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Abstract

The Brauer class of the endomorphism algebra attached to a primitive non-CM cusp
form of weight two or more is a two torsion element in the Brauer group of some number
field. We give a formula for the ramification of that algebra locally for all places lying
above all supercuspidal primes. For p = 2, we also treat the interesting case where
the image of the local Weil-Deligne representation attached to that modular form is an
exceptional group. We have completed the programme initiated by Eknath Ghate to give
a satisfactory answer to a question asked by Ken Ribet.

In a different project, we studied the variance of the local epsilon factor for a modular
form with arbitrary nebentypus with respect to twisting by a quadratic character. As an
application, we detect the nature of the supercuspidal representation from that informa-
tion, similar results are proved by Pacetti for modular forms with trivial nebentypus. Our
method however is completely different from that of Pacetti and we use representation
theory crucially. For ramified principal series (with p || N and p odd, N denote the level
of modular forms) and unramified supercuspidal representations of level zero, we relate

these numbers with the Morita’s p-adic Gamma function.
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Introduction

The overview of this thesis is presented here briefly which contains two projects I
worked on during pursuing my PhD.

The thesis problem is divided into two parts. The first part is based on determining
the local Brauer classes of modular endomorphism algebras for all supercuspidal primes
in terms of traces of adjoint lifts at auxiliary primes. The ramification formulae of local
endomorphism algebras depend on the nature (unramified or ramified) of the supercusp-
idal primes. In the second part of the thesis, we determine that nature as an application
while studying the variance of local epsilon factor for a modular form with respect to
twisting by a quadratic character.

In the next two sections, we briefly discuss my works during my PhD study at IISER

Pune.

Modular endomorphism algebras at supercuspidal
primes

Let f(2) = X251 anq" € Sk(IN,€) be a primitive non-CM Hecke eigenform of weight
k> 2, level N > 1 and nebentypus €. Consider the number field £ = Q({a,}) obtained



Introduction

by attaching all the Fourier coefficients of f. For & = 2, let M denote the abelian variety
attached to f by Shimura [47]. For k > 2, we also denote by M the Grothendieck motive
over Q with coefficients in F associated to f by Scholl [45]. The M-adic realization of this
motive produces a A-adic Galois representation associated to the modular form f by a
well-known theorem of Deligne. Let Xy denote the Q-algebra of endomorphisms of My
defined by

X = Xy = Endg(My)®zQ.

An extra twist for f is a pair (v, x,), where v € Aut(£) and x., is an E*-valued
Dirichlet character such that a) = a, - x,(p) V p{ N. The set of such elements v forms
an abelian group, called the group of extra twists for f, denoted by I'. The subfield of £
fixed by the group I' is denoted by F'. One knows that F' is a totally real number field
and it is generated by the elements aZe(p)~", for all p{ N.

It is a fundamental fact, due to Momose and Ribet [38] in weight two and Ghate and
his collaborators [10], [23], [35] in higher weights, that the full algebra of endomorphisms
of this motive has the structure of an explicit crossed product algebra over F. The
algebra X is a central simple algebra over F' and its class [X] € oBr(F'), the 2-torsion
part of the Brauer group of F. In [38], Ribet wondered if it is possible to determine the
local Brauer classes by pure thought.

We study the Brauer classes of X locally by the following exact sequence:
0 — 2Br(F) — @,y 2Br(F,) = Z/2 -0

where v runs over the primes of F', and F, is the completion of F' at v. One knows that
the algebra X, = X ®p F, is a 2-torsion element in the Brauer group Br(F;,), that is,
the class [X,] € 9Br(F,) = Z/2. We say X, is unramified if the class of X, is trivial and
ramified if the class is non-trivial.

For a prime p, let G, := Gal(@p|(@p) be the local Galois group. Write the level N of
the non-CM primitive cusp form as p» N’, with p{ N” and the nebentypus € = ¢, - € as a
product of characters of (Z/p™*Z)* and (Z/N'Z)* of conductors p% for some C, < N,
and C” dividing N’ respectively. We say f is p-minimal, if N, is the smallest among
all twists f ® ¢ of f by Dirichlet characters ). The classification of the primes p for a

p-minimal newform f can be given in terms of the nature of the local component at p in



the automorphic representation attached to f, which can be further given in terms of IV,

and C), as follows:
e N,=C,=0:pis a prime of good reduction,
e« N, =C, # 0:pis aramified principal series prime,
e N,=1and C, =0:pis a Steinberg prime,
e 2< N, > C,: pis asupercuspidal prime.

In the fourth case the representation can be extraordinary and it happens only when
p=2.

The computation of the algebra X, has been treated by many people depending upon
the nature of the primes. At the infinite primes v, Momose determined that X is totally
indefinite if k is even, and totally definite if k£ is odd [33, Theorem 3.1]. The local Brauer
classes of these algebras is known by a series of papers pioneered by Ghate and his
collaborators [3], [4], [10] and [23] for non-supercuspidal primes. We intend to complete
the program initiated by Ghate to provide a satisfactory answer to the question raised
by Ribet for all places of Q.

In the first part of this thesis, we wish to give a formula that precisely determines
when X, is ramified if the corresponding local automorphic representation is supercus-
pidal in terms of Fourier coefficients at good primes (that do not divide the level of f).
Unfortunately, if p is a supercuspidal prime, then a, = 0 and the corresponding slope
is infinity and it is not possible to talk about the parity of slopes. We give a complete
description of the local Brauer classes at the supercuspidal primes in terms of traces of
adjoint lifts at auxiliary good primes. That traces of adjoint lifts are important in the
study of extra twists is evident in the recent Theses of [15] and [28]. Our results should

be useful to study the images of A-adic Galois representations following [31].

Definition 0.0.1. We call a supercuspidal prime p to be dihedral for f if the local Galois
representation pglq, ~ Indglx for some quadratic extension K|Q, and some character x
of G = Gal(Q,|K). Depending on K|Q, is unramified (or ramified), we call the prime
p to be an unramified (or ramified) supercuspidal prime for f. By the level of an un-
ramified supercuspidal prime p, we mean the level of the corresponding local automorphic

representation ,.
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Choose a prime p’ coprime to N, with nonzero Fourier coefficients a,/, satisfying the

following properties:
pP=1 (modp™), p'=p (modN). (1)
Let v be a valuation on F' such that v(p) = 1.

Definition 0.0.2. (Companion adjoint slope) We define the “companion adjoint slope”
at a place v of F' lying above a supercuspidal prime p to be the v-adic valuation of the

trace of adjoint lift at the good prime p'. In other words, we denote by

my = [Fy, : Q) ~v(a§,e(p')_1)
the “companion adjoint slope” at the place v.
We choose the following auxiliary primes with nonzero Fourier coefficients:
o p” =1 (mod N') and p” has order (p — 1) in (Z/p™*Z)*,
e p” =1 (mod N') and p” has order 2 in (Z/2N27Z)*,

o forallyel,

-1, if x, is ramified,

1, if x, is unramified.

There exist infinitely many such primes since f is assumed to be non-CM. The results
obtained here are independent of these auxiliary primes chosen. That the primes p/
and p’ determine the Brauer class for p odd was discovered by Bhattacharya-Ghate [8]
using a different method involving local Hilbert symbols and (p, £)-Galois representation.
We generalize their results for all supercuspidal primes including p = 2 using group
cohomology and (p, p)-Galois representation.

The ramification formulae of local endomorphism algebras for all supercuspidal

primes are determined by the following theorem.



Theorem 0.0.3. e Ifp is a dihedral supercuspidal prime for a modular form f then
the local Brauer class of the modular endomorphism algebra is determined by the
parity of the “companion adjoint slope” and an explicitly computable error term that
is determined by at most three local symbols involving m, and the trace of adjoint

lift of f at one of the auxiliary primes associated to p as listed above.

o Ifp =2 1is a non-dihedral supercuspidal prime for the modular form f then the local
Brauer class is determined by the trace of adjoint lift of the corresponding complex

local Weil-Deligne representation.

On quadratic twisting of epsilon factors for modular

forms with arbitrary nebentypus

The associated L-function to a modular form f satisfies a functional equation with
values at s and 1 — s differ by a quantity called the root number/epsilon factor of f.
Ariel Pacetti studied the variance of local root numbers under twisting by a quadratic
character for modular forms with trivial nebentypus. We study the same for modular
forms with arbitrary nebentypus and determine the nature of the supercuspidal primes.

Consider the quadratic character y associated to a quadratic extension of Q ramified
only at p. The adelization of y gives rise to the characters {x,},. In this part of my
thesis, we study the changes of the local epsilon factor associated to f while twisting by
X. We denote by ¢, the variation of the local factor of f at p while twisting by x,. On
both sides, we choose the same additive character and Haar measure.

For each prime p dividing the level of f, let 7, be the local component of the
automorphic representation 7 of the adele group GLo(Ag) attached to f. We treat
each cases separately depending upon the nature of the local component of f at p.
Supercuspidal case is the most interesting case.

We call a prime p to be a supercuspidal prime for f if the local component of f at
p is supercuspidal. By local Langlands correspondence the representations 7, are in a
bijection with (isomorphism classes of) complex two dimensional Frobenius-semisimple
Weil-Deligne representations p,(f) associated to a modular form f at p. We will be using

the information about p,(f) in this case.
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The Weil group of any local field K and Q, are denoted by Wy and W, respectively.
A supercuspidal prime p is said to be dihedral if the local representation is induced by a

character sz of an index two subgroup Wi of W, i.e.,

pp(f) = Indy? 5

with K a quadratic extension of Q, and » a quasi-character of W2 which does not factor
through the norm map with a quasi-character of W;b. Depending on K unramified (or
ramified), we say p is an unramified (or ramified) supercuspidal prime for f.

For an odd supercuspidal prime p, the local representation is always dihedral. When
p = 2, more representations are involved and it can be non-dihedral.

Let px and U be the unique maximal ideal and m-th principal units of K respec-
tively. We can consider s as a character of K* via the isomorphism W2 ~ K*. The
conductor of s is the smallest positive integer m such that %|U? = 1. It is denoted by
a(s). We say s is minimal if %|U;(<%)_1 does not factor through the norm map Ngjq, .

Let d be the 2-adic valuation of the discriminant of the ramified quadratic extension
K|Q. We then have d € {2,3}. We give a criterion for a modular form to be p-minimal
in terms of the parity of N,, the exact power of p that divides the level of the modular

form. More precisely, we have proved the following:
Proposition 0.0.4. Let p be a dihedral supercuspidal prime for f.
1. If K is unramified, then N, is even.

2. Assume that K|Q, is ramified with a(>c) > d+ 1 if p =2. Then N, is odd if and

only if f is p-minimal.
The next theorem determines the number ¢, in the dihedral supercuspidal case.
Theorem 0.0.5. Let p be a dihedral supercuspidal prime for f.

1. Let K|Q, be unramified. For an additive character ¢ of Q, with »(1 +x) = (¢ o
Trkg,)(cx) for all x € pf where 2r > a(s) > 1, we have €, = 1.

2. Assume that p is odd with K|Q, is ramified. We have

e ¢, = 1 if the conductor of s is odd.



e In the case of a(s) even, the number

17 Zf (paKlQp) = 17
(5) K =-1

€p:

3. When p = 2 with K|Qy ramified, we have
1, if K =Qa(v-1),Q2(v2),Q2(v-2),Qa(V3),
g9 =19 -1, if K=Qo(v6),Qo(/—6) with » minimal,
1, if K =Q2(v6),Q2(v/—6) with 3 not minimal.

When K is unramified with a(») =1, 5 := %_1|le( can be considered as a character
of O /Uy = F,. Here, we take an additive character ¢ of K which induces the canonical
additive character ¢ of F,2. Morita’s p-adic gamma function is denoted by I',. Then we

prove the following:
Theorem 0.0.6. Let p be an odd unramified supercuspidal prime with a(») = 1.

1. If the order of  is even, then ¢, = 1.

2. Assume the order m of » is odd that divides p — 1. Write p = bm + 1 for some
be N. Then

1 1\)?
_ . —1/m
?=P {Fp<2m)/rp(m)} '
3. Assume that the order m of 3¢ divides p+ 1. Then

-1, if m odd andp=1 (mod 4),
Ep =141, if m even and p=1 (mod 4),
1, if m even and p =3 (mod 4) with pmil odd.

For p =2, we have g5 = 1.

Let £(f) be the global e-factor associated to f and €,(f) be its p-part. For the
character x, defined before, the newform twisted by x, is denoted by f ® x,. The

following two corollaries determine the nature of a supercuspidal prime.
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Corollary 0.0.7. Assume that 7y, is supercuspidal. For odd primes, it is always induced
by a quadratic extension K|Q,. If N, > 2 is even, then K is the unique unramified
quadratic extension of Q,. In the case of N, > 3 odd with p =3 (mod 4), we have

o K=Q,=p) ife(f ®xp) =xp(N)e(f).
e K = Qp(\/?bfl) if e(f @ xp) = —Xp(N)e(f)-
The same cannot be concluded, when p =1 (mod 4).

Consider the quadratic character y associated to the quadratic extensions ramified

only at 2 by class field theory. We then have the following two relations:
L e(f®x)=x(Ne(f), if ex =1,
IL. e(f®x) = —x(Ne(f), if e = —1.

Corollary 0.0.8. Let p = 2 be a dihedral supercuspidal prime for f. Then o is always
induced by a quadratic extension K|Qq. If f is 2-minimal and Ny > 2 is even, then K
is the unique unramified quadratic extension of Qo. In the ramified case, we have the

following classifications of K :

Classification of K for p =2
p-minimality of f | K = Qy(v/1) Property
t=-1,-2.2.3 I
Yes
t=—6,6 1
No t=-1,-2,23,-6,6| I

Remark 0.0.9. If f is not 2-minimal, then we cannot distinguish whether the extension
K|Q, is unramified or ramified (since Ns is even in both cases). Moreover, when K|Q
is ramified, the above property I always satisfies for f. If f is a 2-minimal newform,
then the extension K|Qq (from which the local representation is induced from) can be
distinguished by the parity of Ny (K is unramified if Ny is even and K is ramified if Ny
is odd).

The structure of the thesis is described as follows:



Chapter 1 presents a brief overview of the basic properties of modular forms,

Hecke operators and local Hilbert symbols.

Chapter 2 deals with the 2-cocycle that determines the Brauer classes of the

endomorphism algebra attached to a non-CM primitive cusp form.

Chapter 3 describes the Galois representations attached to modular forms and

local global compatibility.

Chapter 4 contains the structure of the character x (from which the local Galois

representation is induced) on the inertia group.

Chapter 5 determines the local Brauer classes of endomorphism algebras attached
to a non-CM primitive cusp form for all supercuspidal primes in terms of traces of
adjoint lifts at auxiliary primes. We provide numerical examples using Sage and
LMFDB supporting some of our theorems in the end of this chapter based on our
work [6].

Chapter 6 is the last chapter of this thesis. Here, we study the variance of local
epsilon factor for a modular form with arbitrary nebentypus with respect to twisting
by a quadratic character. As an application, we detect the type (unramified or
ramified) of the supercuspidal representation from that information. This is based

on our work [5].
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1

Preliminaries

In this chapter we will briefly review some basic properties of modular forms and
local Hilbert symbols which will be very useful to read this thesis. The interested readers
should consult [19], [21] and [46].

1.1 Modular forms

The modular group SLy(Z) acts on the upper half plane H = {z € C | Im(z) > 0} in

the following way:

C

b
vz = ‘c’jis, for all v = (a d) € SLy(Z) and z € H.

For any N € N, the principal congruence subgroup of level N is defined by

r(zv):{(a 2)e8L2<Z)|azd51 (mod N),b=c=0 (modN)}.

c

In particular, I'(1) = SLo(Z). A subgroup I' C SLy(Z) is called a congruence sub-
group of level N if I'(N) C I". The following are the important examples of congruence

subgroups other than principal congruence subgroup and SLy(Z):

c

To(N) = { (a 2) €SLy(Z) | c=0 (mod N)}

11



CHAPTER 1. PRELIMINARIES

and

b
Ty (N) = { (a d) €SLy(Z) | c=0 (mod N),a=d=1 (mod N)}.
c

Given a meromorphic function f : H — C, for each k € Z we define the weight-k
operator on f by

C

b
fYe(z) = det(y)" ez +d) Ff(y2) Vv = (a d) € GL; (Q) and 2z € H.
Let D' = {z € C: |z|] < 1} — {0} be the punctured disc. Consider a meromorphic

function f on H that satisfies f[y]i(z) = f(2) Vv € . Since a congruence subgroup

,
I' D I'(N) for some N, it contains a translation matrix . for some minimal r € N.

Thus, the function f is rZ-periodic and defines a holomorphic function ¢ : D' — C with
f(2) = g(e*™*/"). The holomorphy of f on H implies that g is holomorphic on D’. We

say f is holomorphic at oo if g is holomorphic at 0. The expression

f(z) = Z%an(f)q?, gr = T
is called the Fourier expansion of f.

A congruence subgroup I' acts on Q U {oo}. The cusps of T' is defined to be the
I'-equivalence classes of QU {oo}. Let s € QU {oo} be any cusp. Then we can write
s = a(oo) for some a € SIy(Z). Note that o 'Ta is also a congruence subgroup. The
function h = f[a]y is holomorphic on H and satisfies h[f], = h V 8 € a ' Ta. We say f
is holomorphic at the cusp s if f[a]y is holomorphic at co. We also say f is holomorphic

at the cusps if f[a]i is holomorphic at oo for all o € SLy(Z).

Definition 1.1.1. A modular form of weight k with respect to I is a holomorphic function
f:H — C satisfying

e flalg=f foralla €T,

e f is holomorphic at the cusps of T'.

12



1.2. Hecke Operators

If in addition, ao(fla]x) = 0 for all a € SLy(Z), then f is called a cusp form of weight k
with respect to T'.

We denote the set of modular forms (resp. cusp forms) of weight & with respect to I’
by M (') (resp. Sg(I')). These are finite dimensional vector spaces over C.

From now on we will only consider the congruence subgroup I'y(N). For a Dirichlet

—

character € € (Z/NZ)*, the e-eigenspace of Si(I';(NN)) is defined as follows:

Sp(Nye) ={f € Sp(T'1(N)) : flalk(z) = €(d) f(2), for all a = (a

Cc

b
d) € To(N) and » € H}.
The space Si(I'1(IV)) decomposes as a direct sum of e-eigenspaces

STy (V) = @D Sk(N, €).

The eigenspace Sk (N, €) is called the space of cusp forms of weight &, level N and character

€.

1.2 Hecke Operators

e. Forn € (Z/N7Z)*, we define the Hecke operator (n) on Si(N,¢€) as follows:

Let f(2) = 302, an(f)g™ € Sk(IV, €) be a cusp form of weight k, level N and character

This definition can be extended to (n) for any n € N by setting (n) := (d) with n = d
(mod N), if (n, N) =1 and (n) =0 if (n,N) # 1. For n € N, the Hecke operator

T, : Sp(N,e) = Sk(N,e€)

is defined in the following way:

)G =3 (X A ) )"

m=1 *¢|(m,n)

We now list some properties of Hecke operators.

13



CHAPTER 1. PRELIMINARIES

1. The map n — (n) is multiplicative. In other words, (mn) = (m)(n) for all m,n € N.
2. For n € N, the Hecke operators T;,, commute with each other, that is,
7,1, =T,T,.
Moreover, if m and n are co-prime, then T,,T,, = T,,,.

3. One knows that the space S(I'1(N)) is equipped with the Petersson inner prod-
uct. With respect to that inner product the Hecke operators {(n), T}, : (n, N) =1}

are normal.

4. A Hecke eigenform f(z) = >0 ;a,(f)g" is a nonzero modular form in My (T';(V))
that is an eigenform for the Hecke operators {(n), T, : n € N}. We say a Hecke

eigenform is normalized if a,(f) = 1.

5. Recall that Si(I'y(M)) C Sk(I'1(N)) if M|N. We have a subspace of Si(I'1(N))
containing lower level cusp forms, called the subspace of oldforms at level N.
The orthogonal complement of this subspace with respect to the Petersson inner
product is called the subspace of newforms at level N. It has an orthogonal
basis consisting of normalized Hecke eigenforms, such basis elements are called

newforms.

1.3 Twists of modular forms

Let f(z) = >0y an(f)g" be a modular form in My(N,€). Then the twist of f by a
Dirichlet character x (mod M) is defined as follows:

(f®x)(z) = i )an( "

One knows that f ® x € Mp(NM? ex?) is a modular form of weight k, level NM? and
character ex? [47, Proposition 3.64].
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Definition 1.3.1. [38, Section 3] We say a modular form f has a complex multiplication
(CM) by a non-trivial Dirichlet character x if

ap(f) = ap(f ®X) = X(p)ap(f)

for a set of primes p of density 1.

If f does not have complex multiplication by any Dirichlet character, then f is called

a non-CM modular form. From now on we will consider non-CM Hecke eigenforms.

1.4 Local symbols

Let F' be a number field. Let v be a place of F' which is prime to 2, and let m, be

a fixed uniformizer in F,. For a,b € FX, write a = 7@ - ¢’ and b = 72®) . b where we

v

take the valuation v to be normalized so that v(m,) = 1. Then the local symbol (a,b), is

given by the following equation:

/

vl No=t  b\v@)  a’\ o)
(a.0)y = (=1)"O7 ()T () (1.1)
Here (;) is the local quadratic residue symbol in the residue field at v.

Now assume v|2. We first consider the case F' = Q so that v = 2. Let € and w be the
homomorphisms of the unit group of Q3 into Z/27Z defined respectively by the following
rules: )

€(a) = a;l mod 2, w(a):a 8_1 mod 2

where a is a unit in Q5. Now for units a,b € QJ, we have:

(2,a)y = (—=1)*@, (1.2)
(a,b)y = (—1)@®) (1.3)

Note that the formulas just defined above will determine the local symbol (a, b)s explicitly
for any a,b € Q.

Now we define Hilbert symbol (.,.), for a field F' other than Q. We found the only
reference [21, p. 247] for this. Consider an arbitrary field F', not necessarily equal to Q.

15
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Let v be a place of F' lying above the prime p = 2, and F), be the completion of F" at v. Fix
a uniformizer m, of F,. Set Fy = F,, := F, N QY", where Q4" is the maximal unramified
extension of (Qo, with its ring of integer Oy. Let R denote the group of multiplicative
representatives of the residue field of F, in Op. We know that Gal(Q4"|Q>) is topologically
generated by the Frobenius automorphism which will be denoted by ¢. Let O denote the
ring of integers of the completion @S\r of Q4 and ¢ the continuous extension of ¢ to @

We define the Frobenius operator Ax as follows:

Ax(f) = 2% =3 plan)X™"

for a formal power series f(X) = > a, X" over ©. This operator Ax is a Zo-
endomorphism of O[[X]]. Note that Ax depends on X. For simplicity, write A instead
of Ay. Let

V() = 5+ s € Ool{XD,
where s(X) = 2(X)?" — 1 and 2(X) € 1+ XO[[X]] is such that z(r,) = ( is a 2"-th
primitive root of unity in F,. Consider the homomorphism [x on Oy((X))* defined by
Ix(f) = %10g(fp/fA). For p = 2, the formula of Ix(f) is not defined for an arbitrary

series of Oy((X)), but for series f of () where
Q= {X"ae(X) : e(X) € 1+ XO0[[X]],a € Of,a* =a®> (mod 4),m € Z}.
Denote [x by . Let a, 5 € Q. Put

Cop = dU(B) = U(a)B7 B + U(a)l(B),

«,

o AO./2—OzAﬂ2—5A /
o = (2( 202 234 )>
and

s = X ux(@)ux(B)lx (L + s0-1(X)

where vy is the discrete valuation of Oy((X)) corresponding to X. Define the pairing

<L xR xXQ =< (>

16
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by the formula
Tr res (@aﬁ-i-q);lfﬁ_t,_q) 2)B)qn(X)V(X)

«,

<a76>X:C

where Tr = Trpg,, 7(X) = 1+ 2" Axre(X) and ro(X) € XOp[X] be a polynomial
of degree e, — 1 satisfying a certain condition [21, Section 3.4, p. 223|. For elements
a,f € FFX, let a(X),B(X) € @ be such that a(r,) = « and f(7,) = f. Put <
a,f >5,=< a(X),B(X) >x. The pairing < .,. >, is invariant with respect to the
choice of a uniformizer 7, in F,. We will often write < .,. >, instead of < .,. >, . It is

bilinear and antisymmetric. Furthermore,
<a,a>,=1, <bO,a>,=1 foraec F) andf e R*

and < a,1 —a >,= 1 for every « different from 0 and 1. The pairing < a,b >, coincides
with the Hilbert symbol (a,b), follows from [21, Chapter 7, Section 4, p. 255].
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2

Brauer class of X and its co-cycle

In this chapter, we study the Brauer class of the endomorphism algebra X = X
attached to a non-CM primitive cusp form f of weight £ > 2, level N > 1, with character

€.

2.1 The alegrba X and its Brauer class

Let f(z) = X.s1an(f)q" € Sk(N,€) be a primitive non-CM cusp form of weight
k > 2, level N > 1 and nebentypus e. By primitive we mean that f is a normalized
newform that is a common eigenform of all the Hecke operators. Consider the number
field £ = Q({a,(f)}) obtained by attaching all the Fourier coefficients of f. For k = 2,
let My denote the abelian variety attached to f by Shimura. For k > 2, we also denote
by My the Grothendieck motive over Q with coefficients in F associated to f by Scholl.
Let X denote the Q-algebra of endomorphisms of My defined by

X = Xf = EHd@(Mf)@Z@

For simplicity we denote the n-th Fourier coefficient of f by a, instead of a,(f) unless

we further mention. We now define a group of extra twists for a non-CM cusp form f.
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CHAPTER 2. BRAUER CLASS OF X AND ITS CO-CYCLE

Definition 2.1.1. A pair (v, x,) where v € Aut(E) and x, is an E*-valued Dirichlet
character is said to be an extra twist for f if a} = a, - x,(p), for all primes pt N. Such

a Dirichlet character x~ is unique since f is assumed to be non-CM.

Here a) means that y(a,). For a given 7, the uniqueness of the Dirichlet character
X~ in the above definition follows from the fact that a] # a, for all primes p but finitely
many, since f is assumed to be non-CM [cf. Section 1.3]. Let I' C Aut(£) be the abelian
subgroup of extra twists. Let F' denote the subfield of E fixed by I'. For v,6 € T, the
relation x5 = X, X2 shows that v+ x,(g) is a I-cocycle for a fixed g € Gg := Gal(Q|Q).
By Hilbert’s theorem 90, since H'(T', E*) is trivial, there exists a(g) € E* such that

a9 = x4(9) (2.1)

for all v € I'. The element «(g) is well defined modulo F*. Thus, the map & : Gg —
EX/F*, g — a(g) modulo F*, is a continuous homomorphism. Now « : Gg — E* can
be thought of as a lift of @. Here we list some properties of any lift a of the homomorphism
&. For the proof, the interested readers should consult [3, Lemma 1] and [40, Theorem
5.5].

Proposition 2.1.2. Let py denote the \-adic representation attached to f, for some
prime A |0 of E. The map « satisfies the following properties:

1. &*(g) = e(g) modulo F*, for all g € Gg.

2. a(g) = trace(ps(g)) modulo F*, for all g € Gg, provided that the trace is nonzero.

3. a(Frob,) = a, modulo F*, for all prime p{ N with a, # 0.

Comparing (2.1) and the property (1) of the above proposition, we have the following
identity:

X% — ! (2.2)

for all v € T'. According to [39], the Brauer class of X in Br(F) = H?(G, F*) is given
by the 2-cocycle

calg, h) = g,h € Gp,
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2.2. Invariant of local 2-cocycle

for any continuous lift o of & and this class is independent of the lift choosen [4, Section
3.2]. The restriction [cq|q,] € Br(F,) = HX(G,, F,”) gives the local Brauer class of X,

for any prime v of F'. Since inv,(c,

a.,) € %Z/ Z, the invariant map inv, at v completely
determines the class [X,] in Br(F,). For the definition of the invariant map, we refer to
[46, Ch. XIII, Section 3, p. 193].

2.2 Invariant of local 2-cocycle

We now state a lemma [4, Lemma 9] which will be useful to determine the Brauer

class of any local 2-cocycle of the form:

_ S(g)S(h).
cs(g,h) = W»

for all g, h € G, where S : G, — E, is any map.
Lemma 2.2.1. Let S : G, — F,” be any map and t : G, — E” be an unramified

homomorphism such that

1. S(i) € E), for alli € I,

2. S(g)?/t(g) € EF, for all g € G,.

For any arithmetic Frobenius Frob,,, we have then

inv,(cg) =

2
1U<S(Fr0bv)

1
5"\ H(Frob,) ) mod 7, € §Z/Z.

Here v : F) — 7Z 1is the surjective valuation.

Since [cq|g,] determines the algebra X, the most obvious choice for S in the above
lemma would be . When « cannot be taken as S in the above lemma, we have to
divide a@ by a suitable auziliary function (i.e., S = «/f) to make the above lemma
applicable. Then the cocycle ¢, can be decomposed as cgcy where cg and ¢y are the
cocycles corresponding to S and f respectively. The class of the 2-cocycle [c4|c,] and

hence, X, will be determined by

inv,(c,) = invy,(cg) + inv, (cy).

21



CHAPTER 2. BRAUER CLASS OF X AND ITS CO-CYCLE

For odd primes, we will see that there are cases where we do not need any auxilliary func-
tion. For p = 2, we will always be needed to divide a by (one or more) auxiliary functions
unless Ny, = 2 and their corresponding cocycles will contribute in the ramification of X,

as error terms if they are not trivial.
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3

Galois representations attached to modular forms and

local global compatibility

Consider a non-CM Hecke eigenform f = >>>°, a,q" of weight k > 2, level N > 1
and nebentypus €. Let M; be the abelian variety attached to f by Shimura [47], when
k = 2, or the Grothendieck motive associated to f by Scholl [45], when k& > 2. For all
rational prime ¢, we consider a prime A | £ of £ = Q({a,}) and let E) be the completion
of £ at A. For a modular form f as above, Eichler-Shimura-Deligne constructed a Galois

representation
Pf = Pfx: GQ — GLQ(E)\)7

unramified outside the primes dividing N/, satifying the following property: for primes
p1¢N, we have
trace(py(Froby)) = a,,  det(py) = xi~'e (3.1)

where Frob, is an arithmetic Frobenius at p, and x, is the ¢-adic cyclotomic character.
Let G, be the decomposition group at the prime p. In this thesis, we will be using
information about the local Galois representation pyf,|q, with £ = p. We refer to it as
(p,p) Galois representation. For more details about (p, p)-Galois representations, refer
to [24].
Let Ag denotes the adeles of Q and 7 be the automorphic representation of the adele

group GL2(Aq) associated to f [36]. Then 7 has a decomposition as a restricted tensor
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product
/
=)
p

over all places p (including the infinite primes). Each local component 7, is an irreducible
admissible representation of GL2(Q,). By the local Langlands correspondence for n = 2,
these representations m, are in a bijection with (isomorphism classes of) complex 2-
dimensional Frobenius-semisimple Weil-Deligne representations.

The local global compatibility between these two representations was proved by
Carayol in [12] if £ # p. In this thesis, we will use the local global compatibility even for
¢ = p proved by Saito [43] which we describe now. For p # ¢ (not necessarily p f N),
the restriction pys, := pf|g, induces a representation 'ps,, : "W, — GLy(Qy) of the Weil-
Deligne group 'W,, of Q,. Let 'p}, denote its Frobenius semisimplification and let the

isomorphism class of Frobenius semisimple representation of ‘W, associated to 7, be de-

noted by 'p(m,) [17, Section 3]. The representation 'p(m,) of the Weil-Deligne group of
Q, is a pair (p,(f), V) with

1. a representation p,(f): W, = GLy(C),

2. a nilpotent endomorphism N of C? such that
wNw ™' = w(w) - N, VweW,.

Here, w; denote the unramified quasi-character giving the action of W), on the roots

of unity (and by local class field theory it corresponds to the norm || . |,).

In this setting, we have the following diagram:

Global Langlands

T = ®; Tp p(m) = py: Gog — GL2(@£)
restriction to G, induces
'p%, o'W, — GLa(Qy)
(*)
Local Langlands ,
Tp p(mp) = pp(f) : W, = GLy(C)
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The relation (%) is an isomorphism and it is known for ¢ # p by the work of Deligne-
Langlands-Carayol. Saito proved the isomorphism (%) even for ¢ = p. For ¢ = p, the
representation 'p3?, is de-Rham and by the landmark paper [14] can be studied using
filtered (¢, N) modules. In the context of this thesis, it will be prudent to use the explicit
description of the filtered (¢, N) module for the given elliptic modular form f following
[25]. That the (p, p)-Galois representations are important in determining the local Brauer
classes of the modular endomorphism algebras are discovered by Brown-Ghate [10].

We are interested to determine the local Brauer classes of the modular endomorphism
algebras attached to a non-CM primitive cusp form for primes at which the local Galois
representation is supercuspidal. Recall that for a dihedral supercuspidal prime for f,
the local Galois representation is induced from a quadratic extension K of Q,. In other

words,

prle, ~ Indgh x.
For an odd supercuspidal prime with N, = 2, the extension K|Q, is always unramified
[8, Section 4]. This will also happen for a dihedral supercuspidal prime p = 2.

For the dihedral supercuspidal prime p = 2 with N, = 2, we will now show that
the extension K|Q is always unramified. For the character x of Gk, the usual con-
ductor a(x) = min{n : x(Ug) = 1}. Let vy be the normalized valuation of Q5 and
I(K|Q2), f(K|Qy) denote the discriminant and the residual degree for K |Qy respectively.
We now recall the formula [13, Proposition 4(b), p. 158] which coincides with the formula

for the Artin conductor of a 2-dimensional induced representation of a local Galois group:
a(Ind& x) = v2(3(K|Qa)) + F(K|Qs)a(x). This gives

2a(y), if K|Qq is unramified,
Ny =42+ a(y), if K|Qq is ramified with discriminant valuation 2, (3.2)

3+ a(x), if K|Qq is ramified with discriminant valuation 3.

If K|Qy is unramified, Ny always becomes even. We see that Ny = 2 happens in the

following cases:

1. K|Qq is unramified with a(x) = 1 and

2. K|Qy is ramified with discriminant valuation 2 and a(y) = 0.
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The second case cannot occur. Since the algebra Xy is invariant with respect to twisting
by a Dirichlet character [39, Proposition 3], without loss of generality one can take f to be
minimal in the sense that its level is the smallest among all twists f ® 1 of f by Dirichlet
characters ¢». Then by [11, §41.4 Lemma], we have a(x) > d = 2, a contradiction to

a(x) = 0 in the second case.

Lemma 3.0.1. Let p = 2 be an unramified dihedral supercuspidal prime for f with
Ny =2. We have a(j) € F* for all j € Iy (K), the wild inertia group of K.

Proof. Since Ny = 2, we have a(x) = 1, that is, x| v = 1. We know that reciprocity map
sends wild inertia group of K onto the principal unit group of K. Let 7 = 7, € Iy (K)
be an element which is mapped to k € UL C K* under the reciprocity map. Hence,

using property (2) of Proposition 2.1.2 we obtain a(7) = x(k) + x?(k) =1 mod F*. O
We now recall a corollary of Brauer-Nesbitt theorem.

Corollary 3.0.2. Two semi-simple representations p; and ps of Gk on a finite-

dimensional vector space over any field are equivalent if and only if for all g € Gk

we have trace(pi(g)) = trace(pa(g)).

For v € I', there is a unique Dirichlet character . such that f7 = f ® x,. By
restricting to the corresponding decomposition group G, we deduce that the p-adic

Galois representations are similar. In other words,

Pirp ™~ Prp @ Xy-

By the above corollary, we have pgy ), ~ p}’p. Hence, the property (2) of Proposition 2.1.2,
is also true even for p-adic Galois representation by comparing the traces of the similar
p-adic Galois representations associated to f7 and f ® x,.

One knows that det(p;) = x5 'e, where x, is the f-adic cyclotomic character [cf.
Equation 3.1]. We can realize the nebentypus € as an idelic character as follows: for
r € Q) let [z] denote the corresponding element (1,--- ,z,--- ;1) in Ag. The restriction

of € to Q, is then given by the formula:

e([p™u]) = € (p)"ep(w) (3-3)
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for m € Z and u € Z);. Here € and ¢, denote the prime-to-p part and p-part of the
character e respectively. From class field theory, we know that norm residue map sends
Q, < Ag onto a dense subset of the decomposition group G, at p. The Galois character

€|g, can also be determined by this fact using the formula above.
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4

Inertial Galois representations

In this chapter, we discuss about the structure of the induced character at the inertia
groups for a dihedral supercuspidal prime. We call a prime p to be a dihedral supercusp-
idal prime for a cusp form f if the local Galois representation is induced by a character x
of an index two subgroup G := Gal(Q,|K) of the local Galois group G,, := Gal(Q,|Q,),
that is,

G
pfle ~ IndGi{X'

Since the invariant of the 2-cocycle ¢, determines the Brauer class of the algebra Xy
attached to a non-CM primitive cusp form f [cf. Chapter 2|, we need the information of
« at the inertia groups to apply Lemma 2.2.1. By [Proposition 2.1.2, property (2)], it is
enough to know the structure of the induced character x at the inertia groups. We now
denote the inertia subgroups of GG, and G by I, and Ik respectively. In this chapter,

we assume the familiarity of the reader with [25].

4.1 0Odd supercuspidal primes

For an odd supercuspidal prime, the local Galois representation is always dihedral,
that is, pflq, ~ Indgi X, where K|Q, is quadratic. Assume o is the generator of
Gal(K|Q,). Choose a finite extension L|Q, with the property that ps is crystalline
over L (cf. [25] for more details) and L|Q, is Galois. Then the inertia type of x can
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be written as follows: x|;, = x|rzig,) = wh - x1 - X2 (When K is unramified) [25, Sec-
tions 3.3.2] and x|, = x|rrx) = @'+ x1 - x2 (when K is ramified) [25, Sections 3.4.2],
where wy is the fundamental character of level 2, w is the Teichmiiller character and Y,
is the character having p-power order for m = 1,2, and [ is an integer. The action of o on
these characters is given by the following rule: w§ = wh,w’ = w,x? = x1 and x§ = x5 .

Since x does not extend to G, we have x # x° on G which is equivalent to that
X # Xx° on Ir. The last condition is equivalent to: either I Z 0 (mod p+1) or x§ # x5

(unramified case) and x3 # x5 ' (ramified case).

4.2 Dihedral supercuspidal prime p = 2

For the dihedral supercuspidal prime p = 2, we will see that x|z, can be thought of as
a character of an inertia subgroup of a finite Galois extension of Q. By a computation
similar to [25, Section 3.3.2, Section 3.4.2] for odd primes p, we show that x restricted
to inertia group can be written as x|, = w) - x1 - x2 (in the unramified case) and x|, =
w'- X1+ X2 (in the ramified case). The results in this section are obtained by generalizing
the construction of x on the inertia group for p = 2 following [25].

Let Wy (respectively W) be the Weil group of Q, (respectively K) and pao(f) be
the local representation associated to the local representation my [cf. Chapter 3]. In
this case, the inertia group acts reducibly. If it acts irreducibly, then the image of ps(f)
becomes an exceptional group. Here, we only concentrate on the dihedral supercuspidal
representations. To write down the inertia type x|z or x|, we recall the structure of

the local Galois representation following [25].

4.2.1 The case K unramified

In this case, x is a character of W, which does not extend to W5 and it is finite on I5.
Let Gal(K|Q2) be generated by o. Let K = Qy(w) be the unique unramified quadratic
extension of Qy with w a primitive 3-rd root of unity. We choose a finite extension L|K
over which po(f) becomes crystalline and L|Q, is Galois. For an integer m > 1, let K™
be the unique cyclic unramified extension of K of degree m. Consider the polynomial

g(X) = 71X + X* where 7 is a fixed uniformizer of K. For a Lubin-Tate module M,
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n+1

consider the Ox-module of 7" -torsion points

Wy = ker([7"*]y)

whose module structure is induced by the formal group attached to g(X). Let K(W})
be its field. By local class field theory, it is a totally ramified abelian extension of K and

its Galois group
Gal(K(W;)|K) = Ug /UL =Ff x Ok /7", (4.1)

where Ux and U I((n ) denote the units and (n + 1)-th principal units of K respectively.
Furthermore, since g(X) is defined over Q (if the uniformizer 7 is chosen from Qs), the
extension K (W}')|Q, is also Galois.

Consider a finite cyclic extension F|K such that x|;,. is trivial. By local class field
theory the field F' is contained in K™K (W) for some m and n and so pa(f) restricted
to its inertia subgroup is trivial. For this reason, we take L = K™K (W) over which
p2(f) becomes crystalline as pa(f) is trivial on I, and if the fixed uniformizer 7 is chosen

to be 2, the extension L|Qy becomes Galois.

Description of Gal(L|Q)

We now describe Gal(L|Q5) in detail. Let a be a root of g™ (X) but not a root of
g™ (X), where g™ (X) denote the n-th iterate of g(X). We have an identification of fields
K(W;) = K(a) with Qy()|Q; a totally ramified extension of degree (2* — 1) - 2*" and
L|Qy () is an unramified extension of degree 2m. Let o be a generator of Gal(L|Qz(«))
and its projection to the generator of Gal(K|Q2) is also denoted by o .

Note that the inertia subgroup of Gal(L|Q;) is Gal(L|K™) ~ Gal(K (W;')|K). Here
K(WY) = K(j3) with § a root of X* +2 = 0. Let A be its Galois group over K which is
generated by an element, say ¢, of order 3. It is isomorphic to the tame part of the inertia
subgroup of Gal(L|Qz). Since the order of 6 and 2 are relatively prime, ¢ can be lifted
uniquely to an element of order 3 in Gal(K (W,')|K), again denoted by J. The wild part
of the inertia subgroup of Gal(L|Qs) is isomorphic to I' = Og /2" =2 Z/2" @ Z/2" =<
Y1 > B < o > with 71,72 each have order 2".
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The full inertia subgroup of Gal(L|Qy) is A x I'. This is a normal subgroup and
it is generated by the elements d,y; and 7. These generators are characterized by the
Equ. (4.4) below. Since o? fixes K(W}') the action of o on Gal(L|K™) by conjugation
is an involution. Indeed, if h € Gal(L|K™) and z € K™, then we have o2 - h(z) =
0*ho?*(z) = 0*(07*(x)) = x = h(z) and if 2 € K (W), we have 0*-h(z) = 0*ho~*(z) =
0*(h(x)) = h(x). This action coincides with the action of Gal(K|Q,) on Gal(K (W7')|K))
by conjugation. The group Gal(K|Q;) acts on O} /U™ in a natural way. Note that
O JURT = 0% /U x Uk JUR 2 (0x/2) " x O /2" 2 Ff x O /2" and

Ok /2" =Zs]a])2" = (Zo ® Zo - ) /2" 2 Z)2" $ Z/2" - & with o = —a.

Let px : K* — Gal(K®|K) be the norm residue map. We again denote the restriction

p K|le< modulo Ujst by pg. This is the isomorphism (4.1). We now consider the following

commutative diagram [26, Thoerem 6.11]:

O% /UMY =T x O /2" 5 Gal(Fy|K)

) -

O% /UL =TF5F x O /2" -5 Gal(Fy|K)

where Fy = K(W}') and the map o* is obtained by the conjugated action of o on
Gal(F1|K). Using the commutativity of the above diagram, we have pg(o(z)) =

ol px(z)o, for all x € OF% /U, This gives us the following relations:
oo =6, olyio=y and o 'y =1yt (4.2)

Action of o

By the action (2.1) of [25], the character y on Iy can be thought of a character y on
the inertia subgroup of Gal(L|Qy) which is A x I" [25, Section 3.3.2]. Write

X = Xz = wh - X1 - X2 (4.3)

where wy is the fundamental character of level 2, [ is an integer and Y, is the character

taking v, to a 2"-th root of unity (,, for m = 1,2. Let us assume that y; takes v; to (or
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and o takes 75 to (os. Here, we denote by (- and (35 a primitive 2"-th root of unity and
a primitive 2°-th root of unity respectively, so r, s < n. Let ¢ be the non-trivial element

of the Galois group of K|Q and it acts on the above characters in the following way:

wi=ws, X7=x1, X5=x5" (4.4)

The condition that x does not extend to W5, we have x # x? on Wy which is further
equivalent to that [ #Z 0 (mod 3) or (o # ('. Since (5 = (or and (5. = (5", one can
deduce that r < s.

4.2.2 The case K ramified

Let us now assume that K|Q, is a ramified quadratic extension with y finite on Ik
such that x|, does not extend to I5. Let us denote the Gal(K|Qs) by < ¢ >. Similar to

the unramified case, we find out a Galois extension L|Qq such that po(f)|, is trivial.

Description of Gal(L|Q)

For an integer m > 1, let K™ be the unramified extension of K of degree m. For a
uniformizer 7 of K, let g(X) = 71X + X? and as before let

Wr={aeM, | """ a=0}

Here, M, denote the formal Og-module whose underlying set is the ring of integers of
the completion of K and its module structure is induced by the formal group attached
to g. The field K} = K(W}) is a totally ramified abelian extension of K with Galois
group isomorphic to Ug /UE™ = {£1} x O /7", where Ux and Up'" denote the units
and (n + 1)-th principal units of K respectively. Note that O /m*" X Z/2" & Z/2".

We now choose a finite cyclic extension F|K such that x|, = 1. As every abelian
extension of K is contained in K™K for some m,n by class field theory, we have an
inclusion of fields F ¢ K™K, for some m,n. We take a uniformizer m of K such
that m = —x (for any lift of ¢, again call 1). The polynomial g_(X) = —7X + X2
gives rise to the Lubin-Tate extension K™ _ with (K7)* = K" _ which is same as K.
Indeed, if K = K(«) then K" = K(—«). Thus, the field K is preserved by (a lift of)
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. € Gal(K|Qq) and so K is Galois over Q.

For our convenience, set L = K*™K?". Then L|Q, is a Galois extension containing
F. In particular po(f)|;, = 1 and po(f) becomes crystalline over L. The description of

the Galois group of L|Qy is given using the following exact sequence:
1 — Gal(L|K) — Gal(L|Qq) — Gal(K|Qq) — 1

where Gal(L|K) = Gal(L|K?") x Gal(L|K*™) =< ¢ > x(A x I'),Gal(K|Q3) =< ¢ >,

with 0™ = 1 and
A={£1}, I =0k/m =<y > X <7 > with ¥ =1fori=1,2.

Here, A and T are the tame and wild parts of the inertia group I(L|K) = Gal(L|K*™)
respectively. The full inertia subgroup of Gal(L|K) is A x I'.

Action of ¢

The inertia I(L|K) is a normal subgroup of I(L|Q2) and the conjugation action of ¢
is given by

CHE e = {EL), Ty =y, e =t (4.5)

which can be checked as in the unramified supercuspidal case. As in the previous case
we can think of x|, as a character of I(L|K) = A x I'. Write

Xl = Xl = @' - x1 - xe, (4.6)

where w is the fundamental character of level 1, [ is an integer and Y,, is the character
taking v,, to a 2"-th root of unity (,, for m = 1,2. Let us assume that y; takes v, to
(or and yo takes 75 to (9s. Here, (or and (5s denote a primitive 2"-th root of unity and
a primitive 2°-th root of unity respectively and so r,s < n. The element ¢ acts on the

above characters in the following way:

L

w=w, Xi=X1, Xo=Xs - (4.7)
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4.2. Dihedral supercuspidal prime p = 2

The condition x|z, does not extend to I is equivalent to (s # (3" and hence r < s. Note
that there are seven quadratic extensions Qg(\/a) of Qy with d = —3,-1,3,2,—-2,6, —06.
Among them Q2(v/—3) is unramified and rest of them are ramified.

Remark 4.2.1. The above generators y; and 7y, are characterized by the Equ. (4.7). Note
that the above characters w),w, 1 and y» are canonically determined by the modular
form f (more precisely, the actions 4.4 and 4.7) as we started with the local representation

canonically attached to f

Definition 4.2.2. (v;-element and ~z-element) An element of Iy (K) (the wild inertia
part of K) is called a ~y-element (resp. ~o-element) if its projection to Iy (L|K) is v
(resp. 72).
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5)

Modular endomorphism algebras at supercuspidal

primes

In this chapter, we determine the local modular endomorphism algebras (attached to
a non-CM primitive cusp form) at certain primes of infinite slope, called supercuspidal

primes.

5.1 Set up

Let My be the motive attached to a non-CM primitive cusp form f = 277, a,q" €
Sk(N,€) of weight £ > 2, level N > 1 and nebentypus e. Consider the Q-algebra of
endomorphism of My defined by

X = Xf = EHd@(Mf) ®Z @

For a prime A | ¢ of the Hecke field F = Q({a,}), Deligne [16] associated a Galois

representation to f which is a continuous homomorphism

pr = pra: Go := Gal(Q|Q) — GLy(Ey).

It is unramified outside the primes dividing N¢ and its determinant is X’g_le, where

X¢ is the f-adic cyclotomic character. Let G, be the decomposition group at p. We

37



CHAPTER 5. MODULAR ENDOMORPHISM ALGEBRAS AT SUPERCUSPIDAL PRIMES

will be using information about the local Galois representation p¢|g, with ¢ = p, called
(p, p)-Galois representation.
Inside the automorphism group of E, we have an abelian subgroup I', called the group

of extra twists for f:
I' = {y € Aut(E) : 3 a Dirichlet character x, such that a) = a,-x,(p) with (p, N) = 1}.

The fixed field of E by I' is denoted by F'. It is well known that E is either a CM field
or a totally real field. Thus, the field F' is a totally real number field, since if F is a CM
field then complex conjugation is always an element of I' [38, Example (3.7)]. One knows
that X is a central simple algebra over F and its class [X] € oBr(F'), the 2-torsion part
of the Brauer group of F. For a prime v | p, let F,, be the completion of F at v.

Using the exact sequence below one can study the Brauer class of X locally:
0 — 2Br(F) — @, oBr(F,) = Z/2 =0

where v runs over the primes of F. It is known that the algebra X, = X ®g F), is a
2-torsion element in Br(F},), that is, the class [X,] € oBr(F,) = Z/2Z. If the class [X,] is
trivial, the algebra X, is a matrix algebra over F}; otherwise it is a quaternion division
algebra over F,.

We treat the case to find out the algebra X,, when the local automorphic representa-
tion at p (attached to f) is supercuspidal. These primes are called supercuspidal primes.
Let N, and C), be the exact power of p that divides the level N and the conductor of the
p-part of € respectively. Supercuspidal primes can be characterized by the conditions:
2< N, >C,.

Definition 5.1.1. We call a supercuspidal prime p to be dihedral for f if the local Galois
representation py|a, ~ Indgix for some quadratic extension K|Q, and some character x
of Gx = Gal(Q,|K). Depending on K|Q, is unramified (or ramified), we call the prime
p to be an unramified (or ramified) supercuspidal prime for f. By the level of an un-
ramified supercuspidal prime p, we mean the level of the corresponding local automorphic

representation ,.

If p is a supercuspidal prime, then a, = 0 and the corresponding slope is infinity and
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it is not possible to talk about the parity of slopes. In this chapter, we will give a formula
that precisely determines the Brauer class of X, in Br(F,) in terms of traces of adjoint
lifts at auxiliary good primes (that does not divide the level of f) for a prime v of F
lying above a supercuspidal prime p. We choose a prime p’ coprime to N, with non-zero

Fourier coefficients a,, satisfying the following properties:

p=1 (modp™), p'=p (modN). (5.1)

Definition 5.1.2. Let v be a wvaluation on F such that v(p) = 1. We define the
“companion adjoint slope” at a place v of F lying above a supercuspidal prime p to

be the v-adic valuation of the trace of adjoint lift at p'. In other words,

my = [F, : Q] -v(af,,e(p')_l)
denote the “companion adjoint slope" at v.

We also choose the following auxiliary primes with non-zero Fourier coefficients:

"

e p' =1 (mod N’) and p" has order (p — 1) in (Z/p"*7Z)*,

"

*p

1 (mod N’) and p” has order 2 in (Z/2V27Z)*,

o forall y el

-1, if ., is ramified,

, if x, is unramified.

There exist infinitely many such primes since f is assumed to be non-CM. If the Brauer
class of X, is determined by the parity of an integer a, we write X, ~ a or X, ~ (—1)%
The computation of X, uses the technique from group cohomology and (p,p)-Galois

representation.

We consider two cases separately depending upon p odd or p = 2.
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5.2 0Odd supercuspidal primes

For an odd supercuspidal prime p, the local automorphic representation attached
to f, or equivalently (via Local Langlands Correspondence for GLg) the local Galois
representation is always dihedral and hence induced by a character x of an index two

subgroup G := Gal(Q,|K) of the local Galois group G,; namely

G
pf’Gp ~ IDdGi(X

with K a quadratic extension of @Q,. The structure of x on the inertia group is given in

the chapter 4. Recall that [ is an integer as in Section 4.1.

Definition 5.2.1. We call an odd unramified supercuspidal prime p of level zero to be
C(good n Z'f

(H) | is not an odd multiple of (p+1)/2.

If such a prime p is not “good", we call it a “bad" level zero unramified supercuspidal

prime.

We remark that for unramified supercuspidal primes p of level zero, N, = 2 and when
p is of positive level, we have N,(> 2) is even [8, Section 4]. In Lemma 5.2.6, we prove
that level zero unramified supercuspidal primes p = 1 (mod 4) with C;, = 0 and p = 3
(mod 4) with C, = 1 are always “good".

For a fixed Frobenius ¢, in G, assume that a(g,) = b mod F* and consider the field

F! = F,(b). Let us now define the following error terms:

(1) = (72, a,g,/)v, if p is an odd ramified supercuspidal prime with K F,|F, ramified quadratic,
(t,¢)v, if p is an odd unramified “bad" supercuspidal prime,

(5.2)
where 7 is a uniformizer in K, ¢ € F* is given by a(i) = \/cmod F) V i € Ip(F,) and t €
FX is the quantity given by the quadratic extension F,(v/t)|F, cut out by the quadratic
character ¢ defined as follows: ¢(g) =1, if a(g) € F* and ¢(g9) = —1, if a(g) ¢ F.*.

Note that KF, = F, if and only if K C F,. Therefore, if K Q F,, then the field
extension K F,|F, has degree 2. The extension KF,|F, turns out to be an unramified

quadratic extension in the following cases [8]:
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1. pis an odd unramified supercuspidal prime,
2. p=1 (mod 4) is a ramified supercuspidal prime,
3. p=3 (mod 4) is a ramified supercuspidal prime with e(F,|Q,) = e, even.

In the remaining case, that is, when p = 3 (mod 4) is a ramified supercuspidal prime
with e, odd, the extension K F,|F, becomes ramified quadratic.
The two theorems below determine the local endomorphism algebra X, for odd su-

percuspidal primes.

Theorem 5.2.2. Let v be a prime of F' lying above an odd supercuspidal prime p for f
satisfying one of the following properties:

1. p is an unramified supercuspidal prime of positive level or it is a “good" level zero

unramified supercuspidal prime,

2. p is a ramified supercuspidal prime with K C F, or KF,|F, unramified quadratic

extension.
The local endomorphism algebra X, is a matrixz algebra if and only if m, is even.

We wish to emphasis that the above result is exactly the same as [8]. For a “good"
level zero unramified supercuspidal prime p, the hypothesis here is exactly the same as
the condition of the Theorem 6.1 of [8] [cf. Lemma 5.2.5]. Observe that this hypothesis
of the Theorem 6.1 of [8] is not required for level zero unramified supercuspidal primes
p =1 (mod 4) with C, = 0 and p = 3 (mod 4) with C, = 1 [cf. Lemma 5.2.6]. In the
case of odd unramified supercuspidal primes for f of level zero without the hypothesis,

we predict the ramifications of endomorphism algebras using the following theorem:

Theorem 5.2.3. Let v | p be a prime of F with p a “bad" level zero unramified super-
cuspidal prime or KF,|F, is a ramified quadratic extension. The ramification of X, is

determined by the parity of m, + n,.

By Lemma 5.2.21, we note that the result obtained here when K F,|F, is a ramified

quadratic extension in a different method is also exactly the same as [§].
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5.2.1 Ramification of endomorphism algebras for odd supercus-
pidal primes

In this subsection, we give the proof of the results stated above. Let K be an unram-
ified quadratic extension. For i € I, let i be the projection to the inertia group I (L|Q,)
whose tame part is generated by § [cf. Chapter 4]. We call € to be tame at p if the order
of €, divides p — 1.

Lemma 5.2.4. If € is tame at p, then a(j) € F)X for all j € Iy (K).

Proof. Note that j is an element of a pro p-group and p is odd. Since € is tame at p, we
must have €(j) = 1 and so x3(j) = €7'(j) = 1 for all vy € I'. By the nature of j and p
is odd, we have x,(j) = 1 for all v € I'. This implies that a(j)"' =1, for all vy € T [cf.
Equ. (2.1)]. Hence, we obtain «(j) € F*. O

Let s be a fixed (p? — 1)-th primitive root of unity as in [8] and K = Q,(s) is
unramified. Recall that g, € Gal(Q,|K) is an element which is mapped to s € K* under
the reciprocity map.

The next lemma shows that the hypothesis (H) is same as the condition of [8, Theo-
rem 6.1]. First observe that this condition depends on the choice of s. By the structure
theorem of the local field K*, we have K* =<p > X < s > XU[((l) . Let L be the field
as in Chapter 4. By class field theory, the elements of < s > corresponds to the tame
part of the inertia group I(L|Q,) under the norm residue map. Let § be a p? — 1-th root
of unity as in [25, Equation 3.3] (see also Equation 4.2). Observe that 0 is also a valid

choice of s.

Lemma 5.2.5. The assumption Tr(ps(gs)) # 0 in the [8, Theorem 6.1] is same as (H).

Proof. Note that Tr(ps(gs)) = x(s) + x(s)P. For the choice of s = ¢, this is equivalent
to x(8) + x(6)? # 0. In other words, wh(d) + w¥ () # 0 [cf. Chapter 4]. Since w, takes
value in the (p? — 1)-th roots of unity, the last condition is same as the condition [ is not
an odd multiple of (p+1)/2. O

Lemma 5.2.6. Let p be an odd unramified supercuspidal prime for f and satisfying one

of the following conditions:
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5.2. Odd supercuspidal primes

1. p=1 (mod 4) with C, =0
2. p=3 (mod 4) with C, = 1.
Then, the condition (H) is satisfied for p.
Proof. Note that the condition Tr(p(gs)) = 0 is equivalent to x(s)+ x(s)? = 0, that is,
x(s)P !t =—1. (5.3)

First consider the case (1). Write p = 4k + 1, for some k € N. Since s"*' € ZX, using
8, Equ. (4)] and C, = 0, we have x(s)P™! = ¢,(s?™1)~! = 1. Combining it with (5.3), we
get x(s)? = —1. Hence, we obtain x(s) = #+i. On the other hand, using (5.3) we have
that x(s)* = —1, a contradiction.

We now consider the case (2). By the same equation of [8], we have x(s)P™! =
ep(sPT1)™t = 1, where 7 is a (p — 1)-th root of unity. Combining it with (5.3), we get
x(s)? = —n.

First assume that p = 3. Since C3 = 1 and s* = —1, we must have €3(s*) = —1 and
so = —1. Thus, we deduce x(s)* = —1, a contradiction to x(s)? = —1.

Now suppose that p > 3. Write p = 4k + 3, for some k € N\ {0}. Since x(s)* = —n,
we have x(s) = £i - /7. Again since p > 3 and x(s) is a primitive 2(p — 1)-th root of
unity, we must have that /7 is a primitive 2(p — 1)-th root of unity, say (a(,—1y. Thus,
we get x(s) = %i - (op—1). From the equation (5.3), we have (£i - (gra) ™ = —1. We

artive at a contradiction (gt = 1. O

Hence, the assumption of [8, Theorem 6.1] is not needed for primes stated in the
above lemma.

Note that wf ~1(6) = 1, i.e., w PPH/2(§) = —1. Without (H) we have wi? ™) = —1
and it is equivalent to w!(d) +wy = 0. Then for i € I (K) with 7 = 4, the last condition
is further equivalent to trace(p(i)) = (x + x7)(i) = wh(8) + wy () = 0, i.e., wh(d) is a
primitive 2(p — 1)-th root of unity, say a.
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Lemma 5.2.7. Let p be an odd unramified supercuspidal prime for f without (H). Sup-
pose that N, > 3 and € is tame at p. For all i € I7(K), we have:

1 mod F, if i is an even power of 6,
afi) = v / power of (5.4)

a(Cp — G, ) mod F, otherwise.

Proof. Let i € Ip(K) be such that i = §. By above, we deduce that trace(p;(i)) =
wh(8) + wP(8) = 0. For even n, we have a(i") = wh(6") + w?(5") = Trk|g,(6") = 1 mod
Fx.

We now consider odd n. By [8, Lemma 4.1], there exists an element 7 € Iy (K) such
that x(7) = ¢, and x7(7) = (;!, for some primitive p-th root of unity ¢, and a(r) =1
mod F*. Thus, we deduce that a(i) = a(it) = (x + x7)(i1) = wh(6)(¢p — ¢, ') mod F.

Notice that & is a homomorphism and a®((, — ¢, ')* € F, by the same lemma. Hence,

we obtain a(i") = a(i"*') = a(i) = a(¢ — ¢;') mod F) with m even. O
Consider the field F, = F,(b) as in the beginning of Section 5.2 . We have:

Lemma 5.2.8. Let p be an odd unramified supercuspidal prime for f with N, > 3.
Assume the hypothesis (H) and that € is tame at p. If g € Gg and a(g) & (F,)*, then

alg) = a(G — ¢, ") mod (F,)*.

Proof. For an unformizer 7 of K, let g, be the image of 7 under Norm residue map.
Note that every element g € G can be written as g¢ for some n € Z and 7 € Ix. We

use Lemma 5.2.7 and the homomorphism & to obtain the result. O

Lemma 5.2.9. Let p be an odd unramified supercuspidal prime for f with K C F,,.
Define a function f on G,(C Gk) by

/

Fg) = 1, if a(g) € (Flj)xa (5.5)
alG—G 1), ifalg) ¢ (F)*

The cocycle class of cy 1is trivial.

Proof. We call an element g type 1 if a(g) € (F.)*, otherwise we call it type 2. If € is

v

tame at p, then we use the fact a*((, — ¢, ")* € F,* and Lemma 5.2.8. We see that if g
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and h both are type 1 elements then gh is also so, but if one of them is of type 1 and
the other one is of type 2 then their product is an element of type 2. The product of
two type 2 elements is an element of type 1. Thus, we can and do replace the conditions
which define the function f by a quadratic character ¢ in the following way: ¥(g) = 1,
if a(g) € (F,

1) and 9(g) = —1, otherwise. The function f can be seen alternatively as:

flay={" ifo(g) =1 56)
G- GY, (g =1

The quadratic character 1) on G, cut out a quadratic extension of F,, namely F,(v/t), for
some t € FX. To compute inv,(cs), let o be the non-trivial element of Gal(F,(v/?)|F,).
The cocycle table of the 2-cocycle ¢y is given by:

1 o
111 1
o|l|a*(G—G )
which gives the symbol (¢,a?(¢, — o 1)2),. Note that he element ¢ has no square root
in £ and it is fixed by the kernel of ¢). We claim that t = a?(¢, — C;1)2. Since
Frob, = Fron(F”lK), let g, = gg(F »IK) be a fixed Frobenius in G,,. Hence, we deduce that
algy,) € FJ*.

Consider now the elements of the kernel of 1. Let ¢ denote the elements of Ir(F,)
such that 7 = 6. Let H denote the subgroup of G, generated by the elements of Iy (F,),
even power of i and g,. We first show that, H = ker(). Note that

/

ker(y) ={g € Gv [ a(g) € (F,)"}.

Since & is a homomorphism, by Lemma 5.2.4 and 5.2.7 we obtain H C ker(¢)). Using
the homomorphism & again and Lemma 5.2.7, we have a(i") ¢ (F.)*, for all n € Z odd
and hence it cannot belong to ker(¢). Since every element g € G, has the form g = ¢’
for some i € I, and n € Z, we have a(g) = (i) mod (F,)*. Since I, is a product of its
tame part and wild part, we have shown ker(¢)) C H and hence ker(¢)) = H.

We now show that ¢ is fixed by all generators of H. For all g € G,,, we have g(a) = a
ora®and g(G,— ¢, ') = (= (Gt or =(G,— ¢, ). Let j € Iy (F,) be an element of the wild
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inertia group of F,. Since it is an element of a pro-p group and p is odd, we must have
jla) = a and j(¢, — C;l) = — C;l. For all even n € N; the elements i" acts on a and
Gp—Cy Lin a similar way. Since Froby = Frobi, the action of Froby and hence the action

of g, on them is exactly the same as above. Hence, we deduce that ¢ = a*((, — Czjl)z. O

Suppose that K ¢ F, (i.e., G, € Gk) with K|Q, unramified quadratic. For a fixed
Frobenius g, € G,, the element g, € G,/GkFr, is nontrivial. Thus, every element g € G,

can be written as
g = gih, for some h € Ggp, and n € {0,1}. (5.7)

Note that n = 0 when g € Ggp,(C Gg). Using this decomposition, we extend the
function f (5.5) (defined on Ggp, C Gg) uniquely to G, call it F, as follows: F(g) =
f(h). The inflation map Inf : ,H2(Ggp,, (F, )GERIR)Y « JH2(G,, F,”) sends the
cocycle ¢ to cp. Since the inflation map is injective and the class of ¢y is trivial, the

cocycle class of cp is trivial.

The case K C F, or KF,|F, unramified quadratic extension

First we determine the value of a at the inertia groups.

Lemma 5.2.10. Let p be an odd supercuspidal prime with K C F,. Assume that € is
tame at p. When p is an unramified supercuspidal prime, we also assume (H). For all

L € I, we have a(L) € F\.

Proof. In this case, we have KF, = F, and I, C Ix. Every element + € I, has the form
v = 1j for some element ¢ of the tame part and some element j of the wild part of the
inertia group I,.

In the unramified case, we deduce that:

al) = a(ij)

I
Q
8
o
2
&>
X

1l

g€ =
N~ N~ N
~. .

|
&
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5.2. Odd supercuspidal primes

In the case of ramified supercuspidal primes, we obtain:
a(t) =a(ij) = a(i) mod FJf

= W'(i) + (W7 (i) mod FX
(1) + w'(i) = 2w (i) mod F.

I
S

The first congruence relation in both cases follows from Lemma 5.2.4 and the definition
of the homomorphism &, and the second one follows from [Proposition 2.1.2, property
(2)]. Since wh(i) belongs to K = Q,2, we obtain w (i) +wy (i) = Trq,wh(i) € QX C FX.
Again since w' takes values in the multiplicative group of (p — 1)-th roots of unity, in
both cases, we conclude that a(c) € FX, for all ¢ € I,. O

We now prove Theorem 5.2.2 when K C F, or KF,|F, is unramified quadratic.

Theorem 5.2.11. Let p be an odd supercuspidal prime with K C F, or KF,|F, is
unramified quadratic. If p is an unramified supercuspidal prime, we assume (H) unless
N, > 3. Then X, ~ m, forv | p.

Proof. Since the endomorphism algebra is invariant under twisting [39, Proposition 3],

without loss of generality one can assume that € is tame at p.

1. Consider K C F, with the hypothesis (H). By the lemma above, a(:) € F* for all
v € I,. Using [Proposition 2.1.2, part (1)] and €,(g9) € Q; (as € is tame at p), we
obtain %2(9) € FY, for all g € G,. By Lemma 2.2.1 applied to S = aw and t = €/,

we get
1

02
—v ( (Frobv)) mod Z.
2 \¢

inv,(cy) =

2. Assume K C F, with K unramified and N, > 3. The previous computation works
with (H). Thus, we consider this case without the hypothesis (H).

Note that G, € Gk and I, C Ix. Set S = Q on G, with f as in (5.5). Since

a(i) = a(G — ¢ ") mod FY Vi € I, with a() ¢ FY (by Lemmas 5.2.4 and

5.2.7), we get S(i) € F) Vi € I,. Since a*(¢, — (;')* a ( ) € F}, we obtain
s?

%2( )€ EX Y g€ G,. Then by Lemma 2.2.1, 1nvv(05)—% ( (Frob, )) mod Z =

1

211(‘2,2(]5‘r0bv)) mod Z. The cocycle ¢, can be decomposed as csc; with cg, ¢y are
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the cocycles corresponding to S and f respectively. Note that the cocycle class of

cy is trivial by Lemma 5.2.9. Hence, we obtain

2

1
inv,(c,) = invy,(cs) + inv,(cf) = inv,(cs) = 2U<Oél(Frobv)) mod Z.
€

3. Next assume that K F,|F, is unramified quadratic. In this case, we get I, = Ixp, C
Ix. The same computation in (1) works here with (H). So assume this case without
the hypothesis (H).

Define § = % on G, with F' as in the previous paragraph of Section 5.2.1. Since

I, = Ikp,, in the decomposition (5.7) for any element of I,,, we must have n = 0. By

writing the definition of F', we deduce that # = % on [,. By the same argument as in
(2), we see that two conditions of Lemma 2.2.1 are satisfied by S and t = ¢'. Hence,
we obtain inv,(cg) = Jv (‘Z?(Frobﬁ) mod Z = év(‘z?(Frobv)> mod Z. Since the

cocycle class of cp is trivial, we deduce that

1 2
inv,(cy) = invy,(cg) + inv,(cp) = inv,(cs) = 2U(O(/(Frobv)> mod Z.
€

For a prime p’ introduced before, we have that x.(Frob,) = x,([p]) ) X5 (p) = x4 (),

where X/, denote the prime-to-p part of x,. By a similar computation, we deduce
¢ (Frob,) = €(p). Thus, using (2.1) we have a(Frob,) = a(Frob,) = ay mod F*,
where Frob, and Frob,, denote the Frobenii at the primes p and p’ respectively. Hence,
we deduce that «a(Frob,) = (X(Frobg”) = ag,” mod F. On the other hand, we have
€ (p) = €(p') = €(p’). Hence, in all of the above cases we obtain

a?(Frob,)\ 1 PR
€/<p)> - 9 fv U(apfﬁ(p) ) mod Z.

inv,(cy) = ;v<(§(Frobv)) = ; o v(
[

Remark 5.2.12. Writing multiplicatively the above formula, we obtain the same result as
in [8, Theorems 6.1, 6.2 and 7.1]. When p = 3 (mod 4) is a ramified supercuspidal prime

. (@) :
with e, even and K ¢ F,, we have [X,] ~ (—1) P . Thus, when f, is even, we
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deduce X, is a matrix algebra over F, which also follows from the formula (10) of [8] as
(p» —1)/2 = f, mod 2. We now consider the case where f, is odd. Since (p — 1)/2 is

odd and it divides e, [8, Lemma 4.1] which is even, using [8, Lemma 7.2] we get

/1

v(a?, e(p”) ! v(a2, e(p’) !
[Xa] ~ (o, KIQy) ™ T~ (p, K| @),

Hence, X, is unramified, when (p, K|Q,) = 1 which we cannot conclude from the result
obtained in [8]. When (p, K|Q,) = —1, our result matches up with [8, Theorem 7.6].

Remark 5.2.13. The Brauer class of X, is essentially determined by the parity of m, in
which the auxiliary prime p’ involved. One can easily check that it is independent of the
choice of p’. For two distinct primes p’ and ¢’ satisfying the congruence relation (6.12), one

has €(p') = €(¢’). Also, x,(p') = x+(¢') ¥V v € I'. Using (2.1) and [Proposition 2.1.2, part

71 1=

(3)], we have a), = a(}_l Vv € I'. Thus, we get ay = ay mod F* and so aze(p')

aze(q’)~" mod (F*)?. Hence, they have the same v-adic valuation modulo 2.

Corollary 5.2.14. Assume that K C F,. If p is an odd unramified supercuspidal prime
(the hypothesis (H) is needed if necessary) or p =3 (mod 4) is a ramified supercuspidal

prime, then X, is a matriz algebra over F, .

quv(tli,e(P/)—l)7 for v ‘ p. When P

Proof. For such primes p, we have proved that X, ~ (—1)
is an odd unramified supercuspidal prime, the containment K = Q,2 C F;, implies that
fv is even and the result follows.

When p = 3 (mod 4) is a ramified supercuspidal prime with K C F,, we have e, is
even. On the other hand, K ¢ F, if e, is odd. If (p, K|Q,) = 1, we get the result by
using [8, Lemma 7.2] and the fact (p — 1)/2 is odd and it divides e, [8, Lemma 4.1]. If
(p, K|Qp) = —1, then we have \/p € K C F, [cf. Lemma 5.2.19]. Let g 5 be an element
which is mapped to \/p € K* and g, € G, be an element which is mapped to p € Q;
under the reciprocity map. We deduce that g, = gf/ﬁ. Thus, using [Proposition 2.1.2,
property (1)] we obtain that %/2(9\/15> € F and so ‘;‘—,Q(gp) € (F))% Note that g, is one
of the Frobenius at p and g, = gg;” is a Frobenius at v. Thus, the valuation v(‘j(gﬁ) is

even. This completes the proof.

Corollary 5.2.15. Let p be an odd unramified supercuspidal prime of positive level or

it is a “good" level zero unramified supercuspidal prime or p = 1 (mod 4) be a ramified
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supercuspidal prime for f. We have the following:
1. If X, is ramified then v must divide the discriminant of the field E.

2. Let the level N be such that

Proof. For such primes p, we have proved that [X,] ~

e N is a prime power (that is, N' =1), or N' =2, or
e p has odd order in (Z/N'Z)*,

then X, is unramified.

(_1)fv-v(ai,e(p/)—1)’ for any prjme

1. Since X, is ramified, we must have v(ae(p’)™") is odd. Then v(a,) cannot be an

integer if we extend v to be a valuation on E*. Thus, v ramifies in £. This proves

(1).

. We decompose any Dirichlet character x, = Xi,' X~.,p into its prime-to-p and p parts.
If N =1 or 2 then with a prime p’ chosen before we have X, (p') = X, (p') - Xy,(P) =
1V~ el and so ay € F* using (2.1).

If N # 1,2 then by hypothesis p” = 1 (mod N’) for some odd n. Write n = 2k+1.
Since x,(p') = x,(p), we have x,(p')" = 1 V¥ v € I'. Now a(Frob, )"~ = x,(p)) =

—k -1
XA (P = (Xy(p’)2) = (e(p’)_k)7 Vv € T, by the formula (2.2). This
implies that a,; = ¢(p')™* mod F*. Using the above formula we get the result in

both cases.

]

We now give the formula for the ramification of X, for unramified supercuspidal

primes of level zero without the hypothesis (H). For such primes without the hypothesis,

no element (like 7 in the positive level case [cf. Lemma 5.2.7]) will help us to determine

the exact value of (i) mod F,, where i € I(F,) whose projection in Gal(L|Q,) is 9.

Let p be an odd unramified supercuspidal prime for f of level 0 without (H), that

is, p is a bad prime. In this case, for i € Ip(K) with i = §, we have wé(p_l)(é) = —1

and so trace(ps(i)) = 0 as before. By Lemma 5.2.7, we have a(i?) € F* and we write
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a(i) = /t(i)c(i) for some t(i),c(i) € F). Consider two elements i,j € Ip(K) with
i =j =04. Since cy(i,j) € FX and a(ij) € F (cf. Lemma 5.2.7), we must have
F = \/7 mod F*. For some fixed ¢ € F, we have m = /c mod FX. By
Lemmas 5.2.4 and 5.2.7, we have a(i) € F* for all i € I except those for which 7 is an
odd power of §. For i € I;(K) with i = §, let us assume:

a(i) =vemod F), ce E). (5.8)
Consider an integer n, modulo 2 as in (5.2) when p is a bad prime.

Theorem 5.2.16. Let v | p be a place of F with p a “bad" level zero unramified super-
cuspidal prime. The ramification of X, is determined by the parity of m, + n,.

Proof. We will proceed the same way as before. When K C F,, consider the function on
G, defined by: f(g) = 1, if a(g) € (F,)* and f(g) = v/, if a(g) ¢ (F.)*. Consider the

v
extension F,(v/t)|F, cut out by the quadratic character obtained from the conditions that
define f. By a computation as in the previous cases, the cocycle class of cf is determined
by the symbol (¢, ¢),,

If K ¢ F,, we extend this function f uniquely to G, call it F. As above, observe

that both ¢y and cp have the same Brauer class. Define a function o’ on G, as follows:

; if K C I,

5.9
if K¢ F,. >

e IR

Y

Then the assumptions of Lemma 2.2.1 will be satisfied by S = o/ and t = ¢ and we get
the result. O

The case KF,|F, is ramified

This case will happen only if p is an odd ramified supercuspidal prime with p =
3 (mod 4) and e, odd. For any quadratic extension L;|Ls and x € L5, the symbol

(x,Ly]Ly) = 1 or —1 according as x is a norm of an element of L; or not.

In the ramified case, the possibilities for K are Q,(y/—p) and Q,(y/—p(y—1) depend-
ing on (p, K|Q,) = 1 or —1 respectively. We can choose T = /—p or y/—p(p_1 as
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uniformizer of K and write K = Q, (7). For any lift o of the generator of Gal(K|Q,) to
G, we have 17 = —1 and Ngjq, (7) = —7°.

For a field L, let OF be the ring of units inside O. Since K F,|F, is a ramified quadratic
extension, Nip,r,(Oxp) = O5’. Let m, be a fixed uniformizer in Ngp, |, (KF,)*) C
FX. Writing a = 7@ - o’ € FX, we have (%) = (a, KF,|F,).

Note that f, is odd in our case. For these primes, we have

(=1, KF,|F,) — (_1> _ (_1>f” (<1 = —1. (5.10)

v p

Otherwise, X, is a matrix algebra over F, [cf. Remark 5.2.22]. Since Nk p, |, (1/ —pCp-1) =
pCp—1 and Ngp,r, (v/—p) = p, we deduce that

<(7r2)’ _ ((p)> = (?)(p, KF,|F,) = (*) if (p, K|Q,) =1,

v () = () 06 KRIR) = (3, (0. KIQ) = -1
(5.11)

Lemma 5.2.17. For all v € I, \ Ixp, and (i) ¢ FX, we have o2(1) = d mod FX°, for
some fized d € F}.

Proof. Let us consider an element ¢ € I, \ I, which we fix now. Since i € Ixp, C I,
we have o2(i) € F [cf. Lemma 5.2.10]. Hence, a(i) = v/d mod F for some d € FX.
Any element ¢ € I,\ Ixp, can be written as ¢ = ij for some j € Ixp,. Using Lemma 5.2.10
and the homomorphism @&, we have a(1) = a(i)a(j) = a(i) = v/d mod FX. O

We show that the value of the constant d is ai,,. Let [ ], : FX — G2 be the usual

norm residue map.

Lemma 5.2.18. As an element of the Galois group, we have i = [—1], € G, \ GkF,.

Moreover, the value of the map « at i is given by: o(i) = ay (mod F)X).

Proof. As the norm residue map is surjective, we need to show that [—1], # [z|kr,
for any x € (KF,)*. Suppose towards a contradiction that [—1], = [z]kFr,, for some

x € (KF,)*. Let pkr, = |kr, and p, = | ], be the norm reciprocity maps. Recall, the
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following commutative diagram from the class field theory:

(KF,)* 2 Gy
lNKFv\FU Jind (512)

X Pv ab
X e,

[—1], = [N(x)],. We write
—1 = N(z)y for some y € Np,p, (FX) = NE, L finite Veip, (L), As KF, is a finite exten-

sion of F,,, we deduce —1 is a norm of some element of (K'F,)*, a contradiction to (5.10).

From the above diagram, we have [z]xp, = [N(x)], and so

Since the norm residue map sends the unit group of F;, onto the inertia subgroup of G,
the element i = [—1], € I,\IkF,.
Note that i = [~1], € G,,(C G)) is one of the several elements that maps to —1 € Q)

under the reciprocity map. For all v € I', we obtain

3.3)

o)™ = X (0) = (1) ) a1 = X (1) = X0 (0) T = (a(Froby ) 7

-1

We deduce that a(i) = a;/? mod F*. Using the property (1) of Proposition 2.1.2 and
a(Frob) = a7 (mod F), we have e(p ) =e(p) = a » (mod FX). Since p" has order

P

p— 1) in (Z/p™*Z)*, we have a®, € FX. Asp = 3 mod4 and (p —1)/2 is odd, we
P v

deduce that a(i) = a, mod F. O

Lemma 5.2.19. If p = 3 (mod 4) and (p, K|Q,) = —1, then we have ai,,u e FX%, for

some unit u € 0.

Proof. For an odd prime p, the two ramified quadratic extensions of Q, are Q,(1/—p) and

Q,(y/—pCp—1) up to an isomorphism. Note that Q,(/p) is always a ramified quadratic
extension of Q, and —1 has no square root modulo p for primes p = 3 (mod 4). Since

when (p, K|Q,) = —1, the only possibility for K is Q,(y/p) = Qu(1/—pC-1).
We obtain s’ = /—(,—1 € K and let g4 € Gk be an element which is mapped to

s’ € K* under the reciprocity map. We have a following equality:

3 (95) = X+ ([N, ()]) = X+ ([G1]) Z X (0) " = x5 (0)

Using (2.1), we deduce that a(gy)a(Frob,) € F) and hence a(gy) - a, € F). We
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now claim that a(gy) = v mod F), for some unit v € OF. Since s’ is a root of unity,
the element gy € I7(K) by class field theory. For an element i € I7(K), we know that
a(i) € F and «a(i) = w(i) mod F [cf. Lemma 5.2.10]. Since w takes values in the

(p — 1)-th roots of unity, we get the result. O

Theorem 5.2.20. Let v | p be a prime of F with KF,|F, is a ramified quadratic exten-

sion. Then the ramification of X, is determined by the parity of m, + n,.

Proof. Define a function f on G, by

1, if g c GKF,,,
flg) = (5.13)
Qprry if g € Gv\GKFv-

Note that K F, = F,(m). Denote the image of g € G, under the projection in G,/Gxr, =
Gal(F,(m)|F,) by g. We now consider the function F' on Gal(K F,|F}):

Q|
Il
—

(5.14)

T
—
<
N~—
Il
[ =
Q
LN
=

Using equations (5.13) and (5.14), one can check that cg(g,h) = c¢f(g,h). In other
words, we deduce that the inverse of the inflation map Inf : H?(F,(7)|F,) < H2(F,|F,)
sends ¢y to cp. Let o be the non-trivial element of Gal(F,(m)|F,). The cocycle table of
CF is given by:

1| o
1)1 1
g 1 a2//

p

which gives the symbol (72, a;,,)v. Using the above inflation map we get both ¢y and

cr have same class in their respective Brauer groups. Define an integer n, mod 2 by
(_1)711) - (72,0/;//)@.

Let o/(g) = % on G,. Then the cocycle ¢, can be decomposed as = c,cy. The two
conditions of Lemma 2.2.1 are satisfied by S = o’ and t = €. Thus, we obtain:

2 2

inv,(co) = ; : v( (Frobv)) = ; : U(CZ(Frobv)) = ; + fo-v(aye(p)™") mod Z

6/
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as before. Hence, we deduce that:

. (fv -v(aze(p’) ™) + nv)mod Z.

inv, (cq) = inv, (cor) + invy,(cp) =
[

Multiplicatively, we can write the above as [X,] ~ (—1)f“'v(ai’€(p/)7l) - (m?,a2,)y. The
following lemma will complete the proof which is a simplification of this product depend-

ing upon the value of (p, K|Q,).

Lemma 5.2.21. If KF,|F, is a ramified quadratic extension, then the ramification for-
mula is given by:
ko2 =1
X] ~ (—)FaZie(p’) ™ KF|F,).

Proof. Since p = 3 (mod 4), we get (Nv —1)/2 = (p/* —1)/2 = f, (mod 2). Recall
that both v(n?) = e, and (p — 1)/2 is odd that divides e, [8, Lemma 4.1]. We have

. v(r2)v(a? fo— (a?,) o(n?) , v(ai,,) )
an equality of symbols: (WQ,G;,,)v (L (—1) (ot WQ(’; ) <(“j)> (618)

’ v(a? a2 )
(_1)fv-v(ai,,)((afi/) >(_Ul> (@) _ <( %) )

When (p, K|Q,) = 1, using [8, Lemma 7.2] we deduce that:

fov(a?e(p’)™h) 2 2
[Xv] ~ (_1) P '(anp”)v

= (=1)= D (¢ (=1))2elo /07D <(a§,,)’>
(az,)’

= () g (1) ()
= (1) (e, (p) P2 ((ain)/>

v

N

_ (1) E(P")(”_l)/2>f“ ' <(@§~)'>

v
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On the other hand for (p, K|Q,) = —1, using [8, Lemma 7.2] we have:

w(a?e(p) =t
[X,] -~ (_1)fv (az,e()™) (ﬂzyaf{,)v

oy ()
)

— (_1)eva(k-71)(_Ep(_1>>2@va/(p71) . (_1>fu~v(a;//€(17 ) 1) . (

"

)fv'v(ai//’f(p )71)

= ((-Dfae(p') L KRE,) - (-1
29 (~1)fa2e() KRR,

]

Remark 5.2.22. In general, when KF,|F, is ramified quadratic, we have [X,] ~
(—l)f”'v(ai’e(p/)il) - (72, d), with d as in Lemma 5.2.17. If f, is even, then by (1.1), the
symbol (72, d), = 1 as (p/* —1)/2 = f, (mod 2). Hence, X, is unramified.

5.3 Dihedral supercuspidal prime p = 2

We now consider the case p = 2. In this case, the ramification cannot be determined
always by the “companion adjoint slope" but it can be predicted together with explic-
itly computable error terms that can be obtained from the information about the local
automorphic representation 7, given by p-adic Hodge theory.

In the dihedral supercuspidal case, the local representation is induced by a character

x of an index two subgroup Wy of Wa:

pa(f) ~ Indy? x (5.15)

where K is a quadratic extension of Q2. We show that the inertia type x|z, or x|, can be
written as follows [cf. Chapter 4]: x|, = X|r(z/gs) = W - X1 - X2 (When K is unramified)
and x|re = Xlizx) = @'+ X1+ X2 (when K is ramified), where ws is the fundamental
character of level 2, w is the fundamental character of level 1, [ is an integer, and x; and
X2 are characters of a cyclic group of 2-power order generated by ~; and =, respectively.
Assume that x; takes 71 to (or and ys takes 9 to (os. Here, we denote by (o= a primitive
2™-th root of unity.
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We now fix a uniformizer 7 in K and let g, € Gk be an element which is mapped to
m € K* under the reciprocity map. Note that g, is a Frobenius element in Gx. Assume
that

a(gr) =bmod F. (5.16)

Consider two fields F, = F,(b,(ps + (') and F, = F,(b, (). We now define two

v

characters 11,99 on G, as follows:

1 ifalg) € (F)
and 2 =
~1 ifalg) ¢ (F) velg) {

1 if a(g) € (F))*

U1(g) = { ~1  ifa(g) ¢ (F))~.

We denote by F,(v/11), F,(1/t2), the quadratic extensions of F, cut out by the char-

acters 1, and 1. Define an integer n, modulo 2 as follows:

(_1)711; — (tla CQTfl)v : (t27 (C?S + €2_31)2)Ua lfp =2 and S 7é 27 (517)

(tz,a%)y, ifp=2ands=2.

Consider an element dy € F* given by a(i) = /dy mod FX Vi € Ip(F,) \ I7(KF,).
An easy check using Lemma 5.4.1 shows that dy is well-defined. We also define two

’

jntegers nznng mod 2 by (_]‘)nv = (tla CZTfl)’U ’ <t27 (CQS + <2_51)2)v ’ (t7d0)’u and (_1)71;1 =
(t2,a2)y - (t,do)y, where K = Q2(v/t) is ramified. Note that these error terms can be
explicitly computed from the information about a given modular form following [21].

The following is the main theorem for dihedral supercuspidal prime p = 2.

Theorem 5.3.1. Let p = 2 be a dihedral supercuspidal prime for f and v be a place of
F lying above prime p. The ramification of X, is determined by the parity of m, + r,.

1. If K C F, or KF,|F, is an unramified quadratic extension, then the error term is

Ty = Ny.
2. Assume KF,|F, is a ramified quadratic extension.

o If Cos + G5t # 0, then the error term r, = n,,.

e For (os + (3t = 0 the error term is given by r, = n,,.
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In case (2) of the above theorem with F' = Q, we will prove that the quantity dy in
the error term is equal to ag,,, except K = Qq(v/t) with ¢ = 2, —6 [cf. Lemma 5.4.9]. We
derive he following corollary that determines the situation of the above theorem when

the local algebra X, is determined by the parity of m,, itself.

Corollary 5.3.2. Let p = 2 be a dihedral supercuspidal prime for f with No = 2. The
ramification of the local Brauer class of X, is determined by the parity of m,, for any
v|2.

5.4 Ramifications for primes lying above dihedral su-
percuspidal prime p =2

In this section, we will provide the proof of the results stated above for the dihedral
supercuspidal prime p = 2. For i € Ik, let i denote the projection to the inertia subgroup

I(L|K). The following lemma will give the information about « on the inertia group /.

Lemma 5.4.1. Let p = 2 be a dihedral supercuspidal prime for f. For all i € Ik, we

have

1 mod F, if i € Ip(K),
a(i) = { (or mod FX, if i is an odd power of V1,
Cos + C2—31 mod F\, if% is an odd power of vo and (os + C{sl #0.

Furthermore, a(i®**) = 1 mod F)* for all k € 7Z.

Proof. Consider the case K is unramified. By the part (2) of Proposition 2.1.2 and using
(4.3), (4.4) we have a(i) = Wi(i) +w3'(i) mod F* for all i € I7(K). Since w, takes values
in the third roots of unity, we have a(i) = 1 mod F*.

In the ramified case, we obtain a(i) = w(i) + w(i) = 1 mod F*. Let j; and jj
be a vi-element and a vs-element respectively [cf. Definition 4.2.2]. Then a(j;) =
x1(1) +x{(n) = G mod F and a(j2) = x2(72) + x3(12) = G+ + (5! mod F.

Since a(jy) = (o + (os' mod F*, using [Proposition 2.1.2, property (1)] we have that
€(j2) = a(Cos + G:1)? for some a € F*. Recall that €(jy) is a root of unity. Thus, we
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obtain €(jz) € {1} and so (Cos + (5.')? € F*. In turn, this implies (o1 + (311 € FX.
As r < s, we must have (5 + (5 € F*. Note that the field F((,) inside E has degree 2
over both the fields F' = F(Cyr +(3') and F((or—1). Since F C F((yr—1), we conclude that
Cor—1 € F. We get the desired result using the homomorphism &. The last statement
follows from the observation (o1, (Cos + G5:')? € FX. O

Lemma 5.4.2. If p = 2 is a dihedral supercuspidal prime for f, then € is F*-valued on
Iw (K).

Proof. For an extra twist (7, x-), we have pg+ ~ pr®yx,. By restricting the representation

(0 o)~ )
0 (x7)" 0 XX/

Equating deteminants on both sides, we get (xx?)? = XXJX% for all v € T'. Since

to G5, we obtain:

ng = 771, the quantity % € F* and so Xé € F* on the wild inertia group Iy (K). We
get the lemma as x? € F*. O

Lemma 5.4.3. Let p = 2 be a dihedral supercuspidal prime for f and Cor + (ot # 0.

e If g€ Gg and a(g) ¢ (F.)*, then a(g) = (or mod (F,)*.

v

1"

e If g€ Gk and a(g) & (F,

v

)%, then we have a(g) = (Cos + (3*) mod (F))*.

Proof. Recall that every element ¢ € Gk can be written as gl'¢, for some n € Z and

t € Ix. Using the homomorphism & and Lemma 5.4.1, we get the result. O]

5.4.1 The case s # 2

In this case, we must have that (os + (5 is non-zero. As a result, we can apply
Lemma 5.4.1 and Lemma 5.4.3.
Auxillary functions for s # 2. First assume that K C F, with (os + (' # 0. Define

two functions on G, by

_J 1 ifalg e )1 if a(g) € (F,)*
hls) _{ o ifalg gy 4 P { e+ Gt ifalg) & (F)
(5.18)
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We call an element g type 1 if a(g) € (F.)*, otherwise we call it type 2. Here, we will use
Lemma 5.4.3 and the fact that (or—1, (Cos + (5:1)? € FX. We see that if g and h both are
type 1 elements then gh is also so, but if one of them is of type 1 and the other one is of
type 2, then their product is an element of type 2. The product of two type 2 elements
is an element of type 1. Thus, we can and do replace the conditions which define the
function f; by a quadratic character ¢/, in the following way: v1(g) = 1, if a(g) € (F,)*

v

and ¥1(g) = —1, otherwise. In a similar way, we can replace the conditions for f> by a

quadratic character ¢o defined by 12(g) = 1, if a(g) € (F,)* and 19(g) = —1, otherwise.

Then the functions f; and f; can be seen alternatively as:

1 if 1(g) =1 1 if 1ha(g) =1
p— d pr—
N { o twg=-1 P { o+ Gb i (g = —1.

(5.19)

We denote the quadratic extensions of F, cut out by the characters 1; and 15 by
F,(\/t), F,(\/t2) for t1,ty € F* respectively. The functions f; and fy will induce 2-
cocycles ¢f, and ¢y, in Br(F,). To compute inv,(cy, ), consider the non-trivial element o
of the Galois group Gal(F,(v/11)|F,). The cocycle table of the 2-cocycle ¢y, is given by

1 o
11 1
g 1 C2r—1

which gives the symbol (1, (or-1),. Similarly, the cocycle table of ¢y, gives the symbol
(t27 <C2S + C2_51)2)v-

Define two integers ni,,ns, mod 2 by (—1)"v = (t1,(y-1), and (—1)"» =
(t2, (Cos +(5:1)?),. Let us consider an integer n, mod 2 defined by (—1)™ = (—1)™e*m2w =

(tla CZ’"—l)v : <t27 (CQS + C2:1)2>U'
We now assume the case K ¢ F, with (os + (5" # 0. Consider a non-trivial element

oy € G,/Gkp, for some o, € G,. Then any element g € G, can be written as:
g = oy h for some h € Gkp, and n € {0,1}. (5.20)

Note that n = 0 when g € Gkp,. Using this decomposition one can extend f; and fo
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to Gy, call it Fy and Fy, by defining Fi(g) = fi(h) and Fy(g) = fa(h). The inflation
map Inf : ,H2(Ggp,, (F, " )SERIR)Y « JH2(G,, F,”) sends cp, and cy, to cp and cp,
respectively. Since the 2-cocycles ¢y, and cy, are trivial, so are cg, and cp,. Thus, their

classes are same in their respective Brauer groups. We now prove Theorem 5.3.1 for

s # 2.

Theorem 5.4.4. Let p = 2 be a dihedral supercuspidal prime for f with s # 2 and v be
a place of F lying above prime p.

1. If K C F, or KF,|F, is an unramified quadratic extension, then [X,] ~ m, + n,.
2. Assume KF,|F, is a ramified quadratic extension. We then have [X,] ~ m, + n;}

Proof. Let p = 2 be a dihedral supercuspidal prime for f and v be a prime of F' lying
above p. Suppose that s # 2, that is, (s + (' is non-zero.

1. First assume that K C F, or K F,|F, is unramified quadratic. In this case, we have
I, = Ixr, C Ix. Hence, we can apply Lemma 5.4.1 to determine «(i) V¢ € I,.

Consider a function o/ on G, defined as follows:

A fl fa? 1 - 1 vy
o =

When KF,|F, is an unramified quadratic extension, we have I, = Ik, and hence,

in the decomposition (5.20) for any element of I,, we must have n = 0. As a map

on I, we have =& = -2,
v F f1f2

To check €, is F'*-valued on G, it is enough to compute €5 on I, since e3(G,) =
€a(I,) [2, Lemma 7.3.4]. Let 7 = ij € I, with i € Ip(F,) and j € Iw(F,). Then
€o(7) = €2(ij) = €2(j) = €(j) = 1 mod F* by Lemma 5.4.2.

Now by unravelling the definition of o’ and using Lemma 5.4.1, [Proposition 2.1.2,

part (1)] and the fact (o1, (Cos + (5x7)? € FX, we see that the two conditions of

v )

Lemma 2.2.1 are satisfied by S = o/ and t = ¢’. Thus, we obtain

2 2

(Frobv)> = ; : U(C:—/(Frobv)) = ; - fo-v(ae(p’)™) mod Z

) 1
inv,(cy) = 5 v(7
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as before. Since inv,(c,) = inv,(co) + invy(cy, ) + inv,(cs,) and the invariant of
the 2-cocycles ¢y, and ¢y, are determined by the integers n;, and ny, modulo 2

respectively, we obtain that X, ~ m, + n,.

. Since KF,|F, is a ramified quadratic extension, we have Ngp,r,(O5p) = 052,
where O* denotes units. We choose an element ay € Of which is not a norm
of the extension. Let i € G, be an element which is mapped to ay under the
reciprocity map. Assume that ig is an element of the tame inertia part. Since
I7(F,)? = I7(KF,), we have that iy € Ir(F,) \ I7(KF,). Since i3 belongs to the
tame inertia part of K, we deduce that a(ig) = v/dy (mod FX) for some dy € F*
[cf. Lemma 5.4.1].

Define a function f on G, by

1, if g c GKFW
flg) = (5.21)
Vo, if g € G,\Gkr,.

Note that KF, = F,(v/t). Denote the image of ¢ € G, under the projection in
G./Gkr, = Gal(F,(\v/t)|F,) by g. We now consider the function F on Gal(K F,|F,):

Flg) = | (522)

Using equations (5.21) and (5.22), one can check that cp(g, h) = cf(g, h). In other
words, we deduce that the inverse of the inflation map Inf : H%(F,(7)|F,) —
H?(F,|F,) sends c; to cp. Let o be the non-trivial element of Gal(F,(v/#)|F,). The

cocycle table of cp is given by:

1| o
1711
o1 do

which gives the symbol (¢, dy),. Using the above inflation map, both ¢y and cp have

the same class in their respective Brauer groups. We now define an integer n, mod

2 by (—1)™ = (t1, Car 1) - (2, (Coo + )2 - (£, do)o
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Let Fi, F, be the functions as before. We apply Lemma 2.2.1 to compute the
invariant of the cocycle [cg] with

_ a(g) _
5(9) = Remgg O Grand t = ¢

We now deduce that S(i) € F*, for all ¢ € I,. Consider the element iy € G, \
Gkr, and hence ip is a non-trivial element in G, /Gkr,. We will consider the
decomposition (5.20) with respect to the element iy instead of o,. Fori € I, \ Ixp,,

we have i = 41, for some 7 € Ixp,(C Ix). We obtain

Sty — _00) ao)oli) __al) _ o) e

T ROROG) T RORGG) - BGR6) Fi(@) f2(2)
The last equality follows from the fact that «(i) = f1(i)f2(i) (mod F)) for all

1€ IKFU-

Note that ey is F*-valued on Ixp, C I. Now for i € I, \ Ixp, as above, we have
€2(1) = €a(ipi) = €3(i) with i € Ixp, and so it is F*-valued. Thus, e, is F*-valued
on I, and so is on G, since €(G,) = €z(I,). By the same argument as in (1), we
see that two conditions of Lemma 2.2.1 are satisfied by S and ¢t = €¢/. Hence, we
obtain

2 1 2

inv,(cg) = L v( (Frobv)) =—- v(a—/(Frobv)) _ L fo - v(aze(p’)™") mod Z.
2 2 € 2

e
As usual, the cocycle c¢g can be decomposed as ¢, = cscpcpcr. Applying the

invariant map to the 2-cocycle ¢,, we conclude that:

inv,(co) = inv,(cg)+inv, (cp ) +inv, (cg, ) +inv,(cr) = -(fv-v(az,e(p')_l)JrnU) mod Z.

N | —

]

5.4.2 The case s =2

In this case, we have (s + (5" = 0.
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Lemma 5.4.5. Assume that K C F, with (os + (5 = 0. Let jo be a yo-element. Then
Xy becomes unramified (or ramified) depending on x,(j2) =1 (or —1), for all v € T.

Proof. By assumption, we have s = 2. Since € is F'*-valued on Iy (K) by Lemma 5.4.2,
we have x2(j2) = €(j2)”~" = 1, for all v € I'. Thus, we obtain x,(j2) = £1 Vv € I
Depending on the value, the Dirichlet character x., is unramified or ramified. For elements
i € Ip(F,), we have x,(i) = 1 as a(i) € F,. This is also the case for the elements of T'y,
one part of the wild inertia group, as r =0, 1(r < s) [cf. Lemma 5.4.1]. O

Note that the above is true for any vs-element. Since f is non-CM, we can and

do choose an auxiliary prime p' imitating a similar construction of [4, Section 6.2.3] as

follows:
o -1, if x, is ramified,
X+(p")
1, if x, is unramified,
for all v € T'. Since €1 is an extra twist, e(p') = —1 and we obtain alzﬁ = —afﬁe(pT)*l €

F*. We deduce that a(j,) = a(Frob,t) = a,r mod FF.

Lemma 5.4.6. Let p = 2 be a dihedral supercuspidal prime for f and (os + (ot = 0. If

1"

g € Gk and a(g) & (F,)*, then we have a(g) = a,: mod (F,)*.

Proof. Since r € {0,1} (as r < s = 2), we must have a(i) € F, for all i € Ix with
i €< 7y > [cf. Lemma 5.4.1]. Then as in Lemma 5.4.3, we get the result. O

Definition 5.4.7. (Auziliary functions for s = 2) Assume that (o + (' = 0. If K C F,,
we define a function f on G,(C Gg) by

apTv Zf¢2<g) - _17

with vy defined in Section 5.4.1. When KF,|F, is quadratic, we use the above decompo-
sition (5.20) to extend w to G, call it W.

As before, both ¢, and ¢y have the same cocycle class in their respective Brauer

groups and determined by the symbol (¢, afﬁ)v with ¢ as above. Recall that the integer
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n, be as in (5.17). We now define an integer n, modulo 2 by (—1)”;, = (1o, afﬂ)v - (t,dp)w

with ¢t and dy as before.
Theorem 5.4.8. Let p = 2 be a dihedral supercuspidal prime for f with s =2 and v | p.

1. Assume K C F, or KF,|F, is an unramified quadratic extension. We then have

[(X,] ~ my, + ny.
2. When KF,|F, is a ramified quadratic extension, we have [X,] ~ m, + ng

Proof. Let p = 2 be a dihedral supercuspidal prime for f and v | p. Suppose that s = 2,
that is, (os + (5" is zero.

1. Define a map o' on G, by:

a if K CF,,
O/ — w
e if KF,|F, unramified quadratic.
In this case, we have I, = Ixp, C Ix. As before, since 1z = & on I,, using

Lemma 5.4.6 and the same argument as in the proof of Theorem 5.3.1, the two
conditions of Lemma 2.2.1 are satisfied by S = o/ and ¢ = ¢/. Thus, we obtain

invy(cor) = 3 - fo - v(aZe(P’)™) mod Z and so

; (£, - v(@ep)™) +n,) mod Z.

inv,(cy) =
2. Since KF,|F, is a ramified quadratic extension, we have I? = Ixp,. Let o/(g) =

a(g)
Wi(g)f(9)

posed as ¢, = cycwcy. By the argument used in the proof of [Theorem 5.3.1, part

on G, with the function f as in (5.21). Then the cocycle ¢, can be decom-

(2)], we see that the two conditions of Lemma 2.2.1 are satisfied by S = o' and
t = €. Hence, we have inv,(co) = 5 - fo - v(a2e(p’) ') mod Z. Thus,
(fo - viake(p)™) +ny ) mod Z,

inv,(co) = invy(cor) + invy, (e ) + inv,(cf) =

]
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The next lemma will explicitly determine the value of dy involved in the error term
of Theorem 5.3.1.

Lemma 5.4.9. Let p = 2 be the dihedral supercuspidal prime satisfying the second con-
dition of Theorem 5.3.1. Assume that —1 is not a norm of KF,|F,. Then the quantity

dy s equal to aim.

Proof. Since —1 is not a norm of the extension KF,|F,, we can choose ag = —1 in
the above theorem. For a prime p” chosen before, by local class field theory we have
a(ip)™t = x,(io) (1) Xy2(—1)70 = i (p") = a(Frob» )77, for all v € T and so

a(ip) = ay» mod FX. Hence, we deduce that dy = a,. O

Remark 5.4.10. Assume F' = Q and the dihedral supercuspidal prime p = 2 satisfies
the second condition of Theorem 5.3.1. In this case, the ramified quadratic extension
KF,|F, becomes K|Q,. We have that —1 is not a norm of the extension K|Qq except
K = Qy(v/t) with t = 2, —6, see [48, p. 34]. Then by above lemma, the quantity dy = ai,,
except K = Q2(v/2) and Q,(v/—6).

We now prove Corollary 5.3.2.

Corollary 5.4.11. Let p = 2 be a dihedral supercuspidal prime for f with No = 2. The
ramification of the local Brauer class of X, is determined by the parity of m,, for any
v|2.

Proof. If Ny = 2, then the extension K|Qq is unramified [cf. Chapter 3]. By the Lem-
mas 3.0.1 and 5.4.1, we have (1) € F, for all « € Ix. Since I, = Ixp, C Ik, this is true
for all « € I,. We choose S = o and t = ¢ in Lemma 2.2.1 to complete the proof. O

5.5 Non-dihedral supercuspidal prime p = 2

Let po(f) be the local representation of the Weil-Deligne group of Q associated to
f at the prime p = 2. When inertia acts irreducibly, the projective image of ps(f) is
isomorphic to one of the two “exceptional" groups A, and S;. Consider the natural
projection P : :SZ — Sy, where :574 is the double cover of S;. Since Weil [52] proved that
there are no extensions of Q, having Galois group A, = P~1(A,) = SL(2,F3), the only
possibility for the projective image of py(f) is Sj.
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For D = det(py(f)) and d = %2, we have a cocycle class decomposition [X] = [ep]-[cd],

where the cocycles c¢p and ¢4 are given by

respectively. In this section, we find the local Brauer class [X,| which is [cp], - [ca],, for

any v | 2. The following is the main result for non-dihedral supercuspidal prime p = 2.

Theorem 5.5.1. Let p = 2 be a non-dihedral supercuspidal prime for a modular form f
and v | 2. The class of X, in Br(F,) is given by the symbol

D(—1)F @l (2 D),

where Dy is the discriminant of the field K cut out by ker(d).

Here, D(—1) denotes the value of the Galois character D at the complex conjugation.
If k£ is odd, we can predict ramification in terms of nebentypus €. More precisely, we have

the following result for exceptional prime p = 2 of odd weight.

Corollary 5.5.2. If p = 2 is a non-dihedral supercuspidal prime for a modular form f
of odd weight then we have

[X,] ~ e(=1)! % (2, D),

for any prime v | 2.

The following Lemma is a straightforward adaptation in our setting of Lemma 7.3.17
of [2].

Lemma 5.5.3. The 2-cocycle [cpl, =1 if and only if D(—1) = 1.

We will show that d(g) € F*, for all g € W,. Now, f7 = f® x, implies that ps(f)? ~
pa(f) ® x~ and taking determinant gives det(p2(f))” = det(p2(f))(x5)?. Thus, we obtain
d(g)"' =1 and so d(g) € F. Then d : G, — F)/F>? is a continuous homomorphism,
where F*/F? has the discrete topology. Thus G, /ker(d) = Gal(K|F,) = (Z/2Z)™, for
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some elementary 2-extension K of F,. Let 0; € Gal(K|F,) be the element corresponding
to (0,---,1,---,0) € (Z/2Z)™ (1 in the i-th position), for each i = 1,--- ,m. Define
tj € F)(1 <j<m) as follows:

0i(\/t;) = Gyt

We lift o; to an element of G,, also denoted o; and set d; := d(o;) € F.*/F*?. Hence, as
in [35], the class of ¢, is given by [calv = (t1,d1)y -+ (tm, din)o-

Proposition 5.5.4. The local symbol can be determined completely by the discriminant
of the field cut out by ker(d):
[cd]v = (27DK)’U'

Proof. We first prove that ker(gy) C ker(d). Suppose g € ker(pz), then ps(g) is a scalar
matrix pa(g) = (39). Thus, the quantity trace(pa(g))?/ det(pa(g)) is 4. As trace is
nonzero, using the part (2) of Proposition 2.1.2, this quantity is equal to d(g) up to an
element of F*? and so d(g) = 1 mod F*?. Hence, we obtain the result.

Thus, there is an onto map Sy = G, /ker(ps) — G, /ker(d). Only 2-subgroup that can
be quotient of Sy is the trivial group or Z/2Z. Thus m is either 0 or 1. Now since every
element of the projective image of ps (which is Sy) has order 1,2,3 or 4, we have that
for every g € G, the quantity trace p»(g)?/ det ps(g) is 4,0,1 or 2. Thus, the possible
values of d(g) are 4,0,1 or 2 up to an element of F*?, for all ¢ € G, [37, p. 264] and
we can say that either d(g) € FX? or d(g) = /2 mod FJ, for all ¢ € G,. The value
of m(0 or 1) depends on this fact. Since the projective image of py is Sy, there is an
element g € GG, whose projective image in S, is a 4-cycle. For such an element g, we have
d(g) = 2 mod F* and so we conclude that m = 1. Thus, the field K cut out by the
kernel of the homomorphism d must be a quadratic field and the class [c4], is determined
by the symbol (2, Dg), as t; = Dk (the discriminant of K') and d; = 2 up to an element

of F*2. Hence, we obtain the result. O
We now prove Theorem 5.5.1 and Corollary 5.5.2.

Proof. Since [X,] ~ [ca)v - [¢p]v, We obtain the Theorem 5.5.1 for a non-dihedral prime

p=2.
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5.6. Numerical Examples

By the isomorphism (x) [cf. Chapter 3] we can replace D by det(pf2) = x5 'e, where
X2 is the 2-adic cyclotomic character. When k is odd, the cocycle class of cp is same as

the cocycle class of ¢, that is, cp ~ c¢., where the 2-cocycle ¢, is defined as follows:

Apply Lemma 5.5.3 and observe that [cp] = [¢] for odd k, we obtain Corollary 5.5.2. [

5.6 Numerical Examples

For an odd prime p, our results are concurrent with the theorems proved in [8].
However, the example (5) of loc. cit. shows that X, is not determined by m, if p
is an unramified “bad" level zero supercuspidal prime. This example corroborates our
Theorem 5.2.3.

The following result will help us to determine what kind of supercuspidal prime p = 2
[34, Corollary 4.1]. If p = 2 is a dihedral supercuspidal prime for f € Si(I'o(V)), then

v9(N) > 2. Furthermore, depending on the different extensions we have:

1. If K|Q, is unramified then vy(N) is even and greater or equal to 2.

2. If K|Qy is ramified with valuation 2, then vo(N) = 5 or it is even and greater or

equal to 6.

3. If K|Q, is ramified with valuation 3, then vo(N) = 8 or it is odd and greater or
equal to 9.
Also, if p = 2 is a non-dihedral supercuspidal prime for f then vo(N) € {3,4,6,7} [41,
Section 6]. To support our results, we give numerical examples about local ramifications
at supercuspidal prime p = 2. The examples are provided in the table of [23]. Using
Sage and L-function and modular forms database (LMFDB), we determine the v-adic
valuation of the trace of adjoint lift at the prime p'.
1. f € 53(20,]0,3]) with E = Q(v/—1) and F' = Q. Since Ny = 2 the prime p = 2
is an unramified dihedral supercuspidal prime. We choose p’ = 17. Using Sage we

check that a,y =1 — i and hence vy(aze(p’)™") =1, so X, is ramified.
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2. f € 55(36,[0,3]), E = Q(v/—2) and F = Q. Here p = 2 is an unramified dihedral
supercuspidal prime as Ny = 2. We choose p’ = 29 and compute that af,, = a3y =
—421362 = —2 - 4592, Hence vq(a3ye(29)7!) = 1, so X, is ramified.

3. f€55(24,[0,0,1]), E = Q(v/—2), F = Q. Here p = 2 is a non-dihedral supercusp-
idal prime for f. We have Dk = 64 [41, Section 6] and ¢(—1) = —1. Hence X, is

ramified.
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6

Quadratic twisting of root numbers of modular forms

Pacetti [34] studied the variance of local root numbers in the context of twisting by a
quadratic character for modular forms with trivial nebentypus and determined the type
of local automorphic representations at p as an application. In this thesis, we explore
the same and investigate what properties of modular forms with arbitrary nebentypus
are encoded therein. In particular, we determine the type of the local component 7y,
of the automorphic representation 7 attached to f from that [cf. Corollary 6.3.12]. We
also give a criterion for a modular form to be p-minimal [cf. Definition 6.1.6] in terms
of the parity of N, (the exact power of p that divides N) [cf. Proposition 6.3.4 and
Proposition 6.3.14]

The ramification formulae of the endomorphism algebras of motives attached to non-
CM Hecke eigenforms for all supercuspidal primes are given in [6]. The statement of the
main theorem in the above mentioned article depends on the nature of the supercuspidal
primes [cf. §6.1.2] . We endeavor to determine the same that appear as local components
of elliptic Hecke eigenforms by analyzing the variance of the local factors by twisting.
In another direction, Pacetti and his co-authors found applications of the computation
in the context of Heegner/ Darmon points [27]. Our results will be useful in a similar
context for modular forms with arbitrary nebentypus. Following [32], we will be mostly

interested in the case when ¢, is supercuspidal.
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The local e-factors depend on additive characters chosen [cf. Section 6.1]. Pacetti
used an additive character of conductor zero. In this present thesis, we choose an addi-
tive character of conductor —1 for non-supercuspidal representations, and of conductor
zero (or any suitable with our situation, for example see the case where p is a dihedral
unramified supercuspidal prime [cf. Definition 6.1.2]) for supercuspidal representations.
Note that the global e-factor which is a product of all local e-factors does not depend on
additive characters [49, Section 3.5].

We classify the quadratic extensions K of Q, in the dihedral [cf. §6.1.2] supercuspidal
primes in terms of the variation of global e-factor with respect to twisting by a quadratic
character [cf. Corollary 6.3.12 and Corollary 6.3.16]. Our method is completely different
from that of Pacetti as we relied on a theorem due to Deligne [cf. Theorem 6.1.5]. The
above mentioned theorem is not applicable for unramified dihedral supercuspidal prime
p with a(3) = 1. Here, s denote the character from which the local representation is
induced from in the dihedral supercuspidal case. In this situation and principal series
representation with p | N and p odd, we relate the variance of the local e-factor with
Morita’s p-adic Gamma function [cf. §6.1.3].

Using the local inverse theorem [11, Section 27], it is possible to determine the case
where 7y, is supercuspidal by the variation of the local e-factors by twisting with respect
to a certain set of characters and it is less convenient from computational perspective [32].
We manage to do the same by a suitable quadratic twist. We also consider the case where

corresponding local Weil-Deligne representations are non-dihedral for p = 2.

6.1 Preliminaries

6.1.1 Notation

For a non-archimedian local field F' of characteristic zero, let O denote the ring of
integers in F, pp the maximal ideal in Op and kr = Op/pr the residue field of F. The
m-th principal units of F' is denoted by Uy’ = 1+ pj+. Let vp be a valuation on F'. For
the local field Q,, we will denote them by Z,, p,, k,, U;" and v, respectively. The norm
and trace maps from F' to Q, are denoted respectively by Npjg, and Trpjg,. We denote
the set of multiplicative (respectively additive) characters of F' by Fx (respectively F).
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For any quadratic extension K|F and z € F*, the symbol (z, K|F) = 1 or —1

according as x is a norm of an element of K or not.

Definition 6.1.1. The level I(x) of a non-trivial quasi-character x of F* is the smallest
positive integer m > 0 such that X(U}”“) = 1. We say the conductor of x to be the
smallest positive integer m > 0 such that x(UE) =1 and it is denoted by a(x).

It follows from the definition that a(x) = I(x) + 1 when a(y) > 1. A character
x is called unramified if the conductor is zero, tamely ramified if it has conductor 1
and wildly ramified if its conductor is greater or equal to 2. For xi, x2 € Fx , we have
a(x1x2) < max(a(xi),a(x2)). The equality holds if a(x1) # a(xz2). For a non-trivial
additive character ¢ of F', the conductor n(¢) is the smallest integer such that ¢ is trivial
on 9@,

Let F, denote a finite field of order ¢ = p”. The classical Gauss sum G(x, ¢) associated

to a multiplicative character x of F* and an additive character ¢ of F, is defined by

G(x,9) = > x(@)¢(x).

xGF;

We will denote it by G..(x) as the additive character ¢ is fixed. For x € El; and ¢ € I/F\q, let
X =xo Nr,r, and ¢ = ¢oTrg,r, denote their lifts to IF,. Then by the Davenport-Hasse
theorem [7, Theorem 11.5.2], we have G(\/,¢’) = (=1)""'G(x, ¢)". In our notation, we
simply write it as G,.(x') = (—1)"'G1(x)".

6.1.2 Dihedral and non-dihedral supercuspidal representations

As mentioned in the introduction, the main technical novelty of this chapter are in the
case when 7, is supercuspidal. Let p,(f) be the local representation of the Weil-Deligne
group associated to 7y, via Local Langlands Correspondence. The Weil groups of Q,

and K are denoted by W, and W respectively.

Definition 6.1.2. In the supercuspidal case, we call a prime p to be dihedral for the
modular form f if the representation is induced by a character s of an index two subgroup

L@G{ Qfl@%.
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Depending on K unramified (or ramified), we say p is an unramified (or ramified)
supercuspidal prime for f.
If p = 2, there are supercuspidal representations that are not induced by a character;

we call it non-dihedral supercuspidal representations.

6.1.3 p-adic Gamma function

For an odd prime p and z € Z,, define the p-adic gamma function [42, Chapter 7] to
be

Lp(z) =lim(-1)" [

n—z . 3
0<j<n,(p,j)=1

where n tends to z p-adically through positive integers. Let x be a multiplicative charac-
ter of F,, of order k. Using the Gross-Koblitz formula, we deduce that [53, Corollary 3.1]:

Gi(x) = (=p)"*T (1)- (6.1)

For a given non-trivial additive character ¢ of ' and a Haar measure dx on F', the

L-function corresponding to a quasi-character x of F'* satisfies a functional equation.
This defines a number (x, ¢, dx) € C* [49, Section 3].

6.1.4 Local e-factors

The local e-factor associated to a non-trivial character x of F* and a non-trivial
character ¢ of F' is defined as follows [29, p. 5]:

Jup X1 (2)$(3)d

<0600 =X G

where ¢ € F* has valuation a(x)+n(¢). Here, we consider the normalized Haar measure

dx on F. The above formula can be simplified as [50, p. 94]:

e, ¢0) = q % Z X () =472 x()7(x. 9), (6.2)

TG0 a(x)
Up
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where 7(x, 6) =

ve X '(z)¢(%). This is called the local Gauss sum associated to
ua(x)

F
the characters x and ¢. It is independent of the coset representatives x chosen. The

xe

element ¢ in the formula (6.2) is determined by its valuation up to a unit uw. It can be
shown that €(x, ¢, c¢) = e(x, ¢, cu). Thus, for simplicity we write £(x, ¢, ¢) = (X, ¢).

If y is unramified, then the valuation vg(c) = n(¢) and thus we have e(x, ¢, c) = x(c).
When a(y) = 1, the local Gauss sum turns out to be the classical Gauss sum. Since y
is tamely ramified, x := X_1|o; can be considered as a character of O3/UL = kX, If we
take an additive character ¢ of F' with n(¢) = —1, then we can choose ¢ = 1. In this
settings, the local Gauss sum coincides with the well-known classical Gauss sum.

We now list some basic properties of local e-factors which can be found in [49].

1. e(x, ¢a) = x(a)|alz'e(x, @), where a € F* and ¢,(z) = ¢(ax). Here, | |p denote
the absolute value of F'.

2. e(x0,¢) = 0(mp)**+@e(y, @), where 6 is an unramified character of F*. The

element 7 is a uniformizer of F'.

3. €(Ind%g§ ) 0, (b) = e(p, Qo TrF|Qp>, where p denote a virtual zero dimensional rep-

resentation of a finite extension F'|Q,.

The local e-factor £(x, ¢) depends on the additive character ¢ chosen which follows from
the property (1) above.

Let x denote the quadratic character attached to the quadratic extension of Q ramified
only at p. For an odd prime p, we consider the element p* = <_?1> -p. Then the quadratic
extension Q(1/p*) of Q is ramified only at p. Note that, for p = 2 there are three
quadratic extensions of Q ramified only at 2 (having absolute discriminant a power of 2),
namely Q(7), Q(v/2) and Q(v/—2). We denote their corresponding quadratic characters
by x—1, x2 and x_2 respectively. Let x denote one of these characters y; for j = —1,2, —2.
By class field theory, the character x can be identified with a character of the idele group,

that is, characters {x,}, with x, : Q) — C* satisfying the following conditions:

1. For distinct primes g # p, the character x, is unramified and x,(¢) = (q>.

p

2. X, is ramified with conductor p and the restriction x| z factors through the unique

quadratic character of F with x,(p) = 1.
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By definition, we say that x, is tamely ramified. In this thesis, we study the changes of
the local factors associated to f while twisting by x. Let ¢, denote the variation of the
local factor of f at ¢ while twisting by x,. On both sides, we choose the same additive
character and Haar measure. For p # ¢, the number ¢, is determined by [34, Theorem
3.2, part (1)] that works for modular forms with arbitrary nebentypus and we find it

useful in Corollary 6.3.12. Thus, we will be interested to compute the number ¢,,.

Lemma 6.1.3. Let X, be the quadratic character of Q, as above. Then for an additive

character ¢ of Q, of conductor —1, we have

1, ifp=1 (mod 4),

5(Xp7¢) =
i, ifp=3 (mod 4).

For p = 2, we have £(xa, ) = 27 /2.

Proof. Since x, is tamely ramified, X, := x,, 1|pr becomes a character of F\. Let ¢, qu
denote the canonical additive character of Q,, IF,, respectively. Note that ¢ can be written
as a- ¢, for some a € Q) [11, §1.7 Proposition, p. 11]. We will find out a proper element
a such that ¢[z, = a-¢,|z, induces the canonical additive character of IF,,. [9, Lemma 3.1]
ensures us that 1/p can be taken as a value of a. By the property (1) of local e-factors,

we have ) .
EXpr @) = (Xp, —Pp) = Xp(—
(Xp» @) (ppp) p(p

)e(Xp Pp) = p_l/zT(Xp’ Dp)-

Now 7(x,, ¢p) turns out to be the classical Gauss sum G(Xp, ¢,). Using [30, Theorem
5.15], we have

/2, ifp=1 (mod 4),

G(Xps Op) =
e ip/?, if p=3 (mod 4),

where ¢ is a fourth primitive root of unity. Combining all above, we obtain the required

result for odd primes. For p = 2, the Gauss sum G(X5o, qu) = 1. Therefore, we get that
e(xe, 0) = 2712 O

For an additive character ¢ of Q,, the induced character on F' is denoted by ¢p =
¢ o Trpyg,. For all ¢ € F, consider the additive character ¢r.(r) = ¢r(cz).
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Lemma 6.1.4. Let x € F* and oF € F' be two non-trivial characters. Let r € N be such
that 2r > a(x). Then there is an element ¢ € F* with valuation —(a(x) + n(¢r)) such
that

X(1+2) = ¢p(cx) V x € pl. (6.3)

Proof. Since 2r > a(x), the character x satisfy the relation: y(1+z)x(1+y) = x(1+z+y),
for all z,y € p%. This is same to having that the map x — x(1+z) is an additive character
on pf which can be extended to F'.

By the property of local additive duality [11, §1.7 Proposition, p. 11], the set {¢F, :
¢ € F} is the group of all characters of F. Hence, there exists an element ¢ € F* such

that
X(1+2z)=¢p(cx) V€ ph.

Using the same proposition, the conductor of the character ¢p. is —(n(¢r) + vr(c)).

From the equality of the conductors of both sides, we get the desired valuation of ¢. [

We now recall a fundamental result of Deligne about the behavior of local factors
while twisting.
Theorem 6.1.5. [18, Lemma 4.1.6] Let o and 8 be two quasi-characters of F* such
that a(a) > 2a(B). If a(l + x) = ¢p(cx) for x € ph with 2r > a(a) (if a(a) = 0, then
c= W;n(¢F)), then

e(af, ¢r) = B (c)e(o, dr).

Note that the valuation of ¢ is —(a(a) + n(¢r)) in the above theorem.

We write the level N of the newform f as p™» N’, with p f N’ and the nebentypus

€ = ¢, - € as a product of characters of (Z/p™*Z)* and (Z/N'Z)* of conductors p©r for
some C, < N,, and C” dividing N’ respectively.

Definition 6.1.6. [1, p. 236] We say f is p-minimal, if the p-part of its level is the
smallest among all twists f @ of f by Dirichlet characters 1.

6.2 Non-supercuspidal representations

We denote the group GL2(Q,) by G. Let p, po be two quasi-characters of Q, and
V(p1, pu2) be the space of locally constant functions ¢ : G — C with the following

7



CHAPTER 6. QUADRATIC TWISTING OF ROOT NUMBERS OF MODULAR FORMS

property:

o [ o ] 9) = m(@)pa()a/d *i(g).

for all a,d € Q) and g € G. The induced representation of G by its action on V'(uy, 1)
through right translation is denoted by p(p1, p2).
- 11

One knows that p(jy, p2) is irreducible except when jupy* In this case,

the representation p(pi, p2) is called a principal series representation, denoted by

7=, p12).

The induced representation p(u, it2) is not irreducible if and only if pipus* = | |F'.
The unique irreducible sub-representation of p(| |*/2,| |7/?) is the Steinberg represen-
tation, denoted by St. More generally, we may assume that

po=pl V2 e =l [ (6.4)

for some character p of Q. In this case p(ul |12 1| |~'/?) contains a unique irreducible
sub-representation which is the twist p - St of the Steinberg representation. This repre-
sentation p - St is called a special representation, again denoted by 7 := m(uq, f12).
The resulting factor is the one dimensional representation p o det of G.

The local e-factor of a special representation 7 is given by e (7, s, @) = er(u1, s, ¢)er (2,
s, ) E(u1, po, s) [22, Table, p. 113] with

1, if p1 is ramified,
E(:uluu%s) = (65)
—pe(p)p~*, otherwise.

For a ramified character i of Q, of level n > 0, s € C and an additive character ¢ of F
with n(¢) = —1, the local rational function e (u, s, ¢) € C(p~*) is defined by [11, Equ.
23.6.2]

er(us 5,6) = "I p(e)7 (. ) /p".

This function is called the Tate local constant of u associated to ¢. The local epsilon

factors and Tate local constants are related by the following relation: ep(pu, %,éb) =

e(u, @)
Let w, be the p-part of the central character of ¢, a,(f) be the p-th Fourier coefficient
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of f and p; be an unramified character with p(p) = a,(f)/p* /2. We also consider
a character po with pipe = w,. In the ramified principal series case, w, has conductor
p™ with N, > 1. When f is a p-minimal form with 7;, is a ramified principal series
representation, we have 7y, = m(p1, p2) [32, prop. 2.8]. In this case, choose an additive

character ¢ of conductor —1 satisfying
wp(l+ ) = ¢(cx) V € pp, (6.6)

with 2r > a(w,).
If N, = 1, let m be the order of @, := w, 1|2p. Consider the quantity that depends on

p and m:

(~0) 2Ty () T30} i p odd with N, =1 and m even,
cp =
1, otherwise.

With the choice of an additive character as in equation 6.6, we prove the following

theorem:

Theorem 6.2.1. Let mys, be a ramified principal series representation. Choose an addi-

tive character ¢ as above. For odd primes p, the number

P T a(f)e,  ifp=1 (mod 4),
z'p%ap(f)cp, ifp=3 (mod 4).

Ep =

For p =2, we have g9 = 2’§a2(f).

Proof. By [22, Table, p. 113], the local factor associated to f is e(pu1, ¢)e(uz, ¢) and the
local e-factor corresponding to f ® x, is €(p1xp, @)e(taXxp, @). Since py is unramified, the

local e-factors are computed as follows:

2. £z, 6) = (i s 6) = i (p) " =(ty, 6), by property (2) of local e-factors,

3. e(paxp, @) = ma(p)* ™ 'e(xp,0) = e(xp: @) [Again, by property (2) of local e-
factors and since the conductor of y, is 1].
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4. For N, > 1, note that a(w,) > 2a(x,). In this case, we compute that

€(M2Xp7 ®) = 5(#1_1“’po7 )
= uy H(p)* P " e(w,x,, #)  (by property (2) of local & — factors)
Theorem (6.1.5) _ alw)—1 . —
= pt () g H(e)e(wp, 0)

= Ufl(p)a(wP)_lg(wpa ¢) (since x,(c) =1).

Thus, we deduce that (2, ¢) = e(f2Xp, ).

Now assume that N, = 1. Both w, = wzjl|2p and Y, can be thought of as a
character of IF¥. Notice that F)x is cyclic, say Fx = (x1).

If &, has even order, then both w, and w,X, have same order. Hence, we can write

Wy = WpXp = x§ for some a. As a result, we obtain e(w,, ¢) = e(wyXp, ).

If &, has odd order m, then w,X, has border 2m. Write p = bm + 1 for some b € N.
Thus, we have &, = x} and @,Y, = x#. By the formula (6.1), we obtain G;(x?) =
(—p)ﬁf‘pQ%) = (—p)%f‘p(%) and Gl(xlg) = (—p)ﬁf‘p<ﬁ>. Therefore, we
deduce that (wyX,, @) = (wp, @) - (—p)~/*™{T,(55)/Tp(L)}. For p =2, we have
e(wWpXp: @) = e(wp, @).

From above, we compute that

o= e 9)e(pexp @) _ (g, 9)
P 5(”17 ¢)€<:u27 ¢) v 5(”17 (b)

= ¢ 1 (P)e(Xp, D).

Using Lemma 6.1.3, we get the required result. O

We now consider the case where 7y, is a special representation. If f is a p-primitive
newform, then by [32, prop. 2.8], 7, = p - St, where p is unramified and p(p) =
a,(f)/p*=2/2. Hence, for j = 1,2, the character p; in (6.4) is unramified. With an

additive character ¢ of conductor —1, our result in this case is as follows:

Theorem 6.2.2. If 7y, is a special representation, then the number ¢, is

—pTa(f), ifp=1 (mod4),
P2 ap(f), ifp=3 (mod4).
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For p =2, we have g5 = —2%012((][).

Proof. Note that both py, 1o are unramified characters. Thus, we have that e(p;, ¢) =

pi(e) = Hj(%) = 1/p;(p), for all j = 1,2. Also, for j = 1,2, we have e(ujxp, ¢) =
13 (p)*X)"e(x,, #) = e(Xp, #) as a(x,) = 1. By Lemma 6.1.3, we have

1, ifp=1 (mod 4),
i, ifp=3 (mod4),

5(MjXp7 ¢) =

for all j =1,2. Since the number ¢, is

e = 8(”1Xp7 ¢)€(”2Xp7 ¢>E([1’1Xp7 H2Xp, %)
8 €(u1,¢)€(u2,gb)E(u1,u2, %) 7

using the relation (6.5), we get the result. ]

6.3 Supercuspidal representations

Every irreducible admissible representation of G that is not a sub-representation of
some p(p1, o) is called a supercuspidal representation. Note that supercuspidal
cases are the most interesting cases in the computation of the local data of a modular
form [32, Section 2].

By local Langlands correspondence the representations 7, are in a bijection with
(isomorphism classes of) complex two dimensional Frobenius-semisimple Weil-Deligne
representations p,(f) associated to a modular form f at p. For more details of Weil-
Deligne representations, we refer to [17, Section 3]. We will be using the information

about p,(f) in this case.

6.3.1 The case p odd

Let p,(f) denote the local representation of the Weil-Deligne group attached to f at

a prime p. In the supercuspidal case,

pplf) = Indy? 5¢
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with K a quadratic extension of Q, and » a quasi-character of W which does not factor
through the norm map with a quasi-character of W;b. We can consider s as a character
of K* via the isomorphism W2 ~ K> and say that (K, ») is an admissible pair attached
to f at p. It satisfies the following conditions:

L. 5 does not factor through the norm map Nkq, : K™ — Q, and

2. if K|Q, is ramified, then the restriction »|y1 does not factor through Ni/q,.

The pair (K, 5) is said to be minimal if %\UfK(%) does not factor through the norm map
Nk|g,- If s is minimal over Q,, then we have a(s) < a(fx ) for all characters § of Q.
The induced character on K is denoted by 0 = 6o Nk/q,. Clearly, f is p-minimal if and
only if its associated admissible pair is minimal. For more details of an admissible pair,
we refer to [11, Section 18].

By the properties of local e-factors, recall the formula for the conductor of the super-

cuspidal representations [44, Theorem 2.3.2]:
W,
a(Indyy; 2) = vy (6(K|Qy)) + f(K|Qp)a(s). (6.7)

Here, the normalized valuation of Q) is denoted by v, and §(K|Q,), f(K|Q,) denote
the discriminant and the residual degree of K|Q, respectively. The above formula is

same as the formula for the Artin conductor of a 2-dimensional induced representation
of Gal(Q,|Q,) [13, Proposition 4(b), p. 158].

Definition 6.3.1. [11, §13.4 Definition] An element o € K* with vk () = —n is said

to be minimal over Q, if one of the following holds:

1. K|Q, is ramified and n is odd;

2. K|Q, is unramified and the field extension ki |k, is generated by the coset p"a+py.

Lemma 6.3.2. [11, §18.2 Proposition] Let K|Q, be a tamely ramified quadratic extension
with l(3¢) =m > 1. If a € p™ be such that »(1 + x) = ¢k (ax) for x € pit, then (K, »)
is a minimal admissible pair if and only if o is minimal over Q,,.

Applying the above lemma when K|Q, is ramified quadratic, we see that if (K, s) is

a minimal admissible pair, then m is odd and so a(s) = I(3¢) + 1 is even [32, Theorem

3.3].
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Lemma 6.3.3. [51, Lemma 1.8] Let E|K be a quadratic separable extension with residue
degree f. If 1 is a quasi-character of K*, then fa(no Ngx) = a(n)+a(nwg k) —a(wek)-
If ¥ is a non-trivial additive character of K, then n(v o Trgk) = (2/f)n(v) + d(E|K).
Here, wg k denote the non-trivial character of K* with kernel equal to the group of norms
from E* to K*.

We can find the valuation of the level of the modular form with arbitrary nebentypus
from the following proposition (see also [34, Corollary 3.1] for I'((N)). The local factor

in the ramified case can be computed from that.
Proposition 6.3.4. The pair (K, ») can be characterized in terms of N,,.

1. If K|Q, is unramified, then N, is even and s is ramified.

2. Assume that K|Q, is ramified. We have N, is odd if (K, s) is minimal; otherwise

it 1s even.

Proof. Using the relation (6.7), we get that

2a(»), if K is unramified,
1+ a(s), if K|Q, is ramified.

When K|Q, is unramified, we have N, is even from above. If s is unramified, then it
would factor through the norm map. Hence, the character s is ramified.

In the ramified case, if (K, s) is a minimal admissible pair, then the result follows
from paragraph after Lemma 6.3.2.

We now prove that N, is even if (K, ») is not minimal. Consider a non-minimal pair
(K, ). We can write » = >0 [11, Section 18.2] for a character ¢ of Q) and a minimal
admissible pair (K, s). Since »’ is minimal over Q,, we have a(s) < a(#'0x) = a(x)
and [(»') is odd. As a result, we obtain that a(s) > 2 is even.

If (@) = 0, then we have a(fx) = 0 by Lemma 6.3.3. Thus, we get that a(sx) =
a(x'0k) = a(s) and hence %|U§§,{) = (%’QK)|U§§%)
norm map, contradicts the non-minimality of s¢. Therefore, a(f) > 1 so that a(fwg|g,) =
a(f) [51, Proof of Proposition 2.6]. By Lemma 6.3.3 and a(wgg,) = 1 [11, Proposition-
Definition (1), p. 217], we deduce that a(0x) = a(f) + a(wk|,) — a(wkg,) = 2a(f) — 1

= | yit does not factor through the
K
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Now, we claim that a(fx) > a(s¢). If not, then we have a(fx) < a(s) (since the
equality is not possible as a(s') is even and a(ff) is odd). Hence, both s = /0, and 5
have same conductor, which contradicts the fact that (K s) is not minimal. Thus, we

have proved that a(s) = a(»'0k) = a(fk) is odd. Hence, we deduce that N, is even. [J

The above proposition gives the criterion for the associated admissible pair to be

minimal in the ramified case.

Remark 6.3.5. In the case where K|Q, is ramified quadratic, a(s) = 1 is not possible by
the part (2) of the definition of an admissible pair. Thus, N, = 2 does not occur.

Note that (Ind%’}’{ 2)Xp = Ind%}’{(%xg) with x;, = xp © Nkjg,- Thus, by the property
(3) of local e-factors, we only need to treat the one dimensional cases. We now consider

two cases depending on K unramified or ramified.

The case K|Q, unramified

Since x|z, = ¢," [8, Equ. 4] and ¢, is a trivial character when C), = 0, we get the

following corollary [34, part (3) of Theorem 3.2]:
Corollary 6.3.6. Assume that C, = 0. If p is an unramified supercuspidal prime, then
£p = — (_pl)

Since K|Q, is unramified quadratic, we can take m = p as a uniformizer of K which

we fix now.

Theorem 6.3.7. Let p be a dihedral supercuspidal prime for f. Assume that K|Q, is

unramified. For an additive character ¢ of Q, with
»x(1+ 1) = dx(cx) V x € pl, (6.9)

where 2r > a(3) > 1, we have €, = 1.

Proof. We apply Theorem 6.1.5 with @ = 3 and 3 = x;, and get the number ¢, =
Xp(0) =1, 0

Note that the above theorem does not work when a(s) = 1. We give a different proof

of the theorem above when a = a(») = 2 in the unramified case.
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Proof. Choose an additive character ¢ of @, of conductor zero. Using Lemma 6.3.3,
we get n(¢x) = 0. Assume that »#(1 + x) = ¢x(czx), for all x € pg. Every element
x € Ok /1 + p% has the form by + byp with by # 0 and b; € F,2 V i. Now

ronok) = Y %-1<x>¢K<%>
z€O0% /1+p3 p
b1

= 3 b)) Y (1+Zop)¢K(2o bl).

bo GFZQ b1€F p2 p

With the choice of the additive character, we obtain that

o) = T 00 3 on(- ()

2
e = p PP

= % won(i3) T oen((1-5)%)

bo eIsz bi€F 2 p

Since the sum of a non-trivial character over a group vanishes, the inner sum is zero unless
bp = 1. As a result, we obtain that 7(s, ¢x) = p2¢K(Z%>. Since K|Q, is unramified,
a(x,) = 1 by Lemma 6.3.3. Thus, in a similar way we get that 7(sx,, ¢x) = p%K(z%)’
completing the proof. O

The case a(»x) = 1. The above theorem is not valid for a(») = 1. In that case,
o= |O>< can be considered as a character of Oy /Uj = F L2 and the associated local
Gauss sum turns out to be the classical Gauss sum. Here, we take an additive character

¢ of K which induces the canonical additive character gg of Fp2
Theorem 6.3.8. Let p be an odd unramified supercuspidal prime with a(») = 1.

1. If the order of s is even, then ¢, = 1.

2. Assume the order m of 3 is odd that divides p — 1. Write p = bm + 1 for some
be N. Then

2

£, = p—l/m{rp(;n)/rp(;)} . (6.10)

85



CHAPTER 6. QUADRATIC TWISTING OF ROOT NUMBERS OF MODULAR FORMS

Proof. 1. We know that, as a group F), ~ F. Thus, F; is cyclic, say F, = (xa).
Since 7 has even order, both 5 and Y], have same order. Hence, we can write

5 = ), = x5 for some a € {1,--- ,p* — 1}. Thus, we get ¢, = 1.

2. Since o(3) | (p—1), the character 3 can be thought of as a lift of some character 3*
on IF, and both 3¢, 5* have same order [7, Theorem 11.4.4]. Using the Davenport-

Hasse theorem [cf. Section 6.1], we have

A AN ASE
Go(32) G2

(6.11)

Suppose that ﬁp; = (X1), the group of multiplicative characters of F,,. Note that 5¢*

b
has odd order m and 3*(x},)* has order 2m. We have 3* = x} and 3*(X})* = x{

b
for some b. Using the formula (6.1), we get that Gi(x}) = (—p)ﬁfp(p%l) =

1 2 1
(—p)ﬁf‘p<$> and Gi(x7) = (—p)ﬁf‘p<ﬁ). Hence, the desired result is obtained
by equation (6.11).

]

Corollary 6.3.9. The quantity in (6.10) that determines €, in the above theorem can be
simplified as

(o1, el
]y " 2ag - 1)

p

2
,} (mod p),
where xy is a solution of 2mz =1 (mod p).

Proof. Consider the following two congruence equations:

2mr = 1 (mod p) and (6.12)
1 (mod p). (6.13)

my
Both the congruence equations have an integer solution. Note that 2x, is a solution of
(6.13). By the property of p-adic gamma function, we have

Fp(i> = Fp(xo) (mod p) and Fp(ﬂll) = Fp(on) (mod p).

2m

86



6.3. Supercuspidal representations

Using the values of p-adic gamma function at integer points [42, Chapter 7, §1.2], we

obtain:

() m()}

[0, () (200) ) (mod p)

220 — 1}']) (220—1)/p

— (=1)* (2o — 1)! [

= {{ 1}!}9[(960 1)/p] ( )2:50(21.0_1) } (mod p)
J
1

|:2.Z‘() 1 |

(et LY

2
In a special case where 2y < p + 1, the above quantity is same as {M}
(mod p). O

If the order of 5 is even and that divides p + 1, then we also get the same result as
part (1) of Theorem 6.3.8 using the Stickelberger’s theorem, which shows the consistency

of our result.

Theorem 6.3.10. If p is an odd unramified supercuspidal prime with a(s) =1 and the
order m of » divides p+ 1, then

-1, ifm odd and p=1 (mod 4),
Ep =141, if m even and p=1 (mod 4), (6.14)
1, if m even and p =3 (mod 4) with E% odd.

For p =2, we have g5 = 1.

Proof. We split the proof into two cases. First assume that m is odd. We now con-
sider primes p = 1 (mod 4). Using Stickelberger’s theorem [30, Theorem 5.16], we have
G(, gg) = p. Since X, has order 2, the order of 5y, is 2m. Write p = 4k + 1 for some
k € N. Thus, we obtain that (p + 1)/2m = (2k + 1)/m is odd. Hence, by the same
theorem we have G (5, gg) = —p, as required. When p = 3 (mod 4) with m odd, we
cannot apply the Stickelberger’s theorem to find G (5, gzNS) as the quantity (p 4+ 1)/2m
is not odd.

87



CHAPTER 6. QUADRATIC TWISTING OF ROOT NUMBERS OF MODULAR FORMS

Next we deal with the case where m is even. Thus, the order of >Y;, is m. For primes
p = 1 (mod 4), we have (p+ 1)/m = 2(2k + 1)/m is odd. Hence, by Stickelberger’s

theorem we obtain that G(3, ¢) = G (32X, ) = —p, as desired. In a similar way we can

show that €, = 1, when p =3 (mod 4) with (p + 1)/m odd. O

The case K|Q, ramified

As p is odd, the possibilities for K are Q,(v/—p) and Q,(y/—p(,—1) depending on
(p, K|Q,) = 1 or —1 respectively. We can choose m = /—p or \/—p(,—1 as a uniformizer
of K and write K = Q,(m).

Since K|Q, is ramified quadratic, we have Ng|g,(O%) = Z;*. In this case, we have
X;‘o;( =1 (i. e, x; is unramified). Choose an additive character ¢ of conductor 0 and a
normalized Haar measure dz. Since K|Q, is ramified, the conductor of ¢x = ¢ o Trg g,
is 1 [cf. Lemma 6.3.3].

Theorem 6.3.11. Let p be a dihedral supercuspidal prime for f with K|Q, ramified. We

then have
e ¢, = 1 if the conductor of s is odd.

e In the case of a(s) even, the number

17 Zf (paK‘Qp) = 17

TTUR) dEg) =1 (019

Proof. Since x;, is unramified, using the property (2) of local e-factors, we get that

5(%)(;, O, dr) = Xp(NK@p(W))“(”)H e(s, ¢x, dr). (6.16)

If the conductor of s is odd we get that the number €, = 1. So assume that a(s) is even.

The epsilon factor is thus given by the quantity:

o0 = ol (7)) = () .17
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Since Nk|qg,(m) = —n?, we obtain that ¢, = (-:j/;;) Therefore when p is odd, we deduce
that:
(;) —1, if (p, K|Q,) = 1,

") - (3) dwae = o

]

Let £(f) be the global e-factor associated to f and €,(f) be its p-part. For the
character x, defined before, the newform twisted by ¥, is denoted by f & x,. Then we

have the following classification of the local data of a newform.

Corollary 6.3.12. Let 7, = 7y, be the local component at p of a p-minimal newform f.
We have

1. m, is Steinberg if N, =1 and C, = 0.
2. m, is principal series if N, > 1 with N, = C,,.

3. If m, is not of the above type, then it is supercuspidal. In this case, we have N, > C,.
For odd p, it is always induced by a quadratic extension K|Q,. If N, > 2 is even,
then K 1is the unique unramified quadratic extension of Q,. In the case of N, > 3
odd with p =3 (mod 4), we have

(a) K =Qu(v/=p) if e(f @ xp) = xp(N)e(f)-
(b) K = Qp(\/ _pCp—l) ng(f ® Xp) = _Xp(N/)e(f)'

The same cannot be concluded, when p =1 (mod 4).

Proof. Depending upon N, and C,, the local component at p of a newform has been
classified in [32, prop. 2.8]. We just need to prove the relation e(f ® x,) = xp(N")e(f)e,
to complete the proof. Note that the number ¢,(p # ¢) is determined by ¢, = (%)Nq
[34, Theorem 3.2, part (1)], where N, denote the exact power of ¢ that divides N. By
hypothesis, we have ¢,(f ® x,) = €,(f)ep,. Running over all primes p, we get that
(f ) = (DT ep = (Do My (57 ) = (V<)o

For primes p = 1 (mod 4), since the number ¢, = 1 for both fields K = Q,(1/—p)
and K = Qp(m ), we cannot distinguish from which quadratic extension the local

representations is induced from. O
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Remark 6.3.13. The classification of the local data at p of a newform determined by N,
and C), does not distinguish the quadratic extensions of @, the local component 7, at p
is induced from in the supercuspidal case. The above corollary does that in terms of the

variation of e-factor of f.

6.3.2 The case p=2

For p = 2, more representations of the Weil group are involved and it can be non-
dihedral. When inertia acts reducibly, the local representation py( f) is dihedral; otherwise
it has projective image isomorphic to one of three “exceptional" groups Ay, Sy or As.
The Ajs case cannot occur since the Galois group Gal(Q,|Qs) is solvable. Weil proved
in [52] that over Q, the A4 case also does not occur, so Sy is the only possibility of
the projective image of pa(f). In this case, the corresponding field extension of Qo is
obtained by adjoining the coordinates of the 3-torsion points of the following elliptic

curves [41, Section 6]:
EV :rY?=X?4+3X+2 and BV :rY? = X? —3X +2 with r € {£1,£2}.

In local cit., the 2-adic valuation of the level of the modular form is given as follows: 7
for the curve E7 with r as above, 3 for the curve E(__l), 4 for the curve £ and 6 when
the curve is B2, Hence, if p = 2 is a non-dihedral supercuspidal prime, then we have
Ny € {3,4,6,7}.

From above we see that non-dihedral supercuspidal case can occur only in 8 cases.
In all such cases local root number can be computed and it can be found in [34, Remark
11] and [20, Remark 22].

From now on we assume that p = 2 is a dihedral supercuspidal prime. In this case,
the representation ps(f) is induced from a quadratic extension K|Qy. Note that there
are seven quadratic extensions Qy(v/t) of Qq with ¢ = —3,—1,3,2,—2,6, —6. Among
them Qy(v/—3) is unramified and rest of them are ramified. Among ramified extensions,
two of them (corresponding to ¢ = —1,3) have discriminant with valuation 2 and rest of
them have discriminant with valuation 3. Let d denote the valuation of the discriminant
of K|Qy. Thus, we have d € {2,3}. The following is the analogue of Proposition 6.3.4
for p = 2.
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Proposition 6.3.14. Let p = 2 be a dihedral supercuspidal prime.

1. If K s unramified, then N5 is even.

2. Assume that K|Qq is ramified with l(3c) > d. We have Ny is odd if s is minimal;

otherwise Ny is even.

Proof. The relation (6.7) for p = 2 gives us that

2a(x), if K|Q, is unramified,
Ny =92+ a(3), if K|Q, is ramified with discriminant valuation 2, (6.19)

3+ a(x), if K|Q, is ramified with discriminant valuation 3.

Thus, N, is even when K is unramified.

In the ramified case, we first assume that sz is minimal. Using [11, §41.4 Lemmal, we
have [(») > d — 1. Moreover, if I(3¢) > d, then applying same lemma we get {(3¢) # d—1
(mod 2). If d = 2, then we conclude that I(5¢) is even and so a(») = l(s) + 1 is odd.
When d = 3, we conclude that /() is odd and so a(») = [(») 4+ 1 is even.

We now prove that if s is not minimal, then N, is even. To prove that, consider
a non-minimal character s. As usual, we write s = g3 [11, Section 41.4] with 6
a character of Q5 and s/ minimal over QQ;. As in the proof of Proposition 6.3.4, we
deduce that a(s) < a(s) and a(f) > 1. Observe that a(s¢) = a(f). This follows from
a(x) = a('0k) < max(a(s),a(fk)) with equality if a(s) # a(fk).

Since K is wildly ramified, wgg, has conductor d [11, Section 41.3], we conclude that
a(wk|g,) = 2 or 3. Consider first the case d = 2. If a(f) < d = 2, then by Lemma 6.3.3,
we have a(fx) < a(f) < 2. Since 5 is minimal over Qq, we obtain that [(»') > d — 1
[11, §41.4 Lemma).

Let us first assume () = d — 1 = 1. We then have a(s) = 2. Both a(s¢) = 2
and a(f) < 2 (i.e, a(fx) < 2) cannot occur simultaneously as it will contradict the fact
a(s') < a(s) = a(»'0k). Hence, we conclude that a(f) > 2.

We now assume that [(») > d = 2. As above, the minimality of s gives us that
[() > 2is even and so a(s¢') > 3 is odd. In this case, if a(f) < 2, that is, a(0x) < 2, then
we obtain that a(x) = a(s/0k) = a(s) as a(s) > 3, contradicts the non-minimality of

». Hence, in this case also a(f) > 2.
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In both cases we obtain a(f) > 2 = a(wg|g,) so that a(fwki,) = a(d). By
Lemma 6.3.3, we get that a(0x) = a(0) + a(fwkg,) — a(wkg,) = 2(a(f) — 1) and so
a(x) = a(fk) is even. From equation 6.19, we conclude that if » is non-minimal then
N> is even.

When d = 3, we can prove similarly that a(fx) = 2a(f) — 3 and hence a(») = a(0k)
is odd. O

Theorem 6.3.15. Let p = 2 be a dihedral supercuspidal prime for f.

1. Assume that K|Qs is unramified. Choose an additive character as in (6.9) if a(s) >

1. Then the number eo = 1.

2. When K|Qq is ramified, the number

1, ZfK = @2(\/__1)7 \/5)7 @2(\/__2)7 QZ(\/§)7
g2 =191, if K =Qy6),Qo(v/—6) with 3 minimal,
1, if K = Qy(v6),Qa(v/=6) with 3 not minimal.

Qo
Qs

2

Proof. The proof of Theorem 6.3.7 is valid for the unramified supercuspidal prime p = 2
also. Thus, we have 5 = 1, when a(3¢) > 1. When a(») = 1, note that 3 is a character
of FJ; of order 3. Since o has order 2, the order of >y, is also 3. Using Stickelberger’s
theorem [30, Theorem 5.16], we have G(3, ¢) = G(5¢X2, ) = 2 and hence g, = 1.

In the ramified case. by proposition above we see that if s is minimal, then a(s¢) is
odd, when d = 2, and it is even, when d = 3. If 3 is not minimal, then a(s) is even,
when d = 2, and it is odd, when d = 3. As odd primes [cf. Equations 6.16 and 6.17], we
have €5 = 1, if a(5¢) is odd; otherwise we get £2 = x2(Nk|g,(7)). Here, 7 is a uniformizer

of K. Hence, we get the number €5 as desired. [

As before [cf. Corollary 6.3.12], the type of the local component s, can be classified
by Ny and Cy ( with Ny € {3,4,6,7} in the non-dihedral supercuspidal case). We now
classify the quadratic extensions K |Qq, the local component 75 is induced from in the
dihedral supercuspidal case. Note that Q has three quadratic extensions ramified only at
2 (having absolute discriminant a power of 2), namely Q(7), Q(v/2) and Q(v/—2). Their

corresponding quadratic characters will be denoted by x_1, x2 and x_» respectively. Let
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X be the quadratic character associated by class field theory to any of these characters yx;
for j = —1,2,—2. Using [34, Theorem 4.2, part (1)], we have the following two relations
as odd primes [cf. Corollary 6.3.12]:

L e(f®x)=x(N)e(f), if e2 =1,
II. e(f®x) = —x(N")e(f), if eg = —1.

Corollary 6.3.16. Let p = 2 be a dihedral supercuspidal prime for f. Then o is always
induced by a quadratic extension K|Qq. If f is 2-minimal and Ny > 2 is even, then K
s the unique unramified quadratic extension of Qo. In the ramified case, we have the

following classifications of K :

Classification of K for p =2
p-minimality of f | K = Qa(v/1) Property
t=-1,-2,2,3 I
Yes
t=—6,6 11
No t=-1,-223 6,6 I

Remark 6.3.17. If f is not 2-minimal, then we cannot distinguish whether the extension
K|Qy is unramified or ramified (since Ny is even in both cases). Moreover, when K |Qy
is ramified, the above property I always satisfies for f. If f is a 2-minimal newform,
then the extension K|Qy (from which the local representation is induced from) can be
distinguished by the parity of Ny (K is unramified if Nj is even and K is ramified if N,
is odd).
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