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Abstract

In the thesis, we study new asymptotic conservation laws in electromagnetism
that could reproduce the loop effects in the soft expansion of QED amplitudes.
We also investigate certain unexplored properties of asymptotic expansions of
the classical as well as quantum gauge field.

Incorporating the effect of long range electromagnetic force (present in four
spacetime dimensions) acting on the scattered particles, we analyse the new
modes that arise in the asymptotic radiative field emitted in a generic classical
scattering process. We show that there exist new asymptotic conservation laws
(Qm;m = 1,2) that are obeyed by the classical radiative field. Building on the
m = 1,2 cases, we propose that there exists a conservation law for every m.
The corresponding charges are made of modes of the asymptotic electromagnetic
field that appear at ©(e*™*1) and are expected to be conserved exactly.

The asymptotic behaviour of the gauge field is modified in the quantum
theory due to use of Feynman boundary condition. We derive the analogue
of the first of above asymptotic conservation laws upon imposing Feynman
boundary condition on the radiative field. We also discuss new modes in the
Feynman solution which are absent in the classical radiative solution. These
modes lead to quantum corrections to the asymptotic charges.

We anticipate that the @), charges imply existence of m-loop soft theorems
for every m. In particular we show that the Ward identity for the (); charge
is equivalent to the 1-loop exact subleading soft photon theorem for loop level
QED amplitudes. We demonstrate this equivalence in the context of massless
scalar QED in presence of dynamical gravity. This asymptotic charge is directly
related to the dressing of fields due to long range forces. In presence of gravity,
the new feature is that the soft photon also acquires a dressing due to long
range gravitational force and contributes to the asymptotic charge.

We expect this story to hold beyond 1-loop as well. The ()5 conservation
law that we derived is expected to be related to the 2-loop exact soft photon
theorem that has been obtained recently in the literature. It would be very

interesting to explore this equivalence for m > 1.

Keywords : Asymptotic conservation laws, soft theorems.
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Chapter 1

Introduction and Goal

Recently many interesting features have been explored in the infrared regime
of gauge theories and gravitational theories. Soft theorems form an important
part of infrared physics. A particle is said to be soft if its energy is much
smaller than other energy scales of the process. Thus if we consider a quantum
scattering process, a soft particle is such that its energy is much smaller than
the energies/ masses of other (hard) particles. Scattering amplitudes involving
soft particles display remarkable properties which are encoded in soft theorems.
Let us focus on QED amplitudes. The leading order term in the soft limit of
an (n+ 1) point amplitude goes as inverse of the soft energy. At this order, the
amplitude factorises into a soft factor times the n point amplitude without the
soft photon. The information of the soft photon is contained entirely in the soft
factor and the form of the soft factor is same for all processess. Hence it is called
a soft theorem. The soft factor depends on the electric charges and momenta of
the hard particles and the direction of the soft momentum. It is insensitive to
the other properties of the scattered particles and also to the details of the short
range forces that are responsible for scattering. Consequently it is independent
of intermediate resonances that might be produced in the process. The form
of the leading soft factor is true to all loop orders and is same in all spacetime
dimensions ! It is uncorrected by non-minimal couplings or higher derivative
corrections. This kind of universality makes soft theorems an interesting topic
to study. This topic has been explored since 1950’s by Bloch, Gell mann,
Goldberger, Low, Weinberg and many others [1-24].

In the recent years, soft theorems have been studied for multiple soft particles
as well [25-34] . This line of study has an interesting application. Laddha and
Sen used multiple soft photon theorems to derive the low frequency spectrum
of electromagnetic radiation emitted in a generic classical scattering process

[35-39]. In the low frequency limit, the classical radiative field is universally
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given in terms of the charges and asymptotic momenta of the scattering particles
and is independent of other details of the scattering. The universal terms in the
‘soft” expansion of the classical field define classical soft theorems. The leading
order term in the classical radiation in the low frequency limit goes like inverse
of the frequency such that the coefficient of this term is the leading soft factor
that appears in the quantum soft theorem. This is called the leading classical
soft theorem and it has been amply discussed in the literature under the guise
of the electromagnetic memory effect [40-46]. This setup involves a test charge
placed in the asymptotic regime of the spacetime. This charge can be used to
detect the late time radiation emitted in a process. The leading term in the late
time radiation is related to the leading classical soft theorem and gives rise to
a shift in the velocity (components tranverse to the radial direction) of the test
charge. Thus the magnitude of this shift is controlled by the leading soft factor.
It is fascinating that the soft factors are directly observable in an experiment!

The universality in the soft expansion of amplitudes (or the classical field)
is manifestation of underlying symmetries of the theory. The leading soft
photon theorem is related to asymptotic symmetry group called large gauge
transformations. Large gauge transformations refer to the U(1) gauge transformations
that do not die off at infinity. The usual 'small’ gauge transformations vanish
at infinity and the corresponding charges vanish identically. Thus these charges
annihilate the physical states of the theory. On the other hand the large gauge
transformations lead to non-zero charges. These charges have a non-trivial
action on the physical states. It is well known that the vacuum state also
transforms under this symmetry i.e. this symmetry is spontaneously broken.
The leading soft theorem is exactly equivalent to the Ward identity of the
large gauge transformations. The relation between the leading soft theorem
and spontaneously broken large gauge transformations was studied by Ferrarri,
Picasso and others in 1970’s [47-52].

There has been a renewed interest in this equivalence since 2013 due to
new insights provided by Strominger [53,54]. This work was followed by many
interesting papers that shed light on the relation between these two corners
of the IR sector of gauge theories and gravity [55-72]. Strominger and his
collaborators pioneered the study of equivalence between soft theorems and
asymptotic conservation laws. ' The asymptotic conservation law corresponding

to the leading soft photon theorem was discussed in [56,69,73]. The subleading

1See eq (2.1) for the precise statement of an asymptotic conservation law.
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term in the soft expansion of tree level amplitudes goes like w® and was first
studied in [2-4]. This coefficient consists of a universal piece plus a term
that depends on the details of the non-minimal terms present in the theory
[74]. Ward identity corresponding to the subleading photon theorem has been
discussed in [62-64,76]. The symmetry underlying this Ward identity or its
relation to U(1) gauge group is not well understood yet. In [75], Campiglia
and Laddha showed that the subleading soft photon theorem (for tree level
amplitudes) is equivalent to an asymptotic conservation law. In fact, in the same
paper Campiglia and Laddha showed that the classical radiative field at O(e)
admits an infinite number of conservation laws. They also provided evidence
that suggests that these conservation laws are equivalent to the infinite number
of tree level soft theorems derived in [77,78]. Thus, tree level soft theorems in
QED can be related to asymptotic conservation laws.

It is well known that the loop level S-matrix becomes ill defined in four
spacetime dimensions due to infrared divergences. Infrared divergences are a
result of long range effects that arise due to presence of massless particles.
To discuss effect of loop corrections on soft theorems, it is necessary to have
a prescription to deal with these divergences. One approach is to study soft
behaviour of regulated amplitudes and it has been shown that the leading
soft factor does not receive any loop corrections. Beyond the leading order,
the soft factors admit loop corrections in four spacetime dimensions [79-81].
Another rigorous approach to deal with these divergences is to use either dressed
states [82-84] or a finite dressed S-matrix [85,86]. Soft theorems have been
studied using dressed states in [87-89]. There are a few unresolved questions
yet. Physically we expect that the massless particles that make up the dressing
should have a cutoff [90] but introduction of a cutoff scale breaks Lorentz
invariance. Soft theorems need to be studied in presence of this cutoff. These
questions should be addressed in the future.

In 2018, Sahoo and Sen studied the subleading term in soft expansion of loop
amplitudes systematically using the regulating technique introduced in [92].
This subleading term in soft expansion is logarithmic in soft energy and it is
intimately tied to the long range forces present in four spacetime dimensions
[91]. They showed that this term is universal and also argued that it is 1-loop
exact. This is a significant result. A natural question is to probe if this new soft
theorem can be related to a new asymptotic conservation law. The first step in

this direction was taken in [93]. Campiglia and Laddha constructed asymptotic
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charges corresponding to the Sahoo-Sen soft theorem for massive scalar QED.
This is quite a remarkable result given the fact that the loop level soft factor
has a very complicated structure [91].

The goal of this thesis is to study new conservation laws in
electromagnetism that could reproduce the loop effects in the soft
expansion of QED amplitudes. As a subgoal we will also investigate
certain unexplored aspects of asymptotic expansions of the classical as
well as quantum gauge field in presence of long range electromagnetic
force. This thesis is based on the work carried out in [99-101]. The organisation

of this thesis is as follows.

e In Chapter 2 we lay out the background for our main calculations. We
discuss classical scattering of charged particles ignoring the effect of long
range electromagnetic forces. Rederiving the )y conservation law, we

discuss its relation to the leading soft theorem.

e In Chapter 3, we incorporate the effect of long range electromagnetic force
acting on the scattered particles and analyse the asymptotic radiative field
emitted in a generic classical scattering process. We show that there exist
new asymptotic conservation laws (Q,,;m = 1,2) that are obeyed by the
classical radiative field. We propose that such conservation laws should

exist for every m.

e The asymptotic behaviour of the gauge field is expected to change in
the quantum theory due to use of Feynman boundary condition. This
modification is the focus of Chapter 4. We study the new modes that
arise in the Feynman solution and show that the () conservation law
is in fact violated by the Feynman solution. We show that the Feynman
solution obeys a modified conservation law denoted by Q;. We also discuss

certain unfavourable features of the Q;-charge.

e In Chapter 5, we revisit the classical ); conservation law and quantise
these charges. Upon quantisation these charges get extra 'quantum’ contribution
and we show that the corresponding Ward identity is equivalent to the
1-loop exact Sahoo-Sen soft photon theorem for massless scalar QED in

presence of dynamical gravity.

We expect this story to hold beyond 1-loop as well. The ()2 conservation

law that we derived is expected to be related to a new 2-loop exact soft photon
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theorem. And indeed such a soft theorem was recently derived in [95]. The
relation between (),, charges and subsubleading universal modes in the soft
expansion needs to investigated at higher loop orders (m > 1). It is clear that
there is a rich structure in the IR physics at loop level that needs to explored

further.






Chapter 2

Preliminaries

In this chapter we will setup our notations and review some important concepts
that we need to use later on. The asymptotic conservation laws proposed by

Strominger and his collaborators take following form in the classical theory :

Q+P‘+] |Jj = Q_[)‘_] |5+*- (2-1)

The future charge Q* is defined at F* i.e. the u — —oo sphere of the future
null infinity. Similarly, the past charge @)~ is defined at .¥,~ which is the v — oo
sphere of the past null infinity. A" is an arbitrary function on 2-sphere and
parametrises the charge. The parameter at the past is related to it via antipodal
map : AT (Z) = A7 (—12).

Asymptotic conservation laws are related to soft theorems. In [56,59,73], the
authors discussed the symmetry underlying the leading soft photon theorem and
also showed that the corresponding charges )y obey an asymptotic conservation
law. In section 2.1, we will calculate the radial component of the asymptotic
electric field generated in a classical scattering process and derive the )y conservation
law. Then we will turn to the quantum theory. In 2.2 we discuss the asympotic
phase space of massless scalar field and photons. In 2.3, we will demonstrate
the equivalence between the )y asymptotic conservation law and the leading
soft photon theorem for massless scalar QED. In section 2.4, we will discuss the
new subleading soft photon theorem for loop amplitudes derived by Sahoo and
Sen in 2018. One of the goals of this thesis is to understand if there exists a

new conservation law related to this soft theorem.

2.1 The )y conservation law

In this subsection we will calculate the asymptotic electromagnetic field generated

by a general classical scattering process and show that certain modes are conserved.
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Hence we need to find the asymptotic expansion of the radiative field near future
null infinity denoted by ¥ . It is useful to work in retarded co-ordinate system.

The flat metric takes following form in these co-ordinates (u =t — r)

2

ds® = —du® — 2dudr + r? 27,5 dzdZ; v.,; = m

J T corresponds to the limit » — oo with u finite. We use Z or (z, Z) interchangeably
to describe points on S?. We will often use following parametrisation of a 4
dimensional spacetime point (Greek indices will be used to denote 4d cartesian

components) :
ot =rgt +utt, ¢ =(1,1), th= (1,6). (2.2)

It is useful to note that ¢* is null. In terms of the stereographic co-ordinates,
we have

1
- 1+ 25,2+ 2, —i(z — 5),1 — 25},
q 1+22{ +2Z,2+4 2, —i(z — 2), 2z}

Let us describe a general scattering setup. We have some n’ number of
charged particles coming in to interact. We denote the respective velocities by
VI charges by e; and masses by m; (for i = 1---n’). (n — n’) number of final
charged particles are produced as a result of the interaction that eventually
move away from each other. For outgoing particles we denote the velocities by
V! charges by e; and masses by m; (for i = n’ + 1---(n — n')) respectively.
We can divide the entire spacetime into two parts : a bulk region which is
a sphere of radius R around the origin such that the non trivial interaction
between the particles takes place within this sphere. In this region, the particles
in general move on complicated trajectories depending on short range forces
present between them. This short range interaction could be of any sort. The
second region is the asymptotic region » > L in which we can completely ignore
the short range forces. In the asymptotic region, we need to include the effect
of the long range electromagnetic interaction that starts at @(T%) We will
carry out the calculations perturbatively in coupling e as well as in asymptotic
parameters 1/r (or 1/t).

In Lorenz gauge, the radiation can be obtained from the equation [JA, =

—Jju- Using the retarded propagator, we get :

1

Ay (x) = %/d‘lx' §([x — ') j.(z) Ot — ). (2.3)
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We have chosen the retarded root of §-function i.e. ¢ > t'. The retarded root is

given by
ty=1t—1|7—12. (2.4)

The form of ¢} at large r is tj = u+ O(%). Thus the field A, (r,u, ) at large
r gets contribution from ¢ ~ u. The bulk sources correspond to the region
|| < Ror |[t'|] < R (as ¢ = 1) and contribute to A, at |u| < R. It is a
characteristic of the retarded propagator that the asymptotic field at large u
does not get contribution from the bulk region |[t'| < R. Thus we can focus only
on the asymptotic (' > R) trajectories.

Let us write down the form of the source current that describes our scattering
event. First we restrict to the leading order in coupling e, hence we can
ignore the effect of long range electromagetic interactions on the asymptotic
trajectories. Therefore the particles are free in the asymptotic region. Thus an

incoming particle has the trajectory:
o = [V + d;]e(-T — 7). (2.5)

7 is an affine parameter, here T" denotes the value of 7 such that r(—=7) = R
hence the short range forces can be ignored for 7 < —T'. Similarly, an outgoing

particle has the trajectory :
of = [Vi't +d;]e(r = T).

For ougoing particles, r(T') = L hence the short range forces can be ignored
for 7 > T. The form of the trajectories for |7| < T is not known. The current
is given by summing over all particles that participate in the scattering. The

asymptotic part of this current can be written down as :
Jam () = /dT[ Z eiVie 042" — ;) O(r = T) + Z eiVie 042" — ;) O(=T — 7)((2.6)
i=n'+1 =1

Here, we have labelled the incoming particles by ¢ running from 1 to n’ and

outgoing particles by ¢ running from n’ + 1 to n.
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The asymptotic radiative field generated by the scattering process can be

obtained as follows

A, () = zi / &2’ 5([x — 2'2) jo(a) Ot — 1) |
m
1 = T —10) €;Vip " T —710) € Vip
d -T —7=T)|.
“or ) T [:nzﬂ Briavi@—dy o0 D 2_; rrovi@—dy o1
(2.7)
The retarded root of the delta function 6(|z — '|?) is given by :
T0=—Vilw —d;) — [ Viw = Vidi)? + (x — d)* ]'*. (2.8)

Hence, the total asymptotic field generated by the scattering process is given

n/

1 Gi‘/;g @(7’0 — T) 1 ei‘/;a @(_T - 7-0)
@)= 3 poemem et T s
T/ (Vix = Vid)? + (. — d)? =47/ (Viw — Vid;)? + (@ — d;)

(2.9)

Next let us use the limit r — oo with v < r in eq.(2.9). We have 7y =
GV T O(1), hence (2.9) gives

1 " e Vie o "1 eV 1
TR Yoo 7y 4] +o(h) .
(@)l A7y R K.q )+ Z 47 V. q u)+ + (r2)
(2.10)
At large values of u, we see that the %-term goes like u®. ... denote u-fall

offs that are faster than any (negative) power law behaviour. The u’-mode is
related to the so called memory effect [43-45]. The memory effect refers to the
observed shift in velocity of a test particle (placed at large r and large u) due
to passage of electromagnetic radiation. As seen from above expression this
shift is universal and is controlled by the leading soft factor. We will see in
the forthcoming sections that the UTO—mode is uncorrected even when we go to
higher orders in e. The subleading behaviour changes substantially as we go to

next order in e.
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Let us study the frequency space radiative field. Given (2.10) for A,, the

the Fourier transformed function fl# at small w turns out to be :

5 eiwr 1 n
A s 1y r) = . |:_
plw,m, ) 4mir Lw — Vi.q

;€4 V;,u

+} as w — 0. (2.11)

We see that the radiative field behaves as % as the frequency w of the radiation is
taken to 0. The coefficient of this term is proportional to the leading soft factor
given in (2.38). This is the statement of the classical leading soft theorem. This
shows the direct relation between the classical soft theorem and the memory
effect.

Extending to higher orders in %, we find that the asymptotic expansion of
the radiative field in (2.9) around F* takes following form

o0

1 n,—ml (2 u™
A, (z)| g+ = i g [AL I(2)] P +y Jul = o0, (2.12)
m=0,n=1
m<n

)

Here ’...” denote the terms that fall off faster than any power law. It should
be noted that above expression is valid at O(e) as it was obtained ignoring the
asymptotic electromagnetic force present between the scattering particles.
Next we will study asymptotic conservation law satisfied by a particular
mode of the radial component of the electric field. As seen in (2.1) the future
charge QT is defined at F'. Let us calculate the asymptotic field strength

produced by the scattering event using (2.10) around u — —o0 :

F 1 u €; [V;,u(xu - dw) - (xu - dzu)v;u}

MV(I')|u—>—oo = E — [(V;il) — V;dl)z T ([L’ — dz)Q]S/Q (213)

We note that there are corrections to above expression when we go to higher
orders in e and will be discussed in the next chapter. Using (2.2), the coefficient

of the T%—term can be written down.

1 €; 1
Fu(2)|uss 0o = ~ 13 > VP Vinay — 4.V + ..] + 6(73)' (2.14)
1

=
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Radial component of the electric field is given by E, = F,.. Performing a

co-ordinate transformation of above expression we get

1 €; 1
For(2)|uss 0o = — —_— 1+ ... O(—) . 2.15
(l‘)| - A2 [;(‘/ZQ)2+ ] + (7,3) ( )
Next we need to derive the radial component of the electric field at past
null infinity and then compare it with the expression at the future null infinity.
Past null infinity is defined by the limit r — oo with v = ¢ + r finite. In this
co-ordinate system, 4 dimensional spacetime point can be parametrised as :
ot =g +ott, ¢ = (-1,%), t"=(1,0). (2.16)
g" is a null vector. We need to expand all the quantities around ¥~. Around
J~, we have from (2.8) : 70 = —2r V,.¢ + 6(1). Using (2.9), we see that the
contribution of the outgoing particles to the field at ¥~ comes with a factor
of ©(ry — T'), hence it goes to 0. This is a consequence of retarded boundary

conditions. From (2.9), we get :

,nl

1 ein 1
A@)y = 1 [; o } +0(=5) - (2.17)

Calculating the field strength, we get (E, = F,;)

Fa@how =~ [V o ] +0() . (218)

Next we can write down the @y conservation law [56,73]. Using (2.15) along

with above equation, we get :

FL @) = B (=)l

ur +'

(2.19)

Here, Fgﬁo/ "l denotes the coefficient of f—g-term of I,,. Hence it a function of
0 /.2
the sphere co-ordinates z. Similarly FIY/™ denotes the coefficient of ﬁ—g—term

of F,,. The future charge is defined as Qj [\"] = [ d?z A\*(2) FE(3). Qy is
defined analogously. We have :

QT+ = QNI (2.20)
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AT is an arbitrary function on 2-sphere and A*(z) = A7(—z). Thus this law
tells us that the leading order mode in the radial component of the electric
field is conserved in above asymptotic sense. This law is related to the leading
soft theorem. The leading soft theorem is equivalent to the Ward identity for
S-matrix : Qf S — SQ, = 0 [56,73] with Qy’s defined as given above. We will

discuss this equivalence for massless scalar QED in Section 2.3.

2.2 Asymptotic dynamics of massless scalars

and photons

We next turn to theory of a massless scalar ¢ minimally coupled to U(1) gauge

field A,. So, our system is described by following action :

1 x
5= [ @ty [F o (D) (D.0)], (2.21)
where D,¢ = 0,0 — ieA,¢. Dynamics of massless scalar field is given by
"' DD, ¢(x) = 0. (2.22)

The free scalar field satisfies the box equation : O¢ = 0 where 0 = —82 + 5.
Solution to this equation can be written as
3
o(z) = # / % [b, € + dL e P, (2.23)
Here p* is a massless momentum, hence w = |p|. And p.x = p,a* is the Lorentz
4-product. b, d;, are arbitrary complex functions that parametrise the free data
of the massless scalar field.

We are interested in studying the asymptotic dynamics of massless fields.
The future null infinity denoted by ¥t corresponds to r — oo keeping u =t —r
finite. F* provides a natural home to define the asymptotic phase space of
massless fields. Solution in (2.23) can be expanded around the future null
infinity. Let us parametrise the massless momentum by p = w(1,2’). In the
retarded co-ordinates we get p.x = —w(u +r — rz.2’"). In the large r limit we
can use stationary phase approximation that sets 2’ = . The leading order

coefficient in asymptotic expansion for massless scalars turns out to be [56]

d(u,r,3) = % o (u, ©) +®(7~l2) , (2.24)
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where

¢1(u,§:):_—i/000dw b(w, &) e — dt(w, &) ¢ |. (2.95)

872

Thus the leading order term in the asymptotic expansion of the massless scalar
field is O(2). The O(:5) terms get fixed in terms of ¢' by the equation of
motion. The asymptotic phase space for massless scalar fields is made up of
complex functions {¢'(u, Z), 0,¢"' (u, Z)} such that ¢'(u, 2)|ju—ec = O(-=). This
condition ensures that the symplectic form and other charges (like Hamiltonian)
acting on this phase space are well defined [94].

In the quantum theory, b is identified as the annihilation operator for particles
while d is the annihilation operator for antiparticles. Thus there is a direct
correspondence between the asymptotic fields and the Fock states in the quantum
theory. The classical asymptotic field at F* written in frequency space is a
function of w and angle Z and gets mapped to a Fock state with momentum
p=w(l,z).

Next we turn to the gauge field. Let us first consider the homogenous part
of the gauge field i.e. the free part. Choosing the 9, A" = 0, the equations of
motion reduce to JA, = 0. Hence most of the analysis for the free part of the

gauge field is similar to the massless scalar field. And indeed we get [56]
. Ly, .
A (u,r, z) = . A (u, 2) + oy (2.26)

where using stationary phase approximation the leading order term is :

A (u,2) = _—Z/O dw [a,(w,2) ™" —a

= (w, &) e~ ]. (2.27)

= —+

Here the free data is parametrised by a, = > ey (2)ar(w, ), where the

r=-+4,—

" is the polarisation vector for

m
electromagnetic field. Let us transform to retarded co-ordinates and use following

sum runs over the two physical helicities. ¢

choice for polarisation vectors :

6 = ol @) = s eae) 2
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¢" has been defined in (2.2). It can be checked that g.e. = 0 and that €} are
null. We have :

A, 8) = oy 7 / dw [as(w,2) e — ol (w,3) ] (2.29)
Q 0
and
Ag(u,@:;—;/—%g / dw [a_(w, ) e — al (w, &) e™* 1. (2.30)
Q 0

Thus {A%wu, ), A%(u, )} encode the free data of the U(1) gauge field. The
asymptotic phase space for U(1) gauge field is made up of functions { A%(u, &), A(u, Z),
0, A%(u, %), 0,AY(u, 2)} such that !

. 1
AL (1, 2) |y so0 = u® + ®<E)' (2.31)

This condition is similar to the one required for massless scalar field except for
the u’-mode. This mode is absent in the massless scalar field. It is required
for photons since they have non-trivial zero mode (the X-mode). Similar to the
case of massless scalar field, the free data of the U(1) gauge field gets identified
with the creation/ annihilation operators of positive/ negative helicity photons
in the quantum theory.

Let us discuss the asymptotic behaviour of inhomogenous solution to the
equation of motion of the gauge field. We will see that the presence of massless
sources leads to new modes in the gauge field. In presence of sources Maxwell’s

equations take following form
OA, = —Ju, Ju=rte(¢pD,o" —¢*D,o). (2.32)

Using the fall offs given in (2.24) for massless scalars, we get following asymptotic
behaviour for the current components :

.4 A
B e T
Ju 2 t.n  Ja= + ]r:M

r4

o (2.33)

We denote the vector components on S? by capital latin alphabets i.e. B = {z, z}.
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The asymptotic expansion of the resultant gauge field components is given by :

Al (2 1
4, =D e pylo8T
r r

logr Al(u,2
gr | Au(w,)

Au:Alog ,
o5, )2 4 2t
log r
& +

Ay = A% (u, 2) + A8 (u, 2) (2.34)

r

The asymptotic expansion given in (2.34) leads to following fall offs for the field

strength :
F2? (u, 2 .
FTUZ%JF..., Fua=FY (u, %) + ...,
. Fa(u, 2)
FAB:FB‘B(U,[L')‘F... s FrA: AT+ . (235)

It is important to note that F,4 actually starts at F,.4 = Fﬁ‘;‘g(u, i)k’rgf + ... due

to presence of massless fields. Maxwell’s equations imply 8uF7}?4g = 0, so we can
set this mode to 0 consistently.
The Maxwell’s equations are given by VYF,, = j, and imply following

equations for the coefficients in (2.35) :

O F2, + 0,DPAY = 52,
2 1 2 1 B 170 1 -2
3uFTA — éaAFru + §D FAB = 5]14 (236)

We will need these equations in our subsequent calculations.

2.3 Leading soft theorem and the (), conservation

law

In this subsection, we will discuss the Ward identity associated with the Qg
charge defined in (2.20) in the context of massless scalar QED and show that it
is equivalent to the leading soft theorem. Soft theorems are universal statements
about quantum amplitudes in the low energy limit. In the limit when energy of
one of the scattering photons is taken to be small, the amplitude factorises into

the lower point amplitude without soft photon times a universal soft factor :

S,
Ay (pis k) = ;0 Ay, (pi) + ... . (2.37)
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7.

- €.D;
i=1

S is the leading soft factor. Here e;, p; are respectively the charges and momenta
of the hard particles and we have used the standard convention of writing soft
factors with n; such that n; = 1(—1) for outgoing (incoming) particles. € is the
polarisation vector of the soft photon and k* = wq* is the soft momentum.
Let us rewrite the leading soft theorem using special variables that are well
suited for asymptotic calculations. We parametrise massless momenta by

—{1+ 252, 25 + 2, —i(z; — 2;), 1 — 2%}

o L P
777

Similarly the soft momentum is parametrised by k, = wg,. The polarisation

vectors are given by [56]

1 0 ~ 1 0 _
e = —=—[(1+22)¢"], éf =—==[(1+22)¢"]. (2.39)
20z 20z
Using the expression for g, in (2.39) we get :
L 1 . L I _ o
e = E{Z’ Li,z}, € = E{Z’ 1,—i,z}. (2.40)

Using above expressions we can rewrite the leading soft theorem for negative

helicity photon as

w— zZ

lin%[w A1 (Wi, 25w, 2%, )] = V2 E AR A (wi, 27) (2.41)
i=1

Here we have used the projector lim,,_,o[w ...] to isolate the leading order term.
Hence above expression is an exact statement.

Next we will show that the leading soft theorem i.e. (2.41) is equivalent to
Ward identity for S-matrix : Qf S — SQ, = 0 where Qq’s are defined in (2.20).
Let us turn to the expression for the asymptotic charge ()o. The future charge
is given by (2.20)

QN = [ &= X1(@) P2,
S / du d?z \T(2) 0,F2°(2) + / A’z \H(&) F(3)] 5+ (242)

The second term vanishes for our case. It should be noted that this term is
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non-zero in presence of massive particles. Next we use (2.36) in the expression

for the future charge to get
Qi = / du d*z A\*(2) [0,.DPAY — j2]

= QP+ Q) (2.43)

This defines the soft and hard parts of the asymptotic charge.
The soft charge is linear in the gauge field and leads to insertion of photon.

Let us analyse the expression for soft charge.
QYN = / du d?z \T(2) v*%0,]0.A2 + 9:AY]. (2.44)

Using (2.14), it is seen that the retarded solution satisfies F;| 54 = 0. Generically
the field is required to satisfy the condition [ du 9,F,: = 0 [59]. This condition
implies [ du 9,0,A; = [du 9,0sA,. Substituting in the expression for soft

charge, we get
QYN = 2 / du d*z \*(2) v*%0,0. A% (2.45)
It is useful to transform to the Fourier space basis A;.
QNN = — 2 / dw d*z XN(2) 0(w) 720, (wAY). (2.46)

It should be noted that the integral over w ranges from —oo to oco. It is clear
that only zero energy modes contribute to above expression. Hence the name
‘soft’ charge. Also it is apparent from above expression that it is non zero only
if A2 has a pole at w = 0.

To simplify our calculations we parametrise A™ in following way, A\T(%) =

ﬁ. After an integration by parts we get

Q" 2,) = 47m'/dw 5(w) WA w, &,). (2.47)

Here we have used the identity : EL# = 2716%(2 — z,). Next we quantise above

expression of the charge. The gauge field A2 can be expressed in terms of the
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creation and annihilation operators of photon. Using (2.30), we get

; ; ; (i
D7) = —iv3-2=B) 0 B sy = ia i) g
4m(1 4+ 22)

(2.48)

Above expression hints that there is a discontinuity at w = 0 in the quantum
theory. Later on we will see that it plays an important role in the analysis
of the logw soft theorem. We use (2.48) in the expression for the soft charge.
Since A%(w) is discontinuous at w = 0, we need a prescription to define the limit

w — 0. We define the soft limit from positive side to get

PN = VA Tim w o () 2
w—

Next we turn to the expression of the hard charge given in (5.20). Using

A= we get

—Za)

2
QU z,) = — /du T (2.50)

Z—Z,

Since we have the complete expression for the asymptotic charge, we can write
down the Ward identity for the charge. The Ward identity for S matrix is

|:Q0 ) Si| = 07
= (Qi(_)ft S — S Qs_oft ) — _(Ql}'_ard S — S Qllard )
Using (2.49) and (2.50), we get
<out| lim /7.;wa_(w,2)S |in>
w—07t
1
:/du’ 2 —— <out| [j2 S — Sji] |in>. (2.51)
-z

The action of above operators on the Fock states can be evaluated in a straightforward

way :

. A . Z i€ .
<out| lim wa_(w,z) S |in> = = <out| S |in>. (2.52
[l annd) S > = VT 30 <ou S > (252
Comparing with (2.41) we see that this is the statement of leading soft theorem
for outgoing negative helcity theorem. Thus we have proved that the leading

soft theorem can be derived from the conservation law (2.20). These steps
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can be retraced to derive the conservation law from the soft theorem. This
establishes the equivalence between the classical asymptotic conservation law

for )y and the leading soft theorem.

2.4 Subleading soft photon theorem

Let us first discuss the subleading term in the soft expansion of tree level
amplitudes [2-4].

Ao (i k) = {% £5 ] shalp) +0(w) (2.53)

The subleading term is 6(w°) and the coefficient is given by

n

ek, J
Sl :Ze,“”—’+ .
i—1 4q.pi

We recall that e;,p; are respectively the charges and momenta of the hard
particles and n; = 1(—1) for outgoing (incoming) particles. e* is the polarisation

vector of the soft photon and k* = wg¢" is the soft momentum. J!* = pl'oy —

p/d" denotes the angular momentum of the i** hard particle. ... are the
corrections due to non-minimal couplings that might be present in the theory.
These corrections have been studied in [74]. This should be contrasted with
the leading soft theorem that is uncorrected by non-minimal couplings. Ward
identity corresponding to this soft photon theorem has been studied in [62-64,
76]. But the symmetry underlying these charges is not clear yet. The asymptotic
conservation law underlying the tree level subleading soft photon theorem was
discussed in [75].

The leading soft photon theorem and the corresponding Ward identity are
true to all loop orders and hence are exact quantum statements. Beyond the
leading order, there are non-trivial loop corrections in four spacetime dimensions
[79-81]. The subleading term in the soft expansion of loop amplitudes was
systematically studied in [91]. Using the fact that the infrared divergences
for (n + 1) amplitude and n amplitude in QED cancel, they unambiguously
identified the soft factor corresponding to the subleading log w mode and showed
that it is universal. In this thesis, we will derive the asymptotic conservation

law underlying this loop level soft theorem.
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Let us state the soft expansion of loop amplitudes in QED. We have [91]
So
Api1(pi k) = " Ay (pi) + Soglogw dp(pi) + ..., (2.54)

here, S = Y, mie,

SPL is the leading soft factor and

) v M. — M. !
Slog _ ﬁ Z €?€j€ q m2m2 [piju piju]

i 3
irj i#j 4-pi " (pipy)? — Rk
nin; =1
1 5 €'q” Di-Dj Pi-pj + \/(pi'pj>2 B m?m?
;g q.pi [(pi-pj) - miij DPi-Dj — \/(pi-pj)2 - m?m;?
i#j
(2.55)

Thus the form of the subleading soft factor is much more complicated than the
leading soft factor. Hence it is quite amazing that the authors of [93] could
reproduce this complicated factor from an asymptotic charge. This soft factor
is related to the dressing of the hard particles under long range electromagnetic
force. The first line of Sj,, constitutes the classical soft factor. This is the
term that controls the low energy expansion of classical radiative field. It
is a direct effect of late time acceleration of the hard particles under long
range electromagnetic forces. The term in the second line is purely quantum.
This mode is absent in the classical theory. This can be checked by explicitly
calculating low energy radiative field emitted in a classical process [36,91].
The log w soft theorem receives corrections in presence of dynamical gravity.

The correction is as follows

—i e'q” 2(pi-p;)* = 3mim7] €.p;
S1graLV =a_ Z ei_[pi,upju - Piju] Pi-Dj 2 T — q.p; anej—J
e ijitg 1P [(pipj)? —mim3]z 4w i) =1 ; q-p;
nin;=1
1 erq” 2(pipj)* — mfmj2 pi-pj + \/(pi‘pj)2 - mfm?
T 16x2 Z Uinjei—'[pwaw — PivOiy] [ 5 > o1l log }
iy q'pl ((pi-pg)* —mimil> pip; - \/(1%-4%)2 —mimj
i
1 (pi-q)? €.p;
+@ z; niq-pi log —m? zj: m@q—pj . (2.56)

Analogous to the electromagnetic soft factor, the first line of Si?v constitutes
the classical soft factor. It is a direct effect of late time acceleration of the

particles under long range gravitational forces. The term in the second line is
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purely quantum and is absent in the classical theory. It is expected that the
gravitational correction to the soft factor can be derived by including the effect
of gravity in the analysis of [93].

The important takeaway point from above discussion is that the log w mode
is intimately tied to the long range forces present in 4 spacetime dimensions. In
the next section we will start by analysing the effect of long range electromagnetic

force on classical dynamics.
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Chapter 3

Asymptotic conservation laws in

Classical electromagnetism

In Chapter 2 we obtained the asymptotic field generated by a scattering event
ignoring the long range forces acting on the scattering particles. In this chapter
we will include the effect of long range forces present between the scattering
particles and study the new modes that arise in the asymptotic radiative field.
Further we will also derive the asymptotic conservation laws obeyed by these
new modes. We carry out the calculations perturbatively in coupling e and

asymptotic parameter % This chapter is based on our results derived in [99].

3.1 The (); conservation law

In this section we will obtain the asymptotic radiative field keeping the first
order correction in e. Therefore we need to take into account the leading order
effect of electromagnetic long range force acting on scattering particles. Due
to the presence of long range electromagnetic force, a particle continues to

accelerate at late times and this gives rise to new modes in the asymptotic field

log u
2

starting at 6(e?). In particular F,4 gets a term because of the long range

interaction between particles :

T

]- u 7‘2 A~ ogu 7’2 A 1
Fralis-oo = = [u FY™1(2) + logu FU8"m(3) +o 005 . B

Similarly around the past null infinity we have : !

IOgT‘ logr/r2] / & 1
Fralsoe = =5 00 E87(@) +..046() . (3.2)

'The brgf-mode was missed in [93].
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In this section we will derive the conservation law obeyed by these modes. 2

FEE (@) go = EIE M (=) - (33)
This is the first of the conservation laws that we discuss. It is important to
note that above modes are 6(e®) and we expect that above modes will not get
corrected by higher order corrections in e.

Our goal is to derive above conservation law. In this process we will also
rederive the leading tail to the memory term in the radiative field. Let us find
the first order correction to equation of trajectory of particles in asymptotic
regions i.e. to eqn (2.5). This calculation has been done in [91], we reproduce
it here. The equation of trajectory of j** outgoing particle is given by :

02zt

J
M-
7 Or2

= ¢; F*(2,(r)) V. (3.4)

We need to find the field experienced by 7 which is generated by other particles
that interact with j. The field strength has been calculated in (2.13). The field
strength given in (2.13) needs to be evaluated at the position of the particle
ie. x = xj(r). Using 2 = 2%(1) = V/'7r +dj in (2.13) we see that the
electromagnetic force F' felt by the scattered particle takes following form :

F(T):Zf_ .

E

3

The @(T%)—term depends only on the charges and asymptotic velocities of the
interacting particles. Dipole interactions and higher order moments contribute
to the terms for m > 2 and hence the m > 2 modes are sensitive to the
charge distribution of the scattering objects. The leading order term in the

field strength is given by

n

FHV(‘/EJ(T))‘THOO = Z €'< £ J S ) + @(—3) (35)
i=m+1,

-
i#]

Here, we have not included any incoming particles as they do not contribute to

the field at 7 — o0o. So, the asymptotic trajectory of the j** particle is given by

2We thank the authors of [93] for suggesting this new conservation law.
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following equation :

%t e; =  (Viu+V; Vi) 1
) i _ % 2 : i Jp -
" or 4 i=m+1, - (Viv;)2 — 132 " 6(7'3)' (36)
i#]

Solving above differential equation we see that the asymptotic trajectories of

the particles are corrected with a logarithmic term.
1
ot =V r 4+ dlogT 4+ d; + 6(-). (3.7)
T

where for outgoing particles we have :

V..V, V“ + V)
d = 47r Z ezej —pn (3.8)
j=m+1,
. J#i

Above expression carries an extra minus sign compared to [91] because of
difference in convention. For i** incoming particle, j runs over the incoming

particles :

13 (G VRV
= — €€ [(VV) ]3/2

J=1

Next we find the asymptotic field produced by an outgoing particle ¢ with
the corrected trajectory given in (3.7). As a result of long range interactions,
the current corresponding to an ¥ particle is modified to j f dr e; [V;ﬁ—
ge] §4(z' — x;) ©(1 — T). Using the retarded propagator we can write down

the expression for classical radiation sourced by i** asymptotically accelerating

particle.

1 io
_ Q_/dT 5 — (1)) e [Vie + ) Ot — ;) ©(r — T).  (3.10)
™ T
This equation includes 6(e?®) corrections to eqn (2.9). Solving the d-function
condition is highly difficult because of the logarithmic correction. We solve it

perturbatively. The details of the calculation are relegated to Appendix A. We

quote the solution to the delta function constraint from (A.5) :

n=Vilr —d) — [ (Viw = Vidy)? + (x — di)? —2(z — d;).c;logm | /7.
(3.11)
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Here, 7y is the zeroth order solution given in (2.8). We also have 6([z—x;(7)]?) =

2Ty, (5(7;;)2(1,(1_),0'. The result of the integral is :
T i (w—dy )+ =

%]

¢;log To} 1/

—d;

AT (Viw — Vidi)?2 + (2 — d;)? — ( _ (a—di)ci

T1

(3.12)

Since above expression is vaild only to 6(e?), we can expand the denominator

to 6(e®) as well. Summing over all the incoming and outgoing particles, we get

1 e; 1 r —d;).c Cio
o) = 12 3 G0 1) [Vall+ oo —dedogm+ ) 1 ]
i=n/+1
1 il €; 1 (I’ — dz)cz Cio
+ yp 2 }@(—7’1 -T) [ Vie [1 + ﬁ(m —d;).cilog g + X—Tl} + T—l} ,
(3.13)
where X = [ (Vi.x — Vid;)? + (z — d;)* ]2 (3.14)

This is the asymptotic radiative field generated by the scattering process including
the leading effect of long range electromagnetic force on scattering particles.
Next we study the asymptotic expansion of above expression. Focussing on

the %—term of A,, we get :

n

1 Vie 1 q.Ci
Ao ()] = dnr S U T)[ q.Vi - [Cw Vw(].‘/;]]
1 & Vi, 1 g.c
— m ez@( u — T)[ q‘/z - a [Cig - ‘/ZGW] :| + ... (315)

We can compare above fall offs to the leading order radiative fall offs in (2.10).
It is interesting to note that including even the first order correction in e has
altered the late time profile appreciably. The presence of the %—term leads to
the so called tail memory effect [37,39]. Like the leading u’-mode the %—mode
is also universal and insensitive to details of the bulk trajectories.

It is interesting to study the frequency space radiative field. Given (3.15), we
can study its fourier transform. The Fourier transformed function has following
behaviour at small w [39] :

~ e' 0

A (w,r, @) = o [ UM + S, logw + ] as w — 0. (3.16)
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This gives us the classical subleading soft theorem. Like the quantum subleading
soft term discussed in (2.54) the classical subleading term is also logarithmic.

The classical soft factor is

~ Vj

S, =i anej [Vi q.c; — cju | - (3.17)
=1 74

We note that the coefficient of logw in the classical field i.e. S7 is only a part of

Siog that appears in quantum soft theorem given in (2.55). As discussed earlier,

a part of Sjoe vanishes in the classical theory.

Let us conclude this discussion after studying the form of subleading corrections

to (3.15). We recall that the subleading terms in (3.7) were ignored. If we
include the effect of these subleading terms, then (3.15) takes following form :

oo

1 1 1
Ay () ~ 4_7rr[6 u’ + 632 e } +®(ﬁ)’ u — Fo00. (3.18)
n=1

Thus at 6(e3), the radiative field is expected to have power law tails such
that the leading tail is universal. In the next section we will discuss the 6(e°)
corrections to above expression.

Next we turn to the T%—term of A, and derive the conservation law that
we briefly discussed in (3.3). In the previous section, we rederived the Q)
conservation law by comparing the respective asymptotic expansions of the
radiative field around future and past. We will follow similar strategy here.
We need to expand all the terms in (3.13) around .¥*. Using (2.8), we have
log 79| 5+ ~ logu + O(1). Then using (2.2) we find the leading order term in
(3.11) :

U q.¢;

q.Vi  q.V;

Ti|gr = — logu + 6(1). (3.19)
Using (2.2) in (3.14), we get X = —rq.V;+0(u). Substituting the limiting value
of X in (3.13), it is seen that the leading term in %-term of A, is O(u) while
the subleading term is ©(logu) as noted in (3.1). We can read off the coefficient
of the 6(*%*) term in A, :

2 R q.c 1 u
[logu/r?] S E — N VS S E —u— Vi
ALc® ()| g+ = 1 Ou—T)e V,; CAA 2 O(—u—T)e; V;

i=n’+1

(3.20)
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From here on, we just need to transform co-ordinates to get to F,.4. We have :
A, =q"A, and Ay =1(04q")A,. Using it in F,4 = 0,Ax — 04 A,, we get :

1 €; qu(aAqV)
Ar (q.V;)?

=1

log u/r2
FE (@) 5 = Vintin — Vivei]. (3.21)

Let us derive the field configuration at past null infinity and compare above
logr

expression with the coeflicient of ©(=5") term at the past. So, we expand A,

in (3.13) around .¥~. Using (2.16) the leading order term in (3.11) is :

Tlg- = =2r Vi.g+

‘q/ci logr + 06(1). (3.22)

'

Using (2.8), we get log 7o|s- ~ logr + 6(1). Substituting in (3.13), we write
down the coefficient of the @(li%r) term in A,

A[lOgT/T - = Zez o _— (323)
Performing co-ordinate transformation :
[logr/72] o 1 N € qﬂ(@Aq’/)
A (I)’y; = i ZZ1 A ViuCiv — VivCipl- (3.24)

Thus, from (3.21) and (3.24) we can indeed check that the modes are equal
under antipodal idenfication. The apparently extra minus sign in (3.24) is
compensated by the factors of g*. Finally we have shown that a generic scattering
process obeys following conservation law :

logu/r2] / A logr/r2 ~
FIE (@) 5o = FoB ) (=2) - (3.25)

4

The corresponding charges are defined as Q7 = [d?z F), fogu/r® (&) wAz)] g+
and Q7 = [d*z Ffjgr/ﬂ](—i)WA(—ﬁ)b;. The charges are parametrised by
an S? vector field W4 and are expected to be conserved exactly.

Let us emphasise important points about this conservation law. The charges
are related to the logarithmic modes in the radiative field which arise as a
consequence of the long range interactions between the scattering particles.
These modes appear at G(e®) and are expected to be uncorrected at higher
orders in e. It is natural to expect that this conservation law would also be

related to a soft theorem. Using Maxwell’s equations it can be shown that the
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(21 charge is related to the logw soft mode. In Chapter 5, we will quantise the
()1 charge and show that it reproduces the full logw soft photon theorem [91].

3.2 The (), conservation law

In this section we will obtain the asymptotic radiative field keeping the subleading
corrections in e. Including these corrections we show that the mode expansion

of the 5 term of F,.4 around future null infinity is :

1/T3]]u oo = U2 F[“ /T](i') +ulogu F[mog”/“( ) + (log u)? F[(log“) /T3]( )+
(3.26)

Expansion of F,4 around the past null infinity is given by :

IOgT logr/72] / & (10g7">2 logr)®/r 1
o [0 FET@) ] [ EEE @) 4 0()

(3.27)

rA‘vHoo =

In this section, we show that a generic classical scattering process obeys following

conservation law :

T T

logu)? /73] / A logr)?/r® 5
plogw)?/ ](x)|5j = —FlQesn)?/ }(_x)b;, (3.28)

This is the second of the conservation laws that we derive.

Next we will calculate the asymptotic field configuration to prove above
conservation law. Let us first outline our steps. In the last section, we obtained
the asymptotic field including ©(e?) corrections. The 6(e?®) modes in the radiation
arise due to acceleration of the charged particles under the long range electromagnetic
force. This radiation backreacts on the particles. When we go to higher orders
in e we need to include the effect of this backreaction. The backreaction leads
to deviation in the asymptotic trajectories of the particles. Let us estimate the
subleading correction to the equation of trajectory (3.6). The field strength can
be calculated using (3.13) and then is evaluated at the position of j particle.
Using (3.7) in (3.13), we get following modes in the field strength

Fl(x(r i im Z logT. (3.29)

m=3
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We need to substitute above expansion in the equation of trajectory.

ot
my— g = e F*(a(7)) Vi, (3.30)
Hence, we get
Pl e logT e?

i~ +5+- (3.31)
This gives us the leading 6(e*) correction to (3.6). The ‘%7 term gives rises to

the subleading correction to the asymptotic trajectory. It takes following form

ot = Vit 4 dlogr +d; +fw 08T (3.32)
T

1

The exact form of f;, is not relevant for the conservation law and we will
not discuss its derivation here. Nonetheless it is interesting to note that this
term is universal and fixed in terms of charges and asymptotic velocities of the
scattering particles. The explicit form of f;, is given in [95,99].

Next we find the resultant correction to radiative field including the subsubleading
correction to the trajectory. The field generated by i** outgoing particle is given

using the retarded Green function :
) 1 )
@) = 5 [ @ 5@ o) O O -1). (333)
T

Here we need to use the modified current calculated using the corrected trajectory

given in (3.32). We will ignore the 6(Z%) terms in the current.

i) = /dT ei[Vie + —fwlOgT} 52" — x;) O(r = T).

We have to solve (x — 2/)? = 0 to second order in coupling e. The solution is

given in (A.12) in Appendix A. Next we will use :
ST — 1)

27 + 2Vi(w — d;) + 220G of; (o — d;) 5T + 2057 _ oc2loar)
(3.34)

5( (x—')?) =
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Let us first discuss the qualitative behaviour of the leading % term in A,. The

solution to the asymptotic field at this order turns out to be :

1 O(n—T) Vg + %= — f;p 182

o b ™ 2
Am |Viw + 225 — f,;.:v—lof_’; + f;—g +0O(r9)|

(3.35)

Here we have ignored the terms in the solution that contribute at @(T%) or
higher. Next it remains to subtitute the value of 75. We get it from (A.13) :
u—+ q.d; q.c;

Tolg+ = — — lo Y4 f
T gVi B(=qvy T

logu (g.ci)® logu 1

+6(=).

q.V; U U
(3.36)

We will substitute above solution of 75 in (3.35) and find the % term in A,.

- On-"T)rV; q.ci logu logu
AD @) ys = © [ Vo [y 4 00 g eplost g yloe
O (@)]s+ gy T @ = e a Vi
Cio logu log u 1
— S g — fi 0.Vi 0(-5)|. 3.37
[1—ga—=] = fir ¢Vim 5 +6(-) (3.37)
Summing over contributions from all particles, we get
1 _ eV " eV
Ao- ___[ @ _T iVio (_)_ _T zla]
@l =3[ 3 -1 952 - 36l 55
1 - q.ci " q.c;
Y e O —T) [ei—Vielot] — 3 0(—u—T) e;[eie — Vig Lot
+47T7”u [i:n'ﬂe . ) [C q.Vi] i—1 . ¢ [C q-Vi
1 logu = (q.c;)*
- E i =T) |g-¢i cie — Vie——7 ioc Ji-q — q4-Vi [Jio
p— [i:nlﬂe O(u ) [qc c V v, +Vie fiq—q.V; f ]

n N2
- Zei@(_u —-T) [Q-Cz' Cio — Vio (C;C‘Z/) +Vie fi-q—q.V; ficr] ] + ...

(3.38)

Above expression gives the lower order terms in the late time radiation. As
discussed earlier, the leading term is 6(u°) and gives rise to the so called memory
effect. The O(1) term is the leading order tail to the memory term [37,39]

discussed in (3.15). From above expression, we see that the subleading tail to

log u

the memory term is O (=%

). If we go back to (3.18), we see that such a mode is
absent if we restrict ourselves to ©(e?). Though we have not derived the form

of fi», it is important to note that it is universal [95,99]. Similar to the first two
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terms, the subleading tail is fixed in terms of the charges and the asymptotic
velocities of the scattering particles. Interested readers can refer to [95,99] for
detailed structure of this term.

Let us go back to (3.35) to obtain the Q)5 conservation law. This charge is
defined in terms of the coeflicient of the @(k;%) mode. Hence now we need to

retain the subleading corrections in %

Cio log 12
. 1 €; [‘/;lo‘ + 2 — fio—m } O(re = 1T)
AP () = = e A — I g (3.39)

We recall that 7 is given in (3.36). At ., the charge is expected to be defined
in terms of (lof—gu)z—mode of A,. Using (3.36), we have :

1 Vi logu
_ el glosn)
T2 u Uu

Let us dicuss the second term in the numerator i.e. m 2=, The expansion
of this term is of following form :

1 log u 1 1
—[1—}— & + . 4 =[u+logu +u’] + S [u® + ulogu + (logu)? + ..] + ... |.
ur U r r

Thus the second term in the numerator does not contribute to (105—3“)2 mode.

Next we turn to the third term in the numerator that can be expanded as

follows

1 1 1
BU 4w+ u] + =+ .+ ]
T r

u2r

(10g u)

Thus the last term in the numerator also does not contribute to . Similarly,

last four terms in the denominator do not contribute to % and hence are

irrelevant for subsequent analysis. So, we are left with following terms in (3.39)

: 1 62“/,'0@(7'2 — T)
AW (z) ~ — .
7 (7) A7 |1y + Vi(z — d;)|

(3.40)

We have used '~ instead of "=’ as we are ignoring certain terms in A, that do
not contribute to the charge given in (3.28). Next we need to substitute the
value of 7 given in (3.36). Let us retain only the logarithmic terms in 75 that
are of relevance to us. We get :

1 ei Vie O(u—T)

A® ~ 3.41
o ($)|J+ 47TX[1 _ 2I.Cllogu o 2(10gU) }1/2 ( )
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We recall that X = [ (Vi.x — Vi.d;)? + (v — d;)? ]*/2. Hence, the limiting value
of X is X|g+ = —rq.V; + O(u). Substituting the value of X the coefficient of

1 2
% comes out to be :

A(i)(x)|3+ ~ =

g

O(u—T) (logu)* Vi, [3<q.ci>2 G . 6w

8 3 q.V; L (¢ Vy)? (q.V3)?

Next we need to sum over the contributions from all particles. Let us write
down the coefficient at F*. The contribution around ¥ is from the incoming

particles, thus we get :

nl

R i Vie (Q-Cz‘)2 G
Al(ogu) /%] I 3 - 3.43
v (@)l ;SM.V; [ (q.V;)* <q.%>2] (843

We just need to transform co-ordinates to go to F,4. Thus :

n/

ogu)?/r €; 3(qC)
FIE ), 0= 1 v 00a0) Wit = Vioew)- (3:44)
i=1 e

Let us carry out the corresponding calculation at past null infinity. At F—,
the term of our interest is the (lof—;)z—mode of A,. Using (A.14), we follow earlier
logic and analogous to (3.41) we get following expression at past null infinity

we get :
e; Vi

AD () o- ~
a< )’J X[1—2 Cllogr_i_ 2(10)g(r)2]1/2

Using (2.16) in X = [ (Vi.x — V;.dy)? + (x — d;)? ]/?, the limiting value at past

null infinity turns out to be X|gs- = r¢.V; +6(r?). Expanding above expression,

(OgT)

we obtain the term in A,

" ei Vie [S(Q-Ci)Z B c? ]

- = —_—— — — 3.45
= 25 Vig P gy T g (8.4)

Aglog r)2/r3] (l‘)

Next we just need to use appropiate co-ordinate transformations to arrive at

F.o. We get :

0a )2 /r3] , e 3(q.c
FE @)y = =D @) - 7" (047") [Viuciv — Vv (3.46)

r — A7 (q.V;)5
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Using (3.44) and (3.46), we can write down the conservation law for these modes

log w)?/r3 log )2 /r3 A
FUosw?/) gy L~  pllogry/ (=), (3.47)

It is important to note the minus sign. The charges can be defined as QF =
[d?2 YA F[(logu) /Tsl( )| g+ and Q; = [d?z Y4 F[(logr #/rl (—2)|4 oo Itis
expected that the charges conserved exactly. Y4 is an S? vector ﬁeld which
is a free parameter.

Thus we have derived the second classical conservation law. Like the @Q1-
charge, these charges are also related to long range interactions between the
scattering particles. These modes appear at ©(e%) and are expected to be
uncorrected at higher orders in e. We anticipate that this conservation law
would also be related to a soft theorem. Since these charges are made of
6(e®) modes the corresponding soft mode should appear at 2-loop order. This
conservation law is expected to be related to the 2-loop level soft theorem

derived in [95].

3.3 Proposal for (), conservation laws

In Section 3.1, we included the leading effect of long range electromagnetic
force on the scattering particles and showed that the asymptotic trajectories

get modified as follows (to 6(e?))
1
= VigT + ¢io | dio § o 3.48
T+ ciologT +dis + ) ¢ o (3.48)

The radiative field produced by the scattering has new logarithmic modes that
obey the ()1 conservation law. This law given in (3.25) relates the coefficient of
the 1‘:% mode at the past to the coefficient of the lor# mode at the future.

In Section 3.2, we carried out similar calculations at subsubleading order in
e. Including the subleading effect of long range electromagnetic force on the
scattering particles, we showed that the asymptotic trajectories get modified as
follows (to G(et))

00 . 1 00 n 1
Tig = VigT + Cig log 7 + d;s + Z cﬁfj’ )~ 4 cgj, OgT (3.49)
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The radiative field has new modes that fall off as square of logarithm and obey

the (2 conservation law. This law given in (3.47) relates the coefficient of the

(log r)2 log u

mode at the past to the coefficient of the * mode at the future.
Thus we see that these laws have a nice structure which hints that such laws
could exist for m > 2 as well. When we include the effect of long range forces

on the trajectory, the full correction to the trajectory is of the form :

1
- ‘/LUT+CZU 10g7+dzo + Z m’fl M, (350)
™n
m<n
m=0,n=1

(mvn) )
where c;,

s typically admit a series expansion in the coupling e. The leading
logarithmic terms are produced only from the asymptotic trajectories and are
not sensitive to the specifics of bulk dynamics. Other terms may depend on

,”) ) :
s are universal.

details of scattering. So, not all the cz(?
The resultant radiative field includes various powers of logarithmic modes.
Based on the m = 1,2 cases, we propose that there exists an asymptotic
conservation law for every m given by :
log w)™ /rm+1 m logr)™ /rm+1 N
FE @) e = (=1 BYETT  —d) o (351)
Here Fr[gog W™/ denotes the coefficient of the (lfiﬂm -mode in F 4. Similarly

Fr[gog D" denotes the coefficient of the U;ﬁ—:)lm—mode in F.4. These modes

are expected to appear at 6(e*"!) and should be conserved exactly. The m!®
level future charge is defined as Q;, = [ d2z YA(z) FIQe™/ (s )| s+ and the

past charge is defined as Q,, = [ d?z Y,2(—2) Figogﬂm/rmﬂ(—x)b;.

Thus, we expect that classical electromagnetism admits a hierarchy of infinite
number of asymptotic conservation laws. We have derived these laws for m =
1,2. The corresponding charges (),, are closely related to the long range
electromagnetic force present between the scattering particles. A natural question
to investigate further is the implication of these charges for the quantum theory.
We anticipate that the @), charges imply existence of m-loop soft theorems for
every m. In particular it is expected that the ()1 charge would be related to
the 1-loop exact logw soft photon theorem derived by Sahoo and Sen [91]. In
chapter 5, we will establish this equivalence in the context of massless scalar

QED coupled to gravity. Before going to this equivalence let us note that the
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conservation laws were obtained for retarded solutions of classical equation of
the electromagnetic field. In the quantum theory we need to use Feynman
boundary condition. It is not clear if the conservation laws (that we discussed
in this chapter) continue to hold in the quantum theory. We will address this
question in the next chapter.

In this chapter we also discussed the form of the tails in the late time
radiative field that arise as a result of long range interaction between scattering
particles in (3.38).

1 0 1 log u

Ay~ — | u +

1
py— " " +0(—), u— +oo. (3.52)

ru?

In the next chapter we will also discuss the analogue of (3.52) for the Feynman

solution.
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Chapter 4

Asymptotic conservation law
with Feynman boundary

condition

The Q¢ conservation law corresponding to the leading soft theorem has been
discussed in (2.20). In the last chapter it was shown that there exist new
asymptotic conservation laws for classical electromagnetism. Unlike the Qg
conservation law these new laws are asymmetric. The first of these laws given

in (3.25) relates the coefficient of the %8” mode at the past to the coefficient

of the 10;%“ mode at the future. This asymmetry is expected to change in the
quantum theory due to the use of Feynman propagator. In this chapter we
will derive the analogue of this asymptotic conservation law upon imposing
Feynman boundary condition on the radiative field. We will also hightlight
some important differences between asymptotic expansion of the classical field
and that of the quantum gauge field. This chapter is based on our results
derived in [100].

Let us describe our setup. We consider a scattering process in which some n
number of charged particles come in to interact and eventually move away. The
details of this process have been discussed in Section 2.1. In this chapter we will
obtain the radiative field produced by scattering of n charged particles upon
imposing Feynman boundary condition. The solution so obtained is complex
in general. It is not an obervable quantity but serves as a prototype for the
behaviour of the quantum gauge field. Also it must noted that the concept
of point particle does not make sense quantum mechanically but it is a good

enough approximation for our purposes.! Thus inspite of it being an unphysical

LA general wave packet can be approximated as a point particle to the zeroth order. The
subleading corrections involve derivatives of delta function and do not affect the modes of our
interest.
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problem, this simple setup allows us to explore certain modes of the Feynman
solution that have physical significance. We will also argue that presence of
such modes is universal feature of the quantum gauge field. Including the effect
of long range electromagnetic force, we will derive the analogue of the ) law
for Feynman solution. As earlier the calculations are carried out perturbatively

in e and asymptotic parameter %

4.1 Radiative field at O(e) with Feynman propagator

Let us calculate the asymptotic radiative field generated in scattering of charged
particles to leading order in e. Hence we can ignore the long range electromagnetic
force acting on the scattering particles. As discussed in (2.6), the scattering

event is described by following current
2n n
JRVm () = /dT[ > eVig '@’ —2) O(r —T)+ Y eVig 0*(a' — 2;) O(—7 = T) [(4.1)
i=n+1 i=1

Here, we have labelled the incoming particles by ¢ running from 1 to n and
outgoing particles by ¢ running from n 4+ 1 to 2n. We do not have an explicit

form of the bulk trajectories z;(7) for |7| < T. The radiative field is given by

Ay (z) = /d4ac' G(x,2") jo(2') , (4.2)

using the usual momentum representation of the Feynman propagator we have,

d4p ez'p.(w—ac’)
/ —
G(z,2") = /(271)4 R

We can perform the momentum integral according to the given e-prescription
and obtain the form of the propagator in the position space.
i

Gloid!) = ﬁ i (o= /) 4 w0 (@ =) |

(4.3)
The subscript '+’ denotes the retarded root of the §-function constraint i.e. ¢ >
', while the subscript -’ denotes the advanced root of the d-function constraint
ie. t' >t

Since the first term in above expression is proportional to the retarded
propagator, the electromagnetic field generated by this term is similar to the

one obtained in the previous section. We denote the field generated by the first
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term in (4.3) by superscript '+’. We have discussed in the previous section using
(2.4) that the asymptotic field gets contribution only from the asymptotic part
of the current. So using (4.1), we get

2n

1 eiVie O(1 = T) eiVie O(—19 — 1)
+ . j : 1 Vio 0 2 : i Vio
AU(I)_SW VVir = Vid)? + (v — \/VZL‘—Vd (:E—d-)2'
i=n+1 i 7ty 7

(4.4)

Here the retarded root is given by 75 = —(V,.x—V;.d;)—/(Vi.w — Vi.d;)? + (z — ;)2

The asymptotic expansion of above expression around 7 is similar to (2.12).

1 > u™
+ —_ [nv_m] ~\1+ -
Ab @)y = o m—%_lm“ @) -+ (4.5)
m<n
where ’..." denote the terms that fall off faster than any power law.

The second term in (4.3) is proportional to the advanced propagator, we
will denote the field generated by this term by the superscript —’. Due to the
reasons similar to the retarded case, this term also does not get any contribution

from the bulk current and it suffices to use (4.1). We have

A (z) = L 2Zn eiVio Olro — Z eiVie O(=19 —T) '
’ 8t S vV Viw = Viudi)? + ( “/(Viiw = Vidy)? + (z — d;)?

(4.6)

Here the advanced root is given by 75 = —(Vi.x—V,.d;)++/(Vi.x — Vind;)? + (z — d;)2.
We can expand above expression around ¥, an important point to notice here

is that 75 | g+ = 2r|q.Vi| +6(r"). Substituting this value in above expression, the

step function with the incoming particles goes like ©(—r) hence the contribution

of the incoming particles in above expression goes to 0. The asymptotic expansion

takes following form,

[e.9]

— 1 n,—m|(s\1— um

A#(x)|5+:8—7r > Al () R (4.7)
m=0,n=1
m<n

The coefficients [A]~ should be contrasted with [A]* in (4.5). [A]~ are same
throughout ¥ from v — —oo to u — oo while the coefficients [A]* in the
retarded solution take differents values at u — 400 respectively.

Finally we turn to the contribution from the third term in (4.3) i.e. from
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m, we denote it by superscript *’. This term gets contribution from all

of spacetime including the bulk.

sy b 4! Ju(2)
Aulr) = 472 /d (x —a')?

We will use (4.1) for the asymptotic part of the current. The explicit form of
the bulk current is not available. Using (4.1), we get

. oo 2n — n : /
Ao = [T e | R L /S [ aw ]
’ Ar? L Jr (x = Vit — d;)? - (x = Vit — d;)? <R (z —a’)?

i=n =1
(4.8)
First we focus on the asymptotic contribution.
vasym(_\ _ _ R €jVio N eiVio
A =gz [ [ S D e s A ")

75 are the solutions to the equation (x — V;7 —d;)? = 0 and the expressions are

given in (B.1). The integral involving the outgoing particles has a divergence at
the upper limit. Let us regulate it with an IR cutoff 'L’. Similarly we regulate
the second integral with a cutoff '—L’ to get

1 eV L—7f L—7,
Azasym(x) — _J Jo [1 g 0o g 0_}
472 S o — 7 T —714 T -1,
7 ejVig [ L+ 7] L+, ]
1 _
47T2Z7'0 — 7 T+ 7 gT—l—TO_

All the quantities appearing in the argument of the log function come with a
modulus sign which we do not write down explicitly. We expand the square
brackets in the limit L — oo and see that the divergent pieces cancel. Hence

the final expression is finite, we get

. 2n _ . n —_
A*asym _ l ej‘/ja 1 Ty — T G ej‘/ja 1 To + T
7 (x)_47T2 P e L P o LT
j=n+1 0 0 0 =1 0 0 0
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We will use (B.1) to substitute for 7, — 7" and also rewrite above expression

in a succinit form

A*asym($> _ L = 77j6jvja lOg To — 77]T (49)
7 8m? j=1 \/(‘/;x - dej>2 + (SL’ - dj)2 T(;r - an

Here n; = 1(—1) for outgoing (incoming) particles. Next we will find the

asymptotic expansion of above expression. Using (B.2) we have

u+ q.d; 1 _
T(;r|j+ = W —F@(;), 7'0 ’j+ = 27“]q‘/;| +®(7"0).
Thus we get
7o =T r
log 22 ] — log L +6(1).
[OgT(T—T g+ 8L (1)

We find that there are logarithmic modes in the radiative field. This is an
interesting result as such kind of modes are absent in the retarded solution at
O(e) that was derived in (2.12). This tells us that the Feynman solution has
certain features very different from the retarded solution. Let us write down

the full asymptotic expansion of A*¥™. Using (B.1), it is seen that

= u
log 7y |+ ~ logr + Z gt

m,n=0,
m<n.

Similarly

= u
log 7y |9+ ~ logu + Z ot

n=0,
m=—o0,
m<n.

We will write down the expansion for A*™ by substituting above expressions
in (4.9).

U e~ u™ 2 um
Arasym ~ log — E — E — 4.10
7 (x) e r m=0,n=1 e i n=1 e ( )
mn m=—ao,
m<n.

Next we turn to the bulk contribution i.e. the " < R term in (4.8). We do

not have the explicit expression of the bulk current.

A*bulk — L d4 / .cr / )
o ((L’) 47'('2 <R T J ((L’) (I‘—ZE’)Q

(4.11)
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Let us estimate the contribution of this integral around .F7. m\ g~

Ly | = +0(%). Hence the asymptotic expansion of A2""*(z) takes following

form
Azbulk ~ f. 4.12
@l 30T (4.12)
mene1.

Finally we write down the Feynman solution using (4.4),(4.6) and (4.9) :

Ay(z) = A*(x) + A (z) + AL(x)

2n

Z e;Vie O 7717'0 —T) i eiVie Oy —T)
\/Vx—Vd) + (z — d;)? \/(Vi.x—Vi.di)2+($—di)2

i=n-+1

' UJGJVJJ o — ;L bulk
lo + A ().
877'2 Z\/Vx_ +(17_dj)2 gT+—7]JT ( )

(4.13)

As before, n; = 1(—1) for outgoing (incoming) particles. The first line and
the first term in the second line are sensitive only to charges and asymptotic
velocities of the scattering particles. We do not have an explicit form for AxPulk,
In general this term will depend on the details of the scattering process and
short ranges forces present between the particles. We are not interested in such
non-universal terms. Let us write down the asymptotic expansion of the full
solution in (4.13) (including A*P"k). Tt is given by

— - um n,—m| /
Ay (x)]| g+ = Z e A[" “m(2) + log u Z r—nL[lg’ }(x)

m=0,n=1 m=0,n=1
m<n m<n
o o Ac (@
m=0,n=1 m,n=1
m<n

Let us compare above solution with the retarded solution we have in (2.12).
The retarded solution has only A7 kind of modes. The other kind of modes
present in the Feynman solution that have log behaviour or fall off as negative
powers of u are absent in the retarded solution (at 6(e)). This tells us that the
asymptotic expansion of the Feynman solution has modes that are absent in
the classical solution. We will refer to such modes as purely quantum modes.

Let us comment on some important differences between the Feynman solution
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and the retarded solution. The leading order term of (4.13) is @(%). If we
study (2.12), we see that such kind of modes are completely absent in the
retarded solution! The retarded solution discussed in (2.12) starts at @(%) The

L-component of the Feynman solution given in (4.13) takes following form
A, ()] L o +0+§:1+ ] (4.15)
o(@)lg+ ~ o — | logu+u 2t ] :

Above expression should be contrasted with (2.10). The 10% mode is absent
in the classical field. It is very important to note that this mode violates the
Ashtekar-Struebel fall offs for the radiative field [94]. The consequences of this
fact need to be studied in the future. This mode will play an important role in
the quantum part of the logw soft factor in Chapter 5. Here we have derived
the 10% mode in a toy process of scattering of point charged particles. Next we
will argue that the presence of such a mode is a general feature of the quantum

gauge field.

The 10% mode in A,

Let us write down the coefficient of the &%

mode. Using the radiative field
calculated in (4.13), we see that this mode arises from the second line of (4.13).

The contribution from the first term in the second line of (4.13) is given by

. 2n
A([Tl’bg]<£(]) 1 Ujejvja '

82 = Vi.q

(4.16)

Here AE 108l 1) 25 been used to denote the coefficient of the 1"% mode. We see

that this mode is proportional to the leading soft factor. This hints that this

mode is tied to the %—mode. We will next derive this 10% mode in an alternative
way that brings out its relation to the 1-mode [93].
Let us study the quantum gauge field /Alu. In momentum space the expansion

of fl# is given by

Aule) = s [ 52 laulp) €7+ al ) e | (417)
0 (2m)* ) 20p] =7 ’

Here, a,(p) = >_,_, € a’"(p) such that a”(p) is identified as the annihilation

operator for the respective helicity photons and €/ (%) is the polarisation vector.

The leading order term around ¥+ is (1) and its coefficient AE] (u, &) is given
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by (2.27)

n 7 0

Ay, 1) = ~ %2 dw [ag(w,7) e™™" — al (w,2) ™" ]. (4.18)
™ Jo

Above expression can be rewritten as

Ay, ) = —é dw A, e7™%
w2 J_

here A, = [aq(w,2) OWw) — al (—w,2)0(-w) ]. (4.19)

oo

We define a function AEH (u, Z) that has contribution from only positive frequencies
ie.

ABH(u,i‘) = —# i dw A, (w, &) e”™".

We know that around w ~ 0, the behaviour of the radiative data is given by

A (w,z) = %fl:o(i) + ... . This low energy behaviour dictates the large u

behaviour. The interval w € [0, u™!] gives rise to a log mode.

A 5 i - L5 - —iwuy
AEH(u,x) =-3z i dw [;A:O(x) + } e ,
. —1
v “ L i00s
i 1\ i40/4
=53 log(u™") AX0(2) + ... (4.20)

"..." denote terms that are subleading at large u. Simlarly for negative frequencies,

we have :

_— . 7 _ ~“ o
Al (u, 2) = <3 log(u DAL @)+ (4.21)

Collecting the positve and negative frequency terms we get :

?

Alblgl(3) = — [ AF0(3) — A°(2)] .

Q2 p
Lo i X : i .
= @[wlggh wA,(w, T) _wlgél— wA,(w, )] .

Above expression tells us that the logu term is governed by the discontinuity
in wflu as w — 0. This term is absent in the classical radiative field wherein

we have to use retarded propagator. For such solutions, wA, is continuous at
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w = 0 [35] and the coefficient of log |u| term vanishes. We will see that it is non-
trivial quantum mechanically. This is because of the fact in the quantum field,
the positive frequencies involve annihilation operator while negative frequencies
involve creation operator as seen in (4.19). We get

7

Aﬂ’log](ic) = — [ lim wa,(w,) — lim waL(w )]. (4.22)

w2t oo+ w—0t

Thus the log u mode is tied to the leading soft mode?. We can evaluate the

insertion of above operator using leading soft theorem.

l\?

l/

<out\fl/[}’1°g}(£’)5]in> ZSL[E 6, te.6 Z Y < out|S|in >,

e;V;
8W2 Z e M <out|sfin > (4.23)

J

Here, |in > =1,2,...,n" > and < out| = < n’+1,...,2n|. We see that when the
quantum operator in inserted between generic states, the coefficient of the log

u mode matches with our expression obtained from Feynman radiative solution
logu

n (4.16). It is clear from above derivation that the existence of the mode

is tied to the ;-mode. Since the ;—mode is universal we expect that the lofu
mode is also universal.

In [100], we also established that the =--mode in (4.15) is related to the tree
level subleading soft mode (w?). This hints that all the ——-modes in (4.15)
should be controlled by the w”™! soft modes. This also tells us that though
we obtained (4.15) for a toy example the presence of log u and ﬁ modes is a
general feature of the quantum gauge field. Hence, we expect that the quantum

gauge field should in general contain modes as given in (4.14).

4.2 Effect of long range forces on asymptotic

trajectories

At large distances, the electromagnetic force present between the scattering
particles falls off as @( 5 ) and gives rise to logarithmic correction to the straight

line trajectory at late times as discussed in (3.7). In this section we will obtain

2It is interesting to note that this logu mode has appeared in equation (A.2) of [97].
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the the explicit form of this logarithmic correction which arises due to the
Feynman solution.

We need to find the leading order term in the asymptotic electromagnetic
field strength using (4.13). This leading @(T%)—mode has an imaginary piece.
Thus the corrected equation of trajectory will also have an imaginary piece!
This should be compared with the Faddeev-Kulish dressing of scalar fields under
electromagnetic force. The logarithmic correction to the trajectory of a particle
is in one to one correspondence with the logarithmic dressing of the scalar
field [84] as we will discuss below.

The equation of trajectory of j** outgoing particle is given by :

2,4
5xj

mjm = €j F’uy(.’ll'j(T)) ‘/jl/- (424)

Here, we need to find the field strength generated at the position of the outgoing
particle i.e. at x = z;(7) using (4.13). It will get contribution from other
particles that interact with the j* particle. Since the outgoing j* particle
approaches .F;" asymptotically, we need to evaluate (4.13) around u — oo. It
is important to note some subtle points. As seen from (4.13), the contribution
from the first line to the field around u — oo contains contribution only from
outgoing particles. While the second line of (4.13) contains contribution from

both incoming and outgoing particles. The leading order field at large 7 is given
by

2n
1 (ViuViv = ViuVi)
Fﬂu<xj<7—>>’jr = ArT2 Z €i [(‘l; ‘J/)Q _]5]3/2
i=n+ ©hI
i#j

2n .
);i€; (‘/iuv}'u V}u‘/;u) V V + \/ 1
+ log —|—2VV ViVi)2—1|+0(—).
§8w2f2 (Al V- ¢7 Y02 =1 +6()
i#]
(4.25)

Substituting (4.25) in (4.24), the leading order correction to the asymptotic

trajectories of the particles is

: 1
o = Vi 7+ (df +icf)log T + d; +®(;),
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where we get (for outgoing particles)

W1 2n (vw +V;, VilVy)
i 4r K UATAESEE
z;;l

V+VVV) vv+\/vv
of = WZUHJ 1]3/2[10g Wwvv A

(4.26)

Thus we see that the logarithmic correction to the trajectory has two parts. The
real part matches with eqn (3.8) that arose due to the retarded solution. The
imaginary correction is an artefact of the Feynman solution. Let us compare
the logarithmic correction in the trajectory with the logarithmic dressing of the
scalar field [84]. ¢} is related to the ® term in the dressing of scalar field as given
in eqn (11) of [84] while ¢} is related to the R term in the dressing of scalar
field as given in eqn (10) of [84]. For j** incoming particle, the corresponding

terms are given by

1 <& (Vi + V. Vi V)
M= i€ i Jp
j 4w; TV V)2 =12
i;éj
(Vip + V3, Vi V5) ViVi+ ViV -1 ;
<" WZm” _1]3/2[10g_vv T R AY (Vi.vj)—1].

(4.27)

It should be noted that in the first term, the sum over i includes only the
incoming particles.

For conciseness, let us define C}' = ¢ + ¢} so that

bL=vH il d; + 06 1 4.28

v; =V, 1+ ClogT +d; + (7_) (4.28)

Because of this 6(e?) correction to the asymptotic trajectories, the current given
in (4.1) also gets corrected.

2n Cj
) = [ [ Y eV 2 8 - ) 0l - 1)
j=n+1

+ Z e;[Vio —|— £l 6% (2" — ;) ©(—7 = T)|. (4.29)
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Next we will find the electromagnetic field generated by above current.

4.3 Radiative field at ©(¢?) with Feynman propagator

In this section we will obtain the asymptotic radiative field keeping the leading
order effect of long range electromagnetic force acting on the particles. Using
(4.29) we get

2n T

Ay () :/TOO dr Z G(x,xj) e; [ng%—%} —i—/ dr ZG(x,xj) e;[Vio +

j=n+1 -0 j=1

Cjo

Co
+/ d's’ G(z, ") j2(2) .
r'<R

We recall the expression of the Feynman propagator

l

Gz;a') = 4%2 mi( (@ = 2)) + i (@ —a)) + (v —a')?

. (4.30)

Let us first write down the contribution from the first two terms of (4.30).
As disscussed in the beginning of Section 4.2, these terms get contribution only
from asymptotic sources and it suffices to use (4.29). We cannot solve the
o-function condition exactly because of the logarithmic correction. We solve
it perturbatively in Appendix 4 and quote the solution to the delta function

constraint from (B.5)

TE = —Vio — d) F [ (Viw = Vid)* + (z — d;)? = 2(x — dy).C;log 7" |2,
(4.31)

Here, 75" is the zeroth order solution given in (B.1). Hence we get
Ag () + A (x)

dr Z [0:( (z—2')?) 4+ 04( (x—2)°) ] &[Vie + %] O(r—T) + in.

. T
1=n+1

S(r—1)+d(r—1) Cio .
/ Z |2T—{—2V x_d) %Cz( _d2)| 61’[ io - } @(T—T) + 1n.

We have not written the contribution if the incoming particles explicitly. Above

expression is vaild only to 6(e?). Expanding the roots in (4.31) to 6(e?), we
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have :
+ 2 2 11/2 logrf
Hence we get
2n
A;(x)—i—Ag(x):g—ﬂ_ Z T[%U[l_'_TIOgTJ—i_ XTS_ }
i=n+1
3 2 e [ Vw[l + Xz log 7" + —XTJ— ]
2n
1 €; (ZL’ — Cl»C’Z _ (I — dZ>CZ Cio'
— N Gy T e T G ,
St X[V[ xz 8T Xty +TO—]
i=n-+1
(4.32)

where X = [ (Vix — Vidy)? + (v — d;)* |2

We can study the expansion of above expression around .¥*. Using (B.1) and
(B.14) we have

(A5 (2) + A; ()] |5+

o0 o

r
n=2,m=0, n=2,m=0,
m=—o0, m<n—1 m<n—1
m<n.

(4.33)

Above expression should be compared with (4.5) and (4.7). The logarithmic
modes present in above expression appear only at 6(e®) and are a direct consequence
of the long range electromagnetic forces present between the scattering particles.
These modes are absent in (4.5) and (4.7). ’..." denote terms that fall off faster
than any power law.

Let us turn to the contribution from the third term of (4.30).

A () = = / dia’ (jﬂ | (4.34)

 4n? x—1')?

m o m m
_ [n,fm} -, u [nvfm] o u [nvfm} o U
= E_l AT(E) — + logu E Ay (2) e log r E Ay (2) pr
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Using (4.29), we write down the asymptotic contribution to above expression.

The integral needs to be regulated with an IR cutoff "R’.

dTeV—i—“’ dTeV+]U]
A*asym ] Jjo / 7LV g0
o [/ Z a:—V7‘—d—C’logrQ+ R;x— —d,—Cilogr)?
i on iVie + ] 2(x — d;).C; ,
_ d J J 1 )
472 [ T Z [(x — VT — alj)2 * (x — VT —d;)* OgT} o

j=n+1

In above expression we have not written the contribution of the incoming

particles explicitly to avoid clutter. Let us rewrite the expression using TO“—L.

A ()
R 2n
n.

) c

i [Vie + =22] 1 1 2(x —d;).C; logT

v d E [ , T _ V., j)-Lij ]
T 4n2 T Tj:n+1 K TO_—TOJr [7'—7'5“ 7‘—7’0_} A (T—T(]_)Z(T—TSL)Q

(4.35)

7 given in (B.1) are the solutions to the equation (x — V;7 — d;)? = 0. Above
integrals have been discussed in Appendix B. The final expression of (4.35) is
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given in (B.13). To this expression, we add the contribution of (4.32) to get

' n;ie;iVie [ 1 1 }
A, E log—F/——— —log ———
(z) = 47r2 T — T 8T n; T °8 o — 0T

j=1 0 J
S e e L
47T2 Z 477;€gTéa_ T—O ;l?{).Cj [In7y Wn(rg —n;T) — In7 In(rg — n;T) + o 75" — 5 ' ]
B 4%(2 > 4773‘6?:/(?(_%%;%).03' [Lig( _ %) — Liy(1 — %)]
g 3 R [ g e+ S ]
i=n-+1
8% > @(—u}; T) e; [ Vi [1 ( —;2) Ci log 7ot + (z Xigz'oi} %ﬂ

(4.36)

X = [ (Vi.w — Vid;)?> + (x — d;)* |V/2. This is the result of this section. A*Pk(z)
denotes the contribution of the bulk sources to (4.34). As this term depends on
the the detailed form of bulk trajectories, the exact form of this term cannot
be obtained. This term has been estimated in (4.12).

We can write down the asymptotic expansion of above solution around the

future null infinity. Using (4.33), (B.15) and (4.12), we get

Ao(@)]5+ = (logr)* Y [Af (@) —+ logrz (A ™ (@) -+ (logu)
77711::%)7, m= 0
m<n—1. m<n
o0 u o0 m
] Al gy — (A=l (7)) — 4.37
+ logu ; [ tan p + nZl: ()] - ( )

m<n. m<n.
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It is interesting to study the 6(e*) corrections to = term of A,

1 1 =1
Ag@)lse ~ ~ [logu+u’ +Z CE Y ] (4.38)

n=1

This expression should be compared with its retarded analogue given in (3.18).
The lOg“—modes are absent in (3.18). These are new 'quantum’ modes that
appear at O(e®) as a result of long range electromagnetic interactions between

log“ mode is

the scattering particles. In [100], we have demonstrated that the
controlled by the universal soft logw-mode. This tells us that the such modes
are universally present in the quantum gauge field. Using (4.36), it can be
shown that the logu and the u° modes are not modified at 6(e*) . It should be

noted that the coefficients of the —--modes are modified at 6(e?).

4.4 The @ conservation law

In (4.36) we obtained the asymptotic field including 6(e®) corrections. In this
section we will obtain an asymptotic conservation law obeyed by certain modes
in the asymptotic field.

F, 4 calculated using (4.36) takes following form

log r

1
Fralg+ = Floel(g B)+ 5 [ulogu Fluleel 3y 4 (logu)? Fl0e"(3)

u FM(2) + logu F'&"(#) 4+ ] . (4.39)

Let us compare above expression with (3.1). (3.1) is the corresponding expansion

for the retarded solution.
Fre 1 [w/r2] / » logu/r2] /- 1

Thus the Feynman solution contains modes like lf%, (1‘)%—2“)2 at future that are

absent in the retarded solution. The Feynman solution around the past null

infinity gives

10 T. ognr 1 v log v ogv A
waly = =35 FlE(3) 4 = [wlogo FYE(&) + (logv)? FI4 (3)+
+ T T
v F'N(2) + logv FU8(2) + ] . (4.40)

From (4.39) and (4.40), we see that the expansion around future and past is
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symmetric. This is expected for Feynman propagator. In contrast, the retarded
solution is not symmetric as seen in (3.1) and (3.2).
In this section we will show that above modes obey an conservation equation
given by
T T

logu] / logr]/ A logv ~ logr A
[FIE (@) = FIE @) |gr = [FFREN(=2) + B ()] 1y (44D)

Above equation should be compared with (3.25) which is obeyed by the retarded

solution. It is important to note that (3.25) is violated by the Feynman solution.

Modes at Future null infinity

Let us find the full 8% -mode of A, at the future null infinity. We need to

T

expand all the terms in the Feynman solution given in (4.36) around .. There

are many terms that contribute to the lorgz"—mode. We will list them. From the

first line of (4.36), using (B.19) we get

2n

1 ej‘/}a de
S5 E j +V,.d; | 4.42
87T2 — 77] (‘/JQ)Q [ (‘/;Q) 77 ] ( )

From the second line of (4.36), we get using (B.17) and (B.19)

. 2n
1 1
——— > 0ieiChio [ 5 — 11 4.4
].677'2 — njejcja' [ (‘/;q)g ] ( 3)

The third line of (4.36) does not have a log u term. From the fourth line of
(4.36), we get using (B.17) and (B.19)

. 2n 0
) e;Vio 3 Vi 1 0
—— ; Ci|— — — . 4.44
37 2 Viq [q i 2V (Vi) | 2 I+ (444

Using (B.19), the fifth line of (4.36) gives

l

2n
q.Cj
—— > e Vie—= In|q.Vjl. (4.45)
87‘(’2 s 2377 (q.‘/j)g J

As shown in Appendix 4, the sixth line of (4.36) and A*""¥ do not have any
logarithmic modes. We turn to the seventh and eighth lines of (4.36). Using
(B.7), we have log 7| g+ ~ logu+6(u®). Using (2.2), we get X = —rq.V;+6(r°).
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Substituting the limiting value of X, we can read off the coefficient of the 6 (*25%)

7"2
term in the seventh and eighth lines of (4.36) :
2n n
~ gy 2o QT e Vie - ng — oo ) Ol-u—T)e Vie g (446
8w i;l . ) (q.Vi)?  8m ZZI (—u Je (q.V;)? ( )

We have the full coefficient of the 1052“ term.

n

1 q.C; T e; Vi q.d;
Alerll| = =N e Vi o 5 > s [ i+ Vdy
7= g 2 Ve G e 2 War L g T

j=1
R 1 i - q.C;
——— 1;6;Cip [ = —1]— ==Y nje;Vje—= In|q.V}|
i S 11 s S i
. 2n 0
t €;Vio [ 3 Vi 1 0
- — n; q.C;|— — + - |+
8’ ; ' Vi i 2(V;0? (Vig) 2 I+
(4.47)
Next we need to write down the coefficient of the k;%—term in A,. From the

first line of (4.36), using (B.19) we get

. 2n
) ejVio q.d;
—— j + V..d; |. 4.48

From the second line of (4.36), using (B.18) and (B.19) we get

. 2n
] ejCja
; . 4.49
1672 ;"ﬂ (¢-V;)? (4.49)

The third line of (4.36) does not have a log r term. From the fourth line of
(4.36), using (B.18) and (B.19) we get

. 2n
7 ejVio

— n———= q.C;. (4.50)

1672 jzl (Vi) T

The fifth line of (4.36) contributes as follows

. 2n
( q.C;
~ g 2 Ve gy eVl (4.51)
j=1
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Substituting X = —rq.V; + 6(r°) in the eighth line of (4.36), we get

1 2n q C.
" 2 Ve G (452

We have the full coefficient of the k;# term.

2n . 2n
1 Cz 7 e-V-U dl
AP @lgs =~ 3 eV (U g e g T ]

. 2n . 2n . 2n
1 €;Cjx 1 ejVio 1 q.C}
— ; ——— q.C; — — e V.o——— In(2|q.V;|).
T 1672 ;771 (@.V;)2 + 1672 ;77] (V;.q)? ¢T3 ;:1 nj€;V; (@.V))? n(2[q.Vj[)
(4.53)

Modes at Past null infinity

Next we need to derive the field configuration at past null infinity and then
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compare the two expressions. Analogous to (4.36), around .¥~ we have

) n]e] io [ 1 ] 1 ]
47?2 Z Ty — T TO+ —nT 8 o — ;T

. 2n
(4 njejCja 1 T 1 T
+ — i lOg = 5 lOg P ——
w2 o) L Bt Bt
2n
i 2n;¢;Vio(x — d;).C; 1 1
+ — log T + —
Am? ; (19 =79 )? [TJF —n T T — WJT]
2n
1 anejng(ac - dJ)C] 1 T 1 T
+47r2, (15 — 15)2 [ Jogﬂ;_ ]T+7'0+ OgTO ]T}

=

dn,e;iVie(x — d;).C; B - 1
47T22 j ]7—; - ); L[ —Inty In(ry —n;T) + In7y In(ry — n;T) + 2[ln 7o — In? 75

; —d).C: T — 7= T — +F
_ ! 247716]‘/;0(1' dy) CJ[L12(_773 To)_LiQ(_m 7o )]

= () =7 ) 7o 70
+8%Z2;”H O(v ;(T) e [ Vol + (« —)?;).ci ogr — & ;(i;).cq N SOU]
+8iﬂi”1 @(—U;T) ei[wg[w (z —;2)0 log 7 — (z ;(;z;_).ci] +f§’}
+ 8% ; %[ o [1+ @ _)?2) i og g + o—d)C ;(CTZ(})’O"] + i;f] . (4.54)

Here, X = | (V x—Vid)? + (z — di)2 1172,

limit » — oo with v = t 4 r finite. In this co—ordmate system, 4 dimensional
spacetime point can be parametrised as given in (2.16). From the first line of
(4.54), we get using (B.23)

2n

i ejVig q.d;
5 L ar g ) 4

From the second line of (4.54), using (B.22) and (B.23) we get

—— 1
— O [ —— 11, 4.
16”2;77”6’0” SO E (4.56)
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The third line of (4.54) does not have a log v term. From the fourth line of
(4.54), using (B.22) and (B.23) we get

. 2n 0
! eJVJO' — Vi _ 3 1 A0
vy 1O T et G 4D

The fifth line of (4.54) gives

_ 87r22n] i N ) In|q.V;| . (4.58)

From seventh line of (4.54) we get

.C;
- Z O(v e; Vie — 871'2@ e; Vi (;T)g’ (4.59)

i=n+1

Hence we have

1 & g.C i < eV g.d
Allogv/r? 0y — 4 = Vg ) rjo LV d
S =g 2 e Ve GuE s L Tae Lmpg T Y]
_ b in-e-c-a[—l ' Zne T In|q.V;]
1672 — TTIT(V6.q)? 87r2 A )

3 VO 1
— : 7.C[— J —1=0CY . (4.60
s g |10 5w g e ]] (400

Next we turn to the loﬁ—mode From the first line of (4.54), we get

. e] ]U q.d;
WQ Z v +Vid; ). (4.61)

From the second line of (4.54), we get

1

7
— e Chp ———. 4.62
1672 ;773%03 (V}.q—)g ( )

The third line of (4.54) does not have a log r term. From the fourth line of
(4.54), we get

. 2n
1 eiVie _

; .C. 4.63
16”2]-2_;"](%4)3(1 ” (463)
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The fifth line of (4.54) gives

871'2277]6] o ) In |2¢.V}| . (4.64)

We get following contribution from the last line of (4.54)

8% > e Vi, % (4.65)
The total coefficient is
U e gy W

. e] N i . .
16 a2 Zn]ej jo (V 7)? 167T2 277] q ) Zmea ch ) In 24.Vj] .

(4.66)

From (4.47), (4.53), (4.60) and (4.66) we can indeed check that following

modes are equal under antipodal idenfication.
[Alow V@) — AR V@)] |55 = (ARSI (=3 — AR D) | (4.67)

Using co-ordinate transformation, it can be shown that the quantum gauge field

is expected to obey following conservation equation :

log u/r2 log r/r? logv/r2 ~ logr /72 ~
[FIE @) — FRE N @) g = [EE (=) + FRE =) |
(4.68)

Compared to (4.67), the RHS of above expression has extra minus sign as it
has an extra factor of d4¢" due to co-ordinate transformation. Finally we have
derived the Q;-conservation equation such that the future charge is defined
by QF = [d*2 YA(2) [Fr[fgu/rz}(:i") - Fiﬁgr/rﬂ (2)]|y+ and the past charge by
L= [d?2 YA(—2) [—Fr[ljgv/ﬁ}(—i) + Flﬁgr/ﬂ](—ﬁ)ﬂji It should be possible
to prove (4.68) in general by following analysis of [78] albeit with Feynman
boundary condition.
In this chapter we have obtained the radiative field produced by scattering of
n charged point particles using Feynman propagator. This problem is unphysical

but the Feynman radiative solution so derived is useful to illustrate interesting
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features of the quantum gauge field. This chapter shows that the asymptotic
expansion of the quantum gauge field contains new modes that are absent in the
retarded classical field. Let us summarise two key differences that are relevant
for our analysis. As discussed in (3.18), the * term in retarded A, at O(c®)

takes following form :

1 =1 1
Aret - = 0 - =) 4.
F @l = g+ 5 +0) (4.69)

In (4.38) we showed that the Z-term in the Feynman solution at 6(e?) has

following behaviour

1 “logu = 1 1
Aleyn ~ -1 0 — 4 ... O(—) .
)| g+ . [logu +u +; o +z:1un+ ] + (rz)

Here, '...” denote terms that fall off faster than any power law in w. Thus the

lo%-mode is a purely quantum mode and it will play an important role in the
analysis of Chapter 5.

Incorporating the effect of long range electromagnetic force on the scattering
particles, we obtained the Feynman solution including the ©(e?) corrections in
(4.36). In Chapter 3, we had shown that the analogous modes in the retarded
solution obey the conservation law in (3.25) such that the coefficient of the k;%
mode at the past is related to the coefficient of the 101% mode at the future. This
law is violated by the Feynman solution. We discussed the modified asymptotic
conservation equation obeyed by the 6(e?) logarithmic modes in the Feynman
solution. This equation has been derived in (4.68) and relates the difference

logu

in the coefficients of the =%* and logr

"3~ modes in Fy4 at J* to the difference

in the coefficients of the IOT%T and 1?"# in F,4 at J . Q1 charges are defined

accordingly.

Q1 charges are expected to be related to the soft logw-mode. Let us
discuss some features of Q; that make Q; an unfavourable candidate to be
the asymptotic charge. The second term in (4.47), (4.53), (4.60) and (4.66)
respectively are O(e) and not related to long range interaction between scattering
particles, hence these terms in Q; are certainly not related to the logw-mode.
Some of the contributions to Q; are not Lorentz invariant. A close inspection
tells us that many O(e?) terms in Q; are not related to the logw-mode. All
these 'irrelevant’ terms that contribute to @, are expected to drop out of the

final Ward identity such that the logw soft theorem is reproduced. This has
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not been checked explicitly yet.

In the next chapter we will show that there is a better prescription to
define the asymptotic charge corresponding to the logw soft theorem. The
prescription is to use the )1 charges we studied in (3.25) in Chapter 3 and then
quantise the expressions. Though the classical ();-law in (3.25) is violated in
the quantum theory, we will show that this law can be used to reproduce the
full log w soft theorem in (2.54) including the purely quantum terms. This will
be demonstrated in Chapter 5.
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Chapter 5

The logw soft theorem and the

()1 conservation law

In this chapter, we will start with the (;-conservation law derived in (3.25).
logr

This conservation law relates the coefficient of the -mode at the past to the

log U

coefficient of the -mode at the future :

FfAlog( )|J+ = F:Zgjo(_i) |j;- (5'1)

We will construct the associated charges for massless scalar QED and show
that the quantised charges reproduce the full logw soft theorem. This chapter
is based on our calculations that appeared in [101].

Let us state the subleading soft theorem for loop amplitudes in presence of
massless scattering particles [91]

So

Api1(pi, k) = An(pi) + (Siog + S logw dAy(pi) + ..., (5.2)

log

Sirgv is the correction to the soft factor in presence of dynamical gravity. Let

us first focus on the purely electromagnetic term.

€0, €€;
Siog =~ 3 Z meit pjj Wpt — pivt) (5.3)
i,§3i] B

Above expression is obtained by taking massless limit of (2.55). We recall
that e;, p; are respectively the charges and momenta of the hard particles and
n; = 1(—1) for outgoing (incoming) particles. e is the polarisation vector of the
soft photon and k* = wqg" is the soft momentum. An interesting observation is
that the classical part of the soft factor which is non zero for the massive case
goes to 0 in the massless limit. We will see that this result comes out naturally

from the asymptotic charge as well.
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As we discussed earlier in (2.56) the logw soft factor gets corrected by

gravitational couplings. For massless scattering particles this correction is given
by

grav __ L Equ D
Siog = - vezpi'q(pp — i) 47Tz:77z T Z q-pj
4,517 3771*1
nin;=1
€.Pi
Z mmez =L (pipl — plp)) loglpi.p] Zm € > “nia.p; log pjq.
0,315 Piq g

(5.4)

The first line in above expression also appears in the soft expansion of the
classical radiative field [91]. The second line is absent in the classical theory
and represents purely quantum contribution. It was noted in [91] that if we
assume the momenta of the hard particles is ©(h°), neither the classical nor the
quantum terms in (5.4) have any power of A. Thus, an intriguing aspect of the
‘quantum’ terms is that these terms are independent of A and do not trivially
vanish in the limit A — 0.

The presence of such purely quantum terms is a significant feature of this
soft theorem which is absent in the case of leading soft theorem. So we wish
to highlight how the asymptotic charge reproduces the quantum contribution
to the soft theorem without going into the details of the calculation. We start
by constructing the classical expression for the (), charge in massless scalar
QED. This charge is very closely related to the long range forces present in four
spacetime dimensions and gets contribution from dressing of free fields due to
long range forces. The leading order dressing of massless scalar field is given by
(5.8):

zeAl( )logr ) )
() = ——/dw [b(w, &) e”™" — di (w, &) e™"].
8m2r
Al defined in (2.34) is the electromagnetic dressing. This dressing contributes
to the charge via (5.31) and the contribution can be schematically written as

Q1 ~ 5”1 A%, where Sl closely resembles the tree level subleading soft operator.

!Similar to the purely electromagnetic term, there could be a potential gravitational term

€uq
) E 1iMj¢€i E=L _pzpj) (5.5)
dm 1,431 Pi-q

that vanishes because of momentum conservation.



5.1. Dressing of the massless scalar field 63

Then we quantise the charge. In the quantum theory the A! mode gets
class quan

additional contribution i.e. Al = Al 4+ Al. The classical mode is obtained by
quan

evolving the sources with retarded propagator (and turns out to be trivial). A}
logu

T

present in the quantum photon field and has been discussed in (4.22). Classical

-mode that is

is absent in the classical theory and is related to the quantum

radiative fields are continous in w — 0 hence the 10%—mode is absent in the

quan
classical theory. A! reproduces the quantum corrections to the soft theorem.

Another important point to be noted is that there are certain divergences
that appear due to the presence of massless particles. The quantum contributions
to the dressing have divergent pieces arising from collinear configurations. The
divergent part of electromagnetic dressing is a constant and does not contribute
to the charge. Thus, the charge is rendered finite.

Gravitational corrections to the asymptotic charge have been discussed in
Section 5.4.

5.1 Dressing of the massless scalar field

In this section we will study the effect of long range forces on massless scalar
field and find the corresponding contribution to the asymptotic charge given in
(5.1). In absence of long range forces, asymptotic fields satisfy free equations of
motion. Including the correction to the asymptotic dynamics due to long range
interactions leads to dressing of the free fields. We will show that the long range
electromagnetic force results in a new mode in the asymptotic radiative field
that falls off as 1/u.

For massive fields the effect of long range forces is obtained perturbatively by
studying asymptotic potential order by order around ¢ — oco. This leads to the
well known Faddeev-Kulish dressing of massive scalars [84]. For massless scalars,
the asymptotic states live at null infinity. So, we will study the corrections to
the free equation of motion at null infinity. Massless scalars satisfy following

equation :

n"'DuD, ¢(z) =0. (5.6)
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Let us expand above equation around future null infinity. Using the fall offs
given in (2.34), we find that the leading order equation is (at 6()) :
A (93")

~20,0,6 ~ 20,0 = ~2ie™" 20,6 5.7

Thus, the leading order effect of long range forces on the massless field is given

by Al. The solution of above equation is given by :

1A
i@ZeAT(I) log %

b=~ / dw [b(w, &) e — dH(w, &) ] (5.8)
where, b and d' are the free data for massless scalar. First we will restrict
ourselves to classical dynamics. Upon quantisation, b can be interpreted as the
annihilation operator for free particles while d would become the annihilation
operator for free antiparticles (see (2.25)). ro depends on scales of short range
interactions, hence ry << r. For our analysis we can set r; = 1 to avoid
clutter. From (5.8), we see that the effect of long range electromagnetic force is
to associate a cloud of photons to a free massless scalar particle. The dressing
factor A} is analogous to the Fadeev-Kulish dressing of a free massive scalar
particle. Next we find the resultant correction to the U(1) current. Dressing of

scalar field leads to a new logarithmic fall off in the current (2.33) :

-log IOg r jA

Ja = Ja — gt T (5.9)
where
JAF =267 0447 |01, (5.10)
We also have :
e = gjf)gl el +]—”+  Ju = i—g + jioghj%*“-

We can change to Cartesian co-ordinates and get following fall offs for the U(1)

current

— 4 ... (5.11)

Let us find the the gauge field generated by the new logarithmic fall off in the

current. In Lorenz gauge, we have [JA,, = —j,. Using the retarded propagator,
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the solution to the gauge field is given by :

1

Ao () = o

/d4x' §( (z —2')?) Ot —t') j.(2). (5.12)
We will substitute the new logarithmic modes of the current in above expression
and find the resultant contribution to the field. The details of the calculation
have been relegated to Appendix C. We show that the log modes give rise to a
L term in A9 such that the coefficient is given by (C.11) :

AY(2) =

1
d2 == D/A ’ log. 513
4 1 + 2z /Sz Qo Ja ( )
This %—term has been discussed in the context of scattering of point particles in
Chapter 3. In above expression we have used the following basis for polarisation

vectors [56]:

aﬁm +22)q"]. (5.14)

The expression for A, can be obtained from the expression for A; by replacing e _
by €,. Next we need to show how above %—mode contributes to the asymptotic
charge defined using (5.1). From (2.36), we have,

1 1 1
O2F?%, + §6u8ADBA°B - §aﬁpBFgB = 5@;‘3. (5.15)
So, for A = z component, we get :
. 1

log u

Above equation relates L term in A; to term in F%. From above equation

we get the precise relatlons :
F2o8 = —% D2AY and FJ*® = —y** DZAD". (5.17)

These relations will be needed when we write down the expression for the

asymptotic charge.
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5.2 The classical asymptotic charge for massless

scalar QED

Let us start with the asymptotic conservation law given in (5.1)

2,log / log,0 ~
FAs(s) = Flp(—a). (5.18)
We recall that the LHS is the coefficient of the lc;#—mode present at the future.
Similarly the RHS is the coeffficient of the k;# mode living at the past. We
multiply above equation with an arbitrary parameter V4 and integrate over the

sphere to get

/ A’z VA(R)FH%(2) = / d*z VA(—)F%¥° (= 7). (5.19)
gt S
The charge at the future is defined by Qf [VA] = — [ d?z VAE'% | g+- The past

charge is defined similarly. Our claim is that upon quantisation, these charges
reproduce the outgoing soft photon theorem given in (5.2). There exists a logv

mode at past if there is incoming soft photon. Similar conservation law (that

involves advanced propagator) relating lngZ” mode at J, to 107% mode at F+

can be used to reproduce the incoming soft theorem. In this section we will
restrict to the classical theory.

Let us study the future charge :

Qﬂwz—/fﬂﬂﬁﬁwﬁ,

= u25)3/d2z VAR | v oo

The u-operator isolates the coefficient of the log u term of F?,. We can rewrite
the future charge as an integral over entire future null infinity minus the term
at I .
o0
Qf[V]= — / du’ / d*z VA0, [WPOlF?,] — / d*z VAF?® | 7t

= QY V] + QY] (5:20)

This defines the soft and hard parts of asymptotic charge. We can simplify the

soft charge expression further. Using Maxwell’s equations given in (2.36) for
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0. F?,, we get :
o= / Z ! / P VAD, [P0,0F2, - DPFYy + 721 ]. (5.21)
7% does not have a %-term, so j% also drops out of above expression and we get
Qo = /_ T / 2 [VZ(ﬁz’)au W20, D, D7 A%u, &')] + ' z}
- /_OO du’/dQZ' [D’ZZVZ Y Oy [u20, A u, 7)) + 2 2’} (5.22)

The last line was derived using integration by parts. Next it is instructive to

go to the frequency space :
w—0

Qif& = /d2z’ [D’ZQVZ 7 limw 92 w Ag(w,i/) + 7 7.

It should be recalled that as yet above expression is classical and the limit is
well defined. The w-derivatives isolate the coefficient of soft logw mode of A%.
This shows that the ()1-charge is indeed related to the soft logw mode.

Next let us turn to the expression of future hard charge :
Qlj_ard _ /d22’/ VA FZAlOg(i’/).

Using (5.17) in the expression for the hard charge, it can be written in terms

of coefficient of the % mode.
Q}iard — /dQZI V* 722 DgA(z—)’l(i/) + /dQZI V,Efyzi D;Ag’l(i'/) (523)

To avoid unnecessary cluttering of equations we will work with VV* = 0. Then

we can integrate by parts to get following equation :
Qi = [ @ D2V 4 AR, (5.21)

Using (5.13) and (5.10) we get :

— oo uw o
@) = Y [ [ @ T g, ea@N0@? ) 62)

Equations (5.24) and (5.25) provide us the expression of the future hard charge.
Thus the hard part of the Q1-charge is related to the dressing of the massless
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scalar field under long range electromagnetic force.

Let us turn to the the expression of the past charge. We have :
_ 2 A log,0
Q1[V]:_/dZVFr0Ag |j+—~

We know from (C.14) that Fq}i‘g’o depends only on particle currents i.e. it has
no contribution from radiation. Thus, at past the charge is entirely made of

hard modes.
GV == [@ VRS |, = Qe

The conservation law that we have started with in (5.19) involves only outgoing

soft radiation. Using (C.14), the charge at past can be recast as :
Qy = - / d*z' D?V* v% B5(3), (5.26)

where,

Blog( /S2 d2 / q _, q[,ua, [+2€2Ai(_i,/>|¢1<_in/)|2 ]

(5.27)

1
47T1-|—ZZ

To summarise we have the obtained the classical expression of the ()1-charge. It
consists of contribution from soft as well as hard modes. The expression of soft
charge is given in (5.29). This operator isolates soft logw mode. The expression
of hard charge is given in (5.24) and (5.25). The hard charge is given in terms
of dressing A!.

5.3 The Ward identity for massless scalar QED

In this section we will turn to the quantum theory. We will use the classical
expression for asymptotic charge )1 from the previous section and quantise it.

The Ward identity for S matrix for the asymptotic charge is

o 5]

N (Qioft S — 5 QO > _ <Qhard § — g Qhard )

0,
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Quantising the soft charge we express the gauge field in terms of Fock
operators (2.30) :

T A
A(w, 7) = — W) WO, 7) = iya = d) .
J(w, ) = Z\/_47T<1—|—ZZ) w >0, (w, &) =iV2 w<0

So we get, :

QY = e /d2 ! [DQVZ VY lim w2 w oa (w, )+ 2« 7. (5.29)
7T

w—0F

Thus, the action of foft involves insertion of zero energy photon modes. We
have defined the soft limit from positive side which is consistent with the fact
that we have only outgoing radiative modes in (5.19). Hence Q%" = 0 as we
discussed in the last section.

Using (5.24) and (5.26), we get

(Qhard g _ Q}iard) _ —/d2z' DRVE 4 (Ag,l(il) S — S Bls() >
(5.30)

Next we need to evaluate the action of above operators on a Fock state. From

(5.25), we have following expression for A2,

A% (3) = W/ /dQ’qM A0l AN @) (5.31)

It is interesting to note that the hard charge resembles tree level subleading soft
operator acting on A!. The action of (5.31) on an outgoing Fock state can be

easily evaluated.

Al
< out| Q" = < out| 4n Z U™ (q:) €7qi100, “ ( ?) ]. (5.32)
i € out
where we have defined
o 2 2172 \/W e q"
UM (q;) = /d 2 DPVE(z, 2 60 dq (5.33)

to make the expressions compact. Similarly we can use (5.27) to get the action

of the past hard charge on an incoming state. Then we need to substitute for
AL
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class quan
This mode has a classical and a quantum part : A! = Al + Al . The classical

mode is obtained by evolving the sources with retarded propagator. We obtain
the quantum contribution in a slightly roundabout way. The quantum gauge
quan

field contributes to Al via (5.42). We will find these modes explicitly and write
down the Ward identity.

Classical part

Let us find the classical contribution to Al using retarded propagator. We

know that the solution for gauge field in Lorenz gauge is given by
1
@) ons = 5 / 2 §( (o — o) )0t — ) ju('),  (5.34)

where we have used the retarded propagator. We need the % component of

above expression to find classical part of A!. Taking large r limit we get :

. ]
AH(U,T, x>|class = 47’(’7’/ /d2 U A

It can be checked that above expression is consistent with the fall offs mentioned

n (2.34). In particular we have :

class
Al - 2 0 ] ]
(7) 47r7“/ du/ /d 2 523 u (5.35)

This part of Al(x) is just a constant (i.e. independent of u,Z). Thus, the
classical electromagnetic dressing is trivial.
Let us go back to the action of the hard charge (5.32)
class

|in > = — Zei Ug‘u<qi> < out| qz[oﬁqﬂ A,l, (i‘l) , S

i

< out [Qhard, S]

class

(5.36)

Using (5.35), we see that above term vanishes. This reflects the absence of
classical log w term in soft electromagnetic radiation (in absence of gravitational

coupling) [91].

Quantum part

lin > .
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Next we want to check if there is a part of Al that has not been captured
by the retarded propagator. Let us work in r,u — oo limit (u < r) where the
sources have died down and we can use the homogenous solution. It is useful
to work with Herdegen’s representation [96] of homogenous A,. This is a way
to write a generic homogenous solution for gauge field in Lorenz gauge in terms

of free data AY. (A% = lim, o A4).

hom 1 1+ 2/2/ . . . ~
Au(x) = —% /d22/ /2 € AS(U =-r-¢,4)+ 6:[ A‘;(u =-r-q,q) |
(5.37)

¢" is defined according to (2.2). From above expression it can be seen that
log
A% ~ Aplogu gives rise to a % term in A,. We had discussed the presence

of such a logu mode in (4.15). Let us write down the A! term by co-ordinate

transformation. We will denote it with a 'quan’ overtext.

quan 1 1427 1 log log
Al (z) = — /d2z' e .q A (2)) + €".q As(2)]. 5.38
(z) 7 q,.q[ q A.(2') q Az (2')] (5.38)

In (4.15), we had discussed that the quantum gauge field admits following

asymptotic expansion

log
Ay = Ay loglul + 6(u°) +..., u— +oo, (5.39)

log
here, A4 can be obtained using a co-ordinate transformation in (4.22). We get

log ) 2
A (u, ) = #1{22 lim wlay(w,) - a' (@,2)] (5.40)

And

s 1 V2 ) )
As(z) = L e wlgglJr wla_(w, &) + al (w, &)). (5.41)

The log v mode is tied to the discontinuity of the quantum gauge field. The
classical field is continuous as w — 0 hence this mode vanishes classically. An
important point to note is that we are not introducing a new independent mode
in the quantum system, the free data for classical system is sufficient to describe
the quantized system as well. For scalars, w¢ is trivial as w — 0. Hence there

is no log |u| term for scalars.
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quan
The A}l operator has a non-trivial action when inserted in the expression

for charge. We will use the leading soft theorem to evaluate action of (5.40) and
quan

(5.41) and substitute for A 5 in the expression of Al given in (5.38). Action of

Ar on a generic put state is given by :

quan

<out| Al (x) S |in >

d?z' 6 €
=i < out| 167?3 > njej 7
J

}S|1n>
(5.42)

Next we need to do the sphere integral. We have relegated this calculation to
Appendix C and we will quote the results here. The finite part of the integral
s (C.21) :

quan

<out| Al (£) S |in > = —— Zn]e] log(q.p;)- (5.43)

Let use this expression to evaluate the action of hard charge and obtain the

quantum contribution. Using (5.43) for Al in (5.32), we get

< out| [Qhard : S} lin >
quan
i ere; 2(p;j.q;)
=—— ini——= U"(¢i) qijzOpm 1 JZ d,,. 5.44
- > nim (@) QuioOq) log[ =53] ] (5.44)

Wwj m=
i.j5i# ! J

Here, we have o, = < out| S |in > . U?* has been defined in (5.33). The term
that depends on m; is the divergent piece in A}. It is killed by the derivative

operator qi[aaqﬁ and the final expression is finite.
The Ward identity
Collecting together (5.36) and (5.44) we get the complete action of the hard

charge and we can write down the Ward identity. Thus, the S-matrix needs to

satisfy following Ward identity for a generic V* that lives on S? :

QSO&(VZ) ] - —— Z 77177]61 z)

q'(qjuqia — QjoQin ) - (5.45)
1,555#] v

4j-

Q*°" (V) defined in (5.29) inserts soft modes of photon. Dependence on V* is
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via the U defined in (5.33). Ward identity involving V* can be written down

similarly.
The Sahoo-Sen soft theorem

Let us derive the Sahoo-Sen soft theorem from above Ward identity. To derive

negative helicity soft theorem we choose :

Z_/

Vi(z,2) =V2(1+2'7) Vi =0. (5.46)

)
z—2z

Performing the sphere (2/, Z’) integral in (5.29), we get :
QYN = —i lirr(l)cu 2w a_(w,7). (5.47)
w—

Next we will use (5.46) in the expression for hard charge (5.45). The sphere
integral in the expression for U in (5.33) can be done easily. So, the Ward

identity can be recast as :

) €k, €iej
lim w 83} w -Qqn+1 _ T 5 Z nzn] ) E - (ppp - pfpy) ‘gﬂn (548)
w—0 iojiit] Di- k Pi p]

This is exactly the statement of the logw soft theorem (5.2) given by Sahoo and
Sen for massless scalar QED (without dynamical gravity). In this analysis we
have derived the soft theorem from the Ward identity. The Ward identity (with
V# =0) can be derived from the soft theorem by multiplying both sides of the
statement of soft theorem with [ d2z D2V?(z) ¥ . Thus, we can conclude

1672 -
that the Ward identity (5.68) is exactly equivalent to the Sahoo-Sen soft photon

theorem for massless scalar QED.

5.4 Corrections in presence of dynamical gravity

In this section we will briefly discuss the gravitational corrections to the Ward
identity. We will not give the entire derivation but only highlight the important
points. Interested readers can refer to [101] for details.

Let us write down the asymptotic behaviour of the gravitational field. We
will work in the perturbative linear gravity regime where gravitational dynamics
is confined to perturbations around flat space time : g,, = 1., + hy. In the de

Donder gauge 9,h* = 0, where h,, = Py — %nuyh"a. In this gauge, the metric
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field satisfies Oh,,, = —2T),, and admits following expansion : 2
hi, (i 1 hi, (u, & 1
T L U o = Tl E) s 1087
r r2 r r
1 hl 1
huu:hgf(u?i) =1k + uu<u,$) +o, hrA:h ( )+hlog( ) OgQT o,
r r r
log lOgT -1 - log
Bua = ho 4(u, 2) + b5 (u, &) . + .., hap =71 hyg(u,z) +logr hyh(u, ) + ...
(5.49)

Gravitational dressing of massless scalar field

First we will discuss the dressing of massless scalar field in presence of dynamical
gravity. The equation of motion of the scalar field is given by ¢**D, D, ¢ = 0
We will use (5.49) in above equation for the scalar field and obtain the solution.

The leading order gravitational correction to (5.8) is given by :

Z'eieAi(:fS) log ' ‘ Wl o) ‘ ' o)
o) =~ g [ ) e e i) el )
mwer
(5.50)

The dressing of the massless scalar field contributes to the charge via (5.13).

The gravitational correction to (5.13) is given by

27‘T

A v Vzz > / ,qM €7 / Y / Y
A @ = VP2 [t [ TS o [ SR + 2 AU @ |
(5.51)

We have added a subscript ’scal’ to highlight the fact that this contribution
arises from scalar field dressing. There is an additional contribution to above

mode from the dressing of the gauge field.
Gravitational dressing of U(1) gauge field

Next we discuss the effect of long range gravitational force on gauge fields.

We start with the homogenous equation DAZW” = 0. Asymptotically such a

2Some of the coefficients are independent of u, this follows from the de Donder gauge
condition itself.
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solution exhibits following form (2.27)

Agom(u,r, z)=— ! /dw [a,(w,T) e~ _ qf (w, ) el ], (5.52)

82y

where a, =) . € a,. Let us turn on the sources. Choosing the generalised

Lorenz gauge V,A* = 0, Maxwell’s equations reduce to :
V2A, = —j.+ R,/A,. (5.53)

R, is the Ricci tensor. j, is the U(1) current. The gravitational corrections
can be expanded in perturbative gravity regime. Ignoring the U(1) current, we

have
OA, = 78, (5.54)

where we have defined :

I8 = WY0,0, A+ T, 0, Ac+20 T 0L A+ Ay GHFﬁU—i—[@HFﬁU—&,FﬁU]A”%— 6(G?).

Next j&* can be evaluated on the zeroth order solution. Using (5.49) and
(5.52), we see that the source has following behaviour around future null infinity

B (1) = Ey O2AL + @(l) (5.55)

Jo p2 Trouto 37 :
The 6(-5) terms in j&'(z) produce subleading corrections, hence are not relevant
for our analysis. The leading order gravitational current gives rise to following
dressing of the gauge field
i Py (2)

AU('LL, r, j‘) — _87]_27, /d(JJ [ag(w,ﬂf:) efiwueiwlog(rw)T . a:r,(w,i’) ezwuefzwlog rw)

This expression represents the effect of gravitational field on outgoing photons.
Thus, we see that the logr dressing of photons is exactly similar to the logr
dressing of massless scalars. There is an additional logw dressing of the soft
photons. This mode contributes to the charge. By co-ordinate transformation

of (5.56) we get analogous to (5.51)

1 2
AZN(E) | grav dress = ~& V2 hl (%) lim wa_(w, 7). (5.57)

T 142z w—0

5 (5.56)
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The gravitational contribution to the charge depends on hl. For A% we

have to replace negative helicity operators with positive helicity operators. For

incoming soft photon, above analysis needs to be repeated at past null infinity.
The Ward identity

We know that the Ward identity for S matrix for the (); asymptotic charge

can be written down as :

0,

o 5]

= <Qi?ft S — S Qs_oft ) _ (Qhard S — S inard >
Analogous to (5.30), we get
Qs = - / P D2V (AN S — S B ). (558)

We discuss the gravitational corrections to soft charge in Appendix C in (C.29)
and show that these corrections vanish.

Next we need to evaluate the action of above operators on a Fock state.
From (5.51) and (5.57), we get the expression of A2,

A 725 o / /q“ EZ / / A~/ /
@) = Y= [ [ @ T g - gh @A) + 2 A0 @) )

2 Tr
vV Y=z 1 /- . ~
~ e h,. (&) Uljlir%)w&,(w,x). (5.59)

It is interesting to note that the first line resembles tree level subleading soft
operator acting on hl + Al. Similarly the second line is A times the leading
soft operator. The action of (5.59) on an outgoing Fock state gives

i Al(z
< out| Q1" = < out| 47 Z U™(4:) Qo0 [ %h}nr(zi) + efﬁ ]

) Wi
1 € out

— < Out| /d2 /D/2vz \/ 722 Z € € . D; hl Z/). (560)

where as before we have defined

Vol

1672 ¢.q;’

U'H(q;) = /sz' D?V*(z,2') (5.61)
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to make the expressions compact. The gravitational correction to the the past

hard charge is given by

Bbgm -

47r 1 + 2z
(5.62)

Classical part
Let us write down the gravitational term. The classical part of hl. calculated

using the retarded propagator is

class

h} (i):—2—w du /d2z’qq T2 (2 ). (5.63)

Hence we get

< out [Qhard , S } lin >

class

= - Z €; UUM(QZ’) Qz[aa 1 (p] CIZ Sﬁ + anez Gic Ut Z YZm n

3,J5min; =1 Jni=1

(5.64)

Here, we have defined of,, =< out| S |in > .
Quantum part

Next we turn to the quantum contribution to Al from (C.22) and (C.23).

Substituting in the expression for hard charge we get :

< out| [Qhard : S] |in >
quan

2(pj-a;
Z 77177361 %) Qz[cra “] Dj-4i log[%] gﬂn
i,J5177 J
2 12y 72 V ,}/ZZ €; € pz )
/d DZV*( = Z 70 JZWJ Py log | dA,. (5.65)

The terms that depend on m; are divergent. The two divergent terms in above

expression cancel each other. Thus, we get a finite action of the charge. The

’ / K qq; G0y [ b ()72 + 2 AX(~2)]6) (-

i/)Z ]
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full quantum term is given by :

< out] [Qhard ) S} lin >

quan
[ o €€
- Z ninjei U7 (i) Gilo Oy [pj-Qi log(p;.4i) + w.J IOg(pj-Qi)] d,
i.g3ii ‘
i rro
+— > mei qie D U pr sl (5.66)
i J

here we have defined

VA g
1672 ¢'.¢;

U7"(q:) = /dZZ' DZ2V3(z,2) log(q'.p;)- (5.67)

Collecting together (5.64) and (5.66) we get the complete action of the hard
charge and we can write down the full Ward identity including the purely
electromagnetic term. Thus, the S-matrix needs to satisfy following Ward

identity for a generic V* that lives on S? :
[QSO“(VZ) , s] —  Buaa(VF) S. (5.68)

Q> (V) defined in (5.29) inserts soft modes of photon. We have :

Buara(VS) = Y mi€i Gic U™ D pju — Y, € U™(q) Djudic — Pjotin )
v gmj=1 ,Jimimj=1
€i€j

7; ag
T Z ninje: U (q:) [ﬁ(qjuqia — Gjolip ) + Pjulic — Piolip ) log(—p;-pi) |?

i,551#£7 J

i r 70
T E Ni€i Gio E n;USY pi - (5.69)
i j

Dependence on V# is via the U’s defined in (5.61) and (5.67). Ward identity

involving V* can be written down similarly.
The Sahoo-Sen soft theorem

Let us derive the Sahoo-Sen soft theorem from above Ward identity. To derive

negative helicity soft theorem we choose as before

/

V2, Z) = V21 + 2 27) = V=0, (5.70)

Z—Z2’

3The first term in (5.64) produces a term that vanishes due to conservation of momenta.
This is the term discussed in (5.5).
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Performing the sphere (2/, Z’) integral in (5.29), we get :
QYN = —i lim @ O?w a_(w, 7). (5.71)
w—

Next we will use (5.70) in the expression for hard charge given in (5.69). The
sphere integral in the expression for U (5.61) and for U in (5.67) can be done

as earlier. We get :

1 M
Cghard 4 Z 1€ k’ Z 6Zu_]€p(p§pf _pfp?)
Jm;=1 gty OF
nin;=1
€;€;
- S e ok [ﬁ(zﬁﬁ — pik) + (ol = ) loglpipy] |
i,J5i#] Pi B
1 €.D;
+ @Zmeiﬂzw‘w log p;.q - (5.72)
i L

So, the Ward identity can be recast as :

limw 0% w dpyy

w—0
i €ukp o 4 P
[ E mei—2t k - > kp 4 o E ’ei—pi'k(pjpi—pipj)
Jimg=1 0,J517]
nin;=1

€ €;€;
47r2 > mimje - b [p,;l(pfpé‘ — p{p) + (5Pl — pip)) log(pi.p;)
i,j5i#] pi- v

1 €.Pi
+ m;nieim;njk-pj log pj.q | dn. (5.73)

This is exactly the Sahoo-Sen soft theorem (5.2) for massless scalar QED
including the gravitational correction given in (5.4). The Ward identity (with
V% =10) can be derived from the soft theorem by multiplying both sides of the
statement of soft theorem with [ d*z D2V*(z) ‘1/6% . Hence we can conclude
that the Ward identity (5.68) is exactly equivalent to the Sahoo-Sen soft photon

theorem for massless scalar QED coupled to dynamical gravity.

Thus in this chapter, we have demonstrated that the 1-loop exact logw soft
photon theorem [91] can be recast as Ward identity of an asymptotic charge for
massless scalar QED in presence of dynamical gravity. We used the @), classical
law given in (5.1) to contruct the asymptotic charge. This asymptotic charge

is directly related to the dressing of fields due to long range forces. In presence
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of gravity, the new feature is that the soft photon also acquires a dressing due
to long range gravitational force and contributes to the asymptotic charge.
Upon quantisation the (), charge reproduces the full logw soft theorem
including the quantum corrections. This is inspite of the fact that the law (5.1)
is itself violated in the quantum theory. We expect that this prescription can
be used to define the asymptotic charges for higher loop order soft theorems as
well. Starting from the classical charges for m > 2 given in (3.51), it is expected
that the quantised @,, charges should reproduce (a part of)? the w™ !(logw)™

soft modes including purely quantum terms.

4Beyond subleading order there are remainder terms that are not controlled by these
Qm-charges



81

Chapter 6
Summary and Outlook

Recent investigations have shed light on rich structure of IR physics of gauge
theories and gravity. These results have been very elegantly cast as 'IR triangles’
by Strominger and his collaborators. Let us consider the first of these triangles

for electromagnetism.

The leading soft theorem.

The velocity memory Large U(1) gauge
effect. symmetry.

In the soft limit, the leading i—mode in QED amplitudes is universal as seen in
(2.53). This is the statement of the leading soft photon theorem and forms the
first corner of this triangle. The second corner is the velocity memory effect.
This is a classically observable effect in which the passage of electromagnetic
radiation waves produces a permanent shift in the velocity of a test charge. The
third corner is that of asymptotic symmetries. In this case we have large gauge
transformations that form a subgroup of the U(1) group that acts non trivially
on the physical states. These three corners bring out the universal features of

IR physics and are interrelated.
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In 2018 Sahoo and Sen derived the subleading soft photon theorem for loop
amplitudes [91] given in (2.54). The memory effect corresponding to this soft
theorem was discussed in [37]. So it seems likely that there exists a Strominger’s

triangle for this case as well.

The log @ soft theorem.

Tail to the velocity 27
memory effect. o

In this thesis we have explored the third corner of above triangle.

Incorporating the effect of long range electromagnetic force on scattering
particles we showed that the classical radiative field obeys the (); conservation
law given in (3.25). While it seems natural to use above charges to reproduce
the log w soft theorem there are certain things that needed to be clarified. The
asymptotic behaviour of the gauge field is modified in the quantum theory due to
use of Feynman boundary condition. We discussed the purely quantum modes
in the Feynman solution which are absent in the classical radiative solution in
(4.38). These modes lead to quantum corrections to the asymptotic charges.
Incorporating the effect of long range electromagnetic force in (4.36), it was
shown that the )1 conservation law is violated by the Feynman solution. The

Feynman solution satisfies a modified version of this law given in (4.68).
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Nonetheless we showed that the classical 1 conservation law given in (5.19)
can be used to reproduce the full logw soft theorem. Upon quantisation the
()1 charge gets contribution from an additional mode (absent in the classical
theory) which gives rise to the quantum corrections to the logw soft theorem.
We proved that the logw soft photon theorem for massless scalar QED coupled
to gravity is equivalent to the Ward identity corresponding to the @Q); charge.
This leads us to following IR triangle

The log soft theorem.

Tail to the velocity The Q 1 conservation
memory effect. law

It must however be noted that the nature or existence of a well defined symmetry
associated to this conservation law is not clear at this point. The action of the
soft part of (J; charge is trivial on the asymptotic phase space that is normally
constructed (as described in Section 2.2). This phase space needs to be extended
so that the ()1 charge has a well defined action on the extended phase space.

This question is under investigation.
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We expect this story to hold for m > 1. In this thesis we have also shown
that the classical radiative field obeys the Q2 conservation law given in (3.47).
These charges are made up of 6(e”) modes and hence are expected to be related
to a 2-loop soft photon theorem. And indeed such a theorem has been derived

in [95]. We expect an IR triangle for the m = 2 case with following corners.

)2 soft theorem.

The {log oy

Subleading tail to the  The Q , conservation
velocity memory effect. law 27

The equivalence between the Qo-law and the w(logw)? soft theorem is also under

investigation.

We have proposed that the classical radiative field should satisfy an infinite
number of conservation laws as given in (3.51). We expect that upon quantisation
these Q,, charges should get related to the universal w™ ! (logw)™ modes in soft
expansion of loop amplitudes giving rise to an IR triangle at every m. This is
quite intriguing. We believe that this proposal for @),,-conservation law can
be proved for generic m by incorporating the effects of long range force in the
analysis of [75]. Several questions are in order about the conserved charges Q..
Most importantly, it needs to be checked if indeed all the {Q,,, m > 1} charges
are independent or if they are related. What is the underlying symmetry? Do
these charges correspond to new kind of large gauge transformations? These

questions promise to bring out interesting aspects of low energy physics of QED.
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It is clear that infrared regime of loop level QED has a rich structure. This
structure needs to explored further. Similar questions should be probed in the
context of gravity and QCD to uncover the structure underlying infrared physics

of these theories at loop level.
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Appendix A

Appendix for Chapter 3

Perturbative solution

The retarded Green function for d-Alembertian operator has §([z — z;(7)]?).
We will find the solution of this delta function perturbatively in coupling e.
Here, z!'(7) is the equation of trajectory that gets corrected as we go to higher
orders in e.

At zeroth order, we have free particles :
i = Vi +d,.
Hence, the root of delta function §([z — x;]?) is given by :
0= —Vilw—d) = [ Viw = Vid)> + (x — d;)* ]'*. (A1)

The sign of the square root has been chosen to ensure retarded boundary
condition i.e. t > t;. Now, let us study above expression in the limit r — oo

with u finite. Around F7, using (2.2) we get

u

q.Vi

+0(1), (A.2)

7—0|j+ - —

Let us take the limit » — oo limit in (A.1) keeping v finite. Using (2.16), we
get :

Tolg- = —2r V;.g+ 06(1).

Next we include the leading order effect of long range electromagnetic force.

We know that the first order correction to the trajectory is given by (3.7) :

ot = VI +d'logT + d;.
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Using the corrected trajectory, the solution of delta function &([x — z;(7)]?) is

given by :
24+ 27Vi(r —d) — (x — d;)* = —2(x — d;).cilog T + ¢ (log 7). (A.3)

We have used V;.c; = 0. Noting that ¢* is 6(e?), the RHS of above equation
can be treated as a perturbation. Hence we substitute the zeroth order solution

(A.1) in RHS of (A.3) that leads to following equation for 7 :
4+ 27V (x — d;) — (x — d;)* = —2(x — d;).c;log 7. (A.4)

We ignored the ¢? term as it is O(e*). Now, above equation is just a quadratic

equation in 7 and the solution is given by :

n=—Vilt—d) = [ (Viz =Vid;)’ + (x = di)* —2(z — d;).c;log 7 ]1/2-
(A.5)

We have used a subscript 1 to denote that it includes the first order perturbative
effects. We can expand the squareroot to ©(e?) :
1/2 (x — dz)c,
——F——lo .
+ X g 70
(A.6)

n=—Viler—d) = [ (Vix = Vid)* + (x — d;)*]

Here, we have defined X = [ (V;.z — Vi.d;)? + (z — d;)* ]*/2. Thus, the first order
solution is the zeroth order solution plus a perturbation :

&
7'1:T0+Tlog7'0 . (A?)

Expanding around ', we get :

U q.ci

q.Vi  q.V

logu + 6(1). (A.8)

T 1|J+ =
Thus, in v — 4oo limit, the correction to 7y is suppressed by k’% in addition
to the suppression due to e? factor. Expanding (A.6) around .F~, we get :
q.C;
‘q/ ~ logr +6(r°). (A.9)

7.

’7'1"57— = —27” V;Cj‘i‘

Second order in perturbation

Let us repeat above steps after including second order effects of long range
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forces. The subsubleading correction to the trajectory is (3.32)

1
LTig = ‘/iJT+CiJlOgT+dia +fia OgTa
T

here f; ~ O(e*) . Hence at 6(e*), 6([x — z;(7)]?) implies following equation for
T
' log 7

4 21Vi(x — d;) — (v — d;)? = —2(x — d;).c;logm — 2(x — dy). f; + 2 (log )2
T1

(A.10)

We have used the fact that V;.c; = V;.f; = 0. Here, we have substituted the
first order solution for the terms in the RHS. 7 is given in (B.5). The second

order solution is

e — ) T L 2 log )] Y (A.11)

1

We can expand the squareroot :

log 7 log 79)? log 7 log 79)?
To = Top + (Q? — d,L)Cz io — C?% + (SC — dz)fz % -+ (Q?.Ci — dlC2>2( 2i<,§>
log 79
+ (z.c ) o X? (A.12)

We have used (B.6) for 71 to derive above expression. And as before X =
[ (Vix — Vid;)? + (z — d;)? ]2, Now, let us study above expression in the limit

r — oo with u finite. We have :

u+ q.d; q.c; u logu  (q.¢;)* logu 1
== - 1 -Ji - 6(—).
2l q.Vi Vi (Vi) ot Vi u (&)
(A.13)

The O(1) term in 7 starts at G(u?). This produces @(’j—;)—term in A, (see
(3.39)). We see from (A.12) that there is a @(M) term, this contributes to
the @((l()f—gu)Q)—term in A,. We can expand (A.12) in large r limit keeping v finite
to get :

(7.c;)* (logr)? ¢ (logr)?

q-Ci
1 _ 6(0).
7 T g e v 2 00

7'2|y— = —2r qu—i-

=<
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Appendix for Chapter 4

Perturbative solution

Let us study both the roots of the §([x — z;]?) perturbatively in coupling e.
Here, 2%'(7) is the equation of trajectory that gets corrected as we go to higher

orders in e. At zeroth order, we have free particles :

The roots of delta function 6([z — z;]*) are given by
= —Vile —d) F [ (Viw = Vid)? + (& — d)? |*. (B.1)

7o satisifies retarded boundary condition while 7, satisifies advanced boundary
condition. Let us study above expression in the limit » — oo with « finite. Thus,
around ¥, using (2.2) we get :

u + q.d;

1 _
T g+ = Vi —i—@(;), 7o g+ = 2r|q. Vi +06(r"). (B.2)

Now we take r — oo limit of (B.1) keeping v finite, using (2.16), we get :

_I_

v

q.d; 1
T4 o).

o lg- = =2r Vig+0(°), 15ls- = v r

|

Next we include the leading order effect of long range electromagnetic force.

We know that the first order correction to the trajectory is given by (4.28) :

ot = VI T+ Cllog T + d;.

K3 (2
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Using the corrected trajectory, the solution of delta function §([z —z;]?) is given
by :

7+ 27Vi(r — d;) — (v — d;)* = —2(x — d;).C;log T + C(log 7)%.  (B.3)

Here we have used the fact that V;.C; = 0. Noting that C! is 6(e?), the RHS

of above equation can be treated as a perturbation. Hence we substitute the
zeroth order solution (B.1) in RHS of (C.4) that leads to following equation for

T
7?4+ 27Vi(x — d;) — (v — d;)* = —2(z — d;).C; log 7. (B.4)

We ignored the C? term as it is 6(e*). Now, above equation is just a quadratic

equation in 7 and the solution is given by :

= —Vi(r—d) T [ (Vie = Vid)? + (2 — di)* —2(z —d;).Clog i ]'°.
(B.5)

We have used a subscript 1 to denote that it includes the first order perturbative

effects. We can expand the squareroot to ©(e?) :

—d).C
= Vil — ) F [ (Viw— Vi o (o — ] 2 B DG

(B.6)

Here, we have defined X = [ (V;.o — Vi.d;)? + (x — d;)? ]'/? and 7§ are given in
(B.1). Expanding around .¥*, we get :

U+ q.d; q.C;
g+ = — PR logu 4 6(1),
_ - : q-C; 0
T g+ = 2rq.V; + Y logr +0O(r”). (B.7)

Expanding (B.6) around ., we get :

q.C;

e = =2r Vig+ Vo log 7+ 0(r°),
- v+qd; .G

- = — 1 6(1). B.8
iy = S g o) (B3
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Integrals in section 4.3

The indefinite integrals in the first term of (4.35) are simple.

1 1
/ do[1+=] ] —— - ]
I 1 _ Tt 1 -
— 2 T(l + — log 2T _ — log T T (B.9)
x—T, o x o
The indefinite integral in the second term of (4.35) is given by
/ dx logx
(z =15 )@ —75)?
2 _ _
= m[lnﬁ;’— In(z — 1) —In7y In(z — 74 )]
2 T —T, T —T14 Inx 1 1
T [L' ———% ) —Lip (- . } - = +
(7o =79 )° 12( To ) 12( o (TJ_TO)Q[(QU_TOJF) (37_7'0_)}
1 1 x 1 x
——| —log———+ —log — (B.10)
TPl B 7 )

Above integral is to be integrated from 7' to R for outgoing particles. Let us
consider the upper limit and show that the divergent terms (in the R — oo

limit) indeed cancel and also find if there is any finite contribution.

2 _ : R—1y . R—1f In R
W[IHTJIHR—IHTO In R + Lis <— 7-0_ > — Lis (— 7—6" )] +®(?>

(B.11)

Let us use following property of the dilogarithm function (for = < —1) [98].

Lis(z) = —%2 — %log(l — ) [2log(—x) —log(1l — x)] + Li2<1 — x)
Thus we have
Ly (-0 = T LoD g2 - 1) - log(25)] + La()
— T ) + o)
Hence (B.11) is equal to
1 InR
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Now we can write down the result of the definite integral.

/R dz logz
r (2 =75z — 1)

2 1
——|IntfIn—— —In7; 1 —[In? 7 —In*75
(T&—TJ)?’[HTO HTJF—T n7, nTa_T+2[n 7 —In’ 7] |
2 [ . T—’]‘O_) . ( T—TJ_) InT 1 1
B — L12<— - —Lip | — }-F - + -
(6 — 70 )? To o (7" — 7o )2[(T_To+) (T_To)]
1 1 T 1 T
— —1 —1 B.12
NG L Era (12

Hence we can write down the result of the both integrals in (4.35).

A:asym(x)
2n
! ejVio [ 1 1
- Y S log e~ log =
2J=n+1 T =Ty T — 5 =T
2n
1 GjCja 1 T 1 T
il | 1y
+42‘777’L 1(7—0__7-0—’—)[7—(;’_ OgTd_— 7'0_ OgTO—_T}
2n
i 2e;Vis(x — d;).C; 1 ]
log T
S 75 )? o8 [T -7 o 7'0_}
2n
' 2¢iVio(w = d;).Cj o 1 T 1 T
el | 1y
o (70 —70)° L= To — " o+og0+— ]
2n
i 4e;Vio(x — d;).C; . ) )
i T L (g = 1)+l (= 1)+ gl g ]
2n B
(3 46‘/401‘ d C ] T_T ' T_7-+ |
A j(J_<— +;3 : [LIQ(_ — ) — Lig(——— ° )] in.
j=n+1 To — To % I~
(B.13)

Let us study the expansion of various terms in above expression. Using

(B.1), it is seen that

0<m<n,

1 =™
n=1

0 m
o lg+ ~ rHu+ru + E — .
n
0<m<n+1,
n=1
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= u
log7y |g+ ~ logr + Z e

m,n=0,
m<n.

=\ u
log 7y |g+ ~ logu + Z s
n=0

Mo<n
1 T T
—~ log ~ [logu+ O(1)] —
(7—0 - T(T) T (T - TJ) m:Z:oo rr
=
1 1 T = um
— log - ~ [6(1) +logr] -
o BT ] PN
n=2
(x —d;).C| 1 T
Cra e B Dl
T;<n ’
n=1
(x —d;).C; 1 T — u"
—1 ~ |l O(1 —
e BT " Ol 2 S
ngn, '
n=1
(r —d;).C; 1 T = u"
——log — ~ [6(1) +logr] —
(0 —7)%7 (T —15) 0<";72L_1’ r
($ — dJ)C >

& =)

—d).C, 1

%’Jt—ﬂ);m{; (T —7) ~ = [6(1)+ (logr)®+logr] [1+ Y

0 —To) r

(x—d).C; ., T—1 1 u™

Lio(— ~ = —.

Fonr ) v E L
"m<n.

x —dj). ., T'—=1y 1 u™

( +_J>7 ; le(_ 0 ) ~ — —

(70 — 7o) To " o, "
m<n.

Terms relevant for section 4.4

n

95

(B.14)

glnTgrln(T—ToJr) ~ iz [(logu)2 1+ Z u—] + [06(1) + log u]

— )

[e.9]

1+ ) Z—H}}

m=—o00,
m<n,
n=0

(B.15)
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To find the coefficients of k;%“ and 1‘;?; modes in A,, we need to calculate

some lower order terms in the asymptotic expansion of (4.36) explicitly. Here

we list the asymptotic expansions of various quantities that appear in (4.36).

Around F+
Let us start with the retarded root

= Vil —di) = [ (Viw = Vidy)? + (2 — di)? %,

Around future null infinity, we get using (2.2)

uVP+Vid;  (wVP+Vid)?  (x—d;)?

Flgr = Va4 Vidi+ Vg [1-2
o g+ T+ +rViq [ i I I
u+ q.d; u? u?V? u? u
= — — — - 6(-). B.16
Vig)  2r(Vig) r(Vig)* 2r(Vig)? o) (B.16)
Hence we have
1 (Vi.q) q.d; 1 u, 1 V0 1 u®
—_ = 1— O6(—=)— —[= . O(—
T U U * (u2> T[Q + (Vi.q) + 2(%.q)2] +6( r )
(B.17)

Next we turn to the advanced root.

1/2

75 = —Vile —di) + | Vix = Vid))* + (z — d;)? |

Around future null infinity, we get using (2.2)

uVP+Vid;  (uVP+Vid)?  (x—d;)* L
- - V. di —rVig [1 -2 : ’
To Viw +Vid; —rViq | rVi.q * r2(Vi.q)? * 7"2(‘/1‘-(1)2}
= —qu+mw“+%/d+u+Q%+®@)
v ‘ T (Vig) r’
1 1 uVy 4+ Vid;  u+q.d; 1
_ i 6(=— B.18
e A K Rt = Gl =] (19

Also we can write down the asymptotic expansion of following term.

2 1 [1_2u‘/;0+‘/;.di (uV2 + V;.d;)? N (x—di)Q}_%
o —10  7|Viqg| rVi.q r2(V;.q)? r2(Vi.q)2?
11 1uV? 1Vid; 1lu-+dq 1
= T MV trvig i 0@ (B9
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Around ¥~

We start with the advanced root .

7 = Vil —d) + [ (Viw = Vid)* + (w — di)* ]

Around past null infinity, we get using (2.16)
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(.T — dZ)Z

oV0+Vid;,  (vVP + Vid;)?
S o= -V G [1 -9k i
0 Viw +Vidi +1Viq | rVi.q - r2(V;.q)?
Viq)  2r(Vi.q)  r(Vi.g?  2r(Viq)? r

Hence we have

1 g 1+
To v

q.d; Vo

1
+0(

(Vi-q)

Similarly for the retarded root we get

2V

(B.20)

(l’ — dz)2

VO +Vid;  (vV0 + Vid;)?
+ — — V. .Uy — ‘/;.7 1 — QU L i L L
o Vi +Vd; —rV;.q [ Vid + 2(Viq)?
_ v — dez 1
= —2rVi.g+ 20V +2Vid; — — +06(=
/ Vg O

AVeaP)

— = - 14+ —2 - O(— B.22
- Vo) | Vi) 2 (Vige 3] (B:22)
and
To — Ty rVi.q rVi.q r2(V;.q)? r2(V,.q?'
11 1oV?  1Vid, 1v—dig 1
- - | z S 6(—=) |. B.23
rwq—[ TiVed Trvig v a2 @1 B2
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Appendix C

Appendix for Chapter 5

Calculating the +-mode in A%

Dressing of scalars under long range forces lead to logarithmic modes in the

current :

logr 42
. -lo
ja =A% = e

We also have :

. glogr gy — j_i

log r
j’r_jr T4 +_+ s Ju 7"2 e

+ ot

For the Cartesian components of the U(1) current we have :

9
. J log 108T
Ju = r_; + ng — (C.1)
We will substitute above current source in :
1
Ay (x) = Dy /d4x’ o( (x— x’)2) Ot —t') j, (). (C.2)
T

Let us take the limit r — oo keeping u finite :

AO’(u7T7 i')

LT ) i LAY 1o logr' 3 1
:E —oodUI 0 dr’ s2 —q.q 6(7J+ q.9 ) ]U(u,’zl) +Jog(u/72/) 7! ‘I‘]a(ulvzl) P+..':|a
- L[ / 2o (120 oy loalu =) | [0, ) — 3%, ') loa(=q.4)] |

Amr J_ o 52 —q.q " — o —
(C.3)

We are interested in studying the u-behaviour in © — oo limit. In (C.3), the j2

term contributes to u°® term as u — oco. The next dominant fall off in © — oo
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limit i

R o (200 e Togu
AU(U7T7x):E/_mdU//92d 4 [W + 78 (u, 2') e (C.4)

First we rewrite the coefficient in retarded co-ordinates (Recalling that ¢* =

(1,2).) :

8 = —q, 58 4 4 BOpq, jibE. (C.5)
j¢ can be eliminated using the conservation equation of current :
G0% = 045 — DAjRE. (C.6)
Substituting in the expression for ;8 :
G = —4,0.5% + D[go j13%]. (C.7)

Thus, 5% is a total derivative. When (C.7) is substituted in (C.4), the D4[g, ;28]
term vanishes trivially due to sphere integral. Using the logarithmic fall off of
the gauge field : A, = AT% + Alfgk;# + ... in the expression of U(1) current we
get

e = 2 Ao P c3)

Using (C.8) let us study the behaviour of 58 as |u| — co. Following the logic
of [63], we use the fall off ¢ ~ = as |u| — oo'. Now, let us find the u-fall off
of Ale. Using the gauge condition we have : 9,A4%¢ = —Al°e. Then Al can be
related to the current by Maxwell’s equation : 29, A = j2. Hence, Al°® can
have a O(u) term as |u| — oco. Using these u-fall offs in the expression (C.8) we
get j°¢ — 0 as |u| — oo. Thus, the first term in (C.7) also gives a vanishing

Og“ vanishes.

contribution. Hence the coefficient of
The next term falls off as 1/u and thls is the term that is relevant for loop

level charge. Let us rewrite the 1/u-term in a nice form. To start with, we have

Ap(u,r, ) = 47rru/ du' /32 d*2 j(7 — jl8(2") log(—q.q)|.

!This is more restrictive than the fall offs discussed in Section 2.2 as given in [94]
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We manipulate j2 in similar fashion :

33 = =532 + 7P 0p4s 75 = —00uir — @i + D 45 73], (C.9)
and we get :
Ag(u, 1, 8) = — / du!’ / d*2 | — g, [j8 + 0.5 + [4,0.51% — D' q, j¥]] 10g(—q'q')]
S2

We again substitute for j°¢ using (C.6). Upto total sphere derivative terms,

above expression can be rewritten as :

A(urx

[ [ [ o e D os(—a)) - 4, 9L+ 5~ ¥ oe(—g
52

47T7’u

We have already checked that j°6 — 0 as |u| — oco. Using similar logic it can

be shown that j! — 0 as |u| — co. We can rewrite the first term as

/ /A/

Ay (u,r, @) = / du/ d*z " (i “} e (C.10)
dmru 52
where, g, DAql,} = qy D4, — q, DAqu. Finally we perform a co-ordinate
transformation (using (2.2)) to get :
AQ,I A d2 / i_ D/A / log' Cl].
2 () = 47T1-|—ZZ /Sz q. G J ( )

Thus we have showed that the log dressing give rise to a 1/u term in A% such
that the coefficient is given by (C.11). The expression for A, can be obtained
from the expression for A; by replacing e_ by e,.. The polarisation vectors are

given in (5.14).

Hard charge at past null infinity :

We recall that the charge at past is defined in terms of following mode IOT%TFT A(2)| 57
(5.1). To study this mode first we will expand Maxwell’s equations in large r

at finite v and take v — oo limit in the solution. Around ¥, the gauge field

|
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equation [JA, = —j, is :

2 2 D?
[281181" + _av + _ar + 83 + _2] Aa’ = —Jo-
T r T

Using the asymptotic expansion for current :

1 log r
. -2 -1o,
T +]ug7 + ...,
we get :
A#:u£$1k§f-%A + Als2lOBT
T T

The coefficients satisfy :

28UA10g1 — _]-27
_zavAlogQ + D2Alog1 — jlog'

The l‘j% term in F,4 comes from Ae2  Alel 5 G(e) term and does not

contribute to F.4. So, we ignore it henceforth :

1 v log
A?g2($):§/ dv'j, (V' 2). (C.12)

—0o0

In above solution, we have chosen the integration constant such that Ae2 — 0

as v — —oo. With a co-ordinate transformation, we get :

P, = Log [T aviiwa). (C.13)
rz I T 9 24 . Ju\V .

This can be rewritten as :
1 o0 log
F10g0|57 — __/ dU/jZ(UI,(i'),
— _—/ dv'd*s §*(z + 2)j. (v, —'),

az lo
/ dv’ /dQ /D2 q q [#D’Aqy} jj(U —F )}

In the last line we have used an identity. Above expression can be rewritten as

1 V2 e q”
10g0 R d d2 / D2 [ — —/ DA -1 Y :|
oy = 4r 1+ 22 U/Sg e.q v Ty Ja" (v, =)

(C.14)
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The polarisation vectors are given in (5.14). ¢ has been defined in (2.16).

Quantum modes in Al and A}

quan
Let us start with the expression for Al given in (5.42) :

quan

< out| A} (z) S |in >

d*z e et.p; et.q €.p;
—z<0ut/ 77'6' L+ nje J]S|in>.
| 167r3 g = da ; 7 g p;
(C.15)
Using completeness relations for polarisation tensors :
- +
€ .q €.p; q € p q-Pj
ni€j—r— nje nje (C.16)
q/.q ; qu,-pj ; -]-] Z ]Jqq qp

Thus, in (C.15), we need to do following integral :

1 ! 1
q-¢ q-p; o [0 (xqd+ (1 —-2)wg) — 7 — (1 - 7)w;]?
1
1
= 27r/ dx —, C.17)
s T I 2w, = 6,4) (

But I is divergent. These are collinear divergences that appear as we are dealing

with massless particles. We will see that the diverging terms cancel and the
charge is finite. Let us regulate the integral by introducing a regulator m; by
making p; massive. Repeating previous steps for a massive p;, we get :
A [* 1
I=—| dx — .
4-Pj Jo 22(1 —z) + 2 (1 — x)?]

Thus, I still has divergence coming from x = 1. But we will see that x = 1
term vanishes due to conservation of momentum.

2

hm log(1 —z) + log[L] } (C.18)

I =
z—1 m? — 2q.p;

4w mF —2q.p; [
q-p; (—2q.p;)

Let us study above expression in the limit when the regulator is taken to 0 :

lim [— [hmlog(l—x)—i—log[ 2 —log[~2¢.p;] +} (C.19)

m;—0 q.p; z—1
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Y

Here, ’...” denote terms that vanish when regulator is set to 0. The infinite

piece is as follows :
quan 2

. [ ) m
< out| Ay () S [in > |iny = 2 > e [}gﬂ log(1 — z) + 10g[—7]] ]
j

?
= 4_7r22nj6j log m. (C.20)
j

Here, the first piece vanishes due to conservation of charge. We could have
regulated the x = 1 divergence right from the beginning by introducing a mass
for the null vector ¢* and gotten the same result for I. Thus, the infinite piece

is a constant. We have for the finite part :

quan

N : i
<out| Al (%) S |in > = ] anej log(q.p;)- (C.21)
J

Next we will repeat the calculation for the metric field. The infinite piece is as
follows [101]

quan

. 1
<out|hl, (x) S [in > |y = 53 > ni(q.p;)log[m3). (C.22)
J
The finite piece is :
quan ' i
<out|hy, (z) S [in > = 52 > ni(ap;) log(g.p))- (C.23)
J

The soft charge in presence of gravity

Here we write down Maxwell’s equations in presence of gravitational fluctuations
given by (5.49).
Let us study the V¥F,, = j, equation. Expanding the equation around

r— o0, at 0(%) we get :

2
OuF vy +0,DPAY — j2 = 7B 1Y 9,F,. (C.24)
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In the equation V#F,, = 0, there appears a gravity correction even at @(%) :
1 0
OuFya —hL 0,F 4, = 0. (C.25)

This implies log r dressing of A4 that has also been discussed in (5.56). V#Fy,, =
0 at O(-5) gives :

2 2
20,F A — OaF ., + DPF; — 73
1 0
= hir OuF au + hgr OuF A — IVCB hOCr 8quB - ’YCB h%r DBFgu - 'YBChZJIBFq?C

0 1., 0 1
+ Ouh?, Fau+ =hl, Fay — =5 hpt FS, — 7P Dhly, F°r — DBRY, FS, — 20" " FY,.

2 2
(C.26)
2
We use above equation to substitute for 0, F,4 in (5.20) i.e. in
2
QY = —/du 4?2 VA9, [WPO2F 4], (C.27)
and we get (5.21) i.e.
. 1 2

QY = -5 /du 4?2 VA9, [u0,[0aF — DPFSy+ 53] 1 +...,  (C.28)

7 7

where refers to the gravity corrections that come from RHS of (C.26)
and (C.24). We will analyse them one by one. Out of the metric components
appearing in Maxwell’s equations only h2, and h;UlB depend on u, rest of them
are u-independent. This simplifies the analysis for most of the terms.

Term h! 0,F},
1 1
QA =-3 / du d*z V*0, [uQ(?u[hir auFuz]] + 2z Z. (C.29)
Using Bianchi identities we can simplify above expression to :
Qo = / 2z V* / du hl, 0 QagpgAg} + 24 2. (C.30)

The operator picks out difference between boundary values of log u piece of A4
which is 0.
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Term h?, 0,F°,

1 0

Q= / du d?z V49, [u28u[hfr 8uFuA]]. (C.31)
0

h% has atmost a O(u) term. Using the u-behaviour of F,4 we see that this

term is also 0.

Term ~2°h;Y FO

1
Q3" = §/du 4>z VA9, [u*0,[vP°hyY FSC]]'

This term vanishes trivially for classical fall offs of F°.. For the quantum log u

fall offs we get 2 terms for A=z (the analysis is similar for A= 2) :

1 _ 1 _
QS = -5 /du d*z Vin™ auh;; A%log + 3 /du d*z Viy™ 8uA2 hz_zl’log )

(C.32)

Upto unimportant overall factors that are common to both terms, the first
integrand is : lim,_,owlcy (w) + ¢! ()] limy_wla_(w) — @l (w)]. Similarly the
second integrand is : lim,_,ow[c, (w) — ¢! ()] lim,_owla_(w) + @l (w)]. Thus,
or — 0,
Term hl. 0,F%p
1

0
Al §/du d?2 VA0, |u?0,[yP B, 0.F 45]|,

1
=3 / du d’z v“P b, VA, (W05 A% (C.33)

This is similar to (C.30) and vanishes by same logic. The analysis for rest of

the terms is exactly similar.
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