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Abstract

In [BS19], Balasubramanyam and Sinha derived the first moment of the pair correlation
function for Hecke angles lying in small subintervals of [0, 1], as one averages over large families
of Hecke newforms of weight k with respect to I'g(N). The goal of this thesis is to study the
second moment of this pair correlation function. We also record estimates for lower order error
terms in the computation of the second moment and show that the variance goes to 0 under the
same growth conditions on weights and levels for the families of Hecke newforms as required for
the convergence of the first moment.
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Statement of Originality

The main results of this thesis which constitute original research are Theorems [6.5.15] [6.5.16)
and [6.5.17] The content of Chapter [f] is original.

In Chapter 2] we explicitly write down some proofs of the theorems which were known
before, but had not been clearly explained in the literature. These include Lemmas

Corollaries and Theorem [2.1.9]in this chapter.

In Chapter [3] we review well-known results about the dimension formula for spaces of
modular cusp forms and the Eichler-Selberg trace formula for the Hecke operators acting on these
spaces. We recall and present these results systematically in a manner suitable for application
to the original results in this thesis.

In Chapter [, we present Propositions and as immediate applications of pre-
viously known results in the literature. The results mentioned in Section [£.4] are explicitly
presented for the first time in this thesis.
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Notations

Re z (or, Im z )
2| (or, 2)

What it represents

The set of all positive integers

The ring of all integers

The field of rational numbers

The field of real numbers

The field of complex numbers

The real part (or, imaginary part) of a complex number z
The absolute value (or, conjugate )of a complex number z
The complex upper half-plane

The group of all n x n integer matrices

The group of all 2 x 2 integer matrices of determinant 1

The group of all 2 x 2 real matrices with positive determinant
The 2 x 2 identity matrix

The greatest common divisor of two natural numbers a and b
The space of modular forms of weight k£ and of level N

The space of cusp forms of weight k& and of level N

The space of primitive modular cusp forms of weight £ and of level N
The space of all Hecke newforms of weight k& and level NV

The Fourier expansion of a newform f € Fn

The normalised n-th Fourier coefficient of a newform f € Fy i
The m-th Hecke operator on the space My (N) (or, Si(N))

a divides b

a does not divide b

The greatest integer n < x

The number of elements in the set M

The length of the interval [a,b], i.e., b—a

The number of primes less than or equal to =

The number of primes less than or equal to x, which are coprime to N
The number of distinct prime divisors of n

The Mobius function

The number of distinct positive divisors of n

The sum of positive divisors of n

A prime number

max{e € Z : p® divides n}

1
n 1+ —
II )
pln
p prime
n 1 <1 - 1)
p
pln
p prime

The space of functions on X having continuous derivatives of all orders
The space of compactly supported continuous functions on X

13
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Whenever the following notations are used in the thesis, they will bear the meaning ex-

plained below.

Let f,g: R — R be functions with g # 0. We write f ~ g to mean lim féxi =1.
z—o0 g(T

Let f,g: R — R be functions with g # 0. We write f = o(g) to mean lim f((xi
z—o0 g(x

Let f,g : R — R be functions with g(z) > 0, for all x € R. We say f = Oxk(g) (or,
f <k g), if there exists a positive constant ¢ = ¢(K), depending only on K such that
|f(z)] < e(K)g(z), for all .

=0.

If the implied constant ¢ is absolute, then we simply write f = O(g) (or, f < g).
A function f € C*(X) is called a smooth function on X.
For a function U : Fy — C, we define

U =—— 3 U

| FN kel P

By Fn i, we denote an orthogonal basis of Sj¢*(NN) consisting of normalised Hecke eigen-

forms (See Definition [3.1.55)).
Let {p1,p2,--- ,p:} be a finite set of primes. We denote Z by Z

p1,-,pe <z all distinct P1,,pe<x
(P1,N)=1,-,(ps,N)=1

!/

Let Np be the set of non-negative integers, and for any n € Ny, let Njj := Ny x --- x Ny be
—_——

n times
the n-fold Cartesian product. The Schwartz space (or Schwartz class) or space of rapidly

decreasing functions on R™ is the function space
< oo} ,

where C*° (R™) is the function space of smooth functions on R"™, and sup denotes the
supremum, and we used multi-index notation, i.e. z% = x'25*...2%" and D8 =
o S

= (D7f) ()

S(R") = {f € C* (R") [ Vo, B € N", sup
ERSING



Organisation of the Thesis

The thesis contains seven chapters. In Chapter [1} we review some basic notions of equidistribu-
tion and some equivalent conditions for a sequence to be equidistributed mod 1.

Chapter [2]is devoted to the study of the level spacing distribution function and pair corre-
lation function, or, more generally, k-level correlation of a sequence. We also see some equivalent
definitions of these statistics.

In Chapter [3] we give a brief introduction to modular forms, and review some of their
properties necessary to understand the thesis problem. We also recall the Eichler-Selberg trace
formula for the trace of a Hecke operator T, (N, k) acting on Si(N), for all n, obtain precise
estimates for the terms appearing in the formula and make their dependence on n explicit.
In Section we recall the formula for the trace of a Hecke operator T,7¢*(N, k) acting on
Spe?(N), for all n with (n, N) = 1 and similarly obtain precise estimates for the terms appearing
in this formula. Many of the results in Section [3.2] are already available in the literature and
some of them, although easily derivable from the available results are not explicitly mentioned
in the literature. Hence, they have been written down explicitly for the benefit of the reader. In
Section we collect the properties of Hecke eigenvalues, which we will use frequently in our
estimation.

In Chapter [4] we introduce the thesis problem and also share some motivation for consid-
ering the thesis problem. Section [I1]is dedicated to a question of Katz and Sarnak, which is
the primary motivation behind the thesis problem, and modify the question in terms of localized
pair correlation function. In Section we mention the result available on the first moment of
smooth localized pair correlation function ([BS19]). In Section we mention the main results
of this thesis without proof.

The goal of Section [£.4] is to simplify the pair correlation function to express it in terms
of characteristic functions, as mentioned in Theorem [4.4.3] In Section we consider the
smooth analogue of this pair correlation function by considering a special class of Schwartz class
functions, since one can approximate the characteristic functions by functions from such a class
(See [Hil22] Lemma 2.1]).

In Chapter [f] we revisit the result obtained for the first moment or average of the smooth
localized pair correlation function in [BS19] and record a generalization. We also present the
inequalities in a much clearer form so that the optimal choice for the parameters required in our
results becomes clear to us.

In Chapter [6] we estimate the second moment of the smooth localized pair correlation
function and calculate the variance from this. This is the original contribution of this thesis.

In Chapter [7], we mention some possible directions for future research.

In Appendix A, we give a quick reference to terms mentioned in Chapters [5] and [f] for the
convenience of the reader. While reading Chapters [5 and [6 readers can keep track of notations
by referring to the appendix whenever needed.
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Chapter 1

Equidistribution and related results

1.1 Introduction

For a sequence of real numbers and any given interval, a common question to ask is whether the
given interval contains any elements from the sequence and if it does, the very next question one
can ask is how dense the elements of the sequence are in that given interval. Further, are the
elements placed “uniformly" across the interval or are they likely to cluster around some specific
points? How are the elements of the sequence spaced apart in that interval? To understand this
for a given sequence of numbers in the unit interval, we recall the notion of uniform distribution
modulo one and more generally, asymptotic distribution of sequences. We also recall the more
sophisticated notions of level spacing distribution and pair correlation statistics.

1.2 Introduction to equidistribution

Definition 1.2.1. (Uniform distribution modulo one) A sequence (z,,)n>1 of real numbers
is said to be equidistributed mod 1 or uniformly distributed modulo 1 (abbreviated u.d.
mod 1), if for every pair of real numbers a, b with 0 < a < b <1, we have

lim #{n <N :{z,} € [a,b]}
N —oc0 N

=b—a,

where {xz,} := x, — |z, ] denotes the fractional part of x,.

In particular, a sequence (xy,)n,>1(C [0,1]) is said to be uniformly distributed modulo 1
(or, simply uniformly distributed), if for every pair of real numbers a, b with 0 < a <b < 1,
we have
. #{n<N:z, €la,b)}
im

N—00 N =b-a

Remark 1.2.2. For g u.d. mod1 sequence of real numbers (xn)n>1, we have

#{1 <n< N:x,=a}=0(N), for each a € [0,1].

Examples of uniformly distributed modulo 1 sequences :

e (Bohl, Sierpinski and Weyl independently in 1909-1910) (n6),>1 is u.d. mod 1if 6 € R—Q.

e Let P(z) = Z a;z" € R[z] (m > 1) with at least one coefficient aj(j > 0) in R — Q. Then
k=0

(P(n))n>1 is u.d. mod 1 (See [KN'74, Theorem 3.2]).

19



20 CHAPTER 1. EQUIDISTRIBUTION AND RELATED RESULTS

The sequence 0,6, —0,20,—260....,isu.d. mod 1, if # € R — Q.

001012 0 1 k—1 ‘-
The sequence 7,5,5,5:3,5: s3> %r-» 5 »--- 15 w.d. mod 1.

(Csillag, Fejér, 1930) (an”),>1, where a # 0, and o > 0 with o not an integer, is u.d. mod
1.

(an?(logn)™)y>2, where a # 0,7 € R, and ¢ > 0 with ¢ not an integer, is u.d. mod 1
(Follows from Fejér’s theorem).
(

Ivan Vinogradov, 1935) (p,0),>1 is u.d. mod 1, where p,, is the nth prime and § € R—Q.

F, 1 5
(log F},)n>1, where F,, is Fibonacci sequence, is u.d. mod 1 ( Since lim — = +2f).
= n—oo n

(vVn)n>1, (logn!),>1 are u.d. mod 1.

Let log,(z) be recursively defined by log; = logz and log;, « = log,_; (logx) for k > 2.
For each k > 1, (nlogy n)p>n, (k) is u.d. mod 1, where ng (k) is the smallest positive integer
in the domain of logy, x.

Examples of sequences which are not uniformly distributed mod 1 :

e (n0),>1 (or, (n?0),>1) is not u.d. mod 1 if # € Q, (Weyl criterion) but ({nf}),>1 is
everywhere dense in [0, 1].

Let P(z) = Zaixi € Rlz] (m > 1) with all coefficients o;(j > 0) in Q. Then (P(n))n>1
k=0

is not u.d. mod 1.

(clogn),>1 is not u.d. mod 1, where ¢ is a constant, but it is dense mod 1 in [0, 1].

The sequence (nle),>1 has only one limit point and hence it is not dense mod 1. Therefore,
it is not u.d. mod 1.

(log pn)n>1 is not u.d. mod 1, where p,, is the nth prime.

(loglogn!),,>1 is not u.d. mod 1.
Not-known : (€"),>1, (T")n>1, ((3)")n>1.

We now mention below a special sequence of particular importance, namely a van der
Corput sequence which is uniformly distributed mod 1.

Definition 1.2.3. Letbe N and b > 2.
e The b-adic radical inverse function is defined as ¢y, : Ng — [0, 1),

n n n
¢b(n)=—0—|—fl+f2

b e e T

forn € Ny with b-adic digit expansion n = ng+n1b+nab?+- -, wheren; € {0,1,--- ,b—1}.
In other words, is the reflection of the b-adic digit expansion of n at the comma. for
example, n = (100.)y implies ¢2(n) = (.001)s.

o The van der Corput sequence in base b is defined as (xn)n>0 with x, = ¢p(n).
Proposition 1.2.4. The van der Corput sequence in base b is uniformly distributed mod 1.

Proof. Let us fix m € N. For every a € {0,1,--- ,b™ — 1} with b-adic digit expansion a =
aob™ '+ a1b™ 2 + - + a_ob+ aym_1, we consider the so-called elementary interval in base b
of the form J, = [bim, ”;;} ). For n € Ny with b-adic digit expansion n = ng + n1b + ngb? + -+ - |
the element x, = ¢,(n) belongs to J, iff
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ie.,

a<Y+t<a+l,
where Y = ngb™ ' + nb™ 2 4 .- 4+ nyy € Ng and ¢ = B 4 Do 4o € [0,1). Hence,
a = Y, which implies, n; = a;, for 0 < i < m. Therefore, n = a’ (mod ™), where ¢’ =
ap 4+ a1b+ -+ apm_16™ L

Since the congruence z = a’ (mod ™) has a unique solution mod 4™, it follows that exactly
one of b™ consecutive elements of the van der Corput sequence belongs to J,. Hence, for N € N,
it holds that

#{n < N :{xn} € Ja}
4 < N Gyln) € T}
R
with 8 € {0,1}. Therefore,

1 1
i —_ < . = — =
]\;gn N#{n <N :{x,} € J.} o A(Ja),

where A denotes the one-dimensional Lebesgue measure.

Arbitrary intervals [a, b] C [0, 1) are approximated from the interior and exterior by a finite
union of intervals of the form J,. Therefore, the same result also holds for general intervals of
the form [a, b]. Therefore, the van der Corput sequence in base b is uniformly distributed mod

1. O
Remark 1.2.5. In particular, taking b = 2, we obtain the sequence 0,1, 1 3 1 5 3 T 1 . 45

uniformly distributed mod 1. It is interesting to note that the same set with lexicographic order,

i.e., the sequence 0,3, 2 3 L 3 5 T 1 ... s not u.d. modl. (Ex. 4.7, section 4, chapter

2,|KNTY))
We now mention the following results connecting uniform distribution and density.
Proposition 1.2.6. The following statements are true.

(a) For a uniformly distributed sequence (x,), the sequence of its fractional parts ({x,}) is
dense in [0,1].

(b) Any dense sequence in [0,1] has a rearrangement that is uniformly distributed mod 1.
(c) Any sequence has a rearrangement that is not uniformly distributed.
Proof.

(a) We prove this by contrapositive statement. Suppose the sequence of fractional parts ({z,})
of the sequence (x,) is not dense in [0,1]. Then there is an open interval (a,b) C [0, 1],
such that (a,b) N {{z,} :n € N} = ¢. Let d := “E2 and ¢ := 254, Then

lim #{n < N :{z,} € [c,d]}
N—oo N

=0#d—c,

proves that the sequence (x,,) is not uniformly distributed.
(b) The proof follows from Corollary [1.2.10} as a part of a more general theorem.

(c) Using (a), we note that if the sequence is not dense in [0, 1], none of its arrangements can
be u.d. We now suppose, the sequence (z,,) is dense. Let A := {{z,} : n € N}N[0,1/2] and
B = {{z,} :n € N}N(1/2,1). Both A and B are infinite because the sequence is dense.
Let Z := (z,) be the new sequence after rearrangement of the sequence (z,) such that
A = {{z10n} : n € N}. Since the numerator in the following limit is non-zero only when n
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is a multiple of 10, considering all the 10 subsequences of the form zjon; (¢ = 0,1,...,10),
we have N 0.1/ ) .
< :
o HOEN (s e 11
N-—o0 N 107 2

Hence the new sequence Z = (z,) is not uniformly distributed.
O

Remark 1.2.7. The converse of (a) in Pmposition need not be true. For example, one
can take x, = logn (or, sinn). The sequence ({logn}) (or, ({sinn})) is dense in [0,1], but
(logn) (or, (sinn) ) is not u.d. mod1 (See Example 2.4 and Fxercise 2.7 of [KN7J|])

To prove ({lnn}), is dense in [0,1], we first claim that at least one of In2 and In3 is
irrational, otherwise 2P = 37 for some integers p, g, a contradiction. Thus either ({nln2}), or
({n1n3}), is dense in [0, 1] since (n#),>1 is u.d. mod 1 for # € R — Q. Therefore, we have a
subsequence ({In(2™)}),, or ({In(3™)}), of ({Inn}), which is dense in [0, 1], and so is ({lnn}),.

To show {sinn} is dense in [0, 1], it is enough to show that sin(N) is dense in [—1,1]. For
this we first show that, sin(Z) is dense in [—1,1]. We know, any subgroup of (R,+) is either
dense or cyclic. Z + nZ is a non-cyclic subgroup of (R,+), and hence dense in R. Since the
function x — sinx is continuous, we deduce that

[—1,1] = sin(R) = sin(Z + nZ) C sin(Z + nZ) = sin (Z).

We now prove a general theorem regarding the rearrangement of a sequence to a uniformly
distributed sequence. Let (X,d) be a compact metric space. For a sequence w = (zp)n>1
in X, then let A(w) denote the set of all accumulation points of w, i.e., z € A(w) iff every
neighbourhood of x contains infinitely many z,’s.

Lemma 1.2.8. For any sequence w = (z,)n>1 containing elements of X, there exists a sequence
(Wn)n>1 containing elements of A(w) with lim d(zy,wy,) = 0.
- n—oo

Proof. Since A = A(w) is compact (a closed subset of a compact set is compact), we can define
the function f: X — R, by f(z) = miﬂ d(z,a), for all z € X. The function f is continuous on
ac
X. For any n € N, there exists w, € A with f(z,) = d(z,,w,). We now prove lim f(z,) =0 by
n—oo
contradiction. lim f(z,) # 0 implies that there exists € > 0 such that f(z,) > e for infinitely
n—oo

many n. Since S = {z € X : f(z) > €} is compact set containing the sequence w = (2)n>1,
w has an accumulation point z € S, i.e., f(z) > e. Also, z € A, by definition, which implies
f(z) =d(z, z) = 0, leading to a contradiction. O

Theorem 1.2.9. (Harald Niederreiter, 1984) For any two sequences wi = (Zp)pn>1 and wy =
(Yn)n>1 in the compact metric space (X, d), the following are equivalent:

(a) There exists a permutation T of N such that lim d(xp,y,(,)) = 0.
n— oo

(b) Awi) = A(wz).

Proof. The proof of (a) = (b) is straightforward. We now prove (b) = (a). Using the
Lemma we obtain that there exist sequences (z],) and (y,,) in A(w1) = A(wsz) such that

lim d(z,,z,) =0 and lim d(y,,y,) = 0. Now, since z/,s are in A(ws) and y/,s are in A(w1),
n—o0 n— oo
we can find strictly increasing sequences (a(n)) and (8(n)) in N such that li_>m d(z7,, Ya(n)) = 0

and nhﬁngo d(y,, T3(n)) = 0. It follows that

lim d(zn,Yamn)) =0 and HILH;O d(Yn, 2(n)) = 0. (1.1)

n—oo

Now, both @ : N — N and § : N — N are injections, we can apply Banach’s theorem to get
disjoint decompositions N = K7 U Ky and N = L; U Lo, for which «(K;) = Ly and S(Ls2) = K.
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if K
Then, the map 7 : N — N defined by 7(n) = a(?) 1 neM is a bijection. Hence, using
B7(n) if n € Ko,
equation (L.1), we obtain d(xn, yrn)) < d(@n; Ya(n)) + AT, yg-1(n)) — 0, as n — oo. O

The short proof of the above theorem was given by Lech Drewnowski in 1987. As a corollary
to the above theorem, we obtain

Corollary 1.2.10. The sequence w = (z,,) of elements of X has a p-u.d. rearrangement if and
only if A(w) contains the support of .

Proof. A sequence (z,)n>1 of elements of X is called p-uniformly distributed (where p is a
Borel probability measure) iff

holds for all real-valued continuous functions f on X. Equivalently, (2,)n>1 is p-uniformly dis-
tributed iff
= — >
w«(B) : 1}\1]&151; ZXB (zn) > 1(B)
holds for all open sets B in X, where Xp denoted the characteristic function of B. The
support K of the measure p in X is defined to be the set K = {z € X : u(D) >
0 for all open neighbourhoods D of z}. Let € K and V be a neighbourhood of . Then there
is an open neighbourhood U of x such that U C V. By definition, u(U) > 0 and hence w, (U) > 0.
We claim that Xy (z,) = 1, for infinitely many values of n. If not, Xy (z,) = 0 eventually, which
implies w, (U) = 0, a contradiction. Our claim implies, Xy (z,) = 1, i.e., Xy (2,) = 1, and hence,
zp, € V for infinitely many values of n. Therefore, K C A(w).
We now assume, K C A(w). It follows from Theorems 1.3 and 2.2, Ch. 3 in [KN74], there is
a p-u.d. sequence (y,)n>1 with all y, € K. We set z,, = z,, for a square n = p?,p=1,2,--- and

Tn = Yn otherwise we get a p-u.d. sequence wy = (Tp)p>1 with A(w;) = A(w). Hence, using
Theorem we obtain that there exists a permutation 7 of N such that lim d(2y, 2;(,)) =0

n—oo

and this imphes (2r(n))n>1 is p-uniformly distributed. O

We now recall the following equivalent criteria for a sequence to be uniformly distributed
mod 1, including a well-known criterion of Weyl.

Theorem 1.2.11. For a sequence (£,)52, of real numbers, the following are equivalent:
(a) The sequence (xy,)n>1 s uniformly distributed mod 1.

1
() Jim 5 3" Nun({ea}) = [ N (@)d, for all[a.8) € 0.1,

n<N

(c) hm — Z fH{zn}) / f(x)dx, for all real-valued continuous functions f on [0, 1].
n<N

(d) hm — Z f{zn}) / f(z)dz, for all complex-valued continuous functions f on [0,1].
n<N

(e) 1\}1m — Z fzn) / f(z)dz, for all complez-valued continuous functions f on R with
— 00
n<N
period 1.
(f) lim — Z fzn) / f(x)dx, for all complex-valued continuous functions f : R/Z —

N—oco N
n<N

C.
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1 1
(g) lim — E f{zn}) = / f(x)dz, for all f € H, a countable dense subset in C([0,1],R),
N—oco N N 0
the space (;f real-valued continuous functions on [0, 1] with the sup norm.

1
(h) lim 1 Z f{zn}) :/ f(z)dz, for all Riemann integrable functions f on [0, 1].
N—o0 N n<N 0

. . . . 1 2mihx,, __
(i) (Weyl criterion,1916) ngnoo N ;Ve =0, for all h € Z —{0}.

1 .
(G) lim — >~ e**n =0, for all h € N.
N—oo N n<N

Proof.
o (a) < (b) follows from definition.

e (b) = (c) follows from the following fact: For ¢ > 0 and f € C([0,1],R), there exist
step functions (finite R-linear combinations of characteristic functions) f; and fs such that

fi)(x) < f(z) < fo(z) and
0< /0 (o) — fu(a))da < c.

e (¢) = (b) follows from the following fact: For e > 0 and closed interval [a,b] C [0,1],
there exist continuous functions fi, fo € C([0,1],R) such that f)(z) < X[qp(z) < fo(x)
and

0< [ (hi@) = hi)is <e
Therefore, (a) <= (b) < (¢).
e (¢) = (d), (d) = (e), () = (f),and (f) = (d) and (d) = (c) are obvious.
Combining all the above, we obtain

(@) = () == (o) &= (d) < (¢) < (f).

e (h) = (b) is obvious.
)

e (b) = (h) follows from the following fact: For e > 0 and f € R([0,1]), there exist step
functions (finite R-linear combinations of characteristic functions) f; and f; such that

f1)(@) < f(z) < fo(z) and

1
0< /0 (fa(z) = f1(z))dz < e.

e (¢) = (g) is obvious.

e (9) = (c) follows from the following fact: For e > 0 and f € C([0, 1]), there exist ) € H

such that ||f — || < € (by density), i.e., sup |f(z)—(x)| < e. Now we have
z€[0,1]

! 1
[ rde =5 3 s

<[ = odal ] [ vdn = 3 e+ I 3 ()~ b)) < 3
n<N n<N

The first term and the third terms on the right are both < €, whatever the value of N
using ||f — Y|l < €. The second term is also < € for sufficiently large N using hypothesis.
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e (i) = (e) Let € > 0. By Weierstrass approximation theorem, there exists a trigonometric
polynomial (), i.e., a finite linear combination of functions of the type e**"* h ¢ Z,
with complex coefficients such that ||f — t||cc < €. The rest of the proof is the same as
calculations mentioned in (g) = (c).

e (¢) = (i) For h € Z — {0}, let us define f;(z) := €2 Then each fj, is a continuous 1
periodic function with fol frn(z)dx = 0. This completes the proof.

e (i) < (j) follows upon taking complex conjugation.
This completes the proof.
O

Remark 1.2.12. (a) = (h) does not hold if we replace ‘Riemann integrable functions’ with
‘Lebesgue integrable functions’. In fact, for an arbitrary sequence of real numbers (z,)n>1, one
can construct a Lebesque-measurable set E of I, considering the complement of the set determined
by the range of the sequence ({xn})n>1, such that A(E) =1 and

A}i_rfloo #{n < NN{xn} € E}

= 0# \E).

We now define the notion of asymptotic distribution functions mod 1, which can be con-
sidered as a generalization of the concept of uniform distribution.

Definition 1.2.13. (Asymptotic distribution functions mod1) A sequence (x,)52 ¢ of real num-
bers is said to have the asymptotic distribution function mod1l (abbreviated a.d.f. mod1
or simply a.d.f.) g(z) if for every x € [0, 1], we have

o Hr <N (o} € 0.a])
N—o00 N

= g().

Remark 1.2.14. The function g is a non-decreasing function on [0, 1] with g(0) = 0 and g(1) =
1.

Remark 1.2.15. A sequence which is uniformly distributed mod 1 has asymptotic distribution
function g(x) = .

Theorem 1.2.16. For a sequence ()52, of real numbers, the following are equivalent:

(a) The sequence (zyn)n>1 has the continuous asymptotic distribution function g(x).

(b) lim — Z Xiap)({7n}) = / Xia,p)(2)dg(x), for all [a,b] C [0,1] and g is continuous.

N—oco N
n<N

(c) hm N Z f{zn}) / f(z)dg(x), for all real-valued continuous functions f on [0,1].
n<N

(d) A}lm — g f{z,}) = / f(x)dg(x), for all complex-valued continuous functions f on
—
n<N

0, 1].

(e) hm N Z fzn) / f(x)dg(x), for all complex-valued continuous functions f on R
n<N
with period 1.

1
f) lim — - ) ) :
() Jim Nn<sz ZTn) / f(z)dg(z), for all complex-valued continuous functions f

R/Z — C.
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1 1
(g) lim — E f{zn}) = / f(z)dg(x), for all f € H, a countable dense subset in
N—oco N N 0
C(Jo, 1] R), the space of real-valued continuous functions on [0, 1] with the sup norm.

(h) hm — Z f{zn}) / f(z)dg(z), for all Riemann integrable functions f on [0,1].
n<N

1
(i) lim — Z Zmihan :/ X dg(x), for all h € Z — {0}.
0

N—oco N
n<N

1
6)) hm — Z 2mihan :/ ez’Tih'”dg(a?)7 for all h € N.
0

Proof. The proofs are similar to the proofs mentioned in Theorem where we replace the
Riemann integration with Riemann-Stieltjes integration w.r.t the non-decreasing function g(zx).
O

Theorem 1.2.17. [Wiener — Schoenberg, 1928] The sequence ()22 of real numbers has a
continuous a.d.f. if and only if for all m € N, the limit

N
. 1 2mima
A = lim — E e n
N—o0
n=1

exists and

N
D lam|* =
m=1

Proof. We refer the readers to Chapter 11 of [Mur0I] for a proof. O



Chapter 2

Level spacing statistics

2.1 Introduction

Once we know that a sequence is uniformly distributed, we can investigate some finer statistics
and compare them with those of suitable random models. In this section, we give definitions of
some of those finer level spacing statistics, namely the level spacing distribution function and
pair correlation function. Also, there are other level spacing statistics, namely maximal gap and
minimal gap statistics. We exclude their discussion from this chapter.

We begin with the definition of the level-spacing distribution function of a sequence.
Let (z5,)n>1 be a uniformly distributed mod 1 sequence in the unit interval [0, 1].

We consider the nearest-neighbour spacings of the sequence as follows:

We order the first N elements of the sequence as 1y < 2oy < -+ < zy,n. The mean or
average spacing between consecutive elements is ~ 1/N as N — oco. We define the normalised
spacings to be

57(LN) = N(xn+1,N - xn,N)'

Definition 2.1.1. We say that the sequence (x)n>1 C [0,1] has the level spacing distribu-
tion function P(s) on [0,00) if, for each interval [a,b] C [0, 00),

b
lim i#{lgngN—lzagm e[a,b]}:/ P(s)ds.
Nooo N a

Equivalently,

N—o0

. 1 a b b
hm N#{l STL S N_lzxn—i-l,N _Jjn,N € |:N7N:|} :/a P(S)dS

Definition 2.1.2. Let (x,)n>1 C [0,1] be a sequence. We say, (xn)n>1 has Poissonian level
spacing distribution function if P(s) =e™*.

To compute the level-spacing distribution function of a sequence, we need to order the
points first and then compute nearest-neighbour gaps, and this makes the analysis of proving
some results about the level-spacing distribution function difficult. Hence, we consider the
unordered spacings, where we look at the pairwise differences of all elements of the sequences
(in the scale of the mean spacing), not just between nearest neighbours and define the pair
correlation function of a sequence.

We now give the definition of the pair correlation function of a sequence by considering
unordered spacings.

27
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Definition 2.1.3. Let X = (x,)n>1 be a sequence in [0,1]. If the limit
li i# (i,§):1<i#j<N,z; — 2tz
N NT M= TS = A N'N
exists for each s > 0, the function Rx : [0,00) — R defined by

N—o00

1 _
RX(S) = hm N#{(Z,])lSZ#JSN,xZQ;JE |:S’s:|+Z}
is called the pair correlation function of the sequence X.

We also denote the pair correlation function by R(s) if the implied sequence is clear to us.

Remark 2.1.4. Although there are N(N — 1) pairs of differences, we only divide by N before
taking the limit and not by N2, in the definition of the pair correlation function. The Teason is,
if we fix i and try to count the number of pairs (i,j), we only expect one j within distance — ~ of
x;, or, in other words, we expect a bounded (i.e., O(1)) number of j's such that x; € x; +[3, %],
since the average spacing between nearest neighbours is ﬁ Summing over all N number of s,
we expect our count to be of size roughly O(N).

We now list some equivalent definitions of the pair correlation function in the theorem
below, for which we need the following lemmas.

Lemma 2.1.5. Let s > 0 be fized and (t; j)i>1,;>1 be a double sequence. There exists Ny € N

such that
S XewgWN{ti = D> > Xag(N(tiy; +m))

1<i#j<N 1<i#£j<N meZ
0<{ti;}<3 0<{t:;}<3

for all N > Np.
Proof. There exists Ny € N such that Nio < % Therefore, for all N > Ny, & < Nio < %

We claim that if m # 0, then X[_; q(N({t;;} —m)) = 0 for all N > Ny, for all pairs
(i,) (i # j) with 0 < {t; ;} < 3.

If not, there exist a pair (i, j) (i # j) with 0 < {t; ;} < 3, such that X|_, o (N'({t; ;} —m)) =
1 for some m # 0, and for some N’ > Nj.

Therefore, for that specific pair (4, j),
{tij}€|:m S7m+7i| :>{tzj}e(m_lvm—"_l)rj{oal):d)a
’ N’ N’ ’ 2 2 2
which is a contradiction. This proves our claim.

Therefore, for all N > Ny,
Y X (N({tis})

1<i#j<N
0S{ti,j}<%
= 22 X

]({tm‘} -—m)+ > X[ ]({t i.i})

1<i#j<N 0£meZ NN L<iZj<N NN
0<{ti;}<3 0<{tij}3<3
= Z Z X _ s i {ti-,j} - m)
N’N

1<i#j<N meZ
0<{t 1 <3

= > 3 X (N({ti )+ m)

1<i#j<N meZ
0S{ti,j}<%

= Z Z X[fs,s] (N(tLJ + m))

1<i£j<N meZ
OS{ti,j}<%
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O

Corollary 2.1.6. Let s > 0 be fized and (t;,;)i>1,j>1 be a double sequence. There exists Ng € N
such that

S NV = #{00) 1 i 45 < N0 i) < g dd e [ 2 2] )

1<i#j<N
0§{ti,j}<%

for all N > Nj.
Lemma 2.1.7. Let s > 0 be fized and (t; ;)i>1,j>1 be a double sequence. There exists Ny € N

such that
> e (Nt =)= Y D Xag(N(ti; +m)),

1<iAj<N 1<i#j<N mecZ
3<{tij}<1 3<{ti <1

for all N > Ny.
Proof Let Ny € N as mentioned in the proof of Lemma@ Therefore, for all N > No, % <
< =
We claim that if m # 1, then X[_; q(N({t;;} —m)) = 0 for all N > Ny, for all pairs
(i,4) (i # j) with § < {t;;} < 1.
If not, there exist a pair (i, j) (i # j) with & < {t; ;} < 1, such that X_ o (N"({t; ;}—m)) =
1 for some m # 1, and for some N” > Nj.

Therefore, for that specific pair (4, j),

s 1 1 1
{ti7j}€ [m_N’” +W — {ti,j}e (m—§,m+§)ﬁ |:§,1) :¢,
which is a contradiction. This proves our claim.

Therefore, for all N > Ny,

> X (N({tigh— 1)

1<iZj<N
3<{ti <1
= > > X

{ti,j}_m)"' > X[ %]({t,y} 1))

1<i#Aj<N 1£mezZ N’N 1<i#£j<N N
T<{ti <1 2<{t; ;<1
= ) ) X —5.2] ({ti i} —m)
N’N

1<i#j<N meZ
I1<{ti <1

= Y > Xag(N({tig} +m)

1<i#j<N meZ
1<{t: 1<t

= Z Z X[fsﬂs] (N(tZ,J =+ m))

1<i#j<N mezZ
3<{tij}1<1

O

Corollary 2.1.8. Let s > 0 be fized and (t; j)i>1,>1 be a double sequence. There exists No € N
such that

> Xaq(N({tig} — 1))

1<i#j<N
%S{ti,j}<1

:#{(i, ):1<i#j<N, 1<{t”}<1 {t”}e[ ;,%}—FZ},
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for all N > Ng.

Theorem 2.1.9. Let (x,),>1 C [0,1] be a sequence of real numbers, N € N and s > 0 be fized.
Let

1

Ro([—s, 8], (Xn)n, N) == N#{l <i#j<N:xi—uz;€ [— %,%} —|—Z},

Ry=s, 5], @) N) = = 30 30 Xea (Vi =y +m),

1<i#j<N meZ

Ryl ona V) = {1 S0 27 < N oyl < 3 ),

1[5, 5], (2 ), V) 5= }V#{l CiFIEN:(@m-a)e|- 53] }

where ((-)) : R — [—1, 1) is the signed distance to the nearest integer, i.c.,

{z} -1 if%g{x}<l,
and ||-|| denotes the distance to the nearest integer function. If any of the above sequences is

convergent as N — oo, all other sequences are also convergent, and they all converge to the same
limit, i.e.,

lim Ro([—s, 8], (n)n, N) = lim R5([—s,s],(n)n, N) = lim Ry ([—s,s], (zn)n, N)

N—oo N—oo N—oo
and
lim Ro([—s, 8], (n)n, N) = lim Ry ([—s,s], (n)n, N),

N—oc0 N—oc0

provided the limit exists in at least one case.

Proof. Let Ny € N as mentioned in Lemma 2.1.5, i.e., 25 < Ny and we write t; ; = x; — ;.
Hence, for any N > Ny, we have

R/Ql/([_svsL(xn)mN) (2.1)
—#{1<izisni@-ape[- 5.4
—S#{1Si#5 <N N(tig) € [-5,5])

= Y XN (t)

1<i#j<N
1 1
N > X (N(tig) + i > X (N(tig)
1<i#j<N 1<i#j<N
og{ti,j}<§ %S{ti.jj}<1
1 1
:N Z X[—s,s] (N{ti,j}) + N Z X[-s,s] (N({tid} —-1))
5 55
=127 2 2—=1%%,7
1 1
:ﬁ Z Z X[—s,s] (N(tiJ + m)) + N Z Z X[—s,s] (N(ti,j + m))
1<i#j<N mez 1<i#j<N mez
OS{ti,j}<% %S{ti,jj}<1

:% Z Z X[—s,s] (N(tiaj + m))

1<i#j<N meZ
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:% Z Z X[_s,s](N(I‘i —x; + m)

1<i#j<N me€Z
:R/Z([_Sa 3}7 (fﬁn)n, N)7

where we use Lemmas 2.1.5 and in the last fourth line.
Using Corollaries and for any N > Ny, and for any s > 0, we have
RQ([i‘Sv 5]7 (xn)na N)

1 s s
=— <7 ) < X — X - —, —
N#{ll#JN i mﬂe[ N’N}JFZ}
1 s s
— < g i< N Lt . _ 2 =
wHisizisy e[~ x4z
1 1 s s
— 1, 7)1 <g ) < < dt; — At ; -, =
{0 1<i# S NOS () < ftut e[ o] Y2} o)
1 1 s s
—HlG ) 1<i# <N, = <{t;; . 22
e #{@) 1<iA SN <{tg} <Lty e |- o] +2)
1 1
=N > Xj—s,s)(N{tig}) + 5 Y Xsg(N({tig} - 1)
1<iZj<N 1<iAj<N
Og{ti,j}<% %S{ti,j}<1

:RIZ([_‘S? 8]7 (xn)nv N),
where we use the last five lines of equation ([2.1) in the last line.
We can show, for any a > 0, (z)) € [—a,a] <= ||z|| < a.
This shows, for any N € N, and for any s > 0,
RIQI([_Sv 5]7 (mn)nv N) = R/Ql/([_sv 3]7 (mn)m N) (2'3>

Combining equations (2.1)), (2.2) and (2.3), we obtain that for all N > Ny,
RQ([_Sa 8]7 (xn)n7 N) = RIZ([_Sv 5]7 (xn)nv N) = Rg([_s’ 8}7 (xn)n7 N) = Rgl([_S’ 3}7 (l‘n)’m N)v
and this completes the proof.
O

Remark 2.1.10. The above definition of pair correlation function is in particular 2-level cor-
relation function, where the definition of k-level correlation is given in the following way.

Definition 2.1.11. Let k > 2. Given a bounded set B C RF=1 we define k-level correlation of
the sequence (x,)n>1 as

Ri(B,N) 12%#{2'1, vy by < N all distinet: N((zi, — ©4,)), (i, — i)y oo, (T3, — 4,)) € B}

:N Z XB(N((xil _xiz))vN((xil —l'iS)),...,N(({,Cil _xik)))'

11,00k SN
distinct

The following theorem shows that one can also consider the differences ((x;, — ;,)), (x:, —

Tig )y eeey (T4, — 4, ) in the definition instead of the differences ((x;, —i,)), (i, —%is)), -, (24, —
Theorem 2.1.12. Let (zy,)n>1 C [0,1] be a sequence and k > 2. The following are equivalent:
(a) For all test functions, f € C.(R*~1), we have

Z f(N((xh - xiz))7N((:Ci1 - zis))a ] N((IH - xlk))) = /Rk—l f(‘r) dz

11,0, SN
all distinct
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(b) For all test functions, g € C.(R*~1), we have

lim — Z g(N((xll _$i2))7N((xi2 _xi3))7"‘7N((xik—1 _xlk))) = / g(:r) dx
. - Rk—1
i et

(c) For all rectangles B = [a1,b1] X [az,b2] X -+ [ag—1,bk—-1],b; > a;,1 <i<Ek—1,

. 1

lim N Z Xp(N(@i, — 24,))s N(@i, — 245))s s N(@3, — 24,))) = N(B),
iein <N

all distinct

where \ denotes the (k — 1) dimensional Lebesque measure.
Proof. We refer the readers to [HZ23, Appendix A| for a proof. O

Definition 2.1.13. Let (z,,)n>1 C [0,1] be a sequence and k > 2. We say, the sequence has
Poissonian k-th order correlation if the sequence satisfies any of the above criteria mentioned in

Theorem [2.1.13

Remark 2.1.14. Let k > 2 and (xy)n>1 C [0,1] has Poissonian k-th order correlation. We
know, for any a > 0, () € [—a,a] <= ||z|| < a. Therefore, using condition (c) of Theorem
in the second last line, we obtain

1 r
lim N#{il,...,z’k < N all distinct : ||z, — 4, || < SN, foralll <r<k-1}

N—o00

1
:th —N#{il, iy < N all distinet : N(xs, — xi,,,)) € [=5p, 8], foralll <r <k—1}
—00

~ lim % S Xampxln s (N (@ — 20) N (@, — 2,)s s Ny — 2,)
;zll distinct

=A([—s1,81] X+ X [—Sk—1, Sk—1])

=(2s51)(2s2) - - - (28k—1)-

Corollary 2.1.15. Let (x,)n>1 C [0,1] be a sequence. The following are equivalent:
(a) For all test functions, f € C.(R), we have

(b) For all intervals [ay,b1],b1 > a1,

1

lim —

Z X[alabl](N((xi1 - 1312))) =b; —aj.

i1 #£ia<N

(c) For all intervals [—s, s], s > 0,

i = 3 X (N (@i, — 0,) = 25.

N—oco N
i1£12<N

Proof. In view of Theorem[2.1.12] to prove this corollary, it is enough to show that condition (c)
implies condition (b) (the other part is trivial). For this, we show #{(i,j) : i # j < N, N((x; —
z;)) € [0,s]} = so(N), for all s > 0. Let s > 0. We start with the following observations:

{—z}=1—{z}, forx ¢ Z, (2.4)
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and

{_((x)), if {2} € [0,3) U (3, 1) (2.5)

Using equations (2.4) and (2.F)), we get
#{09) i £ TSN fmi— ) # V=25 <o)
=#{(0,) 1 # 5 < N1~ {ay =2} # 4, ~N(ay — ) € [-5,0)
=#{(50) i # 5 < N {ay — 2} # 5, N (w5 — ) € (0,5])
(i) 1 £ S N {2} # 5, V(e = 3) € (0,8])

where we use the bijection #{(i,7) : ¢ # j < N,---} « #{(4,4) : i # j < N,--- } in the third
line. For N > 2s, equation [2.1.9| gives

#{(i,d) 11 # 5 < N, o — 3} = 5, Nl — ) € [-5,0)) -
—#{(i,) i # 5 < N {s — 25} = 3, ~N/2 € [-5,0)} =0,
For N > 2s, adding equations and , we obtain
#{(i,7) i #j < N,N(xi — ;) € [-5,0)}
—#H{(0,) i # 5 < N {os— 2} # 3, N — ) € (0,5])
F(0) 1 £ S N ) = 5, N — 2,) € (0,9])
:#{(Za]) i 7é .7 < NvN((xl - x])) € (078}}a
where the set in the third line is an empty set.
Using the given hypothesis, we obtain
0< Jim (i) i %5 < N, (@i~ 25) = 0}
< ngnoo %#{(i,j) i # j < N,N(z; —z;)) € [e,€]} = 2¢, for any € > 0, ie.,
Jm S #{(09) 1045 < N, (- ;) = 0} =0, (2.8)
Therefore, for N > 2s,
#{(i,5) 11 #j < N, N(xi — x;)) € [-s, 5]}
=#{(i,5) 11 # § < N, N((@i — z;)) € [=5,0)} + #{(0,j) : 1 # j < N, (i —x;)) = 0} (2.9)
+#{(i,4) i # j < N, N((wi — ;) € (0, ]} '

=#2{(i,5) 1 # j < N, N((i — ;) € [0, s]} = #{(2,J) : i # j < N, (@i — x;)) = 0},
and hence, using equation (2.8]) together with the hypothesis, we obtain
Jim #{(Z J)ri# < N,N(zi —x;)) €[0,5]}
—% m —#{(z J)ii#j < N,N(x; —x;)) € [-s,s]} = %(23) = s, for any s > 0,

which proves condition (b). O
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Condition (c) of Corollary [2.1.15] allows us to say that a sequence (z,),>1 C [0,1] has
Poissonian 2-th order correlation (or, Poissonian pair correlation) if for any s > 0, it satisfies

ngnoo]lv#{1<i7éj<N:((xi—xj)>e [—fv,;}}:zs.

Remark 2.1.16. It is important to note that we cannot obtain a similar version of the equiv-
alence of Condition (c) to any other conditions mentioned in the proof of C’orollary for
higher order correlations (k > 3) since a similar symmetry argument cannot be used to obtain
a generalization of (2.9), i.e., for the rectangle B = [0, s1] x -+ x [0, s,_1], the following is not
true in general:

1
N# {ir, -+ ir < Nall distinct, N ((z;, —xi,.,,)) € [0,s,] (1 <7 <k)}

k-1
1 1
~ (2> N# {ir, -, ix < Nall distinct, N ((z;, — xi,.,)) € [=sr,s7] (1 <7 <k)}.

The following theorem shows having Poissonian pair correlation is stronger than uniform
distribution mod 1.

Theorem 2.1.17. Let (z,,)n>1 C [0,1] be a sequence. If (zy,)n>1 has Poissonian pair correla-
tion, then (xy,)n>1 is uniformly distributed.

Remark 2.1.18. Theorem [2.1.17 was proved independently by Aistleitner, Lachmann and
Pausinger [ALP18] and by Grepstad and Larcher [GL17.

We can recover Poissonian level spacing distribution, if we have Poissonian correlations of
all orders k > 2.

Theorem 2.1.19. Let (2,),>1 C [0,1] be a sequence. If (x,)n>1 has Poissonian correlations
of all orders k > 2, then the sequence has Poissonian level spacing distribution function.

Proof. We refer the readers to [KR99, Appendix A] for a proof. O



Chapter 3

Introduction to Modular forms

3.1 Preliminaries

The main goal of this thesis is to study pair correlation statistics in the context of modular forms.
For this, we need a brief introduction to modular forms, which we give in this chapter. Modular
forms play an essential role not only in Number Theory but also in other parts of Mathematics.
Modular forms are used for the construction of Ramanujan graphs, cryptography, and coding
theory and are often related to generating functions for partitions of an integer. In this section,
we review the properties of modular forms necessary to understand the thesis problem and to
tackle it. We refer the readers to [Miy89] and [MDGI16] for a more detailed understanding of
this topic.

3.1.1 Modular Forms

Let us consider the following matrix group, namely the special linear group over the set of

integers Z.
b
SLy(Z) = {(‘c‘ d)

For each positive integer N, we define

P(N) = {(UCL Z) € SLy(Z) ‘ (CCL Z) = <(1) (1’) (mod N)}.

In particular, I'(1) = SLo(Z). We call I'(N) the principal congruence modular group.

a,b,c,d €Z, adbc—l}.

Definition 3.1.1. A subgroup T' C SLy(Z) is called a congruence subgroup if T(N) C T for
some N € N.

If T is a congruence subgroup, the smallest N such that T'(N) C T is called the level of T

Remark 3.1.2. It can be shown that T'(N) has finite index in SLy(Z). Hence, every congruence
subgroup T also has finite index in SLo(Z).

Let H :== {z € C: Im (z) > 0} be the upper half-plane, considered as an open subset of C
with the usual topology.

GLF(R) = {( )

The group

a,b,c,d € R, ad—bc>0}

35
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acts on H via Mobius transformations (or fractional linear transformations):

GLI(R)xH —H
_fa b = az+b (3.1)
7_ c d aZ CZ+d7

az+b

ie.,

cz+d’
Remark 3.1.3. The action of GL3 (R) on H extends by the same formula ([3.1) to include its

boundary R U {oco} as follows: ((Z Z) ,x) — Z;CIS, for x € R, and (Z 2) ,oo) 2

Definition 3.1.4. A subgroup T' of a topological group G is called a discrete subgroup if T' is
discrete with respect to the topology of G.

Definition 3.1.5. A non-scalar element o of GL3 (R) is called elliptic, parabolic or hyperbolic,
when it satisfies

(tr (a))? < 4 det (@), (tr (@))* =4 det (a),or, (tr ())* > 4 det (a),

respectively.

Definition 3.1.6. Let I be a discrete subgroup of SLa(R). An element s € RU{oo} is called a
cusp of ', if v-s = s for some parabolic element v € T.

Proposition 3.1.7. Let I' C SLy(Z) be a subgroup of finite index. Then the set of cusps of T’
is given by Q U {oo}.

Proof. We refer the readers to [KL0OG, Proposition 3.5] for a proof. O

Definition 3.1.8. Let k be an integer. A function f : H — C is called a classical (or
“elliptic”) modular form of weight k with respect to the full modular group T' = SLy(Z), if it
satisfies the following conditions:

(1) f is holomorphic on H.

(2) f(45) = (cz+ d)*f(2), for all (Cc‘ Z) € SLy(Z), and z € H.

(3) f(z) is bounded as Im (z) — co.

Remark 3.1.9. Let f be a holomorphic function on H satisfying Condition 2 of the definition
i.e., f(z+1) = f(2), for all z € H. This means f has a Laurent series expansion (See
page 3 of [DS0OJ] for a discussion), which we call Fourier series at oo :

o0

F)y =) ag(n)g", g= e

n=—oo

Since ¢ — 0 as Im z — oo, Condition 3 of Definition ensures that ay(n) = 0 for n < 0.

Therefore, the Fourier series of f is in fact a power series :

f(2) =) ap(m)q", ¢ ="

n=0

Definition 3.1.10. Let f be a holomorphic function on H satisfying condition 2 of Definition
and ay(n) =0, for n < 0 in the Fourier expansion (as mentioned above) of f at co. Then
f is said to be holomorphic at .
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Remark 3.1.11. Some authors also prefer to give the definition of a modular form with the
equivalent Condition (3)" : f is holomorphic at oo, in place of condition (3) in the Definition

[Z1.38

Remark 3.1.12. Taking ((z Z) = — <é (1)> in Condition 2 of Definition|3.1.8, we get f =

(=1 f, which shows that the only modular form with respect to the full modular group SLo(7Z)
of any odd weight k, is the zero function, but non-zero odd weight examples exist in more general
contexts.

Definition 3.1.13. A classical modular form f : H — C of weight k with respect to the full
modular group SLo(Z) is called a cusp form of weight k with respect to the full modular group
SLy(Z), if ay(0) = 0 in the Fourier series expansion of f at co.

We now define modular forms for congruence subgroups I' of SLy(Z).

a b

For k € Z and v = (c d) € GL3 (R), we introduce the following notation: for any

holomorphic function f on H,

az+b).

(FII)(2) = (det ) (ez + )~ (T

(3.2)

Remark 3.1.14. Sometimes f|[v]i is used in place of f[v]k, and it is usually called the “slash”
notation because of the slash that is put, but we will use the above notation f[v]y.

In the following definition, we define the notion of holomorphy at oo for a congruence
subgroup, which we will need in condition (3) of the definition [3.1.16] We refer the readers to
page 16 of [DS05] for a more detailed discussion.

Definition 3.1.15. Let T be a congruence subgroup of SLa(Z). Then T contains a matrixz of the

form for some minimal h € N. Let f : H — C be a holomorphic function which satisfies

1 h
0 1
fIVlk = f for all v € T. Therefore, f(z+ h) = f(z), and hence f has a Laurent expansion. f is
said to be holomorphic at oo with respect to I', if f has a Fourier series expansion:

F(2) = as(n)gy, gn=e>™".
n=0

Definition 3.1.16. Let k be an integer and I' be a congruence subgroup of SLo(Z). A function
f:H — Cis called a classical (or “elliptic”) modular form of weight k with respect to T,
if it satisfies the following conditions:

(1) f is holomorphic on H.

(2) fIVle = f forallyeT.
(3) For all vy € SLy(Z), f[Y]k is holomorphic at oo with respect to v~ T'y.

Remark 3.1.17. Since g := f[y]x is holomorphic on H and gla]x = g for all « € Y71 Ty =T,
where TV is again a congruence subgroup of SLo(Z), its holomorphy at oo (as mentioned in

Definition is well defined.

Definition 3.1.18. Let k be an integer and T be a congruence subgroup of SLa(Z). A classical
modular form f : H — C of weight k with respect to ' is called a cusp form of weight k with
respect to T', if ay(0) = 0 in the Fourier series expansion of f[y]x at co, for all v € SLy(Z).

Definition 3.1.19. Let k be an integer and T be a congruence subgroup of SLo(Z). The space
of modular forms and cusp forms of weight k with respect to T are denoted by My(I") and Sk (T).
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In this thesis, we will only be dealing with the following special congruence subgroup,
namely Hecke congruence subgroup of level N:

T'o(N) = {(Cc‘ Z) € SLy(Z) ‘ N divides c}.

Definition 3.1.20. Let k and N be integers with N > 1. A classical modular form (or cusp
form) of weight k with respect to To(N) is called a modular form (or cusp form) of weight
k and level N.

Remark 3.1.21. Let f be a modular form of weight k and level N. Then, f[y]x is holomorphic
at 0o with respect to vy~ To(N)y, for all v € SLy(Z) (using Definition . In particular,
taking v = Iz, we have f[Is) = f is holomorphic at oo with respect to T = T(N).
Therefore, using Definition with the observation that h = 1 is the minimal natural
1

number such that (0 }11) € Ty(N) =T, we can say that if [ is a modular form of weight k

and level N, f has a Fourier series expansion:

f(z) =) as(n)g", ¢=e""".

n=0

Similarly, if f is a cusp form of weight k and level N, f has a Fourier series expansion
with ay(0) =0:

f(z) =) as(n)g", ¢=e"".
n=1

Definition 3.1.22. Let k and N be integers with N > 1. The space of modular forms and cusp
forms of weight k and of level N are denoted by My(N) and Si(N), i.e., Mp(N) = Mi(To(N))
and Si(N) = Sp(To(N)).

Remark 3.1.23. [t can be shown that both My(N) and Sk(N) are finite-dimensional complex
vector spaces, where Si(N) is a vector subspace of My (N) [CS17, Theorem 7.4.1].

In the next few sections, we find a basis of eigenforms for the space Si(N). But for this, we
need to make Si(N) an inner product space, which was first done by the German mathematician
Hans Petersson and this inner product is called Petersson Inner Product.

3.1.2 Petersson Inner Product

We recall that the action of the group GL3 (R) on H is given by equation (3.1)).

Definition 3.1.24. In the upper half plane H, we define the hyperbolic measure

dx dy

du(z) , z=z+iy € H.

We record the following two propositions whose proofs are straightforward.

Proposition 3.1.25. The hyperbolic measure dy is invariant under the action of GLT (R) on H,
i.e., for alla € GLI (R),z € H, du(a-z) = du(z). Hence, du is also invariant under I' = SLy(Z)
and so under I'o(N).

Proposition 3.1.26. Let f, g € My(To(N)). Then f(2)g(z)(Im 2)* is To(N)-invariant, i.e.,
for all a € Ty(N),

fla-2)gla-2)(Im (a-2))* = f(2)g(z)(Im 2)".
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Definition 3.1.27. Let f € My(N), and g € Si(N), where My(N) and Si(N) are as mentioned
in Definition[3.1.29. We define the Petersson Inner Product as the following:

<-, > : Mk(N) X Sk(N) —C

given by

(f.9) = / ()90 (Im. 2)*du(z), (3.3)
To(N)\H

where To(N)\H 1is the orbit space of the action of To(N) on H.

Remark 3.1.28. The integral in equation (3.3) is finite as long as one of f and g belongs to
Sk (N) and the other belongs to My (N).

Remark 3.1.29. Using Propositions[3.1.25 and[3.1.26, we obtain that the integral in equation
(3.3) is well-defined.

Proposition 3.1.30. Let I' be a congruence subgroup of SLa(Z). Let and f,g € My (T'). Then

(a) (-,-) is linear in first argument,

(b) (-,-) is conjugate symmetric, i.e., {f,g) = (g, f),
(c) (f.f) >0 for f#0.
Therefore, the Petersson inner product defines a Hermitian inner product on Si(T).
Proof. We refer the readers to [MDG16, Chapter 7] for a proof. O

Remark 3.1.31. The Petersson inner product defines a Hermitian inner product on Sk(N), for
integers k and N with N > 1.

We now state the following standard result from the functional analysis without proof.
Lemma 3.1.32. A finite-dimensional inner product space V' over C is a Hilbert space.

Theorem 3.1.33. The space Sip(N) of cusp forms of weight k and level N, is a Hilbert space
with respect to Petersson inner product.

Proof. The proof follows from Proposition [3.1.30| and Remark [3.1.23 O

3.1.3 Hecke Operators

For each weight k& and level N, we define a family of linear operators that preserve the spaces
M (N) and Si(N), called the Hecke operators (See [Kob84], Proposition 35 on page 160).

Definition 3.1.34. Let G be a group acting on a set X. The orbit of an element x in X 1is the
set of elements in X to which x can be moved by the elements of G. The orbit of x is denoted
by G- x:

G-z={g-x:9¢€qG}

The set of all orbits of X under the action of G is called the orbit space of the action and is
written as G\ X, i.e.,
G\X={G-z:2€X}.

There are different ways of defining Hecke operators on the space of modular forms My (N),
although all of them are equivalent. We follow the treatment by Cohen and Stromberg [CST7].

For positive integers m and N, we define the set

Xp(N) = {(‘; Z) € My(Z),Nlc, (a, N) = 1, det (a Z) = m}.

C

We observe that the group I'g(IN) acts on the set X,,, (V) by the left multiplication of matrices.
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Definition 3.1.35. Let f € My(N). For m € N, the m-th Hecke operator T,, on the space
My (N) is defined by

To(f) =m0 " e

YELo(N)\Xm (N)

Remark 3.1.36. It can be shown that the definition of T,, is independent of the choice of
representatives for the cosets To(N)\Xn(N) (See [CS17, Proposition 10.2.8 (a)] for a proof).

Remark 3.1.37. In general, it may happen that f[y], ¢ My(N), for arbitrary v € GLT(R) and
f € My(N). For this reason, we define the Hecke operator where we sum elements of the form
fVlk for a given modular form f over the orbit representatives to get back a modular form of
weight k and level N.

Theorem 3.1.38. A system of orbit representatives of X,,(N) for the left action of To(N) is
given by the set,

A%;:{(a b) EMQ(Z):(a,N)zl,ad:m7a>0,0<b<d—1},

0 d
that is,
d—1 -
= U U (f ).
ad=m b=0
(a,N)=1,a>0
Proof. We refer the readers to [CS17, Proposition 6.5.3 (b)] for a proof. O

Using Theorem|[3.1.38], we have the following explicit expression for the m-th Hecke operator.

Definition 3.1.39. Let f € My(N). For m € N, the m-th Hecke operator T,, on the space
My, (N) is given by

Ton(f) =m* 271 3" fllk

yEAN
d—1 0 b
_ . k/2—1
—m > f[(o d)]
ad=m b= k
(a,N)=1,a>0
d—1
1 k az+b
Y (),
ad=m b=0
(a,N)=1,a>0

where f[Y]x is the slash operator defined in equation (3.2).

Proposition 3.1.40. Let n and N be positive integers, k be a non-negative even integer and

f=2 50 Ar(m)g™ € My(N). Then Ty, f(2) = 3_,,50br(m)q™, where

br(m)= Y d"N)g (ZT)

d|(m,n),d>0
(d,N)=1

Proof. We refer the readers to [CS17), Proposition 10.2.5] for a proof. O

Remark 3.1.41. Let m and N be positive integers and k be a non-negative even integer. The
m-th Hecke operator is a well-defined linear map from My(N) to My(N) and from S,(N) to
Sk(N).
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Corollary 3.1.42. Let N be a positive integer, p be a prime, k be a non-negative even integer
and f =350 r(m)g™ € My(N). Then

Tpf(2) = Ym0 A (m)a™ + Y o Ar(r)g ifp N
3 2 m>0 Ar(pm)q™ if p|N.

When p divides the level N, the Hecke operator T, is often denoted by U,.
Proof. If p|N, then (p, N) = p, and hence,

by = 30 i (52 = astom)

d|(m,p),d>0
(d,N)=1

If p /N, then (p, N) = 1. Hence, for prime p dividing m,

m m
br(m) = Z d" s <d2p> = Ap(pm) +p"IAs () , and

d)(m.p).d>0 P
(d,N)=1

for prime p not dividing m,

We now record some important properties of Hecke operators below.

Theorem 3.1.43 (Hecke). The Hecke operators {T,, : n > 1} acting on Sp(N) satisfy the
following properties :
(a) For m,n €N,

_ k—1
Tolp= Y d* 'Tmp.
d|(m.n)

(d,N)=1

In particular, T, T, = T,/ Ty, for m,n € N.
(b) The Hecke operators are multiplicative, i.e., for m,n € N with (m,n) =1, T,,Ty, = T

(c) For a positive integer v and a prime p, such that (p,N) = 1, TprT,, = Tpyrsr 4+ pF~1T-1.
If p|N, then Tyr = (Tp)".

Proof. We refer the readers to [CS17, Theorem 10.2.9] for a proof. O
Theorem 3.1.44 (Petersson). The Hecke operators {T,, : (n,N) = 1},>1 on Sp(N) are self-

adjoint (or, Hermitian) with respect to the Petersson inner product, i.e., for any f,g € Sk(N),
and (TL,N) =1, we have <Tnf7g> = <fa Tng>'

Proof. For a proof of this theorem, we refer the readers to [Kob84 Proposition 50|. O

Definition 3.1.45. A cusp form f € Sg(N) is called a Hecke eigenform if it is an
eigenfunction for each T, with (n,N) = 1, i.e., there exists a sequence of complex numbers
{ap, : (n,N) = 1} such that

Tnf = anf.

If the first Fourier coefficient ay(1) of an eigenform is 1, then we say that f is a normalised
Hecke eigenform.

Definition 3.1.46. A basis of Sk(N) consisting of Hecke eigenforms is called a Hecke eigen-
basis.
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We now begin with the following standard theorem from linear algebra.

Theorem 3.1.47. Let R be a commutative ring of Hermitian operators on a finite-dimensional
Hilbert space V' over C. Then V has an orthogonal basis f1, fa, -, fr of eigenvectors of R.

Proof. For a proof of this theorem, we refer the readers to [MDG16, Theorem 7.4.1]. O

Theorem 3.1.48. The space of cusp forms Si(N) has an orthogonal basis consisting of eigen-
functions of Ty, for all (m,N) = 1. In particular, if N = 1, there exists an orthogonal Hecke
eigenbasis for all T,,,n > 1.

Proof. Using Theorem we note that the space of cusp forms Si (V) is a finite-dimensional
Hilbert space over C with respect to Petersson inner product. Also, using Theorems [3.1.43| and
we obtain that R = {7}, : (n, N) = 1},,>1 is a commutative ring of Hermitian operators
on Si(N). The proof now follows from Theorem O

3.1.4 Oldforms and newforms

In this section, we discuss the theory of newforms developed by Atkin—Lehner, generalized by
W. Li. Newforms are analogues of primitive characters in the context of modular forms. In
particular, we will see that there is a natural decomposition of the spaces Si(N) and that
newforms have nicer properties than general modular forms. The advantage of having the space
of newforms is that we will have a basis consisting of normalised eigenforms of all Hecke operators.

Theorem shows that Si(IN) has an orthogonal basis consisting of eigenfunctions of
T, under the restriction, (m, N) = 1, and this basis need not be unique. However, on the space
of newforms S (I'y(N)) (to be defined below), we will see that there exists a basis of forms
(unique, up to normalization and ordering) which are simultaneous eigenfunctions for all the
Hecke operators T, including those with p|N.

In 1970, Atkin and Lehner resolved this difficulty by focusing on forms, which are indeed of
level N, i.e., they don’t come from lower levels. We observe that if N’|N, then T'g(N) C T'o(N'),
and hence Sy(N') C Sip(N). More generally, if d|4;, and f(z) € Sg(N’), it turns out that
f(dz) € Sg(N). We name the subspace containing all the duplicating forms coming from lower
levels as the space of oldforms.

Definition 3.1.49. The C-span of
U U@z resiv}

N'|N 4%,
N#N'

is called the space of oldforms on To(N), and is denoted by SQ'¢(N). The orthogonal complement
of the space of oldforms with respect to the Petersson inner product in Sk(N) is called the space
of primitive modular cusp forms on T'o(N), and is denoted by Sp°* (N).

Remark 3.1.50. We have the following orthogonal decomposition for the space Si(N),
Si(N) = SgU(N) P Spe (N).
Remark 3.1.51. By the Atkin-Lehner decomposition [AL70], we know that

Sk(N) = P P ia.a(SE (d)), (3.4)

dIN a5
where, for positive integers a and d such that ad|N, i, 4 denotes the embedding f(z) — f(az) of
Sk(d) mnto Sk(N)

Remark 3.1.52. The spaces S'4(N) and Sp¢¥(N) are stable under the action of all Hecke
operators {T), }n>1, not only those with (n, N) =1 (See [CSI7/).
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The space Sp¢*(N) has the following nice properties:
Theorem 3.1.53. The following statements are true:

a) There exists an orthogonal basis of the space S7°"(N) formed by eigenforms of all the
k
Hecke operators T,.

(b) Let f =321 As(n)g™ € Sp(N) be a Hecke eigenform. Then, A¢(1) # 0.

(¢) If f =220 Ap(n)g™ € Spe(N) is a normalised Hecke eigenform, i.e., A¢(1) = 1, then
T f = Ap(n)f for all integers n.

(d) If f =371 Ar(n)g™ € S (N) is a normalised Hecke eigenform, then
_ mn
VONVOED SN

d|(m,n),d>0
(d,N)=1

Remark 3.1.54. We note parts (c) and (d) of Theorem follow from the following fact:
Let f(z) =307 Ap(n)g™ € Spe”(N), where Ay(1) =1 and

Tn(f(2)) = a(n)f(z), n > 1.
Using Proposition [3.1.70, we obtain
Yooy (722") = a(m)As(n).

d|(m,n),d>0
(d,N)=1

In particular, n =1 gives Af(m) = a(m)As(1), i.e., Ap(m) = a(m).

Hence, we obtain

M) = Y dy (Zm) .

d|(m,n),d>0
(d,N)=1

Definition 3.1.55. Theorem (a) and (b) guarantee the existence of an orthogonal basis of
Spe(N) consisting of normalised Hecke eigenforms, which we denote by Fn . Any f(z) € Fn i
is called a Hecke newform of weight k and level N.

Remark 3.1.56. We note that we don’t call every function in S} (N) a newform. A normalised
cusp form f € SpU(N) which belongs to an orthogonal basis of Sp°(N) and is a common
eigenfunction for the Hecke operators T,, with (n, N) =1 is called a newform.

Definition 3.1.57. A newform f(z) = >, <, Af(n)q" of level N and weight k is said to be a
CM form (or to have complex multiplication) if there exists an imaginary quadratic field K
such that A¢(p) = 0 if and only if p is inert in K. For weight k > 2, the field K is unique and
we say that f has CM by K.

If no such field exists, we say that f is a non-CM newform.

3.1.5 Ramanujan-Petersson conjecture

Let k and N be positive integers with k even. Let S;°(N) denote the space of primitive modular
cusp forms of weight k with respect to I'o(N). For n > 1, let T,, denote the n-th Hecke operator
acting on S} (N). We denote the set of Hecke newforms of level N in S;***(N) by Fn i (as
mentioned in Definition [3.1.55). Using Theorem [3.1.53] any f(z) € Fnx has a Fourier expansion

)= A(n)g",  g=e"",
n=1
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where A\f(1) =1 and

To(f(2)) = Ap(n) f(2), n = 1. (3.5)

We now mention below the Ramanujan-Petersson conjecture, which was first conjectured
by Ramanujan for the Ramanujan 7 function and later generalized by Petersson for more general
modular forms. The conjecture was completely proved by Deligne in 1974, using his proof of the
general Weil conjectures (See [CS17] for a history of the problem).

Theorem 3.1.58 (Ramanujan—Petersson conjecture). Let f(z) =, <, Ar(n)q" be a nor-
malised Hecke eigenform. Then, for any prime p with (p, N) =1, B

(o)l <2077

Remark 3.1.59. It follows from Ramanujan—Petersson conjecture for any n € N with (n, N) =
1

As(m)] < d(njn’7",
where d(n) is the number of positive divisors of n (See Ezercise 5.3.2 in [MDGI16] for a proof).

Af(n)

If we consider the normalised eigenvalues af(n) = -1z, then Ramanujan—Petersson

bound gives that for any n € N with (n, N) =1,

lay(n)] < d(n). (3.6)

Hence, using equation (3.5)), we obtain that any f(z) € Fy  has a Fourier expansion
> k—1
fz)=)_n7as(n)g", gq=e"",
n=1

where af(1) =1 and

M =as(n)f(z), n > 1. (3.7)

n-z

Let us fix N and k and consider a newform f(z) in Fy i (as mentioned in Definition [3.1.55)).
Let p be a prime number with (p, N) = 1. Equation gives, |af(p)| < 2. Moreover, af(p)’s
being the eigenvalues of a Hermitian operator, a;(p) € R. Hence, the eigenvalues as(p) lie in the
interval [—2, 2] and if we denote af(p) = 2cos 70 (p), we have 0¢(p) € [0, 1].

Theorem 3.1.60. If f = 77 Af(n)q™ € SPe*(N) is a normalized eigenform, then the Fourier
coefficients satisfy

@ Al = 30 e ().

d|(m,n),d>0
(d,N)=1

(b) Ar(m)As(n) = Ap(mn), if (m,n) =1.
(€) Ar(@)Af(P™) = Ap(P™h) + pF= A (p™Y), for n > 1, and prime p such that (p, N) = 1.

Proof. Proof of (b) and (c) directly follows from (a), which is already mentioned in Theorem
O

Corollary 3.1.61. If f =3, n%af(n)q" € S (N) is a normalized eigenform, then the
normalised Fourier coefficients satisfy

@ atmar = 3 ar (%),

d|(m,n),d>0
(d,N)=1
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(b) ag(m)ag(n) = ar(mn), if (m,n) =1.
() as(pas(p™) = ar(p™*tt) +p*Lay(p"1), for n > 1, and prime p such that (p, N) = 1.

Proof. The proof follows from Theorem [3.1.60| after putting A¢(n) = n'z af(n). O

3.2 Eichler-Selberg Trace formula

The Eichler-Selberg trace formula gives us a formula for the trace Tr of the Hecke operator
T,.(N, k) acting on Sk(N), for each n € N, in terms of Kronecker class numbers. Selberg proved
this formula for SL(R), in the level 1 case, in his famous 1956 paper ([Sel56]). In the same year,
Eichler (JEic56]) obtained a formula for & = 2 and square-free level. Hijikata ([Hij74]) gave the
formula for traces of Hecke operators for I'g(N), where (n, N) = 1. Joseph Oesterlé gave a more
general formula for the space of cusp forms of weight k and level N, which is valid for all n € N,
in his thesis [Oes77]). This explicit formula is known as the Eichler-Selberg trace formula.

3.2.1 Class Numbers

For a negative integer A congruent to 0 or 1 (mod 4), we let B(A) denote the set of all positive
definite binary quadratic forms (not necessarily primitive) with discriminant A (i.e., A < 0),

B(A) = {aX? +bXY +cY? a,b,c € Z,a > 0, and b*> — dac = A}.
By b(A), we denote primitive such forms,
b(A) = {aX? +bXY +cY? € B(A), ged (a,b,c) =1}.

One can define a right action of the group SLs(Z) on B(A) by

(: g) CFX,Y) = faX + BY,7X + 6Y) for f(X,Y) € B(A).
This action respects primitive forms. It is well known that there are only finitely many orbits
(See for example [Bak84]). The number of orbits in b(A) is called the class number of A and is
denoted by h(A). For a negative integer A congruent to 0 or 1 (mod 4), the Hurwitz-Kronecker
class number of A is denoted by H(—A), it is defined to be the number of orbits in B(A), but
one should count the forms aX? + aY? and aX? + aXY + aY?, if at all present in B(A), with
multiplicity % and %, respectively. The Hurwitz-Kronecker class number H is extended to Z,
by defining H(0) = —-%, and H(n) = 0 for —n = 2 or 3 (mod 4), where n € N. The relation
between the Hurwitz- Kronecker class number and the ordinary class numbers is given as follows:

Proposition 3.2.1. Let A be a negative integer congruent to 0 or 1 (mod 4) and h,, be defined
as follows:

hw(_3> = %7
hw(_4) = %7
hw(A) = h(A), for A < —4.

Then A
Hes -2 (),
f
where f runs over all positive divisors of A for which A/ f? € Z is congruent to 0 or 1 (mod 4).

Proof. This formula follows from the definition of H(N). O

We now mention the following proposition which will be useful while estimating trace for-
mula.
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Proposition 3.2.2. Let n be a positive integer. Then

Z H(4 {201( n) —A(n) + %, if nis a square,

teZ,t2<4n 201(n) — A(n), otherwise,

where
, n
(n) = dz min (d, d) and o1(n Z d.
d>0

Proof. The above recursion formula is due to Kronecker (1857) and Gierster (1879). We refer
the readers to [Coh93l Theorem 5.3.8] for a proof. O

Remark 3.2.3. It can be observed from [Coh93, Corollary 5.5.9] (which follows from Proposition
and we don’t mention it here) that to compute individual class numbers, we need to know
the preceding ones. Thus Proposition[3.2.3 gives a recursive formula for class numbers.

3.2.2 Trace formula on the space Si(N)

In this section, we mention the well-known Eichler-Selberg trace formula 7T}, on the space S (NV),
of modular cusp forms of weight k and level N, for each n € N.

Theorem 3.2.4. (Eichler-Selberg trace formula) Let n be a positive integer. The trace of
the Hecke operator T,,(N, k) acting on Si(N) is given by

TrT, (N, k) = Ay (n, N, k) + Aa(n, N, k) + Az(n, N, k) + Ay(n, N, k).
where Ai(n, N, k)’s are as follows:

b nk/2-1) k=1 o
Ai(n, N, k) = = Y(N) if n is a square,
0 otherwise,

B k—1 ~k—1 2 _
AQ(TL,N,]G)Z—% Z %Zhw <t f24n> M(tvfan)a

LEZ 12 <4n pP—=p 7
As(n, N, k) Z FLF(N
0<d<\ﬁ
- ; o
A4(n7N7k) = Zt‘n’t>0 Zf .7
0 otherwise,

where

NH< )

p|N
p prime

e p and p are the zeros of the polynomial x® —tx 4+ n, and hy, is as mentioned in the Section

[Z27

e The inner sum in flg(n,N, k) runs over all positive divisors f of t> — 4n such that t* —
dn/f? € Z is congruent to 0 or 1 (mod 4).

e For a positive integer f, u(t, f,n) is given by
Y(N)
N
v (Nf)
where Ny = (N, f), and M(t,n,K) denotes the number of solutions of the congruence
22—tz +n=0 (mod K).

,u(ta.ﬂ ’I’L) =

M(t,TL,NNf),



3.2. EICHLER-SELBERG TRACE FORMULA 47

o The term F(N)q in As(n, N, k) is a multiplicative function of N given by

F(N)a= > ¢ <<c]§>> .

c|N
(e %)% —d

e The prime on the summation in flg(n,N, k) indicates that if there is a contribution from
the term d = \/n, it should be multiplied by %

Proof. We refer the readers to [Eic56], [Hij74], and [Oes77] for proofs and to the introduction
in Section [3.2] for a history behind proof of this formula. O

Remark 3.2.5. A;(n, N, k), Ag(n,N, k) and As(n, N, k) are called the identity term, elliptic
term and hyperbolic-unipotent term respectively. We refer the readers to Theorem 2.1 and Equa-
tion 3.53 of [KLOG] for the reasoning behind such nomenclature.

The rest of this section is dedicated to estimating the terms fli(n,N ,k) arising from the
Eichler-Selberg trace formula. We follow [Ser97), Section 4.2] for a proof of Proposition for
which we need the following Lemma [3.2.6] and ultimately prove Theorem [3.2.9]

Lemma 3.2.6. Let t> — 4n # 0, and v(N) denotes the number of distinct prime divisors of N.
Given an integer K, let M (t,n, K) denotes the number of solutions of the congruence 2 —tx+n =
0 (mod K ). Then,

M(t,n, K) < 2" [¢2 — an|'/2,

Proof. We refer the readers to [Hux81] for a proof. One can also check [KLO06L Lemma 29.3].
O

Proposition 3.2.7. In the trace of T,,(N, k) of Theorem the elliptic term,

k—1 ~k—1

. -1 _ 2 _
‘AQ(TL,N,]C)‘: —% Z %Zhw <tf;4n> M(tvf?n)
I

teEZL,t2<4n p=r

§2(2+%)n(k+1)/2 (201(71) . )\(n) + (15) 2V(N).

Proof. Since |t2;24”| < 4n, it follows that h,, (tzjj;l") is bounded by a constant which depends

only on n, but not on k and N.

Also, p? — tp 4 n = 0 implies that |p| = || = n'/?, and |p — p| = V4n — t2 > 1. Hence,

k—1 ~k—1 k—1)/2
Ay A PP P TS (3.8)
p—p |~ Vin—£

For any divisor d of N,

) _ NI (1r3)
) %HP‘%(1+%)

o ¥(d) = dlL (14+3) < NIy (1+3) = vV
Now, f2|(4n — t2) implies f < V4n — 12 < V/dn = 2n2, and hence

»(N)
¥ (N/(N, f))

. fég < d]l,q (1 n %) — (d), and

<GV, ) <w(f) = F]] (1 + ;) < 20 < paik <oPHEH) V(3
plf



48 CHAPTER 3. INTRODUCTION TO MODULAR FORMS

The summation over ¢t contains at most |4y/n] + 1 many terms and the summation over f
contains at most |2y/n] + 1 many terms.

Using Lemma [3.2.6] we obtain
|M(t,n, NN;)| < 2VWNNO 2 — 4n|l/2 < v+ /. (3.10)
Thus, using equations (3.9) and (3.10)), we get

N nn
it f.m)] = L 01, NN < 25 ), (3.11)
¢ (%) |
Ny
Therefore, using Proposition and equations (3.8) and (3.11)), we obtain

| Aa(n, N, k)|

SR DA o ( ) plt, £,)
LEZ,t2 <4n P f

S%n(kq)/z S S h ( ) 9(3+122) gr(N)

teZ,t2<4n f

<o(2H ) (k4 1)/2 (201(n) —An) + é) ov(N)|

O
Proposition 3.2.8. In the trace of T,,(N, k) of Theorem the hyperbolic-unipotent term,

|As(n, N, k)| Z d*1F(N)4| < d(N)VNn'=" d(n),
0<d<f

where F(N)g is a multiplicative function of N as mentioned in Theorem and the prime
on the summation indicates that if there is a contribution from the term d = \/n, it should be
multiplied by %

Proof. Since ¢ ((c, ﬁ')) < (c ﬁ) < min (c, %) < V/'N, we have

Therefore,

S FTTEWN) < ANV S d < dIN)VNR T d(n).
d|n d|n
0<d<+y/n 0<d</n

O

Theorem 3.2.9. Let n, k and N be positive integers with k even. The trace of the Hecke
operator T,,(N, k) acting on Sk(N) is given by

ny -1k ELy(N)+ 0 (2(11152)n(kﬂ)/zol(n)d(N)\/Nd(n)) if n is a square,

T,(N,k) = o
(8. %) 0] (2(1104)11(’“"’1)/201 (n)d(N)\/Nd(n)) otherwise,

where the implied constant is the error term is absolute.
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Proof. We note that

if k=2
' 7 < nd(n). (3.12)
otherwise,

- t
Ay(n, N, k) = {OZ”"”O

The proof now follows from Theorem where we use Propositions and and
equation (3.12). Therefore, if n is a square,

s k=1
12

:o(ﬂ“ﬂwnwﬂv2@amn_A@w+é)zﬂm+duw¢ﬁn%%ww+nam>
:o(
:o(

Remark 3.2.10. Since d(N) <. N¢, for any € > 0, and N < ¢¥(N), we have

TeT, (N, k) —n ()

() 4410 2 ()29 4 AN )R/ 2d(m) + )

2
()41 26, (m)d(N)VNd(n) ), using 20 < d(N).

VNA(N) < N?t35 < N < ¢(N),
as k+ N — oo. Also, nt < n%(k —1), as k+ N — oo. Therefore, the main term in Theorem
is indeed a dominant term as k + N — oo.

Corollary 3.2.11. Let k and N be positive integers with k even. Then the dimension of the
space Si(N), of cusp forms of weight k and level N is given by

Mm&ﬂwzﬁiﬁwNw4wwﬁaN07

where the implied constant is the error term is absolute.

Proof. Using Theorem [3.1.40] we obtain that the Hecke operator 77, is just the identity map
on Sk(N). Hence, we have Tr(T;) = dim Si(N). The proof now follows from Theorem
O

3.2.3 Trace formula on the space S;}““(N)

We now compute a formula for the trace of T,, acting on S7°’(N), which we denote as T,7°(N, k).

Proposition 3.2.12. (Murty, Sinha, 2010) Let n be a positive integer coprime to N. The
trace of the Hecke operator T (N, k) acting on Spe*(N) is given by

T (N, k) = A1(n, N, k) + As(n, N, k) + Asz(n, N, k) + As(n, N, k).

where A;(n)’s are as follows:

A N gy = )T S NBUN) - if s asquare,
0 otherwise,
1 k—1 _ -k—1 t2 _4n
A2(n,N,k‘):—§ Z %Zhw <f2 By(N)y,
teZ,t2<4n P P f

!/
As(n, N, k)= > d*"'Bs(N)q,
d|n
0<d<y/n
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W) Syt k=2,
0 otherwise,

A4(7’l,N,k‘) = {

where

e Bi(N) is a multiplicative function such that for a prime power p",

1- ifr=1,
Bi(p")={1—3 ifr=2,
(1—l (1—%) ifr >3

p p

SRS

e p and p are the zeros of the polynomial, % — tx + n.

e The inner sum in As(n,N,k) runs over all positive divisors f of t> — 4n such that
(t? —4n) /f? € Z is congruent to 0 or 1 (mod 4).

e For a positive integer f, Bo(N)s is a multiplicative function of N such that

BQ(p)f = _1+ (t274n

) otherwise,

where (3) denotes the Legendre symbol. If N = p” for some r > 2 and p°||f, then

Ba(p")p= Y. UJI(PT_i)m

i=r—2

M(t, n7pi+min {i,b})’

where

p(N) =N ] (1+1),
p|N P
p prime

oo '(N) denotes the Dirichlet inverse of oo(N) and M(t,n,p" ™m0y denotes the number
of elements of (Z/p'Z)* which lift to solutions of x> — tx +n = 0 mod (p'+mn{ib}),

e The prime on the summation in As(n, N, k) indicates that if there is a contribution from
the term d = /n, it should be multiplied by L.

e B3(N)g is a multiplicative function of N such that for a prime power p”,

—d)(pTEQ) if T is even and p%2||(% —d),
Bs(p')a = 6(p%) —d(p"T)  if ris even and p3|(§ — d),
0 otherwise.
o u(n) is the Mobius function, defined by
1 ifn=1,

p(n) =< (=1)*™ if n is squarefree,

0 otherwise,

where v(n) denotes the number of distinct prime divisors of n.

Proof. The proof uses the Eichler-Selberg trace formula for Hecke operators on the space of
cusp forms, S (V), as mentioned in Theorem Then, one uses Atkin-Lehner decomposition
as mentioned in and Mo&bius inversion formula to obtain the trace formula on the space
Spe?(N) of primitive modular cusp forms. We refer the readers to [MS10] for a complete proof.

O
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3.2.4 Estimation of the terms of trace formula

Lemma 3.2.13. Let a and b be integers such that a®> — 4b # 0. Let p be a prime and N = p®,
a € N. Then, the number of solutions (mod N ) of the congruence 2> — ax +b =0 (mod N) is

vp(la2—ab|)
plla =200

at most 2L , where v,(|a® — 4b|) is the largest power of the prime dividing |a® — 4b|.

Proof. This lemma is due to M. N. Huxley ([Hux81]). We refer the readers to Corollary 2 of
[Ste91l Page 805] or, [Ser97, Page 84] for a proof. O

Corollary 3.2.14. Lett,n € Z, a € N, and p be a prime. Then,

vp (|2 —4n)|)
-]
b

M(t,n,p~) < 2l
where M (t,n, K) is as defined in Theorem|3.2.4}
We now mention the following simple result which we will use frequently.
Lemma 3.2.15. Let M and N be positive integers. Then, Hp‘Np"P(M) < M.
Proof.

Hp”p(M) — Hp”p(M) Hp”p(M) — le’p(]\/f) S Hp”p(M) = M.

p|N p|N p|N p|N p|M
p|M ptM p|M

Lemma 3.2.16. Lett,n € Z, f, N € N. Then,
(Ba(N);| < 45 £ /17— .

Proof. From the definition of By(NN)y, in Proposition [3.2.12] we get that if N = p” for some
r > 2, and p°||f, then

" - . =i w(pl) i+min {i
Bap")s = 2. o0 07 ) i gy M (g )

=Y o UM (2, pmin b)),

1=r—2

where oy 1(N ), the inverse of o((IN) with respect to Dirichlet convolution, is a multiplicative
function defined on prime powers as follows:

1 if r=0or 2,
Ual(pT): -2 ifr=1,
0 if r > 2.

We define g(i,b) == p™i {402 M (¢, n, pitoin {4:01) "and note that g(i,b) > 0.
Hence, if N = p” for some r > 2, and p°||f, then

T

Bz(pr)f _ Z O_O—l(prfi)pmin {i’b}M(t, n’pi+min {i,b})

=05 (p*)g(r — 2,b) + 05 (p)g(r — 1,b) + o5 (1)g(r, b)
=g(r —2,b) — 2g9(r — 1,b) + g(r,b)

Hence,

|B2(p") | <g(r—2,b) +2g(r — 1,b) + g(r, b) (3.13)
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:pmin {Tl_2’b}M(t, n7p7'—2+rnin {7-_27b}) =+ 2prﬂin {7-_1717}‘2\4({;7 n7p7-—1+min {7'—1,1}})
_|_pmin {T,b}M(t n prerin {r,b})

v n V. 2— n V. ,2— n
< b LP(“ —4 \)J+2pb2t P(|t24 DJ_‘_prL :D(|f24 \)J

vp(|t2—dn|)
2

<4p"2

§4p’jp(f) A /pllp(|t274n\).

Also, for a positive integer f,
By(p)y <p <pr. (3.14)
Combining equations and , we obtain that for any r € N,
| Ba(p") | < dp (D [pro(it=and),

Therefore, using the fact, Bo(IN) is a multiplicative function of N, we obtain that

By(N); = Bs Hp”P(N) :HB2 (pl’p(N))f7
p|N ¥ p|N
and hence,
‘BQ( f| < H |BZ ( Ve N)) | < H4pup(f p”p(|t2—4"\) < 4V(N)f |t2 _ 4TL|,
pIN p|N
where we use Lemma [3.2.15|in the last inequality. O

Proposition 3.2.17. In the trace of T)**" (N, k) of Theorem the elliptic term,

k—1

—k—1 2
P =D = —4n v
— Zh“’( en >B2<N>f=0<4 (412, (n),
f

1
As(n,N, k) = —=
o=t oy

teEZ,t2<4n

where o1(n) is the sum of positive divisors of n.

Proof. We observe that the inner sum in Ay (n, N, k) runs over all positive divisors f of t2 —4n
such that t2 — 4n/f? € Z is congruent to 0 or 1 (mod 4), i.e., f < /|4n — t2|. Hence, Lemma

216 gives,
|Bo(N)p| < 4™ /112 —dn| < 47N £1/[t2 —dn| < 4" W12 — 4.

Using equation (3.8) and Proposition [3.2.2] we obtain

1 pkfl _ ﬁkfl t2 dn
|A2(n7N7k)|: 5 Z — Zhw f2 BQ(N)f
teZ,t2<4n p=pr f
1 n(k=1)/2 <t2 - 4n)
<5 2 =2t | 1By
2 teEL,t2<4n f f
1 n(k=1/2 <t2 - 4n>
< Y Py 4|2 — 4|
= /7 2
2 teEZ,t2<4n dn — 12 f
nE—=1)/2
<

V(N) <t2 —4n)
4 > \/4n—t22hw
f

2
teZ,t2<4n f



3.2. EICHLER-SELBERG TRACE FORMULA 93

k=172
<——— 4™V Y~ H(4n —t?)
teZ,t2<4n
1
<nh/24v(N) (201(n) — A(n) + 6>

<n®24 Mgy (n).

Proposition 3.2.18. In the trace of T?¢" (N, k) of Theorem

As(n, N, k) Z d*1B3(N)q = O(n*/%d(n)),
d|n
0<d</n

where the prime on the summation indicates that if there is a contribution from the term d = \/n,
it should be multiplied by %

Proof. B3(N), is a multiplicative function of N such that for a prime power p",

—¢(p= ) if r is even and p%QH(ﬂfd),
Bs(p")a =} é(p3) — (;5( ) if r is even and p2 (5 —d),
0 otherwise.
Hence,
—p 1—1) if 1 is even and p*=||(Z — d)
P ; P77 [|(§ —d),
T T 2 T
B3(p")a = q p (1—%) if r is even and p7[(% —d),
0 otherwise.
Thus,

pz =2"(i-9 ifriseven and p%H(” —d),
|Bs(p")al < { p2 < 2w(G=D if r is even and p2|(% — d),
0

otherwise.
So, for any r € N,
|Bs(p")q| < 2vpli=D < pro(G—9),

Therefore, using the fact, Bs(N)q is a multiplicative function of N, we obtain that

B3(N)y = Bs le/p(N) HB ( Vp N)) 7

p|N d p|N
and hence,
[Bo(N)al < [T 1Bs (™) | <[] w0 <2 —d, (3.15)
p|N d p|N

where we use Lemma [3.2.15|in the last inequality. Therefore, using equation ([3.15)), we obtain

/
|A3(TL7N7]C)| < Z dk71|B3(N)d|
d|n
0<d<y/n
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d|n
0<d<y/m
< Z dk*Q(n d2)
d|n
0<d<y/m
<n Z dk=2
d|n
0<d<y/n
<nn*=2/24(n)
<n*%d(n).
O
Proposition 3.2.19. In the trace of 7" (N, k) of Theorem
N t ifk=2,
Ayl Ny = {2t TR ),
0 otherwise,
Proof.
Aatn, gy = POt R =2 poatn) iR =2
0 otherwise, 0 otherwise.
We also note that if N is not squarefree, then u(N) = 0, and hence, A4(n, N, k) = 0. O

Theorem 3.2.20. Let n be a positive integer coprime to N. The trace of the Hecke operator
TP (N, k) acting on Sp”(N) is given by

nk/2=0)  ESLN B (N) + O(4"WMNnk/ 264 (n)) if n is a square,

TIT (N, k) =
n (N ) {O(4V(N)nk/201(n)) otherwise,

where By (N) is as mentioned in Theorem |3.2.14

Proof. Applying the bounds for A;(n, N, k) (i = 2, 3,4) obtained in Propositions 3.2.18
and [3.2.19| in Theorem [3.2.12] we obtain

TeT (N, k) =A1(n, N, k) + Aa(n, N, k) + As(n, N, k) + Ag(n, N, k)
— 41 (n, N, k) + O™ " (n) + O(n*?d(n)) + O(1 (n))

=Ay(n, N, k) + O(4*Mn*25, (n)) (3.16)
B n(k/2=1) . ELNB(N) + 0(4*WMnk/2¢ (n)) if n is a square,
O(4*MNnk/26, (n)) otherwise.
O

Corollary 3.2.21. Let N and k be positive integers with k even and (n,N) = 1. The trace of

new

the normalised Hecke operator T"*" (N, k) acting on Spe(N) is given by

Tifnew (N, k) = ﬁ ESLNB(N) + 04N\ /noy(n)) if n is a square,
" 1 0™ ey (n)) otherwise,

A T’VLE'IU(N k:)
new — )
where TP (N, k) == E=he -

Proof. The proof follows from equation (3.16)), when we divide both sides of the equation by
(k—1)/2 0
n )
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Corollary 3.2.22. Let N and k be positive integers with k even and (n,N) = 1. Let Fn
be the set of Hecke newforms of weight k and level N (as mentioned in Definition and

n%af(n) denote the n-th Fourier coefficient of f € Fn . Then

S ):{jﬁ CELNB(N) + 04N /oy (n))  if s a square,

fEFN K O(4V(N)\/ﬁ‘71(n)) otherwise.

Proof. We note that for each positive integer n such that (n, N) = 1 the sum > ,c 7 af(n)
is precisely the trace of the normalised Hecke operator T[jew( k)= oy : 11)\7/5 ) — T[;fﬁ;’fg acting
on Sp¢(N), by equation (3.7), i.e., > rcx , ar(n) = TeT* (N, k). The proof now follows from

Corollary [3:2.21] " O

Lemma 3.2.23. Let N and k be positive integers with k even. Then,

Ao(k—1)
12

(k=1
12

1
A= ]] (1 e _p) ~ 0.373956.

p prime

O(N) +O(VN) < |Fyal < H(N) + 02", where

Moreover, if N is not a perfect square, the lower bound can be improved to

Ao(k —1)

5 H(N) +0(2"M™)) < | Fyal-

Proof. We refer the readers to [Mar(05, Theorem 6(C)] for a proof. O

Lemma 3.2.24. Let N and k be positive integers with k even. Then, |Fni| > % as
N,k — oo.

Proof. Using Lemma [3.2.23] we have |Fy | > Ao(k 1)qS( N) + O(V/N), for all even integers
k > 2 and all integers N > 1, where Ay is a positive constant

We also know, for all N € N, ¢(N) > 2u<N)

Thus, for N € N, |Fa x| > 2EDg(N) 4 O(VN) > Alob N1 o(VN).

V() Ao (fo— V() V()
Hence, |Fn k|35 > ( O(fz L) sy + O(VN)) 2 = d1-4)+0 (2 ) )

Nk _ 1
|]-' APEGY A0(177)+O(2V(N))

Therefore,

We know, 2¥(N) < d(N), and d(N) < N¢, for any ¢ > 0, where d(N) denotes the divisor
function and v(N) denotes the number of distinct prime divisors of N.

Therefore, 2¥(N) « N1/4 and this implies O(iy\(/Nﬁ)) = O(Wll“) — 0 as N,k — oo.
1 Nk 12
Therefore, lim < —. This completes the proof. O

N,k—00 |ka|2”(N) Ay’
Theorem 3.2.25. Let n, N and k be positive integers with k even and (n, N) = 1. Then,

(a)

Fael 4 0(4*™)/nay (n)) if n is a square,
2w =3 oo ‘
FEFN 04" y/noi(n)) otherwise.
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(b)

v(N)
ﬁ +0 (W) if n is a square,

1
—_— af(n) =
|]'-N,k| Z f( ) 0 <8U(N)%/IEU1(7L)>

FEFN K otherwise.

Here, o1(n) refers to the sum of positive divisors of n and the implied constants in the error
terms are absolute.
Proof. We note that 77" (N, k) is the identity map on Sp°¥(N) by equation (3.7)). Hence, we

have Tr (17" (N, k)) = 3. cF =D tern, L = [Fngl = dim Spe(N), where Fiv i is as
mentioned in Deﬁmtlon m In partlcular if we put n =1 in Corollary [3.:2.21] we get

- k—
| Frv il = Telyee (N k) = TN By(N)+O(4*™),

Hence,

k—
TNBl( ) = |Fivx| + 04 M),

If n is a square, Corollary [3.2:22] gives,

> asn) = i NB(N) + O i (n)
fEFN K

=%<\M| + 0@ ™)) + 0™ /gy (n))
_ PNkl
N

+ 04N /noy (n)).

This completes the proof of (a).
Dividing both sides of the above equation by |Fx x|, we obtain

1 1 4N /noy (n)

|]:N7k| fEFNk

Using Lemma [3.2.24] we obtain ‘}. o< Qk(N) as N, k — oo, and hence,

1 1 8(N) /no (n)
oy )

fEFNK

O

Corollary 3.2.26. Let n, N and k be positive integers with k even and (n, N) = 1. Then, for
any ¢ > 3

(a)
Z as(n) = ‘F\I/%kl + O(4vMpey if n is a square,
fEFN K ! O(4V(N)ncl) otherwise.
(b)
f +0 (SV(N) - ) if n is a square,

N otherwise.

1
| FN k] Z as(n) = O(S"(N>nc>
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Here the tmplied constants in the error terms are absolute.

Proof. Let n be a square. Since o1(n) =3_,,, d < nd(n) < n'te, for any € > 0, we have

1 1 8*(N) | /noq (n
Fual Z af(n) =+O<;/];1()>

fEFN K \/ﬁ
1 8V(N) Ste
:\/E—I—O(k]\/'m , for any € > 0.
Therefore, if n is a square,
1 1 8 (Npe’ 3
— af(n)=—=+0——— |, forany ¢ > —.

O

Corollary 3.2.27. Let N and k be positive integers with k even. Let {p1,pa,--+ ,p+} be a finite
set of distinct primes such that (p;, N) = 1, and m; € NU {0}, for each i = 1,2,--- ,t. Then,
for any ¢ > 3,

1 2 2 2
’ €FN,k

L0 (8”<N> Wi p>>

:pTlngQ oyt kN

Here the tmplied constant in the error term is absolute.
Proof. The proof follows from Corollary [3.2:26] O

Corollary 3.2.28. Let k be a positive even integer and N be a positive integer. For a prime p
such that (p, N) =1 and |l > 1, we have

314v(N)

1 2 1 Ip
B a;p?) == 4022,
| Fn. k] Z #P7) pt < | Fn.k )

fEFNK

Proof. The proof follows from Theorem [3.2.25| and the fact o1(n) < nd(n). O

Remark 3.2.29. Let N,k and n be positive integers with k even. Then, for any ¢’ > % and
B e (0,1),

ﬁ + 0 (,Zvcﬁ) if n is a square,

1
P 2 N o (o |
. O k"W otherwise.

Proof. We note that 8N < d(N)? < N'=# for any 3 € (0,1).

Therefore, if n is a square, for any ¢’ > % and S € (0,1),

1 1 n¢ N1-8 1 n<
a2 “f(”)_\/ﬁ“LO(kN) _\/ﬁ+o<k}\fﬁ>'

fEFN K
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3.2.5 Key estimates from the trace formula
The following lemmas form the key to a major part of the calculations in Section [6.2}

Lemma 3.2.30. Let k = k(x) and N = N(x) be positive integers with k even. If
(my,ma,...,ms) = (0,0,...,0), then

t—1
1 . 2 |
[P il Z Z ap(py™ ™ . pp™) = H(WN(JS) —1).
) P1,P2,- Pt <t  fEFN & Pl

all distinct primes
On the other hand, for an integer a > 0, let

(a)

>

(m1,ma,ms,...,my)
denote a sum over a subset of the set of t-tuples
{(m1,ma,m3,...,my) €Z" : 1<m; < M; if l<i<t—aandm; =0 ift —a+1<i<t}
Then,

(a)

1
Fal > > > appimpy™ ™)

P1,P2,-- Pt <T  (m1,m2,ms3,...,m;) FEFN &
all distinct primes

t (2M1+2M2+“'+2N1t)C/SV(N)
=0 (ﬂ'N(l‘)a(log logx)t_a) +0 (FN(JL‘) x )

kN

3

Here, c' is a fized number greater than 3

and the implied constant in the error terms is absolute.

Proof. We denote t' =t — a.
Using Corollary [3.2.27] we obtain

1
Fed 2 et

P1,p2,.-Pt<T  fEFNk
all distinct primes

1 -
I D DR A

P1,p2,-- Pt <T  fEFNK
all distinct primes

= 2 D S T DI

pt/+1,...,ptz+a§w all distinct P1yeoyPyr <T FEFN &
pt,ﬂg{pl’m’pt,’m’pt,ﬂil} all distinct primes

= (rn(z) =) (rn(x) —t' = D(an(z) =t = 2)...(7n(x) = ' — (a — 1))

v(N),2mic’ 2mac’ 2mysc’
o 1 40 gv( )pl D5 Dy
[ A kN

Dy

P1,p2,e Py ST L2 t

all distinct primes
Therefore,

(a)

1
m Z Z Z G,f(p%mdpgnw B 'pt2mt)

P1,P2,--, Pt <2 (m1,ma,msz,....m¢) fEFN &
all distinct primes
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t/
1
<mn(@) | D2 o
p<zm>1 P

(a) 8V(N)p§mlc'p2m20/ p2mt/6,

RNEEDS > i

P1,P2,--:Py ST (m1,m2,m3,...,my¢)
all distinct primes

t/

1 gv(V) N
cner (SXA) mer (5F) X (S

p<zm=>1 P1,P2se Py ST i=1 \m;=1
all distinct primes

t ,
a 1 a 8V(N) : 2M;c
covir (LX) e (55) X (I
p<zm>1 P1,P2;5-- 5Pyt ST i=1
all distinct primes

t/

> 1

P1,P2,- P! ST
all distinct primes

QU(N) 1 (2M1+2Ma+--+2M,/ )¢/ )

QU(N) (@M1 +2Ma+-+2M,/ )¢/ )

< 7y (x)? Z % + 7wy (z)? ( N

p<z

kN
ﬂ.N(I)tSV(N)x(2M1+2M2+~-+21Wt)c’
kN

< my(x)* (loglog x)t/ + ﬂ'N(x)a'H/ <

< 7y (z)*(loglog z)'~* +

3.3 Properties of Hecke eigenvalues and estimates

In this section, we collect properties of Hecke eigenvalues and estimates for their averages. These
will be used in the proof of Theorem The following lemmas will be useful in determining
the asymptotic conditions under which our main theorem holds.

Lemma 3.3.1. Let f,g be functions with lim g(x) = oo and there exist numbers xo € R,
r—r 00

M € (0,1) such that |f(z)| < Mg(z) for all x > xo. Then ef®) <« e9(*),

Proof. lim g(x) = co implies that there exists z(, such that g(z) > 0 for all z > .

r—00

t

Since t — e’ is an increasing function, the given condition implies, for all z > zj =

max{zg, ()},

|f(z)] < Mg(x)
— — My(z) < f(x) < My(z)
= — (M + 1)g(x) < f(z) — g(z) < (M —1)g(x)
s o~ (MH1)g(@) < @ =g(@) < ((M-Dg()

— lim /@79@) =,

Tr— 00

by sandwich theorem.

Therefore, corresponding to some K > 0, there exists G such that for all z > G, e/ (®)~9(2) <
K, ie., ef@) < Ke9(@),

Thus, e/@) = O (egm) . 0
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Lemma 3.3.2. Let f, g be functions such that g(x) > 0 in its domain with lim f(z) = oo and

T—00

f(x) = o(g(x)). Then ef™) =o (eg(z)) , as T — 00.

Proof. Let G > 0 be sufficiently large.

Since lim (f(x) - 1) = —1 = f(say), corresponding to € = %, there exists M’ such that
z—o0 \ g(x)
for all z > M’, 583 —1<B+e=—11ie, f(z) —g(z) < f@.

Now, g(x) > 0, EILH;O f(x) =00 and f(z) = o(g(x)) implies zll)ngo g(z) = oc.

Since lim g(z) = oo, there exists M"” such that for all x > M", g(z) > 2G, i.e., —@ <

Tr—r00

—G.
Thus, for all x > M = max{M’', M"}, f(z) — g(x) < —% < —G.

~ ne lim /@90 0 ie. lim o
Therefore, zh_)rrolo(f(x) —g(z)) = —o0, meaning mll}n;oe =0, ie., Ih_)rglo @ =

Corollary 3.3.3. Let f,g be functions such that g(x) > 1 in its domain with lim f(x) = co
Tr—r00
and log f(x) = o(log g(x)). Then f(x) = o(g(z)), as x — .

Proof. We note that g(z) > 1 implies log g(x) > 0 and li}m f(z) = oo implies ll)m log f(z) =
0.

The proof now follows from Lemma [3.3.2 O

Lemma 3.3.4. Letl > 0,N,n > 1, k be a positive even integer and p be a prime coprime to N.
Let f be a newform in Fy and Ly(l,n) = as(p*)(ar(p®™) — as(p?™~2)). Then,

Ly(l,n;1 > n) = ap(p?'=2") + as(p?'+27),
Ly(,n;1 < n) = ay(p?+2n) — ap(p?n=2-2),
L
!

=n) =1+ as(pY), where the summations L,(l,n;l > n), L,(l,n;l < n), and
enote different cases l > n, | <n and l = n respectively.

Il
3
o =

1) Since ! > n implies that ! > n—1, we have min {21, 2n—2} = 2n—2 and min {2[, 2n} = 2n.

Therefore, using Lemma [3.3.6] we obtain

Ly(l,n;l > n)
=as(p™)(ar(p*") — ay(p”* 7))
=ay(p*ay(p*") — ay(p*)as (P> ~?)
2n 2n—2
:Zaf(p2l+2n_2t) _ Z af<p2l+2n—2—2t)
t=0 t=0
l+n I4+n—1
= > a0 - D a ™)
t=l—n t=l—n+1
I+n—1 I+n—1
=a; (") + Y ar@®) a0 = YD ap(p™)
t=l-n+1 t=l—n+1

—ay (p2l—2n) + ay (p2l+2n)’

2) Since [ < n implies that { <n — 1, we have min {2[,2n — 2} = 2] and min {2,2n} = 2.
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Therefore, using Lemma we obtain
L,(I,n;l <n)
=a;(p*)(ar (™) — ar(P*"™?))
=ar(p™)as(p™") — ap(p*)as(p

21 21
_ Z af(p2l+2n—2t) _ Z af(p2l+2n—2—2t)
t=0 t=0

2n72)

l+n l+n—1
= > a0 - > ()
t=n—I t=n—I[1—1
I+n—1 l+n—1
= > ar@®) +ar @) —ar (@™ ) = Y a0
t=n—1 t=n—I
:af(p2l+2n) _ af(p2nf2lf2).
3) Since [ = n, using Lemma we obtain
L,(l,n;l =n)
=a;(p*)(ay(p*") — as (P> ?))
=ag(p*)(ay(p*) — ay (P ?))
:af(pm)af(p) ay(p*)as(p*~?)
202
_Za 21+21— 2t Z af(p21+217272t)
t=0
201
= Zaf(p%) - a(p™)
t=0 t=1
201 201
=1+ ar (™) +ag (™) = Y ar (™)
t=1 t=1
=1+ af(p4l).

O

Corollary 3.3.5. Let f be a newform in Fny. For a prime p coprime to the level N and
integers [ > 0 andn > 1,

; o . 2l—2n fl > ,
as(p?) (af(p2 ) — az(p? 2)) = ap (p?*2) + {if;f(pzn_ll_Q) zfl < Z

The next result regarding the multiplicative relationship between Hecke eigenvalues is clas-
sical.

Lemma 3.3.6. For primes p1, pa coprime to the level N and non-negative integers i, j,

ay(pipd), if p1 # pa,
N () in (i,5)
ap(pi)as(py) = "< ; )
Z f(Piﬂ 2)» if p1 = p2
=0

Moreover, if py = po, then

(ar@i™) = as @) (0s03"™) — ap(p3™))

_ Jap @) = ag AR g (07T —ap (o), i #
ag (o) = as (") +2 if 1 = na.
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Proof. The first part of the proof follows from Corollary [3.1.61] and the second part follows
from Lemma [3.3.41

Then, for any absolute constant C' > 0,

O
Lemma 3.3.7. Let us consider positive integers k = k(x) and N = N(z) such that
log (kN/8”(N))
— % 300 a8 T — 0.
T
kN
Crn(z) _
x O(8V(N)> as x — 0o
3.3.3L we observe that zC™v@< — o (k‘N/S”(N)) holds if

Proof.

Using Corollary

Crn(z)logz =0 (log (kN/8V(N))) ,le,ifz=o0 <log (kN/S”(N))> , 48 T — 00. O



Chapter 4

History of the thesis problem and
new results

Let k and N be positive integers with k even. Let Si(N) denote the space of modular cusp forms
of weight k with respect to To(N). For n > 1, let T,, denote the n-th Hecke operator acting on
Si(IN). We denote the set of Hecke newforms in Si(N) by Fn . Any f(z) € Fn  has a Fourier
expansion

oo
f(Z) _ Zn%af(n)q", q= eQm‘z7
n=1

where ay(1) =1 and

I _ o ymysz)n> 1

n 2

We denote s(N, k) := |Fn | and note that s(V, k) is the dimension of the subspace of primitive
cusp forms in Si(N).

Let p be a prime number with (p, N) = 1. By a conjecture of Ramanujan, which was
later proved by Deligne, the eigenvalues as(p) lie in the interval [—2,2]. We denote af(p) =
2cosm s (p), with 0;(p) € [0,1].

The Sato-Tate conjecture, now a theorem [BLGHTTI] due to Barnet-Lamb, David Geraghty,
Harris, and Taylor in 2011, is the assertion that if f is a non-CM newform in Fy j, then the
Sato-Tate sequence

{0f(p) : p prime, (p, N) =1} C[0,1]

is equidistributed in the interval [0, 1] with respect to the measure p(t)dt, where pu(t) = 2sin®(rt).
That is, for an interval I = [a,b] such that 0 <a < b <1,

1
lim
T—00 TN (1:)

#{p<z: (p,N)=10;(p) € [a,b]} = p(I), (4.1)
where 7 () denotes the number of primes p < x such that (p, N) = 1, and p(I) denotes the
measure [, pu(t)dt of the interval I.

We “straighten out" the Sato-Tate sequence into a uniformly distributed sequence by defin-

ing,
05 (p)
1o)== [ uto)ar (42)

As an immediate consequence of (4.1)), we see that the sequence {H(6¢(p)) : (p,N) = 1} is
uniformly distributed in the interval [0, 1].

63
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4.1 Katz-Sarnak Conjecture

A study of the moments of the pair correlation function for the sequence {H(0;(p)) : (p, N) =1}
as one varies f over appropriate families Fy , was initiated in [BS19]. This study is primarily
motivated by a question of Katz and Sarnak that compares the spacings between straightened
Hecke angles to spacings between points arising from independent and uniformly distributed
random variables in the unit interval. As we saw in Chapter one way to address these
questions is via the pair correlation function, which looks at the spacings between unordered
elements of a uniformly distributed sequence. In this context, the question of Katz and Sarnak
can be stated as follows:

Question 4.1.1 (Katz, Sarnak [KS99|). For any s > 0, the pair correlation function of the
sequence {H(07(p)) : p prime, (p, N) = 1} is defined as:

1 (va):(qu):]-v
Rl a)(f) = m(ac)#{(p"” PEIST Hy0) - HO) € [55y. w5 ] +2 }

wn(z) 7N (x)

For any s > 0, does the limit im R(z,s)(f) exist and is it equal to 2s?

Tr—00

If the answer is yes, we say that the sequence {H(0;(p)) : p prime, (p, N) = 1} has Pois-
sonnian pair correlation.

A variation of the question above was addressed in [BS19] by restricting 6f(p) to short
intervals I, such that |I| — 0 as x — oo.

Question 4.1.2. Let 0 < < 1 and I5 denote intervals of the form
[ — 0,9 +6],0=0(z) =0 as x — 0.

Suppose
#{p<a:(p,N)=1,06p) €ls} ~mn(@)u(ls) as x — oo. (4.3)

We define

~ 1 (p,N) = (¢,N) =1, 0¢(p),0; (@) € I5,
Rs(x, s =_— ,q) : <z, s s .
s@ )= e {(p DIPFAET Hig, ()~ Hb;(0) € |25t 7y
Does the limit lim Rs(x,s)(f) exist and is it equal to 2s?
Tr—r00
To answer the above question meaningfully, we need conditions on 6(x) for which (4.3]) holds.

The existence and distribution of Hecke angles in shrinking intervals I with [I| — 0 as © — oo is
inextricably linked to effective error terms in the Sato-Tate equidistribution theorem (we explain
this in detail later). These error terms have been addressed in [Mur85|, [RT17], [Tho21] and
[HIJS22]. In this context, an unconditional theorem of Thorner leads to the following result:

Theorem 4.1.3 (Thorner, [Tho21]). Let F(z) be a monotonically increasing function with
lim F(z) = co. Then, for any interval I C [0,1] of length,

Tr—r00

log(kN log z) F'(x)
I) >

u(l) > N :

we have

. 1
lim
T—00 TN (;c)

#p <z (p,N)=1,0¢(p) € I} = u(l).

In particular, if 6(x) — 0 is chosen such that
log(kN log z)F(x)

n(ls) = N

then
#{p<z:(p,N)=1,0;(p) € Is} ~mn(x)u(ls) as x — oo.
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One simplifies Question as follows: for 0 < @ < 1, henceforth, we denote A :=
2sin? ). Let us consider intervals

1 1
IL() = | — ﬂﬂﬁ‘f' AL
such that L = L(z) — oo as © — oo, and (4.3)) holds for 6 = 1/AL. Then, as  — oo,

=#{p<z: (p,N)=1,0;(p) € Zo(¥)} ~ 7n(2)u(ZL(¥)).

The advantage of localizing our intervals around 1 is that the Sato-Tate density 2sin® 7t ~ A is
essentially constant in short intervals and the straightening of the Hecke angles is more or less
equivalent to rescaling them. That is,

VAL 2 27y (2)
) 4 _ N
Li() ~mn(z) /@z;AlL 2sin” wt dt AALT('N(IE) T
and if 8¢ (p), 65 (p) € Zr.(v), then
0f (p) .y
H(6;(p)) — H(b¢(q) = /9 “ 2sin” wt dt ~ A(0f(p) —0¢(q)) as x — oc.
7 (q

e (0 o) = ﬁfw)#{(p"” PEOEE ) HOy(g) € [amt o }

mn(z) 7N (x)

9

! : (p,N)=(q,N) =1,0¢(p), 0s(q) € Zp(¥),
N#{(n yiptg<a, P qﬁf(p)—aff(qfeff q L }

where

L= [Aw;s(x)’ Amfr(x)} ‘

The pair correlation function of a sequence is obtained by evaluating some exponential sums
related to the sequence. In the case of Hecke angles, we have to remove the imaginary parts of
these sums in order to apply existing techniques. Therefore, we modify the above question and
consider the families

Af g :={£0;(p) mod 1: p<uz, (p,N)=1}.

As explained in Section @, the pair correlation function of the families Ay, turns out to
be asymptotic to

Ry/p(x,8)(f) = L > (ZX_%7% (£0r(p) —¢ +n))

S () (p,9):p#q<z  nEL
(p,N)=(g,N)=1

XZX*%% :|:9f ¢+n Z
nez

nez

(2) (=07 (1) %07 (a) +n))

:>\w
>\v

While the function R, (x,s)(f) is difficult to study (we explain this in Sections and
4.5.2), one way to address its convergence can be through the method of moments. That is, one
may study the moments

1

| Fn el 2 (Rl/L(I’S)(f))T,reN.

fEFN K
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4.2 Motivation for consideration of the thesis problem

The perspective of averaging quantities related to f over all Hecke newforms (or eigenforms)
goes back to the work of [Sar87], [CDF97] and [Ser97]. In order to approach difficult arithmetic
questions pertaining to a Hecke newform f (such as the distribution or spacing properties of
Hecke angles 6¢(p)), one can ask what happens to those questions “on average" over families of
eigenforms. Summing over all Hecke newforms (or eigenforms as the case may be) allows us to
bring in techniques such as the Eichler-Selberg trace formula for the trace of Hecke operators
acting on subspaces of cusp forms of weight & with respect to I'g(N). For example, Conrey,
Duke and Farmer [CDF97] used the trace formula to prove that the Sato-Tate conjecture holds
on average over large families. That is, if k(z) > €%, they showed that

lim —— > < L #{p<a: of(p)e[a,b]}> :/12sin27rtdt,

v [Pkl S A\ (@)

log k

1 — 00 as r — 0OQ.
ogx

In [Nag06], it is shown that the above asymptotic holds when

In [BS19], this approach of averaging is adopted in the investigation of the pair correlation
function for the Hecke angles. Since we also let the levels N vary, the growth conditions take
into account the contribution coming from them. Moreover, it is feasible to consider a smooth
variant of Ry (x,s)(f). This leads to the following theorem:

Theorem 4.2.1 (Balasubramanyam, Sinha, [BS19]). Let us consider families Fy j with levels
N = N(z) and even weights k = k(x). Let g, p be real-valued, even functions € C*°(R) in the
Schwartz class with Fourier transforms supported in the interval [—1,1]. Let0 < < 1, ¢ # 1/2.
Define A := 2sin® . Define

pL(0) == p(L(6 +n)) for L = L(x) > 1, (4.4)
nez
Go(0) :=> g (rn(z)(0+n)),
nez

and the smooth localized pair correlation function,

Ralpogi @) = grs X0 oulE 0 (0) —0hpu (050 )G 05 (1) 0y (o).
(p,q):p#q<=
(p,N)=(¢q,N)=1

(4.5)

[Note: A detailed discussion of the above definitions is presented in Section ]
(a) Let L=L(x) = o0 as x — o0, and L < wn(x). Then

1
Z R?(p7g; f)(l')
|]:N’k| fEFNk
_T(g,p) 1 L(log log z)? Qv (N) 1 (87n ()+8)¢’
= T O\z) T\ T ) O N :

as x — oo, where ¢’ is an absolute positive constant and

T(g,p>—Z<U<z>—U<Z—1>>2§( ! )

= ()

with o - ﬁ(i) (2 cos2mlp) — ﬁ<l+L1> (2cos2m(l + 1)¢).
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and consider families Fy 1 with levels N = N(x) and even weights k = k(z) such that

(b) If we choose L such that

log (kN/S”(N))
—_— 2 00 a8 T — 00,

x
then,
L T(g,p)
= > Ralpgi f)(@) ~ as x — o0.
el (2 AL
Furthermore,
T(g,p)

~ A%G(0)p * p(0) as x — oo.

4L

We again revisit this theorem with a proof in Theorem [5.5.3] of Chapter 5} We make a few
remarks here.

1. The above theorem tells us that the “expected" value of the smooth localized pair corre-
lation function Ra(p, g; f)(z) upon averaging over all newforms f € Fy i, is asymptotic to
A%G(0)p * p(0). However, we require the size of the families F , to grow rapidly for this
asymptotic to hold. This limitation comes from the estimation of a term in the Eichler-
Selberg trace formula. The elliptic term in the trace formula leads to estimates of the

form
o xD‘n'N(x)8z/(N)
kN

for a positive constant D in the pair correlation sum. The use of alternative trace formulas
such as the Petersson trace formula leads to lower values of D than those obtained by the
Eichler-Selberg trace formula, but causes the same problem if we want the above error
term to go to zero.

2. In [BS19), the “expected" value of Ra(p, g; f)(x) upon averaging over f € Fy j was obtained
for positive integers N and k such that N is prime and k is even. The techniques can be
readily generalized to all levels N. Accordingly, a modified version of the result of [BS19]
has been stated above.

The above theorem about the expected value

1
| Nk

> Ralp,gi )(2)

feEFN

naturally leads us to questions about higher moments and the variance of Rs(p, g; f)(z). What
can we say about

1 2
Fual fe%k (Ra(p.g: )(2))
and ) 2
|]:N k| Z (RQ(pvg;f)(-T) *Azg((])p*p(o)) ?

fEFNk

4.3 New Results

The primary objective of this thesis is to address these questions. In this direction, we prove the
following theorem.



68 CHAPTER 4. HISTORY OF THE THESIS PROBLEM AND NEW RESULTS

Theorem 4.3.1. Let us consider families F i, with levels N = N(z) and even weights k = k().
Let g, p be real-valued, even functions € C°(R) in the Schwartz class with Fourier transforms
supported in [—1,1] and L = L(x) — o0 as ® — 0. Let 0 < ¢ < 1, ¢ # 1/2, and let
A =2sin® 1.

(a) With pr, Gy, Ra(p, g; f)(x) and T(g, p) as defined in the previous theorem, we have

2
1 2 [T(g,p)
= Y (Ralp,g; (@) — (
[Pk JEFN & 4L
<<l N L loglog = n L?(log log; x) N L3(log log?’x)2 n (loglog x)?
L wn(z) 7n(z) 7y (x) 7wy (x) 7wy (x)L
(loglog x)? 1 gV(N) 26w (z)c’
an(z)L? L2 kN ’

where ¢’ > % 18 an absolute constant.

(b) Also,

1 - ,
| F Nkl Z <R2(P79;f)(x) (4ng)>

<<l n L loglogz  L(loglogz)?  L?(loglogz)  L3(loglogx)?
L an(z) 7wn(x) N (x) N (z)? N (z)3
(loglogz)?  (loglogz)? 1 8v(N)g26mn (2)c
mn(z)L mn(z)L? 2 EN ’

where ¢’ > % is an absolute constant.

(c) In particular, if we choose L(z) = o (%

N = N(x) and even weights k = k(z) such that

), and consider families Fn  with levels

log (kN/S”(N))
_— 2 00 a8 T — 00,

then
e |fi,k fe; (Blos (@) = (4%5(0)(0)p * p(0))?
and
. ” 9

fEFN K

Remark 4.3.2. The above theorem is proved in Theorems[6.5.15,[6.5.16 and[6.5.17
Remark 4.3.3. The above theorem tells us that E[(Ra(p, g; f)(x))?] ~ E[(Ra2(p, g; f)(2))])? for

very rapidly growing families Fn . In turn, these are asymptotic to what one would expect
from a Poissonnian model. This indicates an affirmative answer to Question[{.1.2 for a random
Hecke newform in Si(N) with appropriate parameters as specified in Theorem |4.3.1)(c).

Remark 4.3.4. Another version of the above theorem with fewer lower order terms appears in
[MS23]. In the preprint, we address (Ra(p,g; f)(x))" for any natural number r. However, since
the treatment in this thesis is restricted to the case r = 2, the calculations in this thesis give us
a better understanding of the lower order terms.
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4.4 The pair correlation function for Hecke angles

Let
App i ={£0;(p) mod1: p<uz, (p,N) =1}, (4.6)

and
S AL'" AL
such that L = L(z) — oo as & — oo. Then, let us consider L such that
Ly(W)=#{p<z: (p,N)=1,0:(p) € To(¥)}

v+ 47 2 9
N’lTN(LU)/ 2sin? 7t dt ~ WN(x)Aﬂ ~ sz(x)7 as T — 00,

and
Li(l—v):=#{p<z: (p,N)=10¢(p) €I(1—v)}

1=yt 4z
~ 7w (x) / 2sin? 7t dt
1

—Y—AL
2 2
~ 7y (2)2sin? (1 — w)ﬂ ~ le(z), as & — 00.
Note that the family Z; N Ay, has cardinality
47TN(SC)
#LL N Ape) = Ly (W) + Ly (1= 9) ~ ——, (4.7)

as « — 00. Therefore, the mean spacing of the family Ay, of Hecke angles in the intervals Zp, is

Ze| N
#IZLNAp,)  2Ann(x)

as r — oQ.

We have the following lemma:
Lemma 4.4.1. Let ¢ € (0,1) and A = 2sin* 1 and I, := [@/J - ﬁ,w—f— ﬁ] . Then, for a
fixed prime p, and sufficiently large L,
Xz, (05 (p)) + Xz, (1 — 0¢(p))
=3 Xoa, 4] (L0 (p) = +m)) + > Xl-

meZ meZ

1,4] (L(=0f(p) =t +m)).
Proof. We know, 0 < 6¢(p) <1 and —1 < —t) < 0. Hence, 0 < 0¢(p) — ¢ < 1.
For m > 2, and sufficiently large L,

1<m-1<6;(p)—v+m
=0r(p)—+m>1
— 6500 v +m ¢ |47 77

TAL’ AL (4.8)

— 654 m g [0 - g0+ 47
— X[¢ ](Hf(p) +m) =0.

1 1
—ar%t+arc
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For m < —2, and sufficiently large L,

0;(p) = +m<m+1<—1
=0;(p) - +m< -1

11
= 0¢(p) —Y+m ¢ [‘AL’AL] (4.9)
— 65 4m g [0 - gr0+ 47
= X[lp_i,qp.;.i](ef(p) + m) =0.

Now, if X[ ﬂ/H_AlT](Qf(p) + 1) =1 for some prime p, we get

YAz
O¢(p)+1€e (v 1 P+ 1 N[1,2] C(0,1)NJ[1,2]
f p AL7 AL b e b 9 b

which is a contradiction.

Hence, for all primes p, and sufficiently large L,

X[w_i,w_i_i](ef(p)—‘rl):o. (4.10)

Similarly, for all primes p, and sufficiently large L,

X[wiﬁmﬁ](ﬂf(p)—l)zo. (4.11)

Combining equations (4.8]), (4.9), (4.10) and (4.11)), we obtain

S Xyt OB M) =Xy (05 (0)). (1.12)

AL>

We know, —1 < —0¢(p) <0 and —1 < —¢ < 0. Hence, —2 < —0¢(p) — ¢ < 0.

For m > 3, and sufficiently large L,

1<m-2<—0;(p)—v+m
= —Oi(p)—+m>1

1 1
= —0s(p)—v+m¢ [_AL’AL} (4.13)

— ~00) b ¢ [V G0+ o7

:>X[7J) ](—Gf(p)+m):0.

1 1
—arYt+arc

For m < —1, and sufficiently large L,
—0i(p)—p+m<m< -1
= —0i(p)—v+m< -1
1 1
= —40 — )+ —_,
rlo) = ””“[ AL AL} (4.14)

— ~00) b ¢ [V g0+ o7
J(~050) +m) = 0.

1 1
—ar-Y+arc
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Now, if X[w_ 2 w+ﬁ](_9f(p)) =1 for some prime p, we have

—0s(p) € ¢ — ﬁuﬂ — | N[~1,0] € (0,1) N [~1,0],

which is a contradiction.
Hence, for all primes p, and sufficiently large L

X[w_ﬁﬂp.;.ﬁ](_gf(p)) =0.

(4.15)
Similarly, for all primes p, and sufficiently large L
X[yt vy ] (—0(P) +2) = 0. (4.16)
Combining equations (4.13)), (4.14)), (4.15) and (4.16]), we obtain
n;zx[w,ﬁ}wﬂ]( Op(p) +m) =Xy yr 1 1(1=05(p)). (4.17)

Adding equations (4.12)) and (4.17]), we obtain that for a fixed prime p, and sufficiently large
L,

Xz, (05 (p)) + Xz, (1 - 9f( ))

[z v+ 2] (@ )+ D Xy
meZ

] (05 (p) +m)
= Z x[_

a4 (L= 05 () =+ m).
meZ

O
Lemma 4.4.2. Let 1) € (0,1) and A = 2sin® 79 and I, = [ .
prime p, and sufficiently large x

ZX

: (2)(£0¢(p) =05 (q) +
nez

Arn(2)’ 7AWN($) . Then, for a fixed

w
m\v

n)) = 2B(0(p), 0 (q), z, ),

where

B(0y(p),0¢(q),z,8) = X1, (0 (p) — 0r(q) =1) + X1, (0;(p) —

0r(q)) + X1, (05 (p) — 05 (q)
+Xr1, (0 (p) + 05 (q) + X1, (0 (p) + 05 (q) —

+1)

1) + X1, (07 (p) + 65 (q) —2).
Proof. Part 1: We know, 0 < 6;(p),8;(q)

Hence, 0 < 65(p) +0;(¢g) < 2, and this implies m < ¢(p) +6;(q) +m < m + 2, for any
integer m.

For m > 1, and sufficiently large =

1<m < 0;(p)+0r(q) +m
— 0 (p) + 0 () +m ¢ |- -

Ann(z) Ann(z)| L
= X1, (05 (p) + 05 () +m) = 0.

(4.18)
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For m < —3, and sufficiently large =,

O (p)+ 0 () +m <m+2 < —1

= 0p(p)+0s(9) +m ¢ { e o T o=k (4.19)

= Xr, (05 (p) + 05 (g) +m) = 0.

Hence, using equations (4.18)) and (4.19)), we obtain
> X5 5] (mn (@)(05 (p) + 67 (g) +m))

mEZ

— Z X1, (8¢ (p) +6¢(q) +m)

meZ

- Z X1, (0 (p) +0f(q) +m).

m=—2

S
v A

S

(4.20)

Part 2 : We know, 0 < 60¢(p), 65 (q) < 1.

Hence, —1 < 6;(p) —6;(q) < 1, and this implies m —1 < 8¢(p) + 0 (¢) +m < m+1, for any
integer m.

For m > 2, and sufficiently large z,
1<m—1<6;(p)—0;(q)+m

= 0p(p)—Op () +m ¢ {—Am‘i(m), Ami(x)} = I, (4.21)

= X1, (0f(p) —0r(q) +m) = 0.

For m < —2, and sufficiently large x,
Or(p) — 0 (@) +m <m+1< -1
s s
- - =1 4.22
— 008yt ¢ | e | = (122)
= X1, (05 (p) = 0 (g) +m) = 0.

Hence, using equations (4.21) and (4.22)), we obtain
SN (e @) 05 ()~ 5 (0) +m)

= > X1, (65 (p) — 05 (q) +m) (4.23)

1 (4.24)
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Part 4 : We know, 0 < 6¢(p),0;(q) <1

73

Hence, —2 < —6;(p) —65(q) < 0, and this implies m — 2 < —6;(p) — 0;(¢q) +m < m, for

any integer m.

For m > 3, and sufficiently large z,

1<m—2<—60(p)—0(q)+m

= =0 ) =t +m ¢ |- = 1
— X]m(f ef(p) — Hf(q) +m) =0.
For m < —1, and sufficiently large =,
— 05 (p) — by (q) +m < m < —1
= _ef(p)_ef(q)+m¢ _A’ITN( )’A’/TN(Z') :Ix
= X1, (= 0¢(p) — 0f(q) +m) = 0.
Hence, using equations and ([4.26]), we obtain
SN s o @) (= 05 (8) ~ 5 (0) +m)
meZ
=3 X1, (—0(p) — 05 (q) +m)
meZ
= Z X1, (= 0r(p) — 0 (g) +m)
m=0
Adding equations ([4.20)), (4.23), (4.24) and (4.27)), we obtain
Z X[*%’%] (mn(x) (£ Qf(p) + Hf(q) +n))
neZ
=D Xs 2] (v (@) O (p) + 0 (g) +m) + D X[ (v (2) (05 (p) = 0 (q) +m)
meZ meZ
+ Z X[_%7%](’R’N($)(— 0¢(p)+65(q) +m)) + Z X _ss 7rN z)(—0r(p) — 05 (q) +m))
mEeZ mEZ
0 1 2
= Z X1, (0f(p) +0¢(q) +m) + 2 Z X1, (05 (p) — 0¢(q) +m) + Z X1, (=0 (p) — 0 (q)
m=—2 m=—1 m=0
0 1 2
= ) X5, (05 (p)+0r () +m) +2 > Xr, (05(p) — 05 (q) +m) + Y X1, (05 (p) + 05 (q)
m=—2 m=—1 m=0

=2 Z X1, (05 (p) + 05 () +m) +2 > Xz, (07(p) — b (q) +m)

m=—2 m=—1

=2B(0¢(p),0¢(q),x, s).

(4.25)

(4.26)

(4.27)

+m)

_m)
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Theorem 4.4.3. Let 0 < <1 and v # 1/2. Then,

#{(i,j) Cid ey € (TN Apy), @ — ;€ [Ami(x),mi(m)]}
1

25 Z (ZX[*%,%]( (i@f ¢+’I’L ZX,

(p,q):p#q<z  nEL nezZ
(p,N)=(q,N)=1

X X[ ) (7 (@) (0 () £ () 1)),
nez

where

Ap o :={£0;(p)modl: p <z, (p,N)=1}
Proof. Let 0 < ¢ < 1 and ¢ # 1/2. Then, using Lemmas and we obtain

S (X (B (0) ~v+n) DX s 1y (L(E 0 (0) — + ) (4.28)

(p,q):p#q<z  n€L nez
(p,N)=(q,N)=1
X X
nez
= > (X (0(p) + Xz, (1= 05(p)) (Xz,, (05 () + Xz, (1 — 65 (9)))

(p,q):p#q<z
(p,N)=(q,N)=1

(.4 V(@) (E0,() 207 (9) 4n)))

x 2B(0; (p), 05 (q), z, 5),

where

B(0(p), b ZM@ )+ 0 (q me 0s(q) +m).

m=—2 m=—1

Now, for sufficiently large L, and v # 3, [ — 47, ¥+ 47| N[1—¢— 47,1 — ¢+ 57] = ¢. Hence,
for a prime r,

Xz, (0f(r)) =1 (4.29)
> bf(r) € {%/f L,%/Hr 1]

which implies
(XIL (ef(r))vle(l - gf(r))) = (0,0), or, (07 1)7 or, (170)7 ie
Xz, (Gf(r)) + XIL(l — af(’l’)) =0, or, 1.

Therefore, for any pair of primes (p, q),

(Xz,, (05 (p) + Xz, (1 — 07 (p)) ( 2 (07 () + Xz, (1 =07 (g)) # 0, iff,
Xz, (07 (p)) + Xz, (1 = 07 (p)) = Xz, (05 (q)) + Xz, (1 = 0;(9) = 1,

if and only if exactly one of the following happens:
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(i) 05(p) € Zr, and 04(q) € Zy1;
(ii) 0;(p) € I, and 1 — 6¢(q) € Iy;
(iii) 1 —6¢(p) € Z1, and 8¢(q) € Iy;
(iv) 1—0¢(p) € Zr, and 1 — 0¢(q) € Zy..
We now evaluate each of these cases separately.

Part 1: 6;(p) € Z;, and 67(q) € Z. Hence,

b <0 (p), 0 (0) <+ o

AL — AL
ﬁQip—%S@f(p)—FHf( )<2¢+AZL
— (20— 1)~ = <)+ () -1 < (20— 1)+
2 2
:>(2¢—2)—ﬂSef(P)+9f(Q)—2§(2¢—2)+ﬂ-

Therefore, for sufficiently large L, and for ¢ € (0,1), with ¢ # 1/2,

|:(2¢+m) 142L (21/)+m) 142L:| Iz:¢7 form:O,—l,—Q,

and hence,
X1, (0;(p)+6¢(¢g) +m) =0, for m=0,—1, 2.

Similarly, we obtain that for sufficiently large L, and for ¢ € (0, 1), with ¢ # 1/2,

[m A2 m+2}ﬁIm:¢, form =—1,1,

AL
and hence,
(0 (p) — 07 (q) +m) = 0, for m = —1,1
Hence,
0
B(6; (p), 05 (), x,8) = Y X1, (05(p)+0;(q Z X1, (85 (p) — 67(q) +

m=—2 m=—1

=X1, (0 (p) — 05 (q))-

Therefore, using equation (4.29)), we obtain

> (Xz,, (07 (p)) + Xz, (1 = 07 (p))) (Xz, (05 (9)) + Xz, (1 = 0¢(9)))

(p,9):p#q<=
(p,N)=(g,N)=1
0 (p)EZL,05 (9)€LL

x B(0f(p), b (q), z, )
= Y B4

(p,q):p#q<z
(p,N)=(q,N)=1
0r(p)EZL 0 (q)ELL

= > Xr, (05 (p) — 05 (q))
(p,q):p#q<w

(p,N)=(q,N)=1
0r(p)EZL 0 (q)ELL

=#{(p,q) :pFa<z,(p,N)= (¢, N)=1,0;(p) € Zp,0;(q) € Z1,,0;(p) — s (q) € I..}.

m)

7
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Part 2: 0;(p) € Ir, and 1 — 0¢(q) € Z1,. Hence,

1
V= SO 1=0p() S ¥+ 7

2 2
-~ < < =
= 1— <O +0(0) < 1+
2 2
-~ < 1< =
— <O+ -1<
2 2
1l —< —2< — —_.
= —1- - <0+ ()2 < —1+ —

Therefore, for sufficiently large L, and for ¢ € (0, 1), with ¢ # 1/2,

2 2
[mAL’erAL} NI, =¢, form=-1,1,

and hence,
X1, (07 (p)+6¢(g) +m) =0, for m =0, 2.
Similarly, we obtain that for sufficiently large L, and for ¢ € (0,1), with ¢ # 1/2,

|:(2w_m)_142l/7(2w_m)+j[]:| mI$:¢a form:0,1,2,

and hence,

X1, (07 (p)—07(g) +m) =0, for m = -0, -1, -2

Hence,
0 1
B(05(p), 05 (@) ,5) = > Xr,(0(p) +05(9) +m) + D> X1,(07(p) — 07 (q) +m)

m=—2

=Xr, (07 (p) +0;(q) —1).

Therefore, using equation (4.29)), we obtain
> (Xz,, (05 (P)) + Xz,,(1 = 0¢(p))) (Xz,, (0 () + Xz,,(1 — 0¢(q)))

(p,q9):p#q<z
(p,N)=(¢,N)=1
0r (P)ELL,1-05(q)ELL

x B(@f(p), ef(q)a Z, S)
= > B(0; (). 05 (), . 5)
(p,q):p#q<=

(p,N)=(q,N)=1
07 (p)€Zr,1-05(9)E€ZL

> Xz, (05 (p) +05(q) —1)

(p,q):p#q<z
(p,N)=(g,N)=1

0 (p)EZL,1-05(q)ELL
=#{(p,q) :p#q<z,(p,N)= (¢, N) =1,0;(p) € I,,1 — 0;(q) € I, 0 (p) +6;(q) -1 € L,}.

Part 3:1—6;(p) € Zy, and 6¢(g) € Z. Similarly, as in part 2, we obtain

> (Xz, (07 (p)) + Xz, (1 = 07 (p))) (X2, (0 () + Xz, (1 = Of(q)))

(p,q):p#q<z
(p,N)=(q,N)=1
1-05(p)€Zr,05(9)ELL

x B(0¢(p), 05 (q),z,5)
=#{(p,9):p#q<2,(p,N)=(¢,N)=1,1—0;(p) € Ir,0;(q) € I, 0;(p) +0;(q) —1 € L.}



4.4. THE PAIR CORRELATION FUNCTION FOR HECKE ANGLES
Part 4:1—6(p) € Z, and 1 — 65 (q) € Zr.. Hence,
I < — — <
v L 0y(p), 1 05(0) < 0+
2 2
_ _ = < _
— w) (D) +07(0) < (2~ 20) + o5

<1—2w>—i<9f< )+ 05 (a )—1s<1—2w>+ﬂ

2

Therefore, for sufficiently large L, and for ¢ € (0,1), with ¢ # 1/2,

{(m—w)—i,(m—zw }m — 6, form=0,1,2,

AL

and hence,
X1, (0f(p)+0¢(g)+m) =0, for m=0,—1, 2.

Similarly, we obtain that for sufficiently large L, and for ¢ € (0,1), with ¢ # 1/2,

2
[m—A AL}QI = ¢, form=-1,1,
and hence,
X1, (05 (p) —0;(g) +m) =0, for m = —1,1.
Hence,

B(07(p), 05 (), x,8) = > X1, (0(p)+ 05 (@) +m) + > X1, (07 (p) —0;(q) +m

Therefore,

> (Xz, (05 (p)) + Xz, (1 = 05 (p))) (Xz, (05 (9)) + Xz, (1 = 0¢(9)))

(p:,q):p#q<z
(p,N)=(q,N)=1
176f (p)GIL,lfef (Q)GIL

x B(0r(p),05(q),x,s)
= > B(0;(p), 05 (q), 2, 5)

(p,q):p#q<z
(p,N)=(qg,N)=1
1-05(p)€Zr, 105 (q)€LL

= > X1, (05 (p) — 0 ()

(p,q):p#q<z
(p,N)=(q,N)=1
1-05(p)€Zr,1-05(q)€LL

)

7

:#{(pM]) Ip#qﬁx, (va) = (Q7N) = 171_9f(p) EIL,l—ef(Q) GIL,af(p)—ef(Q) GI.L}

Therefore, using equation (4.28) and parts (1), (2), (3), and (4), we obtain

1
3 > (foﬁ,% (£0;(p) =¥ +n) ZX,%’% (£0;(9) = +n))
, <z neE”Z ne”Z
N

XZX

nez

(2) (=05 () £ 07 (q) +n))

s
7Z

mm



78 CHAPTER 4. HISTORY OF THE THESIS PROBLEM AND NEW RESULTS

= > (g (6r(p) + Xz (1= 67(9)) (X2, (85 (0)) + Xz, (1 — 67 ()

(p,q):p#q<z
(p,N)=(q,N)=1

x B(0f(p), 05 (), 5)

S D SN SEREE T VRN »

(p,q):p#q<z (p,q):p#q<z (p:q):p#q<z (p:q):p#q<z
(p,N)=(q,N)=1 (p,N)=(q,N)=1 (p,N)=(q,N)=1 (p,N)=(¢q,N)=1
07 (p)ETL, 05 (9)€TL  Of(p)ETL,1-05(9)ETL 1-05(p)€TL,05(9)€TL 1—05(p)€TL,1-05(q)ELL

(XIL (ef(p)) + XZL(l - ef(p)))(le, (Hf(q)) + XIL(l - ef(q))) X B(ef(p)7 Hf(q)7 T, 8)

+#{(p,q):p#a <z, (p,N)=(q,N) =1,0¢(p) € Ip,,1 — 0(q) € Ip,,0¢(p) —(1 — 0¢(q)) € L.}
+#{(p, @) :p#qa<x,(p,N) = (¢, N) =1,0¢(p) € Ip, 1 — 0y (q) € Z1,0;(q) —(1 — b;(p)) € I}

+#{(p, @) :p#Fa<z,(p,N) = (¢, N) = 1,1 -0;(p) € Ir,1 - 0;(q) € I,
(1=0;(p) —(1—0s(q) € I}
=#{(i,j): i #j, x,x; € (TN Ayg), v —x; € I}

=# {(@J) ciFE g xx; € (ZoNAfg), 2 —xj € _Ami(a:)’ Aﬂzf/(x)} }7

where
Afo ={0;(p), 1= 0¢(p): p <, (p,N) =1}
={£0;(p) mod 1: p <z, (p,N) =1}
O
Iliemark 4.4.4. It is tmportant to note that the above theorem does not hold true for ¢ =
G on iy or T e 5 5 gt o st G35, o o g

anything significant in terms of the pair correlation function for Hecke angles.

Using equation (4.7]) and Theorem the pair correlation function for the families Ay, N
Ty is given by

1
|Zr N Af@l #

{m) i gy i € (TL 0 Apa), 2 — 75 € {Aw;(x)’ AWJi(x)”

A A A A
(p,q):p#q<z nNEZL nez
(p,N)=(q,N)=1

XZX[*

nez

Ngmf(x) Z ZX[—l 1] (L(=0;(p) *dﬂrn))ZX[_l 1 (L(£ 07 ()~ +n))

)

(v (2) (£ 07 (p) £ 07 (9) +n)).

e
ol

(4.30)

4.5 Smooth analogue

We now consider a smooth analogue of the right-hand side of equation (4.30)).
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Let p be an even test function in the Schwartz class (see Notations) such that the Fourier
transform p of p is smooth and compactly supported, and normalised so that

supft] : A1) # 0} = L.

Zp (0+n))

ne”Z

We define

pr(0) is a 1-periodic function, localized to a scale of 1/L, and therefore, effectively counts points
6 such that |#| < 1/L. Tt has the Fourier expansion

0) =Y pr()e(ld) =pr(0)+ > pr(l)2cos(2lh),
<L 1<I<L
where 75(1) = +7(4).
Similarly, let g be an even test function satisfying the same properties as p, that is, an

even test function in the Schwartz class such that the Fourier transform g of g is smooth and
compactly supported, and normalised so that

sup{[t| : g(t) # 0} = 1.
We define

=Y g(mn(@)(0 +n))

neEZ

= > Gi(n)e(nd)

In|<mn ()
:C/v'\z(O) + Z C/v';(n)2 cos(2mnb),
1<n<7n ()
where é;(n) = #(w)ﬁ (#(z)) . Similar to the case of pr, the function G,(6) is a 1-periodic
function, localized to a scale of 1/mx(x), and therefore, effectively counts points 6 such that
0] < 1/7n(x).
The smooth analogue of the right-hand side of (4.30) is defined as

Ra(p, g; ) (@) := - Do pn(E05(p) =)o (£ 07 (g) =) G (£ 67 (p) £ 05 (q))-

SWN(m) (p,q):p#q<z
(p,N)=(g,N)=1

We recall the following classical result, which gives a recursive relation between ay (ph),
[ > 0. For an integer [ > 0,
2, if 1 =0,

. (4.31)
ap(p?) —ap(p?2?), ifl>1.

2cos2nl b5 (p) = {

penere U(l) = 5(2) (2 cos 2mly) — (Hl) (2cos2n(l+1)y), (0 <1< L)

L
o-5(sg) 0505 5n0

Lemma 4.5.1. Let p, f, L and 1) be as defined earlier. Then, for any prime p coprime to level

N,
+Z ( >2c05277l¢)(2c0527719f ZU ar(p?)

>1 >0

and
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Proof. Using equation (4.31]), we obtain

2p(0) + Zﬁ(l> (2 cos2mlt)) (2 cos 2wl 05 (p))

>1
> (2 cos 2mlp)ay (p?) — Zﬁ(é) (2 cos 2nlp)ay (p*'~2)
1>1

>0

7(z)!
(7

=25(0 ( ) (2 cos 2mlep)a s (p )—Zﬁ(l“;l> (2 cos 2m (1 + 1)3)ay(p*)
)

=25(0 (L (2 cos 2m1)) +Z (L) (2 cos 27l )ay (p™)

>1

_ Zﬁ<l+l) (2cos2m(l + 1)Y)ag(p™)
2) (2 cos 23)) +Z< (L> (2 cos 2mle) — (z; >(2cos27r(l+1)¢)> ar(p*)
_Z< < ) (2 cos 2mlap) — (lz )(2cos27r(l+1)w)> ar(p*)

O
Using Lemma [£.5.1] we have

pr(E£0r(p) =) = pr(0r(p) —¢) + pr(—0r(p) —¢)
= > pr(1) {e(l(0r(p) =) + e(l(= 05 (p) =) }

<L
= > pr(De(—1y)2cos(27l 0 (p))

=k (4.32)
= (2,3;(0)+ > ﬁZ(l)(2cosQ7rl¢)QCos(2ﬂ'lQf(p))).

1<I<L

=2 Y Uas™)

Similarly,

= (4G(O) + Z 2G(n)(2cos2mn 0;(p))(2 cos 2mn O, (q))) ,
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Using the above Fourier expansions,

Ropog: f)(a) =2 ! S U™ | | S U

= 2
§mn(z) L (z) (p,@):p#q<z [ 120 =0
(p,N)=(g,N)=1

4G(0) + Z QG(n)(af(p%) _ af(p2n72))(af(q2”) . af(qznfz))

n>1
(4.33)
We now denote
Ti(p) := > _ U(D)as(p™),
1>0
Ta(q) =Y U)ar(g™)
>0
and
TB(pa Q) = Z G(TL)A(p, q, n)7
n>0
where
4 ifn=20
A(p,q,n) = . . . . .
2ap(p*) —as(P*" ) (af(¢®") —ap(¢®"7?) ifn>1.
Thus, we get
1
Ro(p, g; f)(2) “Sen (@)L > T (p)T2(a)T5(p, )
N (p,q):p#q<z
(p,N)=(q,N)=1 (4.34)
1 !
= T (p)T5(q)T: .
St (@)7L Z 1(0)T2(9)T3(p, q)
p,q<z

Since p and g are continuous and compactly supported, we have the bounds |U(L;)|, |U(k;)|,
|G(n;)| < 1, which will be used in the calculations in this thesis.

4.5.1 Equidistribution properties of Hecke angles in small scales

In this section, we explain the connection between the error terms in the Sato-Tate distribution
theorem (see equation (4.1))) and the distribution of the families Ay, (defined in (4.6)) in shrink-
ing intervals Z;, where L = L(z) — oo as  — co. As we will see below, this provides an insight
into the difficulties in obtaining the pair correlation function for a deterministic f € Fy , and
why it helps to consider a random f € Fy , instead.

The question is, what growth conditions on L = L(x) are sufficient to ensure that

tm e 3 n0=0) = [ pult— (e

T—r00 |./4f7'§| QEAfg;

Define
Npng(@) = > pu(@—1).

0EA; »
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By (4.32),

Np,,f(2) 1 _ . 3 s
L) = 2p(0)mn () + pr(1)(2cos2rly ar(p?) —ar(p*?)
Al O | RO D A ) 2 (™) o)

- (p,N)=1
S U] a1
“onn () Z 7 Z ar(p™).
0<I<L p<w
(p,N)=1

(4.35)

It is easy to see that
U(0) !
— = t— t)dt.
5T /0 pr(t —)pu(t)

The following proposition is a consequence of Thorner’s discrepancy estimates.

Proposition 4.5.2. Let N > 1 and k > 2 be integers with k even. Let f € Fy j be a non-CM
newform. Let p be as defined in (4.4). If 0 < <1 and L is chosen such that

I < c11V1og x
~ 24/log(kN log x)
for a suitably small constant c11, we have

Np.L.f(x)
2ny (x)

1
~ /0 oLt — Y )u(t)dt as x — oo. (4.36)

Proof. The key ingredient in the proof is the following estimate, which follows from [Tho21l,
Proposition 2.1|. Let f € Fuy  be a non-CM newform. Then there exist constants cg (suitably
large) and ¢19 and ¢;1; (suitably small) such that if

2l < e114/log z/+/log(kN log ),

then
21 2 1 _ 2C1(Jlogz; | eovEEE
Z af (p ) < Pry(x) [ 27 %07 + e #TlarND e N (4.37)
p<z
(p,N)=1
Note that p is a compactly supported, continuous function and therefore, absolutely bounded.
Thus,
U(l 1|./1 141 X
# =7 [,0 <L> cos 2l — p (E) cos2m(l + 1)y | < -
Choosing
L<—cuvioer
2+/log(kN log )
we have

1 __cigloge _cigViogw
E 12 | o~ 2ot + e 4ZiogkNY ¢ /2l
1<I<L

1 _ ciglogx __cigViogw
xr 29 f e 4L2 log(2kNL) +e V2L
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The above term — 0 as  — oo, if L < +/logx/+/log(kN logz). This proves the proposition.
O

The limitation of the above proposition is in the range of L for which it holds. Is it possible
to obtain the asymptotic for a larger range of L, for example, L(x) < z¢ for some o > 07 It
turns out that this can be done if one assumes strong analytic hypotheses on symmetric power
L-functions corresponding to a non-CM newform f with squarefree level V. In this respect,
using conditional discrepancy estimates of Rouse and Thorner |[RT17], we have the following
proposition:

Proposition 4.5.3. Let N > 1 and k > 2 be integers with N squarefree and k even. Let
f € Fn.i be a non-CM newform such that for each | > 0, the following hypotheses hold:

1. The symmetric power L-function L(s, Sym!f) is the L-function of a cuspidal automorphic
representation on GLi11(Ag).

2. The Generalized Riemann hypothesis holds for L(s, Sym!f).
Let p be as defined in (4.4). If 0 < <1 and L is chosen such that

xl/Zc
L= —
’ ((logch)

1
~ / pr(t — Y )u(t)dt as x — oo.
0

for a constant ¢ > 1, we have

No,pf(x)
27N ()

Proof. By [RT17, Proposition 3.3],if I > 1 and = > 5 x 10°,

Z af (p2l) < (llogl)y/xlog xlog(N(k — 1)). (4.38)
(pfl\é)il

As in the proof of Proposition we obtain that for > 5 x 10°,

NP,L,f(:L') _ U(O) _ 1(x) Z U[(/l) Z af(p2l)

2y () 2L 27N SZn =
(p,N)=1

Valogx |

TN (x)

(log 2)?
N2

< LlogL og(N(k —1))

< LlogL

log(N(k —1)).

Let us choose L(z) such that

L(z)=o0 ((:vl/%> for ¢ > 1.

log x)2/¢

Then,

1 2
LlogL(ng) log(N(k—1)) = 0 as x — 0.

NG
O]

By the results of Newton and Thorne [NT2Ia], [NT21b|, the hypothesis (1) in the above
proposition is now known to be true for all [ > 1. Therefore, in comparison to Proposition [4.5.2]
we have a larger range of L for which (4.36) holds, under GRH.
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In what follows, we make some remarks here about N, r(x) for a random f € Fu.
We derive the expected value of N, 1, ¢(z) as we average over all f € Fy (not just non-CM
newforms). As we will see, averaging enables us to obtain the asymptotic in over a more
flexible range of L.

We first introduce the following notation: for any ¢ : Fn 1 — C, we denote

@)= —— 3 o).

| PNkl P

The following proposition tells us that an average version of (4.36) holds over a range of L
that grows with the size of the families Fp , under consideration.

Proposition 4.5.4. Consider families Fu j, with levels N = N(z) and even weights k = k(z)
such that

log (|fN,k|/4"(N))
log x

— 00 as T — OQ.

Let p be as chosen above. If 0 < ¢ < 1 and L is chosen such that

log (| F.l/472)
L=o )
log x

we have

<Npo(a:)> ~ /IPL(t—i/f)u(t)dt as & — oo

27N () 0
Proof. Applying (4.35)), Corollary [3.2.28| and the estimate U(l) < 1,
<Np,L,f(x) U(O)>

27TN((E) 2L
1 u(l) 21
N (x) Z L Z <af(p )>
1<I<L p<lzx
(p,N)=1
1 U(l) 1 Ip3tav(N)
- — 7 erO =
s 22T (5o (%
(p,N)=1

1 U(l) 4v(N) 3L ()
"L 2= | 2 pl+o< T )

1<I<L p<z ’
(p,N)=1

_ <loglogaz>+o 4r(N) ;3L
T () | FN k]

log (| Fnxl/4"™)
IfL=o ( ) , then, 23 = o [Pk .
log 4v(N)

Thus, we have

NpLf(x) U(0)
< 27&};%) Y >%Oasx%oo.
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Corollary 4.5.5. We consider families Fi . with levels N = N(z) and even weights k = k(x)
such that
log (kN/S”(N))
log
Let p be as chosen above. If 0 < 9 < 1 and L is chosen such that

— 00 as T — 00.

log (k:N/8”(N)>

=0 _— ,

log x
we have ) L
Np L f(.’IJ /
— ") ~ t— t)dt — 00.
< it D)~ [ palt = vt as 2 - o
Proof. The proof follows from Lemma O

Remark 4.5.6. If N wvaries over prime levels, then the above asymptotic will hold for families
Fn.k such that
log kN

log x

— 00 as r — Q.

4.5.2 Remarks on the pair correlation function

In Section we saw that Thorner’s unconditional estimate (4.37)) and the conditional esti-
mate of Rouse and Thorner (4.38) for sums Z af (p®*) play a pivotal role in deriving equidis-

p<z
tribution properties of Hecke angles. By (4.33)), these sums also appear in the pair correlation
function Ra(p, g; f)(x). But, we need estimates for these sums for u as large as my(x), whereas

(4.37) holds for

u < /log z/+/log(kN log ).

The conditional estimate (4.38)) holds for all w > 1, if = is sufficiently large. However, when we
apply this estimate to (4.33)), we get

Ra(p, g; ) (z) < z(log z)* log® (N (k — 1)),

which is not enough to determine the convergence of Ra(p, g; f)(z) as x — oo.

In [BS19], the trace formula estimates in Corollary [3.2.26] were applied to obtain the limit

lim —— Y Ra(p,g; f)(2),

1
z—oo | F
| Nk fEFNk

albeit for rapidly increasing families Fy j, parametrized by

log (kN/S”(N)>

X

— 0Q.

The main theorem of this article, Theorem [4.3.1] makes the following fundamental observa-
tions over and above the results of [BS19].

1. The first observation is that in these rapidly increasing families, the trace formula es-
timates are versatile enough to accommodate the convergence of the second moment of
Ra(p,g; f)(x). To simplify the second moment

1

[Fwal Z (Ra(p, g; F)(2))*

fEFNk
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addressed in this article, we require a delicate balancing act between estimates for several

sums of type
Z ay (p2uq2vr2w52t)
p,q,7,S

and the ranges of u, v, w and t in each of these sums. These calculations are carried out
in Section

. The second observation is that we obtain the convergence of the second moment of

Rs(p, g; f)(z) with the same choice of L and the same growth conditions for Fy j as
those required for the convergence of the first moment of Ry(p,g; f)(z).

. The Katz-Sarnak conjecture predicts that

Tp— > (Ralpygi (@) = | lim . > (Bap,g: f)(@))

e |fN’k| fEFNk e ‘FN’M fEFN K

That is,
E[(Ra2(p, g; [)())*] ~ E[(Ra(p, g; f)(x))]* as z — oo.

In Theorem we are able to obtain this asymptotic, for (N, k) such that

log (kN/S”(N))

X

— 0Q.

In the next two chapters, we will focus on the first and second moments of the smooth

localized pair correlation function Rs(g, p; f)(x). In Chapter |5, we revisit the result on first
moment [BS19] and mention the main result for any level N. In Chapter @ we find the second
moment and variance of Ry(g, p; f)(x), and record estimates for lower order error terms in their
computations, which is the main contribution of this thesis. We also show that the variance goes
to 0 under the same growth conditions on weights and levels for the families of Hecke newforms
as required for the convergence of the first moment.



Chapter 5

First moment of the pair correlation
function Ry(g, p; f)(x)

We revisit Theorem obtained for the first moment or average of the smooth localized pair
correlation function Ra(g, p; f)(x) in [BS19]. The goal of this chapter is to present inequalities
and estimates for any level N. In [BS19], only prime levels were addressed. However, some
modifications need to be made taking into account the levels N which are not prime. With our
current estimates, it becomes clear to us what the optimal choice for L should be to obtain the
convergence of the first moment of R (p, g; f)(z) (defined in equation (4.5)). The idea used in
the proof is the same as in [BS19).

We recall the definition of Ry(p,g; f)(z) from equation (4.33) and simplify it to obtain

Ra(p, g; f)(x)

:m S W™ | [ Y U)are®)

p,q<z \1>0 1’>0

4G(0) + 3 26(m)(ar (™) = as (0™ )as (™) — a2

1 , ) . , (5.1)
:Wp%; <4G(0) uz'z:oU(l)U(l )af(PQl)af(QQl )
+U(0)* Y 26(n)(as (™) — ag (0" ) (as (™) = ap(@®" )
+ Y 20UI)Gm)ar () ar (™) — ap(p™*))ag (@™ )(as(@®") - af(q2"2))>-
(00

To find the average of Ra(p,g; f)(x) over newforms f € Fu i, we take the average over each
of these three subparts separately. The averages over newforms of these three sums which we
denote by P, Q, and T, are estimated in Propositions [5.1.1] [5.1.2] and [5.4.1] respectively.

Therefore,

Plo g o) = —— S ———346(0) 3 00U )as(p™)as (@),

2
Sy (x)?L 2=, LI>0

87
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1 1 / 9
Qp, g; f)(x) = Foil > 8WN(x)2LZ U(0)2 3" 26G(n)

fEFNK p,q<z n>1

x (ap(p®) —ap (™)) (as(@®") — ar(¢™™?)),

1 1 / ,
TM%fWﬂﬂﬁm”g;ggaﬁiggugixmﬂmﬂﬂam
’ T L)£(0.0) (5-2)
x ap(p?)(ar(p*™) — ap(®"2))ar(¢® ) ap(@®") — ap(®2)).
Hence,
L ST Re(p,g: £)(@) = Plosg £)(@) + Qpsg: (@) + T, g: £) o).
|}—N’k| fEFN K

T is estimated by further breaking it into two sums, namely R and S in equation (5.3)), where
R and S are defined in equations (5.4) and (5.5) respectively.

The estimation for R is done in Proposition The estimation for S is done in Section
and the final estimate is mentioned in Proposition [5.3.

Adding 2R and S, we find estimate for 7 in Proposition[5.4.1] Finally, we find an estimation

for the average of Ra(p,g; f)(z) over newforms for all levels in Theorem We note that
the term S contributes the main term (see Proposition [5.3.7). In Proposition we find an

asymptotic limit for the main term.

Propositions |5.1.1} [5.1.2] [5.2.1] and |5.3.7] are generalisations of Proposition 15 of [BS19] to
all levels N. We omit their proofs, as the proofs are similar to that of prime levels mentioned in
[BS19] and can be obtained as a direct application of the Eichler-Selberg trace formula.

Section in Appendix [A] gives a quick reference to the terms mentioned in this chapter.

5.1 Revisiting the Pair correlation sum

We now evaluate \Flel Z Rs(p, g; f)(z) by finding estimates for each of the sums mentioned

FEFN K
in equation (5.1]). Before we start estimating the sums separately, we record the following lemmas
without proof.

The following two propositions estimate P(p, g; f) and Q(p, g; f) respectively.

Proposition 5.1.1. Let N, k be positive integers with k even and L = L(z) — o0 as © — 0.
Then,

P0if) =t Y g 2 AGO) X UOUW)ash®as )

K reFan p.g<a LI'>0

1 SV(N)L 4Lc

where both the summations over ! and ' run up to |L].

Proposition 5.1.2. Let N, k be positive integers with k even and L = L(xz) — 00 as x — 0.
Then,

Q(pﬂgv f) |]__]]\-[7| Z m ZI U(0)2 Z 2G(n)(af(p2n) _ af(p2n72))x

fEFN & p,q<x n>1

ony ooy l 7TN(£17) 8U(N)(E47FN(I)CI
farla™) g2 =0 (1) 0 (PRI

where the summation over n runs up to wy(x).
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We now find an estimate for 7 (p, g; f)(x) (defined in equation (5.2))), where the summations
over [ and I’ run up to | L] and the summation over n runs up to 7y (z). Since the summation
is over (1,1') # (0,0), we can break the summation into the following three parts:

DI>1,0'=0n>1,
2)l:O7lI217n217
N>, >1,n>1.

By interchanging the variables [ and I’ first and then interchanging the variables p and ¢ in
the summation over [ = 0,1’ > 1,n > 1, we note that the summation over [ = 0,1’ > 1,n > 1 is
exactly the same as the summation over [ > 1,1’ =0,n > 1.

We denote the summations over [ > 1,I’ = 0,n > 1 and over [ > 1,I’ > 1,n > 1 by
R(p, g; f)(z) and S(p, g; f)(x) respectively, i.e.,

Therefore,

T(p,g: /)(x) = 2R(p, g; f)(x) + S(p, g ) (). (5.3)

5.2 Estimation for R(p,g; f)(x)

From the definition of R(p, g; f)(x), we have

Rien5:)(z) :l}"im f; an S (@)L > Y 2w (n)ay (™) (ar (*") = ag (7*" %))

p,q<zl,n>1
X (af(q®") = ap(g*?)).

The following proposition gives estimates for R(p, g; f)(z).
Proposition 5.2.1. Let N and k be positive integers with k even. With p and g as defined

earlier, we have
1 SV(N)xS’TN(”‘)C/ﬂN(x)L

5.3 Estimation for S(p, g; f)(x)

From the definition of S(p, g; f)(z), we have

SN = G X g 3 Y WOUX)Cmas )

fEFN K p,q<z LU n>1 (55)
x(ag(p®™) — af(p2"*2))af(q Nap(@®) — ap(g®2)).

Since the summation is over [,1’,n > 1, where the indexes [ and I’ run up to | L] and the index
n runs up to 7y (x), we can break the summation into the following four parts:

D 1#nl #n,
2) l=n,l' #n,
3)1#n,l' =n,

Hl=nl =n,ie,l=1U=n.

We also denote the summation in the i-th part by S;(p, g; f)(x), ¢ = 1,2, 3,4 respectively.
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By interchanging the variables [ and !’ first and then interchanging the variables p and ¢ in
the summation over | # n,l’ = n, we note that the summation over | # n,l’ = n is exactly the
same as the summation over [ = n,l’ # n.

Therefore,

4

S(psg; /(@) = Silp,g: 1)(@) = Silp, g5 f)(@) +285(p, g; ) (@) + Salp, g5 f) (). (5.6)

=1

We also set the notation S;(.), where the condition(s) within the first bracket indicates the
summation has been taken over all [,l’, n satisfying the condition(s) within the bracket, although
this notation has no specific meaning in general (because there will be no [,1’, n after the sum
is estimated). For example, S1(I # n,l’ > n) will mean the summation has been taken over all
I,l',n satisfying the condition I # n,l’ > n.

5.3.1 Estimation for Si(p, g; f)(z)
We now estimate S1(p, g; f)(x). With the notations mentioned in Lemma we have

Z 87TN(1$)2L Z/ Z 2U(1)U(ZI)G(n)Lp(l,n) X Lq(l/,n).

fEFN K p,q<z [’ n>1
I#n,l'#n

1

81(p7g;f)(x) = |-7:Nk|

Using the same idea similar to that of equation (5.6)), we get

Si(p: g5 f)(z)
=Sil>nl'">n)+Si(I>nl <n)+S(<nl >n)+8(<n,l <n)
=511 >n,l' >n)+25 (1 >nl'<n)+8(l<n, <n).

We estimate all three sums separately in the following lemmas.

Lemma 5.3.1. Let N and k be positive integers with k even. With p and g as defined earlier,

we have
, B (log log x)? gV(N) 8L 12
Sil>n,l">n)=0 <7TN(I)2 +0 — N |

Lemma 5.3.2. Let N and k be positive integers with k even. With p and g as defined earlier,

we have
Lloglogx gV(N) g8Le' 12
!/ _ Voo - -
Sl(l>n,l<n)—0( p— )+O< N .

Lemma 5.3.3. Let N and k be positive integers with k even. With p and g as defined earlier,
we have

Si(l<n,l'<n)

wN(x)(wN(;)L D S o026+ 1)+ 0 (L(loglogx)2> +o< 1 >

8y (z = 7w (x) wn(x)L
QU (N) (8L+4)c’ 8V(N)x87rN($)C/L7TN(m)
+0 (mv +0 EN |

as © — 0o, where L < wy(z).

Combining Lemmas [5.5.1} [5.3.2] and [5.3.3] we obtain the following proposition.
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Proposition 5.3.4. Let N and k be positive integers with k even. With p and g as defined
earlier, we have

Si(p: g; f)(2)
7y (x) LLJ L(loglog x)? 1
- 47TN ZU G +1) +O< 7w (x) > +O<7TN(.T)L>

o <8u(N)x(87rN(x)+4)c ) |
kN

as x — 0o, where L < mwy(x).

5.3.2 Estimation for Sy(p,g; f)(z) = S3(p, g; f)(2)
We now estimate Sa(p, g; f)(x). With the notations mentioned in Lemma we have

1
So(p, g; f)(z) = 20(l I,n) x Ly(I',n).
0= [ © S 3 UG < L)
= nl;én
Therefore,

82(/)79; f)(ﬂ?) = SQ(Z = n7l, > n) +S2(l = ’/l,l/ < TL)

We estimate both sums Sy(I = n,l’ > n), and Sa(l = n,l” < n) separately and then add
them together to obtain the following proposition.

Proposition 5.3.5. Let N and k be positive integers with k even. With p and g as defined
earlier, we have

S2(p, g5 f) (@)
[LJ v(N), .(8L+8)c’
__ (@) ZU (+1)+o<8 o )

47TN
+O(W&>L> +0(lfii?ff)-

5.3.3 Estimation for Sy(p, g; f)(z)
We first calculate Sy(p, g; f)(x). With the notations mentioned in Lemma we have

S0 N)@) = Tr Y g 3o Do WOUWMGMLLm) x Ly(l.m).

fEFNK p,q<z ' n>1
l=n=l

Proposition 5.3.6. Let N and k be positive integers with k even. With p and g as defined
earlier, we have

. _ an(z)(rn(z) — 1) LL] 1 gV(N) 8L
Salp, g; f)(x) = Trn (221 Y UG +0 <W> +0 (kN> _

=1

Using equation (5.6, and combining Propositions [5.3.4} [5.3.5, and |5.3.6] we obtain the
following proposition.
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Proposition 5.3.7. Let N and k be positive integers with k even. With p and g as defined
earlier, we have

S(p,g; f)(x)
LL] L]

_mv @@ 2D (NS pgeaa 1) - S 200+ DU0GE+ 1) + S U026
471’]\](.%‘)2.[/ ; Z ;

L L{oglog x)* g/ (MaErr (8¢
+O<WN($)L>+O< ol ) o - |

5.4 Estimation for T(p,g; f)(z) = S(p, g; f)(z) + 2R (p, g; [)(z)

Combining Propositions and with equation (5.3), we obtain the following proposition.

Proposition 5.4.1. Let N and k be positive integers with k even. With p and g as defined
earlier, we have

T(p.g; f)(x)
|L] |L] |L]

_m(i)(wév()rg)L ZU D2G(+1) =Y 20+ DHUMGI+ 1)+ > UWDG(
TN (% 1=1 =1

1 L(loglog x)z ]V(N) (87N (2)+8)c!
+O<L>+O< ) o - 7

as x — 00, where L < wy(x).

5.5 Average of Ry(p, g; f)(z) over newforms for all levels

We now revisit Theorem [.2.1] and restate it in the Theorem [5.5.3] for the convenience of the
reader.

5.5.1 Estimating the main term

Lemma 5.5.1. Let 0 < < 1. With p as defined earlier,

LL] 2 (p*p)(0) ifp =1
(1) lim — Z <> cos dnm) = 2 , 2,
z—>oo L 07 ’Lf'l/) 7é 2
LL] 2
1N (pep))
@ 50(7) =P
LL] 2 00
- oYy & _ _ 2
zlgréo 7 Z ( ) sin4nmp = 0, where (p x p)(0) /_oo p(t)=dt.
Proof. The proof follows from Theorem 2 of [BS19]. O

Using Lemma [5.5.1] we prove the following proposition.

Proposition 5.5.2. Let N and k be positive integers with k even and L is such that L = L(x) —
00 as x — oco. Then, with p, g and f as defined earlier and for ¢ € (0,1) ,

T(g,p)

2L €L A%G(0) (5 p)(0),
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where A = 2sin® m, and

2 ifY=y,
Cy = _ 2
1 ify# 5.
Proof. The proof follows from Theorem 2 of [BS19]. O

Theorem 5.5.3. Let us consider families Fn i, with levels N = N(z) and even weights k = k(z).
Let g, p be real-valued, even functions € C*°(R) in the Schwartz class with Fourier transforms
supported in the interval [—1,1]. Let 0 < < 1,1 # 1/2. Define A := 2sin® w.

(a) Let L=L(x) = 00 as * — o0, and L < wn(x). Then

1
> Ralp.gi )
|]:N’k| fEFN K
_T(g,p) 1 L(log log z)? QU(N) (8 (2)+8)c’
=i O 7 + O (@) +0 N ’

where ¢’ is an absolute positive constant and

l
T(g.p) =) (U)-Ul~-1))g
(LRpY ()
with N2 41
Uul)y=p <L> (2cos2mlyp) — p (L> (2cos2m(l + 1)y).

(b) In particular, if we choose L(z) = o (%) with L = L(x) — oo as x — oo and

families Fn y, with levels N = N(z) and even weights k = k(x) such that

—log (kN/SV(N)) — 00, a8 T — 00

T
then . (o)
g,p
Z Ra(p,g; [)(z) ~ , as T — 00.
Pl (S 4L
Furthermore,
T(g,p)

T A2G(0)(p* p)(0), as z — oo.

Proof. Using equation (5.3]), and Propositions[5.1.1] [5.1.2|and [5.3.7, we obtain the proof of (a).

SV(N)I(SWN(T)+8)C/

SV(N)IEﬂN(m)c/

We mnote that *——F—— < S—955——, for some constant FE. Also,
8V(N):L.E7rN(z)c' ,
lim — N 0 holds, if zP™v @) = o (k‘N/SV(N)>, as * — oo, which is true us-
xr—r 00
ing Lemma]m
log (kN /8% (V) v(N) ,.(87 N (z)+8)c
Thus, M — 00, as T — 0o, implies lim 8w =0.

Since L(z) = o (%) implies L(z) < 7y (z), and L(l%?f)ﬁ, the proof follows from

Proposition and part (a). O
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Chapter 6

Second moment of the pair
correlation function Ry(g, p; f)(x)

6.1 A brief overview

The goal of this chapter is to prove Theorem [4.3.1] which is the original contribution of this
thesis. As we saw before, Theorem addresses the second moment of the pair correlation
function Rs(p, g; f)(x), where

Ry(p, g; [)(x) := Smf(x) > pr(£0;(p) =) pr (£ 0 (q) =) Go(£ 05 (p) £05(q)),
(p,q):p#q<z
(p,N)=(q,N)=1

as defined in equation (4.5).

In this chapter, we will frequently use * to denote the function x(p, g; f)(z). To find the
second moment of Ra(p, g; f)(z) over newforms f € Fi 1, we first break Ra(p, g; f)(z)? in three

parts, namely K(p, g; f)(x), L(p,g; f)(x), and M(p, g; f)(z) in equation (6.1]) and then take the
average of each part over newforms f € Fy .

Section in Appendix [A] gives a quick reference to the terms mentioned in this chapter.

6.2 Second moment of Ry(p,g; f)(z) and variance

The goal of this section is to prove Theorem

Henceforth, in all the sums below, p, ¢, r and s will denote distinct primes coprime to N.
i
Also, for a finite set of primes {p1, p2, -+ ,p:+}, we denote E by g

p1,--+,pe <z all distinct P1, Pt <T
(p1,N)=1,++,(pe, N)=1

Using equation (4.34]), we obtain

2

(Ralp, g; f)(2))° = 57 Z/ T1(p)T2(q9)T5(p; q)

87TN({E) <z
1

ST 2 2 D@ e T () T(s) T (r5)

p,q<zr,s<w

=K(p, g; f)(x) + L(p, g; f)(x) + M(p, g; f)(x), (6.1)

95
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where
Koo £)@) = gtz 2 T @TE (p.0),
Lo Ne) = gz 30 TEOB@T0T 00T (p.r).
and 1 | 7/_
M(p,g; [)(z) = G ()12 Z T1(p)T2(9)T5(p, ) T2 (1) T2(s) T5(r, 5).

P,q,7,S<T

The averages of each of these sums over newforms (denoted by (-)) are evaluated in separate
sections below.

The estimation for the average of K(p,g; f)(z), which we denoted by (K(p,g; f)(z)), is
addressed in Section and the final estimate for (K(p, g; f)(z)) is presented in in Proposition
0.0.26l

The estimation for the average of L(p, g; f)(z) is addressed in Section and the final
estimate for <£(p, g; f)(m)> is presented in Proposition [6.4.31

The estimation for the average of M(p, g; f)(z) is addressed in Section and the final
estimate for (M(p, g; f)(z)) is mentioned in Proposition|6.5.14 We also note that the contribu-
tion for the main term comes from the sum with four distinct primes, i.e., (M(p, g; f)(z)) (see

equation (6.141))).

Finally, we combine all the estimates obtained in Propositions [6.3.26] [6.4.31] and [6.5.14]
together to prove Theorem [6.5.15] which proves the first part of our main theorem on the second
moment of the local pair correlation function R (p, g; f)(z), previously stated as Theorem [4.3.1]

(a).

In Theorem [6.5.16] we find the variance of the local pair correlation function Rs(p, g; f)(x),
which proves the second part of our main theorem, previously stated as Theorem (b).

In Theorem we show that the variance goes to 0 under the same growth conditions
on weights and levels for the families of Hecke newforms, as required for the convergence of the
first moment, and this proves the third part of our main theorem (Theorem [4.3.] (c)). Theorem
6.5.17| gives us the optimal choice of L = L(x) and the growth condition on weights k = k(z)
and levels N = N(z), for which the second moment of Ry(p, g; f)(x) is asymptotic to the square
of the expected value of Ra(p, g; f)(x) and the variance goes to zero, as © — 0.

6.3 Estimation for (K(p, g; f)(z)) = (Ki+2Ko+K4)(p, g; f)(2))

We first address 1 )
. . 2 2 2
’C(p7ga f)({L‘) - 327TN(1‘)4L2 Z Tl (p)TZ (Q)TS (p7 q)

p,q<z
Here,
Tp) = > Ul)U(2)as(p™)as(p*?),
ll,lgzo
T3(q) = Y Uk)U(k2)ar(q® )as(g**),
k1,k2>0
and
T32(pa Q) = Z G(nl)G(nﬁ)A(p7 q, nl)A(pyqanQ)'
’I’LI,HQZO
Thus,

K(p,g; ) (@) (6.2)
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- 1
- 32N (x

iz 2 T T 0.0)

p,q<x

ST Y X X X U UEBUE) (k) GG

,q<x l1,12>0 k1,k2>0n1,n2>0
ar(P*)ar(p®)ar(@®)ar(q®*)A(p, q.n1) A(p, ¢ n2).

The indices n1,n9 run up to my(x) and we can break the summation into the following four
parts:

4) n1 # 0,ng # 0.

We also denote the sum in the i-th part by IC;(p, g; f)(2), i = 1,2, 3, 4 respectively. We note
that the sum over n1,ny where n; = 0,ny # 0, is exactly the same as the sum over ny, ny where

n 7é 07”2 = Oa that iSa /Cz(p,g, f)(CE) = IC3(pvg; f)(l’)

Therefore,
K(p,g; f)(x) = ZICi(p,g; (@) =Kilp, g; f)(x) +2K3(p, 95 f)(x) + Kal(p, g; f)(x), (6.3)

where K1 (p, g; f)(x), K3(p,g; f)(x), and Ka(p, g; f)(x) are defined in Sections and
[6-3:3] respectively.

We now prove a few propositions to evaluate each of the above sums. The following estimates

follow from Lemma, [3.2.30, and will be used in Propositions -

Let v and v denote non-negative integers.

" o T xQx(2U+2V)c’81/(N)
S Y e < mvlologloga s EPEIEW

fEFN kP,q<x (u,v)#(0,0)
u=0 or v=0

0<u<U

0<v<V

\]:N k|

and

(0) 2, .(2U42V)c' qu(N)
w2 mn(T)“x 3
|]__Nk| E E E ar(p*"q*) < (loglog x)* + v () N . (6.5)

fe€EFNEPa<T (u,v)
1<u<U
1<o<V

6.3.1 Estimation for (K:(p,g; f)(z))
Proposition 6.3.1. Let p, f, g be as defined earlier. For positive integers k and N with k even,

Z ICl pag7 ) (66)

FEFN K

ﬁ%ﬂ2355%§52 > 60UV (k) (k) G(0)?

fEFN K 11,02>0 k1,k2>0
3 ap P ap(*)ap(® ag(*)
p,q<z
1 n Lloglogx ~ L?*(loglog r)? L2g8Lc gv(N)
N (x)? 7y ()3 7y () an(z)3kN

|]:N K

<
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where ¢’ > % is an absolute constant.

Proof. We note that each of the indices in the above sum I, I, k1 and ko run up to L.

By Lemma [3.3.6]

min{2l1,2l2}
ap(pP)a;(p*?) = Y ag(pPhtHT).
=0
Thus,
/
> D 6UW)U @)U kDU (R)G0)* Y ap(p®)as(p™)as(@®)as(g™) (6.7)
11,1220 k1,k22>0 p,q<z

=Y Y 16U)U(I2)U (k1)U (k2)G(0)?
11,120 k1,k2>0
min{2l1 ,2[2} min{2k1 ,2](32}

X Z’ Z Z af(p2l1+2l2—2iq2k1+2k2_2j).

P,q<z 1=0 j=0

The innermost part in each of the above terms is of the form af(p*“¢*”) where both 2u and 2v
are at most 4L. We first collect those terms with u = v = 0 in the sum

min{2l1,2l2} min{2k1,2k2}
2014202 —21 2k14+2ko—2j
> D > ap (P TETE) Y ap(@ TR,
l1,1520 k1,k2 >0 =0 Jj=0

Note that the exponent u = 0 only appears when [; = l; and when ¢ = 2[; = 2l5. So, the part
of the sum

Y Y 16UW)U(L)U(k)U (k2)G(0)? Z/af(pzll)af(p2l2)af(q2’“)af(qz’”)

11,1220 k1,k2>0 p,q<T

withu=v=01s

DY 16U(1L)°U (k)G (0)an (z) (mn () — 1).

1120 k120
We see that

WE)‘LL? >N 16U(L)°U (k)G (0)my () (mn () — 1)

11>20k12>0
L27TN(.’I,‘)2 1

S @2 S i@

Next, we collect those terms with (u,v) # (0,0), but either v = 0 or v = 0. If uw = 0, then
Iy =1y and ¢ = 2[y = 2l5. Since v # 0, the contribution of these terms to is

1 2 WZ > 16U (1)U (ky)U (k) G(0)?

f
|7 ] FEFN & 1120 ky k2 >0
o1 £z

min{2k1 ,2](:2}

/ .
XY )
P j=0

q<zT

e L Y VAU k)GOP

1120 k1,k22>0
k1#ko

min{2k1 ,2k2}

/ 1 N
X Z jz:;) Tl Z ap (g2 2ke=2d)

p,q<z fEFN K
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, V()
2 2, AL¢
27TN 4LQZ Z U(11)*U (k1)U (k2)G(0) <7TN(x)loglogx+7rN(x) e
1,20 ky k2 >0
k1
2 are 8V
T @)iLE Z Z z)loglogx + my(x)“x N
>0 ki ks >0
k1#k2
L 2 are 8V
<<W <7rN(x)loglogm+7rN( ) N
Lloglogz  La*Le’ gv(N)
7w (z)3 an(z)2 kN -
by (6.4)).

The estimate for the contribution of terms with v # 0 and v = 0 is similar.

We now collect those terms in such that u and v are both non-zero. By (6.5]), the
contribution of these terms to (6.7) is

<<I/741 (loglog x)? + 7y ()% 8Ll8( :
iy (x)tL? 5708 N kN

L2(loglog z)2  L2g8L¢ gv(N)
< L*oglog )

7y (z)4 an(x)2 kN
Finally,
Z ICl pv ga )

‘]:N kl fEFNk
< 1 Lloglog x N Latle" gv(N) [2(loglogx)?  L2a8L< gv(N)

7TN({E)2 WN(LE)?’ 7TN(£L')2 kN WN(.’E)4 WN(.’E)z kN
< 1 n Lloglogz  L*(loglogx)? L2385 gv(N)

7y (z)? 7y (z)3 () wn(z)2kN

6.3.2 Estimation for ((Ks + K3)(p, g; f)(z))

We now look at the part of the sum K(p, g; f)(z) with ny = 0 and ny # 0, i.e., we now estimate
Ks(p,g; f)(x). In this case, the innermost term

ar(P*)ar(**)ar (¢ )ap(¢**)Alp, ¢, n1) A(p, q,n2)
=8ays(p™)ay(p*?)as (¢ )as(q®*?)(ar(p*™?) — ar(pP*** %) (ap(¢®"*) — ap(¢*™>7?))
=8{as(p*)as(p*)(as(p*™*) — ay(p®™* ") Har(¢*)ar(@®*?)(as(@®"*) — as (> %)}

We want to find an estimate for
K3 (p,g' () (6.8)

T 327N (z 4LQZ Yo D D UWMUL)UK)U (k)G(0)G(n2)

p,q<z l1,1o>0 k1,ko>0mn2>1
ar(p*)a f(p%) (@ )ar(@*)A(p, q,0)A(p, g, n2)

“327n 4L22 Z Z Z U(k1)U (k2)G(0)G(n2)

P,z 11,1520 k1,ka>0n2>1
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x ap(p*)ar(p*)ag(@®)ar(@®2)(ar(p*™) — ar (> 7)) (ar(*™) — ap(¢*72))

e o 2 GOG) 3 U )as ™ )y () s (™) — a7 )

p,q<zrng>1 11,l2>0
S UE)U(k2)ag (@ )ar(g®2)(ar(¢*™2) — ap(¢*™272))
k1,k2>0
327‘[‘ 4L2 Z Z G pagvf7n27 )A(pagmfvn%q)v
N p,q<xrn2>1

where for n > 1, and for any prime r,
Alp, g; finyr) = > U)U(a)as(rP)agp(r*2)(ap(r*") — ap(r*"?)). (6.9)
11,12>0

Using Lemma for ls > ngy, we have

ay(p*)ay(p**)(as(p*™2) —ap(p*™27?))
(07" )(a (72 4 ag (22 422))
=ap (P )ap (P72 + ap (P )ay (P2,

We note that

22=2n2) gives 1, only if, Iy = ly — ng, i.e., [y — Iy = —ny, and

1) The product a(p*")as(p
2) The product ay(p*")as(p?2+272) gives 1, only if, Iy = Iy + na, i.e., l1 — Iy = na.
Using Lemma for Io < ng, we have
ag(p*)ar(p**)(ay (p*"2) — a;(p**27%))
=ap(p*")(ay(p*2*2") —ag(p
=ay(p*)as(p*+2) )

2n2—2l2—2))

211 2n2—2l2—2))'

—ag(p™)ayr(p

We note that

1) The product ay(p*)ayp(p*2T2m2) gives 1, only if, l; = Iz + ng, ie., l; — lo = na, and

2712—2l2—2)

2) The product af(pzll)af(p gives 1, only if, [y =no—ls—1,1ie., [y +1ly =ny—1.

For any prime r and positive integer ny, we define
Ai(p,g; fina,r) = > U()U(l)ag(r*)ay(r?2t22),

l1,12>0
l1—la#n2

(6.10)

As(pgs Fimayr) = Y U)U()ap(r?)ap(r2=2me),

l1,1220,l22>n2
l1—la#—n2

Aalpogi fimar) = — S0 U)U a2 )ap(r2m2a-2),
11,122>0,la<no
li+la#na—1

For a positive integer ny, we define

Bi(p,g; f;n2) =2  UNU(l+ ny), (6.11)
1>0
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ngo—1

By(p,g; fimz) = Y U)U(ny — 1 -1).

1>0

101

(6.12)

We will write A;(nqs,7) and Bj(na) for A;(p, g; f;ne,r) and Bj(p, g; f;n2) respectively, i =

2,3 and j = 1,2.

For any prime r and fixed integer ng > 1,

A(p, g; fim2,7)
= Z U(l)U(I2)ap(r*)ap(r®2)(ap(r?"?) — ap(r*"27?))

l1,12>0

= Z U(ll)U(lz)(af(T%)af(TQszznz) + af(r2l1)af(r2l2+2”2))

l1,12>0,l2>n2

Y UWU)(—ag(rPMap(r?r ) g (17 (17222

l1,12>0,l2<n2

= > UWU@)+ Y, UW)UI)as(r* )as(r?>72m)

l1,122>0,l2>n2 11,12>0,l1a>n0
li—lo=—no l17127£7n2
+ Y UWU)+ > UW)U@)ap(r®)ap(r?=t2m2)
l1,12>0,l2>n2 11,15>0,l1a>n9
l1—la=n2 l1—l2#n2
+ Y UWU)+ > U)U@)ap(r®)ap(r?=t2m2)
11,l2>0,la<n> 11,l2>0,la<n>
l1—lo=no l1712¢n2
- ) UWU@WR) - Y Ul)U)ar(r™)ap(rPm=272)
11,l2>0,l3<n> 11,l2>0,l3<n>
l1+lo=no—1 li+la#na—1
= ). UWU)+ >, UW)U@)ap(r™)ap(r?z—2"2)
l1,12>0,l2>n2 l1,12>0,l2>n2
l1—lo=—no = l23£ n2
+ Y UMU)+ Y. UW)U()ap(r?)ay(r?2+2m2)
11,12>0, l1,l122>0
l1—l2=ng3 l1—l2#n2
Y UG - S U)U)ag (e ()
l1,l2>0,l3<n> l1,l2>0,l3<n>
li+lo=no—1 li+la#na—1
=S UMUU+n)+ Y. Ul)U(2)ap(r® )as(r?>=2m2)
>0 l1,122>0,l2>n2
l1—la#—n2
I UMUA+n) + > Ul)U(I)ap(r?)ay(r2=+2me)
1>0 11,120
l1—l2#n2
’I’L271
=Y UWOUme—1-0)— Y Ul)U()as(r*)as(r*m2—2272)
>0 11,12>0,la<n2
l14la#na—1
na—1 3
=2) " UMU(1+n2) = Y UDU(ng —1=1)+ > Ai(na,7)
1>0 1>0 i—1

:Bl(’nq) — BQ(TLQ) + ZAZ'(’HQ,’I").
i=1

(6.13)
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We note that

1 8
| FN k| Z 327 4LQZ Z G(n2)Ai1(n2, p)A1(n2,q)

fEFNk N(x p,q<z no>1
1 8
= > i 2 O
|fN’k| fEFN K 327TN($ L p,q<zrna2>1
> UM)U@)ap(@®)are™> ™) x Y Uk)U(k2)ap(q* )as (g +2m)
11,1220 k1,k2>0
l1—la#n2 k1—ka#no
1
~TFil 2 D Y 60Gm) Y Y UUERUR)U (k)
’ fEFN K p,q<zng>1 11,1020  k1,k2>0
l1—la#n2 k1 —kao#na
l1+la+no k1+ka+n2 ,
> (™) x > af(¢®*)
:|l1— l2+n2)| t/:‘kl—(k2+n2)|
327TN 4L2 Z Z (n2) Z Z U()U (1)U (k1)U (k2)
pa<zna>1 1,220  ki1,ka>0
li—la#ng k1 —kaF#no
li+l2+n2 k1+ka+no 1
> > Pl Z ay(p*'q*)
:|ll_(l2+n2)| t':|k1—(k2+n2)| TeFN,

—Tr Y L%

pq<mn2>1 l],l2>0 k17k2>0
li—la#n2 k1—ka#n2

l 1 ) k k N ’
1+lo+no 1+ka+n2 1 8V(N)p2t(, q2t c
tqt’

2. KN

t=|ll —(l2+n2)| t’=|k~1—(k2+n2)|

roE s Z et ) Gre ) nem E E

p,q<zna>1 p,q<z n2>1

8V(N)p2(l1+l2+n2)c/q2(k1+k2+n2)c )

Z Z (ll+lg+n2)(k1+k2+n2) ( N

11,1220 k1,k2>0
ll—lz;ﬁnz k1 —k?2§é77/2

4L2Z Z( +—+ )L<;+q12+~->L

p,q<xT no>1
8V(N)(pq)2(2L+n2)cl
4
4L2 Z > Ln(e < EN
p,q<xrne>1

11 V 2(2L+nn(z))c’
4 Z g 2 Z Z L ( )kN )

ne>1 \p,q<z pq<z ng>1

log1 81/(N) (8L+4m N (z))c’
<<M (@) ( z .

7w (z)3 kN

A similar calculation holds when Aj;(n2,p)Ai(ne,q) is replaced by A;(ng,p)A;(ne,q), where
i=1,2,3 and j = 1,2, 3. Hence,

1
[P il 2 327rN 327y (2)4L2 ZZZ > Gl Ai(n2,p)Aj(n2,q)  (6.14)

fEFNK i=1 j=1p,q<zn2>1
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log1 2 v(N),.(8L+4m N (z))c’
<<7( 0glog ) +7rN(x)L2 (8 i .

N (x)3 kN

Therefore, using equations (6.8) and (6.14)), we obtain

Z Ks(p, g; f)(x)
|‘7:Nk| FEFN.
1
= > Z > G( A(p, g; fin2,0)Alp, g; fi12,q)
|fN’k| fEFNK 327rN 4L2pq<:}cn2>1

1

3
:|].' | Z 327y 4L2 Z Z Bl(n2) B2(”2)+ZAi(n27p)
N.k fEFNk p,g<zny>1 i—1

X (Bl(’ng) — Bg(?’tz) + ZAz(n27q))

i=1

L 2

N ) (Bi(n2) — Ba(n2))
| FN k| f;;v 327N (x 4L2p§<:x n2z>:1

1

+|]:N k| Z 327N 4L2 Z Z Z Ai(n2,p)Bi(ng)
T fEFN K i=1p,q<zTne>1

1
[ Fwal Ai(ng, p)Ba(nz)
|]:N7k| fG;N 327TN 4L2 ;P,L];w nzz>1

1 8
+IFN,klfeZ 327y (2)4 L2 ZZ Z > Gl Ai(nz, p)A;(n2, q)

i=1 j=1p,q<zno>1

1 8
<F] Z;v e (x4L22 > (@L+L)?

p,g<zn2>1

2
1
+ZZ‘}—N1€| Z 327‘&'1\/‘ 4LQZ ZLL2

i=1j=1 " fEFN K p,q<zT no>1

log 1 2 ]v(N) ((8L+4)+4nn (z))c’
 (loglog) HN(@H( :

kN

2
<<WZ 2L+ L)*+ 2LQZLL

na>1 no>1

(log log x)? , [ 8V g(16L+4my (@)
V3 L
+ 7TN(:C)3 +7TN(l‘) .

log1 2 v(N) ,.((8L+4)+4n N (z))c
(oglog)® ()2 8"V
T (2)° N

L loglog x)? ]U(N) p(16L+4my (x))c!
+( glog ) +7TN(:L‘)L2< .

kN

1
|fN,k\

Z (K2 + Ks3)(p, g ) (@) (6.15)

fEFN,

mm > Kalp.gi )

fEFNk
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L log1 2 V(N),.(16 L+4m N (z))c’
< + (log log 2) + 7y (2)L? (8 ’ .

mn(z)  wn(z)? kN

6.3.3 Estimation for (K4(p, g; f)(z))

We now look at the part of the sum K(p, g; f)(x) with ny # 0 and ny # 0, i.e., we now estimate
Kalp, g; f)(@).

For ny,no > 1 and for any prime p, we define
T(p,ma,m) = (a(p?™) — s (*" ~2)) (as (57") — ag(p7>~2).
Thus,
A(pa q, nl)A(pa q, ’I’LQ) = 4T(p7 ni, n?)T(q7 ni, n2)-

In this case, the innermost term then becomes

ap(P*)ag(p*)ag(q*™)ay (@) A(p, ¢,m1) A(p, g, 12)
=dag(p*)as(p*2)(ar (p*™) — ap(p*™ 7)) (ar (0*"2) — ayp (p*" 7))

x ap(q®)ay (@) (ap(¢®™) — ap(@®™ %)) (ar(¢®") = ar(¢*™?))
=dag(p*")as(p*)T (p, n1,n2)ar(¢**)as(¢***)T (g, m1, o)
=4k(p,n1,n2,l1,l2)k(g, n1, na, 11, l2),

where for ni,ns > 1,11,lo > 0 and for any prime r,

k(r,ni,ng, li,l2) = as(r 2l1)af(r2l2)T(r,n1,n2).

For ny,no > 1 and for any prime r, we define
k(r,ny,ng) = Y U(L)U(l)k(r,n1,na, 11, 1)
l1,12>0
Therefore, k(r,n1,n2) = k(r,ng, ny).

We want to find an estimate for
K4 (p,g; (@) (6.16)

" 32m 4L2Z > > XU YU (k1)U (k2)G(n1)G(n2)
N 2,q<x 11,l12>0 k1,k2>0n1,n2>1
ap(p*)as(p*®)ag (@ )as () A(p, ¢,m1) A(p, g, n2)
T L L Y UUUE) ()Gl
N P,q<x 11,1220 k1,k2>0n1,m22>1

k(pvn17n27 l17 l?)k(qvnlvn27 lla 12)

T 327y (2)3L2 Z Z Z U(l)U(l2)k(p, 1, m2, 11, l2)
7TN p,q<xni,m2>1 11,12>0
Z U(k1)U (k2)k(q,n1,n2,11,12)
k1 ,k2 >0
4
327TN(x 4L2 Z Z n2)k(p, n1,m2)k(q, n1,m2)

p,q<zni,no>1

8
" 32my (2)'L? Z > G n2)k(p, n1,n2)k(g; n1,n2)

p,q<zni,ne>1
naz>ni
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327TN 4L22 Z no)k(p,n1,n2)k(q,n1,n2)

p,q<z ni,n2>1
ni=nq

=C(p,g; [)(z) + D(p,g; f) (),

where
8
Clp,g; [)(z) = 2w ()12 Z > G(m)G(na2)k(p, na,na)k(q, na, ma). (6.17)
N p,q<zni,nz>1 ’
na>ni
and
4
D(p,g; [)(@) = m Z Z G(n1)G(n2)k(p,n1,n2)k(g, n1,n2). (6.18)
N p,q<z ni,n2>1 ’
ni=nsq
We now find an estimate for
Clp, g; [)(@) = 327N 4L2 Z Z n2)k(p, n1, n2)k(g, n1, n2).
p,q<x ni,nz>1
na2>ni

To estimate C(p, g; f)(x), we first find estimate for k(p, ny, ng) in Proposition where

k(p,n17n2)
Z U ll p7n17n27ll7l2)

11,020

= Y U)U(2)ar(p™ )ar(p®?)T(p,n1,n2)

11,120

= Y U)U()as(0™)as (™) ag (™) = ap(*" ) (ar (0*"2) = ap(p**7%)).
11,1220

In what follows below in this section, we always have ng > nj.

We also note that since the summation is over ly,ls, where the indexes /1 and l» run up to
|L], we can break the summation into the following four parts:

1) lh > ny,la > na,

2) 11 > ny,la < ng,

3) l1 <ny,lz > ng,

4) 11 < mq,ly < no.

We denote the summation in the i-th part by «;(p, g; f, n1,n2,p), i = 1,2, 3,4 respectively.
We will write a;(n1,n9,p) for a;(p, g; f,n1,n2,p), ¢ = 1,2, 3,4, in short.

Therefore,

p7n17n2 E Qg 'I’L]_,'I’LQ,

We now estimate «;(ni,ne,r) for each i = 1,2, 3,4 in the following lemmas. We begin with
a1(ny,ng,r).

Lemma 6.3.2. Let ay(ny,ne,r) be the part of k(r,ny,ng), where the summation is taken over
l1,le > 0, with Iy > nqy,ls > ng, and the indexes Iy and ly run up to |L|. Then, for any prime r
and positive integers ny,ne with no > nq,

Oél(nl, na, 7’)
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= Y UWU@L)+ >, UWU@L+ >, U)U()

l1,l12>0 l1,12>0 l1,12>0
l12n1,l2>n2 l12n1,l2>n2 l12n1,l2>n2
li—l2=nz—n1 l1—lz2=—n1—n2 l1—l2=ni+n2
+ ) U(l)U(l2) + (X1 + Xo + X3 + Xu)(p, g5 fim1,m2,7),
11,1220

li>2ny,l22>2n2
ll—l2:n1—n2

where X;(p, g; fim1,n2,7) (i = 1,2, 3,4) are defined in equations (6.19)), (6.20)), (6.21), and (6.22)
respectively.

Proof. Using Corollary for any prime r and integers Iy, Iy with [y > n1,ls > ns, we have

as(rP)agp(r¥2) (ap(r®™) = ay (")) (ay (r2"2) — ap(r2™272))
=ay () (ay (") = s (1" 7)as (2 ap (r22) = ap (72 7)
=(ap (r2h72m) 4 g p (P2 t2m)) (g (r227202) 4 g g (r22t2n2))
:af(rzll—znl)af(r212—2n2) +af(rzll_%l)af(rﬂ?“”z)

+af(r2l1+2n1 )af(r2l2—2n2) + af(r2l1+2n1)af(r2l2+2n2).

We note that
1) The product as(r?h=2m1)a, (r22=2n2) gives 1, only if l; —ny = la—na, i.e., 1 —ly = n1—na,
2) The product ay(r21=2m1)q,(r22+2n2) gives 1, only if 1 —ng = la+na, i.e., l1 —lz = nq+no,

3) The product ay(r2h2m1)a,(r?2=2m2) gives 1, only if Iy + ny = lp — ng, ie, lj — 1l =
—ny — ng, and

4) The product ay(r?1+2m)q(r2l2+22) gives 1, only if [y +n1 = la+na, i.e., l1—l> = na—ny.

For any prime r and positive integers n1,no with ny > ni, we define

Xi(p,g; fimma,r) = > U()U(l)ag(r? T2 )ay (224202, (6.19)

11,1220
l12n1,la>n2
li—la#n2—ny

Xo(pgi finayna,r) = Y U)U(a)ag(r’ " )ay(r2272m2), (6.20)

11,1220
l1Zny,la>ng
li—la#—n1—n2

Xs(p,g; fimama,r) = > U(I)U (lg)ap(rPh =2 )ay (r2/2202), (6.21)
l1,12>0
l12n1,l2>n2
li—l2#n1+n2

and

Xilp.gi Fimmar) = Y0 UQU(a)asc™ 2 agc?e 7). (622
11,1220
l12n1,la>n2
li—lo#n1—no

We will write X;(n1,ns,7) for X;(p, g; f;ni,n2,7),i=1,2,3,4.
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For any prime r and positive integers nq,ns with no > nq,

041(711,”2,7")
=ay(p, g; fim1,n2,7)

= Z Ul)U(l2)ap(r®)ap(r®2) (ap(r*™) = ap(r*™=2)) (as (r°") — ay (r*"72))

l1,12>0
l12n1,la>n2

= Y UMU){ag(r®72m)ap(r®272m2) 4 ag (r?1 72 )ay (r22202) 4

11,1220
l12n1,la>n2

af(r2l1+2n1)af(r212—2n2) + af(r211+2n1)af(r212+2n2)}

= > UWU@)+ Xi(p,g; fint,na,r)+ Y U)U(la) + Xalp, g5 f;n1,m2,7)

l1,12>0 l1,12>0
l12n1,l2>n2 l12n1,l22>n2
li—lo=no—n1 li—la=—n1—n2
+ Y UWU®) + Xs(p,g; fin,na,r)+ Y, U()U(l2) + Xa(p, g; 311, m2,7)
11,1220 11,1220
l12n1,l2>2n2 l12n1,la>n2
l1—=la=ni1+n2 l1—la=n1—ng2
= > UWUl)+ Y, UWUl)+ >,  Ul)U()
l1,12>0 11,1220 11,1220
l12>n1,l2>n2 l1>2n1,l2>n2 l1>n1,l2>n2
l1—lo=ns—n1 li—lo=—n1—no l1—l2=n1+n2
+ Z U(l)U(l2) + (X1 + X2 + X5+ Xa)(p, g5 fi11, 12, 7).
l1,12>0

l1>2n1,l2>n2
l1—l2=n1—n2

(6.23)

O

Lemma 6.3.3. Let as(ny, ne,r) be the part of k(r,ny,ng), where the summation is taken over
l1,l > 0, with Iy > nq1,ls < ng, and the indexes Iy and ly run up to |L|. Then, for any prime r
and positive integers ny,ne with no > nq,

aQ(nla na, 71)

= ) UWUBR) - Y, UWUGR)+ Y, U)U(L)

l1,I2>0 11,1220 11,1220
l12n1,la<ns l12n1,la<n2 l12n1,la<n2
l1—lo=no—n1 l1+Hla=ns—n;—1 l1—l2=n1+n2

- E U(l)U(lz) + (Y1 + Yo + Y3+ Y4)(p, g; f3 11, n2,7),
11,122>0

l12ny,l2<ns
li+lo=ni+nz—1

where Yi(p, g; fin1,ne,r) (i = 1,2,3,4) are defined in equations (6.24)), (6.25), (6.26)), and (6.27)
respectively.

Proof. Using Corollary for any prime r and integers Iy, s with [y > n1,ls < ns, we have

CLf(TQll)af(r2l2)(af'(r2n1) _ af(sziz))(af(T%Lz) - af(rznzfz))
zaf(r%)(af(r%l) _ af(r2"1_2))af(r2l2)(af(r2"2) _ af(r2n2—2))
:(af(r2l1—2n1) + af(r211+2n1))(af(r212+2n2) o af(TQnQ_le_Q))

:af(r211+2n1) (T2l2+2n2) _ (r2l1+2n1 )af(r2n2—212—2>

+G,f (r2l1—2n1 )af (T2l2+2n2) _ af(r% —2n )af(r2n2—2l2—2).

af ag

We note that
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1) The product ay(r21+2m1)q s (r212+2n2) gives 1, only if l1 +nq1 = lo+no, Le., l1—lz = na—ny,

2) The product ajs(r2l1+2m)q,(r2n2=2l2=2) gives 1, only if Iy + n1 = ny — lo — 1, ie.,
11+Z2=n2—n1—17

3) The product ay(r21=2m1)q,(r22+2n2) gives 1, only if I —ny = la+na, i.e., l1—l2 = na+n1,
and

4) The product ay(r?1=2m)ap(r?m2=22=2) gives 1, only if I —n1 = na — Iy — 1, i.e,
l1+12:n2+n171.

For any prime r and positive integers n1,no with ny > ni, we define

UV ()ag (22 g (r2+202), (6.24)

Yi(p,g; fima,na,r) = >
l1,12>0
l12n1,la<ns
li—la#nz—ny

Ya(p, g fin1,ne,7) = — > U()U (Ia)ag (r* 20 )ay (r2n2=2272), (6.25)

l1,12>0
li>2ny,la<ng
li+la#n2—n1—1

Ya(p, g; fin1,na,7) = E
11,1220
l12n1,la<n2
li—l2#ni+n2

U()U(Ia)ay (r®0 =2 )ay (r22t202), (6.26)

and

Yi(p,g; fimma,r) == > U)U(lp)ay(r* =" )ay (r2m272272), (6.27)

11,1220
l1>2n1,la<n2
li+l2#n;+na—1

We will write Y;(n1,ne,r) for Y;(p, g; fini,ne,7), i =1,2,3,4.

For any prime r and positive integers ny,no with ny > nq,

(6.28)

az(ny,na,m)
:a2(p797 f;’l'Ll,’I’LQ,'I")

= 3 UW)U)ar (™ )ar(p*)(ap (p*™) -

l1,12>0
l1Z2n1,la<ns

l1,12>0
l12n1,la<ns

ar(P*™ ) (ar(p*?) — ay(p*7?))

U(h)U(lg){af (7‘2l1 +2ny )af <T2l2+2n2) —ay (,r2l1 +2ny )af (7‘2”2_2l2_2)+

af(r2l172n1)af(r2l2+2n2) _ af(r2l172’n1)af(r2n272l272)}
= Y UWU() +Yi(pg; fin1,na,7) — > U(l1)U(l2) + Ya2(p, g5 fn1,m2,7)
11,1220 11,1220
l1>2n1,la<nsg l12>2n1,l2<ns2
l1—la=ngs—n1 li+lo=ns—ni—1
+ > UM)U(L) +Ys(p,g; fin1,ma,7) — > U(l)U(l2) + Ya(p, g; fin1,n2,7)

l1,12>0
l12n1,l2<n2

l1,l2>0
l12n1,la<n2

l1—l2=n1+n2

11,12>0

l12>2n1,la<ng
l1 —l2 =N2—MN1

UUa) = Y

l1,12>0
l1>n1,la<ny

li+lo=no—n;—1

li+l2=n1+nz—1

U(l)U(l2) + Z
l1,12>0
lq an,lz <ng
li—=la=ni+n2

U(l)U(l2)
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- > U(l1)U(l2) + (Y1 + Yo + Y3 + Yi)(p, g5 fim1,n2, 7).

l1,12>0
li2n1,la<ns
li+la=n14+n2—1

O

Lemma 6.3.4. Let az(ny,ne,r) be the part of k(r,ny,ng), where the summation is taken over
l1,l2 > 0, with Iy < n1,la > ng, and the indexes Iy and ly run up to |L|. Then, for any prime r
and positive integers ny,ne with no > nq,

a3(ﬂ17n27?“)

= Y UWUIL)+ >, UWU@)- > Ul)U(L)

l1,12>0 l1,12>0 l1,1220

l1<n1,l2>n2 l1<ny,l2>n2 l1<ny,l2>n2
li—lo=ns—n li—lo=—n1—n> li+lo=n1—ns—1
- ) U)U(l2) + (Z1 + Z2 + Zs + Za)(p, g5 [im1,m2, 1),
11,1220

l1<ny,la>n2
li+la=ni+n2—1

where Z;(p, g; f;n1,na, 1) (i =1,2,3,4) are defined in equations (6.29)), (6.30), (6.31)), and (6.32)
respectively.

Proof. Using Corollary [3:3.5] for any prime r and integers Iyl with {1 < ng,ls > no, we have

P2 (r752) (ag (1) = ag (27 2)) (g (2") — ag (2 72))
t a

agp(r?

()0 (7) = ag (2 2)as () (ay (27 = a2 72))
( 2

(

f
:a’f
:(CL

f

\/\/

))a
f(,r,2l1+2n1) _af( 2n1—211 — 2) ( ( 2l272n2) _|_af(r2lg+2n2))

r l1+2’ﬂ1)af( 2l2+2n2) +2n1) ( 2[272712)

T

7arj 7,,277,172[172)01]‘_( 2l2+2n2) arf( 2n1 201 — 2) f(r2l272n2).

We note that
1) The product ay(r?hT2m1)q , (r?27272) gives 1, only if l; +n1 = la+na, ie., l1—ly = na—ny,

2) The product ay(r?i+2m)q(r2l2=2m2) gives 1, only if Iy + ny = ly — na, 1., l; —lp =
—n1 — N2,

(,r2n1—211—2)

3) The product ay ap(r?2t22) gives 1, only if ny — I3 — 1 = Iy + na, ie.,

li+1lp=n1 —ny—1, and

4) The product ay(r?™=20=2)q,(r22=2n2) gives 1, only if ny — I3 — 1 = Iy — no, ie.,
ll+l2:n1+’n2—1.

For any prime r and positive integers n1,no with ny > ni, we define

Zip.g fimmar)i= 3 UMV (P (2, (6:29)
l1,I2>0
l1<n1,la>n2
li—la#n2—ny

Zy(p,g; fina,ma,r) = > U(L)U (I2)ag (r?1F2M)ap (22 =202), (6.30)
11,1220
l1<ny,la>ng
l1—l2;£—n1 —Nns9

Z3(p, g; fimi,n2,r) = — Z U(L)U (Ia)ay (r2m =21 =2)a g (r22 202, (6.31)

l1,12>0
l1<ny,la>n2
li+la#n; —n2—1
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and

Zi(p,g; fimama ) =— > U)U()ap(r’™ " 2)ay(r?2722), (6.32)

l1,12>0
l1<ny,la>n2
li+la#ni+na—1

We will write Z;(n1,ne,r) for Z;(p, g; fini,n2,7), i =1,2,3,4.

For any prime r and positive integers nq,ny with no > nq,

az(ni,nz,7) (6.33)
=az(p, g; fin1,na, 1)
= Z U(ll)U(ZQ)af(p2ll)af(pmz)(af(p%l) —af (p2n172))(af(p2"2) - af(p2”272))

11,1220
l1<ny,la>ng

= 3 UEU{ap T ag () g (2 a2

l1,12>0
l1<ny,la>ns

_ af(r2n1—2l1—2)af(7,212+2n2) _ af(,r,in—zll—2)a,f(7,2l2—2n2)}

= > UWUBL)+ Y. UW)U()

11,1220 11,1220
l1<ny,la>n2 l1<ny,la>ng
li—lo=ns—n1 l1—la=—mn1—no
- E U(l)U(l2) — E U(l)U(l2)
11,12>0 l1,1220
li1<ni,la>ns li1<ni,la>ns
li+l2=n1—n2—1 l1+la=ni+ns—1

+Z1(p, g5 fin1,m2,7) + Za(p, g; [0, n2,7) + Z3(p, g; f311,n2,7) + Za(p, g; f311,12,7)
= Y. UWUBR+ > UWUL) - >, Ul)U()

11,1220 11,1220 11,1220
l1<ny,la>n2 l1<ny,la>ns l1<ny,l2>n2
li—la=nz—mny li—la=—n1—ng li+lo=n1—na—1

- N U)U(l2) + (Z1 + Z2 + Zs + Z4)(p, g5 fim1,n2, 7).
11,1220

l1<ny,la>ng
li+l2=n14+nz—1

O

Lemma 6.3.5. Let asz(ny, ne,r) be the part of k(r,ny,ne), where the summation is taken over
l1,l2 > 0, with Iy < n1,la < ng, and the indexes Iy and ly run up to |L|. Then, for any prime r
and positive integers ni,no with ny > ny,

044(711,712’7“)

= > UWUWL) - Y UWUE) - Y UWU()

11,1220 l1,l2>0 l1,l2>0
l1<ny,la<ng l1<ny,la<ns l1<ny,la<nz
l1—lo=ns—n1 li+lo=no—mi—1 l1+lo=n1—ns—1

+ ) U()U(l2) + (Wh + Wa + W3 + Wy)(p, g; fim1,m2,7),
l1,12>0

l1<n1,l2<n2
llflzz’ﬂlf’ﬂz

where Wi(p,g; fin1,n2,7) (i = 1,2,3,4) are defined in equations (6.34), (6.35), (6.36), and
(6.37) respective]y.

Proof. Using Corollary [3:3:5] for any prime r and integers Iyl with {1 < n1,ls < na, we have
ay(r*)ap(r¥2)(ap(r®™) — ap(r*™ 7)) (ap (r*"2) — ay (r*"27?))
=y (P (a7 = a7 ) () g (127) — ag (1275 2))
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:<af(r2l1+2n1) _ af(Tin—2l1—2))(af(7,2l2+2n2) _ (lf(’l“2”2_2l2_2))
:af( af(r2l1+2n1)

—G,f(T2n1_2l1_2)af(7“2l2+2n2) + af(r2n1—2l1—2)af(r2n2—2l2—2).

,r211+2n1 )af(r2l2+2"2) _ 2n2—212—2>

ag(r

We note that
1) The product ag(r?1+2m1)q s (r212+2n2) gives 1, only if {1 +nq1 = lo+no, Le., l1—la = na—ny,

2) The product ay(r2li+2mi)q,(r2n2=212=2) gives 1, only if Iy + n1 = ny — lr — 1, ie.,
ll+l2:n27n171,

3) The product ay(r?™=21=2)q,(r22+2m2) gives 1, only if n; — I3 — 1 = Iy + no, ie.,
li1+1ls=n1—n9—1, and

4) The product ay(r?™=21=2)q,(r?2=22=2) gives 1, only if ny — 1 — 1 =ng — Iy — 1, i.e.,
l1 +1ls =ny — no.

For any prime r and positive integers ny,no with ny > ni, we define

Wilp, g; fimana,r) = > Ul)U(a)ap(r? 2 )as(r22202), (6.34)

11,12>0
I <n1,l2 <ng
li—l2#n2—n1

Walp,g; fimna,r) == Y U)U(la)ag(r® 2 )ap(rim=2272), (6.35)

11,1220
l1<ny,la<nz
lLi+la#na—ni—1

Walp,gs finung,r)=— Y U)U(l)ap(r® 2 "2)a, (r?2F2m2) (6.36)
l1,12>0
l1<ny,la<nz
li+la#n;—n2—1

Wilp, g; fima,ma,r) = Y Ul)U(la)ap(r?™ 2= 2)ay(r?r2—2272), (6.37)
11,1220
l1<ny,la<nz
li—la#n1—n2

We will write W;(n1,ng,r) for W;(p, g; f;n1,n9,7), i = 1,2, 3,4.

For any prime r and positive integers ny,ny with no > nq,

ay(ni, ng,T) (6.38)
=au(p, g; fin1,n2,7)
= > U)U)ag (™ )ap (™) (ar (™) = ap (0™ ) (a; (™) — ap ("2 72)

l1,12>0
l1<ny,l2a<nz

_ Z U(ll)U(lg){af (T2l1+2n1)af (r2l2+2n2) —ay (T2l1+2n1 )af (T2n2—2l2—2)

l1,12>0
l1<ny,l2a<nz

_ af<r2n1—2l1—2)af(,r212+2n2) —|—af(r2"1_2l1_Z)af(r%r%_z)}

= Y UW)U@) - Y UM)U(l)

11,1220 l1,12>0

l1<ny,l2a<nz l1<ny,l2a<nz
l1—la=no—ny li+lo=no—n1—1
- E U(l)U(2) + E U(l)U(l2)
l1,12>0 l1,12>0
l1<ny,la<nz l1<ny,la<nz
l1+lo=n1—ns—1 li—lo=n1—n>

+Wip, g; fim1,n2,7) + Walp, g; fin1,n2,7) + Wa(p, g5 f;n1,n2,7) + Walp, g; f311,n2,7)
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= > UWUWBL) - Y UWU) - Y UW)U()

l1,12>0 l1,12>0 l1,12>0

l1<ny,l2<ns l1<ny,la<ns l1<ny,la<ns
li—la=no—n1 li+lo=no—n1—1 li+lo=n1—mo—1
+ E U(ll)U(l2)+(W1—|—W2+W3—|—W4)(p,g;f;n1,ng,r).
11,12>0

l1<ny,la<nsz
ll—lgznl—nz

O

Lemma 6.3.6. Let p, f,g be as defined earlier. Then for any prime r and integers ny,ne > 1
with no > ny, we have

Yo UMUW+ Y UWUG)+ Y U)U(L)

11,1220 11,1220 11,1220
llznhlzzng 11277,17[22'!7,2 l12n17l22n2
l1—la=n2—n1 l1—la=—n1—n2 l1—lo=ni1+nso

+ § U(l)U(l2)
l1,12>0

l12n1,la>n2
l1—la=n1—n2o

+ > UMW) - > UWUBR)+ > Ul)U(l)

l1,12>0 l1,l2>0 l1,l12>0
l12n1,l2<n2 l12n1,l2<n2 l12n1,l2<n2
li—lo=ns—n li+lo=ngs—mni—1 l1—lo=n1+ns
- ) U(l)U(l2))
11,1220

l12n1,la<n2
li+lo=ni14+n2—1

+ ) UWUWR+ > UWUGL) - > Ul)U(l)

11,1220 11,1220 11,1220
l1<ny,l2>n2 li<ny,l2>n2 l1<ny,la>n2
l1—la=ngo—nq li—lo=—n1—n2 li+lo=n1—ns—1

- ) U(l)U(l2)
11,1220

l1<ny,la>ng
li4+lo=ni14+n2—1

+ Y UWUR) - Y, UWUL) - >, Ul)U()

l1,12>0 l1,12>0 l1,12>0
l1<ny,la<nz l1<ny,l2<ne l1<ny,l2<nz
li—lo=ns—n li+lo=ngs—mi—1 li+lo=n1—ns—1
+ ) U(l1)U(l2)
l1,12>0

l1<ny,la<nz
l1—l2:n1—n2

=23 UMU(1+ny—n1)+2> UMU(+nz+mn)

1>0 1>0
ni+ngs—1 no—mi—1
= > UDUm+ne—1-0— > UDU(ng—n—1-1).
=0 =0

Proof. We denote the terms (with their corresponding signs) in the lemma by J;(p,n1,n2),
16

i=1,2,---,16, so that the required sum = Z Ji(p,n1,mn2).
i=1

We note that

Ji(p,n1,n2) + J5(p, n1,n2) + Jo(p, n1,n2) + Ji3(p, n1,n2) (6.39)
= Y UWU()
11220

li—l2=nz2—n
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=Y UWU+n2 —m).

1>0

Jo(p,n1,n2) + Jio(p, n1,n2)
= > UWUWL+ >, U)U(L)

l1,12>0 11,1220
l12n1,l2>n2 li<ny,la>ng
l1—la=—n1—n2 li—la=—n1—n2

= > UL)U(@)

11,1220
la>n2
l1—l2:—n1—n2

1>0

JS(panlvn2)+J7(pan1an2)
= > UWUGL)+ > UW)U(L)

l1,122>0 l1,12>0
l12n1,la>n2 l12>2n1,l2<n2
l1—lo=n1+n2 l1—l2=n1+n2
=D U(l1)U(l2)
l1,12>0

1>0

Ju(p,n1,m2) + Jig(p, n1,n2)

= Y UWUlR)+ Y. UlL)U()

l1,I22>0 l1,I2>0
11>n1,l2>n, l1<ny,la<nz
l1—lo=n1—n> l1—lo=n1—n>
=Y UDOUl+ng—n)+ > UDU(+ny —n)
1>0 1>0
I>ny I<ny
= Z U(ll)U(l + no — nl).
1>0

Jo(p,n1,m2) + Jia(p,n1,n2)

= Y umUl)- Y. UM)U@)

l1,12>0 l1,12>0
l12ng,la<ng l1<ny,la<na
l1+la=ns—ni—1 li+la=ng—ni1—1
=-— ) U(l)U(l2)
l1,12>0
la<na

li+lo=ns—mi—1

’rL2—'n,1—1

== Y UDUMmg—m —1-1).
=0

Js(p,n1,n2) + Jiz(p,n1,n2)
=— > UWUmL)- >, UM)U()

l1,12>0 l1,12>0
l12n1,l2<n2 l1<ny,la>ns
li+l2=ni1+nz—1 li+l2=ni1+nz—1

113

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)
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’ngfl ’I’Llfl

=— Z U(l)U(m +n2—1—l)— Z U(l)U(’I’Ll +TL2—1—1)
1= =0
ni+ns—1 ni—1
= UDU(ny +ng—1=1) = > UDU(ny +ny —1-1)
l=n1 =0
ni+na—1
= — U(Z)U(nl—l—ng—l—l).
=0

We also note that the indexing sets in Ji1(p,n1,m2) and Ji5(p, n1,n2) are empty sets, because
for nog > ny, we have 0 < Iy + 1o = ny — ng — 1 < —1, which is a contradiction. Hence,
Jii(p,ni,n2) =0 = Jis(p, n1,n2).

Therefore, adding equations (6.39)), (6.40), (6.41), (6.42)), (6.43), and (6.44)), we obtain

16
Z Jl(pa ny, ?7,2)
=1

=23 UMU(+ny—n1) +2> UDU(+n2 +n1)
>0 >0

nit+nz—1 na—ni—1

= > UOUmi+ne—1-0)— Y UDU(ng—ny—1-1).
=0 =0

O
Lemma 6.3.7. Let p, f,g be as defined earlier. X; (i = 1,2,3,4) be as defined in equations
6.19), (6.20), (6.21), and (6.22) respectively. Let Y; (i = 1,2,3,4) be as defined in equations
6.24), (6.25), (6.26), and (6.27) respectively. Let Z; (i = 1,2,3,4) be as defined in equations
6.29), (6.30]), (6.31), and (6.32) respectively. Let W; (i = 1,2,3,4) be as defined in equations
6.34)), (6.35), (6.36]), and (6.3

respectively. Then for any prime r and integers ni,ny > 1 with
ne > ny, we have

4 9

D (Xi+Yi+ Zi + Wi)(p,g; fima,m2,7) = Y Vilp, g; f;m1,m2,7),
=1 =1

where,

Vi(p, g; fini,na,r) = ) U(I)U(l)ay(r?t 20 )a (122 H202),
11,1220
l1—l2#n2—n1

Valp,g; fima,ma,r) = ) U(L)U(la)ay (r? 2 )ag(r?272m2),
l1,12>0
l2>ng2
li—l2#—n1—n2

Va(p,gi fima,ma,r) = > U()U(l)ap(r® =2 )ay(r?2212),

l1,12>0
l1>n
li—la#ni1+n2

Va(p, g5 fima,n2,r) = > U(l)U(Iz)ag(r? =2 )ap(r?27202),
l1,12>0
l12n1,la>n2
l1—l2#n1—n2

Vilpogi finima,r) = — S UQ)U(I)ag(r?t2m)ap(r2re=222),

l1,12>0
la<na
li+la#nz—ni—1
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Volp,gi fina,ma,r) = — > U()U(l)ag(r® 72M)ay(r?22272),
l1,l2>0
l1>2n1,l2<n2
li+la#ni+n2—1

Va(p, g; fima,n2,m) = — > UL)U(l2)ay(r?m =21 2)ay (r2et2me),

11,1220
l1<ny
li+la#n;—n2—1

Vs(p, g5 fimi,n2,m) = — > U()U(l2)ay(r?m =21 2)ay (r¥2720),

11,12>0
l1<ny,la>ns
li+la#n1+n2—1

Vg(p,g;f;nl,nz,r) _ Z U(ll)U(lz)af(r2n1—2l1—2>af(,r2n2—212—2).
l1,12>0
l1<n1,la<ns
li—l2#n1—n2

Proof. The proof follows from the following facts:

Vi(p, g; fini,n2,7) = (X0 + Y1+ Z1 + Wh)(p, g; f;11,m2,7),
Va(p, g5 fin1,ma, 1) = (Xo + Z2)(p, g; [ 11, n2,7),
Va(p, g fini,n2,7) = (X5 + Y3)(p, 3 fin1,n2,7),
Va(p, g; fin1,m2,7) = Xa(p, g; fin1,m2,7),
)

S

Yi(p, g; fin1,n2,7),
(Z3 + Wg)(p,g;f;nl,ng,r),

Z4(p7ga f;n17n27r)a

P g; fim1,n2,7)

<

= (Yo + Wa)(p, g; f;n1,n2,7),
p,g;f;nl,nQ,T) =

(
(
(
(
(p, g5 fyn1, 2,7
(
(
(

V8 p’g;f;nlanQar)
Vo(p, g5 fina,ma,m) = Walp, g; fin1,na, 7). O

Proposition 6.3.8. Let p, f,g be as defined earlier and Vi(p, g; f;n1,n2,7) (i =1,---,9) be as
defined in Lemma @ Then for any prime r and integers ni,ny > 1 with no > nq, we have

k(ranlanQ)
=2) " UWU(+ny —n1) +2Y _ UDU+ny +ny)
1>0 1>0
ni+ng—1 nz—ni—1 9
- Z UU(ni+ne—1-1) — U(Z)U(W—m—1—Z)+Z‘/i(079;f;”17”277")
1=0 1=0 i=1
4 9
:ZEi(Pag;f;nh?h)+ZVi(P79;f;n1,n2ﬂ“)
i=1 i=1
4 9
= Ei(n1,n2) + Y _ Vi(na,na,7)
i=1 i=1
where

Ei(p, g; f;m1,m2) =2  UDU(l+ng —na),
>0

Ea(p, g; fima,m2) =2 UMU(l+ng +m),
1>0

ni+ns—1

Es(p,g; fim,n) =~ Y UMU(m +ny—1-1),
=0
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ngfnlfl

E4(p,g; fini,n2) == — Z U)U(ng —ny —1—1).
1=0

We write Vi(ni,ne,7) for Vi(p,g; fini,ne,r) (@ = 1,---,9). We also write Ej(ni,ne) for
Ej(p7g,f7n17n2) (] = 17 ?4>

Proof. Adding equations (6.23)),(6.28),(6.33) and (6.38) and using Lemma and Lemma
we obtain that for any prime 7 and integers n{,ny > 1 with ny > ny,

k(r,n1,m2)
4
:Z%’(m,nzar)
i=1
4

16
= Jilp,n1,n2) + Y (Xi +Yi + Zi + Wi)(p, g; 371, n2,7)
=1

i=1

=23 UMU(I+ny—n1)+2> UDU(+nz+m)

1>0 1>0
ni+ngs—1 no—nig—1 9

- > UOUm+ny—1=0)= Y UDUm2—n1—1=1)+> Vi(p,g; f;m1,m2,7).
1=0 1=0 i=1

O

Corollary 6.3.9. Let p, f,9,Vi(p,9; f;n1,n2,7) (¢ = 1,---,9) be as defined in Lemma .
Then for any prime r and integers ny,no > 1 with ny = ny = n, we have

k(r,ni,n2)
=23 UMU(+ny—n1) +2> UWU(+n2+mn)
1>0 1>0
ni+nz—1 9
— Z U(l)U(TM-‘rnz—1—1)4‘2%(%97][,”17”2»”
1=0 i=1
3 9
= Ei(p.g; fin1,n2) + Y Vilp, g fim,na,7)
i=1 i=1
3 9
= Ei(n1,n2) + Y _ Vi(na, na, ),
i=1 i=1

where E;(p, g; f;n1,n2) is as defined in Proposition .

Proof. The proof is the same as the proof in Proposition [6.3.8] the only exception being the

ng—ni—1

term Z U(l)U(na —ny — 1 —1) does not appear here, since ny = na. O
1=0

With the estimates of k(r,n1,n2) in our hand, we are now ready to find (C(p,g; f)(z)),
where C(p, g; f)(z) is defined in equation (6.17]).

Lemma 6.3.10. Let p, f,g be as defined earlier. Let E;(p,g; f;n1,n2) (i = 1,---,4) be as
defined in Proposition [6.5.8, Let Vj(p,g; fini,na,7), (i = 1,---,9), and C(p,g; f)(x) be as
defined in Lemma|6.3.7 and equation (6.17) respectively. Then,

3

Clp,g: (@) =>_Cilp, g )(2),

i=1
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where

Ci(p, g; f) () = o

Cg(p,g7f)(-’13) T 327TN 4L2 Z Z

p,q<z ni,n2>1
nz>ni

C3(p,g7f)($) T 327TN 4L2 Z Z

p,q<z ni,n2>1
nz>ni

Proof.
C(p, g' ()

T 32N (z 4L2Z >, ¢

p.q<zni,ne>1
ng>ng

327TN 4LQZ Z

p,q<zrni,ne.>1
na2>ni

327TN 4L22 Z

p,q<zni,ne>1
n2>n1

327TN 4L2Z Z

p,q<z ni,n2>1
nz>ni

327TN 4L2Z Z G(n1)G(n2)
p,q<zni,nz>1
na2>ni

327TN 4L2 Z Z G TL1 n2

p,q<z ni,n2>1

ng>ny

327TN 4L2Z Z G(n1)G(n2)
p,q<zni,n2>1
na>ni

327TN 4LQZ Z

p.q<zni,ne>1
ng>ng

327TN 4LQZ Z

p,q<zni,ne.>1
na>nq

4L2Z Z G(n)G

p,q<zrni,n2>1
n2>n1

9
(n1)G(n2) g E Vi(ni,n2,p)

(K1 42K + K1) (p, g; ) (2))

2
4
(ZEz ni,n2 ) )
=1

2) (Z Z E;(n1,m2)Vj(n1,n2,p)

=1 j5=1

(Pa ni, n2)k(q, ny, nz)

4 9
G(n2) (Z Ei(ni,n2) + Z‘/z‘(”h”%p))

\|Mu>
HM@
S
é
E
3
fe
~

117

(6.45)

)

(6.46)

(n1,n2,q)) :

(6.47)
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=C1(p, g; f)(x) + Calp, g; f)(x) + C3(p, g; f) ().

We now find (C1(p, g; f)(z)) in Lemma 6.3.12| using the next lemma.

Lemma 6.3.11. Let F;(n1,n2) (i = 1,2,3,4) be as mentioned in Proposition . Then,
Ei(ni,n2) =0, (i =1,2,3,4) for ng —mny > 2|L]| + 1.

Proof. We note that if n, —ny > 2|L| + 1, then ny +n; > 2| L] 4+ 1 and hence,

) l+ny—ny >2[L]+1,

2) l4+ny+ny >2|L) +1,

)ng—my—1—1>ng—my—1—|L] >2|L|—|L]=|L],1e,ng—ny—1—1>[L], and
hng+n—1—-1>ng+ny—1—|L| >2|L]—|L]=|L],ie,n2a+n1—1—1>|L].
Since I’ > | L], i.e.,, I" > | L] 4+ 1, implies U(") = 0, we have E;(n1,n2) =0, (i = 1,2,3,4)

for ng —mny > 2|L| + 1. O

Lemma 6.3.12. Let p, f, g be as defined earlier and Ci(p, g; f)(x) be as defined in equation
(6.45). Then, C1(p,g; f)(z) =0 (ﬁ) and hence,

ZClp,gf 7)< —

fEFN. v (2)

Proof. We want to find an estimate for

Cl(pvgmf)( ) 327TN 4L2 Z Z G nl n2 ZE 77‘1777‘2 )

p,q<zni,n2>1
na>ni

where F;(n1,n2) (i = 1,2,3,4) are mentioned in Proposition m

We know, for [ > 0, [U(1)| = |ﬁ(%> 2 cos 2w1¢—ﬁ(l+T1) 2 cos 2 (I+1)0] < 2k +2k; = 4k,

for some k; > 0 and U(l) = 0 for [ > |L|. Therefore, |E;(n1,n2)| < 32k3(L + 1) < 64k3L.

Also, for n > 0, |G(n)| < ks.
Hence, using Lemma [6.3.11]

Cilp, g; f)(x)
4
32771\1 4LQZ Z G(n1)G(n2) Z i(n1,m2)

p.q<zni,ne>1
na>ni

327TN 4LQZ Z G(n1)G(n2) i:ZlEi(nhng)

p,q<z ni,n2>1na>ng
nao—n1<2|L]+1

4
Y Y (e
=1

p,q<lx ni,me>1
0<ngo—n1<2|L]+1

2

2
ﬂN(x 2|L|+4+ni1+1 4

327TN 4L2 Z Z Z Z 64k%L

p,q<z n1=1 mna=ni1+1 =1
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<<L37TN(1')3

7w (x)4 L2

B L

mn(x)

Therefore,
LY Glpg D) < — (6.48)
—_ 1(p.g; f)( : :
vl S v (x)
O

We now find (C2(p, g; f)(z)) in Lemma using the next lemma.

Lemma 6.3.13. Let ni,ny > 1 be integers with ng > ny and p be prime with p < x. Then,

1

8u(N)x4Lc/+4n2 ¢
| FN k|

1
V; L+ (L L?
> 1(n1,n2,p) € L (LA 7n () o ;

fEFNk

where Vi(n1,na,p) is defined in Lemma ,

Proof. For prime p with p < z, we have

1
—— > Vi(ni,n2,p)
|]:N’k fEFN K
1
e XX UMV e )
Nk fEFN K l1,12>0
l1—l2#n2—n1
l1+l2+n1+n2 1
= > UWUu®) Y Tl 2 v
L1520 t=l(ti—l2)—(nz—n1)| \ "7 V! peFy
li=la#na—ny
li+l2+n1+ng /
1 8V(N)p2tc
= > UW)U() > pt+o<kN
11,12>0 t=|(l1—l2)—(n2—n1)|

l1—l2#n2—n1

1 1
< ”Z>O (puh—lz)—(nz—m) A +>
1,22

li—la#na—mny

li+la+ni+ns 81/(N)p2(l1+l2+n1+n2)c/

DY > kN

11,120 t=|(l1—ls)—(na—n1)|
l1 —lg;éng—nl

1 1
<<<+2+"'>L+ Z (ll+lg+n1+n2)
pp 11,1220
l1—l2#n2—n1

81/(N) $4Lcl+4n2 <

kN

8V(N)p4Lc'+4n2 c
kN

1
<<5L + (L + 7 (2))L?

O

Lemma 6.3.14. Let p, f, g be as defined earlier and Co(p,g; f)(x) be as defined in equation
(16.46). Then,

L(loglog x) N L2(L 4 ny(a)) 8V V) gALe +dmn (a)e!

Z CQ(pagvf)('r) << 7TN($)2 WN(x) kN

fEFN K

1
| PNkl
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Proof. We want to find an estimate for the average of

4 9

Ca(p, g5 f)(z) = 327TN 4LQZ > Gm)G(n) | YD Ei(na,n2)Vi(na,na,p) |

p,q<z ni,na>1 =1 j=1
na>ny

where E;(n1,n2) (i = 1,2,3,4) are mentioned in Proposition m

We know, for I,n >0, |[U(l)| = |,0( ) 2 cos 2mly — <l+1) 2cos2n(l + )| < 2k1 + 2k =
4k1, |G(n)| < ko for some ki, ke > 0 and U(l) =0 for [ > |L].

We note that for i = 1,2, 3,4,

|Ei(n1,n2)| < 32k (L + 1) < 64k7L.

Hence, using Lemma [6.3.11] and Lemma [6.3.13] we obtain for i = 1,2, 3,4,

1
| FN k| Z 3271 4L2Z Z G(n1)G(n2)Ei(n1,n2)Vi(na, na, p)
Nk fEFN K N p,q<z ny,ne>1
na>ni
“or 4L22 Z G(n1)G(n2)Ei(n1,n2) |]-" | Z Vi(ni,n2,p
N p,q<x ni,n2>1na>ny N,k FEFN.

na—n1<2|L]+1

1 ) 8V(N) x4Lc’+4n2 <
4L2 Y & (pLJr(Lerv(x))L A

P,q<x ny,ng>1
0<ngo—mn1<2|L]|+1

N (@) 2| L]+ QUIN) JALC +4my (2)c! )

4L2 Z Z Z (;L-i— (L +mn(z))L? %

p,q<z n1=1 nz=n1+1

L 11
<———L*1y(2) -
472
mn(2)*L pa<a P
7N (2) 2L L] +na+1 ' /
L N 9 8V(N).'L'4Lc +47TN(;E)C
v (2)iL2 Z Z Z (L +mn(z)L LN
p,q<z n1=1 nz=n1+1
L L 8V(N)x4Lc'+47rN(w)c'
———=(log1 — 3(L L3
G leles ) (@) + T () (L (@) oy

<<L(IOg log ) + L2(L + 7y () 8N gALe +amn ()c’
7N (7)? N (2) LN .

We note that other terms also give the same estimate.

Therefore,

|-7:Nk| Z Ca(p, g3 f)(z)

fEFNk

1 4 9
:|‘7:N’k|fg;v, 3271.N 4L2Z Z Gn1 nz ;g nl,nz nl,nz,p) (6.49)

p,q<z ny1,n2>1
na>ni

L(loglogz) = L2*(L + my(z)) 8 (N) gAle' +dmy (@)’
7 ()2 n () kN '
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We now find (Cs(p, g; f)(z)) in Lemma 6.3.17| using the next two lemmas, where

9 9

ol @) = gom—szz 3 20 CIGne) | 303 Vinn.map)V (ms.mava)

a<znyny>1 i=1 j=1
na>nj

Lemma 6.3.15. Let ny,ny > 1 be integers and p and q be distinct primes with p # q < .
Then,

1 v v 1 12 I 274 SV(N)m8Lc/+8ﬂN(z)c/
|-/T'.N,k‘f6; l(nla’nQap) l(nlan2aq)<<27q +( +7TN($)) N s
N,k
where Vi (n1,n2,p) is defined in Lemma .
Proof.
For distinct primes p and g with p # ¢ < x, we have
1
ﬁ Z Vi(ni,n2,p)Vi(ni,n2,q)
Nk fEFNk
1 n n
“FEa] 2 UWU)es o™ (M)
Nk fEFN l1,12>0
l1—l2#n2—n1
XD UR)U )@ ap(g )
k1,k2>0
k1—ko#nz—na
= > Yo UWU)U kU (k)
l1,l12>0 k1,k2>0
ll*lz;ﬁ’nz*nl klsz;ﬁnzf’nl
li+l2+ni+n2 k1+ko+ni+no 1 /
. Z Z ‘}-Nk| Z af(p%q% )
t=[(l1—l2)—(n2—n1)| t'=|(k1—k2)—(n2—n1)| T fEFN K
= > Yo UW)U)U kU (ko)
l1,12>0 k1,k2>0
ll*lz;'énz*nl klfk)g?f’nzf’nl
li+l2+n1+n2 ki1+ko+ni+ns ’ o
1 8V(N)p2tc q2t c
x Z Z t ot (kN
t=|(l1—l2)—(n2—n1)| t'=[(k1—k2)—(n2—n1)|

1 1
< Z Z <p(l1l2)(n2n1)| + pli—l2)—(na—n1)|+1 +>

11,1220 k1,k2>0
li—la#na—ny k1 —ka#na—n;

1 1
x <q|(k1—k2)—("2—"1) + gl(k1=k2)—(nz—n1)[+1 +>

litlatni+ns ki+ka+ni+no 8V(N) (pq)2(2L+n1+n2)cl
+ 2 > > > i
l1,12>0 k1,k2>0 t=|(l1—=l2)—(n2—n1)| t'=|(k1—k2)—(n2—n1)|

li—la#na—ny k1 —ka#na—ny

11 11
<<(+2+--~>L(+2+-~-)L
PP a q

+ Z Z (ll+l2+n1 +n2)(/€1+/€2+n1 —|—n2)

ly,12>0 k1,k2>0
15 —lz#ng—nl k1—ko#na—ny

]U(N) <pq)4Lc/+47rN (z)c’
kN

(N) ISLCI+87TN (z)c’

kN

1 8
<<@L2 + (L + mn(z))?L*
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O
Lemma 6.3.16. Let N > 1 be a positive integer and k be even integer. Then
1
Z 4 2 Z Z ’/l2 ‘/1(”17’”27 )‘/1(”17’”27Q)
|]:N’k| fEFN K 327TN L p,q<z ny,na>1
na>nq
(loglog x)? , 8V (N gBLe +8mn (2)e
———— 4 (L L
< () + (L +nn(2)) N
Proof. Using Lemma [6.3.15] we obtain
1
Z 4 2 Z Z G(n2)Vi(n1,na, p)Vi(ni1,n2,q)
|fN7k| fEFNk 327TN L p,q<z n1,ma2>1
n2>ny
1
~32nn(2)4L2 Z >, G ‘]_— N > Vi(ni,n2,p)Vi(ni,na2,q)
N p,q<Tni,n2>1 fEFN &
n2>ny
8V(N)z8Lc'+87rN(:v)c'
B D> ( Ly p
p,q<xni,m2>1
na>ng
]V(N) 8L’ +87n (2)c’
2
L L+ (L ()L —
pq<r
(loglog x)? ) 28V(N)x8Lc/+87rN(a:)c’
———=—+ (L L
DECC R W
O

We note that the other terms also give the same estimate. Therefore, we have the following
lemma.

Lemma 6.3.17. Let p, f, g be as defined earlier and Cs(p,g; f)(x) be as defined in equation
(6.47). Then,

8V(N)x8Lc'+87rN (z)c’
kN

S Colprgs () < DBRBDE gy

(6.50)
2
|fN WG N ()

Proposition 6.3.18. Let p, f,g be as defined earlier. Let C(p,g; f)(x) be as defined in equation
B17). Then,

]U(N) 8L +87n (2)c’
kN

L L(loglogz)  (loglogx)?

Siv@ T TN @)p (@)

+ (L +mn(z))’L?

Proof. Combining inequations (6.48]), (6.49) and (6.50), and using Lemma we obtain

> Clp,gi (=) (6.51)

fEFNk

3
:|f11Vk| Yo (D oCilo.g N

fEFN K =1

|fN 1
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fEFN,

< L L(loglog x) L2(L + 7y (z)) YN giLe +4mn (@)

() () () kN

(loglog x)? 5 o 8V (N) 8L +8mn (@)’
+ (2] + (L + 7 () o

L L(loglogz)  (loglogx)? 5o 8 (N)gBLe +8mn (2)c!
L L

@ Tz T oa@e T ETE) N

O
We now find an estimate for (D(p,g; f)(z)), where D(p,g; f)(z) is defined in equation

G, ie.

D(p,g; f)(z)
4
=~ e 2 Om)C(m)k(p,m,ma)k(g,mi,ma)
NE p,q<lx n1 n2>1
327‘(’ 4L2 Z ZG p7n n)k(qvna n)
N p,q<zn>1

Lemma 6.3.19. Let Ps f’g7Ei(p7g; f;nlvnQ)(i = 172a3)7‘/j(pvg;f;nlan27r>7 (7' =1, 79)7 and
D(p, g; f)(x) be as defined earlier. Then,

D(p,g; f)(x) = ZDi(p,g;f)(l"),

where

3 2
Dl 9: )w) = g5 4L22 >, G (ZEz nl,nz) : (6.52)

p,q<x ni,nz>1
no=mni

3 9
Da(p,g; f)(z) = 327TN 32y (1) 12 Z Z G(n1)G(n9) ZZE’ (n1,n2)V, n17n27p)) ,

p,q<z ni,ne>1 i=1 j=1
na=nu
(6.53)
9 9
D3(pagvf)(x) = 327N 4L2 Z Z (7’?,2) Z ‘/Z n17n27 n17n27
p,q<z ni,n2>1 1=1 j=1
na2=ny
(6.54)

Proof. The proof is similar to the proof of Lemma [6.3.10 O
We find an estimate for <D1(p,g; f)(x)) in the following lemma.

Lemma 6.3.20. Let p, f,g be as defined earlier. Let D1(p,g; f)(z) be as defined in equation

(6.52). Then, D1(p,g; f)(x) =0 (#@)) and hence,

1
|FN |

1

mn(z)

Y Dilp.gi @) <

fEFN K
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Proof. We want to find an estimate for
2

D1(p,g; f)( ) 327TN 4L2 Z Z G nl n2 ZE nlanQ )

P,q<x n1,nz>1
=N1

where E;(n1,n2) (i = 1,2,3) are mentioned in Proposition [6.3.8]

We know, for I > 0, |[U(1)| = |p( ) 2cos 2wl —p (l“) 2cos 2m(I+1)| < 2ky +2ky = 4k,
for some k; > 0 and U(l) = 0 for [ > |L|. Therefore, |E;(n1,n2)| < 32k¥(L + 1) < 64k3L.

Also, for n > 0, |G(n)| < ks.

Hence,
Di(p, g; f)(x)
2
3
327TN 32y (2)4L2 Z >, G ZEi(nl,nz)
p,q<x ni,nz>1 =1
no=mni
WN(»L) 2
27
327TN 4L2 Z Z 264k
p,q<z ni=1 i=1
<<L27TN((E)3 _ 1 .
mn(z)AL? 7wy (x)
Therefore,
Di(p,g; f)(z) < . (6.55)
|fN kl f;: N(fU)
O

We find an estimate for (D2 (p,g; f)(z)) in the following lemma.

Lemma 6.3.21. Let p, f,g be as defined earlier. Let Do(p,g; f)(x) be as defined in equation
(B53). Then, Da(p. g; f)(x) = O (ks ) and hence,

N (z)

. Y Dalpgi @) <

|}—N’k| fEFN K

L

mn(z)

Proof. We want to find an estimate for

Da(p, g (@) = 327TN 4LQZ Y G(n1)G(ny) ZZE (n1,n2)Vj(ni,na,p) |,

p,q<zni,me>1 =1 j=1
na2=mni

where E;(n1,n2) (i = 1,2,3) are mentioned in Proposition [6.3.8]

We know, for I,n >0, |[U(l)| = |p( ) 2 cos 2ml) — (%) 2cos2m(l + )| < 2ky + 2k, =
4k, |G(n)| < ko for some k1,k2 > 0 and U(l) =0 for I > | L].

We note that for i = 1,2,3,4,

|E;(ny,n2)| < 32k3(L +1) < 64k3 L.

Also, for j=1,---,9,

Vi(n1,na,p)| < 647 > 1< 64k7L>.

l1,12>0
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Therefore, for it =1,2,3,and j =1,---,9,

|Ei(n1,n2)Vj(n1,n2,p)| < 642k1L3.

Hence,
D2(pag§f)(x)
3
327TN 32mn (A L2 Z Z (n1)G(n2) ZZEZ ni,n2)Vj(ni,na, p)
p,q<z ni,n2>1 i=1 j=1
na=ni
TI'N(:B) 3 9
27473
4L2Z > (22D 64kiL
p,q<z ni1=1 =1 j=1
L37TN(.%‘)3 - L
an(z)AL2 7wy (z)
Therefore,
LY Do ) < (6:56)
T | 2\P; g; .
vkl G2 N(z)
O
To find an estimate for <D3 (p,9; f)(x)), we use the following lemma.
Lemma 6.3.22. Let N and k be positive integers with k even.Then
1
vl Z 327rN $2mn (2 L2 Z Z G(n2)Vi(n1,n2,p)Vi(ni,n2, q)
M fEFN K p,q<xni,n2>1
na=mni
(10g log .’E)2 ) 8V(N)x8Lc'+87rN (z)c’
— L
D g + N () o ,
whenever L < wy(z), where Vi(n1,ng,p) is defined in Lemmal[6.5.7
Proof. Using Lemma [6.3.15 we obtain
1
Z 4 2 Z Z ”2 ‘/1(”17”27 )‘/1(”17’”27Q)
|]:N7k| fEFN K 327TN L p,g<z nﬁ7’ri2n>1
1
$2mn (1)1 L2 Z Z = Z Vi(ni,ne2, p)Vi(ni, n2, q)
327TN L p,q<z ny1,n2>1 ‘]:N’kl feEFN &
na=mni
8V(N)x8Lc'+87rN(:v)c'
274
D> ( ey
p.qlT nl,n2>1
nz2=ni
Z 2 L—l— WN(Z‘))QLQ 8V(N)x8LC/+87TN(Z')CI
3L2 Sasa P () kN
(10g IOg x) ) SU(N)x8Lc/+87rN (z)c’
— L
Sy EN
O

We note that the other terms also give the same estimate. Therefore, we have the following
lemma.
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Lemma 6.3.23. Let p, f,g be as defined earlier. Let Ds(p,g; f)(z) be as defined in equation
(659). Then,

1
|FN k|

8y(N)x8Lc/+87rN(x)c/

2
> Dilp.g ) < (k;gle’f)? + v (z) L2 — : (6.57)
fEFN K

whenever L < mn ().
We find (D(p, g; f)(x)) in the following proposition.

Proposition 6.3.24. Let p, f, g be as defined earlier. Let D(p, g; f)(x) be as defined in equation
(6.18]). Then,

1 L (log log :C)2 ) 8V(N)x8LC/+87TN (z)c
D(p, g; < + an(x)L 7
| Fakl fg: (P9 )(@) () 7 (x)3 N (@) EN
N,k
whenever L <« my(x).
Proof. Combining inequations (6.55)), (6.56)) and (6.57), we obtain
1
> D(p.g; f)() (6.58)
1Pl FEF N
1 3
“F > 1D Dilpgi =)
Nk fE}—N,k =1
3
=>. > Dilp,g; f)(x)
i=1 |]:N’“‘ FEFN
1 L log 1 2 ]U(N) 8L 487 ()<’
(loglog ms) + 7y (z) L2 a;
7TN(%) N () N () kN
L (loglog x)? , 8V (N) gL +87y ()¢
- L
< 7N () * v (x)3 ™ (@) EN

O

Proposition 6.3.25. Let p, f, g be as defined earlier. Let Ky(p, g; f)(z) be as defined in equation
(6.16)). For positive integers k and N with k even,

Z Ki(p, g; ) (@)

|]:Nk| fEFN,

81/(N) $8L6/+87TN (z)c’
kN ’

L L(loglogx) (log log z)? -
<<7rN(gc)+ N ()2 T (2)? + (L+7n(z))°L

where ¢ > 3 is an absolute constant and L < my(x).

Proof. Combining equations (6.51)) and (6.58)), and using equation (6.16]), we obtain

> Kalp,g; £)(x) (6.59)
|]:Nk| fEFN K
C p7g f D pvgv
IkaI fgf: |f” |fe;
L L(loglogz) (loglogx)? g g 8 N) gBLE +8 N (2)!
L L
@ T aw@? T aw@e ) N

81/(N) m8Lc'+8ﬂ'N (z)c’
kN

L log log )2
Jr(ogogfv)

. (l‘) P (x)3 TN ((t)LQ
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L L(log log x) (log log 1‘)2 - QU(N) 8Lc' +8m (z)c!
L L
@ T T T ez TE (@) KN
O

Proposition 6.3.26. Let p, f, g be as defined earlier. Let K(p, g; f)(x) be as defined in equation
(6.2). For positive integers k and N with k even,

Z K(p, g f)(x

f€-7:Nk

) 8V(N)x8Lc'+87rN (z)c’

<z KN )

FN
L Lloglogz  L*(loglogx)?  (loglogx)?
N(z

2
P @ T e ey T

where ¢ > 3 is an absolute constant and L < my(z).

Proof. Combining estimates in equations , (6.15)), (6.59) and using equation (6.3]), we have

\fm > Kipgi Ni@) (6.60)

fEFNk

=ﬁ O D)

fEFN K 1=1

ZIClp,gf Z/szgf z) + |J_. |Z/C4pgf)()
f€.7:Nlc fEFN, NEL e Fy
1 Llogl L?(log1 L2 8L Qu(N)
< - og 0g3x+ (log 0g4x) x :
TN (z) 7N (z) () 7n(z)3kN
L (log log x)? , [ 8N g BL+dmN (@)’
L
i@ T e TV N
L L(loglogz) (loglogz)? g g 8 N) gBLE +8TN (2)c!
L L
R I oV P i
L Llogl L3 (log1 2 (logl 2 V(N),.8Lc' +8mn (x)c
< n og og2x (log 0g4x) (log ogi) n (L+7TN(IE))2L28 T
mn(z) N (x) TN (2) () kN

O

6.4 Estimation for (L(p,g; f)(x)) = (L1 + 2L+ L41)(p. g; [)())

We now find estimate for

Lo ) = itz Y TEOB@ DO T To(00r)

p,q,r<T

Here,

Tip)= Y U)U(2)ag(@™)ar (™),

11,12>0
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TS(p7 Q)
1600+ 322 ( ) (0% - as™ ) e - asla )
B MZZ:O@\ (WN($)> Alp.gm),
and
TB(pv T) = n;()/\ (WN(:E)> A(pa T n2)
where
4 ifn=0
Alpvam) = {Q(Gf(PQ") —ar(p*" ) (ap(@®) —ap(¢**7?) ifn>1,
and G(n) =g (#(I)) , as defined earlier.
Thus,
E(/Lg' ()
:Wp qz@ T} (p)T2(q) T2 (r) T3 (p, 9) T5(p, )
167TN(1x 412 Z Z Z Z Ul U (k1)U (k2)G(n1)G(n2)

p,q,7r<x l1,l2>0 k1,k2>0n71,n2>0
ag(pP*)ag(p*)as(q** )ay (r***) A(p, g, 1) A(p, v, n2).

Since the summation is over nj, ny, where the indexes ny, ns run up to my(z), we can break
the summation into the following four parts:

1) ny =0,n2 =0,

2) n1 #0,ny =0,

3) n1 =0,n9 #0,

4) ny #0,n9 #0.

We also denote the summation in the i-th part by £;(p, g; f)(x), i = 1,2, 3,4 respectively.
We will also write £; for L;(p,g; f)(z), i = 1,2, 3,4, in short.

By interchanging the variables nq, no first and then interchanging the variables ¢, » and
at last interchanging the variables ki, ko, in L3(p, g; f)(z), the summation over nj,ns where
n1 = 0,ny # 0, we note that the summation over ni,n, where n; = 0,ny # 0, is exactly the
same as the summation over ny,ny where ny # 0,n2 = 0, i.e., La(p, g; f)(x) = L3(p, g; f)(x).

Therefore,

4

L(p,g: 1)) =D Lilp,g; F)(x) = L1(p, g; [)(@) + 2L3(p, g; ) (&) + La(p, g; (), (6.61)

=1

where L1(p, g; f)(x), L3(p,g; f)(x), and L4(p, g; f)(x) are defined in Sections and
[6-4:3] respectively.
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6.4.1 Estimation for (Li(p,g; f)(z))
If (ny,m2) = (0,0), then the innermost term is

2l2) 2]6‘1) 2k’2)'

16a;(p*)ar(p*2)as(¢* )as(r

Thus,

! 2
" @B 2, 2 MUV BT RITGIGO? (66

!
x> ap(™)ap(pP?)ap(q®)ap(r*h?).
P,q,r<T

Li(p.g; f)(x)

We also note that since the summation is over ly,ls, k1, ko, where the indexes [, I, k1 and ko
run up to | L], we can break the summation into the following four parts:

)l =la, k1 = ko,
2) Iy # la, k1 = ko,
3) 11 =lo, ky # ko,
4) 1y £ Do, by # b

We also denote the summation in the é-th part by L£1;(p, g; f)(x), i = 1,2, 3,4 respectively,
ie.,

167 (2) L2 L11(p, g5 f)(2) (6.63)
= Y S WUOU)UR)U(k)GO0)® S ap@®™)ay (0?)as (@ )agp(r?2),
11,1220 k1,k2>0 p,q,r<x

l1=ly ki=k2

167y () L* L12(p, 95 f) (2) (6.64)
min{2l1,2l5}

_ Z Z 16U(ll)U(l2)U(k1)2G(0)2 Z/ Z af(p2l1+21272i)af(q2k1,,,2k1),

11,10>0k120 p,q,r<x =0
112l
167N (2) L L13(p, 95 f) () (6.65)
21y
=Y > 16UL)U (k1)U (k2)G(0)? ZI D ar(e"Mag (g ),
1120 k1,k2>0 p,q,r <z i=0
k1#k2
167n (2) L2 L1a(p, g5 f) () (6.66)

=D D 6UW)U@R)UK)U(k)G(0)?
11,1220 k1,k2 >0
li#le ki1#ke

min{2l,2l5}

!/ .
% Z Z af(p2l1+212—27,)af(q2k17,2]62).

p,q,7<x 1=0

Therefore,

Li(p,g; f)(x)

4
= Lii(p,g; )(z)
i=1
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=L11(p, g; [)(x) + L12(p, g; ) () + L13(p, 95 f) () + L14(p, g5 f)(2).

We note that
min{2{1,2l2}

ap(@®asP™®) = Y7 app® ),
=0

We see that 2l + 2lo — 2i = 0 only if i = 2l = 2I.
Proposition 6.4.1. With L11(p, g; f)(x) defined in equation (6.63]), we have

167TN( 4L2 Z [:11 p,g, )
“FN k| fEFN K
. . V(N)LS 3,.8Lc’
<Ly (2) + L¥nyn(x)* logloga + 8 Zj}fv(x) z

Proof.
167N (2)* L2 Ly (p, g; f)(2)
=Y Y WUWURUEUE)CO) S apm®as(™=)as (g )ap(r2*2)

11,12>0 kq,ka>0 p,q,r<T
Ii=ly ki=ky
20,
_ Z Z 16U 11 Z Zaf a1y — 21 qzklrzkl)
11>0k1>0 p,q,r<x =0
=" ) 16U (1)U (k1)°G(0) mw () (v (x) — 1) (7w (z) — 2)
11>0k12>0
21,

+ Z Z 16U (11)? Z Z ap (pil— g p2hn),

11>0 k>0 P,q,r<T
(ukl)#(%,o)

Now, using proof of Lemma [3.2.30} if (i, k1) # (214, 0),

>

!

iy 81/(N) Sx(4l1+4k172i)cl
<af(p4l1 2lq2k1r2k1)> = O(7rN(:E)2 loglogz) + O < v )k;N )

Thus,
167y (2)" L, fNH fgj Li(p, g; £)(@) (6.67)
=TFurl fm f;lz ];016U k1)?GO)*m (@) (m () = 1) (v (@) = 2)
+> D> 16Uh)? 2y Z (as(pt=2ig?irhn) )

1,>0k1>0 P,q,7<T

<y (x)(rn(x) — 1) (7n (x) — 2) L2

21, 8V(N)7TN(x)3x(4l1+4k1—2i)c/>

WD DS <wN<x>210glogx+ e

11>0k1>0 =0
(i,k1)#(211,0)

<L*rn(2)® + mn(x)? loglog Z Z Iy
>0 k1>0

(17k1)75(211a0)
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3 Bl

kN
11>0k1>0

SV(N)L3 3,.8Lc
<L?7mn(z)® + L¥nn(2)? loglog z + 7;]}[\;%) ’

Proposition 6.4.2. With L12(p,g; f)(x) deﬁned in equation (6.64]), we have

167 x5 (z) Z Li2(p, g; f)(x)
fEFN K
SU(N)L4 3,..8Lc
< L*nn(z)?loglogx + (@)

kN
Proof. We find an estimate for (£12(p, g; f)(z)) , where

167y (z) L?L12(p, g5 f) (2)

min{2ly,2l2}
S S OG0 Y Y
11,12>0k12>0 pq,r<z =0
l1#l2

q
11,10>0 k120 p,q,r <z i=0
l1<l2

201
— 32U ll U l a 2l1+2l2—2’i 2k1r2k1 .
> 2 32U (M)U(G) DI )

Now, using proof of the Lemma [3.2.30] for I1,l2,k1 > 0,11 <ls and 0 <14 < 2lq,

li

D

P,q,r<T

l/(N) 3 (2l1+2l2+4k)172i)6/
=O(nn(z)?loglogz) + O <8 (@) > .

<le (p2ll+2l272iq2k1r2k1)>

kN
Thus,

167y (2)*L |]__Nk| Z Li2(p, g; f)(z)

FEFNk

FEFN K 11,12>0k1>0 p,q,r<zx i=0
11<l2

|]: | Z Z Z32U (l)U Z 2211:@ pRhiH2a =22k 2k )
Nk

11,12>0k12>0 1=0p,q,r<zx
I1<la

20
= > > 30W)U(I)U 02y Z < 2l1+2l2—2iq2k1r2k1)>

‘ kN
11,1220 k1 >0 i=0
11<l2

|r(N) 3..(201 +2l2+4kq —2i)c’
<D XD (WN(x)zloglogx + mv(z)’e

8 (N) (2l1+2l2+4k‘1)(:/
<7y (z)? loglog x Z le+ Z Z 1 m(e)’e

kN
11,12>0k1>0 l1,12>0k1>0
1 <la 11 <la

SV(N) L47TN ($)3Z‘8Lc/
kN

<L*rn(z)?loglogx +

ar(q

131
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Proposition 6.4.3. With L15(p,g; f)(z) deﬁned in equation (6.65)), we have

167y (z)*L? Z Liz(p, g [)(z)
|}—N’“‘ feFnN,
IJ(N)L4 3,..8Lc
<L*ry(x)?loglogx + 7;];\;1') ’

Proof. Here, we find estimate for <£13(p,g; f)(x)), where
167y () L*L13(p, 93 f)(2)

20,
:Z Z 16U (11)2U (k1) Z Zaf 420y (g2 2k
1120 k1,k2 >0 p,q,r<z i=0
1 #ha
20,
=32 30 BWAPURUEICO? 3 3 ™ ar( ™)
1120 k1,k2>0 p.q. <z i=0
k1 <k2
20,
=3 3 320(L)*U(k) 2SS ap gtk
1120 k1,k2>0 pq'r'<xz 0
k1<ko

Now, by Lemma for kl,k‘g,ll > 0 with ko > kl, ie., ko 7’5 0, and 0 <i < 2l1,

/ .
Z <af (p4l1—21q2k1 742@)>

p,q,r<x

]v(N) 3..(2k1+2ka+411—2i)c’
=O(nn(x)?*loglogz) + O ( (@)

kN
Thus,
167y (z)* L? |J-,_- | Z Liz(p, g; ) () (6.69)
NEL peFn,
201
4l1 2% 2k 2k
e TS stk 5 s
FEFN k1120 k1,k2>0 p,q,r<z i=0
k1 <ko
20
=3 3 320M)U (k) 023 3 (a2
1120 k1,k2>0 i=0p,q,r<zx

k1<ka

20, 8Ny (x)3$(2k1+2k2+4l1 —2i)c )

2
log 1
<zzﬂwmw+ o
110 k1,kz >0 i=0
k1<k2
&Y (N)ﬂN(aj)3x(2k1+2k2+4l] )c!

<mn(r)loglogz » . Y hi+> > h KN

11>0 kq,ko>0 11>0 kq ko >0

k1 <ka k1 <kz
8V(N)L4 3,.8Lc
<L*ry(x)?loglogz + (@)
kN
O]
Proposition 6.4.4. With L14(p,g; f)(z) defined in equation , we have
1
16 4r? L
7w () Frl Z 14(p, g5 f)(x)

FEFN K
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SU(N)LS 3,.8Lc
<L’y (z)(loglog x)* + 7]:},\[(33) i

Proof. We find estimate for <£14(p,g; f)(:c)> , where

167n (2)* L2 L14(p. g5 f)(2)
=Y Y 16U@)U@)U kU (k2)G(0)?

11,0220 k1,k2>0
l1#ly  ki1#ks
min{2l1,2l2}

li .
X Z Z af(p211+212722)af(q2k‘17,2]€2)

P,q,r<T 1=0

=Y 3 6U)U 1)U (k1)U (k2)G(0)?

11,0220 k1,k2>0
i<ly ki<ka
2lq

/ .
X Z Z CLf (p2l1+2l2—21q2k‘1 7,,2]62).

pyg,r< i=0

For l1,l5 > 0 with I3 > [ and 0 < i < 2l7, we have 2l; + 2[5 — 2i # 0.
Similarly, for kq, ko > 0 with ko > k1, we obtain ks # 0.
Now, using proof of the Lemma [3.:2:30] for 0 <1 < 2y, I < la, k1 < k2, we obtain

i .
Z <af(p211+212—21q2k1T2k2 )>

P,q,r<T
]v(N) 3,.(2k1+2ko+211 4212 —24)c’
— O (z)(loglog x)?) + O | ()%
kN
]V(N) 3, .(4ka+4l2—24)c’
=O<wN<x><loglogx>2>+0< el .
Thus,
1
16m (@) L2 37 Lualpri (@) (6.70)
N.k fEFN K
1
= 64U (1)U (1)U (k1)U (k2)G(0)?
Fol 2 2 X SUMURURUERGO)
U fEFN K 11,1220 k1 k2 >0
hhi<ly ki<ka
, 20 .
« Z Zaf(pmﬁzlrzzq%lrzk?)
p,q,r<x 1=0

20

_ Z Z 64U(11)U(lQ)U(kl)U(kQ)G(O)2XZ Z/ <af(p2l1+2l2—2iq2k17,.2k2)>

l1,122>0 k1,k2>0 1=0p,q,r<z
1<ly ki<ka

20y 81/(N)7TN(x)?)x(4k2+4l2—2i)c/ )

< Z Z Z(ﬂN(x)(loglogm)2+ N

11,1220 k1,k2 >0 i=0
I1<lz ki<kg

N 4lo+4 !
81/( )WN(x)3x( lo+ k’g)c

<mn(@)(oglogz)® Y > L+ > Y h kN

11,1220 k1,k2>0 11,1220 k1,k2>0
hi<ly ki<ks lhi<ly ki<ks
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8V(N)L57TN (x)SxSLC’

< Lmyn(x)(loglogx)? + N

Proposition 6.4.5. With L1(p,g; f)(z) defined in equation (6.62)), we have

ITIMI > Lilp,g; f)(x)

fEFN K
< 1 L?loglogz  L3(loglog)? 1 8v(V) [3g8L
() 7w (x)? ()3 N (2) kN '

Proof. Adding equations (6.67)),(6.68),(6.69) and (6.70)), we obtain

1
167TN($)4L2W Z 51(,079, f)(l‘)
" fEFN K

1
167y (x)* L?

Tl Z L1i(p, g; f)()

4
1= fEFN K

3

8”(N)L37TN (x)BxSLc’
kN
SV(N)L47TN(x)3m8Lc’
kN
8”(N)L47TN (z)BxSLc’
kN
81/(N)L57TN (x)?’stC/
kN

<L*mn(x)® + L3 (z)? loglog z +

+ L7 (z)? loglog z +

+L 7y (x)? loglog = +

+ L7y (2)(loglog x)* +

U(N)LS 3,.8Lc
< L*rn(z)® + L7y (x)? loglog z + L7 () (loglog )2 + 8 7]:;]}]\;:5) ’

Therefore,

1
| Fn .k

> Lilp.g =)

6.71)
fEFNk

1 . 8V(N)L5 3,.8Lc’
<<W <L27TN(93)3 + L7y (z)?loglog z 4+ LP7n (x)(loglog z)* + T (z)'

kN
< 1 N L?loglogz  L3(loglogx)? 1 gv(N)38L
() ()2 mn(z)3 () kN '

6.4.2 Estimation for (£, + £3)(p,g; f)(2))

We now look at the part of the sum L(p, g; f)(z) with n; = 0 and ny # 0, i.e., we now estimate
L3(p,g; f)(x). In this case, the innermost term
ay(p")as(p*2)as(q** )as (r?2) A(p, 4. 0)A(p, 7, n2)
=8as(p*)ay(p*)as (g™ )ay (r*")(ar (p*"2) — ap(p®27))(as (r?") — as(r?"27?))
=8{ay (p*")ay (p*'2)(ay (p*"2) — ap(0*"2~2)}as (¢* ) {(as (r°"2) — ap(r®"272))yas (r*2).
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We want to find an estimate for

(L2 + L3)(p, g; [)()
—2£3(pvg'f)( )

~Torn(a 4LQZ S S U)U ) U(k)U (k2)G(0)G (ns)

p,q,7r<x 11,1520 k1,k2>0n2>1
ar(p®)a f(p%)af(qz’“) (") A(p, q,0) A(p, 7, n2)

1&w 4L2§: > > uw k1)U (k2)G(0)G(n2)

p,q,r<x 11,1220 k1,k2>0no>1
ap(p*)ag(p*'?)ag (@ )ap (r®2)(ay (p*"2) = ap (p*"272))(ay (r*"2) — ay (r**272))

G(0 ! . e
:WN(QE))Lz Y D Gle) Y UW)U()ar (0™ )ar (™) (ar (™) — ap(p°"272))
p,q,r<z nz>1 l1,12>0
> Uk)U(ka)as (@ )ay(r**2)agp((ay (r*"2) — ay (r*"272))
k1,k2>0
4L2 Z Z p’g f7n2’ )Al(pvg;f;n27qar)7
p,q,r<zr na>1
(6.72)
where, for n > 1, and primes ¢ and 7,
Av(p g finyaor) =Y Uk)U(k2)agr(¢®)ap(r**)(as(r®™) — ap(r®"72)),  (6.73)

k1,k2>0

and

(pagv f,n T Z U ll l2 af( Qll)af(rm?)(af(r2n) _ af(r2nf2)),
11,12>0
as defined in equation . We now estimate A;(p, g; f;n,q,7).
Using Corollary for ky > ng, we have

ap(q™)as () (ag (") — as (r*"27%)
=g (@) ag (P 2) a2,

We note that the product ay(q?1)(ay(r?k2=2n2) 4 g (r2k212n2)) gives 1 = a;(¢°r°), only if
k’l =0 and ]CQ —Ng = O, i.e., kl =0 and kg = Na, i.e., (khkg) = (O,ng).

Using Corollary for ko < ngy, we have

ap(a™)as (1) (as(r") = as (12" 7%))
=y (7 0y (124 1272) — g (rre ),

We note that the product ay(q?1)(ap(r2k22n2) — g, (r2n2=2k2=2)) gives —1 = —a;(¢"r"),
only if k1 =0 and ne = ky + 1, ie., (k1,k2) = (0,n2 — 1).

For primes r, ¢ and positive integer no, we define
Fi(p.gi fina,qor) = > Uk)U(k2)ag (@ )ap(r**)(ap(r®"?) — ap(r?"272)),

Ky k2 >0,ka >ns (6.74)
(k1,k2)#(0,n2)
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Fy(p,g; fin2,q,7) = > U(k1)U (k2)ag (g )ag(r®*)(ap(r?"2) — ap(r*"272)).
kl,k2207k2<’n2
(k}l,kig)?f(o,ngfl)

(6.75)
For any primes ¢,r and fixed integer no > 1,
Al(p7g.f;n27Q7 ) (676)
Z U kl kz a,f( 2k1)af(r2k2)(af(r2n) _ af(,r2n—2))
k1 ,k2>0

= Y Uk)U(k2) + Filp,g; fin2,q.7)
kl,kzzo,kzz'fw
(k1,k2)=(0,n2)

- > U(k)U(k2) + F2(p, g5 fim2,q,7)
k1,k2>0,ka<na
(k1,k2)=(0,n2—1)

=U(0)U(n2) + Fi(p, g; fin2,q,7) = U(0)U(n2 — 1) + F2(p, g; fim2, ¢, 7)
=U(0)(U(n2) = U(ny — 1)) + Fi(na,q,7) + Fa(na,q,7),

where we write F;(no, q,7) for Fi(p, g; f;n2,q,7), i = 1,2.

We note that for i = 1,2, and j = 1,2, 3, Bi(ng)’ < 32K3L

|Aj(n2,p)’ < 64]{:%1/2
We define, F'(n) =U(n) — U(n —1).

Fi(na,q,r )‘ < 256k2L? and

For primes p, ¢, and fixed integer ny > 1, using equation ((6.13)), we obtain

Alp, g; fin2,p) x Ai(p, g; fin2,q,7) (6.77)
= | Bi(n2) + Ba(nsa) + ZAi(n%p) (U0)(U(ng) = U(ng — 1)) + Fi(n2,q,7) + Fa(na, q, 7))
i=1
3
= | Bi(nz2) + Ba(n2) + ZAZ'(”va) (U(0)F(ng) + Fi(na, q,7) + Fa(na, q,7))
i=1
3
=U(0)F(n2)(B1(n2) + Ba(nz)) + Y _ U(0)F(n2)As(na, p)
3
+F1(n2, ¢, 7)(Bi(n2) + Bz(n2)) + ZF1(H2, q,7)Ai(n2,p)

3
+F2(n2,q,7)(B1(n2) + B2(n2)) + Z Fy(n2,q,r)Ai(n2, p).
i=1
Using equation (6.72), we obtain

1
|]:N,k|

> (Lalp,g; (@) + Ls(p,g; f)(@)) (6.78)

FEFNk

25— > L))o

fEFN,

:|]:i,k| Z 4L2 Z Z A(p, g; fin2,p)A1(p, g; fim2,¢,7)

fEFNk p,q,r<T no>1
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e Y i XX COGmUO) P (i) + Balna)

fEFN K p,q,r<xTny>1

1 3
Tl 2 7 4L2 S Y Goe g (0)F (1) Ai(na, p)

fEFN K p,q,r<z ny>1

1
+|FNk| Z ( 4L2 Z Z G n2 Fl(n%(b )(Bl(n2)+BQ(n2))

fEFN, p,q,r<xng>1

1 3
e X g X 3 G060 Y A

M fEFN K p,q,r<zr ng>1

1
+|]:Nk| 2 ( )AL2 Z Y G(0)G(n2)Fa(na, q,7)(Bi(n2) + Ba(nz))

M fEFN K p,q,r<zr nz>1

1 3
+|7:N,k| Z 4L2 Z ZG ; 2(n2,q,7)Ai(n2, p)

fEFN K p,q,r<zrns>1

where Z At(x) are defined in accordance with the order of terms in the previous line.

Proposition 6.4.6. With A1 defined in equation (6.78)), we have

A(z) < @) .

Proof. We know, there exists k; > 0 such that ‘F(n)| < 8k; for all positive integers n.
Now, n > 1+ | L], implies U(n) = 0 and hence, F(n) =U(n) —

Using equation (6.77)), we obtain

)\1($)
1
= Y i X 2 GOGm)UOF
|fN’k| fEFNK L p,q,r<rnz>1
1 1+|L]
LT/ Bi(ng) + Ba(n
|;N7k|f;:v poes 4L2p§<$ n;I 1(n2) + Ba(ny)|
1 1+|L]
S D e S S
’ fEFNK p,q,r<x n2=1
1 372
_ L
<<7TN(x)4L27rN(m)
1
7TN(ZZ?)

Proposition 6.4.7. With Ay defined in equation (6.78)), we have

)\2 (iﬂ) <

mn(z)

2)(B1(n2) + Ba(nz))

137

(6.79)
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Proof. We know, there exists k; > 0 such that ‘F(n)| < 8k; for all positive integers n.
Now, n > 1+ | L], implies U(n) = 0 and hence, F(n) =U(n) —U(n —1) = 0.
Using equation (6.77)), we obtain

Az () (6.80)
3
1
T Fnl Z ( )iL? Z Y G(0)G(n2) Y U(0)F(n2)Ay(nz,p)
Nk fEFN K p,q,r<xny>1 i=1
1 1+|L] 3
T Fxal Z 4L2 Z > G 2)U(0)F(n2) Y Ai(na,p)
Nk fEFN K p,q,r<z na=1 i=1
1 1+|L]| 3
<<\ka| Z 4L2 Z Z ZA (2, p
" FEFN K p,q,r<z na=1 |i=1
1 1+|L]
< Z 4 2 Z Z L2
‘]:N’kl fEFN K L p,q,r<z no=1
1 313
L
S ™
_ L
N (x)
O

To find an estimate for A3(z) (defined in equation (6.78)), we first prove the following lemma.
Lemma 6.4.8.

1 1 1 gV (N) () ALe’
Z Fl(n2,p,7‘) < <+_|_> +L3¢.
rop o pr ,

Proof.

Z Fl n27pa )

fEFN,

T > Uk)U(k2)ap(p™)ap(r®)(ap(r®2) — ap(r®"272))

fe]: N,k ]Cl k:2>0 k:2>n2
(k1,k2)#(0,n2)

- Z U(k1)U (k2) <<af(p2k1r2k2_2"2)> + <le(p2k17'2k2+2n2)>>

k1,k2>0,k2>n2
(k1,k2)#(0,n2)

i 1 8V(N)p2klc/r2k20'+2n2c’
- 2 Uk))U(k2) |~ + ikasns T O <
k1,k2>0, k2>n2 pripk2—n2 prir 2+no N
(k1,k2)#(0,n2)

<

SV(N)kalc 2kac’ +2noc’ )

k1 pk2—mn2 LN
k17k2>0 k)2>n2 (
(k1,k2)#(0,n2)

o)) o) P

1 1 8V(N) 4Lc
< ( o ) +L p’") '
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Proposition 6.4.9. With A3 defined in equation (6.78)), we have

loglog x 28”(N)x8LC/
A
3(@) < wn(z)L kN
Proof. Using Lemma we obtain
() (6.81)
1
Z 4L2 Z Z G(n2)Fi(n2,q,7)(B1(nz) + Ba(n2))
L feEFNk p,q,r<xzno>1

T X o S G0 G0) a0, (B 1) + B

fEFN K p,q,r<z na=1
TN (2) 1
4L2 DI 2)(Bi(na) + Ba(no)) e > Fi(na,q,7)
p,q,r<z no=1 |]:N’k| fEFN K
1
4L2 Z Z |Bl o +B2(n2)| ‘f | Z Fl(”?an’r)
p,q,r<z na=1 Nk fEFN K

»Q

TN () v(N 4Lc
1 38( )((17“) ‘
Y X L(( )*L TEN

r
p,q,r<x na=1

1 ’ 1 1 1 SV(N)(q,,,)4Lc’
I 4y = 3=/
<<7rN(x)4L2 7N () Z <(r+q+qr>+ N

P,q,r<w
1 1 8V(N).’L'8Lc/
- - T 5
<<7TN(9:)3L Z T + kN
p,q;r<w
1 1 8V(N)£L'8Lcl
_— -1 S
<<7TN(96)3L7TN(x)(7TN(x) )T;w r ’ kN
< loglog x 9 g (V) g8Le '
wn(x)L EN

O

To find an estimate for A4(x) (defined in equation (6.78]), we first prove the following lemma.
Lemma 6.4.10.

3
Z I]:Nk| Z Fl(nQaqar)Ai(n%p)

i=1 fEFNk
< (1 1 1 ) L4 L5 8V(N)p4LC'+2n2c'q2Lc/,’,2Lc’+2ngc' '
pr

+ =+ —
pq  pqr kN

Proof. Using equation (6.74]) and definition (6.10)), we obtain

E F1 (n2,q,7m)A1(n2,p)
|ka|
fEFN,

|-7:Nk| Z Z U(kl)U(kQ)af(q%l)af(r2k2)(af(r2n2) _ af(,r2n2—2))

fe]:N k k1,k2>0,ka>no
(k1,k2)#(0,n2)

x> U)U(I)ap(p™ )as(p?2+2m2)

11,120
l1—la#n2
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= > N U)U () (k1)U (k2)

k1,k22>0,ko>n2 11,1220
(k1,k2)#(0,n2) l1—l2#n2

li+l2+n2 1
> 1Fnal > (af(P2tq2k1) x (ap(r#a=2m2) 4 af(r2k2+2”2)))

fEFNk

= > Y UWU@RUE)U(k)
k1,k2>0,ko>ns 11,0100
(k1,k2)#(0,n2) li—l2#n>

li+l2+n2

> (<af(P2tq2k1r2k2_2n2)> + <af (pth2k1r2k2+2nz)>>

t:|l17l27n2|

< > >

k1,k2>0,k2>n2 11,1220
(k1,k2)#(0,m2) li—l27ns2

litl2+n2 11 1 1 8V(N)p2tc’q2klc’r2k2c’+2n2c’
Z EQTI (Tk2n2 - fr-k2+’ﬂ2> + kN

t:|l17l27n2|

t:|ll—l2—n2|

Li+la+
1 1 ttlatne
oy Loy 'y
k1,k2>0,k2>n2 11,1220 t=|l1—lz—n2]|
(k1,k2)#(0,n2) li—la#n2

SU(N)p2(l1 +la+n2)c’ q2k1 c T2k2 c +2nsc’

+ Z Z <(l1 —|—l2—|—n2) N )

k1,k22>0,k2>n2 11,1220
(k1,k2)#(0,n2) l1—l2#n2

(GG G (o)) o)

8U(N)p4Lc'+2n2 c’

2Lc'T2Lc’+2n2c'

q
LAL
+ KN
1 1 1 ]V(N) paLc'+2nac’ (2Lc 2L +2nac’
<(—+—+— )L+ L) :
propq kN

We also note that a similar calculation leads to the same estimate for ¢ = 2,3 and we have

1
Z Fl(n27 q, T)Ai(nQap)
| PNkl
T fEFN K
1 1 1 81/(N) ALc' +2ns¢’ 2Lc¢ . 20c" +2nac’
<<(++>L+L5 P -,
pr pq  pqr kN
and hence, adding all three inequations, we obtain
LA
Z Frl Z Fi(na,q,7m)A;(n2, p) (6.82)
i=1 T NEL e Fyg
1 1 1 8V(N) ALc +2noc’  2L0c" 2L +2nsc’
<<<++>L+L5 P L. .
pbr  pq  pqr kN

Proposition 6.4.11. With Ay defined in equation (6.78)), we have

(loglog x)* o 8Y(N) gBLc +amn ()e!

mn(z)2L kN

M(z) <
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Proof. Using equation (6.82)), we have

Aa(@) (6.83)
3
1
:|].‘ | Z 4L2 Z Z ZFl(nQa(Lr)Ai(n%p)
Nk fEFN K p,q,r<zngs>1 i=1
4L2 Z Z G(0)G(ny) Z | | Z Ai(na,p)F1(na, q,7)
p,q,r<zr ng>1 N,k fEFNK
3
4L2 Z Z Z Ai(n27p)F1(nQaQ7T)
p,q,r<xng>1|i=1 f€]: N,k
1 1 58V(N)p4LC/+2n2(,‘/q2LC/T2LC/+27l2(,’/
4 2 Z Z (( g ) L+1L
L p,q,r<zrnz>1 pr pqr kN
1 , 1 8V(N) (1.2)4Lc'+27r1\7(m)c'
- - L L5
<<7TN(33)4L2 ™ (2) Z or 71- 4L2 Z (@ LN
p,q,r<x p,q,r<x
1 1 8V(N) (1,2)4Lc'+27rN(z)c'
— L(loglog z)? — " 4
<<7TN(£L')4L27TN(x) (loglog ) mn () + 7rN(m)4L2 () N
(10g log LE)2 5 8V(N)x8Lc/+47rN (z)c’
v ()21 kN
O

To find an estimate for As(x) (defined in equation (6.78]), we first prove the following lemma.
Lemma 6.4.12.

1
|FN

1 1 1 81/(N) 2LC,T2LC/+2’I’LQC,

S Falna,pr) < (++>+L2 L -
r p pr kN

FEFN K

Proof. Using equations (|6.75)), (6.11) and ([6.12]), we obtain

1
Z FQ(”Q,]),T)

fEFN Kk

Y Y URUG)ar P ) a2 — a7 )

fEFN Kk ki1,k2>0,k2<ns
(k1.k2)#(0,na—1)

= Z U (k1)U (k2) <<af(p2k1T2k2+2n2)> _ <af(p2k1r2n22k22)>)

k1,k2>0,ko<ng
(k1,k2)#(0,n2—1)

1 1 8V(N)p2klc'r2kgc'+2nzc'
= Z U(kl)U(k2) pkipkatna + pFrpna—ka—1 +0 < kN
k1,k2>0,ka<no
(k1,k2)#(0,n2—1)

2 SU(N)kalc'r2k2c'+2ngc'
< Z <pk1rp7l2k21 +

kN
k1,k2>0,k2<ns
(k1,k2)#(0,n2—1)

1 1 1 1 , 8V (M) p2Le p2Le"+2nac!
<=4+ )+{=+-)+=+ )=+ )+L
" p D r LN

1 1 1 81/(N)p2Lc’r2Lc'+2n2c’
44— L? .
<<<r+p+pr)+ N
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O
Proposition 6.4.13. With A5 defined in equation (6.78)), we have
log 1 v(N) 4L +27 N (z)c
(@) < oglogx 8 T
wn(x)L EN
Proof. | > 1+ | L], implies U(l) = 0 and hence, By (nz) + B2(n2) =0, or ng > 1+ |L].
Using Lemma we obtain
As(x) (6.84)
1 N (z)
“Fval 2 i S G(0)G(n2) Fa(na, q.7)(Bi(na) + Ba(na))
? fEFN K p,q,r<z na=1
TrN(af)
4L2 Z > G(0)G(n2)(Bi(n2) + Ba(nz)) |~7: o Z Fa(n2,q,7
p,q,r<zx na=1 fEFN,
7w (x) 1
4L2 Z Z |B1(n2) + Bz(n2)| [Fval Z Fy(na,q,r)
p,q,r<z na=1 v fEFNE
TN (2) v(N),2Lc ,.2Lc +2nac
1 o 8V (V) p2Le’yp2Le’+2ms
v (@2 )IEDIE” (( r) L kN
p,q,r<z na=1
1 ’ 1 1 1 8V(N)p2Lc'T2Lc'+27rN(z)c'
— L Sh o) +I?
e, = (Griea) i
, 1 8V(N) AL 427N (z)c! log1 8V(N) AL 427N (z)c!
Z xT < og logx x
3L kN wn(z)L kN
D,q, T<m
O

To find an estimate for A¢(z) (defined in equation (6.78)), we first prove the following lemma.
Lemma 6.4.14.

3
1
Z |]:Nk;| Z F2(”27Qar)Ai(n27p)
=1 ’

JEFN K
1 1 1 8u(N)p4Lc/+2n2c’q2Lc’r2Lc’+2ngc’
<|l=+=+—)L+L'nn(=
(pr Pq pqr) v) kN
Proof. Using equation (6.75]) and definition (6.10)), we obtain
1

= Z Fz(n2,q77")141(n27p)

|}—N’k| fEFN,

|]_-N i > > U(kn)U (k2)ap (¢ )ag(r?2)(ap (r*"2) — ap (r?"272))

FEFNk ki,k2>0,ka<ng
(k1,k2)#(0,n2—1)

x Y U)U(R)as(p*)as(p*> ")
11,12>0
l1—l2#n2

= > S UW)U)U(k)U (k)

k1,k2>0,ka<na 11,1220
(kl,kz);ﬁ(o,ng—l) ll*lz#ﬂg
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li+l2+n2 1
k k —2ko—
Y 2 () x (g g e))
t=|l1—l2—n2\ ’ fEJ:N,k

- 3 > U)U)U(k)U (ks)

k1,k2>0,ko<nz  11,l12>0
(k1,k2)#(0,n2—1) l1—la#n2

l1+la+no
) (<af(p2tq2klr2k2+2m)> - <af(p2tq2klr2”22k22)>>

t:|l17l27n2\

< > >

k1,k2>0,ka<ng  11,l2>0
(k1,k2)#(0,n2—1) l1—la#n2

li+l2+n2 1 1 < 1 1 > N <81/(N)p2tc'q2klc’r2k2c'+2nzc’)

Z?QTI pka+na pnz—ka—1 kN
t:|l17l27n2‘
li+la+n
1 itletme
< Z qkl rn2— k2 1 Z Z nt
k1,k2>0,ka<ng 11,1220 t=|l;1—la—n2]|

(k1,k2);ﬁ(0,712—1) l17l27$n2

8V(N)p2(11+12+n2)c’ q2klc'r2kzc/+2ngc’ )

+ Z Z <(l1+l2 + n2) N

k1,k2>0,ka<nz 11,1220
(k1,k2)#(0,n2—1) li—la#n2

(G G ) G o)) o)

8V(N) 4Lc'+2ngc'q2Lc/7,.2Lc'+2nzc'
kN
1 1 1 81/(N)p4Lc’+2n2c'q2Lc/,,,2Lc/+2ngc'
<|—+—+—)L+L* :
(pr + p + ) + L*rn(x) N

We also note that a similar calculation leads to the same estimate for i = 2,3 and we have

b

+ L7y (z)

1
| FN k|

Z F2(”27 q, T)Ai(’n‘Q)p)
fEFN k
1 8U(N)p4Lc/+2ngc/q2Lclr2Lc/+2ngc'

1 1
<|—+—+—|L+L'7n(x ,
(pr Pq qu> w(o) kN

and hence, adding all three inequations, we obtain

3
Z |J:Nk| Z Fy(n2,q,7)Ai(n2, p) (6.85)
=1 fEFN K
1 1 1 8V(N)p4Lc’+2ngc'q2Lc',r,2Lc’+2n20'
<Ll —+—+— | L+ L47TN T
(p pq q7°> (@) kN

Proposition 6.4.15. With \g defined in equation (6.78)), we have

(loglogz)* =, gV (N) z8Le' +dmy ()<
As(2) ()7L + L*mn () o

Proof. Using equation (6.85), we have
Ae(x) (6.86)
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1 3
:lfN7k| Z 4L2 Z Z G Zl (nQ,qv )Al(n27p)

fEFN K p,q,r<xT no>1

4LQZ > GO n22|

p,q,r<zrnz>1

Z Ai(”va)FQ(n27q7r)

Fn k| fEFN K

3
%QZ > < 2 Ailna)Fa(nasg.r)

p,q,r<zns>1|i=1 f€]: N,k

1 1
L DD ( o) L
L p,q,r<xns>1 pr pq’l"
8u(N)p4Lc’+2n2(:/ 2Lc/r2Lc’+2n2c’

4L2 Z ZL4 kjsf

p,q,r<zrn2>1

1 8V(N)x8LC/+4TI'N(I)C/
——_an(2)L il
<<7TN(13)4L2 Z + 4L2 Z kN
par<a? p.gr<z
1 1 . 8V(N)1.8Lc'+47TN(:1:)c'
—_— L(logl 2 — I °
<<7TN(J:)4L27TN(:C) (loglog z)*mn (z) + T (z) L2 N () N
logl 2 8V(N) 8Lc +4ny (z)c
(loglog2)” | o ()82
7w (z)2L kN

Proposition 6.4.16. With (Lo + L3)(p, g; f)(x) defined in equation (6.72)), we have

1
N7 (La+Ls)(p.gi f)(x)
FEFN&
L log 1 8U(N) 8Lc +4nn(z)c’
< 4RO L (] ()

7TN({L') 7TN(.’L')L kN

Proof. Adding equations (6.79), (6.80), (6.81f), (6.83), (6.84) and (6.86]), and using equation
(6.78)), we obtain

1
1 L loglog o, 8"Mg8Le’ (loglog z)? 5 8V (V) gBLe +amn ()’

N (x) * N (x) * wn(x)L kN wn(x)?2L EN
loglog = SV(N)x4Lc,+27TN(a:)c/ (log log x)2 SV(N)xSLc’+4ﬂN(x)c’
mn(x)L EN wn(z)2L EN

I log log QV(N) Z8LC +4my ()¢

Sov@ tav@r TEE @) KN !

+ L27TN(33)

N7 (Lot Ls)(p.gi f)(2) (6.87)

fEFNk

81/(N) xSLc’+47rN (z)c’
kN

L loglog x 9
< + + L (L+7Nn(z
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6.4.3 Estimation for (L4(p,g; f)(z))

We now look at the part of the sum L(p, g; f)(x) with n; # 0 and ny # 0, i.e., we now estimate
£4(pa g; f)(x)

For I > 0, n,n1,ne > 1 and for any prime p, let

Ly(l;n) = ap(p*)(as (0*") = ap (p*"~?)),

and
T(p,msma) = (a (7*") = ap (57" ~2)) (ag (57) = a (o2 2)),
be the same as defined earlier.

Thus,

A(p, q, nl)A(pv T, nQ) = 4T<p’ ni, nQ)(af(Qin) - af(q2n1_2))(a'f(r2n2) - af(r2n2_2))'

In this case, the innermost term is

ag(pP)ag(p*')as(@®* )ay (r***) A(p, g, m) A(p, 7, n2)
=day (p*")ap(p**)(a; (™) — ap(0* %)) (ag (0°") — a; (p**27%))
x ap (@) (ag (@) = ag(¢®™7?))
x ap(r?2)(ag(r®") — as (r**7?))
=day(p*")as(p**)T(p, 1, n2) Ly(k1, n1) Ly (K2, na)
=4k(p, n1,n2, 11, l2) Ly(k1,n1) Ly (K2, n2),
where for ny,ny > 1,11,l3 > 0 and for any prime r,

k(r,mi,ne,li,le) = af(r2l1)af(r2l2)T(r, ny,Na),

as defined earlier.
Now, T'(r,n1,n2) = T(r,na,n1) implies k(r,ny, no,l1,l2) = k(r,n2,n1, 11, l2).

Hence, we have
k(r,n1,m2) = k(r,ng,n1). (6.88)

For ni,no > 1 and for primes ¢, r, we define

L(q,r,nl,ng) = Z U(k1)U(kJ2)Lq(k1,nl)Lr(kg,ng),

k1,ka>0
and
k(Ta ni, nQ) = Z U(ll)U(ZQ)k(Ta ni,n2, lla lQ)a
11,15>0
as defined earlier.
We also note that
L(quv ’I’LQ,’I’L1) (689)
= > U(k)U(ka)Lg(k1,na) Ly (K2, n1)
k1,k2>0
= Y U(ka)U(k1) Ly (k1,m1)Ly(k2, n2)
k1,k2>0

:L(Ta q,n1, nz)-
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Therefore, using equations (6.88)) and (6.89)) in the third line, we obtain
Z Z n2)k(p, n1,n2)L(g,r,n1,n2) (6.90)

p,q,r<zTni,ne>1
na<ni

Z Z G (p7n27n1)L(q7T7n/27n/1)

P4, <z njnH>1
nf<nj

Z Z G (p7n1?n2)L(r7Q7n/17n/2)

P,q,r<x "1 ,n2>1
nj<nj

Z Z G(ny)G(n)k(p,n’,n5)L(g, r,n},nb)

P,q;r<T nf,ny>1
! ’
1y <ng

Z Z G nl k(p,nl,ng)L(q,T,nl,ng),

p,q,r<x ni,m2>1
na2>ni

where the fourth line is obtained by interchanging the variables ¢ and r.

Using equation , we obtain

Ly (mg' Hi) (6.91)
T E L L N Y UMV () Glm)Gln)

p,q,7r<x 11,1020 k1,ka>0n1,n2>1
ap(P*)as(p*?)ag(@**)as (r?2) A(p, ¢, 1) A(p, 7, n2)

mwN T o 2 2 2 UMU@UE)Uk)Gm)Gm)

p,q,7r<x 11,1020 k1,ka>0n1,n2>1

k(p,n1,m2,11,12) Ly(k1,m1) Ly (k2, n2)

4
"', SN GG Y UM)U )k nina, b, lo)

p,q,r<zni,no>1 11,l2>0
Z U(k1)U (k2)Lg(k1,n1) Ly (K, m2)
k1,k2>0
4
167T (1, 4L2 Z Z G’I’L] (panlunQ)L(qaranlanQ)
N P,q,r<T ny,na>1
8
1677 (I’ 4L2 Z Z Gnl (panlanQ)L(QaTanlan2)
N p,q,r<xni,no>1
na>nj
4

4L2 Z Z G nl G(nz)k(panth)L(Q,T 7’L1,7’L2)

167TN( p,q,r<xni,no>1
ny=nq
=E(p, g; f)(x) + Flp, g [)(),
where
; = 2)k L .92
g(pvgvf)('r) 167TN 4L2p (IZKmn TLZ>1 (p7n17n2) (Qa T, nlanQ)a (6 9 )
and
‘F(p7g7 f)(l‘) = 167x 4L2 Z Z k(pv n17n2)L(Qaranlan2)' (693)

p,q,r<x ny,ma>1
ni=ng
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We now find an estimate for £(p, g; f)(z). To estimate (£(p, g; f)(x)), we first find estimate
for L(q,r,m1,n2) in the following lemmas.

Lemma 6.4.17. Let p, f,g be as defined earlier. Then for primes q,r, and integers ni,ny > 1

with ny > ny, we have

L(Q7r7n17n2)
3 3 3 3

=F(m)F(na) + F(m) Y Mi(n1,q) + F(n2) > Mi(na,r) + > > Mi(n1,q)M;(na, ),

i=1 i=1 i=1 j=1
where M;(n,s) = M;(p,g; f;n,s) (i =1,2,3), are given by

Mi(p,g; fin.s) =Y. Ulk)ap(s*~2")

k>0,k>n

Ma(p, g; fin, s) = Z U(k)as(s2F+2m),
k>0

Ms(p,g; finys) =~ > Ulk)ag(s"272),
k>0,k<n—1

and
F(n)=U(n)—-U(n-1),

for any positive integer n and any prime s.

Proof.
L(qar7 nl;n2) (694)

= > U(k)U(k2)Lg(k1,n1) Ly (2, m2)
k1,k220

=Y U(k1)Ly(ki,m) Y Ulka)Ly(ka,n2)

kl ZO kzZO

— S Uk)Lg(kn)+ > Ulky)Lg(kr,m)

k120,k12>n k120,k1<n

x > Ulka)Ly(ka,na)+ > Ulka)Lp(kz,no)

k22>0,k2>n2 k22>0,k2<ng
=(D1+ D2)(g,n1) x (D1 + D2)(r, n2),
where D;(q,n1), and D;(r,n2), (i = 1,2) are defined in the following way.

For any prime s and any positive integer n,

Dy(s,n) = Z U(k)Ls(k,n,k >n),

k>0,k>n

and
Dy(s,n) =Y U(k)Ly(k,n,k <n),
k>0,k<n

We now estimate D1 (s,n), for any prime s and positive integer n.

Using Corollary [3.3.5 we have
D1 (s,n) (6.95)
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= Y0 U ap(P ) +ap(sH)

k
:U(n) + U(n)af(s4") + Z U(k)(af<52k_2”> + af(82k+2n))
k>0,k>n

=U(n)+ Y URag(s™ )+ Y Ulk)ag(s™2).

k>0,k>n E>0,k>n

We now estimate Dy(s,n), for any prime s and positive integer n.

Using Corollary we have

Ds(s,m) (6.96)
= > U(k)Ls(k,n,k <n)

k>0,k<n
= EE: U (k) (ap(s2F2m) — ap(s2n—2k=2))

k>0,k<n
=—Un—1)+U(n—1as(s*"?) + Z U(k:)(af(s%‘m") — af(SZn—Qk—2))

k>0,k<n—1
= — U(n — 1) + Z U(k)af(82k+2n) _ Z U(k‘)af(SQn_Qk_2).
k>0,k<n k>0,k<n—1

Adding equations ([6.95)) and , we obtain
(D1 + D3)(s,n) (6.97)
= U(k)Ls(k,n)

k>0

=U(n) + Z U(k)as(s2~2") + Z U(k)ay(s¥+2m)

E>0,k>n E>0,k>n

“Um=1+ > Ulkag(s™) — Y Ulkas(s™ 2

k>0,k<n k>0,k<n—1

=U(n)—-U(n-1)+ Z U(k)af(32k72n)+ZU(kJ)af(82k+2")

k>0,k>n k>0

=Y Uag(st
k>0,k<n—1
3

=U(n)—U(n—1)+ ZMi(p,ga fin,s),
3
=U(n)—-U(n—-1)+ ZMl(n, s)

i=1

where F'(n) :=U(n) —U(n —1).
Putting the estimate for (D + D2)(s,n) in equation (6.94]), we obtain

L(q,r,n1,n2)
=(D1 + D2)(g,n1) % (D1 + Do)(r,n2)
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3
= (U(nl) —U(ny—1)+ ZMi(nlaQ)

i=1

=(D1 + D2)(g,n1) x (D1 + D2)(r,n2)
= (U('fll) — U(n1 - 1)) (U(’ng) — U(TLQ — 1))

3
+(U(m) = U(ny — 1)) ZMi(nla q)

3
+ (U(ng) —=U(ng —1)) > M;(na,r)
i=1

3 3
+3 ) Mi(n1,q)M;(ng, )
i=1 j=1
3

)

3

U(ny) = Ung — 1) + Y Mi(ng,7)

i=1

3 3 3

|
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:F(nl)F(’l’Lg) + F(’I’Ll) ZMi(nl, q) + F(TLQ) ZMZ‘(TLQ,T) + ZZ Mi(nl, q)Mj(ng, ’I“).

i=1

i=1 i=1 j=1

Lemma 6.4.18. For any prime s and positive integer n,

3 [L]+1+n
> Mi(n,s)= > Ult,n)as(s*),
i=1 t=1
where
Ui(t,n), ifn=1
Us(t,n), if2<n< it
U(t,n) = o |L]+3
Us(t,n), if =5~ <n<|L]
Us(t,n), if [L]+1<n<mn(z).
Proof.
Let n =1.

Hence, for any prime s,

U(k)ag(s72") + Y U (R)ag (s = 3

E>0,k<n—1

i=1
z@%;m E>0
|L]+1 [L]+1
= > UR)ag(s™ ") + Y Ulkag(s™2")
k=n+1 k=0
|L]4+1—n |L]4+14n
— > Ulttmaps®) Y Ut - n)ag(s¥)
t=1 t=n
|L]4+14+n
= Z U(t, n)af(SQt)’
t=1

where

if(l=n<t<|L|+1-n

U(k)af(s2n—2k—2)

if [L]+2-n<t<|L]+1+n.

(6.98)
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Let 2 <n < LEEL

Hence, for any prime s,

3
> Mi(n, s) (6.99)
i=1
= Y UM D URas ) Y U7 )
k>0,k>n k>0 k>0,k<n—1
|L]+1 |L]+1
_ Z U(k})af(52k72n) + Z U(k 2k+2n Z U 2n72k72)
k=n+1 k=0
\L]+1-n LLJ+1+n et
Z U(t+n)ag(s*) Z Ut —n)agp(s*) — ZU(n—t—l)af(s%)
t=1 t=1
[L]+1+n
= Z UQ(tvn)af(SQt)a
=1
where
Ut+n)—Un—-t—1), if1<t<n-1
Us(t,n) =qU(t+n)+U(t—n), ifn<t<|L]+1-n
Ut —n), it |L]+2—n<t<|L]+1+n.

Let 58 < < | L.

Hence, for any prime s,

ZM n,s) (6.100)
Z U af 2k 2n + Z U af( 2k+2n) _ Z U(k)af(SQn—Qk—Q)
k>0,k>n k>0 k>0,k<n—1
[L]+1 [L]+1
— Z U(k)af(SQk—Qn) + Z U(k? 2k+2n ZU 2n—2k—2)
k=n+1 k=0
[L]+1-n |_Lj+1+n n—1
Z Ut +n)ag(s*) Z Ut —n)ap(s*) — ZU(nftfl)af(s%)
t=1
LLJ+1+n

Z U3(tﬂn)af(52t>7

where
—Un—-t—-1)4+U({t+n), f1<t<|L|+1-—n
Us(t,n) =<K —U(n—t—1), if |[L]+2-n<t<n-1
Ut —n), ifn<t<|L|+1+n,

Let |L|+1<n <my(x). Then, n+1> [L]| + 2, and hence, U(k) =0, for all k > n+ 1.

Hence, for any prime s,

Z M;(n, s) (6.101)
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= 3 Umas (P + 3 UR)ag(s*) —

Z U(k)af(s2n—2k—2)
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k>0,k>n k>0 k>0,k<n—1
[L]+1 n—2
= 3 U)ag (42 - 3 Ukyay (222
k=0 k=0
[L]+1+n n—1
= Z Ut —n)as(s*) — Uln—t—1)ag(s*)
t=n t=1
[L]+1+n
= Z U4(ta n)af(szt)a
=1
where
-Un—-t—-1 if1<t<n-1
Usttn) = O oD s Es
U(t—n), iftn<t<|L|+1+n.
Hence, for 1 < n < wy(x), combining equations (6.98), (6.99), (6.100) and (6.101), we
obtain
3 |L]+1+n
ZMi(nas> = Z U(tvn)af(s2t)v
i=1 t=1
where
Ui(t,n), ifn=1
Us(t if2<n< B
UROE i
Us(t,n), if =5—=<n<|L]
Us(t,n), if |[L]+1<n<an(z).

O

Corollary 6.4.19. Let s be any prime and n be a positive integer such that 1 < n < wy(x).

Then,

Z U(k)LS(k’n) = F(n) + Z U(t7n)af(32t)a

k>0

where F(n) =U(n) —U(n —1) and for 1 <n <wy(z) and 1 <t < |L]| +1+mn,

[L]+14n

t=1

U(t,n)| < 12k;.

Proof. Using equation (6.97)) and Lemma [6.4.18] we obtain

> U(k)Ly(

k>0

k,n)

3
=F(n) + Z M;(n, s)

L] +1+n

—F(n)+ Y. Ultmag(s),

t=1

where F(n) =U(n) — U(n — 1) and

S 3 3 3

~+ T~ T e

S8 F

ifn=1

if2 <n<

if LIS < < |1

if |[L]+1<n<zy(z).
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We note that for [ > 0, |[U(l)| = \p( ) 2cos2mly —p (Hl) 2cos2m(l+ 1)y| < 2k1 +2k; =

4k, for some k; > 0 (In particular, k&; = 1 with our assumption). Hence, for 1 < n < wy(x)
and 1 <t < |L|+1+4n, |U(t n)| <12k;. O

Also, using Proposition [6.3.8] we have

9
panlanQ ZE n17n2 Z‘/i(nlan2ap)a

where E;(ni,n2) (i = 1,2,3,4) and Vj(ni,n2,p) (j = 1,---,9), are mentioned in Proposition
[6-3:8 and Lemma [6.3.7] respectively.

Hence,

k(pv nlvnQ) X L(qa r,ni, n2)

3 3 3 3
= F(nl)F(n2)+F ny ZM ni,q )—‘rF(ng)ZMi(’ng,’l”)+ZZM¢(TL1,(]>MJ‘(NQ,T)
i=1 i=1 =1 j=1
1 9
ZEl(m,nz)-l-ZVz(nhnzm)
=1 =1
4 9
Z (n1,n2) + F(ng) F(m) ) Vi(na, na, p)
=1 =1
3 4 3 9
+F(n2) Y > Mi(na,7)Ei(n1,m2) + F(ng) Y >~ Mi(na,7)Vi(n1,ns,p)
i=1 1=1 i=1 1=1
3 4 39
+F(n1) ZMz(nh )El(n17n2)+F(n1) M;(n1, q)Vi(na,n2,p)

,_.
.
Il
-
Il
—
.
Il
—
.
Il
=
Il
-

t=1
(6.102)
where Hy(p,q,7,n1,n2) (t =1, -+, 8) are defined in respective order by the terms in the previous
line.
Hence, using equation (6.92), we obtain
> Elpgi
|]:N |f€}— N,k
1
= Z 4 2 Z Z k(p7n17n2)L(q7T7 711,712)
Pk fEFNK 167TN L pgr<zn1,np>1
na>ni
s (6.103)
=> > a1 S Gln)Gng)Hi(p. g v, no)
t=1 ‘]:N’k| fEFN K 27TN L p,q,r<xny,na>1
na>ni
8
:Zﬁt(x), where
t=1
Be(x) = 27TN 2rn (@A L2 Z >, G n2)(He(p, q, 7,11, n2)), (6.104)

p,q,r<zni,no>1
nz>ny



6.4. ESTIMATION FOR (L(p,g; f)(z)) = {(L1 + 2Ls + L1)(p, g; [)(2))

foralli=1,---,8.

Proposition 6.4.20. With $81(z) defined in equation (6.104), we have Bi(x) <

L
N (z)”

Proof. With the observations made in Lemma we note that for i = 1,2, 3,4,

|Ei(n1,n2)| < 64k1L,
and also, }F(n)| < 8ky, for a positive integer n.
Now, n > 1+ | L|, implies U(n) = 0 and hence, Fi(n) =U(n) —U(n —1)
Using equation and equation , we obtain

Bi(x)
1 1
== Y. 5z Z > G(n1)G(n2)H(p, g, 7,n1,m2)
|]:N’k| fEFN K 27TN( ) L p,q,r<zrni,ne>1

na>ni

1+|L] 1+|L)

B Y e E Y L L G

fEFN K p,q,r<z n1=1 no=ni+1
1+[L] 1+[L] 4

Y o—mmEy X L XL

fEFN K p,q,r<x ni1=1 no=ni1+1 (=1

1 1 3,3
- -
<<| ] E @) 57N (2)° L
M fEFNK

1
<
|FN .kl

7TN({E).

Hence,

Proposition 6.4.21. With Bs(x) defined in equation (6.104)), we have

L(loglog x) o2 gv(N) 121!

WN(.’E)2 kN

ﬁg(l‘) <

HM»

=0.

Proof. With the observations made in Lemma we note that for j =1,---

V;(n1,n2,p)| < 64k3(L)?,

and also, }F(n)| < 8k, for a positive integer n.

Now, n > 1+ | L], implies U(n) = 0 and hence, Fi(n) =U(n) —U(n—1) = 0.

Using Lemma [6.3.13] we obtain

14+|L] 1+[L]

1
mZQWN 4L2Z Z Z n2)

FEFN K p,q,r<z ni=1 nag=ni1+1
X F(ng)F(n1)Vi(ni,ns2,p)
1+|L] 1+|L]

e XY Y GG

p,q,r<x n1=1 na=ni+1

1

x F(ng)F(n) Fal

Z ‘/l(nlvn27p)

fEFN K

153

n17 n2
(6.105)
O

9,
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1+LLJ 1+LLJ v ’ 5 ’
L28 (N)$4LC +4nsc

4L2 >y Z <L+ (L + 7N () kN)

ni1=1 na=ni1+1p,qr<z
+1L] 1+[L]

4LQZ Z Z

ni=1 no= n1+1p,q,r<a:

1+|L] 1+[L] QU(N) pALe/ +4(L+1)¢!

4L2 Z Z Z (L +mx (@) L? kN

n1=1 na=ni1+1p,qr<z

’ 1 SV(N)$12L0/

4L2 L Z 74LQL27TN($)37TN($)L2T
pqr<x

) 8V(N)x12Lc'

1
< ————L(loglogz)mn(z)? + L N

N ()
L(loglog x)
L
< 7w (z)? + EN 7

’
9 8V(N).’1712LC

using L < mn () in the last third line.
Since other sums also give the same estimate, using equation ((6.102]) and equation (6.103]),

we obtain

Ba ()
1 1
= Y g Z > G(n1)G(n2)Ha(p, q,7,n1,n2)
|]:Nk| feEFN, 27TN( ) L p,q,r<xni,mo>1

na>ni

1+|L] 1+|L)

:ﬁZ%N WZZZ )

U fEFN K p,q,r<z n1=1 na=ni1+1

F(nl)ZVz(m,nQ,p)
=1

<<L(10g log ) o §V(N) 121!
mn(x)? kN
Hence,
L(loglog x) , 8 (N) g12Le!
L 6.106
62(1') < 7TN((£)2 + LN ( )
O

Proposition 6.4.22. With f3(x) defined in equation (6.104), we have
loglog x gv(N) z6Le’

fa(x) < () kN

Proof. We know, for I > 0, |[U(l)| = |p( ) 2 cos 2mly — ( 421) 2cos2m(l+ 1) < 2k 4+ 2k =

4ky, for some k1 > 0 and U(l) = 0 for [ > |L]. Therefore, |E;(n1,n2)| < 32k%(L + 1) < 64k L,
and also, |F(n)| < 8k, for a positive integer n.

Now, n > 1+ | L], implies U(n) = 0 and hence, F(n) =U(n) —U(n —1) = 0.
Using equation (6.102)) and equation (6.103)), we obtain
Bs(x)
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1
- Z )AL2 Z Z G(n2)Hs(p, q,7,m1,12)
‘]:NJCl FEFNk 27TN L p,q,r<xni,ma>1
na>ny
1 nn(z) 1+|L]
s s S G
‘fN’k| fEFN K ZWN L p,q,r<z n1=1 no=ng1+1
F(na) Z Z Mi(na,r)Ei(ni,n2)
=1 1l=1
3 7TN(1,’ 1+LLJ
= ZQ 4L2 Z Z G(n1)G(n2)F(n2) Ei(ng, n2)
i=1 =1 =1 no—ny+1

> X Mim)

fEFNkPq, 7T

It is enough to find an estimate for

wn(z) 1+[L]

27TN 27y (2)1 L2 Z Z n2)F(n2)Ey(ny,ng) |]__ N Z Z My(ng,r

ni=1 no=ni+1 fEFNkDq, T

for each I € {1,2, 3,4}, since the other two sums corresponding to Mj(ng,r) and Ms(ng,r) can
be estimated similarly and give the same estimate.

We have,

1 nn(z) 1+|L]

D 2 2 GG Fna)Ei(m,na)
ni=1 np= n1+1
z : § M2 n27

fe€FN xPqr<z

nn(z) 1+|L]

:W mzjl na Xn;Jrl G(n1)G(n2) F(n2) Bi(na, m2)
ST Ulkag(r®tem)

fEFN kPq,r<T k2>0

|fN K

1 wn(z) 1+[L]

i 2o . Gm)Gm)F(n)Eilm,na) 3

n1=1 no=n;+1

/

p,q;r<z
1 81/(N),r2k2c’+2n20’
X Z U (k) o —— +0 ( N
ko>0

nn(z) 14+|L]

Y L LY

ni1=1 no=n1+1 p,q,r<z

1 8V(N)7,.2kzc'+2nzc/
X Z rk2+n2 + < kN

ko>0

7w (z)

4L2 Z Z

ni=1 p,q,rz
1+| L]

1 1 8V(N)r2Lc/+2n2c’
x Y (W o +> + (LkN

no=ni+1
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™ z) / ’ ’
1 1 ) 8V(N)’I"2LC +2Lc +2¢
4L2 ) Z L<r+r2+'”>+<L B

ni1=1p,q,r<z

8V(N)T2Lc’+2Lc'+2c'
X b s (e

D, q,'r<:b p,q,r<x

1 ) 3 ) SV(N)JfﬁLC/
log log gv(N) z6Le’
L
Son@ TVTTEN
Hence,
loglog x gY(N) 6L’

L 6.107

Bs(z) < () + kN ( )

O

Proposition 6.4.23. With $4(x) defined in equation (6.104), we have

8V(N)x6Lc'+67rN (z)c’
kN

log log )2
(loglog x) n

T (2)? ’/TN(I)LQ

Ba(z) <

Proof. We know, for I > 0, |U(1)| < 4k, for some k; > 0 and U(l) =0 for [ > |L].
Also, fF(n)| < 8k, for a positive integer n.
Now, n > 1+ | L], implies U(n) = 0 and hence, F(n) =U(n) —U(n —1) = 0.
Using equation and equation 7 we obtain

Ba(z)
1 1
= Z 4712 Z Z G nl G(nQ)H4(p7Q7T n17n2)
‘ka| fEFN, QWN( ) L p,q,r<x ni,na>1
na>ni
1 7\'1\7 1+|_LJ
= > o) Z > Gm)G(n2)
‘fN’kl fEFN K 27TN L p,q,r<z n1=1 na=ni1+1
F(ng) Z ZMi(”%T)Vl(”hﬂmP)
=1 [l=1
9 wn(z) 1+|L]
=22 G 4L2 2 2 GOm)Gn2)F(ny)
=1 1l=1 ni=1 ne=n1+1

Z Z i(n2,7)Vi(n1,n2,p).

|}—Nk‘ fEFN kP,q,T<T

It is enough to find an estimate for

nn(z) 1+|L]

e M DTN RIS

ni=1 ng= n1+1

Ikal > 3 Mafra,rVamma,p)

fEFN kP:q,T<T
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since the other sums can be estimated similarly and give the same upper bound.

We have,

an(z) 1+|L]

27TN 27y (2) L2 Z Z G(1n1)G(n2)F(n2)

ni=1 ngo= n1+1
g g M2 TLQ, Vl(nl,n% )

|J:Nk| f€FN kP <z
nn(z) 1+|L]
27TN 2w ()1L2 . Y. Gm)G(na)F(no) ‘]:Nk| > Z
ni=1 ng=n1+1 fEFN kP,q,T<T
X > Ulko)ag(r?®t2m2) N " U)U(la)as(p™* 2" )ay (p¥2212)
k220 11,1220
li—lo#ns—ny
wn(z) 1+4+|L] ,
i S GG Y
n1=1 na=ni+1 P,q,r<x

li+la+ni+no

1
X > U(l1)U(l2)U (k2) ) Pl Y ap(prhatine)
11 12, k2 >0 t=|(l1 ~l2)— (n2—n1)| NEL peFy
li—l2#nz2—n1

wn(x) 1+|L]

4L2 Z Z )F(nQ) Z

/

n1=1 na=ni+1 p,q,T<T
li+la+ni1+n2 ' / !
1 SV(N)p2tC 7,2]626 +2n2c
x Y U)U(1)U(ks) > pirkarms TO ( kN
11,02,k2>0 t=[(l1—l2)—(n2—n1)|

li—l2#nz2—n1

TN (;C) 1+I_LJ

e oD VDS

p,q,r<x n1=1 nay=n1+1 11,1o>0
l1—l2#nz2—n1

1 1 1 1
PGB G | plt )it e T e T

SV(N)pZ(ll+lz+n1+n2)c'r2Lc'+2n2¢:' > }

—+ (L(ll+lg+n1+n2) kN

@R Z {( ~-->L<i+r12+~-->L7rN(x)

nn(z) 1+|L] ’ ’ ’ ’
81/(N)p4Lc +4nsc ,r2Lc +2nsc
+ | L3n E E
( N((ﬂ) EN

ni1=1 no=n1+1

4 SU(N)mGLcl-i-GTrN (z)c’
o > oD X N

D,q, r<x p,q,r<z

1 2 2 QV(N) 6L +67 v ()<’
<<W7TN(m)(loglogx) + [ 7n(2)L N
(log log ) 5 8VUN) 6L +6mx ()¢’
3 L
ENEIERR kN ’

using L < 7 () in the last fourth line.
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Hence,
) 8V(N)x6Lc'+67rN (z)c’

kN

(loglog x)?

mn(x)?

Ba(z) < N (z)L (6.108)

Proposition 6.4.24. With B5(x) defined in equation (6.104)), we have

log log gv(N) z6Le’
L .
Bl <2y TN
Proof. We know, for [ > 0, |U(1)| = |ﬁ(%) 2cos 2wl — ﬁ(HTl) 2cos2m(l+ )| < 2ky 42k =

4k, for some k; > 0 and U(l) = 0 for [ > |L|. Therefore, |E;(n1,n2)| < 32k%(L + 1) < 64k3 L,
and also, }F(n)| < 8kj, for a positive integer n.

Now, n > 1+ | L], implies U(n) = 0 and hence, F(n) =U(n) —U(n —1) = 0.
Using equation (6.102)) and equation (6.103]), we obtain
Bs ()

1 1 !
] X Tl 2 Cm)Ge)Hs(p.grnin)

FEFNk p,g;r<xni,nz>1
na>ny

1+|L] =nn(z

1 1 / )
= X i o X Y GGl

p,q,r<z n1=1 na=ni1+1

3 4
X F(nl) Z ZMi(nlv(J)El(nl’ 'flg)

=1 1l=1
3 1 1+|L] =N (x)
T Z 2y (2)4L2 Z Z G(n1)G(n2)F(n1)Ei(ny, ne)
=1 1l=1 ni1=1 no=n1+1
1 /
X Mi ny,q).
Foal 2 2 Milmea)

fEFN kPqT<T

It is enough to find an estimate for

1 1+|L] 7n(=) 1

2w ()i L2 > G(m)G(ng)F(nl)El(nl,nz)m > Z, Ms(n1,q),

ni=1 na=ni+1 fEFN kpPq "<z
for each I € {1,2,3,4}, since the other two sums corresponding to Mi(n1,q) and M3(n1,q) can
be estimated similarly and give the same estimate.
We have,

1 4+[L] wn(=)

W mzz:l nzzzn;+1 G(n)Gn2) F(n1) Bi(na, m2)
Z Z/ Ma(n1,q)

1
|]:N’k| fEFN kP9 T<T

1 +[L] wn (=)

S e 2 GG F ) Ei(n,ne)

ni1=1 ng=n1+1

: ﬁ Z Zl Z U(ka)ay(g2k2t2m)

fEFN kP,q,r<x k2>0

X
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1+|L] 7n(=)

1 /
o ()12 Yo Y G)Gn)F(m)Ei(ni,ne) Y
ni1=1 no=ni+1 p,q,r<z
1 8V(N)q2kgc’+2nlc'
XZU(k2) qk2+111+0< N
k2>0

1+|L| =n(z) , ,
1 1 SV(N)q2kgc +2n1c
D MDD o o PR L

ni=1 no=ni1+1 p,q,r<z ks>0
1+ L]

<<7TN(x)4L2 Z Z

ni=1 p,qr<z

N (2) / /
1 1 81/(N)q2Lc +2n1c
S () (e

no=ni+1

14+|L] =n(z)

)’ 1 1 8V(N)q2Lc'+2Lc/+2c'
I L
“mor 2 2, T Gre)

ni1=1 no=ni1+1p,q,r<z q

L 1 , SD(N)q2L0’+2Lc'+20’
— =L - L
<<7TN(1')4L2 WN(l') Z + Z < EN

P,q,r<T q P,q,r<T

1 ]U(NV) 6L/
— 7n(z)?loglog x + mx (z)? (Lx

N (x) kN

<

log 1 ]v(N) 6Lc
oglogz . zte
() kN

Hence,
loglog x LSV(N):UGLC'

Bs(z) < N (x) kN

(6.109)

Proposition 6.4.25. With fg(x) defined in equation (6.104), we have

M QV(N) 8L +8mn ()<’

Be(z) < 7 (2)2 m ()L N

Proof. We know, for [ > 0, |U(1)| < 4k, for some k; > 0 and U(l) =0 for [ > | L].
Also, fF(n)| < 8k, for a positive integer n.
Now, n > 1+ | L], implies U(n) = 0 and hence, Fi(n) =U(n) —U(n —1) = 0.
Using equation and equation , we obtain

Be(x)
1
:‘]:Nk| Z 27TN 4L2 Z Z n2 HG(p7Qar nlanQ)
U fEFN K p,q,r<Trni,m2>1
na2>ni

1 1+|L] =wn(x)

ZFN,kIf;:V 27TN )AL2 Z Yo > Gm)G(na)

p,q,r<x n1=1 na=ni1+1

F(n1) Z ZMi(m,q)W(m,nmp)

i=1 [=1
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3 1+|L] 7n(=)
= Z 27N 4L2 Z Z G nl ) (nl)
=1 1l=1 ni=1 na=n1+1

> Z M;(n1, q)Vi(n, n2, p).

feEFN kP T<T

It is enough to find an estimate for

+[L] 7wn(=)

i 2 O Cm)Gna)F(m)
3 Z Ma(ny, q)Vi(ny,n2,p),

fEFNkPq,T<T

|fN k|

since the other sums can be estimated similarly and give the same upper bound.

We have,

1+|L] 7~ (z)

1
27y (2)4 L2 Z Z G(n1)G(n2)F(n1)

n1=1 no=n1+1

1 /
><|]:N/c| Z Z Ms(n1, q)Vi(ni,ne, p)

fe€Fn kP r<z

1 1+|L] =N (z)
G n1 nz) n1
27TN 4L2 mzjl n2;1+1 |-7:N k| fE;N . (IZKm
x Y Ulkaag(q=72m) > U)U()ay (p* 2™ ay (p12"2)
k220 11,1>0
B li—l2#nz—ny
1+|L] =nn(x) ,
e L L Gm)Gm)Fm) Y
n1=1 nag=ni+1 p,q,r<z
l1+l2+n1+n2 1
x Y UWU(R)U(k) 3 et X el
l1,l2,k2>0 t=[(l1—l2)—(n2—n1)| U fEFN
li—l2#nz—ny
1 1+|L] =nn(x) )
o 2 2 GwGm)Fm) 3
ni1=1 nay=n1+1 p,g,r<z
li+la+ni+no , / ,
1 8V(N)p2tc q2k2c +2n1c
X Z U(ll)U(ZQ)U(kZ) Z ]W + O ( N
l1,l2,k2>0 t=|(l1—l2)— (n2—n1)|

li—l2#nz—ny

1+1L) 7N (@)

—mmEr X Y Y

p,q,r<x n1=1 no=n1+1 11,120
l1—l2#n2—n1

1 1 1 1
pllli=l2)=(n2—n1)| + pllhi=l2)=(n2—n1)|+1 T qu - gl T

8V(N)p2(l1 +la+ny+n2)c’ q2Lc'+2n1 c
kN

—|— (L(ll —|— lg + n1 —|— TLQ)

T 3 Z {( +—+- -)<;+q12+-~->L27w(x)
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1+]L]

N () ’ ,
SV(N) (pq)4Lc +4nn(z)e
+ <L37 N(SC) E E

kN
ni=1 no=n1+1

8y(N)x8Lc +87 N (x)c’
2 4
5 X h e 3 (e

kN
p,q, T<I p,q,r<x

1 QU(N) 8L +8my ()¢’
<<7TN(£L') 7 (z)(loglog z)? + (nN(J;)LQ r o
log 1 2 v(N),.8Lc' +8nn (z)c
<M ()2
TN (z) kN
Hence,
(log IOg a’,‘)z 8V(N)x8LC/+8TrN(x)c/
Pe(x) < TR T mn(z)L? o : (6.110)
O
Proposition 6.4.26. With $7(x) defined in equation (6.104), we have
(loglog z)* gV () gALe +amy ()<
Br(x) ()L + Ly (z) N :

Proof. We know, for I > 0, |U(1)| < 4k, for some k; > 0 and U(l) =0 for [ > | L].
Using equation ([6.102) and equation (6.103|), we obtain

B ()
1 1
= Z 472 Z Z G nl G(nQ)H7(p7an nlvnQ)
‘]:N,k| FEFN. 27TN( ) L p,q,r <z n1,n2>1
na>ni
1 nn(z) wn(z)
= > A 2 Y Gln)Gm)
‘fN’k| fEFN K Qﬂ—N L p,q,r<z n1=1 na=n1+1
3 3 4
XY 3> Mi(n1,q)Mj(na, ) Ei(na, o)
i=1j=1 I=1
3 3 mn(z) 7N ()
DI S L
i=1j=1 I=1 ni=1 nao=ni+1

|}—Nk‘ Z Z i, )My (nz, 7).

fEFN kP T<T

It is enough to find an estimate for

1 TrN(I) ‘ITN(I)
2w (@) L2 Yo Y Gm)G(na)Ei(ny,ns)

ni1=1 no=ni+1
/
Z Z M2(”17q)M2(n27r)7

1
fe€FN kP <z

since the other terms can be estimated similarly and give the same upper bound.
We have,

wn(z) 7N (x)

271'N 4L2 Z Z nQ)El(nlanZ)

ni=1 na=n1+1
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1 /
Xm Z Z My (n1, q)Ma(na, )

feFN kpqr<z

nn(z) 7w (x)
1 N
:72’/TN(II})4L2 Z Z Gnl n2)El(n17n2 |J'_' k| Z Z
ni=1 na=ni1+1 fEFNkD,qT<T
> Uk)U(ka)ag (g2 )ay(r?F21202)
k1,k2>0
1 N (z) TN (z)
e > > G)Gn2)Ei(ny,ng) > Ulky)U(ky)
N n1=1 na=ni+1 k1,k2>0
! 1 2k1+2n1  2ka+2n
>< [
Z | Pkl Z ar(q r )
P,q,r<T " fEFNK
1 TrN(’I') TrN(’I')
:W Z Z G(’I’Ll) n2 El 77,1,77,2 Z U ]ﬂl
ni1=1 no=n1+1 k1,k2>0
’ 1 8V(N) 2kic +2n1c ,.2kac’ +2nac’
x> k k +0 . -
q 1+n1pkat+na kN
P,q,r<zT

N (z) wn(z) 1 1 1
WZ > X {( qn+1+><rn+rn+1+>

p,q,r<zx n1=1 na=n1+1

N L2 81/(N)q2Lc'+2nlc'r2Lc'+2n2c'
kN
1 1
4L2 Z <y () ;+ﬁ+~-~ 7w (x)
p,q,r<x

mn(z) 7N () ( 2L +2m N (z)c’
+ <L2 Z Z ar) EN )}

ni1=1 no=n1+1

81/( ) AL +4mn (z)c’
L2
2L2 Z qr TN 33)4[/2 Z < EN

p,q4,r<T p,q,r<x

L ) QU(N) pALe 4y (x)!
(loglog x)? gV(N) pALc +amy ()¢’
— ()
()L kN
Hence,
(loglog z)? 8V (N) gALe +4m ()¢’
v T E : 6.111
fr(z) < n (@)L + Ly (z) N ( )
O

Proposition 6.4.27. With fs(x) defined in equation (6.104), we have

(loglog x)? V() 8L +87n ()<

272
Bs(r) < an(@2L nn(z)°L N

Proof. We know, for I > 0, |U(1)| < 4k, for some k; > 0 and U(l) =0 for [ > |L].
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Using equation ([6.102) and equation (6.103|), we obtain

Bs ()
1
:\]:NJc| fE;V, 27N (x 4L2P»I;T<wn1,nzz>1 G(n2)Hs(p, q, 7,11, 12)
na>ni
1 (z) 7w (x)
= G(n n2)
Pl fe;w 4L2p qzr<x nlzl na zn;ﬂ 2
3 9
XY Y Mi(ni,q)M;(na,7)Vi(na, na, p)
i=1j=1 I=1
3 3 7w (z)
= Z Z Z 2N 4L2 Z Z na)
=1 j=11=1 ni=1 na=ni+1

S S Mi(ni, )My (s, r)Vi(ni, na,p).

fEFNkPqT<T

|fN K

It is enough to find an estimate for

wn(z) 7N (x)

27N (@ 4L2Z Z n2)

ny= 11’L2 ni+1

T i Z M>(n1,q) Mz (n2,7)Vi(n1,n2, p),

fEFNkPqT<T

since the other terms can be estimated similarly and give the same upper bound.

We have,

wn(z) 7N (x)

27N (@ 4L2Z Z n2)

ni= 1TL2 n1+1
|]: | > Z Ms(n1,q) Mz (n2,7)Vi(n1,n2, p)
N.k fE€FNkPaT<T

N (x) 7w ()

oz 4Lzz Y. Gm)G n2|]__ | > Z

ni=1 no=ni+1 fEFNkP,q,T<x

Z U kl (k2) af( 2k1+2n1)af(r2k2+2"2) Z U(ll>U(l2)af(p211+2n1)af(p212+2n2)

k1,k2>0 l1,l12>0
li—l2#n2—n1

wn(z) 7N (x)

i L L GG Y

ni=1 na=n;+1 p,q,r<x
li+l2+ni1+n2 1
> U)U(12)U(k)U (k) > Tl ST ap(pPtgririmyheting
I1,l2,k1,k2 >0 t=|(li=la)—(na—n)| "~ NHE reFy

li—l2#n2—n1
mn(z) 7N (T)

sz S 2 2 Gm)Ge) X 3 UmUG)UR)U(k)

n1=1 na=n1+1 P,q,7<T l1,l2,k1,k22>0
li—l2#nz2—ny

+la4+ni1+4+n ’ ’ ’ ’ ’
d 1+ g '+ d
l1+l12 1+n2 1 <8V(N)p2t(' q2k c4+2n1¢ r2k2p 2nac )

tgk1+n1pka+na kN
t=|(—t)—(a—np)| (P "
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(@ 1 1 1 1
4L2Z Z Z Z qn1+W+ Tn2+m+

p,q,r<x n1=1 na=n1+1 11,12>0
li—l2#n2—n1

1
(le l2)—(n2—n1)| +p|(11*12)*(n2*n1)\+1 +>

8V(N)p2(ll +la+n1 +n2)c/q2Lc’+2nlclr2Lc/+2ngc' ) }

EN

1. 1 11
Z{< >()<>

an(z) 7N () (N) p8Lc' +87n (z)c’
8 N

ni=1 ny=n;+1

Z Z 48u(N)x8Lc’+87rN(r)c’
2L pqr N 4L2 kN

p,q,r<T p,q,r<T

+ <L2 (Il + 12+ 11 +n2)

1 ]
<————(loglogz)® + <7TN (z)?L*

wn(x)2L

8V(N),Z'8LC +8m N (x)c’
kN

Hence, / /
Pale) < % +7n(x)?L? 8V(N)x8;cjv+8mw)c (6.112)
O

Proposition 6.4.28. Let L = L(z) — o0, as x — oo such that L < wn(x). With E(p,g; f)(x)
defined in equation (6.92), we have

Z E(p,g; f (6.113)
fEFN,
< L N L(log logzx) N log log N (loglog x)? ()2 L2 gV (W) g8Lc +8my (x)c!
7TN(£L') 7TN((E) WN(x) WN(x)L kN

Proof. Adding equations (6.105)), (6.106)), (6.107)), (6.108]), (6.109)), (6.110)), (6.111)) and (6.112)),
and using equation ((6.103f), we obtain

Z E(p,g; )l

fef

8
= Bilx)

L L(loe 1 v(N),.12Lc
L Lfloglogr) 8
mn(z)  wn(x)? kN

log 1 ]v(N) 6Lc’ log 1 2 ]v(N) 6Lc' +67 N (z)c
Jloglogz T +(0g ogx) ()2 T
() kN 7w (z)? kN
log1 v(N),.6Lc log1 2 v(N),.8Lc' +8m N (z)c’
L log ogz+L8 T (loglog x) +7TN(33)L28 T
7TN($) kN 7TN(£L')2 kN
log1 2 V(N) . 4Lc +4m N (z)c’ log1 3 v(N),.8Lc' +8m N (z)c’
(ogloga)? 8™ (oglogal® | 1o »8" M
7wy (x)L kN wn(x)2L EN
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L N L(loglog x) N log log N (loglog x)? N o o 8V (NI 8L 48N (2)e .

Sinv@ T Tan(@) pne i e sy KN

O

Proposition 6.4.29. Let L = L(x) — 00, as © — oo such that L < wn(z). With F(p, g; f)(z)
deﬁned in equation (6.93)), we have

Y. FlogHi (6.114)
|]:N k| FEFN K
< 1 L n L(log log;v) n loglog = n (loglog z)? ()12 g (N) g8LC +8mn ()<’ .
wn(z) \ 7 (2) N (x) N (x) 7w (x)L EN

Proof. Using equations (6.93)) and (6.102]), we obtain

= > Flp.g )
fEFNk
1
:|f Z 167 4L2 Z Z k(pvnlvnQ)L(Qar7nlyn2>
ol p &, 10 pgr<znina>1
ni=nsz
1
:Z |ka| Z 47TN 4L2 Z Z 77,2 Ht(paQ7r 7’L1,7’L2)
t=1 M fEFN K p,q,r<zni,n2>1
na=mni

where Zwt(x) are defined in respective order by the terms in the equation (6.102)).

N (z) 7N () N ()
We note that after replacing “ Z ” e, ¢ Z Z " with “ Z ”in B,;(z), we obtain
ni,n2>1 ni=1 ny=n1+1 ni=1

na>ni

w;(z),for each i =1,2,--- ,8.
Hence, using inequation (6.113]) in the last line, we obtain

Z fp,gf

fe]—‘
8
=2 wia)
t=1
1 L L(log 1 log1 log'1 2 v(N) ,.8Lc' +8m N (x)c’
< , Ldosg ngx) , loglogz  (loglog 2) o (@)2r2S _
mn(z) \ () () () wn(z)L kN
O
Proposition 6.4.30. With L4(p, g; f)(z) defined in equation (6.91), we have
| 5 Gbne) (6.115)
feFn,
1
——=— Y Epgif)= Z D(p,g; f)(x
T fEFNK f€-7: N,k

81/(N) :L.8Lc'+87TN (z)c’
kN

L L(loglogz) loglogz  (loglogx)?

7w (x) mn(x)? 7wy (x) wn(x)L

< 7 (z)?L?
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Proof. Adding equations (6.113)) and (6.114}), and using equation (6.91)), we obtain

IJ-'Nk\ > Lalp,g; f)(@)

fEFN Kk

Z Ep,g: )+ﬁ > Dlp.gi )

fEFN, Nk fEFN K
L L(log logz) loglogz  (loglogw)? 5 o 8 (N)gBLe +8mn ()’
< ! T (z)
7w (z) () () mn(z)L kN
O
Proposition 6.4.31. For positive integers k and N with k even, and L < wn(x),
L L%(loglogz) L3(loglogz)? (loglogx)?
> o (oglog) | L(ogloga)* , (loglog)
|fN FeFn N(.’E) TN (.’t) TN (.’E) ™ (LE)L
IOg log T ) ) 8V(N)$8Lc’+87rN(ac)c'
————+ L
N (x) + L () kN
Proof. Adding equations (6.71)), (6.87) and (6.115) and using equation (6.61)), we obtain
L(p, 6.116
‘ FN Z (p,g; f)(z (6.116)
fEJ:N k
1 4
:ﬁ Z Zﬁi(/’a%f)(x)
Nk fe]:Nk =1
‘f |Z£1p7gf) Zﬁzmgf Zﬁ4pgf (x)
Nk fEFN K fEFN, fef N,k
< 1 L?loglog x L3(10g log )2 1 YN 38L
N (x) mn(x)? iy (x)3 7w (x) kN
L lOg log T ) 8u(N)x8Lc/+4ﬂN (z)c
L (L
o Tz TP ) —
L L(log1 log' 1 log'1 2 v(N),.8Lc' +8mn (x)c
n 4 Llog 05%233) oglogz  (loglogx) T‘_N(l,)QLQS x
7TN(£L’) 7TN(£C) 7TN([L’) WN(x)L kN
< L L?(loglogz)  L3(loglogx)?  (loglogx)?
() ()2 ()3 wn(z)L
IOg lOg T ) ) 81/(N)x8Lc’+87rN(x)c'
——— 4+ L
() L@ kN
O
6.5 Estimation for (M(p,g;f)(z)) = (M1 + 2M,

M) (p, g; f)(x))

We now address

M(p.g: f)(z) = ———

Gdmy (2)i L2 Z/ Ti(p)T2(a)T5(p, ) T1 (1) T2(s) T5(r, 5).

D,q,7,S<T

p) =Y Ull)as(p™"),

1,>0

Here,
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To(q) = Y Ulla)ap(q™?),
15>0

Ty(r) = ) Ulkr)as(r*),
k1>0
To(s) = ) Ulkz)as(s*),
k2>0
TS(pv q)
=4G(0)+ Y 25 ( > (ag(P*) = ay(*" ") (as(¢*") — as(¢*"™?))
— a 3! n
—}Z:Og (WN(I)> Al.gm)
and
= q 12 r,8,M
T5(r,s) = nzzz:og (WN(:U)> A(r, 8,m2),
where
ifn=0
A n) =
(p,q,n) {Q(Gf(pzn) _ af(pQ"_Q))(af(qZ") _ af(qQ”_Q)) ifn>1,

and G(n) =9 (#(IJ , as defined earlier.

Thus,

M(p, g' (@)

:W Z/ Ty (p)T2(q)Ts(p, )Ty (r) Ta(s)T5(r, s)

647rN(1w4L2 Z > > > U U (k1)U (k2)G(n1)G(n2)

p,q,7,s<x 11,1220 k1,k2>0n1,m2>0

< ap(p*)ap(¢?)ap(r*)as(s*2) A(p, g, 1) A(r,

167

(6.117)

s,n2).

Since the summation is over n,ny, where the indexes ni,ns run up to 7y (), we can break

the summation into the following four parts:
1) ny = 0,n9 =0,
2) n1 #0,n9 =0,
3) n1 =0,n9 #0,
4) n1 # 0,n9 # 0.

We also denote the summation in the i-th part by M;(p, g; f)(z), i = 1,2, 3,4 respectively.

We will also write M; for M;(p,g; f)(z), i = 1,2,3,4, in short.

By interchanging the variables ni, no first and then replacing the variables p,q,r and
s with r,s,p and ¢ respectively and at last interchanging the variables ki, ko, with 1,5 in
Ms(p,g; f)(x), the summation over nj,ng where n; = 0,n2 # 0, we note that the summation
over ni,ne where n; = 0,no # 0, is exactly the same as the summation over ni,no where

ni 7é 07“2 = Oa i'e', M2(pvg; f)(x) = MB(p7g;f)(x)'
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Therefore,

M(p, g; f)(z) (6.118)

4
:ZMi(p,g;f z
=Mu(p,g; [)(w) +2M3(p, g; f)(x) + Ma(p, g; f)(z),

where M1 (p, g; f)(z), Ms(p, g; f)(z), and My(p, g; f)(z) are defined in Sections and
6.5.3| respectively.

6.5.1 Estimation for (M;(p,g; f)(z))

If (ny,m2) = (0,0), then the innermost term is
167 (p*")ar(¢*)as (r*)ag(s72).
Thus, using equation ((6.117)), we obtain

> Milp,g; f)(x)

fEFN K

. Y fmE, X B Y UV )G
1,2

p,q,7,s<x 11,1020 k1,ko>0

X af( 2l1)af< 212)af< 2k1>af( ka)A(p, q, O)A(T, 5,0)

647TN 64y ()12 Z Z Z U(l)U(12)U (k1)U (k2)G(0)?

p,q,7,s<x l1,l12>0 k1,k2>0

1
|fN k‘ Z le (p2l1q2l2 2]{,‘1 2]{:2)
T fEFN K

___G(oy? !
"y (2)'L2 2

p,q,m,s<T

{U(O)‘* + > U (U (I2)U (kU (k)
l1,l2,k1,k2>0
(l1,l2,k1,k2)#(0,0,0,0)

y 1 N SU(N)p2llc'q2l2clr2klc’s2kgc'
pll qlg rkl 8k2 kN

1 1
_ 1
<o X |

P,q,T,8<T

1 8V(N)p2llc'q2lzc'r2krlc’ 521625/
Z pll ql2 rkl SkQ + kN

l1,l2,k1,k2>0
(11,l2,k1,k2)#(0,0,0,0)

1 / 1
< wn(x)4 L2 Z { Z plglarks g2

p,q,m8<x \ly1,l2,k1,k2>0

8L/(N)p2l1 c q2l2 < T2klc’ SQkQC'
+ >

kN
l1,l2,k1,k2>0
(11,l2,k1,k2)#(0,0,0,0)

1 8V(N)( 2Lc’
EETPY {Z il zjfv)}

p,q,T,s<x 11 >0 l2>0 k1>0 ko>0

8D(N) pqrs)2LC
4 4
oom| T ot ¥

q,r,s<x p,q,7,s<x
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1 A 4 48V(N)(E8Lc/

L

<<WN(x>4L2{”N("””) @) LTy

1 2 81/(N)x8Lc’

<zt KN

Hence,
M, ( ! LQSV( ol 6.119

B 2 Mg ) < g5+ 10— (6.119)

FEFNk

6.5.2 Estimation for ((Ms+ M3)(p, g; f)(z))
We now look at the part of the sum M(p, g; f)(x) with n; = 0 and ny # 0, i.e., we now estimate
Ms(p,g; f)(x). In this case, the innermost term
ag(p*)ag(¢*)ay (r**)as (s**) Alp, ¢, 0)A(r, 5,n2)
=8y (07 g (472)ag (7 )ag (%) (s (272) — ap(2"2=2) (s (52°2) — g (722))
=8ay(p*)as (¢ ){ay (r**)(ap (r*"2) — ap (r®27%)) Hag (s*2) (ag (s*") — as (s*"27%))}.

We want to find an estimate for

Ma(p, g; f)(z) + Ms(p, g5 f) (@) (6.120)
:2M3(pvg' f)( )

647TN St (1)1 ST Y Y U U UR)U (k) G(0)G ne)

p,q,7,8<x l1,10>0 k1,ko>0ngs>1
ag(pP)ag(q*2)ay (r** )as (s**) A(p, 4. 0)Alp, r, n2)

647TN 647y (2)iL2 Z YooY > U)UL)U(k)U(k2)G(0)G(n2)

p,q,r,s<x l1,l0>0k1,k2>0n2>1
af(P%) £(@){ag () (ap(r*™2) = ag (7" 72) Hap (572 (ay () = as (s 72)}

47rN 4L2 Z > Gna) Y UM)Uk)ar(™ )as(r® ) (ap(r®"?) — ap(r’*27?))

p,q,r,s<x na>1 l1,k1>0
x> U(l)U(k2)ar(q*)ap(s™)(ap () — ap(s>72))
l2 k2>0

47TN 4L2 Z Z G 7’L2 Al(p 9; f7n2up7 )Al(p7g;f;n27qas)a

p,q,r,s<xna>1

where A;(p, g; f;no, p,r) is defined in equation (6.73) and thus,

Ai(p.g: fimauv) = 37 U)U(k)ag (™ )ag(o™)(ag (") = ap(0?272).
l1,k1>0

Using equation (6.76)), we obtain

Ai(p, g; fim2,p,7) = U(0)(U(n2) — U(ng — 1)) + Fi(na,p,7) + Fa(nz2,p,7),

and

'Al(pvg; f;n27Qa5) = U(O)(U(nQ) - U(Tlg - 1)) + Fl(nQaQ75) + FQ(n27q75)'
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For primes p, g, 7, s and fixed integer no > 1, using the above equations, we obtain

Ai(p, g; fina,p,r) x Ai(p, g3 fin2, 4, 5)
= (U(0)(U(ng) — U(ng — 1)) + Fi(n2,p,r) + Fa(na,p, 1))
x (U(0)(U(nz) — U(ng — 1)) + Fi(n2,q, s) + Fa(ns, q, s))
= (U(0)F(n2) + Fi(n2,p,7) + Fa(na,p, 7))
x (U(0)F(ng) + Fi(na,q,s) + Fa(na, q,s))
=U(0)>F(n2)* + U(0)F(n2)(Fy + F2)(na,p, ) + U(0)F(n2)(Fy + F2)(na,q, s)
+F1(n2,p,r)Fi(n2,q,s) + Fi(n2,p,r)F2(n2, g, 5)
+F1(n2,q, ) Fa(n2, p,7) + Fa(nz,p, r) Fa(na, g, 8),

where
F(n)=U(n)—-U(n—1).

Therefore, using equation ((6.120]), we obtain

1
> (Malp, g; (@) + Ms(p, g; f)(x)) (6.121)
fEFNk
1
= Z A 4L2 Z Z G n? Al(pag f7n27pu )Al(pmg;f;n%qws)
FlreFNk N p,q,m,s<T No>1
1
Z A7 4L2 Z ZG )QF(”z)2
M feEFNk N p,q,m,s<x No>1
1
tE D o 4L2 S Y GOGMm)U(O)F(no)(Fy + Fo)(na,p.v)
M feEFNk N p,q,m,s<T No>1
1
+ > i 4L2 Z > G(0)G(n2)Fi(na, p,7)Fi(na, q,5)
M feEFN K N p,q,m,s<x No>1
1
Z pp 4L2 Z Z G(n2)F1(ng, p,r)Fa(n2,q, s)
M feEFN K N p,q,m,s<x No>1
1
+ Z 4 2 Z Z G(n2)Fa(ng2, p,m)F2(n2,q, s)
|}—Nk‘ fEFN, 47TN L p,q,r,s<x No>1
5
:Z’yt(x%
t=1

where vt (x) are defined in respective order with the order in the previous line.
t=1

Proposition 6.5.1. With v,(z) defined in equation (6.121)), we have 1 (z) < .
Proof. We know, |F(n)| < 8k1, for a positive integer n.
Now, n > 1+ | L], implies U(n) = 0 and hence, F(n) =U(n) —U(n —1) = 0.
Using equation , we obtain

1 () (6.122)
1 2 2
= Z drn(2)iL2 Z Z G(0 U(0)"F(n2)
‘]:N’k| fEFN K 47TN L p,q,r,8<x na>1
1+|L]

1 2 2
Pl 2 T 4L2 > X6 vorEe)

" fEFN K p,q,r,s<z na=1
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1+|L]

1
Tl (4Lz )EDIE!

p,q,r,s<x na=1

N,k

1

Sv@'L?

7 (z)*L

=

Proposition 6.5.2. With v(x) defined in equation (6.121]), we have

(loglog x) ]U(N) 6Lc’

Y2 (z) < m—)7 + o

Proof. We know, |F(n)| < 8k, for a positive integer n.
Now, n > 1+ | L], implies U(n) = 0 and hence, Fi(n) =U(n) —U(n—1) = 0.
Hence,

|F11Vk| 2 47rN )AL2 Z > GO)G(n2)U(0)F (n2) Fi(na,p, 7) (6.123)

fEFNk p,q,rs<x no>1

1+|L]

1 U(0)G(0)
:|]:N,Ic| Z 47rNa:4L Z Z F(ng)Fi(n2,p,7)

fEFN & p,q,r,s<x no=1
1+| L]

__ 1 U(0)G(0)
| Pl Z 47rN;z;4L Z Zan

fEFNk p,q,r,s<x na=1

xS Uk)Uk)ar(?)ap(r?F2)(as(r2™) — ap(r272))
k1,k2>0,k2>n2
(k1,k2)#(0,m2)

2U(0)G(0)
47TNCU4L Z Z
p,q,r,s<x na=1

x Z U (k1)U (k) <<af(p2’“1r2k2_2”2)> + <le(p2k17‘2k2+2n2)>)

k1,k22>0,k2>n2
(k1,k2)#(0,n2)

0)
47TN3E4(L Z Y Glna)F(

p,q,m,s<z m2=1

1 1 81/( )p2k71c 7,,2kzc +2nsc
<Y URUG) | s+ S O ( -
k1,k2>0,ka>n2

(k1,k2)#(0,n2)

1+[L] 9 8V(N)p2k1c'r2k2c’+2nzcl
4L2 Z Z Z k1pka—n2 kN
p,q,7,s<x no=1 kq1,k2>0,ka>no p

(k1,k2)#(0,n2)

e (G e e )

P,q,m,8<T
S
kN
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1 ’ 1 1 1 ]U(N) p6Lc!
K—— -L+-L+—L+L*——F—
7TN($)4L2p7q;S$ <r D r kN
1 (1 gv(N)g6Le" (loglog x) gV (N) g 6Lc’
IRVET —-L L L )
<<7rN(ac)4L2p q;q (r ) TN T S Tav@r TN
We also have,
Z 47TN )AL2 Z Z U(0)F(n2)F2(n2, p,r) (6.124)
feFn, p,q,r,s<T ng>1

1+]L]

> 4Ni§1(2 Y 3 ComFeFimmn

fEFN K p,q,r,s<z ma=1
14| L]

)G(0)
> 2 s S
fEFN, p,q,m,s<x na=1

X Z U(kl)U(kZ)af (kal )a‘f (T2k2)(af (712712) _ a‘f (7,,2712—2))
k1,k2>0,ka<nz
(k1,k2)#(0,m2—1)

) (0) 14[L]
MN i X 2 Gm)F
p,q,r,s<x no=1

X U(k1)U (k2) <<af(p2klr2k2+2n2)> _ <af(p2klr2n22k22)>)

k1,k2>0,ka<n2
(kl,kz)#(o nz—l)

1+(L)

7A27TN (z) Z Z

p,q,r,s<x na=1

1 1 81/(N)p2k1c’r2kgc +2nsc
X Z U(k1)U (k2) pRipkatnz | phipnaFa1 +0 ( EN
k1,k22>0,ka<nz

(k?l,k}Q);ﬁ(O,’ﬂzfl)

1+[L] 9 8V(N)p2k‘10,r2k2cl+2’nzcl
+
4L2 Z Z Z pkl rnszzfl kN
p,q,r,s<x no=1 kq,k2>0,ka<no

(k1,k2)#(0,n2—1)

o (O G e )

P,q,7,8<T
L38U( ) 2Lc’p4Lc'
kN
1 (1 1 1
_— -L+-L+—L+L3
< 5 > (r Tl L N

8V(N)x6Lc’
TN ($) L

P,q,T,8<T

1 I
< 7 (z)4L2 Z

D,q,T,S<T

1 gV (N) z6Le! (loglog ) gy (N) 6L’
L) +r L .
( ) PPN S @)L KN

Adding equations ([6.123)) and (6.124]) and using equation (6.121)), we obtain
) (6.125)

|]:Nk| 2 47TN Irn(2)iL? Z > Gl U(0)F(n2)(F1 + F2)(n2,p,7)

feFn, p,q,r,s<x no>1
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(loglog x) gv(NV) 6L’
mn(z)L kN
O
Proposition 6.5.3. With v3(x) defined in equation (6.121), we have
(log log LU)2 s gV(N) p12Lc
— L
Ys(x) < N (z)2L (@) kN
Proof. We first find an estimate for |}_ | Z Fl(ng,p, r)F1(na,q, s).
Nkl peFy,
1
‘f | Z Fl(n2ap7r)F1(n27q) S) (6126)
Nk FEFN K

S X X VU a7 — o)
F 11,122>0,l2>n
fe (}132)2’5(% n2§

X > UE)U(k2)ag(@™)as(s™)(ap(s>") — ap(s*72))
k1,k2>0,k2>no
(k1,k2)#(0,n2)

YooY UWUU)ap (™) ag(r?=72m) 4 ap (r#27202))
fEFNk 11,12>0,l2>n2
(L1.12)2(0;n2)

N Uk)U(ka)ag (@) (ap(s5272m2) + ag(s221202))
k1,k2>0,ka>no
(k1,k2)#(0,n2)

= 2 > U@UUER)U k)™ ™)

11,d2>0,l>ns k1,ks>0,ks>na
(l1,12)#(0,n2) (k1,k2)7#(0,n2)

X (ag(r22722) 4+ ap(r22722)) x (ap(s227202) 4 ap (572 202)) )

1 1 1 1 1
< Z Z phqkl pla—n2 + plat+ne gka—n2 + gk2+n2

l1,122>0,l2>n2 k1,k2>0,ka>n2
(11,12)#(0,n2) (k1,k2)#(0,n2)

8V(N)p2llc/ q2k1 c ,,,2l2  +2nsc’ Sng  +2nsc’
kN

\fN k|

1 1 1 8V(N) 2L 4Lc
< ¥ Y gEmm ) Ty
pligh rla—na2 gha—k2 kN

11,122>0,l3>n2 k1,ka>0,k2>n2
(l1,12)#(0,n2) (k1,k2)7#(0,n2)

We now use equation (6.126)) and the fact ny <o, (i.e., ng < | L] in the following sum) to
obtain

Z Fl(n27p7T)Fl(n27QaS) (6127)
fEFN,

> Y 0

p,q,r,s<xna>1

1 1

1 1
<Y ¥ Zﬁm > g1 ska—nz

p,q,r,s<xn2>111,10>0,l2>n2 k1,k2>0,k2>n2
(11,12)#£(0.m2) (k1,k2)#(0,n2)

81/(N pq)2Lc (,,,.S)4LC
4
Y X N

p,q,r,s<xn2>1



174 CHAPTER 6. SECOND MOMENT

! 1 1 1 1 1 1
<Y (e D) (et D)
pams<enss1 NPT P qg s gs

’ 8V(N)$4Lc’+8Lc’
-
+ > —
p,q,m,s<T

! 1 ]V(N) p12Lc
< L— +an(z) P ———
p,qggm Pq (@) kN

< (loglog z)? Ly (x)? + iy (z)*L N

Using equation (6.127]), we obtain
73(@) (6.128)

:m > ZG(O)G(nz)ﬁ > Fi(ng,p,r)Fi(na,q,s)

p,q,rs<xTn2>1 T fEFN K

81/(N) I12LC’ >

< (loglog z)? Ly ()2 + mn ()" L°

1
7w (z)4L2 ( EN
(loglog z)?

81/(N)x12Lc'
— 4715
a mn(x)?L () kN

Proposition 6.5.4. With v4(x) defined in equation (6.121]), we have

(IOgIOg 33)2 L3 SV(N)LL'GLC/
wn(x)?L EN

Ya(x) <

Proof. We first find an estimate for

Z Fi(ng,p,r)Fa(na,q, s).

1
|]:N’k| fEFNk

Using the fact na <o, (i.e., n2 < |L] in the following sum), we obtain

Y Fi(na,p,r)Fa(n2,q,5) (6.129)

1 _
~Fvrl > > U)UI)ar(p™)ay(r¥)(ap(r®™?) — agp(r?™7?))
’ F 11,12>0,l5>n
J&Fa &132)75(20,"23

X > U(k)U (k2)ap (¢ )ag(s°**)(as(s*"2) — ap(s*77))
k1,k2>0,ka<ng
(kl,k}Q)#((],nzfl)

__ Z Z U(I)U(Iy)as (p?) (ap(r22=2m2) 4 qp(r22t2n2))

f
N FEFN & l1,2>0,12>ns
(l1,l2)#(0,n2)

x > U(kn)U (k2)ag (g™ ) (ap (s*027212) — ap(s2r2720272))
k1,k2>0,ka<ns2
(k}hkg)?ﬁ(o,’ﬂq—l)

= 2 > UWUR)Uk)U (k) (ar(p™ )
11,12>0,l2>n2  k1,k2>0,k2<nz
(11,12)#(0,n2) (k1,k2)#(0,n2—1)

% (af(r2lg—2n2) + af(r2l2+2n2)) % (af(82k2+2n2) o af(82n2—2k2—2))>
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1 1 1 1 1
< Z Z pl1qk1 pla—n2 + platna gk2+n2 - gn2—ka—1

l1,1220,la>n2  k1,k2>0,ka<ns
(11,12)#(0,n2) (k1,k2)#(0,n2—1)

SV(N)pmlc’ q2klc'r2lgc’+2nzc's2kzc'+2ngc' )

kN
< Z Z 1 1 1 L4 8U(N)( )2Lc' (TS)4LC'
pllqkl le—’l’bz S’I’Lz—k}z—l kN :
l1,12>0,l2>n2  k1,k2>0,k2<na
(l1,12)#(0,n2) (k1,k2)7#(0,n2—1)
We now use equation ((6.129)) to obtain
/ 1
> G(O)G(ﬂz)ﬁ > Fi(ng,p,r)Fa(na,q, ) (6.130)
p.grs<zny>1 MR feFu

/ 11 11
< X Z( > pzlrb-z>( > WW)

P,q;rs<Tna>1 \11,022>0,l3>n, k1,k2>0,k2<ns
(ll,lz) (0 ’I'Lz) (k?l,kg)?f(o 77,2—1)

V(N 2Lc 4ALc
n Z ZL48 pQ)N (rs)

p,q,r,s<xng>1

v(N) .6Lc’
l 58 ( )I

1 1 1
44— P
< ¥ X G Gritn)r X vt
p,q,r,s<xrno>1 p,q,m,s<x
8u(N)x6Lc/

D I

p,q,r,s<xT
J
8V(N)x6Lc

<(loglogz)?mn (x)* L + 7y (2)* L5 N

Using equation (6.130]), we obtain

74(@
47TN 4L2 Z Z m Z Fl(n27p7T)F2(nQaQ7s)

p,q,r,s<xn2>1

1 ) ) A 581/(N) 6Lc
<<W (loglogz)“mn(2)°L + wn(x)" L — N

L8V 26L¢

(6.131)

_ (loglog x)?
" (@)L kN

Proposition 6.5.5. With 5 defined in equation (6.121)), we have
SV(N)xSLc/+4ﬂN(m)c/

(log log x)? 5
L
+ 7y (x) N

75(1') < WN(I)LZ

Z Fy(ng,p,7)Fa(na,q, s).
feEFN N,k

Proof. We first find estimate for ——

1

m Z FQ(n27p7 T)F2(n27Q7S) (6132)

fEFN K
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e X UV e ) a2 )
Nk fEFN K 11,12>0,la<ns
(11,l2)#(0,n2—1)

x > U(k)U (k2)ar (¢ )as(s**2)(ag(s7"2) — ap(s*"27?))
k1,k2>0,ka<ng2
(k}l,kz)?ﬁ(o,ngfl)

21 2lo+2n
Ika| 2 > UW)U)ag(p™)(as (=)
fEFN K 11,122>0,l2<n2
(11,12)#(0,n2—1)

X > U (k1)U (k2)ay(¢**)(as(s*2722)
k1,k22>0,k2<nz
(k1,k2)#(0,n2—1)

> S UMUKk ar (b ¢*)
11,12>0,lo<ny  k1,k2>0,kx<ng
(11,12)#(0,n2—1) (k1,k2)#(0,n2—1)

_ af (7,2n2—2l2—2))

—ay (8271272]@272))

(af( 2l2+2n2) _ af(T27L2—212—2)) % (af(82k2+2n2) _ af(82n2—2k2—2))>

1 1 1 1 1
< Z Z (pll qk’l (,rl2+n2 + rnQ—l2—1> <Sk2+n2 + )
[1,12>0,l2<n2  k1,k2>0,ka<no

Snz—kg—l
(11,02)#(0,n2—1) (k1,k2)#(0,n2—1)

8V(N)p2l1 c q2k1 ¢ r2l26'+2n2 c S2k2 ¢ 4+2nsc’
+

kN

1 1 1 81/(N) 2Lc 2Lc'+2nqc’
< ¥ 3 ( >+L4 (pg)=" (rs) _

11 k1 Tnzflzfl sTlQ*k}z*l kN
L a300a<ns  kika>0ka<ny \P 9
(11,02)#(0,n2—1) (k1,k2)#(0,n2—1)

We now use equation ((6.132f) to obtain

Z ZG |]_~ ol Z Fy(n2,p,7)Fa(n2, q, s) (6.133)
P,q,7,8<x na>1 FEFN K

S 11 1
<y 5 ( I > )
p,q;r;s<x na=1 l1,1220,l3<nz

qkl S’I’Lgfktz*l
k1,k22>0,ka<ng
(ll,lz);ﬁ(o n271) (k}l,kg)?f(o,nz*l)

N (2)
81/(N) pq)QLc (7,3)2Lc +2nac’
DI N
p,q,r,s<x na=1
S 1\ /1,1 1
<y ¥ N
pr q s gs
p,q,7,s<x na=1
’ A 8V(N)x4Lc'l.4Lc'+47rN (z)c’
+ Y wn(@)L N
P,q,T; 8 <
81/(N)1,8Lc'+47rN(z)c'
514
L
<<p q;q v (x oo T mn(z) N

]U(N) 8L +amn ()<’
< (loglog z)?mn (x)® + 7y (2)°L* N .

Using equation ([6.133)), we obtain

¥5(2) (6.134)
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1 ’ 1
“Tn e 2 2 OG> Fa(nap1)Fa(n2,0:9)

g, s<T g >1 JEFN &
1 ) 3 5 48V(N)x8Lc'+47rN(w)cl
<<W <(loglogx) wn(z)” + mn(z)°L N
log log )2 81/(N)$8Lc’+47rN(z)c’
:7( g 08 g +7TN(.Z')L2
(@)L kN

O

Proposition 6.5.6. Let L = L(z) — 00, as x — oo such that L < wn(x). With Ma(p, g; f)(x),
and Ms(p, g; [)(x) defined in equation (6.120), we have

&V(N) 8L’ +amp (x)c!

kN

1 (loglogz) (loglogx)?
L wn(z)L 7y (z)L?

+ 7TN(SU)4L5

Proof. Adding equations (6.122), (6.125), (6.128), (6.131) and (6.134), and using equation
(16.121)), we obtain

1
|FN k|

2

> (Ma(p,g: (@) + Ms(p, g: () (6.135)

fE€EFN K

S Mo, g; f)(a)

fEFNk

o

s

t=1
1 log1 ]V(N) ,.6Lc’ log1 2 g(N) p12L¢
<1y {loglogz) z (log ng) an() L
L an(z)L kN wn(x)2L kN
M N LS 8IJ(N)$6LC (log log (L‘)2 . (x)LQ 8V(N)(ESLC +47n N (z)c
mn(z)2L kN m(z)L? EN
1 (log IOg J}) (log log m)Q A5 SV(N)xSLC/+4ﬂN (m)c’
T L
DA ey i e ey R € N :
using L < 7y (x) in the last line. O

6.5.3 Estimation for (My(p,g; f)(z))

We now look at the part of the sum M(p, g; f)(z) with ny # 0 and ny # 0, i.e., we now estimate
(Ma(p, g; )(@)).

For [ > 0, n,n1,n2 > 1 and for any prime p, let
Ly(l,n) = ag(p*)(ag (p*") — ag (p*"~?)),

be the same as defined earlier.

Also,

A(p7 q, nl)A(T, S, TLQ)
:4(af(p2n1) _ af(p2n1—2))<af(q2nl) _ af(qgnl_g))

X (af(,r,an) _ af(r2n272))(af(32n2) _ af(s2n272))'
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In this case, the innermost term is

s (0P )y (¢22)ag (2 )ag (572) Alp. g.m ) A(r. 5,mo) (6.136)
=day(p*)(ar(p>™) — ar(p*™~?))

x ap(@®*)(ap(@®™) = ap(¢* %))

< ap(r*)(ap(r*"?) = ag(¢*"7?))

x ap(s”)(ap(s*") — ap(s*"27?))
—AL, (11, 71) Lg(la, 1) Ly (1, 13) L (o, ).

For n > 1 and for any primes p, let

K(p,n):=>_ U(l))Ly(l1,n).

Hence,

and

Using equations (|6.136), we obtain

M (p,g' () (6.137)
WN A STY Y Y VWU (k)G n)Gln)

p,q,7,8s<x 11,1520 k1,ka>0n1,m2>1
ap(P*)ag(g®)as(r** )ag(s*2) A(p, ¢,n1) A(r, 5,n2)

WN e . 2 X 2 U U@UE)Uk)Gm)Gn)

p,q,7,8<x 11,50 k1,ka>0n1,m2>1

Ly(li,m1) Ly(l2,n1) Ly (K1, m2) Ls (k2, n2)

647TN 4L2 Z Z G(n1)G(n2) (ZUll ll,nl))

p,q,r,s<xn1,na>1 11>0

Z U /f1 /fhnz Z U 12 l2,n1 Z U k2 k27n2)
k1>0 15>0 k2>0

W Z Z G(n1)G(n2)K(p,n1)K(q,n1) K (r,n2) K (s,n2).

p,q,r,s<xn1,na>1
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We now find estimate for K (p,n1)K(q,nq).

Using Corollary we have for any two distinct primes p, ¢ and positive integer n,

K(pvnl)K(Q7nl)

[L]+1+4n, |L|4+14n1
=P+ > Ultn)as0*) | [ Fo)+ Y. Ulta,ma)ag(g™?)
t1=1 to=1
[L]+1+n,
=F(n)>+ F(n1) > Ultz,m)ar(¢*?)
to=1
|L]+1+n, |L]+1+ny [L]+1+ny
+F(n) > Ult,n)apr@™)+ Y > U(t,n)U(ta, n)ag(p™ ¢**2)
t1=1 t1=1 to=1
[L]+14+n,
=F(n)*+F(n) > U(t,m)(ar(p*) + ar(¢™))
t=1

|LJ+1+n1 [L]+14n,
* Z Z U(ty,n1)U(t2, n1)ay(p*h ¢*2)

t1=1 ta=1
[L]+1+nq [L]+1+4n1 [L]+14n,
:F(n1)2+F(nl) Z G(tanlapvQ)+ Z Z H(t1;t27n17p7Q)a
t=1 t1=1 to=1
where ) )
G(t',n,r,s) =U®t,n)(ap(r*) +as(s*")),
and

H(t,t',n,r,s) =U(t,n)U(t, n)af(r%sgt/),
for distinct primes r, s, and positive integer t,t’, n.

Hence,

K(r,nq2)K(s,n2)

[L]+1+n2 [L]+1+n2
= | F(n2) + Z U(ts, ng)as(r?'s) F(n2) + Z Ul(ty, na)as(s)
ta=1 ta=1
[L]+1+n2 |L|+14ng [ L]+1+n2
=F(n2)* + F(ny) Z G(t',na,r,s) + Z Z H(ts, tq,no,1,5).
=1 ta=1 ta=1

Therefore, distinct primes p, ¢, r, s and positive integers ni, no,

K(p,n1)K(q,n1) K (r,n2) K (s,n2) (6.138)
[L]+1+n |L|+14ny [L]+1+4nq
= | F(n1)? + F(n1) Z G(t,n1,p,q) + Z Z H(t1,t2,m1,p,q)
t=1 ti=1 to=1
[L|+1+n2 |L]4+1+4ng [L]+1+4n2
x | F(n2)? + F(ng) Z G(t',na,r,s) + Z Z H(ts,t4,n2,7,5)
=1 ta=1 ti=1
[L]4+14n2
=F(n1)?F(n2)* + F(n1)*F(ng) Z G(t',na,r,s)
=1
|L]+14n2 [L]+1+n2 [L]+1+n,

+F(77,1)2 Z Z H(tg,t;;,’llg,’f‘, 5) +F(n2)2F(n1) Z G(tvnlapv Q)

ts=1 ta=1 t=1
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[L]+1+n1 [L]+1+n2
+F(’)’L1)F(n2) Z Z G(tanlapa q)G(t/,’I’LQ,T, S)

t=1 t'=1

+F(n1) Z Z Z G(t,nl,p,q)H(t3,t4,n2,T,S)

t=1 tz=1 ta=1
[L]+1+ny [L]+1+4n

+F(n2)2 Z Z H(tlatQanlap7q)

t1=1 to=1
LL]+14ns | L]4+14n1 | L]+14n,
+F(n2) Z Z Z G(t/anQarvS)H(t1;t27n1;p7q)

t'=1 t1=1 to=1
LLJ+1+TL1 LLJ+1+7L1 LLJ+1+/I7/2 LLJ+1+n2

+ Z Z Z Z H(tl,tg,nl,p,q)H(t3,t47n2>7'73)

t1=1 to=1 ts=1 ta=1

9
= E wi(nlvn%pa q,7, S)v
=1

where w;(n1,ne, p,q,r, s) are defined in respective order by the terms in the previous equation.

Using equation (|6.137)) and equation (6.138|), we obtain

1

m Z Ma(p,g; [)(z) (6.139)

fEFN K

:lf]]\-fk| Z W Z/ Z G(nl)G(nQ)K(panl)K(Q7n1)K(rvn2)K(san2)

fEJ:N,k p,q,T‘,SS-’L’ "17”221

1
| FN k|

M

Z 647TNEL33)4L2 Z/ Z G(n1)G(n2)wi(ny,na,p,q,r,s)

t=1 fEFN & P,q,m,s<xT n1,n2>1

0(x), where

M-

t=1

0(z) = MHTN?W ZI Z G(n1)G(n2){wi(ny1, na, p,q,m,3)), (6.140)

p,q,rs<xni,ne>1

foralli=1,---,9.
Proposition 6.5.7. With §1(x) defined in equation (6.140), we have

b1 (2) = (T%M)Q o (ﬂNl(x)) |

where

14+L] l
Tgp) = 3 <U<l>—U(1—1>>%a( )

=1 N ()

Proof. We note that |F(n)’ < 8kj, for a positive integer n.
Now, n > 1+ | L], implies U(n) = 0 and hence, F(n) =U(n) —U(n—1) =0.
Hence, using equation ((6.138) and equation (|6.139)), we obtain
01 (z) (6.141)
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1 4
[ Fl G(n2)wi(n1,n2,p,q,7,
1 4
7|JT"N k| Z 6471']\](.23 4L2 Z Z n2 wl(nlanQap7an 5)
FN.k p,q,7,Ss<T ny,n2>1
1 , ,
o 2 Cm)Gm)Fm) )
p,q,7,s<x ny1,n2>1
() (mn (@) — 1) (7n () — 2) (7N (2) — 3) , )
167y () L2 ) ;N G(n1)G(n2)F(n1)*F(ng)
=(14+0 # L Z G(n1)G(n2)F(n )2F(n )2
mn(z)) ) 16L2 4= 1 2 1 2

n>1
1 1+LLJA " 2 2
- N () <4L ot g(’]‘[‘]\[(ﬂ'})) (U(n) =U(n = 1)) )
_ L T(9,0))
- 1+o(m<z) ( . )
1

Proposition 6.5.8. With 62(x), and d4(z), defined in equation (6.140), we have

log 1 ]U(N) pA(L+1)c!
82(z) + 04 () < (loglog z) I T '

N () kN
Proof.
Using equation (6.138]) and equation (6.139)), we obtain
d4(x)
:T]{IH Z 6477N21x 41,2 Z Z G(n2)ws(ni, na, p,q,7,5)
T fEFNE p,q,r,s<xT M1,n2>1

1 4
:m Z 647 N (x4L2 Z Z

fEFN & p,q,ms<x n1,ma>1
|L]4+1+4n,
F(n2)*F(n) Z G(t,n1,p,q)

1
:m Z 647TN 4L2 Z Z G(n2)G(n1)

" fEFN K p,q,r,s<x n1,ma>1
[ L]+1+4+n2
F(n1)*F(ng) Z G(t,na,p,q)

t=1

181
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1
T Faal 2 647TN 64my (2)'L? > X )

fEFN, p,q,r,s<xny,ma>1
LLJJrlJr’ﬂQ
F(m)*F(ns) Y Glt,na,r,s)

=02(z),

where we first interchange variables ni,no in the third line, and then we replace the dummy
variable by p, q,r, s by r, s, p, q respectively in the fourth line.

We note that |F(n)| < 8ki, for a positive integer n.
Now, n > 1+ | L], implies U(n) = 0 and hence, F(n) =U(n) —U(n —1) = 0.
Hence,

92 () + d4(x)
:252 (1‘)

=Y
\.7:1\{ k| P 6471

1 8
T Fvgl > 647y (2)iL2 Z > G

8
((E 4L2 Z Z n2 wz(nlan2apaqu S)

N p,q,r,s<xni,n2>1

fEFN K p,q,r,s<Tn1,ma>1
LLJ+1+n2
F(n1)?F(no) Z G(t',na,r,s)
t'=1
1
“FT X G Y 2 Cm)am)
“FN’k|f€]:N 647TN L p,q,7,8<x n1,n2>1
LLJ+1+TL2
F(n)*F(na) Y U, n)(ag(r’) +ap(s*))
t'=1
14[L) 14| L]
Y Y S
p,q,r,s<x n1=1 ng=1
[L]4+14n2 1
F(n1)?F(n Ut',n ap(r®
(n1)"F(n2) tz_:l (t',n) ‘]_-N’k|f; £(r™)
= N,k

1+|L] 14+ | L] | L]4+1+n2 ( 1 8V(N)7"2t/c/>

1
<<Wz SO S (A

p,q,r,s<x n1=1 na=1 t=1

1+|L] 14+ | L] 8V(N)7~2(LLJ+1+’”2)C,
4L2 Z Z Z o kN
p,q,r,s<x n1=1 no=1

) 81/(N) 2(L+1+L+1)c

1 / 1 r
S — SI24L
<<7rN(a:)4L2 Z (r * kN )

p,q,7,S<x
1 8V(N)x4(L+1)c'
—————(log] Sy ——
<oy loslog )y ()L + —— 0
log1 |r(N) 4(L+1)c’
< Uoglogz) n z .
N (x) kN
Therefore,

(loglog {E) N 8V(N)1.4(L+1)c’

do(z) + 04(x) < p—w N

(6.142)
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Proposition 6.5.9. With d3(x), and d7(z), defined in equation (6.140), we have

(loglogz)?  mn(x) 8V (N)g2(LA1)e +2my (2)e’

Proof. Using equation (6.138)) and equation (6.139), we obtain
57(18)

1 4
:m Z 647‘( 4L2 Z Z 77,2 w7(n1,n2,p,q,r 3)

X
fEFN, N< p,q,r,s<Tny,ma>1

1 4
T Fnal f;; 647y (2)1L2 Z > ¢

p,q,7,s<xTnyi,no>1

[L]+14ny | L]4+14n,
F(n2)2 Z Z H(t17t27n1?p7q)

t1=1 to=1
1
= G(n2)G(ny)
DI e I DD
| N’k| fEFN K N p,q,r,s<xni,na>1

[L]+14+n2 | L]+14n2
F(n1)2 Z Z H(t37t47n27p7Q)

tz3=1 ta=1
: Z Z Z
N 4 4L2
|fN’k| fEFN K 6 N p,q,r,s<Tn1,m2>1

|L|4+14ng [ L]+1+4n2
F(nl)z Z Z H(tg,t4,n2,7',8)

tz3=1 tga=1
:53(‘7:))

where we first interchange variables ni,ng in the third line, and then we replace the dummy
variable by p, q,r, s by r, s, p, q respectively in the fourth line.

We note that |F(n)| < 8ki, for a positive integer n.
Now, n > 1+ | L], implies U(n) = 0 and hence, Fi(n) =U(n) —U(n—1) = 0.

Hence,
d3(x) + 07(x)
:267(56)
o X G o X CnGmaurnna.p.g.rs
Nk fEFN K N Pp,q,r,s<x ni,ngy>1

1 8
:|]:Nk| Z 647TN(.%' 4L2 Z Z

fEFN p,q,m,s<xz n1,na>1
[L]4+14n1 [L]4+14n
F(na)* > H(ti,t2,n1,p,9)
t1=1 to=1
@) 1+L)
647TN 4L2 Z Z Z
p,q,r,s<x n1=1 nas=1
[L]4+14ny [L]4+14n,

Pl 30 3 Ultm)Ultm) (4,07 0*))

t1=1 to=1
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—mE Y XY Y X

wn(z) 1+ L] |L]+14n1 | L]+14+n (

1 SV(N)p%c’ q2t2c/ >
+
1t
p,q,r,s<x n1=1 na=1 t1=1 to=1 pg kN
7N (z) 1+ L] )
8V(N) 2(LL]+1+n1)e
)IEDIDY L8
4L2 Ng—1) kN
p,q,r,s<x n1=1 no=1
1 ! 1 8U(N)x2(L+1+7l'N (w))c’
Yy — Lan(2) + Ly (2)
ﬂ-N(x)AlLQp,q%;Sx (pq kN
1 2 2 ’/TN(:E) 8V(N)x2(L+1+7TN(a:))c/
<<w(log log 2)*my () Ly (x) + = -
(loglogx)? | mn(x) gV(N) g2(L+1)c +2m (z)c!
Therefore,

(loglogz)?  mn(x) 8" (N)g2(LA1)e +2my (2)e’

d3(z) + o7(z) < Low (2) +—7 N . (6.143)

Proposition 6.5.10. With dg(x), and ds(x), defined in equation (6.140), we have

(loglogz)®  mn(x)? QU(N) 6(L+1)c'+67 (2)c’

(56($) + (58(1') < 7TN(1‘)L2 L2 k‘N

Proof. Using equation (6.138) and equation ((6.139)), we obtain

ds(z)
:|fl | Z 64 Elx 4L2 Z Z n2 w8(n1,n2,p,q,7‘ 3)
Nk fEFN K N p,q,m,s<x ni,ma>1

1

4
:7|fN’k|f§: 647TN 4L2 Z Z

p,q,r,s<x ny,ne>1

|L]4+14ns | L]+14n1 [ L|+14n

F(nQ) Z Z Z G(t’7n277,.7 S)H(t17t27n17p7 q)

t'=1 t1=1 to=1
1
|.7:N7k|f€; 647 (x 4L2p)q;<znlm¥>1
|L|+14n1 | L|+1+4ne [ L|+1+4n2
F(ny) Z Z Z G(t,n1,r, 8)H(t3,t4,n2,p,q)
t=1 ta=1 ta=1
1
- ng)G(n
| F N k] fezf;v 647TN 4L2p q;q m%;NG 2) 1)
LL|+14nq1 | L|+14ns [ L|+1+4no
F(ny) Z Z Z G(t,n1,p,q)H(t3,ta,n2, 7, 5)
t=1 ta=1 ta=1
:(56(17),

where we first interchange variables ni,no in the third line, and then we replace the dummy
variable by p, q,r, s by r, s, p, q respectively in the fourth line.

Hence,

d6() + ds(x)
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:266(16)
B Y G L X ConGmaus(n.nepa.n
Nk fEFN K p,q,r,8<T N1,n2>1

1 8
T FNA] > 647y () L2 Z >, G

fEFN K p,q,r,s<T n1,n2>1

N

|L]4+1+4ny | L]+14+n2 [ L]+14+n2

F(n1> Z Z Z G(t n1,p,q)H (t3,t4,n2,r 8)

t=1 tz=1 tg=1
— Y'Y G F(m)
= nl nz ni
F 64 4L2
| N’k| fEFN K N p,q,r,s<xr ni,no>1

|L]4+14n1 | L]+14no [ L|+14n2

> > Y Ultm)U(ts,n2)U(ta, n2)(ar (0°) + ag(¢*))(as (r*257))

t=1 tz=1 t4 1

1
:|fN,k|f€;:v 64er 64y (v)4L2 Z Y G(n1)G(n2)F(m)

p,q,7,s<x ny1,na>1

|L|+14ny [L]+14no [L]+14no

Z S Y Ul m)U (s n)U (s n2)(ag (p7r¥552) 4 ap (07 524))

tz=1 ta=1

647rN 64my ()1 L2 ¥ Y 2)F(m)

p,q,r,s<xT Nny,n2>1
|L]4+14ny |L]+14n2 [ L|+14+n2

Z S Ultm)Uts,ma)Uta,na) (ay (pr¥2s%e) )

ts=1 ta=1
[L]4+1+ny [L]+14n o /
1 8u(N)p2tc T.Qtdc 82t4c
oE XX xS (e T
p,q,r,s<xni,na>1 t=1 t3,ta=1
7N (z) TN (z) ,
1 SV(N)xG(I_LJ+1+n1)c
e IDID DY *
L Dir—1)(s=1) kN
p,q,r,s<x n1=1 na=1

/ 1 8V(N)x6(L+1+7TN(I))C/
<7TN(9U)2 + 7y (x)?

1
<<7TN(.17)4L2 Z

pams<a \P'8 kN
! 3 2 n(2)2 8v (V) g 6(LA D) +6mn ()<’
<z loslog ) m (@) () + =75 o
(loglogz)®  mn(z)? QU(N) p6(L+1)c/+6my (z)c!
mn(z)L? 1.2 N
Hence,
(loglogz)®  mn(z)? QU(N) 6(L+1)c'+67 (z)c’
’ ’ 6.144
s < T e T N (6.144)
]

Proposition 6.5.11. With d5(x) defined in equation (6.140), we have

log1 2 ]r(IN) 8(L+1)c’
55(z) < Joglos ) x

7TN($)2 kN

Proof. We note that |F(n)| < 8k, for a positive integer n.
Now, n > 1+ | L], implies U(n) = 0 and hence, Fi(n) =U(n) —U(n —1) = 0.
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Hence, using equation (6.138) and equation (6.139)), we obtain
d5()

1
- | FN k] feg;v 64m

1 4
:|I"N,k| Z 647TN(:L‘ 4L2 Z Z

fEFNK p,q,7,s<x ny,m2>1

4
(fl? 4L2 Z Z n2 'U)5(7’l1,7’l2,p,q,7’ 5)

N p,q,r,s<x ny,ne>1

[L]4+14n1 [L]4+1+4n2

F(n1)F(n2) Z > G(t,n,p. )Gt ,na,1,s)
=
1
e Y et X X GG ()
I]:N7k| fEFN K 647TN L p,q,7,s<xTnyi,no>1
[L]+14n1 [L]4+14n2
> Ut ar(®™) + ap (@)U n2)(ap (r*") + ag(s™))
t=1 t'=1
. LHLL 1+ (L)
e T3 Y GG Flan) Flne
p,q,r,s<x n1=1 ng=1
[L]4+14n1 [L]4+14n2
> Ultn)U(n2) {as (7))
t=1 t'=1
1+ L] 1+[L] [L]4+14n LLJ+1+n2< 1 8u(N)p2tc’T2t/c/>

4p XX X X et
p,q,r,s<x n1=1 ns=1 t=1 t'=1
I+| L] 1+[L] QUIN) p2(LL]+14n1)e’ . 2(| L] +14n2)c!
4L2 Z Z Z 7«_1) + EN
p,q,r,s<x ni=1 ng=1
1 ’ 1 ]V(N) ,8(LL]+1)¢’
« 1l ¥ (ﬁ Lt
472
mn(z)*L prca \PT kN
1 8V(N)$8(L+1)c'
— 1 2 2L2 s
<<7TN(.13)4L2(0g ng) WN(x) + kN
logl 2 v(N),.8(L+1)c
<<( oglogx) 8Ny
()2 kN
Hence,
(loglogz)?  8(N)g8(L+1)¢
05(x) < (1) + N . (6.145)
O]

Proposition 6.5.12. With d9(x) defined in equation (6.140)), we have

o(a) < (oglog@)! | my(a)? 8/ MaSE D B
mn(z)2L? L? kN
Proof. Using equation (6.138) and equation (6.139)), we obtain
dg ()
1
:m Z 647TN 4L2 Z Z n2 wg(n1,n2,p,q,7‘ 3)

fEFNK p,q,r,s<Tni,me>1
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1
T Fng] > 647TN 647y () L2 Z > G

FEFN K P8 <@ n1ma>1
|L]4+1+4n1 |L]+14n1 | L]+14+n2 [ L]|+14n2
Z Z Z Z H(tl,tg,nl,p,q)H(tg,t4,ng,r,s)
t1=1 to=1 tz=1 ty=1
) LLJ+14n1 [L]+14n
= 1)G(n
| F Nk fez}‘;v 647rN 4L2p q;<z n1§>1 )G(n2) tlzzjl t;
|L]4+14ns |L|+14ns
Ul(ty,n1)U (t2,n1)ar(p* ¢*2)U (t3, n2)U(tg, na)a s (r**3s24)
ta=1 ta=1
|LJ+14n1 [L)+14n
647TN 6dmy (2)1L2 Z Z G(n1)G(n2) Z Z
Poq,Tys<m n1,n2>1 t1=1 ta=1
|L]+1+n2 [L]+1+n2
3 Ut n)U(t2,n)U (t3,m2)U (t4, n2) <af(p2t1q2t2 2tss2t4)>
ts=1 ta=1
7 (@) 7 (@) L]+ 14nt |L]+14+m

o= DD YD VDS

p,q,r,s<x n1=1 na=1 t1=1 to=1
[L]+1+n2 [L]+14n2 ( 1 81/(N)p2t1c’q2tgc'r2t3c/82t4c/
+
1 gtarts gta kN
tz3=1 ta=1 pra

7N (z) T (T) 1
4L2 Z Z Z( Dig—1)(r—-1)(s—-1)

p,q,r,s<z n1=1 na=1

N 8V(N){E4( LLJ+1+n1)c/$4(I_LJ+1+n2)c/
kN

1 / 1 ) o 8V g 8(LL + 14w (2))e’
S 2 (pqrs”N(x) + () kN

p,q,7,S<T
1 T ()2 8N 8Lt 1t ()¢
——_(loglogz)*my (x)?
<<7TN(x)4L2(Og ogx)*my(x) + T3 o
(loglogz)*  mn ()2 8(N)gB(L+1)e +8mn (x)c’
()2 L2 L? EN
Hence,

(loglogz)* = my(x)? 8/ (N)g8LA)e +8mn (2)c’
(59(1‘) < 272 2 .
mn(2)?L L kN

Proposition 6.5.13. With §:(x) (t =1,..,9) defined in equation (6.140), we have

S Milogi o) - (T(jﬁ)

|]:N’“‘ fEFN,

(loglog x) N (loglog r)?  (loglog)3 N 7 ()2 8V () g 8(L+1)e +8mn ()<’

< () Lrn(x) 7wy (z)L? L? kN
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(6.146)

Proof. Adding equations (6.142)), (6.143)), (6.144), (6.145)), and (6.146), and using equation
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(16.139), we obtain

2
| Z Ma(p, g [)(x) — (T%p)> (6.147)
fGJ:N k
9 2
C: ( i )>
t=1
1 N (loglog x) N gV(N) g A(L+1)e! n (log log x)?
7TN(a:) () kN Lrn(x)
7TN($) ]U(N) .2 (L+1) +27mn (z)c! (log log x)3 FN(Z‘)2 SV(N)x6(L+1)c’+67rN(x)c’
I kN mn(z) L2 L2 kN
(log 10gm)2 N 8u(N)x8(L+1)c’ (log 10gm)4 WN(I)Q 8u(N)x8(L+1)c’+8ﬂN(z)c’
o (7)2 kN an@)2LE L2 kN
(loglogz) = (loglogz)? (loglogz)®  mp(z)? 8 (N)g8(Lt e +8my (2)c!
N (T) Ly (x) () L2 L2 kN ’
using the fact, loglogz < mx () in the last line. O

Proposition 6.5.14. For positive integers k and N with k even, and L < 7wn(x),

|]_.Nk| > Mp.gi ) - (T(f]’;p))

fEFN
L1 (ogloga)  (oglogz)?  (loglogn)!  m(r)? §/¥asUrbe' ssmn(a
L N (T) Lrn(z) N (z) L2 L2 kN '

Proof. Adding inequations (6.119)), (6.135) and (6.147) and using equation (6.118)), we obtain

2
T(g,p)
Z Miprgi D) - ( 7 ) (6.148)

fEFN,

1 4 o\
Pl > | 2 Milp.g: ) _< (pr)>

feFNE \1=1

|}'N k|

1
Z Mlpygaf)() Z M2p7gf)()
|]:Nk|f€.7-' Nk |]: |f€.7" N,k
2
T(g,p)
Ma(p, g; )(x) = | —7—
S Py )=~z
1 28V(N).’E8Lcl
<<ﬁ +L T
1 N (10g10g$) (loglog:r)2 ( )4L5 8V(N):L,8LC'+47TN(ZL’)C/
—_ ™ X
L wn@L ' an@Lz N kN

+(log10g x) N (loglogz)?  (loglogz)? N 7 ()2 8V (V) g 8(LAD)c +8mn (2)c!

() Ly (2) m(z)L? L2 kN
<<l N (loglogz)  (loglogz)?  (loglogz)?®  mn(x)? 8/ (N)g8(LA1)e 8my (a)e’
L TN (.’E) L’]TN({E) WN(x)LQ L2 kN ’

using the fact 7y (2)2L7 < 28478 @<’ which holds since my (2)2L7 < z2x7 < 28 z4k¢ «
x80/+47r1v(x)c/7 where ¢ > % O

Theorem has been restated again in Theorems [6.5.15] and [6.5.16] for the convenience
of the reader.
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Theorem 6.5.15. Let us consider families Fi i with levels N = N(x) and even weights k =
k(x). Let g, p be real-valued, even functions € C(R) in the Schwartz class with compactly
supported Fourier transforms and L < wn(z), be such that L = L(z) — oo as x — oo, Then,
for0 < < 1,9 #1/2 we have

Pl 2 (Falprgi D)’ - (T(fip)>

M fEFNK
<<l N L loglogz  L%*(loglogz) L3(loglogz)?  (loglog x)?
L 7y(x) () 7 (x)? wn(x)3 wn(x)L
(loglogz)® 1 8v(N)g26mn(x)c’
mn(z)L2 L2 kN ’

where ¢’ > % is an absolute constant.

Proof. Adding inequations (6.60)), (6.116)) and (6.148]), and using equation (6.1), we obtain

|-7:if,k\ Z (R2(P,g§ f)(a:))2 _ (Tfip)>

fEFN,
K(p.g; f)(x L(p, g; )z
|7:N \fg: f;:
2
T(g,p)
M(p, g; f)(z) — ( )
f; AL

L Lloglogz = L*(loglogx)?  (loglogx)? ]V(N) p8Lc +8mn (z)c’

< + (L + 7 (2))?L?

N (z) v (z)? i (x)t mn(x)? EN
L L?(loglogz) L3(loglogx)?  (loglogx)?
7y (x) i (x)? my(x)3 7w (x)L
log log x N L27rN (@2 ]V(N) p8Lc +8mn (z)c’
N (z) EN

1 N (loglogz)  (loglogz)?  (logloga)®  my(z)2 8¥(N)g8(LA1)e +8my (2)e’
L () Lry(x) 7 (z)L? L2 kN

<<l n L loglogz  L*(loglog ) n L3(loglogz)?  (loglogz)?  (loglogx)?
L wn(x) N (x) N (x)? 7w (x)3 Lry(x) m(z)L?
1 gY(N) p267n (2)c

7l kN ’

with the choice of L satisfying L < 7y (x). O

Theorem 6.5.16. Let us consider families Fy 1 with levels N = N(x) and even weights k =
k(x). Let g, p be real-valued, even functions € C(R) in the Schwartz class with compactly
supported Fourier transforms and L < wn(z), be such that L = L(z) — oo as x — oo, Then,
for0 < <1, #1/2 we have

1 T(g,p)\>
ot 2 (R - T4

FEFN K
<<l N L loglogz  L(loglogz)?  L?(loglogz)  L3(loglogx)?
L 7TN($) 7TN(1’) 7TN(£L’) WN(.’E)Q WN(.’E)?’
(loglogz)?  (loglogz)® 1 8/(N)g26mn (@)

wn(x)L n(x)L2 L2 kN ’

where ¢’ > % is an absolute constant.
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Proof. Using Theorems and |6.5.15| with the fact % < 1, we obtain

1 .
[Pl > <Rz(/)79§f)(:c)(pr))

" FEFN K
__ L . 2 T(g,p))z_ T(g,p) 1 _
|fN7k|fe;V1k(Rz(p,g,f)(x)) +< 7 2—7 kalfe;V:kRg(p,g,f)(x)

2
_Ilev,k| > (Rz(p,g;f)(z))2_<T€iqip)>

fEFN Kk

IPEACTON . > Rz(p7g;f)(w)—T(g’p)

4L | FN k| T 4L
<<l L loglogx  L*(loglog ) N L3(loglogz)?  (loglogz)?
L WN(x) 7TN(£L') ﬂ'N(.T)z ﬂ'N(.T)?’ ﬂ'N(.T)L
(loglogz)® 1 &N)g26mn(@)e 1 [(loglogz)? N gv(N) g (8w (2)+8)c’
m(z)L? L? kN L () kN
<<l N L loglogx  L*(loglog ) N L3(loglog )? N L(loglog x)?
L 7TN($) 7TN(£L') 7TN(.T)2 WN(.Z‘)?’ 7TN(£L')
(loglogz)?  (loglogz)? 1 8/(N)y26mn(x)c’
wn(z)L an(z)L2 L2 kN ’
with the choice of L satisfying L < 7y (). O

Theorem 6.5.17. Let us consider families Fu i with levels N = N(x) and even weights k =
k(z) such that

log (kN/S”(N))

T

— 00 as r — OQ.

Let g, p be real-valued, even functions € C*°(R) in the Schwartz class with compactly supported

Fourier transforms supported in [—1,1] and L(z) = o (%) be such that L = L(x) — oo

as x — oo. Then, for 0 < < 1, ¢ # 1/2, and A = 2sin® ¢, we have

1 2
lim ——— R () = (A26(0)p  0(0))2
B Ty 3 (g @)’ = (500007
and
lim > (Rz(p,g;f)(x)—A2§(0)p*p(0))2=0-
T—00 |—7:N,k| P

L(logl 2
Proof. We note that L(z) = o (M) implies that L < my(x) and lim L(loglogz)7 = 0.

(loglog z)? L300 WN(I)

Hence, all the lower order terms except the first and last terms in Theorem [6.5.15] goes to
0, as z — 0.

Also, using Lemma to the condition

log (k:N/S”(N))

T

— 00 as r — 00,

. v(N), 267N (z)c’
we obtain that the last term %% also goes to 0, as x — oo.
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Using Proposition [5.5.2) we have

. T(g,p)  ,o-
Jim —2= = A%5(0)p # p(0).

Combining all the results obtained in Theorem [6.5.15] we obtain

1
lim

Ao > Ra(p.g f(x)® = (A%G(0)p * p(0))*. (6.149)

FEFNk
We denote 3 = A%g(0)p * p(0).

Using equation (6.149) with the growth condition on weights and levels, and L(z) =

0 (%)7 we obtain

lim ———
Tr— 00 |-FN,]€|

> (Balo.g: D)~ 225(0)(p9)(0)

fEFN K

— lim > Ralp.gi f)(x)? + 5> — 28 lim > Ralp.g; )

r—r 00 |-FN,]€| fe]-'va T—0o0 |FNk“ fe]-'Nﬁk
=5+ p* - 26
=0.

O

Remark 6.5.18. The above theorem tells us that E[(Ra(p, g; f)(2))?] ~ E[(R2(p, g; f)(x))]? for
very rapidly growing families Fn . In turn, these are asymptotic to what one would expect
from a Poissonnian model. This indicates an affirmative answer to Question[{.1.9 for a random
Hecke newform in Si(N) with appropriate parameters as specified in Theorem (c)
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Chapter 7

Future Research plans

There are several interesting directions for future research. We start by introducing questions
of Katz and Sarnak. Let H(0;(p)) be as in equation (4.2). We arrange the set {H(6¢(p)), p <
x, (p, N) = 1} in ascending order:

0<H@Of(p)1 <H@Of())2--- < HOF(P)rn@) <1

and consider the consecutive spacings H(07(p))i+1 — H(07(p))i, 1 < i < wn(z). Katz asked the
following question.

Question 7.0.1 (Katz). Is the level spacing distribution of the sequence {H(0;(p)),p <
x,(p, N) = 1} Poissonnian? That is, for any [a,b] C [0,00), is the limit

i
)

b
#{1§z‘§m(m)—1: H(ef(p))iJrl—H(ef(p))ie{ S b ]}z/ e tde?

7TN(:I}) 71'N(£L')

Katz and Sarnak |[KS99, Page 9] also considered a vertical variant of the above problem.
Let p be a prime and let N be a positive integer such that (p, N) = 1. One defines the multiset

AP(N7 k) = {H(Gf(p))a fe FN,k} - [Oa 1]
The multiset A,(V, k) is then arranged in ascending order as follows:
0 < H(0f,(p)) < H(b,(p))--- < H(0y,(p)) < 1.

Here, r = |Fn |. Katz and Sarnak consider the level spacings among the multisets A,(N, k)
for k =2, N — oo (N coprime to p) and ask if the level spacing distribution matches that of
a sequence of independent and uniform random points on [0,1]. More precisely, they ask the
following question.

Question 7.0.2 ([KS99, Page 9]). Let p be a fixed prime. Let k be an even positive integer and
N be a positive integer coprime to p. Is the level spacing distribution of the multisets A, (N, k)
Poissonnian as N ranges over positive integers coprime to p? That is, is it true that for any

[a, b] C [0, 00),

. 1 , a b
lim ———#{1<i< |~7:N,k| —-1: H(9ﬁ+1(p)) - H(ef,(p)) € L}—NH’ |]_-Nk|1

193
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We note that Katz and Sarnak state the above question for prime levels N and k = 2. A
generalization of their question to higher weights and a larger class of levels N is what has been
stated above. As a partial answer to their question (for kX = 2 and N prime), they average over
primes and state the following theorem:

Theorem 7.0.3 (J[KS99, Page 9]). For any [a,b] C [0, 00),

1 1 a b
lim > o # {1 <0 < | Fyul —1: H(by, — H(0; B
ﬁi{%’é m(x) | FN & # i< Pl 65, (#)) Oa(p) € [|]:Nk| |]:Nk|]
- pgw » ) )
N prime pEN

b
= / e~ tdt.
a

Remark [6.5.18 motivates us to think of Question i.e., what happens to the expected
value of the higher moments of smooth localised pair correlation function Ra(p, g; f)(z).

If Question for 6 = Al—L has an affirmative answer, then for a fixed f € Fy x,

(Ra(p, g3 ) ()" ~ (Cy A%G(0)p % p(0))",

for each r > 1. Therefore, in the spirit of Theorem [6.5.15] it would be natural to ask what
(R2(p, g; f)(x))" is, for a random f € Fi .

Question 7.0.4. Can we show that

1

e]'-N,k-

for v > 3, under the same growth conditions on L, N, and k as in Theorem [6.5.177? In other
words, we ask the following:

Is it true that for any integer r > 3,

E[(Ra(p, g; F)(2))"] ~ E[(Ra(p, g; £)(2))]" as 2 — 00?

We expect that the techniques used in the proof of Theorem can be generalized to
answer Question [7.0.4] but the range of L might change. We have partially answered this
question in [MS23].

Question 7.0.5. Can we answer Question of Katz? We would like to first study the m-
level correlation of the Sato-Tate sequence for integers m > 2 and use the road map provided by
Kurlberg and Rudnick [KR99, Appendiz A] to derive the level spacing distribution function of
this sequence from these.

Question 7.0.6. Can we answer Question[7.0.9 of Katz and Sarnak for the vertical Sato-Tate
families A,(N,k)? As above, we would have to first investigate the m-level correlation of the
vertical Sato-Tate families.

Question 7.0.7. Can we investigate the local analogues of the pair correlation function of ver-
tical Sato-Tate families?

Question 7.0.8. Can we investigate the local analogues of the level spacing distribution function
of Sato-Tate sequences as well as vertical Sato-Tate families?

Question 7.0.9. Can we answer Question [7.0.5 in the context of Hilbert modular forms and
modular forms on hyperbolic 3-spaces?



Appendix A

Quick reference for the meaning of
terms in Chapters 5| and [6

This appendix aims to give a quick reference to the terms mentioned in Chapters[f| and [6] so the
reader doesn’t have to go back and forth between the pages in both chapters. In Section [A.2]
the notation IC( ) means that the sum under consideration is K with additional condition(s) “*”.
For example, IC(nl # 0,m5 = 0) means that the sum under consideration is K with additional

condition ny # 0,n9 = 0.

A.1 References for terms mentioned in Chapter

1. U(l) = ,6(%) (2 cos 2rly)) — (l+1) (2cos2m(l+ 1)), 0 <1 < L.
2. Gn) = §( ()) 0<n<ny(@).
4 ifn=0
> Alp.a.m) = {2<af<p2"> — a2 ar (@) - ag(@ ) ifn> 1.
4. Ly(l,n) = ay(p*)(as(p®") — ap(p®* ).
5. Rlpg @) = sk D0 D 20UO)G) { Lyl n)ag(e™) - ap(e®™ ).
p,q<zl,n>1
6. S0, 9: 1)) = gy z)zL Z Z 20(1 G(n) (Ly(l,n)Ly(U',m)) -
p,q<z l,l’!,;n>1
7. T(p,9; f)(x) = 2R(p, g; f) () + S(p, g f) ().
8. S1(p,9: )(@) = <tz Z > 2o G(n) (Ly(l,n)Ly(l',n)).
Pase ll;aélnTll;ln
9. S2(p,9; ) (@) = soctor Z Z 20 (1 G(n) {Ly(l,n)Ly(I',n)) .
10. Si(p,g; [)(x) = 87TN(z QLZ ZQU Ly(l,n;l =n) x Ly(l,n;l = n)).
p,qlz [>1
11. S(p, g; [)(x) = S1(p, g5 ) (@) + 2S2(p, 93 f)(x) + Sa(p. g5 ) ().
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A.2 References for terms mentioned in Chapter @

4 ifn=0
) A n) =
1 (p,q,m) {2(af(p2”) _ af(an—Q))(af(q2n) _ af(q2"_2)) ifn > 1.

2. K(p,g; f)(z) = 32 n 4LQZ S>> Y U)U)U(k)U (k2)G(n1)G(ng)

p,q<x l1,l2>0 k1,k2>0n1,n2>0
ar(P*)ar(p**)ar(®*)as(¢**) A(p, g, n1)A(p, ¢, n2).

3. K = K(p, g; f)(@); Kr(p,g; f)(x) = K(n1 = 0,n5 = 0).
4. Ka(p, g; f)(x) = K(n1 # 0,m2 = 0); Ka(p, g5 f)(2) = K(na # 0,n # 0).
5. K(p:g; [)(z) = K1(p, g; f)(2) + 2K5(p, 9 [) () + Kalp, g5 ) ().
6. Alp,g; fin,r) = Z U(L)U(l2)as(r*)as(r®2)(ap(r?™) — asp(r*"=2)).
11,12>0
7. ’C3(p’gaf)( ) 47TN 4L2 Z Z G pag f,TLQ, )A<pvgaf7n27q)
p,q<zTno>1
8. Ai(na,r) = Ai(p, g; fin2,7) Z U(L)U (I2)ag (r?)ag (r2F212),
11,12>0
11*1275”2
9. Ag(ng,r) = Ag(p, g; fima,r) = Y U)U(la)ag(r*)asp(r?72"2).
11,1220,l2>n2
li—la#—ng2
10. As(ng,r) = As(p, g; fine, 1) = — Z U(l)U(l2)ag(r*)ap(rin2=20272),
ll,l220,l2<n2
li+la#n2—1
11. Bi(n2) = Bi(p,g; fim2) =2  UWU(l +ns).
1>0
12. By(na) = Bap, g; fim2) = »_ UDU(ng — 1 -1).
1>0
13. A(p, g; f;ne,7) = B1(ng) — Ba(ng) + A1(na, ) + Ax(ne, 1) + As(na, 7).
14. T(p,n1,m2) = (ap(p™) — ap(p*~2))(ag(p**?) — ay(p*™>~?)).
15. k(r,ni,ng, by, la) = ap(r?)ayp(r?2)T(r,ny,ny).
16. ap(p*)as(p*)as(q®*)as(¢**2) A(p, ¢,m1) A(p, ¢, n2)
= 4k(p,n1,n2, 11, 12)k(q, n1,n2, 11, 12).
17. % = k(pa ni, n2) = Z U(ll)U(l2)k(p7 ni, N2, lla l?)
11,12>0
18. a1(n1,na,p) = k(i > n1,lo > n2); as(ng,ng, p) = k(ly > n1,ls < no).
19. az(ni,na,p) = k(ly < n1,ly > na); as(ng,na,p) = k(ly < ny,ly < ng).
20. k(l’%”h@) = (a1 + ag + az + ag)(n1,n2, p).
21. C(p7gvf)( ) 327TN 4L2 Z Z (panlanQ)k(Qa 774,712)-

p,q<zrni,ne>1
na2>nq
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22. D(p,g: f)(x) = 37N 4L2 Z Z )k (p,m1, n2)k(g; n1,n2).
Pa<z nﬁ1n2n>21

23. Ka(p, g; [)(@) = C(p, g; /)(x) + D(p, g; [) ().

24. Cls (i =1,2,3) are defined in equations [6.45] (6.46]), (6.47) respectively.

25. Clp,g; (@) = Cilp, g f)(x) + Calp, g: ) () + C3(p, g5 ) ().

26. Dis (i = 1,2, 3) are defined in equations [6.52] (6.53), (6.54) respectively.

21. D(p. g; f)(z) = (D1 + D2 + D3)(p, 9; f) ().

28. L(p,g; f)(x) = Tomn (@ 4LQZ o> D> UW)U@W)U kU (k2)G(n1)G(ns)

p,q,r<x l1,12>0 k1,k2>0n1,n2>0
ay(p*)ay(p**)ag(@®)as (r**) A(p, g, 1) Ap,r, na).

29. L= L(p, g; N)(@); L1(p, g ) (@) = L(ny = 0,12 = 0).
30. Ls(p,g; [)(@) = L(n1 # 0,n2 = 0); La(p, g; f)(x) = L(n1 # 0,nz # 0).
B L= Lo P)e) = Tt 2 D0 UV (U (RGO

11,12>0 k1,k2>0

xS s P )@ ag ().

pagr<z
32. Lir(p, g (@) = Lil = lo, k1 = ka); Lia(p, g3 )(@) = La(l # Lo, by = k).
33. Liz(p,g; /)(x) = L1l = la, k1 # k2); L1alp,g; )(x) = L1(l # Lo, by # k).
34. Li(p,g; [)(x) = (L11 + L12 + L3 + L14)(p, g; )(x).
35. Ai(p,g; fim,qr) = Y Ulk)U(k)ag(®)ag(r®2)(as (r*") — ay(r**2)).
k1,k2>0
36. 2L3(p, g5 f)(2) = 4L2 Z > G Alp, g; fin2,p)A1(p, g: fin2,q, 7).
p,q,r<z na>1
37. Fs are defined in equations and (6.75).
38. Ai(p,g; fina,4,7) = U(0)(U(n2) — U(ng — 1)) + Fi(p, g; f;n2,4,7) + Fa(p, g5 f3n2,4,7).
39. (2L3(p,9: [)(@)) = (M + A2 + -+ + X6) (2).
40. Ms (i =1,...,6) are defined in equation (6.78).

p,q,r<x 11,10>0k1,ka>0n71,n2>1
G(?”H)G(m)af(292l1 Jag (p*)as(¢*)as (r**) A(p, g, n1) A(p, r, n2).

42. L(p,g; f)(x) = (L1 +2L3 + L4)(p, g; f) ().
43. Ly(l,n) = ap(p*)(as (p*") — ap (p*"~2)).
44. L(q, r,ni, ng) = Z U(kjl)U(k'g)Lq(k‘l, nl)LTUCg, ’I’Lg).
k1,k2>0
45. g(paga f)( ) 167‘(’ 4L2 Z Z (p,nl,ng)L(q,r,nl,nQ).

p,q,r<xni,na>1
na2>nq
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46. ‘F(pmga f)( ) 167T 4L2 Z Z (panlanQ)L((Lranlan?)'
p,q,r<xni,na>1
ny=nq
47. La(p, g; [)(x) = E(p, g5 [)() + F(p, g: ) ().
48. F(n)=U(n) —U(n —1) and M;’s are defined in Lemma [6.4.17] .
49. L(Qara TL],?’LQ)
3 3
=F(n1)F(n2) + F(n1) ZMi(nl,Q) + F(ns) Z M;(na, ) + Z ZM ni,q)M;j(na,r).
i=1 =1 i=1 j=1
50. U(t,n)’s are defined in Lemma
3 LL]+14+n
51. ZMl(n, s) = Z U(t,n)as(s*).
i=1 t=1
|L]4+1+n
52. > U(k)Ls(k,n) =F(n)+ Y Ult,n)ag(s>).
k>0 t=1
53. E;(n1,n2) (i =1,...,4) are defined in Proposition [6.3.8|
54. Vi(ni,n2,p) (j =1,...,9) are defined in Lemmam
4 9
55. k(p,n1,m2) ZEz ni,na) ZVi(”l,nzaP)-
i=1
56. Bi’s (i =1,...,8) are defined in equation ((6.104)).
57. (E(p.g; (@) = (B + -+ + Bs)(w).

58. M(p,g;f)(:v):m o> > Y U U)U(kN)U (ke)

»,q,7,s<x 11,1220 kq1,k2>0n1,n2>0
all distinct

X G(”l)G(M)af(lel)af(q2l2)af(7"2kl)af(SQkQ)A(pa (Lﬂl)A(?ﬁ 57712)-
59. M = M(p, g; [)(x); Mi(p, g; f)(x) = M(n1 = 0,12 = 0).
60. Ms(p, g; f)(a:> = M(ny # 0,n2 = 0); Ma(p, g; f) () = M(n1 # 0,12 # 0).

61. Mi(p,g; f)(z) = 647rN lry (2712 Z S U)U(I)U (k1)U (k2)G(0)

p,q,7,s<x 11,0220 k1,k2>0

x ap(p®)ag(q®)ag(r** )ays(s**) A(p, q,0)A(r, s,0).

62 M3(pag7f)( ) 87TN 4L2 Z Z G n2 Al(pvg f7n2vp7 )Al(pvg;f;n27Q7s)'

p,q,7,s<xna>1

63. ~i’s (i =1,...,5) are defined in equation ([6.121)).
64. 2Ms(p, g f)(@)) = +r2+ - +75) (@)
65. K(p,n) =Y U(l)Ly(l,n)

1>0

66. Ma(p, g; f)(x) = 647TN 6w (2)AL2 Y GG

p,q,r,s<xni,na>1

x K (p,n1)K (g, n1) K(r,n2) K(s,n2).
67. M(p,g; [)(@) = Mi(p, g; f) (@) + 2Ms(p, g; f) () + Ma(p, g; f) ().
68. wi(ni,n2,p,q,7,8)’s (i =1,...,9) are defined in equation .
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!/
69. 0(0) = Tt Y Y. Gln)Glna) (wi(mina,p.q.r.5)).

p,q,m,s<zT n1,n2>1

(Malp,g; F)(@)) = (01 + Ga + - - + 8o) ().
(Ra(p, g 1)(@)” = K(p, g; F)() + Lp, g3 ) (@) + M(p, g5 ) (2).

70.
71.
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