
◆♦♥ r❡❧❛t✐✈✐st✐❝ ❢✐❡❧❞ t❤❡♦r✐❡s
❛♥❞ ❇❧❛❝❦ ❍♦❧❡s

❆ t❤❡s✐s s✉❜♠✐tt❡❞ t♦✇❛r❞s ♣❛rt✐❛❧ ❢✉❧✜❧♠❡♥t ♦❢

❇❙✲▼❙ ❉✉❛❧ ❉❡❣r❡❡ Pr♦❣r❛♠♠❡

❜②

❆s❤✐s❤ ❑❛❦❦❛r

✉♥❞❡r t❤❡ ❣✉✐❞❛♥❝❡ ♦❢

❉r✳ ❈❤❡t❤❛♥ ❑r✐s❤♥❛♥

■♥❞✐❛♥ ■♥st✐t✉t❡ ♦❢ ❙❝✐❡♥❝❡✱ ❇❛♥❣❛❧♦r❡

■♥❞✐❛♥ ■♥st✐t✉t❡ ♦❢ ❙❝✐❡♥❝❡ ❊❞✉❝❛t✐♦♥ ❛♥❞ ❘❡s❡❛r❝❤

P✉♥❡







❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤✐s t❤❡s✐s ❤❛s ❜❡❡♥ ♣♦ss✐❜❧❡ ♦♥❧② ❞✉❡ t♦ ♠② t❤r❡❡ ❣✉✐❞❡s✿ ❉r✳ ❈❤❡t❤❛♥
❑r✐s❤♥❛♥ ✇✐t❤ ✇❤♦♠ ■ ✇♦r❦❡❞ ♦♥ ❜❧❛❝❦ ❤♦❧❡s✱ ❉r✳ ◆❛❜❛♠✐t❛ ❇❛♥❡r❥❡❡ ✇✐t❤
✇❤♦♠ ■ ✇♦r❦❡❞ ♦♥ ♥✉❧❧ ✢✉✐❞s ❛♥❞ ❉r✳ ❆r❥✉♥ ❇❛❣❝❤✐ ✇✐t❤ ✇❤♦♠ ■ ✇♦r❦❡❞ ♦♥
●❛❧✐❧❡❛♥ ❨❛♥❣ ▼✐❧❧s t❤❡♦r✐❡s✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❉r✳ ❈❤❡t❤❛♥ ❑r✐s❤♥❛♥ ❢♦r ❤✐s ❣✉✐❞❛♥❝❡ ❛♥❞ ❢♦r
✐♥tr♦❞✉❝✐♥❣ ♠❡ t♦ ♥❡✇ ❛♥❞ ❝❤❛❧❧❡♥❣✐♥❣ ✜❡❧❞s ♦❢ ♣❤②s✐❝s✳ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡
t♦ t❤❛♥❦ ❉r✳ ◆❛❜❛♠✐t❛ ❇❛♥❡r❥❡❡ ❢♦r ❤❡r ✐♠♠❡♥s❡ s✉♣♣♦rt ❜♦t❤ ❛s ♠② ❧♦❝❛❧
s✉♣❡r✈✐s♦r ❛♥❞ ❛s ❛ ❣✉✐❞❡✳ ❙❤❡ ❤❛s ❜❡❡♥ ✈❡r② ♣❛t✐❡♥t ❛s ✇❡❧❧ ❛s ✐♥❢❡❝t✐♦✉s❧②
❡♥t❤✉s✐❛st✐❝✳ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ❉r✳ ❆r❥✉♥ ❇❛❣❝❤✐ ❢♦r ♠❡♥t♦r✐♥❣ ♠❡
❛♥❞ ✐♥tr♦❞✉❝✐♥❣ ♠❡ t♦ t❤❡ ❥♦②s ♦❢ r❡s❡❛r❝❤ ✐♥ ♣❤②s✐❝s✳ ❍❡ ❤❛s ❛❧✇❛②s ❣♦♥❡
♦✉t ♦❢ ❤✐s ✇❛② t♦ ❜❡ s✉♣♣♦rt✐✈❡ ❛♥❞ ❡♥❝♦✉r❛❣✐♥❣ ❢♦r ✇❤✐❝❤ ■✬♠ ❡①tr❡♠❡❧②
❣r❛t❡❢✉❧✳

❋✉rt❤❡r✱ ■✬❞ ❧✐❦❡ t♦ t❤❛♥❦ ❉r✳ ❘✉❞r❛♥✐❧ ❇❛s✉ ❢♦r ❜r✐♥❣✐♥❣ ❝❧❛r✐t② t♦ ❤♦✇ ■
t❤♦✉❣❤t ❛❜♦✉t ♥♦♥ r❡❧❛t✐✈✐st✐❝ t❤❡♦r✐❡s✳ ■✬❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ❙❤r✉t✐ P❛r❛♥✲
❥❛♣❡✱ ❢♦r ❜❡✐♥❣ ❛ s♦✉♥❞✐♥❣ ❜♦❛r❞ ❢♦r ♥✉♠❡r♦✉s ♣❤②s✐❝s ❞✐s❝✉ss✐♦♥s✳ ❋✐♥❛❧❧②
■✬❞ ❧✐❦❡ t♦ t❤❛♥❦ ❆❞✐t②❛ ▼❡❤r❛ ❛♥❞ ❘♦❤✐t ❑r✐s❤♥❛♥ ❢♦r ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥s✳



❆❜str❛❝t

❚❤✐s t❤❡s✐s ✐s ❞❡❞✐❝❛t❡❞ t♦ st✉❞②✐♥❣ ✜❡❧❞ t❤❡♦r✐❡s ❛♥❞ ❤❛s t❤r❡❡ ♣❛rts✳ ❚❤❡
✜rst t✇♦ ♣❛rts ❛r❡ ♦♥ ❛s♣❡❝ts ♦❢ ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ✜❡❧❞ t❤❡♦r✐❡s✳ ❇② t❛❦✐♥❣
✷ ❝❧❛ss✐❝❛❧ ✜❡❧❞ t❤❡♦r✐❡s ♥❛♠❡❧②✱ ▲❛♥❞❛✉✬s t❤❡♦r② ♦❢ s✉♣❡r✢✉✐❞✐t② ❛♥❞ ❨❛♥❣
▼✐❧❧s t❤❡♦r✐❡s ✇❤♦s❡ r❡❧❛t✐✈✐st✐❝ ✈❡rs✐♦♥s ❛r❡ ✈❡r② ✇❡❧❧ ❦♥♦✇♥✱ ✇❡ st✉❞② ❢❡❛✲
t✉r❡s ♦❢ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ✈❡rs✐♦♥s ♦❢ t❤❡♦r✐❡s✳ ■♠♣♦rt❛♥t❧②✱ ✇❡ ✉s❡ ✷ ❞✐✛❡r❡♥t
✇❛②s t♦ ❛♣♣r♦❛❝❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ st✉❞②✐♥❣ t❤❡ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ✜❡❧❞ t❤❡♦r② ♦❢
❛ ❦♥♦✇♥ r❡❧❛t✐✈✐st✐❝ ✜❡❧❞ t❤❡♦r②✳

■♥ ❝❛s❡ ♦❢ ✢✉✐❞s✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ♣r♦❝❡❞✉r❡ ♦❢ ❬✶❪ ❜② st✉❞②✐♥❣ ✢✉✐❞s ✐♥
♦♥❡ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥ ✐♥ ❛ s♣❛❝❡ t✐♠❡ ❝❛rr②✐♥❣ ❛ ♥✉❧❧ ❦✐❧❧✐♥❣ ✈❡❝t♦r✳ ❚❤❡ ♥♦♥
r❡❧❛t✐✈✐st✐❝ ♣❤②s✐❝s ✐s ❛rr✐✈❡❞ ❛t ❜② ❞♦✐♥❣ ❛ ♥✉❧❧ r❡❞✉❝t✐♦♥ ❛❧♦♥❣ t❤✐s ❞✐r❡❝t✐♦♥✳
■♥ ❝❛s❡ ♦❢ ❨❛♥❣ ▼✐❧❧s t❤❡♦r✐❡s✱ ✇❡ ❛rr✐✈❡ ❛t t❤❡ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ❡q✉❛t✐♦♥s ♦❢
♠♦t✐♦♥ ❜② s❡♥❞✐♥❣ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t c t♦ ✐♥✜♥✐t② ✐♥ ❝♦♥s✐st❡♥t ✇❛②s✳ ❲❡ ✜♥❞
t❤❛t ✇❡ ❝❛♥ ❞♦ t❤✐s ✐♥ ♠♦r❡ t❤❛♥ ♦♥❡ ✇❛②✳

❚❤❡ t❤✐r❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s ✐s ♦♥ st✉❞②✐♥❣ ❝❡rt❛✐♥ ❛s♣❡❝t ♦❢ ❜❧❛❝❦ ❤♦❧❡s
✐♥ str✐♥❣ t❤❡♦r②✱ ♣❛rt✐❝✉❧❛r❧② ♦♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉♣❡r❣r❛✈✐t② s♦❧✉t✐♦♥s
✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ♠✐❝r♦st❛t❡s ♦❢ ❝❡rt❛✐♥ ❜❧❛❝❦ ❤♦❧❡s✳ ❲❡ ❞♦ t❤✐s ❜② r❡✈✐❡✇✐♥❣
t❤❡ ✇♦r❦s ♦❢ ❬✷❪ ❛♥❞ ❬✸❪ ❛♥❞ st✉❞② t♦♣✐❝s ✐♥ str✐♥❣ t❤❡♦r② ❢r♦♠ ❬✹❪ ❛♥❞ ❬✺❪✳



❈♦♥t❡♥ts

✶ ◆✉❧❧ ❋❧✉✐❞s ❛♥❞ ❘❡❧❛t✐✈✐st✐❝ ❋❧✉✐❞s ✹

✶✳✶ ❙♦♠❡ ♥♦t❛t✐♦♥ ❢♦r r❡❧❛t✐✈✐st✐❝ ✢✉✐❞ ❞②♥❛♠✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✶✳✷ ❊q✉✐❧✐❜r✐✉♠ P❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r r❡❧❛t✐✈✐st✐❝ ✢✉✐❞s ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✷✳✶ ❙❡t✉♣ ❛♥❞ ✐❞❡❛❧ ♦r❞❡r ❡q✉❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
✶✳✷✳✷ ✶st ♦r❞❡r ❝♦rr❡❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✸ ❊♥tr♦♣② ❝✉rr❡♥t ❢♦r r❡❧❛t✐✈✐st✐❝ ✢✉✐❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✶✳✸✳✶ ■❞❡❛❧ ♦r❞❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✶✳✸✳✷ ❋✐❡❧❞ r❡❞❡✜♥✐t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ✐♥ ✢✉✐❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✹ ◆♦♥ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞ ❞②♥❛♠✐❝s ❢r♦♠ ♥✉❧❧ ✢✉✐❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✶✳✹✳✶ ●❛❧✐❧❡❛♥ ❛❧❣❡❜r❛ ❛s ❛ s✉❜❣r♦✉♣ ♦❢ ❛ ♦♥❡ ❤✐❣❤❡r ❞✐♠❡♥✲

s✐♦♥❛❧ P♦✐♥❝❛r❡ ❛❧❣❡❜r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✶✳✹✳✷ ❇✉✐❧❞✐♥❣ ✢✉✐❞s ✇✐t❤ ♥✉❧❧ ✐s♦♠❡tr② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✶✳✹✳✸ ❙❡tt✐♥❣ ✉♣ ❊q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ P❛rt✐t✐♦♥

❢✉♥❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✶✳✹✳✹ ▲✐❣❤t ❝♦♥❡ r❡❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✺ ◆✉❧❧ s✉♣❡r✢✉✐❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷ ●❛❧❧✐❧❡❛♥ ❨❛♥❣ ▼✐❧❧s ❚❤❡♦r✐❡s ✷✸

✷✳✶ ●❛❧✐❧❡❛♥ ❈♦♥❢♦r♠❛❧ ❋✐❡❧❞ ❚❤❡♦r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✷✳✷ ❉✐✛❡r❡♥t ♥♦♥ r❡❧❛t✐✈✐st✐❝ ❧✐♠✐ts ♦❢ ❨❛♥❣ ▼✐❧❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✷✳✸ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❉✐s❝✉ss✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸ ❇❧❛❝❦ ❤♦❧❡s ❛♥❞ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣s ✷✼

✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✸✳✷ ▲♦✇ ❊♥❡r❣② ❊✛❡❝t✐✈❡ ❚❤❡♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✸✳✸ ❙tr✐♥❣s ✇r❛♣♣✐♥❣ S1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✸✳✹ ❋✉♥❞❛♠❡♥t❛❧ str✐♥❣ s♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✹✳✶ ❆♥s❛t③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
✸✳✺ P✉tt✐♥❣ ❖s❝✐❧❧❛t✐♦♥s ❖♥ ❚❤❡ ❙tr✐♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✺✳✶ ❙♦❧✉t✐♦♥ ❣❡♥❡r❛t✐♥❣ t❡❝❤♥✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✸✳✺✳✷ ❯s✐♥❣ s♦❧✉t✐♦♥ ❣❡♥❡r❛t✐♦♥ ❢♦r ♦s❝✐❧❧❛t✐♥❣ str✐♥❣s ✳ ✳ ✳ ✳ ✸✺

✷



✸✳✻ ▼❛❦✐♥❣ ❜❧❛❝❦ ❤♦❧❡s ❢r♦♠ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
✸✳✼ ❋✉♥❞❛♠❡♥t❛❧ str✐♥❣ ◆❙✺ ✐♥t❡rs❡❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
✸✳✽ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❋✉t✉r❡ ❉✐r❡❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

❘❡❢❡r❡♥❝❡s ✹✷

✸



❈❤❛♣t❡r ✶

◆✉❧❧ ❋❧✉✐❞s ❛♥❞ ❘❡❧❛t✐✈✐st✐❝

❋❧✉✐❞s

❋❧✉✐❞ ❞②♥❛♠✐❝s ✐s ❛ ✈❡r② ✇❡❧❧ st✉❞✐❡❞ ✜❡❧❞ t❤❡♦r②✳ ❖✉r ❛✐♠ ✐♥ ❈❤❛♣t❡r ✶ ✐s
t♦ r❡ ❞❡r✐✈❡ t❤❡ ✐❞❡❛❧ ♦r❞❡r ♥♦♥ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s ❛♥❞
♦❜t❛✐♥ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ✢✉✐❞ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s✳ ❲❡ ✇♦✉❧❞ ❜❡ ❞♦✐♥❣
t❤✐s ❜② tr❡❛t✐♥❣ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞ ❞②♥❛♠✐❝s ❛s ❛♥ ❡✛❡❝t✐✈❡ ✜❡❧❞ t❤❡♦r② ❛♥❞
❞❡♠❛♥❞✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ❧♦❝❛❧ ♣♦st✐✈✐t② ♦❢ ❛♥ ❡♥tr♦♣② ❝✉rr❡♥t ❛♥❞ ❜②
❝♦♥tr❛✐♥✐♥❣ t❤❡ ❢♦r♠ ♦❢ ❛♥ ❊q✉✐❧✐❜r✐✉♠ P❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦❧❧♦✇✐♥❣ ❬✶❪ ❛♥❞
❬✻❪✳ ❲❡ ✇♦✉❧❞ t❤❡♥ r❡✈✐❡✇ t❤❡ ♣r♦❝❡❞✉r❡ ♦✉t❧✐♥❡❞ ✐♥ ❬✼❪ ♦❢ ♦❜t❛✐♥✐♥❣ t❤❡
❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s ♦❢ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞ ❞②♥❛♠✐❝s ❜② ❝♦♥str✉❝t✐♥❣ ❛
♥♦♥ r❡❧❛t✐✈✐st✐❝ s②st❡♠ ♦♥ ♥✉❧❧ ❜❛❝❦❣r♦✉♥❞s✱ ✇✐t❤ t❤❡ ♥✉❧❧ ❞✐r❡❝t✐♦♥ ❜❡✐♥❣ ❛
❦✐❧❧✐♥❣ ❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ✢✉✐❞ ✈❛r✐❛❜❧❡s✳ ❲❡ ✇✐❧❧ t❤❡♥ ♣♦s❡ ♦✉r ♣r♦❜❧❡♠ ♦❢
✇r✐t✐♥❣ t❤❡ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s ❢♦r ♥♦♥ r❡❧❛t✐✈✐st✐❝ s✉♣❡r✢✉✐❞s ❜② ❛♣♣❧②✐♥❣
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞ ❛♥❞ ♣♦s✐t✐✈✐t② ♦❢ ❡♥tr♦♣② ❝✉rr❡♥t
♦♥ ♥✉❧❧ ✢✉✐❞s ❛♥❞ ❞✐s❝✉ss t❤❡ ❛♣♣r♦❛❝❤ ✇❡ ❛r❡ t❛❦✐♥❣✳

✶✳✶ ❙♦♠❡ ♥♦t❛t✐♦♥ ❢♦r r❡❧❛t✐✈✐st✐❝ ✢✉✐❞ ❞②♥❛♠✲

✐❝s

❚❤❡ ✢✉✐❞ ✈❛r✐❛❜❧❡s ❛r❡ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ uµ✱ t❡♠♣❡r❛t✉r❡ T (x) ❛♥❞ ❝❤❡♠✐❝❛❧
♣♦t❡♥t✐❛❧ µ(x)✳ ❚❤❡ ✢✉✐❞ ✈❡❧♦❝✐t② ✐s ♥♦r♠❛❧✐s❡❞ t♦ uµuµ = −1 ❚❤❡ ✢✉✐❞
❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛r❡

∇µT
µν = F νµJµ ✭✶✳✶✮

∇µJ
µ = 0 ✭✶✳✷✮

✹



●❡♥❡r❛❧ ❢♦r♠s ♦❢ ❝✉rr❡♥t ❛r❡✿

T µν = (ρ+ P )uµuν + Pηµν + T µν
diss ✭✶✳✸✮

Jµ = quµ + Jµ
diss ✭✶✳✹✮

✶✳✷ ❊q✉✐❧✐❜r✐✉♠ P❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r r❡❧❛t✐✈✐s✲

t✐❝ ✢✉✐❞s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❧♦♦❦ ❛t t❤❡ ❝♦♥str❛✐♥s ♣✉t ❜② ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣❛rt✐✲
t✐♦♥ ❢✉♥❝t✐♦♥ ♦♥ ✢✉✐❞s ❜❛s❡❞ ♦♥ t❤❡ ❞✐s❝✉ss✐♦♥s ✐♥ ❬✶❪✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥
❡q✉✐❧✐❜r✐✉♠ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r ✢✉✐❞s ✐♥ ❛ ❝✉r✈❡❞ ❜❛❝❦❣r♦✉♥❞ ✇✐t❤ ❡❧❡❝tr✐❝
s♦✉r❝❡s ❛♥❞ t❤❡ ❢♦r♠ ✐t t❛❦❡s ❞✉❡ t♦ s②♠♠❡tr✐❡s ♣✉ts str✐♥❣❡♥t ❝♦♥str❛✐♥ts
♦♥ ✢✉✐❞ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s✳ ❚❤❡ ♣❤②s✐❝❛❧ r❡q✉✐r❡♠❡♥ts ✇❡ ✇✐❧❧ ❞❡♠❛♥❞✐♥❣
♦♥ ♦✉r s②st❡♠ ✇✐❧❧ ❜❡✿

✶✳ ❚❤❡ ✢✉✐❞ ❜❛❝❦❣r♦✉♥❞ ✐s s❧♦✇❧② ✈❛r②✐♥❣ ❛♥❞ ❛❞♠✐ts ❛♥ ❡q✉✐❧✐❜r✐✉♠ s♦✲
❧✉t✐♦♥✳

✷✳ ❲❡ ❝❛♥ ✇r✐t❡ ❞♦✇♥ ❛ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s②st❡♠

✸✳ ❚❤❡ str❡ss ❡♥❡r❣② ❝✉rr❡♥t ❛♥❞ ❝❤❛r❣❡ ❝✉rr❡♥t ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ✈❛r②✐♥❣
t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥

❖✉r ❛✐♠ ✇✐❧❧ ❜❡ t♦ s❤♦✇ ❤♦✇ t❤❡s❡ ♣❤②s✐❝❛❧ r❡q✉✐r❡♠❡♥ts ❧❡t ✉s ✇r✐t❡ ❞♦✇♥✿

✶✳ ❚❤❡ ❝♦rr❡❝t ✐❞❡❛❧ ♦r❞❡r ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s

✷✳ ❘❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ✶st ♦r❞❡r ❝♦rr❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts t♦ t❤❡ str❡ss ❡♥❡r❣②
❛♥❞ ❝❤❛r❣❡ ❝✉rr❡♥t✳

✶✳✷✳✶ ❙❡t✉♣ ❛♥❞ ✐❞❡❛❧ ♦r❞❡r ❡q✉❛t✐♦♥s

❲❡ ❜❡❣✐♥ ❜② ✇r✐t✐♥❣ t❤❡ ♠♦st ❣❡♥❡r❛❧ ❜❛❝❦❣r♦✉♥❞ ♠❡tr✐❝ ✇❤✐❝❤ ❤❛s ❛ t✐♠❡❧✐❦❡
❦✐❧❧✐♥❣ ✈❡❝t♦r ✭✇❡ ❝❛♥ ♣❤②s✐❝❛❧❧② ♠♦t✐✈❛t❡ t❤✐s ❜② ❛♥t✐❝✐♣❛t✐♥❣ t❤❛t t❤❡r❡ ✐s ❛
t✐♠❡✲❧✐❦❡ ❞✐r❡❝t✐♦♥ ✐♥ ✇❤✐❝❤ ♦✉r ❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡✮✳

❲❡ t❛❦❡ ♦✉r d + 1 ❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦ ❣r♦✉♥❞ ♠❡tr✐❝ ✇✐t❤ ~x ❜❡✐♥❣ t❤❡ d
s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡s ❛♥❞ ∂t ❜❡✐♥❣ t❤❡ t✐♠❡ ❧✐❦❡ ❦✐❧❧✐♥❣ ❞✐r❡❝t✐♦♥ t♦ ❜❡✿

ds2 = −e−2σ(~x)(dt2 − ai(~x)dx
i)2 + gijdx

idxj ✭✶✳✺✮

✺



❚❤❡ ❜❛❝❦❣r♦✉♥❞ ❣❛✉❣❡ ✜❡❧❞ ✐♥ t❤❡ s②st❡♠ ✐s ❣✐✈❡♥ ❜②✿

A = Aidx
i +Atdx

t ✭✶✳✻✮

❲❡ ✇❛♥t t♦ ❝♦♥str❛✐♥ t❤❡ ❢♦r♠ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦♥ t❤✐s ❜❛❝❦❣r♦✉♥❞✳
❲❡ ✇✐❧❧ ❞♦ t❤✐s ❛ss✉♠✐♥❣ t❤❛t ✇❡ ✇♦r❦✐♥❣ ✐♥ ❛ ❜❛❝❦❣r♦✉♥❞ ✇✐t❤ ✇❡❛❦❧②
✈❛r②✐♥❣ ❝✉r✈❛t✉r❡ ❛♥❞ ❛ t❡♠♣❡r❛t✉r❡ ✜❡❧❞ T (x) s✉❝❤ t❤❛t ❛t ❛♥② ♣♦✐♥t✱ ✇❡
❤❛✈❡ ❛ ✇❡❧❧ ❞❡✜♥❡❞ ❧♦❝❛❧ t❡♠♣❡r❛t✉r❡ T (x) ✐❡✳ ❡❛❝❤ ♣♦✐♥t ✐s ✐♥ ❧♦❝❛❧ t❤❡r♠❛❧
❡q✉✐❧✐❜r✐✉♠✳ ❇② ✇❡❛❦❧② ✈❛r②✐♥❣✱ ✇❡ ♠❡❛♥ t❤❛t ❛t ❡❛❝❤ ♣♦✐♥t T (x) ❛❞♠✐ts
❞❡r✐✈❛t✐✈❡ ❝♦rr❡❝t✐♦♥s✳

T (~x) = T0e
−σ + ...

❚❤❡ ❣❡♥❡r✐❝ ❢♦r♠ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ ❛ s②st❡♠ ✇✐t❤ ❛ ❍❛♠✐t♦♥✐❛♥
H ❛t t❡♠♣❡r❛t✉r❡ T0 ✐s

Z = Tre
− H

T0

❋♦r ♦✉r ❝❛s❡✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❣❡♥❡r✐❝ ❢♦r♠ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛s

lnZ =

∫

dxd
√
gd
P (~x)

T0
✭✶✳✼✮

✇❤❡r❡ P (~x) ✐s ❛♥ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ❧❛t❡r ✐❞❡♥t✐❢② t♦ ❜❡ t❤❡ ❧♦❝❛❧
♣r❡ss✉r❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✢✉✐❞✳ ❚❤✐s ❛♣♣r♦❛❝❤ r❡❧✐❡s ♦♥ t❤❡ ❢❛❝t t❤✐s ❢♦r♠ ♦❢
t❤❡ ♣❛rt✐t✐♦♥ ❝❛♥ ❜❡ ❝♦♥str❛✐♥❡❞ ❜② s②♠♠❡tr✐❡s✿ ❞✐✛❡♦♠♦r♣❤✐s♠ ✐♥✈❛r✐❛♥❝❡✱
U(1) ❣❛✉❣❡ s②♠♠❡tr② ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ ❣❛✉❣❡ ✜❡❧❞✱ ❑❛❧✉③❛ ❑❧❡✐♥ ✐♥✈❛r✐❛♥❝❡
✭❞❡✜♥❡❞ ✐♥ ✭✭✶✳✽✮✮✮✳

❆s ❛ r❡s✉❧t✱ ❛s ✇❡ ✇✐❧❧ s❡❡✱ t❤❡ ✐❞❡❛❧ ♦r❞❡r ✢✉✐❞ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s ❛r❡
❞❡t❡r♠✐♥❡❞ ❛♥❞ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❦♥♦✇♥ r❡s✉❧ts ✉s✐♥❣ t❤❡r♠♦❞②♥❛♠✐❝ ✐❞❡♥t✐✲
t✐❡s✳ ▼♦r❡ ✐♠♣♦rt❛♥t❧②✱ t❤✐s ❝♦♥str❛✐♥s t❤❡ ❢♦r♠ ♦❢ ❞❡r✐✈❛t✐✈❡ ❝♦rr❡❝t✐♦♥s
❛❞♠✐ss✐❜❧❡ t♦ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✳

❚❤❡ ♠❡tr✐❝ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❑❛❧✉③❛ ❑❧❡✐♥ tr❛♥s❢♦r♠❛t✐♦♥s✱ ✇❤✐❝❤
r❡♣r❡s❡♥t ♠♦✈✐♥❣ ❛❧♦♥❣ t❤❡✿

t −→ t+ φ(~x), x −→ x ✭✶✳✽✮

❯♥❞❡r t❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s✱ ❛s ✐♥ ✉s✉❛❧ ❑❛❧✉③❛ ❑❧❡✐♥ tr❛♥s❢♦r♠❛t✐♦♥s✱ ✇❡
✜♥❞ t❤❛t t❤❡ 0i ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❡tr✐❝ tr❛♥s❢♦r♠s ❧✐❦❡ ❛ U(1) ❣❛✉❣❡ tr❛♥s✲
❢♦r♠❛t✐♦♥ ✐❢ ✇❡ ❧♦♦❦ ❛t ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ♠❡tr✐❝✳

ai −→ ai − ∂iφ(~x) ✭✶✳✾✮

❲❡ ❝❛♥ ❝♦♥str✉❝t ❑❛❧✉③❛ ❑❧❡✐♥ ✐♥✈❛r✐❛♥t ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ✈❡❝t♦rs ❜② ✜❣✉r✐♥❣
♦✉t ❤♦✇ ❣❡♥❡r❛❧ ✈❡❝t♦rs tr❛♥s❢♦r♠✱ ❢♦r ❡❣✳ Vi −→ Vi−∂iφV0 ❜✉t V

i ✐s ✐♥✈❛r✐✲
❛♥t✳ ❚❤✐s t❡❧❧s ✉s t❤❛t gijV

i = Vi−aiV0 ✐s ✐♥✈❛r✐❛♥t✳ ❲❡ ✉s❡ s✉❝❤ ❛♥ ✐♥✈❛r✐❛♥t

✻



♠❛❞❡ ❢♦r♠ t❤❡ A s♦✉r❝❡✱ ✐❡✳ ✇❡ ❞❡✜♥❡ Ai = Ai − aiA0 ❛♥❞ A0 = A0✳ ❲❡
✇✐❧❧ ✇r✐t❡ t❤❡ P❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ Ai ✐♥st❡❛❞ ♦❢ Ai✳

❲❡ ✇✐❧❧ ♥♦✇ t❛❧❦ ❛❜♦✉t ❤♦✇ t♦ ❡①tr❛❝t ♣❤②s✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ q✉❛♥t✐t✐❡s
❢r♦♠ t❤❡ P❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✳

❚♦ ❣❡t t❤❡ ❝✉rr❡♥ts T µν ❛♥❞ Jµ ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ✈✐❛

δS =

∫ √−gdxd+1(T µνδgµν + JµδAµ) ✭✶✳✶✵✮

■t ✐s ❝❧❡❛r t❤❛t t❤❛t✱ ❞✐✛❡♦♠♦r♣❤✐s♠ ✐♥✈❛r✐❛♥❝❡ ❛♥❞ ❣❛✉❣❡ ✐♥✈❛r✐❛♥❝❡ ❣✐✈❡ t❤❡
❝✉rr❡♥t ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥s✳

❋♦r ♦✉r ❝❛s❡✱

δW =

∫

dxd+1 (T µνδgµν + JµδAµ) ✭✶✳✶✶✮

P✉tt✐♥❣ ♦✉r ✜❡❧❞ t❤❡♦r② ❛ t❡♠♣❡r❛t✉r❡ T0 ❜② ❝♦♠♣❛❝t✐❢②✐♥❣ t❤❡ ❡✉❝❧✐❞❡❛♥
t✐♠❡ ❞✐r❡❝t✐♦♥✱

δW =

∫ √−gdxd 1

T0
(T µνδgµν + JµδAµ) ✭✶✳✶✷✮

✐❡✱

Tµν = −2T0
δW
δgµν

✭✶✳✶✸✮

Jµ = T0
δW
δAµ

✭✶✳✶✹✮

❖✉r ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ W ✐s ❛ ❣❡♥❡r✐❝ ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s
W [eσ, ai, A0, Ai, µ0, g

ij]
❯s✐♥❣ t❤❡ ❢♦r♠ ♦❢ t❤❡ ♠❡tr✐❝ ❛♥❞ U(1) s♦✉r❝❡ ❛♥❞ ✇r✐t✐♥❣ t❤❡s❡ ✐♥ t❡r♠s

♦❢ Ai ❛♥❞ A0 ✐♥st❡❛❞ ♦❢ Aµ ✉s✐♥❣ ❝❤❛✐♥ r✉❧❡✱ ✇❡ ❣❡t t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ✐♥
t❡r♠s ♦❢ ❝♦♠♣♦♥❡♥ts✿

T00 = −2T0e
2σ δW
δσ

✭✶✳✶✺✮

T i
0 = T0

(

δW
δai

− A0
δW
δAi

)

✭✶✳✶✻✮

Tij = −2T0
δW
δgij

✭✶✳✶✼✮

J0 = −2T0e
2σ δW
δA0

✭✶✳✶✽✮

✼



J i = T0
δW
δAi

✭✶✳✶✾✮

▲❡t✬s r❡❝❛❧❧ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ T µν
ideal ❛♥❞ J

µ
ideal

T µν = (ρ+ P)uµuν + Pηµν ✭✶✳✷✵✮

Jµ = quµ ✭✶✳✷✶✮

❍❡r❡ ρ ❛♥❞ P ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ❤❛✈❡ ♥♦t ②❡t ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ❛s t❤❡r♠♦✲
❞②♥❛♠✐❝ q✉❛♥t✐t✐❡s✳ ❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t t❤✐s ♠❛t❝❤✐♥❣ t❤❡ ❛❜♦✈❡ ✭✭✶✳✷✵✮✮
❛♥❞ ✭✭✶✳✷✶✮✮ t♦ t❤❡ r❡s✉❧ts ❢♦r T µν ❛♥❞ Jµ ❢r♦♠ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✱ ❣✐✈❡s
✉s r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ρ ❛♥❞ P ❛♥❞ ❧❡ts ✉s ✐❞❡♥t✐❢② uµ = e−σ(1, 0, 0, 0) ❛s t❤❡
❡q✉✐❧✐❜r✐✉♠ ✢✉✐❞ ✈❡❧♦❝✐t②✳

❲❡ ❛❧s♦ ❤❛✈❡ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✲
✉r❛t✐♦♥✳ ■t ❤❛s t♦ ❜❡ ❛ s❝❛❧❛r✱ ✐♥✈❛r✐❛♥t ✉♥❞❡r ❑❛❧✉③❛ ❑❧❡✐♥ tr❛♥s❢♦r♠❛t✐♦♥s✱
❛♥❞ ❛s ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❛t ✐❞❡❛❧ ♦r❞❡r ❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥✱ ♥♦t ✐♥✈♦❧✈❡
❞❡r✐✈❛t✐✈❡s ♦❢ ❜❛❝❦❣r♦✉♥❞ ♦r ✢✉✐❞ ✈❛r✐❛❜❧❡s✳ ❚❤✐s ❝♦♥str❛✐♥s ✐t t♦ ❜❡ ♦❢ t❤❡
❢♦r♠✿

W =

∫ √−gdx
d

T0
P (T0e

−σ, A0e
−σ) ✭✶✳✷✷✮

◆♦✇ ✇❡ ✇✐❧❧ ❞♦ t❤❡ ♠❛t❝❤✐♥❣✳ ❚♦ ❡❛s❡ ❝❛❧❝✉❧❛t✐♦♥s✱ ✇❡ r❡❧❛❜❡❧ ✈❛r✐❛❜❧❡s
e−σT0 = a ❛♥❞ e−σA0 = b ❋r♦♠ ✭✭✶✳✶✺✮✮✲✭✭✶✳✶✾✮✮✱ ❛♣♣❧✐❡❞ t♦ ✭✭✶✳✷✵✮✮❛♥❞
✭✭✶✳✷✶✮✮✱ ✇❡ ❣❡t

T ij = Pgij ✭✶✳✷✸✮

❚♦ ❣❡t t❤✐s ❡①♣r❡ss✐♦♥✱ ✇❡ ✉s❡❞ t❤❡ ✐❞❡♥t✐t② δ(
√−g) = 1

2

√−ggµνδgµν
❛♥❞ t❤❡ r❡st ♦❢ t❤❡ ❡①♣r❡ss✐♦♥s ❛r❡✿

T00 = e2σ(P − a∂aP − b∂bP ) ✭✶✳✷✹✮

J0 = e−σ∂bP ✭✶✳✷✺✮

❚❤❡ ❡①♣r❡ss✐♦♥s ❢♦r T i
0 ❛♥❞ J i ❛r❡ 0 ❛s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ✐s

♥♦t ❛ ❢✉♥❝t✐♦♥ ♦❢ Ai ♦r ai✳
❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r J i t❡❧❧s ✉s t❤❛t uµ = e−σ(1, 0, 0, 0)✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r

T ij ✐♠♣❧✐❡s P = P ✐❡✳ t❤❡ ❢✉♥❝t✐♦♥ P ✐♥ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ✐s ✐♥❞❡❡❞ t❤❡
♣r❡ss✉r❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r T00 t❡❧❧s ✉s t❤❛t ρ = −P+a∂aP+b∂bP ✳

✶✳✷✳✷ ✶st ♦r❞❡r ❝♦rr❡❝t✐♦♥s

❍❡r❡ ✇❡ ✇✐❧❧ ♦✉t❧✐♥❡ t❤❡ str❛t❡❣② t♦ ❝♦♠♣✉t❡ ✜rst ♦r❞❡r ❝♦rr❡❝t✐♦♥s t♦ ❝♦♥✲
st✐t✉t✐✈❡ r❡❧❛t✐♦♥s ❜② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✳

✽



✶✳ ❋✐♥❞ ♦✉t t❤❡ ❛❞♠✐ss✐❜❧❡ t❡r♠s ✇❡ ❝❛♥ ❛❞❞ t♦ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥
♠❛❞❡ ♦❢ ✶ ❞❡r✐✈❛t✐✈❡s ❛♥❞ ✇❤✐❝❤ ❛r❡ ❣❛✉❣❡ ✐♥✈❛r✐❛♥t ❛♥❞ ❞✐✛❡♦♠♦r♣❤✐s♠
✐♥✈❛r✐❛♥t✳ ❚❤❡② ❛r❡ t❤❡ ❈❤❡r♥ ❙✐♠♦♥s ❧✐❦❡ t❡r♠s ♦❢ t❤❡ ❢♦r♠✿

C0

2

∫

AdA+
T 2
0

2

∫

ada+
T0C2

2

∫

Ada ✭✶✳✷✻✮

✷✳ ❆♣♣❧② ✭✭✶✳✶✺✮✮ t♦ ✭✭✶✳✶✾✮✮ t♦ t❤❡ ✜rst ♦r❞❡r ❝♦rr❡❝t❡❞ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥
✇✐t❤ ❛❜♦✈❡ ❝♦rr❡❝t❡❞ t❡r♠s t♦ ❣❡t ❡①♣r❡ss✐♦♥s ❢♦r T µν

diss ❛♥❞ J
µ
diss✳

✸✳ ▲✐st ❛❧❧ t❡r♠s t❤❛t ❝❛♥ ✐♥✈♦❧✈❡ ✢✉✐❞ ♦r ❜❛❝❦❣r♦✉♥❞ ✈❛r✐❛❜❧❡s ❛♥❞ ❝❛rr②
♦♥❡ ❞❡r✐✈❛t✐✈❡✱ s✉❝❤ t❤❛t t❤❡② ❞♦ ♥♦t ✈❛♥✐s❤ ❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✈❛❧✉❡
♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ▲✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ s✉❝❤ t❡♥s♦r ✈❛r✐❛❜❧❡s ❛❞❞ t♦
T µν
diss ❛♥❞ ✈❡❝t♦rs ❛❞❞ t♦ Jµ

diss

✹✳ ❆❞❞ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ❢r♦♠ t❤❡s❡ ✈❛r✐❛❜❧❡s t♦ ✢✉✐❞ ✈❛r✐❛❜❧❡s uµ✱ T (x)
❛♥❞ µ(x) t♦ ❣❡t ✶ ❞❡r✐✈❛t✐✈❡ ❝♦rr❡❝t✐♦♥s t♦ uµ✱ T (x) ❛♥❞ µ(x)✳ ❙✉❜st✐✲
t✉t❡ t❤❡s❡ ✐♥t♦ ❡①♣r❡ss✐♦♥s ❢♦r T µν ❛♥❞ Jµ ❛♥❞ ❛❜s♦r❜ t❤❡ ❝♦rr❡❝t✐♦♥s
❝♦♠✐♥❣ ❢r♦♠ ❤❡r❡ t♦ T µν

diss ❛♥❞ J
µ
diss✳

✺✳ ▼❛t❝❤ ❝♦♠♣♦♥❡♥ts ♦❢ T µν
diss ❛♥❞ Jµ

diss ❝♦♠✐♥❣ ❢r♦♠ ✭✷✮ ❛♥❞ ✭✹✮✳ ❚❤✐s
❝♦♥str❛✐♥s t❤❡ ❛❧❧♦✇❡❞ t❡r♠s ✇❤✐❝❤ ✇❡r❡ ❛❞❞❡❞ ❛r❜✐tr❛r✐❧② ✐♥ ✭✷✮ ❛♥❞
❣✐✈❡s ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❡r♠s ✇✐t❤ ❡❛❝❤✳

✾



✶✳✸ ❊♥tr♦♣② ❝✉rr❡♥t ❢♦r r❡❧❛t✐✈✐st✐❝ ✢✉✐❞s

◆♦✇✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❛♣♣r♦❛❝❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡t❡r♠✐♥✐♥❣ ✢✉✐❞ ❝♦♥st✐t✉t✐✈❡
r❡❧❛t✐♦♥s ❛❣❛✐♥✱ ❜✉t ❢r♦♠ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t st❛rt✐♥❣ ♣♦✐♥t✳ ❍❡r❡ ✇❡ ✇✐❧❧
❢♦❧❧♦✇ t❤❡ ❞✐s❝✉ss✐♦♥s ✐♥ t❤❡ ♥♦♥✲s✉♣❡r✢✉✐❞ ♣❛rt ♦❢ t❤❡ ♣❛♣❡r ❬✽❪✳ ❙✉♣❡r✢✉✐❞s
❝❛♥ ❛❧s♦ ❜❡ ❞❡❛❧t ✇✐t❤ ✉s✐♥❣ ❡♥tr♦♣② ❝✉rr❡♥t✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛❥♦r q✉❡st✐♦♥
❛♥s✇❡r❡❞ ✐♥ t❤❡ ♣❛♣❡r✱ ❜✉t ✇❡ ✇✐❧❧ ♥♦t ✈❡♥t✉r❡ ✐♥t♦ t❤♦s❡ ❞✐s❝✉ss✐♦♥s ❢♦r
♥♦✇✳

❚♦ ❝♦♥str❛✐♥ ✢✉✐❞ ❞②♥❛♠✐❝s ✐♥ ❛♥ ❛r❜✐tr❛r② ❝✉r✈❡❞ ❜❛❝❦❣r♦✉♥❞✱ ✇❡ st❛rt
✇✐t❤ ♣❤②s✐❝❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧ ❡♥tr♦♣② ❝✉rr❡♥t Jµ

S ✳ ❚❤❡
s❡❝♦♥❞ ❧❛✇ ♦❢ t❤❡r♠♦❞②♥❛♠✐❝s s❛②s t❤❛t t❤❡ ❡♥tr♦♣② ♦❢ ❛♥② ✐♥✜♥✐t❡s✐♠❛❧
r❡❣✐♦♥ ♦❢ t❤❡ ✢✉✐❞ ♠✉st ✐♥❝r❡❛s❡ ✇✐t❤ t✐♠❡✱ ✐❡✳

∂µJ
µ
S ≥ 0 ✭✶✳✷✼✮

❚❤✐s r❡q✉✐r❡♠❡♥t ♥♦t ♦♥❧② ✜①❡s t❤❡ ❢♦r♠ T µν ❛t ✐❞❡❛❧ ♦r❞❡r ❜✉t ❛❧s♦
❝♦♥str❛✐♥s t❤❡ ❞❡r✐✈❛t✐✈❡ ❝♦rr❡❝t✐♦♥s ♣♦ss✐❜❧❡✳

T µν = (ρ+ P )uµuν + Pηµν ✭✶✳✷✽✮

❚❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ T µν ✐♥❝❧✉❞✐♥❣ ❞❡r✐✈❛t✐✈❡ ❝♦rr❡❝t✐♦♥s ✐s✿

T µν = (ρ+ P )uµuν + Pηµν + T µν
diss ✭✶✳✷✾✮

❚♦ ✜♥❞ ❝♦♥str❛✐♥s ♦♥ t❤❡ ❢♦r♠ ♦❢ T µν
diss✱ t❤❡ ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡ ✐s t♦ ❛❞❞

❛❧❧ ♣♦ss✐❜❧❡ ❞❡r✐✈❛t✐✈❡ ❝♦rr❡❝t✐♦♥s✱ ♠❛❞❡ ❢r♦♠ ✢✉✐❞ ❞❛t❛ ✇❤✐❝❤ ❛r❡ ❝♦♥s✐st❡♥t
✇✐t❤ ▲♦r❡♥t③ ✐♥✈❛r✐❛♥❝❡ ❛♥❞ ❦❡❡♣ ♦♥❧② t❤♦s❡ t❡r♠s ✇❤✐❝❤ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤
✭✶✳✷✼✮✳

✶✳✸✳✶ ■❞❡❛❧ ♦r❞❡r

▲❡t ✉s ❞♦ ❛ ✜rst ✐❞❡❛❧ ♦r❞❡r ❝❤❡❝❦ ♦♥ ✇❡❛t❤❡r ✐♠♣♦s✐♥❣ ✶✳✷✼ ❛s ❞✐s❝✉ss❡❞
❛❜♦✈❡ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ✇❤❛t ✐s ❦♥♦✇♥ ❛t ✐❞❡❛❧ ♦r❞❡r✳ ❚❤❡ ✢✉✐❞ ✈❛r✐❛❜❧❡s ❛r❡
uµ(x)✱T (x) ❛♥❞ µ(x) ❆t ✐❞❡❛❧ ♦r❞❡r✱ t❤❡ ♦♥❧② ♣♦ss✐❜✐❧✐t② t♦ ♠❛❦❡ ❛ ▲♦r❡♥t③
❝♦✈❛r✐❛♥t ❡♥tr♦♣② ❝✉rr❡♥t ✇✐t❤♦✉t ❞❡r✐✈❛t✐✈❡s ♦❢ ✢✉✐❞ ❞❛t❛ ✐s✿

Jµ
S = suµ ✭✶✳✸✵✮

✇❤❡r❡ s ✐s t❤❡ ❧♦❝❛❧ ❡♥tr♦♣② ❞❡♥s✐t②✳ ❯s✐♥❣ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ r❡❧❛t✐♦♥s✱

ρ+ P = sT + µq ✭✶✳✸✶✮

❛♥❞
dP = sdT + qdµ ✭✶✳✸✷✮

✇❡ s❡❡ t❤❛t ✭✭✶✳✷✼✮✮ ❤♦❧❞s✳ ❲❡ ❝❛♥ ❝♦♥s✐❞❡r t❤✐s ❛s ❛ ♥♦♥ tr✐✈✐❛❧ ❝♦♥s✐st❡♥❝②
❝❤❡❝❦ ♦❢ ♦✉r ♣r✐♥❝✐♣❧❡ ♦❢ ✭✭✶✳✷✼✮✮ ✇✐t❤ ❦♥♦✇♥ t❤❡r♠♦❞②♥❛♠✐❝s r❡❧❛t✐♦♥s✳

✶✵



✶✳✸✳✷ ❋✐❡❧❞ r❡❞❡✜♥✐t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ✐♥ ✢✉✐❞s

❲❡ ❤❛✈❡ ✐♥ s❡❝t✐♦♥ ✶✳✸✱ ♦✉t❧✐♥❡❞ ♦✉r str❛t❡❣② t♦ ❧♦♦❦ ❛t ❤♦✇ t❤❡ ♣♦s✐t✐✈✐t② ♦❢
❡♥tr♦♣② ❝✉rr❡♥t ❝♦♥str❛✐♥s t❤❡ ❢♦r♠ ♦❢ T µν ✳ ❲❡ ♥♦✇ ❛❞❞ ❛ ✜♥❛❧ ✐♥❣r❡❞✐❡♥t✳

❖✉r ✢✉✐❞ ✈❛r✐❛❜❧❡s uµ✱T (x) ❛♥❞ µ(x) ❞❡s❝r✐❜❡ t❤❡ ✢✉✐❞ ❛t s♦♠❡ ❡q✉✐❧✐❜✲
r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥✱ ❛♥❞ ❛t ❡❛❝❤ x ✇❡ ❝❛♥ r❡❞❡✜♥❡ t❤❡♠ s✉❝❤ t❤❛t ✇❡ st❛② ✐♥
t❤❡ s❛♠❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥✳ ❆♥ ♦❜✈✐♦✉s s✉❜s❡t ♦❢ t❤❡s❡ tr❛♥s❢♦r♠❛✲
t✐♦♥s ✇♦✉❧❞ ❜❡ ❝❤❛♥❣✐♥❣ t❤❡ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ♦❢ t❤❡ ✢✉✐❞ ✐❡✳ uµ −→ uµ + δuµ✳
❙♦✱ ✇❡ ❤❛✈❡ t❤❡ ❢r❡❡❞♦♠ t♦ ❝❤❛♥❣❡ uµ✱ T (x) ❛♥❞ µ(x) ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t T µν

❛♥❞ Jµ ❞♦♥✬t ❝❤❛♥❣❡✳
▲❡ts ❧♦♦❦ ❛t t❤❡ ❧♦❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥✿

T (x) −→ T ′(x) = T (x) + δT (x) ✭✶✳✸✸✮

µ(x) −→ µ′(x) = µ(x) + δµ(x) ✭✶✳✸✹✮

uµ(x) −→ uµ′(x) = uµ(x) + δuµ(x) ✭✶✳✸✺✮

❚❤❡s❡ ❛r❡ 6 tr❛♥s❢♦r♠❛t✐♦♥s✳ ❊♥s✉r✐♥❣ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ uµ st❛②s
−1 ♠❛❦❡s t❤❡♠ 5✳ ❙♦✱ ✇❡ ❤❛✈❡ 5 ❡①tr❛ ❧♦❝❛❧ tr❛♥s❢♦r♠❛t✐♦♥s✳ ❚❤❡s❡ 5
tr❛♥s❢♦r♠❛t✐♦♥s ❣✐✈❡ ♣❤②s✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t T µν ❛♥❞ Jµ

❆s ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❧♦♦❦✐♥❣ ❛t t❤❡ t❡r♠s ✇❤✐❝❤ ❝♦♥tr✐❜✉t❡ t♦ T µν
diss ❛♥❞

Jµ
diss✱ ✇❡ ❝❛♥ ❡✐t❤❡r ✜① t❤✐s ✐♥✈❛r✐❛♥❝❡ ❜② ✐♠♣♦s✐♥❣ 5 ❝♦♥❞✐t✐♦♥s ♦♥ T µν

diss ❛♥❞
Jµ
diss✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♠♣♦s✐♥❣ T µν

dissuµ = 0 ✜①❡s 4 ❛♥❞ Jµ
dissuµ ✜①❡s 1 ♦❢ t❤❡s❡

tr❛♥s❢♦r♠❛t✐♦♥s✳
❆♥♦t❤❡r ✇❛② ✇❡ ❝♦✉❧❞ ❛♣♣r♦❛❝❤ ❞❡❛❧✐♥❣ ✇✐t❤ t❤✐s r❡❞❡✜♥✐t✐♦♥ ✐♥✈❛r✐❛♥❝❡

✐s✱ ✇❡ ♠✉st ❛❞❞ ♦♥❧② t❤♦s❡ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❡r♠s t♦ T µν
diss ❛♥ J

µν
diss ✇❤✐❝❤ ❛r❡

✜❡❧❞ r❡❞❡✜♥✐t✐♦♥ ✐♥✈❛r✐❛♥t✳
❚❤❡s❡ ❝♦♠❜✐♥❛t✐♦♥s ❝❛♥ ❜❡ ❡❛s✐❧② ❢♦✉♥❞ ❜② ❧♦♦❦✐♥❣ ❛t ✇❤❛t t❤❡ tr❛♥s❢♦r✲

♠❛t✐♦♥s ✭✭✶✳✸✸✮✮ ❞♦ t♦ t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ t❤❡ T µν ✳
❆s T µν ❞♦❡s♥✬t ❝❤❛♥❣❡✱ ✉♥❞❡r ✜❡❧❞ r❡❞❡✜♥✐t✐♦♥s✱

δT µν
diss = (uµδuν + uνδuµ)(ρ+ P ) + uµuνdP + ηµνdP ✭✶✳✸✻✮

δJµ
diss = (uµdq + qδuµ) ✭✶✳✸✼✮

❚♦ ❝♦♥str✉❝t ✜❡❧❞ r❡❞❡✜♥✐t✐♦♥ ✐♥✈❛r✐❛♥t q✉❛♥t✐t✐❡s✱ t❤❡ tr✐❝❦ ✇❡ ✉s❡ ✐s t♦
❝♦♥str✉❝t q✉❛♥t✐t✐❡s ✇❤✐❝❤ ❛r❡ ♠❛♥✐❢❡st❧② ✐♥✈❛r✐❛♥t ✉♥❞❡r

uµ(x) −→ uµ′(x) = uµ(x) + δuµ(x)

❜② ❧♦♦❦✐♥❣ ❛t ✈❡❝t♦rs ❛♥❞ t❡♥s♦rs ♣r♦❥❡❝t❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ uµ✳ ❚❤✐s ✐s
❡❛s✐❧② ❞♦♥❡ ❜② ♣r♦❥❡❝t✐♥❣ ✈❡❝t♦rs ❛♥❞ t❡♥s♦rs ♣❡r♣❡♥❞✐❝✉❧❛r t♦ uµ ✉s✐♥❣ t❤❡
♣r♦❥❡❝t✐♦♥ t❡♥s♦r

P µν = ηµν + uµuν

✶✶



❋♦r ❡①❛♠♣❧❡ t❤❡ ✐♥✈❛r✐❛♥t t❡♥s♦r ✐s ❡❛s② t♦ ✇r✐t❡ ❛s ✐♥ t❤✐s ❝❛s❡ ♣r♦❥❡❝t✐♥❣
♣❡r♣❡♥❞✐❝✉❧❛r t♦ uµ✿

P µ
αP

ν
β T

αβ
diss −

1

3
P µνPαβT

αβ
diss ✭✶✳✸✽✮

❚♦ ❝♦♥str✉❝t ✈❡❝t♦rs✱ ✇❡ ♥❡❡❞ t♦ ✜rst ♣r♦❥❡❝t ♣❡r♣❡♥❞✐❝✉❧❛r t♦ uµ ❛♥❞ t❤❡♥
❡♥s✉r❡ ✐♥✈❛r✐❛♥❝❡ ✉♥❞❡r t❤❡ r❡st ♦❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ✭✭✶✳✸✸✮✮✱ ❡❣✿

δ(P µ
αT

αβ
dissuβ = −(P + ρ)δuµ

❛♥❞
δ(P µ

αJ
α
diss) = qδuµ

❧❡ts ✉s ✇r✐t❡ t❤❡ ✐♥✈❛r✐❛♥t ✈❡❝t♦r ❛s

P µ
αJ

α
diss +

q

P + ρ
(P µ

αT
αβ
dissuβ) ✭✶✳✸✾✮

❆♥❞ t❤❡ ✐♥✈❛r✐❛♥t s❝❛❧❛r ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♣r♦❥❡❝t❡❞
✈❡❝t♦rs✳

δ(PαβT
αβ
diss = 3dP ) ✭✶✳✹✵✮

δ(uαuβT
αβ) = dρ ✭✶✳✹✶✮

δ(uαJ
α) = −dq ✭✶✳✹✷✮

❙♦ t❤❡ ✐♥✈❛r✐❛♥t s❝❛❧❛r ✐s✿

1

3
(PαβT

αβ)− ∂P

∂ρ
(uαuβT

αβ) +
∂P

∂q
(uαJ

α) ✭✶✳✹✸✮

◆♦✇ t❤❛t ❤❛✈❡ t❤❡s❡ ✐♥✈❛r✐❛♥ts ❜✉✐❧t ♦✉t ♦❢ ✢✉✐❞ ❛♥❞ ❜❛❝❦❣r♦✉♥❞ ❞❛t❛✱
♦✉r ❥♦❜ ✐s ❛❧♠♦st ❞♦♥❡✳ ❚❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♥tr♦♣② ❝✉rr❡♥t ♠✉st ❜❡ ❢r❛♠❡
✐♥✈❛r✐❛♥t✳ ❆ ♣r♦♦❢ ♦❢ t❤✐s ✐s ✐♥ ❬✾❪✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ∂µJ

µ
S ♠✉st r❡ ❛rr❛♥❣❡ ✐ts❡❧❢

✐♥ t❤❡ ❢♦r♠ ♦❢ ❢r❛♠❡ ✐♥✈❛r✐❛♥t s❝❛❧❛rs ♠❛❞❡ ❢r♦♠ T µν
diss ❛♥❞ Jµ

diss ❡①♣❛♥❞❡❞ ✐♥
❛ ❜❛s✐s ♦❢ ♦♥❡ ❞❡r✐✈❛t✐✈❡ s❝❛❧❛r✱ ✈❡❝t♦r ❛♥❞ t❡♥s♦r ❞❛t❛✳

✶✳ ■♥❞❡♣❡♥❞❡♥t s❝❛❧❛r✿ ∂µu
µ

✷✳ ■♥❞❡♣❡♥❞❡♥t ✈❡❝t♦rs✿Eµ = F µνuν ✱Bµ = ǫµναβu
νF αβ ❛♥❞ V1µ = Eµ

T
−

P µν∂ν(
µ

T
)

✸✳ ■♥❞❡♣❡♥❞❡♥t t❡♥s♦r✿ σµν = 1
2
P µαP νβ(∇αuβ +∇βuα − Pαβ∇λu

λ)

✶✷



❉✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❡♥tr♦♣② ❝✉rr❡♥t ❣✐✈❡s✱

∂µJ
µ
S = −∇µ

uµ

T
(
1

3
(PαβT

αβ)− ∂P

∂ρ
(uαuβT

αβ) +
∂P

∂q
(uαJ

α))

+V1µ(P
µ
αJ

α
diss +

q

P + ρ
(P µ

αT
αβ
dissuβ)) + σµν(P µ

αP
ν
β T

αβ
diss −

1

3
P µνPαβT

αβ
diss)

−Tµν diss σ
µν ✭✶✳✹✹✮

❋♦r t❤❡ ❡①♣r❡ss✐♦♥ t♦ ❛❧✇❛②s ❜❡ ♣♦s✐t✐✈❡✱ ✇❡ ♠✉st ❤❛✈❡✱ t❤❡ t❡r♠s ✐♥ t❤❡
❜r❛❝❦❡t t♦ ♠❛❦❡ ♣♦s✐t✐✈❡ sq✉❛r❡s ✇✐t❤ t❤❡ t❡r♠s ♦✉ts✐❞❡ ✉♣t♦ ♠✉❧t✐♣❧✐❝❛t✐✈❡
❝♦♥st❛♥ts ❛♥❞ t❤❡s❡ ❛r❡ t❤❡ ✸ s❡ts ♦❢ ❝♦♥str❛✐♥ts ♦♥ T µν ❛♥❞ Jµ

✶✸



✶✳✹ ◆♦♥ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞ ❞②♥❛♠✐❝s ❢r♦♠ ♥✉❧❧

✢✉✐❞s

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ r❡✈✐❡✇❡❞ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞s ❛♥❞ t❡❝❤♥✐q✉❡s ✇❤✐❝❤ t❡❧❧ ✉s t❤❡✐r
str✉❝t✉r❡ ❢r♦♠ ❜❛s✐❝ ♣❤②s✐❝❛❧ ♣r✐♥❝✐♣❧❡s✳ ❲❡ ❝❛♥ ✉s❡ t❤❡s❡ t♦♦❧s t♦ st✉❞②
♥♦♥ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞s✱ ❜② s❡tt✐♥❣ ✉♣ ❛ ♠❛♣ ❜❡t✇❡❡♥ t❤❡ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞
t❤❡♦r② ❛♥❞ ❛ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r② ✧♥✉❧❧ ✢✉✐❞✧ t❤❡♦r②✱ ❜② ❛♣♣❧②✐♥❣ t❤❡s❡
t❡❝❤♥✐q✉❡s t♦ t❤❡ ✧♥✉❧❧ ✢✉✐❞✧ t❤❡♦r② ❛♥❞ t❤❡♥ ♠❛♣♣✐♥❣ t❤❡ r❡s✉❧ts ❜❛❝❦ t♦
t❤❡ ♥♦♥ r❡❧❛t✐✈✐st✐❝ t❤❡♦r②✳ ❚❤✐s s❡❝t✐♦♥ ✐s ❛ r❡✈✐❡✇ ♦❢ t❤❡ ♣❛♣❡r ❬✼❪✱ ✇❤❡r❡
t❤❡s❡ ✐❞❡❛s ❛r❡ ♣✉t ❢♦rt❤ ❝♦♥❝r❡t❡❧②✳ ❲❡ ✇✐❧❧ str❡ss ♦♥ t❤❡ ♣r♦❝❡ss ❜✉✐❧❞✐♥❣
❛ ♠❛♣ ❢r♦♠ ❛ r❡❧❛t✐✈✐st✐❝ t❤❡♦r② t♦ ♥♦♥ r❡❧❛t✐✈✐st✐❝ t❤❡♦r② ❛s t❤✐s ✐s ❞♦♥❡
❞✐✛❡r❡♥t❧② ❢r♦♠ ❛ ♣❛r❛♠❡tr✐❝ c −→ ∞ ❧✐♠✐t ♦♥ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛s ✐s
❞♦♥❡ ✐♥ ❝❤❛♣t❡r ✸ ❢♦r ❨❛♥❣ ▼✐❧❧s t❤❡♦r✐❡s✳

❚❤❡r❡ ❛r❡ ♦t❤❡r ❛♣♣r♦❛❝❤❡s t♦ ❞❡❛❧ ✇✐t❤ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞s ✐♥ t❤❡
❧✐t❡r❛t✉r❡✳ ◆❡✇t♦♥ ❈❛rt❛♥ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ❝✉r✈❡❞ s♣❛❝❡s ✐s
✉s❡❞ ✐♥ ❬✶✵❪ ❬✶✶❪✳ ❲❡ ✇✐❧❧ ❝♦♠♠❡♥t ♦♥ ❤♦✇ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ❞✐✛❡r ❢r♦♠ t❤❡
♦♥❡ t❛❦❡♥ ❤❡r❡ ❜✉t ❣✐✈❡ t❤❡ s❛♠❡ r❡s✉❧ts✳

✶✳✹✳✶ ●❛❧✐❧❡❛♥ ❛❧❣❡❜r❛ ❛s ❛ s✉❜❣r♦✉♣ ♦❢ ❛ ♦♥❡ ❤✐❣❤❡r

❞✐♠❡♥s✐♦♥❛❧ P♦✐♥❝❛r❡ ❛❧❣❡❜r❛

▲❡ts s❡❡ ❤♦✇ ✇❡ ❝❛♥ ❡♠❜❡❞ t❤❡ ●❛❧✐❧❡❛♥ ❣r♦✉♣ ✐♥ ❛ ♦♥❡ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧
P♦✐♥❝❛r❡ ❣r♦✉♣✳

❲❡ ✇✐❧❧ ❧♦♦❦ ❛t ❛ t❤❡♦r②✱ ✇✐t❤ ❞ s♣❛t✐❛❧ ❞✐r❡❝t✐♦♥s✱ ❛ t ❝♦♦r❞✐♥❛t❡ ❛♥❞ ❛♥
x− ❝♦♦r❞✐♥❛t❡✱ ✇✐t❤ ♠❡tr✐❝✿

ds2 = −2dx−dt+ ~dx. ~dx ✭✶✳✹✺✮

❚❤❡ ✭❞✰✶✮ ❞✐♠❡♥s✐♦♥❛❧ ●❛❧✐❧❡❛♥ ❛❧❣❡❜r❛ s✐ts ❛s ❛ s✉❜❣r♦✉♣ ✇✐t❤✐♥ t❤✐s ❛❧❣❡❜r❛
✇✐t❤ ❛❧❧ ✐ts ❣❡♥❡r❛t♦rs ❝♦♠♠✉t✐♥❣ ✇✐t❤ ∂− ❚❤❡ ❢♦r♠❛❧ ✇❛② t♦ s❤♦✇ t❤✐s ✐s
t♦ ✇r✐t❡ t❤❡ ❞✰✷ ❞✐♠❡♥s✐♦♥❛❧ P♦✐♥❝❛r❡ ❛❧❣❡❜r❛✱ ♣❡r❢♦r♠ ❛ ❝❤❛♥❣❡ ♦❢ ❜❛s✐s
♦♥ t❤❡ ❣❡♥❡r❛t♦rs ❞✉❡ t♦ t❤❡ ♠❡tr✐❝ ❜❡✐♥❣ ♦❢ t❤❡ ❢♦r♠ ✭✭✶✳✹✺✮✮ ✐♥st❡❛❞ ♦❢ t❤❡
✉s✉❛❧ ▼✐♥❦♦✇s❦✐✱ ❛♥❞ s❡❡ t❤❛t ∂− ❝♦♠♠✉t❡s ✇✐t❤ ❛❧❧ t❤❡ ❣❡♥❡r❛t♦rs ❛♥❞ t❤❡
r❡st ♦❢ t❤❡ ❣❡♥❡r❛t♦rs ❢♦r♠ t❤❡ ●❛❧✐❧❡❛♥ ❛❧❣❡❜r❛✳

❲❡ ✇✐❧❧ s❤♦✇ t❤✐s ✐♥ ❛ s❧✐❣❤t❧② ♠♦r❡ ✐♥t✉✐t✐✈❡ ♠❛♥♥❡r✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❞✐s✲
❝✉ss✐♦♥ ✐♥ ❬✼❪✳ ❚❤❡ ❑❧❡✐♥ ●♦r❞♦♥ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ✭❞✰✷✮ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ✐s
❣✐✈❡♥ ❜②✿

(−2∂−∂t + (∂i)
2)ψ = 0 ✭✶✳✹✻✮

▲❡ts s❛② t❤❡ ∂− ♦♣❡r❛t♦r ✐s ✬✲✐♠✬ ✇❤❡r❡ ♠ ✐s t❤❡ ♠❛ss✳ ❚❤❡♥ t❤❡ ❑❧❡✐♥ ●♦r❞♦♥

✶✹



❡q✉❛t✐♦♥ ❜❡❝♦♠❡s✿

(2im∂t + (∂i)
2)ψ = 0 ✭✶✳✹✼✮

✇❤✐❝❤ ✐s t❤❡ ❢r❡❡ ❙❝❤r♦❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❲❡ ❦♥♦✇ t❤❛t t❤❡ s②♠♠❡tr② ❛❧❣❡❜r❛
♦❢ t❤✐s ❡q✉❛t✐♦♥ ✐s t❤❡ ❙❝❤r♦❞✐♥❣❡r ❛❧❣❡❜r❛ ✇❤✐❝❤ ❤❛s ❛s ❛ s✉❜❛❧❣❡❜r❛ t❤❡
●❛❧✐❧❡❛♥ ❛❧❣❡❜r❛ ❛❧♦♥❣ ✇✐t❤ ❛ ❝❡♥tr❛❧ ❡①t❡♥s✐♦♥ ✇❤✐❝❤ ✐s t❤❡ ♠❛ss ♦♣❡r❛t♦r✳

❙♦✱ ✭✭✶✳✹✻✮✮ ❛♥❞ ✭✭✶✳✹✼✮✮ ✐♥❞✐❝❛t❡ t❤❛t ✐❢ ✇❡ ❧♦♦❦ ❛t ❛ d + 2 ❞✐♠❡♥s✐♦♥❛❧
t❤❡♦r② ♦♥ ❛ ❜❛❝❦❣r♦✉♥❞ ✇✐t❤ ♠❡tr✐❝ ✶✳✹✺✱ t❤❡ d+1 ❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r② ✐s ♥♦♥
r❡❧❛t✐✈✐st✐❝ ✐❡✳ ❤❛s ❙❝❤r♦❞✐♥❣❡r ❛❧❣❡❜r❛ s②♠♠❡tr②✳ ❚❤✐s ✐s tr✉❡ ✐❢ t❤❡ ♠❛ss
♦♣❡r❛t♦r✱ ∂− ❝♦♠♠✉t❡s ✇✐t❤ ❛❧❧ ♦t❤❡r ♦♣❡r❛t♦rs ✐♥ t❤❡ d + 2 ❞✐♠❡♥s✐♦♥❛❧
t❤❡♦r②✳

❍❡♥❝❡✱ ✇❡ ❝❛♥ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✿ ❚❤❡♦r✐❡s ♦♥ t❤✐s ❜❛❝❦❣r♦✉♥❞
✐♥ d+ 2 ❞✐♠ ✇❤✐❝❤ ❤❛✈❡ t❤❡ s②♠♠❡tr②✿

xM −→ xM + ξM(t, ~x) ✭✶✳✹✽✮

✇❤❡r❡ xM ✐s (x−, t, xi)✱ ❤❛✈❡ ●❛❧✐❧❡❛♥ s②♠♠❡tr② ✐♥ d+ 1 ❞✐♠✳
❙♦ ✇❡ ❝❛♥ st✉❞② ●❛❧✐❧❡❛♥ t❤❡♦r✐❡s ✐♥ ✭❞✰✶✮ s♣❛❝❡ t✐♠❡ ❞✐♠❡♥s✐♦♥s ❜②

❜✉✐❧❞✐♥❣ t❤❡♠ ✐♥ ❞✰✷ ❞✐♠❡♥s✐♦♥s s✉❝❤ t❤❛t t❤❡② t❤❡ s②♠♠❡tr② ✭✭✶✳✹✽✮✮ ❛♥❞
t❤❡♥ ❝♦♠♣❛❝t✐❢②✐♥❣ t❤❡ x− ❞✐r❡❝t✐♦♥✳

❲❡ ✇✐❧❧ ❜❡ ❜✉✐❧❞✐♥❣ ●❛❧✐❧❡❛♥ ✢✉✐❞s ❜❛s❡❞ ♦♥ t❤✐s ❣❡♥❡r❛❧ ♣r✐♥❝✐♣❧❡✳ ❲❡ ✇✐❧❧
✇r✐t❡ t❤❡ t❤❡♦r② ❢♦r ✢✉✐❞s s✉❝❤ t❤❛t ✐s ❤❛s t❤✐s s②♠♠❡tr② ✐♥ ❞✰✷ ❞✐♠❡♥s✐♦♥s
✭t❤✐s ✐s ❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s ❛ ♥✉❧❧ ✢✉✐❞ ❛♥❞ t❤❡ ❜❛❝❦ ❣r♦✉♥❞ ❛ ♥✉❧❧ ❜❛❝❦❣r♦✉♥❞✮✳
❲❡ ✇✐❧❧ t❤❡♥ s❡❡ t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② ❛❧❧ t❤❡ ♠❛❝❤✐♥❡r② ✇❡ ❤❛✈❡ r❡✈✐❡✇❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s ♦♥ ♥✉❧❧ ✢✉✐❞s ❛♥❞ ❝♦♥str❛✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ P❛rt✐t✐♦♥
❢✉♥❝t✐♦♥ t♦ ❣❡t ❝♦♥str❛✐♥s ♦♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s✳ ❉✐♠❡♥s✐♦♥❛❧ r❡❞✉❝✲
t✐♦♥ ♦❢ t❤❡s❡ r❡❧❛t✐♦♥s ✇✐❧❧ ❧❡t ✉s ❣❡t ❝♦♥str❛✐♥s ♦♥ t❤❡ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s
♦❢ ●❛❧✐❧❡❛♥ ✢✉✐❞s✳

✶✳✹✳✷ ❇✉✐❧❞✐♥❣ ✢✉✐❞s ✇✐t❤ ♥✉❧❧ ✐s♦♠❡tr②

❙♦✱ t❤❡ ✢❛t d + 2 ❞✐♠❡♥s✐♦♥❛❧ ❜❛❝❦❣r♦✉♥❞ ♦♥ ✇❤✐❝❤ ✇❡ s❤♦✉❧❞ ❜✉✐❧❞ ♦✉r
t❤❡♦r② ✐s

ds2 = −2dx−dt+ ~dx. ~dx

❚✉r♥✐♥❣ ♦♥ x− ✐♥❞❡♣❡♥❞❡♥t ✢✉❝t✉❛t✐♦♥s ♦♥ t❤✐s ❜❛❝❦❣r♦✉♥❞ ❣✐✈❡s

ds2 = −2e−φ(dt+ aidx
i)(dx− − Btdt− Bidx

i) + gijdx
idxj ✭✶✳✹✾✮

❲❡ ❝❛♥ ❛❧s♦ t✉r♥ ♦♥ ❛ ❜❛❝❦❣r♦✉♥❞ ❣❛✉❣❡ ✜❡❧❞✱

✶✺



A = Atdt+Aidx
i ✭✶✳✺✵✮

❙♦✱ t❤❡ ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s ❢♦r ❛ ♣♦t❡♥t✐❛❧ ●❛❧✐❧❡❛♥ ✢✉✐❞ t❤❡♦r② ✇❤✐❝❤
✇♦✉❧❧❞ ❛❝t ❛s s♦✉r❝❡s ✇✐❧❧ ❜❡✿ [φ,Bt,Bi, gij, ai,At,Ai]✳

❲❡ ♥♦✇ ♥❡❡❞ t♦ ❞❡✜♥❡ ♠♦r❡ ♣r❡❝✐s❡❧② ✇❤❛t ✇❡ ♠❡❛♥ ❜② ♥✉❧❧ ❝✉r✈❡❞
❜❛❝❦❣r♦✉♥❞s ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❡ ❤❛❞ ♦♥❧② s♣♦❦❡♥ ❛❜♦✉t ♥✉❧❧ ✢❛t
❜❛❝❦❣r♦✉♥❞s✳

❋♦r ❛ ❞✰✷ ❞✐♠❡♥s✐♦♥❛❧ t❤❡♦r②✱ ✇❡ ❞❡✜♥❡ ❛ ♥✉❧❧ ❜❛❝❦❣r♦✉♥❞ ❛s ❤❛✈✐♥❣ ❛ ♥✉❧❧
✈❡❝t♦r V M∂M s✉❝❤ t❤❛t✿ δVG

MN = LVG
MN = 0 ❛♥❞ δVAM = LVAM = 0

❛♥❞ V ❞♦❡s ♥♦t ❝❤❛♥❣❡ ✉♥❞❡r ❝♦✈❛r✐❛♥t tr❛♥s♣♦rt ✐❡✳ ∇MV
N = 0✳ ❲❡ ❛❧s♦

t❛❦❡ t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ A ❛❧♦♥❣ V t♦ ❜❡ −Λ(V )✳
●✐✈❡♥ ❛ ♥✉❧❧ ❜❛❝❦❣r♦✉♥❞ ❞❡✜♥❡❞ ❛❜♦✈❡✱ ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ ♥✉❧❧ ✢✉✐❞s ♦♥

t❤✐s ❜❛❝❦❣r♦✉♥❞✳ ❚♦ ❞♦ s♦ ✇❡ t❛❦❡ ✸ st❡♣s✿

✶✳ ❲❡ ✜rst ❞❡✜♥❡ t❤❡ ✢✉✐❞ t❤❡♦r② ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❛t ❜② ❞❡✜♥✐♥❣ t❤❡ ❜❛❝❦✲
❣r♦✉♥❞ ✜❡❧❞s✱ t❤❡ ♠❡tr✐❝ GMN ❛♥❞ t❤❡ ❜❛❝❦❣r♦✉♥❞ U(1) ❣❛✉❣❡ ✜❡❧❞
AM ✳

✷✳ ❲❡ t❤❡♥ ❞❡✜♥❡ t❤❡ s②♠♠❡tr✐❡s ♦❢ t❤❡ t❤❡♦r②✱ ♣❛r❛♠❡tr✐s❡❞ ❜② t❤❡ ✐♥✲
✜♥✐t❡s✐♠❛❧ ♣❛r❛♠❡t❡rs ξ = ξM∂M ✱ Λ(ξ) ❛♥❞ ❤♦✇ t❤❡② ❛❝t ♦♥ t❤❡ ❜❛❝❦✲
❣r♦✉♥❞ ✜❡❧❞s ✐❡✳ δξGMN = LξGMN ✭❞✐✛❡♦♠♦r♣❤✐s♠s✮ ❛♥❞ δξAM =
∂M(δ(ξ) + ξNN ) + ξN∂[NAM ] ✭❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦♥ ❝✉r✈❡❞ ❜❛❝❦✲
❣r♦✉♥❞s✮✳

✸✳ ◆✉❧❧ ✢✉✐❞s ❛r❡ t❤♦s❡ ❢♦r ✇❤✐❝❤ [δξ, δV ] = 0✳ ❚❤✐s ✐s t❤❡ ❛♥❛❧♦❣ ♦❢ t❤❡
st❛t❡♠❡♥t ✐♥ ✢❛t s♣❛❝❡ t❤❛t ∂− ❝♦♠♠✉t❡s ✇✐t❤ ❛❧❧ ♦t❤❡r ❣❡♥❡r❛t♦rs

✶✳✹✳✸ ❙❡tt✐♥❣ ✉♣ ❊q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ P❛r✲

t✐t✐♦♥ ❢✉♥❝t✐♦♥

❚♦ ❤❛✈❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❞✐r❡❝t✐♦♥ ✐♥ t❤❡ t❤❡♦r② ✇❡ s❤♦✉❧❞ ❤❛✈❡ ❛ t✐♠❡❧✐❦❡
ξ = K✳ ❲❡ ❝❛♥ ✜① ❛ ❜❛s✐s V = ∂−,Λ(V ) = 0 ❛♥❞ K = ∂t,Λ(K) = 0✳ ■♥ t❤✐s
❜❛s✐s✱

GMN =





0 −e−φ −e−φai
−e−φ e−φBt e−φ(Bi + ai)
−e−φaj e−φ(Bi + ai) gij + aiBje

−φ



 ✭✶✳✺✶✮

❍❡r❡ t♦♦✱ ✇❡ ❝❛♥ ❣❡t TMN ❜② ❛ss✉♠✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠
♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛♥❞ ✈❛r②✐♥❣ ✐t ✇✐t❤ r❡s♣❡❝t t♦ s♦✉r❝❡s ❛s ✇❡ ❞✐❞ ✐♥ ✭✶✳✷✮✱
✈❛r✐❛t✐♦♥ ♦❢ t❤❡ P❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❤❛s t❤❡ ❣❡♥❡r❛❧ ❢♦r♠✱

✶✻



δW =

∫

dxM
√
−G(1

2
TMNδGMN + JMδAM) ✭✶✳✺✷✮

❲❡ ♥♦✇ ❤❛✈❡ t♦ ❝♦♠♣❛❝t✐❢② t❤❡ x− ❞✐r❡❝t✐♦♥ ✇❤♦s❡ r❛❞✐✉s ♦❢ ❝♦♠♣❛❝t✐✜✲
❝❛t✐♦♥ ✐s ❝❛❧❧❡❞ R̃ ❛s ✇❡❧❧ ❛s t❤❡ ❡✉❝❧✐❞❡❛♥ t✐♠❡ ❞✐r❡❝t✐♦♥ ✇❤♦s❡ r❛❞✐✉s ✐s β̃✳
❉❡✜♥✐♥❣ ϑ̃ = 1

β̃R̃
✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ t❡♠♣❡r❛t✉r❡ ✐s ϑ0 = ϑ̃eφ ❥✉st ❧✐❦❡ ✐♥ s❡❝✲

t✐♦♥ ✭✶✳✷✮ ❜❡❝❛✉s❡ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❛t t❤❡ ✜rst t❡r♠ ✐♥ ❛ ❞❡r✐✈❛t✐✈❡ ❡①♣❛♥s✐♦♥
♦❢ t❤❡ t❡♠♣❡r❛t✉r❡ ✜❡❧❞✳ ❲❡ ✇✐❧❧ ♥♦t r❡♣❡❛t t❤❡ ❞✐s❝✉ss✐♦♥s ♦❢ s❡❝t✐♦♥ ✭✶✳✷✮✱
❡①❝❡♣t t❤❛t t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ♥♦✇ ❛ ❢✉♥❝t✐♦♥❛❧ ♦❢ ✸ ❜❛❝❦❣r♦✉♥❞ s❝❛❧❛rs
✐♥st❡❛❞ ♦❢ ✷ ❛♥❞ t❤❡

❙♦♠❡ r❡❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ s❝❛❧❛rs ❛r❡ r❡q✉✐r❡❞✿ ̟0 =
Bt

ϑ̃
❛♥❞ ν0 =

At

ϑ̃
❛♥❞

✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛s✿

δW =

∫

dxi
√
gϑ̃(

1

2
TMNδGMN + JMδAM) ✭✶✳✺✸✮

❆s ❜❡❢♦r❡✱ ✇❡ ✇♦r❦ ✇✐t❤ ❑❛❧✉③❛ ❑❧❡✐♥ ✐♥✈❛r✐❛♥t ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ❣❛✉❣❡
✜❡❧❞s ❜② ❞❡✜♥✐♥❣✿ Ai = Ai − aiAt ❛♥❞ Bi = Bi − aiBt✳

✇♦r❦✐♥❣ ♦✉t ✈❛r✐❛t✐♦♥s ❜② ✉s✐♥❣ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠s ♦❢ t❤❡ ♠❡tr✐❝ ❛♥❞ ❣❛✉❣❡
✜❡❧❞ ❣✐✈❡s ✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s t♦ ❞❡t❡r♠✐♥❡ t❤❡ TMN ❛♥❞ JM

T ij

2ϑ0

=
δW

δgij
✭✶✳✺✹✮

T−− =
δW

δ̟0

✭✶✳✺✺✮

T i
0

ϑ0

= −δW
δBi

✭✶✳✺✻✮

Tt− = e−φϑ2
0

δW

δϑ0

− B δW
δ̟0

✭✶✳✺✼✮

T i
t

ϑ0

=
δW

δai
−At

δW

δAi

✭✶✳✺✽✮

J− =
δW

δν0
✭✶✳✺✾✮

J i

ϑ0

=
δW

δAi

✭✶✳✻✵✮

❚❤❡s❡ ❡q✉❛t✐♦♥s ✇✐❧❧ ❜❡ ✈❡r② ✉s❡❢✉❧ ❢♦r ✉s ❧❛t❡r ✇❤✐❧❡ ❝❛❧❝✉❧❛t✐♥❣ t❤❡
❝✉rr❡♥ts ❢♦r ❛ ♥✉❧❧ s✉♣❡r✢✉✐❞✳

✶✼



✶✳✹✳✹ ▲✐❣❤t ❝♦♥❡ r❡❞✉❝t✐♦♥

◆✉❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❆❧❧ t❤❡ q✉❛♥t✐t✐❡s ❝❛❧❝✉❧❛t❡❞ t✐❧❧ ♥♦✇ ❤❛✈❡ ❜❡❡♥
q✉❛♥t✐t✐❡s ♦♥ Md+2✱ t❤❡ d + 2 ❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ ♦♥ ✇❤✐❝❤ t❤❡ ♥✉❧❧ ✢✉✐❞
✐s ❞❡✜♥❡❞✳ ❲❡ ♥❡❡❞ t♦ ❞✐♠❡♥s✐♦♥❛❧❧② r❡❞✉❝❡ t❤❡ V ❞✐r❡❝t✐♦♥ t♦ ❣❡t ♣❤②s✐✲
❝❛❧ q✉❛♥t✐t✐❡s ✐♥ t❡r♠s ♦❢ ❝♦♦r❞✐♥❛t❡s ♦♥ Md+1✳ ❚❤✐s ✐s ❛ s✉❜t❧❡ ♣r♦❝❡❞✉r❡
❜❡❝❛✉s❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ s♣❛❝❡ ✇✐t❤ ❛ ♥✉❧❧ ❞✐r❡❝t✐♦♥ ❝❛♥♥♦t ❜❡ ❞♦♥❡
✉♥✐q✉❡❧②✳ ❆ ♥✉❧❧ ✈❡❝t♦r ✐s tr❛♥s✈❡rs❡ t♦ ✐ts❡❧❢✱ s♦ ✇❡ ❝❛♥♥♦t ❞♦ t❤❡ ❝♦♥✈❡♥✲
t✐♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ❛ ✈❡❝t♦r × tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥s✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ♥❡❡❞
t♦ ✐♥tr♦❞✉❝❡ ❛ t✐♠❡✲❧✐❦❡ ✈❡❝t♦r ✭✇❤✐❝❤ ✇✐❧❧ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ t✐♠❡ ❞✐r❡❝t✐♦♥✮
T = TM∂M ✳ ◆♦✇✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ❞✐r❡❝t✐♦♥ ♦rt❤♦❣♦♥❛❧ t♦ V ✉s✐♥❣ t❤✐s T
✭❜② ❛ ●r❛♠✲❙❝❤♠✐❞t ♦rt❤♦❣♦♥❛❧✐s❛t✐♦♥✮ ❛s✿

V̄ M
(T ) =

−1

TNVN
(TM − TRT

RV M

2T SVS
)

❯s✐♥❣ t❤✐s ❞❡✜♥✐t✐♦♥✱ ✇❡ ❝❛♥ s❡❡ t❤❛t V̄ M
(T ) ✐s ♥✉❧❧ ❛♥❞ ♦rt❤♦❣♦♥❛❧ t♦ V ✳

❚❤✐s ❧❡ts ❞❡❝♦♠♣♦s❡ t❤❡ ♠❡tr✐❝ ✐♥t♦ t❤❡s❡ ✷ ❞✐r❡❝t✐♦♥s ❛♥❞ t❤❡ tr❛♥s✈❡rs❡
❞✐r❡❝t✐♦♥✳

GMN = PMN
T − 2V̄

(M
(T ) V

N) ✭✶✳✻✶✮

Md ✐s s♣❛♥♥❡❞ ❜② ψMP
MN ✇❤❡r❡ ψM ✐s ❛ ✈❡❝t♦r ✐♥ Md+2✳ ❚❤✐s ✐s

t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ Md+2 = S1
V × RT × Md✳ ❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ ❤♦✇ ▼✐❧♥❡

tr❛♥s❢♦r♠❛t✐♦♥s ✭✇❤✐❝❤ ❛r✐s❡ ✐♥ ◆❡✇t♦♥ ❈❛rt❛♥ str✉❝t✉r❡s✮ ❛❧s♦ ❛r✐s❡ ✈✐❛ t❤✐s
♣r♦❝❡❞✉r❡ ♦❢ ❞❡❝♦♠♣♦s✐♥❣ t❤❡ ♠❡tr✐❝✳

◆❡✇t♦♥ ❈❛rt❛♥ str✉❝t✉r❡s ❢r♦♠ ♥✉❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❲❡ ✇✐❧❧ ♥♦✇
s❤♦✇ t❤❛t ◆❡✇t♦♥ ❈❛rt❛♥ str✉❝t✉r❡s ❛r✐s❡ ✐❢ ✇❡ ♣✐❝❦ ❛ ❜❛s✐s ❢♦r t❤❡ ♥✉❧❧
❞❡❝♦♠♣♦s✐t✐♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ V = ∂− ❛♥❞ t❤❡ ❝♦♦r❞✐♥❛t❡s ❛s xM = x−, xµ✳

V M =

[

1
0

]

VM =

[

0
−nµ

]

V̄ M
(T ) =

[

vµBµ

vµ

]

✶✽



V̄M(T ) =

[

−1
Bµ

]

P(T )MN =

[

0 0
0 pµν

]

✭✶✳✻✷✮

❲❡ s❡❡ t❤❛t ❣✐✈❡♥ t❤❛t nµvµ = 1✱ vµpµν = 0✱ nµp
µν = 0✱ pµρpρµ + nµvν = δµν

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ V̄
(M
(T ) ✐s s❛t✐s✜❡❞ ❛♥❞ ❢r♦♠ t❤❡ ❧❛st r❡❧❛t✐♦♥✱ PMN ❝❛♥ ❜❡ s❡❡♥

t♦ ❜❡ t❤❡ tr❛♥s✈❡rs❡ ♠❡tr✐❝✳
❚❤✐s ✐s ✇❤❛t ✐s ❝❛❧❧❡❞ ❛ ◆❡✇t♦♥ ❈❛rt❛♥ str✉❝t✉r❡ ❬❝✐t❡ ❑r✐st❡♥ ❏❡♥s❡♥❪✳ ❲❡

❤❛✈❡ s❤♦✇♥ t❤❛t ✐t ❛r✐s❡s ❜② ♣✐❝❦✐♥❣ ❛ ❜❛s✐s ✐♥ ♦✉r ◆✉❧❧ ❜❛❝❦❣r♦✉♥❞✳ ■t ❝❛♥
❛❧s♦ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✱ ✇✐t❤♦✉t r❡❢❡r❡♥❝❡ t♦ ♥✉❧❧ ❜❛❝❦ ❣r♦✉♥❞s
❬❝✐t❡ ❑r✐st❡♥ ❏❡♥s❡♥❪✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ❝♦♥s✐sts ♦❢ s♣❧✐tt✐♥❣ ❛ ❞❡❣❡♥❡r❛t❡
s♣❛❝❡ t✐♠❡ ♠❡tr✐❝ gµν ✭❛s t❤❡ ♠❡tr✐❝ ❣❡♥❡r❛t❡s ✐♥ t❤❡ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ❧✐♠✐t✮
✐♥t♦ ❝❧♦s❡❞ ♦♥❡ ❢♦r♠ nµ ✇❤✐❝❤ ❞❡✜♥❡s t❤❡ ❧♦❝❛❧ t✐♠❡ ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡ tr❛♥s✲
✈❡rs❡ s♣❛t✐❛❧ ♠❡tr✐❝ pµν s✉❝❤ t❤❛t nµp

µν = 0 ❛♥❞ gµν = nµnν + pµν

❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ ❛♥ ✐♠♣♦rt❛♥t ❛❞✈❛♥t❛❣❡ ♦❢ ❝♦♥str✉❝t✐♥❣ t❤❡♦r✐❡s ♦♥ ♥✉❧❧
❜❛❝❦❣r♦✉♥❞s ❝♦♠♣❛r❡❞ t♦ ✇♦r❦✐♥❣ ✇✐t❤ ◆❡✇t♦♥ ❈❛rt❛♥ str✉❝t✉r❡s✳ ❲❤✐❧❡
st✉❞②✐♥❣ ♥♦♥ r❡❧❛t✐✈✐st✐❝ t❤❡♦r✐❡s ♦♥ ◆❡✇t♦♥ ❈❛rt❛♥ ♠❛♥✐❢♦❧❞s✱ ▼✐❧♥❡ tr❛♥s✲
❢♦r♠❛t✐♦♥s ❛r❡ ❞❡♠❛♥❞❡❞ ❛s s②♠♠❡tr✐❡s ♦❢ t❤❡ t❤❡♦r② ❬❝✐t❡ ❏❡♥❡♥❪✳ ■♥ ❝❛s❡
♦❢ t❤❡♦r✐❡s ♦♥ ♥✉❧❧ ❜❛❝❦❣r♦✉♥❞s✱ t❤❡② ❛r✐s❡ ❛s ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥✉❧❧ ❜❛❝❦✲
❣r♦✉♥❞ ✐ts❡❧❢✱ ❛♥❞ ❤❡♥❝❡ t❤❡♦r✐❡s ♦♥ t❤✐s ❜❛❝❦❣r♦✉♥❞ ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② ▼✐❧♥❡
✐♥✈❛r✐❛♥t✳

❲❡ ✇✐❧❧ ✜rst s❤♦✇ ❤♦✇ t❤❡ ❛r✐s❡ ✐♥ ♥✉❧❧ ❜❛❝❦❣r♦✉♥❞ t❤❡♦r✐❡s✳ ◆✉❧❧ t❤❡♦r✐❡s
❤❛✈❡ ❛ s②♠♠❡tr② ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ T ✜❡❧❞✳ ❯♥❞❡r t❤❡ tr❛♥s❢♦r♠❛t✐♦♥✿

TM −→ TM − TNVNψ
M ✭✶✳✻✸✮

✇❤❡r❡ ψMVM = 0✱

V̄M(T ) −→ V̄M(T ) + ψ̄M +
1

2
ψ̄2V M ✭✶✳✻✹✮

PMN
(T ) −→ PMN

(T ) + 2V (M ψ̄N) + ψ̄2V MV N ✭✶✳✻✺✮

❚❤❡s❡ tr❛♥s❢♦r♠❛t✐♦♥s ✇r✐tt❡♥ ✐♥ t❤❡ ◆❡✇t♦♥ ❈❛rt❛♥ ❜❛s✐s ❛r❡ ❣✐✈❡♥ ❜②✿

vµ −→ vµ + ψ̄µ ✭✶✳✻✻✮

Bµ −→ Bµ + ψ̄µ −
1

2
nµψ̄

2 ✭✶✳✻✼✮

✶✾



pµν −→ pµν − 2n(µψ̄ν) + nµnνψ̄
2 ✭✶✳✻✽✮

✇❤✐❝❤ ❛r❡ t❤❡ ▼✐❧♥❡ ❜♦♦sts ✐♥ ◆❡✇t♦♥ ❈❛rt❛♥ str✉❝t✉r❡s ❬❏❡♥s❡♥❪✳
❚❤❡s❡ ▼✐❧♥❡ ❜♦♦sts ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ✇✐t❤♦✉t r❡❢❡r❡♥❝❡ t♦ ♥✉❧❧ ❜❛❝❦✲

❣r♦✉♥❞s ❛s ❛ ❢r❡❡❞♦♠ ✐♥ ❛❞❞✐♥❣ ❛ ✈❡❝t♦r ❛❧♦♥❣ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥s t♦
vµ✳ ❚❤✐s ♥♦♥ ✉♥✐q✉❡♥❡ss ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ❞✐✛❡r❡♥t r❡❢❡r❡♥❝❡
❢r❛♠❡s ✇❡ ❤❛✈❡ ✐♥ ●❛❧✐❧❡❛♥ ♣❤②s✐❝s✳

❘❡❞✉❝t✐♦♥ ♦❢ ❝✉rr❡♥ts ♦♥ ♥✉❧❧ ❜❛❝❦❣r♦✉♥❞s ◆♦✇ t❤❛t ✇❡ ❤❛✈❡ t❤❡
♥✉❧❧ ❜❛❝❦❣r♦✉♥❞ ♠❡tr✐❝✱ ✇❡ ✇❛♥t t♦ ❧♦♦❦ ❛t t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥ts
TMN ❛♥❞ JM ✳ ❚❤✐s ✇♦✉❧❞ ❧❡t st✉❞② t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥
✇✐t❤ t❤❡s❡ r❡❞✉❝❡❞ ❝✉rr❡♥ts ❛♥❞ ♠❛❦❡ ❝♦♥t❛❝t ✇✐t❤ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ✢✉✐❞s✳

❲❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ ✐❡✳ ❧♦♦❦ ❛t ❝♦♠♣♦♥❡♥ts ❛❧♦♥❣ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t
❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ❝✉rr❡♥ts TMN ❛♥❞ JM ♦♥ M = S1

V × R
1
T ×MT

(d) ❛s✿

TMN = ρV̄ M
(T )V̄

N
(T ) + 2ǫtotV

(M V̄
N)
(T ) + 2j(Mρ V̄

N)
(T ) + 2j(Mǫ V

N)
(T ) + tMN + θV MV N

JM = qV̄ M
(T ) + jMq + θ′V M ✭✶✳✻✾✮

θ ❛♥❞ θ′ ❛r❡ ♥♦t ♣❤②s✐❝❛❧❧② ✐♠♣♦rt❛♥t t❡r♠s ❛s t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t
✇✐❧❧ ❣✐✈❡ V δV = 0 ✈✐❛ t❤❡ ♥✉❧❧ ❝♦♥❞✐t✐♦♥✳

❚❤❡ s❝❛❧❛rs ρ✱ ǫtot ❛♥❞ q ✇✐❧❧ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ♠❛ss ❞❡♥s✐t②✱ ❡♥❡r❣② ❞❡♥s✐t②
❛♥❞ ❝❤❛r❣❡ ❞❡♥s✐t②✱ t❤❡ ✈❡❝t♦rs jµρ ✱ j

µ
ǫ ✱ j

µ
q ❛s ♠❛ss ❝✉rr❡♥t✱ ❡♥❡r❣② ❝✉rr❡♥t ❛♥❞

❝❤❛r❣❡ ❝✉rr❡♥t ❛♥❞ tµν ❛s t❤❡ str❡ss ❡♥❡r❣② t❡♥s♦r✳
❲❡ ❝❛♥ ♥♦✇ r❡❞✉❝❡ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✿

δW =

∫ √
−Gdxd+2(TMNδGMN + JMδAM) ✭✶✳✼✵✮

♥♦✇ ❜❡❝♦♠❡s ✭✉s✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥ts ❛♥❞ t❤❡ ♥✉❧❧ ❜❛❝❦✲
❣r♦✉♥❞✮✿

δW =

∫ √
−Gdxd+2[(ǫtotV̄

M
(T ) + jMǫ )δVM + (ρV̄ M

(T ) + jMρ )δV̄(T )M✭✶✳✼✶✮

+(jMρ V̄
N
(T ) +

1

2
tMN)δP(T )MN + (qV̄ M

(T ) + jMq )δAM ]

❚❤✐s ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ◆❡✇t♦♥ ❈❛rt❛♥ ❜❛s✐s ✐s✿

✷✵



δW =

∫ √
−Gdxd+2[(ǫtotv

µ + jµǫ )δnµ + (ρvµ + jµρ )δBµ ✭✶✳✼✷✮

+(pµvν +
1

2
tµν)δpµν + (qvµ + jµq )δAµ]

◆♦✇ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✱ t❤❡ ✇❛r❞ ✐❞❡♥✲
t✐t✐❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s②♠♠❡tr✐❡s ♦❢ t❤❡ r❡❞✉❝❡❞ t❤❡♦r② ❝❛♥ ❜❡ ❢♦✉♥❞
❬✼❪✳

✷✶



✶✳✺ ◆✉❧❧ s✉♣❡r✢✉✐❞s

❘❡❧❛t✐✈st✐❝ s✉♣❡r✢✉✐❞s

❙✉♣❡r✢✉✐❞s ✇❡ ✇✐❧❧ st✉❞② ✇✐❧❧ ❜❡ ♦♥ t❤❡ s❛♠❡ ❜❛❝❦❣r♦✉♥❞ ❛s t❤❡ ❝❤❛r❣❡❞
✢✉✐❞s ✇❡ ✇❡r❡ st✉❞②✐♥❣ ❡①❝❡♣t t❤❛t t❤❡② ❜r❡❛❦ t❤❡ U(1) ❣❛✉❣❡ s②♠♠❡tr②✳
❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ t❡❝❤♥✐q✉❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥str❛✐♥ t❤❡
❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s ♦❢ r❡❧❛t✐✈✐st✐❝ s✉♣❡r✢✉✐❞s ✉♣t♦ ✜rst ♦r❞❡r ✐♥ ❞❡r✐✈❛t✐✈❡
❡①♣❛♥s✐♦♥✳ ❲❡ ✇✐❧❧ ♦✉t❧✐♥❡ s♦♠❡ ♦❢ t❤❡ ♥♦t❛t✐♦♥ ❛♥❞ s❡t✉♣ ♦✉t❧✐♥❡❞ t❤❡r❡✳

❚❤❡ ❝♦♥❞❡♥s❡❞ s❝❛❧❛r φ ❞❡✈❡❧♦♣s ❛ ✈❛❝✉✉♠ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ✇❤✐❝❤ ❧❡❛❞s
t♦ s♣♦♥t❛♥❡♦✉s s②♠♠❡tr② ❜r❡❛❦✐♥❣✳ ■t ❣✐✈❡s ✉s ❛ ♦♥❡ ♣❛r❛♠❡t❡r s❡t ♦❢ ❜❛❝❦✲
❣r♦✉♥❞ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥✜❣✉r❛t✐♦♥s✳ ■❢ φ ✐s t❤❡ ♣❤❛s❡ ♦❢ t❤❡ s❝❛❧❛r ❝♦♥❞❡♥s❛t❡✱
✉♥❞❡r ❛ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥✿ Ai −→ Ai + ∂iα✱ φ −→ φ+ α✳

❚❤❡ ❣❛✉❣❡ ✐♥✈❛r✐❛♥t ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡s❡ ✐s✿

ξi = ∂iφ+Ai ✭✶✳✼✸✮

❲❡ ❛❧s♦ ❞❡✜♥❡ ξ0 = A0 ❲❡ ♠✉st ❛❧s♦ ❝♦♥str✉❝t ❑❛❧✉③❛ ❑❧❡✐♥ ✐♥✈❛r✐❛♥t ❝♦♠✲
❜✐♥❛t✐♦♥s ♦❢ ξ t♦ ✉s❡ ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✱ ❛s ❞✐s❝✉ss❡❞ ✐♥
t❤❡ ♦r❞✐♥❛r② ✢✉✐❞ ❝❛s❡✳ ςi = ξi − aiA0

χ = −ξ2
❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥✱ Weqb ❝❛♥ ❜❡ ✇r✐tt❡♥ ❞♦✇♥ ❛♥❞ ✐ts

❢♦r♠ ❝♦♥str❛✐♥❡❞✳

❈♦♥str✉❝t✐♦♥ ♦❢ ♥✉❧❧ s✉♣❡r✢✉✐❞s

❲❡ ✇♦✉❧❞ ♥♦✇ ❧✐❦❡ t♦ ❞✐s❝✉ss s♦♠❡ ❛s♣❡❝ts ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇❡ ❛r❡ ❝✉rr❡♥t❧②
✇♦r❦✐♥❣ ♦♥ ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s r❡✈✐❡✇❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❆s t❤❡s❡
❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ♦♥❣♦✐♥❣✱ ✇❡ ✇✐❧❧ ♦✉t❧✐♥❡ t❤❡♠ ❤❡r❡ ❢♦r ♥♦✇✳

❲❡ ❢♦❧❧♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✿

• ❲❡ ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ♥✉❧❧ ❜❛❝❦❣r♦✉♥❞
❛♥❞ ❧❡t ✐t ❞❡♣❡♥❞ ♦♥ t❤❡ s✉♣❡r✲✢✉✐❞ χ = ξ2i ✇❤❡r❡ xi ✐s t❤❡ s✉♣❡r✢✉✐❞
✈❡❧♦❝✐t②✳

• ❲❡ ✈❛r② t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ ❛s ✐s ❞♦♥❡ ✐♥ ✶✳✺✹ ❡✈❛❧✉❛t✐♥❣ ✐t ❛t ✐❞❡❛❧
♦r❞❡r ❛♥❞ ❣❡t ❡①♣r❡ss✐♦♥s ❢♦r ✈❛❧✉❡s ♦❢ TMN ❛♥❞ JM ✳

• ❲❡ ♠❛t❝❤ t❤✐s ❡①♣r❡ss✐♦♥ ✇✐t❤ t❤❡ ♠♦st ❣❡♥❡r❛❧ TMN ❛♥❞ JM ✇❡ ❝❛♥
❝♦♥str✉❝t ❛t ✐❞❡❛❧ ♦r❞❡r ✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ♣♦s✐t✐✈✐t② ♦❢ ❡♥tr♦♣②
❝✉rr❡♥t✳

✷✷



❈❤❛♣t❡r ✷

●❛❧❧✐❧❡❛♥ ❨❛♥❣ ▼✐❧❧s ❚❤❡♦r✐❡s

❍❛✈✐♥❣ ❧♦♦❦❡❞ ❛t ✢✉✐❞ ❞②♥❛♠✐❝s ❛♥❞ ❛ ♠❡t❤♦❞ ♦❢ st✉❞②✐♥❣ ♥♦♥ r❡❧❛t✐✈✐st✐❝
✢✉✐❞ ❞②♥❛♠✐❝s✱ ✇❡ ✇✐❧❧ ✐♥ t❤✐s ❝❤❛♣t❡r ❧♦♦❦ ❛t ❛ ❞✐✛❡r❡♥t ❝❧❛ss✐❝❛❧ r❡❧❛t✐✈✐st✐❝
✜❡❧❞ t❤❡♦r② ❛❣❛✐♥✱ ❛♥❞ st✉❞② ✐t✬s ♥♦♥ r❡❧❛t✐✈✐st✐❝ ❞②♥❛♠✐❝s✳ ❨❛♥❣ ▼✐❧❧s ✐s
❛ ✈❡r② ✐♠♣♦rt❛♥t t❤❡♦r② t♦ st✉❞② ❜❡❝❛✉s❡ ✐t ❣♦✈❡r♥s t❤❡ ❙t❛♥❞❛r❞ ▼♦❞❡❧✳
■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ❧♦♦❦ ❛t t❤❡ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ❧✐♠✐t ♦❢ ❢r❡❡ ❨❛♥❣ ▼✐❧❧s
t❤❡♦r②✱ ❛♥❞ st✉❞② t❤❡ s②♠♠❡tr✐❡s ♦❢ ✐ts ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✳ ❲❡ ✇✐❧❧ ❛❧s♦
❧♦♦❦ ❛t s♦♠❡ ❣❡♥❡r❛❧ ♣r♦♣❡rt✐❡s ♦❢ ●❛❧✐❧❡❛♥ ❈♦♥❢♦r♠❛❧ ❋✐❡❧❞ ❚❤❡♦r✐❡s ❛♥❞
st✉❞② ❤♦✇ t❤❡② ❛r✐s❡ ❛s ❧✐♠✐ts ♦❢ r❡❧❛t✐✈✐st✐❝ t❤❡♦r✐❡s✳ ❲❡ ✇✐❧❧ ❜❡ ♣r❡s❡♥t✐♥❣
s♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥s ♦❢ ❬✶✷❪✳

✷✳✶ ●❛❧✐❧❡❛♥ ❈♦♥❢♦r♠❛❧ ❋✐❡❧❞ ❚❤❡♦r✐❡s

❚❤❡ ●❛❧✐❧❡❛♥ ❈♦♥❢♦r♠❛❧ ❆❧❣❡❜r❛ ✭●❈❆✮ ✐s t❤❡ ■♥♦✉♥✉ ❲✐❣♥❡r ❝♦♥tr❛❝t✐♦♥
♦❢ t❤❡ ❝♦♥❢♦r♠❛❧ ❛❧❣❡❜r❛✳ ❚❤❡ ■♥♦✉♥✉ ❲✐❣♥❡r ♠❡t❤♦❞ ♣❛r❛♠❡tr✐❝❛❧❧② ❝♦♥✲
tr❛❝ts t❤❡ ❣❡♥❡r❛t♦rs ♦❢ ❛♥ ❛❧❣❡❜r❛✱ t♦ ❣✐✈❡ ❛ ♥❡✇ ❛❧❣❡❜r❛✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥
❡①❛♠♣❧❡ ♦❢ ❛♥ ■♥♦✉♥✉ ❲✐❣♥❡r ❝♦♥tr❛❝t✐♦♥ ✐s t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦❢ t❤❡ P♦✐♥❝❛r❡
❛❧❣❡❜r❛ t♦ ❣✐✈❡ t❤❡ ●❛❧✐❧❡❛♥ ❛❧❣❡❜r❛✳ ❚❤❡ ●❈❆ ❛r✐s❡s ❛s ❛ ❝♦♥tr❛❝t✐♦♥ ♦❢ t❤❡
❝♦♥❢♦r♠❛❧ ❣r♦✉♣ ❬✶✸❪✱ ❛s t❤❡ ❝♦♥tr❛❝t✐♦♥ ♣❛r❛♠❡t❡r ❤❡r❡ ❜❡❝♦♠❡s t❤❡ s♣❡❡❞
♦❢ ❧✐❣❤t c✱ ❛♥❞ ✇❡ ❣❡t t❤❡ ●❈❆ ❛s c −→ ∞✳ ❚❤✐s ✐s ✐♠♣❧❡♠❡♥t❡❞ ❜② ✇♦r❦✲
✐♥❣ ✐♥ ✉♥✐ts ✐♥ ✇❤✐❝❤ c ✐s 1 ❛♥❞ ✐♠♣❧❡♥t✐♥❣ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦♥ s♣❛❝❡ t✐♠❡ ❛s
x −→ ǫx ❛♥❞ t −→ t ✇✐t❤ ǫ = x

t
−→ 0✳ ❚❤❡ ✉♣s✐❞❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s✱

✇❡ ❝❛♥ ✇r✐t❡ ❞♦✇♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛❧❣❡❜r❛ ♦♥ ✜❡❧❞s✱ ❛♥❞ t❛❦❡ t❤❡
s♣❛❝❡✲t✐♠❡ ❝♦♥tr❛❝t✐♦♥ ✐♠♠❡❞✐❛t❡❧②✳

❚❤❡ ❝♦♥❢♦r♠❛❧ ❣r♦✉♣ ❣❡♥❡r❛t♦rs r❡♣r❡s❡♥t❡❞ ♦♥ ✜❡❧❞s ❛r❡ ✿

Pµ = ∂µ , Kµ = −(2xµxν∂
ν − xνxν∂µ),Mµν = −(xµ∂ν − xν∂µ) , D = −xµ∂µ✭✷✳✶✮

✷✸



✇❤❡r❡ Pµ ✐s t❤❡ ♠♦♠❡♥t✉♠ ❣❡♥❡r❛t♦r✱ Kµ ✐s t❤❡ s♣❡❝✐❛❧ ❝♦♥❢♦r♠❛❧ tr❛♥s✲
❢♦r♠❛t✐♦♥ ❣❡♥❡r❛t♦r✱ Mµν ✐s t❤❡ ❜♦♦st ❛♥❞ r♦t❛t✐♦♥ ❣❡♥❡r❛t♦r ❛♥❞ D ✐s t❤❡
❉✐❧❛t❛t✐♦♥ ❣❡♥❡r❛t♦r✳

❈♦♥tr❛❝t✐♥❣ t❤❡ ❛❧❣❡❜r❛ ❜② t❛❦✐♥❣ ǫ = x
t
−→ 0 ❣✐✈❡s ✉s t❤❡ ●❈❆✳ ❚❤❡

✐♥t❡r❡st✐♥❣ ♦❜s❡r✈❛t✐♦♥ ❬✶✸❪ ✐s t❤❛t ❛❜♦✉t t❤❡ ✜♥✐t❡✲●❈❆ ❛❧❣❡❜r❛✱ ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s✿

[L(n), L(m)] = (n−m)L(n+m), [L(n),M
(m)
i ] = (n−m) M

(n+m)
i , [M

(n)
i ,M

(m)
j ] = 0

[Jij, Jkl] = δk[iJj]l − δl[iJj]k, [L(n), Jij] = 0, [M
(n)
i , Jjk] =M

(n)
[k δj]i. ✭✷✳✷✮

✇❤❡r❡ L(−1,0,1) = H,D,K ❛♥❞ M
(−1,0,1)
i = Pi, Bi, Ki ✳H,D ❛♥❞ K ❛r❡ t❤❡

●❛❧✐❧❡❛♥ ❤❛♠✐❧t♦♥✐❛♥✱ ❉✐❧❛t❛t✐♦♥ ❛♥❞ s❝❛❧❛r s♣❡❝✐❛❧ ❝♦♥❢♦r♠❛❧ tr❛♥s❢♦r♠❛✲
t✐♦♥✳ Pi, Bi ❛♥❞ Ki r❡♣r❡s❡♥t ♠♦♠❡♥t✉♠✱ ●❛❧✐❧❡❛♥ ❜♦♦st ❛♥❞ ✈❡❝t♦r s♣❡❝✐❛❧
❝♦♥❢♦r♠❛❧ tr❛♥s❢♦r♠❛t✐♦♥✳ Jij ✐s t❤❡ r♦t❛t✐♦♥ ❣❡♥❡r❛t♦r✳ ❆♥❞ ❤❡r❡ t❤❡ ❛❧❣❡❜r❛
❝♦♥t✐♥✉❡s t♦ ❤♦❧❞ ❢♦r −1 > n ❛♥❞ n > 1✳ ❙♦ ✇❡ ❣❡t ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
❛❧❣❡❜r❛ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❛❧❣❡❜r❛ ✇❡ ❝♦♥tr❛❝t❡❞ ✐s ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♦♥❧②
✐♥ d = 2✳

❚❤❡ ✐♥t❡r❡st✐♥❣ r❡s✉❧t ✇❡ ❤❛✈❡ ✐♥ ❬✶✷❪ ✐s t❤❛t ●❛❧✐❧❡❛♥ ❨❛♥❣ ▼✐❧❧s ❚❤❡♦r② ✐s
✐♥✈❛r✐❛♥t ✉♥❞❡r ✭✷✳✷✮ ❛♥❞ ♠♦r❡♦✈❡r ❛r✐s❡s ❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛❧❣❡❜r❛
✇❤❡♥ ✇❡ ❧❛❜❡❧ ✐t ✇✐t❤ D ❛♥❞ Jij ❛s ❈❛s✐♠✐rs✳

✷✳✷ ❉✐✛❡r❡♥t ♥♦♥ r❡❧❛t✐✈✐st✐❝ ❧✐♠✐ts ♦❢ ❨❛♥❣ ▼✐❧❧s

▲❡t ✉s ❧♦♦❦ ❛t t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❧❛✇ ❢♦r ✹✲✈❡❝t♦rs✿

u′0 = u0 −
vi
c
ui ✭✷✳✸✮

u′i = ui −
vi
c
u0 ✭✷✳✹✮

❲❤❡r❡ ✇❡ ❤❛✈❡ ♣✉t γ t♦ ✶ ✭✐❡✳ ✐❣♥♦r❡❞ t❡r♠s ♦❢ ♦r❞❡r (v/c2)✮
❲❡ t❛❦❡ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ❧✐♠✐ts ❜② s❡♥❞✐♥❣ c → ∞ ♦r ❡q✉✐✈❛❧❡♥t❧② ❝❛❧❧✐♥❣

1/c = ǫ ❛♥❞ ǫ→ 0 ❙♦ t❤✐s ✐s ❥✉st✱

u′0 = u0 − ǫviui ✭✷✳✺✮

u′i = ui − ǫviu0 ✭✷✳✻✮

✷✹



■t ✐s ❝❧❡❛r t❤❛t ✉♥❧❡ss u0 ♦r ui s❝❛❧❡ ❛s u0 → ǫu0 ♦r ui → ǫui✱ t❛❦✐♥❣ ǫ t♦
0 ❣✐✈❡s ✉s ❛ tr✐✈✐❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ✐♥ ✭✷✳✺✮ ❛♥❞ ✭✷✳✻✮ ✐❡✳ t❛❦❡ ♥♦♥ r❡❧❛t✐✈✐st✐❝
❧✐♠✐t ♦❢ t❤❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥s✳

❆s ❛s ❡①❛♠♣❧❡✱ ❧❡ts ❧♦♦❦ ❛t u0 = ct ❛♥❞ ui = xi✱ ❚❛❦✐♥❣ t❤❡ ♥♦♥ r❡❧❛t✐✈✐st✐❝
❧✐♠✐t ❢♦r❝❡s ✉s t♦ t❛❦❡ ui = ǫxi ❣✐✈❡s ✉s t❤❡ ✉s✉❛❧ ●❛❧✐❧❡❛♥ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢
❝♦♦r❞✐♥❛t❡s✳

t′0 = t0 ✭✷✳✼✮

ǫx′i = ǫxi − ǫvit0 ✭✷✳✽✮

■❢ ✇❡ ❛r❡ ❧♦♦❦✐♥❣ ❛t ❨❛♥❣ ▼✐❧❧s ✇✐t❤ ❛♥ SU(N) ❣❛✉❣❡ ❣r♦✉♣✱ ✇❡ ✇✐❧❧ ❤❛✈❡
N2 − 1 ❣❛✉❣❡ ✜❡❧❞s Aa

µ✳ ❊❛❝❤ ♦❢ t❤❡s❡ ✐s ❛ ✹✲✈❡❝t♦r✱ s♦ ❛❝❝♦r❞✐♥❣ t♦ ♦✉r
❞✐s❝✉ss✐♦♥ ❛❜♦✈❡✱ Aa

0 ❛♥❞ Aa
i ❝♦♠♣♦♥❡♥ts ♦❢ ❡❛❝❤ ♦❢ t❤❡ N2 − 1 ❣❛✉❣❡ ✜❡❧❞s

✇✐❧❧ s❝❛❧❡ ✐♥ 1 ♦❢ 2 ✇❛②s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ t♦ ❤❛✈❡ ❝♦♥s✐st❡♥t ●❛❧✐❧❡❛♥ ❧✐♠✐t✳
❋♦r ❝♦♥❝r❡t❡♥❡ss✱ ✇❡ ❧♦♦❦ ❛t t❤❡ ♣♦ss✐❜❧❡ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ❧✐♠✐ts ✇❡ ❝❛♥

❤❛✈❡ ✇✐t❤ t❤❡ ❣❛✉❣❡ ❣r♦✉♣ ❜❡✐♥❣ SU(2)✱ ✐❡✱ ✸ ❣❛✉❣❡ ✜❡❧❞s✿
▼❛❣♥❡t✐❝ ❧✐♠✐t

A1
0 −→ ǫA1

0 A1
i −→ A1

i

A2
0 −→ ǫA2

0 A2
i −→ A2

i

A3
0 −→ ǫA3

0 A3
i −→ A3

i

❙❦❡✇❡❞ ❧✐♠✐t ✶

A1
0 −→ ǫA1

0 A1
i −→ A1

i

A2
0 −→ ǫA2

0 A2
i −→ A2

i

A3
0 −→ A3

0 A3
i −→ ǫA3

i

❙❦❡✇❡❞ ❧✐♠✐t ✷

A1
0 −→ ǫA1

0 A1
i −→ A1

i

A2
0 −→ A2

0 A2
i −→ ǫA2

i

A3
0 −→ A3

0 A3
i −→ ǫA3

i

❊❧❡❝tr✐❝ ❧✐♠✐t

A1
0 −→ A1

0 A1
i −→ ǫA1

i

A2
0 −→ A2

0 A2
i −→ ǫA2

i

A3
0 −→ A3

0 A3
i −→ ǫA3

i

✷✺



✷✳✸ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❉✐s❝✉ss✐♦♥

❲❡ ❞❡♠♦♥str❛t❡❞ ❤♦✇ t❤❡r❡ ✐s ♠♦r❡ t❤❛♥ ♦♥❡ ❝♦♥s✐st❡♥t ✇❛② ♦❢ ❧♦♦❦✐♥❣ ❛t t❤❡
♥♦♥ r❡❧❛t✐✈✐st✐❝ ❧✐♠✐t ♦❢ ❨❛♥❣ ▼✐❧❧s t❤❡♦r② ✇♦t❤ ❣❛✉❣❡ ❣r♦✉♣ SU(2)✳ ■♥ t❤❡
♣❛♣❡r ❬✶✷❪✱ t❤❡ ❛✉t❤♦rs s❤♦✇ ❤♦✇ t♦ ❣❡♥❡r❛❧✐s❡ t❤✐s t♦ SU(N)✳ ❋✉rt❤❡r♠♦r❡✱
✇❡ ❝❛♥ ❧♦♦❦ ❛t t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✐♥ ❡❛❝❤ ♦❢ t❤❡s❡ ♣♦ss✐❜❧❡ ❧✐♠✐ts✳
■t t✉r♥s ♦✉t t❤❛t t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✐♥ ❛❧❧ ♣♦ss✐❜❧❡ ❧✐♠✐ts ❢♦r ❣❡♥❡r❛❧
SU(N) ❣❛✉❣❡ ✜❡❧❞s✱ ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ●❈❆✳ ❚❤✐s
✐s ❛♥ ✐♥t❡r❡st✐♥❣ r❡s✉❧t ❜❡❝❛✉s❡ ♠♦r❡ s②♠♠❡tr② ❝♦♥str❛✐♥s t❤❡ t❤❡♦r② ♠✉❝❤
♠♦r❡✳ ❚❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s t❤❛t t❤✐s ❧❛r❣❡ ❛♠♦✉♥t ♦❢ s②♠♠❡tr② ✐♥ N = 4
s✉♣❡rs②♠♠❡tr✐❝ ❨❛♥❣ ▼✐❧❧s ✇✐❧❧ ❣✐✈❡ ✉s ❛♥ ✐♥t❡❣r❛❜❧❡ s✉❜s❡❝t♦r ♦❢ t❤❡ ❣❛✉❣❡✲
❣r❛✈✐t② ❝♦rr❡s♣♦♥❞❡♥❝❡✳ ❙t✉❞②✐♥❣ ♥♦♥ r❡❧❛t✐✈✐st✐❝ ❨❛♥❣ ▼✐❧❧s ✐s s♠❛❧❧ st❡♣ ✐♥
t❤✐s ❞✐r❡❝t✐♦♥✳

✷✻



❈❤❛♣t❡r ✸

❇❧❛❝❦ ❤♦❧❡s ❛♥❞ ❢✉♥❞❛♠❡♥t❛❧

str✐♥❣s

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ✇♦r❦ ♦❢ ❇❡❦❡♥st❡✐♥ ❛♥❞ ❍❛✇❦✐♥❣ s❤♦✇❡❞ t❤❛t ❜❧❛❝❦ ❤♦❧❡s ❤❛✈❡ ❡♥tr♦♣②
❛♥❞ t❤❛t t❤✐s ❡♥tr♦♣② ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❛r❡❛ ♦❢ t❤❡ ❤♦r✐③♦♥✳ ❙✐♥❝❡ t❤❡♥✱
t❤❡r❡ ❤❛s ❜❡❡♥ ❛ ♣r♦❣r❛♠♠❡ t♦ ❡①♣❧❛✐♥ t❤❡ ♠✐❝r♦s❝♦♣✐❝ ♦r✐❣✐♥ ♦❢ t❤✐s ❡♥tr♦♣②✱
✐❡✳ t♦ r❡♣r♦❞✉❝❡ t❤✐s ❡♥tr♦♣② ❢r♦♠ ❛♥ ❡①♣❧✐❝✐t ❝♦✉♥t✐♥❣ ♦❢ ♠✐❝r♦st❛t❡s ♦❢ t❤❡
❜❧❛❝❦ ❤♦❧❡✳

❘❡❝❡♥t❧②✱ t❤❡ ❢✉③③❜❛❧❧ ♣r♦❣r❛♠♠❡ ❤❛s ✐♥❝❧✉❞❡❞ ❛♥ ❛tt❡♠♣t t♦ ❝♦♥str✉❝t
s♠♦♦t❤ ❤♦r✐③♦♥❧❡ss s♦❧✉t✐♦♥s ♦❢ s✉♣❡r❣r❛✈✐t② t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ♠✐❝r♦s❝♦♣✐❝
str✉❝t✉r❡ ♦❢ ❜❧❛❝❦ ❤♦❧❡s✱ s❡❡ ❬✶✹❪ ❛♥❞ r❡❢❡r❡♥❝❡s ✇✐t❤✐♥✳ ❆ ♣r♦❣r❛♠♠❡ ❬✶✺❪ ❬✶✻❪
❛♥❞ r❡❢❡r❡♥❝❡s✱ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ❝♦♥str✉❝t ❛❧❧ ♣♦ss✐❜❧❡ ❤♦r✐③♦♥❧❡ss s♦❧✉t✐♦♥s
♦❢ s✉♣❡r❣r❛✈✐t② ✇✐t❤ t❤❡ s❛♠❡ ♠❛ss ❛♥❞ ❝❤❛r❣❡s ❛s ❝❡rt❛✐♥ ❜❧❛❝❦ ❤♦❧❡s ❛♥❞
❛tt❡♠♣t t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡♥tr♦♣② ❝♦♠✐♥❣ ❢r♦♠ t❤❡s❡ ♠✐❝r♦st❛t❡s t♦ s❡❡ ✐❢ t❤❡②
❝❛♥ ❛❝❝♦✉♥t ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❡♥tr♦♣② ♦❢ t❤❡s❡ ❜❧❛❝❦ ❤♦❧❡s✳

❲❡ ✇✐❧❧ ✐♥ t❤✐s ❝❤❛♣t❡r✱ tr② t♦ ✉♥❞❡rst❛♥❞✱ ✈✐❛ ❛ s♣❡❝✐✜❝ ❡①❛♠♣❧❡✱ ❤♦✇
t❤❡s❡ ♠✐❝r♦st❛t❡ s♦❧✉t✐♦♥s ❛r❡ ❝♦♥str✉❝t❡❞✳ ❲❡ ❛❧s♦ ❤❛✈❡ ❛♥♦t❤❡r ♠♦t✐✈❛t✐♦♥
t♦ ♣✐❝❦ t❤❡ ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡ ♦❢ s♦❧✉t✐♦♥ ✇❡ ✇❛♥t t♦ ❝♦♥str✉❝t✳

❙t❛t❡s ❝❛rr②✐♥❣ ♠♦♠❡♥t✉♠ ❛♥❞ ✇✐♥❞✐♥❣ ✐♥ ❛ s②st❡♠ ♦❢ k ◆❙✺✲❜r❛♥❡s
✇r❛♣♣✐♥❣ T 4×S1 ✐♥ ❚②♣❡ ■■ str✐♥❣ t❤❡♦r② ❤❛✈❡ ❛ ❜❧❛❝❦ ❤♦❧❡ ❞❡s❝r✐♣t✐♦♥ ✇❤❡♥
t❤❡ ❜r❛♥❡s ❛r❡ ❝♦✐♥❝✐❞❡♥t✳ ❇✉t ✇❤❡♥ t❤❡ ❜r❛♥❡s ❛r❡ s❡♣❛r❛t❡❞✱ ✐t ❤❛s r❡❝❡♥t❧②
❜❡❡♥ ❛r❣✉❡❞ ✐♥ ❬✶✼❪ t❤❛t t❤❡ s②st❡♠ ✉♥❞❡r❣♦❡s ❛ ❜❧❛❝❦ ❤♦❧❡✴str✐♥❣ tr❛♥s✐t✐♦♥
❛♥❞ t❤❡ ❡❧❧✐♣t✐❝ ❣❡♥✉s ❛♥❞ t❤❡ ❡♥tr♦♣② ❝❤❛♥❣❡ ❞✐s❝♦♥t✐♥✉♦✉s❧②✳ ■♥ ❧✐❣❤t ♦❢
t❤✐s✱ ✇❡ ❝♦♥str✉❝t s♠♦♦t❤✱ ❤♦r✐③♦♥❧❡ss s✉♣❡r❣r❛✈✐t② s♦❧✉t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣s ❝❛rr②✐♥❣ ♠♦♠❡♥t✉♠ ❛♥❞ ✇✐♥❞✐♥❣ ✐♥ t❤❡ ❜❛❝❦❣r♦✉♥❞
♦❢ t❤❡ s❡♣❛r❛t❡❞ ◆❙✺✲❜r❛♥❡s✳ ❚❤❡s❡ ❛r❡ ♥♦t ♠✐❝r♦st❛t❡s ♦❢ t❤❡ ❜❧❛❝❦ ❤♦❧❡ ❜②
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t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥t✱ ❜✉t t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ❣❧♦❜❛❧ ❝❤❛r❣❡s ❛s t❤❡ ❜❧❛❝❦ ❤♦❧❡✳
❚❤✐s ✇♦✉❧❞ ❞❡♠♦♥str❛t❡ t❤❛t ✐❞❡♥t✐❢②✐♥❣ ♠✐❝r♦st❛t❡s ♣✉r❡❧② ✈✐❛ s✉♣❡r❣r❛✈✐t②
❝♦♥str✉❝t✐♦♥s ❝❛♥ ❜❡ ♠✐s❧❡❛❞✐♥❣✳

❚❤❡ ♣❧❛♥ ♦❢ t❤❡ ❝❤❛♣t❡r ✐s t♦ ✜rst r❡✈✐❡✇ ❤♦✇ t♦ ❝♦✉♣❧❡ str✐♥❣s t♦ ❧♦✇
❡♥❡r❣② ❡✛❡❝t✐✈❡ ❛❝t✐♦♥s ✐♥ str✐♥❣ t❤❡♦r②✳ ❚❤✐s ✐s ❢♦❧❧♦✇❡❞ ❜② r❡✈✐❡✇✐♥❣ ❉❛❜✲
❤♦❧❦❛r ❛♥❞ ❍❛r✈❡②✬s ❬✷❪ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ s♦❧✉t✐♦♥ ❛♥❞
t❤❡✐r s✉❜s❡q✉❡♥t ♣❛♣❡r ♦♥ ♦s❝✐❧❧❛t✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣s ❬✸❪ ❛♥❞ s♦♠❡ ❞✐s✲
❝✉ss✐♦♥s ♦♥ ❱❛s❤❛s♣❛t✐ ❛♥❞ ●❛r✜♥❦❧❡✬s s♦❧✉t✐♦♥ ❣❡♥❡r❛t✐♥❣ ♠❡❝❤❛♥✐s♠ ♦❢
♣✉tt✐♥❣ ♦s❝✐❧❧❛t✐♦♥s ♦♥ st❛t✐❝ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ s♦❧✉t✐♦♥s ❬✶✽❪✳ ❋♦❧❧♦✇✐♥❣
t❤❡ ♠❡t❤♦❞s ✐♥ t❤❡s❡ ❞✐s❝✉ss✐♦♥s✱ ✇❡ ✇✐❧❧ ✇r✐t❡ tr② t♦ ✇r✐t❡ t❤❡ ♠❡tr✐❝ ❢♦r ❛♥
♦s❝✐❧❧❛t✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ ✐♥ NS5 ❜❛❝❦❣r♦✉♥❞✳

✸✳✷ ▲♦✇ ❊♥❡r❣② ❊✛❡❝t✐✈❡ ❚❤❡♦r②

❲❡ ❦♥♦✇ t❤❛t t❤❡ ♣❡rt✉r❜❛t✐✈❡ s♣❡❝tr✉♠ ♦❢ ❜♦s♦♥✐❝ str✐♥❣s ❛t ❧❡✈❡❧ ♦♥❡
❝♦♥s✐sts ♦❢ ❛ t❛❝❤②♦♥ ❛♥❞ ❛t ❧❡✈❡❧ ✷ ❝♦♥s✐sts ♦❢ ♠❛ss❧❡ss r❡♣r❡s❡♥t❛t✐♦♥s ♦❢
SO(D−2)✳ ❚❤❡ ♠❛ss❧❡ss ✜❡❧❞s ❛r❡ ❛ s❝❛❧❛r ✜❡❧❞ ✭❞✐❧❛t♦♥✮✱ ❛ s②♠♠❡tr✐❝ r❛♥❦
✷ t❡♥s♦r ✭Gµν✮ ❛♥❞ ❛♥ ❛♥t✐s②♠♠❡tr✐❝ r❛♥❦ ✷ t❡♥s♦r ✭Bµν✮✳

❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ t♦ ❛s❦ ✐s ✇❤❛t ✇♦✉❧❞ ❜❡ t❤❡ ♠♦t✐♦♥ ♦❢ str✐♥❣s ✐♥ ❛
❜❛❝❦❣r♦✉♥❞ ❣✐✈❡♥ ❜② t❤❡s❡ ✜❡❧❞s✳ ❲❤✐❧❡ ❛♥s✇❡r✐♥❣ t❤✐s q✉❡st✐♦♥✱ ✇❡ ❛r❡
❧♦♦❦✐♥❣ ❛t ❛♥ ❡✛❡❝t✐✈❡ t❤❡♦r② ❜❡❝❛✉s❡ ✇❡ ❛r❡ ♦♥❧② ❧♦♦❦✐♥❣ ❛t ❤♦✇ str✐♥❣s
♣r♦♣❛❣❛t❡ ❛♥❞ ❜❛❝❦✲r❡❛❝t ✇✐t❤ ❛ ❜❛❝❦❣r♦✉♥❞ ♠❛❞❡ ♦❢ ♠❛ss❧❡ss ❡①❝✐t❛t✐♦♥s✳

❖✉r ♥♦t✐♦♥ ♦❢ ❜❛❝❦✲r❡❛❝t✐♥❣ ✐s t❤❛t ✇❡✬r❡ ❧♦♦❦✐♥❣ ❛t ♠♦t✐♦♥ ♦❢ t❤❡ str✐♥❣
✐♥ ❛ ❝✉r✈❡❞ ❜❛❝❦❣r♦✉♥❞ ✐♥st❡❛❞ ♦❢ ❛ ✢❛t ❜❛❝❦❣r♦✉♥❞ ❛♥❞ ✇❡ ❧❡t t❤❡ str✐♥❣
s♦✉r❝❡ t❤❡s❡ ❜❛❝❦❣r♦✉♥❞ ✜❡❧❞s✳

L =
1

4πα′

∫

d2σ
√
ggmnGµν(X)∂mX

µ∂nX
ν

✇❤❡r❡ Xµ ❛r❡ t❛r❣❡t s♣❛❝❡ ❝♦♦r❞✐♥❛t❡s ❛♥❞ gmn ✐s t❤❡ ✇♦r❧❞ s❤❡❡t ♠❡tr✐❝✳ ❆
t❤❡♦r② ❣♦✈❡r♥❡❞ ❜② t❤✐s ▲❛❣r❛♥❣✐❛♥ ✐s ❝❛❧❧❡❞ ❛ ♥♦♥✲❧✐♥❡❛r s✐❣♠❛ ♠♦❞❡❧✳

❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ t♦ ❛s❦ ❛t t❤✐s ♣♦✐♥t✱ ✐s ❤♦✇ ✐s Gµν ✇❤✐❝❤ ✇❡ s❡❡♠✐♥❣❧②
♣✉t ✐♥ ❜② ❤❛♥❞✱ t❤❡ s❛♠❡ ❛s t❤❡ Gµν ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ♣❡rt✉r❜❛t✐✈❡ s♣❡❝tr✉♠
♦❢ t❤❡ str✐♥❣ ✇❡ r❡❢❡rr❡❞ t♦ ❡❛r❧✐❡r✳ ❚♦ s❡❡ t❤✐s✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥
❚♦♥❣ ❬✹❪✳ ❲❡ ❧♦♦❦ ❛t t❤❡ ✇❡❛❦ ✜❡❧❞ ❡①♣❛♥s✐♦♥ ♦❢ Gµν = δµν + hµν ✳

▲❡t✬s ❝♦♠♣✉t❡ t❤❡ ♣❛rt✐t✐♦♥ ❢✉♥❝t✐♦♥ Z ❢♦r ❛ str✐♥❣ ✐♥ t❤✐s ❜❛❝❦❣r♦✉♥❞✳

Z =

∫

DXDge−Sp−V

Z =

∫

DXDge−Sp(1− V − V 2

2!
+ ...)
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✇❤❡r❡

Sp =

∫

d2σ
√
ggmn∂mX

µ∂nX
ν

✐s t❤❡ ✢❛t s♣❛❝❡ P♦❧②❛❦♦✈ ❛❝t✐♦♥ ❛♥❞ ✇❤❡r❡ V ✐s ❣✐✈❡♥ ❜②

V =
1

4πα′

∫

d2σ
√
ggmnhµν(X)∂mX

µ∂nX
ν

◆♦✇ ❛s ❛ ❣r❛✈✐t❛t✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥✱ hµν ❤❛s ❛ ♣r♦♣❛❣❛t✐♥❣ ✇❛✈❡ s♦❧✉t✐♦♥
♦❢ t❤❡ ❢♦r♠ ξµνe

iP.X ✇❤❡r❡ ξµν ✐s t❤❡ ♣♦❧❛r✐s❛t✐♦♥ t❡♥s♦r✳ ❙♦ ✐♥ ❡✛❡❝t ❢♦r ✇❡❛❦
✜❡❧❞s ✇❡✬r❡ ❞♦✐♥❣ ❛ ♣❛t❤ ✐♥t❡❣r❛❧

1

4πα′

∫

d2σ
√
gξµνe

iP.X∂mX
µ∂nX

ν

✇❤✐❝❤ ❧❡ts ✉s ✐❞❡♥t✐❢② ✐t ❛s ❛ ✈❡rt❡① ♦♣❡r❛t♦r ✐♥s❡rt✐♦♥ ❢♦r ❣r❛✈✐t♦♥s ✇✐t❤ t❤❡
♣♦❧❛r✐③❛t✐♦♥ ❣✐✈❡♥ ❜② ξµν ✳ ❲❡ ❝❛♥ ♠❛❦❡ s❡♥s❡ ♦❢ t❤✐s ❜② r❡❛❧✐s✐♥❣ t❤❛t ✇❡ ❝❛♥
♠❛❦❡ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥✿

∫

d2σ
√
ggmn : ∂mX∂nX̄e

(iP.X) := (αµ
−1ᾱ

ν
−1 + αν

−1ᾱ
µ
−1)|0 >

❍❡r❡✱ ✇❡ ❤❛❞ ♦♥❧② ❝♦✉♣❧❡❞ t❤❡ str✐♥❣ t♦ t❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡tr✐❝✳ ❲❡
❝❛♥ ❝♦✉♣❧❡ t❤❡ str✐♥❣ t♦ t❤❡ ❛♥t✐s②♠♠❡tr✐❝ ✷ t❡♥s♦r Bµν ✇❤✐❝❤ ❛r✐s❡s ❛s ❛
♣❛rt ♦❢ t❤❡ ♠❛ss❧❡ss ♣❡rt✉r❜❛t✐✈❡ s♣❡❝tr✉♠✳ ❲❡ ❞♦ s♦ ✐♥ ❛ ✇❛② ✇❤✐❝❤ ❦❡❡♣s
r❡♣❛r❛♠❡tr✐s❛t✐♦♥ ✐♥✈❛r✐❛♥❝❡ ❛♥❞ ❲❡②❧ ✐♥✈❛r✐❛♥❝❡ ♦♥ t❤❡ ✇♦r❧❞ s❤❡❡t✳

S =
1

4πα′

∫

(∂mX
µ∂mXνGµν(X) + ǫmn∂mX

µ∂mXνBµν(X))

❚❤❡ ✷ ❢♦r♠ Bµν ✐s ❣❛✉❣❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r Bµν −→ Bµν +∂µCν −∂νCµ ❛♥❞
✐t ✐s ✉s❡❢✉❧ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ✸ ❢♦r♠ H = dB✳

✸✳✸ ❙tr✐♥❣s ✇r❛♣♣✐♥❣ S1

❲❡ ✇✐❧❧ ♥♦✇ ❞❡s❝r✐❜❡ t❤❡ ♠♦t✐✈❛t✐♦♥ ❣✐✈❡♥ ❜② ❬✷❪ t♦ st✉❞② ❛ ❧♦✇ ❡♥❡r❣②
♠❛❝r♦s❝♦♣✐❝ str✐♥❣ s♦❧✉t✐♦♥ t♦ t❤❡s❡ ❡q✉❛t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r ❛ str✐♥❣ ♦♥ R

9×
S1 ✇❤❡r❡ t❤❡ r❛❞✐✉s R ♦❢ S1 ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ str✐♥❣ s❝❛❧❡✳ ❲❡ ✇✐❧❧ t❛❦❡
t❤✐s ❛s ❛♥ ♦♣♣♦rt✉♥✐t② t♦ st✉❞② s♦♠❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ♣❡rt✉r❜❛t✐✈❡ s♣❡❝tr✉♠
♦❢ ❝❧♦s❡❞ ❜♦s♦♥✐❝ str✐♥❣s ✇r❛♣♣✐♥❣ ❛r♦✉♥❞ S1 ❢♦❧❧♦✇✐♥❣ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❬✺❪✳

❚❤❡ ♣❡rt✉r❜❛t✐✈❡ s♣❡❝tr✉♠ ♦❢ s✉❝❤ ❛ str✐♥❣ ❝♦♥s✐sts ♦❢ ❛ t♦✇❡r ♦❢ st❛t❡s ❧❛✲
❜❡❧❧❡❞ ❜② t❤❡ ✇✐♥❞✐♥❣ ♥✉♠❜❡r n ❛♥❞ t❤❡ q✉❛♥t✐③❡❞ ♠♦♠❡♥t✉♠ ✐♥ t❤❡ ❝♦♠♣❛❝t
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❞✐r❡❝t✐♦♥ m/R✳ ❚❤❡ q✉❛♥t✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ✐s ❛ ❢r❡q✉❡♥t❧② ❡♥❝♦✉♥✲
t❡r❡❞ ❡✛❡❝t ✐♥ ✜❡❧❞ t❤❡♦r② ✉♣♦♥ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ ❛ ❞✐♠❡♥s✐♦♥✳ ❍❡r❡ ✇❡
❛r❣✉❡ t❤❛t e2πiRp ✭✇❤❡r❡ p ✐s t❤❡ ♠♦♠❡♥t✉♠ ♦♣❡r❛t♦r✮ ♠✉st ❧❡❛✈❡ t❤❡ st❛t❡
✐♥✈❛r✐❛♥t ✇❤✐❝❤ ✐♠♣❧✐❡s p = m/R✳

❚❤❡ ✇✐♥❞✐♥❣ ♥✉♠❜❡r ✐s ❛ str✐♥❣② ❡✛❡❝t ✇❤✐❝❤ ❛r✐s❡s ❜❡❝❛✉s❡ t❤❡r❡ ♠❛②
❡①✐st ❛♥ ✐♥t❡❣❡r n s✉❝❤ t❤❛t

X(σ + 2π) = X(σ) + 2πRn

✇❤✐❝❤ ♠❡❛♥s t❤❡ str✐♥❣ ❝♦♠❡s ❜❛❝❦ t♦ ✐ts❡❧❢ ❛❢t❡r ✇✐♥❞✐♥❣ t❤❡ ❝♦♠♣❛❝t ❞✐r❡❝✲
t✐♦♥ ♥ t✐♠❡s✳ ❲♦r❧❞ s❤❡❡t ♠♦♠❡♥t✉♠ p ❝♦♠❡s ❢r♦♠ t❤❡ ❡♥❡r❣② ♠♦♠❡♥t✉♠
t❡♥s♦r ❜② ◆♦❡t❤❡r✬s ♣r♦❝❡❞✉r❡✱

p =
1

2πα′

∫

dz∂X − z̄∂̄X

❈❤❛♥❣❡ ✐♥ x ❣♦✐♥❣ ❛r♦✉♥❞ t❤❡ str✐♥❣ ❝♦♠❡s ❢r♦♠✱

2πRn =

∫

dz∂X + z̄∂̄X

❖♥ ❡①♣❛♥❞✐♥❣ ✐♥ t❡r♠s ♦❢ ♦s❝✐❧❧❛t♦r ♠♦❞❡s✱

∂X(z) = −i
√

α′

2

∞
∑

−∞

αmz
−m−1

∂̄X(z̄) = −i
√
α′2

∞
∑

−∞

ᾱmz̄
−m−1

♦♥❧② t❤❡ ✵ ♠♦❞❡ ❝♦♥tr✐❜✉t✐♦♥ s✉r✈✐✈❡✱

2πRn = 2π

√

α′

2
(α0 − ᾱ0)

p =

√

1

2α′
(α0 + ᾱ0)

■♥✈❡rt✐♥❣ t❤❡s❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥s ❣✐✈❡s✱

√

2

α′
α0 = pL =

√

2

α′

(

m

R
+
nR

α′

)

√

2

α′
ᾱ0 = pR =

√

2

α′

(

m

R
− nR

α′

)

✸✵



❲❡ s❡❡ t❤❛t ᾱ0 6= α0 ✐♥ t❤❡ ❝♦♠♣❛❝t ❞✐r❡❝t✐♦♥s ❞✉❡ t♦ t❤❡ ✇✐♥❞✐♥❣ n✳ ❋♦r
t❤❡ ♥♦♥ ❝♦♠♣❛❝t ❞✐r❡❝t✐♦♥s✱ ᾱ0 = α0 ❙♦✱ t❤❡ ♠❛ss s❤❡❧❧ ❝♦♥❞✐t✐♦♥ ❜❡❝♦♠❡s✿

m2 =
n2

R2
+
w2R2

(α′)2
+

2

α′
(N + N̄ − 2)

❚❤✐s ❣✐✈❡s ✉s t❤❡ s♣❡❝tr✉♠ ♦❢ ❛r❜✐tr❛r② ❧❡❢t ♠♦✈✐♥❣ ❛♥❞ r✐❣❤t ♠♦✈✐♥❣ ♦s❝✐❧✲
❧❛t✐♦♥s ✐♥ t❤❡ ❜♦s♦♥✐❝ ❝❛s❡✳

❬✷❪ ❛r❣✉❡ t❤❛t ✇❤❡♥ r✐❣❤t ♠♦✈✐♥❣ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ✐♥ t❤❡ ❣r♦✉♥❞ st❛t❡ ❜✉t
t❤❡r❡ ❛r❡ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ ❧❡❢t ♠♦✈✐♥❣ ♦s❝✐❧❧❛t✐♦♥s s✉❜❥❡❝t t♦ t❤❡ ♠❛ss
s❤❡❧❧ ❝♦♥❞✐t✐♦♥✱ ❤❛❧❢ t❤❡ s✉♣❡rs②♠♠❡tr② ✐s ❜r♦❦❡♥ ❛♥❞ ✇❡ ❣❡t ❛ 1

2
❇P❙ st❛t❡✳

❚❤❡ ♥✉♠❜❡r ♦❢ s✉♣❡rs②♠♠❡tr✐❡s ❜r♦❦❡♥ ❜② ❛ st❛t❡ ✐❢ ✐t ✐s ❛ ❇P❙ st❛t❡✱
✐s ❛ q✉❛♥t✐t② t❤❛t ✇♦✉❧❞ ♥♦t ❝❤❛♥❣❡ ✐❢ ✇❡ ✇❡♥t t♦ t❤❡ ❧♦✇ ❡♥❡r❣② r❡❣✐♠❡✳
❙♦✱ ✐t ♠❛❦❡s s❡♥s❡ t♦ ❧♦♦❦ ❢♦r ❤❛❧❢ ❇P❙ ♦❜❥❡❝ts ✐♥ t❤❡ ❧♦✇ ❡♥❡r❣② ❡✛❡❝t✐✈❡
t❤❡♦r② ✇❤✐❝❤ ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ s♦❧✉t✐♦♥ ✇❡ ❛r❡
❧♦♦❦✐♥❣ ❢♦r✳ ❆❧s♦✱ ❇P❙ ♦❜❥❡❝ts ❛r❡ ✉s✉❛❧❧② s♦❧✐t♦♥✐❝ ♦❜❥❡❝ts✱ ❢♦r ❡①❛♠♣❧❡
❇P❙ ♠♦♥♦♣♦❧❡s ✐♥ ❣❛✉❣❡ t❤❡♦r✐❡s ❬r❡❢❪✳

❲❡ ❛❧s♦ ✜♥❞ t❤❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ ❤❛s ❛♥ ❆❉▼ ♠❛ss n
2πα′

✱ ✇❤❡r❡ n
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇✐♥❞✐♥❣ ♥✉♠❜❡r ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❡rt✉r❜❛t✐✈❡ st❛t❡✳
❲❡ ✇✐❧❧ ♣❡r❢♦r♠ t❤❡ ❆❉▼ ♠♦♠❡♥t✉♠ ❝❛❧❝✉❧❛t✐♦♥ ✭✇❤✐❝❤ ✐s s✐♠✐❧❛r ✐♥ s♣✐r✐t✮
❢♦r t❤❡ ♦s❝✐❧❧❛t✐♥❣ str✐♥❣ ✐♥ ❙❡❝t✐♦♥ ❬r❡❢❪✳ ❚❤❡② ❛r❡ ❧♦❝❛❧✐③❡❞ ♦❜❥❡❝ts ✇❤♦s❡
♠❛ss ✈❛r✐❡s ✐♥✈❡rs❡❧② ✇✐t❤ t❤❡ str✐♥❣ ❝♦✉♣❧✐♥❣✳ ❙♦ ✇❡ ❛r❡ ♣r♦❜✐♥❣ ❛ ♥♦♥✲
♣❡rt✉r❜❛t✐✈❡ r❡❣✐♠❡ ♦❢ ♦✉r t❤❡♦r②✳

✸✳✹ ❋✉♥❞❛♠❡♥t❛❧ str✐♥❣ s♦❧✉t✐♦♥

❲❡ ✇✐❧❧ ♥♦✇ ❝❧♦s❡❧② ❢♦❧❧♦✇ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ t❤❡ ♣❛♣❡r ❬✷❪✳ ❚❤❡ ❛✐♠ ♦❢ t❤❡
s❡❝t✐♦♥ ✐s t♦ st✉❞② ❛ ♠❛❝r♦s❝♦♣✐❝ str✐♥❣ ✇♦✉♥❞ ❛r♦✉♥❞ S1 ♦♥ R9 × S1 ✐♥ t❤❡
♣r❡s❡♥❝❡ ✜❡❧❞s Gµν , Bµν , φ✳ ❚❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r t❤❡ ♠❛ss❧❡ss ✜❡❧❞s ✐s

LB = R− 1

2
(∂φ)2 − 1

12
e−2αφH2

❲❡ ♠♦t✐✈❛t❡❞ ❤♦✇ str✐♥❣s ❝♦✉♣❧❡ t♦ t❤❡ ❜❛❝❦❣r♦✉♥❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳
❋♦❧❧♦✇✐♥❣ t❤✐s✱ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r t❤❡ str✐♥❣ ✐s✿

Lσ =
1

4πα′

∫

d2σ
√
ggmnGµν(X)∂mX

µ∂nX
ν + ǫmn∂mX

µ∂nX
νBµν

❚❤❡ ❧♦✇ ❡♥❡r❣② ❡✛❡❝t✐✈❡ t❤❡♦r② ♦❢ str✐♥❣s ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤✐s ❜❛❝❦❣r♦✉♥❞ LB

✐s ❣✐✈❡♥ ❜②✿
L = LB + Lσ

✸✶



❲❡ ❞♦ ♥♦t s❤♦✇ ❤♦✇ t❤❡ ▲❛❣r❛♥❣✐❛♥ LB ❢♦r t❤❡ ✜❡❧❞s ✐♥ t❤❡ ❧♦✇ ❡♥❡r❣②
❧✐♠✐t ✐s ❛rr✐✈❡❞ ❛t✳ ❚❤❡ ♠❡t❤♦❞ ✐s s✐♠✐❧❛r t♦ t❤❡ ❑❛❧✉③❛ ❑❧❡✐♥ r❡❞✉❝t✐♦♥
♦❢ ♣✉r❡ ❊✐♥st❡✐♥ ❣r❛✈✐t② t♦ ❣✐✈❡ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ▲❛❣r❛♥❣✐❛♥ ❝♦✉♣❧❡❞ t♦
❣r❛✈✐t② ❛♥❞ ❛ ❞✐❧❛t♦♥ ✜❡❧❞ ❬✺❪✳

❚❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢r♦♠ ✈❛r②✐♥❣ t❤❡ ✜❡❧❞s ❛r❡✿

∇µ(e
−2φHµνρ) =

∫

d2σǫmn∂mX
ν∂nX

ρδ(x−X(σ)) ✭✸✳✶✮

Rµν + 2∇µ∇νφ− 1

4
HµνρHν

ρσ =

∫

d2σ
√
ggmn∂mX

ν∂nX
ρδ(x−X(σ)) ✭✸✳✷✮

4∇2φ− 4(∇φ)2 +R− 1

12
H2 = 0 ✭✸✳✸✮

❚❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r♠ ✈❛r②✐♥❣ t❤❡ str✐♥❣ ❝♦♦r❞✐♥❛t❡s ❛r❡✿

∇m(g
mn∇nX

µ) = −Γµ
νρ∂mX

ν∂nX
ργmn +Hµ

νρ∂mX
ν∂nX

ρǫmn ✭✸✳✹✮

❲❡ ✇✐❧❧ ✉s❡ t❤✐s str✐♥❣ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ t♦ ❣♦♦❞ ❡✛❡❝t ✇❤✐❧❡ ✜♥❞✐♥❣ t❤❡
♥❡t ❢♦r❝❡ ♦♥ ❛ t❡st str✐♥❣ ✐♥ ❙❡❝ ❬r❡❢❪✳

✸✳✹✳✶ ❆♥s❛t③

■♥ ❬❪✱ ❛ ✈❡r② s✐♠♣❧❡ ❛♥s❛t③ ❞❡♣❡♥❞❡♥t ♦♥ ♦♥❧② ♦♥❡ ❢✉♥❝t✐♦♥ ✇❛s ♣r♦♣♦s❡❞ ❢♦r
t❤❡s❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥ ✇❤② ✇❡ s❤♦✉❧❞ ❡①♣❡❝t s✉❝❤
❛ s♦❧✐t♦♥✐❝ s♦❧✉t✐♦♥ ✐♥ ❙❡❝ ❬r❡❢❪✳ ❚❤❡ ❛♥s❛t③ ✐s

ds2 = −e2φ(dt2 − (dx1)2) + d~x.d~x ✭✸✳✺✮

Buv =
1

2
(e2φ − 1) ✭✸✳✻✮

❚❤❡ ❊✐♥st❡✐♥ ❡q✉❛t✐♦♥ ❢♦r t❤✐s ❛♥s❛t③ ❣✐✈❡s✱

∂2(e−2φ) = − κ2

πα′
δD(x−X(σ)) ✭✸✳✼✮

✇❤✐❝❤ ❣✐✈❡s✭❢♦r D > 4✮✱

e−2φ = 1 +
Q

rD−4
✭✸✳✽✮

✇❤❡r❡ Q = κ2µ

ΩD−3
✳

✸✷



◆♦ ❢♦r❝❡ ❝♦♥❞✐t✐♦♥

❲❡ ❛r❡ ❝❧❛✐♠✐♥❣ t❤❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ s♦❧✉t✐♦♥ ✐s ❛ 1
2
❇P❙ ♦❜❥❡❝t✳

❆ ❝❤❛r❛❝t❡r✐st✐❝ ❢❡❛t✉r❡ ♦❢ ❇P❙ ♦❜❥❡❝ts ✐s t❤❛t t❤❡r❡ ✐s ♥♦ ♥❡t ❢♦r❝❡ ❜❡t✇❡❡♥
t❤❡♠✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❝❛s❡ ♦❢ ♠❛❣♥❡t✐❝ ♠♦♥♦♣♦❧❡s✱ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝
❢♦r❝❡s ❡①❛❝t❧② ❜❛❧❛♥❝❡ ❡❛❝❤ ♦t❤❡r ✇❤❡♥ t✇♦ ♠♦♥♦♣♦❧❡s ❛r❡ ♣❧❛❝❡❞ ♥❡❛r ❡❛❝❤
♦t❤❡r✳ ❲❡ ✇✐❧❧ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ♥❡t ❢♦r❝❡ ♦♥ ❛ st❛t✐❝ t❡st str✐♥❣ ✐s 0
❢♦❧❧♦✇✐♥❣ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❬✷❪✳ ▲❡t ✉s ❧♦♦❦ ❛t ❛ st❛t✐♦♥❛r② t❡st ❢✉♥❞❛♠❡♥t❛❧
str✐♥❣ ♣❧❛❝❡❞ ❛t ❛ ✜①❡❞ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♦r✐❣✐♥ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
str✐♥❣ ❧♦❝❛t❡❞ ❛t t❤❡ ♦r✐❣✐♥✳ ❚❤❡ ✜❡❧❞ ❞✉❡ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ ✇✐❧❧ ❜❡
❣✐✈❡♥ ❜② t❤❡ ♠❡tr✐❝ ✐♥ ❊q✳ ✭✸✳✺✮ ❛♥❞ ✇♦r❦✐♥❣ ✐♥ t❤❡ str✐♥❣ ❢r❛♠❡ ❡♥s✉r❡s
t❤❛t t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡ ❛♥❞ t❤❡ ❢♦r❝❡ ❞✉❡ t♦ t❤❡ ❞✐❧❛t♦♥ ❛r❡ ❡①❡rt❡❞✳
❋✐①✐♥❣ ❝♦♥❢♦r♠❛❧ ❣❛✉❣❡ ❢♦r t❤❡ t❡st str✐♥❣✱ ❣✐✈❡s ✉s X0 = τ ✱ X1 = σ ❛♥❞
gmn = (−1,+1)✳ ❋♦r❝❡ ✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ ❡①♣❡r✐❡♥❝❡❞ ❜② t❤❡ str✐♥❣
✐s ❣✐✈❡♥ ❜② t❤❡ str✐♥❣ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ❬✷❪✱

∂2τX
i = 2Γi

01 +H i
01 ✭✸✳✾✮

❚❤❡ ∂σX
i t❡r♠ ✈❛♥✐s❤❡s ❞✉❡ t♦ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ str✐♥❣✳ ❚❤❛t t❤❡ ❡q✉❛❧✐t②

✐♥ ❊q✳ ✭✸✳✾✮ ❤♦❧❞s ✐s ❡❛s② t♦ s❡❡ ♦♥ ♣❧✉❣❣✐♥❣ ✐♥ ♦✉r ❛♥s❛t③ ❊q✳ ✭✸✳✺✮✳

❬✷❪ ❣♦❡s ♦♥ t♦ ❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❝❛❧❝✉❧❛t✐♦♥ t♦ s❤♦✇ t❤❛t t❤✐s ❢✉♥❞❛♠❡♥t❛❧
str✐♥❣ s♦❧✉t✐♦♥ ✐s ❛ 1

2
BPS ♦❜❥❡❝t ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ s✉♣❡rs②♠♠❡tr② ✈❛r✐❛t✐♦♥

♦❢ ❢❡r♠✐♦♥✐❝ ✜❡❧❞s✳

✸✳✺ P✉tt✐♥❣ ❖s❝✐❧❧❛t✐♦♥s ❖♥ ❚❤❡ ❙tr✐♥❣

❲❡ ❢♦❧❧♦✇❡❞ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❬✷❪✱ t❤❛t t❤❡ ♣❡rt✉r❜❛t✐✈❡ s♣❡❝tr✉♠ ❤❛❞ st❛t❡s
✇❤✐❝❤ ♣r❡s❡r✈❡❞ 1

2
♦❢ t❤❡ s✉♣❡rs②♠♠❡tr②✱ ❛♥❞ t❤❡s❡ ❝♦✉❧❞ ❜❡ ♠❛♣♣❡❞ t♦

t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ s♦❧✉t✐♦♥ ✇❤✐❝❤ ♣r❡s❡r✈❡❞ t❤❡ s❛♠❡ ❢r❛❝t✐♦♥ ♦❢ ❙❯❙❨
✭✇❡ ❞✐❞ ♥♦t ♣r♦✈❡ t❤✐s✱ ❜✉t ❬✷❪ s❤♦✇ t❤❛t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ s♦❧✉t✐♦♥ ✐s
1
2
BPS)✱ ✇❡ ♠❡r❡❧② ❧♦♦❦❡❞ ❛t t❤❡ ♥♦ ❢♦r❝❡ ❝♦♥❞✐t✐♦♥ ❜❡t✇❡❡♥ ✷ st❛t✐❝ ❢✉♥❞❛✲

♠❡♥t❛❧ str✐♥❣s✮✳

❲❡ ✇✐❧❧ ♥♦✇ r❡✈✐❡✇ ❞✐s❝✉ss✐♦♥s ✐♥ ❬✸❪✱ ✇❤❡r❡ t❤❡② ❧♦♦❦ ❢♦r s♦❧✉t✐♦♥s ✐♥
t❤❡ ❧♦✇ ❡♥❡r❣② t❤❡♦r② ✇❤✐❝❤ ♣r❡s❡r✈❡ ❛ s♠❛❧❧❡r ❢r❛❝t✐♦♥ ♦❢ ❙❯❙❨ (1

4
) ❜❡✲

❝❛✉s❡ t❤❡s❡ st❛t❡s ❛r❡ ❦♥♦✇♥ t♦ ❡①✐st ✐♥ t❤❡ ♣❡rt✉r❜❛t✐✈❡ r❡❣✐♠❡ ♦❢ t❤❡ str✐♥❣
❬✸❪✳ ❚❤❡② ❡①♣❡❝t t♦ ❣❡t ❛ s♦❧✉t✐♦♥ ♦❢ t❤✐s ❦✐♥❞ ❜② ❜r❡❛❦✐♥❣ ❥✉st t❤❡ r✐❣❤t
❛♠♦✉♥t ♦❢ ❙❯❙❨✱ ✇❤✐❝❤ t❤❡ ♣r♦♣♦s❡ t♦ ❞♦ ❜② ❡①❛♠✐♥✐♥❣ ✇❤❛t ❤❛♣♣❡♥s t♦
t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ s♦❧✉t✐♦♥ ✐❢ ✇❡ ♣✉t ♦s❝✐❧❧❛t✐♦♥s ♦♥ ✐t✳
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✸✳✺✳✶ ❙♦❧✉t✐♦♥ ❣❡♥❡r❛t✐♥❣ t❡❝❤♥✐q✉❡

❲❡ ♥♦✇ ❞✐s❝✉ss ❬✶✽❪ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❞❡s❝r✐❜❡ ❛ s♦❧✉t✐♦♥ ❣❡♥❡r❛t✐♥❣ ♠❡t❤♦❞
❢♦r t❤❡ ✜❡❧❞s ❞✉❡ t♦ ❛♥ ♦s❝✐❧❧❛t✐♥❣ str✐♥❣✱ ❣✐✈❡♥ t❤❡ ✜❡❧❞s ❞✉❡ t♦ ❛ st❛t✐❝ str✐♥❣✳
❚❤♦✉❣❤ t❤❡ ❛✉t❤♦rs ❞❡✈❡❧♦♣❡❞ t❤❡ t❡❝❤♥✐q✉❡ t♦ ❛♣♣❧② t♦ ❣r❛✈✐t❛t✐♥❣ ❝♦s♠✐❝
str✐♥❣s✱ ✐t ✇❛s ❡✣❝✐❡♥t❧② ✉s❡❞ ❜② ❉●❍❲ ❬✷❪ t♦ ❝♦♥str✉❝t t❤❡ ♦s❝✐❧❧❛t✐♥❣
❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ s♦❧✉t✐♦♥✳

❚♦ ❣✐✈❡ ❛♥ ♦✈❡r✈✐❡✇ ♦❢ t❤❡✐r t❡❝❤♥✐q✉❡✱ ✇❡ ✜rst ❞❡s❝r✐❜❡ t❤❡ ✢❛t s♣❛❝❡
❝❛s❡ ❞✐s❝✉ss❡❞ ✐♥ ❬✶✽❪✳ ❍❡r❡ t❤❡② st❛rt ✇✐t❤ t❤❡ ✜❡❧❞s ♣r♦❞✉❝❡❞ ❜② ❛ st❛t✐❝
str✐♥❣ φ(x) ❛♥❞ Aµ(x)✱ ✇❤✐❝❤ ♦❜❡② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✳

DµD
µφ =

1

2
λ(|φ|2 − η2)φ ✭✸✳✶✵✮

∇µF
µν =

ie

2
(φ⋆∇νφ− φ∇νφ⋆) ✭✸✳✶✶✮

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ❝♦♦r❞✐♥❛t❡s✱

u = t+ z

v = t− z

❆♥❞ t❤❡ ♥❡✇ ❝♦♦r❞✐♥❛t❡s✱

x −→ x′ = x− f(u)

y −→ y′ = y − g(u)

❲❡ s❡❡ t❤❛t x′ = y′ = 0 ✐s t❤❡ ✇♦r❧❞ s❤❡❡t ♦❢ ❛ tr❛✈❡❧❧✐♥❣ str✐♥❣ ✇❛✈❡✳ ▲❡t
φ = ϕ(x, y) ❛♥❞ Aµ = Aµdx

µ✳ ❚❤❡ ❝❧❛✐♠ ✐s✱ t❤❡ ✜❡❧❞s ❞✉❡ t♦ ❛ str✐♥❣ ✇✐t❤
♦s❝✐❧❧❛t✐♦♥s ♣r♦♣❛❣❛t✐♥❣ ✐♥ t❤❡ z ❞✐r❡❝t✐♦♥✱ ❛r❡ ❣✐✈❡♥ ❜②

φ′ = ϕ(x′, y′) A′
µ = Aµ(x

′, y′)dx′µ ✭✸✳✶✷✮

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ♦❢ ϕ ❛♥❞ Aµ ❛r❡ t❤❡ s❛♠❡ ❛s t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠
♦❢ φ ❛♥❞ Aµ✳ ✭❲❍❆❚❄✮ ✐s ❞❡♠♦♥str❛t❡❞ ❜② ❝❤❡❝❦✐♥❣ t❤❛t t❤❡ ❡q✉❛t✐♦♥s ♦❢
♠♦t✐♦♥ ❛r❡ s❛t✐s✜❡❞ ❜② t❤❡s❡ tr❛♥s❢♦r♠❡❞ ✜❡❧❞s✳

■❢ ✇❡ ✇❛♥t t♦ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ✐❡✳ ❊qs ❬r❡❢❪✱ ✐♥ ❝✉r✈❡❞ s♣❛❝❡✱ ✇❡ ❞❡✜♥❡
✭❢♦❧❧♦✇✐♥❣ t❤❡ ❞✐s❝✉ss✐♦♥ ✐♥ ❬✶✽❪✮✿

g′µν = gµν + Fkµkν ✭✸✳✶✸✮

❚❤❡ ❝❧❛✐♠ ✐s g′(x′)✱ φ(x′) ❛♥❞ Aµ(x
′) s❛t✐s❢② t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❣✐✈❡♥

t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ♦❢ g′✱ φ′ ❛♥❞ A′
µ ❛r❡ s❛♠❡ ❛s g✱ φ ❛♥❞ Aµ ❛♥❞ g✳ kµ

❛♥❞ F s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

kµkµ = 0 ✭✸✳✶✹✮
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∇(µkν) = 0 ✭✸✳✶✺✮

k[µ∇νkρ) = 0 ✭✸✳✶✻✮

kµAµ = 0 ✭✸✳✶✼✮

LkAµ = 0 ✭✸✳✶✽✮

Lkφ = 0 ✭✸✳✶✾✮

∇µ∇µ(e
αF ) = 0 ✭✸✳✷✵✮

✇❤❡r❡ α ✐s ❛♥② s❝❛❧❛r✳
❚❤❡ ❛✉t❤♦rs s❤♦✇ t❤❛t t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❤♦❧❞ ❢♦r t❤❡ s❡t g′(x′)✱

φ(x′) ❛♥❞ Aµ(x
′) ❜② ✇r✐t✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❡①♣❧✐❝✐t❧② ✐♥ t❡r♠s ♦❢

t❤❡ ♥❡✇ ♠❡tr✐❝ ❛♥❞ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ♣r♦♣❡rt✐❡s✳

✸✳✺✳✷ ❯s✐♥❣ s♦❧✉t✐♦♥ ❣❡♥❡r❛t✐♦♥ ❢♦r ♦s❝✐❧❧❛t✐♥❣ str✐♥❣s

❲❡ ♥♦✇ ❢♦❧❧♦✇ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❉❍●❲ ❬✸❪ ✉s✐♥❣ t❤❡ t❡❝❤♥♦❧♦❣② ❞❡✈❡❧♦♣❡❞
✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ t♦ ♣✉t ♦s❝✐❧❧❛t✐♦♥s ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣✳ ❲❡
❝❤♦♦s❡ K = ∂u ❜❡❝❛✉s❡ K2 = 0 ❛♥❞ LKψ = 0 ✇❤❡r❡ ψ ❝❛♥ ❜❡ ❛♥② ♦❢ t❤❡
✜❡❧❞s ✐♥ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥✳ ❲❡ ❝♦✉❧❞ ❤❛✈❡ ❛s ✇❡❧❧ ❝❤♦s❡♥ K = ∂v ❛♥❞
t❤✐s ✇♦✉❧❞ ❤❛✈❡ ❣✐✈❡♥ ✉s r✐❣❤t ♠♦✈✐♥❣ ♦s❝✐❧❧❛t✐♦♥s ♦♥ t❤❡ str✐♥❣✳

❯s✐♥❣ t❤❡ r❡❝✐♣❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ st❛t✐❝ s♦❧✉t✐♦♥s ♥♦✇ ❜❡❝♦♠❡✿

ds2 = −e2φ(dudv − T (v, ~x)dv2) + d~x.d~x ✭✸✳✷✶✮

Buv =
1

2
(e2φ − 1) ✭✸✳✷✷✮

e−2φ = 1 +
Q

rD−4
✭✸✳✷✸✮

❲✐t❤ T s❛t✐s❢②✐♥❣✱

∂2T (v, ~x) = 0 ✭✸✳✷✹✮

✇❤❡r❡ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❛r❡ ♦✈❡r t❤❡ tr❛♥s✈❡rs❡ s♣❛❝❡✳
❲❡ ❝❛♥ s♦❧✈❡ ❢♦r t❤❡ ❛❞♠✐ss✐❜❧❡ ❢♦r♠ ❢♦r T (v, ~x)✳ ❚♦ ❞♦ s♦ ✇❡ ❤❛✈❡ t♦

✐♠♣♦s❡ s♦♠❡ ❝♦♥❞✐t✐♦♥s ♦♥ ♦✉r s♦❧✉t✐♦♥s✿

✶✳ ❚❤❡ ♠❡tr✐❝ s❤♦✉❧❞ ❜❡ ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t✳

✷✳ ❚❤❡ s♦❧✉t✐♦♥s s❤♦✉❧❞ ♠❛♣ ♦♥t♦ str✐♥❣ s♦✉r❝❡s ✐❡✳ t❤❡② s❤♦✉❧❞ s❛t✐s❢②
t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✇✐t❤ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ ❛s t❤❡ s♦✉r❝❡✳
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❲❡ ✇✐❧❧ ♥♦✇ s♦❧✈❡ ❢♦r

∂2T (v, x) = 0

❜② ❞❡❝♦♠♣♦s✐♥❣ ✐t ✐♥t♦ (D − 2) ❞✐♠❡♥s✐♦♥❛❧ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s✿

T (v, x) = Σl≥0[(al(v)r
l + bl(v)r

−D+4−l]Yl ✭✸✳✷✺✮

▲❡t ✉s ❧♦♦❦ ❛t t❤❡ t❡r♠s ❝❛r❡❢✉❧❧②✳ r0 t❡r♠s ❛r❡ ❥✉st ❛❞❞✐t✐✈❡ ❝♦♥st❛♥ts ❛♥❞
❝❛♥ ❜❡ s❡t t♦ 0 ❜② s❤✐❢t✐♥❣ ❝♦♦r❞✐♥❛t❡s✳ r2 ❛♥❞ ❤✐❣❤❡r ♦r❞❡r t❡r♠s ❛r❡ ♥♦t
❛s②♠♣t♦t✐❝❛❧❧② ✢❛t✳ r−D+3 ❛♥❞ ❧♦✇❡r ♦r❞❡r t❡r♠s ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t ❜✉t
❞♦ ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❆❉▼ ♠♦♠❡♥t✉♠✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✐♥ t❤❡ D − 2
❞✐♠❡♥s✐♦♥❛❧ tr❛♥s✈❡rs❡ s♣❛❝❡✱ ❢♦r ♠❡tr✐❝ ❝♦❡✣❝✐❡♥t gty = q✱ t❡r♠s ♦❢ ♦r❞❡r

r−D+4 ❝♦♥tr✐❜✉t❡✳ ❚❤❡s❡ r−D+4 ❣✐✈❡ t❤❡ ❆❉▼ ♠♦♠❡♥t✉♠ (D−4)Ωq

16πG
✳ ❙♦ ✇❡

❦❡❡♣ t❤❡ t❡r♠s ♦❢ ♦r❞❡r r ❛♥❞ r−D+4✳
❚❤❡ t❡r♠ ✇❤✐❝❤ ❣♦❡s ❛s r−D+4 ❝❛rr✐❡s ♠♦♠❡♥t✉♠ ❜✉t ❞♦❡s ♥♦t ♠❛t❝❤ t♦

❛ str✐♥❣ s♦✉r❝❡ ✭✇❡ s❤❛❧❧ s❡❡ t❤✐s ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✮✳ ❙♦ ✐t ✐s ❛ ♠♦♠❡♥t✉♠
✇❛✈❡ ✇✐t❤♦✉t ♦s❝✐❧❧❛t✐♦♥s✳

T (v, x) = ~f(v).~x+
p(v)

|~x|D−4
✭✸✳✷✻✮

❲r✐tt❡♥ ✐♥ t❤❡s❡ ❝♦♦r❞✐♥❛t❡s ✇✐t❤ t❤✐s ❢♦r♠ ❢♦r T t❤❡ ♠❡tr✐❝ ✐s♥✬t ❛s②♠♣t♦t✲
✐❝❛❧❧② ✢❛t ❞✉❡ t♦ t❤❡ r1 ♦r❞❡r t❡r♠ ✐♥ T ✳ ❲❡ ❝❛♥ ♠❛❦❡ ✐t ✢❛t ❜② ❞♦✐♥❣ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦✲♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥✿

v = v′ ✭✸✳✷✼✮

u = u′ − 2 ~̇F.~x′+ 2 ~̇F. ~F −
∫ v′

Ḟ 2dv ✭✸✳✷✽✮

~x = ~x′ − ~F ✭✸✳✷✾✮

✇❤❡r❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ✇✳r✳t✳ t♦ v ❛♥❞ ~f = −2 ~̈F ❚❤❡ ♠❡tr✐❝ ❛♥❞ ✜❡❧❞s ✐♥
t❤❡s❡ ❝♦♦r❞✐♥❛t❡s ❛r❡✿

ds2 = −e2φdudv+ [e2φp(v)r−D+4− (e2φ− 1)Ḟ 2]dv2+2(e2φ− 1) ~̇F.~xdv+ dx.dx
✭✸✳✸✵✮

Buv =
1

2
(e2φ−1 − 1) ✭✸✳✸✶✮

Bvi = Ḟi(e
2φ − 1) ✭✸✳✸✷✮

✸✻



✇❤❡r❡

e−2φ = 1 +
Q

|~x− ~F |D−4
✭✸✳✸✸✮

❆ ✈❡r② ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ t❤❡s❡ s♦❧✉t✐♦♥s ✐s t❤❛t ✐t ✐s ✈❡r② ❡❛s② t♦ ❝♦♥✲
str✉❝t ♠✉❧t✐✲str✐♥❣ s♦❧✉t✐♦♥s ❞✉❡ t♦ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣s ❧♦❝❛❧✐③❡❞ ❛t ❞✐✛❡r❡♥t
♣♦✐♥ts✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐s ✐s ✉♥❞❡r❧✐♥❡❞ ✐♥ ❬✸❪✱ ✇❤❡r❡ t❤❡② ❞❡s❝r✐❜❡ ❛
♠❡t❤♦❞ ♦❢ ♠❛❦✐♥❣ s♦❧✐t♦♥s ✐♥ ❧♦✇❡r ❞✐♠❡♥s✐♦♥s ❜② s✉♣❡r✐♠♣♦s✐♥❣ ❛ ♣❡r✐♦❞✐❝
❛rr❛② ♦❢ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣s ♦♥ ❛ ❝♦♠♣❛❝t✐✜❡❞ ❞✐♠❡♥s✐♦♥✳

●✐✈❡♥ ❛ s♦❧✉t✐♦♥✱ ✇❡ ❝❛♥ ✇r✐t❡ ❞♦✇♥ ❛ ♠✉❧t✐✲❝❡♥tr❡ s♦❧✉t✐♦♥ ❜② ❧✐♥❡❛r
s✉♣❡r♣♦s✐t✐♦♥✱ ❜❡❝❛✉s❡ ❢♦r t❤❡ st❛t✐❝ ❝❛s❡ t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ∂2e−2φ = 0 ✐s
tr✉❡ ❡✈❡♥ ❢♦r s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠✿

e−2φ = 1 + Σi

Q

|~x− ~xi|D−4
✭✸✳✸✹✮

❚❤✐s ✐s ❛♥❛❧♦❣♦✉s t♦ ❡❧❡❝tr♦❞②♥❛♠✐❝s ✇❤❡r❡ ❧✐♥❡❛r❧② s✉♣❡r✐♠♣♦s✐♥❣ ❞❡❧t❛
❢✉♥❝t✐♦♥ s♦✉r❝❡s ✭❛t ♣❛rt✐❝❧❡ ♣♦s✐t✐♦♥s✮ ✐♥ ∂2V (~x) = ρ

ǫ0
❣✐✈❡s t❤❡ ♥❡t V ✳

❚❤❡ ❧✐♥❡❛r ♥❛t✉r❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ∂2T (v, ~x) ❧❡ts ✉s s✉♣❡r✐♠♣♦s❡ s♦❧✉t✐♦♥s
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♠❛♥② ♦s❝✐❧❧❛t✐♥❣ s♦❧✉t✐♦♥s✳

T (v, x) = ~f(v).~x+
∑

i

pi(v)

|~x− ~xi|D−4
✭✸✳✸✺✮

▼❛❦✐♥❣ t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥ t♦ ❛s②♠♣t♦t✐❝❛❧❧② ✢❛t ❝♦♦r❞✐✲
♥❛t❡s✱

e−2φ = 1 + Σi

Q

|~x− ~xi − ~F (v)|D−4
✭✸✳✸✻✮

■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t ❜❡❝❛✉s❡ T (v, ~x) ❝❛rr✐❡s ❛ ♣✐❡❝❡ ✇❤✐❝❤ ❧♦♦❦s ❧✐❦❡
~f(v).~x✱ t❤❡ s♦❧✉t✐♦♥s ✇❤✐❝❤ ❝❛♥ ❜❡ s✉♣❡r✐♠♣♦s❡❞ ❛❧❧ ❝❛rr② t❤❡ s❛♠❡ ♦s❝✐❧❧❛t✐♦♥

♣r♦✜❧❡ ~F ❛s ✐t ✐s ❞❡t❡r♠✐♥❡❞ ❜② ~f ✳ ❚❤❡② ❝❛♥ ❝❛rr② ❞✐✛❡r❡♥t ♠♦♠❡♥t❛ ❣✐✈❡♥
❜② ❞✐✛❡r❡♥t ❢✉♥❝t✐♦♥s pi(v)✳

▼❛t❝❤✐♥❣ ♦♥t♦ str✐♥❣ s♦✉r❝❡s

❲❡ ♥♦✇ ✇❛♥t t♦ ❝❤❡❝❦ ✐❢ t❤❡ s♦❧✉t✐♦♥s ❝♦♥str✉❝t❡❞ ❛❝t✉❛❧❧② ❞♦ s❛t✐s❢② t❤❡
❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✐❡✳ ✇❤❡t❤❡r ♦r ♥♦t t❤❡r❡ ❡①✐st str✐♥❣ s♦✉r❝❡s ✇❤✐❝❤
❝❛♥ s♦✉r❝❡ t❤❡s❡ ✜❡❧❞ ❝♦♥✜❣✉r❛t✐♦♥s✳ ❲❡ ❛❧s♦ ✇❛♥t t♦ ✐♠♣♦s❡ t❤❡ ❱✐r❛s♦r♦
❝♦♥str❛✐♥ts ♦♥ t❤❡ str✐♥❣✳ ❚❛❦✐♥❣ t❤❡ r❛❞✐✉s ♦❢ t❤❡ ♠❛❝r♦s❝♦♣✐❝ str✐♥❣ t♦
❜❡ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ str✐♥❣ s❝❛❧❡✱ ✇❡ ❝❛♥ ✐❣♥♦r❡ ♥♦r♠❛❧ ♦r❞❡r✐♥❣ ❡✛❡❝ts
♦❢ t❤❡ ❈❋❚ ✭t❤✐s ✐s ❡✈✐❞❡♥t ❢r♦♠ t❤❡ ♠❛ss s❤❡❧❧ ❢♦r♠✉❧❛✮✳ ❚❤✐s ✐s ❢✉rt❤❡r
❡①♣❧❛✐♥❡❞ ✐♥ ❬✸❪✳

✸✼



❋✐①✐♥❣ ❝♦♥❢♦r♠❛❧ ❣❛✉❣❡ ❜② ✉s✐♥❣ σ± = τ ± σ ❛♥❞ ✉s✐♥❣ ❧✐❣❤t✲❝♦♥❡ ❝♦♦r✲
❞✐♥❛t❡s U(σ+, σ−)✱ V (σ+, σ−) ❛♥❞ ~X = 0 ❢♦r t❤❡ t❛r❣❡t s♣❛❝❡ str✐♥❣ ❝♦♦r❞✐✲
♥❛t❡s✱ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ♦❢ t❤❡ str✐♥❣ ❜❡❝♦♠❡✿

∂2e−2φ =
−κ2
πα′

∫

dσ+dσ−[∂+V ∂−U − ∂−V ∂+Uδ
D(x−X)] ✭✸✳✸✼✮

∂2e−2φ =
−κ2
πα′

∫

dσ+dσ−[∂+V ∂−U + ∂−V ∂+Uδ
D(x−X)] ✭✸✳✸✽✮

0 =

∫

dσ+dσ−[∂+V ∂−V δ
D(x−X)] ✭✸✳✸✾✮

T∂2e−2φ + e−2φ∂2T =

∫

dσ+dσ−[∂+U∂−Uδ
D(x−X)] ✭✸✳✹✵✮

❚❤✐s ❧❛st ❡q✉❛t✐♦♥ ✐♠♣♦s❡s t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t T ❝❛♥♥♦t ❞✐✈❡r❣❡ ❛s ✐t ❛♣✲
♣r♦❛❝❤❡s r = 0 ❛s t❤❡ ❘❍❙ ✐s ✜♥✐t❡✳ ❚❤✐s t❡❧❧s ✉s t❤❛t t❡r♠s ♦❢ ♦r❞❡r r−D+3✱
r−D+4✳✳✳ ❝❛♥♥♦t ❝♦♠❡ ❢r♦♠ ❞❡❧t❛ ❢✉♥❝t✐♦♥ str✐♥❣ s♦✉r❝❡s✳ ❚❡r♠s ❧✐♥❡❛r ✐♥ r
❛r❡ ❛❧❧♦✇❡❞ ❛s t❤❡② ❣♦ t♦ 0 ❛t t❤❡ s♦✉r❝❡✳ ❆❧s♦✱ t❤❡ ❱✐r❛s♦r♦ ❝♦♥str❛✐♥ts ❛r❡✿

T++ = −e2φ(∂+V ∂+U − T∂+V ∂+V ) = 0 ✭✸✳✹✶✮

T−− = −e2φ(∂−V ∂−U − T∂−V ∂−V ) = 0 ✭✸✳✹✷✮

◆♦✇✱ ❛s e2φ = 0 ❛t r = 0 ✐❡✳ r✐❣❤t ❛t t❤❡ str✐♥❣ s♦✉r❝❡✱ t❤❡ ❡q✉❛t✐♦♥s ❛r❡
tr✐✈✐❛❧❧② s❛t✐s✜❡❞ ❛s ❧♦♥❣ ❛s t❤❡ str✐♥❣ ❧✐❡s ♦♥❧② ❛t r = 0✳ ❚❤❡ ❝♦♥str❛✐♥ts ❝❛♥
❜❡ s❛t✐s✜❡❞ ✐❢ ✇❡ ❝❤♦♦s❡ V = V (σ+) ❛♥❞ U = U(σ−)

✸✳✻ ▼❛❦✐♥❣ ❜❧❛❝❦ ❤♦❧❡s ❢r♦♠ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣s

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣s ❛r❡ s♦❧✐t♦♥✐❝ ♦❜❥❡❝ts ❛♥❞ ✇❡ ❤❛✈❡ ❛❧s♦
s❡❡♥ t❤❛t ✇❡ ❝❛♥ ❧✐♥❡❛r❧② s✉♣❡r♣♦s❡ t❤❡✐r s♦❧✉t✐♦♥s✳ ❖♥❡ ♣♦ss✐❜✐❧✐t② ✐s t♦ ♣✉t
❛ ♣❡r✐♦❞✐❝ ❛rr❛② ♦❢ t❤❡s❡ str✐♥❣s ❛❧♦♥❣ ❛ ♣❛rt✐❝✉❧❛r tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ ❛♥❞
❝♦♠♣❛❝t✐❢② ❛❧♦♥❣ t❤❛t ❞✐r❡❝t✐♦♥✳ ❚❤✐s ✇♦✉❧❞ ❣✐✈❡ ✉s ❛ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ ✐♥
❛ ❧♦✇❡r ❞✐♠❡♥s✐♦♥✳

❆ s❡❝♦♥❞ ♣♦ss✐❜✐❧✐t② ✐s t❤❛t ✇❡ ❝♦✉❧❞ ❣❡t ♣♦✐♥t✲❧✐❦❡ ♦❜❥❡❝ts ✇❤♦s❡ ❛s②♠♣✲
t♦t✐❝ ♣r♦♣❡rt✐❡s ♠❛t❝❤ ❜❧❛❝❦ ❤♦❧❡s ❜② ❞♦✐♥❣ ❛ ❑❛❧✉③❛ ❑❧❡✐♥ r❡❞✉❝t✐♦♥ ❛❧♦♥❣
t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣✳ ❲❡ ✇♦✉❧❞ ❣❡t ♣♦✐♥t ❧✐❦❡ BPS ♦❜❥❡❝ts
✇❤♦s❡ ❛s②♠♣t♦t✐❝ ❝❤❛r❣❡s ✇♦✉❧❞ ♠❛t❝❤ t❤♦s❡ ♦❢ s✉♣❡rs②♠♠❡tr✐❝ ❜❧❛❝❦ ❤♦❧❡s✳

✸✽



✸✳✼ ❋✉♥❞❛♠❡♥t❛❧ str✐♥❣ ◆❙✺ ✐♥t❡rs❡❝t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ✇r✐t❡ ❞♦✇♥ ❛ ♠❡tr✐❝ ❛♥s❛t③ ❢♦r ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❢✉♥✲
❞❛♠❡♥t❛❧ str✐♥❣ ✐♥ ◆❙✺ ❜❛❝❦❣r♦✉♥❞✳ ❚❤❡ ♠❡tr✐❝ ❢♦r t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣
✭st❛t✐❝✮ ◆❙✺ ❜r❛♥❡ ✐♥t❡rs❡❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② ❬✶✾❪ ✉s✐♥❣ ❛♥ ❛❧❣♦r✐t❤♠✐❝ ♣r♦❝❡❞✉r❡
❢♦r ❝❛❧❝✉❧❛t✐♥❣ ❜r❛♥❡ ✐♥t❡rs❡❝t✐♦♥s✿

ds2 = H−1
1 (−dudv +

5
∑

i=2

dyi.dyi +H5

4
∑

i=1

dxi.dxi ✭✸✳✹✸✮

✇❤❡r❡ u = t−y1 ❛♥❞ v = t+y1 ❛r❡ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣✱
yi ❛r❡ t❤❡ ✇♦r❧❞ ✈♦❧✉♠❡ ❞✐r❡❝t✐♦♥s ♦❢ t❤❡ ◆❙✺ ❜r❛♥❡✱ xi ❛r❡ t❤❡ tr❛♥s✈❡rs❡
❞✐r❡❝t✐♦♥s ❛♥❞ r ✐s t❤❡ r❛❞✐❛❧ ❝♦♦r❞✐♥❛t❡ ✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥✳

e2φ =
H5

H1

H1 = 1 +
Q1

r2

H5 = 1 +
Q2

r2

Buv = 2H−1

Hmnk = −ǫmnkl∂lH5 ✭✸✳✹✹✮

❚♦ ♣✉t ♦s❝✐❧❧❛t✐♦♥s ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ ✇❡ ✉s❡ t❤❡ s♦❧✉t✐♦♥ ❣❡♥❡r❛t✐♥❣
t❡❝❤♥✐q✉❡ ♦❢ ❬✸❪ ❬✶✽❪✳ ■t ❧❡ts ②♦✉ tr❛♥s❢♦r♠ ❛ st❛t✐❝ s♦❧✉t✐♦♥ ♣r♦❞✉❝❡❞ ❜② ❛
str✐♥❣ s♦✉r❝❡ t♦ ♦♥❡ ♣r♦❞✉❝❡❞ ❜② ❛♥ ♦s❝✐❧❧❛t✐♥❣ str✐♥❣ ✐❢ t❤❡ st❛t✐❝ s♦❧✉t✐♦♥
❤❛s ❛ ♥✉❧❧✱ ❤②♣❡r✲s✉r❢❛❝❡ ♦rt❤♦❣♦♥❛❧ ❦✐❧❧✐♥❣ ✈❡❝t♦r✳

❬❪ ❛❞♠✐ts t❤❡ ❦✐❧❧✐♥❣ ✈❡❝t♦r ∂v ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❧❡❢t ♠♦✈✐♥❣ ✇❛✈❡✳
❆♣♣❧②✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❣❡♥❡r❛t✐♥❣ t❡❝❤♥✐q✉❡ ✇❡ ❤❛✈❡ ❜❡❡♥ ❞✐s❝✉ss✐♥❣ ✇❡ ❣❡t✿

ds2 = H−1
1 (−dudv + T (v, x)dv2) +

5
∑

i=2

dyi.dyi +H5

4
∑

i=1

dxi.dxi ✭✸✳✹✺✮

✇❤❡r❡ ∂2T (v, xi) = 0 ♦♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥s✱ ❛♥❞ t❤❡ φ ❛♥❞ B ✜❡❧❞s
st❛② t❤❡ s❛♠❡✳

∂2T (v, x) = 0 ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ❡①♣❛♥❞✐♥❣ ✐♥ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s ❛♥❞ ♦♥❧②
❦❡❡♣✐♥❣ t❡r♠s ✇❤✐❝❤ ❦❡❡♣ t❤❡ ♠❡tr✐❝ ❛s②♠♣t♦♠❛t✐❝❛❧❧② ◆❙✺ ❛♥❞ ❝♦♥tr✐❜✉t❡
t♦ t❤❡ ❆❉▼ ♠❛ss ✿

∂2T (v, x) = ~f(v).~x+ p(v)r−2 ✭✸✳✹✻✮

✸✾



❚❤❡ r−2 t❡r♠ ❞♦❡s ♥♦t ♠❛t❝❤ t♦ ❛ str✐♥❣ s♦✉r❝❡✳ ❉✉❡ t♦ t❤❡ ~f(v).~x t❡r♠✱ t❤❡
tr❛♥s✈❡rs❡ ♠❡tr✐❝ ✐s ♥♦t ❛s②♠♣t♦t✐❝❛❧❧② NS5✱ ❜✉t t❤✐s ❝❛♥ ❜❡ r❡♠♦✈❡❞ ❜② ❛
❝♦♦r❞✐♥❛t❡ tr❛♥s❢♦r♠❛t✐♦♥✱

v = v′

u = u′ − 2 ~̇F.~x′ + 2 ~̇F. ~F −
∫ v′

Ḟ 2dv

~x = ~x′ − ~F ✭✸✳✹✼✮

✇❤❡r❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ❛r❡ ✇✳r✳t✳ t♦ v ❛♥❞ ~f = −2 ~̈F ✳ ❚❤❡ ♠❡tr✐❝ ❛♥❞ ✜❡❧❞s
❜❡❝♦♠❡✱

ds2 = −H−1
1 dudv + 2Ḟ (H−1

1 −H5)dxdv + ((−H−1
1 +H5)Ḟ

2 +H−1
1 p(v)r−2)dv2 +

5
∑

i=2

dyi.dyi +H5

4
∑

i=1

dxi.dxi ✭✸✳✹✽✮

Buv = 2H−1

Bvi = 4 ~̇FH−1

✇❤❡r❡

H1 = 1 +
Q1

|~x− ~F |2

H5 = 1 +
Q2

|~x− ~F |2
❛♥❞

e2φ =
H5

H1

✭✸✳✹✾✮

❚❤❡ ♠✉❧t✐ str✐♥❣ ❣❡♥❡r❛❧✐③❛t✐♦♥ ❢♦r ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣s ♣❧❛❝❡❞ ❛t ~xi ❛♥❞
◆❙✺ ❜r❛♥❡s ♣❧❛❝❡❞ ❛t ~xj ✐♥ t❤❡ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❛❜♦✈❡
♠❡tr✐❝ ✇✐t❤

H1 = 1 +

∑

iQ1

|~x− ~xi − ~F |2

H5 = 1 +

∑

j Q2

|~x− ~xj − ~F |2

❬✷✵❪ ❛❧s♦ ❣✐✈❡s t❤❡ ♠❡tr✐❝ ❢♦r ❛ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ ✐♥ ❛♥ ◆❙✺ ❜❛❝❦❣r♦✉♥❞
❜② ❣❡♥❡r❛t✐♥❣ t❤❡ ♠❡tr✐❝ ❢♦r ❛ ♠✉❧t✐♣❧② ✇♦✉♥❞ str✐♥❣ ❛♥❞ ♣❡r❢♦r♠✐♥❣ ❛ s❡t
♦❢ ❞✉❛❧✐t✐❡s t♦ r❡❛❝❤ NS5✲❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ ✐♥t❡rs❡❝t✐♦♥✳
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✸✳✽ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❋✉t✉r❡ ❉✐r❡❝t✐♦♥s

❲❡ ❤❛✈❡ r❡✈✐❡✇❡❞ t❤❡ ✇♦r❦s ♦❢ ❬✷❪✱ ❬✸❪ ❛♥❞ ❬✶✽❪ ❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ❞✐s❝✉ss✐♦♥s
✐♥ t❤❡s❡ ✇♦r❦s✱ ✇❡ ❤❛✈❡ ✇r✐tt❡♥ ❛♥ ❛♥s❛t③ ❢♦r t❤❡ ♠❡tr✐❝ ❛♥❞ ✜❡❧❞s ♣r♦❞✉❝❡❞
❜② ❛♥ ♦s❝✐❧❧❛t✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ str✐♥❣ ✐♥ ◆❙✺ ❜❛❝❦❣r♦✉♥❞✳ ❆❧♦♥❣ t❤❡ ✇❛②✱ ✇❡
❤❛✈❡ ❝♦✈❡r❡❞ s♦♠❡ t♦♣✐❝s ✐♥ str✐♥❣ t❤❡♦r② ❢r♦♠ t❤❡ t❡①t❜♦♦❦ ❜② P♦❧❝❤✐♥s❦✐
❬✺❪ ❛♥❞ ❧❡❝t✉r❡ ♥♦t❡s ❜② ❉✳❚♦♥❣ ❬✹❪✳ ▼♦st ✐♠♣♦rt❛♥t❧②✱ ✇❡ ❤❛✈❡ r❡❛❧✐s❡❞ s♦♠❡
♦❢ t❤❡ ♣♦✇❡r ♦❢ str✐♥❣ t❤❡♦r② ✐♥ ❛♥s✇❡r✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ q✉❡st✐♦♥s ♦♥ ❜❧❛❝❦
❤♦❧❡s✳

❲❡ s❤♦✉❧❞ ♥♦✇ ❡①♣❧✐❝✐t❧② ❝❤❡❝❦ t❤❛t t❤✐s s♦❧✉t✐♦♥ ✐s 1
4
❇P❙ ❜② ❞♦✐♥❣ ❛

s✉♣❡rs②♠♠❡tr② ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❢❡r♠✐♦♥✐❝ ✜❡❧❞s ❛♥❞ s❤♦✇✐♥❣ t❤❛t ✐t ✈❛♥✐s❤❡s✳
❲❡ ❛❧s♦ ✇✐s❤ t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ ❛♥❞ ✇❤② ❛r❡ s♦❧✉t✐♦♥ ❞✐✛❡rs ❢r♦♠ ❬✷✵❪✱ ❛♥❞
❤♦✇ st❛rt✐♥❣ ❢r♦♠ ♦✉r s♦❧✉t✐♦♥✱ ✇❡ ♠✐❣❤t ❜❡ ❛❜❧❡ t♦ ❣❡t t♦ t❤❡✐r s♦❧✉t✐♦♥✳
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❘❡❢❡r❡♥❝❡s

❬✶❪ ◆✳ ❇❛♥❡r❥❡❡✱ ❏✳ ❇❤❛tt❛❝❤❛r②❛✱ ❙✳ ❇❤❛tt❛❝❤❛r②②❛✱ ❙✳ ❏❛✐♥✱ ❙✳ ▼✐♥✇❛❧❧❛✱
❛♥❞ ❚✳ ❙❤❛r♠❛✱ ❈♦♥str❛✐♥ts ♦♥ ❋❧✉✐❞ ❉②♥❛♠✐❝s ❢r♦♠ ❊q✉✐❧✐❜r✐✉♠
P❛rt✐t✐♦♥ ❋✉♥❝t✐♦♥s✱ ❏❍❊P ✵✾ ✭✷✵✶✷✮ ♣✳ ✵✹✻✱ ❬❛r❳✐✈✿✶✷✵✸✳✸✺✹✹❪✳

❬✷❪ ❆✳ ❉❛❜❤♦❧❦❛r✱ ●✳ ❲✳ ●✐❜❜♦♥s✱ ❏✳ ❆✳ ❍❛r✈❡②✱ ❛♥❞ ❋✳ ❘✉✐③ ❘✉✐③✱
❙✉♣❡rstr✐♥❣s ❛♥❞ ❙♦❧✐t♦♥s✱ ◆✉❝❧✳ P❤②s✳ ❇✸✹✵ ✭✶✾✾✵✮ ♣♣✳ ✸✸✕✺✺✳

❬✸❪ ❆✳ ❉❛❜❤♦❧❦❛r✱ ❏✳ P✳ ●❛✉♥t❧❡tt✱ ❏✳ ❆✳ ❍❛r✈❡②✱ ❛♥❞ ❉✳ ❲❛❧❞r❛♠✱ ❙tr✐♥❣s
❛s s♦❧✐t♦♥s ❛♥❞ ❜❧❛❝❦ ❤♦❧❡s ❛s str✐♥❣s✱ ◆✉❝❧✳ P❤②s✳ ❇✹✼✹ ✭✶✾✾✻✮
♣♣✳ ✽✺✕✶✷✶✱ ❬❤❡♣✲t❤✴✾✺✶✶✵✺✸❪✳

❬✹❪ ❉✳ ❚♦♥❣✱ ❙tr✐♥❣ ❚❤❡♦r②✱ ❛r❳✐✈✿✵✾✵✽✳✵✸✸✸✳

❬✺❪ ❏✳ P♦❧❝❤✐♥s❦✐✱ ❙tr✐♥❣ ❚❤❡♦r②✿ ❱♦❧✉♠❡ ✶✱ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡
❇♦s♦♥✐❝ ❙tr✐♥❣✳ ❈❛♠❜r✐❞❣❡ ▼♦♥♦❣r❛♣❤s ♦♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✳
❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✽✳

❬✻❪ ❙✳ ❇❤❛tt❛❝❤❛r②②❛✱ ❙✳ ❏❛✐♥✱ ❙✳ ▼✐♥✇❛❧❧❛✱ ❛♥❞ ❚✳ ❙❤❛r♠❛✱ ❈♦♥str❛✐♥ts ♦♥
❙✉♣❡r✢✉✐❞ ❍②❞r♦❞②♥❛♠✐❝s ❢r♦♠ ❊q✉✐❧✐❜r✐✉♠ P❛rt✐t✐♦♥ ❋✉♥❝t✐♦♥s✱
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