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Abstract

Let G be a real semi-simple Lie group. Let Γ be an arithmetic subgroup of the

group G. Suppose that F is a finite-dimensional representation of G. One of

the objects of interest is the cohomology group H∗(Γ, F ). In particular, de-

termining when these groups are non-zero and computing cohomology classes

of these groups. It is well known that these groups have interpretations using

relative Lie algebra cohomology of the group G with respect to a compact

subgroup K. This interpretation gives us a relation between the cohomology

groupsH∗(Γ, F ) and a finite subset of the set of representations ofG. Here we

obtain some non-vanishing results for the cohomology classes for the group

GL(N). We use the principle of Langlands functoriality to compute these

classes. We start with π, a ‘nice’ representation of a classical group G, and

use Local Langlands correspondence to transfer π to a representation, ι(π),

of an appropriate GL(N) and ask whether ι(π) contribute to the cohomology

groups H∗(Γ, F ). We characterize when a tempered representation of a clas-

sical group G transfers to a cohomological representation of GL(n). This is

summarized in Theorem 4.2.5. We also start with a cohomological represen-

tation of Sp(4,R) and ask when the transferred representation of GL(5,R)

is cohomological. We obtain a complete result in the case of representations

with trivial coefficients. This is summarized in Theorem 5.5.2.
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Chapter 1

Introduction

Let G be a connected semi-simple real Lie group. Let K be a maximal com-

pact subgroup of G and Γ a torsion free arithmetic subgroup of G. Suppose

F is a finite-dimensional complex representation of G. Let SGK = G/K be

the associated symmetric space. We are interested in the Eilenberg-Maclane

cohomology groups H∗(Γ, F ). Let ΩSGK
(F ) be the space of smooth F -valued

differential forms on SGK . Let ΩSGK
(F )Γ be the subspace of Γ-invariant dif-

ferential forms in ΩSGK
(F ), where the action of Γ is obtained in the obvious

way. Then, we have a canonical isomorphism between H∗(Γ, F ) and the

cohomology groups obtained from the sequence of Ω∗
SGK

(F )Γ.(See [23]).

Furthermore, using the projection map from Γ\G(R) to Γ\SKG , we can

identify the complex ΩSKG
(F )Γ with the co-chain complex of the relative Lie

algebra cohomology C∗(g, k;C∞(Γ\G(R)) ⊗ F ), where C∞(Γ\G(R)) is the

space of all smooth complex valued functions on Γ\G(R), g and k are the Lie

algebras of G and K, respectively. This identification leads to a canonical

isomorphism [23]

H∗(g, k;C∞(Γ\G(R))⊗ F ) −→ H∗(Γ, F ). (1.1)

Let L2(Γ\G(R)) be the space of smooth square integrable functions on

1



2 CHAPTER 1. INTRODUCTION

Γ\G(R) and L2
0(Γ\G(R)) be the space of cusp forms in L2(Γ\G(R)), i.e., all

functions f such that Xf is square integrable for all X ∈ U(g) and

∫
(U(R)∩Γ)\U(R)

f(ug)du = 0 ; for all g ∈ G(R),

where U is the unipotent radical of a proper parabolic subgroup P in G.

The inclusion L2
0(Γ\G(R)) −→ L2(Γ\G(R)) induces a homomorphism in the

cohomology groups

H∗(g, k;L2
0(Γ\G(R))⊗ F ) −→ H∗(g, k;L2(Γ\G(R))⊗ F ).

This map is injective and the image can be thought of as a subgroup of

H∗(Γ, F ). The image of H∗(g, k;L2
0(Γ\G(R))⊗F ) is denoted by H∗cusp(Γ, F ).

For H∗cusp(Γ, F ), we have a Matsushima type decomposition

H∗cusp(Γ, F ) =
⊕
Hπ

m(Hπ,Γ)H∗(g, k;Hπ ⊗ F ), (1.2)

where Hπ are the representations of G which occur in the cuspidal part of

the discrete spectrum with finite multiplicities. Note that the above decom-

position is a finite direct sum. This isolates a finite set of representations of

G depending on the finite-dimensional representation F (see [23]). Thus, the

study of (g, K)-cohomology of representations of G is related to the study of

cuspidal representations of G.

As an example, let G = SL(2,R) and Γ = SL(2,Z). Let Vk be the finite-

dimensional representation of G of dimension k. Then 1.2 reduces to the

Eichler-Shimura isomorphism

H1
cusp(Γ, Vk) = S+

k+1(Γ)⊕ S−k+1(Γ),

where S±k+1(Γ) denotes the space of holomorphic and anti-holomorphic cusp
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forms with respect to Γ; and the dimension of S±k+1(Γ) denotes the multiplici-

tiesm(D±k ,Γ) of the discrete series representations of G = SL(2,R) occurring

in L2
0(Γ\G(R)). One sees that such an isomorphism lets us view functions

(modular forms in this case) on SL(2,R)\SO(2), which satisfy certain trans-

formation properties with respect to Γ, as elements of the cohomology groups.

This gives us a different viewpoint towards the same objects which is useful

at times.

The aim of the thesis is to obtain non-vanishing results for the (g, K)-

cohomology groups with respect to some representations of the group G =

GL(n), over the real and the complex numbers. We now describe the ideas

that we used to obtain these results. We know that Langlands functorial-

ity allows us (under certain conditions), starting with a representation of a

group G, to obtain a representation of a different group G′. To make things

more precise, let us consider a particular example. Let G = Sp(2n,R).

Then LG◦ = SO(2n + 1,C) is the connected component of the Langlands

dual group. Given any representation π of G, the Local Langlands corre-

spondence attaches to this representation a Langlands parameter which is

a homomorphism from the Weil group of R to the Langlands dual group.

Using the fact that the inclusion ι : SO(2n + 1,C) ↪→ GL(2n + 1,C) is a

L-map, we obtain a parameter for a representation of GL(2n+ 1,R). Given

that we can obtain a representation of GL(2n + 1,R) from a representation

of Sp(2n,R), we may ask which of these representations of GL(2n + 1) are

cohomological? We consider the following 2 questions:

1. Consider the tempered representations of the group G and transfer

them to obtain representations of GL(N) and check whether these rep-

resentation are cohomological? This is the question which we will be

taking up in Chapter 4. A complete answer for this question is noted

in Theorem 4.2.5. We obtain a characterization for tempered represen-



4 CHAPTER 1. INTRODUCTION

tations of G which are transferred to a cohomological representation of

GL(N).

2. David Vogan and Gregg Zuckerman in 1984 classified unitary cohomo-

logical representations of a real connected semi-simple Lie group (See

[27]). Considering this, we start with a cohomological representation of

G and transfer this representation to GL(n) and then ask whether the

resulting representation is cohomological or not. That is we ask whether

the property of being ‘cohomological’ is preserved under the Langlands

transfer. We take up this direction in the final chapter of the thesis.

We will work out the case when G = Sp(4,R). We list down all the

cohomological representations of G according to the Vogan-Zuckerman

classification and compute their transfers to GL(5,R). In this case also

we have a complete answer which is noted in 5.5.2.

The first instance of studying cohomological representations along with

the functoriality was observed in a paper of Labesse and Schwermer in 1986

(see [17]). They considered the symmetric power transfer from GL(2) to

GL(3) and proved that if we start with a cohomological representation of

GL(2) the representation obtained by transferring to GL(3) is also cohomo-

logical. Further, if we know which finite-dimensional representation of GL(2)

is relevant then we can also tell which finite-dimensional representation is

relevant for the transferred representation. In loc.cit., non-trivial cuspidal

cohomology classes for SL(3) over some number fields were also constructed.

This result was further generalized by Raghuram in his 2016 paper (see

[20]), where a representation of GL(2) is transferred to a representation of

GL(n) using the symmetric power transfer and a similar observation was

made. We study how much this observation can be generalized.

A standard assumption which is made when one studies the special val-

ues of L-functions attached to a representation π is that π is cohomological.
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Generally, one is looking at global representations, i.e., representations of

G(A), where A is the ring of adèles attached to a number field F . Cohomo-

logicalness of a global representation just boils down to its cohomologicalness

at the archimedean places. This thesis addresses questions which are local

in nature and are related to the archimedean places. Results similar to the

results obtained here have been used to study special values of L-functions.

Some of the results in this direction can be found in [1], [20] and [21].

Chapter 2 introduces the groups that we would be dealing with, their

corresponding Lie algebras and some theory of Lie algebras. We then list

a class of finite-dimensional representations which will be relevant to the

questions which we deal with here. Also, we make a list of the set of roots,

positive roots and half sum of positive roots for further use. The main

references for this chapter are [12], [14] and [15].

Chapter 3 introduces some basic representation theory, cohomological

representations, Local Langlands correspondence and Langlands functorial-

ity. All these will be done in the local setting where the base field is R or C.

We characterize discrete series representations for the classical Lie groups.

We also make explicit the Local Langlands Correspondence for the case when

G = GL(n,R) or GL(n,C). For details in representation theory and coho-

mology of representations the reader can refer to [3], [14] and [15]. In case of

Local Langlands correspondence and Langlands functoriality one can refer

to [6], [7] and [18]. In the case of GL(n), this is given quite explicitly in [16].

Chapter 4 deals with transferring tempered representations from a clas-

sical group to an appropriate GL(N). The N depends on the group G and

the list can be found in Table 4. This chapter characterizes tempered rep-

resentations which are transferred to cohomological representations and the

main result is stated in the form of Thm 4.2.5.

Chapter 5 deals with the special case G = Sp(4,R). This uses the Vogan-
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Zuckerman classification of unitary irreducible cohomological representations

of G (see [27]). We then transfer these representations to GL(5,R) and study

the cohomological properties of the transferred representations. The main

result of this chapter is noted in Thm 5.5.2. The theorem talks about rep-

resentations which are cohomological with respect to the trivial coefficients.

We also make a conjecture at the end of the chapter about representations

which are cohomological with respect to non-trivial coefficients.



Chapter 2

Lie Groups and Lie Algebras

In this chapter we introduce the groups which are relevant to us. We will

list down some of the relevant finite-dimensional representations of these Lie

groups using their corresponding Lie Algebras.

2.1 Lie Theory

We start this chapter by defining some Lie groups and their corresponding

Lie algebras. The aim of this chapter is to list some finite-dimensional rep-

resentations of these groups using the Lie Algebras. Towards that, we will

go through some theory of Lie algebras which will be relevant to us. As a

reference, the reader may refer to [12], [14] and [15].

All the groups considered here are real Lie groups. Let’s recall the def-

initions of the classical Lie groups that will be considered in this article.

Let In be the n × n identity matrix. Define Jn := anti-diag(1, . . . , 1), i.e.,

Jn(i, j) = δi,n−j+1, and let J ′2n := anti-diag(Jn,−Jn). Let p + q = n; we

will often assume that p ≥ q ≥ 1. Let Ip,q = diag(1, . . . , 1,−1, . . . ,−1)

be the n × n diagonal matrix with p many 1’s and q many −1’s. Put

Jp,q = anti-diag(Jq, Ip−q, Jq). Let tA and A∗ = tA denote the transpose and

7
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the conjugate-transpose of A, respectively; where, conjugation is either in C

or in H as the case might be. Define:

Sp(2n,R) := {A ∈ GL(2n,R) : tAJ ′2nA = J ′2n},

Sp(p, q) := {A ∈ GL(n,H) : A∗ Jp,q A = Jp,q},

SO(p, q) := {A ∈ SL(n,R) : tAJp,q A = Jp,q},

U(p, q) := {A ∈ GL(p+ q,C) : A∗ Jp,q A = Jp,q},

SO∗(2n) := {A ∈ SU(n, n) : tA

 0 In

In 0

A =

 0 In

In 0

},

where in the last definition, SU(n, n) = U(n, n) ∩ SL(2n,C).

The finite-dimensional representations of these groups which are impor-

tant to us are obtained by the restriction of irreducible finite-dimensional

representations of their corresponding complexified Lie groups. These finite

dimensional representations of the complexified Lie groups are in bijection

with the irreducible finite-dimensional representations of the Lie algebras

[12], [14] and [15]. Also, the discrete series representations of these Lie

groups are parameterized by the set of highest weights modulo an equiva-

lence relation (see [3]). We will deal with the discrete series representations

in the next chapter.

The task at hand now, is to characterize the irreducible finite-dimensional

representations of the Lie algebras. We will now set up the necessary nota-

tions. For details, the reader is referred to [3], [12], [14] and [15].

2.1.1 Root Space Decomposition

Root space decomposition, as the name suggests, decomposes the Lie algebra

g into to root spaces with respect to a Cartan subalgebra of g. This is

similar to the familiar simultaneous eigenspace decomposition with respect



2.1. LIE THEORY 9

to commuting matrices. This is useful in classification of Lie algebras, though

we will not pursue this direction here. We would use this in parameterizing

the irreducible finite-dimensional representations as well as the discrete series

representations. In this section, we assume that the base field is C.

Let g be a finite-dimensional semisimple Lie algebra. Let h ⊆ g be a

maximal abelian subalgebra consisting of ad-semisimple elements. The linear

transformation ad X : g → g is semi-simple (same as diagonalizable in this

case) for all X ∈ h, and h is abelian, hence, they can be simultaneously

diagonalized allowing us to decompose g into simultaneous root spaces, i.e,

g can be written as a direct sum of subspaces of the form,

gα = {X ∈ g : ad H(X) = α(H)X for all H ∈ h},

where α runs over all elements of h∗. Denote by Φ(g, h) the set of non-zero

elements α ∈ h∗ such that gα 6= 0. The elements of Φ(g, h) are called roots

of g with respect to h. The subspace g0 is nothing but the centralizer of h.

Therefore, we have

g = g0 ⊕
⊕

α∈Φ(g,h)
gα.

This is known as the root space decomposition of g.

Example 2.1.1. Let g = sln(C), h be the set of all trace 0 diagonal matrices.

That is,

h = {


a1

. . .

an

 :
∑

ai = 0}

Then the set Φ(g, h) = {ei − ej; 1 ≤ i, j ≤ n, i 6= j} is a root system corre-

sponding to g with respect to h. This is called a root system of type An−1.
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We have the following decomposition for sln(C):

sln(C) = h⊕
⊕

ei−ej∈Φ(g,h)
gei−ej ,

where gei−ej is spanned by the matrix Eij which has 1 in the (ij)th place and

0 elsewhere.

In particular, for sl2, we have the roots as Φ(g, h) = {e1 − e2, e2 − e1}.

Here h = 〈

1 0

0 −1

〉. ge1−e2 = 〈

0 1

0 0

〉 and ge2−e1 = 〈

0 0

1 0

〉
Example 2.1.2. We have similar decompositions for Lie algebras of type

B,C and D, corresponding to the odd orthogonal groups, the symplectic

groups and the even orthogonal groups, respectively. For the explicit com-

putations concerning root space decompositions and the corresponding root

spaces, the reader is referred to [15].

1. For so2n+1(C), the set of roots are

Φ(g, h) = {±ei ± ej; 1 ≤ i 6= j ≤ n} ∪ {±ek; 1 ≤ k ≤ n}.

This is a root system of type Bn.

2. For sp2n(C), the set of roots are

Φ(g, h) = {±ei ± ej; 1 ≤ i 6= j ≤ n} ∪ {±2ek; 1 ≤ k ≤ n}.

This is a root system of type Cn.

3. For so2n(C), the set of roots are

Φ(g, h) = {±ei ± ej; 1 ≤ i 6= j ≤ n}.

This is a root system of type Dn.



2.1. LIE THEORY 11

The set of roots classify the set of simple Lie algebras. The roots also

have an axiomatic definition. For a finite-dimensional real vector space V , a

finite subset Φ of V is called a root system if the following conditions hold:

• Φ spans V .

• The transformation sα(β) = β − 2〈β,α〉
|α|2 α preserves the set Φ for all α,

where | · | is the usual norm and 〈·, ·〉 is the usual inner product on V .

• 2〈β,α〉
|α|2 ∈ Z whenever α, β ∈ Φ.

Let W be the subgroup of GL(V ) generated by sα’s where α runs over Φ,

i.e., W = 〈sα; α ∈ Φ〉. This is called the Weyl group of Φ. Note that since

sα fixes the set Φ, it is a subset of the permutation group of Φ. Since Φ is

finite, W is finite as well. We will call the dimension of V , the rank of Φ.

Definition 2.1.3. A subset ∆ of Φ is called a base of Φ if

• ∆ is a basis of V ,

• every root β can be written as β = ∑
α∈∆

kαα; such that the kα are all

either non-negative or non-positive integers.

The elements of ∆ are called simple roots. This allows us to define the

set of positive and negative roots as follows: Let β = ∑
α∈∆ kαα; if all the

kα are positive (negative) then we say that the root β is positive (negative),

and write β � 0 (β ≺ 0). We write Φ+ for all the positive roots, Φ− for all

the negative roots; Φ = Φ+ t Φ−.

Define a hyperplane Pα = {β ∈ V : 〈β, α〉 = 0} which is orthogonal to

the root α. There are finitely many hyperplanes which divide V into finitely

many regions which are the connected components of V − ⋃α∈Φ Pα. These

are called the Weyl chambers. An element β of V is called regular if

β ∈ V −⋃α∈Φ Pα. We have the following theorem which describes the action
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of the Weyl group on V and the set of bases. Let ∆ is a base of Φ. Fixing

a base of Φ makes a particular Weyl chamber stand out. This chamber

{β ∈ V : 〈β, α〉 > 0 ∀ α ∈ ∆} is called the fundamental Weyl chamber

relative to ∆.

Theorem 2.1.4. (see [12], 10.3) Let ∆ be a base of Φ.

1. If γ ∈ V is regular, then there exists a σ ∈ W such that 〈σ(γ), α〉 > 0

for all α ∈ ∆. In other words, given a regular γ, we can translate γ

into the fundamental Weyl chamber using W.

2. If ∆′ is another base of Φ, then there exists σ ∈W such that σ(∆′) = ∆.

So W also acts transitively on the set of bases.

3. If α is a root, then there exists a σ ∈W such that σ(α) ∈ ∆.

4. W is generated by sα for α ∈ ∆.

5. If σ(∆) = ∆, σ ∈ W, then σ = 1, i.e., W acts simply transitively on

the set of bases.

We will have V = h∗, where h ⊆ g is a Cartan subalgebra. In this case,

given a Lie algebra g, we can do a root space decomposition of g with respect

to a h. Then the set Φ(g, h) = {α ∈ h∗ : gα 6= 0} satisfies all the axioms of a

root system.

Remark 2.1. Let g be a semi-simple Lie algebra with h a Cartan subalgebra.

Let Φ(g, h) be the set of roots and ∆ be a base. For each α ∈ Φ(g, h),

let xα be a non-zero element of gα. Then there exists a non-zero element

yα ∈ g−α such that xα, yα and [xα, yα] = hα generate a 3 dimensional Lie

algebra which is isomorphic to sl2. See [12] for details. This observation will

transform the question of understanding finite-dimensional representations

of g to understanding finite-dimensional representations of sl2.
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2.1.2 Universal Enveloping Algebras

Before defining weights and characterizing representations, we introduce the

universal enveloping algebra, U(g), of a Lie algebra g. The universal envelop-

ing algebra plays an important role in the theory of representations. An

important fact is that the representations of g are in one-one correspondence

with the left modules over U(g).

The universal enveloping algebra of a Lie algebra g, is a pair (U(g), i)

where U(g) is an associative algebra with 1 together with a map i which is

an inclusion of g into U(g) which satisfies:

i([x, y]) = i(x)i(y)− i(y)i(x)

and given any algebra homomorphism φ : g→ A into an associative algebra

A, φ factors through U(g), i.e., the following diagram commutes:

g
i //

φ
!!

U(g)
φ̃
��

A

This is the universal property of U(g). This is a categorical way to define the

universal enveloping algebra of a Lie algebra g and hence U(g) is unique once

we prove its existence. The universal enveloping algebra can be realized as a

quotient of the tensor algebra.

Let T(g) =
∞⊕
n=0

g⊗n denote the tensor algebra of g. Denote by I the ideal

of T(g) generated by elements of the form

〈x⊗ y − y ⊗ x− [x, y] : x, y ∈ g〉.

Then U(g) is isomorphic to the quotient T(g)/I. The following result will

shed some light on the structure of U(g).
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Theorem 2.1.5 (Poincaré-Birkhoff-Witt Theorem). (see [12]) Let us

denote by π the quotient map T(g) → U(g). Suppose (x1, x2, . . . ) is an or-

dered basis of g. Then the elements of the form xi1xi2 . . . xim = π(xi1 ⊗ xi2 ⊗

· · · ⊗ xim), where m ∈ Z and i1 ≤ i2 ≤ · · · ≤ im; along with 1, give a basis

for U(g).

2.1.3 The theory of weights

Weights, defined using the root system of g, play an important role in the

characterization of the finite-dimensional representations of g.

We will continue working with an abstract vector space V , even though

we will eventually specialize to the case when V = g.

Let Φ be a root system of V with Weyl group W. Let Λ be the set of all

elements λ of V such that 2 〈λ,α〉〈α,α〉 ∈ Z, for all α ∈ Φ. Observe that the set

Λ is actually a subgroup of V containing Φ. Moreover, λ ∈ Λ if and only if

2 〈λ,α〉〈α,α〉 ∈ Z, for all α ∈ ∆ for a base ∆ of Φ. We call a weight λ dominant

if all the integers 2 〈λ,α〉〈α,α〉 are non-negative and strongly dominant if all the

integers 2 〈λ,α〉〈α,α〉 are positive. The set of all dominant weights lies in the closure

of the fundamental Weyl chamber relative to ∆, while strongly dominant

weights are contained in the interior of the fundamental Weyl chamber.

Suppose G is a semi-simple classical group with the complexified Lie

algebra g. Then g is semisimple. A dominant integral weight for the Lie

group G is defined as a dominant integral weight for the corresponding Lie

algebra. For the types Bn, Cn and Dn, we shall list all the dominant integral

weights. We also give a list for the split unitary groups. In each of these cases,

we describe a root system corresponding to the chosen Cartan subalgebra,

along with a base and set of positive roots, and compute the half sum of

positive roots ρ.

1. For type Bn: The split group in this case is SO(n+ 1, n). The diagonal
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torus T consists of all matrices of the form

diag(t1, . . . , tn, 1, t−1
n , . . . , t−1

1 ) =



t1
. . .

tn

1

t−1
n

. . .

t−1
1



,

with tj ∈ R×. The complexified Lie algebra of SO(n + 1, n) is

so2n+1 and the Lie algebra of T denoted tC has matrices of the form

diag(a1, . . . , an, 0,−an, . . . ,−a1), where aj ∈ C. Denote by ei, the char-

acter on the torus which picks out ai. Then we fix the following data:

• Φ(g, t) = {±ei ± ej : i < j} ∪ {±ei}.

• The base ∆ = {e1 − e2, e2 − e3, . . . , en−1 − en, en}.

• The set of positive roots Φ+ = {ei ± ej} ∪ {ei}.

• The half sum of positive roots ρ = (n− 1
2)e1 +(n− 3

2)e2 + · · ·+ 1
2en.

We will also write ρ as the n-tuple (n− 1
2 , n−

3
2 , . . . ,

1
2).

2. For type Cn: The split group in this case is Sp(2n,R). The diagonal

torus T consists of all matrices of the form:

diag(t1, . . . , tn, t−1
n , . . . , t−1

1 ),

with tj ∈ R×. The complexified Lie algebra of Sp(2n,R) is denoted sp2n

and the Lie algebra tC = {diag(a1, . . . , an,−an, . . . ,−a1) : aj ∈ C}.

Denote by ei, the character on the torus which picks out ai. Then we

fix the following data:
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• Φ(g, t) = {±ei ± ej : i < j} ∪ {±2ei}.

• The base ∆ = {e1 − e2, e2 − e3, . . . , en−1 − en, 2en}.

• The set of positive roots Φ+ = {ei ± ej} ∪ {2ei}.

• The half sum of positive roots ρ = ne1 + (n− 1)e2 + · · ·+ 1en. We

will also write ρ as the n-tuple (n, n− 1, . . . , 1).

3. For type Dn: The split group in this case is SO(n, n). The diagonal

torus T consists of all matrices of the form:

diag(t1, . . . , tn, t−1
n , . . . , t−1

1 ),

with tj ∈ R×. The complexified Lie algebra of SO(2n,R) is de-

noted so2n and the Lie algebra tC of T has matrices of the form

diag(a1, . . . , an,−an, . . . ,−a1) with aj ∈ C. Denote by ei, the character

on the torus which picks out ai. Then we fix the following data:

• Φ(g, t) = {±ei ± ej : i < j}.

• The base ∆ = {e1 − e2, e2 − e3, . . . , en−1 − en, en−1 + en}.

• The set of positive roots Φ+ = {ei ± ej}.

• The half sum of positive roots ρ = (n−1)e1+(n−2)e2+· · ·+1en−1.

We will also write ρ as the n-tuple (n− 1, n− 2, . . . , 1, 0).

4. The unitary groups: When n is even take the unitary group as U(n2 ,
n
2 ),

and let p = n/2. For a maximal torus T of U(n2 ,
n
2 ) take all matrices of

the form

{diag(t1, . . . , tp, t̄−1
p , . . . , t̄−1

1 ) : ti ∈ C×}.

The complexified Lie algebra of the unitary groups is denoted by un and

the Lie algebra tC = diag(a1, . . . , ap,−āp, . . . ,−ā1) : aj ∈ C.When n is
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odd we consider U(n+1
2 , n−1

2 ), and put p = (n+ 1)/2 and q = (n−1)/2.

For T ∈ U(n+1
2 , n−1

2 ) choose all matrices of the form

{diag(t1, . . . , tp−1, tp, t̄
−1
p−1, . . . , t̄

−1
1 ) : ti ∈ C×, 1 ≤ i ≤ p− 1, tp ∈ S1},

hence tC = diag(a1, . . . , ap−1, ap,−āp−1, . . . ,−ā1) : aj ∈ C. In either

case, denote by ei, the character on the torus which picks out the ith

entry of the diagonal matrix. We have:

• Φ(g, t) = {ei − ej : i 6= j, 1 ≤ i, j ≤ n}.

• The base ∆ = {e1 − e2, e2 − e3, . . . , en−1 − en}.

• The set of positive roots Φ+ = {ei − ej : i < j}.

• The half sum of positive roots ρ = (n−1
2 )e1+(n−3

2 )e2+· · ·+(1−n
2 )en.

We will also write ρ as the n-tuple (n−1
2 , n−3

2 , . . . , 1−n
2 ).

In all the above cases (1) − (4), a weight λ ∈ t∗C, will be written as an

n-tuple λ = (λ1, . . . , λn) and this will stand for λ1e1 + · · · + λnen. We now

describe the dominant integral weights.

Example 2.1.6. 1. For type An: A dominant integral weight λ is given

by a string of n − 1 integers, say λ = (λ1, λ2, . . . , λn−1), such that

λ1 ≥ λ2 ≥ · · · ≥ λn−1.

2. For type Bn: A dominant integral weight λ is given by a string of n

integers, say λ = (λ1, λ2, . . . , λn), such that λ1 ≥ λ2 · · · ≥ λn ≥ 0.

3. For type Cn: A dominant integral weight λ is given by a string of n

integers, say λ = (λ1, λ2, . . . , λn), such that λ1 ≥ λ2 · · · ≥ λn ≥ 0.

4. For type Dn: A dominant integral weight λ is given by a string of n

integers, say λ = (λ1, λ2, . . . , λn), such that λ1 ≥ λ2 · · · ≥ |λn|.
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We will now classify the finite-dimensional representation of the above

mentioned Lie algebras.

2.1.4 Finite-dimensional representations

Let h ⊆ g be a Cartan subalgebra of a semi-simple Lie algebra g. We start by

classifying the finite-dimensional representations of sl2. The representations

of sl2 are important as stated in Remark 2.1.

Representations of sl2

Let g = sl2(C) and

x =

0 1

0 0

 , y =

0 0

1 0

 and h =

1 0

0 −1

 .
We have the following relations:

[h, x] = 2x; [h, y] = −2y; [x, y] = h.

Suppose V is a finite dimensional g-module. Note that h = 〈h〉 is a Cartan

subalgebra of g. Therefore we have a decomposition of V into eigenspaces of

h of the form Vλ = {v ∈ V : h · v = λv} for λ ∈ C. Whenever Vλ is nonzero,

we call it the weight space of V and λ the weight. We have the following

lemma.

Lemma 2.1.7. [12], 7.1 Let v ∈ Vλ. Then x · v ∈ Vλ+2 and y · v ∈ Vλ−2.

Proof. h · (x · v) = (hx) · v = [h, x]v + (xh)v = (2 + λ)v. This proves that

x · v ∈ Vλ+2.

Similarly, h · (y · v) = (hy) · v = [h, y]v+ (yh)v = (−2 +λ)v. This proves that

y · v ∈ Vλ−2.
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Observe that since V is finite-dimensional and V = ⊕
λ∈C

Vλ, there exists

a λ such that Vλ 6= 0 but Vλ+2 = 0. Thus for any vector v ∈ Vλ, x · v = 0.

Such a v is called a maximal vector.

Lemma 2.1.8. [12], 7.2 Let V be an irreducible g-module and let v0 be a

maximal vector Put v−1 = 0 and vi = 1
i!y

i · v0 ; i ≥ 0. Then we have,

1. h · vi = (λ− 2i)vi,

2. y · vi = (i+ 1)vi+1,

3. x · vi = (λ− i+ 1)vi−1; i ≥ 0.

We have the following classification theorem for representations of sl2(C).

Theorem 2.1.9. [12], 7.2 Let V be an irreducible module for g.

1. Relative to h, V is a direct sum of weight spaces Vµ, µ = m,m −

2, . . . ,−(m− 2),−m, where dimV = m+ 1 and dimVµ = 1 for all µ.

2. Up to scaling, V has a unique maximal vector with weight m.

3. There is a unique irreducible module of g of dimension m+ 1.

Proof. For a proof, see [12], section 7.2.

Thus, we observe that the finite-dimensional representations of sl2 are

characterized by non-negative integers.

We now classify the finite-dimensional representations of a semisimple Lie

algebra g. Let g be such a Lie algebra. Let V be a finite-dimensional g-

module. Then a Cartan subalgebra h ⊆ g acts diagonally on V . So we can

write V = ⊕
λ∈h∗

Vλ, where

Vλ = {v ∈ V : h · v = λ(h)v; ∀h ∈ h}.
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The spaces Vλ are called weight spaces of V with respect to h and λ is

the corresponding weight.

Example 2.1.10. If V = g is viewed as a g-module via the adjoint action,

then the weight space decomposition coincides with the root space decomposi-

tion.

Note that such a decomposition of a g-module may not be possible when

the space V is infinite-dimensional. Nevertheless, we can always form a

subspace V ′ = ∑
λ∈h∗

Vλ. We then have the following result.

Theorem 2.1.11. [12], 20.1 Let V be an arbitrary g-module. Then,

1. gα maps Vλ to Vλ+α.

2. The sum V ′ = ∑
λ∈h∗

Vλ is direct and V ′ is a g-submodule.

3. If dimV <∞, then V = V ′.

Let g, h be as above. Let Φ(g, h) be the set of roots of g with respect to

h and ∆ be a base of Φ(g, h). Let V be a g-module. Call a non-zero vector

v+ ∈ Vλ a maximal vector if v+ is killed by gα for all α ∈ Φ+ i.e. gα ·v+ = 0

for all α ∈ Φ+. The existence of a maximal vector is ambiguous and it may

not even exist for an infinite-dimensional g-module V . But if V is finite-

dimensional then the existence of a maximal vector in V is clear and further

the line through v+ is stabilized by the Borel subalgebra B(∆) = h⊕ ⊕
α�0

gα.

We will study a class of g-modules which will encompass the finite-

dimensional representations of g. Let v+ be a maximal vector of V with

weight λ. Let V = U(g) · v+. This is called the standard cyclic module

of weight λ. We call λ the highest weight of V . The structure of such a

module is well known and is summarized in the theorem below.

Recall from Remark 2.1 that, given xα ∈ gα, there exist yα ∈ g−α such that

xα, yα and [xα, yα] = hα generate a 3 dimensional subalgebra isomorphic to

sl2.
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Theorem 2.1.12. [12], 20.2 Let V be a standard cyclic g-module, with max-

imal vector v+ ∈ Vλ. Let Φ+ = {β1, β2, . . . , βm} be the set of positive roots.

Then,

1. V is spanned by the vectors yi1β1y
i2
β2 . . . y

im
βm
v+ with ij ∈ Z; in particular,

V is a direct sum of its weight spaces. (Note the similarity of this basis

with the basis we had for representations of sl2.)

2. The weights occurring in V are of the form µ = λ−
l∑

i=1
kiαi for ki ∈ Z+,

αi ∈ ∆ , that is all the weights satisfy µ ≺ λ. Note that this justifies

the terminology highest weight.

3. For each µ ∈ h∗, dimVµ <∞. Also, dimVλ = 1.

4. Each g-submodule of V is a direct sum of weight spaces.

5. V is an indecomposable g-module, with a unique maximal submodule

and a corresponding irreducible quotient.

6. Every nonzero homomorphic image of V is also a standard cyclic g-

module of weight λ.

Corollary 2.1.13. [12], 20.2 Let V be as above. If V is irreducible, then

there is a unique maximal vector up to scalar multiplication.

Let us now construct a standard cyclic g-module with highest weight λ.

We observe that a standard cyclic module of weight λ, has a B(∆) submodule

which is 1-dimensional and spanned by a maximal vector. Let Dλ be a 1-

dimensional vector space spanned by v+. Define the B = B(∆) action on

Dλ as

(h+
∑
α�0

xα) · v+ = λ(h)v+.
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Note that we have defined the action of h and have extended it to B trivially.

This makes Dλ into a B module as well as a U(B)-module. Now define

Z(λ) = U(g)
⊗
U(B)

Dλ.

Z(λ) is a left U(g)-module via the standard left action of U(g). It is not

difficult to see that Z(λ) is a standard cyclic module of highest weight λ,

with the maximal vector 1 ⊗ v+. Let Y (λ) be a maximal submodule of

Z(λ). Then V (λ) = Z(λ)/Y (λ) is an irreducible quotient. Thus we have

constructed an irreducible standard cyclic module of weight λ. The next

result shows that such a standard cyclic module is unique.

Proposition 2.1.14. [12], 20.3 Let V, W be irreducible standard cyclic g-

modules of weight λ. Then V is isomorphic to W .

Now we will address the question of whether such a cyclic module is finite-

dimensional or not. If yes, when? Let g, h,Φ,∆ be as before. Let hαi = hi

be a basis of h such that hi’s are part of copies of sl2 for each root αi ∈ ∆.

Theorem 2.1.15. [12], 21.1 Let V be a finite-dimensional module of weight

λ. Then λ(hi) is a non-negative integer for all i.

Proof. The proof immediately follows from the fact that, for any representa-

tion of sl2, the highest weight is a non-negative integer.

This implies that the weight λ of a standard cyclic module has to be

a highest weight of g with respect to ∆. The next result says that this is

actually a necessary and sufficient condition.

Theorem 2.1.16. [12], 21.2 The map λ → V (λ) induces a one to one

correspondence between the set of dominant integral weights and isomorphism

classes of finite dimensional g-modules.
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This gives us a way to parameterize the finite-dimensional representations

of g using the highest weights. So for a Lie algebra of type An, Bn, Cn, Dn,

the set of finite-dimensional representations are in bijection with the corre-

sponding string of integers as mentioned in Example 2.1.6.

This will take care of the semi-simple Lie algebras and groups which are

considered here. Apart from these we need the finite-dimensional represen-

tations of GL(n,R) and GL(n,C) as real groups. The finite-dimensional

representations of GL(n,R) are parameterized by a string of n integers

λ = (λ1, . . . , λn) such that λi ≥ λi+1. And finally, for the real reductive

group GL(n,C), the finite-dimensional representations are parameterized by

(λ, λ∗) = ((λ1, . . . , λn), (λ∗1, . . . , λ∗n)) with λi ≥ λi+1 and λ∗i ≥ λ∗i+1. The rep-

resentation of GL(n,C) having highest weight (λ, λ∗) is defined as follows:

For λ = (λ1, . . . , λn) with λ1 ≥ · · · ≥ λn, suppose Mλ denotes the irreducible

representation of the complex (algebraic) group GL(n,C) then we have

M(λ,λ∗) = Mλ ⊗Mλ∗ = Mλ ⊗M v
λ,

which is an algebraic representation of the real group GL(n,C).
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Chapter 3

Representation Theory and

Langlands Functoriality

This chapter is broadly divided into two parts. We will introduce what are

called ‘cohomological representations’ and give some examples of cohomolog-

ical representations for the classical groups, GL(n,R) and GL(n,C). In the

second part, we introduce Langlands functoriality which gives us an algo-

rithm to ‘transfer’ representations of a group (an L-packet to be precise) to

some other group. The second part will make these concepts precise.

All the representations considered here are complex representations. The

groups will be real groups unless mentioned specifically. The main reference

for the first part of the chapter will be [3]. The second part can be found in

[18]. For a general exposition see [4], [6], [7] and [8].

3.1 Representation Theory

We will now introduce some infinite-dimensional representations of Lie

groups. In particular, we will be interested in the tempered representations

and the discrete series representations of G.

25
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3.1.1 General definitions

Let G be a real semi-simple Lie group. Let K be a maximal compact sub-

group of G. A representation of G is a homomorphism from G to GL(V )

which is continuous in the sense that the corresponding map G× V → V is

continuous. Usually, V is a Hilbert space. We will also assume that these

representations are unitary.

Definition 3.1.1. A representation π of G is called admissible if

π|K =
⊕
σ∈K̂

mσσ,

and all the mσ’s are finite.

Let (π, V ) be a representation of G. For v ∈ V , we let cv : G → V be

given by cv(g) = π(g) · v. We say that a vector v ∈ V is smooth or C∞ if the

map cv is C∞ . We denote the set of all smooth vectors of V by V ∞ . Note

that V ∞ is stable under the action of G. A vector v ∈ V is called K-finite if v

is contained in a finite-dimensional K-invariant subspace of V . Let the space

of K-finite vectors of V be denoted by VK . If V ∞K denotes the intersection

of VK and V ∞, then V is admissible if V ∞K = V. When V is an Hilbert space

define the function: cv,w : G → C by cv,w(g) = 〈π(g) · v, w〉, for v, w ∈ V .

These are called the coefficients of the representation.

We will now introduce the notion of a (g0, K)-module. Let G,K be as

above. The Lie algebras of G and K will be denoted by g0 and k0 and their

complexifications by g and k.

Definition 3.1.2. A (g0, K)-module is a real or complex vector space which

is a g0-module, which is a locally K-finite and semi-simple K-module such

that the operations of g0 and K are compatible in the following sense:

• π(k) · (π(X) · v) = π(Ad k(X)) ·π(k) · v (k ∈ K; X ∈ U(g0); v ∈ V ),
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• if F is a K-stable finite-dimensional subspace of V , then the represen-

tation of K on F is differentiable and has π|k as its differential.

A (g0, K)-module is admissible if it is admissible as a K-module. Let V

be a (g0, K)-module in which every K-stable finite-dimensional subspace is

semi-simple with respect to K. Then, the subspace VK of K-finite vectors

in V is semi-simple as a K-module and is stable under g0. Thus VK is a

(g0, K)-module.

A (g0, K)-module (π, V ) is called unitary if V has a positive non-

degenerate scalar product (·, ·) which is invariant under K and infinitesimally

invariant under g0, i.e, we have

• (π(k) · v, π(k) · w) = (v, w), for v, w ∈ V and k ∈ K.

• (π(x) · v, w) + (v, π(x) · w) = 0 for x ∈ g0, and v, w ∈ V.

We denote the category of (g0, K)-modules by Cg0,K . We say that a

(g0, K)-module has infinitesimal character χ if there exists an algebra homo-

morphism χ : Z(g0)→ C such that z ·v = χ(z)·v for all z ∈ Z(g0) and v ∈ V ,

where Z(g0) is the center of the universal enveloping algebra U(g0). Note that

if V is a G-representation then the subspace V ∞K of K-finite smooth vectors

in V is a (g0, K)-module. We note that given a representation of the Lie

group G, we can construct the (g0, K)-module V ∞K consisting of K-finite

smooth vectors in V . This subspace is dense in V and classifies unitary rep-

resentations (see [4]). We will now introduce a more restricted category of

(g0, k0)-modules. A g0-module V , is called a (g0, k0)-module, if V is locally k0-

finite (i.e., every vector v ∈ V is k0-finite) and is semi-simple as a k0-module.

As before, we will call a (g0, k0)-module V admissible if V is semi-simple as

a k0-module.

Example 3.1.3. Let G be a connected Lie group, g0 be its Lie algebra and

k0 be the Lie algebra of a compact subgroup of G. Then every (g0, K)-module
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is a (g0, k0)-module.

We will be working in the category Cg0,k0 . We will now introduce coho-

mological representations in this category.

3.1.2 Cohomology of Representations

Let V be a g0-module. Let k0 be a subalgebra of g0. Define:

Cq(g0, k0;V ) = Homk0(∧q(g0\k0), V ),

where the action of k0 on ∧q(g0\k0) is induced by the adjoint representation.

The map d : Cq → Cq+1 is defined by

df(x0, . . . , xq) = ∑
i

(−1)ixi · f(x0, . . . , x̂i, . . . , xq)+∑
i<j

(−1)i+jf([xi, xj], x0, . . . , x̂i, . . . , x̂j, . . . , xq).

Then Cq along with the map d : Cq → Cq+1 defines a chain complex. The

cohomology groups of this chain complex are denoted by H i(g0, k0;V ). The

cohomology groups H i may also be viewed as Ext functors, and are called

the relative Lie algebra cohomology of g0 with respect to the subalgebra k0.

Definition 3.1.4. Let (π, V ) be a representation of a real reductive Lie group

G. By a slight abuse of notation, we also denote the corresponding (g0, k0)-

module by V . We say that V is cohomological if there exists a finite-

dimensional representation F such that at least one of the cohomology groups

H i(g0, k0;V ⊗ F ∗) is non-zero, where F ∗ denotes the dual of F .

Cohomological representations play an important part of the theory of

automorphic forms. Some of the applications were mentioned in the intro-

duction. ‘Cohomologicalness’ may be thought of as an appropriate gener-

alization of ‘holomorphic’ in the context of modular forms. We will now



3.1. REPRESENTATION THEORY 29

introduce an important class of cohomological representations. Let G be a

semisimple Lie group. Let K be a maximal compact subgroup of G. Further

assume that rank G = rank K, equivalently a maximal torus of K is also a

maximal torus of G. Let T be such a maximal torus.

Let Φ(g, t) (resp. ΦK(k, t)) be the set of roots of g (resp. k) with respect

to t. Let W and WK be the Weyl groups of G and K respectively. Denote

by P (Φ) the set of weights of Φ. A weight Λ of Φ is called regular if for

all α ∈ ∆ we have 〈Λ, α〉 > 0. Note that this is in line with the definition

given in Chapter 2. A representation (π, V ) of G is called a discrete series

representation if π is unitary and the coefficients cv,w are square integrable,

i.e., cv,w are in L2(G).

Theorem 3.1.5 ([15] Thm 9.6). For an irreducible unitary representation

(π, V ) of G, the following statements are equivalent:

1. All coefficients are in L2(G).

2. Some nonzero K-finite coefficient is in L2(G).

3. π is equivalent to a direct summand of the right regular representation

of G on L2(G).

Observe that the Weyl group WK acts on the set of regular weights of G.

The discrete series representations of G correspond bijectively to the orbits

of WK in the set of regular elements in P (Φ). Furthermore, the bijection

is canonical. Let ωΛ be the class of representations associated to a regular

element Λ ∈ P (Φ). The elements of ωΛ have infinitesimal character χΛ (see

[3] II. 5.1).

We note that Λ = λ + ρ for some λ ∈ X∗(T ) = Hom(T,C×), and where

ρ is the half sum of positive roots of g with respect to t. Suppose that F

is a finite-dimensional representation of G with highest weight λ, then the

infinitesimal character of F is χΛ. The following is a well known fact:
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Theorem 3.1.6 (II.5.3 [3]). Let (π, V ) ∈ ωΛ. Let H be the underlying

(g0, K)−module of K−finite vectors in V. Let (σ, F ) be a finite-dimensional

irreducible representation of G.

Then,

1. If the highest weight of (σ, F ) is not Λ−ρ, then dimH i(g0, k0;H⊗F ∗) =

0, for all i.

2. If the highest weight of (σ, F ) is Λ−ρ, then dimH i(g0, k0;H⊗F ∗) = δi,q

where q = (dimG/K)/2.

Thus ωΛ is the set of discrete series representations of G having the same

infinitesimal character. The theorem above states that the discrete series

representations in ωΛ are cohomological with respect to the finite-dimensional

representation with highest weight λ, where Λ = λ+ ρ.

Another important class of representations of a real reductive group is a

slightly larger class which is the class of tempered representations. Tempered

representations are almost discrete series in the following sense:

Definition 3.1.7. A representation (π, V ) of G is called ‘tempered’ if the

K-finite matrix coefficients of the representation π are in L2+ε for all ε > 0.

Tempered representations play an important role in the Langlands classi-

fication of irreducible admissible representations of a group G. The tempered

representations are the building blocks for representations ofG. To elaborate,

every irreducible admissible representation G can be obtained via parabolic

induction. Further, the representation which we use on the Levi subgroup

of the parabolic is tempered. So in some sense, if we know all the tempered

representations, we know all the representations of the group G.
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3.2 Langlands Dual and Functoriality

In this section we give a brief introduction to the theory put forth by Lang-

lands and what we mean by functoriality. The main references for this section

are [2], [6], [7], [18].

Langlands theory is like a bridge connecting Galois representations and

representations of algebraic groups over the adeles. The connecting objects

being the L-functions, which are analytic objects. There are two parts to

the program. One is the global theory and the other is the local theory.

Though these are mostly conjectures in the global setting some of the local

conjectures have been proved. Langlands himself proved the local conjectures

when the field is real or complex numbers. To state the conjectures precisely

we need to introduce some jargon. We concern ourselves with the local case

with the base field being real or complex numbers. For details see [2], [6],

[7], [8] and [18].

3.2.1 Weil Group

The first ingredient is the so called Weil group, WF , which depends on the

base field. We assume F = R or C. The Weil group of R is defined as the

non-split extension of C× by Z/2Z = Gal(C/R), i.e., we have a short exact

sequence

0 −→ C× −→ WR −→ Z/2Z −→ 0

which does not split. The Weil group can also be described as follows. WR =

C t jC where j acts on C as jzj−1 = z̄ and j2 = −1. This group will play

an important role in the Langlands correspondence, on the Galois side of the

correspondence. The Weil group of C, WC, is just C×.

The Weil group can be defined for other local fields as well. The Weil-

Deligne group may also be considered at times [2] and [18].
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We will be interested in finite-dimensional representations of the Weil

group, that are also “admissible homomorphisms". But before defining ad-

missible homomorphisms. We first define the L-group or the Langlands dual

group of a group G.

3.2.2 Langlands dual group

Let G be a connected reductive real group. Let T be a maximal torus of

G. Let X∗(T ) be the set of characters of T , i.e., X∗(T ) = Hom(T,C×) and

X∗(T ) be the set of co-characters of T , i.e., X∗(T ) = Hom(C×, T ). Let Φ be

a set of roots and Φ∧ be the set of co-roots. Given a group G and a torus

T , we associate the quadruple Ψ(G, T ) = (X∗(T ),Φ, X∗(T ),Φ∧) to the pair

G, T . This association gives us a bijection between the isomorphism classes

of connected reductive groups over C and the set of quadruples satisfying

the axioms of the root datum modulo the choice of the torus. Further, this

bijection is canonical. On the set of root datum there is an involution given

by

Ψ(G, T ) = (X∗(T ),Φ, X∗(T ),Φ∧) 7→ (X∗(T ),Φ∧, X∗(T ),Φ).

Given G and T as above associate the root datum, Ψ(G, T ), as above.

Applying the involution to ψ(G, T ) obtain Ψ′ = (X∗(T ),Φ∧, X∗(T ),Φ). Such

a Ψ′ will be the root datum of a connected complex reductive group. This

group will be denoted by LG◦ (see [2]). We give some examples in the table

below.

The Langlands dual group is defined as the semi-direct product of LG◦

with Z/2Z = Gal(C/R). The cases that are considered here will almost

always have the trivial action of the Galois group. The only case where we

have a non-trivial action is when G = U(p, q). We will elaborate the semi-

direct product for U(p, q) while we do some explicit computations in the next

chapter. For a general definition, the reader is referred to [18].
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G LG◦

GL(n,R) GL(n,C)

Sp(2n,R) SO(2n+ 1,C)

Sp(p, q), p+ q = n SO(2n+ 1,C)

GSp(2n,R) GSp(2n,C)

SO(p, q), p+ q = 2n+ 1 Sp(2n,C)

SO(p, q), p+ q = 2n SO(2n,C)

SO∗(2n) SO(2n,C)

U(p, q), p+ q = n GL(n,C)

Along with the above data for a group G, we also fix a base ∆ for the root

system of G with respect to T . Fixing a base is the same as fixing a Borel

subgroup of G. Once we have done this, we call the parabolic subgroups

containing this Borel subgroup as relevant.

3.2.3 Local Langlands Correspondence

We can now define the set of admissible homomorphisms. An admissible

homomorphism α, is a homomorphism fromWF to the Langlands dual group
LG of G. Let ΓF denote the Galois group of F̄ over F (recall that our F is

R or C).

Definition 3.2.1. Let α : WF → LG be a homomorphism with the following

properties:

1. α is a homomorphism over ΓF , i.e.,

WF
α //

!!

LG

~~

ΓF

commutes.
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2. α is continuous and maps semi-simple elements to semi-simple ele-

ments.

3. The image of α is contained in a relevant parabolic subgroup of LG.

An α which satisfies these conditions is called an admissible homomorphism.

Call α1 and α2 equivalent if they differ by an inner automorphism by

an element of LG◦. We will denote the equivalence classes of admissible

homomorphisms associated to a group G by Φ(G).

The other side of the Langlands correspondence is the set of equivalence

classes of irreducible admissible representations of the group G. This will

be denoted by Π(G). Langlands conjectured and proved that there exists

a finite fibered surjective map from Π(G) to Φ(G) such that the following

properties are satisfied. Denote by Πα the finite non-empty subset of Π(G)

associated to α. These finite subsets of Π(G) will be called L-packets (see

[2] and [18]).

1. Let α and β be two admissible homomorphisms in Φ(G). Then Πα and

Πβ are disjoint subsets of Π(G).

2. Representations in Πα share the same central character.

3. If α and β differ by an element of H1(WF , Z
∧), i.e., α = φβ for some

φ ∈ H1(WF , Z
∧), then Πα = {πφ ⊗ π : π ∈ Πβ}.

4. Suppose η : H → G has abelian kernel and co-kernel, α ∈ Φ(G) and

β = ηα. Then the pull back of any π ∈ Πα to H is a direct sum of

finitely many irreducible elements of Πβ.

5. Let α ∈ Π(G). If one element π ∈ Πα is square-integrable modulo the

center of G then all the elements of Πα are. Furthermore, this happens

only if the image of WF under α in LG◦ is not contained in any proper

parabolic subgroup of LG◦.
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6. If one element of Πα is tempered then all the elements are. This hap-

pens if and only if the image of WF in LG◦ is relatively compact in
LG◦.

The α ∈ Φ(G) corresponding to a representation (or an L-packet) π (or

Πα) is called the Langlands parameter of π.

Suppose that G is a real (or complex) group such that G has discrete

series representations then the above properties imply that all the discrete

series representations having the same infinitesimal character lie in the same

L-packet [18]. The above correspondence is more commonly known as the

‘Local Langlands Correspondence’.

Suppose that there is a L-map (L-homomorphism) η : LG → LH, Lang-

lands conjectured that given a representation, π, of G one should be able

to lift π to a representation of H. Langlands conjectured this in the set-

ting of an adèlic group but proved the local result for the base fields R and

C. This method of lifting representations given a map between the corre-

sponding L-groups is known as Langlands Functoriality. We will be consid-

ering a special case when the L-map is an inclusion. For example, suppose

G = Sp(2n,R). From Table ??, we know that the connected component

of the Langlands dual group for G is LG◦ = SO(2n + 1,C). We can then

consider the inclusion map SO(2n+ 1) ↪→ GL(2n+ 1,C) = LGL(2n+ 1,R)◦.

Thus, composing a Langlands parameter with this inclusion we obtain an

element of Φ(GL(2n + 1,R)). This will correspond to an L-packet for the

group GL(2n + 1,R). The following diagram should help in visualizing this

phenomenon:

Π(Sp(2n,R)) ι //

��

Π(GL(2n+ 1,R))

��

Φ(Sp(2n,R)) i // Φ(GL(2n+ 1,R))

where the vertical arrows are surjective and are given by the Local Langlands
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Correspondence, the bottom right arrow is induced from the inclusion

i : SO(2n + 1,C) → GL(2n + 1,C) and the top arrow is such that the

diagram commutes. Note that the top arrow is not exactly a map or a

function. This just gives us a association between L-packets of the two groups

in consideration. We will call the L-packet obtained in this way a transfer

of the representation which we started with. Note that the L-packets for

GL(n,R) or GL(n,C) are singletons.

Since we plan to transfer representations of classical groups to GL(n), it

will be fruitful to discuss the case of G = GL(n,R) and G = GL(n,C) in

some detail.

3.2.4 Local Langlands correspondence for GL(n,R)

In this section, we list the irreducible admissible representations of GL(n,R).

Further, the representations of WR will be constructed and a bijection be-

tween the admissible homomorphisms of WR and the irreducible admissible

representations of GL(n,R) will be made explicit (see [16]).

We know that LG◦ for G = GL(n,R) is GL(n,C). Thus we want admis-

sible homomorphisms from WR to GL(n,C).

To begin with, let us compute all the one dimensional representations of

WR. Recall that WR = C⊔ jC, the action of j on C is given by complex-

conjugation and j2 = −1. Now, any homomorphism φ from C× to itself has

the following form:

φ : z 7→ zµz̄ν ,

where the difference µ−ν should be an integer. This is forced because on the

circle of unit one in C× the continuous homomorphisms are given by integers.

Suppose that the image of j in C× is w. We have

φ(z) = φ(jz̄j−1) = wφ(z̄)w−1 = φ(z̄).
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This forces µ = ν. We also have

w2 = φ(j2) = φ(−1) = 1.

Thus, w = ±1. Hence, any one-dimensional representation of WR is parame-

terized by a complex number and a sign. Thus we have:

(µ,+) : φ(z) = |z|µ φ(j) = 1;

(µ,−) : φ(z) = |z|µ φ(j) = −1.

Now, we classify the irreducible two-dimensional representations of WR.

Let (φ, V ) be a two-dimensional irreducible representation of WR. Choose a

basis v, u ∈ V such that the image of C× contains 2× 2 matrices which are

diagonal. Suppose that

φ(z) =

zµz̄ν 0

0 zαz̄β

 .
Note that, since we started with an irreducible representation of WR either

µ 6= α or ν 6= β. This is forced: Else any invariant one-dimensional subspace

of V which is invariant under φ(j) will be a sub-representation of WR. The

image of j is not diagonal and put φ(j) · v = u. Hence v and u are linearly

independent. Further,

φ(z) · u = φ(jz̄j−1) · u = φ(j)φ(z̄) · v = zµz̄ν · u.

A straightforward computation shows that µ = β and ν = α. Since we have

φ(j)−1 = (−1)µ−νφ(j) on the span of u and v, can write the representation
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φ as,

φ(z) · v = zµz̄ν · v, φ(j) · v = u

φ(z) · u = zν z̄µ · v, φ(j) · u = (−1)µ−νv.

Thus, any two-dimensional irreducible representation of WR is given by 2

complex numbers such that the difference is a positive integer, or equivalently

a pair (l, t) such that l ∈ Z+ and t is a complex number. The dictionary to go

from one parameterization to another is l = µ− ν and 2t = µ+ ν. In terms

of the latter parameterization, the two-dimensional representation looks like:

φ(reiθ) · v = r2teilθ · v, φ(j) · v = u

φ(reiθ) · u = r2te−ilθ · v, φ(j) · u = (−1)lv.

Lemma 3.2.2. (see [16]) Every finite-dimensional semi-simple representa-

tion of WR can be written as a sum of one and two-dimensional representa-

tions of WR.

Proof. For details, see [16].

Since LGL(n,R)◦ = GL(n,C), the complex n-dimensional representations

ofWR is the same as the set Φ(GL(n,R)). Langlands also gave a characteriza-

tion of the set of all the irreducible admissible representations Π(GL(n,R)).

We will now describe this set and eventually give a bijection between Φ(G)

and Π(G) for G = GL(n,R).

Consider the following representations of GL(1,R) and GL(2,R). For

GL(1,R); t ∈ C:

(t,+) : 1⊗ | · |t

(t,−) : sgn⊗ | · |t
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For GL(2,R): Denote by Dl, the discrete series representation of GL(2,R)

with lowest non-negative K type being the character rθ 7→ e−i(l+1)θ, where

rθ =

cosθ −sinθ

sinθ cosθ

 and central character a 7→ sgn(a)l+1. Then for GL(2,R)

the representations which are relevant are parameterized by a positive integer

l and a complex number t:

(l, t) : Dl ⊗ |det(·)|t.

In either of the above cases, the | · | is the usual modulus on R.

Theorem 3.2.3. [16] Let G = GL(n,R). Let n = ∑
ni be a partition of n

such that each ni is either 1 or 2. Let D = Πr
i=1GL(ni) be the block diagonal

subgroup of G. Let σi be a representation of GL(ni) which is one of the above

types. Extend this representation of D to the block upper triangular matrices

B. Then, define I(σ1, . . . , σr) = IndGB(σ1 ⊗ · · · ⊗ σr), where B is the block

upper triangular subgroup of G. Then,

1. If n−1
1 Re(t1) ≥ n−1

2 Re(t2) ≥ · · · ≥ n−1
r Re(tr), then I(σ1, . . . , σr) has a

unique irreducible quotient and is denoted by J(σ1, . . . , σr).

2. The representations J(σ1, . . . , σr) exhaust irreducible admissible repre-

sentations up to infinitesimal equivalence.

3. Two such representations are equivalent if and only if they correspond

to the same partition and the representations σi are permuted.

Langlands essentially proved a much general result which says that such

a statement is true for any real reductive group with B’s and σi’s replaced

appropriately. See [28] for details.

Now, having listed all the admissible homomorphism for GL(n,R) and

all the irreducible admissible representations we will now give a bijection
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between the two sets. Note that any n-dimensional representation of WR

breaks up as a direct sum of one and two-dimensional representations. For

representations of GL(n,R), we induce from representations of GL(1,R) and

GL(2,R). The way we have listed the representations in both the cases make

the bijection obvious. The bijection is given by sending a representation of

GL(1,R) to one dimensional representations of WR, i.e. (t,±) 7→ (µ,±),

and as for the representation of GL(2,R), the same parameters used for

classifying these parameterize the two-dimensional representations of WR.

Thus, we have:

Theorem 3.2.4. [16] For G = GL(n,R), the association above is a well

defined bijection between the set of all equivalence classes of n-dimensional

semisimple complex representations of WR and the set of all equivalence

classes of irreducible admissible representations of GL(n,R).

We write down explicitly the parameters for the discrete series represen-

tations of GL(2,R) for further reference.

Parameters of discrete series for GL(2,R)

A discrete series representation of GL(2,R) is parameterized by a positive

integer l. We denote the corresponding representation by Dl. Consider the

representation Dl,t := Dl ⊗ | · |t of GL(2,R). The Langlands parameter of

Dl,t is given by a homomorphism φ(Dl,t) : WR → GL(2,C), which is

φ(Dl,t)(z) =

(zz̄)t( z
z̄
) l2 0

0 (zz̄)t( z
z̄
)− l

2

 , φ(Dl,t)(j) =

0 (−1)l

1 0

 .
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3.2.5 Local Langlands correspondence for GL(n,C)

We now give a similar analysis for GL(n,C). The story here is less compli-

cated. For GL(n,C) we always induce from the upper triangular matrices and

the building blocks are representations of GL(1,C). These representations

are of the form

z 7→ [z]l|z|tC, with l ∈ Z; t ∈ C,

where [z] = z
|z| and |z|C = |z|2. The Weil group in this case is WC = C×.

Analogous to Theorem 3.2.3, we have the following result for G = GL(n,C):

Theorem 3.2.5. [16] Let G = GL(n,C). Let σi’s be representations of

GL(1,C) of the above type. As before, define I(σ1, . . . , σn) = IndGB(σ1, . . . , σn).

1. Suppose that the parameters ti of σi are such that Re(t1) ≥ Re(t2) ≥

· · · ≥ Re(tn), then I(σ1, . . . , σn) has a unique irreducible quotient and

is denoted by J(σ1, . . . , σn).

2. The representations J(σ1, . . . , σn) exhaust all the irreducible admissible

representations of G, up to infinitesimal equivalence.

3. Two such representations are isomorphic if and only if the σi’s are

permuted.

This gives all the irreducible admissible representations of GL(n,C). The

Weil group of C is C× and any semisimple representation of WC is a sum

of one-dimensional representations. The one-dimensional representations of

WC are given by

z 7→ zµz̄ν

such that µ, ν ∈ C and the difference µ − ν ∈ Z. For the purpose here, it

will be more convenient to write these representations as

z 7→ [z]l|z|tC = zt+
l
2 z̄t−

l
2 .
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Writing the representations in this form makes the bijection clear and we

have:

Theorem 3.2.6. [16] For G = GL(n,C), the association above is a well

defined bijection between the set of all equivalence classes of n-dimensional

semisimple complex representations of WC and the set of all equivalence

classes of irreducible admissible representations of GL(n,C).

Apart from this, it will also be helpful to classify which of the above repre-

sentations are tempered and cohomological for both GL(n,R) and GL(n,C).

Recall that a Langlands parameter of a tempered representation has the

property that the image of the Weil group (WR or WC) in LG◦ is bounded.

See [18].

3.2.6 Tempered cohomological representations

of GL(n,R)

Let λ = (λ1, . . . , λn) be a dominant integral weight for GL(n,R); then λj ∈ Z;

λ1 ≥ · · · ≥ λn. Assume that λ is a pure weight, i.e., there exists an integer w,

called the purity weight of λ such that λi + λn−i+1 = w. Define an n-tuple of

integers ` = `(λ) = (`1, . . . , `n) by ` = 2λ+ 2ρn−w, where ρn is half the sum

of positive roots of GL(n,R). Then `i = 2λi + n− 2i+ 1− w for 1 ≤ i ≤ n.

Let’s note the parity condition:

`i ≡ n+ 1− w (mod 2). (3.1)

When n is even, let P be the standard parabolic subgroup of type (2, 2, . . . , 2).

Then define

Jλ = IndGL(n,R)
P (R) (D(`1)|det|w2 ⊗ · · · ⊗D(`n/2)|det|w2 ).
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We know that Jλ is irreducible, essentially tempered and cohomological with

respect to the finite-dimensional representation M v
λ [20]. When n is odd, we

let P be the standard parabolic subgroup of type (2, 2, . . . , 2, 1), and for any

sign character ε : R× → {±1}, define

J ελ = IndGL(n,R)
P (R) (D(`1)|det|w2 ⊗ · · · ⊗D(`(n−1)/2)|det|w2 ⊗ ε|det|w2 ).

We know that J ελ is irreducible, essentially tempered and cohomological with

respect to the finite-dimensional representation M v
λ. For a pure weight λ, if

π ∈ Coh(GL(n,R), λv) is essentially tempered, then π = Jλ if n is even, and

π = J ελ for some ε if n is odd.

Since we are only concerned with the tempered representations here we

make the following remark.

Remark 3.1. It’s easy to see that the representation Jλ (or J ελ) is tempered

if and only if the purity weight w = 0. When n is odd we do not have any

conditions on ε.

3.2.7 Tempered cohomological representations

of GL(n,C)

A dominant-integral weight for GL(n,C), as a real Lie group, is of the form

λ = ((λ1, . . . , λn), (λ∗1, . . . , λ∗n)) with λj, λ
∗
j ∈ Z, λ1 ≥ · · · ≥ λn, λ

∗
1 ≥ · · · ≥

λ∗n.We say λ is pure if there exists an integer w such that λi+λ∗n−i+1 = w. For

such a pure weight, define two strings of half-integers a = (a1, . . . , an) = λ+ρn
and b = (b1, . . . , bn) = w−λ− ρn. Now, define the representation Jλ induced

from the Borel subgroup B(C) of GL(n,C) as

Jλ = IndGL(n,C)
B(C) (za1 z̄b1 ⊗ · · · ⊗ zan z̄bn).
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We know that Jλ is irreducible, essentially tempered and cohomological with

respect to the finite-dimensional representation M v
λ [20]. For a pure weight

λ, if π ∈ Coh(GL(n,C), λv) is essentially tempered, then π = Jλ.

Remark 3.2. Jλ is tempered if and only if the purity weight w = 0.



Chapter 4

Transfer of tempered

representations

This chapter proves a result about the cohomological properties of repre-

sentations of GLn(R) or GL(n,C) which are obtained by transferring tem-

pered representations of classical groups. We will be considering the following

transfers:

G LG◦ Transferred to

Sp(2n,R) SO(2n+ 1) GL(2n+ 1,R)

Sp(p, q); p+ q = n SO(2n+ 1) GL(2n+ 1,R)

SO(p, q) : p+ q = 2n+ 1 Sp(2n) GL(2n,R)

SO(p, q); p+ q = 2n; p, q even SO(2n) GL(2n,R)

SO∗(2n) SO(2n) GL(2n,R)

U(p, q); p+ q = n GL(n,C) GL(n,C)

The question that we want to address is the following:

Let π be a tempered representation of one of the groups G in the above

table. Langlands functoriality gives us a representation ι(π) of an appro-

priate GL(N). Is ι(π) cohomological? If yes, with respect to which finite-

dimensional representation? We answer this question completely in this chap-

45
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ter.

4.1 Transfer of finite-dimensional representa-

tions

We will compute the transfer of finite-dimensional representations of a split

classical group G to the appropriate GL(N,R) or GL(N,C). We need some

preliminaries.

Let G be a connected reductive algebraic group over R with a split torus,

say T. Let X∗(T ) = Hom(T,Gm) and X∗(T ) = Hom(Gm, T ) be the group

of characters and co-characters, respectively. The root datum of G is given

by (X∗(T ),Φ, X∗(T ),Φ∧), where Φ is the set of roots of G with respect to

T , and Φ∧ the set of co-roots. The connected component of the Langlands

dual of G is the connected complex reductive group LG◦ whose root datum

is (X∗(T ),Φ∧, X∗(T ),Φ).

There is a natural non-degenerate bilinear pairing between X∗(T ) and

X∗(T ) given by 〈 , 〉 : X∗(T )×X∗(T )→ Z such that

φ ◦ ψ(z) = z〈φ,ψ〉, φ ∈ X∗(T ), ψ ∈ X∗(T ).

This gives an isomorphism X∗(T ) ∼= Hom(X∗(T ),Z). Tensoring by C× we

get

X∗(T )⊗ C× ∼= Hom(X∗(T ),Z)⊗ C× ∼= Hom(X∗(T ),C×),

where the last isomorphism is given by ξ⊗a 7→ aξ(), where aξ()(ψ) = aξ(ψ). Let
LT ◦ be a maximal torus of LG◦. The natural map LT ◦ → Hom(X∗(LT ◦),C×)

is an isomorphism. Thus we have

LT ◦ ∼= Hom(X∗(LT ◦),C×) = Hom(X∗(T ),C×) = X∗(T )⊗ C×. (4.1)
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Therefore, if χ ∈ X∗(T ) then χ ⊗ 1 ∈ LT ◦, giving us a way to identify the

weights of T with elements of the dual torus.

Given the natural inclusion ι : LG◦ → GLN(C), we may take the dual

torus LT ◦ to sit inside LD◦ the diagonal matrices in GLN(C), where D is the

diagonal torus in GLN(R) or GLN(C). We define a “transfer of weights" (by

a slight abuse of terminology), denoted as λ 7→ ι(λ), from X∗(T ) → X∗(D)

such that the diagram
LT ◦

ι // LD◦

X∗(T ) ι //

OO

X∗(D)

OO

commutes; the vertical arrows come from (4.1).

We will now compute the transfers of finite-dimensional representations

of G (from Table 4), to an appropriate GL(n,R) or GL(n,C). We know

that for a semi-simple group, the finite-dimensional representations of G are

classified by the highest weights of the corresponding Lie algebra g, which

are listed in Chapter 2. We recall them here.

1. For type Bn: A dominant integral weight is given by a string of n

integers, say (λ1, λ2, . . . , λn), such that λ1 ≥ λ2 · · · ≥ λn ≥ 0.

2. For type Cn: A dominant integral weight is given by a string of n

integers, say (λ1, λ2, . . . , λn), such that λ1 ≥ λ2 · · · ≥ λn ≥ 0.

3. For type Dn: A dominant integral weight is given by a string of n

integers, say (λ1, λ2, . . . , λn), such that λ1 ≥ λ2 · · · ≥ |λn|.

4. And lastly, for the groups U(p, q); p+ q = n: A highest weight is given

by a string of n integers λ = (λ1, . . . , λn) such that λ1 ≥ λ2 ≥ · · · ≥ λn.

We denote by Mλ the finite-dimensional representation of G with highest

weight λ and φ(Mλ) : WR → LG the corresponding Langlands parameter.

Note that such an Mλ is obtained as the Langlands quotient of the induced
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representation IndGB(⊗ni=1χλi | · |ρi), where ρi is the ith coefficient of ρ which is

the half sum of positive roots corresponding to the Borel B and χλi(x) = xλi .

4.1.1 Sp(2n,R) to GL(2n+ 1,R):

The parameter φ(Mλ) is given by: φ(Mλ)(z) = (zz̄)λ+ρ, i.e.,

φ(Mλ)(z) =



(zz̄)λ1+n

. . .

(zz̄)λn+1

1

(zz̄)−λn−1

. . .

(zz̄)−λ1−n



,

φ(Mλ)(j) = Diag((−1)λ1 , . . . , (−1)λn , 1, (−1)−λn , . . . , (−1)−λ1).

Thus the transfer of the finite-dimensional representation Mλ to

GL(2n+ 1,R), is the unique irreducible quotient of

Ind
GL(2n+1,R)
B(R) (⊗ni=1χλi | · |ρi ⊗ 1⊗2n+1

i=n+1 χ−λ2n+1−i | · |ρi).

This representation is the finite-dimensional representation ι(Mλ) = Mλ′ , of

GL(2n+ 1,R) with highest weight, λ′ = (λ1, . . . , λn, 0,−λn, . . . ,−λ1).

Hence we have the following proposition:

Proposition 4.1.1. For G = Sp(2n,R), the transfer of a finite dimensional

representation, Mλ, of G to GL(2n + 1,R) is the finite dimensional repre-

sentation Mλ′ where λ′ = ι(λ) = (λ1, . . . , λn, 0,−λn, . . . ,−λ1)..
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4.1.2 From SO(n+ 1, n) to GL(2n,R):

We have LG◦ = Sp(2n,C), for G = SO(n + 1, n). The Langlands parameter

φ(Mλ) is given by:

φ(Mλ)(z) = diag(a1, . . . , an, a
−1
n , . . . , a−1

1 ), where ai = (zz̄)λi+n−
2i−1

2 , and

φ(Mλ)(j) = diag((−1)λ1 , . . . , (−1)λn , (−1)λn , . . . , (−1)λ1).

The resulting representation of GL(2n,R) is the unique irreducible quotient

of

IndGL(2n,R)
B2n(R) (χλ1 | · |

2n−1
2 ⊗ · · · ⊗ χλ1| · |

1
2 ⊗ χ−λn| · |−

1
2 ⊗ · · · ⊗ χ−λ1| · |−

2n−1
2 )),

which one knows to be the finite-dimensional representation of GL(2n,R)

with highest weight ι(λ) = (λ1, . . . , λn,−λn, . . . ,−λ1). We have:

Proposition 4.1.2. For G = SO(n+ 1, n) the transfer of Mλ to GL(2n,R)

is the finite-dimensional representation Mι(λ) with highest weight ι(λ) =

(λ1, . . . , λn,−λn, . . . ,−λ1).

4.1.3 SO(n, n) to GL(2n,R):

We have LG◦ = SO(2n,C). See [9]. The parameter for Mλ is:

φ(Mλ)(z) = diag(a1, . . . , an, a
−1
n , . . . , a−1

1 ), ai = (zz̄)λi+n−i, 1 ≤ i ≤ n,

φ(Mλ)(j) = diag((−1)λ1 , . . . , (−1)λn , (−1)λn , . . . , (−1)λ1).

The transfer of Mλ is the unique irreducible quotient of

IndGL(2n,R)
B2n (χλ1| · |n−1 ⊗ χλ2 | · |n−2 ⊗ · · · ⊗ χλn ⊗ χ−λn ⊗ · · · ⊗ χ−λ1 | · |1−n).
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This representation is the same as

ι(Mλ) = Mι(λ) ⊗ | · |−
1
2 ,

where the Mι(λ) is the finite-dimensional representation of GL(2n,R) with

highest weight ι(λ) = (λ1, . . . , λn,−λn, . . . ,−λ1).

For λ = (λ1, . . . , λn−1, λn), define λ# = (λ1, . . . , λn−1,−λn). The Lang-

lands parameters for Mλ and Mλ# are not conjugates by an inner automor-

phism of LG◦ but they are conjugate by an element of GL(2n,C). Thus Mλ

and Mλ# are transferred to the same representation of GL(2n,R). Thus we

have:

Proposition 4.1.3. For G = SO(n, n) the transfer of Mλ is Mι(λ) ⊗ | · |−
1
2 ,

whereMι(λ) is the finite-dimensional representation of GL(2n,R) with highest

weight ι(λ) = (λ1, . . . , λn−1, |λn|,−|λn|,−λn−1, . . . ,−λ1).

4.1.4 Unitary groups to GL(n,C):

Similar to the case of even orthogonal groups, we need to subdivide into two

cases depending on the parity of n. Recall that a dominant integral weight

of GL(n,C) is given by λ = ((λ1, . . . , λn), (λ∗1, . . . , λ∗n)) with λi, λ∗i ∈ Z and

λi ≥ λi+1, λ
∗
i ≥ λ∗i+1.

n even.

In this case we transfer from the unitary group U(n2 ,
n
2 ). The Langlands

dual group is GL(n,C) o Z/2Z and LG◦ = GL(n,C). The absolute rank of

U(n2 ,
n
2 ) is n. LetMλ be the finite-dimensional representation of U(n2 ,

n
2 ) with

highest weight λ = (λ1, . . . , λn). Let p = n
2 . The restriction of the Langlands
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parameter φ(Mλ) to C× is given by

φ(Mλ)(z) = diag(a1, . . . , ap, ā
−1
p , . . . , ā−1

1 ),

where, for 1 ≤ i ≤ p, we have

ai = zλi+ρi z̄−λn−i+1−ρn−i+1 .

We will transfer representations of U(n2 ,
n
2 ) to representations of GL(n,C)

using stable base change (see [13]). The dual for U(n2 ,
n
2 ) as noted above

is GL(n,C) o Z/2Z, where the action of j, the non-trivial element of

Z/2Z, is given by g 7→ Φn
tg−1Φ−1

n where (Φn)ij = (−1)i−1δi,n−j+1. Now,
LRC\RGLn = GL(n,C) × GL(n,C) o Z/2Z, where the semidirect product

acts by interchanging the two copies of GL(n,C). Define the map BC as:

BC : LU(n2 ,
n

2 ) ↪→ LRC\RGLn(C), (g, 1) 7→ (g, θ(g), 1), (g, θ) 7→ (g, θ(g), θ).

Note that RC\RGLn(C) = GL(n,C) × GL(n,C). Hence the parameter ob-

tained by stable base change gives us a representation of GL(n,C)×GL(n,C).

Such a transferred representation of GL(n,C)×GL(n,C) determines a repre-

sentation of GL(n,C) with the Langlands parameter obtained by projecting

on the first component. Similarly, a representation π of GL(n,C), with Lang-

lands parameter Φ(π), determines a representation of GL(n,C) × GL(n,C)

with parameter (Φ(π), θ(Φ(π))). This gives us a way to go back and forth

between representations of GL(n,C) and GL(n,C)×GL(n,C), hence trans-

ferring a representation of U(n2 ,
n
2 ) to GL(n,C).

Thus the representation of GL(n,C) obtained by stable base-change of

the finite-dimensional representation Mλ has inducing data

zλ1+n−1
2 z̄−λn+n−1

2 ⊗· · ·⊗zλp+ 1
2 z̄−λp+1+ 1

2⊗zλp+1− 1
2 z̄−λp−

1
2⊗· · ·⊗zλn−

n−1
2 z̄−λ1−n−1

2 .
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The transferred representation of GL(n,C) is the finite-dimensional represen-

tation with highest weight ι(λ) = ((λ1, . . . , λn), (−λn, . . . ,−λ1)) which has

purity weight 0. A low-dimensional example might help the reader to see the

finer details:

Example 4.1.4. Consider G = U(2, 2). Take a dominant integral weight

λ = (λ1, . . . , λ4) and recall that λ1 ≥ λ2 ≥ λ3 ≥ λ4. The torus of U(2, 2) has

the form T = {diag(a1, a2, ā
−1
2 , ā−1

1 ) : ai ∈ C×}. The Langlands parameter

for Mλ on C× is



zλ1+ 3
2 z̄−λ4+ 3

2

zλ2+ 1
2 z̄−λ3+ 1

2

zλ3− 1
2 z̄−(λ2+ 1

2 )

zλ4− 3
2 z̄−(λ1+ 3

2 )


.

This is the parameter for the finite-dimensional representation of GL(4,C)

with highest weight ι(λ) = ((λ1, . . . , λ4), (−λ4, . . . ,−λ1)).

n odd.

In this case we transfer from the unitary group U(n+1
2 , n−1

2 ). The Lang-

lands dual group is GL(n,C) o Z/2Z and LG◦ = GL(n,C). Let Mλ be

the finite-dimensional representation of U(n+1
2 , n−1

2 ) with highest weight

λ = (λ1, . . . , λn). We will use stable base change as in the previous case

to obtain a representation of GL(n,C). For convenience let p = n+1
2 and

q = n−1
2 . Observe that p = q + 1. Then the Langlands parameter φ(Mλ) is

given by:

φ(Mλ)(z) = diag(a1, . . . , aq, ap, ā
−1
q , . . . , ā−1

1 ),

where

ai = zλi+ρi z̄−λn−i+1−ρn−i+1 .
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Thus we observe that the transferred representation has inducing data:

zλ1+n−1
2 z̄−λn+n−1

2 ⊗ · · · ⊗ zλq+1z̄−λn−q+1+1 ⊗ zλp z̄−λp ⊗ zλn−q+1−1z̄−λq−1

⊗ · · · ⊗ zλn−
n−1

2 z̄−λ1−n−1
2 ,

and, as we had seen this earlier, the transferred representation is finite-

dimensional with highest weight ι(λ) = ((λ1, . . . , λn), (λ∗1, . . . , λ∗n)) which has

purity 0.

Example 4.1.5. Consider G = U(3, 2). Mλ be the finite dimensional repre-

sentation of G with highest weight λ = λ1 ≥ · · · ≥ λ5.

The Langlands parameter of Mλ on C× is given by:

z 7→ diag(a1, a2, a3, a4, a5)

where

a1 = |z|λ1+λ5( z
|z|)

λ1−λ5+4

a2 = |z|λ2+λ4( z
|z|)

λ2−λ4+2

a3 = ( z
z̄
)4λ3

a4 = |z|λ2+λ4( z
|z|)
−(λ2−λ4+2)

a5 = |z|λ1+λ5( z
|z|)
−(λ1−λ5+4)

4.2 Transfer of Discrete Series representa-

tions

The discrete series representations with infinitesimal character χΛ have non-

zero (g, k)-cohomology with respect to the finite dimensional representation
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with highest weight Λ− ρ. This section is devoted to calculating the trans-

fers of the discrete series representations to appropriate GL(N) (as in Table

4) and checking whether the transferred representations are cohomological

or not, and if they are cohomological then with respect to which finite-

dimensional representation.

4.2.1 Sp(p, q) to GL(2n+ 1,R):

Let G = Sp(p, q); p+ q = n; p ≥ q. The split rank of Sp(p, q) is q.

ρ = ne1 + (n− 1)e2 + · · ·+ en.

Let λ = (λ1, λ2, . . . , λn) ∈ X∗(T ). Let the discrete series representation of

Sp(p, q) corresponding to λ+ ρ be denoted by πλ.

We observe that Sp(p, q) are all in the same inner class along with

Sp(2n,R). Hence they have the same Langlands dual group. Recall that
LG◦ is SO(2n+ 1). The Langlands parameter φ(πλ) is given by:

φ(πλ)(z) = Diag(a1, . . . , an, 1, a−1
n , . . . , a−1

1 ),

where,

ai = (z
z̄

)λi+n−i+1.

Also,

φ(πλ)(j) = AntiDiag((−1)2(n+λ1), . . . , (−1)2(1+λn), 1, . . . , 1) = Antidiag(1).

Similar to the calculations in section 4, this gives us a representation of
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GL(2n+ 1,R). The inducing data for this representation is

D2(n+λ1) ⊗D2((n−1)+λ2) ⊗ · · · ⊗D2(1+λn) ⊗ 1,

which can be read off from the parameter itself.

This representation of GL(2n+1,R) is tempered as well as cohomological.

See Section 3.2.6). Furthermore, the representation is cohomological with

respect to

µ = (2(λ1 + n), . . . , 2(λn + 1), 0,−2(λn + 1), . . . ,−2(λ1 + n))
2 − ρ2n+1

= (λ1, . . . , λn, 0,−λn, . . . , λ1)

= λ′.

Hence, we have the following proposition:

Proposition 4.2.1. Suppose πλ is a discrete series representation of Sp(p, q).

Then

πλ ∈ Coh(Sp(p, q), λv) and ι(πλ) ∈ Coh(GL(2n+ 1,R), ι(λ)v).

4.2.2 Odd SO(p, q); p+ q = 2n+ 1 to GL(2n,R):

Since p + q is odd, all the groups SO(p, q) are inner forms of each other.

Hence they have the same Langlands dual group and LG◦ = Sp(2n,C).

ρ = (n− 1
2)e1 + (n− 3

2)e2 + · · ·+ 1
2en.

Let πλ be a discrete series representation of G. Then, the Langlands

parameter φ(πλ) of this representation is given by:
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φ(πλ)(z) = Diag(a1, . . . , an, a
−1
n , . . . , a−1

1 ), where ai = (z
z̄

)λi+
2n+1−2i

2 and

φ(πλ)(j) = AntiDiag((−1)2(λ1+n− 1
2 ), . . . , (−1)2(λn+ 1

2 ), 1, . . . , 1).

Thus the transferred representation of GL(2n,R), of a discrete series repre-

sentation has inducing data,

D2(λ1+(n− 1
2 )) ⊗D2(λ2+(n− 3

2 )) ⊗ · · · ⊗D2(λn+ 1
2 ).

This representation of GL(2n,R) is tempered and cohomological. It

is a straightforward calculation as in the previous case to compute the

finite-dimensional representation with respect to which ι(πλ) is cohomo-

logical. The finite-dimensional representation is of highest weight λ′ =

(λ1, . . . , λn,−λn, . . . ,−λ1).

Thus we have the following proposition:

Proposition 4.2.2. Suppose πλ is a discrete series representation of SO(p, q).

Then

πλ ∈ Coh(SO(p, q), λv) and ι(πλ) ∈ Coh(GL(2n,R), ι(λ)v).

4.2.3 Even SO(p, q); p+ q = 2n to GL(2n,R):

There are two inner classes for the even orthogonal groups, which are as

follows:

• SO(p, q) such that p and q are both even, and SO∗(2n).

• SO(p, q) such that p and q are both odd.

We observe that SO(p, q) has a discrete series if and only if the group is

in the first inner class. So henceforth we assume that p and q are even or
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G = SO∗(2n).

ρ = (n− 1)e1 + (n− 2)e2 + · · ·+ 1en−1.

Now there are two cases to be considered here:

• n is even.

• n is odd.

When n is even the inner class having discrete series representation con-

tains SO(n, n), where, as when n is odd, the class contains SO(n+ 1, n− 1).

The Langlands dual groups are SO(2n,C) and O(2n,C) respectively. For

simplicity, we will denote any group from the inner class of SO(n, n) as SO2n

and any group from the inner class of SO(n+ 1, n− 1) as SO′2n.

Let πλ be a discrete series representation of SO2n or SO′2n. Then, the

Langlands parameter φ(πλ) of this representation is given by:

φ(πλ)(z) = Diag(a1, . . . , an, a
−1
n , . . . , a−1

1 ) where ai = (z
z̄

)λi+n−i and

φ(πλ)(j) = AntiDiag((−1)2(λ1+n−1), . . . , (−1)2λn , 1, . . . , 1).

The transferred representation, ι(πλ), of GL(2n,R), of the discrete series

representation has inducing data,

D2(λ1+n−1) ⊗ · · · ⊗D2λn .

We note that ι(πλ) ⊗ | · |
1
2 is cohomological with respect to the finite

dimensional representation Mλ′ , where λ′ = (λ1, . . . , λn,−λn, . . . ,−λ1).

Thus we have the following proposition:

Proposition 4.2.3. Suppose πλ is a discrete series representation of
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G = SO2n or G = SO′2n. Then

πλ ∈ Coh(G, λv) and ι(πλ ⊗ | · |
1
2 ) ∈ Coh(GL(2n,R), ι(λ)v).

4.2.4 U(p, q); p+ q = n to GL(n,C):

Let p ≥ q. All the groups U(p, q) are inner forms of each other. Thus they

have the same Langlands dual group which is GL(n,C) o Z/2Z, where the

action of j, the non-trivial element of Z/2Z, is given by g 7→ Φn
tg−1Φ−1

n .

Here, ρ = (n−1
2 )e1 + (n−3

2 )e2 + · · · + (−n−1
2 )en. Let πλ be a discrete series

representation of U(p, q). Then, the Langlands parameter φ(πλ) is given by:

φ(πλ)(z) = diag(a1, . . . , an), ai = (z/z̄)λi+
n−2i+1

2 .

The representation of GL(n,C) obtained by transferring πλ via stable base

change is:

IndGL(n,C)
Bn(C)

(
( z
z̄
)a1 ⊗ · · · ⊗ ( z

z̄
)an
)
,

where ai = λi + (n − 2i + 1)/2. From Sect. 3.2.7, this representation of

GL(n,C) is tempered, and cohomological with respect to the dual of the

finite-dimensional representation with highest weight given by (λ, λv) :=

((λ1, . . . , λn), (−λn, . . . ,−λ1)) which is exactly ι(λ), the weight of the finite-

dimensional representation transferred from U(n2 ,
n
2 ) or U(n+1

2 , n−1
2 ), as might

be the case.

Let’s note that the weight ι(λ) does not give a self-dual coefficient system

as in the cases of transfers from the other classical groups we have dealt with,

however, as one might expect for stable base change from unitary groups, it

gives a conjugate-self-dual representation. For λ = (λ1, . . . , λn) with λ1 ≥

· · · ≥ λn, suppose Mλ denotes the irreducible representation of the complex
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(algebraic) group GL(n,C) then we have

Mι(λ) = Mλ ⊗Mλv = Mλ ⊗M v
λ,

which is now an algebraic representation of the real group GL(n,C). Clearly,

M v
ι(λ) = M v

λ ⊗ Mλ = Mλv ⊗ Mλ. Hence, M v
ι(λ) is the representation corre-

sponding to the weight (λv, λ). Therefore, for the identity M v
ι(λ) = Mι(λ)v to

hold, if we define:

ι(λ)v = (λ, λv)v := (λv, λ).

then we have:

Proposition 4.2.4. Suppose πλ is a discrete series representation of U(p, q).

Then

πλ ∈ Coh(U(p, q), λv) and ι(πλ) ∈ Coh(GL(n,C), ι(λ)v),

where, ι(λ) = ((λ1, . . . , λn), (−λn, . . . ,−λ1)) = (λ, λv).

4.2.5 The main results:

We summarize the results of all the above into the following theorem:

Theorem 4.2.5. 1. Let λ = (λ1, . . . , λn) be a dominant integral weight

for Sp(2n,R). Then, as representations of GL(2n+ 1,R), we have:

ι(Mλ) = Mι(λ), ι(λ) = (λ1, . . . , λn, 0,−λn, . . . ,−λ1) = ι(λ)v.

Let G be in the inner class of Sp(2n,R), and if πλ is a discrete series

representation of G in Coh(G, λv), then

ι(πλ) ∈ Coh(GL(2n+ 1,R), ι(λ)v).
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2. Let λ = (λ1, . . . , λn) be a dominant integral weight of SO(n + 1, n).

Then, as representations of GL(2n,R), we have:

ι(Mλ) = Mι(λ), ι(λ) = (λ1, . . . , λn,−λn, . . . ,−λ1) = ι(λ)v.

Let G be in the inner class of SO(n+1, n), and if πλ is a discrete series

representation of G in Coh(G, λv), then

ι(πλ) ∈ Coh(GL(2n,R), ι(λ)v).

3. Let λ = (λ1, . . . , λn) be a dominant integral weight of G = SO(n, n).

Then, as representations of GL(2n,R) we have:

ι(Mλ) = Mι(λ)⊗|·|−
1
2 , ι(λ) = (λ1, . . . , λn−1, |λn|,−|λn|,−λn−1, . . . ,−λ1).

If G = SO2n or SO′2n, and πλ is a discrete series representation of G

in Coh(G, λ), then

ι(πλ)⊗ | · |
1
2 ∈ Coh(GL(2n,R), ι(λ)v),

which may also be written as

ι(πλ) ∈ Coh(GL(2n,R), ι(Mλ)v).

4. Let λ = (λ1, . . . , λn) be a dominant integral weight for U(n2 ,
n
2 ) or

U(n+1
2 , n−1

2 ). Then, as representations of GL(n,C), we have:

ι(Mλ) = Mι(λ), ι(λ) = ((λ1, . . . , λn), (−λn, . . . ,−λ1)).
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Let G be in the inner class of U(n2 ,
n
2 ) or U(n+1

2 , n−1
2 ) depending on

the parity of n, and if πλ is a discrete series representation of G in

Coh(G, λv), then

ι(πλ) ∈ Coh(GL(n,C), ι(λ)v).

5. For any of the above groups in (1) − (4), the transfer of a tempered

representation π is cohomological if and only if π is a discrete series

representation of G.

We have answered one of the two questions that were posed in the intro-

duction. In the next chapter, we will address the second question that we

had posed namely:

If we start with a cohomological representation of G, then does it transfer

to a cohomological representation of GL(n)?

We will assume in the next chapter that G = Sp(4,R).
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Chapter 5

Transfer from Sp(4,R) to

GL(5,R)

In the previous chapter, we used Langlands functoriality to transfer a

tempered representation of a classical group G to an appropriate GL(N)

and studied the cohomological properties of these representations. Vogan-

Zuckerman in 1984 classified the unitary cohomological dual of a semi-simple

group G (see [27]). In this chapter, we ask the following question: “Let π be

an irreducible unitary cohomological representation of G = Sp(4,R) which is

cohomological with respect to constant coefficients; denote by ι(π) the repre-

sentation of GL(5,R) obtained by transferring π; is ι(π) cohomological?" If

so, with respect to which finite-dimensional representation of GL(5,R)?

5.1 Vogan-Zuckerman Classification

5.1.1 Parameters and the Classification

We will briefly recall the Vogan-Zuckerman classification for unitary coho-

mological representations. The parameterization for the irreducible unitary

cohomological representations is not the same one as used by Langlands but

63
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we do have a way to obtain the corresponding data in terms of Langlands

classification. Let G be a connected real semi-simple Lie group with finite

center. Let g0 be the Lie algebra of G and g be the complexification of g0.

Let K ⊆ G be a maximal compact subgroup of G and θ the corresponding

Cartan involution of G. Then, we have the Cartan decomposition

g = k + p,

where k is the +1 eigenspace of θ and p the −1 eigenspace.

For any irreducible unitary representation (π, V ), the Harish-Chandra

module, V ∞K , associated with it is the space of all smooth K-finite vectors in

V . Harish-Chandra in 1953 proved the following result:

Theorem 5.1.1. (Harish-Chandra, [11]) V ∞K is irreducible as a g module

and determines π up to unitary equivalence.

This reduces our study of irreducible unitary representations of G to

studying irreducible (g, K)-modules. Vogan-Zuckerman described precisely

these (g, K)-modules. We need two parameters: a θ- stable parabolic subal-

gebra q and an admissible homomorphism λ on the Levi of q.

We construct the θ-stable parabolic subalgebra as follows: Let x ∈ ik0.

Since K is compact, ad(x) : g → g is diagonalizable with real eigenvalues.

Then define,

q = sum of non-negative eigen-spaces of ad(x),

l = the zero eigen-space of ad(x) = centralizer of x. ,

u = sum of positive eigen-spaces.

Then q is a parabolic subalgebra of g and q = l + u is the Levi decompo-

sition of q. We also have l0 = g0 ∩ l. Since θ(x) = x, the subalgebras q, l, u
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are all invariant under the Cartan involution θ. The parabolic subalgebras

obtained in this way are called θ-stable parabolic subalgebras of g. This gives

us the first parameter of the two.

Let t0 ⊆ k0 be a Cartan subalgebra containing ix. Then t ⊆ l. For any

subspace f, which is stable under ad(t), let ∆(f, t) = {α1, . . . , αr} be the set

of roots of t occurring in f. Note that the set ∆(f, t) may have multiplicities.

Define

ρ(f) = 1
2

∑
αi∈∆(f)

αi.

Let L ⊆ G be the connected subgroup of G with Lie algebra l0. A represen-

tation λ : l→ C is called admissible if

• λ is a differential of a unitary character (also denoted by λ) of L.

• If α ∈ ∆(u), then 〈α, λ|t〉 ≥ 0.

A θ-stable parabolic subalgebra q along with an admissible character of l

gives us an irreducible unitary cohomological representation of G. Given q

and an admissible λ, define

µ(q, λ) = Representation of K of highest weight λ|t + 2ρ(u ∩ p).

We are now in a position to state the classification result.

Theorem 5.1.2 ([27] Theorem 5.3). Let q be a θ-stable parabolic subalge-

bra and let λ : l → C be an admissible character. Then there is a unique

irreducible g-module Aq(λ) such that:

1. The restriction of Aq(λ) to k contains µ(q, λ).

2. The center Z(g) of the universal enveloping algebra acts by χλ+ρ on

Aq(λ).
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3. If a representation of highest weight δ of k appears in the restriction of

Aq(λ), then

δ = λ|t + 2ρ(u ∩ p) +
∑

α∈∆(u∩p)
nαα,

with nα’s non-negative integers.

This classifies all the irreducible unitary cohomological representations of

the Lie group G. The representation Aq(λ) has non-trivial cohomology with

respect to the finite-dimensional representation of G with highest weight λ.

Remark 5.1. Aq(λ) is the discrete series representation if and only if l ⊆ k.

Further, Aq is a tempered representation if and only if [l, l] ⊆ k.

5.1.2 θ-stable subalgebras for Sp(2n,R)

We will now parameterize the θ-stable parabolic subalgebras of Sp(2n,R).

Let Sp(2n,R) = {A ∈ GL(2n,R) : tAJA = J}, where J =

 0 In

−In 0

 . Let
g0 be the corresponding Lie algebra. Let

h0 =





x1

0 . . .

xn

−x1
. . . 0

−xn



∣∣∣∣∣∣xi ∈ R

.

Let K = {

 A B

−B A

 : A,B ∈ GL(n,R), AtB = tBA,AtA + BtB = In} be

a maximal compact subgroup of Sp(2n,R) and WK be the Weyl group of K.

Any element of WK acts on an element of ih0 by permuting the entries xi.

We have the following result to aid us in listing all the θ-stable subalgebras
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of Sp(4,R).

Lemma 5.1.3. The following sets are in 1− 1 correspondence:

1. {open, polyhedral root cones in ih/WK }

2. {ordered partitions of n: n =
s∑
j=1

(nj + mj) + m with nj,mj,m, s ≥

0, nj +mj > 0}

Proof. Let x = (x1, . . . , xn) ∈ ih/WK . Since WK acts by permuting the

coordinates of x, we can assume that x1 ≥ x2 ≥ · · · ≥ xr > 0 > xr+1 ≥

xr+2 ≥ · · · ≥ xn. This can also be expressed as follows:

x = (s, . . . , s, s−1, . . . , s−1, . . . , 1, . . . , 1, 0, . . . , 0,−1, . . . ,−1, . . . ,−s, . . . ,−s),

where the number of j > 0 occurring in the above representation is nj, the

number of j < 0 occurring in the above representation is mj, and the number

of zeros is m, with n =
s∑
j=1

(nj +mj) +m with nj,mj,m, s ≥ 0, nj +mj > 0.

This gives us a bijection between the two sets above.

Let Q be the set of all θ-stable parabolic subalgebras of g. The group K

acts on the set Q via the adjoint action due to which we get a finite set of θ-

stable parabolic subalgebras Q/K. The following lemma gives us a bijection

between Q/K and open polyhedral root cones in ih/WK .

Lemma 5.1.4. Every x ∈ ih/WK defines a θ-stable parabolic subalgebra qx

by setting qx = lx + ux, where

lx = h⊕
⊕

α∈∆(g,h),α(x)=0
gα; ux =

⊕
α∈∆(g,h),α(x)>0

gα.

Two θ-stable parabolic subalgebras qx, qy are equal if and only if x and y are

in the same open polyhedral root cone.
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Conversely, up to conjugacy be K, any θ-stable parabolic subalgebra q is q =

qx for some x ∈ ih/WK.

Two θ-stable parabolic subalgebras, q1, q2 are said to be equivalent if

∆(u1 ∩ p) = ∆(u2 ∩ p), i.e. if the non-compact parts in the unipotent radical

of the parabolic subalgebras are equal.

5.1.3 Langlands data for Aq(λ)

Let us see how to obtain the inducing data of Aq(λ), such that the representa-

tion Aq(λ) is a Langlands quotient of the corresponding induced representa-

tion; here Aq(λ) be a representation of G which is irreducible unitary and co-

homological which is obtained as in [27]. Fix a maximally split θ-stable Car-

tan subgroup H = TA of L (corresponding to the Levi part l of the θ-stable

parabolic subalgebra q) and an Iwasawa decomposition L = (L ∩ K)ANL.

Put

MA = Langlands decomposition of centralizer of A in G,

ν = (1
2 sum of roots of a in nL) + λ|a ∈ a∗.

Now, let P be any parabolic subgroup of G such that P has Levi factor

MA satisfying 〈Re(ν), α〉 ≥ 0 for all roots α of a in nL. It remains to describe

the discrete series representation σ of M . The Harish-Chandra parameter of

σ is ρ+ + λ|t + ρ(u); where ρ+ is half sum of positive roots of t in m ∩ l and

ρ(u) is half sum of roots of t in u. The only difficulty here is that if M is not

connected then the Harish-Chandra parameter does not completely define

the discrete series representation of M . We fix this as follows:



5.2. SL(2,R) TO GL(3,R) 69

Let

µM(q, λ) = Representation of M ∩K of extremal weight

λ|t + 2ρ(∧dim(u∩p)(u ∩ p))|t.

Let σ be the discrete series representation with lowest M ∩K type µM(q, λ).

This completely determines the discrete series representation of M . And

thus we have constructed the Langlands inducing data for the representation

Aq(λ).

We now address the case of Sp(2,R) = SL(2,R).

5.2 SL(2,R) to GL(3,R)

In this section, as a warm-up example we will study the cohomological prop-

erties of representations of GL(3,R) which are obtained by transferring uni-

tary cohomological representations of SL(2,R). We will compute the unitary

cohomological representations of SL(2,R) using the Vogan-Zuckerman clas-

sification. We denote by sl(2,C) the complexified Lie algebra of SL(2,R).

Let H =

1 0

0 −1

 , X =

0 1

0 0

 and Y =

0 0

1 0

 be the basis of sl(2,R).

Let w =

0 1

1 0

, φ(A) = −tA and θ = int(w) ◦ φ. Then θ is the Cartan

involution on sl(2,C). Note that:

sl(2,C) = 〈H〉 ⊕ 〈X, Y 〉,

where k = 〈H〉 is the +1 eigen space of θ and p = 〈X, Y 〉 is the −1 eigen

space of θ.

There are 3 θ−stable parabolic subalgebras of sl(2,C) corresponding to
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0, H and −H.

1. Corresponding to 0: This gives the full algebra of q0 = sl(2,C). Also,

l = sl(2,C).

2. Corresponding to H: The parabolic subalgebra is

q1 = 〈H〉 ⊕ 〈X〉,

where 〈H〉 is l and u = 〈X〉.

3. Corresponding to −H: The parabolic subalgebra is

q2 = 〈H〉 ⊕ 〈Y 〉,

where 〈H〉 is l and u = 〈Y 〉.

Note that the only possible admissible character λ for q0 is λ = 0. This

gives rise to the trivial representation of SL(2,R). This representation is

transferred to the trivial representation of GL(3,R) which is cohomological

with respect to the trivial coefficients. Observe that the Levi parts of both

q1 and q2 are contained in k. Thus the cohomological representations Aq1(λ)

and Aq2(λ) are discrete series representations with highest weight λ. The

Langlands parameter for a representation of SL(2,R) is a homomorphism

from the Weil group of R to PGL(2,C). The parameter φ(Dn) for the discrete

series representation of SL(2,R) is given by

z 7→

( z
z̄
)n2 0

0 1

 , j 7→

0 1

1 0

 .

To compute the transfer of the discrete series representations of SL(2,R)

to GL(3,R), we embed PGL(2,C) into GL(3,R) via the 3- dimensional rep-
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resentation induced by GL(2,C) taking

a 0

0 b

 7→

a
b

0 0

0 1 0

0 0 b
a

 .

The image of PGL(2,C) can be identified with SO(3) ⊂ GL(3,C) which

preserves the quadratic form


0 0 1

0 −1 0

1 0 0

.
Thus one observes that the transfer of a discrete series representation of

SL(2,R), with highest weight n, to GL(3,R) has Langlands parameter

z 7→


( z
z̄
)n2 0 0

0 1 0

0 0 ( z
z̄
)−n2

 ; j 7→


0 0 (−1)n

0 1 0

1 0 0

 .

We know that this corresponds to a cohomological representation of

GL(3,R) which is cohomological with respect to the finite dimensional repre-

sentation with highest weight (n, 0,−n) 4.2.5. We have already seen that the

transfer ofMn, the finite dimensional representation of SL(2,R) with highest

weight n, transfers to the finite dimensional representation of GL(3,R) with

highest weight (n, 0,−n) 4.2.5. Thus we have the following result:

Proposition 5.2.1. Let π be an irreducible unitary cohomological represen-

tation of SL(2,R) with respect to the finite dimensional representation M .

Then the representation of GL(3,R), ι(π), obtained by the Langlands trans-

fer is cohomological with respect to ι(M).

Remark 5.2. Note that the only irreducible unitary cohomological repre-

sentations of SL(2,R) are the discrete series representations and the trivial

representation.
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5.3 G = Sp(4,R)

5.3.1 Basis for the Lie algebra

We will change notations for the group G = Sp(4,R) as follows. This will aid

us in doing explicit computations. Let G = Sp(4,R), g be the corresponding

complexified Lie algebra.

Let J =

 0 I2

−I2 0

 . Then Sp(4,R) = {A ∈ GL(4,R) : tAJA = J} and

g = {

A B

C D

 ∈ M(4,C) : A = −tD,B = tB,C = tC}. We have the

following multiplication table for the Lie algebra of g (see [19]):

Z Z ′ N+ N− X+ X− P1+ P1− P0+ P0−

Z 0 0 N+ −N− 2X+ −2X− P1+ −P1− 0 0

Z ′ 0 0 −N+ N− 0 0 P1+ −P1− 2P0+ −2P0−

N+ −N+ N− 0 Z ′ − Z 0 −P1− 2X+ −2P0− P1+ 0

N− N− −N− Z − Z ′ 0 −P1+ 0 −2P0+ 2X− 0 P1−

X+ −2X+ 0 0 P1+ 0 Z 0 N+ 0 0

X− 2X− 0 P1− 0 −Z 0 N− 0 0 0

P1+ −P1+ −P1+ −2X+ 2P0+ 0 −N− 0 Z + Z ′ 0 N+

P1− P1− P1− 2P0− −2X− −N+ 0 −Z − Z ′ 0 N− 0

P0+ 0 −2P0+ −P1+ 0 0 0 0 −N− 0 Z ′

P0− 0 2P0− 0 −P1− 0 0 −N+ 0 −Z ′ 0

where the basis elements are:

Z = −i



0 0 1 0

0 0 0 0

−1 0 0 0

0 0 0 0


, Z ′ = −i



0 0 0 0

0 0 0 1

0 0 0 0

0 −1 0 0


,
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N+ = 1
2



0 1 0 −i

−1 0 −i 0

0 i 0 1

i 0 −1 0


, N− = 1

2



0 1 0 i

−1 0 i 0

0 −i 0 1

−i 0 −1 0


,

X+ = 1
2



1 0 i 0

0 0 0 0

i 0 −1 0

0 0 0 0


, X− = 1

2



1 0 −i 0

0 0 0 0

−i 0 −1 0

0 0 0 0


,

P1+ = 1
2



0 1 0 i

1 0 i 0

0 i 0 −1

i 0 −1 0


, P1− = 1

2



0 1 0 −i

1 0 −i 0

0 −i 0 −1

−i 0 −1 0


,

P0+ = 1
2



0 0 0 0

0 1 0 i

0 0 0 0

0 i 0 −1


, P0− = 1

2



0 0 0 0

0 1 0 −i

0 0 0 0

0 −i 0 −1


.

Note that, we have the Cartan decomposition for g = sp(4) = k+p, where

k = 〈Z,Z ′, N+, N−〉 and p = 〈X+, X−, P1+, P1−, P0+, P0−〉.

5.3.2 Parabolic subgroups of G = Sp(4,R)

The Langlands parameter for a representation can be read off from the in-

ducing data of the representation. The inducing data includes a parabolic

subgroup of G, a representation of the Levi part of the parabolic and a char-

acter on the Lie algebra of a split torus inside the parabolic. Since, we want

to transfer the representations of G = Sp(4,R) to GL(5,R), we would like
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to know the Langlands parameters for the representations Aq(λ)’s. It is well

known that the parabolic subgroups containing a Borel subgroup are in bijec-

tion with the subsets of the base corresponding to the Borel (see [26]). It will

be convenient if we list down the parabolic subgroups of Sp(4,R) beforehand.

For Sp(4,R), there are 4 subsets of the base for the root system which

is {e1 − e2, 2e2}. Thus there are 4 parabolic subgroups of Sp(4,R). One of

them being the group itself which corresponds to the full base. This leaves

3 proper parabolic subgroups of Sp(4,R) which are:

1. Minimal parabolic: B = M0A0N0, which corresponds to the empty

subset of the base, where

M0 = {



ε1 0 0 0

0 ε2 0 0

0 0 ε1 0

0 0 0 ε2


: εi ∈ {±1}},

A0 = {diag(a, b, a−1, b−1) : a, b ∈ R×>0}, and

N0 = {n(x0, x1, x2, x3) =



1 0 x1 x2

0 1 x2 x3

0 0 1 0

0 0 0 1





1 x0 0 0

0 1 0 0

0 0 1 0

0 0 −x0 1


} ⊂ Sp(4).

2. Siegel parabolic: PS = MSASNS, which corresponds to the subset

Σ = {e1 − e2} of the base, where

MS = {

m 0

0 tm−1

 : m ∈ SL±(2,R)},

AS = {diag(a, a, a−1, a−1) : a > 0}, and

NS = {

12 x

0 12

 : x = tx ∈M2(R)}.

3. Jacobi Parabolic: PJ = MJAJNJ , which corresponds to the subset

Σ = {2e2} of the base, where
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MJ = {



ε 0 0 0

0 a 0 b

0 0 ε 0

0 c 0 d


:

a b

c d

 ∈ SL(2,R), ε = ±1}

AJ = {diag(a, 1, a−1, 1) : a ∈ R×>0}, and

NJ = {n(x0, x1, x2, 0) : xi ∈ R}.

5.3.3 θ-stable parabolic subalgebras of sp(4)

We list all the θ-stable parabolic subalgebras q = l+u of sp(4) along with the

possible admissible λ : l → C which can be obtained from a highest weight

of h. We note that a highest weight of h can be extended to an admissible

character of l if and only if λ|h∩[l0,l0] and λ|a = 0 where the subalgebra l0 =

l ∩ sp(4,R) (see [10]). Along with the θ-stable parabolic subalgebras and

their corresponding admissible characters, we will also simultaneously list

down some useful data for each θ-stable parabolic subalgebra, which will

come in handy when we compute the Langlands parameters. To make the

list we use Lemma 5.1.4 and Theorem 5.1.3.

1. x = 0 corresponding to the partition 2 = 2.

The θ-stable parabolic subalgebra corresponding to x is:

q1 = sp4(C) + 0

The Levi part is: l = sp4(C).

l0 = l ∩ sp4(R) = sp4(R).

[l0, l0] = l0.

So h ∩ [l0, l0] = h.

Therefore, λ of h can be extended to get an admissible character of l if

and only if λ = 0. This θ- stable parabolic subalgebra corresponds to
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the parabolic subgroup G.

2. x = −Z − 2Z ′ corresponding to the partition 2 = (0 + 1) + (0 + 1) + 0.

The θ-stable parabolic subalgebra corresponding to x is:

q2 = 〈Z,Z ′〉+ 〈N+, X−, P1−, P0−〉

The Levi part is: l = 〈Z,Z ′〉.

l0 = l ∩ sp4(R) = 〈iZ, iZ ′〉 = h.

[l0, l0] = 0.

So h ∩ [l0, l0] = 0.

Therefore, any highest weight λ of h is an admissible character of l =

h. This θ- stable parabolic subalgebra corresponds to the parabolic

subgroup B.

3. x = 2Z − Z ′ corresponding to the partition 2 = (1 + 0) + (0 + 1) + 0.

The θ-stable parabolic subalgebra corresponding to x is:

q3 = 〈Z,Z ′〉+ 〈N+, X+, P1+, P0−〉

The Levi part is: l = 〈Z,Z ′〉.

l0 = l ∩ sp4(R) = 〈iZ, iZ ′〉 = h.

[l0, l0] = 0.

So h ∩ [l0, l0] = 0.

Therefore, any highest weight λ of h is an admissible character of l =

h. This θ- stable parabolic subalgebra corresponds to the parabolic

subgroup B.

4. x = 2Z ′ − Z corresponding to the partition 2 = (0 + 1) + (1 + 0) + 0.
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The θ-stable parabolic subalgebra corresponding to x is:

q4 = 〈Z,Z ′〉+ 〈N−, X−, P1+, P0+〉

The Levi part is: l = 〈Z,Z ′〉.

l0 = l ∩ sp4(R) = 〈iZ, iZ ′〉 = h.

[l0, l0] = 0.

So h ∩ [l0, l0] = 0.

Therefore, any highest weight λ of h is an admissible character of l =

h. This θ- stable parabolic subalgebra corresponds to the parabolic

subgroup B.

5. x = 2Z + Z ′ corresponding to the partition 2 = (1 + 0) + (1 + 0) + 0.

The θ-stable parabolic subalgebra corresponding to x is:

q5 = 〈Z,Z ′〉+ 〈N+, X+, P1+, P0+〉

The Levi part is: l = 〈Z,Z ′〉.

l0 = l ∩ sp4(R) = 〈iZ, iZ ′〉 = h.

[l0, l0] = 0.

So h ∩ [l0, l0] = 0.

Therefore, any highest weight λ of h is an admissible character of l =

h. This θ- stable parabolic subalgebra corresponds to the parabolic

subgroup B.

6. x = Z + Z ′ corresponding to the partition 2 = (2 + 0) + 0.

The θ-stable parabolic subalgebra corresponding to x is:

q6 = 〈Z,Z ′, N+, N−〉+ 〈X+, P1+, P0+〉

Note that u∩p = u which is also equal to the intersection of the unipo-
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tent part of q5 and p. Thus q6 is equivalent to q5, and the corresponding

Aq(λ)’s are isomorphic.

7. x = −(Z + Z ′) corresponding to the partition 2 = (0 + 2) + 0.

The θ-stable parabolic subalgebra corresponding to x is:

q7 = 〈Z,Z ′, N+, N−〉+ 〈X−, P1−, P0−〉

Note that u∩p = u which is also equal to the intersection of the unipo-

tent part of q2 and p. Thus q7 is equivalent to q2, and the corresponding

Aq(λ)’s are isomorphic.

8. x = Z corresponding to the partition 2 = (1 + 0) + 1.

The θ-stable parabolic subalgebra corresponding to x is:

q8 = 〈Z,Z ′, P0+, P0−〉+ 〈N+, X+, P1+〉

The Levi part is: l = 〈Z,Z ′, P0+, P0−〉.

l0 = l ∩ sp4(R) = 〈iZ, iZ ′, P0+ + P0−, i(P0+ − P0−)〉.

[l0, l0] = 〈2i(P0+ − P0−), 2(P0+ + P0−),−2iZ ′〉.

So h ∩ [l0, l0] = 〈h2 = iZ ′〉.

Therefore, a highest weight λ of h can be extended to get an admis-

sible character of l if and only if λ(h2) = 0. This θ- stable parabolic

subalgebra corresponds to the parabolic subgroup PJ .

9. x = −Z ′ corresponding to the partition 2 = (0 + 1) + 1.

The θ-stable parabolic subalgebra corresponding to x is:

q9 = 〈Z,Z ′, X+, X−〉+ 〈N+, P1−, P0−〉

The Levi part is: l = 〈Z,Z ′, X+, X−〉.
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l0 = l ∩ sp4(R) = 〈iZ, iZ ′, X+ +X−, i(X+ −X−)〉.

[l0, l0] = 〈iZ, 2i(X− −X−), 2(X+ −X−)〉.

So h ∩ [l0, l0] = 〈h1 = iZ〉.

Therefore, a highest weight λ of h can be extended to get an admissible

character of l if and only if λ = (0, λ). Note that this integral weight

is conjugate under the Weyl group to an integral weight of the form

λ = (λ, 0). This θ- stable parabolic subalgebra corresponds to the

parabolic subgroup PJ .

10. x = Z − Z ′ corresponding to the partition 2 = (1 + 1) + 0.

The θ-stable parabolic subalgebra corresponding to x is:

q10 = 〈Z,Z ′, P1+, P1−〉+ 〈N+, X+, P0−〉

The Levi part is: l = 〈Z,Z ′, P1+, P1−〉.

l0 = l ∩ sp4(R) = 〈iZ, iZ ′, P1+ + P1−, i(P1+ − P1−)〉.

[l0, l0] = 〈i(P1+ − P1−),−(P1+ + P1−),−2i(Z + Z ′)〉.

So h ∩ [l0, l0] = 〈h1 + h2〉.

Therefore, a highest weight λ of h can be extended to get an admissible

character of l if and only if λ(h1 + h2) = 0 i.e. λ(h1) = −λ(h2). Note

that such an integral weight is conjugate to an integral weight of the

form (λ, λ). This θ- stable parabolic subalgebra corresponds to the

parabolic subgroup PS.

Thus this gives us a list of all the unitary, irreducible and cohomological

representations of G = Sp(4,R), in terms of the θ-stable parabolic subalge-

bras and the possible admissible representations in each case.
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We summarize the θ-stable parabolic subalgebras and the relevant data

as below:

Parabolic Corresponding Possible highest

subagebras Parabolic subgroups weight λ

q1 G λ = 0

q2 ∼ q7, q3, q4, q5 ∼ q6 B Any λ

q8 PJ λ = (λ, 0)

q9 PJ λ = (λ, 0)

q10 PS λ = (λ, λ)

5.4 Parabolic subgroups of SO(5,C)

For G = Sp(4,R), we know that LG◦ = SO(5,C). Recall that, for a given

representation π of G the Langlands parameter is a map φ(π) : WR → LG and

the image ofWR under φ is contained in a parabolic subgroup of LG◦. Hence,

we write down explicitly the parabolic subgroups of SO(5). For SO(5,C), the

voice of the bilinear form is J = anti-diag(1,−1, 1,−1, 1). Then the maximal

torus for SO(5,C) contains elements of the form diag(a, b, 1, b−1, a−1). For

SO(5,C), we have 3 proper parabolics which are enumerated below:

1. Minimal parabolic: B = M0A0N0, which corresponds to the empty

subset of the base, where M0 = {I5}, A0 is the subset of the diagonal

matrices of the form A0 = {diag(a, b, 1, b−1, a−1) : a, b ∈ C×}, and

NB = {



1 ∗ ∗ ∗ ∗

0 1 ∗ ∗ ∗

0 0 1 ∗ ∗

0 0 0 1 ∗

0 0 0 0 1


} ⊂ SO(5).
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2. Siegel parabolic: PS = MSASNS corresponding to the subset

Σ = {e1 − e2} of the base, where

MS = {


A 0 0

0 1 0

0 0 A

 : A ∈ SL(2,C)},

AS = {diag(a, a, 1, a−1, a−1) : a ∈ C×}, and

NS = {



1 0 ∗ ∗ ∗

0 1 ∗ ∗ ∗

0 0 1 ∗ ∗

0 0 0 1 0

0 0 0 0 1


} ⊂ SO(5).

3. Jacobi Parabolic: PJ = MJAJNJ corresponding to the subset

Σ = {e2} of the base, where

MJ = {


1 0 0

0 A 0

0 0 1

 : A ∈ SO(3)} ∈ SO(5),

AJ = {diag(a, 1, 1, 1, a−1) : a ∈ C×}, and

NJ = {



1 ∗ ∗ ∗ ∗

0 1 0 0 ∗

0 0 1 0 ∗

0 0 0 1 ∗

0 0 0 0 1


} ⊂ SO(5).

We can now compute the Langlands parameters for Aq(λ)’s and compute

their transfers to representations of GL(5,R).
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5.5 Cohomological representations with triv-

ial coefficients

In this section, assume that λ = 0. So we will be looking at Aq, where

q = l+u is a θ-stable parabolic subalgebra, such that λ = 0 can be extended

to an admissible character of l. Let Q(λ) be the set of all non-equivalent q’s

such that λ can be extended to an admissible character of q. When λ = 0,

then Q(λ) consists of all the 8 nonequivalent θ-stable parabolic subalgebras

listed in 5.3.3. The main result of this chapter is Theorem 5.5.2.

5.5.1 Trivial and the Discrete Series representations

For q1 = sp4(R), the representation Aq is the trivial representation of Sp(4,R)

which is transferred to the trivial representation of GL(5,R).

From Remark 5.1, we note that Aq is the discrete series representations

if q is one of the following:

• q2 = 〈Z,Z ′〉 ⊕ 〈N+, X−, P1−, P0−〉,

• q3 = 〈Z,Z ′〉 ⊕ 〈N+, X+, P1+, P0−〉,

• q4 = 〈Z,Z ′〉 ⊕ 〈N−, X−, P1+, P0+〉,

• q5 = 〈Z,Z ′〉 ⊕ 〈N+, X+, P1+, P0+〉.

The transfer of these representations has been dealt with in Theorem

4.2.5 and we know that the transfer of these representations is cohomologi-

cal with respect to the trivial representation of GL(5,R). Note that, the θ

stable parabolic subalgebras q6 and q7, give different realizations of Aq5 and

Aq2 respectively since the corresponding θ stable parabolic subalgebras are

equivalent.
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This leaves us with 3 θ-stable parabolic subalgebras and their correspond-

ing cohomological representations. The remaining parabolic subalgebras are:

• q8 = 〈Z,Z ′, P0+, P0−〉 ⊕ 〈N+, X+, P1+〉

• q9 = 〈Z,Z ′, X+, X−〉 ⊕ 〈N+, P1−, P0−〉

• q10 = 〈Z,Z ′, P1+, P1−〉 ⊕ 〈N+, X+, P0−〉

Before we compute the transfers of the 3 remaining representations, we

recall a result of Speh which classifies unitary irreducible cohomological rep-

resentations of GL(n,R).

5.5.2 Speh’s Classification

We describe the cohomological representations of GL(n,R) for any n as given

by B. Speh [25]. We will need some special representations of GL(2n,R)

which are not induced from any parabolic subgroup and which are cohomo-

logical.

Let G = GL(2n,R), n > 1. Let Cn = TA be the Cartan subgroup con-

taining matrices of the form:



cosφ1 sinφ1

−sinφ1 cosφ1
. . .

cosφn sinφn

−sinφn cosφn





a1

a1
. . .

an

an


.

Then the roots system Φ(c, g) is of type An−1 with each root occurring 4

times. Let Φ+ be the set of positive roots and set ρn = ∑
α∈Φ+

2α.

Let P = MnAnN be the parabolic subgroup whereN is determined by the set

of positive roots Φ+. Then the connected componentM◦
n ofMn is isomorphic

to n copies of SL(2,R) and Tn is isomorphic to a product of n copies of O(2).
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Let χ(k); k > 0 be the quasi-character of Cn such that the restriction of

χ, to each SO(2) component, is e2πik and the restriction to An is exp(1
2ρn).

Define

I(k) = J(χ(k)),

where J(χ(k)) is the Langlands quotient of the induced representation

IndGL(2n)
P (π(k) ⊗ χ(k)) and π(k) = Dk ⊗ Dk ⊗ · · · ⊗ Dk is a representation

of M = SL±(2,R)n. If G = GL(2,R), then put I(k) to be the discrete series

representation Dk of GL(2,R).

Having defined these representations, we now state the following result

which will classify all the cohomological representations of GL(n,R).

Let (n0, n1, . . . , nr) be a partition of n with n0 ≥ 0 and ni = 2mi for

all 1 ≤ i ≤ r and all the ni are positive. Let P = MAN be the parabolic

corresponding to the partition (n0, . . . , nr). Then we know that

M =
r∏
i=0

SL±(ni,R)

. Let ki = n −
r∑

j=i+1
nj −mi. Then, define I(ki) on SL±(ni,R). Define the

induced representation

IndGP (⊗ri=1I(ki)⊗ χn0 ⊗ χ0),

where χn0 and χ0 are trivial representations of SL±(n0,R) and AN respec-

tively. Then we have,

Theorem 5.5.1. (see [25]) The induced representation

IndGP (⊗ri=1I(ki)⊗ χn0 ⊗ χ0)

is irreducible and classifies all the unitary, irreducible representations of

GL(n,R) which have cohomology with trivial coefficients.
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Even though this gives us a list of all the irreducible, unitary and coho-

mological representations of GL(n,R), we would like to state this result in

a more usable way. We now will give the Langlands inducing data for these

representations.

With notations as above, choose a Cartan subgroup C(n−n0)/2 inMA with

the following properties:

• C(n−n0)/2∩SL±(nl,R) is the fundamental Cartan subgroup of SL±(nl,R)

for l ≥ 1, and

• C(n−n0)/2 ∩ SL±(n0,R) is the split Cartan subgroup of SL±(n0,R).

Then we can decompose C(n−n0)/2 as T(n−n0)/2A(n−n0)/2 with the following

properties:

• T(n−n0)/2 =
r∏
l=0

Tnl/2 with Tnl/2 = T(n−n0)/2 ∩ SL±(nl,R) for l ≥ 0, and

• A(n−n0)/2 = A
r∏
l=0

Anl with Anl = A(n−n0)/2 ∩ SL±(nl,R).

Choose a cuspidal parabolic subgroup Q containing C(n−n0)/2 and the

upper triangular matrices and write, for 0 ≤ l ≤ r, 2ρl for the sum of

positive roots of (sl(nl,R), al) for the sum of positive roots determined by Q.

Let χ(n) ∈ Ĉ(n−n0)/2 be such that the following holds:

• χ(n)|A = χ0,

• χ(n)|A0 = ρ0

• χ(n)|T0 is trivial

• χ(n)|Al = 1
2ρl for l〉,

• χ(n)|Tl is a product of factors exp((n− ∑
i=l+1

ni −ml)2πi).

Then, IndGP (⊗ri=1I(ki)⊗ χn0 ⊗ χ0) ∼= J(χ(n)) (see [25]).

We will use this result when we check whether the transferred represen-

tations are cohomological or not.
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5.5.3 Case of the Jacobi θ stable subalgebra

We now deal with the 2 representations of Sp(4,R) corresponding to the

θ-stable subalgebras q8 and q9 listed in 5.5.1.

As noted earlier q8 corresponds to the parabolic subgroup PJ . We will

now compute the Langlands data for Aq8 .

q8 = 〈Z,Z ′, P0+, P0−〉 ⊕ 〈N+, X+, P1+〉, where 〈Z,Z ′, P0+, P0−〉 = l and

〈N+, X+, P1+〉 = u. Recall that λ = 0.

We choose a maximally split Cartan subgroup H inside L. The Levi

L is isomorphic to GL(1,R) × SL(2,R). The Lie algebra corresponding to

H = TA is 〈Z, P0+ +P0−〉. Note that the Lie algebra of T is generated by Z

and for A is P0+ + P0− =



0 0 0 0

0 1 0 0

0 0 0 0

0 0 0 −1


.

Now consider,

CentG(A) = MA.

Then M is isomorphic to SL(2,R) × {±1}. To compute the Langlands pa-

rameter for the representation Aq8 , we need a parabolic subgroup P = MAN

of G = Sp(4,R), a discrete series representation onM and a character ν of a.

For the parabolic, choose any parabolic subgroup of G which has Levi factor

MA. The Jacobi parabolic PJ is one such subgroup. This corresponds to

the subset Σ = {2e2} of the base.

Thus, we know that the representation Aq8 is obtained as the Langlands

quotient of a representation which is induced from the Jacobi parabolic PJ .

The character on a is obtained by restricting ρL to a. Hence

ν = ρL|a = 1
2(0, 2) = (0, 1).
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Now for the discrete series representation of M : The Harish-Chandra

parameter for the representation ofM◦ = SL(2,R), the connected component

of M , is given by ρ(u) + ρ(M ∩ L) where ρ is computed with respect to t.

Observe that, M ∩ L = {±1} which implies that ρ(m ∩ L) = 0. We have

u = 〈N+, X+, P1+〉. Thus

ρ(u) = 1
2((1 + 2 + 1), 0) = (2, 0).

The only question remains is whether the representation on {±1} ⊂ M

is the trivial one or the sign character. We compute this as follows:

The Lie algebra of M is m = 〈Z, P0+ + P0−, X+, X−〉. Then M ∩ K =

{±1} × SO(2). The discrete series representation on M ∩K is the represen-

tation with highest weight given by the formula

2ρ ∧dim u∩p (u ∩ p)|t which in this case is (2 + 1) = 3. Thus the character on

{±1} is given by sgn : −1 7→ −1. Note that this computation gives us the

discrete series representation on the {±1} as well as the SL(2,R) of the Levi

part.

Now we compute the Langlands parameter for Aq8 .

Note that LSp(4,R)◦ is SO(5,C). Thus a Langlands parameter is a map

from WR, the Weil group of R, to SO(5,C) which we will then compose with

the inclusion into GL(5,C) to get a representation of GL(5,R). Since the

representation Aq8 is induced from the parabolic PJ , the image of WR should

lie inside the corresponding parabolic subgroup of PJ ⊆ SO(5,C).

The transfer of Aq8 to GL(5,R) is the Langlands quotient of the following

induced representation:

IndGP (D4 ⊗ χ1ε⊗ χ−1ε⊗ ε)

where P is the (2, 1, 1, 1) parabolic subgroup of GL(5,R) and χn(x) = xn,
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since the Langlands parameter for Aq8 is given by

z 7→



(zz̄) 0 0 0 0

0 ( z
z̄
)2 0 0 0

0 0 1 0 0

0 0 0 (zz̄)−1 0

0 0 0 0 ( z
z̄
)−2


; j 7→



−1 0 0 0 0

0 0 0 0 1

0 0 −1 0 0

0 0 0 −1 0

0 1 0 0 0


.

Observe that the Langlands quotient of IndGP (D4 ⊗ χ1ε ⊗ χ−1ε ⊗ ε) is

isomorphic to IndGP (D4 ⊗ ε) where P is the (2, 3) parabolic of GL(5,R), and

ε is the sign representation of GL(3,R). This follows from the fact that for

the Borel B of GL(3,R), the Langlands quotient of IndGL(3,R)
B (| · |⊗ ε⊗| · |−1),

is ε.

Since the transferred representation is induced from the (2, 1, 1, 1)

parabolic and we only have one factor of GL(2,R) in the inducing data,

we consider the representation corresponding to the partition 5 = 3 + 2 of

GL(5,R) in terms of Speh’s classification [25]. For the partition n = 5 = 3+2,

we have n0 = 3, n1 = 2,m1 = 1. The representation which is cohomological

corresponding to this partition is obtained as a Langlands quotient of the

(2, 1, 1, 1) parabolic. The discrete series representation on the GL(2,R) part

of the Levi is given by exp(n − ∑
i=2

ni −m1), which is n = 4 since for i > 1,

ni,mi = 0. Thus we observe that the representation which occurs in Speh’s

classification is IndGP (D4 ⊗ 1). Thus, the transferred representation obtained

from Aq8 is an ε twist ofIndGP (D4 ⊗ 1). Hence, the transfer is unitary and

we can appeal to Speh and observe that the transferred representation does

not occur in the classification of Speh. Hence the transfer of Aq8 is not a

cohomological representation of GL(5,R).

A similar computation for the parabolic subalgebra q9 shows that the

representations Aq8 and Aq9 transfer to the same representation of GL(5,R).
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Thus, the transfer of Aq8 and Aq9 to representations of GL(5,R) are not

cohomological.

5.5.4 Case of Siegel θ-stable parabolic subalgebra

The last case left is the case when the θ-stable parabolic subalgebra is

q10 = 〈Z,Z ′, P1+, P1−〉 ⊕ 〈N+, X+, P0−〉,

where 〈Z,Z ′, P1+, P1−〉 = l and 〈N+, X+, P0−〉 = u. Let λ = 0.

We choose a maximally split Cartan subgroup H inside L. The L is

isomorphic to GL(1,R)×SL(2,R). The Lie algebra corresponding toH = TA

is 〈Z−Z ′, P1+ +P1−〉. Note that the Lie algebra of T is generated by Z−Z ′

and for A is P1+ + P1− =



0 1 0 0

1 0 0 0

0 0 0 −1

0 0 −1 0


.

Now consider,

CentG(A) = MA.

ThenM is isomorphic to SL(2,R)×{±1}. To compute the Langlands param-

eter for the representation Aq10 , we need a parabolic subgroup P = MAN

of G = Sp(4,R), a discrete series representation on M and a character ν of

a. For the parabolic, choose any parabolic subgroup of G which has Levi

factor MA. Siegel parabolic is such a parabolic. This parabolic subgroup

corresponds to the subset Σ = {e1 − e2} of the base.

Thus, the representation Aq10 is obtained as the Langlands quotient of a

representation which is induced from the Siegel parabolic. Now we compute

the other two parameters. The character on a is obtained by restricting ρL
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to a. Thus

ν = ρL|a = 1
2(2, 2) = (1, 1).

Now for the discrete series representation of M : The Harish-Chandra

parameter for the representation ofM◦ = SL(2,R), the connected component

of M , is given by ρ(u) + ρ(M ∩ L) where ρ is computed with respect to t.

Observe that, M ∩ L = {±1} which implies that ρ(m ∩ L) = 0. We have

u = 〈N+, X+, P0−〉. Thus

ρ(u) = 1
2(2 + 2 + 2, 2 + 2 + 2) = (3, 3).

The only question remains is whether the representation on {±1} ⊂ M

is the trivial one or the sign character. We compute this as follows:

Note that M ∩ K = {±1} × SO(2). The discrete series representation

on M ∩ K is the representation with highest weight given by the formula

2ρ ∧dim u∩p (u ∩ p)|t which in this case is (2 + 2) = 4. Thus the character on

{±1} is the trivial character. Now we compute the Langlands parameter for

Aq10
∼= IndGPS(D3|det|

1
2 ).

Since LSp(4,R)◦ is SO(5,C), a Langlands parameter is a map from WR,

the Weil group of R, to SO(5,C) which we will then compose with the inclu-

sion into GL(5,C) to get a representation of GL(5,R). Since the representa-

tion Aq10 is induced from the parabolic PS, the image of WR should go inside

PS which is a parabolic subgroup of SO(5,C), corresponding to the subset

Σ = {e2} of the base. The Langlands parameter for Aq10 is given by

z 7→ diag(z2z̄−1, z−1z̄2, 1, zz̄−2, z−2z̄);
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and

j 7→



0 −1 0 0 0

1 0 0 0 0

0 0 1 0 0

0 0 0 0 −1

0 0 0 1 0


.

Thus the transfer of Aq10 to GL(5,R) is the Langlands quotient of the

following induced representation:

IndGP (D3|det|
1
2 ⊗ 1⊗D3|det|−

1
2 )

where P is the (2, 1, 2) parabolic subgroup of GL(5,R). We need to ana-

lyze whether this representation occurs in the Speh’s classification of unitary

irreducible cohomological representations of GL(5,R).

We consider the partition 5 = 1 + 4. Using notations from 5.5.2, we

have n0 = 1, n1 = 4 and m1 = 2. The representation occurring in Speh’s

classification corresponding to this partition is IndGL(5,R)
(1,4) (1⊗ I(3)).

Now we must compute the corresponding Langlands data for this rep-

resentation. Appealing to 5.5.2, we note that for the character χ(3) on T 0
2

given by χ(3)(eiθ1 , eiθ2) = e3i(θ1+θ2) and χ(3)|A2 = exp(ρ2
2 ) = a1

a2
,

I(3) = J(χ(3)).

But as a representation of GL(4,R), J(χ(3)) = Ind(D3|det|
1
2⊗D3|det|−

1
2 ).

Thus we note that IndGL(5,R)
(1,4) (1 ⊗ I(3)) = IndGP (D3|det|

1
2 ⊗ 1 ⊗ D3|det|−

1
2 ).

Hence, the transfer of Aq10 occurs in the classification of Speh and is hence

cohomological.
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5.5.5 Summary

Thus, to summarize we have:

Theorem 5.5.2. Let π be an irreducible unitary representation of Sp(4,R)

such that π has non-vanishing cohomology with trivial coefficients. Let ι(π)

denote the transferred representation of π to GL(5,R). Then ι(π) is coho-

mological with trivial coefficients if π is one of the following:

1. π is the trivial representation,

2. π is a discrete series representation of Sp(4,R),

3. π is induced from the Siegel parabolic.

5.6 Cohomological representations with Non-

Trivial coefficients

In this section, we will let λ = (λ1, λ2), λ1 ≥ λ2 ≥ 0 be a non-zero highest

weight of Sp(4,R). We will consider the following sub cases:

• λ1 = λ2 6= 0,

• λ1 > λ2 6= 0,

• λ2 = 0.

5.6.1 λ = (λ, λ), with λ 6= 0

In this case, we note that the θ-stable parabolic subalgebras which are rel-

evant are q2 ∼ q7, q3, q4, q5 ∼ q6 and q10. Note that Aqi for 2 ≤ i ≤ 7 are

discrete series representations. Thus, from 4.2.5 we know that these transfer

to cohomological representations of GL(5,R).
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The other representations left are the representations arriving from the

parabolic q10. As we have already seen before these representations are ob-

tained as the Langlands quotient of a representation which is induced from

the Siegel parabolic of G = Sp(4,R). We compute the Langlands parameters

for the representations Aq10(λ), as before. We note that the discrete series

representation on MS is given by 2λ+3. The character on a does not change

and is still given by

ν = ρL|a = 1
2(2, 2) = (1, 1).

Thus, the representation Aq10(λ) is the irreducible Langlands quotient of

the induced representation IndGPS(D2λ+3|det|
1
2 ). We note that the Langlands

parameter of Aq10(λ) is given by

z 7→ diag(zλ+2z̄−λ−1, z−λ−1z̄λ+2, 1, zλ+1z̄−λ−2, z−λ−2z̄λ+1)

and

j 7→



0 (−1)2λ+3 0 0 0

1 0 0 0 0

0 0 1 0 0

0 0 0 0 (−1)2λ+3

0 0 0 1 0


.

Thus, the transfer of Aq10(λ) to GL(5,R) is obtained as a Langlands quotient

of

IndGL(5,R)
(2,1,2) (D2λ+3|det|

1
2 ⊗ 1⊗D2λ+3|det|−

1
2 ).

The question whether this representation of GL(5,R) is cohomological or

not does not seem to have an easy answer since the main ingredient, which is

the Speh’s classification for cohomological representations of GL(n,R) with

non-trivial coefficients is not available. The expectation is that this repre-

sentation is cohomological.
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5.6.2 λ = (λ1, λ2), with λ2 6= 0 and λ1 > λ2

In this case, we note that the θ-stable parabolic subalgebras which are rele-

vant are q2 ∼ q7, q3, q4 and q5 ∼ q6. For these subalgebras the Levi parts, l,

are contained in k and hence the representations Aq are the discrete series rep-

resentations. From 4.2.5, we know that the transfer of these representations

are cohomological.

Thus we have:

Proposition 5.6.1. Let λ = (λ1, λ2), λ2 6= 0. Then the transfer of Aq(λ) to

GL(5,R) is cohomological.

5.6.3 λ = (λ, 0)

The θ-stable parabolic subalgebras which are relevant are q2 ∼ q7, q3, q4, q5 ∼

q6, q8 and q9. Out of these 6 θ-stable parabolic subalgebras, q2 ∼ q7, q3, q4

and q5 ∼ q6 correspond to the discrete series representations as before and

we know that these transfer to cohomological representations of GL(5,R)

from 4.2.5.

This leaves us with the representations Aq8(λ), Aq9(λ). Note that for

the θ-stable parabolic subalgebra q8, λ|t = λ and λ|a = 0. These observa-

tions along with the calculations in section 5.5.3 imply that the Langlands

parameter for the representation Aq8(λ) is given by:

z 7→ diag(zz̄, (z
z̄

)
λ+2

2 , 1, (zz̄)−1, (z
z̄

)−
λ+2

2 )

j 7→



−1 0 0 0 0

0 0 0 0 (−1)λ+2

0 0 1 0 0

0 0 0 −1 0

0 1 0 0 0


.
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Hence, we observe that the transfer of Aq8(λ) is obtained by taking the

Langlands quotient of:

IndGP (Dλ+2 ⊗ χ1ε⊗ χ−1ε⊗ ε),

where P is the (2, 1, 1, 1)-parabolic subgroup of GL(5,R), χn(x) = xn and ε

is the sign character on R×.

A similar calculation as above shows that the transfer of Aq9(λ) is also

the Langlands quotient of

IndGP (Dλ+2 ⊗ χ1ε⊗ χ−1ε⊗ ε),

where P is as above. The question whether this representation of GL(5,R)

is cohomological or not does not seem to have an easy answer since the main

ingredient, which is the Speh’s classification for cohomological representa-

tions of GL(n,R) with non-trivial coefficients is not available at the moment.

The expectation is that this representation is not cohomological. We now

summarize these observations.

5.6.4 Summary

Finally, to summarize the results we put everything in a tabular form. The

table completely answers which unitary, irreducible cohomological represen-

tations of G = Sp(4,R) are transferred to cohomological representations of

GL(5,R) in the λ = 0 case. In the non-trivial coefficients case, it seems like

a difficult question at the moment since no analogous result of Speh’s classi-

fication for cohomological representations with non-trivial coefficients seem

to exist. One hopes to prove this and obtain a complete result for the case

G = Sp(4,R).
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Representation Corresponding λ Transfer

Parabolic cohomological or not

Aq1 B λ = 0 Cohomological

Aq2
∼= Aq7 , Aq3 B Any λ Cohomological

Aq4 , Aq5
∼= Aq6

Aq8 PJ λ = 0 Not Cohomological

λ = (λ, 0) Expected to be not cohomological

Aq9 PJ λ = 0 Not Cohomological

λ = (λ, 0) Expected to be not cohomological

Aq10 PS λ = 0 Cohomological

λ = (λ, λ) Expected to be cohomological

Considering the observations made above, we make the following conjec-

ture:

Conjecture 1. Let π be an irreducible unitary representation of Sp(4,R)

such that π has non-vanishing cohomology. Let ι(π) denote the transferred

representation of π to GL(5,R). Then ι(π) is cohomological if π is one of

the following:

1. π is the trivial representation,

2. π is a discrete series representation of Sp(4,R),

3. π is induced from the Siegel parabolic.

Further, if π is cohomological with respect to the finite dimensional represen-

tation Mλ, then ι(π) is cohomological with respect to ι(Mλ).

It will be interesting to work out other examples, to try and find a general

guiding principle for the transfer of cohomological representations from a

classical group to an appropriate GL(n,R) or GL(n,C).
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