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Abstract

This thesis presents investigations regarding symmetries and the constraints they impose on the
perturbation theory of pure gravity in four dimensions and maximal supergravity theories in
various space-time dimensions. A limitation of existing studies in gauge and gravity theories
has been the focus on the Maximally Helicity Violating (MHV) structures. Using a closed-form
action for pure gravity in the light-cone gauge in four dimensions, we extract and present all six-
point interaction vertices, extending this program of study to non-MHYV interactions. We invoke
symmetry arguments to derive helicity selection rules for arbitrary spin theories to all orders in
perturbation theory and discuss their consequences for scattering amplitudes in pure gravity and

its higher derivative extensions.

A major part of this thesis is devoted to the study of maximal supergravity theories in light-cone
superspace. The N' = 8 supergravity in four dimensions exhibits the best ultraviolet properties
amongst any gravitational field theory due to maximal supersymmetry and exceptional symme-
try. We explain a systematic procedure for obtaining quartic and higher-point interactions using
this exceptional symmetry. We also construct maximal supergravity in five dimensions through
dimensional oxidation and derive the generators of the corresponding exceptional symmetry.
This analysis leads to a universal form for global symmetries in maximal supergravity theories
in all space-time dimensions d > 4, with the notable feature that it applies to both classical and

exceptional symmetry groups.
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Chapter 1

Introduction

1.1 Quantum field theory : symmetries and scattering ampli-
tudes

Quantum field theory provides the theoretical framework for describing the quantum mechan-
ics of relativistic particles. The Standard Model of particle physics, which successfully accounts
for the electromagnetic, weak, and strong interactions among elementary particles, is formulated
within this framework. Experimental observations spanning several decades have confirmed its

predictions with remarkable precision.

The triumphs of this framework are numerous. The theory of quantum electrodynamics (QED)
predicts the anomalous magnetic dipole moment of the electron with an astonishing accuracy
that matches experimental measurements to about one part in a trillion. This theory has also
succesfully explained the Casimir effect and the Lamb shift in atomic spectra. Further, the ob-
servation of the Higgs boson at the Large Hadron Collider in 2012 provided a crucial piece of
the Standard Model. Together, these milestones firmly establish quantum field theory as an in-

dispensable mathematical language and one of the most rigorously tested scientific frameworks.

Two main objects of interest in a quantum field theory are symmetries and scattering amplitudes.
Symmetries are operations that leave a physical system invariant. Most often, they form a group.
This mathematical property is extremely useful in the study of various dynamical processes in

the physical systems. Broadly, three kinds of symmetries govern a quantum field theory:
* Space-time symmetries, which constitute the Poincaré group of transformations.

* Gauge Symmetries - The Yang-Mills theories that appear in the Standard Model La-

grangian are based on the gauge group SU(3) x SU(2) x U(1).

* Global internal symmetries.



Elementary particles are classified using the irreducible representations of the Poincaré group.
A simple example of how symmetries restrict the kinds of interactions between these elementary
particles can be found in the SU(3) Yang-Mills theory. The absence of three point interaction
terms involving purely negative (or positive) helicity gluons is a direct consequence of little

group invariance and dimension analysis.

The physical observables in a quantum field theory are encoded in scattering amplitudes. These
amplitudes describe the probability for a given set of incoming particles to scatter into a specified
set of outgoing particles. Traditionally, scattering amplitudes are computed using the Feynman
diagram expansion derived from the Lagrangian of the theory. However, this approach is met
with severe challenges, as the number of diagrams increases significantly with each order in

perturbation theory.

Surprisingly, many times scattering amplitudes involving massless particles have rather simple
expressions. Manifest covariance conceals the inherent simplicity of physical observables. A
direct consequence of this covariance is that the theory has gauge redundancies and unphysical
degrees of freedom, leading to tedious intermediate calculations where vast numbers of terms
eventually cancel. This is the theme of this thesis. We sacrifice manifest Lorentz invariance to

study the physics of gauge and gravity theories.

A well-known example is the Parke—Taylor formula for gluon scattering amplitudes in Yang—Mills
theory, which expresses a class of tree-level amplitudes in a surprisingly compact form [1]. Over
the past few decades, this observation has led to significant developments in our understanding of
scattering amplitudes. Specifically, the modern techniques such as spinor-helicity variables, on-
shell recursion relations, and color—kinematics duality have played an important role in finding
efficient ways to calculate amplitudes [2-5]. These findings have uncovered intriguing relations

connecting gauge theory to gravitation.



1.2 Gravity as a quantum field theory

Despite its immense successes, it is clear that the Standard Model is not the complete story of
nature. One important limitation is the absence of gravity. While general relativity provides an
extremely successful classical description of gravity at macroscopic scales, incorporating it into

the framework of quantum field theory remains a long-standing challenge.

Naive quantization of pure gravity leads to an ultraviolet divergent and non-renormalizable the-
ory. The origin of these divergences can be traced to the dimensionful nature of the gravitational
coupling constant. Unlike the gauge couplings appearing in the Standard Model, the gravi-
tational coupling constant carries dimensions of length. In pure gravity, the first divergence
appears at the two-loop level, where a non-vanishing counterterm must be introduced in the ac-
tion [6]. This indicates that Einstein gravity should be interpreted as an effective field theory,

valid below a certain energy scale.

There are several indications that the perturbative (and possibly non-perturbative) structure of
gravity possesses features that are not immediately apparent in the conventional Lagrangian for-
mulation. For example, gravitational scattering amplitudes exhibit remarkable squaring relations
to gauge theory amplitudes, as illustrated by the Kawai-Lewellen-Tye [7] relations and more re-

cent developments such as color-kinematics duality and double copy [4].

One possible avenue for improving the high energy behaviour of gravity is to enlarge the sym-
metry structure of the theory. This motivates the study of theories in which gravity is combined
with new classes of symmetries. A particularly important example of such an extension is su-

persymmetry.

1.3 Supersymmetry

Supersymmetry provides a striking extension of the space-time symmetries of quantum field
theory. Unlike ordinary symmetries, which relate particles of the same statistics, supersymme-
try connects bosonic and fermionic degrees of freedom. Although such a symmetry has not been

observed yet, it serves as an important tool for calculating amplitudes in the standard model.



An important consequence of this symmetry appears in the quantum behaviour of the theory.
Contributions from bosonic and fermionic degrees of freedom enter loop calculations with op-
posite signs, leading to cancellations that significantly soften divergences at high energies [8].
One of the simplest models where such cancellations were studied was the Wess—Zumino theory
[9]. In theories with extended supersymmetry, the effect is even more dramatic. For example,
four-dimensional A/ = 4 super Yang-Mills theory [10] is known to be finite to all orders in

perturbation theory.

These observations naturally motivate the study of supersymmetric extensions of gravity. The-
ories of supergravity contain in addition to the gravitational field, a fermionic partner called the

gravitino. We describe below various aspects of supergravity.

1.4 Supergravity

Supergravity theories with the largest possible number of supersymmetries have a great theo-
retical significance. The maximally supersymmetric theory of gravity in four-dimensions was
first constructed by Cremmer and Julia [11]. This theory was obtained through the dimensional
reduction of the minimal supergravity theory in eleven dimensions (which is the maximum di-
mension of space-time where a supersymmetric theory of gravity can be formulated) [12]. One
of the surprising outcomes of this construction was the appearance of a large global symmetry,

namely the exceptional Lie group Er(7) [13].

The ultraviolet properties of maximal supergravity has been the subject of considerable inter-
est. Early expectations based on power-counting arguments suggested that the theory should
diverge at three loops. However, explicit calculations of multi-loop scattering amplitudes have
revealed surprising cancellations. In particular, a series of computations by Bern and collabo-
rators showed that four-dimensional N/ = 8 supergravity exhibits significantly improved high-

energy behaviour compared to naive expectations [14—16].

An interesting perspective was proposed by Curtright [17], who suggested that the cancellation

of divergences in supersymmetric theories may be related to the matching of Dynkin indices



between bosonic and fermionic representations of the little group of the parent theory in higher
dimensions. In the case of maximally supersymmetric Yang-Mills, this implies that the SO(8)
triality property renders the theory finite to all orders in perturbation theory. In the case of
maximal supergravity, the relevant little group is SO(9) with the Dynkin indices of the bosonic
representations (columns 2 and 3) and fermionic representations (column 1) [18] shown in the

table below:

Rep | (1001) | (2000) | (0010)
Iy 128 44 84
Iy 256 88 168
Iy 640 232 408
Ig 1792 712 1080
Ig 5248 | 2440 | 3000

We note the mismatch of the eighth-order Dynkin indices from the table. While this approach
has been verified at one loop, extension to higher loops is challenging. A careful study of loop
amplitudes to explain the emergence of these indices would indeed be interesting, but remains

outside the scope of this thesis.

The latest findings in the A/ = 8 theory remarkably establish the finiteness of the four-point
amplitude at five-loops [16]. Supersymmetry solely cannot explain these findings. One therefore
studies the exceptional symmetry Fr ;) with a focus on the constraints it imposes on amplitudes

and possible counterterms [19-22].

1.5 Motivation and central questions

In this thesis, we work with the light-cone formulation of gravity and supergravity theories. In
this approach, we work directly with the physical degrees of freedom sacrificing manifest lo-
cality and Poincaré invariance. Symmetries are realized as non-linear transformations of the
physical fields. This is useful in building interacting theories order by order in perturbation the-

ory. One key advantage is that amplitude structures naturally arise in this language.

We provide below the motivation and two closely related questions that we attempt to answer in



this thesis:

* First question is concerned with pure gravity in four-dimensions. One of the limitations
of the existing studies in the literature has been the focus on Maximally Helicity Violating
(MHYV) structures. There are no findings in the literature regarding non-MHYV interac-
tion vertices in pure gravity in the light-cone gauge. We extend this program of study by
explicitly deriving these vertices. This derivation leads naturally to the question of the

allowed helicity configurations of graviton vertices at each order in perturbation theory.

Parallely, another motivation to revisit pure gravity comes from recent studies which sug-
gest that gravitational amplitudes (although still divergent) may be better behaved in the
high energy limit than previously anticipated [23]. It is therefore important to analyse the
structure of interaction vertices in the theory. Closely related to this, is the role of higher-
derivative interactions, which appear naturally in effective field theory and are often asso-

ciated with possible counterterms in quantum gravity. This raises the first question:

What constraints do space-time symmetries impose on the structure of interaction vertices

in theories of gravity (with and without higher-derivative terms)?

* The second question is concerned with exceptional symmetries in maximal supergravity
theories. These include the large global symmetry groups such as the exceptional Lie
groups Er(7y in four dimensions and FEg ) in five dimensions. In light-cone superspace, it
was shown that every Feynman supergraph arising in the N/ = 4 superYang-Mills theory
was power counting finite using superspace manipulations [24, 27]. In this formulation,
the N/ = 8 supergravity shares many structural similarities with the A/ = 4 superYang-
Mills theory. It therefore makes sense to apply similar techniques to supergravity. The
exceptional symmetries in light-cone superspace, act non-linearly on the entire supermul-
tiplet (unlike the covariant formulation) and therefore serve as an important tool to derive
interaction vertices. While there have been several attempts at this, existing expressions
are extremely cumbersome (running into hundreds of terms) making them unsuitable for

tractable calculations. A compact expression for vertices at higher orders in the coupling



constant is a crucial step towards analyzing Feynman diagrams in superspace.

Another important aspect is to understand the dependence of the degree of divergence of
these diagrams on the space-time dimensions. This requires a careful study of the rel-
evant symmetries (which constraint counter-terms) of maximal supergravity theories in

each space-time dimension. This raises the second question:

What constraints do exceptional symmetries impose on the Hamiltonian of maximal su-

pergravity in different space-time dimensions?

The investigations presented in this thesis address these questions. We present below the outline

of the thesis.

1.6 Outline of the thesis

The thesis is organized as follows:

Chapter 2 reviews the light-cone formulation of relativistic field theories. In this framework,
the dynamics of a theory are expressed directly in terms of its physical degrees of freedom, with
unphysical gauge components eliminated through constraint equations. We discuss the structure
of the Poincaré algebra in light-cone coordinates and describe how the closure of the algebra
can be used to systematically determine interaction vertices. This formalism provides the main

technical framework used throughout the thesis.

Chapter 3 investigates the interaction vertices in pure gravity within the light-cone formula
tion. Starting from the closed-form expression for the light-cone gravitational action, we derive
the six-point interaction vertices. In particular, these correspond to the first genuinely non-MHV
(Maximally Helicity Violating) vertices that arise in the perturbative expansion. Using symmetry
arguments, we then derive the helicity structure of graviton vertices to all orders in perturbation

theory. We further extend this analysis to higher-derivative theories of gravity.



Chapter 4 turns to supersymmetric theories and introduces the light-cone superspace formu-
lation of maximal supergravity. In this framework, the entire supermultiplet is described by a
single chiral superfield. We review the structure of the A/ = 8 supergravity theory in four-

dimensions and the realization of its symmetries in light-cone superspace.

Chapter 5 studies the derivation of interaction vertices using the exceptional symmetry FE7 7
in maximal supergravity in four dimensions. In particular, we show that this symmetry re-
lates lower even (odd) point vertices to higher even (odd)-point vertices. We demonstrate that
the equations satisfied by the higher-point vertices are analogous to inhomogeneous differential
equations. The inhomogeneous part of these vertices is fixed by exceptional symmetry and the

homogeneous part is fixed by the space-time symmetries.

Chapter 6 extends these ideas to the maximal supergravity theory in five dimensions. We use the
method of dimensional-oxidation to construct the five-dimensional theory starting from the four
dimensional theory. We examine the construction of the relevant symmetry algebras U Sp(8)

and Eg ) in light-cone superspace.

Chapter 7 demonstrates that the global symmetries in maximally supersymmetric theories of
gravity admit a universal form in light-cone superspace for all dimensions d > 4. We verify this
by discussing the construction of the relevant symmetries Er(7), Eg(s), SO(5,5) and SL(5, R).
We also discuss the procedure to derive an all-order expression for the generators of the excep-

tional algebra F7(7).

Finally, in Chapter 8, we summarize the main results of the thesis and discuss possible directions

for future work.



Chapter 2
Quantum Field theory in light-cone gauge

In this chapter, we discuss the isometry algebra of four-dimensional Minkowski space-time with
a particular emphasis on the massless representations of this algebra. We explain various aspects
of field theories formulated in light-cone gauge through the examples of Yang-Mills theory and

pure gravity.

2.1 Space-time symmetries : the Poincaré group

A fundamental requirement of any physical theory is that the laws of physics be invariant under
inertial change of frames of reference. The principle of relativity also states that the speed of
light in vacuum must be constant in any inertial frame of reference. These two requirements lead
to a set of space-time transformations known as the isometries of four-dimensional Minkowski

space-time. These transformations leave the space-time distance
ds* = N datdz” (2.1)

invariant, where p, v = 0, 1,2, 3 and 7, = diag(—1, 1,1, 1) is the Minkowski metric. The col-

lection of all such isometries forms a group known as the Poincaré group.

Explicitly, a Poincaré transformation acts on space-time coordinates as
= A", 2" + at, (2.2)

where A#, represents Lorentz transformations and a* denote constant space-time translations.

The Lorentz transformations include spatial rotations and boosts between inertial frames.

The generators of space-time translations P, and Lorentz transformations .J,,,, satisfy the Poincaré



algebra

[J;un Jpa} = i(nupl]ua - nuot]up - nupt];w' + nVO’J,U,p)
[Jullv Pp] = i(nuppu - anPM)

[P,,P,] =0. (2.3)

In a quantum theory, space-time symmetries must be realized as unitary transformations acting
on the Hilbert space of physical states. These unitary irreducible representations of the Poincaré
algebra classify the elementary particles [28, 29]. The Poincaré algebra admits two independent

Casimir operators,
pP*=prp,,  W?=W'W,, (2.4)
where

1
W, = 5 Cuvpo J"P P (2.5)

is the Pauli-Lubanski vector. The eigenvalues of these Casimirs label the irreducible representa-
tions and are identified with the mass and spin of the particle, respectively.

In this thesis, we will be concerned primarily with massless representations, for which P? = 0.
Since the Pauli-Lubanski vector satisfies W, P,] = 0, its action preserves momentum eigen-
states and therefore generates the little group associated with a fixed four-momentum.

For massless representations, one may choose a standard momentum frame
Pt =(F,0,0,F). (2.6)

In this frame, the independent non-vanishing components of the Pauli-Lubanski vector reduce

to

Wy = E (Jaz + Ja), Wy = E (Jis + Jio), Wy = E Jis. (2.7)

10



Defining the operators

1 1
T = W, Ty = - Whs, J =

1
— 2.
7 7 EW3’ (2.8)
one finds that they satisfy the algebra
[Ja Tl] = _iT27
[Ja TZ] = +iT17
11, Tz] = 0. (2.9)

This is precisely the Lie algebra of the two-dimensional Euclidean group /.50(2), consisting of

one rotational generator J and two commuting translation generators 7 and 7.

While the full little group for massless particles is /.SO(2), physical particles observed in nature
do not carry continuous internal quantum numbers associated with the translational generators
T} and T,. Consequently, only the compact SO(2) subgroup generated by J is realized non-
trivially. The eigenvalue of J defines the helicity of the particle and determines its local physical

degrees of freedom.

In the following, we explain the Poincaré algebra in light-cone gauge realized on the helicity
states ¢ and ¢. We explain the connection of light-cone coordinates with spinor-helicity variables

which are crucial to writing scattering amplitudes.

2.1.1 Light-cone Poincaré algebra

We use the light-cone coordinates

1 1
= —@ a2, r=— (2 +ixy), I=za", (2.10)

V2 V2

and their respective derivatives 0,0, 0. In these coordinates, z* plays the role of time. We

routinely use the operation a% (or — 8%) which plays the role of ‘inverse’ derivative and is defined

11



as [24]

1 1

5P =5 [ e -y ) PO, @.11)

where (2~ —y7) is the sign function'. It is straightforward to verify that when O_ is acted from
the left in (2.11), one recovers the original function back. In the calculations, we continue to
use this inverse derivative operator to write unphysical fields in terms of the propagating degrees
of freedom. We routinely perform partial integrations wrt 0_ to simplify calculations using the

property 0_ [a%F (x)} = F(x). Another property we frequently require is

folid - [l

where A, B are some composite functions of the fields and their derivatives. While this operator
introduces mild non-locality, one can check that this formulation reproduces the known ampli-
tude results obtained from manifestly local and Lorentz covariant theories. In momentum space,
we use the Mandelstam-Leibbrandt prescription for dealing with the spurious singularities in-

troduced by 1/p_ in loop calculations [24, 25].

At the light-cone time 2 = 0, the generators of the Poincaré algebra are the momenta [30]
P =—i—=-P,_, Pt = -9t =—-P_, P=—-i0, P=—i0, (2.13)
the rotations and boosts

J=(20—z0—)\), Jt =iz0", Jt =iz0"

_ _ ., 00 _ 0 .00 = 0
JT =iz 0", J :z(xa—+—x 8—)\8—+), J :2(x8—+—33 8+)\8—+).(2.14)

The generators are of two kinds: kinematical that do not involve time derivatives

pt, P, P, J,Jt, J" and J, (2.15)

'One could in principle add a function () independent of 2~ to the RHS of (2.11). Here we work with
boundary conditions such that A(z) = 0. However when working with non-trivial boundary conditions, a careful
treatment of these zero modes is necessary [26].

12



and dynamical that do
P, J ., J. (2.16)

Dynamical generators pick up corrections when interactions are switched on. We introduce the

Hamiltonian variation

00

where the last equality only holds for the free theory. Hence, the Poincare algebra is realized
non-linearly on the physical degrees of freedom. This is used to build interaction vertices by

requiring the commutation relations of the algebra to hold, as done in [30].

While this method builds the classical action order by order in the coupling constant, one has to
also ensure that in the quantum theory, no anomalies appear specifically from the path integral
measure. One can in principle compute the Jacobian of the non-linear boost transformations to

show that the interactions do no contribute to the Jacobi determinant.

The non-vanishing commutators of the Poincaré algebra are

13



[P_>‘]+_] = _iP_a [P_7J+]:_ipa [P_7j+] = _ipa

[P+, Jt7] = iPt, [Pt,J7] = —iP, [P*,J] = —iP,
[P, J] = —iP—, [P, JY] = —iPT, [P,J] = P,
[P,J7] = —iP—, [P,JT] = —iP™, [P,J] = —P,
J-,J ) = =g,  [J, g =i +g, [J,J) = J,
[J-,J = —iJ-,  [J,Jf =gt —J, [J,J = -J,
[Jr=,JF] = —iJt, [JT,J = —iJ",
[J+H,J] = JT, [JHJ] = —J". (2.18)

2.1.2 Spinor-Helicity variables

We demonstrate the close link between the light-cone gauge and the spinor-helicity variables
here [31]. A four-vector p, may be rewritten as a matrix p,; using the Pauli matrices o, =

<_17‘7)

—po+p3 p1—ip2 V3 -p- P

Pu (") = Paa = ‘ = (2.19)
Pr+ip2 —Po — P3 P P+
The determinant of this matrix is the length of the four-vector p,,
det (paa) = =2 (pp — p+p-) = —1"pu- (2.20)

14



For massless particles, one can write the matrix as product of holomorphic and anti-holomorphic

spinors using the on-shell condition p, = 5—’_3

2% _ - 21 N
g ;o Aa=—(A)" = g : (2.21)

Ao = _
\/1_9_ —p \/1_7_ —p

such that )\aj\a reproduces (2.19) on-shell. We define the off-shell holomorphic and anti-holomorphic

spinor products [32],

i i Siod Bl
i) = VAL = TP gy p R PP (2.22)
pLpl pLpl

2.2 A review of Yang-Mills theory in the light-cone gauge

Yang—Mills theory describes the dynamics of non-abelian gauge fields associated with a compact
Lie group G. The fundamental field is the gauge potential Af(x), where p = 0,1,2,3 is a
spacetime index and a labels the generators 7' of the Lie algebra g of G. The gauge-invariant
field strength is defined as

Fo, = 0,A5 — 0,A% + gf ™ A AS (2.23)

ptivs

where g is the gauge coupling and f?* are the structure constants of the Lie algebra. The Yang—

Mills action is given by
1 4 v
Sym = ~1 dx Fg, F*". (2.24)

The Yang—Mills action is invariant under local gauge transformations. Under an infinitesimal

gauge transformation with parameter A%(x), the gauge field transforms as
An = A= A+ M+ g fNCAS (2.25)

This allows to fix one degree of freedom by imposing the light-cone gauge condition A* = 0.

15



We then examine the equations of motion
O + gf " AL FH e = 0. (2.26)

In light-cone gauge, these equations split into dynamical and constraint equations. In particu-
lar, the v = + component contains no light-cone time derivatives 0, and therefore acts as a
constraint equation.

Using A_ = 0, the v = + equation becomes
D> A% = 0_0;A¢ + gf*eAbo_AC, (2.27)

where ¢« = 1, 2 denote the transverse directions.

This equation can be solved for the non-dynamical field A%

o 1

=g

a aoc 1 &
AL + gf* 5 (APO_AS). (2.28)
Hence, in light-cone gauge the field A, is not an independent degree of freedom but is com-
pletely determined by the transverse physical fields A;. It is convenient to combine the two

transverse components of the gauge field into complex helicity states. We define

1

V2

1

4 NG

(A} +i4y), A (A} —iAy). (2.29)

These fields correspond to helicity +1 and —1 gluon states, respectively, and constitute the
physical degrees of freedom of the Yang—Mills field in light-cone gauge. The Yang—Mills action
(2.24) may be written purely in terms of the physical helicity modes A% and A®. The resulting
Lagrangian takes the form
L = A"0OA" —2gfe <3A“ Ot A" A° 4 3[1“ oAb AC)
ot ot
1

o (07 AT A°) . (2.30)

_292fabc‘]cadeai+ (aJrAb Ac)

It is now straightforward to make contact with on-shell scattering amplitudes. In particular,
Maximally Helicity Violating (MHV) amplitudes correspond to processes involving exactly two

negative-helicity gluons and an arbitrary number of positive-helicity gluons. At the three-point

16



level, we may write the MHV interaction term in (2.30) in momentum space and express it in

terms of spinor-helicity variables (2.22). This yields the color-stripped three-point amplitude

(12)°

17,27,3") =g—"—. 2.31
Similarly, the four-point MHV amplitude takes a remarkably simple form [1]
Ai(17,27,31,47) = ¢? (12)” (2.32)
A (12)(23)(34) (41)” '
2.3 A review of light-cone gravity
The Einstein-Hilbert action reads
1
Sen = / do L = o— / d'z /=g R, (2.33)
K

where g = det (g, ), R is the curvature scalar and x*> = 87 G is the coupling constant. The

corresponding field equations are

Ry — %gwR =0. (2.34)
The Einstein-Hilbert action is invariant under space-time diffeomorphisms
ot — o = ot 4 M (x) (2.35)
Under such a transformation, the metric tensor transforms as
G = G = Guw + 0y + 60 + E70pGun- (2.36)

This allows us to make four gauge choices. At this stage, we impose three gauge choices [33, 34]

g— = 9-i = 0 ) 1= 172a (237)
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and parameterize the other components as

9+- = —
(2.38)

9ij = €w%j .

7% is real, symmetric and unimodular while ¢ and 1) are real. Field equations in which 9, (time
derivatives) do not appear serve as constraint relations, as opposed to ‘true’ equations of motion.

The constraint relation y=v=— from (2.34) is
1 g
20_¢0_ ¢ — 20 — (0_¢)* + 58,7” O vi; = 0. (2.39)

This can be solved by making the specific choice

o = k4 , (2.40)
2
which is the fourth (and final) gauge choice. With this choice
11 i
Y = 157 (0-4" 0_ij) - (2.41)

Unphysical components of the metric are systematically eliminated by constraint relations. This
results in a ‘physical’ closed-form action [33, 34] written entirely in terms of the v* (we still

write ¢ and v despite (2.40), (2.41) because they make the calculation easy to check).

S = L/d% e¥ (2 040-¢ + 0,09 — laJrVija—%’j)

2k2

g 1
—efqY (8¢8j¢+ 50i00;0 — 0;00;¢ — ﬁklaﬂkl + 5 &7 lak%l)

1
e?= 2¢
—5€ 6 R 8_R (2.42)

where

Ri = €w (%8_7jk8i7jk — 8_&@5 - 8_8177Z) + &gb@_w) + 8k(e¢ 7jk8_%»j) .
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A perturbative expansion of the action in (2.42), in powers of «, is achieved by choosing [34]

| i h
= () Lyt =dt . = T (2.43)
Y h12 _hll

These relate to the physical helicity states of the graviton as

o] h+h  —i(h—h) 44)
Yove\sin-h) —h-h ) '

with h and h representing gravitons of helicity 4+2 and —2 respectively.

The Lagrangian may be expanded in orders of x

L=Ly+ L. + L2+ L3+ L, (2.45)
The Lagrangian reads
_ _ 0. 0 0? d-0- -0
_ 2 2 h—h — h—
L = h[lh—i—%h@(a_ha_h ha h)+2/fh8(3_ha_h h83h> (2.46)

The expressions for £,2 and £, in (2.45) are known [34-36] and are presented below.

Lo — 2&2{ o (0-h0.h) gf (9-h0-B) + 550 hd_F) (9009 + 0. o)
—8—2(8 hO_h) (288hh+2h88h+98h8h+8h8h—?h@ h—o_ h— )

—2ai(2aha I+ hd_0h — 0. 8hh)h8h—2a—(28 hoh +0_0hh — hd_0h) d

(2000 + h0_ 0%~ 0_0NB) (20 OB+ 9_0h b~ h0h)

—hh <aah h + hoOh + 2 OhOh + 3?h O_h+30_ hgah) } (2.47)

The terms containing a 9, at order x? were eliminated using a field redefinition [34]

h—)h—li2i{282 63(8 hO_h) + O_h—

5 . (a_ha_ﬁ) + %(hﬁﬁ_h — hhO_h) } . (2.48)

02
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Moving to five-point interaction vertices, ie. at order 3 [36], we find

L. =2V2k Ly | (2.49)
where Ls reads
Ls = \/_hahﬁh 5 (0_hO_h) + \/?_hhhahath £lzaiuav(hlm) + £haha(hhh)
\/_hahah 5 (0_hO_h) — \/?_hhhahah - £ham?(fm/z) - £haw(fmh)
3 5 0 90
4f 5 (0_ho_ h)a—(a ho_h) + f i (a ho_ h)82 (0_hO_h)
1 d0 1 00 - 1 aa _ _
—thh > (0_hO_h) — —\/_h 7 (0_hO_[hhh]) — f 82 (0_[hhh)O_h)
1 88 - - - 0
-3 f 5z (0-[Ah]O-[hR)) —Qﬂhah{ {hd_(hh)} + a_{ o7 (0-ho- n)_h}
o
—a—_(hha h) — —a(hhh) a_{ 5 (0_hO_h)Dd_ h}} f 5 [a hoh
+0_hoh — gaﬂ(a hO_h) + 20(hd_h) — 58_(77]1)] X @—{a_héﬁ-l-a_fléh
—§Q(a hO_h) + 20(hO_h) — 00_(hh)| + OhOh ihﬁm—h (0_ho B)}
20_ - f a? T

82

+\/§5hai{ - —(a hd_h)d_hdh + a hd(hhh) +

| ~

(0_ho_ h)ﬁ_ﬁ5h+§8_(ﬁﬁh)5h d_(hh)O(hh) —

| DN

- (0.50.h) - L0 hhmyoi +§§[8_(Bh)8_(ﬁh)]

(O_hO_h) 55 -

l\DI»—t l\DIOJ Q
Q3|>—‘ Q)|QJ\

.%| @ &%| -

(0-h0-h)5-(0-ho_h) + a[ha (W] +§8[hhha_h] - é(‘?a_(hhhh)

—28[%(8%@8%@)%}1} — 3lhhd._(hh)] + a[g(a,ha,h)a,(hh)] }

5

ai = (0-hd_R)30. h—-aa (hh) = B(hF0_h) + 37 L 0_ho h)o_n]
+5(ha_(7m)} = {a hih + 0_hah — §§(8 ho._h) + 20(hd_h) — 50 (z‘m)}
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\/_[hh+ga—2 O_ho_h)] a {a hoh + 0_ hah—gag(a O0_h) + 20(h0_h) — aa(hh)}ah
1 1 S L —— o 0 0?
+{ 20°h g(a hO_h) + 0_ ha— (0_ ha,h)+§(hh8,h—hha,h) }a (a_ha_h h8 h)
+420%h ! (0_hO_h) + 0_ h— (0_ho B)+1(hﬁa h — hhO_h) 2ﬁ(a2h 0 h)
(93 02T 3V - 920
d, 0 0? 1, ,-0° D
+0_( 5 hgh—h 8_h) i —(0*h—5 5 h) — 7 (hah)] + c.c. (2.50)

The last three lines of (2.50) represent the quintic interaction vertices produced by applying the
field redefinition in (2.48) to the cubic interaction vertices in (2.46). Although Ls; appears to

contain non-MHYV structures, these are related by conjugation to MHYV vertices.

Analogous to the Yang-Mills theory, the cubic MHV vertex in (2.46), in momentum space can

be written in terms of the spinor-helicity variables to obtain the three point amplitude
12)°
Ms(17,27,3%) = é—; (2.51)

Similarly, from (2.47), we find at four-point

(12)°[12]

Mi(17,27,3%.4%) = g a) 23y @0y (3 4

(2.52)

These MHV amplitudes (vertices) factorise, as expected from the KLT relations [7], into prod-
ucts of off-shell MHV vertices in Yang-Mills theory [37].

We demonstrated in this chapter, that amplitude structures naturally emerge in the light-cone
formulations of Yang-Mills theory and pure gravity. We focussed particularly on the MHV

structures [37—40]. This provides evidence for the fact that scattering amplitudes in gravitational

theories are the square of those in gauge theories describing spin-1 fields :

Gravitation ~ (Yang-Mills)? (2.53)

In the next chapter, we present the perturbative expansion of pure gravity in the light-cone gauge
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to order x* where the first truly non-MHYV interaction vertices appear. We will also demonstrate

relations of the type (2.53) in higher derivative gravity and gauge theories.
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Chapter 3
Gravitation : Perturbation theory and amplitudes

(The material presented in this chapter is primarily based on the works done by the author

in [41, 42])

In this chapter, we present the 6-point interaction vertices in pure gravity in four-dimensions.
We also derive the helicity selection rules from symmetry principles to explain the structure of
interaction vertices to all orders in perturbation theory. We argue the origin of MHV vertices in
this formulation. Finally, we discuss interaction vertices in higher derivative theories of gravity.
The issue of uniqueness of quartic and higher order interaction vertices obtained using closure

of Poincare algebra for field theories of spin > 1 is also discussed.

3.1 The 6-point result

We start with the closed form action derived in (2.42)

S :5%/¢m¢@&a¢+aﬁw—lmW&w)

ety (az-ajm 016030 — 0,605 — <07 O+ am“amﬂ)

1
—§e¢’ 2y a Ra R;, (3.1)

where
1 . .
Ri = ew (58_7”’“82%;{ — (‘3_&(;5 - 8_3@ + 829258_1/1) + 8k(€1/1 7”’“8_%-]') y
and ¢ = 1 /2 with

b = (077 D) - (3.2)

1
2

1 =
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Transverse variables and the metric

We work with the helicity states directly, by using transverse variables a and b (so 2% , 2° repre-

sent x , T) [36]. The relevant metric is

ozt 07
b = =—— — N - 33
So
The inverse metric (*n,. = 6°,) has components
In this new basis, the expressions for v from (7.13) read
2/€Qn+1 (4hﬁ)n B HZn (4}7]_1)71
s (2n +1)! (2n)!
Yab = Y : (3.6)
=0 K:2n (4hh)7’b 2K2n+1 (4hh’)n h
(2n)! (2n + 1)!
_2K2n+1 (4hﬁ)n /'62” (4hh>n
o (2n + 1)! (2n)!
=) . (3.7)
=0 /‘332” (4hh’)n _2,%2%—0—1 (4hh)n B
(2n)! (2n + 1)!

We only need terms up to n = 2 in the series (3.6) and (3.7) for the discussion here. It is then

easy to also calculate v at orders 2 and 4

Y = 2%y + 4ty (3.8)
P {—%(aﬁah)}

it {—%(&h& [m‘m])—?)%(a_ (Rhh)O_R)+ — (9_[hh]O_[RK]) } |
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We now present here, a new result: the perturbative expansion to order x* of the closed form
action (2.42) in terms of the helicity states h and h. This is the lowest order at which truly

non-MHYV structures first appear.
L4 =4k Lg , (3.9)
where

L = 41040005 + 130010y — — (haa[(hh) h] + h0[(hh)*h]) + lhﬁaé[(hﬁ)ﬂ

() 00 90 90-
—§hhh88[hhh] +2 ( ShO_[IhR) + 0_hs=[hhh] + 0> Whh] + 5-ho. [hhh])
_%@[hh]a 0] + <¢4+ 1"?) ( Pno h+ o hga h) — L (hhh) 0B, — WD

—@hhﬁawg + hhﬁwg@wz - —1/1488% - —w OOy

+(0hOh — OhOh) (éhhhh + §¢2hh + §¢4 + §¢2>
+ (éhl_z + 1%) (OhO[hhh] + OhO[hhh) — OhO[hhh) — OhO[hhh])

+(3 ﬁg)(hah hoh)o[hh] + (3 iz)(hah hoh)d[hh) + é(hal_z—ﬁ&h)é[hl_zhﬁ]

ﬁ(5[ WRO[RRR] — G[RRRIOIT]) +

—|—é(l_15h — hoh)d[hhhh] + (O[hh)O[hhh] — O[hhh)O[hh))

| =

+{2h8h§ Ehhhé)h — ghhhah — 20hohd_h + 190 [hh]} — 2hahai E(aha[hhh]
+57za [hhh] + OhO_[hhh] + a hO[hhh)) — O_[hh)O[hh] + s (O-hOh + OhO_h)

000000 — 00t + 20 am] ( [hh_za_ (ho. h}} ~ L [o-hdh + dno_h] - 25%)

‘ (Qha [ B+ o [t F ~ hha_hﬂ +20h {ghhh - EWLD T c.c.}

(a0

(h — —%) (Qaha[ hhh+— [20_h — hhd-_ hﬂ - c.c.)
(zm _ -¢2) { [hh ~2l (o h]} — - [0-hh + Dho_F] - ga‘wz} {a [hﬁ 2 [ho.n

— 30by — 3ohh + %;) Ohoh

ool»—l

- [o-hon + dho_n] - 23%}
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25h3 (—13713_ [hR)? — §¢2Ba_ [hh] + <%(h}_z)2 + éwghﬁ + 1y + %w;) a_ﬁ) + c.c. }

(a [hh _ 2— RO h]] _ ai[a Rl + 0hd_h] — -a%)
5

l2hhh8 h— —hhha h — 2pshd_h + 50 [hh]]

! [1 (0_hOThRE) + Th_[hhh] + Gh_[hRE] + 0_halhhh)) — 0_[RRII[AR] + s (hdh + Bho_h)

o
+g77/}28_577/)2 — %5¢28_@/J2 + 58_5¢4:| ) + c.c. }

90 thh + L pmah- hha_h}] 5 thh I hh(?_h]}

(0. Mo_h) [_1@ (0_ho_h)

+{88 {8%— (0-hO_h) + 5

1
o_ L 02

(hho_h - hha_h)} 1

Wl =

+ai (Oah(?_h)} —Mh {aham ~hdOh + 40_ hgah] 2L (o_Mo_h) { Ohoh + hddh — d_ hgah

1 oo oy 100
+5- (00hO_P) — 1

- (20MO_B+ M5 — 0_OMB) - (20-hoh+ 0_0hh — h0h)

(0_h0_h) } 200R - (2000 + 1O~ _OhF) + e }

a% (0_ho_I) [—lg_f (90_hiLF)

+{@h [a? o5 (0-h0-h) + .

: (Mho_h — Mha_i_z)} -

wl

00 00+

+8i (85h8_ﬁ)} —hM {aham 5h0Oh +40_h== h] o (8_h8_]\_4)[ Ohoh + hodh — 0_h==h

188

1 _ _
t5- (00hO_h) — 17

1

(0_ho_ h)}+2h8Ma (20h0_h + hd_0h — 0_ 8hh)+cc}
1

~ - (20RO NI+ h0_ON — 0_OhI) - (20-hoh + 0_9hh — hd_0h)
{?h {a%a_g (0-a10.0) + (hMah—hM(?i_z)} o (0-hF) { “;f (60_Mo_T)

X (oano_R) } y; [5Maﬁ oo+ 4a_Mg_%] 2 (0hoi) [EéMal_z - ModR
~o 225+ L (odno i) - 1% (9_Mo. h)}

2RO (20MO_h -+ M9k — 0_OME) + c.c }
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— o (2010 4+ h0_ 0T — 0_0NE) - (20 Mh -+ 0_0MH — M0_0h)

00 - - 100
{a—_h {a%a_g (0-ho_i1) + & (hha_M_hha_M)] o (0007 { 299 (0-no 1)
L (o0mo_a1) } bR [mm T hooi1 + 43_;?1\‘4 2% (0-ho-h) [5(%@1\‘4 - hoaNT
00 1 100
RGN 4 (00h0 1) — 0 (0-h- M)}
2R (200N + hd DN — 00N I) + e }
L — (20hO_h + hO_0h — 0_Ohh) — 5 (28 hOM + 0_OhM — h0_OM) | (3.10)

with

M= _% ai{2 azhaig(a_ha_h) + 8_hai2(8_h8_h) + %(hha_h — hhOR) } ERT)

The last 18 lines of (3.10) appear as a consequence of the field redefinition applied to remove
terms with light-cone time derivative 0, at the quartic level. As done at order 2, interaction ver-
tices containing a 0, at this order, need to be eliminated using an appropriate field redefinition.

This is achieved by using

1 {2 - - 1 - 1. - 1 -
h —h+ 2/{4{8— {gha_hM — ga_hhM — Ehha_M + 58_Mhh + tha_h

| 7 | - .
—63h§ (0_MO_h) — 83M§ (0_hO_h) — aEhg (0_Mo_h) — (w + w;)
2
+1ha WA + hbsd [ —%(%a [WR] + 2050 h) 2?( O[] + 240 h)]
20 haS (0_MO_h) — 20 haB (0_ho_ 1) + 0. h (s 43) - (hh) h
1 1 1 1 1
S My + 50 b (MO_R) + 50 h (0. h)} (3.12)

Since the 0, that occurs in (2.42) appears linearly, it can always be shifted to a higher order.
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3.2 The helicity selection rules and structure of interaction

vertices

We note and emphasize a key interesting finding from (3.10) : all six-point interaction vertices
at order x*, in light-cone gravity, are of the form h3 h3. For example, there is no term of the
form h? h*. In the following, we provide a detailed derivation of helicity structure of interaction
vertices for an arbitrary spin theory and then discuss the case of pure gravity. Specifically, we

explain the findings reported in the previous section, solely using symmetries.

A massless field of integer spin A has two physical degrees of freedom ¢ and ¢ corresponding
to the + and — helicity states respectively. In the light-cone gauge, Poincaré algebra is realised
on these physical fields as explained in section (2.2). In particular, the algebra is non-linearly
realized in presence of interaction terms. Therefore, we start with an ansatz for the Hamiltonian
variation of the field, work through the Poincaré commutators to deduce the structure of the

interaction vertices in the case of pure gravity [30].

We start with the n—point interaction vertex containing massless fields of spin A. This would
be at order "2 and has the schematic form x"~2 ¢¢ ¢ (c,d € {0,1,..,n} and ¢ + d = n). We

begin with the ansatz
5 = a+“°{[5a1 0P 0411 g] . [% % 9] [ 9Fert RG] [0 e a+”n1¢3]}

where «;, (;, ju; are integers to be fixed by the algebra. The commutator [d;, §y| yields

n—1

S (i) +([d—c)A=0. (3.13)

=1

Another commutator from appendix C, [d;+-, dy| produces the condition

Z’“ -1, (3.14)
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Using (3.14) and dimensional analysis we find (noting that [x] = [L]*~1)

n—1

d(wi+8)=2+A-2)(c+d-2). (3.15)

=1

The non-negativity of the powers of the transverse derivatives in the Hamiltonian together with

equations (3.13) and (3.15) imply

n—1
Y ai=(A-1c—d=A+3>0, (3.16)
=1
n—1
> Bi=(A—1d—c—-A+3>0. (3.17)
i=1

Now consider the consequences of these inequalities in the simplest case: for spin-1 fields.
A = limplies c¢,d < 2 from which it follows that n < 4. Thus verifying the known result, that

the Yang-Mills theory action terminates with four-point interaction vertices.

Now we consider the case of gravity with A = 2. Expressions (3.16) and (3.17) imply that

n—1
Y aj=c—d+1>0, (3.18)
=1
n—1
» Bi=d—c+1>0. (3.19)
=1

For a MHV vertex, d = 2. From (3.18) and (3.19), we see that 1 < ¢ < 3. Asc + d = n, it
follows that 3 < n < 5 for a MHV vertex. Exactly as demonstrated in section 2, MHV vertices
arise from the cubic, quartic and quintic interaction vertices. Also, as verified explicitly by our

calculations, the first entirely non-MHV vertices appear in the 6-point result. Using c +d = n

in (3.18) and (3.19) yields

n—1 n—+1
< < ) 2
5 <ec,d< 5 (3.20)

This relation allows us to extract information about the general form of even- and odd-point
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vertices. Consider an even point vertex, where n = 2m for some positive integer m. We find

1 1
m—ggc,d§m+§, (3.21)

which implies ¢ = d = m. Thus, the only allowed structure at order 2m is h"™ h™. Now consider

an odd-point vertex, where n = 2m + 1 for some positive integer m. We find
m<c,d<m+1. (3.22)

If ¢ = m, then d = m + 1 and consequently, odd-point vertices will have the structure h™ R,
The other case (¢ = m + 1) produces the structure h™*! h™. These are the only two allowed
possibilities at odd order. Further, due to the reality of the Lagrangian, both structures appear
together (as complex conjugates of one another).

This clearly demonstrates the fact that MHV terms do not occur beyond the quintic interaction
vertex in light cone gravity. This brings us naturally to the question of how MHV vertices can
occur beyond quintic interaction vertices. In the following section, we demonstrate that this

happens through the idea of MHV Lagrangians [39, 40, 43].

3.3 MHYV Lagrangians

In this section, we first motivate the need for a field redefinition to remove the cubic anti-MHV
vertices in both Yang-Mills theories and pure gravity. The resulting Lagrangian after applying
the field redefinition produces MHV interaction vertices. In the light-cone gauge, the Lagrangian

for Yang-Mills theory (2.30) has the following helicity structure
LYM = L+_ + L++_ + L+__ + L++__ . (323)

Feynman diagrams primarily constructed using the first cubic vertex vanish since these corre-
spond to amplitudes involving all ‘plus’ or all but one ‘plus’ helicities [32, 44, 45]. It therefore
makes sense to look for a canonical field redefinition that will map the kinetic term and the L, ;

(non-MHV) cubic vertex to a purely kinetic term, ie.

Lo+ Lis_ — L' . (3.24)
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This is achieved through field redefinitions of the form [39, 40]

A ~ wuy B+ uyBB + u3 BBB + ...,

A ~ uv,B+ vwBB + v3BBB + ... (3.25)

where A, A are + and — helicity Yang-Mills fields and B, B are the new fields. The relations
(3.25) are schematic. The details may be found references [39, 40]. The coefficients u,,, v,, are
functions of momenta and can be worked out, order by order, based on the requirement (3.24). In
the process of eliminating the cubic anti-MHV vertex from (3.23), the terms L, and L, _
generate an infinite series of MHV vertices. The resulting ‘MHV Lagrangian’ has the following

structure
Lyy=Ly + LUt + LU+ D+ Dy + (3.26)

The key advantage being that all MHV tree-amplitudes are trivial to read off (by simply taking

the relevant momenta on-shell).

Gravity in light-cone gauge is similar in helicity structure to Yang-Mills theory and therefore the
same idea may be applied there, eliminating the anti-MHV cubic vertex from the Lagrangian in

(2.46). The canonical field redefinitions for &, h in momentum space take the form [37]

h ~ le + ngC’+ng’CC’+....,

ho o~ 20 + 2%CC + zCCC + ..., (3.27)

where C C are the new fields and the coefficients Yn, 2n are functions of momenta.

Once these field redefinitions are applied to the gravity Lagrangian, exactly like with Yang-Mills
theory, new structures appear. In particular, the redefinitions in (3.27) produce MHV vertices in
the theory. A concrete example, relevant to this discussion is the h — C? field redefinition ap-
plied to the quintic vertex h> h2. this produces manifestly MHV vertices, C* C? and its complex
conjugate, at the six-point interaction level. The MHV canonical field redefinition is therefore

the origin of MHV vertices in the theory at higher orders.

Having explained various perturbative aspects of pure gravity, we now generalize the construc-
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tion of interaction vertices to higher derivative theories. These play an important role in effective
field theories and analysis of counter-terms. In [46], one-loop counter terms were studied in the
light-cone gauge. It was shown that terms of type R? essentially produce vertices proportional
to the free equations of motion and may be removed by a suitable field redefinition (thus all n-
point graviton amplitudes produced by the R? term vanish as expected [47]). We therefore study
the simplest non-trivial case of a higher derivative theory of gravity corresponding to addition

of terms of the type R in the next section.

3.4 Higher derivative theories

The usual approach of gauge-fixing the covariant action turns out to be extremely tedious for the
case of higher derivative theories. We instead build the interaction terms in the Hamiltonian by
requiring closure of Poincaré algebra. Specifically, we construct cubic interaction vertices for
three arbitrary integer spin fields with a coupling constant [a] = L*T*2+* We then specialize

the discussion to the case when A\; = \y = A3 = 2.

The Hamiltonian for the free field theory is
H=— / &>z ¢; 00 ¢; = / Bzt 0p-¢; (3.28)

with ¢; referring to a field of helicity \; with i € Z*. As discussed in section (2.2), the dp-
operator picks up non-linear corrections, order by order, in the coupling constant o, when inter-

actions are switched on.

In reference [30] cubic interaction vertices between fields, all having helicity A were constructed

with a coupling constant o having dimensions of L.

In this discussion, we consider the two most general - ansatze for cubic interactions (based on

dimensional analysis and helicity counting)

Type-1: 65 ¢1=a AT [0°0°0 P, "0 3] | (3.29)

Type-2: 07561 =aC O " [9°0°0 P, 000" 763 ] (3.30)
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where y, p, o, a, b are integers and A and C' are numerical factors.

The key departure from [30] for both types of ansatze being that the dimension of the coupling
constant is [a] = L**T*T21~1 Tt can be shown that the type-2 vertices at the cubic order,
are proportional to the free equations of motion and can be removed using appropriate field-

redefinitions. We therefore focus on the derivation of type-1 vertices.

We first start with 6;5’1 ¢1 and use the commutation relations and dimensional analysis to find the

unknown parameters. The commutators

[(SJ?(SFi ]¢1 - 07
(876,05 61 = =05 ¢, (3.31)

impose the following conditions on our ansatz

(c+d)—(a+Db) =X+ A3+ A1,

p+p+o=-—1. (3.32)

Let A = Ay + A3+ A; so the first equation of (3.32) reads (c+d) — (a+b) = A. The dimensional

analysis of (3.29) gives us the following relation
(a+b)+ (c+d)=A. (3.33)
The addition of first equation in (3.32) and (3.33) results in

ct+td= M\, (3.34)
a+b=0. (3.35)

As a,b,c,d > 0, this implies that a = b = 0. Therefore, mixed derivative terms are not allowed
for type-1 vertices (3.29). As ¢ + d = A, there are A + 1 possible values for a pair (¢, d). We

rewrite the ansatz (3.29) as a sum of these A + 1 terms

A
O g =a Y A0t [0y 00T s ] (3.36)
n=0
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The next commutator [ &7+ , 8,5 J¢y = 0 gives the following condition

A
ZA”{ —n a+un [a()\ n— 1a+ pn+1¢ ana+an¢ ]

n=0

+n a-{- Un [a()\—n)a+ an_52 a(n_1)8+ (0'7"+1)Q_53i| } = 0 . (3.37)

The above condition is satisfied if the coefficients obey the following recursion relations

(A—n) A
App1 = ——FLA, = (1) A 3.38
T (1) A P (538)
Prn+1l = Pn + 1 y Ony1 = 0n — 1 y Mnt1 = Hn - (3.39)
To determine the exact values of p, 11, and o, we need the dynamical commutators [6;- , 0, |* ¢1 =

0and[dj-,0 p— % @1 = 0. The boost generators ./~ and J~ also get corrected when interactions

are turned on and are of the form
Sj-p=—x65 p+ 0%, Sj-p=—T05 ¢+ 062¢. (3.40)

The boost generators are determined if we know the spin parts d5¢ , d5¢. For type-1 vertices

they are structurally of the form

080 ~ 060, 056 ~ 069, (3.41)
Due to helicity, the transformations dg¢ and 62 ng do not exist. We now compute [ ;- , 0% |* ¢1 =
0 to obtain
A 5 ) )
Z An{ (tn + A1+ 1) Er oFhn [6“_”)8“’"@ (’“)”8+”"¢3}
n=0

+ (Pn + )\2) aJr Ln [8(/\7n+1)a+ (pnfl)gg2 anaJr U"ég]
+ (04 + Ag) OTHm [9PTM TPy 9t gt on=D) g, ] } =0. (342

The solution of the above recursion relation for p, o and p subject to the boundary conditions

Op=x = —A3, Pn=0 = —Ag i
Ppn=n—No, Op=A—A3—n, pf,=—1—2>A. (3.43)
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Plugging the values of p, o and x in our ansatz, we find

A
p A _ _
6p_ ¢1 — Z (_1)n (n) 8+ (—1—)\1) [a(/\—n) a-‘r (n—/\z) ¢2 an 8+ ()\—)\3—71) ¢3i| ) (344)
n=0
Since
H= / Pz 971621, (3.45)

the interaction Hamiltonian is

A
H* =a / d*z > (-1)" (A> %él [0V gt (=22) g, g 9 AT o ] 4 .. (3.46)
n=0

n

As is well known, for odd A, non-trivial cubic vertices require the introduction of an antisym-
metric structure constant f*°. For obtaining interaction vertices corresponding to terms of type

R3, we simply substitute \; = 2, A\ = 6 and ¢; = h, ¢; = h in the above expression

6
Hg = a/d% > (=" (A) 1 [0C o= o gt h] 4 e (3.47)
n=0

n/ Ot2

Amplitude structures

In momentum space, the cubic vertices (3.46) (without the complex conjugate part) have the

following structure (with measure and constants suppressed)

A
H ~ Z (_1)n (2) 1 [k_(k—n) k+(n—)\2) It ()\—)\3—77,):| (51 (p) &2(]@ &3([)

—~ p+)\1 ’
L+ Quts) j+ arz) A A O N\ - -
- —m () [(k—) (i) ]asl(pwz(kwg(z»
n=0
klY — 1kt -
A 61(0) 320 (D). (3.48)
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In terms of spinor helicity variables [31], the vertex reads

1 , - A
V(p, k1) = T (pk)MTA2=2s (pl\Aetds = (ppyAathi=Ae 4 ¢ (3.49)

Consider \; = 1 which correspond to the vertices from terms of type . We get

1
Vym(p, k1) = Wi (pk) (kl) (Ilp) + c.c.. (3.50)
With \; = 2, the vertices (3.49) read
_ 1 2 2 2

confirming the KLT relations in higher derivative theories. This is consistent with the general
result for three-point amplitudes derived in [44, 49] using S-matrix arguments, and little group
scaling and in [50, 51] using a Fock-space approach. We explain in appendix A how a class of
higher-point tree level amplitudes can be constructed starting from the seed amplitudes (3.50)

and (3.51).

Comments on n-point interaction vertices in higher derivative theories

In this section, we first deduce the structure of interaction vertices at higher orders purely from
dimensional and kinematical constraints and then prove that only those n-point vertices can be

uniquely fixed by the Poincaré algebra which contain purely one type of transverse derivatives .

We work here with a special class of higher derivative theories where \; = A, and work out
the structure of interaction vertices at higher orders purely from symmetry constraints. In a

perturbative expansion, the dimension of the coupling for a n-point interaction vertex is
@] =3A—1+(n—-3)(A\-1). (3.52)

where « is the 3-point coupling. The n-point Hamiltonian is of the form ¢? ¢?. We start with
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the ansatz
5;’;7172gb = " 2ot { [5’“ o 0*‘“(;5] [5“2 oz gt o] PR [5% oer 8*“%]
G gerer GHIG) L [ 5o a+“n—l¢]} ,

where p+ ¢ = n and the a;, ¢; are non-negative integers and the p; are integers. The commutator

[0.7,0p-] yields
D (ai—c)=(p—qX. (3.53)

Using the commutator [ j+-, 0p-] gives Z;:Ol 1; = —1. Dimensional analysis gives the follow-

ing constraint
n—1
(ai+c)=6+A-2)(p+q). (3.54)

i=1

Using (3.53), (3.54) and the non-negativity of powers of transverse derivatives we obtain

n—1
 ai=(A-1p-qg+3>0, (3.55)
=1
n—1
 e=(A-1)g-p+3>0. (3.56)

=1

For A = 1, we get p, ¢ < 3. At cubic order, note that the (p = 3,¢ = 0) A A A structure and
(p=0,9=23) A A A structure follow from this. At the next order, two new structures A® A and

A3 A are allowed as compared to the usual Yang-Mills quartic vertices.

We then consider A = 2, and use ¢ = n — p in (3.55) and (3.56)

(3.57)

The interaction vertex may be odd or even. For an odd point vertex, n = 2m + 1 where m is a
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positive integer. This gives

m—1<p<m+2. (3.58)

Thus, for a cubic vertex where m = 1, (3.58) allows helicity structures h h h and h h h.

For an even point vertex n = 2m we get

3 3
—— < p< — 3.5
m 5 < p < m+ 5 (3.59)
Since p is an integer, the condition (3.59) is
m—1<p<m+1. (3.60)

For a quartic vertex where m = 2, (3.60) allows terms of helicity structure h h* and h h*. Thus,
higher derivative operators produce new helicity configurations at each order. For n = 6, in

addition to terms of type h* h3, vertices of type h% h* and h? h* appear.

We now prove that: all n- point vertices containing purely one type of transverse derivatives can

be uniquely fixed by the Poincaré algebra.

We start with an ansatz for the n-point interaction vertex (3.53) and plug a; = 0. It reads

n—2

5%_ ¢ — an—2 a+lto{[ac1 a+#1¢] [ acz 8+“2¢] ''''''' [acp a+;tp¢]

(o ] [0 a+“n1<5]} ,

Consistency with the helicity generator j requires
n—1
> ci=(q—p)A (3.61)
i=1

The commutator with the generators J*~ , J T determines the vertex upto the powers of O7s.

The exact powers of 0*s are fixed by the dynamical generators. We argue that the spin transfor-
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mation appearing in the dynamical generator J ~ at this order is trivial and hence can be used to

uniquely determine the vertex.

The number of transverse derivatives in the spin transformation 53”_2¢ ~ a" 2. 1
(derivatives suppressed) must be one less than that in 52" % ¢ due to its dimensionality. The
dynamical generator J ~ has helicity +1. In order for the spin transformation 5g”’2¢ to have
helicity +1, the number of transverse derivatives in it must be one greater than that in 5‘“52(/5.
This proves that the spin transformation (55"_2¢ cannot be consistent with the helicity and di-
mensionality simultaneously and hence must vanish. This allows us to uniquely determine the
vertex. Therefore, all n- point vertices containing purely one type of transverse derivatives can
be uniquely fixed by the Poincaré algebra. In the case of vertices containing both kinds of
transverse derivatives, the spin transformations appearing in both J~ and J~ are non-trivial.

Therefore, these cannot be fixed uniquely by Poincaré algebra.

We emphasise here that, in our approach, one only needs to feed the dimension of the cou-
pling constant and the helicity of the interacting fields to construct the vertices by closure of
Poincaré algebra. However, this approach when applied to quartic and higher-point vertices is
met with many limitations. In the subsequent sections, we study maximally supersymmetric
theories of gravity which display large symmetries in the form of exceptional groups in four and
five-dimensions. We explain how these exceptional symmetries are useful in constraining the

perturbation series of these theories.
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Chapter 4
Aspects of supergravity in light-cone gauge

In this chapter, we begin by introducing the space-time symmetries that include fermionic gen-
erators, forming the superPoincaré algebras. We discuss and review various aspects of the maxi-
mally supersymmetric theory of gravity in four-dimensions. Specifically, we explain the formu-

lation of this theory and its symmetries in light-cone superspace.

4.1 Graded Lie algebras

The Coleman-Mandula theorem provides a powerful constraint on the possible continuous sym-
metries of the S—matrix in an interacting relativistic quantum field theory. Under certain physical
assumptions, the theorem shows that all symmetries generated by ordinary bosonic operators
must factorize into the direct product of the Poincaré group and an internal symmetry group
generated by Lorentz scalars [52]. Any attempt to introduce additional bosonic symmetry gen-
erators carrying non-trivial Lorentz quantum numbers leads to excessively strong constraints on

scattering amplitudes and forces the S—matrix to become trivial.

Supersymmetry evades this restriction by extending the concept of symmetry beyond ordinary
Lie algebras to graded algebras containing fermionic generators. These graded Lie algebras
contain both commutation and anti-commutation relations based on the nature of the generators.
In this way, supersymmetry provides a consistent and nontrivial extension of space-time sym-

metries compatible with an interacting S-matrix.

We introduce the matrices ¢%, and 6*“*, which provide the map between vector and spinor
indices in four-dimensional Minkowski space. The spinor indices are raised and lowered using

the anti-symmetric Levi-Civita symbols €, and €, 5. They are defined by

ol = (1, ), gher = (1, —&), 4.1)
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where & are the Pauli matrices. Using these, one defines the antisymmetric matrices o, which

generate Lorentz transformations in the (%, 0) spinor representation, as
s_ Lo s 5 8
(Ow)a” = 1 (0u0, —0,0,), " 4.2)

Similarly, the matrices 7, generate Lorentz transformations in the (0, %) representation and are
given by

(6,0, — 6V0M)d 5 (4.3)

We introduce the generators @, and Q5 which transform in the (%, 0) and (0, %) representations

of the Lorentz group

[ ;waQoa] = (Uuu)a Q,Bv (44)

[ S s @] = i (00)%5 Q°. (4.5)
These anti-commute to produce the translation generators P,

{Qay@a} _20 P (46)

The supercharges @, and Q;, commute with the translations P,

[Qaa t}:07
[QQ,PH}:O. 4.7)

The above (anti-) commutation relations together with the Poincaré algebra form the super-
Poincaré algebra. It is straightforward to write this algebra in the case of extended super-
symmetry. In such a case, the supercharges have an extra index and are denoted as (7' with
m = 1,2,..N. These contain an additional symmetry corresponding to the rotation of super-

charges termed as R-symmetry. Schematically we have

[Ra QO&] = chw [R7 Qa] =—1 Qd' (48)
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N = 4 superYang-Mills theory

In a supersymmetric theory, the number of bosonic states is equal to the fermionic states and
they are related by the action of the supercharges. Since a supercharge squares to zero, one can
then count the total number of bosonic and fermionic degrees of freedom. Once, the highest
spin is fixed, the maximal possible number of supersymmetry charges also get fixed. In the
case of spin-1, this corresponds to the N' = 4 supersymmetric Yang-Mills theory with 16 real
supercharges. These 16 supercharges transform under the SU(4) R-symmetry of the theory.

The supermultiplet is summarized below :

Helicity | +1|+3| 0 |—3| -1
Fieldcontent | A | X™ | ¢™ | Xm | A
Multiplicity 1 4 6 4 1
SU(M4)grep. | 1 | 4 | 6 | 4 | 1

Table 4.1: On-shell supermultiplet of N' = 4 super Yang—Mills theory, organized by helicity.

This is an interesting theory and serves as a theoretical laboratory for the study of symmetries
and scattering amplitudes. The first all-orders proof of ultraviolet finiteness was provided using
light-cone superspace formulation of this theory. Given the interesting relations shared by Yang-
Mills theory and gravity, one would like to understand what this formulation may teach us about
the ultraviolet properties of maximally supersymmetric theory of gravity in four-dimensions.
Below, we first give a brief introduction of this theory and then discuss in detail, its formulation

in light-cone superspace, particularly the action and its symmetries.

4.2 Maximal supergravity

The N = 1 supergravity in eleven-dimensions produces maximally supersymmetric theories of
gravity in lower dimensions [11-13]. This theory is also the low energy limit of M-theory [55,
56]. The degrees of freedom in this theory are governed by the little group SO(9). They include
the 128 bosonic degrees of freedom spanned by the metric G,y which transforms as the 44
(the symmetric traceless tensor) and the three-form field A,;yp which transforms as the 84 of
SO(9). The 128 fermionic degrees of freedom are captured by the Rarita-Schwinger field )

where the index M is the SO(9) index and « is the spinor-index.
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A striking and unique feature of maximal supergravity theories is the emergence of enhanced
global symmetries in the form of exceptional groups in three, four and five-dimensions. While
a part of these symmetries can be traced to the original eleven-dimensional theory, much of

it is relegated to the bucket of hidden symmetries. We summarize the global symmetries in

11D
Supergravity

T4

supergravity in the chart below:

d = 7 theory with SL(5, R) symmetry
R — symmetry : SO(5)

Tl

d = 6 theory with SO(5,5) symmetry
R — symmetry : SO(5) x SO(5)

Tl

d = 5 theory with Eg) symmetry
R — symmetry : USp(8)

Tl

d = 4 theory with E7(7) symmetry
R — symmetry : SU(8)

Tl

d = 3 theory with Egg) symmetry
R — symmetry : SO(16)

Figure 4.1: Chart of Global symmetries
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4.3 Exceptional groups

The finite-dimensional simple Lie algebras are completely classified by their Dynkin diagrams
into four infinite classical families, A,,, B,, C,, and D,,, together with exactly five exceptional
algebras, namely Gs, Fy, Eg, Er, and Es. While the classical series exist for arbitrary rank n, the
exceptional algebras occur only at fixed ranks. In this section, we briefly introduce some aspects
of the exceptional F-type algebras, which play an important role in maximal supergravity. The
model in (11—n) dimensions exhibits a global £,,(,,) symmetry. The associated Dynkin diagrams
starting from FEj on the left are shown below (for n < 5, the exceptional groups degenerate into

the classical ones)

Figure 4.2: Dynkin diagrams of Fg,F7, Fs and Ds

FEg(6) algebra

The exceptional group Ej is a simple Lie group of rank six with 78 generators. In the context
of maximal supergravity in five-dimensions, the non-compact version of £ denoted as Ej )
appears as a symmetry. This group has 36 compact generators corresponding to the unitary
symplectic group USp(8) and 42 non-compact generators [S7]. The difference between the
non-compact and compact generators is indicated in the bracket. The USp(8) group is a set of
unitary matrices that also preserve an anti-symmetric symplectic form which we denote as C,,,,,.
The symplectic invariant satisfies C™" Cy,, = —4,".
The fundamental representation of Ejg is 27 dimensional spanned by 2" satisfying ™" =

— 2" = (Zyn)* and Cpp,, 2™" = 0. Under an infinitesimal Fg transformation we get
0Zmn = MNpp 2n)p + Lnnpg 277 4.9)

where AP, correspond to 36 USp(8) parameters and X,,,,, correspond to the 42 remaining
parameters. The X,,,,, is a completely anti-symmetric traceless tensor satisfying Y,,,pq =

(Xmmp2)* . Corresponding relations are true for the 27 representation.
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FEr(7) algebra

The exceptional group F7 is a simple Lie group of rank seven with 133 generators. In the con-
text of maximal supergravity in four dimensions, the relevant non-compact form is E7(7), whose
maximal compact subgroup is SU(8) [58]. Accordingly, the algebra of E7(;) decomposes into
63 compact generators corresponding to SU(8) and 70 non-compact generators. The difference

between compact and non-compact generators is again indicated by the signature in the brackets.

The fundamental representation of F; is 56-dimensional and can be described in terms of anti-
symmetric tensors 8 and 7 45, where A, B = 1,...,8 are SU(8) indices. Under an infinites-

imal E; transformation, we find

6vap = A% 2o + A5© wac + X apop TP, (4.10)

5748 — N 2B 4 AB L 74C £ TP 100 (4.11)

Here A 47 are the 63 parameters of SU(8), while X 45¢p is totally antisymmetric tensor satis-

fying
1 —=EFGH

Y ABCD = = EABCDEFGH 2 :
2

capturing the remaining 70 parameters

Other exceptional groups

Ey is the largest exceptional group having a rank 8 with its Lie algebra containing 248 gener-
ators. In the context of maximal supergravity in three-dimensions, the relevant group is Fgg.
The algebra comprises of 120 compact generators corresponding to its maximal compact subal-
gebra SO(16) and 128 non-compact generators which transform in the spinor-representation of
SO(16). We shall describe the Lie algebra of Fgs) and discuss some features in chapter 7.

Other exceptional groups include G5 and Fj. Although, very interesting, these are outside the

scope of this thesis.
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44 (N =8, d = 4) supergravity in light-cone superspace

When the eleven-dimensional supergravity is reduced to four-dimensions, it produces the ' = 8
supergravity. This theory has a R-symmetry given by SU(8). The 256 degrees of freedom are
comprised of two gravitons of helicity -2, 28 gauge fields and their conjugates with helicity +1,

70 scalars, 8 gravitinos each with helicity i% and 56 gauginos each with helicity j:%.

It is useful to work with the superspace formalism to describe the dynamics of supersymmet-
ric field theories. In superspace, one extends the usual Minkowski space-time with Grassmann
coordinates which anti-commute and square to zero. The fields then depend on these extended
coordinates and are called superfields. A superfield elegantly capture all the components of a

supermultiplet. We shall work here with the light-cone superspace formalism.

In light-cone superspace, in addition to the usual space-time coordinates, we have the anti-
commuting coordinates (Grassmann variables) 0™ and 0,, (m = 1,2,...8) which transform as

the 8 and 8 of SU(8).

All physical degrees of freedom of the A/ = 8 theory are written in terms of a single complex

superfield [59]

6(y) = h<>+wm§¢m<y> 5070 5 A (1),

_ a+2 o
O X () — 8706707 Do (1)
5 em 0™ 0P 070" €pmmparsta XM ()
(4.12)
n 6 0™ 0" 0P 090" 0 €rnppgrstn 07 A™ ()

+ ﬁ 0" o™ or 010" 6° 9t Emnpgrstu a+ ,lvbu (y) )

+ g 0™ 0™ 0P 0907 0° 0 0" €pmpqrsta OB (1) -

withy = (2t 27 — %Gmém, x,Z). We note that the superfield described above depends ex-
plictly on ™ and implicitly on 6,,. This ensures that the superfield is an irreducible represen-
tation of the superPoincaré algebra and contains the correct degrees of freedom. This condition

can be described in terms of the superspace covariant derivatives d” and d,,, which are defined
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as

g0 gmgr g O

—0,,0". 4.13
9. o0m s “.13)

The superfield ¢ and its complex conjugate ¢ then satisfy the chirality constraints
d"¢ = 0; dmo =0, (4.14)

We note another key feature that ¢(y) contains all the 256 degrees of freedom of the theory.
Therefore ¢ must be related to ¢. This is a consequence of ‘maximal’ supersymmetry. This is

captured by the “inside-out" constraints

dddd 1

m Yn Yp ng = §€mnpqrstu

d"d*d d* ¢ . (4.15)

The light-cone superPoincaré algebra

On the light-cone, the SuperPoincaré algebra splits up into generators that are independent of
interactions/dynamics and those which deform in presence of interactions. Like the Poincaré
algebra generators, the supercharges (), and Q) can be written in terms of kinematical and

dynamical parts. The kinematical supersymmetries are given by

0 1 0 —
m_—___— 4 It Im = — — —=0,0", 4.16
which satisfy
{q™, G} = iV20™m,0". 4.17)
These anti-commute with the chiral derivatives
{q¢", d,} = {d", 3.} =0, (4.13)
At the light-cone time ™ = 0, we have the three momenta
pt = —iot; p = —i0; P = —i0, 4.19)



the transverse Space rotations

j=x20—-20+ 852, (4.20)
where
$2 = (PG - G0). (4.21)
4i\/20+

and the “plus-rotations"
gt =iz ot gt =izot, (4.22)
1 0 _ 0

.+7 . . — +__ m ~
Jj T =ix" 0 2(9 89m+0m89m)' (4.23)

The dynamical generators include the light-cone Hamiltonian

.00
P = iy (4.24)

and the boosts

- .00 (om0 i N 2,

j o= zxa—t—zx 3—1—1(9 89m+4\/§8+( m — dm d )>§7

- 00 . o (0 i w7 ) O

JT o= i — g 8+2<9m59m+4\/§6+( m — Ay d ))(9—+ (4.25)

while the commutator of the dynamical supersymmetries ¢”* and ¢_,, close on p~ whose ex-

pressions are given by

o* (4.26)

The Lagrangian

We now describe the action for the N/ = 8 supergravity theory to order x (the gravitational

coupling constant)
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/ d*z / dBOdoL = / L, 4.27)

where

O 1 - =, =
ﬁ — Qﬁm 8¢8¢+C.C.,

L=-¢

with Grassmann integration normalized such that [ d%0 (9)® = 1.

The action was first derived in the ref [59] using closure of superPoincar e algebra and then
simplified using numerous partial integrations and use of inside-out relations in ref. [35]. We
expect to be able to find such simple forms at higher orders. In fact, one can prove interesting

magic identities in superspace, which we explain in appendix.

If one puts all fields except the gravitons to zero and performs the Grassmann integration, it is
straightforward to show that one recovers the cubic vertices (2.46) of pure gravity. Apart from
the space-time symmetry, one finds that it is possible to extend the R-symmetry SU(8) to a

larger symmetry L7 (7). We describe below the light-cone form of the generators of this symme-

try.

4.4.1 Exceptional symmetryind = 4

The action (4.27) displays a global E7;) symmetry. The Lie algebra of this symmetry can be

decomposed in to: those generators which correspond to its maximal compact subgroup SU (8)

. 1 . 1 .
Ssvwd = Wi (00~ g 0109, (4.28)
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where the wji (1,7 = 1,...,8) capture the 63 parameters of SU(8) and those that correspond to

the non-linear coset space Er7)/SU(8) given by

2 pimn=
0By /SU®)P = _Eeklmn:*klmn (4.29)
K —pimn L (3 1 - - - -
+ 55 5 (dklmna—+¢ 0% — 4dyn ¢ dy 0 %¢ + 3 0" ¢ dn a+¢) ,

where the Z¥/™" is the rank four antisymmetric tensor of SU(8)) which corresponds to the 70

parameters and satisfies E¥™" = LkmnmearsZ ) These generators satisfy the algebra

[0su(s) > Osu(s) | @ = dsus) O, [Osu(s) s OB,y /5U®) | = OB, /50(8) s

[0y /5U(8) » OBy /5U(S) ] = Osu(s) @- (4.30)

Invariance of the four-dimensional theory under both the superPoincaré symmetry and this ex-

ceptional symmetry was shown, in this language, in [60].

While, several efforts have been made to build the quartic interaction vertices in light-cone
superspace [35, 61, 62], the expressions derived are very lengthy and cumbersome (some of
them include about hundreds of terms) rendering them unsuitable for use in explicit calculations.
However, we explain in the next chapter how a compact expression for these quartic vertices may

be arrived at.
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Chapter 5
An ‘exceptional’ bootstrap in d = 4

(The material presented in this chapter is primarily based on the work done by the author
in [63])

In this chapter, we explain how one may exploit the non-linear form of the FEr) symmetry
in light-cone superspace to derive quartic and higher-point interaction vertices in the theory.
We demonstrate that the equations satisfied by these vertices are analogous to inhomogeneous
differential equations. Invariance of these vertices under various symmetries is checked and

specific forms are derived.

5.1 Leveraging exceptional symmetries

Symmetry transformations are realized non-linearly in terms of the physical variables in the
light-cone approach. This non-linearity is used as a tool to build interacting theories. A simple
example is that of using Poincare invariance which is not manifest in this formalism to derive
cubic interaction vertices. As demonstrated in section 3, this approach suffers from many chal-
lenges when applied to quartic and higher-point vertices, one of them being the non-uniqueness.
We describe in this section, a new way of building interacting theories making use of the excep-

tional symmetry.

We saw in eqn (4.29) that the F7(7) symmetry is represented as series in the coupling constant
x with only the odd powers. An immediate and interesting consequence of this is that, demand-
ing invariance of the Hamiltonian under this symmetry relates higher odd (even) point vertices
to lower odd (even) point vertices as described in the figure (5.1) below. This suggests that
the role of the dynamical generators in the usual light-cone procedure is played instead by the

exceptional symmetry. Schematically we have
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6-point 7-point

quartic quintic

kinetic cubic

Figure 5.1: The red-arrows indicate the usual light-cone approach to deriving interaction vertices using
dynamical generators while the black arrows indicate the alternate path, using the non-linearly realized
exceptional symmetries

It is interesting to note that in the case of maximal supergravity in three-dimensions, only even-
point vertices exist and there are no odd-point vertices. This is because the dynamical fields in
the theory under the R-symmetry, transform in the spinor-representation of SO(16) and it is not
possible to construct a scalar out of three such fields. Thus, the two approaches are equivalent

in that case.

We now describe the method for a maximal supergravity theoy in d-dimensions. We start by
demanding invariance of the supergravity Hamiltonian under the exceptional symmetry group

in d-dimensions. This produces the following equation

51//{())4) = _(SK(VZ)? (51)

where V), is the unknown quartic vertex while V; is the kinetic term in the Hamiltonian. Since
the order % transformations map the superfield to a constant, we can decompose V; as the sum

of a homogeneous piece and an inhomogeneous piece
Vi=V,+ V!, (5.2)
such that

51/,%]/1/1 =0 ; 61/&( Z) = _5H(V2) y (53)
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with the boundary condition

V4’{all fields except graviton set to zero} — M4 ) (54)

where M is the quartic interaction vertex for pure gravity in the light-cone gauge [34, 35].

Note that any quartic vertex with a spacetime derivative on each superfield will satisty the re-
lation (5.3) (since the order % maps a superfield to a constant). Therefore, we find that the

homogeneous piece 1 cannot be fixed by the exceptional symmetry.

Instead, we first find the inhomogeneous piece V) using the exceptional symmetry. The next step
is to then then require invariance of the full quartic interaction vertex }, under the kinematical
generators of the Lorentz algebra. This is used to derive the V;. It then automatically guarantees
that the resulting vertex V; satisfies (5.1) since V; and V} satisfy (5.3). We apply this method to

the four-dimensional theory below.

5.1.1 Four dimensions

In four-dimensions, we first find the inhomogeneous quartic pieces V; using E7(7). The Hamil-

tonian of the d = 4 theory is

H = /d%dsedge[m@gb + 2k ( & a¢a¢+c.c.)] . (5.5)

We use the generators of Er(7) presented in equation (4.29).
Varying ¢ in the kinetic term of (5.5) with respect to the non-linear E7(7) symmetry yields a
contribution at order ~ (since the order % variation vanishes)

K 00 - (1 - - _
2 aikl 576 ¢ (a—+¢ Aimn 0" + 4 & dipnn 020 + 3 01 G dpin 3+¢) , (5.6)

which is obtained after performing some partial integrations (the measures and integrals are
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suppressed). This can be simplified to

K:’_‘ mn
2 ;=" ( Wdo T (5.7)
90
a+6 ¢ ¢dklmna+3¢ + a+6 ¢a ¢dklmn QS) :

When we vary the superfield ¢ in the kinetic term of (5.5), we obtain the complex conjugate of

the above contribution. The inhomogeneous part V] is then given by

// 1
Vi = +4k [ 8+4¢ cbdkzmn@ ¢ (5.8)

00 -

a+6 ( ¢dklmn8+3¢ - a+¢ dklmn a+¢):| dk’lmnqg + c.c..

It is quite straightforward to verify that this result is consistent with the kinematical generators
J,7 7. Itis equally easy to verify that the expression (5.8) is not invariant under the remaining
kinematical generators, j,j%. We ask for invariance of (5.8) under the remaining kinematic
generators to find the homogeneous part of V), . This produces V, and and results in a quartic

interaction vertex

1
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1
__’% |: a+3¢ gbdklmna Qb
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which is consistent with the exceptional symmetry F~(7) and all the kinematical generators of the
Poincaré group. The vertex is a sum of homogeneous and inhomogeneous pieces as explained
earlier. While deriving interaction vertices in the light-cone gauge, one first uses kinematical
generators to fixes the overall form of the vertices. The dynamical generators are then used to
fix the exact O structure. But as we saw, here the O structure is inherited and fixed from the
kinetic term due to the exceptional symmetry thus suggesting that the vertex (5.9) is consistent
with the dynamical generators. Finally, to the point of whether there could be additional ho-
mogeneous terms, which do not mix with the above terms, the boundary condition (5.4) would
serve as a check.

One can now in principle find the dynamical boost generators to order x>

using the quartic
Hamiltonian. To ensure that no Lorentz anomalies appear in the quantum theory, one can ex-
plictly check that the interaction pieces of the boost transformations do not contribute to any

Jacobian, so that the path integral measure remains Lorentz invariant.

We can also determine the inhomogeneous part of the quintic vertices [36], using this procedure
starting from the cubic vertices in (5.5). The order % variation of the cubic vertices vanishes so
the order ~ variation must be cancelled by the order % variation of the inhomogeneous quintic

vertex. Accordingly, we find

S (= 4\ 0 [1 - 11 .
= 253 () gre gredde] groordie 10
3n=03 ) .
" (2 Z (n> J {?gbad"(b] 3+¢6+ e

_%<8¢ 8&) ( aé¢dklmna+3¢ - a+¢ Cik:lmn 8+¢)} dklmn& + c.c. .

In principle, repeat the same procedure as described for the quartic vertex to determine the ho-

mogeneous pieces of quintic vertices using the kinematical symmetries. We stress that deriving
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six-point and higher vertices [41, 42] would need expressions for the coset transformations to

order ?).

While working with non-trivial boundary conditions, one needs a careful treatment of the lon-
gitudinal zero modes, as discussed in chapter 2. It would be interesting to perform this analysis
of supergravity similar to the one performed for light-cone electromagnetism in ref [26]. In
such a case, one can expect to have additional contributions in the Hamiltonian describing the
supergravity theory. To study non-perturbative aspects of supergravity, it would be interesting to
derive a non-perturbative form for these exceptional symmetries. A first step in this direction, is
to understand if one could derive an all order result for these symmetries. We describe how this

may be achieved in chapter 7.
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Chapter 6
Supergravity in d = 5

(The material presented here is based on the work of the author in [63])

In this chapter, we discuss the construction of maximal supergravity theory in five-dimensions
by the method of dimensional-oxidation starting from the four-dimensional theory. This theory
is also interesting, as it is expected to be finite till four loops in four graviton scattering. We

derive the form of the generators of the relevant symmetry algebras in light-cone superspace.

6.1 FromD=11tod=>5

We explain briefly the degrees of freedom in the five-dimensional theory as representation of
the little group SO(3) and particularly how they arise from the eleven-dimensional theory. We
split the little group up as SO(9) D SO(3) x SO(6) with SO(3) being the little group in five-

dimensions and SO(6), an internal symmetry group. Under this division, we have
44 = 21+ 18, + 5, , (6.1)
and
84 = 20y + 1y + 45, + 18, (6.2)

where the subscript denotes the associated SO(3) representation. The internal SO(6) symmetry
can be enhanced to an U Sp(8) symmetry [57]. This USp(8) group is the relevant R-symmetry
and also the maximal compact subgroup of the exceptional group Eg ). This is then the key
global symmetry associated with maximal supergravity in five-dimensions. In this chapter, we
also construct the generators for both USp(8) and FEj in light-cone superspace and show
explicitly the invariance of the supergravity action, to first order in the coupling constant, under

these symmetries.

The generators of the exceptional symmetries 7 and Eg were derived in ref [60-62] in the light-

cone superspace. Here we explain how this program of study may be extended to Fg as well.
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We begin with the well understood and studied four-dimensional theory and use dimensional
‘oxidation’[64] to arrive at the action in d = 5 instead of attempting to formulate directly or via
dimensional reduction of the eleven-dimensional theory. The reason we do this is because it is
easier to ‘lift’ and adapt the d = 4 formalism. In this process, we will also show that some of

the exceptional structures encountered in d = 4 survive when moving to d = 5.

6.2 Fromd=4tod=5

We emphasize here that we will use the same (N = 8, d = 4) superfield from (4.12) to describe
the dynamics of five-dimensional supergravity theory. The reason is that in the five-dimensional
supergravity theory, the four-dimensional degrees of freedom are re-organized. The little group
is upgraded when moving to five-dimensions from SO(2) to SO(3). Similarly, the role of SU (8)
is played instead by USp(8), ie. SU(8) representations in the superfield need to be ‘viewed’ as
representations of USp(8). Specifically, the 70 of SU(8) splits as

70 =42+ 27+ 1. (6.3)

We therefore have, in five dimensions, 42 scalar fields, 27 vector bosons and 1 graviton degree

of freedom (each with Cartan eigenvalue zero). The 28 of SU(8) splits into

28 = 27+1, (6.4)

producing 27 vector bosons and 1 graviton each with Cartan eigenvalue +1 (and —1 for the 28

of SU(8)). The 56 of SU(8) is now

56 — 48 + 8 (6.5)

representing 48 spin-1/2 and 8 spin-3/2 fields with the Cartan eigenvalue +1/2 (and —1/2 for

the 56). The physical degrees of freedom in four and five dimensions are summarized below.

Dimension | R-symmetry | Gravitons | Gravitinos | Vectors | Gauginos | Scalars

4 SU(8) 2 16 56 112 70
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5 USp(8) 5 32 81 96 42

6.2.1 Grassmann variables and spinors in five dimensions

Theories of supergravity with extended supersymmetry in five-dimensions have the symplectic
group USp(2n) as their R-symmetry [57] (a light-cone related reference this group is [65]).
The USp(8) which is the relevant R-symmetry group here, has a 36-dimensional Lie algebra.
The little group in five-dimensions is SO(3) ~ SU(2). We therefore introduce the symplectic
Grassmann variables 6°* (where i = 1,2, ..8 is now an USp(8) index and o = 1, 2 is the SU(2)

index) satisfying
Oia = 07°Cj;€pa s (6.6)

where €, (antisymmetric in «v, /3) is the invariant tensor of SU(2). The C;; is the anti-symmetric

symplectic invariant (or the charge-conjugation matrix) and satisfies C*/C}j, = —4%.

These Grassmann variables satisfy the algebra

{6 67}y =0 {em,agjﬁ} = 6,6%. 6.7)
The kinematical supersymmetries are defined as
R —%+%9m0+,
Gs = %—%%W, (6.8)
and obey
{¢ qs} = V26,6507 {7} = —ivV2CT ot (6.9)

It is easy to check that the second component of #’¢ (o« = 2) is related to the first compo-
nent of é,-g B =10, = C;;67% from (6.6)), we can simply work with the first component
(6" = 67) [65]. We find that ¢"* , g;; satisfy an algebra similar to that of the SU(8) kinematical
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supersymmetries defined in equation (4.16) of section 3. This can be checked by substituting
a, S = 11n(6.9). In the following, we will always work with the first component of the spinors

and their conjugates.

6.2.2 Five dimensions

In this section, we explain how starting with (4.27), we can ‘lift’ the theory up one dimension

so we have a five-dimensional theory.

We first introduce an additional coordinate x° and the derivative 9s. We then add to the four-
dimensional little group SO(2), the coset generators SO(3)/SO(2) [65] to obtain all the gener-
ators of SO(3)

) . 1
§° = i(2°0 — 20°) — 4i8+qk Cud'
_ ~ 1
R B ) ~95 — kil —
J° = i(2°0 — z0°) + 4i8+QkC q.- (6.10)

We use three conditions to fix the spin part of the generators. We demand that the spin trans-
formations be onsistent with helicity. Additionally, we require that the spin variation of the
superfield commute with the chiral derivatives. We find that this fixes the spin part to be a
quadratic function of the kinematical supersymmetries (¢’s in the case of j° and ¢’s in the case

of j°). Finally, the dimension of the generator fixes the exact O structure.

The SO(3) Lie algebra is generated by 5, 7, 7° which obey

5°,5°1 = J; 5,77 =+5°5 .5 = -5 (6.11)

In addition to these, we also have the kinematical generator j©° = iz°0% (at 2+ = 0) in the
five-dimensional Lorentz algebra. For the purposes of this paper, we do not require the explicit

form of the dynamical generators but we provide their form here for completeness

5 _ (.5 5 k l
Jj> = 2(x8—x8)—4ia+q0qu,
= 55 - I _
= z(x58—x35)+4ia+qk0qul. (6.12)
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The SO(3) algebra is spanned by 5, 7°, j° which obey

[5°,7°) = J: [7.53°) =455 [4,5°] =-5" (6.13)

Additional generators include the rotation j7° = 250" (at z* = 0) and the momenta p° =
—i 0°. The expression for p~ now reads

00 + 50°0°
.

= (6.14)

piz

The first term in the expressions for j~ and j~ (4.25) is similarly modified . The dynamical

generator j° is obtained from the commutator [, j°] = ;7.

As a first step, we allow the superfield to depend on the extra coordinate 2°. As shown in [64],
covariance under the space-time symmetries in higher-dimensions can be achieved by replacing
the SO(2) derivatives by the generalized derivative V and its conjugate. For five dimensions,

we conjecture the following form for the generalized derivative

V=0+

g

_ o
6 d,, C™" dn8_+' (6.15)

We prove that this form is indeed correct by using two rotations as described below (with the

coset transformations j° and 5°)

[V,5%] = V° = —id® + iliﬁcim cmn Jn(% , (6.16)
and
V°,5°1=V, (6.17)

This proves that (V, V°) has the correct transformation, as that of a vector in five dimensions.
We fix the value of the constant 0 by demanding Lorentz invariance of the cubic vertex (obtained

by replacing 0 by V) in d = 5. We discuss this below in detail.
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6.2.3 Invariance of the action

The kinetic term, in (4.27) is rendered SO(3)-invariant by simply including the extra transverse
derivative in the d’Alembertian. Moving to the cubic vertex in (4.27), the proposal is that it
remains the same for the five-dimensional theory except for the replacement 9,0 — V,V (and

the added dependence of the superfields on the fifth coordinate), ie.

:—Q/f/dB /d89d8 aigb VoV, (6.18)

together with its complex conjugate. To show SO(3) invariance, we consider the variations

?

0p ¢ = 57 4" Cund" 9, (6.19)
_ i

0p ¢ = 1oz @ 0" Cund" ¢, (6.20)

6V = —w3V°, (6.21)

where @5 is the parameter corresponding to the coset transformation j°. We show the invari-
ance under the coset SO(3)/S0O(2) transformations (since invariance under the SO(2) is clear),

which proves the invariance under the full SO(3).

The contributions from the variation of the superfields and the generalised derivative are given
below (terms that involve two SO(2) derivatives or two d°s, cancel trivially). The non-trivial

terms all involve a single SO(2) derivative and a single 9°.

from [ a+2 (5j5 gb) VoV o¢:

) 8 - = 4 - _
/%{Www%w 50000070,
- %gb@qﬁ&mdm@‘f’@* b, (6.22)
+%q30m(§a+¢dma5¢}



/ 2 6060%0. (6.23)
from [ ﬁ¢v<5js¢) vV ¢:
/id 4 - - 5 L o ma. 7 a5
Z{W¢a¢a¢+w¢9 ¢ dp 0 ¢>}. (6.24)

A useful identity when simplifying this is
L o255t 1 -5 504

which is a consequence of the inside-out constraints (plus partial integrations). We give a proof

of some magic identities in superspace in the appendix. We find

10 , 1 - =
As stated already, the invariance requires this variation to vanish so that 0 = —4 and
- = 1- - 0P
_ - mn - 2
\Y 0 1 d, C"™"d, 57 (6.27)

completing the proof of SO(3) invariance of our ansatz for the cubic vertex in (6.18). In this
light-cone form, the Lorentz invariance in five-dimensions is automatic, once the invariance

under the little group has been proven.

6.3 E6(6)

We now focus on the relevant global symmetry group, the exceptional group Ejgy which has 78

generators. The Lie algebra splits into that of the USp(8) and the coset Egg)/USp(8) so we
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have
78 = 36 + 42. (6.28)
The 36 generators of USp(8) are constructed from the kinematic supercharges and are given by

g 1 o o
T9 = ——(q'C%q + ¢ C* 1), (6.29)

i/20+

where, the generators are symmetric in the indices 7, j and satisfy the algebra
[T, ™" = CI™T™ 4 C/" ™ + O™ T 4+ O™ ™ (6.30)

The action of these 36 U Sp(8) generators on the superfield is given by

Suspe)d = wi TV, (6.31)

where w;; correspond to the 36 parameters.

The 42 coset transformations act non-linearly on the superfield. Specifically, they shift the
scalars by a constant at the lowest order [57]. These are therefore of the form ax !+ bk + O(/—i?’).
In terms of the U Sp(8) representations, the 42 corresponds to the completely anti-symmetric

traceless rank four tensor. We thus conjecture that the lowest order (k1) transformations are

2
OFq(e /USP(8) = —;9’“’m"2k1mn, (6.32)

where 0% = gF9!9™O" and Xy,,, are the 42 parameters which like the scalar fields satisfy

Zk’lmn =

klmn

= Y. At this order, it is only the scalar fields which are affected by these
transformations- they act like a shift symmetry. This variation (6.32) is fixed due to the con-

straints imposed by helicity and dimension.

The generators at order « are fixed by the requirement that the commutator of two coset genera-
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tors close on an U Sp(8) generator. We find

2

Oy USp(E)® = — 0" T (6.33)
K 1 - 1 - - - -
Ezklmnm (dk’lmna_+¢ a+3¢ -4 dklm ¢ dn 8+2¢ +3 dkl 8+¢ dmn 8+¢> )

where d;;, ;. = d;,d,,....d;, . It can be checked that the above variation is chiral.

With d¢p = o Foo)/USp(s) and d¢p = Ousp(s)¢ we have, schematically, for the Fg ) algebra

[01,02]0 = 69 0,0l = 60 ; (01,020 = b0, (6.34)

closely resembling the E7(7) results in four dimensions.

The five-dimensional action to the cubic order is trivially invariant under the linear USp(8)
generators. Since the order % variation maps a superfield to a constant, it is straightforward to

verify that the action is invariant to this order.

In order to verify invariance at the next order, one needs the quartic interaction vertex. We can
apply a similar approach as in the case of the four-dimensional theory to derive quartic and

higher-point vertices in the five-dimensional theory.
In this chapter, we constructed the maximal supergravity in five-dimensions and its relevant
symmetries in light-cone superspace. These symmetries can then in principle be used to find the

interacting Hamiltonian using the bootstrap approach discussed in chapter 5.

In the next chapter, we generalize the construction of symmetries in light-cone superspace to all

dimensions d > 4 and arrive at a universal form.
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Chapter 7
Exceptional symmetries in light-cone superspace

(The material presented in this chapter is primarily based on the work done by the author
in [66])

In this chapter, we derive a universal form for global symmetries in maximally supersymmetric
theories of gravity in all dimensions d > 4. An interesting feature of this form is that it describes
both classical and exceptional groups. Finally we discuss how one may arrive at an all order ex-
pression for each of these groups with an example of E7(7) symmetry. We also comment on why

Eg(g) does not comply with this universal form.

7.1 A ‘universal’ form for global symmetries

When eleven-dimensional supergravity is reduced to d space-time dimensions, its Lorentz sym-
metry SO(10, 1) splits into two factors : the Lorentz group SO(d — 1, 1) which corresponds to
space-symmetries and SO(11 — d) which appears as an internal symmetry. In many situations,
this internal symmetry is further enlarged by duality transformations to the group £, (,). In a
covariant description, the action of this symmetry is limited to the vector and scalar sectors of
the theory. However, in the light-cone approach the removal of unphysical degrees of freedom

leads to a mixing of all fields, so that the symmetry must act on the full supermultiplet. [61] .

The global symmetry group G = E,(,) naturally decomposes into two parts: the maximal
compact subgroup H, which plays the role of the R-symmetry group, and the coset space K =
G /H. Atthe level of the Lie algebra, this structure is reflected schematically in the commutation

relations
[HHH|=H , [HK|]=K , [K,K]=H. (7.1)

To construct the generators associated with this global symmetry, we introduce Grassmann vari-

ables ™*, where the index m labels the R-symmetry representation and « denotes the spinor
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representation of the little group. The corresponding kinematic supercharges and covariant
derivatives are written as ¢ and d™®, respectively. Their conjugate counterparts ,,, and
dme are obtained through contraction with the invariant tensors of the R-symmetry group and
the little group’. As a result, one may restrict attention to a suitable set of independent compo-

nents of the supercharges and covariant derivatives. As will be demonstrated through explicit

examples, these components obey the relations given in (4.17).

In higher dimensions, we can use the same superfield expression as in (4.12) as has been already
demonstrated in chapter 6. This superfield is allowed to have an added dependence on the extra
coordinates, as the degrees of freedom simply reshuffle when moving to higher-dimensions. We
will elaborate on this in the case of six-dimensions. We demand this superfield to vanish under
the action of the independent components of d”** in all dimensions d > 4. There are two crucial

requirements that these symmetry transformations must satisfy:

* Their action on the superfield must preserve chirality so that the transformed superfield

also is an irreducible representation of the superPoincaré algebra.

* They must preserve the helicity of the superfield as G is an internal symmetry that com-

mutes with the little group.

The symmetry H is manifest by construction and therefore realized linearly on the superfield [?

]

m qna q_ma

) — R Lkt
H¢ wn@.\/ﬁa+

b (7.2)

The w™), are constant parameters with appropriate symmetry properties such that there indepen-

dent components match with the dimension of the adjoint representation of /.

At the lowest order, the coset transformations K shift the scalars by a constant [57, 61]. The

scalars in the superfield always appear with four powers of 6 (indices suppressed). By dimension

! This holds for d > 4.
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and helicity analysis, an ansatz for K would take the form
1 2
5K¢:Ea1 + ay + Kas + K a4+..., (73)

with a; ~ 0% @B 9™ 90 ¥, . where Y, are constant parameters with appropriate sym-
metry properties. The commutators (7.1) and the fact that A is linear, imply that a-, as and a4
are linear, quadratic and cubic functions of the superfield respectively. Since as is linear in the
parameters Y*™" and the superfield, one cannot write any structure compatible with the helicity.
Therefore, a; must be identically zero and the commutation relations (7.1) then imply a4 = 0. In

a similar manner, one can argue that all terms with even powers of the coupling constant vanish.

We now arrive at a ‘universal form’ for §x from the third commutator in (7.1). We find

2 K 1 s 1
5K ¢ = - Eeoljgzylg Zklmn + f(d) @Zklmnm (C |:dkl§;’:z§ a—+¢ 8+3¢}) + O(HB) s
ng;lgl =0 ko elﬁ o 0715 ’ Jlglfr:/,f = Jka Czlﬁ sz'y szs ) (74)

where £(d) is a constant. The term C refers to the process of chiralization: the addition of
terms (often polynomial in the superfields) to the existing superspace expression such that

d™ 6o = 0 [64]. As explained earlier, this ensures that the operation preserves chirality.

The table below summarizes the global symmetry, its compact subgroup (R-symmetry) and the

little group for dimensions four through seven.

Dimension | Little group | R-symmetry | Global symmetry
4 SO(2) SU() Eq7ery
5 SO(3) USp(8) E¢ )
6 SO4) SO(5) x SO(5) SO(.5)
7 SO(5) SO(5) SL(5,R)

We have already examined the construction of the generators of E7(7) and Egg) and it is easy to

verify that they conform with the universal form (7.4). An interesting thing to notice is that the
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chiralization functions that appear in the non-linear parts of both Eg) and £7(7) are structurally
similar. We demonstrate here for E7(7) that the action of d™ (the SU(8) covariant derivative)
indeed vanishes.

The linear-part of E7 is

, 1 1 .
0p =9 =W, —— ("G — =5 "G, 7.5
0 =dsuwd = Wi s (60— 50 d"an) (7.5)
and the non-linear part of E7 is
09 = 0p, ) /su@)P = ——lemnuklmn (7.6)
K —kimn L
+ Z:kl 2 ( kbmn a+¢8+3¢ A dyim ¢ dp 03¢ + 3diy 0% ¢ dinn 8+¢)

The §¢ and the order ! piece in d¢ are chiral, trivially. To confirm ‘chirality’ at the next order

in (7.6), we act with the chiral derivative d? to obtain

K - mn 1 k1 -
d*ép = m =M ore (d dklmn—¢ 8+3¢ 4 d” dgim ¢ dy, 8+2¢
+ 4 dym ddP d,, 0 2) + 6dP dpy 0T G dyy, aﬂb) , (7.7)

and use {d™, d,} = —iy/26™ " to simplify this to

dPép = —zf ”’flmp al (4dklm¢8+3¢— 12d, 0" ¢ d,, 0120

— A dpm O30 + 12d, 0T d,y, a+2¢) =0, (7.8)

Similarly this will hold for the exceptional symmetry Ege). In the following, we discuss the

generators of the global symmetries in six and seven-dimensions.

7.1.1 Ej() in six dimensions

While climbing up the ladder of dimensions, six-maximal supergravity theory is the first where

the symmetry is a classical group: SO(5, 5). We list some important features here:

* Maximal compact subgroup/ R-symmetry : SO(5) x SO(5)
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* The little group : SO(4) ~ SU(2) x SU(2).

We use the Lie algebra isomorphism SO(5) ~ USp(4) to define the Grassmann variables
(6™, 09%) where m,a = 1,2,..4 are the internal symmetry indices and o, = 1,2 repre-
sent little group indices. The USp(4) symplectic invariants are denoted by C,,,, and C,;,. The
supercharges (g™, ¢**) and the covariant derivatives (d™*, d**) within each SU(2) satisfy the

algebra

(¢ 35} = V20,650 ; {q°¢"} = —ivV2CT &P,
{d*dig} = —ivV205630% 1 {d°d”} = +iV2C7 o™ (7.9)

while they anti-commute with those from the other SU(2). Supercharges anti-commute with the
covariant derivatives as usual. Since the second component of the spinors are related to the first

component of the conjugate spinors, we shall work with o = 1, & = 1.

As alluded to earlier, we work with the same superfield with added dependence in higher-
dimensions. We explain how the various SU(8) representations in the four-dimensiona super-

field (4.12) split in six-dimensions.

How the degrees of freedom re-shuffle in higher-dimensions

In six dimensions, the physical fields are representations of the little group SO(4) ~ SU(2) x
SU(2), labeled by two half-integers (ji, jo) (corresponding to the two Cartan generators) with
dimension (2j; + 1) x (272 + 1). The R-symmetry is reduced to the USp(4) x USp(4)
group. The superfield may be expanded in terms of the Grassmann coordinates (6™, %) where

m,a = 1,2,..4 correspond to the two USp(4) groups. The 70 of SU(8) is then

70 =5x5+4%x44+4x4+5x14+1x5+1+1+4+1, (7.10)

1

representing the 25 scalars, 32 vectors (with Cartan eigenvalues (+3

,F3)), 10 anti-symmetric
bosons and 1 graviton each with Cartan eigenvalue (0,0). We also get two gravitons with Cartan

eigenvalues (+1, F1). The 28 splits as

28 = 4x4+5x1+1x5+1+1, (7.11)
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1, 1), 5 anti-symmetric bosons and a graviton with

producing 16 vectors with Cartan eigenvalue (
Cartan eigenvalue (1,0) (and similarly with (0,1)). The 28 yields the conjugate fields with the

opposite helicity. The 56 is now
56 = 5 x4 +4x5+1x4+4x1+1x4+4x1, (7.12)

producing the 20 gauginos and 4 gravitinos with Cartan eigenvalues ( % , 0) (and similarly with
(0,3)). We also get 4 gravitinos each with Cartan eigenvalue (—3, 1) (and similarly with
(1,—3)). The 56 splits in a similar manner yielding the conjugate fields (of opposite helicity).

The table below summarizes the degrees of freedom in six dimensions [67].

Degrees of freedom | SU(2) x SU(2) | USp(4) x USp(4) | Total

A B Ax B
Gravitons 9 1 9
Gravitinos 12 4 48
Vectors 4 16 64
Anti-symmetric bosons 6 5 30
Gauginos 4 20 80
Scalars 1 25 25

This analysis can be extended to seven and higher dimensions similarly.

The SO(5,5) transformations

The SO(5) gamma matrices ! (I = 1,2..5) satisfy

(7Y = 287 14, (7.13)

where the (/) = C'™(y1)k are anti-symmetric in k, [ and traceless with respect to Cj; [65].

A vector of SO(5) can then be written as a bi-spinor

The commutators of the gamma matrices (y//)* = C'™ (47} are symmetric in k, [ [65].
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The adjoint of SO(5, 5) splits up in terms of SO(5) x SO(5) representations as 45 = 20 + 25.
The 20 linearly realized generators of SO(5) x SO(5) are spanned by T/ and TZ (I, .J and

A, B correspond to the two independent SO(5) groups)

1
TIJ — 1J o mcmk 7.+ nomk — 7
(7 ) z'\/§8+ (q qk q Qk>
1
TAB _ AB . acbc _c + bcac _c 7 715
(e g (0" CF e + 4 ") (7.15)
where ¢ = ¢, G = Gom1 and ¢% = ¢, Gy = Ga1-

The 25 non-linear transformations are given by

2 1 - 1
05 /HP = _Eeklabzklab + KEklabm (C [dklabaj¢a+3¢]) ;

where Zkzlab = Z[A (’)/I)kl (’}/A)ab, gklab = 9’“10“9‘”9(’1 and Jklmn = dkldllgalgbl- The Z[A are
the 25 constant parameters. The chiral function is structurally different (from the one in four

and five dimensions) and reads

- 1 — 1 _ _
C [dkmbaj(ﬁ 8+3¢} = dklabﬁqﬁ 03¢ —2dpa o dy 03¢
—2dpay @ dy 0T2P + dpy 0T P day 0P + 2dya O P dy 0T $.(7.16)

We confirm that 0, /¢ = ¢ is chiral by acting with ™ = d"™!

_ 1 _ _ _ _
d"op = g oMb (dm dklaba—+¢ 3+3¢ —2d" dy, ¢ dy 5’+2¢ — 2d" dyay ¢ d 8+2¢

2y G A" Ay O30 + A" dy 0T duy 0T + 4d™ dye O D dy a+¢> (7.17)
which simplifies to

d™op = —i 2ﬂ2mlab(2<i,ab¢a+3¢—4J,aa+¢ciba+2¢—2Jab8+¢cila+2¢

—2diy d 0T3P +2dy 0T G d; a+2¢+4cilaa+¢ciba+2¢) =0. (7.18)

It can be similarly shown by acting with d* = d*' that d®6¢ = 0. Hence, the transformations

(7.16) are of the form in (7.4).
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7.1.2 By in seven dimensions

We list some key features of the seven-dimensional supergravity :

* Global symmetry : SL(5, R)

* Maximal compact subgroup : SO(5) ~ USp(4)

* Little group : SO(5) ~ USp(4)

We define the Grassmann variables 6™ satisfying 6™ = C™"C0,, 5, where both m, « are
USp(4) indices, one corresponding to the little group and the other corresponding to the internal

symmetry. The corresponding supercharges and covariant derivatives satisfy the algebra

{d™ @ns}y = V267 650% 5 {q™,¢""} = —ivV20™ C0 0T,
{d™, dys} = —ivV287 6407 5 {d™,d"P} = +iV2C™ C ot (7.19)

We choose a form for the symplectic invariant C,z [65]

0 0 01
0 0 10

Cop = (7.20)
0 —100
-1 0 00

Here, we shall work with the o, 3 = 1,2 components of the spinors to write the SL(5, R)

transformations.

The SL(5, R) transformations

The adjoint of SL(5, R) splits up in terms of SO(5) representations as 24 = 10 + 14. We
use the SO(5) gamma matrices defined in (7.13) to write the 10 linear transformations 77/

(I,J=1,2,.5)

1

TIJ — 1J o
(') T

(@™ C™ Gy + ¢ C™ Gy + ¢ CF Gra + ¢ C™ Gha) . (7.21)
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The 14 non-linear transformations are given by

2 1 - 1
0SL(5,R)/SO(5)P = —;9klm2kzmn + ﬁZklm"@ (C [dkzmna—+¢3+3¢]> , (1.22)

where gFmn = gkt gt gm2 gn2 and dyy, = diy iy dpo dpo. The chiral function in (7.22) is the
same as that in (7.16). Zrmn = 217 (Y)r (77)mn and the 375 is a symmetric traceless tensor

representing the 14 constant parameters.

Thus the global symmetries in dimensions four through seven share the universal form. This
approach may be useful to understand how the eleven-dimensional model may be formulated in
a manner covariant under these global symmetries [68, 69]. In principle, the global symmetries
in eight and nine dimensions, can also be constructed in a similar fashion. It would also be
interesting to perform a systematic study of symmetries in the d < 4 models which include the

infinite dimensional Kac-Moody algebras [70-74].

7.2 An aside: the Lagrangians

It is also interesting to pause and ponder about the actions of the corresponding theories dis-
cussed thus far. We find that these actions can be obtained from the four-dimensional action
by‘oxidizing’ the theory. We introduce the ‘generalized derivative’ [64] to construct the La-

grangians in six and seven dimensions. These generalized derivatives are defined as

SO _ 5. N7 0wy g O

\Y —8—1—%0] zj_++1_60 dadba_+7 (7.23)
O h X X X
\V4 —8+E(J]di ja—++1—60jil—+ +1—60]ij—+. (7.24)

The constants 7 and y are again determined using the requirement of Lorentz invariance.
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7.3 Why Eg does not comply with the universal form

We review some of the aspects of the construction of Eg generators in light-cone superspace,

first done in [62]. The Grassmann variables, 8™ and 0,,, form a 16 representation

SO(16) > SU(8) x U(1), 16 = 8 + 8.

The SO(16) transformations are obtained as quadratic action of the ¢™, g, on ¢. These split in

terms of SU(8) x U(1) as follows
120 = 639 + 28_; + 28; + 1 (7.25)

where the subscript indicate U (1) charge. The SU(8) generators are given in (7.5) and U(1)

generators are given by

I

T:
%@mm

" gnl, [T, TT,] = 0. (7.26)

The 28 and 28 of SU(8) generate the coset transformations SO(16)/(SU(8) x U(1))

11 11
T = ——qg™g" Ton = Z570m4 2
5974 ¢ mn = 5oy Imn (7.27)

which close on (SU(8) x U(1))
[T, Tpy] = 6", T — 0™, 1", — 6™, I, + 6" T") + 2(8",0™; — 0",0™,) T .
Hence, on the superfield, the complete SO(16) transformations read

5SU890 = Ww'nT" 0, 5U(1)90 =Ty,

62890 = O-/mna—+907 6%30 = o a—JrSOv (728)

where w",,, @y, and ™" are the transformation parameters.

We decompose the non-linearly realized coset Egs)/SO(16) in terms of SU(8) x U(1)
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representations
128 =1, + 28, + 70 + 28, + 1", . (7.29)

All the bosonic components of the superfield are essentially scalars and this is the main distinc-
tion between three and higher dimensions. These transformations shift each of these fields by a

constant. At the lowest order [62]

1
0 fg(q)/50(16) @ = EF

where

1 - - amn 1 = — mnpq 2 —
F = Fﬁ(y ) + 16 ajﬁmn(y )_ 0 pqﬁmnpq(y )_I_

i, 0" 8™ (y7) + 4007 B (y7),

Therefore, we find that at the lowest order one needs to add terms proportional to all even pow-
ers of #. Therefore the Fy transformations do not conform with the universal form (7.4) and are

more complicated to derive.

It would be interesting to find another form for this symmetry where one directly works with the

spinors of SO(16) instead of the embeddings of SU(8) in SO(16).

7.4 Towards an all-order expression for F-,

Throughout this thesis, we have always adopted a perturbative approach and one limitation is
that one needs to derive results at each new order in the coupling constant. This gets incredibly
complicated at higher-orders. Therefore, it is very important to understand how one can arrive at
such results and if possible generalize it to all-orders. In this section, we sketch the derivation of
all orders result for £/; symmetry in d = 4. One can easily extend these results to higher dimen-
sions, since it is clear from analysis that symmetries in higher dimensions mimic the structure

of E7.
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The SU(8) transformations are always linear while the coset transformations Er(7)/SU(8) are
given by a series in odd powers of the coupling constant. We find the higher contributions in this
series by requiring the commutator of two such generators to produce a SU(8) generator. We

demonstrate this specifically for order x* by writing all the relevant contributions
{[67 .05 ) + [87 .85 ) + [87. 8510 = 0. (7.30)

where & denotes the coset variation. The third term in the above equation is given by

’%2 (Elldmn qum - Eglmn E]i)qTS) ¢klmnpqrsa (731)
where
11 /- 1 o
¢klmnpqrs = E W (dklmn a_+¢pq7"s a+ 3¢ + dk:lmna_+¢ a+ 3¢pqrs
—4 Czklm ¢pqrs CZTL 8+2¢ — 4 Jklm ¢ Jn 6+2¢pq7’5
+3 dyy O pgrs dimn 070 + 3dy 0 ¢ dp a+¢pqm> : (7.32)

The function ¢y, is chiral and is given by

1 1 - 1 - - - _
prqrs = ?W (dpqrs a_+¢ a+3¢ -4 dpqr Qb ds a+2¢ +3 dpq a+¢ drs a+¢) ) (7-33)

implying that the function @, skimn is also chiral. We conjecture the following form at *

5/{3¢ — HB Ek‘lmn GPQTSade qbklmnpqrs Czade¢ + p((b) (7.34)

We substitute this expression in (7.30), to find that when the 8" acts on the last superfield of
the first term in (7.34), it cancels piece (7.31). Since 5 Okimnpgrs 7 0, it allows us to fix p(¢)
using the equation (7.30). One interesting finding here is that the chiral function that appears
at order x in (4.29) appears again at order x* in (7.34) in a nested form. This suggests that it
may be possible to write an all order expression for the £; transformations in a compact manner.
These transformations relate interaction vertices at different orders in the coupling constant and

will therefore play an important role in determining the ultra-violet properties of the theory.
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Chapter 8

Conclusion and Outlook

8.1 Summary of key results

In this thesis, we studied pure gravity and maximal supergravity theories in the light-cone gauge,
leveraging the power of space-time and exceptional symmetries. The central mathematical and

conceptual results derived in this work are summarized below.

* Non-MHYV vertices in pure gravity:
We derived the perturbative expansion of the closed-form light-cone gravity action to order
k. We established that the first genuinely non-MHYV interaction vertices emerge at the

six-point level with the helicity structure h3h3:

Lo = 4k Lo(h3, 1), (8.1)

* Helicity selection rules to all orders:
By demanding the closure of the Poincaré algebra, we derived the helicity selection rules
for an arbitrary spin-) theory. For an n-point interaction vertex of the form gbcad (where

¢ + d = n), the bounds on the transverse derivatives dictate:

n—1

n—1
dai=(A-1De—d=A+3>0, Y Bi=A-1Dd-c—A+3>0. (82)
i=1 i=1

For pure gravity (A = 2), this uniquely fixes the allowed helicity configurations at any
perturbative order, proving the absence of MHV vertices beyond the quintic order in the
action. An even point vertex n = 2m is always of the form 2™ h™ and an odd point vertex

n = 2m + 1 is always of the form 2! A™ and its complex conjugate.

* The exceptional bootstrap in four dimensions:
We introduced a novel technique to derive interaction vertices in N/ = 8 supergravity by

exploiting the non-linearly realized Fr7) symmetry instead of the traditional dynamical
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Poincaré generators. This relates higher-point vertices to lower-point ones via an inhomo-

geneous differential equation:
01/x(Va) = =0, (V2). (8.3)

This allowed us to determine the inhomogeneous pieces of the quartic and quintic in-
teraction vertices in a highly compact form. The homogeneous pieces were found by
demanding invariance of the vertex under kinematical generators of the Poincaré algebra.

This method was also extended to five-dimensions.

* A universal form for exceptional symmetries (d > 4):
We established that the non-linear coset transformations X = G/H for maximally su-
persymmetric theories of gravity have a universal form in light-cone superspace for all

dimensions d > 4:

2 lmn K —gimn 1 —apys 1 .
S = _Eeglﬁwzklmn + S(d)EZ’“ e (c {dkzrlna—MW%D +0O(K%).  (8.4)
This universal form successfully captures the Er ), Eg), SO(5,5), and SL(5,R) sym-

metries, hinting at a unified description of these theories.

8.2 Outlook and future directions

The formalism and results developed in this thesis open several promising avenues for future

research in various aspect of quantum field theory and supersymmetry.

* Color-kinematics duality and off-shell amplitudes:
A particularly interesting direction is investigating color-kinematics duality directly within
the light-cone action of Yang-Mills theory. Establishing this could provide a systematic
way to simplify the perturbation theory of pure gravity via double-copy relations. Because
we are dealing with the Lagrangian rather than strictly on-shell scattering amplitudes, this

would constitute a powerful off-shell result.

There have been interesting works in this direction, particularly in the chiral sectors of

the theory [75-77]. The color Jacobi identity is crucial for the closure of the Poincaré
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algebra at the quartic level in the full Yang-Mills theory [78, 79]. It is worth exploring this
approach for the study of quartic and higher point interactions in pure gravity using the

dual kinematic algebra.

It would also be very interesting to study interaction vertices in curved spaces such as
dS/AdS spaces within the light-cone approach [80, 81]. Specifically, it may be important
to define ‘helicity’-like good variables in these spaces, that produce simpler and compact

expressions for interaction vertices, also useful for studying the flat space-limits.

* All-order symmetry generators and counterterms:
Although we have sketched the derivation of the O(x®) contributions to the E7(;) gen-
erators, finding an exact, closed-form expression to all orders remains an open problem.
Such an expression would be extremely powerful in deriving higher-point interaction ver-
tices and ultimately determining an all-order action for maximal supergravity. With this
in hand, the next critical step is to analyze Feynman supergraphs and adapt the finiteness
proof of N/ = 4 super Yang-Mills to maximal supergravity. This requires a precise under-
standing of how exceptional symmetries relate different supergraphs to count the degree
of divergence. Closely related to this, is the derivation and classification of counterterms
in light-cone superspace, specifically to determine whether a valid counterterm exists at

seven loops (at which the four-dimensional A/ = 8 supergravity is expected to diverge).

* Supersymmetry without anti-commuting variables:
An alternative approach to simplifying the computation of amplitudes is the Nicolai map,
which maps the full non-linear interacting action of a supersymmetric theory into a free
bosonic theory [82, 83]. It has been recently demonstrated that a particularly simple Nico-
lai map exists for Yang-Mills theories in the light-cone gauge [84, 85]. The natural first
step is to understand the complete construction of this map for ' = 4 super Yang-Mills
in light-cone superspace. Subsequently, we plan to extend this framework to N/ = 8 su-
pergravity, investigating how exceptional symmetries are realized under the map and also

simplify the calculation of supergravity amplitudes.

* Infinite-dimensional symmetries and d < 3:
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Descending to lower dimensions, the reduction of maximal supergravity to d = 2 and
d = 1 reveals infinite-dimensional Kac-Moody algebras, such as the affine Fy and the
hyperbolic ;5. A comprehensive study of these symmetries using the light-cone ap-
proach would be very interesting, beginning with the Ejg(s) symmetry constructed in three
dimensions. A good starting point for this exercise is the reduction of four-dimensional
pure gravity to two dimensions to study the Geroch group [86], which is mathematically
defined as the affine extension of the SL(2,R) Ehlers symmetry [87] present in three

dimensions.

Finally, we make come concluding remarks. The derivation of a universal form for exceptional
symmetries in light-cone superspace hints at a natural intersection with frameworks like Excep-
tional Field Theory (ExFT), where these hidden symmetries are made manifest by extending
space-time coordinates. The N' = 8 supergravity remains as one of the promising candidate
for an ultraviolet-finite, point-particle quantum theory of gravity. If the theory fails the finite-
ness test, it would be an indication that we must consider theories with extended objects such
as string theory and M-theory. It will be fascinating to see if nature makes use of exceptional

groups, even if supersymmetry may never be observed.
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Appendix

A Scattering amplitudes in higher-derivative theories

We would like to compute amplitudes using the interaction vertices derived in eqn (3.46) of
section 3.3. In principle, one can construct the n-point tree-level amplitudes. However, the cal-
culation becomes mathematically tedious as the number of Feynman diagrams and the number
of terms in the diagram increases exponentially. For example, to calculate a 4-point tree-level
amplitude, we need to sum over contributions from the exchange diagrams and the contact dia-
gram. The contact term may be derived by the closure of Poincaré algebra in special cases which
in itself requires a lot of work. We therefore use a complementary technique, the inverse soft
method, in the next section to derive higher-point tree-level amplitudes for the higher derivative

theories.

Inverse soft construction in higher derivative theories

Soft factors in the light-cone gauge and their use in the construction of higher-point interaction
vertices were the focus of [88] (this includes a review of the light-cone realization of many co-
variant results from [89, 90, 92]). In this section, we explore these methods in the context of the

higher-derivative theories considered in this paper.

The idea that higher-point tree level amplitudes can be constructed from the lower-point ones
by using a multiplicative universal factor, associated with the emission of a soft boson was first
presented in [89] and then subsequently developed in [90, 91]. It was shown in [90], that inverse
soft construction with the Britto-Cachazo-Feng-Witten (BCFW) technique [2, 3] as a guide, can

be used to construct gauge theory and gravity amplitudes.

The inverse soft recursion relation for a n-point tree-level gauge amplitude is

A,(1,2,..on—1,n)=Sn—1,n,1) A, 1(1',2....n — 1'). (8.5)
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The prime above indicates that momentum conservation on the right-hand side requires a shift
in the momenta of adjacent particles p,,_; and p;. For a positive helicity soft particle n, the shift
is [90]

(n,n —1)

) =11), IY]=|H-%MﬂZi;;:37,

=) =ln=1), a1 == 1 86)

Here only the neighbouring particles are shifted because only they are affected by the soft limit.
For the case of gravity, the soft factor depends on all legs thus inverse soft expression (8.5) will

involve sum over all particles.

We will now employ the inverse soft method to construct higher-point amplitudes for theories
with higher-dimensional operators. We use the three-point amplitudes found in eqns (3.50) and
(3.51) as seed amplitudes to systematically construct different classes of higher-point ampli-

tudes.

F? operator

We now consider a gauge invariant higher-dimensional operator involving purely spin-1 fields.

The simplest of such operators is 6-dimensional given by
O% =a f™Fi"F)P Fo* (8.7)
where Fi'V = 0,A"" — 9" A% + g f**° A A" is the gluon field strength and f**, the structure

constant of the gauge group.

The cubic interaction vertex can be obtained from (3.46) by setting A\; = Ay = A3 = 1s0o A = 3,

and the Hamiltonian is

3 1 3 1

HY — o / P fabc{aé;w—;xbw;xc_ Ao 0 qe _ 3L Jege qroat A

ot ot o+ o+
1 - _ _
+3§A%WNWN}+WH (8.8)

We see that the operator (8.7) decomposes into holomorphic and anti-holomorphic parts in the
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light-cone gauge. This decomposition was first presented in [93, 94]. So the full F® amplitude

can be constructed by taking the sum of the holomorphic and anti-holomorphic amplitude.

In this theory, holomorphic amplitudes with exactly three negative helicity gluons and an arbi-
trary number of positive helicity gluons are referred as MHV amplitudes and are denoted by
A+ The anti-holomorphic amplitudes with exactly three positive helicity gluons and an arbi-

trary number of negative helicity gluons are referred as anti-MHV and are denoted by A-.

It was shown in [95, 96] that for the higher derivative theory of massless particles in four di-
mensions, the tree-level soft photon and graviton theorems receive modifications at subleading
and subsubleading orders. However, the leading soft factors are not altered for these theories
because these interactions (F3, R?) are generically suppressed in the soft-limit [96]. Therefore,

the inverse soft recursion relation for this operator is similar to the Yang-Mills case [90]

Api1(6,1,2, ... n) = Syn X An(o, 1,2,..... n — 1’) , (8.9)
where
<TL - 17 1>
Sy =T,y (nl) , (8.10)

is the soft factor for the Yang-Mills theory.

The three-point amplitudes extracted from (8.8) are

AP k™, 17) = A (pm, kL 17) = (k) (Ip) (pk)

AP, K 1Y) = A (ot K 1Y) = (KL [ip)[pk] - (8.11)

A four-point tree-level MHV amplitude corresponding to a single insertion of the F*® operator

can be constructed using this as follows (we attach a soft gluon between the adjacent legs 1 and
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3).

AP(17,27,37,4%) = AFY(17,27.37) x Sy,

1,2,
- <12><23><31>x%,
(12)2(28)%(31)?
(12)(23)(34)(41)

(8.12)

The above construction is valid because under the following shift [1~, 47), the amplitude has no
pole at infinity. So the inverse soft construction is valid for this class of amplitudes. The 5-point
MHV amplitude can also be constructed similarly. At the 6-point level, the full F* amplitude

will get contributions from both holomorphic and anti-holomorphic parts
A*(17,27,37,4%,5%,6%) = Aft(17,27,37,47,57,67) + AL~ (17,27,37,47,57,67),

B (12)223)231)2  USPREPOA) o
— (12)(23)(34)(45)(56)(61)  [12][23][34][45][56][61] "

Beyond this order, the calculation for the complete £'® amplitude becomes complicated since

not all relevant seed amplitudes are constructible within this formalism.

To any order, the MHV holomorphic amplitudes may be constructed recursively - within this

formalism - by attaching soft gluon legs to lower point amplitudes.

Pr(q= o a2 o (12)2023)2(31)°
A (17,27,37,4%, ) = (12)(23)(34) ... n1) @19

Note that for n < 6, this is *also* the full MHV amplitude. Similarly AZ- (17,2, 3% 47, ...... ,n)
can be obtained from (8.14) by parity. The above expression matches with the results in [93? ]

obtained using Feynman rules.
Another class of amplitudes that may be built in this formalism are the NMHV amplitudes. For
these, we start with the seed amplitude AL+ (17,27, 37,47) [94, 97]

stu
[12][23][34][41]

Afr(17,27,37,47) =2 (8.15)
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where s,t,u are the usual Mandelstam variables. For example, we can compute the 5-point

amplitude

AY(17,27,37,47,5%) = S(5,1,2)A44(27,37,47,5%) + 5(3,4,5)As(17,27,37,5F)
+5(4,5,1)A,(1'7,27,37,47),
(34)2[35]2[45]  (12)2[25]2[15]  _ (14)2(13)(24)

= 2B 2RspiEs) i mesas) - &Y

This matches with the result in [94]. As pointed out in [90] this technique will only work up
to n < 8 for gauge theory and for some classes of NMHYV amplitudes with arbitrary number of

legs.

R? operator

We now consider a higher-dimensional operator in the case of gravity denoted by R . This
operator also decomposes into holomorphic and anti-holomorphic part as explained before. In
this section, we focus only on the holomorphic amplitude denoted by M+, The construction for
anti-holomorphic part follows similarly. The full amplitude is again a sum of contributions from
both holomophic and anti-holomorphic parts. We start with (3.49) and set Ay = Ay = A3 = 2,

so the three-point holomorphic amplitude is
M (p=, k™, 17) = (12)%(23)2(31)2. (8.17)
The inverse soft recursion relation for gravity, for a n-point amplitude, reads [90]
Myav(1,....... ,n") :nz_lMMMHV(l’,....,i’,....,(n—1)). (8.18)

The prime indicates the momentum shift, mentioned earlier. For a positive helicity soft graviton

k, the shift is

=1y, 1=+ |k1%,
A=l =1+ rk}%. (8.19)
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Using the inverse soft method, the four-point tree-level amplitude is

MM (17,27,37,4%) = (12)%(23)%(31)% x

_ 12] (8.20)

For the case of gravity and R? theories, the higher-point amplitudes are functions of both the
holomorphic and anti-holomorphic spinors that makes the construction of amplitudes using the
inverse soft approach more involved. We show below an example of the construction of the

five-point amplitude in the R3 theory.

4 . . .
5](1i)(2
M (17,27,37,4%,5%) = Z—[z WUN20) ey 5= iy,

“— (5i)(15)(25)
o [35)(13)(23) | Ry —
N <53>(15><25>M (17,27,37,47)
[45)(14)(24) Ry 1/ i+
+<54><15><25M (1'-,27,37,4)

Using the appropriate shifts, the amplitude reads

e (124230 [[38l24] [45)23)
My (2087 4050) = iy (13) (14) (34){15)(25) | (35)(24)  (45)(23) ]
- - >g;is<31> ME(17,27,37,47 5%), (8.21)

where M1 is the five-point amplitude for pure gravity (the proportionality to gravity ensures

‘constructibility’). The n-point holomorphic MHV amplitude for R* operator can be written as

4 4 4
O s,

The anti-holomorphic part corresponding to R?* operator can be similarly obtained. This is con-

sistent with the results derived in [94] using color-kinematic duality.

90



B Magic identities in light-cone superspace

In this appendix, we provide a proof of some magic identities in light-cone superspace.
1. The original N/ = 8 supergravity three-point vertex derived in [59] was simplified in [64].

We begin with the relevant terms from the Lagrangian
/ (a+4 60°00%°6 — 5 ¢38*¢08+¢) (8.23)

First, we partially integrate the first term with respect to 0. We then use the inside-out relation

o= ﬁ(d) 1 ¢ to convert the anti-chiral superfields into chiral one and also perform a partial

integration wrt 0" to obtain:

/ ( 5 +2¢a¢a¢>+ 5 +3¢8¢86+¢+ Laémgbéaw) (8.24)

Observe that the third term in this expansion exactly cancels the second term in our original

expression. This cancellation leaves us with only two terms

/ ( 8+2¢a¢a¢+ a+3¢a¢aa+¢) (8.25)

To evaluate the second term, we define it as an integral I and partially integrate the single 9% in

the numerator. This yields

I= / 8+3¢8¢88+¢—— / a+2¢a¢a¢ I (8.26)

1 1 —- =
Substituting this result back, the entire vertex collapses into a single term

3
a+2 =5 0090 (8.28)

2. We first state the identity

/8+3¢8¢8m8+¢ /8+3¢8m¢88+¢ (8.29)
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We begin by partially integrating 0 (and subsequently applying partial integration wrt 9" for the

resulting second term) to expand the expression into three parts

/ 570000707 = /( a+3¢¢ama+¢+ a+3¢am¢aa+¢+ ¢¢aa+¢> (8.30)

o3

Next, we use the inside-out relations in the first term to convert the first ¢ into ¢ and the third ¢

into ¢. This reveals that the first and third terms perfectly cancel each other out, to obtain

/ a+3¢a¢ama+¢ / a+3¢am¢50+¢ (8.31)
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