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Abstract

We study evolution of quantum correlations in ensembles of two-qubit nu-
clear spin systems via nuclear magnetic resonance techniques. We use discord
as a measure of quantum correlations and the Werner state as an explicit
example. We �rst introduce di�erent ways of measuring discord and geo-
metric discord in two-qubit systems, and then we describe (a) quantitative
measurement of discord for Werner-like states prepared using an entangling
pulse sequence, (b) the e�ciency of dynamical decoupling sequences in pre-
serving quantum correlations,(c) the evolution of discord for a singlet-triplet
mixed state during a radio-frequency spin-lock, and(d)measuring geometric
discord for three-qubit case taking |S0〉 ⊗ |0〉 and GHZ state as an example.
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Chapter 1

Introduction

From the moment absurdity is recognized, it becomes a passion,

the most harrowing of all.

� Albert Camus in The myth of Sisyphus.

Quantum information science is a fascinating �eld of study, not only from
the scienti�c research, but also from an economic and commercial point of
view. It promises quantum algorithms which are far e�cient than the best
known classical algorithms. The word e�cient here does not mean it's reg-
ular meaning - `clock speed'. An algorithm is considered e�cient if it uses
polynomial amount of resource. To make this statement explicit we should
learn about some notations of complexity theory. An algorithm uses some
amount of resource to perform certain computational task, the resource may
be `time'(computational time) or `space'(number of registers). The amount
of resource used by an algorithm is characterized as a function of length of
the input. Suppose we have an n-bit input and the algorithm is performed
in 5n4 + 3n + 1 units of time then we say the amount of resource used is
in O(n4), where O(.) stands for upper bound of the resource used. For
polynomial algorithm, resource used is in O(nm) for an integer m, for linear
algorithm it is in O(n) and for logarithmic algorithms, in O(log n). Since
linear and logarithmic functions grow slower than polynomial, they are also
considered e�cient. However if the resource used is in Ω(an)(Ω represents
the lower bound) for a constant a, then the algorithm is called `superpolyno-
mial' or `exponential'. These algorithms grow faster than polynomial and are
considered ine�cient. One may be wondering about the use of such coarse
measurement of the amount of resource used. This is essential to make the
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estimate ignorant of the machine used to implement the algorithm. Let us re-
visit the above example of the algorithm that takes n-bit input and performs
the task in 5n4 + 3n+ 1 units of time. Suppose another computer performs
the same task in 4n4 + n + 1 units of time. The study of complexity of the
algorithm will depend on the machine used to perform it. To avoid this ma-
chine dependence we use the upper bound. As a general rule one computer
can always simulate other, but the question is how e�ciently. Simulating a
quantum system consisting of n quantum bits(qubits) on a classical computer
will require in general 22n complex numbers. Hence a system consisting of
around 40 qubits will be nearly impossible to simulate. A quantum computer
will require only O(n) number of qubits. In 1982, Feynman introduced the
idea of building the quantum computer to the perform these computational
tasks. As we can notice that the computers are getting smaller as well as
faster with the advance in technology. The number of transistors that can
be placed on a Integrated circuit is getting doubled every two years. This
trend was predicted by Gordon E. Moore in 1965, and is famously known as
Moore's law. As the transistors are getting smaller and smaller the quantum
limit will be reached eventually. So it is essential to understand the working
of quantum mechanics to harness the right power for computing. These two
motivations are worthy enough to pursue research in the �eld of quantum
information science.

As of now, it is known that quantum speed-up is not uniform for all
computational tasks. There exist quantum algorithms which provide expo-
nential speed-up for certain tasks: for example (i) Shor's algorithm for prime
factorization[1] and (ii) Seth Lloyd's algorithm for solving a system of linear
equations[2]. For certain other tasks, there exist quantum algorithms which
provide polynomial speed-up: example (i) Grover's algorithm for searching
in an unsorted database[3] and (ii) Jordan's algorithm for numerical gradi-
ent estimation[4]. For certain tasks, such as parity estimation, there is no
quantum speed-up.

One important ingredient in these quantum algorithms is entanglement.
Since its introduction by Schrödinger, entanglement has remained an exten-
sively studied and yet a mysterious aspect of quantum theory. Entanglement
appears as a byproduct of the quantum formalism that assigns probability
amplitudes to physical states and lets them exist in coherent superposition.
Although, it runs counter to the human intuition gained through experiences
with classical systems, experimental evidence has consistently favoured the
existence of such superposed quantum states. Entanglement was thought to
be an indispensable resource for quantum information processing.

There have been long debates on the necessity of entanglement for quan-
tum information processing. It is known that conventional nuclear magnetic
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resonance (NMR) systems have no entanglement [5, 6], but they are still an
e�cient test-bed for quantum algorithms [7]. Jozsa and Linden [8] showed
that for a pure state quantum computation to be exponentially faster that the
classical ones the amount of entanglement should not be bounded by the size
of the system. Furthermore, Knill and La�amme proposed an algorithm,
called DQC1, which estimates the trace of any unitary matrix faster than
any known classical algorithm [9] and have vanishingly small entanglement.
These facts suggests that there is a need to look beyond entanglement.

Entanglement is a witness of non-classicality, and entangled systems vio-
late suitable Bell's inequalities that must be satis�ed by all classical systems
[10]. Separable (i.e. not entangled) states satisfy such inequalities, and hence
were considered insu�cient to implement quantum information processing.
That belief has changed since Ollivier and Zurek [11] as well as Henderson
and Vedral [12] independently introduced a new measure of non-classical
correlations named `discord'. Discord is based on the measure of mutual in-
formation between two parts of a system. It is equivalent to entanglement
when the system is in a pure state, but unlike entanglement it can be nonzero
for separable mixed states.

Datta et al. showed that entanglement in the DQC1 algorithm is vanish-
ingly small, and it further decays with increase in the number of qubits [13].
They also showed that the DQC1 algorithm involves non-zero discord. Since
discord can be used to quantify the non-classicality of all quantum states
(separable as well as entangled), it can be considered the right measure to
assess the usefulness of a system for quantum information processing. Thus
our present notion of quantum speed up is tied to discord rather than en-
tanglement [14]. For a more detailed review on various other aspects and
interpretation of discord, one may refer to an interesting review in Ref.[15].

Discord happens to be one of the many quantities that can measure the
non-classicality of a given quantum system. Its standard de�nition equates
discord to the di�erence between two classically equivalent forms of mutual
information. Due to the di�culty in measuring this di�erence, Dakic et al.

proposed an alternate quantity called `geometric discord'. It is the distance
between the given quantum state and the closest classical state, and is easier
to quantify than discord [16]. We look at both of these quantities in our
study.

Several experiments to demonstrate quantum correlations in liquid state
NMR systems have been performed in recent years, e.g. by measuring a
suitable witness operator [17], by measuring discord [18], and by evaluating
the Leggett-Garg inequality [19]. Measurements of discord in mixed states
have also been performed using optical systems [20], and quadrupolar NMR
systems [21]. Here we report an experimental study of time evolution of
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discord in NMR systems. After preparing a two-qubit Werner state, we study
the accumulation of discord, e�ects of dynamical decoupling sequences on it,
and its decay due to decoherence. In chapter 2, we revisit some theoretical
aspects of discord, and describe di�erent ways of measuring it for the Werner
state. Then in chapter 3, we present the experimental details and discuss the
results. We conclude in chapter 4 with some inferences from our analysis.
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Chapter 2

Theory

2.1 Background

You can't just turn on creativity like a faucet. You have to be in

the right mood.

What mood is that?

Last-minute panic.

� Bill Watterson in Calvin and Hobbes.

For the realization of quantum computation and communication Divin-
cenzo has put forward 5 requirements known as the the Divincenzo's criteria[22]

• A scalable physical system with well characterized qubits.

• The ability to initialize the state of the qubits to a simple ï¬�ducial
state, such as |000 · · · 〉.

• Long relevant decoherence times, much longer than the gate operation
time.

• A universal set of quantum gate.

• A qubit-speci�c measurement capability.

A quantum machine that satis�es all these criteria is still far from inception.
But there are systems which can simulate some properties of quantum com-
puter without satisfying all the criterias. The best example is liquid NMR
systems. They do not have an initial pure state but a pseudo-pure state
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with which we can imitate the working of a pure state. Due to highly mixed
nature of states present in NMR they exhibit no entanglement at room tem-
perature. Also NMR systems su�er from an exponential loss of signal with
increase in the number of qubits, which asserts the point that NMR systems
are not scalable and the ultimate quantum computer might not be the one
made of NMR. Our focus is on the 2nd criteria, which states that we should
have a pure state to initialize our quantum algorithms. The question is that
when working with the mixed states, is entanglement necessary? The an-
swer seems to be no, the main reason is one behind the working of DQC1
algorithm proposed by Knill and La�amme[9] to calculate the trace of any
unitary matrix. This algorithm provides an exponential speed up over best
known classical algorithm and possesses vanishingly small entanglement[13].
Another reason to support the non-necessity of entanglement is that there are
various quantum cryptography protocols do not require entanglement [23].

Now the question arises that if entanglement is not a necessary condition
then what it is that is giving the exponential speed up to DQC1 and quantum
algorithm performed in liquid state NMR experiment at room temperature.
They answer may be another type of quantum correlation quanti�ed by dis-
cord that is present even in separable states. It has been shown by Animesh
et al that DQC1 possesses a non-zero amount of discord[13]. Here in this
thesis we try to measure the amount of discord present in a two qubit NMR
systems by using werner states as an explicit example. Then we measure the
e�ciency of various dynamical decoupling sequences in preserving discord
and �nally the evolution of discord for a singlet triplet mixed state during
a radio-frequency spin-lock. Then we de�ne the scheme of measuring geo-
metric discord in case of 3 qubits. The aim of this chapter is to provide a
theoretical background.

2.2 Quantum Discord

Conditional Entropy:

In classical information theory the amount of information contained in a
random variable X is quanti�ed as the Shannon entropy,

H(X) = −
∑
x

px log2 px , (2.1)

where px is the probability of occurrence of event X. When H(X) = 0,
the random variable X is completely determined and no new information is
gained by measuring it. Hence, Shannon entropy can be interpreted as either
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the uncertainty before measuring a random variable or the information gained
upon measuring it. To see a mathematical proof of why Shannon entropy
represents information content reader is encouraged to refer to appendix A
of Ref[24]

Consider a bipartite system containing two subsystems (or random vari-
ables), A and B. Conditional entropy of B quanti�es the uncertainty in mea-
surement of B when A is known, and is represented by H(B|A). Using
classical probability theory, it can be expressed as

H(B|A) = H(A,B)−H(A) , (2.2)

where H(A,B) is the information content of the full system and H(A) is the
information content of the subsystem A. An equivalent way of de�ning the
conditional entropy is

H(B|A) =
∑
i

paiH(B|a = i) , (2.3)

where
H(B|a = i) = −

∑
j

p(bj|ai) log2 p(bj|ai) , (2.4)

and p(bj|ai) is the conditional probability of occurrence of event bj given
that event ai has occurred. Unlike the de�nition in Eq.(2.2), the de�nition
in Eq.(2.3) involves measurement of one subsystem of a bipartite system.

Mutual Information:

It is the amount of information that is common to both the subsystems of a
bipartite system, and is given by

I(A : B) = H(A) +H(B)−H(A,B) . (2.5)

This expression can be intuitively understood with the help of Fig. 2.1. On
the right hand side, the �rst two terms quantify the information content
of subsystems A and B respectively. So the information common to both
the subsystems is counted twice. Subtracting the information content of the
combined system then gives the common (or mutual) information. The result
is clearly symmetric, i.e. I(A : B) = I(B : A). A classically equivalent form
of mutual information, also visible in Fig. 2.1, is

J(A : B) = H(B)−H(B|A)

= H(B)−
∑
i

paiH(B|a = i) , (2.6)
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which removes from the information content of subsystem B the conditional
contribution that is not contained in subsystem A.

Figure 2.1: The Venn diagram representing total information H(A,B),
individual informations (H(A), H(B)), conditional information (H(A|B),
H(B|A)), and mutual information I(A : B) = J(A : B) in classical informa-
tion theory.

In quantum information theory, the von Neumann entropy gives the infor-
mation content of a density matrix,

H(ρ) = −
∑
x

λx log2 λx , (2.7)

where λx are the eigenvalues of the density matrix ρ. Although the two ex-
pressions of mutual information, Eqs.(2.5) and (2.6), are equivalent in classi-
cal information theory, they are not so in quantum information theory. The
reason for the di�erence is that the expression for mutual information given
by Eq.(2.5) involves measurement and depends on its outcomes. Measure-
ments in quantum theory are basis dependent and also change the state of
the system. Henderson and Vedral [12] have proved that the total classical
correlation can be obtained as the largest value of J(A : B), where the maxi-
mization is performed over all possible orthonormal measurement bases {Πa

i }
for A, satisfying

∑
i Π

a
i = 1 and Πa

iΠ
a
j = δijΠ

a
i . Therefore, the non-classical

correlations can be quanti�ed as the di�erence

D(B|A) = I(A : B)−max
{Πa

i }
J(A : B) . (2.8)

Olivier and Zurek named this di�erence `discord' [11]. Zero discord states
or `classical' states are the states in which the maximal information about a
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subsystem can be obtained without disturbing its correlations with the rest
of the system.

Discord is not a symmetric function in general, i.e. D(B|A) and D(A|B)
can be di�erent. Datta [25] has proved that a state ρAB satis�es D(B|A) =
0 if and only if there exists a complete set of orthonormal measurement
operators on A such that

ρAB =
∑
i

paiΠ
a
i ⊗ ρB|a=i . (2.9)

When one part of a general bipartite system is measured, the resulting den-
sity matrix is of the form given by Eq.(2.9). Since the state rendered upon
measurement is a classical state, one can extract classical correlations from
it. Thus for any quantum state and every orthonormal measurement basis,
there exists a classically correlated state. Maximization of J(A : B) captures
the maximum classical correlation that can be extracted from the system,
and whatever extra correlation that may remain is the quantum correlation.

Quantum states can be correlated in ways that are inaccessible to classical
states. For example in the following state, four non-orthonormal states of
the �rst system are correlated with four non-orthonormal states of the second
system [16]:

ρ =
1

4
(|+〉〈+| ⊗ |0〉〈0|+ |−〉〈−| ⊗ |1〉〈1|

+|0〉〈0| ⊗ |−〉〈−|+ |1〉〈1| ⊗ |+〉〈+|) . (2.10)

The discord for this state is 0.3113.
To see that discord is non-zero even for separable mixed states, let us

take the example of Werner state, ρW (ε) = 1−ε
4
1 + ε|ψ−〉〈ψ−| where |ψ−〉 =

1√
2
(|01〉 − |10〉), and plot discord and entanglement in �g2.2.we can clearly

see that the entanglement goes to zero when ε ≤ 1
3
, which means the state is

separable in this range, but discord posses non-zero value.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

ε

C
or

re
la

tio
n

Entanglement

EntangledSeperable

Discord
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2.3 Evaluation of Discord

Given a density matrix ρAB, it is easy to construct the reduced density matri-
ces ρA and ρB, and then obtain the total correlation I(A : B) using Eq.(2.5).
Maximization of J(A : B) to evaluate discord is non-trivial, however. The
brute force method is to maximize J(A : B) over as many orthonormal
measurement bases as possible, taking into account all constraints and sym-
metries. For a general quantum state, a closed analytic formula for discord
does not exist, but for certain special class of states analytical results are
available [26]. For example, Chen et al. have described analytical evaluation
of discord for two qubit X-states under speci�c circumstances [27]. Luo has
given an analytical formula for discord of the Bell-diagonal states that form
a subset of X-states [28]. In our work, we have evaluated discord using both
the brute force method and the Luo method.

Extensive measurement method: This method involves measurements over
extensive sets of orthonormal basis vectors and maximization of J(A : B).
For measurement of a single qubit in a two qubit system, we use the or-
thonormal basis

{|u〉 = cos θ|0〉+ eiφ sin θ|1〉 , |v〉 = sin θ|0〉 − eiφ cos θ|1〉} , (2.11)

and let cos θ ∈ [−1, 1] and φ ∈ [0, 2π) vary in small steps. For every choice of
θ and φ, we project the experimental density matrix obtained by tomography
along the orthonormal basis. The post-projection density matrix is

ρ′ =
∑
i=u,v

Πa
i ρΠa

i =
∑
i=u,v

paiΠ
a
i ⊗ ρB|a=i , (2.12)

with pai = Tr[Πa
i ρ]. Discord is then obtained from the conditional density

matrix ρB|a=i as per Eqs.(2.6,2.8).
Strictly speaking, this method gives a lower bound on J(A : B), since

the direction maximizing J(A : B) may not exactly match any of the points
on the discrete (θ, φ) grid. Also, when the desired state is isotropic, e.g. the
Werner state, the angular variation of J(A : B) provides an estimate of the
inaccuracy in the state preparation, e.g. due to inhomogeneities and pulse
imperfections.

Analytical method for the Bell-diagonal states: As the name suggests, the
Bell-diagonal states are diagonal in the Bell basis, given by

|ψ±〉 =
1√
2

(|01〉 ± |10〉) , |φ±〉 =
1√
2

(|00〉 ± |11〉) . (2.13)

The generic structure of a Bell-diagonal state is ρBD = c1|ψ−〉〈ψ−|+c2|ψ+〉〈ψ+|+
c3|φ−〉〈φ−| + c4|φ+〉〈φ+|. With only local unitary operations (so as not to
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alter the correlations), all Bell-diagonal states can be transformed to the form

ρBD =
1

4

(
1+

3∑
j=1

rjσj ⊗ σj
)
, (2.14)

where the real numbers rj are constrained so that all eigenvalues of ρBD re-
main in [0, 1]. The symmetric form of ρBD also implies that it has symmetric
discord, i.e. DBD(B|A) = DBD(A|B).

Luo choose the set of measurement basis as {VΠa
kV
†}, where Πa

k = |k〉〈k|
are the projection operators for the standard basis states (k = 0, 1), and
V is an arbitrary SU(2) rotation matrix. A projective measurement yields
the probabilities p0 = p1 = 1

2
, and an analytical formula for the classical

correlation,

max
{Πa

k}
J(A : B) =

(
1− r

2

)
log2(1− r) +

(
1 + r

2

)
log2(1 + r) , (2.15)

with r = max{|r1|, |r2|, |r3|}.
For the Bell-diagonal states, the reduced density matrices are ρA = ρB =

1/2, and the total correlation becomes

I(A : B) = 2 +
4∑
i=1

λi log2 λi , (2.16)

where the eigenvalues λi of ρBD are:

λ1 = (1− r1 − r2 − r3)/4

λ2 = (1− r1 + r2 + r3)/4

λ3 = (1 + r1 − r2 + r3)/4

λ4 = (1 + r1 + r2 − r3)/4. (2.17)

Thus the analytical formula for discord is, as per Eq.(2.8),

DBD(B|A) = 2 +
4∑
i=1

λi log2 λi −
(

1− r
2

)
log2(1− r)

−
(

1 + r

2

)
log2(1 + r) . (2.18)

For a Werner state of the form,

ρW (ε) =
1− ε

4
1+ ε|ψ−〉〈ψ−|, (2.19)
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rj = −ε and r = ε. The discord is then given by

DW (ε) =
1

4
log2

(1− ε)(1 + 3ε)

(1 + ε)2

+
ε

4
log2

(1 + 3ε)3

(1− ε)(1 + ε)2

=
ε2

ln 2
+O(ε3) . (2.20)

This expression is plotted versus the purity ε in Fig. 2.3, together with the
corresponding correlations I(A : B) and J(A : B).

In practice, the experimental density matrix obtained by tomography is
not necessarily Bell-diagonal. We obtain I(A : B) as before, using Eq.(2.5).
To extract the maximum value of J(A : B), we drop the the o�-diagonal
terms, keeping only the terms in Eq.(2.14), and use Eq.(2.15). In this pro-
cedure, discord is overestimated, whenever the actual direction maximizing
J(A : B) is not in the Bell-diagonal state subspace.

2.4 Geometric Discord

Since the maximization of J(A : B) involved in calculating discord is a hard
problem, Dakic et al. introduced a more easily computable form of discord
based on a geometric measure [16]. For every quantum quantum state there
is a set of post-measurement classical states, and the geometric discord is
de�ned as the distance between the quantum state and the nearest classical
state,

DG(B|A) = min
χ∈Ω0

‖ρ− χ‖2 , (2.21)

where Ω0 represents the set of classical states, and ‖X−Y ‖2 = Tr(X−Y )2 is
the Hilbert-Schmidt quadratic norm. Obviously, DG(B|A) is invariant under
local unitary transformations. Analytical formula for computing geometric
discord for an arbitrary Am×m⊗Bn×n state of a bipartite quantum system is
available [29]. Recently discovered ways to calculate lower bounds on discord
for such general states do not require tomography, and hence are friendlier
experimentally [30, 31]. We follow the formalism of Dakic et al. [16] to obtain
geometric discord for two-qubit states. The two-qubit density matrix in the
Bloch representation is

ρ =
1

4

(
1⊗ 1+

3∑
i=1

xiσi ⊗ 1+
3∑
i=1

yi1⊗ σi +
3∑

i,j=1

Tijσi ⊗ σj
)

(2.22)
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Figure 2.3: Various correlations as functions of the purity ε, for Werner states
of the form given in Eq.(2.19). The inset shows the range of discord for the
purity available in our NMR setup.

where xi and yi represent the Bloch vectors for the two qubits, and Tij =
Tr(ρ(σi⊗σj)) are the components of the correlation matrix,T . The geometric
discord for such a state is

DG(B|A) =
1

4
(‖x‖2 + ‖T‖2 − ηmax) , (2.23)

where ‖T‖2 = Tr[T TT ], and ηmax is the largest eigenvalue of ~x~xT + TT T .
For the Werner state, as already mentioned, xi = 0 = yi and T is a

diagonal matrix with Tii = −ε. Then ‖T‖2 = 3ε2 and all eigenvalues of TT T

are ε2, yielding

DGW (ε) =
1

4
(3ε2 − ε2) =

ε2

2
. (2.24)

This expression is also plotted versus the purity ε in Fig. 2.3. Comparison
with Eq.(2.20) reveals that discord and geometric discord are proportional
for low purity Werner states. Also, the numerical di�erence between DW (ε)
and 2DGW (ε) does not exceed 0.027 for all ε ∈ [0, 1].

The Bloch parameters xi, yi and Tij provide a complete description of
any two-qubit state. So tomographic measurement of these parameters de-
termines the geometric discord exactly by Eq.(2.23).
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2.4.1 Geomtric Discord in case of 3 qubits

Hassan and Joag provided an analytical formula for calculation of geometric
discord for a n-qubit state[32]. In this thesis we will provide the same formula
but for 3-qubit case.

Let N be a set such that N = {ki : i = 1, 2, 3}, where ki denotes the 3
qubits. The variables αki = 1, 2, 3, spans the Pauli operators ({σ1, σ2, σ3})
for the kthi qubit, and

σ(k1)
αk1

= (σαk1
⊗ I ⊗ I),

σ(k1)
αk1

σ(k2)
αk2

= (σαk1
⊗ σαk2

⊗ I), (2.25)

etc. Then the 3-qubit density matrix can be written as

ρ123 =
1

23
(⊗3

mIdm +
∑
k1∈N

∑
αk1

sαk1
σ(k1)
αk1

+
∑
{k1,k2}

∑
αk1

,αk2

tαk1
αk2
σ(k1)
αk1

σ(k2)
αk2

+
∑

αk1
αk2

αk3

tαk1
αk2

αk2
σ(1)
α1
σ(2)
α2
σ(3)
α3

) (2.26)

where s(ki) is the bloch vector for kthi qubit. Let T {k1,··· ,kM} = [tαk1
···αkM

]
, which are de�ned by

tαk1
···αkM

= tr[ρ123σ
(k1)
αk1
· · ·σ(kM )

αkM
]. (2.27)

Then the Geometric discord, if we measure the qubit k is given by,

DGk(ρ123) =
1

2n

‖~s(k)‖2 +
∑

1≤M≤2

∑
{k1,··· ,kM}∈N−k

‖T {k1,··· ,kM ,k}‖2 − ζmax

 .
(2.28)

Here ζmax is the largest eigenvalue of a 3 × 3 real symmetric matrix G(k),
de�ned as

G(k) = ~s(k)(~s(k))t +
∑

k1∈N−k

(T {k1,k})tT {k1,k} +T, (2.29)

where T = [ταkβk ] is a 3× 3 real matrix de�ned element wise as

ταkβk =
∑

{k1,k2}∈N−k

∑
αk1

αk2

tαk1
αk2

αk
tαk1

αk2
βk

αki , αk, βk = 1, 2, 3; i = 1, 2, 3.

The �g2.4 shows the variation of the geometric discord of the state given
by ρ(ε) = 1−ε

8
1+ ε|GHZ〉〈GHZ|, where |GHZ〉 = 1√

2
(|000〉+ |111〉).
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Figure 2.4: Geometric discord for a mixed GHZ state
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Chapter 3

Experiments and Results

Discord could be like sunlight, which is plentiful but has to be

harnessed in a certain way to be useful. We need to identify what

that way is.

� Kavan Modi.[33]

Now we describe experimental evaluation of discord for two-qubit NMR
systems. We measured quantum correlations for three di�erent samples, each
forming a two-qubit system, under di�erent circumstances.
Sample 1: 1H and 13C spins of 13C-chloroform (see Fig. 3.1a) dissolved in
deuterated chloroform (CDCl3). Both 1H and 13C spins were on-resonant
and the scalar coupling (J) between the two spins is 219 Hz. For the proton,
the T1 and T2 relaxation time constants are 14.5 s and 5.7 s respectively.
For carbon, they are 21 s and 0.25 s respectively.
Sample 2: 1H nuclear pairs of 5-chlorothiophene-2-carbonitrile (see Fig. 3.4b)
dissolved in deuterated dymethylsulfoxside (DMSO-D6). The chemical shift
di�erence (∆ν) and scalar coupling (J) between the two spins are 270 Hz
and 4.11 Hz respectively. For each proton, the T1 and T2 relaxation time
constants are about 6.3 s and 2.3 s respectively.
To evaluate the quantum correlations in three-qubit systems, we used the
third sample.
Sample 3: 19F nuclear spins of tri�oroiodoethylene (see Fig. 3.6a) dissolved
in acetone-d6. The chemical shifts (∆ν) and scalar couplings (J) between
the spins are shown in Fig. 3.6b.

All the experiments were carried out in a Bruker 500 MHz NMR spec-
trometer at an ambient temperature of 300 K. Precise radio-frequency (RF)
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gates for the experiments were synthesized by numerical optimizations as
described in [34, 35].

3.1 Deviation Density Matrix

In thermal equilibrium at room temperature, kT is much larger than the
Zeeman energy splittings. So the density matrix of a two-qubit system can
be expanded as

ρeq =
1

4
e−HZ/kT ≈ 1

4
(1+ ρeq) . (3.1)

Here HZ = −~ωA(IAz + ωB

ωA
IBz ), is the Zeeman Hamiltonian, characterized by

the Larmor frequencies ωA and ωB and the z−components of spin operators
IA and IB. The identity 1 represents a background of uniformly populated
levels, and the traceless part ρeq = ξ(IAz + ωB

ωA
IBz ) is known as the devia-

tion density matrix. Only the traceless part ρ is manipulated by unitary
transformations in all NMR experiments. For protons in currently avail-
able magnetic �elds at room temperatures, the small dimensionless number
ξ = ~ωA/kT ≈ 8 × 10−5. The discord for this size of purity is shown in the
inset of Fig. 2.3 by a shaded area.

3.2 Preparation of Discord

The pulse sequence in Fig. 3.1 was used to prepare discord between 1H and
13C spins of 13C-chloroform. For this system, ωC/ωH ≈ 1/4. An initial
|00〉 pseudopure state is prepared using the spatial averaging method [36], as
shown in the �rst part of Fig. 3.1(b). The transformations of the traceless
ρeq/ξ under the spatial averaging pulse sequence are:

IAz + 1
4
IBz

↓15◦Ax
IAz cos(15◦)− IAy sin(15◦) + 1

4
IBz

↓ 1
2J

IAz cos(15◦) + 2IAx I
B
z sin(15◦) + 1

4
IBz

↓75◦A−y, Gz

IAz cos 15◦ cos 75◦ + 2IAz I
B
z sin 15◦ sin 75◦ + 1

4
IBz

= 1
4
(IAz + IBz + 2IAz I

B
z ). (3.2)
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Figure 3.1: (a) The molecular structure of 13C-chloroform, and (b) the pulse
sequence for discord preparation. In (b), PFG is the pulse �eld gradient
operation which destroys the coherences and retains the diagonal elements
of the density matrix.

This pseudopure state is converted into a Werner state, using the second
part of the pulse sequence in Fig. 3.1(b) with the delay θ/(πJ) = 1/(2J):

ρpp =
1

4

[
1+

ξ

4

(
IAz + IBz + 2IAz I

B
z

)]
↓ Werner pulse sequence

ρW =
1

4

[
1+

ξ

4

(
−1

2
1+ 2|ψ−〉〈ψ−|

)]
=

1− (ξ/8)

4
1+

ξ

8
|ψ−〉〈ψ−| (3.3)

Comparing with Eq.(2.19), we can see that the relevant purity parameter in
this case is ε = ξ/8.

3.2.1 Results

We varied θ from 0 to 2π in 13 steps, and for each delay carried out tomog-
raphy to measure the experimental density matrix [37]. The corresponding
simulated density matrices are obtained by assuming perfect pulses and car-
rying out a calculation similar to Eq.(3.3). It can be easily seen that for θ
values that are odd multiples of π/2, one obtains Bell-diagonal states. We
de�ne the �delity F of a test density matrix ρtest relative to the Werner state
as

F =
Tr[ρtest · ρW ]√
Tr[ρ2

test] Tr[ρ2
W ]

. (3.4)

Fidelities of the experimental and the simulated density matrices, as func-
tions of θ, are shown in Fig. 3.2(a). The discord for each value of θ is obtained
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Figure 3.2: (a) Fidelity relative to the Werner state of the experimental and
the simulated states as a function of θ, and (b) corresponding discord values
in units of ε2/ ln 2. The maximum discord is obtained for the delay parameter
θ = (2n+ 1)π/2, corresponding to preparation of Bell-diagonal states.

using the extensive measurement method as described in Section II.B. Both
experimental and simulated values of the discord are plotted in Fig. 3.2(b),
in units of ε2/ ln 2. The state at θ = 0 is related to the pseudopure |00〉 state
by local unitary transformations, and therefore has zero discord. Otherwise,
for θ 6= 0, non-local spin-spin interactions give rise to discord. For θ equal
to odd multiples of π/2, one obtains Bell-diagonal states with maximum dis-
cord. For θ equal to π, the delay equals the period of the scalar coupling,
implying no transformation, and the discord is periodic thereafter.

3.3 Discord under Dynamical Decoupling

Dynamical decoupling (DD) is a method of preserving coherences in NMR, by
frequent modulation of system-bath couplings with the help of a series of π-
pulses [38, 39, 40, 41]. We applied DD sequences immediately after obtaining
the Werner state as in Eq.(3.3), and followed that up with tomography. The
CPMG DD involved a series of uniformly spaced π-pulses separated by 4 ms
delays. For comparison, we label as no-DD the evolution with the delays
but without the pulses. The Uhrig DD (UDD) involved cycles of a 7-pulse
sequence [41, 42]. The time-instant tj of the j

th π-pulse in each cycle was
chosen according to Uhrig's formula tj = 28 sin2(πj/16) ms [41].
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Figure 3.3: (a) Fidelity of the experimental state relative to the Werner
state for various DD schemes, and (b) corresponding discord values in units
of ε2/ ln 2.

3.3.1 Results

Fig. 3.3(a) shows the time dependence of �delities relative to the Werner state
for no-DD, CPMG DD sequence, and UDD sequence. Fig. 3.3(b) displays
the corresponding discord values obtained using the extensive measurement
method. We observe that the DD sequences help in protecting �delities of
two-qubit quantum states, in agreement with an earlier work [42]. On the
other hand, there is not much di�erence between no-DD and DD schemes
in preserving discord. We believe that the reason is the decay of purity
during the DD sequences. While �delity is measured relative to a particular
target state, discord is independent of any target state. Our experiments
indicate that though the DD sequences help prevent the quantum state from
evolving to other quantum states, they are not useful in keeping the purity
from decaying.

3.4 Discord in Long-lived Singlet States

Here we considered a pair of nuclear spins of the same isotope, i.e. Sample

2 shown in Fig. 3.4(b). The pulse sequence for the preparation of a long-
lived singlet state is shown in Fig. 3.4(a). The spin-lock was realized by
a low-amplitude continuous RF wave (nutation frequency of 2 kHz). The
carrier frequency of the spin-lock was set to (ωA + ωB)/2, the mean Larmor
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frequency of the two spins. The average Hamiltonian in the interaction frame
during the spin-lock interval is Hint = 2π~J(I1 · I2), where I1 and I2 are the
spin operators. The singlet state, and the degenerate triplet states, form an
orthonormal eigenbasis of this Hint:

|S0〉 =
1√
2

(|01〉 − |10〉), (3.5)

|T1〉 = |00〉, |T0〉 =
1√
2

(|01〉+ |10〉), |T−1〉 = |11〉. (3.6)

As described earlier, the NMR system under ordinary conditions exists in a
highly mixed state with a small purity. Leaving out the uniform distribution,
the ground state is the Werner state, which is also called the long-lived singlet
state (LLS) [43, 44]. LLS is anti-symmetric with respect to spin-exchange,
and is not connected to other eigenstates (i.e. symmetric triplet states)
by any symmetry preserving transformations such as the non-selective RF
pulses and the intra-pair dipolar interaction. Therefore, LLS can survive
for durations much longer than other non-equilibrium spin states. LLS have
been used in NMR experiments for the study of slow di�usion [45], for ultra-
precise measurement of scalar interactions [46], for storage and transport of
parahydrogen [47, 48], and for preparation of high �delity Bell states and
other pseudopure states [49].

The RF pulses prior to the spin-lock prepare a state which is a mixture
of the |S0〉 and |T0〉 states,

ρ(0) =
1

4
1+

ξ

4
(|S0〉〈S0| − |T0〉〈T0|) . (3.7)

During the spin-lock, RF pulses mix various components of states with
the same spin, and the |T0〉 state rapidly equilibrates with the other triplet
states. Furthermore, all other coherences created due to pulse imperfections
also decay towards the background [50]. Upon this equilibration, which takes
a few seconds, the system reaches the Werner state,

ρLLS =
1− (ξ/3)

4
1+

ξ

3
|S0〉〈S0| = ρW (ε = ξ/3). (3.8)

This Werner state has a di�erent purity than the one prepared from Sample

1, i.e. Eq.(3.3).
To study the evolution of the density matrix state during spin-lock, we

applied the spin-lock for a variable duration τ , and then carried out tomog-
raphy to measure the traceless part of the density matrix ρ(τ). We �nd that
ρ(τ) gradually evolves towards the Werner state ρW , remains in that state for
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Figure 3.4: The pulse sequence for preparing long-lived singlet states (a),
molecular structure of 5-chlorothiophene-2-carbonitrile (b), and traceless real
parts of the theoretical (c) and the experimental (d) density matrices. The
experimental Werner state in (d) was obtained with a spin-lock of 16.4 s and
has a �delity of 0.99.

several tens of seconds, and ultimately decays towards the uniform state 1/4
that is the asymptotic eigenstate of the spin-lock evolution after the decay
of all spin correlations.

3.4.1 Results

We monitored �delity of the experimental state relative to the Werner state
at 17 spin-lock durations, τ = 2n ms with n = {0, 1, · · · , 16}). As shown in
Fig. 3.5(a), it starts with a value of 0.85, reaches a maximum of 0.99 after
a few seconds, and then decreases. The real parts of the deviation density
matrices ρW and ρ(τ), with τ=16.4 s corresponding to the maximum �delity
0.99, are compared in Figs. 3.4(c) and 3.4(d).

Although �delity is a good measure of how close a test density matrix
is to the target density matrix, it does not capture the global decay of the
purity of the density matrix. To monitor the decay of the purity as well as the
closeness of the traceless parts of the density matrices, we de�ne attenuated
�delity,

Fa =
Tr[ρ(τ) · ρW ]√
Tr[ρ(0)2]Tr[ρ2

W ]
. (3.9)

Fig. 3.5(a) also displays attenuated �delity as a function of the spin-lock
duration. We observe that it remains close to its initial value 0.85 until
about 1 s, and then drops down. In particular, it starts dropping before the
�delity reaches its maximum value, and is 0.36 at τ=16.4 s.

To understand the evolution of the density matrix during spin-lock, we
consider a model consisting of exponential equilibration of the |T0〉 state
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Figure 3.5: (a) Fidelity of the experimental state relative to the Werner state
as a function of the spin-lock duration τ , and (b) the corresponding values
of discord in units of ε2/ ln 2 and geometric discord in units of ε2/2. Discord
values were obtained using the methods described in Section II.

with the other triplet states as well as an overall exponential decay of the
singlet-triplet mixture towards the uniform identity state:

ρ(t) =
1

4
1+ e−λ2t

ξ

4

(
ρS0 − e−λ1tρT0 − (1− e−λ1t)ρT

)
. (3.10)

Here ρT = 1
3

(|T1〉〈T1|+ |T0〉〈T0|+ |T−1〉〈T−1|}, and λ1 and λ2 are the decay
constants. By �tting the attenuated �delity of this model to the experimental
attenuated �delity, as shown in Fig. 3.5(a), we determined λ−1

1 = 0.75 ms and
λ−1

2 = 26 s. These values indicate the rapid equilibration of the triplet states
and the long-lived nature of the singlet state. It can be noticed that λ−1

1 is
comparable to the RF period during the spin-lock, and λ−1

2 is signi�cantly
longer than T1.

We also measured discord during the spin-lock evolution using the meth-
ods described in Section II, and the results are plotted versus the spin-lock
duration in Fig. 3.5(b). The results for the extensive measurement method
D(B|A) and geometric discord DG(B|A) essentially agree (when scaled by
appropriate factors), as expected for accurate methods, and indicate that
measurement errors in our experiments are rather small. By looking at an-
gular variation of J(A : B) in the extensive measurement method, at τ=16.4 s
when the state is closest to the isotropic Werner state, we estimate that the
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imperfections in our prepared LLS state give around 3% error to discord
values.

The discord DBD(B|A) obtained by assuming that the state is of Bell-
diagonal form is an overestimate initially, but becomes almost the same as
the other two determinations beyond τ=1 ms. That means that artifact o�-
diagonal coherences are present in our prepared state, but they decay rapidly
on a time scale comparable to λ−1

1 . The discord value for the two-parameter
model of Eq.(3.10) is also shown in Fig. 3.5(b). It is accurate once the state
becomes Bell-diagonal, but is unable to model the initial behavior. The
reason for the initial discrepancy is that the o�-diagonal components missing
from Eq.(3.10) alter both I(A : B) and J(A : B). Later evolution and the
asymptotic vanishing of discord after long durations of spin-lock is governed
by the time scale λ−1

2 .

3.5 Discord in three-qubit system

Here we considered three nuclear spins of the same isotope, i.e. Sample 3

shown in Fig. 3.6(a).Pulse program for the preparation of |000〉 pseudopure
state is shown in Fig. 3.6(c),�rst block. F1, F2, and F3 represent the three �u-
orine spins which form the three qubits. The broad and unshaded pulses are
π pulses. The �ip angle and the phase of the other pulses are mentioned on
the top of each of them. Each of the spin selective pulse has been obtained by
specially designed strongly modulated pulses having Hilbert-Schmidt �delity
of over 0.99. The pulse program consists of three J evolutions. During the
�rst J evolution period 1/2J13, the π pulses on F2 (at π/4 and 3π/4) refocus
J23 and J12 evolutions, while the π pulses on F1 and F3 (at τ/2) retain J13.
The additional π pulses on F1 and F3 just before the [π/4]y pulse regain the
sign of the spin operator terms inverted by the π pulses on F1 and F3 in the
middle of 1/2J13 evolution. Similar argument yields the sequence for the J12

and J23 evolutions. Now, second block in Fig. 3.6(c) represents the circuit
to prepare the |GHZ〉 = 1√

2
(|000〉 + |111〉) state. Since the |GHZ〉 state is

a symmetric state we can theoretically predict that the value of discord will
be equal irrespective of the bipartite system chosen as shown in Fig. 3.9

Secondly we can prepare |S00〉 = 1√
2
(|001〉−|100〉) state, if after preparing

the �rst |000〉 pseudopure state we (�rst block Fig. 3.6(c)) use the pulse
sequence shown in Fig. 3.7. Here we can predict that bipartite system of
size shown in Fig. 3.9(a),(c) will have equal value of discord , while the type
of bipartite system as shown in Fig. 3.9(b) will have zero discord, since it
represent a classical state.
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Figure 3.6: (a) The molecular structure of tri�oroiodoethylene, and (b) the
chemical shifts and scalar couplings.(c)The �rst block represents the prepa-
ration of |000〉 pseudopure state, and the second block the preparation of
GHZ state.
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Figure 3.8: Traceless real parts of the theoretical(a),(c) and experimen-
tal(b),(d) density matrices of GHZ and |S00〉 state respectively. The �delity
of GHZ state is 0.8 and for |S00〉 state is .97
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3.5.1 Results

The state prepared are of the form

1− ζ/16

8
1 +

ζ

16
(|GHZ〉〈GHZ|) (ε = ζ/16) (3.11)

1− ζ/16

8
1 +

ζ

16
(|S00〉〈S00|) (ε = ζ/16) (3.12)

Values of Discord DGF1(ρ123), DGF2(ρ123), and DGF3(ρ123) are respec-
tively for the |GHZ〉 mixed state of Eq. (3.11) prepared of �delity `.80' are
`0.4269',`0.310', and `0.614' respectively in the units of ε2/2. Here the sub-
scripts denotes the measured qubit. These values as predicted theoretically
should have been equal, but due to the low �delity of the state this kind of
anomaly is presented

Discord values DGF1(ρ123), DGF2(ρ123), and DGF3(ρ123) are respectively
for the |S00〉 mixed state of Eq. (3.12) prepared of �delity `0.97' are `0.701',
`0.014', and `0.702' respectively in the units of ε2/2.

(a) (b) (c)

Figure 3.9: Discord is always calculated between the two parts of a system.
In case of three qubits we have 3 ways to choose this bipartite division as
shown in (a),(b), and (c). Here F1, F2, and F3 represents 1st, 2nd, and 3rd

qubit respectively. The unshaded qubit is measured.
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Chapter 4

Discussion

Now the main thing is done, I hold certain facts from which I

cannot separate. What I know, what is certain, what I cannot

deny, what I cannot reject-this is what counts.

� Albert Camus

It is well-known that an ensemble of nuclear spin systems at ordinary
NMR conditions does not exhibit entanglement. However, the successful
demonstrations of NMR quantum information processing indicate that quan-
tum correlations do exist in such ensembles. In this work, we have studied
two measures of such quantum correlations, namely discord and geometric
discord. We have revisited the theoretical basis of discord as well as geo-
metric discord, and described how one can obtain these for an experimental
density matrix using the Werner state as an example.

The experimental study of discord was carried out in three di�erent sys-
tems. In one system, we studied preparation of discord using an entan-
gling pulse sequence, and evolution of discord under dynamical decoupling
sequences. Discord did not show much improvement under dynamical decou-
pling sequences, although there was considerable improvement in �delity.

In the second system, we used the method of long-lived singlet state
to prepare the Werner state. We could describe accompanying evolution of
�delity and discord using a simple relaxation model. In both systems, experi-
mental results matched fairly well with theoretical/simulational expectations.

In the third system, we used the three qubit system to calculate the
value of geometric discord taking the example of GHZ type Werner state
and |S0 ⊗ 0〉 type Werner state. The results in this case are not close to
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the theoretical values due to the low �delity of the experimental states. Due
to time constraints the experimental accuracy can not be increased, but
further experiments will be performed to get a better estimation of quantum
correlation in a three-qubit systems.
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