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Abstract

This thesis presents a study of the quasilocal stress tensor proposed by Brown and York in
1993 from the perspective of the AdS/CFT correspondence which was carried out by Kraus
and Balasubramanian in 1999. The thesis begins with a quick review of the essential ideas
of AdS/CFT. The subsequent chapter explains the variational principle for the gravitational
action and explains the need for introducing the Gibbons-Hawking-York boundary term
and the nondynamical counterterm in the action. The chapter following this elucidates the
challenges involved in describing a local stress-energy tensor for the metric of a spacetime and
describes the earlier mentioned proposal by Brown and York. Later, we work out in detail
and confirm the expressions for quasilocal stress tensor for asymptotically AdS spacetimes
in various dimensions and also show that these lead to the right masses and momenta for
various spacetimes as shown by Kraus and Balasubramanian. The interpretation of the
quasilocal stress tensor from the CFT side is also discussed. We verify the result obtained
by Brown and Henneaux and also make a key observation that for metrics that satisfy the
fall-offs suggested by them, one may be able to drop the GHY term in the action thus leading
to a modified stress tensor that could potentially give the same (correct) results for mass

and momenta of various spacetimes.
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Chapter 1

Introduction

This thesis presents an attempt, from the point of view of holography, to resolve a long-
standing problem in the field of gravity, which is to define a stress-energy tensor for the
gravitational field. Holography is the idea that a physical theory in d + 1 dimensions is
essentially equivalent to some other theory living at infinity, in d or fewer dimensions. This
is, in fact, great since it enables us to easily compute some (not so easily calculable) quanti-
ties in one theory by using the other equivalent description of the theory. The holographic
principle was first proposed by Gerard 't Hooft [1] and later made more concrete by the
work of Leonard Susskind [2], where he suggested that string theory could be a sensible
realization of the notion introduced by 't Hooft. A concrete realization of the holographic
principle is the anti de-Sitter/conformal field theory (AdS/CFT) correspondence also termed
as the gauge/gravity duality, which was first proposed by Juan Maldacena in 1997 [3]. The
AdS/CFT correspondence has been instrumental in scientists’ search for a quantum theory

of gravity and is widely considered as the best-understood theory of quantum gravity till date.

Many have tried and failed in the attempt to define a stress-energy tensor for the grav-
itational field (or equivalently, a stress-energy momentum for the metric of a spacetime
manifold) which is an open problem even now. J. David Brown and James W. York have
been somewhat successful in this attempt; in 1992, they gave a definition for such a quantity,
which was not exactly defined at a point but localized over the boundary of the spacetime
under consideration, thus being partially successful [14]. Since the quantity cannot actually

be described as local, it is referred to as a quasilocal stress tensor. It is basically defined



as the functional derivative of the gravitational action (action for the metric of a spacetime

manifold) with respect to the metric on the boundary of the spacetime.

Per Kraus and Vijay Balasubramanian in 1999 realized that this problem is particu-
larly attractive from the point of view of holography [15]. This is because, via the AdS/CFT
correspondence, one can assume the equivalence between the partition function on the grav-
ity side and the CFT partition function (subject to the constraint that the partition function
on the gravity side is expressed as a functional of a bulk field whose boundary limit couples
to the CFT operator with respect to which we express the partition function of the CFT).
In the semiclassical limit of the gravitational theory, using saddle point approximation, one
can see that the partition function on the gravity side essentially reduces to the bulk grav-
itational action viewed as a functional of the boundary field(s). Hence, from the point of
AdS/CFT correspondence, there is a natural notion of viewing the gravitational action as a
function of the boundary metric, thus enabling us to compute functional derivatives of the

action with respect to the boundary metric.

A major drawback of the proposal by Brown and York stems from the definition that
they propose for the counterterm in the gravitational action which renders the action itself
as well as the quasilocal stress tensor finite. They propose an embedding of the boundary
hypersurface (which is the region of integration to obtain the counterterm) in a reference
spacetime and to consider the resulting gravitational action as the counterterm. The above
procedure, commonly referred to as background subtraction, is not always feasible since the
embedding of a hypersurface with an arbitrary metric in a reference spacetime may not be
possible always. Thus, the procedure suggested by Brown and York is ill-defined to some
extent. This problem has an effective resolution from the perspective of AdS/CFT corre-
spondence. From the perspective of CF'T, the quasilocal stress tensor can be thought of
as giving the expectation value of its stress tensor. Therefore, the divergences (that show
up in the asymptotic limit) in the quasilocal stress tensor can be thought of as ultraviolet
divergences arising in a field theory which can be gotten rid of by considering counterterms
that depend solely on the geometry of the boundary hypersurface over which the CF'T is
defined. One can express the integrand of such a counterterm as a function of the invariants
formed from the curvature(s) of the boundary metric, which is always possible as opposed
to the method by Brown and York.



The following chapter gives a brief summary of the key details of anti-de Sitter spaces,
conformal field thoeries, and the method of computing correlators by making use of the
duality. The chapter following the next one explains the Lagrangian formulation of general
relativity and explains the need for extra terms in the gravitational action so that we have
both a well defined variational principle and also an action that is finite in the limit of large
distances. The chapter after that expounds on the proposal by Brown and York and that by
Kraus and Balasubramanian. We also explicitly show all the calculations required to arrive
at the results observed by Kraus and Balasubramanian for various spacetimes. In addition,
we make a key observation which might pave the way for an alternate method to arrive at

the results observed by Kraus and Balasubramanian.






Chapter 2

Overview of the AdS/CFT duality

AdS/CFT correspondence is the observation that any theory of quantum gravity in a family
of asymptotically AdS spacetimes in d + 1 dimensions is equivalent to a conformal field
theory in a d dimensional spacetime [3,4]. This relationship between the two theories is
an instance of holography since the conformal field theory lives in one smaller dimension
compared to the gravitational theory. We know that a hologram is a 2-dimensional version
of a 3-dimensional object which completely describes the latter. Similar is the equivalence
between the gravitational theory and CF'T. The claim is that there is an equivalence between
the two theories because one can interpret the calculations of physical quantities in one
theory via a ‘dictionary’ that relates these to calculations in the dual theory. Thus, every
physical quantity in one theory has a dual in the other theory. The fact that any physical
quantity that can be computed in one theory can also be computed in the dual theory lets
us conclude that there is a total equivalence between the two theories. As we will see later,
the isometry group of AdSy. i, SO(d,2), acts on the d dimensional conformal field theory
as the conformal group (which happens to be the symmetry group of the CFT) and this
therefore lets us conclude that symmetries on either sides of the duality are equivalent as
well. Gravity in AdS can essentially be viewed as ‘gravity in a box’. We will see why this
is the case in one of the coming sections. Any theory that is well approximated by coupling
matter to general relativity in AdS may be regarded as a ‘quantum gravity’ theory. One way
of viewing the duality between the two theories is to assume the existence of an isomorphism

between the Hilbert spaces of the two theories [5].



2.1 Anti-de Sitter spacetime

Anti-de Sitter spacetime is a maximally symmetric spacetime with a negative curvature.
Since it is maximally symmetric, the curvature is guaranteed to be a constant. AdS solves
Einstein’s equations for an empty universe with a negative cosmological constant. d + 1
dimensional AdS can be obtained by embedding a hypersurface of the same dimension in
Minkowski spacetime in one higher dimension, i.e, d+2 dimensions, in (2, d) signature. d+ 2

dimensional Minkowski metric in (2, d) signature is given by
ds® = —dX§ —dX7,, +dX7+ ... +dX3, (2.1)
and the hypersurface to be embedded takes the form
X2+ X2, -X2=1, (2.2)

where [ is a parameter with units of length, conventionally referred to as the AdS length

scale. In global coordinates, defined by

Xo=VI2+rcos(t/l)
Xgr1 = VI2+r2sin(t/l) (2.3)
2,2

the metric of AdS takes the form

2 d 2
ds® = — (1 + 7;—2) dt* + (% +r2dQ3 |, (2.4)

1+5)

where r € [0,00),t € (—00,00), and €y ; stands for the round metric on S?!. Defining

r = tan p, with p € (0,7/2), we see that AdS metric now assumes the form

ds® = (—dt* + dp® + sin” pdQ3_,), (2.5)

cos p?

which lets us conclude that the causal structure of AdS,,; can be identified to be that of a

“solid cylinder”,
ds® = —dt* + dp® + sin® pdQ?_|, (2.6)

6



as the conformal factor plays no role in determining the null geodesics of the space time.
Therefore, in these coordinates, AdS can be pictured as the interior of a cylinder. It is seen
that a signal sent from the centre of the spacetime by an observer at rest hits the asymptotic
boundary and reverts back to the centre in a finite proper time, At = 7. This is the reason
why Ads gravity is commonly referred to as ’gravity in a box’. The boundary of AdS at
r = 0o or p = /2, with topology R x S%~1  is what is popularly referred to as its asymptotic
boundary. Now, the metric in (2.4) is the appropriate one for empty universe; the presence
of any matter in the spacetime would cause the metric to deviate from (2.4).

Maximal symmetry of AdS implies that it has as many independent symmetries or as
many killing vectors as Minkowski spacetime of the same dimension. In d + 1 dimensional
Minkowski spacetime, we have d + 1 translations, d boosts, and %d(d —1) rotations and thus
a total of d4+1+d+3d(d—1) = 3(d+1)(d+2) independent symmetries. As we saw earlier,
AdSg.1 can be obtained by embedding the hypersurface

XaXA=X24 X2, - X2=1 (2.7)

in d + 2 dimensional Minkowski spacetime in (2,d) signature. In terms of the coordinates

given in (2.5), the parametrization of this hypersurface looks like

X, = lcost
cos p
int
Xap = 12 (2.8)
cos p
X? = [*tan®p

The above 2 equations elucidate the fact that isometries of AdS are merely the rotations
and boosts of X4 [6]; we have one rotation between the timelike coordinates Xy and X441, d
boosts between either of the timelike coordinate and the X;s, and (g) = 1d(d — 1) rotations

between the X;s. The general form of the generator of these transformations look like
Gap = Xa0p — Xp0a, (2.9)

with all of these individual generators together generating the isometry group of AdS,
SO(d,2).
The AdS metric(s) that we saw till now were all in Lorentzian signature; the metric had

all positive eigenvalues but one. In contrast to this, a metric with all eigenvalues being pos-



itive is said to be in Euclidean signature. For obtaining AdS metric in Euclidean signature,

the hypersurface to be embedded looks like
X2 - X2, -X?2=12, (2.10)

and the embedding space is d + 2 dimensional Minkowski spacetime in (1,d + 1) signature.
In global coordinates, Euclidean AdS looks like

2 ’ 2 dr? 2 1092
ds® = dt® + —— + r°dQ;_,. 2.11
< l2> (1+%) - (21
Compared to the Lorentzian case, we just have a flip in the sign of d¢? in the Euclidean case.

Another commonly used set of coordinates for AdS are the Poincare coordinates, which

parametrizes the hypersurface in (2.10) as

Xy = z(l_x _Z> (2.12)
iz
V4

Here, 7 is a spatial d dimensional vector, i.e., Z € R% and z > 0 (so that we have a consistent

positive sign for Xy). In Poincare coordinates, euclidean AdS metric looks like

dz2 d dr:2
ds? :z2< S 2 d ) (2.13)

22

This makes explicit the fact that AdS is conformal to R x R? and also the fact that in
Poincare coordinates, the asymptotic boundary (situated at z = 0) has R? geometry [7]. To
find the metric of Lorentzian AdS in Poincare patch, we parametrize the hypersurface in
(2.2) as

z P4+ -t [
Xo=§(1+—2) X1 = —t
z z
[ z 2 -2+t l (2.14)
Xica= 2 Xg=- (1 - ——F— Xicd = —;,
z 2 22 z



where 7' is a d — 1 dimensional spatial vector. The metric of AdS in these coordinates look

like o
—dt? 4 d2? + Y da?
ds? :F( A2t )y d ) (2.15)

22

where 0 < z < co. It can be seen that Poincare coordinates in Fuclidean signature cover the
whole of Ads while the same set of coordinates in Lorentzian signature covers only a wedge

shaped region of the whole spacetime, popularly referred to as the Poincare patch.

2.1.1 Classical equations of motion in AdS

For illustrative purposes, consider a free scalar particle in 3 dimensional AdS spacetime.
Since we know that free particles traverse along geodesics, the action for the same in an

arbitrary spacetime could be expressed as

S = m/dT = m/dt\/gaﬁ(x(t))d$;t<t> d:z:;(t)’ (2.16)

where 7 is the proper time, m is the mass of the particle, and z*(t) corresponds to the world
line of the particle. For AdSs in global coordinates, x*(t) = (t, p(t), 0(t)), and therefore the
action in (2.16) looks like

—1+ 0%+ 62sin?p
S:m/dt\/ cosp . (2.17)

Since the Euler-Lagrange equations for this action take a complicated form, we can choose
an alternate approach to deriving the classical equations of motion. Since we know that Ads
is obtained by embedding a hypersurface in Minkowski spacetime of one higher dimension,
we could write an action principle for the coordinates X 4 in (2.7), considering X4 = X4(7).

The action with a Lagrange multiplier takes the form
S = /dT (XAXA LR - XAXA)> . (2.18)

From the Euler-Lagrange equation for this action, X4 = —AX 4, we see that different values
of A are all equivalent upto a sign (since the equation of motion is a homogenous second order

differential equation). Therefore, the possible values that A can take are -1, 0, or 1. These

9



correspond to spacelike, null, or timelike geodesics in AdS. From our study of the harmonic
oscillator, one can easily infer that massive particles in AdS move along periodic geodesics.
The fact that all trajectories for a free particle in AdS have the same period with respect
to the coordinate t implies that discrete energy levels obtained by quantizing the dynamics
of an AdS free particle are integer spaced. Stated otherwise, the discrete energy levels must

obey
E=FEy+n, (2.19)

for some Ej, with n being a non negative integer.

2.1.2 Quantum mechanics and field theory in AdS

For illustrative puropses, we’ll work with a free particle in AdS;. The action in (2.16) for
AdSs looks like

S — m/dt—V_HpQ. (2.20)

cos p

The momentum conjugate to the coordinate p is

mp

p=—"°t 2.21
’ cos o pr—1 ( )
and therefore, the Hamiltonian is given by
2 m?
H=Pp—L=|P"———. 2.22
oP P COSQp ( )

Quantization can be imposed by demanding [p, P,] = ¢, which is satisfied if we have P, =
—10,. We could then solve for the wavefunction of a free particle by expressing the Schrodinger
equation using the above information; in fact, solving the squared form of Schrodinger equa-
tion is less laborious.

Although we could solve for the free particle wavefunction by writing down the Schrodinger
equation as above, an easier method to obtain the same would be to use the isometries of
AdS. From (2.9), we see that the three generators of AdSs isometries are Gy, Gog, and Gis.
Now, G, basically mixes Xy and X; between themselves and therefore its action could be

expressed as
XO — X(] + €X1, and X; — X; + EX(). (223)

10



If we are working with global coordinates, using the parametrization given in (2.8), we can
express the above transformation as a transformation of ¢ and p as
cos(t + €g;) _ cost

~ t
cos(p +€g,) cosp Tctanp

(2.24)
cost
tan(p + eg,) ~ tanp + € ,
cos p
whose solutions are
= —sintsin
9 4 (2.25)
gp = €Ost cos p.
From this, we can conclude that
Go1 = —sintsin pd; + cost cos pd,. (2.26)

By following the same approach, we can arrive at the expressions for the other two generators

and see that they satisfy the commutation relations
[Gm, GOQ] = G, [G027G12] = Go1, and [G(n, G12] = G, (2-27)

which we identify with the SO(2,1) algebra. The above equation tells us that defining
D =Gy, P= %(Gm +1iG1g), and K = %(Gm — i(G12) helps us recast them in the form

[D,P] =iP, [D,K]=—iK, and [K,P]=iD. (2.28)

The above equations elucidate the fact that the states can be labelled as eigenstates of the

operator D, and therefore satisfy

Dly)=Aly), (2.29)

where A is an eigenvalue of D. With respect to these eigenvalues, P and K act respectively
as raising and lowering operators. Since K is the lowering operator, if [iy) is the ground
state, it should satisfy

K |1ho) = 0. (2.30)

Any arbitrary state can be constructed by the (repeated) action of the raising operator on

|tg). Using (2.26) and the similar expression for G2, we see that K is given by
Lo o
3¢ (—isin pdy + cos pd,) (2.31)

11



for 1) expressed in the (¢, p) coordinate basis. We see that (2.30) when expressed in the

coordinate basis takes the form

— isin pOyihy(t, p) + cos pd, o (t, p) = 0. (2.32)

Assuming a separable solution 1y = ety (p), we see that the above equation becomes

Ax = —cot p(9,X), (2.33)
which is solved by x(p) = cos® p, and thus the full ground state solution is given by
Yo(t, p) = et cos™ p. (2.34)

Now, any two successive eigenstates obtained by the repeated action of the raising operator
on the ground state differ in energy by the same amount. That is, energy increases in equal
steps of a finite quantity.

Now, we only had 3 isometry generators for the case we considered previously since
there were only 3 independent isometries in the simple case of AdS,. However, in arbitrary
dimensions (say d+ 1), as discussed before, there are £(d + 1)(d + 2) number of independent

isometries. The conformal algebra SO(d,2) pertinent to that case is given by

D, Pu] =P, D, Ku] = —iK, [Km P = 2i<77uvD - LW)
[KP’ LMV] = i(npuKV - npuKM) [Ppa L}U/] = i(npuPI/ - anPM) (235)
[Lyws Loo) = 1(Mup Lo + Mo Ly — NupLve — Mo Lyp),

where the index p ranges from 1 to d. Comparing with (2.9), we see that the operator def-
initions that are consistent with the above equation are given by D = —iGy 441 (dilation
generator), P, = iGg41, + Go,, (translation generators), K, = iGg11, — Go, (SCT gen-
erators), and M,, = —iL,, (rotation generators). The second line of (2.35) describes the
transformation of P, and K, as vectors under rotations, while the vanishing commutator of
D with L,, is a reflection of the fact that it transforms as a scalar under rotations. The
latter fact enables us to label quantum states by their energy and angular momentum which
are the eigenvalues of D and L, respectively. The first 2 equations in the first line of (2.35)
lets us conclude that P, acts as a ‘raising operator’ while K, acts as a ‘lowering operator’
with respect to the generator of dilations, which explains the integer spacing between the

energy levels of single particle quantum states. If we denote the lowest energy state by |¢y),

12



it should satisfy
Ky [tho) =0, (2.36)

since the lowering operator annihilates the lowest energy state. We call this operator as the
primary operator, which, from the perspective of quantum mechanics in AdS, is the lowest
energy state of a particle. A general one particle quantum mechanical state in AdS can be

constructed from the primary operator by the repeated application of raising operator(s) as

ywn,l> = (Pi)npﬂlpuzpus T Pm |¢0> ) (2'37>

which (by construction) has energy given by E,; = A + 2n + [, where we assume that the
energy of [i) is given by A.

The position space wavefunctions of these quantum states can be obtained by expressing
the lowering operator in coordinate basis using equations (2.8) and (2.9) as well as the
definition of the lowering operator in terms of (2.9). Once we obtain this, one can impose
the constraint that the lowering operator annihilates the ground state to obtain the position
space wavefuntion of the ground state. Applying the raising operator repeatedly on the so
obtained ground state wavefunction gives us position space wavefunction of the state given
n (2.37), whose completely general form is expressed in terms of a hypergeometric function.

Multiparticle states (states in the Fock space) have quantum numbers that are sums
of quantum numbers of individual single particle states. Since this applies to the energy
eigenvalue as well, one can construct the eigenstates using harmonic oscillator creation and
annihilation operators. The Hamiltonian operator for AdS maybe expressed using these

operators as

D=> (A+2n+1)a),am,, (2.38)
n,l,J

where n, [ and J are individual eigenvaluess of different single particle states and aLl JQn1y s
the number operator familiar from the harmonic oscillator analysis. One can arrive at the

same expression for energy by quantizing the AdS free scalar field action, given by

S :/ dd“g;\/_( gV oV b — —m 20 ) (2.39)
AdS

13



2.2 Conformal field theory

A conformal field theory is one that has 2 additional symmetries compared to ordinary
field theories with Poincare symmetry; dilations and special conformal transformations. The

complete symmetry group of a CFT is what is commonly referred to as the conformal group.

2.2.1 Conformal transformations in d dimensions

Any symmetry transformation of a CFT is what we refer to as a conformal transformation.
Let M = RP be a manifold R?, with d = p+ ¢ such that the metric is diagonal with p of the
entries equal to +1 and q of them equal to -1. We have a Euclidean metric when p = d, and
a Lorentzian metric when p = 1 and ¢ = d — 1. For AdS/CFT, we usual work with p = 1
and ¢ = 2 when the space is 3 dimensional. Consider a smooth change of coordinates from
x to 2’ (both belonging to M), z — z/(z) , such that the transformed metric is a scalar

multiple of the old one:

PP 0x® 0z°
Q,W(Jf) = @w!}aﬂ(l’)a (2.40)
with
9, (') = Q) g (), and Q(x) > 0. (2.41)

Such a transformation is called conformal. The group of all such transformations is called
the conformal group, denoted by Conf(RP9).

Let us consider an infinitesimal conformal transformation
o =t + e (x), (2.42)
so that upto first order in €*, the metric changes as
9y (@) = 0 () + (O + Ouey). (2.43)

We use 7, in place of g,,, since we are working with flat space metric. For the above equation
to satisfy (2.41), we require
Opuer + 0u€y X Ny, (2.44)

14



so that 5
Ouen + Ove, = 8(8.6)77,“,, (2.45)

where the proportionality constant can be fixed by tracing (2.44). Therefore, the overall

factor by which the metric scales is given by

Q) = 1+ %(aﬂeﬂ). (2.46)
It follows that
N0+ (d —2)0,0,(0.€) =0, (2.47)

where O = 7""0,0, [8]. (2.45) and (2.47) are highly constraining; for d > 2, they demand
that derivates of € of order 3 or greater must vanish. That is, € can at most be quadratic in x.
Therefore, the possible dependences of ¢ on z, and thus the possible infinitesimal conformal

transformations are given by

e"(z) = a", a constant (translations)

e*(z) = whz”, w antisymmetric (Lorentz transformations) (2.48)
(z) =z, A >0 (dilations)

e(z) = b'a? — 22+ (b.x) (special conformal transformations),

where the first expression is zeroth order in z, second and third are first order in x, and the
final expression is second order in x. Integrating these expressions, we get finite conformal
transformations. The most general conformal transformation is a combination of these 4.
Special conformal transformations bring infinity to a finite point and vice versa. If one adds
infinity in (compactification), these transformations form a group under composition. The

corresponding generators of the above infinitesimal transformations look like [8]

P, = —i0, (translations)

L, =i(x,0, —x,0,) (Lorentz transformations) (2.49)
D = —iz"0, (dilations)

K, = —i(2r,2"0, — 2°0,) (special conformal transformations).
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2.2.2 Classical conformal field theory

A conformal theory, at its most basic, gives some kind of representation of the conformal
group on the degrees of freedom of the theory. Classical CFTs essentially describe classical
field representations of conformal symmetry. In the non relativistic case, we impose [H, G| =
0 as a requirement for a symmetry, where H is the Hamiltonian of the theory and G is the
generator of a symmetry. This definiton does not hold in the relativistic case; we need our
theory to be local, which is defined by having a set of local observables ¢, (), where x € RP4
and a € I, some index set. Not all representations may give rise to local theories.

Working with fields is perhaps the only way we can furnish a local set of observables,
since by definition, a field ¢(x) is defined at a point. We all know that a general classical

field theory is defined by an action given by

5= / 42 L (b0, Dure). (2.50)

We say that our theory is conformally invariant if the Euler-Lagrange equations of motion
(obtained from a variational principle of the above action) are invariant under conformal
transformations; the action as such need not be invariant. This means that . is allowed to
change by a total derivative under a conformal transformation. The corresponding transfor-
mations of fields can be studied by analyzing representations of the infinitesimal generators
of conformal group.

Under an (active) symmetry transformation, the general transformation of a field can be

expressed as

¢ () = 7(0)apdp(O '), (2.51)

where O is the symmetry transformation matrix, and 7(O) is a matrix referred to as the
representation, which acts (possibly) non trivially on the field configurations at O~'z. Here,
a repeated index implies a summation over the same (Einstein summation convention). The
representation is called trivial when 7(O)sp = dap, and fundamental when m(O)qp = Ogp.

In the case of conformal group, we see that its generators satisfy the commutation rela-

tions

D, Pu] =P, D, Ku] = —iK, {Km P = 21'(77#,,D - LW)
[Kp’ LMV] = i(npuKu - anKu) [Ppa Lw/] = i(npupu - npupu) (2'52)
[Lyws Loo) = i(Mup Lo + Mpo Ly = NppLvo — NwoLyp)-
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We will look at the kind of fields that transform under representations of Conf(RP) and also
how they transform. This task is greatly simplified if we know the Lie algebra of Lorentz
group, which is a sub-algebra of the Lie algebra of Conf(R??). From the above equation, we

see that the Lie algebra of Poincare group is given by

[Py, L] = i(Mpp oy — Npw Pu)

' (2.53)
[Lyws Lol = i(Mup Lo + Mo Ly = Mpp Lo — NwoLyp)-

If we have a representation of Conf(RP?), then by restriction, we have a Poincare Lie algebra.
A field transforming under Conf(R?) transforms under the Poincare subgroup (generated
by P, and L,,) as

Ga(z) = T(A)apdp(A2), (2.54)

by restricting to just the Poincare subalgebra. We will focus on a subgroup of Conf(RP)
that leaves the origin invariant. Except translations, all elements of Conf(RP) fall into this

category. Such a transformation (infinitesimal) could be expressed as
A = "G (2.55)

where G, € {K,, D, L,,}. Since the origin is left invariant, the corresponding transformation

of the field is given by
$a(0) = (") 3 (0). (2.56)

Since w® is infinitesimal, we could approximate 7(e™"%) to first order in w® as
m(e™"%) = (1) + iw*m(Gy). (2.57)
Now, if we define (D) = A, n(K,) =K,, and 7(L,,) = S,,, then near the origin, we have
A, S, =0, [AK]=—iK,, and [K,,K,]=0. (2.58)

Suppose S, are irreps of Lorentz group. Then, since [K,SW] = 0, by Schur’s lemma, we
have A o 1, and therefore, from (2.58), we have K, = 0. For the purpose of convenience, let

us assume that

A =iAl. (2.59)
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At the origin, under a dilation z — Az, a field transforms as
$a(0) = (1 + ieA)(1 4 ieA)---- - $a(0), (2.60)

where we have constructed a dilation by composing a large number of infinitesimal dilations.
The RHS of the above equation can be expressed [9] as )\"Agba(O), which is in turn equal to
A"20,(0) by (2.59). This formula can be extended to the transformation of fields at arbitrary
points by the Baker-Campbell-Hausdorff formula [9]. Therefore, under a dilation x — Az a

field transforms as

O (x) = A2 (A '), (2.61)
where A, is referred to as the scaling dimension of the field ¢,. Since the Jacobian for a
dilation is %_;;'} = A%, (2.61) can also be expressed as
o' |
) = 5| dula). (2.62)

2.2.3 Constraints of conformal invariance on Quantum CFTs

The only way a quantum theory can be conformally invariant is if we have a projective
unitary representation, U(g) with g € Conf(RP:9), to describe the symmetry transformations
of the theory, i.e., conformal transformations. In a quantum CFT, we demand that the
vacuum, |0), is invariant under global conformal transformations; at max, we allow the
transformed state to pick up a phase: U(g) [0) = ¢*(¥) |0) . Also, we demand that the theory
be local, which means that [A;(z), A;(y)] = 0 when (x — y) is spacelike. Here A;(x) is an
observable labelled by x and j, where 7 belongs to an index set J and x € RP4. There exists
a subset of {A,(z)|j € J,z € RP9} called quasi primaries, denoted by {¢y(z)|k € K}, such

that, under a conformal transformation U(g), they transform as

_Ak
d

0T o) (= U o)d@U(g)). (2.63)

En

~

where 2’ = gz and g € Conf(RP9). Local operators in a CFT are of types; primary and
descendant. A primary operator is defined as one that satisfies (2.61) in addition to the

requirement that, at the origin, it is left invariant under the action of special conformal
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transformations. Therefore, a primary operator may be defined as one that satisfies

(K 0(0)] =0, [D,6(0)] = Ag(0) (2.64)

where A is the scaling dimension of the operator. Each primary operator is a quasi primary
operator, but not all quasi primaries are primaries. A descendant operator maybe expressed
in terms linear combinations of derivatives of primary operators, while this is not the case
with a primary operator.

As a consequence of the above requirements and observations, we see that the trans-
formation of n-point functions of quasi primaries under global conformal transformations is

given by

d

O (O] dra(a1) - () [0) . (2.65)

(O], () -+ 64, () 10) = | 52

_Bkn
d ox
ox

The above equation constrains the form of correlation functions in a conformal field theory.
For z;,x;, € RPY, we see that (z; — zy) is left invariant under translations. For the case of

rotations, the quantity left invariant would be 7, = |z; — x|, while for the case of dilations,

:;—"‘. Although not as straightforward to see

m

the corresponding invariant quantity would be

as the other cases, one can work out that the quantity left invariant under special conformal
transformations is %, commonly referred to as cross ratio. Therefore, for correlation
functions to be invariant in the sense of (2.65), we require that they be functions of cross
ratios.

For the case of 2-point functions, (2.65) tells us that

_Ar _ Ay
d d

~ ~

(@ (21) 0 (w3)) =

~

or (1) (2)). (2.66)

En

o
ox

Translational and rotational invariance together impose the 2 point function to be of the
form f(ry2), i.e., to have dependence only on the magnitude of separation between the two
points, 715. Furthermore, invariance under dilations enforce f(ry) = A21722 f(\ry). To

deduce the sort of functions that satisfy this property, we expand f(r12) in a Taylor series
as: f(ri2) = >, farfy. We see that for all @ # —(Ay + Ay), f, vanishes, and thus

f—(A +A2) C12
flre) = =358, = A (2.67)
T2 T12
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where c15 is a constant that can be fixed by normalizing the fields. Following this, if we
demand invariance under special conformal transformations as well, we see that the 2-point
function vanishes whenever A; # A,. Therefore, we see that the general form of a CFT
2-point function is given by

(b1 (1) da(a2)) = :2%, (2.68)

12
where A; = Ay = A. Similar calculations show that the general form of the 3-point function
in a CFT looks like

n 2 2 C123
<¢1(I1>¢2(I2>¢3(J;3>> = Al +As—As AotAs—A; A+Az—Ay° (269)
712 Ta3 713

For n > 4, constraining the general form of n-point functions are not as easy as the previous

two cases and thus we do not mention it here.

2.3 Correlators from the duality

A massive particle at rest in AdS is the dual of a primary operator in CFT. Hence, as we saw
before, a primary state in Ads is the ground state of a massive particle with energy given
by A, which is the scaling dimension of the primary operator in CFT. Similarly, descendant
operators in a CFT correspond to moving particles in the AdS dual. The process of taking
derivatives of primary operators in a CF'T to get descendants essentially corresponds to
going from free particle ground states to excited states in the AdS dual. Also, the conformal
group SO(d, 2), which is the symmetry group of a CFT, corresponds to the isometry group
SO(d,2) of AdS. Furthermore, local operators in a CFT correspond to bulk fields in AdS;
scalar operators correspond to scalar fields in the bulk, vector operators correspond to vector
fields in the bulk, and finally tensor operators correspond to tensor fields in the bulk.

It is a well known fact [10] that if one has a bulk field ¢(z), with a boundary value equal
to ¢o(x), which is dual to a boundary (CFT) operator O(z), it is equivalent to deforming
the CFT by adding a source term for O(x) as

/ d?rgo(z)O(z). (2.70)

This is a very important result as it helps us in proving a maxim in AdS/CFT; a global

symmetry in the boundary theory corresponds to a gauge symmetry on the bulk side. To
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prove this, consider deforming the boundary theory by adding the term

/dda:aﬂ(x)J“(x), (2.71)

where a,(x) = A,(, z)|.=0 (in Poincare coordinates) is the boundary limit of some bulk field
A, (z), which is dual to the conserved boundary current J,(x) (conserved since it corresponds
to a global symmetry in the boundary). Now, for some arbitrary differentiable A(x), the
transformation

a,(z) = a,(z) + 0,A(x), (2.72)

is an invariance of (2.71) if we assume that a,, vanishes reasonably fast at the boundary. Now,
since (2.72) is a sub class of the gauge transformations of A,(x) (which leaves the boundary
dynamics invariant), we see that a global symmetry in the boundary theory corresponds to
a gauge symmetry in the dual bulk theory.

We will explore the computation of CFT 2-point function from the bulk side as done
in [4]. To start with, we consider a massive scalar field ¢ in AdSy, with its boundary value
equal to ¢g. As seen previously, we assume that ¢, couples to some boundary operator
(which is the CFT dual of ¢) O via the coupling [, .o #0O. Let Z (¢y) be the partition
on the bulk side with the constraint that ¢ at the boundary takes the value ¢qy. In the

semiclassical limit, using the saddle point approximation, we see that
Z(go) == e+, (2.73)

where I, is the action corresponding to the bulk theory.

The interpretation given in [4] of the duality between the two theories is that

(exp $00) = Zs(), (2.74)

0AdS

where on the LHS, we have the generating functional of CFT correlation functions. As a
result, one can obtain CF'T correlation functions by taking functional derivatives with respect
to the bulk partition function as opposed to taking them with respect to the generating
functional of CFT correlation functions. For this, we will first need to solve for the equations

of motion of a massive scalar field in the bulk and see its asymptotic behaviour.
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The action for a free massive scalar field in AdSy; is given by

1

S = §/dd+1x\/—_g(g”yﬁﬂ(b8y¢ +m?e?), (2.75)

where ¢g"dz,dzr, = Ij—j(—dtQ + d#? + dz?), and thus corresponds to the metric of AdSy,;
in Lorentzian Poincare coordinates. The equations of motion that follow from a variational
principle for the above action is given by

1

V=9

We make the following ansatz [10] for the solution to this equation:

0u(v/=99" 0,0) = m*¢. (2.76)

N\ ﬂeik.z P
o0 = [ e o) 2.77)

where o' = (¢, Z) and k.x = n;;k'27. Substitution of the above expression into (2.76) gives

2110, (21790,¢) — k*2%p — m*R*¢ = 0, (2.78)
where k' = (w, k) and k% = —w? + k2. In the asymptotic limit (z — 0), the above equation
reduces to

220.%¢ + (1 — d)20.¢6 — m*R*¢ = 0. (2.79)

This homogeneous partial differential equation could be solved by assuming a power series
solution for ¢. If we let ¢ ~ 22, (2.79) reduces to

AA=1)+(1—d)A —-m*R*=0, (2.80)

2
A:gi \/dZerQRZ (2.81)

If we define v = \/% +m2R?, A= g +ov, and A_ = g — v =d— A, then the general form
of asymptotic (z — 0) solution can be expressed as

whose solutions are given by

(k') 2) = (k)22 + B(k") 22, (2.82)

22



or equivalently as
(2, 2) = a(z")242 + B(z") 22, (2.83)

Now, we see that A > g, and therefore z2 always approaches 0 as z — 0. Hence, we may

conclude that
Blz.a")]_g = lim =264 (a9, (284)

¢o(x") is a function of the boundary coordinates.
Now that we have obtained the asymptotic behaviour of the free scalar field in the bulk,
we may express the general solution of bulk wave equation (in terms of the solution at the

boundary) as
oer) = [ 0K (0. 2)on(), (2.55)

where ¢(2') is the boundary value of ¢ as in (2.84), and K (z,2'; z) is the bulk to boundary
propagator, which gives us the bulk solution in response to a source localized on the boundary
(which is the boundary value of the bulk field). As one can easily see, the bulk-boundary

propagator satisfies the equation
(O —m?)K(z,2';2) = 27 20(x — o), (2.86)

since ¢ satisfies the free massive scalar field equation (Klein-Gordon equation). One can

solve for the bulk-boundary propagator [11-13] to obtain

A
z
K(z,2';2)=C (—) , 2.87
(@22 = Os( Gy (237)
where Cx is a constant that depends solely on A. Now that we have obtained (2.85), we
can plug this expression into the bulk on-shell action and take functional derivatives of the
same with respect to ¢y (and evaluate the resultant at ¢y = 0) to obtain CFT correlators.
One can verify that the CF'T 2-point function so obtained is given by

52 1
= —6¢0(x)5¢0(x’) Zsho = —/|2A. (2.88)

$0=0 |£L‘ -

(O(z)0(z"))

23



24



Chapter 3

Gravitational action and an action

principle for general relativity

In this chapter, we look at a variational principle for gravitational action starting with the
simplest form which it can assume. We then introduce term(s) in the action so that we
have a well defined variational principle (by which we mean that setting the variation of
the action with respect to the metric equal to zero yields the Einstein’s equations) as well
as a non-divergent action when we take the asymptotic limit (large r). We conclude the
chapter by giving the most general form of gravitational action from which one may obtain

the Einstein’s equations.

3.1 Einstein-Hilbert action

By the principle of general covariance, one can deduce that the action for an arbitrary metric

g, should assume the form
1
S = %/ vV —4 d4$f(g;w>7 (31)

where f is a scalar function of the metric, g is the determinant of the metric and xk = 87Gy,
where Gy is the gravitational constant. The simplest scalar that can be constructed out of
the metric is the Ricci scalar R, which is also the unique choice when we demand metric

derivatives that are not higher than order 2 [16]. This gives rise to the Finstein-Hilbert
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action, given by
1

With the aim of obtaining vacuum Einstein’s equations, we vary this action with respect to

the metric, which gives us
1
55 = 5 / d(R6y=g + /=g 6R). (3.3)

Now, we know that §\/—g = %\/—gg“”égw, = —%\/—gg,wég“”. Also, since, R = g, R" =
9" Ry, we obtain

1 1 1
0SS = o / \/—gd4x(RW — §gWR)5g“” + o / V—gd'z g""oR,, . (3.4)

Since the first term on the RHS alone gives us the Einstein tensor, we expect the second
term on the RHS to be a boundary term that would arise from a total derivative. From the
formula for Ricci scalar obtained by the contraction of the first and 3rd indices of Riemann

tensor, we see that
0Ry,, = 0x0T), — 0,00, + 613,10, + 13,000, — 0T T4, — T 015 . (3.5)

Although Christoffel symbols themselves are not tensors, their variations with respect to the
metric transform like tensors. This is because of the fact that the (second derivative, inho-
mogenous)term obtained under coordinate transformations that makes christoffel symbols
non tensorial is independent of the metric. Thus, metric variations of Christoffel symbols

transform like tensors. In fact, these metric variations are given by [16]
oty = Lo o o o
vA T 59 (VV Gpx + Vi Gpv — Vp gr/)\)- (36)

Also, one can see that using covariant derivatives, (3.5) can be expressed in a much simpler

looking form as
SRy, = V0T, — V00, (3.7)

Using the above formula, we obtain

9" R, = Va(g"oLy,) — Vi (g"00,,)

3.8
= v)\(guy(sri\w - g'u)\(;FZ”), ( )
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which establishes our claim that g"”dR,, must be a total derivative. Using (3.6), the above

formula can be equivalently expressed as

§"0R, = (VIV” — g™ 0)5g,
= (g"*¢"" — ¢" g°"\V .V ,0gap (3.9)
=V, ((6™9"" — ™ 9*")V,6gas) ,

which indeed is consistent with our hunch that it must be a total derivative. Thus, using

the above formula, the variation of Einstein-Hilbert action could be expressed as

1 1 1
0Spn = 5 / V=gd'z(R,, — I R)0g" + o / V=9d'zV, (™" — ™ ¢°")V,0gas)

= i / V=gd'zG + i fz V=hd’y nx ((9**9"" — 9™ 9*°) V. 0gas)

(3.10)
where G, is the Einstein tensor for the metric, ny is the normal vector to the boundary
hypersurface ¥ of the manifold, h is the determinant of the induced metric on 3, and
n,n* = € = +1 or —1 depending on whether the boundary hypersurface is timelike or
spacelike respectively. For writing the second equation in (3.10), we use the Gauss integral

theorem in general relativity, which is given by
/ V—gd"zV VI = / V—hd" 'z n, V", (3.11)
M b

where M is the n dimensional spacetime manifold with boundary X, g and A are the deter-
minants of the metric on M and ¥ respectively, and n, is the normal vector to X. Now,
the integrand of the boundary integral in (3.10) can be expressed using the decomposition

of the metric on ¥, given by
g’ = h*" + ent'n”, (3.12)

as
<g)\ozguﬁ _ gAVgaﬁ)vu(Sgaﬁ — (nngV . n/ﬁgpu)vudgpy

(3.13)
=n’h"'V 0, — W'V 09,

Now, if we impose the condition that the variation of the metric vanishes at the boundary

(Dirichlet boundary conditions), i.e.,

39|y =0, (3.14)
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then, since the first term in the RHS of the second equation in (3.13) depends only on dg,,
and its tangential derivatives h**V ,dg,,, it would vanish if we impose Dirichlet boundary
conditions as in (3.14). On the other hand, the second term in the RHS of the second equation
in (3.13) depends on dg,, and their normal derivatives n*V ,dg,,, and is therefore non-zero.
Thus, we see that with Dirichlet boundary conditions, the variation of Einstein-Hilbert action

gives rise to a term that gives the Einstein tensor and a non vanishing boundary term:
1
OSpn = 5 / V=gd*zG,, + 2i jqf V=hd3y(—h* nt 9,5, ). (3.15)
K Kk Js

Hence, we see that the variation of Einstein-Hilbert action is not exactly equal to the Einstein
tensor; another term needs to be added to the action for the metric so that its variation
cancels with the boundary term arising from the variation of Einstein-Hilbert action such
that the net variation gives us just the Einstein tensor. This term is the Gibbons-Hawking-

York boundary term.

3.2 Gibbons-Hawking-York boundary term

In the previous section, we saw that apart from just the Einstein-Hilbert action, another piece
needs to be added to the gravitational action in order for the net variation to be exactly
equal to the Einstein tensor. We choose this term to be a boundary term so that the bulk
variation is unaffected, and for Dirichlet boundary conditions, we could choose this term in
such a way that it exactly cancels the boundary term in the variation of Einstein-Hilbert
action.

The Gibbons-Hawking-York boundary term is given by
Sany = — f{ V=h YK, (3.16)
K Js
where K is the trace h®* K, of the extrinsic curvature K, of ¥, which is defined as

Ky = Vgnaeg‘ef, (3.17)

oz
Oy

using the parametrization x(y®)). Here, 2 are coordinates on the spacetime manifold while

where € = are tangent vectors on the hypersurface (since we specify the hypersurface
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y® are coordinates on the hypersurface. The trace of the extrinsic curvature of the boundary

hypersurface > can be expressed as

K =h"K,, = h“bvfgnaeg‘ef
= Vsna(h®ee, 4 en®n”
onalh”cae, ) (3.18)

= Vgnago‘ﬁ

o
:Van7

where in the second equation, we have used the fact that n,n® = ¢ = +1. Also, from the
second equation, we see that
K= haﬁ Vﬁna

3.19
= h*?(9gnq — Flﬁnv), (3.19)

so that the variation of the scalar extrinsic curvature (under Dirichlet boundary conditions)

is given by
5K = —h*n,oI7,

1
= —éhaﬂn“(agégua + 0a0gus — Oubgagp) (3.20)
1 o

where we have used the fact that the tangential derivatives of the metric, h**V ,dg,,, vanish
on Y. Also, it is because we impose Dirichlet boundary conditions that we do not have any
variation of the normal vector with respect to the metric. Therefore, the variation of the

Gibbons-Hawking-York boundary term with respect to the metric is observed to be
0Sguy = QL% \/—hdgyh"”n“audgpy. (3.21)
K Js

We see that this exactly cancels with the boundary term in the variation of the Einstein-
Hilbert action, and thus we conclude that the sensible gravitational action from which we

can obtain Einstein’s equations is given by
1 €
S =Sy + Sauy = 2—/d4x\/—gR + —j{ V—h &yK. (3.22)
K Kk Js
However, it might be the case that the above action might lead to divergences when we

integrate over the whole spacetime manifold (which is non compact). In order to fix this

problem, one can introduce a counterterm to the above action which is independent of the
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metric with respect to which we vary, and thus renders the variational problem as well
as equations of motion invariant. We achieve this by a technique commonly known as

background subtraction as will be explained in the subsequent section.

3.3 Nondynamical counterterm

The counterterm that cancels out the divergences arising from the dynamical pieces (Einstein-
Hilbert term and Gibbons-Hawking-York term), as mentioned in the last section, is given
by
Su = % ]{ V=hd*yK,, (3.23)
b

where K is the scalar extrinsic curvature of ¥ embedded in a reference background space-

time, which is responsible for the ‘background subtraction’ terminology [17].

As an example, consider the 4 dimensional flat space metric in spherical polar coor-
dinates with ¥ defined by two constant time slices, ¢t = t; and t = t5, and a constant r
hypersurface defined by » = R. One can easily verify that the scalar extrinsic curvature van-
ishes on the constant time slices. The induced metric on the r = R hypersurface is simply
ds* = —dt? = R?dQ,?, for which v/—h = R%sinf). Also, for this hypersurface, n, = Our =0,
and € = 1 since it is timelike. One can also check that the scalar extrinsic curvature on this
hypersurface is given by K = V,n® = %. Therefore, for the 4 dimensional flat space metric,
the action in (3.22) looks like

S = Sany = 2% V—h &yK
by
5 (3.24)
— _R(t2 - t1)7
K

where the contribution from Einstein-Hilbert action vanishes since Ricci scalar vanishes for
flat spacetime. We see that when the constant r hypersurface is pushed to infinity , i.e., when
R — oo, the action in (3.2) diverges. Thus, we see that, even with (finite) constant time
slices, the gravitational action for Minkowski (flat) spacetime diverges. This problem would
persist even for curved spacetimes, and thus, the gravitational action for asymptotically flat
spacetimes diverge (provided the spacetime manifold is non-compact). The remedy for this

is to consider the nondynamical counterterm in gravitatonal action, which would cancel off
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the divergence. Thus, when the spacetime is asymptotically flat, we embed the boundary
in flat spacetime and compute the counterterm using the scalar extrinsic curvature of the

boundary as viewed as en embedded hypersurface in flat spacetime.

3.4 Most general gravitational action

From the discussions we have had till now in this chapter, we see that the most general form

of gravitational action is given by

Sg [gw/] = SEH[g}M/] + SGHY[g/u/] - Sct

_ i/d4x\/—_gR+ gji\/—_h dByK — gfim By Ko, (3.25)
where « is the gravitational constant, g and h are the determinants of the metric g, and the
induced metric hq, on the boundary hypersurface 3, R is the Ricci scalar of g, K is the
trace of the extrinsic curvature K, of X, K is the scalar extrinsic curvature of ¥ embedded
in a reference background spacetime, and € = +1 or —1 depending on whether the boundary

hypersurface is timelike or spacelike respectively.
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Chapter 4

Quasilocal stress tensor for

asymptotically AdS spaces

In this chapter, we look at a definition of the quasilocal stress tensor proposed by Brown
and York [14] in 1993. We review the interpretation of the same quantity when applied to
asymptotically AdS spaces as proposed by Kraus and Balasubramanian [15] in 1999, and
also make a key observation which may pave the way for obtaining the results obtained by
Kraus and Balasubramanian starting with a slightly different definition of the quasilocal

stress tensor.

We have seen multiple definitions of stress-energy tensor such as the Hilbert stress-
energy tensor (defined as the functional derivative of matter action with respect to the
I — —2 (SSma er __ —2 8(\/jg£ma e'r) :
metric: Ty, = = *pater = —= Sa terl) . the canonical stress-energy tensor (defined as
the stress tensor associated with a conserved Noether current resulting from invariance under

translations in spacetime), etc. Nevertheless, defining a stress tensor for the gravitational
field (metric) itself is a non-trivial problem and has been a subject of active research for

quite some time now.
There are a few reasons why such a definition is hard. First of all, a definition analo-

gous to that of the covariant matter energy-momentum tensor (Hilbert stress-energy tensor)

for either the metric or for matter coupled to the metric does not work (where the metric
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satisfies Einstein’s equations), since by Einstein’s equations, we identically obtain zero:

-2 4
ot _ 2 (SeH|9as] + SMm[D, Gas))

22 ,/1—9(59“1, (41)
=—Gu+1, =0,
K H + H

where Sgy is the Einstein-Hilbert action, Sy, is the matter action, 7}, is the matter energy-

momentum tensor, and g¢,s is assumed to be a solution of Einstein’s equations.

Furthermore, a local definition of the stress tensor also seems pointless from the per-
spective of the equivalence principle [16], by which one can always go to an inertial frame
where gravitational effects vanish. This implies that the gravitational energy-momentum
tensor should vanish in a local inertial frame, and since the object is tensorial in nature, it
must vanish in any arbitrary frame as well. Thus, it seems as if the only way a non vanishing
momentum-energy stress ‘tensor’ for the gravitational field could exist would be if it were
non-tensorial in nature. However, since a local inertial frame is defined by the metric being
Minkowski along with vanishing first derivatives of the metric, it might be possible to come
up with a notion of ‘non-local’ gravitational energy-momentum stress tensor (constructed

out of metric derivatives of order 2 or greater) which need not vanish.

From the ADM formalism of general relativity, it has however been observed that it
makes sense to define the ‘total’ energy, momentum, and angular momentum of an isolated
spacetime, and that these can be obtained from boundary surface integrals over a 2-sphere
placed at infinity. In addition, one can also make sense of a notion of a somewhat more
localised form of energy (possibly attributed to a localised finite region of spacetime) [16].
This is the idea behind the quasilocal energy-momentum stress tensor, which we will make

precise in the coming section.

4.1 Brown and York’s definition of the stress tensor

In 1993, J.D. Brown and J.W. York, Jr suggested a definition of the quasilocal stress tensor
which was primarily motivated by the Hamilton-Jacobi theory [14]. In Hamilton-Jacobi

theory for a mechanical system, we start out by expressing the action in the usual canonical
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form given by

S = /dt (pé—f — H(a,p, t)) . (4.2)

The above equation can be expressed equivalently as

S = /772 dn(ptz — tH(x,p,t)), (4.3)

m

where 7 parametrizes the dynamics of the system in phase space, and & = fl—f] and t = j—f].

Variation of this action looks like
0.5 = (terms that give classical EOM) + pdx|}* — Hot|}” . (4.4)

We observe that fixing the variations dz and ¢ at the boundary points 7; and 7, makes the
boundary terms vanish and directly gives us the equations of motion (just like the case with
Dirichlet boundary conditions in the variation of gravitational action). Now, if we restrict

the variations to happen between classical paths, we see that
5Scl = Pcl(SI’Z? - Hcldtmi ) (45)

where “cl” implies that the corresponding quantity is evaluated at a classical solution. From

the above equation, we observe that

Peil 05
cllny - 8902
5 (4.6)
cl|¢72 — _a_t2>

where t(1y) =t and x(12) = 22, and py/,, and Hgyl,, correspond to the classical momentum

and energy at the boundary 7s.

A rough sketch of the proof given by Brown and York is as follows. Consider the action

for general relativity as given in [14]:

to
s— L / Ry=gd'z + - / KV =hds — - / Ov/—yd’x, (4.7)
2Kk M K Ji K Jsp

1

where t; and t, are constant time (spacelike) hypersurfaces in the manifold M, 3B is the 3

dimensional timelike hypersurface of M which when put together with ¢; and ¢, constitute
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the boundary dM of the manifold M. Varying the above action gives

dS = (terms that give EOM) + /t2 >z P 6h; + l d*x 775, (4.8)
t 3B

where P% is the momentum conjugate to the metric h;; on the spacelike hypersufaces em-
bedded in M , while 7% is the momentum conjugate to the metric 7;; on the boundary
hypersurface >B. In order for us to obtain classical equations of motion from this varia-
tion of the action, we impose boundary conditions that fix the metric h;; on constant time
hypersurfaces and the metric 7;; on the boundary hypersurface *B. Now, as before, if we
consider variations just between classical solutions so that we can determine the dependence

of classical action on the fixed boundary data ;;, hi; = h;(t1), and hi; = h;(ts), we obtain

t2 .. ..
t1 3B

From this, we see that the analogue of the first equation in (4.6) is

ij 5801
cl g = 5h123

(4.10)

for the gravitational momentum conjugate to h;;, evaluated at t5. Now, as we saw before in
the case of gravitational action, we can add a nondynamical boundary counterterm to the
action which does not disturb the bulk equations of motion. Including this counterterm, we

see that the analogue of the second equation of (4.6) is given by

2 2 68,

T = (4 — 7)) = ———2, (4.11)
Ve Ny o
where 75 = gTSi‘;_ is the functional derivative of the counterterm S, with respect to the

boundary metric «;;. The quantity that functions as the gravitational analogue of the fixed
boundary quantity ¢o from the earlier problem of nonrelativistic mechanics is the metric v;;,
which determines the time interval between constant time (spacelike) hypersurfaces. How-
ever, since the metric 7;; also gives us the spacetime intervals on the boundary *B, the
quantity in (4.11) has an interpretation as a surface stress energy-momentum tensor, rather

than just energy, as was the case previously.
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In summary, Brown and York define the quasilocal energy-momentum stress tensor as-

sociated with a spacetime region as

2 05,
v 67;w’

where S, is the gravitational action as defined in (3.25) thought of as a functional of the

™

(4.12)

metric on the boundary, v,,.

4.2 Kraus and Balasubramanian’s prescription for asymp-

totically AdS spaces

The counterterm present in the action S, to render the stress tensor finite (or equivalently
the action S, itself finite) is obtained by embedding the boundary hypersurface in a refer-
ence spacetime as we have seen previously in section 3.3. However, embedding an arbitrary
boundary metric in a reference spacetime may not always be feasible, and thus the prescrip-
tion by Brown and York is ill-defined to an extent. Kraus and Balasubramanian in 1999
suggested an effective remedy for this drawback in the case of asymptotically AdS space-
times [15]. By the AdS/CFT correspondence, one can view the bulk gravitational action
as a functional of the data on the boundary, as we had seen before (in the last section of
the first chapter). Therefore, by the application of this duality, one can view the quasilocal
stress tensor for asymptotically AdS spacetimes as giving the expectation value of the stress

tensor of the conformal field theory living on the boundary:

2 0Sers
crr \/__7 5'7W '

The divergences observed in the asymptotic limit in the quasilocal stress tensor can now be

(")

(4.13)

given the interpretation of UV divergences in the CFT, which maybe taken care of by adding
counterterms to the action which depend solely on the boundary geometry. This therefore
helps us get around the ill-defined prescription of embedding the boundary hypersurface in
a reference spacetime to get the counterterm, which may not always be possible as discussed

before.
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Consider the foliation of a d + 1 dimensional spacetime manifold M by a set of d dimen-
sional timelike hypersurfaces that maybe obtained by continuously deforming the boundary
hypersurface M. A decomposition analogous to the ADM decomposition (where we foliate

the spacetime using spacelike hypersurfaces) for this spacetime maybe expressed as
ds* = N?dr® + 7, (dx" + N*dr)(dz” + N"dr), (4.14)

where ¢"" = and ¢g,, = 7 N* = N,. Here v,, is the induced metric on a constant

1
— <,
r (timelike) hypersurface M, which maybe thought of as bounding the region M,. Also,
the coordinates x* are assumed to span the constant r hypersurfaces.

Varying the gravitational action, with respect to the boundary metric, among the solutions

to Einstein’s equations yields

1 0Se
55:/ diamh§ ,,+—/ dle—=5v,,, 4.15
OM, T 8GN Jom 0w i ( )

where 77 is the momentum conjugate to the boundary metric 7,, and is explicitly given by

1

™ = oG V= (0" =0y, (4.16)

where 6 is the extrinsic curvature of the hypersurface OM,., and is given by
1
or = —Q(V“n” + V'nh), (4.17)

where n* is the (normalized) normal vector to the hypersurface O M.,.. Also, 6 is the trace of
the extrinsic curvature (a.k.a scalar extrinsic curvature) given by 6 = h**6,,. Using (4.16),

we can express (4.15) as

1

5 pu—
o 167TGN OM,.

1 oS
V= (0" — 09V + ——— Al —6,,,. 4.18
v da g )’YM+87TGN/6M T S (4.18)
From the above equation, we see that the quasilocal stress tensor as given in (4.12) may be

expressed as
1

- 87TGN

2 (SSct)
o — g 4 —— ) . 4.19
( e (4.19)

T

The above equation is general and it applies to Brown and York’s prescription too. The

difference arises in the case of asymptotically AdS spaces where (as suggested by Kraus and
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Balasubramanian) we construct the (local, covariant) counterterm out of boundary curvature
invariants (R, R?, etc., where R stands for the Ricci scalar of the boundary metric), since
it may be assumed to be a local functional of the geometry of the boundary hypersurface
OM.,. In general, higher order curvature invariants like R?, R3,....etc., do not contribute
to the counterterm since in the asymptotic limit, their contribution is negligible (i.e., they
vanish rapidly at large 7). Thus, in most cases, we are allowed to express the counterterm

as

Set = V=7 d*z(a + bR), (4.20)
oM,

where, as mentioned before, R is the Ricci scalar of the boundary metric v,,. The countert-
erm should be chosen in such a way that at large r, the quasilocal stress does not exhibit any
divergences. Brown and York propose to embed the hypersurface M, in an AdS background
and consider the gravitational action of the resulting spacetime region as the counterterm.
As mentioned before, such an embedding may not be possible always and that is why their

prescription is, strictly speaking, ill-defined.

Performing an ADM decomposition of the boundary metric lets us define expressions
for the mass and momentum of asymptotically AdS spacetimes [14]. The ADM decomposi-

tion of the boundary metric 7,, may be expressed as
Y dr'de” = —Nadt® + oq(de® + Ngdt)(da® + N2dt), (4.21)

where 3 is a constant time spacelike hypersurface in M (the boundary hypersurface of
M), with induced metric o,,. Here, the function Ny is referred to as the lapse function, and
N¢ is referrred to as the shift vector field. If u* is the (normalized) normal vector to the
hypersurface ¥, then it describes the direction of time flow in M. The conserved charge
associated with a boundary killing vector £* (generator of an isometry of the boundary
metric) has been defined by Brown and York [14] to be

Qe = /Z A" a/o (uT,,E") (4.22)

The conserved charge associated with the symmetry under time translations is the mass of

the spacetime, which maybe expressed as

M = / d*'z+/o Ny, (4.23)
by
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where we define a (proper) energy density
e = u'u"T),. (4.24)

We observe that if we choose £* = Nyu* in (4.22), we obtain the the expression (4.23) for
the mass of the spacetime. A similar definition holds for the momentum of a spacetime, and

is given by

P, :/ddlxﬁja, (4.25)
P

where we define j, = oupu, T,

In addition, we also observe that with the fall-offs suggested by Brown and Henneaux, for
leaving the asymptotic form of the metric of an asymptotically AdS space space invariant, the
variation of the Gibbons-Hawking-York boundary term vanishes, and so does the boundary
piece in the variation of the Einstein-Hilbert action. Therefore, we assume that the Gibbons-
Hawking-York boundary term might not be needed in the action, and one can possibly make
sense of a quasilocal stress tensor derived from the action obtained by dropping the GHY

term.

4.3 Quasilocal stress tensor for asymptotically AdS;

spaces

Consider the metric of AdS3 in Poincare coordinates:

l2 2

.
ﬁdrz + l—z(—dtQ + da?). (4.26)

ds® =

For a constant r hypersurface, the (normalized) normal vector is given by

_ O
V9" 0urdyr

4.2
I (4.27)

grr _;

n, =

221
The extrinsic curvature of this hypersurface may be expressed as
Oup = —Vgnaegef, (4.28)
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where €% = gz(:. Here, z® = (t,7,x) are the coordinates that span the spacetime manifold

while y* = (¢, z) are the coordinates that span the constant r hypersurface.

The component 6y of the extrinsic curvature maybe expressed as

Gtt = —Vgnaetaetﬁ = —tht
= =0y + 'Y,

, r .. 4.29
= Fttnr = —57%«9 OrGut ( )
2
Similarly, the other components of the extrinsic curvature are given by
. r?
and )
Ouw = =519 Orgre = 0. (4.31)
The metric on the timelike hypersurface (denote it by X) is given by
, 17 2 2
dss, = —(—dt* + dz*), (4.32)

l2

where r is the constant value of the radial coordinate on the hypersurface. The scalar

extrinsic curvature is therefore given by

0 =0, = (—g) <§—j) + (g) <_§_§) (4.33)

where 7% are the components of the induced metric on the hypersurface. Applying the above
results in (4.19), we find that the components of the quasilocal stress tensor for AdS; are

given by

2 0S54
V= 0

_r (2 (L) 2 95
B I 12 \/__fy(wtt

41

8tGNTy = Oy — Oy —




T2 2 (SSCt

3 V= ot

2 0S4
87TGNTmc = ea:x - 9%:9: T —
V=7 0y

o (2 (2 9S4
B l 12 \/__,y(;fym

== e (4.34)

4.3.1 Determining the counterterm

In (4.34), S.: is the yet to be determined counterterm for the gravitational action which
should make the action itself and the stress tensor finite in the large r limit. Without the
counterterm, we see that, for instance, the stress tensor components T} and T, diverge.
Therefore, it is necessary to have the counterterm. We assume the form as given in (4.20)

for the counterterm:
Ser = V= dtdz(a + P R), (4.35)

oM,

where PR is the Ricci scalar of the metric on the boundary hypersurface, Vv, and the
coefficients a and b have to be chosen so as to cancel the divergences. The variation of S,

can be expressed as
55, = / dtd <5\/_—'y(a FHDR) 4 b\/_—75(2)R>
OM,.
1

- / dtdm( — 5\/—7%,,57‘“’@ +b@R) + by/— ((Q)Ruyév‘“’ + 7‘“’5(2)}%#,,) >

OM,.
v (1 (@ L () 1 v 5
— [ J=dtdx (W b (@R, — /PR = Za ) + 005 RW)

oM, 2 2

1
= /6 A/ —’}/dtd.x (5’}/!“/ <b(2)G‘uy - Eaf}/‘uy> + b’Y“V5(2)RW)7 (436>
My
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where (Q)RW and (Q)GW are the Ricci tensor and the Einstein tensor of 7, respectively.
Since the Einstein tensor vanishes identically for a 2 dimensional metric, we have G, = 0.

Also, since the last term in the paranthesis is independent of 09" (cf. (3.9)), we see that

2 6S.
V= o

To fix the coefficient a, we apply the above result to make T3, in (4.34) finite (zero in this

= — Y- (4.37)

case) in the large r limit:

7”2 7“2
87TGNEt = _Z_S +a (_l_2> = 0, (438)

which is satisfied only when we have a = —%. Also, since the Einstein tensor identically
vanishes in 2 dimensions, we see that the coefficient b maybe arbitrary; for convenience, we

set it to zero.

Thus, the counterterm in the action for asymptotically AdSs spaces is given by

1
Set = (——) V= dtdz. (4.39)
L) Jou,

We also see that, with the above definition, the components T, and T}, also vanish, and
thus we see that the quasilocal stress tensor for AdSs vanishes. Also, the stress tensor is free

of divergences since it vanishes everywhere.

4.3.2 General formula for asymptotically AdS; spaces and an ap-

plication

Since the counterterm is the same for all asymptotically AdSs spacetimes, we apply the
definition of quasilocal stress tensor given in (4.19) to compute and verify the masses and

momenta of some of these spacetimes. We assume these spacetimes to have the form

2 2

l r
d52 = T—2d7’2 —+ l—2(—dt2 + dl’2> + (Sgabd-radwb7 (440)
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where dg,, are functions of r, ¢, and z, and z® = r, t or x. We see that the induced metric

at a constant r hypersurface M, (denote in by 3) is given by

7,2

l2

ds?, (—dt* + da?) + 6gyndr™ dx”, (4.41)

where M =t or z.
Let us calculate the components of the extrinsic curvature of the hypersurface OM,. The

normal vector to the hypersurface is given by

or
9" 0,urd,r

= (4.42)

n, =

where ¢"" = gi. Therefore, \/%W = /G- Since ¢, = i—z + dg,, by taylor expansion to first

rT

order in dg,,, we see that

l r
nu = (; + Z(Sgrr) 5%7«. (443)
Analogous to (4.29), we see that
1 rr
O = —§nr9 Or Gt
1/1 r r2 ot r?
r2 ot r
- l_3 - 2_l55.grr - Q_Za’r‘dgttv

~1
where the RHS is upto terms first order in dgq,. Also, ¢"" = g% = (% +6 gmn) is obtained

by Taylor expansion to first order in dg,, as

1,.2 7,.4

grr = l_2 - 1_4697"7“7 (445)

which is made use of in (4.44).

44



Similarly, the other components of the extrinsic curvature are given by

1
exm = - _nTngargmc

2
1 /1 r r2 ot 7“2
7’2 T4 T

- _l_3 + 2l559rr - aarégmc

1
th = th = _énrgrrargtaz

1/1 r r2 ot

e AR L) 5
2 (T + 2[ grr) (l2 l4 grr) ar Gtz
r

The scalar extrinsic curvature (to first order in dg,) is given by

Q = ’7ab0ab - ’Ytt‘gtt + 7”93595 + 2’7t$0t:c

1 r? r? rt T r? r? rd T
= (<l2 + 593&1) (l_3 - e ==00rr — 2—18r5gtt> + < l2 + 5gtt> <_l_ e — 0 Gy — Q—Z&(ng))

1 /2r 76 r’ r?
= ; (1_5 - 1—7597«7« 2l38 (0gze — Ogu) + l—3(59m - 5gtt)> ) (4.47)
where 7% is the inverse of the induced metric on M, and 7 is the determinant of the

induced metric 7.

The determinant, upto first order in dg4, is given by

r4 r2
Y= _l_4 + 1—2(5gtt - 593:90)7 (448)

which is a function of dg;; — d¢g... Therefore, one can express the inverse of the determinant

as well as a Taylor series in gy — 0¢.., which to first order in the same is given by

1 "o
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Plugging the above equation in (4.47), we find the scalar extrinsic curvature (to first order
in dgqp) to be
o— -2, ﬁégw + Lar(égm — Ogu) + i(égm — 0u)- (4.50)
I3 2r 72
Using the above results, we see that the components of the quasilocal stress tensor are given
by

1
8rGNTy = Oy — (9 + 7) Vit

4

r 0Gee T

- 2_l5(sgrr + I - Z_Zar(sg:m:
1

g r

- T - 2_l8r5.gtt - 2_l5597“r
1

SWGNE:E = em — <6 + i) ’Yt:f
_ 5gt;t r

As is obvious from (4.23) and (4.24), the expression for the mass of the spacetime with metric
described by (4.40) is given by

M = /dx\/a_mNg uu’T),
= /dx@Ng wulTyy. (4.52)
In the above repression, the lapse function Ny is given by
Ny = (—y")"2 =, [— (4.53)

where 7 is the determinant of the induced metric on OM,.. Also, the timelike normal to X

is given by

ot (454)
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Plugging the above two equations in (4.52), we see that the mass of the spacetime is given
by
M = /d.fItht, (455)

which clearly diverges in the absence of the counterterm. For a spacetime with metric of the

form in (4.40), we see that its mass is given by

1 r 0Gpw T
- 7= 9Yrr Yy T 57 r5 zx | - 4.
SWGN/dx [2z559 TR } (4.56)

A similar calculation reveals that the momentum of such a spacetime is given by

1 5gtz r
S 060 . 4,
SWGN/dx[l 5] aégt} (4.57)

As an application of the above results, we consider the BTZ metric [18,19] given by

2

ds? = —N2dt? + p*(d¢ + N9dt)’ + NrTﬁdﬁ, (4.58)
where
0t =r*+4GMI* — %ri, ri = 8GIVM?22 — J?,
N r2(rl22p_2 ri), NP _45_21]7 (4.59)

and ¢ has a period of 2. The above metric can be rearranged in the form

2 2 2 2
ds?® = ( ! . ) dr? + % (%(ri —r?) + (4GJ)2) + (%) da® — (SGTJ) dtdz. (4.60)

2 _
r rL

Now, in the limit of large r, one can approximate

1 1
SR (4GM12 + 57&) (4.61)

.~ = (4.62)
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Plugging the above 2 expressions in (4.60), we see that the BTZ metric looks like

12 2 Ml4
ﬁdﬁ + %(—dtQ + da?) + SGT4 dr® + 8GMdt* — 8GTJdtd:c (4.63)

ds® =

in the limit J < M. Therefore, when J < M1, in the large r limit, we see that the metric
looks like the one given in (4.40), where

Ml* 4
0Gr = SGT4 ) dgu = 8G'M, 0Gie = —%. (4.64)

Substituting x = l¢ with [ dz — lfo27T d¢, we see from (4.56) that the spacetime mass is
given by

l 2“¢[ﬁ8GMl4

&G J, 20 ot } ’ (4.64)

which is consistent with the observed result. Similarly, from (4.57), we see that the momen-

tum of the spacetime is given by
[ 2m 4G T
Fo = o1 ==
=J, (4.65)

which again is in agreement with the expected result.

4.3.3 Reproducing Brown and Henneaux’s result

Brown and Henneaux in 1993 have shown that the 2 dimensional conformal field theory dual
to gravity in asymptotically AdS; spacetime has central charge equal to ¢ = % [20]. Since
we interpret the quasilocal stress tensor to be equivalent to the expectation value of the
stress tensor of the CFT, we can verify the above fact by studying the transformation of

the stress tensor under diffeomorphisms which preserve the asymptotic form of the metric

of AdS;.
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Consider the metric of Poincare AdS expressed in the form

l2
ds® = —dr* — r’da*da”, (4.66)
r
where , ,
rh = tx and = = l - (4.67)
The conformal field theory can be thought as living on the boundary of AdS with metric
ds? = —r?datdz~, with 1 eventually taken to infinity. Diffeomorphisms of the form
et — T = (a), T —x =& (27) (4.68)

transform the stress tensor on the boundary as

c
Ty — Ty +2008 Ty +670,Tyy — %aiﬁ

T — T +20. 6T +€0.T —50¢, (4.69)

where in either of the equations, the last term arises from an effect that is of quantum origin
while the other terms just follow from the transformation rules for a tensor under coordinate
transformations. Although, (4.68) is a translation and thus classically a symmetry of the
CFT, at the quantum mechanical level, it fails to be one since they introduce a conformal
factor in the metric [15]. Brown and Henneaux observed that only those diffeomorphisms
that leave the asymptotic form of the boundary metric of AdS invariant correspond to
symmetries of the CFT (at the quantum level) for which the metric of AdS is bound to
satisfy the following fall-offs [20]:

12 1
Grr = ﬁ + O(ﬁ% 9++ = O(U’ 9-—— = O(l)’
r2 1 1
gr-=—5+0(1),  g.=0(3) g.=0(3) (4.70)

The coordinate transformations that preserve these conditions are given by

220
r — T —5_ — 2—7.26+£+

rt — ot - -

r—r+ g(aw 1O€), (4.71)
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For large r, the transformations of 2™ and x~ look like those in (4.68) since the extra cor-
rections in the above equations are negligilble. Under the above diffeomorphisms, the metric

of AdSs transforms as

2 2 2
ds?* —» l—dr2 —ridetdr — %(8_31_§+)(dx+)2 — %(635_)@%_)2- (4.72)

r2

As this transformation leaves the metric invariant in the asymptotic limit, it is a symmetry.

For the above form (4.72) of the metric, we compute the quasilocal stress tensor as follows.

The metric in (4.72) could be equivalently expressed in terms of the usual Poincare co-
ordinates of AdS as

l2 ,,,2
2 2
ds® = ﬁdr + =

7 (—dt* + da®) — %(815* + PN + da?) + (0°& — 03¢ )dtdw, (4.73)

from which we identify that
1 _ 1 _
0gtt = Gz = —5(65’;5+ +9%¢7), 0t = 5(835 — 03¢, (4.74)

Therefore, from (4.51), we see that the components of the quasilocal stress tensor are given

by

$7GT)y = —%(ai’;ﬁ L oRe)
$7GT,, = —%(ai& +oPe)

87GTy, = 2%(835‘ —03¢T). (4.75)

Now, from the tensor transformation rules, on going from (r,¢,x) coordinates to (r,x™,z7)

coordinates, we see that

Tiy = (0:4)° Ty + (040)* Tow + 2(048) (042) T
T = (0-t)Ty+ (0-2)* Ty + 2(0_1)(0_2) T}, (4.76)
From (4.67), we see that

8+t = 8+x = a,t = é, 3,x = —% (477)
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Therefore, using the above 3 equations, we have

o Los v | o3 e Pl s s
Ty, = 329G [—7(@5 +0°¢ )] + e [g(af — 018 )]
Sy

and

L [—%(aiﬁw?’g)}— - {1(835— i&*)}

321G 167G |21

l -

Since these transformation rules should match with those given in (4.69), we see that

c l s . 3l
Ur 167G MYak

(4.80)

which matches perfectly with the result obtained by Brown and Henneaux.
4.3.4 An important observation and its consequences

We see that with the Brown-Henneaux fall-offs, the variation of the Gibbons-Hawking-York
term for asymptotically AdS spacetimes vanishes. The expression for the variation of the
GHY term is given by (3.21). We consider the metric of AdS3 as given in (4.66) with the
fall-offs given by Brown and Henneaux as in (4.70). We consider a constant r timelike
hypersurface for which ¢ = 1. For ease of calculation, we consider the inverse metric whose
components are comprised solely of the leading order behaviour in r. This would mean
that we are considering the inverse of the exact AdS; metric in (4.66). As seen before, the

(normalized) normal vector to the boundary hypersurface is given by

nt — grrnr(;,u,,r

- %5%’“. (4.81)

With the above ingredients, the variation of the GHY term is given by

0Sauy = V= dzTdz" P nt0,0Gap- (4.82)
oM,
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The above expression evaluates to

3Sapy =2 V—ydxtdxhT " n"0.0g,_
oM,

o[ wa (2)o (5 (3).

~0(), (4.83)

which vanishes in the limit of large r. Here, we have only considered the leading order
dependence of r while calculating the determinant of the metric which goes like r2. Also,
since g, = —§ + O(1), we see that dg;— ~ O(5). Therefore, we see that the Gibbons-
Hawking-York term is not really a mandatory component of the gravitational action for
asymptotically AdS3 spaces; we might as well drop it since the only role it plays is in making
the variational problem well defined by cancelling of the boundary term in the variation
of the Einstein-Hilbert action which we anyways observe to be zero. This means that we
might be able to obtain standard results even from a quasilocal stress tensor derived from

the action obtained by dropping the Gibbons-Hawking-York term.

4.4 Quasilocal stress tensor for asymptotically AdS,

spaces

4.4.1 AdS, in Poincare coordinates

Consider the AdS,; metric in Poincare coordinates:

l? 2

r
T—2dr2 + l—2(—dt2 + dz} + dx3). (4.84)

ds® =

The induced metric on a timelike hypersurface OM,. (denote it by X) defined by a constant

value of r is given by
2

r

l2

where 7 is the constant value of the radial coordinate.

dsy, = —(—dt* + dz} + dx3), (4.85)
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From the ADM decomposition of the induced metric, we see that the lapse function N

and the shift vector field N* are given by

at

.
N =V =17, Ne = % = 0. (4.86)

From (4.23), the mass of the spacetime can be observed to be

7’2 r 2

ox

:/ dl’ld@tht, (4-87)
o% !

where, in going from the first to the second equation, we use

V—o=_ () = —— = gt = —. (4.88)

Also, the region of integration 0% is a spacelike surface in the boundary hypersurface oM,
of AdS, with metric o4, Therefore, from (4.87), we expect Ty ~ % for the mass to not

diverge at large . The (normalized) normal vector to the hypersurface M, is given by

[
= —0,- 4.89
b, (439)

Analogous to those in (4.29), the components of the extrinsic curvature of the hypersurface

OM, are given by

1
O = — §nrgrrargtt

. T
e
1 rr
2 _§nrg rgxixj
2
T
1 rr
Ote; 109" 0y Gtz
—0. (4.90)
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The scalar extrinsic curvature is given by

0 = ’yttett + 71‘11‘7 Ql‘il‘j + /ytl‘i thi

(5 () ()

E
Therefore, the components of the quasilocal stress tensor are given by

2 0SSy
V=7 07"

R G W A W 0
_l3 I [2 \/__757&

_ T2 o 2 (58@5
l3 \/__/y 5fytt

8tGNTy = Oy — Oy —

2 0Su

r? 3 r? 2 0S4
=—=0— =) |5 )0j———
3 l [2 =y 6yFiTi

(4.91)

(4.92)

In the above expressions, 7, is the induced metric on the hypersurface OM,. It is easily

seen that the counterterm that cancels off the divergences in the stress tensor components

is given by
2

Sct = (__> / vV =Y dtdfbldl‘g,
! oM.

(4.93)

and we see that incorporating the above counterterm in the action for AdS, renders 7}, = 0.
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4.4.2 AdS, in global coordinates

Consider the metric of AdS, in global coordinates:

2 r’ 2 dr? 2/ 102 . 9 2
ds*=— |1+ = | dt —i-(l—rg—{—r (d6” + sin” 0do?). (4.94)

: + )

The induced metric on a constant r timelike hypersurface M, (denote it by X) is given by

2
(m§:_<1+%>dﬁ+r%w2+m#&w5- (4.95)

In global coordinates, after doing an ADM decomposition of the above boundary metric, we

see that the lapse function N and the shift vector field N* are given by

7’2 . ,yat
N:\/—’Ytt:\/1+l—2, N :m:O (496)

Also, the other ingredients that make up the RHS of (4.23) are given by
2 2 1 7’2 -1
V=0 = r%sinb, (u)' =——=—¢"= (1 + TZ) : (4.97)
Git

Using the above information, we see that the mass of the spacetime, in the limit of large r,
looks like

2\ 3
M = dedm?sme(T) T,

o% 12

— / sin 6 dfde (Ir) T, (4.98)
1))

The same expression can be used for determining the mass of asymptotically AdS spacetimes

in the limit of large r. The (normalized) normal vector to the hypersurface OM,. is given by

(4.99)



The components of the extrinsic curvature of the hypersurface OM,. are given by

rr
B0 = —=nrg"" 0, g00

1 rr
Osp = —5nrg Or 9o

2
= — sinQQ\ll—i-Z—Q. (4.100)

The trace of the extrinsic curvature is given by

0= "}/ttett + ”)/09999 + ’Y¢¢9¢¢

1
r P\ 2 2 r2
S (S R Y 4.101

where 7, is the metric on the hypersurface OM,. Now, the difference between the 2 co-
ordinate systems shows up in the counterterms that needs to be added in either case; as
opposed to the counterterm in (4.93) for the case of Poincare coordinates, we see that the

corresponding counterterm in the action when the metric is expressed in global coordinates

is given by

(3)
2 LR ) : (4.102)

Sct: \/__f}/(_j_'_ 92

oM,

where ® R is the Ricci scalar of the boundary metric v,,. From (4.36), we see that the

contribution to the quasilocal stress tensor arising from this counterterm is given by

2 4S. 2
/— Mui = e+ G (4.103)

Finally, we see that the components of the quasilocal stress tensor are given by

2
StGNTy = Oy — Oy — 7’71&15 — Gy
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2 /1+r2+2+l
r 2 1 r?

_|_

2

8mGnThe = Opo — 0790 — 7700 — [Gg

/1+r2+r3 1+T2 2 2r2
2z 2 [2 l
3 I

4r2 494
9
8TGNTpp = Opp — 00 — 70 — [Gge

r2
(1 + l2)

1 L 3
C 4r2 0 8t

= 87TGNT99 Sin2 0
& P
:Esm 20 — i sin?6 4 - - - . (4.104)

In evaluating the above expressions, we expand the quantities within the square root around

r = 00. These expansions look like
R S A L 1\’
S E U T A -
+l2 l+2r 8r3+167‘5+0<<r) )
P\TE LB 35 5l 1)’
1+2) =iyt Lo () ). 4105
< * 12> ro 2r3 N 8> 1677 * (r) ( )

4.4.3 An example calculation: AdS,; Schwarzschild metric

We consider the metric of AdS, Schwarzschild in global coordinates:

r2 2 -1
ds? = (1 + 5 - —> dt? + (1 v @) dr? + 12(d6? + sin? 0d¢?). (4.106)
T

The induced metric on a constant r timelike hypersurface M, (denote it by X) is given by

2
dst = (1 + 2 7) dt* 4 r*(d6? + sin” 0d¢?). (4.107)
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The (normalized) normal vector to this hypersurface is given by

4]

T
gT‘T‘
5/"/77“

n, =

= 2L (4.108)
140

T

The components of the extrinsic curvature of this hypersurface are given by

1
O = — 57%9”87*9@5

r r rZ
=<—+—°2> 14— — =

2 2r [2 r
1 Tr
Oo9 = —5mg" Orgon
2 1
— 14— 20
T + 2 .

2
:—m$ﬁ9w1+%~—%. (4.109)

The scalar extrinsic curvature is given by

0 =700 + 7”000 + 70,

2 - 2
ror T 2 LA

R I 14+ — — 2 — 1= - = 4.110
<l2+2r2>( +l2 r) r +l2 r’ ( )

NG

where 7, is the metric on the hypersurface OM,..

The tt component of the quasilocal stress tensor is given by

2
8tGNTy = Oy — Oy — 7%1& — Gy

1 2 r2  rg 2 1 1
S (S TR AT I O Y R OB SO Y
(+l2 r>[ r +l2 r+l] (r2+l2)

_oy (4.111)
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where, in writing the finl expression on the RHS, we use the following expansion around
1—0:
2 rg v 1wl Bl 1\°
1+4=-—-—==-+—-—=—-—4+—+4+0| (- : 4.112
+l2 r l+27° 2r2 87"3+47“4jL r ( )
Applying the above result in (4.98), we calculate the mass of the spacetime as

1 . o
M = —
Cn /a sin 6 dfd¢ (Ir) =

471y

- 87TGN

- 2GN

(4.113)

Since ry is the radius of the black hole horizon (or in other words, the Schwarzschild radius),
we see that the result we have obtained is consistent with what one would expect for the

mass of a black hole.

4.5 Quasilocal stress tensor for asymptotically AdS;

spaces

Consider the metric of AdSs in Poincare coordinates:

l2 2

r

The metric induced on a constant r hypersurface M, (denote it by X) is given by
2

dst = 2

(—dt? + dx? + daj + dz3). (4.115)

From the ADM decomposition of the metric on X, we see that the lapse function N and the
shift vector field N are given by

.
N =V =17, Ne = % =0, (4.116)

where v, is the induced metric on the hypersurface OM,.
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Applying the above equation in (4.23), we see that the mass of the spacetime is given by

7“3 T 2
M = . d.ﬁl‘ldedl’g l_3 <7) (U) ﬂt
2
:/ dIldIle’g l—gﬂt, (4117)
o%
where we use \/—0 = 71’—33 and (u!)’ = —4" = —g' in going from the first to the second

equation. Therefore, for the mass to not to diverge at large r, we expect Ty ~ r~2 in the
limit of large 7.

We see that that the (normalized) normal vector to the hypersurface M, is given by

l
=, 4.118
O, (4.118)

We see that the components of the extrinsic curvature of the hypersurface oM, are given
by

1
ett = ——mg”argtt

2
2

B

eacixj == _§nTgTT8Tgxixj
2

T

=~ %50
1 rr

etxi - _§nrg argtmi
—0, (4.119)

which are exactly the same as those for AdS, in Poincare coordinates. However, difference

arises in the scalar extrinsic curvatures, which for the case of AdS; is given by

6 = ’yttett + ’yxixj 0931'93]' + Pytxi etxi

-(5) (7) 2 (5) (-5)

—~ —%. (4.120)
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As expected, this is different from that for AdS, given in (4.91). The components of the

quasilocal stress tensor are given by

2 0S4

e — 9 - T

8TGNTy = Oy Tt /=~ St
3r? 2 0S4

(4.121)

From the above equation, we see that a finite stress tensor for AdSs5 in Poincare coordinates

is obtained by picking the counterterm

Set = <—§) V= dtd*z. (4.122)
L) Jom,

On the other hand, analogous to the case of AdS,, we see that in global coordinates, an extra
term is required in the counterterm to cancel off the divergences in the quasilocal stress tensor
components. We see that the counterterm in the case of AdSs in global coordinates is given

by
l
Se = V= dtd>z (—§ + = <4>R) : (4.123)

OM; ! 4

where W R is the Ricci scalar of the induced metric Y on the boundary hypersurface OM,..

We verify that this is indeed the case with the following examples.

4.5.1 Example calculations

As the first example, we consider the metric that arises in the near-horizon limit of the
D3-brane:

7,04 -1 12 )
+ 11— r_4 T—er . (4.124)

o _ 17 o 2 Zs 2
r
i=1
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The induced metric on a constant r hypersurface M, (denote it by X) is given by

r ro? i
dsty = % [— (1 - T%) dt* +) (dxi)zl : (4.125)
i=1

The (normalized) normal vector to this hypersurface is given by

J

T

Vg

l 7’04 !

The components of the extrinsic curvature of this hypersurface can be calculated as

n, =

1
Ou = _énrgrrargtt

() (-%) (G (-m)a(R) (-]

rr
9:)31':)31' = _énrg rgxixi

—\1 - (4.127)

The scalar extrinsic curvature is given by

9 — ,yttett + ,szxzexle
3 1 /rt+rs rot
= —-—=—=- 1——. 4.128
( 1 <T4 — 1ot rt ( )

Finally, we see that the components of the quasilocal stress tensor are given by

3
8TGNTy = Oy — Oy — 7%75

3(rt —ro?) [ rd — 7“04]
= — | T —

[373 r2
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(4.129)

where to arrive at the final expression on the RHS for the first and the second equations, we

use the following expansions (around r = oo or equivalently around % = 0) respectively:

N L L L S A
72 2r3 87 16ril r

1 1 rot 38 "
—==+—+—+0| |- ) 4.130
T _rgd 12 T 26 T ;10 - r ( )
Using the expression for T}, we see that the mass of the spacetime is given by
37"04
M=—— [ d&u, 4.131
167G 15 /82 v (4.131)

which is in agreement with the standard formula [21].

As the next example, we consider the AdSs-Schwarzschild metric:

2 2 2
ds? — — [1 n % _ (@) } dt® + [ er , )2} + 12(df* + sin® Odp* + cos® Odyp?). (4.132)
' LrE (3

The induced metric on a constant r timelike hypersurface M, (denote it by X) is given by

2

2
ds® = — {1 v+ G) } dt? + r2(d6? + sin® 0dd? + cos® Odi?). (4.133)

The (normalized) normal vector to this hypersurface is given by

= : . (4.134)



The extrinsic curvature components of ¥ are given by

1
O = _§nrgwargtt

70> r2 70\ 2
NG
(l2 + ) \/ + [2 r
1 rr
Boo = —5"rg" Orgon
72 70\ 2
s
\/ + [2 r

1 rr
Os6 = =519 0rgso

2 2
_ -29\/1 (™)
T sin —1—12 .

1 rr
Oy = —5Mg Or Gy

— rcos? © (T
= —rCos 9\/ +l2 (r) (4.135)

The trace of the extrinsic curvature of ¥ is given by

0 = "0 +1"090 + 17099 + 7" Oy

2
) e e

T

where v, is the metric induced on the hypersurface OM,..

The tt component of the quasilocal stress tensor can be calculated as

3 {
8nGNTy = Oy — Oy — 7%15 - _Gtt

3(r* —rot) I
- 373 r= 2

_3 3T+§_3ﬂ \/1+T_2_<@>2+%_3_7%_3_l+3
E [2 r3 [2 r 2r4 r2 2r2 2]
3l 3re

e il U T 4.1
8r2 + 21r2 + ’ (4.137)
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where G, is the Einstein tensor of v, and is given by Gy, = r% <1 + ’;—22 — (%0)2) In writing

the final expression on the RHS, we make use of the following expansion around % =0:

72 roN2 r 1 I*+41%r 1\°
(Y 22T o (2) ). 4.138
\/+l2 <'r> l+27’ 8lr3 * r ( )

Applying the expression for Tj; in (4.23), in the limit of large r, we calculate the mass of the

spacetime as

1 3l 3ra

M = dfdepda 1> sin 6 cos 6 — + “To

o5 2 ro\2 \ 812  2lr?

L+ — (%)
3wl® 3mrd
_ 4.139
32Gy | 8Gy (4.139)
where we use
1

V=0 =1r3sinf cosé, N ==, (ut)2 =yt =__ (4.140)

Vet

We see that the mass we have obtained has a term in addition to the standard observed
value of 37r2/8Gy [21]. The additional term corresponds to the mass of empty AdSs; when

T’QIO.
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Chapter 5

Conclusion

The thesis started out by presenting a brief review of the essential aspects about AdS/CFT.
We saw that the isometry group of AdS and the symmetry group of AdS are the same thing.
We also looked at particle dynamics in AdS, both classical and quantum, and understood
the interpretation of CFT primary and descendant operators in AdS. Following this, we
saw how conformal invariance constrains the form of CFT correlation functions. In particu-
lar, we employed the definition of AdS/CFT dictionary to explicitly compute CFT 2-point

correlators.

In the third chapter, we reviewed the Lagrangian formalism of general relativity. We un-
derstood that the Einstein-Hilbert action alone does not give rise to a well defined variational
principle. Also, neither is it finite in the limit of large distances. Hence the need for the
Gibbons-Hawking-York boundary term and the nondynamical counterterm. We concluded

the chapter by giving the most explicit form of the action for a spacetime metric.

In the last chapter, we understood why defining a stress-energy tensor for the metric of
a spacetime manifold is hard. We studied in detail the proposal of quasilocal stress tensor
for a spacetime by Brown and York and how it applies to asymptotically AdS spaces as
investigated by Kraus and Balasubramanian. We computed the masses and momenta of
various spacetimes using the stress tensor and saw that we indeed were getting the right
results. We studied the interpretation of this quantity from the point of view of CFT. We
explicitly showed the result obtained by Brown and Henneaux and saw that for metrics that

satisfy these fall-offs, one may drop the GHY term in their gravitational action, thus leading
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to a slightly different definition of the quasilocal stress tensor. This may pave the way for
obtaining the standard results obtained before, nevertheless starting with a slightly different

definition of the stress tensor.
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