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bmT2`pBbBQM Q7 S`Q7X 6HQ`2M+B� *�M2HHB- S`Q72bbQ`- .2T�`iK2Mi Q7 S?vbB+b - /m`BM; i?2
�+�/2KB+ v2�` kyRe@kykRX

S`Q7X 6HQ`2M+B� *�M2HHB

*QKKBii22,
S`Q7X 6HQ`2M+B� *�M2HHB
S`Q7X a22K� a?�`K�





1p2`vQM2 r?Q `2�/b i?Bb i?2bBb- A /2/B+�i2 i?Bb i?2bBb iQ uQm5





.2+H�`�iBQM
A ?2`2#v /2+H�`2 i?�i i?2 K�ii2` 2K#Q/B2/ BM i?2 `2TQ`i 2MiBiH2/ .2p2HQTBM; �M/ i2biBM;
lM7QH/BM; �H;Q`Bi?Kb �`2 i?2 `2bmHib Q7 i?2 rQ`F +�``B2/ Qmi #v K2 �i i?2 .2T�`iK2Mi Q7
S?vbB+b- AM/B�M AMbiBimi2 Q7 a+B2M+2 1/m+�iBQM �M/ _2b2�`+?- SmM2- mM/2` i?2 bmT2`pBbBQM
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�+FMQrH2/;K2Mib

A r�Mi iQ 2tT`2bb Kv bBM+2`2 ;`�iBim/2 iQ Kv bmT2`pBbQ` S`Q7X 6HQ`2M+B� *�M2HHB 7Q` T`Q@
pB/BM; K2 rBi? i?2 QTTQ`imMBiv iQ rQ`F QM i?2 J�bi2`Ƕb i?2bBb �M/ bmTTQ`i �M/ 2M+Qm`�;2
K2 i?`Qm;?Qmi i?2 T`QD2+iǶb /m`�iBQMX A �K /22THv ;`�i27mH iQ .`X EvH2 *Q`KB2` 7Q` ?Bb
;mB/�M+2 �M/ �bbBbi�M+2 �i 2p2`v bi�;2 Q7 i?2 i?2bBbX A �K i?�MF7mH 7Q` ?Bb p�Hm�#H2 �/pB+2-
BMbB;?ib �M/ bmTTQ`i QM p�`BQmb `2b2�`+? `2H�i2/ iQTB+b iQ +QKKmMB+�iBQM bFBHHb �M/ r�v Q7
HB72 BM wɃ`B+?X A �K ;`�i27mH iQ i?2 lw> *Ja ;`QmT 7Q` BMbB;?i7mH ;`QmT /Bb+mbbBQMb- r?B+?
T`QpB/2/ K2 rBi? � #`Q�/2` T2`bT2+iBp2 Q7 i?2 T?vbB+b �i *JaX A �K 2ti`2K2Hv ;`�i27mH iQ
lw> 7Q` T`QpB/BM; K2 rBi? i?2 QTTQ`imMBiv �M/ i?2 }M�M+B�H bmTTQ`i iQ bi�v BM wɃ`B+?X

A 2tT`2bb Kv bBM+2`2 ;`�iBim/2 iQ Kv h�* K2K#2`- .` a22K� a?�`K�- 7Q` T`QpB/BM; K2
rBi? BMbB;?i7mH +QKK2Mib QM Kv i?2bBb �M/ 7Q` ?2` +QMbi�Mi bmTTQ`i �M/ 2M+Qm`�;2K2Mi QM
i?2 T`2pBQmb `2b2�`+? T`QD2+ib BM AAa1_ SmM2X A H2�`M2/ � HQi Q7 2tT2`BK2Mi�H T�`iB+H2 T?vbB+b
�M/ /�i� �M�HvbBb i2+?MB[m2b i?`Qm;? i?2 /Bb+mbbBQMbX A �K �HbQ i?�MF7mH iQ .`X aQm`�#?
.m#2 �M/ Kv ;`QmT@K�i2b oBM�v- a?m#?�K- �/Bi22- "?mKBF� �M/ �HT�M� �i AAa1_ SmM2
7Q` �HH i?2 /Bb+mbbBQMb �M/ ;mB/�M+2 i?2v T`QpB/2/ K2 /m`BM; Kv bim/B2b �i AAa1_ SmM2X
A �HbQ 2tT`2bb Kv ;`�iBim/2 iQ EoSu a+?QH�`b?BT 7Q` T`QpB/BM; K2 rBi? }M�M+B�H bmTTQ`i
i?`Qm;?Qmi Kv mM/2`;`�/m�i2 bim/B2bX

A rQmH/ HBF2 iQ �+FMQrH2/;2 Kv 7`B2M/b �i AAa1_ SmM2 �M/ �i * b�`@_Bix@ai`�bb2 BM wɃ`B+?
7Q` KQiBp�iBM; K2 �M/ i?2B` +QKKmMBQMX G�biHv- A rQmH/ HBF2 iQ i?�MF Kv T�`2Mib 7Q` i?2B`
bmTTQ`i �M/ r�`Ki? i?`Qm;?Qmi Kv HB72X
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�#bi`�+i

h?2 Q#b2`p2/ FBM2K�iB+ /Bbi`B#miBQMb Q7 i?2 T�`iB+H2b T`Q/m+2/ BM T`QiQM T`QiQM +QHHBbBQM
2p2Mib �`2 ;2M2`�HHv /Bz2`2Mi 7`QK r?�i Bb 2tT2+i2/ 7Q` �M B/2�H /2i2+iQ` K�BMHv #2+�mb2 Q7
i?2 /2i2+iQ` 2z2+ib HBF2 BKT2`72+i 2M2`;v `2bQHmiBQM- �++2Ti�M+2 Q7 i?2 /2i2+iQ`- `2+QMbi`m+@
iBQM 2{+B2M+v- iQ M�K2 � 72rX q2 M22/ iQ +QMbB/2` i?2b2 2z2+ib bQ i?�i r2 +�M +QKT�`2
i?2 +QHHB/2` Q#b2`p�#H2b /Bbi`B#miBQMb �i i?2 ǳi`mi? H2p2HǴ rBi? i?2Q`2iB+�H T`2/B+iBQMb �M/
rBi? K2�bm`2K2Mib 7`QK i?2 /Bz2`2Mi 2tT2`BK2MibX h?2b2 +QKT�`BbQMb +�M 2M?�M+2 i?2
mM/2`bi�M/BM; Q7 i?2 ai�M/�`/ JQ/2H- imM2 JQMi2 *�`HQ 2p2Mi ;2M2`�iQ` T�`�K2i2`b �M/
2M�#H2 T`2+BbBQM b2�`+?2b 7Q` M2r T?vbB+bX lM7QH/BM; �H;Q`Bi?Kb �`2 mb2/ iQ Q#i�BM i?2b2
i`mi? /Bbi`B#miBQMb 7`QK i?2 /2i2+iQ`Ƕb K2�bm`2/ BM7Q`K�iBQM #v +Q``2+iBM; i?2b2 /2i2+iQ`
2z2+ibX

S2`7Q`KBM; ?B;?@/BK2MbBQM�H K2�bm`2K2Mib �i T�`iB+H2 +QHHB/2`b �`2 2bb2MiB�H �b i?2b2 �`2
i?2 K2�bm`2K2Mib i?�i F22T �b Km+? BM7Q`K�iBQM �b TQbbB#H2X h?2v �`2 i?2 F2v iQ mM/2`@
bi�M/BM; i?2 +Q``2H�iBQMb �+`Qbb /Bz2`2Mi K2�bm`2K2Mib �M/ ?Qr i?2v BKT�+i BMi2`T`2i�iBQMb
Q7 /Bz2`2MiB�H +`Qbb@b2+iBQM- qBHbQM +Q2{+B2Mib BM iQT T?vbB+b- iQ M�K2 � 72rX *m``2Mi mM7QH/@
BM; K2i?Q/b /2T2M/b QM i?2 #BMMBM; +?Qb2M 7Q` i?2 ?BbiQ;`�K Q7 i?2 K2�bm`2/ Q#b2`p�#H2-
r?B+? +�mb2b T`Q#H2Kb r?2M mM7QH/BM; Bb /QM2 QM b2p2`�H p�`B�#H2b bBKmHi�M2QmbHvX �HH TQb@
bB#H2 �mtBHB�`v 72�im`2b i?�i +QMi`QH i?2 /2i2+iQ` `2bTQMb2 �`2 MQi i�F2M BM �++QmMi #v i?2
i`�/BiBQM�H mM7QH/BM; �H;Q`Bi?KbX >2M+2- iQ 2ti`�+i �b Km+? BM7Q`K�iBQM �b TQbbB#H2 mbBM;
i?2 ?B;?@/BK2MbBQM�H K2�bm`2K2Mib- i?2`2 Bb � `2[mB`2K2Mi Q7 �M mM7QH/BM; K2i?Q/ r?B+?
/Q MQi /2T2M/ QM i?2 #BMMBM; +?Qb2M �M/ T2`7Q`Kb r2HH 7Q` KmHiB@/BK2MbBQM�H K2�bm`2bX

q2 2tTHQ`2 /Bz2`2Mi mM7QH/BM; �H;Q`Bi?Kb iQ /2p2HQT �M/ i2bi �M mM7QH/BM; K2i?Q/ i?�i
+�M #2 T2`7Q`K2/ BM �M mM#BMM2/- KmHiB@/BK2MbBQM�H 7�b?BQM T`2b2`pBM; �b Km+? 2p2Mi BM7Q`@
K�iBQM �b TQbbB#H2X �M mM7QH/BM; K2i?Q/ i?�i T2`7Q`Kb mM7QH/BM; mbBM; i?2 1M2`;v JQp2`Ƕb
/Bbi�M+2 (R) K2i`B+ Bb 2tTHQ`2/ �M/ Bb +QKT�`2/ rBi? PKMB6QH/ (k) r?B+? Bb � M2r /22T
H2�`MBM;@#�b2/ mM#BMM2/ mM7QH/BM; K2i?Q/X � bT2+B}+ +�b2 bim/v Bb mb2/ iQ b?Qr bT2+B}+
;�BMb �M/ �/p�Mi�;2b Q7 i?2b2 M2r mM#BMM2/ mM7QH/BM; K2i?Q/bX
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*QMi2Mib

�#bi`�+i tB

R AMi`Q/m+iBQM d
RXR ai�M/�`/ JQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 3
RXk S`2+BbBQM 2tT2`BK2Mib �i G>* X X X X X X X X X X X X X X X X X X X X X X X X X X RR
RXj lM7QH/BM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk
RX9 lM7QH/BM; �H;Q`Bi?K HBKBi�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X Rd
RX8 Pm` �TT`Q�+? X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rd

k h?2Q`v RN
kXR J�i?2K�iB+b Q7 lM7QH/BM; X X X X X X X X X X X X X X X X X X X X X X X X X X X X RN
kXk h`�/BiBQM�H lM7QH/BM; �H;Q`Bi?Kb X X X X X X X X X X X X X X X X X X X X X X X X ky
kXj J�+?BM2 G2�`MBM; "�b2/ lM7QH/BM; @ PKMB6QH/ X X X X X X X X X X X X X X X X k9
kX9 PTiBK�H h`�MbTQ`i X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X ke

j 1p2Mi aBKmH�iBQM jj

9 _2bmHib jd
9XR PKMB6QH/ �M/ h`�/BiBQM�H lM7QH/BM; �H;Q`Bi?Kb X X X X X X X X X X X X X X X X jd
9Xk PTiBK�H h`�MbTQ`i lM7QH/BM; UPhlV X X X X X X X X X X X X X X X X X X X X X X jN

8 *QM+HmbBQM 8j

� hBF?QMQp _2;mH�`Bb�iBQM SHQib eR

" PTiBK�H i`�MbTQ`i lM7QH/BM; ed
"XR .Bz2`2Mi AMTmi Phl THQib X X X X X X X X X X X X X X X X X X X X X X X X X X X X ed

tBBB
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GBbi Q7 h�#H2b

RXR amKK�`v Q7 i?2 7mM/�K2Mi�H 7Q`+2b i?�i �`2 BM+Q`TQ`�i2/ BM i?2 aJX X X X X Ry

9XR h`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b 7Q` p�`BQmb mM7QH/BM; K2i?Q/bX hBF?@R Bb hBF?QMQp
mM7QH/BM; rBi? *m`p�im`2 K�i`Bt �b i?2 T2M�iHv i2`KX hBF?@k Bb hBF?QMQp mM@
7QH/BM; rBi? a2+QM/@Q`/2` +m`p�im`2 K�i`Bt �b i?2 T2M�Hiv i2`KX hBF?@j Bb
hBF?QMQp mM7QH/BM; rBi? A/2MiBiv K�i`Bt �b i?2 T2M�Hiv i2`KX UJ* #B�bV
K2�Mb i?�i i?2 ǳ:2MǴ p2+iQ` r�b mb2/ �b i?2 #B�b i2`K /m`BM; i?2 mM7QH/BM;X 9y

9Xk h`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b 7Q` JmHiB6QH/- A"l �M/ QM2 /BK2MbBQM�H PhX
JmHiBTH2 T�`ib Q7 i?2 /�i�b2i r2`2 mb2/ iQ +�H+mH�i2 i?2 �p2`�;2 �M/ i?2 p�`B@
�M+2 Q7 2�+? mM7QH/BM; K2i?Q/X PM2 /BK2MbBQM�H Ph mM7QH/BM; QmiT2`7Q`Kb
JmHiB6QH/ �M/ A"l 7Q` C2i J�bb �M/ C2i P#b2`p�#H2b �M/ T2`7Q`Kb `2�bQM�#Hv
BM Qi?2` +�b2b 2t+2Ti 7Q` i?2 :`QQK2/ C2i JQK2MimK 6`�+iBQM zgX X X X X X 99

9Xj h`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b 7Q` QM2 /BK2MbBQM�H- D2i 9 p2+iQ` �M/ T�`iB+H2 9
p2+iQ` Ph mM7QH/BM;X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 98

9X9 h`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b 7Q` JmHiB6QH/- A"l �M/ S�`iB+H2 H2p2H PhlX X X 8y
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k



GBbi Q7 6B;m`2b

RXR h?2 ai�M/�`/ JQ/2H TB+im`2 BM+Hm/2b Rk 7mM/�K2Mi�H 72`KBQMb �M/ 8 7mM/�@
K2Mi�H #QbQMb rBi? i?2B` M�K2 �M/ T`QT2`iB2b HBF2 K�bb- +?�`;2- bTBMX �HH
i?2 72`KBQMb HBbi2/ �`2 �``�M;2/ BM i?`22 ;2M2`�iBQMb 7`QK H27i iQ `B;?iX h?2
HQQTb b?Qr i?2 #QbQMǶb +QmTHBM; iQ i?2 72`KBQMbX X X X X X X X X X X X X X X X X N

RXk amKK�`v Q7 i?2 +`Qbb@b2+iBQM K2�bm`2K2Mib Q7 ai�M/�`/ JQ/2H T`Q+2bb2b �i
*Ja (j)X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Rk

RXj a+?2K�iB+ /B�;`�K Q7 mM7QH/BM; T`Q+2bb (9) X X X X X X X X X X X X X X X X X X X Rj
RX9 aQK2 2t�KTH2b Q7 Tm#HBb?2/ `2bmHib r?2`2 mM7QH/BM; r�b mb2/X h?2 hQT H27i

THQi b?Qrb i?2 tt̄ MQ`K�HBx2/ KmHiB@/Bz2`2MiB�H +`Qbb@b2+iBQM (8)X h?2 iQT `B;?i
THQi b?Qrb i?2 JmQM@M2mi`BMQ b+�ii2`BM; �i i?2 hkE 2tT2`BK2Mi (e)X h?2
#QiiQK H27i THQi b?Qrb i?2 /Bz2`2MiB�H +`Qbb@b2+iBQM K2�bm`2K2Mi 7Q` i?2 �b@
bQ+B�i2/ T`Q/m+iBQM Q7 i?2 q #QbQM Y D2ib (d)X h?2 #QiiQK `B;?i THQi b?Qrb
i?2 iQT@[m�`F T�B` bTBM +Q``2H�iBQM K2�bm`2K2Mi BM i?2 2µ +?�MM2H �i i?2
�hG�a 2tT2`BK2Mi (3)X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X R9

RX8 h`�Mbp2`b2 bHB+2 Q7 *Ja /2i2+iQ` b?QrBM; /Bz2`2Mi ivT2 Q7 T�`iB+H2b /2TQbBiBM;
i?2B` 2M2`;v 7`QK i?2 TQBMi Q7 +QHHBbBQM iQ i?2 KmQM +?�K#2` (N)X X X X X X X X Re

kXR � +QKT�`BbQM Q7 J�i`Bt BMp2`bBQM �M/ hBF?QMQp `2;mH�`Bb�iBQM mbBM; �M 2t@
�KTH2 Bb b?QrM BM i?2 THQibX h?2 iQT H27i THQi b?Qrb i?2 `2bTQMb2 K�i`Bt 7Q`
H2TiQM pT X h?2 iQT `B;?i THQi b?Qrb i?2 mM7QH/2/ /Bbi`B#miBQM mbBM; i?2 J�@
i`Bt BMp2`bBQMX h?2 #QiiQK H27i THQi b?Qrb i?2 G@+m`p2 #2ir22M i?2 `2bB/m�H
MQ`K �M/ i?2 bQHmiBQM MQ`K- r?2`2 i?2 +`Qbb BM/B+�i2b i?2 `2;mH�`Bb�iBQM T�@
`�K2i2` +?Qb2M 7`QK i?2 G@+m`p2X h?2 #QiiQK `B;?i THQi b?Qrb i?2 mM7QH/2/
/Bbi`B#miBQM mbBM; i?2 hBF?QMQp `2;mH�`Bb�iBQMX X X X X X X X X X X X X X X X X X kj

kXk � b+?2K�iB+ /B�;`�K Q7 i?2 PKMB6QH/ �H;Q`Bi?K (k)X >2`2 i?2 ǳL�im`�HǴ H2p2H
Bb i?2 T?vbB+b i?�i r2 Q#b2`p2 BM M�im`2- �M/ ǳavMi?2iB+Ǵ Bb i?2 bBKmH�iBQM Q7
i?2 M�im`2X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X k8

kXj a+?2K�iB+ /B�;`�K Q7 � JQM;2Ƕb h`�MbTQ`i K�T T r?B+? Bb mb2/ iQ i`�MbTQ`i
T`Q#�#BHBiv /Bbi`B#miBQM A ∈ X iQ B ∈ Y X X X X X X X X X X X X X X X X X X X X X k3

kX9 a+?2K�iB+ /B�;`�K Q7 i`�MbTQ`i K�T X X X X X X X X X X X X X X X X X X X X X X kN

j



kX8 1t�KTH2 Q7 1J. @ h?2 QTiBK�H KQp2K2Mi iQ `2�``�M;2 QM2 iQT D2i U`2/V
BMiQ �MQi?2` U#Hm2V Bb b?QrM BM i?2 THQi Q7 i?2 T�`iB+H2b r?2`2 2�+? TQBMi Bb
� T�`iB+H2 �M/ i?2B` �`2� Bb T`QTQ`iBQM�H iQ i?2B` i`�Mbp2`b2 KQK2Mi� BM ?i2
`�TB/Biv@�xBKmi? TH�M2X .�`F2` HBM2b BM/B+�i2 KQ`2 i`�Mbp2`b2 KQK2MimK
KQp2K2MiX h?2 2M2`;v KQp2`Ƕb /Bbi�M+2 BM 1[X kXRd Bb i?2 iQi�H ǳrQ`FǴ
`2[mB`2/ iQ T2`7Q`K i?Bb `2�``�M;2K2Mi (R)X X X X X X X X X X X X X X X X X X X X jR

jXR SHQib b?Qrb i?2 D2i Q#b2`p�#H2 +QKT�`BbQM #2ir22M :2M- aBK- h`mi? �M/ .�i�X j8

9XR h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? A"l- JmHiB6QH/ �M/ hBF?QMQpX 6Q` i?2 hBF?QMQp THQib b?QrM
?2`2- mM7QH/BM; r�b /QM2 mbBM; i?2 +m`p�im`2 K�i`Bt �b i?2 T2M�Hiv i2`K �M/
ǳ:2MǴ p2+iQ` �b i?2 #B�bX h?2 ;Q�H ?2`2 Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2
iQ i?2 ;`22M ?BbiQ;`�K �b TQbbB#H2X 6`QK i?2 THQib- Bi Bb b22M i?�i JmHiB6QH/Ƕb
mM7QH/BM; T2`7Q`K�M+2 Bb #2ii2` i?�M i?2 A"l �M/ hBF?QMQpX X X X X X X X X jN

9Xk a+?2K�iB+ /B�;`�K Q7 i?2 �TTHB+�iBQM Q7 PTiBK�H i`�MbTQ`i 7Q` mM7QH/BM;X
>2`2- i?2 EMQrM `2H�iBQM Bb i?2 `2H�iBQM #2ir22M i?2 ǳ:2MǴ �M/ ǳaBKǴ i?�i
Bb Q#i�BM2/ 7`QK i?2 7�+i i?�i 2�+? 2p2Mi Bb BM/BpB/m�HHv bBKmH�i2/ �M/ +�M #2
i`�+F2/ 7`QK ;2M2`�iQ` iQ i?2 /2i2+iQ` H2p2HX X X X X X X X X X X X X X X X X X X 9R

9Xj h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? A"l- JmHiB6QH/ �M/ QM2@/BK2MbBQM�H PTiBK�H h`�MbTQ`iX h?2
;Q�H ?2`2 Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ?BbiQ;`�K �b
TQbbB#H2X >2`2 i?2 7mM+iBQM mb2/ Bb i?2 /Bz2`2M+2 #2ir22M ǳ:2MǴ �M/ ǳ_2+QǴ-
BX2X- f(G,S) = G − SX q2 b22 i?�i i?2 QM2@/BK2MbBQM�H QTiBK�H i`�MbTQ`i
mM7QH/BM; Bb /QBM; `2�bQM�#H2 r?2M +QKT�`2/ iQ JmHiB7QH/ �M/ A"lX X X X X X 9j

9X9 h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? A"l- JmHiB6QH/ �M/ QM2@/BK2MbBQM�H PTiBK�H h`�MbTQ`iX h?2
;Q�H ?2`2 Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ?BbiQ;`�K �b
TQbbB#H2X >2`2 i?2 7mM+iBQM mb2/ Bb i?2 `�iBQ #2ir22M ǳ:2MǴ �M/ ǳ_2+QǴ- BX2X-
f(G,S) = G/SX q2 b22 i?�i i?2 QM2@/BK2MbBQM�H QTiBK�H i`�MbTQ`i mM7QH/BM;
Bb /QBM; `2�bQM�#H2 r?2M +QKT�`2/ iQ JmHiB7QH/ �M/ A"lX X X X X X X X X X X 99

9X8 h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? /Bz2`2Mi BMTmib iQ i?2 PTiBK�H h`�MbTQ`i T`Q#H2KX h?2 ;Q�H
?2`2 Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ?BbiQ;`�K �b TQbbB#H2X 9e

9Xe S�`iB+H2 H2p2H THQib Q7 i?2 bBKTH2 +�b2X SQBMi b?Qrb i?2 T�`iB+H2b �M/ i?2B`
�`2� Bb T`QTQ`iBQM�H iQ i?2B` i`�Mbp2`b2 KQK2MimK BM i?2 `�TB/Biv@�xBKmi?
TH�M2X .�`F2` HBM2b BM/B+�i2 KQ`2 i`�Mbp2`b2 KQK2MimK KQp2K2MiX X X X X 8y

9



9Xd h?2 mM7QH/BM; `2bmHib 7Q` C2i J�bb �M/ C2i Th Q#b2`p�#H2b mbBM; >2`rB;
Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 b?QrM BM i?Bb THQibX S�`@
iB+H2 H2p2H Phl Bb +QKT�`2/ rBi? JmHiB6QH/ �M/ A"lX X X X X X X X X X X X X 8y

�XR h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? A"l- JmHiB6QH/ �M/ hBF?QMQpX lM7QH/BM; mbBM; hBF?QMQp Bb
/QM2 mbBM; i?2 +m`p�im`2 K�i`Bt �b i?2 T2M�Hiv i2`K rBi? MQ #B�b i2`K �//2/X
h?2 ;Q�H Q7 i?2 mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ
i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X X X X X X X X X X X X X X X X X X X X X ek

�Xk h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? A"l- JmHiB6QH/ �M/ hBF?QMQpX lM7QH/BM; mbBM; hBF?QMQp Bb
/QM2 mbBM; i?2 A/2MiBiv K�i`Bt �b i?2 T2M�Hiv i2`K rBi? ǳ:2MǴ p2+iQ` �b i?2
#B�b i2`K �//2/X h?2 ;Q�H Q7 i?2 mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i i?2 mM7QH/2/
`2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X X X X X X X X X X X ej

�Xj h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? A"l- JmHiB6QH/ �M/ hBF?QMQpX lM7QH/BM; mbBM; hBF?QMQp Bb
/QM2 mbBM; i?2 A/2MiBiv K�i`Bt �b i?2 T2M�Hiv i2`K rBi? MQ #B�b i2`K �//2/X
h?2 ;Q�H Q7 i?2 mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ
i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X X X X X X X X X X X X X X X X X X X X X e9

�X9 h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? A"l- JmHiB6QH/ �M/ hBF?QMQpX lM7QH/BM; mbBM; hBF?QMQp Bb
/QM2 mbBM; i?2 a2+QM/ Q`/2` /Bz2`2MiB�H K�i`Bt �b i?2 T2M�Hiv i2`K rBi?
ǳ:2MǴ p2+iQ` �b i?2 #B�b i2`K �//2/X h?2 ;Q�H Q7 i?2 mM7QH/BM; �H;Q`Bi?Kb Bb
iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X e8

�X8 h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? A"l- JmHiB6QH/ �M/ hBF?QMQpX lM7QH/BM; mbBM; hBF?QMQp Bb
/QM2 mbBM; i?2 a2+QM/ Q`/2` /Bz2`2MiB�H K�i`Bt �b i?2 T2M�Hiv i2`K rBi? MQ
#B�b i2`K �//2/X h?2 ;Q�H Q7 i?2 mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i i?2 mM7QH/2/
`2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X X X X X X X X X X X ee

"XR h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? A"l- JmHiB6QH/ �M/ PTiBK�H i`�MbTQ`i mM7QH/BM;X lM7QH/BM;
mbBM; Phl Bb /QM2 mbBM; i?2 D2i KQK2MimK 7Qm` p2+iQ` �b i?2 BMTmi 7Q`
+�H+mH�iBM; i?2 +Qbi K�i`BtX h?2 ;Q�H Q7 i?2 mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i
i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X X X e3
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"Xk h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K
mM7QH/BM; rBi? A"l- JmHiB6QH/ �M/ PTiBK�H i`�MbTQ`i mM7QH/BM;X lM7QH/BM;
mbBM; Phl Bb /QM2 mbBM; i?2 T�`iB+H2 KQK2MimK 7Qm` p2+iQ` �b i?2 BMTmi 7Q`
+�H+mH�iBM; i?2 +Qbi K�i`BtX h?2 ;Q�H Q7 i?2 mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i
i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X X X eN

e



*?�Ti2` R

AMi`Q/m+iBQM

h?2 ai�M/�`/ JQ/2H UaJV Q7 T�`iB+H2 T?vbB+b Bb i?2 KQbi bm++2bb7mH i?2Q`v iQ /�i2 BM
2tTH�BMBM; i?2 7mM/�K2Mi�H +QMbiBim2Mib Q7 K�ii2` �M/ i?2B` BMi2`�+iBQMX h?2 i?2Q`2iB+�H
T`2/B+iBQMb ?�p2 2t+2HH2Mi �;`22K2Mi rBi? �HKQbi �HH Tm#HBb?2/ 2tT2`BK2Mi�H /�i� 7`QK �+@
+2H2`�iQ`b bm+? �b G1S- h2p�i`QM �M/ i?2 G>*- iQ M�K2 � 72rX 1p2M i?Qm;? i?2 ai�M/�`/
JQ/2H ?�b bi`QM; T`2/B+iBp2 TQr2`- i?2`2 �`2 `2�bQMb iQ #2HB2p2 i?�i i?2 aJ Bb MQi � +QKTH2i2
i?2Q`v �M/ Bi Bb Dmbi �M 2z2+iBp2 i?2Q`v Q7 � KQ`2 7mM/�K2Mi�H i?2Q`vX Ai /Q2b MQi ?�p2 �
T`QT2` i?2Q`2iB+�H bi`m+im`2 iQ BM+Hm/2 i?2 ;`�pBi�iBQM�H 7Q`+2 iQ ?�p2 � mMB}+�iBQM #2ir22M
�HH 7mM/�K2Mi�H BMi2`�+iBQMbX 6m`i?2`KQ`2- i?2 aJ /Q2b MQi ?�p2 �Mbr2`b iQ [m2biBQMb HBF2
i?2 +QKTQbBiBQMb Q7 /�`F K�ii2`- M2mi`BMQ Qb+BHH�iBQMb �M/ bi�#BHBiv Q7 >B;;b #QbQM K�bb
iQ M�K2 � 72rX h?2 `2+2Mi KmQM ;@k 2tT2`BK2Mi `2bmHib (Ry) #v 62`KBH�# �M/ �M�KQHB2b
HBF2 i?2 #@T?vbB+b �MQK�HB2b (RR) ?BMib mb iQr�`/b i?2 TQbbB#BHBiv Q7 "2vQM/ ai�M/�`/ JQ/2H
T?vbB+b- r?B+? Bb p2`v 2t+BiBM;5 J�BMHv- i?2`2 �`2 irQ K2i?Q/b iQ +?�HH2M;2 i?2 ai�M/�`/
JQ/2HX 6B`bi- b2�`+? 7Q` /B`2+i bB;M�im`2b Q7 T�`iB+mH�` "2vQM/ ai�M/�`/ JQ/2H T?vbB+b BM
bT2+B}+ T?�b2 bT�+2 `2;BQMbX a2+QM/- T2`7Q`K T`2+BbBQM K2�bm`2K2Mib Q7 i?2 ai�M/�`/ JQ/2H
T�`�K2i2`b �M/ HQQF 7Q` i?2 /Bb+`2T�M+B2b rBi? `2bT2+i iQ i?2 aJ T`2/B+iBQMbX

AM i?Bb +?�Ti2`- �M Qp2`pB2r Q7 i?2 i?2Q`2iB+�H #�+F;`QmM/ Q7 i?2 ai�M/�`/ JQ/2H Bb
;Bp2M- �HQM; rBi? Bib HBKBi�iBQMbX h?2 ai�M/�`/ JQ/2H Bb +?�HH2M;2/ #v i?2 /Bz2`2MiB�H +`Qbb@
b2+iBQM K2�bm`2K2Mib �i G>*- �M/ i?2 BKTQ`i�M+2 Q7 mM7QH/BM; Bb /Bb+mbb2/ BM `2H�iBQM iQ
i?2b2 K2�bm`2K2MibX Pm` 7Q+mb i?2M b?B7ib iQ mM7QH/BM; �H;Q`Bi?Kb �M/ /2p2HQTBM; � M2r
�TT`Q�+? iQ bQHpBM; i?2 mM7QH/BM; T`Q#H2KX �i i?2 2M/ Q7 i?Bb +?�Ti2`- r2 /Bb+mbb Qm`
�TT`Q�+? iQ i?2 mM7QH/BM; �H;Q`Bi?KX

d



RXR ai�M/�`/ JQ/2H
h?2 i?2Q`2iB+�H bi`m+im`2 Q7 i?2 ai�M/�`/ JQ/2H Q7 T�`iB+H2 T?vbB+b r�b /2p2HQT2/ K�BMHv

BM i?2 H�i2 20th +2Mim`v r?2M [m�MimK K2+?�MB+b �HQM2 rBi?Qmi bT2+B�H `2H�iBpBiv +QmH/ MQi
2tTH�BM i?2 7mM/�K2Mi�H BMi2`�+iBQMbX h?2 ai�M/�`/ JQ/2H Bb #�b2/ QM [m�MimK }2H/ i?2Q`v
UZ6hV- r?B+? `2+QM+BH2b [m�MimK K2+?�MB+b �M/ bT2+B�H `2H�iBpBivX >2`2 i?2 [m�MimK }2H/b
�`2 mb2/ iQ /2b+`B#2 i?2 2H2K2Mi�`v T�`iB+H2bX h?2 1H2+i`QK�;M2iB+ BMi2`�+iBQMb �`2 ;Qp2`M2/
#v Zm�MimK 1H2+i`Q@.vM�KB+b UZ1.VX h?2 ai`QM; BMi2`�+iBQMb �`2 /2b+`B#2/ #v Zm�MimK
*?`QKQ@.vM�KB+b UZ*.VX �#/mb a�H�K(Rk)- ai2p2M q2BM#2`;(Rj) �M/ a?2H/QM :H�b?Qr(R9)
mMB}2/ i?2 1H2+i`QK�;M2iB+ �M/ i?2 q2�F BMi2`�+iBQMb �M/ BM+Q`TQ`�i2/ i?2 >B;;b "QbQM
BMiQ 2H2+i`Qr2�F i?2Q`vX h?Bb KQ/2H +Q``2+iHv T`2/B+i2/ i?2 r2�F BMi2`�+iBQM K2/B�iBM; W±

�M/ Z #QbQMbX h?2 aJ �HbQ BM+Hm/2b � K�bb ;2M2`�iBM; K2+?�MBbK 7Q` �HH i?2 7mM/�K2Mi�H
T�`iB+H2b- BX2X- "`Qmi@1M;H2`i@>B;;b U"1>V K2+?�MBbK(R8- Re)X h?2 aJ r�b 7m`i?2` p�HB/�i2/
#v i?2 >B;;b #QbQM /Bb+Qp2`v BM kyRk �i i?2 G>* U*1_LV #v i?2 �hG�a(Rd) �M/ i?2
*Ja(R3) /2i2+iQ`bX

RXRXR h?2Q`2iB+�H "�+F;`QmM/

AM i?2 aJ- i?2 K�ii2` T�`iB+H2b �`2 72`KBQMb UbTBM@?�H7V �M/ BMi2`�+iBQMb �KQM; �`2 K2/B@
�i2/ #v p2+iQ` #QbQMb UbTBM@QM2VX 62`KBQMb �`2 ?�H7@BMi2;2` bTBM T�`iB+H2b- �M/ i?2v 7QHHQr i?2
62`KB@.B`�+ bi�iBbiB+bX G2TiQMb �M/ [m�`Fb �`2 72`KBQMb i?�i K�F2 mT �HH K�ii2` �M/ ?�p2
i?`22 ;2M2`�iBQMb #�b2/ QM K�bb ?B2`�`+?vX 1�+? ;2M2`�iBQM Q7 H2TiQMb ?�b �M 2H2+i`B+�HHv
+?�`;2/ T�`iB+H2 Ue∓, µ∓, τ∓V �M/ �M 2H2+i`B+�HHv M2mi`�H T�`iB+H2 +�HH2/ M2mi`BMQb Uνe, νµ, ντ VX
1�+? ;2M2`�iBQM Q7 H2TiQMb ?�b �M �bbQ+B�i2/ [m�MimK MmK#2` @ Le = 1- Lµ = 1 �M/ Lτ = 1X
AM i?2 aJ- M2mi`BMQb �`2 K�bbH2bb �M/ QMHv BMi2`�+ib pB� r2�F BMi2`�+iBQMbX h?2 [m�`Fb +�``v
7`�+iBQM�H 2H2+i`B+ +?�`;2 U23e,

−1
3 eV �M/ �HbQ +�``v � +QHQ` +?�`;2 U`2/- ;`22M- #Hm2V r?B+? ?2HTb

i?2K iQ BMi2`�+i pB� bi`QM; BMi2`�+iBQMbX h?2 [m�`F ;2M2`�iBQM Uu, dV-Uc, sV- Ut, bV ?�p2 [m�M@
imK MmK#2`b +�HH2/ +?�`K U*4RV- bi`�M;2M2bb Ua4RV- #QiiQKM2bb U#4RV �M/ iQTM2bb Ui4RV
�M/ BbQbTBMbX *QM}M2K2Mi Q7 [m�`Fb BM ?�/`QMb H2�/b iQ MQ Q#b2`p2/ 7`22 [m�`Fb BM M�im`2c
QMHv +QHQm`@M2mi`�H bi�i2b +�M #2 Q#b2`p2/X �++Q`/BM; iQ i?2 *Sh i?2Q`2K- 2�+? 72`KBQM ?�b
Bib �MiB@T�`iB+H2 rBi? QTTQbBi2 [m�MimK MmK#2`b �M/ i?2 b�K2 K�bbX "QbQMb- QM i?2 Qi?2`
?�M/- �`2 BMi2;2` bTBM T�`iB+H2b i?�i 7QHHQr "Qb2@1BMbi2BM bi�iBbiB+bX :�m;2 #QbQMb K2/B�i2
i?2 7mM/�K2Mi�H BMi2`�+iBQMbX AM i?2 i?2 aJ- :HmQMbU;V T?QiQMUγV- W �M/ Z �`2 p2+iQ`
#QbQM UbTBM 4 RV �M/ i?2 >B;;b #QbQM Bb i?2 b+�H�` #QbQM UbTBM 4 yVX h?2 W±- Z #QbQMb �`2
K�bbBp2 K2/B�i2b i?2 q2�F BMi2`�+iBQM- r?BH2 T?QiQM �M/ ;HmQMb �`2 K�bbH2bb #QbQMb- �M/
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K2/B�i2 i?2 2H2+i`QK�;M2iB+ �M/ bi`QM; 7Q`+2b- `2bT2+iBp2HvX h?2 r2�F BMi2`�+iBQM Bb � +?B@
`�HBiv /2T2M/2Mi i?2Q`v r?2`2 Bi QMHv BMi2`�+ib rBi? i?2 H27i@?�M/2/ 7mM/�K2Mi�H T�`iB+H2bX
h?2 b+�H�` >B;;b #QbQM Bb � K�bbBp2 #QbQM `2bTQMbB#H2 7Q` K�bb2b Q7 i?2 2H2K2Mi�`v 72`KBQMb
�M/ #QbQMbX � /2i�BH2/ TB+im`2 Q7 7mM/�K2Mi�H T�`iB+H2b �M/ i?2B` +H�bbB}+�iBQM �++Q`/BM;
iQ i?2B` T`QT2`iB2b Bb b?QrM BM 6B;m`2 RXRX h?2 +?�`�+i2`BbiB+b Q7 i?2 7mM/�K2Mi�H 7Q`+2b �`2
b?QrM BM i�#H2 RXR

6B;m`2 RXR, h?2 ai�M/�`/ JQ/2H TB+im`2 BM+Hm/2b Rk 7mM/�K2Mi�H 72`KBQMb �M/ 8 7mM/�K2Mi�H
#QbQMb rBi? i?2B` M�K2 �M/ T`QT2`iB2b HBF2 K�bb- +?�`;2- bTBMX �HH i?2 72`KBQMb HBbi2/ �`2
�``�M;2/ BM i?`22 ;2M2`�iBQMb 7`QK H27i iQ `B;?iX h?2 HQQTb b?Qr i?2 #QbQMǶb +QmTHBM; iQ i?2
72`KBQMbX

AM i2`Kb Q7 ;`QmT i?2Q`v- i?2 aJ Q#2vb �M SU(3)C ⊗ SU(2)L ⊗ U(1)Y ;�m;2 bvKK2i`vX
h?2 SU(3)C ;`QmT ?�b 2B;?i ;2M2`�iQ`b +Q``2bTQM/BM; iQ 2B;?i /Bz2`2Mi ivT2b Q7 ;HmQMb
Q7 i?2 Z*. i?2Q`vX h?2 SU(2)L ⊗ U(1)Y +Q``2bTQM/b iQ :H�b?Qr- q2BM#2`;- �M/ a�H�K

N



AMi2`�+iBQM h?2Q`v J2/B�iQ` ai`2M;i? "2?�pBQ` _�M;2

q2�F 1q W±, Z 1025 1
r exp

−mW,Zr 10−18m
ai`QM; Z*. g 1038 ∼ r 10−15m

1J Z1. γ 1036 ∼ 1
r ∞

h�#H2 RXR, amKK�`v Q7 i?2 7mM/�K2Mi�H 7Q`+2b i?�i �`2 BM+Q`TQ`�i2/ BM i?2 aJX

U:qaV i?2Q`vX Ai ?�b j Y R ;2M2`�iQ`b +Q``2bTQM/BM; iQ i?`22 ;�m;2 K2/B�iQ`b Q7 i?2 r2�F
BMi2`�+iBQMb �M/ QM2 K2/B�iQ` Q7 i?2 2H2+i`QK�;M2iB+ BMi2`�+iBQMbX h?mb BM iQi�H- i?2`2 �`2
Rk 7Q`+2@+�``vBM; ;�m;2 T�`iB+H2b- �M/ i?2 +QMb2`p2/ [m�MiBiB2b �`BbBM; 7`QK U(1)Y - SU(2)L

�M/ SU(3)C bvKK2i`B2b �`2 r2�F ?vT2`@+?�`;2- r2�F BbQbTBM �M/ +QHQm` +?�`;2- `2bT2+iBp2HvX
h?2 b+�H�` >B;;b }2H/ bTQMi�M2QmbHv #`2�Fb i?2 SU(2)⊗U(1) bvKK2i`v ;`QmT �M/ T`Q/m+2b
i?2 K�bbBp2 ;�m;2 #QbQM @ W±, Z �M/ K�bbH2bb γ #QbQM pB� i?2 >B;;b K2+?�MBbK (RN)X h?2
b?Q`i p2`bBQM Q7 i?2 aJ G�;`�M;B�M BM+Q`TQ`�iBM; i?2 /2b+`B#2/ 7mM/�K2Mi�H BMi2`�+iBQMb Bb
b?QrM BM 2[m�iBQM RXRX

L = −1

4
FµνF

µν + iψ̄!!Dψ + h.c. + ψ̄iyijψjφ+ h.c. + |Dµφ|2 − V (φ) URXRV

RXRXk GBKBi�iBQMb
1p2M i?Qm;? i?2 aJ �;`22b rBi? �HKQbi �HH +QM}`K2/ 2tT2`BK2Mi�H /�i�- Bi biBHH ?�b K�Mv

i?2Q`2iB+�H Bbbm2bX Ai +QMi�BMb �i H2�bi RN �`#Bi`�`v T�`�K2i2`b- r?B+? BM+Hm/2b i?`22 BM/2@
T2M/2Mi ;�m;2 +QmTHBM;b- i?`22 ;2M2`�HBx2/ *�#B##Q r2�F KBtBM; �M;H2b- QM2 *S@pBQH�iBM;
bi`QM;@BMi2`�+iBQM T�`�K2i2`- bBt [m�`F �M/ i?`22 +?�`;2/@H2TiQM K�bb2b- �M/ i?2 *S@pBQH�iBM;
EQ#�v�b?B@J�bF�r� T?�b2 �M/ irQ BM/2T2M/2Mi K�bb2b 7Q` r2�F #QbQMb (ky)X h?2`2 �`2 KmH@
iBTH2 2pB/2M+2b i?�i i?2`2 Bb T?vbB+b "2vQM/ i?2 ai�M/�`/ JQ/2H U"aJV i?�i ?�b v2i iQ #2
/Bb+Qp2`2/X aQK2 Q7 i?2 mM�Mbr2`2/ [m2biBQMb r?B+? HBKBib i?2 aJ 7`QK #2BM; � T2`72+i
i?2Q`v �`2 @

Q .�`F J�ii2` �M/ .�`F 1M2`;v, �bi`QMQKB+�H Q#b2`p�iBQMb(kR) bm;;2bi i?�i
i?2`2 Bb � ivT2 Q7 K�ii2` r?B+? 2tTH�BMb i?2 `Qi�iBQM +m`p2 Q7 ;�H�tB2b- #mi i?2 aJ
/Q2b MQi ?�p2 �Mv +�M/B/�i2 7Q` bm+? K�ii2` Ur?B+? Bb BMpBbB#H2 #v �HH K2�Mb bQ 7�`
2t+2Ti :`�pBivV iQ 2tTH�BM bm+? Q#b2`p�iBQMbX h?Bb BMpBbB#H2 K�ii2` Bb +�HH2/ i?2 ǳ.�`F
K�ii2`-Ǵ �M/ i?2 aJ +�MMQi 2tTH�BM Bib �#mM/�M+2X

Q L2mi`BMQ K�bb2b , L2mi`BMQb �`2 �bbmK2/ iQ #2 K�bbH2bb BM i?2 aJ- #mi i?2 Q#b2`@
p�iBQMb Q7 M2mi`BMQ Qb+BHH�iBQMb(kk- kj) BM/B+�i2b i?�i i?2b2 T�`iB+H2b ?�p2 K�bbX

Ry



Q J�ii2`f�MiB@K�ii2` �bvKK2i`v , 6`QK i?2 2�`Hv bi�;2 Q7 i?2 mMBp2`b2- #Qi?
K�ii2` �M/ �MiB@K�ii2` Kmbi #2 +`2�i2/ BM �M 2[m�H �KQmMi �++Q`/BM; iQ i?2 aJ- #mi
Q#b2`p�iBQMb b?Qr i?2 +QMi`�`vX � bK�HH �KQmMi Q7 i?Bb �bvKK2i`v +�M #2 2tTH�BM2/
#v *S pBQH�iBQM BM aJ- #mi 7Q` i?2 +m``2Mi KQ/2Hb Q7 i?2 2�`Hv mMBp2`b2- i?Bb rQmH/
MQi #2 2MQm;?X h?2 aJ /Q2b MQi T`QpB/2 � K2+?�MBbK #v r?B+? K�ii2` /QKBM�i2b
Qp2` �MiB@K�ii2`X

Q >B2`�`+?v S`Q#H2K , h?2 T�`iB+H2 K�bb +Q``2+iBQM +QK2b 7`QK i?2 HQQT BMi2`�+iBQMb
rBi? Qi?2` T�`iB+H2b �M/ /2T2M/b QM i?2 2M2`;v b+�H2X h�FBM; i?Bb BMiQ +QMbB/2`�iBQM-
Bi Bb b22M i?�i i?2 K�bb Q7 >B;;b Kmbi b+�H2 [m�/`�iB+�HHv BM i?2 2M2`;v b+�H2 �M/ i?2
+Q``2+iBQM +QKBM; 7`QK i?2 iQT [m�`F HQQT Bb @

∆m2
H = − |λt|2

8π2
[λ2UV + ..]

r?2`2 λt Bb i?2 umF�r� +QmTHBM; U∼ 1V �M/ ΛUV Bb i?2 mHi`�pBQH2i +miQzX h?Bb BM/B+�i2b
mH > 1016:2oX 1tT2`BK2Mi�HHv- i?2 K�bb Q7 >B;;b Bb Rk8:2o (R3- Rd)X 6Q` i?Bb- p2`v
}M2@imMBM; BM K�bb Bb M22/2/- r?B+? Bb MQi 2tTH�BM2/ #v i?2 aJ(k9- k8)X

Q lMB}+�iBQM , q2�F �M/ 2H2+i`QK�;M2iB+ BMi2`�+iBQM ?�b #22M mMB}2/ #v i?2 1H2+i`Q@
r2�F i?2Q`v r?2M +QMbB/2`BM; ?B;? 2MQm;? 2M2`;v b+�H2b- BX2X- i?2 Q#b2`p2/ r2�F �M/
2H2+i`QK�;M2iB+ BMi2`�+iBQMb �`2 �+im�HHv KBtim`2b Q7 i?2 U(1)Y �M/ SU(2)L ;`QmTb-
#mi i?Bb QMHv #2+QK2b �TT�`2Mi �i ?B;?2` 2M2`;B2bX *m``2MiHv- i?2 aJ /Q2b MQi ?�p2 �
mMB}+�iBQM Q7 �HH i?2 i?`22 7Q`+2b- �M/ �HbQ- Bi /Q2b MQi BM+Hm/2 :`�pBivX

6`QK i?2b2 HBKBi�iBQMb Q7 i?2 aJ- i?2`2 �`2 TH2Miv Q7 ;QQ/ `2�bQMb iQ b2�`+? 7Q` "2vQM/
ai�M/�`/ JQ/2H i?2Q`B2bX PM2 Q7 i?2 KQbi T`QKBbBM; "aJ i?2Q`v Bb amT2`bvKK2i`v Q`
alau- r?B+? Bb MQi +Qp2`2/ ?2`2- �M/ KQ`2 BM7Q`K�iBQM +�M #2 7QmM/ BM _27 (ke)X

RXk S`2+BbBQM 2tT2`BK2Mib �i G>*
.B`2+i b2�`+?2b 7Q` i?2 #2vQM/ bi�M/�`/ KQ/2H T?vbB+b �M/ T`2+BbBQM K2�bm`2K2Mib Q7 ai�M@
/�`/ JQ/2H T�`�K2i2`b �`2 irQ 2tT2`BK2Mi�H K2i?Q/b iQ HQQF 7Q` T?vbB+b #2vQM/ i?2 aJX
h?2 ai�M/�`/ JQ/2H +�M T`2+Bb2Hv T`2/B+i i?2 Qmi+QK2 Q7 � H�`;2 MmK#2` Q7 2tT2`BK2Mib-
K2�bm`BM;- 7Q` 2t�KTH2- i?2 T`Q#�#BHBiv �M/ +`Qbb@b2+iBQMb Q7 p�`BQmb T�`iB+H2 BMi2`�+iBQMbX
h?2`2 �`2 RN 7`22 T�`�K2i2`b BM i?2 ai�M/�`/ JQ/2H �M/ K2�bm`BM; i?2K T`2+Bb2Hv Bb 2bb2M@
iB�H iQ p�HB/�i2 i?2 i?2Q`vX PM2 Q7 i?2 KQbi r2HH@FMQrM 2t�KTH2b Q7 T`2+BbBQM K2�bm`2K2Mi
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Bb i?2 Q#b2`p�iBQM Q7 i?2 >B;;b #QbQM �M/ i?2 K2�bm`2K2Mib Q7 Bib /2+�v iQ Qi?2` T�`iB+H2b
#v i?2 �hG�a (Rd)- �M/ i?2 *Ja (R3) /2i2+iQ`b �i i?2 G>*X
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CMS PreliminarySeptember 2020

All results at: http://cern.ch/go/pNj7

W

n jet(s)≥

Z

n jet(s)≥

γW γZ WW WZ ZZ VVV WWW WWZ WZZ ZZZ γWV γγZ γγW

µll, l=e,→, Zνl→: fiducial with Wγγ,WγγEW,Z
qqW
EW qqZ

EW
WW
→γγ

γqqW
EW

ssWW
 EW

γqqZ
EW

qqWZ
EW

qqZZ
EW tt

=n jet(s)

t-cht tW s-cht γtt tZq ttZ γt ttW tttt
σΔ in exp. HσΔTh. 

ggHqqH
VBF VH WH ZH ttH tH HH

CMS 95%CL limits at 7, 8 and 13 TeV

)-1 5.0 fb≤7 TeV CMS measurement (L 
)-1 19.6 fb≤8 TeV CMS measurement (L 
)-1 137 fb≤13 TeV CMS measurement (L 

Theory prediction

6B;m`2 RXk, amKK�`v Q7 i?2 +`Qbb@b2+iBQM K2�bm`2K2Mib Q7 ai�M/�`/ JQ/2H T`Q+2bb2b �i
*Ja (j)X

h?2 T`Q/m+iBQM +`Qbb@b2+iBQMb K2�bm`2K2Mib 7Q` p�`BQmb aJ T`Q+2bb2b #v i?2 *Ja 2tT2`@
BK2Mi Bb b?QrM BM i?2 };m`2 RXk (j)X h?2 *Ja T`2+BbBQM K2�bm`2K2Mib Q7 i?2 +`Qbb@b2+iBQM
�M/ i?2 i?2Q`2iB+�HHv T`2/B+i2/ p�Hm2 �`2 p2`v +HQb2X

RXj lM7QH/BM;
S`2+BbBQM 2tT2`BK2Mi�H K2�bm`2K2Mib HBF2 +`Qbb@b2+iBQMb `2[mB`2 i�FBM; BMiQ �++QmMi i?2 /2@
i2+iQ` 2z2+ibX h?2 /2i2+iQ` �++2Ti�M+2 �M/ 2{+B2M+v �z2+ib i?2 T�`iB+H2@H2p2H /Bbi`B#miBQMb
U`2�H T�`iB+H2 +QHHBbBQMbV- �M/ i?2 bK2�`BM; i?�i Bb BMi`Q/m+2/ #v i?2 /2i2+iQ` `2bTQMb2- �M/
FBM2K�iB+ `2+QMbi`m+iBQM �H;Q`Bi?Kb H2�/b i?2 K2�bm`2/ p�Hm2b Q7 �M Q#b2`p�#H2 iQ #2 bHB;?iHv
/Bz2`2Mi 7`QK i?2B` i`m2 p�Hm2bX lM7QH/BM; Bb i?2 T`Q+2/m`2 i?�i �++QmMib 7Q` i?2b2 /2i2+iQ`
�M/ T?vbB+b 2z2+ib mbBM; � MQM@T�`�K2i`B+ 2biBK�iQ` iQ ;2i i?2 T�`iB+H2 H2p2H Q` i?2 T�`iQM

Rk



6B;m`2 RXj, a+?2K�iB+ /B�;`�K Q7 mM7QH/BM; T`Q+2bb (9)

H2p2H bT�+2 Q7i2M +�HH2/ ǳh`mi? H2p2HǴX 6B;m`2 RXj bmKK�`Bb2b i?2 mM7QH/BM; T`Q+2bbX lM7QH/@
BM; mb2b i?2 BM7Q`K�iBQM 7`QK i?2 JQMi2 *�`HQ ;2M2`�iQ`b QM r?B+? /2i2+iQ` bBKmH�iBQM Bb
T2`7Q`K2/- �M/ i?2 ǳh`mi? H2p2HǴ /Bbi`B#miBQMb �`2 �+[mB`2/ #v �TTHvBM; Bi iQ i?2 /2i2+iQ`
H2p2H /�i�X

lM7QH/BM; Bb BKTQ`i�Mi �b Bi mMbK2�`b i?2 /2i2+iQ` 2z2+ib �M/ ;Bp2b i?2 ǳi`mi? H2p2HǴ
/Bbi`B#miBQMb r?B+? �`2 mb27mH BM +QKT�`BM; i?2 /Bbi`B#miBQMb Q7 +QHHB/2` Q#b2`p�#H2bX h?Bb
T`Q+2bb 2Mbm`2b i?2 BM/2T2M/2M+2 Q7 i?2 `2bmHib 7`QK i?2 bT2+B}+ 2tT2`BK2Mib �M/ 2M�#H2b
+QKT�`BbQMb #2ir22M /Bz2`2Mi 2tT2`BK2MibX h?2b2 +QKT�`BbQMb �`2 BKTQ`i�Mi �b i?2v ?2HT
BM @

Q 2M?�M+BM; �M/ mM/2`bi�M/BM; Q7 i?2 ai�M/�`/ JQ/2H-

Q imMBM; JQMi2 *�`HQ 2p2Mi ;2M2`�iQ` T�`�K2i2`b #v }iiBM; i?2 T�`�K2i2`b BMpQHp2/ BM
i?2 i?2Q`v U2X;X- Z*.V iQ i?2 /�i�-

Q 2M�#H2 +QKT�`BbQM #2ir22M +QHHB/2` Q#b2`p�#H2b �M/ i?2Q`2iB+�H T`2/B+iBQMb �M/ �HbQ
rBi? i?2 K2�bm`2K2Mib 7`QK /Bz2`2Mi 2tT2`BK2Mib-

Q �B/BM; T`2+BbBQM b2�`+?2b 7Q` M2r T?vbB+b- �M/

Rj



Q �HHQrBM; 2tTHQ`�iQ`v /�i� �M�HvbBb

1 2

0.05

0.1

0.15

0.2 )t500<M(t
<1500GeV

>0jetN

1 2
0.6
0.8

1
1.2
1.41 2

0.05

0.1

0.15

0.2 )t400<M(t
<500GeV

>0jetN

1 2
0.6
0.8

1
1.2
1.41 2

0.05

0.1

0.15

0.2 )t300<M(t
<400GeV

>0jetN

1 2
0.6
0.8

1
1.2
1.41 2

0.05

0.1

0.15

0.2 )t500<M(t
<1500GeV

=0jetN

1 2
0.6
0.8

1
1.2
1.41 2

0.05

0.1

0.15

0.2 )t400<M(t
<500GeV

=0jetN

1 2
0.6
0.8

1
1.2
1.41 2

0.05

0.1

0.15

0.2)|t
/d

|y
(t

σ
 d
σ

1/

)t300<M(t
<400GeV

=0jetN

1 2
0.6
0.8

1
1.2
1.4

R
at

io
 

Data, dof=23

=342χPOW+PYT, 

=312χPOW+HER, 

=342χMG5+PYT, 

POW+PYT unc.

)|t|y(t

CMS  (13 TeV)-135.9 fb

jetsN= 1 = 2 = 3 = 4 = 5 = 6

1−10

1

10

210

310

410

Data

 2j NLO + PS)≤MG_aMC FxFx + PY8 (

 4j LO + PS)≤MG_aMC + PY8 (

CMS

 (13 TeV)-12.2 fb

 (R = 0.4) JetsTanti-k
| < 2.4 jet > 30 GeV, |yjet

T
p

) + jetsνµW(

  [
pb

]
je

ts
/d

N
σd

jetsN= 1 = 2 = 3 = 4 = 5 = 6

M
G

_a
M

C
 F

xF
x/

D
at

a

0.5

1

1.5

Syst. + stat. unc. (gen)

jetsN
= 1 = 2 = 3 = 4 = 5 = 6

M
G

_a
M

C
/D

at
a

0.5

1

1.5

Stat. unc. (gen) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

]π [rad/π)/-,l+(lφΔParton level 

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

N
or

m
al

is
ed

 c
ro

ss
-s

ec
tio

n

Powheg
Powheg (C = 0)
Data
Fit result
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6B;m`2 RX9, aQK2 2t�KTH2b Q7 Tm#HBb?2/ `2bmHib r?2`2 mM7QH/BM; r�b mb2/X h?2 hQT H27i
THQi b?Qrb i?2 tt̄ MQ`K�HBx2/ KmHiB@/Bz2`2MiB�H +`Qbb@b2+iBQM (8)X h?2 iQT `B;?i THQi b?Qrb
i?2 JmQM@M2mi`BMQ b+�ii2`BM; �i i?2 hkE 2tT2`BK2Mi (e)X h?2 #QiiQK H27i THQi b?Qrb i?2
/Bz2`2MiB�H +`Qbb@b2+iBQM K2�bm`2K2Mi 7Q` i?2 �bbQ+B�i2/ T`Q/m+iBQM Q7 i?2 q #QbQM Y D2ib
(d)X h?2 #QiiQK `B;?i THQi b?Qrb i?2 iQT@[m�`F T�B` bTBM +Q``2H�iBQM K2�bm`2K2Mi BM i?2 2µ
+?�MM2H �i i?2 �hG�a 2tT2`BK2Mi (3)X

R9



lM7QH/BM; Bb KQbi Q7i2M mb2/ BM K2�bm`2K2Mi �M�HvbBb- r?2`2 i?2 ;Q�H Bb iQ +�H+mH�i2 +`Qbb@
b2+iBQM 7Q` Z*.- iQT �M/ 2H2+i`Q@r2�F T`Q+2bb2bX � 72r Tm#HBb?2/ `2bmHib r?2`2 mM7QH/BM;
r�b mb2/ �`2 b?QrM BM 6B;m`2 RX9X

lM7QH/BM; �H;Q`Bi?Kb �`2 mb2/ iQ KBiB;�i2 �Mv 2z2+ib 7`QK /2i2+iQ` `2bTQMb2X �b � +�b2
bim/v- r2 rBHH #2 7Q+mbBM; QM i?2 mM7QH/BM; BM i?2 *Ja /2i2+iQ`c ?Qr2p2`- r2 rBHH #2 mbBM;
bBKmH�iBQMb Q7 i?2 *Ja /2i2+iQ`X h?2 *Ja /2i2+iQ` Bb K�/2 Q7 i`�+F2`b �M/ +�HQ`BK2i2`b-
2�+? Q7 i?2K ?�p2 i?2B` QrM 2{+B2M+B2b �M/ �++2Ti�M+2b BM `2bQHmiBQM Q7 i?2 2M2`;v /2TQbBi2/
#v i?2 T�`iB+H2bX AM i?2 7QHHQrBM; bm#b2+iBQMb- r2 }`bi BMi`Q/m+2 i?2 *Ja /2i2+iQ` ;2QK2i`v
�M/ i?2M T`QpB/2 i?2 bi�imb Q7 lM7QH/BM; BM i?2 *Ja /2i2+iQ`bX

RXjXR *Ja /2i2+iQ`

h?2 G�`;2 >�/`QM *QHHB/2` UG>*V Bb i?2 rQ`H/Ƕb H�`;2bi T�`iB+H2 �++2H2`�iQ`- rBi? � +B`+mK@
72`2M+2 Q7 kd FKX Ai ?�b 7Qm` +QHHBbBQM TQBMib r?2`2 i?2 /2i2+iQ`b �`2 +QMbi`m+i2/- M�K2Hv-
�hG�a- *Ja- G>*# �M/ �GA*1X Ai Bb /2bB;M2/ 7Q` T`QiQM@T`QiQM +QHHBbBQMb rBi? i?2 +2Mi2`
Q7 K�bb 2M2`;v √s = 14:2o �M/ � HmKBMQbBiv L = 1034cm−2s−1X

h?2 *QKT�+i JmQM aQH2MQB/ U*JaV Bb � ;2M2`�H@Tm`TQb2 /2i2+iQ` bim/vBM; i?2 aJ T�`@
iB+H2 T`QT2`iB2b �M/ b2�`+?BM; 7Q` bB;M�im`2b Q7 M2r T?vbB+b T`Q/m+2/ BM T@T +QHHBbBQMb �i i?2
G>*X h?2 *Ja /2i2+iQ` Bb +vHBM/`B+�H BM ;2QK2i`v rBi? i?2 #2�K TBT2 �HB;MBM; rBi? i?2 �tBb
Q7 i?2 +vHBM/2` �M/ ?�b /Bz2`2Mi H�v2`b bT2+B�HBb2/ BM /2i2+iBM; bT2+B}+ T�`iB+H2b �b b?QrM BM
i?2 6B;m`2 RX8X

h?2 bmT2`+QM/m+iBM; bQH2MQB/ ?�b �M BMi2`M�H /B�K2i2` Q7 eK- +`2�iBM; � K�;M2iB+ }2H/
Q7 jX3 h- r?B+? ?2HTb #2M/ i?2 T�`iB+H2bǶ i`�D2+iQ`B2b �++Q`/BM; iQ i?2B` +?�`;2X *HQb2bi
iQ i?2 #2�K TBT2 Bb i?2 bBHB+QM TBt2H �M/ bi`BT /2i2+iQ`b- r?B+? ?2HT /2i2`KBM2 +?�`;2/
T�`iB+H2 i`�+Fb �M/ i?2B` KQK2MimKX h?2 1H2+i`QK�;M2iB+ *�HQ`BK2i2` U1*�HV Bb K�/2 Q7
b+BMiBHH�iBM; H2�/ imM;bi�i2 +`vbi�Hb- r?B+? ?2HTb BM B/2MiB7vBM; 2M2`;v /2TQbBi 7`QK T?QiQMb
�M/ 2H2+i`QMbX h?2 >�/`QMB+ *�HQ`BK2i2` U>*�HV +QKT`Bb2b #`�bb �M/ b+BMiBHH�iQ` r?2`2
M2mi`�H �M/ +?�`;2/ ?�/`QMb /2TQbBi 2M2`;vX JmQMb �`2 K2�bm`2/ BM i?2 KmQM +?�K#2`-
r?B+? �`2 ;�b BQMBb�iBQM /2i2+iQ`b 2K#2//2/ BM i?2 bi22H ~mt@`2im`M vQF2 QmibB/2 i?2 bQH2MQB/X
� KQ`2 /2i�BH2/ /2b+`BTiBQM Q7 i?2 *Ja /2i2+iQ`- �HQM; rBi? i?2 +QQ`/BM�i2 bvbi2K mb2/
�M/ i?2 `2H2p�Mi FBM2K�iB+ p�`B�#H2b- +�M #2 7QmM/ BM _27 (kd)X

R8



6B;m`2 RX8, h`�Mbp2`b2 bHB+2 Q7 *Ja /2i2+iQ` b?QrBM; /Bz2`2Mi ivT2 Q7 T�`iB+H2b /2TQbBiBM;
i?2B` 2M2`;v 7`QK i?2 TQBMi Q7 +QHHBbBQM iQ i?2 KmQM +?�K#2` (N)X

RXjXk *m``2Mi bi�imb Q7 lM7QH/BM; BM *Ja

lM7QH/BM; BM *Ja Bb +QKKQMHv /QM2 mbBM; i?2 hlM7QH/ �H;Q`Bi?K (k3)X hlM7QH/ Bb BM@
i2`7�+2/ iQ i?2 _PPh �M�HvbBb T�+F�;2 (kN) �M/ Bb mb2/ 7Q` +Q``2+iBM; i?2 KB;`�iBQM �M/
#�+F;`QmM/ 2z2+ib 7Q` KmHiB@/BK2MbBQM�H /Bbi`B#miBQMbX Ai BKTH2K2Mib mM7QH/BM; i?2 /�i� /Bb@
i`B#miBQM mbBM; � H2�bi b[m�`2 K2i?Q/ rBi? hBF?QMQp `2;mH�`Bb�iBQM U/Bb+mbb2/ BM i?2 i?2Q`v
b2+iBQM kXkXjV r?2`2 i?2 `2;mH�`Bb�iBQM T�`�K2i2` Bb /2i2`KBM2/ mbBM; i?2 G@+m`p2 K2i?Q/
�M/ b+�Mb Q7 ;HQ#�H +Q``2H�iBQM +Q2{+B2Mib (k3)X �T�`i 7`QK i?2 hBF?QMQp `2;mH�`Bb�iBQM-
Ai2`�iBp2 "�v2bB�M lM7QH/BM; UA"lV Bb �HbQ rB/2Hv mb2/ 7Q` mM7QH/BM;X "Qi? hlM7QH/ �M/
A"l �H;Q`Bi?Kb +�M #2 �++2bb2/ mbBM; i?2 _QQlM7QH/ (jy) T�+F�;2- r?B+? �BKb iQ T`QpB/2 �
7`�K2rQ`F 7Q` /Bz2`2Mi lM7QH/BM; �H;Q`Bi?KbX

AM `2+2Mi v2�`b- i?2`2 ?�b #22M � HQi Q7 BMi2`2bi BM +�H+mH�iBM; i?2 KmHiB@/Bz2`2MiB�H +`Qbb@
b2+iBQM Q7 p�`BQmb aJ T`Q+2bb2bX h?2b2 ivT2b Q7 K2�bm`2K2Mib `2[mB`2b mM7QH/BM; iQ #2 BM
� KmHiB@/BK2MbBQM�H bT�+2 r?2`2 mM/2`bi�M/BM; i?2 +Q``2H�iBQM #2ir22M i?2 Q#b2`p�#H2b Bb
+`m+B�HX h?2b2 K2�bm`2K2Mib �`2 +m``2MiHv T2`7Q`K2/ �b � 7mM+iBQM Q7 p�`BQmb Q#b2`p�#H2bX

Re



� 72r 2t�KTH2b Q7 KmHiB@/BK2MbBQM�H mM7QH/BM; mb2/ �`2 @

RX ǳh?2 K2�bm`2K2Mi Q7 tt̄ MQ`K�HBx2/ KmHiB@/Bz2`2MiB�H +`Qbb@b2+iBQMb BM TT +QHHBbBQMb �i
√
s = 13h2o- �M/ bBKmHi�M2QmbHv K2�bm`BM; i?2 bi`QM; +QmTHBM; bi`2M;i?- iQT [m�`F

TQH2 K�bb �M/ T�`iQM /Bbi`B#miBQM 7mM+iBQM �i i?2 *Ja 2tT2`BK2MiǴ (8)X AM i?Bb �M�H@
vbBb- i?2 mM7QH/BM; Bb /QM2 BM i?`22 /BK2MbBQMb �b � 7mM+iBQM Q7 i?2 BMp�`B�Mi K�bb-
`�TB/Biv Q7 i?2 tt̄ bvbi2K �M/ i?2 KmHiBTHB+Biv Q7 i?2 �//BiBQM�H D2ib �i i?2 T�`iB+H2
H2p2HX

kX ǳJ2�bm`2K2Mi Q7 D2i@bm#bi`m+im`2 Q#b2`p�#H2b BM iQT [m�`F- W #QbQM �M/ HB;?i D2i
T`Q/m+iBQM BM T`QiQM@T`QiQM +QHHBbBQMb �i √s = 13h2o rBi? i?2 �hG�a /2i2+iQ`Ǵ (jR)X

RX9 lM7QH/BM; �H;Q`Bi?K HBKBi�iBQMb
PM2 BKTQ`i�Mi TQBMi r2 rBHH MQiB+2 BM i?2 i?2Q`v +?�Ti2` k Bb i?�i i?2 i`�/BiBQM�H mM7QH/BM;
�H;Q`Bi?Kb �`2 /QM2 7Q` BM/BpB/m�H #BMM2/ Q#b2`p�#H2b- BX2X- i?2v �`2 T2`7Q`K2/ QM � #BMM2/
?BbiQ;`�KX h?Bb +QK2b 7`QK i?2 `2[mB`2K2Mi Q7 � #BMM2/ `2bTQMb2 K�i`Bt r?B+? Bb BMBiB�HBb2/
mbBM; 2tBbiBM; ?BbiQ;`�Kb Q7 i?2 Q#b2`p�#H2b i?�i �`2 iQ #2 mM7QH/2/X h?Bb #BMMBM; Bb +?Qb2M
K�Mm�HHv �M/ Bb /2i2`KBM2/ �?2�/ Q7 iBK2X h?Bb #BMMBM; �HbQ T`2p2Mib mb 7`QK mM7QH/BM;
� H�`;2 MmK#2` Q7 Q#b2`p�#H2b bBKmHi�M2QmbHv- �M/ mHiBK�i2Hv i?2 K2�bm`2K2Mib Q7 KmHiB@
/Bz2`2MiB�H +`Qbb@b2+iBQM #2vQM/ irQ Q` i?`22 /BK2MbBQMb �`2 MQi 72�bB#H2X qQ`FBM; rBi?
#BMM2/ Q#b2`p�#H2b �HbQ BMi`Q/m+2b K�i?2K�iB+�H +?�HH2M;2b rBi? bT�`b2 #BMMBM;X "BMMBM;
�HbQ K�F2b Bi Km+? KQ`2 +?�HH2M;BM; 7Q` +QKT�`BM; K2�bm`2K2Mib rBi? /Bz2`2Mi 2tT2`BK2Mib
�M/ iQ i?2 i?2Q`2iB+�H T`2/B+iBQMbX h?2 _QQ6Bi 7`�K2rQ`F +�M /Q irQ Q` i?`22@/BK2MbBQM�H
mM7QH/BM; mbBM; i?2 KmHiB@/BK2MbBQM�H A"l (jk) #mi +�MMQi /Q ?B;?2` /BK2MbBQM�H mM7QH/BM;X
>2M+2- i?2b2 mM7QH/BM; �H;Q`Bi?Kb /Q MQi ;2M2`�HBb2 r2HH iQ KmHiB@/BK2MbBQM�H mM7QH/BM;-
HQb2b +Q``2H�iBQM BM7Q`K�iBQM- �M/ i?2 `2bmHib �`2 bm#@QTiBK�H rBi? � TQi2MiB�H #B�b B7 i?2
/2i2+iQ` `2bTQMb2 /2T2M/b QM �mtBHB�`v 72�im`2bX

RX8 Pm` �TT`Q�+?
S2`7Q`KBM; ?B;?@/BK2MbBQM�H K2�bm`2K2Mib �i T�`iB+H2 +QHHB/2`b �`2 BKTQ`i�Mi �b i?2b2 K2�@
bm`2K2Mib F22T �b Km+? BM7Q`K�iBQM �b TQbbB#H2X h?Bb ?2HTb BM mM/2`bi�M/BM; i?2 +Q``2H�iBQMb
�+`Qbb /Bz2`2Mi K2�bm`2K2Mib- r?B+? ?2HTb BM K�FBM; #2ii2` +QKT�`BbQMbX PM2 �TT`Q�+? 7Q`

Rd



T2`7Q`KBM; ?B;?@/BK2MbBQM�H K2�bm`2K2Mib Bb iQ KQp2 �r�v 7`QK #BMMBM; �M/ T2`7Q`K mM@
7QH/BM; BM �M mM#BMM2/ 7�b?BQMX PKMB7QH/ (k) Bb QM2 bm+? �H;Q`Bi?K i?�i T2`7Q`Kb mM7QH/BM;
�i i?2 T�`iB+H2 H2p2H �M/ Bb 2bb2MiB�HHv mM#BMM2/ mM7QH/BM;X Ai mb2b � /22T H2�`MBM; K2i?Q/
iQ T2`7Q`K `2r2B;?iBM; QM i?2 bBKmH�i2/ /�i� mbBM; i?2 HBF2HB?QQ/ `�iBQ �TT`Q�+?X .2i�BH2/
BM7Q`K�iBQM Bb /Bb+mbb2/ BM i?2 b2+iBQM kXjX

PTiBK�H i`�MbTQ`i Bb � K2i?Q/ i?�i Bb rB/2Hv mb2/ BM BK�;2 T`Q+2bbBM; �M/ QM TQBMi +HQm/
/�i�X PTiBK�H i`�MbTQ`i Bb � p2`v BMi2`2biBM; K2i?Q/ iQ +QMbB/2` �b Bi �HHQrb KQ`T?BM;
7`QK QM2 /Bbi`B#miBQM iQ �MQi?2`- �M/ Bi rQ`Fb 2p2M 7Q` i?2 bT�`b2 /Bbi`B#miBQMX h?Bb K�F2b
QTiBK�H i`�MbTQ`i � ;QQ/ +�M/B/�i2 iQ 2tTHQ`2 7Q` T2`7Q`KBM; KmHiB@/BK2MbBQM�H mM#BMM2/
mM7QH/BM;X AM i?Bb i?2bBb- i?2 i`�/BiBQM�H mM7QH/BM; K2i?Q/b �`2 +QKT�`2/ rBi? i?2 MQM@
i`�/BiBQM�H mM7QH/BM; UPKMB6QH/V �H;Q`Bi?K- �M/ r2 T`QTQb2 �M mM7QH/BM; �H;Q`Bi?K #�b2/
QM PTiBK�H i`�MbTQ`i- r?B+? Bb �M mM#BMM2/ ?B;?@/BK2MbBQM�H mM7QH/BM; T`2b2`pBM; �b Km+?
2p2Mi BM7Q`K�iBQM �b TQbbB#H2X
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*?�Ti2` k

h?2Q`v

kXR J�i?2K�iB+b Q7 lM7QH/BM;

lM7QH/BM;- BM K�i?2K�iB+b- +�M ;2M2`�HHv #2 +H�bbB}2/ �b �M BMp2`b2 T`Q#H2K �M/ Bb +�HH2/
/2+QMpQHmiBQM Q` mMbK2�`BM;X AM ;2M2`�H- i?2 T`Q#H2K +�M #2 7Q`KmH�i2/ �b iQ /2i2`KBM2
i?2 T`Q#�#BHBiv /2MbBiv 7mM+iBQM UT/7V f(y) Q7 � `�M/QK p�`B�#H2 y mbBM; � b�KTH2 Q7 /�i�
y1, ....., ynX AM i?2 +�b2 r?2`2 � T�`�K2i`B+ 7Q`K 7Q` i?2 T/7 Uf(y; θ)V Bb FMQrM- i?2M bi�M/�`/
i2+?MB[m2b HBF2 K�tBKmK HBF2HB?QQ/ 7mM+iBQM �`2 mb2/ iQ Q#i�BM 2biBK�iQ`b θ̂X

A7 i?2 T�`�K2i`B+ 7Q`K Bb MQi �p�BH�#H2- r2 +QMbi`m+i � ?BbiQ;`�K Q7 y rBi? J #BMb �M/ H2i
i?2 2tT2+i�iBQM p�Hm2 Q7 i?2 MmK#2` Q7 2Mi`B2b BM #BM i Q7 i?2 ?BbiQ;`�K #2 `2T`2b2Mi2/ #v
µiX h?2 ;Q�H Q7 mM7QH/BM; Bb iQ +QMbi`m+i 2biBK�iQ`b 7Q` i?2 J T�`�K2i2`b µ = (µ1, ..., µM)X
AM i?2 +�b2 r?2`2 i?2 T�`�K2i`B+ 7Q`K Bb MQi �p�BH�#H2 �M/ i?2 K2�bm`2/ p�Hm2b Q7 y �`2
bm#D2+i iQ 7m`i?2` `�M/QK ~m+im�iBQMb #2+�mb2 Q7 K2�bm`2K2Mi 2``Q`b �M/ bi�iBbiB+bX 1�+?
Q#b2`p�iBQM Bb +?�`�+i2`Bx2/ #v � i`m2 p�Hm2 UmMFMQrMV y �M/ � K2�bm`2/ p�Hm2 xX h?2 T/7b
7Q` x �M/ y �`2 `2H�i2/ #v � +QMpQHmiBQM �b /2}M2/ BM 2[m�iBQM kXRX

fmeas(x) =

∫
R(x|y)ftrue(y)dy UkXRV

r?2`2 R(x|y) Bb i?2 `2bTQMb2 7mM+iBQM r?B+? Bb FMQrM �M/ �bbmK2/ iQ QMHv /2T2M/ QM i?2
K2�bm`BM; �TT�`�imb (jj)X AM T�`iB+H2 T?vbB+b- mbm�HHv i?2 `2bTQMb2 7mM+iBQM Bb KQ/2HH2/ 7`QK
� bBKmH�i2/ b�KTH2 #�b2/ QM �M �bbmKTiBQM f(y)model

RN



*QMbB/2`BM; i?�i #Qi? x �M/ y T/7b �`2 `2T`2b2Mi2/ #v ?BbiQ;`�Kb Umbm�HHv i?2 +�b2 BM
T�`iB+H2 T?vbB+bV- 2[m�iBQM kXR #2+QK2b @

νi =
M∑

j=1

Rijµj, i = 1, ....., N. UkXkV

r?2`2 µ = (µ1, .., µN) Bb i?2 2tT2+i�iBQM p�Hm2 7Q` i?2 ?BbiQ;`�K Q7 y �M/ ν = (ν1, .., νN)

Bb i?2 2tT2+i�iBQM p�Hm2 7Q` i?2 ?BbiQ;`�K Q7 xX R Bb i?2 `2bTQMb2 K�i`Bt- �M/ BM i2`Kb Q7
+QM/BiBQM�H T`Q#�#BHBiv Bi Bb /2}M2/ �b @

Rij = P (Q#b2`p2/ BM #BM B % i`m2 p�Hm2 BM #BM D) UkXjV

�M/-
N∑

i=1

Rij = P (Q#b2`p2/ �Mvr?2`2 % i`m2 p�Hm2 BM #BM D) = εj UkX9V

r?2`2 i?2 εj ;Bp2b i?2 2{+B2M+v- �M/ Bi /2T2M/b QM i?2 #BM j Q7 i?2 i`m2 ?BbiQ;`�KX
*QMbB/2`BM; i?2 #�+F;`QmM/ 2p2Mib BM #BM B �b βi- i?2 2[m�iBQM kXk Bb KQ/B}2/ iQ 2[m�iBQM

kX8 7Q` i?2 /�i� n @
E[n] = ν = Rµ+ β UkX8V

kXk h`�/BiBQM�H lM7QH/BM; �H;Q`Bi?Kb

kXkXR *Q``2+iBQM 7�+iQ`b

.2`BpBM; +Q``2+iBQM 7�+iQ`b 7`QK JQMi2 *�`HQ bBKmH�iBQMb Bb � bBKTH2 K2i?Q/ iQ +QMbi`m+i
2biBK�iQ`bX 6Q` i?2 ii? #BM- i?2 2biBK�iQ` Q7 i?2 mM7QH/2/ /Bbi`B#miBQM +�M #2 ;Bp2M #v @

µ̂i = (νi − βi)
N gen

i

N reco
i

UkXeV

r?2`2 N gen
i - N reco

i �`2 i?2 MmK#2` Q7 ;2M2`�i2/ �M/ `2+QMbi`m+i2/ JQMi2 *�`HQ 2p2Mib BM #BM
iX h?Bb K2i?Q/ Bb QMHv �TTHB+�#H2 7Q` My = Mx- BX2X- #BMb QM /2i2+iQ` H2p2H �M/ i`mi? H2p2H
?�p2 � +H2�` +Q``2bTQM/2M+2X AM i?2 +Q``2+iBQM 7�+iQ` K2i?Q/- i?2 `2bmHib ?�p2 Km+? bK�HH2`
p�`B�M+2b- #mi i?2v �`2 #B�b2/ bB;MB}+�MiHv #v i?2 mM/2`HvBM; JQMi2 *�`HQ /Bbi`B#miBQMbX h?2
2biBK�iQ`b �`2 Q7i2M TmHH2/ iQr�`/b i?2 T`2/B+iBQM Q7 i?2 bBKmH�iBQM UJQMi2 *�`HQV KQ/2H
mb2/ 7Q` i?2 +Q``2+iBQM 7�+iQ`b #v i?2 #B�bX h?Bb K2i?Q/ Bb mbm�HHv /Bb7�pQm`2/ /m2 iQ i?2

ky



bBKTHB+Biv �M/ i?2 7�+i i?�i Bi /Q2b MQi �++QmMi 7Q` #BM@iQ@#BM KB;`�iBQMbX (jj- j9)X

kXkXk J�i`Bt AMp2`bBQM

AM i?2 +�b2 r?2`2 i?2 `2bTQMb2 K�i`Bt +�M #2 BMp2`i2/- i?2 2[m�iBQM kX8 +�M #2 r`Bii2M �b @

µ̂ = R−1(ν − β) UkXdV

h?2 J�i`Bt BMp2`bBQM vB2H/ mM#B�b2/ `2bmHib �b i?2`2 Bb MQ �bbmKTiBQM QM i?2 yi- #mi i?2 p�`B@
�M+2 Bb p2`v ?B;?X q?2M i?2 Qz@/B�;QM�H i2`Kb BM i?2 `2bTQMb2 K�i`Bt �`2 iQQ H�`;2- i?2M i?2
2biBK�iQ`b ?�p2 bB;MB}+�Mi p�`B�M+2b �M/ bi`QM; M2;�iBp2 +Q``2H�iBQMb #2ir22M M2B;?#Qm`BM;
#BMbX q?2M r2 �TTHv R−1 iQ ;2i µ- i?2 bi�iBbiB+�H ~m+im�iBQMb BM i?2 /�i� ?BbiQ;`�Kb 2M/
mT rBi? H�`;2 Qb+BHH�iBQMb #2ir22M M2B;?#Qm`BM; #BMb BM i?2 2biBK�iQ`b (jj)X �M 2t�KTH2 Q7
bm+? Qb+BHH�iBQMb Bb b?QrM BM i?2 mM7QH/BM; `2bmHi b?QrM BM i?2 };m`2 kXRX

kXkXj J�i`Bt AMp2`bBQM rBi? _2;mH�`Bx�iBQM

PM2 K2i?Q/ iQ bQHp2 i?2 bB;MB}+�Mi p�`B�M+2 b22M BM `2bTQMb2 K�i`Bt BMp2`bBQM Bb iQ `2;m@
H�`Bb2 i?2 bQHmiBQMX _2;mH�`Bb�iBQM K2i?Q/b 7Q` BMp2`bBQM T`Q#H2Kb BMpQHp2 � i`�/2@Qz #2ir22M
i?2 [m�HBiv Q7 i?2 }i �M/ i?2 bBx2 Q7 i?2 `2;mH�`Bb2/ bQHmiBQM- r?B+? Bb +QMi`QHH2/ #v i?2 `2;@
mH�`Bb�iBQM T�`�K2i2`X h?2 H�`;2 #BM iQ #BM ~m+im�iBQMb Q7 i?2 mM7QH/2/ `2bmHi Bb `2/m+2/ #v
i?2 �//BiBQM Q7 � `2;mH�`Bb�iBQM i2`K bm;;2bi2/ #v hBF?QMQp (j8)X AM i?2 KQbi ;2M2`�H 7Q`K-
i?2 2[m�iBQM Q7 i?2 hBF?QMQp `2;mH�`Bb�iBQM Bb @

µλ = argmin{||Rµ− ν||22 + λ2||L(µ− µ0)||22} UkX3V

r?2`2 λ Bb i?2 `2;mH�`Bb�iBQM T�`�K2i2`- ||L(µ − µ0)||2 Bb i?2 bBx2 Q7 i?2 `2;mH�`Bb�iBQM
bQHmiBQM �M/ i?2 }i Bb K2�bm`2/ #v ||Rµ − ν||2 Q7 i?2 `2bB/m�H p2+iQ`X h?2 #B�b p2+iQ`
µ0 Bb Q7i2M b2i iQ x2`Q Q` 2[m�H iQ i?2 bBKmH�iBQMX h?2 K�i`Bt L Bb i?2 `2;mH�`Bb�iBQM
+QM/BiBQM- �M/ Bi Bb mbm�HHv +�HH2/ i?2 T2M�Hiv K�i`BtX h?2 +?QB+2 Q7 T2M�Hiv K�i`Bt /2T2M/b
QM i?2 K�i`Bt BMp2`bBQM- �M/ Bi T2M�HBx2b i?2 mMr�Mi2/ 72�im`2b U2X;X Qb+BHH�iBQMbV Q7 i?2
mM7QH/2/ /Bbi`B#miBQMbX h?2 KQbi +QKKQMHv mb2/ T2M�Hiv K�i`Bt �`2 *m`p�im`2 K�i`Bt
U/Bb+`2iBx2/ p2`bBQM Q7 i?2 H�TH�+B�Mfb2+QM/ /2`Bp�iBp2 QT2`�iQ`V- A/2MiBiv K�i`Bt- .Bz2`2M+2
K�i`Bt U/Bb+`2iBx2/ p2`bBQM Q7 i?2 /Bz2`2M+2 QT2`�iQ`VX h?2 *m`p�im`2 �M/ i?2 .Bz2`2M+2
K�i`Bt �b i?2 T2M�Hiv K�i`B+2b HQM; `�M;2 Qb+BHH�iBQMb r?BH2 i?2 A/2MiBiv K�i`Bt T2M�HBx2b
i?2 Qp2`�HH MQ`KX

kR



h?2 hBF?QMQp bQHmiBQM µλ Bb mbm�HHv ;Bp2M #v i?2 `2r`BiBM; i?2 2[ kX3 �b @

(RTR + λ2LTL)µλ = RTν + λ2LTLµ0 UkXNV

h?2 `2;mH�`Bb�iBQM T�`�K2i2` λ Bb �`#Bi`�`v �M/ QM2 r�v iQ /2i2`KBM2 i?2 p�Hm2 Q7 i?Bb
T�`�K2i2` mbBM; i?2 G@+m`p2X Ai +�M #2 MQi2/ i?�i B7 `2;mH�`Bb�iBQM T�`�K2i2` Bb p2`v ?B;?-
i?2M Bi rBHH MQi }i i?2 /�i� ν �M/ i?2 `2bB/m�H U||Rµλ − ν||2V rBHH #2 iQQ H�`;2- r?2`2�b
B7 `2;mH�`Bb�iBQM T�`�K2i2` Bb iQQ bK�HH- i?2 }i rBHH #2 ;QQ/ #mi Bi rBHH #2 �z2+i2/ #v i?2
H�`;2 Qb+BHH�iBQM- BX2X- ||L(µλ − µ0||2 rBHH #2 p2`v H�`;2X h?2 G@+m`p2 Bb Q#i�BM2/ #v THQiiBM;
i?2 `2bB/m�H MQ`K U||Rµλ − ν||2V pb i?2 bQHmiBQM MQ`K U||L(µλ − µ0||2VX h?2 `2;mH�`Bb�iBQM
T�`�K2i2` Bb b2H2+i2/ +Q``2bTQM/BM; iQ i?2 TQBMi r?2`2 +?�M;2 Q7 bHQT2 Bb K�tBKmK BX2X- i?2
FBMF BM i?2 G@+m`p2(je- jj- j9)X

h?2 bB;MB}+�Mi p�`B�M+2b b22M BM i?2 `2bTQMb2 K�i`Bt BMp2`bBQM +�M #2 bQHp2/ mbBM; i?2
hBF?QMQp `2;mH�`Bb�iBQMX q2 b22 �M 2t�KTH2 i?�i rBHH b?Qr ?Qr i?2 /Bz2`2M+2 +�M #2 b22M
r?2M J�i`Bt BMp2`bBQM Bb �TTHB2/ pb i?2 hBF?QMQp `2;mH�`Bb2/ bQHmiBQMX q2 }`bi +`2�i2 �M 2t@
TQM2MiB�HHv ;2M2`�i2/ /Bbi`B#miBQM +�HH2/ ǳh`mi? H2TiQM pT Ǵ- �M/ 7Q` /2i2+iQ` bBKmH�iBQM- i?2
2tTQM2MiB�H /Bbi`B#miBQM Bb bK2�`2/ mbBM; � MQ`K�H /Bbi`B#miBQMX h?2 bK2�`2/ /Bbi`B#miBQM Bb
+�HH2/ ǳ.2i2+iQ` H2TiQM pT ǴX h?2 `2bTQMb2 K�i`Bt Bb +`2�i2/ #v THQiiBM; .2i2+iQ` H2TiQM pT

pb h`mi? H2TiQM pT r?B+? Bb b?QrM BM i?2 iQT H27i THQi Q7 6B;m`2 kXRX q2 b22 7`QK i?2 J�i`Bt
BMp2`bBQM mM7QH/BM; UiQT `B;?i THQi kXRV 7Q` i?Bb 2t�KTH2 i?�i i?2 p�`B�M+2 Bb p2`v bB;MB}+�MiX
h?2 mM7QH/2/ /Bbi`B#miBQM HQQFb MQi?BM; HBF2 i?2 i`mi? /Bbi`B#miBQM rBi? rBH/ ~m+im�iBQMb
�M/ M2;�iBp2 p�Hm2b BM bQK2 #BMbX q?2M BMp2`iBM; i?2 K�i`Bt- i?2 bQHmiBQM �KTHB}2b i?2
bK�HH ~m+im�iBQMb H2�/BM; iQ rBH/Hv /Bz2`2Mi `2bmHibX S2`7Q`KBM; i?2 hBF?QMQp `2;mH�`Bb�@
iBQM mM7QH/BM;- }`bi- i?2 `2;mH�`Bb�iBQM T�`�K2i2` Bb b2H2+i2/ 7`QK i?2 G@+m`p2 FBMF U#QiiQK
H27i THQi BM kXR- r?2`2 i?2 +m`p�im`2 K�i`Bt Bb mb2/ �b i?2 T2M�Hiv K�i`Bt 7Q` T2M�HBxBM; i?2
Qb+BHH�iBQMb Q7 i?2 mM7QH/2/ /Bbi`B#miBQM- r?B+? Bb b?QrM BM i?2 #QiiQK `B;?i THQi BM kXRX lb@
BM; i?2 `2;mH�`Bb�iBQM- i?2 rBH/ ~m+im�iBQMb r?2M BMp2`iBM; i?2 K�i`Bt ;Qi T2M�HBx2/ BM i?2
mM7QH/2/ /Bbi`B#miBQMX 6Q` 2t�KTH2 Tm`TQb2- r2 bT2+B}+�HHv +?Qb2 iQ b?Qr+�b2 �M 2ti`2K2
+�b2 Q7 K�i`Bt BMp2`bBQM ;QBM; r`QM;X J�i`Bt BMp2`bBQM /Q2b MQi T2`7Q`K i?Bb TQQ`Hv �M/ Bi
H�`;2Hv /2T2M/b QM i?2 `2bTQMb2 K�i`Bt- �M/ Bib 2B;2Mp�Hm2bX

kk



6B;m`2 kXR, � +QKT�`BbQM Q7 J�i`Bt BMp2`bBQM �M/ hBF?QMQp `2;mH�`Bb�iBQM mbBM; �M 2t�KTH2
Bb b?QrM BM i?2 THQibX h?2 iQT H27i THQi b?Qrb i?2 `2bTQMb2 K�i`Bt 7Q` H2TiQM pT X h?2
iQT `B;?i THQi b?Qrb i?2 mM7QH/2/ /Bbi`B#miBQM mbBM; i?2 J�i`Bt BMp2`bBQMX h?2 #QiiQK H27i
THQi b?Qrb i?2 G@+m`p2 #2ir22M i?2 `2bB/m�H MQ`K �M/ i?2 bQHmiBQM MQ`K- r?2`2 i?2 +`Qbb
BM/B+�i2b i?2 `2;mH�`Bb�iBQM T�`�K2i2` +?Qb2M 7`QK i?2 G@+m`p2X h?2 #QiiQK `B;?i THQi b?Qrb
i?2 mM7QH/2/ /Bbi`B#miBQM mbBM; i?2 hBF?QMQp `2;mH�`Bb�iBQMX

kXkX9 Ai2`�iBp2 "�v2bB�M lM7QH/BM;
.Ƕ�;QbiBMB (jd) T`QTQb2/ �M Bi2`�iBp2 K2i?Q/ 7Q` mM7QH/BM;- r?B+? K�F2b mb2 Q7 i?2 "�v2b

i?2Q`2KX G2i y /2MQi2 mM7QH/2/ /Bbi`B#miBQM- �M/ x /2MQi2 /�i� /Bbi`B#miBQM- i?2M i?2
2[m�iBQM 7Q` i?2 Ai2`�iBp2 "�v2bB�M lM7QH/BM; Bb b?QrM BM 2[m�iBQM kXRyX

yj =
∑

i

Pr
n−1

(yj|xi) Pr(xi) =
∑

i

Rijy
n−1
j∑

k Riky
(n−1)
k

× xi UkXRyV

r?2`2 i, j �`2 i?2 #BM MmK#2`b �M/ n Bb i?2 MmK#2` Q7 Bi2`�iBQMbX AM A"l- i?2 MmK#2` Q7
Bi2`�iBQMb �+i �b i?2 `2;mH�`Bb�iBQM T�`�K2i2`b �M/ Bb i?2 �`#Bi`�`v T�`�K2i2` Q7 i?2 i?2Q`vX
h?2 MmK#2` Q7 Bi2`�iBQMb Bb /2+B/2/ #v HQQFBM; �i i?2 bBKmH�iBQM i2bi /�i�X �b i?2 n #2+QK2b
H�`;2- Bi #`BM;b i?2 H�`;2 p�`B�M+2b- �M/ i?2 2biBK�iQ`b �TT`Q�+? i?2 Qb+BHH�iBM; bQHmiBQMb i?�i
r2 b22 BM i?2 J�i`Bt BMp2`bBQM (jj)X h?2 +QMp2`;2M+2 `�i2 7Q` A"l iQr�`/b i?2 mM`2;mH�`Bx2/
2biBK�i2 Bb p2`v bHQr +QKT�`2/ iQ i?2 Qi?2` i`�/BiBQM�H mM7QH/BM; K2i?Q/b- �M/ i?2 MmK#2`
Q7 Bi2`�iBQMb Bb 2tT2+i2/ iQ ;`Qr rBi? i?2 MmK#2` Q7 #BMb b[m�`2/ (j3)X

kj



kXkX8 hlM7QH/
hlM7QH/ �H;Q`Bi?K 2biBK�i2b µ mbBM; � H2�bi b[m�`2 K2i?Q/ rBi? hBF?QMQp `2;mH�`Bb�iBQM

�M/ QTiBQM�H �`2� +QMbi`�BMiX �b /Bb+mbb2/ 2�`HB2`- H2i ν #2 i?2 Q#b2`p�#H2b- µ #2 i?2 i`mi?
H2p2H /Bbi`B#miBQM �M/ R #2 i?2 `2bTQMb2 K�i`BtX G2i Vνν #2 i?2 +Qp�`B�M+2 K�i`Bt Q7 νX
6Q` i?2 hlM7QH/ �H;Q`Bi?K iQ rQ`F- i?2 /BK2MbBQM Q7 µ Bb H2bb Q` 2[m�H iQ i?2 /BK2MbBQM Q7
νX

h?2 hlM7QH/ �H;Q`Bi?K /2i2`KBM2b i?2 bi�iBQM�`v TQBMi Q7 i?2 G�;`�M;B�M

L(µ,λ) = L1 + L2 + L3 UkXRRV

L1 = (ν −Rµ)TVνν
−1(ν −Rµ),

L2is = τ 2(µ− fbµ0)
T (LTL)(µ− fbµ0),

L3 = λ(Y − eTµ),

Y =
∑

i

νi,

ej =
∑

i

Rij

UkXRkV

h?2 i2`K L1 Bb 7`QK i?2 H2�bi b[m�`2 KBMBKBb�iBQMX h?2 i2`K L2 /2b+`B#2b i?2 `2;mH�`B@
b�iBQM r?2`2 i?2 `2;mH�`Bb�iBQM T�`�K2i2` Bb τ 2 r?B+? ?2HTb iQ /�KT2M i?2 ~m+im�iBQMb BM
νX h?2 i2`K L3 Bb �M QTiBQM�H �`2� +QMbi`�BMi- �M/ i?2 λ Bb i?2 G�;`�M;B�M T�`�K2i2`X h?2
bi�iBQM�`v TQBMi Q7 i?2 L(µ,λ) Bb /Bb+mbb2/ BM KQ`2 /2i�BH BM HBi2`�im`2 (k3)X

kXj J�+?BM2 G2�`MBM; "�b2/ lM7QH/BM; @ PKMB6QH/
PKMB6QH/ Bb �M mM7QH/BM; K2i?Q/ r?2`2 i?2 /2i2+iQ`@H2p2H [m�MiBiB2b �`2 Bi2`�iBp2Hv mM@

7QH/2/- �M/ K�+?BM2 H2�`MBM; Bb mb2/ iQ ?�M/H2 T?�b2 bT�+2 Q7 �Mv /BK2MbBQM�HBiv rBi?Qmi
`2[mB`BM; #BMMBM;X PKMB6QH/ Bb �M mM7QH/BM; K2i?Q/ i?�i ;2M2`�HBx2b i?2 Bi2`�iBp2 "�v2bB�M
2[m�iBQM kXRy (jd) iQ i?2 mM#BMM2/- 7mHH T?�b2 bT�+2 mbBM; i?2 HBF2HB?QQ/ `�iBQ �TT`Q�+?X hQ
mM/2`bi�M/ Bi- +QMbB/2` b�KTH2b X �M/ X ′- �M/ pw,X(x)- pw′,X′(x) Bb i?2 T`Q#�#BHBiv /2MbBiv
Q7 x 2biBK�i2/ 7`QK i?2 2KTB`B+�H r2B;?ib w � w′ �M/ i?2 b�KTH2b X � X ′ `2bT2+iBp2HvX �
+H�bbB}2` Bb i`�BM2/ iQ /BbiBM;mBb? (w,X) 7`QK (x′, X ′) �b b?QrM BM 2[ kXRjX

L[(w,X), (w′, X ′)](x) =
pw,X(x)

pw′,X′(x)
UkXRjV

k9



h?2 7mM+iBQM L[(w,X), (w′, X ′)](x) Bb �TT`QtBK�i2/ mbBM; +H�bbB}2` i`�BM2/ iQ /BbiBM;mBb?
(w,X) �M/ (w′, X ′)X L2m`�H M2irQ`F +H�bbB}2`b �`2 mb2/ iQ Bi2`�iBp2Hv `2r2B;?i i?2 T�`iB+H2
�M/ /2i2+iQ` H2p2H JQMi2 *�`HQ r2B;?ib- r?B+? `2bmHib BM �M mM7QH/BM; T`Q+2/m`2X

6B;m`2 kXk, � b+?2K�iB+ /B�;`�K Q7 i?2 PKMB6QH/ �H;Q`Bi?K (k)X >2`2 i?2 ǳL�im`�HǴ H2p2H Bb
i?2 T?vbB+b i?�i r2 Q#b2`p2 BM M�im`2- �M/ ǳavMi?2iB+Ǵ Bb i?2 bBKmH�iBQM Q7 i?2 M�im`2X

h?2 PKMB6QH/ i2+?MB[m2 Bb BHHmbi`�i2/ BM 6B; kXkX h?2 JQMi2 *�`HQ /�i�b2i UaBKmH�iBQMV
Bb mb2/ r?2`2 2�+? T�`iB+H2 H2p2H 2p2Mi Bb /2}M2/ �b t �M/ i?2 /2i2+iQ` H2p2H 2p2Mi Bb /2}M2/ �b
mX 6B`bi- i?2 PKMB6QH/ �H;Q`Bi?K bi�`ib rBi? i?2 T`BQ` r2B;?ib /2}M2/ �b ν0- r?B+? Bb 7Q` i?2
}`bi Bi2`�iBQM �bbmK2/ iQ #2 QM2X h?2 /2i2+iQ` H2p2H /�i� �i i?2 L�im`�H �M/ i?2 avMi?2iB+
H2p2H �`2 K�i+?2/- BX2X i?2 aBKmH�iBQM r2B;?ib �`2 `2r2B;?i2/ iQ K�i+? i?2 .�i� r?B+? Bb
/2}M2/ �b ω1 �M/ +�H+mH�i2/ #v mbBM; i?2 GBF2HB?QQ/ `�iBQ 2[ kXRj- r?2`2 i?2 7mM+iBQM G Bb

k8



�TT`QtBK�i2/ mbBM; i?2 +H�bbB}2` i`�BM2/ iQ /BbiBM;mBb? (ν0, Sim) � (1, Data)X h?2b2 r2B;?ib
ω1 �`2 ǳTmHH2/ #�+F-Ǵ �M/ i?2 r2B;?ib �`2 BM/m+2/ QM i?2 T�`iB+H2 H2p2H bvMi?2iB+ /�i�- BX2X
:2M2`�iBQMX h?2b2 ǳTmHH2/ r2B;?ibǴ �`2 mb2/ iQ +QKT�`2 :2M2`�iBQM rBi? T`2pBQmb r2B;?ib
Q7 i?2 :2M2`�iBQM �M/ i?2 r2B;?ib Q7 i?2 BMBiB�H :2M2`�iBQM Bb `2r2B;?i2/ iQ K�i+? i?2 M2r
r2B;?i2/ :2M2`�iBQM r?B+? `2bmHib BM i?2 r2B;?i ν1X h?2b2 ν1 r2B;?ib �`2 i?2M ǳTmb?2/
7Q`r�`/Ǵ iQ i?2 aBKmH�iBQM bQ i?�i i?2 M2r aBKmH�iBQM Bb BM/m+2/X h?Bb T`Q+2bb Bb i?2M
Bi2`�i2/X h?2 7QHHQrBM; 2[m�iBQMb b?Qr ?Qr i?2 K2i?Q/ 7Q` nth `2r2B;?iBM; @

R ωn(m) = νpushn−1 (m)L[(1, Data), (νpushn−1 , Sim.)](m)-

k νn(t) = νn−1(t)L[(ωpull
n , Gen.), (νn−1, Gen.)](t)X

h?2 }`bi bi2T vB2H/b M2r /2i2+iQ`@H2p2H r2B;?ib ωn(m)- r?B+? �`2 TmHH2/ #�+F iQ T�`iB+H2@
H2p2H r2B;?ib ωpull

n = ωn(m) mbBM; i?2 b�K2 bvMi?2iB+ T�B`b UiQ �M 2p2Mi �i /2i2+iQ`- m-
K�i+?2/ iQ i?2 b�K2 bBKmH�i2/ 2p2Mi �i ;2M@H2p2H- tVX h?2 b2+QM/ bi2T 2Mbm`2b i?�i νn Bb �
p�HB/ r2B;?iBM; 7mM+iBQM Q7 i?2 T�`iB+H2@H2p2H [m�MiBiB2bX

h?2 PKMB6QH/ �H;Q`Bi?K ?�b i?2 7QHHQrBM; p�`B�iBQMb /2T2M/BM; QM i?2 BMTmi @

Q lMB6QH/ @ AMTmi @ aBM;H2 Q#b2`p�#H2bX Ai Bb �HbQ �M mM#BMM2/ p2`bBQM Q7 A"lX

Q JmHiB6QH/ @ AMTmi @ JmHiBTH2 Q#b2`p�#H2bX 6Q` 2t�KTH2- D2i K�bb- KmHiBTHB+Biv- D2i Th-
2i+ �b i?2 BMTmiX

Q PKMB6QH/ @ AMTmi @ 6mHH 2p2Mi- mbBM; i?2 7mHH T?�b2 bT�+2 BM7Q`K�iBQMX

h?2 PKMB6QH/ �H;Q`Bi?K T2`7Q`K2/ #2ii2` �i mM7QH/BM; D2i bm#bi`m+im`2 Q#b2`p�#H2b QM bBK@
mH�i2/ b2ib Q7 2p2Mib (k)- i?�M i?2 i`�/BiBQM�H Ai2`�iBp2 "�v2bB�M lM7QH/BM; UA"lV- r?2`2 i?2
BKTH2K2Mi�iBQM mb2/ /2Mb2 M2irQ`Fb rBi? i?`22 H�v2`b Q7 QM2 ?mM/`2/ MQ/2b 2�+? �M/ �
irQ@MQ/2 QmiTmi H�v2`X

kX9 PTiBK�H h`�MbTQ`i
PTiBK�H i`�MbTQ`i Bb � iQQH iQ i`�MbTQ`i #2ir22M irQ T`Q#�#BHBiB2b K2�bm`2bX PTiBK�H i`�Mb@
TQ`i +�M #2 #2bi i?Qm;?i Q7 �b KQpBM; � H�`;2 TBH2 Q7 b�M/ iQ i`�Mb7Q`K Bi BMiQ � i�`;2i
TBH2 rBi? � T`2b+`B#2/ b?�T2 BM bm+? � r�v i?�i KBMBKBx2b i?2 iQi�H 2zQ`i Q7 KQpBM; i?2
b�M/X LQr- H2i mb +QMbB/2` i?2 irQ /Bz2`2Mi TBH2b Q7 b�M/ Q7 i?2 b�K2 pQHmK2 �b irQ /B7@
72`2Mi T`Q#�#BHBiv /Bbi`B#miBQMbX q2 +QKT�`2 i?2K �M/ +QMbB/2` �HH Q7 i?2 TQbbB#H2 r�vb iQ

ke



KQ`T?- i`�MbTQ`i Q` `2b?�T2 i?2 }`bi TBH2 BMiQ b2+QM/ �M/ �bbQ+B�i2 � Ǵ;HQ#�HǴ +Qbi iQ 2p2`v
bm+? i`�MbTQ`i- mbBM; i?2 ǴHQ+�HǴ +QMbB/2`�iBQM Q7 ?Qr Km+? Bi +Qbib iQ KQp2 � ;`�BM Q7 b�M/
7`QK QM2 TH�+2 iQ �MQi?2`X h?2 2zQ`i Q` i?2 +Qbib /2}M2b � /Bbi�M+2 #2ir22M i?2 irQ T`Q#@
�#BHBiv /Bbi`B#miBQMb �M/ �HbQ 2M`B+?2b i?2 ;2QK2i`B+ bi`m+im`2 QM i?2 bT�+2 Q7 T`Q#�#BHBiv
/Bbi`B#miBQMb (jN)X

kX9XR AMi`Q/m+iBQM iQ i?2 S`Q#H2K
h?2`2 �`2 irQ 7Q`KmH�iBQMb Q7 QTiBK�H i`�MbTQ`i 7Q`KmH�iBQMb @ JQM;2 7Q`KmH�iBQM �M/
E�MiQ`QpB+? 7Q`KmH�iBQMX

JQM;2 6Q`KmH�iBQM

PTiBK�H i`�MbTQ`i ;Bp2`b � 7`�K2rQ`F 7Q` +QKT�`BM; K2�bm`2b µ �M/ ν BM � G�;`�M;B�M
7`�K2rQ`FX G2i µ �M/ ν #2 irQ T`Q#�#BHBiv K2�bm`2b QM bT�+2 X �M/ Y `2bT2+iBp2Hv- BX2X-
P (X) � P (Y )X G2i c : X × Y → [0,+ inf) #2 i?2 +Qbi 7mM+iBQM r?2`2 c(x, y) K2�bm`2b i?2
+Qbi Q7 i`�MbTQ`iBM; QM2 mMBi Q7 K�bb 7`QK x ∈ X iQ y ∈ Y X h?2 ;Q�H Bb iQ KBMBKBx2 i?2 +Qbi
c r?BH2 i`�MbTQ`iBM; µ→ νX .2}M2 T +�HH2/ i?2 i`�MbTQ`i K�T r?2`2 T : X → Y i`�MbTQ`ib
µ ∈ P(X) iQ ν ∈ P(Y ) ;Bp2M i?2 +QM/BiBQM

ν(B) = µ(T−1(B))

7Q` �HH ν@K2�bm`�#H2 b2ib BX 6B;m`2 kXj (jN)X b?Qrb i?�i 7Q` �Mv ν@K2�bm`�#H2 B �M/ A =

x ∈ X : T (x) ∈ B i?�i µ(A) = ν(B)X h?2 /2}M�iBQM Q7 i?2 JQM;2Ƕb PTiBK�H h`�MbTQ`i
S`Q#H2K Bb ;Bp2M �b @

.2}MBiBQM kX9XRX :Bp2M µ ∈ P(X) �M/ ν ∈ P(Y )- KBMBKBb2 M(T ) =
∫
X c(x, T (x))dµ(x)

Qp2` µ@K2�bm`�#H2 K�Tb T : X → Y bm#D2+i iQ ν = T#µ

JQM;2Ƕb 7Q`KmH�iBQM Bb /B{+mHi /m2 iQ i?2 MQM@HBM2�`Biv BM i?2 +QMbi`�BMi kX9XR K2MiBQM2/
BM i?2 /2}MBiBQM Q7 T X Ai Bb +?�HH2M;BM; iQ �TTHv i?Bb 7Q`KmH�iBQM BM i?2 /Bb+`2i2 +�b2b r?2`2
i?2 2tBbi2M+2 Q7 i?2 K�Tb T bm+? i?�i i?2 +QM/BiBQM kX9XR Bb 7QHHQr2/ Bb MQi FMQrMX

E�MiQ`QpB+? 6Q`KmH�iBQM

AM i?2 JQM;2 7Q`KmH�iBQM- K�bb r�b K�TT2/ x→ T (x)- #mi BM i?2 E�MiQ`QpB+? 7Q`KmH�@
iBQM- i?Bb K�bb Bb bTHBiX *QMbB/2` � K2�bm`2 π ∈ P(X × Y ) �M/ dπ(x, y) �b i?2 �KQmMi Q7

kd



6B;m`2 kXj, a+?2K�iB+ /B�;`�K Q7 � JQM;2Ƕb h`�MbTQ`i K�T T r?B+? Bb mb2/ iQ i`�MbTQ`i
T`Q#�#BHBiv /Bbi`B#miBQM A ∈ X iQ B ∈ Y X

K�bb i`�Mb72``2/ 7`QK x iQ y- i?2M K�bb +�M #2 i`�Mb72``2/ 7`QK x iQ KmHiBTH2 HQ+�iBQMbX G2i
Π(µ, ν) #2 i?2 b2i Q7 i`�MbTQ`i TH�Mb #2ir22M µ �M/ ν- r?B+? +QMi�BMb πb bm+? i?�i (jN) @

π(A× Y ) = µ(A),

π(X × B) = ν(B) 7Q` �HH K2�bm`�#H2 b2iA ⊆ X,B ⊆ Y.
UkXR9V

h?2 E�MiQ`QpB+?Ƕb 7Q`KmH�iBQM Q7 QTiBK�H i`�MbTQ`i Bb ;Bp2M �b @

.2}MBiBQM kX9XkX :Bp2M µ ∈ P(X) �M/ ν ∈ P(Y ),minimiseK(π) =∈X×Y c(x, y)dπ(x, y)

Qp2` π ∈ Π(µ, ν).

kX9Xk q�bb2`bi2BM .Bbi�M+2

:Bp2M i?2 +Qbi 7mM+iBQM �b c(x, y) = |x− y|p- iQ }M/ i?2 QTiBK�H i`�MbTQ`i K�Tb h- ;Bp2M
X ∼ P0 r2 M22/ iQ KBMBKBx2

E
[
||X − T (X)||p

]
=

∫
||x− T (x)||pdP0(x) UkXR8V

Qp2` �HH K�Tb T bm+? i?�i T (X) ∼ P1 r?2`2 P1 � P0 �`2 irQ /Bbi`B#miBQMbX 6B; kX9(9y) b?Qrb
�M 2t�KTH2 Q7 � i`�MbTQ`i K�TX

h?2 PTiBK�H i`�MbTQ`i T`Q#H2K ?2HTb BM /2}MBM; i?2 /Bbi�M+2 #2ir22M i?2 irQ /Bbi`B#m@
iBQMX h?2 K2i`B+ Bib2H7 Bb � ivT2 Q7 i`�MbTQ`iX h?Bb /Bbi�M+2 Bb +�HH2/ i?2 q�bb2`bi2BM /Bbi�M+2-

k3



6B;m`2 kX9, a+?2K�iB+ /B�;`�K Q7 i`�MbTQ`i K�T

r?B+? Bb /2}M2 �b

Wp(X, Y ) ≡ Wp(P0, P1) =
(∫

||x− T ∗(x)||pdP0(x)
)1/p

UkXReV

r?2`2 T ∗ Bb i?2 QTiBK�H i`�MbTQ`i K�TX W1 Bb +�HH2/ i?2 1�`i? JQp2`Ƕb .Bbi�M+2X � KQ`2
`B;Q`Qmb /2}MBiBQM rBi? T`QQ7 7Q` K2i`B+ T`QT2`iB2b +�M #2 7QmM/ BM i?2 _27 (9R)X

�M BMimBiBp2 r�v Q7 HQQFBM; �i i?2 q�bb2`bi2BM /Bbi�M+2 Bb iQ +QMbB/2` i?2 T`Q#�#BHBiv
/Bbi`B#miBQM �b i?2 TBH2 Q7 b�M/ QM � ;Bp2M K2i`B+ bT�+2 M X >2`2 M +�M #2 �Mv K2i`B+
bT�+2 HBF2 b[m�`2@2m+HB/2�M- QM r?B+? i?2 T`Q#�#BHBiv /Bbi`B#miBQM Bb /2}M2/X h?2M i?2 1�`i?
JQp2`Ƕb /Bbi�M+2 W1 Bb i?2 KBMBKmK +Qbi Q7 KQpBM; QM2 TBH2 Q7 b�M/ 7`QK QM2 TQBMi iQ
�MQi?2` �M/ im`MBM; i?2 TBH2 iQ �MQi?2` TBH2- r?B+? i�F2b BMiQ +QMbB/2`�iBQM i?2 �KQmMi Q7
TBH2 KQp2/ �M/ i?2 /Bbi�M+2 Bi i`�p2HH2/X h?Bb +�M #2 mb2/ iQ /2}M2 � /Bbi�M+2 7mM+iBQM
#2ir22M irQ T`Q#�#BHBiB2b QM � ;Bp2M K2i`B+ bT�+2X

kX9Xj 1M2`;v JQp2`Ƕb .Bbi�M+2

AMbTB`2/ 7`QK i?2 1�`i? JQp2`Ƕb .Bbi�M+2 UW1V- � /Bbi�M+2 +�M #2 /2}M2/ QM +QHHB/2` 2p2Mib
+�HH2/ i?2 1M2`;v JQp2`Ƕb .Bbi�M+2 U1J.V(R)X h?Bb MQiBQM Q7 /Bbi�M+2 +�M #2 mb2/ �b �
/2}MBiBQM Q7 i?2 bBKBH�`Biv #2ir22M +QHHB/2` 2p2MibX 1J. �HHQrb +QKT�`BbQM #2ir22M 2p2Mib
rBi? /Bz2`2Mi iQi�H 2M2`;B2bX h?2 1J. +�M #2 i?Qm;?i �b i?2 KBMBKmK ǳrQ`FǴ `2[mB`2/ iQ
`2�``�M;2 QM2 2p2Mi ε BMiQ i?2 Qi?2` ε′ #v KQpBM; i?2 2M2`;v fij 7`QK T�`iB+H2 i BM QM2 2p2Mi
iQ T�`iB+H2 j BM i?2 Qi?2`X

kN



EMD(ε, ε′) = min
fij

∑

ij

fij
θij
R

+
∣∣∣
∑

i

Ei −
∑

j

E ′
j

∣∣∣,

fij ≥ 0,
∑

j

fij ≤ Ei,
∑

i

fij ≤ E ′
j,
∑

ij

fij = Emin

UkXRdV

r?2`2 i �M/ j BM/2t T�`iB+H2b BM 2p2Mib ε �M/ ε′- Ei Bb i?2 T�`iB+H2 2M2`;v- θij Bb �M �M;mH�`
/Bbi�M+2 #2ir22M T�`iB+H2b- �M/ Emin = min(

∑
i Ei,

∑
j E

′
j) Bb i?2 bK�HH2` Q7 i?2 irQ iQi�H

2M2`;B2b- _ Bb � T�`�K2i2` i?�i +QMi`QHb i?2 `2H�iBp2 BKTQ`i�M+2 Q7 i?2 irQ i2`KbX h?2 1J.
?�b /BK2MbBQMb Q7 2M2`;v- r?2`2 i?2 }`bi i2`K [m�MiB}2b i?2 /Bz2`2M+2 #2ir22M i?2 irQ
`�/B�iBQM T�ii2`Mb �M/ i?2 b2+QM/ i2`K �++QmMib 7Q` i?2 +`2�iBQM Q` /2bi`m+iBQM Q7 2M2`;v
(R)X

1J. Bb � i`m2 K2i`B+- �M/ Bi b�iBb}2b i?2 i`B�M;H2 BM2[m�HBiv 7Q` i?2 +QM/BiBQM @

RX θij Bb � K2i`B+

kX R ≥ 1
2θmax- r?2`2 θmax Bb i?2 K�tBKmK �ii�BM�#H2 �M;mH�` /Bbi�M+2 #2ir22M T�`iB+H2bX

PM2 72�im`2 Q7 1J. Bb i?�i Bi K2i`B+Bx2b i?2 2M2`;v ~Qr #v i`2�iBM; 2p2Mib /Bz2`BM; QMHv
#v bQ7i T�`iB+H2b Q` +QHHBM2�` bTHBiiBM;b B/2MiB+�HHv- r?B+? ?BMib �i � +QMM2+iBQM iQ BM7`�`2/ �M/
+QHHBM2�` UA_*V b�72iv Q7 Q#b2`p�#H2bX 6B; kX8 (R) b?Qrb �M 2t�KTH2 Q7 i?2 1J.X >2`2- irQ
iQT C2ib U#Hm2 � `2/V �`2 +QKT�`2/ �M/ i?2 1M2`;v JQp2`Ƕb .Bbi�M+2 Bb +�H+mH�i2/ #2ir22M
i?2KX h?2 T�`iB+H2b �`2 b?QrM BM i?2 D2i `272`2M+2 7`�K2- rBi? i?2 TQBMi �`2� T`QTQ`iBQM�H
iQ i?2 pT Q7 i?2 T�`iB+H2X

jy



6B;m`2 kX8, 1t�KTH2 Q7 1J. @ h?2 QTiBK�H KQp2K2Mi iQ `2�``�M;2 QM2 iQT D2i U`2/V BMiQ
�MQi?2` U#Hm2V Bb b?QrM BM i?2 THQi Q7 i?2 T�`iB+H2b r?2`2 2�+? TQBMi Bb � T�`iB+H2 �M/ i?2B`
�`2� Bb T`QTQ`iBQM�H iQ i?2B` i`�Mbp2`b2 KQK2Mi� BM ?i2 `�TB/Biv@�xBKmi? TH�M2X .�`F2` HBM2b
BM/B+�i2 KQ`2 i`�Mbp2`b2 KQK2MimK KQp2K2MiX h?2 2M2`;v KQp2`Ƕb /Bbi�M+2 BM 1[X kXRd Bb
i?2 iQi�H ǳrQ`FǴ `2[mB`2/ iQ T2`7Q`K i?Bb `2�``�M;2K2Mi (R)X

jR
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*?�Ti2` j

1p2Mi aBKmH�iBQM

JQMi2@*�`HQ bBKmH�iBQMb �`2 mb2/ iQ KQ/2H T@T +QHHBbBQMb �i i?2 G>*X q2 rBHH #2 mbBM;
i?2 b�K2 /�i�b2i i?�i i?2 PKMB6QH/ T�T2` (k) mb2/ 7Q` +QKT�`BbQM Tm`TQb2bX >2`rB; dXRX8
(9k) �M/ Svi?B� 3Xk9j (9j) �`2 mb2/ iQ ;2M2`�i2 2p2Mib r?2`2 >2`rB; Bb � bm#biBimi2 7Q`
i?2 ǳM�im`2Ǵ UG>* /�i�V �M/ Svi?B� Bb mb2/ �b ǳbvMi?2iB+Ǵ /Bbi`B#miBQMbX h?Bb 2Mbm`2b i?�i
ǳM�im`2Ǵ �M/ ǳbvMi?2iB+Ǵ /Bbi`B#miBQMb �`2 bm#bi�MiB�HHv /Bz2`2MiX q2 mb2 .2HT?2b jX9Xk
(99) rBi? 7�bi bBKmH�iBQM Q7 i?2 *Ja /2i2+iQ` Bb mb2/ 7Q` iQ bBKmH�i2 i?2 /2i2+iQ` 2z2+ib-
r?B+? mb2b T�`iB+H2 ~Qr `2+QMbi`m+iBQMX C2ib rBi? `�/Bmb T�`�K2i2` _ 4 yX9 �`2 +Hmbi2`2/
mbBM; �MiB@kT �H;Q`Bi?K (98) BKTH2K2Mi2/ BM 6�biC2i jXjXk (9e)X h?2 w Y D2i 2p2Mib �`2
T`Q/m+2/ mbBM; i?2 �#Qp2 b2imT rBi? w #QbQM pmin

T > 150 :2o �M/ √s = 14h2oX PMHv
i?2 H2�/BM; D2ib �`2 +QMbB/2`2/ 7Q` i?2 �M�HvbBb- r?2`2 i?2 w #QbQM i`�Mbp2`b2 KQK2MimK
pZT > 200:2oX

h?2 MQK2M+H�im`2 i?�i rBHH #2 mb2/ Bb @

Ç :2M @ Svi?B� ;2M2`�iQ` H2p2H BM7Q`K�iBQM

Ç aBK @ Svi?B� `2+QMbi`m+i2/ H2p2H BM7Q`K�iBQM

Ç h`mi? @ >2`rB; ;2M2`�iQ` H2p2H BM7Q`K�iBQM

Ç .�i� @ >2`rB; `2+QMbi`m+i2/ H2p2H BM7Q`K�iBQM Ubm#biBimi2 7Q` G>* /�i�V

Svi?B� bBKmH�i2/ 2p2Mib �`2 mb2/ iQ /2`Bp2 i?2 mM7QH/BM; +Q``2+iBQM �HQM; rBi? mbBM;
>2`rB; `2+QMbi`m+i2/ H2p2H BM7Q`K�iBQM- r?B+? rBHH �+i �b i?2 G>* /�i�X h?2 �BK Bb iQ
T2`7Q`K mM7QH/BM; �M/ +QKT�`2 i?2 mM7QH/2/ `2bmHi iQ i?2 ǳi`mi?Ǵ BX2X- >2`rB; ;2M2`�iQ`

jj



H2p2H BM7Q`K�iBQMX h?2 /�i�b2i mb2/ BM i?Bb bim/B2b Bb Tm#HB+Hv �p�BH�#H2 QM x2MQ/Q r2#bBi2
(9d)X

C2ib �`2 i?2 B/2�H 2MpB`QMK2Mi iQ +QKT�`2 mM7QH/BM; i2+?MB[m2b- bBM+2 /2i2+iQ` 2z2+ib Q7i2M
�++QmMi 7Q` � bB;MB}+�Mi TQ`iBQM Q7 i?2 2tT2`BK2Mi�H K2�bm`2K2Mi mM+2`i�BMiB2b 7Q` K�Mv D2i
bm#bi`m+im`2 Q#b2`p�#H2bX hQ BMp2biB;�i2 i?2 mM7QH/BM; T2`7Q`K�M+2- i?2 D2i bm#bi`m+im`2 Q#@
b2`p�#H2b +QMbB/2`2/ 7Q` mM7QH/BM; �`2 @ C2i J�bb- C2i JmHiBTHB+Biv- C2i qB/i?- L@bm#D2iiBM2bb
_�iBQ Uτ21V- :`QKK2/ JQK2MimK 7`�+iBQM Ux;V �M/ :`QQK2/ C2i J�bb UmSDVX

h?2 C2i J�bb Bb i?2 BMp�`B�Mi K�bb Q7 i?2 D2i 7Qm`@p2+iQ`- C2i KmHiBTHB+Biv p�`B�#H2 Bb /2}M2/
�b i?2 MmK#2` Q7 T�`iB+H2b BM i?2 C2iX C2i rB/i? Bb i?2 K2�bm`2 Q7 i?2 #`Q�/M2bb Q7 i?2 D2i
�HQM; i?2 D2i �tBb- r?B+? +�M #2 mb2/ iQ mM/2`bi�M/ i?2 M�im`2 Q7 i?2 D2iX �b �M 2t�KTH2- BM
i?2 W + jets 2p2Mib- B7 i?2 pWT Bb ?B;?- i?2M i?2 T�`iB+H2b �`2 KQbiHv +QHHBK�i2/ M2�` i?2 D2i
�tBb ;BpBM; HQr C2i rB/i? p�Hm2 (93)X L@bm#D2iiBM2bb Bb � D2i b?�T2 p�`B�#H2 i?�i /2i2`KBM2b
?Qr +QMbBbi2Mi � D2i Bb rBi? ?�pBM; L bm#D2ib- �M/ Bi /2}M2/ �b i?2 τN - BX2X i?2 /2;`22 iQ r?B+?
i?2 D2i +�M #2 +�HH2/ � D2i Q7 L@bm#D2ib (9N)X h?2 L@bm#D2iiBM2bb `�iBQ τ21 = τ2/τ1- K2�bm`2b
?Qr irQ@T`QM;2/ i?2 D2i Bb �b +QKT�`2/ iQ ?Qr R@T`QM; HBF2 Bi BbX C2i ;`QQKBM; ?�b HQib Q7
BMi2`2bi �b Bi bvbi2K�iB+�HHv `2KQp2b i?2 `�/B�iBQM 7`QK i?2 D2ib- bT2+B}+�HHv i�`;2iBM; i?2
bQ7i �M/ rB/2@�M;H2 `�/B�iBQMX _2KQpBM; i?2 mMr�Mi2/ bQ7i `�/B�iBQM �HHQrb B/2MiB}+�iBQM
Q7 mM/2`HvBM; ?�`/ bm#bi`m+im`2- 7Q` 2t�KTH2 @ irQ@T`QM; q@#QbQM Q` i?`22@T`QM; iQT [m�`F
/2+�v (8y)X h?2 aQ7i .`QT �H;Q`Bi?K `2+m`bBp2Hv /2+Hmbi2`b i?2 D2i �M/ `2KQp2b i?2 bQ7i
`�/B�iBQMb mMH2bb i?2 bQ7i /`QT +QM/BiBQM Bb b�iBb}2/X �7i2` i?2 ;`QQKBM;- i?2 BMp�`B�Mi K�bb
Q7 i?2 D2i 7Qm`@p2+iQ` Bb /2}M2/ �b i?2 :`QQK2/ C2i J�bb UmSDVX h?2 :`QQK2/ KQK2MimK
7`�+iBQM zg Bb i?2 2M2`;v@b?�`BM; Q7 i?2 T`QM;b �7i2` ;`QQKBM;X zg +�M #2 mb2/ iQ /2i2`KBM2
i?2 b+�H2 Q7 i?2 bQ7i `�/B�iBQM �M/ i?2 �M;mH�` /Bbi�M+2 #2ir22M irQ T�`iB+H2b 7Q` B/2MiB7vBM;
i?2 rB/2@�M;H2 `�/B�iBQM (8y)X h?2 D2i Q#b2`p�#H2b 7Q` i?2 ǳbvMi?2iB+Ǵ �M/ ǳM�im`2Ǵ /�i�b2ib
mb2/ BM i?2 �M�HvbBb �`2 THQii2/ BM 6B;m`2 jXRX

j9



6B;m`2 jXR, SHQib b?Qrb i?2 D2i Q#b2`p�#H2 +QKT�`BbQM #2ir22M :2M- aBK- h`mi? �M/ .�i�X
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*?�Ti2` 9

_2bmHib

AM i?Bb +?�Ti2`- r2 rBHH bi�`i #v /Bb+mbbBM; �M/ +QKT�`BM; i?2 PKMB6QH/ �M/ h`�/BiBQM�H
lM7QH/BM; �H;Q`Bi?Kb �M/ b22 i?2 T2`7Q`K�M+2 Q7 PKMB6QH/X h?2M- r2 BMi`Q/m+2 � M2r
�TT`Q�+? iQ mM#BMM2/ KmHiB/BK2MbBQM�H mM7QH/BM; mbBM; i?2 PTiBK�H i`�MbTQ`i �M/ b?Qr
`2bmHib 7Q` QM2 /BK2MbBQM�H �M/ KmHiB/BK2MbBQM�H +�b2b �M/ +QKT�`2 Bi rBi? i?2 PKMB6QH/
�M/ i`�/BiBQM�H mM7QH/BM; `2bmHibX

9XR PKMB6QH/ �M/ h`�/BiBQM�H lM7QH/BM; �H;Q`Bi?Kb
q2 bi�`i Qm` �M�HvbBb #v +QKT�`BM; i?2 JG #�b2/ PKMB6QH/ rBi? i?2 i`�/BiBQM�H Ai2`�iBp2

"�v2bB�M lM7QH/BM; UA"lV �M/ hBF?QMQp `2;mH�`Bx�iBQM 7Q` QM2 /BK2MbBQM�H Q#b2`p�#H2b mbBM;
i?2 /�i�b2i /Bb+mbb2/ BM 1p2Mi aBKmH�iBQM +?�Ti2` jX

h?2 h`B�M;H2 /Bb+`BKBM�iQ` K2�bm`2b i?2 bBKBH�`Biv- Q` /Bz2`2M+2b #2ir22M irQ /Bbi`B#m@
iBQMb p �M/ q- #v i�FBM; i?2 b[m�`2 Q7 i?2B` /Bz2`2M+2b �M/ /BpB/BM; #v i?2 bmK Q7 i?2
/Bbi`B#miBQMb �i 2�+? TQBMiX *QMbB/2`BM; 2�+? TQBMi �b �M BM/BpB/m�H #BM BM i?2 ?BbiQ;`�K- r2
+�M mb2 i?2 i`B�M;H2 /Bb+`BKBM�iQ` iQ K2�bm`2 i?2 mM7QH/BM; T2`7Q`K�M+2 Q7 p�`BQmb mM7QH/BM;
K2i?Q/bX h?2 2[m�iBQM Q7 i?2 i`B�M;H2 /Bb+`BKBM�iQ` Bb ;Bp2M #v @

∆(p, q) =
1

2

N∑

i

(p(xi)− q(xi))2

p(xi) + q(xi)
× 103 U9XRV

r?2`2 p Bb i?2 mM7QH/2/ U#BMM2/V ?BbiQ;`�K- q Bb i?2 i`mi? U#BMM2/V ?BbiQ;`�K- �M/ xi Bb i?2
#BM MmK#2`X
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q2 mb2 hBF?QMQp `2;mH�`Bx�iBQM �M/ QTiBKBx2 i?2 7`22 `2;mH�`Bx�iBQM T�`�K2i2` λ mbBM;
i?2 G@+m`p2 K2i?Q/ kXN BX2X- bQHmiBQM MQ`K pb `2bB/m�H MQ`K Bb THQii2/- r?B+? HQQFb HBF2 �M
G b?�T2/ +m`p2- �M/ i?2 λ Bb b2H2+i2/ iQ #2 i?2 FBMF Q7 i?2 G@+m`p2- �b i?Bb `2T`2b2Mib �
;QQ/ i`�/2@Qz #2ir22M i?2 }i iQ i?2 /�i� �M/ bmTT`2bbBQM Q7 i?2 mMr�Mi2/ 72�im`2b ;Bp2M
#v i?2 T2M�Hiv K�i`BtX q2 �HbQ p�`v i?2 T2M�Hiv i2`K �M/ �// � #B�b p2+iQ` BM i?2 `2;mH�`@
Bx�iBQMX h?2 T2M�Hiv i2`K- BX2X- L K�i`Bt BM i?2 2[m�iBQM kX3- mb2/ 7Q` T2`7Q`KBM; hBF?QMQp
mM7QH/BM; �`2 @ +m`p�im`2 K�i`Bt- b2+QM/@Q`/2` +m`p�im`2 K�i`Bt �M/ i?2 B/2MiBiv K�i`BtX
h?2 *m`p�im`2 K�i`Bt Bb i?2 K�i`Bt p2`bBQM Q7 i?2 G�TH�+2 QT2`�iQ`- �M/ Bi T2M�HBx2b i?2
Qb+BHH�iBQMb i?�i �`Bb2 7`QK i?2 K�i`Bt BMp2`bBQMX h?2 #B�b p2+iQ` mb2/ Bb i?2 ǳ:2MǴ p2+iQ`
USvi?B� :2M2`�iQ` H2p2H BM7Q`K�iBQMVX 6Q` }M/BM; i?2 bi�iBbiB+�H mM+2`i�BMiB2b- r2 mb2 KmHiB@
TH2 iQv b�KTH2b UbK2�`BM; i?2 bBKmH�iBQM /�i� #v `2r2B;?iBM; Bi rBi? � SQBbbQM /Bbi`B#miBQMV
7Q` mM7QH/BM;- �M/ i?2 mM+2`i�BMiB2b �`2 7QmM/ 7`QK i?2 KmHiBTH2 mM7QH/2/ `2bmHibX 6Q` A"l-
i?2 MmK#2` Q7 Bi2`�iBQM mb2/ Bb n = 3X h?2 _2bTQMb2 K�i`Bt- r?B+? Bb i?2 BMTmi iQ #Qi? i?2
hBF?QMQp �M/ A"l- Bb +�H+mH�i2/ mbBM; i?2 Svi?B� ǳ:2MǴ �M/ ǳaBKǴ BM7Q`K�iBQMX

AMbi2�/ Q7 PKMB6QH/- r2 mb2 JmHiB6QH/- r?2`2 �HH i?2 D2i Q#b2`p�#H2b /2b+`B#2/ �#Qp2 �`2
mb2/ �b BMTmi iQ /2`Bp2 i?2 /2i2+iQ` `2bTQMb2X 6Q` bi2T R �M/ bi2T k �b K2MiBQM2/ BM h?2Q`v
+?�Ti2` kXj- S6L �`+?Bi2+im`2 �M/ i`�BMBM; T�`�K2i2`b rBi? H�i2Mi bT�+2 /BK2MbBQM l = 256

�`2 mb2/ r?B+? �`2 BKTH2K2Mi2/ BM i?2 1M2`;v6HQr Svi?QM T�+F�;2 (8R)X E2`�b �M/
h2MbQ`6HQr rBi? �/�K QTiBKBx�iBQM �H;Q`Bi?K �`2 mb2/ 7Q` i`�BMBM; i?2 L2m`�H M2irQ`FbX
6Q` i?2 }`bi Bi2`�iBQM- i?2 KQ/2Hb �`2 `�M/QKHv BMBiB�HBx2/ �M/ 7Q` i?2 bm#b2[m2Mi Bi2`�iBQMb
i?2 KQ/2H 7`QK i?2 T`2pBQmb Bi2`�iBQM �`2 mb2/X h?2 MmK#2` Q7 2TQ+?b 4 Ryy- #�i+? bBx2 4
8yy �`2 mb2/- �M/ i?2 r?QH2 T`Q+2bb Bb Bi2`�i2/ i?`22 iBK2b Un = 3VX 6Q` i?2 JG �`+?Bi2+im`2-
/2Mb2 M2irQ`Fb rBi? i?`22 H�v2`b Q7 QM2 ?mM/`2/ MQ/2b 2�+? �M/ � irQ@MQ/2 QmiTmi H�v2` �`2
mb2/X

h?2 mM7QH/BM; T2`7Q`K�M+2 Q7 JmHiB6QH/- hBF?QMQp �M/ A"l �`2 b?QrM BM 6B; 9XR �M/ i?2
i`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b �`2 b?QrM BM h�#H2 9XRX Ai Bb b22M i?�i JmHiB6QH/ UJG@#�b2/
mM7QH/BM; K2i?Q/V T2`7Q`Kb #2ii2` i?�M A"l �M/ hBF?QMQp Uh`�/BiBQM�H mM7QH/BM; K2i?Q/bV
BM KQbi Q7 i?2 +�b2bX hBF?QMQp T2`7Q`Kb i?2 rQ`bi 7Q` �HH i?2 Q#b2`p�#H2b 2t+2Ti i?2 C2i
JmHiBTHB+BivX Ai Bb b22M i?�i i?2 THQib 7Q` hBF?QMQp mM7QH/BM; /Q MQi +QKT�`2 r2HH rBi? i?2
ǳh`mi?Ǵ �M/ 7Q` i?2 zg Q#b2`p�#H2- Bi b?Qrb Qb+BHH�iQ`v #2?�pBQm`X h?Bb Qb+BHH�iQ`v #2?�pBQm`
K�BMHv +QK2b 7`QK i?2 BMp2`bBQM Q7 i?2 `2bTQMb2 K�i`Bt Q7 :`QQK2/ C2i KQK2MimK 7`�+iBQM
zg �b b?QrM BM 2t�KTH2 THQib Q7 hBF?QMQp `2;mH�`Bb�iBQM kXRX h?2 hBF?QMQp `2;mH�`Bb�iBQM
mM7QH/BM; Bb /QM2 rBi? KmHiBTH2 T2M�Hiv i2`Kb- �M/ QMHv i?2 THQib rBi? *m`p�im`2 K�i`Bt �b
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i?2 T2M�Hiv i2`K �M/ ǳ:2MǴ p2+iQ` �b i?2 #B�b i2`K Bb b?QrM BM i?2 6B;m`2 9XRX h?2 hBF?QMQp
`2;mH�`Bb�iBQM mM7QH/BM; THQib rBi? /Bz2`2Mi T2M�Hiv �M/ i?2 #B�b p2+iQ` K2MiBQM2/ BM i?2
i�#H2 9XR �`2 b?QrM BM i?2 �TT2M/Bt �X

6B;m`2 9XR, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
A"l- JmHiB6QH/ �M/ hBF?QMQpX 6Q` i?2 hBF?QMQp THQib b?QrM ?2`2- mM7QH/BM; r�b /QM2 mbBM;
i?2 +m`p�im`2 K�i`Bt �b i?2 T2M�Hiv i2`K �M/ ǳ:2MǴ p2+iQ` �b i?2 #B�bX h?2 ;Q�H ?2`2 Bb
iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ?BbiQ;`�K �b TQbbB#H2X 6`QK i?2 THQib- Bi Bb
b22M i?�i JmHiB6QH/Ƕb mM7QH/BM; T2`7Q`K�M+2 Bb #2ii2` i?�M i?2 A"l �M/ hBF?QMQpX

Ai Bb b22M i?�i JmHiB6QH/ BKT`Qp2b i?2 T2`7Q`K�M+2 B7 i?2 7mHH T?�b2 bT�+2 +QMi�BMb �mtBHB�`v
72�im`2b i?�i �`2 `2H2p�Mi 7Q` i?2 /2i2+iQ` `2bTQMb2X "v +QMbi`m+iBQM Q7 i?2 JmHiB6QH/ K2i?Q/-
Bi Bb �M mM#BMM2/ �M/ KmHiB/BK2MbBQM�H mM7QH/BM; i?�i Bb T2`7Q`KBM; #2ii2` i?�M i?2 QM2
/BK2MbBQM�H #BMM2/ i`�/BiBQM�H mM7QH/BM; K2i?Q/b- BX2X- hBF?QMQp �M/ A"lX

9Xk PTiBK�H h`�MbTQ`i lM7QH/BM; UPhlV
�b /Bb+mbb2/ BM i?2 i?2Q`v b2+iBQM QM QTiBK�H i`�MbTQ`i kX9- Ph ?2HTb BM /2}MBM; � K2i`B+
QM i?2 +QHHB/2` 2p2Mib bT�+2 �M/ 2M�#H2b +QKT�`BbQM #2ir22M i?2 2p2MibX *QMbB/2`BM; 2p2Mib
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J2i?Q/b J�bb JmHiBTHB+Biv rB/i? i�mkR x; a.J�bb
JmHiB6QH/ RXNj RXRk j8X3d dRX8R eeX99 RXR
A"l 9Xdd RXRR dX8N R9jXk9 NNX9k RXNk
hBF? @ R UMQ #B�bV 3Xke RX3N j8Xee 9d9Xde Re8XN8 RRXN8
hBF? @ R UJ* #B�bV NXRk RX3N 3eX89 kRjXRN kkkXkd RyXNR
hBF? @ k UMQ #B�bV 3X98 kXy9 RdjXNj jjjX3d R8jX99 dXd8
hBF? @ k UJ* #B�bV 3XNd yX3N RNjXej R3jXd9 k8jXej RyXdj
hBF? @ j UJ* #B�bV kdXye yXkj 3k39X8e jkjXd9 k98Xjk kkXN

h�#H2 9XR, h`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b 7Q` p�`BQmb mM7QH/BM; K2i?Q/bX hBF?@R Bb hBF?QMQp
mM7QH/BM; rBi? *m`p�im`2 K�i`Bt �b i?2 T2M�iHv i2`KX hBF?@k Bb hBF?QMQp mM7QH/BM; rBi?
a2+QM/@Q`/2` +m`p�im`2 K�i`Bt �b i?2 T2M�Hiv i2`KX hBF?@j Bb hBF?QMQp mM7QH/BM; rBi?
A/2MiBiv K�i`Bt �b i?2 T2M�Hiv i2`KX UJ* #B�bV K2�Mb i?�i i?2 ǳ:2MǴ p2+iQ` r�b mb2/ �b
i?2 #B�b i2`K /m`BM; i?2 mM7QH/BM;X

�b � /Bbi`B#miBQM QM i?2 +QHHB/2` 2p2Mi bT�+2- �TTHvBM; QTiBK�H i`�MbTQ`i- r2 +QKT�`2 2�+?
2p2Mi �M/ b?Qr bBKBH�`Biv #2ir22M i?2 2p2MibX lbBM; i?Bb BM7Q`K�iBQM- r2 +�M +QKT�`2 i?2
ǳ.�i�Ǵ �M/ ǳaBKǴ 2p2Mib BM i?2 +QHHB/2` 2p2Mi bT�+2- BX2X- r2 r�Mi iQ }M/ i?2 QTiBK�H r�v iQ
i`�Mb7Q`K ǳ.�i�Ǵ /Bbi`B#miBQM iQ i?2 ǳaBKǴ /Bbi`B#miBQMX 6`QK i?Bb +QKT�`BbQM- r2 +�M }M/
�M QTiBK�H i`�MbTQ`i ~Qr K�i`Bt T - r?B+? +�M #2 mb2/ iQ i`�Mb7Q`K ǳ.�i�Ǵ iQ HQQF HBF2 ǳaBKǴ
/Bbi`B#miBQM QM i?2 +QHHB/2` 2p2Mi bT�+2X h?2`2 Bb � FMQrM `2H�iBQMb?BT #2ir22M 2�+? 2p2Mi �i
i?2 /2i2+iQ` �M/ ;2M2`�iQ` H2p2H 7Q` i?2 bBKmH�i2/ 2p2MibX AM JQMi2 *�`HQ bBKmH�iBQMb- 2�+?
2p2Mi Bb BM/BpB/m�HHv bBKmH�i2/ �M/ +�M #2 i`�+F2/ 7`QK ;2M2`�iQ` H2p2H iQ /2i2+iQ` H2p2H- �M/
bQ Bib KB;`�iBQM +�M #2 i`�+F2/ QM �M BM/BpB/m�H 2p2Mi #�bBbX lbBM; i?Bb `2H�iBQM #2ir22M
ǳ:2MǴ iQ ǳaBKǴ- r2 BMp2`i i?Bb `2H�iBQMb?BT �M/ �TTHv Bi iQ i?2 ǳ.�i�Ǵ /Bbi`B#miBQM iQ ;2i
i?2 ǳlM7QH/2/Ǵ /Bbi`B#miBQM BM i?2 +QHHB/2` 2p2Mi bT�+2X S2`7Q`KBM; mM7QH/BM; BM i?2 2p2Mi
bT�+2 �M/ MQi QM i?2 #BMM2/ ?BbiQ;`�K K�F2b i?2 �H;Q`Bi?K #v +QMbi`m+iBQM �M mM#BMM2/
mM7QH/BM; K2i?Q/X � b+?2K�iB+ /B�;`�K Bb b?QrM BM i?2 6B; 9XkX

AM i?2 �H;Q`Bi?K R- bQHpBM; i?2 QTiBK�H i`�MbTQ`i �M/ }M/BM; i?2 QTiBK�H ~Qr K�i`Bt
#2ir22M i?2 ǳ.�i�Ǵ /Bbi`B#miBQMb �M/ i?2 ǳaBKǴ /Bbi`B#miBQM +�M #2 mM/2`biQQ/ �b �M �b@
bQ+B�iBQM- �M/ �TTHvBM; i?2 BMp2`bBQM Q7 i?2 `2H�iBQMb?BT #2ir22M ǳ:2MǴ �M/ ǳaBKǴ �b i?2
h`�MbTQ`i 7mM+iBQM- r?B+? i`�MbTQ`ib i?2 ǳ.�i�Ǵ iQ i?2 ǳh`mi?Ǵ /Bbi`B#miBQMX q2 /2}M2
f(G,S) iQ #2 i?2 i`�MbTQ`i 7mM+iBQM i?�i BM+Q`TQ`�i2/ i?2 FMQrM `2H�iBQMb?BT #2ir22M 2�+?
2p2Mi �i i?2 /2i2+iQ` �M/ ;2M2`�iQ` H2p2H 7Q` i?2 bBKmH�i2/ 2p2Mib- BX2X- � 7mM+iBQM #2ir22M
ǳ:2MǴ �M/ ǳaBKǴX h?Bb 7mM+iBQM i�F2b mb 7`QK i?2 ǳ:2MǴ /Bbi`B#miBQM iQ ǳaBKǴ /Bbi`B#miBQM
7Q` 2�+? 2p2Mi- �M/ Bi BM+Hm/2b i?2 /2i2+iQ` 2z2+ibX LQr BMp2`iBM; i?Bb 7mM+iBQM �M/ �TTHvBM;
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6B;m`2 9Xk, a+?2K�iB+ /B�;`�K Q7 i?2 �TTHB+�iBQM Q7 PTiBK�H i`�MbTQ`i 7Q` mM7QH/BM;X >2`2-
i?2 EMQrM `2H�iBQM Bb i?2 `2H�iBQM #2ir22M i?2 ǳ:2MǴ �M/ ǳaBKǴ i?�i Bb Q#i�BM2/ 7`QK i?2
7�+i i?�i 2�+? 2p2Mi Bb BM/BpB/m�HHv bBKmH�i2/ �M/ +�M #2 i`�+F2/ 7`QK ;2M2`�iQ` iQ i?2
/2i2+iQ` H2p2HX

Bi iQ i?2 ǳ.�i�Ǵ /Bbi`B#miBQM ;Bp2b mb i?2 ǳmM7QH/2/Ǵ /Bbi`B#miBQMX
�H;Q`Bi?K R, PTiBK�H i`�MbTQ`i mM7QH/BM;

AMBiB�HBx2 i?2 p�`B�#H2b D ← “Data”observable- S ← “Sim”observable �M/
G← “Gen”observable”c
M 4 +�H+mH�i2 +Qbi K�i`Bt #2ir22M i?2 D �M/ S 7Q` i?2 Q#b2`p�#H2bc
T 4 +�H+mH�i2 1J. ~Qr K�i`Bt 7`QK D iQ S mbBM; J �M/ 2p2Mi r2B;?ib c
V 4 T ×D&c
f(G,S) 4 7mM+iBQM i?�i BM+Q`TQ`�i2b i?2 `2H�iBQM #2ir22M G �M/ Sc
lM7QH/ 4 f−1(V, f(G,S))c
_2bmHi, lM7QH/2/ Q#b2`p�#H2

9XkXR PM2 .BK2MbBQM�H Phl
h`�/BiBQM�HHv- mM7QH/BM; Bb Q7i2M /QM2 7Q` bBM;H2 Q#b2`p�#H2b- r?B+? Bb #2BM; K2�bm`2/- 7Q`

2t�KTH2- i?2 KQK2MimK Q7 � D2iX �Hi?Qm;? Bi Bb TQbbB#H2 iQ mb2 KQ`2 BM7Q`K�iBQM- BX2X- KQ`2
BMTmib iQ 7�+BHBi�i2 mM7QH/BM;- Q7i2M QMHv i?2 BM7Q`K�iBQM 7`QK i?2 p�`B�#H2 Q7 BMi2`2bi Bb mb2/X
�b � bi�`iBM; TQBMi- r2- i?2`27Q`2- +QMbB/2` � bBKBH�` +�b2 7Q` QTiBK�H i`�MbTQ`i mM7QH/BM;X
>2`2- r2 mb2 i?2 p�Hm2 Q7 i?2 p�`B�#H2 Bib2H7 iQ /2}M2 i?2 /Bbi�M+2 #2ir22M irQ 2p2MibX 6Q`
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2t�KTH2- B7 r2 K2�bm`2/ i?2 KQK2MimK Q7 i?2 KQbi 2M2`;2iB+ D2i- i?2 /Bbi�M+2 #2ir22M irQ
2p2Mib rQmH/ #2 /2}M2/ �b i?2 b[m�`2 Q7 i?2 /Bz2`2M+2 #2ir22M i?2 KQK2MimK Q7 i?2 KQbi
2M2`;2iB+ D2i BM i?2 irQ 2p2MibX lbBM; i?2 bBM;H2 Q#b2`p�#H2- r2 }`bi +`2�i2 � K2i`B+ bT�+2 Q7
+QHHB/2` 2p2Mib mbBM; � K2i`B+ Ub[m�`2@2m+HB/2�MV /2}M2/ QM i?2 Q#b2`p�#H2 Q7 BMi2`2biX h?2M
+QKT�`2 ǳ.�i�Ǵ- �M/ ǳaBKǴ 2p2Mib mbBM; i?2 1�`i? JQp2`Ƕb /Bbi�M+2 �b BKTH2K2Mi2/ BM i?2
PTiBK�H h`�MbTQ`i Tvi?QM HB#`�`v USPhV (8k) �M/ +�H+mH�i2 i?2 QTiBK�H i`�MbTQ`i�iBQM K�T
T X q2 i?2M `2�``�M;2 i?2 ǳ.�i�Ǵ iQ K�i+? i?2 ǳaBKǴ 2p2Mib mbBM; i?2 K�T T X 6`QK i?2
FMQrH2/;2 Q7 ǳ:2MǴ �M/ ǳaBKǴ `2H�iBQM- r2 +�M �TTHv i?Bb `2H�iBQM QM ǳ.�i�Ǵ iQ ;2i i?2
mM7QH/2/ `2bmHiX 6Q` QM2 /BK2MbBQM�H mM7QH/BM;- i?2 BMTmi Bb Dmbi i?2 Q#b2`p�#H2b i?�i �`2 iQ
#2 mM7QH/2/X q2 +�M /2}M2 i?2 7mM+iBQM #2ir22M i?2 ǳ:2MǴ �M/ ǳaBKǴ iQ #2 i?2 /Bz2`2M+2
Q` `�iBQ- BX2X- f(G,S) = G − S Q` f(G,S) = G/SX JQ`2 +QKTH2t 7mM+iBQMb +�M #2 /2}M2/
#mi BM Qm` �M�HvbBb r2 K�BMHv mb2 i?2 /Bz2`2M+2 #2ir22M i?2 ǳ:2MǴ �M/ ǳaBKǴ /Bbi`B#miBQMbX

PM2 #B; Q#bi�+H2 iQ PTiBK�H i`�MbTQ`i Bb i?2 +QKTmi�iBQM�H +QbiX *QKTmiBM; T@q�bb2`bi2BM
/Bbi�M+2 #2ir22M irQ 2p2Mib `2[mB`2b O(n3) QT2`�iBQMb- r?2`2 n Bb i?2 MmK#2` Q7 T�`iB+H2b
BM 2�+? 2p2MiX q2 M22/ iQ +QKTmi2 i?2 T�B`rBb2 T@q�bb2`bi2BM /Bbi�M+2b #2ir22M i?2 2MiB`2
+QHH2+iBQM Q7 Nevt `2[mB`BM; O(N2

evt) +QKTmi�iBQMb(8j)X .m2 iQ +QKTmi�iBQM�H HBKBi�iBQMb- i?2
MmK#2` Q7 2p2Mib r�b HBKBi2/ iQ 8yyy 2p2MibX

h?2 mM7QH/BM; T2`7Q`K�M+2 Q7 JmHiB6QH/- A"l �M/ PTiBK�H i`�MbTQ`i �`2 b?QrM BM 6B;
9X9 � 9Xj �M/ i?2 i`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b �`2 b?QrM BM h�#H2 9XkX 6`QK i?2 THQib �M/
i`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b- r2 b22 i?�i Qm` QM2@/BK2MbBQM�H PTiBK�H i`�MbTQ`i mM7QH/BM;
T2`7Q`Kb #2ii2` i?�M JmHiB6QH/ �M/ A"l 7Q` C2i J�bb �M/ C2i JmHiBTHB+Biv Q#b2`p�#H2b-
#mi mM7QH/BM; T2`7Q`K�M+2 Bb MQi ;`2�i 7Q` Qi?2` p�`B�#H2bX AM i?2 THQib- r2 b22 i?�i i?2
?BbiQ;`�Kb �`2 MQi bKQQi?- �M/ i?Bb Bb /m2 iQ i?2 HBKBi2/ MmK#2` Q7 2p2Mib mb2/ 7Q` mM7QH/BM;X
AM Q`/2` iQ bKQQi? Qmi bQK2 Q7 i?2 ~m+im�iBQMb- r2 Dmbi BM+`2�b2/ i?2 #BMMBM; bBx2 b?QrM BM
i?2 ?BbiQ;`�Kb ?2`2- r?B+? rQmH/ �HHQr i?2 T�ii2`Mb iQ #2 KQ`2 +H2�`Hv pBbB#H2 �M/ +QKT�`2/X
6Q` i?2 mM#BMM2/ K2i?Q/b- i?2`2 Bb MQ /B{+mHiv rBi? +?�M;BM; i?2 #BMMBM;X 6B; 9X9 mb2b
i?2 ǳ:2MǴ iQ ǳaBKǴ `2H�iBQM �b i?2 f(G,S) = G/S �M/ 6B; 9Xj mb2b f(G,S) = G − SX
*QKT�`BM; i?2 THQib- Bi Bb Q#b2`p2/ i?�i #Qi? /Bz2`2M+2 �M/ i?2 `�iBQ 7mM+iBQMb T`Q/m+2
bBKBH�` QmiTmibX q2 rBHH #2 mbBM; i?2 /Bz2`2M+2 #2ir22M ǳ:2MǴ �M/ ǳaBKǴ �b i?2 7mM+iBQM
f(G,S) BM T2`7Q`KBM; i?2 PTiBK�H h`�MbTQ`i lM7QH/BM;X AM i?2 i�#H2 9Xk- i?2 /Bz2`2M+2
7mM+iBQM Bb mb2/ iQ T2`7Q`K R. Phl 7Q` i?2 i`B�M;H2 /Bb+`BKBM�iQ` p�Hm2bX
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6B;m`2 9Xj, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
A"l- JmHiB6QH/ �M/ QM2@/BK2MbBQM�H PTiBK�H h`�MbTQ`iX h?2 ;Q�H ?2`2 Bb iQ ;2i i?2 mM7QH/2/
`2bmHib �b +HQb2 iQ i?2 ;`22M ?BbiQ;`�K �b TQbbB#H2X >2`2 i?2 7mM+iBQM mb2/ Bb i?2 /Bz2`2M+2
#2ir22M ǳ:2MǴ �M/ ǳ_2+QǴ- BX2X- f(G,S) = G−SX q2 b22 i?�i i?2 QM2@/BK2MbBQM�H QTiBK�H
i`�MbTQ`i mM7QH/BM; Bb /QBM; `2�bQM�#H2 r?2M +QKT�`2/ iQ JmHiB7QH/ �M/ A"lX

Ai Bb 2tT2+i2/ i?�i i?2 T2`7Q`K�M+2 Q7 i?2 mM7QH/BM; K2i?Q/b +?�M;2b rBi? i?2 +?�M;2 BM
i?2 T�`ib Q7 i?2 /�i�b2i mb2/X q2 �`2 QMHv mbBM; 8F 2p2Mib- r?B+? Bb � bm#b2i Q7 i?2 /�i�b2i
jX q2 +`2�i2 KmHiBTH2 bm+? bm#b2ib Q7 8F 2p2Mib- �M/ r2 +�H+mH�i2 i?2 p�Hm2b Q7 i?2 i`B�M;H2
/Bb+`BKBM�iQ` 7Q` i?2 mM7QH/BM; K2i?Q/b #v p�`vBM; i?2b2 bm#b2ib �M/ +�H+mH�i2 i?2 �p2`�;2
�M/ bi�M/�`/ /2pB�iBQM p�Hm2b �`2 b?QrM BM i�#H2 9XkX �HbQ- �b JmHiB6QH/ Bb � K�+?BM2
H2�`MBM;@#�b2/ mM7QH/BM; K2i?Q/ r?2`2 i?2 r2B;?i Q7 i?2 S6L �`+?Bi2+im`2 �`2 BMBiB�HBx2/
`�M/QKHv- Bi Bb 2tT2+i2/ i?�i i?2 T2`7Q`K�M+2 Q7 i?2 JmHiB6QH/ rBHH p�`v 7Q` 2�+? `mM QM i?2
b�K2 /�i�b2iX h?2b2 2``Q`b �`2 b?QrM BM i?2 #`�+F2ib BM i?2 i�#H2 9XkX

9XkXk .Bz2`2Mi BMTmib iQ i?2 Phl �H;Q`Bi?K

q2 �H`2�/v b�r i?2 Phl `2bmHib 7Q` QM2@/BK2MbBQM�H BMTmib- r?B+? KQiBp�i2b i?2 mb2 Q7
/Bz2`2Mi BMTmib iQ i?2 QTiBK�H i`�MbTQ`i mM7QH/BM; �H;Q`Bi?K RX AM QM2 /BK2MbBQM�H Phl-
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6B;m`2 9X9, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
A"l- JmHiB6QH/ �M/ QM2@/BK2MbBQM�H PTiBK�H h`�MbTQ`iX h?2 ;Q�H ?2`2 Bb iQ ;2i i?2 mM7QH/2/
`2bmHib �b +HQb2 iQ i?2 ;`22M ?BbiQ;`�K �b TQbbB#H2X >2`2 i?2 7mM+iBQM mb2/ Bb i?2 `�iBQ #2ir22M
ǳ:2MǴ �M/ ǳ_2+QǴ- BX2X- f(G,S) = G/SX q2 b22 i?�i i?2 QM2@/BK2MbBQM�H QTiBK�H i`�MbTQ`i
mM7QH/BM; Bb /QBM; `2�bQM�#H2 r?2M +QKT�`2/ iQ JmHiB7QH/ �M/ A"lX

J2i?Q/b J�bb JmHiBTHB+Biv rB/i? i�mkR x; a.J�bb
JmHiB6QH/ eXR9 Y@ RX9eUkX9jV RyXkN Y@ RXNeUjX8kV 8e8XkNN Y@ d9X9jUkd3Xj8V jkNXNy Y@ R9dXydUN3XN9V eRjXyy Y@ RdjXy3Ud9jXkeV kjX8e Y@ jX9jURyXNkV
A"l NXjy Y@ kXy8 RRXk3 Y@ RXdj 88RXkN Y@ RyeXde jNdX33 Y@ RR8Xjy 89kXyR Y@ 8kXe9 keX9d Y@ eX8N
Ph eXkk Y@ yX3k dXke Y@ yX3k dk8X3d Y@ N9XRN 8R9X9d Y@ 3jXRk RRy3X3j Y@ 9dNX8R 98X8j Y@ 8X9y

h�#H2 9Xk, h`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b 7Q` JmHiB6QH/- A"l �M/ QM2 /BK2MbBQM�H PhX JmHiB@
TH2 T�`ib Q7 i?2 /�i�b2i r2`2 mb2/ iQ +�H+mH�i2 i?2 �p2`�;2 �M/ i?2 p�`B�M+2 Q7 2�+? mM7QH/BM;
K2i?Q/X PM2 /BK2MbBQM�H Ph mM7QH/BM; QmiT2`7Q`Kb JmHiB6QH/ �M/ A"l 7Q` C2i J�bb �M/
C2i P#b2`p�#H2b �M/ T2`7Q`Kb `2�bQM�#Hv BM Qi?2` +�b2b 2t+2Ti 7Q` i?2 :`QQK2/ C2i JQK2M@
imK 6`�+iBQM zgX

r2 �BK2/ iQ mM/2`bi�M/ i?2 mM7QH/BM; mbBM; i?2 QTiBK�H i`�MbTQ`i �M/ T2`7Q`K �M mM#BMM2/
mM7QH/BM; Q7 �M Q#b2`p�#H2 Q7 BMi2`2bi- rBi? QMHv QM2 Q#b2`p�#H2 �b i?2 BMTmiX AM i?Bb b2+iBQM-
r2 r�Mi iQ mM/2`bi�M/ i?2 mM7QH/BM; T2`7Q`K�M+2 Q7 i?2 Phl mbBM; BM � KmHiB/BK2MbBQM�H
+�b2X q2 Q#b2`p2 i?�i i?2 BMTmi iQ i?2 ;`QmM/ K2i`B+ +�M #2 KmHiB/BK2MbBQM�H- r?B+? +�M
?2HT BM T`2b2`pBM; KQ`2 +Q``2H�iBQMb i?�M i?2 bBM;H2 Q#b2`p�#H2 BMTmi �b KQ`2 BM7Q`K�iBQM
r�b mb2/ iQ T2`7Q`K i?2 mM7QH/BM;X h?2 BMTmib iQ i?2 ;`QmM/ K2i`B+ +�H+mH�iBQM i?�i r2
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2tTHQ`2/ r2`2 C2i KQK2MimK 7Qm`@p2+iQ` �M/ T�`iB+H2 KQK2MimK 7Qm`@p2+iQ`bX >2`2- r2 �`2
Dmbi +?�M;BM; i?2 ǳ�bbQ+B�iBQM 7mM+iBQMǴ UBX2X- +?�M;BM; i?2 ;`QmM/ K�i`B+ �M/ ?Qr /Bz2`2Mi
2p2Mib ;2i �bbQ+B�i2/ iQ 2�+? Qi?2`V �M/ F22TBM; i?2 Q#b2`p�#H2 Q7 BMi2`2bi �b i?2 ǳi`�MbTQ`i
7mM+iBQMǴX

6Q` i?2 +�b2 r?2`2 C2i KQK2MimK 7Qm` p2+iQ`b Bb T`QpB/2/ �b i?2 BMTmi- r2 T2`7Q`K
i?2 mM7QH/BM; BM i?2 bBKBH�` K�MM2` iQ R #v }`bi +�H+mH�iBM; i?2 K2i`B+ mbBM; C2i 9 p2+iQ`-
i?2M }M/BM; i?2 QTiBK�H i`�MbTQ`i K�i`Bt T #v K�i+?BM; ǳaBKǴ �M/ ǳ.�i�ǴX h?2M �7i2`
`2�``�M;BM;- ǳ.�i�Ǵ- i?2 lM7QH/2/ /Bbi`B#miBQM Bb 2biBK�i2/ mbBM; i?2 `2H�iBQM #2ir22M i?2
ǳ:2MǴ �M/ ǳaBKǴ �M/ �TTHvBM; Bi QM ǳ.�i�ǴX

6Q` i?2 +�b2 r?2`2 i?2 T�`iB+H2 KQK2MimK 7Qm`@p2+iQ` Bb T`QpB/2/ �b i?2 BMTmi- i?2`2 Bb
� ir2�F iQ i?2 �H;Q`Bi?K RX >2`2- r2 }`bi +�H+mH�i2 i?2 1M2`;v JQp2`Ƕb .Bbi�M+2 Q7 2�+?
2p2Mi mbBM; i?2 BKTH2K2Mi�iBQM BM 1M2`;v6HQr Tvi?QM HB#`�`v (8R)X h?2b2 1M2`;v JQp2`Ƕb
.Bbi�M+2 U1J.V rBHH �+i �b � K2�bm`2 iQ +QKT�`2 irQ +QHHB/2` 2p2MibX h?2b2 p�Hm2b �`2 i?2M
mb2/ 7Q` +�H+mH�iBM; i?2 +Qbi K�i`Bt �M/ r?B+? Bb mb2/ iQ ;2i i?2 QTiBK�H i`�MbTQ`i K�i`Bt
T mbBM; i?2 Tvi?QM QTiBK�H i`�MbTQ`i HB#`�`v USPhVX >2M+2- r2 �TTHB2/ Ph irB+2- QM+2 7Q`
+�H+mH�iBM; 1J. #2ir22M T�`iB+H2b Q7 2�+? 2p2Mi �M/ b2+QM/ 7Q` T2`7Q`KBM; mM7QH/BM;X Ai Bb
BKTQ`i�Mi iQ MQiB+2 i?�i #v bi`m+im`2- i?Bb Bb �M mM#BMM2/- KmHiB/BK2MbBQM�H mM7QH/BM;X h?2
+QKT�`BbQM Q7 JmHiB6QH/- A"l �M/ C2i 7Qm` p2+iQ` Phl �`2 b?QrM BM i?2 };m`2 "XR �M/ i?2
b�K2 rBi? S�`iB+H2 7Qm` p2+iQ` Phl �`2 b?QrM BM i?2 };m`2 "Xk BM i?2 �TT2M/Bt "XR

J2i?Q/b J�bb JmHiBTHB+Biv rB/i? i�mkR x; a.J�bb
R. 8Xde 9Xdj 8kjXkd je3XdN d8yXNR j3X83
C2i9p2+iQ` 8XdR jXk ee3Xj8 RRd3X3d Nk8eXRd d9X39
S�`iB+H2 H2p2H eX3d 8X88 jkNXRk 33NXd dNk8Xyk jeXdd

h�#H2 9Xj, h`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b 7Q` QM2 /BK2MbBQM�H- D2i 9 p2+iQ` �M/ T�`iB+H2 9
p2+iQ` Ph mM7QH/BM;X

q2 +QKT�`2 i?2 Ph mM7QH/BM; rBi? /Bz2`2Mi BMTmib- BX2X- QM2 /BK2MbBQM�H- D2i 7Qm`@p2+iQ`
�M/ T�`iB+H2 7Qm`@p2+iQ`X 6B; 9X8 b?Qrb i?2 +QKT�`BbQM THQib �M/ i�#H2 9Xj i`B�M;H2 /Bb+`BK@
BM�iQ` +QKT�`BbQMbX h?2 MmK#2` Q7 2p2Mib mb2/ 7Q` i?2 THQib Bb R8yyyX q2 b22 i?�i 7Q`
C2i K�bb �M/ KmHiBTHB+Biv- �HH i?2 Ph mM7QH/BM; �`2 T2`7Q`KBM; bBKBH�`HvX 6Q` bQ7i /`QT D2i
K�bb �M/ C2i rB/i?- T�`iB+H2 H2p2H mM7QH/BM; Bb T2`7Q`KBM; #2ii2` i?�M Qi?2`bX >Qr2p2`- BM
L@bm#D2iiBM2bb _�iBQ- D2i �M/ T�`iB+H2 H2p2H mM7QH/BM;b ?�p2 � H�`;2 +QM+2Mi`�iBQM Q7 2p2Mib BM
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6B;m`2 9X8, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
/Bz2`2Mi BMTmib iQ i?2 PTiBK�H h`�MbTQ`i T`Q#H2KX h?2 ;Q�H ?2`2 Bb iQ ;2i i?2 mM7QH/2/
`2bmHib �b +HQb2 iQ i?2 ;`22M ?BbiQ;`�K �b TQbbB#H2X

i?2 ?B;?2` `2;BQMX h?2 D2i �M/ T�`iB+H2 H2p2H mM7QH/2/ /Bbi`B#miBQM b?Qrb �M BMi2`2biBM; #2@
?�pBQm` Q7 /Bbi`B#miBQMb ?�pBM; � b?�`T +mi HBF2 i?2 QM2 BM :`QQK2/ C2i JQK2MimK 6`�+iBQM
zgX h?2`2 Bb � bB;MB}+�Mi +QM+2Mi`�iBQM Q7 2p2Mib BM i?2 `2;BQM #2HQr i?2 +miX Ai Bb TQbbB#H2
i?�i i?2 MmK#2` Q7 2p2Mib r?2`2 ;2M zg I yXR Bb H2bb i?�M i?�i 7Q` bBK zgX Ai b22Kb HBF2
/m2 iQ i?Bb- i?2`2 Bb � #B�b i?�i Bb TmHHBM; �HH i?2b2 2p2Mib iQr�`/b Uy- yXRV BMi2`p�HX �MQi?2`
TQbbB#H2 `2�bQM KB;?i #2 i?�i- i?2 2p2Mib r?B+? �`2 +HQb2 BM i?2 +�b2 7Q` C2i KQK2MimK 9
p2+iQ` Q` i?2 S�`iB+H2 KQK2MimK 9 p2+iQ` �b i?2 BMTmib 7Q` i?2 ǳ�bbQ+B�iBQM 7mM+iBQMǴ- i?2b2
2p2Mib �`2 MQi M2+2bb�`BHv +HQb2 BM i?2 Q#b2`p�#H2 Q7 BMi2`2bi 7Q` +�H+mH�iBM; i?2 ǳh`�MbTQ`i
7mM+iBQMǴX >2M+2- r?2M i?2`2 Bb � b?�`T 2/;2 BM i?2 Q#b2`p�#H2 zg- �M 2p2Mi BM i?2 ǳ.�i�Ǵ
r?B+? Bb +HQb2 iQ i?�i 2/;2 KB;?i ;2i K�i+?2/ iQ i?2 ǳaBKǴ 2p2Mi r?B+? Bb 7�` �r�v 7`QK i?2
i?�i 2/;2 �M/ ?�b � i`�MbTQ`i p2+iQ` r?B+? TmHH Bi Qp2` i?2 2/;2X

AM i?Bb bm#b2+iBQM- r2 +QKT�`2/ i?2 Phl rBi? /Bz2`2Mi BMTmib iQ i?2 �H;Q`Bi?KX lbBM;
i?2 C2i 7Qm`@KQK2MimK p2+iQ` �b i?2 BMTmi iQ i?2 Phl �H;Q`Bi?K ?2HTb BM T`2b2`pBM; i?2
+Q``2H�iBQMb KQ`2 i?�M i?2 QM2@/BK2MbBQM�H PhlX �T�`i 7`QK bQK2 bT2+B}+ +�b2b- r2 b22
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i?�i i?2 S�`iB+H2 7Qm`@KQK2MimK p2+iQ` �b i?2 BMTmi ?�b ;QQ/ mM7QH/BM; T2`7Q`K�M+2 �M/
;Bp2b �M BMi2`2biBM; K2i?Q/ Q7 +QKT�`BM; i?2 2p2MibX q2 }`bi +QKT�`2 i?2 2p2Mib �i i?2
T�`iB+H2 H2p2H �M/ /2i2`KBM2 � p�Hm2 iQ i?2 bBKBH�`Biv Q7 i?Qb2 2p2Mib mbBM; 1M2`;v JQp2`Ƕb
.Bbi�M+2- �M/ i?2M r2 +QKT�`2 i?2 2p2Mib �i i?2 2p2Mi H2p2HX *QKT�`BM; �i i?2 T�`iB+H2 H2p2H
?2HTb BM T`2b2`pBM; KQbi Q7 i?2 +Q``2H�iBQMbX AM i?2 M2ti b2+iBQM- r2 rBHH 2ti2M/ i?2 B/2� Q7
+QKT�`BM; i?2 2p2Mib �i i?2 T�`iB+H2 H2p2H mbBM; i?2 1J. p�Hm2b �M/ i?2M mb2 i?2b2 1J.
p�Hm2b �b i?2 mM/2`HvBM; ;`QmM/ K2i`B+ iQ ;2i mM7QH/2/ T�`iB+H2bX

9XkXj S�`iB+H2 G2p2H Phl
AM i?2 T`2pBQmb �H;Q`Bi?K R- r2 bQHp2/ i?2 QTiBK�H i`�MbTQ`i T`Q#H2K #2ir22M i?2 ǳ.�i�Ǵ �M/
ǳaBKǴ �M/ Q#i�BM2/ i?2 ~Qr K�i`Bt �i i?2 H2p2H Q7 2p2Mi bT�+2 �M/ T`Q/m+2/ i?2 mM7QH/2/
/Bbi`B#miBQM mbBM; BiX PM2 Q7 i?2 /`�r#�+Fb Q7 i?Bb �H;Q`Bi?K Bb i?�i Bi /B`2+iHv ;2i i?2
mM7QH/2/ /Bbi`B#miBQM Q7 i?2 Q#b2`p�#H2bX �M �TT`Q�+? iQ ;2i i?2 mM7QH/2/ T�`iB+H2b +�M ;Bp2
7`22/QK �M/ ~2tB#BHBiv BM +�H+mH�iBM; p�`BQmb Q#b2`p�#H2b �M/ T`2b2`pBM; +Q``2H�iBQMbX h?Bb
b2+iBQM T`QTQb2b �M QTiBK�H i`�MbTQ`i mM7QH/BM; K2i?Q/ i?�i +�M T2`7Q`K mM7QH/BM; BM i?2
T�`iB+H2 bT�+2 ;BpBM; mM7QH/2/ T�`iB+H2bX

1ti2M/BM; i?2 B/2�b i�F2M 7`QK i?2 mM7QH/BM; /QM2 rBi? T�`iB+H2 7Qm`@KQK2MimK �b i?2
BMTmi iQ i?2 �H;Q`Bi?K R- r2 +�M }`bi bQHp2 i?2 QTiBK�H i`�MbTQ`i T`Q#H2K BM i?2 T�`iB+H2
bT�+2 7Q` 2�+? 2p2Mi BM i?2 ǳ.�i�Ǵ �M/ ǳaBKǴ �M/ }M/ i?2 1M2`;v JQp2`Ƕb .Bbi�M+2 U1J.V
7Q` 2�+? Q7 i?2 T�B`b Q7 2p2Mib BM ǳ.�i�Ǵ �M/ ǳaBKǴ mbBM; i?2 1M2`;v6HQr Tvi?QM T�+F�;2
(8R)X lbBM; i?2 1J. p�Hm2b �b i?2 ;`QmM/ K2i`B+ QM i?2 +QHHB/2` 2p2Mib- r2 bQHp2 i?2 QTiBK�H
i`�MbTQ`i T`Q#H2K BM i?2 2p2Mi bT�+2 �M/ Q#i�BM i?2 h`�MbTQ`i K�i`Bt T - r?B+? Bb mb2/ iQ
+QKT�`2 ǳ.�i�Ǵ �M/ ǳaBKǴ 2p2MibX LQr- BMbi2�/ Q7 mbBM; i?2 Q#b2`p�#H2b i?�i r2 r�Mi iQ
mM7QH/ �b i?2 BMTmi- r2 mb2 � /Bz2`2Mi bi2T iQ Q#i�BM mM7QH/2/ T�`iB+H2b �b /2b+`B#2/ BM i?2
�H;Q`Bi?K kX

h?2 �H;Q`Bi?K k K�F2 mb2 Q7 i?2 GBM2�`Bx2/ QTiBK�H i`�MbTQ`i UGPhV (8j)X q2 }`bi i�F2
� HQQF �i i?2 GPhX �b K2MiBQM2/ 2�`HB2` BM 9XkXR- i?2 +QKTmi�iBQM�H +Qbi Q7 +QKTmiBM; i?2
T@q�bb2`bi2BM /Bbi�M+2 #2ir22M irQ 2p2Mib Bb O(n3)X �HbQ- +QKTmiBM; 1J.- BX2X T�B`rBb2
/Bbi�M+2 #2ir22M �HH 2p2Mib 7Q` Nevt /�i�b2i Bb O(N2

evt)X GPh T`QTQb2b � 7`�K2rQ`F 7Q`
+QKTmiBM; i?2 /Bbi�M+2 #v `2/m+BM; i?2 +QKTmi�iBQM�H +QbiX Ai BMi`Q/m+2b � mb2 Q7 `272`2M+2
p2+iQ` r?B+? ?2HTb BM bT22/BM; mT i?2 +QKTmi�iBQM Q7 i?2 QTiBK�H i`�MbTQ`i /Bbi�M+2bX q2
mb2 GPh �b Bi �HHQrb mb iQ �TT`QtBK�i2 � i`�MbTQ`i K�T /2`Bp2/ QM QM2 2p2Mi U/BbiB`#miBQMV
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�H;Q`Bi?K k, PTiBK�H i`�MbTQ`i mM7QH/BM; BM T�`iB+H2 bT�+2
AMBiB�HBx2 i?2 p�`B�#H2b D ← “Data”observable- S ← “Sim”observable �M/
G← “Gen”observable”c

J 4 *Qbi K�i`Bt rBi? 1J. p�Hm2b #2ir22M D �M/ S �i i?2 T�`iB+H2 H2p2Hc
h 4 1J. ~Qr K�i`Bt 7`QK D iQ S BM i?2 2p2Mi bT�+2 mbBM; i?2 J +Qbi K�i`Btc
J�i+? D �M/ S 2p2Mib mbBM; hc
_ 4 AMBiB�HBx2 � `272`2M+2 2p2Mic
7Q` MmK#2` Q7 2p2Mib /Q

T sim 4 1J. ~Qr K�i`Bt 7`QK R iQ S �i i?2 T�`iB+H2 H2p2Hc
T gen 4 1J. ~Qr K�i`Bt 7`QK R iQ G �i i?2 T�`iB+H2 H2p2Hc
T data 4 1J. ~Qr K�i`Bt 7`QK R iQ D �i i?2 T�`iB+H2 H2p2Hc
s 4 T sim × Sc
g 4 T gen ×Gc
d 4 T data ×Dc
mM7QH/2/ 2p2Mi 4 d+ (g − s)c
mM7QH/2/ D2ib 4 6�biC2i +Hmbi2`BM; QM i?2 mM7QH/2/ T�`iB+H2bc

2M/
_2bmHi, lM7QH/2/ T�`iB+H2b 7Q` 2�+? 2p2Mi

iQ �MQi?2` 2p2Mi U/Bbi`B#miBQMV- r?B+? r2 /QMǶi FMQr ?Qr iQ /Q rBi? i?2 7mHH 1J.X q2 �`2
KQ`2 BMi2`2bi2/ BM i?2 +QM+2Ti Q7 i?2 `272`2M+2 2p2Mi �M/ mb2 Bi iQ 2M�#H2 p2+iQ` +�H+mH�iBQM
BM i?2 T�`iB+H2 bT�+2X

h?2b2 `272`2M+2 2p2Mi +QMi�BMb T�`iB+H2b r?B+? �`2 mb2/ �b � `272`2M+2 7Q` i?2 2M2`;v
~QrX 6B`bi- r2 bQHp2 i?2 QTiBK�H i`�MbTQ`i T`Q#H2K #2ir22M `272`2M+2 2p2Mi R �M/ 2p2Mi E

Ur?2`2 2p2Mi E rBHH #2 ǳ.�i�Ǵ- ǳaBKǴ �M/ ǳ:2MǴ 2p2MiV �i i?2 T�`iB+H2 H2p2H bQ i?�i r2 ?�p2
� h`�MbTQ`i K�i`Bt T BM i?2 T�`iB+H2 7Qm` KQK2MimK p2+iQ` bT�+2X G2i i?2 tij /2MQi2 i?2
QTiBK�H i`�MbTQ`i TH�M 7`QK `272`2M+2 2p2Mi R iQ �M 2p2Mi E- r?B+? BMimBiBp2Hv +�M #2 pB2r2/
�b i?2 i`�MbTQ`i TH�M tij b2M/ 2M2`;v 7`QK T�`iB+H2 i BM i?2 2p2Mi E iQ K�Mv /Bz2`2Mi T�`iB+H2b
BM i?2 `272`2M+2 2p2Mi RX G2i tdataij - tgenij �M/ tsimij #2 i?2 QTiBK�H i`�MbTQ`i TH�Mb 7`QK R iQ
ǳ.�i�Ǵ UDV- R iQ ǳ:2MǴ UGV �M/ R iQ ǳaBKǴ USV `2bT2+iBp2HvX lbBM; i?2b2 QTiBK�H i`�MbTQ`i
TH�Mb � K�T 7`QK 2p2Mi E iQ � p2+iQ` ri Bb +`2�i2/ r?B+? Bb BM n@/BK2MbBQM�H 1m+HB/2�M bT�+2
Q7 Rn- r?2`2 n Bb i?2 MmK#2` Q7 T�`iB+H2b BM i?2 `272`2M+2 2p2MiX h?Bb ri p2+iQ` Bb /2}M2/ �b
@

ri ≡
1

Ri

∑

j

tijεj U9XkV
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h?2 2M2`;B2b Q7 i?2 T�`iB+H2b BM i?2 ǳ.�i�Ǵ- ǳaBKǴ �M/ ǳ:2MǴ 2p2Mib �`2 b2Mi iQ i?2 `272`2M+2
T�`iB+H2b mbBM; i?2 QTiBK�H i`�MbTQ`i K�i`Bt- �M/ #v mbBM; i?2 2[ 9Xk p2+iQ`b di- si �M/ gi

�`2 +`2�i2/ iQ ?�p2 p2+iQ`b BM i?2 b�K2 /BK2MbBQMb �b i?2 `272`2M+2 2p2MiX "v �TTHvBM; i?2
FMQrH2/;2 Q7 i?2 `2H�iBQM #2ir22M ǳ:2MǴ �M/ ǳaBKǴ iQ ǳ.�i�Ǵ BM i?2 p2+iQ` bT�+2 +`2�i2/
mbBM; i?2 `272`2M+2 2p2Mi- r2 ;2i lM7QH/2/ T�`iB+H2bX h?2b2 mM7QH/2/ T�`iB+H2b �`2 i?2M
+Hmbi2`2/ BMiQ D2ib mbBM; i?2 TvD2i Tvi?QM T�+F�;2- � Tvi?QM BKTH2K2Mi�iBQM Q7 6�biD2i(9e)X
qBi? i?2b2 mM7QH/2/ T�`iB+H2b- r2 +�M +�H+mH�i2 �Mv D2i bm#bi`m+im`2 p�`B�#H2 M22/2/ 7Q` i?2
�M�HvbBbX h?Bb mM7QH/BM; �H;Q`Bi?K Bb �M mM#BMM2/- KmHiB/BK2MbBQM�H mM7QH/BM; i?�i T`2b2`p2b
+Q``2H�iBQMb #v +QMbi`m+iBQMX

AM i?2 �H;Q`Bi?K k- Bi +�M #2 MQi2/ i?�i i?2 +?QB+2 Q7 `272`2M+2 2p2Mi Bb �`#Bi`�`vX h?2
`272`2M+2 2p2Mi Bb BMi`Q/m+2/ iQ T2`7Q`K i?2 GBM2�`Bx2/ PTiBK�H h`�MbTQ`iX h?2 +?QB+2 Q7
`272`2M+2 2p2Mi ?�b � +QMbB/2`�#H2 BKT�+i QM i?2 [m�HBiv Q7 i?2 mM7QH/BM; `2bmHibX AM Qm`
�M�HvbBb- r2 +?QQb2 /�i� �b i?2 `272`2M+2 2p2MiX hQ mM/2`bi�M/ i?2 �H;Q`Bi?K k- r2 T2`7Q`K
mM7QH/BM; 7Q` � bi`�B;?i7Q`r�`/ +�b2X G2i i?2 +�b2 #2 /2}M2/ mbBM; i?2 7QHHQrBM; T�`iB+H2
bi`m+im`2 @

RX /�i� 4 (ky-R-R-y)- (ky-@R-@R-y)- (8-y-y-y)- (8-y-y-y)

kX `2+Q 4 (ky-R-R-y)- (ky-@R-@R-y)- (Ry-y-y-y)

jX ;2M 4 (ky-k-k-y)- (ky-@k-@k-y)- (Ry-y-y-y)

9X i`mi? 4 (ky-k-k-y)- (ky-@k-@k-y)- (8-y-y-y)- (8-y-y-y) 4 lM7QH/2/

AM i?Bb 2t�KTH2- r2 iQQF � 7Qm`@T�`iB+H2 /�i� 2p2Mi- � i?`22@T�`iB+H2 J* 2p2Mi- �M/ i?2
T�`iB+H2 �i i?2 +2Mi`2 BM ;2M bTHBib BMiQ irQ 2[m�H Th BM i?2 i`mi? 2p2MiX 6Q` i?Bb bBKTH2
+�b2- };m`2 9Xe b?Qrb i?2 THQib #2ir22M �HH TQbbB#H2 +QK#BM�iBQMb Q7 /�i�- `2+Q- ;2M- i`mi?-
�M/ mM7QH/2/ 2p2MibX q2 b22 i?�i i?2 /�i�@`2+Q �`2 i?2 b�K2- r?B+? Bb `2~2+i2/ #v i?2 1J.
p�Hm2X h?2 1J. p�Hm2b 7Q` ;2M@`2+Q �M/ /�i�@mM7QH/2/ Bb i?2 b�K2- r?B+? Bb 2tT2+i2/ 7Q`
i?Bb bBKTH2 +�b2- �M/ Bi Bb r?�i r2 r�Mi iQ �+?B2p2 7`QK i?2 mM7QH/BM;- BX2X r?2M r2 T2`7Q`K
p2+iQ` �//BiBQMb iQ ;2i i?2 mM7QH/2/ T�`iB+H2 /Bbi`B#miBQMb- /�i�@mM7QH/2/ THQib b?QmH/ b?Qr
i?2 bBKBH�` /Bbi`B#miBQMb �b i?�i Q7 ;2M@`2+Q THQibX q?2M mM7QH/BM; Bb /QM2 7Q` i?2 /�i�b2i-
i?2 1J. p�Hm2b 7Q` /�i�@mM7QH/2/ b?QmH/ #2 bBKBH�` iQ i?�i Q7 ;2M@`2+Q- �M/ i?2 1J. p�Hm2
7Q` mM7QH/2/@;2M b?QmH/ #2 bBKBH�` iQ /�i�@`2+QX
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6B;m`2 9Xe, S�`iB+H2 H2p2H THQib Q7 i?2 bBKTH2 +�b2X SQBMi b?Qrb i?2 T�`iB+H2b �M/ i?2B` �`2�
Bb T`QTQ`iBQM�H iQ i?2B` i`�Mbp2`b2 KQK2MimK BM i?2 `�TB/Biv@�xBKmi? TH�M2X .�`F2` HBM2b
BM/B+�i2 KQ`2 i`�Mbp2`b2 KQK2MimK KQp2K2MiX

6B;m`2 9Xd, h?2 mM7QH/BM; `2bmHib 7Q` C2i J�bb �M/ C2i Th Q#b2`p�#H2b mbBM; >2`rB;
Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 b?QrM BM i?Bb THQibX S�`iB+H2 H2p2H Phl
Bb +QKT�`2/ rBi? JmHiB6QH/ �M/ A"lX

J2i?Q/b J�bb C2inTh
JmHiB6QH/ RX3e yXye
A"l jXjd yXyd
S�`iB+H2 H2p2H Phl RRXNN RXkR

h�#H2 9X9, h`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b 7Q` JmHiB6QH/- A"l �M/ S�`iB+H2 H2p2H PhlX

q2 �TTHv i?2 �H;Q`Bi?K k iQ i?2 /�i�b2i �M/ T2`7Q`K mM7QH/BM; iQ ;2i i?2 mM7QH/2/ T�`iB@
+H2bX q2 +QKT�`2 i?Bb Ph mM7QH/BM; rBi? JmHiB6QH/ �M/ A"lX 6B;m`2 9Xd b?Qrb i?2 +QKT�`@
BbQM THQib �M/ i�#H2 9XkXj- BX2X- /Bz2`2Mi BMTmib iQ i?2 �bbQ+B�iBQM 7mM+iBQMX 6`QK i?2 THQib
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�M/ i`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b- r2 b22 i?�i i?2 JmHiB6QH/ Bb T2`7Q`KBM; #2ii2` i?�M Qm`
S�`iB+H2 H2p2H Phl 7Q` i?2 C2i J�bb �M/ C2i Th Q#b2`p�#H2bX q2 Q#b2`p2 i?�i i?2 +m``2Mi
`2bmHib Q7 S�`iB+H2 H2p2H Phl �`2 BM+QM+HmbBp2- #mi i?2 �/p�Mi�;2 Q7 S�`iB+H2 H2p2H Phl +�M
#2 `2~2+i2/ BM Bib ;`2�i ~2tB#BHBiv i?�i i?2 mM7QH/2/ T�`iB+H2b T`QpB/2X

Ai Bb Q#b2`p2/ i?�i i?2 S�`iB+H2 H2p2H Phl Bb bBKBH�` iQ i?2 /�i�- �M/ i?2 /2p2HQTK2Mi
Q7 i?2 �H;Q`Bi?K Bb BM T`Q;`2bb iQ `2KQp2 i?Bb #B�bX q2 �`2 �HbQ 2tTHQ`BM; i?2 `2bmHib rBi?
/Bz2`2Mi `272`2M+2 p2+iQ`b �M/ i?Bb Bb � rQ`F BM T`Q;`2bbX
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*?�Ti2` 8

*QM+HmbBQM

h?Bb i?2bBb +QMbBbi2/ Q7 �M mM7QH/BM; �H;Q`Bi?K bim/v BM r?B+? �M BMMQp�iBp2 mM#BMM2/
KmHiB/BK2MbBQM�H mM7QH/BM; �H;Q`Bi?K Bb T`QTQb2/X h?2 /Bb�/p�Mi�;2b Q7 i?2 i`�/BiBQM�H
mM7QH/BM; K2i?Q/b- K�BMHv i?2 `2bi`B+iBQMb +QKBM; 7`QK i?2 #BMMBM; �M/ i?2 �H;Q`Bi?KbǶ MQi
b+�HBM; r2HH 7Q` ?B;?2` /BK2MbBQMb �M/ mM7QH/BM; BM ?B;?2` /BK2MbBQMb- ?2HT +QMb2`p2 i?2
+Q``2H�iBQMb i?�i +�M #2 mb2/ BM +QKT�`BM; `2bmHib �M/ T2`7Q`KBM; T`2+BbBQM �M�HvbBb rBi?
KQ`2 7`22/QKX lM7QH/BM; �H;Q`Bi?Kb 7Q` �M mM#BMM2/ �M/ KmHiB/BK2MbBQM�H K2�bm`2K2Mi
r?B+? +�M T`2b2`p2 �b Km+? +Q``2H�iBQM �b TQbbB#H2 Bb 2bb2MiB�HX

q2 }`bi HQQF2/ BMiQ i?2 J�+?BM2 G2�`MBM; #�b2/ mM#BMM2/ mM7QH/BM; �H;Q`Bi?K @ PKMB6QH/-
r?B+? +�M ?�M/H2 T?�b2 bT�+2 Q7 �Mv /BK2MbBQM�HBivX Ai r�b b22M BM Qm` +QKT�`BbQM i?�i
PKMB6QH/ T2`7Q`Kb #2ii2` i?�M i?2 i`�/BiBQM�H mM7QH/BM; �H;Q`Bi?KbX Ai miBHBx2b i?2 7mHH
T?�b2 bT�+2 BM7Q`K�iBQM iQ KBiB;�i2 i?2 T`Q#H2K Q7 �mtBHB�`v 72�im`2b i?�i �`2 +QMi`QHHBM;
i?2 /2i2+iQ` `2bTQMb2X Ai +�M #2 Q#b2`p2/ i?�i #v i?2 bi`m+im`2 Q7 i?2 PKMB6QH/ �H;Q`Bi?K-
Bi mM7QH/b i?2 7mHH@`�/B�iBQM T�ii2`M- r?B+? +�M #2 mb2/ iQ T`Q#2 M2r [m�MiBiB2b r?B+? �`2
+?�HH2M;BM; iQ mM7QH/ rBi? i?2 i`�/BiBQM�H mM7QH/BM; K2i?Q/b (k)X

6`QK i?2 KQiBp�iBQM Q7 PKMB6QH/Ƕb mM#BMM2/ mM7QH/BM;- r2 T`QTQb2/ � MQp2H mM7QH/BM;
�H;Q`Bi?K i?�i Bb mM#BMM2/ �M/ ?�M/H2b �Mv /BK2MbBQM�HBivX h?2 K2i?Q/ Bb #�b2/ QM bQHpBM;
i?2 PTiBK�H i`�MbTQ`i T`Q#H2K �M/ 2tTHQBiBM; i?2 i`�MbTQ`i K�i`Bt iQ T2`7Q`K mM7QH/BM;X
h?2 K�BM +QM+2Tib mb2/ ?2`2 Bb i?2 +QKT�`BbQM Q7 irQ 2p2Mib �M/ /2}MBM; � K2i`B+ bT�+2
QM i?2 2p2Mi bT�+2X q2 b?Qr2/ i?�i PTiBK�H i`�MbTQ`i mM7QH/BM; ;Bp2b T`QKBbBM; `2bmHib
+QKT�`2/ iQ i?2 i`�/BiBQM�H mM7QH/BM; K2i?Q/ BM bT2+B}+ +�b2b- �M/ Bi +�M �+i �b � MQM /22T@
H2�`MBM; #�b2/ �Hi2`M�iBp2 iQ i?2 PKMB6QH/ �H;Q`Bi?K- �Hi?Qm;?- 7m`i?2` bim/B2b �`2 `2[mB`2/
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iQ mM/2`bi�M/ Bib HBKBi�iBQMb- �M/ mM/2` r?B+? +QM/BiBQMb Bi /Q2b- �M/ /Q2b MQi T2`7Q`K r2HHX
6m`i?2` BKT`Qp2K2Mib iQ ?�M/H2 bQK2 Q7 i?2 +�b2b r?2`2 Bi /Q2b MQi T2`7Q`K p2`v r2HH K�v
�HbQ #2 TQbbB#H2X

h?2 S�`iB+H2 H2p2H Phl �H;Q`Bi?K i?�i mM7QH/b i?2 r?QH2 2p2Mi iQ T`Q/m+2 mM7QH/2/ T�`@
iB+H2b Bb �M BMi2`2biBM; r�v Q7 mM7QH/BM;X h?Bb T`2b2Mib � T�`�/B;K b?B7i iQr�`/b mM7QH/BM;
r?2`2 i?2 r?QH2 2p2Mi �i i?2 T�`iB+H2 H2p2H r?B+? T`2b2`p2 KQbi Q7 i?2 +Q``2H�iBQMb #v i?2
+QMbi`m+iBQM Q7 i?2 �H;Q`Bi?KX �Hi?Qm;?- i?2 `2bmHib T`2b2Mi2/ BM i?2 i?2bBb /Q MQi ;Bp2 �Mv
+QM+HmbBQM QM i?2 TQr2` Q7 S�`iB+H2 H2p2H Phl- i?2 �TT`Q�+? Q7 T2`7Q`KBM; mM7QH/BM; �i i?2
2p2Mi H2p2H r?2`2 r2 ;2i i?2 mM7QH/2/ T�`iB+H2b T`QpB/2b HQib Q7 7`22/QK 7Q` T`2+BbBQM �M�Hv@
bBbX h?2b2 �TT`Q�+?2b ?�p2 #`Q�/ �TTHB+�#BHBiv BM T�`iB+H2 T?vbB+bc B7 r2 +�K2 mT rBi? � M2r
D2i bm#bi`m+im`2 p�`B�#H2- i?2M iQ +QKT�`2 i?2 `2bmHib 7`QK i?2 mM7QH/2/ T�`iB+H2b- r2 +�M
+Hmbi2` i?2b2 T�`iB+H2b ?Qr2p2` M2+2bb�`v iQ +�H+mH�i2 i?Bb M2r D2i bm#bi`m+im`2 p2`v 2�bBHv-
�M/ i?Bb +�M �B/ iQ i?2 KmHiB@/Bz2`2MiB�H K2�bm`2K2MibX *�H+mH�iBQM Q7 Q#b2`p�#H2b r?B+?
b22Kb /�mMiBM; mbBM; i?2 i`�/BiBQM�H mM7QH/BM; K2i?Q/b +�M #2 T2`7Q`K2/ 2zQ`iH2bbHv mbBM;
i?2 `�r /�i�- BX2X- mM7QH/2/ T�`iB+H2bX

q2 ?�p2 /2KQMbi`�i2/ i?2 Phl K2i?Q/ BM � bT2+B}+ +�b2 Q7 BMi2`2bi- �M/ r2 mM7QH/2/
i?2 7mHH 2p2Mib �i i?2 T�`iB+H2 H2p2H �M/ �i i?2 2p2Mi H2p2H �M/ b?Qr2/ i?2 /Bz2`2Mi BKTH2@
K2Mi�iBQMb Q7 QTiBK�H i`�MbTQ`i T`Q#H2KX h?2 Phl �H;Q`Bi?Kb �HHQr2/ mb iQ mM7QH/ KQ`2
+QKTH2t /�i�b2i bi�iBbiB+bX h?2`2 �`2 � 72r /Bb�/p�Mi�;2b BM i?2 +m``2Mi Phl BKTH2K2Mi�@
iBQMc K�BMHv- i?2 mM7QH/2/ 2p2Mi ?�b i?2 KmHiBTHB+Biv Q7 i?2 `272`2M+2 2p2MiX h?2 +QKT�`BbQMb
Q7 S�`iB+H2 H2p2H Phl rBi? /Bz2`2Mi `272`2M+2 2p2Mib �M/ TQHBb?BM; i?2 Phl �H;Q`Bi?K iQ
?�p2 #2ii2` T2`7Q`K�M+2 Bb `2[mB`2/ �M/ +m``2MiHv #2BM; BKTH2K2Mi2/ #mi ?�b MQi iQ #2
BM+Hm/2/ BM i?Bb i?2bBbX

89



"B#HBQ;`�T?v

(R) SX hX EQKBbF2- 1X JX J2iQ/B2p- �M/ CX h?�H2`- ǳJ2i`B+ bT�+2 Q7 +QHHB/2` 2p2Mib-Ǵ S?vbB+�H
`2pB2r H2ii2`b- pQHX Rkj- MQX 9- TX y9R3yR- kyRNX

(k) �X �M/`2�bb2M- SX hX EQKBbF2- 1X JX J2iQ/B2p- "X L�+?K�M- �M/ CX h?�H2`- ǳPKMB7QH/,
� K2i?Q/ iQ bBKmHi�M2QmbHv mM7QH/ �HH Q#b2`p�#H2b-Ǵ S?vbB+�H _2pB2r G2ii2`b- pQHX Rk9-
MQX R3- TX R3kyyR- kykyX

(j) *Ja *QHH�#Q`�iBQM- ǳamKK�`B2b Q7 +Kb +`Qbb b2+iBQM K2�bm`2K2MibXǴ (PMHBM2)X
�p�BH�#H2, ?iiTb,ffirBFBX+2`MX+?firBFBf#BMfpB2rf*JaSm#HB+fS?vbB+b_2bmHib*QK#BM2/

(9) ai27�M a+?KBiiX lM7QH/BM; BM ?B;? 2M2`;v T?vbB+bX .1auX (PMHBM2)X �p�BH�#H2,
?iiTb,ffrrrX/2bvX/2f�bb+?KBiifi�HFbflM7QH/ai�ia+?QQHkyR9XT/7

(8) *X +QHH�#Q`�iBQM 2i �HX- ǳJ2�bm`2K2Mi Q7 tt̄ MQ`K�HBb2/ KmHiB@/Bz2`2MiB�H +`Qbb b2+iBQMb
BM TT +QHHBbBQMb �i √s = 13 i2p- �M/ bBKmHi�M2Qmb /2i2`KBM�iBQM Q7 i?2 bi`QM; +Qm@
THBM; bi`2M;i?- iQT [m�`F TQH2 K�bb- �M/ T�`iQM /Bbi`B#miBQM 7mM+iBQMb-Ǵ �`sBp T`2T`BMi
�`sBp,RNy9Xy8kjd- kyRNX

(e) EX �#2- CX �K2v- *X �M/`2QTQmHQb- GX �Mi?QMv- JX �MiQMQp�- aX �QFB- �X �`B;�-
uX �b?B/�- uX �xmK�- aX "�M 2i �HX- ǳ*?�`�+i2`Bx�iBQM Q7 Mm+H2�` 2z2+ib BM KmQM@
M2mi`BMQ b+�ii2`BM; QM ?v/`Q+�`#QM rBi? � K2�bm`2K2Mi Q7 }M�H@bi�i2 FBM2K�iB+b �M/
+Q``2H�iBQMb BM +?�`;2/@+m``2Mi TBQMH2bb BMi2`�+iBQMb �i ikF-Ǵ S?vbB+�H _2pB2r .- pQHX N3-
MQX j- TX yjkyyj- kyR3X

(d) �X JX aB`mMv�M- �X hmK�bv�M- qX �/�K- 6X �K#`Q;B- 1X �bBH�`- hX "2`;�m2`- CX "`�M/@
bi2ii2`- 1X "`QM/QHBM- JX .`�;B+2pB+- CX 1`ƺ 2i �HX- ǳJ2�bm`2K2Mi Q7 i?2 /Bz2`2MiB�H +`Qbb
b2+iBQMb 7Q` i?2 �bbQ+B�i2/ T`Q/m+iBQM Q7 � r #QbQM �M/ D2ib BM T`QiQM@T`QiQM +QHHBbBQMb
�i b4 Rj i2p-Ǵ S?vbB+�H _2pB2r .- pQHX Ne- MQX d- TX ydkyy8- kyRdX

(3) �X *QHH�#Q`�iBQM 2i �HX- ǳJ2�bm`2K2Mib Q7 iQT@[m�`F T�B` bTBM +Q``2H�iBQMb BM i?2 2µ
+?�MM2H �iǺ b4 Rj i2p mbBM; TT +QHHBbBQMb BM i?2 �iH�b /2i2+iQ`-Ǵ 1m`QT2�M S?vbB+�H
CQm`M�H *- pQHX 3y- MQX 3- TX d89- kykyX

(N) .X "�`M2v- ǳ*Ja .2i2+iQ` aHB+2-Ǵ C�M kyRe- *Ja *QHH2+iBQMX (PMHBM2)X �p�BH�#H2,
?iiTb,ff+/bX+2`MX+?f`2+Q`/fkRkyeeR
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(Ry) "X �#B 2i �HX- ǳJ2�bm`2K2Mi Q7 i?2 SQbBiBp2 JmQM �MQK�HQmb J�;M2iB+ JQK2Mi iQ
yX9e TTK-Ǵ S?vbX _2pX G2iiX- pQHX Rke- MQX R9- TX R9R3yR- kykRX

(RR) .X "mii�xxQ- �X :`2HDQ- :X AbB/Q`B- �M/ .X J�`xQ++�- ǳ"@T?vbB+b �MQK�HB2b, � ;mB/2 iQ
+QK#BM2/ 2tTH�M�iBQMb-Ǵ CQm`M�H Q7 >B;? 1M2`;v S?vbB+b- pQHX kyRd- MQX RR- LQp kyRdX
(PMHBM2)X �p�BH�#H2, ?iiT,ff/tX/QBXQ`;fRyXRyydfC>1SRRUkyRdVy99

(Rk) �X a�H�K �M/ CX *X q�`/- ǳ1H2+i`QK�;M2iB+ �M/ r2�F BMi2`�+iBQMb-Ǵ S?vbX G2iiX- pQHX Rj-
TTX Re3ĜRdR- RNe9X

(Rj) aX q2BM#2`;- ǳ� JQ/2H Q7 G2TiQMb-Ǵ S?vbX _2pX G2iiX- pQHX RN- TTX Rke9ĜRkee- RNedX

(R9) aX GX :H�b?Qr- ǳS�`iB�H avKK2i`B2b Q7 q2�F AMi2`�+iBQMb-Ǵ Lm+HX S?vbX- pQHX kk- TTX
8dNĜ833- RNeRX

(R8) 6X 1M;H2`i �M/ _X "`Qmi- ǳ"`QF2M avKK2i`v �M/ i?2 J�bb Q7 :�m;2 o2+iQ` J2bQMb-Ǵ
S?vbX _2pX G2iiX- pQHX Rj- TTX jkRĜjkj- RNe9X

(Re) SX qX >B;;b- ǳ"`QF2M bvKK2i`B2b- K�bbH2bb T�`iB+H2b �M/ ;�m;2 }2H/b-Ǵ S?vbX G2iiX-
pQHX Rk- TTX RjkĜRjj- RNe9X

(Rd) :X ��/ 2i �HX- ǳP#b2`p�iBQM Q7 � M2r T�`iB+H2 BM i?2 b2�`+? 7Q` i?2 ai�M/�`/ JQ/2H
>B;;b #QbQM rBi? i?2 �hG�a /2i2+iQ` �i i?2 G>*-Ǵ S?vbX G2iiX "- pQHX dRe- TTX RĜkN-
kyRkX

(R3) aX *?�i`+?v�M 2i �HX- ǳP#b2`p�iBQM Q7 � L2r "QbQM �i � J�bb Q7 Rk8 :2o rBi? i?2 *Ja
1tT2`BK2Mi �i i?2 G>*-Ǵ S?vbX G2iiX "- pQHX dRe- TTX jyĜeR- kyRkX

(RN) JX 1X S2bFBM �M/ .X oX a+?`Q2/2`- �M AMi`Q/m+iBQM iQ [m�MimK }2H/ i?2Q`vX _2�/BM;-
la�, �//BbQM@q2bH2v- RNN8X

(ky) CX _X 1HHBb- ǳGBKBib Q7 i?2 bi�M/�`/ KQ/2H-Ǵ BM SaA wmQx amKK2` a+?QQH QM 1tTHQ`BM;
i?2 GBKBib Q7 i?2 ai�M/�`/ JQ/2H- RR kyykX

(kR) 1X *Q`#2HHB �M/ SX a�Hm++B- ǳh?2 1ti2M/2/ _Qi�iBQM *m`p2 �M/ i?2 .�`F J�ii2` >�HQ
Q7 Jjj-Ǵ JQMX LQiX _QvX �bi`QMX aQ+X- pQHX jRR- TTX 99RĜ99d- kyyyX

(kk) uX 6mFm/� 2i �HX- ǳ1pB/2M+2 7Q` Qb+BHH�iBQM Q7 �iKQbT?2`B+ M2mi`BMQb-Ǵ S?vbX _2pX G2iiX-
pQHX 3R- TTX R8ekĜR8ed- RNN3X

(kj) ZX _X �?K�/ 2i �HX- ǳJ2�bm`2K2Mi Q7 /�v �M/ MB;?i M2mi`BMQ 2M2`;v bT2+i`� �i aLP
�M/ +QMbi`�BMib QM M2mi`BMQ KBtBM; T�`�K2i2`b-Ǵ S?vbX _2pX G2iiX- pQHX 3N- TX yRRjyk-
kyykX

(k9) _X "�`#B2`B �M/ :X 6X :Bm/B+2- ǳlTT2` "QmM/b QM amT2`bvKK2i`B+ S�`iB+H2 J�bb2b-Ǵ
Lm+HX S?vbX "- pQHX jye- TTX ejĜde- RN33X
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(k8) aX .BKQTQmHQb �M/ :X 6X :Bm/B+2- ǳL�im`�HM2bb +QMbi`�BMib BM bmT2`bvKK2i`B+ i?2Q`B2b
rBi? MQMmMBp2`b�H bQ7i i2`Kb-Ǵ S?vbX G2iiX "- pQHX j8d- TTX 8djĜ8d3- RNN8X

(ke) aX SX J�_hAL- ǳ� bmT2`bvKK2i`v T`BK2`-Ǵ �/p�M+2/ a2`B2b QM .B`2+iBQMb BM >B;?
1M2`;v S?vbB+b- TX RĜN3- CmH RNN3X (PMHBM2)X �p�BH�#H2, ?iiT,ff/tX/QBXQ`;fRyXRR9kf
Nd3N3Rk3jNe8dnyyyR

(kd) aX *?�i`+?v�M 2i �HX- ǳh?2 *Ja 1tT2`BK2Mi �i i?2 *1_L G>*-Ǵ CALah- pQHX j- TX
ay3yy9- kyy3X

(k3) aX a+?KBii- ǳhlM7QH/, �M �H;Q`Bi?K 7Q` +Q``2+iBM; KB;`�iBQM 2z2+ib BM ?B;? 2M2`;v
T?vbB+b-Ǵ CALah- pQHX d- TX hRyyyj- kyRkX

(kN) _X "`mM �M/ 6X _�/2K�F2`b- ǳ_PPh, �M Q#D2+i Q`B2Mi2/ /�i� �M�HvbBb 7`�K2rQ`F-Ǵ
Lm+HX AMbi`mKX J2i?X �- pQHX j3N- TTX 3RĜ3e- RNNdX

(jy) hX �/v2- ǳlM7QH/BM; �H;Q`Bi?Kb �M/ i2bib mbBM; `QQmM7QH/-Ǵ kyRRX

(jR) JX ��#Qm/- :X ��/- "X �##Qii- .X *X �##Qii- PX �#/BMQp- �X �#2/ �#m/-
.X EX �#?�v�bBM;?2- aX >X �#B/B- PX aX �#Qmw2B/- �M/ 2i �HX- ǳJ2�bm`2K2Mi
Q7 D2i@bm#bi`m+im`2 Q#b2`p�#H2b BM iQT [m�`F- r #QbQM �M/ HB;?i D2i T`Q/m+iBQM BM
T`QiQM@T`QiQM +QHHBbBQMb �i √

s

4 Rj i2p rBi? i?2 �iH�b /2i2+iQ`-Ǵ CQm`M�H Q7 >B;? 1M2`;v S?vbB+b- pQHX kyRN- MQX 3-
�m; kyRNX (PMHBM2)X �p�BH�#H2, ?iiT,ff/tX/QBXQ`;fRyXRyydfC>1Sy3UkyRNVyjj

(jk) :X .Ƕ�;QbiBMB- ǳ� KmHiB/BK2MbBQM�H mM7QH/BM; K2i?Q/ #�b2/ QM #�v2bǶ i?2Q`2K-Ǵ Lm@
+H2�` AMbi`mK2Mib �M/ J2i?Q/b BM S?vbB+b _2b2�`+? a2+iBQM �, �++2H2`�iQ`b- aT2+i`QK@
2i2`b- .2i2+iQ`b �M/ �bbQ+B�i2/ 1[mBTK2Mi- pQHX jek- MQX k@j- TTX 93dĜ9N3- RNN8X

(jj) :X *Qr�M- ǳ� bm`p2v Q7 mM7QH/BM; K2i?Q/b 7Q` T�`iB+H2 T?vbB+b-Ǵ BM S`2T�`2/ 7Q` *QM@
72`2M+2 QM �/p�M+2/ ai�iBbiB+�H h2+?MB[m2b BM S�`iB+H2 S?vbB+b- .m`?�K- 1M;H�M/- kyyk-
TTX R3ĜkkX

(j9) aX a+?KBii- ǳ.�i� mM7QH/BM; K2i?Q/b BM ?B;? 2M2`;v T?vbB+b-Ǵ 1SC q2# Q7 *QM72`2M+2b-
pQHX Rjd- TX RRyy3- kyRdX (PMHBM2)X �p�BH�#H2, ?iiT,ff/tX/QBXQ`;fRyXRy8Rf2TD+QM7f
kyRdRjdRRyy3

(j8) �X LX hBF?QMQp- ǳPM i?2 bQHmiBQM Q7 BHH@TQb2/ T`Q#H2Kb �M/ i?2 K2i?Q/ Q7 `2;mH�`Bx�@
iBQM-Ǵ BM .QFH�/v �F�/2KBB L�mF- pQHX R8R- MQX jX _mbbB�M �+�/2Kv Q7 a+B2M+2b- RNej-
TTX 8yRĜ8y9X

(je) SX *X >�Mb2M- ǳh?2 H@+m`p2 �M/ Bib mb2 BM i?2 MmK2`B+�H i`2�iK2Mi Q7 BMp2`b2 T`Q#H2Kb-Ǵ
RNNNX
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(jd) :X .Ƕ�;QbiBMB- ǳ� KmHiB/BK2MbBQM�H mM7QH/BM; K2i?Q/ #�b2/ QM #�v2bǶ i?2Q`2K-Ǵ Lm@
+H2�` AMbi`mK2Mib �M/ J2i?Q/b BM S?vbB+b _2b2�`+? a2+iBQM �, �++2H2`�iQ`b- aT2+i`QK@
2i2`b- .2i2+iQ`b �M/ �bbQ+B�i2/ 1[mBTK2Mi- pQHX jek- MQX k@j- TTX 93dĜ9N3- RNN8X

(j3) >X LX JmHi?2B �M/ "X a+?Q``- ǳPM �M Ai2`�iBp2 J2i?Q/ 7Q` i?2 lM7QH/BM; Q7 aT2+i`�-Ǵ
Lm+HX AMbi`mKX J2i?X �- pQHX k8d- TX jdR- RN3dX

(jN) :X S2v`2 �M/ JX *mim`B- ǳ*QKTmi�iBQM�H QTiBK�H i`�MbTQ`i-Ǵ 6QmM/�iBQMb �M/ h`2M/b
BM J�+?BM2 G2�`MBM;- pQHX RR- MQX 8@e- TTX j88Ĝeyd- kyRNX

(9y) aX EQHQm`B- aX _X S�`F- JX h?Q`T2- .X aH2T+2p- �M/ :X EX _Q?/2- ǳPTiBK�H K�bb
i`�MbTQ`i, aB;M�H T`Q+2bbBM; �M/ K�+?BM2@H2�`MBM; �TTHB+�iBQMb-Ǵ A111 bB;M�H T`Q+2bbBM;
K�;�xBM2- pQHX j9- MQX 9- TTX 9jĜ8N- kyRdX

(9R) :X S2v`û �M/ JX *mim`B- ǳ*QKTmi�iBQM�H QTiBK�H i`�MbTQ`i-Ǵ kykyX

(9k) CX "2HHK- JX >X a2vKQm`- SX EB`+?;�2Ľ2`- 6X GQb?�D- *X _2mb+?H2- �X S�T�27bi�i?BQm-
_X SQ/bFm#F�- :X L�BH- aX q2#bi2`- aX :B2b2F2 2i �HX- ǳ>2`rB; dXR `2H2�b2 MQi2, �`tBp-Ǵ
h2+?X _2TX- kyRdX

(9j) hX aDƺbi`�M/- aX �bF- CX _X *?`BbiB�Mb2M- _X *Q`F2- LX .2b�B- SX AHi2M- aX J`2MM�- aX S`2b@
i2H- *X PX _�bKmbb2M- �M/ SX wX aF�M/b- ǳ�M BMi`Q/m+iBQM iQ Tvi?B� 3Xk-Ǵ *QKTmi2`
T?vbB+b +QKKmMB+�iBQMb- pQHX RNR- TTX R8NĜRdd- kyR8X

(99) CX .2 6�p2`2�m- *X .2H�2`2- SX .2KBM- �X :B�KK�M+Q- oX G2K�Bi`2- �X J2`i2Mb- JX a2H@
p�;;B- .X X *QHH�#Q`�iBQM 2i �HX- ǳ.2HT?2b j, � KQ/mH�` 7`�K2rQ`F 7Q` 7�bi bBKmH�iBQM Q7
� ;2M2`B+ +QHHB/2` 2tT2`BK2Mi-Ǵ CQm`M�H Q7 >B;? 1M2`;v S?vbB+b- pQHX kyR9- MQX k- TX 8d-
kyR9X

(98) JX *�++B�`B- :X SX a�H�K- �M/ :X aQv2x- ǳh?2 �MiB@Fi D2i +Hmbi2`BM; �H;Q`Bi?K-Ǵ CQm`M�H
Q7 >B;? 1M2`;v S?vbB+b- pQHX kyy3- MQX y9- TX yej- kyy3X

(9e) ěě- ǳ6�biC2i lb2` J�Mm�H-Ǵ 1m`X S?vbX CX *- pQHX dk- TX R3Ne- kyRkX

(9d) �X �M/`2�bb2M- SX EQKBbF2- 1X J2iQ/B2p- "X L�+?K�M- �M/ CX h?�H2`- ǳSvi?B�f>2`rB;
Y .2HT?2b C2i .�i�b2ib 7Q` PKMB6QH/ lM7QH/BM;-Ǵ w2MQ/Q- kyRNX

(93) �X CX G�`FQbFB- AX JQmHi- �M/ "X L�+?K�M- ǳC2i bm#bi`m+im`2 �i i?2 H�`;2 ?�/`QM +QHHB/2`,
� `2pB2r Q7 `2+2Mi �/p�M+2b BM i?2Q`v �M/ K�+?BM2 H2�`MBM;-Ǵ S?vbB+b _2TQ`ib- pQHX 39R-
TX RĜej- C�M kykyX (PMHBM2)X �p�BH�#H2, ?iiT,ff/tX/QBXQ`;fRyXRyRefDXT?vb`2TXkyRNXRRXyyR

(9N) CX h?�H2` �M/ EX o�M hBH#m`;- ǳA/2MiB7vBM; #QQbi2/ Q#D2+ib rBi? M@bm#D2iiBM2bb-Ǵ
CQm`M�H Q7 >B;? 1M2`;v S?vbB+b- pQHX kyRR- MQX j- J�` kyRRX (PMHBM2)X �p�BH�#H2,
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�TT2M/Bt �

hBF?QMQp _2;mH�`Bb�iBQM SHQib

AM b2+iBQM 9XR- r2 T2`7Q`K2/ i?2 hBF?QMQp mM7QH/BM; mbBM; /Bz2`2Mi T2M�Hiv K�i`Bt �M/ mb@
BM; ǳ:2MǴ p2+iQ` �b i?2 #B�b p2+iQ`X AM i?Bb �TT2M/Bt- r2 b?Qr i?2 THQib Q7 i?2 hBF?QMQp
mM7QH/BM; rBi? i?2 /Bz2`2Mi T2M�Hiv K�i`Bt- M�K2Hv- *m`p�im`2 K�i`Bt- a2+QM/ Q`/2` /Bz2`@
2MiB�H K�i`Bt �M/ A/2MiBiv K�i`Bt rBi? ǳ:2MǴ �b #B�b p2+iQ`X 6QHHQrBM; �`2 i?2 HBbi Q7 };m`2b
b?QrBM; i?2 +QKT�`BbQM Q7 hBF?QMQp mM7QH/BM; rBi? JmHiB7QH/ �M/ A"l @

RX AM };m`2 �XR hBF?QMQp mM7QH/BM; Bb /QM2 rBi? *m`p�im`2 K�i`Bt �b i?2 T2M�Hiv K�i`Bt
MQ #B�b p2+iQ` Bb mb2/X

kX AM };m`2 �Xk hBF?QMQp mM7QH/BM; Bb /QM2 rBi? A/2MiBiv K�i`Bt �b i?2 T2M�Hiv K�i`Bt
ǳ:2MǴ p2+iQ` Bb mb2/ �b i?2 #B�b p2+iQ`X

jX AM };m`2 �Xj hBF?QMQp mM7QH/BM; Bb /QM2 rBi? A/2MiBiv K�i`Bt �b i?2 T2M�Hiv K�i`Bt
MQ #B�b p2+iQ` Bb mb2/X

9X AM };m`2 �X9 hBF?QMQp mM7QH/BM; Bb /QM2 rBi? /Bb+`2iBx2/ b2+QM/@Q`/2` /Bz2`2MiB�H
K�i`Bt �b i?2 T2M�Hiv K�i`Bt ǳ:2MǴ p2+iQ` Bb mb2/ �b i?2 #B�b p2+iQ`X

8X AM };m`2 �X8 hBF?QMQp mM7QH/BM; Bb /QM2 rBi? /Bb+`2iBx2/ b2+QM/@Q`/2` /Bz2`2MiB�H
K�i`Bt �b i?2 T2M�Hiv K�i`Bt MQ #B�b p2+iQ` Bb mb2/X

6`QK i?2 THQib- Bi Bb Q#b2`p2/ i?�i i?2 hBF?QMQp mM7QH/BM; rBi? A/2MiBiv K�i`Bt �b i?2
T2M�Hiv K�i`Bt /Q2b MQi T2`7Q`K r2HH �b Bi Bb MQi T2M�HBxBM; i?2 Qz@/B�;QM�H i2`Kb- r?B+? Bb
+�mbBM; H�`;2 Qb+BHH�iBQMbX "Qi? *m`p�im`2 �M/ a2+QM/@Q`/2` /Bz2`2MiB�H K�i`Bt T2M�HBx2 i?2
Qb+BHH�iBQMb- #mi i?2 lM7QH/BM; rBi? *m`p�im`2 K�i`Bt T2`7Q`Kb #2ii2` i?�M i?2 a2+QM/@Q`/2`
K�i`Bt 7`QK i?2 i`B�M;H2 /Bb+`BKBM�iQ` p�Hm2b BM i�#H2 9XRX
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6B;m`2 �XR, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
A"l- JmHiB6QH/ �M/ hBF?QMQpX lM7QH/BM; mbBM; hBF?QMQp Bb /QM2 mbBM; i?2 +m`p�im`2 K�i`Bt
�b i?2 T2M�Hiv i2`K rBi? MQ #B�b i2`K �//2/X h?2 ;Q�H Q7 i?2 mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i
i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X
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6B;m`2 �Xk, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
A"l- JmHiB6QH/ �M/ hBF?QMQpX lM7QH/BM; mbBM; hBF?QMQp Bb /QM2 mbBM; i?2 A/2MiBiv K�i`Bt
�b i?2 T2M�Hiv i2`K rBi? ǳ:2MǴ p2+iQ` �b i?2 #B�b i2`K �//2/X h?2 ;Q�H Q7 i?2 mM7QH/BM;
�H;Q`Bi?Kb Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X

ej



6B;m`2 �Xj, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
A"l- JmHiB6QH/ �M/ hBF?QMQpX lM7QH/BM; mbBM; hBF?QMQp Bb /QM2 mbBM; i?2 A/2MiBiv K�i`Bt
�b i?2 T2M�Hiv i2`K rBi? MQ #B�b i2`K �//2/X h?2 ;Q�H Q7 i?2 mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i
i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X
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6B;m`2 �X9, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
A"l- JmHiB6QH/ �M/ hBF?QMQpX lM7QH/BM; mbBM; hBF?QMQp Bb /QM2 mbBM; i?2 a2+QM/ Q`/2`
/Bz2`2MiB�H K�i`Bt �b i?2 T2M�Hiv i2`K rBi? ǳ:2MǴ p2+iQ` �b i?2 #B�b i2`K �//2/X h?2
;Q�H Q7 i?2 mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ
?BbiQ;`�K �b TQbbB#H2X
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6B;m`2 �X8, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
A"l- JmHiB6QH/ �M/ hBF?QMQpX lM7QH/BM; mbBM; hBF?QMQp Bb /QM2 mbBM; i?2 a2+QM/ Q`/2`
/Bz2`2MiB�H K�i`Bt �b i?2 T2M�Hiv i2`K rBi? MQ #B�b i2`K �//2/X h?2 ;Q�H Q7 i?2 mM7QH/BM;
�H;Q`Bi?Kb Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K �b TQbbB#H2X
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�TT2M/Bt "

PTiBK�H i`�MbTQ`i lM7QH/BM;

"XR .Bz2`2Mi AMTmi Phl THQib
AM b2+iBQM 9Xk- r2 b?Qr2/ i?2 +QKT�`BbQMb Q7 PTiBK�H h`�MbTQ`i lM7QH/BM; `2bmHib 7Q`

i?2 QM2@/BK2MbBQM�H +QHHB/2` Q#b2`p�#H2 BMTmi rBi? JmHiB6QH/ �M/ A"lX *QKT�`BbQM Q7 QM2@
/BK2MbBQM�H- D2i KQK2MimK 7Qm`@p2+iQ` �M/ T�`iB+H2 KQK2MimK 7Qm`@p2+iQ` �b i?2 BMTmi 7Q`
+�H+mH�iBM; i?2 ;`QmM/ K2i`B+ BM i?2 Phl �H;Q`Bi?K R r2`2 b?QrMX AM i?Bb �TT2M/Bt- r2
b?Qr i?2 +QKT�`BbQM Q7 PTiBK�H h`�MbTQ`i lM7QH/BM; `2bmHib 7Q` i?2 D2i KQK2MimK 7Qm`@
p2+iQ` "XR �M/ T�`iB+H2 7Qm`@p2+iQ` "Xk rBi? i?2 JmHiB6QH/ �M/ A"l 7Q` i?2 D2i bm#bi`m+im`2
Q#b2`p�#H2bX
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6B;m`2 "XR, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
A"l- JmHiB6QH/ �M/ PTiBK�H i`�MbTQ`i mM7QH/BM;X lM7QH/BM; mbBM; Phl Bb /QM2 mbBM; i?2
D2i KQK2MimK 7Qm` p2+iQ` �b i?2 BMTmi 7Q` +�H+mH�iBM; i?2 +Qbi K�i`BtX h?2 ;Q�H Q7 i?2
mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K
�b TQbbB#H2X
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6B;m`2 "Xk, h?2 THQib b?Qr i?2 mM7QH/2/ /Bbi`B#miBQMb 7Q` i?2 D2i bm#bi`m+im`2 Q#b2`p�#H2bX
>2`rB; Uǳ.�i�Ǵfǳh`mi?ǴV �M/ Svi?B� UǳaBKǴfǳ:2MǴV �`2 mb2/ iQ T2`7Q`K mM7QH/BM; rBi?
A"l- JmHiB6QH/ �M/ PTiBK�H i`�MbTQ`i mM7QH/BM;X lM7QH/BM; mbBM; Phl Bb /QM2 mbBM; i?2
T�`iB+H2 KQK2MimK 7Qm` p2+iQ` �b i?2 BMTmi 7Q` +�H+mH�iBM; i?2 +Qbi K�i`BtX h?2 ;Q�H Q7 i?2
mM7QH/BM; �H;Q`Bi?Kb Bb iQ ;2i i?2 mM7QH/2/ `2bmHib �b +HQb2 iQ i?2 ;`22M ǳh`mi?Ǵ ?BbiQ;`�K
�b TQbbB#H2X
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