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9XR :2M2`�H +QMbi`m+i X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 98

9Xk PM2@HQQT +QKTmi�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9e
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9Xj hrQ@HQQT +QKTmi�iBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 93

8 _2bmHib 8R

e *QM+HmbBQM �M/ 6mim`2 rQ`Fb e8

� o�+mmK BMi2;`�Hb ed
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�Xk AM}MBiv 2tT�MbBQM Q7 irQ@HQQT BMi2;`�Hb X X X X X X X X X X X X X X X X X X X X X eN
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kXR J�bi2` AMi2;`�Hb, hrQ@HQQT i?`22@TQBMi X X X X X X X X X X X X X X X X X X X X X Re

kXk J�bi2` AMi2;`�Hb, hrQ@HQQT 7Qm`@TQBMi 7mM+iBQM X X X X X X X X X X X X X X X X X R3

8XR J�bi2` AMi2;`�Hb Q7 irQ@HQQT irQ@TQBMi BMi2;`�H X X X X X X X X X X X X X X X X X 8k

8Xk LmK2`B+�H o�Hm2b Q7 K�bi2` BMi2;`�Hb X X X X X X X X X X X X X X X X X X X X X X 8j

8Xj LmK2`B+�H p�Hm2b Q7 J�bi2` BMi2;`�Hb, PM2@HQQT irQ@TQBMi K�bbBp2 X X X X X X 89

8X9 J�bi2` BMi2;`�Hb, PM2@HQQT i?`22@TQBMi X X X X X X X X X X X X X X X X X X X X X 88

8X8 LmK2`B+�H p�Hm2b Q7 J�bi2` BMi2;`�Hb, PM2@HQQT i?`22@TQBMi FBMR X X X X X X X 8e

8Xe LmK2`B+�H p�Hm2b Q7 J�bi2` BMi2;`�Hb, PM2@HQQT i?`22@TQBMi FBMk X X X X X X X 8d

8Xd J�bi2` BMi2;`�Hb, PM2@HQQT i?`22@TQBMi QM@b?2HH X X X X X X X X X X X X X X X X 8d
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8XN J�bi2` BMi2;`�Hb, PM2@HQQT 7Qm`@TQBMi X X X X X X X X X X X X X X X X X X X X X X 8N

8XRy LmK2`B+�H p�Hm2b Q7 J�bi2` BMi2;`�Hb, PM2@HQQT 7Qm`@TQBMi X X X X X X X X X X ey

8XRR J�bi2` BMi2;`�Hb, hrQ@HQQT irQ@TQBMi X X X X X X X X X X X X X X X X X X X X X X eR

8XRk LmK2`B+�H p�Hm2b Q7 J�bi2` BMi2;`�Hb, hrQ@HQQT irQ@TQBMi X X X X X X X X X X X ek

8XRj J�bi2` BMi2;`�Hb, hrQ@HQQT irQ@TQBMi X X X X X X X X X X X X X X X X X X X X X X ej
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4 X h?2 };m`2 b?Qrb i?2 +B`+H2 Q7 +QMp2`;2M+2 Q7 TQBMi
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8Xj PM2@HQQT 7Qm`@TQBMi /B�;`�K X X X X X X X X X X X X X X X X X X X X X X X X X X X 83
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T�i?b iQ i?2 bim/v Q7 p�`BQmb +QmTHBM;b rBi? /Bz2`2Mi T�`iB+H2b- mb27mH 7Q` i?2 ai�M/�`/ JQ/2H
�M/ "2vQM/ ai�M/�`/ JQ/2H +Q``2+iBQMb iQ p�`BQmb T�`iB+H2 T`Q+2bb2bX h?2`27Q`2- 2ti2MbBp2
bim/v Q7 i?2 >B;;b b2+iQ` ?�b 2ti2M/2/ i?2 b+QT2 Q7 T`2+BbBQM +QHHB/2` T?vbB+bX (k)

q?BH2 bim/vBM; i?2 ai�M/�`/ JQ/2HUaJV �M/ "2vQM/ ai�M/�`/ JQ/2HU"aJV T`Q+2bb2b T2`@
im`#�iBp2Hv- i?2 T`2+BbBQM +�H+mH�iBQMb BM +QHHB/2` T?vbB+b TH�v � p2`v BKTQ`i�Mi `QH2X h?2b2
T2`im`#�iBp2 +�H+mH�iBQMb �`2 Q7i2M /QM2 #2vQM/ H2�/BM; Q`/2`b iQ K22i i?2 T`2+BbBQM HBKBib
/2i2+i2/ #v 2tT2`BK2Mib �i i?2 G>*- r?B+? K�F2b i?2 +QKTmi�iBQMb Q7 KmHiB@HQQT BMi2;`�Hb �
F2v bi2TX h?2b2 T2`im`#�iBp2 T`2+Bb2 +�H+mH�iBQMb �`2 `2[mB`2/ BM Q`/2` iQ /BbiBM;mBb? i?2 L2r
S?vbB+b b2+iQ` 7`QK i?2 ai�M/�`/ JQ/2H b2+iQ` �i i?2 ?B;? 2M2`;v HBKBiX hQ T`2b2Mi r?v i?2
+QKTmi�iBQM Q7 KmHiB@HQQT BMi2;`�Hb Bb �M 2bb2MiB�H bi2T- r2 i`v iQ KQiBp�i2 i?2 M22/ iQ +�H+m@
H�i2 i?2 L2ti@iQ@L2ti G2�/BM; Q`/2`ULLGPV- L2ti@iQ@M2ti@iQ@M2ti@iQ H2�/BM; Q`/2`ULjGPV
�M/ >B;?2` +Q``2+iBQMb iQ i?2 Zm�MimK *?`QKQ/vM�KB+UZ*.V T`Q+2bb2b K2�bm`2/ �i i?2
G>*X

hQ Q#i�BM aJ �M/ "aJ T?vbB+b- QM2 Q7 i?2 KQbi BMi2`2biBM; T`2+BbBQM bim/B2b Bb >B;;b #QbQM
T`Q/m+iBQMX �b ;HmQMb +�MMQi /B`2+iHv +QmTH2 iQ >B;;b- Z*. +Q``2+iBQMb iQ >B;;b T`Q/m+iBQM
Bb � iQT@K2/B�i2/ T`Q+2bb- r?B+? K�F2b Bi HQQT@BM/m+2/(k)X hQ K�i+? i?2 T`2+BbBQM HBKBib �i
i?2 G>*- LLGP(j- 9- 8- e- d) �M/ LjGP(3- N- Ry) +Q``2+iBQMb iQ >B;;b T`Q/m+iBQM #2+QK2
`2H2p�Mi �M/ ?�p2 #22M +�H+mH�i2/X �MQi?2` T�i? iQ >B;;b T`Q/m+iBQM Bb BM �bbQ+B�iBQM rBi? �
p2+iQ` #QbQM- r?B+? ;Bp2b i?2 QTTQ`imMBiv iQ T`Q#2 >B;;b +QmTHBM;b iQ ;�m;2 #QbQMbX AM Q`/2`
iQ Q#i�BM i?2 +QMi`B#miBQMb QM i?2 2H2+i`Qr2�FU1qV b+�H2- L2ti@iQ@G2�/BM; P`/2`ULGPV
Z*.t1q(RR)(Rk) �M/ LLGP Z*.(Rj)(R9) +Q``2+iBQMb iQ i?2 >B;;b T`Q/m+iBQM pB� p2+iQ`
#QbQM 7mbBQM �`2 +�H+mH�i2/X aBKBH�`Hv- iQ K�i+? i?2 T`2+BbBQM Q7 i?2 7mim`2 e

+
e
� +QHHB/2`b-

8



irQ@HQQT �M/ i?`22@HQQT 1q �M/ KBt2/ Z*.t1q +Q``2+iBQMb iQ T�B` T`Q/m+iBQM T`Q+2bb2b
bm+? �b i?2 .`2HH@u�M T`Q+2bb(R8- Re- Rd) #2+QK2 BKTQ`i�Mi- 2bT2+B�HHv iQ T`Q#2 i?2 >B;;b@q
+QmTHBM; �M/ Q#i�BM i?2 K�bb Q7 q �i ?B;? T`2+BbBQMX (R3)

h?2 #QiiH2M2+Fb Q7 Q#i�BMBM; LLGP �M/ LjGP +Q``2+iBQMb iQ i?2 �#Qp2 T`Q+2bb2b �`2 +QKTHB@
+�i2/ KmHiB@HQQT 62vMK�M /B�;`�Kb rBi? BM+`2�bBM; K�bb b+�H2bX h?2v #2+QK2 bB;MB}+�MiHv
/B{+mHi rBi? BM+`2�bBM; HQQTb- H2;b �M/ K�bb b+�H2b Q7 i?2 T`Q+2bb2b i�`;2i2/ #v i?2 T`2b2Mi
�M/ 7mim`2 +QHHB/2`bX hQ K�F2 T`Q;`2bb- Bi #2+QK2b BM+`2�bBM;Hv BKTQ`i�Mi iQ 2z2+iBp2Hv 2p�H@
m�i2 i?2b2 62vMK�M BMi2;`�Hb #Qi? �M�HviB+�HHv �M/ MmK2`B+�HHvX AM i?2 M2ti b2+iBQM- r2 i�HF
�#Qmi i?2 T`Q;`2bb K�/2 iQ �+?B2p2 i?2 i�bF mT iQ i?2 ?B;?2bi T`2+BbBQMX

JmHiB@HQQT 62vMK�M AMi2;`�Hb

q?BH2 T2`7Q`KBM; �Mv T2`im`#�iBp2 +�H+mH�iBQM- +QKTmiBM; b+�ii2`BM; +`Qbb@b2+iBQMb #2+QK2b
i?2 KQbi +`m+B�H bi2T iQ Q#i�BM T?vbB+�H BM7Q`K�iBQM �#Qmi �Mv T�`iB+H2 T`Q+2bb- BM+Hm/BM;
ai�M/�`/ JQ/2H S?vbB+b- "2vQM/ ai�M/�`/ JQ/2H S?vbB+b �M/ ;`�pBivX h?2 62vMK�M /B@
�;`�Kb Q#i�BM2/ r?BH2 /QBM; � T2`im`#�iBp2 bim/v +�M #2 � i`22@H2p2H /B�;`�K- � QM2@HQQT
/B�;`�K- Q` KmHiB@HQQT /B�;`�KbX �b r2 /Bb+mbb2/ BM i?2 H�bi b2+iBQM- Z*. �M/ 1H2+i`Qr2�F
+Q``2+iBQMb iQ >B;;b T?vbB+b ?�p2 bB;MB}+�Mi +QMi`B#miBQMb 7`QK irQ@HQQT �M/ ?B;?2` 62vM@
K�M /B�;`�KbX hQ �+?B2p2 i?2b2 +Q``2+iBQMb- i?2 2p�Hm�iBQM Q7 KmHiB@HQQT BMi2;`�Hb #2+QK2b
i?2 F2v �M/ i?2 KQbi +?�HH2M;BM; bi2T BM T`2+BbBQM T?vbB+bX

AM i?2 20th +2Mim`v- i?2 +QKTmi�iBQM Q7 QM2@HQQT BMi2;`�Hb Q7 aJ �M/ "aJ T`Q+2bb2b r�b
/QM2 mbBM; p�`BQmb BMi2;`�iBQM i`B+Fb HBF2 a+?rBM;2` �M/ 62vMK�M S�`�K�i`Bx�iBQMb- J2HHBM@
"�`M2b AMi2;`�iBQMb �M/ 7`�K2 /2T2M/�Mi BMi2;`�HbX(RN) h?2 QMb2i Q7 i?2 21st +2Mim`v ?�b
b22M � /2p2HQTK2Mi BM KQ/2`M K2i?Q/b iQ 2p�Hm�i2 KmHiB@HQQT 62vMK�M BMi2;`�HbX

h?2 KQbi bm++2bb7mH K2i?Q/ Bb iQ `2/m+2 � 7�KBHv Q7 J�bi2` AMi2;`�Hb mbBM; AMi2;`�iBQM@#v
T�`ib B/2MiBiB2b UA"SV �M/ GQ`2Mix AMp�`B�M+2 UGAVX lbBM; A"S �M/ GA B/2MiBiB2b- r2 Q#i�BM
� b2i Q7 K�bi2` BMi2;`�Hb 7QHHQrBM; i?2 G�TQ`i� �H;Q`Bi?K (ky)X h?2 �H;Q`Bi?K ?2HTb mb iQ
Q#i�BM K�bi2` BMi2;`�Hb- �M/ r`Bi2 �Mv BMi2;`�H Q7 i?2 7�KBHv �b � HBM2�` +QK#BM�iBQM Q7
K�bi2` BMi2;`�HbX h?2 G�TQ`i� �H;Q`Bi?K ?�b #22M Tm#HB+�HHv BKTH2K2Mi2/ �b T`Q;`�Kb HBF2
GBi2_2/(kR)- _2/mx2(kk)- 6A_1(kj) �M/ EA_�(k9)- r?B+? 2M�#H2b mb iQ T2`7Q`K `2/m+iBQMb
2z2+iBp2Hv mT iQ irQ HQQTbX _2+2Mi v2�`b ?�p2 b22M /2p2HQTK2Mib i?�i bm;;2bi r2 T2`7Q`K

e



A"S `2/m+iBQM MmK2`B+�HHv Qp2` }MBi2 }2H/bUBKTH2K2Mi2/ BM 6BMBi26HQr(k8)V iQ i�+FH2 irQ@
HQQT BMi2;`�Hb rBi? KmHiBTH2 K�bb b+�H2bX

P#i�BMBM; i?2 bQHmiBQMb Q7 K�bi2` BMi2;`�Hb ?�b #22M i?2 #QiiH2M2+F BM i?2 }2H/ Q7 T`2+BbBQM
T?vbB+bX AM i?2 H�bi irQ /2+�/2b- �M�HviB+�H �M/ MmK2`B+�H i2+?MB[m2b ?�p2 #22M /2p2HQT2/
iQ �+?B2p2 i?2 bQHmiBQM Q7 irQ@HQQT K�bi2` BMi2;`�Hb 2z2+iBp2HvX q2 /Bb+mbb i?2 �/p�Mi�;2b
�M/ HBKBi�iBQMb Q7 i?2b2 i2+?MB[m2b- �M/ i?2b2 i2+?MB[m2b ?�p2 #22M /Bb+mbb2/ BM /2i�BH BM
b2+iBQMb (k@9)X

�M�HviB+�H J2i?Q/b

h?2 �M�HviB+ +�H+mH�iBQMb Q7 K�bi2` BMi2;`�Hb �`2 +QKKQMHv �+?B2p2/ mbBM; i?2 K2i?Q/ Q7
/Bz2`2MiB�H 2[m�iBQMbX AM i?Bb K2i?Q/- r2 b2i mT � HBM2�` /Bz2`2MiB�H 2[m�iBQM 7Q` i?2 #�bBb Q7
K�bi2` BMi2;`�Hb rX`XiX 2�+? FBM2K�iB+ p�`B�#H2X h?2 /Bz2`2MiB�H 2[m�iBQM Bb i?2M bQHp2/ pB�
+�MQMB+�H i`�Mb7Q`K�iBQMb iQ ✏@7Q`K- �M/ r2 Q#i�BM i?2 bQHmiBQM BM i2`Kb Q7 TQHvHQ;�`Bi?Kb-
KmHiBTH2 TQHvHQ;�`Bi?Kb �M/ 2HHBTiB+�H TQHvHQ;�`Bi?Kb BM K�bbBp2 +�b2bX h?2b2 SQHvHQ;�`Bi?Kb
+�M #2 bBKTHB}2/ mbBM; i?2 Tm#HB+ T�+F�;2b SQHvGQ;hQQHb (ke) �M/ >SG(kd)X

AM Q`/2` iQ bQHp2 i?2 #�bBb Q7 K�bi2` BMi2;`�Hb mbBM; i?2 �#Qp2 K2i?Q/- r2 M22/ � #QmM/�`v
+QM/BiBQM 7Q` 2�+? K�bi2` BMi2;`�H �i � TQBMi BM i?2 T?vbB+�H `2;BQMX h?Bb Bb Q7i2M ?�`/ iQ
Q#i�BM 7Q` +QKTHB+�i2/ BMi2;`�Hb �M/ TQb2b � HBKBi�iBQM iQ i?Bb K2i?Q/X �MQi?2` HBKBi�iBQM Q7
i?2 K2i?Q/ Bb i?�i i?2 K�i`Bt � Q7 bQK2 #�bBb Q7 K�bi2` BMi2;`�Hb +�MMQi #2 r`Bii2M BMiQ i?2
✏@7Q`K- r?B+? TQb2b � /B{+mHiv BM bQHpBM; i?2 /Bz2`2MiB�H 2[m�iBQMX q?BH2 bQHpBM; � K�bbBp2
62vMK�M BMi2;`�H- r2 Q#i�BM �M 2HHBTiB+ BMi2;`�H �7i2` i?2 +�MQMB+�H i`�Mb7Q`K�iBQM- r?B+?
`2bmHib BM 2HHBTiB+ TQHvHQ;�`Bi?Kb- r?B+? �`2 v2i iQ #2 +QKTH2i2Hv mM/2`biQQ/X h?Bb HBKBib
i?2 mb2 Q7 /Bz2`2MiB�H 2[m�iBQM i2+?MB[m2b 7Q` K�bbBp2 62vMK�M BMi2;`�HbX

LmK2`B+�H J2i?Q/b

qBi? i?2 BKT`QpBM; +QKTmi�iBQM�H bT22/ �M/ i2+?MQHQ;v- MmK2`B+�H 2p�Hm�iBQM Q7 62vMK�M
BMi2;`�Hb +�M #2 2z2+iBp2Hv +QKTmi2/ iQ K�i+? i?2 T`2+BbBQM `2[mB`2/ #v i?2 +QHHB/2`bX PM2
Q7 i?2 bm++2bb7mH �H;Q`Bi?Kb 7Q` MmK2`B+�H BMi2;`�iBQM #v BbQH�iBQM Q7 TQH2b Bb i?2 a2+iQ`
.2+QKTQbBiBQM K2i?Q/(k3)- �M/ ?�b #22M /2p2HQT2/ BMiQ � Tm#HB+ T�+F�;2 Tva2+.2+ (kN)X
�MQi?2` T`QKBbBM; i2+?MB[m2 iQ T2`7Q`K MmK2`B+ +QKTmi�iBQM Bb i?2 b2KB@�M�HviB+ bQHmiBQM

d



Q7 i?2 bvbi2K Q7 /Bz2`2MiB�H 2[m�iBQMb b2i mT BM i?2 T`2pBQmb b2+iBQM- mbBM; b2`B2b 2tT�MbBQMX
h?Bb K2i?Q/ `2[mB`2b � MmK2`B+ #QmM/�`v +QM/BiBQM Q7 i?2 K�bi2` BMi2;`�H BM �Mv `2;BQM Q7
bT�+2- �M/ r2 Q#i�BM i?2 bQHmiBQMb Q7 K�bi2` BMi2;`�Hb �b � G�m`2Mi 2tT�MbBQM BM 2TbBHQM rBi?
MmK2`B+�H +Q2{+B2MibX h?2b2 �H;Q`Bi?Kb ?�p2 #22M Tm#HB+Hv `2H2�b2/ �b T`Q;`�Kb .Bz1tT
(jy) �M/ a2�av/2(jR)X h?2 T�+F�;2 a2�av/2 (jR) �HbQ BM+Hm/2b i?2 TQbbB#BHBiv Q7 2p�Hm�iBM;
62vMK�M /B�;`�Kb +QMi�BMBM; +QKTH2t K�bb2bX

PM2 Q7 i?2 HBKBi�iBQMb i?�i i?2 b2`B2b 2tT�MbBQM K2i?Q/ TQb2b Bb i?�i Bi `2[mB`2b mb iQ
+�H+mH�i2 i?2 MmK2`B+�H #QmM/�`v +QM/BiBQM 7Q` 2�+? K�bi2` BMi2;`�H- r?B+? Bb Q7i2M /B{+mHi iQ
+�H+mH�i2X h?Bb HBKBi�iBQM r�b Qp2`+QK2 #v /2p2HQTBM; � i2+?MB[m2 i?�i Q#i�BMb � ;2M2`�HBx2/
#QmM/�`v +QM/BiBQM 7Q` 2�+? K�bi2` BMi2;`�H #v �//BM; �M �mtBHB�`v K�bb iQ i?2 T`QT�;�iQ`b
�M/ i�FBM; Bi iQ � ?B;? K�bb HBKBiX h?Bb K2i?Q/ ?�b #22M BKTH2K2Mi2/ �b � J�i?2K�iB+�
T�+F�;2 �J6HQr (jk)X q2 T`2b2Mi Bi BM /2i�BH BM b2+iBQM jX

�BK Q7 i?2 i?2bBb

h?2 BMBiB�H �BK Q7 i?2 i?2bBb r�b iQ mM/2`bi�M/ �M/ BKTH2K2Mi i?2 KQ/2`M K2i?Q/b Q7
2p�Hm�iBM; KmHiB@HQQT 62vMK�M BMi2;`�Hb- i?2 F2v �bT2+i Q7 T`2+BbBQM T?vbB+bX q2 rBb?2/
iQ Q#i�BM i?2 bFBHH Q7 T2`7Q`KBM; KmHiB@HQQT +�H+mH�iBQMb `2[mB`2/ �i i?2 7`QMiB2` Q7 +QHHB/2`
T?vbB+bX

AM i?2 }`bi ?�H7 Q7 i?2 T`QD2+i- r2 7Q+mb2/ QM mM/2`bi�M/BM; i?2 �M�HviB+�H �M/ MmK2`B+�H
K2i?Q/b bi�i2/ BM i?2 �#Qp2 b2+iBQMb �M/ ;2iiBM; 7�KBHB�` rBi? i?2 bi�i2@Q7@i?2@�`i T`Q;`�Kb
bm+? �b GBi2_2/(kR) iQ T2`7Q`K A"S `2/m+iBQM �M/ SQHvGQ;hQQHb(ke) iQ bBKTHB7v KmHiBTH2
TQHvHQ;�`Bi?Kb 7Q` bQK2 +QKTH2t BMi2;`�HbX

AM i?2 b2+QM/ ?�H7 Q7 i?2 T`QD2+i- r2 mb2 i?2 B/2� Q7 Q#i�BMBM; � ;2M2`�HBx2/ #QmM/�`v
+QM/BiBQM #v �//BM; �M �mtBHB�`v K�bb(R) �M/ BKTH2K2MiBM; Bi �b � J�i?2K�iB+� T`Q;`�K rBi?
bQK2 KQ/B}+�iBQMb iQ i?2 �H;Q`Bi?KX q2 i?2M rBb? iQ 2ti2M/ i?2 �H;Q`Bi?K #v BM+Hm/BM; i?2
i2+?MB[m2b iQ +QKTmi2 KBt2/ Z*.@1q +Q``2+iBQMb iQ T�`iB+H2 T`Q+2bb2b- r?2`2 i?2 K�bi2`
BMi2;`�Hb ?�p2 +QKTH2t K�bb2b /m2 iQ i?2 }MBi2 /2+�v rB/i? Q7 q �M/ w T�`iB+H2b(Rd)X

3



*?�Ti2` R

S`2HBKBM�`B2b

RXR "�bB+ T2`im`#�iBp2 Z6h �M/ b+�ii2`BM; �KTHBim/2

hQ/�v- T�`iB+H2 T?vbB+b Bb mM/2`biQQ/ 2tT2`BK2Mi�HHv mbBM; T�`iB+H2 +QHHB/2`b- #mi i?2 mM/2`@
HvBM; i?2Q`v iQ bim/v KQbi Q7 i?2 T�`iB+H2b �M/ }2H/b Bb T2`im`#�iBp2 Zm�MimK 6B2H/ h?2Q`vX
q2 b?Qr i?2 `2T`2b2Mi�iBQM �M/ bB;MB}+�M+2 Q7 62vMK�M BMi2;`�Hb BM i?2 i?2Q`v Q7 TZ6h
�M/ ?Qr Bi +QMM2+ib iQ i?2 T?vbB+�H Q#b2`p�#H2b �i T�`iB+H2 +QHHB/2`b(jj)X

hQ mM/2`bi�M/ i?2 #�bB+ +QM+2Tib- r2 bi�`i rBi? � bBM;H2 }2H/ �(x)X h?2 G�;`�M;B�M Q7 i?2
}2H/ Bb ;Bp2M #v L(�)- �M/ i?2 �+iBQM 7mM+iBQM�H Bb ;Bp2M #v,

S(�(x)) =

Z
d
D
xL(�) URXRV

6Q` � }2H/ � rBi? L(�)- i?2 n: @TQBMi :`22M 7mM+iBQM BM 7`22 i?2Q`v Bb ;Bp2M #v

h0 |T (� (x1) . . .� (xnG))| 0i =
R
D�� (x1) . . .� (xnG) e

iS(�)

R
D�eiS(�)

URXkV

q2 rBb? iQ bQHp2 i?Bb :`22MǶb 7mM+iBQM- �M/ Bi +�M #2 /QM2 BM irQ r�vb, i?2 BMi2`�+iBQM TB+im`2
Q7 �(x) Q` mbBM; i?2 T�i? BMi2;`�H �TT`Q�+?X >2`2- r2 mb2 i?2 T�i? BMi2;`�H �TT`Q�+?X h?2

N



T�i? BMi2;`�H Q7 i?Bb }2H/ Bb ;Bp2M #v,

U =

Z
D�e

iS[�] URXjV

AM Q`/2` iQ Q#i�BM � ;2M2`�iBM; 7mM+iBQM�H 7Q` i?2 �+iBQM- r2 BMi`Q/m+2 �M �mtBHB�`v }2H/ J(x)-
�M/ BMi2;`�i2 Qp2` �HH }2H/ +QM};m`�iBQMb �(x)

U [J ] = N
Z

D�e
i
�
S[�]+

R
dDxJ(x)�(x)

�
URX9V

lbBM; i?2 2[m�iBQM RX9 �M/ i?2 7mM+iBQM�H /2`Bp�iBp2b- r2 +�M 2tT`2bb i?2 nG TQBMi 7mM+iBQM
BM 7`22 bT�+2 �b,

h0 |T (� (x1) . . .� (xnG))| 0i = (�i)next
�
nGU [J ]

�J (x1) . . . �J (xnext)

����
J=0

URX8V

hQ Q#i�BM i?2 :`22M 7mM+iBQMb- r2 mb2 i?2 `2H�iBQM,

U [J ] = e
iV [J ] URXeV

�M/ mb2 Bi �M/ 2[m�iBQM RX8 iQ r`Bi2 i?2 :`22Mb 7mM+iBQM �b,

Gnext (x1, . . . , xnext) = (�i)next�1 �
nextV [J ]

�J (x1) . . . �J (xnext)

����
J=0

URXdV

q2 +�M /2}M2 i?2 :`22Mb 7mM+iBQM BM i?2 KQK2MimK bT�+2 #v � 6Qm`B2` i`�Mb7Q`K�iBQM ;Bp2M
#v,

GnG (x1, . . . , xnG) =Z
d
D
p1

(2⇡)D
. . .

d
D
pnG

(2⇡)D
(2⇡)D�D (p1 + . . .+ pnG) G̃

p
nG

(p1, . . . , pnG) e
�i(p1x1+...+pnGxnG )

URX3V

lbBM; i?Bb `2H�iBQM- r2 Q#i�BM i?2 b+�ii2`BM; �KTHBim/2 Q7 i?2 nG TQBMi 7mM+iBQM Q7 }2H/ �(x)X
h?2 b+�ii2`BM; �KTHBim/2 Bb ;Bp2M #v,

◆A(p1, p2, . . . , pnG) =
G̃

p
nG
(p1, . . . , pnG)

G
p
2(p1)G

p
2(p2) . . . G

p
2(pnG)

URXNV

Ry



h?2 b+�ii2`BM; �KTHBim/2 A �+ib �b i?2 +QMM2+iBQM #2ir22M i?2 +�H+mH�iBQMb /QM2 BM Z6h
iQ i?2 T?vbB+�H Q#b2`p�#H2b K2�bm`2/ �i i?2 +QHHB/2`bX *QMbB/2` �M Q#b2`p�#H2 O K2�bm`2/
#v 2tT2`BK2Mib �i i?2 T�`iB+H2 +QHHB/2`X q2 ?�p2 i?2 `2H�iBQM,

O / |A|2 URXRyV

h?2 :`22Mb 7mM+iBQM BM 2[m�iBQM RX3 Bb 2tT`2bb2/ BM i?2 7Q`K Q7 T`QT�;�iQ`b i?�i �`Bb2 7`QK
i?2 G�;`�M;B�M Q7 i?2 }2H/bX q2 ;2i i?2 2tT`2bbBQM 7`QK 2[m�iBQM RXdX

h?2 i2`Kb BM � G�;`�M;B�M Q7 }2H/b �1 �M/ �2 �`2 Q7 i?2 7Q`K,

L =
X

a,b

�aDab�b URXRRV

h?2M i?2 BMp2`b2 Q7 i?2 6Qm`B2` i`�Mb7Q`K Q7 i?2 i2`K Dab Bb FMQrM �b i?2 T`QT�;�iQ` 7Q`
i?2 }2H/X

P̃ab = D̃
�1
ab URXRkV

h?2 :`22Mb 7mM+iBQM Bb i?2M r`Bii2M �b i?2 T`Q/m+i Q7 i?2 T`QT�;�iQ`bX SmiiBM; Bi #�+F BMiQ
i?2 KQK2MimK ;`22Mb 7mM+iBQM- r2 ;2i,

G̃
p
nG
(p1, . . . , pnG =

XY

pairs

Pab URXRjV

r?2`2 r2 ;2i i?2 :`22Mb 7mM+iBQM �b � T`Q/m+i Q7 irQ Q` KQ`2 T`QT�;�iQ`bX

h?2b2 T`QT�;�iQ`b BM i?2 KQK2MimK bT�+2 rBi? BMi2;`�iBQM Qp2` i?2 �`#Bi`�`v KQK2MimK
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Iv1...vBMi (D, x1, . . . , xNB) = e
n"�E

�
µ
2
�⌫� lD

2

Z nY

r=1

d
D
lr

i⇡
D
2

nBMiY

j=1

1

(Pj)
vj UkXRV

r?2`2 Pj �`2 i?2 T`QT�;�iQ`b Q7 KQK2MimK 7Q` i?2 T�`iB+mH�` 7�KBHv Q7 BMi2;`�HbX >2`2- i?2
FBM2K�iB+ p�`B�#H2b x1, x2, x3, . . . �`2 ;Bp2M #v, �pi.pj
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kXRk- �M/ r2 +�M Q#i�BM i?2 avK�MxBF TQHvMQKB�Hb U �M/ F ;Bp2M #v,
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q2 +�M Q#i�BM i?2 `2H�iBQM #2ir22M i?2 #�bBb Q7 J�bi2` BMi2;`�Hb rBi? /BK2MbBQMb U.YkV �M/
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3 = 0- r2 ?�p2 i?2 FBM2K�iB+ p�`B�#H2b ;Bp2M #v,

x1 =
1

4
, x2 =

1

4

6Q` i?2 #Qt /B�;`�K- i?2 avK�MxBF TQHvMQKB�Hb �`2 ;Bp2M #v,

U = ↵1 + ↵2 + ↵3 + ↵4 UkXj8V
F = ↵2↵4x1 + ↵1↵3x2 + ↵3↵4 UkXjeV

kj



>2M+2- r2 Q#i�BM i?2 #�bBb Q7 K�bi2` BMi2;`�Hb �M/ i?2 K�i`Bt Ax1�M/Ax2 �b,

~I = {I0011, I0101, I1010, I1111} UkXjdV

A(✏)x1 =

0

BBB@

0 0 0 0

0 �4✏ 0 0

0 0 0 0
�64(2✏�1)

3
64(2✏�1)

3 64(2✏� 1) �2� 4✏

1

CCCA
UkXj3V

A(✏)x2 =

0

BBB@

0 0 0 0

0 0 0 0

0 0 4✏ 0
�64(2✏�1)

3 64(2✏� 1) 64(2✏�1)
3 �2� 4✏

1

CCCA
UkXjNV

kX9 *�MQMB+�H h`�Mb7Q`K�iBQM Q7 AU✏ 7Q`KV

AM i?2 T`2pBQmb b2+iBQM- r2 ?�p2 �+?B2p2/ � HBM2�` bvbi2K Q7 /Bz2`2MiB�H 2[m�iBQMb Q7 J�bi2`
AMi2;`�Hb- r?B+? �`2 �HH +QmTH2/ iQ 2�+? Qi?2`X h?Bb bvbi2K Bb Q7i2M ?�`/ iQ bQHp2 �M�HviB+�HHv
�M/ Bb QM2 Q7 i?2 #QiiH2M2+Fb Q7 bQHpBM; i?2 #�bBb Q7 J�bi2` AMi2;`�Hb Q7 ?B;?2` +QKTH2tBivX
PM2 Q7 i?2 K2i?Q/b iQ bBKTHB7v i?Bb bvbi2K Bb iQ T2`7Q`K � *�MQMB+�H i`�Mb7Q`K�iBQM �M/
2tT`2bb i?2 K�i`Bt A �b �M ✏ 7Q`KX (jj)

h?2 /Bz2`2MiB�H 2[m�iBQM
(d+ A)~I = 0

Bb BM ✏ 7Q`K B7

A = ✏

NmasterX

j=1

Bj!j = ✏Ã UkX9yV

r?2`2 Bj Bb i?2 Nmaster ⇥Nmaster K�i`Bt
!j �`2 i?2 QM2 7Q`Kb Q7 FBM2K�iB+ p�`B�#H2b rBi? � bBM;mH�` dlog TQH2 BM i?2 K�i`BtX h?2v
�`2 `2T`2b2Mi2/ �b,

!j(zj) =
dxj

xj � zj
UkX9RV
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h?2 +�MQMB+�H i`�Mb7Q`K�iBQM iQ ✏@7Q`K Bb mb27mH �b Bi ?2HTb mb r`Bi2 ~I BM i?2 7QHHQrBM; r�v,

6B`biHv- r2 2tT`2bb ~I �b � h�vHQ` b2`B2b �`QmM/ ✏ ! 0 ;Bp2M �b,

~I(", xj) =
1X

l=0

~I
(l)(xj) · "l UkX9kV

am#biBimiBM; kX9k �M/ kX9y BM i?2 kXkd- r2 ;2i i?2 `2H�iBQM,

 
d+ "

NmasterX

k=1

Ck!k

! 1X

l=0

~I
(l)(x) · "l

!
= 0 UkX9jV

*QKT�`BM; 2�+? TQr2` Q7 ✏ BM i?Bb 2tT�MbBQM- r2 +�M r`Bi2,

d~I
(0)(xj) = 0

d~I
(l)(xj) = �

NLX

k=1

!kCk
~I
(l�1)(xj), j � 1.

UkX99V

h?2b2 `2H�iBQMb +�M #2 bQHp2/ `2+m`bBp2Hv iQ Q#i�BM i?2 #�bBb Q7 i?2 J�bi2` AMi2;`�HbX h?2
;2M2`�H bQHmiBQM Q7 i?2 �#Qp2 2[m�iBQM +�M #2 r`Bii2M �b,(k)

~I(~x, ✏) = O exp


✏

Z

�

dÃ

�
~Iboundary(✏)

r?2`2 O Bb i?2 T�i? Q`/2`BM; QT2`�iQ`X

h`�Mb7Q`K�iBQM K�i`Bt W

hQ �+?B2p2 i?2 ✏ 7Q`K- r2 M22/ iQ K�F2 � i`�Mb7Q`K�iBQM iQ i?2 � K�i`Bt bm+? i?�i Bi ?�b
QMHv �M 2tTHB+Bi ✏ /2T2M/2M+2X h?Bb Bb /QM2 #v +QMbB/2`BM; i?2 i`�Mb7Q`K�iBQM,

~I
0(", x) = W (", x)~I(", x) UkX98V
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r?2`2 U(", x) Bb �M BMp2`iB#H2 (NK�bi2` ⇥NK�bi2` )@K�i`Bt- r?B+? K�v /2T2M/ QM " �M/ xX

q2 ?�p2 i?2 7QHHQrBM; `2H�iBQMb,

d~I = W
�1
d~I

0
+ dW

�1~I
0 UkX9eV

d~I
0
= Wd~I + dW ~I UkX9dV

am#biBimiBM; kX9e BMiQ kX93- r2 ;2i,

d~I
0
= �(WAW

�1 +WdW
�1)~I

0 UkX93V

q2 Q#i�BM � M2r /Bz2`2MiB�H 2[m�iBQM ;Bp2M #v,

(d+ A
0) ~I 0 = 0 UkX9NV

r?2`2 A
0 Bb `2H�i2/ iQ A #v

A
0 = WAW

�1 +WdW
�1 UkX8yV

P#i�BMBM; i?2 i`�Mb7Q`K�iBQM U Bb Q7i2M � MQM@i`BpB�H i�bFX h?2 i`�Mb7Q`K�iBQM Bb Q#i�BM2/
pB� irQ bi2Tb- BX2X- 6B#`2 h`�Mb7Q`K�iBQM �M/ "�b2 h`�Mb7Q`K�iBQMX h?2 �H;Q`Bi?K iQ Q#i�BM
U Bb H2M;i?v �M/ MQM@i`BpB�H iQ #2 /Bb+mbb2/ BM i?2 i?2bBb #mi Bb T`2b2Mi2/ BM (j8)(jj)X

hQ �+?B2p2 i?2 ✏@7Q`K +QKTmi�iBQM�HHv- h?2 T�+F�;2b 1TbBHQM (je) +�M #2 mb2/ iQ ;Bp2 �
+�MQMB+�H i`�Mb7Q`K�iBQM Q7 K�i`Bt AX

kX8 SQHvHQ;�`Bi?Kb �M/ JmHiBTH2 SQHvHQ;�`Bi?Kb

� SQHvHQ;�`Bi?K Bb � TQr2` b2`B2b Q7 +QKTH2t MmK#2`b ;Bp2M #v,

Lik(z) =
1X

n=1

z
n

nk
UkX8RV

ke



r?B+? b�iBb}2b i?2 T`QT2`iv,
Lis+1(z) =

Z z

0

Lis

t
dt UkX8kV

r?2`2 i?2 }`bi i2`K Q7 i?Bb `2+m`bBQM Bb Li1(z) = �ln(1� z)X

�M�HviB+�H bQHmiBQMb Q7 62vMK�M BMi2;`�Hb Q7i2M +QMi�BM TQHvHQ;�`Bi?Kb �M/ i?2B` T`QT2`iB2b
#2+QK2 p2`v mb27mH r?BH2 �//BM; K�Mv BMi2;`�Hb iQ Q#i�BM i?2 b+�ii2`BM; �KTHBim/2X

q?BH2 +�H+mH�iBM; KmHiB@HQQT BMi2;`�Hb- r2 Q#i�BM � KmHiB@p�`B�#H2 2ti2MbBQM Q7 TQHvHQ;�@
`Bi?Kb- FMQrM �b KmHiBTH2 TQHvHQ;�`Bi?KbX h?2v b�iBb7v i?2 `2H�iBQM(jj),

G (a1, . . . , an; z) =

Z z

0

dt

t� a1
G (a2, . . . , an; t) UkX8jV

rBi? G(0n, z) =
1
n! ln

n(z)X

�HQM; rBi? KmHiBTH2 TQHvHQ;�`Bi?Kb- r2 �HbQ Q#i�BM 7mM+iBQMb FMQrM �b KmHiBTH2 TQHvHQ;�@
`Bi?Kb ;Bp2M #v,

H (m, ~mk; y) ⌘
Z y

0

dxf(m,x)H (~mk; x) , m 2 0,±1 UkX89V

rBi? H(1, z) = G(1, z) = �ln(1� z)X >2`2- i?2 7mM+iBQM 7 Bb ;Bp2M #v,

f(1; y) ⌘ 1

1� y
, f(0; y) ⌘ 1

y
, f(�1; y) ⌘ 1

1 + y
. UkX88V

h?2b2 ?�`KQMB+ TQHvHQ;�`Bi?Kb b�iBb7v i?2 b?m|2 �H;2#`� Dmbi HBF2 KmHiBTH2 TQHvHQ;�`Bi?KbX
q2 �HbQ Q#i�BM k/@>�`KQMB+ SQHvHQ;�`Bi?Kb- �M 2ti2MbBQM Q7 ?�`KQMB+ TQHvHQ;�`Bi?Kb rBi?
m 2 (2, 3)(jd)X h?2v �`2 +QMbi`m+i2/ pB� i?2 7mM+iBQMb,

f(2; y) ⌘ f(1� z; y) ⌘ 1

1� y � z
, f(3; y) ⌘ f(z; y) ⌘ 1

y + z
UkX8eV
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kX8XR JmHiBTH2 TQHvHQ;�`Bi?Kb BM K�bi2` BMi2;`�Hb

AM b2+iBQM kX9y- r2 bim/B2/ ?Qr +�MQMB+�H i`�Mb7Q`K�iBQM ?2HTb mb iQ bQHp2 i?2 b2i Q7 /Bz2`@
2MiB�H 2[m�iBQMb Q7 2�+? K�bi2` BMi2;`�H (2[m�iBQM kX99)X lTQM bQHpBM; i?2K `2+m`bBp2Hv- r2
Q#i�BM TQHvHQ;�`Bi?Kb �M/ KmHiBTH2 TQHvHQ;�`Bi?Kb �b 7mM+iBQMb Q7 FBM2K�iB+ p�`B�#H2bX h?2
KmHiBTH2 TQHvHQ;�`Bi?Kb Q#i�BM2/ �`2 Q7 i?2 7Q`K (jj),

G (x1, . . . , xr; z) = G (! (x1) , . . . ,! (xr) ; z) UkX8dV

r?2`2 (! (x1) , . . . ,! (xr)) �`2 i?2 /HQ; QM2 7Q`Kb �b /Bb+mbb2/ BM b2+iBQM kX9yX AM i?2 M2ti
b2+iBQMb- r2 /Bb+mbb +2`i�BM T`QT2`iB2b �M/ K�i?2K�iB+�H bi`m+im`2b r?B+? �`2 mb2/ iQ bBK@
THB7v i?2 KmHiBTH2 TQHvHQ;�`Bi?Kb T`2b2Mi BM K�bi2` BMi2;`�Hb- iQ �+?B2p2 i?2 +�M+2HH�iBQM Q7
/Bp2`;2M+2b �M/ mMM2+2bb�`v 2tT`2bbBQMbX

kX8Xk a?m|2 �H;2#`�

h?2b2 KmHiBTH2 TQHvHQ;�`Bi?Kb 7QHHQr i?2 T`QT2`iB2b Q7 b?m|2 �H;2#`� /2MQi2/ #v,(j3)

G (x1, . . . , xn1 ; z)G (xn1+1, . . . , xn1+n2 ; z) =
X

�2⌃(n1,n2)

G
�
x�(1), . . . , x�(n1+n2); z

�
UkX83V

r?2`2 ⌃ (n1, n2) Bb i?2 HBbi Q7 �HH i?2 b?m|2b Q7 n1 + n2 �HT?�#2ib BM i?2 KmHiBTH2 TQHvHQ;�@
`Bi?Kb- �M/ x�(n1+n2) 2 (x1, . . . , xn1) ] (xn1+1, . . . , xn1+n2)

1t�KTH2,
G (k1, k2; z)G (k3, k4; z) =

X

�2⌃(n1,n2)

G
�
x�(1), . . . , x�(4); z

�

r?2`2 ⌃ (n1, n2) +QMi�BMb i?2 _>a Q7 i?2 `2H�iBQM,

(k1, k2) ] (k3, k4) = (k1, k2, k3, k4) + (k1, k3, k2, k4) + (k1, k3, k4, k2)

+ (k3, k1, k2, k4) + (k3, k4, k1, k2) + (k3, k1, k4, k2) UkX8NV

h?2 b?m|2 T`Q/m+i +�M �HbQ #2 mb2/ iQ r`Bi2 KmHiBTH2 TQHvHQ;�`Bi?Kb Q7 ?B;?2`@/2;`22 BM
i2`Kb Q7 HQr2`@/2;`22 TQHvHQ;�`Bi?Kb rBi? Qi?2` i2`KbX h?Bb T`QT2`iv ?2HTb mb iQ bBKTHB7v

k3



Qm` 2tT`2bbBQMb Q7 K�bi2` BMi2;`�HbX

G(y, 0, z) = G(0, z)G(y, z)�G(0, y, z) UkXeyV

kX8Xj >QT7 �H;2#`� �M/ *QT`Q/m+ib

AM i?Bb b2+iBQM- r2 BMi`Q/m+2 KmHiBTH2 TQHvHQ;�`Bi?Kb �b � >QT7 �H;2#`�- �M/ ?Qr Bib K�Tb-
HBF2 +QT`Q/m+ib- +�M #2 mb2/ iQ 2tT`2bb � +QKTH2t KmHiBTH2 TQHvHQ;�`Bi?K BM i2`Kb Q7 bBKTH2`
QM2bX

.2}MBiBQM kX8XRX � i2MbQ` �H;2#`� QM � p2+iQ` bT�+2 o Bb � p2+iQ` bT�+2 A rBi? i?2 K�T,

m : A⇥A ! A
(a, b) 7! m(a, b) ⌘ a · b

i?�i Bb �bbQ+B�iBp2 �M/ ?�b � mMBi p2+iQ` "X AM i?Bb +�b2 i?2 K�T m Bb � i2MbQ` T`Q/m+i ;Bp2M
#v, � mMB[m2 HBM2�` K�T µ : A⌦A ! A bm+? i?�i

a · b = m(a, b) = µ(a⌦ b)

.2}MBiBQM kX8XkX A7 A Bb �M �H;2#`� rBi? KmHiBTHB+�iBQM µ : A⌦A ! A �M/ mMBi e- r2 /2}M2
i?2 +Q�H;2#`� �b i?2 /m�H Q7 �M �H;2#`�- BX2X C = A⇤- r?B+? Bb 2[mBTT2/ rBi? i?2 +QT`Q/m+i
HBM2�` K�T,

� = µ
† : C ! C ⌦ C

�M/ i?2 mMBi +Qp2+iQ`b e
0
= e

†X

.2}MBiBQM kX8XjX h?2 >QT7 �H;2#`� H Bb � #B�H;2#`� BX2X �M �H;2#`� QM � p2+iQ` bT�+2 rBi?
#Qi? i?2 T`Q/m+i K�T µ �M/ i?2 +QT`Q/m+i K�T �X Ai ?�b �M �//BiBQM�H bi`m+im`2 Q7 �MiBTQ/2-
� K�T S : H ! H ;Bp2M #v,

S(x · y) = S(x) · S(y) UkXeRV

µ(id⌦ S)� = µ(S ⌦ id)� = 0 UkXekV
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>QT7 �H;2#`� BM JmHiBTH2 SQHvHQ;�`Bi?Kb

AM Q`/2` iQ mb2 i?2 T`QT2`iB2b Q7 >QT7 �H;2#`� iQ bBKTHB7v TQHvHQ;�`Bi?Kb- QM2 M22/b iQ b?Qr
i?�i KmHiBTH2 TQHvHQ;�`Bi?Kb 7QHHQr >QT7 �H;2#`�X h?2 T`QQ7 Bb KQiBp�i2/ �b 7QHHQrb,

AM i?2 T`2pBQmb b2+iBQMb- r2 b?Qr2/ i?�i KmHiBTH2 TQHvHQ;�`Bi?Kb 7QHHQr i?2 T`QT2`iB2b Q7
b?m|2 �H;2#`�X PM2 +�M b?Qr i?�i b?m|2 �H;2#`� Bb � MQM@+QKKmi�iBp2 >QT7 �H;2#`�(jN)X
>2M+2- r2 +�M mb2 i?2 +QT`Q/m+i K�T � iQ 2tT`2bb ?B;?2`@r2B;?i TQHvHQ;�`Bi?Kb BMiQ TQHv@
HQ;�`Bi?Kb Q7 HQr2` r2B;?iX

6Q` � >QT7 �H;2#`� H- i?2 +QT`Q/m+i K�T ?�b i?2 Bi2`�iBp2 T`QT2`iv ;Bp2M #v(j3),

H ��! H⌦H �⌦id�! H⌦H⌦H �⌦ B/ ⌦ B/�! . . . UkXejV

q2 FMQr i?�i- �b i?2 b?m|2 T`Q/m+i T`2b2`p2b i?2 r2B;?i Q7 i?2 JSGb- JSGb �`2 ;Bp2M #v
� ;`�/2/ �H;2#`�X h?Bb ;Bp2b Qmi �//BiBQM�H T`QT2`iB2b 7Q` i?2 +QT`Q/m+iX A7 � ;`�/2/ >QT7
�H;2#`� H Bb /2+QKTQb2/ pB� � +QT`Q/m+i- BiǶb r2B;?i n Bb T`2b2`p2/,

Hn
��!

M

a+b=k

Ha ⌦Hb. UkXe9V

h?2 �+iBQM Q7 � QM Hn +�M #2 2tT`2bb2/ �b,

� =
X

a+b=k

�a,b UkXe8V

lbBM; i?2b2 `2H�iBQMb- +QT`Q/m+ib Q7 HQ;�`Bi?Kb �M/ #�bB+ TQHvHQ;�`Bi?Kb ?�p2 #22M Q#@
i�BM2/(j3),

�(ln z) = 1⌦ ln z + ln z ⌦ 1,

� (Lin(z)) = 1⌦ Lin(z) + Lin(z)⌦ 1 +
n�1X

k=1

Lin�k(z)⌦
lnk

z

k!

UkXeeV

jy



�(⇣2k) = ⇣2k ⌦ 1

�(⇡) = ⇡ ⌦ 1
UkXedV

>2`2- i?2 i2`Kb 1 ⌦ k + k ⌦ 1 �`2 T`BKBiBp2 i2`Kb- bQ r2 +�M /2}M2 i?2 `2/m+2/ +QT`Q/m+i
;Bp2M #v,

�(k) = 1⌦ k + k ⌦ 1 +�
0
(k) UkXe3V

>2M+2 i?2 `2/m+2/ +QT`Q/m+ib �`2,

�
0
(ln z) = 0 = �

0
(⇣2n) = �

0
(⇡)

�
0
(Lin(z)) =

n�1X

k=1

Lin�k(z)⌦
lnk

z

k!

UkXeNV

h?2 K�BM +QMD2+im`2 Q7 mbBM; >QT7 �H;2#`� BM i?2 +QMi2ti Q7 KmHiBTH2 TQHvHQ;�`Bi?Kb Bb �b
7QHHQrb,

A7 r2 ?�p2 �M 2tT`2bbBQM Fw +QMi�BMBM; KmHiBTH2 TQHvHQ;�`Bi?Kb �M/ r2 rBb? iQ 2tT`2bb Bi BM
i?2 7Q`K Q7 � bBKTH2` 7mM+iBQM Gw- i?2 2tT`2bbBQM Gw b?QmH/ #2 bm+? i?�i B7,

�0 (Fw) = �0 (Gw)

i?2M r2 +�M BKTHv i?�i
Fw = Gw +

X

i

cikw,i UkXdyV

r?2`2 kw,i �`2 i?2 TQr2`b Q7 7mM+iBQMb- bm+? �b ⇡ �M/ ⇣- r?B+? ?�p2 i?2B` +QT`Q/m+i �b x2`Q
#mi +�M #2 T�`i Q7 i?2 7mM+iBQM FwX

1t�KTH2b

h?2 `2H�iBQM BM 2[m�iBQM kXdy +�M #2 mb2/ iQ bBKTHB7v TQHvHQ;�`Bi?Kb rBi? i?2 �HT?�#2ib Q7
i?2 7Q`K

⇣
1� 1

f

⌘
X

Lik

✓
1� 1

f
, z

◆
= ciLik(f, z) +Pi?2` i2`Kb

jR



h?Bb ?�b #22M /QM2 7Q` � 72r 2t�KTH2b(j3),

Li3

✓
1

x

◆
= Li3(x) +

1

6
ln3

x� i⇡

2
ln2

x� ⇡
2

3
ln x UkXdRV

Li4
�
1� ze

i�⇡
�
= �Li4

✓
1

1 + z

◆
� 1

24
ln4(1+ z)� i�⇡

6
ln3(1+ z)+

⇡
2

6
ln2(1+ z)+

⇡
4

45
UkXdkV

lbBM; +QT`Q/m+ib iQ bBKTHB7v KmHiBTH2 TQHvHQ;�`Bi?Kb #2+QK2b KQ`2 +QKTH2t- �M/ 2t�KTH2b
r2`2 MQi rQ`F2/ Qmi 7Q` i?2 b�K2X

kX8X9 6B#`�iBQM "�bBb

� ;2M2`�H KmHiBTH2 TQHvHQ;�`Bi?K +�M #2 r`Bii2M BM b2p2`�H `2T`2b2Mi�iBQMb /m2 iQ Bib 7mM+@
iBQM�H T`QT2`iB2bX AM i?2 K�Mv p�`B�#H2 +�b2b- BiǶb BKTQ`i�Mi iQ 2tT`2bb i?2 KmHiBTH2 TQHv@
HQ;�`Bi?Kb �b � #�bBbX AM i?Bb b2+iBQM- r2 b?Qr ?Qr TQHvHQ;�`Bi?Kb rBi? K�Mv �H;2#`�B+
p�`B�#H2b UFBM2K�iB+ p�`B�#H2b BM i?2 +�b2 Q7 62vMK�M BMi2;`�HbV +�M #2 r`Bii2M BM � bBKTH2`
7Q`K mbBM; Bib }#`�iBQM #�bBbX (jj) (ke)

*QMbB/2` � KmHiBTH2 TQHvHQ;�`Bi?K rBi? x1, . . . , xn FBM2K�iB+ p�`B�#H2b �M/ `�iBQM�H 7mM+iBQMb
(f1, . . . , fn)X AM i?2 H�M;m�;2 Q7 b?m|2 �H;2#`�- +QMbB/2` i?2b2 fn �b H2ii2`b �M/ � rQ`/ /2}M2/
#v w = f1f2....fnX *QMbB/2` � KmHiBTH2 TQHvHQ;�`Bi?K G(w; 1) = G(f1, f2, . . . , fn)X q2 �HbQ
FMQr i?�i i?2 H2ii2`b fi �`2 Q7 i?2 7Q`K,

fi(x1, . . . , xn) = ci(x1, . . . , xn)xi + d(x1, . . . , xn)

h?2M r2 +�M 2tT`2bb i?2 KmHiBTH2 TQHvHQ;�`Bi?Kb �#Qp2 �b,

G(f1, f2, . . . , fn) =
X

k

akG(w1,k; x1)G(w2,k; x2) . . . G(wn,k; xn) UkXdjV

r?2`2 wi,k �`2 rQ`/b +QMi�BMBM; QMHv cm H2ii2`b �M/ �`2 �H;2#`�B+ 7mM+iBQMb Q7 p�`B�#H2b
xi+1 . . . xnX h?2 K2i?Q/ Q7 }#`�iBQM #�bBb Bb p2`v mb27mH iQ bBKTHB7v TQHvHQ;�`Bi?Kb +QMi�BMBM;
7mM+iBQMb Q7 /Bz2`2Mi p�`B�#H2b �M/ 2tT`2bb i?2K �b 7mM+iBQMb Q7 � bBM;H2 p�`B�#H2- r?B+? Bb
mb27mH 7Q` i?2 +�M+2HH�iBQM Q7 i2`Kb r?BH2 bBKTHB7vBM; b+�ii2`BM; �KTHBim/2bX

jk



1t�KTH2b

h?2 KmHiBTH2 TQHvHQ;�`Bi?K G(0, 1, 1 + x, 1� y) +�M #2 2tT`2bb2/ BM Bib }#`�iBQM #�bBb �b,

G(0, 1, 1 + x, 1� z) =
⇡
2
G(�1, x)

6
+G(0, z)G(0,�1, x) +G(0,�1,�1, x)�

G(�1, x)G(1, 0, z)�G(0,�1,�z, x) +G(1, 0, 0, z) + ⇣(3)
UkXd9V

h?2 }#`�iBQM #�bBb Q7 G(2, 1� x) BM x Bb,

G(2, 1� x) = �G(2, x) + ln(x)G(1, x) + ⇣(2) UkXd8V

h?2 }#`�iBQM #�bBb �M/ +QT`Q/m+ib Q7 KmHiBTH2 TQHvHQ;�`Bi?Kb +�M #2 Q#i�BM2/ mbBM; i?2
J�i?2K�iB+� T�+F�;2 SQHvGQ;hQQHb(ke)X

jj



j9



*?�Ti2` j

LmK2`B+�H bQHmiBQMb Q7 J�bi2`
AMi2;`�Hb pB� �//BiBQM Q7 �M �mtBHB�`v
K�bb

�b i?2 +QKTH2tBiv Q7 bQHpBM; J�bi2` AMi2;`�Hb �M�HviB+�HHv BM+`2�b2b rBi? BM+`2�bBM; HQQTb-
H2;b �M/ K�bb b+�H2b- MmK2`B+�H K2i?Q/b Q7 i?2 +QKTH2t BMi2;`�Hb #2+QK2 KQ`2 72�bB#H2
i?�M �M�HviB+�H K2i?Q/bX AM i?2 M2ti 72r b2+iBQMb- r2ǶHH /Bb+mbb QM2 i2+?MB[m2 Q7 T2`7Q`KBM;
MmK2`B+�H +QKTmi�iBQMb Q7 J�bi2` AMi2;`�Hb �M/ Bib �/p�Mi�;2b Qp2` ?2�pv �M�HviB+�H `2bmHibX

jXR P#i�BMBM; � ;2M2`�HBx2/ #QmM/�`v +QM/BiBQM

h?2 K2i?Q/b Q7 b2iiBM; mT � /Bz2`2MiB�H 2[m�iBQM Q7 i?2 #�bBb Q7 JAb rX`Xi FBM2K�iB+ p�`B�#H2b
?�p2 #22M bm++2bb7mH BM +�H+mH�iBM; K�Mv T?vbB+�H T`Q+2bb2bX >Qr2p2`- 2p2M �7i2` bm++2bb7mH
A"S `2/m+iBQM �M/ +�MQMB+�H i`�Mb7Q`K�iBQM iQ ✏@7Q`K- i?2 HBKBi�iBQM Q` i?2 #QiiH2M2+F Q7
i?Bb K2i?Q/ Bb iQ FMQr � #QmM/�`v +QM/BiBQM Q7 i?2 J�bi2` AMi2;`�Hb �i QM2 TQBMi BM bT�+2X

h?Bb b2+iBQM T`2b2Mib � K2i?Q/ iQ Q#i�BM � ;2M2`�HBx2/ #QmM/�`v +QM/BiBQM Q7 � K�bi2`
BMi2;`�H �i �M mMT?vbB+�H TQBMi BM bT�+2 #v �//BM; �M �mtBHB�`v K�bb iQ i?2 J�bi2` BMi2;`�HX

j8



h?Bb Bb /QM2 #v BMi`Q/m+BM; �M �mtBHB�`v K�bb 7Q` 2�+? T`QT�;�iQ` BM i?2 BMi2;`�H,(R)

1

Dp
�! 1

Dp + ◆⌘
UjXRV

r?2`2 Dp Bb i?2 T`QT�;�iQ` �M/ ⌘ Bb i?2 �mtBHB�`v K�bbX

h?2 �/p�Mi�;2 Q7 BMi`Q/m+BM; ⌘ Bb i?�i- #v i�FBM; ⌘ ! 1, I(~xj, ✏, ⌘) +�M #2 `2/m+2/ iQ HBM2�`
+QK#BM�iBQMb Q7 bBKTH2` BMi2;`�HbX 6Q` i`22 T`QT�;�iQ`b- i?2 /2MQKBM�iQ` +�M #2 2�bBHv
2tT�M/2/ 7Q` ⌘ ! 1X

1

Dtree + ⌘

⌘!1�! 1

⌘

+1X

j=0

✓
�Dtree

⌘

◆j

UjXkV

�b i?2 HQQT KQK2Mi� +�M #2 �Mv H�`;2 p�Hm2- QM2 +�MMQi T2`7Q`K i?2 2tT�MbBQM Q7 i?2
HQQT T`QT�;�iQ`b BM i?2 b�K2 r�v �b i`22 T`QT�;�iQ`bX >Qr2p2`- QM2 +�M /Q i?2 7QHHQrBM;
�mtBHB�`v K�bb 2tT�MbBQM, (R)

1

Dloop + i0+
=

8
<

:

1
D⌘+i0+

P+1
j=0

⇣
�K↵

D⌘+i0+

⌘j
B7 D⌘ 6= 0,

1
D+i0+ B7 D⌘ = 0,

UjXjV

r?2`2 r2 /2+QKTQb2 Dloop = D⌘ +K↵- rBi? D⌘ BM+Hm/BM; QMHv i?2 T�`i �i i?2 Q`/2` Q7 |⌘|-
r?BH2 K↵ +QMi�BMb i?2 }MBi2 i2`Kb i?�i �`2 bK�HH2` i?�M |⌘|X

q2 }M/ i?�i- �b ⌘ ! 1, I(~xj, ✏, ⌘) Bb bBKTHB}2/ iQ � HBM2�` +QK#BM�iBQM Q7 BMi2;`�Hb rBi? H2bb
BMp2`b2 T`QT�;�iQ`b BM i?2 /2MQKBM�iQ` Q` KmHiBTHB2/ #v bBM;H2@b+�H2 p�+mmK BMi2;`�HbX h?Bb
Bb i`m2 �b �HH i?2 i2`Kb /2T2M/2Mi QM 2ti2`M�H KQK2Mi� �`2 � T�`i Q7 i?2 K↵ i2`K- /m2 iQ
r?B+? i?2 T`QT�;�iQ`b Q7 i?2 2tT�MbBQM �`2 BM/2T2M/2Mi Q7 2ti2`M�H KQK2Mi�X

h?2 QM2 HQQT p�+mmK BMi2;`�Hb +�M #2 bQHp2/ 2�bBHv #v mbBM; i?2 `2H�iBQM �H`2�/v BM i?2
HBi2`�im`2(RN),

Z
d
D
l̄

(2⇡)D

�
l̄
2
�x

�
l̄2 +K

�y =
�
�
y � x� 1

2D
�
�
�
x+ 1

2D
�

(4⇡)D/2�(y)�
�
1
2D
� K

�(y�x�D/2) UjX9V

je



6Q` irQ HQQTb p�+mmK BMi2;`�Hb Q` ?B;?2`- +�H+mH�iBQMb mbBM; 62vMK�M T�`�K2i`Bx�iBQMb �M/
Qi?2` i2+?MB[m2b Bb TQbbB#H2- r?B+? ?�b #22M /QM2 BM i?2 HBi2`�im`2X(9y)(9R)

>2M+2- mbBM; i?Bb K2i?Q/- r2 FMQr i?2 +�H+mH�iBQMb Q7 J�bi2` AMi2;`�Hb I(~xj, ✏, ⌘) BM �M
mMT?vbB+�H `2;BQM- BX2X �i ⌘ ! 1- r?B+? +�M 7m`i?2` �+i �b � #QmM/�`v +QM/BiBQM 7Q` Q#i�BMBM;
i?2 J�bi2` AMi2;`�H �i ⌘ = 0X 6m`i?2`KQ`2- i?2 M2ti b2+iBQM /Bb+mbb2b i?2 +2`i�BM bi`�i2;B2b
r2 M22/ iQ �+?B2p2 i?2 �#Qp2 `2bmHibX

jXRXR A"S `2/m+iBQM rBi? i?2 �mtBHB�`v K�bb

AM Q`/2` iQ mb2 i?2 �mtBHB�`v K�bb 2tT�MbBQM- r2 M22/ iQ �// ⌘ iQ i?2 T`QT�;�iQ`b #27Q`2
T2`7Q`KBM; i?2 A"S `2/m+iBQM BM Q`/2` iQ Q#i�BM i?2 +Q``2+i b2i Q7 K�bi2` BMi2;`�HbX �b �//BM;
�M �mtBHB�`v K�bb iQ i?2 T`QT�;�iQ` Bb 2[mBp�H2Mi iQ ?�pBM; � K�bbBp2 T`QT�;�iQ` r?BH2 /QBM;
A"S `2/m+iBQM- �//BM; i?2 K�bb iQ �HH i?2 T`QT�;�iQ`b rQmH/ BM+`2�b2 i?2 MmK#2` Q7 J�bi2`
AMi2;`�Hb #v � ;`2�i �KQmMiX h?Bb rQmH/ ?B;?Hv +QKTHB+�i2 i?2 +QKTmi�iBQM Q7 � /B�;`�K
HBF2 irQ@HQQT i?`22@TQBMi K�bbH2bb BMi2;`�HX

*QMbB/2` � irQ@HQQT i?`22@TQBMi BMi2;`�H rBi? QM@b?2HH T`QT�;�iQ`b- �b b?QrM BM };m`2 kXRX
6Q` i?2 +�b2 r?2M r2 /QMǶi �// �Mv �mtBHB�`v K�bb ⌘ iQ i?2 T`QT�;�iQ`b- r2 ;2i Dmbi 9 K�bi2`
BMi2;`�HbX A7 r2 �// ⌘ iQ �HH i?2 T`QT�;�iQ`b- r2 ;2i jd K�bi2` BMi2;`�HbX >2M+2- �//BM; ⌘ iQ
QMHv 7Qm` Q7 i?2 T`QT�;�iQ`b rBi? HQQT KQK2MimK l2 ;Bp2b mb Rd K�bi2` BMi2;`�HbX

�b i?2 �//BiBQM Q7 ⌘ iQ �HH T`QT�;�iQ`b BM+`2�b2b i?2 J�bi2` AMi2;`�Hb #v KQ`2 i?�M 9X-
r2 +�MMQi +�bm�HHv �// ⌘ iQ i?2 T`QT�;�iQ`b BM Q`/2` iQ QTiBKBx2 i?Bb K2i?Q/X h?2`27Q`2-
r2 M22/ �M QTiBKBx2/ bi`�i2;v iQ T2`7Q`K A"S `2/m+iBQM rBi? �M �mtBHB�`v K�bb(9k)X aQK2
TQbbB#H2 bi`�i2;B2b �`2,

Ç A7 i?2`2 �`2 K�bbBp2 T`QT�;�iQ`b T`2b2Mi- �// ⌘ iQ i?2 K�bbX AM i?Bb +�b2- MQ BM+`2�b2
BM i?2 MmK#2` Q7 J�bi2` AMi2;`�Hb rQmH/ #2 b22MX

Ç �//BM; ⌘ QMHv iQ i?2 T`QT�;�iQ`b rBi? MQ 2ti2`M�H KQK2MimK +�M ;Bp2 �M QTiBKBx2/
#�bBb Q7 J�bi2` AMi2;`�Hb

Ç �//BM; ⌘ iQ QMHv � 72r T`QT�;�iQ`b bm+? i?�i �HH /Bz2`2MiB�H 2[m�iBQMb �`2 /2T2M/�Mi
QM ⌘

jd



jXRXk .Bz2`2MiB�H 2[m�iBQM rX`XiX �mtBHB�`v K�bb

h?2 �/p�Mi�;2 Q7 �//BM; �M �mtBHB�`v K�bb iQ i?2 AMi2;`�Hb #2+QK2b T`QKBM2Mi r?2M r2
Q#i�BM � /Bz2`2MiB�H 2[m�iBQM Q7 i?2 #�bBb Q7 K�bi2` BMi2;`�Hb BM i?2 7QHHQrBM; K�MM2`,(9j)

@

@⌘

~I(~x, ✏, ⌘) = M(~x, ✏, ⌘)~I(~x, ✏, ⌘) UjX8V

PM /Bz2`2MiB�iBM;- i?2 K�bi2` BMi2;`�Hb #2+QK2 ?B;?2`@Q`/2` BMi2;`�Hb- r?B+? r2 r`Bi2 �b �
HBM2�` +QK#BM�iBQM Q7 K�bi2` BMi2;`�Hb mbBM; A"S `2/m+iBQMX h?Bb ;Bp2b `Bb2 iQ � HBM2�` b2i Q7
/Bz2`2MiB�H 2[m�iBQMb �b r`Bii2M BM i?2 2[m�iBQM jX8X

hQ bQHp2 i?Bb /Bz2`2MiB�H 2[m�iBQM- r2 `2[mB`2 � #QmM/�`v +QM/BiBQM r?B+? ?�b �H`2�/v #22M
/Bb+mbb2/ BM b2+iBQM jXRX �b Qm` T`BK�`v �BK Bb iQ Q#i�BM i?2 K�bi2` BMi2;`�Hb �i ⌘ = 0- r2
mb2 i?2 #QmM/�`v +QM/BiBQM BX2X i?2 K�bi2` BMi2;`�H �i ⌘ ! 1- �M/ T2`7Q`K �M �M�HviB+�H
+QMiBMm�iBQM iQ Q#i�BM i?2 /2bB`2/ BMi2;`�HX h?Bb Bb /Bb+mbb2/ BM /2i�BH BM i?2 M2ti b2+iBQMX

jXk LmK2`B+�H aQHmiBQM Q7 JAb mbBM; �mtBHB�`v K�bb
K2i?Q/

lTQM Q#i�BMBM; i?2 #�bBb Q7 J�bi2` AMi2;`�Hb �7i2` �//BM; �M �mtBHB�`v K�bb ⌘- r2 Q#i�BM
� /Bz2`2MiB�H 2[m�iBQM Q7 i?2 J�bi2` AMi2;`�Hb rX`Xi ⌘ �b /Bb+mbb2/ BM b2+iBQM jXRXkX h?2
2[m�iBQM Q#i�BM2/ Bb Q7 i?2 7Q`K,

@

@⌘

~I(~x, ⌘, ✏) = M(~x, ⌘, ✏)~I(~x, ⌘, ✏) UjXeV

h?2 bQHmiBQM Q7 i?Bb b2i Q7 /Bz2`2MiB�H 2[m�iBQMb �i ⌘ = 0 ;Bp2b mb i?2 MmK2`B+�H bQHmiBQM Q7
i?2 /2bB`2/ #�bBb Q7 JAbX hQ Q#i�BM i?2 bQHmiBQM- r2 mb2 i?2 ;2M2`�HBx2/ #QmM/�`v +QM/B@
iBQM Q7 2�+? K�bi2` BMi2;`�H BM i?2 mMT?vbB+�H `2;BQM BX2X ⌘ ! 1 �M/ mb2 i?2 K2i?Q/b Q7
�M�HviB+�H +QMiBMm�iBQM iQ Q#i�BM i?2 bQHmiBQM Q7 JAb BM i?2 /2bB`2/ T?vbB+�H `2;BQM BX2X ⌘ = 0X

j3



AM i?Bb b2+iBQM- r2 /Bb+mbb i?2 K2i?Q/QHQ;v 7Q` bQHpBM; i?2 �#Qp2 /Bz2`2MiB�H 2[m�iBQMX 6Q`
2p2`v p�Hm2 Q7 ⌘- r2 mb2 i?2 6`Q#2MBmb K2i?Q/ Q7 b2`B2b 2tT�MbBQM iQ bQHp2 i?2 nth Q`/2` /B7@
72`2MiB�H 2[m�iBQMb �M/ Q#i�BM i?2 bQHmiBQM Q7 JAb �b � G�m`2Mi 2tT�MbBQM BM ✏ rBi? MmK2`B+�H
+Q2{+B2MibX q2 �HbQ /Bb+mbb i?2 T�i? Q7 �M�HviB+�H +QMiBMm�iBQM Q7 JAb 7`QK ⌘ ! 1 iQ ⌘ = 0-
BM+Hm/BM; i?2 K2i?Q/ iQ �pQB/ #`�M+? +mib r?BH2 T2`7Q`KBM; �M�HviB+�H +QMiBMm�iBQMX

jXkXR �M�HviB+�H +QMiBMm�iBQM

�M�HviB+ *QMiBMm�iBQM Bb � TQr2`7mH bi�i2K2Mi i?�i T`QpB/2b � r�v Q7 2ti2M/BM; i?2 +QKTH2t
/QK�BM Qp2` r?B+? r2 ?�p2 � /2}M2/ 7mM+iBQMX Ai Bb 7Q`K�HHv /2}M2/ �b,

.2}MBiBQM jXkXRX A7 g1 �M/ g2 �`2 �M�HviB+ 7mM+iBQMb QM +QKTH2t /QK�BMb X1 �M/ X2-
`2bT2+iBp2Hv- �M/ i?2 BMi2`b2+iBQM X1 \X2 6= � �M/ g1 = g2 QM X1 \X2X h?2M g2 Bb +�HH2/ �M
�M�HviB+ +QMiBMm�iBQM Q7 g1 iQ i?2 /QK�BM X2X

h?2 KQbi mb27mH r�v iQ T2`7Q`K �M�HviB+�H +QMiBMm�iBQM Bb mbBM; � TQr2` b2`B2b Q7 i?2 7Q`K,

p(z) =
X

n

an(z � zo)
n UjXdV

�b i?Bb TQr2` b2`B2b Bb �M�HviB+�H BM Bib `�/Bmb Q7 +QMp2`;2M+2- r2 +�M T2`7Q`K �M�HviB+�H
+QMiBMm�iBQM Q7 i?2 b2`B2b 7`QK zo iQ �Mv Qi?2` TQBMi BM Bib �M�HviB+�H /QK�BM /2}M2/ pB� Bib
`�/Bmb Q7 +QMp2`;2M+2X

�M�HviB+�H +QMiBMm�iBQM Q7 J�bi2` AMi2;`�Hb

AM Q`/2` iQ Q#i�BM J�bi2` AMi2;`�Hb �i ⌘ = 0- Qm` �BK Bb iQ T2`7Q`K �M �M�HviB+�H +QMiBMm�iBQM
7`QK ⌘ ! 1 iQ ⌘ = 0X hQ �+?B2p2 i?Bb- i?2 #2bi r�v Bb iQ 2tT`2bb i?2 J�bi2` BMi2;`�Hb �b �
TQr2` b2`B2b �`QmM/ i?2 TQBMib M2�` 1 �M/ 2ti2M/ i?2B` +QMp2`;2M+2 /QK�BM iQ TQBMib M2�`
0X h?Bb KQiBp�i2b mb iQ mb2 i?2 6`Q#2MBmb K2i?Q/ iQ Q#i�BM � MmK2`B+�H bQHmiBQM iQ i?2
/Bz2`2MiB�H 2[m�iBQMbX

jN



jXkXk 6`Q#2MBmb J2i?Q/

q2 mb2 i?2 KQbi +QKKQM b2KB@�M�HviB+�H K2i?Q/ iQ bQHp2 Qm` }`bi �M/ b2+QM/@Q`/2` /Bz2`@
2MiB�H 2[m�iBQMb BX2X i?2 6`Q#2MBmb K2i?Q/X *QMbB/2` i?2 7QHHQrBM; /Bz2`2MiB�H 2[m�iBQM,

f
0(x) + a(x)f(x) = b(x) UjX3V

h?2 ;2M2`�H bQHmiBQM Q7 i?2 /Bz2`2MiB�H 2[m�iBQM Bb ;Bp2M #v, ftotal = K(x)fhomgX aQ r2 M22/
iQ }`bi bQHp2 i?2 ?QKQ;2M2Qmb T�`i Q7 i?2 /Bz2`2MiB�H 2[m�iBQMX

>QKQ;2M2Qmb T�`i

*QMbB/2` i?2 7QHHQrBM; /Bz2`2MiB�H 2[m�iBQM,

(2x+ 1)f 0(x) + 3f(x) = 2x+ 3

AM i?2 �#Qp2 2t�KTH2- r2 ?�p2 i?2 ?QKQ;2M2Qmb T�`i Q7 i?2 7Q`K,

f
0(x) +

3

2x+ 1
f(x) = 0 UjXNV

AM Q`/2` iQ bQHp2 i?Bb }`bi@Q`/2` ?QKQ;2M2Qmb /Bz2`2MiB�H 2[m�iBQM �`QmM/ � TQBMi T- r2 i�F2
i?2 �Mb�ix �b i?2 2tT�MbBQM Q7 f(x) �`QmM/ i?2 TQBMi T,

fhomg(x) = (x� p)k
NX

n=0

an(x� p)n UjXRyV

hQ Q#i�BM i?2 p�Hm2 Q7 F- r2 bQHp2 i?2 BM/B+�H 2[m�iBQM Q#i�BM2/ #v +QKT�`BM; i?2 i2`Kb
rBi? i?2 H2�bi TQr2` BX2X i?2 +Q2{+B2Mi Q7 xk�1X q2 ;2i,

k = 0

�7i2` TmiiBM; BM i?2 bQHmiBQM Q7 i?2 BM/B+�H 2[m�iBQM- r2 Q#i�BM � b2i Q7 L 2[m�iBQMb i?�i
`2H�i2 i?2 +Q2{+B2Mib an rBi? 2�+? Qi?2`X PM bQHpBM; i?2 b2i Q7 2[m�iBQMb `2+m`bBp2Hv- r2
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Q#i�BM �HH i?2 +Q2{+B2Mib a1......an BM i2`Kb Q7 �M mMFMQrM +Q2{+B2Mi a0X >2`2- r2 ;2i i?2 ,

fhomg = a0 + 3a0x+
3

2
a0x

2 � 1

2
a0x

3 +
3

8
a0x

4 + .....

AM?QKQ;2M2Qmb T�`i

hQ }M/ i?2 bQHmiBQM iQ i?2 2[m�iBQM- BM+Hm/BM; i?2 BM?QKQ;2M2Qmb i2`Kb- r2 Q#i�BM i?2 BM?Q@
KQ;2M2Qmb bQHmiBQM Q7 i?2 /Bz2`2MiB�H 2[m�iBQM mbBM; i?2 p�`B�iBQM Q7 i?2 +QMbi�Mi K2i?Q/X
h?2 iQi�H bQHmiBQM Bb ;Bp2M #v,

ftotal = K(x)fhomg UjXRRV

f
0

total = K(x)f
0

homg +K
0
(x)fhomg UjXRkV

PM bm#biBimiBM; jXRR �M/ jXRk BMiQ jX3- r2 ;2i i?2 7QHHQrBM; `2H�iBQM,

K(x)f
0

homg +K
0
(x)fhomg + a(x)K(x)fhomg = b(x) UjXRjV

�b fhomg b�iBb}2b i?2 7QHHQrBM; 2[m�iBQM,

f
0(x) + a(x)f(x) = 0

r2 bm#biBimi2 Bi #�+F BMiQ jXRj iQ ;2i,

K
0
(x)fhomg = b(x)

lbBM; i?Bb `2H�iBQM �M/ BMi2;`�iBM; i?2 2[m�iBQM rX`Xi t- r2 ;2i,

K(x) =

Z
b(x)

fhomg
+ C

>2M+2- i?2 iQi�H bQHmiBQM Q7 �Mv }`bi@Q`/2` /Bz2`2MiB�H 2[m�iBQM �i � TQBMi T mbBM; i?2 6`Q#2@
MBmb K2i?Q/ Bb ;Bp2M #v,

f(x) = fhomg.

Z
b(x)

fhomg
+ Cfhomg UjXR9V
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jXkXj JAb �b � G�m`2Mi 2tT�MbBQM BM ✏

AM Q`/2` iQ K�F2 i?2 �H;Q`Bi?K Q7 bQHpBM; i?2 /Bz2`2MiB�H 2[m�iBQMb Q7 JAb bBKTH2` �M/ 7�bi2`-
r2 2tT`2bb Qm` JAb �b � G�m`2Mi 2tT�MbBQM BM i2`Kb Q7 ✏X

~I(~x, ⌘, ✏) =
2LX

j=1

1

✏j
~I(~x, ⌘,

1

✏j
) + ✏

0~I(~x, ⌘, ✏0) + ✏~I(~x, ⌘, ✏1) +O(✏2) UjXR8V

AMb2`iBM; i?2 G�m`2Mi 2tT�MbBQM Q7 JAb BMiQ i?2 /Bz2`2MiB�H 2[m�iBQM jX8- r2 ;2i � b2T�`�i2
/Bz2`2MiB�H 2[m�iBQM 7Q` 2�+? i2`K ~I(~x, ⌘, ✏�j)Xh?2 B/2� Q7 bQHpBM; 2�+? +Q2{+B2Mi Q7 i?2
K�bi2` BMi2;`�H Bb �/p�Mi�;2Qmb BM i?2 7QHHQrBM; r�vb,

Ç �b r2 ?�p2 � /Bz2`2MiB�H 2[m�iBQM 7Q` 2�+? +Q2{+B2Mi Q7 ✏- i?2 MmK#2` Q7 /Bz2`2MiB�H
2[m�iBQMb iQ bQHp2 BM+`2�b2b #v UkGYjV iBK2bX 1p2M i?Qm;? i?2 MmK#2` Q7 /Bz2`2MiB�H
2[m�iBQMb BM+`2�b2b- i?Bb `2/m+2b i?2 +QKTH2tBiv Q7 2�+? /Bz2`2MiB�H 2[m�iBQM BM i2`Kb
Q7 ⌘- H2�/BM; iQ � 7�bi2` +QKTmi�iBQM Q7 i?2 6`Q#2MBmb bQHmiBQMX

Ç AM K�Mv +�b2b- bm+? �b irQ@HQQT irQ@TQBMi 7mM+iBQM- i?2 +QmTH2/ M�im`2 Q7 i?2 /Bz2`@
2MiB�H 2[m�iBQMb Bb �HbQ bBKTHB}2/ mbBM; i?2 G�m`2Mi 2tT�MbBQM Q7 i?2 K�bi2` BMi2;`�HbX
�b r2 ;Q iQ ?B;?2` +QmTH2/ bvbi2Kb- i?Bb K2i?Q/ `2/m+2b i?2 +QmTH2/ 2[m�iBQMb iQ
bBKTH2` +QmTH2/ QM2b- ?2M+2 bBKTHB7vBM; Qm` T`Q#H2K iQ � ;`2�i /2�HX

jXkX9 S�i? Q7 �M�HviB+�H *QMiBMm�iBQM

AM i?2 b2+iBQMb jXkXR �M/ jXkXk- r2 /Bb+mbb2/ i?2 K2i?Q/ iQ Q#i�BM i?2 bQHmiBQM �i � TQBMi BM
bT�+2 �M/ i?2 +QM+2Ti Q7 2ti2M/BM; i?2 �M�HviB+�H /QK�BM Q7 i?2 bQHmiBQM mbBM; +QMiBMm�iBQMX
AM i?Bb b2+iBQM- r2 i�HF �#Qmi i?2 T�i? +?Qb2M iQ T2`7Q`K �M�HviB+�H +QMiBMm�iBQM BM i?2
+QMi2ti Q7 62vMK�M BMi2;`�HbX

q2 M22/ iQ +?QQb2 bm+? � T�i? bm+? i?�i r2 /Q MQi 2ti2M/ i?2 /QK�BM Q7 i?2 TQr2` b2`B2b
bQHmiBQM Q7 i?2 K�bi2` BMi2;`�HbUQ7 i?2 ivT2 b?QrM BM 2[m�iBQM jXRyV #2vQM/ Bib `�/Bmb Q7
+QMp2`;2M+2X h?Bb /2T2M/b QM i?2 bBKTH2 TQH2b Q7 ⌘ i?�i �`2 T`2b2Mi BM i?2 K�i`Bt J
U2[m�iBQM jX8VX h?2 TQH2b Q7 ⌘ +�M 2Bi?2` #2 �HH `2�H TQH2b Q` KB;?i +QMi�BM bQK2 +QKTH2t
TQH2bX �HbQ- r?BH2 Q#i�BMBM; i?2 /Bz2`2MiB�H 2[m�iBQM Q7 2�+? i2`K Q7 i?2 ✏@2tT�MbBQM Q7
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K�bi2` BMi2;`�HU/Bb+mbb2/ BM b2+iBQM jXkXjV rX`Xi ⌘- r2 Q#i�BM HQ;�`Bi?KB+ i2`Kb Q7 ⌘X �b
HQ;�`Bi?KB+ 7mM+iBQMb �`2 KmHiB@p�Hm2/ 7mM+iBQMb- r2 M22/ iQ #2 2ti`� +�`27mH Q7 HQ;�`Bi?KB+
bBM;mH�`BiB2b H2�/BM; iQ #`�M+? +mibX hQ T2`7Q`K �M�HviB+ +QMiBMm�iBQM Q7 K�bi2` BMi2;`�Hb-
r2 M22/ iQ bm++2bb7mHHv �pQB/ i?2 #`�M+? +mib BM Q`/2` iQ �+?B2p2 i?2 +Q``2+i `2bmHibX E22TBM;
�HH i?2b2 BMi`B+�+B2b BM KBM/- r2 /Bb+mbb i?2 irQ +�b2b BM /2i�BH,

_2�H TQH2b

q?BH2 +QKTmiBM; i?2 BMi2;`�Hb Q7 i?2 T�`iB+H2 T`Q+2bb2b rBi? b+�H�`b �M/ 72`KBQMb- r2 QMHv
?�p2 `2�H TQH2b Q7 ⌘ �b i?2 T`QT�;�iQ`b +QMi�BM QMHv `2�H@p�Hm2/ i2`KbX AM i?Bb +�b2- i?2
HQ;�`Bi?KB+ #`�M+? +mi Bb T`2b2Mi QM i?2 `2�H HBM2X hQ �pQB/ i?2 #`�M+? +mi �M/ bi�v BM i?2
�M�HviB+�H /QK�BM- r2 +�M �++2bb �HH i?2 TQBMib QM i?2 BK�;BM�`v HBM2 iQ T2`7Q`K �M�HviB+�H
+QMiBMm�iBQMX

6B;m`2 jXR, h?2 T�i? 7Q` TQH2 w1 =
1
4 X h?2 };m`2 b?Qrb i?2 +B`+H2 Q7 +QMp2`;2M+2 Q7 TQBMi p2

�M/ p3 r?2`2 i?2 M2ti TQBMi Q7 i?2 T�i? Bb BMbB/2 i?2 +B`+H2X

*QKTH2t SQH2b

h?2 T�`iB+H2 T`Q+2bb2b BMpQHpBM; i?2 T`Q/m+iBQM Q7 W± �M/ w T�`iB+H2b ?�p2 +QKTH2t K�bb
i2`Kb BM i?2B` T`QT�;�iQ`b X(Rd) (Re) AM bm+? +�b2b- r2 Q7i2M ;2i +QKTH2t TQH2b Q7 ⌘X �b
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/Bb+mbb2/ �#Qp2- i?Bb +QKTH2t TQH2 ;Bp2b `Bb2 iQ � HQ;�`Bi?KB+ #`�M+? +miX �pQB/BM; i?2
#`�M+? +mi- BM i?Bb +�b2- Bb MQM@i`BpB�H #2+�mb2 Bi /BpB/2b i?2 +QKTH2t TH�M2 BMiQ irQ /Bz2`2Mi
_B2K�MM bm`7�+2bX AM Q`/2` iQ �pQB/ i?2b2 #`�M+? +mib- �M �H;Q`Bi?K r�b r`Bii2M iQ }M/ i?2
T�i? rBi? i?2 H2�bi MmK#2` Q7 TQBMib Q7 �M�HviB+�H +QMiBMm�iBQM 7`QK ⌘ ;QBM; 7`QK 1 iQ yX
h?2 `mH2b 7QHHQr2/ #v i?2 �H;Q`Bi?K �`2,

Ç �7i2` 2p�Hm�iBM; i?2 BMi2;`�H �i ⌘ ! 1- i?2 bi�`iBM; TQBMi Q7 i?2 T�i? Bb i�F2M iQ #2
� `�M/QK `2�H MmK#2` #2ir22M (k⇥AK(J�t(TQH2b))-AK(J�t(TQH2b)))X

Ç A7 i?2 K�bi2` BMi2;`�H Bb 2p�Hm�i2/ �i � TQBMi- Bi +�M QMHv #2 +QMiBMm2/ rBi?BM Bib +B`+H2
Q7 +QMp2`;2M+2 BX2X i?2 +B`+H2 2M+HQb2/ #v i?2 `�/Bmb Q7 +QMp2`;2M+2 Q7 i?2 +HQb2bi TQH2X

Ç q2 KQp2 �r�v H27i Q` `B;?i 7`QK i?2 #`�M+? +mi r?2M i?2 /Bbi�M+2 iQ i?2 #`�M+? +mi
Bb H2bb i?�M i?2 `�/Bmb Q7 +QMp2`;2M+2 rX`Xi i?2 +HQb2bi TQH2- �M/ r2 KQp2 iQr�`/b i?2
Q`B;BM �7i2` �pQB/BM; i?2 #`�M+? +miX

6B;m`2 jXk, h?2 };m`2 b?Qrb i?2 T�i? rBi? +QKTH2t TQH2b, w1 = 5 + ◆ �M/ w2 = 2 + 3◆X
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*?�Ti2` 9

J2i?Q/QHQ;v Q7 LmK2`B+�H 1p�Hm�iBQM
Q7 J�bi2` AMi2;`�Hb

�HH +QKTmi�iBQMb �`2 /QM2 pB� qQH7`�K J�i?2K�iB+�X

AM i?Bb +?�Ti2`- r2 /Bb+mbb i?2 K2i?Q/QHQ;v Q7 BKTH2K2MiBM; i?2 J�i?2K�iB+� +Q/2 iQ
MmK2`B+�HHv +QKTmi2 i?2 K�bi2` BMi2;`�Hb Q7 i?2 QM2@HQQT �M/ irQ@HQQT 62vMK�M /B�;`�Kb-
mbBM; i?2 i2+?MB[m2b /Bb+mbb2/ BM b2+iBQM jX

9XR :2M2`�H +QMbi`m+i

h?2 �H;Q`Bi?K iQ bQHp2 i?2 K�bi2` BMi2;`�Hb +QmH/ #2 2tT`2bb2/ BMiQ irQ T�`ib, RV a2iiBM; mT
i?2 /Bz2`2MiB�H 2[m�iBQM �M/ kV aQHpBM; i?2 /Bz2`2MiB�H 2[m�iBQM #v b2KB@�M�HviB+�H K2i?Q/bX

AM Q`/2` iQ b2i mT i?2 /Bz2`2MiB�H 2[m�iBQM Q7 i?2 #�bBb B7 K�bi2` BMi2;`�Hb ~I rX`XiX ⌘- r2
T2`7Q`K i?2 7QHHQrBM; QT2`�iBQMb,

Ç AM Q`/2` iQ Q#i�BM i?2 #�bBb Q7 K�bi2` BMi2;`�Hb- r2 T2`7Q`K �M A"S _2/m+iBQM Q7 i?2
7�KBHv Q7 62vMK�M BMi2;`�Hb- rBi? MmK2`B+�H FBM2K�iB+ p�Hm2b- mTQM �//BM; �M �mtBHB�`v
K�bb ⌘ iQ i?2 T`QT�;�iQ`b- �b K2MiBQM2/ BM b2+iBQM jXRXRX h?2 T�+F�;2b GBi2_2/(kR)
�M/ JBMi(99) ?�p2 #22M mb2/ iQ T2`7Q`K i?2 A"S `2/m+iBQMX
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Ç lTQM Q#i�BMBM; i?2 #�bBb Q7 K�bi2` BMi2;`�Hb 7Q` 2�+? 7�KBHv- r2 /Bz2`2MiB�i2 i?2 K�bi2`
BMi2;`�Hb rX`Xi ⌘ iQ Q#i�BM i?2 /Bz2`2MiB�H 2[m�iBQM jX8 �M/ i?2 K�i`Bt M X lbBM; i?Bb
K�i`Bt M - r2 Q#i�BM i?2 /Bz2`2MiB�H 2[m�iBQM Q7 2�+? +Q2{+B2Mi Q7 ✏ 7Q` � K�bi2`
BMi2;`�H BX2X ~I(~x, ⌘, 1

✏j )- �b /Bb+mbb2/ BM b2+iBQM jXkXjX

�7i2` Q#i�BMBM; i?2 b2i Q7 /Bz2`2MiB�H 2[m�iBQMb 7Q` i?2 #�bBb Q7 K�bi2` BMi2;`�Hb- r2 mb2 i?2
b2`B2b 2tT�MbBQM K2i?Q/ BX2X h?2 6`Q#2MBmb K2i?Q/- iQ bQHp2 i?2 /Bz2`2MiB�H 2[m�iBQM Q7 2�+?
K�bi2` BMi2;`�HX h?2 �H;Q`Bi?K mb2/ Bb �b 7QHHQrb,

Ç h?2 TQr2` b2`B2b Q7 i?2 K�bi2` BMi2;`�H �i ⌘ ! 1 +�M #2 Q#i�BM2/ mbBM; i?2 p�+mmK
BMi2;`�Hb Q#i�BM2/ �7i2` T2`7Q`KBM; �M 2tT�MbBQM �i ⌘ ! 1 U�TT2M/Bt �V �M/ Q#@
i�BMBM; � ;2M2`�H 7Q`K Q7 i?2 TQr2` b2`B2bX q2 i?2M mb2 i?2 2[m�iBQM jX8 iQ Q#i�BM �
`2+m`bBp2 `2H�iBQM Q7 i?2 +Q2{+B2Mib Q7 i?2 TQr2` b2`B2b- r?B+? Bb i?2M bQHp2/ mbBM; i?2
#QmM/�`v +QM/BiBQM BX2X 2p�Hm�iBQM Q7 i?2 }`bi BMi2;`�H Q7 i?2 2tT�MbBQMX h?Bb bi2T Bb
/Bb+mbb2/ 7Q` 2�+? +�b2 BM i?2 M2ti b2+iBQMX

Ç *QMbB/2` i?2 T�i? Q7 �M�HviB+�H +QMiBMm�iBQM ;Bp2M #v p = {p0, p1, . . . , 0}X q2 mb2 i?2
TQr2` b2`B2b Q7 K�bi2` BMi2;`�H �i ⌘ ! 1 �M/ 2p�Hm�i2 Bi �i p0 BX2X i?2 }`bi TQBMi Q7
i?2 T�i? Q7 �M�HviB+�H +QMiBMm�iBQMX h?Bb �+ib �b � #QmM/�`v +QM/BiBQM 7Q` i?2 M2ti
bi2T BX2X bQHpBM; i?2 /Bz2`2MiB�H 2[m�iBQM 7Q` 2�+? +Q2{+B2Mi Q7 ✏ �i p0X

Ç P#i�BMBM; i?2 #QmM/�`v +QM/BiBQM- r2 +�M bQHp2 i?2 /Bz2`2MiB�H 2[m�iBQM 7Q` ~I(~x, ⌘, 1
✏j )

mbBM; i?2 6`Q#2MBmb K2i?Q/ BM b2+iBQM jXkXkX h?2 bQHmiBQM Q#i�BM2/ #v mb 7Q` ⌘ = p0

Bb i?2M 2p�Hm�i2/ �i ⌘ = p1 �M/ i?2 b�K2 bi2T Bb `2T2�i2/ �HQM; i?2 T�i? p mMiBH r2
Q#i�BM i?2 bQHmiBQM Q7 ~I(~x, ⌘, 1

✏j ) �i ⌘ = 0X

9Xk PM2@HQQT +QKTmi�iBQMb

AM i?Bb b2+iBQM- r2 7Q+mb QM i?2 BMi`B+�+B2b Q7 bQHpBM; QM2@HQQT /B�;`�Kb mbBM; i?2 �#Qp2
;2M2`�H +QMbi`m+iX

lTQM b2iiBM; mT � /Bz2`2MiB�H 2[m�iBQM- r2 Q#i�BM i?2 b2i Q7 /Bz2`2MiB�H 2[m�iBQMb r?2`2
i?2 #�bB+ QM2@T`QT�;�iQ` �M/ irQ@T`QT�;�iQ` K�bi2` BMi2;`�Hb +�M #2 bQHp2/ BM/2T2M/2MiHv-
�M/ i?2v +�M #2 mb2/ iQ bQHp2 i?2 /2T2M/�Mi K�bi2` BMi2;`�Hb bm+? �b K�bi2` BMi2;`�Hb rBi?
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j@T`QT�;�iQ`b �M/ ?B;?2`X hQ mM/2`bi�M/ i?Bb- r2 +QMbB/2` i?2 K�i`Bt M Q7 � QM2@HQQT
i?`22@TQBMi 7mM+iBQM, I = {I001, I011, I101, I110, I111}

M(✏, ⌘) =

0

BBBBBB@

1�✏
⌘ 0 0 0 0

�1+✏
2⌘2+⌘

1�2✏
2⌘+1 0 0 0

�2+2✏
4⌘2+⌘ 0 2�4✏

4⌘+1 0 0
�2+2✏
4⌘2+⌘ 0 0 2�4✏

4⌘+1 0
2�2✏

⌘+6⌘2+8⌘3 0 �1+2✏
1+8⌘2+6⌘

�1+2✏
1+8⌘2+6⌘

�2✏
1+2⌘

1

CCCCCCA
U9XRV

h?2 }`bi K�bi2` BMi2;`�H I001 +�M #2 bQHp2/ BM/2T2M/2MiHvX 6QHHQrBM; i?�i- r2 bQHp2 i?2
K�bi2` BMi2;`�Hb I011, I101�M/I110 mbBM; i?2 bQHmiBQM I001X aBKBH�`Hv- r2 mb2 i?2 Qi?2` 7Qm`
K�bi2` BMi2;`�Hb iQ bQHp2 i?2 K�bi2` BMi2;`�H I111X

9XkXR aQHpBM; i?2 TQr2` 2tT�MbBQM �i ⌘ ! 1

h?2 TQr2` 2tT�MbBQM �i ⌘ ! 1 +�M #2 Q#i�BM2/ #v bQHpBM; i?2 p�+mmK BMi2;`�Hb Q#i�BM2/
�7i2` i?2 BMi2;`�H 2tT�MbBQM �`QmM/ ⌘Ua22 �TT2M/Bt �XRVX h?2 }`bi BMi2;`�H Bb mbm�HHv Q7 i?2
7Q`K,

I(i2`KR) =
Z

dD
`1

i⇡D/2

1

(`21 � ⌘)k

= �⌘
(2�k�✏)�(✏+ k � 2)

U9XkV

>2M+2- r2 +�M r`Bi2 i?2 TQr2` 2tT�MbBQM �i ⌘ ! 1 �b,

Iinf =
X

n=0

cn⌘
(2�k�✏�n) U9XjV

LQr- r2 mb2 i?2 2[m�iBQM jX8 iQ Q#i�BM i?2 `2+m`bBp2 `2H�iBQMb r?B+? ;Bp2 mb c1, . . . , cn BM
i2`Kb Q7 c0- r?B+? Bb ;Bp2M #v 2[m�iBQM 9Xk 7Q` 2�+? kX >2M+2- r2 Q#i�BM i?2 TQr2` b2`B2b Q7
i?2 K�bi2` BMi2;`�H �i ⌘ ! 1X
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9XkXk aQHpBM; i?2 TQr2` b2`B2b �HQM; i?2 T�i?
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8XyXj PM2 HQQT 9 TQBMi 7mM+iBQM

q2 +�H+mH�i2/ i?2 MmK2`B+�H bQHmiBQMb iQ i?2 J�bi2` AMi2;`�Hb 7Q` � QM2@HQQT 7Qm`@TQBMi
7mM+iBQM rBi? 9 QM@b?2HH 2ti2`M�H H2;b �M/ K�bbH2bb BMi2`M�H T`QT�;�iQ`bX h?2 62vMK�M
/B�;`�K 7Q` i?2 b�K2 Bb ;Bp2M #2HQrX
*QMbB/2`BM; �HH BM+QKBM; T�`iB+H2b- i?2 T`QT�;�iQ`b Pk 7Q` i?2 �#Qp2 /B�;`�K �`2 ;Bp2M #v,

p1 �p4

p2

l

�p3

6B;m`2 8Xj, PM2@HQQT 7Qm`@TQBMi /B�;`�K

P1 = l
2
1, P2 = (l1 + p1)

2
, P3 = (l1 + p1 + p2)

2
, P4 = (l1 + p1 + p2 + p3)

2
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LmK#2` Q7
S`QT�;�iQ`b J�bi2` AMi2;`�Hb ~I J�bi2` AMi2;`�H MmK#2` ~J

EBM2K�iB+
.2T2M/2M+2

R I0001 J1 p1, p2, p3

k
I0101

I1001

I1010

J2

J3

J4

p1, p2, p3

p1, p2, p3

p1, p2

j

I0111

I1011

I1101

I1110

J5

J6

J7

J8

p1, p2, p3

p1, p2, p3

p1, p2, p3

p1, p2

9 I1111 J9 p1, p2, p3

h�#H2 8XN, J�bi2` BMi2;`�Hb, PM2@HQQT 7Qm`@TQBMi

6Q` p21 = 0- p22 = 0 �M/ p
2
3 = 0- r2 ;2i i?2 7QHHQrBM; J�bi2` AMi2;`�Hb pB� GBi2_2/,

h?2 FBM2K�iB+b Q7 i?2 7QHHQrBM; BMi2;`�H �`2,

u = (p1 + p2)
2 = �4

v = (p1 + p3)
2 = �4

w = (p2 + p3)
2 = �4

M(✏, ⌘) =
0

BBBBBBBBBBBBBBBB@

1�✏
⌘ 0 0 0 0 0 0 0 0

�1+✏
2⌘2+2⌘

1�2✏
2⌘+2 0 0 0 0 0 0 0

�1+✏
2⌘2+6⌘ 0 1�2✏

2⌘+6 0 0 0 0 0 0
�1+✏
2⌘2+2⌘ 0 0 1�2✏

2⌘+2 0 0 0 0 0
1�✏

4⌘2(1+⌘)
�1+2✏
4⌘(1+⌘) 0 0 � ✏

⌘ 0 0 0 0
1�✏

4⌘(1+⌘)(3+⌘) 0 �3+6✏
8⌘(3+⌘)

1�2✏
8⌘+8⌘2 0 � ✏

⌘ 0 0 0
1�✏

4⌘(1+⌘)(3+⌘)
1�2✏

8⌘+8⌘2
�3+6✏
8⌘(3+⌘) 0 0 0 � ✏

⌘ 0 0
1�✏

4⌘2(1+⌘) 0 0 �1+2✏
4⌘+4⌘2 0 0 0 � ✏

⌘ 0
(�1+✏)(�3+⌘)

8(�1+⌘)⌘2(1+⌘)(3+⌘)
1�2✏

8⌘�8⌘3
3�6✏

8(�1+⌘)⌘(3+⌘)
1�2✏

8⌘�8⌘3
✏

4⌘�4⌘2
✏

�2⌘+2⌘2
✏

�2⌘+2⌘2
✏

4⌘�4⌘2
1+2✏
2�2⌘

1

CCCCCCCCCCCCCCCCA

U8XdV
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h?2 #QmM/�`v p�Hm2b 7Q` 2�+? Q7 i?2 i?`22 J�bi2` AMi2;`�Hb �i ⌘ �! 1 ?�p2 #22M +�H+mH�i2/
Ub22 �TT2M/Bt �XRVX h?2v �`2 ;Bp2M #v,

I
aux
0001 = �⌘

(1�✏)�(✏� 1)

I
aux
0101 = I

aux
1001 = I

aux
1010 = ⌘

�✏�(✏)

I
aux
0111 = I

aux
1011 = I

aux
1101 = I

aux
1110 = ⌘

(�1�✏)�(✏+ 1)

2

I
aux
1111 = ⌘

(�2�✏)�(✏+ 2)

6

h?2 p�Hm2b Q7 i?2 �#Qp2 N J�bi2` AMi2;`�Hb 7Q` 9y T`2+BbBQM i2`Kb �`2,

Ji T`2+BbBQM4 9y _272`2M+2 o�Hm2
J1 y y
J2 �0.6566572065 + 1

✏ �0.6566572065 + 1
✏

J3 y y
J4 0.03648997397.+ 1

✏ 0.03648997397.+ 1
✏

J5 �0.2763046944� 0.25
✏2 + 0.4908775065

✏ �0.2763046944� 0.25
✏2 + 0.4908775065

✏

J6 �0.2785444346 + 0.125
✏2 � 0.3320821508

✏ �0.2785444346 + 0.125
✏2 � 0.3320821508

✏

J7 �0.2785444346 + 0.125
✏2 � 0.3320821508

✏ �0.2785444346 + 0.125
✏2 � 0.3320821508

✏

J8 �0.2763046944� 0.25
✏2 + 0.4908775065

✏ �0.2763046944� 0.25
✏2 + 0.4908775065

✏

J9 0.0852102004� 0.125
✏2 + 0.2887604520

✏ 0.0852102004� 0.125
✏2 + 0.2887604520

✏

h�#H2 8XRy, LmK2`B+�H p�Hm2b Q7 J�bi2` BMi2;`�Hb, PM2@HQQT 7Qm`@TQBMi

8XyX9 k HQQT bmM`Bb2 BMi2;`�H

�7i2` +�H+mH�iBM; i?2 #�bB+ /B�;`�Kb rBi? QM2 HQQT KQK2Mi� �M/ 7Qm` 2ti2`M�H H2;b- r2 +�H@
+mH�i2 i?2 irQ@HQQT irQ@TQBMi bmM`Bb2 BMi2;`�H 7Q` mMB7Q`K K�bb2bX q2 +QMbB/2` i?2 7QHHQrBM;
62vMK�M /B�;`�K b?QrM BM };m`2 8X9X

h?2 T`QT�;�iQ`b Pk 7Q` i?2 �#Qp2 /B�;`�K �`2 ;Bp2M #v,

P1 = l
2
1, P2 = (l2)

2
, P3 = (�l1 � l2 + p1)

2

ey



p

�l2

l1

p

6B;m`2 8X9, hrQ HQQT irQ TQBMi bmM`Bb2 /B�;`�K

6Q` i?2 FBM2K�iB+b rBi? p
2
1 6= 0- r2 ;2i i?2 7QHHQrBM; J�bi2` AMi2;`�Hb pB� GBi2_2/,

LmK#2` Q7
S`QT�;�iQ`b J�bi2` AMi2;`�Hb ~I J�bi2` AMi2;`�H MmK#2` ~J

EBM2K�iB+
.2T2M/2M+2

j I111 J1 p1

j I211 J2 p1

h�#H2 8XRR, J�bi2` BMi2;`�Hb, hrQ@HQQT irQ@TQBMi

q2 Q#i�BM i?2 #QmM/�`v +QM/BiBQMb 7Q` i?2b2 T`QT�;�iQ`bUb22 �TT2M/Bt �XkV,

I111 =
�
i⇡D
� �(2"� 1)

(⌘)2"�1

�(✏)2�(1� ✏)

�(2✏)�(2� ✏)
U8X3V

I211 =
�
i⇡D
� �(2")

(⌘)2"�1

�(✏)�(1� ✏)�(1 + ✏)

�(2✏+ 1)�(2� ✏)
U8XNV

h?2 FBM2K�iB+b Q7 i?2 7QHHQrBM; BMi2;`�H Bb,

u = (p1)
2 = �1

h?2 K�i`Bt M(✏, ⌘) 7Q` i?Bb BMi2;`�H �M/ FBM2K�iB+ +QM};m`�iBQMb Bb ;Bp2M #v,

M(✏, ⌘) =

 
2�3✏
2⌘

✏+✏⌘
2⌘�4✏⌘

2�7✏+6✏2

2⌘+2⌘2
✏+2⌘�7✏⌘
2⌘+2⌘2

!
U8XRyV

eR



h?2 p�Hm2b Q7 i?2 �#Qp2 k J�bi2` AMi2;`�Hb 7Q` p�`BQmb T`2+BbBQM i2`Kb �`2,

Ji T`2+BbBQM4 9y _272`2M+2 o�Hm2
J1 1.33639216754 + 0.2500000000

✏ 1.33639216754 + 0.2500000000
✏

J2 @kXkdNyej3N8e @ 0.50000000000
✏2 � 0.9227843350

✏ @kXkdNyej3N8e @ 0.50000000000
✏2 � 0.9227843350

✏

h�#H2 8XRk, LmK2`B+�H p�Hm2b Q7 J�bi2` BMi2;`�Hb, hrQ@HQQT irQ@TQBMi

8XyX8 k HQQT FBi2 BMi2;`�H

q2 +�H+mH�i2 i?2 irQ@HQQT irQ@TQBMi FBi2 BMi2;`�H 7Q` mMB7Q`K K�bb2bX q2 +QMbB/2` i?2
7QHHQrBM; 62vMK�M /B�;`�K b?QrM BM };m`2 8X8X

6B;m`2 8X8, hrQ HQQT irQ TQBMi FBi2 /B�;`�K

h?2 T`QT�;�iQ`b Pk 7Q` i?2 �#Qp2 /B�;`�K �`2 ;Bp2M #v,

P1 = l
2
1, P2 = l

2
2, P3 = (�l1 � l2 + p1)

2
, P4 = (�l1 + p1)

2
, P5 = (�l2 + p1)

2

6Q` i?2 FBM2K�iB+b rBi? p
2
1 � 1- r2 ;2i i?2 7QHHQrBM; J�bi2` AMi2;`�Hb pB� GBi2_2/,

h?2 FBM2K�iB+b Q7 i?2 7QHHQrBM; BMi2;`�H Bb,

u = (p1)
2 = �1

ek



LmK#2` Q7
S`QT�;�iQ`b J�bi2` AMi2;`�Hb ~I J�bi2` AMi2;`�H MmK#2` ~J

EBM2K�iB+
.2T2M/2M+2

k I01100 J1 p1

j I01011 J2 p1

j I01110 J3 p1

j I11100 J4 p1

j I02011 J5 p1

j I21100 J4 p1

9 I10111 J7 p1

8 I11111 J8 p1

h�#H2 8XRj, J�bi2` BMi2;`�Hb, hrQ@HQQT irQ@TQBMi

h?2 K�i`Bt M(✏, ⌘) 7Q` i?Bb BMi2;`�H �M/ FBM2K�iB+ +QM};m`�iBQMb Bb ;Bp2M #v,
0

BBBBBBBBBBBBBBBB@

2�2✏
⌘ 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0
�1+✏
⌘2+⌘ 0 1�✏+2⌘�3✏⌘

⌘2+⌘ 0 0 0 0 0
�1+✏
2⌘2+2⌘ 0 0 1�2✏

2⌘+2 0 0 0 0

0 0 0 0 0 3 0 0

0 �2+7✏�6✏2

⌘+⌘2 0 0 �✏+2⌘�5⌘✏
⌘+⌘2 0 0 0

�2(1�✏)2

9⌘2+10⌘3+⌘4 0 0 (�2+7✏�6✏2)
9⌘2+10⌘3+⌘4 0 10⌘+18⌘2

9⌘2+10⌘3+⌘4 0 0

0 0 �2(1�✏)
⌘(1+⌘) 0 0 0 2�4✏

⌘+1 0
2(1�✏)2

(1�2⌘)⌘2(1+⌘)2
�2+3✏
⌘(1+⌘)2

2�2✏
⌘2(1+⌘)2

�2+3✏
⌘(1+⌘)2

�1+⌘
⌘(1+⌘)2

�1+3⌘
⌘(1+⌘)2

�1+2✏
⌘(1+⌘)2

�✏+3✏⌘
⌘(1+⌘)

1

CCCCCCCCCCCCCCCCA

h?2 p�Hm2b Q7 i?2 �#Qp2 k J�bi2` AMi2;`�Hb 7Q` p�`BQmb T`2+BbBQM i2`Kb �`2,

ej



Ji T`2+BbBQM i2`Kb4 9y _272`2M+2 o�Hm2
J1 0 0

J2 1.3363921675 + 0.25000000000
✏ 1.3363921675 + 0.25000000000

✏

J3 1.3363921675 + 0.25000000000
✏ 1.3363921675 + 0.25000000000

✏

J4 0 0

J5 �2.2790638956� 0.4999999999
✏2 � 0.9227843350

✏ �2.2790638956� 0.4999999999
✏2 � 0.9227843350

✏

J6 �2.2790638956� 0.4999999999
✏2 � 0.9227843350

✏ �2.2790638956� 0.4999999999
✏2 � 0.9227843350

✏

J7 6.4036964615 + 0.9999999999
✏2 + 2.8455686701

✏ 6.4036964615 + 0.9999999999
✏2 + 2.8455686701

✏

J8 �7.2123414189 �7.2123414189

h�#H2 8XR9, LmK2`B+�H p�Hm2b Q7 J�bi2` BMi2;`�Hb, hrQ@HQQT irQ@TQBMi

e9



*?�Ti2` e

*QM+HmbBQM �M/ 6mim`2 rQ`Fb

AM i?2 }`bi ?�H7 Q7 i?2 i?2bBb- r2 7Q+mb2/ QM mM/2`bi�M/BM; i?2 KQ/2`M K2i?Q/b Q7 +QKTmiBM;
KmHiB@HQQT BMi2;`�Hb- bT2+B}+�HHv #v b2iiBM; mT � /Bz2`2MiB�H 2[m�iBQM Q7 i?2 #�bBb Q7 K�bi2`
BMi2;`�HbX aQK2 Q7 i?2 +QKTmi�iBQMb T2`7Q`K2/ r?BH2 mM/2`bi�M/BM; i?2 i2+?MB[m2b �`2
BM+Hm/2/ �b 2t�KTH2b 7Q` 2�+? i2+?MB[m2X h?2b2 i2+?MB[m2b �M/ i?2B` 2t�KTH2b ?�p2 #22M
T`2b2Mi2/ BM *?�Ti2` kX h?2 B/2� iQ bBKTHB7v bQK2 FMQrM b+�ii2`BM; �KTHBim/2b +QMi�BMBM;
k.>SGb mbBM; SQHvGQ;hQQHb r�b �ii2KTi2/ #mi +QmH/ MQi #2 +QKTH2i2/ rBi? � bm++2bb7mH
`2bmHiX

AM i?2 b2+QM/ ?�H7 Q7 i?2 i?2bBb- r2 bim/B2/ i?2 K2i?Q/ Q7 Q#i�BMBM; ;2M2`�HBx2/ #QmM/�`v
+QM/BiBQMb #v �//BM; �M �mtBHB�`v K�bb ⌘U+?�Ti2` jVX lbBM; i?2 TQr2` b2`B2b K2i?Q/ Q7 bQHp@
BM; i?2 /Bz2`2MiB�H 2[m�iBQM �M/ �M�HviB+�H +QMiBMm�iBQM- r2 r`Qi2 � J�i?2K�iB+� T`Q;`�K
iQ Q#i�BM i?2 MmK2`B+�H bQHmiBQM Q7 i?2 K�bi2` BMi2;`�Hb 7Q` QM2@HQQT �M/ irQ@HQQT /B�;`�KbX
h?2 KQbi +QKTH2t /B�;`�K iQ #2 bm++2bb7mHHv 2p�Hm�i2/ Bb � irQ@HQQT irQ@TQBMi 7mM+iBQM- �M/
i?2 +QKTmi�iBQM Q7 irQ@HQQT i?`22@TQBMi 7mM+iBQM Bb #2BM; T`Q;`�KK2/ mbBM; i?2 /2+QmTHBM;
K2i?Q/ Ub2+iBQM 9XjXkVX

AM *?�Ti2` 8- r2 T`2b2Mi2/ i?2 `2bmHib Q7 i?2 K�bi2` BMi2;`�Hb Q#i�BM2/ mbBM; i?2 J�i?2K�iB+�
T`Q;`�KX h?2 K�bi2` BMi2;`�Hb �`2 2tT`2bb2/ �b � G�m`2Mi 2tT�MbBQM BM ✏ rBi? MmK2`B+�H
`2�H +Q2{+B2Mib �M/ �`2 T`2b2Mi2/ mT iQ i?2 ✏

0 Q`/2`X h?2b2 `2bmHib ?�p2 #22M +QKT�`2/ iQ
i?2 p�Hm2b Q#i�BM2/ #v 2p�Hm�iBM; i?2 b�K2 /B�;`�Kb mbBM; �J6HQr(jk)X

PM � +�`27mH bim/v Q7 i?2 `2bmHib- r2 Q#b2`p2 i?�i BKT`QpBM; T`2+BbBQM #v BM+`2�bBM; i?2

e8



MmK#2` Q7 i2`Kb #v Ry BKT`Qp2b i?2 �++m`�+v Q7 i?2 K�bi2` BMi2;`�Hb #v QM2 /2+BK�H TH�+2X
q2 �HbQ Q#b2`p2 i?�i �HH i?2 K�bi2` BMi2;`�Hb rBi? 9y i2`Kb Q7 i?2 b2`B2b 2tT�MbBQM �`2
�++m`�i2 mT iQ i?2 12th /2+BK�H TH�+2 BM +QKT�`BbQM rBi? i?2 9yi? /2+BK�H T`2+BbBQM #v
�J6HQrX h?2 HBKBi�iBQMb BM i?2 T`2+BbBQM Q7 Qm` MmK2`B+�H p�Hm2b Q7 K�bi2` BMi2;`�Hb �`2,

Ç h?2 J�i?2K�iB+� #mBHi@BM 7mM+iBQM aQHp2 Bb +QKTmi�iBQM�HHv bHQr �M/ BM�++m`�i2 #2@
vQM/ ir2Miv i2`Kb BM i?2 K�i`BtX q?2M T`2+BbBQM49y Bb +QMbB/2`2/- i?2 `Qr `2/m+iBQM
Q7 i?2 7mM+iBQM ;Bp2b BM�++m`�i2 `2bmHib �i ?B;?2` /2+BK�H TH�+2bX

Ç h?2 T`2+BbBQM Q7 i?2 p�Hm2 Bb HBKBi2/ #v i?2 Qi?2` #mBHi@BM 7mM+iBQMb mb2/ BM i?2 J�i?@
2K�iB+� T`Q;`�KX

Ç h?2 T`2+BbBQM Q7 i?2 +QKTmi2/ K�bi2` BMi2;`�Hb +�M #2 BKT`Qp2/ #v BM+Hm/BM; KQ`2
i2`Kb BM i?2 TQr2` b2`B2b bQHmiBQM- #mi i?2 +QKTmi�iBQM�H iBK2 BM+`2�b2b /`�biB+�HHv
rBi? �M BM+`2�bBM; MmK#2` Q7 i2`KbX

6mim`2 rQ`Fb �M/ T`QbT2+iBp2

h?2 J�i?2K�iB+� T`Q;`�K Bb biBHH BM Bib /2p2HQTBM; bi�;2b- �M/ K�Mv BMi2`2biBM; T`QbT2+ib
+�M #2 BKTH2K2Mi2/ BM i?2 b�K2,

Ç h?2 T`Q;`�K M22/b iQ #2 /2p2HQT2/ iQ Q#i�BM irQ@HQQT i?`22@TQBMi �M/ irQ@HQQT 7Qm`@
TQBMi BMi2;`�Hb 7Q` bBM;H2 K�bb b+�H2bX

Ç h?2 /2+QmTHBM; K2i?Q/ mb2/ BM i?2 T`Q;`�K Bb 2z2+iBp2 QMHv r?2M i?2 nth Q`/2` /2+Qm@
TH2/ /Bz2`2MiB�H 2[m�iBQM Bb 7�+iQ`Bx�#H2X AM Q`/2` iQ bQHp2 bvbi2Kb r?2`2 /2+QmTHBM;
BbMǶi TQbbB#H2- r2 rBb? iQ mb2 �H;Q`Bi?Kb i?�i +�M bQHp2 �Mv +QmTH2/ bvbi2K KQ`2
2z2+iBp2HvX

Ç AM Q`/2` iQ BM+`2�b2 i?2 bT22/ �M/ T`2+BbBQM Q7 i?2 K�bi2` BMi2;`�Hb Q#i�BM2/ mbBM;
i?2 T`Q;`�K- 2z2+iBp2 r�vb Q7 bQHpBM; i?2 `2+m`bBp2 `2H�iBQMb Q7 i?2 6`Q#2MBmb bQHmiBQM
rQmH/ #2 M2+2bb�`v iQ T`Q/m+2 bB;MB}+�Mi `2bmHibX

Ç h?2 J�i?2K�iB+� T`Q;`�K +�M �HbQ #2 BKT`Qp2/ iQ BM+Hm/2 i?2 +QKTmi�iBQM Q7 T?�b2@
bT�+2 BMi2;`�Hb mbBM; i?2 `2p2`b2 mMBi�`Biv +QM/BiBQM(j) Q7 A"S `2/m+iBQMX

ee



�TT2M/Bt �

o�+mmK BMi2;`�Hb

�XR AM}MBiv 2tT�MbBQM Q7 QM2@HQQT BMi2;`�Hb

�HH i?2 QM2@HQQT p�+mmK BMi2;`�Hb �`2 Q7 i?2 7Q`K,

I =

Z
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(R) sB�Q GBm 2i �HX ǳ*�H+mH�iBQM Q7 62vMK�M HQQT BMi2;`�iBQM �M/ T?�b2@bT�+2 BMi2;`�iBQM
pB� �mtBHB�`v K�bb ~Qr ⇤ǴX AM, *?BM2b2 S?vbB+b * 98XR UC�MX kykRV- TX yRjRR8X /QB, RyX
Ry33fRed9@RRjdf�#+8j3X m`H, ?iiTb,ff/QBXQ`;fRyXRy33Wk6Red9@RRjdWk6�#+8j3X

(k) :m/`mM >2BM`B+?X ǳ*QHHB/2` T?vbB+b �i i?2 T`2+BbBQM 7`QMiB2`ǴX AM, S?vbB+b _2TQ`ib Nkk
U�m;X kykRV- TTX RĜeNX /QB, RyXRyRefDXT?vb`2TXkykRXyjXyyeX m`H, ?iiTb,ff/QBX
Q`;fRyXRyReWk6DXT?vb`2TXkykRXyjXyyeX

(j) *?�`�H�KTQb �M�bi�bBQm �M/ EB`BHH J2HMBFQpX ǳ>B;;b #QbQM T`Q/m+iBQM �i ?�/`QM +QH@
HB/2`b BM LLGP Z*.ǴX AM, Lm+H2�` S?vbB+b " e9eXR@k U.2+X kyykV- TTX kkyĜk8eX /QB,
RyXRyRefby88y@jkRjUykVyy3jd@9X m`H, ?iiTb,ff/QBXQ`;fRyXRyReWk6by88y@
jkRjWk3ykWkNyy3jd@9X

(9) *?�`�H�KTQb �M�bi�bBQm- _�/D� "Qm;?2x�H- �M/ 6`�MF S2i`B2HHQX ǳJBt2/ Z*.@2H2+i`Qr2�F
+Q``2+iBQMb iQ >B;;b #QbQM T`Q/m+iBQM BM ;HmQM 7mbBQMǴX AM, CQm`M�H Q7 >B;? 1M2`;v
S?vbB+b kyyNXy9 U�T`X kyyNV- TTX yyjĜyyjX /QB, RyXRy33fRRke@edy3fkyyNfy9fyyjX
m`H, ?iiTb,ff/QBXQ`;fRyXRy33Wk6RRke@edy3Wk6kyyNWk6y9Wk6yyjX

(8) _Q#2`i oX >�`H�M/2` 2i �HX ǳ>B;;b T`Q/m+iBQM BM ;HmQM 7mbBQM �i M2ti@iQ@M2ti@iQ@H2�/BM;
Q`/2` Z*. 7Q` }MBi2 iQT K�bbǴX AM, h?2 1m`QT2�M S?vbB+�H CQm`M�H * eeXj@9 U62#X
kyRyV- TTX j8NĜjdkX /QB, RyXRR9yf2TD+fbRyy8k@yRy@Rk83@tX m`H, ?iiTb,ff/QBX
Q`;fRyXRR9yWk62TD+Wk6bRyy8k@yRy@Rk83@tX

(e) oX _�pBM/`�M- CX aKBi?- �M/ qXGX p�M L22`p2MX ǳLLGP +Q``2+iBQMb iQ i?2 iQi�H +`Qbb
b2+iBQM 7Q` >B;;b #QbQM T`Q/m+iBQM BM ?�/`QMĜ?�/`QM +QHHBbBQMbǴX AM, Lm+H2�` S?vbB+b
" ee8 U�m;X kyyjV- TTX jk8ĜjeeX /QB, Ry X RyRe f by88y @ jkRjUyj V yy98d @ dX m`H,
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(d) �H2t2v S�F- JBF?�BH _Q;�H- �M/ J�ii?B�b ai2BM?�mb2`X ǳ6BMBi2 iQT [m�`F K�bb 2z2+ib
BM LLGP >B;;b #QbQM T`Q/m+iBQM �i G>*ǴX AM, CQm`M�H Q7 >B;? 1M2`;v S?vbB+b kyRyXk
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U62#X kyRyVX /QB, RyXRyydfD?2TykUkyRyVyk8X m`H, ?iiTb,ff/QBXQ`;fRyXRyydW
k6D?2TykWk3kyRyWkNyk8X

(3) sX *?2M 2i �HX ǳ6mHHv .Bz2`2MiB�H >B;;b "QbQM S`Q/m+iBQM iQ h?B`/ P`/2` BM Z*.ǴX AM,
S?vbB+�H _2pB2r G2ii2`b RkdXd U�m;X kykRVX /QB, RyXRRyjfT?vb`2pH2iiXRkdXydkyykX
m`H, ?iiTb,ff/QBXQ`;fRyXRRyjWk6T?vb`2pH2iiXRkdXydkyykX

(N) G2�M/`Q *B2`B 2i �HX ǳ>B;;b #QbQM T`Q/m+iBQM �i i?2 G>* mbBM; i?2 [h bm#i`�+iBQM
7Q`K�HBbK �i LjGP Z*.ǴX AM, CQm`M�H Q7 >B;? 1M2`;v S?vbB+b kyRNXk U62#X kyRNVX /QB,
RyXRyydfD?2TykUkyRNVyNeX m`H, ?iiTb,ff/QBXQ`;fRyXRyydWk6D?2TykWk3kyRNW
kNyNeX

(Ry) 6�HFQ .mH�i- "2`M?�`/ JBbiH#2`;2`- �M/ �M/`2� S2HHQMBX ǳS`2+BbBQM T`2/B+iBQMb �i
KKH,K�i? tKHMb,KKH4Ǵ?iiT,ffrrrXrjXQ`;fRNN3fJ�i?fJ�i?JGǴ /BbTH�v4ǴBMHBM2ǴKKH,K`QrKKH,KbmTKKH,K`QrKKH,KB
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7Q` i?2 >B;;b #QbQM `�TB/Biv /Bbi`B#miBQM �i i?2 G>*ǴX AM, S?vbB+�H _2pB2r . NNXj
U62#X kyRNVX /QB, RyXRRyjfT?vb`2p/XNNXyj9yy9X m`H, ?iiTb,ff/QBXQ`;fRyXRRyjW
k6T?vb`2p/XNNXyj9yy9X
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T�`iQM@b?Qr2` 2z2+ibǴX AM, CQm`M�H Q7 >B;? 1M2`;v S?vbB+b kyRdXN Ua2TiX kyRdVX /QB,
RyXRyydfD?2TyNUkyRdVyRkX m`H, ?iiTb,ff/QBXQ`;fRyXRyydWk6D?2TyNWk3kyRdW
kNyRkX

(Rk) S�xBH2i P#mH 2i �HX ǳL2ti@iQ@H2�/BM; Q`/2` Z*. �M/ 2H2+i`Qr2�F +Q``2+iBQMb iQ >B;;b@
bi`�?HmM; T`Q+2bb2b �i i?2 G>*ǴX AM, *?BM2b2 S?vbB+b * 9kXN U�m;X kyR3V- TX yNjRy8X
/QB, RyXRy33fRed9@RRjdf9kfNfyNjRy8X m`H, ?iiTb,ff/QBXQ`;fRyXRy33Wk6Red9@
RRjdWk69kWk6NWk6yNjRy8X

(Rj) :B�M+�`HQ 62``2`�- J�bbBKBHB�MQ :`�xxBMB- �M/ 6`�M+2b+Q h`�KQMi�MQX ǳ�bbQ+B�i2/
>B;;b@KKH,K�i? tKHMb,KKH4Ǵ?iiT,ffrrrXrjXQ`;fRNN3fJ�i?fJ�i?JGǴ /BbTH�v4ǴBMHBM2ǴKKH,KBqfKKH,KBfKKH,K�i?@
"QbQM S`Q/m+iBQM �i >�/`QM *QHHB/2`b, � 6mHHv 1t+HmbBp2 Z*. *�H+mH�iBQM �i LLGPǴX
AM, S?vbB+�H _2pB2r G2ii2`b RydXR8 UP+iX kyRRVX /QB, RyXRRyjfT?vb`2pH2iiXRydX
R8kyyjX m`H, ?iiTb,ff/QBXQ`;fRyXRRyjWk6T?vb`2pH2iiXRydXR8kyyjX

(R9) :B�M+�`HQ 62``2`�- J�bbBKBHB�MQ :`�xxBMB- �M/ 6`�M+2b+Q h`�KQMi�MQX ǳ�bbQ+B�i2/
w> T`Q/m+iBQM �i ?�/`QM +QHHB/2`b, h?2 7mHHv /Bz2`2MiB�H LLGP Z*. +�H+mH�iBQMǴX AM,
S?vbB+b G2ii2`b " d9y UC�MX kyR8V- TTX 8RĜ88X /QB, RyXRyRefDXT?vbH2i#XkyR9XRRX
y9yX m`H, ?iiTb,ff/QBXQ`;fRyXRyReWk6DXT?vbH2i#XkyR9XRRXy9yX
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(R8) 62/2`B+Q "m++BQMB 2i �HX ǳJBt2/ Z*.@2H2+i`Qr2�F +Q``2+iBQMb iQ /BH2TiQM T`Q/m+iBQM
�i i?2 G>* BM i?2 ?B;? BMp�`B�Mi K�bb `2;BQMǴX AM, CQm`M�H Q7 >B;? 1M2`;v S?vbB+b
kykkXe UCmM2 kykkVX /QB, RyXRyydfD?2TyeUkykkVykkX m`H, ?iiTb,ff/QBXQ`;fRyX
RyydWk6D?2TyeWk3kykkWkNykkX

(Re) _Q#2`iQ "QM+B�MB 2i �HX ǳL2ti@iQ@L2ti@iQ@G2�/BM; P`/2` JBt2/ Z*.@1H2+i`Qr2�F *Q`@
`2+iBQMb iQ QM@a?2HH w S`Q/m+iBQMǴX AM, S?vbX _2pX G2iiX Rk8Xkj UkykyV- TX kjkyy9X /QB,
RyXRRyjfS?vb_2pG2iiXRk8Xkjkyy9X �`sBp, kyydXye8R3 (?2T@T?)X

(Rd) hQKK�bQ �`K�/BHHQ 2i �HX ǳhrQ@HQQT KBt2/ Z*.@1q +Q``2+iBQMb iQ M2mi`�H +m``2Mi
.`2HH@u�MǴX AM, C>1S y8 UkykkV- TX ydkX /QB, RyXRyydfC>1Sy8UkykkVydkX �`sBp,
kkyRXyRd89 (?2T@T?)X

(R3) A2p;2M .m#QpvF 2i �HX ǳ1p�Hm�iBQM Q7 KmHiBHQQT KmHiBb+�H2 62vMK�M BMi2;`�Hb 7Q` T`2@
+BbBQM T?vbB+bǴX AM, S?vbB+�H _2pB2r . RyeXRR U.2+X kykkVX /QB, RyXRRyjfT?vb`2p/X
RyeXHRRRjyRX m`H, ?iiTb,ff/QBXQ`;fRyXRRyjWk6T?vb`2p/XRyeXHRRRjyRX

(RN) oH�/BKB` �X aKB`MQpX ǳ1p�Hm�iBM; 62vMK�M BMi2;`�HbǴX AM, aT`BM;2` h`�+ib JQ/X S?vbX
kRR Ukyy9V- TTX RĜk99X

(ky) aX G�TQ`i�X ǳ*�H+mH�iBQM Q7 K�bi2` BMi2;`�Hb #v /Bz2`2M+2 2[m�iBQMbǴX AM, S?vbB+b G2ii2`b
" 8y9XR@k U�T`X kyyRV- TTX R33ĜRN9X /QB, RyXRyRefbyjdy@keNjUyRVyyk8e@3X m`H,
?iiTb,ff/QBXQ`;fRyXRyReWk6byjdy@keNjWk3yRWkNyyk8e@3X

(kR) _QK�M L G22X ǳGBi2_2/ RX9, � TQr2`7mH iQQH 7Q` `2/m+iBQM Q7 KmHiBHQQT BMi2;`�HbǴX AM,
CQm`M�H Q7 S?vbB+b, *QM72`2M+2 a2`B2b 8kj UCmM2 kyR9V- TX yRky8NX /QB, RyXRy33fRd9k@
e8Nef8kjfRfyRky8NX m`H, ?iiTb,ff/QBXQ`;fRyXRy33Wk6Rd9k@e8NeWk68kjWk6RW
k6yRky8NX

(kk) *X aim/2`mbX ǳ_2/mx2@62vMK�M AMi2;`�H _2/m+iBQM BM *YYǴX AM, *QKTmiX S?vbX *QK@
KmMX R3R UkyRyV- TTX RkNjĜRjyyX /QB, RyXRyRefDX+T+XkyRyXyjXyRkX �`sBp, yNRkX
k89e (T?vbB+bX+QKT@T?)X

(kj) �XoX aKB`MQp �M/ 6XaX *?mF?�`2pX ǳ6A_1e, 62vMK�M AMi2;`�H _1/m+iBQM rBi? KQ/@
mH�` �`Bi?K2iB+ǴX AM, *QKTmi2` S?vbB+b *QKKmMB+�iBQMb k9d U62#X kykyV- TX Rye3ddX
/QB, RyXRyRefDX+T+XkyRNXRye3ddX m`H, ?iiTb,ff/QBXQ`;fRyXRyReWk6DX+T+X
kyRNXRye3ddX

(k9) S?BHBTT J�B2`?ƺ72`- CQ?�MM lbQpBib+?- �M/ S2i2` lr2`X ǳEB`�ě� 62vMK�M BMi2;`�H
`2/m+iBQM T`Q;`�KǴX AM, *QKTmiX S?vbX *QKKmMX kjy UkyR3V- TTX NNĜRRkX /QB, RyX
RyRefDX+T+XkyR3Xy9XyRkX �`sBp, Rdy8Xy8eRy (?2T@T?)X
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(k8) hBxB�MQ S2`�`QX ǳ6BMBi26HQr, KmHiBp�`B�i2 7mM+iBQM�H `2+QMbi`m+iBQM mbBM; }MBi2 }2H/b
�M/ /�i�~Qr ;`�T?bǴX AM, CQm`M�H Q7 >B;? 1M2`;v S?vbB+b kyRNXd UCmHv kyRNVX /QB, RyX
RyydfD?2TydUkyRNVyjRX m`H, ?iiTb,ff/QBXQ`;fRyXRyydWk6D?2TydWk3kyRNWkNyjRX

(ke) *H�m/2 .m?` �M/ 6�HFQ .mH�iX ǳSQHvGQ;hQQHb ě TQHvHQ;b 7Q` i?2 K�bb2bǴX AM, CQm`M�H
Q7 >B;? 1M2`;v S?vbB+b kyRNX3 U�m;X kyRNVX /QB, RyXRyydfD?2Ty3UkyRNVRj8X m`H,
?iiTb,ff/QBXQ`;fRyXRyydWk6D?2Ty3Wk3kyRNWkNRj8X

(kd) .X J�øÙi`2X ǳ>SG- � J�i?2K�iB+� BKTH2K2Mi�iBQM Q7 i?2 ?�`KQMB+ TQHvHQ;�`Bi?KbǴX AM,
*QKTmi2` S?vbB+b *QKKmMB+�iBQMb Rd9Xj U62#X kyyeV- TTX kkkĜk9yX /QB, RyXRyRefDX
+T+Xkyy8XRyXyy3X m`H, ?iiTb,ff/QBXQ`;fRyXRyReWk6DX+T+Xkyy8XRyXyy3X

(k3) :l._lL >1AL_A*>X ǳa1*hP_ .1*PJSPaAhAPLǴX AM, AMi2`M�iBQM�H CQm`M�H Q7
JQ/2`M S?vbB+b � kjXRy U�T`X kyy3V- TTX R98dĜR93eX /QB, RyXRR9kfbykRdd8Rty3y9ykejX
m`H, ?iiTb,ff/QBXQ`;fRyXRR9kWk6bykRdd8Rty3y9ykejX

(kN) aX "Q`QrF� 2i �HX ǳTva2+.2+, � iQQH#Qt 7Q` i?2 MmK2`B+�H 2p�Hm�iBQM Q7 KmHiB@b+�H2
BMi2;`�HbǴX AM, *QKTmi2` S?vbB+b *QKKmMB+�iBQMb kkk UC�MX kyR3V- TTX jRjĜjkeX /QB,
RyXRyRefDX+T+XkyRdXyNXyR8X m`H, ?iiTb,ff/QBXQ`;fRyXRyReWk6DX+T+XkyRdXyNX
yR8X

(jy) J�`iBDM >B//BM;X .Bz1tT- � J�i?2K�iB+� T�+F�;2 7Q` +QKTmiBM; 62vMK�M BMi2;`�Hb BM
i2`Kb Q7 QM2@/BK2MbBQM�H b2`B2b 2tT�MbBQMbX kykyX �`sBp, kyyeXy88Ry (?2T@T?)X

(jR) hQKK�bQ �`K�/BHHQ 2i �HX ǳ1p�Hm�iBQM Q7 62vMK�M BMi2;`�Hb rBi? �`#Bi`�`v +QKTH2t
K�bb2b pB� b2`B2b 2tT�MbBQMbǴX AM, *QKTmiX S?vbX *QKKmMX k3k UkykjV- TX Ry3898X /QB,
RyXRyRefDX+T+XkykkXRy3898X �`sBp, kky8Xyjj98 (?2T@T?)X

(jk) sB�Q GBm �M/ u�M@ZBM; J�X ǳ�J6HQr, � J�i?2K�iB+� T�+F�;2 7Q` 62vMK�M BMi2;`�Hb
+QKTmi�iBQM pB� �mtBHB�`v K�bb ~QrǴX AM, *QKTmi2` S?vbB+b *QKKmMB+�iBQMb k3j U62#X
kykjV- TX Ry38e8X /QB, RyXRyRefDX+T+XkykkXRy38e8X m`H, ?iiTb,ff/QBXQ`;fRyX
RyReWk6DX+T+XkykkXRy38e8X

(jj) ai27�M q2BMxB2`HX 62vMK�M AMi2;`�HbX kykkX /QB, RyX9388yf�_sAoXkkyRXyj8NjX m`H,
?iiTb,ff�`tBpXQ`;f�#bfkkyRXyj8NjX

(j9) PX oX h�`�bQpX ǳ*QMM2+iBQM #2ir22M 62vMK�M BMi2;`�Hb ?�pBM; /Bz2`2Mi p�Hm2b Q7 i?2
bT�+2@iBK2 /BK2MbBQMǴX AM, S?vbB+�H _2pB2r . 89XRy ULQpX RNNeV- TTX e9dNĜe9NyX /QB,
RyXRRyjfT?vb`2p/X89Xe9dNX m`H, ?iiTb,ff/QBXQ`;fRyXRRyjWk6T?vb`2p/X89X
e9dNX
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(j8) _QK�M LX G22X ǳ_2/m+BM; /Bz2`2MiB�H 2[m�iBQMb 7Q` KmHiBHQQT K�bi2` BMi2;`�HbǴX AM,
CQm`M�H Q7 >B;? 1M2`;v S?vbB+b kyR8X9 U�T`X kyR8VX /QB, RyXRyydfD?2Ty9UkyR8VRy3X
m`H, ?iiTb,ff/QBXQ`;fRyXRyydWk6D?2Ty9Wk3kyR8WkNRy3X

(je) J�`BQ S`�mb�X ǳ2TbBHQM , � iQQH iQ }M/ � +�MQMB+�H #�bBb Q7 K�bi2` BMi2;`�HbǴX AM,
*QKTmi2` S?vbB+b *QKKmMB+�iBQMb kRN UP+iX kyRdV- TTX jeRĜjdeX /QB, RyXRyRefDX
+T+XkyRdXy8XykeX m`H, ?iiTb,ff/QBXQ`;fRyXRyReWk6DX+T+XkyRdXy8XykeX

(jd) h�mb?B7 �?K2/ 2i �HX ǳhrQ@GQQT Z*. *Q``2+iBQM iQ K�bbBp2 bTBM@k `2bQM�M+2 !
j ;HmQMbǴX AM, C>1S y8 UkyR9V- TX RydX /QB, Ry X Ryyd f C>1Sy8UkyR9 V RydX �`sBp,
R9y9Xyyk3 (?2T@T?)X

(j3) *H�m/2 .m?`X ǳ>QT7 �H;2#`�b- +QT`Q/m+ib �M/ bvK#QHb, �M �TTHB+�iBQM iQ >B;;b #QbQM
�KTHBim/2bǴX AM, CQm`M�H Q7 >B;? 1M2`;v S?vbB+b kyRkX3 U�m;X kyRkVX /QB, RyXRyydf
D?2Ty3UkyRkVy9jX m`H, ?iiTb,ff/QBXQ`;fRyXRyydWk6D?2Ty3Wk3kyRkWkNy9jX

(jN) *?`BbiQT?2 _2mi2M�m2`X ǳ6`22 HB2 �H;2#`�bǴX AM, 2/X #v JX >�x2rBMF2HX oQHX jX >�M/@
#QQF Q7 �H;2#`�X LQ`i?@>QHH�M/- kyyj- TTX 33dĜNyjX /QB, ?iiTb,ff/QBXQ`;fRyX
RyRefaR8dy@dN89UyjV3yyd8@sX m`H, ?iiTb,ffrrrXb+B2M+2/B`2+iX+QKfb+B2M+2f
�`iB+H2fTBBfaR8dydN89yj3yyd8sX

(9y) .�pB/ CX "`Q�/?m`biX ǳJ�bbBp2 i?`22 @ HQQT 62vMK�M /B�;`�Kb `2/m+B#H2 iQ a* T`BK@
BiBp2b Q7 �H;2#`�b Q7 i?2 bBti? `QQi Q7 mMBivǴX AM, 1m`X S?vbX CX * 3 URNNNV- TTX jRRĜjjjX
/QB, RyXRyydfbRyy8kNNyyNj8X �`sBp, ?2T@i?fN3yjyNRX

(9R) �M/`2B AX .�pv/v+?2p �M/ CX "X h�mbFX ǳhrQ HQQT b2H72M2`;v /B�;`�Kb rBi? /Bz2`2Mi
K�bb2b �M/ i?2 KQK2MimK 2tT�MbBQMǴX AM, Lm+HX S?vbX " jNd URNNjV- TTX RkjĜR9kX
/QB, RyXRyRefy88y@jkRjUNjVNyjj3@SX

(9k) sB�Q GBm �M/ u�M@ZBM; J�X ǳJmHiBHQQT +Q``2+iBQMb 7Q` +QHHB/2` T`Q+2bb2b mbBM; �mtBHB�`v
K�bb ~QrǴX AM, S?vbX _2pX . Ry8X8 UkykkV- TX Gy8R8yjX /QB, RyXRRyjfS?vb_2p.XRy8X
Gy8R8yjX �`sBp, kRydXyR3e9 (?2T@T?)X

(9j) sB�Q GBm- u�M@ZBM; J�- �M/ *?2M@um q�M;X ǳ� avbi2K�iB+ �M/ 1{+B2Mi J2i?Q/ iQ
*QKTmi2 JmHiB@HQQT J�bi2` AMi2;`�HbǴX AM, S?vbX G2iiX " ddN UkyR3V- TTX j8jĜj8dX /QB,
RyXRyRefDXT?vbH2i#XkyR3XykXykeX �`sBp, RdRRXyN8dk (?2T@T?)X

(99) _QK�M LX G22 �M/ �M/`2B �X SQK2`�MbFvX ǳ*`BiB+�H TQBMib �M/ MmK#2` Q7 K�bi2`
BMi2;`�HbǴX AM, CQm`M�H Q7 >B;? 1M2`;v S?vbB+b kyRjXRR ULQpX kyRjVX /QB, RyXRyydf
D?2TRRUkyRjVRe8X m`H, ?iiTb,ff/QBXQ`;fRyXRyydWk6D?2TRRWk3kyRjWkNRe8X
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