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Abstract

In this thesis we review some of the ideas that come up while investigating
the classical stability of spacetime geometries. We restrict to the case in
which there is no matter. We derive all the necessary material from the first
principles and assume an elementary knowledge of relativity theory on the
part of the reader. Later on we generalise these ideas to investigate the stabil-
ity /instability of higher dimensional Schwarzchild spacetimes(Schwarzchild-
Tangherlini) under Ricci flow [19]. This is a part of an ongoing work. We
also outline our basic strategy and suggest how we plan to proceed on the

problem.
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Chapter 1
Introduction

Einstein’s theory of general relativity provides classical description of physical
spacetime structure and gravity. By solving Einstein’s equation for space-
times, we can extract information about the phenomena of interest. The
non-linearity of the E.E. [[[ makes it very difficult to obtain all solutions. In
fact, very few exact solutions to E.E. are known.

Apart from finding exact solutions, one might ask the question, such as
how a small inhomogeneity in some standard solution for e.g. Schwarzschild
black hole evolves with time classically. If the deviation from a known exact

solution is small, we can hope to find an approximate solution by considering

Gab :ggb+hab (]-1)

where g, is the exact solution known and linearising the E.E. in hgy,. Clas-
sical stability analysis of black holes under gravitational perturbations has
been an important subject of interest. A study of the standard Schwarzchild
black holes was initiated by Regge and Wheeler [I] and their work was later
polished by various other authors [2] [4 [3]. Recently, there has been an effort
to extend this analysis to investigate the stability of higher dimensional black
holes [5], Q).

The framework of Euclidean quantum gravity is another area where the

quantum stability of black hole spacetimes becomes an important issue to

'Einstein Equation



investigate. To understand this better we give a very brief exposition of this

approach. The Euclidean path integral for the theory is given by,

z= [ Dlglexs(-Slg) (1.2)

In the above expression S|g| represents the Euclidean Einstein-Hilbert action
and the path integral is performed over all metrics mod diffeomorphism de-
grees of freedom. A discussion about the full path integral is beyond the scope
of this thesis. Instead, we present here the semi-classical approximation. In
this approximation we look for the saddle-points of the action(Euclidean ac-
tion) i.e. the classical solutions to Euclidean Einstein equation and perform
Taylor series expansion about it. Thus near the classical solution, the metric

can be expanded as
guN = gun +0gmnN. (1.3)

In the above equation gy/n denotes the classical (Euclidean) solution ﬂ and
d0gyn represents off-shell perturbation. Further the action in the semi-

classical approximation is then written as,
Slg] = Solg] + S2[g, 9] + ... (1.4)

The term Ss[g, d¢g] is quadratic in the perturbations. It is this term that would
be of concern to us in the present context. In transverse gauge, the part of

Sa[g, dg] containing the traceless part of the perturbation is proportional to
[10],

/d4x\/§hMNAghMN. (15)
Here Ag denotes the Euclidean Lichnerowicz operator [3.10and A,y is a 2nd
rank symmetric transverse-traceless tensor. To evaluate the path integral one

can expand h sy in eigenfunctions of the Lichnerowicz operator viz. solutions

of the eigenvalue equation,

AghMN - )\hMN (16)

2these are also referred to as gravitational instantons



Also appropriate boundary conditions are imposed so that hy,y are well-
behaved. By well-behaved we mean that they vainish at infinity and have
finite norm, and are regular everywhere else. Thus, if one finds a normal-
izable eigenmode of the Lichnerowicz laplacian with negative eigenvalue the
effective action is decreased and this leads to the instability of the Euclidean
solution in semi-classical approximation.

Such studies have been initiated in the past. And important mention
is that carried by Gross, Perry and Yaffe (GPY) [I1] to investigate the in-
stabilities of the Euclidean Schwarzchild instanton using the path-integral
formulation of relativity theory. GPY indeed found a normalizable tranverse-
tracefree eigenmode of the Lichnerowicz laplacian with a negative eigenvalue.
This established the instability of the Schwarzchild instanton in the semi-
classical approximation.

Thus computationally speaking the problem of investigating the stability
of gravitational instantons in the Euclidean quantum gravity approach using
the semi-classical approximation boils down to studying the eigenmodes of
the Lichnerowicz laplacian. Also it is to be noted that gauge freedom in
the theory led us to restrict the perturbations to transverse-trace free class
and thereof simplified the problem enormously. Even after gauge fixing the
equations are intricately coupled and hence the problems still remains very
difficult to solve. One of the solutions to this is to exploit the symmetry
of spacetime and decompose the perturbation into appropriate parts and

investigate the stability with respect to each of these.

1.0.1 Plan of the thesis

In this thesis we focus on various issues which would be useful to simplify
the Lichnerowicz laplacian eigenvalue equation. We first discuss the gauge
freedom in the problem and study how it can be used to impose transverse
and traceless gauge conditions. We also study a couple of properties of the
Lichnerowicz Laplacian with future application in mind.

We later extend these ideas to a problem we have been working on. This



problem focusses on the investigation of stability /instability of higher dimen-
sional Schwarzchild spacetimes(Schwarzchild-Tangherlini) under Ricci flow.
In this connection we review some of the ideas of the formalism developed by
previous authors while studying the classical stability of spacetime geome-
tries [12, 14} (175, [16].



Chapter 2
Notation and Conventions

In this section we establish notation and convention.

2.1 Basic Formulae

The metric of the background is given by,
ds? = gyndz™dz™ . (2.1)

It is D dimensional. The formulae for various other quantities are given
below. We have tried to follow the convention discussed in this section
thoroughly throughout the thesis. In case a change from this convention

in needed, a remark has been made in that particular section.

Christoffel symbols
1

Myp = 59" (=0egnr + ngar + Orgon) (2.2)

Riemann tensor
R%PQ = aPF]V][VQ — 8y p + fMSPFSNQ - FJV{SQFSNP (2.3)
RMN - RPMPN (24)



Einstein tensor
1

GMN = RMN — §§MNR (26)

2.2 Some important identities

Here we provide some important identities which would be used extensively
in this thesis. Majority of them are concerned with the symmetry properties

of Riemann tensor.

[V, Vv] Xp = —R%,,v X0 (2.7)
Rirymp + Riprv + Rivpr =0 (2.8)

Vi Rpgrs + VrRirpos + VoRrips =0 (2.9)
VP Rungr = VnRug — VuBRyg (2.10)



Chapter 3

Linearised Gravity

3.1 Linearised Einstein Equations

The vacuum Einstein field equation is given by
Ryn — %gMNR = 0. (3.1)
Also, if a cosmological constant is included then the vacuum E.E. reads,
Ruyn — %gMNR + Agun = 0. (3.2)

For most of the purpose in this thesis we set A = 0. And wherever A # 0,
it has been explicitly mentioned in that particular context. On contracting
over both the indices with A set to zero we have,

D

R— ER =0. (3.3)
If D # 2 then R = 0. On substituting this in eg.(3.1) vacuum Einstein

equation becomes
Run(g) = 0. (3.4)
Here the Ricci tensor Ry has been calculated from the background metric

gvn and this is indicated in the above equation by putting g,y in paran-

theses. For the perturbed spacetime the field equation is given by
Run(g+h) =0. (3.5)

10



In this case it is assumed that the perturbed spacetime geometry is also

empty i.e. vacuum. In the linearised approximation we have
Run(g) + 0Ryn(h) = 0. (3.6)
Since Ryn(g) = 0, the equations governing the perturbation is given by

SRy (h) = 0. (3.7)

3.2 Perturbation of the Ricci Tensors

We denote the perturbation of the metric tensor by dgyn = hayv. Then the

perturbation of the Ricci tensor and scalar are given as
25RMN = _vaLhMN —vaNh—FvaLhLN—FvaLhLM (3 8)
+ RMLhLN + RNLhLM — QRMLNShLS, '

OR = —RMNhMN + ?M?NhMN — ?M?Mh (39)

3.3 Lichnerowicz Laplacian

We define Lichnerowicz laplacian by the following formula
(Ach)yn = —VEVphyn + 2R nsh®p + REyhyp + REyhyp  (3.10)
Using this the perturbation of the Ricci tensor can be written as
20Ryn = (Ach)yn — VuVnh +Vu Vphty + VyVph?y, (3.11)

NOTE: At this point it is useful to notice that if we can somehow restrict

our study to transverse and trace free perturbations i.e.
VMhyn =0, (3.12)

"Ny = 0. (3.13)

then the problem simplifies to studying the solutions of the following equation

(Agh)ary = 0. (3.14)

11



3.4 Gauge Invariance

Before we go further it is necessary that we study the concept of gauge invari-

ance in linearised theory. To begin with we refer to the following equation,

This break-up is not unique. What this means is that there can be other
coordinate systems too in which the complete metric can be written as a sum
of unperturbed background metric i.e. ¢35 and a small perturbation.

Consider an infinitesimal coordinate transformation of the form
o5 — 2K = 2% 4+ 5 (2) (3.16)

where ¢ are arbitrary infinitesimal functions of x such that |0.6%| << 1.

Now the components of metric tensor transform under according to

0zt 0z9
gun (@) = aw—,M%—,NQPQ(x) (3.17)
To first-order, the transformation matrix components are given by
oz”
oM 67, — o’ (3.18)

We substitute this into the equation for transformation of metric components.
To first-order this yields,

Gun (@) = gun(x) — greOnE®? — gpnonE"”

(3.19)
= gun — Onén — Onénr + E90ngng + E90mgon

Also we can Taylor expand the L.H.S. about = so that we evaluate both sides
with the same numerical values of . Then in first-order approximation we

have,

Ghun = gun — Onén — Onéar + E90ngug + E90magon — E%ggun  (3.20)

The last three terms on the R.H.S. can be clubbed together to yield the

following simple formula,

gun = gun — Vuéy — Vnéu (3.21)

12



Now using the break-up of metric we have

gun = Gun + han — Varén — Vvéu (3.22)
We define
Pyun = hun — Vuén — Vvl (3.23)

Recalling that |09 << 1 we conclude that |h),y| << 1. Thus the trans-
formed metric also qualifies as a valid candidate for linearised theory.

These are referred to as gauge transformations.

13



3.5 Gauge Invariance and Linearised vacuum

Einstein equations

We recall that in vacuum the linearised Einstein equation is written as
SRy (h) = 0.

In this section we primarily calculate how the linearised Ricci tensor behaves
under the gauge transformation hyny — hyv + Varén + V€. To calculate
this we first recall that variation of Ricci tensor (or the linearised Ricci tensor)
is given by the formula

25RMN = —ﬁpﬁphMN + ?P?Mhp]v + ?P?th]\/[ — ?Mth

The R.H.S. of the above equation has linear operators. So we just see what
additional pieces we get by substituting hyny = Varén+Vaéar. The detailed

calculation is given below,
26Ryn = VP [=Vp(Viuén + Vnéu) + Vau(Vpén + Vép)
+ VN (Vpén + Vuép) =2V ViV ép
= V[V, Velén + [V, Velén + (VirVnée + Vi Vi)
— 2V, VaVPép
(3.24)

At this stage we recall the formula for the commutator of covariant derivatives

acting of vector(or one-forms),

[vMa ?N]SP = —RKPMNfK- (3'25)
Using this we have,

2CSRMN = ?P[_RKNMPgK - RKMNPSK - RKPMNgK + 2?N?M€P]

— 2V VNVEép

= VP [—Rinupr™ — RemnprE™ — Rgpuné™ + 2V N Ve
— 2V VNVEEp

= —VP[E"(Renmp + Remne + Ripun)] + 2VEV Ve
— 2V VNVEeép

14



Here we use the following property of Riemann tensor,

Rinup + Rxpnum + Rinpn = 0. (3.26)
Then we have,
SRyn = =V €  Rgnmp) + VIV NV iép — Vu ViV ép
= -V Renmp — €5V Rgnup + 579VoVanVuér — VuVyVFép
= VP Rgnup — E5 VP Rgnnp + 579 VNVoViép — RKMQNvKgP
— R*onViék] = VuVaV7ép
= VP Rnup — E5 VP Ry + 579 [?N(?M?QfP - RKPQMfK)
- RKMQNvKgP - RKPQNvMSK] — VuVnViep
= V7" Rnup — €5 VP Rnur — 579V v (Ripoué™)
— RicaonVEEQ — 79 Rpcpon Vure™
— P Riowmie — €5 Ricwntr + Va(Bient€) — Rpnrien V7€
+ Ry V"
The first and fourth term on the R.H.S. cancel by symmetry properties of

Riemann tensor(refer Chapter 2). To proceed further we recall that from

Bianchi Identity we have the following relation,

VPRinmp = VRgy — Vi Ry (3.27)
Using this in the above calculation we have,

SRyn = _fK[vNRKM — vKRNM] + Rem VnE® + 8V Rien
+ Rgn V"
= "V Rym + R VnE™ + Ren Vg™

At this stage we notice that R,y satisfies the vacuum Einstein equations i.e
Ry n = 0. Thus the R.H.S. of the above equation vanishes.

We conclude that the linearised vacuum Einstein equation is unaffected

by the following gauge transformation,
han = haun + Vuén + Vvéur.

15



3.6 Gauge Freedom

In the previous section we talked about invariance of the linearised Einstein
equations under the gauge transformation hyy — hyy +Varén +Vaéar. In
this section we utilise this gauge freedom to simplify the linearised equations.

We ask the following two questions,

e Can we restrict the study of perturbations such that they are transverse

i.e. thMN =0.
e Also can we restrict the perturbations to be traceless i.e. g¥¥hyn = 0.

Our of the reasons for posing these questions stems from the variation formula

of Ricci tensor. The formula is given by,

2(5RMN = (Agh)MN — ?M?Nh —+ ?M@LhLN + ?N?LhLM

_ 1 - = 1
= (A¢h)un + VuV* (hNL - §gNLh) + Vit (hML - §§MLh>
= (Agh)MN + vaLiLNL + ?N?LﬁML
(3.28)
where we have defined EMN as
- 1

Note that if we can make the last two terms on the R.H.S. of eq.(3.27)
vanish then we are just left with the Lichnerowicz operator acting on the
perturbation. We now show that this indeed can be done by exploiting the
gauge freedom in the linear theory.

We perform a gauge transformation and go to a primed coordinate system

in which the variation formula for Ricci tensor reads
2Ry = (Aeh ) un + Vu Vi, + VaVER),, (3.30)
In this system we assume that
VMR, n = 0. (3.31)

16



This condition is known as the transverse gauge condition. Recall that iLIN L=
Wy — 3gyph’ and that Ry = hay + Viéy + VyEy. Substituting these

in the transverse gauge condition we get

- _ _ 1
ViV LN + REx = VY (hun — §§MNh) (3.32)

The above equation is a hyperbolic partial differential equation, which can
be always solved locally. Thus, given any general perturbation hy;n we can
solve the above equation for &y, transform to b,y = hyn + Vuén + Vnéur
and hence impose the transverse gauge condition i.e. VMU, = 0.

Now the eq.(3.31) does not completely fix the gauge. We can add vectors

n satisfying the homogeneous condition viz.
ViV N + RSk = 0. (3.33)

to & and still satisfy the R.H.S. of eq.(3.31).

If the background spacetime is vacuum,then this residual gauge freedom
can be utilised to impose the tracefree condition tool[l]

It is important to note that this additional freedom to impose trace-free
condition is possible because we considered vacuum i.e no source terms. The

transversality condition can always be imposed.

'For a proof of this claim we refer the reader to Appendix A of the following paper|5]

17



3.7 Properties of Lichnerowicz Laplacian
In this section we prove two very important properties of the Lichnerowicz
Laplacian. These are,

1. If hyy is traceless i.e g¥Vhyn = 0, then (Agh)an is also traceless,

7"V (Ach)pn = 0. (3.34)

2. If the background metric g/ is an Einstein metric and hj;y satisfies

the transverse condition i.e VMhyy = 0, then
VM(Agh)yn = 0. (3.35)

To prove the above two properties we recall the expression for the Lich-

nerowicz laplacian. It is given by,

(Aeh)yn = —VEV iy + 2RY o, + RY byt + REvhasr

Proof 1:
PV (Aeh)ay = —GIVNVE L hary + 25V RE nshS, + 7TV RE b
MV RE s
= V'V (@ han) = 26"V Rypwsh® + Ry hN"
+ Rpah™"
=0—2R;sh®" + 2R yhN"
=0.
Q.E.D.
Proof 2:

VM(Ach)yn = 2V (R ng) 0 4 2R gV B, + VM RE v
+ RE Y Mhyp + VM RE b + REy VM by
— VMVEV L hyw
= VM (Rppns)-B5F + 2R s VY RSY + VM RE iy
+ RE VM by + VM REG by 4+ 0
— " g OV pVoVihun

18



To simplify the equation we evaluate the last term on the R.H.S. separately.
We then have,

VpVoVihun = VoVpVihun — R poVichun — R poVihin
— R poVihuk
= Vo(ViVphun — RS prhin — Ry prhu)
— R® poVihun — R poVihgn — R poVihuk
=VoViVrhyun — VoRkupr-h™y — RxkvprVoh™y
- vQRKNPL.hJ\f - RKNPLth]\f - EKLPQthMN
- RKMPQthKN - RKNPQthAf
Thus the last term simplifies to,
GGV eV oV ihyn = 0+ VERgp by + R VERYy — VERgnpr hE
— RenprVERTE — RgpVERYy + ReoVORE,
— RinpoVeRIE

Plugging this expression and using the symmetry properties of the Riemann

tensor, we have the following relation,
VM(Aeh)yn = (2VsRry — VRsr )T (3.36)

Given that the background metric is Einstein i.e. Ryny = cgan, the R.H.S.

of the above relation trivially goes to zero. Hence our claim is proved. E|

Q.E.D.

2Tt is to be noted here that even if ga;n is not Einstein but R.H.S. goes to zero then

too the transverse property of Lichnerowicz operator is preserved.

19



Chapter 4
Work in progress...

In this chapter we present the research problem that we have been working
on. We utilise all the concepts that were reviewed in the previous chapters.
We give a brief description of the strategy that we plan to follow. This work

is in progress.

4.1 The Problem

We have been investigating the linear stability of higher dimensional Schwarz-
child black holes(Schwarzchild Tangherlini) under Ricci flow[10] for a special
class of static perturbations. The operator that governs the linearised flow of
the perturbation is the Lichnerowicz Laplacian. As discussed in the paper[17]
the stability /instability then depends on the spectrum of the Lichnerowicz

Laplacian i.e the solutions to the eigenvalue equation

(Agh)MN = )\hMN

Also it was remarked that solving the above equation was cumbersome
as these were intricately coupled. One has to exploit the symmetry of the
spacetime to decompose the perturbations and hence decouple the equations.
In this section we study these issues and see how these can be implemented.

We study the formalism for the general case and then specialise to the

higher dimensional Schwarzchild case.

20



4.2 Background Geometry

Consider an (m+n)-dimensional bulk spacetime M which is locally written
as a product type
M™" = N™ x K™ (4.1)

We distinguish the tensors residing in these different manifolds, M, N™
and K" by adopting the following index notation. We use upper case latin in-
dices K, L, M, N, ...to denote tensors on M, lower case latin indices a, b, ..., h
on N™, and lower case latin indices ¢, j,...,p on K™.

We also introduce the following coordinates 2™ = (y® z%). Then our
background spacetime metric is written as

gundz"dzN = ga(y)dy*dy® + r*(y) iy (x)da'da? (12)
= gapdy’dy’ + r*ds;,

Further we assume that the metric ;; has a constant scalar curvature K
on K". We call K" as the Base manifold. Also the covariant derivatives, the

connection coeflicients and curvature tensors are denoted as

gMNdszzN — ?M,F%L, Runrs, (4.3)

g:ﬂ;(y)dyadyb - Da7 mFabc(@/)a mRabcd<y>7 (44)

A

vij(x)da'de? = Dy, T (2), Riju = K (vt — Yavin)- (4.5)

4.2.1 Background Quantities

In this subsection we give the formulae for Christoffel symbols, Riemann ten-
sors and other related quantities. These would be required in the calculation
to be done further to calculate the expression for the Lichnerowicz Laplacian.

The Christoffel symbols are given by:

fabc =T Fabj = Fajb =0; r a =0

P, =T, = a2
ja aj — vJ r

21



na a,..
r ij = —T’}/ijD T

I i — Eri i
NOTE: In the above calculation we have used the following conditions:
9ab = Gab(¥); Vij = Vi3 (%); gai = 0.

The components of the Riemann tensor are:

nDa _ pa . Da _ na N
R bed — R bcd?R bej — —R bjc — 07
Riyy= R gy = —51 2000

ajb — abj — J r )

R,

ibj —

Raibc = 07 Riabc = 07

—Raijb = —rv;;DyD7;

Rijka = _Rijak = 0;
Riajk = 0; Raijk =0;
Riji = K (vavjt — vrvie)
Rijkl = [K — (Dar)Q](é,ﬁjl - 5f7jk)
It is important to note that the = terms refer to the Base manifold and ~

refers to the whole spacetime.

4.3 Solving the problem

One of the key strategies that is followed while investigating the (in)stability
issues under Ricci flow is to split a perturbation in the following form [17],
VEY

H _ _
han = hify + EQMN + VuYn + VaYy —20un D (4.6)

where hT%, is a transverse-tracefree part, H denotes the trace of hy;y and
the last three parts make up traceless part of a divergence piece. We then
study the flows of hi}y, H and Yj;. In Ricci flow problems the trace of

the perturbation cannot be gauged away, we have to study the flow of the

22



trace too. The motivation for the above mentioned break-up of the pertur-
bation variable stems from the fact that (Agh??)yn gives us back a TT
piece. Hence, the flow of h1]\; decouples from other flows and can be studies
separately.

From here on we focus on the T'T part of the perturbation and would drop

the superscript TT. Recalling the expression for the Lichnerowicz Laplacian,
(Agh)MN = _vaLhMN + 2RLMNS}LSL -+ RLMhNL + RLNhML

For our case we assume that the background metric satisfies the vacuum
Einstein equation with cosmological constant set to zero i.e. Ry/y = 0. Then

this further simplifies to,

Our study of the Lichnerowicz Laplacian eigenvalue equation simplifies to

studying the equation,

4.3.1 Classification of perturbations

The pertubations hj;y may be classified into tensor, vector and scalar de-
pending on their tensorial behaviour w.r.t. coordinate transformations on the
maximally symmetric n— dimensional part of the whole spacetime. [[| Then
tensors of rank at most 2 w.r.t. the maximally symmetric n- dimensional
part can be decomposed into three types of components viz. tensor-type,
vector-type and scalar-type components.

As discussed in the paper [9], the h,; component of the perturbation can

be decomposed in the following way,

hai = hy + Dih, (4.9)

I This section basically reviews some of the major ideas formulated by previous authors,

primarily Ishibashi, Sasaki and Kodama. Respective references are provided.
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where f)ihfj) = (. Also h;j can be decomposed as,
2 A1 A (1 A7 LA 0
hij = B + Dbl + Db, + hiy + (DiDj — A ) By, (4.10)

where ﬁjhg?)ij = hg?)z =0 and Dlhg})z = 0.
Therefore, the tensor part of the general perturbation hjy;y consists of

h(l)

hg? )ij, the vector part consists of (h,, ,h(Tl )i) and the scalar part comprises of

(haps hay hpy B,

A linearised stability analysis of the higher dimensional Schwarzchild
black hole under Ricci flow restricted to tensor perturbations i.e hy = 0,
he; = 0 and h;; = hg? )ij has been carried out previously [I7]. To study the
evolution of a general perturbation one has to study the vectorf] and scalasf

perturbation on the base manifold.

2transforming as a rank 1 tensor under coordinate transformations on base manifold.
3transforming as a rank 0 tensor under coordinate transformations on base manifold.
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4.4 Analysis of Vector perturbation

In our study of vector perturbation, we set all the parts barring the vector
part to zero i.e. hgg)ij, hap, ha, hy and hﬁ” are all set to zero. This is not
a gauge choice. We are just restricting the type of perturbation we wish to
study.

Thus for our case the perturbation is given as,

hay = 0, (4.11)
hai = By, (4.12)
hij = ﬁihgfl)j + ﬁjhg“l)ia (4.13)

= 0.

where ﬁih(Tl )i =
Further these components can be expanded in terms of harmonic tensors
of the respective type [12]. Since the different harmonics decouple on the
maximally symmetric space [14], we can study the Lichnerowicz eigenvalue
equation corresponding to each type separately.
In the next section we give the perturbation equation for the general case

and then apply it to the higher dimensional Schwarzchild casef_f]

4.5 Lichnerowicz operator revisited

For our case i.e. vacuum with cosmological constant set to zero, we saw that

the eigenvalue equation for the Lichnerowicz Laplacian reduces to
(Agh)MN = —?L?LhMN + QRLMNShSL = )\hMN

We now give the perturbation equations. Setting M = a and N = ¢ in

the above equation and utilising the Christoffel symbols and Riemann tensor

4For a general analysis of the stability under Ricci flow we need the expression for the
Lichnerowicz laplacian acting on hgp, hq; and h;;. The Lichnerowicz operator acting on

hap is zero in the case for vector perturbation.
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components previously we have

(Agh)i = —VV.ohy — VAV he + 2RY . 6h°,

Ahai 2 ~ 2 A 2
-T2 ?Daerhki + =D"rDihay, — (n—i; )DbTDa'f’hbi
T T r r
1 hai
+ 2Derbhai - (n—z )(Dr)zhai —rd (—)
r r r
— 2DbDa7’h,bi
(4.14)
Setting m = ¢ and n = j we derive,
D.rh;; 2
(Ach)ij = —Ohij — 2D° <L> — 2D D,h;;
r r
_(DT)Q Ahl] 2 a ~ ~ n_..
4 7"2 hij - ? - ;D T(Dihaj + Djhm) — ;D TDahz‘j (415)
2 1
+ ( n——; )(DT)2h@'j — 2D“rDbrhabfyij —+ 27’”}/ideDc7”hdc

T
+ [K = (Dr)?)[05Yim — 03]

NOTE: In the above expression A represents the laplacian operator on the
maximally symmetric n-dimensional space and [J] represents the operator
D®D, on the metric g,,dy®dy®. Also, (Dr)? denotes D D,r.

4.6 Higher dimensional Schwarzchild case

We now specialise to the particular case of higher-dimensional Schwarzchild
black hole(Schwarzchild-Tangherlini) case. Thus, K = 1 (remember that we
considered background metric satisfying vacuum E.E.). The metric is given
by

ds® = —f(r)dt* + g(r)dr® + r*d32, (4.16)
where f(r) = (1 - (%)Wl), f(r)g(r) =1 and ds? denotes the metric on the

n- sphere S™. In this case A becomes the laplacian on S™ w.r.t. the metric

Yij -
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To obatin the equations in this case we restrict a in our equation for
vector perturbation to t = 0 and » = 1. Thus we have the following two

equations for the two different values that a takes,

(Agh)gi = —VVehgi — V¥V ihgs + 2R o h°;

Ahy; 2 R 2 . . 2
= — 0 — —3D07"th]m + —DbT’DZ’hOb — (n —Z )
T r r

5 DbTDoT'hbi
r

1 hoi
+ = D'rDyho; - (n; ) (Dr)?hes — 1D <—°)

" (4.17)
— 2DbD0’I“h i
CAng 2
= o, Z Der ihoy + D r Dyho;
7’
(TL + 1) hOz
— ,,,.2 (DT') hO’L - D r )
(Ach)yi = =VVehy — V*Vihy; + 2R" 60,
Ah i 2 ~ 2 ~ 2
= 21 - _3D17°thm' + =D D;hyy, — (n + )DbTDlrhbz
T r T
1 .
+ EDbTDbhli — <n_'; >(D’I“)2h1i —rd (k)
r r r
— 2Dy Dyrh?, (4.18)
Ahy 2 4 2
=—-— - —th,ﬂ + D rDihyy,
T
2 1
_nt >D" R
r2 T

h;
— O <_1)
r
The above equations can be further simplified by using the following
formulae for Christoffel symbols. These are given by
/ / /
f frol_orll_orlll_g_

[, =0;I" ;
00 01— 2f 29’ 29

v

;=0 Fi(]j = 0;1%; = 0;T" gy = O;flij = _g%j;

) 1. - _ _. _ _ .
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. a0
Also note that since we are restricting to static perturbations, we have

Johyn = 0. Also fg = 1. Using this information we have the following

expressions,
(Agh)g; = Arho’ + 2f Dihoy + —falhm (n+1)% / hos
—rfof (ﬁ?) { rf ——/} (hTO) (4.19)
- {50 (F) - f e
(Agh)y = —ATZ” _ %f)khm 4 ﬁD oy — (”; 2 oy,
-—m+10mf—fy<m0-7fﬁ@(%ﬂ (4.20)

f f/ f/2
_JL J L Ly,
{ 2(91 7 + 2 f 1
Similarly we can write the equation for (Agh);; in the Schwarzchild-

Tangherlini spacetime.

4.7 Vector Harmonics

In the previous section we remarked that vector harmonics may be used to
expand the vector part of the perturbation hy;y. In this section we give a
brief review of the vector harmonics and see how these can be used to expand
the vector perturbation. Also, recall that in vector perturbation case hy, = 0,
hai = b and hy; = Din) + DY

The vector harmonics are defined as solutions to the eigenvalue equation,
AV, = —k*V,. (4.21)

These are divergence-free i.e. D, Vi =0. To expand vector-type perturbations

of a rank 2 tensor, we define the vector-type harmonic tensor as,

1 A A

2k
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The vector-type harmonic tensors satisfy the following properties,

[A YR (n 1)K] V=0, (4.23)
; o B —=(n-1K
Vi=0,D,Vi = V. (4.24)

The ecigenvalue k% is non-negative and k?> = 0 occurs only for K = 0 i.e
flat space for which the harmonic vectors become constant vectors. In our
study we do not consider this trivial case and focus on non-constant harmonic
vectors. An important point needs to be clarified here. For vector-type tensor
harmonics to be defined k? — (n — 1)K > 0. But k* > 0 and K > 0 does
not guarantee the positivity of k? — (n — 1)K. If k* — (n — 1)K < 0 then
vector-type harmonics should vanish i.e. DiVj + ﬁjVi = (. This is precisely
the definition of Killing vector.

The vector perturbationﬂ of the metric is then expanded as below,
hab = 0, hm' = TfaVi, hij = 2T2HTVij- (425)

Such decompositions have been already utilised to explore the classical sta-
bility of a class of spacetimes [I4]. Using these techniques one can decouple
the equations and hence study the Lichnerowicz Laplacian eigenvalue equa-
tion in detail. One of the key features to be noted is that the symmetry
of the base manifold enabled us to carry out the decomposition which other

wise could not have been possible.

5Here a point needs to be clarified. hq; = h((lll-) and h;; = Dihgpl)j + Dihgpl)j. Thus,

hgrl)i = —r? 2V
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Chapter 5
Summary and Discussion

This thesis primarily reviews the basics formalism to carry out perturbation
analysis for a class of spacetime geometries. We already discussed in the
introduction how this formalism may be useful to explore the instabilities
in Euclidean path integral approach to quantum gravity. The ideas were
then applied to study the (in)stablity of higher dimensional Schwarzchild
spacetimes under Ricci flow. We briefly summarise the main points of the

thesis in this section:

1. The gauge-freedom of the theory enables us to impose the transverse-
traceless conditions. Although transverse conditions may always be im-

posed in general but traceless condition can only be imposed in vacuo.

2. In TT gauge, the stability of the class of spacetimes we have considered

depends on the spectrum of the Lichnerowicz operator.

In the case of Ricci flow problem we focussed on, the strategy is to break
the perturbation variable into a transverse-traceless piece, a trace and
a traceless piece of a divergence. The TT part decouples from others
because the Lichnerowicz operator is also T'T. We then study this T'T
part.

3. To simplify the Lichnerowicz operator eigenvalue equation we need to

impose certain symmetry conditions on the base manifold. In our case
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we assumed that that base manifold is maximally symmetric and has

a constant curvature.

4. The symmetry of the base manifold enables one to decompose the per-
turbation into its tensor, vector and scalar part. These in turn can be
expanded in terms of respective harmonics on the base manifold. The
Lichnerowicz eigenvalue equation can then be studies for each type of

perturbation separately.

5.1 Future Directions

We are presently analysing the flow of vector perturbations using the strat-
egy suggested. Also, we plan to analyse the scalar perturbations moving
forward on the same track. We believe that systematic analysis as suggested
would help us better understand the unstable modes(if any) of the higher
dimensional Schwarzchild spacetimes(Schwarzchild-Tangherlini) under Ricci
flow.

We hope to generalise the ideas discussed in this thesis to study certain
problems which will help us understand better the stabilities/instabilities of

classical spacetimes in quantum gravity.
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Appendix A

Variational Formulae

In this section we review(and derive) some of the important formulae related

to linear perturbation theory in arbitrary background.

A.0.1 Variation of Christoffel symbols

Let g(s) be a one-parameter family of metrics such that % gij = hyj, then we
have

Opk —Lou h h h Al

551 i = 59" (=Vihij+ Vihj + Vha) (A1)

To prove the above formula we follow the usual trick of computing at

an arbitrary point p in the manifold in normal coordinates. Then we have

Okgij(p) = 0. Hence, I'*;;(p) = 0. Also in such coordinates all the covariant

derivatives can be replaced by partial derivatives. Thus at p we have,

0 1 0 0 0
%Fkij‘ = 59“ (_8l£gij + @agﬂ + aj%Qil) (A.2)
1
= 59“ (=0ihij + Oihji + O;hy) (A.3)

Now since at p partial derivatives and covariant derivatives can be used

interchangeably hence we have
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0 1
%Fkij = égkl (—Vlhij + Vihjl + vjhz‘l) (A4)
Also since both sides of the above equation are components of tensors

hence its validity is guaranteed in all coordinates systems.

A.0.2 Variation of Riemann and Ricci

Recalling the definition of Riemann and Ricci tensors we have

R =0, =0T+ 17, I = T, I (A.5)

Rj = Ry =9, T%, — oI, + 1% 17 —T% T (A.6)

By same logic as in case of Christoffel symbols, the variation of Ricci tensor
is given by

%Rﬂ = Vj (%F’“U) -V (%rkkj) (A7)

On substituting from equation we have

o gki
%Rﬂ =V o (—=Vihy; + Vihi + Vhy)
ki
-V {% (=Vihi; + Vihi + thik)} (A.8)
_ v { —Vihlj + Vlhij + thil} . Vlvjh
- 2 2

Now recall the following relation
[Va, Vi]Ve = =R Vin (A.9)

Using this we have the variation of Ricci tensor as

) . . .
2—Rj = —V'V;hi;—V;Vih+ Ry h™ A+ Ry i h'y =2 Ry i k™ 4+ NV hij+V ;Y by

0s
(A.10)
To obtain the formula for the variation of Ricci scalar we recall that Ricci

scalar is given as

R=¢"R; (A.11)
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On differenting w.r.t. s we obtain

%R = Rij%gij + gij%Rij (A.12)

On plugging in the expression for variation of Ricci tensor calculated before
we have

%R = —hyRY + V'V hy — VFV,Lh (A.13)
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