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Abstract

Black holes are solutions of classical Einstein gravity. They also have information
about the quantum nature of the theory of gravity. Thus black holes provide a good
laboratory to study some aspects of quantum gravity. In particular, the entropy of
black hole is an important property to study. Entropy carries information about the
degeneracy of the micro-states associated with a black hole. When the theory gets
quantum corrections, the corresponding micro-state degeneracy changes and hence
the black hole entropy also changes.

String theory is a promising candidate of quantum gravity. Hence, we study black hole
solutions that appear as solutions in string theory. In particular we study supersym-
metric and non-supersymmetric black hole solutions in supergravity theory (which is
the low energy/classical limit of string theory). We only concentrate on N' = 2 su-
pergravity theory. A new class of higher derivative terms has been recently found in
this theory. Since these terms appear at higher order in derivatives, they are able to
produce quantum effects in the corresponding black hole solutions.

In this thesis, we try to see if a special case of this higher derivative term, known as the
Gauss-Bonnet term, affects the entropy of supersymmetric and non-supersymmetric
black hole solutions or not. Our results signify that while the term does not change
the entropy of supersymmetric black holes, it can potentially change the entropy of
non-supersymmetric ones. We further aim to find the exact correction to its entropy.
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Chapter 1

Introduction

1.1 The Big Picture

The ultimate goal of physics is to find a unified theory that could explain all the phys-
ical aspects of the universe. Such a hypothetical theory is called the theory of every-
thing. There are four fundamental forces in nature — the electromagnetic force, the
weak nuclear force, the strong nuclear force and the gravitational force. The first three
forces — electromagnetism, weak and strong forces have been unified under the frame-
work of the Standard Model. But there is yet to be found the theory that could unify
these three forces with Einstein’s gravity as well. String theory is a candidate for the
theory of everything.

The first three forces describe the microscopic world of elementary particles, based
on quantum mechanics, while the fourth force, i.e. the gravitational force, describes
the dynamics of very massive objects over very large distances. In order to develop
a theory of quantum gravity, it would be extremely helpful if we could study objects
that need both quantum mechanics and general relativity for their description. Black
holes are such objects. They need general relativity since they are extremely big and
massive, exerting high gravitational force, and they need quantum mechanics since
they emit radiation (known as Hawking radiation), which can be fully explained only
by quantum mechanics. Hence, we study the entropy of black holes.

Our calculations have been carried out in the framework of supergravity, which is the
low energy/large distance limit of string theory. Supergravity is a macroscopic and
effective description of the microscopic description of strings in string theory. In the
classical limit, when quantum effects are neglected, supergravity reduces to general
relativity, thus providing a bridge between the non-experimentally verifiable string
theory and the experimentally verifiable general relativity. Quantum corrections in
string theory are effectively encoded in supergravity through new types of interactions
between elementary particles (low energy/large distance approximation of strings),
known as higher derivative couplings.

Since last several years many studies have been carried out to find the entropy of ex-
tremal black holes. The entropy of extremal supersymmetric black holes have been
found to consistently take the same value through all the various methods used to
compute them. Some of the methods used to compute the entropy of these black holes
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have been Wald’s formalism, one particle irreducible (1PI) action formalism, Wilso-
nian effective action formalism, dimensional reduction of 5D theory to 4D, Sen’s en-
tropy function formalism, etc. This success has led us to ask if such a consistency of
results can exist for the entropy of non-supersymmetric black holes as well.

Not much work has been done on the study of the entropy of non-supersymmetric
black holes. Kraus and Larsen have given a general expression [4, 5] for the entropy
of a class of extremal non-supersymmetric black holes obtained from the reduction
of 5 dimensional theory to 4 dimensions, and having the near horizon geometry as
AdS; x S? in 5D. Sen calculated the entropy for non-supersymmetric black holes us-
ing his entropy function formalism [6] and found that his results disagree with those
obtained from the expression given by Kraus and Larsen. He gave four possibili-
ties to explain this discrepancy out of which he ruled out three. The only possibility
that remains to explain the discrepancy is that there are some supersymmetric higher
derivative terms missing in the 4D Lagrangian, which would otherwise come from the
dimensional reduction of higher derivative invariants from 5 to 4 dimensions.

There are two classes of supersymmetric higher derivative invariants constructed in
[7] and [8]. In this thesis we study the higher derivative invariant given in [8]. In
chapters 3 and 4, which are largely based on [8, 9], we see the framework in which the
new higher derivative term is derived and how it has been arrived at. In chapter 5 we
see if the Gauss-Bonnet term (which is a curvature-squared term) obtained from the
higher derivative term, contributes to the entropy function of extremal black holes or
not.

1.2 Supersymmetry

Supersymmetry is a symmetry that acts on the fields of a theory and not on spacetime.
It is like an internal symmetry but still different in nature as will be highlighted later.
Supersymmetry transformation converts bosons and fermions into one another. This
is analogous to how in the standard model, colour SU(3) group mixes the colour states
of a given quark flavour among themselves and the weak SU(2) group mixes fields
of weak doublets. Supersymmetry transformations happen via the algebras called su-
peralgebras, which generalize the concept of Lie algebra to include algebraic systems
that are defined by both commutators and anticommutators. The schematic form of
the algebras is as follows:

{QQti=Xx [XX]-=X" [QX].=¢Q (1.1)

Here X, X" and X" denote the commuting (bosonic) part of the algebra while Q, Q" and
Q" denote the anticommuting (fermionic) part of the algebra. Since the supersymme-
try generators, known as supercharges, convert particles with half integer spin to those
with integer spin and vice versa, they have a spin half of their own, and thus form
spinor representations of the Lorentz group in contrast to to the usual Lorentz scalars
that generate symmetry transformations.

One feature of supersymmetry that markedly distinguishes it from the standard model
is its intimate link to spacetime transformations, unlike the internal symmetries of the
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standard model. Transforming a field under supersymmetry twice successively gives
back the same field at another spacetime position than the initial one (can be seen more
precisely from the first equation of 3.12).

In supersymmetry, boson-fermion pairs of equal masses cancel each other’s loop cor-
rections exactly, thus making most of the UV divergences of conventional quantum
field theory disappear and solving the hierarchy problem of the standard model.

1.3 Supergravity

The supersymmetric extension of general relativity is supergravity. On imposing in-
variance of a theory under local or gauged supersymmetric transformations, new
fields enter into the theory which make it invariant under general coordinate trans-
formations. Such a theory is called supergravity. Supergravity contains gauge fields
for both spacetime translations P, and supersymmetric transformations generated by
Qu. It contains the graviton described by Einstein gravity, along with its superpartner
called the gravitino, predicted by supersymmetry.

1.4 Importance of Supersymmetry in Black Hole Entropy

Black holes, being classical solutions of Einstein gravity, appear in supergravity as
well. The black holes that appear in supergravity have some special properties. A par-
ticular class of black holes, known as Bogolmonyi-Prasad-Sommerfield (BPS) black
holes, satisfy an equality leading to unbroken supersymmetry in the spacetime near
the black hole. Why this class of black holes has been studied most extensively for cal-
culating black hole entropy so far, is because they can be used to calculate the entropy
when the black hole constituents, viz. branes and strings are not interacting with each
other. The advantage of studying BPS states is that the interaction free scenario that
they describe, gives the value of the entropy which holds even when the couplings get
turned on.



Chapter 2

Computation of Black Hole Entropy

2.1 Bekenstein-Hawking Entropy

The concept of the entropy of a black hole first arose when Bekenstein proposed it, on
finding parallels between the area of the event horizon of a black hole and thermody-
namic entropy. It was known that the horizon area of a black hole can only increase
with time and the total horizon area of a black hole formed after the merging of two
individual black holes, cannot be smaller than the sum of the horizon areas of the con-
stituent black holes. This characteristic of the horizon area of a black hole showed
similarities with the nature of entropy. The existence of black hole entropy could also
explain why black holes do not violate the 2" law of thermodynamics, according to
which the entropy of the universe can only increase (and not decrease by the loss of
matter and entropy fallen into a black hole).

Hawking, in an attempt to disprove Bekenstein’s proposal of black hole entropy, ended
up proving that black holes do indeed have entropy, and derived the following rela-
tionship between black hole entropy and the area of the event horizon of a black hole:

kb03 A

= = 2.1

S Gh 4 @1)

where k; is Boltzmann constant, ¢ is the speed of light, A is the area of black hole
horizon, G is Newton’s gravity constant, and 7 is the Planck-Dirac constant /1 /27t.

2.2 Quantum Corrections to Black Hole Entropy

In the limit of large horizon size, i.e. small curvature, the value of black hole en-
tropy comes out to be fairly accurate. However, in the case of large curvature and
strong field strengths at the horizon, quantum corrections need to be added by adding
higher derivative corrections to the effective action of string theory, i.e. supergravity.
This thesis is about the computation of these quantum corrections and their effect on
the entropy function of extremal black holes.

There exists a general formula for black hole entropy in the presence of higher deriva-
tive terms, known as Wald’s formula. In the extremal limit, Wald’s formula for spher-
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ically symmetric black holes is given by:

58
Spi = 87 / 46 d¢p Nararay (2.2)
H 5thrt

where H denotes the horizon of the black hole and S denotes the action.

2.3 What kind of black holes are we going to study?

In this thesis, we would be looking at a special class of black holes in string theory,
known as extremal black holes. The reason for studying them is that theirs is the only
class of black holes for which the computation of statistical entropy has been possible
so far, which allows its comparison with the Bekenstein Hawking entropy. An ex-
tremal black hole is a black hole having the minimal possible mass compatible with
given charges and angular momentum. Also, it has zero temperature, and hence it
cannot Hawking radiate. However, it has a finite horizon area, due to which it has a
finite entropy.

The operational definition of a spherically symmetric extremal black hole in four di-
mensions, which is required in a general higher derivative theory of gravity, is quoted
as the following postulate from [6]:

"In any generally covariant theory of gravity coupled to matter fields, the near horizon geom-
etry of a spherically symmetric extremal black hole in four dimensions has SO(2,1) x SO(3)
isometry.”

An extremal black hole can be of two kinds:

i) Supersymmetric/BPS Black Hole: Such a black hole is invariant under a certain
number of supersymmetry transformations. It obeys the attractor mechanism,
which tells that the near horizon configuration of a black hole depends only on
its electric and magnetic charges.

ii) Non-supersymmetric/Non-BPS Black Hole: Such a black hole is non-invariant
under any supersymmetry transformation.

2.4 Sen’s Entropy Function Formalism

Out of the various possible methods for calculating the entropy of black holes, as
mentioned in section 1.1, one is Sen’s entropy function formalism [6], which is the
method we use. This formalism is applicable only for extremal black holes. Extremal
black holes can be both supersymmetric and non-supersymmetric, but supersymmet-
ric black holes are always extremal. Using Sen’s entropy function, we get to find the
entropy of both — supersymmetric as well as non-supersymmetric black holes, pro-
vided they are extremal.

A generic four dimensional spherically symmetric extremal black hole has AdS, x S?

8



near-horizon metric configuration with constant scalars and constant field strengths.
The radii of AdS, and S? metrics and the values of the scalars and the field strengths
are known as near horizon parameters, that depend on the particulars of the theory.
Using the entropy function formalism, we find the values of these parameters in terms
of the physical charges of the black hole.

This formalism assumes the existence of the full black hole solution. Then using the
Lagrangian of the theory (that has the extremal black hole as a solution), it allows to
construct a certain function, known as the entropy function, which on extremization
with respect to the near-horizon parameters, gives fixed values to those parameters.
The value of the entropy function at those extremized values of the parameters gives
the entropy of the black hole. Below, we give an example of a four dimensional ex-
tremal Reissner-Nordstrom black hole.

24.1 Using Sen’s Entropy Function Formalism for Reissner -
Nordstrom Black Hole

The action of a four dimensional Reissner Nordstrom black hole in Maxwell-Einstein
theory is given as

1

S = / d*x /—detgL where L = 11—6nGNR — ZFHVFVV. (2.3)

The notations for Christoffel symbols and Riemann tensor that we use are as following;:

1
rf/lp = Egﬂa (ayggp + apg(TV - aUgVP)
Ryvp(f = 891“50 — aariljp + rgprll/—(f - rggr};p
Ry, = RVUW, R =g"Ryp. (2.4)

The most general AdS, x S? near-horizon background for an extremal Reissner Nord-
strom black hole, which is SO(2,1) x SO(3) symmetric, is given as following:

d 2
ds? = vy (—rzdtz n riz) o, <d92 4 sin? 9d¢2)

sin 6
FEi—e,  Fpp=" — (2.5)

Sen’s entropy function is given by

E(v1,v2,6,4,P) =21 (—% 7.€— /d@dgb \/ —det gﬁ) (2.6)



In this case

S detel — Lo (222 e 1 a2
/d@dcp detg £ = 4mvv; [1671GN( + )+201 e 202 <4n>

0 (%)
(2.7)
Therefore
E(v1,v0,6,4,7) =271 (—% g.¢ — /d@dqb \/—detgﬁ)
o |—lge— (20, —20)) =2 22 42 L (i)z (2.8)
2 4GN 01 (%) 47t
On extremezing the above function with respect to ¢, v; and vy, we get
2 2
__ 9 I 4
e —= 877 01 = 0p = GN 1677 (2.9)

Substituting these extremized values of the near-horizon parameters into the entropy
function &, we get

SBH =& 16

(2.10)

Hence, we have seen a working example of Sen’s entropy function formalism. We shall
apply this formalism to calculate the entropy of extremal black holes that appear in
N = 2 supergravity, even in the presence of higher derivative corrections. Since N’ =
2 supergravity is much more involved than the simple Einstein-Maxwell theory, the
corresponding computations would be complicated. But the basic idea would be the
same, that is, the near horizon ansatz for all fields will be dictated by SO(2,1) x SO(3)
isometry and their evaluations will be solutions of some alegbraic equations.
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Chapter 3

Conformal Supergravity!

3.1 Why go to conformal supergravity?

Our space is described in the framework of local Poincaré supergravity, but we are
going to describe our theory in conformal supergravity or the superconformal formal-
ism. Local Poincaré supergravity and its matter couplings are expressed in terms of
large irreducible multiplet representations that transform non-linearly under local su-
persymmetry. On the other hand, superconformal formalism gets expressed in terms
of minimal representations that transform linearly. Moreover, representations of the
off-shell superconformal algebra are easier to find than their Poincaré counterparts.
Therefore, we go to conformal supergravity. First let us see what is conformal gravity.

3.2 Conformal Gravity

Conformal gravity relies on the conformal group, the largest group of spacetime sym-
metries of a field theory. Poincaré group is a subroup of the conformal group. Increas-
ing the size of the group from Poincaré to conformal, brings in more fields along with
more constraints and hence symmetries. One of the symmetries present in the con-
formal group i.e. scale invariance, gives the same physics for all energy/mass scales.
But we are trying to study quantum corrections to supergravity (which we will come
to shortly, after bringing in supersymmetry) through higher derivative terms. Super-
gravity is an effective theory, i.e. it is a low energy limit of string theory, implying it
need not give correct results in the high energy limit (where quantum corrections start
playing a role). Therefore, we need to fix the scale gauge of our theory, thus breaking
scale invariance. This is done using compensating multiplets.

The conformal group is the group of transformations SO(4,2). It is generated by trans-
lations P,, Lorentz transformations M,;, dilatations D and conformal boosts K, or spe-
cial conformal transformations. Note that the translations and Lorentz transforma-
tions of the conformal group, form the Poincaré group, due to which it is a subgroup
of the conformal group. The transformation parameters and the gauge fields associ-
ated with the four transformation generators of the conformal group are listed in the
table below.

1This chapter and the next one are substantially based on [8, 9]
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generator | P* M%™ D K°
gauge fields || ¢,* w, " b, £,
parameters | &% € Ap A%

In the context of conformal gravity, the above mentioned generators are treated to be
internal symmetry generators?, acting on the corresponding (gauge) fields. Internal
symmetry transformations act on the gauge fields corresponding to the symmetries of
the group, which are the fields required to preserve the symmetry structure of the the-
ory (through certain constraints), but these transformations do not act on spacetime co-
ordinates. Spacetime transformations act on spacetime coordinates, and consequently
on all fields too. Internal symmetry transformations mix the fields of the symmetry
group and keep the results of the transformations within the domain of the fields, and
not that of spacetime coordinates. In conformal gravity, we want to construct an action
(which is a functional of fields) invariant under the action of the group. Therefore we
allow the conformal generators to act only on the gauge fields of our theory to gener-
ate an internal symmetry group, as opposed to space-time transformations.

The infinitesimal transformations of the gauge fields associated with the four symme-
try generators mentioned above can be obtained from the algebra of the SO(4,2) group
as following:

de," = DyuG" — Ape,” + s“beyb (5w,ﬂb = Dye"b +2 Akl eyb] + 2¢le f#b}
517;1 = ayAD + AKa €ua — Caf}la ‘5f;4a = DVAKa + Ap fya + eubfyb 3.1)
where D, are the derivatives covariantized with respect to linearly transforming bosonic

symmetries which, in this symmetry group, are dilatations and Lorentz transforma-
tions. An example of D), acting on a parameter is

Dyg" = (9 +by)" — w5 (3.2)

The full covariant derivative D), contains D, along with the conformal boost connec-
tion f,” which transforms non-linearly.

In a theory of gravity (constructed using general relativity), transformations are ex-
pected to be spacetime transformations or general coordinate transformations, allow-
ing the theory to be local. Therefore, we need to be able to connect the internal symme-
try transformations with the spacetime transformations. This is done using covariant
curvatures, which are generated by the commutator of covariant derivatives D, as
following:

[DHI DV] () = ( - %Ryvab(M)Mab + Ryva(P)]Pu + Ryv(D)]D + Ryva(K)]Ka) () (3.3)
where - denotes a general covariant field.

The covariant curvatures corresponding to the four symmetry transformations of the

2We can do this in the corresponding tangent frame
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conformal group are as following:

R(P)yya =2 D[Vey]”

R(M)u = 2% " —2%“ e’ =4 ful e’
R(D)u = 29),by) — 2 f,"
R(K)VV - ZD[yfv (3.4)

Equating the general coordinate transformations to the covariant transformations of
the conformal group, gives the following constraints on covariant curvatures, which
are known as conventional constraints:

R(P)" =0, R(M)uw"e" =0. (3.5)

The transformation rules 3.1 remain unaffected on imposing the conventional con-
straints 3.5 as these constraints are invariant under Lorentz transformations, dilata-
tions and conformal boosts.

We now intend to construct two conformally invariant Lagrangians. We take a scalar
field ¢, which transforms under dilatations as

dp¢p = wAp¢ (3.6)

where w is the Weyl weight of ¢. Now we write down the various possible conformally
covariant derivatives of ¢ that can appear in the Lagrangian, up till the fourth order.

Du¢ =Du¢p = oy — whug,
DuDa¢ =DyDa¢p + W fua ¢
D,0.¢ =D,0c.p + 2(w — 1)fyaDa(,b,
0.0 ¢ =D, DO + (w +2) f Uegp +2(w — 1) fra D¥Dp, (3.7)

where U, = D, D¥, the fully covariant d’Alembertian. The K-transformations of the
derivatives above are as following;:

(SKDu(P = — T/UAKa (P/
0kDyDap = — (w+ 1) [Aky Do + Axa Dy ¢ + epaAx” Dygp,
ox0ep = —2(w — 1) A" Dagp,
oxkDyOc¢p = — (w +2) Ay Ocp — 2(w — 1) A" DyDagp,
ox0c0ep = — 2(w — 1) A" Oe Dagp — 2(w + 1) A" Dylep . (3.8)

Since we want conformally invariant transformations, we look for those transforma-
tions above which can somehow be set to 0. We find that the following two transfor-
mations can be set to 0 by giving particular values to the Weyl weights:

oxep = 0 (forw =1) (3.9a)
ox0c0cp = 2 A" (Oc Dy — D) (for w = 0)
= 2 Ax"(D%[Dy, D4]¢ + [Dy, Da] D¢)  (using Ricci identity and
=0 curvature constraints) (3.9b)
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Now we multiply the above two derivatives with a similar scalar field ¢’ having the
same Weyl weight as of ¢, in order to bring kinetic terms into the Lagrangian, thus
bringing in dynamical degrees of freedom. We get the following two conformally
invariant Lagrangians upto total derivatives:

e Lo Ocp=—D'' D+ f ', (forw =1)
(3.10a)

e 'L oc ¢ Oldcp = D*¢' D*p+2D'¢ 2 f(, eypa — f uv] D', (for w =0)
(3.10b)

Both the Lagrangians are symmetric in ¢ and ¢’'.

Out of the four gauge fields that have been used so far, viz. e#“,wyab, b, and f,°,
only ¢,” and b, are independent, since wy“b and f," depend on e," and b, as can be
seen from their definitions in A.5. ey” is invariant under K-transformation while bﬂ

transforms as
dxby = Axy (3.11)

In order to keep the Lagrangians 3.10 conformally invariant, all the b, dependence in
them (which is conformally non-invariant) cancels out.

3.2.1 Analysis of Lagrangian 3.10a

In Lagrangian 3.10a, since the dependence on b,, which is the gauge field of dilata-
tions, cancels out, the Lagrangian is invariant under dilatations. This dilatational in-
variance gives us the freedom to give certain convenient values to its terms, through
dilatations. The product ¢’¢ can be made to transform under dilatations with a Ap
such that it gets transformed to a constant. In such a case, the 2" term would be
proportional to f = f,* = tR(e,b). Thus it would become proportional to the Ricci
scalar, giving us the Einstein Hilbert term.

When ¢’ and ¢ are the same, setting their product constant tells us that that ¢ would
be constant, making the kinetic term 0. When ¢’ and ¢ are not the same, their con-
stant product allows to express ¢’ in terms of ¢, thus enabling to write the kinetic
term exclusively in terms of ¢, proportional to (9,¢)?/¢?*. In this case the Lagrangian
describes a scalar field coupled to Einstein gravity.

3.2.2 Analysis of Lagrangian 3.10b

The scalar fields in Lagrangian 3.10b, having weyl weight 0, cannot be given arbitrary
values as in the case of 3.10a as they cannot dilate. Even though this Lagrangian
is a four-derivative one, it does not have any curvature squared term in it, which is
possible only by the presence of f,* terms in (.l ¢ as given in 3.7. Having set w=0
cancels the fy“ terms, due to which there are no curvature squared terms. Yet, this
Lagrangian lays out the basic structure of a four derivative conformal Lagrangian,
which will be used ahead to develop more involved higher derivatives, which would
also end up yielding curvature squared terms.
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3.3 N=2 conformal supergravity

One particular advantage of working in A'=2 supergravity is the liberty to close the
superymmetry algebra off-shell, which is often not possible in higher extended super-
symmetry. In the on-shell formulation, the algebra and transformation rules of the
theory depend on the dynamical equations of the fields which vary from theory to
theory. Using dynamical equations of motion is particularly more complicated in the
case of higher derivative interactions, due to which it becomes even more necessary to
close our algebra off-shell.

3.3.1 Weyl Multiplet - the gauge multiplet

Conformal supergravity allows to describe gravity as a gauge theory of the supercon-
formal group. In order to build this theory, its gauge and matter structure are required.
Weyl multiplet is the supermultiplet containing all the gauge fields of N'=2 supercon-
formal algebra. The matter multiplet of conformal supergravity is the chiral multiplet,
which would be presented shortly.

The superconformal group has four more generators added to the pre-existing four
generators of the conformal group. All the generators of the superconformal group
along with their corresponding gauge fields and parameters are listed in the table be-
low:

generator P, My, D K, Q,-. S; ’ Vi{ A
gauge fields | ¢,” wy”b by fu." szl 4>P,f V' . Ay
parameters | & & Ap Ag € 11" Agy (2)1 j Ay

i) Q'(Q;) are the Q supersymmetry generators of super Poincaré algebra and are
hence physical. They satisfy the following algebra:

{QUQ } — 251( ) ar {Qi/ Q]} = Zsljg(A)/
(M, @) = —3Q(va) [P0 Q] = —5 Q) 3.12)

This algebra is invariant under the R-symmetry group U(2) ~ SU(2)xU(1), which
commutes with the Lorentz group, rotating the supercharges, while leaving the
supersymmetry algebra invariant.

ii) S(S;) are the new supercharges on which the commutator between Q'(Q;) and
K, closes. They generate an auxiliary fermionic symmetry, S-supersymmetry,
which is unphysical.

(Ko, Q) = —712S" {S',5;} = v"K.5;, (3.13)

The anti-commutator between Q and S j closes only on the inclusion of R-symmetry
algebra U(2) [ref 70].
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iii) V;/ are the generators of SU(2) symmetry. They are anti-hermitian and traceless,
ie. Vy]:— uj andVyl

iv) A is the generator of U(1) symmetry.

Due to the addition of Q and S supersymmetry, the transformation rules of gauge
fields 3.1 and their associated curvatures 3.4 get modified by the addition of extra
terms (see A.3 and A.6 for details). The off-shell degrees of freedom are reduced due
to the gauge invariances brought in by superconformal gravity. In order to preserve
the degrees of freedom of the theory, three auxiliary fields need to be added, which
complete the Weyl supermultiplet.

The three fields are:

i) T,;" - an (anti-) selfdual tensor, anti-symmetric in both ab and ij indices, hence
being a singlet under SU(2) transformations

ii) D - a real scalar field
iii) x' - a chiral spinor.

The addition of these fields balances fermionic and bosonic degrees of freedom, which
is necessary in a supersymmetric theory.

w,f‘b and f," depend on ¢,” and b, while cp;, depends on other gauge fields, as can be
seen from their definitions in A.5. All the other gauge fields of the Weyl supermulti-
plet except these three are independent.

3.3.2 Chiral Multiplet - the matter multiplet

We now introduce the matter multiplets of our theory, that would act as compensators
required for fixing the gauge of conformal supergravity in order to get physical results
from it. First let us look at the compact form of a chiral multiplet, which is given
by a chiral superfield. A superfield ®(x*,6,6") is a Taylor expansion in terms of the
Grassman coordinates or the  coordinates. The coefficients of the 8 coordinates are
functions of both bosonic coordinates x* and fermionic coordinates 6/, where i = 1, 2...
N. The general form a chiral superfield (with fermionic indices suppressed) is given
as following:

O(x",0,0') =A+0Y; + 919 Bjj + eljelyabefr
1 .
+ 5[e,-,-ewﬂbef]e)“(ry“b)g/\m + E[e,-jelry“bef]zc (3.14)
From this compact expression of a superfield, one can read off the components of the

chiral multiplet, which are the coefficients of the  coordinates in 3.14. Note that this
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expansion is always finite due to the anti-commuting properties of Grassman vari-
ables. Thus, the chiral supermultiplet in N' = 2 supergravity has the following com-

ponents:

(1) A: a complex scalar field with the
lowest Weyl weight

(2) ¢z an SU(2) doublet fermion, one
of the two components of Majorana
spinor

(3) Bjj: a complex SU(2) triplet of scalars

(4) F,: a complex anti-selfdual Lorentz
tensor

(5) A;: another SU(2) doublet fermion,
the other component of Majorana
spinor

(6) C: a complex scalar field with the

highest Weyl weight

The weyl and chiral weights of the multiplet components give the numerical coeffi-
cients of the components while undergoing dilatations and U(1) transformations re-
spectively. For a chiral multiplet, weyl and chiral weights are related by c=—w. They
are listed in the table below:

A Y Bjj E, A C
w+i o w+l w4+l w+d w42
c | —w —w—l—% —w+1 —w+1 —w—l—% —w—+2

w w

Table 3.1: The weyl and chiral weights of N' = 2 chiral supermultiplet components with
reference to the arbitrary weyl weight w of the lowest weyl weight component A

The transformations of the chiral supermultiplet components under Q- and S-supersymmetry
in curved superspace, are given as following;:
SA =&'Y;,
0¥; =2 Ae; + Bijel + 39"F, e;6/ +2wA;,
0B =2&;DY;) — 28 A e +2(1 — w) 7Y,
OF, =YeeDyy¥; + 1&vuhi — 11+ w) €/ fiva Y,
SA; = — 37" DF, e; — DB;je*ey + Cejjel + L (DA Y Tapij + w0 A Dy Topij) ey
— 37,8 e XY ¥ — (14 w) Bije i+ 3(1 — w) v Fyyi,
6C = —2€TgDA; — 6&x; e*e/' By
— LeeM ((w — 1) ey D Topa¥) + ey Tk D)) + 2 we A, (3.15)

The derivatives D in the equations above are the fully covariantized derivatives for
each component. They include the derivatives D, which are covariant with respect
to all the linearly transforming bosonic symmetries, viz, dilatations, U(1) and SU(2)
transformations, and Lorentz transformations. The special conformal transformations
K,, which are also bosonic, are not included in D as they transform non-linearly, but
are included in D. D also includes the covariantizations with respect to fermionic
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symmetries. A noteworthy feature of the supersymmetry transformations in 3.15 is
their linearity.

3.3.3 Vector Multiplet - a reduced chiral multiplet

As has already been mentioned in section 3.2, we need compensating multiplets to
fix the gauge of the theory in order to break scale invariance. Chiral multiplets have
the potential to act as compensators on being reduced to certain special kinds of mul-
tiplets, such as the vector multiplet. A vector multiplet is a special case of the chiral
multiplet which is obtained when the chiral mutliplet has weyl weight 1 and obeys
the following constraint:

Vi]'X = Siksjl 7”22 ’ (3.16)
where X represents any component of the vector multiplet and V; is a 2nd order anti-

symmetric tangent space derivative in curved superspace (see appendix A.2). Written
explicitly, the constraints are as following:

Bij = siksﬂBkl <— reality constraint on B;;

A = —¢g;dy!

C=—20°A

9,F % = g,Ftab <— Bianchi identity for Y which

is now a physical field strength (3.17)

The last constraint shows most explicitly how the introduction of the vector multiplet
makes the theory physical. The independent fields of the vector multiplet are denoted
by (X, €}, Yij, F ;). They are connected to the components of the chiral supermultiplet
as following:

Alvee = X,

Pilvee = Qi ,

Bijlvec = Yij = egep YV ,
Fa_b|vec =Fp=Fp+ % ('ﬁpir)/ab’)’p o+ X’ﬁpi’)’pa'}’ablpaj -X Tabij)eij ,

Ailvee = —&ij POV,

Clvec = —20.X — 175 T%;e — 33,01, (3.18)

where F;, is the supercovariantization of the abelian field strength W, i.e. F,, =
Zea[‘uebv]ayWV.

The weyl and chiral weights of the vector multiplet components are shown in the fol-
lowing table:
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~

IERTR
1 0 2
0 0

Table 3.2: The weyl and chiral weights of ' = 2 vector supermultiplet with reference to the
arbitrary weyl weight w of the lowest weyl weight component X

The Q- and S-supersymmetry transformation rules for the vector multiplet compo-
nents in superconformal background are as following:
06X = éiQi ,
6Q0);, =2pXe; + %Si]'ﬁw/’)/ﬂvej + Y1]€] +2 X?]Z ,
Wy =78 (7,0 + 2, X) + €5 (7, Y + 29,/ X)),
(SYi]' =2 é(ZDQ]) +2 €ik€j] é(kDQl) . (3.19)

Now that all the multiplets required for superspace and component calculus have been
presented, along with their transformation rules under supersymmetry, we can go on
to see the construction of the Lagrangians in superconformal formalism.
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Chapter 4

A New Higher Derivative Term

In order to calculate quantum corrections to the entropy of a black hole, we need to
add higher derivative terms to the Lagrangian of the black hole solution. These terms
encode finer interactions between the strings and D-branes composing the black hole.

4.1 Previously found higher derivative terms

There have been quite many higher derivative terms found and studied previously,
such as those containing the field strengths for supersymmetric gauge theories [10,
11, 12, 13, 14], those involving a chiral invariant having square of the Weyl tensor,
by Bergshoeff, et al. [15], and those formed from tensor multiplets by de Wit, et al
[16]. In the context of minimal Poincaré supergravity, an R* term has been generated
using full superspace integral [17]. Butter and Kuzenko found higher derivative La-
grangians in projective superspace in [18]. Bernard de Wit, et al found another class
of higher derivatives [7] in conformal superspace using superconformal multiplet cal-
culus. Their higher derivative vanishes identically and trivially in a supersymmetric
background, along with its first derivative (with respect to the fields or the coupling
constants) owing to the linear nature of the supersymmetry transformation of the mul-
tiplet used. Thus, their higher derivative invariant does not contribute to the entropy
of supersymmetric black holes at all.

The higher derivative invariant that we are going to study, the one found by Butter, et
al in [8] is constructed along similar lines as the one in [7], but this one does not vanish
trivially for supersymmetric black holes.

4.2 Superconformal Lagrangian in Flat Superspace

421 General Form

We have already seen the construction of conformally invariant Lagranigans 3.10 with
a scalar field ¢. Now, we work in chiral superspace with a chiral supermultiplet in-
stead of the field ¢. Hence, we define the general form of a Lagrangian in chiral su-
perspace, which is:

= /d49q>2. 4.1)
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Integrals of this kind are known as chiral superspace integrals. Due to the nature of
Grassmanian coordinates, i.e. 6, an integration with respect to d*6, allows only the
highest 6-component of the chiral superfield , i.e. C, to survive.

4.2.2 Two-derivative Lagrangian in Flat Superspace

Once the Lagrangian has been expressed in terms of the chiral multiplet components,
in this case, as ~ C, we need to gauge fix the chiral mutliplet, reducing it to a vector
multiplet as shown in section 3.3.3, in order to reduce the anti-selfdual tensor F ; to
the field strength of the physical gauge field W), and hence bring dynamical degrees of
freedom into the theory. Following this multiplet reduction and other manipulations
to conserve the weyl and chiral weight of the terms in the Lagrangian, leads to the
following two-derivative Lagrangian [9]:

_ _.H ..
L=-1Clp=2XO0X 107" g O;— LE, " + 1Y, Y7 (4.2)

Having shown above the general way for constructing Lagrangians in chiral super-
space (for Lagrangian 4.2 quadratic in space-time derivatives, like 3.10a), we can
now proceed to the construction of the higher derivative Lagrangian (like 3.10b). To
do so, we need to introduce a new kind of multiplet, called the kinetic multiplet.

4.2.3 Four-derivative Lagrangian in Flat Superspace

The kinetic multiplet brings 2"¢ derivative terms into the Lagrangian, along with dy-
namical degrees of freedom, thus making it physical. The kinetic multiplet first ap-
peared in [19], in the context of A'=1 tensor calculus, to construct the Lagrangian for
kinetic terms. In N'=2 flat supergravity, the full superspace Lagrangian, which is the
tull superspace integral (i.e. involving both chiral and anti-chiral Grassman coordi-
nates), is given up to total derivative terms as:

[dt0diae’d = [t e’ (D*6) = A'DOA+ - 4.3)

where D* = Leye il D' D¥ (see appendix A.2) and A and A’ are the lowest-0 compo-
nents of the chiral superfields ® and @/, respectively (see A.7 for the product of two
chiral multiplets).

4.3 Kinetic Multiplet

In NV'=1 case where the kinetic multiplet was used for the first time, it was given by
T(®P) ~ D>, i.e. the 2" derivative of the chiral multiplet, due to which it was called
the kinetic multiplet. On generalising it to A'=2 supergravity, the kinetic multiplet
becomes T(®) := —2 D*® (being normalised conventionally). The flat-space compo-
nents of the T(®) are given in terms of the components of the anti-chiral multiplet (P)
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as following [8]:
Alr@) = C, Yilr@) = —2¢€i N,
Bijlr(@) = —2¢ikej OB, Foplr@) = —4(5,¢68,T — Le ) 0.0°FS,,
Ai‘T(CTJ) - ZDWT’]&], C’T(Cb) = 400A . (4.4)

We want the kinetic multiplet T(® ) to be that of a conformal primary superfield, for
which it is required that its primary field, which is the lowest 6-component, i.e. C,
is conformally invariant and hence S-supersymmetric (see the 2nd relation of 3.13).
For C to be invariant under S-supersymmetry, the weyl weight of the chiral multiplet
® should be 0 (as can be seen from the supersymmetry transformation rules 3.15).
Therefore, the weyl weight of the chiral multiplet ® (same as that of the antichiral
multiplet @) in the T(P) multiplet is 0. This implies that the weyl weight of the high-
est -component of @, i.e. C, is 0+2=2, which is the same as the weyl weight of C.
Therefore the weyl weight of T(®) = weyl weight of its lowest f-component, i.e. C, is
2.

4.4 Superconformal Lagrangian in Curved Superspace

In order to generalize the flat superspace Lagrangian to curved superspace, it is re-
quired to substitute the flat superspace derivatves (d,, D;, D') with the covariant deriva-
tives (V,, V;, V') in curved superspace. These substitutions mainly take place firstly
during the imposition of chirality constraint on the superfield of full superspace to
make it a chiral superfield, and while imposing constraint 3.16 on the chiral multi-
plet for reducing it to a vector multiplet. The general form of full curved superspace
integral, involving integrations over four chiral and four anti-chiral Grassman coordi-
nates, is given as

/ 1049E 2. 4.5)

for some superspace Lagrangian density .Z. E = Ber(Ejp*), the measure factor, is the
Berzinian (or superdeterminant) of the superspace vielbein.

The general form of a curved superspace Lagrangian in chiral superspace is
Lo= [ 40 L, 46)
where € is the measure of chiral superspace. £, should be covariantly chiral, i.e.
V%4 = 0. The chiral superspace Lagrangian written in terms of the general full
superspace Lagrangian . in expression 4.5 is
/ P04 E 2 — / AV 4.7)
where the chiral projection operator V4 = g¢;e; V¥V (see appendix A.2).

This is similar to obtaining chiral flat superspace Lagrangian from full flat superspace
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Lagrangian as shown in equation 4.3. Comparing equation 4.6 with equation 4.7,
we can see that %y, = V4.Z. It should always be ensured that this Lagrangian is su-
perconformally invariant, by checking that it is covariantly chiral and invariant under
S-supersymmetry.

The form of L, in equation 4.6 was derived by in [21] by demanding superconformal
invariance and the conservation of weyl and chiral weights of the terms used in the
the equation. It is given as:

e Lon =C — & v Aj — g i Tap ey V" Er eV — FA(Typ e )?
= 3Py i B €€ + &gy (F1 — AT g )
_ %gz]gkle—lgﬂvpa1pyi¢vj(lppk’)’g‘fl + lppkwaj A) +he.. (4.8)

C has weyl weight w = 2, as mentioned at the end of section 4.3. The chiral super-
space Lagrangian 4.8 is a general and important one, describing the couplings of a
w = 2 chiral multiplet with the background superconformal fields. It would be used
as the template for constructing all the other Lagrangians ahead in this thesis, by sub-
stituting different kinds of w = 2 chiral multiplets as per our requirements.

One requirement for the kind of chiral mutliplet to be considered in Lagrangian 4.8,
stems from the fact that there are no kinetic terms for fields in it, making it unphysical.
For this purpose, we need to introduce a kinetic multiplet, as was done in the case of
flat superspace in equation 4.3.

4.4.1 Two-derivative Lagrangian in Curved Superspace

Now that we have the general form of a superconformal Lagrangian in curved su-
perspace in terms of a chiral multiplet, we would try to arrive at the two-derivative
Lagrangian in terms of the vector multiplet, which is the physical Lagrangian. The
curved superspace generalisation of Lagrangian 4.1, is:

/ 140D (4.9)

This Lagrangian has been expressed in terms of multiplet components in [21]. Fol-
lowing the method of [22], in order to write Lagrangian 4.9 in terms of multiplet
components, the lowest component of a composite chiral multiplet, i.e. A|comp should
be of the form

Alcomp = F(X') .

where F(X') is a function of the scalar fields X' belonging to the vector multiplet. F is
required to be holomorphic, i.e. dependent only on X/, in order to transform chirally.
Also, supersymmetry invariance of Lagrangian 4.8 demands that its weyl weight be
2, which is possible only if F is homogeneous with degree 2 (as the weyl weight of
the lowest 6-component of the vector multiplet, X! is 1). F should have the following
general form:

F(AXD) = A2 F(xD),
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for any complex A # 0. F is called the prepotential. Its first and second derivatives with
respect to X! are written as F; and Fj;. Once the lowest §-component of a composite
chiral multiplet is known, all the remaining components can be obtained using the
results of multiplet calculus (see A.8). Substituting these components into Lagrangian
4.8, while setting the fermionic terms to 0, gives the following Lagrangian:

e’ L = iD'F DX +iF X (§R + D) — giFyy YiY
+}IiFI](Fa—bl — %LXIT;]bSi]') (F—]ab — %X]Tijab?jl’]’)
—§iF(F = 3X Ty TiP e — HiF(Tope)* + hec. (4.10)

This two-derivative Lagrangian is the same as the one used by Sahoo and Sen in [23]
in which they calculated the entropy of extremal black holes by adding a particular
higher derivative term to this Lagrangian, which, for non-supersymmetric black holes,
did not give the value predicted by Kraus and Larsen in [4, 5]. The new Gauss-Bonnet
Lagrangian that we would see in the next chapter will need to be added to this two-
derivative Lagrangian, to give the complete Lagrangian for a black hole solution.

4.5 A New Kinetic Multiplet

Butter, et al constructed a new kinetic multiplet in [8], in terms of the In ¢ supermulti-
plet, which does not transform linearly under supersymmetry transformations as can
be seen from their covariant derivatives below.

DyIn¢g =DyIn¢ =9, Inp —wb,,
DyD;in¢ =D,DyIn¢ +w fua,
D,0.In¢ =D,0cIn¢p -2 f,"DyIn¢p,
OO Ing =D, DO Ingp +2f O Ingp — 2 f,, DFD In¢p. (4.11)

For the conformally invariant Lagrangian that one demands, we need terms that are
invariant under K-transformation of the covariant derivatvies. Therefore, we write
down the special conformal transformations of the above derivatives below:

oxkDaIn¢p = —w Ag,,
okDyDaIng = — [Aky Do + Axy Dy Ing + e Ax” DyIng,
oxOeIng =2 A" D,1In g,
oxDyOcIng = — 2 Ax, OcIng + 2 Ax” DyD,Ing,
ox0c0cIng =2Ax" 0. Dy Ingp — 2 A" Dy Ingp = 0. (4.12)

Out of all of these conformally transformed derivatives, we see that only the last four-
derivative term is conformally invariant (like Lagrangian 3.10b).

The components of the In ¢ multiplet in terms of the components of the elementary
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chiral multiplet 3.3.2 are given as following:

A

Aljpe = InA,
Filno = % ,
Bilne = EZJ + 21142‘1’(‘1’)
Folne = Ij“{f’ + ﬁs Yivan¥;,
Adino = 504 5707 (Bye ¥+ 3 Fgy™ ) + 5 o™i ¥
Clne = §+ 1A2 (e*e/'B;jBy — 2F"F,, + 46 A;'¥))
+ 53 (%' B ¥ Y, — S ¥y "0E) — 34l eV v ¥ e Ty Y

(4.13)

The Q- and S- supersymmetry transformation rules of the In ® are as follows:

A =&'%;,

oY, =2DAe; + B,-j el + %’y”bﬁ* €i]~€j +2wr;,
6By =2&;0%;) — 28 A e, + 27,5,
0F,, = 3¢ &Py ¥ + 3 v — zefmab‘l’ ,

(SAZ = z’yabwlj p€i — DBijEJ € + CEi]' e+ (DA ’)/abTabi]' +w D’YabTubi]')Ejké‘k
-3 %t‘]kek X[ﬁa‘i’j] - Bz’jejk Mk + % ’Y”b E, ab™i s
6C = —26TeDA; — 6&x; e By + teTe" (e DT Y1 — e T 0¥ . (4.14)

4.6 Four-derivative Lagrangian in Curved Superspace

Taking the curved superspace generalisation of Lagrangian 4.3 in terms of the new

kinetic multiplet, the four-derivative Lagrangian in curved superspace comes out to
bel

—% / 440 E D' T(Ind) . (4.15)

where @' has weyl weight 0 and T(In ®) has weyl weight 2 as explained at the end of
section 4.3.

1See [9] for more details on the derivation

25



The components of T(In®) multiplet in terms of those of In P are as given below:

Alpgna) =€,

Yilrne) = — 26PN — 6 epenx’ B — Jeijer v T/ DY,

Bijlrane) = — 2€ieji(Oc +3D) B —2F4 R(V)™¥; ¢
— 6sk(i)€]-)f\k + 3 ejke 'l‘i’(leXl) ,

Folrana) = — (6.6 — Ses) [AD.D°E); + (D°A De Ty + DA DeTed‘f Jeii — WD D Tyg'le;;]
+OcA Tylles; — ROV) 'k B e + LT Togii B4 — ey ¥ D R(Q)a'
— Jeij Yy Y Dex! + BeiX PV + 3T e T",

Ailtna) =202V eij + 17 v (2 DT A + T DA
— Leii(ROV)apk + 20 R(A) 0k ) v+ D ¥
+ 3 €j(3DyD — 4iD"R(A) g + 3 Tpc” D, ) 'Y

2EF DR(Q)api + 65,0 Y
+3e; (D) B9 + DADY)
+ %(2 PBYe; + Dﬁ;g’y“b (5{ + }Lskl TM v DA 51,]‘))(]
+ 3 (X vaxs) &7V — 3 (Xivax") ey ¥
— Jwep DTy " xi,
Clr(na) =4(Cc +3D)0A + 6(D,D) DA — 16 D" (R(D);}Dbfi)

— D*(Tyii TIDA) — LD (T TP ) DA — 9 %" x) DaA
+ 3DuD" (TyeitF* )&l + 41D, ( DV Ty P + DU T )
— 2 i xi B + 9B + L (Topeif)2C
+6D°D,x; Y +3x;PY + 3D, (37" DY) +9Dx, ¥
—8D"R(Q)ap; D" + 6Dy %7 DY
+ 3D Ty 07" Y + 3D (T ¥ 7" Y) + 3D (Topij ' )7
+ 3<%R(V)jbl] . R(D):béi]-) Xy — 2R(V)LIR(Q) Y — LT R(S) 4
+ 56T Typij (3Xk7abAk + 2R(Q)Zb[\k)
+w{9% DX — R(V)3,;ROV)™*; — 8R(D),R(D)"*

— DT, De T — D”(Tab,-]-DCTC“J')} : (4.16)

Substituting the composite multiplet ® T (InP) into the general expression of super-
confomal Lagrangian in curved superspacei.e. 4.8, along with setting all the fermionic
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fields to 0, leaves only two terms in the Lagrangian.
1p —c— LA(T, /)2 4.17
e 16 ( abij€ ) (4.17)

where C is

A

C|T(ln<i>) D,V* + 16 (Tasze])zc
+w{ —2R™®R + 3R? — 6 D* +2R(A)"R(A) 5 — R(V) i R(V)™ Y
+ g T T T Tegra + T*UDaD Ty } (4.18)

where V% is
V? =4D"D2A — 873’”’1),721 +3RDA+8D DA —8iR(A)"D,A
— 2T T} DY A 4 Lel D Ty FOF + 4 €T DV LS
+w{3D"R —4D"D — D' (T*ITy;j) } . (4.19)

Substituting C|(,¢) and Alp(n ) from 4.16 in terms of the components of the In o
multiplet, we get the following higher derivative term, which is the main result of this
chapter:
eT\L =4D?A' D?A+8DA' [Ryy — AR 1| DA+ C' €
— D'B}; D,BY + (R +2D) B};B’
— [¢* B FT™ R(V)w/x + e3¢ BT FTH'R(V) ]
—8DDMA'Dy A+ (8iR(A)uy +2 T, Tyij) DFA' DV A
— [e1D" Ty Dy A’ FHY + & DMT, 1D, A F' =]
— 4[eTH; D, A' DES + &, T D, ADF/; ]
+8D,F U DEL +4F " B RGP+ 1T Ty F' PB4
+w { — 2D"A' DR +4D"A’ D,D — T Ty, DD, A’
— 2DFl; D Tey +iF =" R(A); Ty"ei; + Fp T™e;i(5R — 1D)
+ A [3R* = 2R Ry — 6 D* + 2R(A)R(A)y — R(V) "™ R(V) 1
n ﬁTabijTablecdichdkl + TacijDanTbcij] } _ (4.20)

4.6.1 A closerlook at the new four-derivative Lagrangian in Curved
Superspace

In Lagrangian 4.15, i.e. —1 [d*0 & ®' T(InP), the ' multiplet has w = ¢ = 0 and
also has no charges. The T(In ®) multiplet has weyl weight w = 2 and chiral weight
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¢ = —2, which on adding to the weyl and chiral weights of ¢, which are —2 and 2 re-
spectively, gives the total weyl and chiral weights of the Lagrangian —% [d*T(In®)

to be 0. Also, —3 [d*0T(In®) is superconformally invariant. Therefore, it qualifies
to form the four-derivative Lagrangian all by itself, without the necessity of bringing
in ®'. Now we ask the question as to why &’ is brought in.

When @’ is absent, we need to substitute only the components of T(In®P) into the
expression 4.8. Doing so, along with setting all the fermionic terms to 0, gives a
Lagrangian that has two parts. One part is the total derivative of 4.19, which on in-
tegrating over spacetime to get the action, vanishes, and hence does not contribute.
The second part of the Lagrangian thus obtained, is only the last two lines of 4.20,
which do not contain components of the In ® multiplet. These last two lines of the
Lagrangian are the supersymmetric generalization of the Gauss-Bonnet term in gen-
eral relativity. Thus we see that the &’ multiplet is brought into the four-derivative
Lagrangian in order to enable the components of In ® multiplet to contribute to the
action.

Having got an overview of how the new supersymmetic higher derivative invariant
came about, we now proceed to extract from it the particular term which we wish to
analyse immediately, i.e. the new supersymmetric Gauss-Bonnet invariant, and see if
it has any effect on the entropy of extremal black holes.
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Chapter 5

Contribution of the New Gauss-Bonnet

Invariant to the Entropy of Extremal
Black Holes

The Gauss-Bonnet term which is one of the curvature squared terms in general rela-
tivity, has had the following issues associated with it:

1. In NV = 2 supersymmetry, it had never been constructed until Butter, et al found
it as a part of their new higher derivative invariant in [8].

2. Sen calculated the entropy of BPS black holes in [24] using a Gauss Bonnet term
multiplied to a dilaton field as the higher derivative term, without supersym-
metrizing it. But puzzlingly his result matched that of Cardoso, et al [25, 26],
which was based on the square of the Weyl tensor, which critically depended on
its full supersymmetrization.

Now that we have the full class of Gauss-Bonnet invariant with us, we can check if it
has any contribution to black hole entropy or not.

5.1 Reduction of the New Higher Derivative to Gauss-
Bonnet Term

We want Lagrangian 4.20 to gives us the Gauss-Bonnet invariant exclusively. This can
be done in two ways. One way is to not take the multiplet & in the Lagrangian at
all, as explained in section 4.6.1. Another way is to set the lowest 8-component of ¢/,
i.e. A’ to be constant along with setting all the fermions of the theory to 0 consistently,
which requires making them supersymmetric, lest they transform into something non-
zero. This in turn leads to the supersymmetry invariance of the remaining multiplet
components as well. Let us take a brief look at how this works.

Setting the fermion ¥} to 0, makes A’ supersymmetry invariant (look at equations
3.15). Making ¢} invariant under supersymmetry, i.e. setting J1/=0, along with setting
A’ to be constant, implies the following for the terms in Ji/:

1. In DA/, the partial derivative vanishes because A’ is constant, and dilatational
and chiral transformations vanish because w = —c¢ = 0 (since ® isaw = 0
multiplet as mentioned in 4.6).
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2. The last term in the transformation, i.e. 2w A’ n; vanishes, because w=0.

3. Blfj and P;b_, being symmetric and anti-symmetric respectively, vanish individu-
ally.

Following the same train of logic, it can be seen that all the components of ® multiplet
vanish, leaving only the constant A’.

In the higher derivative term 4.20, all the terms except the last two lines involving the
Gauss-Bonnet invariant, contain either a covariant derivative of A’ or another compo-
nent of ®, both of which vanish under the mentioned conditions. Thus, we reduce the
higher derivative to the full class of Gauss Bonnet invariant which can now be studied
exclusively. The Gauss-Bonnet higher derivative invariant that we have is

e Loy =A"[3R* —2RPRy — 6 D>+ 2R(A)R(A) 5 — ROV) T R(V) /i
+ 135 T T M T T g + T*V Dy DO Ty (5.1)

The first two terms in it, viz. %Rz — 2R%R,, are derived in general relativity, while
the remaining terms, which were previously unknown, come from supersymmetry.

5.2 The AdS, x S? Background of Extremal Black Holes

We want to study the entropy of extremal (susy/non-susy) black holes that will ap-
pear in N = 2 theory in the presence of the above mentioned supersymmetric Gauss-
Bonnet term. We will use Sen’s entropy function formalism (as discussed in section
2.4) for this purpose.

The near horizon AdS; x §2 background for extremal black holes given in [23] by Sen
and Sahoo is as following;:

ds? = vy (—r?dt? + dr? /%) + vo(d6? + sin? Bdp?)
FrIt =ey, Fé(P = pl sin 9, X! = xl, T, =vw
1

Here, ¢ is the charge conjugate to the electric charge g; of the black holes, and p is
the magnetic charge of the black holes. v; and v; are scaling parameters of the AdS;
and S spacetimes respectively. F}, and F}, o are the only non-zero electromagnetic field

strength tensors for this background. X! are the scalar fields, the lowest-§ components
of the vector multiplet in terms of which the entropy function is expressed. T, is the
non-zero anti-self dual tensor, obeying the following general relation:

W = —% (v/—detg) e T, (5.3)

The rest of the terms in the third line of 5.2 are the usual Weyl and vector multiplet
components and gauge fields introduced in chapter 3.
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5.3 The Gauss-Bonnet Invariant

We substitute the values for the various terms in expression 5.1 from the AdS; x S?
near horizon geometry 5.2. The Gauss-Bonnet term gets simplified as following:

el =A [ZRZ — 2R Ry, — 6 D* + 2R(A)PR(A) g — ROV) T R(V) 1/
+ g5 T Ty T Tegra + T* DaD Ty
(setting the constant A’to 1, a convenient value)
= 2R? — 2R Ry, — 6 D + 2R(A)R(A) — R(V) T, R(V)
+ 128 Tabl]Tabkl T ijcdkl + T%/D DbTbcz]
(-D=R/3)
IR? —6(R/3)* —2R™ Ry +2R(A)R(A) gy — R(V) ™™ R(V) /i
+ %Tﬂbleubkl TCdijT i + TaCijDﬂDbTbCij
(" R(A)gp = 0and R(V) +=0)
SR* = IR? —2RURyp + hg T T T Teqra + T*V Dy D Ty
RabRab 4 fTSTabl]TubleC ichdkl + TaCijD[lDbTbcij

1 1 1
Y L 122
(U% * v%) i Y'Y * 0
1 1 1
=—4( 5+ —2> + —w?@? (5.4)
v U3 32

On substituting this higher derivative term into Sen’s entropy function [23], i.e.

£ (01, 00,0, %,8,5, F) = 27 ( 1ge— [ o /~detg c) , (55)

it’s contribution to the entropy function of non-supersymmetric black holes comes out
as

(5.6)

2 o) L e
EGB = 1671{(01 + Uz) 1280102w w ]

The two-derivative entropy function calculated by substituting the two derivative La-
grangian 4.10 in expression 5.5 is

£ =— ngre’ — o0, [z(l — l) (x'F; — 2'Fp)

01 (%]
{401 (e zv—zp srunw (e z p 2x nw +hc}
lZUF[ I_.Ul 1_1_1
{4 o <e zvzp S ¥ nw +h.c.}
+ (éwzF—i-h.c.)} (5.7)
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Adding the Gauss Bonnet term 5.6 to the pre-existing two derivative entropy function
5.7, we get the full entropy function for extremal black holes to be

1 1 _
E=— aneI — U107 [i(— — —) (xIPI — JEIFI)
01 (%]

| F 1 1

— {iv—; (el — iZ—lpI — Eflvlw) (e] — iZ—;pI — Eﬂmw) +h.c.}
| wF 1

— {;va_ll<el — iZ—ipI — Eflvlw) +h.c.}

' 1
+ (éwzp + h.c.) —16(v} + v3) + ngwz} (5.8)

5.4 Contribution to the Entropy of
Supersymmetric Extremal Black Holes

Sen’s entropy function formalism requires entropy function 5.8 to be extremized with
respect to the near horizon parameters, i.e. obey the following extremization equa-
tions:

o _, 9 _, ¥E_, ¥

= WY Tl a0 69)

For extremal supersymmetric black holes, these equations are satisfied by a set of equa-
tions known as supersymmetric attractors. The supersymmetric attractors for the two
derivative entropy function 5.7 as given in [23] are as following:

16
U1 =02 = —
ww
1
el — iZ—;pI — Eflvlw =0
F[ F[ i
= 5.10
= 17 (5.10)

It can be checked easily that the first equation of 5.10 sets the Gauss-Bonnet term
5.6 to zero. Therefore, the Gauss Bonnet term does not contribute to the entropy of
supersymmetric black holes.

5.5 Contribution to the Entropy of Extremal Black Holes
in the STU Model

Now we will calculate the contribution of our newly found Gauss-Bonnet term to the
entropy functions of extremal black holes in the STU model, that have already been
solved for in [23] using another higher derivative term. Following is the prepotential
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(introduced in section 4.4.1) of the black holes that we are going to consider:
F(X° X', X2, X3, A) = -2 " —CA— (5.11)

where C is a constant and A = T’VVTP;,. For this class of extremal STU black holes,
Sen has redefined the electric and magnetic charges as following:

Qi=aq2 Q=-p', Q=g Qi=1q
P = PS, P, = PO, Py = P2, Py =qq (5.12)

The entropy of a special class of these black holes, for which P.Q=0, has already been
calculated by Sen and Sahoo in [23] for both supersymmetric and non-supersymmetric
cases. Let us see whether or not the Gauss-Bonnet term 5.6 contributes to the entropies
of these black holes.

5.5.1 Entropy of Supersymmetric STU Black Holes

For supersymmetric black holes, the definiteness condition for the electric and mag-
netic charges dictates that Q?P? > (Q.P)?. For the special class of black holes that we
are considering, it is required that Q> > 0 and P? > 0. The representative element
taken in [23] is

Ph=P=P, Q=QUu=-Q, R=PR=0=098B=0, Q,hlh>0 (13
where, by the assignations 5.12, the non-zero q; and p! take the values:

p'=Q, p’=h P =Pk q=-Q (5.14)

Due to the scale invariance of this theory, the parameter w is gauge fixed by setting

w = 1. The extremized values of the near-horizon parameters of this black hole are
given in [23], which have been verified by us. They are:

1 i i i

0 1 2 3

X _g,/Pg+256c, xl=2Q ¥=gh, ¥ =2R,
e = /P2 +256C, el=e*=¢e=0, w=1,

01 = 16, Uy = 16 (5.15)

The leading order solution for black hole entropy is calculated by setting the higher
derivative term in the entropy function to 0. The solution 5.15 for entropy holds for
the two-derivative entropy function 5.7, thus giving the leading order solution for 5.8.

Now we need to check whether the Gauss-Bonnet term 5.6 takes any contributing

value on the leading order solution or not. For this, we substitute the values of the
near-horizon parameters 5.15, into our Gauss Bonnet term 5.6. It can be seen explicitly
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what value it takes in the following steps:

v v 1
SGB‘BPS = 1671[(—2 + —1) - —UlvszYDZ]

(%] (%) 128
16 16 1
= 167{(E + E) - @(16)(16)(1)2(1)2}
-0 (5.16)

Therefore, now we see for the specific case of a class of extremal STU BPS black holes
that the Gauss-Bonnet term 5.6 does not contribute to their entropy.

5.5.2 Entropy of Non-supersymmetric STU Black Holes

For non-supersymmetric black holes, the definiteness condition for the electric and
magnetic charges dictates that Q>P? < (Q.P)?. For the special class of black holes that
we are considering, it is required that Q% < 0 and P? > 0. The representative element
taken by Sahoo and Sen in [23] is

Pp=P=P, Q=-Q=Q, PR=Pk=0=Q08=0 Q,kh>0 (617)
where, by the assignations 5.12, the non-zero q; and p! take the values:

p'=Qy pP=DR, pP’=P q=0Q (5.18)

w is gauge fixed by setting w = 3. It has been found convenient to rescale the en-

tropy function by expressing it in terms of real variables, using the following change
of variables:

¥V = Poyo, xt = iQoyl, x? = iPOyz, x3 = iP0y3, e = pyé° (5.19)

All of the newly introduced variables y°, y!, y?, y® and &° are real. After this change of
variables, the leading order entropy function 5.7 comes out to be as

1 2 3 50
S:nQoPo[—éO—ﬁ—y LR ARE +{ﬁ— : }(y1y2+y2y3+y1y3)

(%] yo ]/0 (y0)2
(8920, &0, (02 —v1) z2102} 1,2 3
+4- + +8 -
{ o 2 o 2 fYYY

(5.20)

After extremizing this entropy function with respect to the near-horizon parameters,
the values taken by the parameters, as found in [23] and verified by us, are

1
vy =16, vy=16, & =-1, y0:8, vi=g V=g Y = (5.21)

Now again we check whether the Gauss-Bonnet term 5.6 takes any contributing value
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on this leading order solution or not. Substituting the values of the near-horizon pa-
rameters 5.21 into the Gauss-Bonnet term 5.6, we find

vy v 1 )
EGBlnon—BPs = 167‘[{(;? + z)_;> — @?ﬂvzwzwz}

::16n{(%2%—%g)-—1%506)06)<%)2(%>%
= 167 (2 - %)
= 1671(%)

=307 # 0 (5.22)

This shows us that the supersymmetric Guass-Bonnet invariant found by de Wit, et al
in [8] does contribute to the entropy of extremal non-supersymmetric black holes.

This result tells us that the Gauss-Bonnet term could end up being quite interesting

on behalf of supersymmetric invariance, for telling us more about the entropy of non-
supersymmetric black holes.
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Chapter 6

Conclusions and Discussions

We had begun with the question of whether the new Gauss-Bonnet term found by
Butter, et al [8] has any contribution in the entropy of extremal black holes. Now we
have seen that the new supersymmetric Gauss-Bonnet term does not contribute to the
entropy of extremal supersymmetric black holes, just like all the other higher deriva-
tive terms found so far. But the term is non-zero for extremal non-supersymmetric
black-holes and hence can potentially contribute to their entropy.

Next, we have to find out the correction to the entropy of non-supersymmetric black
holes in the presence of this Gauss-Bonnet term. For this purpose, we need to find
the corrected near horizon geometry. Since we treat the term perturbatively, the form
of the near horizon geometry will remain unchanged, but all the parameters will get
corrections due to the new term. We aim to find the higher order corrections to the
leading order solution, using entropy function formalism. After that, we should apply
the same procedure all over again for the complete higher derivative Lagrangian, to
find the net contribution to the entropy of non-supersymmetric black holes. It would
be interesting to see if the entropy matches the value predicted by Kraus and Larsen
for non-supersymmetric black holes, which is so far a mystery.

We know that fully BPS black holes do not receive any quantum corrections from the
supersymmetric higher derivative invariants, while non-BPS black holes do. These
two case are at the two extreme ends of BPS black holes. Once the effect of higher
derivative corrections on these two cases has been seen, one could also try to explore
the possible answers to the same questions for intermediate cases, i.e. for quarter-BPS
and half-BPS black holes. This means whether breaking quarter or half of supersym-
metry would be enough to get quantum corrections or not, and why. Several other
such questions regarding the impact of the higher derivative corrections on black hole
entropy and how to play around with the higher derivative terms, remain open.
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Appendix A

A.1 Superconformal Covariant Derivative
The derivative covariant under linearly transforming bosonic symmteries, is given as
Dye' = (3 — 1w, yg+1b,+1iA)) e + ] Vyi]' el (A1)

The full superconformally covariant derivative is given by D, which, in addition to
D,, also contains derivatives with respect to fermionic symmetries and superconfor-
mal boost (which transforms non-linearly).

A.2 Tangent Space Derivatives in Superspace

The tangent space derivatives in flat superspace are as following:

aa:_ szi:

+i(0") 4 0%=— , D% = ?31((7“)‘5‘“9%1'— (A.2)

agm’

The curved superspace extensions of these derivatives are notated by V,, V,; and V
respectively.

The 2" order anti-symmetric tangent space derivatives in flat superspace are given
as:

Djj:= —D,;D%), D= —€/DDp), (A.3)

The 2" order anti-symmetric tangent space derivatives in curved superspace are given
as:

Vz’j = —VWV”‘]-) P sz,B = —SZJV(M'V[;)]' (A.4)
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A.3 Transformation of the independent Weyl gauge fields
in superconformal group

The transformation rules of the Weyl multiplet under Q-supersymmetry, S-supersymmetry
and conformal boosts are as following;:

be' = & 7a¢yi + & ’Y“?,byi,
‘Sl/]#i = ZDH": - 'Tabl]')’ 'erj ’Ypﬂ7i
oby = %e Pui — Ze 'YyXi - §77 IPW' +h.c. + AaKeW ,
0Ay = i€y + 3i€'y xi + 317 P + hec.,
Vi = 28 — 367, X' + 2719y — (hc. ; traceless),
0Ty = 8e'R(Q)w’,
X = — 5yt DTyl e+ LR(V)ui 1 el — 1Ry (A)y"e + Deél + Ly Ty,
6D = &Dxi+&Dx. (A5)

A.4 Covariant Curvatures

The covariant curvatures of all possible transformations in the superconformal group
are as following:

R(P)yv = za[# V] b+ Zb[y ev]” — Zw[yab eylp — %(lpwi’yalpv]i + hC) ,
R(Q)FV —2D ]llpl/ — ,Y[H(PV}Z _ l Tﬂbl] r)/ab r), H¢Vj’
R(A)uw =23, A, — i (%‘P[ui% -3 hc> )
R(V)w'j ZZa[y?v]lj + V' Vs 20y %]j Pij bu) — 3(Pp vu X — P X’
- 5jl(1p[yk (Pv}k - 175 [k (Pv k) + 25'1(175[ Y Xk — Hb[yk’)/v]x )
R(M)’wab = 28[va]ab — Zw[y Wyle — 4f[}l V]b] + 5 (l/) l’)/ab (PV + h.c. )
+ (41117[’]11' ¢Vj Tabl] - %l[_J [ T 7 Xz lp[y T R(Q)abi + h~C') ’
R(D)lﬂ/ :za[ybv] - zf[yaev}a - le[y (Pv]z 41P ,Yl/ Xi— %II_J[W'CPV]Z + %&[yi?v]xl ’
R(S)}Wl = ZD[VCPV]Z - Zf[ya'yalpv]l - %DTubZ]'Y ’Y[yl/}v]j - %’7511/)[;11 lpv]]')’a?(j
+ lR(V)ablj')’ubr)’ ylpv T+ %iR(A)abr)’ab'Y[ywv]l ’
R(K)]ﬂ/ _2Dyfv] - (‘Py Y (Pv +(Pyzr)’ (Pv )

+ 3 (' Dp T — 3, ¢y Pxi + 3D P Y P — 4 Pp 1y DyR(Q)"; +h.c.).
(A.6)
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A.5 Definition of the non-independent Weyl gauge fields
in superconformal group

On imposing the conventional constraints

R(P)yva =0, ')’ﬂR(Q)w/i + %’YVXi =0,

the gauge fields w,™, f,” and ¢, get modified by the addition of some extra terms in
their definitions and are given as following:
— b o
wyab _ _zeV[aa[yev}b] _ ev[aeb]aemaaevc _ 2ey[aeb]vbv _ %(2’7’);{7[&%] + Ebm'hﬂ’bzb +he)
f}la = %R(w/ e)]la - %(D + %R((U, 3))6;14‘1 — %IR(A) a + %Tybl]Tabij
o' = 3 (’Yp "= 377" 0) <DP¢U — 16T Yay Yooy + 4’YPUXi> (A-8)

A.6 Transformation of the non-independent Weyl gauge
fields in superconformal group

The transformation of the superconformal gauge fields w,ﬂb, fu® and ¢,’ under the
superconformal group are as following;:

b, = %€I’Yab47yz — 58, T + 381 xi
L g - R(Q)abl %771’)’“17770;”' +he + 2AK[aeﬂb] ,
5’ = =2 fu"va€' + 1RV)ap 17 €l + 3iR(A)ap Y vue’ — §PT I yapype;

+3 [(Xn“ef )Yatpu' — (Xﬂ“W )Ya€ "] +2Dyun + A" Yaty'
(Sfy“ = — Ee I/JH DbTb”’l] ey i Dxl — Ze 'y 1pw
+ &9 DyR(Q)™; + 377'9"Ppui + huc. + Dy AK”. (A.9)

A.7 Product of two Chiral Multiplets

The product of two chiral multiplets is given as:

(A, Y, Bij, E, Ai, C) @ (a, 93, bij, fo, AisC) =
(Aa, A, —i—a‘I’i,Abi]' —l—LZBZ']' —\?(ﬂl)]‘) ’
Af +aF, — 17y,
ANi+an; — 3 By gy + by ¥p) — LEZv i+ f7™Y)),
Ac+aC— L Biiby + Fp f70 + €9 (i) + i) - (A.10)
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A.8 Composite Chiral Multiplet

A composite chiral multiplet G(P) written in terms of the components of another chi-
ral multiplet ® is given as follwing;:

Alg =G(4),
Yilg =G(A) Y
Bijlg =G(A) B —% (A ¥y,
F,lg =G(A)F —% (A) e7¥ ¥,
Ailg =G(A )IA I —3 (A)U [Bl] ey + %F b 7ab‘}rk]}

+ 25G9(A) x V”b‘l’i Yy TS,
Clg =G(A);C' = 1G(A) 1 [B;' By e*e/ —2F,/F~ + 4*A,1¥ /],
+ %Q(A)I]K [sikgleilekhYl 1 kllIr IF ],)/{Zb‘lifl ]
+ 355G (A) ke €T v ¥} lek YarFi" (A11)
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