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Abstract

In this work, we analyze the stability of spherically symmetric spacetimes
sourced by perfect and anisotropic fluids under a class of gravitational per-
turbations. This has been done in a gauge-invariant formalism developed by
Ishibashi and Kodama, where the perturbation equations are written in terms
of manifestly gauge-invariant variables. We study axial perturbations of such
spacetimes. The perturbation equations reduce to a single master equation
and the equations for conservation of the energy momentum tensor. As is
well-known, axial perturbations do not excite the fluid perturbations when
the source is a perfect fluid. We review this result and then show that when
the fluid is anisotropic, this is still true provided the vector defining the di-
rection of anisotropy is constant under the perturbation. Finally we conclude
by taking a specific example of a spacetime sourced by an anisotropic fluid
and analyzing the axial perturbations of this spacetime.
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Chapter 1

Introduction

Stability analysis under gravitational perturbations has been studied widely
in relativity, astrophysics and cosmology. It comes as a useful tool in the
study the interior structure of star, its stability and evolution with time.
While the study of radial perturbations provides insights about the global
stability or instability which may be the cause of stellar collapse, the study
of non radial perturbations is used in the resolution of the problem of gravi-
tational waves by non stationary sources [1].

The study of stellar perturbations is of special interest in relativity and
astrophysics. A large amount of literature exist which presents and analyze
various stellar models and their gravitational collapse situation. Some of
most successful stellar models were found with perfect fluids sources. Unlike
the dust case, perfect fluids models can predict static spherically symmetric
solutions. Such models can be used to model the interior of the neutron
stars [2]. Also, perfect fluid models are easier to model due to the high
symmetry involved which simplifies the equations to a great extent. Stellar
perturbations of stars sourced by perfect fluids have been studied in a great
detail, a detailed account can be found in the works of Chandrasekhar [3].

In the course of development of these stellar models, it was realized that
static spherically symmetric models can also occur with other fluids. Using
an anisotropic fluid with zero radial pressure and non zero angular pressure,
equal in both the directions, it was shown in [4] that a static spherically
symmetric solution can exist. Such fluid model was also used to analyze the
gravitational collapse scenarios in [5] in which a general class of equilibrium
solutions were obtained as the result of the gravitational collapse. The issue
still remains about their stability. In this work, we explore such spacetime
sourced by anisotropic fluid and study about their stability. We consider spe-
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cial anisotropic fluids in which radial pressure differs from angular pressures,
which are both equal.

We analyze the stability of these spacetimes under gravitational pertur-
bations. Such an analysis was first done by Regge and Wheeler, who de-
veloped the general formalism to analyze the stability of the Schwarzschild
spacetime [6]. However, a major problem with such method is the ambigu-
ity in gauge choice. All the observables derived from these theories should
be completely independent of the coordinate system the theory is formu-
lated in. A remedy to this problem came from the formalism developed by
Gerlach and Sengupta [7], [8], [9] who presented a gauge invariant structure
of linearized Einstein equations and Conservation equations for polar and
axial perturbations of spherically symmetric spacetime. Mukohyama [10] de-
veloped the gauge invariant formalism for maximally symmetric spacetimes
including Anti-de Sitter spacetime. This formalism was further developed in
a series of papers by Ishibashi and Kodama where they extended the Regge
Wheeler master equation to higher dimensions [11].

The study of spacetimes sourced by anisotropic fluids is of special rele-
vance in various spheres. The theoretical interest arises in the study of their
stability and to see the degree of variation from the perfect fluid case. It also
has applications in astrophysics to model the anisotropies occurring in fluids
in the interior of the stars. Such anisotropies cannot be studied with perfect
fluid stellar models and need an anisotropic counterpart. Apart from rela-
tivity and astrophysics, anisotropic spacetime have been studied in particle
physics in the study of the instability associated with anisotropic quark-gluon
plasma at weak and strong couplings [12]. There has also been studies to
obtain the solutions of anisotropic black branes in the asymptotically Anti-de
Sitter spacetime [13].

In this work, we focus on the axial perturbations of a general spherically
symmetric stellar model sourced by anisotropic fluids. We present the Ein-
stein equations and the Conservation laws in the gauge invariant form and
using these we develop a masters equation for this case. It has earlier been
shown that the intricately coupled perturbed Einstein equations can be re-
duced to simple ordinary differential equations for stationary vacuum black
holes [6]. Such a reduction is also possible for perfect fluid stellar models
under axial perturbations as the fluid does not excite the axial perturba-
tions [3]. In this work, we show that fluid perturbations, preserving the
anisotropy direction, are completely independent of metric perturbations for
anisotropic fluids. We further show that equation for axial perturbation in



this case reduces to a linear partial differential equation for a function and by
employing a suitable ansatz we can reduce it to a simple looking Schrodinger
equation. As an example we analyze a specific anisotropic spacetime con-
taining a naked singularity spacetime as (in)stability of naked singularity is
a problem of interest in view of cosmic censorship.

In the next chapter we first develop the gauge invariant formalism for a
spherically symmetric spacetime. This is continued in chapter 3 with a intro-
duction to fluids in which we give a brief description of fluids, the conservation
law and the energy conditions. In chapter 4, we find the master equation for
perfect fluid case as a demonstration of the gauge invariant formalism. In
chapter 5 we discuss the anisotropic fluid case and obtain the gauge invari-
ant master equation for the perturbations. We discuss an example of naked
singularity spacetime sourced by anisotropic fluid.



Chapter 2

Gravitational Perturbations

2.1 Why Study Perturbations

Einstein’ s General theory of relativity is one of the most successful theories
of gravity. It has made many novel predictions completely replacing its clas-
sical counterpart. However, some of these predictions are bizarre and difficult
to comprehend. Some of the solutions of Einstein equations are unphysical
and violate the laws of causality. This puts the theory in trouble raising
questions about its predictive ability.

A possible way out is the stability analysis. It is expected that the un-
physical solutions predicted by this theory should not be stable and hence
would not exist in real world. A perturbation analysis of such solutions
can throw light on their existence, stability and evolution with time. Know-
ing about the stability of these solutions it will be easier to understand them.

Perturbation analysis has become a useful tool to solve many astrophys-
ical and cosmological problems. It has been used to study the stability of
black holes and to understand the emission of gravitational waves from black
holes and gravitational collapse scenarios [11]. Perturbation analysis has also
been used to study the stellar collapse. Various stellar models have been de-
veloped since the Schwarzschild vacuum solution was discovered. However,
many of such models lead to prediction of unphysical or unstable solutions
which can be ruled out using the perturbation analysis.

Perturbation analysis have also been used in the higher dimensional grav-

ity theories to study the stability of higher dimensional black holes. Valu-
able information can be extracted from the perturbation analysis about the
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stability of black holes, gravitational wave emission during the formation
of black hole, and quasi-normal model analysis [14]. Perturbation Theory
also has many important application in the cosmology. Cosmological Per-
turbation theory provides a link between the Early Universe models (for eg.
Inflationary Universe or Pre-Big-Bang model or Ekpyrotic- type models) and
observations from cosmic microwave anisotropies and the spectrum of density
fluctuations. [15]

2.2 Perturbation types

Gravitational perturbations can be classified in two categories, radial per-
turbations and non-radial perturbations. The study of radial perturbations
was first initiated by Chandrasekhar in 1964 [16] [17] in order to understand
the effect of relativity on the stability conditions. This was later extended
by Linblom and Hiscock to fluid models with dissipations and viscosity [18].

The non radial perturbations were first introduced by T. Regge and
J.A.Wheeler [6]. They generalized the theory of spherical harmonics to the
tensors and based on the parity, they classified the perturbations into two
classes:

1.0dd perturbations or axial perturbations: Perturbations with parity (—1)"!,

2.Even perturbations or polar perturbations: Perturbation with parity (—1)¢

Here L is the angular momentum. Such a classification depends on the met-
ric structure, specifically, it is only valid for spacetime which have spherical
symmetry. It has been further extended to general m+n dimensional space-
time where the perturbations can be classified as scalar, vector and tensor
perturbations |19)].

2.3 Notation and Convention

In this section, we describe the general notation and formalism which will
be followed throughout the paper. We use the general method formulated
by Ishibashi and Kodama [19] to find the perturbed Einstein equations for
general four dimensional spherically symmetric spacetime, and apply it for
stability analysis of these spacetimes sourced by perfect and anisotropic fluids
in the next sections. We highlight the important theory and results of the
formalism in this section.



2.3.1 Background Geometry

Consider a four dimensional spacetime whose metric structure is given as
Gudatdz” = gap(y)dy*dy® + R*(y)7i;(2)dz"dz

We assume gq(y) is the metric defined on the r-t submanifold and 7;;(2) is
the metric on two sphere S2. For the latter, we have Rij = Kry;; for some
constant K. The constant K corresponds to the sectional curvature of S? and
takes values -1 for hyperbolic geometry, 0 for Euclidean geometry and 1 for
elliptic geometry.

We adopt the following convention to differentiate tensors associated with
these submanifolds.

i) Greek indices p, v, o, 3,7 - -+ — tensors on complete manifold
ii) Latin indices a, b, ¢, d - -+ — tensors on r-t submanifold
iii) Latin indices i, j, k, 1 - -- — tensors on S?

We denote covariant derivatives, Connection coefficients and Riemann
curvature tensors for the full spacetime, the r-t submanifold and the sphere

with metric v;; as
gudztdz” — V,, Fgw Rvas
gabdyadyb — Daa fzca Rabcd
vijdzidzj — Di, f‘;k, Rijkl
We now give the general formulae for the background spacetime.

1. Connection Coeflicients:

a Ha a D 7a D i Db‘é 7 i %
[he = Ther T35 = =RDRyy;, Ty = ?5@ U = Ty (2.1)
2. Curvature Tensors:
. _ . DD, R
bed = {lped ibj _—R Gij (2 2)

Rijkz = Aijkz — (DR)* (81951 — 6ije)



3. Ricci Tensors:

1 - D,DyR
Rab - 5 Rab -2 Rb
R,;=0
OR K — (DR)?
Rzg - ( R + RQ ) Gij

Here 0 = D®D, and R is the Ricci scalar of gq,. We take our background
energy momentum tensor of the form

T.=0, T.=Pd (2.3)

where P is the pressure. Using the above quantities, we can write the Einstein
equations for the background (x? is the gravitational constant)

_ D,DyR (K — (DR)? D}?) )
Gap — 22— — = — 22— gy = &> T, 2.4
b i ( 2 I3 Gab b (2.4)
1. OR
—§R+j:52P (2.5)

Though we have specialized to four dimensional spacetime, in general this can
be extended to the case when a sherically symmetric spacetime is a warped
product of an m dimensional non compact spacetime and an n dimensional
sphere.

2.3.2 Decomposition Theorems

The Einstein equations are a set of coupled partial differential equations
which are very difficult to solve. To simplify the problem, we classify the
perturbation variables based on their tensorial behavior on S? into three
types. Such a classification leads to decoupling of linearized Einstein equa-
tions. Let us first discuss two general theorems of decomposition of vectors
and tensors. [19]

1. Hodge Decomposition Theorem: Suppose (K", 7;;) be a compact Riemann
manifold. Any dual vector field on K™ can be uniquely decomposed as
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where D'V; = 0. We refer to V; and S as vector type and scalar type compo-
nents of dual vector v;

2. Suppose (K",y;;) be a compact Riemannian Einstein space, R;; = ¢y
for some constant c¢. Any second rank symmetric tensor field ¢;; can be
uniquely decomposed as

tij = t@-) —+ QD(it(jl)) + tL%'j + fxijtT

(2.7)

where Ditg? =0,t?" =0, Dit"Y, = 0and t;, = t™ /n. A similar decom-
position theorem has been proved by Kodama and Sasaki in which " is
considered maximally symmetric [20]. Using these two theorems, we can
now write the decomposition of the metric and fluid perturbation variables.
Let 0g,, = hy, be the metric perturbation relative to our background space-
time. Its decomposition is given by

hai == [)iha + h[(;)
@ 4 9p 5O LihY .
hij = hy'i; +2Dghy ) + hivig + Lijhy

where ﬁjhé?éj =nP" . =0, DAY =0 and D'hLY = 0. A similar decompo-
sition of the energy momentum tensor perturbation can be written down.

5T = DyST, + 6TV

S ) (2.9)

here DIOTS), = 6T, = 0, D'6TY) = 0 and D'ST = 0. The perturbed
Einstein equations gets decoupled into three types of equations and each type
can be dealt individually.

2.3.3 Solving Gauge Ambiguity

One of the common problem in general relativity is the issue of gauge fixing.
Since Einstein equations are invariant under gauge transformations generated
by an infinitesimal vector field (*, therefore any perturbation variable should
provide the same results as its gauge transformed ones. Clearly having mul-
tiple gauge choices creates an ambiguity in representation of perturbation
variables. To resolve this ambiguity, we can either fix our gauge choice or
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work in gauge invariant variables. The two approaches are equivalent. [19|

Let us choose an infinitesimal gauge transformation given by dz* = (*.
The metric perturbation transformation is given by

Ohyw = =V ,G — Viulu (2.10)

For individual components, this can be written in terms of the covariant
derivatives on the two submanifolds as

hap = hapy — DoCp — DpCq,
G
‘R2

hai = hei — R2Dy = — D, (2.11)

hij — hij — Cg — 2R(D"R)(.yi

Similarly, the energy momentum tensor perturbation transformation law is
given by

60T = —CVoT — TpaVuC* = TyaV,uC* (2.12)
For individual components, this can be written as

0T — 0Tup — C°DeTap — TaeDip(® — Toe Do,

0T — 0T, — T Di¢* — R2PD, ]3 (2.13)

0Ty; — 0Ty; — C*Do(R*P)yij — 2P D¢

Using the previous theorems, we can write the decomposition of the generator
¢*. From (2.6), we can see that

Co=To G=VitDiS
where D'V; = 0. In this paper, we focus only on the vector type pertur-

bations. Hence we can write the gauge transformation law for the vector
components of the metric perturbation

) ) R2p (K>
a Rz

hgrli) - hgrlz') -V

12



A similar decomposition can be written for the vector components of energy
momentum tensor perturbations. From the above transformation laws, we
can build the following gauge invariant quantities.

s A
FP =0l - R?D, < T )
RQ

)= oT) — PAlY)

0= 9P o1 — 2P DY)

Using these gauge invariant quantities, we can now write the linearized
Einstein equations for the perturbed metric. Note that there are no trans-
verse traceless tensor perturbations for S? case. We first write the above
gauge invariant quantities in terms of vector harmonics as follows. For a more
detailed account of vector harmonics V; and derivation of the linearized equa-
tions refer [19], [21]. For generic modes my :=k*— K =[(1+1) —2 # 0 |19

1 5 1 = 1 5
FY =REY, 1) =RuVi, 7 =Ry,
In terms of these quantities we can write the perturbed Einstein Equations
as follows:

1 ~ F, F;

w0 {# o (F) -2 (F)]} -Frmen e
kV D 17a 2
EDG(RF ) = —RKR 7T (215)
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Chapter 3

Fluids

This chapter gives an introduction to fluids. Section I gives a some example
of different types of relativistic fluids and the energy momentum tensors as-
sociated with them. Section II describes the conservation laws in relativistic
hydrodynamics. Section IIT discusses various physical energy conditions and
their implications. For detailed discussion about the fluids, refer to [22]

3.1 Classification of Fluids

Fluids can be classified on the basis of their physical properties. Fluids dis-
play various physical properties like viscosity, density, compressibility, surface
tension etc. In general, we have different kinds of fluids like

1. Ideal fluids: Fluids which are not viscous and incompressible.

2. Non Ideal fluids: Fluids which are compressible and viscous.

Let us consider some special types of fluids and their energy momentum
tensors

3.2 Stress Energy Tensor

Energy Momentum tensor is a generalization of stress tensor of Newtonian
Physics and appears in the Einstein equations as a source of curvature of the
spacetime. Let us now describe the energy momentum tensor of some of the
special fluids.

14



1. Dust: Dust is a collection of particles which are all at rest in some
Lorentz frame. In the rest frame, since all the particles are motionless hence
their momentum is zero. Therefore the energy momentum tensor takes the
form T# = diag(—p,0,0,0) or in tensor notation

™ = putu”

Dust models were one of the initial fluid models studied in the stellar col-
lapse problems in GR. The first such attempt was made by Oppenheimer
and Snyder [23]. They found that a spherically symmetric star with dust as
the source will always collapse to singularity and no stable stationary states
are possible.

2. Perfect Fluids: Perfect fluids are the fluids which do not have vis-
cosity, shear stress or heat conduction properties. They can be completely
characterized by the energy density and isotropic pressure in the rest frame.
The energy momentum tensor for the perfect fluids in the rest frame of the
observer is given by T+ = diag(—p, p,p,p), or in any general frame, is given
by the tensor law

T, = (p+ p)uuy + pd,

Perfect fluid have been widely used as a source in the study of stellar collapse.
There is a large amount of literature published in this area due to the wide
applications of this model. Recently, in a 1998 article, Skea and Finch [2]
analyzed the large number of solutions obtained for the static spherically
symmetric perfect fluid stars based on the physical conditions for realistic
solutions. This was further extended by Delgaty and Lake [24].

3. Non-Perfect Fluids: Unlike perfect fluids, non perfect fluids are flu-
ids with non zero tangential or shearing stress. These are compressible and
viscous in nature. As a result these are difficult to model. Tt took a consid-
erable time to develop a relativistically consistent theory of such fluids. A
brief account of the history of relativistic fluids is presented in [22].

For a general description refer to [25]. The energy momentum tensor for
a general fluid is given by [206]:

T = p(1 4 e)utu” + (p — ¢O) LM —2nc™ + ¢"'u” + ¢"ut

where p is the rest mass density, € is the energy density in the rest frame, p
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is the pressure, n,  are the shear and bulk viscosities, ¢ is the energy flux
vector, ut is the four velocity and L*” is the projection tensor (spatial) given
by

1*=utu” + g

¢ defined as 0 = V ,u*, describes the convergence or the divergence of world
lines of fluid element. o* is the traceless, symmetric, spatial shear stress
given by

1

1
0P = §(Vuuo‘ 1HP 4V P LHe) — 59 128

In the following chapters, we work with perfect and anisotropic fluid, a special
case of real fluids for which the viscosity, shear and dissipation terms are zero.
The anisotropic fluid differs from the perfect fluid due to differences in radial
and tangential pressures i.e. p, # p;

3.3 Conservation Law

In general relativity, the hydrodynamics equation of non relativistic mechan-
ics is now replaced by a more general law given by

vV, T =0 (3.1)

As given in the previous chapter, for our case the background metric is writ-
ten as o
Guvdatda” = gup(y)dy*dy’® + R*(y)yi;(2)dz"d>’

where we have denoted radius R as Rand the energy momentum tensor is
assumed to have the form 7,;, = 0 and Tg- = P(Sij where P is the pressure.
Later we will specialize to a definite form of T, but for now we can assume
it to be of any general form. From the conservation law we have

VvV, " =0
which gives

DyR
DT + 2%(@1’ —pg™) =0 (3.2)

while the other equation V,T" = 0 is trivially satisfied due to the metric
compatibility condition.
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Along with the perturbations of the background spacetime, the back-
ground fluid is also perturbed. This leads to a change in energy momentum
tensor of the fluid by a small perturbation le = T, + 0T,,. Under the
linearized approximation, the continuity equation for the perturbed energy
momentum tensor can be written as

VI =V, T" + ¥, 6T" + T4 T + 6T% T = 0

oV, T") =V ,0T" + oy, T + oL, T (3.3)
Case 1: v = a. The above equation becomes
oV, TH =V ,0T" + o1y, T + o',/ T (3.4)
Consider the first term in the expansion
V 0T+ = V0T + V6T (3.5)

It can be easily computed that

0T = g*g**6Tea — 9" T"hea — §"T*hea (3.6)
5Tai _ gabgij((STbj . Phbj) . Tabgijhjb (37)
5T = g* g (6Tyy — 2Phy) (3.8)

On expanding the two terms in expression (3.5) and using the above
equations, we see that both these terms go to zero. (Using the relations
Y90T;; =+ h;; = 0 and DioT,; = 0). The Christoffels can be treated in the
similar manner. Expanding the second term of equation (3.4),

Nz
O, T = T (= + Vs + Vihy)

To simplify the above expression, we can use the symmetry of the metric.
Since the metric is symmetric about p and v while the sum of the first
two terms are antisymmetric about them, hence their sum vanishes. Since
V.9 = 0, and for vector perturbations T'r(h) = 0, therefore the last term
also vanishes.

gﬂyvahuu = va<g'uyh;uz) =0

This gives,
or, T =0

17



Approaching the same way, using the symmetry of the energy momentum
tensor and relations mentioned above we can see that the third term in
equation (3.4) also goes to zero. Equation (3.4) thus reduces to

5(V, T") =0 (3.9)

Case 2: v =i. Equation (3.3) can be written as

6(V, TH) =V, 0T 4 6T% T + 6T, T (3.10)

po

Following the same procedure, lets expand the first term. We have

V6T =V 6T + V ;6T
On expanding the covariant derivatives this reduces to

, 40, .
V, 0TH = D 0T + D;oT"" + %5T‘“

6T and 5T can be rewritten using equations (3.7) and (3.8). Using the
definition of 7,; from chapter 2 and equation (3.2), we can rewrite the above
equation as

R
R

. 1 - A .
V6T = —g"g" Do(R*7) + g% ¢ D (Ti— Phiy) — T®g" Dyhjy, — 2P

- ﬁg gijhaj

Expansion of the second term of equation (3.10) gives

i i 9"
LT =T (= Vi hyy + Vihuj + Vi)

Again, using the symmetry property of the metric the first and second term
cancels each other. We are then left with last term which again goes to zero
as the trace of metric perturbation is zero. Hence

Ty, T =0 (3.11)
The last term can be similarly simplified to give
i e ijrab ijrkl T 2P ab ij
(SFHQT =dg T Dahﬂ, -+ g T thjl -+ f(abR)g g haj (312)
Substituting this in the equation(3.10) and after a little algebra we get

. 1 -~ 1 . .
5(V,T) = ﬁgabg”Da(Rszj) + ﬁvl’wﬂpjm (3.13)
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From chapter 1, we have 7, = R2*rV),. Substituting this in the above
expression and using the result

A . m
D,V = ﬁw{

we have the final equation

Du(R3%) + 2V R2 = 0 (3.14)
2hy

3.4 Energy Conditions

Solving Einstein equations can lead to many possible solutions, some of which
may be non-physical and unreasonable. To obtain physically reasonable solu-
tions, we need a physically reasonable energy momentum tensor. We impose

some energy conditions on T for this. We give a description of various
energy conditions. We have used |27] as a main reference for this section.

Let us assume the following decomposition of energy momentum tensor:
TH = pelleg + prelel + paehel + pselel (3.15)
where e# are functions of the coordinates and form an orthonormal basis ie.
Juv€hels = Nap (3.16)
where 7,5 = diag(—1, 1,1, 1) is the minkowski metric. Let v* be any normal-
ized future directed timelike vector. Physically it describes the four velocity
of any observer in spacetime.
v = y(eg + aef + bey + cey) (3.17)
where 7 is the normalization factor given by v = (1 — a2 — b2 — %)z and a, b,
c are arbitrary functions of coordinates. Similarly let us also define a future
directed null vector k% by
k¥ =ef +ad'ef +Ve§ + ef (3.18)
where again a’, b’ and ¢’ are functions of coordinates and a’? + b% + ¢? = 1.

19



3.4.1 Weak Energy Condition

It states that for every timelike vector field, the energy density observed by
the corresponding observer in spacetime is non negative:

p="T,v"" >0

Substituting the expressions of 7),, and of v* from (3.15) and (3.17) and after
a little simplification we get

p+a’py+ bpa 4+ ps > 0
Using the arbitrariness of a, b and ¢ we get

p>0, p+p >0 (3.19)

3.4.2 Null Energy Condition

This is the weakest of all energy conditions. It states that for every future
directed null vector k¢

T, k' > 0
Using equations(3.15) and (3.18) we have
p+apy +6%py + ?ps > 0

where a’,b’ and ¢’ are related as described above. Using this we get

p+pi =0 (3.20)

3.4.3 Strong Energy Condition

According to strong energy condition,

1
(T — iTgu,,)vav’B >0

Using equation (3.15) and (3.17) and the arbitrary nature of a,b and ¢ we
have

ptpi+pe+ps =0, p+pi=>0 (3.21)
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3.4.4 Dominant Energy Condition

According to dominant energy condition, for any future directed, timelike
vector field v#, —THv” will also be a future directed, timelike or null vector
field. In other words, —T*#v" is not spacelike or

p* —a’pt — b’p; — *ps > 0

Again, from the arbitrariness of a,b and ¢ we have
p=>0, p>|pi (3.22)

In the following sections we will be dealing with the perfect and anisotropic
fluids. We can write the energy conditions for these cases:

Case 1: Perfect Fluid

For perfect fluid, we have p; = ps = ps = p and hence, from equation (3.15)
and (3.16)

TH = pelleg + p(efel + ehes + efel)
v v (323)
= (p+p)eges + pg"

Comparing with equation of Energy Momentum Tensor of perfect fluid, we
see that eff = u*. The energy conditions can be written as

1. Weak Energy Condition: p >0, p+p >0

2. Null Energy Condition: p+p >0

3. Strong Energy Condition: p+3p >0, p+p >0
4. Dominant Energy Condition: p > 0, p > [p|

Case 2: Anisotropic Fluids

For anisotropic fluid, we have p; = p,, p» = p3 = p; and hence, from equation
(3.15) and (3.16)

TH = peley + prelfe] + p(ehes + ebey)
1 v v (324)
= (p +pt)8560 + (pr — pe)efel + peg”

Comparing with equation of Energy Momentum Tensor of anisotropic fluid
we see that eff = u# and e}’ = s#. The energy conditions can be written as
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1. Weak Energy Condition: p >0, p+p, >0 p+p.>0
2. Null Energy Condition: p+p; >0, p+p.>0
3. Strong Energy Condition: p+p,. +2p; >0, p+p.- >0, p+p: >0

4. Dominant Energy Condition: p >0, p>|p.| p+p >0
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Chapter 4

Perfect Fluids

Perfect fluid is defined as the fluid which has no viscosity, heat conduction
or other transport or dissipative processes. Such fluid models have been
widely studied in the area of stellar collapse and perturbations. In this
section, we use perfect fluid case as an example to demonstrate the formalism
described in chapter 1. In the first section we describe the energy momentum
tensor of perfect fluid and the background spacetime. We then discuss the
Einstein equation for the background and perturbed spacetime. We end with
a derivation of master equation. For more detailed analysis and solutions to
the master equation, refer to the work of Chandrasekhar and Ferrari |3].

4.1 Background Spacetime

Let us consider a gravitational collapse situation of a spherically symmetric
star. The general metric for the interior of the spherically symmetric star is
given by

ds® = —e*dt* + e*dr* + R*dQ)?

d)? represents the metric on 2-sphere. Here v, 1 and R are functions of the
comoving coordinates r and t. The exterior of the star is described in general
by Vaidya spacetime.

For a static spacetime, the existence of a timelike killing vector requires
all the metric and fluid variables to be functions of only r. Hence, for static
metric, we can describe the exterior by Schwarzschild metric given by

2GM 2GM\ !
ds2:—(1— G )dt2+(1— ¢ ) dr? + r2d0?

T r
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Let us now describe the perfect fluid source |28]. The energy momentum
tensor for perfect fluids in the rest frame of the observer is given by

—p 0 0 0

0 p 00
wo_
=10 0p o0

0 00 p

Here p is the energy density of the fluid at rest and p is the isotropic pressure.
Dust is a special case of perfect fluid with zero pressure. In general, there
is an equation of state which relates the pressure with energy density. For
example, radiation is also a perfect fluid with equation of state p = 3p.

In any general frame, the energy momentum tensor of perfect fluid is
given by
T7 = (p+ p)uau” + pd,

where u* = e7¥9§ is the four velocity of the fluid which obeys the relations
6*1/

0

0

0

uy,ut = —1. In comoving coordinates u* =

4.2 Background Einstein equations

We can now find the relation between the metric and the fluid variables using
the Einstein equations with cosmological constant taken to be zero. Together
with equation of state p = p(p), these determine the form of metric and fluid
variables. Following [5], in this section we work in the system of units for
which x? = 1. Here prime (') denotes derivative wrt. r and dot() denotes
wrt. t.

—2RR"e™ 4+ 2y RRe™ + 2/ RR'e % + 14+ R% > — R?e™ 2 = pR? (4.1)
—2RRe™ + 2U'RR'e™ + 2RVRe™® — 1 — R* % + R?¢™ %Y = pR? (4.2)

(R — Rje™® — Be™? 4 R'e™) + (2% — %) R+
(D¢6—2V o V/¢/€—21/J)R + (VIRIG—QdJ + DR@‘ZV . ¢R€_2V o w/Rle—Qw) _ pR
o (4.3)
VI R = OR (4.4)
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where the last equation follows from R;5 = 0. Let us introduce a mass func-
tion

R .
m = 5(1 + R%e™ — RP?e™?%)

This is the Misner Sharp mass function which describes the mass enclosed by
the spherical star of radius R [29]. We can recast equations (4.1) and (4.2)
as

2m/

R’ (4:5)
2m
RQR =P (46)

Since p is non zero, hence for any non static case, the Misner-Sharp mass
function and hence the mass of the spherical shell keeps changing with
time. Therefore it is not possible to describe the exterior of the star by a
Schwarzschild metric and so we use Vaidya spacetime. For static case, v, ¥
and R are functions of only R. The Misner-Sharp function is, thus, constant
in time as the time derivative of R will be zero. Hence, for static metric,
we can choose our exterior spacetime to be Schwarzschild [5]. Note that for
static spacetime, equation (4.4) is trivially satisfied. For static spacetime the
Misner-Sharp function becomes:

m= g(l — RP?e™)

Thus for static spacetime, equation (4.5) and (4.6) have the same form with
above Misner-Sharp function. Equation (4.3) reduces to

(v + 5) wvw o+ (VR ) e g

The boundary is chosen at R = R, such that at R = R, the pressure goes
to zero and for R < Ry, pressure is positive. At the boundary, the metric
should match the exterior spacetime.
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4.3 Perturbed Einstein Equations and Master
Equation
Using the gauge invariant Einstein equations derived in chapter 1, we can

now write down the perturbed Einstein equations for stars sourced by perfect
fluid. Let us rewrite the perturbed Einstein equations derived in chapter 1

1 F F
=D {R“ (Db (E) — D, (ﬁ’)) } - %Fa = %1, (4.8)

ky

T2 De W(RFY) = —K?77p (4.9)

For perfect fluid case, R7, = (p + p)au, and 7 = 0. Thus, for a =t we can
rewrite equation (4.8) as

wfo0(5) -a(5) -+ a(5) -a(5)

F, F.
+ 4R e {ar (é) — 0, (E) ] - ﬁFt

For a = r equation (4.8) becomes

(4.10)
[<p + p)ac |

(o (5 (5)] - e anfo (5) - (5)] 2

(4.11)
Similarly we can write the equation (4.9) as

R? {6_2”@ (%) — ey, <%>} — 2R {ZR g %R’e—%]
(4.12)

+ R? |:(V - 1/))%6_2” — (' — V')%&‘Qw] =0

For static metric, equation (4.10) remains same while equation (4.11) be-

comes
—2v Fr Ft my
oo () o (7)) w0 aw
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and equation(4.12) becomes

F F, 2F F,
R |:e—2l/at (ﬁt) _ 6_21/}87« (_T):| _ #Rle—?‘/) + R(l/)/ _ y’)ée—zw =

R
(4.14)

Let us now derive the master equation for perfect fluids. Consider the per-
turbed conservation law derived in section 3.3 (equation (3.14))

, m
9®Do(R*1) + ——R*rp = 0 (4.15)
2ky
From this expression, we can write 7 in terms of 7, and substitute in ex-
pression (4.9). We get

2k2
D,(RF* — —R*t") =0
my
We know that divergence of a curl is always zero. Hence we can rewrite the
expression in the bracket as a curl.

ab ® a 2’%2 3, _a
€® D) = RF* — “ Rér (4.16)
my

Substituting the value of F® in equation (4.8), we get the master equation:

1 ~ my ~ 2K2
2 a \4 o 2 ab
R Da (ﬁD Q) - EQ = _m_VR € Da<RTb) (417)
Further, for static metric, we can consider the perturbations of specific fre-
quency due to the existence of a timelike killing vector field. Hence let us
assume € = eMQ(r) and @ = eMa(r) [6]. Substituting these expressions in
above equation we get a radial equation for our static metric given by

Q// + (I// _ w/ . le) Q, _ {%621/) + )\262(¢—1/):| O =

) (4.18)
—2K
—— R [a(p’ +0)+ (p+p)(d + V'a)]
my
We can convert this to Schrodinger type equation with a new set of coordinate
defined as dr* = R?e¢Y“dr. Under this coordinate change, above equation
becomes
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P*Q rmy 5, 0] @ 2R 5 dp dp do dv
i e e [“(wﬁdr*) T pt) (wﬁadr*)}

(4.19)
Further from the perturbed conservation law we have

(p+ p)Aae ™ =0

which implies that & = 0. Hence RHS of equation (4.19) goes to zero showing
that fluid perturbations do not excite axial perturbations and hence metric
perturbations remain decoupled from fluid perturbations. For a more detailed
analysis, refer to the work of Chandrasekhar and Ferrari |3] Reference used:
[19]
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Chapter 5

Anisotropic Fluids

5.1 Emnergy Momentum Tensor

In this chapter, we consider the axial perturbation of stars sourced by anisotropic
fluids. The energy momentum tensor for anisotropic fluids in comoving co-
ordinates is given by ( [30])

—p 0 0 0
0 p 0 0

n—

1 0 0 p O
0 0 0 p

where p is the energy density of the fluid, p, is the radial(normal) pressure
and p; is the tangential pressure, all dependent on t and r in general. In the
limit p, — p; we recover the perfect fluid case.The tensor equation for the
above energy momentum tensor is

T# - (P +pt>uuuu + (pr - pt>31/3u +pt5{j (51)

where u# = e} is the four velocity of the fluid and s* = e¥§}) is the unit
vector in the radial direction. As can be verified, these quantities satisfy the
relations u#u, = —1, s,s* =1 and s,u* =0

5.2 Energy Conditions

In this section we discuss the energy conditions for the Perturbed Energy
Momentum Tensor. Following section 3.4 we can write the decomposition of
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perturbed energy momentum tensor as
T8 = peses + prése) + pacsés + psesey (5.2)
where vectors €} form an orthonormal basis i.e.
§a6éfféf = Nuv

These basis vectors are functions of coordinates and 7, is the minkowski
metric. The inverse metric is given by

The perturbed energy momentum tensor can also be written as the sum of
background and the perturbation.

7% = TP 4 678

Following section 3.4, from equation (3.15) and (3.16) we can also write the
background energy momentum tensor in the following form:

T = (p+ p)egey + g™ + (pr — pr)esés

By comparison with equation(5.1) we see that u* = éj and s* = é§. The
perturbation of the above gives

0Top = 2(p + pr)€adéos) + Dihas + 2(Dr — Pt)eaalip)
Taﬂ = (p + pt)[€oabos + 2€0a0€0p)] + PtGas + (Pr — D) (€1ab15 + 2é(mg@w))

where du, = déy, and ds, = 0é1,. Proceeding in the same way as section
3.3, we define a future directed timelike and null vector field.

0% = y(ég + aef + béy + céy)
k= y(eg + &y +Veg + deg)
We can now write down the energy conditions
1. Weak Energy Condition:

Topt°0® > 0
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This can be simplified to
Topt®t? = ¥%[p + pra® + p(0* + )] > 0

Again, using the arbitrariness of a, b and ¢ we can find the conditions on
energy density and pressure.
i. Let a = b = c = 0 which gives p > 0
ii. Let b = ¢ = 0. Thus we have p+ p, > p + p,a® > 0.
iii. Let a = ¢ = 0.Thus we have p +p, > p + p;b* > 0.
2. Null Energy Condition:
Toghol? > 0

This gives

72[,0 +pTa/2 +pt(b/2 + C/Q)] 2 0

Using the arbitrariness of b and ¢ we can see that p+p, >0 and p+p; >0

3. Strong Energy Condition:

- 1 -~
(Top — 5:Fgaﬂ)@%ﬂ > ()

The second term in the above expression reduces to trace of perturbed energy
momentum tensor (v is a timelike normalized vector field). Substituting the
expressions of T},3 and v* from above and after a little simplification

272[(pﬁ—p)(1+2ua(5ua+2ua5ua)+(pT—pt)dQ(1+25a55a+2$a(53a)—pt(l—d2—52—é2)] >

Since we are only considering the axial perturbations hence the perturbation
term do not contribute to the trace of perturbed energy momentum tensor.
Therefore,

T =T¢
Thus the strong energy condition yields:
29%[p + a®p + (b + )] 2 p—pr —2p
Choosing a =b=c=0 we get p+p, +2p; >0
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5.3 Conservation Law

Let us consider the gravitational collapse situation similar to the perfect fluid
case. The form of the metric of stellar interior is given by

ds® = —e?dt* + e*YdR? + R%2d0?

where v, and R are functions of the comoving coordinates r and t and d?
represents the metric on a 2-sphere. The exterior of the star is described by
the Vaidya spacetime. For the above metric, we find the conservation law
for anisotropic fluid to obtain relations between energy density, radial and
tangential pressure:

b+(pT+p)¢+(pt+p)% =0 (5.3)

2R
=0 (5.4)

P+ (pr + )V + (pr — 1)

For a static metric metric, pressure and density will also be a function of
only r. As a result, first equation (5.3) is trivially satisfied.

To find the functional form of v, v and R, we need to solve the Einstein
equations. For the above metric the Einstein equations are (assuming
k? =1 for this section ):

2m’

R p (5.5)
2m
- = —p, 5.6
o= P (5.6)
P YR E o, B oy 2 -2 12 2 P2
(Ve e % —l—Re VR + (Ve e )R+
(e ™ — /e )R? + (W R'e™ + vRe™ — )Re™ — ' R'e™ )R = p, R
(5.7)

where m is the Misner Sharp mass function as described in the previous
chapter.
R .
m = 5(1 + R%*e™% — R?e™?¥)
For p, = 0, the Misner-Sharp function does not change with time and hence,
only a function of radial coordinate. In this case we can describe the exterior
of the star by the Schwarzschild metric.

2GM 2GM
ds? = —(1 — GT)dtQ . GT)M + R0’
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However, for any p, # 0, the Misner-Sharp function changes with time and
hence, we cannot describe the exterior by Schwarzschild metric. In such a
case, we have to choose more general Vaidya metric to describe the stellar
exterior [5]. For the static case the time derivatives will be zero and equa-
tions become

R/ B 1 R/Q B
2¢’Ee 2¢+ﬁ_ﬁe W =p (5.8)
2VR'e™® — 1+ R?*e™* = p.R? (5.9)
R// R/ R/
(Ve 0+ Ee_w) +12e W e (I/Ee_w —@//Ee_w) =p (5.10)

The above equations can be solved to obtain the functions v, and R.
For static metric, the exterior spacetime will be Schwarzschild. For detailed
solutions refer [30]. To consider the axial perturbations let us first consider
the conservation law for the perturbed energy momentum tensor. The per-
turbation of energy momentum tensor can be written as

0T = 2(p + pe)uduy) + 2(pr — De)Su0Sy) + Dby

Let du; = aV; and ds; = BVZ-. ou, = 0s, = 0 because these will behave like
scalars on S2. For static metric we can assume the time dependence of alpha
and beta of exponential order i.e. @(r,t) = a(r)eM and B(r,t) = f(r)eM.
Substituting these expressions into equation (3.14) the perturbed conserva-
tion law becomes

(pe + p)Aae’™ + (pr — i) B + (0}, — 1) B+ (pr — 1) B (u’ + 2]}; ) =0 (5.11)

This gives us a relation between alpha and beta. Also it can also be seen
that metric perturbations are completely decoupled from fluid perturbations.
However, unlike perfect fluid case, fluid perturbations are not zero and also
anisotropic in nature, as is evident from the presence of factor beta.

The anisotropic nature of fluid changes the behavior of the fluid which
leads to fluid excitation by axial perturbations. As can be seen, in the absence
of anisotropy in the background fluids, p, = 0 and therefore @ = 0 which is
consistent with the perfect fluid analysis.
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5.4 Perturbed Einstein Equations

We had derived the general gauge invariant form of perturbed Einstein Equa-
tion. Using these equations, we can now write the perturbed Einstein equa-
tion for anisotropic fluids. For convenience of readers, we rewrite the equa-
tions (2.14) and (2.15)

F
wl 5 (0 (5) -2 (7)) - eroetn o
kV a 2
Y DL(RFY) = 7y (5.13)

For anisotropic case, R, = (p; + p)au, + (pr — p)Bsq and 7 = 0. Thus, for
a =t we can rewrite equation (5.12) as

oo () -a() o () -0 ()]

F, F, m 2K>
1 =2 2 I M _ ~ v
+4R'e {&n <R> Oy (R) } 2 Fy R [(Pt + p)ae }

For a = r equation (5.12) becomes

(o (5) - (B))] o[ () -0 ()

e [ (5) o (B)] - -2y

(5.14)

R R)| R R
(5.15)
Similarly we can write the equation (5.13) as
F, F, F,. , F_ _
— R? [6_2”@ (Et) — e 29, (E)} — 2R [éRe wo_ ERI@ i
(5.16)

+ R? {(y - ¢)%e—2” — (' — V')%e_w} =0

For static metric,s equation (5.14) remains same while equation (5.15) be-
comes

Re™% [at (at (%) — 0, (%) )} + %F,. = 2—;2(pr —p)fe’ (517
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and equation(5.16) becomes

F; F, F, F,
2| 2w L 1Y) ar Irpl =2 P2 NIT =2
R [e at(R) e &(R)}—i—QRRRe R*(¢ I/)Re
(5.18)

We now find the master equation for the anisotropic case. Following the
same methodology, as in perfect fluid case, it can be seen that we obtain
the same Master equation (equation (4.17)). Simplifying this for the static
background metric we get

Q” + <l// . ¢/ _ 2}?’) Q/ . {%62@& + )\262(¢y):| O =

e (5.19)
m—:R%w {e” (a(p’ +0)+ (p+p)(a + y’a)) +e’(pr — Pt)w}

We make a coordinate change r* = [ R?e¥~"dr in the above equation.

d*Q my Q  —2x? dp  dp
o v v )\2 e 2u41) e
dr+? {RQ o } Rt my ‘ [ (dr* * dr*) “

(5.20)
+(p+p) (;ﬁ + ajﬁ) + A3(pr — pt)]

We see that we get a set of coupled ordinary differential equations (5.11)
and (5.20) for the perturbation variables. Further, the metric perturbations
though shown to be independent of fluid perturbations, are intricately cou-
pled. To solve the above equations we need a constraint condition relating
alpha and beta.

Let us look at the special case for which perturbations of the anisotropic
term (s*) vanishes. Then from equation (5.11),

(pe + p)Aae?™ =0

which gives o = 0. Thus, for the isotropic perturbations, the fluid and metric
perturbations completely decouple and fluid perturbations are not excited by
the axial perturbations as seen from the above. In this work we study this
case further for a naked singularity spacetime. The general case of non zero
anisotropic perturbations will be part of later work.
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Chapter 6

Example of an anisotropic
spacetime and 1ts axial
perturbations

In this chapter, we consider a naked singularity spacetime sourced by anisotropic
fluid as an example. There are many examples of anistropic spacetimes with-
out such singularities, but a good motivation for choosing this is to investi-
gate, if as expected, naked singularities are unstable. Our formalism will be
the first step in such an investigation. In the first section we describe the
background spacetime . In the second section we obtain the master equation
and convert it to Schrodinger form. We end this chapter with a discussion
of the nature of the solution and the stability of the spacetime.

6.1 Background Spacetime

In a recent study [5] of gravitational collapse of anisotropic fluid stellar mod-
els, it has been found that equilibrium configurations can arise as a result
of such a collapse beginning from regular initial conditions and the resulting
static spacetime can be regular or have naked singularities. We use one of
these naked singularity spacetimes as our background. For a detailed discus-
sion about this spacetime refer [5|

We choose a Misner Sharp mass function(for static case) defined in the
previous chapter of the form F(r) = M,r® and R = cr3. Then solution of the
Einstein equations gives the functional form of energy density and pressure.

M,

(6.1)
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M
C4R2(1 - M,)
where p is the energy density of the fluid after collapse and p, is the corre-
sponding tangential pressure. We work with the fluid for which p, = 0. For
R — 0 both tangential pressure and energy density diverge at center showing
that R = 0 is a curvature singularity. The resulting spacetime consists of
an interior metric inside a spherical ball of fluid matched to a Schwarzschild
exterior. When M, < 1 we do not have a horizon and this is favoured by
reasonable assumptions (e.g., energy conditions etc.) on the fluid. In that
case the above singularity becomes a naked singularity. The spacetime is
then given by

Pt (6.2)

dR?
1—-M,

T— M,
ds®* = —(1 — M,) (—) dt* + + R*dQ? (6.3)
where M, = 2Mryq/ Ry and R < Ry. As in the previous chapters, R, is the
physical radius of the boundary of the final equilibrium state and Mrp is
total mass at the boundary. This spacetime is a final state of collapse and
hence static. Thus, exterior metric (for R > R,) is given by the Schwarzschild
metric which can be written as

M M -t
ds® = — (1 — ;%Rb) dt? + (1 - %R”) dR? + R%d0)?

It can be seen that equation (6.3) reduces to the Schwarzschild metric for
R — Ry and thus it is continuous at the boundary.

6.2 Master Equation

We can now use the formalism developed in previous chapters to find the
master equation for our background spacetime. The non zero Christoffels of
the Lorentzian metric are following:

M, 1
F(I)O :F81 - (1 _Mo) 2R
Mo
Fl - Mo(l - Mo) E 1=Mo
00— 2R R,

The master equation in covariant form is(equation (4.17)):

1 ~ my ~ 22
2 T ne v _ 2" p2 ab
RDa( 2D SZ) 2&2— vae DQ(RTb)
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Let Q(R,t) = Q(R)e and let prime denote the derivative w.r.t R. The
master equation for the naked singularity spacetime is

Mo
M, 2(1—M,) A2 R\ T my
1— M) + | =2 -2 oy = — o=
( ) +{2R R } 1—MO(R TR
Mo
2k2 AM? 1 [ R 20-M0) aM
—R? 0 — 1—]\/[02(—) [ +P)snr O
my AR2(1 — Mo)éﬁ ( ) Ry (i p)QR(l - M,)

(6.4)
We consider special perturbations in which the anisotropy direction is not
perturbed i.e. § = 0. Again from the conservation equation it can be seen
that for this case @« = 0. Then the RHS of the master equation vanishes and
it reduces to

M.

_ 2 1M,
(1—MO)Q”+[M" 21 = Mo) RMO>}Q/_[ A (&) + I la=0

2R 1- M, \ R R?
(6.5)
This is the master equation for our naked singularity spacetime . This is only
valid for R < Ry. For R > Ry, we look at the Schwarzschild master equation:

(1 - M;%Rb> o 4 (SMoRb ~ 2) @ <1 - MORb)‘lAz Ly

Q:
R R R 0

6.2.1 Regge Wheeler Equation

In 1957, Regge and Wheeler used the gravitational perturbation method
to show the stability of the Schwarzschild singularity. They obtained a
Schrodinger type equation for axial perturbations also know as Regge Wheeler
equation. For our case the exterior metric is Schwarzschild. We here show
that master equation derived for Schwarzschild metric effectively reduces to
the Regge Wheeler equation. The master equation for the exterior case is
given by equation(6.6). We change our perturbation variable from Q to @
defined by 2 = R®. We can write the Master equation for Schrodinger
case(R > Ryp) in terms of perturbation variable ®

M,R, M,R, MR\ " I(1+1) 3M,R,
1— 22 ) @ 2t | (1 — =) 2 - ® =0
( R ) TR [( R ) TR R?

(6.7)
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This is a second order ODE of the form y”+ P(x)y'+Q(z)y = 0. This can
be converted to Sturm Liouville form by multiplying it with an integrating
factor. We change the variable from R to dR = (1 — %)fld}%. Replacing
R from above equation we get the Regge Wheeler equation:

which can again be written as
d2
(——~ + VQ(R)> ®=0

where the potential is given by

Va(R) = {AQ + (1 - M;%Rb) (l(l}y) B 3J\]4$3Rb)]

6.2.2 Equation for €2 in Schrodinger form

Let us now use the formalism developed in section 5.4. We rewrite the master
equation for the interior and the exterior case to obtain a Schrodinger type
equation. The master equation for the interior is given by equation (6.5) while
for the exterior its given by equation (6.6). We use a change of variable from
R to 7 as introduced in section 5.4. For interior(R < Ry),

M.

. R? R\
dr—l_Mo(E) dR

which on integration gives

R = (kr) i, g = 87 ™o preniny

9 b

while for the exterior (R > R}) its given by

M -1
di = R? (1— ;%R”> dR

which can be integrated to give
R®  M,R,R?
N + -
3 2

where C is a constant of integation. It can be seen that this coordinate

15?40 dR. With the following

P =

+ M?R}R + M3R}n(R — M,R) + C

change is continuous at R, and at R = Ry, dr =
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coordinate change the master equations takes the Schrodinger equation form.
In general it can be represented by

_ &0
d7?

where potential term V' for interior is given by

FV(R)Q=0 (6.9)

V(R)=Vi  R<R

(6.10)
=V, R > Ry
where o
A2 my(1—M,) [ R\ T
_ A o [t 11
=g il (R> (6.11)
/\2 my MoRb
-2 V(1= 12
v R4+Rﬁ( - ) (6.12)

These potential can be expressed in terms of 7 using the transformations
given above.

6.3 Nature of the Solution

To solve the master equation, we need to impose some boundary conditions.
We choose the boundary conditions that solutions vanish for R — 0 and are
continuous at infinity. Let’s consider the Schrodinger type equation for the
interior. This is a Schrodinger type equation with zero eigen value. Let W
be any general solution of €2. Then it will satisfy this equation.

()
a7

+V(H)U(F) =0

Outgoing solution : We now look at realistic class of solutions. The
Schrodinger equation for R < R is

d2 )\2 mv(l - MO) 1
- Q - 1—M + = Q — 0
di? ( ) (kf) 86(—7]]53) Rbliwﬁ[o (kr)Q

M.

where k = G_Z—M‘)Rb_Q“’M"). Let ¥ be a solution of this equation. Then, this
can be rewritten as

L) (K K\
e (B2 =0
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— M,

_ 8(1—M,) _ 2 _ my(1-M,) pT-M,
where f = ST K, = o7 and Ky = TRb

Let us look at the behavior of this equation at the boundaries. The
boundary is defined by R = 0. From the transformation we can see that the
corresponding boundary in the new coordinate is

1L.7—=0if6—-7M,>0
2.7 —=>o00if6-7TM,<0

Consider the first condition. In the limit of 7 tending to zero, both 72 or

7=/ tend to infinity but one of them will dominate over the other.

Case I: If 0 < M, < %, 72 dominates.
Case II: If % <M, < g, 7~/ dominates

For the second condition, it can be seen that 7~/ dominates as f becomes
negative for this case and 7 — oo.

Case1:0<Mo<§

In this region, 7~2 dominates and hence near ¥ — 0 boundary our
Schrodinger type equation becomes:
U (7) K
— —VU(r) =0
i e )
Ansatz: U(7) = 7P. Plugging this in the above equation, we get two roots of
p:

[N

>0

+ =1+ 4K,)

P =
(6.13)

=

P2 = (1+4K5)2 <0

N =N~
N =N =

The general solution is W(7) = ¢;7* + c7#2. For r — 0, r~ P2l — 0o hence
Cy = 0.

Case2:§<Mo<1

For this case, the first term of the potential 7~/ dominates. Hence the

equation becomes
d* (7 K
~< ) — ~—1\I/(7:) =0
dr? rf
We can obtain solutions to this equation using Frobenius method if f is a
rational number. However if f is an irrational number, Frobenius method
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does not apply and we need to find some alternate way to obtain the general
solution to this equation. We solve this equation for p < ¢. The other case
can be solved in a similar manner.

oo n
Ansatz: ¥ = E Oanf?. Substituting in the Schrodinger equation we
n=

have,
i n n > m m
> (— + 2) (— + 1) UniogP i+ Y K— + 2) (— + 1) Ump2g — K1myp| 77
o\ q = I\ a q

This implies that

(g n 2) (g + 1) npzg =0  VYne(—2¢,—p—1)

Thus, we have either ag or a, as arbitrary depending on the choice of n and
rest a,, are zero where m is from 1 to 2¢ — (p + 1). We can choose a, as the
independent parameter by keeping n = —2q. Recurrence relation is

Klam-ﬁ-P

Um+2g = T m ; m=-—-p,—p+1, ..
() (1)

Let us consider an example. Let M, = % This gives p = 3 and ¢ = 2.

Substituting in the above equations we get either a, or a, as arbitrary. We
choose n = —4, so ay = 0. The recurrence relation gives:

a _ Klam+3 X
T (T 2)(2 1)

m=—3,—2,—1...

Ratio test: K
a

lim |2 = lim 5 !

=00 Qg g—o0 g% —

—0

Hence we have a converging series with radius of convergence as infinite.

U = ag(1 — 4K,72)

For r approaching zero, this solution converges to a, while the derivative di-
verges to negative infinity.

Let us now look at the solutions for the exterior case. The exterior of
the star is given by Schwarzschild metric for which the perturbation can be
described by equation (6.17) and (6.20). For R — oo, the master equation

(6.5) becomes

/
Q”—%—FwQQ:O
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where we have assumed \ = iw since we are now look for wave like solutions.
To obtain solution for this case we change our variable from R to x defined
as R = % The above equation becomes

400 W2

Q"+ +—=02=0
X

X

where the prime(’) now denotes derivative wrt. x. This is a standard differ-
ential equation solution of the form

2y’ +ay + bx"y =0
general solution of which are given by

2 b n+1 2 b n+1
CiJ, < Vb x;) + CYY, < vb x;>]
n—+1

l1—a

y:IQ

n—+1

_ 11—q _ _ _ _
where n # —1,0# 0, v = =4 Inour case n = =3, a =4, b = w” and v =

’73. Thus solution for our case becomes Q = 2% [clJ%s (%’) + ch%s (’7“’)}

For R — oo, this solution reduces to

1 LW w

)= — |cysin — +CQCOS—]

x x x

where ¢; and ¢y are some constants. In terms of R, the solution is
Q= Rc;sinwR + ¢y coswR]

In terms of Regge Wheeler master variable ®, the solution becomes

¢ = [c1sinwR + ¢z coswR)|

which matches with the solution given by the Regge Wheeler [6]. Thus we
have wave solutions.
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Conclusions

In this work, we explored the stability issues of spherically symmetric
spacetimes sourced by anisotropic fluid. The initial problem is set up by
studying the behavior of axial perturbations. To remove the gauge ambigu-
ity, this problem is developed in a gauge invariant form. We then derive the
master equation governing the behavior of perturbations, thus reducing the
coupled FEinstein equations into a single ordinary differential equation. We
have further shown that for special cases, this differential equation can be
reduced to a Schrodinger type equation.

We find that fluid perturbations are independent of the metric perturba-
tions. However unlike the perfect fluid case, the fluid perturbations remain
anisotropic in nature and hence can be non zero in general. These will thus
contribute in the master equation. However, if we assume perturbations
which do not change the direction of anisotropy, then fluid perturbations
vanish showing that anisotropic fluids do not then excite axial perturba-
tions. We have also analyzed a static solutions(naked singularity) as a result
of anisotropic fluid collapse where the fluid has zero radial pressure. We com-
pute the nature of the solutions close to the naked singularity and asymp-
totically at infinity.

This project can be expanded into various directions. The first extension
to this work would be to complete the stability analysis of spacetime example
dealt in chapter 6 by obtaining approximate solutions in the interior and
the exterior and matching the two solutions at the fluid boundary. The
questions of interest in this problem are (in)stability of naked singularity
as well as quasi-normal modes of this spacetime. The question is whether
the spectrum of these modes would be different from that of the star or
Schwarzschild black hole. Another direction would be to repeat the analysis
of this thesis to polar perturbation of anisotropic fluids. Lastly we would like
to consider perturbing the direction of anisotropy as well (i.e. § # 0) which
would lead to shear viscosity terms in energy momentum tensor.
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