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Abstract

In this work, we analyze the stability of spherically symmetric spacetimes
sourced by perfect and anisotropic �uids under a class of gravitational per-
turbations. This has been done in a gauge-invariant formalism developed by
Ishibashi and Kodama, where the perturbation equations are written in terms
of manifestly gauge-invariant variables. We study axial perturbations of such
spacetimes. The perturbation equations reduce to a single master equation
and the equations for conservation of the energy momentum tensor. As is
well-known, axial perturbations do not excite the �uid perturbations when
the source is a perfect �uid. We review this result and then show that when
the �uid is anisotropic, this is still true provided the vector de�ning the di-
rection of anisotropy is constant under the perturbation. Finally we conclude
by taking a speci�c example of a spacetime sourced by an anisotropic �uid
and analyzing the axial perturbations of this spacetime.
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Chapter 1

Introduction

Stability analysis under gravitational perturbations has been studied widely
in relativity, astrophysics and cosmology. It comes as a useful tool in the
study the interior structure of star, its stability and evolution with time.
While the study of radial perturbations provides insights about the global
stability or instability which may be the cause of stellar collapse, the study
of non radial perturbations is used in the resolution of the problem of gravi-
tational waves by non stationary sources [1].

The study of stellar perturbations is of special interest in relativity and
astrophysics. A large amount of literature exist which presents and analyze
various stellar models and their gravitational collapse situation. Some of
most successful stellar models were found with perfect �uids sources. Unlike
the dust case, perfect �uids models can predict static spherically symmetric
solutions. Such models can be used to model the interior of the neutron
stars [2]. Also, perfect �uid models are easier to model due to the high
symmetry involved which simpli�es the equations to a great extent. Stellar
perturbations of stars sourced by perfect �uids have been studied in a great
detail, a detailed account can be found in the works of Chandrasekhar [3].

In the course of development of these stellar models, it was realized that
static spherically symmetric models can also occur with other �uids. Using
an anisotropic �uid with zero radial pressure and non zero angular pressure,
equal in both the directions, it was shown in [4] that a static spherically
symmetric solution can exist. Such �uid model was also used to analyze the
gravitational collapse scenarios in [5] in which a general class of equilibrium
solutions were obtained as the result of the gravitational collapse. The issue
still remains about their stability. In this work, we explore such spacetime
sourced by anisotropic �uid and study about their stability. We consider spe-
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cial anisotropic �uids in which radial pressure di�ers from angular pressures,
which are both equal.

We analyze the stability of these spacetimes under gravitational pertur-
bations. Such an analysis was �rst done by Regge and Wheeler, who de-
veloped the general formalism to analyze the stability of the Schwarzschild
spacetime [6]. However, a major problem with such method is the ambigu-
ity in gauge choice. All the observables derived from these theories should
be completely independent of the coordinate system the theory is formu-
lated in. A remedy to this problem came from the formalism developed by
Gerlach and Sengupta [7], [8], [9] who presented a gauge invariant structure
of linearized Einstein equations and Conservation equations for polar and
axial perturbations of spherically symmetric spacetime. Mukohyama [10] de-
veloped the gauge invariant formalism for maximally symmetric spacetimes
including Anti-de Sitter spacetime. This formalism was further developed in
a series of papers by Ishibashi and Kodama where they extended the Regge
Wheeler master equation to higher dimensions [11].

The study of spacetimes sourced by anisotropic �uids is of special rele-
vance in various spheres. The theoretical interest arises in the study of their
stability and to see the degree of variation from the perfect �uid case. It also
has applications in astrophysics to model the anisotropies occurring in �uids
in the interior of the stars. Such anisotropies cannot be studied with perfect
�uid stellar models and need an anisotropic counterpart. Apart from rela-
tivity and astrophysics, anisotropic spacetime have been studied in particle
physics in the study of the instability associated with anisotropic quark-gluon
plasma at weak and strong couplings [12]. There has also been studies to
obtain the solutions of anisotropic black branes in the asymptotically Anti-de
Sitter spacetime [13].

In this work, we focus on the axial perturbations of a general spherically
symmetric stellar model sourced by anisotropic �uids. We present the Ein-
stein equations and the Conservation laws in the gauge invariant form and
using these we develop a masters equation for this case. It has earlier been
shown that the intricately coupled perturbed Einstein equations can be re-
duced to simple ordinary di�erential equations for stationary vacuum black
holes [6]. Such a reduction is also possible for perfect �uid stellar models
under axial perturbations as the �uid does not excite the axial perturba-
tions [3]. In this work, we show that �uid perturbations, preserving the
anisotropy direction, are completely independent of metric perturbations for
anisotropic �uids. We further show that equation for axial perturbation in
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this case reduces to a linear partial di�erential equation for a function and by
employing a suitable ansatz we can reduce it to a simple looking Schrodinger
equation. As an example we analyze a speci�c anisotropic spacetime con-
taining a naked singularity spacetime as (in)stability of naked singularity is
a problem of interest in view of cosmic censorship.

In the next chapter we �rst develop the gauge invariant formalism for a
spherically symmetric spacetime. This is continued in chapter 3 with a intro-
duction to �uids in which we give a brief description of �uids, the conservation
law and the energy conditions. In chapter 4, we �nd the master equation for
perfect �uid case as a demonstration of the gauge invariant formalism. In
chapter 5 we discuss the anisotropic �uid case and obtain the gauge invari-
ant master equation for the perturbations. We discuss an example of naked
singularity spacetime sourced by anisotropic �uid.
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Chapter 2

Gravitational Perturbations

2.1 Why Study Perturbations

Einstein' s General theory of relativity is one of the most successful theories
of gravity. It has made many novel predictions completely replacing its clas-
sical counterpart. However, some of these predictions are bizarre and di�cult
to comprehend. Some of the solutions of Einstein equations are unphysical
and violate the laws of causality. This puts the theory in trouble raising
questions about its predictive ability.

A possible way out is the stability analysis. It is expected that the un-
physical solutions predicted by this theory should not be stable and hence
would not exist in real world. A perturbation analysis of such solutions
can throw light on their existence, stability and evolution with time. Know-
ing about the stability of these solutions it will be easier to understand them.

Perturbation analysis has become a useful tool to solve many astrophys-
ical and cosmological problems. It has been used to study the stability of
black holes and to understand the emission of gravitational waves from black
holes and gravitational collapse scenarios [11]. Perturbation analysis has also
been used to study the stellar collapse. Various stellar models have been de-
veloped since the Schwarzschild vacuum solution was discovered. However,
many of such models lead to prediction of unphysical or unstable solutions
which can be ruled out using the perturbation analysis.

Perturbation analysis have also been used in the higher dimensional grav-
ity theories to study the stability of higher dimensional black holes. Valu-
able information can be extracted from the perturbation analysis about the
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stability of black holes, gravitational wave emission during the formation
of black hole, and quasi-normal model analysis [14]. Perturbation Theory
also has many important application in the cosmology. Cosmological Per-
turbation theory provides a link between the Early Universe models (for eg.
In�ationary Universe or Pre-Big-Bang model or Ekpyrotic- type models) and
observations from cosmic microwave anisotropies and the spectrum of density
�uctuations. [15]

2.2 Perturbation types

Gravitational perturbations can be classi�ed in two categories, radial per-
turbations and non-radial perturbations. The study of radial perturbations
was �rst initiated by Chandrasekhar in 1964 [16] [17] in order to understand
the e�ect of relativity on the stability conditions. This was later extended
by Linblom and Hiscock to �uid models with dissipations and viscosity [18].

The non radial perturbations were �rst introduced by T. Regge and
J.A.Wheeler [6]. They generalized the theory of spherical harmonics to the
tensors and based on the parity, they classi�ed the perturbations into two
classes:

1.Odd perturbations or axial perturbations: Perturbations with parity (−1)L+1,

2.Even perturbations or polar perturbations: Perturbation with parity (−1)L

Here L is the angular momentum. Such a classi�cation depends on the met-
ric structure, speci�cally, it is only valid for spacetime which have spherical
symmetry. It has been further extended to general m+n dimensional space-
time where the perturbations can be classi�ed as scalar, vector and tensor
perturbations [19].

2.3 Notation and Convention

In this section, we describe the general notation and formalism which will
be followed throughout the paper. We use the general method formulated
by Ishibashi and Kodama [19] to �nd the perturbed Einstein equations for
general four dimensional spherically symmetric spacetime, and apply it for
stability analysis of these spacetimes sourced by perfect and anisotropic �uids
in the next sections. We highlight the important theory and results of the
formalism in this section.
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2.3.1 Background Geometry

Consider a four dimensional spacetime whose metric structure is given as

gµνdx
µdxν = gab(y)dyadyb + R̃2(y)γij(z)dzidzj

We assume gab(y) is the metric de�ned on the r-t submanifold and γij(z) is
the metric on two sphere S2. For the latter, we have R̂ij = Kγij for some
constant K. The constant K corresponds to the sectional curvature of S2 and
takes values -1 for hyperbolic geometry, 0 for Euclidean geometry and 1 for
elliptic geometry.

We adopt the following convention to di�erentiate tensors associated with
these submanifolds.

i) Greek indices µ, ν, α, β, γ · · · → tensors on complete manifold
ii) Latin indices a, b, c, d · · · → tensors on r-t submanifold
iii) Latin indices i, j, k, l · · · → tensors on S2

We denote covariant derivatives, Connection coe�cients and Riemann
curvature tensors for the full spacetime, the r-t submanifold and the sphere
with metric γij as

gµνdx
µdxν → ∇µ,Γ

α
βγ, Rµναβ

gabdy
adyb → Da, Γ̄

a
bc, R̄abcd

γijdz
idzj → D̂i, Γ̂

i
jk, R̂ijkl

We now give the general formulae for the background spacetime.

1. Connection Coe�cients:

Γabc = Γ̄abc, Γaij = −R̃DaR̃γij, Γibj =
DbR̃

R̃
δij, Γijk = Γ̂ijk (2.1)

2. Curvature Tensors:

Ra
bcd = R̄a

bcd Ra
ibj = −D

aDbR̃

R̃
gij

Ri
jkl = R̂i

jkl − (DR̃)2(δikγjl − δilγjk)
(2.2)

9



3. Ricci Tensors:

Rab =
1

2
R̄ab − 2

DaDbR̃

R̃

Rai = 0

Rij =

(
−�R̃

R̃
+
K − (DR̃)2

R̃2

)
gij

R = R̄− 4
�R̃

R̃
+ 2

K − (DR̃)2

R̃2

Here � = DaDa and R̄ is the Ricci scalar of gab. We take our background
energy momentum tensor of the form

Tai = 0, T ij = Pδij (2.3)

where P is the pressure. Using the above quantities, we can write the Einstein
equations for the background (κ2 is the gravitational constant)

Ḡab − 2
DaDbR̃

R̃
−
(
K − (DR̃)2

R̃2
− 2

�R̃

R̃

)
gab = κ2 Tab (2.4)

− 1

2
R̄ +

�R̃

R̃
= κ2P (2.5)

Though we have specialized to four dimensional spacetime, in general this can
be extended to the case when a sherically symmetric spacetime is a warped
product of an m dimensional non compact spacetime and an n dimensional
sphere.

2.3.2 Decomposition Theorems

The Einstein equations are a set of coupled partial di�erential equations
which are very di�cult to solve. To simplify the problem, we classify the
perturbation variables based on their tensorial behavior on S2 into three
types. Such a classi�cation leads to decoupling of linearized Einstein equa-
tions. Let us �rst discuss two general theorems of decomposition of vectors
and tensors. [19]

1. Hodge Decomposition Theorem: Suppose (Kn, γij) be a compact Riemann
manifold. Any dual vector �eld on Kn can be uniquely decomposed as

vi = Vi + D̂iS (2.6)
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where D̂iVi = 0. We refer to Vi and S as vector type and scalar type compo-
nents of dual vector vi

2. Suppose (Kn,γij) be a compact Riemannian Einstein space, R̂ij = cγij
for some constant c. Any second rank symmetric tensor �eld tij can be
uniquely decomposed as

tij = t
(2)
ij + 2D̂(it

(1)
j) + tLγij + L̂ijtT

L̂ij := D̂iD̂j −
1

n
γij4̂

(2.7)

where D̂it
(2)
ij = 0, t

(2)i
i = 0, D̂it

(1)
i = 0 and tL = tmm/n. A similar decom-

position theorem has been proved by Kodama and Sasaki in which Kn is
considered maximally symmetric [20]. Using these two theorems, we can
now write the decomposition of the metric and �uid perturbation variables.
Let δgµν = hµν be the metric perturbation relative to our background space-
time. Its decomposition is given by

hai = D̂iha + h
(1)
ai

hij = h
(2)
T ij + 2D̂(ih

(1)
T j) + hLγij + L̂ijh

(0)
T

(2.8)

where D̂jh
(2)
T ij = h

(2)i
T i = 0, D̂ih

(1)
T i = 0 and D̂ih

(1)
ai = 0. A similar decompo-

sition of the energy momentum tensor perturbation can be written down.

δTai = D̂iδTa + δT
(1)
ai

δTij = δT
(2)
T ij + 2D̂(iδT

(1)
T j) + δTLγij + L̂ijδTT

(2.9)

here D̂jδT
(2)
T ij = δT

(2)i
T i = 0, D̂iδT

(1)
T i = 0 and D̂iδT

(1)
ai = 0. The perturbed

Einstein equations gets decoupled into three types of equations and each type
can be dealt individually.

2.3.3 Solving Gauge Ambiguity

One of the common problem in general relativity is the issue of gauge �xing.
Since Einstein equations are invariant under gauge transformations generated
by an in�nitesimal vector �eld ζµ, therefore any perturbation variable should
provide the same results as its gauge transformed ones. Clearly having mul-
tiple gauge choices creates an ambiguity in representation of perturbation
variables. To resolve this ambiguity, we can either �x our gauge choice or
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work in gauge invariant variables. The two approaches are equivalent. [19]

Let us choose an in�nitesimal gauge transformation given by δzµ = ζµ.
The metric perturbation transformation is given by

δhµν = −∇µζν −∇νζµ (2.10)

For individual components, this can be written in terms of the covariant
derivatives on the two submanifolds as

hab → hab −Daζb −Dbζa,

hai → hai − R̃2Da
ζi

R̃2
− D̂iζa

hij → hij − 2D̂(iζj) − 2R̃(DaR̃)ζaγij

(2.11)

Similarly, the energy momentum tensor perturbation transformation law is
given by

δ(δT )µν = −ζα∇αTµν − Tµα∇νζ
α − Tνα∇µζ

α (2.12)

For individual components, this can be written as

δTab → δTab − ζcDcTab − TacDbζ
c − TbcDaζ

c,

δTai → δTai − TabD̂iζ
b − R̃2PDa

ζi

R̃2

δTij → δTij − ζaDa(R̃
2P )γij − 2PD̂(iζj)

(2.13)

Using the previous theorems, we can write the decomposition of the generator
ζµ. From (2.6), we can see that

ζa = Ta, ζi = Vi + D̂iS

where D̂iVi = 0. In this paper, we focus only on the vector type pertur-
bations. Hence we can write the gauge transformation law for the vector
components of the metric perturbation

h
(1)
ai → h

(1)
ai − R̃2Da

(
Vi

R̃2

)
h
(1)
T i → h

(1)
T i − Vi

12



A similar decomposition can be written for the vector components of energy
momentum tensor perturbations. From the above transformation laws, we
can build the following gauge invariant quantities.

F
(1)
ai := h

(1)
ai − R̃2Da

(
h
(1)
T i

R̃2

)

τ
(1)
ai := δT

(1)
ai − Ph

(1)
ai

τ
(1)
ij := 2D̂(iδT

(1)
Tj) − 2PD̂(ih

(1)
Tj)

Using these gauge invariant quantities, we can now write the linearized
Einstein equations for the perturbed metric. Note that there are no trans-
verse traceless tensor perturbations for S2 case. We �rst write the above
gauge invariant quantities in terms of vector harmonics as follows. For a more
detailed account of vector harmonics Vi and derivation of the linearized equa-
tions refer [19], [21]. For generic modes mV := k2v −K = l(l+ 1)− 2 6= 0 [19]

F
(1)
ai = R̃FaVi, τ

(1)
ai = R̃τaVi, τ

(1)
ij = R̃2τTVij

In terms of these quantities we can write the perturbed Einstein Equations
as follows:

1

R̃3
Db

{
R̃4

[
Db

(
Fa

R̃

)
−Da

(
Fb

R̃

)]}
− mV

R̃2
Fa = −2κ2τa (2.14)

kV

R̃2
Da(R̃F

a) = −κ2τT (2.15)
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Chapter 3

Fluids

This chapter gives an introduction to �uids. Section I gives a some example
of di�erent types of relativistic �uids and the energy momentum tensors as-
sociated with them. Section II describes the conservation laws in relativistic
hydrodynamics. Section III discusses various physical energy conditions and
their implications. For detailed discussion about the �uids, refer to [22]

3.1 Classi�cation of Fluids

Fluids can be classi�ed on the basis of their physical properties. Fluids dis-
play various physical properties like viscosity, density, compressibility, surface
tension etc. In general, we have di�erent kinds of �uids like

1. Ideal �uids: Fluids which are not viscous and incompressible.

2. Non Ideal �uids: Fluids which are compressible and viscous.

Let us consider some special types of �uids and their energy momentum
tensors

3.2 Stress Energy Tensor

Energy Momentum tensor is a generalization of stress tensor of Newtonian
Physics and appears in the Einstein equations as a source of curvature of the
spacetime. Let us now describe the energy momentum tensor of some of the
special �uids.
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1. Dust: Dust is a collection of particles which are all at rest in some
Lorentz frame. In the rest frame, since all the particles are motionless hence
their momentum is zero. Therefore the energy momentum tensor takes the
form T µν = diag(−ρ, 0, 0, 0) or in tensor notation

T µν = ρuµuν

Dust models were one of the initial �uid models studied in the stellar col-
lapse problems in GR. The �rst such attempt was made by Oppenheimer
and Snyder [23]. They found that a spherically symmetric star with dust as
the source will always collapse to singularity and no stable stationary states
are possible.

2. Perfect Fluids: Perfect �uids are the �uids which do not have vis-
cosity, shear stress or heat conduction properties. They can be completely
characterized by the energy density and isotropic pressure in the rest frame.
The energy momentum tensor for the perfect �uids in the rest frame of the
observer is given by T µν = diag(−ρ, p, p, p), or in any general frame, is given
by the tensor law

T µν = (ρ+ p)uµuν + pδµν

Perfect �uid have been widely used as a source in the study of stellar collapse.
There is a large amount of literature published in this area due to the wide
applications of this model. Recently, in a 1998 article, Skea and Finch [2]
analyzed the large number of solutions obtained for the static spherically
symmetric perfect �uid stars based on the physical conditions for realistic
solutions. This was further extended by Delgaty and Lake [24].

3. Non-Perfect Fluids: Unlike perfect �uids, non perfect �uids are �u-
ids with non zero tangential or shearing stress. These are compressible and
viscous in nature. As a result these are di�cult to model. It took a consid-
erable time to develop a relativistically consistent theory of such �uids. A
brief account of the history of relativistic �uids is presented in [22].

For a general description refer to [25]. The energy momentum tensor for
a general �uid is given by [26]:

T µν = ρ(1 + ε)uµuν + (p− ζθ) ⊥µν −2ησµν + qµuν + qνuµ

where ρ is the rest mass density, ε is the energy density in the rest frame, p
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is the pressure, η, ζ are the shear and bulk viscosities, qµ is the energy �ux
vector, uµ is the four velocity and ⊥µν is the projection tensor (spatial) given
by

⊥µν= uµuν + gµν

θ de�ned as θ = ∇µu
µ, describes the convergence or the divergence of world

lines of �uid element. σµν is the traceless, symmetric, spatial shear stress
given by

σαβ =
1

2
(∇µu

α ⊥µβ +∇µu
β ⊥µα)− 1

3
θ ⊥αβ

In the following chapters, we work with perfect and anisotropic �uid, a special
case of real �uids for which the viscosity, shear and dissipation terms are zero.
The anisotropic �uid di�ers from the perfect �uid due to di�erences in radial
and tangential pressures i.e. pr 6= pt

3.3 Conservation Law

In general relativity, the hydrodynamics equation of non relativistic mechan-
ics is now replaced by a more general law given by

∇µT
νµ = 0 (3.1)

As given in the previous chapter, for our case the background metric is writ-
ten as

gµνdx
µdxν = gab(y)dyadyb +R2(y)γij(z)dzidzj

where we have denoted radius R̃ as Rand the energy momentum tensor is
assumed to have the form Tai = 0 and T ij = Pδij where P is the pressure.
Later we will specialize to a de�nite form of Tab, but for now we can assume
it to be of any general form. From the conservation law we have

∇µT
aµ = 0

which gives

DbT
ab + 2

DbR

R
(T ab − pgab) = 0 (3.2)

while the other equation ∇µT
iµ = 0 is trivially satis�ed due to the metric

compatibility condition.
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Along with the perturbations of the background spacetime, the back-
ground �uid is also perturbed. This leads to a change in energy momentum
tensor of the �uid by a small perturbation T̃µν = Tµν + δTµν . Under the
linearized approximation, the continuity equation for the perturbed energy
momentum tensor can be written as

∇̃µT̃
µν = ∇µT

µν +∇µδT
µν + δΓµµαT

αν + δΓνµαT
αµ = 0

δ(∇µ T
µν) = ∇µδT

µν + δΓµµαT
αν + δΓνµαT

αµ (3.3)

Case 1: ν = a. The above equation becomes

δ∇µ T
µa = ∇µδT

µa + δΓµµαT
αa + δΓaµαT

αµ (3.4)

Consider the �rst term in the expansion

∇µδT
µa = ∇bδT

ba +∇iδT
ia (3.5)

It can be easily computed that

δT ab = gacgbdδTcd − gadT bchcd − gbcT adhcd (3.6)

δT ai = gabgij(δTbj − Phbj)− T abgijhjb (3.7)

δT ij = gikgjl(δTkl − 2Phkl) (3.8)

On expanding the two terms in expression (3.5) and using the above
equations, we see that both these terms go to zero. (Using the relations
γijδTij = γijhij = 0 and D̂iδTai = 0). The Christo�els can be treated in the
similar manner. Expanding the second term of equation (3.4),

δΓµµαT
αa = T ab

gµν

2
(−∇νhµb +∇µhνb +∇bhµν)

To simplify the above expression, we can use the symmetry of the metric.
Since the metric is symmetric about µ and ν while the sum of the �rst
two terms are antisymmetric about them, hence their sum vanishes. Since
∇µg

αβ = 0, and for vector perturbations Tr(h) = 0, therefore the last term
also vanishes.

gµν∇ahµν = ∇a(g
µνhµν) = 0

This gives,
δΓµµαT

αν = 0
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Approaching the same way, using the symmetry of the energy momentum
tensor and relations mentioned above we can see that the third term in
equation (3.4) also goes to zero. Equation (3.4) thus reduces to

δ(∇µ T
µa) = 0 (3.9)

Case 2: ν = i. Equation (3.3) can be written as

δ(∇µ T
µi) = ∇µδT

µi + δΓµµαT
αi + δΓiµαT

αµ (3.10)

Following the same procedure, lets expand the �rst term. We have

∇µδT
µi = ∇aδT

ai +∇jδT
ji

On expanding the covariant derivatives this reduces to

∇µδT
µi = DaδT

ai + D̂jδT
ji +

4∂aR

R
δT ai

δT ai and δT ij can be rewritten using equations (3.7) and (3.8). Using the
de�nition of τai from chapter 2 and equation (3.2), we can rewrite the above
equation as

∇µδT
µi =

1

R2
gabgijDa(R

2τbj) + gikgjlD̂j(τkl−Phkl)−T abgijDahjb− 2P
∂aR

R
gijhaj

Expansion of the second term of equation (3.10) gives

δΓµµαT
iα = T ij

gµν

2
(−∇νhµj +∇µhνj +∇jhµν)

Again, using the symmetry property of the metric the �rst and second term
cancels each other. We are then left with last term which again goes to zero
as the trace of metric perturbation is zero. Hence

δΓµµαT
iα = 0 (3.11)

The last term can be similarly simpli�ed to give

δΓiµαT
µα = gijT abDahjb + gijT klD̂khjl +

2P

R
(∂bR)gabgijhaj (3.12)

Substituting this in the equation(3.10) and after a little algebra we get

δ(∇µT
iµ) =

1

R2
gabgijDa(R

2τbj) +
1

R4
γikγjlD̂jτkl (3.13)
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From chapter 1, we have τkl = R2τTVkl. Substituting this in the above
expression and using the result

D̂jVjk =
mV

2kV
VK

we have the �nal equation

Da(R
3τa) +

mV

2kV
R2τT = 0 (3.14)

3.4 Energy Conditions

Solving Einstein equations can lead to many possible solutions, some of which
may be non-physical and unreasonable. To obtain physically reasonable solu-
tions, we need a physically reasonable energy momentum tensor. We impose
some energy conditions on T µν for this. We give a description of various
energy conditions. We have used [27] as a main reference for this section.

Let us assume the following decomposition of energy momentum tensor:

T µν = ρeµ0e
ν
0 + p1e

µ
1e
ν
1 + p2e

µ
2e
ν
2 + p3e

µ
3e
ν
3 (3.15)

where eµσ are functions of the coordinates and form an orthonormal basis ie.

gµνe
µ
αe

ν
β = ηαβ (3.16)

where ηαβ = diag(−1, 1, 1, 1) is the minkowski metric. Let vα be any normal-
ized future directed timelike vector. Physically it describes the four velocity
of any observer in spacetime.

vα = γ(eα0 + aeα1 + beα2 + ceα3 ) (3.17)

where γ is the normalization factor given by γ = (1−a2− b2− c2) 1
2 and a, b,

c are arbitrary functions of coordinates. Similarly let us also de�ne a future
directed null vector kα by

kα = eα0 + a′eα1 + b′eα2 + c′eα3 (3.18)

where again a′, b′ and c′ are functions of coordinates and a′2 + b′2 + c′2 = 1.
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3.4.1 Weak Energy Condition

It states that for every timelike vector �eld, the energy density observed by
the corresponding observer in spacetime is non negative:

ρ = Tµνv
µvν ≥ 0

Substituting the expressions of Tµν and of vµ from (3.15) and (3.17) and after
a little simpli�cation we get

ρ+ a2p1 + b2p2 + c2p3 ≥ 0

Using the arbitrariness of a, b and c we get

ρ ≥ 0, ρ+ pi > 0 (3.19)

3.4.2 Null Energy Condition

This is the weakest of all energy conditions. It states that for every future
directed null vector kα

Tµνk
µkν ≥ 0

Using equations(3.15) and (3.18) we have

ρ+ a′2p1 + b′2p2 + c′2p3 ≥ 0

where a′,b′ and c′ are related as described above. Using this we get

ρ+ pi ≥ 0 (3.20)

3.4.3 Strong Energy Condition

According to strong energy condition,

(Tµν −
1

2
Tgµν)v

αvβ ≥ 0

Using equation (3.15) and (3.17) and the arbitrary nature of a,b and c we
have

ρ+ p1 + p2 + p3 ≥ 0, ρ+ pi ≥ 0 (3.21)

20



3.4.4 Dominant Energy Condition

According to dominant energy condition, for any future directed, timelike
vector �eld vµ, −T µν vν will also be a future directed, timelike or null vector
�eld. In other words, −T µν vν is not spacelike or

ρ2 − a2p21 − b2p22 − c2p23 ≥ 0

Again, from the arbitrariness of a,b and c we have

ρ ≥ 0, ρ ≥ |pi| (3.22)

In the following sections we will be dealing with the perfect and anisotropic
�uids. We can write the energy conditions for these cases:

Case 1: Perfect Fluid

For perfect �uid, we have p1 = p2 = p3 = p and hence, from equation (3.15)
and (3.16)

T µν = ρeµ0e
ν
0 + p(eµ1e

ν
1 + eµ2e

ν
2 + eµ3e

ν
3)

= (ρ+ p)eµ0e
ν
0 + pgµν

(3.23)

Comparing with equation of Energy Momentum Tensor of perfect �uid, we
see that eµ0 = uµ. The energy conditions can be written as

1. Weak Energy Condition: ρ ≥ 0, ρ+ p > 0

2. Null Energy Condition: ρ+ p ≥ 0

3. Strong Energy Condition: ρ+ 3p ≥ 0, ρ+ p ≥ 0

4. Dominant Energy Condition: ρ ≥ 0, ρ ≥ |p|

Case 2: Anisotropic Fluids

For anisotropic �uid, we have p1 = pr, p2 = p3 = pt and hence, from equation
(3.15) and (3.16)

T µν = ρeµ0e
ν
0 + pre

µ
1e
ν
1 + pt(e

µ
2e
ν
2 + eµ3e

ν
3)

= (ρ+ pt)e
µ
0e
ν
0 + (pr − pt)eµ1eν1 + ptg

µν (3.24)

Comparing with equation of Energy Momentum Tensor of anisotropic �uid
we see that eµ0 = uµ and eµ1 = sµ. The energy conditions can be written as
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1. Weak Energy Condition: ρ ≥ 0, ρ+ pt > 0 ρ+ pr ≥ 0

2. Null Energy Condition: ρ+ pt ≥ 0, ρ+ pr ≥ 0

3. Strong Energy Condition: ρ+ pr + 2pt ≥ 0, ρ+ pr ≥ 0, ρ+ pt ≥ 0

4. Dominant Energy Condition: ρ ≥ 0, ρ ≥ |pr| ρ+ pt ≥ 0
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Chapter 4

Perfect Fluids

Perfect �uid is de�ned as the �uid which has no viscosity, heat conduction
or other transport or dissipative processes. Such �uid models have been
widely studied in the area of stellar collapse and perturbations. In this
section, we use perfect �uid case as an example to demonstrate the formalism
described in chapter 1. In the �rst section we describe the energy momentum
tensor of perfect �uid and the background spacetime. We then discuss the
Einstein equation for the background and perturbed spacetime. We end with
a derivation of master equation. For more detailed analysis and solutions to
the master equation, refer to the work of Chandrasekhar and Ferrari [3].

4.1 Background Spacetime

Let us consider a gravitational collapse situation of a spherically symmetric
star. The general metric for the interior of the spherically symmetric star is
given by

ds2 = −e2νdt2 + e2ψdr2 +R2dΩ2

dΩ2 represents the metric on 2-sphere. Here ν, ψ and R are functions of the
comoving coordinates r and t. The exterior of the star is described in general
by Vaidya spacetime.

For a static spacetime, the existence of a timelike killing vector requires
all the metric and �uid variables to be functions of only r. Hence, for static
metric, we can describe the exterior by Schwarzschild metric given by

ds2 = −
(

1− 2GM

r

)
dt2 +

(
1− 2GM

r

)−1
dr2 + r2dΩ2
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Let us now describe the perfect �uid source [28]. The energy momentum
tensor for perfect �uids in the rest frame of the observer is given by

T µν =


−ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p


Here ρ is the energy density of the �uid at rest and p is the isotropic pressure.
Dust is a special case of perfect �uid with zero pressure. In general, there
is an equation of state which relates the pressure with energy density. For
example, radiation is also a perfect �uid with equation of state ρ = 3p.

In any general frame, the energy momentum tensor of perfect �uid is
given by

T βα = (ρ+ p)uαu
β + pδβα

where uα = e−νδα0 is the four velocity of the �uid which obeys the relations

uµu
µ = −1. In comoving coordinates uµ =


e−ν

0
0
0


4.2 Background Einstein equations

We can now �nd the relation between the metric and the �uid variables using
the Einstein equations with cosmological constant taken to be zero. Together
with equation of state p = p(ρ), these determine the form of metric and �uid
variables. Following [5], in this section we work in the system of units for
which κ2 = 1. Here prime (′) denotes derivative wrt. r and dot(̇) denotes
wrt. t.

−2RR′′e−2ψ +2ψ̇RṘe−2ν +2ψ′RR′e−2ψ +1+ Ṙ2e−2ν−R′2e−2ψ = ρR2 (4.1)

− 2RR̈e−2ν + 2ν ′RR′e−2ψ + 2Rν̇Ṙe−2ν − 1− Ṙ2e−2ν +R′2e−2ψ = pR2 (4.2)

(Rν ′′e−2ψ −Rψ̈e−2ν − R̈e−2ν +R′′e−2ψ) + (ν ′2e−2ψ − ψ̇2e−2ν)R+

(ν̇ψ̇e−2ν − ν ′ψ′e−2ψ)R + (ν ′R′e−2ψ + ν̇Ṙe−2ν − ψ̇Ṙe−2ν − ψ′R′e−2ψ) = pR
(4.3)

ν ′Ṙ +R′ψ̇ = ∂tR
′ (4.4)
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where the last equation follows from R10 = 0. Let us introduce a mass func-
tion

m =
R

2
(1 + Ṙ2e−2ν −R′2e−2ψ)

This is the Misner Sharp mass function which describes the mass enclosed by
the spherical star of radius R [29]. We can recast equations (4.1) and (4.2)
as

2m′

R2R′
= ρ (4.5)

2ṁ

R2Ṙ
= −p (4.6)

Since p is non zero, hence for any non static case, the Misner-Sharp mass
function and hence the mass of the spherical shell keeps changing with
time. Therefore it is not possible to describe the exterior of the star by a
Schwarzschild metric and so we use Vaidya spacetime. For static case, ν, ψ
and R are functions of only R. The Misner-Sharp function is, thus, constant
in time as the time derivative of R will be zero. Hence, for static metric,
we can choose our exterior spacetime to be Schwarzschild [5]. Note that for
static spacetime, equation (4.4) is trivially satis�ed. For static spacetime the
Misner-Sharp function becomes:

m =
R

2
(1−R′2e−2ψ)

Thus for static spacetime, equation (4.5) and (4.6) have the same form with
above Misner-Sharp function. Equation (4.3) reduces to

(
ν ′′ +

R′′

R

)
+ ν ′(ν ′ − ψ′) +

(
ν ′
R′

R
− ψ′R

′

R

)
= pe2ψ (4.7)

The boundary is chosen at R = Rb such that at R = Rb the pressure goes
to zero and for R < Rb, pressure is positive. At the boundary, the metric
should match the exterior spacetime.
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4.3 Perturbed Einstein Equations and Master

Equation

Using the gauge invariant Einstein equations derived in chapter 1, we can
now write down the perturbed Einstein equations for stars sourced by perfect
�uid. Let us rewrite the perturbed Einstein equations derived in chapter 1

1

R3
Db

[
R4

(
Db

(
Fa
R

)
−Da

(
Fb
R

))]
− mV

R2
Fa = −2κ2τa (4.8)

kV
R2
Da(RF

a) = −κ2τT (4.9)

For perfect �uid case, Rτa = (p+ ρ)αua and τT = 0. Thus, for a = t we can
rewrite equation (4.8) as

Re−2ψ
[
∂r

(
∂r

(Ft
R

)
− ∂t

(Fr
R

))
− (ν ′ + ψ′)

(
∂r

(Ft
R

)
− ∂t

(Fr
R

)]
+ 4R′e−2ψ

[
∂r

(
Ft
R

)
− ∂t

(
Fr
R

)]
− mv

R2
Ft =

2κ2

R

[
(p+ ρ)α̃eν

] (4.10)

For a = r equation (4.8) becomes

R

[
∂t

(
∂t

(
Fr
R

)
− ∂r

(
Ft
R

))]
−R(ν̇ + ψ̇ − 4Ṙ)

[
∂t

(
Fr
R

)
− ∂r

(
Ft
R

)]
+
mV

R2
Fre

2ν = 0

(4.11)
Similarly we can write the equation (4.9) as

−R2

[
e−2ν∂t

(
Ft
R

)
− e−2ψ∂r

(
Fr
R

)]
− 2R

[
Ft
R
Ṙe−2ν − Fr

R
R′e−2ψ

]
+R2

[
(ν̇ − ψ̇)

Ft
R
e−2ν − (ψ′ − ν ′)Fr

R
e−2ψ

]
= 0

(4.12)

For static metric, equation (4.10) remains same while equation (4.11) be-
comes

Re−2ν
[
∂t

(
∂t

(
Fr
R

)
− ∂r

(
Ft
R

))]
+
mV

R2
Fr = 0 (4.13)
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and equation(4.12) becomes

R

[
e−2ν∂t

(
Ft
R

)
− e−2ψ∂r

(
Fr
R

)]
− 2Fr

R
R′e−2ψ +R(ψ′ − ν ′)Fr

R
e−2ψ = 0

(4.14)

Let us now derive the master equation for perfect �uids. Consider the per-
turbed conservation law derived in section 3.3 (equation (3.14))

gabDa(R
3τb) +

mV

2kV
R2τT = 0 (4.15)

From this expression, we can write τT in terms of τa and substitute in ex-
pression (4.9). We get

Da(RF
a − 2κ2

mV

R3τa) = 0

We know that divergence of a curl is always zero. Hence we can rewrite the
expression in the bracket as a curl.

εabDbΩ̃ = RF a − 2κ2

mV

R3τa (4.16)

Substituting the value of F a in equation (4.8), we get the master equation:

R2Da

(
1

R2
DaΩ̃

)
− mV

R2
Ω̃ = −2κ2

mV

R2εabDa(Rτb) (4.17)

Further, for static metric, we can consider the perturbations of speci�c fre-
quency due to the existence of a timelike killing vector �eld. Hence let us
assume Ω̃ = eλtΩ(r) and α̃ = eλtα(r) [6]. Substituting these expressions in
above equation we get a radial equation for our static metric given by

Ω′′ +

(
ν ′ − ψ′ − 2R′

R

)
Ω′ −

[
mV

R2
e2ψ + λ2e2(ψ−ν)

]
Ω =

−2κ2

mV

R2e2ψ+ν
[
α(p′ + ρ′) + (p+ ρ)(α′ + ν ′α)

] (4.18)

We can convert this to Schrodinger type equation with a new set of coordinate
de�ned as dr∗ = R2eψ−νdr. Under this coordinate change, above equation
becomes
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d2Ω

dr∗2
−
[mV

R2
e2ν + λ2

] Ω

R4
=
−2κ2

mV

e2ν+ψ
[
α

(
dp

dr∗
+
dρ

dr∗

)
+ (p+ ρ)

(
dα

dr∗
+ α

dν

dr∗

)]
(4.19)

Further from the perturbed conservation law we have

(p+ ρ)λαeλt+ν = 0

which implies that α = 0. Hence RHS of equation (4.19) goes to zero showing
that �uid perturbations do not excite axial perturbations and hence metric
perturbations remain decoupled from �uid perturbations. For a more detailed
analysis, refer to the work of Chandrasekhar and Ferrari [3] Reference used:
[19]
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Chapter 5

Anisotropic Fluids

5.1 Energy Momentum Tensor

In this chapter, we consider the axial perturbation of stars sourced by anisotropic
�uids. The energy momentum tensor for anisotropic �uids in comoving co-
ordinates is given by ( [30])

T µν =


−ρ 0 0 0
0 pr 0 0
0 0 pt 0
0 0 0 pt


where ρ is the energy density of the �uid, pr is the radial(normal) pressure
and pt is the tangential pressure, all dependent on t and r in general. In the
limit pr → pt we recover the perfect �uid case.The tensor equation for the
above energy momentum tensor is

T µν = (ρ+ pt)uνu
µ + (pr − pt)sνsµ + ptδ

µ
ν (5.1)

where uµ = e−νδµ0 is the four velocity of the �uid and sµ = eψδµ0 is the unit
vector in the radial direction. As can be veri�ed, these quantities satisfy the
relations uµuµ = −1, sµsµ = 1 and sµuµ = 0

5.2 Energy Conditions

In this section we discuss the energy conditions for the Perturbed Energy
Momentum Tensor. Following section 3.4 we can write the decomposition of
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perturbed energy momentum tensor as

T̃αβ = ρ̃ẽα0 ẽ
β
0 + p̃1ẽ

α
1 ẽ

β
1 + p̃2ẽ

α
2 ẽ

β
2 + p̃3ẽ

α
3 ẽ

β
3 (5.2)

where vectors ẽαµ form an orthonormal basis i.e.

g̃αβ ẽ
α
µ ẽ

β
ν = ηµν

These basis vectors are functions of coordinates and ηµν is the minkowski
metric. The inverse metric is given by

g̃αβ = ηµν ẽαµ ẽ
β
ν

The perturbed energy momentum tensor can also be written as the sum of
background and the perturbation.

T̃αβ = Tαβ + δTαβ

Following section 3.4, from equation (3.15) and (3.16) we can also write the
background energy momentum tensor in the following form:

Tαβ = (ρ+ pt)ê
α
0 ê

β
0 + ptg

αβ + (pr − pt)êα1 ê
β
1

By comparison with equation(5.1) we see that uµ = êα0 and sµ = êα1 . The
perturbation of the above gives

δTαβ = 2(ρ+ pt)ê(0αδê0β) + pthαβ + 2(pr − pt)ê(1αê1β)

T̃αβ = (ρ+ pt)[ê0αê0β + 2ê(0αδê0β)] + ptg̃αβ + (pr − pt)(ê1αê1β + 2ê(1αδ̂e1β))

where δuα = δê0α and δsα = δê1α. Proceeding in the same way as section
3.3, we de�ne a future directed timelike and null vector �eld.

ṽα = γ(ẽα0 + aẽα1 + bẽα2 + cẽα3 )

k̃α = γ(ẽα0 + a′ẽα1 + b′ẽα2 + c′ẽα3 )

We can now write down the energy conditions

1. Weak Energy Condition:

T̃αβ ṽ
αṽβ ≥ 0
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This can be simpli�ed to

T̃αβ ṽ
αṽβ = γ2[ρ+ pra

2 + pt(b
2 + c2)] ≥ 0

Again, using the arbitrariness of a, b and c we can �nd the conditions on
energy density and pressure.

i. Let a = b = c = 0 which gives ρ ≥ 0

ii. Let b = c = 0. Thus we have ρ+ pr > ρ+ pra
2 ≥ 0.

iii. Let a = c = 0.Thus we have ρ+ pt > ρ+ ptb
2 ≥ 0.

2. Null Energy Condition:

T̃αβk̃
αk̃β ≥ 0

This gives

γ2[ρ+ pra
′2 + pt(b

′2 + c′2)] ≥ 0

Using the arbitrariness of b and c we can see that ρ+ pr ≥ 0 and ρ+ pt ≥ 0

3. Strong Energy Condition:

(T̃αβ −
1

2
T̃ g̃αβ)ṽαṽβ ≥ 0

The second term in the above expression reduces to trace of perturbed energy
momentum tensor (v is a timelike normalized vector �eld). Substituting the
expressions of T̃αβ and ṽα from above and after a little simpli�cation

2γ2[(pt+ρ)(1+2uαδu
α+2uαδuα)+(pr−pt)ã2(1+2sαδs

α+2sαδsα)−pt(1−ã2−b̃2−c̃2)] ≥ −T̃αα

Since we are only considering the axial perturbations hence the perturbation
term do not contribute to the trace of perturbed energy momentum tensor.
Therefore,

T̃αα = Tαα

Thus the strong energy condition yields:

2γ2[ρ+ a2pr + pt(b
2 + c2)] ≥ ρ− pr − 2pt

Choosing a = b = c = 0 we get ρ+ pr + 2pt > 0
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5.3 Conservation Law

Let us consider the gravitational collapse situation similar to the perfect �uid
case. The form of the metric of stellar interior is given by

ds2 = −e2νdt2 + e2ψdR2 +R2dΩ2

where ν, ψ and R are functions of the comoving coordinates r and t and dΩ2

represents the metric on a 2-sphere. The exterior of the star is described by
the Vaidya spacetime. For the above metric, we �nd the conservation law
for anisotropic �uid to obtain relations between energy density, radial and
tangential pressure:

ρ̇+ (pr + ρ)ψ̇ + (pt + ρ)
2Ṙ

R
= 0 (5.3)

p′r + (pr + ρ)ν ′ + (pr − pt)
2R′

R
= 0 (5.4)

For a static metric metric, pressure and density will also be a function of
only r. As a result, �rst equation (5.3) is trivially satis�ed.

To �nd the functional form of ν, ψ and R, we need to solve the Einstein
equations. For the above metric the Einstein equations are (assuming
κ2 = 1 for this section ):

2m′

R2R′
= ρ (5.5)

2ṁ

R2Ṙ
= −pr (5.6)

(ν ′′e−2ψ − ψ̈e−2ν − R̈

R
e−2ν +

R′′

R
e−2ψ)R2 + (ν ′2e−2ψ − ψ̇2e−2ν)R2+

(ν̇ψ̇e−2ν − ν ′ψ′e−2ψ)R2 + (ν ′R′e−2ψ + ν̇Ṙe−2ν − ψ̇Ṙe−2ν − ψ′R′e−2ψ)R = ptR
2

(5.7)
where m is the Misner Sharp mass function as described in the previous

chapter.

m =
R

2
(1 + Ṙ2e−2ν −R′2e−2ψ)

For pr = 0, the Misner-Sharp function does not change with time and hence,
only a function of radial coordinate. In this case we can describe the exterior
of the star by the Schwarzschild metric.

ds2 = −(1− 2GM

R
)dt2 + (1− 2GM

R
)dr2 +R2dΩ2
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However, for any pr 6= 0, the Misner-Sharp function changes with time and
hence, we cannot describe the exterior by Schwarzschild metric. In such a
case, we have to choose more general Vaidya metric to describe the stellar
exterior [5]. For the static case the time derivatives will be zero and equa-
tions become

2ψ′
R′

R
e−2ψ +

1

R2
− R′2

R2
e−2ψ = ρ (5.8)

2ν ′R′e−2ψ − 1 +R′2e−2ψ = prR
2 (5.9)

(ν ′′e−2ψ+
R′′

R
e−2ψ)+ν ′2e−2ψ−ν ′ψ′e−2ψ+(ν ′

R′

R
e−2ψ−ψ′R

′

R
e−2ψ) = pt (5.10)

The above equations can be solved to obtain the functions ν, ψ and R.
For static metric, the exterior spacetime will be Schwarzschild. For detailed
solutions refer [30]. To consider the axial perturbations let us �rst consider
the conservation law for the perturbed energy momentum tensor. The per-
turbation of energy momentum tensor can be written as

δTµν = 2(ρ+ pt)u(µδuν) + 2(pr − pt)s(µδsν) + pthµν

Let δui = α̃Vi and δsi = β̃Vi. δua = δsa = 0 because these will behave like
scalars on S2. For static metric we can assume the time dependence of alpha
and beta of exponential order i.e. α̃(r, t) = α(r)eλt and β̃(r, t) = β(r)eλt.
Substituting these expressions into equation (3.14) the perturbed conserva-
tion law becomes

(pt + ρ)λαeψ−ν + (pr − pt)β′ + (p′r − p′t) β + (pr − pt)β
(
ν ′ +

2R′

R

)
= 0 (5.11)

This gives us a relation between alpha and beta. Also it can also be seen
that metric perturbations are completely decoupled from �uid perturbations.
However, unlike perfect �uid case, �uid perturbations are not zero and also
anisotropic in nature, as is evident from the presence of factor beta.

The anisotropic nature of �uid changes the behavior of the �uid which
leads to �uid excitation by axial perturbations. As can be seen, in the absence
of anisotropy in the background �uids, pr = 0 and therefore α = 0 which is
consistent with the perfect �uid analysis.
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5.4 Perturbed Einstein Equations

We had derived the general gauge invariant form of perturbed Einstein Equa-
tion. Using these equations, we can now write the perturbed Einstein equa-
tion for anisotropic �uids. For convenience of readers, we rewrite the equa-
tions (2.14) and (2.15)

1

R3
Db

[
R4

(
Db

(
Fa
R

)
−Da

(
Fb
R

))]
− mV

R2
Fa = −2κ2τa (5.12)

kV
R2
Da(RF

a) = −κ2τT (5.13)

For anisotropic case, Rτa = (pt + ρ)αua + (pr − pt)βsa and τT = 0. Thus, for
a = t we can rewrite equation (5.12) as

Re−2ψ
[
∂r

(
∂r

(Ft
R

)
− ∂t

(Fr
R

))
− (ν ′ + ψ′)

(
∂r

(
Ft
R

)
− ∂t

(
Fr
R

))]
+ 4R′e−2ψ

[
∂r

(
Ft
R

)
− ∂t

(
Fr
R

)]
− mv

R2
Ft =

2κ2

R

[
(pt + ρ)α̃eν

] (5.14)

For a = r equation (5.12) becomes

−Re−2ν
[
∂t

(
∂t

(
Fr
R

)
− ∂r

(
Ft
R

))]
+R(ν̇ + ψ̇)e−2ν

[
∂t

(
Fr
R

)
− ∂r

(
Ft
R

)]
− 4RṘe−2ν

[
∂t

(
Fr
R

)
− ∂r

(
Ft
R

)]
− mV

R2
Fr = −2κ2

R
(pr − pt)β̃eψ

(5.15)

Similarly we can write the equation (5.13) as

−R2

[
e−2ν∂t

(
Ft
R

)
− e−2ψ∂r

(
Fr
R

)]
− 2R

[
Ft
R
Ṙe−2ν − Fr

R
R′e−2ψ

]
+R2

[
(ν̇ − ψ̇)

Ft
R
e−2ν − (ψ′ − ν ′)Fr

R
e−2ψ

]
= 0

(5.16)

For static metric,s equation (5.14) remains same while equation (5.15) be-
comes

Re−2ν
[
∂t

(
∂t

(
Fr
R

)
− ∂r

(
Ft
R

))]
+
mV

R2
Fr =

2κ2

R
(pr − pt)β̃eψ (5.17)
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and equation(5.16) becomes

−R2

[
e−2ν∂t

(
Ft
R

)
− e−2ψ∂r

(
Fr
R

)]
+2R

Fr
R
R′e−2ψ−R2(ψ′−ν ′)Fr

R
e−2ψ = 0

(5.18)

We now �nd the master equation for the anisotropic case. Following the
same methodology, as in perfect �uid case, it can be seen that we obtain
the same Master equation (equation (4.17)). Simplifying this for the static
background metric we get

Ω′′ +

(
ν ′ − ψ′ − 2R′

R

)
Ω′ −

[
mV

R2
e2ψ + λ2e2(ψ−ν)

]
Ω =

−2κ2

mV

R2e2ψ
[
eν
(
α(p′ + ρ′) + (p+ ρ)(α′ + ν ′α)

)
+ eψ(pr − pt)λβ

] (5.19)

We make a coordinate change r∗ =
∫
R2eψ−νdr in the above equation.

d2Ω

dr∗2
−
[
mV

R2
e2ν + λ2

]
Ω

R4
=
−2κ2

mV

e2ν+ψ
[(

dp

dr∗
+
dρ

dr∗

)
α

+ (p+ ρ)

(
dα

dr∗
+ α

dν

dr∗

)
+ λβ(pr − pt)

] (5.20)

We see that we get a set of coupled ordinary di�erential equations (5.11)
and (5.20) for the perturbation variables. Further, the metric perturbations
though shown to be independent of �uid perturbations, are intricately cou-
pled. To solve the above equations we need a constraint condition relating
alpha and beta.

Let us look at the special case for which perturbations of the anisotropic
term (sµ) vanishes. Then from equation (5.11),

(pt + ρ)λαeψ−ν = 0

which gives α = 0. Thus, for the isotropic perturbations, the �uid and metric
perturbations completely decouple and �uid perturbations are not excited by
the axial perturbations as seen from the above. In this work we study this
case further for a naked singularity spacetime. The general case of non zero
anisotropic perturbations will be part of later work.

���������������������������
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Chapter 6

Example of an anisotropic

spacetime and its axial

perturbations

In this chapter, we consider a naked singularity spacetime sourced by anisotropic
�uid as an example. There are many examples of anistropic spacetimes with-
out such singularities, but a good motivation for choosing this is to investi-
gate, if as expected, naked singularities are unstable. Our formalism will be
the �rst step in such an investigation. In the �rst section we describe the
background spacetime . In the second section we obtain the master equation
and convert it to Schrodinger form. We end this chapter with a discussion
of the nature of the solution and the stability of the spacetime.

6.1 Background Spacetime

In a recent study [5] of gravitational collapse of anisotropic �uid stellar mod-
els, it has been found that equilibrium con�gurations can arise as a result
of such a collapse beginning from regular initial conditions and the resulting
static spacetime can be regular or have naked singularities. We use one of
these naked singularity spacetimes as our background. For a detailed discus-
sion about this spacetime refer [5]

We choose a Misner Sharp mass function(for static case) de�ned in the
previous chapter of the form F (r) = Mor

3 and R = cr3. Then solution of the
Einstein equations gives the functional form of energy density and pressure.

ρ =
Mo

R2
(6.1)
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pt =
M2

o

4R2(1−Mo)
(6.2)

where ρ is the energy density of the �uid after collapse and pt is the corre-
sponding tangential pressure. We work with the �uid for which pr = 0. For
R→ 0 both tangential pressure and energy density diverge at center showing
that R = 0 is a curvature singularity. The resulting spacetime consists of
an interior metric inside a spherical ball of �uid matched to a Schwarzschild
exterior. When Mo < 1 we do not have a horizon and this is favoured by
reasonable assumptions (e.g., energy conditions etc.) on the �uid. In that
case the above singularity becomes a naked singularity. The spacetime is
then given by

ds2 = −(1−Mo)

(
R

Rb

) Mo
1−Mo

dt2 +
dR2

1−Mo

+ R2dΩ2 (6.3)

where Mo = 2MTotal/Rb and R < Rb. As in the previous chapters, Rb is the
physical radius of the boundary of the �nal equilibrium state and MTotal is
total mass at the boundary. This spacetime is a �nal state of collapse and
hence static. Thus, exterior metric (for R > Rb) is given by the Schwarzschild
metric which can be written as

ds2 = −
(

1− MoRb

R

)
dt2 +

(
1− MoRb

R

)−1
dR2 +R2dΩ2

It can be seen that equation (6.3) reduces to the Schwarzschild metric for
R→ Rb and thus it is continuous at the boundary.

6.2 Master Equation

We can now use the formalism developed in previous chapters to �nd the
master equation for our background spacetime. The non zero Christo�els of
the Lorentzian metric are following:

Γ0
10 = Γ0

01 =

(
Mo

1−Mo

)
1

2R

Γ1
00 =

Mo(1−Mo)

2R

(
R

Rb

) Mo
1−Mo

The master equation in covariant form is(equation (4.17)):

R2Da

(
1

R2
DaΩ̃

)
− mV

R2
Ω̃ = −2κ2

mV

R2εabDa(Rτb)
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Let Ω̃(R, t) = Ω(R)eλt and let prime denote the derivative w.r.t R. The
master equation for the naked singularity spacetime is

(1−Mo) Ω′′ +

[
Mo

2R
− 2(1−Mo)

R

]
Ω′ −

[
λ2

1−Mo

(
Rb

R

) Mo
1−Mo

+
mV

R2

]
Ω =

2κ2

mV

R2

[
λM2

0

4R2(1−M0)
5
2

β − (1−Mo)
1
2

(
R

Rb

) Mo
2(1−Mo)

[
(pt + ρ)

αMo

2R(1−Mo)
+ ∂r ((pt + ρ)α)

]]
(6.4)

We consider special perturbations in which the anisotropy direction is not
perturbed i.e. β = 0. Again from the conservation equation it can be seen
that for this case α = 0. Then the RHS of the master equation vanishes and
it reduces to

(1−Mo) Ω′′ +

[
Mo

2R
− 2(1−Mo)

R

]
Ω′ −

[
λ2

1−Mo

(
Rb

R

) Mo
1−Mo

+
mV

R2

]
Ω = 0

(6.5)
This is the master equation for our naked singularity spacetime . This is only
valid for R < Rb. For R > Rb, we look at the Schwarzschild master equation:(

1− MoRb

R

)
Ω′′ +

(
3MoRb

R
− 2

)
Ω′

R
−

[(
1− MoRb

R

)−1
λ2 +

mV

R2

]
Ω = 0

(6.6)

6.2.1 Regge Wheeler Equation

In 1957, Regge and Wheeler used the gravitational perturbation method
to show the stability of the Schwarzschild singularity. They obtained a
Schrodinger type equation for axial perturbations also know as ReggeWheeler
equation. For our case the exterior metric is Schwarzschild. We here show
that master equation derived for Schwarzschild metric e�ectively reduces to
the Regge Wheeler equation. The master equation for the exterior case is
given by equation(6.6). We change our perturbation variable from Ω to Φ
de�ned by Ω = RΦ. We can write the Master equation for Schrodinger
case(R > Rb) in terms of perturbation variable Φ

(
1− MoRb

R

)
Φ′′+

MoRb

R2
Φ′−

[(
1− MoRb

R

)−1
λ2 +

l(l + 1)

R2
− 3MoRb

R3

]
Φ = 0

(6.7)
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This is a second order ODE of the form y′′+P (x)y′+Q(x)y = 0. This can
be converted to Sturm Liouville form by multiplying it with an integrating
factor. We change the variable from R to dR̃ = (1− MoRb

R
)−1dR. Replacing

R from above equation we get the Regge Wheeler equation:

d2

dR̃2
(Φ)−

[
λ2 +

(
1− MoRb

R

)(
l(l + 1)

R2
− 3MoRb

R3

)]
Φ = 0 (6.8)

which can again be written as(
− d2

dR̃2
+ V2(R)

)
Φ = 0

where the potential is given by

V2(R) =

[
λ2 +

(
1− MoRb

R

)(
l(l + 1)

R2
− 3MoRb

R3

)]
6.2.2 Equation for Ω in Schrodinger form

Let us now use the formalism developed in section 5.4. We rewrite the master
equation for the interior and the exterior case to obtain a Schrodinger type
equation. The master equation for the interior is given by equation (6.5) while
for the exterior its given by equation (6.6). We use a change of variable from
R to r̃ as introduced in section 5.4. For interior(R < Rb),

dr̃ =
R2

1−Mo

(
Rb

R

) Mo
2(1−Mo)

dR

which on integration gives

R = (kr̃)
2(1−Mo)
6−7Mo ; k =

6− 7Mo

2
R
− Mo

2(1−Mo)

b

while for the exterior (R > Rb) its given by

dr̃ = R2

(
1− MoRb

R

)−1
dR

which can be integrated to give

r̃ =
R3

3
+
MoRbR

2

2
+M2

oR
2
bR +M3

oR
3
b ln(R−MoRb) + C

where C is a constant of integation. It can be seen that this coordinate
change is continuous at Rb and at R = Rb, dr̃ =

R2
b

1−Mo
dR. With the following
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coordinate change the master equations takes the Schrodinger equation form.
In general it can be represented by

− d2Ω

dr̃2
+ V (R)Ω = 0 (6.9)

where potential term V for interior is given by

V (R) = V1 R < Rb

= V2 R ≥ Rb

(6.10)

where

V1 =
λ2

R4
+
mV (1−Mo)

R6

(
R

Rb

) Mo
1−Mo

(6.11)

V2 =
λ2

R4
+
mV

R6

(
1− MoRb

R

)
(6.12)

These potential can be expressed in terms of r̃ using the transformations
given above.

6.3 Nature of the Solution

To solve the master equation, we need to impose some boundary conditions.
We choose the boundary conditions that solutions vanish for R→ 0 and are
continuous at in�nity. Let's consider the Schrodinger type equation for the
interior. This is a Schrodinger type equation with zero eigen value. Let Ψ
be any general solution of Ω. Then it will satisfy this equation.

−d
2Ψ(r̃)

dr̃2
+ V (r̃)Ψ(r̃) = 0

Outgoing solution : We now look at realistic class of solutions. The
Schrodinger equation for R < Rb is

d2

dr̃2
(Ω)−

 λ2

(kr̃)
8(1−Mo)
6−7Mo

+
mV (1−Mo)

R
Mo

1−Mo
b

1

(kr̃)2

Ω = 0

where k = 6−7Mo

2
R
− Mo

2(1−Mo)

b . Let Ψ be a solution of this equation. Then, this
can be rewritten as

−d
2Ψ(r̃)

dr̃2
+

(
K1

r̃f
+
K2

r̃2

)
Ψ(r̃) = 0
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where f = 8(1−Mo)
6−7Mo

, K1 = λ2

kf
and K2 = mV (1−Mo)

k2
R

−Mo
1−Mo
b

Let us look at the behavior of this equation at the boundaries. The
boundary is de�ned by R = 0. From the transformation we can see that the
corresponding boundary in the new coordinate is

1. r̃ → 0 if 6− 7Mo > 0
2. r̃ →∞ if 6− 7Mo < 0

Consider the �rst condition. In the limit of r̃ tending to zero, both r̃−2 or
r̃−f tend to in�nity but one of them will dominate over the other.

Case I: If 0 < Mo <
2
3
, r̃−2 dominates.

Case II: If 2
3
< Mo <

6
7
, r̃−f dominates

For the second condition, it can be seen that r̃−f dominates as f becomes
negative for this case and r̃ →∞.

Case 1: 0 < Mo <
2
3

In this region, r̃−2 dominates and hence near r̃ → 0 boundary our
Schrodinger type equation becomes:

−d
2Ψ(r̃)

dr̃2
+
K2

r̃2
Ψ(r̃) = 0

Ansatz: Ψ(r̃) = r̃p. Plugging this in the above equation, we get two roots of
p:

p1 =
1

2
+

1

2
(1 + 4K2)

1
2 > 0

p2 =
1

2
− 1

2
(1 + 4K2)

1
2 < 0

(6.13)

The general solution is Ψ(r̃) = c1r̃
p1 + c2r̃

p2 . For r → 0, r−|p2| → ∞ hence
c2 = 0.

Case 2: 2
3
< Mo < 1

For this case, the �rst term of the potential r̃−f dominates. Hence the
equation becomes

d2Ψ(r̃)

dr̃2
− K1

r̃f
Ψ(r̃) = 0

We can obtain solutions to this equation using Frobenius method if f is a
rational number. However if f is an irrational number, Frobenius method
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does not apply and we need to �nd some alternate way to obtain the general
solution to this equation. We solve this equation for p < q. The other case
can be solved in a similar manner.

Ansatz: Ψ =
∑∞

n=0
anr̃

n
q . Substituting in the Schrodinger equation we

have,

−p−1∑
n=−2q

(
n

q
+ 2

)(
n

q
+ 1

)
an+2qr̃

n
q +

∞∑
m=−p

[(
m

q
+ 2

)(
m

q
+ 1

)
am+2q −K1am+p

]
r̃

m
q = 0

This implies that(
n

q
+ 2

)(
n

q
+ 1

)
an+2q = 0 ∀n ∈ (−2q,−p− 1)

Thus, we have either a0 or aq as arbitrary depending on the choice of n and
rest an are zero where m is from 1 to 2q − (p+ 1). We can choose ao as the
independent parameter by keeping n = −2q. Recurrence relation is

am+2q =
K1am+p

(m
q

+ 2)(m
q

+ 1)
; m = −p,−p+ 1, ...

Let us consider an example. Let Mo = 2
5
. This gives p = 3 and q = 2.

Substituting in the above equations we get either ao or a2 as arbitrary. We
choose n = −4, so a2 = 0. The recurrence relation gives:

am+4 =
K1am+3

(m
2

+ 2)(m
2

+ 1)
; m = −3,−2,−1...

Ratio test:

lim
q→∞
|aq+1

aq
| = lim

q→∞

4K1

q2 − 1
→ 0

Hence we have a converging series with radius of convergence as in�nite.

Ψ = a0(1− 4K1r̃
1
2 )

For r approaching zero, this solution converges to ao while the derivative di-
verges to negative in�nity.

Let us now look at the solutions for the exterior case. The exterior of
the star is given by Schwarzschild metric for which the perturbation can be
described by equation (6.17) and (6.20). For R → ∞, the master equation
(6.5) becomes

Ω′′ − 2Ω′

R
+ ω2Ω = 0
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where we have assumed λ = iω since we are now look for wave like solutions.
To obtain solution for this case we change our variable from R to x de�ned
as R = 1

x
. The above equation becomes

Ω′′ +
4Ω′

x
+
ω2

x4
Ω = 0

where the prime(') now denotes derivative wrt. x. This is a standard di�er-
ential equation solution of the form

xy′′ + ay′ + bxny = 0

general solution of which are given by

y = x
1−a
2

[
C1Jν

(
2
√
b

n+ 1
x

n+1
2

)
+ C2Yν

(
2
√
b

n+ 1
x

n+1
2

)]

where n 6= −1, b 6= 0, ν = |1−a|
n+1

. In our case n = −3, a = 4, b = ω2 and ν =

−3
2
. Thus solution for our case becomes Ω = x

−3
2

[
c1J−3

2

(−ω
x

)
+ c2Y−3

2

(−ω
x

)]
For R→∞, this solution reduces to

Ω =
1

x

[
c1 sin

ω

x
+ c2 cos

ω

x

]
where c1 and c2 are some constants. In terms of R, the solution is

Ω = R [c1 sinωR + c2 cosωR]

In terms of Regge Wheeler master variable Φ, the solution becomes

Φ = [c1 sinωR + c2 cosωR]

which matches with the solution given by the Regge Wheeler [6]. Thus we
have wave solutions.
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Conclusions

In this work, we explored the stability issues of spherically symmetric
spacetimes sourced by anisotropic �uid. The initial problem is set up by
studying the behavior of axial perturbations. To remove the gauge ambigu-
ity, this problem is developed in a gauge invariant form. We then derive the
master equation governing the behavior of perturbations, thus reducing the
coupled Einstein equations into a single ordinary di�erential equation. We
have further shown that for special cases, this di�erential equation can be
reduced to a Schrodinger type equation.

We �nd that �uid perturbations are independent of the metric perturba-
tions. However unlike the perfect �uid case, the �uid perturbations remain
anisotropic in nature and hence can be non zero in general. These will thus
contribute in the master equation. However, if we assume perturbations
which do not change the direction of anisotropy, then �uid perturbations
vanish showing that anisotropic �uids do not then excite axial perturba-
tions. We have also analyzed a static solutions(naked singularity) as a result
of anisotropic �uid collapse where the �uid has zero radial pressure. We com-
pute the nature of the solutions close to the naked singularity and asymp-
totically at in�nity.

This project can be expanded into various directions. The �rst extension
to this work would be to complete the stability analysis of spacetime example
dealt in chapter 6 by obtaining approximate solutions in the interior and
the exterior and matching the two solutions at the �uid boundary. The
questions of interest in this problem are (in)stability of naked singularity
as well as quasi-normal modes of this spacetime. The question is whether
the spectrum of these modes would be di�erent from that of the star or
Schwarzschild black hole. Another direction would be to repeat the analysis
of this thesis to polar perturbation of anisotropic �uids. Lastly we would like
to consider perturbing the direction of anisotropy as well (i.e. β 6= 0) which
would lead to shear viscosity terms in energy momentum tensor.
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