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Abstract

Levy Process are used in finance for Asset Modeling and Risk Management. Markov
Modulated Levy Process(MMLP) are a more flexible class of Stochastic Processes
which capture phase changes arising in economies by allowing jumps in drift and
volatility, linked to hidden states of a Markov chain. Theses models have been used
to model option prices, renewable energy markets as well as for risk quantification.
While Bayesian inference methods exists for simpler regime-switching models, we aim
to extend it to more complex MMLPs.

Our approach involves applying Bayesian estimation techniques to recover the hidden
states and the parameters associated with each state of the Markov Chain. We
propose Markov Chain Monte Carlo algorithms to perform Bayesian inference for
MMLPs. This will allow for a more data-driven analysis of asset returns with regime

shifts and jumps.
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Chapter 1
Introduction

Most of the financial models used assumes the market conditions to be uniform but
that is usually not the case as economies undergoes changes in their state (e.g expan-
sion,normal recession). Regime switching models address this by allowing the model
parameters to also switch between small number of distinct states. These states are
described by a special type of random process called a Markov chain, which jumps
between states according to fixed probabilities.

During each state the model behaves like a standard Levy process. Which im-
plies the asset price has defined randomness and trend dependent on the state.
When the underlying Markov chain state changes the randomness and the trend
also switches. When a model combines these two elements - a Markov chain for
state switching and a Levy process for price movement within each state - it’s called
Markov-modulated Levy process (MMLP). This model is more realistic than stan-
dard models because it captures the idea that market conditions can change over time.
Hidden Markov Models or Regime switching models have been used extensively in
finance literature to account for different type of phases occurring in the economy.
[Cheng-Der Fuh, 2012] uses regime switching Brownian motion for pricing options and
[Anindya Goswami, 2019] price options in a regime switching jump-diffusion models.
Also, [Ivanov, 2022] explores risk quantification for Variance-Gamma Process with
regime switching and [Rasmus, 2016|] explores derivative pricing for regime switching
levy process particularly regime switching Normal Inverse Gaussian(NIG) process.
[Shaw, 2019] uses similar model to study US Corporate Option-Adjusted Spreads.
Regime switching Levy process also find great use for modelling wind energy out-

put, in the paper [Veraart, 2016] models the impact of wind production on electricity

1



2 CHAPTER 1. INTRODUCTION

prices using a regime-switching Levy process. Since, regime switching levy process
are widely used in various fields including derivative pricing, risk quantification and
energy prices modelling. Therefore a robust and efficient algorithm to carry out in-
ference for these models is necessary.

In this project, we address the problem of inference for regime switching models for
asset returns using Markov Modulated Levy processes (MMLP).The regime switch-
ing extension is one of many generalizations of Levy Process models of asset price
dynamics. Bayesian Inference for Markov modulated geometric Brownian motion
(MMGBM) models have already been explored e.g. in [Srikanth K. Tyer, 2009] so we
naturally intend to extend it to Levy Models. The paper |[Das and Goswami, 2019]
by Milan Kumar Das and Anindya Goswami develops a statistical methodology for
evaluating binary regime-switching models, specifically extensions of the geometric
Brownian motion (GBM) model using squeeze duration analysis, We plan to explore
possibility of applying Bayesian estimation techniques for estimating the parameters
associated with Markov Modulated Levy Processes. [Milan Kumar Das, 2023] also
explores binary regime models with jump discontinuities, focusing on inference meth-
ods and practical implications in their study. We wish to come up with Bayesian
inference procedure for Markov modulated Levy processes, that allows the drift and
volatility of the asset(Stock) to jump among different values. The jumps are deter-
mined by a continuous-time Markov chain but in a way that each state of the chain
is associated with one value for drift and one for volatility. An MCMC algorithm is
to be developed to perform exact Bayesian inference for MMLPs.

The general Regime switching Levy Process

Let X; be a continuous time Markov chain on finite space. A regime-switching model
is a stochastic process (S;) which is solution of the stochastic differential

equation given by

dS, = k(X)) ((X,) — Sy)dt + o(X,)dY, (1.1)
where k(X;),n(X}),0(X;) are functions of the Markov chain X.
e x denotes the mean-reverting rate;

e 1) denotes the long-run mean;

e o denotes the volatility of X.



Y ¢(X) is a stochastic process which is a NIG Levy process with its parameters (u, 6, av, 3)also
Markov modulated.

To carry out Bayesian inference for the Markov Modulated Levy process, we con-
sider the path of the Markov Chain as an additional parameter. If we consider
M possible states of the Markov Chain then our parameter space would be O =
{(/%i,éi,éi,ﬂi,&,d,;,@,) for i =1,..,M} and we would also have the path space
(Xt)icpm € D([0,n],1,..., M). If we have observations (51, .., S,) = Si., and a given
prior distribution for each of the parameters, then we have to find the posterior dis-
tribution of ©, X[, conditional on our observation that is we try to estimate the
density f(0; Xjo,n|S1:7)-

The Thesis is structured as follows. The first chapter introduces the problem state-
ment and the motivation for carrying out this project. The second chapter introduces
important concepts and definitions which will be used throughout the thesis. The
third chapter introduces Bayesian Infernce using Truncated Dirichlet prior method
for regime switching process in a genralized setting. The fourth chapter provides
methedology for Truncated Dirichlet prior method of bayesian infernce for markov
modulated Ornstein-Uhlbeck process. The fifth chapter provides methedology for
Truncated Dirichlet prior method of bayesian infernce for markov modulated geomet-
ric Levy(NIG) process. The sixth chapter introduces Particle Markov Chain Monte
Carlo method for bayesian infernce in generalized setting as well as provide method-
ology about how to use it for our two models. The seventh chapter contains results
of numerical experiments and the eighth chapter includes discussion for implications

of our work and the scope for future research.
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Chapter 2
Preliminaries

We start by introducing essential concepts that are used throughout thesis. We first
introduce Levy processes. Then we give a brief introduction on Bayesian Inference.
Then we introduce Dirichlet prior and stick breaking process which are very important
for our method. And at the end we give methods to estimate transition matrices form

sample paths of the Markov Chain.

2.1 Levy Process

Levy process are the most used class of stochastic process to model financial data, eco-
logical data as well as in signals processing. We first define them mathematically and
also give important characterisations associated with them. The refrence used in this
section are |[Cont and Tankov, 2004],[Schoutens, 2003] and[Barndorff-Nielsen, 1997].

Definition 1. A cadlag stochastic process(Y;) on a given probability space is a Levy

process if satisfies the following three conditions:
e Stationary increments : The distribution of Y1 — Y doesn’t depends on t

e [ndependent increments: for any increasing sequence of times ty...t,, the random

variables Yi,, Yy, — Yiy, -, Ye,, — Yi,_, are independent.

n

e Stochastic Continuity:Ne > 0 limy,_,o P(|Yien — Y| > €) =0

One thing to note that is that the third condition doesn’t imply that sample paths

are continuous.
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Another important property of a Levy process (Y;) is that its distribution is infinitely
divisible.

Also if F is an infinitely divisible distribution then there exists a Levy process (Y;)
such that the distribution of Y} is given by F.

The simplest Levy processes are the compound Poisson process whose sample paths

are piece-wise constant functions.

Definition 2. We define the Levy measure for a Levy process as follows:

let (Y;) be a levy process on R:. The measure u on R? is:
w(A) = E[#{t € [0,1] : AY; #0,AY; € A}] A € B(R?) (2.1)

The most important results for Levy processes are the Levy Ito decomposition
and Levy-Khinchin representation which gives us two ways of characterizing Levy

processes.

Theorem 1. Levy Ito decomposition Let (Y;) be a Levy process on RY and p is

its Levy measure , Then

e The jump measure of Y, denoted by Jy, is a Poisson random measure on [0, oo x

R with intensity measure p(dy)dt.

e There exist a vector vy and a d-dimensional Brownian motion (By) with covari-

ance matriz A such that:

Y, =+ By + Y/ + lim Yy (2.2)

The above theorem explains that every Levy process can be characterised by three
quantities that are also called the Levy triplet of the process and include a vector -,
a positive definite matriz A and a positive measure p that uniquely determine its

distribution.

Theorem 2. Lévy—Khintchine representation Let (Y;) be a Levy process on
R? with Levy triplet (A,u,~) and if we have E(e'*¥t) = ) then,

1 . , )
0(e) = —grAz izt [ (@7 = 1= izylya)n(dy) 2.3)
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Definition 3 (Subordinator). A Subordinator is a stochastic process Y = (Y;)i>o that

15 a Levy process and has the following property
P(Y; >0 forevery t>0)=1

Proposition 1. Let Y = (Y})i>0 be a real valued Levy process then the following are

equivalent:

LP(Y; >0 forevery t>0)=1

2.P(Y;, >0 forsome t>0)=1

3.Sample paths are almost surely non decreasing i.e t > s=Y, > Y,
with probability 1

4.Let (A,u,b) be the charaterisitc triplet of Y; then

A=0, p((—o0,0])=0, /Ooo(as ADp(dy) <oo and b>0

To construct new Levy processes, we use three basic types of transformations,
under which the class of Levy processes is invariant: linear transformations, subor-
dination (time changing a Levy process with another increasing Levy process) and
exponential tilting of the L evy measure. Linear transformation is the easiest one
which specifies that any linear transformation of a Levy process also gives a levy
process.

The second method is Subordination which is also the method through which NIG
process is developed which can be explained as follows:

Consider (S;);>0 as a subordinator and (W;);> as an independent Brownian mo-
tion. When we combine Brownian motion with a drift parameter p using the subor-
dination process S, we create a fresh Levy process denoted as X; = oW (S;) + uS;.
If we examine this process on a different time scale, specifically the stochastic time
scale defined by Sy, it transforms into a Brownian motion. This new time scale has a
financial implication as it represents business time, indicating the cumulative rate at
which information is received.

Barndorff-Nielsen in his paper [Barndorff-Nielsen, 1997] gives us the construction of
the NIG process which we are going to be using in our project. It is constructed by

using an Inverse Gaussian Process as a subordinator .

Definition 4 (Inverse Gaussian Process). Inverse Gaussian Process is a Levy process
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with the marginal distribution given by Inverse Gaussian distribution. Formally
ZU6) = (209 t > 0}

with parameters a and b >0 and has independent and stationary increments such that

Zy — Zg ~fra(z;a(t — s),b)
_ a(t — 5)ea(t—s)bz—:a/ge%((a(t—s))2z*1+b2z) >0

V2r

Here we use the definition provided by Ole Barndorff-Nielsen in his paper [Barndorff-Nielsen, 1997]

Definition 5 (NIG Process). if Z; is an Inverse Gaussian Process(see [Cont and Tankov, 2004)])
with parameter § and /a? — 32 then we can represent NIG process as:

Where Wy is a Brownian motion independent of z; with drift 0 and diffusion coefficient
1.

The marginal distribution of the NIG process is called the NIG distribution which

has four parameters (u, 9, «, 3).

e Location parameter (u): location of the distribution. pu € R
e Scale parameter (0): scale/variance of the distribution. § € R+,
e Shape parameter («): tail heaviness. a € Ry

e Rate parameter (3): skewness of the distribution. f € R and —a < f < «

The probability density function of NIG distribution can be written as

aé\/l 11)?/62)
H ) \/1 2/52 \2'5)

Here Ki(z) = 5 [~ exp(—3a(t +¢~'))dt denotes the third Bessel kind function with

index 1. Therefore we can also define NIG process as

fae(z; 0, 8,0, 1) = %exp (5\/a2 — B2+ Bz

Y(NIG) — {}/;(NIG)7t Z O}
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with parameters «, 3, 1,0 and has independent and stationary increments such that
Yi—-Y,~ fNIG(x; @, 3, (t - 8)57 (t - S):u)

= %exp ((t —s)dva?— B2+ pz— (t— 3)M>)

Ky (olt — 5)0\/T (@ — (L — )/t — 30
VIt (@ (= 9/t — )P

We also observe that Normal distribution is just a special case of NIG distribution

which can rises as a special case by setting 3 = 0 and § = o%a and letting a@ —
00.Therefore we can also say that the Brownian motion is a subclass of NIG Levy

process.

2.2 Bayesian Inference

Bayesian inference is a statistical method for updating probabilities based on new
evidence. The refrence used in this section are [Haugh, 2021]. It involves the use of

Bayes’ theorem, which can be expressed as:

Theorem 3 (Bayes Theorem). Let A and B random variables in a measurable prob-

ability space, then
[p1a(bla) - fala)
f5(b)

Jaslalb) = (2.6)

fap(alb) is the probability density of A given B = b,

IBla(bla) is the conditional probability density function (PDF) of B given A = a,
fa(a) is the probability density function (PDF) of A,

fB(b) is the marginal probability density function (PDF) of B.

In this continuous case, the probabilities are represented by probability density

functions, and integrals are used instead of summations.

2.2.1 Bayesian Infernce

In Bayesian setting we consider that our parameters for the model as well as the data
to be observed are random variables. We assign the parameter some probability den-

sity based on our initial knowledge which is called the prior density. Once the data
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is observed we use Bayes Theorem ([2.6) to update our prior density. The updated

densities is called posterior density.

Definition 6 (Prior density). Let © be some unknown parameter vector of interest.
We assume © is random with some prior density, fo(0). This captures our prior

uncertainty and knowledge regarding ©. So we have initially :
O ~ fo(0)
We also consider our data to be random variable X and we consider observed data

to be a realisation of X. Therefor we can define

Definition 7 (Likelihood). The likelihood is the conditional probability of observing
the collected data x, given that we have the parameter to be © = 0. Represented

mathematically as:

fxje(x]0)
Now, we want to get the posterior density which is the updated density of © after
observing X = x formally defined as

Definition 8 (Posterior density). The Posterior density is the conditional probability
of © given that we have the data X. Represented mathematically as:

foix(0]z)

The joint density of # and X is given by
f(0,2) = f(x|0)f(8) (2.7)

Now we use Bayes’s Theorem to compute the posterior distribution from the prior

and likelihood as follows

fxie(z]0) - fe(0)  fxje(z|0) - fo(0)

Fe@ Ty Fxe(@l0) - Je(@)dd 28)

foix(0]x) =

Therefore using Bayes theorem we get a probability density over ©, sometimes a point

estimate of © is required then we use the following:
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Definition 9 (maximum a posterior (MAP) estimator). The Mode of the posterior
density or the 0 for which feo|x(0|x) is mazimum is called the mazimum a posterior

(MAP) estimator.

Much of Bayesian analysis is concerned with “understanding” the posterior f(6|.X).

We can observe
feix(0]z) o fxje(x|0) - fo(0) (2.9)

Where oc symbol denotes that f(f|x) = C' x fxje(z|f) - fo(f) where C is a constant
which doesn’t depends on # but might depend on X. Sometimes we can recognize
the form of the posterior by simply inspecting fxo(X|0) - fo(€). But typically we
cannot recognize the posterior and cannot compute the denominator in (2.8) either.
In such cases approximate inference techniques such as Markov Chain Monte Carlo

are required.

2.3 Markov Chain Monte Carlo Sampling

2.3.1 The Sampling Problem

Suppose we are given a probability density

where f (2) > 0 is easy to compute but Z, which is the normalization constant is
(too) hard to compute. This very important situation arises in several contexts:

In Bayesian models such as ours where f(f) = Ix10(X|0) - fo(6) is easy to compute
but Zp = [, fxje(X10) - fo(6)d6 can be very difficult or impossible to compute.

2.3.2 Metropolis-Hastings Algorithm

Coming to our sampling problem, suppose we want to sample from a probability
density f(z) = %. To do this we construct a (reversible) Markov chain as follows
and this method is called the Metropolis-Hastings Algorithm. Here’s a step-by-step

description of the algorithm:
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1. Initialize the chain with an arbitrary starting point x;.
2. For each iteration t =1,2,3,...,1"

(a) Propose a new sample 2’ from a proposal distribution g(z’|z;).

(b) Compute the acceptance ratio:

o = min <1, Jf@/) : q(:rJ:c’))

f(xe) - q(a'|zy)

(¢) Set X;11 = 2’ with probability « otherwise set X, =«

In the algorithm, f(z) is the target distribution, g(2’|x;) is the proposal distri-
bution, and T is the total number of iterations. The acceptance ratio o determines
whether the proposed sample is accepted or rejected.

The resulting Markov chain is reversible with stationary distribution f(z) = fz(—?.
We can therefore sample from f(z) by running the algorithm until stationarity is
achieved and then using generated points as our samples. Note that Zp is not required
for the algorithm! Therefore to sample from the posterior of any parameter 6 , f(0|X)

we need fxg(X10) - fo(0) only as given in using Metropolis Hastings Algorithm.

2.3.3 Gibbs Sampling

We use in this subsection [Tierney, 1994] as a reference. Gibbs sampling is a Markov
Chain Monte Carlo (MCMC) algorithm used for generating samples from a multi-
variate probability distribution. It is particularly useful when it is difficult to directly
sample from the joint distribution of all variables but is relatively easy to sample
from the conditional distributions of individual variables given the values of the other

variables.

e We want to sample from random variable x=(z1,..,z4) € R with distribution

7T(X17 ..,[Ed)

e we can simulate the distribution of each component conditional on the others,

i.e. we can draw from m(xg|2y, .., Tk 1, Try1, .., xq) for each k=1 to d.

e We want to sample from the joint distribution, 7(x). Gibbs sampling constructs
a path of Markov Chain, 2 — 2® — 2 with each step given by

Simulate
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— 2 fromz (231 2, ..., )

j+1 G gL
— " fromm(x)" ", 2, . 2))
j+1 RN E B B
— oy fromm (|2, 2y, ., x))

Convergence of Gibbs sampling
Let X be a Markov chain with state space  C R? with the transition Kernel:

P(Z’,A):PT(XZ+1€A’XZ:$> ZL’GQ, ACQ
Definition 10. Markov Chain X is * irreducible if
T (A) > 0= P(X; € A|Xg=2) >0 foreveryxz €

for some i > 1.
This implies Markov Chain can visit all the states that have positive probability in m*

starting from any state in the state space.

Definition 11. We say m is an invariant distribution for the above defined Markov
Chain if :

TP =

We use the following proposition to show our Gibbs Sampler converges to the joint

distribution

Proposition 2. If P(.,.) is a 7 irreducible and has invariant distribution 7, then
7 is the unique invariant distribution of P. If P(.,.) is also aperiodic then for almost

every x € ) and all sets A we have
|P"™(z,A) — " (A)| — 0

as m — o0

Therefore to show that our Gibbs sampler Markov Chain converges to the true

distribution we just have to show that

Proposition 3. 7(zy,..,z4) = m(x) is the invariant distribution measure for Markov

Chain created by gibbs sampler.
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Proof. The Markov chain created by the Gibbs sampler is a d-dimensional Markov

Chain where each state change occurs as follows:
(@, ooy () = (@17, s (™)
Therefore we can give the transition kernel as follows:

P(z,dy) = 7(y1|w2, ..., wa) X m(y2|y1, 3, ..., 2a) X ... X T(Yaly1, .-, Ya-1)dy1...dYa
= [[7(rlyr. - vhe1, Thsr, s 20)
3

Now, we first prove the following statement

_ 7T(yk|y1, ---,ykfl)ﬂ(fb'kﬂ, ---Jd’yla ) yk)
m(we + 1, zalyrs s k1)

71-(yk|y17 ey Tht 1, "'7Id)

To the prove the above statement we use definition of conditional distribution as

follows:
RIS — T(Yk|Y1s s Y1) T(Thg1s s Tal Y, -0, Yi)
(e + 1, Talyrs s Yr1)
_ {W(yla'-‘ayk—layk)7($k+lamaxdaylamvyk> 7T(3Jh--~7yk—1) }
T(Y1y ooy Ym1)T (Y1 ooy Ykt T(Tht1s ooer Ty Y1y oo Yhm1)

T( Tkt 1y ooy Tdy Y1y -y Yk)
W(xk—i-la s gy Y1y -oey yk—l)

= 7T<yk|3/1, ---,ykflyx]gfl, ...,,de) = LHS

Now we finally prove our proposition that [ P(z,dy)r(z)dx = 7 (y).

/ P(x, dy)r(z)dx

:/.../Hw(yk\yl,...,yk_l,ka,...,xd)ﬁ(a:l,...,xd)dajl...da:d use above statement
k

:/ /HW(yk|yla...7yk—1)7T(ZEk+1,...,$d|y1;--~7yk)ﬂ<xl|x2 1) (2, s )1 AT
P m(xp+ 1, xa|yr, oo Yb1) o o

T(That1y ooy TalY1,s ooy
:1—[7T(?/k|y1,~-~7yk—1)/~-/1_[7r (41 alyr, -, ) w(x1|za, ., xa)T (22, .., Tg)dTy . .dXyg
k k

(xk’ + 17 "'7~Td|yla --'7yk—1)

Now observe [[, 7(yx|y1, ..., yk—1) = 7(y), So we just need to prove rest of terms equal
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to one. Rest of the terms are

/ / (2, .., xd|y1) m(Taly, - Ya— 1 1|, .. del..dxd

$d|yl7- y Yd— 2)

://H %H’"’$d|y1’"’yj)w(xl,..,xd)dxl,..,d:vd
J

W($j+27 () $d|y1, i) y])

—/../Hﬂ(ﬂfﬂ%+17--7$d7y1,--7yj)d95j
J

_ /ﬂ(x|y)dx 1

Hence we have proved that the joint distribution m(z1,..,24) is the invariant distri-

bution for the markov chain created by the gibbs sampler
O

In our case we are going to use Gibbs Sampler to sample the joint distribution of

the parameters using the full conditionals of the each variable of the parameter space.

2.4 Dirichlet process

Dirichlet process is a stochastic process whose sample paths are probability distri-
butions. As we know stochastic processes are distributions over functions and paths
of the stochastic process are random functions. For DP, it is a probability measures
which are random functions with some properties and can be interpreted as probabil-
ity distributions over some set S. Hence a single draw from a DP outputs distribution
rather than producing a single parameter (vector).It is important to note that sample
paths of DP are discrete distributions over set S with probability 1. A base distri-
bution H and the concentration parameter, also known as the scaling parameter and
denoted by the positive real number «, together define the Dirichlet process. As
described in [Teh, 2010] The Dirichlet can be formally defined as follows:

Definition 12 (Dirichlet Process). A random distribution G is distributed according
to a DP, if its marginal distribution is Dirichlet distributed. let H be a distribution
over S and a be a positive real number. Then for any finite measurable partition

Ay, ..., A, of S ,we say G is Dirichlet process distributed with base distribution H and
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concentration parameter o, written G ~ DP(«, H), if
(G(Ay),...,G(A,)) ~ Dir(aH (A1), ...,aH(A;))

for every finite measurable partition Ay, ..., A, of S.
Where ”Dir” denotes the Dirichlet distribution.

Proposition 4. Draws from Dirichlet Process are random measures over the set S

that are discrete with probability one and therefore can be represented in the form:
plw, s) = 321 Pr(w)ds, @) (5)
Where s, € S and P, are random weights .

The base distribution represents the expected value of the process; hence, the
Dirichlet process draws distributions ”around” the base distribution in a similar man-
ner to how a normal distribution draws actual numbers around its mean.The scaling
parameter determines the degree of this discretization. Since o defines the discretiza-
tion we will have that as a« — 0, all realisations will be concentrated at a single
value. Whereas when @ — oo, we will have G(A) — H(A) for any measurable
A, that is G(A) — H(A) pointwise. However this not equivalent to saying that
G — H. As draws from a DP will be discrete distributions with probability one,

| (
MKLL T
1 i, M, |

o
0.04
o
0.004
0002
0.000
B 0 ) o 2 o gl

Fig. 2.1: Draws from the Dirichlet process DP(N(0,1),«a) . The four rows
use different o (top to bottom: 1, 10, 100 and 1000) and each row contains
three repetitions of the same experiment

even if H is smooth.
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2.4.1 Stick Breaking Process

Stick Breaking Process is one of the most common way to sample from Dirichlet
process. It uses the important property of DP that sample paths of DP are discrete
distributions over set S with probability 1. [Sethuraman., 1994] used this property to

give a precise and straightforward construction of DP as follows:

Definition 13. let sp € S, k = 0 to 0o and sip(w) are independent and identical
drawn according to H.
And let P/(w) be independently drawn from the distribution Beta (1,a) and let

Pi(w) = P51 = P (w))

Then we can define a random measure on S which is a realization of DP ,u(w,s) as

follows:

plw; s) = 321 Pr(w)ds () (5)

The resemblance to 'stick-breaking’ can be seen by considering that we start with a
unit-length stick and then break it at P| and assigning P; the length of stick we broke
off and in the next each step we break off a portion of the remaining stick according
to P| and assign this broken-off piece to P, . The idea behind this is to repeatedly
cut off and throw away a random fraction (selected from a Beta distribution) of a
"stick” that is initially 1 length. We explicitly employ the discreteness and provide

the probability mass function of this (random) discrete distribution.

2.4.2 Finite truncation

We use an almost sure truncation of DP(«,H) in our algorithm like the one used in

[I[shwaran and Zarepour, 2000] which can be defined as:

Definition 14 (Truncated Dirichlet process). let sy € S, k=0 to N and sg(w) are
independent and identically distributed according to H.
Then the druncated dirichlet process will be of the following form

fN<w’ )= Pk(w)ésk(w)(')

IM-
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where,

Pi(w) = Pi(w)
Py(w) = )5 (1 = Pl(w)) (k=2,..,N 1)
Py(w) =I5 (1 = Pi(w))

)

And Pl(w) , k=1,...,N —1 are independent draws from the distribution Beta (1,c).

2.4.3 Distribution of Proportions

In the following section we derive the probability distribution of P=[FPy, ..., Py] which
will later allow us to get full conditional of P. The reference used in the section is

[Connor and Mosimann, 1969].

Definition 15. Let Py, P, ..., P, be non negative continuous random variable satis-
fying the constraint Y P; = 1. Then P’s are called proportions.

We also define the following notations:

1.8,=7 P

2. Pl = P;/[1 —S;_1] where P = P, and P, =1

3. P=(Py, ..., Py) with Py = (P, ..., P;) and Py = (Pjs1, ..., Py)
4. Wi = (1/[1 = S;)) P,

Lemma 1. Using the above definition we can see that P; = P/[[[.2,(1 — P.)]

Definition 16. Given a random vector of proportions the proportion Py is said to be
neutral if Py is independent of the vector (P} = P;/[1 — S;_1];1 > 2)

Definition 17. Given P divided such that P= (Pj1, Pjs) .Pj1 is a neutral vector if it
is independent of W;.

If Pjy is a neutral vector for all j, then P is said to be completely neutral.

Theorem 4. Suppose P is completely neutral . Then the random variables P! are

mutually independent. Let density of each P! be uni-variate beta distribution B(a;, b;)
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then the density of P’s are:

k—1 k—1 k
[ Blai ba)lpee =~ T Ip5 O )ttt (2.10)
=1 =1 Jj=t

We call that the distribution as a generalized dirichlet distribution and represent it as

Q(al, bl, weey Qg bk)
Proof. We first see that the distribution of vector

k—1
P =(P,.,P_,) = [H Bla;, b)) 2511 — z)b ]

=1

Now we know that transformation of probability distribution of a random vector(X)
to another random(Y) vector which is a function of the first one can be done by using

the below formula.

g(¥) = [J[f((Y))

where v is the inverse of the function that maps X to Y and is the jacobian matrix

for v .

1 0 0...
0 1/[1-S4] 0...

Therefor in our case we have the jacobian to be therefore

0 0  1/[1-S]..

" ![1/(1 = Si_1)]. Now applying the transformation

the Jacobian comes out to be [].-;

we obtain the density function of P = (py,..,px_1) to be

k—1 b1 L
[T B b Tt Qo py) o)
i=1 paiey o

2.5 Estimation for Markov Chains

In this section we introduce the methhods to estimate Markov Chain transition ma-
trices if we have sample paths of the MC. This method will be later used as part of our

method. The references used in this section are [Inamura, 2006] and [Shalizi, 2009).
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2.5.1 Discrete time Markov chain with Discrete observations

Let X be a Discrete time Markov Chain with finite state space S=(s1, s9, ..., Si). We
know that the a DTMC is defined by its transition matrix

Py P Pk
Py Py Pk
P=|Py Py Pk

where P;; = Prob(X (t,11) = j|X(t,) = ) Here we describe the Maximum Likelihood
method to get transition matrix from sample paths for a given DTMC.
Suppose we observe a sample path of the markov chain given as x1, z9, ..., T,,.

The probability of this realization is:
PI'Ob(Xl = .73'1) H PI'Ob(Xt = .Tt|Xt_1 = xt—l)
t=2
Which can be rewritten in terms of the transition probabilities P,

L(P) =Prob(X; = z1) [[ Pr,rs

t=2

kK k
= Prob(X; = =) [[[[ P

i=1j=1

Then we take the log likelihood of the above expression:

log(L)(P) =log(Prob(Xy = z1)) + ) ni;log(Py)

i7j

Now we try to find the maximum likelihood but we also need to be careful of the

> Pu=1
J

constraint
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Since we have K constraint equations we use introduce K Lagrange multipliers A, Ao, A3, ..., Ak

And we get the new objective function to be :

log(L)(P) — ZMZ P,—1) (2.11)

Now taking derivative with respect to P ; gives:

_ T

0=22— X\
B.
i
)\i :i
Pi'
Nyi
Ijij :)\_ZJ

from the constraint equation we have

Therefore we have the Maximum Likelihood Estimator to be:

pMLE _ _ T (2.12)
’ Zj:l Mg

2.5.2 Continuous time Markov Chain with Continuous ob-

servations

We now move to a CTMC with continuous observations.Suppose we have A CTMC

X(t) with K states then it is characterized by its generator matrix or also called ¢
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matrix.

Qu Qi ... Qix
Q2 Qa2 ... (Qox
Q=10Qn @ .. @

QKl QKQ QKK

which has the following properties:

K
j=1

0<—Qiu = Z Qij
J#i
Q;,; > Ofor all 4 # j

Now suppose we have sample path of the CTMC as X; which includes all the instance
in time when change in state occurs as well as the corresponding state change. Then
considering that the CTMC changes state from i to j at ¢; and then from j to k at

time t5 and so on. We can then write the likelihood in the following way:

iy

)
I
@

xp(—Qi(ts — 1)) Qij exp(—Q;(ts — 12)) Q.-
:HH(Qij)N Jexp(—Q; Ri(T))

where R;(T) = fol L{a(s)=iyds is the holding time at state i by the time t. N;;(t) is the
number of times state changes from i to j by time t. We now take log of the above

expression to get log likelihood as
K K
log (L)(Q) = > > log(Qi)Nij(T) = > >~ Qi Ri(T)
=1 ji =1 ji
Hence the maximum likelihood estimator is:

e Nig(T)
i m (2.13)
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Bayesian Inference for Regime

Switching Processes

Now we will introduce Markov Modulation or regime switching process: We will first

define a Markov-Switching as:

Definition 18. Let (X;)icjo.1] be a continuous time Markov chain on finite space S:

=1, 2, ..., M. The generator matriz of M, denoted by IIM , is given by

Hf\f >0 ifi#j forallij €S and I} = — ZHf\f otherwise (3.1)
J#

Next we consider some observable process say S which has independent and sta-
tionary increments and has parameters 6 which determine its distribution. Mathe-

matically,
StJrT - St ~ f(9, 7') (32)

Where f(6,7) denotes the density of the increments. Now we want the parameters
denoted by 6 to be regime switching or more precisely each state of the above defined
continuous time Markov chain corresponds to a different set of parameters 0. If lets

say the dimension of 6 is K, i.e. the distribution f is a function of K variables, and

23
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our Markov Chain has say M states. Then we can denote it as

1 (911 0M1
S — I (3.3)
M 91]{ QMK
where
Hth
0(X;) — : (3.4)
gXtK

So we can observe that 6;; corresponds to value of the j#"parameter of the density in
state i.

So now our model can be denoted in the mathematical form as:

Strr — Se ~ [(O(Xy),7)
If the Markov chain remains in state X(t) till ¢t 4+ 7

Note that now the distribution of increments is not identical or stationary anymore
but still independent.

Now, we want to fit a regime-switching model such as above. Thus the optimal set of
parameters to estimate is (6; ; X(.)) € RM*K xD. wherei=1,..,Mandj=1,.... K.
Where {éw,@ =1,...,M;j=1,.. K} € RM*K are the parameters for the density as-
sociated and XA(.) € D([0,T],{1,..., M}) is the path taken by the underlying Markov
Chain and D is the set of Cadlag paths of the continuous time Markov Chain

We define a prior density py for 6 and then Bayesian inference relies on the joint

density
P(0; Xpm|Snm) o< po(Xp,1|Sp,m)p(0)

For non-linear non-Gaussian models, pg(X71,11|Spn,m) and p(6; Xp1,71/Sn,7) do not usu-
ally admit closed form expressions, making inference difficult in practice. It is there-
fore, necessary to resort to approximations. Monte Carlo methods have been shown

to provide a flexible framework to carry out inference in such models.
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3.1 Truncated Dirichlet Prior Method

Now, to carry out inference for our model we develop a new type of MCMC method
called " Truncated Dirichlet Prior Method” which is inspired by similar methods in
[Srikanth K. Tyer, 2009] and [Ishwaran and Zarepour, 2000] but this formulation for
generalized regime switching process is given in this thesis.

We first think of each individual path taken by then Markov Chain as a class, to which
we have to assign our observed data. Our models can be described in the following

hierarchical form:

(513,60
(X3|P) ~

Nf(SlXZ, 0)

\_/\_/

~f (9)
~P

RVERSS

In this semi parametric setting, S = (51,...,5,) is the observed data while X =
(X1, ..., X"N) are the individual path taken by then Markov Chain and each X €
D([0,T){1, ..., M}) where D is the set of Cadlag paths of the continuous time Markov
Chain or the path space of the Markov Chain. Here 6 = (64, ...,0)) is as defined
above and each 6; € RX

Now to carry out inference we place a Truncated Dirichlet process prior D(vy ,H),
on the path space of the MC (X}), with precision parameter v and mean H which
is a probability measure governing a MC on the path space D([0, 00), S), the set of
cadlag functions. The initial distribution according to H is the uniform distribution

m = (1/M, . . ., 1/M), and the transition matrix is Q with ¢;; = 1/(M -1), 1 #j.

We can now rewrite the model as follows:
(S]Xi,0) ~f(S|X;,0)

N
X ‘p szldXz

=1

~(p) x HY(X)

(p, X)
0 ~(0)
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882932237973154 p(2)=0.07954320647029 p(3)=0.004232199231315464

200 — 200 200
175 175 175
150 150 150
125 125 125
100 100 100
075 075 075
050 050 050
025 025 025
00| — o000 U 000

5 3 i G 1 s ] 3 i 6

pl4)=0.03137135826715806 PI5)=0.0004066742918565442 pl6)=0.0011503844945702862

200 200 200 —
175 175 175
150 150 150
125 125 125
100 100 100
075 075 075
050 050 050
025 025 025
000 000 000

o 2 H 1 i 5 o 2 i 5 o

p(7)=0.000290744199842005 p(8)=2.0830770901480386e-05 p(9)=5.2364300912139894e-05

200 200 200 —
175 175 175
150 150 150
125 125 125
100 100 100
075 075 075
050 050 050
025 025 025
000 000 000

o 2 i 6 3 6 o 1 2 H l 5 s

Fig. 3.1: Probability distribution over path space

N=9 and M=3

where we have chosen
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where X = (X!, ..., X¥) are random paths generated from the distribution H and
(p1, .-, pn) ~ D(1,v) where p; is generated from the stick breaking mechanism.

The algorithm works in the following ways:

e We generate a large number (N) number of paths of the discrete Markov chain

with finite(M) number of states and treat them as classes.

e We use stick breaking mechanism to place a random probability distribution

over our path space.

e We also place appropriate prior distribution over all the parameters modulated
by the Markov Chain.

e Then we use the Blocked Gibbs Sampling technique to infer both the posterior
distribution over the path space of the Markov Chain as well as the posterior

distribution of the parameters simultaneously.

Blocked Gibbs Sampler
Once we have placed the appropriate priors for # and X ,We use the Gibbs sampler
to sample the posterior distribution P (6, X, p|S) directly. This method works by

iteratively drawing values from the conditional distributions of the blocked variables

fO1X, S)
f(X10,p,5)
f(p|X)

Doing so eventually produces values drawn from the distribution of (X, @, p|S).

To run the blocked Gibbs, draw values in the following order:

1. Conditional for each component of 6 i.e. 0;;:

Draw value from the conditional

(QZ]|S7 X) ~ f(elj) H {f(Sklgma Hila ceey Qi(j—l)a Oi(j-i-l)) ceey 01K7Xap)}

I~c:th71 =3

2. Conditional for X :Draw values
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N
=1

pioc [T€ T f(Sklbsn, s 055) s

i=1 kXi, =
tl
k—1

3. Conditional for p
By the conjugacy of the generalized Dirichlet distribution to multinomial sam-

pling, it follows that our draw is

P = (p17--'apN)

=V and p,=(1-V)..(1 -V )V (3.5)
where

(Vi'1X;5) ~ Blag, by) (3.6)

ap=ar+1 ifj=k
ap =a, elseif j#k

" bp=bpy+1 ifj>k>0
k:
by =0by elseifj <k

The resulting Algorithm is as follows:
1. Choose appropriate priors for each component of the parameter 6.
2. Generate p=py, p, ..., py from truncated stick breaking mechanism(vy, H)

3. Generate N paths of the Markov Chain and place the generalized dirichlet dis-
tribution over the N paths.

4. Choose one of the N paths according to the corresponding p

5. Iterate over the following steps:
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(a) Given a chosen path X;:
i. Sample from the conditionals of each component of #
(b) Sample p=p1, po, ..., py from the conditional of p
(c¢) Update the conditional of X according to the conditional above

(d) Choose one of the paths according to the distribution of X
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Chapter 4

Markov Modulated Mean reverting
OU process

The method described in this section is inspired by the method in [Srikanth K. Tyer, 2009
but has not been previously developed to solve the infrence problem for MMOUs.

4.1 Model Definition

Definition 19. Let (X):cqo,,.,
=1, 2, ..., M. The probability transition matriz of Markov Chain, denoted by P, is
given by

7y be a Discrete time Markov chain on finite space S:

We define our model as :

Definition 20. Regime Switching Ornstein—Uhlenbeck Model: Fort € {0,1,..,T},
let X; be a discrete time Markov chain with finite state space M = {1,..., M} de-
fined as above. A regime-switching Ornstein—Uhlenbeck model is a stochastic process

S which can be described by the equation below:
dSt = H(Xt)(e(Xt) — St)dt + O'(Xt)dW, (42)

where k(Xy),0(Xy),0(Xy) are functions of the Markov chain X and W is a Brow-
nian motion. Where k(X;) and o(X;) € Ry, while 0(X;) € R

31
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— S(t-1) S(t) S(t+1) >

Fig. 4.1: X, is the underlying Markov Chain while S(¢) is the MMOU
process

Proposition 5. If S, is a stochastic process that is solution to the Stochastic differ-

ntial equation:
dSt :/‘i(e — St)dt + O'th

Then the distribution of S; can be given as

2

(St’SO = 80) ~ N(Soef’ft + (1 _ e*ﬂt)e7 ;_K;(l . 672/{15))

Proof. Let U, = S; — 0
then U, satisfies the SDE:
dUt = —/‘iUtdt + Uth

We again do a change of variable by multiplying by exponential of xt:
Ut — efnt‘/t
By Ito’s integral, we can calculate that :

dV} = Ke”tUtdt + eﬁtht
= ke Udt + ™ (—kUdt + odW,)
= O'@thWt
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Now integrating both the sides and using Ito’s rule we get:
t
v, :VS+J/ eVdWw,
now to get the original solution we change variables again.

t
Uy =e ™V, = e "9, 4 ge™ / e dW,

¢
Si=U+0=0+ e_ﬁ(t_s)(ss —0)+ 0/ e_“(t_y)dWy

Now observe that the above solution has two parts. first an exponential function and
second an integral with respect to Brownian motion.Therefore S would be normally

distributed. So now we calculate the expectation and Variance of our process S.
t
E[St|50 = So] = E[9 + ein(t)(S(] — 6) + 0'/ ein(tiy)dwy] =0+ (80 — 9)67“
0
We find the variance as:

t
Var[Sy|So = so] = E[(a/ "W,
0

t
= O'QE[/ e~ 2KV dy)] We use Itos Isometry
0
2
o
= (1— —2Kkt
5 (1—e™™)

Therefore we finally get :

2

(St|80 = 80) ~ N(Sgtﬁ_nt + (1 — e_“t)é’, (2)—_/{(1 — 6_2’%))

4.2 Inference Procedure

Now, we want to fit a regime-switching OU model such as above. Thus the optimal
set of parameters to estimate is (6;, #;, 65, X;) € RxR¥>*MxD[{0,1,...,T}, {1,..., M}].
where i =1, ..., M.
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Where (6;, #:, 6;) are the parameters for the OU process and X (¢) € P[{0,1, ..., T}, {1, ...

is the path taken by the underlying Markov Chain and D[{0,1,...,T}, {1, ..., M}] is
the set of possible paths for the Discrete time Markov Chain

We use the "Dirichlet prior method” as explained in the previous section. Therefore
We first define the priors

4.2.1 Priors for the parameters

1. Placing a Truncated Dirichlet prior over the Truncated Markov Chain
Path Space

e We place a Truncated Dirichlet prior D(«y, H), on the truncated path space
of the DTMC (X}), with precision parameter v and mean H which is a
probability measure governing a DTMC on the path space D, the set of

cadlag functions.
e We define distribution H as follows:

(a) The initial distribution according to H is the uniform distribution m
= (1/M,..., 1/M)
(b) The transition matrix according to distribution H is P with P;; =

1/(M), i,j =1,..., M.

e We then generate a N number of paths {Xﬁe{o

mi=1 N} from H.

e Then we generate the vector of probabilities {p;,i = 1,..., N} from a trun-

cated stick-breaking scheme with parameter ~y

e Finally we can define the prior probability distribution over the truncated

path space as:

P() = Zpi5xi(-)

2. Prior for discretization Parameter v We also place a Gamma prior for

discretization Parameter ~.
v~ (e, €2)

3. Prior for the instantaneous volatility o

, M|
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Since square of instantaneous volatility can vary over the positive real line we

will use an inverse gamma prior for the instantaneous volatility.

0% ~ ZG (v, 19)

4. Prior for long term mean level 6

(4.3)

Since the long term mean level can vary over the whole real space we place a

normal prior over the mean level.

0 ~ N (i, p)

5. prior for speed of reversion «

(4.4)

We place an inverse gamma prior over the mean reversion rate as it also varies

over the real line.

K NIg(mﬂb)

4.2.2 Gibbs Sampling Procedure

(4.5)

To carry out Gibbs Sampling we need to sample from the conditional for each of the

parameter defined above. We therefore derive these conditionals below:

Proposition 6. Conditional for o>

The conditional for o? is as follows. If we have a given MC path X = X. Let X* be

the list of unique states taken by the MC path.

Then we will for each 7 € X* draw from:

1,5t 9y

2 L 552 2\(—11—1) 3
(@18 Xom 0.8 o [T {gmme #5 hpef)™ Ve

k:th_lij

Where aj = Sy, e "t te-1) 4 (1 — e~ e—t-0)g and b2 = 2 (1 — e~*2(te—te-1))
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Proof. From the Bayes theorem we have

flo; =18, X =Xk=K,0=T)
flo:=1LS, X =Xk=K,0=T)
fg;f(a?:f,S,X:X,/i:/C,HZT)dP(f)
I =X =X k=K0=T)f(0? =1L X =X k=K,0=T)
fajg_f(S|O'j2-:f,X:X,I{:IC,QZT)f(O']z:fX:X,/{:IC,QZT)dP(f)

[l =1L X =X, k=K, 0=T)f(o; =X =X,k =K,0 =T)f(X = = =T)

_ J ’
LS = [ X =X k=K 0 =T)f(0? = [|X =X k= K,0 = T)F(X = X e =K 0= T))dP(f)
- ]ﬂ&ﬁ:EX:Xm:Kﬁ:ﬂﬂa_MX X k=K,0=T)

J2f(Slo?=[X=Xr=K0=T)f(0; =[,X=X,k=K,0=T)dP(f)
Sl =L X = Xk = K0 = T)f(o? = I|X = X,k = K.6 = T)

[ f(@ = [.SIX =X, =K.0 = T)dP(])
F(Slo? = ILX = X,k = K6 = T)f(0? = TIX = Xox = K6 = T)
fSIX=Xrk=K,0=T)

We can see the denominator is not dependent on 0]2- stherefore we can write:

flo; =18, X =Xk=K.0=T)x f(Slo: =L, X=X k=K0=T)f(0: =X =X,k =K,0=T)

Now from 5] , we can observe

fSlo; =1, X =X,k=K,0=T)
2

= H N Sthtk L K(te—tr—1) + (1 — e (tk—tkfl))']”a_

1 — ¢ 2(tr—ts-1)
| sl —e )
k‘th 1 =]

Now, if we let a; = Sy, e (te=ti-1) 4 (1— e ME=te-0))T and b? = %(1—6_K2(t’“_tk‘1))

Then we can write

Stk aj

F(SJo? =TLX =X, k=K, 0=T) = !

kX, =7
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Now, for the second term we know the prior of o2, therefore it would be as follows:

flo} =X =X,k =K.0=T)=1IG(c%v1,1»)

= 7’811)(02) v1— 16—%
Therefore we finally get:
felS X =xr=K0=T)x{ ][] 1 ga%wy}%lwwwr%gf
kX, =i bj\/ﬁ INCZ)

Proposition 7. Conditional for x
Given MC path X = X and X* be the list of unique states . For each j € X* draw :

St 1 .
e = )2}L(,§)(*n1*1)eﬁ(4.7)

Ki|S, X =X, 05 =110, = T)
(]‘ 7 J { H F(Th)

ki, = d; \/27T

2

Where c; = Sy, _ et 4 (1 — emm ==Y T and d3 = 4-(1 — e~k ~ti-1))

Proof. From the Bayes theorem we have

flk=K|S, X =X,0>=11,0="T)

B fl=K,8$,X=X,02=11,0=T)

_f02f(H:$vSvX:X7’£:K: 0="T )dp(i)

B fOlk=K,X=X,0>=1L0=T)f(k=K, X =X,02=110=T)
[k =0,X=X02=10=T)f(k=1,X=X,02=11,0 = T)dP(])

fSlk=K,X=X,02=10=T)f(k=K| X=X, k=K, 0=T)f(X = 2110 =

J2fSlk=3X=X02=1L0=T)f(r=3X=X,02=L0=T)f(X =X 2= 7=T)

B fSk=K,X=X,02=0,0=T)f(h=K|X =X,02=11,0=T)

LSk =1,X=X02=10=T)f(k=1,X =X, 02=11,0 = T)dP(])
fOlk=K,X=X,0?=1L0=T)f(k=K|X=X,0>=11,0=T)

B [ f(k=1,5X =X,02=11,0 = T)dP(])
fOlk=K,X=X,0*=1L0=T)f(k=K|X=X,0>2=11,0=T)

- fSIX=X,02=11,0="T)
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We can see the denominator is not dependent on x; ,therefore we can write:

fe=KISSX=Xr=K0=T)x f(Slk=K, X =X,0> =110 =T)f(k=K|X = X,0? =11,0

Now from [, we can observe

fSlk=K, X =X,0> =10, =T)
H2
= H N(Stk§ Stk—le—:‘i(tk—tk—l) + (1 _ 6—H(tk—tk—1))T’ _(1 . 6—"@2(%—%—1))

. 2K
kX, =3

Now, if we let ¢; = Stkfle_’f(tk—tk—l) +(1—e " t—t-1)T and d? — g_lju — Rtk th-1))

Then we can write

1,5, 7%

HE

1
FS|P =T, X =X, k=K,0=T) = e
(S| )kgzj%f%

Now, for the second term we know the prior of k, therefore it would be as follows:

FG=KIX =X,k =K,0=T)=ZG(r;m,m)

n
_ 77_21(,{)(—771—1)6—%

I1(771)

Therefore we finally get:

fRISX=X0"=1L0=T)x{ ][]

Proposition 8. Conditional for 0
Given MC path X = X and X* be the list of unique states . For each j € X* draw :

Stk —cj

L 5y
0,19, X =X,0°=1,k; =K 2\—a;
1 K | e e
1=

1 _%(Gj—“j)z

e % (4.8)

Where c; = S, e Rt=te) 4 (1 — e X0—te-1)) and d? = L2 (1 — e F20—te-1))
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Proof. From the Bayes theorem we have

fO0;,=T|S$, X =X,0* =11,k =K)
fO=T,5X=X,02=11,k=K)

"~y f(0=11,5,X = X,0 =110 = T)dP(")
fSI0=T,X=X,0>=1Lk=K)f(0=T,X =X,02=11,k =K)

:ijngxzxﬁ%ﬂw:mﬁngxzxﬁ_Hﬁ_)&m)

_ fSIO=T,X=X,02=10=T)fO=T|X=X,k=K,0?=1I)f(X = =TTk =
fej (Slk=3X=X,02=1,0=1)f0=NX =X,02 =1,k =K)f(X =X, o>=Tk = K)
fS10=T,X=X,0>=1,k=K)f(0=T|X =X,0> =1,k =K)

:&_Sw_mx_&X_ka;mﬂmJLX_&ﬁ_HW_KMH)
fSIO=T,X=X,0>=10=T)f(0 =T|X = X,0° =1L,k = K)

Jo FO=11,8X =

X, 02 =11,k = K)dP(N)

f(S0=T,X=X,02=1Lk=K)f(0=T| X =X,02 =1,k =K)

fSIX=X,02=1,k=K

We can see the denominator is not dependent on 6; ,therefore we can write:

fO=T|S, X =X, k=K, 0% =

Now from 5] , we can observe

f(S10,X = X,0* =11,k = K)

I
— H N (Sy: Sy, e —ti1) (1 — e~ Klt—tioi)yg —

Mo fSI0=T,X=X,0"=1Le=K)f(0 =T|X = X,0* =11,

2
; (1 _ e_IC2(tk_tk71))
2K

Now, if we let ¢; = Sy, e *teti) 4 (1 — e ME—t-)f and d2 = I (1 — e K2te—ti))

Then we can write

fS10.0° =X =X r=K,)= ][] {

St
( k °j )2
o ¥

ey, =7
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Now, for the second term we know the prior of 6, therefore it would be as follows:

J0;=KIX =X,k =K, 0" = 11) = N (0 1, %)
1 a5y
= e R

ViV 2T

Therefore we finally get:

1S, X =X, 0> =11, = T) S o R WL
f0 ) {Mpl:j o }

Proposition 9. conditional for H

The re-estimation of the initial distribution and the transition matriz from a given
path Xi can be done by any standard MLE procedure for CTMC. We have chosen
to use simple gradient descent method for our algorithm. We also use the analytical

solution for the maximum likelihood estimate for the ctmec.

Proposition 10. conditional for X

N
f(X =alp,o,k,0) ~ > piix, (4.9)
i=1
m 1 _l(Stkiaj)
Y e 2 b i 4.10
i Hl{ H o p (4.10)
J=4 ket =5
tp—1

where X; = (2, ..., 2) and (25", ..., 2%*) denote the current m unique values in the
path X;
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Proof. We know from the use of bayes theorem that
f(X =zlp,W,0,5,0)

B fSlk=K,X=z,02=10=T)f(k=K, X =2,02=11,0=T)
N fo(S‘Hzi,X:y,O'Z:H,HZT)f(Klzi,X:y,Oz:H,GZT)dPQ/)

_ fSR =KX =202 =L =T)f(X =al® =Tx=K.0 = T)f(X =2.02=T0=T7)
Jo F(SIn=1.X =y, 02 =116 = TV /(X = yls = $,0% = L6 = T)f (s = Lo —H-T=T))dF
fSlk=K,X=2,02=1L0=T)f(X =zxlk =K,0?=11,0 =T)
_fo(S|n:$,X:y,02:H,QzT)f(/izi,X:y,UQ:H,QzT)dP(y)
fSlk=K,X=z,02=10=Tf(X=zk=K,0?=11,0=T)
fogf(X =uxz,Sk=7,02=11,0 = T)dP(y)
f(Slk=K,X=z,0>=1,0=Tf(X=zk=K,0c?=11,0=T)
f(Slk=K,02=11,0=T)

We can see the denominator is not dependent on X, therefore we can write:

f(X=2p,W,0,5,0) x f(SIk=K,X =2,0* =10 =T)f(X =2k =K,0* =11, =T)

Now from 5], we can observe

FSlIo* =ILX =2,k =K,0=T)
112
- H H N Stka Stk 1 (B tha) + (1 - e_’Cj(tk_tk_l)),];> #(1 - e_’CjQ(tk_tk_l))
J=l ke, =j J

Now, if welet a; = Sy, et te) 4 (1—e X5 et—1)) T2 and b2 = —,é(l—e*’cﬂ(tk*tkfl))

Then we can write

St, —as

1
3

)2
fS|o? =1, X=X, k=K, 0="T — 5
! j= lkztk =j b }

Also, f(X = z|p,0,k,0) = f(X]|p) = Z]kvzlpiéxi(.) Using the above facts we can write
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the following.

N

f(X =alp,0,5.0) o f(S|X,p,0,K,0) Y pidx,(z)
k=1

S ox@pd[[C IT o= 7 1

J=1 kxi’b* =3
k—1

L]
Proposition 11. conditional for P = (p1,...,pn)
m=Vy and p,=01-V)..1 =V )V (4.11)
where
(Vi1X;) ~ B(aj, b;) (4.12)

aj =ar+1 ifj=k

ap =ay elseifj #k
bi=b,+1 ifj>k>0
by =br elseifj <k

Proof. We first note that according to our model P(X = j|P) = p;.

Therefore

X =P+ A(P)
X =0) = i X = J1P) » f(P)aP
x (X = jIP)+ f(P)

Using the Bayes theorem

N—1 N-1 N
X pj * {H B(a;, bz’)]p%vfl_l H [p?"‘l(z py,)lim1(aitbal Using Theorem 1
i=1 i—1 k—i

Let P, = Z]kvm pr. then we can say.
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(P|X —] ~ {p N-1— 1Hpaz—1 z bi—1+1)— (a7+(bi+1))}pgafrl)*lPj(bj—1+1)*((aj+1)+(bj))}

{Hp POt} (413)

From the above we can deduce that the vector P is distributed G(af, b3, ..., aly, b&)-
Which implies

m=Vy and p,=(1-V")..(1-V )V (4.14)
where

(Vi1X5) ~ Blay, by) (4.15)

ay =ar+1 ifj=k

ap; =ay elseifj #k

bi=bi+1 ifj>k>0

by, =
by = b, elseifj <k
m
Proposition 12. conditional for ~ is
N-1
fOIp) =T(N+ e —1,&— Y log(l—V}")) (4.16)
i=1
Proof. We can observe from Theorem 1 that the distribution for P is
N-1 N-1 N
{11 Blas, bl T I5 O pa)r ety (4.17)
i=1 i=1 k=i

so now using the fact that we have a; = land b; = v and also using the fact that
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['(1+4v) =~I'(y) we get that
I i A (4.18)

Therefore we can finally write using Bayes theorem

F(vlp) o< flplv) f(7)
oc N leOrmDloglpn) y frer-lg—eary from the Gamma distribution
o AN a2 (@—log(pn))y o~ log(p) Its an un-normalized Gamma distribution
N-1
f(lp) =T(N + e — 1,62 — log(pn)) {ov =] Vi}
i=1

N-1

fOyp) =T(N+ & — 1,6 = > log(1—=V}"))

i=1

4.3 Gibbs Sampler Algorithm

We give the "Truncated Dirichlet Prior Method algorithm for MMOU” as follows.
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Algorithm 1: Truncated DP Algorithm for Mean Reverting OU process

© 000 N O Uk W N =

T O =
W N = O

14
15
16
17
18

Choose hyper parameters €y, €5 ;

Generate 7 from Gamma(e, €2)

Generate N paths of the Markov Chain from the distribution H.
Draw (p=p1, p2, ..., pnv) from stick breaking with mechanism(vy, H)
Choose one of the N paths according to the corresponding p

for: =110 .do

Update the conditional of X according to the conditional above

Choose one of the paths according to the distribution of X;

Given a path X update the conditionals for all the parameters:
Draw a new o according to the equation
Draw a new x according to the equatio
Draw a new 6 according to the equatio

Define a; and b}, according to equation 4.12 where k is the index of chosen

path

Compute p;s according to the equation 4.11

Draw a new v according to the equation 4.16

end

Draw the most probable Markov Chain Path from the posterior distribution.

Estimate H according to the Maximum Likelihood Estimation of the most
probable Markov Chain Path.
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Chapter 5

Markov Modulated Geometric

Levy process

The method described in this section is inspired by the method in [Srikanth K. Tyer, 2009]

but has not been previously developed to solve the infrence problem for MMLPs.

5.1 Model Definition

Definition 21. Let (Xi)ic0.1] be a continuous time Markov chain on finite space S:

=1, 2, ..., M. The generator matrix of M, denoted by Q, is given by

Qij >0 ifi# 7 forallijeS and Q; = — Z Qi; otherwise (5.1)
J#i

We define our model as :

Definition 22. Regime Switching Geometric Levy Model: For all t€ [0, T}, let S; be
a continuous time Markov chain on finite space S = {1,..., M} defined as above.
A Regime Switching Geometric Levy model is a stochastic process Sy which can be

described the equation below:
St = exp }/f(Xt) (52)
where th 1s a regime switching NIG Levy process.

Proposition 13. If S; is a stochastic process that can be described according to the

47
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following defintion:

S; =expY;

Then the distribution of Z; = In <Sfj1> can be given as

t—1

Zt =In (SSt ) ~ NIG(O(,/B75,/,L>
Proof. We have first

In(Sy) =Y, Since Y} is NIG process
In(Sy) —n(Si-1) =Y, =Y, 1 ~ NIG(a, 3,6, 1) Finally

Z,=1In (SSt ) ~ NIG(a, 5,6, 1)

t—1

]

Proposition 14. If A and B are random variables such that, A~ NIG(a, (3, p1,61)
and B~ NIG(a, 5, i2,02) . Then

A+BNNIG(05’£7H’1+M2751+52)

Proposition 15. Given the path X = {X,,0 < s < n}, let T;(t) be the time spent
by the path X in state j in the time interval [t - 1, t] Define

() = 3 nT5(t) (5.3)
5(t) = fj 0;T5(1) (5.4)

Then we have conditional on the path X, Z; ~ NIG(a, B, u(t),(t)), t=1,2,....,n .

5.2 Inference Procedure

Now, we want to fit a regime-switching exponential levy model such as above. Thus
the optimal set of parameters to estimate is (ﬂi,gi,@,B,XA(t)) € R¥»*M x R? x D.
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where 1 =1, ..., M.
Where (fi;, 0;, &, 3) are the parameters for the NIG process if X (t) = i for all i =

~

1,..., M and X (t) € D is the path taken by the underlying Markov Chain and D is
the set of Cadlag paths of the continuous time Markov Chain

We use the "Dirichlet prior method” as explained in the previous section. Therefore
We first define the priors

5.2.1 Priors for the parameters

1. Placing a Dirichlet prior over the Markov Chain

e We place a Truncated Dirichlet prior D(~y, H), on the truncated path space
of the CTMC (X,), with precision parameter v and mean H which is a prob-
ability measure for the CTMC path space D, the set of cadlag functions.

e We define distribution H as follows:

(a) H defines the initial distribution as the uniform distribution. my =
(1/M,..., 1/M)

(b) The Q matrix according to distribution H is Q with Q;; = 1/(M-1),
for all i,j s.t. ¢ # j.

e We then generate a N number of paths {XﬁE[QT],@' =1,...,N} from H.

e Then we generate the vector of probabilities {p;,i = 1,..., N} from a trun-

cated stick-breaking scheme with parameter ~y

e Finally we can define the prior probability distribution over the truncated

path space as:

P()= Zpi5xi<-)

2. Prior for discretization Parameter v We also place a Gamma prior for

discretization Parameter +.

v ~ (e, €2)

For each i=1,2,...,M , we define the priors as follows
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pi ~ N(0,7") (5.5)
9; ~ HalfNormal(v,) (5.6)

v/

where HalfNormal(v;) denotes f(x;1y) = V2 oxp (—;—;) , x> 0 with scale pa-
1

rameter .

We also place priors on the remaining parameters a and [ as follows

a~ZTG(a,a) (5.7)
B ~ZG(B1,5) (5.8)

5.2.2 Preparing the observed data

To determine the conditional distribution of parameters,we first extract the change
in log-returns between Markov chain jump times. Let 0 = tg < t; < 12 < ... < t;
be the times at which the path X changes state. Then we define the log-returns as
Wi = log(St,/St._,), k =1, 2, .. , J. To derive realizations of the W}, from the
observed 7Z process, we must simulate NIG random variables conditioned on their
sums.

Let t €{0, 1, .. , n} for which the Markov chain switches state minimum once in the
time interval [t-1, t]. So for p, k we have t;_1 <t —1 <t < ... < tpsp <t < tpipi1.
Let so =ty — (t — 1), s = tgyi — thric1, Spr1 = t — tgyp, then m; = p;s; and
vj = 0;s;, i=0,1,..p+1.

Then we have the joint density of (Wy, W1, ..., Wi4,), given Z, = z as follows

if:() N.[G(U“ «, ﬂ? Hi, 5Z)NIG(Z - Z U;; &, 67 :up-i-la 6p+1)
N.[G(Z, «, ﬂa Lot 6t>

(5.9)

f(u(]aulv "7up) =

5.2.3 Gibbs Sampling procedure

We are now ready to estimate the posterior distributions of the parameters using
Gibbs sampling. In the following secton we derive the conditional distribution for
each of the parameters for the markov modulate levy process

X* is the set of distinct values observed in the path X of the CTMC.
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Proposition 16. Conditional for u

The conditional for p is as follows. for each j € X* draw from

(Mj|aaﬁj757XaW) OC{ H fNIG’(Wij’éj?avﬁ)}*N(Nj;gﬂ_u) (5'10)

k: Xy —1=J

similarly for each je X — X* independently draw from the p; ~ N (u;; 6, 7H)

Proof. Let ki, ko, k3, ... be the times at which the Markov chain takes value j.
Then using Bayes theorem and observing the fact that the state Markov chain will
remain in state j till £; + 1 which means Wj,,; will have parameters according to

state j we can state that.
Let k = (o, 8,0, X)

4 _ {H?:l fNIG(Wki+1|/’Lj76j7a7/87X)*}*f(/’Lj|K’)f</€)
Faalees 802000 = T T Fata Wit s, 0300 B, X0} % (s )£ ()i

And since p; doesn’t depends on x we can write the above equation in following

way

{Hﬁzl fN[G(Wk’i-‘rl“’[’ja 5]7 «, 57 X)} * f(lu])
0, ™ 0, X, W) = L
Ausld, 750,06, %, W) f“;{H?:lfNIG(WkiHWj,ijaOé,ﬁ,X)}*f(M?)dM§
_ {ITy fnie Wigalpg, 05, a0, B, X))} N (3 0, 7+)
f‘u;f{H?:l fNIG<Wki+17/'L;’6j7 Q, 67X)} * d,LL;(
_ {H?:l fNIG(Wk¢+1|/'Lj75j7a7/87X)} *N(/'Lja677—u)
{H?zl fNIG(WkiH, |5ja a, 3, X)}

now since the denominator doesn’t depend on p;, we can state

X H{fNIG(Wk¢+1|Mj76j7a7ﬁ7X)} *N<:uj7 0’7-/1'>

i=1

oc{ I fwvic(Walng, 65,00 8)} N (pg: 6, 7)

k: Xy, —1=J

Proposition 17. Conditional for o
The conditional for ¢ is as follows. The sampling can be done in two steps first for

the observed states and then for the unobserved states as follows.



52 CHAPTER 5. MARKOV MODULATED GEOMETRIC LEVY PROCESS
for each 7 € X* draw

(0j]a, B, o, X, W) ~ { H Inie(Wildj, iy, «, 5) } « HalfNormal(d;; 1) (5.11)

kX —1=j

similarly for each je X — X* independently draw from the §; ~ HalfNormal(d;; 1)

Proof. Let kq, ko, ks, ... be the times at which the Markov chain takes value j.
Then using Bayes theorem and observing the fact that the state Markov chain will
remain in state j till £; + 1 which means Wj,,; will have parameters according to

state j we can state that. Let x = (a, 5, pj, X)

{fNIG(Wk1+17Wk2+1’"|/‘Lj75j7a7/87X
5ila, B,6, X, W) =
f(( ]l ﬁ ) fé;{fNIG(Wkl"rl)WkQ"Fl?"‘5;7//Lj7a7/87X

And since d; doesn’t depend on k. We can write

g, 05,0, 8, X)) x (05
Foslen 0. W = (VLI a0+ 05
_ {11, fvie(Wisalpy, 05, a, B, X) } « HalfNormal(d;; 1)
fé;{H?zl InieWi 1|07, pg, o, B, X) } % f(57)doy
_ {T1, fvie(Wi,salpy, 05, a, B, X) } « HalfNormal(d;; 1)
f(;;{H?:l fNIG(Wki-Ha6;|Mj7a767X)}d5;
_ 1Ty fnie(Wealpy, 65, o, 8, X)) + HalfNormal(d;; v1)
{IT=) fvreWia|py, o, B, X))

Since the denominator doesn’t depend on §; we can write the following

F(8lev 8.6, X, W) o {] [ Fxic(Wesalpj, 65, 0, 8, X)} + HalfNormal(6;; 1)
i=1

8 { H fNIG(Wk‘/Lﬁ&jaaaB)}*HalfNormal(éj;Vl)

k:Xy —1=j

Proposition 18. Conditional for «
Given a MC path X and X* the list of unique states in X.
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The conditional for o is as follows:
(a‘:u76757X7W)O<{H{ H fNIG(Wk’,Uj)(Sj?a?ﬁ)}}*Ig(a;alaoQ) (512)
JEX* kX _1=j

Proof. Let k = (u, 5,9, X)

Then using Bayes theorem we can state the following:

~—

{fnieW, Wy, w0, e, B, X
fa*{fNIG Wi, W, 0, s, o, B, X
_ {nig(Wi, Wa, o, 6,0, B, X
A vie(Wa, W, |6, g, 0, B, X

F((alu, 8,6, X, W) = f“@()

pxf

}x fla|k)f (k) dar
}* flafr) fer)

} o flor|r) fer)dar

~—

~—

And since o doesn’t depend on x. We can write

{fvic(Wi, Wa, |p, 0,0, B, X) } % f(e)
fa*{fNIG Wi, Wi, [0, p, e, B, X) }  f(a*)da
AW, Wy, o, 6, B, X) b+ TG (a; ay, aig)
B JoASnic(Wy, Wh, o a%|6, B, X) Yot
AWy, Wa, |, 0,0 8, X))} % IG (o aq, ap)
B {fNIG(Wtha ~-|57M;57X>}

Since the denominator doesn’t depend on o we can write the following

f(<a|M7B75a X7 W) (0.8 {fNIG(WbWQa "|Ma57a7ﬁaX>} *Ig(a;alaoQ)

F((al, 8,6, X, W) =

Let kq, ks, k3, ... be the times at which the Markov chain takes value j and observe the
fact that the state Markov chain will remain in state j till k; + 1 which means Wy, 4

will have parameters according to state j. Then can state that.

Fd, 8,0, X W)y o { [T [T Fvic(Wilug, 65,0, )3} TG (0 an, az)

JEX* KXy _1=j

Proposition 19. Conditional for
Given a MC path X and X* the list of unique states in X.
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The conditional for B is as follows:

(5‘“705757X7W) X {H{ H fNIG(Wk’uﬁ(Sj?a?ﬁ)}}*Ig(6351762> (513)

JEX* KXy —1=j

Proof. Let k = (p, 8, a, X)

Then using Bayes theorem we can state the following:

{UfnieW, W, i, 0, 8,0, X) b+ f(B]K) f ()

F(Blbs o8 X ) = W W, 10,1, 7,0, X)) £ ) ()5
o {fNIG(W17W27- ’M?(S 5705 X)} f(ﬁ'ﬁ)m

T Ui (Wi, Wi, 061, B, a, X) } = f(B°|r) £ArTdB"

And since 8 doesn’t depend on k. We can write

{fnic(Wi, Wa, . |u, 6, a, B, X)} * f(B)

S ANt (Wi, Wi, 16, 1, 8%, 0, X) } = f(B7)dB*
~ ASNie(Wh, Wa, |, 6, B, a, X) } + ZG(B; B1, Ba)
N fﬂ*{fog(Wl,Wl,..,B*|(5,,u,oz,X)}d6*
~ ASNie(Wh, Wa, |, 6, B, a, X) } + ZG(B; B1, Ba)
N {fnie(Wy, Wh, 6, my o, X))}

Since the denominator doesn’t depend on [ we can write the following

f((ﬁ|u7a757 X? W) (S8 {fNIG(W17W27 ..‘,LL,(;,O&,ﬂ,X)} *Zg<ﬁ751752>

F((Blp, i, 6, X, W) =

Let kq, ko, k3, ... be the times at which the Markov chain takes value j and observe the
fact that the state Markov chain will remain in state j till k; + 1 which means Wy, 4

will have parameters according to state j. Then can state that.

f((ﬁ|,u,0¢,(5,X,W) OC{H{ H fNIG(Wk‘/J’J'?éJ'?auB)}}*Ig<ﬁ;51752>

jEX™ k:thflzj

Proposition 20. conditional for H
The re-estimation of the initial distribution and the transition matriz from a given
path Xi can be done by any standard MLE procedure for CTMC. We have chosen

to use simple gradient descent method for our algorithm. We also use the analytical
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solution for the maximum likelihood estimate for the ctmec.

Proposition 21. conditional for X

N
f(X = I|p7ﬂ>5,a»ﬁ) ~ Zp;k(sxz
=1

p; {H{ H fNIG(Wk|/~Lj75j7aw3)}}pi (5'14)

Jj=1 kajz’* =j
k—1

where X; = (2}, ...,x") and (27", ...,x%*) denote the current m unique values in the

path X;

Proof. We know from the use of bayes theorem that

X ==zp,W,pd,apb)
Jx F(X =y,p, W, p,6,a, B)dP(y)

f(X =z|p, W, p,6,, B)
For the numerator we have,

f(X:x7p7mu757a7/B):f(W|X7p7I’L757a7/8)f(X:x|p7l’t767a76)f(p7u767a75>

Since the distribution of (p, p, d, «, §) doesn’t depend on X we can cancel it out from
the numerator as well as the denominator. Also,f(X = z|p,u,d,a, ) = f(X]|p) =
S pidx,(.) Using the above facts we can write the following.

N
F(X = zlp, . 6,0, 8) o< f(W[X,p, 1, 6,0, 8) Y pix, (x)

k=1
N m S, —a.
3 ¢ 11 I (G
S+ 2\ p; :
(S8 o Xz<x){ { bj\/%e }p}

J=1 k:vz’l* =5
k—1

Proposition 22. conditional for P = (p1,...,pN)
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=V and pr=01-V)..1 -V )V (5.15)
where

(Vi'1X;5) ~ Blag, br) (5.16)

ay =ar+1 ifj=k

ap =ay elseifj #k
bp=b,+1 ifj>k>0
by =by elseifj <k

Proof. We first note that according to our model P(X = j|P) =

Therefore
o X =jP)xf(P)
PIX=4)= |, F(X = jIP)* f(P)dP
o f(X =J|P)* f(P)

Using the Bayes theorem

N-1 N
; {H B(a;, b bN -1 H[ jz—l(zpk)bi—r(aﬁbi)} Using Theorem 1
i=1 k=i

Let P, = chv:z pr. then we can say.

(P|X —] x {p N—-1— 1Hpa1*1 z bi—1+1)— (al-i-(bi-‘rl))}p§aj+1)*1Pj(bj—1+1)*((aj+1)+(bj))}

N-1
{[Lp Ry} (5an)
1=1

From the above we can deduce that the vector P is distributed G(aj, b}, ..., aly, b ).
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Which implies

p=W and p,=(1-V)..(1-V_ )V
where

(Vi'1X;5) ~ Blag, br)

ay =ar+1 ifj=k
ap; =ay elseifj #k
bp=by+1 ifj>k>0

by = b, elseifj <k

Proposition 23. conditional for v is

N-1

fOIp) =T(N+e—1,&— Y log(l—V}))

i=1

Proof. We can observe from Theorem 1 that the distribution for P is

N-1 N-1 N

{T] Bla, b)lp = T O pa)tr (et}

i=1 i=1 k=1

57

(5.18)

(5.19)

(5.20)

(5.21)

so now using the fact that we have a; = land b; = v and also using the fact that

['(1+7)=9T(y) we get that

Fply) oc ANt = AN log(on)

(5.22)
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Therefore we can finally write using Bayes theorem

f(ylp) o< fplv) f(7)
oc N TlelrDloglpr) y frear—le—ery from the Gamma distribution
o Va2 (e2log(pn))y o~ log(pn) Its an un-normalized Gamma distribution

FOI) =TV +e— Lo —lsn))  fov = [[ V)

N-1
fOIp) =T(N+ea —1,6&— Y log(l—V}))
=1

5.3 Gibbs Sampler Algorithm

We give the whole algorithm as follows
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Algorithm 2: Algorithm for Geometric levy process

1 Choose hyper parameters €, €3 ;

2 Generate v from Gammal(ey, €s)

3 Generate N paths of the Markov Chain.

4 Draw p=py, ps, ..., py from stick breaking mechanism(vy, H)

5 Choose one of the N paths according to the corresponding p
6 for : =1 to 10000 do

7 Update the conditional of X according to the conditional given in

equation [5.14]

8 Choose one of the paths according to the distribution of X;

9 Given a path X update the conditionals for all the parameters:
10 Draw a new p; for all the states j according to the equation
11 Draw a new ¢, for all the states j according to the equation
12 Draw a new « according to the equation |5.12
13 Draw a new (3 according to the equation [5.13
14 Define a} and b; according to equation (5.16) where k is the index of

chosen path
15 Compute pis according to the equation (5.15)
16 Draw a new 7 according to the equation (5.20)
17 end

18 Draw the most probable Markov Chain Path from the posterior distribution.
19 Estimate H according to the Maximum Likelihood Estimation of the most
probable Markov Chain Path.
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Chapter 6

Particle MCMC

As stated in the previous sections, the main challenge in inference for Markov Modu-
lated Levy Processes is to sample effectively from the distribution of the Underlying
Markov Chain. Therefore we used Truncated Dirichlet Prior method in the previous
sections. In this section, We would like to introduce another method called the Parti-
cle Markov Chain Monte Carlo which solves the problem of sampling from the Under-
lying Markov Chain using Sequential Monte Carlo. The references used for this section
are |[Christophe Andrieu and Holenstein, 2010] and [Arnaud Doucet, 2011]. We first
define the basic model which is very similar to the previous case but is defined again

for clarity.

Definition 23. We define (X;)ic(oa
space S: =1, 2, ..., M. The probability transition matrix of Markov Chain, denoted

1y to be a Discrete time Markov chain on finite

by P, is given by
P;; >0 forallije S and P;; = P(Xy41 = j| Xt = 1) (6.1)

Next we consider some observable process say S observed at discrete times At for
simplicity we assume At = 1. It has independent and stationary increments and has

parameters # which determine its distribution. Mathematically,
Sit — S~ £(6) (6.2)

Where f(0) denotes the density of the increments. Now we want the parameters

denoted by 6 to be regime switching or more precisely each state of the above defined

61
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continuous time Markov chain corresponds to a different set of parameters 0. If lets
say the dimension of 6 is K, i.e. the distribution f is a function of K variables, and

our Markov Chain has say M states. Then we can denote it as

1 011 O
0 — - (6.3)
M 01k Oni
where
Ox.1
o(X;) — : (6.4)
Ox. i

So we can observe that 6;; corresponds to value of the j"parameter of the density in
state 1.

So now our model can be denoted in the mathematical form as:
5’t+1 - St ~ f<@(Xt))

If the Markov chain was in state X; at time t .

Note that now the distribution of increments is not identical or stationary anymore
but still independent.

Now, we want to fit a regime-switching model such as above. Thus the optimal set of
parameters to estimate is (6;; X) € RM*X x D. where i = 1,..., M and j =1, ..., K.
Where {ém,z =1,.,M;j =1,..,K} € RM*E are the parameters for the density
associated and X € D is the path taken by the underlying Markov Chain and D is
the set of paths of the discrete time Markov Chain

We define a prior density py for # and Bayesian inference relies on the joint density
f(6; X{l:T}’S{I:T}> (S8 fe(X{1;T}|S{1:T})f(9)

For non-linear non-Gaussian models, fy(X1.ry|Sqry) and f(0; X1y Sry) do not
usually admit closed form expressions, making inference difficult in practice. It is

therefore, necessary to resort to approximations. Monte Carlo methods have been
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shown to provide a flexible framework to carry out inference in such models.

6.1 Particle Gibbs Sampler

Our aim is to find the posterior f(©; Xp.1y|Spry) » We will be using a modified
Gibbs sampler to do that. This works by alternately sampling from the conditional

distributions to get the joint distribution. So, we need to sample from:

Jo( X |Spry)
fO| Xy, Spery)

We use technique called Sequential Monte Carlo to sample from fp( X1y |Sg1.7y)

6.1.1 Sequential Monte Carlo

Sequential Monte Carlo are used to approximate posterior densities { fo(X{1:m}[Siimy);n >
1} sequentially. It provides an approximation of the posterior density as a set of N > 1

weighted random particles which can be represented as :

N
.}E@,SLT (dxlzT) = Z leiéxicT (dI12T>
k=1

Where each X} particle is a sample Markov Chain path from time 1 to n. And Wk
is the weight associated with the k' particle at time n. The particles X}, and the
weights erf are random and their distribution depend on 6 and observations Sy.r.

Sequential Monte Carlo (SMC) relies on a proposal density function which is chosen

by the user, denoted by hg(z1.,|S1.,) which has the following form

T
h9($1;T|51;T) = h9($1|51) H h9($n|5m xn—l)

n=2

This function captures the probability of a sequence of states (z; to x,) given a
sequence of observations (57 to S,). The important thing to account for while spec-
ifying proposal density is that the support of the target or posterior density should
be a subset of support of the proposal density. Thus usually proposal densities are

chosen with a wide support.
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The key point is that the proposal density allows us to sample states sequentially. It

does this by considering two parts:

e At time n=1, we sample the initial state z; from a function hg(x|S7)that de-

pends only on the first observation S;.

e For time n=2,...,T we sample the next state x,, using a function hy(x,|S,, x,_1)

that considers both the current observation S,, and the previous state X,,_1.

We also specify the prior for the Markov chain. Which for our use will be as specified

as in previous sections as:

e The initial distribution m(.) = (1/M, ..., 1/M).

e The transition matrix according to the prior distribution is an uniform matrix
as P with P;; = 1/M for all ¢, 5 = 1...M

We then use importance sampling method where we find the ratio of true density and
proposal density to approximate the distribution of particles at each step which are
called the weights associated with each particle.

We denote the weight associated with particle k at time 1 i.e. X¥ with Wf. Therefore
the weights can be specified as :

for t=1

_ f@(Xﬂsl) _ 71<Xf>f0(51|Xf) _ (1/M)f9(51’Xf)

 ho(XFIS1)  fo(S1)he(XFIS1)  fo(S1)he(XF|S))

since fy(S1) doesn’t depend on X; we can say that

Wy

(1/M) fo(S1] XT)
ho(XF|Sh)

W

or the un-normalized weights can be calculated as :

L AD A
= XISy (6:5)
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Similarly at time n=2,....,T | we can calculate the un-normalized weight associated

with each particle as

~k __ f9<X{€:n7SLn)
wn - Ak N Ak |
fQ(XI:;LL:l’Sl:n—l)hG(Xr]ﬂSanfl_ )
Ay

f9<X{€:n’ Slin|X1:n—1’ Sl:n—l)
ho(XE]S,, X271

Ak 1
Jo(X), Sn| X7, Stin1)
Ak

ho (X5 Sn, X517

k
XE, S, X )
_ f9( no ’ 1.7;—1> S, depends only on X,

o (8|S, X001
Jo(XELX0) % fo(SalXE)
_ nln— = "7 using Markov property
h@(X£|Sl:n7 anl_l)
k
_ PAEL*l’k 8 fa(SZLX ) using prior defined previously (6.6)
h@(X!ﬂSl:n) anl_l)

Where @F is the un-normalized weight associated with article k at time n i.e. the par-
ticle XF and therefore W is the weights associated with the corresponding particle.
Ak

»_, is used to denote which particle (identified by its index) was the ”parent” of

particle X* at the previous time step (n-1). We then normalize the above computed
weights to obtain W the final weights. We also specify the following notation which
is important in understanding the working of the subsequent defined methods. B¥
denotes the index of the ancestor of particle k at generation n. So we can observe that
B% = k. Following the above notation we can write the evolution of a particle from
time 1 to T as follows: X}, = (Xff, XQBS, o Xfi’l,Xf%) and we have the following
ancestral lineage associated with the particle chain Bf, = (BY,..., By |, BE = k).

Here’s how the sequential Monte Carlo algorithm works:

e We first sample N particles for time 1 using the proposal density hg(.|S1).

e we then find the un-normalized weights associate with each particle as specified
in (6.5) and normalize them.

o We then specify fi(dzy) == S0 WFs x#(dzq) which is the distribution of par-
ticles as time 1 and also F1(.) := Y., WF&,(.) which is the distribution over
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Fig. 6.1: Example of SMC algorithm with N=5 and T=3, the lighter
path is X7, = (X}, X3, X2) and has the lineage B?, = (3,4,2), taken from
[Christophe Andrieu and Holenstein, 2010]

the indexes of the particles at time 1.

e We then follow the following loop for n=2 to T:

— We choose parent indexed A* , according to the distribution defined at
time n-1 i.e. Fp_1(.) == So0  WE 6.(.).

— Then sample N particles for time n using the proposal dens&ty ho(.|Sn, X " )
and define the k' particle at time n to be XF = (XLZ_II, XF)

— We then find the un-normalized weights associate with each particle as
specified in and normalize them.

— We then specify fn(dxlm) = chvzl ij(SXf (dz1.,) which is the distribu-
tion of particles as time n and also F,(.) := E,]gvzl Wk5,(.) which is the

distribution over the indexes of the particles at time n.

We can then approximate the conditional distribution of

N
fe(X{1:T}|S{1:T}) ~ fT(dxlzT> = Z quf(SXﬁT(deT)
k=1

The sequential monte carlo can be given as follows in algorithim form:
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Algorithm 3: Sequential Monte Carlo
1 Sample X} from the proposal density hy(.|S;) for all k € {1,..., N}

2 Compute the weights associated with each particle as:

fo(XF,S1)  w(XP) fo(Sh]XT)

i (XT) = =
) (XES) T he(xES)
3 Normalize the weights
W) = )
Zl]\il U~)1<XD

a4 Set the distribution as follows:

=

filday) = Wldr(dr)
k=1

Fi()=>_ Wle()
k=1

forn=2to T do
5 for k=1 to N do

6 Sample A | from Fp,_1([Wy_1)
k k
7 Sample X* from hg(.’Sn,X:fIl) and define X}, := (Xﬁ;:ll,ij).
8 end
9 Compute the weight associated with each particle:
Ak
@ (Xk: ) _ f6’<X{€:n7511n) _ fo(X]’ﬂanI ) X f@(Sn|X7l§)
n 1n/ — Ak Ak | - A,]?L,
Jo(X1:n 71, S1n1)he(XJ]Sn, X, "1) ho(XE[S1n, X 00")
10 Normalize the weights

11 Set the distribution as follows:

~

N
fn(dxlzn) = Z erfé)(fn (dxl:n)

k=1

Fal) = Whs()
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6.1.2 Conditional Sequential Monte Carlo

To use Sequential Monte Carlo as part of Gibbs sampler we need a modified version
called as Conditional Sequential Monte Carlo. CSMC works by keeping a specific
path through the states, denoted by Xi.r, and its associated lineage, denoted by By.7,
fixed during the resampling step.

In contrast to the fixed path and lineage, all other particles (representing different
potential paths through the data) are resampled as usual in Sequential Monte Carlo
(SMC). This selective resampling allows CSMC to focus on refining the neighborhood
around the chosen path, potentially leading to more efficient sampling in problems

with regime switching models.

Fig. 6.2: Example of N=5 ancestral lineages generated by a conditional
SMC algorithm for N =5 and T =3 conditional on X?;and B?,, taken from
[Christophe Andrieu and Holenstein, 2010]

We give the algorithm for conditional sequnetial monte carlo as follows with num-

ber of particles N and time steps as 1 to T:
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Algorithm 4: Conditional Sequential Monte Carlo

1

2

w

9]

10

11

12

13

14

15

16

Define a specified path X;.p = (X', .., XZJ‘?T) and the ancestral lineage By.7.
if k#£ B; then
‘ Sample XT from the proposal density hg(.|S1) for all k € {1,..., N}
end
Compute the weights associated with each particle as:
fo(XT,81) _ m(XT) fo(S1]XT)

~ Xk _ _
) = FRES) T (XS

Normalize the weights

Wy (x}) = D
> ey Wi (XY)

Set the distribution as follows:

N

filday) == Wloye(dny), Fa() =Y Wio(.)

k=1
for n=2to T do
for k=1 to N do
if k£ B, then
Sample AF_| from F_1(|Wp_1)
Sample X from hg(.|Sn,X:ikll‘l) and define X¥ = (Xﬁf{:ll,Xﬁ).
end

end

Compute the weight associated with each particle:

Ak
WD (Xk ) _ f9<X{€:n’SI:n) . f9<X7]1€|Xn—11) X fH(Sn’XS)
" Lin/ Ak 1 Af:l—l - Afb—l
fe(Xlz;‘LL:lﬁSlin—l)he(X’r]HS’fl?Xn—l ) he(Xrlﬂ‘S’l:naXn—l )
Normalize the weights

Set the distribution as follows:

A

N N
faldwrn) =Y Wk (drr),  Fa()=>_ Wrs()

I—1
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6.1.3 Particle Gibbs

Since the conditionals for the invidual parameters of © = {u;,6;, , 8 ;i =1,..., M}

for MMLPS and © = {k;,0;,0; ;i = 1,..., M} for MMOU, will be same as that

in previous sections(Chapter 4 for MMOU and chapter 5 for MMLP). this section

focuses on the generalized Particle Gibbs Sampler (PG) algorithm applicable to a

broader class of regime-switching models.

Here is the Particle Gibbs sampler for a general regime switching model.
Algorithm 5: Particle Gibbs Sampler

Place appropriate prior for each component of ©

jun

N

Sample 6(0) from the priors.

3 Generate one sample path of the Markov Chain from the uniform prior, say
Xi1.7(0).

4 fori=1+to0.do

5 Generate N paths according to conditional sequential Monte Carlo

conditioned on #(i — 1) and X;.7(¢ — 1). Set the final distribution

obtained as { fi(dzyr) == SO, Widxe (dain)}

6 Choose one of the paths according to the distribution of Xi.7(7) from the

distribution obtained above i.e {fi(dzy.7)}.

7 Given a path X;.r(7)

8 Sample from the conditionals of each component of 6

9 end

The algorithm in the following manner:
It starts by defining priors for all parameters in the model denoted by 6. We also
initialise values of parameters using samples from the prior distribution.
Then, it generates an initial sample path for the hidden Markov chain X;.7(0) using
the uniform prior defined previously. We then iterate over a loop and within each

iteration:

e We first generate N new sample paths and distribution { f&(dzy.r)} over these
paths using Conditional SMC conditioned on the current state of the model

parameters, 6(i — 1) and the previous hidden state path,X;.r(i — 1).

e One path Xj.7(i) is chosen from the generated set based on the distribution
{fi(dz1.7)} over the paths as defined by the CSMC.
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e Gibbs Sampling: Given the chosen hidden path, Xj.r(i) we use Gibbs sam-
pling by sampling from conditional distributions of individual components of

the model parameters 6.

Using the CSMC sampler we are able to draw from an approximation of fy(X.7|S1.7)
and then we use Gibbs sampler to draw samples from the distribution f(6|Xy.7, Si.7).
By iteratively performing these steps, the PG sampler explores the joint posterior
distribution of all model parameters and the hidden states and the algorithm should

converge to the joint distribution f(0, Xi.7, S1.7).
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Chapter 7

Results

In this section, we present the results of the algorithm on simulated data for both the

kind of models discussed in the previous section.

7.1 Markov Modulated Ornstein-Uhlbeck Process

We simulated a Markov Modulated OU process where all the three parameters k, o, 0
were dependent on underlying Markov Chain. We took the underlying Markov Chain

to have two states {0, 1} with the transition matrix as:

0.55 0.45
0.35 0.65

Also the values for the parameters associated with each state is as follows:

K =1[0.1,0.5]
0 =11,2]
o =[1.2,1.5]

The resulting Markov Chain and also the resulting Markov Modulated Ornstein

Uhlbeck process is as follows:

73
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Fig. 7.1: a)Markov Chain with transition Matrix=[[0.55 ,0.45],[0.35 , 0.65]
b)the resulting OU process

7.1.1 Truncated Dirichlet Prior Method

We generated 100 Markov Chain paths with uniform Transition Matrix and uniform
initial distribution as stated above. Then we placed a stick breaking Truncated Dirich-
let prior with number of classes equal to 100. Which gives the initial distribution as
follows over the 100 MC paths:
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.20

o.1LS

. 1O

.05

OO —

Then we defined the priors for each parameter as described in the sections above.
We started with an initial value of 1 for all the parameters and ran our algorithm
2000 times. We took a burn-in period of 1000 iterations. The algorithm estimate the

parameters as follows:

Ko ki | 6y | O] 00 | 01
True value 0.1 0.5 1 211215
Posterior Mode | 0.09 | 041 | 1.1 | 2 | 1.2 | 1.5

Table 7.1: True and estimated values

The posterior distribution and the trace plots for each of the above parameters is

as follows:

1.00

0.75

0.50 4

0.25 4

T T T T T T 0.00 + T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0 200 400 600 800

Fig. 7.2: Kappa in state 0
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Fig. 7.6: Sigma in state 0
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Fig. 7.7: Sigma in state 1

Also we estimate the transition matrix from the most probable path as follows:
0.667 0.334

0.314 0.686

7.1.2 Particle MCMC method

We then used the same data to also try our Particle Gibbs method on the Markov
Modulated OU process. The proposal densities hy(z,|S,, ,—1) were taken to be
proportional to the likelihood function i.e hg(z,|Sn, zn_1) < fo(Sn|z,). which we
then normalize.

Then we defined the priors for each parameter as described in the sections above. We
started with an initial value of 1 for all the parameters and initial Markov chain was
generated from the uniform prior over path space. We ran our algorithm 1000 times.
We took a burn-in period of 900 iterations. The algorithm estimate the parameters

as follows:

Ko ki | 6o | 61 | 00 | 01
True value 0.1 0.5 1 2 | 12115
Posterior Mode | 0.12 | 0.55 | 1.3 (22 |11 |14

Table 7.2: True and estimated values

The posterior distribution and the trace plots for each of the above parameters is

as follows:
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Fig. 7.12: Sigma in state 0
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Fig. 7.13: Sigma in state 1

7.2 Markov Modulated NIG Levy process

7.2.1 Truncated Dirichlet Prior Method

We simulated a Markov Modulated NIG Levy process where all the parameters p, d
were dependent on underlying Markov Chain. We took the underlying Markov Chain

to have two states {0, 1} with the transition matrix as:

0.6 04
0.3 0.7
Also the values for the parameters associated with each state is as follows:

pw=11,1.3]
5 =[1.2,1.7]

The resulting Markov Chain and also the resulting Markov Modulated Levy process

is as follows:
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Fig. 7.14: a)Markov Chain with transition Matrix=[[0.6, 0.4], [0.3, 0.7]]
b)the resulting Levy process

Then we defined the priors for each parameter as described in the sections above.
We started with an initial value of 1 for § for both states and initial value of 0 for
u for both states ,ran our algorithm 2000 times. We took a burn-in period of 1000

iterations. The algorithm estimate the parameters as follows:

to | p1 | 6o | 01
True value 1 13|12 1.7
Posterior Mode | 1 | 1.3 ] 1.2 | 1.65

Table 7.3: True and estimated values

The posterior distribution and the trace plots for each of the above parameters is

as follows:
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Fig. 7.18: ¢ in state 1

Also we estimate the transition matrix from the most probable path as follows:
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0.596 0.404
0.281 0.719

7.2.2 Particle MCMC method

We then used the same data to also try our Particle Gibbs method on the Markov
Modulated NIG-Levy process. The proposal densities hg(z,|Sy, z,—1) were taken to
be proportional to the likelihood function as before i.e hy(x,|Sy, n_1) X fo(Sp|Tn).
which we then normalize.

Then we defined the priors for each parameter as described in the sections above. We
started with an initial value of 1 for 4 for both states, initial value of 0 for p for both
states and initial Markov chain path was generated from the uniform prior over path
space. We ran our algorithm 1000 times. The algorithm estimate the parameters as

follows:

po | p1 | 6o | O
True value 1 [1.3] 1.2 | 1.7
Posterior Mode | 1.1 | 1.4 | 1.19 | 1.5

Table 7.4: True and estimated values

The posterior distribution and the trace plots for each of the above parameters is

as follows:
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Fig. 7.19: p in state 0
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Chapter 8
Conclusion

The interplay between Markov Modulated Levy processes offers a powerful framework
for modeling real-world phenomena exhibiting dynamic jumps and state-dependent
behavior. Although a lot of literature exists on using MMLPs for derivative pricing
and risk management. Only one approximate Expectation Maximization approach
exists for performing Inference for Markov Modulated Levy Process.

In this project we set to develop an efficienct way to perform Inference for MMLPs
when both the parameters and the underlying Markov chain is unknown.

We used Bayesian inference as it provides mathematical rigorous approach and has
the following advantages over the Frequentest approach: Uncertainty Quantifica-
tion: It provides us with a posterior distribution which can be used to construct
confidence intervals allowing us to perform uncertanity quantification as well unlike
point estimates.

Incorporating Prior Knowledge: Using the prior distribution allows us to in-
corporate prior information in our inference procedure like the possible ranges of

estimators and helps to perform robust inference even in presence of outliers.

To carry out Bayesian inference we needed to find the conditional distribution of
each parameter for our model. The main challenge to that was we considered Markov
Chain paths as parameters and the space of Markov Chain paths is a complex param-
eter space and sampling from such a space is difficult. Therefore in order to tackle
that challenge we used two different methods Truncated Dirichlet prior method and
Particle MCMC. Which allowed us to sample effectively from the conditional distri-
bution for Markov Chain paths.
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We developed these new way of performing Bayesian inference for Markov Modu-
lated Levy processes which can efficiently and precisely perform the inference giving
us posterior distribution over both the parameter space and the Markov Chain path
space.

To check for the effectiveness of the method we applied it to two models. First, a
Markov modulated OU process. We considered the three parameters(k, o, ) associ-
ated with OU process to switch between two states. Then we used our methods to
estimate the parameters in each state. As we can see from the previous chapter the
mode of posterior distribution is very close to the true values as well the posterior
distribution provides provides confidence intervals as well. We also estimate the tran-
sition matrix associated with the underlying Markov Chain which also seems quite
close to the true values.

Similarly we also simulated Markov Modulated exponential NIG process which switches
between two states and the parameters (u, §) change according to the switch, and ap-
plied our methods to the observed data. We again find the methods can effectively
estimate the parameter values for each state. We also calculated the transition matrix
for the underlying Markov chain which also comes quite close to the true values.
From the above and previous sections we can observe that the methods is effective
in estimating both the parameters as well as transition matrix for the underlying
Markov chain and can even be extended to other Markov switching stochastic pro-
cess. Although theses methods shows great promise in these simulation studies. We
also need to check the effectiveness of the algorithm by applying to real financial data.
Also the posterior distribution and therefore the confidence intervals calculated have
a big spread. Since these experiments were carried out on machine with limited com-
puting power. It can assumed that if the algorithm can be executed on a machine
with much more computing power, so that the loops can be executed more number
of times we will have a posterior distribution with much less variance.

This study looked into the usefulness of novel methods for parameter estimation in
hidden Markov-switching models. We applied the strategy to two simulated processes:
Markov-modulated Ornstein-Uhlenbeck (MMOU) and Markov-modulated exponen-
tial Normal Inverse Gaussian. The results seems promising and the approach was
successful in recovering the true parameter values for each state in both processes.
Furthermore, the computed transition matrices closely approximated the actual un-

derlying Markov chains. Thus, these methods should be investigated with more em-
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pirical data and computing power and so that we can have a good understanding
of the effectiveness and applicability to real world. And also compare it to other

methods which can be applied to similar problems.
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