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Abstract

This thesis presents investigations regarding symmetries and the constraints they impose on the

perturbation theory of pure gravity in four dimensions and maximal supergravity theories in

various space-time dimensions. A limitation of existing studies in gauge and gravity theories

has been the focus on the Maximally Helicity Violating (MHV) structures. Using a closed-form

action for pure gravity in the light-cone gauge in four dimensions, we extract and present all six-

point interaction vertices, extending this program of study to non-MHV interactions. We invoke

symmetry arguments to derive helicity selection rules for arbitrary spin theories to all orders in

perturbation theory and discuss their consequences for scattering amplitudes in pure gravity and

its higher derivative extensions.

A major part of this thesis is devoted to the study of maximal supergravity theories in light-cone

superspace. The N = 8 supergravity in four dimensions exhibits the best ultraviolet properties

amongst any gravitational field theory due to maximal supersymmetry and exceptional symme-

try. We explain a systematic procedure for obtaining quartic and higher-point interactions using

this exceptional symmetry. We also construct maximal supergravity in five dimensions through

dimensional oxidation and derive the generators of the corresponding exceptional symmetry.

This analysis leads to a universal form for global symmetries in maximal supergravity theories

in all space-time dimensions d ≥ 4, with the notable feature that it applies to both classical and

exceptional symmetry groups.
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Chapter 1

Introduction

1.1 Quantum field theory : symmetries and scattering ampli-

tudes

Quantum field theory provides the theoretical framework for describing the quantum mechan-

ics of relativistic particles. The Standard Model of particle physics, which successfully accounts

for the electromagnetic, weak, and strong interactions among elementary particles, is formulated

within this framework. Experimental observations spanning several decades have confirmed its

predictions with remarkable precision.

The triumphs of this framework are numerous. The theory of quantum electrodynamics (QED)

predicts the anomalous magnetic dipole moment of the electron with an astonishing accuracy

that matches experimental measurements to about one part in a trillion. This theory has also

succesfully explained the Casimir effect and the Lamb shift in atomic spectra. Further, the ob-

servation of the Higgs boson at the Large Hadron Collider in 2012 provided a crucial piece of

the Standard Model. Together, these milestones firmly establish quantum field theory as an in-

dispensable mathematical language and one of the most rigorously tested scientific frameworks.

Two main objects of interest in a quantum field theory are symmetries and scattering amplitudes.

Symmetries are operations that leave a physical system invariant. Most often, they form a group.

This mathematical property is extremely useful in the study of various dynamical processes in

the physical systems. Broadly, three kinds of symmetries govern a quantum field theory:

• Space-time symmetries, which constitute the Poincaré group of transformations.

• Gauge Symmetries - The Yang-Mills theories that appear in the Standard Model La-

grangian are based on the gauge group SU(3)× SU(2)× U(1).

• Global internal symmetries.
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Elementary particles are classified using the irreducible representations of the Poincaré group.

A simple example of how symmetries restrict the kinds of interactions between these elementary

particles can be found in the SU(3) Yang-Mills theory. The absence of three point interaction

terms involving purely negative (or positive) helicity gluons is a direct consequence of little

group invariance and dimension analysis.

The physical observables in a quantum field theory are encoded in scattering amplitudes. These

amplitudes describe the probability for a given set of incoming particles to scatter into a specified

set of outgoing particles. Traditionally, scattering amplitudes are computed using the Feynman

diagram expansion derived from the Lagrangian of the theory. However, this approach is met

with severe challenges, as the number of diagrams increases significantly with each order in

perturbation theory.

Surprisingly, many times scattering amplitudes involving massless particles have rather simple

expressions. Manifest covariance conceals the inherent simplicity of physical observables. A

direct consequence of this covariance is that the theory has gauge redundancies and unphysical

degrees of freedom, leading to tedious intermediate calculations where vast numbers of terms

eventually cancel. This is the theme of this thesis. We sacrifice manifest Lorentz invariance to

study the physics of gauge and gravity theories.

A well–known example is the Parke–Taylor formula for gluon scattering amplitudes in Yang–Mills

theory, which expresses a class of tree-level amplitudes in a surprisingly compact form [1]. Over

the past few decades, this observation has led to significant developments in our understanding of

scattering amplitudes. Specifically, the modern techniques such as spinor-helicity variables, on-

shell recursion relations, and color–kinematics duality have played an important role in finding

efficient ways to calculate amplitudes [2–5]. These findings have uncovered intriguing relations

connecting gauge theory to gravitation.
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1.2 Gravity as a quantum field theory

Despite its immense successes, it is clear that the Standard Model is not the complete story of

nature. One important limitation is the absence of gravity. While general relativity provides an

extremely successful classical description of gravity at macroscopic scales, incorporating it into

the framework of quantum field theory remains a long-standing challenge.

Naive quantization of pure gravity leads to an ultraviolet divergent and non-renormalizable the-

ory. The origin of these divergences can be traced to the dimensionful nature of the gravitational

coupling constant. Unlike the gauge couplings appearing in the Standard Model, the gravi-

tational coupling constant carries dimensions of length. In pure gravity, the first divergence

appears at the two-loop level, where a non-vanishing counterterm must be introduced in the ac-

tion [6]. This indicates that Einstein gravity should be interpreted as an effective field theory,

valid below a certain energy scale.

There are several indications that the perturbative (and possibly non-perturbative) structure of

gravity possesses features that are not immediately apparent in the conventional Lagrangian for-

mulation. For example, gravitational scattering amplitudes exhibit remarkable squaring relations

to gauge theory amplitudes, as illustrated by the Kawai-Lewellen-Tye [7] relations and more re-

cent developments such as color-kinematics duality and double copy [4].

One possible avenue for improving the high energy behaviour of gravity is to enlarge the sym-

metry structure of the theory. This motivates the study of theories in which gravity is combined

with new classes of symmetries. A particularly important example of such an extension is su-

persymmetry.

1.3 Supersymmetry

Supersymmetry provides a striking extension of the space-time symmetries of quantum field

theory. Unlike ordinary symmetries, which relate particles of the same statistics, supersymme-

try connects bosonic and fermionic degrees of freedom. Although such a symmetry has not been

observed yet, it serves as an important tool for calculating amplitudes in the standard model.
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An important consequence of this symmetry appears in the quantum behaviour of the theory.

Contributions from bosonic and fermionic degrees of freedom enter loop calculations with op-

posite signs, leading to cancellations that significantly soften divergences at high energies [8].

One of the simplest models where such cancellations were studied was the Wess–Zumino theory

[9]. In theories with extended supersymmetry, the effect is even more dramatic. For example,

four-dimensional N = 4 super Yang-Mills theory [10] is known to be finite to all orders in

perturbation theory.

These observations naturally motivate the study of supersymmetric extensions of gravity. The-

ories of supergravity contain in addition to the gravitational field, a fermionic partner called the

gravitino. We describe below various aspects of supergravity.

1.4 Supergravity

Supergravity theories with the largest possible number of supersymmetries have a great theo-

retical significance. The maximally supersymmetric theory of gravity in four-dimensions was

first constructed by Cremmer and Julia [11]. This theory was obtained through the dimensional

reduction of the minimal supergravity theory in eleven dimensions (which is the maximum di-

mension of space-time where a supersymmetric theory of gravity can be formulated) [12]. One

of the surprising outcomes of this construction was the appearance of a large global symmetry,

namely the exceptional Lie group E7(7) [13].

The ultraviolet properties of maximal supergravity has been the subject of considerable inter-

est. Early expectations based on power-counting arguments suggested that the theory should

diverge at three loops. However, explicit calculations of multi-loop scattering amplitudes have

revealed surprising cancellations. In particular, a series of computations by Bern and collabo-

rators showed that four-dimensional N = 8 supergravity exhibits significantly improved high-

energy behaviour compared to naive expectations [14–16].

An interesting perspective was proposed by Curtright [17], who suggested that the cancellation

of divergences in supersymmetric theories may be related to the matching of Dynkin indices
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between bosonic and fermionic representations of the little group of the parent theory in higher

dimensions. In the case of maximally supersymmetric Yang-Mills, this implies that the SO(8)

triality property renders the theory finite to all orders in perturbation theory. In the case of

maximal supergravity, the relevant little group is SO(9) with the Dynkin indices of the bosonic

representations (columns 2 and 3) and fermionic representations (column 1) [18] shown in the

table below:

Rep (1001) (2000) (0010)

I0 128 44 84

I2 256 88 168

I4 640 232 408

I6 1792 712 1080

I8 5248 2440 3000

We note the mismatch of the eighth-order Dynkin indices from the table. While this approach

has been verified at one loop, extension to higher loops is challenging. A careful study of loop

amplitudes to explain the emergence of these indices would indeed be interesting, but remains

outside the scope of this thesis.

The latest findings in the N = 8 theory remarkably establish the finiteness of the four-point

amplitude at five-loops [16]. Supersymmetry solely cannot explain these findings. One therefore

studies the exceptional symmetry E7(7) with a focus on the constraints it imposes on amplitudes

and possible counterterms [19–22].

1.5 Motivation and central questions

In this thesis, we work with the light-cone formulation of gravity and supergravity theories. In

this approach, we work directly with the physical degrees of freedom sacrificing manifest lo-

cality and Poincaré invariance. Symmetries are realized as non-linear transformations of the

physical fields. This is useful in building interacting theories order by order in perturbation the-

ory. One key advantage is that amplitude structures naturally arise in this language.

We provide below the motivation and two closely related questions that we attempt to answer in
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this thesis:

• First question is concerned with pure gravity in four-dimensions. One of the limitations

of the existing studies in the literature has been the focus on Maximally Helicity Violating

(MHV) structures. There are no findings in the literature regarding non-MHV interac-

tion vertices in pure gravity in the light-cone gauge. We extend this program of study by

explicitly deriving these vertices. This derivation leads naturally to the question of the

allowed helicity configurations of graviton vertices at each order in perturbation theory.

Parallely, another motivation to revisit pure gravity comes from recent studies which sug-

gest that gravitational amplitudes (although still divergent) may be better behaved in the

high energy limit than previously anticipated [23]. It is therefore important to analyse the

structure of interaction vertices in the theory. Closely related to this, is the role of higher-

derivative interactions, which appear naturally in effective field theory and are often asso-

ciated with possible counterterms in quantum gravity. This raises the first question:

What constraints do space-time symmetries impose on the structure of interaction vertices

in theories of gravity (with and without higher-derivative terms)?

• The second question is concerned with exceptional symmetries in maximal supergravity

theories. These include the large global symmetry groups such as the exceptional Lie

groups E7(7) in four dimensions and E6(6) in five dimensions. In light-cone superspace, it

was shown that every Feynman supergraph arising in the N = 4 superYang-Mills theory

was power counting finite using superspace manipulations [24, 27]. In this formulation,

the N = 8 supergravity shares many structural similarities with the N = 4 superYang-

Mills theory. It therefore makes sense to apply similar techniques to supergravity. The

exceptional symmetries in light-cone superspace, act non-linearly on the entire supermul-

tiplet (unlike the covariant formulation) and therefore serve as an important tool to derive

interaction vertices. While there have been several attempts at this, existing expressions

are extremely cumbersome (running into hundreds of terms) making them unsuitable for

tractable calculations. A compact expression for vertices at higher orders in the coupling
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constant is a crucial step towards analyzing Feynman diagrams in superspace.

Another important aspect is to understand the dependence of the degree of divergence of

these diagrams on the space-time dimensions. This requires a careful study of the rel-

evant symmetries (which constraint counter-terms) of maximal supergravity theories in

each space-time dimension. This raises the second question:

What constraints do exceptional symmetries impose on the Hamiltonian of maximal su-

pergravity in different space-time dimensions?

The investigations presented in this thesis address these questions. We present below the outline

of the thesis.

1.6 Outline of the thesis

The thesis is organized as follows:

Chapter 2 reviews the light-cone formulation of relativistic field theories. In this framework,

the dynamics of a theory are expressed directly in terms of its physical degrees of freedom, with

unphysical gauge components eliminated through constraint equations. We discuss the structure

of the Poincaré algebra in light-cone coordinates and describe how the closure of the algebra

can be used to systematically determine interaction vertices. This formalism provides the main

technical framework used throughout the thesis.

Chapter 3 investigates the interaction vertices in pure gravity within the light-cone formula

tion. Starting from the closed-form expression for the light-cone gravitational action, we derive

the six-point interaction vertices. In particular, these correspond to the first genuinely non-MHV

(Maximally Helicity Violating) vertices that arise in the perturbative expansion. Using symmetry

arguments, we then derive the helicity structure of graviton vertices to all orders in perturbation

theory. We further extend this analysis to higher-derivative theories of gravity.
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Chapter 4 turns to supersymmetric theories and introduces the light-cone superspace formu-

lation of maximal supergravity. In this framework, the entire supermultiplet is described by a

single chiral superfield. We review the structure of the N = 8 supergravity theory in four-

dimensions and the realization of its symmetries in light-cone superspace.

Chapter 5 studies the derivation of interaction vertices using the exceptional symmetry E7(7)

in maximal supergravity in four dimensions. In particular, we show that this symmetry re-

lates lower even (odd) point vertices to higher even (odd)-point vertices. We demonstrate that

the equations satisfied by the higher-point vertices are analogous to inhomogeneous differential

equations. The inhomogeneous part of these vertices is fixed by exceptional symmetry and the

homogeneous part is fixed by the space-time symmetries.

Chapter 6 extends these ideas to the maximal supergravity theory in five dimensions. We use the

method of dimensional-oxidation to construct the five-dimensional theory starting from the four

dimensional theory. We examine the construction of the relevant symmetry algebras USp(8)

and E6(6) in light-cone superspace.

Chapter 7 demonstrates that the global symmetries in maximally supersymmetric theories of

gravity admit a universal form in light-cone superspace for all dimensions d ≥ 4. We verify this

by discussing the construction of the relevant symmetries E7(7), E6(6), SO(5, 5) and SL(5,R).

We also discuss the procedure to derive an all-order expression for the generators of the excep-

tional algebra E7(7).

Finally, in Chapter 8, we summarize the main results of the thesis and discuss possible directions

for future work.
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Chapter 2

Quantum Field theory in light-cone gauge

In this chapter, we discuss the isometry algebra of four-dimensional Minkowski space-time with

a particular emphasis on the massless representations of this algebra. We explain various aspects

of field theories formulated in light-cone gauge through the examples of Yang-Mills theory and

pure gravity.

2.1 Space-time symmetries : the Poincaré group

A fundamental requirement of any physical theory is that the laws of physics be invariant under

inertial change of frames of reference. The principle of relativity also states that the speed of

light in vacuum must be constant in any inertial frame of reference. These two requirements lead

to a set of space-time transformations known as the isometries of four-dimensional Minkowski

space-time. These transformations leave the space-time distance

ds2 = ηµν dx
µdxν (2.1)

invariant, where µ, ν = 0, 1, 2, 3 and ηµν = diag(−1, 1, 1, 1) is the Minkowski metric. The col-

lection of all such isometries forms a group known as the Poincaré group.

Explicitly, a Poincaré transformation acts on space-time coordinates as

x′µ = Λµν x
ν + aµ, (2.2)

where Λµν represents Lorentz transformations and aµ denote constant space-time translations.

The Lorentz transformations include spatial rotations and boosts between inertial frames.

The generators of space-time translations Pµ and Lorentz transformations Jµν satisfy the Poincaré
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algebra

[Jµν , Jρσ] = i(ηµρJνσ − ηµσJνρ − ηνρJµσ + ηνσJµρ)

[Jµν , Pρ] = i(ηµρPν − ηνρPµ)

[Pµ, Pν ] = 0. (2.3)

In a quantum theory, space-time symmetries must be realized as unitary transformations acting

on the Hilbert space of physical states. These unitary irreducible representations of the Poincaré

algebra classify the elementary particles [28, 29]. The Poincaré algebra admits two independent

Casimir operators,

P 2 = P µPµ, W 2 = W µWµ, (2.4)

where

Wµ =
1

2
ϵµνρσ J

νρP σ (2.5)

is the Pauli-Lubanski vector. The eigenvalues of these Casimirs label the irreducible representa-

tions and are identified with the mass and spin of the particle, respectively.

In this thesis, we will be concerned primarily with massless representations, for which P 2 = 0.

Since the Pauli-Lubanski vector satisfies [Wµ, Pν ] = 0, its action preserves momentum eigen-

states and therefore generates the little group associated with a fixed four-momentum.

For massless representations, one may choose a standard momentum frame

P µ = (E, 0, 0, E). (2.6)

In this frame, the independent non-vanishing components of the Pauli-Lubanski vector reduce

to

W1 = E (J23 + J20), W2 = E (J13 + J10), W3 = E J12. (2.7)
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Defining the operators

T1 ≡
1

E
W1, T2 ≡

1

E
W2, J ≡ 1

E
W3, (2.8)

one finds that they satisfy the algebra

[J , T1] = − i T2,

[J , T2] = +i T1,

[T1 , T2] = 0. (2.9)

This is precisely the Lie algebra of the two-dimensional Euclidean group ISO(2), consisting of

one rotational generator J and two commuting translation generators T1 and T2.

While the full little group for massless particles is ISO(2), physical particles observed in nature

do not carry continuous internal quantum numbers associated with the translational generators

T1 and T2. Consequently, only the compact SO(2) subgroup generated by J is realized non-

trivially. The eigenvalue of J defines the helicity of the particle and determines its local physical

degrees of freedom.

In the following, we explain the Poincaré algebra in light-cone gauge realized on the helicity

states ϕ and ϕ̄. We explain the connection of light-cone coordinates with spinor-helicity variables

which are crucial to writing scattering amplitudes.

2.1.1 Light-cone Poincaré algebra

We use the light-cone coordinates

x± =
1√
2
(x0 ± x3) , x =

1√
2
( x1 + i x2 ) , x̄ = x∗ , (2.10)

and their respective derivatives ∂±, ∂̄, ∂. In these coordinates, x+ plays the role of time. We

routinely use the operation 1
∂−

(or − 1
∂+

) which plays the role of ‘inverse’ derivative and is defined
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as [24]

1

∂−
F (x−) =

1

2

∫
dy− ϵ(x− − y−)F (y−) , (2.11)

where ϵ(x−−y−) is the sign function1. It is straightforward to verify that when ∂− is acted from

the left in (2.11), one recovers the original function back. In the calculations, we continue to

use this inverse derivative operator to write unphysical fields in terms of the propagating degrees

of freedom. We routinely perform partial integrations wrt ∂− to simplify calculations using the

property ∂−
[

1
∂−
F (x)

]
= F (x). Another property we frequently require is

∫
A

[
1

∂−
B

]
= −

∫ [
1

∂−
A

]
B. (2.12)

where A,B are some composite functions of the fields and their derivatives. While this operator

introduces mild non-locality, one can check that this formulation reproduces the known ampli-

tude results obtained from manifestly local and Lorentz covariant theories. In momentum space,

we use the Mandelstam-Leibbrandt prescription for dealing with the spurious singularities in-

troduced by 1/p− in loop calculations [24, 25].

At the light-cone time x+ = 0, the generators of the Poincaré algebra are the momenta [30]

P− = −i∂∂̄
∂+

= −P+ , P+ = −i∂+ = −P− , P = −i∂ , P̄ = −i∂̄ , (2.13)

the rotations and boosts

J = (x∂̄ − x̄∂ − λ) , J+ = ix∂+ , J̄+ = ix̄∂+

J+− = ix−∂+ , J− = i(x
∂∂̄

∂+
− x−∂ − λ

∂

∂+
) , J̄− = i(x̄

∂∂̄

∂+
− x−∂̄ + λ

∂̄

∂+
). (2.14)

The generators are of two kinds: kinematical that do not involve time derivatives

P+ , P , P̄ , J , J+ , J̄+ and J+− , (2.15)
1One could in principle add a function h(x) independent of x− to the RHS of (2.11). Here we work with

boundary conditions such that h(x) = 0. However when working with non-trivial boundary conditions, a careful
treatment of these zero modes is necessary [26].
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and dynamical that do

P− , J− , J̄− . (2.16)

Dynamical generators pick up corrections when interactions are switched on. We introduce the

Hamiltonian variation

δHϕ ≡ ∂−ϕ = {ϕ,H} =
∂∂̄

∂+
ϕ , (2.17)

where the last equality only holds for the free theory. Hence, the Poincare algebra is realized

non-linearly on the physical degrees of freedom. This is used to build interaction vertices by

requiring the commutation relations of the algebra to hold, as done in [30].

While this method builds the classical action order by order in the coupling constant, one has to

also ensure that in the quantum theory, no anomalies appear specifically from the path integral

measure. One can in principle compute the Jacobian of the non-linear boost transformations to

show that the interactions do no contribute to the Jacobi determinant.

The non-vanishing commutators of the Poincaré algebra are
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[P−, J+−] = −iP− , [P−, J+] = −iP , [P−, J̄+] = −iP̄ ,

[P+, J+−] = iP+ , [P+, J−] = −iP , [P+, J̄−] = −iP̄ ,

[P, J̄−] = −iP− , [P, J̄+] = −iP+ , [P, J ] = P ,

[P̄ , J−] = −iP− , [P̄ , J+] = −iP+ , [P̄ , J ] = −P̄ ,

[J−, J+−] = −iJ− , [J−, J̄+] = iJ+− + J , [J−, J ] = J− ,

[J̄−, J+−] = −iJ̄− , [J̄−, J+] = iJ+− − J , [J̄−, J ] = −J̄− ,

[J+−, J+] = −iJ+ , [J+−, J̄+] = −iJ̄+ ,

[J+, J ] = J+ , [J̄+, J ] = −J̄+ . (2.18)

2.1.2 Spinor-Helicity variables

We demonstrate the close link between the light-cone gauge and the spinor-helicity variables

here [31]. A four-vector pµ may be rewritten as a matrix paȧ using the Pauli matrices σµ =

(−1, σ)

pµ (σ
µ)aȧ ≡ paȧ =

 −p0 + p3 p1 − ip2

p1 + ip2 −p0 − p3

 =
√
2

 −p− p̄

p −p+

 . (2.19)

The determinant of this matrix is the length of the four-vector pµ

det (paȧ) = −2 (pp̄− p+p−) = −pµpµ. (2.20)
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For massless particles, one can write the matrix as product of holomorphic and anti-holomorphic

spinors using the on-shell condition p+ = pp̄
p−

λa =
2

1
4

√
p−

 p−

−p

 , λ̃ȧ = − (λa)
∗ = − 2

1
4

√
p−

 p−

−p̄

 , (2.21)

such that λaλ̃ȧ reproduces (2.19) on-shell. We define the off-shell holomorphic and anti-holomorphic

spinor products [32],

⟨ij⟩ =
√
2
pi pj− − pj pi−√

pi− p
j
−

, [ij] =
√
2
p̄ i pj− − p̄ j pi−√

pi− p
j
−

. (2.22)

2.2 A review of Yang-Mills theory in the light-cone gauge

Yang–Mills theory describes the dynamics of non-abelian gauge fields associated with a compact

Lie group G. The fundamental field is the gauge potential Aaµ(x), where µ = 0, 1, 2, 3 is a

spacetime index and a labels the generators T a of the Lie algebra g of G. The gauge-invariant

field strength is defined as

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAbµA

c
ν , (2.23)

where g is the gauge coupling and fabc are the structure constants of the Lie algebra. The Yang–

Mills action is given by

SYM = −1

4

∫
d4xF a

µνF
aµν . (2.24)

The Yang–Mills action is invariant under local gauge transformations. Under an infinitesimal

gauge transformation with parameter Λa(x), the gauge field transforms as

Aaµ → A′ a
µ = Aaµ + ∂µΛ

a + gfabcΛbAcµ. (2.25)

This allows to fix one degree of freedom by imposing the light-cone gauge condition Aa− = 0.
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We then examine the equations of motion

∂µF
µν a + gfabcAbµF

µν c = 0. (2.26)

In light-cone gauge, these equations split into dynamical and constraint equations. In particu-

lar, the ν = + component contains no light-cone time derivatives ∂+ and therefore acts as a

constraint equation.

Using A− = 0, the ν = + equation becomes

∂2−A
a
+ = ∂−∂iA

a
i + gfabcAbi∂−A

c
i , (2.27)

where i = 1, 2 denote the transverse directions.

This equation can be solved for the non-dynamical field Aa+

Aa+ =
1

∂−
∂iA

a
i + gfabc

1

∂2−

(
Abi∂−A

c
i

)
. (2.28)

Hence, in light-cone gauge the field A+ is not an independent degree of freedom but is com-

pletely determined by the transverse physical fields Ai. It is convenient to combine the two

transverse components of the gauge field into complex helicity states. We define

A =
1√
2
(A1 + iA2) , Ā =

1√
2
(A1 − iA2) . (2.29)

These fields correspond to helicity +1 and −1 gluon states, respectively, and constitute the

physical degrees of freedom of the Yang–Mills field in light-cone gauge. The Yang–Mills action

(2.24) may be written purely in terms of the physical helicity modes Aa and Āa. The resulting

Lagrangian takes the form

L = Āa□Aa − 2gfabc
(
∂̄

∂+
Aa ∂+ĀbAc +

∂

∂+
Āa ∂+Ab Āc

)
−2g2fabcfade

1

∂+
(
∂+Ab Āc

) 1

∂+
(
∂+ĀdAe

)
. (2.30)

It is now straightforward to make contact with on-shell scattering amplitudes. In particular,

Maximally Helicity Violating (MHV) amplitudes correspond to processes involving exactly two

negative-helicity gluons and an arbitrary number of positive-helicity gluons. At the three-point
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level, we may write the MHV interaction term in (2.30) in momentum space and express it in

terms of spinor-helicity variables (2.22). This yields the color-stripped three-point amplitude

A3(1
−, 2−, 3+) = g

⟨12⟩3

⟨23⟩⟨31⟩
. (2.31)

Similarly, the four-point MHV amplitude takes a remarkably simple form [1]

A4(1
−, 2−, 3+, 4+) = g2

⟨12⟩4

⟨12⟩⟨23⟩⟨34⟩⟨41⟩
. (2.32)

2.3 A review of light-cone gravity

The Einstein-Hilbert action reads

SEH =

∫
d4x L =

1

2κ2

∫
d4x

√
−g R , (2.33)

where g = det ( gµν ), R is the curvature scalar and κ2 = 8π G is the coupling constant. The

corresponding field equations are

Rµν − 1

2
gµνR = 0 . (2.34)

The Einstein-Hilbert action is invariant under space-time diffeomorphisms

xµ → x′µ = xµ + ξµ(x) (2.35)

Under such a transformation, the metric tensor transforms as

gµν → g′µν = gµν + ∂µξν + ∂νξµ + ξρ∂ρgµν . (2.36)

This allows us to make four gauge choices. At this stage, we impose three gauge choices [33, 34]

g−− = g−i = 0 , i = 1, 2 , (2.37)
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and parameterize the other components as

g+− = − eϕ ,

gi j = eψ γij .
(2.38)

γij is real, symmetric and unimodular while ϕ and ψ are real. Field equations in which ∂+ (time

derivatives) do not appear serve as constraint relations, as opposed to ‘true’ equations of motion.

The constraint relation µ=ν=− from (2.34) is

2 ∂−ϕ ∂−ψ − 2 ∂2−ψ − (∂−ψ)
2 +

1

2
∂−γ

ij ∂−γij = 0 . (2.39)

This can be solved by making the specific choice

ϕ =
ψ

2
, (2.40)

which is the fourth (and final) gauge choice. With this choice

ψ =
1

4

1

∂2−
(∂−γ

ij ∂−γij) . (2.41)

Unphysical components of the metric are systematically eliminated by constraint relations. This

results in a ‘physical’ closed-form action [33, 34] written entirely in terms of the γij (we still

write ϕ and ψ despite (2.40), (2.41) because they make the calculation easy to check).

S =
1

2κ2

∫
d4x eψ

(
2 ∂+∂−ϕ + ∂+∂−ψ − 1

2
∂+γ

ij∂−γij

)
−eϕγij

(
∂i∂jϕ+

1

2
∂iϕ∂jϕ− ∂iϕ∂jψ − 1

4
∂iγ

kl∂jγkl +
1

2
∂iγ

kl∂kγjl

)
−1

2
eϕ−2ψγij

1

∂−
Ri

1

∂−
Rj , (2.42)

where

Ri ≡ eψ
(
1

2
∂−γ

jk∂iγjk − ∂−∂iϕ− ∂−∂iψ + ∂iϕ∂−ψ

)
+ ∂k(e

ψ γjk∂−γij) .
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A perturbative expansion of the action in (2.42), in powers of κ, is achieved by choosing [34]

γij =
(
e
√
2 κh

)
ij
, γij γ

jk = δki , hij =

h11 h12

h12 −h11

 . (2.43)

These relate to the physical helicity states of the graviton as

hij =
1√
2

 h+ h̄ −i(h− h̄)

−i(h− h̄) −h− h̄

 , (2.44)

with h and h̄ representing gravitons of helicity +2 and −2 respectively.

The Lagrangian may be expanded in orders of κ

L = L0 + Lκ + Lκ2 + Lκ3 + Lκ4 (2.45)

The Lagrangian reads

L = h̄□h+ 2κ h̄ ∂2−

(
∂̄

∂−
h
∂̄

∂−
h− h

∂̄2

∂2−
h

)
+ 2κh ∂2−

(
∂

∂−
h̄
∂

∂−
h̄− h̄

∂2

∂2−
h̄

)
(2.46)

The expressions for Lκ2 and Lκ3 in (2.45) are known [34–36] and are presented below.

Lκ2 = 2κ2
{

1

∂2−

(
∂−h∂−h̄

)∂∂̄
∂2−

(
∂−h∂−h̄

)
+

1

∂3−

(
∂−h∂−h̄

) (
∂∂̄h ∂−h̄+ ∂−h∂∂̄h̄

)
− 1

∂2−

(
∂−h∂−h̄

) (
2 ∂∂̄h h̄+ 2h∂∂̄h̄+ 9 ∂̄h∂h̄+ ∂h∂̄h̄− ∂∂̄

∂−
h ∂−h̄− ∂−h

∂∂̄

∂−
h̄

)
−2

1

∂−

(
2∂̄h ∂−h̄+ h∂−∂̄h̄− ∂−∂̄hh̄

)
h ∂h̄− 2

1

∂−

(
2∂−h ∂h̄+ ∂−∂h h̄− h∂−∂h̄

)
∂̄h h̄

− 1

∂−

(
2∂̄h ∂−h̄+ h∂−∂̄h̄− ∂−∂̄hh̄

) 1

∂−

(
2∂−h ∂h̄+ ∂−∂h h̄− h∂−∂h̄

)
−h h̄

(
∂∂̄h h̄+ h∂∂̄h̄+ 2 ∂̄h∂h̄+ 3

∂∂̄

∂−
h ∂−h̄+ 3∂−h

∂∂̄

∂−
h̄

)}
. (2.47)

The terms containing a ∂+ at order κ2 were eliminated using a field redefinition [34]

h→ h− κ2
1

∂−

{
2 ∂2−h

1

∂3−
(∂−h∂−h̄) + ∂−h

1

∂2−
(∂−h∂−h̄) +

1

3
(hh̄∂−h− hh∂−h̄)

}
. (2.48)
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Moving to five-point interaction vertices, ie. at order κ3 [36], we find

Lκ3 = 2
√
2κ3 L5 , (2.49)

where L5 reads

L5 = − 1√
2
h∂̄h∂̄h̄

1

∂2−
(∂−h̄∂−h) +

√
2

3
h̄hh∂̄h∂̄h̄+

√
2

3
h∂̄h∂̄(h̄h̄h) +

√
2

3
h∂̄h̄∂̄(h̄hh)

+
1√
2
h∂̄h∂̄h̄

1

∂2−
(∂−h̄∂−h)−

√
2

3
h̄hh∂̄h∂̄h̄−

√
2

3
h∂̄h∂̄(h̄h̄h)−

√
2

3
h∂̄h̄∂̄(h̄hh)

− 3

4
√
2
h
∂̄

∂2−
(∂−h̄∂−h)

∂̄

∂2−
(∂−h̄∂−h) +

1

2
√
2
h
1

∂2−
(∂−h̄∂−h)

∂̄∂̄

∂2−
(∂−h̄∂−h)

− 1

3
√
2
h̄hh

∂̄∂̄

∂2−
(∂−h̄∂−h)−

1

3
√
2
h
∂̄∂̄

∂2−
(∂−h∂−[h̄h̄h])−

1

3
√
2
h
∂̄∂̄

∂2−
(∂−[h̄hh]∂−h̄)

− 1

2
√
2
h
∂̄∂̄

∂2−
(∂−[h̄h]∂−[h̄h])− 2

√
2 h̄∂̄h

[
∂̄

∂−
{h∂−(h̄h)}+

∂̄

∂−
{ 1

∂2−
(∂−h∂−h̄)∂−h}

− ∂̄

∂−
(hh̄∂−h)−

1

3
∂̄(hhh̄) +

1

∂−
{ 1

∂2−
(∂−h∂−h̄)∂̄∂−h}

]
+

1√
2
h

1

∂−

[
∂−h∂̄h̄

+∂−h̄∂̄h− 3

2

∂̄

∂−
(∂−h̄∂−h) + 2∂̄(h∂−h̄)− ∂̄∂−(h̄h)

]
× 1

∂−

[
∂−h∂̄h̄+ ∂−h̄∂̄h

−3

2

∂̄

∂−
(∂−h̄∂−h) + 2∂̄(h∂−h̄)− ∂̄∂−(h̄h)

]
+ ∂̄h∂̄h

[ √
2

3
h̄h̄h+

3√
2
h̄
1

∂2−
(∂−h∂−h̄)

]
+
√
2∂̄h

1

∂−

{
− 1

∂2−
(∂−h∂−h̄)∂−h∂̄h̄+

1

3
∂−h∂̄(h̄h̄h) +

1

3
∂−(h̄hh)∂̄h̄+

1

3
∂−h̄∂̄(h̄hh)

− 1

∂2−
(∂−h∂−h̄)∂−h̄∂̄h+

1

3
∂−(h̄h̄h)∂̄h− ∂−(h̄h)∂̄(h̄h)−

1

2

∂̄

∂−
[∂−h∂−(h̄h̄h)]

+
3

2

1

∂2−
(∂−h∂−h̄)

∂̄

∂−
(∂−h̄∂−h)−

1

2

∂̄

∂−
[∂−(h̄hh)∂−h̄] +

3

4

∂̄

∂−
[∂−(h̄h)∂−(h̄h)]

−1

2

∂̄

∂2−
(∂−h̄∂−h)

1

∂−
(∂−h̄∂−h) +

2

3
∂̄[h∂−(h̄h̄h)] +

2

3
∂̄[h̄hh∂−h̄]−

1

6
∂̄∂−(h̄h̄hh)

−2∂̄[
1

∂2−
(∂−h∂−h̄)h∂−h̄]− ∂̄[h̄h∂−(h̄h)] + ∂̄[

1

∂2−
(∂−h̄∂−h)∂−(h̄h)]

}
−
√
2
1

∂−

{
1

∂2−
(∂−h∂−h̄)∂̄∂−h− 1

3
∂̄∂−(hhh̄)− ∂̄(hh̄∂−h) + ∂̄[

1

∂2−
(∂−h∂−h̄)∂−h]

+∂̄(h∂−(h̄h)

}
× 1

∂−

{
∂−h∂̄h̄+ ∂−h̄∂̄h− 3

2

∂̄

∂−
(∂−h̄∂−h) + 2∂̄(h∂−h̄)− ∂̄∂−(h̄h)

}
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+
√
2[h̄h+

3

2

1

∂2−
(∂−h∂−h̄)]

1

∂−

{
∂−h∂̄h̄+ ∂−h̄∂̄h− 3

2

∂̄

∂−
(∂−∂̄∂−h) + 2∂̄(h∂−h̄)− ∂̄∂−(h̄h)

}
∂̄h

+

{
2 ∂2−h̄

1

∂3−
(∂−h∂−h̄) + ∂−h̄

1

∂2−
(∂−h∂−h̄) +

1

3
(hh̄∂−h̄− h̄h̄∂−h)

}
∂−

(
∂̄

∂−
h
∂̄

∂−
h− h

∂̄2

∂2−
h

)
+

{
2 ∂2−h

1

∂3−
(∂−h∂−h̄) + ∂−h

1

∂2−
(∂−h∂−h̄) +

1

3
(hh̄∂−h− hh∂−h̄)

}
×
[
2
∂̄

∂2−
(∂2−h̄

∂̄

∂−
h)

+∂−(
∂̄

∂−
h
∂̄

∂−
h− h

∂̄2

∂2−
h)− 1

∂−
(∂2−h̄

∂̄2

∂2−
h)− ∂̄2

∂3−
(h∂2−h̄)

]
+ c.c. (2.50)

The last three lines of (2.50) represent the quintic interaction vertices produced by applying the

field redefinition in (2.48) to the cubic interaction vertices in (2.46). Although L5 appears to

contain non-MHV structures, these are related by conjugation to MHV vertices.

Analogous to the Yang-Mills theory, the cubic MHV vertex in (2.46), in momentum space can

be written in terms of the spinor-helicity variables to obtain the three point amplitude

M3(1
−, 2−, 3+) =

⟨1 2⟩6

⟨2 3⟩2⟨3 1⟩2
, (2.51)

Similarly, from (2.47), we find at four-point

M4(1
−, 2−, 3+, 4+) =

⟨1 2⟩8[1 2]
⟨1 2⟩⟨1 3⟩⟨1 4⟩⟨2 3⟩⟨2 4⟩⟨3 4⟩2

, (2.52)

These MHV amplitudes (vertices) factorise, as expected from the KLT relations [7], into prod-

ucts of off-shell MHV vertices in Yang-Mills theory [37].

We demonstrated in this chapter, that amplitude structures naturally emerge in the light-cone

formulations of Yang-Mills theory and pure gravity. We focussed particularly on the MHV

structures [37–40]. This provides evidence for the fact that scattering amplitudes in gravitational

theories are the square of those in gauge theories describing spin-1 fields :

Gravitation ∼ (Yang-Mills)2 (2.53)

In the next chapter, we present the perturbative expansion of pure gravity in the light-cone gauge
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to order κ4 where the first truly non-MHV interaction vertices appear. We will also demonstrate

relations of the type (2.53) in higher derivative gravity and gauge theories.
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Chapter 3

Gravitation : Perturbation theory and amplitudes

(The material presented in this chapter is primarily based on the works done by the author

in [41, 42])

In this chapter, we present the 6-point interaction vertices in pure gravity in four-dimensions.

We also derive the helicity selection rules from symmetry principles to explain the structure of

interaction vertices to all orders in perturbation theory. We argue the origin of MHV vertices in

this formulation. Finally, we discuss interaction vertices in higher derivative theories of gravity.

The issue of uniqueness of quartic and higher order interaction vertices obtained using closure

of Poincare algebra for field theories of spin > 1 is also discussed.

3.1 The 6-point result

We start with the closed form action derived in (2.42)

S =
1

2κ2

∫
d4x eψ

(
2 ∂+∂−ϕ + ∂+∂−ψ − 1

2
∂+γ

ij∂−γij

)
−eϕγij

(
∂i∂jϕ+

1

2
∂iϕ∂jϕ− ∂iϕ∂jψ − 1

4
∂iγ

kl∂jγkl +
1

2
∂iγ

kl∂kγjl

)
−1

2
eϕ−2ψγij

1

∂−
Ri

1

∂−
Rj , (3.1)

where

Ri ≡ eψ
(
1

2
∂−γ

jk∂iγjk − ∂−∂iϕ− ∂−∂iψ + ∂iϕ∂−ψ

)
+ ∂k(e

ψ γjk∂−γij) ,

and ϕ = ψ/2 with

ψ =
1

4

1

∂2−
(∂−γ

ij ∂−γij) . (3.2)
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Transverse variables and the metric

We work with the helicity states directly, by using transverse variables a and b (so xa , xb repre-

sent x , x̄) [36]. The relevant metric is

ηab =
∂xi

∂xa
∂xj

∂xb
ηij . (3.3)

So

ηxx = ηx̄x̄ = 0 , ηxx̄ = ηx̄x = 1 . (3.4)

The inverse metric (ηabηbc = δac) has components

ηxx = ηx̄x̄ = 0 , ηxx̄ = ηx̄x = 1 . (3.5)

In this new basis, the expressions for γ from (7.13) read

γab =
∞∑
n=0


2κ2n+1 (4hh̄)n

(2n+ 1)!
h̄ κ2n

(4hh̄)n

(2n)!

κ2n
(4hh̄)n

(2n)!
2κ2n+1 (4hh̄)n

(2n+ 1)!
h

 , (3.6)

γab =
∞∑
n=0


−2κ2n+1 (4hh̄)n

(2n+ 1)!
h κ2n

(4hh̄)n

(2n)!

κ2n
(4hh̄)n

(2n)!
−2κ2n+1 (4hh̄)n

(2n+ 1)!
h̄

 . (3.7)

We only need terms up to n = 2 in the series (3.6) and (3.7) for the discussion here. It is then

easy to also calculate ψ at orders 2 and 4

ψ = 2κ2ψ2 + 4κ4ψ4 (3.8)

= 2κ2
{
− 1

∂2−
(∂−h̄∂−h)

}
+4κ4

{
− 1

3∂2−
(∂−h∂−[h̄h̄h])−

1

3∂2−
(∂−[h̄hh]∂−h̄)+

1

2∂2−
(∂−[h̄h]∂−[h̄h])

}
.
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We now present here, a new result: the perturbative expansion to order κ4 of the closed form

action (2.42) in terms of the helicity states h and h̄. This is the lowest order at which truly

non-MHV structures first appear.

Lκ4 = 4κ4 L6 , (3.9)

where

L6 = 4ψ4∂∂̄ψ2 + ψ2
2∂∂̄ψ2 −

1

15

(
h∂∂̄[(hh̄)2h̄] + h̄∂∂̄[(hh̄)2h]

)
+

1

3
hh̄∂∂̄[(hh̄)2]

−2

9
hh̄h∂∂̄[hh̄h̄] +

ψ2

3

(
∂∂̄

∂−
h∂−[hh̄h̄] + ∂−h̄

∂∂̄

∂−
[hh̄h] + ∂−h

∂∂̄

∂−
[hh̄h̄] +

∂∂̄

∂−
h̄∂−[hh̄h]

)
−ψ2

∂∂̄

∂−
[hh̄]∂−[hh̄] +

(
ψ4 +

ψ2
2

2

)(
∂∂̄

∂−
h∂−h̄+ ∂−h

∂∂̄

∂−
h̄

)
− 1

6
(hh̄hh̄)∂∂̄ψ2 − hh̄∂∂̄ψ4

−ψ2

2
hh̄∂∂̄ψ2 +

3

4
hh̄∂ψ2∂̄ψ2 −

5

2
ψ4∂∂̄ψ2 −

5

16
ψ2
2∂∂̄ψ2

+(∂h∂̄h̄− ∂h̄∂̄h)

(
1

6
hh̄hh̄+

1

2
ψ2hh̄+

1

2
ψ4 +

1

8
ψ2
2

)
+

(
1

3
hh̄+

1

6
ψ2

)
(∂h∂̄[hh̄h̄] + ∂̄h̄∂[hh̄h]− ∂̄h∂[hh̄h̄]− ∂h̄∂̄[hh̄h])

+

(
hh̄

3
+
ψ2

2

)
(h∂h̄− h̄∂h)∂̄[hh̄] +

(
hh̄

3
+
ψ2

2

)
(h̄∂̄h− h∂̄h̄)∂[hh̄] +

1

6
(h∂h̄− h̄∂h)∂̄[hh̄hh̄]

+
1

6
(h̄∂̄h− h∂̄h̄)∂[hh̄hh̄] +

h

3
(∂̄[hh̄]∂[hh̄h̄]− ∂̄[hh̄h̄]∂[hh̄]) +

h̄

3
(∂[hh̄]∂̄[hh̄h]− ∂[hh̄h]∂̄[hh̄])

+

{
2h∂h̄

∂̄

∂−

[
2

3
hh̄h̄∂−h− 2

3
hh̄h∂−h̄− 2ψ2h∂−h̄+ ψ2∂−[hh̄]

]
− 2h∂h̄

1

∂−

[
1

3
(∂−h∂̄[hh̄h̄]

+∂̄h̄∂−[hh̄h] + ∂̄h∂−[hh̄h̄] + ∂−h̄∂̄[hh̄h])− ∂−[hh̄]∂̄[hh̄] + ψ2

(
∂−h∂̄h̄+ ∂̄h∂−h̄

)
+
3

2
ψ2∂−∂̄ψ2 −

1

2
∂̄ψ2∂−ψ2 +

3

2
∂−∂̄ψ4

]
+

(
∂̄

[
hh̄− 2

1

∂−

[
h∂−h̄

]]
− 1

∂−

[
∂−h∂̄h̄+ ∂̄h∂−h̄

]
− 3

2
∂̄ψ2

)
×
(
2h∂

[
1

3
hh̄h̄+

1

∂−

[
ψ2∂−h̄− h̄h̄∂−h

]]
+ 2∂h̄

[
1

3
hh̄h− 3

2
ψ2h

])
+ c.c.

}
−
(
1

3
(hh̄)2 − 3ψ4 − 3ψ2hh̄+

9

4
ψ2
2

)
∂̄h∂h̄

−
(
hh̄− 3

2
ψ2

)(
2∂̄h∂

[
1

3
hh̄h̄+

1

∂−

[
ψ2∂−h̄− h̄h̄∂−h

]]
+ c.c.

)
−
(
hh̄− 3

2
ψ2

){
∂̄

[
hh̄− 2

1

∂−

[
h∂−h̄

]]
− 1

∂−

[
∂−h∂̄h̄+ ∂̄h∂−h̄

]
− 3

2
∂̄ψ2

}{
∂

[
hh̄− 2

1

∂−

[
h̄∂−h

]]
− 1

∂−

[
∂−h̄∂h+ ∂h̄∂−h

]
− 3

2
∂ψ2

}
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−
{
2∂̄h

∂

∂−

(
− 2

15
h̄∂−[hh̄]

2 − 2

3
ψ2h̄∂−[hh̄] +

(
8

15
(hh̄)2 +

4

3
ψ2hh̄+ ψ4 +

1

2
ψ2
2

)
∂−h̄

)
+ c.c.

}
−
{(

∂

[
hh̄− 2

1

∂−
[h̄∂−h]

]
− 1

∂−
[∂−h̄∂h+ ∂h̄∂−h]−

3

2
∂ψ2

)
×
(
∂̄

∂−

[
2

3
hh̄h̄∂−h− 2

3
hh̄h∂−h̄− 2ψ2h∂−h̄+ ψ2∂−[hh̄]

]
− 1

∂−

[
1

3

(
∂−h∂̄[hh̄h̄] + ∂̄h̄∂−[hh̄h] + ∂̄h∂−[hh̄h̄] + ∂−h̄∂̄[hh̄h]

)
− ∂−[hh̄]∂̄[hh̄] + ψ2

(
∂−h∂̄h̄+ ∂̄h∂−h̄

)
+
3

2
ψ2∂−∂̄ψ2 −

1

2
∂̄ψ2∂−ψ2 +

3

2
∂−∂̄ψ4

])
+ c.c.

}
−2∂

[
1

3
hh̄h̄+

1

∂−

[
ψ2∂−h̄− h̄h̄∂−h

]]
∂̄

[
1

3
hhh̄+

1

∂−

[
ψ2∂−h− hh∂−h̄

]]
+

{
∂∂̄

∂−
M̄

[
∂2−h

1

∂3−

(
∂−h∂−h̄

)
+

1

3

(
hh̄∂−h− hh∂−h̄

)]
− 1

∂2−

(
∂−M∂−h̄

) [
−1

2

∂∂̄

∂2−

(
∂−h∂−h̄

)
+

1

∂−

(
∂∂̄h∂−h̄

) ]
−Mh̄

[
∂̄h∂h̄+

4

3
h∂∂̄h̄+ 4∂−h

∂∂̄

∂−
h̄

]
− 2

1

∂2−

(
∂−M∂−h̄

) [1
2
∂̄h∂h̄+ h∂∂̄h̄− ∂−h

∂∂̄

∂−
h̄

+
1

∂−

(
∂∂̄h∂−h̄

)
− 1

4

∂∂̄

∂2−

(
∂−h∂−h̄

) ]
+2M∂h̄

1

∂−

(
2∂̄h∂−h̄+ h∂−∂̄h̄− ∂−∂̄hh̄) + c.c

}
− 1

∂−

(
2∂̄M∂−h̄+M∂−∂̄h̄− ∂−∂̄Mh̄

) 1

∂−

(
2∂−h∂h̄+ ∂−∂hh̄− h∂−∂h̄

)
+

{
∂∂̄

∂−
h̄

[
∂2−M

1

∂3−

(
∂−h∂−h̄

)
+

1

3

(
Mh̄∂−h−Mh∂−h̄

)]
− 1

∂2−

(
∂−h∂−M̄

) [
−1

2

∂∂̄

∂2−

(
∂−h∂−h̄

)
+

1

∂−

(
∂∂̄h∂−h̄

) ]
−hM̄

[
∂̄h∂h̄+

4

3
h∂∂̄h̄+ 4∂−h

∂∂̄

∂−
h̄

]
− 2

1

∂2−

(
∂−h∂−M̄

) [1
2
∂̄h∂h̄+ h∂∂̄h̄− ∂−h

∂∂̄

∂−
h̄

+
1

∂−

(
∂∂̄h∂−h̄

)
− 1

4

∂∂̄

∂2−

(
∂−h∂−h̄

) ]
+2h∂M̄

1

∂−

(
2∂̄h∂−h̄+ h∂−∂̄h̄− ∂−∂̄hh̄) + c.c

}
− 1

∂−

(
2∂̄h∂−M̄ + h∂−∂̄M̄ − ∂−∂̄hM̄

) 1

∂−

(
2∂−h∂h̄+ ∂−∂hh̄− h∂−∂h̄

)
+

{
∂∂̄

∂−
h̄

[
∂2−h

1

∂3−

(
∂−M∂−h̄

)
+

1

3

(
hM̄∂−h− hM∂−h̄

)]
− 1

∂2−

(
∂−h∂−h̄

) [
−1

2

∂∂̄

∂2−

(
∂−M∂−h̄

)
+

1

∂−

(
∂∂̄M∂−h̄

) ]
−hh̄

[
∂̄M∂h̄+

4

3
M∂∂̄h̄+ 4∂−M

∂∂̄

∂−
h̄

]
− 2

1

∂2−

(
∂−h∂−h̄

) [1
2
∂̄M∂h̄+M∂∂̄h̄

−∂−M
∂∂̄

∂−
h̄+

1

∂−

(
∂∂̄M∂−h̄

)
− 1

4

∂∂̄

∂2−

(
∂−M∂−h̄

) ]
+2h∂h̄

1

∂−

(
2∂̄M∂−h̄+M∂−∂̄h̄− ∂−∂̄Mh̄) + c.c

}
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− 1

∂−

(
2∂̄h∂−h̄+ h∂−∂̄h̄− ∂−∂̄hh̄

) 1

∂−

(
2∂−M∂h̄+ ∂−∂Mh̄−M∂−∂h̄

)
+

{
∂∂̄

∂−
h̄

[
∂2−h

1

∂3−

(
∂−h∂−M̄

)
+

1

3

(
hh̄∂−M − hh∂−M̄

)]
− 1

∂2−

(
∂−h∂−h̄

) [
−1

2

∂∂̄

∂2−

(
∂−h∂−M̄

)
+

1

∂−

(
∂∂̄h∂−M̄

) ]
−hh̄

[
∂̄h∂M̄ +

4

3
h∂∂̄M̄ + 4∂−h

∂∂̄

∂−
M̄

]
− 2

1

∂2−

(
∂−h∂−h̄

) [1
2
∂̄h∂M̄ + h∂∂̄M̄

−∂−h
∂∂̄

∂−
M̄ +

1

∂−

(
∂∂̄h∂−M̄

)
− 1

4

∂∂̄

∂2−

(
∂−h∂−M̄

) ]
+2h∂h̄

1

∂−

(
2∂̄h∂−M̄ + h∂−∂̄M̄ − ∂−∂̄hM̄) + c.c

}
− 1

∂−

(
2∂̄h∂−h̄+ h∂−∂̄h̄− ∂−∂̄hh̄

) 1

∂−

(
2∂−h∂M̄ + ∂−∂hM̄ − h∂−∂M̄

)
, (3.10)

with

M = −1

2

1

∂−

{
2 ∂2−h

1

∂3−
(∂−h∂−h̄) + ∂−h

1

∂2−
(∂−h∂−h̄) +

1

3
(hh̄∂−h− hh∂−h̄)

}
, (3.11)

The last 18 lines of (3.10) appear as a consequence of the field redefinition applied to remove

terms with light-cone time derivative ∂+ at the quartic level. As done at order κ2, interaction ver-

tices containing a ∂+ at this order, need to be eliminated using an appropriate field redefinition.

This is achieved by using

h → h+ 2κ4
{

1

∂−

[
2

3
h∂−h̄M − 5

6
∂−hh̄M − 1

2
hh̄∂−M +

1

2
∂−M̄hh+

1

6
M̄h∂−h

−∂2−h
1

∂3−

(
∂−M∂−h̄

)
− ∂2−M

1

∂3−

(
∂−h∂−h̄

)
− ∂2−h

1

∂3−

(
∂−M̄∂−h

)
− ∂−h

(
ψ4 +

ψ2
2

2

)
+
1

3
h∂−[hh̄]

2 + hψ2∂−[hh̄]−
h2

3

(
1

3
∂−[hh̄h̄] + 2ψ2∂−h̄

)
− 2hh̄

3

(
1

3
∂−[hh̄h] + 2ψ2∂−h

)]
−2∂−h

1

∂3−
(∂−M∂−h̄)− 2∂−h

1

∂3−
(∂−h∂−M̄) + ∂−h

1

∂−
(4ψ4 + ψ2

2)−
1

15
(hh̄)2h

−1

2
Mψ2 +

1

2
∂−h

1

∂2−
(M∂−h̄) +

1

2
∂−h

1

∂2−
(M̄∂−h)

}
. (3.12)

Since the ∂+ that occurs in (2.42) appears linearly, it can always be shifted to a higher order.
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3.2 The helicity selection rules and structure of interaction

vertices

We note and emphasize a key interesting finding from (3.10) : all six-point interaction vertices

at order κ4, in light-cone gravity, are of the form h3 h̄3. For example, there is no term of the

form h2 h̄4. In the following, we provide a detailed derivation of helicity structure of interaction

vertices for an arbitrary spin theory and then discuss the case of pure gravity. Specifically, we

explain the findings reported in the previous section, solely using symmetries.

A massless field of integer spin λ has two physical degrees of freedom ϕ and ϕ̄ corresponding

to the + and − helicity states respectively. In the light-cone gauge, Poincaré algebra is realised

on these physical fields as explained in section (2.2). In particular, the algebra is non-linearly

realized in presence of interaction terms. Therefore, we start with an ansatz for the Hamiltonian

variation of the field, work through the Poincaré commutators to deduce the structure of the

interaction vertices in the case of pure gravity [30].

We start with the n−point interaction vertex containing massless fields of spin λ. This would

be at order κn−2 and has the schematic form κn−2 ϕc ϕ̄d (c, d ∈ {0, 1, .., n} and c+ d = n). We

begin with the ansatz

δκ
n−2

H ϕ = κn−2 ∂+
µ0

{
[∂̄α1 ∂β1 ∂+

µ1ϕ] ... [∂̄αc ∂βc ∂+
µcϕ] [∂̄αc+1 ∂βc+1 ∂+

µc+1ϕ̄] ... [∂̄αn−1 ∂βn−1 ∂+
µn−1ϕ̄]

}

where αi, βi, µi are integers to be fixed by the algebra. The commutator [δJ , δH ] yields

n−1∑
i=1

(αi − βi) + (d− c)λ = 0 . (3.13)

Another commutator from appendix C, [δJ+− , δH ] produces the condition

n−1∑
i=0

µi = −1 . (3.14)
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Using (3.14) and dimensional analysis we find (noting that [κ] = [L]λ−1)

n−1∑
i=1

(αi + βi) = 2 + (λ− 2)(c+ d− 2) . (3.15)

The non-negativity of the powers of the transverse derivatives in the Hamiltonian together with

equations (3.13) and (3.15) imply

n−1∑
i=1

αi = (λ− 1)c− d− λ+ 3 ≥ 0 , (3.16)

n−1∑
i=1

βi = (λ− 1)d− c− λ+ 3 ≥ 0 . (3.17)

Now consider the consequences of these inequalities in the simplest case: for spin-1 fields.

λ = 1 implies c , d ≤ 2 from which it follows that n ≤ 4. Thus verifying the known result, that

the Yang-Mills theory action terminates with four-point interaction vertices.

Now we consider the case of gravity with λ = 2. Expressions (3.16) and (3.17) imply that

n−1∑
i=1

αi = c− d+ 1 ≥ 0 , (3.18)

n−1∑
i=1

βi = d− c+ 1 ≥ 0 . (3.19)

For a MHV vertex, d = 2. From (3.18) and (3.19), we see that 1 ≤ c ≤ 3. As c + d = n, it

follows that 3 ≤ n ≤ 5 for a MHV vertex. Exactly as demonstrated in section 2, MHV vertices

arise from the cubic, quartic and quintic interaction vertices. Also, as verified explicitly by our

calculations, the first entirely non-MHV vertices appear in the 6-point result. Using c + d = n

in (3.18) and (3.19) yields

n− 1

2
≤ c , d ≤ n+ 1

2
. (3.20)

This relation allows us to extract information about the general form of even- and odd-point
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vertices. Consider an even point vertex, where n = 2m for some positive integer m. We find

m− 1

2
≤ c , d ≤ m+

1

2
, (3.21)

which implies c = d = m. Thus, the only allowed structure at order 2m is hm h̄m. Now consider

an odd-point vertex, where n = 2m + 1 for some positive integer m. We find

m ≤ c , d ≤ m+ 1 . (3.22)

If c = m, then d = m+1 and consequently, odd-point vertices will have the structure hm h̄m+1.

The other case (c = m + 1) produces the structure hm+1 h̄m. These are the only two allowed

possibilities at odd order. Further, due to the reality of the Lagrangian, both structures appear

together (as complex conjugates of one another).

This clearly demonstrates the fact that MHV terms do not occur beyond the quintic interaction

vertex in light cone gravity. This brings us naturally to the question of how MHV vertices can

occur beyond quintic interaction vertices. In the following section, we demonstrate that this

happens through the idea of MHV Lagrangians [39, 40, 43].

3.3 MHV Lagrangians

In this section, we first motivate the need for a field redefinition to remove the cubic anti-MHV

vertices in both Yang-Mills theories and pure gravity. The resulting Lagrangian after applying

the field redefinition produces MHV interaction vertices. In the light-cone gauge, the Lagrangian

for Yang-Mills theory (2.30) has the following helicity structure

LYM = L+− + L++− + L+−− + L++−− . (3.23)

Feynman diagrams primarily constructed using the first cubic vertex vanish since these corre-

spond to amplitudes involving all ‘plus’ or all but one ‘plus’ helicities [32, 44, 45]. It therefore

makes sense to look for a canonical field redefinition that will map the kinetic term and the L++−

(non-MHV) cubic vertex to a purely kinetic term, ie.

L+− + L++− → L′
+− . (3.24)
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This is achieved through field redefinitions of the form [39, 40]

A ∼ u1B + u2BB + u3BBB + .... ,

Ā ∼ v1 B̃ + v2 B̃B + v3 B̃BB + .... , (3.25)

where A, Ā are + and − helicity Yang-Mills fields and B, B̃ are the new fields. The relations

(3.25) are schematic. The details may be found references [39, 40]. The coefficients un, vn are

functions of momenta and can be worked out, order by order, based on the requirement (3.24). In

the process of eliminating the cubic anti-MHV vertex from (3.23), the terms L+−− and L++−−

generate an infinite series of MHV vertices. The resulting ‘MHV Lagrangian’ has the following

structure

LYM = L′
+− + L′

+−− + L′
++−− + L′

+++−− + L′
++++−− + . . . . (3.26)

The key advantage being that all MHV tree-amplitudes are trivial to read off (by simply taking

the relevant momenta on-shell).

Gravity in light-cone gauge is similar in helicity structure to Yang-Mills theory and therefore the

same idea may be applied there, eliminating the anti-MHV cubic vertex from the Lagrangian in

(2.46). The canonical field redefinitions for h, h̄ in momentum space take the form [37]

h ∼ y1C + y2CC + y3CCC + .... ,

h̄ ∼ z1 C̃ + z2 C̃C + z3 C̃CC + .... , (3.27)

where C, C̃ are the new fields and the coefficients yn, zn are functions of momenta.

Once these field redefinitions are applied to the gravity Lagrangian, exactly like with Yang-Mills

theory, new structures appear. In particular, the redefinitions in (3.27) produce MHV vertices in

the theory. A concrete example, relevant to this discussion is the h → C3 field redefinition ap-

plied to the quintic vertex h3 h̄2. this produces manifestly MHV vertices, C4 C̄2 and its complex

conjugate, at the six-point interaction level. The MHV canonical field redefinition is therefore

the origin of MHV vertices in the theory at higher orders.

Having explained various perturbative aspects of pure gravity, we now generalize the construc-
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tion of interaction vertices to higher derivative theories. These play an important role in effective

field theories and analysis of counter-terms. In [46], one-loop counter terms were studied in the

light-cone gauge. It was shown that terms of type R2 essentially produce vertices proportional

to the free equations of motion and may be removed by a suitable field redefinition (thus all n-

point graviton amplitudes produced by the R2 term vanish as expected [47]). We therefore study

the simplest non-trivial case of a higher derivative theory of gravity corresponding to addition

of terms of the type R3 in the next section.

3.4 Higher derivative theories

The usual approach of gauge-fixing the covariant action turns out to be extremely tedious for the

case of higher derivative theories. We instead build the interaction terms in the Hamiltonian by

requiring closure of Poincaré algebra. Specifically, we construct cubic interaction vertices for

three arbitrary integer spin fields with a coupling constant [α] = Lλ1+λ2+λ3 . We then specialize

the discussion to the case when λ1 = λ2 = λ3 = 2.

The Hamiltonian for the free field theory is

H = −
∫
d3x ϕ̄i ∂∂̄ ϕi =

∫
d3x ∂+ϕ̄i δP−ϕi , (3.28)

with ϕi referring to a field of helicity λi with i ∈ Z+. As discussed in section (2.2), the δP−

operator picks up non-linear corrections, order by order, in the coupling constant α, when inter-

actions are switched on.

In reference [30] cubic interaction vertices between fields, all having helicity λ were constructed

with a coupling constant α having dimensions of Lλ−1.

In this discussion, we consider the two most general - ansatze for cubic interactions (based on

dimensional analysis and helicity counting)

Type-1 : δ
′α
P− ϕ1 = αA∂+µ

[
∂̄a∂c∂+ ρϕ̄2 ∂̄

b∂d∂+σϕ̄3

]
, (3.29)

Type-2 : δ
′′α
P−ϕ1 = αC ∂+µ

[
∂̄a∂c∂+ ρϕ2 ∂̄

b∂d∂+σϕ3

]
, (3.30)
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where µ, ρ, σ, a, b are integers and A and C are numerical factors.

The key departure from [30] for both types of ansatze being that the dimension of the coupling

constant is [α] = Lλ2+λ3+λ1−1. It can be shown that the type-2 vertices at the cubic order,

are proportional to the free equations of motion and can be removed using appropriate field-

redefinitions. We therefore focus on the derivation of type-1 vertices.

We first start with δ′αP−ϕ1 and use the commutation relations and dimensional analysis to find the

unknown parameters. The commutators

[ δJ , δ
′α
P− ]ϕ1 = 0 ,

[ δJ+− , δ
′α
P− ]ϕ1 = −δ′αP−ϕ1 , (3.31)

impose the following conditions on our ansatz

(c+ d)− (a+ b) = λ2 + λ3 + λ1 ,

µ+ ρ+ σ = −1 . (3.32)

Let λ = λ2+λ3+λ1 so the first equation of (3.32) reads (c+d)− (a+ b) = λ. The dimensional

analysis of (3.29) gives us the following relation

(a+ b) + (c+ d) = λ . (3.33)

The addition of first equation in (3.32) and (3.33) results in

c+ d = λ , (3.34)

a+ b = 0 . (3.35)

As a, b, c, d > 0, this implies that a = b = 0. Therefore, mixed derivative terms are not allowed

for type-1 vertices (3.29). As c + d = λ, there are λ + 1 possible values for a pair (c, d). We

rewrite the ansatz (3.29) as a sum of these λ+ 1 terms

δ
′α
P−ϕ1 = α

λ∑
n=0

An∂
+µn

[
∂(λ−n)∂+ ρnϕ̄2 ∂

n∂+σnϕ̄3

]
. (3.36)
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The next commutator [ δJ̄+ , δ
′α
P− ]ϕ1 = 0 gives the following condition

λ∑
n=0

An

{
(λ− n) ∂+µn

[
∂(λ−n−1)∂+(ρn+1)ϕ̄2 ∂

n∂+σnϕ̄3

]
+n ∂+µn

[
∂(λ−n)∂+ ρnϕ̄2 ∂

(n−1)∂+(σn+1)ϕ̄3

]}
= 0 . (3.37)

The above condition is satisfied if the coefficients obey the following recursion relations

An+1 = −(λ− n)

(n+ 1)
An = (−1)n+1

(
λ

n+ 1

)
A0 , (3.38)

ρn+1 = ρn + 1 , σn+1 = σn − 1 , µn+1 = µn . (3.39)

To determine the exact values of ρ, µ, and σ, we need the dynamical commutators [ δJ− , δ
′

P− ]α ϕ1 =

0 and [ δJ̄− , δ
′

P− ]α ϕ1 = 0 . The boost generators J− and J̄− also get corrected when interactions

are turned on and are of the form

δJ−ϕ = −x δ′αP−ϕ+ δαs ϕ , δJ̄−ϕ = −x̄ δ′αP−ϕ+ δαs̄ ϕ . (3.40)

The boost generators are determined if we know the spin parts δαSϕ , δ
α
S̄
ϕ. For type-1 vertices

they are structurally of the form

δαS̄ϕ ∼ ∂λ−1ϕ̄ ϕ̄ , δαS ϕ̄ ∼ ∂̄λ−1ϕϕ . (3.41)

Due to helicity, the transformations δαSϕ and δα
S̄
ϕ̄ do not exist. We now compute [ δJ− , δ′P− ]α ϕ1 =

0 to obtain

λ∑
n=0

An

{
(µn + λ1 + 1)

∂

∂+
∂+µn

[
∂(λ−n)∂+ ρnϕ̄2 ∂

n∂+σnϕ̄3

]
+(ρn + λ2) ∂

+µn
[
∂(λ−n+1)∂+(ρn−1)ϕ̄2 ∂

n∂+σnϕ̄3

]
+(σn + λ3) ∂

+µn
[
∂(λ−n)∂+ ρnϕ̄2 ∂

(n+1)∂+(σn−1)ϕ̄3

]}
= 0 . (3.42)

The solution of the above recursion relation for ρ, σ and µ subject to the boundary conditions

σn=λ = −λ3 , ρn=0 = −λ2 is

ρn = n− λ2 , σn = λ− λ3 − n , µn = −1− λ1 . (3.43)
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Plugging the values of ρ, σ and µ in our ansatz, we find

δ
′α
p−ϕ1 =

λ∑
n=0

(−1)n
(
λ

n

)
∂+(−1−λ1)

[
∂(λ−n) ∂+(n−λ2) ϕ̄2 ∂

n ∂+(λ−λ3−n) ϕ̄3

]
. (3.44)

Since

H =

∫
d3x ∂+ϕ̄1 δ

′α
p−ϕ1 , (3.45)

the interaction Hamiltonian is

Hα = α

∫
d3x

λ∑
n=0

(−1)n
(
λ

n

)
1

∂+λ1
ϕ̄1

[
∂(λ−n) ∂+(n−λ2) ϕ̄2 ∂

n ∂+(λ−λ3−n) ϕ̄3

]
+ c.c. .(3.46)

As is well known, for odd λ, non-trivial cubic vertices require the introduction of an antisym-

metric structure constant fabc. For obtaining interaction vertices corresponding to terms of type

R3, we simply substitute λi = 2, λ = 6 and ϕi = h, ϕ̄i = h̄ in the above expression

HG = α

∫
d3x

6∑
n=0

(−1)n
(
λ

n

)
1

∂+2
h̄
[
∂(6−n) ∂+(n−2) h̄ ∂n ∂+(4−n) h̄

]
+ c.c. . (3.47)

Amplitude structures

In momentum space, the cubic vertices (3.46) (without the complex conjugate part) have the

following structure (with measure and constants suppressed)

H ∼
λ∑
n=0

(−1)n
(
λ

n

)
1

p+λ1

[
k(λ−n) k+(n−λ2) ln l+(λ−λ3−n)

]
ϕ̄1(p) ϕ̄2(k) ϕ̄3(l) ,

=
k+(λ1+λ3) l+(λ1+λ2)

p+λ1

λ∑
n=0

(−1)n
(
λ

n

) [(
k

k+

)(λ−n) (
l

l+

)n
]
ϕ̄1(p) ϕ̄2(k) ϕ̄3(l) ,

=
(kl+ − lk+)

λ

p+λ1 k+λ2 l+λ3
ϕ̄1(p) ϕ̄2(k) ϕ̄3(l) . (3.48)

35



In terms of spinor helicity variables [31], the vertex reads

V α(p, k, l) =
1√
2λ

⟨pk⟩λ1+λ2−λ3 ⟨kl⟩λ2+λ3−λ1 ⟨lp⟩λ3+λ1−λ2 + c.c. . (3.49)

Consider λi = 1 which correspond to the vertices from terms of type F 3. We get

VYM(p, k, l) =
1√
23

⟨pk⟩ ⟨kl⟩ ⟨lp⟩+ c.c. . (3.50)

With λi = 2, the vertices (3.49) read

VG(p, k, l) =
1√
26

⟨pk⟩2 ⟨kl⟩2 ⟨lp⟩2 + c.c. , (3.51)

confirming the KLT relations in higher derivative theories. This is consistent with the general

result for three-point amplitudes derived in [44, 49] using S-matrix arguments, and little group

scaling and in [50, 51] using a Fock-space approach. We explain in appendix A how a class of

higher-point tree level amplitudes can be constructed starting from the seed amplitudes (3.50)

and (3.51).

Comments on n-point interaction vertices in higher derivative theories

In this section, we first deduce the structure of interaction vertices at higher orders purely from

dimensional and kinematical constraints and then prove that only those n-point vertices can be

uniquely fixed by the Poincaré algebra which contain purely one type of transverse derivatives .

We work here with a special class of higher derivative theories where λi = λ, and work out

the structure of interaction vertices at higher orders purely from symmetry constraints. In a

perturbative expansion, the dimension of the coupling for a n-point interaction vertex is

[αn−2] = 3λ− 1 + (n− 3)(λ− 1) . (3.52)

where α is the 3-point coupling. The n-point Hamiltonian is of the form ϕp ϕ̄q. We start with
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the ansatz

δα
n−2

P− ϕ = αn−2 ∂+
µ0

{
[∂̄a1 ∂c1 ∂+

µ1ϕ] [ ∂̄a2 ∂c2 ∂+
µ2ϕ] ........ [∂̄ap ∂cp ∂+

µpϕ]

[∂̄ap+1 ∂cp+1 ∂+
µp+1ϕ̄] ....... [∂̄an−1 ∂cn−1 ∂+

µn−1ϕ̄]

}
,

where p+q = n and the ai, ci are non-negative integers and the µi are integers. The commutator

[δJ , δP− ] yields

n−1∑
i=1

(ai − ci) = (p− q)λ . (3.53)

Using the commutator [δJ+− , δP− ] gives
∑n−1

i=0 µi = −1. Dimensional analysis gives the follow-

ing constraint

n−1∑
i=1

(ai + ci) = 6 + (λ− 2)(p+ q) . (3.54)

Using (3.53), (3.54) and the non-negativity of powers of transverse derivatives we obtain

n−1∑
i=1

ai = (λ− 1)p− q + 3 ≥ 0 , (3.55)

n−1∑
i=1

ci = (λ− 1)q − p+ 3 ≥ 0 . (3.56)

For λ = 1, we get p, q ≤ 3. At cubic order, note that the (p = 3, q = 0) AAA structure and

(p = 0, q = 3) Ā Ā Ā structure follow from this. At the next order, two new structures A3 Ā and

Ā3A are allowed as compared to the usual Yang-Mills quartic vertices.

We then consider λ = 2, and use q = n− p in (3.55) and (3.56)

n− 3

2
≤ p ≤ n+ 3

2
. (3.57)

The interaction vertex may be odd or even. For an odd point vertex, n = 2m + 1 where m is a
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positive integer. This gives

m− 1 ≤ p ≤ m+ 2 . (3.58)

Thus, for a cubic vertex where m = 1, (3.58) allows helicity structures hhh and h̄ h̄ h̄.

For an even point vertex n = 2m we get

m− 3

2
≤ p ≤ m+

3

2
. (3.59)

Since p is an integer, the condition (3.59) is

m− 1 ≤ p ≤ m+ 1 . (3.60)

For a quartic vertex where m = 2, (3.60) allows terms of helicity structure h h̄3 and h̄ h3. Thus,

higher derivative operators produce new helicity configurations at each order. For n = 6, in

addition to terms of type h3 h̄3, vertices of type h2 h̄4 and h̄2 h4 appear.

We now prove that: all n- point vertices containing purely one type of transverse derivatives can

be uniquely fixed by the Poincaré algebra.

We start with an ansatz for the n-point interaction vertex (3.53) and plug ai = 0. It reads

δα
n−2

P− ϕ = αn−2 ∂+
µ0

{
[ ∂c1 ∂+

µ1ϕ] [ ∂c2 ∂+
µ2ϕ] ........ [ ∂cp ∂+

µpϕ]

[ ∂cp+1 ∂+
µp+1ϕ̄] ....... [ ∂cn−1 ∂+

µn−1ϕ̄]

}
,

Consistency with the helicity generator j requires

n−1∑
i=1

ci = (q − p)λ (3.61)

The commutator with the generators J+− , J̄ + determines the vertex upto the powers of ∂+s.

The exact powers of ∂+s are fixed by the dynamical generators. We argue that the spin transfor-
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mation appearing in the dynamical generator J − at this order is trivial and hence can be used to

uniquely determine the vertex.

The number of transverse derivatives in the spin transformation δα
n−2

S ϕ ∼ αn−2 ϕ1......ϕ̄n−1

(derivatives suppressed) must be one less than that in δα
n−2

P− ϕ due to its dimensionality. The

dynamical generator J − has helicity +1. In order for the spin transformation δαn−2

S ϕ to have

helicity +1, the number of transverse derivatives in it must be one greater than that in δαn−2

P− ϕ.

This proves that the spin transformation δαn−2

S ϕ cannot be consistent with the helicity and di-

mensionality simultaneously and hence must vanish. This allows us to uniquely determine the

vertex. Therefore, all n- point vertices containing purely one type of transverse derivatives can

be uniquely fixed by the Poincaré algebra. In the case of vertices containing both kinds of

transverse derivatives, the spin transformations appearing in both J− and J̄− are non-trivial.

Therefore, these cannot be fixed uniquely by Poincaré algebra.

We emphasise here that, in our approach, one only needs to feed the dimension of the cou-

pling constant and the helicity of the interacting fields to construct the vertices by closure of

Poincaré algebra. However, this approach when applied to quartic and higher-point vertices is

met with many limitations. In the subsequent sections, we study maximally supersymmetric

theories of gravity which display large symmetries in the form of exceptional groups in four and

five-dimensions. We explain how these exceptional symmetries are useful in constraining the

perturbation series of these theories.
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Chapter 4

Aspects of supergravity in light-cone gauge

In this chapter, we begin by introducing the space-time symmetries that include fermionic gen-

erators, forming the superPoincaré algebras. We discuss and review various aspects of the maxi-

mally supersymmetric theory of gravity in four-dimensions. Specifically, we explain the formu-

lation of this theory and its symmetries in light-cone superspace.

4.1 Graded Lie algebras

The Coleman-Mandula theorem provides a powerful constraint on the possible continuous sym-

metries of the S–matrix in an interacting relativistic quantum field theory. Under certain physical

assumptions, the theorem shows that all symmetries generated by ordinary bosonic operators

must factorize into the direct product of the Poincaré group and an internal symmetry group

generated by Lorentz scalars [52]. Any attempt to introduce additional bosonic symmetry gen-

erators carrying non-trivial Lorentz quantum numbers leads to excessively strong constraints on

scattering amplitudes and forces the S–matrix to become trivial.

Supersymmetry evades this restriction by extending the concept of symmetry beyond ordinary

Lie algebras to graded algebras containing fermionic generators. These graded Lie algebras

contain both commutation and anti-commutation relations based on the nature of the generators.

In this way, supersymmetry provides a consistent and nontrivial extension of space-time sym-

metries compatible with an interacting S-matrix.

We introduce the matrices σµαα̇ and σ̄µ α̇α, which provide the map between vector and spinor

indices in four-dimensional Minkowski space. The spinor indices are raised and lowered using

the anti-symmetric Levi-Civita symbols ϵαβ and ϵα̇β̇ . They are defined by

σµαα̇ = (1, σ⃗), σ̄µ α̇α = (1, −σ⃗), (4.1)
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where σ⃗ are the Pauli matrices. Using these, one defines the antisymmetric matrices σµν , which

generate Lorentz transformations in the (1
2
, 0) spinor representation, as

(σµν)α
β =

1

4
(σµσ̄ν − σν σ̄µ)α

β. (4.2)

Similarly, the matrices σ̄µν generate Lorentz transformations in the (0, 1
2
) representation and are

given by

(σ̄µν)
α̇
β̇ =

1

4
(σ̄µσν − σ̄νσµ)

α̇
β̇. (4.3)

We introduce the generators Qα and Q̄α̇ which transform in the (1
2
, 0) and (0, 1

2
) representations

of the Lorentz group

[ Jµν , Qα ] = i (σµν)α
β Qβ, (4.4)

[ Jµν , Q̄
α̇ ] = i (σ̄µν)

α̇
β̇ Q̄

β̇. (4.5)

These anti-commute to produce the translation generators Pµ

{Qα , Q̄α̇ } = 2σµαα̇ Pµ . (4.6)

The supercharges Qα and Q̄α̇ commute with the translations Pµ

[Qα , Pµ ] = 0 ,

[ Q̄α̇ , Pµ ] = 0 . (4.7)

The above (anti-) commutation relations together with the Poincaré algebra form the super-

Poincaré algebra. It is straightforward to write this algebra in the case of extended super-

symmetry. In such a case, the supercharges have an extra index and are denoted as Qm
α with

m = 1, 2, ..N . These contain an additional symmetry corresponding to the rotation of super-

charges termed as R-symmetry. Schematically we have

[R,Qα] = iQα, [R, Q̄α̇] = −i Q̄α̇. (4.8)
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N = 4 superYang-Mills theory

In a supersymmetric theory, the number of bosonic states is equal to the fermionic states and

they are related by the action of the supercharges. Since a supercharge squares to zero, one can

then count the total number of bosonic and fermionic degrees of freedom. Once, the highest

spin is fixed, the maximal possible number of supersymmetry charges also get fixed. In the

case of spin-1, this corresponds to the N = 4 supersymmetric Yang-Mills theory with 16 real

supercharges. These 16 supercharges transform under the SU(4) R-symmetry of the theory.

The supermultiplet is summarized below :

Helicity +1 +1
2

0 −1
2

−1

Field content A χm ϕmn χ̄m Ā

Multiplicity 1 4 6 4 1

SU(4)R rep. 1 4 6 4̄ 1

Table 4.1: On-shell supermultiplet of N = 4 super Yang–Mills theory, organized by helicity.

This is an interesting theory and serves as a theoretical laboratory for the study of symmetries

and scattering amplitudes. The first all-orders proof of ultraviolet finiteness was provided using

light-cone superspace formulation of this theory. Given the interesting relations shared by Yang-

Mills theory and gravity, one would like to understand what this formulation may teach us about

the ultraviolet properties of maximally supersymmetric theory of gravity in four-dimensions.

Below, we first give a brief introduction of this theory and then discuss in detail, its formulation

in light-cone superspace, particularly the action and its symmetries.

4.2 Maximal supergravity

The N = 1 supergravity in eleven-dimensions produces maximally supersymmetric theories of

gravity in lower dimensions [11–13]. This theory is also the low energy limit of M-theory [55,

56]. The degrees of freedom in this theory are governed by the little group SO(9). They include

the 128 bosonic degrees of freedom spanned by the metric GMN which transforms as the 44

(the symmetric traceless tensor) and the three-form field AMNP which transforms as the 84 of

SO(9). The 128 fermionic degrees of freedom are captured by the Rarita-Schwinger field ψMα

where the index M is the SO(9) index and α is the spinor-index.
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A striking and unique feature of maximal supergravity theories is the emergence of enhanced

global symmetries in the form of exceptional groups in three, four and five-dimensions. While

a part of these symmetries can be traced to the original eleven-dimensional theory, much of

it is relegated to the bucket of hidden symmetries. We summarize the global symmetries in

supergravity in the chart below:

11D
Supergravity

d = 7 theory with SL(5,R) symmetry
R− symmetry : SO(5)

d = 6 theory with SO(5, 5) symmetry
R− symmetry : SO(5)× SO(5)

d = 5 theory with E6(6) symmetry
R− symmetry : USp(8)

d = 4 theory with E7(7) symmetry
R− symmetry : SU(8)

d = 3 theory with E8(8) symmetry
R− symmetry : SO(16)

T 4

T 1

T 1

T 1

T 1

Figure 4.1: Chart of Global symmetries
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4.3 Exceptional groups

The finite-dimensional simple Lie algebras are completely classified by their Dynkin diagrams

into four infinite classical families, An, Bn, Cn, and Dn, together with exactly five exceptional

algebras, namelyG2, F4, E6, E7, andE8. While the classical series exist for arbitrary rank n, the

exceptional algebras occur only at fixed ranks. In this section, we briefly introduce some aspects

of the exceptional E-type algebras, which play an important role in maximal supergravity. The

model in (11−n) dimensions exhibits a globalEn(n) symmetry. The associated Dynkin diagrams

starting from E8 on the left are shown below (for n ≤ 5, the exceptional groups degenerate into

the classical ones)

; ; ;

Figure 4.2: Dynkin diagrams of E8,E7, E6 and D5

E6(6) algebra

The exceptional group E6 is a simple Lie group of rank six with 78 generators. In the context

of maximal supergravity in five-dimensions, the non-compact version of E6 denoted as E6(6)

appears as a symmetry. This group has 36 compact generators corresponding to the unitary

symplectic group USp(8) and 42 non-compact generators [57]. The difference between the

non-compact and compact generators is indicated in the bracket. The USp(8) group is a set of

unitary matrices that also preserve an anti-symmetric symplectic form which we denote as Cmn.

The symplectic invariant satisfies CmnCnp = −δmp .

The fundamental representation of E6 is 27 dimensional spanned by zmn satisfying zmn =

−znm = (zmn)
∗ and Cmn zmn = 0. Under an infinitesimal E6 transformation we get

δzmn = Λp[m zn]p + Σmnpq z
pq (4.9)

where Λpm correspond to 36 USp(8) parameters and Σmnpq correspond to the 42 remaining

parameters. The Σmnpq is a completely anti-symmetric traceless tensor satisfying Σmnpq =

(Σmnpq)∗. Corresponding relations are true for the 27 representation.
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E7(7) algebra

The exceptional group E7 is a simple Lie group of rank seven with 133 generators. In the con-

text of maximal supergravity in four dimensions, the relevant non-compact form is E7(7), whose

maximal compact subgroup is SU(8) [58]. Accordingly, the algebra of E7(7) decomposes into

63 compact generators corresponding to SU(8) and 70 non-compact generators. The difference

between compact and non-compact generators is again indicated by the signature in the brackets.

The fundamental representation of E7 is 56-dimensional and can be described in terms of anti-

symmetric tensors xAB and x̄AB, where A,B = 1, . . . , 8 are SU(8) indices. Under an infinites-

imal E7 transformation, we find

δxAB = ΛA
C xCB + ΛB

C xAC + ΣABCD x̄
CD, (4.10)

δx̄AB = Λ̄AC x̄
CB + Λ̄BC x̄

AC + Σ
ABCD

xCD. (4.11)

Here ΛA
B are the 63 parameters of SU(8), while ΣABCD is totally antisymmetric tensor satis-

fying

ΣABCD =
1

2
εABCDEFGH Σ

EFGH
,

capturing the remaining 70 parameters

Other exceptional groups

E8 is the largest exceptional group having a rank 8 with its Lie algebra containing 248 gener-

ators. In the context of maximal supergravity in three-dimensions, the relevant group is E8(8).

The algebra comprises of 120 compact generators corresponding to its maximal compact subal-

gebra SO(16) and 128 non-compact generators which transform in the spinor-representation of

SO(16). We shall describe the Lie algebra of E8(8) and discuss some features in chapter 7.

Other exceptional groups include G2 and F4. Although, very interesting, these are outside the

scope of this thesis.
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4.4 (N = 8, d = 4) supergravity in light-cone superspace

When the eleven-dimensional supergravity is reduced to four-dimensions, it produces the N = 8

supergravity. This theory has a R-symmetry given by SU(8). The 256 degrees of freedom are

comprised of two gravitons of helicity ±2, 28 gauge fields and their conjugates with helicity ±1,

70 scalars, 8 gravitinos each with helicity ±3
2

and 56 gauginos each with helicity ±1
2
.

It is useful to work with the superspace formalism to describe the dynamics of supersymmet-

ric field theories. In superspace, one extends the usual Minkowski space-time with Grassmann

coordinates which anti-commute and square to zero. The fields then depend on these extended

coordinates and are called superfields. A superfield elegantly capture all the components of a

supermultiplet. We shall work here with the light-cone superspace formalism.

In light-cone superspace, in addition to the usual space-time coordinates, we have the anti-

commuting coordinates (Grassmann variables) θm and θ̄m (m = 1, 2, ...8) which transform as

the 8 and 8̄ of SU(8).

All physical degrees of freedom of the N = 8 theory are written in terms of a single complex

superfield [59]

ϕ ( y ) =
1

∂+2 h (y) + i θm
1

∂+2 ψ̄m (y) +
i

2
θm θn

1

∂+
Āmn (y) ,

− 1

3!
θm θn θp

1

∂+
χ̄mnp (y) − 1

4!
θm θn θp θq D̄mnpq (y) ,

+
i

5!
θm θn θp θq θr ϵmnpqrstu χ

stu (y) ,

+
i

6!
θm θn θp θq θr θs ϵmnpqrstu ∂

+Atu (y) ,

+
1

7!
θm θn θp θq θr θs θt ϵmnpqrstu ∂

+ ψu (y) ,

+
4

8!
θm θn θp θq θr θs θt θu ϵmnpqrstu ∂

+2
h̄ (y) .

(4.12)

with y = (x+, x− − i√
2
θmθ̄m, x, x̄). We note that the superfield described above depends ex-

plictly on θm and implicitly on θ̄m. This ensures that the superfield is an irreducible represen-

tation of the superPoincaré algebra and contains the correct degrees of freedom. This condition

can be described in terms of the superspace covariant derivatives dm and d̄m which are defined
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as

dm = − ∂

∂θ̄m
− i√

2
θm∂+ ; d̄m =

∂

∂θm
+

i√
2
θ̄m∂

+. (4.13)

The superfield ϕ and its complex conjugate ϕ̄ then satisfy the chirality constraints

dm ϕ = 0 ; d̄m ϕ̄ = 0 , (4.14)

We note another key feature that ϕ(y) contains all the 256 degrees of freedom of the theory.

Therefore ϕ̄ must be related to ϕ. This is a consequence of ‘maximal’ supersymmetry. This is

captured by the “inside-out" constraints

d̄m d̄n d̄p d̄q ϕ =
1

2
ϵmnpqrstu d

r ds dt du ϕ̄ . (4.15)

The light-cone superPoincaré algebra

On the light-cone, the SuperPoincaré algebra splits up into generators that are independent of

interactions/dynamics and those which deform in presence of interactions. Like the Poincaré

algebra generators, the supercharges Qα and Q̄α̇ can be written in terms of kinematical and

dynamical parts. The kinematical supersymmetries are given by

qm = − ∂

∂θ̄m
+

i√
2
θm ∂+ ; q̄m =

∂

∂θm
− i√

2
θ̄m ∂

+ , (4.16)

which satisfy

{ qm , q̄n } = i
√
2 δmn ∂

+ . (4.17)

These anti-commute with the chiral derivatives

{ qm , d̄n } = { dm , q̄n } = 0 , (4.18)

At the light-cone time x+ = 0, we have the three momenta

p+ = −i ∂+ ; p = −i ∂ ; p̄ = −i ∂̄ , (4.19)
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the transverse space rotations

j = x ∂̄ − x̄ ∂ + S12 , (4.20)

where

S12 =
1

4i
√
2∂+

(qj q̄j − q̄jq
j). (4.21)

and the “plus-rotations"

j+ = i x ∂+ ; j̄+ = i x̄ ∂+ , (4.22)

j+− = i x− ∂+ − i

2
( θm

∂

∂θ̄m
+ θ̄m

∂

∂θm
) . (4.23)

The dynamical generators include the light-cone Hamiltonian

p− = −i∂∂̄
∂+

(4.24)

and the boosts

j− = i x
∂∂̄

∂+
− i x− ∂ + i

(
θm

∂

∂θm
+

i

4
√
2 ∂+

( dm d̄m − d̄m d
m )

) ∂

∂+
,

j̄− = i x̄
∂∂̄

∂+
− i x− ∂̄ + i

(
θ̄m

∂

∂θ̄m
+

i

4
√
2 ∂+

( dm d̄m − d̄m d
m )

) ∂̄

∂+
. (4.25)

while the commutator of the dynamical supersymmetries qm− and q̄−m close on p− whose ex-

pressions are given by

Qm ≡ i [ j̄− , qm ] =
∂̄

∂+
qm ,

Q̄n ≡ i [ j− , q̄n ] =
∂

∂+
q̄n .

(4.26)

The Lagrangian

We now describe the action for the N = 8 supergravity theory to order κ (the gravitational

coupling constant)
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∫
d4x

∫
d8θ d8θ̄L ≡

∫
L , (4.27)

where

L = −ϕ̄ □
∂+4

ϕ− 2κ
1

∂+2
ϕ̄ ∂̄ ϕ ∂̄ ϕ+ c.c.,

with Grassmann integration normalized such that
∫
d8θ (θ)8 = 1.

The action was first derived in the ref [59] using closure of superPoincar e algebra and then

simplified using numerous partial integrations and use of inside-out relations in ref. [35]. We

expect to be able to find such simple forms at higher orders. In fact, one can prove interesting

magic identities in superspace, which we explain in appendix.

If one puts all fields except the gravitons to zero and performs the Grassmann integration, it is

straightforward to show that one recovers the cubic vertices (2.46) of pure gravity. Apart from

the space-time symmetry, one finds that it is possible to extend the R-symmetry SU(8) to a

larger symmetry E7(7). We describe below the light-cone form of the generators of this symme-

try.

4.4.1 Exceptional symmetry in d = 4

The action (4.27) displays a global E7(7) symmetry. The Lie algebra of this symmetry can be

decomposed in to: those generators which correspond to its maximal compact subgroup SU(8)

δSU(8)ϕ = ωji
1

i
√
2 ∂+

(qi q̄j −
1

8
δij q

kq̄k)ϕ , (4.28)
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where the ωji (i, j = 1, . . . , 8) capture the 63 parameters of SU(8) and those that correspond to

the non-linear coset space E7(7)/SU(8) given by

δE7(7)/SU(8)ϕ = −2

κ
θklmnΞklmn (4.29)

+
κ

4!
Ξklmn

1

∂+2

(
d̄klmn

1

∂+
ϕ ∂+3ϕ− 4 d̄klm ϕ d̄n ∂

+2ϕ+ 3 d̄kl ∂
+ϕ d̄mn ∂

+ϕ

)
,

where the Ξklmn is the rank four antisymmetric tensor of SU(8)) which corresponds to the 70

parameters and satisfies Ξklmn = 1
2
ϵklmnpqrs Ξpqrs. These generators satisfy the algebra

[ δsu(8) , δsu(8) ]ϕ = δsu(8) ϕ, [ δsu(8) , δE7(7)/SU(8) ] = δE7(7)/SU(8) ϕ,

[ δE7(7)/SU(8) , δE7(7)/SU(8) ] = δsu(8) ϕ. (4.30)

Invariance of the four-dimensional theory under both the superPoincaré symmetry and this ex-

ceptional symmetry was shown, in this language, in [60].

While, several efforts have been made to build the quartic interaction vertices in light-cone

superspace [35, 61, 62], the expressions derived are very lengthy and cumbersome (some of

them include about hundreds of terms) rendering them unsuitable for use in explicit calculations.

However, we explain in the next chapter how a compact expression for these quartic vertices may

be arrived at.

51





Chapter 5

An ‘exceptional’ bootstrap in d = 4

(The material presented in this chapter is primarily based on the work done by the author

in [63])

In this chapter, we explain how one may exploit the non-linear form of the E7(7) symmetry

in light-cone superspace to derive quartic and higher-point interaction vertices in the theory.

We demonstrate that the equations satisfied by these vertices are analogous to inhomogeneous

differential equations. Invariance of these vertices under various symmetries is checked and

specific forms are derived.

5.1 Leveraging exceptional symmetries

Symmetry transformations are realized non-linearly in terms of the physical variables in the

light-cone approach. This non-linearity is used as a tool to build interacting theories. A simple

example is that of using Poincare invariance which is not manifest in this formalism to derive

cubic interaction vertices. As demonstrated in section 3, this approach suffers from many chal-

lenges when applied to quartic and higher-point vertices, one of them being the non-uniqueness.

We describe in this section, a new way of building interacting theories making use of the excep-

tional symmetry.

We saw in eqn (4.29) that the E7(7) symmetry is represented as series in the coupling constant

κ with only the odd powers. An immediate and interesting consequence of this is that, demand-

ing invariance of the Hamiltonian under this symmetry relates higher odd (even) point vertices

to lower odd (even) point vertices as described in the figure (5.1) below. This suggests that

the role of the dynamical generators in the usual light-cone procedure is played instead by the

exceptional symmetry. Schematically we have
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kinetic cubic

quartic quintic

6-point 7-point

Figure 5.1: The red-arrows indicate the usual light-cone approach to deriving interaction vertices using
dynamical generators while the black arrows indicate the alternate path, using the non-linearly realized
exceptional symmetries

It is interesting to note that in the case of maximal supergravity in three-dimensions, only even-

point vertices exist and there are no odd-point vertices. This is because the dynamical fields in

the theory under the R-symmetry, transform in the spinor-representation of SO(16) and it is not

possible to construct a scalar out of three such fields. Thus, the two approaches are equivalent

in that case.

We now describe the method for a maximal supergravity theoy in d-dimensions. We start by

demanding invariance of the supergravity Hamiltonian under the exceptional symmetry group

in d-dimensions. This produces the following equation

δ1/κ(V4) = −δκ(V2), (5.1)

where V4 is the unknown quartic vertex while V2 is the kinetic term in the Hamiltonian. Since

the order 1
κ

transformations map the superfield to a constant, we can decompose V4 as the sum

of a homogeneous piece and an inhomogeneous piece

V4 = V ′
4 + V ′′

4 , (5.2)

such that

δ1/κV ′
4 = 0 ; δ1/κ(V ′′

4 ) = −δκ(V2) , (5.3)
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with the boundary condition

V4|{all fields except graviton set to zero} = M4 , (5.4)

where M4 is the quartic interaction vertex for pure gravity in the light-cone gauge [34, 35].

Note that any quartic vertex with a spacetime derivative on each superfield will satisfy the re-

lation (5.3) (since the order 1
κ

maps a superfield to a constant). Therefore, we find that the

homogeneous piece V ′
4 cannot be fixed by the exceptional symmetry.

Instead, we first find the inhomogeneous piece V ′′
4 using the exceptional symmetry. The next step

is to then then require invariance of the full quartic interaction vertex V4 under the kinematical

generators of the Lorentz algebra. This is used to derive the V ′
4. It then automatically guarantees

that the resulting vertex V4 satisfies (5.1) since V ′
4 and V ′′

4 satisfy (5.3). We apply this method to

the four-dimensional theory below.

5.1.1 Four dimensions

In four-dimensions, we first find the inhomogeneous quartic pieces V ′′
4 using E7(7). The Hamil-

tonian of the d = 4 theory is

H =

∫
d3x d8θ d8θ̄

[
2 ϕ̄

∂∂̄

∂+4
ϕ + 2κ

(
1

∂+2 ϕ̄ ∂̄ ϕ ∂̄ ϕ+ c.c.

)]
. (5.5)

We use the generators of E7(7) presented in equation (4.29).

Varying ϕ in the kinetic term of (5.5) with respect to the non-linear E7(7) symmetry yields a

contribution at order κ (since the order 1
κ

variation vanishes)

2
κ

4!
Ξklmn

∂∂̄

∂+6
ϕ̄

(
1

∂+
ϕ d̄klmn∂

+3ϕ+ 4 ϕ d̄klmn ∂
+2ϕ+ 3 ∂+ϕ d̄klmn ∂

+ϕ

)
, (5.6)

which is obtained after performing some partial integrations (the measures and integrals are
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suppressed). This can be simplified to

2
κ

4!
Ξklmn

(
2
∂∂̄

∂+4
ϕ̄

1

∂+
ϕ d̄klmn∂

+ϕ (5.7)

− ∂∂̄

∂+6
ϕ̄

1

∂+
ϕ d̄klmn∂

+3ϕ +
∂∂̄

∂+6
ϕ̄ ∂+ϕ d̄klmn ∂

+ϕ

)
.

When we vary the superfield ϕ̄ in the kinetic term of (5.5), we obtain the complex conjugate of

the above contribution. The inhomogeneous part V ′′
4 is then given by

V ′′
4 = +

1

4!
κ2
[
2
∂∂̄

∂+4
ϕ̄

1

∂+
ϕ d̄klmn∂

+ϕ (5.8)

− ∂∂̄

∂+6
ϕ̄

(
1

∂+
ϕ d̄klmn∂

+3ϕ − ∂+ϕ d̄klmn ∂
+ϕ

)]
dklmn ϕ̄ + c.c. .

It is quite straightforward to verify that this result is consistent with the kinematical generators

j, j+−. It is equally easy to verify that the expression (5.8) is not invariant under the remaining

kinematical generators, j+, j̄+. We ask for invariance of (5.8) under the remaining kinematic

generators to find the homogeneous part of V4 . This produces V ′
4 and and results in a quartic

interaction vertex

V4 = +
1

4!
κ2
[
2
∂∂̄

∂+4
ϕ̄

1

∂+
ϕ d̄klmn∂

+ϕ (5.9)

− ∂∂̄

∂+6
ϕ̄

(
1

∂+
ϕ d̄klmn∂

+3ϕ − ∂+ϕ d̄klmn ∂
+ϕ

)]
dklmn ϕ̄

− 1

4!
κ2
[
2

∂

∂+3
ϕ̄

1

∂+
ϕ d̄klmn∂

+ϕ

− ∂

∂+5
ϕ̄

(
1

∂+
ϕ d̄klmn∂

+3ϕ − ∂+ϕ d̄klmn ∂
+ϕ

)]
∂̄

∂+
dklmn ϕ̄

− 1

4!
κ2
[
2

∂̄

∂+3
ϕ̄

1

∂+
ϕ d̄klmn∂

+ϕ

− ∂̄

∂+5
ϕ̄

(
1

∂+
ϕ d̄klmn∂

+3ϕ − ∂+ϕ d̄klmn ∂
+ϕ

)]
∂

∂+
dklmn ϕ̄

+
1

4!
κ2
[
2

1

∂+2
ϕ̄

1

∂+
ϕ d̄klmn∂

+ϕ

− 1

∂+4
ϕ̄

(
1

∂+
ϕ d̄klmn∂

+3ϕ − ∂+ϕ d̄klmn ∂
+ϕ

)]
∂∂̄

∂+2
dklmn ϕ̄ + c.c. ,
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which is consistent with the exceptional symmetryE7(7) and all the kinematical generators of the

Poincaré group. The vertex is a sum of homogeneous and inhomogeneous pieces as explained

earlier. While deriving interaction vertices in the light-cone gauge, one first uses kinematical

generators to fixes the overall form of the vertices. The dynamical generators are then used to

fix the exact ∂+ structure. But as we saw, here the ∂+ structure is inherited and fixed from the

kinetic term due to the exceptional symmetry thus suggesting that the vertex (5.9) is consistent

with the dynamical generators. Finally, to the point of whether there could be additional ho-

mogeneous terms, which do not mix with the above terms, the boundary condition (5.4) would

serve as a check.

One can now in principle find the dynamical boost generators to order κ2 using the quartic

Hamiltonian. To ensure that no Lorentz anomalies appear in the quantum theory, one can ex-

plictly check that the interaction pieces of the boost transformations do not contribute to any

Jacobian, so that the path integral measure remains Lorentz invariant.

We can also determine the inhomogeneous part of the quintic vertices [36], using this procedure

starting from the cubic vertices in (5.5). The order 1
κ

variation of the cubic vertices vanishes so

the order κ variation must be cancelled by the order 1
κ

variation of the inhomogeneous quintic

vertex. Accordingly, we find

V ′′
5 = −2

κ3

4!

{ 4∑
n=0

(
4

n

)
∂̄

∂+2

[
1

∂+2
ϕ̄ ∂̄ d̄nϕ

]
1

∂+
ϕ ∂+3 d̄ 4−nϕ (5.10)

+

(
2

3∑
n=0

(
3

n

)
∂̄

[
1

∂+2
ϕ̄ ∂̄ d̄nϕ

]
1

∂+
ϕ ∂+ d̄ 4−nϕ

− 2
∂̄

∂+2

[
1

∂+2
ϕ̄ ∂̄ d̄nϕ

] [
∂+ϕ ∂+ d̄ 4−nϕ +

1

∂+
ϕ ∂+3 d̄ 4−nϕ

])
+ 3

∂̄

∂+2

[
1

∂+2
ϕ̄ ∂̄ ϕ

]
d̄ij ∂

+ ϕ d̄kl ∂
+ ϕ

}
dijkl ϕ̄

+
κ3

4!

[
2

1

∂+2
( ∂ ϕ̄ ∂ ϕ̄ )

1

∂+
ϕ d̄klmn∂

+ϕ

− 1

∂+4
(∂ ϕ̄ ∂ ϕ̄)

(
1

∂+
ϕ d̄klmn∂

+3ϕ − ∂+ϕ d̄klmn ∂
+ϕ

)]
dklmn ϕ̄ + c.c. .

In principle, repeat the same procedure as described for the quartic vertex to determine the ho-

mogeneous pieces of quintic vertices using the kinematical symmetries. We stress that deriving

57



six-point and higher vertices [41, 42] would need expressions for the coset transformations to

order κ3).

While working with non-trivial boundary conditions, one needs a careful treatment of the lon-

gitudinal zero modes, as discussed in chapter 2. It would be interesting to perform this analysis

of supergravity similar to the one performed for light-cone electromagnetism in ref [26]. In

such a case, one can expect to have additional contributions in the Hamiltonian describing the

supergravity theory. To study non-perturbative aspects of supergravity, it would be interesting to

derive a non-perturbative form for these exceptional symmetries. A first step in this direction, is

to understand if one could derive an all order result for these symmetries. We describe how this

may be achieved in chapter 7.
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Chapter 6

Supergravity in d = 5

(The material presented here is based on the work of the author in [63])

In this chapter, we discuss the construction of maximal supergravity theory in five-dimensions

by the method of dimensional-oxidation starting from the four-dimensional theory. This theory

is also interesting, as it is expected to be finite till four loops in four graviton scattering. We

derive the form of the generators of the relevant symmetry algebras in light-cone superspace.

6.1 From D = 11 to d = 5

We explain briefly the degrees of freedom in the five-dimensional theory as representation of

the little group SO(3) and particularly how they arise from the eleven-dimensional theory. We

split the little group up as SO(9) ⊃ SO(3) × SO(6) with SO(3) being the little group in five-

dimensions and SO(6), an internal symmetry group. Under this division, we have

44 = 210 + 181 + 52 , (6.1)

and

84 = 200 + 10 + 451 + 181, (6.2)

where the subscript denotes the associated SO(3) representation. The internal SO(6) symmetry

can be enhanced to an USp(8) symmetry [57]. This USp(8) group is the relevant R-symmetry

and also the maximal compact subgroup of the exceptional group E6(6). This is then the key

global symmetry associated with maximal supergravity in five-dimensions. In this chapter, we

also construct the generators for both USp(8) and E6(6) in light-cone superspace and show

explicitly the invariance of the supergravity action, to first order in the coupling constant, under

these symmetries.

The generators of the exceptional symmetriesE7 andE8 were derived in ref [60–62] in the light-

cone superspace. Here we explain how this program of study may be extended to E6 as well.
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We begin with the well understood and studied four-dimensional theory and use dimensional

‘oxidation’[64] to arrive at the action in d = 5 instead of attempting to formulate directly or via

dimensional reduction of the eleven-dimensional theory. The reason we do this is because it is

easier to ‘lift’ and adapt the d = 4 formalism. In this process, we will also show that some of

the exceptional structures encountered in d = 4 survive when moving to d = 5.

6.2 From d = 4 to d = 5

We emphasize here that we will use the same (N = 8, d = 4) superfield from (4.12) to describe

the dynamics of five-dimensional supergravity theory. The reason is that in the five-dimensional

supergravity theory, the four-dimensional degrees of freedom are re-organized. The little group

is upgraded when moving to five-dimensions from SO(2) to SO(3). Similarly, the role of SU(8)

is played instead by USp(8), ie. SU(8) representations in the superfield need to be ‘viewed’ as

representations of USp(8). Specifically, the 70 of SU(8) splits as

70 = 42+ 27+ 1. (6.3)

We therefore have, in five dimensions, 42 scalar fields, 27 vector bosons and 1 graviton degree

of freedom (each with Cartan eigenvalue zero). The 28 of SU(8) splits into

28 = 27+ 1 , (6.4)

producing 27 vector bosons and 1 graviton each with Cartan eigenvalue +1 (and −1 for the 28

of SU(8)). The 56 of SU(8) is now

56 = 48+ 8 , (6.5)

representing 48 spin-1/2 and 8 spin-3/2 fields with the Cartan eigenvalue +1/2 (and −1/2 for

the 56). The physical degrees of freedom in four and five dimensions are summarized below.

Dimension R-symmetry Gravitons Gravitinos Vectors Gauginos Scalars

4 SU(8) 2 16 56 112 70
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5 USp(8) 5 32 81 96 42

6.2.1 Grassmann variables and spinors in five dimensions

Theories of supergravity with extended supersymmetry in five-dimensions have the symplectic

group USp(2n) as their R-symmetry [57] (a light-cone related reference this group is [65]).

The USp(8) which is the relevant R-symmetry group here, has a 36-dimensional Lie algebra.

The little group in five-dimensions is SO(3) ∼ SU(2). We therefore introduce the symplectic

Grassmann variables θiα (where i = 1, 2, ..8 is now an USp(8) index and α = 1, 2 is the SU(2)

index) satisfying

θ̄iα = θjβ Cji ϵβα , (6.6)

where ϵαβ (antisymmetric in α , β) is the invariant tensor of SU(2). TheCij is the anti-symmetric

symplectic invariant (or the charge-conjugation matrix) and satisfies CijCjk = −δik.

These Grassmann variables satisfy the algebra

{θiα, θjβ} = 0 ; {θiα, ∂

∂θjβ
} = δij δ

α
β . (6.7)

The kinematical supersymmetries are defined as

qiα = − ∂

∂θ̄iα
+

i√
2
θiα∂+ ,

q̄jβ =
∂

∂θjβ
− i√

2
θ̄jβ∂

+ , (6.8)

and obey

{qiα, q̄jβ} = i
√
2δij δ

α
β ∂

+ ; {qiα, qjβ} = −i
√
2Cij ϵαβ ∂+. (6.9)

It is easy to check that the second component of θjα (α = 2) is related to the first compo-

nent of θ̄iβ (β = 1) (θ̄i1 = Cijθ
j2 from (6.6)), we can simply work with the first component

(θi1 ≡ θi) [65]. We find that qi1 , q̄j1 satisfy an algebra similar to that of the SU(8) kinematical
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supersymmetries defined in equation (4.16) of section 3. This can be checked by substituting

α, β = 1 in (6.9). In the following, we will always work with the first component of the spinors

and their conjugates.

6.2.2 Five dimensions

In this section, we explain how starting with (4.27), we can ‘lift’ the theory up one dimension

so we have a five-dimensional theory.

We first introduce an additional coordinate x5 and the derivative ∂5. We then add to the four-

dimensional little group SO(2), the coset generators SO(3)/SO(2) [65] to obtain all the gener-

ators of SO(3)

j5 = i(x5∂ − x∂5)− 1

4i∂+
qk Cklq

l ,

j̄5 = i(x5∂̄ − x̄∂5) +
1

4i∂+
q̄k C

klq̄l. (6.10)

We use three conditions to fix the spin part of the generators. We demand that the spin trans-

formations be onsistent with helicity. Additionally, we require that the spin variation of the

superfield commute with the chiral derivatives. We find that this fixes the spin part to be a

quadratic function of the kinematical supersymmetries (q’s in the case of j5 and q̄’s in the case

of j̄5). Finally, the dimension of the generator fixes the exact ∂+ structure.

The SO(3) Lie algebra is generated by j , j5 , j̄5 which obey

[j5, j̄5] = j ; [j, j5] = +j5 ; [j, j̄5] = −j̄5. (6.11)

In addition to these, we also have the kinematical generator j+5 = ix5∂+ (at x+ = 0) in the

five-dimensional Lorentz algebra. For the purposes of this paper, we do not require the explicit

form of the dynamical generators but we provide their form here for completeness

j5 = i ( x5 ∂ − x ∂5 ) − 1

4 i ∂+
qk Ckl q

l ,

j̄5 = i ( x5 ∂̄ − x̄ ∂5 ) +
1

4 i ∂+
q̄k C

kl q̄l . (6.12)
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The SO(3) algebra is spanned by j , j5 , j̄5 which obey

[ j5 , j̄5 ] = j ; [ j , j5 ] = +j5 ; [ j , j̄5 ] = −j̄5. (6.13)

Additional generators include the rotation j+5 = i x5 ∂+ (at x+ = 0) and the momenta p5 =

−i ∂5. The expression for p− now reads

p− = −i
∂∂̄ + 1

2
∂5∂5

∂+
. (6.14)

The first term in the expressions for j− and j̄− (4.25) is similarly modified . The dynamical

generator j−5 is obtained from the commutator [ j− , j̄5 ] = j−5.

As a first step, we allow the superfield to depend on the extra coordinate x5. As shown in [64],

covariance under the space-time symmetries in higher-dimensions can be achieved by replacing

the SO(2) derivatives by the generalized derivative ∇ and its conjugate. For five dimensions,

we conjecture the following form for the generalized derivative

∇ = ∂̄ +
σ

16
d̄mC

mn d̄n
∂5

∂+
. (6.15)

We prove that this form is indeed correct by using two rotations as described below (with the

coset transformations j5 and j̄5)

[∇, j5] = ∇5 = −i∂5 + i
σ

16
d̄mC

mn d̄n
∂

∂+
, (6.16)

and

[∇5, j̄5] = ∇ , (6.17)

This proves that (∇,∇5) has the correct transformation, as that of a vector in five dimensions.

We fix the value of the constant σ by demanding Lorentz invariance of the cubic vertex (obtained

by replacing ∂̄ by ∇) in d = 5. We discuss this below in detail.
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6.2.3 Invariance of the action

The kinetic term, in (4.27) is rendered SO(3)-invariant by simply including the extra transverse

derivative in the d’Alembertian. Moving to the cubic vertex in (4.27), the proposal is that it

remains the same for the five-dimensional theory except for the replacement ∂, ∂̄ → ∇,∇ (and

the added dependence of the superfields on the fifth coordinate), ie.

V =− 2κ

∫
d5x

∫
d8θ d8θ̄

1

∂+2 ϕ̄ ∇ϕ ∇ϕ , (6.18)

together with its complex conjugate. To show SO(3) invariance, we consider the variations

δj5 ϕ =
i

4∂+
ω̄5 qm Cmn q

n ϕ , (6.19)

δj5 ϕ̄ =
i

4∂+
ω̄5 qm Cmn q

n ϕ̄ , (6.20)

δj5 ∇ = − ω̄5∇5 , (6.21)

where ω̄5 is the parameter corresponding to the coset transformation j5. We show the invari-

ance under the coset SO(3)/SO(2) transformations (since invariance under the SO(2) is clear),

which proves the invariance under the full SO(3).

The contributions from the variation of the superfields and the generalised derivative are given

below (terms that involve two SO(2) derivatives or two ∂5s, cancel trivially). The non-trivial

terms all involve a single SO(2) derivative and a single ∂5.

from
∫

1
∂+2

(
δj5 ϕ̄

)
∇ϕ ∇ϕ:

∫
i σ

4

{
8

∂+3 ϕ̄ ∂̄ ϕ ∂
5 ∂+ ϕ − 4

∂+3 ϕ̄ ∂̄ ϕ ∂
5 ∂+ ϕ,

+
1

∂+3 ϕ̄ ∂̄ ϕ θ
m d̄m ∂

5 ∂+ ϕ,

+
1

∂+3 ϕ̄ θ
m ∂̄ ∂+ ϕ d̄m ∂

5 ϕ

}
.

(6.22)

64



from
∫

1
∂+2 ϕ̄

(
δj5 ∇

)
ϕ ∇ϕ:

∫
2 i

∂+2 ϕ̄ ∂̄ ϕ ∂
5 ϕ. (6.23)

from
∫

1
∂+2 ϕ̄ ∇

(
δj5 ϕ

)
∇ϕ:

∫
i σ

4

{
4

∂+2 ϕ̄ ∂̄ ϕ ∂
5 ϕ +

1

∂+2 ϕ̄ θ
m ∂̄ ϕ d̄m ∂

5 ϕ

}
. (6.24)

A useful identity when simplifying this is

∫
1

∂+3 ϕ̄ ∂̄ ϕ ∂
5 ∂+ ϕ =

∫
1

∂+3 ϕ̄ ∂
5 ϕ ∂̄ ∂+ ϕ , (6.25)

which is a consequence of the inside-out constraints (plus partial integrations). We give a proof

of some magic identities in superspace in the appendix. We find

δj5 V ∝
∫ (

i σ

2
+ 2i

)
1

∂+2 ϕ̄ ∂̄ ϕ ∂
5 ϕ . (6.26)

As stated already, the invariance requires this variation to vanish so that σ = −4 and

∇̄ = ∂̄ − 1

4
d̄mC

mn d̄n
∂5

∂+
, (6.27)

completing the proof of SO(3) invariance of our ansatz for the cubic vertex in (6.18). In this

light-cone form, the Lorentz invariance in five-dimensions is automatic, once the invariance

under the little group has been proven.

6.3 E6(6)

We now focus on the relevant global symmetry group, the exceptional group E6(6) which has 78

generators. The Lie algebra splits into that of the USp(8) and the coset E6(6)/USp(8) so we

65



have

78 = 36+ 42. (6.28)

The 36 generators of USp(8) are constructed from the kinematic supercharges and are given by

T ij =
1

i
√
2∂+

(qiCjk q̄k + qj Cik q̄k) , (6.29)

where, the generators are symmetric in the indices i, j and satisfy the algebra

[T ij, Tmn] = Cjm T in + Cjn T im + Cim T jn + Cin T jm . (6.30)

The action of these 36 USp(8) generators on the superfield is given by

δUSp(8)ϕ = ωij T
ijϕ , (6.31)

where ωij correspond to the 36 parameters.

The 42 coset transformations act non-linearly on the superfield. Specifically, they shift the

scalars by a constant at the lowest order [57]. These are therefore of the form aκ−1+bκ+O(κ3).

In terms of the USp(8) representations, the 42 corresponds to the completely anti-symmetric

traceless rank four tensor. We thus conjecture that the lowest order (κ−1) transformations are

δE6(6)/USp(8)ϕ = −2

κ
θklmnΣklmn, (6.32)

where θklmn = θkθlθmθn and Σklmn are the 42 parameters which like the scalar fields satisfy

Σklmn = Σ∗
klmn ≡ Σklmn. At this order, it is only the scalar fields which are affected by these

transformations- they act like a shift symmetry. This variation (6.32) is fixed due to the con-

straints imposed by helicity and dimension.

The generators at order κ are fixed by the requirement that the commutator of two coset genera-
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tors close on an USp(8) generator. We find

δE6(6)/USp(8)ϕ = −2

κ
θklmnΣklmn (6.33)

+
κ

4!
Σklmn 1

∂+2

(
d̄klmn

1

∂+
ϕ ∂+3ϕ− 4 d̄klm ϕ d̄n ∂

+2ϕ+ 3 d̄kl ∂
+ϕ d̄mn ∂

+ϕ

)
,

where d̄i1i2..in = d̄i1 d̄i2 ....d̄in . It can be checked that the above variation is chiral.

With δϕ ≡ δE6(6)/USp(8) and δϕ ≡ δUSp(8)ϕ we have, schematically, for the E6(6) algebra

[δ1, δ2]ϕ = δϕ ; [δ, δ]ϕ = δϕ ; [δ1, δ2]ϕ = δϕ , (6.34)

closely resembling the E7(7) results in four dimensions.

The five-dimensional action to the cubic order is trivially invariant under the linear USp(8)

generators. Since the order 1
κ

variation maps a superfield to a constant, it is straightforward to

verify that the action is invariant to this order.

In order to verify invariance at the next order, one needs the quartic interaction vertex. We can

apply a similar approach as in the case of the four-dimensional theory to derive quartic and

higher-point vertices in the five-dimensional theory.

In this chapter, we constructed the maximal supergravity in five-dimensions and its relevant

symmetries in light-cone superspace. These symmetries can then in principle be used to find the

interacting Hamiltonian using the bootstrap approach discussed in chapter 5.

In the next chapter, we generalize the construction of symmetries in light-cone superspace to all

dimensions d ≥ 4 and arrive at a universal form.
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Chapter 7

Exceptional symmetries in light-cone superspace

(The material presented in this chapter is primarily based on the work done by the author

in [66])

In this chapter, we derive a universal form for global symmetries in maximally supersymmetric

theories of gravity in all dimensions d ≥ 4. An interesting feature of this form is that it describes

both classical and exceptional groups. Finally we discuss how one may arrive at an all order ex-

pression for each of these groups with an example of E7(7) symmetry. We also comment on why

E8(8) does not comply with this universal form.

7.1 A ‘universal’ form for global symmetries

When eleven-dimensional supergravity is reduced to d space-time dimensions, its Lorentz sym-

metry SO(10, 1) splits into two factors : the Lorentz group SO(d− 1, 1) which corresponds to

space-symmetries and SO(11− d) which appears as an internal symmetry. In many situations,

this internal symmetry is further enlarged by duality transformations to the group En(n). In a

covariant description, the action of this symmetry is limited to the vector and scalar sectors of

the theory. However, in the light-cone approach the removal of unphysical degrees of freedom

leads to a mixing of all fields, so that the symmetry must act on the full supermultiplet. [61] .

The global symmetry group G = En(n) naturally decomposes into two parts: the maximal

compact subgroup H , which plays the role of the R-symmetry group, and the coset space K =

G/H . At the level of the Lie algebra, this structure is reflected schematically in the commutation

relations

[H,H] = H , [H,K] = K , [K,K] = H . (7.1)

To construct the generators associated with this global symmetry, we introduce Grassmann vari-

ables θmα, where the index m labels the R-symmetry representation and α denotes the spinor
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representation of the little group. The corresponding kinematic supercharges and covariant

derivatives are written as qmα and dmα, respectively. Their conjugate counterparts q̄mα and

d̄mα are obtained through contraction with the invariant tensors of the R-symmetry group and

the little group1. As a result, one may restrict attention to a suitable set of independent compo-

nents of the supercharges and covariant derivatives. As will be demonstrated through explicit

examples, these components obey the relations given in (4.17).

In higher dimensions, we can use the same superfield expression as in (4.12) as has been already

demonstrated in chapter 6. This superfield is allowed to have an added dependence on the extra

coordinates, as the degrees of freedom simply reshuffle when moving to higher-dimensions. We

will elaborate on this in the case of six-dimensions. We demand this superfield to vanish under

the action of the independent components of dmα in all dimensions d > 4. There are two crucial

requirements that these symmetry transformations must satisfy:

• Their action on the superfield must preserve chirality so that the transformed superfield

also is an irreducible representation of the superPoincaré algebra.

• They must preserve the helicity of the superfield as G is an internal symmetry that com-

mutes with the little group.

The symmetry H is manifest by construction and therefore realized linearly on the superfield [?

]

δHϕ = ωmn
qnα q̄mα

i
√
2 ∂+

ϕ . (7.2)

The ωmn are constant parameters with appropriate symmetry properties such that there indepen-

dent components match with the dimension of the adjoint representation of H .

At the lowest order, the coset transformations K shift the scalars by a constant [57, 61]. The

scalars in the superfield always appear with four powers of θ (indices suppressed). By dimension

1 This holds for d > 4.
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and helicity analysis, an ansatz for K would take the form

δKϕ =
1

κ
a1 + a2 + κ a3 + κ2 a4 + ... , (7.3)

with a1 ∼ θ kα θ lβ θmγ θ nδ Σklmn, where Σklmn are constant parameters with appropriate sym-

metry properties. The commutators (7.1) and the fact that H is linear, imply that a2, a3 and a4

are linear, quadratic and cubic functions of the superfield respectively. Since a2 is linear in the

parameters Σklmn and the superfield, one cannot write any structure compatible with the helicity.

Therefore, a2 must be identically zero and the commutation relations (7.1) then imply a4 = 0. In

a similar manner, one can argue that all terms with even powers of the coupling constant vanish.

We now arrive at a ‘universal form’ for δK from the third commutator in (7.1). We find

δK ϕ = − 2

κ
θ klmnαβγδ Σklmn + ξ(d)

κ

4!
Σ klmn 1

∂+2

(
C
[
d̄ αβγδ
klmn

1

∂+
ϕ ∂+3ϕ

])
+O(κ3) ,

θ klmnαβγδ ≡ θ kα θ lβ θmγ θ nδ , d̄αβγδklmn ≡ d̄ kα d̄ lβ d̄mγ d̄nδ , (7.4)

where ξ(d) is a constant. The term C refers to the process of chiralization: the addition of

terms (often polynomial in the superfields) to the existing superspace expression such that

dmα δKϕ = 0 [64]. As explained earlier, this ensures that the operation preserves chirality.

The table below summarizes the global symmetry, its compact subgroup (R-symmetry) and the

little group for dimensions four through seven.

Dimension Little group R-symmetry Global symmetry

4 SO(2) SU(8) E7(7)

5 SO(3) USp(8) E6(6)

6 SO(4) SO(5) × SO(5) SO(5,5)

7 SO(5) SO(5) SL(5,R)

We have already examined the construction of the generators of E7(7) and E6(6) and it is easy to

verify that they conform with the universal form (7.4). An interesting thing to notice is that the
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chiralization functions that appear in the non-linear parts of both E6(6) and E7(7) are structurally

similar. We demonstrate here for E7(7) that the action of dm (the SU(8) covariant derivative)

indeed vanishes.

The linear-part of E7 is

δϕ ≡ δSU(8)ϕ = ωjk
1

i
√
2 ∂+

(qk q̄j −
1

8
δjk q

mq̄m)ϕ , (7.5)

and the non-linear part of E7 is

δϕ ≡ δE7(7)/SU(8)ϕ = −2

κ
θklmnΞklmn (7.6)

+
κ

4!
Ξklmn

1

∂+2

(
d̄klmn

1

∂+
ϕ ∂+3ϕ− 4 d̄klm ϕ d̄n ∂

+2ϕ+ 3 d̄kl ∂
+ϕ d̄mn ∂

+ϕ

)
.

The δϕ and the order κ−1 piece in δϕ are chiral, trivially. To confirm ‘chirality’ at the next order

in (7.6), we act with the chiral derivative d p to obtain

dpδϕ =
κ

4!
Ξklmn

1

∂+2

(
dp d̄klmn

1

∂+
ϕ ∂+3ϕ − 4 dp d̄klm ϕ d̄n ∂

+2ϕ

+4 d̄klm ϕ d
p d̄n ∂

+2ϕ + 6 dp d̄kl ∂
+ϕ d̄mn ∂

+ϕ

)
, (7.7)

and use {dm, d̄n} = −i
√
2 δmn ∂

+ to simplify this to

dpδϕ = −i
√
2
κ

4!
Ξklmp

1

∂+2

(
4 d̄klmϕ ∂

+3ϕ − 12 d̄kl∂
+ ϕ d̄m ∂

+2ϕ

− 4 d̄klm ϕ ∂
+3ϕ + 12 d̄kl ∂

+ϕ d̄m ∂
+2ϕ

)
= 0 , (7.8)

Similarly this will hold for the exceptional symmetry E6(6). In the following, we discuss the

generators of the global symmetries in six and seven-dimensions.

7.1.1 E5(5) in six dimensions

While climbing up the ladder of dimensions, six-maximal supergravity theory is the first where

the symmetry is a classical group: SO(5, 5). We list some important features here:

• Maximal compact subgroup/ R-symmetry : SO(5)× SO(5)
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• The little group : SO(4) ∼ SU(2)× SU(2).

We use the Lie algebra isomorphism SO(5) ∼ USp(4) to define the Grassmann variables

(θmα, θaα̇) where m, a = 1, 2, ..4 are the internal symmetry indices and α, α̇ = 1, 2 repre-

sent little group indices. The USp(4) symplectic invariants are denoted by Cmn and Cab. The

supercharges (qmα, qaα̇) and the covariant derivatives (dmα, daα̇) within each SU(2) satisfy the

algebra

{qiα, q̄jβ} = i
√
2δij δ

α
β ∂

+ ; {qiα, qjβ} = −i
√
2Cij ϵαβ ∂+.

{diα, d̄jβ} = −i
√
2δij δ

α
β ∂

+ ; {diα, djβ} = +i
√
2Cij ϵαβ ∂+. (7.9)

while they anti-commute with those from the other SU(2). Supercharges anti-commute with the

covariant derivatives as usual. Since the second component of the spinors are related to the first

component of the conjugate spinors, we shall work with α = 1, α̇ = 1.

As alluded to earlier, we work with the same superfield with added dependence in higher-

dimensions. We explain how the various SU(8) representations in the four-dimensiona super-

field (4.12) split in six-dimensions.

How the degrees of freedom re-shuffle in higher-dimensions

In six dimensions, the physical fields are representations of the little group SO(4) ∼ SU(2) ×

SU(2), labeled by two half-integers (j1, j2) (corresponding to the two Cartan generators) with

dimension (2 j1 + 1) × (2 j2 + 1). The R-symmetry is reduced to the USp(4) × USp(4)

group. The superfield may be expanded in terms of the Grassmann coordinates (θm1, θa1) where

m, a = 1, 2, ..4 correspond to the two USp(4) groups. The 70 of SU(8) is then

70 = 5× 5 + 4× 4 + 4× 4 + 5× 1 + 1× 5 + 1 + 1 + 1 , (7.10)

representing the 25 scalars, 32 vectors (with Cartan eigenvalues (±1
2

,∓1
2
)), 10 anti-symmetric

bosons and 1 graviton each with Cartan eigenvalue (0,0). We also get two gravitons with Cartan

eigenvalues (±1 , ∓1). The 28 splits as

28 = 4× 4 + 5× 1 + 1× 5 + 1 + 1 , (7.11)
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producing 16 vectors with Cartan eigenvalue (1
2
, 1
2
), 5 anti-symmetric bosons and a graviton with

Cartan eigenvalue (1,0) (and similarly with (0,1)). The 28 yields the conjugate fields with the

opposite helicity. The 56 is now

56 = 5× 4 + 4× 5 + 1× 4 + 4× 1 + 1× 4 + 4× 1 , (7.12)

producing the 20 gauginos and 4 gravitinos with Cartan eigenvalues ( 1
2
, 0 ) (and similarly with

( 0, 1
2
)). We also get 4 gravitinos each with Cartan eigenvalue (−1

2
, 1 ) (and similarly with

( 1,−1
2
)). The 56 splits in a similar manner yielding the conjugate fields (of opposite helicity).

The table below summarizes the degrees of freedom in six dimensions [67].

Degrees of freedom SU(2)× SU(2) USp(4)× USp(4) Total

A B A×B

Gravitons 9 1 9

Gravitinos 12 4 48

Vectors 4 16 64

Anti-symmetric bosons 6 5 30

Gauginos 4 20 80

Scalars 1 25 25

This analysis can be extended to seven and higher dimensions similarly.

The SO(5, 5) transformations

The SO(5) gamma matrices γI (I = 1, 2..5) satisfy

{γI , γJ } = 2 δIJ I4×4 , (7.13)

where the (γI)kl = C lm(γI)km are anti-symmetric in k, l and traceless with respect to Ckl [65].

A vector of SO(5) can then be written as a bi-spinor

pmn = pI (γ
I)mn . (7.14)

The commutators of the gamma matrices (γIJ)kl = C lm(γIJ)km are symmetric in k, l [65].
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The adjoint of SO(5, 5) splits up in terms of SO(5)× SO(5) representations as 45 = 20+ 25.

The 20 linearly realized generators of SO(5) × SO(5) are spanned by T IJ and TAB (I, J and

A,B correspond to the two independent SO(5) groups)

T IJ = (γIJ)mn
1

i
√
2∂+

(qmCnk q̄k + qnCmk q̄k) ,

TAB = (γAB)ab
1

i
√
2∂+

(qaCbc q̄c + qbCac q̄c) , (7.15)

where qm ≡ qm1 , q̄m ≡ q̄m1 and qa ≡ qa1 , q̄a ≡ q̄a1.

The 25 non-linear transformations are given by

δE5(5)/Hϕ = −2

κ
θklabΣklab + κΣklab 1

∂+2

(
C
[
d̄klab

1

∂+
ϕ ∂+3ϕ

])
,

where Σklab = ΣIA (γ
I)kl (γ

A)ab, θklab ≡ θk1θl1θa1θb1 and d̄klmn ≡ d̄k1d̄l1d̄a1d̄b1. The ΣIA are

the 25 constant parameters. The chiral function is structurally different (from the one in four

and five dimensions) and reads

C
[
d̄klab

1

∂+
ϕ ∂+3ϕ

]
= d̄klab

1

∂+
ϕ ∂+3ϕ − 2 d̄kla ϕ d̄b ∂

+2ϕ

−2 d̄kab ϕ d̄l ∂
+2ϕ + d̄kl ∂

+ϕ d̄ab ∂
+ϕ + 2 d̄ka ∂

+ϕ d̄bl ∂
+ϕ.(7.16)

We confirm that δE5,5/Hϕ ≡ δϕ is chiral by acting with dm ≡ dm1

dmδϕ = κΣklab

(
dm d̄klab

1

∂+
ϕ ∂+3ϕ − 2 dm d̄kla ϕ d̄b ∂

+2ϕ − 2 dm d̄kab ϕ d̄l ∂
+2ϕ

+2 d̄kab ϕ d
m d̄l ∂

+2ϕ + dm d̄kl ∂
+ϕ d̄ab ∂

+ϕ + 4 dm d̄ka ∂
+ϕ d̄bl ∂

+ϕ

)
, (7.17)

which simplifies to

dmδϕ = −i
√
2κΣmlab

(
2 d̄lab ϕ ∂

+3ϕ − 4 d̄la ∂
+ ϕ d̄b ∂

+2ϕ − 2 d̄ab ∂
+ ϕ d̄l ∂

+2ϕ

− 2 d̄lab ϕ ∂
+3ϕ + 2 d̄ab ∂

+ ϕ d̄l ∂
+2ϕ+ 4 d̄la ∂

+ ϕ d̄b ∂
+2ϕ

)
= 0 . (7.18)

It can be similarly shown by acting with da ≡ da1 that daδϕ = 0. Hence, the transformations

(7.16) are of the form in (7.4).
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7.1.2 E4(4) in seven dimensions

We list some key features of the seven-dimensional supergravity :

• Global symmetry : SL(5, R)

• Maximal compact subgroup : SO(5) ∼ USp(4)

• Little group : SO(5) ∼ USp(4)

We define the Grassmann variables θmα satisfying θmα = CmnCαβ θ̄nβ , where both m,α are

USp(4) indices, one corresponding to the little group and the other corresponding to the internal

symmetry. The corresponding supercharges and covariant derivatives satisfy the algebra

{qmα, q̄nβ} = i
√
2 δmn δ

α
β ∂

+ ; {qmα, qnβ} = −i
√
2CmnCαβ ∂+ ,

{dmα, d̄nβ} = −i
√
2 δmn δ

α
β ∂

+ ; {dmα, dnβ} = +i
√
2CmnCαβ ∂+. (7.19)

We choose a form for the symplectic invariant Cαβ [65]

Cαβ =


0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0

 (7.20)

Here, we shall work with the α, β = 1, 2 components of the spinors to write the SL(5, R)

transformations.

The SL(5, R) transformations

The adjoint of SL(5, R) splits up in terms of SO(5) representations as 24 = 10 + 14. We

use the SO(5) gamma matrices defined in (7.13) to write the 10 linear transformations T IJ

(I, J = 1, 2, ..5)

T IJ = (γIJ)mn
1

i
√
2 ∂+

(qm1Cnk q̄k1 + qn1Cmk q̄k1 + qm2Cnk q̄k2 + qn2Cmk q̄k2) . (7.21)
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The 14 non-linear transformations are given by

δSL(5,R)/SO(5)ϕ = −2

κ
θklmnΣklmn + κΣklmn 1

∂+2

(
C
[
d̄klmn

1

∂+
ϕ ∂+3ϕ

])
, (7.22)

where θklmn ≡ θk1 θl1 θm2 θn2 and d̄klmn ≡ d̄k1 d̄l1 d̄m2 d̄n2. The chiral function in (7.22) is the

same as that in (7.16). Σklmn = ΣIJ (γ
I)kl (γ

J)mn and the ΣIJ is a symmetric traceless tensor

representing the 14 constant parameters.

Thus the global symmetries in dimensions four through seven share the universal form. This

approach may be useful to understand how the eleven-dimensional model may be formulated in

a manner covariant under these global symmetries [68, 69]. In principle, the global symmetries

in eight and nine dimensions, can also be constructed in a similar fashion. It would also be

interesting to perform a systematic study of symmetries in the d < 4 models which include the

infinite dimensional Kac-Moody algebras [70–74].

7.2 An aside: the Lagrangians

It is also interesting to pause and ponder about the actions of the corresponding theories dis-

cussed thus far. We find that these actions can be obtained from the four-dimensional action

by‘oxidizing’ the theory. We introduce the ‘generalized derivative’ [64] to construct the La-

grangians in six and seven dimensions. These generalized derivatives are defined as

∇(6)
= ∂̄ +

η

16
Cij d̄i d̄j

∂5

∂+
+

η

16
Cab d̄a d̄b

∂6

∂+
, (7.23)

∇(7)
= ∂̄ +

χ

16
Cij d̄i d̄j

∂5

∂+
+

χ

16
Cij d̄i d̄j

∂6

∂+
+

χ

16
Cij d̄i d̄j

∂7

∂+
. (7.24)

The constants η and χ are again determined using the requirement of Lorentz invariance.
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7.3 Why E8 does not comply with the universal form

We review some of the aspects of the construction of E8 generators in light-cone superspace,

first done in [62]. The Grassmann variables, θm and θ̄m, form a 16 representation

SO(16) ⊃ SU(8) × U(1) , 16 = 8 + 8 .

The SO(16) transformations are obtained as quadratic action of the qm, q̄m on ϕ. These split in

terms of SU(8)× U(1) as follows

120 = 630 + 28−1 + 281 + 10 (7.25)

where the subscript indicate U(1) charge. The SU(8) generators are given in (7.5) and U(1)

generators are given by

T =
i

4
√
2 ∂+

[ qm , q̄m ] , [T , Tmn ] = 0 . (7.26)

The 28 and 28 of SU(8) generate the coset transformations SO(16)/(SU(8)× U(1))

Tmn =
1

2

1

∂+
qmqn , Tmn =

1

2

1

∂+
q̄mq̄n , (7.27)

which close on (SU(8)× U(1))

[Tmn , Tpq ] = δnpT
m
q − δmpT

n
q − δmqT

n
p + δmqT

n
p + 2 ( δnpδ

m
q − δnqδ

m
p )T .

Hence, on the superfield, the complete SO(16) transformations read

δSU8
φ = ωnm T

m
n φ , δU(1) φ = T φ ,

δ28 φ = αmn
qmqn

∂+
φ , δ28 φ = αmn

q̄mq̄n
∂+

φ , (7.28)

where ωnm, αmn, and αmn are the transformation parameters.

We decompose the non-linearly realized coset E8(8)/SO(16) in terms of SU(8) × U(1)
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representations

128 = 1′
2 + 28′

1 + 700 + 28
′
−1 + 1̄′

−2 . (7.29)

All the bosonic components of the superfield are essentially scalars and this is the main distinc-

tion between three and higher dimensions. These transformations shift each of these fields by a

constant. At the lowest order [62]

δE8(8)/SO(16) ϕ =
1

κ
F

where

F =
1

∂+2 β (y
−) + i θmn

1

∂+
βmn (y

−)− θmnpq βmnpq (y
−) +

+ iθ̃ mn ∂
+ βmn (y−) + 4 θ̃ ∂+

2
β̄ (y−) ,

Therefore, we find that at the lowest order one needs to add terms proportional to all even pow-

ers of θ. Therefore the E8 transformations do not conform with the universal form (7.4) and are

more complicated to derive.

It would be interesting to find another form for this symmetry where one directly works with the

spinors of SO(16) instead of the embeddings of SU(8) in SO(16).

7.4 Towards an all-order expression for E7

Throughout this thesis, we have always adopted a perturbative approach and one limitation is

that one needs to derive results at each new order in the coupling constant. This gets incredibly

complicated at higher-orders. Therefore, it is very important to understand how one can arrive at

such results and if possible generalize it to all-orders. In this section, we sketch the derivation of

all orders result for E7 symmetry in d = 4. One can easily extend these results to higher dimen-

sions, since it is clear from analysis that symmetries in higher dimensions mimic the structure

of E7.
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The SU(8) transformations are always linear while the coset transformations E7(7)/SU(8) are

given by a series in odd powers of the coupling constant. We find the higher contributions in this

series by requiring the commutator of two such generators to produce a SU(8) generator. We

demonstrate this specifically for order κ3 by writing all the relevant contributions

{[ δκ−1

1 , δκ
3

2 ] + [ δκ
3

1 , δκ
−1

2 ] + [ δκ1 , δ
κ
2 ]}ϕ = 0. (7.30)

where δ denotes the coset variation. The third term in the above equation is given by

κ2 (Ξklmn1 Ξpqrs2 − Ξklmn2 Ξpqrs1 )ϕklmnpqrs, (7.31)

where

ϕklmnpqrs =
1

4!

1

∂+2

(
d̄klmn

1

∂+
ϕpqrs ∂

+3ϕ + d̄klmn
1

∂+
ϕ ∂+3ϕpqrs

−4 d̄klm ϕpqrs d̄n ∂
+2ϕ − 4 d̄klm ϕ d̄n ∂

+2ϕpqrs

+3 d̄kl ∂
+ϕpqrs d̄mn ∂

+ϕ + 3 d̄kl ∂
+ϕ d̄mn ∂

+ϕpqrs

)
. (7.32)

The function ϕpqrs is chiral and is given by

ϕpqrs =
1

4!

1

∂+2

(
d̄pqrs

1

∂+
ϕ ∂+3ϕ− 4 d̄pqr ϕ d̄s ∂

+2ϕ+ 3 d̄pq ∂
+ϕ d̄rs ∂

+ϕ

)
, (7.33)

implying that the function ϕpqrsklmn is also chiral. We conjecture the following form at κ3

δκ
3

ϕ = κ3 Ξklmn ϵpqrsabcd ϕklmnpqrs d̄abcdϕ+ ρ(ϕ). (7.34)

We substitute this expression in (7.30), to find that when the δκ
−1

acts on the last superfield of

the first term in (7.34), it cancels piece (7.31). Since δκ
−1

ϕklmnpqrs ̸= 0, it allows us to fix ρ(ϕ)

using the equation (7.30). One interesting finding here is that the chiral function that appears

at order κ in (4.29) appears again at order κ3 in (7.34) in a nested form. This suggests that it

may be possible to write an all order expression for the E7 transformations in a compact manner.

These transformations relate interaction vertices at different orders in the coupling constant and

will therefore play an important role in determining the ultra-violet properties of the theory.

80



Chapter 8

Conclusion and Outlook

8.1 Summary of key results

In this thesis, we studied pure gravity and maximal supergravity theories in the light-cone gauge,

leveraging the power of space-time and exceptional symmetries. The central mathematical and

conceptual results derived in this work are summarized below.

• Non-MHV vertices in pure gravity:

We derived the perturbative expansion of the closed-form light-cone gravity action to order

κ4. We established that the first genuinely non-MHV interaction vertices emerge at the

six-point level with the helicity structure h3h̄3:

Lκ4 = 4κ4L6(h
3, h

3
). (8.1)

• Helicity selection rules to all orders:

By demanding the closure of the Poincaré algebra, we derived the helicity selection rules

for an arbitrary spin-λ theory. For an n-point interaction vertex of the form ϕcϕ
d

(where

c+ d = n), the bounds on the transverse derivatives dictate:

n−1∑
i=1

αi = (λ− 1)c− d− λ+ 3 ≥ 0,
n−1∑
i=1

βi = (λ− 1)d− c− λ+ 3 ≥ 0. (8.2)

For pure gravity (λ = 2), this uniquely fixes the allowed helicity configurations at any

perturbative order, proving the absence of MHV vertices beyond the quintic order in the

action. An even point vertex n = 2m is always of the form hm h̄m and an odd point vertex

n = 2m+ 1 is always of the form hm+1 h̄m and its complex conjugate.

• The exceptional bootstrap in four dimensions:

We introduced a novel technique to derive interaction vertices in N = 8 supergravity by

exploiting the non-linearly realized E7(7) symmetry instead of the traditional dynamical
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Poincaré generators. This relates higher-point vertices to lower-point ones via an inhomo-

geneous differential equation:

δ1/κ(V4) = −δκ(V2). (8.3)

This allowed us to determine the inhomogeneous pieces of the quartic and quintic in-

teraction vertices in a highly compact form. The homogeneous pieces were found by

demanding invariance of the vertex under kinematical generators of the Poincaré algebra.

This method was also extended to five-dimensions.

• A universal form for exceptional symmetries (d ≥ 4):

We established that the non-linear coset transformations K = G/H for maximally su-

persymmetric theories of gravity have a universal form in light-cone superspace for all

dimensions d ≥ 4:

δKϕ = −2

κ
θklmnαβγδΣklmn + ξ(d)

κ

4!
Σklmn 1

∂+2

(
C
[
d
αβγδ

klmn

1

∂+
ϕ∂+3ϕ

])
+O(κ3). (8.4)

This universal form successfully captures the E7(7), E6(6), SO(5, 5), and SL(5,R) sym-

metries, hinting at a unified description of these theories.

8.2 Outlook and future directions

The formalism and results developed in this thesis open several promising avenues for future

research in various aspect of quantum field theory and supersymmetry.

• Color-kinematics duality and off-shell amplitudes:

A particularly interesting direction is investigating color-kinematics duality directly within

the light-cone action of Yang-Mills theory. Establishing this could provide a systematic

way to simplify the perturbation theory of pure gravity via double-copy relations. Because

we are dealing with the Lagrangian rather than strictly on-shell scattering amplitudes, this

would constitute a powerful off-shell result.

There have been interesting works in this direction, particularly in the chiral sectors of

the theory [75–77]. The color Jacobi identity is crucial for the closure of the Poincaré
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algebra at the quartic level in the full Yang-Mills theory [78, 79]. It is worth exploring this

approach for the study of quartic and higher point interactions in pure gravity using the

dual kinematic algebra.

It would also be very interesting to study interaction vertices in curved spaces such as

dS/AdS spaces within the light-cone approach [80, 81]. Specifically, it may be important

to define ‘helicity’-like good variables in these spaces, that produce simpler and compact

expressions for interaction vertices, also useful for studying the flat space-limits.

• All-order symmetry generators and counterterms:

Although we have sketched the derivation of the O(κ3) contributions to the E7(7) gen-

erators, finding an exact, closed-form expression to all orders remains an open problem.

Such an expression would be extremely powerful in deriving higher-point interaction ver-

tices and ultimately determining an all-order action for maximal supergravity. With this

in hand, the next critical step is to analyze Feynman supergraphs and adapt the finiteness

proof of N = 4 super Yang-Mills to maximal supergravity. This requires a precise under-

standing of how exceptional symmetries relate different supergraphs to count the degree

of divergence. Closely related to this, is the derivation and classification of counterterms

in light-cone superspace, specifically to determine whether a valid counterterm exists at

seven loops (at which the four-dimensional N = 8 supergravity is expected to diverge).

• Supersymmetry without anti-commuting variables:

An alternative approach to simplifying the computation of amplitudes is the Nicolai map,

which maps the full non-linear interacting action of a supersymmetric theory into a free

bosonic theory [82, 83]. It has been recently demonstrated that a particularly simple Nico-

lai map exists for Yang-Mills theories in the light-cone gauge [84, 85]. The natural first

step is to understand the complete construction of this map for N = 4 super Yang-Mills

in light-cone superspace. Subsequently, we plan to extend this framework to N = 8 su-

pergravity, investigating how exceptional symmetries are realized under the map and also

simplify the calculation of supergravity amplitudes.

• Infinite-dimensional symmetries and d < 3:
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Descending to lower dimensions, the reduction of maximal supergravity to d = 2 and

d = 1 reveals infinite-dimensional Kac-Moody algebras, such as the affine E9 and the

hyperbolic E10. A comprehensive study of these symmetries using the light-cone ap-

proach would be very interesting, beginning with the E8(8) symmetry constructed in three

dimensions. A good starting point for this exercise is the reduction of four-dimensional

pure gravity to two dimensions to study the Geroch group [86], which is mathematically

defined as the affine extension of the SL(2,R) Ehlers symmetry [87] present in three

dimensions.

Finally, we make come concluding remarks. The derivation of a universal form for exceptional

symmetries in light-cone superspace hints at a natural intersection with frameworks like Excep-

tional Field Theory (ExFT), where these hidden symmetries are made manifest by extending

space-time coordinates. The N = 8 supergravity remains as one of the promising candidate

for an ultraviolet-finite, point-particle quantum theory of gravity. If the theory fails the finite-

ness test, it would be an indication that we must consider theories with extended objects such

as string theory and M-theory. It will be fascinating to see if nature makes use of exceptional

groups, even if supersymmetry may never be observed.
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Appendix

A Scattering amplitudes in higher-derivative theories

We would like to compute amplitudes using the interaction vertices derived in eqn (3.46) of

section 3.3. In principle, one can construct the n-point tree-level amplitudes. However, the cal-

culation becomes mathematically tedious as the number of Feynman diagrams and the number

of terms in the diagram increases exponentially. For example, to calculate a 4-point tree-level

amplitude, we need to sum over contributions from the exchange diagrams and the contact dia-

gram. The contact term may be derived by the closure of Poincaré algebra in special cases which

in itself requires a lot of work. We therefore use a complementary technique, the inverse soft

method, in the next section to derive higher-point tree-level amplitudes for the higher derivative

theories.

Inverse soft construction in higher derivative theories

Soft factors in the light-cone gauge and their use in the construction of higher-point interaction

vertices were the focus of [88] (this includes a review of the light-cone realization of many co-

variant results from [89, 90, 92]). In this section, we explore these methods in the context of the

higher-derivative theories considered in this paper.

The idea that higher-point tree level amplitudes can be constructed from the lower-point ones

by using a multiplicative universal factor, associated with the emission of a soft boson was first

presented in [89] and then subsequently developed in [90, 91]. It was shown in [90], that inverse

soft construction with the Britto-Cachazo-Feng-Witten (BCFW) technique [2, 3] as a guide, can

be used to construct gauge theory and gravity amplitudes.

The inverse soft recursion relation for a n-point tree-level gauge amplitude is

An(1, 2, ....., n− 1, n) = S(n− 1, n, 1)An−1(1
′, 2.....n− 1′) . (8.5)
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The prime above indicates that momentum conservation on the right-hand side requires a shift

in the momenta of adjacent particles pn−1 and p1. For a positive helicity soft particle n, the shift

is [90]

|1′⟩ = |1⟩ , |1′] = |1] + |n]⟨n, n− 1⟩
⟨1, n− 1⟩

,

|n− 1′⟩ = |n− 1⟩ , |n− 1′] = |n− 1] + |n] ⟨n1⟩
⟨n− 1, 1⟩

. (8.6)

Here only the neighbouring particles are shifted because only they are affected by the soft limit.

For the case of gravity, the soft factor depends on all legs thus inverse soft expression (8.5) will

involve sum over all particles.

We will now employ the inverse soft method to construct higher-point amplitudes for theories

with higher-dimensional operators. We use the three-point amplitudes found in eqns (3.50) and

(3.51) as seed amplitudes to systematically construct different classes of higher-point ampli-

tudes.

F 3 operator

We now consider a gauge invariant higher-dimensional operator involving purely spin-1 fields.

The simplest of such operators is 6-dimensional given by

Oα = α fabcF a ν
µ F b ρ

ν F c µ
ρ , (8.7)

where F a ν
µ = ∂µA

a ν − ∂νAaµ + g fabcAbµA
c ν is the gluon field strength and fabc, the structure

constant of the gauge group.

The cubic interaction vertex can be obtained from (3.46) by setting λ1 = λ2 = λ3 = 1 so λ = 3,

and the Hamiltonian is

Hα = α

∫
d3x fabc

{
1

∂+
Āa

∂3

∂+
Āb∂+2Āc − 1

∂+
Āa∂+2Āb

∂3

∂+
Āc − 3

1

∂+
Āa∂2Āb∂∂+Āc

+ 3
1

∂+
Āa∂∂+Āb∂2Āc

}
+ c.c. . (8.8)

We see that the operator (8.7) decomposes into holomorphic and anti-holomorphic parts in the
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light-cone gauge. This decomposition was first presented in [93, 94]. So the full F 3 amplitude

can be constructed by taking the sum of the holomorphic and anti-holomorphic amplitude.

In this theory, holomorphic amplitudes with exactly three negative helicity gluons and an arbi-

trary number of positive helicity gluons are referred as MHV amplitudes and are denoted by

AF+ . The anti-holomorphic amplitudes with exactly three positive helicity gluons and an arbi-

trary number of negative helicity gluons are referred as anti-MHV and are denoted by AF− .

It was shown in [95, 96] that for the higher derivative theory of massless particles in four di-

mensions, the tree-level soft photon and graviton theorems receive modifications at subleading

and subsubleading orders. However, the leading soft factors are not altered for these theories

because these interactions (F 3, R3) are generically suppressed in the soft-limit [96]. Therefore,

the inverse soft recursion relation for this operator is similar to the Yang-Mills case [90]

An+1(ϕ, 1, 2, ......n) = SYM × An(ϕ, 1
′, 2, .....n− 1′) , (8.9)

where

SYM =
⟨n− 1, 1⟩

⟨n− 1, n⟩⟨n1⟩
, (8.10)

is the soft factor for the Yang-Mills theory.

The three-point amplitudes extracted from (8.8) are

AF
3

3 (p−, k−, l−) ≡ A
F+

3 (p−, k−, l−) = ⟨kl⟩⟨lp⟩⟨pk⟩ ,

AF
3

3 (p+, k+, l+) ≡ A
F−
3 (p+, k+, l+) = [kl][lp][pk] . (8.11)

A four-point tree-level MHV amplitude corresponding to a single insertion of the F 3 operator

can be constructed using this as follows (we attach a soft gluon between the adjacent legs 1 and
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3).

AF
3

4 (1−, 2−, 3−, 4+) = A
F+

3 (1−, 2−, 3−)× SYM ,

= ⟨12⟩⟨23⟩⟨31⟩ × ⟨31⟩
⟨34⟩⟨41⟩

,

=
⟨12⟩2⟨23⟩2⟨31⟩2

⟨12⟩⟨23⟩⟨34⟩⟨41⟩
. (8.12)

The above construction is valid because under the following shift [1−, 4+⟩, the amplitude has no

pole at infinity. So the inverse soft construction is valid for this class of amplitudes. The 5-point

MHV amplitude can also be constructed similarly. At the 6-point level, the full F 3 amplitude

will get contributions from both holomorphic and anti-holomorphic parts

AF
3

6 (1−, 2−, 3−, 4+, 5+, 6+) = A
F+

6 (1−, 2−, 3−, 4+, 5+, 6+) + A
F−
6 (1−, 2−, 3−, 4+, 5+, 6+) ,

=
⟨12⟩2⟨23⟩2⟨31⟩2

⟨12⟩⟨23⟩⟨34⟩⟨45⟩⟨56⟩⟨61⟩
+

[45]2[56]2[64]2

[12][23][34][45][56][61]
. (8.13)

Beyond this order, the calculation for the complete F 3 amplitude becomes complicated since

not all relevant seed amplitudes are constructible within this formalism.

To any order, the MHV holomorphic amplitudes may be constructed recursively - within this

formalism - by attaching soft gluon legs to lower point amplitudes.

AF+
n (1−, 2−, 3−, 4+, ......, n+) =

⟨12⟩2⟨23⟩2⟨31⟩2

⟨12⟩⟨23⟩⟨34⟩.........⟨n1⟩
. (8.14)

Note that for n ≤ 6, this is *also* the full MHV amplitude. SimilarlyAF−
n (1+, 2+, 3+, 4−, ......, n−)

can be obtained from (8.14) by parity. The above expression matches with the results in [93? ]

obtained using Feynman rules.

Another class of amplitudes that may be built in this formalism are the NMHV amplitudes. For

these, we start with the seed amplitude AF+

4 (1−, 2−, 3−, 4−) [94, 97]

A
F+

4 (1−, 2−, 3−, 4−) = 2
stu

[12][23][34][41]
, (8.15)
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where s, t, u are the usual Mandelstam variables. For example, we can compute the 5-point

amplitude

A
F+

5 (1−, 2−, 3−, 4−, 5+) = S(5, 1, 2)A4(2
′−, 3−, 4−, 5′+) + S(3, 4, 5)A4(1

−, 2−, 3′−, 5′+)

+S(4, 5, 1)A4(1
′−, 2−, 3−, 4′−) ,

=
⟨34⟩2[35]2[45]
[12][23][34][15]

+
⟨12⟩2[25]2[15]
[12][23][34][45]

+ 2
⟨14⟩2⟨13⟩⟨24⟩
[23]⟨45⟩⟨15⟩

. (8.16)

This matches with the result in [94]. As pointed out in [90] this technique will only work up

to n ≤ 8 for gauge theory and for some classes of NMHV amplitudes with arbitrary number of

legs.

R3 operator

We now consider a higher-dimensional operator in the case of gravity denoted by R3 . This

operator also decomposes into holomorphic and anti-holomorphic part as explained before. In

this section, we focus only on the holomorphic amplitude denoted byMR+ . The construction for

anti-holomorphic part follows similarly. The full amplitude is again a sum of contributions from

both holomophic and anti-holomorphic parts. We start with (3.49) and set λ1 = λ2 = λ3 = 2,

so the three-point holomorphic amplitude is

M
R+

3 (p−, k−, l−) = ⟨12⟩2⟨23⟩2⟨31⟩2 . (8.17)

The inverse soft recursion relation for gravity, for a n-point amplitude, reads [90]

MMHV (1, ......., n
+) =

n−1∑
i=3

[in]⟨1i⟩⟨2i⟩
⟨ni⟩⟨1n⟩⟨2n⟩

MMHV (1
′, ...., i′, ...., (n− 1)) . (8.18)

The prime indicates the momentum shift, mentioned earlier. For a positive helicity soft graviton

k, the shift is

|i′⟩ = |i⟩ , |i′] = |i] + |k]⟨kj⟩
⟨ij⟩

,

|j′⟩ = |j⟩ , |j′] = |j] + |k]⟨ki⟩
⟨ji⟩

. (8.19)
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Using the inverse soft method, the four-point tree-level amplitude is

M
R+

4 (1−, 2−, 3−, 4+) = ⟨12⟩2⟨23⟩2⟨31⟩2 × [34]⟨13⟩⟨23⟩
⟨43⟩⟨14⟩⟨24⟩

,

=
⟨12⟩3⟨23⟩3⟨31⟩3 [12]

⟨34⟩2⟨14⟩⟨24⟩
. (8.20)

For the case of gravity and R3 theories, the higher-point amplitudes are functions of both the

holomorphic and anti-holomorphic spinors that makes the construction of amplitudes using the

inverse soft approach more involved. We show below an example of the construction of the

five-point amplitude in the R3 theory.

M
R+

5 (1−, 2−, 3−, 4+, 5+) =
4∑
i=3

[i5]⟨1i⟩⟨2i⟩
⟨5i⟩⟨15⟩⟨25⟩

M
R+

4 (1′−, 2−, ..., i′) ,

=
[35]⟨13⟩⟨23⟩
⟨53⟩⟨15⟩⟨25⟩

M
R+

4 (1′−, 2−, 3′−, 4+)

+
[45]⟨14⟩⟨24⟩
⟨54⟩⟨15⟩⟨25⟩

M
R+

4 (1′−, 2−, 3−, 4′+) .

Using the appropriate shifts, the amplitude reads

M
R+

5 (1−, 2−, 3−, 4+, 5+) =
⟨12⟩4⟨23⟩4⟨31⟩4

⟨12⟩⟨13⟩⟨14⟩⟨34⟩⟨15⟩⟨25⟩

[
[35][24]

⟨35⟩⟨24⟩
− [45][23]

⟨45⟩⟨23⟩

]
,

=
⟨12⟩4⟨23⟩4⟨31⟩4

⟨12⟩8
MR

5 (1
−, 2−, 3+, 4+, 5+) , (8.21)

where MR
5 is the five-point amplitude for pure gravity (the proportionality to gravity ensures

‘constructibility’). The n-point holomorphic MHV amplitude for R3 operator can be written as

MR+
n (1−, 2−, 3−, 4+, ......., n+) =

⟨12⟩4⟨23⟩4⟨31⟩4

⟨12⟩8
MR

n (1
−, 2−, 3+, ......., n+) . (8.22)

The anti-holomorphic part corresponding to R3 operator can be similarly obtained. This is con-

sistent with the results derived in [94] using color-kinematic duality.
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B Magic identities in light-cone superspace

In this appendix, we provide a proof of some magic identities in light-cone superspace.

1. The original N = 8 supergravity three-point vertex derived in [59] was simplified in [64].

We begin with the relevant terms from the Lagrangian

∫ (
1

∂+4
ϕ∂̄2ϕ∂+2ϕ− 1

∂+4
ϕ∂̄∂+ϕ∂∂+ϕ

)
(8.23)

First, we partially integrate the first term with respect to ∂. We then use the inside-out relation

ϕ = 1
2·8!(d)

8 1
∂+4ϕ to convert the anti-chiral superfields into chiral one and also perform a partial

integration wrt ∂+ to obtain:

∫ (
− 1

∂+2
ϕ∂̄ϕ∂ϕ+

1

∂+3
ϕ∂̄ϕ∂∂+ϕ+

1

∂+4
ϕ∂̄∂+ϕ∂∂+ϕ

)
(8.24)

Observe that the third term in this expansion exactly cancels the second term in our original

expression. This cancellation leaves us with only two terms

∫ (
− 1

∂+2
ϕ∂̄ϕ∂ϕ+

1

∂+3
ϕ∂̄ϕ∂∂+ϕ

)
(8.25)

To evaluate the second term, we define it as an integral I and partially integrate the single ∂+ in

the numerator. This yields

I =

∫
1

∂+3
ϕ∂̄ϕ∂̄∂+ϕ = −

∫
1

∂+2
ϕ∂̄ϕ∂ϕ− I (8.26)

=⇒ I = −1

2

∫
1

∂+2
ϕ∂̄ϕ∂ϕ (8.27)

Substituting this result back, the entire vertex collapses into a single term

−3

2

∫
1

∂+2
ϕ∂̄ϕ∂ϕ (8.28)

2. We first state the identity

∫
1

∂+3
ϕ∂̄ϕ∂m∂+ϕ =

∫
1

∂+3
ϕ∂mϕ∂∂+ϕ (8.29)
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We begin by partially integrating ∂ (and subsequently applying partial integration wrt ∂m for the

resulting second term) to expand the expression into three parts

∫
1

∂+3
ϕ∂̄ϕ∂m∂+ϕ =

∫ (
− ∂

∂+3
ϕϕ∂m∂+ϕ+

1

∂+3
ϕ∂mϕ∂∂+ϕ+

∂m

∂+3
ϕϕ∂∂+ϕ

)
(8.30)

Next, we use the inside-out relations in the first term to convert the first ϕ into ϕ and the third ϕ

into ϕ. This reveals that the first and third terms perfectly cancel each other out, to obtain

∫
1

∂+3
ϕ∂̄ϕ∂m∂+ϕ =

∫
1

∂+3
ϕ∂mϕ∂∂+ϕ (8.31)
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