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Abstract

Orthogonal representations m of a finite group G have invariants w;(7) living in the ith

degree cohomology group H'(G,Z/27), called Stiefel-Whitney Classes (SWCs). Their
sum w(7) = 1 4+ wy(7) + wo(mw) + ... is called the total SWC of .

There do not seem to have many explicit calculations in the literature of SWCs
for the non-abelian groups. In this thesis we present the total SWCs for orthogonal
representations of several finite groups of Lie type, namely symplectic groups Sp(2n, q)
and special linear groups SL(2n + 1, ¢) when ¢ is odd. We also describe the SWCs for
SL(2, q) for even ¢. All our formulas for SWCs are in terms of character values at certain

diagonal involutions.
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1

Introduction

The theory of Stiefel-Whitney classes (SWCs) of vector bundles is an old unifying concept
in geometry. Real representations of a finite group G give rise to flat vector bundles over
the classifying space BG. Via this construction (see [2] or [14] for instance), to a real
representation p, one associates cohomology classes wX(p) € HY(G,Z/27), called Sticfel-
Whitney classes (SWCs).

Let (m, V'), with V' a complex finite-dimensional vector space, be an orthogonal rep-
resentation of G. There is a representation (mp, V), with V4 a real vector space, so that
o ®r C = m. Moreover, 7 is unique up to isomorphism. (See Proposition 2.2 below.)

We prefer to work with orthogonal complex representations, thus define
wi(7) = wi(m) 3 0<i<degm.

Their sum
w(m) = wo(m) +wi(m) + ... € H(G,Z2/27)

is known as the total Stiefel-Whitney class of .

Formulas for SWCs of cyclic groups are well-known; we review this in Section 2.3.3.
The second SWCs of representations of S,, and related groups were found in [12]. The
case of GL(n, ¢) with ¢ odd has been completed recently in [10] and [11]; their results are
analogous to ours. In this thesis, we give formulas for the SWCs of all finite symplectic

groups Sp(2n,q) when ¢ is odd as well as special linear groups SL(2n + 1, ¢) for odd gq.



We have announced some of the preliminary results of this thesis for low ranks in [19].

Also our work on the SWCs of special linear groups SL(2, ¢) can be found in [20].

A notion of “detection by subgroups” underlies our calculations. Let Hey (G,Z/2Z)
be the subalgebra of H*(G, Z/27) generated by SWCs w; () of orthogonal representations
m of G. Let H < G be a subgroup. We say H detects the mod 2 cohomology of G when
the restriction map

H*(G,Z/2Z) — H*(H,Z/27)

is an injection. Whereas we say H detects SWCs of G if this map is injective on
Héw(G,Z/2Z). Suppose one of these is true, and that 7 is an orthogonal represen-
tation of G. Then w(m) is specified by its image in H*(H,Z/2Z), which is actually the
SWC of the restriction of 7 to H. In our formulas, when there is a detecting subgroup,
we simply write w () for this image.

Chapter 2 reviews all such basic definitions and concepts from the theory of repre-

sentations and characteristic classes.

Chapter 3 is dedicated to the generalized quaternions, particularly the quaternion
group @ of order 8. These groups are featured in the detection of SL(2, ¢) when ¢ is odd.

Here we determine many SWCs of orthogonal representations of ().

Lemma 1.1. Let ® be an orthogonal representation of QQ with character x.. Put r, =
%(Xﬂ(l) - Xﬂ(_l)) Th6n7

Tr

="

)ei ;o 0<4i <degm
i
where e is the non-zero element in H*(Q,72/27).

Chapter 4 contains a complete calculation of the SWCs of representations of SL(2, ¢).

This has been achieved via detection results. For instance:
Theorem 1.2. Let q be odd. Then the center Z detects SWCs of SL(2, q).
This detection leads to:

Theorem 1.3. Let G = SL(2,q) with q odd. Let w be an orthogonal representation of G.
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Then the total SWC of m is,
w(m) = (14¢)~

where ¢ is the non-zero element in H*(SL(2,q),Z/2Z) and rr = 3(xx(1) — xx(—1)).
(Here 1 is the identity matriz.)

Using [13, Theorem 1], if 7 is irreducible orthogonal, then y.(—1) = x»(1), and so
rr = 0. Therefore:

Corollary 1.3.1.Let q be odd. Let m be an irreducible orthogonal representation of
SL(2,q). Then w(m) = 1.

On the other hand, let @ be an irreducible symplectic representation of SL(2, ¢). (By
this, we mean w is an irreducible representation on a complex vector space V' admitting
a non-degenerate SL(2, ¢)-invariant antisymmetric B : V x V — C.) Its double w @ w is

orthogonal. Again [13, Theorem 1] allows simplification for w @ w:
w(w®w) =(1+ e)%degw.

Now let g be even, say ¢ = 2". Let N be the subgroup of upper unitriangular matrices
in SL(2,q). Then N detects the mod 2 cohomology of SL(2, q).

11
Set ng = € N, and s; = (Xx(1) = X (n0))-

0 1

Theorem 1.4.Let ¢ = 2". Let w be an orthogonal representation of SL(2,q). The total
SWC of 7 is .
wN () = ( I o+ v)) € H*(N,7/22).

veH'(N,Z/27)

The expansion of this product is well-known. We have

r—1
II G+v)=1+>4d,; € H(N,Z2/27), (1.1)
vEHY(N,Z/27) i=0

where d,.; are the Dickson invariants described in [27]. We review them in Section 4.2.1.
These results have some interesting corollaries. We first characterize the representa-

tions 7 with non-zero “top SWC” Wqeg(x) (7).



Corollary 1.5. Let m be an orthogonal representation of SL(2,q). The top SWC of 7 is

non-zero precisely when:
(i) 7(=1) = =1, for q odd.
(ii) 7 is cuspidal, for q even.
Secondly, we have:
Corollary 1.6. The subalgebra Héw (SL(2,q),Z/27) is:
(i) Z/2Z]¢], for q odd,
(ii) generated by the Dickson invariants of F,, for q even.

We describe the obstruction degree of an orthogonal 7, meaning the least k£ > 0 with
wg(m) # 0. (If w(n) is trivial, then this degree is infinite.) Write ordy(n) for the highest

power of 2 which divides an integer n.
Corollary 1.7. The obstruction degree of 7 is:
(i) 22, where t = ordy(r,), for q odd,
(ii) 2771 where s = ordy(s;) and ¢ = 2".

We also describe the subgroup of the complete cohomology ring H “(G,Z/2Z) (see

Section 2.3.5) generated by w(m), as 7 varies over orthogonal representations.

Moving ahead, Chapter 5 determines the total SWC for the symplectic groups
Sp(2n, ¢) when ¢ is odd. Our work on SL(2, ¢) is the stepping stone for these groups. We
have a subgroup X of Sp(2n,q), described in Section 5.1.1, which is isomorphic to the
n-fold product SL(2, ¢)" and gives a detection:

Lemma 1.8 ( [1], Chapter VII, Lemma 6.2). The subgroup X detects the mod 2 coho-
mology of Sp(2n, q) with odd q.

The n-fold product Z" is the subgroup of Sp(2n,q) consisting of diagonal matrices

with eigenvalues +1. We generalize Theorem 1.2 to:

Theorem 1.9. Let q be odd. The subgroup Z"™ detects the SWCs of Sp(2n, q).
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This detection is the key to unlocking an explicit formula for SWCs of these symplectic
groups. Here, we describe the SWCs for Sp(4, q) as an instance. For a general result,
please refer to Theorem 5.11.

Consider the projections pr; : SL(2,q)" — SL(2,q9), and let ¢, = pri(e). Put
d; = diag(1,—1,—1,1) € Sp(4, q). (As usual, this means the diagonal matrix with these

diagonal entries.)

Theorem 1.10. Let g be odd. Let w be an orthogonal representation of Sp(4,q). Then
the total SWC' of 7 is

wX(7r) = ((1 + 81)(1 + 22))”(1 “+e1 + eg)sﬂ,

where

— 1 (6@~ xt-1).

se = 16 (X (D) + xe(=1) = 2x:(d))

T'r

Again from Theorem 1 of [13], when 7 is irreducible orthogonal, we deduce
w¥(m) = (1 + e + e2)°,

where .
Sy = 3 (degm — xx(dy)) -

The final chapter 6 is concerned with the SWCs of special linear groups SL(2n + 1, q)
when ¢ is odd. Once more, we use a detection for this. From a theorem of [23] one can

deduce:

Lemma 1.11. When n and q are odd, the diagonal subgroup T of SL(n, q) detects its mod
2 cohomology.

Let T'[2] be the subgroup of diagonal matrices with 1 or —1 on the diagonal.
Proposition 1.12. Let ¢ be odd. Then the subgroup T[2] detects SWCs of SL(2n+1,q).

This detection leads to the calculation of SWCs for these groups. Please see Theorems
6.6 and 6.11 for the formulas.



For simplicity, we illustrate our results with SL(3,q) and SL(5,¢q). The detecting
subgroups 1" and T'[2] are cyclic; their SWCs use the well-known generators v;, t; of the
cohomology of cyclic groups. (See Section 2.3.3.)

Proposition 1.13. Let ¢ be odd, and put ¢; = diag(—1,—1,1) € SL(3,q). The total SWC

of an orthogonal representation 7 of SL(3,q) is

W' () = (L+0) (1 + )L+t + 1)), when g =1 (mod4)

((1 + 1) (1 +v) (140 + 112))7%r ,  when ¢ =3 (mod4)

w’ ()

where m, = i(Xﬂ(]l) — Xﬂ(cl)).

Let ¢ be odd, and put

= dlag(_l’ -1,1,1, 1)7
= diag(—1,—-1,—1,—1,1) € SL(5, q).

Proposition 1.14. Let m be an orthogonal representation of SL(5,q). Then the total
SWC of w is

o~

w” (r) = (TT(1L + ) 1+Zt) (H A+t+t) I (1+ti+tj+tk>)n7r/27

=1 1<i<j<4 1<i<j<k<4
for g =1 (mod4), and

4

T2(7r) (1_[(1—1—1}Z 1+sz) ( H (14 v +v;) H (1—|—vi—|—vj_|_vk)>n"7

i=1 1<i<j<4 1<i<j<k<4
for ¢ = 3 (mod4).

Moreover the exponents m,,n, are in terms of character values of m:

w

My = 116( (]1>+2X7T<Cl)_3X7T< ))

Ny = 116(x (1) = 2xx(c1) + Xn(c2)).



2

Preliminaries

This chapter collects the concepts from representation theory and group cohomology
which are being used throughout this thesis. We begin with a review on the orthogonal
representations of a finite group GG, aiming to naturally transform a real representation
into a complex orthogonal representation of G. This enables us to define Stiefel-Whitney
Classes (SWCs) for orthogonal representations from the well-known theory of SWCs of
real vector bundles. We also discuss some other characteristic classes like Chern classes,

symplectic classes and the Euler class.

2.1 Orthogonal Representations

In this section we review the theory of orthogonal representations, referring to [3, Chapter
I1, Section 6] for proofs. All our representations are finite-dimensional.
Let G be a finite group, and FF = R or C. Let Rep(G, F) be the category of G-

representations on finite-dimensional F-vector spaces.

Definition 2.1. For (7, V) € Rep(G, F), the dual representation 7 is defined on the

dual space V'V via contragradient map * as follows.
7V (g) =7w(g 1) for all g € G.

One calls (7, V) self-dual if (7, V) = (7, V).
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A representation (m,V’) € Rep(G,C) is self-dual if and only if there exists a a non-
degenerate G-invariant bilinear form B : V x V. — C. Moreover, we say (m,V) is
orthogonal (or symplectic), provided there exists a non-degenerate G-invariant symmetric
(resp. non-symmetric) bilinear form B : V x V' — C.

For a complex representation m of GG, there is a well-known number e(7), called the
Frobenius-Schur indicator of w. Write x(g) for the character of w at an element g € G.

Then it may be computed as the sum

() = |61;| S ().

geG

If 7 is irreducible, e(7) determines whether or not = is self-dual (orthogonal, symplectic)
due to the following:

0, 7 is not self-dual
e(m) =141, = is orthogonal (2.1)
—1, 7 is symplectic.
We now state a proposition to characterize complex orthogonal representations of G.

Proposition 2.2 ( [3], Chapter II, Proposition 6.4). Let (m,V') € Rep(G,C). Then the

following statements are equivalent:

(i) (mw, V) is orthogonal.

(ii) (m, V) has a real structure, meaning there is a conjugate-linear G-map j : V. — V

(iii) There exists a representation (mo, Vy), with Vo a real vector space, such that

T = mo Qr C.

Let ORep(G, C) be the category of orthogonal G-representations on finite-dimensional
C-vector spaces, and let (7, V) € ORep(G, C). By the Proposition above, (7, V') possesses

a real structure j. One defines
Vor=Vi={veV|j{)=uv}
a real vector space, considered as a representation of GG, via the restriction

7o == 7|y, : G — GL(V)).
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This gives a functor

so : ORep(G, C) — Rep(G, R)
(7T7 V) > (7T07 %)

such that (mo ®r C, Vp ®r C) = (7, V).
Conversely, a real representation (p,U) can be extended via tensoring to get (p ®g
C,U ®g C) € Rep(G, C). Then a structure map on U Qg C defined as j(u® z) = (u® 2)

makes p ®g C orthogonal. Therefore we have another functor

eo : Rep(G,R) — ORep(G, C)

(2.2)
(pv U) > (p ®R Cv U ®r G:)

The compositions egsg and sgeq are naturally equivalent to the identity in the respective
categories. We now consider a pair of functors defined as follows. Omne can view a
complex representation (m, V') as real by thinking of V' as an R-vector space with the

same G-action. Denote this forgetful functor by
rg : Rep(G, C) — Rep(G, R).
Second, there is the extension functor

et : Rep(G,R) — Rep(G,C)
(p,U) ~ (p@r C,U @R C).

Let (m,V), (7', V') be two isomorphic complex orthogonal G-representations. We use

sp to get the corresponding real representations (o, Vo), (7, Vy) with
(mo ®r C, Vo ®g C) = (7, @& C, Vj ®g C). (2.3)
From [3, Chapter II, Proposition 6.1], we have
rgoeg =2, (2.4)

which means for real G-modules U, there exists a natural isomorphism rgoek(U) = U U.
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So, applying 7§ on (2.3) gives

(0 @ o, Vo ® Vo) = (my @ 7, Vo ® V),

[

which implies (7, V) and (m, V) have the same character, and therefore (mp, V) =
(74, Vg). This means 7y (in Proposition 2.2) is unique up to isomorphism.

In fact, [(m, V)] — [(m0, V)] is a bijection between the sets of isomorphism classes of
complex orthogonal G-representations and real G-representations. Here [(m, V)] means

the isomorphism class of (m, V).

Theorem 2.3 ( [3], Chapter 11, Section 6). Let p be an irreducible real representation of
G. Then, exactly one of the following must be true:

(i) eSp = 7 where 7 is a complex irreducible orthogonal representation of G, or

(i) p = rEp, for some irreducible, non-orthogonal, complex representation ¢ of G.

Proof. Let m = p ®g C, the extension of p. Then 7 is orthogonal due to Proposition 2.2.
If 7 is irreducible, then (i) is satisfied. If not, then it can be decomposed into complex
irreducible representations of G.

For a representation ¢, let I(¢) be the number of its irreducible constituents. Note
that I(¢) = 1 if and only if ¢ is irreducible.

Suppose I(m) =n > 1. Then, we can write

n
_ . ~
m=egp = D,
i=1

where ¢y, ..., p, are (complex) irreducible. Applying 75 to this and using Equation
(2.4) give
rxm = Drren Zp G p. (2.5)
i=1

Since I(p ® p) = 2 and n > 1, we have n = 2 and both rS¢;, rEp, are irreducible.
Therefore ¢1, o must be irreducible. Moreover {¢Y, ps} = {¢1, 2}, up to equivalence,

due to self-duality of 7. Thus,
P = rl%pl = Tﬁgin,

where either o1, o are both self-dual or py = ¢;.



Chapter 2. Preliminaries 11

Also @1, s can not be orthogonal. If orthogonal, there exist o; € Rep(G,R) such
that ; = 0; ®g C. This gives p ®g C = (01 Qg C) @ (09 @ C).Applying r§ and using
Equation (2.4) again give

PO p= (01 Do) @ (02 @ 0y).

This implies p = 0y @ o, giving a contradiction to the irreducibility of p. Hence p = rgo;,

where ¢ is irreducible, non- orthogonal and (ii) holds. O

2.1.1 Orthogonally Irreducible Representations (OIRs)

Let (m, V) be a complex representation of G. We have the following two operations to
get a real representation from 7, depending whether 7 is orthogonal or not. First, if 7 is
orthogonal, then from Proposition 2.2 there exists a unique real representation (g, V),
up to equivalence, so that my ®g C = 7. Second, irrespective of orthogonality, we apply

the functor r§ on 7 from above.

Given (m,V) (maybe non-orthogonal), we can symmetrize it to get an orthogonal
representation of G' by defining
S(r)y:=ndr’

on the vector space V@ VY. Now, we give a symmetric G-invariant bilinear map B on
VeV as,

B((v, @), (w, B)) = a(w) + B(v).
We call S(r) the symmetrization of .

From [3, Chapter II, Proposition 6.1], we have
exrg(m) = ()

for a complex representation 7. Also S(7) = e5S(7)o from the equivalence of eysq to
the identity. Therefore both e5S (7)o and egrg () are isomorphic to S(m), which leads

to a relation between the two operations above:

S(m)o = rgm. (2.6)
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Definition 2.4. We say 7 is an orthogonally irreducible representation (OIR) provided =

is orthogonal, and can not be decomposed into a direct sum of orthogonal representations.

Suppose 7 is irreducible. Then 7 is orthogonally irreducible if and only if it is or-

thogonal. Moreover for irreducible non-orthogonal ¢, its symmetrization S(y) is an OIR.

Let IT be an orthogonal complex representation of G. Along with Theorem 2.3, we
use the natural equivalence between ORep(G,C) and Rep(G, R) to have the following
decomposition of II into OIRs:

such that each m; is irreducible orthogonal and ¢; are irreducible non-orthogonal rep-
resentations of G. This decomposition establishes that all the OIRs of G are either

irreducible orthogonal 7, or of the form S(p) with ¢ irreducible and non-orthogonal.

2.1.2 OIRs of a Direct Product of Groups

Let G1,...,G, be finite groups. We consider their direct product
G=Gy x - xXG,.

Given G;-representations (m;, V;), one can form their external tensor product m X--- X,

from the action of the product group G on the tensor space V; ® --- ® V,, as,

(917---79n)(’01®"'®vn)291’01®"'®gn’0n

for (g1,...,9n) €EGand 11 @ -+ Ru, EVI® - R V,,.
Let Irr(G) be the set of isomorphism classes of complex irreducible representations of
G, and let 7 € Irr(G). We can write

T=mX.- K,

where m; € Irr(G;) for each 1 < i < n. To see when is 7 orthogonal, we use the

Frobenius-Schur indicator £(m) expressed as the product of (), ..., e(m,).
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g(m) = 5(7?1 X Xm,)

Xm K- 71'n
1
= W %:)EG Xy (9%) oo X (9721) (2.8)
meg> ( wangn)
(|G1 91€G1 ' |G gn€Gn

= e(m)e(ms) ...e(my).

Write F'(m) for the multiset {m,m,...,m,}. Then with the help of equalities (2.1) and
(2.8), we can list the OIRs of G = G x - -+ X G,, in terms of irreducible representations

of G; as follows:

1. (Irreducible orthogonal representations of G)
T=m X X,

where m; € Irr(G;) are self-dual for each ¢ and an even number of representations

in F(m) are symplectic. In particular when all 7; are orthogonal, so is 7.

2. (Symmetrization of irreducible non-orthogonal representations of G)

S(p) =S(p1 ®---Ry),

where ¢; € Irr(G;) for 1 < i < n and exactly one of the following holds:

(a) At least one of ; is not self-dual.

(b) Each ¢; is self-dual and there is an odd number of symplectic representations
in F(p).

2.2 Group Cohomology

Let G be a finite group. Let R be a commutative ring. We can think of R as a trivial
G-module and by H*(G, R), we mean the usual group cohomology ring.
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2.2.1 Coefficient Maps

Let R, S be two commutative rings and ¢ : R — S be a ring homomorphism. Consider

the map induced by ¢ on cohomology
k(¢): H(G,R) — H*(G,95). (2.9)

This map & is called the coefficient map of cohomology. (We drop ¢ from the notation if
there is no confusion.) We will later use that & is a ring homomorphism. For the lack of
a reference, we include a proof, though probably it is well-known. We begin by quoting

a general result for all G-modules M, N.

Proposition 2.5 ( [24], Chapter VIII, Proposition 5). Let G be a finite group. Given

G-modules M, N, there exists a unique family of homomorphisms
ub?: H?(G,M) ®@ HY(G,N) — H""(G, M ®z N)

for each (p,q) € Z>o %X Z>q such that these are natural transformations of functors when

we consider the two sides of the arrow as bifunctors covariant in (M, N).

Let us rewrite this in more detail. Consider the two categories C; and C, as follows.
The cateogory C; has the pairs of G-modules (M, N) as objects and a morphism is a pair
of G-module homomorphisms (¢, 1) between two objects (M, N) and (M’, N'). Let Cy

be the category of abelian groups.

Consider the identity map Id: G — G and a G-module homomorphism ¢ : M — M’.
The pair (Id, ¢) is compatible (in the sense of [24, Chapter VII, Section 5]) which for

every p > 0, defines a homomorphism
o’ H?(G, M) — H?(G, M').

Note that these together give a map ¢, : H*(G, M) — H*(G,M’). Now using these
homomorphisms, we define the functors F, F’ for a pair of non-negative integers (p, q) as

follows.

F,F/:61—>GQ
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are such that for each (M, N) in Cy,

F(MaN) = Hp(G7 M) ®Z Hq<G7 N)
F'(M,N) = H"*(G, M ®7 N).

MM
To a morphism (¢,v) = in Cy, these functors associate the following
N4 N

morphisms in Cs:

F(g,¢) = ol @ 9]
F'(¢,0) = (¢ @ )2

where ¢? @¢? : HP(G, M)®z HI(G,N) — H?(G, M")®z H1(G, N') is the tensor product
of homomorphisms ¢? and ¢, and (¢ @ Y)?*9 : HPT(G, M @z N) — HPT(G, M' @7 N')
is induced by the tensor product ¢ @ ¥ : M ®7z N — M' @z N'.

Now, Proposition 2.5 says that for each (p,q) € Z>¢ X Z>o, the following diagram

commutes:
HP(G, M) @2 HY(G, N) — 2 go(G, M) @7 HY(G, N')
g g

(@)Lt

HP*(G, M ®; N) HP+(G, M @7 N').

Using the homomorphisms US?, we get a map on cohomology groups
Up: H*(G,M)® H*(G,N) - H*(G,M ®z N).

Corollary 2.5.1.Let ¢ : R — S be a ring homomorphism. Then the induced map
k(¢) : H*(G,R) — H*(G,S) is a ring homomorphism.

Proof. From [24, Chapter VII, §5], we can establish that x(¢) = ¢, is a group homo-

morphism as (Id, ¢) is a compatible pair. To show that x preserves the multiplication
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structure, we consider

mf:R®; R— R

7 X To =TTy
which induces the map mf on cohomology. Now the composition
R mP
UR = mfo Ul H*(G, R) ® H'(G,R) ~% H*(G,R®, R) ™= H*(G, R).

is the multiplication in the ring H*(G, R). We intend to show that x(zUy) = k(z)Uk(y)
for all x,y € H*(G, R), which is the same as

Ou(m(x Ug' y) = m (9.(x) U§ ¢:(y))-

In other words, we would like to prove that the outer square in the diagram below

commutes.
H*(G,R) ®, H*(G,R) 2% H*(G,S) ®; H (G, S)
ult 1 ug
% (pR¢)« %
H*(G,R®z R) —————— H*(G,S ®z S)

my 2 m*S

H*(G, R) o H*(G,S)

The commutativity of square 1 follows from Proposition 2.5. For the second square,

we consider

R®zRﬁ>S®zS

R—" 5§

which is commutative as ¢ is a ring homomorphism. Since the diagram induced by it on

cohomology is exactly the square 2, we have the proof. O



Chapter 2. Preliminaries 17

Let G, H be finite groups. A group homomorphism ¢ : H — G induces a map
v* : H*(G,R) — H*(H,R) on cohomology, which is in fact a ring homomorphism.
(See [24, Chapter VII, §5] for details.) Now, we mostly work with R = Z/27Z and are
particularly interested in ¢* when H is a subgroup of G and ¢ is the inclusion of H into
G. Such ¢* are known as restriction homomorphisms and are extensively used in the

concept of “detection”. (See Section 2.3.1.)

2.3 Stiefel-Whitney Classes (SWCs)

Let E be a d-dimensional real vector bundle over a paracompact base space B. From [22],

there is a sequence of cohomology classes
wy(E), ..., we(E)

with each w;(F) € H*(B,Z/2Z).

For every finite group G there is a classifying space BG with a universal principal
G-bundle F'G, unique up to homotopy. From a real representation (p,U) of G, one can
form the associated vector bundle EG[U] = EG x¢ U over BG. Then one puts
Wk (p) = wi( EGIU)), (2.10)

]

see for instance [2] or [14]. Moreover the singular cohomology H*(BG,Z/2Z) is isomor-
phic to the group cohomology H*(G,Z/27). From this point, we simply write H*(G) for
H*(G,Z/27) unless mentioned otherwise.

Hence, to a real representation p, we can associate cohomology classes
wi(p) € H(G) ; i=0,1,2,...

called Stiefel-Whitney Classes (SWCs). We prefer to work with complex orthogonal
representations. This can be done due to the equivalence between Rep(G,R) and
ORep(G,C). An orthogonal complex representation 7 comes from a unique real rep-

resentation my by Proposition 2.2. We can thus define the following:
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Definition 2.6. Let m be an orthogonal complex representation of G. We put
wi(r) = wi(m) 3 i=0,1,2,...
Then, the total Stiefel-Whitney class of 7 is defined to be the sum
w(m) = wo(m) + wi () + wa(mw) + ... € H(G).

In fact w;(7m) = 0 for all ¢ > degm which makes w(m) a finite sum. There are nice
interpretations for the first few w;(w). Firstly, wo(n) = 1 € H°(G) and the first SWC,
applied to linear characters G — {£1} = Z/2Z, is the well-known isomorphism

wy - Hom(@, +1) = HY(G). (2.11)

More generally, if 7 is an orthogonal representation, then w(7) = wy(det 7), where
det 7 is simply the composition of © with the determinant map. When detm = 1, then
wy () vanishes if and only if 7 lifts to the corresponding spin group. (See [12] for details.)

The SWCs are functorial or natural in the following sense: Given a homomorphism

¢ : G1 — G5 of groups and 7 an orthogonal representation of GGy, we have

¢ (w(m)) = w(mop). (2.12)

where ¢* : H*(Gy) — H*(G1) is the map induced on cohomology.

The SWCs are also multiplicative. This means if 1 and 7y are both orthogonal, then
w(m @ ma) = w(m) Uw(ms), (2.13)

which can also be expressed as,

wg(m D M) = ZW(M) U wg_;(m2).

i=0

This is known as the Whitney Product Theorem.
Now we make an observation for later use as a lemma below. But its proof would
require “Chern classes”, which are another characteristic classes discussed in Section 2.4.1

later.
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Lemma 2.7. Let G be a finite group. Let (w, V) be a complex representation of G with
det(m) = 1. Then, we have

w;(S(m)) =0 fori=1,2,3.

Proof. Proposition 2.16 relates SWCs and Chern classes via coefficient map &
H*(G,Z) — H*(G). That is:

K(l+ci(m)+ca(m)+...) =1+ wi (S(m)) + we(S(m)) + .. ..

Since Chern classes live in even degrees, all the odd SWCs of S(7) vanish. Moreover
c1(m) = 0 due to det(m) = 1 hypothesis . This implies ws(S(7)) = 0. O

2.3.1 Detection by Subgroups

Let H be a subgroup of G. We now define the detection by a subgroup:

Definition 2.8. We say H detects the mod 2 cohomology of G, provided the restriction

map, induced by inclusion i : H < G, on cohomology is an injection. That is,
i H*(G) — H*(H).
Let Héw(G) be the subalgebra of H*(G) generated by SWCs w;(m) of orthogonal

representations m of G. We can define a weaker form of detection:

Definition 2.9. We say H detects SWCs of GG provided the restriction map ¢* is injective
on Hy(G), meaning
i*: Hyw(G) — H*(H).

Moreover it is easy to see that the image
Im(i*) € H*(H)NeH), (2.14)

where Ng(H) is the normalizer of H in G.
Such detection results for G are very useful in calculating its SWCs. Let m be an

orthogonal representation of GG, and let H be a nice subgroup. (By “nice”, we mean the
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SWCs of representations of H are well understood.) By the naturality of SWCs, we have
i*(w(m)) = w(moi) = w(resé 7).

(res 7, also denoted by 7|, means the restriction of m to H.)
Therefore when H is a detecting subgroup of G, we can identify w(7) with w(res$ ).

We will write w! () for the image i*(w(n)). An instance of detection is:

Lemma 2.10 ( [1], Chapter II, Corollary 5.2). Let H be a subgroup that contains a Sylow
2-subgroup of G. Then, H detects the mod 2 cohomology of G.

2.3.2 External Tensor Products

Let G, G2 be two finite groups. Given orthogonal G;-representations (m;, V;), their ex-
ternal tensor product (m; X e, V) ® V5) is also orthogonal (from Section 2.1.2). In this
section we define w(m X my) and give its description in terms of SWCs of m and .
Please see [22] for details.

To orthogonal representations 7, m correspond the real representations (7%, V),
(7%, VF) respectively, which are unique up to isomorphism. (Here 7 = (m;)o and V¥ =

(Vi)o in the sense of Proposition 2.2.) Associated to 7 are the vector bundles
E; = EG;[VF] & Ba,.

Now we consider the projection maps p; : BG; x BGy — BG,; and let p;E; be the
pullback of E; by p; consisting of elements ((by,bs),€;) € (BGy x BGy) X E; such that

Hi(ei) = pi(bl, 52) = b;.

We will have the following commutative diagram:

pE
piE ——— E;

BG1 X BG2 L BG,L
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where pP and p¥ are the projections from p;E; onto BG| x BG, and E; respectively:

PP ((b1,bs), €;) = (by, Do)
pr((br,b2), ;) = e;.

This way piE; and pjFE, are vector bundles over the same base space BG; x BGy, and

we can construct their internal tensor product. Put
By X Ey = plE) @ pyEs,

which is again a vector bundle over BG; x BGs. In fact, Fy X Fy associates to m X g,

being isomorphic to the vector bundle
(EG1 X EGQ) X G1xGs (‘/1 & ‘/2) (215)

over the classifying space B(G1 X Gg). Therefore, by w(m X m), we mean w(F; X Es).

Proposition 2.11. Let (m, V7)), (w2, V) be orthogonal representations of Gy, Gy with re-

spective degrees m,n. Then,

w(my W me) = P (wi(m), ooy Wi (1), w1 (m2), . . .y wy(m2)),
where pp,, s a polynomial in m + n variables specified as follows. Let €1,..., €, be
the elementary symmetric polynomials in indeterminates tq, ..., t,, and e1,...,&, be the
elementary symmetric polynomials in sy, ...,S,. Then,
Pmn(€1s s €my €1y vy Epn) = H (14t + s5). (2.16)
i=1j=1

Proof. We understand
U)(7T1 X 7TQ) = w(E1 X EQ) = w(pTEl ®p;E2),

and use [22, Chapter 7, Problem 7-C] for the total SWC of an internal tensor product.
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We get the polynomial p,,, defined in Equation (2.16) with

w(pYEy @ pyEs) = pra(wi(PTEL), - - - win(PLEL), wi(py Es), - wn(pyEh))
(as an element of H*(G; x G3))
= D (Wi1(EY), ..., wn(Ey), wi(E2), ..., w,(Ey))
(as an element of H*(G1) ® H*(G3))

= D (W1 (1) - oy Wi (1), w1 (T2), . . ., Wy (T2)),

with the understanding that any product of w;(m) and w;(m) for 1 <i<m,1<j<n
appearing in the polynomial p,,, is actually their cross product (in the sense of [22,

Appendix A]). O

Corollary 2.11.1. Let w1, 7 be as above with w(ms) = 1. Then, we have
U}(Tfl X 7T2) = UJ(?Tl)n.

In this equality w(m )™ € H*(G; x G) when thought as pf(w(m))".

Proof. Given that w(my) = 1 means w;(my) = 0 for all > 0. This means ¢; = 0 for all
1 < j < n in Equation (2.16), which implies s;(w;(m2), wa(ms),...) = 0 for all j. The
double product thus simplifies

n

ﬁﬁ(1+ti+s] :H(

i=1j=1

||’:]3

1+t)
- +.

H 1+€1

At €m),

.
—

and we obtain

w(m R my) = H1+w1 (m1) + ...+ wp(m))
j=1
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Remark 2.12. Similarly, we have:

Let w1, be as in Proposition 2.11 above with w(m ) = 1. Then,

w(m R my) = w(m)™.

2.3.3 Cyclic Groups

Let n be even, and G = (), the cyclic group of order n. Let g be a generator of G. We

n/2 _

write g —1, the unique order 2 element of G.

Let ¢ be a linear character of G. We call ¢ quadratic provided 1? = 1. Also we say
¢ is even if ¢(—1) = 1, and odd if ¢»(—1) = —1. We put €, = 0 when # is even, and
€5 = 1 when 9 is odd. Note that ¢ is non-orthogonal if and only if non-quadratic.

27i

Let v, be the linear character of G with 1,(g) = e . Then ¢?/? is the linear
character of order 2 with 7/%(g) = —1. We write ¢/? = Sgn when n = 0 (mod 4), and
Y% = sgn when n = 2 (mod 4). Both ‘Sgn’ and ‘sgn’ denote the unique non-trivial
quadratic character of G.

It is known [18] that

7/27[s,t]/(s*), n =0 (mod 4)

H*(Cy) = ’
() Z/27 v, n =2 (mod 4)

where s = wi(Sgn), t = wy(S(¥hs)) for n = 0 (mod 4), and v = wy(sgn) when n =
2 (mod 4).

Being so simple, the cyclic case is our first example of expressing SWCs in terms of
character values.

When n = 2 (mod 4), Cy is the Sylow 2-subgroup of G and therefore detects the
mod 2 cohomology of G due to Lemma 2.10. (Note that every representation of Cs is
orthogonal.) Such a detection is not available to us when n = 0 (mod 4). So we first find

the SWCs of S(v) for non-orthogonal linear characters ¢ in this case.

Lemma 2.13. Let n = 0 (mod 4). Let ¢ be a non-quadratic linear character of G. Then
we have

w(S(Y)) =1+ eyt.



24 2.3. Stiefel-Whitney Classes (SWCs)

Again this proof requires Proposition 2.16 from Section 2.4.1 on Chern classes.

Proof. We can write 1 = ] for some 1 < j < n and j # n/2. From Proposition 2.16,

we have

w(S(¥))

r(c(¥))

(14 c1(47))
= k(1 + jei(v))
=1+ jwa(S(¢))
=1+ jt.

Now j = ¢, (mod 2) because # is even if and only if j is even, which completes the

proof. O]

We now calculate SWCs for any orthogonal 7 of G:
Proposition 2.14. Let w be an orthogonal representation of G. Putb, = 3 (degm — x-(—1)).

(i) If n =2 (mod 4), then
w (7)) = (1 +v)br.

(ii) If n =0 (mod 4), then
w(m) = (1+8xs)(1+1)"72,

where
0, detw=1

1, detm=-1.

™

Proof. Let n =2 (mod 4). Since Cy is the detecting subgroup, it is enough to work with

res¢, m. This restriction looks like
resg, m = al @ b(sgn)
for non-negative integers a, b. From the multiplicativity of SWCs, we obtain

w(m) = w(resd, m) = (1+v)".
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To express b in the character values, consider the equations:

Xr(1)=a+b
Xr(—1)=a—-0

giving b = 5(xx(1) = Xx(=1)) = br.

Let n =0 (mod 4). An orthogonal representation 7 of C,, has the form

T =al & b(Sgn) @ @ myS(1),
{vy~'}
WAL
where a, b, m,, are all non-negative integers. The multiplicativity of SWCs along with

Lemma 2.13 leads to
wim)=1+s)" T[] (1+ept)™.

{pp=1}
VA1
Let us take
mo = Z my, and  my = Z My
{pp~1} {y~ 1}
P2£1, €,=0 P2£L, ey=1

The expression for w(m) then reduces to
w(m) = (1+bs)(1 +1)™.
We solve the following equations to express m; in terms of character values:

Xx(1) =a+ b+ 2my + 2my
Xyr(_l) =a+b+ 2mo — 2m;.

This gives m; = b, /2. Moreover det m = 1 if and only if w;(7) = 0, which happens if and

only if b is even. Therefore §, = b (mod 2), and we get

(14 1)b/2, detm =1

w(m) =
(14 5)(1+t)>/2, detm = —1.
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Let C7 be the r-fold product of C,,, with projection maps pr,; : C7 — C,, for 1 <1 <r.
By Kiinneth, we have

Z)22[s1,...,8:,t1, .. t,]/(s%,...,8%), n=0 (mod4)

»er

Z/2Z|vy, ..., v, n =2 (mod 4)

where we put s; = wq(Sgnopr;) and t; = wy(S(,) o pr;) for n = 0 (mod 4), and
v; = wy(sgnopr;), for n =2 (mod 4). (Here 1 <i <r.)

2.3.4 Steenrod Squares

For n,i > 0, there are operations on cohomology, called Steenrod Squares
Sq': H™(G) — H"M(@),

which can be characterized axiomatically from the following properties:

(i) These are additive homomorphisms and Sq” is the identity.

(ii) Steenrod operations are functorial, meaning for a group homomorphism ¢ : G —

G', we have
©*(Sq'y) = Sq'(¢*(y)) for all y € H(G").

(iii) They satisfy Sq'(z) = 2 Uz for i = deg(x), and Sq'(z) = 0 for i > deg(x).

(iv) For z,y € H*(G),
Sq"(zUy) = > (Sq'z) U(Sa’y).

i+j=n

This is famously known as Cartan Formula.

We now state the well-known Wu formula:

Proposition 2.15 ( [21], Chapter 23, Section 6).Let ® be an orthogonal representa-
tion of G. Then, the cohomology class Sq'(w;()) can be expressed as a polynomial in

wi (), ..., wii(m):

stum) =3 (1T gt

t=0
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For instance, with ¢ = 1, j = 2 in the formula above, we can express wz(7) in terms
of wq,wy as follows:
w3 () = wy (1) Uwy () + Sq' (ws (). (2.17)

In particular if w; (7) = wy(m) = 0 for some orthogonal 7, then ws(7) = 0.
2.3.5 SWUCs for Virtual Representations

Let G be a finite group. A virtual representation of G' can be thought as a difference
T = m © me, for representations my, mo. When the 7; are orthogonal, one may define the
SWC of 7 as

w(m) = w(m) Uw(m)™t,

but we must “complete” the cohomology ring so that the inversion makes sense.

More formally, let RO(G) be the free abelian group on the isomorphism classes of OIRs
(following [3, Chapter II, Section 7]). The members of RO(G) are called virtual orthogonal
representations of G. Let ROT(G) be the set of (isomorphism classes of) orthogonal
representations of G. The total SWC may be regarded as a map w : RO"(G) — H*(G).

Let H*(G) be the complete cohomology ring

H(G)=[[H'(G),

consisting of all formal infinite series cg+a;+- - -, with ; € H(G). (Please see [26, page
44].) Each w(n) is invertible in this ring. It is now clear that we may “extend” w to a

group homomorphism to the units of H*(G), i.c.,
w: RO(G) — H*(G)*. (2.18)

We find the image of this map w for certain groups in the later chapters.

2.4 Other Characteristic Classes

This section quickly reviews Chern classes and symplectic classes for a finite group G.
We are particularly interested in their relation to SWCs. The significance of such a

relationship has already been seen in proving Lemmas 2.7 and 2.13.
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We also mention one more characteristic class, called the Euler class, and see how
it relates to the “top SWC”. This class detects the non-triviality of tangent bundle of

spheres. Please refer to [22] for details.

2.4.1 Chern Classes

Associated to a complex representation 7 of G are the cohomology classes
ci(m) € H*(G,7),
known as Chern classes. Their sum
c(m) = co(m) + c1(m) + co(m) + ... € H (G, Z)

is called the total Chern class of m. As with SWCs, we have co(m) = 1, and ¢;(7) = 0
for i > deg(m). The first Chern class, applied to linear characters, gives the well-known
isomorphism

¢ : Hom(G, S') = H*(G, 7).

More generally, ¢1(m) = ¢1(det 7) for a complex representation 7.
These classes are also functorial, meaning for a group homomorphism ¢ : G; — Go

and a complex representation 7 of G5, we have

*

pz(c(m) = (o ),

where ¢} : H*(Gy,Z) — H*(G1,Z) is the map induced by .

Chern classes are multiplicative too. For mp, m complex, we have
c(m @ m) = c(my) U e(ms).
Now consider the coefficient map of cohomology from Section 2.2:
k:H(G,7) — H*(G,Z2)27). (2.19)

For a complex representation 7, we understand S(7)y = r§m from (2.6). Then [22],
Problem 14-B] gives:
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Proposition 2.16. For m complex, we have

r(e(m)) = w(S(m)).

External Tensor Products. Let GG1, G5 be finite groups, and let m; be complex repre-
sentations of G;. Then the external tensor product m X7y is a complex representation of
G X G5. One can think of the vector bundle associated to m; X 75 as an internal tensor
product of “pullback bundles” associated to ;. This way ¢(m; K m3) can be defined in
the sense of [15] or [22]. (Please see Section 2.3.2 for an analogous construction for real
vector bundles.)

When 7y, 5 both have degree one, we have
c(m W) =1+ ¢1(m) + ca(m2). (2.20)

(See [15, Section 3.1] for instance.)
More generally, there is an easily comprehensible description for the total Chern class

¢(m; W my) when 71, mp are direct sum of degree one complex representations. Suppose

™ = @gbi and 7y = @Q/Jj
i=1 Jj=1

where ¢;, 1); have degrees one for all 4, j.

Proposition 2.17. For my, my as above, we have

0(71'1 @ 7T2) = H H(l + Cl(ﬁbz’) -+ cl(¢j))-
i=1j=1
Proof. 1t follows from the multiplicativity of Chern classes and Equation (2.20). O

General explicit formulas can be quite tedious, but the Splitting principle [15, Section
3.1] establishes that:
For complex representations 7y, w9 with m, n as their respective degrees, there is a poly-

nomial P in Chern classes of w1, m such that

c(m Bmy) = P(er(m), .oy em(m), c1(ma), . . . cn(m2)). (2.21)
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2.4.2 Euler Class

Let 7 be an n-dimensional orthogonal representation of G with w;(7) = 0. To such 7 is

associated a cohomology class

e(r) €e H"(G, Z),
called the Euler class of m. The “top SWC” w,, () is the reduction of e(7) mod 2. That
1s:

re(m)) = wn(m)
where & is the coefficient map of cohomology from (2.19).

In Chapter 4 we determine which representations of special linear groups SL(2,q)

have non-trivial mod 2 Euler class.

2.4.3 Symplectic Classes

Let @w be a quaternionic representation of G, meaning @ : G — Sp(W) where W is an

H-module. Associated to w are cohomology classes
kN (w) € HY(G,7)

called symplectic classes. (Please see [4, Chapter 4] for details.)

Given (w, W), there exists a complex representation (wg, We) when W is considered
as a C-vector space by restricting scalars from H to C. Furthermore wg is symplectic and
unique up to equivalence. In fact, every complex symplectic representation comes from
a unique quaternionic representation. (Please see [3, Chapter II, Section 6] for proofs.)

Moreover from [4, Chapter 4, Corollary 4.2], we have

ci(we) = 0if i is odd,

. 2.22
cai(we) = (=1)'k; (w). 22

These facts together allow us to have the following definition:
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Definition 2.18. Let 7 be a symplectic complex representation of G. Then, we put
ki(m) == (=1 'ex(m), ; i=0,1,2,...,
These we call the symplectic classes of m, and their sum
k(m) = ko(m) 4+ ki(m) + ko(m) + ... € H*(G, Z)

is the total symplectic class of w. Again ko(m) = 1 and k;(7) = 0 for i > deg(m).

Lemma 2.19. For m symplectic, we have

K(km(m)), wheni=4m
0, otherwise .

Proof. The odd SWCs of S(7) vanish for any complex 7. If 7 is symplectic, then we can

use Equation (2.22) in w(S(7)) = k(c(m)) and by comparison of degrees, we obtain

Wam+2(S(7)) = K(cam1(m)) =0,

Wi (9(7)) = K(cam (7)) = K(km ()

for m > 0. Therefore w;(S (7)) = 0 unless 4|i and w;(S(7)) = k(ky (7)) when i = 4m, as
desired. ]

For the special linear groups SL(2,¢) when ¢ is odd, almost all the representations
that matter to us will be S(7) with 7 symplectic. Therefore, the theory of symplectic
classes shows that we will only have SWCs in degrees divisible by 4. Ultimately we will
see this directly.






3

Quaternion Groups

The quaternion group () is an order 8, non-abelian group with the familiar presentation
Q=(ijli*=7%i"=1,jij" =i""),

This chapter reviews the group cohomology of (), and the so-called “generalized quater-
nions” QJon. These groups play an important role in the detection theorem and the
calculations of SWCs for the special linear groups SL(2, ¢). Here we also determine some

SWCs of orthogonal representations of ().

3.1 Character table of ()

Let [@, @] be the derived subgroup of @), which is {#1}. Then the quotient Q/[Q, Q] is
isomorphic to the Klein-4 group Cs x Cs. Therefore there are exactly 4 one-dimensional

representations of () and are all orthogonal because such representations factor through

Q/1Q, Q). We denote them by 1, X1, X2, X3 = X1 ® X2.
The group @ also possesses a unique 2-dimensional irreducible representation

p:Q — SL(2,0)

defined by

33
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Let H be the usual division algebra of quaternions over real numbers. It can be repre-

sented as the algebra of complex matrices of the form

s+t u+uvi
where s, t,u,v € R.

—u+ve s—1t

Since both p(a), p(b) are of this form, p is an injection of @ into H', the subgroup of
norm 1 real quaternions. Therefore, p is symplectic. This makes S(p) = p @ p the only
OIR of @), which is not irreducible.

The character table of () is now given below (with k = ij).

Q 1 -1 {£i} {£5} {£k}
1 1 1 1 1 1
X1 1 1 -1 1 -1
X2 1 1 1 -1 -1
Y3 1 1 1 1 1
Xp 2 -2 0 0 0

Table 3.1: Character Table of ()

3.2 The Cohomology ring H*(Q)

The SWCs of orthogonal representations of ) are certain elements in H*(Q). Here we
describe the cohomology ring H*(Q) with [1, Chapter IV] as our reference.

Recall that w; gives an isomorphism between Hom(Q,+1) = {1, x1, x2, x3} and
HY(Q). We define

x:=wi(x1), and

y = wi(xa)-
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The cohomology group H*(Q) is one-dimensional over Z /27, and we write ‘e’ for its

nonzero element.

Proposition 3.1 ( [1], Section V.1). The cohomology ring of Q is

H'(Q) = 2/)2Z[x,y, €]/ (zy + 2° + y*, 2y + zy”).

The first few cohomology groups of () are as follows:

Note that 23 = 3 = 0.

Definition 3.2. A finite group G is called periodic with period n > 0, provided that

H'Y(G,Z) = H"(G,Z) for all i > 1

where the G-action on Z is trivial.

In fact, G is periodic only if its Z /pZ-cohomology is periodic for all p. (See [1, Section

IV.6] for proof.) The quaternion group @ is periodic with period 4. Therefore the higher

cohomology groups are obtained by the cup product with e. This means the map

H'(Q) — H™™(Q)

z+—zUe

is an isomorphism of groups for ¢ > 1.

3.3 SWUCs of Representations of ()

We first compute the total SWCs of OIRs of (). For the linear orthogonal representations
of @, it is clear that w(1) = 1, w(x1) = 1+, w(x2) = 1+y, and w(xs) = 1w (1®x2) =

1+ 2 +y with 2,y € H(Q) from above.
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Lemma 3.3. The total SWC of S(p) is
w(S(p) =1+,
where e is the non-trivial element of H*(Q).
Proof. From Lemma 2.7, we have
w;(S(p)) =0fori=1,2,3.

This gives w(S(p)) = 1 + w4(S(p)). We now prove that ws(S(p)) = e € HY(Q).
Let Z be the center of ), which is {£1}. Since

we have 1resCZ2 p = sgn @ sgn, where sgn : Z — C* is the linear character of order 2.
From Section 2.3.3, we have H*(Z) = Z/2Z[v] where v = w;(sgn). Then, the multi-
plicativity of SWCs gives

w(res$ S(p)) = w(sgn)* = (14 v)* =1+ 0%,

which implies w,(S(p)) # 0. But the only non-trivial element in H*(Q) is e. Therefore,
wa(S(p)) = e O

From the above proof, we note that the restriction map, induced by the inclusion of

Z into @, is an isomorphism on H*(Q). The periodicity of Q then gives

res* : H*(Q) — H"(Z)

o (3.1)
el — v™.

is an isomorphism of groups for all ¢ > 0.

Let 7 be an orthogonal representation of Q). From (2.7), we can write
T = mol @ myx1 S maxe E maxs B maS(p),

where m; are non-negative integers.
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Lemma 3.4. Let m be as above. Then, for 0 < 4i < degm, we have

where my = £(xx(1) — x=(—1)).
Proof. Let us consider
S =17/2Zz,y]/(zy + 2 + y*, 2%y + 2y?),

which is a 6-dimensional subalgebra of H*(Q). By the multiplicativity of SWCs, we

have

w(m) = w(x1)™ Uw(x2)™ Uw(xs)™ Uw(S(p))™
=(1+2)"A+y)"A+z+y)™ (1 +e)™.
s

Therefore we can write (1 + z)™ (1 + y)™*(1 + = + y)™3 as a polynomial of the form
P(x,y) =1+ Az + By + Ca2? + Dy? + Ezy?* with coefficients in Z/2Z, and

w(m) = P(x,y)(1+¢e)™

— Pley)S (”?4) ¢

i—0 \ !

where e’ € H*(Q) for each i. From the comparison of degrees, we obtain

_ [T
Wy; — . e .
1

To express my in terms of character values, we evaluate x, at 1 and —1 using the
character table 3.1 of Q:

Xr(1) = mg + my + mo + ms + 4my,

XW(—1> = My -+ mi + mo -+ ms — 4777,4.

and 50 my = §(Xx(1) = Xx(—1)). -
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3.4 (Generalized Quaternions

The construction of the quaternion group () generalizes to give a family of non-abelian

groups which have the presentation
Qo = (a,b]a® =02 b =1,bab" =a""); n>3.

These groups are called generalized quaternion groups and have order 2".

We have the derived subgroup [Qan, Qan] = (a?) and, the quotient Qan/[Qan, Qo] is
isomorphic to Cy X Cy. Again there are 4 linear (orthogonal) representations of Qan, say
1, Y1, 19, 3. These can be defined on the generators of (Yo as:

Pala) =1, ha(b) = -1 (3.2)
@DS(Q) =-1, wg(b) = —1.

Let ¢ = 2™/ 2" There is an irreducible 2-dimensional representation of Qon:
0: Qam — SL(2,C)

defined by

As before, p maps Qo into H!, so it is a symplectic representation.

Let n > 3. We use the isomorphism

wy : Hom(Qan, £1) = HY(Qqn)
{17¢1;¢27¢3} A {O7X7 Y7X + Y}

to define X = wy(¢) and Y = wy (¢3).
[1, Chapter IV, Lemma 2.11] describes the mod 2 cohomology ring of generalized
quaternions Qqn for n > 3 as follows: With non-zero E € H*(Qn),

H*(Qan) 2 7/22|X,Y,E)/(XY, X +Y?). (3.3)
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Lemma 3.5. We have E = w4(S(0)).
Proof. This can be proved precisely as in Lemma 3.3; again w(S(g)) =1+ E. O

Remark 3.6. Let n > 3. Leti: Q) — Qan be any group homomorphism. Then,
7 HQon) — H(Q)

is the zero map.

Proof. From (3.3), we can deduce H3(Qan) = {0, X3} and since 7* is a ring homomor-
phism, we have the image *(X) € H'(Q) = {0,z,y,z +y}. But 2 =¢* = (z +y)* =0
in H*(Q). This implies

(X% = (*(X))* =0.

]

Consider Q) = (a*"™,b) < Q*". This subgroup is isomorphic to @ by i «» ¢*" " and
j > b. With this identification, and

27173)

o(b)

o(a

= p(i),
p(j)

we have resgw 0 = p. Write ¢ for this inclusion of @) into Q2». Now

1o(E) = 1p(wa(e))
= w4(r6582n 0)
= wy(p)

=e.
Also, Qan is 4-periodic (see [1, Chapter IV, 2.10-2.12]) which finally leads to:

Proposition 3.7. With notations as above, we have isomorphisms

i Q) — HY(Q)

A . (3.4)
E'— €

for all i > 0.






Special Linear Group SL(2, q)

Let p be a prime and ¢ = p". Let [, be the finite field with ¢ elements. Let
G =SL(2,q) :={A € GL(2,q) : det(A) = 1}.

This chapter is dedicated to calculating the SWCs of the orthogonal representations of
these special linear groups. We deal with these groups in two cases: (i) when ¢ is odd,

and (ii) when ¢ is even.

4.1 Case of ¢ odd

Let G = SL(2, ¢) with ¢ odd throughout this section. We begin with a description of the
mod 2 cohomology of G.

Proposition 4.1 ( [7], Chapter VI, Sec. 5). Let q be odd. The group SL(2,q) is periodic

with period 4 and its mod 2 cohomology ring is
H*(SL(2,q)) = Z/2Z[e] ® Z/2Z[b]/(b*)
with deg(b) = 3, deg(e) = 4.

41



42 4.1. Case of ¢ odd

4.1.1 Detection

Write ‘17 for the identity matrix in G. Let Z be the center of G which is {£1}. We have:
Theorem 4.2. The center Z detects SWCs of G.

To prove this theorem, we require the following result: Let n = ord, |G|, meaning n

is the largest integer such that 2" divides |G]|.

Lemma 4.3 ( [7], Chapter VI, Lemma 5.1). A Sylow 2-subgroup of G is isomorphic to

the generalized quaternion group Qaon.

Proof of Theorem 4.2. We deduce from Proposition 4.1 that

Z2/2Z, m =0,3 (mod 4)
H"(G) =
0, otherwise.

Let 7 be an orthogonal representation of G. Let m = 4k + 3 for some k. With ¢ = 1,
j =m — 1 such that ¢« + j = m, we apply Wu formula from Proposition 2.15:

m— 2

: >w0(7r) U wp (1)

Sqt (W1 (7)) = w1 (7) U w1 (1) + <

Here, Sq" (wy,_1 (7)) = 0 because wy,_i(7) € H**+2(Q) is zero and Sq* is a homomor-

phism. Also, wy(m) = 0 and (m — 2) is odd which implies
Wy (m) = 0 when m = 3 (mod 4).

Therefore, the non-zero SWCs of representations of G can occur only in degrees that

are multiples of 4, which means
Hiw(G) CZ/2Z]e].

Since Qo is a Sylow 2-subgroup of G, it detects the mod-2 cohomology of G' due to
Lemma 2.10. Consider the quaternion subgroup @ = Q™ < Q.n. Note that the center
of @ is Z. By the isomorphisms (3.1) and (3.4), we obtain the following sequence of
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inclusions for each 7 > 0:

HY(G) = H"(Q) — H*(Q) = H"(Z)

¢ = FE — el — ot

Therefore, the subalgebra Z/2Z[¢] < H*(G), containing the SWCs of G, injects into
H*(Z), which completes the proof. O

Let 11, T be the maximal split and elliptic tori of G respectively. That is:
a 0
T1: 3@6["_; %JCq,l,
0 a~!

and with a chosen generator € of the cyclic group [,

T Yy
ng{ :x2—ey2:1}§C’q+1.

€y x

Corollary 4.2.1. Both T} and T detect SWCs of G.

Proof. We have the inclusions Z — T; < G such that the composition
Hw(G) = HY(T;) — H*(Z)

is injective by Theorem 4.2. Hence, the restriction maps H&y (G) — H*(T;) must be

injective for ¢ = 1, 2. O

4.1.2 Formulas for SWCs

We now give an explicit formula for the total SWCs of orthogonal representations of

SL(2, ¢) in terms of character values.

Theorem 4.4. Let G = SL(2, q) with q odd. Let w be an orthogonal representation of G.
Then the total SWC' of 7 is,

w(m)=(14¢)" (4.1)

where ¢ is the non-zero element in H*(G), and rr = §(x=(1) — x-(—1)).
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Proof. To find w(r), it is enough to work with res$ = due to the detection Theorem 4.2.
We do this restriction in two steps. We first restrict = to the quaternion subgroup @ < G,

and then further from @) to Z. With notations from Section 3.1, we can write
FeSg T = mol @ mix1 ® maxe @ maxs ® ma(S(p))
where m; are non-negative integers. From the character table (3.1) of @), we can see that

resgxizlforizl,Z,B (4.2)
resgp =sgndsgn. .

Therefore, the further restriction of resg 7 to the center Z will be

res§ m = ress resg T = (mg + my + ma + mg3)1 & 4my(sgn).

By Proposition 2.14, we then obtain
w?(m) = (14 v)™ = (1+0")™,

with 4my = L(x+(1) — x(—1)). From the proof of Theorem 4.2, we have i}(¢) = v*

where iz is the inclusion of Z into GG. Therefore,

where 7 = my is the multiplicity of S(p) in res§ . O

From the proof above, it is clear that if an orthogonal representation 7 of G has
w(m) # 1, then res§ m must have S(p) as a component.

We now quote a result due to R. Gow, which helps in extracting more information

about the SWCs of irreducible orthogonal representations of SL(2, q).

Theorem 4.5 ( [13], Theorem 1). Let G = SL(2, q) with q odd. Let © be an irreducible
self-dual representation of G with central character w,. Then, the Frobenius-Schur Indi-

cator e(m) equals w,(—1).

We simply call this equality Gow’s formula.
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This leads to the following:

Corollary 4.4.1. Let 7 be an irreducible orthogonal representation of G. Then, its total
SWC w(m) = 1.

Proof. For m irreducible orthogonal, we have £(7) = 1 due to Equation (2.1). Therefore

r, = 0 for all such 7 by Gow’s formula:

]

Let 7 be an irreducible, non-orthogonal representation of G. Then, for the represen-

tation S(w) =7 @ 7", we have

1
TS(W) =3

/N

g s (1) = Xsm (—1))

= (1) — xx(- 1))
_ Xﬂf” (1—wil-1)).

Furthermore, for symplectic 7, it turns out to be

xo(1) _ deg(n)

: : (4.3)

Ts(r)y =

due to Gow’s formula.

Corollary 4.4.2. Let G = SL(2,q) with q odd. Then the image of w in (2.18) is
{1+e)"|nez}.

Proof. For q = 3, there exists a unique irreducible symplectic representation 7y of G with

degree 2. From Equation (4.3), we obtain 7g(zy) = 1, and so w(S(m)) = 1+ e.

When g > 3, there exist irreducible symplectic representations 7; and m of G of

degrees ¢ + 1 and g — 1 respectively. For convenience, we recall the construction of these
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principal series and cuspidal representations. Please refer to [9] and [5] for an explicit

description of all the irreducible representations of G.

Let T be the diagonal subgroup, isomorphic to Py x B, contained in the standard
Borel subgroup B of upper-triangular matrices of G = GL(2,q). When «, 3 are linear
characters of [, we will write X 3 for the corresponding linear character of T. Choose

a: Fr — C* satisfying

One can inflate @1 from 7T to B and then consider the usual complex parabolic induction
Ty 1= Indg(oz X 1). This is an irreducible principal series representation of G of degree
g+ 1.

We take m; = resg Tq. This restriction is self-dual and irreducible. By Gow’s formula,
m is symplectic.

Let 7, be an elliptic torus of C:', thus isomorphic to [quz. Let Z be the center and N

be the upper unitriangular subgroup of G. Choose a linear character x of T. such that

X #x X #L
x(=1) =—1.

We fix a nontrivial character ¢ of N, and define a linear character of ZN as Xo(2n) =

X(2)p(n). Set ) ]
Ty = Indg-N Xo — Indg X-

This is an irreducible, cuspidal representation of G of dimension ¢ — 1. When restricted

to (G, it remains irreducible.
Define 7y = res& 7. Again one sees that 7y is symplectic by Gow’s formula .

From Equation (4.3), we have

g+l _qg—1
TS(?U) - T 9 TS(’?TQ) - T

which are co-prime. So by Bézout’s Identity, there exist integers a,b such that
1 -1
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Therefore, there is a virtual representation 7 € RO(G) with 7, = 1 such that
w(m)=1+e.

Hence, the result follows from the multiplicativity for SWCs. O

It is already known from Theorem 4.2 that Hy(G) C Z/2Z[¢]. Here we make a

stronger statement:

Corollary 4.4.3. Let G = SL(2,q) with q odd. Then,
Hiw (G) = Z/2Z]¢].

Proof. For equality, we construct an orthogonal representation n of G such that wy(n) = e:
When ¢ > 3, we consider the irreducible symplectic representations 7y, ms of G from
Corollary 4.4.2. Let n = S(m) @ S(mg). It can easily seen that ryq. = r, + 1. for any
orthogonal m, 7/. Therefore, we have
+1 —1
q i q

Ty = Ts(esi) = o) F s = 5+ 5 =4

Since ¢ is odd, we have
wn)=1+e)=1+e+....

Therefore, wy(n) = e.

Moreover, we already have w,(S(m)) = e for ¢ = 3 which completes the proof. [

Recall that for 7w orthogonal with detw = 1, the mod 2 Euler class of 7 is the top

SWC wWeeg (7). Our next result provides a nonvanishing condition for the top SWC.

Corollary 4.4.4. Let w be an orthogonal representation of G. Then Weg () is non-zero

if and only if m(—1) = —1, meaning 7(—1) acts by the scalar —1.

Proof. We want to show that wgeg~(m) # 0 if and only if 7 = S(¢), where every irre-

ducible constituent ¢; of ¢ has central character satisfying w,, (—1) = —1.

We first assume m = S(¢) = Ewé S(p;) is such that w,, (—1) = —1 forall 1 <i <m.
i=1
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Clearly x-(1) = 2x,(1), and since X, (—1) = wy, (=L)X, (1) = =Xy, (1), we have
Xw<_1> - 22)(%01(_1)
i=1

=23 X, (1)

= —2x,(1).
This gives
= (1) = 1x(1)
T'e = 2Xt,0 - 4X7r .

Therefore we have w(r) = (1 4 ¢)3 97 implying
wdegﬂ(ﬂ-) = eidegr 7£ 0.

For the converse, suppose wqeg»(m) # 0. Being orthogonal, we can write 7 as
=D oD S(¢) D S(er)
i j k

such that each p; is irreducible orthogonal, whereas ¢;, ¢, are irreducible non-orthogonal
with wg, (—1) = 1 for each j, and w,, (—=1) = —1 for each k.
From Theorem 4.4 and Corollary 4.4.1, we obtain

w(r) = [[(1+¢)"7™*

k
=(1+ e)de%, where ¢ = P ¢
k

Now, the condition wgeg»(7) # 0 implies degm =4 - dc—zg‘ﬁ. Therefore,

Zdegpi+22deg¢j+22deggpk =2degyp
i j k

S degp; +2 dego; =0,
i J

which means p; and S(¢;) don’t appear in 7. Hence 7 = @ S(¢;), with each ¢; irreducible
and wy, (—1) = —1. O
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For 7 orthogonal, let ko be the least k > 0 such that wg(m) # 0. Then wy,(7) is

known as the obstruction class of m, following [10].

Corollary 4.4.5. Let m be an orthogonal representation of G. Put t = ords(r;). Then

the obstruction class of w is wyra(m) = ¢
Proof. By Theorem 4.4,

) (7)e’, 0<k=4i<degnm
Wp\T) =
0, otherwise.

A consequence of Lucas Theorem ( [8]) is: (’:) =0 (mod 2) for a < 2'. Thus ky > 4-2".

The result [10, Proposition 3] says that : For a non-negative integer n, ords(n) = k if

and only if (2%), ("), ce (2,31) are all even, but (5,2) is odd.

21

Therefore, (2’;) is odd, which means wy(m) # 0 for k = 4 -2, giving the corollary. [

4.2 Case of ¢ even

Let G = SL(2, q) with ¢ = 2" for this section. Consider its subgroup of upper unitrian-

gular matrices

1 b
N = tbelyp=(Fg,+).

0 1

It is easy to see that N is a Sylow 2-subgroup of G. Therefore N detects the mod 2
cohomology of G' due to Lemma 2.10.

4.2.1 Formulas for SWCs

The subgroup N is an elementary abelian 2-group of rank r. So by Section 2.3.3, the
mod 2 cohomology ring of N is

H*(N) = H(CY) = Z/2Z[vy, v, ..., 0.



50 4.2. Case of ¢ even

Let T" be the subgroup of diagonal matrices in G. That is
a 0
T = raelby o
0 a=!

N = {x: N — C* is a group homomorphism}.

Consider the set

This is in fact an abelian group, called the character group of N. More generally one
can have a character group of any abelian group.

The diagonal subgroup 7" acts on N via conjugation:

TxN-—=N
(t,x) = 'x
where "y : n — x(tnt™!) for all n € N.
The conjugation action of 7" on N is equivalent to the action of F on F, through

multiplication by squares. Since F; has odd order, this action is transitive on [, — {0}.

An isomorphism between [, and ?q then leads to:
Lemma 4.6. T acts transitively on the non-trivial linear characters of N.

From the Lemma, the T-orbits of N are: {1}, {x:x # 1}.
Let m be an orthogonal representation of G. In fact, all representations of G are

orthogonal by the main result in [25]. Now to find w(7), it is enough to work with
w(res§ ) € H*(N)
due to detection by N. Since 7 is T-invariant, so is res§ 7. Therefore, it is of the form

resﬁﬁ =01 mﬂ(@ X)
x#1 (4.4)

= (ly —mz)1l & myreg(N)

where £, m, are non-negative integers and reg(V) is the regular representation of N.
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Lemma 4.7. Let m be a non-trivial irreducible representation of G. Then, m, = 1.

Proof. For r > 2, it is known that G has no non-trivial normal subgroups. For non-trivial

7, we must have m, > 1 because ker(7) = 1 and N ¢ ker(w). Now from (4.4), we have
degm =l +m-(qg—1).

If m, > 1, then the sum ¢, + m,(q — 1) would be greater than the highest possible
degree for irreducible representations of GG, which is (¢ + 1). That gives a contradiction.
Hence, m, must be 1.

For r = 1, we have SL(2, 2) = S3 with only two non-trivial irreducible representations.
That is 7 is either the ‘sgn’ representation or the 2-dimensional standard representation

of S3. Here we can see from direct calculations that m, = 1. O

It follows that m, = dimg(V/VY), where V denotes the representation space of
and V& is the G-fixed vectors in V. Also it is the number of non-trivial irreducible

constituents in .

We now describe the SWCs of representations of G. Since N is a detecting subgroup,
we may and will identify w(7) with its image in H*(N).

1 1
Set ng = € N.

0 1

Theorem 4.8. Let g = 2". Let 7 be a representation of SL(2,q). Then, the total SWC of
TS

wm = I (1+v)",

veEH1(N)
with m, = %(Xﬂ(ﬂ) — X=(n0)).

Proof. The restriction res§ m, from (4.4), is of the form
res§ = (0 — my)1 @ myreg(N).

Since N = Hom(N, £1) and reg(N) = > X, we use the isomorphism between N and
xXEN
H'(N) to have

wireg(N)) = J[ (1+0).

vEHL(N)
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Again by the multiplicativity of SWCs, we obtain

w™ (1) = w(reg(N))™
:( H (1+v))mw.

veHL(N)

To get the character formula for m,, we have the following equations:

Xo(1) =0l + (2" — 1)m,

Xr(ng) = by — my.

Now, the result follows. O

The expansion of the product above is well-known. We have

r—1
[I t+v)=1+> d.(v) € H(N), (4.5)
veEHI(N) i=0
where d,;(v) are Dickson invariants in the generators {vy, v, ..., v} of polynomial al-

gebra H*(N). (We use shorthand d, ;(v) for d,;(vy,...,v,.).)

We digress for a moment to recount the theory of Dickson invariants for mod 2 spaces.
Let E be an [Fy-vector space. The ring of polynomials from E to Fy can be identified
with the symmetric algebra S[E"] on the dual space EVY. The linear group GL(E) acts
on S[EY] via the contragradient map. It is natural to look for the invariants under the

action.

Theorem 4.9 ( [27]). Suppose dim(E) = r. Then the ring of invariants S[EV]VE) is q
polynomial algebra generated by elements d,; called Dickson invariants, for 0 < i < r.

The polynomials {d,;} have degrees {2" — 2'}. Moreover,

r—1
I[10+v)=1+>d.; e S[E.
veEY =0

These invariants are described explicitly in terms of certain determinants. (See [27],
or [1, Chapter III] for instance.)

Let us illustrate with some examples. If E' = Fy, then S[E"Y] is a polynomial algebra
with only one generator v, that is S[EY] = Z/2Z[v]. Here we have d; o(v) = v, and the
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ring of invariants
S[EY|CUE) 2= 7 /27 [v) 1) = 7 /27 [v).

Theorem 4.8 for G = SL(2,2) and 7 # 1 irreducible gives
w(m)=14+v=1+do(v).

Next, suppose dim F = 2. Then S[E"] is a polynomial algebra with two generators,
say v1,vy such that S[EV] & 7Z/2Z[v,,v,]. Here the ring of invariants S[EY]GF) =~
Z/2Z vy, v5)8%32) is generated by

Theorem 4.8 says that: For G = SL(2,4), the total SWC of a non-trivial irreducible
representation 7 of G is
UJ(TI') =1 =+ ng(@) + dg’o(ﬁ).

r—1
Now we let d,.(v) = Y d,;(v) be the sum of Dickson invariants, so that we can
i=0

succinctly write
w(m) = (14 d.(v)".

Corollary 4.8.1. Let G = SL(2, ¢) with even ¢g. Then the image of w in (2.18) is
{(1+d.(v)" :n e Z}.
Proof. Let m be a non-trivial irreducible representation of G. Then, its total SWC is
w(m) =1+d,(v),

since m, = 1 from Lemma 4.7. With the virtual representation nm, we obtain
(14 d,(v))"™ in the image of w for each n € Z. O

The above proof also gives:

Corollary 4.8.2. Let G = SL(2, q) with ¢ = 2". Then,

Hiw(G) = 2/2Z[d, (D), . .., dyyr (D).
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We now describe the representations of SL(2, ¢) which have non-zero top SWC in the

case of ¢ even.

Corollary 4.8.3. Let G = SL(2,q) with ¢ = 2". Let 7 be a representation of G. Then,
Waeg»(m) # 0 if and only if 7 is cuspidal.

Proof. For trivial 7, it is obvious that wgeg»(7) = 0. Suppose 7 is non-trivial irreducible.
Then,

with deg(d, ;) = 2" — 2°. Therefore, wyeg»(7) # 0 if and only if degm = 2" —2° = ¢ — 1.

We know that only cuspidal irreducible representations of G' have degrees ¢ — 1.

m
Let us suppose m = @ m; with each 7 an irreducible cuspidal representation of G. We
i=1
have, degm = m(q — 1). From Theorem 4.8, we obtain

Waeg () = d(v) # 0.

Conversely, let 7 be a representation of G with wgeg () # 0. From Theorem 4.8, we
can deduce that the largest k& such that wg(m) # 0 is always m,(q — 1), where m, is the
number of non-trivial irreducible constituents of 7. Therefore, deg 7 must be m,(q — 1)
for wyeg »(m) # 0.

Suppose at least one of its irreducible constituents of 7 is not cuspidal. The other
possible degrees for such a constituent are 1, ¢ or (¢ + 1). Let a, b, ¢,d be the number of
constituents in 7 with degrees 1, (¢ — 1), ¢ and (¢ + 1) respectively. Then, the condition
degm = m,(q — 1) implies

a+blg—1)4cqg+dlg+1)=(b+c+d)(g—1)=mg(qg—1).

This gives a + 2d + ¢ = 0. Therefore the above condition holds only if b = m, and

a =c=d = 0. Hence, the result follows. O

Corollary 4.8.4. Let G = SL(2,q) with ¢ = 2". Let 7 be a representation of G. Put

s = ordy(m;). Then, the obstruction class of 7 is equal to wor+s-1(7) = d2,_;(0).
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Proof. From Theorem 4.8, we have

My M o
() = 32 (" )atto)
i=0
As in Corollary 4.4.5, we can say that (T;;f ) is the first odd binomial coefficient appearing

in the above sum. By expanding the term
m s, _ my s _ s
(57 ) @ = () s+ o,

we can deduce ("21;’ ) d?._,(v) has the least degree, which is (2"~' - 2%). Therefore, the

least k& > 0 such that wy(7) # 0 is 27771 as claimed. O






5)

Symplectic groups Sp(2n, q)

Let ¢ be an odd prime power. Let V' be a 2n-dimensional symplectic vector space over
[, with €2 a non-degenerate skew-symmetric bilinear form. Then the symplectic group

Sp(V') is defined as the group of F,-linear transformations of V' that preserve €.
Sp(V) = {g € GL(V) : Q(gv1, gva) = Q(vy1, v2) for all v, vy € V'}.

Being a symplectic space, V' possesses a symplectic basis. We can choose this basis to
be B ={ei,ea...,€n, frn, fn_1---,[1} so that the matrix for 2 with respect to B is

0 0 0o 1

0 0 -1 0
J =

0 1 0 0

-1 0 0 0

Upon fixing the basis, we can think of Sp(V') as the group of 2n x 2n symplectic
matrices over F, denoted by Sp(2n,¢). That is:

Sp(2n,q) = {A € GL(2n,q) : A'JA = J}.

57
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We have found the SWCs for SL(2,¢) in the previous chapter, which is the simplest
symplectic group with n = 1. Here we generalize its detection and SWC formula to all

symplectic groups Sp(2n, q) with n > 1.

5.1 Some Subgroups

Let ¢ be odd, and G = Sp(2n, q) from this point. Write ‘Id’ for the identity map. In this

section, we discuss some subgroups of G' which appear in the detection results.

5.1.1 The Direct product SL(2,¢)"

We begin by considering the subspaces H; of V' spanned by {e;, f;} for each 1 < i < n.
Then V has the orthogonal decomposition V' = [Fg" =H &...®H,. Also Sp(H;) is the
group of isometries of (H;, Q| g,).
We define .
X = () Stabg(H;),

i=1
where Stabg(H;) = {g € Sp(V) : g(H;) C H;} for each i. Consider the following

homomorphism by restriction:

res : X — Sp(H;) x Sp(Ha) X ... x Sp(H,)

g = (9l 9lHs - -5 9lH,)-

Suppose g € Sp(V') is such that g|g, = Id for each i. Then g must be the identity on V'
due to the decomposition V = @7, H;. This says the map ‘res’ is injective.
We can also see that ‘res’ is surjective as follows. Given (gi,...,9,) € Sp(Hy) X ... X

Sp(H,), we construct g € Sp(V') by defining it on v = hy + ...+ h,, € V as,

For every h; € H;, we have g(h;) = g;(h;) € H;. This implies g € Stabg(H;) for all i,
and therefore g € X.

This shows that res is a group isomorphism.
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Moreover, if we define
Xi=1{9€ X :g|g, =1d for all j # i},
then it is easy to see that X; = Sp(H;) for each 1 < i < n. Therefore,
X=X x...x X, =Sp(H;) x...xSp(H,).

In terms of our symplectic basis B, X is the subgroup of matrices in GG, all of whose

nonzero entries lie either on the diagonal or the antidiagonal. That is

O 0 0 0 0 O

0 0

0 0 U 0
X = 2x2

0 O g 0

0 0

O 0 0 0 0 O

Note that X is isomorphic to the direct product of n copies of SL(2, ).

5.1.2 Symmetric group 5,

Let W, W’ be the subspaces of V' defined as:

W = Span[Fq{€17€27 R 76n}7
W/ = Span[rq{flaf27 .. 7fn}

We can express V' as their direct sum (this sum is not orthogonal). Also both W, W' are

maximal isotropic, meaning Q|w = Q| = 0.
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We define
Y = Stabg(W) N Stab(;(W’).

Consider Q| xw : W x W' — [F,. Being non-degenerate, this map is a perfect pairing.
Therefore W is isomorphic to the dual space W*, which in turn gives GL(W') = GL(W™).
This leads to:

Given h € GL(WW), there is a unique A’ € GL(WW') defined via

Q(hw,w") = Qw, h'w') for all we W, v’ € W'

Let g = h@® h* € GL(V) where h* = (I/)~!. We can check that g € Sp(V) as follows.
Consider vy, vy € V. We can write v; = w; + w, such that w; € W and w, € W’. Then,

we have

Q(gvr, gv2) = Qg(wr +wh), g(wz + wj))

(hwy + h*wi, hwy + h*w))

(hwy, (') ~"ws) + Q(R))~'wy, hws)
(R~ hwy, wh) + Q(w), b~ hw,)
(
(
(

Wi, w;) + Q(w/b w2)

/ /
w1 + wy, wa + W)

|
DR R0 00D

Ul,U2>.

This shows g preserves 2. From the construction, it is also clear that ¢ € Y and is unique
for h € GL(W). Therefore, Y is isomorphic to GL(W). In particular, Y contains S, as

a subgroup.

Let ¢ be a permutation in Y, meaning o € S,, < GL(W). Since € is preserved by

o @ o*, we have
) 0, i F
Qoei, 0" f;) = Qe fi) = . :
(_1)Z+17 i :]

Clearly o(e;) = e,y for all e; € W. Also o*f; is an element of W' for each j because
o @ o* stabilizes both W, W".

Fix ¢ and let o* f; = i ek fr with ¢, € .
k=1
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Then, we have

n

<_1)i+1 = Q(Ueiv U*fl) - Q(ea(i)7 Z Ckfk)

k=1

= Ck z": Q(ea(i)7 fk)

k=1
= Coi) (_1)0(1‘)4-1 '

Similarly for each j # ¢, we can use the equality Q(oe;,c* f;) = 0 to finally have

which gives o* f; = (—1)"°W f, ;) for each 1 <i < n.

Putting all this together, we can say that ¢ permutes the subspaces H;:
o-H; = H,@; for all 4,

implying o - X = N, Stabg(H,q)) = X.
Let Z be the center of SL(2,¢), which is {+1}. Then, the n-fold product Z" is a
normal subgroup of X. It is implied that S,, acts on Z" by permuting and in fact .5,

normalizes Z" in G.

5.2 Detecting SWCs

Let K = SL(2,q) for this section. From above, there is a subgroup X of G = Sp(2n, q),

isomorphic to the n-fold product K™. So there are projections
pr,: K" > K ; 1<j<mn,
and by Kiinneth we have
H*(X) 2 Z)2Z[ey, ..., ¢,) ®z/07 Z/2Z[by, ..., b,]/(b7,...,02), (5.1)

where ¢; = pr(e) and b; = prj(b) with b, ¢ from Proposition 4.1.
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Moreover ¢; = wy(n;) for each j, where 7); are described as follows:

Consider the orthogonal representation n of K, from Corollary 4.4.3, with wy(n) = e.
We define

ny=mnopr; ; l<j=<n.

We can also write 7; as the external tensor product:

n=1K---XIXK n XIX---KI, (5.2)
~~
jth position

with 1 at jth position and 1 everywhere. This way we have w(n;) = prj(w(n)) from
Corollary 2.11.1. Therefore,

as claimed.

There is a known detection for G = Sp(2n, ¢) when ¢ is odd:

Lemma 5.1 ( [1], Chapter VII, Lemma 6.2). For odd q, the subgroup X detects the mod
2 cohomology of G.

Consider the center Z of SL(2, ¢). We have seen that Z™ is a subgroup of G normalized
by S,. From Section 2.3.3, the mod 2 cohomology of Z" is

H*(Z") =2 H*(C3) = Z/2Z]vy, . .., v,)].
We now have the following detection for SWCs of G:

Theorem 5.2. Let G = Sp(2n, q) with q odd. The subgroup Z" detects the SWCs of G.
More precisely,
iy o Hiw(G) < Z/2Z[v}, . .., vl

v n
where iz is the inclusion of Z™ into G.

The proof of this theorem requires a number of results. We begin a lemma:

Lemma 5.3. Let K = SL(2, q) with q odd. Let k =0 (mod 4). Then, the Steenod square
Sq*(x) = 0 for each x € H*(K x K).
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Proof. The description of cohomology in (5.1) gives
H"(K x K) C Z/2Z]ey, ¢5) for all k =0 (mod 4).
From [7, Chapter VI, Proposition 5.7], whenever i Z 0 (mod 4), we have
Sq‘(e) = 0 in H*(K).
Then from the naturality of Steenrod operations, we obtain
Sq'(e;) = Sqi(pr; ¢)

= prj(Sq’e)
—0

fori=1,2,3 and 7 = 1,2. Now by the repeated application of Cartan’s formula, we can
see that
Sq’(efes) =0

for any monomial e§e, € Z/2Z[eq, ¢2]. Therefore,
Sq?(z) = 0 for any © € Z/2Z[ey, ¢5],
and the result follows. O

Proposition 5.4. Let K = SL(2,q) with q odd. We have

Hiw(K x K) =7Z/27]ey, ¢s].

Proof. Let m be an orthogonal representation of K x K. Again we begin by observing
from (5.1) that
H*(K x K) = {0} for all k =1 (mod 4).

It is then enough to establish that wy(7m) = 0 whenever k£ = 2,3 (mod 4).

Let m = 2 (mod 4). We use Wu formula from Proposition 2.15 with ¢ = 2, j = m — 2
such that ¢ + 7 = m.
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This gives

m— 3

sa?(un-2(m) = (" Jurmham-a()+ (" Hmwasm) + ("5 (e

where we have second equality because H'(K x K) = {0} for i = 1,2. Also Mﬁ is
odd for m = 2 (mod 4), and Sq*(w,,_2(7)) = 0 due to Lemma 5.3. Therefore,

Wy () = 0 for all m = 2 (mod 4).

Let m’ = 3 (mod 4). We use Wu formula with ¢ = 1, 7 = m/ — 1 such that i+ j = m/

and as in the proof of Theorem 4.2, we obtain
Wy () = 0 for m’ = 3 (mod 4).

Therefore, the non-zero SWCs of an orthogonal representation of K x K lie only in the

degrees divisible by 4, which implies
Hiw (K x K) CZ/2Z][eq, ¢3].

For the equality, we have representations n;,7ms of K x K with wy(1m;) = ¢; and

'LU4(T}2) = ¢9. L]

We can generalize the above result to:

Theorem 5.5. Let K = SL(2, q) with q odd. Then we have
Hiw(K™) = Z)2Z]eyq, . .., ¢,).

Proof. Since SWCs are multiplicative, it is enough to show that the SWCs of all OIRs
of K™ lie in the subalgebra Z/2Z[ey, ..., ¢,]. We have the description of OIRs of a direct
product in Section 2.1.2.

We begin with p = o1 X - - X ¢, irreducible non-orthogonal. Then an OIR of K™ is:

S(p) =S(p1 W Kpy,).
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By Proposition 2.16, we have

= r(c(pr B -+ R py)).

From (2.21), we can infer that ¢(p; X--- X, ) is a polynomial P in the Chern classes of

P1y- -, Pn. Since k is a ring homomorphism, we then obtain

w(S(p)) = k(P(er(pr), - CdOg@l(Sol)u csei(en), - 7Cd0gs0n(§0n>>>
(5(01(901)% , K(Cdeg o1 (91)); - K(c1(@n), - - -, F(Cdeg oo ()
(w2 (S(1)); - - - Waeg s(1) (S(#1)), - s w2 (S (), - - - s Waeg 5(0n) (S (),

where each S(g;) is an orthogonal representation of K.

In the last equality above, we understand wy(S(¢1)) € H*(K™) by thinking it as
pri(we(S(¢1))), wa(S(p2)) as pri(ws(S(p2))) and so on. Here prf are maps on cohomol-
ogy induced by the projections pr; : K" — K.

Therefore it follows from Theorem 4.2 that

w(S(p)) € Z/2Z]eq, . .., ¢,

Next we consider an irreducible orthogonal representation of K™ of the form
r=m X XK,

where each m; is irreducible orthogonal. Again from Theorem 4.2, we have w(m;) €
Z/27]e] for each i. Now Proposition 2.11 expresses w(7) as a certain polynomial in the
SWCs of mq,...,m,. This leads to

w(m) € Z)2Z]ey, . .., e,
Now we take another irreducible orthogonal representation of K™ which has the form
w:wl|XWQ|E"'|EWQT_1&WQT&WQT_H&”'&TF”, (53)

where @y, ..., @y, are symplectic with » > 0 and my,41, ..., T, are orthogonal.
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We think

(wl Xl WQ), ceey (w2r—l & er)

as the representations of K x K. Each one is orthogonal.

By Proposition 5.4, we have
w(wyj_1 Wwoy;) € Z/2Z[ey, ¢5] forall 1 <j <.
Also each 7; is an irreducible orthogonal representation of K. So,
w(m;) € Z/2Z]e] for all 2r < j < n.

This way w is an external tensor product of (n — r) orthogonal representations and

therefore we apply Proposition 2.11 to obtain
w(w) € Z/2Z][ey,. .., ¢,).

In a more general setting, let ¢» = X" ;1); be an irreducible orthogonal representation
of K™ with 2r > 0 symplectic representations in the multiset {t1,%s,...,%,}. Then
there exists an element o € S,, such that v = ¢ - @, where the action is by permuting,

and w is of the form (5.3). This gives

w() = w(o - @) = 0" (w(w)),

Since ¢; = wy(n;) for representations n; of K™ defined in (5.2) and o - n; = 17,-1(;),

we have
O'*(ej) = 20—1(j).

Thus, o* maps Z/27[eq, ¢, . .., ¢,] into itself, implying
w() € Z/2Z]eq,eq, ..., ey).

This proves that the result holds for all OIRs of K™ and therefore, for all orthogonal
representations of K. The equality is due to 7;’s. ]

Now we are ready to prove our main detection theorem.
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Proof of Theorem 5.2. Let ik is the inclusion of K™ into G (by identifying K™ with the
subgroup X of ). The naturality of SWCs with Lemma 5.1 gives

ix + Hiw(G) — Hgw(K").
Now we consider the inclusion iz i : Z" < K™ which induces
i}yK:H*(K”)%H*(Z”) =7/272[vq,. .., 0. (5.4)

By Theorem 5.5, we have Hgw(K™) = Z/2Z]e,...,¢,], and we are interested in the
restriction of i% j to this subalgebra.

For each 1 < j < n, we have the following commutative diagram:

¢ HYK) —— H%(Z) vt
pr;‘l hpr;
¢, HYK™) 2% HYZ7) vl

The maps pr} are induced by the projections, and the top isomorphism is from the proof

of Theorem 4.2. By following the diagram, we obtain
i xc(e) =vj foreach 1 < j <n

which leads to the isomorphism:

-k
lz K

V22, el 52220, .. Y. (5.5)

Hgy (K™

(5.4) and (5.5) together give a sequence of inclusions:
Hiw(G) = Hgw(K™) — Z/2Z[vy, ... v,] € H*(Z")

implying Z" detects SWCs of G.
Consider S,, < Ng(Z"). From (2.14), we have i%( Hiw (G)) € H*(Z™)5" which implies

i Hiw(G) <= Z/2Z7[v%, ... vi]n. 0

r n
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Let m be an orthogonal representation of G = Sp(2n,q). To calculate w(r), it is
enough to work with 7|z» due to the detection above. Also being a G-representation, 7

is Sp-invariant, and then so will be 7|z». We, therefore, ask the following:
Question. What are the SWCs of S,-invariant representations of C'37?
This has been answered in [11]. Their methodology involves the theory of superchar-

acters, introduced by Isaacs and Diaconis in [6]. We take a digression to talk about this

in the next section.

5.3 A Supercharacter Theory

Let H be a finite group. For h € H, write [h] for its conjugacy class. Write C(H) for
the set of all the conjugacy classes in H, and Irr(H) for the set of isomorphism classes

of irreducible characters of H.

Let Aut(H) be the group of automorphisms, and A be its subgroup. There is a usual
action of A on C(H). For « € A, h € H, we have

A x C(H) = C(H)
(a, [R]) = [a(h)].

The group A also acts on Irr(H) as follows. With a € A, y € Trr(H), we have

AxIrr(H) — Irr(H)

(o, x) = X~

where x® : h — x(a"'(h)). More generally, A acts on the space of complex-valued class

functions of H with the same action.

The following is known due to Brauer:

Lemma 5.6 ( [16], Cor. 6.33). The number of orbits for the action of A on the sets C(H)
and Irr(H) is equal.

Say this number is n. We write ©y,...,©, for the A-orbits in Irr(H), and
Oa(h1),...,04(hy) for the A-orbits in C(H), where h; are the representatives. We
call O4(h;) A-conjugacy classes of H.
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We have a particular interest in H = C3. So, let H be abelian as we move forward.
Set

Xi= Y x ; 1<i<n.
XEO;

Let ¢ be an A-invariant character of H. Then for each i, every irreducible character y

in ©; must have the same multiplicity in (. This means ( is of the form
(= Z M X
i=1

where m; are non-negative integers.
Let (, ) be the standard inner product on the space of complex-valued class functions

of H. For (,({’ A-invariant characters of H, we have

ho L
€ =1

B 1
[,

> C(h)¢(R)

heH

S 10A(R:)|C(h) (hy).

€H/A

In particular,
0 i#j
(Xis x5) = o
|O;| i=j.
This is because the characters x; and x; have no irreducible component in common when

i # 7. Whereas for i = j, each y € ©; contributes 1 to the inner product (x;, xi):

O = (22 % 2 x)

XE€O;  XxE€O;

= > (6

X€EO;
=> 1
X€O;

Therefore the set {x; : 1 < i < n} forms an orthogonal basis for the space of A-
invariant class functions of H. We call x; A-irreducible characters of H.

In fact, one can form a “character table type” matrix with A-irreducible characters
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X: and representatives h; of A-conjugacy classes of H.
Let M be the n x n matrix whose (i, j)-entry is x;(h;) for all 1 <4i,j < n. It can be
depicted as the following table:

} hy ho . hy,
X1 x1(h1) x1(ha2) o x1(hn)
X2 x2(h1) x2(h2) cee x2(hn)
Xn Xn(hl) Xn<h2> e Xn<hn)

Table 5.1: Table for A-irreducible characters of H

We now prove its invertibility:

Proposition 5.7. The matriz M is invertible with

| det(M)] = |H|""

Proof. Set u, = [Oath)l £ each 1 < k < n. We apply the following row operations on

k= ]
the matrix M?:

Ry = Ry 5 1<k<n
to get a new matrix
mxi(h) oo paXa(ha)
N =
,unj(l(hn> ce ,unj(n<hn)

Basically N = uM", where p = diag(p, - - -, ftn)-
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Now, the (i, 7)-entry of M N is:

(MN)i; = ‘é‘ zn: | Oa(he) [xi (P )X ()
k=1
= (X X5)
0 i FJ
O] 1=
Let © =diag(|©4],...,]|O,]). Then we write

MN = MuM' = O.

Since the determinant is multiplicative and det(M?) = det(M), we obtain

11 |94
| det(M)[? = |H|"—=—o
{1 | Oa(hy)|

J
thereby completing the proof. ]

Remark. The above orbit decompositions {©; : 1 < i < n} of Irr(H) and {O4(h;) :
1 <j <n}of C(H) is a non-trivial “supercharacter theory” for H. (See [6] for details.)
Generally, these A-orbits in C(H) are known as superclasses, and the functions y; =
>yveo, X(1)x as supercharacters.

We use this example of supercharacter theory with H = CJ to calculate the SWCs

of its S,-invariant representations.

5.3.1 SWCs of S,-invariant Representations of C¥

Let H = C¥ with Cy = {+1}. Let A = §,,, the symmetric group which acts on H by
permuting. For an abelian group, the conjugacy classes are singleton sets. So C(H) = H.

We consider
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It is easy to see that under the action of A, there are (n + 1) orbits in H with dj as the

representatives.

Again since H is abelian, all its irreducible characters are linear, and Irr(H) is the
character group H. (We therefore use the words “characters” and “representations”

synonymously for C3 without creating any confusion.)

To understand the A-action on H, we first list the linear characters of H (with

notations from Section 2.3.3).

Let X, be the set of binary vectors & = (x1, o, ..., x,) € {0,1}" of length n. To each

T € X, we associate a linear character sgn; = X! , sgn®. We have

1=

H = {sgn,: T e X,}
Let By, ={Z = (21,...,2,) : T € X,,, i x; = k}. Then the A-orbits in H are:
i=1

O ={sgn; : 7€ Brn}t ; 0<k<n.

This makes

or= @ sgn; ; 0<k<n (5.6)

ZEBy

the A-irreducible representations of H. We now find w(oy,).

Again from Section 2.3.3, we have
H*(H)=27/2Z|vy, ... v,

where v; = wy(8gng..010..0) With 1 at the ith position in (0,...,0,1,0,...,0) € By ,.

)

Consider a linear character sgn; where ¥ € By, ,, with 1 at positions 1,79, ..., %. It is

straightforward from Proposition 2.11 that

w(sgng) =14 v, + v, + ...+ v;,.

Obviously w(og) = w(1) = 1. Otherwise by the multiplicativity of SWCs, we have

wopy) =[] Q4w +o,+...4+v) ;3 1<k<n,

1<i1<...<ip<n
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Let ¢ be an S,,-invariant representation of H. We can write it as:
n
p = P mroy (5.7)
k=0

where my are non-negative integers. Then we obtain

w() = [T wlow)™

n

H H (1+U11+U12++’U,Lk)> k.

k=1 <1§i1<...<ik§n

x>
—_

Moreover, we have the matrix equation:

X (do) Xoo(do)  Xoy(do) -+ Xon(do) | | ™m0

Xe(d) || Xoo(d1)  Xe(di) -+ Xou(di) | [

X@(dn) Xoo (dn) Xor(dn) -+ Xon(dn) My
Call 1t 57

where the matrix S is invertible by Proposition 5.7. Therefore, we can write the coeffi-

cients my, in terms of character values x.(d;) by inverting S.

In fact, there is a nice description of these coefficients in [11, Propositions 2-3]. All

this has been summed up as the following proposition:

Proposition 5.8 ( [11]). Let ¢ be an S, -invariant representation of C¥ as in (5.7). Then,

we have
n mp
w(e) = I ( 11 (1+U~f)) ,
k=1 “ZEBk.n
where U - T = f: vix; 18 the dot product of U= (vy,vq,...,v,) with T = (z1,...,x,) and

-
Il
—

1 n
my = on Z XUi(dk)Xso(di)'
i=0

In addition, the character value X,,(dy) is the coefficient of y' in the expression
(1 —y*L+y"*
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5.4 SWCs of Representations of Sp(2n, q)

Let G = Sp(2n,q), and 7 be an orthogonal representation of G. To find w(7), we work
with
w(r|gn) € Z2/22[v},. .., vi]5"

r n

due to the detection in Theorem 5.2. Being S,-invariant, m|z» has its total SWC de-
scribed by Proposition 5.8. But we can say more about the exponents m; appearing in

w(m|zn) because m|zn is coming from a representation of the bigger group G.

We begin with the quaternion subgroup @ < SL(2, ¢) from the proof of Theorem 4.2.
Clearly Z is also the center of ). We then have a sequence of inclusions (with appropriate

identifications):
Z" — Q" — SL(2,q)" — G.

(Here we have identified SL(2, ¢)" with the subgroup X of G and Z™ with the subgroup
of diagonal matrices in G which have 1 or —1 on the diagonal.)

Since Z™ detects SWCs of GG, we can infer that Q)™ also detects the SWCs of GG. Let’s
now spend some time discussing Q™ and its representations, which can help to improve
the SWCs for G.

An irreducible representation ¢ of Q™ has the form

62 ¢ K- Ko, (5.8)

where each ¢; is an irreducible representation of ().

Recall from Section 3.1 that ) has five irreducible representations: 1, x1, X2, X3, 9-

Lemma 5.9. Let ¢ be an irreducible representation of Q™ as above. Suppose r = #{i :

¢; = p}t. Then, ¢ is orthogonal if and only if r is even.

Proof. Consider the Frobenius-Schur indicator €(¢). Since p is symplectic and 1, x1, X2, X3

are all orthogonal, we have

e(p) = e(d1)e(92) - - - (dn)
= (-1

from Equations (2.1) and (2.8). Therefore, (¢) = 1 if and only if r is even. O
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Lemma 5.10. Let o be an orthogonal representation of Q™. Let 6 be a non-trivial linear

character of Z™. Then, the multiplicity of 6 in g|z» is divisible by 4.

We write m(6, o|z») for the multiplicity of  in g|zn.

Proof. Let ¢ be an irreducible representation of Q"; it has the form (5.8). We now
consider the multiset F'(¢) = {¢1, da,. .., dn}.

Suppose p has muliplicity r in F(¢) and it appears at iy, i, ..., positions in the
tensor representation ¢. If r = 0, then ¢ restricts to the trivial representation of Z" due
to Equation (4.2). We thus take r > 0.

Now the restriction ¢|zn» is a non-trivial linear character 6, with multiplicity 2":

Plzn =270,

where 04 is the n-external tensor product

Op=1K sgn X---K sgn X---1
~~ ~~

ithposition ithposition
with
sgn  at positions i1, ..., 1%,
1 everywhere else.

This means m(fy, ¢|zn) = 2.
If ¢ is irreducible orthogonal, then r is even by Lemma 5.9 and therefore 4 divides

m(0y, ¢|zn). Whereas if ¢ is irreducible symplectic, then S(¢) is an OIR of Q™ and

m(0p, S()|zn) = 2" +2" =2,

which is again divisible by 4 for » > 0. Therefore the result holds for OIRs of Q™.

Consider an orthogonal representation p of ™. It will be of the form
0= EPbjo;.
J

where b; are non-negative integers and each p; is an OIR of Q™ such that g;|z» is a
non-trivial character 6,, of Z" with multiplicity £;. Also from above, it follows that 4|¢;

for all j. Therefore m(6,,, o|z») = b;l; is divisible by 4. This proves our claim. O
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Let m be an orthogonal representation of G. Clearly res$, m = resgz resgn m and is

Sp-invariant. Therefore the description (5.7) and Lemma 5.10 provide
™ ‘ n = @ mrop
k=0

where oy are given by Equation (5.6) and all my, are divisible by 4.
We can now obtain w(m) as its image in H*(X) with the help of Proposition 5.8 (for
© = T|zn) and by identifying v} € H*(Z™) with ¢; € H*(X) for i = 1,2,...,n:

Theorem 5.11. Let G = Sp(2n, q) with q odd. Let w be as above. Then the total SWC

of ™ is
x n Lo my /4
o =11 ( I a+¢9)
k=1 fEBkm
where € - T = i e;z; 1is the dot product of € = (eq,...,¢,) with & = (x1,...,z,) and my

=1
are described in Proposition 5.8.

5.4.1 Application of Gow’s Formula

Write 1 for the identity matrix. The Gow’s formula in Theorem 4.5 generally holds for
all symplectic groups G = Sp(2n, ¢) with ¢ odd. That is:

Theorem 5.12 ( [13], Theorem 1). Let G = Sp(2n, q) with q odd. Let 7 be an irreducible

self-dual representation of G- with central character w,. Then, we have
g(m) = we(—1). (5.9)

In other words, 7 is orthogonal if and only if —1 € ker(mw).

It means
Xﬂ(ﬂ) = Xﬂ(_]1>

for irreducible orthogonal 7 of G. This is same as x»(do) = xx(dy), in the notations from
Section 5.3.1, which leads to
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The exponents my, in Proposition 5.8 are given in terms of these character values x,(d;).
Here we use the above equalities to have a more refined expression for my. This simplifies
the SWC formula for the irreducible orthogonal representations of G.

We begin with the following:

Definition 5.13. Let f be a polynomial of degree n with f(0) # 0. We define the reverse
of f to be the function

fly)=y"f(1/y).

We say [ is symmetric if f = f, and anti-symmetric if f = —F.

Write [f]; for the coefficient of 4" in f(y). For each 0 <14 < n, it is clear that

s = [fli,  f is symmetric,

—[fli, [ is anti- symmetric.

Example 1. The polynomial f(y) = (14 y)" is symmetric:

f(y) =y"(1+1/y)"
=W+ 1" = f(y)

Example 2. Let g(y) = (1 — y)™. Then,

g1 /y) =y (1 = 1/y)"
=@-1"
= (=1)"g(y).

Therefore g(y) is symmetric when m is even and anti-symmetric when m is odd.

Example 3. Let f,g be both symmetric polynomials with degrees n, m respectively.

Then, f - g is also symmetric:
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Similarly, the product of a symmetric and anti-symmetric polynomial is anti-symmetric.

Let my, di be as in Proposition 5.8. We have:

Lemma 5.14. Let ¢ be an S, -invariant representation of C3 such that x,(d;) = X (dn—;)
for all 0 < i <mn. Then, we have

0 when k is odd

1 5
my — J gn1 > Xoi(dr) X, (d;) when k is even, n is odd

k= =0

n_2

2 1
F;Xm(dk)x@(di) + 27()(0% (dk)xw(dg» when k,n both are even
for1 <k <n.

Proof. For each k, let fi.(y) = (1 —y)*(1 +y)"*. From Proposition 5.8, note that
[feli = Xou(di) 5 0<i<n.
By the above examples, f; is anti-symmetric when k is odd, otherwise symmetric. This
implies
fidns = (D [fils 5 0<i<n

which is is same as

Xow o(dx) = (=1)"Xoi(dr) 5 0<i<n. (5.11)

Let n be even. We have

1=0 i:nTH
1 N
= o (22 X () Xold) + Xorg ()Xo () + D X, ()X (i)
i=0 i=0

This last equality is by replacing ¢ by n — ¢ in the second summation. Moreover the
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middle term is zero when k is odd. This is because the coefficients [fi]» = 0 for odd k.

We now use the hypothesis and (5.11) to get

n—2 n—2

1,2 «
= gl 2 X (o) g () lg) + (1) 2 X () ()

=0
0 for odd k
- 1 % 1

2
5t 2 Xou ()Xo () + o (g (A1) xp(d3))  for even k.

When n is odd, we can again decompose the summation formula for my into two parts

as above. There is no middle term involving % in this case. We do the same calculations

to have
0 for odd k
on—1 > Xoi(di)xp(di)  for even k
i=0
as desired. -

This lemma simplifies Theorem 5.11 when 7 is irreducible orthogonal:

Corollary 5.11.1. Let q be odd. Let m be an irreducible orthogonal representation of
Sp(2n,q). Then the total SWC of m is

n my /4
w¥ () = ( H(l—l—e:v)
k=1 wEBkm
where
0 when k is odd
L o
My = { g1 EO Xo, (i) Xr(d;) when k is even, n is odd
1 5 1
> Xo; (di) X (d;) + f<xgﬁ (dk)xw(da)) when k,n both are even.
2n—1 i=0 7 277, 5 P)

5.4.2 Some Examples

We illustrate our results for Sp(2n,¢) with n = 1,2, 3.
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Example 1. Let G = Sp(2,q).

Let m be an orthogonal representation of G. Theorem 5.11 applied for n = 1 gives the
total SWC of m:
w(m) = (1+ ¢/

where my can be expressed in terms of character values at +1 as follows. Use Proposition
5.8 with k =1, dy = 1, d; = —1 and ¢ = 7|z to obtain

(XUO(_]]‘)Xﬂ'(I]‘) * Xou (_H)XW(_H))

(x(1) = x(=1)).

my =

N[N —

The second equality is because x4, (—1) is the constant term and x,, (—1) is the coefficient
of y in the polynomial (1 — y).

Moreover when 7 is irreducible orthogonal, m; = 0 by Corollary 5.11.1.

With r, = m; /4, this description of w(7) is consistent with our previous Theorem
4.4 and its Corollary 4.4.1 about the SWCs of representations of SL(2, ¢q).

Example 2. Let G = Sp(4, q).

With n = 2 in Theorem 5.11, the total SWC of an orthogonal representation 7 of G is:

X . m1/4 . ma/4

w (7?):( H(1+e-f)) ( H(1+e-f)>
fGBLQ i“GBQ’Q

ma/4

= ((1 +e)(1+ e2)>m1/4(1 + e+ e2>

where my, mo can be described using Proposition 5.8 as follows.
Write 1 for the identity matrix in SL(2, ¢). We understand Z? sits inside the subgroup
X (= SL(2,9)*) of G as depicted in Section 5.1.1. This way d; are certain diagonal

elements of G. We have

do=(1,1) =1,
dy = (_17 1) = dlag(la -1,-1, 1)7
dy = (~1,-1) = —1.
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Now to get the character values x,,(dy), we expand the polynomials (1 — y)*(1 + y)*=*
for k = 1,2 and look at the coefficients of y°.

k=1: (1—y)(1+y)=1+0y—1y>= Xoo(d1) + Xo1 (d1)y + Xon (d1)y,

k=2: (1—9)?=1=2y+y" = X0y (d2) + Xo (d2)y + Xo» (d2)y*.
We obtain
= (X () (0) + Xor ()X () + o () ()
= 1 (xx(1) = x=(~D)), and

1

ma = 1 (X (62) X () + e (62) X () + X (o) xx(d2))

1

= Z<XW(1) — 2Xx(d1) + X”(_l))'

Therefore we have a formula for the SWCs of Sp(4,¢) in terms of character values at
diagonal involutions.
Furthermore when 7 is irreducible orthogonal, Corollary 5.11.1 (which is a result of

Gow’s formula) leads to the simplification:

ma /4
wX () = (1 +e + eg>

where

1

mg = 5()(#(1) - Xﬂ(dl))'

Example 3. Let G = Sp(6,q).

Once more we apply Theorem 5.11 for n = 3 to have the total SWC of an orthogonal

representation 7 of G:

. my/4 . ma /4 . ma/4
wX(W):( H(1+e~f)> ( H(1+e-f)> ( H(1+e-i:’)>
ZeB1 3 ZeBs 3 ZeB33
mg/4

((1 +e1)(1+e)(1+ 63))m1/4< IT Q+e+ ej))m2/4((1 +e + e+ e3)> :

1<i<j<3
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where my, mo, m3 are described using Proposition 5.8 as follows.
Again 1 is the identity matrix in SL(2,¢) and by viewing Z3 as a subgroup of G as

shown in Section 5.1.1, we have

do=(1,1,1) = 1,

di = (—1,1,1) = diag(1,1,-1,—1,1,1),

dy = (—1,-1,1) = diag(1, —1,—-1,—1,—1,1),
dy = (-1,-1,—-1) = —1.

We obtain the character values Yo, (dy) by expanding the polynomials (1 —y)*(1 +y)*>~*
for k =1,2,3:
3 .
k=1: 1-9)0+y)’=14y—9y* == xXo(d)y’
i=0

3
k=2 (1-9)?A+y)=1-y—* 4+ = xoi(do)y'

=0

3
E=3: 1-y*Q+y)°=1-3y+3" -y’ = xu(ds)y’.

1=0

We replace y* by x,(d;) in the above summations and divide by 23 to finally have

s = 5 (1) x(dh) = xelds) = xe(1),
= 5 (n(1) = Xeleh) = xo(da) + xs(~1),
s = ¢ (e(1) = Bxeldh) + Bxalds) — xo(~1).

This completes the calculations for Sp(6,¢q). Once again the application of Gow’s

formula through Corollary 5.11.1 allows simplification for irreducible orthogonal :
ma/4
wX (1) = < II Q+e+ ej)) ,
1<i<;j<3

where

Mo = i(XW(l) - XW(d1>>'



Special Linear Groups SL(2n + 1, q)

Let p be an odd prime and ¢ = p". Let n be a positive integer, and G = SL(2n + 1, q)
throughout. In this chapter, we compute the SWCs of orthogonal representations of these

special linear groups in terms of character values at diagonal involutions.

6.1 Detection

As usual, we first find a detecting subgroup for G. We do this through a famous result
of Quillen [23, Theorem 3| saying: The mod 2 cohomology of GL(n, q) is detected by its

diagonal subgroup, when ¢ is odd.

Isomorphic to the general linear group GL(2n, ¢), we consider the following subgroup

of G:
A 0
: A e GL(2n,q) ;.

0  det(A)™!

Let T be the diagonal subgroup of GL(2n,q). When viewed as a subgroup of G, the

83



84 6.1. Detection

elements of 7" have the form

a ... 0 0

— (ay,a9,...,a9,) € ([F;)Q”.
0 oo Q9n 0
0O ... O aflagl...agnl

Let W = Ng(T')/Cq(T) be the Weyl group of G. We now have the following detection:

Lemma 6.1. Let G = SL(2n+1, q) with q odd. Let it be the inclusion of T into G. Then
the restriction map

it H*(G) — H*(T)V
1S injective.
Proof. We observe that

|SL(2n+1,q)| (@ =) (P —q) . (P =)

|GL2n,q)]  (¢—D( =)@ —q)...(¢*" — ¢ ")
="+ g+ +.. .+
= 1 (mod 2) for odd gq.

This is GL(2n, ¢) has an odd index in G. A subgroup with odd index in a group contains
a Sylow 2-subgroup. Thus GL(2n, ¢) detects the mod 2 cohomology of G by Lemma 2.10.
By combining this with [23, Theorem 3], we have the injectivity of 4.

i HY(G) — H*(GL(2n,q)) — H*(T).

Moreover the conjugation by g € Ng(T) induces an action on H*(T). From (2.14), we
understand that the image of 4} is invariant under this action. In fact, the action is
trivial if g € C(T'). Therefore,

Im(i%) € H*(T)V.
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Remark. The above argument fails for SL(n,q) when n or ¢ is even. This is because
| SL(n, q)|/| GL(n —1, q)| becomes even, and therefore we don’t have such a detection for
these cases.

We have, in fact, a stronger detection for G. Let T[2] be the subgroup of G consisting
of diagonal matrices with 1 or —1 on the diagonal. This subgroup is isomorphic to C2"

and turns out to be a detecting subgroup for SWCs of G. We prove this below.

6.1.1 When ¢ =3 (mod4)

T[2] is the Sylow 2-subgroup of 7" when ¢ = 3 (mod 4). Again by Lemma 2.10, T[2]
detects the mod 2 cohomology of T'. Therefore by a sequence of inclusions, H*(G) is
detected by T'[2] in this case:

i - H*(G) = H*(T[2)"Y, (6.1)

where ippy is the inclusion of T'[2] into G.

6.1.2 When ¢ =1 (mod4)

Consider the detecting subgroup T of G, which is isomorphic to Cqul.
Set ¢ — 1 = m. We use the notations from Section 2.3.3: Let g be the generator of the

cyclic group C,,, and 1, be the linear character with 1,(g) = e . Write ‘Sgn’ for the
linear character of (), of order 2. One has resg;" e = sgn, where ‘sgn’ is the non-trivial

linear character of C.

Let x; be the vector (0,...0,1,0...,0) of length 2n with 1 at the ith position. For
each 1 <i < 2n, we define

Sgn,, =1X---K1K Sgn X-.-KI,
—~—
ith position
Uy, =1 - KIK ¢y XK..-X1.
—~~

ith position

We note T = (1h) X (1) X ... x (1),) is the character group of T, and generally write

2n
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Viriaoion = ()71 B .. K (h4)2 for the elements of T. Now one has
H*(T> = Z/QZ[Sl, Cey SZnatla . ,tgn]/(S%, S%, . 75371)7

where s; = w;(Sgn,,) and t; = wa(S(¢y,)) for each i.

Similarly, we define

sgn,, =1K---K1IK sgn K.--K1 , 1<i<2n
th posti
1 position

such that
H*<T[2]) = Z/zz[vlu V2, ..., V2nl,

with v; = wi (sgn,,) for each .

We now prove the detection:

Proposition 6.2. Let G = SL(2n + 1,q) with ¢ = 1 (mod 4). The subgroup T[2] detects
SWCs of G.

Proof. Let m be an orthogonal representation of G. One has det(7) = 1 due to the
perfectness of G. Now by thinking of 7 as an extension of a representation of GL(2n, q)

to G, we can apply [11, Theorem 1] to obtain
w(resE m) =14 P(ty,. .. to),
where P is a polynomial in ¢q,...,ts,. This means
iy Hyw(G) = Z )22t ta, . . ., tay)].

Further we consider the restriction map from H*(7T) to H*(7T'[2]). This is an injection
on the subalgebra Z/27[ty, ..., ta,] as follows. Since

resry S (i) = sgn,, Ssgn,,,
we understand ¢; maps to v? for each i due to the naturality of SWCs. Therefore,
it Haw(G) = 222ty ty, .. ton) = Z/2Z[0%,...,v3,] C H*(T[2])

completing the proof. n
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Let ¢ be odd, and 7 be an orthogonal representation of G = SL(2n + 1,¢). To find
w(7), it is enough to work with 7|7y due to the detection above. Moreover being a G-
representation, m is W-invariant and then so is 7|rpy. We, therefore, focus our attention

on the W-invariant representations of 77[2].

6.2 W-invariant representations of 7'[2]

As usual G = SL(2n + 1,q). The group T'[2] is isomorphic to C2"; we thus follow the

notations from Section 5.3.1. Consider the character group

—

T[2] = {sgn;: 7 € Xa,},

and the Weyl group W of G, isomorphic to the symmetric group Ss,.1. There is an

—

action of W on T'[2] via conjugation:

—_

W x T[2] — T[2]

(6.2)
(w, x) = “x
where “y sends t to wtw ™.
Consider the following subgroup of C3"*':
H = {(a1,as,...,a0,,a; ay" .. .ay) s a; € Cy ¥ i} = CI". (6.3)

The symmetric group Sy,+1 acts on H by permuting, which induces an action of Sy, 1
on H. This induced action is equivalent to the above action of W on T'[2]. We thus use

the language and notations involving Sa,1 and C2" for all our proofs about W and T'[2].

—

Lemma 6.3. The orbits in T[2] under the action of W are:

Oy = {sgng},
O = {sgn; : ¥ € By, } U{sgn; : ¥ € Ban_py12a} for each 1 <k <n.

Proof. Clearly every element in Sy, sends sgng to itself. We let

I,=(1,...,1,0,...,0) ; 1<k<2n.
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Fix k and consider a vector &) € By 2, with 1 at the positions 41, ¢2, ..., 4. There exists
a permutation g € Sy, which acts on C3" by sending the coordinates j to i; for all
1 <7<k Thatisg- I, = &, giving By 9, as the orbit of 1, under the action of S,,.

Also g~ ! acts on sgny, in the following way:

g - sgny, (a1, g, ...\ Qiyy oy G2n) = SENT (Aiys Qigy -+ oy Qi 5 Q)
= sgn(a;, ) sgn(a;,)sgn(as) .. .sgn(a;, )

= sgny (a1,0z, ..., 0, ..., 02)

for all (ay,...,az,) € C3". This means the set {sgn; : & € By, } forms the orbit of sgny,
under the Ss,-action.

Consider h = (1,2n + 1) € Sy,11, which acts on sgny, as follows:

h-sgng (a1,a,. .., as,) = sgny, (a7 ay' .. ag, az,. .. as,)
— sen(ar!)sgn(a;") ... sen(az)) sgn(as) . .- sen(ax)
— sgn(ar) sgn(axs1) . sgn(az)

= Sgn@n,kﬂ(ab as, ... 7Cl2n)

where Z9,_+1 € Bap—kt1,2, With 1 at the positions 1,k + 1,k +2,...,2n.

Therefore the sets {sgn; : & € By,} and {sgn; : ¥ € Ban 1120} both are contained
in the orbit of sgny, under the combined action of h and Ss, on 5’22\" Since So,41 is
generated by the transpositions (1,2),(1,3),...,(1,2n + 1), we get the orbit of sgnj,

under Sy, 1-action as:
Osy,41 (sg07,) = {sg0; : T € Byon} U {sgny: § € Bonki120} =: Oy

as claimed. O

6.2.1 SWCs of W-irreducible representations

With notations from above, we define

Wk::@)(:( b sgnf)@( b Sgng> ;o 1<k<n. (6.4)

XEOy ZEBy,on JE€Bon_k+t1,2n
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Also let my = sgng. These 7, are W-irreducible representations of T'[2] (in sense of Section
5.3). We now aim to find w(my).

It is obvious that w(my) = w(1) = 1. For & € By, o, with 1 at the positions i1, i, . . . , ik,

it follows from Proposition 2.11 that
w(sgng) = 14+v, vy + ...+ v, (6.5)

This equality along with the multiplicativity of SWCs leads to:

Lemma 6.4. Let 7w, be as defined in (6.4). Then the total SWC of my, is,

w(ﬂk) = H (1+Ui1 +Ui2+' . ‘+Uik) H (1+Uj1 +Uj2+' . '+Uj2n—k+1)'

1< <ig<...<ip<2n 1<j1 < .. <Jon—k41<2n

Let w be a W-invariant representation of 7'[2]. We can write
n
@ = P myy, (6.6)
k=0

where my, are non-negative integers. Then the total SWC of w is

=11( I (+ov -+ +w) [T o+t )

k=1 1<ii<..<ip<2n 1<1 < o <Jon— k1 <20
Next we would like to find the character formulas for the coefficients m;. But do such

formulas exist for 7'[2]7 If yes, which elements of T'[2] appear in these formulas? We

answer such questions below via the theory of supercharacters from Section 5.3.

6.2.2 A Character Table Type Matrix

Here we adhere to the notations of Section 5.3 with H = C2" and A = S,,,,1, where A is

a subgroup of Aut(H). The action of A is via permutations by thinking H as in (6.3).

Consider

dp=(-1,....-L1....1)eH ; 0<k<2n (6.7)
k 2n—k
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Lemma 6.5.Let A act on H as above. The A-orbits in H are (n + 1) in number with
{dar, : 0 < k < n} as the set of representatives.

Proof. From Section 5.3.1, the orbits in H under the action of Sy, are:
Os,, (d) = {(a1,az,...,a2,) € H : a; € {£1} and exactly k number of a; are — 1}.
Let k be even. Then in the sense of (6.3), dj as a element of C3"*! looks like

(=1,...,—1,1,...,1,1)
k 2n—k

and the transposition (1,2n + 1) € A acts on dj giving

(1,2n+1)-dy = (1,—1,...,—1,1,...,1) € Og,, (d_1).
—_———— ——

k—1 2n—k

We thus understand dy_1 € O4(dy) and
Oa(dzi) = Oaldi) 3 1<i<n.
Since A is generated by Ss, and the transposition (1,2n + 1), therefore
{Oa(dar) : 0 <k < n}

is the set of A-orbits in H. ]

We have the induced action of A on H equivalent to the action described by (6.2).
Therefore, Lemma 6.3 has the A-orbits in H and 7, defined in (6.4) are the A-irreducible

characters of H.

Let ¢ = doy, for 0 < k < n. We can form a“supercharacter table” matrix M whose
(i,j)-entry is xx, ,(cj—1) forall 1 <i,j <n+1.

Now an A-invariant representation w of H is of the form

@ = P mume, (6.8)
k=0
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which gives rise to the matrix equation:

X=(Co) X (C0) X (Co) e X (C0) mo
Xw(C1) X (C1) X (€1) S X (C1) my

= (6.9)
X (Cn) Xmo(Cn)  Xm(en) oo Xma(n) )\

With constant entries, the matrix M?* is invertible by Proposition 5.7. Therefore by
simply inverting M?, we get character formulas for the coefficients my,.

We thus obtain a description for the SWCs of SL(2n + 1,¢) in terms of character
values. This has been stated below in two cases: (i) ¢ = 3 (mod 4), and ¢ = 1 (mod 4).

We also work out a few examples.

6.3 The ¢ =3 (mod 4) Case

Let G = SL(2n + 1,q) with ¢ = 3 (mod 4) for this section. Let 7 be an orthogonal
representation of G. To find w(w), we simply work with 7|7y due to (6.1). Since 7|7y

is W-invariant, we have

n
7|7 = €D mymy,
k=0

where 7, are W-irreducible representations of 7'[2] from Section 6.2.1. We give w(7) by

its image in H*(7[2]) using Lemma 6.4 and Equation (6.9) as follows:

Theorem 6.6. Let m be as above. Then the total SWC of 7 is,

n

w'B(7) = H ( H (14vy +...4v,) H (14w +...+vj2n7k+1))mk,

k=1 1<ii<..<ix<2n 1<1 <o <Jon—kp1<2n

where

(mo, my,...,my,) = (Xﬁ(co), Xr(c1), ... 7X7r(cn)) ML

The exponents my, are given in terms of character values of 7 at diagonal involutions
cx = doy, € T[2] from (6.7).
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6.3.1 Examples

We now illustrate our results for SL(2n + 1, ¢) with ¢ =3 (mod4) and n = 1, 2.
Example 1. Let G = SL(3, q).

Let 7 be an orthogonal representation of G. The detecting subgroup T[2] is the Klein
4-group. Being W-invariant, the restriction of 7 to T'[2] looks like

|7 = mol © my (sgnyo @ sgng; ©sgnyy) -

1

Therefore by the multiplicativity of SWCs, we have
WP (1) = (14 v1) (14 v2)(1 + v1 4 v3))™.

We use (6.9) for m; which gives the following matrix equation:

-1
mo 1 X7r1(171) Xﬂ'(171)

my 1 X7r1(_]-7_]-) Xﬂ(_la_l)

where

Xm (1,1) = (Sgnlo D sgny; ®sgnyy)(1,1) =3
X (=1, —1) = (sgn;o ®sgny, ®sgn;y)(—1,—-1) = —1.

With viewing (1,1) and (—1, —1) as the elements in G, we then have
1 3 1

my 1 —1) \diag(—-1,-1,1)
where 1 is the identity matrix. This results into:

Proposition 6.7. Let G = SL(3,q) with ¢ = 3 (mod 4) and ¢; = diag(—1,—1,1) € G.

Let ™ be an orthogonal representation of G. Then,

wT(7) = (1 +v1) (14 v2) (1 + vy + v2))™,
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where m, = %(XW(IL) - Xﬂ(cl)).

Remark. The action of Weyl group W = S3 on H*(T[2]) is equivalent to the natural
action of GL(2,2) on Z/2Z[vy,v5]. Due to this, we again encounter the Dickson product
from Theorem (4.9):

(IT+v) (I +v2)(1+ v +v2) =1+ dp1(V) + dao(v) = 1+ da(v),

making w(m) an element of Dickson algebra Z/2Z[dy 1(v), d2o(v)].

Corollary 6.7.1. Let m be an orthogonal representation of G as above. Let r = ordg(my).

Then the obstruction class of 7 is

2r+1 2r+1

worsi (1) = d3,(0) = 0] +vi 40} 0]

Proof. From Proposition 6.7, we have
M m, o
() = 3= (") ato
=0

As in Corollary 4.4.5, we obtain (";;T ) is the first odd binomial coefficient appearing in

the above sum. From the term
m7|— T, _ mﬂ— T o T o
(57 )z 0 = (7)o + o0
we can imply ("2’;’ )d%jl (0) has the least degree, which is (2 - 2") and

Wyr+1 () = (vf + v§ + U1U2)2T

o 27‘+1 27‘+1 or 9r
=v; +vy; +v] v

as claimed. O

Example 2. Let G = SL(5, q).
Let m be an orthogonal representation of GG. From Theorem 6.6, the total SWC of 7 is

4 4

wT[2](7r) = (H(l +v;)(1 —}-Zvi)) H (1+v;+v,) H (1+v;+v; +vk))m2.

i=1 i=1 1<i<j<4 1<i<j<k<4

m1
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The exponents my, ms in terms of character values are given by the matrix equation:

-1

myg 1 Xm(1,1,1,1) X (1,1,1,1) x-(1,1,1,1)

my | = |1 Xn (—1,—1,1,1) X (—1,—1,1,1) Xr(—1,—1,1,1)

mo 1 xn(=1,-1,-1,-1)  xn(—1,—-1,—-1,-1) Xr(—1,—1,—1,—1)
where

T = ( @ Sgni) @ sgnyqqy

Z€DB1 4
™ =( P sgnf) ®( P sgng)
fGBzA §633,4

By doing the calculations and viewing (1,1,1,1), (=1,—-1,1,1), (—=1,—1,—1,—1) as the
elements of (G, we obtain

mo 1 10 5 1

1
m =1 2 -3 diag(—1,-1,1,1,1) |- (6.10)
ms 1 -2 1) \diag(-1,-1,-1,-1,1)

With m, = m; and n, = msy, we sum up:

Proposition 6.8.Let ¢ = 3 (mod 4). Let G = SL(5, q) with ¢; = diag(—1,—1,1,1,1),
cg = diag(—1,—1,—1,—1,1) € G. For 7 orthogonal, the total SWC' is

4 4

wT[2](7T):( (1+Ui)(1+Zvi))mﬂ< II Q+wv+v) ] (1+vi+vj+vk))nﬂ,

i=1 i=1 1<i<j<4 1<i<j<k<4

where

e = 16 (%1 + 2xeler) = Bxe(c2))
N = 116(X7r(11> = 2xa(c1) + Xa(c2))-
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6.4 The g=1 (mod 4) case

For this section, let G = SL(2n + 1,¢) with ¢ = 1 (mod 4). Let m be an orthogonal
representation of G. Again it is enough to work with 7|75 due to Proposition 6.2. In
fact Theorem 6.6 describes w(7w) in H*(T[2]) for this case too. Now the purpose of this
section is to have a stronger formula for w(w) by its image in H*(T'), where T is the
subgroup of diagonal matrices in G.

We begin by considering the character group T. Let Town be the set of orthogonal

linear characters in 7. A linear character =K € T — Torth is not self-dual.

Lemma 6.9. Let ¢ € T — Tm«th be as above. Then we have

w(SW) =1+ et

where €y, = 1 if ¢; is odd, otherwise 0.

Proof. By Propositions 2.16 and 2.17, we have

2n
= r(1+) (i)
=1
2n
=1+ wy(S(¢))
=1
=14+ % 61/,1.751'.
=1

The last equality is by Lemma 2.13. (Note that wy(S(¢;)) in the above sum means
pri(wa(S(;)) where pr; : C** — C,, are projection maps.) O

We define a relation ~ on T — Th.n by ¥ ~ 171, and set T = (f — forth)/ ~ .

Then an orthogonal representation ¢ of 7" has the form

p= B mxo® @ myS),

X€Torth peT

where m,, my, are all non-negative integers.
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—

Lemma 6.10. Let m be an orthogonal representation of G, and 6 € T[2] be non-trivial.

Then the multiplicity of 0 in m|pp is even.
Proof. We first restrict m to T" which takes the form
e @ mye @ muSw).
Xeforth wef

It is easy to see that

X|rz =1 for all x € T

If ¢y € T is such that Y = K2 4h; where ¥, sy, . .., ¥;, are odd, then

resgp] Y = Oy,

where
Oy =1 sgn X---X sgn X..-1
—~— —~—
ithposition ithposition
Also 0y = 0,-1, which makes
S(@)lr) = 20y

Therefore when 7|7 is further restricted to T'[2], we obtain

7T|T[2] = mo]_ D @ 2m¢9w,

YeT
where mg = 3. m,. This shows that every non-trivial linear character in 7T|T[2} has
XeTorth
even multiplicity as claimed. O

Consider the decomposition

7|7 = €D mymy,
k=0
where 7 are W-irreducible representations of 7T'[2] from Section 6.2.1. We have all the
coefficients m;, even by the lemma above.
We thus have w(rm) as its image in H*(T) from Theorem 6.6 by identifying v? €
H*(T[2]) with t; € H*(T) for each i:
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Theorem 6.11. Let G = SL(2n + 1,q) with ¢ =1 (mod 4). Let w be as above. The total
SWC of 7 is

)

T my/2
W@ =TI T (tat..+ty) I1 (Lt + ot i)
k=1 1<i1<..<ip<2n 1< <. <Jon—k+152n

(mo,mq,...,my,) = (Xﬂ(co), Xx(c1),. .. 7X7r(cn)) ML

Recall M is the invertible matrix from (6.9) and the integer-valued exponents my /2

are given in the character values of 7 at involutions ¢; = dog € T from (6.7).

6.4.1 Examples

For ¢ = 1 (mod 4), we again illustrate our results with SL(3, ¢) and SL(5, q).
Example 1. Let G = SL(3, q).
Theorem 6.11 with Example 1 in Section 6.3.1 give:

Proposition 6.12. Let G = SL(3,q) with ¢ = 1 (mod 4) and ¢; = diag(—1,—1,1) € G.

For orthogonal m of G, we have

W' (@) = (1L + )1+ )1+t + 1)),

where m, = i(xﬂ(ﬂ) - Xw(cl))'

We recall the detecting subgroup T" of G is the bicyclic group C,—1 x Cy—; with
H*(T) =2 7/2Z[s1, 50,11, 1]/ (57, 53).

From the proposition above, we have Hgyw (G) C Z/2Z[ty,ts]. Now the Weyl Group
W = S5 acts on Z/2Z[ty,ts] by sending

N C ORI,

This action is equivalent to the natural action of GL(2,2) on Z/2Z[t;,t;]. That’s why
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we again have the Dickson product

(I+t)1+t)1+t+t) =1+ doq(t) + dapo(t)

appearing in w(m). Therefore:

Corollary 6.12.1. Let G = SL(3,q) with ¢ =1 (mod 4). We have

Hsw(G) € Z/2Z[d2,1 (1), dao(1)].
We observe Hiw (G) # Z/2Z[dy1(t), dao(t)] due to the following reason:
The linear groups SL(2n+1, ¢) are perfect for odd ¢, and have trivial Schur multiplier.
Therefore m must be spinorial by [17, Proposition 6]. These facts along with Wu formula

imply

Hence, da1(t), dao(t) don’t belong to Hiy (G).
Corollary 6.12.2. Let m be an orthogonal representation of G. Let r = ords(m.). Then

the obstruction class of m is,

2'r+1

wyrs2 (M) =] + t%rﬂ + t%%%r.

Proof. The proof is analogous to that of Corollary 6.7.1. m
Example 2. Let G = SL(5,¢q).

Again from Theorem 6.11 and Example 2 in Section 6.3.1, we have:

Proposition 6.13. Let ¢ = 1 (mod 4). Let G = SL(5, q) with ¢; = diag(—1,—1,1,1,1),
¢y =diag(—1,—1,—1,—1,1) € G. The total SWC of an orthogonal 7 is

w () = (

4
1=

(1+ti)<1+iti>)mﬂ/2( II Q+t+t) I (1+ti+tj+tk))nﬁ/2’

1 1<i<j<4 1<i<j<k<4

where
o= 126 (1) + 2x(e1) — Bua(ea),
m

Ny = 116(x7r(ﬂ) — 2xa(e1) + X (c2) )
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