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Abstract

This thesis studies the dynamics and equilibration of interacting quantum systems in which
integrability, or the structure of conserved charges, shapes the long-time behavior. The In-
troduction (Chapter 1) sets up machinery that the later chapters draw on: linear response
and the fluctuation-dissipation theorem, large deviations and cumulant-generating functions,
quantum state ensembles, and spectral diagnostics of chaos. With these in place, the four research
chapters trace a single arc. They move from closed-system transport, to full counting statistics
in boundary-driven steady states, to projected ensembles in systems with extensively many
conserved charges, and finally to chaos diagnostics suited to near-term quantum hardware. The
common technical thread is matrix product state methods (introduced in Chapter 2), combined
with analytic input from (quasi-)local conserved quantities, to access regimes where integrability
or solvability produces behavior outside the reach of generic thermalization arguments.

Chapter 3 applies time-dependent DMRG to thermal transport in a chiral Z3 clock chain
tuned along an integrable, time-reversal symmetric line. The thermal current’s finite overlap
with a local conserved charge Q(2) obtained from the transfer matrix yields a Mazur bound that
saturates the Drude weight at finite temperature, validated against a sum rule.

Chapter 4 studies the boundary-driven XXZ chain, whose non-equilibrium steady state under
maximally polarising Lindblad operators admits an exact matrix product solution. In the XX
limit we obtain closed-form spin correlators, entropy per site, and SCGFs of local observables.
For ∆ > 0 a cosine of a rational multiple of π, the MPS yields numerically exact SCGFs and
rate functions for the local z-magnetisation, with finite-size corrections decaying exponentially at
a rate discontinuous in ∆. A double-peak structure in the x-magnetisation density for ∆ ≲ 1 is
suggestive of short-range ferromagnetic ordering.

Chapter 5 uses the projected ensemble—subsystem states conditioned on measurements of
the complement, to probe deep thermalisation in systems with extensively many (quasi-)local
conserved charges. In a Floquet spin chain deep in its MBL regime and the ℓ-bit model as
a 1-local archetype, the late-time projected ensemble converges to a Scrooge ensemble except
when the measurement operator aligns with the conserved charges, a behaviour we link to the
emergence of Porter–Thomas bitstring statistics and justify with semi-analytical arguments.

Chapter 6 carries these diagnostics onto probes scalable on current quantum hardware,
studying the mixed-field quantum Ising model on Erdős–Rényi graphs whose connectivity
interpolates the dynamics between localized, chaotic, and permutation-symmetric integrable
regimes–a crossover with implications for the trainability of variational algorithms such as QAOA.
The regimes are characterized through convergence of the projected ensemble to Haar, a partial
spectral form factor as a resource-efficient SFF proxy, and operator Krylov complexity, which
is maximized in the chaotic regime. Taken together, the four chapters trace a path in which
the role of conservation laws on quantum dynamics is investigated with progressively sharper
probes.

xviii





1
Introduction

1.1 Overview

The collective behavior of interacting quantum particles is central to condensed matter
physics, manifesting in phenomena ranging from superconductivity and magnetism to

the topological order and the broader physics of strongly correlated electrons. None of these
admits a description at the level of a single particle, and each emerges only when the cooperative
dynamics of many degrees of freedom is taken into account. The theoretical understanding of
such phenomena has developed in close contact with generations of experiment on bulk solids
and quantum fluids, and it has been organized, for the most part, around two parallel routes
of investigation. The first is the equilibrium state itself, characterized by its symmetries and
correlations, order parameter, and ground state as well as low-energy excitations. The second is
the linear response of that equilibrium state to a weak external perturbation, such as an applied
electric or magnetic field, a temperature gradient, or a small mechanical strain, which determines
measurable quantities such as electrical and thermal conductivities, magnetic susceptibilities, and
spectroscopic line shapes [1, 2, 3]. Within the equilibrium and linear-response regime, theoretical
frameworks such as Bardeen-Cooper-Schrieffer theory, Landau’s theory of the Fermi liquid, the
renormalization-group treatment of phase transitions and the Kondo problem, and the theories
of topological order among others are tailored to questions of just this kind.

The conventional experimental probes are tied to bulk samples and to measurements of
local expectation values and few-body correlations. Specific heat and magnetic susceptibility
characterize the thermodynamics of the equilibrium state and can be obtained from partition
function. Neutron and Raman scattering measure equilibrium correlation functions and the
spectrum of low-energy excitations. In contrast, state-of-the-art qunatum simulators provide
access to the quantities that are beyond few-body correlations. Such systems also allow par-
tial measurements and reliable time evolution, which affords direct access to non-equilibrium
dynamics e.g., quench protocols, thermalization and the build-up of entanglement in real time.
Non-equilibrium physics has been conventionally probed through techniques like pump–probe
spectroscopy and transport measurements. Quantum simulators add the ability to prepare a
clean initial state, evolve it unitarily under a known Hamiltonian, and then obtain high-order
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correlators, a degree of control that is difficult to match in bulk solid-state platforms. While
the universal characteristics of equilibrium systems are by now reasonably well understood, the
corresponding notion of universality out of equilibrium remains an active area of investigation.

Transport is the simplest drift away from the equilibrium setup. Yet at long times and long
wavelengths it admits a universal description in terms of hydrodynamics, an effective theory whose
form is fixed by the conservation laws of the underlying Hamiltonian [4]. In a generic many-body
system with only a few local conservation laws, currents decay through many-body scattering
and the late-time dynamics is diffusive, characterized by a finite diffusion constant. Integrable
one-dimensional models occupy the opposite extreme. They are defined by the existence of an
extensive set of mutually commuting local and quasi-local conserved quantities. In conventional
experiments, inevitable interaction with environment (e.g., phonon-bath coupling) makes such
conserved charges in fine-tuned integrable systems fragile. However, modern tunable quantum
simulators make such systems experimentally realizable with reliable isolation from environmental
effects. A typical current operator has finite overlap with the tower of conserved charges [5, 6]
in integrable systems. A finite fraction of the current is therefore protected from decay, and
this protected component appears in the dynamical conductivity as a singular contribution at
zero frequency, the Drude weight, which remains finite at any temperature in a clean integrable
system [7]. The simplest illustration is a gas of free electrons in a uniform electric field. With
no scattering channel available, each electron accelerates indefinitely, the current never relaxes,
and the entire conductivity collapses onto a delta function at zero frequency, a Drude weight in
its purest form. Crucially, although transport is intrinsically a non-equilibrium phenomenon,
in the linear-response regime it remains fully encoded in equilibrium correlation functions.
By the fluctuation-dissipation theorem, transport coefficients such as diffusion constants and
Drude weights can be extracted from the current-current correlator evaluated in the equilibrium
ensemble [1]. We present an explicit computation of Drude weight for thermal conductivity in a
strongly correlated system in Chapter 3.

Condensed matter experiments on most bulk samples characterize a many-body system
through expectation values of local observables and low-order correlation functions, such as
thermodynamic susceptibilities, scattering structure factors, and transport coefficients. These
quantities are the ones constrained by the Eigenstate Thermalization Hypothesis (ETH) [8,
9] that provides the standard framework for understanding generic thermal quantum systems,
asserting that individual energy eigenstates effectively act as their own thermal reservoirs. Under
ETH, the local properties of a single eigenstate are indistinguishable from those of a thermal
ensemble, which is usually represented by Gibbs ensemble or its generalizations. ETH places no
constraint, however, on correlators whose support is comparable with the system size.

The development of programmable quantum platforms over the past two decades has brought
these finer quantities into experimental reach. Repeated snapshots of a subregion in such setups
reconstruct the full joint distribution of local observables on it, equivalent to n-point correlators
with n scaling up to the size of the full system. The same platforms can be operated in driven
configurations, where the system is coupled at its boundaries to reservoirs at different chemical
potentials or temperatures and relaxes into a non-equilibrium steady state that sustains a finite
current through the bulk [10, 11]. In such settings one interesting characterization of the state is
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the full counting statistics (FCS) of the charge in a subsystem. Large-deviation rate function [12,
13] characterizes the probability of rare fluctuations in such quantities and exposes universal
features [14, 15]. Obtaining such distribution of observables analytically in interacting system
is challenging. Even numerical caluclation is limited to small system size, owing to the high-
accuracy state description required for faithful estimation of FCS . Chapter 4 presents an exact
computation of the FCS in a strongly driven boundary-coupled spin chain.

A complementary class of questions concerns the statistical structure of the quantum states
themselves, rather than the values of observables computed in them. ETH, as discussed above,
fixes the reduced density matrix of any small subsystem and thereby determines all few-body
expectation values supported on it. It places no constraint, however, on the distribution of
the qunatum states in the Hilbert space, which is a far stronger characterization of the system.
Whether such state distributions exhibit universal behavior on Hilbert space is the central
question of deep thermalisation [16, 17]. Projected ensemble acts as a natural protocol to obtain
such an unravelling of qunuatum states in Hilbert space. In chaotic systems they are conjectured
to converge to the Haar measure, the unique unitarily invariant distribution on Hilbert space, a
form of randomness that can not be guranted with only few moments of observable or qunatum
state distribution alone. Systems with extensively many conserved charges, such as integrable
models or many-body localized systems where disorder arrests thermalization, are expected
to converge instead to non-Haar universal ensembles whose form encodes the conservation-law
structure directly. Identifying these universal ensembles in constrained settings remains a largely
open problem. Chapter 5 addresses it in a setting combining strong disorder with strictly one-site
conserved charges using numerical analysis assisted by semi-analytic justifications.

Current quantum devices are not restricted to regular geometries. Modern programmable
platforms can realize systems with essentially arbitrary connectivity, including the irregular
interaction graphs that arise naturally in practical quantum optimization problems. It is therefore
natural to ask how the probes of quantum dynamics behave in this broader class of systems, where
the regular geometric structure that underlies most analytical and numerical work no longer
applies. From a more practical standpoint, one can also ask whether the nature of the dynamics
carries any predictive information about the efficiency with which such devices can be operated.
Chapter 6 addresses both questions through a detailed characterization of a random-graph spin
system, with explicit consequences for quantum optimization.

In this introductory chapter we develop the foundational tools used across the thesis, estab-
lishing notation and theoretical framework. Concepts that are specific to a single chapter, such as
the projected ensemble construction, Krylov complexity, the ℓ-bit Hamiltonian, and the quantum
Mpemba effect, are introduced in the corresponding chapters and are only briefly mentioned here.
We set ℏ = kB = 1 throughout.

1.2 Linear Response Theory

The discussion in Sec. 1.1 emphasized that the symmetries and conservation laws of an integrable
Hamiltonian leave a direct imprint on transport. Translating that statement into a calculation
requires a framework that connects a microscopic Hamiltonian to the response of currents,
susceptibilities, and spectral functions to a weak external probe. Linear response theory, in the
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form developed by Kubo, supplies precisely this bridge: every transport coefficient is expressed
as an equilibrium time-ordered correlator in the unperturbed system, with the external field
entering only through its conjugate operator. We develop the formalism here, and specialize it in
Sec. 1.3 to the Kubo formula for thermal conductivity used throughout Chapter 3. Much of the
discussion in this section will follow Ref. [18].

Consider a quantum system described by a time-independent Hamiltonian H0 in thermal
equilibrium at inverse temperature β = 1/T , so that the equilibrium density matrix is ρ0 =
e−βH0/Z where Z = Tr[e−βH0 ]. At time t0, a weak, time-dependent external perturbation V (t)
is applied, with V (t) = 0 for t < t0, so that the full Hamiltonian becomes

H(t) = H0 + V (t). (1.1)

We write the perturbation in the general form

V (t) = −
∑
α

Fα(t)Bα (1.2)

where Fα(t) are classical external fields and Bα are the conjugate Hermitian operators.
The time evolution of the density matrix in the interaction picture is governed by the von

Neumann equation
ı
∂ρI(t)
∂t

= [VI(t), ρI(t)], (1.3)

where ρI(t) = eıH0t ρ(t) e−ıH0t and VI(t) = eıH0t V (t) e−ıH0t. Iterating Eq. (1.3) with the initial
condition ρI(t0) = ρ0 and retaining only the first-order correction gives

ρI(t) ≈ ρ0 − ı

∫ t

t0
dt′ [VI(t′), ρ0]. (1.4)

The change in the expectation value of an observable A from its equilibrium value ⟨A⟩0 = Tr[ρ0A],
to first order in V , is

δ⟨A(t)⟩ = −ı
∫ t

t0
dt′ Tr

(
ρ0 [AI(t), VI(t′)]

)
. (1.5)

To remove the dependence on the initial time t0, we perform the adiabatic switch-on prescription:
the perturbation is dressed by an exponential factor,

V (t) −→ V (t) eηt, η → 0+, (1.6)

and the lower limit of integration is sent to t0 → −∞, with the η → 0+ limit taken at the end
of the calculation. Physically this corresponds to the system having been in equilibrium in the
distant past and the perturbation having been switched on infinitely slowly, so that no transient
associated with the choice of turn-on time contaminates the response. With this prescription,
Eq. (1.5) becomes

δ⟨A(t)⟩ =
∑
α

∫ ∞

−∞
dt′ χABα(t− t′)Fα(t′), (1.7)
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where the retarded response function (generalised susceptibility) is

χAB(t− t′) = ı θ(t− t′)
〈
[A(t), B(t′)]

〉
0, (1.8)

and A(t) = eıH0tAe−ıH0t is the Heisenberg-picture operator. The Heaviside factor θ(t − t′)
encodes causality: the response of A at time t depends only on the field at earlier times t′ < t. In
frequency space this manifests as analyticity of χAB(Ω) in the upper half of the complex Ω-plane,
since the η in the switch-on shifts Ω → Ω+ ıη with η > 0. Upper-half-plane analyticity is precisely
the input that yields the Kramers–Kronig relations developed in the next subsection. The central
result of linear response theory is Eq. (1.7): every measurable linear transport coefficient is
determined by an equilibrium time-ordered commutator of the unperturbed system [1, 18, 19].

1.2.1 Fourier-space representation and Kramers–Kronig relations

Experiments probe response at fixed frequency rather than in the time domain: optical conduc-
tivities, dynamical susceptibilities, and spectral functions are all measured as functions of Ω.
Recasting Eq. (1.8) in frequency space therefore makes contact with observables, and as we now
show, the upper-half-plane analyticity established above translates into a non-trivial constraint
relating the dissipative and reactive parts of the response.

Taking the Fourier transform in time,

χAB(Ω) = ı

∫ ∞

0
dt eıΩt ⟨[A(t), B(0)]⟩0. (1.9)

Causality implies that χAB(Ω) is analytic in the upper half of the complex Ω-plane, which yields
the Kramers–Kronig relations [3]

ReχAB(Ω) = 1
π

P
∫ ∞

−∞
dΩ′ ImχAB(Ω′)

Ω′ − Ω ,

ImχAB(Ω) = − 1
π

P
∫ ∞

−∞
dΩ′ ReχAB(Ω′)

Ω′ − Ω ,

(1.10)

where P denotes the Cauchy principal value. These relations connect the reactive (real) and
dissipative (imaginary) parts of the response function and are a consequence of causality alone.

1.3 The KMS Condition and the Fluctuation-Dissipation Theo-
rem

The retarded response function of the previous section is built from a commutator, ⟨[A(t), B(0)]⟩0,
whereas measured noise spectra and current-current autocorrelators are symmetric objects. For
a system in thermal equilibrium these two are not independent: the Gibbs weight e−βH0 in
ρ0 relates them through an analytic continuation in time by the imaginary period ıβ. Making
this relation precise is the content of the Kubo-Martin-Schwinger (KMS) condition, and its
frequency-space corollary, the fluctuation-dissipation theorem, is what allows the Kubo formula
of Sec. 1.2.1 to be written as a current-current correlator, the form actually computed by tDMRG
in Chapter 3.
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The Kubo–Martin–Schwinger (KMS) condition [1, 20] is a fundamental characterization of
thermal equilibrium states. For a system at inverse temperature β, the KMS condition states
that

⟨A(t)B(0)⟩β = ⟨B(0)A(t+ ıβ)⟩β, (1.11)

for any pair of operators A and B. The proof follows from the cyclic property of the trace:

⟨A(t)B(0)⟩β = 1
Z

Tr
[
e−βH eıHtAe−ıHtB

]
= 1
Z

Tr
[
B e−βH eıHtAe−ıHt]

= 1
Z

Tr
[
e−βH B eıH(t+ıβ)Ae−ıH(t+ıβ)] = ⟨B(0)A(t+ ıβ)⟩β.

(1.12)

In frequency space, defining the spectral functions C±
AB(Ω) =

∫∞
−∞ dt eıΩt ⟨A(t)B(0)⟩±

β where the
+ and − superscripts denote the two operator orderings, the KMS condition becomes

C+
AB(Ω) = eβΩC−

AB(Ω). (1.13)

The factor eβΩ enforces detailed balance: transitions that increase energy are exponentially
suppressed relative to those that decrease it. Haag, Hugenholtz, and Winnink [20] showed that
any state satisfying Eq. (1.11) is a Gibbs state, establishing the equivalence between the KMS
condition and the canonical ensemble.

1.3.1 Fluctuation-dissipation theorem

The fluctuation-dissipation theorem (FDT) [21, 1] is a direct consequence of the KMS condition.
The imaginary part of the retarded response function is

ImχAB(Ω) = 1
2
[
C+
AB(Ω) − C−

AB(Ω)
]
, (1.14)

which, combined with Eq. (1.13), gives

C+
AB(Ω) = 2 ImχAB(Ω)

1 − e−βΩ . (1.15)

At high temperatures (βΩ ≪ 1) the prefactor reduces to T/Ω, connecting fluctuations linearly to
temperature. The FDT is not merely a formal identity; it is the mechanism by which the Kubo
formula for thermal conductivity (Sec. 1.3.3) reduces to a current–current correlator: the KMS
condition introduces exactly the factor (1 − e−βΩ) that converts the antisymmetric commutator
into the symmetric correlator. In Chapter 4, where the system is driven far from equilibrium,
the KMS condition and FDT no longer hold, and the steady-state properties must be obtained
from the exact solution of the Lindblad equation.

1.3.2 The Kubo formula: dynamical spin susceptibility

Before applying the formalism to thermal transport (which will be investigated in Chapter 3),
where the coupling to the external probe is indirect, it is instructive to work through a setting of
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spin-susceptibility where the conjugate operator appears directly in the perturbation. Consider
applying a weak, spatially uniform, time-dependent magnetic field h(t) in the z-direction to a
spin chain in equilibrium. The perturbation is

V (t) = −h(t)M z, M z =
∑
j

Szj , (1.16)

so that M z is itself the operator conjugate to the field, with no continuity equation or current to
introduce. Linear response, Eq. (1.7), gives the induced magnetisation directly:

δ⟨M z(t)⟩ =
∫ ∞

−∞
dt′ χ(t− t′)h(t′), (1.17)

with the dynamical susceptibility

χ(t− t′) = ı θ(t− t′)
〈
[M z(t),M z(0)]

〉
0. (1.18)

In frequency space, δ⟨M z(Ω)⟩ = χ(Ω)h(Ω), and the imaginary part Imχ(Ω) governs the energy
dissipated per cycle of the oscillating field. The corresponding symmetric correlator,

S(Ω) =
∫ ∞

−∞
dt eıΩt

〈
M z(t)M z(0)

〉
β
, (1.19)

measures equilibrium magnetisation noise; the FDT (Eq. 1.15) then ties the two together,

S(Ω) = 2 Imχ(Ω)
1 − e−βΩ , (1.20)

so that knowledge of either object determines the other. This is the prototype Kubo relation: a
transport coefficient (here Imχ) expressed as the Fourier transform of an equilibrium correlator
of the operator conjugate to the external field.

Two features of this calculation are to be noted. First, the response function is built from
a commutator ⟨[M z(t),M z(0)]⟩0, which the FDT converts into the symmetric correlator that
is actually computed by tDMRG or Bethe-ansatz methods. Second, the operator appearing in
the response is the same one the field couples to. In thermal transport this second feature fails:
a temperature gradient does not couple to a single Hamiltonian operator, and the appropriate
response operator, the thermal current must be introduced indirectly through the continuity
equation. We turn to that case next.

1.3.3 The Kubo formula : thermal conductivity

In Chapter. 3, we will explicitly compute thermal conductivity using two-point current-current
correlator. Here, we illustrate the derivation for the required expression. The thermal current
operator I is defined via the continuity equation for the local energy density Hi,

Ḣi = ı[H, Hi] = −(Ii+1 − Ii), (1.21)
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where Ii is the energy current on the bond between sites i and i+1, and the total current is
I = ∑

i Ii. Following Luttinger [2], a temperature gradient ∇T is represented as a fictitious
gravitational potential conjugate to the local energy density, in exact analogy with the magnetic
perturbation of Eq. 1.16. Let xi denotes the position of site i. Writing the “heat polarization”

PE ≡
∑
i

xiHi, (1.22)

a uniform gradient ∇T corresponds to the perturbation

V (t) = −F (t)PE , F (t) = ∇T
T

e−ıΩteηt (η → 0+), (1.23)

so that, exactly as in Eq. 1.17, linear response gives the induced current

δ⟨I(t)⟩ =
∫
dt′ χI,PE (t− t′)F (t′), χI,PE (t) = ı θ(t)

〈
[I(t), PE(0)]

〉
0. (1.24)

The object in Eq. 1.24 still mixes a current with an energy density; the continuity equation,
Eq. 1.21, lets us remove this asymmetry. Multiplying Eq. (1.21) by xi and summing over sites,

∑
i

xiḢi = −
∑
i

xi
(
Ii+1 − Ii

)
, (1.25)

and relabelling i → i−1 in the first term on the right (an Abel summation, i.e. discrete integration
by parts, dropping the boundary term under PBC or in the limit L → ∞),

∑
i

xi
(
Ii+1 − Ii

)
=
∑
i

(xi−1 − xi) Ii = −
∑
i

Ii, (1.26)

one finds the operator identity

ṖE(t) =
∑
i

xiḢi(t) = I(t). (1.27)

This is the thermal analogue of Ṗ = J for charge transport: PE plays the role of an energy dipole
moment whose "velocity" is the total heat current.

Equation 1.27 converts χI,PE into χII . Using I(0) = ṖE(0) inside χII(t) = ıθ(t)⟨[I(t), I(0)]⟩0

and Fourier transforming (the equal-time commutator ⟨[I, PE ]⟩0, being the expectation of an
anti-Hermitian operator, is purely imaginary and drops out of the combination below) gives the
relation

ReχI,PE (Ω) = ImχII(Ω)
Ω . (1.28)

Finally, identifying κ through JQ ≡ δ⟨I⟩/L = −κ(Ω)∇T with ∇T = TF (Ω), Eq. (1.24) gives
κ(Ω) = −χI,PE (Ω)/(TL); taking the dissipative (real) part and using Eq. (1.28),

κreg(Ω) = − ImχII(Ω)
TΩL . (1.29)

The imaginary part of the retarded correlator is then converted to a symmetric correlator using
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the results of Sec. 1.3.1:

κreg(Ω) = −1
TΩL · 1

2
[
C+

II(Ω) − C−
II(Ω)

] [
Eq. (1.14)

]
= 1 − e−βΩ

2TΩL C+
II(Ω)

[
C− = e−βΩC+, Eq. (1.13)

]
= 1 − e−βΩ

TΩ

∫ ∞

0
eıΩt lim

L→∞

⟨I(t) I(0)⟩
L

dt,
[
C+(Ω) = 2 Re C̃ret(Ω), I time-reversal even

]
(1.30)

The prefactor (1 − e−βΩ)/(TΩ) encodes the asymmetry between absorption and emission at
finite temperature and is precisely the ratio introduced by the FDT, Eq. (1.15). In the dc limit
Ω → 0 it approaches β, and Eq. (1.30) reduces to the Einstein relation between the diffusion
coefficient and the integrated current autocorrelation. The Drude term in Eq. (1.35) adds a
separate 2πDth δ(Ω) contribution whose weight is set by the overlap of I with the conserved
charges through the Mazur bound of Sec. 1.3.5.

The spin conductivity σs(Ω) takes an analogous form: it is obtained from Eq. (1.30) by
replacing the thermal current I with the spin current operator J s, defined via the continuity
equation for the local magnetisation density in place of Eq. (1.21).

1.3.4 Sum rules

A sum rule is an identity of the form∫ ∞

0
dΩ SAB(Ω) = ⟨O⟩, (1.31)

where SAB(Ω) is a spectral function built from a response function and O is an operator whose
equal-time expectation value in the equilibrium ensemble is known. The left-hand side encodes
the full Ω-dependence of the dynamics across the spectrum; the right-hand side is a single static
quantity, computable from the ground state or the thermal ensemble alone with no reference
to how the system evolves. The Thomas-Reiche-Kuhn f -sum rule is the prototype. For a
non-relativistic electronic system, integration of the optical conductivity yields the total particle
number, ∫ ∞

0
dΩ Reσ(Ω) = πe2N

2mV , (1.32)

a statement that follows from the canonical commutator [x, p] = ıℏ and is therefore independent
of the interactions. Sum rules of this kind are widespread. One prominent example is Luttinger’s
theorem, equating the volume enclosed by the Fermi surface of an interacting system to its
particle density [22].

Sum rules are frequency-domain conservation laws that follow from the equations of motion
alone and constrain the spectral weight distribution between the Drude peak and the regular
part [23, 3]. The thermal conductivity satisfies∫ ∞

0
Reκ(Ω) dΩ = π

2TL ⟨Θ⟩, (1.33)
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where Θ = − limk→0(d/dk) [Î(k), Ĥ(−k)] is the thermal stress operator [23], and the closely
related spin sum rule reads [24]

∫ ∞

0
Reσs(Ω) dΩ = π

2L

〈
−∂2H

∂ϕ2

〉
ϕ=0

. (1.34)

The right-hand side of each sum rule is an equal-time expectation value computable from the
ground state or the thermal ensemble, independently of the dynamics.

1.3.5 Drude weight and ballistic transport

In integrable systems, the conductivity generically decomposes as

κ(Ω) = 2πDth δ(Ω) + κreg(Ω). (1.35)

where Dth is the thermal Drude weight and κreg is the regular part at finite frequency. A familiar
example is as follows. Consider electrons in a perfectly clean crystal subjected to a constant
electric field. In the absence of any mechanism that breaks momentum conservation, the electrons
must accelerate indefinitely, and the DC conductivity diverges. This divergence is encoded in a
delta function at zero frequency in the real part of the optical conductivity.

The Drude weight for conductivity is given by the long-time limit of the current–current
correlator,

Dth(T ) = lim
t→∞

lim
L→∞

⟨I(t) I(0)⟩
2LT 2 . (1.36)

A nonzero Dth signals ballistic transport: the system carries a persistent current without
dissipation. The Mazur inequality [5, 6] provides a lower bound on Dth in terms of the overlap of
the current with conserved charges. For a set of mutually orthogonal conserved charges {Q(k)}
(with inner product ⟨A,B⟩ρ = Tr[ρA†B]),

Dth(T ) ≥ lim
L→∞

1
2LT 2

∑
k

|⟨Q(k), I⟩ρ|2

⟨Q(k), Q(k)⟩ρ
, (1.37)

with equality when {Q(k)} spans the full space of conserved charges [25]. This inequality is the
key tool connecting integrability to macroscopic ballistic transport [7, 26, 27]. Substituting the
decomposition Eq. (1.35) into Eq. (1.33) separates the contributions from the Drude peak and
the regular part,

πDth +
∫ ∞

0
Reκreg(Ω) dΩ = π

2TL ⟨Θ⟩, (1.38)

so that knowledge of any two of the three quantities determines the third. In practice, Dth

is obtained from the Mazur bound Eq. (1.37) and ⟨Θ⟩ from an independent static calculation,
making Eq. (1.38) the primary consistency check on the tDMRG spectral integration in Chapter 3.
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1.4 The XXZ Spin Chain: Integrability, Bethe Ansatz, and
Transport

The spin-1
2 XXZ chain serves as the prototype integrable model in which the preceding formalism

can be made fully explicit. Its Hamiltonian on a chain of L sites with periodic boundary conditions
is

H = J
L∑
j=1

(
Sxj S

x
j+1 + Syj S

y
j+1 + ∆SzjS

z
j+1
)

(1.39)

with J > 0 and anisotropy ∆. Writing ∆ = cos η, the model is gapless for |∆| < 1 (Luttinger liq-
uid), SU(2)-symmetric at ∆ = 1 (Heisenberg), and gapped for ∆ > 1 (Néel phase). ALternatively,
J can be written as follows.

H = J
L∑
j=1

1
2
(
S+
j S

−
j+1 + S−

j S
+
j+1
)

+ ∆SzjS
z
j+1 (1.40)

1.4.1 Magnons, scattering, and the rapidity variable

Before introducing the algebraic machinery, we establish what is actually being computed. A
convenient starting point is the fully polarised ferromagnetic state |0⟩ = |↑↑ · · · ↑⟩, which is an
exact eigenstate of HXXZ with energy E0 = J∆L/4. The simplest excitations above |0⟩ are
obtained by flipping a single spin. The state |j⟩ = S−

j |0⟩ is not an eigenstate—the hopping terms
S+
j S

−
j+1 in Eq. (1.40) move the flipped spin to a neighboring site. Translational invariance tells

us to diagonalize in momentum space, and the plane-wave combination

|k⟩ = 1√
L

L∑
j=1

eıkj S−
j |0⟩ (1.41)

is an exact eigenstate with dispersion

ε(k) = J(cos k − ∆). (1.42)

This is a magnon: a single spin-flip excitation propagating coherently on the ferromagnetic
background. It plays the role of a single-particle excitation for the chain, in the same way a
phonon does for a crystal.
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Figure 1.1: Two temporal orderings of the three pairwise collisions among magnons with
momenta k1, k2, k3, drawn as worldlines in space–time. In (a) the collisions occur in the sequence
(1, 2) → (1, 3) → (2, 3); in (b), (2, 3) → (1, 3) → (1, 2). Both histories interpolate between the
same incoming and outgoing momentum configuration, so the total scattering phase accumulated
must be identical either way: Θ(k1, k2, k3) = θ12 + θ13 + θ23.

Two-magnon states and scattering. Flipping two spins gives a genuine interacting problem.
Before asking what the interaction does, it is worth asking what it can do, given the constraints
the Hamiltonian imposes. The XXZ chain conserves Sztot (U(1) symmetry), so the number of
down-spins is fixed: no magnons can be created or destroyed in a collision. Conservation of total
momentum k1 + k2 and total energy ε(k1) + ε(k2) further constrain the two-body problem. In
one dimension these two conservation laws are already sufficient to fix the outgoing momenta:
they must be either (k1, k2) (forward scattering, trivial) or (k2, k1) (exchange scattering, the
only non-trivial option). Since the magnons are identical, forward and exchange scattering are
physically indistinguishable and differ only by an overall complex phase eıθ(k1,k2). The ∆SzSz

term is the interaction that generates this phase; crucially, the block-diagonal structure imposed
by U(1) symmetry prevents it from mixing the two-magnon sector with any other. The exact
two-magnon wavefunction therefore has the form

Ψ(j1, j2) ∝ eı(k1j1+k2j2) + eıθ(k1,k2) eı(k2j1+k1j2), j1 < j2, (1.43)

an incoming plane wave plus an exchange-scattered one, with relative amplitude given by the
two-body scattering phase θ(k1, k2). Such an interaction is called elastic and non-diffractive:
kinematics alone, enforced by the U(1) symmetry and one-dimensionality, ensure that the only
effect of a collision is a phase shift.

Factorisation in the N-magnon sector. For a generic interacting model in one dimension,
even if two-body scattering is elastic, an N -body collision would generate new amplitudes
that cannot be written as a product of pairwise phases: the result of three particles colliding
simultaneously is not the same as three successive two-body collisions. The XXZ chain is special
precisely because this is the same. To see why, consider three magnons with momenta k1, k2, k3.
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In one dimension their world lines must cross pairwise, but the order in which the three crossings
occur depends on the initial positions. There are two distinct orderings: collisions (1, 2), then
(1, 3), then (2, 3); or collisions (2, 3), then (1, 3), then (1, 2). Since the in-state and the out-state
are the same in both cases, consistency requires that the total accumulated phase is the same as
well (Fig. 1.1). A Hamiltonian for which this consistency condition is satisfied is one in which
the three-body amplitude genuinely factorises into pairwise pieces, and by induction the same
holds for any N . The N -body scattering phase is therefore

Θ(k1, . . . , kN ) =
∑
i<j

θ(ki, kj), (1.44)

and all dynamical information is compressed into the single two-body function θ. This factorisation
is not a simplification one imposes; it is the precise statement of what “integrable” means in the
present context. Most interacting models in one dimension do not satisfy this condition, which is
why the XXZ chain, rather than being generic, is exceptional. When we recast the problem in the
rapidity variable below, this consistency condition takes an especially clean operator form (the
Yang–Baxter equation, Sec. 1.4.3) and becomes the starting point for the algebraic construction
of the model.

A new variable: the rapidity. Written in the momentum variable k, the scattering phase
θ(k1, k2) depends on both momenta in a complicated way. A change of variables k → λ, defined
through [28, 29]

eık(λ) =
sin
(λ+ıη

2
)

sin
(λ−ıη

2
) , ∆ = cos η, (1.45)

linearises this dependence: the phase becomes a function only of the rapidity difference,

θ(k1, k2) −→ θ(λ1 − λ2). (1.46)

The variable λ is called the rapidity. The analogy with special relativity is apt: just as a Lorentz
boost acts additively on the relativistic rapidity but nonlinearly on the velocity, the scattering in
the XXZ chain acts additively on λ but not on k. Choosing λ rather than k is thus not cosmetic;
it is the choice that exposes the underlying symmetry of the scattering. Throughout what follows,
quasiparticles are labelled by their rapidity, and the object that encodes the λ-dependence of
scattering is the R-matrix, to which we now turn.

1.4.2 The R-matrix, the transfer matrix, and conserved charges

Integrability of the XXZ chain rests on a single algebraic object: the R-matrix. From the
discussion of Sec. 1.4.1, we expect this object to encode the two-body scattering phase θ(λ1 − λ2)
between magnons labelled by their rapidities, and to do so in a form that makes the factorisation
property (1.44) manifest. The R-matrix does exactly this: it is the operator-valued two-body
scattering amplitude acting on the internal (spin) degrees of freedom of the two colliding
quasiparticles.
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1.4.3 The R-matrix, the transfer matrix, and conserved charges

The algebraic backbone of Bethe-ansatz integrability is a single matrix-valued function of one
complex variable, the R-matrix. Its role is to encode the two-body scattering of the magnons
introduced in Sec. 1.4.1. Rather than postulate its form we construct it, in two steps: first by
restricting its shape using the symmetries of the chain, then by solving the functional equation
implied by scattering consistency.

Why scattering must be factorisable. Consider three magnons with rapidities λ1, λ2, λ3

undergoing pairwise collisions in one dimension. In space–time, their world lines form three
mutually crossing straight lines. Depending on the ordering of the collisions there are two distinct
histories: (1–2) then (1–3) then (2–3), or (2–3) then (1–3) then (1–2). As space–time events
these two histories correspond to the same asymptotic process; consistency requires that the
accumulated scattering amplitudes agree. Writing the two-body scattering operator as R(λi −λj)
acting on the internal (spin) labels of the two colliding particles, this equality reads

R12(λ1 − λ2)R13(λ1 − λ3)R23(λ2 − λ3) = R23(λ2 − λ3)R13(λ1 − λ3)R12(λ1 − λ2), (1.47)

the Yang–Baxter equation [30, 31, 32]. A solution of Eq. (1.47) is precisely a consistent factorised
S-matrix: any N -body amplitude assembled from its two-body pieces is independent of the order
in which collisions occur, and therefore depends only on the unordered set of rapidities {λi}.
This is the content of “integrable” in the Yang–Baxter sense i.e., no genuine N -body scattering.
Equation (1.47) is the condition that makes it possible.

Constructing the R-matrix from symmetry. For two spin-1
2 particles, Rab(λ) is a 4 × 4

matrix. Three physical inputs cut this down drastically.
First, the XXZ Hamiltonian commutes with Sztot, so magnons carry a conserved U(1) charge.

The two-body scattering must preserve this charge: [Rab(λ), Sza + Szb ] = 0. In the basis
(|↑↑⟩, |↑↓⟩, |↓↑⟩, |↓↓⟩) this forces R into block-diagonal form:

Rab(λ) =


a+ 0 0 0
0 b c 0
0 c′ b′ 0
0 0 0 a−

 , (1.48)

with six independent entries: the six-vertex structure [31].
Second, the Hamiltonian is symmetric under global spin flip ∏j σ

x
j , which exchanges the two

sectors Sztot = ±1. This identifies a+ = a− ≡ a and b = b′. Third, parity invariance (interchange
of the two auxiliary labels a ↔ b) gives c = c′. What survives are three weights:

Rab(λ) =


a(λ) 0 0 0

0 b(λ) c(λ) 0
0 c(λ) b(λ) 0
0 0 0 a(λ)

 . (1.49)
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Feeding this ansatz into Eq. (1.47) gives, after expansion of the 8 × 8 = 64 component
equations (the Yang–Baxter equation is an operator identity on (C2)⊗3), a single nontrivial
functional relation on the three weights. A direct computation [31, 32] shows that Yang–Baxter
reduces to the requirement that the ratio

∆ ≡ a(λ)2 + b(λ)2 − c(λ)2

2 a(λ) b(λ) (1.50)

be the same number for all pairs of rapidities in the equation—equivalently, that it be independent
of λ [31]. The parameter ∆ plays the role of an integration constant for the functional equation;
physically, it is the anisotropy of the XXZ chain. For |∆| < 1 one writes ∆ = cos η with η ∈ (0, π),
and the unique solution (up to an overall scalar) is the trigonometric parametrisation

a(λ) = sin(λ+ η), b(λ) = sinλ, c(λ) = sin η, (1.51)

which gives the R-matrix

Rab(λ) =


sin(λ+ η) 0 0 0

0 sinλ sin η 0
0 sin η sinλ 0
0 0 0 sin(λ+ η)

 . (1.52)

The gapped regime ∆ > 1 uses the hyperbolic parametrisation ∆ = cosh η with sin → sinh, and
the free-fermion point ∆ = 0 is the rational limit. In all three regimes the anisotropy of the spin
chain is the integration constant of the Yang–Baxter functional equation.

Checking Yang–Baxter. The content of Eq. (1.50) is trivial to verify for the trigonometric
weights. Using standard identities,

a2 + b2 − c2 = sin2(λ+ η) + sin2 λ− sin2 η

= cos η
[
cos η − cos(2λ+ η)

]
= 2 cos η sin(λ+ η) sinλ

= 2 cos η a b, (1.53)

so that (a2 + b2 − c2)/(2ab) = cos η independently of λ, as required. Yang–Baxter is therefore
satisfied with the physical identification ∆ = cos η.

Lax operator, monodromy, and transfer matrix. The R-matrix in Eq. (1.52) is a 4 × 4
matrix acting on the tensor product of two spin-1

2 spaces, C2 ⊗ C2, corresponding to the two
colliding particles. So far both copies have been on equal footing. The algebraic Bethe ansatz
begins with a re-interpretation: we designate one copy as the physical spin at site j of the chain,
and the other as an auxiliary space a, external to the chain and serving as a book-keeping device.
Viewed this way, Ra,j(λ) is a 2 × 2 matrix in the auxiliary space whose four entries are operators
acting on site j; in this role we rename it the Lax operator La,j(λ). The object itself has not
changed — only the way we read its indices.
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The usefulness of this rewriting is that 2 × 2 matrices can be multiplied. Taking the product
along the chain with a single auxiliary line threaded through every site gives the monodromy
matrix

Ma(λ) = La,L(λ)La,L−1(λ) · · · La,1(λ) =
(
A(λ) B(λ)
C(λ) D(λ)

)
a

. (1.54)

The multiplication is ordinary 2 × 2 matrix multiplication in the auxiliary space, with the
understanding that the operator-valued entries act on distinct physical sites and therefore
commute among themselves across sites. The result is still a 2 × 2 matrix in auxiliary space,
but its four entries A,B,C,D are now operators on the full 2L-dimensional chain. Closing the
auxiliary line into a loop i,e., tracing over the auxiliary space to eliminate it. This defines the
transfer matrix

T (λ) = traMa(λ) = A(λ) +D(λ), (1.55)

which acts on the physical chain alone.
The Yang–Baxter equation (1.47) can be written in terms of R instead of M in a straightfor-

ward manner. Writing the YBE for three copies of C2 (two auxiliary labels a, b and one physical
label j) and then iterating along the chain gives the RTT relation

Rab(λ− µ)Ma(λ)Mb(µ) = Mb(µ)Ma(λ)Rab(λ− µ). (1.56)

For generic λ− µ, the R-matrix is invertible; multiplying Eq. (1.56) on the left by Rab(λ− µ)−1

gives
Ma(λ)Mb(µ) = Rab(λ− µ)−1Mb(µ)Ma(λ)Rab(λ− µ). (1.57)

Taking the trace over both auxiliary spaces and using the fact that Ma and Mb act on independent
auxiliary factors, the left-hand side factorises as trab[Ma(λ)Mb(µ)] = T (λ)T (µ). On the right-
hand side, cyclicity of the trace moves the rightmost Rab(λ− µ) to meet its inverse on the left,
where they cancel, leaving trab[Mb(µ)Ma(λ)] = T (µ)T (λ). Equating the two sides yields

[
T (λ), T (µ)

]
= 0 for all λ, µ ∈ C. (1.58)

The single-parameter family T (λ) therefore shares a common eigenbasis at arbitrary rapidity,
and any coefficient in its expansion about a chosen point of λ is a conserved operator on the
chain.

The first two conserved charges. To extract local charges we expand about λ = 0, where
from Eq. (1.52) one reads off La,j(0) = sin η Pa,j with Pa,j the permutation of the auxiliary spin
and the physical spin at site j. The monodromy at this point is a product of permutations,

Ma(0) = (sin η)L Pa,L Pa,L−1 · · · Pa,1, (1.59)

and can be evaluated by acting on a basis state |s⟩a⊗ |s1s2 · · · sL⟩ and applying the permutations
one at a time, right to left. Each Pa,j swaps only the auxiliary slot with site j, leaving the other
sites untouched. After the first swap the auxiliary slot holds s1 and site 1 holds s; after the
second, the auxiliary slot holds s2, site 2 holds s1, and site 1 still holds s; and soon. The auxiliary

16



label is handed forward one site at each step, so after all L swaps

Ma(0) |s⟩a ⊗ |s1s2 · · · sL⟩ = (sin η)L |sL⟩a ⊗ |s s1 · · · sL−1⟩. (1.60)

Taking the trace over the auxiliary space with ⟨s|sL⟩a = δs,sL replaces s by sL in the chain and
gives

T (0) = (sin η)L U, (1.61)

where U is the one-site cyclic shift, U |s1s2 · · · sL⟩ = |sL s1 · · · sL−1⟩. Hence

Q1 ≡ lnT (0) − L ln sin η = lnU = ıPtot, (1.62)

the total lattice momentum (up to an irrelevant c-number). This is the zeroth charge.
The first derivative of lnT (λ) at λ = 0 is, using the invertibility of T (0),

d

dλ
lnT (λ)

∣∣∣∣
λ=0

= T (0)−1 T ′(0) =
L∑
j=1

hj,j+1, (1.63)

with local density (sites L+ 1 ≡ 1)

hj,j+1 = 1
sin η Pj,j+1R

′
j,j+1(0), R′(0) = ∂R

∂λ

∣∣∣∣
λ=0

. (1.64)

Only two ingredients are needed for the local algebra: the permutation and the derivative

R′(0) =


cos η 0 0 0

0 1 0 0
0 0 1 0
0 0 0 cos η

 . (1.65)

Multiplying out and decomposing the result in Pauli operators on sites j, j+1,

Pj,j+1R
′
j,j+1(0) = 1

2 cos η I + 2
[
Sxj S

x
j+1 + Syj S

y
j+1 + cos η SzjSzj+1

]
, (1.66)

so that, discarding the additive c-number,

Q2 ≡ sin η
2

d

dλ
lnT (λ)

∣∣∣∣
λ=0

=
L∑
j=1

[
Sxj S

x
j+1 + Syj S

y
j+1 + ∆SzjS

z
j+1

]
= 1

J
HXXZ, (1.67)

with ∆ = cos η. The XXZ Hamiltonian is recovered exactly as the second charge in the tower,
and the anisotropy ∆ of the Hamiltonian is the same constant that labelled the R-matrix in
Eq. (1.50).

The third charge and the energy current. The next member of the tower follows from
the second derivative of lnT (λ). Since the monodromy is a product of L Lax operators (one per
site), taking n derivatives of T (λ) generates a sum of n local insertions at n sites along the chain.
The logarithm then subtracts all disconnected contributions that are products of insertions at
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non-overlapping sites. This leaves only connected strings in which the insertions share sites. At
first order this gives a sum of bond densities Q2 = ∑

j hj,j+1; at second order, two insertions
forced to share a site combine into the commutator

Q3 =
L∑
j=1

ı
[
hj−1,j , hj,j+1

]
. (1.68)

Q3 is therefore strictly three-site: two overlapping bond densities share one common site (site j),
with the outer sites j−1 and j+1 contributing trivially.

The equivalent algebraic statement is the boost recursion [33, 34, 35]

Qn+1 = [B, Qn], B = −ı
∑
j

j hj,j+1. (1.69)

The boost operator B is the generator that systematically extracts connected overlapping strings:
commuting it with Qn multiplies each bond hk,k+1 by the coordinate k, and the commutator
then picks out precisely those pairs of bonds that overlap — the ones that survive the logarithm
subtraction. Once H = Q2 is known, Eq. (1.69) generates the entire tower algebraically, without
any further reference to the R-matrix. Note that B itself is not conserved ([B,H] ̸= 0); it is an
auxiliary generator that maps charges to charges. The boost recursion captures the full local
tower but does not generate the quasilocal charges that lie outside it and that become essential
at root-of-unity anisotropy (Sec. 1.3.5).

Boost Formula for higher order derivatives

A short argument shows that Eq. (1.68) is genuinely equivalent to the second logarithmic
derivative of T (λ); we sketch it here to demystify the formula.
Expanding the Lax operator about the permutation point, La,j(λ) = sin η Pa,j

[
I + λ ℓj +

λ2mj+O(λ3)
]
, the monodromy (1.54) becomes a telescoping product. Using Pa,j Xj Pa,j =

Xa to push permutations to the right and collecting powers of λ gives, after taking the
auxiliary trace,

lnT (λ) = lnT (0) + λQ2 + λ2

2 Q3 +O(λ3), (1.70)

with Q2 = ∑
j hj,j+1 as in Eq. (1.67) and a second-order piece that one must work out with

care. The λ2 coefficient of T itself is ∑jmj +∑
j<k hj,j+1 hk,k+1; the logarithm subtracts

the square of the first-order piece, 1
2Q

2
2, leaving

Q3 = 2
∑
j

mj +
∑
j<k

hj,j+1 hk,k+1 −
∑
j,k

hj,j+1 hk,k+1. (1.71)

The double sum collapses to −
∑
j≥k hj,j+1hk,k+1; the bulk of this double sum cancels

against the mj contributions (which are themselves quadratic in h on non-overlapping
bonds), and the only terms that survive are those with j and k sharing a site—precisely
[hj−1,j , hj,j+1]. Restoring the overall factor gives Eq. (1.68).
The pattern generalises: at n-th order, non-overlapping products cancel between the
contribution from the n-site Taylor coefficient of L and the n-fold product of Hamiltonian
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densities produced by the logarithm, leaving only connected strings of overlapping commu-
tators. This is the content of the boost recursion Qn+1 = [B,Qn] with B = −ı

∑
j j hj,j+1:

the boost operator is the generator that systematically extracts these connected strings [33,
34].

For the XXZ chain, the commutator in Eq. (1.68) is evaluated by applying [Saj , Sbj ] = ıϵabcS
c
j

at the site j shared by the two densities; contributions from the two outer sites commute trivially.
A short calculation gives

ı
[
hj−1,j , hj,j+1

]
= ∆Szj−1

(
S⃗j × S⃗j+1

)z + ∆Szj+1
(
S⃗j−1 × S⃗j

)z
− Szj

(
S⃗j−1 × S⃗j+1

)z
, (1.72)

so that Q3 = ∑
j j

E
j with jEj equal to the right-hand side of Eq. (1.72). At the isotropic

point ∆ = 1, a vector identity collapses these three terms to the scalar chirality Q3
∣∣
∆=1 =∑

j S⃗j−1 · (S⃗j × S⃗j+1), reproducing the familiar Heisenberg-chain energy current.
That Eq. (1.72) is genuinely the energy current rather than some arbitrary three-site operator

that happens to be conservedfollows from an independent calculation. Writing the continuity
equation for the local energy density,

ḣj,j+1 = ı[H, hj,j+1] = −
(
jEj+1 − jEj

)
, (1.73)

and noting that the only bonds of H that fail to commute with hj,j+1 are its two overlapping
neighbours, one reads off

jEj = ı
[
hj−1,j , hj,j+1

]
, (1.74)

exactly the summand of Eq. (1.68). The total thermal current is therefore equal to the third
charge in the integrable tower, J E = Q3, and is strictly locally conserved in the same sense as
the Hamiltonian itself.

This coincidence, thermal current = an exact local charge is what makes thermal transport
in the XXZ chain purely ballistic, with an infinite Drude weight at every finite temperature via
the Mazur bound of Sec. 1.3.5. In Chapter 3 we shall see that the situation in the Z3 chiral clock
model is markedly different: the thermal current is not equal to any Qn, but it retains a finite
overlap with Q(2), producing a saturated Mazur bound rather than a trivial identification.

In Chapter 3 we apply the same transfer-matrix construction to the Z3 chiral clock model,
where the thermal current is not equal to any charge Qn but has a finite overlap with Q(2), giving
a saturated Mazur bound.

1.4.4 Bethe ansatz and thermodynamics

The coordinate Bethe ansatz [28, 29] constructs exact eigenstates as superpositions of plane
waves with rapidity parameters λj . In the thermodynamic limit, the discrete rapidities become a
continuum described by root density ρ(λ) and hole density ρh(λ), with total density ρt = ρ+ ρh
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satisfying the Bethe–Takahashi equation

ρt(λ) = 1
2π

dp

dλ
+
∫ π

−π

dµ

2π φ(λ− µ) ρ(µ) (1.75)

where φ(λ) = dθ/dλ is the derivative of the scattering phase.
The filling fraction ϑ(λ) = ρ(λ)/ρt(λ) is determined by the thermodynamic Bethe ansatz

(TBA) equations [29, 36],

ln ρ
h(λ)
ρ(λ) = βε(λ) −

∫ π

−π

dµ

2π φ(λ− µ) ln
(

1 + ρ(µ)
ρh(µ)

)
(1.76)

with bare energy ε(λ) = J(cos k(λ) − cos η). All finite-temperature thermodynamic quantities
follow from ρ(λ).

Generalised hydrodynamics (GHD) [37, 38] provides an exact formula for the spin Drude
weight in terms of the dressed quasiparticle velocity veff(λ) = (ε′)dr/(p′)dr, obtained via the
dressing equation fdr(λ) = f(λ) +

∫
(dµ/2π)φ(λ−µ)ϑ(µ) fdr(µ):

Ds = 1
2

∫ π

−π
dλ ρt(λ)ϑ(λ)

(
1 − ϑ(λ)

) [
veff(λ)

]2
. (1.77)

The factor ϑ(1−ϑ) is the quasiparticle compressibility. The GHD formula agrees with Kohn-
formula calculations [39], Mazur-bound estimates [26], and tDMRG results [40], and provides the
analytical benchmark for the numerical transport calculations in this thesis.

1.5 Lindblad Dynamics and the Nonequilibrium Steady State

When a quantum system is weakly coupled to large Markovian reservoirs, integrating out the
bath in the Born–Markov and secular approximations yields a closed equation of motion for the
reduced density matrix ρ [41]. The result is the Lindblad master equation [10, 42]

∂ρ

∂t
= Lρ ≡ −ı[H, ρ] +

∑
k

(
2Lk ρL†

k − {L†
kLk, ρ}

)
, (1.78)

where {Lk} are Lindblad (jump) operators and L is the Liouvillian superoperator. Dissipation rate
(usually referred to as γ) is absorbed in {Lk} i.e. Lk = √

γck where ck is the bare jump operator.
The Gorini–Kossakowski–Sudarshan–Lindblad theorem [42, 10] establishes that Eq. (1.78) is
the most general generator of a completely positive, trace-preserving (CPTP) semigroup, so
ρ(t) = eLtρ(0) remains a valid density matrix at all times. In the long-time limit the system
relaxes to the NESS ρ∞ satisfying Lρ∞ = 0.

1.5.1 Vectorisation and the Liouvillian spectrum

It is often convenient to flatten the density matrix onto the doubled Hilbert space H ⊗ H∗ via
ρ = ∑

ab ρab |a⟩⟨b| 7→ |ρ⟩⟩ = ∑
ab ρab |a⟩ ⊗ |b⟩. In this representation L becomes an ordinary
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(non-Hermitian) matrix,

L = −ı
(
H ⊗ I − I ⊗HT )+

∑
k

(
2Lk ⊗ L∗

k − L†
kLk ⊗ I − I ⊗ LTkL

∗
k

)
, (1.79)

and the NESS is the right eigenvector of L with eigenvalue zero. The remaining spectrum {Λα}
satisfies Re Λα ≤ 0 by contractivity of the semi-group; the spectral gap ∆ = − maxα ̸=0 Re Λα sets
the asymptotic relaxation rate, while the distribution of eigenvalues near the origin controls the
approach to stationary state. The vectorized form in Eq. (1.79) is what makes matrix product
operator ansätze a natural tool for open systems: the MPO is a variational approximation to the
zero eigenvector of L on H ⊗ H∗, treated on the same footing as an MPS on a chain of doubled
local dimension.

1.5.2 Detailed balance versus boundary driving

If the jump operators are chosen so that L satisfies quantum detailed balance with respect to
the Gibbs state [43],

L∗[ρ1/2
β Aρ

1/2
β

]
= ρ

1/2
β

(
L†A

)
ρ

1/2
β , (1.80)

then ρ∞ = ρβ ∝ e−βH and the KMS condition of Sec. 1.3 is recovered at the steady state. A
nontrivial NESS arises precisely when detailed balance is broken—either by coupling different
portions of the system to reservoirs at different temperatures or chemical potentials, or by
applying non-conservative jump operators at the boundaries.

For the boundary-driven XXZ chain studied in Chapter 4, the jump operators at the two ends
pump spins in opposite directions (L1 = σ+, LN = σ−), producing a current-carrying steady
state with a finite magnetisation gradient. Bulk conservation of Sz implies a local continuity
equation ṡzi = −(jsi+1 − jsi ), and the NESS supports a uniform spin current ⟨jsi ⟩∞ = const fixed
by the boundary rates. The exact matrix product operator solution of Prosen [44] renders all
local NESS properties analytically accessible.

In such a NESS, neither the KMS condition nor the FDT of Sec. 1.3.1 applies: detailed
balance fails by construction, and fluctuations can no longer be inferred from linear response.
Characterising the steady state therefore requires going beyond two-point correlators to the full
probability distribution of local observables, which we describe next.

1.6 Full Counting Statistics and Large Deviations

The full probability distribution P (m) of a spatially averaged local observable m̂ = L−1∑
i ôi is

characterised by the moment generating function

Z(λ, L) = Tr
[
eλLm̂ ρ

]
, (1.81)

where λ is the counting field conjugate to m̂. For large systems, the relevant object is the scaled
cumulant generating function (SCGF),

µ(λ) = lim
L→∞

1
L

lnZ(λ, L), (1.82)
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whose derivatives at the origin give the cumulant densities κn = dnµ/dλn|λ=0. The first two are
the mean κ1 = ⟨m̂⟩ and the variance density κ2 = LVar(m̂).

Under the conditions of the Gärtner–Ellis theorem [45]—essentially, that µ(λ) exists and
is differentiable in a neighbourhood of the real axis—the probability of observing an atypical
fluctuation m̂ = m obeys a large-deviation principle,

P (m̂ = m) ≍ e−LI(m), (1.83)

with rate function given by the Legendre–Fenchel transform of the SCGF,

I(m) = sup
λ

[
λm− µ(λ)

]
. (1.84)

Convexity of I follows automatically, as does I(⟨m̂⟩) = 0 and I(m) ≥ 0 elsewhere. Near the
mean, Taylor expansion reproduces the Gaussian regime

I(m) ≈ (m− ⟨m̂⟩)2

2κ2
, (1.85)

recovering the central limit theorem. The non-Gaussian tails of I(m) are the genuinely new
information encoded in full counting statistics: they probe the interaction-induced correlations
that distinguish a quantum many-body steady state from L independent samples.

1.6.1 A tractable example: magnetisation of independent spins

The mechanics of Eq. (1.84) are most transparent in the simplest nontrivial setting: L uncorrelated
spin-1

2 degrees of freedom in the maximally mixed state, with m̂ = L−1∑
i σ

z
i . Because the sites

are independent and Tr[eλσz ]/2 = coshλ,

Z(λ, L) = [coshλ]L =⇒ µ(λ) = ln coshλ, (1.86)

independently of L. The extremising condition m = µ′(λ) = tanhλ inverts to λ(m) = 1
2 ln[(1 +

m)/(1 −m)], and substituting into Eq. (1.84) yields the closed form

I(m) = 1 +m

2 ln(1 +m) + 1 −m

2 ln(1 −m). (1.87)

This is the relative entropy of a biased coin with bias (1 +m)/2 against the unbiased one. It
vanishes at m = 0, grows logarithmically, and diverges as m → ±1—the deterministic values the
finite system can only attain with probability 2−L. Expanding near the mean gives I(m) ≈ m2/2,
consistent with κ2 = 1 for uncorrelated spins.

The example is elementary but sets up the structure that recurs throughout FCS calculations:
µ(λ) plays the role of a free energy density in a λ-biased ensemble, the counting field λ is the
thermodynamically conjugate “force”, and I(m) is the entropy cost of constraining m̂ to an
atypical value. For the boundary-driven XXZ chain the ensemble is a NESS rather than a
Gibbs state, and Z(λ, L) is not a simple product: using the MPO solution of Sec. 1.5, µ(λ) is
instead obtained as the logarithm of the largest eigenvalue of a λ-deformed transfer matrix [44].
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Nonanalyticities in µ(λ) away from λ = 0 then signal dynamical phase transitions in the space of
fluctuations—an effect strongly modulated by the anisotropy ∆, as developed in Chapter 4.

1.7 Eigenstate Thermalization and its Violations

We now turn from transport and steady states to the broader question of equilibration in closed
quantum systems, which underlies Chapters 5 and 6.

1.7.1 The Eigenstate Thermalization Hypothesis

The eigenstate thermalization hypothesis (ETH) [8, 9, 46] asserts that in quantum-chaotic
systems, the matrix elements of any local observable A in the energy eigenbasis {|n⟩} take the
form

⟨m|A|n⟩ = A(Ē) δmn + e−S(Ē)/2 fA(Ē,Ω)Rmn (1.88)

where Ē = (Em + En)/2, Ω = Em − En, S(Ē) is the microcanonical entropy, fA(Ē,Ω) is a
smooth function, and Rmn is a pseudo-random variable with zero mean and unit variance.

The diagonal part states that individual eigenstates encode thermal expectation values:
⟨n|A|n⟩ ≈ A(En). For a generic initial state |ψ0⟩ = ∑

n cn|n⟩ drawn from a narrow energy
window, the late-time expectation value

⟨A(t)⟩ =
∑
n

|cn|2 ⟨n|A|n⟩ ≈ A(Ē) (1.89)

reproduces the microcanonical average. The off-diagonal part governs dynamical correlations:
the smooth envelope fA(Ē,Ω) is directly related to the response function χAA(Ω) of Sec. 1.2,
connecting ETH to linear response theory.

The diagonal statement implies more than thermalisation of global observables. For a
bipartition H = HA ⊗ HĀ with |A| much smaller than the system, the reduced density matrix
on A obtained from a single eigenstate |n⟩ approaches the thermal reduced density matrix
ρAth = trĀ

(
e−βH/Z

)
at the inverse temperature fixed by En [9, 46]. In this sense a pure eigenstate

“is” a thermal state: no local measurement can distinguish it from the Gibbs ensemble.

1.7.2 Off-diagonal ETH and spectral functions

Whereas the diagonal part of Eq. (1.88) controls static expectation values, the off-diagonal
envelope fA(Ē,Ω) controls dynamics. Consider the thermal autocorrelator of a local observable A,

CAA(t) = ⟨A(t)A(0)⟩β = 1
Z

∑
m,n

e−βEn |⟨m|A|n⟩|2 eı(En−Em)t. (1.90)

Substituting the ETH ansatz and passing to the continuum, ∑n →
∫
dEn e

S(En), the pseudo-
random variables Rmn self-average and the density-of-states factor eS(Em)+S(En) cancels the
e−S(Ē) in |Amn|2. Saddle-point evaluation on Ē fixes the thermal energy Ēβ through S′(Ēβ) = β,
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and one is left with a smooth integral over Ω alone:

SAA(Ω) ≡
∫ ∞

−∞
dt eıΩtCAA(t) ∝ |fA(Ēβ,Ω)|2 eβΩ/2, (1.91)

up to corrections exponentially suppressed in the entropy [46, 47]. Combined with the FDT of
Sec. 1.3.1, this determines the imaginary part of the response function up to thermal kinematic
factors, so that ImχAA(Ω) is in the quantum-chaotic sector, entirely fixed by the ETH envelope.

The envelope fA thus carries a dual interpretation. Statistically, |fA(Ē,Ω)|2 is the variance
of off-diagonal matrix elements of A at energy Ē and energy transfer Ω, accessible in principle
from numerical diagonalization. Dynamically, it is (up to kinematic factors) the spectral function
that enters the Kubo formulas of Sec. 1.3.3: the thermal conductivity kernel in Eq. (1.30) is
fixed by fI , the spin conductivity by fJ s , and so on. Hydrodynamic behavior is encoded in the
small-Ω structure: a finite limit |fA(Ē, 0)|2 > 0 signals ballistic transport, a vanishing |fA|2 ∼ Ω
diffusion, and conserved-charge structure constrains fA at low frequencies. Off-diagonal ETH is
in this sense the microscopic underpinning of the Kubo formalism of Sec. 1.3.3: the existence of a
smooth envelope is what allows the entire machinery of linear response, FDT, and Drude-weight
decomposition to transfer from the thermal ensemble to individual eigenstates.

1.7.3 Generalised Gibbs Ensemble

Integrable systems violate ETH because eigenstates at the same energy can differ in the eigenvalues
of the conserved charges {Q(k)} (Sec. 1.4.3). The late-time steady state is the generalised Gibbs
ensemble (GGE) [48, 49],

ρGGE = 1
ZGGE

exp
(

−
∑
k

λkQ
(k)
)
, (1.92)

where the Lagrange multipliers {λk} are fixed by the initial conditions. The GGE reduces to
the Gibbs ensemble when only the Hamiltonian is conserved. This distinction manifests directly
in transport: the GGE encodes the memory of conserved charges that protect currents from
decaying, producing the nonzero Drude weight of Sec. 1.3.5.

Systems with strong quenched disorder can exhibit many-body localisation (MBL) [50, 51,
52], where all eigenstates are localised in Fock space and transport vanishes entirely. In the MBL
phase, the system possesses an extensive set of local integrals of motion (LIOMs or ℓ-bits) {τ̃ zi }
with exponentially decaying mutual interactions [53, 54]. Despite the absence of thermalisation,
MBL systems exhibit dephasing that drives the system toward a diagonal ensemble [55]. This
dephasing is essential for the convergence of the projected ensemble to universal state designs, as
studied in Chapter 5.

1.8 Quantum State Ensembles and k-Designs

The ETH describes thermalization at the level of the density matrix—the first moment of the
ensemble of states accessible through measurement. A deeper question is whether the full
statistical structure of the state ensemble also thermalises. This requires the language of quantum
state designs, which we briefly introduce here; the specific constructions (projected ensemble,
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Scrooge ensemble) are developed in Chapters 5 and 6.

1.8.1 Haar measure and random states

The natural notion of a uniformly random pure state in a D-dimensional Hilbert space is the Haar
measure on U(D). A Haar-random state |ψ⟩ = ∑

i ci|i⟩ has components ci that are independent
complex Gaussians (after normalisation), giving the measure [56]

PHaar(ψ) =
∫
δ

(
ψ − Ψ̃

∥Ψ̃∥

) D∏
i=1

D

π
e−D|Ψ̃i|2 d2Ψ̃i. (1.93)

Haar-random states in a bipartite system have nearly maximal entanglement whenDB ≫ DA [57]—
the volume-law scaling that makes them intractable for matrix product states (Chapter 2).

1.8.2 Approximate k-designs

An ensemble E = {pi, |ψi⟩} is a k-design if its k-th moment

ρ
(k)
E =

∑
i

pi
(
|ψi⟩⟨ψi|

)⊗k (1.94)

matches that of the Haar ensemble [58, 59]. A k=1 design reproduces the correct density matrix;
a k=2 design additionally reproduces the purity fluctuations; higher k capture finer statistical
structure. The proximity of two ensembles is quantified by the trace distance between their k-th
moments,

∆(k)(E , E ′) = 1
2 Tr

√(
ρ

(k)
E − ρ

(k)
E ′
)†(
ρ

(k)
E − ρ

(k)
E ′
)
. (1.95)

The convergence ∆(k) → 0 with system size or time is the quantitative criterion for deep
thermalization used in Chapters 5 and 6.

1.8.3 The Porter–Thomas distribution

The statistical fingerprint of Haar-random states in a fixed basis is the Porter–Thomas dis-
tribution [60]. For a Haar-random state, the measurement-outcome probabilities pi = |ci|2

follow
PPT(p) = (D − 1)(1 − p)D−2 ≈ De−Dp for D ≫ 1. (1.96)

The Porter–Thomas distribution arises naturally from random matrix theory, where eigenstates
of Gaussian unitary ensemble (GUE) matrices have independent Gaussian components [61]. In
the context of quantum chaos, the emergence of this distribution in the measurement statistics of
a time-evolved state is a signature that the dynamics has generated an effective k-design [16]. A
useful characterization of this distribution is anti-concentration: the probability mass is spread
over exponentially many outcomes, with no single bitstring carrying weight much greater than
O(1/D). This is the property that makes Porter–Thomas statistics a meaningful benchmark
for randomness at all — a distribution concentrated on a small number of outcomes would be
cheap to reproduce classically. This randomness is expected to emerge in quantum scrambling
systems. Deviations from Porter–Thomas are therefore a sensitive diagnostic of the failure of
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quantum chaos, a point exploited in Chapter 5 to probe the measurement-basis dependence of
deep thermalization in MBL systems.

When the system possesses conserved charges, the appropriate reference ensemble is not the
Haar ensemble but the Scrooge ensemble [62, 63]—the maximum-entropy ensemble of pure states
subject to a fixed reduced density matrix. Its construction and role are discussed in Chapter 5.

1.9 Spectral Diagnostics of Quantum Chaos

Beyond the state-ensemble diagnostics above, quantum chaos can be probed through spectral
correlations. The spectral form factor (SFF) is the Fourier transform of the two-point correlation
of the density of states [61, 64],

K(t) = 1
D2

∣∣∣∣∑
n

e−ıEnt
∣∣∣∣2, (1.97)

where the overline denotes an average over an ensemble (disorder realisations, random graphs, or
time windows for a single sample). Expanding the square,

K(t) = 1
D2

∑
m,n

e−ı(En−Em)t, (1.98)

exposes its content: K(t) is a sum over all pairs of energy levels, weighted by their spacing. Level
repulsion, the defining spectral feature of random matrix theory, is therefore a direct statement
about K(t).

In quantum-chaotic systems, K(t) exhibits a universal dip–ramp–plateau structure. At short
times the sum in Eq. (1.98) is dominated by the smooth density of states and K(t) decays from
unity (the “dip”). At intermediate times, correlations between distinct levels produce a linear-in-t
“ramp” whose slope is fixed by the Wigner–Dyson ensemble of the symmetry class. At times
larger than the Heisenberg time tH ∼ D/ρ̄ (with ρ̄ the mean level density), the discreteness of
the spectrum saturates the sum and K(t) reaches a plateau at 1/D. The timescale at which the
ramp begins, the Thouless time tTh [65, 66], marks the onset of random-matrix universality and
diverges at the transition out of the chaotic phase. In integrable systems, where energy levels are
Poisson-distributed and uncorrelated, the ramp is absent and K(t) decays monotonically to the
plateau.

A limitation of K(t) is that it is sensitive to eigenvalues alone: two Hamiltonians with identical
spectra but different eigenvectors produce the same SFF. A refinement is the partial spectral
form factor (pSFF) [67, 68], defined by restricting the trace to a subsystem A,

KA(t) = 1
D2 trA

∣∣trĀ e−ıHt
∣∣2 . (1.99)

Because KA(t) involves partial traces of the evolution operator, it captures correlations among
eigenvectors as well as eigenvalues; in particular, it is sensitive to the entanglement structure of
individual eigenstates through its dependence on the bipartition. The pSFF has been measured
directly in trapped-ion quantum simulators [67], motivating its use as a practical benchmark on
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current hardware.
In Chapter 6 we employ both the SFF and the pSFF alongside the projected ensemble and

Krylov complexity to characterise the chaos–integrability transition of the transverse-field Ising
model on Erdős–Rényi graphs. The four diagnostics probe complementary aspects of chaos:
the SFF tests spectral statistics, the pSFF tests eigenvector structure, the projected ensemble
tests higher moments of the measurement distribution, and Krylov complexity tests operator
spreading. Agreement across the four provides a stringent test that the transition is a genuine
chaos–integrability crossover rather than a feature of any single diagnostic.

1.10 Outline of the Thesis

Chapter 2: Tensor Network Methods. We develop the MPS formalism and the tDMRG
algorithm that provides the numerical backbone for Chapters 3 and 4.

Chapter 3: Thermal Transport in the Integrable Chiral Clock Model. The thermal
Drude weight is computed by tDMRG and shown to be saturated by the Mazur bound from a
single transfer-matrix charge Q(2). The sum rules of Sec. 1.3.4 validate the numerics.

Chapter 4: Full Counting Statistics in the Boundary-Driven XXZ Chain. We exploit
the exact MPO solution of the NESS (Sec. 1.5) to compute the SCGF and rate function (Sec. 1.6)
for several local observables in the thermodynamic limit.

Chapter 5: Projected Ensemble with Locally Conserved Charges. We study deep
thermalization in MBL systems using the ℓ-bit Hamiltonian (Sec. 1.7), showing convergence of
the projected ensemble to the Scrooge ensemble and connecting deviations to the Porter–Thomas
distribution (Sec. 1.8.3).

Chapter 6: Quantum Chaos on Random Graphs. We deploy the projected ensemble,
pSFF (Sec. 1.9), Krylov complexity, and the quantum Mpemba effect to characterise the chaos–
integrability transition in the Ising model on Erdős–Rényi graphs.
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2
Tensor Network Approach to
Strongly Correlated Systems

Strongly correlated quantum systems rarely yield to exact analytical methods. The Hilbert
space grows exponentially with system size making brute-force approaches limited to small

systems. The strong interactions that make these systems interesting in the first place render
perturbative treatments unreliable. Mean-field approaches fare no better at capturing the
intricate phase structure across dynamical regimes. Efficient numerical methods play a crucial
role in studying these systems. For the one-dimensional systems that form the subject of this
thesis, the tool of choice is the matrix product state (MPS), and this chapter develops the
formalism and algorithmic machinery needed for the chapters that follow. This chapter is not
intended as a comprehensive introduction to tensor networks. We focus on the specific tools
required for the calculations presented in later chapters and refer the reader to Refs. [69, 70, 71]
for a more complete treatment.

2.1 Overview

The quantum many-body problem, at its core, is a problem of representation. A system of L
spin-1

2 particles lives in a Hilbert space of dimension 2L, so that specifying an arbitrary state
requires 2L complex amplitudes. For even moderate system sizes (e.g., L ∼ 100), this already
exceeds feasible classical information storage capacity.1.

The states of primary physical interest are generally the low-energy eigenstates: they control
equilibrium properties and determine the phases of matter accessible to experiment. For the
systems studied in this thesis (except in Chapter 6), the Hamiltonians have spatial locality i.r.,
each constituent term in H acts on only a few neighboring sites, and this locality places strong
constraints on the entanglement structure of these low-lying states. For a bipartition of the

1For concreteness, storing the state vector of L = 100 spin- 1
2 particles at double precision (16 bytes per complex

amplitude) would require roughly 2 × 1031 bytes, or about 2 × 1013 exabytes, exceeding the total estimated global
data storage capacity (∼ 1023 bytes) by eight orders of magnitude.
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system into complementary subsystems A and B, the von Neumann entropy

SA = −Tr[ρA log ρA] , ρA = TrB |ψ⟩⟨ψ|, (2.1)

quantifies the degree of quantum entanglement between the two parts. A generic state in the
Hilbert space, one drawn uniformly at random (Formally, sampled from the Haar ensemble
introduced in Chapter 1), obeys the volume law, SA ∝ |A|, with entanglement scaling as the size
of the subsystem itself. Ground states of gapped, local Hamiltonians in one dimension obey a
qualitatively different scaling: the area law,

SA ≤ const, (2.2)

where the entropy is bounded by a quantity that scales with boundary of the subsystem [72]. This
result, proved rigorously for one-dimensional gapped systems, implies that ground states occupy
a small and structured corner of the full Hilbert space, that can be parameterized efficiently
without ever confronting the full 2L-dimensional Hilbert space. For one-dimensional system, this
area law scaling implies a constant bound.

The matrix product state (MPS) formalism is designed to exploit this entanglement structure.
Rather than representing the wavefunction as a single exponentially large tensor, MPS decomposes
it into a chain of local tensors connected by bonds of finite dimension D, dentoted as the bond
dimension. The area law guarantees that for gapped ground states, a modest D suffices for an
accurate representation, reducing the cost of storing and manipulating the state from exponential
to polynomial in system size. Understanding when and why this compression is faithful and
where it breaks down is not merely a technical question. It is directly tied to the physics of
entanglement growth, quantum criticality, and thermalization that underlies much of what is
studied in this thesis. In the following sections, we will go through the systemetic construction
of MPS and its properties. We will start with the definition of MPS and its properties, and then
we will discuss the algorithms for constructing and manipulating MPS. Before discussing the
contruction of MPS and it smanipulation to capture qunatum states, we start with the building
bock of the tensor network mwthods i.e. tensors.

2.2 Tensors and Tensor Networks

The algorithms in this chapter are most naturally described using a diagrammatic language
that we now introduce. A rank-k tensor is an array of complex numbers carrying k discrete
indices, each running over a finite range. Some familiar physical quantities fit into this framework
immediately. A scalar s ∈ C has no indices and is therefore a rank-0 tensor. A vector vi with
i = 1, . . . , d carries one index and is rank 1, while a matrix Mij carries two indices and is rank 2.
The complex conjugate of a vector, written v∗

i , is obtained by conjugating every entry. In the
diagrammatic notation used throughout this thesis, each tensor is drawn as a filled shape with
one protruding line (or “leg”) per index. A scalar has no legs, a vector has one, and a matrix has
two. For the dual vector v∗

i the leg is conventionally drawn on the opposite side to distinguish it
from the ket. These conventions are illustrated in Fig. 2.1.

29



s

rank 0

iv

rank 1

i v*

dual

(a) (b) (c)

i jM

rank 2

scalar s ∈ ℂ vi, i = 1,…, d Mij

Figure 2.1: (a) A scalar s is a rank-0 tensor with no legs. (b) A vector vi is a rank-1 tensor with
one leg; its dual v∗

i has the leg flipped.(c) A matrix Mij is a rank-2 tensor with two legs.

Tensors can be combined through contraction, which amounts to summing over a shared index.
The simplest example is matrix-vector multiplication. Multiplying a matrix Mij by a vector uj
sums over the index j and produces a vector vi = Mij uj . Similarly, two matrices Aij and Bjk can
be multiplied by summing over the common index j, yielding a matrix Cik = Aij Bjk (following
the Einstein summation convention throughout). In the diagrammatic picture, contraction
corresponds to connecting the legs of two tensors that share an index. The connected leg
disappears from the result and the remaining free legs become the indices of the output tensor.
This graphical rule extends to networks of many tensors and is what makes the diagrammatic
notation so useful for the MPS constructions that follow. The pictorial representations of
matrix-vector and matrix-matrix multiplication are shown in Fig. 2.2.

(a) (b)

v = M u

vi= Mijuj

C = A B

Cik= AijBjk

Figure 2.2: (a) Matrix-vector multiplication: the shared index j is contracted (connected legs).
(b) Matrix-matrix multiplication: Cik = Aij ·Bjk; the contracted index j disappears from the
result.

2.3 Singular Value Decomposition

Several of the algorithms developed in this chapter rely on a controlled way of factorising matrices,
and the tool that makes this possible is the singular value decomposition (SVD). We summarise
its key properties here, as they are invoked at nearly every step of the constructions that follow.

Given any complex matrix M of dimensions NA ×NB, there exist matrices U , S, and V such
that

M = U S V †. (2.3)

The three factors satisfy the following properties.

• S is a diagonal matrix of size λ × λ with λ = min(NA, NB). Its entries are real and
non-negative, and when arranged in decreasing order they are called the singular values of
M .

• U and V have dimensions NA×λ and NB×λ respectively. Both have orthonormal columns,
meaning U †U = V †V = Iλ.

The decomposition is unique up to phases when all singular values are distinct. Pictorially this
can be shown as follows.
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a

M = U ·

S

·

V†

The connection between SVD and entanglement is worth spelling out, as it underpins nearly
every algorithm discussed in this chapter. Consider a bipartite pure state |ψ⟩ written in some
product basis |i⟩A |j⟩B. The coefficient matrix Ψij can be decomposed via SVD as Ψ = U S V †,
which immediately yields the Schmidt decomposition

|ψ⟩ =
r∑

a=1
sa |a⟩A |a⟩B , (2.4)

where sa are the singular values, |a⟩A and |a⟩B are orthonormal bases for the left and right
partitions respectively, and r = min(DA, DB) is the Schmidt rank. The eigenvalues of the
reduced density matrix are simply wa = s2

a, so the von Neumann entropy can be computed
directly from the singular values:

S = −
∑
a

wa log2wa. (2.5)

For a ground state obeying the area law, the singular values fall off rapidly, which means that
truncating to a modest number D of Schmidt states introduces only an exponentially small error.
This is the reason why MPS (which are built by successive SVDs, as we shall see next) can
efficiently capture the physics of such states.

2.4 Matrix Product States

An MPS represents the exponentially large coefficient tensor cσ1σ2...σL as a product of L small
tensors, one per site, contracted along a one-dimensional chain. The factorization is achieved
by applying SVD repeatedly, peeling off one site at a time from left to right. If no singular
values are discarded, the factorization is exact and the product of the local tensors recovers
cσ1σ2...σL identically. If the smallest singular values are truncated at each step, the result is an
approximation whose accuracy is controlled by the number of singular values retained.

The MPS as a tensor factorization. From a computational point of view, this is a particular
form of tensor decomposition: the coefficient tensor is written as a tensor train [73], which is the
name under which MPS are known in the applied mathematics and machine learning. Just as a
large matrix can be compressed by its truncated SVD, a large tensor can be compressed by its
tensor train decomposition. The key parameter controlling the accuracy of this compression is the
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bond dimension D, which plays a role analogous to the rank in a low-rank matrix approximation.
For a spin chain of L spins with open boundary conditions, the MPS representation of the

coefficient cσ1σ2...σL of any arbitrary pure state |ψ⟩ is given by

cσ1σ2...σL =
∑
α

T σ1
α1 T

σ2
α1,α2 · · ·T σL−1

αL−2,αL−1 T
σL
αL−1 (2.6)

where the summation over α denotes summation over all internal (bond) indices αi, i = 1, . . . , N−
1. For each fixed value of the physical index σi, the local tensor T σi is a matrix of dimension at
most D ×D. The coefficient cσ1σ2...σN is therefore a product of L such matrices (with the first
and last being a row and column vector respectively), hence the name “matrix product state.”

cσ₁ σ₂ … σN

σ₁ σ₂ · · · σN−1 σN

rank N
dNentries

successive
SVDs

Tσ₁

σ₁

α₁
Tσ₂

σ₂

α₂
Tσ₃

σ₃

· · · TσN−2
αN−2

TσN−1

σN−1

αN−1
TσN

σN

physical index

dimension d

bond dim Drank 2 rank 3 rank 2

Full tensor: dNparameters → MPS: � (N d D²) parameters

exponential → linear (for fixed D)

Figure 2.3: The MPS decomposition of the coefficient tensor cσ1σ2...σN . The rank-N tensor (top),
which requires dN complex entries to store, is factorised into a chain of local tensors T σi by
successive SVDs. Each local tensor has one physical index σi of dimension d (vertical leg) and
up to two bond indices αi of dimension D (horizontal legs). The first and last tensors are rank 2
while all bulk tensors are rank 3. The total number of parameters reduces from dN to O(N dD2)
for a fixed bond dimension D.

How the decomposition works. We illustrate the procedure for a chain of three spins, shown
step by step in Fig. 2.4.

1. Reshape. Group the indices of the coefficient tensor cσ1σ2σ3 into a d× d2 matrix cσ1,(σ2σ3).

2. SVD. Decompose cσ1,(σ2σ3) = Uσ1,α1 Sα1,α1 V
†
α1,σ2σ3 . The columns of U , rearranged, give

the first site tensor T σ1
α1 . The remainder Qα1,(σ2σ3) = S V † is carried forward.

3. Reshape and repeat. Regroup Q as Q(α1σ2),σ3 and perform a second SVD. This yields T σ2
α1,α2

from U and T σ3
α2 from S V †.

Each SVD peels off one site from the left end of the remaining tensor. For a general chain of
N sites, the procedure is repeated N − 1 times, sweeping from left to right.
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Figure 2.4: Illustration of decomposing a rank-3 tensor to an MPS

At each step, the SVD can be truncated to retain only the D largest singular values. Without
truncation, the bond dimension at the kth bond grows as min(dk, dN−k), reaching its maximum
in the middle of the chain and recovering the exact state. For states satisfying the area law,
the singular values decay rapidly, so a modest D already yields an excellent approximation.
More precisely, for a product state D = 1 suffices for an exact representation, while for area-law
states the required D remains bounded as the system size increases, i.e. D = O(1) with respect
to N . It is in this sense that the MPS representation efficiently exploits the area law scaling of
entanglement.

For periodic boundary conditions, the MPS representation modifies to

cσ1σ2...σN =
∑
α

T σ1
α0,α1 T

σ2
α1,α2 · · ·T σNαN−1,α0 = Tr(T σ1T σ2 · · ·T σN ) . (2.7)

The difference between the two lies at the boundaries: in the open case, the first and last tensors
are rank 2, while in the periodic case, all tensors are rank 3 and the first and last bond indices
are traced over. In this thesis we deal primarily with open boundary conditions.

Counting parameters. The MPS representation reduces the number of variational parameters
drastically for low-entanglement states. The full coefficient tensor in Eq. (2.6) has dL entries,
which grows exponentially with the system size. In the MPS representation, we have roughly
L tensors of rank three, each with one physical index of dimension d and two bond indices of
dimension O(D), giving O(LdD2) parameters in total. For fixed D, this is linear in the system
size.
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To put this in concrete terms: a chain of L = 100 spin-1
2 particles has a Hilbert space of

dimension 2100 ≈ 1030. An MPS with bond dimensionD = 100 requires only about 100×2×1002 =
2 × 106 parameters — a compression ratio of some 1024. Of course, not every state admits
such a compact representation. The bond dimension D can itself grow exponentially with L

for highly entangled states such as volume-law states, and in that case the MPS representation
does not reduce the complexity of state representation. The class of states that are efficiently
representable i.e., those in the “physical corner” of the Hilbert space discussed in Sec. 2.1, is the
class for which D remains manageable.

MPS as a computational data structure. It is useful to think of an MPS not merely
as a mathematical decomposition but as a data structure that supports a rich set of efficient
operations. Given an MPS with bond dimension D:

• Inner products ⟨ϕ|ψ⟩ between two MPS can be computed in O(LdD3) time by sequential
contraction from one end (Known as zipper method).

• Local expectation values ⟨ψ|Ôi|ψ⟩ cost O(d2D2) when the MPS is in the appropriate
canonical form (Discussed in the next section).

• Addition of two MPS (to form |ψ⟩ + |ϕ⟩) is exact and produces an MPS whose bond
dimension is the sum of the two input bond dimensions.

• Application of an MPO (Sec. 2.5) to an MPS produces an MPS whose bond dimension is
the product D ·DW , where DW is the bond dimension of the MPO.

The last two operations increase the bond dimension, which must then be brought back to a
manageable value by compression (e.g., SVD, Sec. 2.3). This compress-after-operate pattern is
the computational backbone of MPS algorithms for time evolution and more.

(a) Left Canonical Contraction

Σ A† A = I
(b) Right Canonical Contraction

Σ B B† = I

A

A*

=

B

B*

=

(c) Mixed Canonical Form (Global MPS Chain)

A A M B B

σ1 σl-1 σl σl+1 σN

Orthogonality Centre (Site l)

Left-normalised tensors Right-normalised tensors

Figure 2.5: MPS canonical forms. (a, b) Contraction rules showing how left-normalized (A) and
right-normalized (B) tensors evaluate to the identity. (c) A mixed canonical MPS centered at
site l. This arrangement simplifies calculations because the left and right environments effectively
cancel out.
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2.4.1 Gauge degrees of freedom and canonical forms

The MPS representation of a pure state has a large gauge degree of freedom. Under the
transformation

T̃ σiβi−1,βi
= (X−1)(i)

βi−1,αi−1
T σiαi−1,αi X

(i+1)
αi,βi

(2.8)

for any choice of {X(1), . . . , X(N−1)} invertible matrices with suitable dimensions, the phys-
ical state |ψ⟩ remains unchanged. In the tensor diagram, this is visible as the insertion of
X(i+1)(X(i+1))−1 = I on the bond between sites i and i+ 1, which is an identity operation.

From a computational perspective, the gauge freedom means that the mapping from physical
states to MPS representations is many-to-one: infinitely many different MPS tensors can describe
the same quantum state. For a given state |ψ⟩, all the possible MPS representations form a
manifold. To make the representation unique (up to phases) and computationally convenient, we
fix the gauge by imposing normalisation conditions on the local tensors, arriving at what are
called canonical forms. This is analogous to putting a matrix in a normal form (such as row
echelon form or Jordan form) to make subsequent computations easier and more numerically
stable. We describe these canonical forms below.

Left canonical form. In this representation,

cσ1σ2...σN =
∑
α

Aσ1
α1 A

σ2
α1,α2 · · ·AσN−1

αN−2,αN−1 A
σN
αN−1 , (2.9)

where the tensors A are “left-normalised” and satisfy

∑
σi

∑
αi−1

Aσi†αi−1,α′
i
Aσiαi−1,αi = δαi,α′

i
. (2.10)

Diagrammatically, this means that contracting a left-normalised tensor with its conjugate over
the physical index and the left bond index produces an identity on the right bond index, as
shown in Fig. 2.5(a). From a linear algebra perspective, the condition says that for each site i,
the matrix formed by stacking the d matrices Aσi=1, Aσi=2, . . . , Aσi=d vertically has orthonormal
columns. This is the property guaranteed by the “thin U” factor of an SVD.

Right canonical form. Analogously,

cσ1σ2...σN =
∑
α

Bσ1
α1 B

σ2
α1,α2 · · ·BσN−1

αN−2,αN−1 B
σN
αN−1 , (2.11)

with right-normalised tensors B satisfying

∑
σi

∑
αi

Bσi†
α′
i−1,αi

Bσi
αi−1,αi = δα′

i−1,αi−1 . (2.12)

Mixed canonical form. This is the form most commonly used in practice. We pick a particular
site l called the orthogonality centre. All tensors to the left of site l are brought into left-canonical
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form, and all tensors to the right are brought into right-canonical form:

cσ1σ2...σN =
∑
α

Aσ1
α1 · · ·Aσlαl−1,αl B

σl+1
αl,αl+1 · · ·BσN

αN−1 . (2.13)

The name “orthogonality centre” comes from the fact that the Schmidt bases for the bipartition
at any bond touching site l are automatically orthonormal, thanks to the normalisation conditions
(2.10) and (2.12). This has practical utility. When computing the norm ⟨ψ|ψ⟩, all left-normalised
tensors contract to identity on the left and all right-normalised tensors contract to identity on
the right, leaving only the contraction at the orthogonality centre. Similarly, computing a local
observable at site l requires work only at that site (as we discuss in Sec. 2.5.2).

Constructing the canonical form. The procedure is an iterative application of SVD (or QR
decomposition, which is cheaper when the singular values are not needed). Starting from site 1,
one reshapes the local tensor, performs a QR decomposition, and absorbs the upper-triangular
factor R into the tensor at the next site. Repeating this sweep from left to right brings all tensors
into left-canonical form. Right-canonicalisation works analogously from site N to the left. A
mixed canonical form centred at site l is obtained by left-canonicalising from site 1 to site l − 1
and right-canonicalising from site N to site l + 1. The cost of a full canonicalisation sweep is
O(N dD3).

Using a suitable gauge, any MPS representation can be converted to any of the three canonical
forms. The choice of which form to use is dictated by the algorithm at hand: DMRG and TDVP
sweep the orthogonality centre through the chain, while Trotter time evolution typically works
with a globally canonical state and re-canonicalises after each time step.

2.5 Matrix Product Operators

The idea of MPS can be straightforwardly generalised to operators, and the analogous construction
for operators is called Matrix Product Operators (MPO). Where an MPS has one physical index
per site (the ket index), an MPO has two — one for the incoming (bra) index σ′

i and one for the
outgoing (ket) index σi. A general operator Ô can be written in MPO form as

Ô =
∑
σ,σ′

W
σ1σ′

1
[1]β1

W
σ2σ′

2
[2]β1,β2

· · ·W σNσ
′
N

[N ]βN−1
|σ1σ2 . . . σN ⟩⟨σ′

1σ
′
2 . . . σ

′
N | . (2.14)

The diagrammatic representation of an MPO is shown in Fig. 2.6. Each local tensor W[i] now
has four indices: two horizontal (bond) indices connecting to the neighbours and two vertical
(physical) indices for σi and σ′

i.
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Figure 2.6: Diagrammatic representation of an MPO for a chain of N sites. Each tensor W[i]
carries four indices: ket (σi, upward), bra (σ′

i, downward), and two horizontal bond indices βi−1,
βi; boundary tensors are rank 3. Arrows indicate the direction of operator action, consistent
with Eq. (2.14). The MPO bond dimension DW controls operator complexity; see main text.

Another way to think of the MPO is that the W ’s are rank-2 tensors whose entries are
themselves operators acting on the local Hilbert space (i.e., d× d matrices). In this manner of
thinking, the local tensors of an MPS have vector-valued entries, while the local tensors of an
MPO have matrix-valued (operator-valued) entries.

The MPO bond dimension. Just as the MPS bond dimension D controls how much
entanglement the state can carry, the MPO bond dimension DW controls the complexity of
the operator. For a nearest-neighbour Hamiltonian, DW is a small constant (typically O(5) to
O(10), depending on the number of distinct coupling terms). For Hamiltonians with longer-range
interactions, DW can grow, but techniques exist to compress it. For example, by approximating
a power-law coupling J(r) = r−α as a sum of m exponentials, J(r) ≈

∑m
k=1 ck λ

r
k, which yields

an MPO bond dimension of DW = m+ 2 regardless of the system size [74, 75, 76]. The central
role of MPOs in practice is that they act on MPS by contraction: given a state |ψ⟩ in MPS form
with bond dimension D, applying Ô produces a new MPS whose bond dimension grows to DDW .
Each site contraction costs O(D2DWd

2) operations, where d is the local Hilbert space dimension.
This is the operation performed at every step of time-evolution algorithms (Sec. 2.7) and at
every Lanczos iteration in ground-state search; keeping DW small is therefore as important as
keeping D small for numerical tractability.

2.5.1 Constructing the MPO: the chiral clock Hamiltonian as a finite state
automaton

Rather than simply writing down the MPO tensor for a given Hamiltonian, it is instructive to
see how it can be constructed systematically. The key idea, due to Crosswhite and Bacon [77], is
to think of the MPO as a finite state automaton (FSA), a concept from theoretical computer
science. We illustrate this by building the MPO for the chiral clock Hamiltonian, which appears
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in Chapter 3 of this thesis:

H = −J
N−1∑
i=1

(
eiθ σiσ

†
i+1 + e−iθ σ†

iσi+1
)

−
N∑
i=1

(
f eiϕ τi + f e−iϕ τ †

i

)
. (2.15)

Here σ and τ are the Zn clock operators satisfying σn = τn = I and στ = ω τσ with ω = e2πi/n,
θ is the chiral parameter for the coupling, and ϕ controls the transverse field direction.

Operator strings. The starting point is to write each term of H in tensor product nota-
tion. Every term becomes a string of local operators, one per site, drawn from the alphabet
{I, σ, σ†, τ, τ †}. For instance, the coupling −Jeiθ σ2σ

†
3 on a five-site chain becomes the string

I ⊗ σ ⊗ σ† ⊗ I ⊗ I. The full Hamiltonian is the sum of all such strings. Our task is to construct
an automaton that generates every string exactly once with the correct coefficient.

States of the automaton. We read each string from right to left and introduce a “state” to
track how far along the chain we are. For the chiral clock Hamiltonian, the nearest-neighbour
coupling involves exactly two operators, so we need to track three stages (see Fig. 2.7):

1

2

3

4

σ†

σ

−Jeiθσ

−Je−iθσ†

� �

Γ

before
interaction

σ† placed

σ placed

interaction
complete

Γ = −feiφ
τ − fe

−iφ
τ†

Figure 2.7: Finite state automaton for the MPO of the chiral clock Hamiltonian (Eq. 2.15).
Each node is an automaton state, and each directed edge is labeled by the operator emitted
during the transition. The two coupling channels (σσ† and σ†σ) pass through states 2 and 3
respectively, while the on-site field Γ corresponds to a direct transition from state 1 to state 4.
The transition matrix of this automaton is the bulk MPO tensor W[i] in Eq. (2.16), with bond
dimension DW = 4.

1. Before the interaction (state 1). Reading from the right, we have seen only I so far. The
automaton remains in state 1 as long as it emits I.

2. First operator placed (states 2 and 3). The automaton encounters the right-hand operator
of a two-body coupling term. There are two possibilities: if the term is eiθσiσ†

i+1, then
the right-hand operator is σ† and we enter state 2; if the term is e−iθσ†

iσi+1, then the
right-hand operator is σ and we enter state 3.
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3. Interaction complete (state 4). At the next site, the automaton places the matching
left-hand operator with the appropriate coupling: −Jeiθσ (completing the path through
state 2) or −Je−iθσ† (completing the path through state 3). The automaton then enters
state 4 and emits I for all remaining sites to the left.

The transverse field is a one-body term that requires no intermediate state. Writing Γ =
−f eiϕ τ − f e−iϕ τ † for the on-site field operator, this corresponds to a direct transition from
state 1 to state 4, bypassing the intermediate states entirely.

Altogether we need four automaton states, so the MPO bond dimension is DW = 4. This
can be Compared this with the five states needed for the Heisenberg model, which has three
distinct coupling channels (σx, σy, σz) instead of two.

From automaton to MPO tensor. The transition diagram is shown in Fig. 2.7. Each
directed edge carries the operator emitted during the transition. The bulk MPO tensor W[i]

is the transition matrix of this automaton. The entry (W[i])β,β′ is the operator emitted when
transitioning from state β′ to state β:

W[i] =


I 0 0 0

σ† 0 0 0

σ 0 0 0

Γ −Jeiθσ −Je−iθσ† I

 . (2.16)

The rows and columns are indexed by the four automaton states. The structure mirrors the
transition diagram directly: the self-loops on states 1 and 4 appear as I on the diagonal, the two
intermediate transitions fill the first column (rows 2 and 3), their completions fill the last row
(columns 2 and 3), and the on-site field Γ occupies the (4, 1) entry.

The boundary tensors are fixed by the requirement that the automaton starts in state 1 (right
boundary) and ends in state 4 (left boundary). Extracting the last row and first column:

W[1] =
(
Γ −Jeiθσ −Je−iθσ† I

)
, W[N ] =


I

σ†

σ

Γ

 . (2.17)

Verification. We check the construction on a three-site chain. Consider the path 1 σ†
−→

2 −Jeiθσ−−−−→ 4 through the automaton. At site 3 the automaton is in state 1 and emits σ†; at site 2
it transitions to state 4 emitting −Jeiθσ; at site 1 it remains in state 4 and emits I. The resulting
operator string is I ⊗ (−Jeiθσ) ⊗ σ† = −Jeiθ σ2σ

†
3, which is indeed a term in Eq. (2.15). The

conjugate path through state 3 produces −Je−iθ σ†
2σ3, and the direct 1 → 4 paths at each site

produce the on-site field terms. Summing over all paths recovers H.
The FSA approach provides a constructive recipe that works for any Hamiltonian expressible

as a sum of products of local operators. One identifies the minimal set of automaton states
needed to track the progress of each interaction term, writes down the transition rules with the
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appropriate operator weights, and reads off the MPO tensor as the transition matrix. The MPO
bond dimension equals the number of automaton states. =For Hamiltonians with longer-range
interactions, the number of intermediate states grows (since the automaton must “remember” an
operator placement for more than one step), but the resulting MPO can often be compressed to
a smaller effective DW [78, 79]. From a computational standpoint, the connection runs deeper.
The set of operator strings that contribute to a Hamiltonian forms a regular language, and the
MPO is the linear-algebraic encoding of the finite automaton that recognises this language. The
MPO bond dimension is bounded by the number of states in the minimal automaton.

2.5.2 Expectation values and orthogonality

Computing the expectation value of a local or global operator is one of the most frequent
operations in any MPS-based calculation. The naive approach, contracting the full bra ⟨ψ|, the
operator Ô, and the ket |ψ⟩ as a single tensor network scales exponentially in N and is therefore
infeasible s in practice. The key insight is that the canonical form of the MPS, introduced in
Sec. 2.4.1, reduces this contraction to a procedure that is linear in L and polynomial in D.

The overlap and the norm. Before treating operators, consider the simpler problem of
computing the inner product ⟨ϕ|ψ⟩ of two MPS. Writing both states in the form of Eq. (2.6),
the overlap is

⟨ϕ|ψ⟩ =
∑
{σ}

(Aσ1)† · · · (AσN )†Bσ1 · · ·BσN , (2.18)

where Aσi and Bσi are the site tensors of |ϕ⟩ and |ψ⟩ respectively. This is evaluated by building
a transfer matrix T that contracts the bra and ket layers site by site from left to right. The left
boundary vector is initialised as the 1 × 1 identity, and at each site i the environment is updated
as

L
[i]
α,α′ =

∑
σi,β,β′

(Aσiα,β)∗Bσi
α′,β′ L

[i−1]
β,β′ , (2.19)

with the norm recovered as ⟨ψ|ψ⟩ = Tr(L[N ]). Each update costs O(D3d), so the total cost of
the overlap is O(LD3d).

Aσ₁† Aσ₂† Aσ₃† ··· AσN†

Bσ₁ Bσ₂ Bσ₃ ··· BσN

σ₁ σ₂ σ₃ σN
= 1

L[0]

Aσ₁†

Bσ₁

L[1]

Aσ₂†

Bσ₂

··· L[N]

cost: 𝒪(LD³d)

Figure 2.8: Overlap computation of two MPS through the transfer matrix L.

Why orthogonality matters. For a general (non-canonical) MPS, every site contraction
in Eq. (2.19) contributes a nontrivial matrix to the environment. In contrast, recall that a
left-canonical MPS satisfies the isometry condition

∑
σ

(Aσ)†Aσ = 1, (2.20)
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and analogously for right-canonical tensors Bσ. When |ψ⟩ = |ϕ⟩ and every tensor is left-canonical,
the left environment satisfies L[i] = I for all i, collapsing the full overlap to a single boundary
contraction. This is the diagrammatic statement that all tensors to the left of any cut contribute
only an identity to the reduced density matrix of the right half. This is a direct consequence of
the Schmidt decomposition across that cut [69].

Single-site expectation values. For a single-site operator ôj acting at site j, we place the
MPS in mixed-canonical form centred on j: tensors {Aσi}i<j are left-canonical and tensors
{Bσi}i>j are right-canonical, with a single non-isometric centre tensor Cσj . In this gauge the
expectation value reduces to

⟨ôj⟩ =
∑
σj ,σ′

j

∑
α,α′

(Cσjα,α′)∗ o
σj ,σ

′
j

j C
σ′
j

α,α′ , (2.21)

because the isometry conditions ensure that all environments left of j and right of j evaluate
to identity matrices. The cost is O(D2d2), independent of L once the canonical form has been
established.

Figure 2.9: Expectation value of a single-site operator in mixed-canonical MPS.

Global operators and the MPO sandwich. For a global operator Ô written in MPO form
with bond dimension DW (Sec. 2.5), the expectation value

⟨Ô⟩ = ⟨ψ|Ô|ψ⟩ =
∑

{σ,σ′}
⟨ψ|σ′⟩ ⟨σ′|Ô|σ⟩ ⟨σ|ψ⟩ (2.22)

is evaluated by sweeping through the three-layer bra–MPO–ket network from left to right. At
each site the environment tensor is a rank-3 object F [i]

α,β,γ with one index for each layer, and the
update rule is

F
[i]
α,β,γ =

∑
σ,σ′

∑
α′,β′,γ′

(Aσα′,α)∗ W σσ′
β′,β A

σ′
γ′,γ F

[i−1]
α′,β′,γ′ , (2.23)

where W σσ′ is the MPO tensor at site i. The expectation value ⟨ψ|Ô|ψ⟩ is computed by sweeping
through the chain and building up the left (or right) environment tensor at each step. The
environment tensor has dimensions D×D×DW (where DW is the MPO bond dimension) and the
cost of updating it at each site is O(D3DWd). The total cost for the full chain is O(LD3DW d).
This environment-building procedure is shared by nearly every MPS algorithm discussed in this
thesis. It reappears in the ground state search (DMRG) and in the TDVP time evolution.
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Cost summary. Table 2.1 collects the scaling of the principal MPS operations discussed in this
chapter. The linear-in-N prefactor is a direct consequence of the one-dimensional tensor network
structure: each site is visited once, and the boundary environments propagate sequentially.
This is the computational advantage that MPS methods exploit, and it breaks down when the
entanglement of the state requires D to grow exponentially with N — the fundamental limitation
discussed in Sec. 2.1.

Operation Cost Notes
Norm ⟨ψ|ψ⟩ O(ND3d) Transfer matrix sweep
Single-site expectation value ⟨ôj⟩ O(D2d2) Mixed-canonical form required
MPO expectation value ⟨Ô⟩ O(ND3DWd

2) Three-layer contraction
MPS–MPO product Ô|ψ⟩ O(ND2DWd

2) Bond dimension grows to DDW

Table 2.1: Computational cost of principal MPS operations. N : system size; D: MPS bond
dimension; DW : MPO bond dimension; d: local Hilbert space dimension.

2.6 Ground state search: the DMRG algorithm

Having assembled the machinery of MPS, MPO, and canonical forms, we are now in a position
to describe the density matrix renormalization group (DMRG) algorithm [80, 69]. Originally
formulated in the language of target states and truncated density matrices, DMRG is now
understood as a variational optimisation over the MPS manifold. We seek the MPS of bond
dimension D that minimises the energy

E[|ψ⟩] = ⟨ψ|Ĥ|ψ⟩
⟨ψ|ψ⟩

. (2.24)

Attempting this optimisation in all tensors simultaneously is a non-convex and highly non-linear
problem. Instead, DMRG solves a sequence of small local problems by sweeping through the
chain, updating one or two tensors at a time. This divide-and-conquer strategy is what makes
the algorithm practical.

We describe the two-site variant of DMRG, which is the most commonly used in practice and
the one employed in the calculations of this thesis. The procedure at each bond is summarised
in Fig. 2.6.1.

2.6.1 The algorithm

We start with an initial MPS |ψ⟩ in mixed canonical form, with the orthogonality centre at site 1.
The environments L[i] and R

[i], the partial contractions of the bra, MPO, and ket layers from
the left and right respectively, are pre-computed and stored. A single left-to-right sweep then
visits each bond (l, l + 1) for l = 1, 2, . . . , N − 1 and performs the following steps.

Step 1 — Build the effective Hamiltonian. At the current bond we form the two-site ten-
sor

Θσlσl+1
αl−1,αl+1 =

∑
αl

Cσlαl−1,αl C
σl+1
αl,αl+1 , (2.25)
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by contracting the two neighbouring site tensors over their shared bond. This Θ plays the
role of a local variational parameter. The effective Hamiltonian acting on Θ is obtained by
contracting the stored environments with the two MPO tensors:

(Heff)σlσl+1, σ
′
lσ

′
l+1

αl−1αl+1, α
′
l−1α

′
l+1

=
∑

βl−1,βl,βl+1

L
[l−1]
αl−1,α

′
l−1,βl−1

W
σlσ

′
l

βl−1,βl
W

σl+1σ
′
l+1

βl,βl+1
R

[l+2]
αl+1,α

′
l+1,βl+1

.

(2.26)
Viewed as a matrix acting on Θ reshaped into a vector, Heff has dimensions (d2D2)×(d2D2).

Step 2 — Solve the local eigenvalue problem. Because the MPS is in mixed canonical
form centred at the active bond, the normalisation matrix is the identity and the generalised
eigenvalue problem reduces to a standard one:

Heff Θ = EΘ . (2.27)

We solve this iteratively using a Krylov-subspace method such as Lanczos or Jacobi–
Davidson, which requires only the ability to compute the action of Heff on a vector. The
explicit matrix is never formed. Instead, each matrix-vector product contracts the four-
tensor network L·W ·W ·R with Θ on the fly at cost O(D3DWd

2+D2D2
Wd

2). A good initial
guess (usually the Θ from the previous iteration) accelerates convergence substantially.
The eigenvalue E is the current estimate of the ground state energy, which decreases
monotonically as the sweep progresses.

Step 3 — SVD and truncation. The updated Θ is reshaped as a (dD) × (dD) matrix by
grouping the left physical and left bond indices on one side and the right physical and right
bond indices on the other. An SVD yields

Θ(σlαl−1), (σl+1αl+1) =
∑
αl

U(σlαl−1), αl sαl V
†
αl, (σl+1αl+1) . (2.28)

We truncate by keeping only the D largest singular values {sαl}. The truncation error at
this bond is ϵ = ∑

a>D s
2
a and should be monitored throughout the sweep, if it exceeds a

preset tolerance, D is too small. The new left-canonical tensor is Aσlαl−1,αl = U(σlαl−1),αl
(after reshaping), and the remainder s V † is absorbed into the next-site tensor as the new
orthogonality centre Cl+1.

Step 4 — Update the environment and advance. Having fixed Aσl in left-canonical form,
we update the left environment by one site:

L
[l]
αl,α

′
l
,βl

=
∑

αl−1,α
′
l−1,βl−1,σl,σ

′
l

(Aσl)∗
αl−1,α

′
l
W

σlσ
′
l

βl−1,βl
A
σ′
l

α′
l−1,αl

L
[l−1]
αl−1,α

′
l−1,βl−1

. (2.29)

The orthogonality centre is now at site l+ 1, and we proceed to the next bond (l+ 1, l+ 2),
repeating Steps 1–4.

At the right end of the chain, the sweep direction reverses and we sweep from right to left, building
right-canonical tensors Bσl and updating right environments R[l] instead. Alternating forward
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and backward sweeps continue until the energy converges; convergence is typically declared when
the energy change between successive sweeps falls below a chosen threshold, or when the variance
⟨ψ|Ĥ2|ψ⟩ − ⟨ψ|Ĥ|ψ⟩2 is sufficiently small. The entire procedure is diagramatically illustrated
below.

Step 1 Build effective Hamiltonian Heff(l, l+1) from environments

L[l-1]

C†l C†l+1

W W

Cl Cl+1

R[l+2]

stored
left env

stored
right env

contract sequentially,
yielding Heffof size (d²D²) × (d²D²)

cost: 𝒪(D³DWd + D²DW²d²)

Step 2 Solve eigenvalue problem for lowest eigenstate

αl-1 αl+1

σl σl+1

HeffΘ = E Θ
Lanczos / Davidson → lowest E, ground Θ

cost per matvec: 𝒪(D³DWd² + D²DW²d²)

Step 3 SVD and truncate bond dimension back to D

→
reshape

U S V†

keep D largest elements
keep D discard

sa
truncation error:
ε = Σa>Dsa²

Step 4 Shift orthogonality centre, update environment, advance to next bond

Al Cl+1 Bl+2 ···
update L[l]by absorbing Al

advance to bond (l+1, l+2)

left-can. centre right-can.

sweep left → right → left, repeat until energy converges

2.6.2 Caveats and practical considerations

Several subtleties determine whether a DMRG calculation succeeds or fails in practice. We collect
the most important of these here.

Local minima and the single-site trap. Although the two-site variant is generally robust,
the single-site version of DMRG, in which only one tensor is optimised at a time, stuck in local
minima. The reason is structural: neither the localeigensolve nor the subsequent SVD can
introduce new quantum number sectors or increase the bond dimension within a given sector. If
the initial MPS happens to lack a sector that is important for the ground state, single-site DMRG
has no mechanism to recover it. The two-site variant circumvents this by optimising on a larger
local Hilbert space (dimension d2D2 rather than dD2), which allows the SVD to redistribute
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bond dimension across sectors. For problems where single-site DMRG is preferred for reasons of
cost or compatibility with subspace methods, subspace expansion provides an alternative: the
bond space is artificially enlarged using a perturbation derived from the MPO [81], enabling the
algorithm to escape local minima.

Choice of initial state. A random initial MPS with appropriate quantum numbers usually
suffices for small systems, but for larger or harder problems a good starting point can make a
significant difference. Common choices include a classical product state respecting the target
symmetry sector, or the ground state obtained for a simpler Hamiltonian in the same phase. A
poor starting point may require many more sweeps, or may lead to convergence onto a low-lying
excited state rather than the ground state.

Bond dimension and truncation error. The bond dimension D is the central control
parameter of the algorithm. Too small a D underresolves the entanglement of the true ground
state and introduces a systematic error; too large a D wastes computational resources. In practice,
one performs a sequence of calculations at increasing D and extrapolates physical observables
against the truncation error ϵ. A healthy DMRG calculation has ϵ decaying smoothly with D; a
stagnating ϵ signals a problem such as a missing quantum number sector or entanglement scaling
that exceeds the area law (as happens at critical points or for two-dimensional systems).

Exploiting symmetries. When the Hamiltonian commutes with a set of global charges,
building these symmetries explicitly into the MPS results in simgnificant improvement: the
block-diagonal structure of the site tensors reduces the cost of the local eigensolve by a large
factor and guarantees that the algorithm stays within the target sector throughout.

Open versus periodic boundary conditions. The MPS representation is natural for open
boundary conditions but less so for periodic ones, where the tensor network acquires a ring
topology and the canonical form has no clean analogue. For periodic systems, one can either use
a ring-shaped MPS (at substantially increased cost, O(D5) per Lanczos step) or impose open
boundaries and treat finite-size effects separately.

Computational cost summary. Per bond update, the dominant costs are the environment
contractions in building Heff and the Lanczos matrix-vector products, both scaling as O(D3DWd).
One full sweep therefore costs O(ND3DWd). The memory footprint is dominated by storing the
N environment tensors, each of size D2DW . These scalings make DMRG extremely efficient for
one-dimensional gapped systems, where D need not grow with system size; for two-dimensional
systems approximated as ladders, D must grow exponentially with the ladder width, which is
the primary obstacle to applying the method in higher dimensions.

From ground states to dynamics

The DMRG algorithm just described is tailored to obtain the lowest-energy eigenstate of a
time-independent Hamiltonian. Much of the physics studied in this thesis, however, concerns
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dynamics. It is tempting to imagine that time evolution is a minor variation on ground state
search. The catch is that evolving a state away from the ground state or any atypical states
typically generates entanglement that grows linearly in time, so the bond dimension required to
represent |ψ(t)⟩ faithfully grows exponentially [82].

Two families of algorithms are primarily designed to address this problem of time-evolution
of quantum states. The Suzuki–Trotter approach (Sec. 2.8) approximates the evolution operator
e−iĤδt as a product of local gates and applies them to the MPS one at a time; the bond dimension
grows at each step and is then truncated back. The time-dependent variational principle (TDVP),
which we describe next, takes a different route: rather than approximating the operator, it
projects the Schrödinger equation onto the tangent space of the MPS manifold, producing
an exact evolution within the manifold of fixed bond dimension. The two approaches have
complementary strengths. Trotter is conceptually simple and mirrors the experimental protocols.
TDVP is unitary by construction and handles long-range interactions without modification.

2.7 Time evolution: the TDVP algorithm

The time-dependent variational principle (TDVP) [83, 84] is closely related to DMRG. It is
a variational algorithm that sweeps through the chain, solving small local problems at each
site. Where DMRG minimises an energy functional by solving a local eigenvalue problem,
Heff Θ = EΘ, TDVP integrates a Schrödinger equation by solving a local initial value problem,
i ∂tC = Heff C. The effective Hamiltonian, the environments, and the sweep structure are all
inherited directly from the DMRG toolbox.

The set of MPS of bond dimension D forms a smooth manifold MD inside the full Hilbert
space; exact time evolution generally takes the state off this manifold, so TDVP projects the
right-hand side of the Schrödinger equation onto the tangent space of MD at the current state,

i
d

dt
|ψ[M ](t)⟩ = P̂T|ψ⟩MD

Ĥ |ψ[M ](t)⟩ . (2.30)

The tangent space projector P̂T|ψ⟩MD
decomposes into a sum of local pieces, one per site and

one per bond, and this decomposition is the reason TDVP can be implemented as a sweep.
We describe the single-site variant of TDVP here. The procedure at each site is summarised

in Fig. 2.7.1 and parallels the DMRG sweep steps.

2.7.1 The algorithm

We start with an initial MPS |ψ(0)⟩ in mixed canonical form centred at site 1, with left and right
environments pre-computed and stored. One left-to-right sweep advances the state by a time
step δt. At each site l = 1, 2, . . . , N the procedure is as follows.

Step 1 — Build the single-site effective Hamiltonian. Exactly as in DMRG, we form

(
H(l)

)σl, σ′
l

αl−1αl, α
′
l−1α

′
l

=
∑

βl−1,βl

L
[l−1]
αl−1,α

′
l−1,βl−1

W
σlσ

′
l

βl−1,βl
R

[l+1]
αl,α

′
l
,βl
, (2.31)
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by sandwiching the MPO tensor at site l between the stored left and right environments.
This is the same object that drives the local eigenvalue problem in DMRG - the only
difference is what we do with it.

Step 2 — Evolve the site tensor forward. We integrate the local Schrödinger equation

i
d

dt
Cl(t) = H(l)Cl(t) (2.32)

over a time step δt, which amounts to applying the matrix exponential:

Cl(t+ δt) = e−iH(l) δtCl(t) . (2.33)

Exponentiating H(l) explicitly is out of the question as the matrix is of size (dD2)×(dD2), so
we use a Krylov-subspace method (the Lanczos algorithm applied to the matrix exponential
rather than to the eigenvalue problem). As in DMRG, only the action of H(l) on a vector is
required, computed on the fly by contracting the four-tensor environment-MPO-C network.
Crucially, the bond dimension of the MPS does not change at this step: the tensor network
that represents |ψ⟩ is the same before and after the update, with only the numerical entries
of Cl changing.

Step 3 — Decompose and prepare to shift. To move the orthogonality centre to site l+ 1,
we factor the updated Cl as

Cl = AlDl , (2.34)

where Al is left-canonical and Dl is a small bond matrix. This can be done with a QR
decomposition (cheaper than SVD when singular values are not needed). Note that no
truncation is performed here: the decomposition is exact, and the bond dimension is
preserved.

Step 4 — Evolve the bond matrix backward. The Lie-Trotter splitting of the tangent
space projector produces a second, less familiar piece of the evolution: an equation of
motion for the bond matrix Dl, driven by a zero-site effective Hamiltonian,

(
K(l)

)
αl,α

′
l
, α̃l,α̃

′
l

=
∑
βl

L
[l]
αl,α̃l,βl

R
[l+1]
α′
l
,α̃′
l
,βl
, (2.35)

obtained by contracting the updated left environment L[l] (which now includes Al) with
the right environment R[l+1] across the bond. Unlike H(l), the tensor K(l) has no physical
leg — hence “zero-site.” The bond matrix is evolved

Dl(t+ δt) = e+iK(l) δtDl(t) , (2.36)

where the crucial detail is the plus sign in the exponent: Dl is propagated backward in time
by δt. This is not an error. The forward evolution of Cl in Step 2 overcounts the bond
content between sites l and l + 1 as the projector P̂TM has a double-counting structure,
visible in its decomposition as a sum over sites minus a sum over bonds. The backward
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step on Dl exactly compensates, and the overall evolution is consistent.

Step 5 — Absorb and advance. The evolved bond matrix Dl(t + δt) is absorbed into the
orthogonality-centre tensor at the next site, Cl+1 → Dl Cl+1. We advance the orthogonality
centre to site l + 1 and repeat Steps 1–5.

At the right end of the chain, the sweep reverses and we sweep back from right to left. One
complete forward-plus-backward sweep advances the state by δt with first-order accuracy; a
symmetric version (half sweep forward with δt/2, half sweep backward with δt/2) yields a second-
order integrator, which is the standard choice in practice. The tensor diagramatic illustarton of
each step is provided below.
Step 1 Build single-site effective Hamiltonian H(l) from environments

L[l-1]

C†l

W

Cl

R[l+1]

same tensor network as
the DMRG effective Hamiltonian

cost: 𝒪(D³DWd)

Step 2 Evolve site tensor forward in time

Cl(t)
e−i H(l) δt

Cl(t+δt)

via Krylov exponentiation

(Lanczos on H(l) · C)

bond dim preserved exactly

Step 3 Decompose Cl= Al· Dlvia QR (no truncation)

Cl = Al Dl no singular value truncation
— bond dimension preserved

Step 4 Evolve bond matrix Dlbackward in time with K(l)

L[l] Dl R[l+1]
e+i K(l) δt

backward!

Dl(t+δt)

K(l) = zero-site effective H

(no physical leg)

compensates double-counting in
tangent space projector

Step 5 Absorb Dlinto Cl+1, advance to next site

Al Cl+1 Bl+2 ···
advance to site l+1

left-can. centre right-can.

2.7.2 Caveats and practical considerations

The structural parallel with DMRG makes it easy to think of TDVP as “DMRG with an
exponential instead of an eigensolve.” The analogy is useful, but some aspects are genuinely
different and deserve attention.

Fixed bond dimension, projection error. Unlike DMRG, where the bond dimension can be
dialled up until the truncation error is acceptable, TDVP evolves the state within the manifold
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MD. There is no truncation error; instead, the component of Ĥ|ψ⟩ perpendicular to the tangent
space is discarded at every instant, producing a projection error. The size of this error depends
on how closely the true dynamics can be approximated by an MPS of bond dimension D. For
weakly entangled early-time dynamics, the projection error is tiny. As entanglement grows and
the true state drifts away from MD, the projection error grows accordingly.

Unitarity and energy conservation. The projected evolution in Eq. (2.30) is generated by
a Hermitian operator, so the integrator preserves the norm exactly (up to round-off). Energy is
also conserved to high accuracy, which is a useful diagnostic: a drifting energy signals that δt is
too large or that D is insufficient. This is in contrast to the Suzuki–Trotter approach, where the
MPO-MPS truncation breaks unitarity step by step.

The single-site trap. Single-site TDVP inherits the local-minimum pathology of single-
site DMRG: the algorithm cannot increase the bond dimension on its own or introduce new
quantum number sectors. If the initial bond dimension is too small to accommodate the growing
entanglement of the time-evolved state, the dynamics stagnates in the wrong subspace. This
is usually addressed by executing the first few TDVP steps using a two-site variant of TDVP,
which can grow the bond imension of MPS att the cost of introducing truncation error. Another
approach is to use subspace expansion method [85].

Choice of time step. The time step δt plays a role analogous to the bond dimension in
DMRG: smaller is more accurate, but more expensive. A practical choice is δt ∼ 0.01–0.1 in
units of the Hamiltonian scale. The Lie-Trotter splitting introduces an error of O(δt3) per step
for the second-order integrator, which accumulates linearly in t.

Long-range interactions. TDVP has a practical advantage over Suzuki–Trotter for Hamil-
tonians with long-range couplings. The Trotter approach requires decomposing Ĥ into groups
of mutually commuting terms; for power-law or infinite-range interactions, this decomposition
gets complicated and the number of Trotter layers per step grows quickly. TDVP, by contrast,
enters the Hamiltonian only through its MPO representation, so long-range couplings are handled
automatically as long as they admit a compact MPO (Sec. 2.5).

The entanglement barrier, once more. Neither truncation-free evolution nor unitarity
avoids the entanglement barrier. For dynamics that generates entanglement linearly in time,
the bond dimension D required to keep the projection error small grows exponentially, and
TDVP (like Suzuki–Trotter) eventually fails. The maximum accessible time scales as tmax ∼
α−1 logD [86], where α is the entanglement growth rate. Techniques such as density matrix
truncation (DMT) [87] can extend the accesible timescale for thermalising systems, at the cost
of giving up fidelity to the global state.

Computational cost summary. Per sweep, the dominant costs are the Krylov exponentiations
in Steps 2 and 4, each of which requires a handful of matrix-vector products scaling as O(D3DWd+
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D2D2
Wd

2). This is the same scaling as the DMRG local eigensolver. One complete second-order
TDVP sweep therefore costs O(ND3DWd), comparable to one DMRG sweep.

2.8 Time evolution: the tDMRG algorithm

The TDVP approach of the previous section addressed the time evolution problem by projecting
the Schrödinger equation onto the tangent space of the MPS manifold. Another widely used
(and closer to experimental implementation) approach is to work at the level of the evolution
operator itself. If we can approximate e−iĤδt as a product of operators that each act on only
a few sites, then each factor is small enough to be applied to the MPS explicitly, and the full
time evolution becomes sequence of such local applications. This is the philosophy behind the
time-dependent DMRG algorithm (tDMRG) [88, 89, 90]. ANother closely related method is
TEBD(time-evolving block decimation) which will not be discussed in this thesis.

The Suzuki–Trotter decomposition. The Hamiltonian, Ĥ = ∑
i hi is a sum of many non-

commuting local terms, so the exponential e−iĤδt does not factorise. For a local Hamiltonian
with nearest-neighbour interactions, however, we can split the terms into two groups that each
consist of mutually commuting operators:

Ĥ = Ĥodd + Ĥeven , Ĥodd =
∑
l odd

hl,l+1 , Ĥeven =
∑
l even

hl,l+1 . (2.37)

All terms in Ĥodd commute with each other (they act on disjoint pairs of sites), and likewise for
Ĥeven. The Baker–Campbell–Hausdorff formula gives

e−i(Ĥodd+Ĥeven) δt = e−iĤoddδt e−iĤevenδt e− 1
2 δt

2 [Ĥodd, Ĥeven]+··· . (2.38)

Dropping the commutator correction gives the first-order Suzuki–Trotter approximation [91, 92]:

U1(δt) = e−iĤoddδt e−iĤevenδt = e−iĤδt + O(δt2) . (2.39)

A symmetrised version eliminates the O(δt2) error by splitting the odd evolution in half:

U2(δt) = e−iĤoddδt/2 e−iĤevenδt e−iĤoddδt/2 = e−iĤδt + O(δt3) . (2.40)

This is the second-order Trotter formula. Higher-order schemes can be constructed recursively
from U2 [93]; they reduce the per-step error further at the cost of more factors per step, a
trade-off we return to in the caveats below.

The key feature of Eqs. (2.39) and (2.40) that makes them useful for MPS is that each
exponential factorises:

e−iĤoddδt =
∏
l odd

e−i hl,l+1 δt =
∏
l odd

Ul,l+1(δt) , (2.41)

and similarly for the even part. Each Ul,l+1 is a two-site unitary gate, which is a d2 × d2 matrix
that can be precomputed once by direct exponentiation of the local term hl,l+1. One Trotter step
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of U2(δt) therefore reduces to applying three layers of two-site gates, arranged in a brick-wall
pattern: odd-bond gates for time δt/2, then even-bond gates for time δt, then odd-bond gates
for time δt/2.

From gates to an MPS algorithm. Suzuki–Trotter decomposition provides a concrete, finite
set of operations that implement e−iĤδt: a sequence of O(N) two-site gates. Each gate acts on
only two neighbouring sites of the MPS, so it is tractable to apply directly i.e., contract the two
site tensors, apply the gate on the physical indices, and factorise the result back into two tensors.
This factorisation uses SVD and introduces a truncation back to bond dimension D, just as in
DMRG. The algorithm that carries out this procedure gate-by-gate is tDMRG.

The structural parallel with our earlier sections is useful. DMRG (Sec. 2.6) sweeps through
the chain solving a local eigenvalue problem at each bond; TDVP (Sec. 2.7) sweeps through
the chain solving a local initial value problem at each site; tDMRG sweeps through the chain
applying a local gate and truncating at each bond. The three algorithms share the same essential
recipe a sweep, a local update, a reshape-and-decompose step and differ in what the ingredient,
“local update” means.

2.8.1 The algorithm

We start with an initial MPS |ψ(t)⟩ in mixed canonical form with the orthogonality centre at
the left boundary. One Trotter step advances the state by δt. We use the second-order scheme
U2(δt) throughout, since it is the simplest useful case.

Step 1 — Precompute the two-site gates. At the start of the simulation (not once per
step), compute the two-site gate Ul,l+1(τ) = e−ihl,l+1τ for each distinct local term hl,l+1 and
for each of the time steps used in the Trotter formula. For the second-order scheme this
means two gates per distinct bond type: one for τ = δt (used in the even-layer application)
and one for τ = δt/2 (used in the two odd-layer applications). Each gate is a d2 × d2

matrix, small enough to exponentiate by direct diagonalisation. Translationally invariant
Hamiltonians need only a single gate per layer, which is reused at every bond.

Step 2 — Apply a single two-site gate. Consider applying one gate Ul,l+1(τ) at bond (l, l+
1), with the orthogonality centre already positioned there. Contract the two neighbouring
site tensors into a single four-leg tensor

Θσlσl+1
αl−1,αl+1 =

∑
αl

Cσlαl−1,αl C
σl+1
αl,αl+1 , (2.42)

and then apply the gate on its physical indices:

Θ̃σlσl+1
αl−1,αl+1 =

∑
σ′
l
,σ′
l+1

[
Ul,l+1(τ)

]σlσl+1, σ
′
lσ

′
l+1 Θσ′

lσ
′
l+1

αl−1,αl+1 . (2.43)

Before the SVD in the next step, Θ̃ is a (dD) × (dD) matrix i.e., the bond between sites l
and l + 1 has temporarily grown from D to dD.
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Step 3 — SVD and truncation. Reshape Θ̃ by grouping the left physical index with the left
bond index and similarly on the right, then perform an SVD:

Θ̃(σlαl−1), (σl+1αl+1) =
∑
αl

U(σlαl−1), αl sαl V
†
αl, (σl+1αl+1) . (2.44)

Keeping only the D largest singular values compresses the bond back down. The reshaped
factor Aσlαl−1,αl ≡ U is left-canonical, and sV † is absorbed into the next-site tensor as the
new orthogonality centre Cl+1. The truncation error ϵl = ∑

a>D s
2
a is the key diagnostic

at this bond. This step is structurally identical to the SVD-and-truncate step of two-site
DMRG (Sec. 2.6, Step 3), the difference is only in what produced Θ̃.

Step 4 — Sweep through the chain (“zipper”). With the orthogonality centre now at site
l + 1, proceed to the next bond in the current Trotter layer and repeat Steps 2–3. For
the odd layer, the gates live on disjoint bonds (1, 2), (3, 4), . . ., so the sites involved do not
overlap; we sweep through them in order, moving the orthogonality centre two sites at a
time. Once the odd layer is complete, we reverse direction and apply the even-layer gates,
then the second odd layer with δt/2. At the end of this three-layer zipper, the state has
been advanced by δt.

Step 5 — Iterate in time. Repeat Steps 2–4 with the same δt until the desired final time is
reached. Measurements are performed between Trotter steps, using the canonical form to
compute expectation values as in Sec. 2.5.2.

The procedure for one Trotter step is illustrated below through tensor diagrams.
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Step 1

Step 2

Brick-wall pattern: apply odd gates, then even, then odd

1 2 3 4 5 6 7 8

U₁₂(δt/2)

U₂₃(δt)

U₁₂(δt/2)

odd-bond gate, δt/2

even-bond gate, δt

MPS site

Step 3

Apply one two-site gate: contract, yielding enlarged Θ

Al Bl+1

Ul,l+1(δt)

→
contract

Θ

size: dD × dD
(bond dim temporarily dD)

gate acts only on two physical indices;
bond between sites is absorbed into Θ

cost: 𝒪(d² D² · d²) per gate

Step 4

SVD and truncate back to bond dimension D

Θ →
reshape & SVD

Al S Bl+1

keep D largest

Zipper through the chain: apply all gates in the layer, then repeat for next layer

1 2 3 4

…
N

next Trotter step

Figure 2.10:

2.8.2 Caveats and practical considerations

Trotter error and the choice of order. The error per step of the second-order scheme is
O(δt3), accumulating to O(δt2 · tfinal) over a total time tfinal. The fourth-order scheme reduces
this to O(δt4 · tfinal) but requires five second-order substeps per step, and therefore five times as
many gate applications. The trade-off is not always in favour of the higher-order scheme: each
gate application incurs a truncation, and more gates means more truncation errors. In practice,
the second-order scheme with a modestly small δt strikes the best balance for most problems
studied in this thesis.

Truncation error accumulation. Unlike DMRG, where the truncation error is a property of
the final (static) state, in tDMRG the truncation at every gate contributes a small perturbation
to the state, and these perturbations accumulate over time. Monitoring the per-step truncation
ϵ = ∑

l ϵl is essential; when ϵ exceeds a tolerance (∼ 10−8 for reliable long-time results), the
bond dimension should be increased. A runaway growth of ϵ with time is the signature of the
entanglement barrier encroaching on the simulation.
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Long-range interactions. The Trotter decomposition in Eq. (2.40) works cleanly only for
nearest-neighbour Hamiltonians. For longer-range couplings, one must either (i) use SWAP gates
to bring distant sites together before applying the gate and swap them back, (ii) use a different
splitting based on the geometry of the interactions, or (iii) switch to MPO-based time evolution
such as W I,II [94] or TDVP (Sec. 2.7). For the models studied in this thesis, (i) and (ii) suffice.

Unitarity. Each two-site gate Ul,l+1 is exactly unitary, but the SVD truncation that follows is
not: it projects the state onto a lower-dimensional submanifold, which reduces the norm unless
explicitly renormalised. In practice the state is renormalised after each truncation, but the
underlying non-unitarity means that conserved quantities can drift over long times, more so than
in TDVP, which is unitary by construction. Energy conservation is a good diagnostic.

Open versus periodic boundaries. The zipper structure relies on the chain having open
ends. For periodic systems, either a ring-shaped MPS (with higher cost) or a large open chain
with the quantity of interest measured in the bulk is used. All dynamics calculations in this
thesis use open boundaries.

Parallelism. Within a single Trotter layer, the gates act on disjoint bonds and can in principle
be applied in parallel. In MPS practice, the need to maintain the canonical form serialises the
gate applications as the orthogonality centre must be moved sequentially, so the in-principle
parallelism is not easily exploited.

Relation to TDVP. The tDMRG and TDVP algorithms produce different approximations to
|ψ(t)⟩, and the differences can be instructive. Trotter errors in tDMRG are commutator terms
[Ĥodd, Ĥeven]; projection errors in TDVP are components of Ĥ|ψ⟩ orthogonal to the tangent
space. Truncation errors are present in tDMRG but absent in single-site TDVP. For short times,
the two methods agree within their respective errors; for long times, the entanglement barrier
limits both. Benchmarking a simulation against both methods is a standard consistency check.

Computational cost summary. Each two-site gate application costs O(d3D3) for the gate
application plus O(d3D3) for the SVD, so O(d3D3) per gate. With O(N) gates per Trotter
layer and three layers per second-order step, one Trotter step costs O(Nd3D3). This is roughly
comparable to one DMRG or TDVP sweep, with the important caveat that accurate dynamics
typically demand many more sweeps i.e., one per time step of size δt than a ground state
calculation.

2.8.3 Finite-temperature states via ancilla purification

A thermal density matrix ρβ = e−βH/Z is mixed and cannot be directly represented as a pure
matrix product state. The standard approach is purification [95]. One approach to address
density matrices using MPS formalism is to double the Hilbert space by attaching L ancilla
sites, one for each physical site, and constructs a pure state |ψβ⟩ on the combined 2L-site system

54



whose partial trace recovers the Gibbs state,

Tranc
[
|ψβ⟩⟨ψβ|

]
= ρβ. (2.45)

The construction starts at β = 0, where the purification is simply a product of maximally
entangled states between each physical site pi and its ancilla partner ai:

|ψ0⟩ =
L⊗
i=1

1√
d

d−1∑
s=0

|s⟩pi |s⟩ai , (2.46)

with d = 3 for the clock model discussed earlier (See. Sec 2.5.1). The finite-β state is reached by
imaginary-time evolution acting on the physical sites only,

|ψβ⟩ ∝
(
e−βHphy/2 ⊗ Ianc

)
|ψ0⟩, (2.47)

implemented as a sequence of Trotter steps in the MPO representation of e−δτH [96].
The purification is non-unique: ρβ is invariant under any unitary Uanc acting solely on the

ancilla subsystem. This gauge freedom can be exploited to slow entanglement growth during the
subsequent real-time evolution( See Chapter 3 also, [97, 40]). One such choice is,

Uanc(t) = Iphy ⊗ e+iHanct, (2.48)

where Hanc has the same form as Hphy but acts on the ancilla sites. This setup will be utilized
in the next chapter. The schematic tensor network is outlined below,

(i) Matrix Product Operator

σ₁ σ₂ σ₃ σ₄

W W W W

σ'₁ σ'₂ σ'₃ σ'₄

(ii) Purified MPS
σ₁ σ₂ σ₃ σ₄

A A A AÃ Ã Ã Ã ⋯
D

σ̃₁ σ̃₂ σ̃₃ σ̃₄

(iii) Trotter evolution layers

A A A AÃ Ã Ã Ã ⋯

MPO (W) physical (A) ancilla (Ã) phys. Trotter gate (↑) anc. disentangler gate (↓)
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2.9 Conclusion

The methods developed in this chapter form the complete numerical toolkit deployed in the
remainder of the thesis. The MPS ansatz compresses many-body states into a tractable sequence
of local tensors, with canonical forms keeping the representation orthogonal and computationally
stable. Ground states are obtained by DMRG-style sweeping, solving a local eigenvalue problem
at each site and updating the bond space via subspace expansion when needed. For dynamics,
the Trotter decomposition translates the time-evolution operator into a brick-wall circuit of local
MPO gates, while TDVP projects the evolution directly onto the MPS tangent space, preserving
unitarity without inflating the bond dimension. Finally, the ancilla purification scheme embeds
the thermal state ρβ into a pure 2L-site MPS, and the ancilla disentangler keeps entanglement
growth localised during real-time evolution, making long-time correlators numerically accessible.
The following chapter applies each of these tools to compute the thermal Drude weight in the
integrable chiral clock model.
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3
Thermal Transport in an Integrable

Chiral Clock Model

The preceding chapters established the two pillars on which the discussion in this chapter rests:
the Kubo formula and linear response theory, which reduce the problem of experimentally

measurable transport to equilibrium current fluctuations in the isolated system (Chapter 1).
The tensor network methods provide a controlled numerical route to those fluctuations in large
one-dimensional systems (Chapter 2) at late times. We now deploy both to address a sharper
question: what does integrability imply for the phenomena of thermal transport?

In a generic quantum many-body system, conservation of energy alone is sufficient to permit
diffusive thermal transport. In an integrable system, however, the existence of an extensive set of
local conserved charges in involution places far stronger constraints on dynamics — suppressing
thermalization and generically producing a nonzero Drude weight, a delta-function singularity at
zero frequency in the dynamical conductivity that signals presence of ballistic energy transport.
The precise mechanism by which conserved charges give rise to this anomalous contribution is
captured by the Mazur inequality, which bounds the Drude weight from below through the overlap
of the current operator with each conserved charge. Whether this bound is tight, and which
charges are responsible, depends sensitively on the model — and remains largely unexplored
outside the extensively studied XXZ family .

In this chapter, we calculate the finite temperature thermal conductivity of a time-reversal
invariant chiral Z3 clock model along an integrable line in the parameter space using the time-
dependent density matrix renormalization group. The thermal current itself is not a conserved
charge, unlike in the case of XXZ model, but has a finite overlap with a local conserved charge
Q(2) obtained from the transfer matrix. We find that the Drude weight is finite at nonzero
temperature, and the Mazur bound from Q(2) saturates the Drude weight, allowing us to obtain an
asymptotic expression for the Drude weight at high temperatures. The numerical estimates of the
conductivity are validated using a sum rule for thermal conductivity. On the computational side,

This chapter is adapted from the publication: Sandipan Manna and G. J. Sreejith, “Thermal Drude weight
in an integrable chiral clock model,” Phys. Rev. B 108, 054304 (2023).
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we also explore the effectiveness of the ancilla disentangler in the integrable and nonintegrable
regimes of the model. We find that at high temperature, the disentangler helps by localizing
the entanglement growth around the quench location allowing us to obtain the Drude weight
in the integrable model. The improvement is insufficient to extract the asymptotic value of
the correlator in the nonintegrable regime. The ancilla disentangler also provides no additional
advantage at low temperatures.

3.1 Introduction

One-dimensional quantum systems host many experimentally realizable and theoretically tractable
models that exhibit a rich set of quantum phenomena, including phase transitions, quantum
transport, Luttinger liquids, etc. Transport setups that measure energy, spin or charge currents
generated in response to weak external field gradients are widely used in characterization of
such systems. Related questions of dynamics in weakly non-equilibrium situations have garnered
considerable theoretical interest [98] and inspired the development of efficient algorithms [99, 100,
101, 96] for their study. The spin-1/2 XXZ chain is an analytically tractable model that can be
realized in certain one-dimensional quantum magnets [102, 103]. Attempts to understand their
measured transport properties led to many early works on isolated XXZ chains and closely related
bosonic and fermionic models. These studies have revealed a connection between integrability
and anomalous transport applicable not just in magnets but also in experimentally realizable
bosonic and fermionic systems [104, 105, 106, 107].

Based on the seminal works by Mazur and Suzuki which relate the time-averaged correlations
with overlaps of operators and conserved charges [5, 6], it was argued [7] that the conductivity of
integrable systems such as the XXZ chain should have an anomalous zero frequency singularity
(Drude weight). XXZ model is associated with two physically accessible conserved charges
- namely energy and total spin quantum number along the z direction. The possibility of a
finite Drude weight for thermal and spin conductivity, as well as broader features of associated
transport, have been investigated in the XXZ model and its variants (including the cases with
impurity [108, 109] or noise [110]) over the past several decades [111, 112, 40, 113, 114, 115].

In the gapless phase of the XXZ model, corresponding to the easy plane anisotropic case,
early studies using Bethe ansatz suggested a finite zero temperature spin Drude weight which
monotonically decreases with temperature [39]. The spin Drude weight decreases towards zero
at all temperatures as the isotropic Heisenberg point is approached [116]. Numerical studies
using exact diagonalization and a finite temperature generalization of the Kohn’s formula [24,
25, 117] hints at vanishing spin Drude weight at finite temperatures in gapped phase when the
system has net zero magnetization [118, 119, 120, 121]. Results using generalized hydrodynamics
and thermodynamic Bethe ansatz approach also indicate zero spin Drude weight in the gapped
phase and finite spin-Drude weight in the gapless phase [116]. Broadly the results also agree with
tDMRG calculations which can access large finite size system sizes [40]. These results pertain
to the zero magnetization ensembles; the spin Drude weight is finite in ensembles with finite
magnetization even in the gapped phase [119]. Though the spin Drude weight has been found to
be finite in the gapless phase, contrary to the expectation, the spin current operator is orthogonal
to all local conserved charges obtained from the transfer matrix [35, 7]. The finite Drude weight
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has been understood in terms of the Mazur bound related to the overlap of the spin current with
certain additional quasi-local conserved charges [26, 122].

The thermal current operator in the XXZ model is a conserved charge [7], and consequently
the dynamical thermal conductivity has no finite frequency contribution. For the gapped phase,
numerics and Bethe ansatz [123, 7, 124] approaches reveal a power-law decay with temperature
of thermal Drude weight at high temperatures and an exponential decay with 1/T at low
temperatures, separated by a finite maximum. The trend is similar for the gapless regime, but
the low temperature behavior[125] is linear in T .

Besides the calculation of the Drude weight, other related aspects of ballistic transport have
also been explored. These include studies on Fourier’s law violations in non equilibrium steady
state currents generated in response to a potential gradient [99, 126, 127, 128, 129, 130, 108,
109], studies of currents in ray-dependent steady states after quench from a bipartitioned system
[131, 132, 133, 134, 135, 136, 137], and studies on the nature of spread of initial spin or energy
packets [114, 138, 139, 140]. Breaking the integrability in such models, for instance, by next
nearest neighbor interactions or noise, results in vanishing of the Drude weight and transfer of
the conductivity weight to finite frequencies [141, 142, 110, 143, 120].

While the XXZ model and equivalent fermionic and bosonic models have been explored in
great detail, not much has been systematically explored in other models [144]. In this chapter,
we investigate the Z3 chiral clock model with a spatial chirality [145, 146, 147, 148]. The model
hosts a rich phase diagram [149] and exhibits dynamics [150, 151, 131] of interest in Rydberg
atom systems [152]. More importantly, for our current interest, in parameter regime the model is
integrable [153].

We numerically calculate the dynamical thermal conductivity in the integrable regime using
techniques developed and applied successfully in the XXZ model and characterize the Drude
weight as a function of the temperature and model parameters. The Drude weight is found to
be finite at all temperatures and the temperature dependence qualitatively matches that of the
thermal Drude weight in the gapped phase of the XXZ model. We then borrow results on the
transfer matrix of the classical chiral clock model [153] to construct local conserved charges for
the quantum model. The Mazur bound from the simplest among these charges Q(2) is found to
saturate the numerically calculated Drude weight, which indicates that the current has a finite
overlap only with Q(2). This allows us to obtain an asymptotically exact expression for Drude
weight in the large temperature limit. The thermal current is not a conserved quantity, unlike
the XXZ model and has a component that is not conserved and therefore orthogonal to all other
conserved charges, we expect this to result in coexistence of diffusive and ballistic components in
the dynamics of energy packets in this model.

In the past, several numerical techniques have been utilised to address the questions on
transport phenomena in interacting quantum systems. Exact diagonalization techniques can
estimate correlator of local observables with high accuracy but suffers from severe finite-size
effect making the results unreliable in thermodynamic limit [154, 121, 155, 156, 157, 119, 120].
Tensor network based tDMRG method have also been used to investigate large system sizes and
therefore, practically approaching thermodynamic limit with tunable error and computation cost
[96, 69]. A modified tDMRG approach based on the ancilla purification is found to be able to
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significantly reduce the computational cost of the simulation [158, 40]. We use the latter in our
calculation of the relevant correlators.

This chapter is organized as follows. In Sec. 3.2, we introduce the model. Next, in Sec. 3.3,
we present the expressions for the energy density and energy current; and introduce the relation
between the conductivity and the current-current correlator which we use in the numerical
calculations. We also discuss constraints satisfied by the thermal conductivity namely the
sum rules and Kramers-Kronig like relation which we use in subsequent sections to validate
our numerical results. We discuss the Mazur bound and the conserved charges in Sec. 3.3.4.
Derivation of the conserved charges from the transfer matrix is presented in the Appendix 3.A. In
Sec. 3.4, we outline the tDMRG method that was used to obtain the numerical results. Finally,
in Sec. 3.5, we present our key results including the Drude weights as a function of temperature
and parameters and comparison with estimates from Mazur bound. This section also discusses
the frequency content of the regular part of the dynamical thermal conductivity. In Sec. 3.5.4,
we present our empirical observations regarding the efficiency of the ancilla disentangler used in
tDMRG calculations and conclude in Sec 3.6.

3.2 The quantum Z3 chiral clock model

In this section, we introduce the Z3 symmetric quantum chiral clock model in one spatial
dimension [145, 147, 148]. We assume open boundary conditions throughout unless mentioned
otherwise. The model can be motivated as a generalization of the Z2 symmetric transverse-field
Ising model [146]. The Hamiltonian is given by

H = −
L∑
j=1

[ᾱ1τj + ᾱ2τ
†
j + α1σjσ

†
j+1 + α2σ

†
jσj+1] (3.1)

where the operators τ and σ satisfy the following algebra,

τ3 = σ3 = I; τ † = τ−1; σ† = σ−1; στ = ωτ σ.

and ω ≡ exp
(

2πı
3

)
. These can be explicitly represented by the following matrices.

σ =


1 0 0
0 ω 0
0 0 ω2

 , τ =


0 0 1
1 0 0
0 1 0

 . (3.2)

The algebra of the operators σ and τ generalizes that of the Pauli matrices Sz and Sx which
appear in the Ising model.

The Hamiltonian is parameterized by complex scalar parameters α1 and ᾱ1, whose complex
conjugates are denoted by α2 and ᾱ2 respectively. We emphasize that the bar does not indicate
complex conjugates and the convention follows the one that has been used in literature [153].
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Alternatively, we can use the following parametrization.

α1 = Jeıθ, α2 = Je−ıθ

ᾱ1 = feıϕ, ᾱ2 = fe−ıϕ (3.3)

where f ≥ 0 is local Zeeman field and J ≥ 0 is nearest neighbor coupling. θ is a scalar parameter
that governs the chirality. ϕ breaks the time-reversal symmetry.

In the Z3 ordered phase, the order parameter cycles through three values (1, ω, ω2), so a
domain wall separating two ordered domains can wind in one of two directions, distinguished as
left- and right-moving (or opposite chirality) walls. For θ = 0 these two wall types are degenerate,
but the chiral coupling (θ ≠ 0) breaks the spatial left-right symmetry of the Hamiltonian, making
the two wall energies inequivalent: one type has a strictly lower gap than the other. This
asymmetry is the origin of the model’s “spatial chirality.”

Depending on the parameters θ, ϕ, the model can have discrete symmetries e.g. charge
conjugation (σ ↔ σ†, τ ↔ τ †), spatial parity(j ↔ L − j + 1) and time-reversal (H ↔ H∗)
symmetry. In this chapter, we focus on θ ̸= 0 and ϕ = 0 regime (i.e. ᾱ1 = ᾱ2 = f ∈ R) where
the model exhibits time-reversal symmetry. The model has a spatial chirality in this regime as
the energy of left and right domain walls are not equal. The Z3 chiral clock model has a phase
diagram with a disordered (f ≫ J) phase and a Z3 symmetry broken ordered phase (J ≫ f);
the latter contains a topological regime [149, 159, 160]. The phases are separated by a surface of
second order quantum phase transition points that passes through the critical three state Potts
model at J = f , θ = ϕ = 0 [161].

The model is integrable along the line [153]

f cos(3ϕ) = J cos(3θ) (3.4)

and superintegrable when θ = ϕ = π
6 [162, 163]. This chapter aims to understand aspects of

the model along the integrable line. For simplicity we consider only the time reversal invariant
models and study the properties as θ varies keeping ϕ to be 0, leaving the calculations in the
finite ϕ regime for a future work.
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3.3 Energy density,Thermal current operator and Drude weight

A key signature of an integrable model is the non-zero Drude weight which refers to a zero
frequency delta function peak in the conductivity. In this chapter, we explicitly calculate the
Drude weight in thermal conductivity as a function of temperature and Hamiltonian parameters.
In the following subsections, we present the expressions for the energy density, thermal currents,
conductivity and its Drude weight.

3.3.1 Local energy density and thermal current operator

In order to calculate the Drude peak (and dynamical thermal conductivity in general), we study
the two-point correlator for the thermal current whose definition depends on the choice of the
form of the local energy density operator. We choose the local energy density as a 3-site operator,

Hi = −α1
2 (σi−1σ

†
i + σiσ

†
i+1) − ᾱ1τi + h.c (3.5)

The thermal current operator, Ii acting on the bond between site i and site i+ 1 can be inferred
from continuity equation as Ḣi = ı[H,Hi] = −{Ii+1 − Ii}. The local current operator Ii has the
form

Ii = ı
ᾱα1

2
(
I

(1)
i + I

(2)
i

)
+ h.c (3.6)

where
I

(1)
i = (ω2 − 1)σi(τi + τi+1)σ†

i+1

I
(2)
i = (ω − 1)σi(τ †

i + τ †
i+1)σ†

i+1.
(3.7)

The total current operator is defined as I = ∑L
i=1 Ii. Symmetry considerations imply that the

current operator has zero expectation value in any thermal state [130].

Figure 3.1: (a) Evolution of the current-current correlator. The dotted lines are lower bound on
current-current correlator at different temperatures obtained from Mazur bound. The maximum
bond dimension for MPS is kept at 900-1200 with a cutoff for truncation ∼ 10−9 − 10−10.
J = 1, f = 2/5, θ = 1

3 cos−1(2/5). (b) Evolution of the current-current correlator for different f
along the integrable line at T = 5. Cutoff for truncation, ϵ ∼ 10−9 − 10−12.
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3.3.2 Thermal conductivity and sum rule

Here, we briefly recap the expression of thermal conductivity obtained in Chapter 1. Fourier
transform of thermal conductivity in the linear response regime is given by [2, 1]

κ(k,Ω+) = 1
ℏTkL

∫ 0

−∞
e−ıΩ+t⟨[Î(k, 0), Ĥ(−k, t)]⟩ dt (3.8)

where operators with hat (Î and Ĥ) represent the corresponding spatial Fourier transformed
form, Ω+ = Ω + ı0+, T is temperature, L is the number of sites. Integrating Eq. 3.8 by parts and
subsequently using continuity equation and the KMS condition [20] on the resulting expression,
the thermal conductivity in the long wavelength limit (k → 0) reduces to

κ(Ω) = 1 − e−βΩ

TΩ

∫ ∞

0
eıΩt lim

L→∞

⟨I(t)I(0)⟩
L

dt (3.9)

which can be used to numerically evaluate the thermal conductivity (hereafter we use thermal
conductivity to refer to its long wavelength limit only). The current-current correlator is directly
accessible in the numerical time evolution which we implement using finite temperature tDMRG
methods [69, 40, 101, 139, 132, 97].

As shown in Ref. [23] thermal conductivity satisfies the following sum rule:∫ ∞

0
Re κ(Ω) dΩ = lim

L→∞

π

2ℏTL⟨Θ⟩ (3.10)

which we can user to validate the results of the numerically estimated conductivity. We set ℏ = 1
throughout this chapter. Here Θ is called the thermal operator for which an exact expression is
given by,

Θ = − lim
k→0

d
dk [Î(k), Ĥ(−k)]. (3.11)

The expectation value in Eq. 3.10 is calculated in the thermal ensemble. For the specific choice
of current and energy operator, Θ can be expressed in terms of local real space operators as
follows.

Θ = ı

2
∑
i

[Ii,−3Hi−1 −Hi +Hi+1 + 3Hi+2] (3.12)

3.3.3 Drude weight

The extensive number of conservation laws in the integrable model can result in a non-zero value
for the current-current correlator at asymptotically large time, resulting in a divergent zero
frequency contribution to the thermal conductivity. The conductivity in the Fourier space has
the following decomposition:

κ(Ω) = 2πDthδ(Ω) + κreg(Ω) (3.13)

where,

Dth(T ) = lim
t→∞

lim
L→∞

⟨I(t)I(0)⟩
2LT 2 = lim

t→∞
lim
L→∞

⟨I(t)IL/2(0)⟩
2T 2 (3.14)
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We have invoked spatial translation invariance in the second equality. This can be directly
evaluated in tDMRG calculations.

As shown in Ref. [158], thermal conductivity can be calculated from the real or the imaginary
part of the current-current correlator; and the difference between the two can be used as an
estimate of the error in the calculated Drude weight. First, the real regular part of the dynamical
thermal conductivity (Eq. 3.13) can be obtained directly from Eq. 3.9. Moreover, thermal
conductivity Re κreg(Ω) can also be estimated using

Re κreg(Ω) = − 2
TΩIm

∫ ∞

0
eıΩt Im

[
lim
L→∞

⟨I(t)I(0)⟩reg
L

]
dt (3.15)

In addition to the sum rule, discussed in the previous section, we use this to estimate error in
the calculated conductivity and Drude weights (See Appendix 3.D).

3.3.4 Mazur bound

The Drude weight is related to conserved charges of the integrable model through Mazur’s
inequality [5, 6]. Assuming that the correlator has a steady asymptotic value, we can express
this as the long time average of current-current correlator expectation value. For averages over a
sufficiently large time window, the fluctuating contributions vanish from the spectral expansion,
and we get [164]

lim
Λ→∞

1
Λ

∫ Λ

0
dt⟨I(t)I(0)⟩ =

∑
m,n

En=Em

e−βEn

Z
|⟨n|I|m⟩|2 (3.16)

where Z = Tr[ρ], ρ = e−βH and Em denotes the energy of the mth eigenstate, |m⟩ and β = 1
T is

the inverse temperature.
We denote the extensive set of Hermitian local conserved charges by {Q(j) : [Q(j), H] = 0}.

The conserved charges can always be made orthogonal (under the operator inner product
⟨A,B⟩ρ = Tr[ρA†B]) i.e. ⟨Q(j), Q(k)⟩ ∝ δjk.

Any operator that is diagonal in the energy basis must be a conserved charge for the
Hamiltonian. This implies in particular that the diagonal part of current operator, I is a constant
of motion. Consequently, the total current operator, I can be expanded as

I =
∑
k=1

akQ
(k) + I ′ (3.17)

where

ak = ⟨Q(k), I⟩ρ
⟨Q(k), Q(k)⟩ρ

and I ′ is a purely off-diagonal matrix in any energy eigenbasis i.e. ⟨m|I ′|n⟩ = 0 if Em = En.
Using the expression for I from Eq. 3.17 in Eq. 3.16, we obtain the following expression for the
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asymptotic value for the current-current correlator

lim
Λ→∞

1
Λ

∫ Λ

0
dt⟨I(t)I(0)⟩ =

∑
k

|⟨Q(k), I⟩ρ|2

⟨Q(k), Q(k)⟩ρ
(3.18)

where sum is over conserved charges. Equation 3.18 can be used to get the following expression
for the Drude weight in terms of overlap of current operator and conserved charges:

Dth(T ) = lim
L→∞

1
2LT 2

∑
k

|⟨Q(k), I⟩ρ|2

⟨Q(k), Q(k)⟩ρ
(3.19)

The right hand side is a sum of non-negative terms, and in the absence of a complete set of
conserved charges the expression still provides a lower bound to the Drude weight.

There exists a one parameter family of 3L dimensional transfer matrices T (u) [153]
parametrized by u for the classical chiral Clock model in periodic boundary conditions. For
parameters that satisify Eq. 3.4, T commutes with the quantum Hamiltonian as well as with
each other (i.e. [T (u), T (u′)] = 0).

An extensive number of local conserved charges for the quantum model can be obtained from
a formal Taylor expansion of ln(T ) in powers of u (see for instance Ref [165]):

lnT (u) =
∞∑
j=1

Q(j)uj (3.20)

The simplest conserved charge Q(1) is the quantum Hamiltonian. The next term in the expansion
namely Q(2) is a 3-local conserved charge with the following form.

Q(2) =
∑
k

Ik + ı

(1
2 + ω

)
(α

2
1ᾱ

α2
− ᾱ2)τk + ı

(1
2 + ω2

)
(α

2
1ᾱ

α2
− ᾱ2)τ †

k (3.21)

Expression for Q(3) is presented in the Appendix 3.A.
The thermal current has a finite overlap with Q(2) and zero overlap with Q(3); this can be

explicitly computed for the infinite temperature ensemble, and numerically seen to hold at all
finite temperatures. This is similar to the case of the XXZ model [7]. Further, the numerical
results in the subsequent sections show that the thermal current has a finite overlap only with
Q(2) as the bound to the Drude weight calculated from only Q(2) using Eq. 3.19 saturates
the Drude weights calculated from asymptotic value of the finite temperature current-current
correlator. However, unlike the XXZ model, the thermal current is not a conserved quantity in
itself and Q(2) is not proportional the current. Only at critical point (α1 = α2 = ᾱ), conserved
charge Q(2) coincide with the thermal current operator (Eq. 3.21).

3.4 Numerical Method

To calculate the dynamical current-current correlator in Eq. 3.14, we employ a time-dependent
DMRG method (tDMRG) implemented using matrix product states. We realize the finite
temperature system as the subsystem of a bigger system containing the L physical and L ancilla
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degrees of freedom in a pure entangled state ψβ such that reduced density matrix of the physical
degrees of freedom is e−βHphy/Z [95]. Hphy is the Hamiltonian in Eq. 6.1 applied only on
the subsystem of physical sites. To prepare the state ψβ we start with a state where each
physical site is maximally entangled with one neighbouring ancilla, representing the purification
ψ0 of an infinite temperature physical system. The purification of the physical system at
inverse temperature β is obtained through an imaginary time evolution of the initial state:
|ψβ⟩ ∝ e−β

2Hphy ⊗ Ianc |ψ0⟩. Both imaginary and subsequent real time evolutions are implemented
through a fourth-order Trotter decomposition [96]. The real-time evolution results in exponential
growth of bond dimension in the MPS.

To slow down the bond dimension growth and access the largest possible time-scale, we
exploit the fact that purification is not unique as outlined in Ref. [40], due to the invariance of
the reduced density matrix of the physical system under arbitrary unitary transformations of the
ancilla subsystem. Entanglement growth can be slowed down by applying a suitable disentangler
unitary on the ancilla. For XXZ model, U = Iphys ⊗ e+ıHanct where Hanc is the same as the
Hamiltonian for the physical system (Hphy) but, acting instead on the ancilla subsystem (See
Ref [97, 40, 166] for details).

In this model (Eq. 6.1) as well, we observe empirically that, within a restricted class of
unitaries considered, the above unitary is optimal (See Appendix 3.C). This particular choice of
Uanc makes time-evolution of thermal state |ψβ⟩ nearly trivial and for the quenched state (the
thermal state perturbed by the operator i.e. IL/2 |ψβ⟩ in the present case), entanglement buildup
gets confined in the vicinity of the site where the current operator is applied. We found that
for our calculations it was sufficient to use a maximum bond dimension of χ of 900-1200 and a
singular value cut-off (ϵ) of 10−9 − 10−12 for truncation to get results with sufficient convergence.
We repeated the calculation for multiple system sizes, cutoff bond dimensions (χ) and truncation
weight cutoffs (ϵ) to confirm the convergence of our results (See Appendix 3.B).

One further optimization often carried out in such numerical calculations of correlators is to
exploit the time translation invariance in correlator where we write ⟨A(t)B(0)⟩ as ⟨A(−t/2)B(t/2)⟩
[167]. Unlike the case for the two-point correlator between a pair of local observables, we have a
task of evaluating a correlator of the form ⟨I(t)IL

2
(0)⟩ where one of the two operators is a sum

of local observables. The alternate strategy of calculating the required correlator as the sum of
correlators of local objects ⟨Ii(t/2)IL

2
(−t/2)⟩ has a cost that is typically higher [168, 167].

All the numerical calculations in the following section were carried out using code built on
ITensor [169, 170].

3.5 Numerical results

In this section, we present the results from the numerical calculations using methods discussed in
the previous section. All the results presented in the main text are for a system of L = 60 physical
sites. This section is organized as follows. The general features of the dynamical current-current
correlations and thermal conductivity are presented in Sec. 3.5.1 and verification of the sum rule
is discussed in Sec. 3.5.2. The main results of the chapter namely the variation of Drude weight
with temperature and parameters as well as a comparison with the Mazur bound are described
in Sec. 3.5.3. Lastly, we present an analysis of the efficiency of the disentangler unitary that
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we chose in subsection 3.5.4. Except in the last subsection, we consider only the integrable line,
along which the chirality θ is fixed by the integrability condition (Eq. 3.4); as f increases from 0
to 1, θ decreases from π/6 to 0.

Figure 3.2: (a) Evolution of the current-current correlator. The dotted lines are lower bound on
current-current correlator at different temperatures obtained from Mazur bound. The maximum
bond dimension for MPS is kept at 900-1200 with a cutoff for truncation ∼ 10−9 − 10−10.
J = 1, f = 2/5, θ = 1

3 cos−1(2/5). (b) Evolution of the current-current correlator for different f
along the integrable line at T = 5. Cutoff for truncation, ϵ ∼ 10−9 − 10−12.

3.5.1 Current-current correlator and thermal conductivity

Fig. 3.2(a) shows the time dependence of the real part of the current-current correlator for a
range of temperatures at a fixed Hamiltonian parameter f = 2/5. The dotted lines show the
estimates from the Mazur bound (Eq. 3.18). The calculated current-current correlator is in
excellent agreement with the Mazur bound. Generally the time taken to reach the asymptotic
value is larger at lower temperatures. Time dependence of the real part of the current-current
correlator at a fixed temperature T = 5 and different points along the integrable line is shown in
Fig. 3.2(b). We find that the current-current correlator reaches its asymptotic value faster at
larger f . We note that in the time series plot shown in Fig. 3.2(a,b) or the Fourier transforms
presented below, we have not used any extrapolation on the time series data [171] obtained
from tDMRG. All the data shown are from the actual tDMRG evolution. We did not find any
qualitative changes to the results upon using the extrapolated data.

Fourier transform of the conductivity can be calculated from the current-current correlator
using Eq. 3.9. Fig 3.3(a) shows the variation of the regular part of the thermal conductivity
as a function of Ω across a range of Hamiltonian parameter f . As f increases from 0 to 1
(simultaneously θ varies from π/6 to 0), the peak broadens but for f close to 1 the peak rapidly
decreases in height and vanishes at f = 1. In particular the κreg is exactly 0 for all frequencies at
the critical Potts model point (f = 1, θ = 0).

κ(Ω) has a delta function peak arising from the Drude weight, the remaining regular part
κreg of the conductivity as a function of the frequency is shown in Fig. 3.3(b). κreg is near zero
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Figure 3.3: (a) Real part of Fourier transformed regular thermal conductivity T = 0.5 as a
function of Ω. Different lines correspond to different values of Hamiltonian parameter f along
the integrable line. (b) Similar to (a) but for different values of temperature (T ). Results shown
are for J = 1, f = 2/5, θ = 1

3 cos−1(2/5), ϕ = 0.

at the highest accessible frequency and is finite for Ω → 0. This finite DC value indicates a finite
diffusive part to the energy transport in addition to the ballistic part. Due to errors arising from
finite time data (See Appendix 3.D) we are not able to detect the temperature dependence of
κreg(Ω → 0). At an intermediate range of frequencies (3.0 to 7.5 in this case) there is a finite
peak whose height decreases with increasing temperature. The frequency range is independent of
the temperature.

Now we consider the location of the peak in relation to the spectral gap. For the value of f
considered in Fig. 3.3, the gap above the ground state is ∆ = 1.2551 (calculated using DMRG
in a system of size 60). This should correspond to the lowest energy domain wall quasiparticle.
Energy of the domain wall with the opposite chirality should be higher due to finite chirality θ
[150]. Insertion of the current operator IL/2 is expected to generate a pair of opposite chirality
domain walls (τ operators in Eq. 3.7 flips a single spin, generating a pair of domain walls around
it) whose energy should be more than ∼ 2∆ consistent with the low frequency end Ωlow of the
peak. An alternate possibility is that a chain of three domain walls

∣∣...11...ωω...ω2ω2...11...
〉

of
same chirality costing an energy of ∼ 3∆ determines the location of low frequency end. Within
the resolution possible for Ωlow the two scenarios cannot be distinguished. As the critical point
is approached, f → 1, θ → 0, the spectral gap vanishes, which is consistent with vanishing Ωlow

in Fig. 3.3(a).

3.5.2 Sum rule

We now verify the sum rule for thermal conductivity following Eq.3.10. Fig. 3.4 shows the
integrated value of (numerically calculated) real part of thermal conductivity, Re κ(Ω) (LHS
of Eq. 3.10 shown as dots in the figure) compared with the expected sum (RHS of Eq. 3.10
shown as continuous line) as a function of temperature. We find good agreement between the
two, implementing a partial check on the current-current correlators calculated numerically.
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Figure 3.4: Verification of the sum rule by comparing RHS of Eq. 3.10 (solid line) where the
expectation value of Θ is calculated numerically using Eq.3.12 . The dots indicate the integral of
real part of Eq. 3.9 obtained from real time correlatlor ⟨I(t)IL

2
⟩ evaluated using tDMRG. The

different lines show results for different points on the integrable line.

The T in denominator of Eq. 3.10 results in the divergence at low temperature in Fig.
3.4. The sharp increase in integrated thermal conductivity at low temperature arises from the
intermediate frequency peak in Fig. 3.3 that gets more significant at low temperatures. The
finite temperature peak in the sum rule arises from the singular, zero frequency part i.e. Drude
weight of the thermal conductivity. Fig. 3.4 has a similar trend as in Fig. 3.6 at intermediate
and high temperature.
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Figure 3.5: Drude weight calculated from tDMRG as a function of f showing the monotonic
increase of Drude weight with increasing f . θ is chosen accoding to f along integrable line. The
solid line is a linear interpolation between data shown as a guide to the eye.

Figure 3.6: Variation of the Drude weight with temperature for different values of f . The solid
lines show the Mazur bound (Eq. 3.19). Dot markers show the Drude weight estimated from
tDMRG data (Eq.3.14). Temperature axis starts from T = 0.1. (Inset) High temp: Asymptotic
expression for Drude weight is represented by the dashed lines (Eq. 3.22). The dots are from
tDMRG estimates. Low temp: Drude weight from Mazur Bound in the low temperature regime.
Behavior for the critical point is consistent with a linear scaling with T while for the gapped
phase the trend is consistent with e− δ

T .
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3.5.3 Variation of Drude weight with temperature and Hamiltonian parame-
ters

In this section, we present the results for the numerically calculated Drude weights as a function
of the temperature and comparison with the Mazur bound. Fig 3.5 shows the Drude weight
computed from tDMRG as a function of the f for different temperatures showing a monotonic
(nearly quadratic at small f) increase with f . Drude weight changes non-monotonically with
temperature as can be inferred from comparing the plots for T = 0.5, 1, 5.0.

Fig. 3.6 shows the Drude weight numerically computed using tDMRG (dots in the figure) as
a function of temperature for different values of f ; and as mentioned before, the temperature
dependence is non-monotonic. The solid line shows the Mazur bound calculated numerically
using Eq. 3.19 considering only the Q(2) charge (See discussion in Sec 3.3.3 and Appendix 3.A).
The Mazur bound from Q(2) saturates the estimated Drude weight indicating that the thermal
current has no overlap with any other conserved charge.

Drude weight is found to be zero at zero temperature and increases rapidly as temperature
is increased till it reaches a finite temperature peak around T = 1. The high temperature
asymptotic behavior of the Mazur bound from charge Q(2) can be estimated to be

Dth(T = ∞) = 1
2T 2

⟨I,Q(2)
i ⟩ρ=I

⟨Q(2)
i , Q

(2)
i ⟩ρ=I

= 1
2T 2

24f2

5 − f2 . (3.22)

For f ≪ 1, the above expression suggests a quadratic variation with f consistent with Fig.
3.5. Figure 3.6(inset : high temp) shows the agreement (asymptotically) of Eq. 3.22 with data
obtained from tDMRG at high temperature.

In the low temperature (inset:low temp) regime, Drude weight decays linearly with T for the
critical system. The behaviour is qualitatively different in the gapped system (f ̸= 1) where we
observe a decay to 0 as e− δ

T . We can extract δ by fitting this to our data. For the two cases we
considered here, f = 0.4 and 0.6, we find δ ∼ 1.19 and 0.98 which are close to the corresponding
spectral gap 1.25 and 0.95 above the ground state respectively.

3.5.4 Efficiency analysis of the tDMRG with ancilla disentangler

The results presented in the previous sections were achieved using a disentangler unitary (See
Sec. 3.4) on the ancilla subsystem in the tDMRG calculations. The disentangler slows down
entanglement growth in general and makes accessing longer time scales possible. The effectiveness
of this approach however varies with the parameter and temperature regimes; qualitatively similar
to what was found in the case of XXZ model [97]. In this section, we present our empirical
observations along with some quantitative data on the efficacy of the disentangler approach
across model parameters and temperature for the model studied here.

In Fig. 3.7 (a) and (b) we show the variation of the maximum bond dimension after time-
evolution of the quenched (IL

2
|ψβ⟩) and thermal (|ψβ⟩) states respectively. In each case we

compare the bond-dimension growth with and without disentanglers applied to the ancilla. From
panel (a), we observe that the maximum bond-dimension of the quenched MPS grows much
faster (up to 2.5 times) for tDMRG without disentangler (dotted line) in contrast to the tDMRG
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Figure 3.7: (a)Growth of maximum bond dimension under real time evolution for the MPS
quenched from thermal state at different values of β. The dotted line indicates tDMRG without
application of disentangler and the solid line is for disentangled tDMRG. (b) Same as panel a
but, for time-evolution of thermal MPS without any quench.The parameters for the Hamiltonian
are J = 1, f = 2/5, θ = 1

3 cos−1(2/5), ϕ = 0 (integrable point). The truncation cutoff,ϵ = 10−9.

with disentangler (solid line). At low temperatures, on the other hand, both methods show
almost similar growth in maximum bond dimension with time. In Fig. 3.7 (b), we see that the
tDMRG with disentangler almost fully eliminates bond dimension growth of the thermal MPS
under unitary evolution. In contrast, unitary evolution of thermal MPS (|ψβ⟩) implemented
using tDMRG without disentangler shows rapid growth of maximum bond dimension with time.

In Fig. 3.8, we show the bond dimension of the time evolved states, as a function of the bond
position contrasting the cases with and without disentangler. We notice a uniform growth of
bond dimension throughout the system in the state that evolved without the ancilla disentangler
in contrast to localized growth of bond dimensions near the quench site in case of tDMRG
with disentangler. The spatial support of the operator is expected to spread linearly with time
evolution; this increase is manifested in the excess growth of entanglement around the quench
site (center in our case). Without disentangler, however there is an additional uniform buildup
of entanglement everywhere in the system. In Fig. 3.9, we show local bond dimension at low
temperature. Here, in both cases (tDMRG with and without disentangler unitary), local bond
dimension shows similar behaviour indicating no significant gain in efficiency from application of
ancilla disentangler.

We, so far, focused on the local bond dimension growth. However, time evolution calculations
are dominated by matrix multiplications and SVD operations which have a computational
complexity of O(d3) where d is the dimension of the matrices involved. Denoting the local bond
dimension at site i of the MPS by Mi, the computational cost can be quantified by ∑iM

3
i [97].

In Fig. 3.10, we provide a contour plot showing the variation of the computational cost ∑iM
3
i

with inverse temperature β and time, while keeping the truncation cutoff fixed at 10−9.
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Figure 3.8: Bond dimension as a function of bond position for the state quenched from a high
temperature (T = 6.25J) thermal state. Panel (a) data for tDMRG without disentangler and
panel (b) shows data for tDMRG with disentangler. Different lines correspond to different times.
The MPS bond dimension growth is localised about the quench site in case of tDMRG with
disentangler. Results shown are for the integrable point J = 1, f = 2/5, θ = 1

3 cos−1(2/5), ϕ = 0.
The truncation cutoff, ϵ = 10−9.

We first compare Fig. 3.10(a) and (b) where we show the contour plot for integrable point. We
observe that the tDMRG with disentangler affords us an improvement in the accessible timescale
- the same computational cost (the contour lines) is reached at a later time if the disentangler is
applied, as compared to the case without the disentangler. However the improvement is most
significant at higher temperatures, where the bond dimensions growth is generally much faster
and is therefore a relevant consideration. At low temperature where the bond dimension growth
is a lesser issue, the disentangler performs slightly worse. These observations are consistent with
Fig. 3.8 and Fig. 3.9.

Finally, we discuss Fig. 3.10(c) and (d) where we study a non-integrable point. The plots
suggest a minor gain in accessible time scales from ancilla disentangler. However, at non-integrable
points, we find that the timescales required for the transients in the current-current correlaters
to decay away is much larger compared to the integrable points; the improvements afforded by
the disentangler is not sufficient for us to reach these time scales.
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Figure 3.9: Similar to Fig. 3.8, this plot shows the spatial distribution of bond dimension but at
a low temperature point T = 0.1 (in unit of J). The parameters for Hamiltonian are J = 1 ,
f = 2/5, θ = 1

3 cos−1(2/5), ϕ = 0. The truncation cutoff is ϵ = 10−9.

Figure 3.10: Computational complexity as a function of β and time. (a) and (b) are for integrable
model (J = 1, f = 2/5, θ = 1

3 cos−1(2/5), ϕ = 0) with and without disentangler unitary
respectively. (c) and (d) are for non-integrable point J = 1, f = 2/5, θ = 0.3, ϕ = 0 with and
without disentangler unitary respectively. Colors indicate a measure of the computational cost.
Contour lines connect points of same computational cost. The truncation cutoff was maintained
at ϵ = 10−9 throughout the calculations.

3.6 Summary and Outlook

The constraints imposed by the extensive number of local conservation laws in integrable systems
manifest in many different ways - such as failure to thermalize to a Gibbs ensemble, long term
memory of initial states which strongly influence equilibrium steady state properties, unusual
features in energy spectral correlations, and anomalous signatures in measurable long term
response functions such as conductivities. The precise relation between these features has
been extensively investigated in the past several decades. This study uses extensive tDMRG
calculations to characterize the anomalous zero frequency peak parametrized by the thermal
Drude weight at integrable points of the Z3 chiral clock model.
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The thermal Drude weight is nonzero at all finite temperatures and vanishes as a power law
∼ 1/T 2 at large temperatures and appears to decay exponentially with 1/T at low temperatures.
At the critical point (gaplesss) the low temperature Drude weight fits a linear behavior with T

till the lowest temperature we studied (T = 0.1). These observations are consistant with what
was observed in the gapped and gapless phases of the XXZ model.

The numerically obtained Drude weights (from current correlators) shows excellent agreement
with the Mazur bound based on the simplest conserved charge Q(2) (Eq. 3.21) derived from the
transfer matrix and suggests that the thermal current has finite overlap only with one conserved
charge. Explicit calculations using the next conserved charge Q(3) is consistent with this.

The thermal current operator is however not identical to the conserved charge Q(2). This
corresponds to a scenario where part of the energy current is conserved manifesting as the
finite Drude weight. The difference between the current and the conserved charge results in a
non-trivial finite frequency part to κreg. This is unlike the case of the XXZ model where the
current is a conserved charge and κreg = 0.

The regular part of the dynamical conductivity shows a wide peak at frequencies which
could be correlated with the energies of the simplest domain walls. We also find a small finite
conductivity near zero frequency suggesting the possibility of a diffusive component to the energy
transport in addition to the ballistic part.

We used ancilla disentangler to increase the maximum times upto which we could compute
the correlators. For the integrable points, this allowed us to efficiently access the asymptotically
long time behavior of the correlator. However, for the non integrable points we checked, the
improvements afforded by the method were insufficient to access long time features of the
corelators. More careful choice of the non-integrable parameter regime, use of other disentangler
schemes [166], alternate computing schemes [172] or truncation methods [87, 173] may be helpful
in accessing longer time scales.

In this chapter, we have characterized the anomalous transport properties at the chiral but
time reversal invariant points in the integrable parameter space of the model. The similarities of
our results with the XXZ model highlights the universality of the relation between integrability and
anomalous transport, and suggests similar qualitative features for the time reversal broken (ϕ ̸= 0)
regime as well. However it will be interesting to understand how broken time reversal invariance
manifest in the anomalous transport features. The model also provides an interesting arena to
study dynamics and transport at superintegrable[162, 163] points and effects of integrability
breaking perturbations on them.

Appendix 3.A Transfer matrix and conserved charges

In this section, we give an outline for the derivation of the conserved charges of quantum Z3

chiral clock model from the transfer matrix for a classical 2D chiral clock model. Here we borrow
the results for the transfer matrix from Ref [153].

The energy density of the classical 2D model is [147]

E = −2Re
∑
j,k

EvZj,kZ
†
j+1,k + EhZj,kZ

†
j,k+1 (3.23)
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where Ev and Eh are complex coupling strengths along vertical and horizontal directions of the
2D square lattice, respectively and Z takes values from {1, ω, ω2}. (j, k) label site coordinates on
the 2D lattice.

The transfer matrix (with periodic boundary conditions) can be written as

TD =
2∑
j=0

(σ†
M )jlj

 M−1∏
k=−M

(LkLk+ 1
2
)

 LM (σM )j (3.24)

where the sites are indexed from [−M,M ].

Lk(u) =
2∑

n=0
l̄n(u)τnk

Lk+ 1
2
(u) =

2∑
n=0

ln(u)(σkσ†
k+1)n

The weights in the transfer matrix, l̄1, l1, l̄2, l2 parametrize Ev, Ev∗, Eh, Eh∗ of the statistical
mechanics model and l0 = l̄0 = 1.

For a certain parameters, Z3 chiral clock model becomes Bethe ansatz integrable. This implies
choice of functions l, l̄ such that the transfer matrices satisfy Lax pair conditions [T (u), T (u′)] = 0
and [T (u), H] = 0 where H is a quantum Hamiltonian.

Ref [153] considered functions of the form l1,2 = α1,2u+O(u2) and l̄1,2 = ᾱ1,2u+O(u2) in
which case H matches the quantum chiral clock Hamiltonian (Eq. 6.1). The Lax pair conditions
can be shown to imply (see Ref [153] for details)

αm

2∑
k=0

S̄m+k

S̄k
ω−nk = ᾱn

2∑
k=0

Sn+k
Sk

ω−mk (3.25)

for m,n ∈ {1, 2} where

S̄m =
2∑

k=0
ωmk l̄k , Sm =

2∑
k=0

ωmklk (3.26)

which can be obtained from the star-triangle relation. These have solutions provided

α3
1 + α3

2
α1α2

= ᾱ3
1 + ᾱ3

2
ᾱ1ᾱ2

(3.27)

These are equivalent to the integrability condition Eq. 3.4 using the definitions in Eq. 3.3 for
the chiral clock model. In the rest of the calculations we restrict to the case where ᾱ1 = ᾱ2 = ᾱ

which corresponds to the case where ϕ = 0 as was assumed throught this chapter.
Logarithm of the transfer matrix is the generator of an infinite set of local conserved charges

i.e.

Q(k) = lim
u→0

dk
duk lnT (u) (3.28)

where Q(k) is the kth conserved charge. In the rest of this section, we calculate Q1, Q2, Q3.
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At lowest order we get Q(1) to be the quantum Hamiltonian H in Eq. 6.1. To obtain the
higher order terms, we extend the expansion for the functions l, l̄ as follows

ln(u) = αnu+ βnu
2 + γnu

3 +O(u4)

l̄n(u) = ᾱnu+ β̄nu
2 + γ̄nu

3 +O(u4) (3.29)

for n = 1, 2. Note that β,γ are not complex conjugates of β̄,γ̄. We solve for these additional
parameters by inserting Eq. 3.29 in Eq. 3.25 and equating coefficients of powers of u on both
sides.

Equating coefficients of the lowest order in u in Eq. 3.25, we get the following solution
parametrized by one free parameter:

β̄1 = ω( ᾱ
α2
α2

1 − ᾱ2) + ( ᾱ
α2

)β2

β̄2 = ω2( ᾱ
α2
α2

1 − ᾱ2) + ( ᾱ
α2

)β2

2(α1β2 − α2β1) = α3
1 − α3

2. (3.30)

We can plug in solutions of Eq. 3.30 in the Eqs. 3.29, subsequently expand Eq. 3.24 and use Eq.
3.28 to get the the conserved charge Q(2) explicitly (this does not depend on the undetermined
parameters γs). Demanding Hermiticity fixes the free parameter in Eq. 3.30 and we obtain,

Q(2) =
∑
k

[Ik + ı

(1
2 + ω

)
(α

2
1ᾱ

α2
− ᾱ2)τk+

ı

(1
2 + ω2

)
(α

2
1ᾱ

α2
− ᾱ2)τ †

k ] (3.31)

Similarly we can constrain γ by equating the subsequent order in u in Eq. 3.25 resulting in
the following conditions involving γ and γ̄

(ω − 1)(ᾱγ2 − α2γ̄2) = 2(2 + ω)α2ᾱβ̄1 + (ω − 4)α2ᾱ
3

−α1ᾱ(α2
2(ω − 4) + 2β1(2 + ω))

(ω + 2)(ᾱγ2 − α2γ̄1) = 2(ω − 1)α2ᾱβ̄2 + (ω + 5)α2ᾱ
3

−α1ᾱ(α2
2(ω + 5) + 2β1(ω − 1))

3(α2γ1 − α1γ2) = 2α2
2β2(−3ω) − 3(1 + 2ω)α1α2(ᾱ2 − 2β̄1)

−α2
1(2β1(−3ω2) − 3α2

2(1 + 2ω)) (3.32)

These have a one parameter set of solutions (for γs; the other parameters were determined in the
previous step) which we fix by demanding Hermiticity of Q(3)(its explicit form does not depend
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on higher order terms omitted in Eq. 3.29) which has the form:

Q(3) =
∑
k

[Aσk(τ †
k + τ †

k+1)σ†
k+1 +Bσk(τk + τk+1)σ†

k+1−

C(τkσkτk+1 + τ †
kσkτ

†
k+1)σ†

k+1+

Cσk(τ †
kτk+1 + τkτ

†
k+1)σ†

k+1+

Dσk(τk+1 + τ †
k+1)σ†

k+2+

Eσk(σk+1τk+1 + τ †
k+1σk+1)σk+2+

Fτk +Gσkσ
†
k+1

+h.c] (3.33)

where
A = ω2

2 ᾱα2
2 − ω2ᾱ2α1,

B = ω

2 ᾱα
2
2 − ωᾱ2α1,

C = ᾱ2α1,

D = −ᾱα2
1,

E = ωᾱα1α2,

F = 3ᾱα1α2,

G = 3
2 ᾱα

2
2 + ᾱ2α1 + 1

2α
2
1α2.

We find that both these charges Q(2) and Q(3) have terms with support on up to 3 sites. These
are orthogonal under the norm ⟨, ⟩ρ defined in the main text at all temperatures we tested.

Appendix 3.B Convergence of real-time data from tDMRG

Truncation cutoff (ϵ) affects the computational cost and accuracy of tDMRG calculation. We
verified the convergence of our current-current correlator by comparing results at different ϵ. For
T = 1, we observe in Fig. A.1 that the truncation cutoff 10−9 is sufficient. At larger cutoff (e.g
1e− 7), the Re⟨I(t)I L

2
⟩ decreases fast from around time 5 indicating reliability of the result only

upto small timescales. On the other hand, for ϵ ≤ 10−9 the asymptotic behaviour shows very
small difference at long timescale indicating convergence of result.

In Fig. A.2, we observe that for the same truncation cutoff and bond dimensions, ancilla
disentangler produces reliable results for significantly longer timescales.
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Figure A.1: Convergence of Re⟨I(t)IL/2(0)⟩ with decreasing truncation cutoff. J = 1, f = 2
5 ,

θ = cos−1(2
5), T = 1 . Maximum bond dimension is 900 in all cases. (Inset) Magnified version of

the Re⟨I(t)IL/2(0)⟩ data. Notice the blue and red curves overlap.

Figure A.2: Similar to Fig. A.1 but shows the effect of ancilla disentangler. Solid line is with
tDMRG with disentangler unitary and dotted line is without application of ancilla disentangler.
Maximum bond dimension is 900 in all cases. J = 1, f = 2

5 , θ = cos−1(2
5), T = 2 .
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Appendix 3.C Choice of finite temperature disentangler unitary

As noted in the main text, invariance of the reduced density matrix under unitary transformations
of the 3L dimensional ancilla Hilbert space allow us to choose an optimal ‘disentangler’ unitary
transformation of the ancilla that minimize entanglement growth. A search within the 32L

dimensional parameter space of the unitary group U(3L) is computationally impossible, so we
consider a one parameter set of anicilla unitaries of the form eıh(θanc) where h(θanc) has the same
form as the clock model Hamiltonian but with a parameter θanc replacing θ of the physical
Hamiltonian.

Figure A.3: Optimal value for θanc decided from the bipartite Von-Neumann entropy on bonds
near the quench site. The violet vertical line corresponds to θanc = θ. The solid lines correspond
to entanglement growth in thermal state and the dotted lines correspond to entanglement growth
in thermal state evolved after quench. The entanglement is measured after time 2.5. Calculations
are done at integrable point corresponding to f = 2/5 on a system of 30 physical sites.

We observe that for θanc = θ (Fig. 3.C), the entanglement growth (as measured by the bipartite
Von Neumann entropy) on the bonds near the quench site is minimum at any temperature. The
disentangler is most effective at high temperature. Similar conclusion holds for non-integrable
points too.

Appendix 3.D Consistency check of conductivity data

As discussed in section 3.3.3, we can evaluate the thermal conductivity using two equivalent
expressions (i.e. Eq. 3.9 and Eq. 3.15). They should result in same values if we have data for
correlator at all time. However, tDMRG calculation can provide reliable data only up to a finite
timescale. Consequently, we incur a “finite-time error" in the discrete Fourier transform required
for thermal conductivity calculation ( Eq. 3.15). We can estimate this error from the difference
in the values obtained from Eq. 3.9 and Eq. 3.15. In Figure A.4, we provide the data for 3
different temperature at a single point (f = 2/5) on integrable line. It can be readily observed
that the estimates from Eq. 3.9 (solid line) and Eq. 3.15 (dotted line) match quite well for most
finite frequency region with significant difference between them only at low frequency. This is
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expected as low-frequency regime gets most affected by long time data. However, the estimated
errror obtained here is order of magnitude smaller than Drude weight.

0 2 4 6 8 10 12

Ω

0.00

0.01

0.02

0.03

0.04

0.05

R
e(

κ r
eg

(Ω
))

T = 6.667
T = 1.250
T = 0.625

Figure A.4: Re κreg obtained from eq.3.9 is shown in solid line and the same from 3.15 is shown
in dotted line. Notice both curves overlap for large Ω while deviation can be observed for small
Ω.
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4
Exact Full Counting Statistics in

Non-Equilibrium Steady States

The study of thermal-transport in Chapter 3 through Drude weights characterizes a quantum
state through expectation values of local observables and their low-order time correlations.

This utilizes the linear response regime, but it captures only the first few moments of the
distributiion of local observable. The distinction of local observables has become accessible on
modern programmable quantum simulators [174, 175, 176, 177], where the elementary output
of an experiment is not an expectation value but a sample from the joint distribution of L
single-site projective measurements, and repeated sampling reconstructs the full distribution
P (m) of a spatially averaged observable m̂ = L−1∑

i ôi directly. In Chapter 4 we exploit this
shift of perspective: working with the exact solution of the boundary-driven XXZ chain’s NESS
(Sec. 1.5), we compute not only the mean of m̂ but its distribution and rate function, which
governs the exponentially suppressed probability of observing an atypical fluctuation in a system
of size L. The mathematical framework for this shift from expectation values to full distributions
is the theory of large deviations introduced in Chapter 1.

4.1 Introduction

Expectation values of local observables in the long-time limit of typical unitarily evolving, large
quantum manybody systems are described by a Gibbs ensemble or a generalized Gibbs ensemble
with chemical potentials determined by the expectation values of the conserved charges in the
initial state. Less is known about description of local properties and correlations in steady
states of nonequilibrium systems with nonzero charge current except when a hydrodynamic
description is available. Local properties in general out-of-equilibrium states of interacting
microscopic models are usually difficult to access due to the computational cost involved in

This chapter is adapted from the publication: Sandipan Manna and G. J. Sreejith, “Full distribution and
large deviations of local observables in an exactly solvable current carrying steady state of a strongly driven XXZ
chain,” Phys. Rev. E 111, 044139 (2025).
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producing accurate microscopic representation of the nonequilibrium steady state (NESS).
Dynamics of quantum many-body systems in contact with external reservoirs has been a

major focus of both theoretical and experimental investigations in recent years. In the weak
coupling regime, Lindblad type master equation [10, 42] can approximate the effective nonunitary
dynamics of the system after integrating out the reservoir degrees of freedom. We study a specific
case of an XXZ spin chain coupled at the ends to spin baths represented by maximally polarizing
Lindblad couplings. Despite strong interactions and strong bath coupling that are well outside
the linear response regime, the NESS can be exactly represented in MPS form [11]. Several
closely related models also admit exact NESS representations in various forms [178, 179, 180,
181, 182, 183, 184]. We bypass the numerical limitations in the usual studies of interacting
nonequilibrium systems by using the exact, numerically convenient MPS representation of the
NESS presented in Ref. [11] to describe its features.

In addition to correlations and expectation values of the magnetization, we also calculate
the full distribution of the local spin observables in the NESS. The full distribution can be a
useful characterizing tool in experimental cold atom systems due to access to the same through
time-of-flight methods and snapshot images with single-atom resolution on such platforms [174,
175, 176, 177]. This has inspired studies of full distribution of local observables and current in
diverse settings where demonstrative calculations can be performed on microscopic toy models of
quantum many body systems such as in 1-D Bose gas under quantum quench [185, 186, 187,
177], ground states of XXZ chain [188], ground states of 2D Bose Hubbard model [189], XXZ
chain after quench [190, 191, 15], 2D/3D Heisenberg model after quench [192], free fermion and
XY model ground states [193, 194], ground state of Haldane Shastry model [195], long range
interacting Ising model [196], quenched Ising models with dynamical confinement [197] and
random circuits [198, 199]. The integrated current distribution that characterizes dynamical
processes has also been calculated in random quantum circuits [14], in the driven XX model [179]
and the XXZ chain with dephasing baths [200].

This chapter studies the distribution of local observables in the current carrying steady state
of an interacting spin system where this calculation can be reliably performed. Calculations of
local properties using the solution for NESS in the MPS form reduces to numerically convenient
transfer matrix evaluations. We present explicit expressions of the spin correlations and entropy
density as well as the scaled cumulant generating function (SCGF) for the z-magnetization
density, z-domain wall density, and z-antiferromagnetic ordering density in the XX model (Ising
anisotropy ∆ = 0). We find that the increasing current causes short range antiferromagnetic
ordering reflected in the dependence of local spin densities on spin current in the bulk. In the
finite ∆ setting, numerically exact results in the limit of infinite system size can be obtained
when ∆ has the form cos pqπ for co-prime integers p, q. We also analyze the effect of finite system
size on the SCGF of the z-magnetization density. For finite p and q, the asymptotic limit is
approached exponentially. We show that the rate of approach to the asymptotic large system
size limit is a strongly discontinuous function of ∆. The rate of convergence to aymptotic SCGF
vanishes with increasing p and q. This, for instance, implies that (p, q) = (1001, 4001) has a
much smaller gap than (p, q) = (1, 4) though they have similar values of ∆.

The chapter is organized as follows. We introduce the model in Sec. 4.2 and the exact
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representation of the NESS in terms of MPS in Sec. 4.3. We provide a brief overview of the
proof of the MPS representation of the NESS following Ref. [11]. This section establishes the
notation that we use in the rest of the chapter. In Sec. 4.4, we present the results for the
noninteracting (XY limit) limit of the model where analytical calculations are possible. We
calculate the full distribution of the local observables, the two-point correlations, and the entropy
density in the NESS. In Sec. 4.5, we present the results on full distribution of local magnetization
and spin current for the general XXZ model at finite Ising anisotropy ∆. We also discuss the
symmetries of the NESS and the implications of these symmetries on its properties. Section 4.5.5
discusses rate function (also referred to as large deviation function) for finite systems as well as
asymptotic limit of the SCGF. We conclude in Sec. 4.6. Our primary contribution are the results
beyond expectation value of local observables, i.e., results on full distribution and large deviation
statistics of local observables in a strongly driven interacting spin chain.

4.2 Model

We study a spin-1/2 XXZ chain of length N coupled to spin-baths at both ends. The time
evolution ∂tρ = Lρ(t) of the density matrix is determined by the Liouvillian L,

Lρ = −ı[HXXZ , ρ] + ϵD1ρ+ ϵDNρ. (4.1)

The evolution in the bulk is governed by the Hamiltonian with local density hi,i+1

HXXZ =
N−1∑
i

hi,i+1 = J
∑
i

σxi σ
x
i+1 + σyi σ

y
i+1 + ∆σzi σzi+1 (4.2)

where ∆ is the Ising anisotropy, σαi are Pauli matrices and ϵ is the strength of the coupling
between the chain and the bath. We will set |J | = 1 in all calculations. The dissipator Dkρ has
the Lindblad form

Dkρ(t) = 2Lkρ(t)L†
k − {L†

kLk, ρ(t)} (4.3)

acting on spins at the two ends of the chain k = 1, N . L1 = σ+ and LN = σ− are the jump
operators and σ± = σx±ıσy

2 . With these, the dissipative terms at the two ends simplify to

D1ρ = (σ+
1 ρσ

−
1 − P ↓

1 ρ) + H.c.,

DNρ = (σ−
Nρσ

+
N − P ↑

Nρ) + H.c., (4.4)

where P νk represents the projector onto the state ν acting on site k.
We are interested in the NESS density matrix ρ∞ which satisfies Lρ∞ = 0. The z-

magnetization density profile and the energy density profile in the NESS are shown in Fig. 4.1.
For |∆| < 1, the bulk shows a flat zero magnetization profile in the thermodynamic limit, with a
finite magnetization at both ends. Such flat charge density profiles are ubiquitous in the NESS
of integrable and ballistic quantum chains [99, 201]. The energy density profile shows a similar
behavior with a jump at the ends and flat profile in the bulk. For |∆| > 1, the spins are close
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Figure 4.1: (a) Local z-direction magnetization and (b) local energy density as a function of
position. The solid lines and dotted lines are for ϵ = 1 and 0.5, respectively. Results for system
size N = 100.

to maximally polarized but along opposite directions on the left and right halves of the chain,
with a sharp jump in magnetization at the center. The energy density shows a similar flat profile
except near the center. Figure 4.1 shows the profiles for ∆ > 0. For ∆ < 0, the spin profile
remains the same but the energy profile is sign-reversed (Also see discussion of symmetries in
Sec. 4.5.1).

Spin and energy expectation values in the Fig. 4.1 are obtained from the exact solutions from
Ref. [11] summarized in Sec. 4.3. In this chapter, we use the exact solutions and go beyond the
expectation values of local observables and study their correlations and the full distribution in
large blocks as well as the entropy in the ρ∞. Calculation of such quantities requires the ρ∞ for
large system sizes with high precision so that longer range and multisite correlations contributing
to the full distribution are faithfully captured in the NESS. Direct calculation of ρ∞ by exact

Figure 4.2: Relaxation time scale τ as a function of system size. (a) In the gapless regime the
relaxation time appears to increase with system size as τ ∼ N3. Exponent was obtained by
fitting the largest three N values in each case to τ ∼ Nα. The plot is in log-log scale.(b) In the
gapped regime the relaxation time,τ ∝ exp(cN). The plot is in semilog scale.
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diagonalization (ED) of L is unfeasible beyond N ∼ 12 sites. Accurate TEBD estimation is also
impractical for systems exceeding ∼ 100 sites, as the time scale required for relaxation to the
NESS extends past the regime where tensor network algorithm predictions remain reliable.

Figure 4.2 shows the rapid growth of relaxation time scale τ (estimated in small systems
using ED of the Liouvillian as the reciprocal of the eigenvalue with the second largest real part)
as a function of system size N . As was already demonstrated in Ref. [202], the relaxation time
scales with system size as τ ∝ N3 for |∆| < 1 and τ ∝ exp(cN) for |∆| > 1. The latter scaling
is due to the maximally polarized regions in the chain that suppress the dynamics that leads
to relaxation. The τ scales as ∼ N3 for all ∆ if the baths are not maximally polarized [202].
While ∆ within each phase has little effect on τ , relaxation time increases with decreasing bath
coupling ϵ through the amplitude of the power-law and exponential scaling.

We take advantage of the access to the exact solution for ρ∞ of the nontrivial interacting
system to calculate the full distribution and rate functions for the fluctuations of the local
observables in the bulk of the chain demonstrating the large deviation principle for these
quantities. Additionally, we calculate the correlations and entropy density in ρ∞.

4.3 MPS form of the nonequilibrium steady state

The NESS ρ∞ can be exactly expressed in a matrix product form as was shown in Ref. [11,
44]. We first state the solution. We also provide a short summary of the proof after this for
completeness. We will need only the solutions shown in Eq. [4.5, 4.6, 4.50] in the rest of the
chapter. In the subsequent subsection, we also illustrate the construction of MPO for local
observables and the corresponding transfer matrix representations.

4.3.1 MPS Solution

The NESS ρ∞, being a positive semidefinite matrix, can be expressed as a product SNS†
N . An

ansatz for SN can be written as a matrix product state (MPS) over Pauli strings of the following
form:

SN = ∑
ψs1s2s3... × σs1 ⊗ σs2 ⊗ . . . σsN , (4.5)

ψs1s2s3... = ⟨0|
∏N
i=1Asi |0⟩.

Here, si takes values from {+,−, 0}, σsi acts on the ith site and σ0 = I/
√

2. The local tensors
As act on the bond Hilbert space HB and have the following form

A0 =
√

2|0⟩⟨0| +
∑∞

r=1

√
2a0

r |r⟩⟨r|,

A+ = ıϵ|0⟩⟨1| +
∑∞

r=1
a+
r |r⟩⟨r + 1|, (4.6)

A− = |1⟩⟨0| +
∑∞

r=1
a−
r |r + 1⟩⟨r|.

HB is spanned by the orthonormal states |r⟩, r = 0, 1, . . . . The explicit form of the matrix
elements are given in the appendix Eq. 4.50.

We briefly comment on the specific structure of the ansatz. Firstly, while the most general
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ansatz for SN would contain σz/
√

2 in addition to {σ±, σ0}, SN does not contain σz. Secondly,
symmetries of L implies that the density matrix commutes with the spin operator Sz = ∑

i σ
z
i ,

i.e [Sz, SNS†
N ] = [Sz, SN ]S†

N − H.c. = 0. The above ansatz assumes specifically that [Sz, SN ] = 0.
This local symmetry of SN suggests that it can be written in terms of quantum number conserving
tensors A (see for instance, Ref. [69]) where each bond index is associated with a charge. The
tri-diagonal structure in the above ansatz assumes that the dimension of each charge sector is 1
implying the states can be labeled by the charge. The symmetry [Sz, SN ] = 0 implies that the
symmetry charge of the bond state appearing on the left and right ends are the same and can be
chosen to be 0. Last, boundary conditions imply that A−|0⟩ = 0 which suggests that negative
bond charges are not needed.

4.3.2 Summary of the proof

Figure 4.3: MPS representation of L,L(1) and R,R(1) acting on sites 1 < i ≤ N and 1 ≤ i < N
respectively. The operators L(1) and L differ in the bond charge on the left end. Similarly R(1)

and R differ in the bond charge at the right end. The leg indices are Pauli indices si.

Before sketching the proof, it is useful to define the operators shown in Fig. 4.3 in their
MPS form. Operators L and R are equivalent to SN−1 but act on the N − 1 sites 2, 3 . . . N
and 1, 2, . . . N − 1 respectively. Operators R(1) and L(1) are similar to R and L respectively but
unlike them these are terminated on the left and right ends respectively by |1⟩ instead of |0⟩.

We first state a sufficient condition on SN such that SNS†
N is the steady state. If SN can be

written as

SN = I1 ⊗ L+ ıϵσ+
1 ⊗ L(1)

SN = R⊗ IN +R(1) ⊗ σ−
N (4.7)

and it satisfies the following divergence condition

[H,SN ] = −ıϵ(σz1 ⊗ L−R⊗ σzN ) (4.8)

then ρ∞ = SNS
†
N is annihilated by the L.

To see this, we consider the action of the dissipator, on the density matrix. Using Eq. 4.4 in
Eq. 4.7, we get

ϵD1SNS
†
N = ϵ(σz1 ⊗ LL† + ıϵσ−

1 ⊗ LL(1)†
) + H.c..

ϵDNSNS
†
N = −ϵ(σzN ⊗RR† + σ+

N ⊗RR(1)†
) + H.c... (4.9)
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By identifying terms similar to Eq. 4.7 in the ight-hand side (RHS) we see that the first and
second lines are ϵσz1LS

†
N + H.c.. and −ϵSNR†σzN + H.c.., respectively and therefore

ϵ(D1 + DN )SNS†
N = ϵ(σz1 ⊗ L−R⊗ σzN )S†

N + H.c..

This has to be canceled by −ı[H,SNS†
N ] so that LSNS†

N = 0. Using the Leibnitz rule for the
commutator,

ı[H,SNS†
N ] = ı[H,SN ]S†

N + H.c..

Comparing the RHS of the above equations we see that Eq. 4.8 (in addition to Eq. 4.7) is a
sufficient condition SNS†

N to be the steady state. Solutions to these are presented in Appendix 4.A.

4.3.3 Expectation value as transfer matrix

The expectation value of an operator O is given by

⟨O⟩ = Tr(S†
NOSN )/Z

where Z = Tr(S†
NSN ),. Expectation value of a single site operator O on site k can be written as

⟨0|T k−1VOT
n−k|0⟩/Z where |0⟩ ≡ |0, 0⟩ ≡ |0⟩ ⊗ |0⟩ ∈ HB ×HB, the transfer matrix VO, which

maps state jj′ ∈ HB ×HB to the state ii′ ∈ HB ×HB, is given by,

A

Ā

µ

ν

ji

i′ j′

Õ[VO]jj
′

ii′ = =
∑

µ,ν=±,0
Ai,j
µ A

i′,j′
ν Õµν

and T = VI. The normalization is Z = ⟨0|TN |0⟩. The 4 × 4 matrix Õ is given by

Õµν = Tr[σ†
µOσν ]

where σµ, σν ∈ {I/
√

2, σ−, σ+, σz/
√

2}. Expectation values of direct product of single site
operator OjO′

j+1 can be calculated as ⟨0|T j−1VOjVO′
j+1
TN−j−1|0⟩/Z.

Now we consider the case of more general operator O, which cannot be written as a direct
product of single site operators. Such an observable has an MPO representation

Ml M
i j

· · · M MrO ≡

where the elements Mij of the tensors (for each bond index pair i, j) are single-site operators.
The expectation value of O acting on sites a to a+ l can be written as

Tr[ρO] = ⟨0|T a−1VMaV
l−1
M VMa+lT

N−a−l|0⟩/Z, (4.10)
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where VM is obtained by [VM ]ij = VMij for the single site operator Mij , VMij was defined earlier
in this section.

We now illustrate this with a specific example of the operator corresponding to the imaginary
field generating function of the z-domain wall count in a block from a to a + l. This can be
written as G(λ) = Tr[ρO] where O = exp(ıλ2

∑a+l−1
i=a σzi σ

z
i+1) up to a phase factor which we ignore

for this discussion. O can be expressed as an MPO with with local tensors of bond dimension 2
as O = MaM

l−1Ma+l where

Ma =
[
I σz

]
Ma+l =

[
I cos λ2
ıσz sin λ

2

]
,

M =
[

I cos λ2 σz cos λ2
ıσz sin λ

2 ıI sin λ
2

]
. (4.11)

Operators here are multiplied as tensor product. We obtain the corresponding transfer matrices
as the following block matrices

VMa =
[
T Vσz

]
VMa+l =

[
T cos λ2
ıVσz sin λ

2

]

VM =
[

T cos λ2 Vσz cos λ2
ıVσz sin λ

2 ıT sin λ
2

]
.

With these, the generating function is given by

G(λ) = ⟨0|T a−1VMaV
l−1
M VMa+lT

N−a−l|0⟩/Z. (4.12)

The state SN has a maximum bond dimension of N/2. For a generic operator O of MPO
bond dimension χ, transfer matrices T, VMl

, VM and VMr in general have sizes N2/4 × N2/4,
N2/4×N2χ/4, N2χ/4×N2χ/4 and N2χ/4×N2/4 respectively. For large systems multiplication
of these matrices can be prohibitively expensive without suitable truncation of their dimensions.

However, in the case of operators O that can be written as a polynomial in {σz, I} such as G
introduced before, the evaluation is made efficient by the fact that Õµν ∝ δµν , and the transfer
matrices Vσz and T conserve the quantity Q(i, i′ ∈ HB ×HB) = i− i′ in the bond indices:

[Vσz ]
jj′

ii′ = T jj
′

ii′ = 0 if Q(i, i′) ̸= Q(j, j′) (4.13)

Since Q(0, 0) = 0 at the two ends and Q is conserved by T and V , only the Q = 0 sector is
relevant in every bond and T, V can be restricted to the Q = 0 sector. This restriction reduces
the dimension of the transfer matrices in the relevant sector (Q = 0) to N/2 for T and Nχ/2
for VM . Calculations using such small transfer matrices can be efficiently performed to high
precision due to the O(N) scaling of the matrix sizes.

For the case of O = σz and O = I, Õ ≡ diag(0,−1, 1, 0) and diag(1, 1, 1, 1) respectively. The
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transfer matrices Vσz and T = VI, restricted to the Q = 0 sector are given by

Vσz =
∞∑
r=0

|a+
r |2|r⟩⟨r + 1| − |a−

r |2|r + 1⟩⟨r| (4.14)

T =
∞∑
r=0

|a+
r |2|r⟩⟨r + 1| + |a−

r |2|r + 1⟩⟨r| + 2|a0
r |2|r⟩⟨r| (4.15)

where |r⟩ here denotes the |r, r⟩ ∈ HB ×HB.

4.4 Results for ∆ = 0

In the XX limit (∆ = 0), the tensors A can be truncated to 2 × 2 matrices,

A0 =
√

2

1 0

0 ıϵ
2

 , A+ =

0 ıϵ

0 0

 , A− =

0 0

1 0

 .
The truncation is due to the fact that the matrix elements in A that take the state out of the
space spanned by {|0⟩, |1⟩} are 0 (See Appendix 4.A.1). The transfer matrix in the bond charge
sector Q = 0 (Eq. 4.15) becomes,

T =

2 ϵ2

1 ϵ2

2


which acts on the space spanned by |0, 0⟩, |1, 1⟩ in the Q = 0 subspace of HB ⊗ HB. The
truncation of the dimensions of the T and Vσz allows us to obtain exact closed form expressions
for various quantities. In this section, we calculate the properties of local spin operators in the
XX limit.

Mean and two-point correlations of spins: The transfer matrix Vσz in the Q = 0 sector
(Eq. 4.14) is given by,

Vσz =
[

0 ϵ2

−1 0

]
.

The magnetization ⟨σz⟩ on the ith site can be calculated as ⟨T i−1VσzT
N−i⟩/Z. This is exactly 0

except at the two ends where the magnetization increases monotonically with ϵ as ±ϵ2/(ϵ2 + 4).
The two-point σz correlator can be calculated as

⟨σizσjz⟩ = ⟨0|T i−1VσzT
j−i−1VσzT

N−j |0⟩/Z

The connected two point correlator is zero except on adjacent sites when it is −4ϵ2/(ϵ2 + 4)2[184].
Now we consider the magnetization in the x direction. The density matrix commutes with

Sz and therefore magnetization ⟨σx⟩ is 0 everywhere. The two point correlator ⟨σxi σxj ⟩ can be
calculated as 2Re⟨σ+

i σ
−
j ⟩. We can calculate ⟨σ+

i σ
−
j ⟩ using

⟨σ+
i σ

−
j ⟩ = ⟨0|T i−1Vσ+T j−i−1

+− Vσ−TN−j |0⟩/Z.

Note that Vσ± alters the Q by ±1. T+− is the transfer matrix in the Q = 1 subspace of HB ×HB.
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Figure 4.4: Rate functions for the (a) magnetization, (b) staggered magnetization and (c) domain
wall density in the NESS of the XX model obtained from Legendre transform of Eq. 4.20, Eq. 4.22
and Eq. 4.25 for different representative values of ϵ. Rate functions are the same at ϵ and 4/ϵ.

The Q = 1 subspace implies that the bonds can be in a one-dimensional space spanned by the
state |0, 1⟩. This is because the matrix elements of A that take the bond state out of this space
vanish. These are given by

T+− = −ıϵ/2, Vσ+ = −ıϵ
[

1
1/2

]
, Vσ− =

[
1 ϵ2

2

]
.

The two point correlation in the bulk can be calculated to be

⟨σxpσxp±k⟩ = 4
( 2ϵ
ϵ2 + 4

)k
cos πk2 , (4.16)

assuming p, p± k are not the ends 1 or N .
The correlations are 0 for all odd values of the distance k and otherwise is oscillatory with an

exponentially decaying amplitude ∼ [2ϵ/(4 + ϵ2)]k. Local spin current expectation value can be
calculated as 2JIm⟨σ+

i σ
−
i+1⟩ and gives

⟨Js⟩ = 2ϵ
4 + ϵ2

J. (4.17)

4.4.1 Distribution of local observables in a block

z-magnetization We now study the distribution of the local observables in the system. The
total magnetization in a block of size l between a and a+ l is given by (N = 2n+ l),

M z
l =

a+l∑
j=a+1

σzj
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M z
l has eigenvalues M ∈ [−l, l]. The imaginary field generating function GMz

l
= ⟨eıλMz

l ⟩ for the
magnetization distribution can be written as ⟨0|TnV l

ezT
n|0⟩/Z where (in the Q = 0 sector)

Vez(λ) = T cosλ+ ıVσz sinλ =
[
2 cosλ eiλϵ2

e−iλ 1
2ϵ

2 cosλ

]

The generating function GMz
l

in the bulk is independent of number of sites on the left and right
of the block and can be calculated to be

GMz
l
(λ) = αl+1

+ − αl+1
−

α+ − α−
(4.18)

α± = 1
2

cosλ±

√
cos2 λ+

( 4ϵ
4 + ϵ2

)2
sin2 λ


The distribution of magnetization can be obtained as the Fourier transform of GMz

l
. M z

l at ϵ = 0
and ϵ → ∞ has the binomial distribution P (M) = C l(l+M)/2 (where Cab = a!

b!(a−b)! are binomial
coefficients) as expected for uncorrelated spins in the infinite-temperature ensemble. At ϵ = 2,
the distribution is given as P (M) = C2l+2

l+1−M where {M} is the set of eigenvalues of M z
l . For

general ϵ, the distribution has zero mean and the variance is

var(M z
l ) = (l + 1) 8ϵ2

(4 + ϵ2)2 − l. (4.19)

The generating function along the real counting field λ can be calculated in a similar way.
This lets us obtain the SCGF as follows,

ΦMz
l
(λ) = lim

l→∞

ln⟨eλMz
l ⟩

l
= ln 1

2

coshλ+
√

cosh2 λ−
( 4ϵ

4 + ϵ2

)2
sinh2 λ

 (4.20)

suggesting that the distribution satisfies the large deviation principle i.e. P (m) ≈ e−lI(m) where
I(m) is the large deviation rate function and m = M z

l /l is the magnetization density. The rate
function Iϵ(m) of the magnetization density can be obtained through a Legendre transformation
of Φ (assuming Gärtner-Ellis theorem[12, 13]). The rate function can be explicitly computed at
ϵ = 0,∞, 2:

Iϵ=0,∞(m) = H((1 +m)/2)

Iϵ=2(m) = 2H((1 +m)/2) − 2H(1/2)

where H is the binary entropy function. For general ϵ, the rate function can be obtained by
numerical Legendre transformation. The rate function (shown for representative values of ϵ
in Fig. 4.4(a)) interpolates between the above two functions for other ϵ. The distribution is
qualitatively the same at all ϵ, it is narrowest at ϵ = 2 and broadens on either side of 2.

Staggered magnetization Generating function for the staggered magnetization distribution
in a block of 2l spins N z

2l = ∑x+2l
j=x+1(−1)jσzj can be computed as ⟨TnV l

enT
n⟩/Z where Ven(λ) =
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Figure 4.5: Distribution of Mx
l at ∆ = 0 for ϵ = 1 (solid line) and 10 (dashed line) The three

different colors show different block sizes l. (Inset) Dependence of Var(Mx
l ) on ϵ. N = 100.

Vez(λ)Vez(−λ). This can be explicitly computed to see that the mean is 0 and the variance of
the distribution is given by

var(N z
l ) =

( 4ϵ
4 + ϵ2

)2
(l − 1/2) + 2l (4.21)

The SCGF for staggered magnetization can be calculated as the following.

ΦNz
l
(λ) = 1

2 log 1
2

(
cosh2(λ) + 8ϵ2 sinh2(λ)

(ϵ2 + 4)2 + cosh(λ)

√√√√cosh2(λ) + 16ϵ2 sinh2(λ)
(ϵ2 + 4)2

 (4.22)

The rate function for the staggered magnetization density can be found from numerical Legendre
transformation. This is shown in Fig. 4.4(b). The distribution is broadest at ϵ = 2 but narrows
for values of ϵ away from this.

Domain wall count: Here, we calculate the distribution of domain wall count as

Dz
l = 1

2

x+l−1∑
j=x+1

1 − σzjσ
z
j+1.

in a block of size l. The generating function can be obtained using the MPO form described in
Eq. 4.11.

⟨eλDzl ⟩ = e
λ
2 l
ζ+ + ζ−
ζ+ − ζ−

(
ζ l+1

+ − ζ l+1
−

ζ+ + ζ−
+ ζ l+ − ζ l−

)
(4.23)
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of the distribution of block magnetization, staggered magnetization and mean domain wall count
in the XX model.

where l is the number of bonds in the block and

ζ± = 1
2 cosh λ2 ± 1

2

√
cosh2 λ

2 +
( 4ϵ

4 + ϵ2

)2
cosh λ2 sinh λ2

The distribution has a mean and variance

Dz
l = l(1 − 4ϵ

4+ϵ2 )

var(Dz
l ) = 1

8

(
4ϵ

4+ϵ2
)4 (

1 − 3l
2

)
+ l (4.24)

At large-l limit, the SCGF for domain wall count is given by,

ΦDz
l

= lim
l→∞

ln⟨eλDzl ⟩
l

= ln ζ+ (4.25)

The rate function for the deviation Dz
l −Dz

l is shown in Fig. 4.4(c).

x-Magnetization: The generating function for x-magnetization can also be calculated using
transfer matrices but of a larger dimension 4 × 4. We could not analytically construct powers
of these larger transfer matrices and therefore the SCGF could not be obtained in a closed
form. However these can be numerically multiplied to obtain the distribution. Figure 4.5 shows
the numerically obtained distribution at different values of ϵ. The variance of the distribution
is qualitatively similar to that of the z-magnetization. Figure 4.6 summarizes the variance of
different local observables discussed in this section.

4.4.2 Bipartite entropy at ∆ = 0

Last, we calculate the second Renyi entropy in a system bi-partitioned into NA and NB = N−NA

sites, R2 = − 1
NA

ln[(TrB[ρ])2] which can also be computed with a generalization of the transfer
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matrix method. The entropy per site is given by,

R2 = − 1
NA

ln ⟨0|XNATNB |0⟩
⟨0|TN |0⟩

. (4.26)

Here, |0⟩ ≡ |0, 0⟩. We represent the tensor diagrams necessary to evaluate the expression for R2

below in Fig.4.7. The figure illustrates calculation of R2 for the reduced density matrix of first
two sites in a system consisting of four sites.

Figure 4.7: The tensor diagrams that are evaluated to obtain Bipartite Renyi entropy. Density
matrix ρ in terms of SN , expression of R2 and M (see the expression for X) is shown.

The transfer matrices T and X act on H4
B and can be written as

Tj1j2j3j4i1i2i3i4
=

∑
µ1,µ2∈{±1,0}

Āi1j1µ1 Ai2j2µ1 Āi3j3µ2 Ai4j4µ2

and
Xj1j2j3j4i1i2i3i4

=
∑

µi∈{±1,0}
Āi1j1µ1 Ai2j2µ2 Āi3j3µ3 Ai4j4µ4 Mµ1µ2µ3µ4

where M ≡ Tr[σ†
µ1σµ2σ

†
µ3σµ4 ]. For the case of the XX model this can be evaluated explicitly by

substituting exact form of 2 × 2 A matrices (presented in Sec.4.4) in the expressions of T,X,

lim
nA→∞

R2(∆ = 0) = − ln 1 + θ2/2 +
√

1 + θ2

4 , where θ = 4ϵ
4 + ϵ2

. (4.27)
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Discussion

Spin current as a function of ϵ shows a peak value at ϵ = 2 (Fig. 4.6). The variance of block
magnetization as well as entropy per site also shows a minimum at the same point. The domain
wall count and staggered magnetization shows a maximum at this point. The ϵ dependencies
of the means, variances, distributions, rate functions, correlations, and the entropy found in
the previous sections occur through combination 2ϵ/(4 + ϵ2) which is also the expectation value
of spin current. The current is same at two different bath couplings ϵ and 4/ϵ. The physical
quantities mentioned in the previous sections are the same at these two values of the couplings.
This suggests that the state of the system deep in the bulk is determined by the current.

The eigenstates of the current operator on a bond are given by | ↑↑⟩, | ↓↓⟩, | ↓↑⟩ ± ı| ↑↓⟩
wherein the first two has eigenvalue 0 while the last two have eigenvalues ±J i.e they carry spin
current in opposite directions. The maximum value of the NESS current injected through the
chain using the boundary coupling is however only ⟨Js⟩ = J/2 which is less than the largest
eigenvalue of the current.

The two site density matrix of the state can be explicitly computed using the two site
correlators. We find that the two site density matrix is diagonal in the eigenbasis of the current.
Population of the space of fixed current eigenvalues are (Js = 0 subspace is 2 dimensional)

p(Js = 0) = 1−⟨Js⟩2

2 ,

p(Js = ±J) = 1+⟨Js⟩2

4 ± ⟨Js⟩
2 .

It can be checked that this is the maximum entropy two-site state with fixed ⟨Js⟩.
The states with higher current have higher populations of the two current carrying eigenstates.

These two-sites states have antiferromagnetic correlations. This current induced short range
antiferromagnetic correlation provides a qualitative picture for the higher domain wall count,
broader staggered magnetization distribution and narrow magnetization distribution when the
current is higher.

4.5 Results for ∆ ̸= 0

4.5.1 Symmetry transformations

We can infer several features of the NESS from the transformation properties of L and the
uniqueness of the NESS. We begin by considering some simple transformations of the Liouvillian.

The unitary transformation u that rotates the spins on alternate sites 1, 3, . . . by π around
the z axis maps the Hamiltonian H(J,∆) to H(−J,−∆). The jump operators (∼ σ±) may
pick up a sign but the dissipators D1,n, being quadratic in the jump operators, are invariant.
So L(J,∆) transforms to L(−J,−∆) under u. From uniqueness of the NESS we conclude that
steady state at parameters −J,−∆ can be obtained from those at J,∆ by

ρ∞(−J,−∆) = uρ∞(J,∆)u†.

From the definition of L in Eq. 4.1 it is easy to check that (LJ,∆[ρ])∗ = L−J,∆[ρ∗] in the z
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Figure 4.8: (a) Expectation value of spin current as a function of ϵ at different ∆. The solid lines
and dotted lines are for system sizes N = 100, 60 respectively. (inset) Variation of current in the
insulating regime (∆ > 1) with system size N for two systems at ∆ = 1.1, 1.4 at ϵ = 2. The scale
is semi-log i.e. demonstrates ⟨Js⟩ ∝ e−cN where c depends on ∆. (b) Rescaled energy density at
the center as a function of ϵ. y-axis shows (hNESSj,j+1 − hgsj,j+1)/B where hgs is the ground state
of the bond Hamiltonian and B is the bandwidth of the energy spectrum. j is taken to be the
center of the chain for ∆ < 1 and j ∼ N/4 for ∆ > 1.

basis. This implies that
ρ∞(−J,∆) = ρ∗

∞(J,∆).

Last, we consider unitary transformation U = Iux where I is spatial inversion and ux is a π
rotation of all spins about the x axis (which changes the sign of σz and σy) . The Liouvillian is
invariant under this transformation as ux keeps H invariant but interchanges the σ+ and σ−

thereby interchanging the left and right jump operators; the latter is undone by I. Assuming
uniqueness of ρ∞, it is also invariant under U .

The first two results imply that spin profile ⟨Sz⟩ is invariant under changes in signs of J
and/or ∆. For a block of spins in the center of the chain, the last result implies that the
generating function Gz(λ) in a block at the center of the chain is an even function of λ. This
implies that the distribution of magnetization and the rate function W (m = Mz/l) are even
functions.

The spin current is given by JS = ıJ(σ+
j σ

−
j+1 − σ−

j σ
+
j+1). The first two transformation

properties of the NESS imply that JS is even under change of sign of J and/or ∆. Similarly,
the first two properties imply that expectation value of the energy density h (Eq. 4.2) changes
sign when sign of J or ∆ is changed. They also imply that x-magnetization and staggered
magnetization interchange roles under change of sign of ∆.

It can also be shown that the energy current JE at the center of the chain changes sign under
the symmetry U of the density matrix, so it has zero expectation value throughout the chain.
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Figure 4.9: (a) ϵ corresponding to the maximum of the spin current as a function of ∆. (b) Peak
current as a function of ∆. Dotted black lines show the quadratic (panel (a)) and cubic (panel
(b)) fits. Different colors denote different system sizes. Black dotted lines are quadratic(cubic) fit
to data in panel a(b). (as discussed in main text)

4.5.2 Expectation value of spin current and energy

Like the case of ∆ = 0, spin current as a function of ϵ has a maximum at some ϵmax (Fig. 4.8 (a)).
For fixed ϵ current decreases with ∆. At small ϵ, the current is ϵ/2, independent of ∆. Current
is system size N independent for ∆ < 1, decays exponentially with N for ∆ > 1 (Fig. 4.8 (a)
inset). At ∆ = 1, the current decays as 1/N2 [11]. At large ϵ, the current decays as 1/ϵ at ∆ = 0
(Eq. 4.17) and ∆ = 1.

The coupling at peak current is ϵmax = 2 at ∆ = 0 and decreases to ϵmax = 0 as ∆ increases
to 1 (Fig. 4.9(a)). We empirically find this to be closely approximated by ϵmax ≈ 2 − 3∆2/2. The
peak current shows a discontinuous jump from max[Js] = J/2 to a smaller value as ∆ changes
from 0. The discontinuity appears to be smoothened by the finite size effect. For ∆ > 0, we
empirically find that the peak current is well approximated by max[Js] = 0.43 − 0.35∆3 till ∆
close to 1.

Energy current is exactly 0 due to the symmetries discussed in the previous section. Energy
density is a constant deep in the bulk for 0 < ∆ < 1. This bulk value increases monotonically
with ϵ and ∆ as shown in Fig. 4.8(b).

4.5.3 Entropy

Numerically obtained values of entropy per site in a bipartitite system with equal halves is shown
in Fig. 4.10. The entropy is ln 2 for ϵ = 0 and ϵ = ∞ representing an infinite temperature state
at ∆ = 0. This appears to hold for small ∆ as well in finite size calculations. The bipartite
Renyi entropy (R2) decreases with ϵ initially till some ϵentropy

min (∆) and then increases at larger ϵ.
Entropy decrease with ∆ until ∆ = 1, after which the spins are nearly maximally polarized and
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Figure 4.10: Bipartite Renyi Entropy per site (R2) as a function of ϵ for different values of ∆.
N = 20 and NA = 10.

have R2 ≈ 0.
Qualitative features for the von Neumann entropy of small subsystems of size 4 showed similar

features. Entropy is lower at the ends and higher in the bulk. Unlike the case of ∆ = 0, the
minimum of the entropy as a function of ϵ does not coincide with current maximum.

4.5.4 Spin correlations

Figure 4.11(a) shows the connected correlator between the z components of the spins at the
center and other sites. Qualitative properties of the z-correlations remain the same as that in
∆ = 0, adjacent sites are anti-correlated but correlations at larger distance remain weak even at
larger ∆ and ϵ.

Figure 4.11(b) shows the representative examples of correlations between the x-components
of the spins. ⟨σxi σxN

2
⟩ is short ranged but stronger than ⟨σzi σzN

2
⟩. It is oscillatory with an envelop

rapidly decaying with distance. x-correlations appear stronger at larger ∆ and ϵ. In the limit of
large N , correlation lengths show strong discontinuous ∆ dependence, and are consistent with
the eigenvalues of the transfer matrix. The correlations are primarily short ranged. However,
asymptotic tails containing small amplitude correlations that decay slowly with distance are
present.
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Figure 4.11: Representative examples of the equal time correlation of the spin at the center of
the chain with other spins as a function of position(i) . ⟨σzi σzN

2
⟩ (panel (a)) and ⟨σxi σxN
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(b)) for different values of ∆ and ϵ. Solid and dashed lines denote ϵ = 4 and 1 respectively.

4.5.5 Scaled cumulant generating function and rate function for magnetization

In this section, we present the SCGF and rate function (also referred to as large deviation
function(LDF)) for the magnetization density m = M z

l /l. This characterizes the magnetization
distribution in a block of l sites in the middle of a chain of length N = 2n+ l where n denotes
the chain length outside the block of interest on both sides. The SCGF ϕMz

l
(λ) is calculated as

1
l ln⟨eλMz

l ⟩ for real valued λ. Unlike the ∆ = 0 case, the SCGF cannot be analytically calculated.
However, we can compute the SCGF in a numerically exact way using the transfer matrix
approach (Sec. 4.4). The large deviation function can be calculated in principle by Legendre
transformation after taking N → ∞ (this is equivalent to n → ∞) followed by l → ∞ limit on
SCGF. We choose ∆ values such that ω = arccos ∆ is a rational multiple of π i.e ω = p

qπ where
p, q are co-prime integers. For these cases, we can access the asymptotic-N, l behavior of the
SCGF. Accessing asymptotic-N limit is not possible for generic ∆ as the transfer matrices have
infinite dimesion in those cases when N → ∞. We focus on the ω = p

qπ cases in the rest of this
section.

The probability distribution P (m) of local observables like M z
l can also be obtained directly as

the inverse Fourier transform of the imaginary field SCGF ϕMz
l
(ıλ) = 1

l ln⟨eıλMz
l ⟩ for finite systems.

The rate function can then be computed as −1
l ln P (m)

P (0) . The probability of large deviations from
mean value of magnetization becomes exponentially suppressed for large l, requiring numerically
expensive high-precision calculations. We present a comparison between this approach and the
rate function estimated from Legendre transform in Appendix 4.B demonstrating the equivalence
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of both approaches in systems as large as l = 280 and N = 400.
In the remainder of this section, we exclusively present the results for the rate function

estimates obtained from the numerical Legendre transform of SCGF. We present the data for
ϵ = 0.1, 1.0 and 10.0 as demonstrative cases.

The finite-size SCGF is calculated for the steady state as follows,

ϕMz
l
(λ, l,N) = 1

l
ln Tr(ρ∞e

λ
∑l

k=1 σ
k
z ) (4.28)

which can be evaluated using the transfer matrix approaches in Sec. 4.3.3. It can be inferred
by looking at the elements of transfer matrix (See Appendix 4.A.1) and MPO representation
of the generating function that the corresponding matrices get truncated to the dimension q

for ∆ = cos(pπ/q). This allows us to get asymptotic behavior of SCGF and rate function in a
numerically exact way. The transfer matrix, T has a spectral decomposition T =

q∑
i=1

tiTi,RT T
i,L

where ti, Ti,R, Ti,L are i-th eigenvalue, corresponding right and left eigenvectors of T respectively.
To compute SCGF, we need the transfer matrix corresponding to eλMz

l as well. We represent
it as U which has the following expression.

U(λ) =
∞∑
r=0

e−λ|a+
r |2|r⟩⟨r + 1| + eλ|a−

r |2|r + 1⟩⟨r| + 2 cosh(λ)|a0
r |2|r⟩⟨r| (4.29)

Equation 4.28 can be expanded as,

ϕMz
l
(λ, l,N) = 1

l
ln ⟨0|TnU lTn|0⟩

⟨0|T 2n+l|0⟩
(4.30)

where we have assumed the system has N = 2n+ l sites in total and observables are calculated
in a block of length l in the middle of the chain. In the n → ∞ limit with finite l, this further
simplifies to

ϕMz
l
(λ, l,∞) = lim

N→∞
ϕMz

l
(λ, l,N) = 1

l
ln

T T
1,LU

lT1,R

T T
1,LT1,R

( 1
t1

)l
. (4.31)

T1,R, T T
1,L and t1 are dominant right and left eigenvectors and corresponding eigenvalue of T

respectively. By considering a similar spectral decomposition of U =
q∑
i=1

uiUi,RUT
i,L, we can obtain

the asymptotic N, l limit of SCGF,ΦMz
l
(λ). We have numerically verified that for all the cases

studied here, the spectral gap between two dominant eigenvalues of T and U is finite which
justifies the following expressions. The spectral gap goes down as ∆ → 1. (see Appendix 4.C),
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Figure 4.12: The SCGF numerically estimated for finite l and N → ∞ for ∆ = cos(17π/39) ≈ 0.2
and ϵ ∈ [1.0, 10.0]. Insets show the zoomed in regions. The color grading goes from light green
(l = 400)) to blue (l = 3800) in step of 400. The red dotted line indicates SCGF at l → ∞
obtained using Eq. 4.31.

ΦMz
l
(λ) = ϕMz

l
(λ,∞,∞) = lim

l→∞
ϕMz

l
(λ, l,∞) = lim

l→∞

1
l

ln
(T T

1,LU1,R)(UT
1,LT1,R)

(T T
1,LT1,R)(UT

1,LU1,R)

(
u1
t1

)l
= ln u1

t1

Expanding ΦMz
l
(λ) up to second order in λ we can obtain the asymptotic-N, l variance. This

will be discussed in the next subsection. Subsequently, leading order finite-l correction to
ϕMz

l
(λ,∞,∞) can be estimated by expanding Eq. 4.31,

ϕMz
l
(λ, l,∞) − ΦMz

l
(λ) = 1

l
ln
(

1 + α

(
u2
u1

)l)
+ subleading terms, (4.32)

where α = (T T
1,LU2,R)(UT2,LT1,R)

(T T
1,LU1,R)(UT1,LT1,R) . This suggests that SCGF approaches the asymptotic-l value

ΦMz
l
(λ) as C1

l e
−C2l where C1 and C2 depends on ∆, ϵ and counting field λ i.e l dependence of

SCGF is asymptotically exponential.
We present the SCGF obtained for finite-l and its asymptotic-l behavior in Fig. 4.12 for

∆ = cos(17π/39) ≈ 0.2 and N → ∞. The finite-l SCGF is obtained using Eq. 4.31. The
finite-size effect is largest at intermediate ϵ.

We show the convergence of SCGF to its asymptotic-l value in Fig. 4.13 for two values of
counting field λ at multiple ϵ,∆. The deviation from asymptotic limit of SCGF due to finite l is
almost entirely captured by the first order terms in Eq. 4.32 (shown using solid lines in Fig. 4.13).
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Figure 4.13: The first order correction to asymptotic SCGF as a function of blocksize l at N → ∞.
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solid lines indicate the leading order correction obtained from Eq. 4.32. The data shows two
values of counting field ,λ = 0.2 and 0.6.

The decay constant C2 depends on the gap between the lowest two eigenvalues u2, u1. For ∆
of the form cos pqπ, the gap is shown as a function of ∆ in Fig. 4.18 in Appendix 4.C. The gap
decreases with p and q. This implies that even if p/q and p′/q′ are arbitrarily close to each other,
if p′, q′ are larger than p, q, then their gaps will differ. Thus the gap is a highly discontinuous
function of ∆.

From the SCGF, we can then obtain a finite-size estimate of the rate function I(m, l,N)
using a Legendre transform of the SCGF (assuming Gärtner-Ellis theorem[12, 13]),

I(m, l,N) = sup
λ∈R

{λm− ϕMz
l
(λ, l,N)} (4.33)

Figure 4.14 shows the convergence of finite-l estimate of the rate function for average
magnetization m = M z

l /l in a block of size l(400 ≤ l ≤ 3800) for multiple ϵ values in the n → ∞
limit. The finite-size effect in the estimate of SCGF is expected to show up in rate function
estimate as well. This can be clearly seen in the inset. Note that the finite-l effect is minimal at
small ϵ regime, grows in intermediate ϵ and is suppressed in large ϵ.

Finally, to complete the discussion, we study the finite-N effect in rate function and its
scaling properties in Appendix 4.D.
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Figure 4.14: The rate function corresponding to the distribution of the average magnetization
m = Mz/l = ∑

σz/l in a block of size l for NESS at ∆ = cos(17π/39) ≈ 0.2 and ϵ = 0.1, 1.0 and
10.0 at N → ∞. Different lines represent different l. The color grading goes from light green
(l = 400)) to blue (l = 3800) in step of 400. The red dotted line is the asymptotic large-l rate
function obtained from Legendre transformation of Eq. 4.31. (Inset) The zoomed in view of the
main figure at extreme m.

4.5.6 Properties of magnetization distribution

In this section, we look at the distribution of transverse magnetization in the block. This
calculation cannot be performed in large systems as the transfer matrices cannot be restricted
to the charge Q = 0 block of the bond Hilbert space. Nevertheless explicit calculation can be
performed in smaller systems.

Figure 4.15 shows the distribution of Mx
l =

l∑
i=1

σxi in a block of size l in the middle of a chain
of N = 100 sites for different values of ϵ and ∆. At large values of ∆ > 0.9 the distribution shows
a double peak structure in small block sizes, which merges into a single peak in larger blocks.
This suggests a short range ferromagnetic ordering at large ∆ for σx. The ordering is stronger -
they persist to larger blocks - as ϵ increases. Similar short range ordering was observed in the
ground state of XXZ chain at large ∆ [188]. At ∆ < 0.9 no double peak structure was observed.

When ∆ is negative, from symmetry considerations (See Sec:4.5.1), we see that this short
range x order is antiferromagnetic in nature.

Finally, we discuss the trend of variance of M z
l with ⟨Js⟩. It can be expressed as follows,

var(M z
l ) = Tr(ρ∞(M z

l )2) − (Tr(ρ∞M z
l ))2 (4.34)

The second term (i,e. mean z-magnetization) in the expression for variance is 0 for ∆ < 1. In
this case as well, we can study the asymptotic-N, l behavior at ω = pπ/q points i.e rational
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Figure 4.16: Comparison of ϵ values where ⟨Js⟩ attains maximum (solid blue line) and var(M z
l )

attains minimum. The solid blue line represents the ϵ where ⟨Js⟩ is maximum. The dashed red
line shows the ϵ where var(M z

l ) is minimum at asymptotic-l, N limit. The dots are from the
variance obtained in finite size calculation.
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multiple of π. Equation 4.34 evaluates to the following in asymptotic-N, l limit,

lim
l→∞

lim
N→∞

var(Mz
l ) =

(T T
1,LTdiagT1,R)
(T T

1,LT1,R)t1
(4.35)

where Tdiag denotes the diagonal part of of transfer matrix, T . This can be obtained from
expansion of Eq. 4.31 and keeping the O(λ2) term. We present data for finite-N, l by taking
numerical second derivative of Eq. 4.30 with λ. The data is presented in Fig. 4.16. We also
present the asymptotic-N, l behavior of variance with the dashed red line (Eq. 4.35).

We observe that the ϵ at minimum of var(M z
l ) overlaps with ϵ where maximum of ⟨Js⟩ is

attained at asymptotic limit. The ϵ at minimum of var(M z
l ) deviates from the ϵ at max(⟨Js⟩)

for finite size calculations. This observation further supports the effect of correlation induced by
spin current in the bulk for finite ∆.

4.6 Conclusion

In this chapter, we have characterized the current carrying NESS of an XXZ model with
maximally polarizing Lindblad couplings at the boundary by calculating the spin correlations
and full distribution of the spin densities. The calculation of the full distribution function which
in general requires accurate information about the steady state is made possible by the exact
solution of the NESS in a MPS form [11]. The state carries a current that can be tuned via the
strength of the coupling to the bath ϵ. The current initially increases and then decreases as ϵ
is increased from 0. Bulk properties such as the correlations, distribution of observables and
the entropy in the steady state are determined by both the Hamiltonian parameters and the
current in the system. Though the MPS form does not yield closed form expressions in general,
calculations of correlations and distribution functions are reduced to multiplications of transfer
matrices of dimensions at most linear in the system size enabling numerically exact calculations.

The NESS in the ∆ = 0 case corresponding to the XX model has an especially simple
2 × 2 transfer matrix; and we can get exact closed form expressions for various quantities such
as spin-spin correlations in the XY plane and along z directions, entropy per site etc. The
scaled cumulant generating functions of magnetization, staggered magnetization and domain wall
densities in the z-direction can also be calculated exactly allowing explicit demonstration of the
large deviation principle. These also allow numerically exact calculation of rate functions using
numerical Legendre transforms. The rate functions do not show any indication of a singularity
as a function of the current or ϵ. At least at the level of the two site density matrix, the state is
described by a maximal entropy ensemble with a constraint on its spin current expectation value.
The various physical quantities that we studied, namely the entropy density, spin correlators and
distributions (of z-magnetizations, staggered magnetizations, domain wall count) depends on the
ϵ only through the current expectation value J ∝= 2ϵ

4+ϵ2 . The variances of the distributions show
an extremum when the current is maximized as a function of the boundary coupling constant.
In particular, the z-magnetization shows a minimum variance when the current is maximized.
This can be qualitatively understood from the increased population of the antiferromagnetic two
site states as the current is increased. This results in a reduction of the probability of occurrence
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of large-magnetization states, and therefore, in a narrower z-magnetization distribution.
All magnetization distribution functions in the XX model are qualitatively similar to that of

the infinite temperature ensemble as a result of the short range spin correlations in the NESS.
This chapter explored only the case where spin-chemical-potential µ at the ends are maximal
(±1) and when the dynamics has an exact U(1) rotation symmetry about the z-axis. Using a
fermionic representation of the spins, different from what has been used here, the NESS in the
XY model can be studied at |µ| ≠ 1. These are known to exhibit unusual nonequilibrium phase
transitions [184, 203]. It will be interesting to see if and how these phase transitions impact the
full distributions. We leave this for future investigations.

Using the MPS solution, we could obtain numerically exact calculations for systems at
finite ∆ as well. We obtain the rate function at asymptotic limit for cases where ∆ = cos(ω)
with ω = pπ/q and present a detailed analysis on convergence with blocksize. The results for
these satisfy the large deviation principle for local observables in an interacting strongly driven
quantum system. We find that finite block-size corrections in the rate function estimation are
higher at the intermediate ϵ when the current is maximal. We find that narrowing of the z-
magnetization distribution when the current is maximized happens in the case of ∆ > 0 as well.
Surprisingly, the exponential decay rate of approach to the asymptotic form of the SCGF is a
strongly discontinuous function ∆, with the decay rate vanishing as p, q increase. This suggests
that for irrational values of ω, the finite block-size effect will be much stronger, it is unclear from
our calculations if these satisfy large deviation principle.

The x-magnetization distribution in large systems show qualitatively similar behavior to the
z-magnetization possibly due, again, to weak long range correlations. However at large ∆ ⪆ 0.9
and large ϵ, the x-distributions show a prominent double peak structure in small blocks indicating
short range ordering in the x-direction, similar to what was described in existing literature on
the ground state of the XXZ model [188].
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Appendix 4.A Solution to divergence condition

In this Appendix, we find solutions for SN that satisfy Eq. 4.8 and Eq. 4.7. We first find the
algebra of A tensors that solve the conditions and in the subsequent section construct an explicit
form of A that solves the algebra.

First we argue that the commutator [H,SN ] is a combination of Pauli strings that each have
σz on exactly one site. It is sufficient to show this for individual terms of the commutator:

[hj,j+1, SN ] =
∑
{ri}

⟨0|Ar1 . . . Arn |0⟩σr1σr2 . . . σrj−1 [hj,j+1, σ
rjσrj+1 ]σrj+2 . . . σrn

We have omitted the tensor product symbols for compactness. The commutator affects only the
sites j, j + 1. From explicit evaluation, it can be seen that the commutator of any of the terms
inside hj,j+1 namely σj+σ

j+1
− , σ−

j σ
+
j+1 or σzjσzj+1 with σrjσrj+1 for any rj , rj+1 ∈ {±, 0} either

vanishes or produces terms that contain exactly one σz. Thus [H,SN ] is a linear combination of
Pauli strings with σz occurring exactly once in each string.

Equation 4.8 demands that among these, only the strings in which σz occur at the ends
have finite amplitude, which implies that for all sites other than the two ends i.e. for sites
2 ≤ j ≤ N − 1 the following is true

Tr
[
σa†
j−1σ

z†
j σ

b†
j+1 [hj−1,j + hj,j+1, SN ]

]
= 0 for all a, b ∈ {±1, 0} .

This is satisfied if

∑
r1,r2,r3∈{±,0}

Tr
[
σa†σz†σb† [h12 + h23, σ

r1σr2σr3 ]Ar1Ar2Ar3

]
= 0 for all a, b ∈ {±1, 0} (4.36)

These nine equations result in eight constraints of the form

[A0, A±A∓] = 0 (4.37){
A0, A

2
±
}

= 2∆A±A0A± (4.38)

∆A2
0A± −A0A±A0 = A∓A

2
± −A±A∓A± (4.39)

∆A±A
2
0 −A0A±A0 = A2

±A∓ −A±A∓A± (4.40)

which are equivalent to the constraints given in Eq. 9 of Ref. [11]. The first line is obtained from
considering (a, b) = (2, 3) and (3, 2) in Eq. 4.36, second line from (2, 2) and (3, 3), the third line
from (1, 3) and (1, 2), and last line from (3, 1) and (2, 1). These constraints eliminate occurrence
of σz on any site 2 ≤ i < N .

Now we consider the terms in [h12, SN ] that contain a σ1
z . These should be nonvanishing

such that the RHS of Eq. 4.8 is reproduced. [h12, SN ] can be explicitly calculated to be

√
2σz1

[
σ−

2 M + σ+
2 P + σ0

2E
]

×
∑

r3,r4,...,rN

Ar3Ar4 . . . ArN |0⟩
N∏
i=3

σri
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where

M = ⟨0|A−A0 − ∆⟨0|A0A−

P = −⟨0|A+A0 + ∆⟨0|A0A+

E = ⟨0|A−A+ − ⟨0|A+A−

To satisfy Eq. 4.8, the above terms should reproduce σzL. Comparing coefficients of σ±, σ0 on
the second site, we see that the commutator correctly produces the σzL, if P = −ıϵ⟨0|A+/

√
2,

M = −ıϵ⟨0|A−/
√

2 , and E = −ıϵ⟨0|A0/
√

2 are satisfied. These are satisfied if the following
conditions are imposed on the A operators:

⟨0|A0 = ⟨0|
√

2, ⟨0|A− = 0, ⟨0|A+A− = ıϵ⟨0| (4.41)

To see that these solve the constraint P = −ıϵ⟨0|A+, we multiply both sides of Eq. 4.39 by ⟨0|
to get

∆⟨0|A2
0A+ − ⟨0|A0A+A0 = ⟨0|A−A

2
+ − ⟨0|A+A−A+

This reduces to the desired equation
√

2P = −ıϵ⟨0|A+ if Eq. 4.41 are satisfied.
Similar analysis on the right edge gives the following boundary conditions

A0 =
√

2|0⟩, A+|0⟩ = 0, A+A−|0⟩ = ıϵ|0⟩ (4.42)

Eq. 4.41, Eq. 4.42 also imply Eq. 4.7.

4.A.1 Finding the matrix elements of A

Now we construct explicit matrix form of the algebra given in Eq. 4.37-4.40 and the boundary
conditions Eq. 4.41,4.42 assuming the tridiagonal structure of the solutions shown in Eq. 4.6
of the main text. We do this by writing Eq. 4.37-4.40 and Eq. 4.41,4.42 in terms of a± and a0.
This gives the following conditions on a’s

a0
r + a0

r+2 = 2∆a0
r+1 for r ≥ 0 (4.43)

2(∆a0
0 − a0

1)a0
0 = −a+

0 a
−
0 (4.44)

2(∆a0
r − a0

r+1)a0
r = a+

r−1a
−
r−1 − a+

r a
−
r for r > 0 (4.45)

with the boundary conditions
a0

0 = 1, a−
0 = 1 a+

0 = ıϵ (4.46)

Equations 4.43 and 4.44 along with the boundary conditions have the solution (for r ≥ 0)

a0
r = cos(rω) + ıϵ

sin(rω)
2 sinω (4.47)

where we defined ω by cosω = ∆. The recursion relation in Eq. 4.45 allows us to obtain

a+
r a

−
r = ıϵ−

r∑
s=0

2(∆a0
s − a0

s+1)a0
s (4.48)
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The summation can be performed exactly after plugging in the solution for a0
s to get

a+
r a

−
r = −

[
1 + ϵ2

4 sin2 ω

]
sin(rω) sin(rω + ω) + ıϵ

sinω cos(rω) sin(rω + ω) (4.49)

Solution to these can be chosen to be (for r ≥ 1)

a+
r = sin(rω + ω)

sinω ; a−
r = −

[
1 + ϵ2

4 sin2 ω

]
sin(rω) sinω + ıϵ cos(rω) (4.50)

From the expressions for a+
r and a−

r , we can readily observe that a+
r = 0 or a+

r = 0 at r = q when
ω = p/q i.e a rational fraction (depending on q being even or odd). This makes it possible to
truncate the corresponding transfer matrix to a q × q block as the the vanishing of a+

q prohibits
transition from state q to q + 1 ∈ HB ×HB. We utilize this property in Sec. 4.5.5 in main text.

An alternative solution for coefficients in A± is given in Ref. [11], we have checked extensively
that the two produce identical results.

Appendix 4.B Rate function from full distribution
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Figure 4.17: Comparison of rate function obtained through Legendre transformation of SCGF
( solid lines) and full probability distribution (dots) for a system with N = 400 and multiple
blocksizes l. The inset shows zoomed in region at the edge. ∆ = 0.4, ϵ = 1.0

In this Appendix, we compare the rate function obtained from Legendre transformation of SCGF
to direct estimation of the rate function from the full probability distribution.

I(m, l,N) = −1
l

ln P (m)
P (0) (4.51)
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To obtain the full probability distribution for large blocksize l, we need to utilize high-precision
calculation as the probability of extreme magnetization is exponentially suppressed. We com-
pared the rate function estimated through both the Legendre transformation approach and full
distribution for ∆ = 0.4, ϵ = 1.0 and a system consisting of N = 400 sites in Fig. 4.17. For the
full distribution data reported here, we carried out the calculation with a floating point precision
of 600 bits (implemented using ArbNumerics library in Julia). The deviation between these two
approaches is minimal. The deviation is maximum at the extreme m values (shown in Inset of
Fig. 4.17).

Appendix 4.C Ratio of dominant eigenvalues of transfer matri-
ces

In main text, we have shown the leading order correction to asymptotic-N, l SCGF due to finite l
in eq. 4.32. For ∆ = cos pqπ, for rational values of p/q, convergence to large-l SCGF is exponential
in l with the rate of convergence decided by the ratio of first two dominant eigenvalues of U
(See Sec. 4.5.5). Figure 4.18 shows the behavior of u2

u1
for a set of ∆ values ∆ = cos(pπ/q)

where p, q are co-prime integers less than 40. The relative gap 1 − u2/u1 decreases with p as
shown in Fig. 4.18(right) and for each value of p, the relative gap decreases with q as shown
in Fig. 4.18(left). The ratio goes down as ∆ approaches 1, thus a very slow convergence to
asymptotic SCGF is expected in the Heisenberg limit suggesting large finite-size effects.
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Figure 4.18: Log of deviation of ratio of dominant eigenvalues of transfer matrix from 1 corre-
sponding to U(λ) where λ = 0.6 (See Sec. 4.5.5) and ϵ = 1.0. We look at a set of ∆ which can
be expressed as ∆ = cos(pπ/q) with q ≤ 40. The left panel has the points colored according to q
and the right panel has the points colored according to p. Similar results hold for general values
of λ.
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Appendix 4.D Finite-N rate function

To investigate the behavior of I(m, l,N) with N , we take an ansatz for the rate function as
follows:

I(m, l,N) ∝ Ae−bN + I(m, l,∞) (4.52)

where I(m, l,∞) denotes the rate function at fixed l and m with N → ∞. We test the validity
of our scaling ansatz by investigating the convergence of I(m, l,N) to large-N asymptotic value,
I(m, l,∞).In Fig. 4.19, we verify our exponential scaling ansatz in Eq. 4.52. The data for ∆ = 0.2
and multiple l, ϵ and m is presented in Fig. 4.20. The fitting parameters depend on δ, ϵ and m.
The fits clearly support the exponential ansatz for scaling of rate function with N at fixed l.
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Figure 4.19: Scaling of rate function with N
at l = 400 for ∆ = 0.2 and multiple value of ϵ
and m. The dots ar actual value obtained from
simulation. The solid lines are fits obtained
from Eq. 4.52.
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The magenta dashed line is the asymptotic
large-N rate function obtained from Eq. 4.52
at each m. (Inset) The zoomed in view of the
main figure at extreme m.

For all cases, exponential convergence to large-N asymptotic value is evident. The exponential
convergence holds for all parameter regimes studied at large N (only representative examples are
presented here).
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5
Projected Ensemble in a system with

local conserved charges

The move from expectation values to full counting statistics made in Sec. 1.6 replaced ⟨m̂⟩
with the full distribution P (m) of a single spatially averaged observable, encoded through

the rate function I(m). A natural next step is to ask for the joint distribution not of a single
observable but of the full quantum state itself : given a generic many-body pure state |ψAB⟩,
projective measurement of the bath B in a chosen basis yields a collection of post-measurement
pure states on A, each occurring with its Born-rule probability. This projected ensemble contains
the FCS of every local observable on A as a marginal: once the ensemble is known, the distribution
of any m̂A is obtained by evaluating m̂A in each conditional state and reweighting. Asking how
the projected ensemble itself becomes universal is therefore a strictly stronger demand than
asking how any one P (m) becomes thermal. In this chapter we will study this projected ensemble
in a system that has an extensive number of locally supported conserved charges and explore
how these charges affect the late time projected ensemble.

5.1 Introduction

The study of dynamics of local observables in generic isolated quantum many-body systems
show that their expectation values equilibrate to a thermal value due to entanglement between
subsystems and their complements. The Eigenstate Thermalization Hypothesis (ETH) [8, 9, 204,
46] formalizes this and relates this to the nature of eigenstates of generic Hamiltonians - reduced
density matrices of local subsystems in the eigenstates match thermal ensembles determined by
the eigenstate’s energy density.

While conventional experiments are able to measure expectation values of local observables,
modern quantum devices can make projective measurements of multiple degrees of freedom
simultaneously through techniques like single-atom resolved fluorescence [205] blurring the system-

This chapter is adapted from the publication: Sandipan Manna, Sthitadhi Roy and G. J. Sreejith, “Projected
ensemble in a system with conserved charges with local support,” Phys. Rev. B 111, 144302 (2025).
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bath distinction [17, 206]. In such settings, the configuration of the entire system (e.g. an array
of Rydberg atoms [207]/superconducting qubits [208]) is read out as a classical bitstring, thus
capturing information at the level of individual degrees of freedom of the many body system
[209, 210, 107, 211]. Statistical information of such repeated measurements enable investigation
beyond simple expectation values of local observables described by subsystem density matrices.

These modern experimental capabilities have motivated the notion of a projected ensemble [16,
17] – ensemble of pure states on a local subsystem obtained from the outcome of projective
measurements on its complement with the latter associating Born rule probabilities to the
members of the ensemble. This defines a natural one among all purifications [212] of the
subsystem’s reduced density matrix. More explicitly, given multiple copies of a pure state |ψAB⟩
of a system partitioned into A and B, the projected ensemble (PE) denoted as

EPE(ψAB) ≡ {p(bi), |ψA(bi)⟩}bi∈SB , (5.1)

is generated by complete set of projective measurements in B on the copies, each yielding a pure
state |ψA(bi)⟩ on subsystem A with a probability given as p(bi) ≡ ⟨ψAB|(IA⊗ |bi⟩⟨bi)|ψAB⟩ where
SB is the set of all possible measurement outcomes in B (for example, bi can be a bitstring for a
system of qubits) and IA is the identity operator acting on subsystem A.

Conventionally, the ensemble can be characterized by its density matrix

ρA =
∑
i

pi |ψA(bi)⟩ ⟨ψA(bi)| ≡
∑
i

piρA(bi) . (5.2)

and contains all information about EPE(ψAB) that an external agent can possibly infer by
measuring the pure states in the ensemble. The expectation value in the ensemble of a local
observable OA is the first moment of the expectation values of OA in the states in the ensemble
(5.1), or equivalently ⟨OA⟩ = ∑

i pi ⟨OA⟩ψA(bi) and is fully determined by the density matrix.
Ensembles on the other hand contain more information in terms of the distributions of

the states |ψA(bi)⟩ in the Hilbert space and can be characterized by higher moments of the
distribution of states beyond the first moment. In PEs, the external agent can estimate the
higher moments if the states ψA(bi) are supplemented with the measurement outcome data bi.

This has given rise to the concept of deep thermalization [16, 213] which is a statement
not just about ρA but regarding the entire ensemble (5.1) (and therefore arbitrary moments
of it) approaching universal ensembles under generic quantum dynamics at late times. For
example, in systems without any conservation laws, the PE approaches the Haar ensemble [214,
56] as has been demonstrated in experiments [17]. In systems with global charge conserving
dynamics, starting from an atypical state such as a direct product state, the PE relaxes to various
limiting ensembles at late time [215]. These limiting ensembles maximize the entropy in the
state distribution over the accessible Hilbert space while respecting the conserved charges and
constraints of the dynamics, suggesting a generalization of the second law of thermodynamics.

For example, under Hamiltonian dynamics (with energy conservation manifest) the PE
approaches the Haar ensemble only when the initial state is at efffective infinite temperature
whereas for finite temperatures it approaches the so-called Scrooge ensemble [63, 216] if the
measurements in B are uncorrelated with the conserved charges. Correlation of measurement

114



basis with the conserved charges changes the limiting ensemble from Scrooge [63, 216] to a
generalized Scrooge ensemble (GSE) [217] which is a convex combination of multiple Scrooge
ensembles.

PE and related ideas have been studied in a variety of systems. The non-interacting free-
fermion system was found to approach an ensemble determined by just the conserved charges of
initial state [218]. A U(1) charge conserving random unitary circuit was also investigated with
focus on the effect of measurement basis [217]. Studies have been carried out in constrained
systems [219] as well. In these cases too, it is expected that the general ensemble should
be described by a maximum-entropy ensemble on the accessible Hilbert space satisfying the
conditions imposed by the conserved charges in the initial state and the effective constraints on
dynamics, thus describing a quantum Hilbert space ergodicity. Deterministic driving was also
found to lead to the Haar ensemble [220]. In few specific cases such as the random unitary and
dual-unitary circuits, PEs are analytically tractable with replica method [221, 222].

While much of the existing studies in this context so far has been on systems with no
conservation laws or with global conserved charges, in this chapter, we focus on a system where
the conserved charges have local support. And yet, for the late time ensemble of states to be
described by universal ensembles, a necessary ingredient is that the systems should equilibrate,
albeit to non-thermal ensembles. Many-body localized (MBL) systems [50, 223, 51, 224] represent
a class of models which satisfy both the above requirements as they posses an extensive number
of locally conserved charges [54, 53, 225, 226] and yet the dynamics shows dephasing resulting in
approach to equilibrium [55, 227, 228].

We study the limiting ensembles and their dependence on measurement basis for initial states
with finite values of local conserved charges. We observe that in this case, based on the first three
moments of the distributions, PEs approach a Scrooge ensemble for any measurement basis in
thermodynamic limit except when the measurement basis has a large overlap with the conserved
charges.

In chaotic systems, the emergence of the universal ensembles (such as Haar or Scrooge) as
the limiting cases for the projected ensembles are intimately connected to universal probability
distributions of measurement-outcome probabilities, such as the Porter-Thomas distribution
for the Haar ensemble. In our case also, we relate the measurement-basis dependence of the
projected ensemble to the probability distribution of measurement-outcome probabilities and
their deviations from the Porter-Thomas distribution.

This article is organized as follows. In Sec. 5.2, we give a brief review of projected ensemble
and its construction. We also introduce Scrooge ensemble in this section. We numerically
demonstrate the convergence of projected ensemble to Scrooge ensemble for a Floquet MBL
model in Sec. 5.3. The phenomenological ℓ-bit model and PE constructed under time-evolved
states generated with it is described in Sec. 5.4 where numerical results for the convergence of the
PE to the Scrooge ensemble is also presented. The emergence of Porter-Thomas distribution in
temporal ensemble is investigated in Sec. 5.5. Subsequently, we derive an expression for moments
of the PE constructed with time-evolved states under ℓ-bit Hamiltonian in Sec. 5.6. We conclude
our discussion in Sec. 5.7 commenting on possible extensions of our result.

115



5.2 Projected ensemble and Deep thermalization

Let |ψAB⟩ ∈ HA⊗HB be a pure state of a composite system of L = LA+LB qubits (local Hilbert
space dimension of 2). Given many copies of |ψAB⟩, one can perform projective measurements
on partition B in a complete orthogonal basis {bh}h∈[1,2LB ] which can be implemented using
projectors of the form Πbh = IA ⊗ |bh⟩⟨bh|. Each measurement will produce a post-measurement
pure state labeled by the measurement outcome bh in B:

|ψbh⟩ = 1√
p(bh)

ΠbhψAB = 1√
p(bh)

|ψA(bh)⟩ ⊗ |bh⟩ (5.3)

where p(bh) = ⟨ψAB|Πbh |ψAB⟩ is the probability of obtaining measurement outcome bh in B and
|ψA(bh)⟩ is the conditional state in A given the outcome bh. In this chapter, we will consider the
set of states {bh} to be the joint eigenbasis of local spin operators σ⃗.n̂ on each site along some
arbitrary direction n̂.

The projected ensemble is constructed with the pure states obtained from measurements
and their corresponding probabilities, EPE = {p(bh), |ψA(bh)⟩}, as in Eq. 5.1. An external agent,
if provided with the closely related ensemble Ẽ = {p(bh), |ψbh⟩}, can estimate the distribution
of states in EPE from expectation values of non-local observables in Ẽ . The protocol for the
construction of the ensemble ensures that in the ensemble, two different states in A are not
associated with the same bh i.e. ψA(bh) ̸= ψA(b′

h) implies bh ̸= b′
h. The label bh then allows

locating repeated occurrances of the same state |ψA(bh)⟩ and makes it possible to estimate
conditional expectation values ⟨Ô⟩ψA(bi) of observables for each state in the ensemble. The
k-th moment of the distribution of expectation values of Ô is ∑i p(bi)⟨Ô⟩k

ψ
bi
A

. Moments of all
observables are directly related to k-th moment of the ensemble defined as follows.

ρ
(k)
A =

∑
bi∈SB

p(bi)(|ψA(bi)⟩⟨ψA(bi)|)⊗k (5.4)

These moments can be used to characterize and compare distribution of states in different
ensembles.

For a random state in the Hilbert space, the PE will converge to a Haar ensemble in the
A subsystem. This holds true even when ψAB is obtained by time evolution of an effectively
infinite temperature state of a chaotic Hamiltonian[16]. The proximity of two ensembles can be
gauged by the trace distance between their k-th moments,

∆(k)(E , E ′) = 1
2Tr

[√(
ρ

(k)
E − ρ

(k)
E ′

)† (
ρ

(k)
E − ρ

(k)
E ′

)]
. (5.5)

The Haar distribution for A can be written as a measure over normalized quantum states |ψ⟩
as below,

PHaar(ψ) =
∫ ∞

−∞
δ

(
ψ − Ψ̃

∥Ψ̃∥

)
D∏
i=1

D

π
exp[−D|Ψ̃i|2]d2Ψ̃i (5.6)

where D is the Hilbert space dimension of A. Here Ψ̃ = (Ψ̃1, . . . , Ψ̃D) is an unnormalized
random vector whose components are drawn independently from the complex Gaussian measure
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D
π exp[−D|Ψ̃i|2]d2Ψ̃i in Eq. (5.6). This Gaussian measure is invariant under unitary rotations
Ψ̃ → UΨ̃, so the direction of Ψ̃ is uniformly distributed on the unit sphere, independent of
its norm ∥Ψ̃∥. The delta function in Eq. (5.6) projects out this norm, defining the normalized
state ψ = Ψ̃/∥Ψ̃∥, which therefore inherits a uniform (Haar) distribution over pure states. Thus,
sampling Ψ̃ from independent complex Gaussians and normalizing is a standard method for
generating Haar-random states.

For systems with global conserved charges {Q}, the reduced density matrix ρA equilibrates
to exp[−∑Q λQQA] and the the limiting ensemble for the PE is found to approach the Scrooge
ensemble[217, 16] if the measurement basis {bh} does not reveal any information about the
density of conserved charges (e.g. energy) in B i.e have 0 overlap with the the eigenstates of
conserved charges (energy). The measurement in the joint eigenbasis of {σxi }i∈B for a system
with a globally conserved U(1) charge Q = ∑L

i=1 σ
z
i , would be such an example.

Scrooge ensemble (EScrooge) can be constructed as a distortion of the Haar ensemble such
that it reproduces a given density matrix ρ as its first moment. Formally, we can represent it as
the following,

EScrooge(ρ) =
{
D⟨ψ|ρ|ψ⟩,

√
ρ|ψ⟩√

⟨ψ|ρ|ψ⟩

}
ψ∈EHaar

(5.7)

Given a ρ, the Scrooge ensemble [63, 216] is the unique ensemble such that it has the minimum
accessible information as shown in Ref. [63], thus manifesting a maximal entropy principle[215]
in the full Hilbert space. The moments of the Scrooge ensemble are given by

ρ
(k)
Scr =

∫
dψ

(√
ρ|ψ⟩⟨ψ|√ρ
|√ρ|ψ⟩|2

)⊗k

⟨ψ|ρ|ψ⟩PHaar(ψ) (5.8)

If the measurement basis reveals partial information about the conserved charges in B, it
is conjectured that the PE at late times, converges to a weighted sum of Scrooge ensembles,
referred to as the generalized Scrooge ensemble (GSE) [215, 217]. Consider a global conserved
charge and a measurement operator on each site that has a finite overlap with conserved charge.
There is a probability of obtaining any given outcome bh which we denote as pd(bh) and an
associated reduced density matrix ρA(bh). The charge in A and therefore its density matrix is
constrained by the charge in B which is in turn constrained by the measurement outcome bh.
The k-th moment of the GSE is then given,

ρ
(k)
GSE =

∑
bh

pd(bh)ρ(k),bh
Scr , (5.9)

where ρ(k),bh
Scr is the k-th moment of the Scrooge ensemble corresponding to the density matrix

ρA(bh). For the special case where the outcome bh reveals no information about the conserved
charge in B(and therefore no information about the conserved charge in A), the steady state
density matrix ρA(bh) is independent of bh, resulting in Eq. 5.9 reducing to a single Scrooge
ensemble.

If the independent set of conserved charges, instead, are locally supported, information
about those in subsystem B reveal no information about the charges in A. As a result, the
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steady state density matrix in A conditional on the measured outcome in B is independent of
measured outcome. One expects that the projected ensemble of states in A approaches, at late
times, the same maximum entropy ensemble irrespective of the outcome in B, and therefore by
the same arguments as above the unconditioned distribution approaches the Scrooge ensemble
EScrooge(ρA,∞) (see Eq. 5.7) with ρA,∞ being the steady state reduced density of matrix of A as
t → ∞. In the following we numerically demonstrate and semi-analytically prove for a specific
model, that this is indeed the case – this constitutes the central result of this chapter.

5.3 Numerical results for a disordered Floquet spin chain

In this section, we establish numerically the phenomenology using a disordered Floquet spin-1/2
chain described by the Floquet unitary UF given by

UF = exp[−iτHX ] exp[−iτHZ ] with ,

HX = gΓ
L∑
i=1

σxi ,

HZ =
L−1∑
i=1

σzi σ
z
i+1 +

L∑
i=1

(h+ g
√

1 − Γ2ϵi)σzi ] ,

(5.10)

where {σµi } is the set of Pauli matrices representing the spins-1/2 and ϵi ∼ N (0, 1) are independent
random numbers drawn from a standard Normal distribution. The rationale behind choosing
this model is twofold. First, the model has been shown [229] to exhibit MBL-like dynamics for
numerically accessible system sizes over very long timescales, robustly, in the sense that the MBL
regime has a finite extent in the parameter space. In particular for the choice of parameters,
g = 0.9045, h = 0.809, and τ = 0.8, there is a putative many-body localization transition at
Γc ≈ 0.3 with the model in an ergodic phase for Γ > Γc and in a MBL regime for Γ < Γc. Second,
the model has no global symmetries and in the MBL regime, the only conserved charges are the
emergent local integrals of motion [54, 53, 226, 225]. The model therefore allows us to understand
cleanly the fate of the PE in the presence of locally supported conserved charges without any
global conservation laws contaminating the results.

We consider initial states of a direct product form

|ψ0⟩ =
L⊗
i=1

(
cos θi2 |↑⟩i + eıϕi sin θi2 |↓⟩i

)
, (5.11)

where |↑⟩i(|↓⟩i) denote the state of the spin at site i polarized along the positive(negative) z-axis.
The form in Eq. 5.11 implies that initially the states of the individual spins are picked uniformly
from the Bloch sphere with θ and ϕ (denoting the polar and azimuthal angles) are sampled
accordingly. Each initial state is therefore parameterized by a vector θ ≡ {θ1, θ2, ..., θL} and
ϕ ≡ {ϕ1, ϕ2, ..., ϕL}. We consider the subsystem A to be the first LA sites of the chain.

As the explicit form of the locally conserved charge operators are unavailable, we directly
construct the moments of the Scrooge ensemble as follows. For a given initial state the reduced
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Figure 5.1: Distance between the second moments of the Scrooge ensemble and the PE (see
Eq. 5.17 for definition) for the disordered Floquet spin chain (described by Eq. 5.10) in the MBL
regime with Γ = 0.15. The left and right panels correspond to LA = 1 and 2 respectively. The
insets show the exponential decay of ∆(k)

t with L in the limit of t → ∞. The trace distances are
averaged over 500 disorder realizations and over 10 random initial states for each realization.

density matrix of subsystem A in the limit of infinite time is given by

ρA,∞ =
∑
ω

[TrB |ω⟩ ⟨ω|] | ⟨ψ0|ω⟩ |2 , (5.12)

where {|ω⟩} denotes the set of eigenstates of the Floquet unitary UF in Eq. 5.10. With the ρA,∞
at hand, and its eigenvectors and eigenvalues denoted as {λm, |m⟩}, one can obtain the k-th
moment of the corresponding Scrooge ensemble as [215]

ρ
(k)
Scr =

∑
m

∑
σ∈Sk

ρ
(k)
Scr,m |m⟩ ⟨σ(m)| , (5.13)

where |m⟩ = |m1,m2, · · · ,mk⟩ is a state in the k-replicated Hilbert space, |σ(m)⟩ is permutation
of |m⟩, and the matrix element

ρ
(k)
Scr,m =

(∏
m

1
λm

)
∂kΛk

∂µm1 · · · ∂µmk

∣∣∣∣
µi=λ−1

i

, (5.14)

where

Λk(µ1, · · · ) =
∑
j

µk−2
j lnµj∏

i ̸=j(µj − µi)
. (5.15)
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A brief outline for Eq. 5.13

A brief derivation of Eq. 5.13 proceeds in two steps.

Step 1: permutation structure. It is convenient to first work with the unnormal-
ized Scrooge ensemble, in which |Ψ̃⟩ = ∑

m Ψ̃m|m⟩ has independent complex Gaussian
components in the eigenbasis of ρ, with variance set by the eigenvalues λm,

P (Ψ̃) =
D∏

m=1

1
πλm

exp
[
−|Ψ̃m|2

λm

]
. (5.16)

The normalized state is |ψ⟩ = |Ψ̃⟩/∥Ψ̃∥. Each component Ψ̃m has an independent,
uniformly random phase, and this phase invariance survives normalization. A matrix
element of the k-th moment, ⟨m|ρ(k)

Scr.|m′⟩ = E
[∏k

i=1 ψmiψ
∗
m′
i

]
, therefore vanishes under the

average unless every phase cancels — that is, unless {m′
1, . . . ,m

′
k} reproduces {m1, . . . ,mk}

exactly, i.e. m′ = σ(m) for some σ ∈ Sk. This gives the permutation-restricted structure
of Eq. (5.13).

Step 2: the coefficients. To evaluate the surviving elements ρ
(k)
Scr.,m =

E
[
∥Ψ̃∥−2k∏k

i=1 |Ψ̃mi |2
]
, use the Schwinger identity ∥Ψ̃∥−2k = 1

Γ(k)
∫∞

0 dt tk−1 e−t∥Ψ̃∥2 to
decouple the normalization from the Gaussian average. The extra factor e−t∥Ψ̃∥2 simply
reweights each component’s variance, λm → λm/(1 + tλm), so the remaining Gaussian mo-
ments are elementary, leaving a single integral over t with an overall Jacobian ∏j(1+tλj)−1.
Performing this integral (by partial fractions, or equivalently residues at t = −λ−1

j ) pro-
duces exactly the closed form of ρ(k)

Scr.,m quoted below Eq. (5.13), expressed as derivatives
of the symmetric function Λk(µ1, . . . , µD) with respect to µm ≡ λ−1

m . We refer the reader
to Appendix H of Ref. [215] for the complete residue calculation.

We compare the so-obtained kth moments of the Scrooge ensemble with the kth moments
of the projected ensemble, EPE(ψt) obtained from the time-evolved state |ψt⟩ = U tF |ψ0⟩. In
particular, we compute the trace distance defined in Eq. 5.5,

∆(k)
t ≡ ∆(k) (EScrooge(ρA,∞), EPE(ψt)) , (5.17)

and study its behavior with t and L for fixed LA. The results for k = 2 are shown in Fig. 5.1
where the measurement operators on B are the σxi operators. Note however, that the qualitative
features of the results in this case are expected to remain the same for any generic set of single-site
projective measurements on B as the local conserved charges on B can point along arbitrary
directions and can have a support with size greater than 1 depending on the specific disorder
realization of UF . The results in Fig. 5.1 show that ∆(2)

t decays with t and saturates to a values
which decays exponentially in L. This provides strong hints towards the fact in the limit of
L → ∞ and t → ∞, the PE is the same as the Scrooge ensemble corresponding to ρA,∞. In the
following sections, we show analytically that this is indeed the case using a phenomenological
model of MBL.
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5.4 Phenomenological MBL model

As an effective, phenomenological model of MBL at strong disorder we consider the ℓ-bit model [54,
53, 226, 225]. The Hamiltonian for the model is given by

Hℓ-bit =
∑
i

Jiσ
z
i +

∑
i<j

Jijσ
z
i σ

z
j +

∑
i<j<k

Jijkσ
z
i σ

z
jσ

z
k , (5.18)

with the couplings taken as random and decaying exponentially between the spins in their support
as

Ji=ui, Jij=uije−(j−i)/ξ, Jijk=uijke−(k−i)/ξ , (5.19)

where u’s are picked from uniform distribution over [−W,W ], and ξ is an effective localization
length scale. Throughout this chapter we take W = 1 and time is always in units of W−1, and ξ
is taken to be 2. The model has strictly 1-local conserved charges {σzi |1 ≤ i ≤ L}. In this case
also we consider initial states of the form in Eq. 5.11.

5.4.1 Approach of the projected ensemble to the Scrooge ensemble in time

At long times, dephasing due to the interaction terms takes the reduced density matrix ρA to a
diagonal form in the energy eigenbasis which for the ℓ-bit model (Eq. 5.18) is just the σz-product
state basis,

ρA,∞ →
LA⊗
i=1

ρ∞
i with ρ∞

i = diag[cos2 θi
2 , sin

2 θi
2 ] . (5.20)

To construct the PE, as in the previous section, we time-evolve the initial state with the ℓ-bit
Hamiltonian (Eq. 5.18), |ψt⟩ = e−ıHℓ-bitt |ψ0⟩ and perform measurements in B subsystem of
observable ⊗L

i=LA+1σ
n
i where σni ≡ σi · n̂ is the Pauli spin operator on site i in the direction n̂.

The latter is parametrized by the polar angle α ∈ [0, π] that n̂ makes with the z-axis. The results
are independent of the azimuthal angle defining n̂ and therefore we choose it to be 0 throughout.
The bitstrings bh ∈ (0, 1)⊗LB obtained from the measurement at an angle α correspond to states
(in terms of the computational basis states |↑⟩ and |↓⟩ on each site),

|0⟩ ≡ cos α2 |↑⟩ + sin α2 |↓⟩ ,

|1⟩ ≡ sin α2 |↑⟩ − cos α2 |↓⟩ .
(5.21)

Note that the limit of α = 0 is pathological as in that case the measurements coincide completely
with the conserved charges. For much of what we discuss below we consider α ̸= 0.

From the infinite-time reduced density matrix of A in Eq. 5.20, the moments of the Scrooge
ensemble can also be constructed directly as in the previous section and the distance of the PE
from the Scrooge ensemble as a function of time can be studied using ∆(k)

t defined in Eq. 5.17,
as shown in Fig. 5.2 for k = 2 and k = 3. The results are qualitatively similar to those of the
disordered Floquet Ising spin chain (see Fig. 5.1) – the trace distance of the moments of the
PE and the Scrooge ensemble decay as a power-law in t, and for a finite L saturate to a value
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Figure 5.2: Distance between the second and third moments of the PE, ⟨∆(2)
t ⟩ (top) and ⟨∆(3)

t ⟩
(bottom), from those of the Scrooge ensemble for two measurement angles, α = π/8 (left) and
α = π/2 (right) for the ℓ-bit Hamiltonian (Eq. 5.18). For both cases, at long time, ⟨∆(k)

t ⟩
saturates to an asymptotic value which goes down exponentially with increasing L (see insets).
For these plots, LA = 2 and the trace distances are averaged over 500 disorder realizations and
over 10 random initial states for each realization.

which itself decays exponentially with L. The power law exponent for decay of ⟨∆(3)
t ⟩ with time

remains same as that of ⟨∆(2)
t ⟩ (within errorbar) and depends on α. For the coupling strength

we studied here,⟨∆(2)
t ⟩ ∝ t−0.33±0.06 for α = π/2 and ⟨∆(2)

t ⟩ ∝ t−0.24±0.05 for α = π/8.

5.4.2 Dependence of the projected ensemble on the measurement angle

In Fig. 5.2, the results were shown only for two measurement angles α. We next show results for
how the moments of the PE depend on α.

α dependence of the matrix elements: First, we look at the asymptotic values of matrix
elements in the moments of PE as a function of measurement angle α. Representative results for
matrix elements are shown in Fig. 5.3, for both LA = 1 and 2. The results show that individual
matrix elements approach the Scrooge distribution’s moments (red dotted lines) with increasing
L if the measurement is not aligned with the conserved charges. This qualitative trend appears
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Figure 5.3: Time averaged matrix elements of higher moments for different system sizes. (Top)
Left panel shows ⟨0, 0|ρ(2)

LA=1|0, 0⟩ and right panels shows ⟨0, 0, 0|ρ(3)
LA=1|0, 0, 0⟩ where ρ(2)

LA=1, ρ
(3)
LA=1

are moments for LA=1. (Bottom) Left panel shows ⟨00, 00|ρ(2)
LA=2|00, 00⟩ and right panel shows

⟨00, 00, 00|ρ(3)
LA=2|00, 00, 00⟩ where ρ(2)

LA=2, ρ
(3)
LA=2 are moments for LA=2. The red dotted lines

are the corresponding Scrooge values. The initial state is a direct product state (Eq. 5.11) with
θ1 = 2π/5 and θ2 = π/5 (for LA = 2). To reduce fluctuation about mean value, we average the
moments calculated at 90 different times at regular intervals in the time window Wt = 8000 to
10000. Legend shows the L value corresponding to different colors.

to hold for all such matrix elements, which suggests that the PE approaches asymptotically the
Scrooge ensemble in the limit of LB → ∞ for α ≳ 0.1π. These results on finite size effects and α
dependence are in consonance with further independent numerical results in Sec. 5.5. For α = 0,
that is when the measurement is perfectly aligned with the conserved charges, the PE does not
converge to Scrooge ensemble and shows no system size dependence.

α dependence of the trace distance: Finally, in Fig. 5.4, we present the asymptotic trace
distance as a function of L. For α ≳ π/8, the trace distance (for both ∆(2) and ∆(3)) between PE
and Scrooge ensemble decays exponentially with L as ∼ exp(−λL) with λ ≈ 0.23. Interestingly,
the same exponential decay rate was also found in the Floquet MBL model (Fig. 5.1). For α
close to 0, the decay is slower and deviates from exponential form for the range of L studied.
This is consistent with the deviation of the matrix elements of the PE from those of the Scrooge
ensemble for the available system sizes.

To summarize, the numerical results presented in this section point towards the fact that for
the ℓ-bit model also, the PE at long times and large system sizes approaches the Scrooge ensemble
unless the measurement basis closely aligns with the conserved charges. For α ≳ 0.1π, scaling of
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Figure 5.4: Asymptotic trace distance between Scrooge ensemble and PE as a function of L for
LA = 2. Different colors denote different measurement angles α between 0.05π and π/2 (legend).
The two panels show the trace distances for second (left) and third (right) moments. Insets shows
the decay rate λ (estimated by fitting the trace distance to e−λL) as a function of measurement
angles. The slope (λ) obtained from exponential fit for α > 0.1π. For other values of α, the trend
deviates substantially from an exponential within the range of L studied. The trace distances are
averaged over 500 disorder realizations and over 10 random initial states at time Wt = 10000.

the numerically obtained moments in the finite systems suggest that the trace distance vanish in
the thermodynamic limit. In the following we will demonstrate this by showing semi-analytically,
using empirical results from the probabilities of measuring bitstrings, that the matrix elements
of the kth moment of the PE at L, t → ∞ are identical to those of the Scrooge ensemble.

5.5 Temporal ensemble and probability distribution of the prob-
abilities (PoP) of bitstrings

A key observation that helps in computing the matrix elements of the higher-moments of the
PE at late times is that they approach steady values with small temporal fluctuations that,
crucially, decrease with increasing LB. Representative numerical evidence for this is shown in
Fig. 5.5 where it is seen that the matrix element of ρ(2)

A (t) fluctuate less around their steady-state
values for larger systems sizes. Other matrix elements of ρ(2)

A (t) and also matrix elements for
other values of k and α that we studied show similar qualitative behavior. This key empirical
observation suggests that we can understand the steady-state values by performing an average of
the matrix elements over time. This motivates the definition of a temporal ensemble of states
consisting of the states sampled from the time-evolution trajectory of an initial state under a
given Hamiltonian. Of particular significance will be understanding the probability distribution
of the probabilities (PoP) of measuring individual bitstrings b ∈ {bh} of the entire system in the
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temporal ensemble of late-time states.
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Figure 5.5: The matrix elements in second moments of PE saturate at long timescale to their
asymptotic value at measurement along an axis with (α) = π/4 for both LA = 1 (Top) and 2
(Bottom). The fluctuation about the asymptotic value (red dotted line) gets suppressed with
increasing L. The initial state is a direct product state (eq. 5.11) with θ1 = 2π/5 and θ2 = π/5
(for LA = 2).

The temporal ensemble is defined as the collection of states {|ψt⟩} occurring in the quantum
trajectory of the initial direct product state |ψ0⟩ (taken as in Eq. 5.11) over a suitably large
temporal window at late times. Functionally, this can be taken to be the ensemble formed by
sampling the states at times t ∈ [τ1, τ2] at regular intervals of length δt:

Etemp =
{

δt

τ2 − τ1
, e−ıHt |ψ0⟩

}
t∈[τ1,τ2]

. (5.22)

Upon measuring {σni }i=1...L at every site of the system, (recall σni = σi·n̂ and n̂ is parametrized
by the polar angle α ) on the state |ψt⟩, the probability of getting a bitstring b is p(b) = | ⟨ψt|b⟩ |2.
Over the ensemble of states in the temporal ensemble (Eq. 5.22) there is a probability distribution
of the probability p(b), and hence the name probability of probability (PoP). We denote the PoP
of bitstring b as PoPb. This is also the distribution of expectation values of the projector into a
bitstring b for states in the temporal ensemble.

Figure 5.6 shows PoPb over the temporal ensemble for two specific bitstrings (which are taken
as representative examples) for three different values of α, for a fixed initial state and disorder
realization.
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Figure 5.6: Distribution of probabilities of measurement bitstrings in the temporal ensemble,
Etemp, defined in Eq. 5.22. Etemp is constructed with 10000 states sampled in the time interval,
8000 − 10000 (in unit of W−1) with uniform spacing. Results are shown for three different
measurement angles, α, and the dotted lines show the Porter-Thomas distributions (defined
in Eq. 5.23) with the means obtained using Eq. 5.24. The two panels show two representative
bitstrings (written above the figure) for a system with L = 16.

We find that the PoPb is well-described by the Porter-Thomas distribution1

PTb(p) = 1
µb
e

− p
µb , (5.23)

where µb is the average of p(b) over the temporal ensemble. In Fig. 5.6, the PoPs are shown
by the solid lines whereas the Porter Thomas distributions with the corresponding means are
depicted by the dashed lines, with the two showing good agreement between each other. The
agreement is worse for α close to zero, which we will argue shortly is due to finite-size effects.

The mean µb depends on the bitstring b, the initial state, the angle α parameterizing the
measurement basis as

µb(α,ψ0) =
∑
zν

|⟨ψ0|zν⟩|2|⟨b|zν⟩|2 , (5.24)

where {|zν⟩} are the eigenstates of the Hamiltonian, which for the ℓ-bit Hamiltonian (Eq. 5.18)
are also σz-product states. For α = π/2, the bitstrings |b⟩ are σx-product states such that
| ⟨b|zν⟩ |2 = D−1, with D = 2L the Hilbert-space dimension, for all b and zν . In this limit,

1Comparison of PoP with Porter-Thomas distribution is meaningful only for α ̸= 0. For the pathological case
of α = 0, |b⟩ are σz-product states and therefore coincide with the eigenstates of the ℓ-bit Hamiltonian. As a
result p(b) for a given b is a constant over the temporal ensemble, given by | ⟨ψ0|b⟩ |2, and the PoP is δ-function
ditributed, PoPb(p) = δ(p− | ⟨ψ0|b⟩ |2).
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Figure 5.7: The distribution of KL divergence between the Porter-Thomas distribution and
PoP (DKL(PoPb||PTb)) across all b (see Eq. 5.25 for definition). Different panels correspond to
different α and in all cases the distributions get more concentrated around 0 with increasing
L. Number of bins to obtain the histogram is kept same across all system sizes. The PoPb is
obtained in a temporal ensemble with 10000 states sampled with equal spacing in time interval
8000 − 10000 in unit of W−1.

µb = 1/D is independent of the bitstring b as well as of initial state and the measurement
angle α. For generic α ̸= π/2, the PoP continues to be Porter-Thomas distributed but with the
appropriate mean given in Eq. 5.24.

While the results in Fig. 5.6 show the Porter-Thomas distribution for the PoP for two
representative bitstrings, to ascertain the agreement between PTb and PoPb for arbitrary b, we
look at their difference quantified by the Kullback–Leibler (KL) divergence. For a particular
bitstring b, the KL divergence between PTb and PoPb, is defined as

DKL(PoPb||PTb) =
∫
dp PoPb(p) ln

(PoPb(p)
PTb(p)

)
. (5.25)

In the results presented, the integral in Eq. 5.25 is calculated by discretization and using the
estimated PoPb obtained by binning.

In Fig. 5.7, we present the distribution over b of DKL(PoPb||PTb) for different measurement
angles α. The distributions are strongly concentrated near 0. This indicates that for most
measurement bitstrings, the PoPb(p) closely matches with PTb(p). For the smaller values of
α, close to zero, the distributions of DKL(PoPb||PTb) develop a tail indicating deviations of
the PoPb from the PTb for some b – this can also be seen in Fig. 5.6 for the smallest values
of α presented. The finite-time effect behind the appearance of the tail at small α can be
ruled out as the temporal ensemble is constructed with states sampled at sufficiently late-time
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Figure 5.8: The PoP′ distribution of measurement bitstrings for a single state at Wt = 10000
following time evolution of an initial random direct product state under the ℓ-bit Hamiltonian in
Eq. 5.18. The orange line denotes the sum of Porter-Thomas distributions shown in Eq. 5.26.
Data for L = 20. For α = π/2 (right panel), all the Porter-Thomas distributions are with the
same mean 1/D such that the PoP′ is also a Porter-Thomas distribution.

(see Appendix 5.B). However, these tails are suppressed with system size suggesting in the
thermodynamic limit, PoPb is indistinguishable from PTb for all b except when α close to 0.

As another evidence for the PoPb being indistinguishable from PTb, we also look at the
distribution PoP ′ of probabilities of bitstring outcomes across all bitstrings but calculated for a
single state in the temporal ensemble. In other words, this is the distribution of p(b) = | ⟨ψt|b⟩ |2

computed for a fixed |ψt⟩ across all b. Figure 5.8 shows this distribution (gray lines) for two
different values of α, π/4 and π/2. For both these cases, the distribution fits to a sum of
Porter-Thomas distributions corresponding to individual bitstrings (with means µ(b) given by
Eq. 5.24),

PoP′(p) = 1
2L
∑
b

PTb(p) . (5.26)

The black lines in Fig. 5.8 show these fits. Note that for α = π/2, µb = 1/D ∀ b such that PoP′

is also a Porter-Thomas distribution with mean 1/D [230]; this is evident in the right panel of
Fig. 5.8.

It is known that for general bitstring measurements, the PoPs are expected to be Porter-
Thomas distributed with a mean of 1/D for random states [209]. Such random states are
characterized by a Page value for the von Neumann entropy of bipartite entanglement [57].
On the other hand, for α = π/2, (σx-measurements) we find the PoPs to be a Porter-Thomas
distribution with mean 1/D even though the states have much lower bipartite entanglement
entropy than the Page value [227, 228] indicating that they are far from a random state.
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5.6 Matrix elements of Projected Ensemble and Scrooge Ensem-
ble for ℓ-bit Hamiltonian

In this section, we use the results for the PoP obtained in Sec. 5.5 to show that the projected
ensemble approaches the Scrooge ensemble in the limit of LB, t → ∞. In Sec. 5.6.1 we derive the
expressions for the matrix elements of the kth moments of the PE and in Sec. 5.6.2 we derive the
same for the Scrooge ensemble, and show that they are identical.

Before proceeding, it will be useful to define some notation. The set of bitstrings corresponding
to the σz-product states in subsystem A, B, and the entire system are denoted by ZA, ZB,
and ZAB respectively. The bitstrings in A are denoted as zA ≡ (zA,1, zA,2, . . . , zA,LA) ∈ ZA

where zA,i = 0, 1 denotes the bit at site i. Similarly, the bitstrings in B are denoted as
zB ≡ (zB,LA+1, zB,LA+2, . . . , zB,L) ∈ ZB. The bitstrings in the entire system are the concatenation
of the bitstrings zA and zB such that zAB ≡ (zA, zB) ∈ ZAB. Since we will be interested in
arbitrary moments of the PE and the Scrooge ensemble, we denote the basis states in the
k-replicated Hilbert space of A as

|ZA⟩ ≡ |z(1)
A , z

(2)
A , · · · , z(k)

A ⟩ = ⊗k
i=1 |z(i)

A ⟩ . (5.27)

Finally, for a given initial state of the form Eq. 5.11, parametrized by (θ,ϕ) we define tensors
[M ]i,s on each site i with

Mi,0 = cos(θi/2) , Mi,1 = eıϕi sin(θi/2) , (5.28)

and we also define

MzAB = MzAMzB =

LA∏
i=1

Mi,zA,i

 L∏
j=LA+1

Mj,zB,j

 . (5.29)

With this notation, the initial state (Eq. 5.11) can be rewritten as

|ψ0⟩ =
∑

zAB∈ZAB

MzAB |zAB⟩ , (5.30)

and the reduced density matrix of A at infinite-time (Eq. 5.20) can be rewritten as

ρA,∞ =
∑

zA∈ZA

p(zA) |zA⟩ ⟨zA| ; p(zA) = |MzA |2 . (5.31)

5.6.1 Matrix elements of the projected ensemble

We will first express the matrix elements of the kth moment of the PE at an arbitrary time t and
an arbitrary measurement basis (α) on B and then take the limit of t → ∞ for which we will
average the matrix elements over the temporal ensemble defined in Sec. 5.5. Since the states
{|zAB⟩} are also the eigenstates of the ℓ-bit Hamiltonian (Eq. 5.18), with eigenvalues {EzAB},
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the state at time t can be written as

|ψt⟩ =
∑

zAB∈ZAB

e−ıtEzABMzAB |zAB⟩ . (5.32)

If the measurement on B produces a bitstring b, then the unnormalized conditional state on A is
given by

|ψ̃t,A(b)⟩ =
∑

zA∈ZA

MzAφt(b|zA) |zA⟩ , (5.33)

where

φt(b|zA) =
∑

zB∈ZB

MzBe
−ıtEzAB ⟨b|zB⟩ , (5.34)

and the normalized version of the state in Eq. 5.33 is given by

|ψt,A(b)⟩ = |ψ̃t,A(b)⟩√
pt(b)

; pt(b) = ⟨ψ̃t,A(b)|ψ̃t,A(b)⟩ . (5.35)

The quantity pt(b|zA) ≡ |φt(b|zA)|2 defined via Eq. 5.34 has the physical meaning that it is the
probability of obtaining the bitstring b upon measurements (at angle α) on B at time t given the
σz-bitstring in A is zA. The probability of obtaining the bitstring b in B due to the measurement
on the state |ψt⟩ in Eq. 5.32 is therefore

pt(b) =
∑

zA∈ZA

pt(b|zA)p(zA) =
∑

zA∈ZA

|φt(b|zA)|2p(zA) , (5.36)

with p(zA), given in Eq. 5.31, the probability of measuring the bitstring zA in A which remains
constant with t. Using Eq. 5.35 and Eq. 5.36, an arbitrary matrix element of the kth moment of
the PE (defined in Eq. 5.4) can be written as

⟨Z ′
A|ρ(k)

A,t|ZA⟩ =
k∏
i=1
M∗
z

′(i)
A

M
z

(i)
A

×
∑
b

∏k
i=1 φ

∗
t (b|z

′(i)
A )φt(b|z(i)

A )
[pt(b)]k−1 . (5.37)

To estimate the matrix elements at late times, it is useful to introduce the kth no-resonance
condition [215]. The spectrum of a Hamiltonian satisfies satisfies this condition if for any
two different size-k sets of energy eigenvalues, their sums are different. We expect the ℓ-bit
Hamiltonian to satisfy this condition due to the random interactions between the spins. Under
this assumption and noting the time-dependence of φt in Eq. 5.34, we expect any matrix element
in Eq. 5.37 to have an oscillatory component and therefore evaluate to zero, unless |ZA⟩ and
|Z ′
A⟩ are equal up to a permutation, (z(1)

A , · · · , z(k)
A ) = σ(z′(1)

A , · · · , z′(k)
A ) for some permutation

operator σ ∈ Sk with Sk the permutation group of k elements. More over note that the matrix
elements are invariant under the permutations of the replicas. The kth moment of the PE can
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therefore be expressed as

ρ
(k)
A =

∑
ZA

∑
σ∈Sk

|ZA⟩ ⟨σ(ZA)| ϱ(k)
ZA
, (5.38)

where |ZA| is the number of unique zA bitstrings among the k-replicas, and the matrix element
is given by

ϱ
(k)
ZA

=
∑
b

∏k
i=1 p(z

(i)
A )pt(b|z(i)

A )
[∑zA∈ZA p(zA)pt(b|zA)]k−1 . (5.39)

We will now use the observation made in Sec. 5.5 that the matrix elements of ρ(k)
A,t saturate to

steady-state values at long times with temporal fluctuations that decay to zero with system size
(see Fig. 5.5). This allows us to approximate the matrix elements in Eq. 5.37 at late-times as
their temporal average which can be implemented by averaging the matrix elements over the
temporal ensemble, Etemp, defined in Eq. 5.22.

Before averaging the matrix element over the temporal ensemble, we note two points about
the distribution of pt(b|zA) in Etemp. Firstly, φt(b|zA) in Eq. 5.34 is a sum over zB of phases
eıEzAB t that depend on zA, resulting in pt(b|zA) = |φt(b|zA)|2 for different zA being uncorrelated
in the temporal ensemble at late times except when α → 0. In the latter case, pt(b|zA) is
independent of zA and causes, large deviation of the point at α = 0 in Fig. 5.3 from the Scrooge
ensemble arises from this correlation. Secondly, φt(b|zA) can be interpreted as the amplitude of
a bitstring b in a time-evolved state with a modified ℓ-bit Hamiltonian HB which is obtained
from H (Eq. 5.18) by setting the degrees of freedom in A to classical values determined by zA.
We therefore expect the probability distribution of pt(b|zA) to be described by a Porter-Thomas
distribution (5.23) (as discussed in Sec. 5.5) with a mean given by

µ(b) =
∑

zB∈ZB

|MzB |2|⟨b|zB⟩|2 . (5.40)

The matrix element in Eq. 5.39 upon averaging over the temporal ensemble can thus be expressed
as

ϱ
(k)
ZA

=
∑
b

∫ (∏
zA

dp(b|zA)
µ(b) e

− p(b|zA)
µ(b)

)
×

∏k
i=1 p(z

(i)
A )pt(b|z(i)

A )
[∑zA∈ZA p(zA)pt(b|zA)]k−1 . (5.41)

Though p(b|zAA) ∈ [0, 1], since µ(b) is typically much smaller than 1 and the integrand decays
exponentially with p(b|zA)/µ(b), we can extend the upper limit of integration over p(b|zA) from
1 to ∞. Performing a variable transformation p(b|zA)

µ(b) p(zA) → YzA and noting that ∑b µ(b) = 1 ,
we obtain for the matrix element

ϱ
(k)
ZA

=
∫ (∏

zA

dYzA
p(zA)e

−
YzA
p(zA)

) k∏
i=1

Y
z

(i)
A(∑

zA
YzA

)k−1 . (5.42)

We will next compute the corresponding matrix elements of the Scrooge ensemble and show that
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they are identical to the result obtained above in Eq. 5.42.

5.6.2 Matrix elements of the Scrooge ensemble

In order to derive the matrix elements of the Scrooge ensemble, corresponding to ρA,∞, we will
use the fact that it can be viewed as a distortion of the Haar ensemble as in Eq. 5.7 and its kth

moment, following Eq. 5.8 is given by

ρ
(k)
A,Scr = DA

∫
dψ PHaar(ψ)

(√ρA,∞|ψ⟩⟨ψ|√ρA,∞)⊗k

⟨ψ|ρA,∞|ψ⟩k−1 , (5.43)

where DA = 2LA is the Hilbert-space dimension of A and the integral is over Haar-random states
in A. Note from Eq. 5.31 that ρA,∞ is diagonal in the σz-product state basis with eigenvalues
p(zA), such that the matrix element can be written as

⟨Z ′
A|ρ(k)

A,Scr|ZA⟩ = DA

∫
dψ PHaar(ψ) ×

∏k
i=1

√
p(z(i)

A )p(z′(i)
A )ψ

z
(i)
A

ψ∗
z

′(i)
A

[∑zA
p(zA)|ψzA |2]k−1 . (5.44)

where ψzA = ⟨zA|ψ⟩. Due to the Haar averaging the product of the amplitudes ψ
z

(i)
A

ψ
z

′(i)
A

in the
numerator of the above equation, the matrix elements vanishes unless |ZA⟩ and |Z ′

A⟩ are equal
upto a permutation, exactly analogous to the PE at late times. The kth moment of the Scrooge
ensemble therefore has the form identical to that in Eq. 5.38 but with the corresponding matrix
element given by

ϱ
(k)
Scr,ZA = DA

∫
dψ PHaar(ψ)

∏k
i=1 p(z

(i)
A )|ψ

z
(i)
A

|2

[∑zA
p(zA)|ψzA |2]k−1 . (5.45)

The integral over the Haar random states can be performed using standard techniques (see
Appendix 5.A for details) which yields

ϱ
(k)
Scr,ZA =

∫ (∏
zA

dXzA

p(zA)e
−
XzA
p(zA)

) k∏
i=1

X
z

(i)
A(∑

zA
XzA

)k−1 , (5.46)

for the matrix element ϱ(k)
Scr,ZA . Comparing the expression for the Scrooge ensemble in Eq. 5.46

with that obtained for the PE in Eq. 5.42, it is straightforward to see that they are identical
with the identification of the integration variables XzA ↔ YzA . This concludes our proof of the
statement that if PoP of bitstrings approach uncorrelated PT distributions, the PE at late times
approaches the Scrooge ensemble corresponding to ρA,∞.

5.7 Conclusion

In this chapter, we investigated the projected ensemble obtained by single site measurements of all
qubits outside a small subsystem of a unitarily evolving system with has (quasi)locally conserved
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charges. In particular, we numerically studied a strongly disordered Floquet spin-chain known to
exhibit MBL dynamics for very long timescales as well as an ℓ-bit model, a phenomenological
model which is manifestly MBL and has an extensive number of 1-local conserved charges, {σzi }.
Our analysis suggests that for generic measurement bases not very close to the conserved charges,
the PE converges to the Scrooge ensemble (in the limit of large number of measured qubits).
Specifically for the ℓ-bit model, the projected ensemble converges to a Scrooge ensemble if the
qubits are measured along angles (α that parametrize the polar angle of the direction n̂ for the
Pauli observables σ · n̂ that are measured on each site) that are not close to the direction of
the conserved charges (α=0 for σzi ). Numerical tests on first three moments confirm that the
the PE indeed approaches a k=3-design of the Scrooge ensemble. For α near 0, the bitstring
measurement probabilities develop correlations that cause a deviation from Scrooge ensemble
moments. It is unclear how these correlations scale with system size. Numerical results within
available system sizes show exponential decay of trace distances of the moments from the Scrooge
values for all α ≳ 0.1π.

This behavior is in contrast to cases with global conserved charges where the PE converges
to a angle dependent convex mixture of Scrooge ensembles, called the generalized Scrooge
ensemble [215, 217]. In this case, revelation of partial information about the charges in subsystem
B due to measurements also reveals partial information about the charges in subsystem A as the
two are related via the global constraint.

On the other hand, in the case with locally conserved charges, even though measurements
reveal information (even if partial) about the charges local to B, they do not reveal anything about
the charges in the subsystem A. The PE should then approach the ensemble that maximizes
the entropy subject to the constraints of the charges in A; this is nothing but the Scrooge
ensemble constructed out of ρA,∞. In the pathological case of α = 0, when the measurements
basis perfectly coincides with the conserved charges and the asymptotic PE is different from the
Scrooge ensemble. The asymptotic PE of states in A obtained by σz-measurements on B has a
trivial form (see Appendix 5.C).

The convergence to the Scrooge ensemble can be related to the fact that the probability
distribution PoP of the expectation values of Πb (projectors into specific bitstring states for the
measured observables) in the temporal ensemble (made of states sampled from the time evolution
trajectory) approach the Porter-Thomas distribution in the long time limit. We find, numerically,
that the distribution indeed approaches the Porter-Thomas distribution. This empirical result,
which is expected in the PoP of chaotically evolving systems, is surprising here given that the
ℓ-bit Hamiltonian has a large number of local conserved charges. Though, we have not been able
to prove these empirical results, we believe that this may be related to ergodicity in the unitary
group U(2L) of the trajectories of all unitaries of the form UxUt where Ut is the unitary time
evolution operator and Ux are all elements of the stabilizer group of the bitstring states.

Though the results presented are for the ℓ-bit Hamiltonian with finite interaction range (taken
to be ξ = 2 here), the results regarding the limiting distributions are valid even for longer range
interacting systems with the same 1-local-conserved charges. The latter will approach the same
limiting ensembles faster. A question for the immediate future is to understand the the mechanism
that produces the power-law in time behavior in the approach to the Scrooge ensemble. In

133



particular, it will be interesting to understand if this power-law decay is related to the power-law
decay of temporal fluctuations of local observables in the MBL phase [55] or the power-law decay
of bipartite purity (equivalent to logarithmic growth of bipartite entanglement) [227, 228] in
MBL systems.

Finally, note that while the local conserved charges in the ℓ-bit Hamiltonian were manifestly
built-in, in a genuine MBL systems, they are expected to be emergent at strong disorder. It
remains a question as to whether the PE and its higher moments can shed deeper insights and
lead to better understanding of the MBL regime that goes beyond the breakdown of conventional
ETH.

Appendix 5.A Calculation of matrix elements for kth moments
of the Scrooge ensemble

In this appendix, we provide some details of the derivation of the matrix elements of the moments
of the Scrooge ensemble, in particular, the steps involved in obtaining the result in Eq. 5.46 from
Eq. 5.45. The steps follow closely the derivation of the Scrooge ensemble in Ref. [215].

The integration over the Haar measure can be explicitly performed using

PHaar(ψ)dψ = (DA − 1)!
πDA

δ(1 −
∑
zA

|ψzA |2)
∏
zA

d2ψzA . (5.47)

However, since the integrand in Eq. 5.45 depends only on {|ψzA |2} the integral over the phases in
ψzA can be done trivially. Defining a new variable XzA = p(zA)|ψzA |2, Eq. 5.45 on using Eq. 5.47
takes the form

ϱ
(k)
Scr,ZA = (DA!)

∫ (∏
zA

dXzA

p(zA)

)
δ

(
1 −

∑
zA

XzA

p(zA)

) ∏k
i=1Xz

(i)
A

[∑zA
XzA ]k−1 . (5.48)

The δ-function can be removed using a Laplace transform trick. We define

f
(k)
ZA

(t) = (DA!)
∫ (∏

zA

dXzA

p(zA)

)
δ

(
t−

∑
zA

XzA

p(zA)

) ∏k
i=1Xz

(i)
A

[∑zA
XzA ]k−1 , (5.49)

with the identification that ϱ(k)
Scr,ZA = f

(k)
ZA

(t = 1). The Laplace transform of Eq. 5.49 gives

f̃
(k)
ZA

(s) =
∫ ∞

0
dt e−stf

(k)
ZA

(t) = (DA!)
∫ (∏

zA

dXzA

p(zA)

) ∏k
i=1Xz

(i)
A

[∑zA
XzA ]k−1 exp

(
−s
∑
zA

XzA

p(zA)

)
(5.50)

= (DA!)
sDA+1

∫ (∏
zA

dXzA

p(zA)e
−
XzA
p(zA)

) ∏k
i=1Xz

(i)
A

[∑zA
XzA ]k−1 , (5.51)

where in the second line we performed a change of variables XzA → XzA/s. Since the inverse
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Laplace transform of DA!/sDA+1 is simply tDA , we have

ϱ
(k)
Scr,ZA = f

(k)
ZA

(t = 1) =
∫ (∏

zA

dXzA

p(zA))e
−
XzA
p(zA)

) ∏k
i=1Xz

(i)
A

[∑zA
XzA ]k−1 , (5.52)

which is exactly the result in Eq. 5.46.

Appendix 5.B Comparison of Etemp with random phase ensemble
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Figure 5.9: The random phase ensemble (dotted lines) is compared with the Etemp (solid lines)
for α = π/8. For all L values, the distribution of DKL with PT for both ensembles match closely.

Here, we further investigate the appearance of long tail in distribution of DKL for states in Etemp.
We construct the random phase ensemble (Erandom-phase)which is proposed to be the limiting
ensemble of Etemp if the hamiltonian H satisfies the k-th no-resonance condition and the initial
state has finite overlap with all energy eigenstates[215].

Erandom-phase =


D∑
j=1

cje
−ıϕj |zj⟩

 . (5.53)

where cj = ⟨ψ0|Ej⟩ where Ej are energy eigenstates ( |zj⟩ for ℓ-bit Hamiltonian) and ϕjs are
uniformly sampled from [0, 2π]. We keep equal number of states in Erandom-phase and Etemp. In
Fig. 5.9, the distribution of DKL is almost identical for both the ensembles. This rules out any
finite-time effect for the appearance of the log-tail. It can be attributed purely to the effect of
measurement basis.

Appendix 5.C Projected ensemble with σz-measurements

In this section, we derive the kth moment of the PE for the case of σz-measurements (α = 0)
and show that they are different from the Scrooge ensemble. Using the notation in Sec. 5.6, the
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state at time t is given by

|ψt⟩ =
∑

zA∈ZA

∑
zB∈ZB

MzAMzBe
−ıtEzAzB |zAzB⟩ , (5.54)

such that a σz-measurement on B yields the bitstring zB with probability p(zB) = |MzB |2 and
the corresponding state on A is

|ψA,t(zB)⟩ =
∑

zA∈ZA

MzAe
−ıtEzAzB |zA⟩ . (5.55)

Denoting |MzA/B |2 = p(zA/B), the kth moment of the PE therefore has matrix elements

⟨Z ′
A|ρ(k)

A,t|ZA⟩ =
∑

zB∈ZB

p(zB)
k∏
i=1

M∗
z

′(i)
A

M
z

(i)
A

exp
[
−ıt

(
E
z

(i)
A zB

− E
z

′(i)
A zB

)]
. (5.56)

In the limit of t → ∞, the kth no-resonance condition again implies that the matrix element
above is non-zero only if |Z ′

A⟩ is a permutation of |ZA⟩ such that

ρ
(k)
A =

∑
ZA

∑
σ∈Sk

|ZA⟩ ⟨σ(ZA)| ϱ(k)
ZA
, (5.57)

and the matrix element is given by

ϱ
(k)
ZA

=
k∏
i=1

p(z(i)
A ) . (5.58)

Note the structure of the kth moment of the PE here is same as the Scrooge ensemble - location
of the non-zero matrix elements are the same. However the matrix element for the Scrooge
ensemble in Eq. 5.46 can be written as

ϱ
(k)
Scr,ZA =

k∏
i=1

p(z(i)
A ) ×

∫ (∏
zA

dxzA e−xzA

) ∏k
i=1 xz(i)

A

(∑zA
xzAp(zA))k−1 . (5.59)

Note that the expressions in Eq. 5.58 and Eq. 5.59 are obviously different in general from each
other for general {p(zA)}zA , which are set by the initial state, as the integral in the RHS of the
above equation does not evaluate to unity in general.
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6
Quantum Chaos on Erdős–Rényi

Random Graphs

The arc traced by the preceding sections, beginning with expectation values and linear
response in Sec. 1.3.3, moving through the full distribution of a single observable via full

counting statistics in Sec. 1.6, and arriving at the full distribution of conditional states via the
projected ensemble in Sec. 1.8, has been one of progressively finer statistical resolution, with
each step refining the one before. The full counting statistics refines an expectation value into its
full distribution, and the projected ensemble contains every full counting statistics as a marginal.
Chapter 6 completes the thesis through a complementary move. Rather than adding a further
layer of resolution on a single diagnostic, it deploys several independent probes simultaneously on
one tunable system. The projected ensemble , the partial spectral form factor, Krylov complexity,
and the quantum Mpemba effect applied to the Ising model on Erdős–Rényi random graphs,
whose mean connectivity interpolates smoothly between a one-dimensional integrable limit and a
fully-connected chaotic one.

The alignment with present-day programmable quantum simulators is deliberate. Each
diagnostic reduces, at the experimental level, to statistics of projective measurements in a
product basis: bit-string frequencies for the projected-ensemble moments and the pSFF. Krylov
complexity, while experimentally chalenging to access at present works as a proxy to closely
related qunatities that have been experimentally accessed. The graph-Ising Hamiltonian itself
sits close to the native geometry of reconfigurable neutral-atom arrays, on which transverse-field
Ising models have been realised on programmable graphs with hundreds of sites [231, 232], and
of trapped-ion platforms with site-resolved readout and tunable long-range couplings [233]. In
Chapter 6 we exploit this confluence of tunable system and experimentally accessible probes
to locate the chaos–integrability transition by cross-validation: each diagnostic is sensitive to
a different facet of the dynamics, and the connectivity threshold at which they agree pins the
transition down more sharply than any one of them in isolation.

This chapter is adapted from the publication: G. J. Sreejith and Sandipan Manna, “Signatures of quantum
chaos and complexity in the Ising model on random graphs,” Phys. Rev. B 113, 214322 (2026).
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6.1 Introduction

Quantum Ising models have played a central role in the many-body physics of quantum phase
transitions [234, 235, 236], arising naturally in both lattice systems and disordered, glassy
settings [237, 238, 239]. They also serve as the framework for quantum annealing (QAA) and
variational quantum algorithms (VQA), which encode classical optimization problems in an
Ising Hamiltonian and use quantum fluctuations to search for low-energy solutions [240, 241,
242, 243, 244, 245, 246]. Hardware connectivity constraints [247, 248] as well as the need to
encode general graph optimization problems [232, 249, 250] make the dynamics of these models
on random graphs a question of direct practical relevance. Performance of related optimizer
circuits [251, 252, 253] has been shown, in specific instances, to correlate with chaos diagnostics
such as operator spreading [254, 255, 256] and information scrambling [257, 258, 259, 260,
261, 262, 263]. While these characteristics have been investigated extensively in regular lattice
systems [256, 259, 264, 265, 266, 267], studies on irregular graphs remains largely unexplored.

In QAA, the instantaneous Hamiltonian interpolating between a transverse-field driver and an
Ising problem Hamiltonian encoded on a random graph can exhibit chaotic dynamics for initial
states with finite excitation energy density. While ideal adiabatic evolution remains confined to
the low-energy sector and is therefore insensitive to bulk spectral statistics, it has been shown that
adding a chaotic perturbation at intermediate times can improve QAA performance by enhancing
the bottleneck gap and delocalizing low-energy states in hard optimization instances [252, 251].

An alternate optimization scheme is the Quantum Approximate Optimization Algorithm
(QAOA) [268, 241] which resembles a Trotterization of the QAA. The state is evolved under
an alternating sequence of transverse field (Hx) and cost Hamiltonian (Hc), with {γk, βk} as
variational parameters of the quantum optimizer circuit, optimized to minimize ⟨Hc⟩ on the
final state. Unlike QAA, the intermediate states of a QAOA circuit are not constrained to the
low-energy sector. Consequently, eigenstates drawn from the bulk of the spectrum of Hc or Hx

may be transiently populated, making bulk spectral properties directly relevant to the circuit
dynamics. In simulations of randomly picked finite-size problem instances, we show (Sec. 6.2) that
a three-term ansatz with Hc, Hx, and an additional term Hd achieves a better approximation
ratio than the standard two-term QAOA when Hd exhibits signatures of chaos. However,
chaotic intermediate dynamics can also be detrimental: they may exacerbate barren plateaus by
suppressing parameter gradients at shallow circuit depths [269, 270, 271]. Quantum chaos has
also been identified as a key resource in quantum reservoir computing. In an random-graph Ising
setup closely related to the one studied here, it was found that optimal learning performance of
a quantum reservoir is achieved at the boundary between the chaotic and localized phases [253].
Thus, a refined understanding and control of the onset of chaos in finite-size random-graph
Hamiltonians can provide valuable insights into the development of various proposed use cases
for NISQ devices.

In this chapter, we present an investigation of quantum dynamics in the Ising model on
Erdős-Rényi (ER) graphs with a mixed field, focusing on how graph connectivity shapes the
onset of quantum chaos. We parameterize graph connectivity using the connectance (M̃),
which is the fraction of connected edges among all possible edges. For simplicity, we consider
the case where Ising coupling strengths are held fixed; disorder in our model arises from the
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connectivity pattern and not from randomness in the coupling strengths or the external field.
Level spacing distributions, level velocities, and spectral correlations in this model were studied
in Ref. [272], where chaotic spectral properties were found to emerge in the intermediate M̃
regime. These are spectral diagnostics as they characterize quantum chaos through eigenvalue
correlations alone, and carry no direct information about eigenvector structure. et dynamical
processes that are experimentally accessible, such as information scrambling, operator growth,
and thermalization, are sensitive to eigenvector structure. To build a more complete picture, we
employ diagnostics that probe signatures of chaos in projective measurement outcomes, eigenstate
structure, operator spreading, and the growth of complexity under unitary evolution — namely,
the projected ensemble statistics, partial spectral form factor, and Krylov complexity. These
quantities are more directly connected to dynamical and experimentally accessible observables,
and together provide a perspective on quantum chaos that is distinct from, and complementary
to, the spectral statistics studied previously.

Conventional studies of quantum thermalization focus on quantities governed by the Eigenstate
Thermalization Hypothesis (ETH)-specifically, expectation values of local observables [8, 9, 204].
The projected ensemble (PE) [16, 17] offers a finer characterization by unraveling the density
matrix into an ensemble of pure quantum states, enabling analysis beyond the average captured
by the density matrix alone. For systems without conserved charges, the PE of a time-evolved
state is expected to converge to the Haar ensemble, a condition known as deep thermalization.
We show that the distance between PE and Haar distribution decays faster with the system
size at intermediate M̃ . In contrast, in sparse and dense limits (M̃ → 0, 1), the trace distance
shows a slow decay with the system size. Next, we focus on the partial spectral form factor
(pSFF), which extends the spectral form factor (SFF) to capture correlations between eigenstates
and eigenvalues within the subsystem. We empirically demonstrate distinct signatures in the
pSFF across different connectivity regimes. Measurements of PE and pSFF have already been
experimentally demonstrated in 5 − 25 qubit systems in various platforms [67, 273, 274, 17, 275].
While our numerical studies are restricted to 15 qubits, quantum devices can be used to extend
this investigation to larger systems in the near future.

Heisenberg evolution under a chaotic Hamiltonian drives rapid growth of local operators,
both in real space and in operator space [276]. To probe the crossover from an operator-spreading
perspective, we compute the Krylov complexity (KC) and its late-time saturation as a function
of M̃ . In the Krylov subspace, an initial local operator spreads over a set of orthogonal basis
states generated by Lanczos tridiagonalization of the Liouvillian superoperator, analogous to a
particle propagating on a tight-binding chain with nearest-neighbor hopping. KC quantifies this
by measuring the average position of the wave packet in the chain. We observe that the Lanczos
coefficients, which correspond to the hopping parameters in the tight-binding interpretation,
exhibit enhanced fluctuations near the integrable and localized limits (for finite system sizes).
Most importantly, the KC saturation values are significantly larger (and grow faster with system
size) in the chaotic regime compared to the localized and integrable regimes.

The crossover from chaotic to integrable and localized regimes is associated with the emergence
of approximate conservation laws and local integrals of motion [277, 278, 279]. In the model
studied here, this takes two distinct forms: at M̃ → 0, disconnected clusters yield trivial local
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conserved charges, while at M̃ = 1, a permutation symmetry fragments the Hilbert space
(Sec. 6.2). At intermediate M̃ , this fragmentation is weakly broken, leaving projections onto
Hilbert space fragments as approximate conservation laws that partially obstruct thermalization.

All three diagnostics used in this chapter, i.e., the projected ensemble, the partial spectral
form factor, and the Krylov complexity, probe how these conservation laws suppress quantum
information scrambling, but from complementary vantages. PE deviates from the Haar ensemble
in the presence of conserved quantities, instead approaching an ensemble constrained by the
charges. This was demonstrated in the case of U(1) charges [280, 215] and kinetic constraints [219].
The universal ensemble approached under dynamics with more complex or approximate charges
has not been studied extensively, and is expected to deviate from the Haar ensemble. The
pSFF, an experimentally accessible proxy for the SFF, captures the resulting effect in eigenvalue
and eigenstate correlations [281, 282]. Krylov complexity tracks the restricted growth of local
operators along symmetry-protected directions in operator space, with lower saturation values in
integrable settings. A central finding of this chapter is that all three consistently identify the
same connectivity-driven crossover, providing a unified picture of how approximate conservation
laws govern the onset of chaos across these complementary facets of quantum dynamics.

This chapter is organized as follows. Section 6.2 provides a brief introduction to the model
and its symmetries. We also briefly discuss the QAOA protocol and demonstrate the performance
of random graph Ising model as a component in circuit ansatz at various graph connectivity. We
utilize the projected ensemble protocol to examine deep thermalization through higher-order
moments of quantum state ensembles in Sec. 6.3. In Sec. 6.4, we study the partial spectral form
factor (pSFF) of subsystems to identify characteristic signatures of chaotic behavior and its
implications in the context of experiments. We also explore the effect of the choice of subsystem
on pSFF. Section 6.5 presents results on operator delocalization through Krylov complexity.
Finally, Sec. 6.6 discusses the limitations and potential extensions of our study.

6.2 Ising Model on random graphs

In this study, we consider the mixed-field quantum Ising model whose Hamiltonian is given by

H = J

M
Hp + g

L
Hx + h

L
Hz , (6.1)

Hp = −
∑
i,j

AijZiZj , Hx = −
∑
i

Xi, Hz = −
∑
i

Zi .

{Xi, Yi, Zi} are Pauli matrices acting on site i and g, h are the strengths of the transverse and
longitudinal field, respectively. Aij is the adjacency matrix of the underlying graph, where spins
are the nodes. Aij = 1(0) if there is a coupling (no coupling) between spins i and j. We take
J = 1 throughout this chapter. The adjacency matrices are chosen to represent random ER
graphs [283] G(L,M) where L and M denote the number of nodes and edges, respectively. M can
be obtained as M = 1

2
∑
i,j Aij . The denominators L,M in Eq. 6.1 ensure that the bandwidth

of the energy spectrum scales as ≈ O(JL0M0). For g = 0, there is a global U(1) symmetry.
For generic g, at h = 0, the model has a global parity symmetry given by, P = ∏L

i=1Xi. All
edges have equal strength (J) and graph-to-graph variation arises entirely from the adjacency
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matrix. For L sites, the maximum possible number edges is Mmax =
(L

2
)
. We define the

connectance M̃ = M/Mmax to characterize the graphs. For each M̃ we sample graphs with
M̃Mmax edges with uniform probability. M̃ = 0 and 1 correspond to the non-interacting and
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Figure 6.1: (a) A single realization of Erdos-Renyi graph with L = 8 nodes and connectance,
M̃ = 0.6 which implies number of connected edges, M = 17. Interacting pairs are represented by
connected edges. (b) Eigen-spectrum of Hamiltonian in Eq. 6.1 for an instance at each M̃ with
L = 8. We have used darker shades to indicate degeneracy.

integrable LMG (Lipkin–Meshkov–Glick model [284] ) limits, respectively (the presence of a
small longitudinal field causes deviation in spectral characteristics from the LMG model in finite
systems). Figure 6.1(a) shows one realization of such a lattice. We take J = 1 and g = 1, thus
working with a ferromagnetic Hamiltonian. h is taken to be a small positive value in subsequent
sections to break the model’s parity symmetry. The dynamical properties studied in this chapter
characterize the bulk of the spectrum, which is expected to be independent of the ferromagnetic
or anti-ferromagnetic nature of the ground state, i.e., the sign of J .

The onset of chaos with M̃ in this model (with h = 0) was studied in Ref. [272] using level
spacing statistics, level velocity, and spectral form factor. The system exhibits chaotic behavior
at intermediate connectivity, with spectral features matching Wigner-Dyson (WD) statistics,
and shows deviations at extreme M̃ in finite-system studies. Figure 6.1(b) shows the eigenvalue
spectrum of this Hamiltonian at L = 8, g = 1.0 and h = 0.1 for a representative realization at
each M̃ . For intermediate M̃ , the level-spacing distribution in the unfolded spectrum is close to
the WD distribution for numerically accessible systems. It approaches the WD distribution with
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increasing L for M̃ close to 1 and 0 when g takes a value in 0.5J < g < 4J . Thus, at large enough
L, and intermediate values of g, the level spacing ratio is expected to be WD for all M̃ ̸= 0, 1. At
very large and small values of g, the system is nearly non-interacting, with eigenstates given by
simple product states to a good approximation; thus, the level-spacing ratio deviates from WD.

We choose g = 1 throughout to retain the possibility of chaotic behavior in the system sizes
studied (6 ≤ L ≤ 15). Next, we discuss the symmetries of this Hamiltonian at extremal M̃ .

6.2.1 Symmetries and conservation laws near M̃ = 0 and 1

At small M̃ and finite system sizes, ER graphs consist of weakly connected clusters. The
Hamiltonian then decomposes effectively into smaller blocks with support only within individual
clusters, leading to a breakdown of ergodicity. Consequently, eigenstates in this regime are weakly
entangled, with bipartite entanglement entropy across a real-space cut remaining well below
the volume-law value expected for chaotic systems, a trend we confirm for M̃ < 0.3 (Fig. 6.14
in Appendix 6.A). However, the percolation threshold for ER graphs is M̃c ∼ 1/L, so for any
fixed small M̃ > 0, increasing the system size L eventually drives the graph past this threshold,
beyond which a giant component of size O(L) emerges [285]. Equivalently, at fixed L, chaotic
behavior sets in once M̃ exceeds O(1/L). This structural crossover in the (M̃, L) plane underlies
the system-size-dependent onset of chaos observed in our study at small M̃ .

At M̃ = 1 and h = 0, the Hamiltonian in Eq. 6.1 can be rewritten as

H = 1
2MS2

z + 1
L
Sx, (6.2)

up to an additive constant, where Sx = ∑
iXi and Sz = ∑

i Zi. The Hamiltonian is symmetric
under the permutation group SL (relabeling of spin indices) and commutes with the total spin
squared S2 ≡ S2

x +S2
y +S2

z . As a consequence, the vector space can therefore be decomposed into

V =
L/2∑

S=Smin

VS ⊗ VP , (6.3)

where Smin = 0(1/2) if L is even (odd). VS forms a spin S irrep of SU(2) and VP is some irrep
of SL representing the multiplicity of the S representation. On this decomposition, H acts as∑⊕
S HS ⊗ IVP . To explicitly see this, we can use the following three-spin/qubit example. The

space decomposes into irreps of SU(2) as 3
2 ⊕ 1

2 ⊕ 1
2 . In the following basis

|3
2 ,m− 3

2⟩ ∝ Sm+ |000⟩; m = 0, 1, . . . 3

|1
2 ,−

1
2 , α = 0⟩ ∝ (|01⟩ − |10⟩)|0⟩

|1
2 ,+

1
2 , α = 0⟩ ∝ (|01⟩ − |10⟩)|1⟩

|1
2 ,

1
2 , α = 1⟩ ∝

√
2
3 |110⟩ − 1√

6(|101⟩ + |011⟩)

|1
2 ,−

1
2 , α = 1⟩ ∝ 1√

6(|100⟩ + |010⟩) −
√

2
3 |001⟩

where the α index represents the multiplicity sector, S+ is the collective spin raising operator,
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Hamiltonian has the form

H =


H 3

2
0 0

0 H 1
2

0
0 0 H 1

2

 ≡ H 3
2

⊕H 1
2

⊗ I2 (6.4)

In a similar way, the L = 4 case decomposes as H2 ⊕H0 ⊗ I2 ⊕H1 ⊗ I3.
The permutation symmetry and the commutation with S2 lead to extensive Hilbert space

fragmentation with maximal fragment size upper bound by L+ 1 (corresponding to the S = L
2

sector). Less important here, the permutation symmetry guarantees extensive degeneracy from
the multiplicity space acting as a zero mode. The small fragments imply that the initial states
undergo very restricted expansion in the Hilbert space, resulting in the absence of thermalization.
As the bonds are removed when M̃ < 1, the symmetries are lost, resulting in weak coupling of
the sectors. Eigenstates still have large weights in one block, resulting in an eigenstate ordering
inherited from the nearby M̃ = 1 point.

When M̃ = 1 − ϵ for small ϵ > 0, i.e., just below the maximally connected limit, the
Hamiltonian can be viewed as a perturbation of the LMG model by a term

V = 2J
L(L− 1)M̃

∑
⟨ij⟩del

ZiZj , (6.5)

where the sum runs over the ϵL(L − 1)/2 deleted bonds. Before the perturbation, the LMG
energy eigenvalues depend only on the S2 eigenvalue, E = E(s). The perturbation introduces
off-diagonal blocks coupling different s sectors. For s away from the fully polarized limits, each s
sector is exponentially degenerate, with multiplicity

m(s) = 2s+ 1
L/2 + s+ 1

(
L

L/2 − s

)
. (6.6)

Treating the degenerate eigenstates as random vectors in the computational basis with typical
coefficient magnitude ∼ 2−L/2, the off-diagonal blocks coupling sectors s and s′ have dimensions
m(s) × m(s′) (exponentially large in L) and matrix elements of order ⟨s|V |s′⟩ ∼ O(

√
ϵ/2L/2).

Although individual matrix elements are exponentially small, the coupling between exponentially
large degenerate blocks leads to a lifting of the block-diagonal structure and mixing of eigenstates
at large L. While this constitutes only a plausibility argument for the emergence of chaos at any
finite ϵ, our numerical results are consistent with this picture.

While an atypical initial state, such as a direct product state, will have overlap with an
extensive number of energy eigenstates, taking it to an infinite temperature diagonal ensemble at
equilibration, the eigenstate ordering results in overlaps with only a restricted set of eigenstates,
resulting in the diagonal ensemble deviating from the infinite temperature ensemble. We explicitly
show this distinction through the inverse participation ratio (IPR) of such product state in the
basis of eigenstates (Fig. 6.15 in Appendix 6.A).

In the rest of this section, we demonstrate that chaotic dynamics in such a Hamiltonian can
affect QAOA performance when this Hamiltonian is employed as an additional term in QAOA
protocol.
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6.2.2 QAOA with random Ising driver

Here, we empirically demonstrate, in the specific setting of QAOA, that chaos in the instantaneous
Hamiltonian can be relevant to the circuit performance. We consider the problem of minimizing
a classical Ising cost Hamiltonian of the form

Hc =
∑
i,j∈C

WijZiZj , (6.7)

defined on a random graph C with L nodes. Several difficult classical optimization problems [286],
such as MAXCUT and SAT, can be cast as ground-state search of such an Ising Hamiltonian [242].
For the numerical demonstrations in this section, we sample the graph C from a set of ER
graphs and sample the edge weights Wij uniformly from {+1,−1}. The standard QAOA ansatz
alternates between the cost unitary eıγkHc and a mixer unitary eıβkHx where γk, βk are variational
parameters associated with the k-th layer which are to be optimized. The entire circuit consists
of p such layers. Here, we modify this QAOA protocol by adding an additional driver unitary
eıαkHd in each layer as illustrated in Fig. 6.2. Hd is a mixed-field Ising model on an ER graph

Figure 6.2: An outline of QAOA protocol. The three-term variational circuit is parameterized
by {αk, βk, γk}. The entire circuit consists of p such layers. The input state of the ansatz is
taken as |+⟩⊗L. The energy of the cost function is optimized with a classical optimizer and the
parameters are iteratively updated using gradient descent.

with Pauli-Y Y interaction given as,

HY Y
d = −JL

M

∑
i,j

AijYiYj − g
∑
i

Xi. (6.8)

Its spectral properties are identical to those of the annealing Hamiltonian (Eq. 6.1 with h = 0 for
simplicity), and its chaotic character is therefore tunable through M̃ . Note that the adjacency
matrices C (of Hc) and A (of Hd) are chosen independently. We take the initial state for the
ansatz as |+⟩⊗L and set J = g = 1. The values of α, β, γ are optimized such that ⟨Hc⟩ is
minimized. These unitaries need to be implemented on quantum devices using a Trotterized
approach [287, 288].

To understand the state evolution in such a circuit, we examine the trajectory of the energy
expectation value of the instantaneous state at each step of a 4-layer QAOA ansatz (Fig. 6.3).
The background horizontal lines show the instantaneous eigenspectrum, colored by the overlap
with the optimized state |ψopt⟩ ; the darkest lines, concentrated at the low-energy end of Hc,
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indicate that |ψopt⟩ is strongly supported on low-energy computational basis states. For optimized
parameters (black line), the trajectory navigates through intermediate states with finite energy
density, with significant overlap with mid-spectrum eigenstates of Hd at intermediate steps. This
is qualitatively distinct from adiabatic evolution, in which the state remains confined to the low-
energy manifold at all times. Nevertheless, the optimized circuit successfully drives the final state
to near-ground-state energy, as indicated by the diamond marker (⟨ψopt|Hc|ψopt⟩ ≈ −1). For
randomly chosen parameters (red dashed line), the energy expectation value shows no systematic
drift toward low energy, fluctuating throughout the bulk of the instantaneous spectrum.
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Figure 6.3: Trajectory of energy expectation value of instantaneous state in QAOA dynamics
through the eigen-spectrum of instantaneous QAOA Hamiltonian. The thickness of dashes is
proportional to the degeneracy of the eigenstates. The ansatz is a 4-layer quantum circuit. The
label at the bottom of each stack shows the instantaneous Hamiltonian and the corresponding
layer (in superscript). The marker in the right-most stack marks the final energy expectation value
of the optimized state, i.e., ⟨ψopt|Hc|ψopt⟩. The color indicates the overlap between the optimized
state and the instantaneous eigenspectrum. L = 8. The problem graph has a connectivity
M̃c = 0.4.

We now assess the performance of this three-term QAOA protocol as a function of M̃ . We
show the results for two randomly picked instances of the classical Ising Hamiltonian Hc (Eq. 6.7)
on a random ER graph of L = 8 sites with M̃c = 0.4. Keeping Hc fixed, we sample 1000 different
realizations of Hd (Eq. 6.8) and optimize a circuit of p = 2, 3 layers. In each case, 600 ADAM [289]
gradient-descent steps were performed to minimize the cost function EQAOA = ⟨ψ|Hc|ψ⟩ (energy
expectation value of the final state with respect to the cost Hamiltonian). EQAOA is evaluated
numerically exactly and the gradient is obtained using finite difference method. To gauge the
distribution of performance of the optimized QAOA, we compute the approximation ratio for
each of the 1000 instances as defined below,

R = Emax − EQAOA
Emax − EGS

≤ 1 (6.9)
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Figure 6.4: Approximation ratio of the optimized state for a QAOA circuit with L = 8, p = 2
(a,b) and L = 8, p = 3 (c,d). Keeping the problem Hc fixed, for each M̃ , we show the QAOA
optimized approximation ratio for 1000 random choices of Hd at that M̃ . The two columns
describe data for two independently sampled problems Hc with M̃c = 0.4.

Higher R implies better optimization performance. Here, EGS and Emax are the ground state
and maximum eigenvalue of Hc respectively. Figure 6.4 shows the distribution of R values
for the two cost Hamiltonians. Two features are particularly notable. First, R is higher at
M̃ > 0 compared to the standard transverse-field mixer (M̃ = 0) for the majority of driver
instances, confirming that the additional Ising mixer improves QAOA performance. Further, the
approximation ratio is almost always larger at intermediate M̃ , where Hd exhibits chaotic spectral
statistics. Note that the spread in R at M̃ = 1 is due to the variation in initial parameter value
across multiple gradient-descent optimizations. This correlation suggests possible influence of
the chaotic dynamics of Hd on QAOA performance, similar to what was observed for QAA [252]
(see Appendix 6.B for additional numerical examples for system size up to L = 10).

The improvement in QAOA performance observed withHd containing Y Y term can potentially
be attributed to two distinct factors: the chaotic nature of Hd, and the presence of terms that
scatter between computational basis states with Hamming distance 2, enabling broader exploration
of the solution space. To decouple these two contributions, we consider in Appendix 6.B an
alternative driver Hamiltonian with Pauli-ZZ coupling,

HZZ
d = −JL

M

∑
i,j

AijZiZj − g
∑
i

Xi, (6.10)

in which the interaction term is diagonal in the computational basis but have identical spectral
properties. We qualitatively obtain the same results, suggesting that the chaotic character of the
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entire Hd, rather than the nature of its individual terms, leads to improved performance of the
modified QAOA.

Having demonstrated a potential connection between circuit performance and chaos in the
dynamics, in the subsequent sections, we present a thorough investigation of the dynamical
properties of HZZ

d utilizing multiple complementary probes.

6.3 Projected ensemble and emergence of deep thermalization

ETH predicts that the reduced density matrix of any small subsystem of an isolated quantum
system evolving under a generic Hamiltonian relaxes to a Gibbs state determined solely by the
initial energy density. This relaxation follows from the delocalization of initial local information
across the many-body system, with scrambling as the underlying dynamical mechanism. The
subsystem’s complement serves as an effective bath, whose degrees of freedom are traced out to
yield the reduced density matrix. Under chaotic dynamics satisfying ETH, the resulting reduced
state relaxes to a Gibbs ensemble, and all memory of the initial state is effectively erased from
local observables. This framework is sufficient to predict expectation values of local subsystem
observables. However, modern quantum simulator platforms can track all degrees of freedom
simultaneously [210, 231, 233], rendering the system-bath distinction artificial. Access to the bath
state allows one to obtain pure states of the subsystem conditioned on the measurement outcome
of the bath. The ensemble of such conditional pure states is the Projected Ensemble (PE), and
constitutes a physically natural unraveling of the reduced density matrix. While a density matrix
admits infinitely many unravelings, the restriction to projective measurements selects a physically
motivated one. Unlike the density matrix, which encodes only the first moment of the state
ensemble, the PE encodes the full distribution of quantum states in the Hilbert space, providing
access to all higher moments and thereby to fluctuations beyond mean observable values. This
motivates a distinction between thermalization at the level of local expectation values and the
more fundamental notion of deep thermalization, which concerns convergence of the underlying
quantum state distribution in the projected ensemble to the Haar measure [218, 217, 215, 290,
291, 219, 280, 292, 293, 294].

Consider a system of L sites partitioned into two subsystems, A and B, with L = LA + LB.
Under unitary evolution, the entire system is described by a pure state, |ψAB⟩ ∈ HA ⊗ HB at all
times. We consider initial states of the form

|ψAB(t = 0)⟩ = 1√
2L

L⊗
i=0

(|0⟩ + ı|1⟩), (6.11)

evolved under the Hamiltonian in Eq. 6.1 (with J = 1, g = 1 and h = 0.1). The state has 0
energy expectation for this Hamiltonian. In the absence of any conserved charges (other than
energy), the subsystem properties are expected to relax to those of a Gibbs ensemble e− 1

T
H

where T is the effective temperature of the initial state. As the Hamiltonian is traceless, T = ∞,
and the subsystem properties of the time-evolved states (with Eq. 6.11 as initial state) relax to
that of the identity density matrix.

We perform simultaneous projective measurements of Pauli-Z on all qubits in subsystem B
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on copies of |ψAB⟩ and collect the corresponding pure state |ψA(bi)⟩ in A conditioned on the
measurement outcome bi,

|ψA,bi⟩ = 1√
p(bi)

Πbi |ψAB⟩ = |ψA(bi)⟩ ⊗ |bi⟩, (6.12)

where Πbi = I⊗|bi⟩⟨bi| and p(bi) = ⟨ψAB|Πbi |ψAB⟩. The state |ψA,bi⟩ arises with probability p(bi)
and the ensemble of these states, described by EPE = {p(bi), |ψA,bi⟩}, is the PE. When seen as an
ensemble of the states in A, its distribution over the Hilbert space of A can be characterized by
its k-th moment as, ρ(k)

PE = ∑
bi p(bi)(|ψA(bi)⟩⟨ψA(bi)|)⊗k. Given the PE, these can be computed

using the bi labels on the ensemble states. The kth moment of any observable’s expectation
value can be obtained as ⟨Ô⊗k⟩PE = Tr[ρ(k)

PEÔ
⊗k].
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Figure 6.5: (a)-(b) Evolution of ∆(1) with time for M̃ = 0.2 and 0.4, respectively. (c)-(d)
Evolution of ∆(2) with time for M̃ = 0.2 and 0.4, respectively. All data represented here are
averaged over 500 graphs. Power-law fits for L = 14 are shown with black dashed lines, and the
corresponding exponents are noted in the plot. Vertical black dotted lines indicate the region
where the fitting was done to obtain the power-law exponents. (e)-(f) The slope of trace distance
with time across M̃ (with estimated error in slope indicated). LA = 2. The parameters for
Hamiltonian (Eq. 6.1) are taken as g = 1.0, h = 0.1.
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To characterize deep thermalization, one must identify the universal ensemble toward which
the PE converges in the limit of large system sizes L and long times. Under unitary evolution with
H from the initial state in Eq. 6.11, if H is chaotic, the PE asymptotically (in L, t) approaches
the Haar ensemble [16, 17, 214, 56]. The choice of the measurement basis does not affect the
convergence of the PE in this case [280, 215]. In the presence of conservation laws or constraints,
the asymptotic projected ensemble reached at L, t → ∞ deviates from the Haar ensemble and is
determined by the charges of the initial state [280, 217, 215] as well as any correlation between
measurement outcomes and the conserved charges. The degree of deep thermalization is thus
quantified by the deviation of the PE moments from those of the Haar ensemble.

To compare the Haar ensemble and the PE, we use the trace distance between corresponding
moments. Given two ensembles, we define the trace distance between their k-th moments as,

∆(k)(E , E ′) = 1
2Tr

√
(ρ(k)

E − ρ
(k)
E ′ )(ρ(k)

E − ρ
(k)
E ′ )† (6.13)

We will denote quantities averaged over multiple graph realizations with overbar. The results
presented here are averages over 500 graph realizations. Figure 6.5 (a-d) show the evolution
of trace distances ∆(1)(E , EHaar) and ∆(2)(E , EHaar) with time for different M̃ . The distances
decay with time in all cases, ultimately saturating to a system-size-dependent asymptotic value,
∆(k)(t → ∞). Figure 6.6 shows the dependence of the asymptotic distance on the system size.
Both the initial decay with time and the L dependence of the asymptotic distance show clear
dependence on M̃ .

Convergence of PE to the Haar ensemble with time: For intermediate M̃ , the trace
distance between the PE and the Haar ensemble decays as a power law in time, with an M̃ -
dependent exponent α (Fig. 6.5(a)–(d)). The convergence is fastest in the chaotic regime, with the
largest exponent (α ≈ 1.6) occurring at M̃ ≈ 0.3 (Fig. 6.5(e)–(f)). For comparison, the nearest-
neighbor mixed-field Ising model at a specific chaotic parameter point (where it is expected to be
chaotic) exhibits an exponent of ≈ 1.2 [16]. The exponent decreases on either side of M̃ ≈ 0.3,
toward both the sparse and dense limits. The power-law exponent is consistent within error bars
across both the first and second moments of the PE, indicating that the thermalization rate is
independent of the moment order, a feature previously reported in Refs. [16, 218]. At extremal
values (M̃ ≤ 0.1, M̃ ≥ 0.8), the trace distance exhibits a slower approach to its asymptotic
value, accompanied by pronounced plateaus, suggesting that thermalization proceeds via distinct
dynamical timescales in these regimes.
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Figure 6.6: (a)-(c) Asymptotic (t = 109J−1) trace distance of first 3 moments of PE from Haar
ensemble as a function of LB. The asymptotic trace distance gets suppressed with increasing LB
for all M̃ . Error bars represent the standard error of the mean across realizations at a fixed t.
(d)-(f) The same data plotted to show the the scaling of ∆(k)(t → ∞) with L across all M̃ for
first 3 moments of PE. The error bars are not shown when they are comparable to the marker
size. Each data point shown represents an average over 500 graph realizations, calculated for a
subsystem of size LA = 2 with Hamiltonian parameters (Eq. 6.1) g = 1.0 and h = 0.1. The black
dashed line shows the trace distance of an empirical ensemble of 500 random states (sampled from
Haar random states of system size L) from the corresponding moments of the Haar ensemble.

Asymptotic (late-time) trace distance, ∆(k)(t → ∞): We compare the late-time asymp-
totic trace distances ∆(k) for k = 1, 2, 3 in Fig. 6.6(a)-(c) as a function of M̃ for multiple L.
Figure 6.6(d)-(f) show the L dependence of ∆(k)(t → ∞).

At fixed L, the asymptotic trace distance is largest at extremal M̃ and decreases toward
intermediate connectance, reaching a minimum at M̃ ≈ 0.4. At M̃ = 0.4–0.5, the trace distance
approaches the same obtained for Haar random states of the same system size (black dashed
lines in Fig. 6.6(d)–(f)). The larger trace distance at M̃ away from 0.4 suggests that these
Hamiltonians possess approximate conservation laws that impose structure on the eigenstates,
preventing full ergodicity (as discussed in Sec. 6.2). We find no evidence of slow time-dependent
drift in the asymptotic region (Fig. 6.5(a)–(d)), confirming that the trace distance has genuinely
converged rather than remaining in a slow transient. On the sparse side (M̃ ≪ 0.4), disconnected
clusters give rise to local conserved quantities, accounting for some of the observed deviation
from chaos. On the dense side (M̃ ≳ 0.4), the approximate SU(2) symmetry inherited from
the near-LMG structure provides the relevant approximate conservation laws that impede PE
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convergence.
The asymptotic trace distance ∆(k)(t → ∞) decays exponentially with L at intermediate

M̃ , consistent with convergence of the PE to the Haar ensemble in the thermodynamic limit
and with deep thermalization in chaotic models. In contrast, at M̃ → 0, 1, the decay with L is
significantly slower, while the fastest decay occurs at intermediate M̃ . This qualitative behavior is
consistent across the first, second, and third moments of the PE. The fact that the trace distance
decays with L even at M̃ = 0.1 and 0.9, albeit slowly, is tentative evidence that the system may
be chaotic throughout, except at the integrable limits M̃ = 0, 1, a conclusion consistent with
Ref. [272].

So far in this section, we have investigated the PE’s approach to the Haar ensemble for time
evolutions starting from a specific zero-energy expectation-value initial state (Eq. 6.11). At
M̃ = 1.0, the Hamiltonian has a permutation symmetry which is preserved by this state, as a
result of which the instantaneous state has finite overlaps with only a small number of energy
eigenstates of the M̃ = 1 Hamiltonian. However, the results shown in Fig. 6.6 stay valid even
if we consider other 0 energy expectation value initial states that lack permutation symmetry.
In Appendix 6.C, we show analogous results for initial direct product states with limited or no
permutation symmetry, demonstrating the robustness of the results presented in Fig. 6.6.

In summary, we find that finite-system studies of the PE show a clearly faster onset of chaos
(through convergence of the PE to the Haar ensemble) with increasing system size at intermediate
connectivity M̃ ∼ 0.4 − 0.6. Away from this, the approach of PE to the Haar ensemble is slower,
likely due to approximate conserved charges or symmetries. In the latter cases, in accessible
systems, the asymptotic PE approaches the Haar ensemble as system size increases, indicating
that the number of approximately conserved charges and symmetries becomes subextensive.
Measurement of the projected ensemble and its higher moments has been demonstrated in
quantum simulators for 1D lattice systems with up to 25 qubits [16]. Extending such protocols
to random-graph connectivity presents additional experimental challenges, particularly in terms
of qubit connectivity and mid-circuit measurement overhead. Nevertheless, our finite-size
results suggest that the trace distance of the PE from the Haar ensemble provides a clear and
resolvable diagnostic of the chaotic crossover, capturing the M̃ -dependent convergence rate and
the moment-independence of the thermalization exponent. These signatures are visible at system
sizes accessible to near-term quantum devices, making this a tractable target for experimental
investigation.

6.4 Partial Spectral Form Factor

Having characterized the emergence of chaos through the properties of the projected ensemble,
we now turn to a complementary diagnostic: the correlations within the energy spectrum itself.
To this end, we investigate the partial spectral form factor (pSFF), which generalizes the spectral
form factor (SFF) to subsystems and serves as a probe of spectral correlation, a key signature
of quantum chaos. Unlike the SFF, the pSFF is more readily accessible in experiments. In
this section, we utilize the pSFF to study the localization-to-chaos crossover as a function of
connectivity (M̃) and explore its dependence on both system and subsystem size in different
connectivity regimes.
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Before discussing the pSFF, we briefly review the SFF [295, 296, 255, 297]. The SFF is
a spectral diagnostic of quantum chaos that encapsulates both short- and long-range spectral
correlations, providing information beyond that contained in level-spacing statistics (which
captures only adjacent level spacings). The SFF is the Fourier transform of the eigenvalue
density-density correlation, defined as follows,

K(t) = 1
d2

d∑
i,j=1

ei(Ei−Ej)t = 1
d2 Tr[T (t)]Tr[T †(t)] , (6.14)

where d is the Hilbert space dimension of the full system and Ei is i-th eigenvalue of the
Hamiltonian. t is the Fourier variable of energy, with units of time. The time evolution unitary
operator is represented as, T (t) = e−ıHt. The prefactor ensures K(0) = 1. In a chaotic spectrum
(obeying WD statistics), SFF decays from 1 at t = 0 till Thouless time tTh ≈ O(δE−1) where
δE is the mean level spacing. This results in SFF dropping to below 1/d at intermediate time.
This is followed by a linear ramp up to saturation to 1/d at plateau time (the time at which
the plateau in SFF begins), tp ≈ O(2L). The dip in SFF (referred to as a correlation hole) is
caused by level repulsion and spectral rigidity in chaotic systems as predicted by random matrix
theory (RMT). This ramp-and-plateau structure is a signature of the chaotic spectrum. For
a spectrum following Poisson statistics, the SFF is expected to gradually reach its asymptotic
value after an initial transient period without any correlation hole or ramp. For chaotic systems,
the asymptotic SFF is given as K(t → ∞) = 1/d in the absence of any degeneracy in the
eigenspectrum. Recently, SFF has been experimentally measured in a 5-qubit superconducting
device using a randomized measurement protocol [273]. Ref. [272] analyzed SFF in the model
studied here for h = 0. In the intermediate regime of both M̃ and g, the SFF converges with
increasing L to the characteristic dip-ramp-plateau structure predicted by RMT, indicating
chaotic spectra. Conversely, chaos is suppressed at the extreme limits of connectivity. In both
the sparsely connected (M̃ → 0) and densely connected (M̃ → 1) regimes, the development of
the correlation hole is slower with increasing L. Similarly, the correlation hole vanishes for both
very small and very large g, indicating a breakdown of RMT statistics.

Despite recent experimental demonstrations of SFF measurement on superconducting qubit
arrays, a significant practical challenge remains regarding the requirement of global control and
site-resolved operations across the entire quantum system. In practice, implementing such fully
controlled rotations on all qubits becomes resource-intensive as system size increases. The partial
spectral form factor (pSFF) was recently introduced as a scalable alternative [67], which, unlike
the full SFF, requires controlled operations that scale only within a smaller subsystem [67, 273].
The pSFF is described in terms of the time-evolution operator restricted to a subsystem. The
pSFF can be defined as follows,

KA(t) = 1
ddA

∑
i,j

eı(Ei−Ej)tTrB[ρB(Ei)ρB(Ej)]

= 1
ddA

TrB[TrA[T (t)] TrA[T †(t)]], (6.15)

where ρB(Ei) = TrA [|Ei⟩⟨Ei|] is the reduced density matrix of subsystem B for energy eigenstate
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|Ei⟩. pSFF captures the correlation of both eigenstates and eigenvalues. The normalization
factor in Eq. 6.15 ensures KA(0) = 1.
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Figure 6.7: Time evolution of the pSFF, KA(t), for various system sizes (L, different colors) and
subsystem sizes (LA, different line styles). Panels show different connectivities: (a) M̃ = 0.2,
(b) M̃ = 0.4, (c) M̃ = 0.9, and (d) M̃ = 1.0. The solid, dashed, and dotted lines correspond to
LA = 1, 2, and 3, respectively. The horizontal black lines denote the expected asymptotic values
for a chaotic system, 1/d2

A. All data are averaged over 500 graph realizations (denoted by an
overbar) with Hamiltonian parameters (Eq. 6.1) of g = 1.0 and h = 0.1.

We now investigate pSFF for the Hamiltonian in Eq. 6.1, setting g = 1 and h = 0.1 with the
goal of understanding the manifestation of localization, integrability and chaos as well as the
finite-size effect in these cases. The SFF can be computed directly from the eigenvalue spectrum,
allowing spectral unfolding on mid-spectrum eigenvalues to remove non-universal level-density
variations. However, in an experimental setting, the full eigenspectrum is usually inaccessible,
precluding spectral unfolding. In the following, we therefore compute the pSFF on the full
spectrum without unfolding. In spite of this, we find that the pSFF reveals clear chaotic behavior
at intermediate connectivity and distinct deviations at extremal connectivity, making the pSFF
another route to investigate the model in scalable experimental systems.

We analyze the behavior of pSFF at multiple values of M̃ with the results presented in
Fig. 6.7. In the results presented here, the pSFF is averaged over 500 ER graph realizations.

pSFF at small M̃ : For M̃ = 0.2, Fig. 6.7(a) shows that there is no distinct correlation
hole, and the pSFF reaches its asymptotic value after a transient period. The absence of a
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correlation hole indicates the lack of correlation in the eigenspectrum (consistent with Poisson
statistics). There is also a persistent oscillation present at late-times, even after averaging over
graph realizations. The black lines in Fig. 6.7(a) shows the asymptotic values of pSFF for a
chaotic Hamiltonian. Apart from the late-time fluctuation in pSFF, the mean asymptotic value
is also larger compared to the expectation for a chaotic Hamiltonian. This can be attributed
to quasi-degeneracies in the eigenspectrum (when adjacent level spacing goes below δE) [272].
For M̃ close to 0, there is a wide fluctuation at all times due to the existence of disconnected
clusters, which obscures the possible existence of any correlation hole.

pSFF at intermediate M̃ : The pSFF shows qualitatively different behavior in the chaotic
regime. In Fig. 6.7(b), the pSFF shows a dip (correlation hole) and a subsequent ramp-and-
plateau structure. This correlation hole arises from energy-spectrum correlations, as expected in
chaotic systems. The depth of the correlation hole increases with both L and LA. The time at
the appearance of the correlation hole, tTh, increases with L for fixed LA. For chaotic systems,
RMT predicts [67] (in the absence of degeneracy) KA(t → ∞) ≈ K(t → ∞)+1/d2

A = 1/d+1/d2
A.

For LA ≪ L, KA(t → ∞) ≈ 1/d2
A i.e., asymptotic pSFF shows a subsystem size (LA) dependent

shift. In Fig. 6.7, these asymptotic values (for chaotic spectra) are shown using black horizontal
lines. For M̃ = 0.4, Fig. 6.7(b) shows that the asymptotic KA shows very little fluctuation at
late-time and approaches ≈ 1/d2

A. Additionally, there is no significant fluctuation in pSFF at
t > tp when no average over graph realizations is taken.

pSFF at large M̃ : In the densely connected limit approaching all-to-all connectivity, i.e.,
M̃ = 0.9, Fig. 6.7(c) shows a dip in pSFF. In this case, the asymptotic pSFF shows small
oscillation around a plateau value larger than 1/d2

A. This deviation from 1/d2
A is caused by

approximate degeneracy in the energy spectrum close to M̃ = 1.

pSFF at M̃ = 1.0 : At M̃ = 1.0, i.e., where the model is expected to be almost integrable (in
the presence of a small nonzero h), we observe a dip in pSFF at an intermediate time, a feature
that persists even in the h = 0 limit. The pSFF eventually saturates to a value exceeding the
RMT prediction for chaotic systems, suggesting a deviation from WD spectra.

Scaling of the plateau time : To further quantify the ramp-and-plateau behavior and its
dependence on L in the chaotic regime, we study the scaling of the plateau time, tp with L for
LA = 2. This time is determined numerically as the intersection of two linear fits: one to the
logarithmic plot of the ramp (tTh < t < tp) and another to the late-time plateau (t > tp). We
observe a clear exponential scaling of tp with system size L, as shown in Fig. 6.8(a), with a
slope that does not strongly depend on M̃ within the chaotic regime. The exponential scaling of
the plateau time is a feature [67, 273] of the SFF that is inherited by the pSFF. Our data in
Fig. 6.8(a) quantitatively supports this behavior.

Entropy from pSFF : Another quantity related to pSFF is the purity of the subsystem
averaged over eigenstates, defined as pB = Ei[Tr(ρB(i)2)] where ρB(i) is the reduced density
matrix of the subsystem B in the i-th eigenstate. This quantity captures the entanglement
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Figure 6.8: Quantitative analysis of the pSFF. (a) Scaling of the plateau time, log10 tp, as a
function of system size L for several connectance, M̃ , with a fixed subsystem size of LA = 2.
(b) The late-time subsystem purity, pB, as a function of M̃ for a fixed system size L = 12 and
varying subsystem sizes, LA. All data are averaged over 500 graph realizations (denoted by an
overbar) with Hamiltonian parameters (Eq. 6.1) of g = 1.0 and h = 0.1. Here overbar denotes
annealed average.

of subsystem with its complement and is related to the annealed subsystem Renyi entropy as
R2 = − log(pB). The purity can be obtained from pSFF at t → ∞ as pB = limtp/t→0KA(t)dA.
Figure 6.8(b) shows pB as a function of M̃ for multiple LA and L = 12. The purity is minimum
at the intermediate M̃ i.e., subsystem B is more mixed (more entanglement with A) in the
chaotic regime compared to the integrable or localized regime. At both M̃ → 0, 1, the purity
goes up. The higher purity at M̃ → 0, 1 is consistent with the expectation of lower entanglement
in the localized or integrable eigenstates compared to the chaotic eigenstates. The purity of B
decreases (i.e., increase in subsystem entanglement) with increasing LA.

Fluctuation in pSFF due to choice of subsystem : To complete our analysis of the
pSFF, we investigate the fluctuation in pSFF due to the choice of subsystem. We compute
pSFF for LA = 2 subsystems over 200 graph realizations for multiple L. In each realization, we
choose all possible subsystems consisting of two sites as A and the rest of the sites constitute B.
Figure 6.9(a) shows the distribution of asymptotic pSFF values for LA = 2 and multiple L at
M̃ = 0.6. The variance reduces with increasing L. At large L, the choice of sites constituting the
subsytem does not affect the asymptotic pSFF in the chaotic regime. The peak also shows a
shift toward the expected value (in chaotic spectra) ≈ 1/d2

A (0.0625 for LA = 2) with increasing
L. This behavior contrasts sharply with the near-integrable regime (M̃ = 0.9). Here, Fig. 6.9(b)
shows a broad distribution for small L. The distribution gets sharper with L for fixed LA.
However, it is significantly broader compared to the chaotic case for the same L and LA.
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Figure 6.9: Normalized distribution of the asymptotic (late-time) pSFF, KA(t → ∞), computed
over all possible two-site subsystems for different system sizes, L. Panel (a) shows the distribution
in the chaotic regime, M̃ = 0.6. Panel (b) shows the distribution in the near-integrable regime,
M̃ = 0.9. For all calculations, the subsystem size is fixed at LA = 2 and the Hamiltonian (Eq. 6.1)
parameters are g = 1.0 and h = 0.1. The data is presented here for 200 graph realizations.

Experimental implications : Qualitative features of pSFF across dynamical regimes resemble
those of SFF. As the pSFF can be experimentally obtained using randomized measurement
(with lower resource requirement compared to SFF), we briefly comment on the number of
measurements required to estimate pSFF with sufficient accuracy to capture the physics described
in this section. As established in Ref. [67], the relative error, ϵ, of the pSFF measurement scales
with the number of experimental shots, Nm, as ϵ ∝ σA/KA

√
Nm at each instant of time, where σA

is the variance in the shadow estimator of pSFF. This implies that the number of measurements
needed to reach a desired precision, Nm ∝ σ2

A/K
2
A. The number of required measurement scales

is inversely proportional to the instantaneous value of pSFF. This makes the estimation of the
dip in pSFF (i.e., around t = tTh) challenging for a large subsystem in a chaotic regime as
KA(t ≈ tTh) = O(10−3) in our model. Compared to this, the asymptotic value of pSFF serves
as a better distinguishing factor, as the magnitude is typically one order of magnitude larger
here (t > tp). However, obtaining plateau requires long time evolution, making it susceptible to
decoherence. The correlation hole appears at an earlier time, though it requires a larger number
of measurements.

The fluctuation of the late-time pSFF over time, within a single experimental realization,
provides a qualitative diagnostic that distinguishes chaotic from integrable Hamiltonian dynamics.
The markedly lower variance of the asymptotic pSFF over subsystem choices in the chaotic
regime further implies a reduced experimental overhead, requiring fewer independent realizations
for accurate estimation of the pSFF relative to its integrable counterpart.
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6.5 Operator delocalization through Krylov complexity

In a closed quantum system, generic Hamiltonian evolution causes initial operators to become
increasingly complex over time. While probes like out-of-time-ordered correlators (OTOCs) [258]
can be studied for operator spreading, their reliance on spatial separation metric is ill-suited for
random graphs that lack an inherent local structure. A locality-independent quantification of
complexity can be the measure of the extent to which an operator spreads under time evolution
in a basis composed of increasingly complicated operators [298, 299, 276]. In this section, we
analyze the dynamics of operator spreading in the system through Krylov complexity. The time
evolution of an operator is generated by applying the propagator constructed with the Liouvillian
superoperator, and the resulting KC dynamics provide a diagnostic for quantifying chaos and
localization.

First, we briefly review KC from the operator viewpoint (an alternative formulation for spread
complexity of state has also been proposed [300]). We start with an initial operator O(0). In
Heisenberg picture, the time-evolved operator O(t) can be expressed as,

O(t) = eıHtO(0)e−ıHt = eıLt|O(0)) (6.16)

where the Liouvillian, L = (I⊗H−HT ⊗ I) and |O) = vec(O) ∈ Hd⊗ Hd refers to the vectorized
operator defined using,

O =
∑
i,j

Oi,j |i⟩⟨j|

=⇒ |O) = vec

∑
i,j

Oi,j |i⟩⟨j|

 =
∑
i,j

Oi,j |i⟩|j⟩. (6.17)

Here, |i⟩, |j⟩ refers to computational basis states. The action of L on a generic operator O is
defined as L|O) = vec([H,O]). Subsequently, we can define the Krylov subspace (KO) of L
associated with O as the minimal subspace where O is restricted under time-evolution with L
and is spanned by,

KO = span{Ln|O)}∞
n=0 = span{|O), |LO), |L2O), ...}

= span{vec(O), vec([H,O]), vec([H, [H,O]])...}. (6.18)

The dimension of KO is denoted by K and bounded [301] as 1 ≤ K ≤ d2 − d + 1. Evidently,
the nested commutator operators in KO gets wider (have larger support) with increasing or-
der. We define an inner product on operator space as (A|B) = Tr(A†B), and work with a
complete orthonormal basis {|On)}K−1

n=0 in KO obtained using Lanczos algorithm and imple-
mented through successive full Gram-Schmidt orthogonalization (see Appendix 6.D) starting
from |O0) = vec(O(0)) i.e., the first element of the basis is the initial operator. This orthonormal
basis in operator space is denoted as Krylov basis. The Liouvillian takes a tri-diagonal form

158



when expanded in {|On)},

L =



0 b1

b1 0 b2

b2 0 . . .
. . . . . . bK−2

bK−2 0 bK−1

bK−1 0


(6.19)

where diagonal elements are 0 and off-diagonal elements (b1, b2, . . . bn) form an ordered set of
coefficients referred to as Lanczos coefficients. Under time-evolution with L,

O(t) = eıLt|O0) =
K−1∑
n=0

ınϕn|On) (6.20)

where ϕn are the expansion coefficients of O(t) in KO. The unitarity of time evolution ensures∑K−1
n=0 |ϕn|2 = 1. The time-evolution of ϕn are given by a set of K coupled differential equations,

∂tϕn(t) = ϕn−1(t)bn − ϕn+1(t)bn+1, (6.21)

where n ∈ [0,K − 1] and ϕn(0) = δn,0 is taken as initial condition, b0 = bK = 0 is the boundary
condition. The form of L suggests an interpretation of this dynamics analogous to a particle
hopping problem on a finite chain, with {|On)}K−1

n=0 acting as the sites and the hopping amplitudes
given by the Lanczos coefficients. To elucidate this, we can represent L in Krylov basis,

L =
K−1∑
n=0

bn(|On)(On−1| + |On−1)(On|). (6.22)

The corresponding evolution of wavefunction representing this particle, ϕ = (ϕ0, ıϕ1, . . . , ı
K−1ϕK−1)

can be obtained by solving the set of coupled equations in 6.21. The KC is defined as,

C(t) =
K−1∑
n=0

n|ϕn(t)|2, (6.23)

measuring the particle’s mean position in the Krylov chain. |On) involves n-th order nested
commutators, resulting in Krylov basis elements that have increasingly larger support and more
complicated structure with increasing n. KC captures the spread of a time-evolved operator in
this Krylov basis. We denote the support of an operator O as |O|.

The Lanczos coefficients bn control how quickly operators spread through the Krylov basis
during time evolution. The scaling of bn with n and its fluctuation serve as a signature that
can distinguish quantum chaotic dynamics from integrable or localized dynamics [302]. In the
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Figure 6.10: Analysis of the Lanczos coefficients, bn, for an initial operator with support on
a single site. The main panel shows the average coefficients, bn, as a function of the iteration
number n for M̃ = 0.6, 0.9. Error bars represent the standard error of the mean. ( Inset )(a)
shows the initial growth of bn for the first 20 iterations. (b) shows the distribution of the
logarithm of the ratio of consecutive coefficients, log(x), where xn = bn/bn+1. (c) shows the
variance of the log(x) distribution as a function of M̃ . All data are for a system of size L = 6
with Hamiltonian parameters g = 1.0 and h = 0.1, averaged over 500 graph realizations (denoted
by overbar).

following discussion, we take the initial operator in simple product form,

O(0) =
|O|∏
i=1

Yi. (6.24)

Here, |O| denotes the size of O, i.e., the number of sites where the operator acts non-trivially.
Note that we do not have any underlying spatial structure in the lattice; thus, no natural local
structure can be attributed to O(0) when it has support larger than 1. In the rest of the section,
we present the empirical observations regarding the Krylov complexity and Lanczos coefficients
as well as comparisons with related similar studies and other systems.

Fluctuation in Lanczos coefficients : The sequence of Lanczos coefficients bn has been
investigated across different dynamical regimes [303, 304]. Empirically, it is found that bn grows
linearly (sub-linearly) at small n for chaotic (integrable) systems, saturates at intermediate n,
and finally descends till n = K − 1. The inset (a) in Fig. 6.10 shows the growth and subsequent
saturation of Lanczos coefficients for small n. The distinction in the scaling of Lanczos coefficients
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at small n between chaotic and integrable regimes is unclear here due to the small system size
(L = 6).

The descent region in bn shows significantly larger fluctuations in the integrable regime than
in the chaotic regime. In a single-particle picture, this translates into greater disorder in local
hopping parameters. In Fig. 6.10 (main panel), we show the Lanczos sequence, bn (averaged over
ER graphs) for M̃ = 0.6 and 0.9. The fluctuation in Lanczos amplitude at large n is significantly
larger for M̃ = 0.9 (approaching integrability) compared to M̃ = 0.6 (chaotic). Similar large
fluctuations were also observed in the sparsely connected regime (not shown). To quantify this
fluctuation, we use the distribution of the ratio of consecutive Lanczos coefficients, xn =

(
bn
bn+1

)
averaged over graph realizations. Figure 6.10 (b) shows the distribution of log(x̄n) with n for
multiple M̃ . The distribution has a mean 0 with the variance increasing as M̃ → 1 (Fig. 6.10
(c)).
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Figure 6.11: First few Lanczos coefficients and Early-time growth of Krylov complexity. (a) Log-
log plot of the average Lanczos coefficients, bn, versus the iteration number n for several system
sizes L at M̃ = 0.6. Dashed lines show power-law fits, bn ∝ nδ. All data points are averaged
over 200 graph realizations. (b) The corresponding early-time growth of Krylov complexity,
C(t), for the chaotic (M̃ = 0.4, red) and near-integrable (M̃ = 0.9, yellow) regimes. The black
dashed lines show the linear fit to late-time data. The inset shows a magnified view of the initial
non-linear growth. All data are for a single-site initial operator (|O| = 1) with Hamiltonian (
Eq. 6.1) parameters g = 1.0 and h = 0.1. For KC, we performed a quenched average over 500
graph realizations (denoted by overbar).
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Figure 6.12: Evolution and initial growth of Krylov complexity, C(t), for a system with L = 6.
(a)-(b) The time evolution for initial operators with increasing support, |O| = 1 and 2 with

O =
|O|∏
i=1

Yi, respectively, across multiple connectance, M̃ . Error bars indicate the standard

error of the mean. (c) The asymptotic C as a function of M̃ for |O| = 1, 2 and 3 (marked with
solid,dashed and dotted black lines, respectively). (d) A magnified view of the initial growth for
the same |O| = 1, 2 and 3 for M̃ = 0.6 and 0.9. All data are presented after averaging over 500
graph realizations (denoted by overbar) with Hamiltonian parameters g = 1 and h = 0.1 from
Eq. 6.1.

Growth of KC : The growth of the Lanczos coefficients, bn, directly governs the multi-stage
evolution of the Krylov complexity, C(t). Figure 6.11(a) shows the n dependence of bn for a
single-site initial operator, O = Y1 in the chaotic regime (M̃ = 0.6). bn is expected to grow
linearly with n in the chaotic regime according to the universal operator growth hypothesis [276,
301]. Upon fitting bn calculated in finite systems to nδ, we find that δ approaches 1 with
increasing system size L, consistent with chaotic behavior. For times t ≲ log(L), this linear
growth of bn results in an exponentially growing KC, a feature associated with the spreading of
operator support across the system [305, 306]. For L = 6, we find the initial growth of C(t) to be
slower than this expected exponential behavior (Fig. 6.11(b)), likely related to sublinear growth
of bn with n in smaller systems (Fig. 6.11(a)).

This initial phase is followed by a robust linear growth, indicated by the linear fits (dashed
lines) in Fig. 6.11(b), during which the operator spreads through the higher-order elements of the
Krylov basis. Finally, at late-times, the finite-size of the system halts this spread, causing the
complexity to saturate. These qualitative features i.e., initial non-linear growth that transitions
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into a linear region in KC, and saturation at late-time due to finite L are present in both the
chaotic and near-integrable regimes, though the initial growth rate of KC slows down near
integrability (Fig. 6.11(b) inset).

We observe an even-odd fluctuation about the linear trend in bn similar to what has been
observed in quantum field theories and Hamiltonian systems [307, 308, 302, 309]. The precise
form of the subleading corrections to the linear growth relates the long-time decay of the operator
autocorrelation. Corrections with an odd-even structure of the form (−1)n(lnn)−a have been
shown to imply a power-law decay of the autocorrelation [276, 309]. In the finite data in
Fig. 6.11(a), it is unclear if the corrections scale this way.

Saturation value of KC: Among the features in the time evolution of KC, late-time saturation
value C(t → ∞), is the clearest indicator of chaos. The saturation value is expected to be higher
for chaotic systems compared to integrable or localized systems, hinting at the emergence of more
complex operators at late-times where dynamics are not hindered by constraints or approximate
conserved charges. This is evident in Fig. 6.12(a)-(b), where the KC saturates to a significantly
larger value (in the range of 1000 − 1400) for intermediate M̃ , compared to the extreme M̃ where
C(t → ∞) ≈ 5 − 200 for all operator sizes |O0|. Figure 6.12(c) shows the KC value at saturation
as a function of M̃ , clearly indicating the distinct nature of operator spreading in the chaotic
and integrable/localized regimes. The saturation to a value below the theoretical maximum of
K/2 can be attributed to finite system size and potential degeneracies in the spectrum.

Effect of initial operator size: Figure 6.12(d) shows that the initial growth rate increases
with the support of the initial operator, |O0|. This is physically plausible, as an operator with
a larger initial support has already “explored” a larger part of the system’s real space. This
feature holds in both chaotic and near-integrable regimes.

We do not observe a simple monotonic dependence of the KC saturation value on the initial
operator support |O|, and these results do not change qualitatively for other initial operators, as
shown in Appendix 6.E. In contrast, in studies on SYK2 (a free model), the growth of C(t) was
found to depend on initial operator size [310].

Wavefunction spread in Krylov space: The analogy of a particle hopping on the Krylov
chain can be made more direct by examining the probability distribution of the particle’s position,
given by the Krylov wavefunction, |ϕn|2. This is reported in Fig. 6.13 for multiple M̃ at a
late-time of t ≈ 2 × 105. Finite |ϕn|2 even at large n indicates that O(t) involves high-complexity
operators in the Krylov basis. We observe that |ϕn|2 decays rapidly with n at large M̃ , indicating
that the operator remains localized near the beginning of the Krylov chain. In contrast, it shows
a much slower decay with n in the chaotic regime, signifying delocalization across the chain. The
qualitative trend holds for all operator sizes |O|.

Experimental access to late-time Krylov complexity is challenging, and the development
of scalable experimental protocols is still in the nascent stage [311, 304]. Thus even though
asymptotic values of Krylov complexity shows clear signatures of chaos as seen in Fig. 6.12
experimentally reproducing them or obtaining a clear scaling is difficult. However early time
behavior of Krylov complexity can be captured in current devices by measuring two-point
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Figure 6.13: The late-time Krylov wavefunction, |ϕn(t)|2, shown at t = 2 × 105 for several
connectance, M̃ . (Inset) A magnified view of the occupancy for the first few Krylov basis states
at the late-time. All data are for a single-site initial operator (O = Y1) on a system of size L = 6
with Hamiltonian parameters g = 1.0 and h = 0.1, averaged over 500 graph realizations (denoted
by overbar).

correlator F (t) = ⟨O(t)O(0)⟩. Since F (t) is an even function of time (due to cyclicity of trace),
it can be expanded in even powers of t as

F (t) =
∞∑
n=0

(−1)nt2n
(2n)! µ2n, (6.25)

where the ‘moments’ µ2n are related to the adjoint action of the Liouvillian on the operators
as Tr(OL2nO)

Tr(O2) are the moments of the correlation function. The Lanczos coefficients {bn}, which
govern the growth of the operator in Krylov space, are entirely determined by these moments
via a Gram-Schmidt orthogonalization of the sequence {O,LO,L2O, . . .}, meaning that F (t)
encodes, in principle, all the information needed to extract {bn} [276]. Since the polynomial
fit requires accurate estimation of the autocorrelation function, which becomes challenging at
large t due to decoherence in the experimental setup, only early time KC estimation is likely to
be accessible. These still can capture certain distinguishing characteristics of chaotic dynamics
(Fig. 6.11).

6.6 Conclusion and Outlook

In this chapter, we have investigated the emergence of quantum chaos and complexity in the
mixed-field Ising model defined on Erdős–Rényi graphs, and studied how the connectivity M̃
governs the onset of chaos. Hamiltonians of similar structure appear naturally in quantum circuits
related to optimization tasks, and careful use of such Hamiltonian terms can have a catalytic
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effect in improving the performance of QAOA and annealing algorithms (Sec. 6.2, also see
Ref. [252] ). Using a combination of diagnostics – deep thermalization of the projected ensemble,
the partial spectral form factor, and Krylov complexity, we provide a detailed characterization of
the localized-to-chaotic-to-integrable crossover driven by changes in connectance. All metrics
consistently point to the onset of chaotic behavior at intermediate M̃ , even for modest system
sizes. With increasing L, the chaotic region in the space of M̃ expands, and we expect that in
the thermodynamic limit, the model is chaotic everywhere except at M̃ = 0 and 1.

Deep thermalization of the projected ensemble reveals a rapid approach of PE to Haar
ensemble with system-size at intermediate M̃ ∼ 0.4−0.7 indicating chaotic dynamics. Away from
intermediate M̃ , the metrics of deep thermalization, namely the trace distance of PE moments
from that of the Haar ensemble, show a smooth crossover from chaotic to integrable/localized
features. This is reflected in the time dependence of the trace distances as well as the system
size dependence of the asymptotic plateau in the trace distance. The M̃ ∼ 0 systems have
disconnected or weakly connected clusters, which result in local integrals of motion. At M̃ = 1,
i.e., the LMG limit, the system commutes with the total spin operator S2 as well as has a large
number of permutation symmetries, causing fragmentation of the Hilbert space into fragments of
sizes at most L+ 1. Away from this limit, the deletion of a finite density of bonds on the LMG
model results in weak mixing of these fragments. Thus, just away from the extreme limits, we
expect approximate conservation laws that cause slow relaxation. These also cause non-ergodic
eigenstates, which are reflected in the asymptotic trace distance plateau being different from that
of the maximally chaotic M̃ ∼ 0.4. These diagnostics can be scaled up in currently accessible
quantum simulators, making our finite-size results a baseline for such an experimental effort.
Construction of the projected ensemble, estimation of its higher moments, and behavior of deep
thermalization measures have already been demonstrated on quantum simulator platforms with
up to 25 qubits in both neutral-atom arrays [17] and superconducting architectures [16]. The
finite-size signatures of deep thermalization reported here, such as the M̃ -dependent exponent
in the time-dependent decay of the trace distance, are within reach of current systems. With
improvements in coherence time, larger system sizes will become accessible on quantum devices,
enabling extrapolations toward the thermodynamic limit.

We have shown that the partial spectral form factor also provides a clear characterization
of the chaotic dynamics of the random graph Hamiltonian, similar to what has been achieved
using the spectral form factor. The intermediate M̃ graphs agree well with the chaos imprints
exhibiting a correlation hole, a ramp, and a plateau structure. The localizing Hamiltonian in
the small M̃ regime has a pSFF without a correlation-hole structure. Both M̃ ∼ 1 and M̃ ∼ 0
systems show larger fluctuations and differ in the mean value of the late-time plateau of the
pSFF. Overall, the behavior of the pSFF in the localizing, integrable, and chaotic regimes is
qualitatively similar to that of the spectral form factor. While SFF and pSFF can be estimated
using randomized measurements, pSFF requires measurements and controlled unitaries only at a
small subsystem level [67, 273]. The better experimental scalability makes pSFF a valuable tool
for investigating the emergence of chaos in larger systems using quantum simulators. Realizing
the full ramp-and-plateau structure of the pSFF does, however, require long coherence times to
evolve the system to t ∼ tp, which scales exponentially with L. The correlation hole appears
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considerably earlier tTh and serves as a potential discriminator between chaotic and non-chaotic
regimes.

The relaxation dynamics studied in Appendix 6.F also show distinct long-time behavior in
the different connectance regimes. While the chaotic regime shows anomalous thermalization
behavior reminiscent of the quantum Mpemba effect, the integrable regime shows persistent
oscillations in the late-time trace distance from the equilibrium density matrix.

Krylov complexity provides the cleanest distinction of dynamical regimes, showing clearly
larger values at intermediate connectance consistent with chaos (Fig. 6.12(c)). However, esti-
mating KC experimentally is challenging at present. Experimentally measurable proxies have
been proposed for KC; these can help scale up the study of the emergence of chaos from an
information scrambling perspective. An analogous investigation applicable directly to the quan-
tum annealing setting requires analysis of the low-energy sector of the spectrum using probes
such as an energy-density-specific Krylov complexity, as the performance of quantum annealing
is sensitive to the localization of low-lying eigenstates [251]. Overall, our results provide a
comprehensive and experimentally relevant characterization of the connectivity-driven onset of
quantum chaos, offering benchmarks and insights for controlling the performance of variational
quantum algorithms and reservoir computing [253].
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Appendix 6.A Eigenstate Localization and Entanglement

Here, we briefly discuss the eigenstate properties of the Hamiltonian in Eq. 6.1 with g = 1
and h = 0.1 for a L = 10. We take a single realization of the Hamiltonian at each M̃ and
compute the bipartite entanglement entropy of each eigenstate. We quantify the entanglement
entropy with Von-Neumann entropy, RA1 = −

∑
i λi log λi, where λi are the squared singular

values of the subsystem reduced density matrix. The result is presented in Fig. 6.14 for a range of
connectivities. The maximum entanglement is bounded by Page value, RA,Page

1 = (L/2) log 2−0.5
and is marked with the black dashed line. The entanglement is smaller than Page value even for
the mid-spectrum states at M̃ close to 0. For M̃ ≈ 0.3 − 0.7, the entanglement entropy of most
of the bulk eigenstates approaches the Page value. As M̃ → 1.0, some fraction of mid-spectrum
eigenstates show lower entanglement entropy. At M̃ = 1.0, signs of fragmentation appear, with
eigenstate entanglement values clustering.
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Figure 6.14: The bipartite entanglement entropy for a single instance of the Ising problem on
an ER graph of L = 10 sites with LA = 5. The black dashed line shows the Page value.

Next, we examine the localization of simple product states in the eigenstate basis. We
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measure this quantity with inverse participation ratio (IPR), defined as

IPR(ψ) =
d∑
i=1

|⟨Ei|ψ⟩|4, (6.26)

where Ei are Hamiltonian eigenstates. IPR is 1 for perfectly localized state and 1/2L for
maximally delocalized states. We compute the IPR for two classes of initial product states,

|ψ(1)⟩ = 1√
2L

L⊗
i=0

(|0⟩ + ı|1⟩), (6.27)

These states (same as Eq. 6.11) have 0 energy and are permutation-invariant. Next, we consider
a class of states that lack the permutation invariance. Consider each site i is prepared in an
equatorial state on the Bloch sphere,

|ψ(2)⟩ =
L⊗
i=1

|ϕi⟩, |ϕi⟩ = |0⟩ + eiϕi |1⟩√
2

, (6.28)

where |0⟩ and |1⟩ are the eigenstates of Z. The angles {ϕi} are drawn from antipodal pairs
to ensure zero energy. Specifically, L/2 angles αk ∼ Uniform[0, 2π) are sampled independently,
giving the set

{ϕi}Li=1 = {α1, α1 + π, α2, α2 + π, . . . , αL/2, αL/2 + π}, (6.29)

randomly assigned across sites. The zero-energy condition follows from the cancellation within
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each antipodal pair,

⟨H⟩ = −g
L∑
i=1

cosϕi = −g
L/2∑
k=1

(
cosαk + cos(αk + π)

)
= 0, (6.30)

where the Jz and hz terms vanish identically since ⟨σzi ⟩ = 0 for all equatorial states. The special
case αk = π/2 for all k recovers the uniform |+y⟩⊗L initial state used in the main text in Eq. 6.11.
Fig. 6.15(a) shows the IPR for |ψ(1)⟩ averaged over 100 Hamiltonians. The IPR is minimum near
M̃ = 0.3, indicating the state is maximally spread among the eigenstates compared to the case of
other M̃ . Incidentally, ∆(k) attains its minimum value around this M̃ in Fig. 6.6. The IPR goes
up (the product state is localized in the eigenbasis of the Hamiltonian) at extremal values of M̃ .

For |ψ(2)⟩, we average over both initial state and Hamiltonians at each M̃ = 0.3. As shown
in Fig. 6.15(b), for larger systems, there is a clear minimum in IPR at M̃ = 0.5. At very small
systems (L = 6), this distinction gets weak.

Appendix 6.B Additional data on QAOA with random Ising
mixer

In Sec. 6.2.2, we provided an illustrative example demonstrating the effect of the additional
mixer Hamiltonian on QAOA performance for L = 8 and M̃c = 0.4. Here, we present the QAOA
performance for an random Ising problem instance on an ER graph with L = 10 and M̃c = 0.3
to validate the results on larger system. The Hd was taken with Pauli-Y Y coupling (Eq. 6.8).
This Y Y term can scatter among computational basis states with Hamming distance 2 compared
to just the transverse field mixer which scatters among states with Hamming distance 1. We
demonstrate the numerical results in Fig. 6.16 for 500 random instances of Hd at each M̃ . Here,
we first define a baseline for performance comparison. We consider the best EQAOA obtained
with M̃ ∈ {0, 1} as Eref

QAOA. The red line denotes the fraction of instances where the energy
obtained with QAOA protocol is lower compared to Eref

QAOA. The fraction of instances surpassing
the baseline energy shows two distinct trends: at fixed p, it is maximized at intermediate M̃ ,
confirming that the chaotic regime provides a favorable landscape for QAOA optimization;
additionally, at any fixed M̃ , this fraction grows with p, indicating that deeper circuits with
more applications of the chaotic driver Hamiltonian progressively improve the ability to explore
the energy landscape and find lower-energy solutions. The latter trend is consistent with the
expectation that repeated application of a chaotic driver generates more complex quantum
superpositions, allowing QAOA to access a larger portion of the Hilbert space with increasing
circuit depth. This trend empirically holds for circuits with up to p = 3 layers that we have
studied in this chapter. However, very deep quantum circuits suffer from barren plateaus where
the cost function gradient vanishes exponentially with system size, making classical parameter
optimization intractable.

As discussed in Sec . 6.2, the improvement in QAOA performance observed with the HY Y

driver could stem from the chaotic nature of Hd, and the presence of terms that scatter among
computational basis states more efficiently. We consider an alternative driver Hamiltonian with
Pauli-ZZ coupling,
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Figure 6.16: The approximation ratio for an Ising problem on an ER graph of L = 10 sites
with M̃c = 0.3. The red line shows the fraction of QAOA instances where the corresponding
connectivity performs better than the baseline.

Hd = −JL

M

∑
i,j

AijZiZj − g
∑
i

Xi, (6.31)

which is diagonal in the computational basis and therefore induces no scattering among basis
states. Taking the same problem instance Hc as in Fig. 6.4(a),(c) (Problem 1), we present
the distribution of QAOA performance for p = 2, 3 and 4 in Fig. 6.17. The improvement
in performance with intermediate M̃ persists with the ZZ driver, despite the absence of any
Hamming distance 2 scattering. This establishes that the chaotic structure of Hd, rather than
the specific scattering properties of the mixer, is the primary driver of the observed improvement
in QAOA.

Appendix 6.C PE from a Permutation-Symmetry-Breaking Ini-
tial State

The initial state is chosen to be a product state ψ(2) (Eq. 6.28 with zero energy expectation
value, ⟨ψ0|H|ψ0⟩ = 0 and without permutation symmetry.
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Figure 6.17: The approximation ratio for an Ising problem on an ER graph of L = 8 sites
with M̃c = 0.4 (same Hc as Problem 1 in Fig. 6.2.2). The red line shows the fraction of QAOA
instances where the corresponding connectivity performs better than the baseline.

Figure 6.18 shows the scaling of trace distance between the first 3 moments of PE and Haar
ensemble across connectivity and system size. The initial state is taken as a random direct
product state (Eq. 6.28) with energy expectation value 0. The data is presented for 500 random
initial states and ER graphs. The qualitative behavior is similar to Fig. 6.6.

Appendix 6.D Lanczos algorithm

In the main text, we used the Lanczos algorithm to generate a basis for the Krylov space. The
Lanczos algorithm is an iterative method for constructing the orthonormal basis of the Krylov
subspace, KO. The conventional implementation of the algorithm relies on a computationally
efficient three-term recurrence relation, in which each new vector is made orthogonal only to the
two preceding vectors. While theoretically exact, this procedure is numerically unstable when
implemented with finite-precision arithmetic, as rounding errors accumulate, gradually leading
to a loss of orthogonality among the basis vectors.

To circumvent this issue, we employ the more robust, albeit computationally intensive,
Lanczos with Full Orthogonalization [312, 301]. In this scheme, each new candidate vector
is explicitly made orthogonal to all previously generated basis vectors using a Gram-Schmidt
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Figure 6.18: (a)-(c) Asymptotic (t = 109J−1) trace distance of first 3 moments of PE from Haar
ensemble as a function of LB. The asymptotic trace distance gets suppressed with increasing LB
for all M̃ . Error bars represent the standard error of the mean across realizations at a fixed t.
(d)-(f) The same data plotted to show the the scaling of ∆(k)(t → ∞) with L across all M̃ for
first 3 moments of PE. The error bars are not shown when they are comparable to the marker
size. Each data point shown represents an average over 500 graph realizations and random direct
product initial states (Eq. 6.28), calculated for a subsystem of size LA = 2 with Hamiltonian
parameters (Eq. 6.1) g = 1.0 and h = 0.1. The black dashed line shows the trace distance of an
empirical ensemble of 500 random states (sampled from Haar random states of system size L)
from the corresponding moments of the Haar ensemble.

procedure. This ensures a numerically stable orthonormal basis (up to machine precision) at the
cost of increased computational complexity, as the number of required inner products scales with
the iteration number n, rather than being constant. However, for small system sizes, this cost is
manageable. The procedure we implement is as follows:

1. Initialization: Start with the vectorized initial operator, |Õ0) = vec(Õ0). Normalize it to
obtain the first basis vector of the Krylov basis:

|O0) = |Õ0)√
(Õ0|Õ0)

2. Iteration (for n = 0, 1, 2, ...):

First, generate a new candidate vector by applying the Liouvillian to the most recently
generated basis vector:

|wn+1) = L|On)

Next, enforce orthogonality. To ensure the new vector is orthogonal to all previously found
basis vectors, explicitly subtract the projection onto each of them. For numerical stability,
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this process is repeated twice (double orthogonalization):

|w′
n+1) = |wn+1) −

n∑
j=0

(Oj |wn+1)|Oj)

The next Lanczos coefficient, bn+1, is the norm of this fully orthogonalized vector:

bn+1 =
√

(w′
n+1|w′

n+1)

If bn+1 is smaller than a numerical tolerance (e.g., 10−13), the Krylov subspace is exhausted,
and the algorithm terminates constructing a Krylov subspace of dimension K such that
bK < 10−13. Otherwise, the next orthonormal basis vector is found by normalizing:

|On+1) = |w′
n+1)
bn+1

This iterative process yields the set of orthonormal basis operators {|On))}K−1
n=0 and the real,

positive Lanczos coefficients {bn}K−1
n=1 that define the tri-diagonal hermitian matrix representation

of L.
A key feature of the resulting tridiagonal matrix for L is that its diagonal elements, an =

(On|L|On), are identically zero. This arises from the definition of the Liouvillian and the cyclic
property of the trace. Assuming the basis operators |On)) are Hermitian (which is the case if the
initial operator is Hermitian), we have:

an = (On|L|On)

= Tr(O†
n[H,On])

= Tr(On(HOn − OnH)

= Tr(OnHOn) − Tr(OnOnH) = 0

This cancellation ensures that the Liouvillian is purely off-diagonal in the Krylov basis,
simplifying the resulting dynamics to a hopping problem on a chain without any on-site potential.

Appendix 6.E Krylov complexity for random single-site opera-
tors

In Sec. 6.5, we discussed the Krylov complexity for a simple initial operator (Pauli Y ). We also
saw the effect of the initial size of the operator on its growth. A natural question arises regarding
the dependence of the behavior on the choice of operator. Here, we take a random single-site
operator as,

Oi = r0I + r1Xi + r2Yi + r3Zi. (6.32)

Here, {r0, r1, r2, r3} are random numbers sampled from a normal distribution. The operator
is normalized such that it has a norm of

√
2 (i.e., equal to Pauli operators). In Fig 6.19, we
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present the results after averaging over 500 graphs. For each graph realization, we take a different
random initial operator. Averaging is done over both graph realizations and the initial operator.
The trend with M̃ holds here as well as shown in Fig 6.19(a). We compare the asymptotic KC
obtained after averaging over random graphs and operators with the scenario where averaging is
done only over graphs in Fig. 6.19(b). The asymptotic KC is smaller for random operators, but
the qualitative trend is the same. The time-evolved Krylov wavefunction is shown in Fig. 6.19(c).
The wavefunction shows a clear sign of localization for M̃ = 0.9. The distribution of Lanczos
coefficients is also consistent with the qualitative characteristics observed earlier in Sec. 6.5.
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Figure 6.19: (a) Time evolution of KC and its asymptotic value across multiple M̃ . (b) Comparison
of asymptotic Krylov complexity as a function of M̃ for random single-site operator and Pauli-Y
operator. (c) The asymptotic Krylov wavevector (d) The distribution of Lanczos coefficients.
L = 6 Error bars are shown as the standard error of the mean. All results are presented after
averaging over 500 random graphs and operators.

Appendix 6.F Anomalous relaxation of initial product states

In this appendix, we analyze the dynamical relaxation of quantum states under unitary time
evolution. In closed quantum many-body systems, a subsystem’s approach to equilibrium is
driven by the scrambling of local information, a process whose efficiency was characterized in
Sec. 6.5 via Krylov complexity. Here, we focus on how certain simple initial states relax under
this unitary dynamics. An intuitive expectation for individual states is that the time to reach
equilibrium should monotonically increase with the initial state’s “distance” from the equilibrium
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ensemble. In a classical context, a “hotter” system is farther from ambient temperature compared
to a “cooler” system. So, we can expect that a “cooler” state, being “closer” to equilibrium, would
relax faster than a “hotter” one. However, it has been found that certain initial conditions can
defy this intuition, giving rise to anomalous thermalization behaviors. Broadly, this phenomenon
is studied as the Mpemba effect, first reported in water [313], where initially hotter systems
freeze faster than cooler ones under a quench.

Recently, the quantum Mpemba effect, a quantum analogue of the counterintuitive classical
phenomenon, has been studied. The QME was first proposed for open quantum systems, where
a system’s coupling to a thermal bath induces irreversible dynamics [314, 315, 316, 317]. In this
setting, the effect is understood to arise from the spectral properties of the system’s dissipative
Liouvillian. An initial state can be designed such that its overlap with the slowest eigenmode
of the Liouvillian is suppressed, allowing it to equilibrate anomalously fast. This open-system
QME was recently experimentally demonstrated [318].

Subsequently, the QME has been extended to isolated systems with global symmetry un-
dergoing unitary evolution, where thermalization is observed at the subsystem level [319, 320,
321, 322, 323]. In such closed systems, the “distance” from equilibrium is typically inferred
from the off-diagonal blocks in the symmetry-imposed subsystem reduced density matrix at
equilibrium after a quench from an initial state which is not an eigenstate of the global symmetry.
Recently, QME has been studied in spin chains and Floquet systems where global symmetries
are absent [323] as well as systems with disorder [324].
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Figure 6.20: Distribution of energy of the initial state as a function of (θ, ϕ). LA = 4, L = 12.
The initial states are of the form in Eq. 6.34. The markers on the colorbar indicate the bandwidth
of the eigen spectrum.

To investigate the presence of QME in this random graph system, we first establish a quench
protocol and a metric to quantify the thermalization. Unlike studies that track the restoration of
a global symmetry, our Hamiltonian (Eq. 6.1) with h ≠ 0 lacks such a conserved quantity. We
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therefore adopt a more direct approach [323] to quantify relaxation. Our metric is the trace
distance, ∆(1) (Eq. 6.13), between the time-evolved reduced density matrix and its corresponding
diagonal ensemble. This diagonal ensemble represents the infinite-time equilibrium ensemble
(ρA(∞)) given as,

ρA(∞) = TrB(Udiag(|Uψ⟩|2)U†), (6.33)

where H = UẼU † for Hamiltonian H and Ẽ is a diagonal matrix containing the eigenvalues of
H. B indicates the complement of subsystem A. To simplify the parameter space of the initial
state, we prepare a family of permutation-invariant product states ψ(θ, ϕ) in real space as,

ψ(θ, ϕ) = ⊗L
i=0

(
cos

(
θ

2

)
|0⟩ + eıϕ sin

(
θ

2

)
|1⟩
)
. (6.34)

The initial state energy E(θ, ϕ) is a smooth function of θ, ϕ and given as,

E(θ, ϕ) = −(cos θ)2 − g sin θ cosϕ− h cos θ. (6.35)

E(θ, ϕ) depends only on the coupling parameters of the Hamiltonian but not on the connectance
(This is due to the normalization factors in the denominator of Eq. 6.1). The distribution of
initial state energy as a function of (θ, ϕ) is shown in Fig. 6.20. The red and blue region shows
high and low energy states, respectively, with a crossover region near 0 energy where states
correspond to infinite temperature. Consider two initial states ψ(θ1, ϕ1) and ψ(θ2, ϕ2) such that
∆(1)
θ1,ϕ1

(t = 0) > ∆(1)
θ2,ϕ2

(t = 0) where trace distance is always taken from the respective diagonal
ensembles. Existence of QME implies for t > tM , ∆(1)

θ1,ϕ1
(t) < ∆(1)

θ2,ϕ2
(t), where tM is referred to

Mpemba time. Here, ∆(1)
θ1,ϕ1

(t = 0) is the initial “hotter” state due to the higher trace distance
of the subsystem reduced density matrix from the corresponding equilibrium ensemble.

Our analysis focuses on two distinct classes of initial states (Eq. 6.34), parametrized by θ

and marked in Fig. 6.20. The first class, with θ = 0.5π, spans a wide range of initial energies
as ϕ is varied. In contrast, the second class, with θ = 0.95π, consists of nearly-polarized states
whose initial energies are only weakly dependent of ϕ.

Starting with these two classes of initial states (identified by θ), we time evolve with a specific
graph realization of Hamiltonian in Eq. 6.1 with h = 0.1, g = 1. We first consider M̃ = 0.4,
where the model is expected to be chaotic. Figure 6.21(b) and (d) shows time evolution of ∆(1)

for θ = 0.5π and θ = 0.95π, respectively. All data are presented after averaging over 500 graph
realizations starting with the same set of initial states. We observe a clear crossing in ∆(1) in
Fig. 6.21(d) where the initial states are taken such that θ = 0.5π. Such crossing is absent in
Fig. 6.21(b) where θ = 0.95π and relaxation to equilibrium looks almost independent of the
initial state at the late-time.

The observed differences in the late-time relaxation dynamics can be qualitatively understood
by considering how the initial states are represented in the energy eigenbasis. ∆(1) can be
expressed in terms of the overlap of the initial state with energy eigenstates as,

∆(1)(t) = 1
2

∥∥∥∥∥∥
∑
n̸=m

cnc
∗
me

−i(En−Em)tTrB(|En⟩⟨Em|)

∥∥∥∥∥∥
1

(6.36)
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Figure 6.21: Anomalous relaxation in the chaotic regime at M̃ = 0.4 for a system with L = 12.
(a) The Inverse Participation Ratio (IPR) as a function of the initial state parameters (θ, ϕ). The
red and blue vertical lines at θ = 0.5π and θ = 0.95π indicate the two classes of states studied.
(b) Relaxation dynamics, measured by the trace distance ∆(1)(t) from the diagonal ensemble, for
the nearly-polarized states (θ = 0.95π). (c) The distribution of overlaps, |⟨En|ψ⟩|2, with energy
eigenstates for several initial states from the θ = 0.5π class. The inset shows the corresponding
IPR for each state. (d) Relaxation dynamics for the θ = 0.5π class, showing a clear crossing
indicative of the QME. For all plots, the subsystem size is LA = 4, and all data are averaged
over 500 graph realizations (denoted by overbar) using the Hamiltonian in Eq. 6.1 with g = 1.0
and h = 0.1.

where cn = ⟨ψ|En⟩. At t = 0, ∆(1)(0) = 1
2

∥∥∥∑n̸=m cnc
∗
mTrB(|En⟩⟨Em|)

∥∥∥
1

i.e., the trace distance
contains O(d2) terms weighted by the overlaps of initial state with eigenstates. As was pointed
out in Ref. [323], the relaxation rate of states can be related to the number of nonzero coefficients
cn, quantified by the inverse participation ratio (IPR) given as,

IPR(ψ) =
d∑
i=1

|⟨Ei|ψ⟩|4. (6.37)

If the initial state ψ is a generic state (with energy close to 0, i.e., analogous to a mid-spectrum
eigenstate), cn ≈ O(1/

√
d) in Eq. 6.36, corresponding to a smaller IPR.

|∆(1)(t)|2 is the sum of squared norms of the matrix elements of (ρA − ρA(∞)). For an initial
state ψ which has overlap with a large number of energy eigenstates (i.e., smaller IPR), there
is a large number of nonzero cns. Each cn is small due to normalization of the initial state
and, at the same time, there are a larger number of fluctuating phases in the expansion of each
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Figure 6.22: Anomalous relaxation in the near-integrable regime at M̃ = 0.8 for a system with
L = 12. (a) The IPR as a function of the initial state parameters (θ, ϕ). The red and blue
vertical lines indicate the two classes of states studied. (b) Relaxation dynamics, ∆(1)(t), for
the nearly-polarized states (θ = 0.95π). (c) The distribution of overlaps, |⟨En|ψ⟩|2, with energy
eigenstates for several initial states from the θ = 0.5π class. (d) Relaxation dynamics for the
θ = 0.5π class, showing persistent oscillations and multiple crossings. The inset provides a
zoomed-in view of the initial relaxation (t = 0 − 10(J)). For all plots, the subsystem size is
LA = 4, and all data are averaged over 500 graph realizations (denoted by overbar) using the
Hamiltonian in Eq. 6.1 with g = 1.0 and h = 0.1.

matrix element of (ρA − ρA(∞)). As a result, the temporal fluctuation in trace distance as the
system relaxes is weaker in the case where IPR is smaller. For states with high IPR, a larger
number of cns will be close to 0, which results in large temporal oscillations in trace distance
from equilibrium. This causes a slower equilibration.

In Fig. 6.21, for the “cooler” initial states, the initial distance from the diagonal ensemble
is lower as compared to “hotter” states. Though we can not prove this, we attempt to provide
a plausibility argument. First, we consider the low IPR states. These states have a finite
expectation value for Pauli observables. The diagonal ensemble constructed with this initial
state will be a mixture of highly entangled mid-spectrum eigenstates. However, the diagonal
ensemble will have 0 expectation value of such observables (as it is an almost uniform mixture of
mid-spectrum eigenstates, which resemble infinite temperature states according to ETH). This
suggests that the diagonal ensemble is not a good approximation at the initial time for the direct
product state, resulting in a large initial trace distance. Note that, states close to the ground
state are being approximated by a diagonal ensemble which, consists of low-lying eigenstates
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that can have finite local expectation values.
We present IPR as a function of initial state parameters in Fig. 6.21(a). Interestingly, IPR

shows a clear correlation with energy (Fig. 6.20). The states with energy close to 0 (i.e, they are
similar to mid-spectrum states) have a lower IPR (i.e., delocalized in the eigenspectrum). The
states away from the middle of the spectrum have higher IPR (i.e., localized in the eigenspectrum).
The states considered for time evolution are marked in parameter space with dots. The states
with θ = 0.5π show a spread in their IPR values. The IPR distribution is consistent with the
observation in Fig. 6.21(d). The states with smaller IPR decay faster in spite of having a larger
initial trace distance from their equilibrium density matrix compared to states that have a larger
IPR. A smaller IPR signifies a larger number of fluctuating phases in Eq. 6.36, which explains
the faster relaxation. Further, we look at the overlap of the initial states taken in Fig. 6.21(b)
with individual energy eigenstates and present them in Fig. 6.21(c). The state having energy
close to 0 has an almost uniform distribution of overlaps (with eigenstates). The state away from
the energy 0 show a larger concentration of overlap at the edge of the spectrum. The inset in
Fig. 6.21(c) shows the IPR for these states. In the states where θ = 0.95π, the IPR shows very
minor dependence on ϕ (similar to what is observed in energy). This explains the absence of a
clear QME for this set of states.

The clear observation of the QME in the chaotic regime is driven by the broad delocalization of
initial states across the energy spectrum. A natural question is how this phenomenon behaves as
the system approaches the integrable limit at high connectance (M̃ → 1), where the eigenspectrum
deviates from chaotic WD statistics. We investigate this interplay at M̃ = 0.8 (Fig. 6.22). While
the correlation between IPR and energy persists (Fig. 6.20 and 6.22(a) ), the overall range of
IPR values is smaller, indicating that the initial states are more localized in the eigenbasis as
M̃ → 1. Consequently, the nearly-polarized θ = 0.95π states still show no strong signature of
the QME (Fig. 6.22(b)). For the θ = 0.5π states, however, the dynamics are markedly different
from the chaotic case. Instead of a smooth decay, the trace distance exhibits persistent late-time
oscillations, as seen in Fig. 6.22(d). We expect this to be caused by the emergence of symmetry
constraints and (approximate) Hilbert space fragmentation close to an integrable point. In
integrable models, quenching from the ground state results in coherent propagation of stable
quasiparticles, which manifests as persistent oscillations and multiple crossings in the relaxation
curves [320, 325]. For a near-integrable system, our results show multiple crossings and oscillatory
behavior in trace distance for a finite system within the timescale studied (Fig. 6.22(d)).
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7
Conclusion and Outlook

Strongly interacting quantum many-body systems are difficult. The Hilbert space dimension
grows exponentially in the number of degrees of freedom, exact diagonalization reaches only
modest sizes, and the analytical tools that work in the non-interacting case rarely survive the
introduction of generic interactions. There is no single method that handles all of this, and
progress is usually through the discovery of structural features that make some particular strongly
interacting regime tractable. Integrability, emergent conserved quantities in disordered systems,
exact solutions in certain strongly interacting regimes in presence of symmetries are examples of
such features. Each gives a foothold that lets quantitative work proceed where it would otherwise
stall.

This thesis has been an attempt to identify and make quantitative use of such structural
features in four physically distinct settings, and to use them to go beyond conventional expectation
values into the finer statistical structure of the dynamics. In every case the system is strongly
interacting. None of the models studied is free, and, none yields to perturbation theory in a
small parameter. What allowed quantitative progress was the presence of additional structure of
one kind or another. The structures differ from chapter to chapter. The chiral clock chain and
the XXZ chain are Bethe-ansatz integrable. The disordered chain of Chapter 5 is many-body
localized, with a full set of emergent local integrals of motion. The random-graph Ising model of
Chapter 6 has no integrability of either type, but tuning its connectivity allows us to interpolates
between an integrable/localized limit and a chaotic regime. Different features, but each sufficient
to push the analysis well beyond what generic interacting models permit.

The chiral clock chain studied in Chapter 3 is strongly interacting and analytically intricate,
and numerical exact diagonalization alone would not afford sufficiently large system sizes to
characterize its transport. The Bethe-ansatz structure supplies a hierarchy of conserved charges,
and those charges carry a direct imprint on thermal transport. The Mazur bound constructed
from their overlaps with the energy current saturates the thermal Drude weight at every accessible
temperature, providing an independent verification of the numerically obtained Drude weight
from the current-current correlator. More importantly, the analysis of conserved charges provides
a microscopic understanding of transport in this specific strongly interacting system.

The Mazur-bound calculation was carried out at the time-reversal-symmetric point. The
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chiral clock model has a richer parameter space in which the chiral phase breaks time-reversal
symmetry and may introduce a qualitatively different character to the conserved-charge structure.
Studying the nature of the conserved charges and the features of transport in the absence of
time-reversal symmetry is therefore a natural extension of the present work. A complementary
direction is the formalization of generalized hydrodynamics for the chiral clock model. For the
XXZ chain, GHD predictions for Drude weights in terms of dressed velocities and occupation
functions are well established, and extending this framework to the chiral clock model would
both deepen the theoretical understanding and push the analysis of ballistic transport to the
thermodynamic limit, where finite-size Bethe-ansatz calculations become costly. Finally, moving
away from the integrable point and studying how transport crosses over from the ballistic to
the diffusive regime, and how the conserved charges break down in that process, remains an
interesting open question.

Chapter 4 takes the same integrable structure into a qualitatively different regime. Where
the clock chain analysis characterizes thermal transport through equilibrium linear response, the
question here is what the conserved charges of the boundary-driven XXZ spin chain imply for
the full statistics of the current far from equilibrium, in the long-time nonequilibrium steady
state. This is a sharper probe of the same underlying structure: rather than a single transport
coefficient, the full counting statistics encodes the entire probability distribution of transferred
charge, and the large-deviation rate function governs the exponentially rare current fluctuations
that a mean-current measurement cannot resolve. The transfer-matrix structure inherited from
integrability makes this calculation tractable. At the free point the scaled cumulant generating
function is obtained in closed form; in the interacting regime the same transfer-matrix framework
reaches numerical precision for the full distribution. Large deviation framework provides an
universal structure for the full distribution of obseravbles obtained in this chapter. From an
experimental viewpoint, shadow snapshots of the NESS directly sample the full counting statistics
of any diagonal observable, providing experimental access to the entire current distribution at no
additional measurement cost beyond what state tomography already requires.

Several directions remain open. The calculations in this chapter were performed under
maximal boundary bias, which simplifies the transfer-matrix construction but represents a special
corner of the full nonequilibrium phase diagram. Moving to non-maximal bias would probe the
crossover from linear to nonlinear response. A parallel direction concerns the range of models
for which the FCS can be obtained exactly [326]. Additionally, there can be implications on
quantum tomography from this FCS calculations and their experimental measurements.

The structural input in Chapter 5 was of a qualitatively different kind. A many-body localized
system supports a set of local integrals of motion, and we chose a setting where these are strictly
one-local, allowing the projected ensemble to be constructed and analyzed in a controlled fashion.
We found that the limiting ensemble lay in the Scrooge family when the measurement basis
was aligned with the local integrals of motion, and that misalignment moved the ensemble
continuously towards the Haar limit. The existence of localized charges in disordered systems is
by now well established; what our study revealed is their imprint on a comparatively delicate
object, namely the deep-thermalization ensemble of a small subsystem, which probes wavefunction
structure beyond what any finite expectation value could resolve. The asymptotic ensemble
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reached by the projected ensemble extends the idea of the Gibbs ensemble to the level of the
quantum state distribution itself, with direct implications for quantum state designs. Much of
the existing literature on deep thermalization is restricted to settings with Abelian conserved
charges, and it is natural to ask how the picture changes in the presence of non-Abelian charges,
where the charges do not mutually commute and the structure of the invariant ensemble is richer.
A separate but related extension concerns symmetry sectors: it has recently been argued that in
systems with symmetry, deep thermalization should proceed to individual Scrooge ensembles
within each symmetry sector [215], and working this out explicitly in a concrete model remains
an interesting open problem.

Chapter 6 carried the same strategy into a setting that resembles practical quantum devices.
The Ising model on an Erdős–Rényi random graph possesses no Bethe-ansatz structure, yet its
geometry supports the emergence of approximate conservation laws in specific limits. Its connec-
tivity is controlled by a single effective parameter M̃ that tunes the Hamiltonian continuously
between an integrable/localized limit and a chaotic regime. Rather than relying on a single
diagnostic, we deployed several complementary probes of chaos, including the spectral form
factor, Krylov complexity, and projected-ensemble convergence, on the same Hamiltonian and
analyzed how they reveal different aspect of dynamical characteristics. We further demonstrated
that this dynamical structure has direct consequences for quantum optimization.

While the connection between dynamical properties and optimization performance has begun
to attract attention [327, 262, 252], a systematic understanding of how specific features of the
chaos-to-integrability crossover, such as the onset of the chaotic window or the breakdown
of approximate conservation laws, translate into concrete changes in algorithmic performance
remains largely open. Whether the diagnostics deployed here can serve as practical predictors of
optimization hardness, and whether tuning a physical system toward or away from the chaotic
regime can be used to improve convergence of variational algorithms [268, 328], are questions
that the present analysis motivates.

The four chapters of this thesis are unified by a common premise: strongly interacting
quantum systems are generically intractable, and progress requires the identification of structural
features that make specific regimes analytically or numerically accessible.

What emerges from these studies is a salient pattern. Strongly interacting models that look
forbidding at the first glance often carry hidden structure that allows analysis at the level of
detailed statistical features of the dynamics. The Drude weight depends on a handful of charges.
The full counting statistics is set by an entire transfer-matrix spectrum. The projected ensemble
responds to whether the measurement basis sees the conserved charges. Krylov complexity reads
operator growth, thus distinguishing the dynamical regimes in a locality-independent way. Each
of these probes asks a slightly different question, and the answers are accessible when the system
has certain features that make them tractable even in the presence of strong interaction. Choosing
the observables that probe beyond the local expectation values and two-point correlators reveal
deeper structures in the underlying universal behavior of such strongly interacting systems.
Advent of modern quantum simulators make such finer questions particularly relevant. Matrix
product states recurred throughout, both as a numerical engine and as analytical objects in their
own right, with the exact NESS ansatz of Chapter 4 being the cleanest example.

182



What does seem clear from the calculations presented here is that strongly interacting
quantum systems, despite their generic intractability, retain enough structure in the specific
cases we considered to permit detailed statistical statements about their dynamics. The reach
of the analytical and numerical tools available now is broader than the conventional toolbox
of expectation values, susceptibilities, and transport coefficients would suggest, provided one
is willing to look at finer features. This thesis is an effort to use that broader reach in four
specific settings. The four are a small sample of a much larger class of problems to which similar
arguments should apply.
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