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Indian Institute Of Science Education And Research, Pune (IISER-Pune)

Abstract
Dr. Apratim Chatterji

Department Of Physics

Doctor of Philosophy

Hierarchical And Synergistic Self Assembly of Wormlike Micelle-Nanoparticle
System: A Computational Investigation

by Mubeena Shaikh

We use a Wormlike micelle model that uniquely gives us the control parameter to
change its excluded volume. We show that the model successfully captures the
characteristic behaviour of the Wormlike micellar system. Using the Monte Carlo
technique, the model Wormlike micellar system is observed to undergo an isotropic-
nematic transition. We also investigate the self-assembly of model nanoparticles
inside the matrix of model equilibrium polymers (or matrix of Wormlike micelles)
as a function of the polymeric matrix density and the excluded volume parameter
between polymers and nanoparticles. In this thesis, we show morphological tran-
sitions in the system architecture via synergistic self-assembly of nanoparticles and
the equilibrium polymers by employing Monte Carlo simulations. In synergistic
self-assembly, the resulting morphology of the system is a result of the interaction be-
tween both nanoparticles and the polymers, unlike the polymer templating method.
We report the morphological transition of nanoparticle aggregates from percolating
network-like structures to non-percolating clusters as a result of the change in the
excluded volume parameter between nanoparticles and polymeric chains. In paral-
lel with the change in the self-assembled structures of nanoparticles, the matrix of
equilibrium polymers also shows a transition from a dispersed state to a percolating
network-like structure formed by the clusters of polymeric chains. We show that the
shape anisotropy of the nanoparticle clusters formed is governed by the polymeric
density resulting in rod-like, sheet-like or other anisotropic nanoclusters. It is also
shown that the pore shape and the pore size of the porous network of nanoparticles
can be changed by changing the minimum approaching distance between nanopar-
ticles and polymers. We provide a theoretical understanding of why various nanos-
tructures with very different morphologies are obtained.
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Chapter 1

Introduction

Colloid, polymers, surfactants and their mixtures form the part of the soft matter
that is prevalent throughout our day to day life. Food products like milk, butter
mayonnaise, cosmetic products and household products from detergent to utensils
made up of polymer composites, petrol and drug industries are full of the examples
of soft materials (Bartlett, 1998). The forces of interactions involved in soft matter
are often weak, non-covalent, of the order of kBT and entropic in nature (Escobedo,
2014). Soft matter is memory forming, consists of active particles, shows character-
istics far from equilibrium, form experimentally observable patterns at mesoscopic
length scale, dissipative and entropic in nature. These are some of the characteristics
of soft matter that show that how a system created from large constituents of parti-
cles behaves interestingly differently from the "hard matter" composed of atoms and
molecules (Nagel, 2017). These systems have gained a tremendous amount of atten-
tion of researchers from physics, chemistry, biology and interdisciplinary fields alike
due to their extensive use, interesting and complex behavior and capabilities to en-
gineering novel materials by employing Self-Assembly to form ordered structures.
Self-assembly, had a long journey from its earliest work in 1935 by Irvin Langmuir
and Katherine B. Blodget (Langmuir, 1935), to Onsager’s seminal paper highlight-
ing the role of entropy in self-organization (Onsager, 1949), to its evolution as one
of the most promising approaches for the fabrication of nanostructures (Ozin et al.,
2009a). Self-organization in the soft matter is not only important for nanofabrication
industry but attracts researchers from diverse fields like physics of phase transition,
defects and questions forming fundamental interests of scientific communities. Be-
cause of their versatility, relatively inexpensive production and capability to process
under mild conditions of temperature and pressure, soft matters are increasingly
being exploited in advanced technological applications.

Colloids are the particles in the range of a few nanometres to micrometres in
size which exhibit a high surface to volume ratio or more precisely a high surface to
mass ratio (Schramm, 2002) inducing a crucial behavior known as Brownian motion,
the discovery of which dates back to 1827 by Scottish botanist Robert Brown [7,8].
Brownian motion remained unexplained until 1905 when Einstein published a pa-
per explaining it as a result of bombardment by water molecules leading to indirect
evidence of the existence of atoms and molecules[8] and helping in understanding
the then puzzling transport phenomena (Bird, 2004). The Brownian motion allows
particles to explore the available phase space and interact with each other (Lion-
berger and Russel, 1999) leading to the formation of phases like solid, liquid, gas
and their coexisting phases which are analogous to the phases shown by atomic and
molecular systems (Bianchi, Blaak, and Likos, 2011). Moreover, the mesoscopic scale
behavior and relatively slow dynamics facilitate the observation of colloidal systems
in a laboratory using light scattering microscopy techniques at trackable time scales
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which is otherwise difficult for the atomic or molecular systems. Thus colloidal sys-
tems are great model systems for foundational and groundbreaking experiments in
equilibrium and non-equilibrium physics owing to their accessible length and time
scales (Poon, 2004). Mixing colloids with other systems like polymers or surfactants
multiply the available phase space and generate entirely new and fascinating prop-
erties and phase behavior (Tuinier et al., 2008; Jayalakshmi and Kaler, 1997; Bolhuis
and Frenkel, 1994; Kooij, Vogel, and Lekkerkerker, 2000; Lajovic and Jamnik, 2009).

Polymers are in use from ancient times. The ancient Mayans used rubber tree ex-
tract to make balls (Hosler, Burkett, and Tarkanian, 1999; STAHL, 1999). Researchers
have persistently tried to improve the performance of polymeric materials to opti-
mize for industrial applications. The vulcanization of rubber to produce crosslinking
polymers by Goodyear in 1839 improved its performance (“A Short History of Poly-
mer Science”). In 1907 First synthetic plastic was made known as Bakelite. After the
establishment of polymers as long chains made up of monomeric repeating units by
Nobel laureate Hermann Staudinger, a series of polymeric materials came into the
picture. In 1927 Polyvinyl chloride (PVC), Polystyrene in 1930, nylon in 1938 and
polyethylene in 1941 (Feldman, 2008).

Then researchers realized that combining polymers with other materials can mul-
tiply material performance. Thus Kevlar was invented in 1965, which is a fibre rein-
forced polymer with extreme hardness and excellent temperature resistance (Kwolek,
Mera, and Takata, 2002). Polymers and polymer-based composites dominated the
use of steel in household products by 1980s. The invention of these polymer compos-
ites has shaped the whole economy of various industries. However, these minerals
and other inorganic materials were only thought as ‘fillers’ until a landmark discov-
ery by Toyota in 1992 regarding the preparation of polyamide 6/ organophilic clay
nanoparticles composite with its super-enhanced properties. This new material was
reported to be having 40% increase in rupture tension, 68% in Young’s modulus,
126% in flexural modulus and enhanced heat distortion temperature in comparison
to pure polymers (Duleba, Spišák, and Greškovič, 2014). This discovery gave the
field of nanotechnology a new direction followed by an era of intensive theoretical
and experimental investigations in search of an explanation for the unimaginably
enhanced properties of polymer nanocomposites which still a matter of research.

Compared to their micro counterparts, nanoparticles have a large surface to vol-
ume ratio. Enhancement in microcomposites are achieved at the expense of optical
clarity, surface gloss and increased weight due to high filler volume fraction, while
due to a high surface to volume ratio of nanoparticles the material enhancement can
be achieved at a very low volume fraction of fillers in nanocomposites (< 20%)
(Nano Composite Network, Technology Review-Nanocomposite.). As a single gram of
nanoparticles contains an enormous number of particles ( 1020), the role played by a
small number of nanoparticles is expected to be much better than a large amount of
micron-sized particles. Thus increment in the interfacial region due to the high sur-
face area of nanoparticles is thought to play a vital role in nanocomposite materials
enhanced properties. Most of the theoretical studies on reinforcement mechanisms
are based on micromechanical models which relate the mechanical properties with
the filler volume fraction and shape (Y Gao, 2017). However, these models are un-
able to capture the nanoscale constituents, increasing the complexity and decreas-
ing the accuracy of the analysis. Though literature presents numerous toughening
mechanisms like cavitation, shear yielding, crack pinning, crack deflection, crack-
bridging-pull-out, nanoparticle mobility, and much more, the information available
is still non-extensive to come to a consensus (Zeng, Yu, and Lu, 2008; Coleman et al.,
2006).
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With the development in the field of nanotechnology, the focus of researchers
was to ‘disperse’ nanoparticles inside the polymeric matrices (Mackay, 2006; Kashi-
wagi et al., 2007). Therefore most of the studies were concentrated on developing a
method to modify nanoparticle interactions within themselves and with polymers
to stabilize their dispersion in the matrix (Chandran et al., 2014). However, an im-
portant discovery by Mobil Oil Corporation changed the whole scenario of nan-
otechnology and brought a renaissance to the field of nanofabrication(Zhao, Lu, and
Millar, 1996).

During the 1980s, zeolites which are molecular size porous materials were widely
used in oil and petroleum industries as sieves for various filtering processes (Shi et
al., 2015). However, the industry was challenged by the demand for larger pore
size and perfectly ordered porous materials(Ohayon et al., 2001). In search of this,
Mobil Oil Corporation created the family of new materials. One member of the
family named MCM-41 was reported to be produced by the method of templating by
employing wormlike micellar matrix as templates for casting nanoporous materials.
This approach in no time became popular among researchers due to its simplicity,
low cost and better control over tailoring the desired dimension and shape. Thus,
giving rise to a huge kick to the nanofabrication industry with the evolution of a
‘Bottom-up’ approach (Liedl, 2011).

A wide range of polymeric matrices and their blends were explored to produce
a myriad of nanostructures with a variety of morphologies (Lalander et al., 2010;
Mezzenga, 2003; Choi et al., 2007; Ikkala and Brinke, 2004). Diblock and triblock
copolymers are among the most explored systems due to their interesting and com-
plex phases (Jain and Bates, 2003; Pochan et al., 2004). Various techniques were used
to modify their interactions in order to ‘guide’ nanoparticles for their selective de-
position in polymeric matrices to get the desired structure. The ordered polymeric
matrices thus for long were used as templates by using external fields and chemi-
cal reactions for selective deposition of nanoparticles (Guarini et al., 2002; Bruinink
et al., 2006). However, some of the simulations and theoretical studies(like Balasz et
al. 2002) (Lee et al., 2002) led the attention to the idea of self-assembly of ordered
structures via entropic interactions (Fenniri et al., 2002; Yodh et al., 2001; Whitesides,
2002).

Despite the success of theories of Asakura Oosawa (Asakura and Oosawa, 1954),
Onsager (Onsager, 1949), Lekkerkerker (Lekkerkerker et al., 1992a), Gast et al. (Gast,
Hall, and Russel, 1983b; Gast, Hall, and Russel, 1983a) etc., the theoretical results
are full of approximations and limitations like low concentration and polymer to
colloid size ratio and ideal chain behavior (Poon, 2002; Lekkerkerker et al., 1992a;
Dijkstra et al., 2006; Chervanyov and Heinrich, 2009). At higher concentrations and
longer polymers, these systems show non-equilibrium behaviour due to entangle-
ment, local arrest, caging, jamming and other effects. On the one hand, these the-
ories are unable to handle the complexity of the colloid-polymer mixtures, and the
micromechanical models of polymer nanocomposites fail to capture the nanoscale
constituents of the system, On the other hand, the experimental techniques are lim-
ited by the low resolution and experimental costs. In such a scenario, computational
techniques serve as a bridge between the two methods and are able to simulate some
of the systems quite successfully. Nonetheless, these techniques are also hindered by
computational time and costs and especially difficulty in reaching equilibrium states
for denser systems due to locally arrested states.

From Asakura and Oosawa’s interaction and Onsager’s 1949 (Onsager, 1949)
seminal paper to the jammed and arrested states, colloid-polymer mixtures/polymer
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nanocomposites had a long journey actively contributing and building up the con-
cepts in soft matter. It has been more than eight decades that the nanoparticles were
added to polymers and still it forms an active research field in search of a lot of
unanswered questions. A myriad of nanomaterials was generated using these poly-
meric matrices of which diblock and triblock copolymers are the prominent exam-
ples. However, hardly there exist attempts to explore and understand the behavior
of wormlike micellar composites. Despite its remarkable rheological properties and
semiflexibility and behavior that is non-existent to a polymeric matrix, this system
is lacking the appropriate investigations. This thesis is an attempt to explore the sys-
tem of wormlike micelles and nanoparticles mixture and get a direction for further
studies to understand it.

Before describing our system and presenting the results, let us have a basic overview
of colloids, polymers colloid-polymer mixture, wormlike micelles and use of poly-
meric matrices for nanofabrication.

1.1 Colloids

Francesco Selmi in 1845 described the first example of colloidal particles as a turbid
‘pseudo solution’ of silver chloride and Prussian blue giving birth to a new branch
known as colloidal science(Guareschi, 1911). However, it is Thomas Graham, who
in 1861 for the first time in the world used the word ‘colloid’ while describing the
‘pseudo solution’ prepared by Selmi 15 years before (Vincent, 2012). The research on
colloidal science has eluded scientists for more than ten decades and is still an active
area searching answers for questions of fundamental interests.

As introduced in the first paragraph of this chapter, colloids are characterized by
a large surface to volume ratio and leading its behavior by surface interactions. In
a solution, colloidal particles are constantly in contact with solvent molecule collid-
ing and exchanging momentum resulting in a random zig-zag path referred to as
Brownian motion. This allows them to explore the available phase space with an av-
erage translational kinetic energy of 3/2KT. On increasing concentration, they come
into contact with each other and tend to phase separate if their aggregation energy
is higher than the thermal energy otherwise remain dispersed. The phase behavior
of colloidal systems is quite analogous to atomic and molecular systems, and hence
there is an immense interest in it (Goodwin, 2004). As the colloidal particles tend
to phase separate, in most of the practical situations, it is often required to stabilize
a colloidal dispersed solution. Therefore, their surface is often modified in order to
form a stable solution. They are either charged (Pham, Fullston, and Sagoe-Crentsil,
2007), surface modified or coated with other chemicals or grafted with polymers for
this purpose (Ruckenstein and Li, 2005). This modification changes their interac-
tion and behavior. In the following sections, we briefly go through the interaction
between colloidal particles and their behavior.

1.1.1 Interaction between uncharged colloidal particles

Electrons in an atom or molecule are always in motion as suggested by quantum
physics. There exists a finite probability of creation of an electronic charge distribu-
tion leading to an imbalance of charge leaving the body polarized. Therefore even
in the absence of a permanent dipole on a body, there might be an instantaneous
dipole moment created by its electronic charge distribution or due to the charge dis-
tribution in neighboring bodies. The effective interaction between two particles due
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to permanent or induced dipoles is known as Van Der Waal’s (VDW) interaction.
VDW interaction consists of the following contributions, (Hamaker, 1937)

Keesome interaction: dipole-dipole interaction
It is the interaction between two permanent dipoles.

Debye interaction: dipole-induced dipole interaction
It is the contribution from the interaction between a permanent dipole and an in-
duced dipole.

London dispersion interaction: induced dipole-induced dipole interactions
It arises from the interaction between instantaneously induced dipole moments.

In most of the cases, dipolar interactions are attractive. Therefore VDW’s interac-
tion is also an attractive interaction but weaker than the ionic and covalent bondings.
By assuming these interactions to be additive to a first approximation, Hamaker de-
rived an expression for the interaction energy between two spherical particles of
radius a, separated by a distance r as (Shaw, 1980),

Vα = − A
12

{ 1

x(x+ 2)
+

1

(x+ 1)2
+ 2 ln

(x(x+ 1)

(x+ 1)2)

}
, (1.1)

where, x = r/(2a) and A is known as Hamaker constant.
At large distances, in the limit of x → ∞, the potential shows r−6 behavior.

While at short distances when x << 1, the expression becomes Va = −Aa/(12d).
Therefore at shorter distances potential varies as the inverse of the distance between
the particles creating an attractive long-range interaction which is responsible for the
aggregation of colloids. Including Pauli’s exclusion principle gives a steep increase
in the potential at very short distances. The interaction between two uncharged
colloids is often expressed as an empirical relation for a spherical particle of radius
σ and attractive potential depth ε as follows,

V (r) = 4ε
[
(
σ

r
)12 − (

σ

r
)6
]
. (1.2)

This is known as Lennard-Jones potential and extensively used in computational
modeling and theoretical studies. The potential is highly repulsive at shorter dis-
tances manifesting Pauli’s exclusion principle and have a long-range attractive tail
for higher distances as shown in Figure 1.1.

In many real applications, colloidal dispersions are needed to be stabilized against
coagulation which is done by various methods like surface modification by charging
or coating with some other material or grafting with polymers (Napper, 1977). The
modifications of colloidal surfaces modify the interaction between them generating
different phase behaviors. In the following sections, we have a brief introduction to
the change in colloidal interactions in the case of surface modifications.

1.1.2 Interaction between charged colloids

When charged particles are dispersed in a solution, it derives the neighboring coun-
terions in the solution to get adsorbed on the colloidal particles creating a layer. This
layer modifies the interaction between two charged colloids. The simplest model
that attempted to explain the modified interaction in the case of charged colloidal
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FIGURE 1.1: Plot of Lennard-Jones potential.

surfaces was first given by Helmholtz (Helmholtz, 1853).

Helmholtz model:
In this model, the counterions in the solution get adsorbed by the charged col-

loids neutralizing them. It creates a situation like a capacitor, as shown in Figure 1.2.
If ρ(z) is the charge density of the surface at a distance z from the surface, an

electric field is generated by these charges which can be given by Poisson’s equation
as follows,

dE

dz
=

1

εε0
ρ(z), (1.3)

where, ε and ε0 are the dielectric permittivities of the medium and vacuum respec-
tively. The relation between the electric field E and the corresponding electric poten-
tial ψ is given by,

E = −dψ
dz
. (1.4)

Therefore, the Poisson’s equation can be written as,

d2ψ

dz2
=

1

εε0
ρ(z). (1.5)

However, the electric field in the area between the two surfaces is constant as there is
no charge in between them. Let E0 and V0 be the constant electric field and potential
between the two surfaces. Integrating above expressions, we can write,

E0 =
σ

εε0
, (1.6)

OR
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FIGURE 1.2: Helmholtz model of charged colloids.

σ

ψ
=
εε0
L
. (1.7)

Assuming,

εε0
L

= Cs, (1.8)

where, Cs is known as the specific capacitance. We can write,

σ

ψ
= Cs. (1.9)

Thus the surface potential of the colloids is proportional to the surface charge den-
sity as in the case of a capacitor. However, this theory is unable to explain the de-
pendence of the interaction on the ionic strength, which is a big drawback.

This model is corrected and improved by Gouy and Chapman.

Gouy-Chapman model:
Helmholtz model does not capture the effect of the thermal energy of counteri-

ons. Gouy and Chapman (Torrie and Valleau, 1982; Gouy, 1913) corrected it by tak-
ing into account the equilibrium distribution of the adsorbing ions hence allowing
them to diffuse in the area between the two charged surfaces as shown in Figure 1.3.

Therefore the charge distribution in this case becomes,

ρ(z) = qcB

[
e−qψ(z)/kBT − e+qψ(z)/kBT

]
, (1.10)
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FIGURE 1.3: Gouy-Chapman model of charged colloids with a diffuse
charged layer.

where, cB is the bulk ionic concentration and q is the ionic charge. Therefore the
Poisson’s equation can now be modified as,

d2ψ

dz2
=
qcB
εε0

[
e−qψ(z)/kBT − e+qψ(z)/kBT

]
. (1.11)

This is known as the Poisson-Boltzmann equation. Using Taylor series, this can be
reduced to following approximate expression,

d2ψ

dz2
= κ2ψ, (1.12)

where,

κ2 =
2q2cB
kBTεε0

, (1.13)

and κ−1 is known as Debye screening length. It defines the distance over which the
potential decreases by an exponential factor. Thus it essentially defines the thickness
of the ionic layer. This approximate form of Poisson-Boltzmann equation is known
as Debye-Huckle equation and has a solution of the form of,

ψ = ψ0.e
−κz. (1.14)

However, for highly charged surfaces this approximation is not valid and Poisson-
Boltzmann equation has to be used which leads to the following solution,

ψ(z) =
4kBT

q
tanh

( qψ0

4kBT

)
e−κx = ψeffe

−κx, (1.15)

where,

ψeff =
4kBT

q
tanh

( qψ0

kBT

)
. (1.16)

Both the solution of Debye-Huckle and Poisson-Boltzmann equation is shown in
Figure 1.4.

Stern double layer:
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FIGURE 1.4: Solution to Debye-Huckle and Poisson-Boltzmann equa-
tions.

Improving over the Gouy-Chapman model, Stern formed a double layer theory
by combining the Helmholtz and Gouy-Chapman models (Stern, 1924; Ohshima,
Healy, and White, 1982). Thus in Stern model, the charged colloidal surface is di-
rectly adsorbed by immobile counterions interacting via Coulomb interaction form-
ing an inner part of the layer, and there exist a diffuse layer of Boltzmann counteri-
ons forming the second layer. As seen in the above two models, the potential in the
inner layer decreases quite fast varying linearly with distance while in the diffuse
layer, it varies exponentially, decreasing slowly with the distance. This is explained
in Figure 1.5

When two such charged particles come close to each other, then the double layers
overlap with each other. The counterions between the gap are forced to stay within
the small volume between the two surfaces. This gives rise to a pressure equal to the
difference between the pressure of the film between the two surfaces and the bulk. A
detailed treatment of the problem based on Gouy-Chapman-Stern theory is carried
out by Healy et al. assuming that the adsorption equilibrium is maintained as the
two layers overlap.

For spherical particles of radius a, stern potential ψd and shortest distance of ap-
proach H, two distinct cases arise,

Case I: If the surface charge results from the adsorption of ions then the surface
potential remains constant and is given by,

V = 2πε0εaψd
2 ln (1 + exp[−κH]). (1.17)

Case II: If the surface charge is a result of the ionization of the groups on the
particle surface then the surface charge density remains constant and the potential
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FIGURE 1.5: (left)Stern model of the double layer. (Right) The corre-
sponding potential varying with distance from the surface.

is given by,

V = −2πε0εaψd
2 ln (1− exp[−κH]). (1.18)

In both the above cases, in the limits of exp[−κH] >> 1, i.e. for a small electric
double layer overlap the equations reduces to,

V = 2πε0εaψd
2exp[−κH]. (1.19)

However, the above treatment is based on the assumption of equilibrium of the
adsorbed ionic layer which was shown to be invalid by Overbeek (Overbeek, 1977)
as the potential profile of each surface will be affected by the presence of the other
charged surface. Therefore the actual situation lies somewhere in between the con-
stant potential and constant charge approximations.

1.1.3 The Derjaguin-Landau and Verwey-Overbeek (DLVO) Theory

During the 1940s, two Russian scientists Derjaguin-Landau (Derjaguin, 1941) and
two Dutch scientists Verwey-Overbeek (Verwey, Overbeek, and Overbeek, 1999) in-
dependently formulated a quantitative theoretical description predicting the stabil-
ity of colloids. This theory states that the interaction potential energy between two
charged colloidal particles is given by the sum of the two potentials. A short-range
attractive Van Der Waal’s potential arising from dipolar interactions and the other is
the long-range repulsive double layer potential arising from the charge distribution
on colloidal surfaces. Thus the total potential of a colloid in a solution can be written
as,

VDLV O = VV DW + VEL. (1.20)

The Van Der Waal’s potential gives rise to short-range, attractive energy vary-
ing as the inverse of the distance from the surface while the double layer potential
induces a long-range, repulsive potential varying exponentially. At very short dis-
tances VDW potential is highly repulsive. Thus VDW potential is dominating at
very short or long distances, while the Stern double layer interaction dominates at
the intermediate distances giving rise to a secondary minimum as explained in Fig-
ure 1.6.



1.1. Colloids 11

FIGURE 1.6: DLVO potential: A combination of Lennard-Jones poten-
tial VLJ and Stern double layer potential VEL. VA and VR represents
the long-range attractive (due to dipolar interactions) and short-range
repulsive (due to Pauli’s principle) potentials. Reprinted with per-

mission from the authors of (Sahabi and Kind, 2011)
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Figure 1.6 shows three different graphs. One is Lennard-Jones potential VLJ
which the superposition of the repulsive part VR coming from Pauli’s exclusion prin-
ciple and an attractive contribution VA due to the dipolar interactions. The stern
double layer potential is shown as the repulsive contribution part by VEL. The sum
of the VDW and double layer potentials is shown as the resultant VDLV O potential
giving rise to a primary minimum at a shorter distance and a secondary minimum at
longer distances due to the dominance of the VDW potentials at these two distances.
However, at intermediate distances, a positive potential barrier is created due to the
dominant terms of electric double layer potential. The height of this potential barrier
is crucial in deciding the colloidal dispersion stability, and it depends on the ionic
strength and pH of the solution. When colloidal particles with high kinetic energy
overcome this energy barrier, the primary minimum induces irreversible coagula-
tion. While particle with low kinetic energy when approach each other are unable to
cross the positive potential barrier, they can form an aggregation which corresponds
to the secondary minimum of the VDLV O. However, due to the very low depth of
the secondary minimum, this aggregation induces a weak bonding between parti-
cles, hence making it reversible.

Thus, if K.E is the kinetic energy of the colloidal particle and Umax is the positive
barrier height then,

if K.E > Umax → Irreversible aggregation→ Coagulation

if K.E < Umax → reversible aggregation→ Flocculation/dispersion

Stability of a solution now depends on the K.E of the colloidal particles. In the
case of low K.E, to avoid the secondary minimum induced aggregation, a barrier can
be created to this primary minimum by modifying solvent properties or by grafting
polymers on colloidal surfaces, ensuring the stability of the colloidal dispersion.

Thus, DLVO theory was a breakthrough in colloidal science and was successfully
able to explain the stability of the colloidal suspensions. Though DLVO theory can-
not explain the coagulation properties in all colloidal systems as specific structural
effects are not considered here which are tough to determine, it is still used exten-
sively today even after 50 years of its development and has become a milestone in
colloidal science.

There also exist other methods to stabilize the colloidal solutions like steric repul-
sion, surface coating, polymer grafting, etc. collectively known as steric stabilization
methods. The following section introduces to the steric stabilization.

1.1.4 Steric stabilization

Often colloids are stabilized by grafting and coating their surfaces with polymers
(Ruckenstein and Li, 2005). When two such polymer grafted colloids come close
to each other, the polymer layers begins to overlap resulting in a higher concentra-
tion in between particles. This creates an unbalanced pressure pushing the colloids
apart. Alternatively, the decrease in entropy due to the restriction of polymer con-
figurations in the overlapped region creates a repulsion between colloidal particles.

One of the crucial parameter affecting the grafted polymeric interaction is tem-
perature, depending on which, a solution can play the role of a good, bad or theta
solvent. Steric stabilization works well in a good solvent where polymers prefer
to remain near solvent molecules while it is ineffective in a poor solvent, making
them collapse and form colloidal aggregates. Due to the coagulation process in
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FIGURE 1.7: Steric stabilization: surface modification by grafting
polymers.
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charged colloids which is often irreversible, steric stabilization gives it an advantage
over charged stabilization. Moreover, non-aqueous solutions cannot accommodate
charge stabilization, unlike steric stabilization.

In order to provide a strong repulsion between two colloids, the grafted polymer
ends are not only required to adsorb strongly on the colloidal surface but also need
the other end to extend away from the colloidal surface. Therefore a homopolymer
often fails to be a good surface graft and block copolymers are widely employed
for this purpose. Due to large differences between the nature of polymeric interac-
tions, grafting technique, kind of surface anchoring, etc., it does not have a general-
ized theoretical description. However, the repulsive interaction between two grafted
polymers, when they approach each other, can be described by the repulsive force
proposed by De Gennes (De Gennes, 1987) as follows,

F (D) =
βkBT

s3

[(2δ

D

)9/4
−
(D

2δ

)3/4
]
, (1.21)

where, D is the separation between the surfaces, δ the thickness of the polymer layer,
kB the Boltzmann constant, T the absolute temperature and s is the separation be-
tween the ends of the terminally attached polymer chains. The first term refers to the
repulsive force due to the overlapping of polymers while the second term accounts
for the stretching of polymers.

1.1.5 Colloidal phase behavior

The Phase transition is the extensively studied subject in Soft Matter over the last
two decades, of which colloidal systems are the most outstanding example showing
a rich phase behavior depending on the attractive and repulsive interactions. Hard
sphere colloids form the simplest system to consider which mimics the phase behav-
ior of atomic solids or liquids. After the Onsager’s hard rod fluid theory, it was the
theoretical prediction of hard-sphere crystallization by J.E Kirkwood and the first
simulation observation of it by Wood and Jacobson (Wood and Jacobson, 1957) and
Alder and Wainwright (Alder and Wainwright, 1957) more than 50 years ago that
strengthened the idea of entropically driven phase ordering. For a hard-sphere fluid
of radius a, the interaction between them are defined as,

V (r) = 0 : r > a, (1.22)

V (r) =∞ : r < a. (1.23)

Due to the infinite repulsion, the hard-sphere have vanishing internal energy,
and their free energy F is determined by entropy S as,

F = −TS, (1.24)

where, T denotes the absolute temperature. Thus hard-spheres play a role analo-
gous to the ideal gas in understanding fluids, glasses and crystals, etc. There does
not exist any exact equation of state for hard-spheres, but Percus-Yevic equations
give a good representation of hard-sphere fluid (Smith and Henderson, 1970; Ver-
let and Weis, 1972). Their phase behavior was first studied in simulations where
the crystalline state was a great surprise for scientists. It was only after establish-
ing PMMA particles as nearly hard-sphere colloids, their system behavior was re-
alized experimentally and confirmed the previous simulation results.(De Hek and
Vrij, 1981; Edwards et al., 1984; Ilett et al., 1995; Pusey and Van Megen, 1986)
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FIGURE 1.8: Phase diagram of a hard-sphere colloidal system as a
function of their volume fraction. Adapted from (Brader, 2010).

Simulations of monodispersed hard (Wood and Jacobson, 1957; Hoover and Ree,
1968) sphere system shows that their behavior depends only on the dimensionless
quantity φ, the volume fraction of the colloids given by,

φ = N
Vp
V
, (1.25)

where, N is the number of spheres in volume V, and Vp is the volume of a sphere. Fig-
ure 1.8 shows a schematic diagram for the phase behavior of hard-sphere colloids.
As explained earlier, these systems are entirely entropically driven. The entropic
term has two contributions competing with each other; the configurational entropy
and free volume entropy. At higher densities, the increase in configurational en-
tropy may lead to a large drop in free volume entropy by forming an arrested state.
This state is relaxed by increasing the free volume entropy at the expense of con-
figurational entropy. Thus at higher densities colloids tend to get crystallized. For
colloidal systems with short-range or long-range attractive potentials, the enthalpic
contribution increases the complexity leading to a rich phase behavior. The addition
of an attractive long-range interaction leads to three-phase equilibria, while attrac-
tive short-range interactions result in metastable states for gas and liquid coexis-
tence, maintaining the gas and crystal equilibrium. Figure 1.9 shows the colloidal
phase behavior comparing the cases of purely hard-spheres, short-range attractive
and long-range repulsive systems.A

At lower densities, hard-sphere colloids show fluid-like behavior diffusing freely
and showing no long-range order. On increasing colloidal volume fraction to 0.494
and beyond, it enters into a coexisting phase of solid and fluid before solidifying as
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FIGURE 1.9: Phase diagrams in colloids. (a) Interactions between col-
loid particles. From left to right: hard-sphere interaction, long-range
attraction, short-range attraction. (b) Left: in hard-sphere systems,
only fluid (F) and crystal (C) phases exist. Middle: phase diagram of
hard-spheres with long-range attractions, an analogue of atomic sys-
tems. Right: in cases where the attraction is short-range, as in protein
systems (important in physiology), an equilibrium between gas (G)
and crystal (C) is found, but the liquid (L)–liquid (L) transition be-
comes metastable. (c) Schematic representation of phases in colloids:
gas, liquid, crystal (Zhang and Liu, 2014) - Reproduced by permis-

sion of The Royal Society of Chemistry [ref].

https://pubs.rsc.org/en/Content/ArticleLanding/2014/CS/C3CS60398A##!divAbstract
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FIGURE 1.10: Polymers: examples

crystal beyond 0.545 volume fraction. On further increase in volume fraction, the
packing of the crystal phase increases with the limiting value of maximum closed
packing volume fraction of 0.74. There also exists a maximum random closed pack-
ing for the volume fraction of 0.64, but high-density states are not easy to get to
the equilibrium states. They might get stuck in metastable states like a glassy state
starts to form at the value of 0.58. Varying the colloidal interactions induce a variety
of phase behavior (see Figure 1.9). Apart from interactions, many factors affect the
colloidal phase behavior like polydispersity, electrolyte concentration, solution pH
value, soft core interactions, etc.

1.2 Polymers

In today’s modern world, polymers make up a significant part of our regular useful
materials. The word Polymer is derived from two words, poly(many) and mers(units).
It means a material created by many repeating units which are joined by covalent
bonds. No other material has so much impact on our lives and industries as poly-
mers. From household products to light-weight aviation materials and biological
matters polymers form an integral part. Polymer physics spanning the history of
more than 60 years now form the basis of varieties of problems in physics.

Our day to day life is full of polymeric materials, some of which are shown in
Figure 1.10. Apart from plastic and polymer composite materials, some of the other
major examples of polymers are:
Fatty acids : Chain of hydrocarbons
Polysaccharides : Chain of monosaccharide
Proteins : Chain of amino acids
RNA and Dna : Chain of Nucleotides
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FIGURE 1.11: Polymers are represented as a random walk with the
bond vectors ~ri as their random steps. ~R is the end to end vector of

the polymer.

There exists a huge variety of theories that allow studies of single atomic systems.
Using the exact form of inter-particle potential, a pair correlation function can be
determined from where all thermodynamic properties can be calculated. This is
possible for atomic or diatomic systems. In the case of molecules, the presence of a
huge number of parameters makes the equation difficult to handle, and the situa-
tion becomes out of control. Though increased complexity in the many-body system
makes it impossible to arrive at a solution using current theories, there exist a lim-
iting case of infinitely long chains( theoretically which are close to polymers) that
can be handled using simple approximations. In a system consisting of long poly-
mers, the probability that a randomly chosen monomer is an end monomer is very
low. Assuming each polymeric segment to be situated somewhere in the middle of
a chain simplifies the theoretical complexities drastically and gives access to a pow-
erful technique known as the mean-field treatment. In the mean-field treatment, the
polymer conformations are assumed to have an apriori probability distribution. The
probability distribution of the end-end vector of the polymers is derived in the next
section.

1.2.1 Ideal polymeric chain

Ideal polymers are the simplest model of polymers where the chains are represented
by a random walk. This is shown in Figure 1.11 where, an ideal polymeric chain
is having N + 1 monomers linked by bonds of length b and characterized by their
end-to-end distance expressed as,

〈
~R2
〉

=
〈
~R.~R

〉
=
〈 N∑
i=1

N∑
j=1

~ri.~rj

〉
, (1.26)
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where, ~ri and ~rj represents the bond vectors.
Since there exists no correlation between segments of ideal chains, therefore,

〈ri2〉 = 〈~ri~rj〉 = b2, (1.27)

〈~ri.~rj〉 = 0(i 6= j), (1.28)

Hence,
〈~R2〉 = Nb2, (1.29)

In one dimension, the number of ways of arriving at a distance x from origin
after N steps of unit size is given by,

W (x,N) =
N !

n+! n−!
, (1.30)

where, n+ and n− are the steps taken in forward and backward direction respetively.
The total possible number of occurence of this trajectory is 2N . Therefore, the prob-
ability of arriving at a distance x from origin after N steps of unit size is given by,

p(x,N) =
1

2N
N !

n+! n−!
. (1.31)

Now, assuming x << N and using Sterling’s approximationN ! =
√

2πN(N/e)N

we can write,

p(x,N) =
1√

2πN
exp
−x2

2N
. (1.32)

Since 〈x2〉 = N , therefore,

p(x,N) =
1√

2π〈x2〉
exp

−x2

2〈x2〉
. (1.33)

In three dimesnions, the probability p(~R,N) can be given by the procudt of the
probabilities in the x,y and z axes. Using equation 1.29 and 1.33, the probability in
three dimensions can be written as,

P (~R,N) =
( 3

2πNb2

)3/2
exp
(
− 3~R2

2Nb2

)
, (1.34)

which is a Gaussian probability distribution of the end-to-end vector.
Due to their thread-like structures, polymers possess properties entirely differ-

ent from their small monomeric analogues. Unlike rigid molecules, the shape of
polymers and its flexibility facilitates a large number of possible arrangements of
structures which are known as polymer conformations. This is a significant charac-
ter leading to behavior nonexistent in colloids. For a long polymer, the existence of
a huge number of conformations creates a restoring force having entropic origins,
leading to elastic behavior. Thus a polymeric chain acts as an entropic spring, as
shown in Figure 1.12. The chain entropy can be written as,

S(~R) = kB lnW = constant+ kB lnP (~R). (1.35)

Using equation 1.34, We can write the above equation as,

S(~R) = constant− 3kB
2Nb2

~R2. (1.36)
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FIGURE 1.12: polymer as an entropic spring.

Therefore, the free energy can be written as,

A(~R) = −TS = constant+
3kBT

2Nb2
~R2. (1.37)

This is the origin of elasticity in rubbers, elastomers and other polymeric materials.

1.2.2 Effect of excluded volume: Real chains

S.F.Edwards in 1965, using the self-consistent field method, showed that the effect
of excluded volume in polymers results in the swelling of the polymers. Flory, on
the other hand, using the mean-field approach argued that the equilibrium chain
length is controlled by a balance between excluded volume which tends to expand
the chain and a restoring force due to loss of conformational entropy as a result of
swelling (Yamakawa, 1971). Consider a polymeric chain of N monomers linked by
segments of length b and an end to end distance R. If v is the excluded volume of a
monomer pair and T be the temperature then, The energetic contribution to the free
energy due to the excluded volume repulsion is,

Fexcl ≡ kBTvN2/R3, (1.38)

and the entropic contribution to the free energy due to the expansion of the chain is,

Fentropic ≡ kBT
R2

Nb2
. (1.39)

Therefore, the total free energy F can be expressed as,

F (R) = Fexcl + Fentropic(R), (1.40)

F ≡ kBT
(
v
N2

R3
+

R2

Nb2

)
. (1.41)

By setting ∂F/∂R = 0, the equilibrium length is given by,

RF ≡ v1/5b2/5N3/5. (1.42)

Thus, RF ∝ N3/5.
The simple arguments of the Flory theory give surprisingly accurate results, but

this is due to the fact of a fortunate cancellation of errors. The Flory theory only
includes the interaction between the monomers but, does not take into account the
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connectivity of the monomers. Hence, the theory fails to include information about
the spatial correlation between the monomers along the backbone of the polymer.
Therefore, the arrangement of monomers on a lattice is overestimated, giving rise
to an overestimated value of energy. However, at the same time, the entropy of the
polymers also gets overestimated. The two errors almost cancel with each other, and
the Flory theory ends up giving a nearly accurate result. The Flory theory gives a
scaling which is very close to the behavior predicted by the Renormalization Group
(RG) theory or simulations, which is, RF ∝ N0.588b.

1.2.3 Polymers in a solution: Effect of interactions

For dilute solutions, mean-field Flory-Huggins lattice theory successfully explains
the behavior of polymers (Yamakawa, 1971). According to this theory, volume V
is divided into a lattice of N0 cells, each cell of volume v. The molecules randomly
occupy the sites with a probability depending on their respective volume fractions.
Let x1 and x2 be the number of cells occupied by each monomer and solvent particle
respectively while the corresponding volume fractions are represented by φ1 and φ2.

The behavior of a polymeric chain in a solution depends on the effective interac-
tions between monomers and solution. There are three possible types of interactions
represented as follows,
ε11 = polymer-polymer ε12 = polymer-solvent ε22 = solvent-solvent

Flory used a long derivation but arrived at a simple and intuitive result. The
change in the entropy and enthalpy calculated to be,

∆SM
N0

= −kB
∣∣∣∣φ1

x1
lnφ1 +

φ2

x2
lnφ2

∣∣∣∣, (1.43)

∆HM = N0kBTχφ1φ2, (1.44)

where, χ is known as Flory parameter, given by the following expression,

χ =
z

kBT

[
ε12 −

1

2
(ε11 + ε22)

]
, (1.45)

where, z is the coordination number. Hence, the expression for free energy is given
by,

∆F

N0
= kBT

[
χφ1φ2 +

φ1

x1
lnφ1 +

φ2

x2
lnφ2

]
. (1.46)

Figure 1.13 shows the importance of χ parameter in deciding the phase behavior.
It defines the effective interaction depending on which following three situations
arise,
(1)χ < 0 :

There is an effective attraction between polymers and solvent and the chains
are swollen. Such a solvent is known to be a Good Solvent and the polymer end-end
distance behaves as,

R ∝ N3/5. (1.47)

(2)χ = 0 :
The excluded volume disappears, implying that the dilute solution acts as an

ideal solution. Such a solvent is known as theta solvent and the polymer end-end
distance follows a random walk path given by,



22 Chapter 1. Introduction

FIGURE 1.13: Variation of change in (Top left) enthalpy, (Bottom left)
entropy and (Right) free energy with polymer concentration and χ
parameter. Reprinted from (OCW, MIT.) under the Creative Common

license.

R ∝ N1/2. (1.48)

(3)χ > 0 :
For this case, The interactions produce an effective attraction between poly-

mers. Therefore the polymer collapses forming a globule. Such a solvent is known as
Poor solvent and the polymer end-end distance is the radius of the sphere in which
the polymer chain collapses, therefore, can be given by,

R ∝ N1/3. (1.49)

Figure 1.14 shows an example of the polymer behavior in a good, bad and theta
solvent. The snapshots are the result of a Monte Carlo simulation of the bond fluc-
tuation model on a simple cubic lattice.

Using the expression for free energy in equation1.46, we can calculate

Binodal curve: The locus of all the points satisfying ∂∆F
∂φ1

= ∂∆F
∂φ . This is also known

as the coexistence curve.

Spinodal curve: The locus of all the points satisfying ∂2∆F
∂2φ2

= 0

Critical point: The point at which the binodal and spinodal curves coincide. At
this point both the second and the third derivative of the free energy vanishes.

These curves are shown in Figure 1.15 in a χN versus φ2 plot. The binodal curve
shows the points where the two phases are in equilibrium. The region below the
curve is a single-phase region while above the curve is a two-phase region. The
region between binodal and spinodal curves represents the points where the two
phases are stable. Above the spinodal curve, the two-phase region is unstable. The
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FIGURE 1.14: Polymer behavior in (Left) good (Centre) bad and
(Right) theta solvent. (Binder et al., 2008)

figure also shows the critical point where the binodal and spinodal curves coincide.
Although Flory-Huggins theory successfully explains the polymer phase behav-

ior in the dilute limit, in semidilute limits and at high concentrations, this theory fails
to depict the phase behavior correctly. The following sections explains the polymers
at higher concentrations.

1.2.4 Semidilute solution of polymers

The above mean-field treatment of polymers fails to explain various experimental
results at high concentrations. The Flory-Huggins theory ignores the thermal fluc-
tuations and does not distinguish the interactions of bonded monomers from non-
bonded monomers, which is ascribed to its failure. Blob model and Scaling theory
introduced in the 1970s, on the other hand, was able to explain well the semi-dilute
regime of polymers and solve the then-mysterious problems elegantly. The semi-
dilute solution is a peculiar property of polymeric systems entirely non-existent to
their colloidal counterparts. The concentration at which the polymers start over-
lapping each other is still quite low, and there exists a wide range of concentration
beyond the overlapping concentration where polymers overlap, entangle and finally
form a melt at a very high concentration. Figures 1.16 shows the different regimes
of polymers with varying concentration.

According to De Gennes blob model, a polymer chain can be divided into spher-
ical blobs within which a partial chain conformation is similar to the isolated parent
chain (Edwards, 1966). Thus the density of monomers in the blob mirrors the den-
sity of the whole solution. If we consider a polymeric solution divided into blobs
of g monomers of size bg with total no. of blobs Ng. If N and b are the total no. of
monomers and monomer-monomer bond length respectively then we can write,

bg ≡ g1/2b, (1.50)

And,
Ng ≡ N/g. (1.51)

Therefore, the expression for the end-end distance of a chain made up of blobs Rb is
given by,
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FIGURE 1.15: Polymer phase diagram using Flory-Huggins theory.
Reprinted with permission from (OCW, MIT.) under the Creative

Common license.

FIGURE 1.16: Dilute, semi-dilute and concentrated regimes of poly-
mers for theta condition. Φ∗ shows the crossover volume fraction

between dilute and semidilute regimes and it varies as N−1/2.
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FIGURE 1.17: Polymer blob model and the invariance of the polymer
end-end distance to the scaling.

〈Rb〉 = N1/2
g bg, (1.52)

〈Rb〉 = N1/2b = 〈R〉. (1.53)

The above equation says that the end to end distance remains invariant to the
scaling of the polymer unit. This is explained in Figure 1.17.

Figure.7 in (Wang et al., 2010) shows a schematic representation of different
polymer regimes with blobs in semi-dilute regime and change of scaling with change
in concentration, while Figure 1.18 summarizes the phase behavior of polymers with
concentration and temperature (χ parameter).

1.3 Colloid-polymer mixture

It has been known for a long time that the addition of polymers promotes aggre-
gation and phase separation in colloidal suspensions (Gast, Russel, and Hall, 1986;
Patel and Russel, 1989; Ilett et al., 1995). Several experiments reported this peculiar
behavior. An enhanced aggregation of red blood cells was reported by Fahreus in
1920 due to increased concentration of blood serum fibrinogen globulin and albu-
min (Fåhraeus, 1929). Traube reported a phase separation of rubber latex particle
suspension into a dilute and concentric phase on the addition of plant and scaweed
polysaccharides (Traube, 1925). The induced aggregation due to polymers was first
explained by Asakura and Oosawa by introducing the concept of Depletion Interac-
tion.

1.3.1 Asakura-Oosawa model: Depletion interaction

Asakura and Oosawa, formulated a theoretical description of a colloid-polymer mix-
ture, in order to explain an experimental result of the aggregation of colloids on the
addition of polymers, by introducing the idea of depletion attraction (Asakura and
Oosawa, 1954). According to this idea, in a colloid-polymer mixture, a polymer of
the radius of gyration Rg can reach the surface of a colloidal particle only up to a
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FIGURE 1.18: Polymer phase diagram in a χ parameter versus Φ (con-
centration) graph. The χ = 1/2 line represents the Θ line. Above the
Θ line the polymers are in a good solvent while they are in a bad

solvent below it.
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(a) (b)

FIGURE 1.19: (a) The figure shows colloids(blue particles) and poly-
mers(black) mixture. Since the polymers can overlap with each other
but not with the colloids, the polymers are replaced as soft parti-
cles(black) in figure (b) while this leaves the colloidal particles with
a depletion region around the colloidal surface (shown as a circle in
broken line) where the centres of the polymers can not enter. When
the depletion zones overlap, there is an increase in free volume for the
polymers and also an increase in their translational entropy. There-
fore, the addition of polymers in a colloidal system gives rise to an

effectively attractive potential between colloids.

distance of Rg. The volume of a sphere with (σc + σp)/2 from the region around
the colloids remains excluded, where σc is the diameter of colloid and the diameter
of polymers is given by σp = 2Rg, Rg being the radius of gyration of the polymer
coils. This excluded volume is known as depletion zone. When two such colloidal
particles come close to each other, the depletion zones overlap and effectively re-
duce the total volume of it. Therefore overlapping of depletion zones increases the
free volume entropy for the polymers and hence a depletion attraction is added be-
tween colloidal particles when polymers are added to the colloidal solution. This is
explained in Figure 1.19 (adapted from (Binder, Virnau, and Statt, 2014)).

We present here a short overview of the model and the theories based on it not
going into great details. One can refer to (Dijkstra, Brader, and Evans, 1999), (Gast,
Hall, and Russel, 1983b) and (Gast, Hall, and Russel, 1983a) for details. The model
can be represented by using the following pair potentials (Dijkstra, Brader, and
Evans, 1999):

φcc(Rij) =∞ for |Rij | < σc
= 0 otherwise

φcp(Ri − rj) =∞ for |Ri − rj | < (σc + σp)/2
= 0 otherwise

φpp(rij) = 0

where, the suffixes c and p indicates colloids and polymers, respectively. Ri and
rj are the position vectors of the centres of the colloids and polymers respectively:
Rij = Ri − rj and rij = ri − rj . The polymer degrees of freedom can be integrated
out in order to obtain an effective hamiltonian for the colloids. Consider Nc colloids
and Np polymers with a polymer to colloid size ratio q in the (Nc, V, zp, T ) ensemble,
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where zp is the fugacity of the system that depends on the chemical potential µp as
follows:

zp = Λ−3
p exp−βµp, (1.54)

where, Λp is the thermal wavelength of the polymer coils and β = 1/(kBT ) The total
Hamiltonian of the system consists of the kinetic energy contributions and the sum
of the following interaction terms:

H = Hcc +Hcp +Hpp, (1.55)

where,

Hcc =

Nc∑
i<j

φcc(Rij),

Hcp =

Nc∑
i=1

Np∑
j=1

φcp(Ri − rj),

Since, the polymer coils are assumed to be non-interactive, Hpp = 0. Therefore,

H = Hcc +Hcp. (1.56)

In order to integrate out the polymer degrees of freedom, the hamiltonian of the
system can be represented by an effective hamiltonian consisting of colloid-colloid
interaction and a perturbative term:

Heff = Hcc + Ω. (1.57)

The perturbative potential Ω can be written as the sum of zero, one, two and
higher body terms:

Ω =

Nc∑
n=0

Ωn. (1.58)

The zero body term and one body terms can be written as:

Ω0 = zpV/β, (1.59)

Ω1 = zpηc(1 + q)3V, (1.60)

where, ηc is the colloid packing fraction.
The two body term depends on the simultaneous coordinates of two colloids

which represets the Asakura-Oosawa potential φAO. The exact form of this potential
φAO is derived by Asakura and Oosawa as follows:

φAO(Rij) = −
πσ3pzp(1+q)

3

6q3

[
1−

3Rij
2(1+q)σc

+
R3
ij

2(1+q)3σ3c

]
for σc<Rij<σc+σp, (1.61)

= 0 for Rij > σc + σp. (1.62)

This is the depletion potential responsible for the attractive interaction between
colloids when polymers are added to the system.

The mixture of colloids with polymers was the first studied mixture involving
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colloids, much before the evolution of the idea of entropic ordering by Asakura and
Oosawa (AO) and later independently and more explicitly by Vrij (Vrij, 1976). Since
then, the depletion interaction has been studied extensively in the last 50 years lead-
ing to many theoretical developments, simulations and experimental studies. Even
with the simplest model incorporating non-interacting ideal polymers with a fixed
Rg and limitations of low concentration and low polymer to size ratios, the model
has managed to depict the colloid-polymer phase behavior observed in experiments.
Models developed by Lekkerkerker (Lekkerkerker et al., 1992b) and Gast et al. (Gast,
Hall, and Russel, 1983b; Gast, Hall, and Russel, 1983a) are the most prominent ex-
amples which will be discussed in the following paragraphs.

1.3.2 Perturbation theory

The first study of the colloid-polymer mixture using the standard liquid state per-
turbation theory was carried out by Gast et al. Gast et al. (Poon et al., 1993) used the
perturbation techniques in which the interactive potential is decomposed into a ref-
erence potential depicting observed behavior and a perturbation for aqueous(Gast,
Hall, and Russel, 1983b) and non-aqueous solutions (Gast, Hall, and Russel, 1983a).
For non-aqueous case, the hard-sphere potential is considered as a reference poten-
tial and AO depletion potential φAO as a perturbation:

φeff = φcc + φAO. (1.63)

The potential φAO is a two-body term (as shown in the previous section), and this
method ignores the higher body term. The higher body terms are shown to be zero
for low values of q (q < 0.1547) (Dijkstra, Brader, and Evans, 1999) but ignoring
them for higher values of q will be a drastic approximation. The perturbation theory
by Gast et al. still manages to depict a variety of aspects of the phase behaviour
that has been confirmed by experiments. Please refer the phase diagrams shown
in (Gast, Hall, and Russel, 1983c) and are reproduced in (Dijkstra, Brader, and
Evans, 1999). It shows the dependence of phase behaviour on the size ratio q. It
produces good results for solid-liquid transition but failed to give a good prediction
for fluid-fluid transition for small size ratio (Dijkstra, Brader, and Evans, 1999).
Moreover, a stable fluid-fluid region was also found along with a triple point for a
sufficiently large value of q. It also showed the broadening of the solid-liquid region
on increasing the polymer concentration when q is small (q < 0.3). Later, a solid-
solid transition was also identified using the same theory by Dijkstra et al. Gast et
al. later, experimentally verified the predicted types of phase coexistence regions in
a model colloid-polymer system (Gast, Russel, and Hall, 1986).

1.3.3 Free volume theory

Unlike Gast et al., Lekkerkerker (Lekkerkerker et al., 1992b) used free volume the-
ory, using free energy minimization method where the free volume accessible to the
freely-overlapping polymer coils was approximated by using scaled-particle theory.
This method allowed for the partitioning of the polymers between phases and cor-
rects for multiple overlap of depletion layers which was lacking in the method used
by Gast et al. Phase diagrams for the various polymer to colloid size ratios were
determined. Similar to the findings of Gast et al., the phase diagrams were found to
be dependent upon the size ratios. Figure 1.20 shows the phase diagram produced
by Lekkerkerker for two different size ratios of 0.1 and 0.4. Both the results match
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FIGURE 1.20: Phase diagrams of colloid-polymer mixtures in the
plane of variables colloid-packing fraction (ηc) and polymer-reservoir
packing fraction (ηpr), for polymer to colloid size ratios q = 0.1 (a) and
q = 0.4 (b). The curves show the boundaries of the two-phase coex-
istence region between fluid (F) and crystal (C) phases (for q = 0.1
(a)) where no gas (G)-liquid (L) phase separation and hence no triple
point line (TP) occurs, unlike the case of q = 0.4 (b), where gas-liquid
coexistence (G + L) also occurs, ending in a critical point (CP). The
tie lines (connecting coexisting phases) simply are horizontal straight
lines. The region to the left of the shaded area represents fluid, while
the region to the right represents crystal. The phase diagrams were
obtained from the free volume theory, also using the equation of state
for the fcc crystal due to Hall as an input. Reprinted with permission

from Lekkerkerker et al., Europhys. Lett. 20, 559 (1992).

quite well with each other. It shows fluid-solid coexisting phases for q < 0.3 and a
gas-liquid coexistence for q > 0.3, similar to the theory of Gast et al.

Like colloidal systems, the colloid-polymer system also shows a fluid-solid co-
existence with the coexisting region expanding with the added polymers. However,
there exists a limiting value of size ratio known as crossover value beyond which the
phase behavior differs from the colloidal phase behavior. After the crossover value
of q, the phase diagram shows the existence of a critical point and a triple point.
Both the theory of Gast et al. and Lekkerkerker produced this crossover phase be-
havior. These results match well with experiments and computer simulations. Also,
the prediction of uneven polymer partitioning by Lekkerkerker was confirmed by
experimental studies by Russel and Patel (Patel and Russel, 1989) and Poon et al.
(Poon et al., 1993)

The above theories were limited to AO limit of low concentration and q value. To
break the, limit Meijer and Frenkel used lattice simulation method to correct the AO
model for high q value (Meijer and Frenkel, 1994). Schweizer et al. developed an
integral equation approach while a novel coarse-graining technique was used, which
was developed by Bolhuis, Louis and coworkers (Bolhuis, Louis, and Hansen, 2002;
Bolhuis, Meijer, and Louis, 2003). These theories show the importance of enthalpic
interactions in phase behavior. However, with increasing density and including non-
ideality of polymer chains, the theoretical equations become very complex and need
a lot of approximations and assumptions to solve them. The theoretical results to a
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FIGURE 1.21: Statistical mechanics predict the partitioning into
colloid-rich and polymer-rich phases. For a given colloid size, the
phase diagrams are sensitive to the polymer size: (a) large polymer,
(b) small polymer. The polymer can partition into different phases,
so the lines indicating coexisting phases are not necessarily horizon-
tal. Phase diagrams are similar to those in Fig. 1.9b, but are inverted,
as polymer concentration plays the role of inverse temperature. Fig-
ure (a) is similar to an atomic system, having regions of three-phase
equilibria (shaded area). Figure (b) is similar to systems found for
some proteins, with two-phase coexistence and a metastable liquid-
liquid region. (c) The situation often found experimentally, for short
polymers. The blue area indicates a region where crystals are formed;
the green area indicates aggregation, and the red area indicates gela-
tion. Thus, only in the narrow region close to the phase bound-
ary are the equilibrium phases reached. Reprinted with the per-
mission from (Anderson and Lekkerkerker, 2002) (Nature. 2002

Apr25;416(6883):811-5).
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major extent are dependent on the assumptions used and each theory differing in
its assumptions and approximations differs to a large extent in predicting the phase
behavior. Therefore it is very difficult to compare these results with experiments.
(Ganesan, Ellison, and Pryamitsyn, 2010)

The literature involving mixtures of colloids and polymers, to a large extent, em-
ploys the idea of depletion for explaining phase behavior. To present a theoretical
analysis of colloid-polymer mixture in great detail is beyond the scope of the thesis
as the thesis is more focused on the morphological changes at the mesoscopic scale
of the nanoparticle structure using wormlike micellar matrix. A brief overview of
the theoretical understanding of the colloid-polymer mixture is presented because
of the symmetry of the wormlike micellar and polymeric matrices. Similar kinds of
nanostructures are also obtained using polymeric matrices.

However, with increasing concentration, the colloid-polymer mixtures are de-
parted from the equilibrium and stuck in some non-equilibrium states like gels,
which theoretical models are not able to capture. Recently there have been some
efforts in understanding it by proposing different mechanisms for the formation
of non-equilibrium states like Jamming, caging, mode coupling theories for glassy
states, etc. However, the results are non-conclusive and need a more detailed study
of these systems. Figure 1.21 compares the theoretical phase diagram for (a) short
polymers and (b) large polymers with the (c) experimentally obtained equilibrium
regions for short polymers. It shows that only in the narrow region close to the phase
boundary are the equilibrium phases reached.

1.4 Wormlike micelles

Wormlike micelles are long-living polymeric structures which form the class of vis-
coelastic fluids. Their interesting rheological properties has garnered a lot of atten-
tion from soft matter scientists, and the relation between their rheological response
and microstructure is still a subject of research. Their diverse rheological behaviors
and microstructures lead to numerous applications like a thickening agent in con-
sumer products, hydrofracking fluids in the oil industry, drug carriers in targeted
delivery, turbulent friction drag-reducing agents, and templates to create functional
nanofluids.

The existence of self-assembled surfactant aggregates was first suggested by Mc
Bain in 1913 (McBain, 1913). It was followed by many proposals (Harkins, Davies,
and Clark, 1917; Philippoff, 1950; Mattoon, Stearns, and Harkins, 1947; Hartley
and Runnicles, 1938; Hartley, 1949; Corrin, 1948) but no clear theoretical or exper-
imental evidence for different shapes of micelles until 1951 when a conclusion by
Philippoff (Philippoff, 1951) indicated that the standard methods for determining
micellar shapes do not differentiate between different shapes of micelles whether
spherical, cylindrical, discs, branched, vesicles, cubic or lamellar, etc. Later, the de-
velopment of powerful experimental techniques like small-angle X-ray and neutron
scattering (Prévost, Gradzielski, and Zemb, 2017) or cryogenic transmission electron
microscopy (Danino, 2012) established the different shapes of micelles and revealed
their microstructures. Initially, the theoretical studies were based on the principle
of minimization of free energy of the system that includes surfactant molecules, wa-
ter molecules and micellar aggregates (Debye, 1948; Hobbs, 1951; Halsey Jr, 1953;
Ooshika, 1954; Debye and Anacker, 1951; Hoeve and Benson, 1957; Rusanov, 2016)
but these theories were lacking the most influential ingredient in the formation of
micelles which is the surfactant geometry. Tanford for the first time (Tanford, 1972;
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Hydrophobic tail

FIGURE 1.22: Formation of micelles

Tanford, 1974; Tanford, 1978) combined the concepts in earlier theories with the
surfactant geometry. However, Israelachvili, Mitchel, and Ninham (Israelachvili,
Mitchell, and Ninham, 1976) developed a fully geometry-based approach that was
able to explain the formation of different shapes of micelles by introducing ’packing
parameter’.

The aggregates of surfactants in a solution are highly polydispersed. This has
been shown in the earlier theories by Debyeand Anacker (Debye and Anacker, 1951)
and others and also confirmed experimentally by Scheraga and Backus (Scheraga
and Backus, 1951). This is also proved later by M. E. Cates (Cates and Candau,
1990a). There are also theories by Nagarjan and Ruckenstein (Nagarajan, 1982; Na-
garajan, 1993; Nagarajan and Ruckenstein, 1991) and Blankschteini et al. (Puvvada
and Blankschtein, 1990; Naor, Puvvada, and Blankschtein, 1992; Zoeller, Lue, and
Blankschtein, 1997; Srinivasan and Blankschtein, 2005) who used molecular ther-
modynamic approach that has been applied to ionic surfactants. Later, computer
simulations proved to be a great way in understanding the process of formation of
micelles. It is not possible to present all these theories in detail. Below, we present in
brief the basic and essential elements in understanding the wormlike micellar sys-
tem.

1.4.1 Surfactants

Surfactants or surface-active agents consist of two parts: a hydrophilic head group
and a hydrophobic tail group. When surfactants are in a solution like water, their hy-
drophobic parts come together to form a core which is surrounded by hydrophilic
head groups (please refer to Figure 1.22) in order to reduce the tension between
surfactants and water (Holmberg et al. 2003). The hydrophilic head group can be
ionic, non-ionic or zwitterionic which is attached to one end of the hydrophobic
non-polar tail made up of one or two (e.g. in biological lipids) short hydrocarbon
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FIGURE 1.23: Example of surfactants, SDS, CTAB and C12E8

chains that can be linear or branched. The position of the polar group, the degree
of chain branching, the length of the chain, head to tail ratio, etc., combinedly de-
fine their physicochemical properties. Some commonly used examples of surfac-
tants are SDS :Ch3(CH2)11SO4

−Na+, CTAB : CH3(CH2)15N+(CH3)Cl−, C12E8 :
CH3(CH2)11(OCH2CH2)8OH which are shown in Figure 1.23

1.4.2 Surfactants in a solution: formation of micelles

In aqueous solutions, surfactants tend to form aggregates such that the hydrophobic
tails are surrounded by hydrophilic head groups in order to minimize free energy.
Due to the hydrophobic effect of the tail group, the surfactant molecules migrate to
the surface of the aqueous solution leading to the aggregation of surfactants whose
size is limited by the repulsion among the head groups. These aggregates are gen-
erally called micelles. Once the micelle has formed, it goes into the solution from
the surface. Micelles aggregate into diverse geometrically complex and dynamically
fluctuating morphologies like spherical, cylindrical or wormlike micelles with or
without branches, hexagonal, cubic, lamellar, etc. An important quantity known as
the packing parameter gives us a method to correlate the molecular geometry with
the growth of micelles (Tanford, 1980; Israelachvili et al., 1975 (Findenegg, 1986)). It
is defined as :

P =
V

a0l
, (1.64)

where, P = Packing parameter and V = Volume of the surfactant molecule.
a0 = effective head group area and l = length of the tail group. Depending on
packing parameter micelles take different shapes and arrangement of the surfac-
tant molecules, as shown in Figure 1.24. If the packing parameter is smaller than
1/3, spherical micelles are formed; while if it is between 1/3 and 1/2, cylindrical
micelles may be generated; and bilayers and vesicles are formed when it is greater
than 1/2. Total surfactant concentration, the type of surfactants used, and salinity
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FIGURE 1.24: Different shapes of micelles formed depending on the
value of Packing parameter P (Dreiss, 2017) - Reproduced by permis-

sion of the Royal Society of Chemistry [ref]

affect the packing parameter (Rehage and Hoffmann, 1988; Lequeux and Candau,
1994). The morphology of micelles can also be affected by producing changes in so-
lution conditions such as overall surfactant concentration, surfactant composition,
temperature, pressure, ionic strength, and pH.

1.4.3 Critical Micellar Concentration (CMC)

At low concentrations, surfactants remain dispersed and start overlapping as the
concentration exceeds a limiting value known as Critical Micellar Concentration
(CMC) and self-assemble to form aggregates which depend on various factors. Re-
gardless of the amount of surfactant added to the solution, the unimer concentra-
tion will never exceed the critical micelle concentration (Holmberg et al., 2003). It
depends on a lot of factors like tail length, polarity, alkyl chain branching, double
bonds, aromatic groups, perfluorination of the alkyl group. The added electrolyte
also has an effect on the CMC. The effect of salt addition depends on the valency of
the ions and added counter-ions (Holmberg et al., 2003). Beyond CMC, micellar ag-
gregates take various forms depending on the concentration of surfactants as shown
in Figure 1.25. With increasing concentration spherical aggregates turns into cylin-
drical aggregates because of electrostatic forces, then to hexagonal, cubic, lamellar,
etc. CMC increases with an increase in the volume, polarity, dipole moment, and po-
lar surface area of the hydrophilic head group, while it decreases with the increases
in the hydrophobic part of the surfactant. Empirical correlations between the struc-
tural characteristics of surfactant and CMC have been developed for ionic, cationic
and anionic surfactants. According to Klevens equation, the CMC can be expressed
as a function of the number of carbon atoms in the hydrophobic chain for an ionic
surfactant (Klevens, 1953; Klevens, 1948)

log(CMC) = A−Bn, (1.65)

https://pubs.rsc.org/en/Content/Chapter/9781782629788-00001/978-1-78262-978-8
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FIGURE 1.25: Different shapes of micelles formed depending on the
micellar concentration and the type of solution. (Self-Assembled Struc-

tures Part 1 (Nanotechnology):webpage)

where, A is a parameter dependent on the ionic strength of the system and the type
of the hydrophilic head group, B depends on the number of hydrophobic chains
and hydrophilic head groups and n is the number of carbon atoms in the chain.
Figure 1.26 is an example of this empirical relationship calculated for betaine surfac-
tant. The values of A and B are determined as 3.046 and -0.4809, respectively. The
CMC is then 350 M for n=1 for betaine surfactants. The CMC’s are not affected by
the hydrophilic head group as much as the hydrophobic tail. In many cases, the
CMC’s were found to be identical for molecules with the same tail, but differing
head groups, but not zwitterionic head groups. In general, the CMC can be pre-
dicted both by the hydrophobicity of the head group and by the hydrophilicity of
the tail group,

log (cmc) = a(hydrophilic descriptor) + b(hydrophobic descriptor) + c(hydrophilic
descriptor x hydrophobic descriptor) + constant

Where a,b,c are constants and the expression beside c is the cross-linking term
between the two effects. If it is zero, then the hydrophilicity and the hydrophobicity
are independent. Quantitatively, the CMC for a variety of surfactants in different
solvents has often been measured experimentally within a range of a few per cent
uncertainties.
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FIGURE 1.26: Graph of log(CMC) vs chain length calculated for Be-
taine. Adapted from the data provided in (Qu et al., 2010)

1.4.4 Wormlike micelles: Theoretical considerations

Out of various types of micelles, we are particularly interested in wormlike micelles.
These micelles have got particular interest in recent years from both theoreticians
and experimentalists because of their peculiar wormlike micellar phases and re-
markable rheological properties. These micelles grow into long, cylindrical, semi-
flexible wormlike aggregates which show many similarities with polymers: in par-
ticular, they entangle with each other above a critical micellar concentration to form
a transient network, imparting interesting viscoelastic properties and nonlinear rhe-
ological characteristics. However, the property which distinguishes them from poly-
mers is that they are constantly breaking and reforming in dynamical equilibrium.
For this reason, they are also referred to as ’equilibrium polymers’. They encompass
all the micelles which arise due to packing parameter values between 1/3 and 1/2.
At high surfactant concentrations, large micelles are expected, the spherical shape
of micelles will be accompanied by a large hole at the centre costing energy while
wormlike micellar shape suitable to give rise to a minimum free energy structure.
They are often discussed in the language of polymer physics with a consideration
that their molecular weight distribution is in thermal equilibrium. Their size distri-
bution has been calculated by Cates and Candau (Cates and Candau, 1990a).

The ends of the micelles contribute to the energy depending on its size and cur-
vature and can increase to very high values when the spontaneous curvature is low.
The fusion of micelles is accompanied by an energy gain by the loss of two end caps
which is equivalent to the energy cost of creation of two end caps when they go
through scission reaction. For sufficiently large endcap energies, the micelles can
grow to lengths of micrometres. The gain in end cap energies is balanced by the loss
in translational entropies by replacing two independently moving micelles with a
larger one. Considering these two competing terms in a mean-field (Flory-Huggins)
approach, Cates derived the distribution of chain length in wormlike micelles as
(Cates, 1996):

P (L) ∝ exp(−L′/L), (1.66)
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where, L’ is the mean length given by,

L′ =
√
φexp(Eec/kBT ), (1.67)

φ is the total volume fraction of micelles andEec is the end cap energy of the micelles.
This result is found to agree with the systems which exhibit weak growth, but the
dependence on the power of φ1/2 term is subject to controversy. When charge distri-
bution on micelles is taken into account for ionic surfactants, it changes dramatically
and gives rise to three different regimes of growth of aggregates with the change in
concentration of surfactants/electrolyte. This power-law type growth is obtained
only at higher concentrations. For charged surfactant with low salt content, electro-
static interactions may affect the self-assembly of the surfactant molecules, leading
to an exponent that is considerably larger than 0.5.

Gravsholt et al. (1979) proposed that viscoelasticity of micelles has the same
physical origin as polymer melts, i.e. entanglement and reptation (Berret, 2006a;
Edwards et al., 1986). By taking the analogy to polymers and their entanglement,
wormlike micelles are also subjected to study based on the reptation model (De
Gennes and Witten, 1980). De Gennes developed a theory for classical polymers
where the polymers above an overlap concentration are constrained in a hypotheti-
cal tube formed due to the confinement by the surrounding chains. As a result of a
small perturbation, polymers can relax inside that hypothetical tube created by the
presence of the other polymers surrounding them which is known as Reptation and
has a characteristic time scale τrep. Cates further extended this model for wormlike
micelles by considering the scission and recombination reactions in micelles in ad-
dition to Reptation which is known as Reptation-reaction model. In this model, the
relaxation time is shown to be (Cates and Candau, 1990a),

τ =
√

(τbreakτrep), (1.68)

where, τbreak is the lifetime of a micelle of mean length. This is an interesting result
which is quite unusual for complex fluids, which generally show deviations from
Maxwellian behavior. This Maxwell-like behavior has been observed over a range
of wormlike micellar fluids in dynamic modulus experiments hence justifying Cates
model. While for breaking time larger than reptation time, the micelles behave as
ordinary ’dead polymers’ as they are dominated by reptation. The exponents pre-
dicted using Reptation-reaction kinetic model are close to the observed values for
some systems, but there exists a lot of discrepancies (Cates and Candau, 1990a).
Some authors have ascribed this to the existence of micellar branching while Berret
suggests that it is due to the fact that for these systems, the average micellar length
does not follow the predicted one. He also suggests that the theory is not applicable
for systems with strongly binding counterions.

Even at equilibrium, micelles are dynamically active units with scission and re-
combination reactions. Aniasson and Wall put forward the initial theoretical expla-
nation of the formation of micelles with the assumption that micelles can only grow
through monomer exchange (Aniansson and Wall, 1974; Aniansson and Wall, 1975).
The kinetics of relaxation after a small perturbation to the equilibrium state of worm-
like micelles was theoretically studied by Turner and Cates. Using the equilibrium
length distribution, they examined a system which is evolving in time with given
rate constants for scission and recombination reactions which leads to an equation
for the time evolution of the length distribution. This was further studied by Mar-
ques and Cates to take into account larger perturbations in the mean length of the
micelles.
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As micelles grow longer, due to bending rigidity, there is an energy cost for bend-
ing. The elastic energy cost dEee of bending a length element dL of a cylinder to
curvature C is

dEee = 1/2KC2dL, (1.69)

where, K is the bending modulus.
This gives rise to a characteristic length scale which represents the flexibility

called persistence length lp given by

lp = K/kBT . (1.70)

The persistence length separates the shorter length scale over which the micelle
is essentially a rigid rod and the longer length scale where it is more like a flexible
polymer with the conformation corresponding to a random walk. This separation
of length scales, which holds for sufficiently long flexible micelles, allowed for the
early measurement of the rigidity and length of micelles using neutron scattering
methods [13, 14]. For micellar chains of length much larger than persistence length,
Semenov and Khokhlov using Onsager’s method showed a first-order phase tran-
sition in micelles where micellar structure changes from isotropic state to aligned
state which is known as Isotropic-Nematic transition (Van Der Schoot and Cates,
1994; Semenov and Khokhlov, 1988; Khokhlov and Semenov, 1981). There have been
some experiments determining the phase diagram of micelles. Which shows phases
like hexagonal, nematic discotic and lamellar in addition to isotropic and nematic
phases with a controversy over the predicted phase boundaries using theory. Figure
6 in (Berret, 2006a) shows a phase diagram for four different micellar systems ob-
tained experimentally showing various phases of micelles like isotropic (entangled),
nematic (N) and hexagonal (H), nematic discotic (ND) and lamellar (Lα).

1.5 Colloid-Micelle mixture

At low concentrations, surfactants are extensively used as stabilizers of colloidal
dispersion while high surfactant concentration induces a loss of dispersion stabil-
ity. This loss of stability is ascribed to the formation of wormlike micelles above
CMC and hence producing a depletion interaction. This is observed for both neg-
ative and positive colloidal particles in both negative and positive surfactants. At
high concentrations, wormlike micelles form a viscoelastic fluid, and many studies
suggest that inclusion of colloidal particles improves their rheological properties.
An experimental study by Piazza and Di Pietro (Piazza and Di Pietro, 1994) shows
that unlike the colloid-polymer phase diagram which shows fluid-crystal coexisting
phases for high enough depletant concentrations, Colloids exist in the form of a gel
with no structural reorganization or sedimentation for weeks in a colloid-spherical
micelles system. Figure.2 in (Baxter, 1968a) shows the experimental phase behavior
of colloid-spherical micelle mixture and compares it with the results from the theory
of Lekkerkerker. The experimental results are scaled to agree with the theoretical
phase boundary. The figure also shows the plot of percolation threshold for gel for-
mation using the Baxter model (Baxter, 1968a) for attractive spheres which agrees
quite well with the experimental results (Baxter, 1968b). Studies suggest that the
addition of micelles can destabilize suspensions and cause creaming, flocculation,
aggregation and fusion of the suspended species (Kline and Kaler, 1996). All these
studies suggest that there exists an active interaction between micelles and colloids
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that modifies the effective colloidal interaction in a colloid-micellar mixture and im-
prove rheological properties in a viscoelastic wormlike micellar fluid, but they are
still incompletely understood. The literature lacks any detailed study involving the
mesoscopic structure of the wormlike micelle-colloid mixture. This thesis intends to
fill this gap in the literature.

1.6 Polymer nanocomposites and the method of templating
for nano-assembly

After the discovery of Nylon-6 which shaped the economy of the synthetic fibre in-
dustry, much of the interest of researchers was drawn by polymer-nanocomposites
due to its enhanced performance. Though Bower mentions about nanocomposite
material in his 1949 paper, not much was explored about them and until 1970s miner-
als were only used as fillers. However, the significance of these nanocomposites was
realized only after a landmark study by Toyota in 1992 regarding the preparation
of Polyamide-6/organophilic clay nanoparticles. This new material was reported
to be having 40% increase in rupture tension, 68% in Young’s modulus, 126% in
flexural modulus and enhanced heat distortion temperature in comparison to pure
polymer (Duleba, Spišák, and Greškovič, 2014). Because of its explosively enhanced
properties and low cost, it was widely adapted in various industries, after its first
commercial use by General Motors in 2002. After this paper by Toyota, there comes
an era where researchers were trying to find an explanation for enhanced properties
of nanocomposite materials and many experiments conducted reporting a number
of fracture mechanisms. A variety of polymer matrices were used, such as Epoxy,
polyamide, polystyrene, polyurethane, and polypropylene (Dufton, 1998). While the
creation of additional surfaces on crack propagation as a primary means of toughen-
ing is reported by Zerda et al. (Zerda and Lesser, 2001), another study claimed ’craz-
ing’ to be the main toughening mechanism (Kim and Michler, 1998). Wang et al. ob-
served the creation of microcracks and their coalescence to form macrocracks, on an
application of stress (Elboujdaini et al., 2000; Ma et al., 2005). Some reports are also
published showing the dependence on clay loading and extent of exfoliation (Wang
et al., 2005; Lee et al., 2005; Gonzalez, Eguiazabal, and Nazabal, 2006; He et al., 2008).
A recent study by Quaresimin et al. indicates the homogeneous spread of clay par-
ticles transferring stress more efficiently compared to inhomogeneously spread clay
particles which lead to higher no. of defects and suppressed mechanical proper-
ties (Opelt and Coelho, 2016a; Quaresimin, Salviato, and Zappalorto, 2015). Though
literature presents a no. of toughening mechanisms like cavitation, shear Yielding,
crack pinning, crack deflection, crack bridging pull out, nanoparticle mobility etc.,
the information available is still nonextensive due to expensive experiments and
non-compatibility of techniques to nanoscale constituents (Opelt and Coelho, 2016b;
Carolan et al., 2017; Liang, 2008). Mostly these experiments were performed hoping
to produce high-performance materials while experiment to understand their dam-
age mechanisms are still lacking. There existed some mechanics-based model and
successfully used in fibre reinforced nanocomposites like Halpin-Tsai model (Affdl
and Kardos, 1976) and Mori-Tanaka model (Mori and Tanaka, 1973; Dvorak, 1991).
These analytical models take into account the parameters such as elastic stiffness
of matrix, aspect ratio, volume fraction and orientation of reinforcement. However,
these analytical models were unable to capture the nanoscale constituents of the sys-
tem hence, increasing complexity and decreasing the accuracy of the analysis (Pitsa
and Danikas, 2011).
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FIGURE 1.27: Different types of composites arising from the interac-
tion of layered silicates and polymers; (a) Phase separated microcom-
posite (b) Intercalated nanocomposite (c) Exfoliated nanocomposite.

Adapted from (Camargo, Satyanarayana, and Wypych, 2009)

The transition from a colloid-polymer mixture to polymer nanocomposite is quite
dramatic and is attributed to the high surface to volume ratio of nanoparticles and
quantum effects. Different kinds of fillers are used for polymer reinforcement, e.g.
particles, layered and fibrous materials. Figure 1.27 shows an example of layered sil-
icate with three different types of composites. Figure 1.27a shows a phase-separated
composite which shows the reinforcement of the level of traditional microcompos-
ites. Figure 1.27b shows a well-ordered multilayer morphology resulting in alter-
nating polymeric and inorganic layers, while maximum reinforcement is obtained
in a fully exfoliated layers of silicate as shown in Figure 1.27c. Thus the resultant
properties of a polymer nanocomposite not only depends on the topology of nano-
fillers but also on the level of exfoliation. Finally, the interfacial interaction between
polymer and fillers greatly influence the composite properties and modifying the
interfacial interactions can tailor the properties of nanocomposites.

Around the 1980s, the petroleum industry was facing a challenge to produce
mesoporous molecular sieves. Zeolite and its hybrids were widely used in the petroleum
industry as molecular sieves for various extraction and filtration processes but were
limited by its small pore size. Near the end of the 1980s, a breakthrough discov-
ery by a group of four scientists from Mobil Oil Corporation revolutionalized the
whole industry of nanofabrication giving birth to a new approach known as the
Bottom-up approach. The scientists from Mobil Oil Corporation discovered a new
family of mesoporous sieves, of which the material known as MCM-41 was reported
to be produced by the method of templating using a micellar matrix. Owing to
the simplicity, low cost and its adaptability, the method in no time became popular
among researchers and widely adapted in industries opening a new era in synthetic
chemistry and physics and especially nanofabrication. The then nanofabrication in-
dustry challenged with defect-free and novel nanomaterials and cost of production,
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warmly welcomed this new method of nanofabrication and extensively employed
various polymeric, liquid crystalline and supramolecular systems as templates of
which diblock and triblock copolymers are the most prominent examples. Though
advances in various lithographic techniques like X-ray, ion-beam or electron-beam
provides access to sub-100nm scales, they are very costly and time consuming with
the requirement of state of the art facilities. Moreover, as the Top-Down approach
involves the machining of a large structure to build devices at the nanoscale, pro-
duction of defect-free materials is quite challenging to it. On the other hand, in
a Bottom-Up approach, the nanoscale structures are produced by assembling the
basic building blocks at sub-nm or nm scale, like atoms, molecules, polymers, col-
loids in a controlled way. A wide variety of techniques have been developed in the
last two decades like electrochemical deposition, co-precipitation in solution, chem-
ical vapour deposition, templating etc, but the templating method stands out as a
practical physical-chemical method and a reliable alternative to the top-down tech-
nique because of its low cost, simplicity and the ease of tailoring the template di-
mensions. Micelles, zeolite, glasses, block copolymers, layered materials, biological
membranes and other supramolecular materials are some of the examples of tem-
plates. By exploiting the anisotropy in their topological structures, nanoscale pores,
voids, etc., nanoparticles are deposited inside them to grow nanostructures. For a
long time, these systems were exploited as templates, but some of the studies(like
Balasz et al.) paid the attention of the scientific community towards the structures
formed by the synergistic self-assembly due to coupled interactions of nanoparticles
and the polymeric template.

Self-assembly, had a long journey from its earliest work in 1935 by Irvin Lang-
muir and Katherine B. Blodget, to Onsager’s seminal paper highlighting the role of
entropy in self-organizing structure, to its employment in a bottom-up approach in
current nanofabrication industry. While Pinnavia and coworkers and Stucky group
introduced the precipitation-based method, Attard et al. reported the formation of
mesostructured cubic, hexagonal or lamellar structures by sol-gel polymerization in
lyotropic liquid crystals, thus familiarizing with the liquid crystal templating. There
are also reports of the formation of block copolymer templated mesoporous films
and monoliths by evaporation induced self-assembly by Brinker et al. and also using
the method of Nanocasting by Ryoo et al. The main idea behind template-directed
self-assembly is to create an organized texture of the template in the nanoparticle
network growing inside it, which involves an interplay of physical and chemical
factors in designing structures.

There have been a lot of interests in the surfactant-based self-assembly of nanopar-
ticles due to its interesting and complex mesoporous structures that they form in a
solution. The amphiphilic property of a surfactant has also been explored in a block
copolymer where the two different blocks of the polymers have the amphiphilic na-
ture, and various nanostructures have been created using it. In surfactant-based
self-assembly of inorganic nanoparticles, there are three fundamental interactions
to consider whose interplay decide the final hybrid mesophase. Those three funda-
mental interactions are,
(1) Surfactant-Surfactant
(2) Surfactant-inorganic
(3) inorganic-inorganic

This is explained in Figure 1.28
If ∆Ginorg, ∆Gorg, ∆Ginter and ∆Gsol, ∆Gms denotes the free energy changes
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FIGURE 1.28: Scheme of the main relationship between the solvent,
the template and the inorganic centre: The synergistic interaction.

Adapted from (AA Soler-Illia et al., 2003)

due to inorganic-inorganic, surfactant-surfactant, surfactant-inorganic interface, sol-
vent interactions and mesophase energies respectively, then the total change in free
energy is given by,

∆Gms = ∆Ginorg + ∆Gorg + ∆Ginter + ∆Gsol. (1.71)

To selectively deposit inorganic particles in a template without disrupting its tex-
ture by first letting the template grow and then selectively adding inorganic particles
to form a well-defined hybrid structure requires that,

|∆Ginorg| < |∆Ginter|or|∆Gorg|. (1.72)

Therefore, there exists a huge literature on a controlled and selective deposition of
inorganic particles by using chemical interactions or external fields. In the case of
block copolymers,

∆Gorg ∝ χAB, NA, NB, (1.73)

where, χAB , NA, NB denote the strength of repulsion between the blocks A and B
of the copolymer, no. of A blocks and no. of B blocks respectively. The kinetic
features of inorganic components play a significant role, and the inorganic polymer-
ization may lead to a metastable state where the hybrid mesophase gets ’froze’. To
achieve an equilibrium ordered state, an adequate balance between the surfactant-
surfactant interaction (∆Gorg) and the interaction at the interface (∆Ghybrid). Thus,
the formation of an organized mesophase is the result of an adequate balance be-
tween the phase separation of the template and the inorganic polymerization. Once
the hybrid mesophase is formed, the system is suitably treated to remove the tem-
plate in order to recover the nanostructure. Figure 1.29 shows an example of the
steps involved in the formation of a mesoporous network of oxides. First, a hybrid
mesophase is formed by mixing the organic and inorganic components. Then, it is
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FIGURE 1.29: Schematic view of the steps leading to form a solution
to a mesoporous oxide network. Adapted from (AA Soler-Illia et al.,

2003)

suitably treated, and the organic templating component is removed to obtain the in-
organic nanostructure finally. Using surfactants as templates make the removal of
the template from the hybrid mesophase easier in order to recover the nanoparticle
phase.

1.7 Scope of the thesis

Despite the interesting structural and rheological properties possessed by worm-
like micelles, the literature is still lacking a systematic study of nanoparticle self-
assembly using wormlike micelles. This work is a step towards understanding the
system in detail and will give future directions to study its equilibrium and non-
equilibrium properties. The wormlike micelles and nanoparticles mixture is a mul-
tiscale system requiring an equally multiscale approach to study their behaviour.
The goal of this thesis is to develop a coarse-grained model of the wormlike micelle-
nanoparticle system that gives us the flexibility to study the system behaviour with
respect to the change in various system parameters. Using a suitable Monte Carlo
algorithm, we study the self-organization of the system. The self-organization of
nanoparticles inside the model wormlike micellar matrix is also provided with the-
oretical insight. The rest of the thesis is organized as follows:

In Chapter 2, we describe the computational model and method to study the
self-organization of wormlike micelles and nanoparticles, justifying the use of the
coarse-grained model. The results obtained by using this model and method for a
dense system of wormlike micelles and nanoparticles by varying the minimum ap-
proaching distance between nanoparticle-micelle and the size of nanoparticles are
presented in chapter 3. In this chapter, we report the formation of the rod-like struc-
ture of nanoparticles. The effect of variation of the density of wormlike micellar
matrix is investigated in Chapter 4, where we report various morphological changes
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in nanoparticle structures and conclude these results in a diagram depicting these
structural changes. Chapter 5 gives the concluding remarks.
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Chapter 2

Modelling and method

With the theoretical and experimental limitations, mesoscopic computational mod-
els have emerged as a bridge between the two. They have been successfully applied
throughout soft matter, phase transition problems, liquid crystals etc. (Peter and
Kremer, 2009). Wormlike micelles have been extensively explored as a viscoelastic
fluid using the constitutive equations (Spenley, Cates, and McLeish, 1993), but the
exact mechanism of their rheological behaviour like shear banding, shear thinning
and shear thickening is still under debate (Germann et al., 2016). Moreover, the
atomistic scale simulations cannot reach large enough length and time scales to pre-
dict the system behaviour at the mesoscopic scale. Hence, mesoscopic simulation
methods are efficiently used for such systems. Coarse-grained modelling is a pow-
erful tool for simulation and studies of equilibrium and nonequilibrium properties
of self-organizing soft matter systems. The self-organization of soft matter systems
at the mesoscopic level is the effect of a large number of internal degrees of freedom
of constituent molecules. Therefore, these molecules can be grouped together to
eliminate the unwanted degrees of freedom in action at small scales and thereby in
retains the details which are relevant to the system. Thus, coarse-graining decreases
the number of unnecessary processing of information, making the simulation cost
and time effective. Moreover, it is impossible to access the length and time scales at
the mesoscopic level using atomistic simulations.

There exist many models that represent the wormlike micellar systems at dif-
ferent time and length scales. Some of them are of atomistic-level which simulates
the self-assembly of wormlike micellar chains from amphiphilic molecules (Mail-
let, Lachet, and Coveney, 1999; Yakovlev and Boek, 2007), while others using a
coarse-grained model which represents the wormlike micellar chains as a chain of
few beads (Goetz and Lipowsky, 1998). One of the mesoscopic model known as
FENE-C model (Kröger and Makhloufi, 1996) is one of the widely explored models
where the wormlike micelles are represented as a chain of hard spheres which can
grow by the addition of monomers at the chains ends or by recombination with other
chain ends. The bonds can break by thermal fluctuations or tension. Using FENE-C
model equilibrium and shear properties of wormlike micelles have been explored
(Huang, Ryckaert, and Xu, 2009). There is another self-assembling model by Chat-
terji and Pandit (Chatterji and Pandit, 2001a) where particles interact via an isotropic
two-body interaction and a semiflexibility inducing three-body interaction enforces
chain self-avoidance, hence suppressing branching. A Monte Carlo simulation is
used to investigate the equilibrium properties of the system.
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FIGURE 2.1: (colour online) (a) The figure shows the schematic repre-
sentation of the range of different interactions (V2, V3, V4) of the model
potentials. The red spheres denote the monomers of size σ which self-
assemble to form equilibrium polymers. All the distances are shown
with respect to the monomer shown in pink. These monomers are
acted upon by two body potential V2 having a cutoff range of rc. A
three-body potential V3 is acting on a triplet with a central monomer
bonded by two other monomers (joined by a dashed line) at distances
of r2 and r3, forming an angle θ at the central monomer (shown in
pink) and having a cutoff range of σ3. There is also a purely repulsive
four-body potential V4 which is a shifted Lennard-Jones potential in-
troduced to prevent branching. The distance 21/6σ4 is defined as the
cutoff distance for V4. (b) The figure shows the plots of V2 + V3 for
different values of versus r2 for fixed values of sin2(θ). σ3 = 1.5σ is
the cutoff distance for potential V3. The inset shows a suitably shifted
Lennard-Jones potential V4 with a cutoff distance of 21/6σ4, where

σ4 = 1.75σ.



2.1. Semiflexible equilibrium polymers (or wormlike micelles) 49

2.1 Semiflexible equilibrium polymers (or wormlike micelles)

2.1.1 Model

The model we use is a modified version of a previous model presented by Chatterji
and Pandit (Chatterji and Pandit, 2001c; Chatterji and Pandit, 2003). In this model,
wormlike micelles (WLMs) are represented by a chain of beads (called monomers
here which are shown as spheres in Fig.2.1(a)) which interact with the given po-
tentials to form equilibrium polymers (wormlike micelles) without branches. Every
single bead or a monomer in the model is representative of an effective volume of
a group of amphiphilic molecules. Thus, the WLMs are modelled at a mesoscopic
scale ignoring all the chemical details. The diameter of a monomer σ is taken as the
unit of length in the system. The potential is the combination of three terms V2, V3

and V4:

• We have a two-body Lennard-Jones (L-J) potential modified with an exponen-
tial term,

V2 = ε[(
σ

r2
)12 − (

σ

r2
)6 + ε1e

−ar2/σ]; ∀r2 ≤ rc, (2.1)

where, r2 is the distance between two interacting monomers with ε = 110kBT
and the cutoff distance of the potential is at rc = 2.5σ. The exponential term
in the above potential creates a maximum at ≈ 1.75σ which acts as a potential
barrier for two monomers approaching each other. Two monomers are defined
as bonded when the distance r2 between them becomes≤ σ3 = 1.5σ, such that
the interaction energy is negative. This is explained schematically in Fig.2.1(a)
and the plot of the potential is also shown in Fig.2.1(b) (full line-blue). We set
ε1 = 1.34ε and a = 1.72.

• To model semiflexibility of chains, we use a three-body potential V3,

V3 = ε3(1− r2

σ3
)2(1− r3

σ3
)2 sin2(θ); ∀r2, r3 ≤ σ3. (2.2)

Here, r2 and r3 are the distances of the two monomers A and B (refer Fig.2.1(a))
from the central monomer (coloured pink) which forms a triplet with an angle
θ subtended by ~r2 and ~r3. Here ε3 = 6075kBT . The prefactors to sin2(θ) are
necessary to ensure that the potential and force goes smoothly to zero at the
cutoff distance σ3 = 1.5σ for V3. This three-body potential modelling semi-
flexibility acts only if a monomer has two bonded neighbors at distances of
≤ σ3. Fig.2.1(b) shows the plots of V2 + V3 for r2 = σ and different values of r3

and θ. This potential penalizes angles < 180◦. Configurations with θ = 0◦ are
prevented by excluded volume interactions of the monomers.

• Monomers interacting by potentials V2 and V3 self-assemble to form linear
polymeric chains with branches. A fourth monomer can get bonded to a monomer
which already has two bonded neighbours to form a branch. In order to avoid
branching, it is necessary to repel any monomer which can potentially form a
branch. Therefore, we introduce a four-body potential term which is a shifted
Lennard-Jones repulsive potential V4 which repels any branching monomer at
distances ≈ σ4, where σ4 = 1.75σ > σ3. The explicit form of the potential V4 is,

V4 = ε4(1− r2

σ3
)2(1− r3

σ3
)2 × VLJ(σ4, r4);∀r4 ≤ 21/6σ4. (2.3)
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Here, r2 and r3 are the distances of the two monomers from central monomer(coloured
pink) which forms a triplet, while r4 is the distance of the fourth monomer
which tries to approach the central monomer which already has two bonds, as
shown in Fig. 2.1(a). We set the cutoff distance for this potential to be 21/6σ4

with a large value of ε4 = 2.53× 105kBT . The value of ε4 is kept large enough
to ensure enough repulsion in case (1 − r2

σ3
)2 << 1 and/or (1 − r3

σ3
)2 << 1.

These terms are necessary to ensure that if r2 or r3 becomes ≥ σ3, V4 and the
corresponding force goes smoothly to zero at the cutoff of σ3.

All the three potentials are summarised in Fig.2.1(a). In this figure, the red
spheres denote the micellar monomers having size σ. These monomers are acted
upon by two body potential V2 having a cutoff range of rc. The potential is shown
in Fig.2.1(b) indicated by the legends sin2 θ = 0 (triangle-blue line). A three-body
potential V3 is acting on a triplet with a central monomer bonded by two other
monomers at distances r2 and r3 (bonded monomers are joined by dashed lines).
The vectors ~r2 and ~r3 subtends an angle θ at the central monomer and the potential
V3 has a cutoff distance of σ3 (Fig.2.1(b)). The three-body potential V3 modifies the
two body potential V2 such that the resultant potential energy V2 +V3 gets shifted to
a higher value of energy depending on the value of θ, r2 and r3. This is illustrated
in the graph for sin2 θ = 0.25 and two different values of r3 = 1.2σ and σ keeping
the value of r2 fixed at r2 = σ. For a given value of θ, the potential energy V2 + V3 is
lower for higher value of r3. In addition to V2 and V3, there is also a four-body poten-
tial V4 which is a shifted Lennard-Jones potential introduced to prevent branching
and having a cutoff distance 21/6σ4. The behaviour of potential energy V4 is shown
in the inset of Fig.2.1(b). The vertical lines indicate σ3 = 1.5σ and σ4 = 1.75σ. The
vertical line (in blue) in the inset figure shows the cutoff distance of V4 at 21/6σ4.

Thus, the model used here not only adds a semiflexibility to the chains but also
prevent any form of branching in the chains by providing V4 potential. Moreover,
this form of potential gives us a control parameter σ4 that can be used to control the
excluded volume between micellar chains which is an advantage over other poten-
tials used in the literature.

Though we refer to our model of the self-assembling polymeric system as a
model of WLM, in practice, it could be used to model a general class of semiflex-
ible equilibrium polymers formed by suitable aggregation of spherical beads, as we
have not used any feature specific to WLM in our model. Our monomeric beads
should be considered to be of a size much larger than that of amphiphilic molecules
which constitute WLM.

2.1.2 Simulation method

There exist many simulation methods that simulate a soft matter system, e.g. lattice-
gas (Wolf-Gladrow, 2004), lattice-Boltzmann (Higuera and Jimenez, 1989) methods
which are widely used to study the hydrodynamics of the system while Molecular
Dynamics (Haile, 1992) form another popularly used method to follow the actual
trajectories of the system. In order to study the equilibrium properties of the system,
the Monte Carlo method (Binder et al., 1993) is applied. In this study, we choose
to investigate the equilibrium phase behaviour of the system using the Monte Carlo
method.

Monte Carlo methods use randomness in the sampling, run for many iterations
and use the law of large numbers to obtain the results (Graham and Talay, 2013).
For complex systems involving large dimensions, a Markov chain Metropolis Monte
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FIGURE 2.2: Periodic Boundary Condition: For a better representa-
tion of a realistic system representing a large number of particles in
bulk, the original box is replicated on each side surrounding the cen-
tral box. Under the periodic boundary conditions, each atom interacts
with an atom that can be either in the same box or one of the neigh-

bouring boxes.

Carlo method is preferably used which employ non-dynamic stochastic steps based
on random moves of the system (Hastings, 1970). It is based on the detailed bal-
ance conditions, which says that the probability of moving from one state to another
is the same as the probability of moving from the second state to the first state in
the system when in equilibrium. For a system in thermodynamic equilibrium, the
distribution of energies is given by Boltzmann distribution. Therefore to reach the
equilibrium using Monte Carlo method, the probability of accepting any move from
a state having energy E1 to a state having energy E2 is accepted by a biased thermo-
dynamic probability of max {exp(−(E2 − E1)/kBT ),1}.

2.1.3 Periodic Boundary Condition (PBC)

A finite number of particles simulated in a small simulation box produces boundary
effects. For a better representation of a realistic system representing a large number
of particles in bulk, the original box is replicated on each side surrounding the cen-
tral one as shown in Figure 2.2. Under the periodic boundary conditions, each atom
interacts with an atom that can be either in the same box or one of the neighbouring
boxes which are called periodic image particles. This helps in elucidating a simula-
tion of a system in bulk. Moreover, the cutoff distance for the interaction is chosen
such that the interacting particle does not see its own image in the surrounding box.
To calculate potentials, calculating the neighbouring distances to find out particles
under the potential range each time, increases the computational cost. Therefore a
neighbour list is maintained which ensures that all the neighbouring particles are
considered in the list with many more particles so that all the neighbours are acces-
sible to the central particle till a new neighbour list is created.

2.1.4 Results: Isotropic to Nematic Transition

Figure 2.3a and 2.3b shows snapshots of 6000 and 7500 monomers, respectively,
in a 30 × 30 × 60σ3 simulation box after the system is equilibrated using Monte
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FIGURE 2.3: (Color online) Representative snapshots of (a) isotropic
and (b) nematically ordered phase of self-assembling monomers
forming worm-like micelles(WM). The number of monomers are 6000
and 7500, respectively, in a 30 × 30 × 60σ3 box for a small symmetry
breaking field B2

n = 0.025kBT/σ
2 and σ4 = 1.95σ. To identify the

isotropic-nematic transition densities plots of average energy 〈E〉, the
average nematic order parameter 〈s〉 and the average length 〈L〉 ver-
sus the number density ρmσ−3 is shown in subfigures (c),(d) and (e),
respectively. We explore the transition for three different values of
EV diameter σ4 at B2

n = 0.025kBT/σ
2 (filled symbols) and 0.1kBT/σ

2

(empty symbols).
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Carlo (MC) Metropolis algorithm. The low-density equilibrium configuration is a
disordered isotropic phase with small chains. We have checked that an exponential
distribution of chain lengths is obtained as expected (Cates and Candau, 1990b). To
obtain the nematically ordered phase with long chains as shown in Fig. 2.3b, we
have used a symmetry breaking field Bn which adds an energy EB = −(r̂2 · ~Bn)2 to
the Hamiltonian; Bn acts only if |~r2| < σ3. We use B2

n = 0.025kBT/a
2, which biases

~r2 to allign along ẑ.
In Figure 2.3 c, d and e we have identified the range of densities over which the

isotropic to nematic (I-N) transition occurs by plotting the average energy 〈E〉 of the
monomers, the average nematic order parameter 〈s〉 =

〈
3/2 cos2(φ)− 1/2

〉
and the

average length of chains 〈L〉 as a function of number density ρm of monomers. The
angle φ is the angle between a bond vector connecting adjacent monomers in a chain
and ẑ. Since, the average of cos(φ) is 1/

√
3 for a completely random configuration,

the expression for <s> normalizes the value from 0 to 1 corresponding to a com-
pletely random configuration to an alligned configuration of chains. All the quanti-
ties show a sharp increase/decrease at the transition, i.e., for values of ρm > 0.12σ−3.
An increase in σ4, which increases the volume excluded by the chains, makes the
transition sharper and also shifts it to lower densities. To assure ourselves of the
robustness of our results, we carried out simulation for B2

n = 0.1kBT/σ
2 as well as

lower value of B2
n = 0.025kBT/a

2 in boxes of 30 × 30 × 30σ3 and 30 × 30 × 60σ3,
respectively. A previous detailed study using a potential similar to this model had
established a weakly first-order isotropic to nematic phase transition (Chatterji and
Pandit, 2001b). In the present study, we use the same term V4 to vary EV of chains
as well as to avoid branching of chains. Thus, V4 is a very useful addition to V2 and
V3 terms. Moreover, since there is no discontinuity in the force at σ3, the combined
potential is useful to study dynamical properties using MD simulations. We keep
σ4 = 1.75σ in a box of 30 × 30 × 60σ3 and the B2

n = 0.1kBT/σ
2 fixed, for results

presented hereafter.

2.2 Nanoparticles in a wormlike micellar matrix

2.2.1 Model

To explore the self-organization of nanoparticles (NPs) inside the model wormlike
micellar matrix (or EP matrix discussed in the previous section), we need to intro-
duce a suitable model for NPs. The NP-NP interactions are modelled by a Lennard-
Jones potential for particles of size σn,

V2n = εn[(
σn
rn

)12 − (
σn
rn

)6];∀rn ≤ rcn, (2.4)

where, rn is the distance between the centres of two interacting NPs. The potential
V2n is shifted such that it goes smoothly to zero at the cutoff distance rcn = 2σn. The
interaction between NPs and micellar monomers at a distance r is modelled by a
repulsive WCA (Weeks-Chandler-Anderson) potential given by,

V4n = ε4n[(
σ4n

r
)12 − (

σ4n

r
)6], ∀r ≤ 21/6σ4n. (2.5)

The strength of attraction for the above potential is kept to be ε4n = 30kBT .
The value of σ4n here defines the minimum approaching distance between a NP
and a monomer. Therefore, it is used as EVP between micelles and NPs. Since the
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FIGURE 2.4: The figure is a schematic diagram to explain the role
of the parameter σ4n by which we control the excluded volume of
the monomers when they interact with nan-particles. The param-
eter σ4n is shown as the minimum approaching distance between
nanoparticles and monomers and calculated as σ4n = σ/2+σn/2. For
monomers of diameter σ and nanoparticles of diameter σn = 1.5σ,
the minimum allowed value of σ4n is (σ4n)min = 1.25σ. We use σ4n
as a parameter and we choose values σ4n ≥ 1.25σ keeping σn = 1.5σ

fixed.

monomers and NPs of diameters of σ and σn are considered to be nearly impenetra-
ble, the EVP cannot be less than σ/2 + σn/2. Thus, there exists a lower bound for
the variable σ4n and it can only have values σ4n ≥ σ/2 + σn/2. This is explained in
Fig.2.4. In summary, the model has a fixed value of monomer diameter σ and NP
diameter σn (= 1.5σ) with the minimum approaching distance between them σ4n

used as a variable along with monomer number density ρm . All the other values
are kept constant. The polymeric matrix thus modelled is equally applicable for a
wormlike micellar matrix or any other equilibrium polymeric matrix.

2.2.2 Simulation method to study WLM+NP system

To study the behaviour of WLMs and NP system, we randomly place model monomers
and NPs with a fixed volume fraction in a box of size V = 30× 30× 60σ3 with peri-
odic boundary conditions where the unit of energy is set by choosing kBT = 1. We
used the Monte Carlo method (Metropolis algorithm) to evolve the system towards
equilibrium. For a high-density regime, the Metropolis Monte Carlo moves seemed
to be inefficient to equilibrate the system. Therefore, the system is first allowed to
equilibrate for 105 iterations with a few (100-200) NPs inside it so that monomers can
self-assemble in the form of chains in the presence of the seeding of NPs. Once the
chains are formed in the presence of seeded NPs ( 105 iterations) then, a semi-grand
canonical Monte Carlo (GCMC) scheme is switched on for the rest of the iterations.
According to this scheme, every 50 Monte Carlo Steps (MCSs), 300 attempts are
made to add a NP at a random position or remove a randomly chosen NP in the sys-
tem. Each successful attempt of adding or removing a NP is penalised by an energy
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gain or loss of µn respectively, which sets the chemical potential of NP system. Thus,
the value of µn controls the number of NPs in the system. A higher(or positive) value
of µn leads to the lower number of NPs getting introduced into the system and vice
versa.

Note that such a scheme violates detailed balance necessary for equilibrium, so
this Monte Carlo scheme should be considered as a system where the NP + EP sys-
tem tries to relax to equilibrium for 50 MCS, but then the simulation box is being put
in contact with a NP-bath periodically. At these points of the MC-run, we try to in-
troduce or remove NPs using Boltzmann factors. Nevertheless, the system becomes
essentially a non-equilibrium system which is periodically exposed to a NP-bath for
particle exchange every 50 MCS. The system is evolved with the GCMC scheme for
2 × 106 to 4 × 106 iterations and the thermodynamic quantities considered are av-
eraged over ten independent runs. The next two chapters describe the effect of σ4n

and ρm on the WLM+NP system using this method.
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Chapter 3

Effect of excluded volume
parameter σ4n on the wormlike
micelle nanocomposite system

3.1 Introduction

There is persistent interest in the controlled self-assembly and growth of nano-structures
of predefined morphology and size starting from small constituent nanoparticles
(NP) (Frenkel and Wales, 2011; Curk et al., 2014; Lopes and Jaeger, 2001; Whitesides,
Mathias, and Seto, 1991; Lu et al., 2008; Zaccarelli et al., 2008; Araki and Tanaka,
2006; Shchukin and Bimberg, 1999; Charleux et al., 2012; Zhang and Glotzer, 2004;
Grzelczak et al., 2010a; Whitmer et al., 2013a; Moreno-Razo et al., 2012; Whitmer
et al., 2013b; Gupta, Mehra, and Thaokar, 2012; Grzelczak et al., 2010b; Palma, Cec-
chini, and Samorì, 2012; Kim and Alexander-Katz, 2011; Starr, Douglas, and Glotzer,
2003; Pryamtisyn et al., 2009; Spaeth, Kevrekidis, and Panagiotopoulos, 2011; Ra-
hedi, Douglas, and Starr, 2008; Mani et al., 2012; Li et al., 2012; Horsch, Zhang,
and Glotzer, 2005; Parviz, Ryan, and Whitesides, 2003; Ozin et al., 2009b; Leontidis
et al., 2003; Gharbi, Nobili, and Blanc, 2014). A separate non-alligned interest of
physicists is in the formation and properties of topological defects when large par-
ticles (large compared to the size and spacing between nematogens) are introduced
in ordered liquid crystalline nematic and smectic phases (Gharbi, Nobili, and Blanc,
2014; Zapotocky et al., 1999; Poulin et al., 1997; Ramos et al., 1999; Senyuk et al., 2013;
Fukuda, Žumer, et al., 2009; McCoy et al., 2008; Muševič and Škarabot, 2008; Ravnik
and Žumer, 2009; Tkalec et al., 2009; Škarabot et al., 2008; Zhou, Yue, and Feng,
2008; Stark, 2001). Recent experiments have also explored the self-organization of
nanoparticles in a background matrix of the nematically ordered micellar phase, but
constraints in the choice of size of NP led to the following two scenarios: small
NPs of 2 − 3 nm diameter pervade the nematic chains themselves and form a dis-
persion/solution whereas larger NPs of size 8 − 26 nm get expelled by the elastic
energy of ordered nematic phases and aggregate at the grain boundaries between
nematic domains (Sharma et al., 2009a; Sharma, Aswal, and Kumaraswamy, 2010).
The distance between adjacent nematic chains was 5.7 nm in the experiments.

Our present study spans across these two different research domains, and we use
computer simulations to investigate the hierarchical self-assembly of NPs in the free
volume between parallel chains of nematically ordered worm-like micelles (WM).
WM is one of the experimental realizations of the class of polymers known as equi-
librium polymers. In this work, the micellar polymeric systems are self-assembled
themselves from "effective coarse-grained" monomeric beads and have a length and
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size distribution controlled by monomer density and temperature (Cates and Can-
dau, 1990b; Berret, 2004; Lerouge and Berret, 2010). In a computer simulation, we are
able to systematically vary the diameter, the chemical potential of the spherical NPs
as well as the excluded volume (EV) by the self-avoiding semiflexible chains inside
which the NPs self-assemble. Thereby, we observe the effect of the above parameters
as well as the elasticity of the background polymer matrix on the morphology and
size of the nanostructures of self-organized NPs. The nanostructured aggregates, in
turn, increase the effective density of monomers constituting the background matrix
and make them more nematically ordered with longer chains spanning the length of
the system. The use of nematically ordered WM/equilibrium polymers as a back-
ground matrix is different from using a simple nematic phase of anisotropic particles
as the background template. This is because the polymeric matrix will form a more
energetically stable but locally flexible framework as compared to a matrix made up
of aligned long rigid rods. The cost of breaking a bond in WM is a few times kBT ,
whereas there is no local energy cost to introduce a NP between the ends of two
anisotropic particles.

At suitable densities and radii of NPs we get rod-like aggregates of different as-
pect ratios shaped by the geometry of the background matrix: EV and elastic energy
costs of accommodating the NPs amongst the semi-flexible polymeric micelles en-
courage the NPs to form aggregates even at moderate number densities. Since the
background matrix is not only deformable but also prone to scission and recom-
bination, neighbouring rod-like aggregates of NPs can also fuse, at times, forming
porous percolating networks of extended tubular structures. In experimental real-
izations of our studies, these nanostructures could be stable due to van der Waals
attraction even if the background micellar matrix is dissolved away by adding suit-
able ions in solution by reverse-micellization as in (Hegmann, Qi, and Marx, 2007;
Wang, Chen, and Jiao, 2009). To our surprise, we also get a perfectly crystalline phase
spanning the simulation box where both NM and the WM forming monomers form
alternate lines of NP and monomers forming closed packed structures. In the fol-
lowing, we describe the different nanostructures obtained as a result of the change
in the excluded volume parameter σ4n and summarize the conditions under which
the different assembled structures are formed.

3.2 Method

To study NP microstructure formation in a matrix of nematic polymers, we start
introducing NPs amidst the pre-formed nematically ordered chains as discussed in
section.2.2.2. The monomers self-assemble into ordered WMs within 105 MC steps
starting from a random initial configuration of 6800 monomers and 100 NPs. Then
we attempt to add (remove) randomly chosen NPs 300 times every 50 MC steps for
the rest of the MC steps.

We perform grand canonical MC (GCMC) simulations with the number of monomers
fixed, but with an energy gain (loss) of −µn(µn) for each added (removed) NPs in the
simulation box where µn is the chemical potential. The equilibrium phase of the
micelles and NPs is the phase separated structure as seen in Fig. 3.1a and b for low
densities of monomers and NPs with µn = −0.48kBT , 4800 monomers, σ4n = 1.75σ,
σn = 2σ and εn = 10kBT . By virtue of periodic boundary conditions, one can discern
that there is only one single phase separated aggregate of monomeric chains.
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FIGURE 3.1: (Color online) Snapshots of WM chains (red/dark
coloured) and structures formed by aggregates of nano particles-NP
(blue/light coloured) are shown. The snapshot in b is exactly the same
snapshot of a, with monomers made invisible to have unhindered
view of NPs. (a) and (b) show an equilibrated phase separated con-
figuration with 4200 monomers and µn = −0.48kBT and εn = 10kBT

for NPs with σn = 2σ, σ4n = 1.75σ in a 30× 30× 60σ3 box.

FIGURE 3.2: (Color online) Slow relaxation of (a) instantaneous en-
ergy Ei per particle in units of kBT and (b) instantaneous number of
NPs Ni of radius σn = 2σ, versus the number of Monte Carlo steps
(MCS) in the simulation box of 30 × 30 × 60σ3 with 6800 monomers
for different values of σ4n. The values of εn and µn is kept fixed at
14kBT and 16kBT , respectively, the same as that for data presented

in the next figure: Fig.3.3.
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For denser systems with µn > 0, 6800 monomers and εn = 14kBT , we observe ag-
gregation of NPs between micellar chains in our simulations. However, kinetic bar-
riers in this dense glassy systems are too high to enable the system to phase separate
completely, but GCMC steps for NPs help overcome energy barriers in configuration
space allowing them to aggregate locally in space: dynamically arrested phase sep-
arating structures stuck in a metastable free energy minimum. As we see in Fig.3.2
a and b, within 106 MC steps, the number and structure of NP-aggregates within the
micellar matrix gets nearly determined, with very slow addition/relaxations of NPs
(less than 2.5%) over the next 106 MC steps. The average energy Ei is calculated at
the total energy of the system divided by the total number of monomers + NPs in
the system at a particular Monte Carlo step (MCS). We have plotted data every 5000
MCS. A few NPs manage to get introduced in a million iterations in the existing
clusters as more free volume could open up due to local positional rearrangement of
monomers and NPs. Of course, to ensure the robustness of our conclusions, we gave
many independent runs to cross-check that we get statistically similar structures of
micellar chains and NP-nanostructures at the same set of parameter values.

The results presented hereafter are independent of the initial configuration of
NPs and monomers, but we always start with randomly placed 100 seed nanopar-
ticles in the box. After we start GCMC steps after the initial 106 iterations, clusters
of NPs form around these seed NPs, but the number of NPs adjust itself according
to the available free volume to form clusters which in turn in determined by σ4n. In
our work, we allow the number of NPs to fluctuate, but the number of monomers
is kept fixed. We always specify the number density ρm of monomers in the text as
we are unable to calculate exactly the volume fraction of micellar chains. The vol-
ume excluded by a segment of the chain, as determined by σ4n, kicks in only when
there are self-assembled micellar chains with more than three monomers in a chain.
Thus the volume excluded by the chains will depend upon the distribution of chain
length of the self-assembled monomers. An isolated monomer by itself will occupy
a volume of a sphere of radius σ/2.

3.3 Self Organization of Nano-structures

In Figure 3.3 we show representative snapshots of self-assembled nanostructures
formed by the aggregates of NPs in a matrix of nematically ordered WM chains.
We keep εn = 14kBT , µn = 16kBT and the NP diameter σn = 2σ of NPs fixed,
and gradually increase the excluded volume parameter σ4n of the monomer-NP in-
teraction. At the lowest value of σ4n = 1.5σ (Fig.3.3c, d), we get a phase where
the NPs are arranged in a periodic manner separated by chains of WM monomers.
The monomers and NP form crystalline domains (Cr) with alternate positions of NP
and monomer chains. We calculated the structure factors for NPs which confirm
a crystalline structure (refer to discussions later in this section). This phase occurs
whenever the condition σ/2 +σn/2 = σ4n is satisfied. Moreover, enough free volume
should be available for the NPs to fill up all the possible lattice sites. The free volume
is dependent on both σ4n and σn as well on the number density ρ of monomers. We
have fixed ρ at 0.126σ−3 and σ4 at 1.75σ, but the number of NPs can adjust to fill up
the available space between WM chains. For other combinations of σ4n and σn, we
get a near perfect lattice arrangement of NPs; the reader can confirm later in the text.

The excluded volume parameter between monomers and NPs σ4n can be consid-
ered as the radius of NPs "as seen by" monomers while σn is the radius of nanoparti-
cles. The condition σ/2 +σn/2 = σ4n means that the size of NPs "as seen by"micellar
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FIGURE 3.3: (Color online) Snapshots of WM chains (red/dark
coloured) and structures formed by aggregates of nano particles-NP
(blue/light coloured) are shown. The snapshots in b, d, f, h, j are
exactly the same snapshots of a, c, e, g, i, with monomers made in-
visible. Snaphots (a) to (j) show dynamically arrested configura-
tions of monomers and NPs; for these the values of µ, εn and the
NP radius σn is kept fixed at 16kBT, 14kBT and 2σ, respectively.
However, σ4n = 1.5, 2, 2.5, 2.75, 3.25 is varied for (a), (c), (e), (g), (i).
The phases shown in snapshots a, c, e, g, i are crystalline (Cr), per-
colating network (Pn), elongated clusters (E), (E) but with shorter
clusters, and aggregates (A), respectively. The volume fraction
of NPs in (a) is 0.21 (2712 NPs), for c, e, g, i, k the NP-density is

0.38, 0.17, 0.092, 0.061, 0.018, respectively. B2
n = 0.1kBT/σ

2.
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FIGURE 3.4: (Color online) The figure shows the decrease in the num-
ber of NPs available in the simulation box as the EV diameter σ4n of
micellar chains is increased. The data shown is for εn = 14kBT and
µn = 16kBT for different values of the NP radius σn and data corre-

sponds to the number of NPs at the end of the simulation run.

chains is same as the distance between micellar chains that will be maintained even
in the absence of NPs. When this condition is satisfied, the micellar chains have
the exact distance between them to accommodate a NP. That gives rise to a per-
fect(or near perfect) arrangement of the NPs and the chains. In any other case,
when σ4n > σ/2 + σn/2 a well-arranged system of micellar chains needs to be
pushed(clustered) in order to accommodate a NP in between them. Therefore, the
ordered structure is not maintained.

If now σ4n is increased to 2σ from 1.5σ, a new structural arrangement of NPs is
formed where the NPs start to phase separate to form percolating clusters of NPs
which span throughout the system: refer Fig.3.3e and f . Kinetic trapping prevents
complete phase separation, and we observe NP clusters separated by stacks of WM
chains lead to morphologies which is akin to the percolating network (Pn) of NPs. If
the WM phase was dissolved away at the end of the Pn phase formation, a porous
scaffold of NP micro-structure would be retained similar to what is seen in Fig.3.3f.
An increase of σ4n will lead to elongated structures conjoined at fewer points in
space with fewer NPs in the system, and finally at σ4n = 2.5σ, we have even fewer
NPs in the system which now formed non-percolating elongated clusters (E) of NPs
spanning the ẑ direction: refer Fig.3.3g and h. Clusters grow along the nematic direc-
tion to minimize elastic energy costs paid by nematically ordered WMs to accommo-
date NP clusters. A further increase in the value of σ4n to 2.75σ leads to shorter and
thinner elongated structures as shown in Fig.3.3i and j. Finally, small aggregates
(A) dispersed in the nematic matrix are found for even larger values of σ4n = 3.25σ
some of which are rod-like, as seen in Fig. 3.3k and l. For a further increase in σ4n, it
is not possible to introduce NPs in the nematic matrix. The decrease in the number
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FIGURE 3.5: (Color online) (a) The structure factor S(~k), calculated for
the snapshot shown in Fig.3.3 b, establishes local crystalline order of
NPs. The bigger dots indicate a peak in S(~q) at the appropriate kx, ky
values. Figure b shows S(~k) for another set of parameters for which
a crystalline order is obtained (i.e., the condition σ/2 + σn/2 = σ4n is
satisfied): σn = 2.5σ, σ4n = 1.75σ with µn and εn same as before, i.e.
εn = 14kBT and µn = 16kBT . Snapshot (c) shows the corresponding
NP(blue/dark coloured) + monomers(red/light coloured) configura-

tion. The snapshot without monomers shown is presented in (d).
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FIGURE 3.6: (Color online) The phase diagram denoting the different
nanostructures formed as we change σ4n and σn for εn = 14kBT and
(a) µn = 16kBT , (b) µn = 8kBT . Refer Fig. 3.3 for nanostructures
nomenclature. Subfigure c and d shows near perfect lattice arrange-
ment of NPs between planes of self-assembled monomer chains for
σn = 2.5σ, σ4n = 1.75σ; energies scales are εn = 30kBT , µn = 8kBT .
The lattice structure spans the volume of the box. We show near per-
fect rod-like structures of NPs at σn = 2σ, σ4n = 2.75σ in subfigure e;

εn = 14kBT, µn = 8kBT .
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of NPs as we change σ4n is shown in Fig.3.4. The number of NPs shown corresponds
to the snapshot at the end of each simulation run. As discussed previously and as
shown in Fig 3.2, the number of NPs increases very slowly after the first 10 × 105

Monte Carlo steps (MCS), hence we do not give the average number of NPs in the
figure. The minimum number of iterations was at least 1.5 million MCS for each
run. Smaller NP (σn) occupy less volume, so there is a larger number of NPs in the
simulation box for the same value of EV diameter σ4n of micellar chains.

We calculated suitable structure factors to confirm and substantiate that we tru-
ely obtain a crystalline phase of NPs interlocked with planes of micellar chains for

the snapshots shown in Fig. 3.3a. We calculate S(~k) =
∣∣∣∑n exp−i

~k· ~rn
∣∣∣2 /N for the

NPs and present it for two sets of parameters in Fig. 3.5 (a) and (b). The summation
is over all the NP-particles and rm is the position of the NP particles with respect to
the origin. The peaks of S(~k) establish the periodic arrangement of NPs. The cor-
responding snapshots, with both NP and monomers shown in Fig. 3.5c and with
NPs only shown in 3.5d for the parameter values used to calculate S(~q) in Fig. 3.5b,
visually establish what can be inferred from the structure factor, i.e. the crystalline
ordering is better than what is seen in Fig. 3.3a. However, one can discern that there
a crystalline domain and a relatively disordered one in the simulation box.

We explore the (non-equilibrium) phase diagram of the nanostructures that we
get as we vary σ4n and σn for two values of µn, viz, µn = 16kBT and µn = 8kBT in
Fig 3.6a and b. The quantities σ4n and σn have been normalized by σ4, the excluded
volume diameter with which the WM chains ’see’ each other. We have chosen σ4n

(the EV diameter between NP and micellar chain), to be different from σ4 (the EV
diameter between two chains of WM) to have an independent handle on changing
NP-micellar chain interactions keeping the volume fraction on micellar chains fixed.
In an experimental realization, σ4n could be different from that of σ4 due to differ-
ences in microscopic interactions (Hegmann, Qi, and Marx, 2007). We ensure that the
lowest σ4n chosen was such that σ4n ≥ (σ + σn)/2. As mentioned before, we get Cr
arrangement of NPs when the condition σ4n = (σ + σn)/2 is satisfied. At times, the
lattice arrangement does not span the system and forms crystalline domains instead,
as was seen in Fig.3.5c and d. This is because of unsuitable free volumes available
to NPs in the micellar matrix. We have also obtained perfect crystal structures for
εn = 30kBT , see Fig.3.6c and d. The combination of values of σn,σ and σ4n again
satisfy the above-mentioned condition for obtaining the crystalline order. As σ4n

is increased one gets the Pn phase and then the A phase for all values of σn when
the free volume is enough to accommodate just a few small clusters of NP. How-
ever, there also exists an island of elongated clusters of NPs (E phase) in the phase
diagram. The elongated NP clusters we show in Fig.3.6(e) are perfectly rod-like for
µn = 8kBT corresponding to σn/σ4 = 1.14 and σ4n/σ4 = 1.57: this is shown in figure
3.6e.

3.4 Discussion

In summary, we have used semi-grand-canonical simulations to demonstrate the
aggregation and growth of nanoparticle clusters with different morphologies. The
NP-clusters get dynamically arrested within self-assembled chains of semiflexible
worm-like micelles. The different nanostructures obtained are (a) a crystalline ar-
rangement of NPs and monomers, (b) percolating networks of aggregated NPs cre-
ating a porous structure, (c) elongated rod-like structures of NPs whose length and
aspect ratio can be varied, and (d) smaller clusters of different shapes and sizes.
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In contrast to systems investigated previously, the size and densities of NPs in this
work are such that NP-clusters and micellar matrix mutually affect and modify each
other’s local morphology and structure. We get different nanostructures by varying
the EV of micellar chains seen by NPs, as well as the NP radius.

Systematic and anticipated changes in the morphology of nanostructures as we
vary σn, σ4n or even εn gives us confidence in the robustness of the results presented
in this chapter. This is in spite of the fact that the nanostructures vary slowly, but
surely, get modified with time as more NPs get gradually added at a very slow rate.
However, we emphasize that we checked by giving very long runs that morpholo-
gies that we report are stable. What gives us further confidence, is that experimental
realizations of the system that we have modelled have been reported very recently
in literature (Sharma et al., 2011; Sharma et al., 2013; Kumaraswamy and Sharma,
2013). The experiments observe a scaffold of percolating network of nanostructures
as well as elongated structures after the amphiphilic molecules of WM were washed
away, similar to what we observe in our simulations.

The potential which we newly developed to model the coarse-grained self-assembly
of WLM is extremely versatile and it enabled us to perform a systematic investiga-
tion of the self-organization of NPs as a function of the diameter σn of NPs and the
excluded volume of the micellar chains. We can use the same term V4 in the model
potential to prevent branching as well as tune the excluded volume interaction be-
tween chains. Furthermore, the use of independent values for σ4 and σ4n allows us
to control the minimum distance of approach of monomer and a NP, respectively, to
the same micellar chain.

In the future, we plan to investigate the dynamics of micelles under shear and the
use of rate constant as a parameter could affect the dynamics of association/dissociation/relaxation
of the self-assembled polymers.

The strong clustering tendencies of the NPs are driven by εn = 14kBT with a
Lennard Jones potential minima of 3.5kBT . Since a NP is surrounded by a few
neighbouring NPs, the energy of attractive interaction between NPs could be signif-
icant. We chose the number density of monomers such that the system was near the
isotropic-nematic transition. We needed high values of µ and attractive interaction
between NPs to be able to introduce NPs by overcoming EV interactions between
NPs and monomers. In the future, we also plan to vary the monomer number den-
sity of the micellar monomers, which forms the matrix. Furthermore, we would like
to increase the scope of the current work to investigate the NP-structures obtained
with weak attraction between nanoparticles or just purely repulsive EV interaction
between NPs.
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Chapter 4

Effect of ρm on the self-assembly of
WLM-nanoparticle system

4.1 Introduction

Nanoparticle assembly inside a polymeric matrix is a powerful route to form hybrid
materials with the desired material, magnetic, optical and electronic properties by a
suitable choice of system parameters (Miyashita, 2004; Black et al., 2006; Orski et al.,
2011; Shenhar, Norsten, and Rotello, 2005; Zhang, Drechsler, and Müller, 2004; Ja-
yaraman and Schweizer, 2009; Thompson et al., 2002; Sun et al., 2002; Haryono and
Binder, 2006; Lin et al., 2005; Rozenberg and Tenne, 2008). The synergistic interac-
tion between nanoparticles and the polymer matrix gives rise to a variety of hybrid
systems and nanostructures having a wide range of applications like in cosmetics
(Arraudeau, Patraud, and Gall, 1989; Tatum and Wright, 1988; Gadberry, Hoey, and
Powell, 1997; Patel et al., 2006; Lochhead, 2008; Corcorran, Lochhead, and McKay,
2004; Laufer and Dikstein, 1996; Lochhead, 2007; Katz, 2007; Miller, 2006; Raj et
al., 2012), food (Sorrentino, Gorrasi, and Vittoria, 2007; De Azeredo, 2009; Rhim,
Park, and Ha, 2013; Arora and Padua, 2010; Ray et al., 2006; Sozer and Kokini, 2009),
pharmacy (Sambarkar, Patwekar, and Dudhgaonkar, 2012; Ray and Bousmina, 2006;
Mouriño, 2016; Dwivedi, Narvi, and Tewari, 2013), novel functional materials (In-
grosso et al., 2010; Segala and Pereira, 2012; Striccoli, Curri, and Comparelli, 2009;
Mazumdar, Rattan, and Mukherjee, 2015; Carotenuto and Nicolais, 2004; Qi, 2017),
ultraviolet lasers (Bloemer and Scalora, 1998; Jakšić, Maksimović, and Sarajlić, 2004;
Scalora et al., 1998; Kedawat et al., 2014), hybrid nanodiodes (Gence et al., 2010;
Park, Chung, and Mirkin, 2004; Das and Prusty, 2012), DNA templated electronic
junctions (Turberfield, 2003; Park et al., 2004), quantum dots and thin wires (Alam,
Siddiqui, Husain, et al., 2013).

The discovery of the mesoporous material MCM-41 by Mobil Oil Corporation
(Kresge et al., 1992) widely popularised the method of assembling nanostructures
inside polymeric matrices and thus giving rise to the "bottom-up" approach which
revolutionised the whole industry of nanofabrication (Seul and Andelman, 1995;
Tang et al., 2006; Van Workum and Douglas, 2006; Bedrov, Smith, and Li, 2005; Shay,
Raghavan, and Khan, 2001; Fejer and Wales, 2007; Glotzer and Solomon, 2007; Lee et
al., 2004). Polymeric and other supramolecular matrices have long been explored as
templates for fabricating nanostructures due to low cost and ease of tailoring nano-
materials with the desired properties. Later, realising the importance of synergistic
interactions between nanoparticles (NPs) and the matrix, a myriad of synergistically
assembled nanocomposites have also been generated. The NPs can be incorporated
in a matrix by both in situ (Xu et al., 2017; Sun and Yang, 2008) or ex-situ (Guo
et al., 2014) methods. However, due to high surface interactions between NPs, it is
difficult to disperse NPs inside the matrix. Therefore, in situ method is preferably
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used to produce a homogeneously dispersed NP-matrix composite. Nanorods (Luo
et al., 2006; Abyaneh, Parisse, and Casalis, 2016; Cao and Wang, 2004), nanowires
and nanobelts (Wang, 2013), nanocombs and nanobrushes (Umar, Kim, and Hahn,
2008; Lao et al., 2006; Singh et al., 2010), nanosheets (Pandey et al., 2016; Vyborna
et al., 2017), nanoporous (Xu, 2013) and mesoporous structures (Ying, Mehnert, and
Wong, 1999), nanotubes, spherical and complex morphological nanostructures have
been reported in the literature. However, to exploit NP properties for nanodevice
fabrication, the control over their morphological structures is still a big challenge
to the researchers. In this chapter, we report the transformation in the nanostruc-
ture morphology with the change in the polymeric matrix density and the excluded
volume parameter between nanoparticles and polymers.

Generally, the (thermotropic) polymeric matrices have a value of elastic constants
(for splay, twist or bend) of the order of ≈ 10pN (Sharma et al., 2009b). But there
exists a class of polymers known as lyotropic systems showing interesting phase
behaviour due to their low value of elastic constants (≈ 1pN ) (Ramos et al., 2000;
Sallen et al., 1995). Wormlike micelles (WLM) is one of the examples of such sys-
tems. When the concentration of the surfactant molecules in the presence of suitable
salts becomes higher than a critical micellar concentration, the surfactant molecules
then aggregate to form micelles. For appropriate shape and size of the surfactant
molecules, they can aggregate into long thread-like polymeric wormlike micelles
(Berret, 2006b). They possess an extra mode of relaxation by scission and recombi-
nation reactions giving rise to an exponential distribution of their polymeric length
(Berret, 2006b; Turner and Cates, 1990; Cates, 1990). Moreover, the average spacing
of WLMs in a hexagonal H1 phase is 5-10 nm, which is much larger than that of a
thermotropic polymeric matrix (Ramos et al., 2000; Sharma et al., 2009b). Thus a
low value of elastic constant, extra mode of relaxation and characteristic mesoscopic
length scales makes the wormlike micellar matrix different from a thermotropic
polymeric matrix. Therefore, the wormlike micelles have the potential to produce
interesting mesoscopic structures of nanoparticles that have not been observed in
polymeric matrices. In this chapter, we study the hierarchical self-organization of
NPs in a model of a self-assembling polymeric matrix that mimics the characteris-
tic behaviour of a wormlike micellar matrix. Our generic model of self-assembling
polymers represents the class of polymers known as equilibrium polymers, WLMs at
mesoscopic length scales are just an example of equilibrium polymers. Equilibrium
polymers are those whose bond energies are of the order of the thermal energies
kBT , and thereby chains can break or rejoin due to thermal fluctuations.

We study the effect of the addition of NPs with diameters of the order of the di-
ameter of equilibrium polymer (EP) chains on the polymeric self-assembly, which in
turn affects the NP self-organization. The parameters which are systematically var-
ied in our investigations are (1) the volume fractions of the polymeric matrix and (2)
the minimum distance of approach between NPs and the matrix polymers (EVP - Ex-
cluded Volume Parameter). We show that for a low value of EVP, a uniformly mixed
state of polymers and NPs is observed for all the densities of equilibrium polymers
considered here. An increase in the value of the EVP leads to the formation of clus-
ters of polymeric chains which joins to form a percolating network-like structure.
The network of nanoparticles breaks into non-percolating clusters of NPs at some
higher value of the EVP. We are able to present these morphological transformations
in a diagram. There exist reports of a sudden decrease in the measured conductiv-
ity of polymer-nanocomposites in the literature (Li et al., 2010; Ambrosetti, 2010).
This decrease in the conductivity is attributed to the transition of NPs from perco-
lating to non-percolating state on a decrease in NP volume fraction (Li et al., 2010;
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Ambrosetti, 2010). In an attempt to explain these morphological transformations,
we propose that these morphological transitions are due to the competition between
the repulsive interaction between nanoparticles and the polymeric matrix and the
repulsion between polymeric chains themselves. We try to explain this by analyzing
the behaviour of total excluded volume in the system. We thus present how the sys-
tem parameters can be used to tailor the mesoporous nanostructures formed in the
system. This has a great potential to optimize the shape and size of nanostructures
obtained by in-situ methods and there improve the design and performance of fuel
cells and batteries (especially Li-ion batteries), drug delivery, optoelectronic devices
and other device-properties which depend on the nanostructure morphology.

The following section presents the potentials used to model NPs and equilibrium
polymeric matrix and gives the details of the computational method. In the 3rd
section, we briefly summarize our results which were published previously. In the
next section, we present our new results which are divided into five sub-sections
where we prove the robustness of our results and then give a detailed qualitative and
quantitative analysis of the model system. We investigate the variation in EP number
density and the minimum approaching distance between polymers and NPs and its
effect on the system behaviour. We present our Conclusions in the last section.

4.2 Method

We use the model micelles and nanoparticles as described in Chapter.2. In a box
of 30 × 30 × 60σ3, a fixed volume fraction of monomers is placed randomly. The
monomers are allowed to equilibrate with a few NPs using the Monte Carlo method
for 105 iterations. Then the system is evolved by using the GCMC method, which
is described in Chapter 2. The resulting system morphology is tested with ten inde-
pendent runs for each set of system parameters considered. The system is evolved
with the GCMC scheme for 2 × 106 to 4 × 106 iterations and the thermodynamic
quantities considered are averaged over ten independent runs. For the lowest value
of σ4n used, i.e. σ4n = 1.25σ, a rapid introduction of a large number of NPs into the
box was observed as soon as GCMC was switched on. This led to a large number
of NPs (≈ 104 or more) in the simulation box and shorter runs. After the number
of NPs in the simulation box had relatively stabilized, the acceptance rate of GCMC
attempts for the addition of NPs was ∼ 5%, with a slightly lower rate of removal of
NPs from the simulation box, which resulted in a net 0.1% addition of particles in
the box. For the higher values of σ4n, the rate of GCMC acceptance for addition of
NPs is 10 − 20% and also reaches to 30% in case of σ4n = 3.5σ. The acceptance rate
of attempts to remove NPs also remains approximately the same resulting in the net
0.02 − 0.07% rate of addition of NPs. Therefore, the net rate with which NPs are
added decreases with an increase in σ4n.

We emphasize that we get statistically similar morphologies from each of the
ten independent runs. Algorithms are used to find out whether the nanoparticle
structure is percolating or non-percolating. Moreover, these morphologies have
been analyzed and averaged over a few 105 iterations for a given set of parameters.
Throughout these iterations, the system does not show any change in its morphol-
ogy (whether percolating, non-percolating, sheets, rods, etc.).

The corresponding experimental realization of such a non-equilibrium Monte-
Carlo scheme is discussed at the end.
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FIGURE 4.1: (colour online) The figure explains the calculation of
the effective volume of monomers. Red coloured particles represent
monomers, whereas the nanoparticles are shown in blue. Two neigh-
bouring polymeric chains with distance between monomers centers
< σ4 = 1.75σ are considered as the cylinders of radius σ4. Monomers
whose position is within the range 21/6σ4n of repulsive potential V4n
are assumed as spheres of radius (σ4n−σn/2), where σn is the radius

of nanoparticles.

4.3 Results

In this chapter, the self-assembly of the equilibrium polymeric chains + NP system
is investigated as a function of the σ4n (EVP) and ρm. Throughout the chapter, the
diameter of NPs σn, the quantity σ4 and the NP chemical potential are kept fixed at
1.5σ, 1.75σ and −8kBT , respectively, unless otherwise mentioned. All the distances
mentioned here refer to the centre-to-centre distances of the particles involved. To in-
vestigate the behaviour of NPs and wormlike micellar system, four different values
of the number of monomers Nm are considered viz. Nm = 2000, 4000, 5000 and 6800
corresponding to the monomer number densities ρm = 0.037σ−3, 0.074σ−3, 0.093σ−3

and 0.126σ−3, respectively.

4.3.1 Calculation of effective Volume

We realize that the system behaviour can be better characterized by considering the
total excluded volume of cylindrical polymer chains and NPs due to the repulsive
interactions V4 and V4n instead of only considering the volume fraction of spherical
monomers. We define the total volume excluded by a chain due to the repulsive po-
tentials from V4 and V4n as the effective volume of the chain. The effective volume
of a monomer is the effective volume of the chains divided by the total number of
monomers. The calculation of the effective volume of WLMs is explained in Fig.4.1.
The figure shows that any two micellar chains (red spheres) at a distance of the
cutoff distance (21/6σ4) (range of the repulsive interaction (V4)) from each other are
considered as non-overlapping cylinders of diameter σ4 (shaded cylinders). Cor-
respondingly, the effective volume of the monomer in the chain is defined to be
v1 = π(σ4/2)2σ. If a monomer is at a distance less than the cutoff distance 21/6σ4n

(for V4n) from a nanoparticle, then the monomer is considered to be a sphere of
radius (σ4n − σn/2) (shaded sphere) and the effective volume of the monomer is
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FIGURE 4.2: (colour online) The subplots (a),(b) shows the plots of av-
erage energy per particle (both monomers and NPs) for two different
values of monomer number density ρm. The subplots (c),(d) shows
nanoparticle volume fraction Vn/V versus MCSs, Vn is the volume of
NPs and V is the volume of the simulation box. The parameter σ4n
is kept fixed at 1.25σ. Each figure shows multiple graphs generated
from 10 independent runs initialized with different initial configura-
tions which can be clearly seen in the magnified parts of the graphs
shown in the inset of figures (a) and (c). The system is evolved with
MC steps for a first 105 iterations and then subjected to the grand-
canonical MC (GCMC) scheme on nanoparticles. The data show a

sudden jump in their values when we switch on GCMC.
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FIGURE 4.3: (colour online) The upper row of snapshots shows snap-
shots of only the equilibrium polymers (micellar chains) and the
lower row shows only the nanoparticles of the NP+polymer system.
Different snapshots are for different values of monomer densities;
(a),(e) is for ρm = 0.037σ−3, (b),(f) is for ρm0.074 = σ−3, (c),(g) is for
ρm = 0.093σ−3 and (d),(h) is for ρm0.126σ−3. The value of σn and σ4n
is kept fixed at 1.5σ and 1.25σ, respectively. All the snapshots show
that the nanoparticle-monomer system is in a uniformly mixed state,
and clustering of micellar chains is not observed. All the figures have
a gradient in their colour varying from red to blue to identify and
distinguish between the particles which are near the front plane (red)

and the ones which are closer to the back of the box (blue).
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FIGURE 4.4: The figure shows the evolution of average energy per
particle of the system with Monte Carlo steps for the value of σn =
1.5σ, σ4n = 1.25σ and ρm = (a) 0.093σ−3 and (b) 0.037σ−3. As the
system is very dense, these runs take a very long time spanning from
weeks to months. However, after a very long time, the energy val-
ues show on an average a constant value. These graphs correspond
to the snapshots shown in Figs. 4.4(a) and 4.4(c), respectively. The
snapshots corresponding to the graphs in (a) and (b) are shown in
subfigures (c), (d) and (e), (f), respectively. The red particles indi-
cate monomers while the blue particles indicate nanoparticles in the
snapshots. Subfigures (d) and (f) only show the nanoparticles in the

snapshots of (c) and (e), respectively.
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FIGURE 4.5: The subfigure (a) shows the evolution of the average en-
ergy graph versus Monte Carlo steps for σn = 1.5σ, σ4n = 2σ and
ρm = 0.126σ−3. It is a very long run showing a constant value of en-
ergy and confirming the stability of the system structure. The snap-
shots corresponding to the energy plot are shown in (b) and (c) where
monomers and nanoparticles are indicated by red and blue particles,
respectively. The subfigure (c) only shows the nanoparticles from the

system of monomer+nanoparticles as shown in (b).

v2 = 4π/3(σ4n − σn/2)3. Any monomer that is not involved in any of the repulsive
interactions V4 and V4n has the volume v3 = 4π/3(σ/2)3.

To calculate this effective volume using a suitable algorithm, first, we identify
and label the monomers which are part of a chain. All monomers within a distance
of 1.5σ (cutoff distance for V3) from each other are considered as bonded and thus
form part of a chain. We do not observe branching in the chains. Then all the chains
that are involved in the repulsive interactions from other chains or nanoparticles are
identified and the effective volume of micelles is calculated according to the scheme
discussed above and illustrated in Fig.4.1. If a monomer interacts with a monomer
of a neighbouring chain as well as a NP simultaneously, then, the higher of the two
values of effective volume (v1 or v2) is considered. The effective volume fraction
of micelles, thus calculated, depicts the actual excluded volume fraction because of
the repulsive potentials V4 and V4n in addition to the volume fraction of monomers
(ρm4/3π(σ/2)3). If there are n1 monomers interacting with other monomers with
potential V4, n2 monomers having repulsive interaction V4n with a nanoparticle and
n3 monomers out of range of the potentials V4 and V4n then, n1v1 + n2v2 + n3v3

depicts the effective volume of micelles. This effective volume of monomers is not
only dependent upon the value of σ4 and σ4n but also on the arrangement of the
constituent particles. The effective volume thus calculated will help in understand-
ing the behaviour of the system. For monomers situated in between a micellar chain
and NPs, the volume may get slightly overestimated when σ4n−σn > σ4. This is be-
cause of the over-calculation of the volume in case of overlapping of the shaded (red)
spheres and shaded monomer chains (cylinders) as shown in the Fig.4.1. However,
this overestimation does not change the interpretation of results.

4.3.2 Investigation for systems with (σ4n)min = 1.25σ: Formation of a
dispersed state of polymeric chains

In order to study the effect of change of micellar density, the system is simulated
with different monomer number densities at σ4n = 1.25σ (minimum allowed value
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FIGURE 4.6: (colour online) The figure shows the snapshots of the
system for monomer number densities ρm = 0.037σ−3 (figures (a)
and (b)) and 0.126σ−3 (figures (c), (d) and (e)). Red particles indi-
cate monomers while nanoparticles are shown in blue. For each ρm,
the two snapshots in (a) and (c) represent the initial configuration of
monomers and NPs, where NPs and monomers are kept on two sec-
tions of the simulation box. The snapshots in (b) and (d) show the
microstates after 4×106 iterations (with GCMC switched on after 105

iterations). In both the cases of densities, the final state deviates from
the initial state forming uniformly mixed states of micellar chains +
nanoparticles, this coexists with a state which occupies part of the
box which has only densely packed nanoparticles (without micellar
chains). The snapshot in figure (e) shows the final state of the sys-
tem initialized as in (c) but with a higher value of chemical potential
µn = 4kBT . The states reached after the runs for µn = −8kBT (figure
(d)) and µn = 4kBT (figure (e)) are different. The state in (e) shows a

phase-separated state.

of σ4n; refer Fig.2.4). To check the robustness of the results, for each number den-
sity of monomers, the system is observed over ten independent runs each starting
with different initial random configurations. First, the system is evolved by apply-
ing Monte Carlo technique for 105 iterations and then the GCMC scheme is switched
on for the rest of the iterations. Fig.4.2 shows the evolution of the average energy
of the constituent particles (〈E〉) and the NP volume fraction Vn/V with MCSs, for
two different values of monomer number densities. The NP volume Vn is given by
Vn = Nn4πσn

3/3 where, Nn is the number of NPs in the simulation box. Both the
figures for energy per unit constituent particle (Fig.4.2(a) and (b)) and the volume
fraction of NPs graphs (Fig.4.2(c) and (d)) show data for multiple runs generated
from ten independent runs. All these graphs from different independent runs over-
lap and look indistinguishable from each other. Therefore, magnified parts of the
graphs are shown in the insets of figures (a) and (c). The inset figures clearly show
different graphs for different independent runs indicated by different colours, for a
small range of iterations. All the graphs show a jump on switching to the GCMC
scheme at 105 of MCSs, indicating an increase in the NP volume fraction in the sys-
tem. The insets clearly show the energy fluctuations and a gradual increase in the
number of NPs with MCS.

All the independent runs for each ρm produce similar configurations after (2
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to 4)×105 iterations and the energy and NP volume fraction graphs converge to
the same value. For each ρm, a very long run ( 4 × 106 iterations) was given to
check if there is any change in the morphology of the system within thermal fluctu-
ations. The system is found to maintain its morphology across all independent runs.
After ≈ 2 × 105 iterations, the system morphology remains relatively unchanged
for the length of the runs varying from 4 × 105 to 4 × 106 of iterations. Once the
energy graphs show a very slow variation in its values and no further change in
the polymer-NP morphology is observed, we show the representative snapshots for
each of the monomer number densities ρm in Fig.4.3. The monomers and the NPs
are shown separately in the upper row and the lower row, respectively. All the snap-
shots have a gradient in colour varying from red (front plane) to blue (rear plane)
along one of the box lengths, for better visualisation of a three-dimensional figure.
The figure shows the snapshots for (a) ρm = 0.037σ−3, (b)0.074σ−3, (c)0.093σ−3 and
(d) 0.126σ−3. No clustering of micellar chains is observed, i.e. any two neighbour-
ing chains are always found with NPs in between. In other words, the NP-monomer
system forms a uniformly mixed state.

An increase in the nematic ordering of polymeric chains and their chain length
can be recognized from the figures as a result of the change in ρm in Fig.4.3. The
snapshot in Fig.4.3(a) shows smaller chains in a disordered state and the chain length
and order increases for Figs.4.3(b) and 4.3(c) and finally the system forms a nematic
state with longer and aligned chains in Fig.4.3(d). All the systems shown in the
figure may show different polymer arrangements, but for all the micellar densities
a uniformly mixed state of polymeric chains and NPs is observed. These systems
are also is checked with very long runs. The results for such long runs are shown
in Fig.4.4 for (a) ρm = 0.093σ−3 and (b) ρm = 0.037σ−3. Similar result is shown for
ρm = 0.126σ−3 in Fig.4.5.

All the independent runs discussed till now had the systems initialized in a state
where the positions of both the monomers and 200-300 seed nanoparticles are ran-
domly chosen. To ensure that our conclusions are not dependent on initial condi-
tions, we gave additional runs initialized with all monomers on one side and all
the NPs on the other side of the box. The representative snapshots from these runs
after 4 × 106 iterations, for ρm = 0.037σ−3 [Fig.4.6(a) and (b)] and ρm = 0.126σ−3

[Fig.4.6(c), (d) and (e)] are shown. Figure 4.6(a) [and (c)] shows the initial state with
ρm = 0.037σ−3 with Nm = 2000 [ρm = 0.126σ−3 with Nm = 6800] and 5000 [5000]
NPs in the box. Figures 4.6 (b) and (d) show the snapshots after 4×106 MCSs for sys-
tems initialized as shown in Figs. (a) and (c), respectively. The Fig.4.6(e) shows the
snapshot initialized with the same configuration shown in (c) but having the value of
µn = 4kBT . For both the densities of monomers considered for µ = −8kBT , the final
state is different from the initial state forming a uniformly mixed state of monomer
chains and NPs (left side of the box) coexisting with NPs without monomers (right
side of the box) (figures (b) and (d)). The runs were tested with different initial num-
bers of NPs, but all the runs resulted in a mixed state of polymeric chains and NPs
(as shown in the left part of the boxes in Figs.4.6(b) and 4.6(d)). These mixed states
are found to be coexisting with NPs shown in the right sides of the boxes. We ex-
pect that if the system reaches equilibration, the systems will evolve to a completely
mixed state as in Figs.4.3(e), (f), (g) and (h) for σ4n = 1.25σ and µn = −8kBT . But in
our studies, the density of monomers and NPs are locally very high, which leads to
very packed structures which are unable to relax to equilibrium. However, keeping
the initial state similar to Fig.4.6(c) and increasing the value of µn from µn = −8kBT
to µn = 4kBT for ρm = 0.126σ−3 resulted in a phase-separated state as shown in
Fig.4.6(e).
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FIGURE 4.7: (colour online) (a) The figure compares the average po-
tential energy 〈E〉 of the constituent particles (monomers and NPs)
versus MCSs of the systems that are initialized as shown in Fig.4.6(c).
Lines (1) and (2) correspond to data with µn = −8kBT and line (3)
corresponds to data with µn = 4kBT . The graphs (2) and (3) corre-
spond to the systems represented in Figs.4.6(d) and (e), respectively,
at the end of the run. The graphs (1) and (2) differs in their num-
ber of nanoparticles in the initial configuration Ninit as well as in the
value of iterations/MCS after which the GCMC scheme is switched
on. The two graphs (1) and (2) illustrates that the results are indepen-
dent of the value of Ninit and the number of iterations after which
the GCMC scheme is switched on, as for both cases 〈E〉 converges
to the same value within statistical fluctuations. On switching on to
GCMC scheme, graphs (1) and (2) jumps to a lower value of 〈E〉. This
is indicative of the rapid addition of nanoparticles in the system. The
line (3) jumps to a slightly higher value of energy indicating the re-
moval of nanoparticles. The legends Nf indicates their final value of
the number of nanoparticles after 4 × 106 MCS. (b) The figure shows
the pair correlation function g(r) for the NPs in left two-thirds of the
box represented by line-2 and the NPs in the right one-third of the
box (line-1) corresponding to the configuration shown in the Fig.5(d).
The pair correlation function shows the presence of a long-range cor-
relations in the position of NPs corresponding to a crystalline ordered

state in the right section of the box.
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FIGURE 4.8: (colour online) Plots of average potential
energy 〈E〉 per particle (monomer and NP) of the sys-
tem for different values of monomer number densities (a)
ρm = 0.037σ−3, (b)0.074σ−3, (c)0.093σ−3 and (d) 0.126σ−3. Each
figure shows the energy graphs for two different values of σ4n = 2σ
and 2.5σ. For each value of σ4n, there are ten graphs overlapping
each other and converging to the same values. The Monte Carlo
scheme (without GCMC) is applied for first 105 iterations. Then the
GCMC scheme is switched on which leads to a further decrease in
the energy values indicated by jumps in the values of 〈E〉 in each

graph.
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Thus, it is observed that for µn = −8kBT , the system initialized as shown in
Fig.4.6(c) always leads to form a mixed state while, for µn = 4kBT , the system re-
mains in a phase-separated state. This difference in the behaviour of the systems
with different values of µn can be confirmed by the plots shown in Fig.4.7(a). The
figure shows three graphs (1), (2) and (3). For all the graphs, the state of initialization
is as shown in Fig.4.6(c) but with a different initial number of nanoparticles Ninit as
indicated in the figure. Graphs (1) and (2) shows the evolution of energy with MCSs
for µn = −8kBT initialized with 2000 and 5000 NPs, respectively. Both the graphs
show convergence to the same value of energy after 4 × 106 iterations with a jump
to lower energy values on switching on the GCMC scheme at 105 and 106 iterations,
respectively. This jump to lower energy indicates the addition of NPs into the box
on switching on the GCMC scheme. Irrespective of (i) the number of MCSs at which
the GCMC scheme is switched on and (ii) the initial number of NPs Ninit, all the sys-
tems are observed to evolve to form a mixed state and converges to the same value
of energy for µn = −8kBT (two of which constitutes the graphs (1) and (2)). Graph
(3) shows the evolution of energy for the system initialized with the same state as
in Fig.4.6(c) with 5000 NPs in the box, but having a higher value of µn = 4kBT . On
switching on the GCMC scheme, the graph shows a jump at 105 MCSs to a higher
value of energy indicating the removal of NPs from the box. The system evolves to
form an equilibrated phase separated state as shown in 4.6(e) after removal of ≈ 550
NPs from the box. Since all the systems initialized with the configuration shown
in 4.6(c) and µn = −8kBT evolves to form a mixed state irrespective of the initial
number of NPs in the system, it can be concluded that for µn = −8kBT , a phase-
separated state is not a thermodynamically preferred state. Therefore, we can now
claim from the snapshots shown in Fig.4.3 that the mixed state will remain the ther-
modynamically preferred state as well, for σ4n = 1.25σ. We remind the reader that
we do not claim that the microstates corresponding to the snapshots of Fig.4.3 are in
equilibrium that the values of both the average energy as well as Vn/V are evolving.

For the value of µn = −8kBT , one more difference can be observed for different
values of ρm which can be seen in Figs.4.6(b) and 4.6(d). Both the figures are initial-
ized with similar configurations (unmixed state) and number of NPs Ninit = 5000,
but with different values of monomer number density ρm = 0.037σ−3 [Fig.4.6(a)]
and ρm = 0.126σ−3 [Fig.4.6(c)]. In case of higher density of monomers, the phase of
NPs which is devoid of monomers (in the right part of the box in Fig.4.6(d)) seems
to have a long-range crystalline order compared to the lower density case [refer the
right part of the box in Fig.4.6(b)]. The figure 4.7(b) compares the pair correlation
function for the NPs in left section box in Fig.4.6(d) as well as the right section where
the NPs dont have monomers interspersed between them. The correlation graphs
for NPs in the mixed state (in the left part of the box in Fig.4.6(d)) depicted in graph
(2) shows very few and low peaks which die out quickly compared to the graph for
NPs (in the right part of the box of Fig.4.6(d)) as depicted by graph (1). The graph
(1) has very sharp peaks and shows a longer range of correlation hence, confirming
the observed ordered structure of NPs. We expect that these two coexisting states,
as shown in Fig.4.6(b) and (d) are stuck in a metastable state, and they will form a
fully mixed state after equilibration.

All the results for ten independent runs and the runs shown in Fig.4.6 indicate
that the mixed state of NP and micellar chains could be the thermodynamically pre-
ferred state of the system for the value of µn = −8kBT . The systems considered here
are quite dense and show a very slow increase in the number of nanoparticles even
after a very long run (Fig.4.8(c,d)). Therefore, we assume that the structures dis-
cussed in the previous sections (see Fig.4.3) are most probably kinetically arrested
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states that are relaxing slowly to equilibrium. The rest of the chapter considers the
systems initialized with a randomly mixed state of micelles and NPs and investi-
gates the effect of the change in σ4n for each value of ρm.

4.3.3 σ4n > 1.25σ: Polymer and NP clusters with different morphologies

We next investigate the effect of the change in the value of σ4n for different monomer
densities by varying ρm and σ4n. The results from these runs were further substan-
tiated with ten independent runs for each value of ρm and σ4n. The average energy
of the system for ten independent runs for two different values of σ4n = 2.5σ and
2σ is shown in Fig.4.8 for values of densities (a) 0.037σ−3, (b)0.074σ−3, (c)0.0931σ−3

and (d)0.126σ−3. The system is evolved with Monte Carlo steps without GCMC for
the first 105 iterations and then the GCMC scheme is switched on which is marked
by a rapid lowering in the energy values in Fig.4.8. This lowering of energy val-
ues corresponds to the rapid addition of nanoparticles in the system but, the rate of
addition slows down after (2 − 5) × 105 iterations. In each figure, each visible line
shows multiple lines overlapping each other, generated by ten independent runs.
All the ten independent runs converge to the same value of energy. Here, we would
like to emphasise again that all the systems are initialized with random positions
of monomers and 200-300 seed nanoparticles and with the grand-canonical Monte
Carlo steps NPs get introduced in the midst of the micellar chains. This method
of initialization is reminiscent of the in situ method of preparation of nanoparticles
inside the matrix of polymers, where the NPs start nucleating out from a chemical
solution on a suitable addition of a reactant.

After evolving the system for (2 − 4) × 106 iterations, the representative snap-
shots for four different values of ρm = 0.037σ−3, 0.074σ−3, 0.093σ−3 and 0.126σ−3

are shown in figures 4.9, 4.10, 4.11 and 4.12, respectively. For each NP+micelles sys-
tem, the monomers and NPs are shown separately in the upper and lower rows,
respectively, in figures 4.9, 4.10, 4.11 and 4.12. Each figure shows the snapshots for
four different values of σ4n increasing from (a) to (d) for monomers (in red) (or (e) to
(h) for NPs in blue). Only for snapshots of NPs in Figs.4.9, 4.10(a) and 4.10(e), there
exists a gradient in colour (varying from red to blue along one of the lengths of the
simulation box) from front plane to the rear plane. This helps to identify particles
lying in different planes and thereby clearly see the pores in NP aggregates. These
pores are occupied by monomers.

In each of the figures, one can see in the leftmost snapshot (snapshots (a) and
(e), which are for a lower value of σ4n) a network-like structure of micellar chains or
NPs which spans the system. An increase in the value of σ4n leads to a decrease in
number of nanoparticles that gradually breaks the network connections, thus, grad-
ually breaking the network of NPs as shown in Figs.4.10(g), 4.11(f,g) and 4.12(f).
With further increase in σ4n, these networks break into non-percolating clusters as
shown for σ4n = 3.25σ, 3σ and 2.25σ in figures 4.10(h), 4.11(h) and 4.12(g), respec-
tively. We do not observe the breaking of networks into individual NP clusters for
ρm = 0.037σ−3 in Fig.4.9 for the range of values of σ4n considered here. There-
fore with an increase in ρm, the value of σ4n at which the network breaks into non-
percolating clusters gets shifted to a lower value of σ4n. From the snapshots 4.10(h),
4.11(h) and 4.12(g), it can be clearly seen that different densities of micelles lead to
different shape-anisotropy of nanoparticle clusters. It forms sheet-like structures for
ρm = 0.074σ−3 [Fig.8(h)] and 0.0931σ−3 [Fig.9(h)] while rods are formed for higher
density of monomers [Fig.10(h)]. We give the reasons of how the sheet-like struc-
tures are formed at the end of the chapter.
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FIGURE 4.9: (colour online) The figure shows the snapshots for NPs
and monomers from the NP + micellar-polymer system for the low-
est value of monomer number densityρm = 0.037σ−3. The snapshots
in the upper row show only the micellar monomers while only the
nanoparticles are shown in the lower row. The snapshots from (a)
to (d) [and correspondingly (e) to (h)] are for σ4n = 2.0σ, 2.5σ, 3σ
and 3.5σ, respectively. There is a gradient in colour along one of the
shorter axes of the box for the snapshots (e) to (h), to help reader
differentiate the particles present near the front plane from those at
the rear. All the snapshots indicate the formation of the network-
like structure of aggregates of nanoparticles and micellar chains inter-

penetrating each other.
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FIGURE 4.10: (Colour online) The figure shows the snapshots of NPs
and monomers from the NP + micellar-polymer system for the value
of monomer number density ρm = 0.074σ−3. The snapshots in the
upper row show only the micellar monomers while the lower row
only shows the nanoparticles. Snapshots from (a) to (d) [or corre-
spondingly (e) to (h)] are for σ4n = 1.75σ, 2.25σ, 2.75σ and 3.25σ, re-
spectively. The snapshots (a) and (e) have a gradient in colour vary-
ing from red to blue along one of the shorter axis of the simulation
box to help the reader differentiate the particles at the front plane
and those closer to the rear. Snapshots (e), (f), and (g) are forming
network-like structures of nanoparticles, while the nanoparticle net-
work breaks down into non-percolating clusters in the figure (h) by

forming individual sheetlike nano-structures.
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FIGURE 4.11: ( colour online). The figure shows the snapshots of NPs
and monomers from the NP + micellar-polymer system for the value
of number density of monomers ρm = 0.093σ−3. Snapshots in the
upper row show only micellar monomers (red) while the snapshots
in the lower row only show nanoparticles (blue). Snapshots from (a)
to (d) [or correspondingly (e) to (h)] are for σ4n = 1.75σ, 2.25σ, 2.5σ
and 3σ, respectively. With the increase in the value of σ4n from left to
right, the snapshots of nanoparticles show that the network gradually
breaks and form individual sheet-like clusters for a high value of σ4n,

as shown in the snapshot (h).
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FIGURE 4.12: (colour online). Figure shows the snapshots of NPs
and monomers from the NP + micellar-polymer system for monomer
number density ρm = 0.126σ−3. The snapshots in the upper row
show only micellar monomers while, only the NPs are shown in
the lower row. Snapshots (a) to (d) (or (e) to (h)) correspond to
σ4n = 1.75σ, 2σ, 2.25σ and 2.5σ, respectively. With the increase in
the value of σ4n, the figure shows the nanoparticle networks in (e)
and (f) breaking into individual rod-like nanostructures as shown in

the snapshots (g) and (h).
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FIGURE 4.13: (colour online) The figure shows the average of the local
density-density correlation function for monomers for σ4n = 1.5σ and
different values of micellar densities indicated by different symbols.
The density correlations along x, y and z-axis are shown separately
from top to bottom. The different symbols are for ρm = 0.037σ−3

(circle-black), 0.074σ−3 (square-red), 0.093σ−3(diamond-blue), and
0.126σ−3 (triangle-magenta). The symbols (star-orange) indicate the

correlation plots for ρm = 0.037σ−3 but σ4n = 3σ.
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It is observed that not only the non-percolating clusters of NPs have different
shapes but also the clusters which constitute the NP-networks differ in their mor-
phologies. The snapshots in figures 4.9, 4.10(e) (& 4.11(e)) and 4.12(e) show networks
of NP aggregates, network of sheet-like clusters of NPs and network of rod-like clus-
ters of NPs, respectively. Thus the density of micelles governs the morphology of
NP structures with the anisotropy of NP clusters increasing with increase in micel-
lar density viz. clusters to sheets to rods. We also observe that as soon as the value
of σ4n changes from 1.25σ (Fig.4.3) to 1.5σ (Fig.4.9(e), 4.10(e), 4.11(e), 4.12(e) ), the
micellar chains aggregate to form clusters which joins to form a system spanning
network such that the networks of micellar chains and NPs are inter-penetrating
each other. These networks at σ4n = 1.5σ seem to have the same periodicity in their
structure irrespective of the micellar density.

4.3.4 Polymeric chains of the matrix:
quantitative analysis of micro-structure

To confirm the above observations, we plot the density correlation function for monomers
which is shown in Fig.4.13. It shows the density correlation function for monomers
along the x, y, and z-axes of the box for σ4n = 1.5σ. The function is calculated using
the expression,

G(xi, x
′
i) =

〈
(ρ(xi)− 〈ρ(x′i)〉)(ρ(xi)− 〈ρ(x′i)〉)

〉
〈

(ρ(xi)− 〈ρ(xi)〉)2
〉 , (4.1)

where, ρ(xi) is the density of the monomers in a cubic box of size σ3 at xi. The
term 〈ρ(xi)〉 is the mean density of monomers in the simulation box. The term in the
denominator normalizes the function from 1 to -1. The different symbols indicate the
different values of micellar densities in Fig.4.13. All the plots for different densities
overlap each other and are indistinguishable from each other. They have the same
spatial period for all the densities and along the different axes. This indicates the
periodic nature of the network-like structures in all three directions, and this remains
unaltered by the change in monomer number density. This is observed not only for
the value of σ4n = 1.5σ but also for all the values of σ4n considered for ρm = 0.037σ−3

(refer Fig.4.9).
For the lowest density of micelles considered here, i.e. ρm = 0.037σ−3, the mor-

phological change from networks of NPs to sheets to rod-like structures is not ob-
served for σ4n > 1.25σ. The effect of an increase in the value of σ4n is observed
to decrease the number density of NPs without changing the periodicity of the net-
works. The plot of density correlation function for all the values of σ4n considered
for ρm = 0.037σ−3, has the same periodicity as shown by the plots in figure. 4.13. To
confirm this, the plots shown in figure 4.13 shows graphs for ρm = 0.037σ−3 for two
different values of σ4n = 1.5σ (circle-black symbols) and 3σ (star-orange symbols).

Furthermore, the snapshots in figure 4.9 show that as σ4n increases (from left
to right), the pore size increases and the wall thickness (or the branch thickness of
the network) is seen to be decreasing. Hence, we conclude that the thickness of the
walls of the NP networks decreases as a result of an increase in σ4n. This behaviour
affects the porosity of the network. We define porosity as the volume fraction of
the void inside the NP network. The porosity is calculated by subtracting the NP
volume fraction from 1. The figure 4.14 shows the variation of porosity versus σ4n

quantifying the observed behaviour of the porosity with the increase in σ4n. For a
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FIGURE 4.14: (colour online) The figure shows the variation in the
porosity of the network of nanoparticles. Porosity is calculated by
subtracting the nanoparticle volume fraction from 1, i.e. it represents
the variation in the volume fraction of the void (currently occupied
by monomers, but which can be dissolved away) inside a porous net-
work of NPs due to the change in σ4n values. The different sym-
bols indicate the different values of micellar densities. It can be seen
that the porosity of the networks increases with either increase in the
value of σ4n or increase in monomer number density ρm, as expected.
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FIGURE 4.15: The figure shows the pair correlation function g(r)
for monomers at σ4n = 1.25σ. It shows four different plots for
ρm = 0.037σ−3, 0.074σ−3, 0.093σ−3 and 0.126σ−3 which are indicated
by different symbols in the figure. The absence of a peak around 1.75σ
indicates that polymeric chains are out of the range of repulsive inter-
action V4 from each other and hence depicts the dispersed state of

chains, with NPs in between adjacent chains.
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given value of σ4n, an increase in micellar density decreases the available volume for
NPs, thereby, increasing the porosity of the NP network. Therefore, the figure 4.14
also shows an increase in porosity with the increase in micellar density ρm for a fixed
value of σ4n, as expected. The non-linear behaviour of the plot for ρm = 0.123σ−3 is
related to the drop in the number of NPs which can get introduced into the box as
one increases σ4n. The nanoparticle porous structure can be obtained and used after
removing by dissolving away the polymeric matrix.

In figures 4.9, 4.10, 4.11 and 4.12, we observe the clustering of NPs and micellar
chains into different morphologies for values of σ4n ≥ 1.5σ whereas, Fig.4.3 shows
that for σ4n = 1.25σ (the minimum possible value of σ4n), we obtain a uniformly
mixed state of self-assembled micellar chains and NPs. To get an insight into the
spatial arrangement of micellar chains, we calculate the pair correlation function
g(r) of monomers corresponding to the snapshots shown in figures 4.3, 4.9, 4.10, 4.11
and 4.12. The plots in Fig. 4.15 corresponds to correlation function for the snap-
shots shown in Fig.4.3 while the plots in figures 4.16(a), 4.16(b), 4.16(c) and 4.16(d)
correspond to the snapshots shown in figures 4.9, 4.10, 4.11 and 4.12, respectively.
Different symbols represents g(r) for different values of σ4n.

In the correlation function of monomers, a first peak is expected to occur around
the value of the diameter σ of the monomer (which is set as 1) followed by peaks
at its multiples indicating the distance between bonded monomers along a chain. If
there are chains that are situated at a distance r <= 1.75σ (i.e. having the repulsive
interaction V4) from other chains, then peaks around 1.75σ and its multiples are
expected. We do not observe any peak around 1.75σ in Fig.4.15 for all the values
of micellar densities. This indicates that the micellar chains in all the snapshots
shown in Fig.4.3 (for σ4n = 1.25σ), are situated at a distance r > 1.75σ. This is
consistent with the observation that no two micellar chains in Fig.4.3 are found to
exist without NPs in between. With a NP of size 1.5σ between two monomer chains,
the monomer chains have no possibility to remain within the range of repulsive
potential (r ≤ 1.75σ). Thus, it confirms the observation that, for all the snapshots
shown in Fig.4.3, no clustering of micellar chains is observed, and a uniformly mixed
state of micellar chains and NPs is formed.

In contrast to the plots in Fig.4.15, there appears a peak around 1.75σ in Figs.4.16(a),
4.16(b), 4.16(c) and 4.16(d). Except for the plots in Fig.4.16(a), it is observed that the
height of this peak decreases with the increase in the value of σ4n and finally van-
ishes for a higher value of σ4n. The appearance of a peak around 1.75σ is consistent
with the observed clustering of micellar chains as shown in the snapshots in Figs.4.9,
4.10, 4.11 and 4.12 where, they form network-like structures. As the value of σ4n

increases, the NP network gradually starts breaking and hence giving more space
for micellar chains to be relatively further away from each other. This explains the
decrease in the peak height around 1.75σ with an increase in σ4n. When the NP net-
work breaks to the extent that most of the micellar chains get enough volume to be at
a distance r > 1.75σ, this peak disappears and a minimum is observed at that point.
The value of σ4n at which this happens can be seen to be decreasing with increase in
micellar density viz. 3σ and 2.25σ for ρm = 0.093σ−3 and 0.126σ−3, respectively.

However, this behaviour is not observed for ρm = 0.037σ−3 [refer Fig.4.16(a)]
where for all the values of σ4n the peaks are present around 1.75σ. This is because,
with an increase in σ4n, the network-like structure is not observed to be breaking as
shown in Fig.4.9. Therefore, for all the values of σ4n, the polymeric chains show the
formation of clusters of chains that is reflected in the form of peaks around 1.75σ for
all the values of σ4n in Fig.4.16(a).
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FIGURE 4.16: (colour online ). The figure shows the pair correlation
function for micellar monomers for σ4n = 1.25σ and micellar den-
sities (a) ρm = 0.037σ−3, (b) ρm = 0.074σ−3, (c) 0.093σ−3 and (d)
0.126σ−3. Each figure shows the correlation function for four different
values of σ4n > 1.25σ as indicated in the graph. Contrary to the ob-
servations from g(r) data shown in Fig.4.15 (for σ4n = 1.25σ), all the
figures here show the appearance of peaks around 1.75σ. The appear-
ance of a peak around 1.75σ indicates that the distance between adja-
cent monomer chains ≈ 1.75σ (the range of V4). Therefore, chains are
forming clusters that joins to form a network-like structure as shown
in Fig.4.9, 4.10, 4.11, 4.12 for σ4n > 1.25σ. With the increase in the
value of σ4n, the height of the peak around 1.75σ decreases and fi-
nally vanishes for a higher value of σ4n, except for the lowest density
shown in (a) for ρm = 0.037σ−3. For the lowest density, the micellar
chains forms networks of clusters of micellar chains for all the values

of σ4n > 1.25σ as shown in Fig.4.9.
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For the lowest micellar density considered ρm = 0.037σ−3, only the network-like
structures are observed for the range of values of σ4n considered here (except for
the case of σ4 = 1.25σ). To ensure that the network architecture observed in the
snapshots in Fig.4.9 is not an artefact of the small box size, these structures were
reproduced in a larger box size of 60 × 60 × 60σ3 for all values of σ4n considered
for ρm = 0.037σ−3. A representative snapshot for σ4n = 2.5σ and ρm = 0.037σ−3

is shown in fig. 4.17(a). The figure shows that the snapshot has statistically similar
network of micellar chains as in the smaller box size shown in Fig.4.9. The Fig.4.17(b)
shows a magnified image of one of the junctions of the network. Moreover, some of
the runs were also given involving only Monte Carlo moves for lower densities.
Those runs also produce statistically similar results. The results for two of such runs
are shown in Fig.4.18 for ρm = 0.093σ−3, σn = 1.5σ and σ4n = (a) 2.25σ and (b) 2.5σ.
The corresponding snapshots are shown in Fig.4.19.

As seen in the snapshots of Figures.4.10(h), 4.11(h) and 4.12(g)&(h), the anisotropy
of the NP clusters depends on the micellar density. Moreover, the nanoparticle clus-
ters that form a percolating network as in Figs.4.9(e), 4.10(e), 4.11(e) and 4.12(e) also
differ in their anisotropy thereby resulting in different pore shapes. Since, the struc-
ture of the nanoparticles also effects the arrangement of chains, or vice versa, the
arrangement of micellar chains can be used to indirectly interpret the anisotropy of
the NP structures. The distribution of angle between micellar chains P (θ) is ana-
lyzed and the plots are shown in Fig.4.20 for ρm = 0.037σ−3, 0.074σ−3, 0.093σ−3,
and 0.126σ−3 from (a) to (d), respectively. It is calculated by,

P (θ) =
N(θ)∑
θN(θ)

, (4.2)

where, N(θ) is the total number of pair of chains at an angle θ and the angle θ be-
tween two chains is calculated by using the largest eigenvectors of the corresponding
gyration tensors of the chains as follows,

θ = cos−1 ~e1. ~e2

|~e1||~e2|
, (4.3)

where, ~e1 and ~e2 are the largest eigenvectors of the gyration tensors of the two chains.
The distribution P (θ) is normalized for different values of σ4n by dividing it by

the number of all possible combinations of the pair of chains. Each plot in Fig.4.20
shows the distribution of angles between micellar chains for different values of
σ4n as indicated in the figures. The lowest density of micellar system considered
ρm = 0.037σ−3 shows a high value of the distribution around 90◦ for all values of
σ4n. This shows the perpendicular arrangement of micellar chains at the network
junction, as can be seen in the Fig.4.17(b). The similar correlation plots in Fig.4.13
and the same distribution function for angles in Fig.4.20(a) for ρm = 0.037σ−3 con-
firms the similarly periodic architecture of monomers networks for all σ4n as shown
in Fig.4.9. The distribution plots for the monomer densities ρm = 0.074σ−3 and
0.0931σ−3 in figures 4.20(b) and (c) shows that after a particular value of σ4n, there
appear two peaks around 10◦ and 90◦ indicating a preference for a parallel and a
perpendicular arrangement of micellar chains, respectively. These are the densi-
ties where NPs form sheet-like structures. The parallel arrangement indicates that
the chains within an aligned micellar domain form sheet-like structures. The peak
around 90◦ in the distribution plot corresponds to the perpendicular arrangement
of these sheet-like domains of aligned micellar chains. We find the formation of
sheet-like domains to be unexpected and interesting, and the reason for this will
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FIGURE 4.17: The representative snapshot in (a) shows only the
monomer configurations from a NP + micellar-polymer system for
σ4n = 2.5σ for the lowest value of monomer number density ρm =
0.037σ−3 for simulations performed in a larger box size of 60 × 60 ×
60σ3. This monomer-network is similar to the monomer-network
structures obtained in a smaller box size 0f 30×30×30σ3 as shown in
Fig.4.9. A magnified image of one of the network junction is shown in
figure (b). Irrespective of the value of σ4n, all the network structures
obtained for ρm = 0.037σ−3 produce statistically similar monomeric

network structures (with the same periodicity).
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FIGURE 4.18: The figure shows the evolution of the energy graphs
using only Monte Carlo runs for ρm = 0.093σ−3 and σn = 1.5σ for
two different values of σ4n (a) 2.25σ and (b) 2.5σ. These graphs cor-
respond to the snapshots shown in Figs.8b (or 8(f)) and 8(c) (or 8(g))
in the main text. Initialized with the random positions of monomers
and nanoparticles and evolved using Monte Carlo technique, these
runs produce similar structures as shown in the corresponding fig-
ures in the main text. The snapshots corresponding to these graphs

are shown in the next figure (Fig.4.19).
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FIGURE 4.19: The figure shows the snapshots corresponding to the
graphs shown in Fig.4.18 for ρm = 0.093σ−3 and σn = 1.5σ for two
different values of σ4n = 2.25σ ((a) and (b)) and 2.5σ ((c) and (d)). The
snapshots (a) and (c) show both the monomers (red) and nanoparti-
cles (blue) while, snapshots in (b) and (d) show only nanoparticles.
These figures correspond to the snapshots shown in Figs.8b (or 8(f))
and 8(c) (or 8(g)) in the main text. Initialized with the random posi-
tions of monomers and nanoparticles and evolved using Monte Carlo
technique, these runs produce similar structures as shown in the cor-

responding figures in the main text.

be explained later in the text. All the neighbouring NP sheets as shown in Figure.
4.10 and 4.11 are arranged such that their planes are perpendicular to each other.
Finally for the highest micellar density considered ρm = 0.126σ−3, for σ4n ≥ 2σ,
there appears a high peak around 10◦. Here, the presence of peaks only around 10◦

is indicative of the nematic ordering of micellar chains and correspondingly we ob-
serve the rod-like structure of NPs. The height of the peaks at 90◦ gradually reduces
from (b) to (d) and resulting in only peaks for parallel arrangement in (d). This is
indicative of the change in the anisotropy of NP clusters. This can be confirmed by
calculating the shape anisotropy SAN of NP clusters using the following formula,

SAN = 1− 3
λ1λ2 + λ2λ3 + λ1λ3

(λ1 + λ2 + λ3)2
, (4.4)

where, λ1, λ2, λ3 are the eigenvalues of the gyration tensor of the NP cluster. Using
the above formula, the average shape anisotropy of the nanoparticle clusters shown
in snapshots of Figs.4.10(h), 4.11(h) and 4.12(h) is calculated to be 0.165, 0.211 and
0.414, respectively. This shows that the shape anisotropy of the NP clusters increases
with the increase in micellar density and the shape of the NP clusters is varying from
sheet-like to rod-like structures. This shows that the anisotropy of the NP structures
increases with increase in micellar density with nanostructures varying from sheets
to rod-like structures.

4.3.5 The morphological changes: our understanding

The purpose of the introduction of the parameter σ4n is to control the minimum ap-
proaching distance between micelles and NPs, but it also influences the arrangement
and the number of NPs in the system and hence affects the effective volume of mi-
celles. An increase in the value of σ4n indicates an increase in the effective volume
of micelles. We remind the reader that, as discussed at the beginning of the section
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FIGURE 4.20: The figure shows the distribution of angles subtended
between pairs of micellar chains at different values of monomer den-
sities, ρm = (a) 0.037σ−3, (b) 0.074σ−3, (c) 0.093σ−3 and (d) 0.126σ−3,
respectively. Each figure shows graphs for different values of σ4n. For
the lowest micellar density (a), it shows a peak at 90◦ angle, hence
confirming that many of the polymers lie to each other, as seen in
snapshots of Fig.4.17(b). Plots in (b) and (d) show two peaks one
around 10◦ and the other around 90◦. The peak around 10◦ corre-
sponds to the formation of aligned domains of micellar chains which
result in sheet-like structures, while the peak around 90◦ shows the
perpendicular arrangement of these sheet-like domains. The figure
(d) shows a peak for a parallel arrangement of micellar chains which
in turn results in the formation of rod-shaped aggregates of nanopar-

ticles.
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(refer Fig.4.1), the effective volume of micelles also gets modified by the density of
NPs present in the system. In the presence of a large number of NPs (lower value
of σ4n), there are relatively more contacts between monomers and NPs, which leads
to a higher value of the effective volume of monomers. Moreover, the number of
contacts also depend on the assembly architecture and the relative organization be-
tween NPs and micellar chains. Therefore, the effective volume of micelles not only
depends on the value of σ4n but also on the NP density as well as the morphology
and corresponding monomer-NP contacts. Hence, the effect of the transformation
from a network-like structure to non-percolating clusters can be understood in terms
of change in the effective volume of micelles.

From the experimental perspective, different values of σ4 would correspond to
micellar chains made up of different chemical compositions such that they have dif-
ferent diameters of micellar chains. Here, it is kept constant (σ4 = 1.75σ). Now,
with a given value of σ4 and micellar density, it is the parameter σ4n that effectively
determines the space available for the incoming NPs inside the simulation box. Ex-
perimentally, in the micelle-NP mixture, the effective repulsion between micellar
chains of a particular composition (with a particular value of σ4) and NPs can be
tuned in to change the value of σ4n and thereby the effective volume available to
NPs. That, in turn, will determine the morphology of NP mesostructures formed in
the presence of a background micellar matrix.

A characteristic quantity that changes with the density of monomers is the aver-
age length of monomer chains. The average chain length of WLMs increases with
increase in the value of monomer density. In the presence of a large number of NPs
(in case of a system spanning network of NPs), monomers are more packed. This is
also seen from the behaviour of g(r) in Fig.4.16) and can be compared to the systems
with a lower number of NPs which result in non-percolating clusters. Therefore, the
effect of the change of NP morphology from network to non-percolating clusters is
expected to be seen in the value of average chain length of micelles. We first discuss
the behaviour of the average length of micellar chains with a change in σ4n, because
that will help us quantitatively better appreciate the behaviour of the effective vol-
ume fraction of micelles.

The behaviour of the average micellar chain length is shown in Fig.4.21(a). Dif-
ferent symbols indicate different micellar number densities. The average length at
σ4n = 1.25σ increases with an increase in the number density of monomers. This
is also consistent with the snapshots shown in Fig.4.3. In that figure, we observe
longer chains for higher values of monomer number densities. An increase in the
value of σ4n from 1.25σ to 1.5σ, reverses this behaviour. This is due to the fact that,
at σ4n = 1.5σ, the micellar chains undergo a change in their arrangement from a dis-
persed to a network-like structure with clusters of micellar chains. This transition is
such that the network-like structure of NPs has the same period for all micellar den-
sities (refer Fig.4.13 and the corresponding snapshots in Fig.4.9, 4.10(a), 4.11(a) and
4.12(a)). At σ4n = 1.5σ, with the same periodicity of NP networks (refer Fig.4.13),
micellar chains with a high ρm are more "crushed" (having smaller chains) compared
to the systems with lower density. Therefore, denser micellar systems have a lower
average length of micellar chains for this particular value of σ4n. This can also be
realized by comparing the snapshots shown in Fig.4.9(a), 4.10(a), 4.11(a) and 4.12(a).
With further increase in the value of σ4n, the number of nanoparticles in the system
decreases and the NP networks start breaking. Therefore, the micellar monomers
get some space to join and form longer chains, thus increasing the chain length. Due
to the presence of a higher number of monomer-nanoparticle contacts in the systems
with higher monomer densities, the effect of the increase in the value of σ4n is also
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FIGURE 4.21: (colour online) Figure (a) shows the variation in the av-
erage length 〈L〉 of micellar chains with σ4n where L is the number
of monomers in a particular chain. Figure (b) shows the plot for the
number of nanoclusters 〈Nc〉 in the system. The quantity 〈L〉 shows
a decrease in its value at a higher value of σ4n where the number
of nanoparticles decreases and the nanoparticle network breaks into
non-percolating clusters. Due to this, the effective density of micel-
lar chains decreases and hence, the average length of micellar chains
decreases. The quantity < Nc > shows a jump from its value of
1 to a larger value when the nanoparticle network breaks into non-
percolating clusters. The nanoparticles aggregates with < Nc >= 1
spans the length of the simulation box as seen in the snapshots and
also confirmed by calculating the largest eigenvalue of the gyration

tensor for these aggregates.
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FIGURE 4.22: (colour online) The figure shows the behaviour of (a)
effective monomer volume fraction (Vmeff/V ), (b) nanoparticle vol-
ume fraction (Vn/V ) and (c) the ratio of effective monomer volume
to the monomer volume (Vmeff/Vm), with change in the value of
σ4n, where Vm = ρm4/3π(σ/2)3V . Each figure shows graphs for
four different values of number density of monomers i.e. ρm =
0.037σ−3, 0.074σ−3, 0.093σ−3 and 0.125σ−3 as indicated by the sym-
bols. With an increase in the value of σ4n, the nanoparticle volume
fraction in (b) decreases while the effective monomeric volume frac-
tion in (a) increases. At a higher value of σ4n, the monomeric vol-
ume fraction shows a decrease in its value indicating a change of
nanoparticle structure from network to non-percolating clusters. In
figure (c), the graph represents the variation of the ratio of the effec-
tive monomer volume fraction to the monomer volume fraction. In
other words, it represents the extent of the effect of the repulsive in-
teractions on effective monomer volume fraction. A high value of
Vm

eff/Vm indicates that the presence of a large number of interact-
ing pairs having repulsive interactions V4 and V4n, which have a cut-
off distances σ4 and σ4n, respectively. The graph in (c) shows high
values for intermediate values of σ4n, where the system shows the
formation of a network-like structure of nanoparticles. However, for
very low values or high values of σ4n, the ratio Vm/Vmeff shows low
values (∼ 0.1 for ρm = 0.126σ−4). This shows that the constituent
particles in the system are away from each other, i.e., at a distance
greater than the cutoff distances of the repulsive interactions V4 and

V4n, for very low or higher values of σ4n.



98 Chapter 4. Effect of ρm on the self-assembly of WLM-nanoparticle system

higher. Therefore, for the same increase in the value of σ4n beyond 1.5σ, the decrease
in the number of nanoparticles is more for a higher value of ρm. Hence, the nanopar-
ticle network is “more broken” for higher ρm. Hence, the average length reverses its
behaviour at 1.75σ, and the average length again increases with ρm as was seen for
the σ4n = 1.25σ system.

As explained earlier, the effective polymeric chain volume depends on the com-
bination of the value of σ4n, the NP number density and more importantly, the num-
ber of contacts with NP and monomers. Therefore, at a higher value of σ4n (> 2.5σ
when the introduction of NPs inside the system becomes relatively difficult), the
number of NPs in the system decreases. Due to this, the effective micellar vol-
ume decreases and hence, a decrease in the average length of micellar chains can
be seen. Lower the number of NPs in the system, lower is the connection between
the percolating network. Thus, decrease in the average length shows the extent of
the breaking of NP network, and the breaking of network-like structures to non-
percolating clusters of NPs is recorded once the average length of chains starts to
decrease. This occurs at σ4n = 2.25σ, 3.25σ and 3.5σ for the values of micellar den-
sities ρm = 0.126σ−3, 0.093σ−3 and 0.074σ−3, respectively. Thus, the behaviour of
the average length of micelles clearly indicates the existence of two points of struc-
tural changes. The first one is for the change from dispersed state to clustering of
micellar chains (from σ4n = 1.25σ to σ4n = 1.5σ), and the other is for the breaking of
NP network into non-percolating clusters at some higher value of σ4n depending on
micellar density. The second point where the nanoparticle network breaks from per-
colating to non-percolating clusters decreases in σ4n with an increase in the micellar
density. Thus the peak in the average length gets broader and shifts to the right as
the value of micellar density decreases. This peak corresponds to 2.25σ and 2.5σ for
the values of ρm = 0.126σ−3 and 0.093σ−3(0.074σ−3). The decreasing part of the
graph is not yet reached for the case of ρm = 0.037σ−3.

Since the change in average length indirectly indicates a change in the effective
volume of micelles, a decrease in the effective volume of micelles is expected around
the point of transformation. To confirm these observations, the behaviour of the
volume fractions of the constituents and the average energies of NPs and monomers
are examined, and the plots are shown in Figs.4.22 and 4.23, respectively.

The Fig.4.22 shows (a) the plot of the effective monomer volume fraction Vmeff/V
(b) NP volume fraction Vn/V and (c) the ratio of effective volume fraction of monomers
to monomers volume fraction Vmeff/Vm. Change in the value of σ4n from 1.25σ to
1.5σ corresponds to the formation of clusters of micellar chains from a dispersed
state, as discussed before. These clusters of micellar chains join to form a system
spanning network-like structure. With further increase in σ4n, the effective volume
fraction of monomers increases at first but then starts to decrease after a certain value
of σ4n (> 2.5σ) for the highest three number densities. The decrease in the value of
the effective volume fraction of monomers corresponds to the transition from the
network-like structure of nanoparticles to non-percolating clusters. This happens at
σ4n = 2.25σ for ρm = 0.126σ−3, σ4n = 3.25σ for ρm = 0.093σ−3 and at σ4n = 3.5σ for
ρm = 0.074σ−3. This change in nanoparticle structure is not observed for the lowest
density of micelles for the values of σ4n considered here. Hence, Vmeff/Vm keeps
on increasing for ρm = 0.037σ−3. In Fig.4.22(b), the nanoparticle volume fraction
decreases with increase in σ4n as introducing nanoparticles in the system becomes
increasingly difficult with increasing σ4n.

The ratio of the effective volume fraction of monomers to their actual volume
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FIGURE 4.23: The Figure shows graphs for variation in the average
potential energy (PE) of (a) monomers, (b) nanoparticles and for dif-
ferent values of monomer densities. Plot (c) shows the monomer and
NP PEs in the same plot, but each subfigure shows data for a partic-
ular value of ρm. With an increase in the value of σ4n, the nanopar-
ticle energy decreases while the energy of micelles increases. At a
higher value of σ4n, the monomer volume fraction shows a decrease
in its value marking the change from network-like structure to non-
percolating clusters of nanoparticles. In (c), the lines showing varia-
tion in monomer PE (filled symbols) and PE of nanoparticles (empty
symbols) intersects at some intermediate value of σ4n. The change
from network to non-percolating clusters of the nanoparticle takes
place at a value of σ4n higher than the σ4n-value at which the intersec-
tion occurs. The points of intersections of the energies of monomers
and nanoparticles for different values of monomer densities are in-
dicated by the vertical lines which get shifted to lower values of σ4n
with the increase in micellar densities. Therefore, with an increase in
the micellar densities the point of change of nanoparticle morphology
from network to non-percolating clusters also gets shifted to a lower

value of σ4n.
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fraction [refer Fig.4.22(c)] shows the extent of the effect of σ4n on the effective vol-
ume fraction of micelles. Its behaviour is exactly similar to the behaviour of the ef-
fective volume of monomers. The behaviour of the ratio Vmeff/Vm indicates the role
of σ4n and micellar density in the arrangement of constituent particles and hence
the morphology of the system. A high value of Vmeff/Vm is obtained when there
exists a clustering of micellar chains as a consequence of an increase in σ4n. When
(V eff
m /Vm) ≈ 1, it shows a dispersed state of micellar chains.

The Fig.4.23 shows the graphs of average energy per particle of (a) monomers
〈Em〉 and (b) NPs 〈En〉. The plot in (c) shows the average energy per particle for both
monomers (filled symbols) and NPs (empty symbols), with data for different values
of densities shown in separate graphs. For the change in σ4n from 1.25σ to 1.5σ, the
〈Em〉 shows an increase in its value for ρm = 0.126σ−3 and ρm = 0.093σ−3 while,
it decreases for ρm = 0.074σ−3 and ρm = 0.037σ−3. This change corresponds to the
transition of polymeric chains from dispersed state to the network of its clusters. We
can consider that these networks are formed in between the network of nanoparticle
aggregates. This is because the volume fraction of nanoparticles is higher than the
effective volume fraction of monomers. The network of monomer chains show same
periodicity of the structure for all ρm (refer Fig.4.13) at σ4n = 1.5σ. Therefore, the
monomers with number densities ρm = 0.126σ−3 and ρm = 0.093σ−3 are "crushed"
in between nanoparticle clusters forming smaller chains compared to the systems
with number densities ρm = 0.037σ−3 and ρm = 0.074σ−3 (refer Fig.4.21).

The existence of smaller chains in the box increases the values of both V2 and
V4 for ρm = 0.126σ−3 and ρm = 0.093σ−3. Hence, the energy of monomers 〈Em〉
shows an increase in its value for ρm = 0.126σ−3 and ρm = 0.093σ−3 but decreases
for ρm = 0.037σ−3 and ρm = 0.074σ−3, for the same change in value of σ4n from
1.25σ to 1.5σ. For the same change in σ4n (from 1.25σ to 1.5σ), the energy of NPs
〈En〉 show a decrease in their value. This decrease in nanoparticle energy is a result
of an increase in the packing of nanoparticles due to increase in σ4n.

With further increase in σ4n, 〈Em〉 decreases while 〈En〉 shows an increase. This
decrease in the 〈Em〉 is due to the increase in the effective volume fraction of monomers
whcih results in an increased chain length. However, 〈Em〉 again shows an increase
after σ4n = 2σ, σ4n = 3σ and σ4n = 3.25σ for ρm = 0.126σ−3, ρm = 0.093σ−3 and
ρm = 0.074σ−3, respectively. This increase in the value of 〈Em〉 corresponds to the
breaking of the nanoparticle network into non-percolating clusters that results in the
decrease in micellar chain length (refer Figs.4.21 and 4.22(a)). Thus the dependence
of average monomer energy on ρm changes for the change in σ4n from 1.25σ to 1.5σ,
this is a consequence of the change from a dispersed state of chains of monomers to
a network-like structure.

Moreover, the transition from nanoparticle network to non-percolating clusters
is also indicated by an increase in 〈Em〉 for higher values of σ4n > 1.5σ. In Fig.4.23(c)
shows the variation in Em and En with σ4n on the same plot for each value of ρm,
the points of intersection of both the energies are shown by vertical lines (dashed).
As the NP network gradually breaks with the increase in σ4n, the NP energy de-
creases and energy of monomers increases. At a value of σ4n, just higher than the
point of intersection of these two energy plots, the nanoparticle network breaks into
individual clusters. With the decrease in micellar density ρm, the point of intersec-
tion of the two energies gets shifted to higher values of σ4n. Therefore, the value of
σ4n at which the NP network breaks into non-percolating clusters also gets shifted
to higher values with the decrease in micellar density.
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FIGURE 4.24: (a) The figure shows the effective volume fraction
Vm

eff/V of equilibrium polymers (micelles) versus the nanoparti-
cle volume fraction Vn/V . The vertical broken line (orange) sepa-
rates the values of Vn/V which correspond to formation of network
morphology of NPs and micelles (right of the vertical line) from the
Vn/V values which correspond to the non-percolating clusters of NPs
(left of vertical line). The exceptions to network morphology are the
points with the highest nanoparticle volume fraction for each rhom.
These correspond to the mixed-phase of NPs and micellar chains.
(b) The figure shows the replot of the figure shown in (a) with the
variable shown in Y-axis replaced by the ratio of VmVm and the sym-
bols indicating the morphology of the system. These two lines divide
the graph into four different regions marked as 1, 2, 3 and 4. The
points in region-1 are for σ4n = 1.25σ which form a dispersed state
(no clustering) of micellar chains (all joined by a (thin-green) hori-
zontal line intersecting the Y-axis at ≈ 1). Region-2 shows the sys-
tems with network-like structures of both nanoparticles and micellar
chains. Regions-3 belongs to the systems forming non-percolating
clusters of nanoparticles in between the clusters of micellar chains.
Finally, the region-4 depicts the systems with non-percolating clus-
ters of nanoparticles in the background matrix of dispersed micellar

chains.
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All these observations can be well explained in a plot of effective micellar vol-
ume fraction versus NP volume fraction, which is shown in Fig.4.24(a). Differ-
ent monomer number densities are represented by different symbols. The orange
coloured dashed vertical line divides the parameter region where NP network struc-
tures are observed from the region of parameters where NPs form non-percolating
clusters. All the points to the left of this line show the systems with non-percolating
clusters of NPs, while all the points to the right show the percolating network-like
structures of both NPs and polymeric chains. The rightmost point for each case of
micellar density (the maximum value of NP volume fraction for each ρm) belongs to
the system which has polymeric chains dispersed in between NPs. In this plot, the
regions having the points showing uniformly dispersed and network-like structures
of micellar chains are not well separated, and they overlap. If we replot this graph
with the variable along the Y-axis replaced by Vmeff/Vm, then the regions with the
dispersed and the network of clusters of micellar chains can also be captured, and
both the morphological transformations can be clearly marked on the graph. This is
shown in Fig.4.24(b).

In Fig.4.24(b), the ratio Vmeff/Vm shows the extent of the effect of change in σ4n

on the effective volume of micelles (refer Fig.4.22(c)). The different morphologies
of the system are indicated by the different symbols. For any symbol, the different
colours correspond to the different micellar densities. At σ4n = 1.25σ and for all the
values of ρm, the value of the ratio Vmeff/Vm remains≈ 1. All such points are joined
by a horizontal line (thin-broken-green) intersecting the Y-axis at ≈ 1. An increase
in the value of σ4n from 1.25σ to 1.5σ leads to the onset of formation of clusters of
micellar chains. All such points with a network-like structure of polymeric chains
are indicated by the corresponding symbol spanning over a large parameter space
in the graph. All the points that show a network-like structure of clusters of micellar
chains occurs above a value of Vmeff/Vm ≈ 2 that is shown by a dashed horizontal
line (green). Therefore, this line approximately marks the change from a uniformly
dispersed state to a network-like structure of micellar chains. With further increase
in σ4n, the NP volume fraction decreases and effective monomer volume fraction
increases. At an even higher value of σ4n (depending on ρm), the NP networks break
to form non-percolating clusters. This is marked by a decrease in the value of the
effective volume of micelles, and all such points are shown by the corresponding
symbol for non-percolating clusters of NPs. Depending on the number density of
monomers, the morphology of these non-percolating clusters changes from sheets
to rod-like structures (with increasing ρm). For all the values of ρm, the change from
network-like morphology to non-percolating clusters of NPs is observed to occur
at a value of NP volume fraction ≈ 0.08. This is marked by a dashed vertical line
(orange).

The combination of the vertical line (orange-broken) and the horizontal line (green-
broken) divides the space into four different regions which are marked as 1, 2, 3 and
4. Each region defines the structural morphology of the system as follows;
Region 1: Uniformly mixed state of micellar chains and nanoparticles with micellar
chains dispersed in between nanoparticles.
Region 2: Both the polymeric chains and the nanoparticles form network-like struc-
tures which interpenetrate each other.
Region 3: Individual clusters of nanoparticles in between the clusters of micellar
chains.
Region 4: In this region all the points show the value of Vmeff

Vm
≈ 1, therefore, the
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FIGURE 4.25: The figure shows the variations of the potential ener-
gies due to (a) V2, (b)V3, (c)V2n, (d)V4 and (e) V4n with the excluded
volume parameter σ4n. The potentials are explained in the modeling
section. All the points are represented along with the error bars for 10
independent runs. The error bars are too low to be visible for all the

plots.



104 Chapter 4. Effect of ρm on the self-assembly of WLM-nanoparticle system

monomer chains are in a dispersed state. However, the nanoparticles form non-
percolating clusters. Therefore, in this region, non-percolating clusters of nanoparti-
cles are present in the background of dispersed chains of micelles.

All the observations discussed in this chapter for the NP-micellar system can be
verified by examining the behaviour of the potential energies involved in the system.
The plots of these potential energies E2, E3, E2n, E4, E4n are shown in Figs.4.25(a),
(b), (c), (d) and (e) due to the potentials V2, V3, V2n, V4 and V4n, respectively. All the
potential energy values are averaged over 10 independent runs with (15− 20)× 105

iterations for each run and are plotted with an error bar. The error bars are too
small to be visible. Moreover, these potential energies are normalized by dividing
them with the number of all combinations of the particles that are interacting with
the concerned potential. A lower value of E2 indicates a higher average length of
the chains and vice versa. The behaviour of E2 in Fig.4.25(a) shows an increase in
its value for a change of σ4n = 1.25σ to 1.5σ for ρm = 0.126σ−3 and ρm = 0.093σ−3

indicating scission of chains. Apart from these two pointsE2 decreases with increase
in σ4n for all monomer densities indicating the increase in chain lengths. However,
with further increase in σ4n, it shows a decrease in its value (except ρm = 0.037σ−3).
This happens at σ4n = 2.25σ for ρm = 0.126σ−3 and at σ4n = 3.25σ for ρm = 0.093σ−3

and 0.074σ−3. Thus, it confirms the behaviour of the average length of chains shown
in Fig.4.21.

Figure 4.25(b) shows the behaviour of E3 with σ4n for different values of ρm.
Longer chains will give rise to a large number of bonded triplets along a chain re-
sulting in a higher value of E3 while, smaller chains will result in a lower value of
E3. Therefore, the decrease in the value of E3 for change of σ4n = 1.25σ to 1.5σ for
ρm = 0.126σ−3 and ρm = 0.093σ−3 is indicative of the formation of smaller chains at
1.5σ. Moreover, with further increase in the value of σ4n, E3 shows relatively higher
values indicating the presence of longer chains. The interaction potential energies
between NPs E2n, shown in Fig.4.25(c), also shows a decrease at 1.5σ indicating an
increase in the packing of nanoparticles in spite of the decrease in its number den-
sity. It then shows an increase in its value at a higher value of σ4n due to a decrease
in its number density.

The potential energiesE4 in Fig.4.25(d) which shows the repulsive interaction be-
tween micellar chains shows an increase in its value when the micellar chains trans-
form to a network-like structure at σ4n = 1.5σ from a dispersed state at σ4n = 1.25σ.
The quantity E4 then decreases, indicating that the average distance between micel-
lar chains increases (chains get out of the range of the potential E4) as σ4n increases.
The repulsive interaction energy between NPs and micellar chains E4n shown in
Fig.4.25(e) also shows the two points of morphological transformations, first a de-
crease in E4n at σ4n = 1.5σ indicating the change in the structure of micellar chains
from dispersed to clusters that join to form network-like structure. The decrease
in E4n is due to the re-organization of micellar chains to form clusters that reduce
the number of monomer-NPs contacts. Then, it increases (or remains constant for
ρm = 0.126σ−3), but again show a decrease in its value when the morphology of NPs
changes from a network-like structure to non-percolating clusters. This decrease is
due to the low density of NPs present in the system at high σ4n. The values of the
repulsive potential energies E4 and V4n are of the order of 10−2kBT , thereby, indi-
cating that the rearrangement of the system architecture with the increase in σ4n is
to avoid the repulsive interactions within the system.

Thus, the plots of E4 and E4n with very low values (of the order of 10−2kBT )
points to the emergence of different kind of self-assembled structures as a result of
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the system trying to decrease the interfacial or repulsive interactions. The repul-
sive interaction potential between NPs and micellar chains V4n will form a phase-
separated state at higher densities in order to reduce the repulsion between them.
But the presence of the steep repulsive interaction potential within the micellar chains
(V4) themselves evokes a competition between the two potentials V4 and V4n. Micel-
lar chains aligned parallelly with the average distance between chains r < σ4, lead
to a higher value of the potential energy due to V4. Therefore, reducing the value of
V4 as well as V4n not only requires a reduction of the interface area between micelles
and NPs but also encourages micellar chains to arrange such that they are out of the
range of the repulsive interaction V4 acting between themselves. For a system with
low monomer density (Fig.4.9), the perpendicular arrangement between micellar
chains which meet at the junctions of the network (refer Fig.4.17(b) and Fig.4.20) is
a consequence of the requirement to reduce the repulsive interaction between them.
By remaining at an angle of 90◦, the possibility of the chains of monomers coming in
contact with each other is very low. With an increased density of micelles (Fig.4.10
and 4.11), the average length of the micellar chains also increases. Therefore, for
higher monomer density if the same structures as shown in figure 4.9 is maintained,
it will lead to increased width of the clusters of micellar chains in the network re-
sulting in high repulsive energy due to V4. Hence, the micellar chains arrange in an
aligned fashion forming thin sheet-like domains and relatively away from each other
in order to reduce values of V4. The steep increase of the potential V4 with r4 dis-
courages those Monte Carlo steps which bring the monomers from adjacent chains
just below σ4, and thus the values of E4 remains much lower than kBT . Micellar
chains which form sheet-like domains have a relatively lower number of neighbour-
ing chains compared to chains in a hexagonally packed arrangement. Moreover, the
arrangement of these sheetlike planes at an angle perpendicular to neighbouring do-
mains (as noted in Figure. 4.20(b) and (c)) also seems to be the part of the strategy
to lower the repulsive potential between micellar chains by reducing the possibility
of contact between the domains. At even higher number densities of micelles, the
chains become very long, and formation of a sheet-like structure would lead to an
increase in the interfacial area between micellar sheets and NPs. This, in turn, will
result in an increase in potential energy due to V4n. Therefore, in this case, the NPs
prefer to nematically arrange themselves with the polymeric chains maintaining a
distance r > 1.75σ from each other to be out of the range of the repulsive potential
V4.
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Chapter 5

Conclusion and future directions

In this thesis, we examine in detail the behaviour of the mixture of nanoparticle
(NPs) and equilibrium polymers (EPs), examples of which are wormlike micellar
systems, with the variation of monomer number density and the excluded volume
parameter (EVP) between micellar chains and nanoparticles. The density of monomers
which self-assemble to form equilibrium polymers affect the self-organization of
aggregates of NPs, which in turn affect the organization and length of the self-
assembled polymeric chains. One obtains a number of interesting equilibrium or
kinetically arrested configurations of NP morphologies, starting from a mixed phase
of NPs and EPs, when the size of NPs are relatively small compared to the width of
micellar chains. For higher values of the EVP, the morphology of the NP aggregates
varies from porous percolating connected network of NPs, where the thickness of
the pores can be suitably controlled by the EVP and number density of monomers to
disconnected aggregates of NPs with varying shape anisotropy values. The NPs ag-
gregate between clusters of semi-flexible polymeric chains, hence instead of nucleat-
ing to spherically symmetric aggregates, they develop into the anisotropic rod-like
aggregates which grow parallel to the alignment of the background semi-flexible
micellar matrix. We establish that the anisotropy of the NP clusters is governed by
the density of the equilibrium polymeric matrix. Furthermore, the steep repulsive
potential between neighbouring micellar chains and its contribution relative to the
repulsive potential between chains and NPs can lead to the formation of a planar
sheet-like arrangement of micellar chains due to self-avoidance, which in turn lead
to planar sheets of NP-aggregates. Apriori, this was an unexpected result for us.
This and the other morphologies obtained are examples of the production of nanos-
tructures via synergistic interactions of the equilibrium polymeric matrix and the
NPs. The value of the volume fraction of NPs for the transformation from network-
like morphology to non-percolating clusters of NPs is approximately identified as
≈ 0.08. We summarize the different kinetically arrested morphologies obtained in
a (non-equilibrium) phase diagram with the effective volume fraction of EPs and
the volume fraction of NPs on the two axes. There have been experimental stud-
ies (Helgeson et al., 2010) which explore the fundamental aspects of the wormlike
micelle and NP interactions, where they see “double network” of micelles and NPs.
But there the underlying interactions are expected to be different, with chains getting
attached to NPs to form a network of micelles. We have purely repulsive interaction
between chains and NPs.

Understanding the underlying physical mechanism and energetics of the differ-
ent morphologies obtained due to synergistic interactions between self-assembling
polymers and attractive NPs is expected to help the experimental scientist fine-tune
the relevant parameters to control the yield of different porous nanostructures with
the required surface area and porosity. The Figs.4.24(a) and (b) can be used as a guide
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to chose a suitable volume fractions of wormlike micelles and nanoparticles in or-
der to obtain the desired morphology. It should be noted that the non-percolating
clusters are obtained only when the nanoparticle volume fraction is less than 0.08.
Moreover, the desired shape of the non-percolating NP clusters can be obtained by
a suitable choice of micellar volume fraction. It is clear from the plot that the shape
anisotropy of the NP clusters is governed by the micellar volume fraction. The mi-
cellar volume fraction also governs the shape anisotropy of the NP clusters in case of
percolating networks. Thus, affecting the pore shape and pore size of the network.
However, the pore size can also be tuned by changing NP volume fraction. There-
fore, a suitable choice of the volume fraction of wormlike micelles and NPs gives
rise to the desired morphology.

The micelles can be dissolved away once the NPs aggregate and self-organize
to suitable morphology. This might have significant relevance, for example, in the
design of batteries materials and super-capacitors, where one needs to balance be-
tween large surface area (to increase charge storage) as well as large pores to enable
quick dynamics of ions during the charging and discharging process, which affects
power density. On the other hand, the NPs could also be possibly dissolved away
after the self-assembled polymers are made into gels by addition of suitable addi-
tives to enable the experimentalist to obtain polymeric sponges as has been demon-
strated using ice-templating techniques (Biswas, Choudhury, and Kumaraswamy,
2016; Chatterjee et al., 2017). We expect the EP-NP morphologies to be kinetically ar-
rested phase separating states, except when the value of σ4n = 1.25σ when we get a
thermodynamically stable mixed state. We use grand-canonical Monte Carlo scheme
to introduce (and remove) NPs at randomly chosen positions in the box, this might
seem difficult to realize experimentally in a relatively dense polymeric matrix. How-
ever, one could possibly have a background solution in which the monomers self-
assemble to form equilibrium polymers, and then appropriately chemical reagents
could be added to initiate nucleation of nanoparticles out of the solution which
would then aggregate and self-organize into the suitable morphologies depending
on the synergistic interactions with the background polymeric matrix.

We also would like to increase the scope of this work to investigate the effect of
change of nanoparticle interaction, their size and shear.
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