(b) | a, b € A such that a—0b €
I, n € No} while X([I) is generated by {V"(a) | n € Ny, a € I}. By taking one of a
or b to zero we get X;(A) C X(I). For the reverse inclusion, let (a) — (b) € X (A). By
Lemma 4.2.2, (a) — (b) = Y1, V(¢;) for some ¢; € A. Assumption a — b € I implies
¢; € IVi. Hence, (a) — (b) € X(I). This proves that, X;(A) = X(I). Thus the group

E.(R) defined above for commutative rings is exactly the same as defined in 3.2.2. [

Remark 4.2.4. The subgroups X (/) and X;(A) will not coincide for a non-commutative

ring. For example, take a non-commutative polynomial ring A := Z{X,Y} and [ :=
(X,Y) then (X) — (Y) is in X;(A) but not X (I).

Lemma 4.2.5. For R € CRings, let )T(R) C X(R) be the subgroup generated by

{V*(r) | n € Ny, r € R}. Then
1. The natural map X(R) — l%n % is an isomorphism.

X(R)
vV (X(R))

X(R)
V(X (R

2. The natural map — ) is an isomorphism.

In particular we have a canonical isomorphism X (R) = l%n Vn()(?}?;))-

Proof. By Lemma 4.2.2, observe that for any n € N,

{0}"xRx Rx---)NX(R)=V"(X(R)).
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Therefore, the collection {V"(X (R))}22, forms a basis of neighbourhoods of X (R). Thus,
the topology on X (R) induced from RN coincides with the topology induced by the V-
filtration. Since RN is complete and X (R), being closed in RN, is also complete, it

follows that X(R)
M =R )

Statement (2) follows from the fact that the natural map X(R) — X(R) —

X(R)/V™(X(R)) is surjective with kernel V(X (R)). O

Lemma 4.2.6. X : CRings — Ab is a pre-Witt functor.

Proof. Since we will use this argument multiple times, we provide the full details here

once.

The first two properties of the pre-Witt functor follow directly from Definition 4.2.1 as
follows. For p # 2, for all z € R,

(—x) = ((—x), (—2)?, (—2)",...) = (—z,—2P,...) = —(x,2F,...) = —(2).

This proves property (1). For (2), let B(x) := V(2?) — p(z). Then,

Bl +y) =p0, (+y), (x+y)P,...) —pla+y, (x+y),...)
=p(—(x+1y),0,0,...) = B(z) + B(y).

Property (3) follows from Lemma 4.2.5. Finally, property (4) follows from the fact that
X (R) is a subgroup of RN,

Hence, X is a pre-Witt functor. O

We now recall an important result proved by Cuntz and Deninger, which shows that the
property (4) of 1.0.7 is satisfied by E.(R).

Lemma 4.2.7. [6, Cor. 2.10] If R is p-torsion free then E.(R) = X(R). In particular,
E.(R) is p-torsion free.

The following lemma, is an easy consequence of the above result.
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Lemma 4.2.8. The group E.(R) is topologically generated by {V"(x)| x € R ,n > 0}.
Moreover, the functor E. : CRings — Ab satisfies the properties in 1.0.7 and hence is a
pre-Witt functor.

Proof. Since X (Z[R]) is topologically generated by the set {V"(a) | a € Z[R], n > 0},
and E.(R) is a quotient of X (Z[R]), it follows that E.(R) is topologically generated by
the images of these elements under the canonical map X(Z[R]) — E.(R). This proves
the first part.

For the second part, by Lemma 4.2.6, the functor X satisfies the first two properties listed
in 1.0.7. Since E.(R) is a quotient of X (Z[R]), it also satisfies these two properties. By
Lemma 4.2.5, X (Z[R]) is an abelian group that is complete and Hausdorff with respect
to the V-filtration. Since X;(Z[R]) is a closed subgroup, it follows from [4, Chap. IX,
§3.1, Prop. 4] that E.(R) is V-complete. This establishes property (3) in 1.0.7. Property
(4) follows from Lemma 4.2.7. O

4.3 The functor C : CRings — Ab

Fix a prime p # 2 throughout this section. In this section, we first define a functor
C' : CRings — Ab which attempts to enforce the properties 1.0.7. It is less straightforward
to see that C satisfies 1.0.7(4) and hence we introduce a temporary notion of a weak pre-
Witt functor (see Definition 4.3.5). We will in fact show in the next section that C' is
a pre-Witt functor (see Theorem 4.4.3). In this section, however, we limit ourselves to

showing that C' is a universal weak pre-Witt functor (see Theorem 5.3.7).

Definition 4.3.1. For any commutative ring R and a prime p # 2, we first define a

group G(R) as follows. Let

1. G(R) be the free abelian group generated by symbols {V" | n € Ny, 0 # r € R}.
Define V' := 0 for all n > 0.

2. A set map R D G(R) given by (r) := VO,

r

3. A homomorphism G(R) % G(R) defined by V (V™) := VL,
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4. H(R) € G(R) be the subgroup generated by the elements of the form {(Vie

Ty
Vi) — (Vi —pVr ) — (Vi —pVyr )} and {V,"+ V" } for z,y,r € Rand n € N,.

5. H(R) be the p-saturation of H(R), ie. H(R) = {a € G(R) | pla €
H(R) for some ¢ > 0}.

6. Let GO(R) denote the completion of G(R)/H(R) by the V-filtration. Let G(R) be
the quotient of G°(R) modulo the closed subgroup generated by p-power torsion

elements. Note that the construction of G(R) is functorial in R.

Definition 4.3.2 (The functor C'). Let R € CRings and 0 — I — Z[R] — R — 0 be the

canonical free presentation of R. Define

where G;(Z[R]) is the closed subgroup generated by
{V;' =V, | #,y € Z[R] such that v —y € I, n > 0}.

We have a well defined group homomorphism V' : C(R) — C(R) and a well defined map
of sets R 5 C (R) induced by the corresponding maps on G(Z|[R]).

Any ring homomorphism f : R — S, gives a group homomorphism G(R) — G(.S) induced
by V" — Vf’"gr) which is compatible with V' and hence a continuous group homomorphism
C(f): C(R) — C(9).

Remark 4.3.3. There is a straightforward modification of the definition of C' for p = 2.
However we only restrict ourselves to the condition p # 2 due to it’s requirement in

Lemma 1.0.10. We have not yet explored the case p = 2.
The next result is about C'(A) when A is a polynomial algebra.

Lemma 4.3.4.If A = Z[S] is a free commutative algebra, then C(A) = G(A). In

particular, C(A) is p-torsion free.

Proof. Since A is a free algebra, the natural surjection 7 : Z[A] — A has a section which
is also a ring homomorphism. We denote this section as j : A — Z[A]. Then we have a

commutative diagram
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0 0 A—1 A 0
Ll
0 I Z]A] —— A 0

By functoriality of GG, we have a group homomorphism

G(j) : G(A) = G(Z[A])

Composing with the quotient map, we get a morphism
¢:G(A) — C(A)

It suffices to show that ¢ is an isomorphism. The injectivity of ¢ is straight forward
because o j = id and hence ¢ has a retract induced by G(7). For surjectivity we note
that for a € G(Z[A]), ¢(5) = a where § := G(7)(«). O

Since we define C' formally to satisfy properties of pre-Witt functor, C' should be universal
pre-Witt functor on CRings. Unfortunately, it appears less straightforward to check that
C' actually satisfies the property 1.0.7(4) and is a pre-Witt functor. To overcome this
hurdle, we introduce a notion of ‘weak pre-Witt” functor below, whose role is somewhat
temporary (see Theorem 4.4.3). We will prove in the next section that C' is a universal

pre-Witt functor.

Definition 4.3.5 (weak pre-Witt functor). A functor F' : CRings — Ab is said to be
a weak pre-Witt functor if it satisfies the properties (1), (2) and (3) of 1.0.7 and the

following property, which is a weaker version of 1.0.7(4):

(4") If A is free (i.e. a polynomial ring) then F'(A) is p-torsion free.

Any pre-Witt functor is a weak pre-Witt functor. In particular, the functors W, X and

E. are weak pre-Witt functors.

Theorem 4.3.6. Let p # 2. The functor C' : CRings — Ab is a universal weak pre- Witt
functor. In particular, there is a natural transformation C 2 E, which is compatible

with V., ().
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Proof. As C(R) is a quotient of G(Z[R]) and by point (6) of Definition 4.3.1, C' satisfies
(1), (2) of 1.0.7. Now, by point (6) of Definition 4.3.1, G(Z|R]) V-complete. So, C(R) is
also V-complete by [4, chap IX, §3.1, prop. 4]. Lemma 4.3.4 implies that the property
(4’) of the Definition 4.3.5 is also satisfied by C. Hence C is a weak pre-Witt functor. It
remains to show its universality. Let F' be any weak pre-Witt functor. For a commutative

ring R, take the presentation 0 — I — Z[R] = R — 0. We define the homomorphism,

n: G(Z[R]) — F(Z[R]), given by V" — V™(a) for all a € Z[R], n > 0.

Since F' satisfies properties (1)-(2) of 1.0.7, n(H(Z[R])) = 0 in F(Z[R]). So, we get a

homomorphism (again denoted by 1),

n: G(Z[R))/H(Z|R]) — F(Z[R)).

As n is compatible with V', and F satisfies 1.0.7(3), taking V-completion, we get the
transformation n : G°(Z[R]) — F(Z[R]). Since F(Z[R]) is p-torsion free, n induces
a map, which we continue to denote by n : G(Z[R]) — F(Z[R]). Now, consider the
composition F(r) on, where F () : F(Z[R]) — F(R). This composition, still denoted
by 7, factors through C(R). Indeed, for a,b € Z[R] such that a — b € I,n(V]' — V") =
V™(r(a)) — V™(m(b)) = 0, so n(G[(Z[R])) = 0 in F(R). Therefore, we get the natural
transformation 7 : C(R) — F(R). Hence, C' is universal weak pre-Witt functor. O

4.4 Proof of theorem 1.0.9

In this section we will prove the main theorem 1.0.9. Note that, for R € CRings, we
have the canonical isomorphism E.(R) — W(R) by [6, Page 561]. Thus, in view of
the above Theorem 5.3.7, it is enough to prove that C is a pre-Witt functor and that
C(R) = E.(R) for all R € CRings (see Theorem 4.4.3). The first step towards proving
this is to show that, for a free commutative polynomial algebra A, C'(A) = X(A). The
crucial observation for this is the Lemma 1.0.10. Before proving the Lemma 1.0.10, we

will begin by stating an interesting fact about integers.
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Lemma 4.4.1. Let p be any prime and {c1, ca, ..., ¢, } be distinct nonzero integers. Let

C1 Co Cn
. c & S 4
M(cy,co,...0p) == , ' ' '
n—1 n—1 n—1
o1 b e

Then columns of M(cy, ..., ¢,) are Z-linearly independent in the following cases:

1. ¢; are positive integers for all i.

2. p# 2 and |¢;| are distinct, i.e. ¢; # —c; for any i # j.

Proof. Clearly columns of M (cy, ..., ¢,,) are Z-linearly independent iff det(M (cy, ..., c,)) #
0. The first statement is a well known fact and follows from the exercise as given in [23,
page 43]. One can see a beautiful proof of this fact at [26]. The second statement
can be deduced from (1) as follows. Since p is odd, det(M(cy,ca,..,¢,)) differs from
det(M(|e1],|ezl, -, |cn]) at most by a sign. The condition in (2) ensures that |c;| are

distinct and now apply (1) to get the result. O

We now recall the following lemma from the introduction and give the proof.

Lemma 1.0.10. Let p # 2. Let A = 7Z[S] be a commutative polynomial ring over a set
S. Let {fi}i_, be a finite set of distinct non-zero elements of A. Further assume that

fi # —f; for any i # j. Then the subset {(f:)}i_, of X(A) is Z-linearly independent.

Proof. As there are only finitely many variables in each f;, we may assume A =
Z[X1,...,X,]. Since Z is an infinite integral domain, it is well known that a polyno-
mial f € A is zero iff f(a) = 0 for all ¢ € Z™ Applying this to the polynomial
g = icj<.(fi — f;)(fi + f;) - 1L fi, which is non-zero by hypothesis, we can choose
an element @ € Z" such that g(a) # 0. This implies that ¢; :== f;(a) are distinct nonzero
integers such that ¢; # —c; for i # j. The linear independence of (f;) now directly follows
from Lemma 4.4.1. ]

Lemma 4.4.2. Let A = Z[S] be a free polynomial algebra. There exists a canonical
isomorphism C(A) = X (A).
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Proof. We know that X is a pre-Witt functor by Lemma 4.2.6. Since C'is a universal weak
pre-Witt functor there exists a natural transformation n : C' — X. For a polynomial
algebra A, we have the group homomorphism 7 : C(A) — X(A) which is given by
V™ — V™a). By Lemma 4.2.2 this map is surjective. By Lemma 4.3.4 we know that
G(A) = C(A), thus composing with the group homomorphism G(A)/H(A) — G(A), we
get the map

7: G(A)/H(A) — G(A) = X(A)

The image of 77 lands in X (A). Thus we have the group epimorphism

7:G(A)/H(A) = X(A): V" V™{a).

We will now prove the theorem in following steps.

Step 1: To prove the theorem it is enough to show that 7 is an isomorphism: This
is because, if 77 is an isomorphism then since 77 is compatible with V', after taking the

V-completion we get that

Thus, it is enough to show that the group epimorphism 7 is injective. This we will prove

in the next step.

Step 2: To show that 7 is injective, we in fact consider the map (again denoted by 7);
i: G(A) = X(A)

We will show that Ker(7j) = H(A). It is easy to observe from the definition of H(A) that

H(A) C Ker(7).

Let o = Y0, ¢;V € Ker(i]). We will prove that a € H(A), i.e. pPa € H(A) for some

i

k > 0. We will establish this in following two steps.
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Step 2a: We first prove the case when n; = 0 for all ¢, i.e.

V4
0=y vy
i=1

We may assume without loss of generality that a; are all distinct. Moreover if a, = —a
for some r # s then
V) = -V mod H(A).

a

Thus we may replace the expression ¢, V) 4 ¢,V,) with (¢, — ¢, )V . In particular we may
assume that not only a; are distinct, but a; # —a; for any 7 # j. In this case, ¢; must be
zero for all i by Lemma 1.0.10. Thus a = 0 and hence is in H(A).

Step 2b: For n; > 0, we prove the claim by induction on n, := max;{n;} — min;{n;}.
Since X(A) % X(A) and H(A) 25 H(A) are both injective maps, we may assume
without loss of generality that min;{n;} = 0. The starting step of induction is proved in
Step 1. Now by rearranging, we may assume that n, = 0 for 1 < i < s and n; > 0 for

s < 1 < ¢. Thus without loss of generality we have

s l
o= Z ciVag + ZCZVQ”
i=1

1>8

We need to show p*a € H(A), for some k > 0.

s V4
po = Z pcz-Vag + Z pCiVaTji

=1 i>s
s S ¢
= (Ve = Var) + D ciVor + > peiV
i=1 =1 i>8

s J4
SR LGRS WA
=1 1>S

= f+

Since a € Ker(7) we have

pife) = 7(8) +717) = (b3 i, ++) = (0,0,0,:+).
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This implies that >7 ; ¢;a; = 0, since X (A) is p-torsion free.

We now claim that § € H(A): To prove this claim we will use the defining relations of
H(A).

Consider the map ¢ : A — G(A) given by a — V}, — pV? which is a linear map, i.e.

gb(zs:l cia;) = icigb(ai)(mod H(A))

=1

Thus, 8 = 0(mod H(A)). This proves that 5 € H(A) and hence is in H(A). Thus,
B € Ker(n). This implies that v € Ker(77). Moreover observe that n., < n,, hence
by the induction hypothesis, v € E(A) Thus, p™y € H(A) for some r > 0. Thus,
pa e H(A). Thus, Ker(7j) C H(A).

This proves that G(A)/H(A) = X(A) and hence the theorem. O

Theorem 4.4.3. The natural transformation C' — E. is an isomorphism of functors.

Proof. Let A be a commutative polynomial ring. Since E.(A) = X(A) by [6, Cor.
2.10] and X(A) = C(A) by Lemma 4.4.2, we get that C(A) = E.(A). For a general

commutative ring R, consider the presentation,
0—1I1—Z[R - R —0.

The functor C' being universal, we have a commutative diagram with exact rows.

0 — G/(Z[R]) —— G(Z[R]) —— C(R) —— 0

| I J

0 — X/(Z|R]) —— X(Z[R]) —— E.(R) —— 0

Now by Lemma 4.3.4 and Lemma 4.4.2, the vertical map
¢ : G(Z[R]) — X(Z[R])

is an isomorphism. The definition of G;(Z[R]) and X(Z[R]) shows that the preimage
of X;(Z[R]) under ¢ is exactly G;(Z[R]). Hence, the induced map C(R) — E.(R) is an
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isomorphism. O

Theorem 4.4.4. The functor C' : Rings — Ab is a universal pre- Witt functor on CRings.

Proof. Tt follows from the construction of C' that, C' satisfies properties (1), (2) and (3)
of Properties 1.0.7. As C(R) = E.(R) and E is a pre-Witt functor, C'is also a pre-Witt
functor. Its universality follows from Theorem 5.3.7 as every pre-Witt functor is also a

weak pre-Witt functor. O

We now recall the main theorem and give the proof.

Theorem 1.0.9. [22, Theorem 1.6] The classical functor of p-typical Witt vectors W is

a universal pre- Witt functor.

Proof of Theorem 1.0.9. By Theorem 4.4.4 we know that C'is a universal pre-Witt func-
tor. By the canonical isomorphism E.(R) — W(R) [6, Page 561] and by Theorem 4.4.3,

W is a universal functor satisfying four properties in 1.0.7. m



Chapter 5

A group-theoretic characterisation
of p-typical Witt vectors for

associative rings

In the Chapter 4, a universal group-theoretic characterisation of W was given. In
this chapter, we extend the ideas of Chapter 4 to the case of associative (possibly non-

commutative) rings. This chapter is based on joint work with my PhD advisor.

We define the notion of a pre-Witt functor on Rings and give an explicit construction
of a universal pre-Witt functor by adapting the construction of the Witt functor F
by Cuntz-Deninger (see [6]). We then define the notion of a Witt functor and give a
characterisation of universal Witt functor £ modulo an explicit conjecture about non-
commutative polynomials (see Theorem 1.0.16). In Section 5.5, we give evidence for
the Conjecture 1.0.13. Without assuming Conjecture 1.0.13, we show that E admits a

natural surjection to the Hesselholt’s Witt functor Wy (see Theorem 5.4.8).

5.1 Pre-Witt functor on Rings

On the category CRings we have classical p-typical Witt functor
W : CRings — Ab.

In Chapter 4, we have proved the following theorem. We restate it here from the intro-

duction.

o1
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Theorem 1.0.9. [22, Theorem 1.6] The classical functor of p-typical Witt vectors W is

a universal pre- Witt functor.

The key point of the above characterization is that it uses only the group structure
on W(R), and not the ring structure. This is important because most of the known
constructions of Witt vectors for associative (possibly non-commutative) rings (see [11],
[13], [6]) produce only abelian groups and do not endow them with a ring structure. A
natural question, which we address in this chapter, is the following: what is the universal

Witt functor on the category Rings obtained by mimicking these properties?

This motivates the following definition, which is exactly same as Definition 1.0.11.

Definition 5.1.1 (pre-Witt functor). A pre-Witt functor is a functor F : Rings — Ab

which has functorial maps

1. Verschiebung operator: V : F(R) — F(R) (group homomorphism)

2. Teichmiiller map : () : R — F(R) (a set map)
which satisfy the following properties
1. (0) =0. If p # 2 then (—x) = —(z) for all = € R.
2. x+— V(zP) — p(x) is an additive map from R — F(R).

3. F(R) is complete with respect to the filtration {V"F(R) | n € Ny}.

4. R and R are p-torsion free = F (R) is p-torsion free, where R = ﬁ and
([R, R]) is the ideal generated by the commutator subgroup [R, R].

The two main examples of pre-Witt functors considered in this chapter are

1. The functor E : Rings — Ab which is obtained by adapting the construction of
Cuntz and Deninger (see Definition 5.2.4)

2. The Witt functor Wy : Rings — Ab defined by Hesselholt (see Definition 3.1.9).
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Remark 5.1.2. Here, one notes that the property 5.1.1(4) has been slightly changed as
compared to the property(4) satisfied by W in the commutative case. The main reason
for imposing both R and R to be p-torsion free, is that we want the universal pre-Witt
functor to coincide with the classical Witt functor W when restricted to CRings. Moreover
since for a commutative ring R is same as R, this property specializes correctly to the

commutative case. In addition, Hesselholt’s Witt functor Wy satisfies these properties.
We now state the main results of this chapter, we recall it from the introduction.
Theorem 1.0.12. E is a pre-Witt functor. Moreover:

1. The restriction of E to CRings is canonically isomorphic to the classical Witt func-

tor W.

2. There exists a unique natural transformation ' — Wy, which is surjective.

We show that modulo an explicit conjecture (1.0.13) related to non-commutative poly-

nomials, F is in fact a universal pre-Witt functor.

Theorem 1.0.14. Assuming Conjecture 1.0.13, E is a universal pre-Witt functor on

Rings.

In order to find a universal Witt functor on Rings, we define a Witt functor E that is a
suitable quotient of the pre-Witt functor £ by a closed subgroup defined by the certain
Witt polynomials (see Definition 5.4.5). We have the following conjectural characteriza-

tion of the functor £. We recall it from the introduction.

Theorem 1.0.16. The Conjecture 1.0.13 implies that E is a universal Witt functor for

p # 2. In particular there is a unique natural transformation from E— Wy

Theorems 1.0.14 and 1.0.16 rely on the following conjecture concerning non-commutative
polynomials. This conjecture is a direct analogue of Lemma 1.0.10, which played a crucial
role in the proof of the main result of Chapter 4. The recall the statement below from

the introduction and it uses the notation introduced in Section 5.2.

Conjecture 1.0.13. Let p # 2. Let A = Z{S} be a non-commutative polynomial ring

over a set S. Let {fi}I_, be a finite set of distinct non-zero elements of A. Further
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assume that f; # —f; for any i # j. Then the subset {(fi)}i_y of X(A) is Z-linearly

independent.

The outline of the proof is as follows. In the Section 5.2 we give the definition of the
functor £ : Rings — Ab and prove the first part of Theorem 1.0.12. In Section 5.3, we
prove Theorem 1.0.14. In Section 5.4 we define the notion of a Witt functor and give
the definition of the functor £ and prove Theorem 1.0.12(2) and Theorem 1.0.16. In

Section 5.5 we discuss evidence for the Conjecture 1.0.13.

5.2 Definition and properties of £ : Rings — Ab

In this section we define the functor E (see Definition 5.2.4) used in Theorem 1.0.12.
We adapt the construction of p-typical Witt vectors by Cuntz and Deninger (see [6])
to enforce properties 5.1.1. We begin by recalling the definitions and results about the
functor X : Rings — Ab as in [6]. Let Ny := N U {0}.

Definition 5.2.1 (X(R)). Let R € Rings. We have
1. (Verschiebung) V : RNo — RNo given by V(rg, 71, ...) := p(0, 70,71, ...).

2. (Teichmiiller map) For € R define (r) := (r,r?, 77", ...).

3. X(R) be the subgroup generated by {V"(r) | n € Ny, r € R}. Define a topology

on RN using the sequence of decreasing subgroups {V"X (R)}nen.

4. Define X(R) as the closure of X(R) in RN with respect to this topology. Note
that X (R) is invariant under V.

Properties of X(R) :

1. X : Rings — Ab is a functor.

2. For a non-commutative ring R, the topology on X (R) induced by {V"X(R)} is finer
than the one coming from product topology on RN{%  Indeed, let A := Z{z, vy, z}.

Then the element (z + y) + (—z) + (—y) + V(z) is not in V" (X (A)) for any n > 1.
Hence, ({0} x AN) N X(A) is not open in the V-topology.
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3. For R € Rings, X(R) = 1'%1‘/7;)(()((122)). Thus, X(R) has V-topology and every
element of X(R) can be written as >, V" (a,,) where for M € N, there will only

be finitely many n; < M counted with repetitions.

Definition 5.2.2 (X; and X7*). For R € Rings, consider the free presentation
0—=I—-+A—=R—=0

where A := Z{R} be the non-commutative polynomial ring on the set R. Let X;(A) C
X (A) be the closed subgroup generated by

{V*(a) = V™) | n >0, a,b € A such that a —b € I}.
We will denote X as a short for X;(A). We denote the p-saturation of X; by

X = {a € X(A)| p'ae€ X; for some £ € NU{0}}

It is easy to see that X; C X"

Remark 5.2.3. For R € CRings, the closed subgroup X (I) generated by {V"(a) | n €
Ny, a € I'} as given in [6, Prop.1.2] coincides with the closed subgroup X;(A) generated
by

{V™(a) —V"™(b) |a, b € A such that a — b€ I,n € NU{0}}.

The subgroups X (1) and X;(A) will not coincide for a non-commutative ring. For ex-
ample, take a non-commutative polynomial ring A := Z{X,Y} and I := (X,Y) then
(X) — (V) is in X (A) but not X(I). This is the reason why we need to modify the

definition of E so that it works in the non-commutative set-up.

Definition 5.2.4 (E(R)). For R € Rings we denote by R the quotient ring ﬁ where
([R, R]) is the ideal generated by the commutator subgroup [R, R]. Suppose there exists
a morphism ¢ : S — R in Rings where S, S are p-torsion free. We consider the free

presentations of R and S as follows.
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0—J —2Z{S} =S —0
e (1)
0—1I1—7Z{R} ™5 R—0

Here, (E is a lift of ¢. Applying the functor X we get the following diagram.

X; — X(Z{S}) — X(S) — 0
i3 1o (2)

)?I — X(Z{R}) — X(R) — 0

Following the notation as in the Definition 5.2.2, we define
X;:= the closed subgroup of X(Z{R}) generated by {X, ¥}
where for a lift gg as above
Y o= {a € X(Z{R}) ‘ a = ¢(f) for some § € X;at}.

We leave it to the reader to check that the set X; is independent of the lift (E Finally,

we define
E(R) = 7)((@]%})
Xr
Remark 5.2.5. We would like to note the following observations regarding F(R) which
directly follow from the definition. Some of these are technical in nature however they

are needed later.

1. The group E(R) is naturally endowed with an endomorphism V : E(R) — E(R)
and aset map ( ) : R — E(R) (both induced from that on X (R)). Here, (r) := ([r]),
where [r] € Z{R} is a lift of r. It is easy to see from the definition of X; that,
([r])( modulo X7) is independent of choice of a lift of r in Z{R}.

2. For R € Rings, X; C X; C X3t Indeed, for a € X, there exists 8 € X% such
that ¢(8) = a. As f € X3 p' € X, for some r € NU{0}. Since ¢(X,) C X;
we get that p"a € X;. Thus a € X3,
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3. For R € Rings, if R and R are both p-torsion free then X, = X In particular,
E(R) is p-torsion free. To prove this, it is now enough to show that X; D X5t
This is straightforward by taking S = R in the definition of ;.

We will now show that E is a pre-Witt functor. Before showing this, we will prove the
following important Lemma. The idea of the proof of this lemma will be used repetitively

later in this paper.

Let R € Rings. In the definition of F(R) (5.2.4), we chose the canonical free presentation
0— I — Z{R} — R — 0 in order to define E(R) := X(Z{R})/X;. However if

0O—K—B—R—0

is any other free presentation we can also define the group

where Xy is defined similarly. We now show that the definition of E (R) is independent

of the choice of free presentation of R.

Lemma 5.2.6. E(R) = Eg(R).

Proof. Suppose that we have following two free presentations of R.
0—-1—A=Z{R} = R—0

0—-—K—B—R—0

We need to show that F(R) = Ep(R). We prove this result in following steps.

Step(1) : In this step we will show that there exists a group homomorphism @Z X (A) —
X(B), such that ¢(X;) C ¢(Xg). Hence it induces a well-defined morphism v : E(R) —
Ep(R).

Consider the set maps R 4 and R 12 B. Define Y X(A) = X(B) as

P(VH([rh)) = V*{[r2)-
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This induces a well defined group homomorphism ¢ : X (A)/X; — X (B). It remains to
show that @E(B(VI) C Xg. It is enough to show that @Z(EI) C Yk.

Suppose there exists a morphism ¢ : S — R where S and S are p-torsion free. Consider

the diagrams similar to the one in Definition 5.2.4.

0 J {5} s 0
B ¢

0 I A R 0
| F e

0 K B R 0

For o € ¥7, a = gg(ﬁ) for some § € X%*. Thus Y(a) =1 o $(8) and hence 1;(04) € Yk.

Thus we have a well defined homomorphism which we again denote as,

U : E(R) — Ep(R)

Step 2: We will now show that v : E(R) — Ep(R) is an isomorphism. To prove this, we
will establish a group homomorphism y : Ez(R) — E(R) and show that ¢ o y = idp, R)
and x o = idg(r). Since A and B both are free rings, we will reverse the roles of A and
B in the step(1), to get a group homomorphism x : Eg(R) — E(R). For b € Z{B},

Yo x (Vb)) = V{1 o x(b)) = V™(b)(mod X;) as 1o x(b) —b e I.
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The following result, which is consequence of the above lemma, plays an important role
in the proof of Theorem 1.0.12.

Lemma 5.2.7. For a non-commutative free polynomial algebra A, E(A) = X(A).

Proof. This follows by taking the free presentation 0 — 0 — A 4 A —0and using the
Lemma 5.2.6 L

Theorem 5.2.8. F/ : Rings — Ab s a pre-Witt functor.

Proof. We first observe that E is a functor. Let f : Ry — Ry be a morphism in Rings.

Consider the free presentations of R and R,

0 I Z{R;} R 0
[
0 K Z{R,} R 0

Following similar arguments as in the proof of the Step(1) of Lemma 5.2.6 we get a group
homomorphism X (Z{R;}) — X(Z{R,})/Xx which factors via E(R;).

In order to show that E' is a pre-Witt functor we need to prove the four properties stated
in 5.1.1. The first two properties are easily seen to be satisfied by F(R) since they are
satisfied by X(Z{R}). For the third property, we know that for R € Rings, X(Z{R})
is V-complete. Moreover, X is a closed subgroup of X(Z{R}) where X; and %; are
V-invariant. Thus E(R) is V-complete. For the fourth property, assume that R and R
are p-torsion free. By the Remark 5.2.5(3), X; = X3, hence E(R) is p-torsion free.
Thus F is a pre-Witt functor. n

The remaining section is devoted to proving the following theorem which shows that
the functor E/ when restricted to commutative rings, gives the classical p-typical Witt

functor. This proves a part (1) of Theorem 1.0.12.

Theorem 5.2.9. For R € CRings, E(R) = W(R).

Proof. Let R € CRings. We denote by E. : CRings — Ab the pre-Witt functor defined
in Section 4.2. Note that in [22], it was denoted by E : CRings — Ab, however to avoid
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conflict with £ : Rings — Ab (see Definition 5.2.4), we denote it by E, instead. We know
that E.(R) = W(R) (see [6, Page 561]), hence it suffices to show that F(R) = E.(R)

whenever R € CRings. We will prove the result in following steps.

Step 1: In this step we will prove that there exists a group homomorphism say f :
X(Z{R}) — Ec(R) which factors via E(R). Consider following two presentations of R.

0—+I—Z{R} "5 R—0 and 0 - K — Z[R] = R — 0.

Since R is commutative, m factors via Z[R]. Thus, 3 f : Z{R} — Z[R] such that

7 =m0 f and we get the following commutative diagram.

0 I Z{R} —— R 0
A
0 K Z|R] —— R 0

Applying the functor X, we get the induced homomorphism f : X (Z{R}) — Ec(R)

given by f(V"(a)) := V"(f(a)).

Enough to show that f(X;) C Xg. Since f(X;) C Xk, it remains to show that f(Z;) €
Xk.

Suppose a € ¥y, i.e. 3 S € Rings such that S and S are p-torsion free and 3 S % R.
Moreover, qg(ﬁ) = a for some B € X$. As R is commutative ring, ¢ factors through S,
ie. 31 : 8 — R such that ¢ o m = ¢. Thus, we need to consider the extended diagram

in Rings.
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0 J Z{S} S
0 J Z{S} S
i’ ok ;r/ " _ id ¥
0 Y » Z[S] -------m--fe - » S oo > 0
\\\\ \\X \\\\
0 s T “— Z{R} AR
\\\\ N }‘v N ad
0 K Z[R] i R

Considering the diagram after applying the functor X (see Diagram(2

in Definition

5.2.4), it is easy to see that T(X5) C X$*, ¥ (X5) C X" and f(X7*) C X3 Also

note that Z[R] being commutative, f o ¢ factors via Z[S].

)
]

is a commutative p-torsion free ring, by Corollary [6, Cor. 2.10], X3

X5t = Xi). Thus,

Therefore there exists a well defined group homomorphism,

f:E(R):

_ X(Z{R})

X;

X
-

(Z[R])

Xk

=: E.(R).

fl@)=fod(B)=fovor(B)=xor oF(B) € Xk

Since Z[S] (resp. Z[R)])

X (resp.

Step 2: We now will establish a group homomorphism say g : E.(R) — E(R) such that

§o f: ZdE(R) and fo g = ZdEC(R)
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Consider the short exact sequence and the following diagram.

0 0
] — K
14//_:9:‘\\
0 N Z{R} —— Z|R] —— 0
™ T2
0 R—“ >R 0
0 0

Since Z[R] is a free commutative ring, there exists a set-theoretic section, say g : Z[R] —
Z{R}, which we will now describe. We have set theoretic sections R IEIN Z{R} and
JrAEEN Z[R]. We fix an ordering on the set Im(R) C Z{R} and define a set map
G : Z[R] — Z{R} by

m m

nig n;g
> Gigigeig[Tin]s' - [ ]27 7 D @i [ra |7 [ 1)
7j=1

J=1

We get a induced well defined set map on the quotients g : X(Z[R))/Xx —
X(Z{R})/Xn. This is also an additive group homomorphism. Note that N C I, thus
Xy C X; C X;. Thus we get a group homomorphism

§: E.(R) = X(Z[R))/Xx — X(Z{R})/X; - X(Z{R})/X; =: E(R)

Now for a € X(Z[R]), fog(V™{a)) = FV"((3(a))) = V"((f 0 g(a))) = V"(a)(mod X).

Similarly, for a class 8 € Ec(R), fog(V"(3)) = V”(JFO g(B)) =V(B). [

The proof of the Theorem 1.0.12(2) is postponed to Section 5.4. In the next section,

assuming Conjecture 1.0.13, we show that E' is a universal pre-Witt functor if p # 2.
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5.3 Proof of Theorem 1.0.14

As part of the proof of Theorem 1.0.14, we construct a functor C' : Rings — Ab which
is obtained by enforcing the properties 5.1.1 (1)-(3). It is less straightforward to see
that C' satisfies 5.1.1(4). We introduce a temporary notion of a weak pre-Witt functor
(see Definition 5.3.6) to show that C' is a universal weak pre-Witt functor (see Theorem
5.3.7). Essentially, this section has a lot of conceptual overlap with Section 4.3. We will

follow the arguments used in Section 4.3.

Definition 5.3.1 (The functor C'). For any associative ring R and a prime p # 2, we
first define a group G(R) as follows. Let

1. G(R) be the free abelian group generated by symbols {V* | n € Ny, 0 # r € R}.
Define V' := 0 for all n > 0.

2. A set map R G(R) given by (r) := V.

3. A homomorphism G(R) - G(R) defined by V (V") := Vi,

4. H(R) C G(R) be the subgroup generated by the set:

U ({<V(z+y)1’ _pv;:yl) - (Vag’ _pvxnil) - (VZIL’ _pvyn71> | T,y € R} U{‘/rn + V—nr | re R})

n

5. H(R) be the p-saturation of H(R), ie. H(R) = {a € G(R) | pla €
H(R) for some ¢ > 0}.

6. Let GO(R) denote the completion of G(R)/H(R) by the V-filtration. Let G(R) be
the quotient of G°(R) modulo the closed subgroup generated by p-power torsion

elements. Note that the construction of G(R) is functorial in R.

Consider the free presentation 0 — I — A — R — 0 where A := Z{R}. For x € R we
denote the corresponding variable in A by [z]. Let G;(A) C G(A) is the closed subgroup

generated by
{V.' = V" | n >0, a,b € A such that a — b € I}.
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Suppose there exists a morphism ¢ : S — R in Rings where S, S are p-torsion free. We

consider the free presentations of R and S as follows.

0—J —Z{S} 255 —0
i F3 ¢ (1)
0 —I1—A=Z{R} ™5 R — 0

where G7 is the closed subgroup of G(A) generated by {Gr, ¥} where
Y o= {a € G(A) ’ a = ¢(3) for some 3 € Gf,at}.

It is similar to Definition 5.2.4; see the diagram and definition in Definition 5.2.4 for

comparison.

Remark 5.3.2. We have a well-defined group homomorphism V' : C(R) — C(R) and a
well defined map of sets R Yo (R) induced by the corresponding maps on G(Z[R]). Any
ring homomorphism f : R — S5, gives a group homomorphism G(R) — G(5),V," = V},
which is compatible with V' and hence a group homomorphism C(f) : C(R) — C(S).

Let R € Rings. In the definition of C'(R) we chose the canonical free presentation
0 -1 — Z{R} - R — 0. However f 0 - K — B — R — 0 is any other free

presentation we can also define the group

G(B)

CB(R) = é\;{

Following the arguments as in Lemma 5.2.6 and Lemma 5.2.7 we can prove the following

results.
Lemma 5.3.3. C(R) = Cp(R).

Corollary 5.3.4. If A = Z{S} is a free algebra, then C(A) = G(A).
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Eventually, we will show the following.

Theorem 5.3.5. For p # 2, C' is a universal pre- Witt functor.

Unfortunately, it is less straightforward to check that C' actually satisfies property 1.0.7(4)
and is a pre-Witt functor. To overcome this hurdle, we introduce a notion of “weak
pre-Witt” functor below, whose role is somewhat temporary. The main strategy is to
show that C' is universal weak pre-Witt (see Theorem 5.3.7), and then show that C' is

isomorphic to E.

Definition 5.3.6 (weak pre-Witt functor). A functor F' : Rings — Ab is said to be a
weak pre-Witt functor if it satisfies the properties (1), (2) and (3) of Definition 5.1.1 and

the following property, which is a weaker version of 5.1.1(4):

(4") If A is a free polynomial ring in Rings then F(A) is p-torsion free

Any pre-Witt functor is a weak pre-Witt functor. In particular, the functor E (see
Definition 5.2.4), the Witt functor Wy defined in [11], [13] are weak pre-Witt functors.

Theorem 5.3.7. Let p # 2. The functor C' : Rings — Ab is a universal weak pre- Witt
functor. In particular, there is a natural transformation C' -5 E which is compatible with

V()

Proof. 1t follows from the construction of C' that, C' satisfies properties (1), (2) and (3)
of Definition 5.1.1. The Lemma 5.3.4 implies that C' also satisfies the property (4’) of the
Definition 5.3.6. Hence C' is a weak pre-Witt functor. It remains to show its universality.
We will prove that, given any pre-Witt functor F', there exists a natural transformation
n : C' = F. The idea is to first establish a group homomorphism in the case of a free
algebra and then extend the result to any R € Rings. We will prove this in the following
steps.

Step 1: We will show that, for a free non-commutative polynomial ring A there exists a

group homomorphism C(A) — F(A). Consider the presentation

00— A A0
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We define the homomorphism,

n:G(A) — F(A) given by V" = V™a) Y a € A, n> 0.

Since F' satisfies the properties (1)-(2) of Definition 5.3.6, n(H(A)) =0 in F'(A). So, we

get a homomorphism,

i7: G(A)/H(A) — F(A).

As n is compatible with V', taking V-completion, we get the induced group homomor-
phism, denoted as 14 : G(A) — F(A).

Step 2: To show that for R € Rings, there exists a group homomorphism C(R) — F(R).

Consider the presentation 0 — I — Z{R} % R — 0 of R. By Step (1), we have a
group homomorphism F(71) o nzgry : G(Z{R}) = F(R).

It is easy to see that for a,b € Z{R} such that a —b € I, G(m)(V}* = V') = V™ (mi(a)) —
V™ (mi(b)) = 0, thus F(m) o nz(ry(Gr) = 0. Hence, there exists a group homomorphism
n: G(Z{R})/Gr — F(R). It remains to show that F(m) o nZ{R}(CTI) = 0.

Let S € Rings such that S, S are p-torsion free and ¢ : S — R be a ring homomorphism.
We now recall here the definition of ¥ and the diagram (1) as in the given in Definition

5.2.4.
0— J—Z{S} =S —0

A »
0— I — Z{R} ™5 R — 0

Consider the map f : G(Z{S}) = G(Z{S})/G,. Then

Y :={a € G(Z{R}) | a = G(¢)(B), f is a p-torsion in G(Z{S})/G}

We have the following diagram
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G(Z{S}) ! G(Z{5})/G,
M‘ G(3) /
F(Z{S}) —5= F(S)
J F(¢)
F(3) G(Z{R}) G_(Z{R})/ Gr
FE(R) — L rm)

Let o € ¥. Then a = G(¢)(B) for some § € G%*. Thus p‘3 € G for some ¢ > 0. In
other words, f(f3) is a p-torsion element in G(Z{S})/G ;. Since nz51(G5) € F;, we have
the induced group homomorphism denoted by g : G(Z{S})/G, — F(S), which takes
f(53) to a p-torsion element in F(S). Since F is a pre-Witt functor and S, S are p-torsion
free, F'(S) is p-torsion free. Thus g o f(3) = 0. Thus,

(F'(p) ogo [)(B) = (F() o F(m2) o nzsy)(8) =0

Since F' is functor, we have the commutativity of the front square and thus,

(F(¢) 0 F(ma) 0 nzgsy)(B) = (F(m) o F(¢) 0 nzgsy)(8) = 0

By step (1), the left outermost square commutes. Hence,

(F(m1) o F() o nzgsy)(8) = (F(m1) o nzgmy © G(¢)(8) = 0
By definition a = G(¢)(3), hence
F(m) omzqry(B) =0

Since nz(ry(Gr) C Fi, the morphism F(7) onzgy already factors through G(Z{R})/G.

Thus, we have a morphism

C(R) = G(Z{R})/(G1, %) — F(R)
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In the remaining section, we show that C' is in fact naturally isomorphic to E, which
implies that F is universal. The first step towards proving this result would be to show

that for a free non-commutative polynomial algebra A , C'(A) = X (A).

Proposition 5.3.8. Let p # 2, and A = Z{S} be a free ring over a set S. The Conjecture
1.0.13 implies that C(A) = X (A).

Proof. The proof of this lemma is similar to the proof of Lemma 4.4.2. Since C is a
universal weak pre-Witt functor, by using the Lemma 5.2.7 and the Lemma 5.3.4, one

can show that there exists an epimorphism
s GA)H(A) = X(A); Vs VP{a).

Since the map 77 is V-complete, it is enough to show that this map is injective. The
injectivity is proved by using the Conjecture 1.0.13 and the arguments as in proof of

Lemma 4.4.2. Hence we get an isomorphism denoted as n4 : G(A) — X (A) O

Proof of Theorem 1.0.14. To show that FE is universal pre-Witt functor, by Theorem 5.3.7
it suffices to show that E(R) is naturally isomorphic to C'(R) for R € Rings. Consider
the presentation, 0 — I — A := Z{R} — R — 0. By the above Proposition 5.3.8,
C(A) = X(A). Following the proof of Theorem 5.3.7 with F' replaced by X, we have the

following commutative diagram.

G(Z{R}) —— G(Z{R})/G; — G(Z{R})/G; —— 0

JﬁZ{R}

X(Z{R}) — X(Z{R})/X; — X(Z{R})/X; —— 0

Since nz(py is an isomorphism, we have 1z (Gr) = X; and nz(gy(2¢) = . Thus,

Nz R}(CTI) = X,. This implies that 7)z( g induces an isomorphism nz : C(R) — E(R). O
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5.4 Witt functors

The goal of this section is to define the notion of a Witt functor (see Definition 5.4.3) and
to describe a universal Witt functor E, assuming Conjecture 1.0.13. We also finish the
proof of Theorem 1.0.12 by showing the existence of a natural transformation £ — Wy.
Note that such a transformation exists by universality of £ (Theorem 1.0.14), however

we would like to establish this (see Theorem 5.4.8) without assuming Conjecture 1.0.13.

In the classical case, for R € CRings, the set W (R) is in bijection with RNo. This bijection
can be explicitly given by

(ap,ay,...) — ZV”(an>

Let F : Rings — Ab be a pre-Witt functor. For a tuple (ag,ay,...) € RN, denote

(ag, a1, ...)w :=Y_V™a,) € F(R).

5.4.1 Witt sum and difference polynomials

Before defining the Witt functor, we first recall the group structure on Wy (R) for R €
Rings as given in Definition 3.1.9. Note that Wy (R) is equipped with the Verschiebung
operator

V:W(R)— W(R) Vi(a,ay, ) :=(0,a9,a1, ")

and the Teichmiiller map
():R— W(R), (a):=1(a,0,0,...)

Remark 5.4.1. The definitions V' : Wg(R) — Wg(R) and () : R — Wg(R) differ
from that of V : E(R) — E(R) and ( ) : R — E(R) (see Definition 5.2.1 and Remark
5.2.5). Every element of Wy (R) represented (not necessarily uniquely) as (ag, @1...)w-
This is a consequence of the fact that the addition and subtraction of elements of the
form (ag,a;...), in the group Wy(R) are given by non-commutative version of Witt

polynomials as given below.
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Definition 5.4.2 (Witt sum and difference polynomials). For R € Rings, and elements

(ag, a1, ...)w, (bo, b1, ...)w € Wr(R),
(ao, ai, )w + (b07b1> )w = (So(ambo), 51(a0,b0, 01751)7 )

(ao,al, )w - (b07bla )w = (do(GO, bo),d1(aoyboaa1, 51)7 )

where s; and d; are non-commutative analogues of classical Witt sum and difference
polynomials as defined in [11, 1.4.1]. We use the following two variable specialisations
of the Witt sum and difference polynomials. For an integer ¢ > 0 define polynomials
ri,e; € Z{X,Y} by

r(X,Y) := s(X,Y,0,0,...0,0)
e;(X,Y) = d;(X,Y,0,0,...0,0)

It follows that 79(X,Y) = X +Y and ey(X,Y) = X — Y. In particular, we have the

following relations in Wy (and also in the classical case)
(@) + () = (z+y) + D Viri(z,y))

>0

(@) = () = (@ —y) +2_Vei(,y))

>0

Definition 5.4.3 (Witt functor). A pre-Witt functor F' : Rings — Ab is called a Witt

functor if,

(@) + () = (z+y) + > Vi{ri(z,y)

>0
(@) = () = (z —y) + > Vei(z,y))
>0
Example 5.4.4. Wy is a Witt functor.
Definition 5.4.5 (The Witt functor £). For a ring R € Rings, let R(R) C E(A) denote

the smallest closed subgroup stable under V' and containing all elements of the form

{{@) + ) = 2 V" ra(a,)) [ wy € A} U () = () = 2_V"{ealz,9)) | 2,y € R}
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where 7,, e, are integer polynomials defined in (5.4.2). Let E(R) := %. Clearly E is

a Witt functor, since the required relations have been forced by the definition.
The following result is an immediate consequence of the above definition of E.

Lemma 5.4.6. Every element of E(R) is of the form

i) V™{an).

Moreover, we have the following conjectural characterisation of the functor E.

Theorem 5.4.7. For p # 2, the Conjecture 1.0.13 implies that E is a universal Witt

functor.

Proof. By using Conjecture 1.0.13, we have proved that E is a universal pre-Witt functor
(see Theorem 1.0.14). E is obtained by simply going modulo the extra relations in F
required to be a Witt functor. From this, one can easily deduce that E is a universal
Witt functor. O

The goal of the remaining section is to prove Theorem 1.0.12(2). We will prove the
following result without using Conjecture 1.0.13 and Theorem 1.0.14.

Theorem 5.4.8. There is a unique natural transformation of pre- Witt functors E — Wy
and of Witt functors E — Wy.

We will need the following results in order to the prove Proposition 5.4.8.

Lemma 5.4.9. Let A = Z{S} be a free algebra. Then there is a natural isomorphism

E(A) = % where R(A) C X (A) is the smallest V-stable closed subgroup containing

{(x) + () = D V™{ralz,y)) | z,y € AU {(z) — (y) = > V™(en(z,y)) | z,y € A}

Proof. By Corollary 5.2.7, we know that E(A) = X(A). Since this isomorphism is
compatible with V" and (), R(A) is mapped to R(A) O

We now observe the following connection between E(A) and Wy (A).
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Lemma 5.4.10. Let A = Z{S} be a free algebra. Then the image of the natural map

E(A) — (ﬁ)NO is canonically isomorphic to Wy (A). This gives a canonical surjection

E(A) = Wy(A) sending V™{(a) — V™{a).

N
Proof. Let n: X(A) — (WAAJ * be the map given by the composition

XA = 4% = ([A?A])NO |

We will show that R(A) C Ker(n).

N
We know that the ghost map w : Wy (A) — (ﬁ) " is injective (see [13, page 2]). Hence,
the image w(Wg(A)) is canonically isomorphic to Wy(A). We consider the following

diagram:

X(A) " (ﬁ)NO
X ‘“T
Wr(A)

Let ¢ : X(A) — Wg(A) be a map that sends an element V"(a) to V"(a). We also
recall that Wy (A) is generated by elements of the form {V™(a,) | a, € A,n € Ny}

by [17, Lemma 3.3], hence, ¢ is a surjective map. Also,
w(z Vn<a/n>) - W(a/(), Qy, - ) - (%7%17 —’_aila e )
It is easy to verify that,

n(3_V™{an)) = (a,a” +ar, - - ).

Hence, the image of the natural map X(A) — (ﬁ)NO is canonically isomorphic to
Wi (A). Note that the ‘relations’ defining R(A) (see Definition 5.4.5) are mapped to zero

in Wg(A) and hence are mapped to zero in ([AA%A])NO. Therefore 1 induces a map
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and a canonical surjection

E(A) — Wy (A)

Proof of Theorem 5.4.8. First, we show that there exists a natural transformation 7 :
E — Wy between the pre-Witt functors. We follow the diagram and arguments as in
Theorem 5.3.7, where the roles of C' (resp. F) are now played by E (resp. Wg), with E
being a weak pre-Witt functor and Wy being a pre-Witt functor.

For R € Rings, consider the presentation 0 — I — A := Z{R} — R — 0. Lemma 5.2.7
and the proof of Lemma 5.4.10 gives a natural morphism 74 : E(A) = X(A) — Wy(A)
where A is any free non-commutative algebra. Thus, there exists a morphism 7z(p, :
E(Z{R}) — Wy(Z{R}) given by, V™(a) — V"™(a). In order to show that there exists
a natural transformation ng : F(R) — Wg(R) we need to show that nZ{R}(/XV[) =0
in Wy (R). Following diagram as in Theorem 5.3.7, we have the commutativity of the
outer leftmost square involving nz¢sy : E(Z{S}) — Wy (Z{S}) and nzry : E(Z{R}) —
Wy (Z{R}). Thus, following the argument of the proof of Step (2) of Theorem 5.3.7 we
get that there exists a natural transformation ng : E(R) — Wg(R) between the pre-
Witt functors. It is now straightforward to observe that the ‘relations’ defining £(R) are
mapped to zero in Wy (R). Hence we have a unique natural transformation E — Wy of
Witt functors. O

Proof of Theorem 1.0.12. Follows from Theorem 5.2.8, Theorem 5.2.9 and Theorem 5.4.8.
]

5.5 Evidence for the Conjecture

The aim of this section is to present computational evidence supporting Conjecture 1.0.13,
in addition to the fact that an analogous statement holds in the commutative setting (see
Lemma 1.0.10).
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For any ring R and any element x € R, we write
(x) = (z,2%,2",...) € X(R) C R™,

as in Definition 3.2.1.

We emphasize that the map (-) introduced above is not new. For any ring R and prime p,
the n-th component 77" of (r) coincides with the n-th ghost component of the Teichmiiller
lift (r) € W(R) in the ring of p-typical Witt vectors (see Definition 2.2.16). Although
A = Z{S} is non-commutative and W (A) is therefore only an abelian group, both the
ghost map and the Teichmiiller construction remain well-defined in this setting. Conjec-
ture 1.0.13 is therefore equivalent to asking whether the Teichmiller lifts {f;},...,{f.}

have Z-linearly independent images under the ghost map.

In the commutative case, the statement reduces to a Vandermonde-type determinant
argument; see Lemma 4.4.1 and Lemma 1.0.10. The non-commutative integral setting is
significantly harder. When p = 2, the conjecture fails in a trivial way (e.g. for constant
polynomials), which shows that the restriction p # 2 is essential. The additional hypoth-
esis f; # —f; is forced by the identity (—f) = —(f) for odd primes p. The case r = 2
can be handled by an elementary argument using only the components corresponding
ton = 0 and n = 1. However, for r > 3, the main difficulty lies in controlling the

non-commutative multinomial cross-terms arising in higher powers.

Let A =7Z{X,Y} and p = 3. For nonzero elements fi, f2, f3 € A with distinct moduli, we
wish to verify that {(f;)} is a Z-linearly independent subset of X (A). This is immediate

in either of the following cases:

1. The elements fi, fo, f3 are Z-linearly independent.

2. The images of f; in the commutative polynomial ring Z[ X, Y] have distinct moduli
(see Lemma 1.0.10).

To obtain nontrivial computational evidence for Conjecture 1.0.13, we therefore consid-
ered triples f1, fo, f3 that do not satisfy either of the above conditions. Using SageMath,
we verified the conjecture for a range of such examples of degree at most 3. We provide

the sage code below.
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5.6 Sage Code for Verifying the Conjecture

Non-commutative polynomial ring over ZZ

F.<X,Y> = FreeAlgebra(Zz, 2)

# Commutative polynomial ring for comparison

R.<x,y> = PolynomialRing(ZZ, 2)

def to_commutative (f):

#Map from free algebra to commutative polynomial ring.

result = R.zero()

for mon, coeff in f.monomial coefficients().items():

# mon is a word imn X,Y

mon_str = str (mon)

X_count mon_str.count (’X’)

y_count mon_str.count (’Y’)
result += coeff * x*xx_count * y*xy_count

return result

def power_in_free_algebra(f, n):
#Compute f"n in the free algebra.
if n == 0:

return F.one ()

result = £

for _ in range(n - 1):

result = result * £

return result

def ab_sequence(f, p, length):

#Compute the sequence ab(f) = (f, f7p, £°{p~2},
“{length-1}})

., T7{p
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return [power_in_free_algebra(f, p**i) for i in range(

length)]

def extract_coefficients(f, monomial_list):

#Extract coefficients of f with respect to a list of
monomials.
#Returns a vector of coefficients. This works only if the
monomial_list is in F, not just a list of strings or

words.

coeff dict = dict(f)
return vector (ZZ, [coeff_dict.get(m, 0) for m in

monomial_ list])

def get_all _monomials(polys):

#Get all monomials appearing in a list of polynomials.
monomials = set ()

for f in polys:
monomials.update (f. monomial_coefficients () .keys())

return sorted(monomials, key=str)

def distinct_moduli(f_list):
#Check if f_i != +/-f_j for all i != j.

n = len(f_list)

for i in range(n):

for j in range(i+1l, n):

if £_list[i] == f_list[j] or f_list[i] == -f_list[j]:
return False

return True

def Z_linearly_independent (f_list):
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#Check if f_list is Z-linearly independent in the free
algebra.

# Step 1: collect all monomials appearing
monomials = set ()

for £f in f_list:
monomials.update (f. monomial_coefficients () .keys())

monomials = sorted (monomials, key=str)

# Step 2: build coefficient matrix
M= []

for m in monomials:

row = [f.monomial_coefficients().get(m, 0) for f in
f list]

M. append (row)

M = Matrix(ZZ, M)

# Step 3: check kermnel over QQ

return M.change_ring(QQ).right_kernel().dimension() ==

def commutative_distinct_moduli(f_list):

#Check if images in the commutative ring have distinct

moduli.
images = [to_commutative(f) for f in f_list]
n = len(images)

for i in range(n):

for j in range(i+1l, n):

if images[i] == images[j] or images[i] == -images[j]:
return False

return True

def check_Z_linear_independence (sequences,

max_power_index):

0
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#Check if {ab(f_i)} are Z-linearly independent, using

truncation up to max_power_index.

# Step 1: collect all monomials appearing in all powers
monomials = set ()

for seq in sequences:

for f in seq[:max_power_index]:

monomials.update (f.monomial_coefficients () .keys())

monomials = sorted (monomials, key=str)

# Step 2: build coefficient matrix (stacking all k)
M =[]
for k in range (max_power_index):

for m in monomials:

row [seq[k] .monomial_coefficients().get(m, 0) for seq
in sequences]

M.append (row)

M = Matrix(ZZ, M)

# Step 3: check kermel over QQ

kernel = M.change_ring(QQ).right_kernel ()
is_independent = kernel.dimension() == 0

return is_independent, kernel

def verify_conjecture(f_list, p=3, max_power_index=3,

verbose=True) :
#Verify the conjecture for a given list of polynomials.
# Compute ab sequences

sequences = [ab_sequence(f, p, max_power_index) for f in

f _list]




Chapter 5. A group-theoretic characterisation of p-typical Witt vectors for associative

rings

79

# Check Z-linear independence
is_independent, kernel = check_Z_linear_independence (

sequences, max_power_index)

if is_independent:

print ("RESULT:_ {ab(f_i)}_ isyuZ-1linearly_ independent.")
print ("Conjecture HOLDS for ,this sample.")

else:

print ("RESULT: {ab(f_i)}_ is Z-1linearly DEPENDENT!")
print ("Conjecture FAILS for,this sample!")

return is_independent

HHHAHH AR HHARH AR A B A SR AR B A SR AR H B A AR AR HH AR B RSB RS HHH
# Example usage with a specific sample

print ("EXAMPLE: Manual verification")

print ()

# An interesting example.

f1 = X + Y
f2 =X - Y
£3 = 2xX # £3 = f1 + £f2, so Z-linearly dependent

verify_conjecture([f1, f2, £3], p=3, max_power_index=3)
print )
print ()

Here is the output:

RESULT: {ab(f_i)} is Z-linearly independent.
Conjecture HOLDS for this sample.

# Another example with non-commutative structure
print ("EXAMPLE: Manual Verification-2")
print )
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f1 = XxY
f2 = Y*X
£f3 = X*xY + YxX # £3 = f1 + f2, so Z-linearly dependent

verify_conjecture([f1, f2, £3], p=3, max_power_index=3)

Here is the output:

RESULT: {ab(f_i)} is Z-linearly independent.
Conjecture HOLDS for this sample.
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