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Abstract

The goal of this thesis is to explore the Hartree Fock ground state energy in the mean field
approximation under Coulomb interaction. It was earlier believed that free Fermi gas energy
is the true ground state energy in Hartree Fock approximation but Overhauser showed that
there exists a state with energy lower than free Fermi gas energy. The question we explore
in this thesis is whether we can multiply Coulomb potential by a small constant such that
for any interaction with coupling parameter less than this constant, free Fermi gas energy
is the true ground state energy and any interaction with coupling parameter greater than
this constant, there exists some other state with energy lower than free fermi gas energy.
We were able to derive a partial result in this direction proving that there exists some small
constant such that free fermi gas energy is the true ground state energy in Hartree Fock

approximation.
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Chapter 1

Introduction

The concept of electron was suggested by JJ Thompson in 1897 [1] and since then systems
of electrons have been widely studied. Diamagnetism and the low temperature specific heat
were successfully explained by 1928 [2] considering electrons as independent particles obey-
ing the Pauli exclusion principle which states that no two electrons can occupy the same
state. It is very surprising that this non interacting model could explain these properties
despite the fact that electrons are charged particles and under Coulomb repulsive forces.
Since then a lot of work has been devoted to studying the effects resulting from interaction.
The model that we use is the Jellium model which is a model in which electrons are particles
in a positive charged background. This makes the model translation invariant with respect

to the background and hence makes it easier to study interaction effects.

The exact Hamiltonian of the system is very difficult to handle because the degrees of
freedom in a real world system are of the order of 10%*. To make our calculations easier, we
make approximations. One such approximation is Hartree Fock approximation [3]. Under
this, our effective Hamiltonian is quadratic in fermionic creation and annihilation operators.
This makes it easier to diagonalise compared to the general case. It can be shown that a
fermionic N particle state can be written as a complex linear combination of Slater deter-
minants [1]. Under Hartree Fock approximation, we set the true ground state of the system
as a single Slater determinant. We then determine the single particle states by requiring
that the expectation value of Hamiltonian in this state is minimal. The problem with this

approach is that even the true HF ground state is unknown till now.



As HF ground state is an approximation to the actual ground state, it becomes impor-
tant to find the difference between the true ground state energy and the HF ground state
energy. This difference is called the correlation energy. But this only makes sense if we know
the true HF ground state energy, which we don’t. Hence, it is common practice to define the
correlation energy with respect to a particular HF state [1]. For jellium model, we commonly

take it to be the free fermi gas state, i.e., the ground state of non interacting Hamiltonian.

The natural question that arises after this is to find the difference between the true HF
ground state energy and the free fermi gas energy. It was shown by Gontier, Hainzl and
Lewin that the difference between the two is exponentially small for Coulomb potentials in
the thermodynamic (large volume) limit [5]. In my thesis, I worked on the mean field limit

and tried to find this difference for Coulomb potentials multiplied by a constant.

Mean field limit is the case when we have the coupling constant in the interaction term
of the order of N~!. Because of this, we have both Kinetic term and interaction term to be

of the same order [0].

The reason we are considering Coulomb potentials multiplied by a constant is that elec-
tromagnetic interactions between elementary charged particles have a constant multiplied

which quantifies the interaction strength. This constant is called the fine structure constant

1

and its value is roughly 3=. As a mathematical idealisation, we consider this constant to

approach 0.



Chapter 2

Preliminaries

2.1 Operator theory

In this section, I follow the book by Gerald. (citation)
Suppose h is a vector space. A map (.,.) : h x h — C is called a sesquilinear form if
it is conjugate linear in the first argument and linear in the second. A positive definite
sesquilinear form is called an inner product. Associated with each inner product is a norm
defined by

16l = /35, 9). 2.1)

If h is complete with respect to the above norm, it is called a Hilbert space.
A linear map between two normed spaces is called a linear operator. A bijective linear

operator U € L(hy, hy) is called unitary if U preserves scalar products:
(Up,Utp) = (d,9), ¢, €y (2.2)
The adjoint of an operator is defined via
(0, A%) = (A9, ¢). (2.3)
A linear operator is called bounded if the operator norm

1Al = sup [[A¢]] (2.4)
Ivll=1

3



is finite.

A densely defined linear operator is called symmetric if

(9, AY) = (Ag,¥), b, ¢ € D(A). (2.5)
It is clear that A C A* for symmetric operators. If we have, A = A*, we call A to be a self

adjoint operator.

Lemma 2.1. Let A be symmetric. Then all eigenvalues are real and eigenvectors corre-

sponding to different eigenvalues are orthogonal.
Proof. 1t Ay = Xy, j =1,2, we have

Mlnl]? = (W1, Myn) = (i, Apr) = (Apr, 1) = (Atdn, 1) = Al [en]]?
and
(A1 = X2) (W1, 1ha) = (Anhy, hg) — (Athy, 1bg) = 0.
O

The closure of the set of all finite rank operators is called the set of compact operators.
Among compact operators, two special cases are of particular importance. The first ones are

integral operators

K(z) = /M Ko, )b @)duly), ¢ € L*(M, dp), (2.6)

where K (z,y) € L*(M x M, dpp®dy). Such an operator is called a Hilbert-Schmidt operator.
It can be checked that K is a bounded operator.

Another class of operators is the trace class operator. An operator is called trace class
if it can be written as the product of two Hilbert Schmidt operators, K = K; K5, and in this

case we have
K[| < K] f2] [ K22 (2.7)

If K is trace class, then for every orthonormal basis {¢,} the trace

tr(K) = (én, Kon) (2.8)

n

4



is finite and independent of the orthonormal basis.

2.2 The principles of Quantum Mechanics

In this section, I used Prof. Phan Thanh Nam and Prof. Jan Philip Solovej’s notes [7, &].
In Quantum Mechanics, a pure state of the system is given by a unit vector vy in Hilbert

space J. The measurable quantities correspond to expectation values given by

(A)yo = (Yo, Atho), (2.9)

of operators A on H. This requires us to have ¥y € D(A). Since all measurable quantities
are real, we must have that operators A are self-adjoint. The quantity (A),, physically

means taking average of many measurements of observable described by operator A in state

Yo.

The general quantum mechanical state is not necessarily pure and given by a convex combi-

nation of pure states. The expectation values are given by

(A) = Aa(tn, Athy), (2.10)

n=1
where 0 < A\, <1land ) A, =1and v, is a family of orthonormal vectors. We will mainly
work with ground states which are the lowest eigenvalue states of the energy operator called

the Hamiltonian. Consider a physical system described by a Hamiltonian H acting on a
Hilbert space H. If

inf
peD(H),||¢||=1

the system is called stable. If the system is stable, we define the ground state energy as

E=  inf JHo). 2.12
¢eD<H>,\|¢||:1(¢ ?) (2:12)

5



2.2.1 Many Body Quantum Mechanics

Consider N quantum particles on Hilbert spaces hy, hy...hn and with Hamiltonian operators

hi,...,hx. The combined system of these particles is described on the tensor product
Hy =h; ®h, ® ... ® hy. (2.13)

We can identify operators hi,...,hy on this tensor product space i.e. operator h; can be
given by
I®.0h®.. ®I1. (2.14)

If particles are not interacting, the Hamiltonian for combined system is given by
HY" = hy + ... + hy. (2.15)
The domain for this operator is given by
D(HY") = span{¢; ® ... ® ¢n|d1 € D(hy), ..., ¢on € D(hn)}. (2.16)

Theorem 2.2. If
€; = inf (qb, hjqb), j = 1, ,N

pED(hy),
ll¢ll=1
are ground state energies of the Hamiltonians hy, ..., hy, then the ground state energy of Hw™

18 Zjvzl ej. Also, if ¢1,...,on are ground state eigenvectors of hi,...,hn, then 1 ® ... ® dn

is a ground state eigenvector for Hi'

Proof. If ¥ € D(HR") is a unit vector, we may write

where ¥y, ..., € D(hy) and Wy, ..., ¥y € hy ® ... ® hyy are orthonormal. Since W is a unit
vector, we have ||y [[* + ... 4 || ¥ |]* = 1.

We have p .
(U, ha®) =3 (i, ) > Y [l [Per = en. (2.18)
=1 =1

Hence, (U, HY"0) > Zjvzl ej.



If we, given € > 0, choose unit vectors ¢; € D(h;),j =1,..., N such that (¢;, h;¢;) <e; + €
for j =1,..., N and define ¥ = ¢; ® ... ® ¢y. We find that ¥ is a unit vector and

N N
(T, HY™W) =) (45, hid;) <> _ej+ Ne. (2.19)
j=1 J=1

It is clear that if ¢q,...,¢x are ground state eigenvectors for hq, ..., hy, then ¥ is a ground

state eigenvector for A [l

It is more interesting to look at interacting systems. The interaction of particle i and particle j
is described by an operator W;; acting in the Hilbert space h; ®h;. This can also be identified

as an operator on h; ® ... ® hy. The interacting Hamiltonian is formally

Hy=Hy"+ Y  W;= Zh+ > Wy (2.20)

1<i<j<N 1<i<j<N

Determining the ground state energy and possible ground state eigenfunctions of an inter-
acting many particle quantum Hamiltonian is a very difficult problem. For this, approximate
methods have been developed.

Let us now discuss statistics of identical particles. Assume that the N particles discussed

above are identical, i.e.,
h)=..=hy=h, hy =...=hy =h. (2.21)

For interacting particles, we have that the two-body potential W;; is the same operator W
for all i and j and ExWEx = W, where Ex is the unitary exchange operator.
The non-interacting operator H% maps vectors in the subspaces ®§;mh and AVh into the

same subspaces. The operator can therefore be restricted to domains
P,D(HY) or P"D(HY). (2.22)

If we restrict to the symmetric subspace ®Y h, we refer to the particles as bosons and

sym
antisymmetric subspace for fermions. The physics is very different for these two types of
systems.

The interaction Hamiltonian will also map the symmetric and antisymmetric subspaces to

themselves.



2.3 Hartree Fock Variational Problem

We will look at a simpler problem first. We will try to get the Schrodinger Equation H¥ =
EV. Lets say we have to find inf)jy=1 (¥, HV). For this we use the method of Lagrange

multipliers and do a variation of ¥ in the above equation and set it to 0.

LWt ex, HW 4 2x)) — BT + x| — 1)]eco = 0.

de

C%(g((x, HU) + (¥, Hy)) — 2E(¥, x)) = 0,

<(H - E)\I[7X> =0,

HU = EV. (2.23)

In this, we have expanded the inner product and kept only the terms with order 1 in € because
we are differentiating with respect to e. We have also used that H is a self-adjoint operator.
Now we will consider the Hartree Fock case. We have to find inf (s,yn_ (A; &5, H \; ¢;). For

lloj11=1
this, we again use the method of Lagrange multipliers and do a variation in ¢5. We get

d%((cbl NN (D +eX)N A Gp, H(pr AN (e +€X) Ao A )

— > NUleiP = 1) = Melllor +exl)* — 1) =0, (2.24)
Jj=Lj#k
n 1 n—1 n 1 n / 1
H=-) (zV?-G)+ — =) HF+ ) —. 2.25
i21<2 ) z‘zu‘;l "ij ; 2 Tij (229

Here we have specified the exact form of our interaction Hamiltonian. Let us first focus on
H](C}OI‘G.

%((qﬁl A Nk +EX) N o Ay HEP (01 A o A (e +X) Ao A D)) (2.26)

The antisymmetric product is just the Slater determinant of

¢r(z1) - - (1)
1 |o1(z2) . . :
= (2.27)



It can be checked that all terms of the Slater determinant give 0 when we take derivative

with respect to e, other than terms of the form
(P1(za) (D + eX)(@n).-On(0), H (P1(2a)- (01 + €X) (@k).-On (7)) (2.28)
After taking derivative with respect to e, we finally get

d((¢1/\ Nr+eX)N- A, HET( Q1A N (DrteX) N Adn)) = 2(HT (D (k) x)- (2.29)

Now we will look at the other term 7%

23

Like the case with H{°'®, it can be checked that all terms will be 0 except those where
product on both sides differ by at most 1 permutation. The 2 types of terms we get are

(@ () dn(z;), %m(xi)wm, (2.30)

() n(a), () () (231)

ij

The expressions that we get from (2.30) and (2.31) are

22 ¢k (21)05(5), X), (2.32)

-2 Z ¢k ()5 (x), X)- (2.33)

We also get —2\,(ér, x) by taking derivative of the term —Ai(||éx + ex]||? — 1).

The resulting equation we get is

3

Hcore :L'k + Z (bk T ¢j IJ Z (bk l'])(bj<l'k) = )\k(bk (234)

Jj=1



2.4 Fock space

We return to the study of the N-body operator

N
j=1

1<i<j<N 1<i<j<N

defined on the Hilbert space Hy = h; ® ... ® hy. This situation where we study a fixed
number of particles is called canonical picture. But we can also define a new space to study
all particle numbers at the same time. This would make it easier to study the creation and
annihilation of particles in our system. We define this space as the Fock Hilbert space and

it is given by
F=@Phe.ohy (2.36)

N=0
(where N = 0, we interpret h; ® ... ® hy as simply C and refer to it as the 0-particle space,

the vector 1 € C is often called the vacuum vector and denoted by € or |Q2) and the operator

H:éHN, Hé\ﬂN:éHN\IfN (2.37)
N=0 N=0 N=0

This situation when all particles are considered at the same time is called the grand canonical
picture.
Of special interest are the cases when we have identical particles. In this case, we can

introduce the bosonic Fock space
oo N
F(h) =P Rh (2.38)
N=0 sym
and the fermionic Fock space
oo N
F%h) =P A\h (2.39)
N=0
In this case, we refer to h as the one particle space.

10



2.5 Fermion density matrices

This section is based on the method suggested in Prof. Phan Thanh Nam and Prof. Jan

Philip Solovej’s notes [7, 8]. We take our Hilbert space H := L*(R*) ® C9. We can de-
fine Fock space corresponding to this Hilbert space as H = @y_, HDN where KO = C,
and HWN) = /\f\i1 H. The fermionic creation and annihilation operators obey the anti-

commutation relations given by

a(f)a'(g) +a'(g)a(f) : = {a(f),a (9)} = (f.9), (2.40)
{a(f),alg)} = {a'(f),d'(9)} = 0. (2.41)

Given N orthonormal elements x1, ...., xy € H, we compute

a¥(x1)....al (xw)[0) = (NV) 1/22 1)@ e @ Xy € HWY (2.42)

where the sum runs over all permutations 7 of (1,2,...,N). These wavefunctions are called
slater dterminants and the set of all slater determinants is represented by SDy C H)

Let pny be an N-particle density matrix i.e. py = > . |Un;)Ni(¥y;| for orthonormal set
{Unitien C H™Y} and nonnegative numbers 0 < \; < 1, > Ai = 1. The expectation value

of an operator A with respect to state py is given by
1 ») ,(P)
(A) =try{Apn} = H”’p{A PN}

1 (») ot
= o E E AY T jp<aip...ailaj1..ajp). (2.43)
The reduced density matrices are given by

(») _ .
Pr oy = <ajp...a;aj1..ajp>. (2.44)



Now call 7, and I', to be the 1-particle density matrix and 2-particle density matrix respec-

tively.

N
_Z 61
v
= Z 16 A &) (& A &l

(7P ® ’YP) EX(’V{) ® 7/))7

where Ex is the exchange operator given by

Ex =) |6 @ ¢;){d; © ¢il.
i

2.6 Lieb’s Variational principle

The HF energy is given by
Eur(N,Z, R) = inf{(Un|Hn(Z,R)|UN)|¥yx € SDy N Dy}.
We know Eq(N, Z, R) < Eup(N, Z, R). We can write Eyr as
Eur(N,Z,R) = inf{eur(7)|y = ¥, tri{y} = N, tri{hv} < oo},

where
cup(1) = tri () + tro{V (L~ Bx)(7 © 7)),

We will show that we don’t lose anything if we don’t assume 7 to be a projection.

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

Lemma 2.3. Define H,h, V, and egr as above. Let 0 < v <1, tri{y} = N be a I-particle
density matriz of finite rank. Then there exists a projection ¥ = 42, tri{4} = N, such that

enr(7) > enr(¥)-

(2.52)

Furthermore, V' > 0 implies the strictness of this inequality unless v is a projection itself.

12



Proof. We may assume cypr < 0o. We can take the eigenbasis of v because it is a 1-particle

density matrix. Working in an eigenvector basis of v, we may write

M M
v =Y 1oelol, YA =N, 0< N <1, (dilen) = G, (2.53)
k=1 k=1

for some M < oo. Let us abbreviate hy = hg and Vil = Vit — Vi We get
M M
enr(y) = ; Akl + 5 1;—1 A A Vi (2.54)

We assume that M > N. Then there are at least 2 eigenvalues 0 < A\,, \; < 1 and we may

assume

M M
ha+ > MVig <hp+ > MV (2.55)
k=1 k=1

Let 6 = min{\,,1 — A,;} > 0 and define

= < Z |¢k>)\k<¢k|> + [6p) (Ap = 6)(@p| + [dp) (Ap + 0) (g (2.56)

p,qF#k=1

We get 5HF(7) — 5HF(7) < 0. Define
n(y) = {Akl0 < Ap < 1}] (2.57)

We can see that n(7) < n(y)—1. After at most M — N iterations of this, we get a 1-particle
density matrix 4 which obeys egr(¥) < eur(y) and n(y) = 0. But the latter means that
5 a2

v =~ [

Using this lemma, we get Lieb’s variational principle as a Corollary.

Corollary 2.4. (Lieb’s Variational Principle)

Egr(N,Z, R) = inf{egr(7)|0 <v < 1,Tri{y} = N, Tri{hv} < oo} (2.58)

13
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Chapter 3

Direct Method

3.1 1 fermion outside fermi sphere

As an exercise, I try to calculate the energy difference between the plane wave state and the
state with 1 electron outside the fermi sphere. For this, we will introduce a map R : F'— F

with the properties:
RQ) = /\ fr where fj, = (QW)_%e“”, (3.1)

kEBf

ay, if k € B§

RayR" =
ap if k € Bf.

(3.2)

Ground state energy is given by inf)jg =1 (¥, H¥). We can rewrite this using the above map

as

(U, HU) = (R*RV, HR*RV) = (RU, RHR*RY) = (£, H'E), (3.3)
inf (U, HU)= inf (¢ HE). 3.4
s, ¢ )=t (& HE) (3.4)
NU=NV¥ (Np—Np,)€=0

We return to our N-body Hamiltonian and we will now try to write it in the second quantised

form. N
H:@Zhj—l—@ Z Wi; (3.5)
N=1 j=1 N=21<i<j<N

Lemma 3.1. The I-body operator @y _, Zjvzl hj can be written in second quantised form

15



as
ZZ U, Huy)a? ay, (3.6)
n=1m=1

where we have used the notation a, = a*(u,,) and {u;}52, is an orthonormal basis in h.

Proof. 1t suffices to prove that

N
th“l’N = Z (U, huy)ar a, ¥y (3.7)
i=1

m,n>1

for all ¥ € H and for all N. We have

(ar,a,¥N) (21, .., 2N) = Z(—l)N”'um(:ci) /un(y)\IfN(a:l, ey Tim1, Tit 1, - TN, Y)AY  (3.8)
So,

Z(um, huy,)(ay,a, ¥ N)(z1, .., TN)

m,n
N

= Z(um,hun) Z(—l)N”'um(a:i) /M‘PN($1, ey Ty Tig 1y oy TN, Y)Y

i=1

)N Z(;(um, hun)um(xi)> / Un (Y)W N (L1, oy Ty, Ty oy T, Y)Y

n

I
=2

@
I
—

-

s
Il
-

(—1>N_i Z(hun)<l’z) /m\PN(m, e Li—1, ZEZ‘+1, . IN, y)dy

n

(DN () ()N O] (@1, o @i, T, s T 25)

n

N-i[(wz |un><unr) U ](E1s s 51y Bt o 20, 51
” N

M-

@
Il
—

I
L

@
Il
—

(—1)N7i [hN‘I’N](l'la ey Lj—1, Li41, -y TN, 371)

WE

1

<.
I

[hz“I’N] (361, ey Li—1, Ly it 1y oy iUN)

-

@
I
—
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Here we have use the Parseval’s identity

Z(UW huy )ty = hy, (3.9)

m

the resolution of identity operator

and the antisymmetry of fermionic wave function. m

Similarly the two-body operator can be written in second quantised form as

= 1 * *

@ Z Wi | = 3 Z (U, @ Up, W, @ ug)ay, aya,a, (3.11)
n=0 “M<i<j<N m,n,p,q>1

The Hamiltonian H can be written as an operator on fermionic Fock space F as

1
H= Z P Gy, G, + 5 Z W ornpq o, G, Gig G (3.12)

m,n,p,q

The interaction Hamiltonian H can be written in the second quantised form as

H=" Z Kaiay + A Z ‘A/(k;)a;lka;fkaqal, (3.13)
kez3 kl,qez3
H' = RHR* = I? Z K ajay, + h* Z k*aral + (16 interaction terms). (3.14)
kEBS kEBy

The 16 interaction terms correspond to (¢ — k), (Il + k), q,1 € By or € B$ and are given by
(3.18).

Now we can use commutation rules for creation and annihilation operators to get

H =1 Z kajay, — h? Z k*ajay + h? Z k? 4+ (16 interaction terms), (3.15)
ke B keB; keB;
<\Ilv H/\I[> = Epw + Ekin + Eint' (316)

This makes it easy to find the difference between plane wave energy and the energy of our

system in which we have 1 electron outside the fermi sphere with momentum p and 1 hole

17



inside it with momentum h. We will have to evaluate Eyi, + Eint.

B = (U, (K Klapar, — 1* Y Kajap) V) = K (p* — h?),

keB$

where ¥ = aya} .

(3.17)

Hmt:/\( Z V(k)aj,pa, raq,a; + Z V(k)aj, wa, raja; + Z V(k)ag, pa, raga
l+keBS

I+keBS I+keBS

F +keE I3 +keE I3

qkaBJCc, qkaB;, q—keBS,
9€B}, q€By, 4€By,
leBy leBy leB]Cc

+ Z V(k)a}ﬂrkaq_kaqal—l— Z V(k)aakaq_kaqaf—i- Z ng:)aakaq_ka;al

I+k€BS, I+k€BS, I+kEBS,
q—keBy, q—keBy, q—keBy,
q€BS, qu;, qEBy,
leBJC; l€By lijCc
7 * Xk 7 * 7 * *
+ E V(k)aj, aq—raya; + E V(k)ayray aqa; + E V(k)ayyra, aqa;+
I+keBS, I+k€By, I+k€By,
a—keBy, q—k€eBS, q—k€eBS,
QEBf, qEBS, qu;’,
leBy 1B leB}
7 * * 7 7 * k* %k
+ E V(k?>al+k(lq_kaqal + E V(k)al+kaq_kaqal + E V(k:)al+kaq_kaqal
I+k€By, I+k€By, I+k€By,
q—keBS, q—keBy, q—keBS,
q€By, qu;, 4€By,
leBJCc leB; leBy
7 * 7 *
+ E V(k>al+kaq—k@qal + E V(k)aiyrx0q—raqq;
I+keBy, I+keBy,
q—keBy, a—keBy,
QEBf, qEBJCN
1B leBy
7 Xk 7 * *
+ E V(k)aiprag—raja; + E V(k:)alJrkaq_kaqal) (3.18)
l+k€By, l+keB;,
kB q-k€BS,
qE€By,
ZGBJ; €5y,
leB]Cc

All terms other than 5,6,9,10,15 give 0 in the state ajya;) because we need to have equal
number of creation and annihilation operators to get back the same state. The 16th term

gives 0 because we can’t apply two successive annihilation operators in Bf. The contribution
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of the non-zero terms are

(v, Z v (k )@y, Ag—raga; ¥ Z Vip—1), (3.19)
HkeBs, 1eB\{h}
q—kGBf,
a€ B},
ZGBf

(0, > Ve e raa®) = Y V(0), (3.20)
l+keB?, q€Bs\{h}
qkaBf,
quf,

leBS
f

(0, > ViR a0 = > V(0), (3.21)

I+k€EBy, leB;\{h}
qkaB}:y
4€ B},
ler

(0, E V(k)ayywa, pazar¥ E Vig—p), (3.22)
I+keBy, aeBs\{h}
q—keB?,
g€By,

e B¢
€5y

(0, g V(k)aprkaq_ka;a;‘\l!) =— E Vig—1)+V(0). (3.23)
H—ker’ qvler\{h}7Q7él
q—keBjf,
9€By,
1€B}

Now we have to evaluate the difference between this and the energy for paramagnetic state

in which only 1 term contributes. For the paramagnetic state,

(Q, E V )14 kg kya; S E Vig—1)+V(0). (3.24)
I+k€By, q,l€Bf,q#l
q—kEBy,
QEBf;
leB;

The energy difference becomes

(aya; QY H'ala; Q) — (Q, H'Q) = By — Eby + B (p* — h?), (3.25)

int

Bu—Ey=-2 Y V(g-p+2 Y Vig—h

q€Bs\{h} q€Bf\{h}
1
=2 ) ( — ) . (3.26)
— h|2 _ 2
weiiy Ma = A2l =l
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Theorem 3.2. The enerqgy difference E;,; — E¥') > 0.

mnt —

Proof. Suppose there exists a bijective map M : By — By such that d(q, h) < d(M(q),p),Yq €
B¢\ {h}. We have

2 (Iq—lh\2 - !q—lpP) = 2 (\q_lmz - ,M@l_pp) > 0. (3.27)

q€Bs\{h} q€Bs\{h}

Now we construct the map M.

Without loss of generality, we can assume the points h and p lie on the XY plane and assume
that the line connecting these points is the x axis. Consider the plane of points equidistant
from both p and h. The equation of this plane would be given by ”JFTh. Consider the reflection

of the fermi ball By under this plane and call it B}. Define the map as

qif ¢ ¢ B;N By
Mgy =TI (3.28)
r(q) if ¢ € By N By

where r(q) is the reflection of q under that plane.

Clearly this map satisfies the requirements. n

3.2 n fermions outside fermi ball

Now we generalise the calculation in previous section to n particles n holes system. The
state is given by ¥ = ay aj, ....a; a;

We have to evaluate

<\Ilv H/\I[> = Epw + Ekin + Eint' (329)
B =Y _W(p} = h}) (3.30)
i—1
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FE¢ will have contribution from the terms 5,6,9,10,15,16 of H;y. Their contribution is given

by

n

(W, Z V(l{:)aakaq_kaqaf\lf) = — Vip —1), (3.31)
=1

I+k€BS, leBy\{h1,h2,...,hn} 1
qflCEBf7

qu]cu

leBf

(0, > V(K] ag-rasal) = 3 > V(0) = n(N —n)V(0), (3.32)
I+keBG, q€Bs\{h1,h2,.,hn} i=1
qkaBf,
qufY

1eBS
€5y

n

(0, > Vik)awa) a0 ) = > > V(0) =n(N —n)V(0), (3.33)
+keBy, 1€B\{h1,h2,..,hn} i=1
q—kGB;,
qeBY,
ler

(0, > Vkara aa®) = - > > Vig—np), (3.34)

I+k€EBy, qg€Bs\{h1,h2,.,hn} i=1
qkaBﬁv
qGBfY

1€ B¢
€5y

W, S Vik)aga, e v) = - ) V(g—1)—V(0)
I+keBy, gl€Bi\{h1,h2,...hn},q#l
qkaBfa
qGBju
leBy

=— Y Vig-D

q,l€By,q#l

+2§n: > V(h; —1)

i=1 leBy\{h1,h2,..hn}

+ i V(hi —hj) + (N =n)(N —n—1)V(0), (3.35)

(W, > VK sa; pa,a®) = — > Vig—1)—V(0). (3.36)

I+k€BY, q,1€{P1,p2;--,Pn },q#l
q—keBJC,-,

(&
qEBf,

leBS
f
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The energy difference becomes

B — BNy =Y V(hi—h) = > Vipi—p)+2) > Vi(h; —1)
Zf:; zlyijl 1=1 1€B¢\{h1,h2,...hn}

Y Sa-m (3.37)

q€B\{h1,h2,...hn} =1

From this, we can’t conclusively tell if the energy difference is positive or negative. It appears

that it would depend on the relative positions of particles and holes.
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Chapter 4

Improving the lower bound

In the previous chapter, we have tried using the direct approach to find the difference between
the Hartree Fock ground state energy and the energy of the state of completely filled fermi
ball but as we have seen, it is difficult to comment on this as we don’t know the true Hartree

Fock ground state. In this chapter, we intend to prove the following 3 theorems.

Theorem 4.1. Consider the Hamiltonian

N

i=1 1<i<j<N

where V is the L-periodic Coulomb potential multiplied with a constant k and N = |Bp|.
Then for k sufficiently small, the free fermi gas state or the state with completely filled ferma

ball denoted by W, is the unique minimiser for B

Theorem 4.2. Consider the Hamiltonian Hy given as above.

Then for r sufficiently large, W, is not a global minimizer for EXT.

Conjecture 4.3. There exists a critical value k. such that Yk > k., the slater determinant
of plane waves is not a unique minimizer for EXY and for k < k., slater determinant of

plane waves is the unique minimizer for EXT.
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4.1 Theorem 1

Proof. Following the calculations of [9], we get

<\I]7 HN\II> <\ijwa HN\ijw> - Zf?” 7 7pw))

-3/ / (@, 9)2 — P ) PV (& — )y
+3 / / [04(2) Py (Y) = P (T) e W)V (2 — y)dvdy.  (4.1)

We have to find a lower bound to the above expression. There are 3 terms in the above
expression that is Kinetic term, Exchange term and Direct term. It was shown in [9] that

direct term is strictly positive. So we get

(U, HNW) =W, Hy W) > (= A(7=pw)) // V(@ )P~ Pypw (@, y) PV (2 —y) dady.
(4.2)
Let us look at the exchange term first.

We can decompose this term as

(@, )12 = Yow (@, 9) P = 17(2,9) — Yow (@, 9)* + 2Re[(7(2, 1) — Yow (2, 9)) 1pw(y — )] (4.3)

We get the first term as

[ ) = st = PV (o = )y (4.9

For the second part of the exchange term, we write

/ / (12 9) — Ao (@ — 9V (@ — 9V (g — 2)dady = tr(G(y — )y (45)

where G is an operator on L?(T3) with kernel v, (y — )V (y — x). Equivalently, G is the

multiplication operator in Fourier space with

=Y V(k-p). (4.6)

pEBf
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In particular, G > 0 and hence Tr(G(y — 1pw)) € R.

Now we show that
Tr[(=h*A = AG) (Y = ypw)] = tr[A(y — )], (4.7)

for some operator A.

Since v and 7,y are projections, we can decompose

('7 - ,pr)Q = ’7pr(’7 - 'VpW)Véw - pr('Y - '7pw)7pwa 'Vpr =1 = pw- (4'8)

Hence, for any constant ¢y € R,

Tr[A(Y = pw)*] = Tr[(Vow AYow — YowAVow) (Y — Yow)] (4.9)
= Tr[('V;_WA'VpW — YowAYpw + €0) (7 — Ypw)]- (4.10)

We have used Tr(y) = Tr(ypw) = N in the last equality. Thus the desired equality (4.7)
holds true if

fijAfpr — YowAYpw + co = —*A — MG, (4.11)

which is equivalent to
A(k)1(k € Bf) — A(k)1(k € By) = R?|k|* = AG(k) — co. (4.12)

This holds true when
A(k) = [R?]k[* = AG (k) — col, (4.13)

provided that the constant ¢, satisfies

sup (h2|k5|2 —AG(k)) <c¢o < inf (ii2|/’<:|2 — AG(k)). (4.14)
keBy kGB;
We can choose
co = Ik} — AG(ky), (4.15)

where ky is the radius of the fermi ball By. Thus, we have

(U, HyB) — (T, Hx W) = tr(A(y = 9p0)?) = Mr(V(y = 3p0)?). (4.16)
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This is equivalent to finding the lowest eigenvalue of the operator (A(x)+ A(y) — AV (x—y)).
To do this, we need to have some sort of comparison between the operators A and V. As, A
is a one-body operator and V is a two-body operator, it is not possible. So, we try to prove

the following lemma

Lemma 4.4. Finding the lowest eigenvalue of the 2 body operator (A(x)+ A(y) — AV (z —y))

1s equivalent to finding the lowest eigenvalue of a corresponding 1 body operator.

Proof. The operator A is given by
= |k* = AG(K) — co| = |k — k7 — M(G(k) — G(ky))|. (4.17)

We claim
A> |k — k3| (4.18)
We can sce that for k| > kf, k* — k7 > 0. We claim that G(k) — G(kf) <0

=> [ p|2 (4.19)

pEBf

If we can show that Vp € By, we are done. It is clear that Vp € By and

1~ 1
lk—pl* = lks—pl*’
|k| > k¢, |k — p| > |ks — p|. Thus, our claim is true.

We can see that for |k| < kg, k> — k} < 0. We claim that G(k) — G(ks) > 0.

As G(k) is spherically symmetric, we can take the vectors k and k¢ to be in the same line.
We call this line the x-axis. We will now use coordinate representation and express k and kg
as (k,0,0) and (kf,0,0). By is asphere of radius ky centered at 0. We denote this sphere as S.

Consider the points {(a,b,c) € S|la < k}. Lets denote the set of these points by C. The

contribution of sum in G(k) from these points is greater than that from G(ky) i.e.

Z| f_p‘Q Z’k o (4.20)

peC

k‘f-i-k‘
2

Now, we consider the set A = {(a,b,c) € S|a > }. The points in set A are closer to ky
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than k. Hence, they give a larger contribution for G(ks) than G(k) i.e.

% Tt

pEA

Z Dy p|2 (4.21)

[ky —p[? f—10|2

We consider a bijective mapping F' : A — B given by F((a,b,c¢)) = (k + k; — a,b,c). Note
that B C S and the contribution of sum in G(k) from the set B is equal to the contribution
of sum in G(ky) from the set A i.e.

1
2l |kf—p|2 p> |k—p|2’ (4.22)

peEA

Zfof—pl2 Z!k pl* (4.23)

peEB

The remaining points are closer to (k,0,0) than (kf,0,0). Lets denote the set of remaining
points by D. Hence, they result in a larger contribution to G(k) than G(ky) i.e.

1
Z — Z—_ - (4.24)
ks — pl? P| = |k =l

peED

Thus, we get A(k) = |k* — k7| + [A(G(k) — G(kf))| > [k* — kF|. Hence for the lower bound,

we can take operator A to be k? — k:]% In the position space, operator A is given by
A=—-A—k;. (4.25)

We do a coordinate transformation given by

r:x—y,l:x;y. (4.26)
In the new coordinates, we have
2 1 2 1 2
o 1 MG —a—, (4.27)
87’2 4 (%2 ay 2 0x0y
92
87’2 (89&2 > dxdy (4.28)
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So, we get the form of A as

1 —iv,|? 1 —iv,|?
Azé‘_m+ Al +§\—m— Vi g, (4.29)
This can also be written as
1 1?1 [?
A—§'—NT+§ +§‘—NT—§ — kF, (4.30)

where | is the fourier variable. We can see that the minimum is attained for [ = 0 and we
get
M(A(x) + A(y) = AV (z —y)) = A (A(r) — AV(r)). (4.31)

]

We now have to find a bound on V in terms of A so that we can compare the two terms.

Zv )| (r) ij || b (1). (4.32)

We use the generalised Cauchy Schwarz theorem to get

U (k
ZV ) (r) Z |l—k:|2
_22\ k)[2A(k Z k;2 e (4.33)

Lemma 4.5. We claim that for every k € Z3,

1
Z( EyATETEE < Clhy. (4.34)

l

Proof. We divide the sum into 3 cases
Case 1: |l — k| < 4kj. Then

1 1
2. B 2. RS X

1€ 73 Ik, |1—k| <4k 1€73 £k, |l—k| <4k 1eZ3 1<|l/|<dk

< Cky.

J4E.
(4.35)
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Case 2: |l — k| > 4ks and |I] < 2ks. Then,

> L < ki < Cky. (4.36)

12— k2| — k|2 — 2
f f
1€ 73 I#k,|l—k| >4k |1| <2k 1€Z3 || <2k

Case 3: |l — k| > 4ks and || > 2ks. Then,

1 1
< _— 4.
O IeeEID STt

1€ 73 Ik, |l—k| >4k |1|>2k ¢ 1€73 Ik, |I—k|>4k || >2k

We further divide the sum into 3 parts: |I| > 2|k, @ < || < 2|k| and |I| < @ Then we

have,
1 C
— < —<C 4.38
DD D 39

1€23 |l—k| >4k, |l|>2k |l >2|k| 1€23 1| >2k
for the first part,

1 C
2 PP © 2 PP

1€Z3 Ik, |I—k| >4k p |1 >2k 7| k| /2< |1 <2| k| 1€73 Ik, |I—k| >4k p |1 >2k £, | k| /2< 1| <2| k|

C
< ) @pmsc (4.39)

rez3 1<|V|<3|k|

for the second part, and

1 C
— < — < 4.40
Z l2|l _ k|2 - Z leQ — ( )
1€23,|l—k|>4ky |l >2k; 1| < &L lezs <)<kl

for the last part. O]
So, we get

(U, Hy W) — (U, HyW ) > Tr[(A — CkrAA) (v — You) - (4.41)

From this, we can see that for £ < &, (¥, Hy W) — (Upy, HyUpy) > 0. O
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4.2 Theorem 2

Proof. Let us first show that for k = 1, free fermi gas is not the HF ground state [10, 11, 12].
To show this, we will deform the fermi sphere and introduce spin density waves and we will
find that the resultant energy is less than free fermi gas energy.

The free fermi gas state is given by

(A A A (1.42)

EBf EBf

In step 1, we deform the fermi surface and get state to be

= (N L) ACN fe). (4.43)

kGfTT ke&j

The 1 particle density matrix can be given by

o= X fied il + D 1 (fial- (4.44)

keffT k‘GFki

In step 2, we introduce spin density waves by the transformation |k, 1) — ag|k, T)+bk|k+Qk, 4

). After this transformation, state is given by

U= (N (arfur + befrrge)) A C/\ @frs + U frrqur). (4.45)

keF; keF,

The 1 particle density matrix is given by

vir = Y larfes + bk frrei)(@nfir + befirquil
]CGFT

+ ) @k frd + Uefrr@en) (@ frs + Vi frequn] (4.46)
kEFL

Y y) = ) (are™ | 1) + b’ T L)) (ape™™| 1) + be T 1))

k‘EFT

37 (™ 1) $e | 1) (age ] 1) e T ) (447)

k€F¢
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The Hartree Fock energy functional can be written as

curn) = tr(-an)+ [ [ dudy"DPW) / dzdy V@O (4.48)

— |z —y| — |z —y|’

where [dx = [dz ), . |y and p(z) = (2, 7).
We have to calculate the difference in energy between the SDW state and free fermi gas

state. We can write the difference as

Acgr =cpr(vu) — cur(vrre) = cur(Ye) — car(Yp) + cur(vp) — car(Yrrg).  (4.49)

Let us first handle the kinetic part.

t?”(—A’)/H) — tT‘(—A”)/D) =2 Z <0kak¢ -+ bkf(k+Qk)¢‘ — A]akfm —+ bkf(k+Qk)¢> — f}T(—A’YD)
kE.rfT

=2 k> (fr —Afx) + 06 (Firru)r =D frrqn) — tr(=A7p)

kGiTT

=2 |ak” + |bl*(k + Qi) — tr(—Aqp)

k‘effT

=2) K +2) [k + [P (k + Qr)® — tr(—Avp)
/CE?T ]CESI'T

=2 —|bl?E* + (b *(k + Qi)*. (4.50)

ke?T

For the first part of interaction energy, we have

/dxdypH(fE)PH(y) _/dxdyPD(fE)PD(y)
|z —y] |z -yl
pr(r) =2 treelar)’| fil@)| D)(1 ]
+2) trea bl frrau (@)P (|

k
=2 (|l + |b?) =2) 1=2N
k k

pp(x) =2N
(/}hdypHprH@D__ drdy2 )P0 W) _ (451)
|z =y |z =yl ' '
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The second part of interaction energy is given by

/ddM /ddw (452)

|z —y |z — v
_ ik (o—
‘7H($a9)| = Z akak,e ik(z—y) o —ik' (z—y)

kEFy K €Fy

+ Z (lkbkak/bk/ei(k_k/)(‘v_y)e_i(Qk—Qk/)y
kEFy K EF,

+ Z akbkak/bk/ei(k*kl)(x*y)ei(Qk*Qk/)x
kEFT,k’EFT

+ Y BN i Q)
kEFy K E€F,

+ Z bia;{%e(k‘FQk*k/)(:vfy)
keFy K EF)

D U
kEFy K EF,

+ Z akbkak/bkle (k=K')(2—y) iQnz Q1Y
kEFy K EF,

+ Z akbkak/bk/e k k)( )eiiQk'ye*’L’Qk/I
kEFT,k’EFi

Y appetre ey
kEF, K €F;

+ Y aPret )
kJEFJ’,k’EFT

+ Z agcb ak'bkle (k—=k")(z~y) i@k QY
kEF, K EF,

+ Z a;b ak’bk'e (k—k")(z—y) —leye—sz/m
kEF) K €F;

+ ) agapettVe ey
kEF| K EF,
kEF| K'EF,

+ Z CL;cb ak/bk,e (k—kK')(z— )ei(Qk*Qk/)x
kEFL,k’EFi

+ 3 RPN i Q) ), (4.53)
kEF| K EF,
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Define

+ _ / 1 1 /
0 = |, o (e + =) 10 o

We can rewrite AFE as

o 4avR4

Ts

AFE

(2(k, b%) + (T~ a* b*) — (T~ ab,ab)), (4.55)

where a,b are understood as functions of k (ax, by) and (f,g) is the scalar product [ P fg
and k = 2L Q(Q — 2k,) > 0. We set R = 1. We have to find maximum value of AE. For

dayrs

this, we take the derivative of the expression for AE wrt b. We get

a? —b?

a

20k + b1~ (a* — b*) =

T ab. (4.56)

Setting = = ab, we can rewrite the above expression as J(Z) = Z, where
) = 1 T+=

2\ (s + T 1A= 222 4 (T+2)?
The problem now reduces to find the solutions of equation J(Z) = =.
is a trivial fixed point. By definition, 0 <= < 1/2 and 0 < J(Z) < %

We can clearly see that T are positivity preserving linear opeartors. If = > Z'. then

T+Z > T+= and T~+/1/4 — 22 < T~+/1/4 — 272 and J(Z) > J(Z).

Starting with Zg = 1/2, we have J(Z,) < Zy and setting =, = J(Z,_1), =, is a decreasing

J(=

(4.57)

The fermi gas(= = 0)

sequence of positive functions and thus converges to a fixed point =..
Taking the 1D approximation:
Now we impose that by, is non zero only in the region given by C' = {k : k + k. < 1* =

1—(1—-€?=2,0<k <Q}.

The second term of the expression for AE can be written as

(a®>,T7b*) = (b*, T a®) = (b*, T 1) — (b*, T b%). (4.58)
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We get T~! = vp(k) — vp(k) where vp is the potential induced by the truncated sphere. In
spherical case, potential of unit sphere is given by
1—k 1+Fk

=2 : 4.
v(k)=2r+m ? ln|1_k‘ (4.59)

In this case, for k close to 1 (k and k are close and near unit sphere), v(k) — v(k) =~
—4m(1 — k) In(15%). For the truncated sphere, we get the same expression except that we

replace 1 — k by Q/2 — k

|Q/2 k|

T71~ —47(Q/2 — k.) In(“e=— =0, (4.60)

if |Q/2 — k.| < 1. For h > 0, this equation holds except in a small neighbourhood of the
edge of the top disk.

We will use the scaled distance z = (Q/2 — k.)/r and we get
2k +T71 =2nr(yx — 2z In(z)). (4.61)

After integrating over ¢ = (k. k), we get

AEE,, = 4”?”” SEL (4.62)
SEE Ly = 2n(ye — 20 1n(x), %) — (T7b%,b*) — (TTE, 2), (4.63)
where the scalar product is now given by (f,g) = [ _,dzf(x)g(x) and T* becomes
1/r
(TEf)(z) = = / 42 (Gl(z — o) + G + ) f(2) (4.64)
0

1 1
dqdq’
w272 /qQ7q/2<,,,2 149 r2a? + (q — q/)2

2 4
=2In {1 + W} - —, u=l|z|+Va2+4 (4.65)
z|u

)
U2

G(x) =

In the above, we have just evaluated the integral as shown in [10].
We have that T~ is a positive operator. So, we can ignore the term (7%, b?) for the upper

bound of energy. If we do a variation of the upper bound with respect to b, we can get the
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equation = = J(Z) for the 1d case where

1 TH=

JE) == .
=) 2/m2(yx — 2z1n(x))? + (TTE)?

(4.66)

We can find the fixed point of this equation by iteration. After getting the fixed point, we
can substitute and get the value of AFE.
We can also get an analytical solution for small r,. As we are working in the high density
regime, this is a valid assumption for us.

Let us consider the simple problem where we consider

1 T+=

_ - , 4.67
2\/lray)? + (T7EP e

Jo(Z)

where we have replaced v by 4 which is a constant and a large parameter of the problem.
As J, Jy are monotonous, we can get the fixed point of J by taking limit of the sequence
E, = Jo(En-1), starting with =g = 3. We can check that if Z° < 0 then (TTZ') < 0 and
J(Z) < 0. Starting with Z9 = 1/2, we have = < 0 and by induction =/, < 0 and TT=,, <0.
Thus setting n = lim Z,,, n and T are decreasing functions.

We have (TTZ)'(0) = 0. So, for small x, fixed point of .Jy behaves like

1 1

mo(z) = SNCIEAES] (4.68)
o = %Z)’(O)' (4.69)

And since (T*n)’ < 0, we have
o) > () > o) 1) (4.70)

T+n(0)

We have that Jy is an increasing function of T7= and Tn > T*n(0). This gives the first
inequality and we can obtain the second inequality by replacing Tn by T7n(0) in the ex-

pression of Jy.
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For non zero finite x, 7y is narrowed near 0 and G(x) is continuous which gives

THn(z) ~ 27G(z) /000 n(z")dx' (4.71)
n(x) ~ 2§ij)no(x) /0OQ n(x")dx'. (4.72)

The behaviour of n mainly depends on what happens at small x. So, the above expression

is not very useful.

So, we look for the solution for x < 1. We assume that the denominator in the expres-

sion of Jy is equivalent to /(mz7)% 4+ (T+n(0))? for large 7. We now look for the solution
of

1 T n(x T n(x
n(x) == = (@) 2:770T+(). (4.73)
2 /(w2 + (T+1(0)) n(0)
After setting n = 19H, we can rewrite the above expression as
T+H770
— ) 4.74
T(0) T

We now assume that the tail of  is not relevant. So, we can approximate G(x) by —In(x?)—1
in the definition of TF. Set x = xgsinh¢. This reduces the problem to finding a solution
H(¢) for ¢ € [0, ¢0] and H(¢o) ~ 0. We have

%0
1@ = [ 6.0 )y (4.75)
F(¢,¢") =~ —In(|sinh(¢) — sinh(¢")|) — In(|sinh(¢) + sinh(¢")|) — 2lnzy — 1. (4.76)
H(0) =1, H(¢) =0 (4.77)
We can make the approximation
In(|sinh(¢) £ sinh(¢")|) = maz(¢, @) — In2, (4.78)

except on the finite ranges ¢’ ~ ¢ and ¢’ =~ ¢y. Thus

F(¢,¢') = Fo(¢,¢') = 2(¢nr — maz(¢, &) (4.79)
op = —Inxg + In2 — % (4.80)
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We get

We can solve this to get

Y
T
= —_— /.
¢0 2\/5 Y
We can find zy using
o = T"n(0)
)

ol
- / F(0, 6)H(6)do

ol
- / Hbar — B)H(9)do

= 2(¢m — ¢0)\/g+ 7.

T 1
To = 2exp| — ——= r—— .

So, we can get the solution for n

1 2
n(xr) = ———=cos (, / —,arcsinh(ﬁ)) :
2,/% +1 v o

This solution satisfies the above 2 assumptions.

Thus ¢y = ¢p and

The final step is to calculate dEL,;,. We get

0Egpw(n) _ 7 —4

/ ™ _l / !
T 3 'y+8\/§(’y IV +OWY).
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(4.81)

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)

(4.87)

(4.88)



The minimum of above expression with respect to 4/ is for 2mv/2(y' — ) = V(1% +4)

dEspw ~ —%Cve_%@ (4.89)
with C' = 8¢=3/2-77/8, )
AELyy <~ Ceéern(——=y) (4.90)

The total change in energy is given by

AFE = AESw + AEE,

2
_ 2mfay

5E, (4.91)

T's

§F = &ya — Ce%exp< \/“/_ ) (4.92)

The behaviour of JF is asymptotically dominated by the powers of ¢ and the minimum

occurs for

3t ya — 2C€yexp( f‘/_ ) (4.93)

We get the value of AE as
3

€
AE ~ —0.690—. (4.94)

s
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