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Abstract

This thesis serves three purposes. First, we define Wu classes of representations and compute
them for orthogonal representations of cyclic groups. Next, we provide an exposition to
simplicial homotopy theory and discuss some pivotal constructions such as the Kan Loop
Functor. We show how to recover a topological group from its classifying space up to
homotopy equivalence. Finally, we provide partial results in the characterization of principal

fibrations with fiber an Eilenberg-MacLane space.
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Introduction

Consider a finite-dimensional real vector space V' with non-degenerate quadratic form Q).
The group of isometries of (V, Q) is called the orthogonal group of V. The group O(V, Q)
has a subgroup SO(V, Q) consisting of orientation preserving isometries. We proceed to omit
“Q” and write O(V) instead of O(V, @), etc.

Let G be a sufficiently nice topological group and (m, V') a representation of G. We call
7 an orthogonal representation if 7(g) preserves @) for every g € G. If m maps into SO(V)
we call 7 achiral. The group SO(V') can be viewed as the subgroup of O(V') consisting only
isometries with determinant 1. Thus, an orthogonal representation is achiral if and only if

det m(g) = 1 for every g € G.

SO(V)
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-
-
-
-
-

As another example, consider the universal cover Spin(V') of SO(V'). An achiral represen-
tation is called spinorial if it lifts to Spin(V'). One can ask which orthogonal representations
are spinorial. The criterion for spinoriality involves the vanishing of certain special cohomol-
ogy classes called Stiefel-Whitney classes (SWCs). Let BG denote a classifying space of G.
Write wy,(7) for the k" Stiefel-Whitney class (SWC) associated to 7. The class wy(7) is the
pullback of the k" universal SWC wy, € H*(BO(n),Z/27Z), i.e., wi(7) = 7*(wy,). A classical
fact is that = lifts to Spin(V') if and only if we(7) = 0.
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We may rephrase the earlier discussion in terms of SWCs as well. It is known that
wy(m) = wi(det ), and it follows that the criterion for achirality is precisely the vanishing

of wq (7).

In the two examples above, the SWCs w; and wy are associated to the groups SO(V') and
Spin(V), respectively, via a certain lifting property. This motivates the following question:
Given a k, is there a group Gy and a map Gy — O(V) such that 7 lifts to G, if and only if
wg(m) =07

Before pursuing this question let us first consider an analogous question in the category

of topological spaces.

Definition 0.0.1. Let Y be a topological space and A an abelian group. Let a € H'(Y, A).
An «-space over Y is a pair (Z,p) consisting a space Z and a map p : Z — Y, with the
property that a map f: X — Y lifts to Z if and only if f*(a) = 0.

A natural question is whether a-spaces exist. We prove following existence theorem in
Section 4.1:

Theorem 0.0.1. When Y is locally compact, a-spaces exist over Y.

Coming back to our original aim, we are interested in studying the analogs of a-spaces

in a category of sufficiently nice groups, those whose underlying spaces are CW complexes.

Definition 0.0.2. A topological group whose underlying space is a CW complex is called a
CW group.

Definition 0.0.3. Let G be a CW group and A an abelian group. Let BG denote a
classifying space for G and let a € H'(BG, A). An a-group is a pair (H, p) consisting a CW
group H and a map p : H — G, with the property that a group homomorphism f: K — G
lifts to H if and only if f*(a) = 0.



The discussion earlier in this introduction exhibits SO(V') and Spin(V) as a w;-group
over O(V') and a wy-group over SO(V'), respectively. We conjecture that a-groups exist over

CW groups. In Section 4.2.2, we present a construction which is a candidate for a-groups.

One concept that appears at multiple places in this thesis is that of a classifying space
of a topological group. Classifying spaces appear in multiple exciting areas of mathematical
research like group extensions. There are many down to earth examples of classifying spaces:
The circle S! is a model for a classifying space of Z, and RP* is a model for a classifying
space of Cy. An interesting question is whether one can recover a topological group from
its classifying space. In this thesis, we survey how the theory of simplicial sets, and in
particular the Kan loop group functor, can be used to answer this question. The Kan loop
group functor is also intimately tied to the candidate construction of a-groups over CW

groups.

Structure of the Thesis

This thesis is structured around three primary objectives. First, we define Wu classes and
examine how to associate Wu classes to representations. We then compute Wu classes
for orthogonal complex representations of cyclic groups. This thesis endeavors to provide a
comprehensive and accessible introduction to the field of simplicial homotopy theory. Finally,

we discuss recent progress made towards proving our conjecture.

This thesis is divided into four chapters. Chapter 1 deals with a few preliminary notions
such as Hurewicz and principal fibrations. We also discuss some basics about Clifford alge-
bras and the Pin group. In Chapter 2, we discuss Steenrod Squares as well as Wu classes of
representations. We also discuss the Bockstein homomorphism and its relation to the first
Steenrod Square operation. The computations of Wu classes discussed earlier may be found
in this chapter. Chapter 3 introduces simplicial homotopy theory and describes elementary
notions such as simplicial homotopy and homotopy groups. The pivotal constructions dis-
cussed include the singular complex of a topological space, the geometric realization of a
simplicial set, simplicial classifying complexes, and the Kan loop group functor. Finally,
chapter 4 deals with fibrations over both topological spaces and topological groups. In this

chapter, we give a proof of Theorem 0.0.1 and the progress towards proving our conjecture.



Original Contribution

This thesis comprises multiple visual examples and explanations to present the theory in

a friendly manner. In Section 3.4.1 we provide a pictorial description of the classifying

complex of C5 and show its realization is homeomorphic to RP*. In Example 12 we provide

pictorial descriptions of PTCPs which are analogous to the double covers of S!. The proof

of Theorem 4.1.6 and Propositions 4.2.1 and 4.2.2 are original and can be found in Section

4.1 and Subsection 4.2.1 respectively.

Notation

10.

11.

. The real numbers with the usual topology is denoted R.

. The additive group of integers is denoted Z.

The cyclic group of order n is denoted by both C,, and Z/nZ.
An isomorphism of two groups or rings is denoted =.

The category of topological spaces is denoted Top.

. A continuous function between topological spaces is called a continuous map or some-

times just a map.

Let (X,29) be a pointed topological space. The n'' homotopy group of X at zg is
denoted 7, (X, o).

Let X be a topological space and A an abelian group. We denote the k" singular
homology group of X with coefficients in A by Hy(X; A).

. Let X be a topological space and A an abelian group. We denote the k' singular

cohomology group by H*(X, A). The singular cohomology ring with ring operation as
the usual cup product is denoted by H*(X, A).

The cup product between z,y € H*(X, A) is denoted x U y.

Let G be a CW group and let (7, V) be a finite dimensional orthogonal complex

representation of G. We let ©, denote the character of .



Chapter 1
Preliminaries

This chapter provides an overview of the basic concepts used throughout the thesis. While
the material covered here is not new, it forms a basis for constructions that are developed
in later chapters. The concepts discussed here can be found in relevant standard texts to
which the reader is referred throughout the chapter. On a whole, the discussion on fibrations,
homotopy equivalences, and weak homotopy equivalences refers to [Hat02]. More information
on the Clifford algebras can be found in [BD85] or [HFH91].

1.1 Fibrations

Definition 1.1.1. Let X,Y and Z be topological spaces and let f: X —Y,g:2Z — Y be
maps. A map h: Z — X is said to be a lift of fif foh =g.

X
A
s

Z——Y

Definition 1.1.2. Let X,Y and Z be topological spaces. Let f : X — Y be a map and
g: Z x 1 — Y be a homotopy. The map f is said to have the homotopy lifting property
(HLP) with respect to Z if, given a lift gg of go, there is a homotopy g; such that fo g, = g
for all t € [0,1].



The space X above is called the total space of the fibration f, and Y is called the base
space. In the definition, we may equivalently say that the homotopy g lifts to a homotopy
g: Z x I — X. This is represented in the following diagram:

Jo

Zx] ———— Y

Definition 1.1.3. A map that has the HLP for all discs D™ is called a Serre fibration. A
map that has the HLP for all spaces is called a Hurewicz fibration.

It is immediate that any Hurewicz fibration is a Serre fibration.
Example 1. Let X be a topological space. The identity map id : X — X is a fibration.

Example 2. Let B, F' be topological spaces. The projection B x F' — B is called the product
fibration. Fix a point fo € F'. This map is easily seen to be a fibration since any homotopy
g:Z x I — B lifts to a homotopy §: Z x I — B x F given by g(z,t) = (g(z,1), fo)-

Example 3. Let X be a topological space. Loosely, a cover or covering space of X is a
topological space X with a surjection p : X 5 X satisfying: for every z € X, there is
an open neighborhood U, of x such that the fiber over z is a disjoint union of open sets
which each map homeomorphically to U,. Any covering space projection is a fibration since

covering spaces have the homotopy lifting property.

Usually in the case of fiber bundles, the fibers over points in the base space are homeomor-
phic to each other. When it comes to fibrations however, we consider a homotopy-theoretic

analog of this:

Proposition 1.1.1 ([Hat02, Proposition 4.61]). Let p : E — B be a fibration. Let a and b
be two points in the same path component of B. Then, the fibres F, and F} over a and b

respectively are homotopy equivalent.

Definition 1.1.4. Let p : E — B be a fibration and let f : A — B be a map. Define
[*(E) ={(a,e) € Ax E| f(a) = p(e)}. The pullback fibration p* : f*(E) — A is the map
taking a pair (a,e) to f(a).



We commonly say that p*(£) is the pullback of p over f. By construction, the following

diagram commutes, where the top map is the projection to the first coordinate of p*(FE):

f(E) —

p*l
A

W

f

Definition 1.1.5. Let p; : £y — B and p : E5 — B be two fibrations. A fiber-preserving
map [ : By — FEs is called a fiber homotopy equivalence if there is a fiber-preserving map
g : Es — E; such that the compositions f o g and g o f are homotopic to the identity via

fiber-preserving maps.

Proposition 1.1.2. Let p: E — B be a fibration and f; : A — B a homotopy. Then, fi(FE)
and f7(F) are fiber homotopy equivalent.

In particular, this implies that a fibration over a contractible base space is fiber homotopy

equivalent to a product fibration.

The following proposition about the long exact sequence associated with a fibration is
especially important as it allows for a simple calculation of homotopy groups of the base

space with respect to the fiber and the total space.

Proposition 1.1.3. Let p : F — B be a Serre fibration. Choose basepoints by € B and

xo € p~1(by). Then, there is a long exact sequence of homotopy groups

oo = (o) = mo (B x0) = mo(B,bo) = mp1(F,x9) — -+ - — mo(B, by) — 0.

We now discuss an important construction that will play an important role in Chapter
4. Let p: E — B be a fibration and f: A — B a map. Let E; = {(a,7) € A x B'|~(0) =
f(a)}. Define a map py : Ey — B sending every pair (a,7) to the endpoint ~(1). The space
E; is called the mapping path space of f. The fiber Fy over a point by € B is the set of
pairs (a,) with (1) = by. The mapping path space is topologised with the compact-open
topology.

Proposition 1.1.4 ([Hat02, Page 407]). The map py is a fibration.

7



Fix a point by € B. Let ¢ denote the inclusion of by into B. The mapping path space E;
consists of pairs (bg, ), where v is a path in B starting at by. This space can be identified
with all paths in B which start at b,.

Definition 1.1.6. Let B be a topological space. The space of all paths in B which start at
a fixed by is called the path space of B and is denoted PB.

Since the path space is a special case of the mapping path space, it is topologised with

the compact-open topology.

Proposition 1.1.5. Let B be a path-connected topological space. Then, PB is contractible.

Proof. Let by be a distinguished point in B. Define amap f : PB — {by} sending a path v to
its starting point (0). Let i : {by} — PB be the map sending by to the constant path at by.
We leave it to the reader to show that the two maps defined are homotopy inverses of each

other. It follows that PB is homotopy equivalent to a point, i.e., PB is contractible. O

Define a map 7 : PB — B sending a path v in PB to its endpoint y(1). The map 7 is a
fibration and is called the path fibration over B.

Definition 1.1.7. Let X be a path-connected topological space. The based loop space at

o € X is defined as the space of loops based at x.

Notation 1.1.1. Let B be a topological space with base point by. We denote the based loop
space of B at by by Q(B, by). If B is path connected, we simply write QB.

Proposition 1.1.6. Let B be a path-connected topological space and let by be a base point
in B. The fiber of 7 : PB — B over by is the loop space of B. Further, the fiber over any
other point b; in B is homotopy equivalent to Q2B.

Proof. This is an obvious consequence of Proposition 1.1.1. We give another heuristic argu-
ment here. Since B is path-connected, there is a path from by to b;. Any loop based at b,
can be “moved” along the path joining by and b; to give a loop at by. Thus the based loop

spaces at both points are homotopy equivalent. O

Proposition 1.1.7. Let B be a topological space. For b in B, let [, denote the constant
loop at b. The homotopy groups of B at by can be computed from the homotopy groups of
OB by

(B, b) = m,_1(QB, Iy)

8



Proof. We start with the fiber sequence

OB — PB S B.

By Proposition 1.1.3, we get a long exact sequence of homotopy groups associated to the

above fiber sequence.

o= (QB, ) = m(PB L) = mh(B,b) = 11 (2B 1) — -+ — (B, b) — 0.

Since PB is contractible, m;(PB,l,) = 0 for all ¢ > 0. The proof follows. O
Let B, X be topological spaces and f : X — B be a continuous map. Write 7 for the
path fibration over B.

Definition 1.1.8. The pullback fibration f*(PB) is called a principal fibration over X.

1.2 Homotopy Equivalences and Weak Homotopy Equiv-

alences

Let X and Y be topological spaces. Let A be an abelian group. We denote the k' sin-
gular homology group of X with coefficients in A by Hy(X; A). Similarly, the £ singular
cohomology group of X with ceofficients in A is denoted H*(X, A).

Definition 1.2.1. X and Y are said to be homotopy equivalent if there maps f: X — Y
and g : Y — X such that go f ~idx and f o g ~idy.

Proposition 1.2.1. Let f: (X, z9) — (Y, yo) be a homotopy equivalence. Then,
1. The induced map f, : m,(X, xg) — 7, (Y, yo) is a bijection for n = 0 and an isomorphism
for n > 0.
2. The induced map f,. : H,(X,A) — H,(Y, A) is an isomorphism for all n > 0.
3. The induced map f*: H"(Y,A) — H™(X, A) is an isomorphism for all n > 0.

9



Definition 1.2.2. Let (X, zg), (Y, o) be pointed topological spaces. A map f : (X, zq) —
(Y, yo) is said to be a weak homotopy equivalence if the induced map on homotopy groups is

a bijection for n = 0, and an isomorphism for n > 0.
Proposition 1.2.2. Let f : X — Y be a weak homotopy equivalence. For any coefficient
group A, the following statements are true.

1. The induced map f, : H,(X, A) — H,(Y, A) is an isomorphism for all n > 0.

2. The induced map f*: H"(Y, A) — H"(X, A) is an isomorphism for all n > 0.

1.3 A Pin Group

Let V' be a finite-dimensional complex vector space. Let ) be a non-degenerate quadratic
form. Let O(Q) denote the group of linear automorphisms of V' that preserve @). In this
section, we describe the construction of a well known double cover of O(Q) called the Pin
group, denoted Pin(Q).

Definition 1.3.1. A Clifford algebra C(Q) is an associative algebra with unit 1, along with
amap i:V — C(Q) satisfying (i(v))? = Q(v) - 1. Further, C(Q) is also required to satisfy

the following universal property:

If A is any associative C-algebra with unit 1, and there is a map 7 : V — A satisfying
(j(v))*> = Q(v) - 1 for any v € V, then there is a unique homomorphism x; such that the

following diagram commutes:

(@)

V Kj

A

The map i : V — C(Q) above is called the structure map of C(Q).

10



Let V' = Cand V" = V@V ®---®V, ie., the n-fold tensor product of V. The
tensor algebra T'(V') is defined as

T(V)=Epve

n>0

Let I(V) denote the ideal generated by elements of the form v ® v — Q(v) - 1.

Proposition 1.3.1. The quotient algebra C(Q) := T'(V')/1(V) is a Clifford algebra. Further
the composition i : V < T(V) — T(V)/I(V) defines the structure map of C'(Q).

Define the anti-involution map * : C(Q)) — C(Q) by
(Ul’UQ ce ’Uk)* = (—1)k’UkUk_1 ... U1

for v; € V', where V is seen as a subspace of T'(V'). There is also a canonical automorphism
a:C(Q) — C(Q) defined by

alvvy ... vp) = (=D vy ... vp)

Let C(Q)* denote the group of units of C(Q). The subgroup of C(Q) consisting all
x € C(Q) such that zz* = 1 and xvx* € V for every v € V is called the Pin group associated
to @ and denoted Pin(Q). Let O(Q) denote the orthogonal group associated to @, i.e. the

subgroup of Aut(V') comprising all linear transformations preserving Q.

Proposition 1.3.2. The map

p: Pin(Q) = 0(Q)
pl)(v) = az)ve”

is a 2 — 1 covering of O(Q).

11
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Chapter 2

Wu classes of Representations

In this chapter, we define the notion of Wu classes and explain how to associate Wu classes
to orthogonal complex group representations. The first three sections consist primarily of
known results. The association of Wu classes to representations is original and mirrors the
definition of Stiefel Whitney Classes of representations. The computations of Wu classes for
representations of cyclic groups in Section 2.4 are original. In this chapter, we discuss only

finite dimensional representations. Further, all vector bundles will be real of finite rank.

2.1 Associated Bundles

Let G be a CW group. Let p : E — B be a G-bundle. Let (m,V) be a finite degree real

representation of G.

Define a relation ~ on E x V by (eg,v) ~ (e,m(g)v). It is an easy check that ~ is an
equivalence relation. Let E[V] denote the quotient of (E x V') by this equivalence relation.
The space E[V] is sometimes written EG xg V. We represent elements of E[V] by [e, v].

Proposition 2.1.1. The map p, : E[V] — B sending e, v] to p(e) is a vector bundle over
B with fiber isomorphic to V.

Definition 2.1.1. E[V] as defined above is called the associated bundle of (7, V).

13



F4(E) —— EG

Lk
B ——— BG

As a consequence of the above theorem, there is a map f : B — BG, unique up to
homotopy, such that £ = f*(EG). Given a representation (m, V) of G we can form the
associated bundle EG[V] over BG.

Lemma 2.1.2 ([MS74, Lemma 3.1]). Let f : By — By be a map covered by a bundle map
f: Ey — E5. Then Fj is isomorphic to to the pullback bundle f*(E,).

Proposition 2.1.3. Let G be a CW group. Let p : £ — B be a principal GG-bundle and
f : B — BG be a map corresponding to p. For a representation (m, V) of G, let E[V] and
EG[V] be the associated bundles of F and EG with respect to m. Then,

EV] = f(EG[V])

Proof. Let p : E]V] — B denote the projection of E[V] and p, : EG — BG denote the

projection for FG. We wish to show the second diagram below commutes:

E —— EG E[V] —— EGI|V]
lp pul Pa l(pu)a
B —5 BG B — BG

BG can be viewed as the quotient of EG by the action of G on EG. Thus, (pu)a(zg) =
(pu)a(x) for z € EG,g € G. Let [e,v] € E[V]. We have

fop.(le,v]) = f(p(e)

The statement of the proposition follows from Lemma 2.1.2. n

14



2.2 Steenrod Squares

Let X and Y be topological spaces and let f : X — Y be a continuous map. We denote the
induced map on cohomology groups for any n and coefficient group A by f*.
Let A; and A; be abelian groups. Fix non-negative integers m and n.

Definition 2.2.1. A cohomology operation is a natural transformation © : H"(—, A;) —

H™(—, As) such that for topological spaces X, Y the following diagram commutes:

HM(X, A —2X 5 gm(X, Ay)

I I

Hn(Y, Al) @—Y> Hm(Y’ Az)

Let X be a topological space. For x € H*(X,Z/27), let |z| denote the degree of z. Fix

a non-negative integer n.

Definition 2.2.2. The it" Steenrod Square operation, denoted Sq’, is a cohomology operation
Sq' : H"(—,Z/27Z) — H"*'(—,7/27) characterised by the following properties:

—_

. Sq is the identity map
2. Sq'(z) = 0 for i > ||

CSq*(xUy) = > Sq'(x) USd(y)

it+j=k

w

4. Sq'(x) =z Uz if i = ||

An additional property of the Steenrod Squares we will be using is that Sq' is the Bock-
stein homomorphism associated to the short exact sequence 0 — Zy — Z,4 2, Zo — 0. We

discuss the Bockstein homomorphism in the next section.

Definition 2.2.3. The total Steenrod Square Sq : H*(X,Z/27) — H*(X,Z/2Z) is the

formal sum of Steenrod squares:
Sq = Sq°+Sq' +S*+...

15



Proposition 2.2.1. Sq is a ring homomorphism with respect to the cup product on H*(X,7Z/27Z).

Proof. Sq is an abelian group homomorphism since each Sq’ is. The rest of the proof follows
from property (3) above. Let a, f € H*(X,Z/27Z). We have:

qlauB)=>_ Sq"(aup)

k>0

=> ) Sq(a)USq ()

E>0 i+j=k
= (1 4+ Sq*(a) +Sq*(a) +...)(1 +Sq (B) + S?*(B) +...)
= Sq(a) USq(B)

Example 4. In this example we observe how Steenrod Square operations interact with the
mod-2 cohomology ring of RP". Recall that H*(RP",Z/27Z) = Z./2Z[a]/(a™ 1), where « is a
generator of H'(RP",Z/27). Every cohomology class in H*(RP™,Z/27) can be represented
by a polynomial in «, so it suffices to understand the action of Steenrod squares on . From

the conditions in Definition 3.2.2, we get:

First, we observe that Sq(a) = a + o®. Thus, Sq(a*) = (a + o?)* = (1 + a)F.
Using the binomial theorem!, Sq(a*) = (1 + a)* = (¥)a™*. Comparing with Sq(a*) =
Sq”(a¥) 4+ Sq'(a*) + ..., we get Sq'(a*) = (¥)aitk.

1Since we are working with mod-2 cohomology, ( ) here refers to the mod-2 binomial coefficient.

16



2.3 Defining Wu classes

Given a vector bundle p : E — B, we can associate to it a unique sequence of cohomology
classes w;(E) € H*(B,Z/27), called Stiefel Whitney classes (SWCs). We now define another
sequence of cohomology classes which relate the SWCs and Steenrod Square Operations. All

vector bundles dealt with in this section will be finite rank real vector bundles.

Definition 2.3.1. Let X be a topological space and A an abelian group. The completed
cohomology ring H *(X, A) is the ring of possibly infinite formal sums of cohomology classes
in H*(X, A). That is,

H*(X,A) = { > x|z € HI(X, A)}

>0

Definition 2.3.2. The i* Wu class of a vector bundle E, denoted v;(E), is the unique

cohomology class defined recursively via the Steenrod Square operations as
vo(E) =1, v(E)=w;(E)+Sq"v; 1(E)+ - +Sq v(E) fori>1.

Definition 2.3.3. The total Wu class of a bundle E — B is the formal sum of Wu classes
of E and lies in H*(X,Z/27).

V(E)=14uv(E)+v(E)+...

Remark 2.3.1. As defined here, Wu classes are defined for any topological space B. For
manifolds, one may use Poincare Duality to define Wu classes. If B is a manifold, the k"
Wu class of the tangent bundle of B is defined as the unique cohomology class such that for
any x € H" *(B,7/27), we have Sq*(x) = x Uvy. Interested readers are referred to section
11 of [MST74].

Let A and B be topological spaces. Let E and F' be vector bundles over B. The following

properties are satisfied:

L.o(Ea F)=v(F)Uuv(F).

2. Let E’ be a vector bundle over a space A. If f : A — B is covered by a bundle map
from E’ to E, then v(E") = f*(v(E)).
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3. Let { denote the tautological line bundle over RP'. Then, v;(71) # 0.

Theorem 2.3.1 ([MS74, Theorem 11.4]). Let E be a vector bundle over a base space B.
Let w(FE) and v(E) denote the total SWC and Wu class of E. Then,

Proposition 2.3.2. Let G be a topological group and (7, V') a representation of G. Let E
be a principal G-bundle and E[V] its associated bundle. Then

Proof. The proof follows from an elementary application of the naturality axioms for SWCs

and Wu classes. O

2.4 Wu Classes of Representations

In this section, we describe how to associate Wu classes to representations. Let G be a CW
group.
Proposition 2.4.1 ([BD85, Proposition 6.4]). Let (7,V) be an orthogonal complex repre-

sentation of G. Then, there is a unique real representation (mg, V) such that my g C = 7.

Let EG[Vp] be the associated bundle of FG with respect to the representation .

Definition 2.4.1. The i'» SWC and Wu class of (7, V) are defined as

wi(m) = w;(EG[V))
vi() == v (EG[Vy])
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2.5 Wu Classes of Cyclic Groups

This section deals with the computation of Wu classes for representations of C),. The first

subsection deals with the case when n = 2 mod 4 and the second deals with n =0 mod 4.

Notation 2.5.1. Let G be a discrete topological group. We write H; (G, A) for the group

cohomology of G' with coefficients in an abelian group A.

Theorem 2.5.1 ([AM94, Section I1.3]). Let G be a discrete topological group. Let BG

denote a classifying space of G. Then,

H: (G, Z/2Z) = H*(BG,Z/2Z).

We denote by C,, the cyclic group of order n. Let g be a generator of C),. Let “sgn” denote
the linear character of order 2, and let y, be the linear character sending g to e . When

n=0 mod 4, let s = w;(sgn),t = wa(xe D xs ') When n =2 mod 4, let z = w;(sgn).

Proposition 2.5.2 ([KT67]). The group cohomology of C,, is given by

Z)2Z[s,t]/(s*) ifn=0 mod 4

H: (C,,Z/27) = ’
* Z]27Z|x] ifn=2 mod4

2.5.1 Computing Wu classes when n =2 mod 4

From the above proposition, it is clear that every SWC and Wu class of the associated
bundle EG[Vp] can be represented as a formal power series in . We will denote v(EG[Vy])

and w(EG[Vy]) by the power series v(z) and w(z) respectively.

By Theorem 2.3.1, we have:

The action of Sq on v(x) is determined by its action on z. Let h(z) = x + 22, Rewriting

the above equation we obtain:
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w(z) =vo h(x)

We can view the polynomial h(z) as an element of the formal power series ring Z/27Z|[x|].

Definition 2.5.1. Let k be a field and let k[[z]] denote the formal power series ring in x.
Let f(z) € k[[z]]. An element g(z) € k[[z]] is said to be a compositional inverse of f(z) if
flg(z)) = g(f(x)) = x, whenever the left hand side is defined. We denote the inverse of an
element f € Z/27Z[[x]] with respect to composition by f~!.

Given a formal power series f(x), it is clear that if f(z) admits a compositional inverse,
then f(z) cannot have a constant term. The subset of all formal power series with coefficients
in a field IF,, that admit inverses with respect to composition is commonly called the Notting-
ham group, denoted N (F,). The elements of this group are of the form f(z) =z + > a;2’,

i>2
where a; € [F, for i@ > 2. The polynomial h(z) is of this form, so we may compute the

compositional inverse of h(z), defined earlier.

Proposition 2.5.3. The inverse of h(z) = z + 22 in Z/2Z[[z]] is h™(z) = 3. 2.
k=0

Proof. We have:



Similarly,

=(@+2)+ @+ +(@+2°)" + ...
= (x+2?)+ (@ +2) + (* +2%) + ...
= .
This ends the proof. O

The above calculations are summarized in the following proposition.

Proposition 2.5.4. Let ), be as above and (7, V') be an orthogonal complex representation

of C,,. Let b, = 3(deg—©(g"?). Let x denote the generator of the mod-2 group cohomology

br
of C,,. Then v(m) = (1 + > s xzk) ).

Proof.

2.5.2 Computing Wu Classes when n =0 mod 4

In this section, we assume n = 0 mod 4. Recall from Proposition 2.5.2 that the group

cohomology ring of C), for n =0 mod 4 is given by
H*(Cy,,Z/27) = 7./27[s, 1]/ (s?).
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Computing the action of the Steenrod Squares on s we get

Sq(s) = Sq°(s) +Sq'(s) + ...
=5+ s

=5
since |s| =1 and s* =0 in H*(C,,,Z/27Z).

Sa(t) = Sq°(t) 4+ Sq' (t) + Sq*(t)
=t+Sq'(t) + 2

The Sq'(t) term can be computed via the Bockstein homomorphism which we discuss

now.

For a topological space X, let C,,(X) denote the free abelian group on the singular n-
simplices of X. Let

0-G—H—->K-—=0

be an exact sequence of abelian groups. Applying the Hom(C,,(X), —) functor to this se-

quence we obtain a sequence
0 — Hom(C,(X),G) — Hom(C,,(X), H) — Hom(C,,(X),K) — 0
which is exact since C,(X) is projective.

This induces a long exact sequence of cohomology groups:
0— H'X,G) —» H'(X,H) » H'(X,K) & H'(X,G) — ...

Definition 2.5.2. The boundary homomorphisms 3, : H"(X, K) — H""}(X,G) are called

Bockstein homomorphisms.

Proposition 2.5.5. Let X be a topological space and let A be an abelian group. Fix a
positive integer n. Then, Sq' : H"(X,Z/27Z) — H"*'(X,7Z/27) is precisely the Bockstein
homomorphism associated to the short exact sequence 0 — Z/27 — 7Z./AZ — 7Z./27 — 0.
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Proof. The statement can be found as property 7 in section 4L of [Hat02]. The proof of the
proposition can be found as the proof of Theorem 4L.12. n

The Bockstein homomorphisms are connecting homomorphisms in the singular cohomol-
ogy of a space X. When X = BG, where G is discrete, we may substitute the singular
cohomology of BG with the group cohomology of G. We are interested in the case when
G = C,. Fortunately, the group cohomology of C, is fairly simple. Consider the following

projective resolution of Z:

aug

Ny Fe RNy folaNy fo i N/ AN )

The above resolution is called standard or bar resolution. We denote the group cohomology
of C,, with respect to the above resolution by H*(C,,, A).

n—1

Theorem 2.5.6 ([Ser79]). Let G = C,, and g be a generator of C,,. Let N = 3 g'. The
=0

group cohomology of (), with coefficients in a G-module A is given by:

AC if k=0
H*(Cp, A) = ¢ AS/N A if k is even and k > 0
NA/(c —1)A if kis odd

Corollary 2.5.7. The group cohomology of C,, with coefficients in Z/27Z is given by
H*(C,,7./27) = 7./27Z for n > 0

Definition 2.5.3. Let G be a discrete group. The Tate cohomology groups of G with

coefficients in an abelian group A are given by:

H™(G,A) = H.(G,A) ifn>1.
H°(G,A) = A/NA

H G, A) = yA/IGA

H™G,A) =H,_(G,A) ifn>2

By Proposition 6 in Chapter 4 of [Ser79], the three cohomology groups defined above agree
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for all non-negative k. We are now in a position to compute the Bockstein homomorphism
Bo. Let Z/27 — Z/AZ denote the inclusion map, sending 1 € Z/27 to 2 € Z/4Z. Define
a map « : Z/AZ — Z/2Z that sends 1 to 1. The maps defined fit into the following short

exact sequence:
0— Z/27 — ZJAZ = 7./]27 — 0

The associated long exact sequence of cohomology groups for computing the Bockstein ho-

momorphism is:

... = H¥(BG,Z/2Z) — H*(BG,Z/AZ) % H*(BG,7,/2Z) 2 H*(BG,7/2Z) % H*(BG,Z/AZ) — - -

Since G = C,, Theorem 2.5.1 allows us to rewrite the above long exact sequence in terms

of the group cohomology of C,.

- — H? (G, Z)2Z) — H.,(G,Z/AZ) = H_ (G, Z/2Z) LEN H} (G, Z/2Z) LA H} (G, Z/AZ) — - --
Using Theorem 2.5.6 and the fact that our coefficient ring is a trivial C}, module we have:
k _
H (Co,Z)27) = Z/2Z
k _
H, (C,,Z[/AZ) = Z/AZ
We may rewrite the above long exact sequence as follows:

0—72/22 2 7/47 25 727 % 7/22. 2 7./47. 25 7027 %

The natures of the homomorphisms (injective, surjective, or the 0 map) above are com-
pletely determined by the fact the sequence is exact. Since the map 0 — Z/27Z is injective,

the successive maps are surjective, then trivial (0 map) and the pattern repeats. The result
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of this analysis is the following proposition.

Proposition 2.5.8. The Steenrod Square operation Sq' : H*(BC,,,Z/27) — H*(BC,,,7Z/27)

is O-map.

It follows from the above proposition that Sq(t) = t+t*. Now, any member of H} (C,, Z/27)
can be represented as a polynomial in 2 variables, s and t. We write w(s,t) for the power
series representing w(7) and v(s, t) for the power series representing v(7). By Theorem 2.3.1,

we have

w(s,t) = Sq(v(s, 1))

Let h(s,t) = (s,t + t?). We may write Sq(v(s,t)) = v o h(s,t). The inverse of h lies in
the formal power series ring Z/27([s]]/(s?) x Z/2Z][[t]].

Proposition 2.5.9. The compositional inverse of h(s,t) = (s,t + t?) in Z/2Z[[s]]/(s?) x
Z)2Z[t] is g(s,t) = (s, > t¥).

i>0
Proof. We have,

hog(s,t)= f(s, Zt?)

>0

=(5,> '+ 1))

i>0 i>0

= (s, ) "+ 1)

i>0 i>1

= (S’t)

goh(s,t)=g(s,t+ t2)

= (5, 30+ )

>0
=(s,t+ P+ttt 3

= (Sut)

This ends the proof. O
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Let 6, = 1 whendet® = 1 and d, = 0 when det w # 1. We note the following regarding
SWCs for representations of C,, for n = 0 mod 4. Let b, = 1(degm — O,(g"/2)). (See
[MS22].)

w(m) = (1 + 5.8)(1 + ).

Rewriting the above as a polynomial in s,t we have
w(s,t) = (14 6,8)(1 + 1)’

Theorem 2.5.10. Let (7, V) be an orthogonal complex representation of C,. Let b, =
i(degm — ©:(g"/2)).

1. If n =2 mod 4, then

o(m) = (L +2)™

2. If n=0 mod 4, and det ™ = 1, then

v(m) = (1 + Zt2i> W

>0
3. If n=0 mod 4, and det ™ # 1, then

o(r) = (1+ ) <1+Zt2"> W

i>0

Proof. The first statement is Proposition 2.5.4. The proof of the second statement is very
similar to that of Proposition 2.5.4 as well. For the third statement, we simply compose the

compositional inverse of h(s,t) = (s,t + t*) with the corresponding SWC, i.e.,
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2.5.3 Computation for Infinite Cyclic Groups

Let (m, V) be an orthogonal complex representation of Z. The unit circle S* is a model for a
classifying space BZ, and the covering map p : R — Z is a model for the universal principal
Z-bundle over S'. Since Z is discrete, we have H} (Z,Z/27) = H*(S',Z/27).

The mod 2 cohomology of S vanishes above degree 1. Let x denote the generator of
H'(S',Z/27Z). From the axiomatic definitions of Wu classes and SWCs and Theorem 2.3.1,

we see that wy(m) = vo(m) and wy(7) = v1(7). Thus we have,

1 if detm=1
142 if detm#1
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Chapter 3

Simplicial Homotopy Theory

This chapter is primarily a literature review. We have reorganised the information to make it
a coherent introduction to simplicial homotopy theory. We start by defining simplicial sets,
followed by some examples. The discussion on geometric realization and singular complexes
is followed by an introduction to principal fibrations and principal twisted cartesian product.
Example 12 provides a visual representation and analysis of a PTCP of two simplicial sets
with different twisting functions. Next, we explore the construction of simplicial classifying
complexes. Section 3.4.1 analyses the simplicial classifying complex for cC5. Finally, we
discuss Eilenberg-MacLane complexes. We have expanded the proofs of certain propositions

to make the material more accessible as a whole.

3.1 Simplicial Sets

Definition 3.1.1. A simplicial set K is a graded set indexed by N U {0} along with maps
0; : K, — K,_1 (face maps) and s; : K,, — K, 1 (degeneracy maps), 0 < ¢ < n which
satisfy the following conditions:

1. 8183 = aj_lai if ¢ <j

2. S5iS5 = Sj+15i if ¢ S j

3. 8iSj = ijlai if 4 <jJ
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4. 0i8; = 018 = 1dg,
5. 818]‘ = sj@_l if 4 Z j +1
The members of K, are called n-simplices. An n-simplex is said to be degenerate if it

can be written as s;y for some (n — 1)-simplex y. A simplex that is not degenerate is said

to be non-degenerate.

The notion of simplicial sets may be generalised to any category C. Let A* denote the
simplex category whose objects are totally ordered sets {0,1,2,...,n} and morphisms are

order-preserving functions between them.
Notation 3.1.1. The totally ordered sets {1,2,...,n} will be denoted [n] for each n > 0.

Definition 3.1.2. A simplicial object F in C is a contravariant functor F': A* — C.

Define morphisms 6; : [n — 1] — [n] and o; : [n + 1] — [n] in A* by:

. ¥ if j <1

6i(j) = ) e

j+1 itj>4

. J ifj<i
oi(j) =

j—1 ifj>i

The maps are called §; and o; are called coface and codegeneracy maps respectively. The
face maps of a simplicial object F' : A* — C are precisely 0; := F(6;) and s; := F(0;)

respectively, for 0 < ¢ < n. This gives us another definition of a simplicial set.
Definition 3.1.3. A simplicial set K is a contravariant functor K : A* — Set.

Definition 3.1.4. A simplicial group G is a graded group {Gy, },,>0 with face and degeneracy
maps that satisfy the properties in Definition 3.1.1. Equivalently, a simplicial group may be

viewed as a contravariant functor G : A* — Grp.

Notation 3.1.2. For the rest of this thesis, all face and degeneracy maps will be denoted

by 0; and s; respectively, unless explicitly defined otherwise.
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Example 5. For a category C and X € Ob(C), there is a contravariant functor Hom(—, X) :
C — Set taking an object Y to Hom(Y, X) and a morphism f : Y — Z to Hom(f) :
Hom(Z, X) — Hom(Y, X)) defined by precomposition. Taking C as A* we obtain a functor
Aln] : A* — Set. This functor takes an object [m] in A* to Hom([m], [n]). Given a morphism
¢ : [m] — [p], the functor A[n] takes f : [p] — [n] to A[n](¢)(f) = f o ¢. It can easily be
checked that this functor defines a simplicial set with face and degeneracy maps Aln|(d;)

and A[n](o;) respectively.

Definition 3.1.5. A simplicial set K is said to have the extension property if for every
(n + 1)-set of n-simplices xg, Z1, ..., Tp_1, Th41, - .., Tny1 satistying Ojx; = 0j_1; for i < j
and i # k, there is an (n + 1)-simplex y such that d;y = z; for all i # k.

Definition 3.1.6. A simplicial that satisfies the extension condition is called a Kan complez.

Kan complexes are of particular importance as we will soon see that the homotopy theory
of Kan complexes is equivalent (in some suitable sense) to the homotopy theory of CW
complexes. The majority of simplicial sets we will see in this thesis will be Kan complexes.
However, looking at a few examples and non-examples of Kan complexes before preceding

is useful.

Example 6. Let X be a set. Define a simplicial set ¢X by setting ¢X,, = X for all n > 0
and all face and degeneracy maps as the “identity” map, i.e. the map taking = € cX,
to x € ¢X,,11. The conditions in Definition 3.1.1 are trivially satisfied. We call this sim-
plicial set the constant simplicial set of X. For any set X, c¢X is a Kan complex. Sup-
pose Xg, X1, ..., Lk, ... Tpr1 € cX, form a compatible system of n-simplices. Then, we have
O;x; = 0;_1x; for all 7,57 # k. Since all face maps are identity, we see that two simplices
x; and x; belong to the same compatible system if and only if x; = ;. Hence, compatible
systems of simplices in ¢X consist of copies of one simplex. For any compatible system
T, X, L. .. T, ... T, T € cX,y1 is a simplex that satisfies ;z = z; = z for all i # k, and

hence, cX is a Kan complex.

Example 7. Consider the simplicial set Z with Z,, = Z and face and degeneracy maps as
constant maps to the identity element 0. Any (n+1)-set of n-simplices will form a compatible
system since 0;x; = 0;_1x; = 0 for any xz;,x; € Z,. Thus, there is no y € Z,,4; such that

0y = x; for x; # 0 and that Z is not a Kan complex.

Example 8. Let S be the simplicial set with Sy = {vg, v1}, S1 = {sovo, Sov1, €0, €1} and S,

generated by degeneracies of Sy and S; for n > 2. Define degeneracy maps from Sy to Sy as
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follows:

Ooeo = 01 d1e0 = Vg

doer = vy Oie; = vy

The face and degeneracy maps for higher dimension simplices can be computed from the
properties in Definition 3.1.1. We leave it as an exercise to the reader to show that S is not

a Kan complex. See Figure 3.1 below for a pictorial representation of S.

€0
€1

Figure 3.1: A representation of the simplicial set S.

Definition 3.1.7. Let K and L be two simplicial sets. A simplicial map f : K — L is a set
of functions f, : K, — L, such that 0;f, = f,_10; and s;f, = fni15:.

3zi l@i Szl lsi
anl % Lnfl anl ﬂ) Lnfl

Example 9. Let K, L be simplicial sets and let Iy € Ly be a vertex. Define a simplicial
map ¢, : K — L taking any k € K, to s{jlp. We call this the constant simplicial map to
lo. Using properties (i3), (iv), and (iii) in Definition 3.2.2, we can show that f commutes
with face and degeneracy maps. For n =1, 0y f (k) = dysolo = lp immediately from property
(iv). Further, f(0;k) = ly by the definition of f. For any k € K,, and i > 1, we have more

generally:

32



aiclo (k’) = @sglo

n—1
= 8081_150 l()

= 8671815871+1lo
= 88_110

= Clo (&k)

A similar analysis holds for the s;:

siciy (k) = sisglo

n—1
= S0Si—195) lo

= Sngllo

= ¢, (silo)

Thus, ¢, is indeed a simplicial map.

3.2 Simplicial Homotopy and Homology Groups

The homotopy groups of a pointed topological space (X, zy) are instrumental in character-
ising the weak homotopy type of (X, zg). In this section, we define analogous constructions

for simplicial sets.
Definition 3.2.1. Let K be a simplicial set. Two n-simplices z, 2" are said to be homotopic
if 0;x = 0;2’ for all 0 < i < n and there exists y € K, ;1 such that:

(i) Oy = x, Opi1y = .
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Proposition 3.2.1 ([May67, Prop. 3.2]). If K is a Kan complex, then “two simplices being

homotopic” is an equivalence relation.

Let K be a simplicial set and ¢ a distinguished vertex of K. For simplicity, we will denote
all degeneracies of ¢ by ¢ as well ¢ . If K is a Kan complex, We call (K, ¢) a Kan pair. Let
I?n be the collection of all n-simplices k that satisfy 0;k = ¢ for every 0 < i < n.

Definition 3.2.2. Let (K, ¢) be a Kan pair. For n > 0, the n'* simplicial homotopy group

is defined as
WN(KJ ¢) = Kn/ ~

For n = 0, define
7TO([(? Qb) = KO/ ~ .

Let (K, ¢) be a Kan pair. To define a group structure on 7,(K, ¢), let z,y be represen-
tatives of [z], [y] € 7, (K, ¢) for a fixed n > 0. Consider the ordered collection of n-simplices
with x, 1 = 2, 2,01 = y and x; = ¢ for i < n—1. These simplices form a compatible system.

Since K is Kan, there is a simplex z such that 0;z = z; for i # n. Define [z]  [y] = [0,2].

Proposition 3.2.2 ([May67, Proposition 4.3]). The operation * defines a group operation
on m,(K, ¢).

Definition 3.2.3. Two simplicial maps f, g : K — L are said to be homotopic if there exist
functions h; : K, — L,.1, 0 < i < n, such that:

(i) Boho = f, Onsrhn = g
(ii) dihj = hj_10;,if i < j
(i) Jj1hjp1 = Jjahy
(iv) &by = h;Ois

(v) sihj = hjp1s;if i <j
(vi) sih; = hysiy ifi> f
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Notation 3.2.1. We let (0) denote any simplex of A[l], and (1) denote any simplex of
All];.

Proposition 3.2.3 ([May67, Proposition 6.2]). Two simplicial maps f,g : K — L are
homotopic if and only if there exists a simplicial map F': K x A[1] — L such that F(z, (0)) =
f(z) and F(x, (1)) = g(z) for any simplex z in K.

Definition 3.2.4. Let K, L be simplicial sets. Let f : K — L be a simplicial map. The
map f is said to be a homotopy equivalence of simplicial sets if there exists a simplicial map
g : L — K such that the compositions fog and go f are homotopic to the respective identity

simplicial maps.

Definition 3.2.5. Let K, L be Kan complexes and f : K — L a simplicial map between
them. The map f is said to be a simplicial weak homotopy equivalence, or simply a weak

homotopy equivalence in sSet, if the following conditions are satisfied.

1. The induced map f, : mo(K, ¢) — mo(L, f(¢)) is a bijection.

2. The induced maps f, : 7, (K, ¢) — m,(L, f(¢)) are isomorphisms for n > 0.
Theorem 3.2.4 ([May67, Theorem 12.5]). Let f : K — L be a weak homotopy equivalence

of simplicial sets. If K and L are Kan complexes, then f is a homotopy equivalence of

simplicial sets.

3.2.1 Simplicial Homology and Cohomology

Let K be a simplicial set. In the categorical perspective, K may be viewed as a contravariant
functor K : A* — Set. There is a functor F' : Set — Ab called the free functor taking a
set X to the F(X), the free abelian group generated by X. Via composition, we obtain a
functor F*¥ : sSet — sAb taking a simplicial set K to the simplicial abelian group F*(K).
More concretely, FS(K) the abelian group of n-simplices of F*(K) is precisely the free
abelian group generated by K,. We may give F*(K) the structure of a chain complex with
differential d,, given by
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where 0; are the degeneracy maps from F?(K) to F?_,(K). We denote this chain complex
by C(K). Let A be an abelian group. The homology and cohomology of K are defined as
the homology and cohomology and C'(K).

Example 10. Let X be a topological space and S.(X) the singular complex associated to
X. Then, the homology and cohomology of S,(X) coincides with the singular homology and
cohomology of X. This follows easily from writing out the functors involved as described in

the above paragraph.

Example 11. Let K be the simplicial set associated to a simplicial complex K. Then, the
homology and cohomology of K are the simplicial homology and cohomology of K. Asin the
case of the previous example, this follows easily from expanding the definition of homology

and cohomology groups.

3.2.2 Singular Complex

Let X be a topological space. We may associate to X a simplicial set S,(X) called the
singular complex of X. The set of n-simplices, denoted S, (X), consists of continuous maps
from the standard n-simplex A, to X. For an n-simplex f, the face and degeneracy maps

are defined as follows:

@-f(to,tl, Ce ,tn_1> = f(to, . 7tz’—17 0, ti, . 7tn—1)
Sif(to,tl, RN ,tn+1> = f(to, e ,ZL,Z' + ti+17 e 7tn+1)

Given any map g : X — Y of spaces, there is an induced map Se(g) : Se(X) — Se(Y)
by defining S.(g)(f) = g o f. One can easily verify from the above facts that S, defines a

functor from the category Top of topological spaces to the category sSet of simplicial sets.

Theorem 3.2.5. The association of the simplicial set S, X to a topological space X defines
a functor from Top to sSet.
Se : Top — sSet

Proposition 3.2.6 ([May67, Lemma 1.5]). For any topological space X, the simplicial set
Se(X) is a Kan complex.
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Proposition 3.2.7. Let X, Y be topological spaces. Let f,g: X — Y be two homotopic
maps in Top. Then, the induced maps f, g, : SeX — S.Y are homotopic in sSet.

Proof. See the discussion before Theorem 16.1 in [May67]. O

Proposition 3.2.8 ([May67, Theorem 16.1]). Let (X, z() be a pointed topological space.
Then, 7, (X, 29) = T, (Se X, Sep).

Proof. See Theorem 16.1 as mentioned and the discussion before it for details. m

3.2.3 Geometric Realization

In this section we elaborate on how one associates to a complex K, a topological space
|K|, called the geometric realization of K. Let A, = {(to,t1,....t,) | Doigti = 1,0 <
to,t1, ..., t, < 1} C R™ denote the standard n-simplex with subspace topology. Define face
maps 6; : A,_1 — A, and degeneracy maps o; : A1 — A, as follows:

i(tosty, o otn) = (tostr, .-, 0.t ... 1)
O'i(to,tl,...,tn) = (toatla--~;ti+ti+17-~-7tn)

Give K the discrete topology. Define a topological space K = Uzo K, x A,, with product
topology. Every point in this space is of the form (k,,z,) for k, € K,,z, € A,. Define

relations ~; and ~9 on K:

(aikn7$n—l) ~1 (kn>6ixn—1)

(Siknyxn—&—l) ~2 (knyo-ixn>-

The above relations tell us how to glue/collapse simplices of K with each other. The first
relation tells us how to attach the faces of a simplex via face maps. The second relation tells

us how to collapse degenerate simplices via the degenerate maps.
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Define the quotient space |K| = K/(~1,~3). This space is called the geometric real-
ization of K. The topology on |K]| is the quotient topology.

Notation 3.2.2. Let K be a simplicial set. We denote the equivalence class of a tuple
(K, upn) in | K| by |k, .

Proposition 3.2.9 ([May67, Thm 14.1]). For any simplicial set K, the geometric realization
| K| is a CW-complex.

Given a map f : K — L of simplicial sets, define a map |f| : |K| — |L| by |f||kn, un| =
| f(Kn), upn|. This map is continuous. Given maps f : K — L and g : L — M, it is easy to
see that |f o g| = |f| o|g|. Thus, we have

Proposition 3.2.10. | — | defines a functor from the category of simplicial sets to the

category of topological spaces.
| — | : sSet — Top

Proposition 3.2.11 ([May67, Theorem 14.3]). Let K, L be simplicial sets. Suppose that K
and L are both countable or that one of K and L is locally finite. Then, |K|x|L| = |K x L|.

Remark 3.2.1. The hypotheses of K and L being countable or locally finite can be removed
if we choose to work in the category of CGHaus of compactly generated Hausdorft spaces.
Given simplicial sets K and L, there is a natural homeomorphism |X x Y| 2 | X| x g, |Y|
where X . denotes the Kelly product. For a discussion on CGHaus the reader is referred
to Chapter 5 of [May99]. For a discussion on geometric realizations which live in CGHaus,
the reader is referred to Chapter I, Section 2 of [GJ99).

Corollary 3.2.12. The geometric realization of a countable simplicial group is a topolog-
ical group. If we let the geometric realization live in CGHaus, then we may remove the

countability hypothesis.

Proposition 3.2.13 ([May67, Corollary 14.5]). Let K, L be simplicial sets. Let F': K xI —
L be a simplicial homotopy. Then, | — | induces a homotopy |F| : |K| x |I| — |L| between
CW complexes.

Corollary 3.2.14. Let K, L be simplicial sets. Let f,g : K — L be simplicial maps that

are homotopic. Then, |f| is homotopic to |g|.
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Let K be a simplicial set and X a topological space. Define maps ¢ : Homgget (K, So(X)) —
Homeop (T'(K), X) and ¢ : Hom(T'(K), X) — Hom((K, S¢(X)) by ¢(f)([kn, unl) = f(kn)(un)
and ¥(g)(kn)(u,) = glkn, us|. Let K, L be simplicial sets and X,Y be topological spaces.
Given a simplicial map o : K — L, there is an induced map Sea* : Homgget (K, SeX) —
Homrop (| K|, X) defined by precomposing a map f : K — S.X with a. Further there is an
induced map |f|* : Homgget(L, SeX') — Hommop(|L|, X) defined by precomposition. Then,

the following diagrams commute:

DK, X

Homgget (K, SeX) —— Homrep (| K|, X)

5o I

Homsset(L, S.X) W HOHITOP(’L’, X)

DK, X

Homgget (K, SeX) —— Homrep (| K|, X)

S.g*l llgl*

HomsSet (K, S.Y) W HOD’ITOP(‘K|, Y)

Proposition 3.2.15 ([May67, Proposition 16.2]). The functor | — | : sSet — Top is a left
adjoint to the singular complex functor S, : Top — sSet.

To ¢ and ¢ we may associate natural transformations ® : T'Se — lqop and ¥ : lIgger —
S.T by setting CD(X) = ¢<1S(X))7 \I/(K) = ¢(1T(K))-

Proposition 3.2.16 ([May67, Theorem 16.6]). Let X be a topological space and K a Kan

complex.
1. The induced map ®(X), : 7, (T'Se(X), T'Se(0)) — mn(X, x0) is a bijection for n = 0
and an isomorphism for all n > 1.

2. The induced map ¥ (X), : m,(SeT(K),TSe(x0)) — m,(K, @) is a bijection for n = 0
and an isomorphism for all n > 1.
The above proposition states that the map ®(X) is a weak homotopy equivalence. At

this stage we use the following theorem of Whitehead:
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Theorem 3.2.17 ([Hat02, Theorem 4.5]). If a map f : X — Y between connected CW
complexes induces isomorphisms f, : m,(X) — m,(Y) for all n, then f is a homotopy

equivalence.

The above theorem can be generalised to CW complexes that are not connected as well.
(See Corollary 3.5.3.10 in [Lur23].)

If X is a CW-complex, then ®(X) is a homotopy equivalence. Similarly, if K is a Kan
complex, then W(K) becomes a homotopy equivalence. It is now possible to extend the

definition of simplicial homotopy groups to arbitrary simplicial sets.

Definition 3.2.6. Let L be a simplicial set and ¢ be a vertex of L. The n' simplicial
homotopy group 7, (L, ¢) is defined as 7, (Se(|L|), Se|¢|).

3.3 Kan Fibrations, Principal Fibrations, and PTCPs

In this section, we will define simplicial analogs of fibrations and principal fibrations. Fibra-
tions satisfy the homotopy lifting property with respect to all topological spaces. We expect

a similar property to hold for the simplicial analogs.

Let F/, B be simplicial sets and let p : E — B be a simplicial map. Let xg, z1, ... Tk_1, Tki1, - - - Tt
be a collection of (n + 1) n-simplices in F that satisfy the extension condition. p is called a
Kan fibration if for every y € B such that 0,y = p(z;), then there exists x in the fiber over y
such that d;z = x. For ¢ € By, the fiber of p over ¢ is F := p~1¢. The following is a simple

consequence of this definition:

Proposition 3.3.1 ([May67, Proposition 7.5]). Let B, E be simplicial sets and let p: E — B
be a Kan fibration. If B is a Kan complex, then F is a Kan complex. Also if p is surjective

and F is a Kan complex, then B is a Kan complex.

Definition 3.3.1. Let ¢ be the simplicial set generated by ¢. Let i : (F,¢) — (E,¢) be

the inclusion map. The sequence

(F,¢) 5 (B, ) % (B, ¢)
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is called a fiber sequence. If E, B are Kan complexes, then the sequence is called a Kan fiber

Sequence.

Theorem 3.3.2 ([May67, Theorem 7.6]). Let (F, ) SN (E,¢) & (B, ¢) be a Kan fiber

sequence. Then the following is an exact sequence:

v = Taa1(B, 0) = mu(FoY) — m (B ) — mp (B, g) — - - -

Finally, we have the covering homotopy property, the simplicial version of the homotopy

lifting property.

Proposition 3.3.3 ([May67, Corollary 7.12]). Let p : E — B be a Kan fibration and let
K be any simplicial set. Let f K — Fand f=po f Suppose F' : K x [ — B satisfies
O1F = f. Then there exists F: K x I = F such that poﬁ = F and 9, F = f.

Given two simplicial sets K and L, the product simplicial set K x L is defined by setting
(K x L), =K, x L.

Let K be a simplicial set, and G be a simplicial group. We say G acts on K from
the left if there is a simplicial map ¢ : G x K — K such that ¢(e,k) = kVk € K,
and (g1, #(g2,k)) = d(g1g9, k) for any ¢y, g2 € G,,. Similarly, if there is a simplicial map
¥ K x G — K such that (g2, % (k, g1)) = ¥(g192, k), we say G operates on K from the
right. Here, e denotes the identity element of G,,.

Definition 3.3.2. Let G be a simplicial group. Let E be a simplicial set with a G action
given by a simplicial map ¢. The simplicial group G is said to act principally on K if
&(g,k) = k only when g = e.

Remark 3.3.1. From now, the term G-action will refer to the action of a simplicial group

on a simplicial set.

Let K be a simplicial set with a right G-action. Define a simplicial set B by letting
k ~ kg for k € K and g € G. There is a map p : K — B sending each simplex k to its
equivalence class in B. We call p a principal fibration over B with structure group G. More

generally, any map that can be represented in this manner is called a principal fibration.
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Let F' and B be simplicial sets and G a simplicial group that acts on F' from the left.
Define a simplicial set E(7) by E(7), = F, x B,. We add a superscript to the face and
degeneracy maps to distinguish between those of the fiber and base space. Define the face

and degeneracy maps of E(1) as follows:

The function 7 : B,, x G is called a twisting function. It is not immediately evident
that E(7) as defined above is indeed a simplicial set. For E(7) to be a simplicial set, 7
must satisfy certain conditions obtained from forcing the face and degeneracy to satisfy the
identities in Definition 3.1.1

e

For b € By,
807'(13) = [T(agb)]_1T<81b)
817'(6) = T(ai+1b), 1>0
Sﬂ'(b) = T(SH_lb), 1 Z 0
)

T(spb q

Let p : E(1) — B be the projection map to B. FE(7) is called a Twisted Cartesian
Product or TCP.

If F =G, the TCP, is called a principal TCP as GG acts principally on itself. In this case,
we may define a right action of G on E(7) by ¢((g,b),h) = (gh,b). One can check easily
that the quotient of E(7) by the G-action gives us a simplicial set isomorphic to B, and
p: E(1) — B is a principal fibration.

Example 12. Let Cy = {1,a} denote the cyclic group of order 2. Let ¢Cy denote the
constant simplicial set of C5. Let K be the simplicial set in Example 8, which represents a

circle with two vertices and two edges:
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€0
Vo U1

€1

Figure 3.2: Pictorial representation of the geometric realization of K

Let 7 : K — cC5 be a function taking ey to 1 and e; to o. Similarly, send any degeneracy
of g and e; to 1 and « respectively. Define a PTCP E(7) = ¢Cs x, K. Using the face maps,
we try to pictorially depict the set of O-simplices and 1-simplices of E(7).

Oo(1,e9) = (7(eg) - Dol, Dpeg) = (1,v1)
Oo(1,e1) = (7(e1) - Oo1, Oper) = (v, vp)
0o, e9) = (7(eg) + Opax, Dpep) = (v, v1)
Oo(a,e1) = (7(eq) - Docr, Dper) = (1, vp)
O1(1,e9) = (011, 01e0) = (1, v0)
O1(1,e1) = (O11,01e1) = (1,v1)

) = (

)= (

On taking the realization of E(7), we get the following diagram:
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(1,60)

(1, ) (1,0)

(av, v0) (v, 01)
(O" 60)

Figure 3.3: PTCP with non-trivial twisting function

Alternatively, let 7/ : K — ¢Cy take every n-simplex to the identity elements of (¢Cs),.
Define a new PTCP E(7') = ¢Cy x K. For E(7’), we have:

Oo(1,e9) = (7(eg) - Ool, peg) = (1,v1)
Oo(1,e1) = (7(e1) - Dol, 0per) = (1, vp)
Oo(v,e0) = (7(eg) - Docx, Doeg) = (v, vy)
Oo(c,e1) = (1(eq) - ocx, Dper) = (a, vp)
O1(1,e9) = (011, 01€0) = (1, v0)
O1(1,e1) = (O11,01e1) = (1,v1)
O1(a, ep) = (01, O1ep) = (v, vp)
O (e, e1) = (01, Ore1) = (v, v1)
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(1, v0) (1,0)

(av, vp) (a, v1)

Figure 3.4: PTCP with trivial twisting function

3.4 Simplicial Classifying Complex

Let G be a simplicial group with face maps d; and degeneracy maps ;. Define a simplicial
set W(G) by setting (W(G))p = Gt X Gpa X ... X Gy. For n =0, we set (WG), = {e}.

For an element (g,,_1,gn_2,---,90), define the face and degeneracy maps for each i as:
(9n—2;9n—3;~--790) le = 0
Oi(Gn-1,---,90) = (dic1(gn-1), -+ gn—i—1 - do(Gn—i),---,90) if0O<i<n
(gn—bgn—Za"'ygl) if ¢ >0
(67gn—lagn—27"‘7g(]) leZO
Si(.gn—b cee aQO) =

(Tic1(gn-1), Tic2(Gn—-2) - - - Gn—i—1 - T0(Gn—i), - - - go) ifi <n
One can verify that the above maps satisfy the conditions in 2.3.2. We call this the
simplicial classifying complex of the simplicial group G.

Define a simplicial set W (G) by setting W(G),, = W(G)pi1, 0, = i1, and s, = s;,1.

The n-simplices of WG are thus tuples in G,, x G;,_1 X - - - X Gy. There is a natural projection
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from WG to WG sending (gn, gn—1,--->90) t0 (gn_1,9n—2,-..,90). This projection can be

realised as a principal fibration:

Define a right G-action on WG via the simplicial map

b WG X G — WG
(g Gn—1---:90),9) = (9n " 5 Gn—15-- -, 90)

Level-wise, G,, acts on itself and it follows that the action of G on W is principal.
Define a quotient complex WG/G of WG by identifying (gn, gn-1,---,9) € WG with
¢((Gns Gn1,---,90),9) for ¢ € G. The projection p : WG — WG is a principal fibra-
tion by definition. Define a map f : WG — WG/G sending a tuple (¢, 1, 9n_2,---,90) to
the equivalence class [(€,, gn_1,---,90)] € WG/G.

Proposition 3.4.1. The map f as defined above is an isomorphism of simplicial sets.

Proof. Let (gn-1,---,90)s (gh—1:---90) € WG. If f((gn-1,---,90)) = F((gr_1,---95)), then
thereis a g, € G, such that (g,, gn-1,---,90) = (Gns g1, -- -, 9})- 1t follows that g, = e,, and
gi = g; for all 0 <i <n—1, and hence, f is injective. Suppose [(gn, Gn—1,---,90)] € WG/G.
It is easy to see that f maps (¢n-1,--.,90) t0 [(Gn, gn-1,--.,90)] € WG/G, showing that f

is surjective. The verification that f is a simplicial map is left as an exercise. O]

It is possible to view the projection p : WG — WG as a PTCP. Define a function
7 W(G)p — Gt by 7((gn-1,9n—2,---,G0)) = gn_1. It is an easy check that 7 is a twisting
function. Define a map ¢ : G x, WG — WG sending a tuple (g, (gn, gn_1,---,90)) to

(9, Gns Gn—1, - - -, 90)-

Proposition 3.4.2. The map ¢ : G x, WG — WG is an isomorphism of simplicial sets.

Proof. This map is clearly bijective. It remains to show that this map is a simplicial map.

We show the case for gy here.
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90¢(9; (Gn-1,---,90)) = 9(g, Gn-1,-- -, 90)
= (gn—l : a097 CIE 790)

©(00(9, Gn-1,---,90)) = ©(gn-1 - 00g; (gn—2: - - -+ 90))
= (gnfl . aoga gn727 R 790)

The check for other face and degeneracy maps are similar and are left to the reader. [

Proposition 3.4.3 ([May67, Lemma 21.3]). For any simplicial group G, the simplicial set
WG is a Kan complex.

For the remainder of this thesis, elements of WG will be tuples (g,_1, .-, 4o)-

Proposition 3.4.4. Let G be a simplicial group. Then 7,(WG) = 0 for all n > 0.

Proof. We base our complex at the O-simplex e. Let e, denote the tuple in WG with all
entries e. WG, = {(90,91) | 0i(g0,91) = e ¥ i}. Unraveling this, we get (go - g1) = e and
g1 = e. Thus, gy = g1 = e. A similar process continues. For 7,(W@G,e), the n'® face map
forces (g1 = go = ... = g, = e). Combining this with any other face map, we get gy = e. So

for n > 1, m,(WG, e) is trivial since the subcomplexes (W7é)n themselves are trivial.

For n = 0 we inspect when two O-simplices are homotopic in WG. Let g,¢ be two
0-simplices of WG. We want to find (h,h') € G x G such that h-h' = g and b’ = ¢’. The
obvious candidate for this is (g(¢’)™', ¢'). Tt follows that any two O-simplices are homotopic
and hence, mo(WG, e) is trivial. O

Proposition 3.4.5. Let ¢G be the constant simplicial group associated to a discrete group
G. Then, m(WeG) = G.

Proof. WG is obviously connected since (WG), = e. For n > 2 the argument that
1. (WG, e) = e, is similar to that of WG. Forn = 1, (WG); = {g € G| dog = O1g = ¢}.
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However, this is true for every g since both face maps from (W), are the constant map to
e. The result follows. O

Let 5 : G — G’ be a simplicial group homomorphism. Define a map 3, : WG — WG’ by

Bu(gn-1,---,90) = (B(gn-1,---,58(g0))

The map S, is the map between WG and WG induced from f. This discussion is

summarised in the following proposition.

Proposition 3.4.6. W defines a functor from the category of simplicial groups to the cat-

egory of reduced simplicial sets.

W : sGrp — sSetg

Proof. The reader is referred to the discussion following Corollary 21.8 in [May67]. O
Notation 3.4.1. Let G be a CW group. Define BG := |[WS,G/|. The space BG will be our

model for a classifying space of G. This classifying space comes equipped with a principal
fibration EG := |WS,G| — BG.

3.4.1 Simplicial Classifying Complex of cC5

Let C5 denote the cyclic group of order 2. There is a constant simplicial set denoted cCs

associated to C.

Proposition 3.4.7. Let G be a discrete topological group. Then, S,G is isomorphic to cG.

Proof. S,,G comprises continuous maps from the standard n-simplex A,, and G. The image
of amap f : A, — G must be a singleton since all connected components of GG are singletons.
Thus S,,G comprises constant maps to GG. Thus 5, Gy is ismorphic to GGy. One can check

that the face and degeneracy maps are simply the identity maps. O]

The set of n-simplices of WcCy is Z/27 x Z /27 x ... x Z/27Z. Each element is a tuple

-~
n times

of Os and 1s, which we will identify (for notational convenience) with binary strings.
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The diagram above shows a network of face and degeneracy maps between the 0, 1, and
2 simplices of WeCs,. Solid arrows denote face maps, which go from up to down. Dotted
ones denote degeneracy maps, which go from down to up. The simplices at the far right of
the diagram, i.e. the 111...11s, have no dotted arrows ending at them. Recall that RP>
is constructed by recursively attaching an n-cell to RP"~! for each n. We try to relate the
existence of only 1 non-degenerate simplex in each level of our network with the construction

of RP*. We first show that BC5; has only one cell in each dimension.

Let n = 0. The only O-simplex of WeCs is . It is immediate that (soe, (t, 1—t) ~ (x, {1}),
which translates to (0, (¢,1 —t)) ~ (x,{1}), for 0 <t < 1. Thus, every element of {0} x A;
is equivalent to (x,{1}).

Now suppose n = 1. The relations for this level are:
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(900, {1}) ~ (0, (0, 1)) = (x,{1}) ~ (0, (0, 1))
(2,0, {1}) ~ (0, (1,0)) = (x,{1}) ~ (0, (1,0))
(@01, {1}) ~ (1,(0,1)) = (x,{1}) ~ (1, (0, 1))
(@11, {1}) ~ (1, (1,0)) = (,{1}) ~ (1, (1,0))

Figure 3.5: Face relations for n =1

(500, (to, t1,t2)) ~ (0, (to + t1,t2)) = (00, (Lo, t1,t2)) ~ (0, (to + t1,12))
(510, (to, t1,t2)) ~ (0, (to, t1 +t2)) = (00, (to, t1,t2)) ~ (0, (to, t1 +t2))
(sol, (to, t1,t2)) ~ (1, (to + t1,t2)) = (01, (to, t1,t2)) ~ (1, (to + t1,12))
(511, (to, t1,t2)) ~ (1, (to, t1 + t2)) = (10, (to, t1,t2)) ~ (1, (to, t1 + 12))

Figure 3.6: Degeneracy relations for n =1

We can already infer a few things from the above set of relations along with the n = 0
case. The first two relations are special cases of (3.5). The third and fourth combined tell
us to attach the 1-simplex “1” to e. According to this, the starting and ending points of
the 1-simplex “1” are both e, giving us a loop. From the 5th to 8th relations, we gather
that every pair in BoCsy x Ay with first entry degenerate can be identified with some pair in
B1Cy x Ay. As long as there are points in {(11)} x A, that cannot be identified, (11) will

contribute to a 2-cell.

(Bo(11), (£,1 — 1)) ~ (11,(0,¢,1 — 1)) = (1, (t, 1 — £)) ~ (11,(0,¢,1 — ¢))
(O1(11), (£, 1 — £)) ~ (11, (£,0,1 — t)) = (0, (£, 1 — £)) ~ (11, (£,0,1 — 1))
(Ds(11), (1,1 — 1)) ~ (11, (5,1 — £,0)) = (L, (£, 1 — 1)) ~ (11, (t, 1 — £,0))

2

Figure 3.7: Face relations for n = 2
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Observing the face maps, we see that there is information on how to attach the edges
of (11) to either e or (1,(¢,1 —t)) and the interior does not collapse. Thus (11) is indeed a
2-cell.

Let 1™ denote the string 11...1. The above calculations show that there is a canonical

n times

representative of each class in BCs, i.e., the pair 17, (to,t1,...,t,))

To see why BC5 is homeomorphic to RP>, we observe how the n-cell is attached to
the (n — 1)-skeleton. From our calculations above, it is clear that the O-skeleton contains
just 1 point (x,{1}). The 1-skeleton contains ey and one 1-cell formed of points of the type
(1,(t,1—1)) for t € [0, 1], whose boundary is identified with eg. Now we attach the 2-cell, in
2 steps. Our 2-cell can be identified with As. The second relation in 3.6 tells us that the line
segment formed by points of the form (11, (¢,0,1 — t))A, are all identified with the 0-cell.
In the first step, we identify all these points, to form a disk whose boundary comprises two
1-cells: one 1-cell with points of the form (0,¢,1 —t), and one 1-cell with points of the form
(11,(0,£,1 —t)). Let us call this disk A,. According to the first and third relations of (2),
we attach the boundary of the A, onto the 1-cell via the map sending both (0,¢,1 —¢) and
(t,1—1,0) to (1,(t,1 —t)). Recall that one method to construct RP? from RP! is to attach
a disk D, by identifying its boundary D% = S! to RP! via the quotient map S* — RP!.
Identify the boundary of A, with S* and the 1-skeleton with RP'. It is easy to see that the
resultant map from S' to RP! is just the quotient map. This similar process is repeated for

each n > 2 indefinitely to give us RP*.

3.5 Eilenberg-MacLane Complexes

For a topological group G, write ByyG for its classifying space constructed via the Milnor
Construction. For discrete GG, the long exact sequence of homotopy groups associated to the
fiber sequence G — EG — BG entails that BG has only one non-trivial homotopy group
m(BG) = G. The classifying space ByjG is one instance of a large family of spaces known

as Eilenberg-MacLane spaces.
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3.5.1 Definition of Eilenberg-MacLane Complexes

Definition 3.5.1. Let G be a group. An Filenberg-MacLane space of type (G,1) is a
path-connected topological space with contractible universal cover and fundamental group

isomorphic to G.

The equivalence between Kan complexes and CW complexes described in Subsection

3.2.3 motivates a simplicial analog of Eilenberg MacLane spaces.

Definition 3.5.2. Let K be a simplicial set and let a and b be two n-simplices. K is said

to be minimal if a and b are homotopic if and only if they are equal.

Definition 3.5.3. Let (K, ¢) be a Kan pair and let 7 be a group. K is said to be an
FEilenberg-MacLane complex of type (m,n) if K is minimal, m,(K, ¢) = 7, and m;(K,¢) = 0
for all i # n.

Example 13. Let m be a group, and let ¢ denote the constant simplicial group associated
to m as defined in Example 6. It is an easy check that my(cm, e) = 7 and m;(cm, e) = 0 for all

i > 0. We leave the minimality of cm as an exercise. The simplicial set e is a K(,0).

Example 14. Let ¢ be the constant simplicial group as in the previous example. Consider
W (er), the simplicial classifying complex of cr. By the long exact sequence of homotopy

groups associated to the principal fibration W (cr) — W (cr):

o= (W (er)) = (W (er)) — molenr) — mo(W(er)) — mo(W(er)) — 0

oo = mer) = m(Wien)) — m,(Wier)) = mu_1(cm) — -+

mo(W (cr)) is trivial since it has only one O-simplex by definition. The simplicial set crr is
a K(m,0) as described in the previous example. Further, all the homotopy groups of W (er)

are trivial. Using these facts, it follows that W (cr) is a K(m, 1).

We may iterate the process in the previous example to obtain a K (m,n) for any n > 0.

Let m be an abelian group.
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Proposition 3.5.1. Let A be a simplicial abelian group. Then W A is a simplicial abelian

group as well.

Proof. This proof follows from the construction of WA. The face and degeneracy maps can

easily be seen to be abelian group homomorphisms. O

The above proposition implies that the functor W can be applied on a simplicial abelian
group successively. Using the analysis presented in Example 14, it follows that W A is a
K(m,n).

3.5.2 General Construction of a K(m,n)

We now try to understand how to associate a chain complex to a simplicial abelian group.

This seemingly unrelated topic will aid us in describing a general construction for K (m,n)s.

Let G be a simplicial abelian group. Define a map 6, : G,, — G,,_1 by 6, = >_ 0;.
i=0

Proposition 3.5.2. GG with differentials §,, has the structure of a chain complex.

Proof. We must show that §,,_; 09, = 0. Let g € G,,.

n—1 n

569N =2_> 9

i=0 j=0

We represent the operation 6,1 o d,, as a grid of face maps whose (i, j) entry is 0;0;

D0y 001 0p0r ...  OpOh—1 00y,

0100 000, 0002 ... 010, 00y,

0200 000; 0002 ... 020, 00y,
871—280 a71—281 871—282 S 8n—Zan—l an—Qan
8717180 an,1(91 a717182 cee (971,16”,1 anflan
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We know that 0,0; = 0;_10; for i < j. Thus 0y0, = 9y, 0y0> = 010y and so on. Since the
sum of indices in this identity shifts down by 1, we get that (—1)"79,0;4+(—1)"7719;_,0; = 0.

Cancelling out terms for ¢ = 0, we get:

Doy D0l  De0s ... O4di—1 O,

Q07 0101 DDy ... 10n 00,
Oz07 030y 0305 ... 30,1 00,
Q‘n{fal/ a71—282 an—283 ° o 8n—Qan—l an—2an
M 8n,182 a717183 9 00 8717187171 anflan

The highlighted portion represents the terms that may contribute to a nonzero-sum after

the first step of cancellation. Continuing this for i = 1, we get:

Oo0  Oe01  Oo0r ... Oedim1  Jan
Oy KOT OOy ... i KO,
38 B0 Dy ... QoOp1 a0,

Qn{faa M an—282 an—2an—1 an—Zan
anf@o/ M a717183 anflanfl anflan

On continuing this process, we observe that all terms get canceled out. This ends the

proof. O]

Let D(G) denote the chain complex generated by the degenerate simplices of G. That is,
n—1
D(G), = > Im(s; : G,—1 — Gy,). We first conduct a preliminary check that the differential
i=0
defined for A(G) also defines a differential for D(G).

Proposition 3.5.3. Let G be a simplicial abelian group, and A(G) its associate chain
complex with differential 6. Given x € D(G),, dz belongs to D(G),_1.
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Proof. 1t suffices to show that the proposition is true for any degenerate simplex. Let
x € D(G), be a degenerate simplex. Then = = s;y for some simplex y € G,_; and some

0 <1 <n—1. Using properties 3, 4 and 5 in 3.2.2 we get

= Zﬁjsiy
= 5;_1 (X_:(—l)j jy> + s (Z an)

=0 j=i+2
which belongs to D(G),,_1. O

Corollary 3.5.4. D(G) with differential ¢ as defined above is a chain subcomplex of A(G).

Since G comprises abelian groups, D(G), is a normal subgroup of A(G),. Define the
normalised chain complex associated to G by An(G) := A(G)/D(G).

Proposition 3.5.5 ([May67, Corollary 22.3]). The map A(G) — An(G) sending any ele-

ment to its representative in the normalized chain complex is a chain equivalence.

Consider the simplicial set A[g] described in example 5. Using the construction in 3.2.1,

we obtain a chain complex C}(A[q]) with C,,(A[q]) = FZ(Alq]) = F(Homa-([n], [m])).

- —— Hom([n — 1], [m ])—>Hom( [m])—>Hom(n+ 1], [m]) —— ---

Cr-1(Alg]) Cnia(Alg])
Let 0; : [n—1] — [n] be a coface map and o; : [n] — [n— 1] be a codegeneracy map in A*.
The functor Homa-([m], —) induces maps 6; : A[n — 1] — A[n] and &, : Aln] — A[n — 1].
Proposition 3.5.6. The maps §; and &; : A[n] — A[n — 1] are simplicial maps.
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Proof. Let 5](") denote the j' coface map in A* from [n—1] to [n]. The proof is an immediate

consequence of the commutativity of the following diagram:

(0i)q

Hom([g], [n —1]) » Hom([q], [n])

)| J»

Hom([q — 1], [n — 1)) ——— Hom([g - 1], )

For f € Hom([q],[n — 1]),

(O (30 () = ((B)g(F)) 0 80
= 52(71—1) ofo 5](9—1)

(6:)q—1 (A ) = 6V 0 (281 (f))
= 5(71_1) ofo 5(-q_1)
7 J

Showing that §; commutes with degeneracy maps is left as an exercise to the reader as is

the proof for &; being a simplicial map. O

Let C,(A[n]) denote the normalized chain complex of C’(A[q]). The maps &; and &;
defined earlier extend uniquely to maps d; : Co(A[n]) — Co(Aln—1]) and ; : Co(Aln—1]) —
Co(Aln]).

Let 7 be an abelian group. Define the normalized cochain complex C*(A[n], 7) by setting
C*(A[n], ) = Homgz(C4(Alg]), 7). For a fixed n, let L(m,n+1),, = C"(Alq], 7). Define maps
O L(myn+ 1)y, = L(myn+ 1)1 and s; : L(m,n+ 1), — L(m,n+ 1)1

Oiu(z) = u(0x), we L(m,n+ 1)me1, € Cr(Alg))
siv(y) =v(oy), v € L(m,n+1)m, ye€ Cr(Alm+ 1))
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The above face and degeneracy maps make L(w,n + 1) into a simplicial abelian group.
Let Z"(Alg], ) = ker 0% be the subgroup of C,,(A[n], ) consisting of cocycles. Set

Proposition 3.5.7. K(r,n) is a subcomplex of L(m,n + 1)

Proof. It suffices to show that the face and degeneracy maps of L(m,n + 1) take cocycles
to cocycles. That is, if v € L(m,n + 1), is a cocycle, we need to show that d0;u = 0 in
C™(Alg — 1], 7). Consider the following diagram:

on(Alglm) —2" on(Alg— 1))

§(Q)l l(;(q—l)

Cn-i-l(A[Q], 7T> W C’fl-‘rl(A[q — 1], 7T)
Proving the commutativity of this diagram is equivalent to proving the proposition. This
is because if u € C"(A[g], 7) is a cocycle, then 8§”+1)((5(q)u) = 0. Using the commutativity

of the above diagram, this forces 6@~ (9™ u) = 0, showing that 9™ u is a cocycle.

To prove commutativity we observe that the following simpler diagram commutes:

Co(Alg)) ——— Cu(Alg - 1))

5(q>T T%—l)

Cr1(Alg)) ———— Coyr(Alg — 1))

5(n+1)

However, the commutativity of the above diagram follows from Proposition 3.5.6. Func-
tors preserve composition and thus the commutativity of the second diagram implies the

commutativity of the first. This completes the proof. n
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. o o
0 —— OAlghr) —F oAl ——E s 2 (Ag) ) ——
89, 5 670
l § l N l

In the figure above, the horizontal rows are the normalized cochain complexes C*(A[q], 7)
and the vertical columns are the simplicial sets L(m,n + 1) for n > 0 with vertical maps as

the face maps.

Proposition 3.5.8 ([May67, Theorem 23.9]). K (7, n) as defined above is a K (7, n).

Finally, we state the following theorem that relates maps from K into K(w,n) with

cohomology classes of K with coefficients in 7.

Theorem 3.5.9 ([May67, Theorem 24.4]). There is a bijective correspondence between
homotopy classes of simplicial maps [K, K (7, n)] and Hig(K, ).
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Chapter 4

Constructions of a-spaces

This chapter deals with the constructions of a-spaces over locally compact topological spaces
and CW groups. In the first section, we describe the construction of a-spaces. In the second
section, we discuss a possible group structure on a-spaces arising from CW groups. We
then present a simplicial construction that leads us to define a-groups. Theorem 4.1.6 is an
original result, the proof of which follows easily from known results. The constructions of
a-spaces and a-groups are original. The discussions pertaining to Eilenberg-MacLane spaces
can be found in [Hat02]. For details on the Kan Loop Group functor, the reader is referred
to [May67].

4.1 Fibrations Over Locally Compact Spaces

Let Y be a CW complex and A be a discrete abelian group. Let K(A,7) be an Eilenberg-
MacLane space of type (A,i). Let a € H'(Y, A). The following is the analog of Theorem

3.5.9 for topological spaces.

Theorem 4.1.1 ([Hat02, Pg. 393]). There are natural bijections T : [X, K(A,n)] —
H(X, A) for all CW complexes X and all n > 0. Such a T has the form T([f]) = f*(ap) for
a distinguished class ag € H"(K(A,n), A).

A class ag with the property above is called a fundamental class.
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Corollary 4.1.2. Let f : X — K(A,n) be a map and let ag be a fundamental class in
H™"(K(A,n),A). Then, f is nullhomotopic if and only if f*(ag) =0

Proof. Suppose f is nullhomotopic. Then, f induces the O-map on cohomology and f*(ag) =
0. Conversely, suppose f*(ap) = 0. We know that a constant map ¢ induces the 0-map on
cohomology and c¢*(ag) = 0 in H"(K(A,n),A). By Theorem 4.1.1, f lies in the same

homotopy class as the constant map, i.e. f is nullhomotopic. O

We are now in a position to define a-spaces.

Definition 4.1.1. Let Y be a topological space. Let a € H'(Y, A). An a-space over Y is
a pair (Z,p) of a space Z and a map p: Z — Y, with the property that a map f: X — Y

lifts to Z if and only if f*(a) = 0.

The following describes a construction of a-spaces. Let PK(A,7) denote the path space
of K(A,7). The space PK(A,i) comes equipped with a principal fibration 7 : PK(A,i) —
K(A,i) as discussed earlier in Section 1.1. Let f, : Y — K(A, i) be a representative of the
homotopy class of maps in [Y, K(A, )] corresponding to « as in Theorem 4.1.1. Note that
fo is unique only up to homotopy. We define Y (a) to be the total space of the pullback of

7w along f,:

Y(a) — PK(A,i)

T lﬂ'

Yy —I 5 K(A,9)

By definition 1.1.8, the map 7, is a principal fibration. It may have come to the reader’s

attention that the construction of Y (a) involves f,, but the notation is independent of it.

Proposition 4.1.3. Let f, and g, be homotopic maps that correspond to a in H'(Y, A).

Then, the a-spaces over Y corresponding to f, and g, are homotopy equivalent.

Proof. Note that f, and g, are homotopic. The proposition follows from a simple application
of Proposition 1.1.2. O
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For the rest of this section, we will be interested primarily in locally compact topological
spaces. Let X, Y be locally compact topological spaces and let g : X — Y be a continuous
map. Composing with f, : Y — K(A, i), we obtain a map from X to K(A,i). By Corollary
4.1.2, f, o g is nullhomotopic if and only if (f, o g)*(ag) = 0, or equivalently, g*(a) = 0.

Now, consider the following proposition.

Proposition 4.1.4 ([Spa66, Chap. 8.2]). Let X and Y be locally compact hausdorff spaces.
Then a map f: X — Y is nullhomotopic if and only if it lifts to the path space PY.

Proof. We first show that given a lift to PY, f is nullhomotopic. Let f be a lift to PY.
Since PY is contractible, f' is nullhomotopic, and hence it is homotopic to a constant map
¢ taking every point in x to the constant path at some yo € Y. If 7 : PY — Y is the path
fibration, it follows that the composition 7 o f is homotopic to wo ¢. Since f = 7w o f , fis

homotopic to 7 o ¢, which is a constant map, and f is nullhomotopic as required.

Conversely, assume f is nullhomotopic. Then there is a homotopy H : X x I — Y such
that H(z,0) = yo and H(z,1) = f(z) for some distinguished point yy. By the exponential
correspondence, there is map h : X — Y/ defined as h(x)(t) = H(xz,t). At t = 0, we have
h(z)(0) = H(z,0) = yo. Thus, every path in the image of h starts at yo, and the image of
h lies in PY. To complete the proof that A with codomain restricted to PY is the required

lift, we must check that the commutative diagram below commutes:

We have 7o h(z) = h(x)(1) = H(z,1) = f(z) by definition of H. Thus, h: X — PY is
indeed the required lift and this completes the proof. n

Remark 4.1.1. For Proposition 4.1.4, [Spa66] assumes that X and Y are locally compact
Hausdorff spaces. The exponential correspondence holds for compactly generated spaces as
well. (See Chapter 5 of [May99].) Thus, we believe that the given proof can be adapted for

compactly generated spaces.

We now deviate a bit and state the universal property of pullbacks.
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Proposition 4.1.5. Let P be the pullbackof g: Z — Y along f: X — Y. Let ¢, : Q — X

and ¢o : Q — Z be maps from a space ) such that fog; = gogs. Then there exists a unique
map u : () — P such that the following diagram commutes:

Theorem 4.1.6. Let X be a topological space and f : X — Y a map. Let a € H{(Y, A)
be represented by a map f, to K(A,i). Then, f lifts to a map f:X = Y (a) if and only if
/(@) =0.

Proof. Consider the following commutative diagram:

Suppose there is a lift f : X — Y (a). We obtain the following induced diagram of degree
1 cohomology groups:

H(Y{(a),A) «—— H'(PK(A,i),A)

/ T kS

Since PK(A,4) is contractible, H*(PK(A,i)) = 0. By commutativity of the above
diagram, it follows that f*(a) = 0.
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Conversely, suppose f*(a) = 0. This is the same as saying (f* o f¥)(ap) = 0. By
Theorem 4.1.1, (f*o f¥)(ap) = 0 if and only if f, o f is nullhomotopic. By prop 4.1.4, f,o f
is nullhomotopic if and only if it lifts to the path fibration = : PK(A,i7) — K(A,i). The

result follows from the universal property of pullbacks. O
The above discussion can be summarised in the following theorem.

Theorem 4.1.7. When Y is locally compact, a-spaces over Y exist.

Proof. The pair (Y (a),m,) is a candidate for an a-space over Y. This pair has the required

lifting property, as seen in Theorem 4.1.6. Thus, (Y {(«a), 7,) is indeed an a-space. O

Remark 4.1.2. Although one would expect this lift to be unique at least up to homotopy,
this does not appear to be the case. We believe that such a uniqueness property would allow

us to treat Y (a) as a universal object. However, it is not clear how this can be achieved.

4.2 Fibrations over Topological Groups

In this section, we discuss the analog of the Y () construction described in the previous
section in the context of CW groups. We first define a group structure on Y («) when Y is a

topological group. In the next subsection, we describe a simplicial construction of a-spaces.

4.2.1 A Group Structure on a-spaces

Let G be a CW group. Let A be an abelian group. Let a € H'(G, A). As a first attempt
to construct a CW group G(a) and map 7, with the desired properties as in the previous
section, one may try to mimic the construction in Section 4.1. Let f, : G — K(A,i) be a

map corresponding to a.



While this construction above produces a CW complex G(«), it is not clear whether G(«)
admits a group structure with no added hypotheses on G and f,.

Recall from 3.5.1 that when A is a simplicial abelian group, WA is a simplicial abelian
group. Using this fact, it is not hard to see that there is a model of K (A, i) as a simplicial
abelian group. This was also discussed towards the end of Subsection 3.5.1. Taking the
geometric realization of K (A, i), we obtain an Eilenberg-MacLane space K (A, i) that is a

CW group. For convenience, we write f in place of f, in the following discussion.

With the added hypotheses that G is locally compact and f is a group homomorphism,
G(a) admits a group structure. Fix the identity element ex € K(A,i) as the base point of
K(A,i). The elements of G(a) are pairs (g,7) which satisfy 7(0) = ex and f(g) = v(1).
Write Y, r(q) € PK (A, ) for a path starting at ex and ending at f(g). Note that there may
be multiple paths between two fixed points and this notation does not distinguish between
such paths. However, this does not pose itself as an issue for our discussion. Let ¢, denote

the constant path at ex. Let eg denote the identity element of G.

Let (9, Yex.f(g)) and (R, Ve, f(n)) be elements of G(a). Define an operation on * : G'(a) x
G(a) = G(a) by

(9 Yere.1(0) * (s Vereo s ) = (9Rs Ve p(0) Verc. s (1)
The operation in the second component is the multiplication of paths.

Proposition 4.2.1. The operation * defines a group structure on G(«).

Proof. The operation is associative. For if (g,%e. f(9))s (A Yer,rn)) and (k, Ve, sr)) are ele-
ments of G(a),

gh Yer,f(h) Vex,f(h ) (h Yex.f( )>

((9: Yeror0) * (s Yereopm)) * (ks Vere, ) = (
= (GhE, Ve fg) Ve f () Ver f (k)
= (
= (

9 Ver,f(g ) (hk775Kaf(h)/y€K7 (k’))

9 Ve (@) * (P Yererrmy) * (ks Yereop)))

The identity element of G'(c) with respect to * is (eg, ¢, ) since both elements individ-
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ually act as identities. The inverse of an element (g, Ve, f(g)) 18 (gil,%K’f(g)fl). This ends
the proof. n

Corollary 4.2.2. Let G be a locally compact group and G{a) an a-space with group struc-

ture as defined above. Then the projection pry : G{a) — G is a group homomorphism.

Proof. For (9, Yex.f(g))s (s Yer,rn)) € G{v),

P11 (9, Yerot() * (B Yere g ) = PUL(GI, Vereoflo) Vererf(h))

= P19, Ver f(g) * PUL (P Yere, £ (h))-

O

Remark 4.2.1. Although we have constructed an a-space over G which admits a group
structure, the machinery of Theorem 4.1.6 does not give us a lift of f, as a group homo-
morphism. We have not shown the existence of such a lift but believe it should exist given

appropriate hypotheses.

4.2.2 A Simplicial Construction of a-groups

In this subsection, we describe a simplicial construction that is a candidate for an a-group
over a given CW group G. We first introduce the Kan Loop Group functor, which is central

to the construction discussed later.
Definition 4.2.1. A simplicial set K is said to be 0-reduced if K is a singleton.
Example 15. Let G be a simplicial group. Then, WG is a 0-reduced simplicial set.

We may analogously define n-reduced simplicial sets as simplicial sets with K; singletons
for all 1 < n.

Definition 4.2.2. Let K be a simplicial set. A simplicial group G(K) is said to be a loop
group of K if there exists a PTCP E(7) = G(K) x, K such that |E(7)]| is contractible.

Example 16. Let 7 be a group. The loop group of a K(m,n) is a K(m,n — 1).
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Loop groups may be defined for arbitrary simplicial sets, but the simplicial sets whose
loop groups we are interested in are generally O-reduced. We now elaborate on an explicit
construction of a loop group for O-reduced simplicial sets. For a reduced simplicial set K,
let F,,(K) denote the free group generated by the members of K,, with identity denoted e,,.
Define G,,(K) to be the quotient of F,(K) by the relation sok ~ e, for k € K,,_;.

Notation 4.2.1. Let z € F,,(K). We denote the equivalence class of = in G,,(K) by [z].

One can check that G,(K) is a free group with one less generator. Let z be a generator

of G,(K). Define the face and degeneracy maps of G(K) on its generators as follows:

[Oox| 0[] = [Or]

si[z] = [si412]

These maps extend uniquely to group homomorphisms. Define a function 7 : K — G(K)
sending every simplex in K to its class in G(K). Define E(1) = G(K) x, K.
Proposition 4.2.3. The function 7 is a twisting function.
Proof. The proof is an elementary check of the conditions for a function to be a twisting
function. O
Theorem 4.2.4 ([May67, Lemma 26.4, 26.5]). The space |E(7)| is contractible.

The loop group G(K) defined above is unique up to homotopy. Let K, L be simplicial

sets. Let f : K — L be a simplicial map. There is an induced map f, : G(K) — G(L)
defined by f.(z) = [f(z)]. Thus, we have the following theorem:

Theorem 4.2.5. The prescription taking a simplicial set K to G(K') defines a functor from

the category of O-reduced simplicial sets to simplicial groups.

G : sSetg — sGrp
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Proposition 4.2.6 ([May67, Theorem 27.1]). The loop group functor G : sSetq — sGrp is

a left adjoint to the simplicial classifying complex functor W.

Proposition 4.2.7. Let G be a simplicial group and K a 0-reduced simplicial set. Let
d: GW — lsgrp and W : lgget, — WG be the natural transformations corresponding to the

unit-counit adjunction. Then:

1. The map ®(G) : GW(G) — G is a weak homotopy equivalence of simplicial groups.

2. The map ¥(K) : K — WG(K) is a weak homotopy equivalence of O-reduced simplicial

sets.

Proof. For the proof, the reader is referred to Section 11 of Kan’s paper [Kan58] on the

construction of G. O]

Before proceeding, we note the following proposition related to the singular complex of

a topological group.

Proposition 4.2.8. Let G be a topological group. Then, S,G is a simplicial group.

Proof. We first show that S, (G) is a group for every n > 0. Let A™ denote the standard
n-simplex. For f, g € S,(G), u € A™, define an operation * by f * g(u) = f(u)g(u), where
the multiplication on the right happens in G. It is easy to see that this operation makes
S.(G) a group with inverses defined as f~!'(u) = (f(u))~' and identity the map taking
everything to the identity of G. It remains to show that the face and degeneracy maps are

group homomorphisms. Let 9; : S, (G) — S,_1(G) be a face map. We have

8Z(f * g)(to,tl, Ce ,tn_l) = (f * g)(to,tl, e 7ti—17 0, ti; P ,tn)
= f(to, e tifl, 0, ti, e ,tnfl)g(t(), e ti,h 0, ti, e ,tnfl)
= (alf * alg)(t07 .. 'tifly Oatb s 7tn71)

Similarly, for a degeneracy map s; : S, (G) — S,4+1(G), we have
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Sz(f X g)(t(), .. .ti_l,O,ti, e ;tn—l—l) = (f LS g)(to,tl, .. tz + ti+17 . 7tn+1)
= f(to,t1, .. ti +tivr, .. tng1)g(to, tr, ot Ftia, o tag)
= Sl(f) * Si<g)(t0, .. .tifl, O,ti, Ce ,tn+1)

Thus, S.(G) is a simplicial group. ]

Remark 4.2.2. Given a topological group GG, we want a simplicial group whose realization
is a topological group that is to G. A natural question that may arise is why not take the
constant complex ¢G. If G is a discrete topological group, then this approach works. |cG|
endows G with the discrete topology, and we end up with a CW complex that is homotopy
equivalent to G. However, consider the case when G is a connected, path-connected Lie
group. Let BG be a classifying space of G. It follows from the long exact sequence of
homotopy groups that m (BG) = 0. We expect the same to hold for [W(cG)|. However, the
long exact sequence associated to ¢G — W (cG) — W(cG) yields 7 (W (cG)) = G. Since,
| — | preserves homotopy groups, 71 (|[W (cG)|) = G, which is a contradiction. Thus it is clear
that ¢G does not “capture” the topology of GG. The singular complex S,G however has the
property that |S¢G| ~ G when G is a CW group. Thus S,G appears to be the appropriate
simplicial group that models G.

Since S,G is a simplicial group, we may consider its simplicial classifying complex
W(5.G).

Theorem 4.2.9. Let G be a CW group. There is a map |GW S,G| — G which is a homotopy

equivalence and continuous group homomorphism.

Proof. Since S,G is a simplicial group, applying W makes sense. G takes O-reduced simplicial
sets to simplicial groups and | — | takes simplicial groups to topological groups. Thus, the

statement of the theorem is plausible.

By Proposition 4.2.7, the map ®(S,G) : GWS,G — S,G is a weak homotopy equivalence
of the underlying simplicial sets. The realization |®(S,G)| is a weak homotopy equivalence.
It follows from Theorem 3.2.17 that |®(S,G)| is a homotopy equivalence since the spaces

involved are CW complexes. As |S,G| is homotopy equivalent to GG, we obtain a homotopy
equivalence from |GW S,G| to G.
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IGWS.G| = |S.G| = G

Since | — | takes simplicial homomorphisms to group homomorphisms, the homotopy

equivalence obtained is a continuous group homomorphism between topological groups. [J

Notation 4.2.2. Let G denote the topological group |GW S,G|

Let a € Hig(WS.G,A). Let f, be a simplicial map from WS,G to K(A,i) be the
simplicial map corresponding to « by the one-one correspondence in Theorem 3.5.9. Taking

the pullback of p over f, we have:

WS G —— G(K(A, i) x, K(A,i)

T K

WS.G - » K(A,1)

Applying G to the above diagram, we get:

GWS.Go ——— G(G(K (A, i) x, K(A,1))

(7r04)* T

GWS.G o » G(K(A,1))

The simplicial set GIW .S, Gy, is in fact a simplicial group and its realisation is a topological
group. Denote its realisation by GI. The map p, is a principal fibration. Further, The
induced map (pa)« : GWS,G, — G is a simplicial homomorphism. Finally, | — | simplicial
homomorphisms to continuous group homomorphisms. Thus, the induced map |G(p,)| :

G! — GT is a continuous homomorphism of CW groups.

We have obtained a continuous group homomorphism G, — G' where the underlying
topological space G is homotopy equivalent to G. As in the previous section, we expect G,

to be characterised by a lifting property. We believe that the following holds:
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Theorem 4.2.10. Let G be a CW group. Then GI — G is an a-group over G1.

Remark 4.2.3. At the moment, the above theorem has not been proven. If we are able to
show that any nullhomotopic map to K (A, i) lifts to G(K (A, 1)) x, K (A, 1) then we would be
able to use the universal property of pullbacks to obtain a lift. This intermediate proposition

is also yet to be proven.

4.2.3 Examples of a-spaces over BO(n)

Let O(n) denote the orthogonal group in dimension n and BO(n) its classifying space. Let
K(Z/27Z,1) denote an Eilenberg-MacLane Space of type (Z/2Z,). We have a path fibration
7 : PK(Z)2Z,i) — K(Z/2Z,i). Let g be a map to K(Z/2Z,i) corresponding the the "
Wu class v;. The space BO(n)(v;) is defined as the total space of the pullback of this path
fibration via g. Pictorially:

K(Z)2Z,i—1) —= K(Z/2Z,i—1)

! J

BO(n){(v;y — PK(Z/2Z,1)

Iy |

BO(n) —2—— K(Z/27Z,1)

Definition 4.2.3. A Wu structure over M is a lifting of a classifying map f: M — BO(n)
to BO(n)(v;).

P
~
-
- T
-
-
P
-

M=t BOW)

Wu structures provide an example of group a-spaces when we take o to be universal Wu

classes.
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Conclusion and Future Directions

In this thesis, we have computed the Wu classes for representations of C,, for all even n. We
have given an introduction to simplicial homotopy theory and surveyed important results
in the field. The classifying space construction discussed offers an alternative construction
to Milnor’s construction and we believe that this construction is a bit simpler. Further, the
bar construction can be generalized to any category and is often used to create resolutions
of objects. Another useful fact about the classifying complex functor which was discussed
was that it exhibits the Kan loop group functor as an adjoint. The adjunction provides
a prescription to recover a topological group from its classifying space, up to homotopy
equivalence. Finally, we have provided partial results to characterizing and a-spaces. This
work is ongoing. The first step forward would be to prove that any nullhomotopic map to a

simplicial set lifts to its loop group PTCP.

Simplicial sets are a useful category to do homotopy theory and are useful in the theory
of co-categories and stable homotopy theory. On the other hand, the theory of loop groups
and loop spaces is fascinating in itself. Loop groups provide a rich representation theory

which could be an exciting avenue of exploration.
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