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Abstract

Let F be a totally real number field, r = [F : Q], and 91 be an integral ideal. Let
A(M,w) be the space of holomorphic Hilbert cusp forms with respect to K;(I), weight
k= (ki, ..., k) with k; > 2, k; even for all j and central Hecke character w. For a fixed
level M, we study the behavior of the Petersson trace formula for the Hecke operators
acting on A (M, w) as kg — oo where kg = min(ky, ..., k) subjected to a given condition.
We give an asymptotic formula for the Petersson formula under certain conditions. As an
application, we generalize a discrepancy result (proved in 2020) for classical cusp forms
with squarefree levels by Jung and Sardari to Hilbert cusp forms for F' with the ring of
integers O having odd narrow class number 1, and the ideals being generated by numbers
belonging to Z.

In the second part, we restrict ourselves to classical cusp forms i.e. the case F' = Q.
We obtain a generalization for the discrepancy result in the context of levels (of the form
2% x b with b odd, a = 0,1,2) and the space of old forms. Then we get a similar kind
of lower bound for A\,2(f) for an eigenform f. This is achieved as an application to an

asymptotic version for the Petersson formula.
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Statement of Originality

The main results of this thesis that constitute original research are Theorem 3.1.2, 4.1.1,
4.3.5,4.3.9, 6.0.1, 6.0.3 and 6.1.3.

Lemma 3.0.1, 3.1.1, 3.2.1, 3.2.4, 3.2.5 of Chapter 3, Lemma 4.3.2, 4.3.3, 4.3.4 of
Chapter 4 and Lemma 6.1.1, 6.1.2 of Chapter 6 are original subsidiary results towards

proving the main results.
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List of Symbols

o The sets N, Z,Q,R denote the set of natural numbers, integers, rational numbers

and real numbers respectively.

o Let f, g be two real valued functions. We say

f = Oa,b,C(g)
or
f <<a,b,c g

if there exists C(a,b,c¢) > 0 depending on a,b and ¢ such that |f(x)] <

C(a,b,c)|g(z)| for all z. If C'(a,b,c) is an absolute constant then we write

f=0(9)

or

f<y.
o Let f, g be two real valued functions with g # 0. We write f = o(g) if

lim @ = 0.

00 g ()



Contents

For a set A with finite elements, |A| denotes the cardinality of A.

Let ||z|| denote the usual Euclidean norm of x € R" for » € N. This means if
x = (r1,...,x,), then ||z|| = /23 + - - + 22.

The dimension of the vector space F' over Q is denoted by [F': Q.

For a natural number n, ¢(n) denotes the number of natural numbers less that n

that are coprime to n.

Given n € N, u(n) denotes the mobius function evaluated at n.

For a square matrix g of order n, det(g) denotes the determinant of the matrix g.
Given a set S and a function f defined on S, f(S) = {f(s) : s € S}.

Given n € N, d(n) or 7(n) denotes the number of positive divisors of n.

Given a,b,c € N, (a,b) denotes the ged of a and b. Similarly (a,b,c) denotes the
gcd of a,b and c.

For m,n € N, 6(m,n) =1 if m = n otherwise, d(m,n) = 0.
Sk(IN) denotes the space of cusp forms of even integer weight k£ and level N.
Sk(N)* denotes the space of newforms with weight k& and level V.

e(r) = €™ for a given z € R.



Introduction

Let Sg(NN) denote the space of cusp forms of even integer weight k£ and level N. Let
dim(Sk(N)) denote the dimension of the vector space Si(NN). The n'® normalised Hecke
operator acting on Si(INV) is given by

(55

1
d*
ad=n,d>0 b(mod d)

for (n, N) = 1. Let Fx(N) be an orthonormal basis of Si(/N) consisting only of joint
eigenfunctions of the Hecke operators T, with (n, N) = 1. For f € Si(N), we have

Fourier expansion of f at the cusp oo which is given by
- b=l orinz
f2) = an(fn = ™=
n=1

Let \,(f) be the n'® normalised Hecke eigenvalue of f i.e. T,(f) = A\.(f)f. Let Sp(N)*
be the space of newforms with weight k and level N. Let T}, be the restriction of Hecke
operator T, from Si (V) to its subspace Sk(N)*. Let F(N)* be an orthonormal basis of

Sk(N)* consisting only of joint eigenfunctions of the Hecke operators T,.
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1.1 Discrepancy results for \,(f)

Definition 1.1.1. Let u be a probability measure on [a,b]. A sequence of real numbers
x, € |a,b] is equidistributed with respect to the measure p if for any [a/, 0] C [a, b],

{m<n:a,€ld bV} _ ¥ dp.

a

lim
n—oo n

Definition 1.1.2. Let x be a probability measure on [a, b]. A sequence of finite multisets
A, with |A,| — oo as n — oo are equidistributed with respect to the measure p if for

any [a',0] C [a, ],
_Jte A, teld V] ¥
L A = o

Let us consider the Sato-Tate measure given by

1 2
wolz) = —y/1— =
Hoo () - 1

if x € [-2,2]. In 2011, Barnet-Lamb, Geraghty, Harris, and Taylor proved the following
equidistribution result ( [BLGHT11]) for a non-CM newform in Si(N)*.

Theorem 1.1.3 (Barnet-Lamb, Geraghty, Harris, and Taylor). Let f € Fi(N)* be a fized
non-CM newform. The sequence {\,(f) : p prime, (p, N) = 1} is equidistributed (see
5.1.1) in [—2,2] with respect to the measure fis.

In 1997, Serre considered a vertical Sato Tate conjecture by fixing a prime p and

varying N and k. Consider the measure given by

1ip(2) =2t (-5 = prl oo (2)
’ T (VPHVPTT)? =2t (VPP -t
if 2 € [~2,2).

Theorem 1.1.4 (Serre). Let p be a fized prime number. If N+ k; — oo with (p, N;) =1
and k; even, then the sequence of multisets {\,(f) : f € Fi,(N1)} are equidistributed (see
5.1.2) in [—2, 2] with respect to the measure ji,.
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The study of the vertical distribution of Hecke eigenvalues A,(f) where p is a fixed
prime and f varies over suitable cusp forms goes back to the work of Sarnak [Sar87], who
derived the above law in the context of Maass cusp forms. Theorem 1.1.4 for the case
N =1 was also proved by Conrey, Duke, and Farmer [CDF97|. The generalization of

Theorem 1.1.4 for the space of newforms Si(N)* was also proved in [Ser97]. Let

e = S 2

FETR(N)

and

PEN = oo O, (1
kN dlm(Sk( fe;;(N)

where 0, is the Dirac measure at x.

Definition 1.1.5. Let iy and po be two finite measures on a compact set 2 C R. The

discrepancy between p; and po is given by
D(pa, p2) = sup{|pa(I) — po(D)] : I =la,b] C Q}.

The discrepancies D(ux,n, p1p) and D(uj, v, f1,) have been well investigated ( [Gol04],
[MS09], [MS10]). In [Gol04], the bound

1
Pt ) =0 )

was obtained for any € > 0 in the special case when N = 1 and k is a positive, even
integer. The above bound was sharpened and generalized in [MS09] for any positive N
with (p, N) =1 as follows:

Dt sty) = O <1og1m> | (1)

A similar upper bound can also be obtained for D(uj v, ). In [MS10], the following

bound was obtained:

. B 1
Dl i) = O ) (1.2)

The discrepancy bound in (1.1) was extended to Hilbert modular forms by Lau, Li, and
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Wang in [LLW14].

A natural question to ask in this context is whether one can get a lower bound for
the discrepancies D(fux,n, ttp) and D (g, y, ptp). For a fixed squarefree level N Jung and
Sardari [JS20], obtained a sequence of weights k,, with k,, — oo such that

. 1
D(pg,, n Hp) > —4——— (1.3)

3 log? ky,
Firstly, they consider the following weighted variants of yy y and jij; -

For f € Fx(N) (respectively F(N)*), define

T
- (47.()1971‘ 1(f)| )

and

Hk(N)* = Z wy.
JEFR(N)*

Further, for any interval I = [a,b] C [—2, 2], define

Y wrdnp(D),

FeTL(N)

and
1

VZ,N(]) = Hk(N>*

Y widp() (1.4)

JETL(N)

Before proceeding we would like to introduce the concept of weak convergence of mea-

sures.

Definition 1.1.6. Let () be a compact subset of R. A sequence of probability measures

11, converges weakly to a measure i if for every continuous function f on 2,

/Qfdﬁn—>/ﬂfdﬁ.
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Theorem 1.1.7. Let x,, € [a,b] be a sequence of real numbers and

The sequence x,, is equidistributed with respect to the measure p if and only if i, converges

weakly to p.

Remark 1.1.8. By virtue of the above theorem, we see that the notion of equidistribution

of a bounded real sequence x,, and weak convergence of an associated counting measure

are equivalent.

In [JS20], Petersson’s trace formula is used to show that both vy and v \ converges
weakly to ps as k+ N — oo with (p, N) = 1. Equivalently, for any continuous function
g:[-2,2] - C,

1 2
lim > wrg() = [ ol@) dse(a),

s HeN) ey ’ -

and . )
lim S w0 = [ 9@ dp(o)

e He(N)" peiin ’ -2

k even
Then for a fixed squarefree level N, Jung and Sardari obtain a sequence of weights k,
with k,, — oo such that

D(V;;n,NapJoo) > 1 (15)

ki log® k,
We now look at the following questions that naturally arise from the above theorems.

Problem 1. Can one also extend the above discrepancy results of [JS20] to Hilbert

modular forms?

This problem is addressed in Section 3 of Chapter 4. A result like equation (1.5) is
obtained with the help of an explicit asymptotic version of the Petersson trace formula

(Theorem 5.1.7), which is an important ingredient in [JS20]. This motivates us to get
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an asymptotic version of the Petersson trace formula analogous to Theorem 5.1.7 in the

context of Hilbert cusp forms.
Problem 2. Can we generalize Theorem 5.1.7 for the setting of Hilbert cusp forms?

We address this problem in Section 2 and Section 3 of Chapter 4.

1.2 Discrepancy results for higher prime powers

The vertical Sato Tate Theorem (Theorem 1.1.4) talks about the distribution of A, (f)
for a fixed prime p. The following theorem talks about the distribution of eigenvalues
A2 (f) for a fixed prime p. Let

p+1 1 3—1

) e P Ve

if z € [—1,3]. In 2009, Omar and Mazhouda using Lemma 5.2.2 showed the following

equidistribution result.

Theorem 1.2.1 (Theorem 1, [OMO09)]). Let p be a fized prime and k > 0 a fized even

integer. Then the sequence of multisets

{(A2(f))pegiivy = N €N}
are equidistributed in [—1, 3] with respect to the measure fi,2.

The distribution for (As(f)), (Apa(f)) and (Apr(f) — Apr—2(f)) for » > 2 has been
addressed by Tang and Wang in [TW16].
Let

::7 6
Hi, N2 a4 (Sk( Z Ap2(f

fegk

and

Hi N2 = W Z 5A2(f

fETLN)
We now consider the discrepancy between the following measures. The discrepancies

D(uj. n.2s Hp2) have been well investigated in [TW16].
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Theorem 1.2.2 (Theorem 1, [TW16]).Let N = 1. Then we have D(u y.o, tp2) =
O((logkN)‘1>.

Consider the following weight variants of py y2 and pj v, analogue to variants in
(1.4). Let

'k -1
Vg, N2 ‘= ém,f_l) Z |a1(f)|25/\pz(f)’
feTL(N)
. 'k -1
VeN2 = (Elﬂ.)k—l) > la(HPos L)
FETL(N)
Let us consider the measure
1 /3—x
oo () = o\ 14+

for # € [—1,3]. One can use Petersson’s trace formula to show that both 1y o and
Vi N converge weakly to i o for any fixed even weight k and N — oo with (p, N) =1
(see [OMO09, Theorem 3)).

Problem 3. Can one get a discrepancy result like equation (1.5) for A\2(f) as well?

Theorem 6.1.3 gives us the required discrepancy result for D(vg n 2, floo2). This
is basically a generalization of Jung and Sardari’s lower bound for the discrepancy
D(vg N2, Itoo2)- This again necessitates the use of an asymptotic version of the Petersson

trace formula that is analogous to Theorem 5.1.7.

Problem 4. Can we generalize Theorem 5.1.7 for classical cusp forms with a better error

term? Can we include more levels along with N squarefree?

We answer it partially. More precisely, for level 1 we get a better error term. Our
result includes levels for which 8 4 N. Theorem 6.0.1 and Lemma 4.3.7 addresses Problem
4. This has been discussed in Chapter 6.

1.3 Kloosterman sums

We dedicate Chapter 3 to discuss Klooosterman sums specifically as the main term in
the asymptotic we obtain contains a Kloosterman sum. The nonvanishing of Klooster-

man sums plays an important role in obtaining an asymptotic discussed in Problems 2
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and 4. Along with the nonvanishing of the Kloosterman sum, an upper bound of the
Kloosterman sum is also necessary for the estimation of the Petersson trace formula. The

following lemma for the Kloosterman sum for number fields due to Knightly and Li is
helpful.

Lemma 1.3.1 (Knightly, Li). Let my,my € 01, n € O nonzero and ¢ € NN AL,. Then
| St (M1, m2; 15 )] < Nm(n)Nm(c).

Problem 5. Can we get a sharp bound for local Kloosterman sums as given by Lemma

1.3.17 Can we get an upper bound like Weil bound for classical Kloosterman sum?

Theorem 3.1.2 gives a partial answer to the above problem. We also discuss the

nonvanishing aspect of Kloosterman sums in Chapter 3.

Organisation of chapters

The first chapter contains an overview of thesis problems with background and organi-
zation of chapters.

In the Second Chapter, we recall the setting of adelic Hilbert modular forms. In the
third Section, we discuss Hecke operators. The last Section is dedicated to Petersson’s
trace formula.

The Third Chapter is entirely dedicated to Kloosteman sums. We provide a sharp
upper bound for local Kloosterman sum. The non-vanishing of Kloosterman sum plays
an important role in subsequent chapters. Therefore results concerning non-vanishing
have also been included in the chapter. The upper bound has been discussed in the first
Section and nonvanishing has been discussed in the second Section of the third Chapter.

The primary content of Chapter four is to derive an asymptotic version of Petersson’s
trace formula for the space A (91, w) (see Section 2.2). This has been obtained in Section
one of Chapter four. As an application, we prove an analog of a discrepancy result proved
by Jung and Sardari in 2020. This has been achieved in Section 3.

Chapter 5 discusses equidistribution results concerning the eigenvalues of Hecke op-

erators. In Section 2 of this chapter, we discuss equidistribution and discrepancy results

for Ap2(f) with f € Sip(N).
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In Chapter 6, we stick to the base case of F' = Q. We start with an asymptotic formula
for Petersson’s trace formula with a better error term. Then in the First Section, we find
a sequence of weights for which the lower bound for the discrepancy D (vg n 2, oo 2) holds.

Finally, in the last section, we discuss future problems to work on.



2

Adelic Hilbert modular forms

In this chapter, we recall some basic facts about Hilbert modular forms and the Petersson
trace formula in this setting. Section 2.1 discusses the basics required for Hilbert modular
forms. Section 2.2 and Section 2.3 defines Adelic Hilbert modular forms and Hecke
operators respectively. Section 2.4 contains a brief introduction to the Petersson trace

formula and its applications that will be useful in a later chapter.

2.1 Review of basics

Let F' be a totally real number field and r» = [F' : Q]. Let the distinct real embeddings be
given by o1, ..., o,. This means for each j, o; is an injective field homorphism such that
o;(F) C R. Let O be the ring of integers of F' and F'* = F'\ {0}. We denote the group of
units of O as O*. Let F* ={x € F : o;(x) > 0 for all i}. Now we state Dirichlet’s unit
theorem for a totally real field.

Theorem 2.1.1. Let F be a totally real number field and r = [F : Q]. The group O* is
isomorphic to Z/2Z x Z" 1.

Proof. For a proof, refer to [Neu99, Chapter I, Theorem 7.4]. Since F' is a totally
real field, the roots of unity that lie inside F' are 1 and —1. Furthermore, F' has r real

embeddings and no complex embedding which proves the claim. [

12
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Given an abelian group A which is finite with A := A/A? and |A| = 2%, we define
dimy(A) == a. We let U = 0*/(0*)? = O*. Note that U is isomorphic to (Z/2Z)".
This can be seen by the group homomorphism g : Z/2Z x Z"™~' — (Z/2Z)" given by
g((ar,...,a,)) = ((=1)*,...,(=1)*) with application of first isomorphism theorem.
Let {ui, ...usr} be a fixed set of representatives of U. A fractional ideal I of O is an
O-submodule I of K such that there exists nonzero t € O with tI C O. Let Pr denote the
set of all principal fractional ideals which consists of O- submodule I of K generated by
a single nonzero element from K. The ideal class group C' of F' is defined to be the group
of fractional ideals(/z) modulo the principal fractional ideal Pp i.e. C = Ip/Pr. Let P
be the subgroup of Pr consisting of ideals of the form a© with @ € F*. The narrow class
group CT of F is given by C' = Ir/P{. The class number and narrow class number are
defined to be |C| and |C™| respectively. Let [a] denotes the image of fractional ideal a in
C.

Let v = v, be the discrete valuation associated with the prime ideal p in O. More
precisely, v : F* — Z given by v(z) = n where 2O = p"a with p 1 a. The local field
F, is the completion of F' with respect to the metric induced by the norm given by
|z|| = p~@ for z € F*. Let O, be the ring of integers in the local field F,. The Adele
ring of F is a subring A consisting of tuples (a,) such that a, € O, for all but finitely
many v. We denote the finite adeles as Ag, which consist of tuples (a,), € [], <o F, such
that a, € O, for all but finitely many v. We have A = F, X Ag, where F is isomorphic
to R". The ideles A* are the units in the ring A. The finite ideles A}, denotes the group
of units of Agy, so that A = FX x Az, For the case ' = Q, we refer the reader to section

5 of [KLO06] for a concise introduction to adeles and ideles.

We will use the hat notation for considering non-Archimedean valuations. For in-

stance, we let O =11 O,. Similarly for a fractional ideal a, a = [[,.c 0, = a0. We

rv<oo
use the notation ord, (a) and a, for its order and localization at the valuation v. We have

a, = wgrdV(“)O,, where w, is a generator of the maximal ideal p, = p0O, i.e. p, = w,0,.
Let Ff C F be the collection of vectors whose entries are all positive. The inverse
different ideal is given by 0! = {z € F : Tr{(z0) C Z} Let 07! = o' N F* and
Ut=UnF+.
Now we consider an equation in the ideal class group which will be helpful in subse-

quent chapters. An integral ideal I is a fractional ideal I C O. For a fixed integral ideal
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n, consider the following equation

[6)%[n] = 1. (2.1)

The solutions b; can be taken as integral ideals. Since the ideal class group is finite, the
number of solutions for the above equation is also finite. Now we will see an example of

solutions to the equation.

Example 2.1.1. Let F' have class number 2. Then the equation (2.1) has a solution if
and only if n is a principal integral ideal. In the case of a solution existing, the solutions

can be taken as b; = O and by to be any non-principal integral ideal.

Example 2.1.2. Let F' have an odd class number. The equation (2.1) has a unique

solution.

Proof. For proof, we refer to [KL08, Example 5.16]. [J

2.2 Adelic Hilbert modular forms

Let 9t be an integral ideal and k = (ky, ..., k) where k; are positive integers with k; > 2.
Let w : F*\A* — C* be an unitary Hecke character (see section 12.1 of [KLO0G6]).
We have w = [][,w, where w, can be defined as follows. Let x € A* be given by
r=(1,...,2,,...,1,...) such that x, € F,,. Then w,(z,) = w(z). For infinite valuation
and j = 1,...,7, define wy, () = sgn(x)". We further let the conductor of w divide .
This means that w, is trivial on 1 4 91, for all p|9N, and unramified for all p 1 N.

Let G = GLy/Z(GLy) where Z(GLs) is the centre of GLy. Let L?(w) = L*(G(F)
\G(A), w) denote the space of left GLy(F) invariant functions on GLy(A) which transform
by w under the center and are square integrable on G(F)\G(A). Let L2(w) be the subspace

of cuspidal functions.

Let Kg, denote the maximal compact subgroup of GLy(Ag,). We have

K = [[ K, = [ GL2(0,) = GLy(0).

v<oo v<oo
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Given an integral ideal 9, we now define the groups Ky (1) and K;(N).

Ko(M) = { (“ 2) € Ko
Ki(M) = { (Z 2) € K

Note that Ky(91) and K;() are analogues of I'g(N) and I'y(N) with level N for the
classical setting of ' = Q. Let Ay(M,w) be the set of ¢ € L3(w) satisfying the given

three conditions.

ce‘ﬁ@}

and

cemé,del+m©}.

1. ¢(gksn) = ¢(g) for every kg, € K1(N),
2. ¢(gkoo) = [Ty €% ¢(g) for all ke = [1; ko, € Koo = SO,(R)",

3. For any fixed x € GLy(A) and for all j, the function goo, = ¢(7g,) is annihilated
—1

1
by R(E~), where E~ = ( -
_Z j—

) € GLy(C) and R denotes the right regular
action of G Ly(F,).

In condition (2) above, §; are such that

SO5(R)" — ﬁ {( cos 0; sinej) 0, c R}.

i1 | \—sind; cosb;
For details, see Proposition 12.5 and Theorem 12.6 of [KL06].
Theorem 2.2.1. Let ¢ € Ap(M,w). Then ¢ is a continuous function on GLy(A).

Proof. For a proof, we refer to Lemma 3.3 of [Li09]. OJ

Theorem 2.2.2. The space A(IM,w) is a finite-dimensional vector space.

Proof. The space Ax(M,w) is finite- dimensional by a general theorem of Harish-
Chandra. We refer the reader to the first chapter of [HC68| (see also [BJ79]) for a
proof. [J
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Definition 2.2.3. Let 6 : A — C* denote the standard character of A. Concretely,
9(1’) - 000(x00> ’ Hl/<00 0,,(33,/), Where

1. Oy : Fyy — C* is defined by 0o (240) = e 2™@1H+20) with 2, = (11, ...,7,), and

2. for v < o0, 0, : F, — C* is given by 0, (x,) = e?™(™(@)) Here Tr,(x,) is obtained
by composing the following maps: Trq, « £, = Qp, going modulo p-adic integers:
Q, — Z,, and identifying Q,/Z, with Q/Z. More precisely, let

TrQ;(:cl,) = Z anp"

n=ng

where ng € ZU {o0}, an, #0, (p) =pNZand 0 < a, < p. Then

-1

TI‘,/(ZL’V) - Z anpn'

n=ng

The map 6, is well-defined since e?™% = 1.

Note that the kernel of 0, is the local inverse different 0! = {z € F, | Trg!(2) € Z,}.
Let m € 07! and ¢ € Ai(M,w). The mth Fourier coefficient of ¢ is given by W¢

— 1
as in [KLO8, §3.4]. Consider the unipotent subgroup N = { ( j) } of GL,. For any

g € GLy(A), the map n — ¢(ng) is a continuous function on N(F)\N(A). We have a
Fourier expansion that is

¢<(1 f) 1) =y X, Wit

The coefficients are Whittaker functions given by

Wilo) = [ M((l ”1”) g)e<mx>dx. 22)
W;'z(y):vv:;((y 1))

For y € A*, we have
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When y € Af,, we identify A with {1} x AZ, C A*. Let n be an integral ideal coprime
to the integral ideal M. Let ¢ be an eigenvector of the Hecke operator T, (see section
2.3), then let Tho = Ay(¢)o. Let {ai,...,a,} be a basis of O as a Z module. The
discriminant of the number field F' is equal to the determinant of the matrix M = (m;;)
where m;; = o0;(a;). We denote the discriminant of F' as dp. We now recall the following

result which we use later.

Lemma 2.2.4 ( [KLO08, Cor. 4.8)). Let d € A%, such that dO = d and (md, M) = 1. Then
for any Thy-eigenvector ¢ € Ap(M,w) with WP (1/d) =1 and Thad = Amat, we have

e27rr ngl oj (m) (kj/2)—1

dFGQWTrg(m)

We() = Ama-

Lemma 2.2.4 gives a relation between a Fourier coefficient and an eigenvalue of the

Hecke operator.

2.3 Hecke operators

Let g € G(R). For det(g) > 0 let

k=1 (det()) ¥ (20)"

Joll9) = "5 =0 + (a + i)

and f,(g) = 0 otherwise (see [KL0O6, Theorem 14.5]). We have f., is integrable over

G(R) for k; > 2 (see [KLO06, Proposition 14.3]). Let

foo = ljfooj-

For non-archimedean valuation, we proceed as follows. Let n,,91, be two coprime

integral ideals in O, and

M(ny,9%,) = { (Z 2) € My(0,) : c € My, (ad — be)O, — ny}.
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b
Suppose v | N and g = (a d) € Ko(M), where
c

c

Ko(M) = { (a Z) € GLy(0,)

cE ‘ﬁy}.

Then we let w,(g) = w,(d). We observe that w, is a character of K(9),. Let m €
M(n,,D,). We now define f,, as per condition v | Dt or v . Let z € F*. When v { N,
take fy, (zm) = (w,(2))"'. When v | M, take f,, (zm) = »(N,)(w,(2)) " Hw,(m))~! where

$(M,) = (Nm(p))or OV (1 + Nri(p))'

Now we define the global Hecke operator for an integral ideal n that is coprime to
the integral ideal . Let f, be defined on Ag, such that f, = II, f.,. Note that f, is
bi- K4 (M) invariant and supported on A M (n, M) with M (n,N) = [T, <00 M (n,,N,).

v<oo

Proposition 2.3.1. Let z € Aj, and g € GLy(Agy,). Then

fa(29) = (wan(2)) ™ fulg)-

Let f € L'(GLy(A),w™) and ¢ € L?(w). The right regular action R of f on L*(w) is
given by
R()(@() = [ flg)(ag) dg.

G(A)

We define the operator T, := R(fs X fu) on Li(w).

Theorem 2.3.1 ( [KLO8|,Proposition 4.1). Let fo be defined as earlier. Let fa, be a
bi-K1(N) invariant function on GLa(Agy) satisfying fan(29) = (wan(2)) ™ fan(g). Further
let the support of fan be compact modulo Af,. Then R(f) vanishes on the orthogonal
complement of Ar(M,w) in L*(w) and its image is a subspace of Ap(M,w).

Proof. For a proof, we refer the reader to [KL0O8, Proposition 4.1]. [J

By virtue of Theorem 2.3.1 and Proposition 2.3.1, T, can be viewed as an operator

on the space Ai(MN,w).

Proposition 2.3.2. There exists an orthogonal basis for Ax (M, w) consisting of eigenfunc-
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tions for the Hecke operator T,,.

Proof. The vector space Ag(IM,w) is finite-dimensional. The result follows from apply-
ing Theorem 7.4.1 of [MDG15] to the commutative ring of Hecke operators acting on
Ak (‘ﬁ, (U). 0

2.4 Petersson’s trace formula

Recall that n is an integral ideal coprime to the integral ideal 1. Petersson’s trace formula
gives us a weighted orthogonality relation between Fourier coefficients of an eigenfunction
for the Hecke operator T,. The formula under special cases yields a weighted formula for
the trace of the Hecke operator T, (see Corollary 2.4.4, Proposition 5.1.1 and Theorem
5.1.5). Note that Corollary 2.4.3 of the formula also gives us a weighted orthogonality
relation between eigenvalues of an eigenfunction for the Hecke operator Tj,.

Before we get to Petersson’s trace formula, we define Kloosterman sums, first locally

and then globally. For any finite valuation v of F, let n, € O, \ {0} and my,, ms, € 0,%.
For ¢, € M, \ {0}, we define a local Kloosterman sum by

Swy (77111/7 Moy Ny} Cu) — Z 6,, <m1y51 + m2y52)wy($2)1- (23)

C
31752€ou/cuou v
s189=n, mod ¢, O,

The sum is equal to 1 if ¢, € 0. Let n € Q) NAZ,, c€ ‘)A?ﬂAffn, and my,my €071,

Swm(mth;n; c) — Z Qﬁn<,rn181+7n282>wm(82)1

PN C
$1,52€0/cO
s182=n mod )

where

wy, if v|MN
1, ifvtd
Also, let

Wy = mevV = Hwy.

v|N
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We have the following relation between the global and local Kloosterman sums,

Swm (mla ma;n, C) = H Swmyl, (mlm Moy; My Cl/)' (24>

v<oo

Note that the product over all finite valuations is well-defined because ¢, € O} except

for finitely many v.

We encounter the J-Bessel function of the first kind in the Petersson trace formula.
The Bessel functions of the first kind J,(z) for a > 0, can be defined by the following

power series representation

i y+1( (1a)j+j+1) (g)aw’

where I'(x) denotes the Gamma function evaluated at x. For our purpose, we will need

various estimates of the J-Bessel function which we recall in the next lemma.

Lemma 2.4.1. We have the following estimates of the J-Bessel function.
(i) Ifa>0 and 0 < x < 1, we have

x*J,(a)
(77) 0 < Ju(a) < i% as a — oo.
(ii7) If |d| < 1, then
1 1
—T K Ja(a+da%) < —.
a3 a3

(iv) For x € R and a > 0, |J,(x)] < min(ba , c|z|T) where b = 0.674885... and
c = 0.7857468704... .
(v) For % < x < 1, we have the following uniform bound

1
(1 — 22)/4a1/2

Ja(ax) <

We refer to [JS20, Section 2.1.1] for the Lemma except for Lemma 2.4.1 (iv). For
Lemma 2.4.1 (iv), we refer to [Lan00, Section 1]. It is worth noting that Lemma 2.4.1

(iii) is important for finding a lower bound for Theorem 4.1.1. The geometric origin of
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Lemma 2.4.1 (iii) has been discussed in [JS20, Section 5].

In 1932, Petersson expressed a weighted sum of a,,(f)a,(f) over f with f € Si(N)
in terms of the Bessel function and a Kloosterman sum (see [Pet32]). This is the first
relative trace formula, about 22 years earlier than the unweighted trace formula which
was proved by Selberg [Sel56] in 1956. In 2009, Knightly and Li obtained the following
generalization of Petersson’s trace formula in the Hilbert modular forms setting for the

space Ag(M,w).

Theorem 2.4.2 ( [KLO8, Thm. 5.11]). Let n and N be two coprime integral ideals. Let
k= (ki,...,k;) with all k; > 2. Let F be an orthogonal basis for Axy(M,w) consisting of

eigenfunctions for the Hecke operator Ty. Then given my,mo € 0, we have

R (k; — 2)! Aa(@)WS (1) Wiy (1)
o) {H@WW)]? EE
= T(my, my,n) drNm(n)
- Tom(ma/s)wr(s)

¢
+>0 > {Ldf(Sbi_l)Swm(mlamQ;niUbi_2; sbi ')
b.0t/+
s#0

\/Nm(n;u) y 11[ o ; 4m\/oj(niumyms)
Nm(s) 5 (V=D "0 o5 (s)] '

X

o where T(ml,mg,n) is 1 if there exists s € 971 such that myms € sO with mymoO =

s*fi, and 0 otherwise,
o U is a set of representatives for OX/OXz,

e 5,0 =05, for b; fori=1,...,t, where the b; are distinct solution(s) of the equation
[b]2[n] = 1 in the ideal class group of F,

o 1; € F generates the principal ideal bn,
* Wm = Hv|9’l Wy Hv{‘)’t 1;

e and, (M) = Nm(N) [T (1 4 Nri@)
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Corollary 2.4.3 ( [BDS23], Corollary 6). Let d € At such that dO =9d. Let my, my € 07"
such that (my0, M) = (msd, M) = 1 with W (1/d) = 1 for ¢ € F, where F is an orthogonal
basis for Ax(M,w). Then

647W k _2 /\m10<¢))‘m20(¢) G 2 M. M dFNm(n)
@/)(‘ﬂ)d%\/Nm(mlmz)[l;[ 4m)* L;? 1l =T, 2’O)wm(m1/s)wf(5)

t .
> > {Wf(Sbil)Swm(mhmg; niub; ?; sb;l)w

i=1 uelU sebN/+
Ay /o (niumams)
H Jk._l :

nuEFT 540
|75(s)

Proof. This corollary is proved by substituting the expressions for W2 (1) and W2 (1)
obtained from Lemma 2.2.4 into Theorem 2.4.2. To see this

27 " 10 (ml)(kj/2)—1

dF627rTrQ (m2)

W, (1) = Amia(9)

and
e2nr H§:1 oj (mg)(kj /2)—1

¢ (1) —
Wm2 (1) dFe27rTrg(m2)

)‘mzb (gb)

Multiplying the first with the conjugate of the second one, we get

A7r 1T

e O'j(mlm2)(kj/2)71

W?ﬁl(l)wﬁm(l) = C;;;QWTrg(mlerg) )‘m1b(¢))‘m20(¢)
F
647”’ T,: O"(m mQ)((kjfl)/Z) -
e — Ao (@) Ao ().

= F
d% \/ngl oj(mimg)e™ (matomz

Thus we have

27rTr5 (m1+ms2) . — e47r7“ -
Wm1(1)Wm2(1) - )\mlb(¢)>\mgb(¢>

d%/Nm(mymsy)

e
ngl ofi (mlmQ) ((kj—1)/2)
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Corollary 2.4.4. Let p be a prime ideal coprime to the level N. Let k = (ky, ..., k) with all
ki >2 and £ > 0. Let F be an orthogonal basis for Ap(M,w) consisting of eigenfunctions

for the Hecke operator T,.. Then, given m € Djrl, we have

= (dmo(m))ht | S Il

emo(m)[ﬁ (k; ~ 2) }me)\wmlﬂ?:f(mm’pz drNm(p')

Y Y Y {“’Asbi1>sm<m,m;mubz-2;sbf>Nm(sj

i=1 wueU sebN/+
" ﬁ 27 7 drlo;(m |\/ oj(niu
e\ T

mueF 8750
(s)]

Proof. We obtain this corollary by taking n = p’ and m; = my = m in Theorem 2.4.2.
O
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Non-vanishing and bounds on Kloosterman sums

In this chapter, we discuss the nonvanishing of Kloosterman sums and a conditional
upper bound for a local Kloosterman sum. The non-vanishing of a Kloosterman sum is
an integral part of obtaining an asymptotic formula like Theorem 4.3.5. More precisely,
for finding a lower bound for the main term in Theorem 4.3.5. The conditional upper
bound is not used in deriving the asymptotic formula. However, the result gives a better
bound as compared to the bound given by Lemma 6.1 of [KL0O8] whose proof essentially
uses triangle inequality. Section 3.1 contains results regarding an upper bound for a local
Kloosterman sum and Section 3.2 contains results about the nonvanishing of the classical
Kloosterman sum.

In 1926, Kloosterman sums were introduced as an application to solve the following
problem. Given natural numbers a,b, c¢,d and n, Kloosterman obtained an asymptotic
formula in [K1027] for the number of representations of n in the form az?+by*+ c2? + dt*.

Given integer m,n and a natural number ¢, the Kloosterman sum is defined to be

S(m,n;c) = > e(m)

z(mod c),ged(z,c)=1 ¢

where 7 denotes the multiplicative inverse of  modulo ¢ and e(z) = €*™*. The sums for
the special case of m = 0 or n = 0 are called Ramanujan sums. Kloosterman sums also
appear in the Kuznetsov trace formula along with Petersson’s trace formula. Therefore

estimates for Kloosterman sums are important to consider. In 1948, Andre Weil [Wei4§]

24
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gave a sharp bound for S(a,b,p) where p is a prime number. By the multiplicativity

property of Kloosterman sums, the bound is enough to show

|S(m,n,c)| < 7(n)y/ged(m,n,c)v/e. (3.1)

A slightly stronger bound is given by equation (2.13) of [ILS00]. For squarefree N, the

main term in Theorem 5.1.7 is

27m'_kﬂ 111 = p™) Tk (dm/mm).

N pIN
Note that pu(N) = S(1,0, N) (see equation (3.4) of [IK04]) which is nonzero if and only
if N is squarefree. Thus in order to have a Kloosterman sum as the main term, we need

to ensure the nonvanishing of that particular Kloosterman sum.

The definition of local and global Kloosterman sums for the totally real field F' is
given by equation (2.3) and (2.4). We start with a lemma for the nonvanishing of a

Kloosterman sum satisfying certain conditions.

Lemma 3.0.1 ( [BDS23], Lemma 13). Let N = 5O with 5 € N, 5 be squarefree and wy
be trivial. Then
Sty (M1, m2; 15 8) # 0.

Proof. We prove the lemma in two steps. Consider the prime factorisation of the ideal
50 = Hf;l p; for distinct prime ideals p;. Let v; be the valuation for the prime ideal p,
and p; = p; N Z. The first step shows,

e(Tr(le’SI + m2u182>) c Z{eiﬂ.
w,

1

In the second step we use this fact and method of contradiction to prove the claim.

Step (1). Note that

Sum(mi,me; 1;8) = [[ Sum, (M1, may; 1; (50),,).

v<oo
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If @,, is a generator of the maximal ideal (p;),, = p;0,,, then we get

t/

H Swm,,, (m11/7 May; 1; <§O)V) = H Swm,,,l (mlula m21/l; 1; wul)-

v<oo =1

We have (p;) = p;NZ and p,O = p; Hflzl q; for distinct ¢;. We have
plol/l - ploljl - wl/lol/l'

Hence,

M1y, S1 + Moy, So
Swm,ul (mlljp May,; 17 wl/l) = Z 9,,1 <

w
sl,szeoul/wyl(f)ul vi
SlSQEl(mOd)le Oy,

_ Z . (Tr<m1u,51 + m21/132>)
Wy

51752Eoul/wuloul l
s152=1(mod)wy, 0y,

where e(z) = €™, Consider the following

P
. (Tr(mlylsl + m2y182>)] e (pl _ Tr(mlylsl + m2ul82>)
wl/l wl’l

= e(Tl“(pl My, St + m21/152>) — (Tr<m1ylp181 + mQlel32>)
Wy,
— (Tr<m1ulp181)> ( (mgylpl81>)
Wy Wy,

However p,0,, = @,,0,, imply that both <m1;lpm)a (m%p152> belong to local inverse

vy Wy

different. Since 6, is trivial on the local inverse different, we conclude

D
€<Tl"<m1w81 + m2u132)>] _ 1
w,,

2mi

Step (2). Suppose Seow, (m1y,, May,; 1;w,) = 0. Note that Z{el’l} is isomorphic to

2mi

Z[x]/(®p,(x)) where e 7 gets mapped to x + (®,,(x)). Further more Z[x]/(®,, (z),p) =
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Z[z]/((x — 1)”,p;) by Exercise 8 of section 13.6 of [DF04]. Consider the ring homomor-
phism given by

Z[x][(®y, () = Z[2]/((z = D)™, 1) —= Z[2]/((x = 1), 1) = Fp,

where

T+ (Ppy () = 2+ (2 = D), p) = 2+ (2= 1), )

=l+x—-1+{(z—-1),p)=1+((z—=1),p) — 1L

27

Thus e » gets mapped to 1 via the ring homomorphism. As shown earlier in step 1,
27
e(Tr(W)) lies in Z epl} Hence e<Tr(m1”lsl:m2”52)) gets mapped to 1 via
Yl Yl
the ring homomorphism. This implies that S, ,, (m1y,, May,; 1;w0,) will get mapped
to plf —1=-1¢€ F, with ’Ow/wleyl

contradiction as the image of Swn,ul (mi1y,, May,; 1;w,,) should be 0.

= plf for some natural number f. This is a

O

3.1 An upper bound for a local Kloosterman sum

We prove the following sharp bound for a special case of the local Kloosterman sum (see
Lemma 1.3.1 or Lemma 6.1 of [KLO08]). We assume the Hecke character to be trivial
for the next two lemmas. Let ¢, = u,@” for a fixed uniformizer w, and a unit w,
and 0! = (%) for some § > 0. Further let wim,, = m), and @wSmy, = m}, where
my,, my, € O,. Let W, denote the multiplicative inverse of u, in O,/c,0,. Note that
S, (M1, may;c,) = S, (Uymuy,, Uymsa,; 1;wr). Thus it is sufficient to prove bounds for
S, (m1,,may,; 1; ") since Nm(w,) = 1. First, we consider an analogue of Ramanujan

sum which is S(my,, 0; 1;@"). We consider three cases to show the following bound.

Lemma 3.1.1. We have

1S(m1,,0: 15,)] < m(Nm(e,)y/zed (Nm(mf, ), Nm(c,)/Nin(cs)

if Nm(c,) is an odd natural number.
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Proof. If ¢,0, is a prime ideal for some v, then O0,/c,0, is a finite field with Nm(c¢,)
elements. Now using 11.11 (Weil Theorem) of [IKO04], we have |S(m1,,0;1;¢,)| <
2,/Nm(c,). Thus we focus when ¢,0, is not necessarily a prime ideal. We now con-

sider three cases as per the value of v(my,) to prove the lemma.

Case (1). When v(my,) > k — 6.

We have v(my,s1w,%) > —§ which implies 6, becomes trivial for each term in the
sum, so |S(my,,0;1; @) = |(0,/=*0,)*]. In such case, v(m/,) > k, which implies
ged(Nm(m/,), Nm(w®)) = Nm(w?®). Hence

7(Nm(e))y/ged(Nm(m, ), Nm(ewk))y/Nm(eok)

= 7(Nm(?))Nm(w”) > Nm(z").

Thus
1S(ma, 0513 25| = [(0,/40,)] < Nm(eo)

< 7(Nm(wk))y/ged(Nm(mf, ), Nm(ck) ) /Nm (k).

Case (2). When v(my,) =k —06 — 1.
we have s; € (0,/@*0,)* if and only if ged(sy,w,) = 1. Hence

(0,/@,0,)" =

(ou/wljoV) \ {5/1 S (Ou/wzlfoz') | 5/1 = wvslllv 3/1, € (Oy/wl]f_lOy)}.

Therefore
miysi
S(my,,0;1; @) = Z 0V< — )
51€(0,/wk0,)* v
miy s miysi
B Z 0”( wk >_ Z 0”(@’“1)'
51€(0y /wEOL) v s1€(0, /wkt0,) v

Now we try to see that

mi, S
2 0”( wk ):0

51€(0,/wk0,) v

On taking v(s1) = 0 in particular, we get v(™%2) = —§ — 1. This makes the required

@}

sum to be a nontrivial character sum over an additive group which is equal to 0. The
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second sum is given by

3 e,,(ml”sl) — Nm(wh )

k—1
w
516((9”/735_10,,) v

%) > —0 and 6, becomes trivial for each term in the sum. Finally

S(my,, 0; 1V; w®) = —Nm(wk™1). In this case v(m},) = k — 1, gcd(Nm(m/},), Nm(w¥)) =
Nm(w*~1) so that

since v/(

7(Nm(wk))y/ged(Nm(m, ), Nm(ak) )/ Nm(ak)

N

= 7(Nm(?))Nm(w?)Nm(w,) "2 > Nm(x" ).

14

Case (3). When —d <wv(my,) <k—0—2.

S(mlu,O’Lwl’f) = Z 9V<m11131)

k
w
51€(0, /wk0,)

miyS1 miyy S
- Zoe(fp)- 2 a(ZE)

ok
51€(0 /wkOy) v s1€(0, /wk10,) v

Similar to the previous case

Z 9V<m1u51) —0

%
5160, /wk0,) @y

as we can take s; such that v(s;) = 0. Choosing s} such that v(s}]) = 0, we get V(mi”fé) =

—6 — 1. Hence

my, s
Z 0”( whk-1 > =0
s’le(Oy/wlIffl(‘)y) v

and S(my,,0;1; ") = 0.

O

Theorem 3.1.2. We have

S (M1, mayi 15 ¢,)] < 7(Nm(e,))y/ged(Nm(ms, ), Nm(mb, ), Nm(e,))/Nm(e, )
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if Nm(c,) is an odd natural number.

Proof. If ¢,0, is a prime ideal, then using Theorem 11.11 (Weil Theorem) of [IK04]

again we get
|S(m1y,, may; 1;¢,)| < 2¢/Nm(c,).

k46

19). Now we consider three cases to

Note that S(my,,ma,; ;@) = S(m),, mb,;1;w@

prove the theorem.

Case (1). When w, neither divides m/, nor m),.
For a given s € (0,/@*0,)*, let 3 be such that s = 1 (mod O, /w*0,)*). Let us

consider the following sum for a given function f on (0, /@*0,)* .

Z f(s1) = Z z flr+wpt),

51€(0, /wEO,)> re(0y /@w0,)* te0, /wh "0,
with g <n<k If % <n <k, then (r + w"t) =7 — 7?w"t. This is because
(r + @) (T — FPwlt) = 17 + 7o t(1 — 17) + PPt = 1 + 7w"t(0) + 0 = 1.

Taking f(s1) =6, (W) in the identity mentioned we get

k
wy

S(mll/amZV; 17@5) = Z Z 9V<(T+wut>mll/ + (T—i-w,/t)mm,)

re(0y /@P0L) X te0, /wh "0,

(r + @w™t)my, + (T — FP2w™)ma,
> 9,,( k
noy

w
r€(0y/@p00)* te0, Jw) ™

My, + Ty, (m}, — T*mb, )t
- T () > 9,,( e
X Ol/ 1%

k
w
re(0, /w0, te0, Jwk "

v

k—n

5=m) or 0 according to

Now let us focus on the inner sum. The inner sum is Nm(w

v(m}, —T°mb,) > k —n or not respectively. Hence

|S(may, may; 1; w’j)| < Nm(w’j_”) Z 1
r€(0y /wl0,)*
mflfﬁm’zyeoy/w’,j*"oy
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_ n
= Nm(w)) > 1
re(0u /@y " 0y)
m,—T2ml, €0, /wk "0,

In the last summation contribution is 0 if w, divides either m/, or mj,. Therefore we
need to consider when r? = mj m}, (mod O,/w""0,). The number of solutions of
this equation in 7 is bounded by 2 whenever Nm(w, ) is odd. To see this we consider
the following. Let r> = r? (mod O, /@™ "0,) with r = a + bw,, 7’ = a’ + V'@, where
a,a’ € 0,/w,0, and b,V € O, /wwk~""20,. We have

(a*> —a?) +2(b—b)w, + (b* — b*)w2 =0

modulo O, /@™0,. This implies b = b as Nm(w,) odd and a®> = a. Let us write
a=a+ fpand a = o + f'p, where Nm(w,) = p/ with o,/ € Z,/pZ,. Proceeding
similarly as above we end up getting 8 = 3 and ,a? = o, Hence we can have two

possibilities given by o/ = a, and o/ = —a. Finally on taking n = &, we get

2
1S(my,, may; 1; ") < 24/Nm(wk).

Case (2). When w, divides m}, and w, does not divide m/,,.
We have ged(m),,@,) = 1 which implies ged(m},,@") = 1. We claim that {s} +

14

mh,m}, sy | ged(s),@k) = 1} sums over all elements of (O,/w*0,)*. Note that
ged(s) + mbh,m! s}, @,) = 1. To see this suppose ged(s) + mbh,m! s),w@,) # 1, then
w, divides mj,m}, s}. This implies @, divides s} since @, divides m),. This shows

ged(s), @,) # 1 which contradicts our assumption.

Let s} #t, € 0,/@*0, and ged(s), w,) = ged(th, @,) = 1. Our claim will be proved
once we show that s} + mb,m}, s, # t) +mhm/ t) € (0,/=*0,)*. On the contrary,

/ / /AN Y} / ! 4 k i3
suppose s; + m,,m},s) =t; +m5,m), t]. Then w) divides

(51— t1) +mib,my, (st —t1) = (s) — t7) +mi,my, (t1t)s) — s151t])

. . , . ' T . ;o
Since w, divides m),,, @, does not divide (1 — m},m}, sit}). Hence w, divides s] — ¢},

which is a contradiction to the assumption s} # ¢, in O, /=*0O,.
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Therefore by taking s} = my,s; we have

/ / ro
s, +mo5, my,S
1. —k 1 20 1p°01
Sy(my,, moy; 1;w,) = E 91/( s )
ool k wl/
57,85,€0, [y 0y

st sh=1(mod) wkO,

" 1M
S ms,,S
1 . wS1) 1k
Z 9’/(wk+5> - Z eu(wk+6> —Sy(ml,,,(),l,wy).
st s€0, /wkO, v st s€0, /wko, v

s"sl/=1 (mod wk0O,) stsf/=1 (mod wk0,)

This is an analogue of the Ramanujan sum for which the bound is given by Lemma 3.1.1.
Case (3). When w, divides both m/, and mj,.
We have four sub-cases for this case. Let m), = t;@® and m), = tyw™ with

ged(ty, w,) = ged(ta, w,) = 1. Without loss of generality we can assume ky > ky since

S(myy, may; 1;wh) = S(may, myy; 15 w)).

Subcase (1). When ko >k > k.

We have N N

tiw,'s1 + 1ow,?Sy

. . k _ 1 12 1 2 v 1
S(mlm Moy, 17 wu) - Z 9”( wk‘—l—é )
51€0, /wko, v
s189=1 (modw’,f(‘)l,)
k1—k—¢ ko—k—0—
= Z 0,, <t131wyl + tgwf 51)
51€0, /wko,

s152=1 (mod wk0,)

Note that v(t;s1w¥7%7%) > —§ and v(tysew® =¥7%) > —§ and 0, is trivial on 9. The

above sum hence reduces to

) 1= (0,/w;0,)].
51€0, /wko,
s182=1 (mod wk0,)

k

Therefore ged(my,, mo,, @) = wk

implies
1S (muy, may; ;)| = [(0,/@h0,)*| < Nm(w))

< T(Nm(w];)) ng(Nm(mlu), Nm(mZV)’ Nm(wlrj)) \Y; Nm(wﬁ)
Subcase (2). When k > ky = ks.
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We have

tiokis) + tawhisT

1. k _ 1wy, 21 2W,, o1
S<m11/7 May; 11 wy) - Z 6”( wk—i—& )
51€0, /wko, v
s182=1 (mod wk0,)

t 1951
_ Z 91,( 151 + 281> _ S(tl,tg,wk_kl+§).

k—ki1+6 v
w

51€0, /wko, v

s182=1 (mod w’,j(‘)l,)

Since ged(tq, w,) = ged(ta, @, ) = 1 reduces to the case 1.

Subcase (3). When k > ko > k.

We have
oM 4 tywhsy
.. k _ 1wy 2W,, 91
S(mu, may; 1;w,) = Z 9'/( k46 )
()
51€0, /wko, v
s152=1 (mod wk0,)
t181 + tgka_kl?l
= v — ka—ki.1. k—k1+0
= Z 01/( wk*kl‘i’(; ) = S(tl,tgwy 71,@,/ )
Sleou/w5+6ou

s152=1 (mod wk0,)

This reduces to Case 2. This is because ged(ty,w,) = 1 is equivalent to w, does not

divide ¢; and w, divides bw’jrkl.

Subcase (4). When ky > k > k;.

We have
k tlwflsl + tgwl’?ST
S(mluam2V7 17wy) - Z QV ?Dk—HS
51€0, /wko, v
$152=1 (mod w’;oy)
t15
ko—k—0— 1°1
= ) 0, (tngQ T +5)

™ 1

51€0, /wko, v

s152=1 (mod wk0,)

t1s

_ kakoog) g (1151

_ S ()0 (o
51€0, /wko, v
s152=1 (mod w’,f(’)l,)
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since v(tyww%-957) > —§ the sum simplifies to
v p

0 t151

Z v wk*k1+5 :
51€0, /wko, v

s152=1 (mod wk0O,)

This subcase reduces to an analogue of the Ramanujan for which the bound is given by

Lemma 3.1.1.

Remark 3.1.3. We follow [Est61] for the argument given in Case(1) for the proof of
Theorem 5.1.2.

3.2 Non-vanishing of classical Kloosterman sums

Let p be a prime number and N = qlﬂ Lo qf * where q1, ... ,q are distinct prime numbers
with (p,q;) =1 foralli =1, ...t Let ¢;' =1; and

N
C; = 7
j=1 lj
for © € {1, ...,t}. Further let myp = 1, m; = ;erjcj for i € {1,...,t — 1} where
L;;7 =1 (mod ¢;) and ¢;&% = 1 (mod ;). Now we demonstrate a lemma regarding

the multiplicative property of the Kloosterman sum. The lemma helps us to show the
non-vanishing of a Kloosterman sum by reducing the task to show the nonvanishing for

prime powers.

Lemma 3.2.1 ( [Das23], Lemma 3.1). Let n be a positive integer. Then
t
S(1,p™, N) = H S(mi—laliami—laliPQna l;).

=1

Proof. We use the multiplicative property of the Kloosterman sum (see equation (1.59)
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of [IK04]) repetitively which is given by
S(a,b,cd) = S(ac?, bc?, d)S(ad’, bd", ) (3.2)
where (¢,d) =1, ce* = 1 (mod d) and dd” = 1 (mod ¢). Consider
S(my_1, me1p®™, 1) S (my o1 my o1 1)

7 Ct—1 7 Ct—1_92n — —lt_1,2n
= S(mt—Qlt—l s My—ali—q b 7lt)S<mt—26t—1t LMy_oC—1 P 7lt—1)-

As G, = Elt*llt =1 (mod [;_1) and L, =1 (mod ¢;_1), on using equation

(3.2) the above product is equal to
S(my—o, mt—2p2n, li1ly).
Again using equation (3.2),
S(my—i, me—ip™™ b o 1) S (M1 Gy G ™" i)

= S(mt—i—la mt—i—1p2n> li—ili—iy1 ... lt)

for any i € {2, ..., t}. Now we justify why equation (3.2) is applicable. This is because

- ht—i
, N
Ct,iltil (lt,l’Jrl lt) = (l / ) (lt7i+1 lt)
1. lt—4

i
- (lt—i+1 lt) (lt—i+1 lt) - ].
modulo l,_;) and my_; = my_;_1l;_; **. Therefore
t
S(]-)p2na N) = H S(mi—lalia mi—lalip2n7 lz)

i=1

O

Remark 3.2.2. A similar result like Lemma 3.2.1 for S(a,b, N) with a,b € N can be

derived. However, keeping equation (6.6) in mind, we consider only S(1,p**, N).
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The next lemma considers the non-vanishing of the Kloosterman sum when N is an

odd powerful number.

Lemma 3.2.3 ( [Das23], Lemma 3.2). Let n € N, 1, ..., 5; be such that 3; > 1 and ¢; is
odd for alli. Then S(1,p*", N) # 0.

Proof. Let i be fixed with /; = ¢;*. Using Lemma 3.2.1, it is sufficient to show that
S(mz lczl - lcz n l) % 0

for all i. Firstly, we show that ¢; does not divide 2(m;_1¢;)?p?®. This is achieved in Step
1 and Step 2.

Step (1). If possible, suppose q1|2(mZ 1G1)%p?". Note ¢; divides (m;_15%)? as ¢; 1 2 and

g; 1 p*". Now suppose qi|(Ci )2. Gl =1 (mod ;) implies
(@)% = 1 (mod ;). (3.3)

However by our assumption ¢;|(')2. Hence ¢/ |(¢")** which implies

1251‘ (C—ili )25i )

|

By equation (3.3), ¢”'|1 a contradiction. Therefore ¢;|m? . ¢; being a prime number

implies ¢;|m;_; where m;_; = Hl ! I; “ which has been defined earlier in the section.

Step (2). In this step we show that ¢; 1 m;_; using the method of contradiction. The
case i = 1 is impossible as this would mean ¢; divides mg = 1. Let [;,;7 = 1 (mod ¢;)
denote the equation (j) for j =1,2, ... ,¢— 1. Multiplying (I ... [;) for j =2, ... n—1
gives

L7y . ) = (Iy ... 1) (mod (Iy . ... Ljcj))
= Ll;7(ly ... ;) = (la ... I;) (mod c;)

let the equation be (j)' for j = 2, ... ,i—1. On considering equations (1), (2), ..., (i—1)

which are modulo ¢; and multiplying them yields

(Lo L) L YRS L) = (5721573 L) (mod ¢y). (3.4)
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Since ¢;|c; for i > 2, ¢; divides
(o L) L TR ) — (52 ).

But the assumption ¢;|m;_; implies ¢;|l5 215 ... l;_1. In particular,
ged(qi, 15721573 ... 1;_1) = ¢; which is absurd since ged(g;,l;) = 1 for j =2, ... ;i — 1.

Hence ¢; does not divide m;_;.

Step (3). By Step 1 and Step 2, the Kloosterman sum S(m;_1¢;%, m;_1¢;5p®", ;) satisfy
the hypothesis for Exercise 1 of [IK04, Chapter 12]. Let $(z) denotes the real part of

z € C. Using the exercise,

_ _ ! amit’
5(mi—107l’, mi_1Gp™, li) =2 (lz) \/E%<€li€ i )

where I = (m;_15"p™)? (mod [;), ¢, = 1 or i for [; = 1 or [; = 3 (mod 4) respectively.
By the congruence relation, %’ =1
We show I' ¢ {2

congruence relation implies

« € Z}. Suppose not, then I' = %li for some integer ag. The

I\ ?
(oz; z> = (mi1G'"p")? + It

with ¢ € Z. Equivalently,
adl? — 641t = 64(m;_1'p™)2.

Now ¢; divides 64(m;_1¢;ip")? as ¢; divides l;. However ¢; 1 64p®" and ¢; 1 &' imply

q;lm?_,. This is a contradiction by following arguments for ¢; { m?_; in step 2. Since

, it
dnl Z RU{iy :

% ¢{5|aecZ}, cos (4%/) and sin (l—) are not equal to zero implying e
y € R}. Hence

47
L

4mil’

%(elie )%o

and the proof is complete.

O
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Lemma 3.2.4. Let p be an odd prime number. Then S(1,a,p) # 0 for a € Z.

Proof. The proof is quite similar to Step 2 of proof for Lemma 3.0.1. [J

Lemma 3.2.5.Let N be a natural number given by 2°b with a = 0,1,2 and b an odd
number. If n € N, then S(1,p*, N) # 0.

Proof. Lemma 3.2.1 implies

S(1,p*",N) = ﬁ S(mi_1G", mi_1 G, 1) = S(1, (mi_Gip™)2 ).
i=1
When [; is odd, S(1, (m;_1'p™)?, ;) # 0 by Lemma 3.2.3 and Lemma 3.2.4. We now
focus when [; is an even number. Note that m;_;G'p" is odd follows from the proof of
Lemma 3.2.3. We have S(1,a?, 2% = S(1,1,2°) for a odd and b = 1,2,3. On computing
the values of S(1,1,2),5(1,1,4) and S(1,1,8) are equal to 1,—2 and 0 respectively.
Hence for [; = 2,4, we also have S(1, (m;_i¢lip™)?,1;) # 0. O

One can compute S(1,p?",2%) for a > 3 and check for the nonvanishing and vanishing
of it independently. We do it till a=3 as S(1,1,8) = 0.
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An asymptotic formula for Petersson trace formula

In this chapter, we derive an asymptotic formula for the Petersson formula under certain
conditions. This is achieved in Section 4.2. Section 4.1 contains preliminary lemmas and
the statement of the asymptotic formula. Section 4.3 considers the asymptotic formula
under special cases. As an application, we generalize equation (1.5) (Jung and Sardari’s
bound for D(v}; y, peo)) for Ax(I, w) with F" having odd narrow class number 1 which

addresses Problem 1. Problem 2 has been discussed in Section 4.2 and Section 4.3.

4.1 Preliminary lemmas and statement of the Main

Theorem

As before, F' is a totally real field and o4, ..., 0, denote the distinct real embeddings of
F. Let ||z|| denote the usual Euclidean norm of x € R" and ¢ : FF — R” be given by

o(s) = (o1(s), ..., 0.(s)). Consider the infimum of the given set for an integral ideal 91.
inf{[lo(s)[|[s € M/ +\{0}} = do. (4.1)

Jdo basically represents the smallest distance of o(90t) \ {0} from the origin. Keeping the

notation used in Theorem 2.4.2 in mind let § = 2‘5—\% and

A =N {s € bMN/=E : |oy(s)| < 26,5 # 0}. (4.2)

39
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For a fixed i, A; represents a cube along with its interior in R”. Since o(b;N) is a discrete

set in R", A; is in fact finite. Note that ¢ depends upon <.

The notation A; is kept reserved throughout the thesis. Let v, = max({,/c;(nu) :

i=1,...,t,u e Unue FT})and ; = min({y/o;(nu) : i=1,...,t,u € Unu € FT}).
We take ¢; = g—J for all j = 1,...,r. Theorem 4.1.1 is one of the main theorems in the
submitted article [BDS23, Theorem 1].

Theorem 4.1.1 ( [BDS23], Theorem 1). Let M and n be fized integral ideals. Let 6 and
A;s be as defined by equation (4.1),(4.2) and ko = min{k; |1 < j <r}. Further, assume

that
27'(’)/]' 0 (mlmg)

e (CEE I CESNCESY)

for all j. Then as ky — oo we have

eQﬂtrg(m1+m2) ﬁ (kj — 2)‘ )\fWil(l)Wrﬁz(1>
CON =L EATn) ol = L)
. dFNm(n)
- T(ml’mQ’n)wm(ml/S)wﬁn(S)

t
+5 > ¥ {Wﬁn(Sbi_l)Swm(mla ma; nyub; *; sb; )
i=1 ucUmnucF+ s€A;

\/W Lu) X Jljl 2 ka1(47r\/m>} + 0(}1 (kj — 1>_

Nm(s) (V=1)k |75 (s)]

Wl

)

Remark 4.1.2. Theorem 4.1.1 is valid for any given number field F, integral ideal N, n,
and character w. By Theorem 2.1.1, the set U is finite. This implies that the triple sum
involved is indeed a finite sum. In the later part, we discuss whether the triple sum can

also be taken to be a single term on certain restrictions on F,N, and w.

Remark 4.1.3. We note that Theorem 4.1.1 is an analogue of Theorem 5.1.7 for the space
Ap(M,w) that can be seen in the following manner. The term T(my, mg, n)—Y i)

wm(mi/s)wen(s)
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in the above theorem takes the role of §(m,n) in Theorem 5.1.7. The term

¢ _ _ _ Nm(nm)
Z Z Z {wﬁﬂ<Sbi 1>Swm(m17m2;77iUbi 23 sb; 1)W

i=1 yeUmnueF+t s€A;
47T\ /O (niumlmg) ) }

r 2
H (V=1)k ‘]’“( |o5(5))]

is an analogue of 27m'_’““(]]VV) [Ipn(1 —p~?)Jee1(4my/mn) in Theorem 5.1.7.
We now consider some lemmas which will help us to prove Theorem 4.1.1.

Lemma 4.1.4. Let M, € be two given real numbers M > 2e and € > 0. We have,

00 (k—l)(l—lyiﬂo (j))
/ e ’ * dy| = 0.

lim
k—o0 M

Proof. Let us consider the integral

/oo 6(k:—l) (l—ﬂ-i-log <§) ) dy

M

first. By the substitution 91—6 = x, we have —gl—gdy = dx so that the integral becomes
ye y“e

(ED /M? e(“)x<9§e)(k—3>dx
0
. L —
< (%f) /QIWE o (k=1 <]2w>(k 3)d$
0
— (96) <2>(k3) /9}55 o= (k=D g _ (96) <2>(k3)<€(k1)9}36 N . >

Hence
0o (k—l)(l—li-i-log (2)>
lim e ” ') dy

k—oo J M

- O¢ , 2¢\ (k=3) 7 e=(k=D g5z 1 0
= (4)k5§o<M> (—(k—l) +k:—1> N
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for M > 2e. O

Lemma 4.1.5. Let A = {s € 60/ £\{0} : s ¢ A;}. Then

Nm(7;u)
Do D wan(hy ) S (ma, mas miub;?; Sbi_l)m

ueUmnueF+ seA;
Ay /o (niumams)
I e )
o (V=D oj(s)]

\/47T0'j( UMM )
2 (T )|

< ¥ ZNm(muﬁNm(bﬁ)ﬁlzﬂ

ueUnue F+ sc A}

Proof. Using Lemma 1.3.1 we get

Seo: (M1, Moy myub; %; sb; M| < Nm(nyub; *)Nm(sb; ).
N K2 K3 (2 KA

Thus

Nm(n;u)

“Nm(s) < Nm(nu)2Nm(b;?).

Wein (8b; ) Seuny (1, Mg; myuby %5 sb; )

Using triangle inequality, the proof of the lemma is complete. [

The next three lemmas consist of bounds for the Bessel function necessary to prove
Theorem 4.1.1.

Lemma 4.1.6. Let i be fived. Let g be an index such that |o4(s)| > 26, k, > 28 and

QWVQW c <(kg —1) — (ky — 1)%, (kg — 1))

J

Then,

166 20
Ay /o.(numam . (kg=1) (1_(9eg)lvg<s)|+log (Iﬂg(s)l))
Jkg_1< ol 2)>‘ < (ky—DFe L (43)

|7(s)]
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Proof. Since k, > 28 and Mg/ 7o (mima) VU(;’(mImZ) € ((kg —1) — (k, — 1)3, (kg — 1)), we have
< (i1_ 1 - 27myg\/ 0g(Mmamns)
(kg B 1>§

(kg B 1)5
It follows from Lemma 2.4.1(i) that

Am\/og(niumyms)
Jkg—1( > =

©| o

<1. (4.4)

(kg = Dlog(s)|

|7(s)]

< ea(l—m)ana(a)

dmy/og(niumims)

(kg—1)|og(s)]

211/ 0 (Myms)

where a = k; — 1 and o = since

< <1
v (k, — 1)0
by equation (4.4). But by 2.4.1(ii),
1 1
Jola) € — = ——. (4.5)
as (kg —1)3
Note that the equation (4.4) also implies z < |092€5)| and z > ﬁfg(s)‘. Hence

165 25
a (1_<9«g)og<s)|+log (|«g<s>|))
ed1=2)g0 < ¢ (4.6)

since 1%z = e@1=2+1o82) The proof is complete by (4.4) and (4.5). O

Lemma 4.1.7. Let i be fized. Let | be an index such that |oy(s)| < 26,k > 28 and

211/ 0g(Mmyms)

: e@m—lywm—1ﬁ4m—n)
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Then,

I -1 (4W\/W>’ Lpgn (k1 — 1)%1- (4.7)

Proof. For index [, we use the uniform bound given by the Lemma 2.4.1(iv) as follows.

Jkl—1(4ﬂ\/m>‘ < min ((kz — 1)_?1’ <4W\/m)31)

|o0(s)] |ou(s)]

<Fom min <(/€l - 1)_71, < al(niumlmg))g)

> 4/ oy (niu) (ki —1)6

as |oy(s)| < 26. By equation (4.4) we have \/o;(n;umyms) > S

which implies

o(niumyms) >py (k — 1). Hence we have

4y /o (n;umyme _1 1 _1
J,m( v \lg(s)y ))‘<<F,ﬁ min((k = D3, (= 1)) = (k= D). (48)

Lemma 4.1.8. Let i be fived and M > 2e. Let ¢’ be an index such that 26 < |o,(s)| <
(M +1)d,ky > 27 and

21y g (M1m2)

. € ((hy = 1) = (hy = D}, (hy = 1)).

Then,

Jkg,—1(4ﬂ-\/(m> = o((ky — 1)%1)

o (s)]

Proof. We apply the bounds in the following manner. Let

. dmjoy (myumyms)
= <1

T Ty — Doy ()]

We consider three cases according to when 0 < 2/ < %, % <2< % or % <z’ < 1. For

each part we use bounds as follows. When % < 2/ < 1 we use the uniform bound given
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by Lemma 2.4.1(v). This gives us

1 _

Jey1((ky = 1)) < = of(ky = 1)7).

(1= a?)i(ky — 1)}

For ; < ' < 3, using Lemma 2.4.1(i),(ii) we have

/ / 1
Jie —1((ky —1 A 6(kg/—l)(l—a: +loga') | - -
1 ((ky = D) e
1 1
< olky=D(—F+og3)  __ ~ (L _1)3).
< o = e = b
Similarly for 0 < z’ < £,
1
Ji,—1((ky — 1)2") < elhy—D0Hlogz) = — o((k, — 1
(k= 1a) T R R

4.2 Main Theorem

Proposition 4.2.1. Let kK € N and € > 1 be fixed. Then the function

iy =t ()

. . . 16
is monotonically decreasing for y > <.

Proof. Note that

k—1) =26 41oe | 2 k-1 _ _
Fly) =€ ’< T g()) _ <2> o

Y

Hence
—16(k—1)

k-3 o, 16(k—1) —ov k—2
L YT x g xe 0w —(k—1) xy
f'y) = 2kt : y2h—2

s

“|
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1
=21 (k-1) -y_k_1<96 — y)
€

: . 16 16
The proof is complete since f'(y) <0 fory > g > 3. [

Proof.[Theorem 4.1.1]

First, we try to estimate the triple sum appearing in the Petersson trace formula
(Theorem 2.4.2). Let i be fixed in the triple sum. Let us take A, = {s € b;0/+ : s #
0,s ¢ A;}. We have,

Nm(n;u
> > wanlsby ) Sy (ma, ma; niub; % Sbil)¢
wEUmuEF+ s€bM/=+,5£0 Nm(s)
.2 (4W\/W—mlﬂ”tz) )
= Jk—1
j=1 (V—=1)k [216)]
Nm(n;u)

= > > wan(shy ) Sy (my, ma; nub; % by )
ueUmnueF+ s€A; " Nm(S)

[ (47r\/m>

| TR ]

+ > Y whn(sby ") Sy (ma, mao; muub; % sbi )

u€UnueFT sc A
ﬁ 2 7 (47n/0j(772-um1m2))
T Jki—1 :
j=1 (V=1)k |05 (s)]
We estimate the sum when s € A and show that as ky — oo, the sum is in fact

o( §=1 (kj — 1)3>. Using Lemma 4.1.5 we get,

Nm(n;u)

Yo Y wan(sh; ) Sun (ma, mo; niub; ?; sb; ) Nm(s)

ueUnue F+ s€ A

r T /o (numims)
H(é)kﬂkﬂ& o >|




Chapter 4. An asymptotic formula for Petersson trace formula 47

< Y > Nm(nu 2Nm H27T

uwelUmnueF+ sEA’

\/47mj( UMM )
1 (T )‘

Let us take u € U and n;u € F* to be fixed. We now estimate

Z 11[ ka_1<\/47raj(mum1m2))‘

seA, j=1 |0(s)]
with using the estimates from previous section. Let h = >, ;27" ! where a; € {0,1}.
There is a one to one correspondence between h and r—tuple (a,...,a,) with a; € {0,1}.
To see this consider the map (aq, ..., a,) — >y ;277" We partition the set A; as per

the given correspondence, i.e.
I 2T=1 g/
A = U Ay

where A}, = {s € A} : h = X},
log(s)] > 20 and |oy(s)| < 20}. Hence

a;271 a, = 1, = 0 for ¢g,1 € {1,...,r} with

R

()

seAl j=1 |05(s)]
271 Am\/oj(numyms)
o)
= 13 ST o)

Now let us fix the value of h. Corresponding to h = 3>77_; a;277, et g1,y oy 91y e s G
li, ..., L, be a permutation of 1, ..., r with the property that ay,, ..., a4, =1, ag, ... g, =
1land a4, ...,a;, = 0. Let M be a fixed real number with M > 2e. We distinguish between
the index g, and g, with |0y, (s)] > (M 4 1)d and |0y (s)| < (M 4+ 1)d respectively. Let
d1, ..., 0, denote the length of sides of the fundamental parallelopiped of the lattice o (b;Ot)

for a fixed 1.

Let us take 0 = min(dy, ...,0,) and € = <g> . For the choice of ¢, it is clear that a

cube of volume € can contain at most one lattice point of o(b;91). Using Lemma 4.1.8 we

have,

,U/

II

/ /I —
a’'=1
ga/7

47/ og, (Miumims)
Jkga -1

|74 (5)]

47r\/og;/ (m;umyms)
"y 1

log, (5]

v
11
€A, o=1



48 4.2. Main Theorem

w 4y [oy, (niumyms)
Ii[ ‘]kzﬁ-—l
B=1 |O-lﬁ(s)|
<LFaNn H f(kg;, —1) Z Z
g ,a'=1 (M+1)d<]og  (s)]  (M+1)d<|og,(s)]
v Ary/og, (niumyms)
Z Z H Jkgcfl 05 ()] X
(m1—1)eF <oy, (s)|<mier  (muw—1)eF <|oy,, ()| <muer N ge
m1< ; +1 my<| 2| +1
w 4, [ o1, (niumamy)
Iﬁ[ ‘]kzﬁ-—l
ket |01, (5)]

where f(ky, —1) = o((ky, — 1)) for all o = 1,2, ...,v". Using Lemma 4.7 and Lemma

4.8 the above expression is

<Fmn H f(kg;, —1) H ki, — 1) E
B=1

/ y—
a'=1
ga/7

) )

1 1 1 1
(M41)6+(n1—1)er <|og, (s)|<(M+1)6+n1er (M41)0+(ny—1)e7 <|og, (s)|<(M+1)d+nyer

nieN ny,EN
1 1 1 B
(m1—1)er <‘Ul1(5)|Sm1€r (mw—1)e7 <|oy,, (s)|<maer
my < {ﬂﬂ mw< |2 |41
er er
166 26
v . (kg —1) (1_ ega)loga (5] +log (Uga(s)|)>
H (kga - 1) 5 -e
a=1

-1 -1

-7 Tl -7 |5 >

Gor0/=1 o=l p=1 =L (M41)54 (na—1)eT <[ogy ()| < (M+1)0+naer
na €N
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3 ST (179‘95%&(@'“% (agff(sﬂ))
> > e :
F=L (mg—1)e7 <l (s)| <mger “F
mgg 2—£ +1
. - g0, (5)] |71 (s)]
For simplicity let us take y, = == and 25 = —5—. Thus we have
v’ v T ) v
< II flkg, =) IT(ke =17 [Tk, =17 | X >
g ,a/=1 a=1 B=1 a=1 1 1
« (M+1)+(na_1)%Sya<(M+1)+na e;
na €N
v v D (uge;f)ya +og ())
> > ILe
p=1 1 1a=1
(mp—1) G- <zp<mp 5
mgg % +1
57‘ v 1 w 1 v
= —x [[ (kg =7 [Tk, =7 | > >
€ a1 p=1 a=1 i 1
(M+1)+(na—1) 5= <ya <(M+1)+nq &
na €N
w v (kge—1) (1_ (gsgf)ya +log (m) c
e
x x U v
(mp—1)<5-<zg<mg -

By Proposition 4.2.1 and the integral test the above sum is bounded by the multiple
integral

T v v w

<% I Sk, =D 0, =7 IT0 =07 [ 7 [

g/a/7a,:1 a=1 B=1

arel porep [ o (el (1 Gega v 1108 (;‘;) )
/ / IIe dy... dy,dz,... dz,
0 0
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w

<pon 11 Sy, =) T] (kg = ) [k, —1)F
a=1

g;ma/:l /8:1
v (kgq—1) (l—l-log (i))
e

/ / [H ]dyl...dyv
M M a=1
o v w v 00 (kgo—1) (1 (gégIG)yaJrlog <yi))
=1 =1 “
= II Sy, =) T =17 [Tk, —)F [ [ e ye.
g /=1 a=1 p=1 a=1"M

However by Lemma 4.1.4,

dy, =0

lim e
kgo—00 J M

for all possible a.

Therefore for each fixed i and fixed v € U with n;u € F* we obtain,

Nm ;U
> whn(sb; 1) Suy (ma, mo; nub; ?; Sb;1>¢
5€0;9/+,570 Nm(s)
oo (ot
—
o (VDR T 5(s)]
Nm(mu)
= SEZA; Wan (867 1) Sy, (M1, Mg miub; 25 sby ) Nm(s)
P et NP
J‘_( >+0< k:~—13>
jHl(v—l)kj o [216)] ]1—[1< ’ )

Finally, varying ¢ from 1 to t and u € U with n,u € F*, we get

27 (matma) I (k; —2)! ZAfW;ﬁl(l)W$2(1)
(M) o1 (A Jo s (mamy))k=1 | S5 o]
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dFNHl(‘(‘l)

w(my/s)wen(s)

= T(ml, ma, 1’1)

t
3 ¥ {u)ﬁn(Sbi1)Swm(mlam2;niubi2;8bil)
i=1 ueUmnueF+ s€A;
Sl N E NN,
) s 1 e (R o111 1) )
i=1 =

Nm(s) |7 ()

L (VDR

4.3 Reformulation of Main Theorem in some special

cases

We remind the reader that the notation F, 91, n remains the same throughout this section
and has been taken from Petersson trace formula for Ay (91, w) (Theorem 2.4.2). In this

section, we focus on O having an odd narrow class number.

Lemma 4.3.1 ( [EMPS86, Prop. 2.4]). Let O have an odd narrow class number. Then we
have t =1 and |UT| = 1.

Proof. Since the class number divides the narrow class number, the class number is odd.
By the Example 2.1.2, the equation [b]*[n] = 1 has a unique solution implying ¢ = 1.
By Proposition 2.4 of [EMP86], we have dimy(U™) < dimg(C*) = 0 (see section 2.1 for
notation). Hence |UT| = 1.0

As t =1, we can take n; = 1. Lemma 4.3.1 also helps us to take [{u € U : nyu € F*
for some ¢ = 1,...,t}| = 1. Recall that inf{||o(s)]| : s € b9/ £ \{0}} = dp. For a
general number field F' and integral ideal 9, [{s € b;91/ £ \{0} : |lo(s)]] = do}| is not
necessarily equal to 1. For instance if we take by = O, M = ZV/d with d = 2,3 (mod 4)
and square free, we have a unique so. Whereas by taking the ideal (3 + /3)0 C Z[/3]
we get |A;| = 3. Hence we ask the question whether there is a necessary and sufficient
condition for [{s € 6191/ £ \{0} : |lo(s)|| = do}| = 1. This will make the triple sum in

Theorem 4.1.1 a single term.
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Along this line, we provide sufficient conditions in the proceeding three lemmas.

Lemma 4.3.2. Suppose the infimum inf{||o(s)|| : s € b9/ £\{0}} = o be attained for
some sg with o(sg) = (a,a, ..., a) = %, %, - % . We have A = % .

Proof. Note that A; C S5, where S5, := {s € b;0/+ : oi(s) + ... + o2(s) = 62}
The set A; basically represents a cube with centre (0, ..., 0) in r-dimensional euclidean
space along with its interior where as S5, denotes a sphere with radius dp and centre
(0,...,0). Hence if s € A; N Ss,, then s’ € JA; N Ss,. This implies |o;(s')| = 2%

\/F
for all j = 1,...,r. Therefore ¢ is equal to ((—1)’”1%, (—1)m2%, . (—1)”“%) where
m; =0,1for j =1,...,r. If mj =0 or m; =1 for all j, then s’ = s. In any different
case, we have m;, = 0 for some j, which yields o;,(s) = 0j,(s"). Thus s’ = 59 = % as

0j, is injective. [

Lemma 4.3.3. Let b;91 = O for the set A;. We have §g = \/r and A; = {1}.

Proof. Let us consider minimizing inf{||o(s)|| : s € O/ £ \{0}}. This is equivalent to

minimize the quantity ||o(s)||? = 03(s) + ... + 02(s). For a given s, if

o(s) = ((=1)™o1(s), (=1)™0a(s), ..., (~1)™0(s))

for m; € N, then ||o(s)]| = ||lo(s)||. Without loss of generality we consider minimizing
|o(s)]|? on the set {s : s € O/ £\{0},0,(s) > 0 for j = 1,...,r}. The Cauchy-Schwartz

inequality implies

V2 4+ 12)(03(8) + oo+ 02(5)) > () + o + 00 (s).

Further using AM-GM inequality, we get

o1(8) + ... + 0,(s)

> (01(8) X ... X 0,.(5))

Note that the equality holds when o;(s) = o;(s) for all possible 7, j. In such scenario,
02(s) + ... + 02(s) = ro?(s) = r(Nm(s))7. However Nm(s) € N, so that the minimum
value of 7(Nm(s))? = r. This can happen when Nm(s) = 1 and o2(s) = 1. Therefore
do = +/r and on applying Lemma 4.3.2 with taking sy = %, we get A; = {1}. O
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Lemma 4.3.4. Let by be an ideal in O such that byN = 50 with 5§ € Z, then oy = |3|\/7
and Ay = {|5]}.

Proof. The proof is quite similar to the proof of Lemma 4.3.3. We again have to
minimize inf{|lo(s)|| : s € by9/ £ \{0}}. Without loss of generality this is equivalent
minimizing ||o(s)||? = o}(s) + ... + 02(s) on the set B = {s : s € b;9/ £\ {0}, 0,(s) >0
for j = 1,..,r }. Proceeding similar to the arguments given in Lemma 4.3.3, the possible
minimum value of ||o(s)||? is 7(Nm(s))7. If s € B, we have s = 55’ for some s’ € O. This
implies Nm(s) = Nm(5)Nm(s’) consequently, Nm(5) divides Nm(s). Thus the minimum
value of Nm(s) is Nm(5). Hence r(Nm(s))* has minimum value #(Nm(3))7. This proves

|o(s)]|2 has minimum value r(Nm(3))* which can happen if o(s) = (|3], ..., |3]). However
by Lemma 4.3.2, we have A; = {|5]}. O

We observe that for an ideal b;M = 5O with § ¢ Z may or may not satisfy the hy-
pothesis of Lemma 4.3.2. For instance the ideal (14+/3)O C Z[v/3] satisfy the hypothesis
for Lemma 4.3.2 with sy = 2. However if we take (3 4+ /3)O C Z[v/3], we can show that
the ideal does not satisfy the hypothesis of Lemma 4.3.2. This illustrates hypothesis of
Lemma 4.3.2 is not necessary to have |[{s € b;91/ £ \{0} : ||o(s)|| = do}| = 1. Nonethe-
less the hypothesis of b;91 = 5O with s € N in Theorem 4.3.5 can be replaced by any
ideal b with the property |{s € b;9/ £ \{0} : [|o(s)| = do}| = 1 in order to have a
Theorem like Theorem 4.3.5.

Theorem 4.3.5 ( [BDS23], Theorem 2). Let F' have an odd narrow class number and
assumptions of Theorem 4.1.1 hold true. Further let byt = sO with 5 € N.

e Then the main term in Theorem /.1.1 reduces to

mi, Moy, N + Wen SO m y m , b 3 Sb
1 2 (m / ) (S) fi wa 1 2 771

Nm(Th)
Nm(s)
X H Jk 1(47T Uj(mmlm2>)}

|75 (s)]

where s = 3.

e Further assume that Swm(ml,mg;nlbe; sbfl) # 0 for some my and mo. Then as
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ko — 00, we have

e27rtrg(m1—|—m2) r (k?j . 2>! )\fwil(l)ngl)
V) (o (myms)| )R Ses 18]]2
N dFNm(n) r 1
-T ki —1)"s.
N A N SRy L

Proof. Using Theorem 4.1.1, Lemma 4.3.1 and Lemma 4.3.4, we get

e2mtrg (mitma) H (k; —2)! > W2 (1) Wiy (1)
¢(‘ﬂ) j=1 (47T\/Uj(m1m2))kj*1 PeF H?bHQ

~ dFNIIl(ﬂ)

— T(my, ma, ”)Wn(ml/s)Wﬁn(s)

Wain (87 1) Sy, (M1, ma; b7 25 80 )

| IR0 (CRON

o T ka_1<4m/m> N 0( I1 (- 1);)

j=1 |05 (s)] j=1

The last step of >pn, is justified in the following part. Note that

Ay /o (mmims) B Ay /o (mmyms) B 2my/oj(mmims)
|7 (s)] (/) 0 '

By the given condition

21yj1/ 0 (mims)

5 € ((kj—l)—(kj—1)§,<kj—1)>,

which implies
211/ (mims)

J

— (kj — 1)+ d(k; — 1)3
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with d € (—1,0). Using Lemma 2.4.1(iv)

r 4 (mmim r -1
H ka1< m/ag(?h 1 2)) > H (kj _ 1) 5
j=1 j=1

|0 (s)]
Therefore
(2rtr (ma+ms) H (k; — 2)! > AW (1) Wiy (1)
¢(m) j=1 (47T\/Uj(m1m2))kj_l peF H¢||2
A dFNm(n) r —1
—T(my,mao,n > ki —1)=.
( 1 2 )wm(ml/s)wﬁn(s) Fn ]1_‘[1( J )
O
Remark 4.3.6.For the case of S, (mi,ma;mby?;sbit) = 0 for some my and my,
the main term in Theorem 4.1.1 reduces to T(ml,mg,n)#m. The assumption

Se (M1, Mo by % 8b7 1) # 0 ds very important to have a lower bound like Theorem 4.5.5.
For instance, the main term of Theorem 5.1.7 is Jk_1(47r\/ﬁ)w [y~ (1—p*2). When
N is squarefree, u(N') # 0 so that Jk_1(47r\/%)% L~ (1—p’2> # 0 in Theorem 5.1.7.
Therefore the non-vanishing of the Kloosterman sum in Theorem 4.3.5 is a crucial as-

sumption in getting a lower bound (see Theorem 3.0.1 also).

Note that we can similarly obtain a result like Theorem 4.3.5 under the assumption
that ZUV/omme) o ((k:j — 1) — (ky — 1)5, (k; — 1)) for all j, with fixed d € F* and
= Vo) g

Vi = o@) is shown in the next lemma and the lemma will help us to get our
J

desired discrepancy result.

Lemma 4.3.7.Let F' has odd narrow class number and b;9T = 5O with § € N. Let

dO =0 and sy o) S ((kj —1)—(k; — 1)%, (kj — 1)) for all j, where v; = oi(m)

: j [0 (@)

Further assume that S, (my, ma; mby?; sbfl) # 0 for some my and mo. Then

2T (matma) I (k; —2)! 5 NeWE (1) Wiy (1)
1/}(‘-“) j=1 (47n/0j(m1m2))kj*1 peF H¢H2
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N dFNHl(‘(l) T =
— T(m17m2,ﬂ) >>F,‘ﬁ,n H(kj - 1)71

=1

wn(my /8)wgn(s)
Proof. To see this replace the new ~; = #ﬁg‘l) in place of the old v; = 4/o;(m) in the
proof of Theorem 4.1.1. The rest of the argument follows through proof of Theorem 4.3.5
similarly. [J

Corollary 4.3.8. Let F' have an odd narrow class number equal to 1 and | be an odd

natural number. Let byM = 5O with 5 € N and squarefree. Further let wy be trivial with

pO =p and dO = 0. Let 2”}107 Vj(‘g?pl) € ((k] —1) — (k; — 1)3, (k; — 1)> for all j, with
\/ 95 (771

v; = Y———. Then we have
J o (d)

(kj —2)! « Ai

‘\/Nm ! [J:1 47 '_1 65H¢||2

Proof. We use Corollary 2.4.3 by taking m; = % and my = é. Hence

J=1

e*™"Nm(d) (kj —2) )\fz
SN [H wl] 2 TolP

= PETF

b1 drNm(n) o1

(I Loy VIO s (L),
Wi fd)wﬁn(s) sE€b1N/ 4,540

yNm(m) Jk__l(ﬁlﬂ/aj(mﬁ))}'

|o(sd)]

J:1

[ being an odd natural number |, T(%, ;,O) = 0. However by Lemma 3.0.1, we get

Sw (’A’7 L.1. > # 0. Now apply Lemma 4.3.7 to have

drd 5
4™ Nm (d) H (k; —2)! > A
G2\ /Nm(p) | =i (4m)b | 5 ol
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T _1
> pEm H(kj — 1)7.
j=1

Therefore

)l A

‘\/Nm ! [};11 ki=1 beF ’|¢H2

> [[(k; —1)75.
j=1

Theorem 4.3.9 ( [BDS23|, Theorem 3). Let F' have a narrow class number equal to 1.
Let 6491 = 50 with 5 € Z and |3| being squarefree. Further let wy be trivial. Then there
exists an infinite sequence of weights ky = (kyy, ..., ki) with (k) — oo such that

1
. .
(logkyj) " x TTi—y (ks — 1)

D(ﬁkl,gb /’LOO) >>

forallj e {1,...,r}.

The exponent % in Theorem 4.3.9 shows that one can not achieve

T

D(Ur, m, poo) = 067N< Ik - 1)—§+e>

j=1
for every even weight k = (ki, ..., k) (also refer to [JS20, (1.9)]).
Proof. Let k;; be such that % W € ((klj — 1) — (ki — 1)3, (kyj — 1)) In particular

275 (EZ )

we can take kj; = { ForT ol ] — 1. where [x] denotes the greatest integer part of x. Using

Corollary 4.3.8 we have

>pn ﬁ(/ﬂj -1F (4.9)

j=1

klj
|,W ; [ 1 s

X
Recall that £ o= ﬁ and mfl € [—2,2]. By Proposition 4.5 of [KL08] we have

where X;(2cosf) = sin+1)0 5o the Chebyshev polynomial of second kind with degree [.

sin 6



58 4.3. Reformulation of Main Theorem in some special cases

Rewriting equation (4.9)

@
(kij — 2)! Rl _1
H Uy )k ._1 >FEm H ki — )73
j=1 N cTF H¢H 7=1
equivalently
_ ¢ r L
H kl] k .2_1 XI(FG;) >>F,‘JT H(klj . 1)%
j=1 b PpeF H(bH 7j=1
Hence

> pm H(k‘lj — 1)_71

i=1

‘ [ 22 X,(x) by, ()

Using equation (5.1),
2
/ Xi(z) dps = 0.
-2

This helps us to deduce

‘ [ 22 X (2) d(Tp,

)| = | / 22 X(e) () — [ 22 X, () djioo ()

> Em H(k‘lj — 1)_71 (4.10)

J=1

- ‘ /22 Xi(z) dvg, m(x)

Using integration by parts and ‘Xl’(x)’ < 1% we get

‘ [ i) Al o)) € 2| [ i~ o) ) (4.11)

Consider

D(ﬁkz,‘ﬁa MOO) > ljkzz,‘ﬁ([_zv 2]) - MOO([_za 2])

5| [ Xi(@) i = o))

2
- ‘ [ o = pec)(@)| > o
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by equation (4.11). Equation (4.10) then implies
D(7, ) > !
Vi oy Moo .
l 12 X [Ty (ky — 1)3
However k;; = [27"";] V(da)j(s(pl)} — 1, so that %7‘;7 W < 2k;;. This implies %ﬁ_(d)‘ >

( aj(ﬁ))l and log k;; > [. Therefore

1
2 10
(log ko) x TTj_y (kyj — 1)3

DUk, foo) >

for any jo € {1,...,r}. O



Equidistribution results for eigenvalues

In this chapter, we discuss some results involving equidistribution of eigenvalues. In
section 5.1 we consider equidistribution results for A,(f). Section 5.2 consists of equidis-
tribution results for A2 (f).

5.1 Equidistribution results for \,(f)

Let Sg(NN) denote the space of cusp forms of even integer weight k£ and level N. Let
dim(Sk(N)) denote the dimension of the vector space Si(NN). The n'® normalised Hecke

operator acting on Si(INV) is given by

L =0T Y ¥ ().

ad=n,d>0 b(mod d)

Let Fx(N) be an orthonormal basis of Sk (V) consisting only of joint eigenfunctions of
the Hecke operators 7T,, with (n, N) = 1. For f € Si(N), we have Fourier expansion of f

at the cusp oo which is given by

0o
Z an = 27rmz
n=1

60
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we denote \,(f) to be the n'" normalised Hecke eigenvalue of f i.e. T,(f) = M\ (f)f. We
have a,(f) = a1(f)A\u(f). From the Ramanujan-Deligne bound [Del74] we have

A ()] < 7(n)

where 7(n) denotes the divisor function.

Consider the subspace of Si(V) spanned by the set
... N
{f(mz) : dIN, d < N, f € Sp(d), m divides d}'

The subspace obtained is the space of oldforms in Si(N) denote by SP4(N). The space
of newforms Sj,(N)* is defined to be the orthogonal complement of SP4(N) in Si(N)
with respect to the Petersson inner product. The subspace SP4(N) and Si(N)* are
stable under the Hecke operator T, for all n € N (see Proposition 5.6.2 of [DS05]).
Let T;F be the restriction of Hecke operator T,, from Si(N) to Si(N)*. Let Fr(N)* be an
orthonormal basis of Sy (N)* consisting only of joint eigenfunctions of the Hecke operators
T (see Corollary 5.6.3 of [DS05]).

Definition 5.1.1. Let p be a probability measure on [a,b]. A sequence of real numbers

T, € |[a, b] is equidistributed with respect to the measure p if for any [a/, 0] C [a, b],
<n:xz,e€ldlV v

<0 o € W _ Y

a

lim
n—oo n

Definition 5.1.2. Let  be a probability measure on [a, b]. A sequence of finite multisets
A,, with |A,| — oo as n — oo are equidistributed with respect to the measure p if for
any [a',0] C [a, ],

lim te A, : teld, V]| _ 4 .

n—00 ’An’ a

Let us recall the Sato—Tate measure given by

1 2
olT) = =41 - =
fhoo () - 1

if x € [—2,2]. We recall the following two crucial theorems concerning the distribution

of eigenvalues which we already discussed in Chapter 1.
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Theorem 5.1.3 (Barnet-Lamb, Geraghty, Harris, and Taylor). Let f € Sip(N)* be a
fized non-CM newform. The sequence {\,(f) : p prime, (p, N) = 1} is equidistributed

n [—2, 2] with respect to the measure fioo.

Proof. We refer to [BLGHT11, Theorem B(3)]. O

Theorem 5.1.4 (Serre). Let p be a fized prime number. The familiy of multisets A; =
{NGf) = (p,N) =1, f € SKL(N) and N, + k; — oo} are equidistributed in [—2,2] with

respect to the measure p,.
Proof. We refer to [Ser97, Theroem 1]. O

Recall
e, N = W Z 5Ap

FETR(N)

and

e = ) s

feTL(N)
where ¢, is the Dirac measure at x. We would also like the reader to recall the notion of
Discrepancy given by Definition 1.1.5. The main goal of Problem 1 is to get a discrepancy
result like equation (1.5) for Hilbert cusp forms. A result like equation (1.5) is obtained
with the help of an explicit asymptotic version of the Petersson trace formula (Theorem
5.1.7), which is an important ingredient in [JS20].

Before considering the asymptotic version of the Petersson trace formula, we consider
1

the Petersson trace formula for Si(N). Let p,(f) := <F(k1)1>2an(f) and Ay y(m,n) =

(4m)k
Xse Pm(f)pn(f)-
Proposition 5.1.1. Let n € N. Then

Apn(Ln) = (F(fl’;;”) S (D).

FeTL(N)

Proof. Take m = 1 in definition of Ay y(m,n) to get

Apn(Lin)= > p1(f)pn(f)=(W) > alfan(f).

fE€TK(N)
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The proposition follows from the fact a,(f) = a1 (f)A\.(f). O

The proposition also justifies the choice of variants vy y and v} y (see (1.4)).

Theorem 5.1.5 ( [ILS00, Proposition 2.1]). Petersson’s Trace formula

Let m,n be natural numbers. We have

Apv(m,n) = 3 pu(Hpalf) = 8(m,n) + 27" 3 S<m;”;c)Jk1(4wfﬁ)_

FETFK(N) N|c,e>0

We would now like to consider the following asymptotic result of Ay y(m, n) for future

reference.

Theorem 5.1.6 ( [ILS00], Corollary 2.3). Let N be a fized positive integer. Let m,n be

such that 4”*]/\,% < % We have

kl—l—e
Agn(m,n) =0d6(m,n)+ On ( o )

Proof. For a proof, we refer the reader to the statement of Corollary 2.3 of [ILS00].

Since N is fixed,
(m,n, N)

((m, N) + (n,N))

= Ox(1).

N|=

The result follows as

d(mn) = On/(k).

Let

Apy(myn) = > pu(f)on(f).

fETLN)

In 2020, Jung and Sardari obtained the following estimate for Aj (m,n) with a fixed

squarefree level .

Theorem 5.1.7 ( [JS20], Theorem 1.7). Let N be a fized squarefree positive integer. Let
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A\ /mn — k| < 2k3 with ged(mn, N) = 1. Then

Agn(m,n) = d(m,n) + 27”'_k(NN) [1(1 = p2) s (dmy/mn) + O (k77).

p|N

Proof. For a proof, we refer the reader to proof of Theorem 1.7 of [JS20]. O

Remark 5.1.8. Since |4m\/mn — k| < 2k3 in Theorem 5.1.7, using Lemma 2.4.1 (iii) we
have

| Jj_1 (dmy/mn)| >y k3.

This makes 27?2"’“% [Ipn(1—=p~?)Jr—1(dm/mn) to be the main term in the above theo-
rem and |A} y(m,n) —0(m,n)| >x k~3. Note that Corollary 2.2 of [ILS00] gives us an
asymptotic result for Ay y(m,n) which Jung and Sardari in [JS20] use to prove Theorem
5.1.7.

5.2 Equidistribution results for A ;(f)

For a given non negative integer n, the Chebyshev polynomial of the second kind X, ()

sin((n+1)0)

o5 The generating function for X,, is given by

is given by X,,(2cosf) =

> 1
DD e T ———
=0 1l —at+1t

Proposition 5.2.1. Let n € NU{0}. Then X, are orthogonal with respect to the measure

Hoo-
Proof. For a proof, we refer to [CDF97, Lemma 3|. O

In particular, for n > 1, we have

/ 22 X (o) dpoe(t) = | 22 Xo(2) X () dptoo () = 0. (5.1)

Let Y,,(z) be defined by the generating function given by

> 1+t
S Y, ()" = T .
P I—(z—1t+2
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We have the following relation between X, and Y,,.
Lemma 5.2.1. Let n € N, then X5, =Y, o Xs.
Proof. We have Xy(z) = 2? — 1 which implies

144 1+1

gYn(Xé(l’))tn - 1— ((ZL’Q _ 1) _ l)t + 2 = (1 + t)2 — 2

However for generating function of Xs,, we calculate

> 1/ & > 1 1 1
Xo, t2”:< X, (x)t" X, —t">=< )
2 Ko@)t =5 L Xa@)t" + 2 K@) (=" ) = 5T m Y T e

1+ 2 1+ ¢2

(1—at+2)(1+at +12) (1 +12)2 — 222

On comparing the generating function of Xy, and Y,, o X5, we get Xy, =Y, 0 Xo. U
Let
Qumi1 =Y1+Ys+ -+ Yo

and
Qon =Yy + Yo+ + Yo,

Then by Lemma 2 of [OMO09],

O n 1
;}Q"(z)t T A1 - (z—tre)

The Ramanujan-Hecke identity for powers of A,(f) is given by

()" = Xu(M(1)). (5.2)

For reference, we consider Lemma 3 of [CDF97] (see [Ser97]). The following Lemma due

to Omar and Mazouda talks about powers of A2 (f).

Lemma 5.2.2 ( [OMO09], Lemma 4). Let n € N. Then

(Ap2 (f))" = Qn(Ap2(f))-
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Proof. For proof, we refer to [OM09, Lemma 4]. O

Recall that
p+1 1 3—x

e (1) = 50 (Vp+ve )P — @+ z+1
if x € [—1,3]. In 2009, Omar and Mazhouda, using Lemma 5.2.2, showed the following

equidistribution results.

Theorem 5.2.3 ( [OMO09], Theorem 1). Let p be a fixred prime and k > 0 a fived even

integer. The sequence

{2 () gesivy = N €N}

is equidistributed with respect to the measure fi:.
Proof. We refer the reader to the proof of [OM09, Theorem 1]. [

The distribution for (As(f)), (Apa(f)) and (Apr(f) — Apr—2(f)) for » > 2 has been
discussed in [TW16].
Let

= —_— )
HE, N2 d1m(Sk( ) feg Y Ap2 (f

and

; = )
Hi N2 dlm(S*( fe; A2 (f)

We now consider the discrepancy between the following measures. The discrepancies

D(py, n.2, 1p2) have been well investigated in [TW16].

Theorem 5.2.4 ( [TW16], Theorem 1).Let N = 1. Then we have D(uj 5, phy2) =
O((logk)_l).

Proof. On taking r = 2 and N = 1 in [TW16, Theorem 1], we get D(uj o, fp2) =
O((logk)~"). O

Definition 5.2.5. Let () be a compact subset of R. A sequence of probability measures

11, converges weakly to a measure i if for every continuous function f on 2,

/Qfdﬁn—>/ﬂfdﬁ.
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Theorem 5.2.6. Let x, € [a,b] be a sequence of real numbers and

The sequence x,, is equidistributed with respect to the measure p if and only if i, converges

weakly to p.

Proof. For a proof, we refer [KN74, Chapter 3, Theorem 1.2]. [

Remark 5.2.7. By virtue of the above theorem, we see that the notion of equidistribution

of a bounded real sequence x, and weak convergence of an associated counting measure
Hn =

are equivalent.

Consider the following weight variants of px v 2 and pj yo. Let

['(k—1) 9
VkN2 = lar ()70 o (p)s
(47T)k 1 fE%%N) p2(f)
and
Vg N2 = Am)E-1 Z a1 (f)] 5Apz(f)-
(4r) FEFL(N)

One can use Petersson’s trace formula to show both vy yo and vy v, converges weakly
t0 fioo 2 any positive N with (p, N) =1 (see [OM09, Theorem 3]).
We conclude the chapter with the following upper bound for @/, that will be used in

the last chapter and play a role in solving Problem 5.

Lemma 5.2.8. Let € > 0 be given and n € N. Then for x € (—1, 3],
|Qn ()] K n?'e

and
|Qn(3)] < n*.
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Proof. We prove for n even. The case when n is odd can be dealt with similarly. If
not, then for some fixed zo € (—1,3] we have |Q}, (%) > n®. There exists some
Yo € [—2,2] \ {0} such that X5(yo) = v — 1 = xg. From proof of Theorem 1.7 of [JS20]
we have | X! (z)] < o? for all z € [—2,2] and « € N. This implies

<<n3

3™ X4 (30)

=0

Using Lemma 5.2.1 we have,

n

X3(00) Y- (o)

7

<<n3

n

;)Yz,i(xo)

1

= ’2y0‘ < nd

Since 7y is fixed, we get ‘Q’Qn(xo)‘ < n3. This is a contradiction to our assumption.
Therefore |Q,, ()| <. n**€ for x € (-1, 3].

Qan(3) = X:L:Ym(‘g) = i:szi(Q)-

Noting X5,(2) = 2n + 1 yields |Q2,(3)| < n?. O
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Discrepancy results for classical case

In this chapter, we restrict ourselves to the classical setting of ' = Q. First we derive
an asymptotic formula similar to Theorem 5.1.7 with better estimates. This will help
us in obtaining a discrepancy result like Theorem 6.0.3 for more levels. In Section 6.1,
we discuss a discrepancy result for A\2(f) analogue to equation (1.5). The last section

contains details about future work.

Theorem 6.0.1 ( [Das23|, Theorem 4). Let ‘@ —(k— 1)’ < (k—=1)3 for k> 28 and
m,n € N. We have

S(m,n, N) Jk—1(4ﬂ—vmn) T O (D0 5-1o83))

Arn(m,n) = d(m,n) + 2mi* N N

Furthermore, if S(m,n, N) # 0, then
A (m,n) = 3(m,n)| >y (k—1)75.

Proof. Let us consider Petersson’s trace formula

Nle,e>0

=d(m,n) + 27rz'kS(m}VWJk1<

Amy/mn o S(m,n;bN) Amy/mn
N >+2mz bN J’”( bN >

b>2

69
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Using the triangle inequality and a trivial bound [S(m,n;bN)| < bN, we get

S(m,n;bN) 4m\/mn
2N J“( bN )

b>2

<y

b>2

S(m,n;bN) Jk_1<47r\/m>

J <47n/mn>
bN bN ot '

bN

b>2

Using the assumption,

1— L 2<47T mn<1—|—71 >
(k—135 (k=1)N (k—1)3

Note that for b > 1 we can use the Lemma 2.4.1(i) as }éﬁ@’ < 1. Hence

J <47r\/mn>
k—1 LN

4m\/mn
/o ((k? - 1)WV)|

< ea(l—m)IaJa(a)

where a =k — 1 and z = (fr_%. By virtue of equation (6.2) and k > 28,

8 47/ mn 10

9% = (k—1bN ~ 9

We conclude
6a(l—;t)l,a _ 6(k—1)(1—$+10g$)

<x e(k‘—l) (1—%+log GIT(b)) .

(6.1)

Proceeding from equation (6.1) and using Lemma 2.4.1(ii) we get the following bound.
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47TV eth=1) —(k— 1)<9b+108 %)
Z Jk 1 bN 1 anL Z
b>2 (k—1)3 1=
6_(k 1)( 1+ 18+10g ig) 6_(]“_1)(_1"'2%4'103 %)
< +
" (k—1)5 (k— 1)}

+

e—(k—l)(—l—k%—&-log %) (k1)
+
(k—1)3 (k—1)s

Ze‘(k‘”(fb“"g%)) (6.3)

b>5

Since (—1+%+log%),(—1+%+10g%),<—1+%+log%) < (1—3—log(g)>,
the first three terms in the equation (6.3) are equal to Oy (e®~DA=57105(5)) We use the

( Z ef(kfl) (%+log f;;;)) .

b>5

integral test to estimate

.. .. —(k—1)<9§+log%> . .
Similar to the proof of Proposition 4.2.1, we can show e v is strictly de-

creasing for x > 2. Therefore
Z e—(k—l)(%—&-log %) < /oo 6_(k—1)(%+log %g) de. (6.4)
b>5 4

Let y = %, then dy = %dm and

()2 8l (5)F2 8la?

e (frog ) _ eV 100 e ™D 100

This yields

o0 T 2 k=3
/ 6—(k—1)(%+10g 5{—0) dr — % 9 o~ (k=1)y (59) dy
4 18 Jo

—2(k—1)
< 2 5 <5>k36—(k—1)y dy = 25(5>k3 €’ + 1
— 18 .Jo \18 18\ 18 —(k—=1) (k—1)
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k—
) ° Applying the above bound for equation (6.4) and considering

(

)

(

)

5.\ k=3
- (@) < (2
equation (6.1), we get
47\/mn eh=1) 5\ k=3 [ T 1
(Y gy (3 !
6222 U n Aulk) (k—1)5 \18 —(k—1) " (k—1)
where A;(k) = On (e(k’l)(l %’log(%))). However
e(k=1) <5>k—3 e$ . 1 _ 9e(k—1) (5)k—3
(k—1)3 \18 —(k—=1)  (k—=1)) = (k—1)5 \18
B 262 5e>k3
© (k—1)5 \18
Therefore
4my/mn
) J,“( V)| < (k) + Ax(R) (6.5)
b>2
2 k=3 4
where Ay(k) = (k261)% <?§> =0 (e(k_l)(l_ﬁ_log( ))). Using equation (6.5) in equation
(6.1) we get
S(m,n, N)Jk_1(47rvm”> L0 (e(k_1)(1_g_1og(g)))
N

N

Arn(m,n) = §(m,n) + 2mi*
(k—1) +d(k — 1)3 with |d| < 1. On applying Lemma

which proves the first part.
Adm/mn __
VT —

For second part, let

477\/%) S 1
(k—1)3

2.4.1 (i),
Jk:—l( N
This implies

‘Akw(m, n) — (5(m,n)‘
1 1 1
>N ——1 E—1)3)>»y(k—1)"3
N(k—1)3+0N(( )3) v (k—=1)7%

(-0=4-1083) — oy ((k — 1)~1). O

as e
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Remark 6.0.2. Since (1—5—log(2)) < —0.03, we have ek=D-5-18(3) = o\ ((k—1)7 ).
If S(m,n, N) =0, then

A n(m,n) = d(m,n) + ON(e(k—l)(l—%—log(%))»

For level N = 1, Theorem 6.0.1 gives a better error term as compared to ON(k:’%) of
Theorem 5.1.7. That is we have

Agi(m,n) =d(m,n) + 21k Iy (47r\/%) + On (e(k_l)(l_%_log(%)))

Theorem 6.0.1 also expands on the remark of Theorem 1.7 of [JS20] which states that

Theorem 5.1.7 can be generalised for the condition

4m\/mn
N

W=

—(k=1)] < (k—1)5.

Am\/mn <

Note that Theorem 5.1.6 gives an asymptotic of Ay n(m,n) for == < %, whereas

Theorem 6.0.1 gives an asymptotic of Ag n(m,n) for

ol
W=

(k—1)—(k—1)

Y

<47TW<(I§—1)+(I:—1)

where N is a fized level.

Recall that
I'k—1)

1% = —

k.N (47 )k—1

Z |a1(f)|25xp(f)'

JE€FR(N)

On taking k, = [MJ\Z]W] and using Theorem 6.0.1, we have

S(l,pzn,N) 4dp™
o

2
/ Xon(x) dvg, n = Ap, n(1,p™) = 27"
_2 ? ] N
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Theorem 6.0.3 ( [Das23], Theorem 1).Let N be a natural number given by 2%b with
a=0,1,2 and b be an odd number. There exists an infinite sequence of weights k,, with

k, — oo such that

D(an,NJ /’LOO) >>

Proof. Let k, = [%] By Theorem 6.0.1(ii), Lemma 3.2.5, Equation (6.6) and (5.1)

we have

[ Xonl) o0 = 1o)(@) = [ Xon(o) o) — [ Xon (o) dpe(a)

W=

= /_22 Xon(x) dvg, n(x) >N (k, — 1)75.

Using integration by parts

l [ Xonla) (v, = o))

-2

= |{in(1’) (Vhpn — Moo)(I)KQ - /2 X0 (@) (Vi N — phoo) (@) d

[ X0@) (o — o))

-2

<

(in(2) + X2n(_2)) (an,N - ,uoo)([_27 2]) +

< 0| (Vk, N — 1o0)([—2,2])

as < n? and | X3,(2)| = |X2,(—2)| = 2n + 1. Hence we have

Xon()

D(vy, Ny Poo) = (Vko N — Hoo)([—2,2])

Vi, N([—2,2]) — poo([—2, 2])‘ _

>N

[ Kol v — o) )

>>1
n2

Wl

n?(k, — 1)

However k,, = {4” W] implies iy ;Vp% < 2k,. So k, >y p™ which implies log k,, >y n.
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Therefore

D(an,Na ,UOO) >

wim| —m

(ky — 1)3(log k)2

Remark 6.0.4. Theorem 1.6 of [JS20] gives us a sequence of weights for squarefree levels
such that lower bound like equation (1.5) holds. Theorem 6.0.3 generalizes a version of
Theorem 1.6 of [JS20] for old forms to more levels of the form 2°b with b odd and
a=0,1,2. Note that the natural density of squarefree integers is ﬂ% whereas the natural
density of the levels for Theorem 6.0.3 is 0.875.

6.1 Discrepancy result for A :(f)

We now consider a Lemma that will be crucial for obtaining the discrepancy result for

A2 (f)-

Lemma 6.1.1. Let N be a natural number given by 2*b with a = 0,1,2 and b be an odd
A (fy — 1)’ < (kn —1)3, we have

number. Given n € N and ~

(kn —1)3
(i) Ap, n(1,p""2) >y (k, —1)73.

n—1 ) 1 kn—1
(B) D A, w(1,p"?) = ON( LA (ig) )
i=0

wl—

Proof. Let i € {1,2,...,n — 1} be given. Using Petersson’s trace formula, we get

) . S 17 4i+2;c A 2141
Ag, n(1,p"F?) = 21" > (p)Jknl< pc )

Nle,e>0

Note that .
47Tp21+1

(kn - 1>N p2
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which implies (A,;:pj;;v < i . % = 1% as p > 2 and k,, > 28. Using Lemma 2.4.1 we have,

A7 2i+1 o] A7 2141
<o (T ()
b=2

’Akn,N(LPMH)

bN
(kn—1) 5\m! (kn—1) o1
< n— J— _ 1 n
= (18) Jint (b = 1) o €570 ,,22 (1819)
ag Amp2 2 for b > 2.

(tn—1)6N < 186

[ x_k"+2
—ky, +2

¢
18 t—o0 1)

Now by triangle inequality

kn—1
<y (5e> (ky — 1)—é<1 + lim

W=

1 p4i+2 Akn 4z+2)

<%

kn—1

He kn—1 _1 He _1
<<Nn(18> (kp — 1)7% < 1ogkn(18) (ko — 1)73.

kn—1 1 1
Using Theorem 6.0.1(ii) and observing log l{:n(?g) (kn —1)73 = o((k, — 1)73), we
derive
A v (L") >y (hy — 1)75.

O

Lemma 6.1.2. Let N be a natural number given by 2*b with a = 0,1,2 and b be an odd

number. There is a sequence of k, — oo such that

-
(kn - 1)

wl—=

‘ [ Qo) 0 i a0)] >
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Proof. Let us consider

L 31 Qant1(t) dvg, n2(t)

LT D) s e
= (471')]671 Z ’ 1(f)‘ Q2n+1()‘p (f))

:W Z |a1(f)| Q2n+1(X2()‘p(.f))

— /_22 Qant1 0 Xa(t) dvg, N (1)

=~y Y D PXa(u()

f€Fk,N

as Qoo = Yo+ Yo+ - -+ Yo, with Y, 0 Xy = Xy, (see section 5.2). Now using Proposition

5.1.1 and equation (5.2), the above expression

=ZF($;)‘” S ()P (f)

fE€TFk,N

— ZAk,N(17p4n+2>-
=0

2n+1

Let k, = {47”” be the chosen sequence for n € N. The above sequence satisfies the

N
hypothesis of Lemma 6.1.1. Therefore we get
3
X .

‘/_ (Qant1)(t) dvg, Na2(t)| >N

W=

(kn —1)

Theorem 6.1.3 ( [Das23], Theorem 2). Let € > 0 be given. Then there exists a sequence
of weights k, with k,, — oo such that

1
(log ky)3+e(ky, — 1)3

D(ftoo,2, Vi, N2) N e
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Proof. The proof is similar to that of Theorem 6.0.3. From equation (4.2) of [OM09],
3 2 .
/_1 Qan+1(t) dpioo2(t) = /_2 Qonti1 0 Xodus(t) = 0(2n + 1, pair) = 0. (6.7)
By equation (6.7) and 6.1 we have
3 3 .
| Quun@) dv, vz = 1oe2)(@) = [ Qoaa(@) v, (@) > (ke = 1)73.

Using integration by parts

I/?,1 Qont1(7) d(Vi, N2 — Jhoo2)(T)

- |{Q2n+1(ﬂ7) (Voo N2 — Moo,2)(l“)ﬁl - /_31 Q2 41(T) (Vi N2 — Hoo2) (7)d

< | (Qzor1(=1) + Q2ns1(3)) (v, 2 — poe2) ([ 1, 3])

3
+ [1 QIQ”‘H () (anJV,Z _,Uoo,Q)(fL’)d:L’

We now use Lemma 5.2.8 which yields

<<e n3+e ]

(Vko N2 — foo2) ([ 1, 3])

Hence we have

D(vi, N2, fhoo2) = Vi, N2([—1,3]) — Moo,2([—1,3])’ =

(an,N,Q - Moo,2)([—1a 3})

1

> n3te

2 1
/_2 Qon+1(x) d(Vi, N2 — Hoo2)(T)| >N nf(?’“)(kn —1)75.

, kn >N p" which implies log k,, >x n. Finally

2n+1
For the chosen sequence k, = {4@]\[

1
(log ky )3+ (ky — 1)3

D(Vk, N2, foo,2) > Ne
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Remark 6.1.4. Theorem 6.1.3 gives us an analogue of Theorem 1.6 of [JS20] (see equa-
tion (1.5)) for the discrepancy D (v, n2, hoo2) corresponding to A2(f) with more gener-

alized levels.

6.2 Future work

In this section, we would like to consider some of the future prospects to work upon.
Note that Theorem 4.3.5 and Theorem 4.3.9 holds true if F' has an odd narrow class
number and b;91 = sO with s € N. First, we consider generalization of Theorem 4.3.5 in

the aspects given by the following problem.

Problem 6. Can we generalize the lower bound result of Theorem 4.3.5 to any integral
ideal for a field with an odd narrow class number? Can we generalize Theorem 4.3.5 to

any arbitrary totally real field?
A similar generalization remark can be made for Theorem 4.3.9.

Problem 7. Can we generalize Theorem 4.3.9 to any integral ideal for a field with an

odd narrow class number? Can we generalize Theorem 4.3.9 to any arbitrary totally real
field?

Recall that Theorem 4.3.9 is a generalization of equation (1.5) for Hilbert modular

form setting. Equation (1.3) gives us a lower bound for the Discrepancy D(uj x, ip)-
Problem 8. Can we get a lower bound like D(y}, v, p1,) for Hilbert cusp forms?

For f € Si(N), the discrepancy D(v} y,Heo) corresponds to the distribution of
{\(f)}. Theorem 6.1.3 gives us lower bound for D(pieo 2, Vk, n2) Which corresponds to
the distribution of {A,2(f)}. It is natural to consider the following problem.

Problem 9. Can we generalise Theorem 6.1.3 for {\,-(f)} with » > 2 and f € Si(N)?

Upper bounds and nonvanishing of Kloosterman sums play a central role in prov-
ing Theorem 4.3.5, Theorem 6.0.3. In this regard, we can have some of the following

directions. Theorem 3.1.2 gives a conditional upper bound for the trivial character.
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Problem 10. Can we get an unconditional upper bound of Kloosterman sums for non-

trivial characters as well?

Another direction is to explore the non-vanishing of Kloosterman sums for a general
scenario. As seen in the proof of Lemma 3.2.3, getting explicit formula for a Kloosterman
sum might be a good way to show the nonvanishing of a Kloosterman sum. As a starting
point, We can consider generalizing some explicit formulas which are available for the

classical case.
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