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Abstract

We present the first study on the amplification of magnetic fields by the small-scale turbulent dynamo
(SSD) in the highly subsonic regime, with Mach numbers ranging from 10−3 to 0.4. We study the
properties of the SSD as a function of the nature of turbulent driving, in particular the compressive
(curl-free) and the solenoidal (divergence-free) driving. We find that for the lower Mach numbers,
the saturation efficiency of the dynamo, (Emag/Ekin)sat, increases as the Mach number decreases.
Even in the case when injection of energy is purely through longitudinal forcing modes (or no
solenoidal component in the turbulent driving), (Emag/Ekin)sat ∼ 10−2 at a Mach number of 10−3. We
also find that increasing the solenoidal fraction in the driving field increases the saturation efficiency
and the amplification rate of the SSD. We apply our results to magnetic field amplification in the
early Universe and predict that a SSD can amplify magnetic fields to & 10−16 Gauss on scales of
0.1 pc and & 10−13 Gauss on scales of 100 pc. This result can explain the intergalactic magnetic
fields inferred from blazer γ-ray observations on these scales. We also apply our findings on the low
Mach number SSD to the solar corona and the hot interstellar medium in the galactic corona.
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Chapter 1

Introduction

Magnetic fields are ubiquitous at all scales in the Universe, from the surface of stars to galaxies
to the voids in the large-scale structure of the Universe. Several studies have inferred the presence
of intergalactic magnetic fields (IGMFs) through blazar γ-ray observations of TeV blazars and have
predicted a lower limit of 10−18–10−16 Gauss for the IGMF on Mpc scales [1, 2, 3, 4, 5, 6, 7, 8].
The legitimacy of these observations has been questioned due to the possible effect of plasma
instabilities in the intergalactic medium [9]. However, recent studies by [10] and [11], which have
taken into account the impact of plasma instabilities on the observations, have shown that a lower
bound on the IGMF can be estimated faithfully from the γ-ray observations. The magnetic field
strengths estimated from the γ− ray observations depend on the correlation length of the magnetic
field in consideration. At smaller scales the magnetic field strength increases roughly as square root
of the correlation scale [1]. This gives us magnetic fields with strengths 10−17 − 10−14 Gauss on
scales of 0.1 pc and field strengths of 10−19 − 10−15 Gauss on 100 pc scales [7, 8].

Understanding the origin of these magnetic fields is an unsolved problem, and the cosmological
origin of these magnetic fields have been discussed in previous studies. Magnetic fields can be gener-
ated during various phases in the early Universe [12]. [13] predict the generation of magnetic fields
with strength ∼ 10−29 Gauss at the electroweak phase transition and field strengths of ∼ 10−20 Gauss
at the QCD phase transition. [14] predict magnetic fields with strengths ∼ 10−34–10−10 Gauss on a
scale of 1 Mpc may be produced during inflation. Otherwise, the unavoidable presence of vorticity
in the primordial plasma leads to the generation of weak magnetic fields in the radiation era [15, 16].

The observed magnetic fields, in many cases, are orders of magnitude higher than the initially
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generated fields. To explain the magnitude of the observed strong magnetic fields in the voids of the
Universe, [17] showed that the small-scale dynamo (SSD) could amplify the magnetic field seeds
present in the early Universe. The SSD amplifies small initial seed magnetic fields, by converting
turbulent kinetic energy into magnetic energy and causing an exponential amplification of the
magnetic field [18, 19, 20]. The SSD has a wide range of applications as it can operate in a variety
of astrophysical situations and has been studied in the supersonic and transonic regimes [21, 22].

Velocity fluctuations are required to drive turbulence in the early Universe, which is necessary
for the SSD mechanism. The authors of [17] have put forward two mechanisms for generating
turbulence in the early Universe: (i) Turbulence from primordial density perturbations and (ii)
Turbulence from first-order phase transitions and have shown that all the criteria for the amplification
of magnetic fields by the SSD dynamo are met in the early Universe. They have shown that the
Reynolds number of the plasma (Re) is very high in the early Universe. The magnetic Reynolds
number, Rm, is very high in the early Universe as well, Rm ∼ 108 − 1012. This is sufficiently
above the critical value of the Magnetic Reynolds number required for dynamo action [23]. The
authors also show that the magnetic Prandtl number (Pm) is very high as well. Analytical and
semi-analytical studies in this high Pm regime have been conducted to understand the growth rates
and saturation efficiencies of the SSD [23, 24].

Turbulence in the early Universe is unavoidably generated by the gravitational acceleration due
to the primordial density fluctuations, which gives rise to longitudinal (irrotational) driving modes
primarily. We are, therefore, interested in this case when the dynamo is driven solely by longitudinal
velocity modes. From [17], we expect the SSD in the early Universe to have operated under very
subsonic conditions with Mach numbers (M) ∼ 10−5–10−4 for a dynamo driven by the primordial
density fluctuations. In the case of the dynamo being driven by first-order phase transitions, the
Mach numbers can be significantly higher. Motivated by these predictions, we study the behavior
of the SSD in the very subsonic regime with a purely compressive (or longitudinal) driving of the
turbulence. In addition to the early Universe, such a SSD could also operate in other contexts,
for example, in the subsonic environments of the lower solar corona as well as in the hot ionized
interstellar medium of the galactic halo. It is, therefore, important to understand the SSD in the very
subsonic regime.

A previous study by [21] has examined the properties of the dynamo as a function of the Mach
number and the nature of turbulent driving. They have investigated the case when the SSD is
driven solely by longitudinal modes for Mach numbers in the rangeM ∼ 0.1–20, thus not reaching
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sufficiently far into the very subsonic regime relevant for the amplification of primordial magnetic
fields. They also studied the case when the SSD is driven purely by solenoidal (or rotational)
velocity modes for Mach numbers in the rangeM ∼ 0.02–20. We use the same setup as [21] for
driving the turbulence in our study. We model the forcing term through the stochastic Ornstein-
Uhlenbeck process, which determines the forcing field in the Fourier space. The definition of the
forcing operator includes a projection in the Fourier space, which can project the forcing field onto
solenoidal and compressive components [25].

When solenoidal modes are injected continuously in the plasma by the turbulent-forcing,
vorticity is generated continuously in the plasma. The stretch-twist-fold (STF) mechanism of the
SSD is more efficient when higher vorticity is present, as the magnetic field lines are twisted and
folded more efficiently in this case. This, in turn, leads to faster amplification or growth rate of
magnetic energy and a higher saturation efficiency of the SSD [21]. However, [21] only studied
the properties of the purely solenoidally driven and purely compressively driven turbulence and
did not consider cases with mixed forcing (solenoidal and longitudinal) of the turbulence. In this
study, we determine the properties of the SSD with non-helical magnetic fields in the very subsonic
regime for Mach numbers in the rangeM = 10−3–0.4 and for a wide range of turbulent driving
conditions. We study the dynamo forced purely by longitudinal modes as well as for the case when
the turbulent driving has both rotational and longitudinal modes (mixed forcing). Namely, we study
the cases when the solenoidal fraction injected by the turbulent driving is 0% (purely compressive),
0.01%, 0.1%, 1% and 10%. We then apply our results to understand the amplification of primordial
magnetic fields in the early Universe and discuss other applications of the highly subsonic SSD.
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Chapter 2

Turbulent Amplification of Magnetic Fields

In this chapter, we discuss the basics of magnetohydrodynamics and turbulence. We build on
these concepts further and describe the SSD, which can amplify magnetic fields exponentially. We
then address the applications of the SSD and finally discuss it in the context of the amplification of
primordial magnetic fields.

2.1 Magnetohydrodynamics

Magnetohydrodynamics is the study of conducting fluids or plasma, and their interaction with
the magnetic field. In fluids, the frequent collisions at the molecular level helps to establish the
macroscopic, observable properties of the fluid at much smaller length scales. For charged particles,
even in the absence of collisions, magnetic fields can confine the particles and localize them,
therefore establishing a fluid-like behavior. Plasma contains both positively charged ions and
negatively charged electrons, but in magnetohydrodynamics, we consider plasma to be a single
neutral fluid. We assume the charge separation between the positive ions and electrons to be
negligible. This assumption is only valid if the length scales we are studying are larger than the
Debye length, and the time scales of our study are larger than the inverse of the plasma frequency.
So, we can not use Magnetohydrodynamics to study situations where there is considerable charge
separation. We also assume that all transport coefficients in the plasma, for example, resistivity and
viscosity are scalar and are isotropic. The material discussed in this sub-section can be found in
[26] and [27].
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2.1.1 MHD Equations

The Maxwell’s equations in Gaussian cgs units are

1
c
∂~B
∂t

= −∇ × ~E (2.1)

∇ · ~B = 0 (2.2)

∇ · ~E = 4πρ (2.3)

1
c
∂~E
∂t

= ∇ × ~B −
4π
c
~J (2.4)

where ~E is the electric field, ~B is the magnetic field, ~J is the current density, ρ is the net charge
density and c is the speed of light in vacuum. If we assume that there is no spontaneous change in
the charge distribution, then ∂~E/∂t becomes zero and equation 2.4 reduces to

∇ × ~B =
4π
c
~J (2.5)

Using these fundamental equations, we can derive the induction equation which describes the
evolution of the magnetic field in space and time.

Navier-Stokes equation for plasma

In the case of plasma, another force acts on the flow. This force is the Lorentz force that acts on
charged particles. In astrophysical settings, the strength of the magnetic field is large enough to
make a significant addition to the Navier-Stokes equation, and it has to be modified. The Lorentz
force per unit volume can be written as
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~fL = qini

(
~E +

1
c
~Vi × ~B

)
− qεne

(
~E +

1
c
~Ve × ~B

)
(2.6)

where ni, qi and ~Vi are the number density of the ions, charge on each of them and their
drift velocity. ne, qe and ~Ve are the number density of the electrons, charge on the electron and
the drift velocity of the electrons. The charge density, ρ = qini − qene and the current density,
~J = qini~Vi − qene~Ve. Using these relations, we get

~fL = ρ~E +
1
c
~J × ~B

From the Maxwell’s equations 2.3 and 2.5 we know that ρ = ∇ · ~E/4π and ~J = c(∇ × ~B)/4π. The
ratio of the electric force and magnetic force is

ρ~E
~J×~B

c

=
(∇ · ~E)~E

(∇ × ~B)~B
≈

E2

B2

In the limit of infinite conductivity, ~J/σ becomes zero and from the Ohm’s law, equation 2.13 , we
get

~E = −
~V × ~B

c
This implies

E2

B2 ≈
V2

c2

For non-relativistic fluids V2/c2 << 1 and so the magnetic force dominates the electric force.
Ignoring the electric force and adding the magnetic body force, the Navier-Stokes equation becomes

ρ

∂~V
∂t

+ (~V · ∇)~V
 = −∇P + µ∇2~V +

1
c
~J × ~B + ~Fb (2.7)

~J can be written in terms of the magnetic field from equation 2.5

~J =
c

4π
∇ × ~B (2.8)

Substituting this in equation 2.7 we have
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ρ

∂~V
∂t

+ (~V · ∇)~V
 = −∇P + µ∇2~V +

1
4π

(∇ × ~B) × ~B + ~Fb (2.9)

and we know that

(∇ × ~B) × ~B = (~B · ∇)~B − ∇
 ~B2

2

 (2.10)

Substituting this into the equation 2.7 we get

ρ

∂~V
∂t

+ (~V · ∇)~V
 = −∇P +

1
4π

(~B · ∇)~B −
1

4π
∇

 ~B2

2

 + µ∇2~V + ~Fb (2.11)

which can be re-written as

ρ

∂~V
∂t

+ (~V · ∇)~V
 = −∇

P +
~B2

8π

 +
1

4π
(~B · ∇)~B + µ∇2~V + ~Fb (2.12)

It is clear from equation 2.12 that the two terms introduced due to the magnetic field are very
different. Magnetic field produces a pressure ~B2/8π and the force due to the term (~B · ∇)~B is similar
to tension present in stretched strings.

Induction equation

The Ohm’s law states that the current density, ~J in a region is directly proportional to the force
acting per unit charge in that region

~J = σ ~f

Where ~f is the force acting per unit charge, and σ is the conductivity. If the Lorentz force is
driving the current, then the Ohm’s law can be re-written as

~J = σ

~E +
~V × ~B

c

 (2.13)
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Where ~V is the bulk velocity of the plasma. The electric field is a dependent variable and can
be written in terms of ~J and ~V . Substituting for ~E in the Faraday’s law 2.1 and assuming that σ is
spatially invariant we

∂~B
∂t

= ∇ × (~V × ~B) −
c
σ

(∇ × ~J) (2.14)

Taking the curl of equation 2.5 and substituting in the above equation, we get the Induction
equation.

∂~B
∂t

= ∇ × (~V × ~B) + η∇2~B (2.15)

where η = c2/4πσ is called the magnetic diffusivity.

The first term of the induction equation called the induction term is of the order VB/L, where
L is the length scale of the system we are studying. The second term of the induction equation
called the diffusion term is of the order ηB/L2. The ratio of these two terms is called the Magnetic
Reynolds Number and is denoted by Rm.

Rm =
LV
η

(2.16)

The magnetic Reynolds number, Rm, is very similar to Reynolds number of the flow, Re. In
laboratories the diffusion term dominates the induction term and Rm << 1. In such cases, the
induction equation can be simplified to

∂~B
∂t

= η∇2~B (2.17)

The equation 2.17 describes this decay or diffusion of the magnetic field. So far, we have seven
equations, three components of the induction equation, three components of the Navier-Stokes
equation and the continuity equation. Including the energy equation, we have eight equations,
and we have eight variables, the three components of the magnetic field, the three components
of velocity, the pressure, and density. Hence, MHD is a complete dynamical theory with eight
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variables and eight equations.

Flux Freezing

In astrophysical settings, unlike laboratories, the induction term dominates the diffusion term
because the conductivity of plasma is infinite, or the diffusivity is zero and hence Rm >> 1. This
condition is called the ideal MHD limit. This reduces the induction equation to

∂~B
∂t

= ∇ × (~V × ~B) (2.18)

From Kelvin’s Vorticity theorem, we have that for equations of such form

D
Dt

∫
~B · ~ds = 0 (2.19)

This implies that
∫
~B · ~ds is a constant or the flux of the magnetic field does not change in the

ideal MHD limit. This means that the magnetic field is frozen into plasma. In the limit of infinite
conductivity, if the orientation of the plasma is changed, then the orientation of the magnetic field
also changes and vice-versa. This result is called the Alfvén’s theorem.

One example of flux freezing is the large magnetic fields of compact astrophysical objects.
When a star shrinks into a neutron star, in the limit of ideal MHD, the magnetic field of the parent
star gets trapped in a much smaller volume. Since the flux of the magnetic field has to be conserved,
the magnetic field strength of the neutron star has to be much larger than that of the parent star.

2.2 Small-Scale Dynamo

In this section, we describe the STF mechanism, followed by a discussion on the applications of
the SSD.

16



2.2.1 Stretch-twist-fold Dynamo mechanism

The stretch-twist-fold (STF) mechanism of the SSD describes the exponential amplification of
the magnetic energy by the SSD. This mechanism is illustrated in figure 2.1.

Figure 2.1: Illustration of the stretch-twist-fold model of the SSD

In the limit of ideal magnetohydrodynamics, the resistivity of the plasma can be taken to be
vanishingly small. In this limit, we can assume that the magnetic flux is frozen into the plasma.
We see this in the configuration A of figure 2.1. The first step in the amplification process is the
stretching of this flux loop such that the circumference of the loop doubles. As the volume of the
loop stays constant, the cross-section area of the loop is halved. Then from flux freezing, we have
that the strength of the magnetic field doubles as the flux looped is stretched.

In the next step, the flux loop is twisted from configuration B to configuration C, and then
the smaller loops are folded upon each other in configuration C to configuration D such that the
magnetic field lines in both the smaller loops are parallel to each other. The presence of rotational
motions in the plasma enhances these two steps making the dynamo more efficient. In the final
step, the two smaller field loops merge (configuration D to configuration A) through the presence of
some dissipative effects. This step is very crucial so as to make the process irreversible. In the final
configuration, the cross-section area is equal to the first configuration; however, the magnetic field
through the Eulerian cross-section doubles. The magnetic field strength is amplified by a factor of
∼ 2n in n cycles of this process. This way, the SSD converts turbulent kinetic energy into magnetic
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energy.

Growth rate of the SSD is dependent on the Pm and the nature of turbulence. For Pm >> 1 and
Pm<< 1, the growth rates of the SSD can be derived analytically using the Wentzel–Kramers–Brillouin
(WKB) approximation for the Kazantsev equation [23, 28]. The saturation efficiencies and the
saturation scale of the magnetic energy generated by the SSD also depend upon the Pm and this
has been studied extensively for the limits Pm >> 1 and Pm << 1 by [24]. In the case of the early
Universe, the Pm is high, and we use the results derived in [23] in the limit Pm→ ∞ for the growth
rate.

Γ =
163 − 304ν

60
Re(L)(1−ν)/(1+ν) V

L
(2.20)

In the above equation, ν captures the nature of turbulence. ν = 1/3 corresponds to the incom-
pressible Kolmogorov turbulence, and ν = 1/2 corresponds to the compressible Burgers turbulence,
and the Reynolds number is calculated at the length scale L.

2.2.2 Applications of the Small-Scale Dynamo

The SSD has a wide range of applications as it can operate in a variety of astrophysical
situations. Studies by [29, 30, 31] have examined the effect of the SSD during the formation
of the first stars. The SSD can amplify magnetic fields exponentially in the turbulent plasma
when the magnetic Reynolds number (Rm) is above a critical value [23, 19]. Previous numerical
studies have examined the SSD for a variety of parameters and in various astrophysical settings.
The dynamo action depends on the kinetic Reynolds number (Re) and the Prandtl number (Pm)
[22, 23, 28]. The properties of the SSD also depend on the Mach number of the flow. Previous
studies have studied the properties of the SSD in the supersonic and transonic regime [21, 22];
however, it remains unexplored in the extremely subsonic regime. This regime is important for
studies on magnetohydrodynamic turbulence and is relevant for many processes in astrophysics and
cosmology, including the amplification of primordial magnetic fields. The energy injection by the
turbulence, namely whether the forcing of the turbulence is solenoidal or compressive, effects the
vorticity excited in the plasma. The amount of vorticity present in the velocity field is critical to the
STF mechanism of the SSD [21] and therefore influences the amplification rate and the saturation
efficiency of the dynamo.
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2.3 Primordial magnetic fields

Turbulence can be generated in the early Universe during various phases through the first-order
phase transitions and the primordial density perturbations [17]. In the early epochs, neutrinos are
responsible for the transfer of heat and momentum and therefore determine the viscosity of the
plasma. After the decoupling of the neutrinos at T=2.6 MeV, photons are responsible for the transfer
of heat and momentum. We can divide the turbulent regimes in the early Universe into mainly two,
before and after the decoupling of neutrinos. In case the turbulence is driven by primordial density
fluctuations, density perturbations of the order of 10−5 can generate velocity fluctuations through its
gravitational potential in the primordial plasma. This gives rise to velocity fluctuations of ∼ 5× 10−5

(in units with c=1) and a very low Mach number of ∼ 9 × 10−5. In case first-order phase transitions
occur in the early Universe, they can drive velocities of 10−4 − 10−1 leading to higher Mach numbers
in the primordial plasma. We can define the turbulent driving scale, L, from the Hubble time of the
Universe, making L the largest length scale possible for the turbulent driving.

The Re and Rm of the early Universe are determined from the quantities discussed above by [17].
As the Universe expands and cools, these quantities are a function of temperature and, therefore,
a function of the age of the Universe. Considering the Reynolds number determined from the
turbulence injected by the primordial density perturbations as a lower limit and that determined
by turbulence injected through first-order phase transitions to be an upper limit, [17] derive the
evolution of these quantities for temperatures in the range 100 MeV to 100 GeV.

When the stirring scales of the turbulence are larger than the damping scales of the neutrinos, and
later on the damping scales of the photons, the plasma is turbulent with Re >> 1. For temperatures
in the range 100 MeV to 100 GeV, [17] show that Re and Rm are sufficiently large and the Pm
∼ 102 − 1012. Below temperatures of 0.2 GeV, the neutrino damping length scales are bigger than
the largest stirring scales causing the plasma to be viscous. Therefore, turbulence can be generated
and can inject energy into the dynamo mechanism for temperatures between 0.2 GeV to 100 GeV
[17]. We calculate the growth rate from Equation 2.20 at the largest possible stirring scale, L. In our
case, Γ is a function of time as the Reynolds number changes when the Universe expands.

The magnetic energy amplification by the SSD is exponential and is determined by the equation
Em/Em0 = eΓ(t)t. By performing the integral

∫
Γ(t)dt over the appropriate time in the Universe,

we can determine the number of e-foldings. [17] determine the evolution of this integral in the
primordial Universe and show that sufficient time in terms of turn-over time is possible in the early
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Universe for the SSD action. [17] conclude that through the turbulence driven by primordial density
perturbations, magnetic fields with strengths 10−15((Emag/Ekin)sat)1/2 Gauss can be generated on
scales of 0.1 pc. In the case when the turbulence driven by first-order phase transitions, significantly
higher magnetic fields with strengths 10−12((Emag/Ekin)sat)1/2 can be generated on scales of 100 pc.
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Chapter 3

Methods

In this chapter, we discuss the code we use for simulating the SSD - the FLASH code, which
solves the compressible magnetohydrodynamic equations. We first discuss the equations that are
solved by the FLASH code, followed by a detailed discussion on how we implement the SSD
problem using the FLASH code. We then describe the quantities relevant to our study and discuss
how we measure them.

3.1 Simulation code

We model the SSD using the FLASH code and compute the solutions numerically. The FLASH
code solves the following 3-dimensional magnetohydrodynamical equations [32]

∂ρ

∂t
+ ∇ · (ρ~v) = 0 (3.1)

∂(ρ~v)
∂t

+ ∇ · (ρ~v ⊗ ~v − ~B ⊗ ~B) + ∇p = ∇ · (2νρS ) + ρ ~f (3.2)

∂~B
∂t

= ∇ × (~v × ~B) + η∇2~B, (3.3)
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with ∇ · ~B = 0. Here ρ, ~v and ~B are the density, velocity and the magnetic field respectively, while ν
and η are the kinematic viscosity and the magnetic resistivity. The set of equations are completed
with the isothermal equation of state, p = c2

sρ where, cs is the speed of sound. The total pressure
p is the sum of the magnetic and thermal pressure of the system, p = pthermal + (1/2)|~B|2. While
S captures the viscous interactions, S i j = (1/2)(∂iv j + ∂ jvi) − (1/3)δi j∇ · ~v and ~f is the turbulent
forcing field that drives the dynamo, which feeds kinetic energy continuously to the dynamo. This
forcing field is modelled using a stochastic Ornstein-Uhlenbeck process, which is discussed later
on.

3.2 Small-scale dynamo Simulations

The SSD is driven by the turbulence in the plasma, which is instigated at large length scales,
creating eddies at these length scales. These eddies then decay into smaller eddies, which then
break down into even smaller eddies, hence creating a cascade of energy from larger length scales
to smaller length scales [33]. This cascade of eddies continues to the dissipative scale or the viscous
scale where they decay. The eddies generated at the smaller length scales amplify the magnetic
field through the STF mechanism [19]. The stretch twist fold mechanism amplifies the magnetic
field exponentially, Em/Em0 = exp(Γt), where Em is the magnetic energy density, Em0 is the initial
magnetic energy density, Γ is the growth rate and t is time, normalised to the eddy-turn over time
(ted). The eddy turn over time is given by ted = L/V , where L is the length scale at which turbulence
is driven, and V is the velocity corresponding to this length scale.

3.2.1 Ornstein-Uhlenbeck Process

The following stochastic differential equation models the Ornstein-Uhlenbeck process. It
determines the evolution of ~f in Fourier space [25]

d ~f (~k, t) = f0(~k)Pζ(~k)dW(t) − ~f (~k, t)
dt
T
, (3.4)

where Pζ(~k) is the projection operator which contains the curl-free compressive projection P‖i j =
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kik j/k2 and the divergence-free solenoidal projection P⊥i j = δi j − kik j/k2 of the driving.

Pζ(~k) = ζP⊥i j(~k) + (1 − ζ)P‖i j(~k). (3.5)

From the above equation, we see ζ = 0 leads to curl-free or purely compressive driving as
∇ × ~f = 0 in this case. ζ = 1 leads to divergence-free or purely solenoidal forcing of the turbulence
as in this case ∇ · ~f = 0. [21] have shown that the behavior of the SSD is very different in both these
cases for sub-sonic turbulence. Solenoidal driving excites more vorticity in the plasma, and vorticity
helps the STF mechanism of the dynamo to amplify the magnetic field more efficiently [21, 30].

We control the Mach number (M = V/cs) by adjusting the forcing field. As the dynamo requires
a seed magnetic field, we set an initial magnetic field corresponding to an initial plasma beta β =

2pthermal/B2 = 1010 − 1014. We solve the continuity equation (3.1), momentum equation with the
forcing field (3.2), the induction equation (3.3) simultaneously with the isothermal equation of state
to simulate the SSD.

3.2.2 Small-Scale Dynamo simulations

In this subsection, we define and discuss some important quantities and parameters relevant to
our study of the SSD.

• Mach number (M) is defined asM = V/cs, where V is the plasma velocity and cs is the sound
speed. We determine the Mach number in our simulations by calculating the average over a
few initial turn-over times (∼ 3ted − 20ted) and determine the error on the Mach number by
calculating the standard deviation over these initial turn-over times.

• Turn-over time (ted) is defined as the time-scale in which eddies at a particular length (L)
scale pass on their energy to eddies at smaller length scales. ted ∼ L/V , where V is the
velocity at this length scale. This time scale is relevant to the time scales at which the dynamo
amplification takes place. In this study, we define it to be the turn-over time of the eddies at
the peak driving scale (L/2). This gives us ted = L/2V or ted = L/(2Mcs).

• Growth (or amplification) rate (Γ) is the rate at which the turbulent SSD amplifies magnetic
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energy. We determine this quantity by an exponential fit function in time to the magnetic
energy in the amplification phase of the SSD before the saturation level is attained.

• Emag/Ekin is the ratio of the magnetic energy (Emag) to the kinetic energy (Ekin). Ekin in the
simulations is constant and does not change after the initial phase. Emag , however, increases
exponentially in time.

• Em/Em0 is the ratio of the magnetic energy to the initial average magnetic energy of the
plasma. The initial magnetic energy is set to be small compared to the kinetic energy of the
plasma so that we can observe the magnetic field amplification by the SSD.

• (Emag/Ekin)sat is the saturation efficiency of the SSD. It is the value of the ratio Emag/Ekin after
the SSD action has saturated. (Emag/Ekin)sat quantifies the efficiency with which the turbulent
kinetic energy is converted to Emag by the SSD and is, therefore, a significant quantity. We
calculate (Emag/Ekin)sat by taking an average of Emag/Ekin in the regime where the SSD has
saturated and determined the error on the saturation efficiency by calculating the standard
deviation over these time intervals.

• Esol/Etot is the solenoidal fraction in the kinetic energy. It is calculated by performing a
Helmholtz projection of the velocity field to determine the energy in the rotational (or curl)
modes and the compressive (or divergence) modes and then taking the ratio of the energy
in the rotational modes to the total kinetic energy. Esol/Etot determines the vorticity present
qualitatively in the plasma and is correlated to the growth rate of the SSD.
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Chapter 4

Results and Discussion

4.1 Preliminary Results

We performed our initial simulations by solving the complete set of non-ideal magnetohydrody-
namic equations, including viscosity and resistivity. We execute this by implementing the viscosity
and resistivity modules in the FLASH code. The kinetic Reynolds number, Re, is determined by
LV/ν where ν is the viscosity, L is the relevant length scale, and V is the velocity at this length
scale. The magnetic Reynolds number, Rm, is determined by LV/η where η is the resistivity, L is
the relevant length scale, and V is the velocity at this length scale. Re and Rm can be varied by
changing the coefficients of ν and η.

As discussed in the earlier sections, the properties of the SSD depend on the Reynolds numbers
[22, 23, 28]. We study the purely compressively driven SSD with a Mach number of ∼ 0.1. We fix
the Re ∼ 1500 and vary Pm by changing the magnetic Reynolds number.

From figure 4.1, we see that for Pm between 1 to 10, the saturation efficiency is highly dependent
on the magnetic Reynolds number in our simulations. At higher Prandtl numbers, the numerical
viscosity and resistivity due to the grid discretization start to influence the Reynolds numbers being
implemented in our simulations. In the early Universe, Pm ∼ 102 − 1012) which is higher than what
can be achieved in the simulations [17]. The Reynolds numbers in the early Universe are also very
high, and such numbers are not realized in our simulations.
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Figure 4.1: Non-ideal MHD simulations with fixed Reynolds number (∼ 1500) and Mach number
of 0.1 for the purely compressively driven dynamo. The figure shows the saturation efficiency,
(Emag/Ekin)sat, of the SSD as a function of Pm.

For all future simulations, we resort to performing ideal MHD simulations where the resistivity
and viscosity modules are not implemented. In this case, Re and Pm are determined by the numerical
viscosity and resistivity in the simulations. The Pm ∼ 1 in our simulations.

4.2 Turbulent and Mean Initial Fields

As discussed earlier, the presence of an initial seed feed is necessary for the dynamo action to
begin. To understand how the nature of the initial seed field influences the properties of the SSD,
we set up a turbulent initial seed field, which has a no mean direction in addition to the previously
used mean-initial field, for some of our low-Mach number simulations.

Figure 4.2 shows the evolution of the magnetic energy for simulations with a mean initial field
and turbulent initial field. The green and blue curves are simulations withM ∼ 0.1 for a mean
initial field and a turbulent initial field, respectively. The red and orange curves are simulations with
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Figure 4.2: Mach number (top panel); Em/Em0 (middle panel) and Emag/Ekin (bottom panel)
evolution for the above simulations. Time is normalized to the ted at the largest scales. We study
models with M ∼ 0.05 and 0.1 with purely compressive driving for the cases when the initial
magnetic seed field is a mean-field and a turbulent field.

M ∼ 0.05 for a mean initial field and a turbulent initial field, respectively. We see that for both the
Mach numbers we have studied, the saturation point of the SSD is independent of the nature of the
initial seed field. The principal difference between these two cases is the initial evolution of Emag.

Until now, we have only studied cases where the SSD is driven solely by longitudinal velocity
modes. Now, we consider the case when the turbulent forcing injects solenoidal velocity modes
continuously as well (ζ lies between 0 and 1). In this section, we consider the case when ζ = 0.1,
ζ = 0.01 and ζ = 0.001. To understand how the nature of the initial field influences the dynamo
amplification, we perform all the simulations shown below with both types of initial seed fields.

From Figure 4.3 and 4.4, it is clear that increasing the solenoidal fraction in the turbulent forcing
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Figure 4.3: Growth rate (top panel); (Emag/Ekin)sat (middle panel) and Esol/Etot (bottom panel) as a
function ofM for the case when the initial magnetic seed field is turbulent.
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Figure 4.4: Growth rate (top panel); (Emag/Ekin)sat (middle panel) and Esol/Etot (bottom panel) as a
function ofM for the case with a mean initial seed magnetic field.

increases the (Emag/Ekin)sat and Γ of the dynamo. This is because the amount of vorticity present
in the plasma is critical to the SSD action and, therefore, Esol/Etot is consequential to the behavior
of the dynamo. We also fit power laws to the Γ and (Emag/Ekin)sat of the dynamo for the purely
compressively driven case. From our findings, illustrated in Figure 4.3 and 4.4, we find that the
properties of the dynamo are independent of the nature of the seed field. We can also see that the
properties of the dynamo depend onM and the nature of turbulent driving.

However, in the case with the initial seed field having a mean direction, we find a steeper growth
rate in the beginning, because of the tangling up of magnetic field lines during the initial phase. This
can affect the estimation of the growth rate. With an initial turbulent magnetic field, the magnetic
field decays initially for a short while until the dynamo action sets in, increasing the magnetic
energy exponentially. To obtain a better estimation of the growth rate of the magnetic energy due to
the SSD, we use a turbulent initial seed field for all future simulations. The saturation efficiency of
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the SSD is, however, independent of this, as we have seen above.

4.3 Simulations with Initial Vorticity

Figure 4.5: Mach number (top panel); Em/Em0 (middle panel) and Emag/Ekin (bottom panel)
evolution for the above simulations. Time is normalized to the ted at the largest scales. We study
models with M ∼ 0.1 for purely compressive driving (orange curve), with purely compressive
forcing and initial vorticity present in the plasma (blue curve) and a solenoidal component of 0.1%
(ζ = 0.001) present in the forcing (green curve).

From our results so far, it is clear that the amount of vorticity present in the plasma is significant
to the dynamo action. We, therefore, investigate this in greater detail. To understand if the presence
of rotational motions at the beginning of the simulations affects the dynamo, we set up simulations
with initial turbulent motions (or vorticity) in the plasma. This is independent of the way we
implement the forcing of the turbulence, which occurs continuously throughout the simulations.

In Figure 4.5, the orange curve depicts the time evolution purely compressively driven simulation.
The green curve corresponds to the dynamo driven with constant a solenoidal fraction in the driving
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field (ζ = 0.001), and the blue curve depicts the simulations with purely compressive forcing and
initial rotational motions present in the plasma. We find that the presence of initial vorticity does
not affect the growth rate and the (Emag/Ekin)sat of the dynamo. The turbulent rotational motions
injected at the beginning of the simulations decay quickly, and the turbulent forcing then takes over.
It is also clear that the injection of solenoidal velocity modes continuously by the forcing has a
significant effect on the dynamo properties. For example, the saturation efficiency of the dynamo
increases by more than an order of magnitude when a solenoidal fraction of 0.1% (ζ = 0.001) is
introduced in the forcing.

4.4 Vorticty

We study the properties of the turbulent SSD in the subsonic regime,M ∼ 10−3-0.4. [21] have
shown that the properties of the turbulent-dynamo depend critically on the solenoidal (rotational)
or compressive (longitudinal) nature of turbulent driving. A dynamo driven by solenoidal forcing
shows a higher amplification rate and saturation efficiency because, in this case, the driving field
injects vorticity directly into the plasma, which is then able to drive the STF mechanism of the SSD
efficiently. However, with compressive forcing, solenoidal modes are not injected directly by the
turbulent driving, and the plasma might have zero initial vorticity.

We analyze the vorticity and the divergence of the velocity field obtained in these simulations.
Figure 4.6 shows the root mean square (rms) value of the magnitude of vorticity averaged over
all grid cells for our simulations with M ∼ 10−3 − 0.4. Figure 4.7 shows the rms value of the
magnitude of divergence of the velocity field averaged over all grid cells for our simulations with
M ∼ 10−3 − 0.4. We see that the vorticity and the divergence of the velocity field decrease with the
Mach number. This result is expected because we achieve lower Mach numbers in our simulations
by reducing the energy injected into the velocity field by the turbulent forcing.

However, it is more interesting to investigate the energies in the rotational kinetic modes. The
energy in the kinetic energy modes are present in the rotational or vorticity (∇ × ~v) modes and the
compressive or divergence (∇ · ~v) modes. The energy in the solenoidal or rotational modes can be
represented by ∼ (∇ × ~v)2/((∇ × ~v)2 + (∇ · ~v)2) and the energy in the compressive or longitudinal
modes can be represented by ∼ (∇ · ~v)2/((∇ × ~v)2 + (∇ · ~v)2). Figure 4.8 shows the rms value of the
kinetic energy in rotational modes, ((∇ × ~v)2/((∇ × ~v)2 + (∇ · ~v)2)), averaged over all grid cells for
our simulations withM ∼ 10−3 − 0.4. This ratio decreases untilM ∼ 0.05 and then increases again
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Figure 4.6: Vorticity for Mach numbers between 10−3 − 0.4 for the purely compressively driven
SSD

10 3 10 2 10 1 100

Mach number

10 3

10 2

10 1

100

101

Di
ve

rg
en

ce
 (1

/s
)

Figure 4.7: Divergence of the velocity field for Mach numbers between 10−3 − 0.4 for the purely
compressively driven SSD
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as the Mach number decreases.
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Figure 4.8: Ratio of the energy in solenoidal velocity modes to the total kinetic energy for Mach
numbers between 10−3 − 0.4 for the purely compressively driven SSD

Before we present and discuss our numerical results, we briefly address the basic equation for
the evolution of vorticity. Vorticity, defined as ~ω = ∇ × ~v , follows the evolution equation [34]

∂~ω

∂t
= ∇ × (~v × ~ω) + ν∇2~ω +

1
ρ2∇ρ × ∇p + 2ν∇ × S∇lnρ. (4.1)

The vorticity equation has the same structure as the induction equation (3.3) and can therefore give
rise to an exponential growth of vorticity similar to the amplification of magnetic fields by the SSD,
if the last three terms on the R.H.S of equation (4.1) are subdominant compared to the first term [23].
Considering we start with zero initial vorticity, the baroclinic term (∇ρ × ∇p)/ρ2 can not generate
any vorticity, as the system is isothermal and we have p = c2

sρ. However, if density gradients are
present, then through viscous interactions, the last term on the R.H.S of equation (4.1) can generate
vorticity, which can then be amplified through the first term on the R.H.S of equation (4.1).

33



4.5 Time Evolution

Figure 4.9 depicts the evolution of the Mach number, Em/Em0, and Emag/Ekin as a function of
time (normalized to the turn-over time (ted)) for a representative sample of our low Mach number
simulations. The middle panel shows the exponential amplification of Emag by the SSD, and the
bottom panel shows how the Emag grows and saturates relative to the kinetic energy.

4.6 Dynamo growth rates and saturation levels

The amplification rate (Γ), the saturation efficiency ((Emag/Ekin)sat), and the solenoidal fraction
in the kinetic energy (Esol/Etot) for all the turbulent driving models we have studied are shown in
figure 4.10. The solenoidal fraction of the Ekin is correlated to the amplification rate, Γ. The higher
the solenoidal modes in the velocity field, the higher the vorticity of the plasma, which leads to
a more efficient amplification of the magnetic energy and, therefore, a higher amplification rate.
We find that for purely compressive driving, the amplification rate and the saturation efficiency
decline with the Mach number untilM ∼ 0.05. Below this Mach number, it is easier for the energy
injected by the turbulence to drive rotational modes, thus generating relatively more vorticity in
the plasma and increasing the solenoidal fraction of Ekin. The dynamo is very sensitive to the
solenoidal fraction of the Ekin, and as Esol/Etot increases, the amplification rate and (Emag/Ekin)sat of
the dynamo increase. In the very subsonic regime, both Esol/Etot and (Emag/Ekin)sat increase as the
Mach number decreases.

With a solenoidal fraction of 0.1 in the driving, we find that the saturation efficiency approaches
the results from [21] for purely solenoidal driving. This is also observed for the dynamo with
solenoidal fractions of 0.01 and 0.001 in the forcing. With a solenoidal fraction of 0.0001, we find
that atM ∼ 10−3, the saturation efficiency increases by order of magnitude compared to the dynamo
driven by purely compressive driving (ζ = 0). We also perform the low Mach number simulations
with solenoidal fractions of 0.001 and 0.01 on 2563, 5123, and 5763 grid cells and show that the
value of the saturation efficiency converges with resolution.

We use the following function to model the saturation efficiency and the solenoidal fraction in
the (Emag/Ekin)sat as a function of theM
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Figure 4.9: Mach number (top panel), magnetic energy, Em/Em0 (middle panel), and saturation
level, Emag/Ekin (bottom panel) as a function of ted for a representative sample of our low Mach
number simulation models on 1283 grid cells with solenoidal fraction of 0.1, 0.001 and 0 (purely
compressive) in the forcing.In the model name “M” stands for the Mach number, and “S” stands for
the solenoidal fraction (ζ) in the driving field. The dotted lines in the middle panel show the fits for
the amplification rate. The dotted black lines in the bottom panel show the fits for the saturation
efficiency.
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Figure 4.10: Amplification rate, Γ (top panel), Saturation efficiency, (Emag/Ekin)sat (middle panel)
and Esol/Etot (bottom panel) as a function of Mach number for solenoidal fraction (ζ) of 0.1,
0.01, 0.001, 0.0001 and 0 in the turbulent driving. Dark blue (diamond) data points show purely
compressive and purely solenoidal driving cases taken from Figure 3 in [21]. The dotted black lines
show the fits to the data to guide the eye. The black data points in the middle panel correspond to
the simulations done on 2563 grid cells for ζ = 0.01 and ζ = 0.001. The grey data points atM ∼
0.01 and 0.05 in the middle panel correspond to simulations done on 5123 grid cells (for ζ = 0.01)
and 5763 grid cells (for ζ = 0.001).
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Table 4.1: Fit parameters for the saturation efficiency and the solenoidal ratio of the kinetic energy
modelled in equation 4.2 for purely compressive driving (shown in Figure 4.10)

(Emag/Ekin)sat Esol/Etot

p1 3.605 × 10−2 2.735 × 10−1

p2 1.878 × 100 2.794 × 100

p3 −3.734 × 10−2 0
p4 3.483 × 100 2.616 × 100

p5 4.043 × 10−1 1.086 × 10−1

p6 1.870 × 10−1 2.066 × 10−2

p7 −7.770 × 10−1 −1.011 × 100

p8 −7.770 × 10−1 −7.282 × 10−1

p9 3.793 × 103 3.272 × 102

p10 2.695 × 10−3 0

Table 4.2: Fit parameters for the saturation efficiency and the solenoidal ratio of the kinetic energy
modelled in equation 4.2 for ζ = 0.0001 (shown in Figure 4.10)

(Emag/Ekin)sat Esol/Etot

p1 8.520 × 10−2 5.525 × 10−1

p2 −1.286 × 100 −1.493 × 100

p3 0 0
p4 −1.286 × 100 −1.493 × 100

p5 3.606 × 103 2.866 × 104

p6 3.777 × 10−2 3.068 × 10−1

p7 1.543 × 100 1.488 × 100

p8 0 0
p9 0 0
p10 0 0

f (M) =
p1(Mp2 + p3)
Mp4 + p5

+
p6M

p7

Mp8 + p9
+ p10 (4.2)

The fit parameters are presented in table 4.1 (for ζ = 0), table 4.2 (for ζ = 0.0001), table 4.3 (for
ζ = 0.001) and table 4.4 (for ζ = 0.01). The corresponding fits are shown in Figure 4.10. It is clear
that in the very subsonic regime, (Emag/Ekin)sat and Esol/Etot increase as the Mach number decreases
and ultimately saturate close to a value of 1.

The density fluctuations in the plasma decrease with the Mach number leading to the decline in
the density gradients. This, in turn, enables the first term on the R.H.S of equation (4.1) to operate
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Table 4.3: Fit parameters for the saturation efficiency and the solenoidal ratio of the kinetic energy
modelled in equation 4.2 for ζ = 0.001 (shown in Figure 4.10)

(Emag/Ekin)sat Esol/Etot

p1 3.548 × 10−1 5.525 × 10−1

p2 −1.361 × 100 −1.493 × 100

p3 0 0
p4 −1.361 × 100 −1.493 × 100

p5 9.556 × 102 2.866 × 104

p6 3.200 × 10−2 3.068 × 10−1

p7 1.253 × 100 1.488 × 100

p8 0 0
p9 0 0
p10 0 0

Table 4.4: Fit parameters for the saturation efficiency and the solenoidal ratio of the kinetic energy
modelled in equation 4.2 for ζ = 0.01 (shown in Figure 4.10)

(Emag/Ekin)sat Esol/Etot

p1 8.207 × 10−3 1
p2 1.991 × 10−1 −9.160 × 10−1

p3 0 0
p4 1.173 × 100 −9.160 × 10−1

p5 4.708 × 10−2 1.664 × 101

p6 0 0
p7 0 0
p8 0 0
p9 0 0
p10 0 0
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more efficiently and to generate a higher fraction of vorticity modes in the very low Mach number
limit. Consequently, the kinetic energy in the rotational (∇ × ~v) modes increases relative to the
kinetic energy in the compressive (∇ · ~v) velocity modes in the very subsonic regime. This causes
Esol/Etot to grow in this limit, which then leads to an efficient SSD mechanism, thereby increasing
the saturation efficiency at very low Mach numbers.

The growth rate of the dynamo depends on the Re of the plasma in the limit of very high
Prandtl numbers, Pm >> 1 [23] and on the Rm in the limit of Pm << 1 [28]. In our simulations,
Pm ∼ 1 typically, and we will investigate how Γ depends on the Reynolds number in this regime.
The Reynolds numbers of our simulations can be increased by increasing the resolution of our
simulations. We study the SSD for Mach numbers,M ∼ 0.01 and ∼ 0.05 with solenoidal fraction,
ζ = 0.01 (1%) and ζ = 0.001 (0.1%) on different resolutions to understand the effect of increasing
the Reynolds number on the dynamo properties.

Our results for the growth rates are shown in figure 4.11 (for ζ = 0.01) and figure 4.12 (for
ζ = 0.001). We find that for both cases, Γ increases as we increase the resolution of our simulations
and do not converge as the saturation efficiency of the SSD does (see figure 4.10). It is difficult to
achieve higher resolutions in our simulations as the relevant time scale for the SSD (determined
by the turn-over time (ted)) is inversely proportional to the Mach number and therefore it increases
in the low Mach number regime. The time step taken by the FLASH code is determined by the
sound speed, cs, which is much higher than the velocity, in the highly subsonic regime. Therefore it
requires more computational resources and time to simulate the low Mach number SSD with higher
resolution.

4.7 Slice plots of density and magnetic energy

The density fluctuations, which can generate seeds of vorticity in the purely compressively
driven SSD, decrease with the Mach number. As we have seen earlier, the magnetic energy relies on
the Mach number and the vorticity present in the plasma. To compare the behavior of the magnetic
energy across simulations with different solenoidal fractions, we plot this quantity on the surface of
the simulation box for a high (M ∼ 0.4) and low Mach number (M ∼ 0.05). Figure 4.13 depicts the
magnitude of the magnetic energy for simulations withM ∼ 0.05 (first column) and 0.4 (second
column) for ζ = 0 (top row), ζ = 0.001 (middle row) and ζ = 0.1 (bottom row). We observe that for
M ∼ 0.4, the magnetic energy appears saturated compared to the case withM ∼ 0.05 for all the
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Figure 4.11: Amplification rate, Γ for solenoidal fraction ζ = 0.01 in the turbulent driving with
Mach number,M ∼ 0.01 and ∼ 0.05. The black data points correspond to the simulations done on
2563 grid cells and the grey data points correspond to simulations done on 5123 grid cells.

solenoidal fractions we have considered. The value of the magnetic energy at saturation, when the
Mach number is fixed, increases as the solenoidal fraction in the turbulent driving is increased.
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Figure 4.12: Amplification rate, Γ for solenoidal fraction ζ = 0.001 in the turbulent driving with
Mach number,M ∼ 0.01 and ∼ 0.05. The black data points correspond to the simulations done on
2563 grid cells and the grey data points correspond to simulations done on 5763 grid cells.

Figure 4.14 shows the spectra of the magnetic energy and kinetic energy for our lowest Mach
number simulation (M ∼ 10−3) with purely compressive driving. The blue, orange and green
curves show the magnetic energy spectrum at 30ted, 297ted, and 567ted marking different times in the
dynamo evolution; the initial phase, the amplification phase and the phase after the SSD has satu-
rated. The red, purple and brown curves show the kinetic energy spectrum at 30ted, 297ted and 567ted.

We find that the spectrum of the kinetic energy stays similar during the amplification of Emag by
the SSD. This is because we force the velocity field continuously in the same fashion throughout our
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Figure 4.13: Magnetic field fluctuations for ζ = 0 (top row), ζ = 0.001 (middle row) and ζ = 0.1
(bottom row) for Mach numbers 0.05 (first column) and 0.4 (second column) for simulations on
1283 grid cells.
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Figure 4.14: The magnetic and kinetic energy spectrum for the SSD with Mach number,M ∼ 10−3

and purely compressive driving. We plot the spectra for three different phases during the dynamo
action; at 30ted during the initial phase of the dynamo action (blue curve for the magnetic energy
spectrum and red curve for the kinetic energy spectrum), at 297ted, during the amplification phase
(orange curve for the magnetic energy spectrum and purple curve for the kinetic energy spectrum)
and at 567ted, when the magnetic energy has saturated (green curve for the magnetic energy spectrum
and brown curve for the kinetic energy spectrum)
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Figure 4.15: The spectra of the vorticity for the SSD with purely compressive driving for Mach
numbers in the range 10−3 − 0.4. The blue curve depicts the dynamo with Mach number ∼ 0.001
at 6ted, the orange curve depicts the dynamo with Mach number ∼ 0.005 at 28ted, the green curve
depicts the dynamo with Mach number ∼ 0.01 at 10.4ted, the red curve depicts the dynamo with
Mach number ∼ 0.02 at 21.2ted, the purple curve depicts the dynamo with Mach number ∼ 0.05 at
19ted, the brown curve depicts the dynamo with Mach number ∼ 0.1 at 85ted, the pink curve depicts
the dynamo with Mach number ∼ 0.2 at 72ted and the grey curve depicts the dynamo with Mach
number ∼ 0.4 at 88ted.
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simulations. The spectrum of the magnetic energy, however, changes dynamically with time. The
SSD injects the kinetic energy at large k scales (or small length scales) into the magnetic field. We
see that the power in the magnetic field grows at all scales as the dynamo amplification continues.
The peak of the magnetic field spectrum remains at larger k-scales; however, we see that the energy
at smaller k-scales increases as the dynamo action goes from its initial phase to the saturation phase.

Figure 4.15 shows the spectra of the vorticity for the lowest to the highest Mach numbers for the
purely compressively driven SSD. The power of the vorticity at all scales decreases with the Mach
number as the absolute value of the velocity decreases with the Mach number. We find that the peak
of the vorticity spectra at higher Mach numbers (M ∼ 0.4) lies at larger k scales (smaller length
scales) and as the Mach number decreases, the peak shifts towards smaller k scales (larger length
scales). Interestingly, the inflection point for this behavior occurs at aM ∼ 0.05, which coincides
with the Mach number at which Esol/Etot starts to rise in the highly subsonic regime (see figure
4.10).

4.8 Simulations

We assign a model name to our simulations in which “M” stands for the Mach number and “S”
stands for the solenoidal fraction (ζ) in the driving field. Tabulated below, in increasing order of
ζ, are the values for the Mach number (M), solenoidal fraction in the turbulent forcing, saturation
efficiency of the dynamo ((Emag/Ekin)sat), amplification rate of the magnetic energy (Γ) and the
solenoidal ratio in the kinetic energy (Esol/Etot) for our simulations on 1283, 2563, 5123 and 5763

grid cells.
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Model (Resolution 1283) M ζ (Emag/Ekin)sat Γ (t−1
ed ) Esol/Etot

M0.001S0 (9.5 ± 1.4) × 10−4 0 (8.3 ± 3.6) × 10−3 (5.5 ± 0.9) × 10−2 (4.9 ± 0.6) × 10−2

M0.005S0 (3.9 ± 0.3) × 10−3 0 (2.4 ± 0.8) × 10−3 (2.1 ± 0.2) × 10−2 (1.1 ± 0.2) × 10−2

M0.01S0 (1.0 ± 0.1) × 10−2 0 (1.3 ± 0.2) × 10−3 (4.8 ± 0.3) × 10−2 (9.7 ± 1.7) × 10−3

M0.02S0 (2.0 ± 0.2) × 10−2 0 (2.8 ± 0.6) × 10−4 (2.7 ± 0.2) × 10−2 (3.1 ± 0.5) × 10−3

M0.05S0 (4.8 ± 0.4) × 10−2 0 (2.3 ± 0.5) × 10−4 (1.1 ± 0.1) × 10−2 (1.5 ± 0.3) × 10−3

M0.1S0 (9.7 ± 0.9) × 10−2 0 (5.7 ± 1.7) × 10−4 (2.3 ± 0.2) × 10−2 (4.8 ± 0.8) × 10−3

M0.2S0 (1.9 ± 0.2) × 10−1 0 (3.7 ± 0.9) × 10−3 (8.5 ± 0.4) × 10−2 (3.3 ± 0.7) × 10−2

M0.4S0 (4.3 ± 0.3) × 10−1 0 (1.6 ± 0.3) × 10−2 (2.4 ± 0.1) × 10−1 (1.1 ± 0.1) × 10−1

M0.001S0.0001 (1.0 ± 0.1) × 10−3 0.0001 (7.6 ± 2.3) × 10−2 (2.2 ± 0.2) × 10−1 (2.7 ± 0.1) × 10−1

M0.005S0.0001 (4.6 ± 0.4) × 10−3 0.0001 (1.2 ± 0.4) × 10−2 (9.2 ± 1.2) × 10−2 (5.5 ± 0.9) × 10−2

M0.01S0.0001 (8.0 ± 0.6) × 10−3 0.0001 (6.6 ± 1.0) × 10−3 (6.0 ± 0.3) × 10−2 (2.0 ± 0.4) × 10−2

M0.02S0.0001 (2.1 ± 0.2) × 10−2 0.0001 (2.8 ± 0.4) × 10−3 (6.6 ± 0.5) × 10−2 (1.4 ± 0.2) × 10−2

M0.05S0.0001 (4.6 ± 0.4) × 10−2 0.0001 (1.1 ± 0.2) × 10−3 (3.1 ± 0.3) × 10−2 (4.4 ± 1.0) × 10−3

M0.1S0.0001 (1.3 ± 0.1) × 10−1 0.0001 (1.9 ± 0.6) × 10−3 (6.4 ± 0.5) × 10−2 (1.0 ± 0.1) × 10−2

M0.2S0.0001 (1.9 ± 0.2) × 10−1 0.0001 (4.7 ± 1.1) × 10−3 (8.0 ± 0.4) × 10−2 (3.1 ± 0.3) × 10−2

M0.4S0.0001 (4.4 ± 0.4) × 10−1 0.0001 (1.7 ± 0.4) × 10−2 (2.5 ± 0.1) × 10−1 (9.1 ± 1.8) × 10−2

M0.001S0.001 (1.1 ± 0.1) × 10−3 0.001 (3.5 ± 0.5) × 10−1 (4.4 ± 0.3) × 10−1 (8.8 ± 0.3) × 10−1

M0.005S0.001 (5.7 ± 0.2) × 10−3 0.001 (1.7 ± 0.3) × 10−1 (4.8 ± 0.2) × 10−1 (4.0 ± 0.7) × 10−1

M0.01S0.001 (1.2 ± 0.1) × 10−2 0.001 (1.0 ± 0.2) × 10−1 (5.2 ± 0.2) × 10−1 (2.6 ± 0.7) × 10−1

M0.02S0.001 (2.3 ± 0.1) × 10−2 0.001 (5.9 ± 1.0) × 10−2 (3.5 ± 0.1) × 10−1 (1.1 ± 0.0) × 10−1

M0.05S0.001 (4.1 ± 0.3) × 10−2 0.001 (2.8 ± 0.5) × 10−2 (1.9 ± 0.1) × 10−1 (6.5 ± 0.5) × 10−2

M0.1S0.001 (9.9 ± 0.9) × 10−2 0.001 (1.2 ± 0.2) × 10−2 (1.5 ± 0.1) × 10−1 (4.0 ± 0.6) × 10−2

M0.2S0.001 (1.8 ± 0.2) × 10−1 0.001 (6.6 ± 1.5) × 10−3 (9.2 ± 0.5) × 10−2 (3.5 ± 0.6) × 10−2

M0.4S0.001 (3.9 ± 0.3) × 10−1 0.001 (1.4 ± 0.3) × 10−2 (1.7 ± 0.1) × 10−1 (1.0 ± 0.1) × 10−1

M0.001S0.01 (1.1 ± 0.2) × 10−3 0.01 (6.1 ± 1.3) × 10−1 (5.8 ± 0.5) × 10−1 (1.0 ± 0.0) × 10+0

M0.005S0.01 (5.1 ± 0.2) × 10−3 0.01 (4.3 ± 1.0) × 10−1 (5.5 ± 0.3) × 10−1 (9.6 ± 0.1) × 10−1

M0.01S0.01 (1.4 ± 0.1) × 10−2 0.01 (5.0 ± 1.0) × 10−1 (1.1 ± 0.0) × 10+0 (7.8 ± 0.2) × 10−1

M0.02S0.01 (2.2 ± 0.1) × 10−2 0.01 (3.5 ± 0.6) × 10−1 (8.6 ± 0.5) × 10−1 (6.7 ± 0.8) × 10−1

M0.05S0.01 (4.6 ± 0.2) × 10−2 0.01 (2.4 ± 0.3) × 10−1 (5.9 ± 0.4) × 10−1 (5.2 ± 0.1) × 10−1

M0.1S0.01 (9.3 ± 0.6) × 10−2 0.01 (1.6 ± 0.3) × 10−1 (5.7 ± 0.3) × 10−1 (3.9 ± 0.6) × 10−1

M0.2S0.01 (2.1 ± 0.2) × 10−1 0.01 (8.3 ± 1.6) × 10−2 (5.1 ± 0.1) × 10−1 (1.9 ± 0.3) × 10−1

M0.4S0.01 (3.8 ± 0.3) × 10−1 0.01 (3.4 ± 0.7) × 10−2 (2.8 ± 0.3) × 10−1 (1.4 ± 0.1) × 10−1

M0.001S0.1 (1.2 ± 0.1) × 10−3 0.1 (5.4 ± 1.0) × 10−1 (5.2 ± 0.6) × 10−1 (1.0 ± 0.0) × 10+0

M0.005S0.1 (4.4 ± 0.3) × 10−3 0.1 (6.4 ± 1.9) × 10−1 (6.1 ± 0.4) × 10−1 (1.0 ± 0.0) × 10+0

M0.01S0.1 (9.3 ± 0.5) × 10−3 0.1 (5.4 ± 1.0) × 10−1 (7.6 ± 0.2) × 10−1 (1.0 ± 0.0) × 10+0

M0.02S0.1 (1.9 ± 0.1) × 10−2 0.1 (5.3 ± 1.1) × 10−1 (7.5 ± 0.2) × 10−1 (9.8 ± 0.1) × 10−1

M0.05S0.1 (4.9 ± 0.2) × 10−2 0.1 (4.7 ± 0.8) × 10−1 (8.9 ± 0.6) × 10−1 (9.2 ± 0.1) × 10−1

M0.1S0.1 (1.0 ± 0.0) × 10−1 0.1 (4.2 ± 0.7) × 10−1 (9.1 ± 0.4) × 10−1 (8.9 ± 0.2) × 10−1

M0.2S0.1 (2.1 ± 0.1) × 10−1 0.1 (3.4 ± 0.6) × 10−1 (9.5 ± 0.4) × 10−1 (8.2 ± 0.3) × 10−1

M0.4S0.1 (4.3 ± 0.1) × 10−1 0.1 (2.5 ± 0.4) × 10−1 (8.6 ± 0.5) × 10−1 (7.3 ± 0.4) × 10−1

4.9 Applications

In this section, we discuss the applications of the SSD in the low Mach number regime to the
primordial magnetic fields and estimate values for the intergalactic magnetic fields from our results.
We also discuss the applications of our study to the stellar corona and the galactic halo.
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Model (Resolution 2563) M ζ (Emag/Ekin)sat Γ (t−1
ed ) Esol/Etot

M0.005S0.001 (6.3 ± 0.2) × 10−3 0.001 (2.0 ± 0.2) × 10−1 (8.8 ± 0.7) × 10−1 (6.0 ± 0.4) × 10−1

M0.01S0.001 (1.3 ± 0.1) × 10−2 0.001 (1.2 ± 0.2) × 10−1 (8.4 ± 0.3) × 10−1 (3.8 ± 0.2) × 10−1

M0.02S0.001 (2.4 ± 0.1) × 10−2 0.001 (7.3 ± 1.1) × 10−2 (5.7 ± 0.3) × 10−1 (2.0 ± 0.4) × 10−1

M0.05S0.001 (4.2 ± 0.3) × 10−2 0.001 (3.2 ± 0.5) × 10−2 (2.7 ± 0.1) × 10−1 (8.5 ± 1.1) × 10−2

M0.1S0.001 (9.8 ± 0.8) × 10−2 0.001 (1.5 ± 0.3) × 10−2 (2.5 ± 0.1) × 10−1 (5.0 ± 0.2) × 10−2

M0.005S0.01 (5.4 ± 0.2) × 10−3 0.01 (4.9 ± 0.5) × 10−1 (1.0 ± 0.0) × 10+0 (9.9 ± 0.0) × 10−1

M0.01S0.01 (1.7 ± 0.1) × 10−2 0.01 (4.1 ± 0.4) × 10−1 (1.6 ± 0.1) × 10+0 (8.5 ± 0.6) × 10−1

M0.02S0.01 (2.6 ± 0.1) × 10−2 0.01 (3.4 ± 0.4) × 10−1 (1.4 ± 0.1) × 10+0 (6.8 ± 0.6) × 10−1

M0.05S0.01 (4.7 ± 0.2) × 10−2 0.01 (2.4 ± 0.4) × 10−1 (9.4 ± 0.6) × 10−1 (5.0 ± 0.0) × 10−1

M0.1S0.01 (9.4 ± 0.5) × 10−2 0.01 (1.9 ± 0.3) × 10−1 (8.5 ± 0.6) × 10−1 (3.3 ± 0.3) × 10−1

Model (Resolution 5123)
M0.01S0.01 (1.7 ± 0.0) × 10−2 0.01 (5.7 ± 0.4) × 10−1 (2.7 ± 0.2) × 10+0 (8.8 ± 0.1) × 10−1

M0.05S0.01 (4.6 ± 0.2) × 10−2 0.01 (1.8 ± 0.4) × 10−1 (1.4 ± 0.1) × 10+0 (5.7 ± 0.3) × 10−1

Model (Resolution 5763)
M0.01S0.001 (1.3 ± 0.1) × 10−2 0.001 (9.5 ± 1.2) × 10−2 (1.3 ± 0.2) × 10+0 (3.1 ± 0.1) × 10−1

M0.05S0.001 (4.2 ± 0.3) × 10−2 0.001 (2.8 ± 0.5) × 10−2 (4.9 ± 0.7) × 10−1 (8.1 ± 1.1) × 10−2

Table 4.5: Table of all simulations with their corresponding Mach number (M), solenoidal fraction
(ζ) in the turbulent driving, saturation efficiency of the dynamo ((Emag/Ekin)sat), amplification rate of
the magnetic energy (Γ) and the solenoidal ratio in the kinetic energy (Esol/Etot)

4.9.1 Primordial magnetic fields

Magnetic fields are unavoidably created in the primordial Universe [15] and can act as a seed for
the SSD. [17] show that turbulence can be established in the early Universe between the electroweak
epoch and neutrino decoupling (T = 0.2–100 GeV). They further describe two mechanisms for
driving the turbulence in this early evolution of the Universe: 1) through velocity fluctuations
generated through primordial density perturbations (PDP), and 2) phase transitions, which may
occur in this epoch. In the former case, the velocity fluctuations arise due to acceleration by the
gravitational potential generated due to PDP and therefore are longitudinal or compressive velocity
modes. They would also be driven continuously, as is the case in our simulations.

Well developed turbulence, together with the high magnetic Reynolds numbers and Pm in the
early Universe, provides optimal conditions for the SSD to function. This dynamo is expected to
have worked in very subsonic conditions,M ∼ 10−4.

Now, we will apply our results for the SSD in the subsonic regime to the early Universe. At
M ∼ 10−3 we report the saturation efficiency to be ∼ 8.3 × 10−3. We also find that as the Mach
number is decreased in this regime, the saturation efficiency increases. Taking the value of the
saturation efficiency atM ∼ 10−3 to be a lower bound for the early-Universe dynamo, we predict the
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generation of magnetic fields with strengths & 9.1 × 10−17 Gauss on scales of λc ∼ 0.1 pc through
the SSD action driven by primordial density perturbations. If the SSD is driven by first-order
phase transitions, we predict that the dynamo generates much higher magnetic field strengths of
& 9.1 × 10−14 Gauss on scales of λc ∼ 100 pc [17]. We note that these values are lower limits, as the
magnetic field generated increases with the saturation efficiency, which is likely to be appreciably
greater in the primordial Universe.

The conservative estimates of the lower bounds on the IGMF from blazar γ-ray observations are
10−17–10−14 Gauss on scales of 0.1 pc and 10−19–10−15 Gauss on scales of 100 pc [7, 8]. The SSD
mechanism driven by first-order phase transitions in the primordial Universe can, therefore, explain
the lower-limit on the IGMFs on scales of ∼ 100 pc. The dynamo mechanism driven by PDPs can
produce appreciable magnetic fields at shorter scales of 0.1 pc comparable to the lower bounds on
the IGMF at these scales. This raises the interesting possibility of explaining the IGMF lower limits
on these scales, without invoking beyond the standard model (BSM) physics, i.e., without requiring
a first-order phase transition.

These primordial fields can act as seeds for galactic dynamos and may influence the formation
of the first stars [35, 36]. The Reynolds numbers in the early Universe are orders of magnitude
higher than what we achieve. In this limit, the growth rate increases with the Reynolds number as
Γ ∝ Re1/2 [23]. Therefore, the growth rate of the early-Universe dynamo will be much higher than
what is predicted from our simulations [22].

4.9.2 Stellar Coronae

Another possible astrophysical application of low Mach number MHD turbulence and the SSD
could be in stellar coronae. For the solar corona, at heights h ∼ 2 − 5 R� above the photosphere, the
sonic and Alfvénic Mach numbers are both typically ∼ 10−2 [37, 38]. Here the Rm is very high
∼ 108 − 1012, and the kinetic Mach number is also high enough (Re ∼ 104) [39] for turbulence to
develop. Although the plasma beta is initially low β < 1 at h < 0.2 R� it acquires large values above
unity β ∼ 10 [40] in this height range h ∼ 2− 5 R� that describes the outer corona and the solar wind
accelerating region. Coronal observations also indicate a continuous forcing of the velocity fields
with plasma velocities of vrms ∼ 1 km s −1 (outside of coronal holes and the emerging fast solar
wind) along with fine-grained structure. In such a system, we could expect a low Mach number
SSD to develop and amplify magnetic energy. Interestingly, the magnetic field strengths, over an
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active region, in the outer corona at h ∼ 2R� are B ∼ 10−1 G [41], whereas an extrapolation of the
stretched potential field model yields B ∼ 10−3 G. We note that an MHD description of turbulence
would be valid only on scales significantly larger than the particle mean free path (∼ 103 km at these
heights [42]).

4.9.3 Hot Interstellar Medium in the Galactic Halo

Our results may also be relevant in the growth of the Galactic halo (corona) magnetic fields of
strengths B ∼ 1µG, especially at large radii R & 5 kpc [43, 44, 45, 46, 47, 48]. In these regions, the
hot interstellar medium (HIM) typically has T ' 106 K,M ∼ 10−1,MA ∼ 10−1, Re ∼ 102, Rm
∼ 1022 and a magnetic Prandtl number Pm ∼ 1020 with plasma beta β & 3 [49, 50]. Thus it appears
plausible that a low-Mach SSD could have played a role in the development of Galactic halo fields.
We caution that the baryonic halo HIM, with weaker kinetic turbulence and containing wakes of
high-velocity clouds would not be continuously forced in the same manner as our simulations.
Interestingly, the mean-field SSD model for halo fields [51] appears to be disfavoured by simulations
[52].
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Chapter 5

Conclusion and Outlook

We study the properties of the SSD for a wide range of Mach numbers in the highly subsonic
limit. We investigate the amplification rate and the saturation efficiency of the SSD for Mach
numbers between 0.4 and 10−3 by performing numerical simulations on a periodic computational
grid with 1283, 2563, 5123 and 5763 grid cells. Previous studies by [21] have investigated the
properties of the SSD driven purely by rotational and longitudinal driving modes for Mach numbers
in the range ∼ 0.02− 20 and ∼ 0.1− 20 respectively. We extend the study of the small scale dynamo
driven solely by longitudinal modes further into the subsonic regime, up to a Mach number of
∼ 10−3. In this case, we find that the saturation efficiency and the amplification rate of the dynamo
decrease until M ∼ 0.05 and then begin to increase in the highly subsonic regime. Our study
explores the previously unexplored subsonic limit and along with the earlier study by [21], we have
the Mach number dependence of the properties of the SSD in the sub-sonic, trans-sonic and the
super sonic regime.

Besides the case when the dynamo is driven by compressive or longitudinal driving, we also
study the a wide range of forcing conditions. We change the solenoidal component in the forcing
field by changing the projection parameter ζ to 0.1 (10%), 0.01 (1%), 0.001 (0.1%) and 0.0001
(0.01%). We find that when ζ = 0.1, the saturation efficiency of the SSD is similar to what is
obtained for a purely rotational forcing of the driving field (ζ = 1) or incompressible turbulence. In
this case, we find that the solenoidal fraction in the kinetic energy, Esol/Etot, is close to ∼ 1. For
the cases of the SSD with solenoidal fraction of 1% and 0.1% in the turbulent driving, we find that
the Esol/Etot approaches 1 in the highly subsonic limit thereby increasing the saturation efficiency
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in this limit. When the solenoidal fraction in the turbulent driving is set to 0.01%, we find similar
behaviour as the case with purely compressive driving of the turbulence. The solenoidal fraction in
the kinetic energy and the saturation efficiency of the SSD decreases until a Mach number ∼ 0.05
and then increase as the Mach number decreases. Our results are summarised in Figure 4.10. We
also fit models to the saturation efficiencies and Esol/Etot as a function of the Mach number for our
results. The growth rate of the SSD is correlated to Esol/Etot and we find that as Esol/Etot increases
in the very subsonic limit the growth rates of the dynamo increase as well for all the models we have
studied. The growth rate of the dynamo is a function of the Reynolds numbers which depends on
the resolution of our simulations. We investigate the vorticity generated in the plasma to understand
the growth of Esol/Etot in the highly subsonic regime.

The γ−ray observations of TeV blazars estimate the lower bounds on the intergalactic magnetic
fields to be 10−17–10−14 Gauss on scales of 0.1 pc and 10−19–10−15 Gauss on scales of 100 pc [7, 8].
[17] proposed that a SSD in the early universe can amplify magnetic fields exponentially. They
proposed two mechanisms that can generate turbulence in the early universe; through velocity
fluctuations driven by primordial density perturbations and through first order phase transitions that
may occur in the early universe. The turbulence driven by the primordial density perturbations is
compressive in nature and the Mach numbers in the early universe are expected to be 10−5 − 10−4.

Using our results on the SSD in the low Mach number regime, we predict the generation of
magnetic fields with strengths & 9.1 × 10−17 Gauss on scales of λc ∼ 0.1 pc through the SSD action
driven by primordial density perturbations. If the SSD is driven by first-order phase transitions, we
predict that the dynamo generates much higher magnetic field strengths of & 9.1 × 10−14 Gauss on
scales of λc ∼ 100 pc [17]. The values we predict are lower limits, as the magnetic field generated
increases with the saturation efficiency, which is likely to be appreciably greater in the early Universe.
The saturation efficiency and the amplification rate of the dynamo is dependent on Pm of the plasma
which is much higher in the early universe (102 − 1012) compared to our simulations, where Pm ∼ 1.
We find that the value of the saturation efficiency converges as the resolution of the simulations is
increased. The growth rate, however, increases a with the resolution. The Reynolds numbers in the
early universe are much higher than what is obtained in our simulations and in this case the growth
rate Γ ∝ Re1/2 [23]. Therefore, the dynamo growth rates in the early universe are very high and can
lead to saturation of magnetic energy by the SSD action on small time scales.

Our results can therefore explain the lower bound on the intergalactic magnetic fields on scales of
0.1 pc and 100 pc. At smaller scales of 0.1 pc, a dynamo driven by primordial density perturbations,
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without requiring a first order phase transition in the early universe, can lead to magnetic field
strengths on these scales inferred for the γ−ray observations. The low Mach number dynamo can
act in the stellar corona where the kinetic Reynolds numbers and magnetic Reynolds numbers are
high. It can also be relevant in the growth of magnetic fields in the galactic corona.

The small-scale turbulent dynamo is an efficient process for magnetic field amplification and
has many applications in astrophysical settings. It is therefore important to understand its properties
in different parameter regimes. We explore the SSD in the previously unexplored highly subsonic
regime for a wide range of forcing conditions. We apply our results to understand the primordial
magnetic field strengths. Our results are more general and can be relevant to studies on magnetohy-
drodynamic turbulence. They may also have further applications for studies in astrophysics and
cosmology.
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