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Abstract

The framework of the Renormalization Group (RG) forms the foundation of the present
understanding of Critical Phenomena, but its fixed points and predictions pertaining to phys-
ical quantities, are normally characterized through approximations and truncations. Even
so, as demonstrated in the paper [1], the RG fixed points can be given a completely rigorous
and non-perturbative characterization. The foundational framework for defining Quantum
Field Theories (QFTs), at a non-perturbative level, or beyond perturbation theory, in High
Energy Physics, is proffered by the Renormalization Group theory of Critical Phenomena
112-7,13].

We attempt to comprehend the referenced Rigorous Renormalization Group (RRG) and

make connections to Functional Renormalization Group (FRG), ?

'Wilson’s Euclidean lattice formulation of gauge theories confers a non-perturbative definition of Quantum
Chromo-Dynamics (QCD). [13]

’In the absence of small parameters, FRG represents the most structured method for implementing
Wilsonian Renormalization Group (WRG) [1].
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Chapter 1

Introduction

Renormalization Group, (RG), is a theoretical framework in physics that allows us to under-
stand the behaviour of complex physical systems by analyzing how their properties change
as we zoom in or out on different length scales. It is particularly useful in studying the
behaviour of systems that exhibit universal behaviour, meaning that their properties are
largely independent of their microscopic details. In this context, the RG is an essential tool
for studying the interactions between particles and their properties, allowing us to make
precise predictions that can be tested experimentally. The basic idea of the RG, [4,5,7] is to
start with a microscopic description of a system and then gradually coarse-grain or integrate
out degrees of freedom, effectively describe the system at a larger scale. This process can be
repeated iteratively, leading to a flow in the space of theories or models, known as the RG
flow. RG has proven to be a highly effective tool for understanding the behaviour of complex

systems, including phase transitions, critical phenomena, and the emergence of scaling laws.

1.1 Versions of Renormalization Group Procedure

RRG is a systematic and mathematically rigorous approach to understanding the flow of
couplings associated with a QFT, using a rigorous mathematical formulation [1,8-11]. Tt
establishes the validity and well-posedness of RG flows, providing a foundational framework

for the rigorous analysis of the flow and proof of existence and uniqueness of fixed points.

A few key aspects of RRG are:



e The use of functional analysis and Banach spaces to define the RG transformation and
the corresponding effective action. Specifically, RRG defines the RG transformation
on a Banach space of interactions, which establishes that the RG flow is well-defined
and the corresponding effective action is finite. This strategy allows RRG to use a
convergent approximation scheme, based on theorems such as the Contraction Mapping
Theorem and the Implicit Function Theorem, to rigorously establish the existence of

fixed points in a non-perturbative setting.

e Emphasis on the precise mathematical formulation of the RG flow, encompassing a
precise definition of the RG transformation and the corresponding effective action.
This provides a rigorous and systematic framework for analyzing RG flows, which is
significant when developing an understanding of the behavior of systems with strong

interactions or long-range order.

FRG is a pragmatic approach to the study of the RG Flow of QFTs and many-body systems,
[12,18,21,24]. Tt is based on the idea of constructing a continuous RG flow of the associated
effective action, also termed the Irreducible Vertex (1PI) Generating Functional. FRG is
based upon a differential equation referred to as the Exact Flow Equation, which can be
further understood as a continuous differential equation in RG time. This flow equation is
derived using the Wilsonian approach to the RG, where the effective action is integrated
over the high modes of the system and consequently the RG flow is understood in terms
of the coarse-grained effective action. The flow equation for the effective action is typically
derived using a functional integral representation of the RG transformation. The effective
action is expressed as a functional integral over the fields, and the RG transformation is
defined, using an infrared (IR) cutoff, which regulates the UV divergences that arise in the
RG analysis of QFTs. FRG has applications in a variety of systems, like systems with long-
range interactions, theories with long-range order, and systems with strong interactions.
It provides a systematic approach for understanding the behaviour of these systems under
changes in the length (energy) scale, and for making predictions about their behaviour in
the proximity of the critical points.

FRG confers a powerful tool for the study of QFTs. The RG flow of QFTs is an important
concept in HEP, as it provides a way to understand the behaviour of these theories under
changes in the energy scale. FRG develops a controlled way to study this RG flow, by
constructing a continuous RG flow of the corresponding effective action. Applications of
FRG,



e Strongly interacting theories [Ex: (QCD)] - In these theories, the strength of the
interactions between particles is so strong that perturbative methods, which rely on
weak interactions, break down. FRG provides a way to study these strong interactions
by constructing an RG flow that incorporates all terms in the associated effective action

obeying the symmetries of the system.

e Phase transitions: The behaviour of the system is strongly dependent on the tempera-
ture or other external parameters. FRG provides a powerful tool for understanding the
behaviour of these systems in the vicinity of critical points, and for making predictions

about the nature of the phase transitions.

The FRG is a bridge between the functional methods of QFTs and the RG formalism of suc-
cessively treating the fluctuations using a scale-dependent framework. Converse to analysing
the correlation functions after averaging over all fluctuations, we systematically study the
changes induced as infinitesimal momentum shell fluctuations alter the correlation functions.
Mathematically, we thus transform the standard field theory’s functional integral structure
into a functional differential structure. This approach possesses improved analytical and
numerical accessibility and stability and increased flexibility to develop approximations cus-
tomized to a particular physical system. Moreover, using this methodology enables more
elegant and efficient structural investigations of field theories from the first principles of
renormalizability and proofs. The FRG utilizes a flow equation as its primary tool, which
tracks the changes in correlation functions or their generating functional due to fluctuations.
This equation establishes a connection between an initial quantity, the correlation functions
in a perturbative domain associated with the microscopic description of the theory, and the
full correlation functions that result subsequent to accounting for fluctuations. Solutions of

the Flow Equation provide information about the complete theory.

This study provides a concise yet comprehensive understanding of the Rigorous RG and
Functional RG approaches. By applying these methods to the various models, we demon-
strate how each approach independently offers valuable techniques and utilizes a range of

mathematical tools to analyze the interaction space of the model.

The implementation of Wilsonian RG in the absence of a small parameter is most system-
atically carried out by FRG. This study also explores the application of the FRG method

to symplectic fermions, (local or long-range), which remains unexplored from an FRG per-



spective. Our investigation uses the toy model to comprehend the consequences of applying
the FRG method rigorously. It is important to note that any Functional RG calculation
truncates the interaction space, resulting in only a subset of irrelevant couplings being in-
cluded, even if it is infinite. Currently, there are no conclusive results on the optimal way
to exhaust the interaction space. Our study exhaustively examines the space of interactions
using techniques and machinery from FRG and RRG and establishes the existence of a non-
trivial fixed point. The analysis of the Long-Range Symplectic Fermion Model put forth
in [1] uses a discrete step RG transformation procedure for their analysis, whereas, the for-
malism of FRG allows us to carry out a continuous RG transformation in order to study the
model and its flow. Through this study, we aim to extend the approach put forth by Guliani
et al. 2021 [1], to a continuous RG transformation, thereby establishing the possibility of
developing a rigorous approach to FRG.

1.2 Model

The paper [1] focuses on a toy model of Symplectic Fermions, characterized by a non-
local kinetic term, i.e. long-range, (dependent on the parameter €) and associated quartic
and quadratic interactions. It primarily focuses on rigorously defining a Banach Space of
Interactions and its respective properties. There exists a fixed point in the Banach space of
interactions and the authors determine it by employing a convergent approximation scheme.
Furthermore, they rigorously prove the analytic nature of the fixed point with respect to ¢.

The model, under study, is *

aMET(v)) 4 vy / déxa? (x) + Ao / d4ax* () (1.1)

This model possesses the following characteristics/properties:

e aMFT refers to ’anti-commuting Mean Field Theory of the fermionic field ¢, with an

even number N of real Grassmann fields and d = 1,2, 3.

! Fermionic=Anti-Commuting=Grassmann



e The aforementioned aMFT ? is identified via the two-point function

(Va(2)¢e(y)) = QapP(x —y) = Gaplz — y) (1.2)
where
P(z) W__‘E at large distances and ¢ small and positive
T2
_ | -
-1
Qup = (1.3)
1
-1
- - NxN

e The interaction terms (the quadratic term and the quartic term) respect the Sp(N).
The fermions (Grassmann fields) are scalar under rotation, and not spinors ®. Thus

the model also preserves O(d) symmetry.
e The model comprises of a non-local (long-range) kinetic term *

e The quadratic interaction is .14t and the quartic interaction is (Qup1ats)%.

1.3 Structure

The paper is structured as follows:

e Chp:2, lays out the calculations and analysis performed in [1], in a brief yet exhaustive
manner. We laid the foundation of the proof of the Existence of the Fixed Point
and formally stated the results, presented in Sec(s):[2.2 & 2.3]. Additionally, they
involve quick calculation that proves the fixed point equation has an O(g?) solution.

The definitions of a Banach Space of Interactions and the corresponding Norms are

2aMFT is the reference Gaussian Theory.
3Model is not reflection-positive.
4Schematically such a term is of the form )(9%)#1), some non-integer power of the Laplacian.



outlined in the Sec:2.4. In Sec:2.5 we introduce the Renormalization Group Map and
rigorously prove that the assumed form of the interaction action is left invariant by
the action Renormalization Group Map on it. In this Section, we also state with
the aid of Norm Bounds, that the action of the Renormalization Group Map can be
expressed as a series that is absolutely convergent in the norm. In conclusion of this
Chp:2, the convergence property allowed us to rigorously estimate the action of the
Renormalization Group Map, and prove the existence of the Fixed Point, supported

by the Key Lemma and Abstract Lemma, details of which are laid out in Sec:2.6.

Chp:3, lays out the theory and concepts associated with Functional (Exact) Renor-
malization Group. Sec:3.1 outlines the derivation of the Renormalization Group Flow
Equations, with a particular focus on the Polchinski Equation and Wetterich Equation.
This derivation comprised, of an additional condition, separation in low modes and high
modes. The Flow Equations derived are modelling the Renormalization Group flow
of the effective actions after integrating out the high modes. In Sec:3.2, a different
approach, involving more mathematical rigour, is used to arrive at the same set of
Renormalization Group Flow Equations. In this approach too, the high mode and low
mode separation is carried out but in a different method. Subsequently, in Sec:3.3,
analogously repeats the aforementioned calculation for an Interacting Fermion Field
outlining the differences and similarities with the Scalar Field Renormalization Group
Flow Equations. In the concluding remarks of Chp:3, (i.e. Sec:3.4) we discuss in detail

the rescaling procedure, in the FRG approach, for a Scalar field.

Chp:4, lays out the details of the procedure we perform in order to develop a rigorous
theory for the FRG Flow Equation - Polchinski Equation for the long-range fermion
model. In Sec:4.1, we motivate and derive the Polchinski Equation, for the aforemen-
tioned model. Simultaneously, we provide the necessary definitions for the propagator
and operators associated with the equation. Subsequently in Sec:4.2, employing the
Polchinski Equation, (in its rescaled version) we derive the Fixed Point Equation in
terms of the interaction vertices from the Polchinski Equation and attempt to analyze
it using the tree expansion procedure. We derive bounds on the derivative, with re-
spect to the scale, on the propagator. We present the algorithm to study the bound
on the norm of the re-scaling operator action on interaction kernels and the algorithm

to prove the existence of the fixed point.



Chapter 2

Rigorous Renormalization Group

2.1 Algorithm-Rigorous Renormalization Group Ap-

proach

The systematic approach to determine the fixed point for the Model, [Ref. Sub-Sec:1.2],
can be listed in an ordered manner as follows, (which closely resembles the standard RG

procedure):-

e Providing a more detailed and exhaustive view of the model.
e Writing out the main result of the paper [1].

e Determining the Non-trivial Fixed point to the lowest order and proving its existence,

in a non-perturbative fashion.



2.2 Model and Results

Ref. Sub-Sec:1.2, we now put forth more characteristics of the model. The propagator! 2

P(x):/(gﬂl;:dp(k;) exp (ikx) p(k;):é—g% (2.1)

Associated with the propagator is the the Gaussian Grassmann Integration measure *

dnp(w) = Diexp(S:0) © $u() = 5 [ G P Qtu (R (22)

The complete model, comprising of the interacting Gaussian Measure is-

Z () exp H(Y)  Z = / dyip() exp (H () (2.3)

The (simplest) interaction, includes the local quadratic and quartic terms®

Hy () = v / e Qutbatty + A / 0 (Quptbathy)? (2.4)

Further, the following assumption,

d d
de{1,2,3} ; 0<€<mz’n< ———): (2.5)

d
276 6
guarantees that interaction Hp (1) is relevant. Equivalently, an interaction term consisting

of [ fields and p derivatives is relevant subject to the constraint,

d

Al +p<d Z<Z_§> +p<d (2.6)

Ly (k) is the UV-cutoff
2The function x belongs to the Gevery Class G* (s;1) of functions, for details Ref Appendix A of [1]
3A further rigorous definition of dup (1)) entails

(Vay (1) ay, (T25)) = /dﬂp(lﬂ)%l(fﬁ)m%zs (725) = > (=) 21 Gr(ani— 1) m(azs) (T2i—1, T24)

w=Permutation

4The couplings v, A that are considered here are the running couplings, which are different from the
previously defined bare couplings v, A\g. Also it is assumed that N > 4, to ensure that the quartic term
does not vanish identically.



The Renormalization Transformation (RGT) operates on a general space of interactions

which can be characterized as,

H(y) = H(¢) + Hirr(v) (2.7)

, here Hirp denotes the infinitely many numbers of (generally) non-local terms correspond-
ing to Irrelevant Interactions. These interactions, Hrrgr(?) also respect Sp(N) and O(d)
symmetries.

The next two main quantities defined are the re-scaling parameter, v > 2 and the Renormal-
ization Map which entails two primary operations - integrating-out and dilatation. Anal-
ogous to our approach in FRG, (Ref. to Chp:3 for details) the Integrating-Out procedure
comprises of separating the Grassmann Field ¢ into low mode and high mode fields, as
Y = ¢, + ¢.° Our main objective is to eliminate ¢ and consequently define an effective

interaction exp H.rs(1),). This is achieved with the help of the following procedure:

e Splitting the Propagator ©

- k ~ k) — k
Plo) = P)+G) P = XL G - XBZXE ey
and as a consequence, we can write
dup () = duip, (0,)duc(@) b=, +6 (2.9

e To determine the Correlation functions of 1., capturing the effect of the measure
in Eq:2.3, is mathematically equivalent to using the following measure to determine

them.”

%4, refers to the low mode and ¢ refers to the high mode.

6P, is scaled version of P.
"Relation between P, and P ( ) is defined as

z
~

Py(x) =y ?Mp (i)



Normalized Effective Interaction Measure

i (02) exp (Hugg0)] 5 exp (Hugy0)) = [ dha(@)esp (H, +0) - (2.10)
The dilatation procedure under consideration is governed by the transformation

Py (x) = LT (—) (2.11)
v
This operation maps Eq:2.10 to a dilated measure

dup(v)exp (H'(¥)) 3 H'($) = Hegg [y "0 (./7)] (212)

Thus, the Renormalization Map carries out the RGT R(e,v) : H — H'. And (e, ) satisfies
the semi-group property ®
R(e, 1)R(E, 12) = R(e, 1172) (2.13)

Our objective now is to obtain the fixed point of this RGT. ?

The result of [1] can be summarized with the help of the following theorems,

Fizxed Point Theorem
There exists a 79 > 2, and a positive continuous function g¢(7y) defined for v > =,
such that for each v > 79 and 0 < € < g¢(7) the Fixed Point Equation Eq:2.61 has a

non-trivial solution.

and

8% depends on d, N, also.
9While our RGT is obtained by integrating out the degrees of freedom with momenta between A ~ 1 and
Arg = %, A ;g ought not to be regarded as a mass that breaks the fixed point’s criticality.

10



Analytic Fized Point Theorem

There exists a vy > 2 and a positive continuous function g¢(y) defined for v > vy such
that for each v > 79 and ¢ € {z € C : |z| < go(y)} = Eq the Fixed Point Equation
Eq:2.61 possesses a solution, analytic in €. For any ¢ € Eg, such a solution is the

unique solution of the Fixed Point Equation in the complex neighbourhood analogue
of Eq:2.77.

These aforementioned theorems are based on the two principle lemmas

Key Lemma
Choose d € {1,2,3}, cut-off x, N > 4 and an ¢ satisfying the condition in Eq:2.5.
Then

ey > 2 (2.14)

60(7), Ao(v), {AZ(Y) Yh=o1.2, A(Y), Eo(7), Ei(y) +ve continuous functs. on y > pe,
(2.15)
with the following property:
Consider any 7 > ey, and any 0 < 6 < do(y) and any sequence y = (v, A\, u),
satisfying,
lylly(va) <1 (2.16)

Then the infinite sums defining the functions e,(,o), ef\o) and e, on the RHS of Eq:2.61

are absolutely convergent and their sums satisfy

O (y)] < Eod? 1eQ(y)] < E16°

S~ 1 (2.17)
lewW)||B@rs <7 P D= 5man {Dy+2, Dsy+1, Dg}
In addition,
Ey62
10:eP (y)] < ,4005 ; 110, (W) c(r) < Eo6”;
(0) E,6° (0) 5
[Die,” (y)] < A0 [0uey” (W)|| e r) < E107 (2.18)

-D
. Py
1Des)llses < s 10wulloen <770

where i = (v, \) and L(B,R) is the space of linear operators from B(7v,d) to R and
similarly for £(B, B).

11




and

Abstract Lemma

Suppose that, for a given e, the constants My, €, « are such that the maps e;

satisfying the bounds

My My
lew(y)] < EEQ; lea(y) < EE?’; llew(W)|B(r,6) <1 (y € Yo) (2.19)
where
Yo=Ay: v —1w| < Moye?, A —Xo| < Moye?, |u||Ber.e) < 1} (2.20)
and
K, = Ki(a,b) = max(1l + |a| + |ab|, 1 + |b]) (2.21)
also the bounds
|0se,| < Moe ||Ouew|| e r)y < Mocé
|Diex] < Moe? Oues || cBr) < Moe®e (2.22)
a
l|0ieul| B(y.0) < z ||Oueul|o(,8) < @
where
Ky = Ky(a,b) = max(3 + 3|a| + 2|ab|, 3 + |20]) (2.23)

and lastly the bounds

1
K1M0€ S 1, K2M0€ < 5, KQO[ S (224)

DN | —

then F(Yy) C Yy and ||[VF(y)|| < i in Y, so that F is a contraction in ;. and has a

unique fixed point there.

Where F(y) = y — G7'f(y), with y = (v,\,u), and f(y) as in Eq:2.61, G is

some arbitrary invertible (linear) operator and yy = (%5, —%5, 0)

b£0

12




2.3 Fixed Point Equation at the Lowest - Order

While determining the Fized Point Equation (FPE), we consider only the relevant couplings,
v and ), and their leading order contributions to the beta functions for v and A '°. Apart
from these contributions, it can be observed that there exists another order €2 contribution
to the beta function of A coupling, due to the self-contraction of the semi-local-sextic term
' The sextic term inclusion is consistent since - after integrating out the fluctuation field in
the local interaction H, the resultant, H,;s, comprises of a sextic term, (with an order £2),
tree diagram. Thus in order to determine the FPE at order €2, this term is included!?. This
term is denoted by X. (For the details associated with the inclusion of the sextic term in
the FPE, refer to Section 3 of [1].)

Thus,
v—v+ov

A= A+ A (2.25)
X = X +06%

after re-scaling, the fields appropriately, Eq:2.25, takes the the form of the FPE, (the X term

is parametrized as X(z), '3

v =" [+ LA+ O(e?)]

dk x(k) — x(vk
I =2(N—2)/ (QW)dX( ‘)k‘gi(v :

10The relevant couplings are of order ¢, and the beta-functions leading order contributions are of order €
and 2 respectively.

"Tree Graph contribution, to the sextic interaction, (order 2). Even though the sextic term is an irrelevant
term, it makes a contribution to the beta function at order £2.

121t is order ¢, so it is included. Only a sharp cutoff would cause this diagram to disappear because its
local part would vanish. We had to include it since we employ a smooth cutoff.

13The sextic term is called sem-local, since it comprised of 2 groups of 3, interacting via a non-local
kernel X(z — y). After integrating out the fluctuation field, the contribution to X came from the tree-level
diagram comprising of two A-vertices and other contributions are of higher order than £2.

5%(z) = —8\%g(x)

13



=% [A + ILA* + (N —38) /ddae(x)g(x) + O(&%)

a d’k (x(k) — x(vk))?
Iy = —4(N — 8)/ (27)4 ||d+2

X(x) = "W [X(ay) — 8N ?g(27)] (2.26)

Thus we got the fixed point couplings, v, and A, at order € and X, at order £2.

2.4 Banach Space of Interactions

2.4.1 Definition and Representations

Considering the following definition'

(8 when P =1p .
Up = s U(P,x) =1I,_,Up(x;) (2.27)

Outha  when P = (p, p)

we write the generalized definition of an Interaction, with kernels H(P,x) (which are anti-

symmetric, and they respect Sp(N) x O(d) symmetry)

Hp) =Y / 4 H (P, %) (x, X) (2.28)

subject to the constraint, the number of legs |P| = [ should be even and and [ > 2. This
allows for the categorization of the kernels into groups. '* Since the general representation
involves a large amount of redundancy, especially in couplings associated with a small number

of legs, the kernels are re-casted in a Trimmed Representation, in the following way!'6 17

Up = (P,..., P, and x = (71,...,7;) are finite sequences. and we considered only zero or one derivative
of the fields, the rest are absorbed into the kernel with the help of the Trimming procedure (integration-by-
parts).

15The ordering in the sequence P, is significant.

16H17d denotes a kernel with [ legs and d-derivatives in the fields.

17 7 - Anti-symmetrization Operation (Operator)

14



.H2

— Hsy - purely local
HQ,O = VQab(S(l’l - l’z) (229)

- HQ’l - O
- H2,2 = HQR

0H4

— Hyp - purely local
1
H470 = g)\(Qache — Qache + Qa7ech)5(l‘1 — l’g)é(th@ﬂ?l — 1'3)5(1‘1 — 1‘4) (230)

— {Hya}a>1 = Hug
o Hg = Hgsr + Her

— Hgo = Hegsr, + Herpo

HGSL = ﬂ [Qaerchg(S(fL‘l — 12)5({23'1 — $3)%([171 — fL‘4)5(.’L’4 — $5)5(IE4 — IG)]
(2.31)

- H6,d = HGR,d where p Z 1

Therefore the Trimmed Representation maps any general [-external leg sequence to a coupling

sequence (H), where

¢ €TL={2L,2R,4AL,4R,65L,6R,8,10...} (2.32)

2.4.2 Norms

The norm associated with the Interaction Kernels, is determined by the means of weighted

L norm

||H(P)Hw/ . d*|H(A, x)|w(x) (2.33)

15



w(x) - translation-ally invariant weight function. Associated definitions include

il = maz||H (P)[l. (2.34)
for an Interaction Kernel with [-legs, norm is defined as the maximum of the weighted norms

of all kernels belonging to the corresponding group. and
Hyllw = H(P)||w 2.
|| He|| Tg&g“ (P)]] (2.35)

for an Interaction Kernel characterized by £ element of T'L, norm is defined as the maximum
of the weighted norms of all kernels belonging to the corresponding trimmed coupling.

By choosing the weight function w(x) to grow at infinity appropriately, we are able capture
all the relevant information about the decay of the kernels H(P,x), induced by the fluctua-
tion propagator g(z).

The norm of an Interaction H, associated with a trimmed sequence (H,), £ € TL, is

defined as
[ Hellw

Or
here, the sequence d, is appropriately defined, (to scale appropriately with ) by estimating

the size of H, at the fixed point. The parametrized form of H, i.e., H = H(v, A\, u), (in this
8

[HI| = supserr (2.36)

subspace) is characterized by the norm !

y=Au)

||y||Y:mCLx |V| |/\| ||u2R||w ||U4R||w ||u6R||w supl> ||Ul||w
Agd’ Agd’ ARG2 7 ARS2 7 ARg2 TS 45t

0 — proportional to &

(2.37)

The constants Ag, A, AT, ARt A are fixed (Ref. to Sec:2.6, for initial steps) such that, the

action of the RG Map on a sequence y, returns a new sequence ¥ in the same Banach Space.

18 H is parametrized using (v, \, X, u), where u = (Hy)ez2r,a0,65L0- To determine the fixed point, we fixed
X = X,, in order write it as a function of A and as a consequence H is now parametrized by (v, A, u).
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2.5 Renormalization Map

2.5.1 Integration

The equation Eq:2.10 is be re-written in the following form (after taking the natural log of
the LHS and RHS)"

1
n!

NE

Hepp(¢) = (HW+ ) H{Wp + ¢); ... H(Y + ¢))c (2.38)

n=1

we then express the H (i) + ¢) term using Eqs[:2.28, 2.29,2.30,2.31, 2.32], where ¢ denotes
internal-legs-Q = P\Q and ¢ denotes external-legs-Q.

H(+0)= Y0 3 () [ (P x)¥(Q xq)®(Q xa) (2.39)

P QCP

substituting Eq:2.39 in Eq:2.38, (and extracting the effective interaction)

Herp(Q.xq) ﬂz Z Z (_)#/ddXQ(?(XQ)H?:lH(Pi,XPi)
Q1,-,Qn,> Qi=QP1,....Pr,Q;CP;
(2.40)
where
G<XQ) = <¢(Q17XQ1); "';Q(QTHXQH))C (241)

It is to be noted that H.sr(Q,xq), generally does not satisfy trimming requirements, (Ref.
to Sub-Sec:2.5.2) for the solution).

This map is compactly expressed as

(Hepphr = > S[»"(H) 3 H = (Hp)eers (2.42)

The map, E(f 2 S/ (H) is the sum of all terms in Eq:2.40 which had |Q| = [ and
H(P;,xp,) € Hfi, where Q; is arbitrary.

19The #, is dropped in the argument of LHS, since the momentum range-restriction is not important.
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Considering the following definitions and conclusions

@, — Vector Space of coupling H,

Qs — Vector space of trimmed couplings H,

Qrriv — Vector Space of trimmed coupling sequences H = (Hy)serr = ® Qs (2.43)
¢€TL

Sl"ﬂl"""’ﬂ" — Homogeneous Map of degree n from Brgrry to B,

another map é’lfl”“’f" is constructed by replacing 11", H(P;, xp,) by II"_, h;(P;, xp,) in Eq:2.40,
where independent h; € By, %°
Two key observations are to be made

[ (H) = S (hyy e hy) 5 hy = Hy

2

(2.44)
and

The maps & and &’ vanished unless Z || > 1+2(n—1) (2.45)

2.5.2 Trimming Operation and Dilatation

A coupling sequence NV, is called Null, if the corresponding interaction vanishes as a function
of the Classical Grassmann Fields ,(z). Two coupling sequences associated to each other
via a null difference are equivalent and represent the same interaction. Equivalent couplings
are produced with the help of Interpolation. The interpolation identities, expressed 1, (x) as

a weighted linear combination of v,(y) and 9,1,(y)

bpl) = / dy [ (@, y)p() + £ )Dyp (o)

1 S (2.46)
P = [ Ghsle—ori@a|

20This is a Multi-linear Map.
l1yeirtn
Sll’ ’ : Qfl X ... X an — Ql

This Map is symmetric, i.e., invariant under interchanges of the indices #; accompanied by simultaneous
changes of arguments.
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21

This procedure allows us to write a single interaction term' as an equivalent interaction

term, made up of a sum of d + 1 terms as
/ddxH(P,xP)\II(P,x) — Z/ddx[:I(Q,xQ)lP(Q,x)
Q

Q = P or is obtained by replacing with corresponding i based derivative element of sequence.
(2.47)
H(Q,x) are derived by integrating H(P,x) against f and f*

2.5.3 Trimming Maps

This procedure is performed for [ < 6, since [ > 8 are by definition equivalent to a sequence

of trimmed couplings.

This procedure maps a sequence (H.ss); to an equivalent sequence of trimmed couplings,
(Hegy)e-

e /=606
(Hesf)ost = Hest + Syer ™ (Har, Har) (2.48)
(Her)o = (Hepp)ose + (Hepr)or
° l — 422
4,0
(Hefpf)ar = T35, (Hepp)ao
0 ifp=20 (2.49)
(Hegp)arp = § (Hepp)an + Zé’%O(Heff);;’g ifp=1
(Heff>4,p lfp > 1

21The single interaction term considered, corresponding to some sequence P consisted of atleast one not
differentiated field, which is re-substituted with the help of the Interpolation Identity.

22For the | = 4 and | = 2 case, the trimming operation is split into localization and interpolation.
Localization extracted the Local Parts of (Heff)2,0 and (Hesf)a,0. Interpolation re-orders the components
setting to zero the parts of (Heff)QR’p and (Heff)ar,p, according to the trimming requirements.
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o [ =2
(Hegp)or = Top (Heps)20
0 ifp=0,1 (2.50)

(Hepp)orp =
(Hepf)oz + Tog (Hepp)on + Toi (Hepg)ao  if p =2

The trimming map, 7 is of the form 7/, denoting, an input-sequence (interaction) of

(H);-type and output-sequence (interaction) of (H ).

2.5.4 Dilatation

After integrating out the fluctuation field and performing the trimming call, we perform

the re-scaling of fields, a procedure called Dilatation, &. Dilatation preserves the trimmed

representation. 23
d
D Hpp(x) =y PrrydVH, (vx) 0 D=1 —d=1 (Z — %) —d  (2.51)
vV — ’y*D?y
A — yPiy (2.52)

X(z) = v Py X ()

2.5.5 Renormalization Map and Fixed Point Equation

Composition of the aforementioned trio of operations generates the Renormalization map.?*
Integration o Trimming o Dilatation = % = %(e,~)

R = e%(&“,”)/) : He QTRIM — H' € QTRIM (253)

23The condition for irrelevance is D; +p > 0. Since Dy +2, D4 +1 > 0 and D; > Dg > 0 (VI > 6) hence
Hyp, Hygr, Hosr, Her and Hy (V€ > 8) are irrelevant. Dy, Dy < 0, and thus v, A are relevant.

24The definitions of R and & are analogous to the definitions of & and & respectively. They also share
the same set of properties and characteristics.
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where in

H'y = Ry (H) (2.54)

R =D
%fl ..... Cn @ (‘S)lf1 ..... “n f Z 8
’ TLs/v ¢ € {2L,4L,2R, AR}
ot Sgttt (4)r = (AL, AL) (2.55)
Res” " =D .
0 Otherwise
Sl (g £ (6SL); (4L, 4L
T ()7 # (6SL); ( )

0 Otherwise
The Fized Point Equation (FPE) is, using Eq:2.54

(H's) = (Hy) (2.56)

which is explicitly written as 2

V:’y%—i_ay—i_‘%%f(/\) + Z ‘%gszn(pr“')an)
(¢)1#(2L),(4L)
A=A+ RN + B (x) + > R (Hy, ..., Hy,)
(¢1)1#(AL),(4LAL),(6SL) (2.57)
X(2) = BEGE(X) + Ras " (A N) = 2 [x(2y) — 8X?g(7)]

up =Y R (Hpy, .o He,) ;5 if € # 2L,4L,65L

25A distinction is made for the different elements of the Trimmed List TL, i.e., £ = 2L,4L,6SL and
w=(H¢)rzar,4L,65L-
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It is observed that X = X, is the solution for the FPE, of X(z), where in 2°

Xu(x) = =8N ) A @tWhng(pqm) (2.58)

n=1

allows us to re-cast the F'PFE, in the parameter space of y = (v, A\, u),

y=R(y) (2.59)

v =74 (v + L) + el (y)
A= A+ LAY + e (y) (2.60)
u = eu(y)

where in (using Eq:2.3)
F5i(N) = 7 1A
ALAL 6SL _ 257 1\2
R (AN A) + Ryp (X)) =77 A

and 2
W= N R (Hy,., Hy,)
(i) #(2L),(4L)
0 f 7"'7f7l

(¢;)7#(4L),(4L,AL),(6SL)
ew=Y R} (Hp, .o He) 5 if € # 2L,4L,65L
(€7

These expressions are written in their condensed forms as®’

v+al+e,(y)
f)=0 5 fly)= [eA+DN +en(y) (2.61)
U — eu(y)
where in .
(a,e,) = P ([1,’77%7568)
— 3

9 _92¢ (0
b.er) = 7=z (o)

26Theoretically, one could have treated X in a manner identical to all the other irrelevant couplings. The
RG Map would then eventually become contractive in both the X direction, and subsequent RG iterations
would result in the same solution, X = X,.

27 After moving the LHS to the RHS and re-scaling.
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2.5.6 Norm Bounds on the Renormalization Map

With the help of the definitions in Sub-Sec:[2.4.1; 2.4.2 & 2.5.5] we write the norm bounds

fn (0)

governing the multi-linear operators 9?? """ in the definitions of el(,o); e, ; and e, as

D272 Hypll, if £ = 2R
| RS (H) |lw < 7~P3 Y| Hypllw if € = AR
P | He | ifl=1¢]>6 (2.62)

Pyl

[R5 (V)]
(i (V)] =7

RS (A oo )| < 7 Prpp(Bay s b)) 5 hi € Qs

Cr T, CY il i 3,16 > 1+ 2(n + 1) (2.63)
pl(h/l)'“ahn> = [Z]=t
0 Otherwise
and?®
WD He pllw =P P He pllwi vy <7277 He pllus (2.64)

C, and C) are constants independent of [, n, Z;. Additionally Cj is independent of ~ also.

Frechet Derivatives of the homogeneous map G%Lfl """
quired in the Analysis of the FPE (Ref. to Sec:2.6).

are also defined, since they are re-

(Rbf = 9?; is a linear map, the corresponding Frechet Derivative coincides with it.

v ~P272||Hygll, if € = 2R

IV e RE(H)SH ||y < & v~ PiY| | Hypllw  if £ = 4R (2.65)
YU He ifl=1]>6
and .
IV u R (H)SH || <™ pu(Hp,, ..., 6Hy,, ..., He,) (2.66)
=1

28Eq:2.64 justifies the relevant and irrelevant terms conditions.
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2.6 Fixed Point - Construction

2.6.1 Key Lemma and Abstract Lemma

Following the set-up and the definitions presented in Sec(s):[2.2-2.5] we constructed the fixed
point. It is assumed that ~ is sufficiently large and the norm of y = (v, \,u) is bounded
to a value smaller than 1;?° The constraint placed on ¢, is that it allows for the irrelevant

directions, u, to be irrelevant. *°

For the sake of convenience a new definition is introduced,

uarllw  [usrllw  [lusrllw [l o
U 5) = max , , , SUP>8————— 2.67
ella {A§(7)52 AR(7)82" AF(7)82 50 A(y) 5 (267)
which allows us to write Eq:2.37, as
vl Al }
=mar§ —,—, ||lu 2.68
||y||Y(’7,5) {Aoé 05 || ||Q('Y,5) < )

We then use the Key Lemma, 2.2 the bounds from which imply that the FPE, (Eq:2.61) pos-
sesses a solution, f(y) = 0. The solution present in a suitable neighbourhood of the Banach

Space Y and is unique.

With concerns to the re-scaling in Eq:2.61, it can be shown through a short calculation
that,

€ 1
[ % = g, (LT O(El0g)) (2.69)
and consequently?!
d* x(k) S,
a=2(N-2) [/ T O(elogy)| 5 b=—2(N-8) i O(elogy)| (2.70)

2That is the constants Ag, ALY, AR, AF, A are fixed in a suitable v dependent way, and § (also dependent
on v is chosen to be sufficiently small.

30In the future, it is assumed that & can be identified as € up to a constant, but presently it is assumed
that v and € are independent.

318, is the area of the unit sphere in R¥.
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We also assume € < . Under these assumptions (N # 8 and b # 0), a, b, & are all O(1).

We now calculate an approximate solution

V4 a
foly) =0 5 foly) = |eX+0A? (2.71)
u
a 1
Yo = (1/07 /\07U0) = (587 —36, 0) (272)

Since we are aiming to apply a Contraction Argument, we re-write the FPE, (Eq:2.61) as

fy) =0 < y=Fy); Fly)=y—G'f(y) (2.73)

where G, is an arbitrary invertible operator. Further on a G is to be chosen such that F(y)

is a contraction in a small neighbourhood of .2

For simplicity

G =V fo(vo) (2.74)
gives us
1 a r 2 0
G=10 — 0| ; G'=1]0o -1 o0 (2.75)
0 1 0 0 1
thus the map F(y) takes the form,
F*(y) —2a\ — ab%2 —e, —a>
F(y)= |Fy)| = 2A+ b2 4 2 (2.76)
F(y) Cu

The contraction argument is applied to F(y), in a neighbourhood Yy, of %

Yo=A{y:|lv—1w| < Moe?; | Ao — Ao| < Moe?, llullg < 1} (2.77)

32The reason for defining a new map F(y) and not using the renormalization map itself, is that contraction
cannot be applied directly to R. R is not fully contracting.
33Size of the neighbourhood depends on € and a parameter M.
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Writing A = \p + A, allows us to write F/(y) as

Vo — 2L(6N)% — e, — ey
Fly)=| Xo+2(6N)*+ Ley (2.78)

€y

as a consequence of which for any y € Y} satisfying

umar (M3 e 20) <anet el <1 (2.79)
£
where
K, = Ki(a,b) = max(1l + |ala + |ab|, 1 + |b]) (2.80)
we conclude F(Yy) C Yp is constrained by
M, M,
@) < e la@l <2 lla@lle <L yel (2.81)
1 1

These relations and equations (Eq:2.76-Eq:2.81) allow us to ensure that

F maps Y} to itself.

Using the norm3*

bl W
ol = mas {12, 2L g (2.82)

we thus conclude that F'is a contraction in Yj.

We also analyze the VF' (Frechet Derivative) and arrange for its operator norm to be less
than 1. 3 Using Eq:2.78

—0ye, — 20en —22(A = Xg— D\)e, — LOren —0ue, — 20,60
— éﬁyeA 2?b(/\ - )\0) + %a/\GA %8u6)\ (283)
0, €u Oxr€q Outu

O(F7, FX, F)
(v, A\, u)

34 A new parameter ¢ is introduced. This is done to ensure that all term in Eq:2.82, are of the same order,
(v, X are of O(g) and ||ul|g is of O(1)). In the future this is fixed to be Apd to make all equations and
definitions consistent.

35The gradient is discussed briefly, but the approach and techniques involves are analogous to the ones
used prior to this calculation.
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Consequently we also study the norm of VF(y) € LY,Y where y € Y;. Assuming

syeY; ylly <1 e vl <& A <5 [ldullg < 1 (2.84)
we get
O, F"6v + O\FVO\ + 0, F"du
VF(y)d = |0,F*6v + Oy F O\ + 0,F u (2.85)
O, Fov + O\F“O\ + O, F“ou| 7

After analysing the norm of VF(y), we get

IVEW)|cevyy = supjsylly<[IVE () (6y)|ly
= supisylly<1||VE(y)(6y)[ly
EY0,F 6v + Oy F¥O\ + 0, F”6ul
= sup|sy|ly <1mazx |E|0, FAv 4+ O\FAON + 0, FAou| (2.86)
|0, F"“0v 4+ O\F"“0\ + 0, F"oul|g

|0, F”| + |OnFY| + e |OuF" || £(qr
< | |G FAN A+ |OnFA + e 7Y |0uFM | £or
Ello,F |l + ellonF"||q + 110uF™ ]| £@.)

Subsequently, using Eq:2.83 and Eq:2.86, for y € Yy (We also use, |A — A\o| < Mpe? in Yj.)

we get

1
g||aueu| |£(Q,R)7

1 1
[IVE(y)lly < Kymaz||d,e,], g|au€m Moe, |0xe, |, g|8A6A|7
(2.87)

1 - -
g||8ue>\||£(Q,R)a 5||aueu||Q> 5||a)\6u||62a||8uGU||I(Q,Q)

where
(2.88)

Ks(a,b) = max(3 + 3|a| + 2|abl|, 3 + 2]b])

Following this discussion we demanded, that the following condition holds uniformly for

Y € Y.
|0ie,| < Moe ||Ouew||.cBr)y < Mocé
|Diex| < Moe? |Oueul £pr) < Moe?E (2.89)
a
H@%HB(%@ < z ||8U€U||£(373) <

27



where « is another parameter. Subject to the conditions in Eq:2.89, Eq:2.87 implies
||VF<y)||’L(y7y) S mam(KgMgs, KQO./); Yy < Y() (290)

Summarizing and collecting the results from the above relations, (Eq:2.67-Eq:2.90), we wrote
the Abstract Lemma, 2.2.

2.6.2 Fixed Point Theorem

In conclusion, we now put together the results of Key Lemma and Abstract Lemma, to prove
the existence of a unique solution to the FPE, (Eq:2.61). This is formally stated in the form
of the Fized Point Theorem, 2.2. The strategy to prove the Fixed Point Theorem is simple:
With the help of the Key Lemma, for some v > vy and 0 < € < g¢(7y), conditions of Abstract
Lemma can be satisfied.

To achieve this we identified, the Banach Space @, with the Banach Space Q(v,d) and
identified the Banach space Y, with the Banach Space Y(v,d). This is followed up by

setting
€= Ay (2.91)

The parameter ¢ in the Key Lemma is now chosen proportional to €.
0 = he (2.92)

Examining the neighbourhood of Yj, as required by the Abstract Lemma, calls for setting
K1 Mye < 1, allowing the points of Y| to satisfy

V], Al < Kse
o 1 1 1 ) (2.93)

K3 = Ka(a,b) = L e
3 3(a,b) max(\b|+K1’\b]+K1

By choosing h = f—g and using Eq:2.92, we get

Yo C{y : [lylly <1} (2.94)

36} is fixed momentarily.

28



Therefore the basic assumption Eq:2.16 holds in Y{, which allowed us to use the Key Lemma
to estimate e; and their corresponding derivatives in Yj.

Also, considering

a=~"P (2.95)
and using Eq:2.91 and Eq:2.95, the bounds on the derivatives in Eq:2.89 coincide with the
corresponding bounds for the derivatives in Eq:2.21 (from the Key Lemma).?”

Next we chose vy as,
Yo = max (fykey, (2K2)%> (2.96)

As a consequence of which we have v > v, Vkey and we could use the Key Lemma and

simultaneously we satisfy, the third condition in Eq:2.24.

FPE, Eq:2.61, displays that e, e, equals e\, ef\o) times a vy dependent factor, f,.%®
Therefore, (using the Lemma, Abstract Lemma and Eq:2.92), (i = v, ) we get,

le,| < E'oh?e? lex| < E'\h?e?
E’ E’
|0se, < thg |0;e5] < A1h252 (2.97)
0 0

[|0ues||ror < E'oh*e® ||0uerllror < E'1hE

since these have the same scaling in e, as their corresponding estimates in Eq:2.81 and
Eq:2.89. Setting § = Aph, and choosing M, sufficiently large to satisfy the conditions in
Eq:2.81 and Eq:2.89

Ey FE
My = max | K1 E'oh?, K\ E' \h®, =2h, —h? (2.98)
Ay Ay
and lastly choosing,
() = min (2, L ] (2.99)
€ =mwn | — .
o b KM, 2K,M,

allows us to satisfy the first two conditions in Eq:2.24 and § = he < dy.
Thus, for any 0 < & < eo(7), conditions of the Abstract Lemma are satisfied, and hence a

unique Fized Point exists.>

37TThe requirement of ||e,||p < 1 in Y, as need by Eq:2.81, is also satisfied by the bound on ||e,||q in
Eq:2.17 and Eq:2.18

38Key Lemma gave us estimates for ef,o), e(/)\, and by scaling with f, we can write the estimates for e,, ey,
denoted by the primed notation.

39For the detailed proof of the Key Lemma, refer to Section 7 of [1].
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Chapter 3

Functional Renormalization Group

3.1 FRG for a Scalar Field

We consider a Euclidean Version of the (one component) Scalar Field [14,15]. The propagator
in this theory is denoted by @ ',2® The partition function (regulated by an overall momentum
cut-off Ag) is

1
Z[‘]] - /®¢exp (_§<¢a @_1¢) - SAO [¢] + (J7 ¢)) (31)
Equation Eq:3.1 is re-written as

2101 = [ duslo]exp (=Snufo] + (1.6) 32)

We proceed with writing this partition function, by splitting it into high and low modes,
with the help of the following definitions *

P=0P+P ; ¢o=0¢c+ P> (33)

!The n-point Green’s Functions are defined when p; + p2 + ... + p, = 0. And the propagator & (p) only
depends on the magnitude of the two momenta involved,i.e. for p; + p2 = p+(—p) =0 and #? = P(|p| =p)
ZNotation, (¢, J) = ¢pdy = [ dlzp(x)J(x).
3Notation,
0.079) = [ L2 oo
0.97) = [ G20m)P~0(-p)

4We used, like in the paper, 6.(p, A), a smooth cut-off function, bounded between 0 and 1. This cut-off
function satisfied, 0. (p, A) ~ 0 for p < A —e¢ and 0.(p,A) =~ 1 for p > A + €.
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This gives us,

Z[J] = /@¢>®¢< €xXp ( - %(¢>w@>_1¢>> - %
(6, P7162) — S + 6] + ({6 + ¢><}>) (3.4)
- / Q11 [6) bt [6] exp (—Sny 65 + b<] + (1 6 + 65))

where

P> (p) = (0-(p, A) = 0-(p, No)P(p)  and  P<(p) = (1= 0=(p, A))P(p) (3.5)

Ref. Eq:3.5, #~(p) is cut-off from below by A and above Ay and P~ (p) cut-off from above
by A. Integrating out the high-modes, ¢ °

Z[J] = /CD¢< exp (—%(¢<,@21¢<) - SA[(Pv J) + ¢<] + (J7 ¢<) + %(J, *@>J))
= /dM@< [p<]exp <_SA[(@>7 J) + o<+ (J,9<) + %(J, @>J)) (3.6)
— [ duslodzaloc

where we define

ZA[¢<7 J] = €Xp (WA[¢<7 ‘]]

1 (3.7)
WA[¢<7 J] = _SA[(‘@>7 J) + ¢<] + (Ja ¢<) + §(Jv ‘@>J)
and
exp (=Sal6<]) = [ dus [0 exp (=S, o + 0. (3.9
Differentiating, with respect to & = In %, we get
0 1/ 96 0 )
getoe =3 (52) - (36%) - () o o)

5The algorithm, followed is, isolating the integral over the high modes ¢~ dependent terms, and substi-
tuting ¢» = ¢ — ¢<
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and consequently, we arrive at another important quantity,

9 L (0Walp<,J] 0P 0Wa[d<, J] 0P 5*Walp<, J]
— = - ) Tr | — ————— 1
ailbe )= g (T e T R e [ TR (810
evaluating Eq:3.10, for J = 0, we get the Polchinski’s Equation ©
0Sp[o<] 165y 0P~ 6Sy 1 {8@ 5QSA[¢<]}
S — . ) +-Tr|—. ——— 3.11
06~ 3o 9 oo T2 |0 Theso (&-11)
Note: A few useful relations used in the calculations ahead
Walo< ) _ 10856 d) | 5 s (Walocsd)
0P 0J 0J (3.12)
*Wald<, J] _ @72525A[¢<7J] T *Walop<, J] _ '
0O~ > 5J8J > 6.J6J ”
We now define,
5WA [¢<7 J]
= AT 1
57 (3.13)

and using Eq:3.13, we then re-write Eq:3.10

R (e R i e e N I .

2 D€ oc 576

This gives us the Effective Average Action, using the Legendre Transform relation,

fA[va ¢<] = ((Jv QO) - WA[¢<7 J]) S (315)
-
the Interacting Part, of the Effective Average Action defined in Eq:3.15 is defined as”
~ 1 _
Lle] =Talp, ¢<] = 5 (0 — <) P (0 — <) (3.16)

2

6These set of Equations Eq:3.10, Eq:3.11, can also be written in terms of d¢ P~ instead of 9P~ subject
to the conditions

[ ] —8£@< = (95@>

e Carefully tending to non-differentiated %~ in the equations.

"T'Alp] as defined, does not depend on ¢

33



Differentiating Eq:3.16 with £ we find,

o) ) 1 ol
2:Dalp] = =2 Walp<, J] = 5 (¢ — ¢<) .7 (¢ — ¢<)
o0& 0& 2 0& (3.17)
_ L [095 B Walee, T 1, [, 098] '
T2 o T 8J8J 2 T
Using the property, we termed as Identity Relation®,
0°Calp, <] 3°Walo<, J]
dz ’ = 5@ (g — 3.18
J s minety ey =9 (318
we get the equation,
0 1 82Talel .\ oozt 1 P!
—TI =-T — 4 —| = =T .
pe A= 5T [( e +07) | |2
1 (o] o0 (4] i (3.19)
1 N N 0P~
= 2Tr Sodp (@. 500 + 1) + o€

This is the Wetterich Equation.’

$Tmplicitly the T'y and W), post the operation of functional derivatives are expressed using the same

parameter space, using Eq:3.13.
9In case of a Free Theory,

1
WA[¢<, J] = §J@>J + J¢<
followed from
Lale] =0
and vacuum term in Eq:3.19, establishes that for a Free Theory

0
%FA[QO] =0
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3.2 FRG for a Scalar Field - A Different Approach

We again consider a Euclidean Version of a Scalar Field Theory, but this time in d dimensions [16].

The field is denoted by ¢, and the corresponding partition function is,'"

210) = | duc, (@) exp(— [vor+ | J¢>) (3.20)

dney =Doesp (—3 [ o@)Cr - ot
T,y
Ca = (1= 0c(p,A)C(p)

1
Clp)=———
9 p% + m?
Separation of ¢(p) into low modes and high modes, is done with regards to the momentum scale

p. Thus, working in Fourier Space,

¢p - ¢p,< + ¢p,> (321)
¢p — Ca(p)
bp,< = Cp(p) (3.22)

bp,> — Cr — Cyp(p)
Additionally, we have the identity-

ducy (¢) = duc,(9<)duc,—c,(¢>) (3.23)

After performing an integration over the high modes ¢, we define a running potential V), (associ-

ated scale is p)-
esp (— / wa) = [ dne-c,(6=) exp (V(6 +62) (3.24)

and the Partition Function can be re-written as-

2= [dne,ocremn ( [vi600) (3.25)

With these definitions, we can derive the Polchinski Equation, a differential equation that captures
the evolution of V), as p changes. Another mathematically equivalent formulation Effective Average

Action Method, is considered to more convenient. The idea proposed by Kadanoff and Wilson is

109_ is the cut-off function - a step function in momentum space, beginning at A and is a smooth function
in an interval € around A
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mapping Hamiltonians to Hamiltonians at larger scales. The Hamiltonians obtained in this manner
are the Hamiltonians of the modes that have not yet been integrated out in the partition function,
i.e. ¢<. So rather than computing this sequence of Hamiltonians, we can compute the Gibbs free
energy I'[M] of the already integrated out rapid modes, i.e. ¢~. So we construct a one-parameter

family of models, characterized by a scale p such that-

e p = A — the case where in no fluctuation had been integrated out, the Gibbs free energy

I',[M] is the microscopic Hamiltonian.

Lpnle] = Hl¢p = ¢ (3.26)

e p =0 — the case where all the fluctuations had been integrated out, I'y—, is the Gibbs Free
Energy of the original model.

Lp—ole] = T[] (3.27)

Consequently, integrating out more and more fluctuations decreases p. This allows us to make two

pivotal observations:-

e p denotes the UV-cut-off for the low modes ¢~ in the Wilson-Polchinski formulation. But it
plays the role of IR-cut-off in the Effective Average Action method; I', is the free energy of
high modes.

e Low modes are a crucial part of the Wilson-Polchinski Formulation, but they are absent
from the Effective Average Action method, which is based on the free energy of high modes.
Fortunately, the object I, [] comprises all the information about the model, which is a major

plus point over the Wilson-Polchinski Formulation.

The explicit construction of the one-parameter family of I',, is achieved by giving the low modes a

large mass, which decouples them in the partition function'!

Thus, a one-parameter family of models is built, with the help of a momentum-dependent mass

11With regards to Particle Physics, a large mass translates to a small Compton Wavelength and, conse-
quently to a small range of distances where quantum fluctuations are significant. Since a very heavy particle
is decoupled from low energy (relative to its mass) physics because it can only play a role at energies below
its mass threshold via virtual processes. Inverse powers of the mass of the heavy particle coming from its
propagator suppress these processes.
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term infused in the original Hamiltonian,

2,0 = [ Dow)en |-l - amfal+ 0] amis = [R@es,  G29)

here R, (q) is the cut-off function'?, chosen with the following properties-

e p =0, Ry—0(q) = 0 identically Vg — Z,—o[J] = Z[J] - This guarantees that the original

model is recovered once all fluctuations have been accounted for 1?

e p = A - Fluctuations are frozen'* Tying the modes ¢ € [0, A] to an infinite mass, freezes their

propagation = R,—7(q) = oo, Vg.

e 0 < p < A - High modes (|g| > p) are unaffected by R,(q). Therefore, R,(|q| > p) ~ 0 for

those modes. The low modes had a mass that decoupled them from long-range Physics.

We now define,
Wy[J] = log Z,[J] (3.29)

and the Legendre Transform of W)[J] is defined as,

Pyle] + WylJ] = / 7o (3.30)
ﬂ)—?ﬁg (3.31)

On careful, observation, it can be seen that even though,
p—=0={R,—0, W, - Wand T, - T}

but still'®
Calp] # Hy]

A convenient re-definition (with the aide of R,) allows us to modify the equations in order to get
FPZA[QO] = H[QO], as, 16

el + Woldl = [ g5 [ By@eney (332

12A slight abuse of nomenclature has been exercised by the author.

13Refer to Eq:3.27, and the corresponding point for details.

HRef to Eq:3.26 and corresponding point for details.

15Consequence of large AH,_, term.

16 R, term vanishes in the limit p — 0 Vg. Thus the limiting case relations remained consistent.
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Using Eq:3.28 and Eq:3.32, we can write,

J(x) = / Ry — y)o(y) (3.33)

and on substituting of Eq:[3.32, 3.33] in Eq:3.29, we observe that,

o (-1 = [ Doesp (~ie]+ [ 2 (600) - ota)
1

(3.34)
 exp <_2 / (000) @) Ryl )(61) - w(y))>

Setting the condition R,(q) diverges Vq when p — A, gives us the relation'”

exp (= (000 = oot = )(60) = 2(0) ) = 86 =)

Thus we get the relation'®
Tple] = Hlp =] as p— A

Proceeding on to deriving the Eract RG Equations.

pesp (W) = =3 [ D0 ([ otz = o )eso (<8161 5 [ Rowotwo- + [ 19)
1

1) 1)
_ <_2 [ om0 w(y) exp (Wy1J])

(3.35)

or equivalently, we get the Polchinski Equation

1 SW ] OW,[J] SW, ]
8PWP[J]:‘2A,y8pRP($‘y>(Mxmm TSIl ) ) (3.56)

Using Eq:3.31, we can write!”

L[]
p(z)

— () - / Ry(x — w)ely) (3.37)

I7A functional Dirac-Delta.
18Subject to the condition Ry diverges in the limiting case.
19 A useful equation, used in the calculation hence,

0

810\.7 = 8p|w +/8p§0('x)|J 590(‘%)
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and

OLulel+ 0 Wil = [ Tope—; [ Rua-pe@iew)- [ Rie—p)e@dels)y (339)

x7y

On substituting, Eqs:[3.36,3.37] in Eq:3.38, we obtain,

1 82W,[J]
Wlplel == | OpR — B 3.39
p P[QO] 9 ey p p( )5,]( )5J(y) ( )
Considering Eq:3.37, we observe that,
2w, J]
N —2)= | — P11
R R ETEE
§*W,[J] 6By
_ 3.40
/y 60J(x)0.J (y) dp(2) (3:40)
*WplJ] ( 3*Tply] >
= + R —z
3T \Tomoez) 1w )
gives us an identity-equation, which allows us to define inverse-operators,
O2Wy[J] ] OTyly]
— e = ————~+Ry(y—=
]~ e )
Therefore, Eq:3.39, can be re-written as,
5T ] -
OpT'k] / IpRp( < £ + Ry(y — 2 ) 3.41

which is the Wetterich Equation.

3.3 FRG for a Fermion Field

Next, we consider a system of interacting fermions [17, 18,22, 23], characterized with the help of

Grassmann Fields, 1,1, with the action?°?!,

Sl ¥l = —(, P ) + V[, 9] (3.42)

20 is the Propagator of the non-interacting system. The (.,.), denotes > 1(z)(P~19)(z), associated
with the definition, (P~1)(z) = >, P (2, 2" )ih(2’)
2LV [ap, 9] - Arbitrary many-body Interaction
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The Generating Functional is expressed with the help of the following path integral,

Zln, 7] = / DYDP exp { Sk, B + (7,9) + ()} (3.43)

the associated Connected Green’s Functions are obtained, [18], with the help of the Generating

Functional defined as,

Gln,nl = —ln/@i/@i/_feXp (=S, 9] + (7, 9) + (¥, m)) (3.44)

this is equivalent to writing, 22

/ DYD exp (—S[, §] + (7,) + (1)) = Zexp [~ (7, Pn) (3.45)

for vanishing source field 23,

G0,0] = —InZ
(3.46)

2= [ DvDiexp (5[, 0)
The Connected-n-Particle Greens Function is given by 24

G (21,22, e, Tni Y1, Y2 s Yn) = — (W (@19(22) .0 (@0) 0 (Yn) - D (y2) Y (1))
52771@[777 ’F]] (3.47)

=(-1)" 57(1)-07(2n) 07 (Ym )00 (y1) n,7=0

221n the non-interacting case, i.e., V[1b,9] = 0 -
Gln,nl = —InZ + (7, %n)
23Partition Function of the Interacting System.

Z4Carrying out the expansion of G[n, 7], gave us a power series, with the Connected Green’s Functions as
co-efficients-

Gln,m = - Z(n,GPn) + ﬁ Z G (w1, w591, y2) (1)1 (w2) 0 (Y17 (y2)

x1,%2,Y1,Y2
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To get the Effective Average Action, we consider the Legendre Transform of G[n, 7]

L[y, ] = (1,%) + (¥, n) + G0, 7]

_ 0GIn, 7
V=TT (3.48)
o 6@[77’ ﬁ]

which generates the one-particle irreducible vertex functions

RN
5P (y1)-- 00 (Yn) 59 (2069 (21) | o

F(zn)(yl,yg,...,yn;xl,x2,...,xm) = (3.49)

using Eq:3.47 and Eq:3.49 and their corresponding functionals (¢ and T')-

r®(ah;21) = (G (ay; )™
Gy, wos 2, 2h) = Y GO (@, 41) G (22, 45) T (1, v y1, 42) G (11, 27) G (2, ah)

yl)y27y/1’zé
(3.50)
The Effective Average Action, I'[¢), )], obey the reciprocity relations
oT [, 9] _ T[4, 9]
= — N = = 3.51
50 T g U (3.51)

We can also prove that the second functional derivatives of ¢ and I', with respect to the fields,
are inverses/reciprocal in a certain sense. For which, the following definitions of the second-order

derivatives of ¢ and I', are considered

@ — [aﬁ(é}g(m/) —aﬁ@}%@,)] _ [ (w(@)d() <w<m>w<w'>>]
o)~ onmony W@ @) (352)
T, ) = [aw(g?%gw(x) 8¢(x(?%g¢(z)] _ [3311[1/1%](9?'73? &?FW,T/_J](UC/,OU)]
these satisfy the relation®’
L@y, 9] = (G,7) (3.53)

250nly when 7 =77 = 0 and ¢ = 1) = 0 (and in the absence of a U(1) charge symmetry, does the relation

T3, 4] = (G, 1)~
hold.
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We also define Effective Interaction in case of the Fermions®®

_ 1 - o -
Vx;x] = —In (Z /CDWW exp (0, P7') exp =V + x, ¥ + X]) (3.54)
which is equivalently written as
Vo X =G +W(Z) = (m,%n) 5 x=%n; x=2"7 PT(xa) =@ x)  (3.55)

Thus, with the help of these definitions and calculations, we can determine that the functional
derivatives of V[x, x] with respect to, x and y generate the Connected Green’s functions, with bare
propagators amputated from external legs, in their respective Feynman Diagrams. This is due to

the (In (Z) — (7, %n)) term, which allows us to eliminate, the non-interacting part of G[7,7] 7.

A short calculation, allows us to re-write the Effective Interaction, in-terms of functional-derivatives®®

exp V) = 5 [ DD exp (5,970 exp (-1 + x. 6 +

) _ _ -
- %exp <—v [&7 MD / DYDY exp (¥, P~ ) exp (7,4 + X) + (1,9 + X)

~ e <_v [5‘; g}]) exp (7, #1) exp (7 x) + (1, 0]

1,7=0
) 1) 1) _ _
— exp (—v [&7 M]) exp (w%) exp [(7, ) + (1, 0)

1) 1) _
= exp <5><’@5X> exp (—=V[x, x])

n,7=0

(3.56)

We consider a scale A, (analogous to our prior calculations and definitions and A < Ag), and
construct a theory. This theory is characterized by the propagator @Q and the bare action of this
theory (based on the propagator) is denoted as SQ [, %)]. In the following calculations, this notation
is extended in order to denote the Generating Functionals defined above as in the case of fermions,

in this version of the A-scaled theory; that is we will consider the functionals - G2[n, 7], V2[x, X]

26

Z- / DYDP exp (§, P~ 4)

2TThat is V[x, x] = 0 when, V[, 1] = 0.

28
5 6 5 5
—P— )= ——P(x,0))——
(5x 5x> ;M(w)( )5X(:v’)
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and T4 [y, ] 2.
Referring to Eq:3.56, in the scaled-theory, we observe that it takes the form

) )
exp (~02) =exp (72,082 ) exp (- ) (357)
Next, we define the separation between high modes and low modes as,

® =08 + 9 (3.58)

and using Eq:3.58, the following relation is written3®

exp (V1 1) = xp (5 0% ) exp (Vo)
o (o025 )+ (e P2 e (Vi) (3.59)
= exp ((;i(,f/)ﬁd)z) exp (—V2[x, x1)

Once again, a short calculation allows us to determine the Functional Renormalization Group

Equation that governs the Effective Interaction. Thus using Eq:3.57, we get,

ai‘/ﬁ [, X] = —exp (V2[x, X)) 8(1 exp (—V2[x, x])
— e (VA )y (o0 (025 ) exp (Vi)

5 opd o (3.60)

= —exp (V2[x. 1)) <5X B 6x) exp (~V2[x, 1])

__(92D0x] 022 0V2DGX] g (092 82020 X]
sx  OA oy A oxx

This is the Renormalization Group Equation for the functional VA[X, X]. The expansion of this
functional in powers of x and x develops the Fermionic Analog of Polchinski’s Flow Equation, for
A

amputated Connected n-particle Green’s Functions, V2"

29The original Functionals ¢, {andl, are defined, in the limit A — 0.
30V A[x, x] performs two important tasks

o Acts as the Generating Functional for Amputated Green’s functions of a (scaled) Theory with the
scale cut-off A.

e Acts as the Interaction for the leftover low modes.
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Using Eq:3.55 and Eq:3.60, we obtain the Renormalization Group Flow Equation for the Functional,
G, 7).

(3.61)

a Am’]__(agAhhm 8U%D_lagAmﬂﬂ)-%Tr(8“¢§TJéPQA>

A on  OA on O\ O7on

Analogously the expansion of the functional G*[n, 7], in the Renormalization Group Equation, in
powers of 1 and 7 provides us with Fermionic Analog of the Renormalization Group Flow Equation

. . A
for Connected n-particle Green’s Functions, GZ" .

For the purpose of determining the Renormalization Group Flow FEquations for the one-particle

irreducible verter function F(Q")A, we consider the scale-dependent Effective Action3.
o _ _ oGrm,m - 0GMm.q
Iﬂmw—w&m+wwﬂ+@%&w];w——ckg];w_ézgm 30

Since the A-dependence has no effect on the structure of the action as a function of the fields, all
of the standard relations between the connected Green’s Functions and the Vertex Functions are
preserved.

Considering Eq:3.61 and Eq:3.6232,

O ar, o (o0 - ot O AL A A

(3.63)
— i A A=A
nA A — fized
and using Eqs:[3.51,3.53,3.61], the above equation Eq:3.63, can be re-written as
8 A - - 8((})/\)’1) ]. 8 . A A A — -1
I = — (9, 222 ) 2 | C A Diag (8, — (T .{r2 } 3.64
sl == (0. 20) - S | R (Diag (98 -0y {r e} | o
Diag (#,(227) = |72 01 (@087 = 2 ) (3.65)
iag (<, (P2 =1 —(@Q)T : >) (z,2') =P (2, o .
31pA and 72 are the scale-dependent, i.e., A-dependent equations, [Ref. to Eq:3.62]

32The derivative operator, which acted on ¢*[n,7] also captured the A-dependence of n™ and 7*. These
observations helped cancel most of the terms.
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3.4 Rescaling in FRG

Any Wilsonian RG procedure, consists of two main steps, (with reference to the theory considered
in Sec:3.1)

e Integration - An integration over the fluctuations (generally in the interval e=¢ < |p| < 1,
which are known as the high modes.)3

e Rescaling - The procedure entails, re-scaling all linear dimensions to the original scale of the

system/model, (with the help of a factor of e~¢).

For convenience, in this section, we consider the action S[¢], in the momentum-space, 34

Notation,® 4
_ p . _ 1p.X
=) o o= [

Therefore the action, S[@] is defined as 36

o0

S[¢] :Z/ un(pla~-apn)¢p17'-w¢pn3(p1+...+pn) (366)
P15---Pn

n

and the corresponding functional derivative is defined as

i _ d, . ip.X d
5o, /d xe o) (3.67)

33This leaves the Partition Function, Eq:3.1 Invariant.

34The action, S[¢)], is considered to be a semi-local functional of ¢, which effectively meant that, we could
construct S[¢], with te help of various powers of ¢ and of its derivatives, only.

35Here d is some general dimensions. And p = |p)|

36Here

5(p = (2m)45%(p)
5d _ /eip.x
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3.4.1 Field Variable Transformation

We need to consider a general transformation of the field that leaves the Partition Function invari-
ant.3”

Qgp = d’p =+ U¢p[¢] (3‘68)

then

5161 = 1+ 7 [ 31015 (3.69)

thus 3® imposing the aforementioned transformation to the constraint of leaving the Partition

Function invariant, we get

Z[¢] = | Dpexp (=S[d])

(3.70)
_ / Dpexp (~S[6] — oO{w} S[4)
where S oy
ostel = [ (g~ 55 )
or equivalently
8§<[7¢] — O{¥}S[¢] (3.72)

3.4.2 Rescaling

For the purpose of rescaling, details in [19], we consider an infinitesimal change of the momentum

scale.??
p—=p=(1+o)p (3.73)

which induces the following change in the action S[¢]

S—S=S+0AS (3.74)

375 is an infinitesimal quantity.

38Notation
[oi= [958 = [20(10 [ 724)

39The hat on the terms, denotes the rescaling changes that are made.
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equivalently expressed in the form,

oS
LA
Jo 5

(3.75)

Using the definition of S[¢] in Eq:3.66, we get the following list of changes induced by the rescaling
Eq:3.73, (Change = o AS)

Change induced by Differential Volume (AS)
I d*p; = (1+ 0) ™I d%p;

induces the change

~ 4]
ASlz—J[d/gb ]5’
b 0fp
Change induced by Couplings (ASs)

~

Un(pla ) pn) = Un((l + U)_lpla ) (1 + O-)_lf)n)

induces the change %°

~ 0
Ang—U{/d) p-0 }S
» p p6¢p
Change induced by the Delta-Function (ASs3)

S(PL+ - +Dn)=0((1+0) " 'Pr+... + (1 +0)"'py)

induces the change
AS3 = o(dS)

Change induced by the Field (ASy)
¢(p) = ¢((1+0)7'p)

induces the change 4!
6((1+0)7'p) = (1 + o)~

409',,, denotes the collection of momentum derivatives that do not act on the delta-functions.

41d¢ is the adjustable dimension of the field,

$(ax) = a*¢(x) ; (ap) = a® 4o (p)
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(3.82)

(3.83)



which to first order in ¢ induces the change
~ 0
NSy =0 |(d—dy) | dp—15 (3.84)
p 0Pp
To get the total change induced we sum up all the four contributions and arrive at

4
AS=>"AS,
i=1 (3.85)

5 5
=0 [dS— Oy —d s
o[is= [t = [z

Further simplifications can be performed using the action of the momentum derivative 9, to act

also on the § — functions and integration by parts, giving

85 = [®0:0,0) - 5+ 0= dy) / oS (3.56)

p

The rescaling can also be expressed as [20]

A=d—Ny—deDy (3.87)
where in
0 . . .
Ny =¢- % phi-ness counting operator : #(occurrences of field ¢ in a vertex)
5 (3.88)
Ny =d+ / OpP - 81,@ momentum scale counting operator + €
p p
Thus the Re-scaled-Polchinski Equation is written as
95 [9<] 16Sp[p<] 0P 0Salp<] |1 [3@><VSAW<W
=—— . . + =Tr | 4+ ASyp 3.89
96 T2 9. 06 6. 2|0 boeone 1#<] e
and the Fized Point Equation is written as
OSalp<] 0
e
(3.90)

(Ao +dgAg — d] Spp<] =

2 ¢ 08 dc 2

_105A[9<] 09> 0Salé<] | 1. [3«% 525A[¢<]]
9§ 0p<0¢<
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From [21], we analogously derived the position space equivalent of Eq:3.89 employing the definition
in Eq:3.87

OSnlp<] _ 10Sa[p<] 0P> 6Salp<] | 1 {3@> 0*Sa[¢<]

-7 2 oA
HER T Fr

o 2 o O e 2 }+ASA[¢<] (3.91)

where in

A=_ / [(dy + x - 02)ba] (3.92)

o
06
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Chapter 4

Attempting to Make the Connection

The FRG Equations in Sec(s):[3.1 & 3.3] are determined for a general model. For our model, we
derive the Polchinski Fquation, i.e. an equation of the form of Eq:3.11. This equation Eq:4.5,
is then used to analyse and determine the fixed point, using the formalism provided by [1]. The

derivation and subsequent analysis rely on the machinery developed in Chp:2 and Chp:3.

4.1 The FRG Flow Equation

On careful observation, using Eq:2.40 and Eq:2.41, we can derive,!

Heopr(Quxq) = Zi' 3 3 ()#/ddee( QI H(P; xp,) (2.40)

1 ----- Q7L7Z Qz:QPI ----- PTvaICPI

Ry =30 ¥ X {0 [ exu@ixe)-1Quxa.)

n=1 " Py,....PpQ1,..,Qn ; QiCP;

x I H(Py, zp,) (2(Q1, X, ); .--;<I><meqn>>c}

Hepp(y) = {/ddXQ‘If(QhXQJ---‘P(Qn,XQn) X Heff(QvXQ)} (4.2)

/ddX:/dde X /d"ixf

where Q =31, Q; and Q = Y"1 | Q;, a concatenation.
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These Equations, (Eq:4.1 and Eq:4.2) are used to derive the corresponding Polchinski Equation,
(after taking the derivative with respect to a rescaling parameter). But such a procedure requires

a re-labelling of symbols for systematic book-keeping.

4.1.1 Book-Keeping Notation

We primarily need a redefinition of the propagator. This redefinition allows us to recast Eq:4.1, as
a Polchinski Equation.
With the definition of P(x) as in Eq:2.17,?

<1/1a(33)1/1b(y)> - Qabey ) A= (CL), B = (b)
GZyB _ QAB]ny _ <[au¢a($)]¢b(y)> = Qabaupxy ;o A= (aa M)a B = (b) (43)
<wa(x)[8uwb(y)]> = Qabaupa:y 5 A= (a)v B = (bv V)
| {[0utba(@)][0006(v)]) = Qab0u00Pry 5 A= (a,), B = (b,v)
or using the definitions in Eq:2.27,
Gy = QaBPry = (Ya(z)¥5(y)) (4.4)

4.1.2 Polchinski Equation and Vertex-Polchinski Equation

Employing a procedure similar to one presented in Chp:3, and using Eq:2.40 the corresponding

Polchinski Equation for our model is written for H.pp = # 34

P 1( 6 o . 5 1 o . 52
i = s {mwg ) |oeo) {mwg )+ o (o) o)) | @9

which is diagrammatically expressed as

2Py = P(z — y) and Qg = Symplectic Matrix
3The scale parameter in FRG is A, and in RRG is v, and their respective derivatives are related by an
overall —ve sign.

0 0 0

4 Analogously —S7 in Sec:3.1 is replaced by #.
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9 | |

Figure 4.1: Diag. Representation of the Polchinski Eqn

A diagrammatic representation of the analogues of the Polchinski Equation Eq:3.11.

. . . . . oG
The dotted line is representative of the derivative of the propagator, i.e.
representation comprises of two types, referred to as Straight Road and Loop Road,

respectively.

and we systematically derived the analogue of the Polchinski Equation for the vertices as

iR frd

{k\ ] kz]
‘{h] nihz'i= ¢

Figure 4.2: Diag. Representation of the Polchinski Eqn

A diagrammatic representation of the analogues of the Polchinski Equation Eq:3.11 for the vertices.

. . . . oG
The dotted line is representative of the derivative of the propagator, i.e.
comprises of two types, referred to as Straight Road and Loop Road, respectively. The open-ended
lines are representative of the n-vertex accordingly.

| —

. This representation

The form of the Polchinski Equation for the Vertices, is derived mathematically as follows:

Considering the following definition for a vertex-interaction kernel®

sIClge
——— =H#H(C, z¢
W (C,zc) (C.zc)
defined with the help of the notation
§ICl §1Cl

- . C={C,...C}}, 1=|C]|

0¥(C,zc) 0Y(C1,z2c,).--(Cl2c,)

5The definition of the sequences are the same as that in Sec:2.4
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The Vertex-Polchinski Equation is obtained by the action of % on the Polchinski Equation,
Eq:4.5 and setting ¥ =0

s5lcl 0 1 1) 0 1)
6@(c,zC>{6£g€:2 [Nz%] [%G Hé\vi’f]

(4.8)
w3 ([ee] - [remp]) )
9 AB| | S5qz SwY
0¢ QAN S V—0
which after the relevant rescaling procedure Sec:3.4, takes the form
5!Cl o) 1[ 6 0 5
5@«1ZC){55%“2[5wg94 [agG }'{5@%34
) 5 52 (4.9)
Ty ([ GH %Dere}
o¢ AB| 6w ouY, _
Considering the following calculation it is further simplified to
o dlcl 51C! 1] 6 0 5
— = = FH| | =G| - | = H
9¢ 5%(C. zc) | 5¥(C.z0) | 2 [waa ] [asGAB} {WB }
U=0
(4.10)
i ([‘9 @wy] { > %D +A5¢€}
5 9¢ TAB| T | swe SwY
2 o€ QSR NAA w—o

The Equation Eq:4.9, after the action of W represents the diagrammatic representation in

Fig:4.2. But in our analysis of the Polchinski Equation for Vertices, we re-write the equation using
the notation developed in Sub-Sec:2.5.2. 6

We use the Trimming Map defined in Sub-Sec:2.5.2, to determine the Polchinski Equation for a
given Interaction-Kernel, which is characterized by the Eqs:[2.48, 2.49, 2.50]

ssn|, s ) (o] (e
ey (o] - [rammg]) <2% )|
e (1(Conc) = yféwfclzcza{;[éim ] [f AB} [«W }

+1T O] [0 g + Adt
o¢ B 5w o0Y,

6The subsequent procedure is motivated by the reasoning of employing the mathematical structure and
bounds presented in [1] to study the Vertex-Polchinski Equation.

(4.12)

v=0
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9 e 17 6 9 . )
g (#(C.70)}, = 57f5lI,(C7ZC){2 [5‘1’?434 ' [(%GA%] ' [5\%5‘5]

i (| g ]2 % + A
2 o¢ AB| 50T 50

and following the approach in [14], and using Eq:3.65 and Eq:4.6. We also re-define the action of

(4.13)

=0

the Re-scaling operator, A, appropriately for the Polchinski Equation for the Vertices and details
as present in Eq:4.18 and Eq:4.19.

0 0 »
S ((C.nc)}, = 3;;{ > PHACrnac) | 6| BB, Canacy)
{(C1,2¢,),(C2,2¢,)}
1 0 .y
+ §T7“ 8—§GAB [H#H (A, B,C;x,y,zc)] | + O#H(C,zc)
l
(4.14)
subject to the following constraints
CiuCy,=C
(4.15)
CinCy=¢

Z{(Cl,zcl),(C27z02)} = Sum over all the disjoint subsets with each pair being counted only once.

Example, let us consider writing the Polchinski Equation for the 2-point-local Vertex Polchinski

Equation
9 2 0 Ty
Fg{%(c?zc)}QL =Tz Z [#H(A, Cr;2,2¢)] - aifGAB - [#(B, Ca; w, 2c3)]
{(C1,2¢,),(C2,2¢4)}
1 0 .y
+§T7“ a—gGAB -[#(A,B,C;x,y,zc)] | + OH(C,zc)
2
(4.16)
In Equation Eq:4.16, the following definitions and properties of sets are considered.
[C1] =1Ca| =1
C=C,uUly (4.17)

zc = 2o, U 2o,
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The action of the Rescaling operator on the Polchinski Equation for the Vertices is defined as

0 A 7175@' d D)UY o H
‘50(C,zc) ffsxp(c,zc)/w[( vt w- ) ]ww
!
) ) )
:-} :57;/ [(d@+w-aw)xpg]n¢-.3€
Z(Ccy) 7 (h) w
=1 w 5\1’((31) 5\II(CJ-]) 5\I]D

l
) )
=T / (v +w - u){d(w — 2¢,)dc DN iy - 5w
= B (NI(CJ']) b

[
== 327 [ {5t - 20)bc.n} [(dxv A Cisi}, Dizge,, pow)  (H18)
i=1 w
+w - 810(76({0175]}, D; Z{C#j}, ’U)):|

l
= —TH{l(dy — d)(C,20)} + T} Y _ zc, - 020, #(C, zc)
=1

= -7} #(C, zc)

l
(g —d)— 3 20,0,
=1

To keep our expressions compact we will denote the operator derived above using [,

0=

d\IJ — Z ZC; 620 ]
d\lj — Z zC; azc ]

(4.19)
|j - —g—f

4.2 Fixed Point Equations

4.2.1 Construction of the Fixed Point Equation

The next step comprises of constructing the Fixed Point Equations for the Polchinski Equation (in

this case the Polchinski Equation for the Vertices). The Fized Point Equation is derived by setting

o6



the LHS of Equation Eq:4.14 as zero © &
0
o€ {#(C,zc)}, =0 (4.20)

[# (A, C1;x,20,)] [;G%B] - [#H (B, Ca;x,20,)]

{ {(Cl,ch )7(027z02)}

+ 57 ([ 6] e0a.B.Ciz im0 ) + e, zo>} 0
l

0

—D{mc,zom:ﬂ{ 3 [%(A,cl;x,zelﬂ‘[afmﬂ-W(B,cz;mom
{(C1.,2c,):(C2,2c,)}

n %TT ({;ﬁGQyB} .[%(A,B,C;a:,y,zd]> }
l (4.21)

For convenience and simplicity, the RHS of Eq:4.21 is notationally denoted as, where in we

refer to the newly defined operator as Polchinski Operators

O{#(Coac)e = Y [{@s}?ﬁ <c%f1,m2>} +Z[{%}? mm] (1.22)

(¢1,¢2) (")

where in

> [{963};1& (%fl,gfé)} -

(£1,02)

5 (4.23)

3}1{ [#(A,Cy;2,2¢,)] - [%GZZJB] [#H(B, Cy; 7, 20,)] }

{(017201)1(CQ7ZC2)} l

and
44 _ ol 1 0 Ty
{2y, (He) | =Ty iTr 8§GAB -[# (A, B,C;x,y,zc)) (4.24)
l

"This is the definition of the Fized Point Equation for FRG.
8The action of the Trimming map 7} on an Interaction kernel in the trimmed representation is trivial
and TH{#H}, = {#}, and | = |¢]. Also the relation
~T/0{#(C,zc)}s = ~O{#(C, zc)}

is assumed in the expressions that follow.
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Considering the example Eq:4.16 the Fized Point Equation is expressible as

0
0= ffL{ > A Cro] | G| (B Cria )
{(C1,2¢1):(C2,2¢,)}
1 0 .z
+ §Tr ([(%GA%] -[# (A, B,C;x, y,zc)]> + 0% (C, zc)}
2
_ ) 0 ay
—{#(C,zc)}tor = T31, Z [# (A, Crs 2, 2¢,)] - FEGAB H(B, Cos w205
{(Cl,ZCl),(CQ,ZCQ)}

+ %Tr <[§§Gf4ﬂ : [%(A,B,C;x,y,Zc)]) }2
(4.25)

or simply, using the definition in Eq:4.24 and Eq:4.23, we can write,

OH(Cz) = Y [{%}?ﬁ <%f1,%f2>]+2[{%}§; wm} (4.26)

(¢1,62) (")

We now attempt to employ the formalism of tree expansion present in App:B, and place bounds
on the various aforementioned operators, thereby developing a rigorous analysis of the Functional
Renormalization Group approach. To cast the equation in form, as present in App:B in Eq:B.1, we
add a {#} from the LHS and RHS of Eq:4.22,

@y 000 = 3 (Y0 Gt Hte) | + 3 |22 0| + 01

(¢1,¢2) )

(-0 00 = 5 @10 Gt dte) | + X [0 G000 | + 000 ()

(¢1,¢2) )

Therefore, the final functional form of the Fized Point Equation for the Polchinski Equation is,
e =W | 5 {20 (e te) | + 5 |00 G| + 001|429
(41,¢2) ("

where in,
B=(1-0)'=1+0+0++--- (4.29)

Using the power series expansion for #f,, we derive the tree expansion corresponding to the Polchin-
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ski Equation for our model.

R AN (4.30)

u,v>0

is substituted in Eq:4.28 and simplified.

W;va)yu)\v _ Z {{99 }fl,fz (Z % u1,v1 pU NV Z geégw,vz)yw)\vz) :|
(£1,¢2) u1,v1 u2,v2 (4.31)
+ Z |:{9)L}bﬂ (Z ge (us,v3) ugA’U3> :| + Z %;UAL,UAL)VU;;A’U;;]
u3,v3 Uq,V4

We then study Eq:4.31, line by line, understanding and analysing its structure and developing an
analogous tree expansion algorithm to determine the fixed point. Considering, the first term on
the RHS of Eq:4.31,

i{ Z |:{g’S}?f2 ( Z %;?17v1)yu1Av17 Z%;:2702)Vu2)\v2>]}
(¢1,62)

u1,v1 u2,v2

u1,v1 uU2,0v2

= ij;fl { Z Z 5l€ u1,v1 8 G]ﬁ,fQ %(UQ,UQ) U1+U2)\Ul+v2}

u1,v1 u2,v2

Eq:4.32 is constrained by, |£1 + #2| = |£ + 2| and || = [. Isolating the coefficient of {v*A"},
gives the contribution of the straight road Polchinski Operator to the Fixed Point Equation. The
implicit summation on the RH S, of Eq:4.32, due to the presence of the propagator, establishes the

constraints, thereby ensuring that the system of equations is consistent.

Similarly, the second term on the RHS of Eq:4.31,

i{ 3 {{%}f’ (Z 86;?3’”3)1/”3/\”3) ] }

“ s (4.33)
g/ 17
= m7}

Z[c‘?g@]” 36(“3’“3) “3/\”3] }

u3,v3

is associated with |£/| = |£ + 2| and |¢| = [. Identically, isolating the coefficient of {v"*\"}, gives
the contribution of the loop road Polchinski Operator to the Fixed Point Equation. And similar to
the reasoning above, about the implicit summation present in Eq:4.33, the system of equations is

consistent with the constraints.
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Lastly, the third term on the RHS of Eq:4.31,

[ ] <Z 36;“4’U4)y“4)\”4> = is a trivial expression adjusted by the B operator. (4.34)

U4q,v4

and is associated with itself trivially, with the same value of # (from the trimming map list) as in
the LHS.

Therefore, the term %;u’v), is expressible in the form

%éu,v) _ Z Z i{@}?’fQ (gggjl,vl)? %;;Lz,vz))
(?1,62) {ui,vi}i=1,2

|1+ 2| =0 +2=1+2

£33 moy (ag) (4.35)
(") {us,vs} |£|—2=|¢|=1
+ (el
B (w0
A\
el - TS v
@) ooz
0 w2\
VR AA
S S—w—aellww o
() fts, Y
A\
v . Q(U,V)

Figure 4.3: Graphical Representation of the Eq:4.35

A graphical representation of Eq:4.35. This representation allowed us to write the interaction kernel arguments
in the form of a tree-expansion. The vertex labelled vg on the RHS denotes the operator (1 — A)~1 = H; the

vertex labelled vp, on the RHS denotes the operator {!P}?’@; and the vertex labelled vp, on the RHS

denotes the operator {(@}?.

The relevance condition for the interaction vertices remains the same, that is v + v > %‘ -1
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for {#}, to be non-trivial. These conditions are stated in App:B, and are,

u,v . f
{H};’)#O 1fu+1)2§—1

£ =2R, 4R foru+wv > 2 (4.36)
£ =6R foru-+wv>3

The explicit expressions for the Fixed Point Equations of the are

{575}5 Z Z .{95}2L2L< (u1,v1) geéliz,vz) Z Z .{9, }2L2R( (u1,01) %%2’”2))

u1,v1 u2,v2 u1,V1 U2,V

+ Z Z .{9 }2R2L( ul,vl) %(ug,v2)>

uy,v1 u2,v2

+ > g () + Y Mo () + migey e

u3,v3 us3,v3

_ Z Z .%%{ u1,v1) [8 G]QLQL g{ézig,vg)}

ui,v1 u2,v2

DI LALTARRCE Sl

u1,v1 u2,v2

CY Y W fan agp)

U1,v1 U2,02
> ity |

us,v3

> eI ey

us3,v3

1-
+ 5lf7‘22L {Tr

1_
- 5lfoL {Tr

} + m{ge} e (4.37)

{%}(M) Z Z .{9, }2L4L< (u1,v1) %QLQ,'U2> Z Z .{9) }2R4L< (u1,v1) %(UQ,v2)>

U1,V U2,V2 u1,v1 u2,v2
L, 4R (u1,v (u2,v R,4R U1 ,U ug,v
+ZZ-{9}24< 1,01) 22)) ZZ-{9}24((11%iR22)>
U1,V U2,V2 U1,V U2,V2
+ 3 Wt (5) + 30 Mo (#i )
u3,v3 u3,v3
+l{5‘€}(“4’”4

-5 S w4

u1,v1 uU2,0V2

IPI AT {%G}F’“%ﬁwﬂ}

u,v1 u2,v2
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_|_ Z Z .57;14[1{% ul,vl) [a&G}ZL 4R ge(’uz,vg

u1,v1 uU2,v2

)
B T —

ul,v1 u2,v2
1 ?GR
+ = . ys T’]"

+ m{ge} ey (4.38)

> I ey

u3,v3

1_-
- 5!&74‘2 {T

>t ai |

u3,v3

)50 = D0 > Mgy (welp ) wie ) + 30 Mg (e )

u1,v1 u2,v2 ui,v1 u2,v2
2L,6R u1,v1) u2,112 2R,6R (u1,v1 (u2,v2)
+ Z Z B{Ps}ss0, (% ) Z Z B{Ps}is7, ( s HeR
u1,v1 u2,v2 u1,v1 u2,v2
4L, 4L (u1,v1) (u2,v2) 4R 4R (u1,v1) (u2,v2)
+ Z Z B{Ps}ssr, ( sy ) Z Z W{Ps}s7, ( y Hyp
ui,v1 u2,v2 u1,v1 u2,v2

S malt (v )

u1,v1 u2,v2

7 WP () + W)

us3,v3

_ Z Z .%SL{% u1,v1) [8 G]QL ,6SL 5‘5((;1&’”2)}

u1,v1 u2,v2

uy,U R,6SL ug,v
+ Y0 mTy, gt - [0eGI O  atyey 2)}

u1,v1 u2,0v2

(u1, 2L,6R ,
+ 30N mT < at) L [9:G)2 ge

u1,v1 U2,0V2

!

{ )
T Z Z .%SL{%(“WI 0 G]QR 6R geﬁ(EQ,UQ)}

{ }

{ :

u1,v1 uU2,v2

+ Z Z .%S Jf(ul’vl 8£G]4L 4L uzﬂ}z)

u1,v1 u2,v2

U1,V RA4R U2,V
+ Z Z W), ‘%z(lRl v - [0:Gg" C%iRQ ?

u1,v1 U2,v2

+ Z Z .%SL{%z(lzhvl 6 G]4L AR . Wi?’w)}

u1,v1 uU2,0v2

>l

us3,v3

1 — U4 ,.
- 5!766:% {Tr } + W{ge} ) (4.39)

and, >_" denotes that the sum is carried out over all possible even partitions of |£|+2 = [+ 2 and
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S°# denotes that the sum is carried out over all possible values of |¢/| = |£| + 2.

(GO =303 3 M (0, ) > Y mi (aefio))

u1,v1 U2,v2 us3,v3

+ m{ge} vy (4.40)

=7 (u1,v , ug,v
_ZZ Z.g |{ 1,V1) [8G]flé2| %;22 2)}

u1,v1 U2,V2

#
1 gori=le|
+ W, {Tr

Z [0:G];_ el 5‘5(“3’”3)

u3,v3

} + W{#}, (ua,ua) (4.41)

These are the formal definitions of the relevant Fixed Point Equations for the interaction couplings
of the model.

4.2.2 Analysis of the Fixed Point Equation

Taking motivation from the definition of vector spaces, as defined in Eq:2.43, we define the following

vector spaces to define the Polchinski Operators’ action explicitly,

Q; — Vector Space of coupling {#},

Q¢ — Vector space of trimmed couplings {# '},

Qs — Vector Space of trimmed coupling sequences H = (Hy)zerr, = Qs ® Qp, for {9’5}"”1"’”2
Q1 — Vector Space of trimmed coupling sequences H = (Hy)zerr = Q¢ for {g’L}f

(4.42)
Using Eq:4.42, it is evident, the following definitions of the Polchinski Operators hold true,
{955};1’5)2 : Qs — Qy or more explicitly Qg — Q; — Q¢ (4.43)
[£1]+|f2|=|¢1+2=1+2
and
{@L}gl : Qr — Qg or more explicitly Qr — Q; — Q¢ (4.44)
|¢'|=|¢|+2=1+2

Similar to our approach in App:B, we now will determine the bounds on the different parts of

the Fixed Point Equations.
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First, we determine the bound on [85((}]1"1"?", that is the propagator of the theory. This propa-

gator, G]lgé"" can take two forms in the FPEs above. (In this situation using the Norm Bounds

characterized in App:C, we can write”.)

e One term with two Fields - n = 1.
b1,
G| = [(Wa )l < CMo (4.45)

This kind of propagator is used to characterize the Loop Road Polchinski Operator’s bound.

e Two terms with one Field each - n = 2.

1,6
’G’l;;ﬂ =[(Yp, W)l < My, ¢, (4.46)

From the bound on the propagator, we will use the arguments presented in Section [2,4,5] and

Appendix [A] of [1]. The paper clearly presents the result,
1G(2)],10,G(x)],18,0,G(x)| < M(z) = Cye” el 2 eRY o =1/s <1 (4.47)

here the definitions of C,,Cy, are dependent on y, which is defined in Eq:2.8. The details of the
proof of this result are presented in Appendix [A] of [1] and we will use an analogous approach to
put a bound on 0:G. It is to be noted that the symplectic matrix does not affect the norm of the
propagator or its scale-based derivative in any way.

Using the definition of the propagator independent of the symplectic matrix acted upon by the

derivative with respect to v (and by extension with respect to £), we can see that,

0 o__9 x(0k)

—G=——— 4.48
737 Oy |k|4/2+e ( )
and the action of d, can be expressed as,
d
YO X(Yk) =D kO x(VE) (4.49)

pu=1

Similar to the approach in [1], we now bound the value of the term in Eq:4.49, wherein we have

9Definition of s,

(X141 -2~ 1))

| =
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demanded that the function x (k) belong to the Gevrey Class G* (s > 1) *°

mag | x(vk)| 7€ = [Owx(k)| <€ (4.50)
and
d
Oy x (YR = 1Yk Oux (k)|
p=1
d
< KO x (k)
pn=1 (451)
d
< Z |k#|y€ using |k*| < |k| by definition, we get
p=1
< dlk|y&
Thus,
S 107 (x(k) — x (k)] Vd€
‘87G(k)‘ - |k|d/2+5 < ’k|d/2+sfl (4.52)
and (Cyyns
a A y)yn
109(0,G(k))| < W’d%W . any ke RYand n=la| >0 (4.53)

11

Using the definition of the Fourier Transform ** we can bound the scale-based derivative of the

propagator by 2
sup|z®vd,G(z)| < & (Cy)"n"* (4.54)

where C' is an appropriate constant. Considering, C = max{’y@, C'}, we can write the bound as,

|0,G(x)] < CMe(x) ; where Me(x) is appropriately defined using € (4.55)

0The Gevrey condition states, the derivatives of x(k) of arbitrary order a are uniformly bounded by

a < Clal|g[lals
mag|9*x(k)| < C*'al

The Fourier Transform of (iz)*F(x) is *F (k) and suitable bounds can be defined as,

1

(271_)4 HaaFHLl

supla® F(x)] <

12 Also it is assumed that since é(k) has compact support and

ko o
kj<1 k|42 4 < kj<1 |[k[#/2He—1 = >
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Therefore, we have a bound on the [85(@]717{2, term in our prior expressions.

4.3 Further Work

We are currently attempting to place a bound on the norm of the Re-scaling operator, []. A suitable
bound on the norm of the map is necessary to prove B can be expressed as an expansion in the
form presented Eq:4.29. To study the bounds on the norm of [, we will consider the following

approach:

o Test the action of O on the local elements of the Trimmed List - T'L, which include # = 2L and
¢ = 4L. - For the interaction kernels associated with the local terms in T L, the action of the
rescaling operator, (] will be trivial and can be expressed purely as a number (n # 0). This is
because the functional form of these respective interaction kernels comprises combinations 6-
functions and the symplectic matrices. These are expected to take the form 0 = —I[dy — (#)d)]
or equivalently, 0 = T} - (~l[dy — (#)d]) = (—l[dw — (#)d]) - T}, where in # denotes a

(integer) number.

e Test the action of [J on the non-local and non-trivial elements of the Trimmed List - T'L which
include Z = 2R,4R,6SL,6R, 8, .... These elements have non-trivial contributions which arise
due to the presence of derivatives and non-local pieces of functions that make up the respective
interaction kernels (interaction vertices) multiplied to the W field when acted upon by [
The bound on the norm of [ for these interaction kernels (interaction vertices) is however
expected to be consistent with the bounds on the norm that can be defined analogously to
the bounds in the previous point. Particularly, the bound the norm of the action of [ above
referred elements of the trimmed list are expected to be consistent with the bound on the

norm of the action of (J on a purely local interaction kernel with [ external legs.

Subsequent to placing bounds on the norms on the propagator, the rescaling operator and the
trimming map, we can develop bounds on the norms of {9’5}?1’{2, {@L}? and M, using properties
of the product of norms and Triangle Inequalities. Following the approach presented in App:B,
considering |v|,||A| < 4, and constructing the completely reduced version of each tree diagram,
i.e., completely reduced version corresponds to the tree diagram with only v, A and X, vertices

as endpoints. Considering the bounds on the norm of the irrelevant interaction vertices, {#},,
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¢ = 2R,4R,6R,8... presented in we can [1], we write the bound on the tree as the product of
the norms of its endpoints and the corresponding bounds on the vertices that are not endpoints
as the norms of the action of the Polchinski Operators, {95}?’&, {,@L}?. In addition, subse-
quent steps involve determining the number of possible trees and a consistent overall bound on
WM. Consequently, we can write the FRG-defined Fixed Point equations for the irrelevant vertices,
{#}s, ¢ = 2R,4R,6R,8, ... as the using the relevant interaction vertices, v and A. This would
simultaneously establish the analyticity of {#}, in v and A, in the corresponding neighbourhood

of the origin in C2.

The beta functions equations for the relevant couplings can also be derived using the tree ex-
pansion technique. Employing an equivalent strategy, we can express the fixed point equations for
v and X using the Polchinski Operators {g’g}?’f2 and, {@L}? and the inverse of their respective
(trivial) re-scaling operator.Therefore at the Fixed Point, the Fixed Point equations of v, A (and
{#H}r=2r4Rr6Rs,.) can be expressed as analytic functions of the v, A\ and e, possessing suitable
norm bounds. Consequently, by the Implicit Function Theorem, these equations will thus possess
a unique solution present analytically close to the lowest order approximated solution of the Fixed

Point Equations.

4.4 Discussion

We have established a suitable framework to develop the Functional Renormalization Group anal-
ysis of the Symplectic Long-Range Fermion Model and focused on study the characteristics of the
non-Gaussian Fixed Point of the fermion model. To facilitate our understanding of these topics, we
conducted a comprehensive literature review of the Wilsonian RG, the Rigorous RG (Constructive
RG), and the Functional RG procedures. We consulted various sources listed in the bibliography to
gather the necessary background information. After laying the essential foundation, we established
the connection between the techniques employed in Rigorous RG and Functional RG procedures for
the aforementioned fermion model. This connection provided a structured mathematical approach
to perform calculations in Functional RG, devoid of arbitrary truncations while simultaneously

establishing the groundwork for the Functional RG studies of the Symplectic fermions.

We employed our understanding of the Wilsonian RG Procedure and Fixed Points to perform

a detailed review of the non-Gaussian Fixed Point for a Long-range Fermion model with a relevant
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quartic interaction. This was motivated by the research conducted by the authors of [1] on the
aforementioned toy model. Through this review, we learned about the Constructive RG procedure,
a method to construct the non-Gaussian Fixed points in a mathematically rigorous manner. In our
review, we referred to this procedure and method as Rigorous RG. Through this review study, we

algorithmically categorized the Rigorous RG procedure for the Fermion model as follows:

e Constructing a Banach space which was invariant under the action of the respective RG Map.
The Banach space was not restricted to the space of relevant couplings and local irrelevant
interactions, since the action of the RG Map generated both local and non-local irrelevant

couplings irrespective of the input action.

e Defining a non-perturbative RG Map, by utilizing the fermionic nature of the fields to simplify
its definition and organizing the associated perturbative expansion as a series of determinants.
Instead of expressing the perturbative expansion as a series of Feynman diagrams, using a
series of determinants conferred two significant advantages. First, it allowed for a more
structured reorganization of terms while simultaneously performing partial summation, and
second, unlike the Feynman diagram expansion, the determinant expansion was absolutely

convergent.

e Demonstrating the contractive property of the RG Map in the neighbourhood of the lowest-
order fixed point which was trivially determined. This evidence, therefore, supported the
existence of a unique non-Gaussian Fixed point in the neighbourhood of the trivially deter-
mined fixed point. We simultaneously studied the analyticity of the fixed point with respect

to €.

After reviewing the Constructive/Rigorous RG procedure, we presented the foundations and for-
malism associated with the Functional RG. The effect of integrating the high modes, step one of
the RG procedure, was expressed using a hierarchy of functional differential equations for a class of
Greens Functions or Vertex Functions. The Polchinski Equation and the Wetterich Equation for a
single Scalar Field action were derived in two different methods, namely using the covariance split
technique or the cut-off function technique. The corresponding Polchinski and Wetterich Equations
for the Fermion field were also explicitly worked out, and the difference between the scalar field
and the fermion field case was studied. The theory associated with the rescaling of fields in the
Functional RG procedure, step two of the RG procedure, was also presented, and the re-scaling

operator was derived explicitly for the scalar field.

We presented our formalism for studying the Long-range Symplectic Fermion model using the
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techniques of Constructive/Rigorous RG and Functional RG. Using the covariance splitting tech-
nique and the definition of the Effective interaction kernel presented in the Rigorous RG Chapter,
we derived the form of the Functional RG Flow Equation for the Effective Interaction (Effective
Hamiltonian since we considered Euclidean space-time) with a suitable re-definition of the field and
the propagator. This calculation presented us with the Polchinski Equation for the toy model un-
der consideration. Furthermore, we explicitly derived the Vertex-Polchinski Equation or Polchinski
Equation for the Vertices (vertices defined as the interaction kernels associated with the trimmed
list elements) using the action of a suitable [-order variation of the Polchinski Equation and the
Trimming operator (as defined in the Rigorous RG Formalism). Through this derivation, we explic-
itly derived the Polchinski Operators {9’5};1’602 and {21}7', and the variation re-defined re-scaling
operator [, and defined their respective input interaction kernels, the parameters of the input in-
teraction kernels, and actions on interaction kernels while writing the Fixed Point Equations from
the Flow Equations. Carefully observing and using the aforementioned definitions, we expressed
this system of equations in the form of a tree expansion that we expect to play a pivotal role in
proving the existence of a fixed point using the Implicit Function Theorem. Next, we defined the
required vector spaces associated with the inputs of the Polchinski Operators, explicitly stating
the Polchinski Operators as maps between the corresponding multi-dimensional vector spaces. In
addition to this, we formally proved the existence and explicitly determined a bound on the norm
of the derivative with respect to the scale of the propagator of the toy model in Functional RG
formalism. Further work on determining the bounds on the norm of the action of the re-scaling
operator (] on the interactions is under investigation, and we presented our hypothesis on the same
in the previous section. Formal completion of the proof of the existence of the fixed point through
the algorithm and steps presented in Sec:4.3 will allow us to present a rigorous understanding of
the Functional RG approach towards the analysis of systems and serve as a basis for a similar
formalism to be developed for the Wetterich Equation, which in theoretical studies is deemed to

be a more local quantity.
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Appendix A

Useful Theorems

The Banach fixed-point theorem and Implicit Function Theorems hold significant relevance in the
domain of metric spaces. These theorems establish the existence and uniqueness of fixed points for
a class of self-maps of metric spaces and also provide a constructive approach to determining such
fixed points [25,26].

A.1 Theorem 1 : Contraction Mapping Theorem

The mathematically precise statement of the Contraction Mapping Theorem, [27], used in the

Construction-based proof of the Fixed Point in Chp:2.

Let (X,d) be a complete metric space, and F be a map defined from the X, onto itself, i.e.,
F : X — X. Consider that 3 a constant «, belonging to the interval (0, 1), i.e., & € (0,1), and

dF (@), F (W) < adlz,y] 3 Vay € X (A1)

Thus, F : X — X is a contraction mapping. The contraction maps are responsible for bringing the
points closer. For every x € X and an arbitrary r > 0, all points in the ball B, (z) are mapped to
a ball B,..(F(z)), subject to the constraint, r’ < r.!

Then F possess a unique fixed point £ € X, satisfying,

F(7) =& (A.2)

Lo < 1 is referred to as a strict contraction.
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and for any x € X and n > 0,

d[F"(x), 7] < dF (z), x] (A.3)

1l -«

The Contraction Mapping Theorem states that a strict contraction, on a complete metric space has
a unique fixed point. Contraction mapping theorems are a subset of sorts of the more general Fized

2

Point Theorems®. The Schauder fized point Theorem states that a continuous map on a convex

compact subset of a Banach Space, posses a fized point.

A.2 The Implicit Function Theorem I & 11

The Implicit Function Theorem I

The mathematically precise statement of the Implicit Function Theorem I, [27], used in the proof
of the Fixed Point in App:B.

Let By, By, B3, be Banach spaces, with By and Bs comprising of the open sets X; and Xs, re-

spectively.Consider
F - Sl X SQ — Bg <A4)

is differentiable in s; € Si, and F & VF are continuous in (s1,s2) € S; x Se. If 3 a point
(s7,85) € X1 x Xy, such that
(5%, 55) = 0 (A.5)

and V, F (s}, s3) possess a bounded inverse, then 3 a neighbourhood S; x Sy € Sy x Sy of (s%, s3)
and a continuous function f : Sy — S with f(s3) = s% such that F (1, 52) for (51,32) € S1 x Sy

if and only if §; = f(32).

The Implicit Function Theorem 11

The mathematically precise statement of the Implicit Function Theorem II, [27], used in the proof
of the Fixed Point in App:B.

2The Fixed Point Theorem in Chp:2 is also a particular theorem belonging to this broader class of Fixed
Point Theorems
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Let B, By, B3, be Banach spaces, with By and By comprising of the open sets X; and X, re-
spectively.Consider
F 1 81 x Sy — By (A.6)

is a continuously differentiable in s; € S; and so € Se. If 3 a point (s],s5) € X; x Xy, such
that
F(s7,83) =0 (A7)

and V,, F (s%, s3) possess a bounded inverse, then 3 a neighbourhood Sj xSy € Sy xS of (s}, s3) and
a continuously differentiable function f : Sy — Sy with f(s3) = s% such that F (51, 52) possessing
f(s3) = s7 such that

F(31,5) =0 for (5,5) €51 xSy if and only if §; = f(2) (A.8)

and
1

B VSI&Y(f(SQ, 52)

Additionally, if & is analytic in a neighbourhood of (s7, s3) then f is also analytic in a neighbourhood

Vf(se) = Vi, F(f(52,52) (A.9)

*
of s3.
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Appendix B

Gallavotti-Nicol‘o trees

Another method for constructing the Fixed Point is employed by us. The general framework of
the construction remains the same: trimmed interaction kernels, weighted norm characterizing the
bounds on the couplings, norm bounds of the maps, etc. This approach is presented in [1] and the
corresponding theory of employing tree expansions to study the field-theoretic structures of models

is explored in detail in [28-31].

We consider the Fixed Point Equation for the irrelevant interaction kernels u,, where # = 2R, 4R,6R, 8, ...

1

Uf—@Uf+Z Z%bﬂl’ v Hf17...7an) (B.l)
n>1(¢; )1
Next, we consider,
Z u,;kl””)l/kl/\k2 (B.2)
k1,k2>0

as our ansatz 2 and substituting Eq:B.2 in Eq:B.1, we arrive at

(k1,k2)

k1,k2 Z Z Z (1 . 9) 192;1/’17 " (H;]fl 1,k2, 1) - H;fl,nka,n)) (B3)

nZl( ) {kl,zakQ,z}z_l,Q,u.,n

subject to the constraints,

k1p+kig+ ...+ kip =k
k271 + ]{2272 + ...+ k‘gm =ko

(B.4)

!The * denotes the constraint, if n = 1 then #; # 7.
2Qubject to the constraint u*1:%2) = 0 if ky +ky < |7|/2—1 and k1 + ks > 2 for £ = 2R, 4R and k1 + ks > 3
for £ = 6R.
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,and (the interaction kernel arguments H ;fl’i’b’i) are denoted by,

u(f’:l,i,kzi) if £, # 2L,4L,6SL
H;kl,iak?,i) — if £; = 2L ; (kl,iv k‘?ﬂ') = (1’ 0)

@ py if & =4L ; (k14,k2:) = (0,1)
X, if £ =6SL ; (k14 ks,) = (0,2)

\

Operator (1 — D) is invertible, since (1 — )~ =1+ D + D2 + ... and the subsequent series is

D

convergent in L1 — Norm Space because y~~'7P < 1 which is the condition for the irrelevance of

the interaction kernels. The equation Eq:B.3, can be graphically written as

u,_l (km , kz,-)

u’.g(hw ) kz, 9.)

t, R}

@ Whiel = g%%u
=)y, 0

Uh\(k(,n, Re,n)

Figure B.1: Graphical Representation of the Power Series
Expansion

A graphical representation of Eq:B.3. This representation allows us to write the
interaction kernel arguments in the form of a tree-expansion. The vertex labelled vg on
the RHS denotes the action of (1 — 9)*19?51"1” operator and the n branches ‘enter’

the vertex vg and the branch to the left of vy ‘exits’ from the vertex vg and it carries
the label #Z and its left end-point is termed as the root.

and

v A p

— — —
2L(1,0) 4 (1,0) 6SLlo,2)

Figure B.2: Graphical Representation of the End Points of Tree
Expansion

A graphical representation of the end points of Eq:B.3. This representation allows us to
write the end points of the trees of interaction kernel arguments.
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using the graphical notation presented in Fig:B.1 and Fig:B.2, we now characterize each tree

diagram with a specific contribution. The following example of a tree, presents this notion concisely.

Figure B.3: Example : Tree Form Representation of a Tree
Diagram from an Arbitrary Expansion

An example of a tree diagram of the graphical representation of an arbitrary
contribution to Eq:B.3.

In Fig:B.3 the branch labels are implicitly defined : any vertex v; denotes the action of the
operator (1 — 9)_1%?"”’f”, with a branch labelled ¢ exiting from v; and n branches entering into
the vertex, each with a label ;. Denoting the number of end-points of each type by n,, ny, nx,
respectively, and £ to denote the branch exiting vy (in this example n, =2, ny = 7 and nx, = 3)

we therefore establish that the tree has a contribution of (™A +2nx.)

Assuming |v|,|\| < §, we now use the || - ||, norm bounds from Sec:2.5 of @ and .9?;1""’f” to
determine a bound on any arbitrary tree. 9 is characterized by a norm bound and thus (1 — 2)~1
is also bound by some d,, where in d, > 1. Employing the norm bounds from Eq:2.63 and Eq:2.64
with the norm bound of (1 — @)~! we can characterize the bound on the value of a tree by the

product of the norms of its endpoints, which themselves are bound by
51 (B, 62)5 < (B, gyt (B.6)
multiplied with the product over vertices v; (vertices that are not characterized as end-points) 3
ﬁv d’ycr’;lv—l,y_Dlu 0021'21 i (v)] (B.7)

where in

3Product is considered over vertices that are not end points and this is denoted by II and the product

that is considered over vertices that are end points, is denoted by II. Analogous notation is considered for
the case of sum over vertices that are not end points and are end points, respectively.
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e I, =|%|, and £, characterizes the line exiting the vertex labelled v.

e 7;(v) label the i — th line entering the vertex v.

For some certain values of ¢ for a given value of v, the vertex, can be an end-point and therefore

Eq:B.7, is written as,

Cy 7 x Tid, ¢ =1y~ P Gl x TICY (B.8)
Using the inequalities,
oyl <1 (B.9)
and ~
Zl” = 2n, + 4ny + 6mx, < 4(n, + ny + 2nx,) = 4k (B.10)

along with Eq:B.6, the contribution of a given tree is constrained by (bounded),
(B,C38) 1ld, Cv =P Cfr (B.11)

Following this, a summation over all possible values of #;, labelling the tree branches, is carried
out. Assuming, v to be sufficiently large, to be consistent with the inequality, (using Eq:2.51 for
the definition of Dy)

gives us
o
ZW_DI(C’O)Z < 00 (B.13)
1=2

Considering the constraints and bounds in Eq:B.13, Eq:B.11, the sum over all tree branches, denotes

by >, (Eq: B.11)
> (Eq: B.11) < (B,C6)"11d,C7" ! (B.14)
12

where in, CZ% is a re-adjusted constant, capturing d and the finite constant defined in Eq:B.13.

Using,

Z(nv —1) =mny +ny\ + nx, — 1 = (Total #(end points))-1 (B.15)

and

S - {|f|52m—2} (B.16)
( v

v
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gives, the bound in Eq:B.14, the form,

> (Eq: B.11) < (B,CCyd26)" (B.17)
2%

Lastly, we sum over all trees subject to the constraint, that the #(end points) = n, +ny+2nx, =k

for the tree being a part of the summation. Since, from []

#(trees) < 4" (B.18)

#(end points)=k

the contribution of order & to u, is bounded in the || - ||w norm by (Avd)"*, where A, is a constant

dependent on 7. Thus the tree expansion for u, is convergent for 6 < dp(y) being sufficiently small.

Therefore the irrelevant couplings can be constructed employing the relevant couplings v and .
This also is proof of the fact that u, are analytical in v and X in the neighbourhood, |v|, |A| < do(7)
of the origin in C? and analyticity in e iff u, belongs to the complex half-plane Re[e] < %, where

in all the couplings u, are irrelevant.

For the S—functions of the relevant couplings, we consider a similar approach and observe that

(0) (0)
A

they are given by the first two equations of Eq:2.60, wherein we write e, and e}’ as tree expan-

sions which are convergent for sufficiently small §. Thus the at Fized Point satisfies,

v= 'y%Jrg(l/ + 1)) 4D, A, e)

v

. (B.19)
A=2A+ LX) + e, e)

where, e} and eg\o) are analytical functions of v, \, e for |v| < 8o(7), [A| < So(v) and Re[e] < .

Also the conditions, @[5}(6(;])) = 2 and @[5](€§\0)) = 3, where § = maz{|v],|\|} and for ¢ €

Compact Subset of Ree] < %. Simultaneously I; and I are analytic in €.

Therefore, by the Implicit Function Theorem, Eq:B.19 have a unique solution {v.(¢),A.(¢)}, in

the disk |e|] < eo(y) and is analytically close to the lowest order solution, from Sub-Sec:2.3,

I A 1-
{VO,AO} - {I;goJrsv [Z

2¢e
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Appendix C

Norm Bounds on Maps

Here we provide details of the bounds for the Renormalization Map, expressed in Eqs:[2.62 & 2.63.
To understand these bounds, we first start from, the bounds on the & and & map. The bound on

& map can be expressed as,
S (B oy )|l < pr(has s ha) 5 hi € Q, (C.1)

which can be explicitly expressed using Eq:2.40. Considering a fixed sequence Q and fixed lengths

|P;| = l;, the number of sequences can be estimated and subsequently bounded by,
l; o . .
#( terms in Eq:2.40 ) = (Z:l > [Nd + N]le < oXli [Nd+ N]le (C.2)

Additionally for some fixed Q; and P;, the bound on the Integration kernel, can be stated using
the GKL bound [],

C(xq)| = [(®(Q1,%q); s Qusxq,))el < (Cam)® Y Mippyeg Mz — ') (C.3)
T

where in s = 37 |B;| — (n — 1) < $3°1;. We now define the following quantity for the ease of

calculations,
Miqpyp(xa) = [ dxqClxq I hi(Pixe,) (.4

and the associated norm of 771(xq) is defined, using the weighted-norm procedure defined in Sec:2,

as,

Il [ dxqlK(xqlu(xq) (©3)
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Using the theory presented in App:[E & D] of [1], we can write the bound on the norm of 171(xq)

as,

1Kl < (Can)® Z/ OddXQuQH(m/)eer(ﬂf — o )w({z, ') hi(Pi, xp,w(xp,)
g JI=

(C.6)
= (Cau)* Ny || M| [ Ty || il
and the number of anchored trees,
Ny < nld2 el — g li=l < pig>t (C.7)

Collecting all the bounds together, #(terms) in Eq:2.40, from Eq:C.2; norm bound of each indi-
vidual term in Eq:C.6; number of anchored trees in Eq:C.7 and finally, s is bounded by % > 1 gives
us the bound

|7y < CTTIR, CG Rl 3 Y 1 <1+2(n+1) (C.8)

where in C, = |[|M||, and Cy = 8(Nd + N)+/Cgn, which is rewritten in the form of,
ST |y < py(ha, ooy h) 5 hi € Qe (C.9)

where in this is the same p;(hq, ..., hy,) defined and used in Eq:2.63. This completes the norm-bound

definitions for the map é’lfl"“’f’”‘.

For the case of the Trimming map defined in Sub-Sec:2.5.3, the bounds are defined as’,

e The localization maps follow the respective norm bounds,

(Hegf)orllw < [[(Heps)2,0llw

(C.10)
(Hepp)arllw < [[(Hepg)aollw
e The interpolation maps follow the respective norm bounds,
4,0
Tyr (Hegf)aollw/y) < CrYIN(Hepf)a0llw
1755 (Hegp)2illw ) < CrY(Hepp)2 | (C.11)

2.0
TR (Herp)20llw( /) < CrY N (Hesf)2,0l o

Lastly, the case of the norm bound on the Dilatation map is stated in Eq:2.64. Collecting all the
norm bounds it is evident that the norm bounds described in Eqgs:[2.62 & 2.63] are true.

1Cg depends on ¢ and C,,, defined in Sub-Section 4.2 of [1] in the definition of the Steiner Map.
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e ¥/ >8and ? € {6R,65L} : These can be bounded using Eqgs:[C.8 & 2.64 with the least ideal

case of p = 0.

o 7 € {2R,4R} : These can be bounded using Eqs:[C.11 & 2.64]. The factor of v that is lost in
the case of the norm bound on the Trimming Map (Interpolation Map in Eq:C.11) is restored

due to the occurrence of the derivatives in the respective interaction couplings. 2

e ¢ € {2L,4L} : These can be bounded using Eqs:[C.8 & 2.64] with the least ideal case of
p = 0 along with Eq:C.10.

2The summation of the interpolation maps present in the definitions of the Trimming Maps, in Eqs:[2.49
& 2.50], introduces an additional factor for each of the terms. The Cy factor in Eq:2.63 can be redefined
using a larger value, to compensate for the additional factors allowing the inequalities to remain consistent.
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