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Abstract

Chern-Simons theory is a special class of Conformal Field Theory. It possesses various interesting
duality relations. These relations, or more accurately, these bosonisation duality relations connect
the correlators of two different theory, namely the free fermionic Chern-Simons theory and critical
bosonic Chern-Simons theory. These two theories are dual to each other. The correlators in
these theories are calculated in the large N limit, up to all orders at the t’ Hooft coupling. These
expressions for the correlators can be derived from the free theories. Here, the verification of such
duality relations are performed.
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Chapter 1

Introduction

Quantum field theory (QFT) is a fundamental concept within theoretical physics, combining
quantum mechanics and special relativity to elucidate the actions of particles and fields. Its utility
extends across a broad spectrum, aiding in our comprehension of how matter and forces function in
the cosmos. But yet this is not the full story. There has been made a lot of attempt in combining
QFT with general relativity (GR) aiming for a grand unified theory (GUT), describing all the
fundamental forces of nature. And, string theory remains the most promising candidate for this.
Here, comes Conformal Field Theory (CFT) as a gateway to string theory. CFT is a class of QFT,
which maintain the angles relying on in the system but not the distances. It has an vast application
in the realm of theoretical physics. One such example of CFT is the Chern-Simons (CS) matter
Theory. (see [1], [2], [3])

Working with quantum field theory (QFT) entails comprehending the basic laws of the universe,
and it involves resolving intricate scenarios that present challenging analytical problems. In such
instances, perturbative QFT has been greatly valuable for making approximate calculations and
predictions regarding physical occurrences. This approach of perturbation is particularly useful
for systems where the exact solutions to the quantum field equations are extremely complex or
impossible to obtain. But the perturbation technique looses much of its functionality when it
comes to the cases of strongly coupled systems. Non-perturbative techniques are to be taken in
such scenarios. Currently, we are working in the CS matter theory. An intriguing aspect of CS
matter theory is the ability to extend perturbative techniques to address even strong couplings.
(see [4], [5], [6], [7])

Chern-Simons (CS) theory represents a 3-dimensional topological quantum field theory. This
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Chapter 1. Introduction

theory refers to the coupling of CS theory with matter fields, such as fermions or scalars. CS theory
exhibits numerous fascinating characteristics and holds a prominent position in multiple realms of
theoretical physics and mathematics. Its mathematical and physical importance remains a vibrant
field of study, intertwined with leading-edge subjects across various domains of contemporary
physics. (see [8], [9])

Moreover, three-dimensional CS matter theory is exactly solvable. It is a basic class of a
non-trivial CFT, and it could thus be used to study various phenomena, such as, strong-weak
dualities and the AdS/CFT correspondence. It also has many applications in dualities. For instance,
the free fermionic theory coupled with CS theory is dual to critical bosonic theory (it is a bosonic
theory aimed to study the system at the critical points, namely Wilson-Fischer fixed point) coupled
to CS theory; this is known as bosonisation duality. These kinds of theories are named quasi
fermionic theories. Thus, the correlators in these theories are also related by a few interesting
relations. (see [2], [10], [11]).

Correlation functions within CFT play a vital role as mathematical instruments which are
used to calculate diverse physical parameters. They offer understanding into how fields behave at
distinct spatial locations and are fundamental for grasping the characteristics of CFTs. Interpreting
correlation functions in CFT entails examining the connections among various operators and their
impacts on the system, revealing insights into the theory’s fundamental physics and structure.

In this project work, we want to explicitly compute such few correlators. The computation in
CFT has been mostly explored in position space. We have done our calculations in momentum
space. There can be a lot of symmetries addressed in momentum space which simplify the theory
to a considerate level but is not easily accessible in position space. However, the calculations for
3-point or 4-point correlators even in momentum space are quite intricate, so we will transition to
a region where all external momenta are aligned with the z-component, making the calculation
easier. Additionally, we employ the light-cone gauge and other certain strategies that facilitate
the task and make it more manageable. Furthermore, we dedicate some time to calculate a few
correlators using a covariant approach in a perturbative manner. (see [2], [12], [13])

Subsequently, we move forward with one of our primary objectives. We utilize a few previously
computed correlators from the literature and direct our calculations towards the explicit proof
of bosonisation dualities conjectured in CS matter theories. ([12], [13]) These dualities provide a
powerful tool for understanding the dynamics of these systems and for deriving new results. They
are effective for addressing conformal field theories in three dimensions and can also be applied to
investigate thermal correlators in large N CS matter theories.

2



This thesis is organised as follows. In Chapter 2, titled Preliminaries, we introduce fundamental
concepts crucial for understanding the entire narrative and specific calculations. These concepts
serve as the foundational principles essential for the theory and the ongoing progress of this
project. Chapter 3, Background and Establishment, offers a concise discussion to contextualize the
problem and enhance comprehension. It presents various aspects and the underlying purpose of
the completed work. Chapter 4, Formalism, delves into the specific assumptions and methodologies
employed to address the problem of interest. The strategies outlined in this chapter prove beneficial
in simplifying complex computations that would otherwise be daunting. Chapter 5, Computation
and Analysis, details the methodology for computing correlators and relevant calculations. Chapter
6, Results and Discussions summarizes the noteworthy results obtained, accompanied by discussions
on these outcomes. Finally, Chapter 7 serves as the conclusion, summarizing the overall progress
of the project and briefly outlining potential future directions.
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Chapter 2

Preliminaries

2.1. Chern-Simons Matter Theory

Chern-Simons theory is a special class of CFT. It provides exact solvability and a few applications
of duality, which make this theory interesting. In general, in 3 or higher dimensions, computation
work becomes very cumbersome. So, we proceed with 3-dimensional Chern-Simons Matter Theory.

2.2. Lagrangian

The action of the CS theory is proportional to the integral of the Chern-Simons 3-form, which is a
topological invariant of the gauge field, which means its values are quantized and not affected by
small perturbations/ deformations of the spacetime. The Lagrangian (Euclidean) for the abelian
CS theory is,

LCS = − iκ

4πTr(AdA)

= − iκ

8πε
µνρAa

µ∂νA
a
ρ (2.1)

Here, A is the gauge field, κ is the coupling constant known as Chern-Simons level.

The Lagrangian (Euclidean) for the non-abelian CS theory with gauge group SU(N) in
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fundamental representation is,

LCS = − iκ

4πTr(AdA+ 1
3f

abcA3)

= − iκ

8πε
µνρ

[
Aa

µ∂νA
a
ρ + 1

3f
abcAa

µA
b
νA

c
ρ

]
= − iN

8πλε
µνρ

[
Aa

µ∂νA
a
ρ + 1

3f
abcAa

µA
b
νA

c
ρ

]
(2.2)

Here, λ = N
κ

is the t’ Hooft coupling. In the context of non-perturbative phenomena, where
traditional perturbation theory does not apply, the ’t Hooft coupling is used to quantify the
strength of the interactions in the study of strongly interacting systems. Taking the limit N → ∞,
λt�Hooft → ∞ leads to significant physical implications. To put it simply, the ’t Hooft coupling
at infinity indicates a deep relationship between gauge theories and quantum gravity, implying
that certain gauge theories can encompass gravity in higher-dimensional spacetime. This idea is
crucial to the AdS/CFT correspondence, where lower-dimensional gauge theories are equivalent to
higher-dimensional gravitational theories, offering valuable insights into quantum field theory and
gravity interactions.

Now coming to CS matter theory, the Lagrangian (Euclidean) for the CS theory in SU(N)
gauge group coupled with free fermionic field is given by,

L = − iN

8πλε
µνρ

[
Aa

µ∂νA
a
ρ + 1

3f
abcAa

µA
b
νA

c
ρ

]
+ iψ̄ /Dψ (where, Dµ = ∂µ − igAµ)

Similarly, the Lagrangian (Euclidean) for the 3-dimensional CS theory in SU(N) gauge group
coupled with complex scalar field is given by,

L = − iκ

8πε
µνρ

[
Aa

µ∂νA
a
ρ + 1

3f
abcAa

µA
b
νA

c
ρ

]
+ (Dµφ)†(Dµφ)

Now it is very straight forward to fetch the feynman rules for the corresponding theories.
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2.3. Feynman Rules

2.3. Feynman Rules

2.3.1. Free Fermionic Theory coupled with CS theory

The relevant rules for the CS theory with SU(N) gauge group coupled with free fermionic field are,

j, b i, a
k = i

/k

k2 δ
i
j

B, ρ A, µ
p = −i4π

κ
εµνρp

ν

p2 δ
A

B

A, µ

C, ρB, ν

k
pq

= κ

12πε
µνρfABC

A, µ

i, aj, b

k
pq

= ig (γµ)a
b(tA)ij

2.3.2. Scalar Theory coupled with CS theory

The relevant rules for the CS theory with SU(N) gauge group coupled with complex Scalar field
are,

j i
k = i

k2 −m2 δij

a, µ b, ρ
p = −i4π

κ
εµνρ

pν

p2 δab

7



Chapter 2. Preliminaries

a, µ i

b, ν j

k

p
q

r

= ig2{ta, tb}ij

a, µ

c, ρb, ν

k

p

q

= iκ

12πε
µνρfabc

a, µ

ji

k

p

q

= ig(p+ q)µtaij

Abbreviations

A few abbreviations that frequently appear in this thesis work, are gathered here for convenience.

F.F. =⇒ Free Fermionic
C.B. =⇒ Critical Bosonic
Q.F. =⇒ Quasi Fermionic
Odd =⇒ Parity Odd Contribution
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Chapter 3

Background and Establishment

In this chapter, we explain the objective of this project. Initially, we present background information
to illustrate the complexity and scope of the issue being tackled. Next, we outline the approach to
be taken, and finally, we detail the goals we aim to achieve.

3.1. CFT Correlators

In general terms, conformal field theories are Euclidean quantum field theories that possess a
symmetry group that includes, along with Euclidean symmetries, local conformal transformations
that maintain angles but not distances.

As a genuine quantum field theory, the condition of conformal invariance is highly restrictive.
Specifically, due to its scale invariance, all particle-like excitations in the theory must be massless.
(see [14])

Conformal field theories serve as simplified models for real interacting quantum field theories,
they depict critical phenomena in two dimensions, and they hold a significant position in string
theory, currently considered the leading contender for a unified theory encompassing all fundamental
forces. (see [15])

There is a special class of CFT, the ‘quasi fermionic’ theories, which have a large N limit and
the large N spectrum of operators consists of conserved high-spin currents and dimension two scalar
operators. The theory of N free fermions coupled to SU(N)k Chern-Simons interactions and the
theory of N critical bosons (or simply, free bosons, in our case) coupled to SU(N)k Chern-Simons
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Chapter 3. Background and Establishment

interactions are example of such ‘quasi fermionic’ theories. (see [1])

In these theories, due to conformal invariance, the 3-point correlation function of conserved
currents are constrained to contain at most three different conformal structures in the large N limit
(see [16]),

〈Js1Js2Js3〉 = cb 〈Js1Js2Js3〉F.B. + cf 〈Js1Js2Js3〉F.F. + codd 〈Js1Js2Js3〉odd (3.1)

where, J is the conserved current and s1, s2 and s3 are the associated spins, and cb, cf and codd

are the corresponding coefficients. The F.F. term and F.B. term correspond to the correlators
of the theory of free fermions and free bosons, respectively. The odd term is not generated by
free theories and refers to independent conformally invariant contributions to the correlators that
appear only in interacting theories. It is also important to mention that whenever, the conserved
currents obey the ‘triangle rule’(see [15], [17]),

si ≤ sj + sk (where, {i, j, k} ε {1, 2, 3})

the odd term contribution is nonzero. But if the triangle rule is violated, that is,

si > sj + sk (where, {i, j, k} ε {1, 2, 3})

then, for conserved-current correlators, there is no parity-odd contribution. Now, if the slightly
broken high-spin (SBHS) symmetry is imposed on these theories, in the large N limit, the 3-point
correlators get further constrained to the following functional form,

〈Js1Js2Js3〉 = Ñ

1 + λ̃2

[
〈Js1Js2Js3〉F.B. + λ̃2 〈Js1Js2Js3〉F.F. + λ̃ 〈Js1Js2Js3〉odd

]
(3.2)

where, the notation is such that (as in [16]),

10



3.2. Dual Theories

Ñ = 2N sin(πλ)
πλ

λ̃ = tan πλ2 (3.3)

There is another interesting property of 3-point functions. If the spin of two conserved current
are identical and the third one has an odd spin, then the correlator becomes zero. (see [1], [18])

〈JsJsJs′〉 = 0 (for s′ odd)

3.2. Dual Theories

The previously mentioned examples of ‘quasi fermionic’ theories are dual to each other. In other
words, in the large limit N, the theory of N free fermions coupled with CS theory with the gauge
group SU(N)k, also known as Free Fermionic (FF) theory is dual to the theory of N free bosons
coupled with CS theory with the gauge group SU(N)k, also known as Free Bosonic (FB) theory.
(see [2])

Beginning with the free fermionic theory, introducing the CS coupling, λ̃, and then taking it to
infinity (reaching the strong coupling limit λ → 1) leads to the critical bosonic (Wilson-Fischer)
theory. The corresponding bosonisation duality establishes a connection between free fermionic CS
theories with strength λ̃ and critical bosonic theories with strength 1

λ̃
coupled to CS. The bulk

duals are represented by the type-B Vasiliev θ theories, which are characterized by θ ε[0, π/2].
(see [2], [19])

The critical bosonic theory is an advanced and refined version of the free bosonic theory, which
focuses on examining the system at critical junctures, specifically at the Wilson-Fischer fixed point.
Vasiliev Type-B theories belong to a category of internally coherent gauge invariant nonlinear
equations in the realm of higher-spin theory. Higher-spin theory, also known as higher-spin gravity,
deals with field theories encompassing massless fields with spins exceeding two, such as the graviton.
(see [20])

11



Chapter 3. Background and Establishment

Figure 3.1: The Quasi Fermionic Theories: the Duality relations

3.3. Conjectured Bosonisation Dualities

As the free fermionic and critical bosonic theories are dual to each other, it is quite obvious that
there might be some interesting relations between the theories. One of such relations hold the
following mathematical form,

XQ.F. = A(XF.F. + λ̃XOdd + λ̃2XC.B.)
ε · (XF.F. −XC.B.) = ±iXOdd

ε ·XF.F.-C.B. = ±iXOdd (3.4)

where, X is some conserved-current correlator in the quasi fermionic theory and A denotes some
overall normalization factor coefficient multiplied with the expression in the right. Besides, the F.F.,
C.B. and Odd terms represent the free fermionic, critical bosonic and parity-odd contributions.
The F.F. and C.B. are the parity-even contributions. These bosonisation relation conveys that

12



3.3. Conjectured Bosonisation Dualities

the parity-even contributions for some correlators in the quasi fermionic theories are related to
the parity-odd contributions by a functional form. (see [1], [14]) And the transition is attained by
following an abstract technique known as ‘epsilon transformation’ (E.T.). These duality relations
can be found in [18].

These bosonisation duality relations already found to be obeyed for 3-point correlators, (for
example TJJ , where T is the stress-energy tensor and J is the spin-1 current). [17] But it is also
suggested that these duality relations also hold for 4-point correlators. Let us first introduce the
epsilon transformation and then come back again to the duality relations.

3.3.1. Epsilon Transformation

This is a transformation method which converts a parity-even term into a parity-odd term and
vice versa. It applies to the conserved currents (see, [17], [12], [13]). Epsilon transformation for the
spinor-helicity variables can be written down as,

ε ·Xµνα1···αn = ε(µabpa

p
X

ν)α1···αn

b (3.5)

where, X is some correlator and p is the momenta associated with the operator inside the
correlator and εµab is the Levi-civita tensor and the conserved current operators are the ones
associated with the µ and ν indices (here, in this depiction). Furthermore, it is crucial to emphasize
that this transformation must be applied symmetrically to all conserved current operators within
the correlator. The conserved current condition can be simply found as in [1],

∂µJ
µ
ν···ρ = 0 (3.6)

Therefore, a clearer representation would be,

ε · 〈Xµ
1X

ν
2X

α
3 · · · 〉

= εµabp1a

p1
〈X1bX

ν
2X

α
3 · · · 〉 + ενabp2a

p2
〈Xµ

1X2νX
α
3 · · · 〉 + εαabp3a

p3
〈Xµ

1X
ν
2X3α · · · 〉 + · · · (3.7)
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Chapter 3. Background and Establishment

3.4. Verifying Bosonisation Dualities

Now, we want to explicitly check the bosonisation dualities achieved by the epsilon transformation.
But for that one needs to have the expression for the correlators, which is a cumbersome task to
do. Hence, we first show the validity of this duality relation for the 3-point correlator 〈TJJ〉 ([16]),
where this is relatively easy to visualize. Then, we move to check a few 4-poit correlators. We
make use of some available expression for the correlators 〈JJOO〉 and 〈JJJJ〉 ([2]). Besides, we
try to compute 〈TJJO〉 and then verify the suggested relations.

14



Chapter 4

Formalism

In this section, we explore the general strategies used in computation and illustrate the techniques
employed to obtain correlators.

4.1. Working Regime

Our goal is to derive the complete expression of correlators within a perturbative framework.
However, obtaining the all-loop result for any correlator proves excessively intricate. Therefore, we
focus on a simpler regime that allows for more manageable calculations. Here, we provide guidance
on achieving this.

4.1.1. Light-Cone Gauge

To begin, we transition to the light-cone coordinates (Dirac coordinates) and then utilize the
light-cone gauge. Light-cone coordinates has demonstrated its utility in intricate scenarios. ([21],
[22]) In this context, the light-cone transformation for the Euclidean signature is defined as follows.

x± = x∓ = 1√
2

(x1 ± ix2) (4.1)

15



Chapter 4. Formalism

In Cartesian coordinates, ds2 = (dx1)2 + (dx2)2 + (dx3)2

In Light-cone coordinates, ds2 = 2(dx+)(dx−) + (dx3)2 (4.2)

So, the metric in the light-cone gauge is given by,

gµν =


0 1 0
1 0 0
0 0 1

 (4.3)

Hence, it is quite obvious,

x2
s ≡ x2

1 + x2
2 = 2x+x− = 2x+x− (4.4)

p± = p∓ = 1√
2

(p1 ± ip2)

A± = A∓ = 1√
2

(A1 ± iA2)

p2
s ≡ p2

1 + p2
2 = 2p+p− (4.5)

Now, the light-cone gauge is defined as A+ = A− = 0, as previously used by [3], [23]. This is
achieved using Wick rotation. This is a similar implication of light-cone gauge in the Euclidean
signature coming directly from the standard light-cone gauge in the Lorentzian signature. It is
crucial to notice that A+ = A− = 0 is achieved as an analytic continuation of the Lorentzian space,
otherwise one could have obtained A+ = (A−)∗ = 0. (see [3], [2]). This gauge fixing brings about
substantial modifications to the Feynman rules of this theory. It eliminates the self-interactions of
gluons and leads to a revised description of the gluon propagator, as follows,

〈
Aa

+(p)Ab
z(−q)

〉
= −

〈
Aa

z(p)Ab
+(−q)

〉
= 4πi

k

1
p+ × (2π)3δ(p− q)δab (4.6)
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4.1. Working Regime

It is very important to note here that, we will frequently be interchanging between (x+, x−, x3)
and (x+, x−, xz), while, x3 and xz denotes the same. Moreover, x+ = x−, x− = x+ and xz = xz.

4.1.2. Collinear Perturbation Theory

While correlators provide valuable insights into the theory, their determination remains a chal-
lenging endeavor. However, as demonstrated by [2], [11], [24] and [25], it becomes feasible when
computations are conducted within a framework where all external momenta align along the
z-component. Therefore, we make use of the following simplification. For any external momenta, p,

p = pz = pz (4.7)
=⇒ p = (0, 0, pz)

This approach, known as “collinear perturbation theory”, has been previously employed to
calculate two-, three-, and even four-point correlators of single-trace operators, with expressions
being directly dependent on the ’t Hooft coupling. A significant application of this method,
which has motivated our work, can be found in [24], where this method of representing external
momenta for deriving the expression for 〈OOOO〉 was first utilized (although later corrected by
[25]). Additionally, in [11] a procedure has been outlined for calculating all n-point functions of
the form, 〈OOOO · · · 〉 within the collinear regime (at leading order in 1/N).

It is essential to highlight that this regime of collinear momenta also influences the epsilon
transformation method. For instance, directly from 3.7, it can be shown that,

ε · 〈Xµ
1X

ν
2X

α
3 · · · 〉 = εµzb sgn(p1) 〈X1bX

ν
2X

α
3 · · · 〉

+ ενzb sgn(p2) 〈Xµ
1X2νX

α
3 · · · 〉 + εαzb sgn(p3) 〈Xµ

1X
ν
2X3α · · · 〉 + · · · (4.8)

It is worth noticing that all the dependence on the explicit form of momentum associated with
certain operators now has shifted only to the signature of the corresponding momenta. This is
exciting as it simply transforms the complex expressions into just an overall summation of different
correlators of different helicity combinations.
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Chapter 4. Formalism

4.2. Computation Method

Within this segment, we provide a detailed guide on deriving the expressions for the desired
correlators. Both approaches utilizing the ‘exact’ and ‘free’ (to be elaborated shortly) formulations
of the vertices and propagators are discussed.

4.2.1. Computation with exact vertices and propagators

To obtain the complete expression for certain correlators up to all loops, the conventional approach
involves adding successive 1-loop corrections, 2-loop corrections, and so forth, which can be
exceedingly intricate and demanding. However, there exists a modification that can be used to ease
the process, that is, reducing the number of diagrams that may contribute to the corrections. The
‘free’ vertices and ‘free’ propagators are now replaced by ‘exact’ vertices and ‘exact’ propagators
(see [10], [2]). In this context, the term ‘exact’ vertex (or propagator) refers to the combination
of the ‘free’ vertex (or propagator) with all loop contributions. This integration encompasses all
vertex corrections and propagator self-energy corrections within the ‘exact’ expressions, simplifying
the calculation process. Here, a simple depiction of the ‘exact’ vertex is shown,

Figure 4.1: An illustration showcasing the exact vertices and free vertices. The diagram on the left
featuring a circled cross represents the exact vertex, the middle diagram with a cross represents
the free vertex, and the diagram on the right depicts the all-loop correction to the free vertex.

Given that our focus is on a 4-point correlator, we develop a methodology tailored specifically
for 4-point correlators. Presently, the all-loop contributions solely focus on diagrams featuring a
gauge propagator connecting any two non-adjacent sides of the correlators. As illustrated in [2], in
the context of a 4-point correlator, for a certain alignment of operators at the vertex, the relevant
diagrams can be categorized into ‘box’ diagrams and ‘ladder’ diagrams. Different configuration of
operators result into different set of box digrams and ladder diagrams. Box diagrams correspond to
the contributions at tree level, while ladder diagrams account for the all-loop contributions using
‘exact’ vertices and propagators. Ladder diagrams are presented as a collective sum of corrections.
These are depicted in the following diagrams.
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4.2. Computation Method

Figure 4.2: The diagram on the left is a box diagram, while the diagram on the right features a
ladder diagram with a large blob in its center. (Image Credit: [2].) In these diagrams, the vertices
labeled 1, 2, 3, and 4 represent four operators, and the propagator momenta are indicated as p in
the box diagram and as r and k in the ladder diagram. The external momenta are represented as
q1,q2,q3, and q4 respectively.

Figure 4.3: The ladder diagram, for a specific arrangement of operators at the vertices, consolidates
all loop contributions into a unified 1-loop-like contribution. (Image Credit: [2].) Here, k, r and l
represent the propagator momenta and q1,q2,q3, and q4 respectively represent the external momenta.
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Chapter 4. Formalism

Moreover, the ladder diagrams can be visualized as illustrated in the figure, 4.3. For a clearer
representation, the blob-like component in the ladder diagrams can be redefined as an ‘effective
vertex’, signifying contributions from all loops. (see, figure 4.4.) Essentially, all loop corrections
arising from gauge propagators connecting opposite sides can be summed linearly to create the
impression of a single loop correction. These methods, previously employed with success by [2], are
briefly outlined here to provide guidance for the research conducted in this project. Therefore, the
comprehensive expression encompassing all loops can be derived as,

· · ·

Figure 4.4: Effective vertex. (Image credit [2]). In this depiction, the blob-like element on the left
signifies the effective vertex, while the right side illustrates loop contributions of all orders.

−
∫ d3r

(2π)3
d3k

(2π)3 Tr [S (k + q1 + q2) O2 S (k + q1) O1 S(k)γµS(r)O4 S (r − q4) O3

S (r − q3 − q4) γν ] Gµν(k − r) +

−
∫ d3r

(2π)3
d3k

(2π)3
d3l

(2π)3 Tr [S (k + q1 + q2) O2 S (k + q1) O1 S(k)γµS(l)γρS(r)O4

S (r − q4) O3S (r − q3 − q4) γσS (l + q1 + q2) γν ] Gµν(k − l)Gρσ(l − r)
+ . . . (4.9)

where, the O and S represent the ‘exact’ vertices and the ‘exact’ propagators, with the subscripts
indicating their respective positions. After using spinor indices and performing some algebraic
manipulations, this expression can be reduced to,

= −
∫ d3r

(2π)3
d3k

(2π)3 [ S (k + q1 + q2) O2 S (k + q1) O1 S(k)]mj Γjn
im (k, q1 + q2, r)

[S(r)O4 S (r − q4) O3 S (r − q3 − q4)]in (4.10)

20



4.2. Computation Method

Here, Γjn
im(k, q, r) denotes the effective vertex, which is a complex equation involving various

gamma matrices and summation of products of several propagators. Since we are operating
within the collinear perturbation framework, the expression can be reformulated into a recursive
Schwinger-Dyson equation and resolved using the techniques outlined in [26]. Upon transformation
into a different basis, denoted as Γjn

im(k, q, r) in accordance with [25], it emerges as a 2 × 2 × 2 × 2
matrix and can be represented as,

Γjn
im(k, q, r) = ΓAB(k, q, r)

(
γA
)n

m

(
γB
)j

i
(4.11)

where A,B ∈ {+,−, 3, I}, and γI = 12×2. This expression can be inverted as,

ΓAB(k, q, r) = 1
4 (γA)m

n (γB)i
j Γjn

im(k, q, r) (4.12)

Finally, we arrive at,

= −
∫ d3r

(2π)3
d3k

(2π)3 Tr
[
S (k + q1 + q2) O2 S (k + q1) O1 S(k)γA S(r)O4

S (r − q4) O3 S (r − q3 − q4) γB
]

ΓAB (k, q1 + q2, r) (4.13)

The expressions for ΓAB(k, q, r) can be found in [2], appendix A.

At this point, it becomes evident that, for any 4-point correlator and a specific configuration of
the operators at the vertices, given the exact expression for the corresponding operators and the
propagators, one can obtain the explicit expression for that correlator in the large N limit up to all
orders.

But the computation of ‘exact’ vertices is nevertheless an easier problem to tackle. Now we
move to compute these kinds of vertices. It is worthwhile to mention that, using the techniques
decribed in [10], the ‘exact’ vertex expressions for O and J operator have been computed.
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4.2.2. Computation of Exact Vertices

The infinite tower of conserved current are denoted by, Js (∂Js = 0). Their definition is provided
by [3], [2]. We write down them here.

J0 = ψ̄ψ

Jµ
1 = iψ̄γµψ

Jµ1µ2...µs
s = ψ̄γ(µ1 Dµ2 . . .D µs)ψ − ( traces ) (4.14)

The concept of the exact vertex can be visualized as shown in Figure 4.1. With all computations
conducted in the light-cone gauge and collinear perturbation regime, we can deduce the exact
vertex in the following manner,

V µν(p, q) = V µν
0 (p, q) + 2πiλ

∫ d3k

(2π)3
γ[3|S(k)V µν(p, k)S(k − p)γ|+]

(q − k)+ (4.15)

where, V µν(q, p) and V µν
0 (q, p) represents the exact vertex and free vertex with propagator

momenta q and external momenta p and S(k) represents the exact propagator with propagator
momenta k. Moreover, the (q − k)+ part signifies the gauge propagator. It is important to note
that, both, the directions of the gauge propagator are considered. This methodology is derived
from [10], where they have previously computed the exact vertex formulations for O (or J0), J+,
and J− (J ≡ J1) operators.

Prior to delving into the resolution of this intricate equation, it is essential to pause and
contemplate, aiming to introduce some simplifications. One notable simplification that can
significantly reduce complexity stems from relations derived directly from light-cone coordinate
algebra. This outcome is detailed in [3] and [10]. For a 2 × 2 matrix A = aµγ

µ + aII, it satisfies,

γ[3|Aγ|+] = 2
(
aIγ

+ − a−I
)

(4.16)

Now, the complicated numerator has only the relevant contributions from γ− and I.
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4.2. Computation Method

4.2.3. Computation with free vertices and propagators

As illustrated in 4.1.1, the comprehensive formulation for all-loop contributions involves intricate
integral equations requiring gamma trace algebraic manipulations. Consequently, in some scenarios,
the resulting expression becomes too unwieldy to handle, making it challenging to extract. In
such cases, reverting to ‘free’ vertices and ‘free’ propagators becomes necessary to assess the loop
contributions effectively. Therefore, we present the methodology for computing tree-level and
1-loop contributions for 4-point correlators using ‘free’ vertices and propagators, here.

The tree level diagrams for any 4-point correlator are given by,

Figure 4.5: Where, A, B, C and D represent 4 operators and their corresponding external momenta
are p1, p2, p3 and p4 respectively. The propagator momenta here are q. Moreover, the momentum
conservation rule, i.e, p1 + p2 + p3 + p4 = 0 is in action.

At this point, it is quite essential to introduce concise and efficient notations to manage these
intricate diagrams effectively. Therefore, we introduce,
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qi := q − Pi, ki := k − Pi and Pi :=
i∑

j=1
pj (4.17)

The 1-loop correction diagrams for the configuration (anti-clockwise) ABCDA (the first diagram
in figure 4.5) are given below. The vertex correction diagrams are,

Figure 4.6: Vertex correction diagrams for a 4-point correlator.

The propagator self energy diagrams are,

Figure 4.7: Propagator self energy diagrams for a 4-point correlator.

Previously, these two sets of diagrams were not taken into account for ‘exact’ vertices and
propagators, but they play a significant role in this context. Now, turning to the ladder diagrams,
which are also there in the ‘free’ formalism, it can be noticed that these diagrams are basically
a gauge propagator connecting the opposite sides and cutting the 4-point box diagram into two
symmetrical parts.
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Figure 4.8: Ladder diagrams for a 4-point correlator.

So, it is pretty clear that, for a particular configuration of operators, a 4-point correlator
demands 10 1-loop corrections and in total for any particular 4-point correaltor the total 1-loop
corrections become 60!!

4.3. Key Calculations from Existing Literature

In this section, we gather all the available expressions relevant for our calculations.

4.3.1. Exact Expressions

The ‘exact’ expression for the fermionic propagator is given by, [2], [3] and [10],

〈
ψi(p)ψ̄j(−q)

〉
= δj

iS(p) · (2π)3δ3(p− q)

S(q) ≡ −iγµqµ + iλ2γ+q− + λqs

q2

=⇒ S(q) = −iγ
+q−(1 − λ2) + γ−q+ + γzqz + Iiλqs

q2 = −iR(q)
q2

=⇒ R(q) = (γ+q−(1 − λ2) + γ−q+ + γzqz + Iiλqs) (4.18)

Directing from equation 4.14, the ‘exact’ expressions for the O, J+ and J− operators, which
have already been computed by [10], are listed here for convenience.
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J0 = O = ψ̄V 0ψ

J+
1 = J+ = ψ̄V +ψ

J−
1 = J− = ψ̄V −ψ (4.19)

where, V 0, V − and V + are the ‘exact’ vertices for the corresponding operators.

V +(p, q) = g+(y)γ+ + 2q+

p
f+(y)

V −(p, q) = iγ− + q2
s

2 (q+)2 g
−(y)γ+ + q2

s

pq+f
−(y)

V 0(p, q) = λqs

q+ g0(y)γ+ + f 0(y) (4.20)

while the complicated functions involved in the ‘exact’ expressions are,

f+(y) = i

2

[
1 − e2iλ̂

(
tan−1(Λ′)−tan−1(y)

)]
g+(y) = i

2

[
1 − iλ̂y + (1 + iλ̂y)e2iλ̂

(
tan−1(Λ′)−tan−1(y)

)]
f−(y) = i

2y2

[
1 − 2iλ̂y − e−2iλ̂ tan−1(y)

]
g−(y) = i

2y2

[
(1 + iλ̂y)e−2iλ̂ tan−1(y) − (1 − iλ̂y)

]
f 0(y) = 1 + e−2iλ̂ tan−1(y)

1 + e−2iλ̂ tan−1(Λ′)

g0(y) = 1 − iλ̂y − (1 + iλ̂y)e−2iλ̂ tan−1(y)

λ̂y
[
1 + e−2iλ̂ tan−1(Λ′)

]
y = 2qs

|p|
, Λ′ = 2Λ

|p|
, λ̂ = λ · sgn(p) (4.21)

It is crucial to emphasize that q represents the propagator momenta and p denotes the external
momenta. Therefore, with p = pz, the expression sgn(p) = sgn(pz) is meaningful.
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4.3.2. All-loop Expressions

Within this section, it is crucial to remember that the findings presented are sourced directly
from existing literature, and are presented in their original state. This may lead to confusion
due to the various notations and indices used. But, to avoid any ambiguity, we explicitly clarify
the relevant notations for each result, emphasizing their relevance within this particular context.
Unless mentioned, all the variables follow the natural flow narration in this article.

The complete expressions for the 3-point correlator, 〈T−−J+J+〉 in the scalar theory coupled
with CS theiry, worked out by [16], is expressed in the below.

〈T−−(−q)J+ (−q′) J+ (−q′′)〉

= − iN

32πλ
1

qq′q′′

[
e−πiλ̂′ (

q′4 − q′2q′′2
)

+ e−πiλ̂′′ (
q′′4 − q′2q′′2

)
+

q′2q′′2e−πi
(

λ̂′+λ̂′′
)

− eπiλ̂q4 + q′q′′
(
4q′2 + 7q′q′′ + 4q′′2

)
− 12λ2q′q′′q2

]
(4.22)

where, q, q′ and q′′ are the external momenta.

The parity-even and part of 〈T−−J+J+〉 can be written down as,

〈·〉λ− even = − N

32π
sin(πλ)

λ

[(
|q|3

q′q′′ + |q′|3

qq′′ + |q′′|3

qq′

)
cos2

(
πλ

2

)

+
(

|q|3

q′q′′ + |q′|3

qq′′ + |q′′|3

qq′ − 2q
′′ |q′| + q′ |q′′|

q

)
sin2

(
πλ

2

)]
(4.23)

Similarly, the parity-odd part of 〈T−−J+J+〉 can be found as,

〈·〉λ− odd = Ni

32πλ

[
4
(
3λ2 + cos(πλ) − 1

)
q + sin2(πλ) |q′| |q′′| + q′q′′

q

]
(4.24)

Now, moving towards 4-point correlators, it is quite essential to describe the following notation,
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〈. . .〉 = 〈〈. . .〉〉(2π)3δ3(
∑

i

pi) (4.25)

where, pi’s are the external momenta. The δ denotes the momentum conservation.

The 4-point correlator, 〈J+J−OO〉 in the free fermionic theory coupled with CS theory, worked
out by [2], is expressed in the below.

〈〈
J̃+(p)J̃−(q)Õ(ε)Õ(δ)

〉〉
= −1
Ñ
(
1 + λ̃2

)2

([
1
4
q|p| + p|q| + ε|δ| + δ|ε|
(ε+ δ)(q + ε)(q + δ) + 1

4
−|δ| − |ε| + |q + ε| + |q + δ|

qp

]
+

iλ̃

[
(p− q)

2pq + 1
4

(
(|q|q + |p|p) (p2 − q2) + (ε2 + δ2) (|q|q − |p|p)

pq(p+ δ)(p+ ε)(p+ q)

)
(sgn(ε) + sgn(δ))

+ |p+ ε| − |p+ δ|
4pq (sgn(δ) − sgn(ε))

]
+ λ̃2

[
(q|p| + p|q|) sgn(ε) sgn(δ) + ε|δ| + δ|ε|

4(p+ δ)(p+ ε)(p+ q)

+ |ε||δ|(|p+ ε| + |p+ δ|) + (|ε| + |δ|)εδ
4pqεδ + (q|q| + p|p|)(1 + sgn(ε) sgn(δ))

4pq(ε+ δ)

])
(4.26)

where, p, q, ε and δ are the external momenta. It is worth mentioning that the notation from
equation 3.3 is currently being utilized. Also, we make use of another short notation, (follwoing [2])

Õ = 1√
Ñ(1 + λ̃2)

O

J̃s = 1√
Ñ
Js (4.27)

Now, the relevant parity-even terms are simply the λ̃0 and λ̃2 terms and the parity-odd
contributions come from λ̃ term.

The detailed expression for 〈J+J−J+J−〉 in the free fermionic theory coupled with CS theory,
can be located in the appendix B of [2]. Due to its extensive nature, the complete expression is not
included here.
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Computation and Analysis

Within this section, we present all the computed results and offer a concise overview of the insights
gained from each calculation.

5.1. 〈TJJ〉

Directed from equation 4.23, and using the notations in equation 3.3, we get,

〈·〉λ even

= −Ñ
64(1 + λ̃2)

[(
|q|3

q′q′′ + |q′|3

qq′′ + |q′′|3

qq′

)
+
(

|q|3

q′q′′ + |q′|3

qq′′ + |q′′|3

qq′ − 2(q′′ |q′| + q′ |q′′|)
q

)
λ̃2
]

(5.1)

Similarly, from equation 4.24, we get,

〈·〉λ odd = iÑ λ̃

64(1 + λ̃2)
2(|q′| |q′′| + q′q′′)

q
(5.2)

Regarding the parity-odd expression, the initial term can be safely disregarded as it represents
a contact term that transforms into a delta function in position space, ensuring no loss of generality
in this context. (see [16])
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At this point, directly following from equation 3.2 it can be easily checked that,

〈T−−(−q)J+ (−q′) J+ (−q′′)〉F.F. = −1
64

(
|q|3

q′q′′ + |q′|3

qq′′ + |q′′|3

qq′ − 2(q′′ |q′| + q′ |q′′|)
q

)

〈T−−(−q)J+ (−q′) J+ (−q′′)〉C.B. = −1
64

(
|q|3

q′q′′ + |q′|3

qq′′ + |q′′|3

qq′

)

〈T−−(−q)J+ (−q′) J+ (−q′′)〉Odd = −i
32

q′q′′[sgn(q′) sgn(q′′) + 1]
q

and, (5.3)

〈T−−(−q)J+ (−q′) J+ (−q′′)〉F.F.-C.B.

= 〈T−−(−q)J+ (−q′) J+ (−q′′)〉F.F. − 〈T−−(−q)J+ (−q′) J+ (−q′′)〉C.B.

= 2(q′′ |q′| + q′ |q′′|)
64q

= q′q′′[sgn(q′) + sgn(q′′)]
32q (5.4)

Now, following from equation 4.8, the epsilon transformation on
〈T−−(−q)J+ (−q′) J+ (−q′′)〉F.F.- C.B. has the following functional form,

ε · 〈T−−(−q)J+ (−q′) J+ (−q′′)〉F.F.-C.B.

= ε−z+ sgn(−q′)
〈
T−−(−q)J− (−q′) J+ (−q′′)

〉
F.F.-C.B.

+ ε−z+ sgn(−q′′)
〈
T−−(−q)J+ (−q′) J− (−q′′)

〉
F.F.-C.B.

= (sgn(−q′) + sgn(−q′′)) 〈T−−(−q)J+ (−q′) J+ (−q′′)〉F.F.-C.B.

= −(sgn(q′) + sgn(q′′)) × q′q′′[sgn(q′) + sgn(q′′)]
32q

= −q′q′′[sgn(q′) sgn(q′′) + 1]
16q (5.5)

Here, it is quite essential to notice that epsilon transformation only acts either on the J vertices
or on the T vertex.

Therefore, we find,

30



5.2. 〈JJOO〉

ε · 〈T−−(−q)J+ (−q′) J+ (−q′′)〉F.F.-C.B. = i 〈T−−(−q)J+ (−q′) J+ (−q′′)〉Odd (5.6)

5.2. 〈JJOO〉

Directly following from equations 3.2, 4.26 and 4.27 and recalling the notations in equation 3.3
and 4.25, the parts of 〈JJOO〉 are found to be,

〈〈
J̃+J̃−ÕÕ

〉〉
F.F.

=
[

(q|p| + p|q|) sgn(ε) sgn(δ) + ε|δ| + δ|ε|
4(p+ δ)(p+ ε)(p+ q) +

|ε||δ|(|p+ ε| + |p+ δ|) + (|ε| + |δ|)εδ
4pqεδ + (q|q| + p|p|)(1 + sgn(ε) sgn(δ))

4pq(ε+ δ)

]
〈〈
J̃+J̃−ÕÕ

〉〉
C.B.

=
[

1
4
q|p| + p|q| + ε|δ| + δ|ε|
(ε+ δ)(q + ε)(q + δ) + 1

4
−|δ| − |ε| + |q + ε| + |q + δ|

qp

]
〈〈
J̃+J̃−ÕÕ

〉〉
Odd

= i

[
(p− q)

2pq + 1
4

(
(|q|q + |p|p) (p2 − q2) + (ε2 + δ2) (|q|q − |p|p)

pq(p+ δ)(p+ ε)(p+ q)

)

(sgn(ε) + sgn(δ)) + |p+ ε| − |p+ δ|
4pq (sgn(δ) − sgn(ε))

]
(5.7)

where, p, q, ε and δ are the associated external momenta with the J+, J−,O and O vertices,
respectively. Now, the epsilon transformation of

〈〈
J̃+(p)J̃−(q)Õ(ε)Õ(δ)

〉〉
F.F.-C.B.

(following
from equation 4.8) gives,

ε ·
〈〈
J̃+(p)J̃−(q)Õ(ε)Õ(δ)

〉〉
F.F.- C.B.

= ε+z− sgn(p)
〈〈
J̃−(p)J̃−(q)Õ(ε)Õ(δ)

〉〉
〈··· 〉

+ ε−z+ sgn(q)
〈〈
J̃+(p)J̃+(q)Õ(ε)Õ(δ)

〉〉
〈··· 〉

= (sgn(p) − sgn(q))
〈〈
J̃+(p)J̃−(q)Õ(ε)Õ(δ)

〉〉
F.F.- C.B.

(5.8)

Now, a deep simplification of these expressions leads to the following relation,
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(sgn(p) − sgn(q))
〈〈
J̃+(p)J̃−(q)Õ(ε)Õ(δ)

〉〉
F.F.-C.B.

+ 1
i

〈〈
J̃+(p)J̃−(q)Õ(ε)Õ(δ)

〉〉
Odd

= X (5.9)

Now using the momentum conservation equation, 4.25, we get the term X to be zero, for all
possible physical kinematic regime. Hence,

ε ·
〈〈
J̃+(p)J̃−(q)Õ(ε)Õ(δ)

〉〉
F.F.-C.B.

= i
〈〈
J̃+(p)J̃−(q)Õ(ε)Õ(δ)

〉〉
Odd

(5.10)

5.3. 〈JJJJ〉

The explicit expression for, 〈JJJJ〉 as given in the appendix B of [2], has the following form,

〈〈
J̃+(a)J̃−(b)J̃+(c)J̃−(d)

〉〉
= 1
Ñ
(
1 + λ̃2

) [〈〈J̃+(a)J̃−(b)J̃+(c)J̃−(d)
〉〉

C.B.

+λ̃
〈〈
J̃+(a)J̃−(b)J̃+(c)J̃−(d)

〉〉
Odd

+ λ̃2
〈〈
J̃+(a)J̃−(b)J̃+(c)J̃−(d)

〉〉
F.F.

]

(5.11)

where, a, b, c and d are the external momenta associated with the J+, J−, J+ and J− vertices,
respectively. Now, the epsilon transformation gives,

ε ·
〈〈
J̃+(a)J̃−(b)J̃+(c)J̃−(d)

〉〉
F.F.-C.B.

= ε+z− sgn(a)
〈〈
J̃−(a)J̃−(b)J̃+(c)J̃−(d)

〉〉
F.F.-C.B.

+ ε−z+ sgn(b)
〈〈
J̃+(a)J̃+(b)J̃+(c)J̃−(d)

〉〉
F.F.-C.B.

+ ε+z− sgn(c)
〈〈
J̃+(a)J̃−(b)J̃−(c)J̃−(d)

〉〉
F.F.-C.B.

+ ε−z+ sgn(d)
〈〈
J̃+(a)J̃−(b)J̃+(c)J̃+(d)

〉〉
F.F.-C.B.

= (sgn(a) − sgn(b) + sgn(c) − sgn(d))
〈〈
J̃+(a)J̃−(b)J̃+(c)J̃−(d)

〉〉
F.F.-C.B.

(5.12)
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Hereafter, again using the equation 4.8, we find,

(sgn(a) − sgn(b) + sgn(c) − sgn(d))
〈〈
J̃+(a)J̃−(b)J̃+(c)J̃−(d)

〉〉
F.F.−C.B.

= i
〈〈
J̃+(a)J̃−(b)J̃+(c)J̃−(d)

〉〉
Odd

+ iY (5.13)

Now, using momentum conservation equation 4.25, we came across an interesting result. The
Y term is such that when the following condition is satisfied,

sgn(a) = sgn(c) = − sgn(b) = − sgn(d) (5.14)

it becomes exactly equal to the parity-odd term, otherwise it is zero. Basically, when the
external momenta associated with the J+ vertices are of the same sign but opposite to the sign of
the external momenta associated with the J− vertices (here, in our case, the alternate momenta),
the extra term becomes,

Y =
〈〈
J̃+(a)J̃−(b)J̃+(c)J̃−(d)

〉〉
Odd

(5.15)

Otherwise, the extra term Y is zero.

5.4. T Exact Vertex

One of our objective is to calculate the TJJO correlator up to the leading order in 1/N and
all orders in the ’t Hooft coupling λ. To achieve this, the exact expressions for all vertices and
propagators are required. Therefore, obtaining the exact expression for the stress-energy tensor, T
(denoted as J2), is crucial. The methodology for deriving the exact expression for the stress-energy
tensor mirrors the approach outlined in [10].

The definition for the T operator is given by,
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T µν = Jµν
2 = ψ̄γ(µDν)ψ − (traces)

= 1
2! ψ̄ [γµDν + γνDµ]ψ − 1

2! ψ̄ [γµDν + γνDµ]ψgµν

= 1
2 ψ̄ [γµ (∂ν − igAν) + γν (∂µ − igAµ)]ψ − ψ̄γµDµψ

= − i

2 ψ̄ [γµ(qν + gAν) + γν(qµ + gAµ)]ψ (5.16)

Since, we are working on massless limit, the Dirac equation gives, ψ̄γµDµψ = 0 and the
propagator momenta here is depicted by q and p denotes the external momenta. Therefore, the
free vertex expression is,

V µν
0 (p, q) = − i

2 [γµ(qν + gAν) + γν(qµ + gAµ)] (5.17)

It is straightforward to see that, V µµ
0 (p, q) = −iγµ(qµ + gAµ) and V µν

0 (p, q) = V νµ
0 (p, q).

Since we are working in the light-cone gauge, A+ = A− = 0, the free vertex expressions for
T++, T+−, T−+ and T−− are given by,

V ++
0 = −iγ+q+ = −iq−γ

+, V −−
0 = −iγ−(q− + gA−) = −i(q+ + gA+)γ+ and,

V +−
0 = V −+

0 = − i

2
[
γ+(q− + gA−) + γ−(q+ + gA+)

]
= − i

2
[
γ+(q+ + gA+) + γ−q−

]
(5.18)

Now, using equations 4.15 and 4.18, the exact vertex expression can be achieved as,

V µν(p, q) = − i

2 [γµ(qν + gAν) + γν(qµ + gAµ)] − 2πiλ
∫ d3k

(2π)3
γ[3|R(k)V µν(p, k)R(k − p)γ|+]

k2(k − p)2(q − k)+

(5.19)

where, the updated propagator contributions in the numerator are simply,
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R(k) = γ+k−(1 − λ2) + γ−k+ + γzkz + Iiλks

R(k − p) = γ+k−(1 − λ2) + γ−k+ + γz(kz − p) + Iiλks (5.20)

(Since, p is the external momenta, only the z-component survives, and p = pz.)

Now considering R(k)V ++(p, k)R(k − p) as the A matrix, and following equation 4.16, the
relevant parts can be found and the exact vertex expression becomes,

V µν(q, p) = − i

2 [γµ(pν + gAν) + γν(pµ + gAµ)] − 4πiλ
∫ d3k

(2π)3
aIγ

+ − a−I

k2(k − q)2(q − k)+ (5.21)

and, R(k)V µν(p, k)R(k − p) = a+γ
+ + a−γ

− + azγ
z + aII (5.22)

5.4.1. Computation of T++ vertex

Considering T++ vertex, equations 5.21 and 5.22 becomes,

V ++(p, q) = −iγ+q+ + 4πiλ
∫ d3k

(2π)3
aIγ

+ − a−I

k2(k − q)2(k − p)+ (5.23)

and, R(k)V ++(p, k)R(k − p) = a+γ
+ + a−γ

− + azγ
z + aII (5.24)

Now, from 5.23, it is clear that the exact T++ vertex cannot have any dependence on γ− and
γz. So, we can ansatz the exact expression as the following way,

V ++(p, q) := v+(p, q)γ+ + vI(p, q)I (5.25)

Now, implementing equations, 5.20, 5.24 and 5.25 into the exact T++ vertex expression, 5.23
and working out a lengthy algebra, produces,
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aI = (2iλks + qz)k+v+(p, k) + [2k+k−(1 − λ2) + (kz + p)kz − λ2k2
s ]vI(p, k)

a− = 2(k+)2v+(p, k) + [−pk+ + 2iλksk
+]vI(p, k) (5.26)

Hence,

v+(p, q) = −iq+ + 4πiλ
∫ d3k

(2π)3
(2iλks + p)k+v+(p, q) + [k2

s(1 − 2λ2) + (kz + qz)kz]vI(p, k)
k2(k − p)2(k − q)+

vI(p, q) = −4πiλ
∫ d3k

(2π)3
2(k+)2v+(p, k) + [−pk+ + 2iλksk

+]vI(p, k)
k2(k − p)2(k − q)+ (5.27)

From these equations and depending on the regime we are working for the external momenta,
it is quite obvious that V ++(q, p) can only depend on q+, q− and p. Now, we shift to cylindrical
coordinates (ks, θ, kz). So, the z-component integral is quite easy to do. After doing this integral,
the expressions look like,

v+(p, q) = −iq+ + 4πiλ
∫ ∞

0

ksdks

2π

∫ 2π

0

dθ

2π
(2iλks + p)k+v+(p, k) + 2k2

s(1 − λ2)vI(p, k)
p2ks[1 + (2ks/p)2](k − q)+

vI(p, q) = −4πiλ
∫ ∞

0

ksdks

2π

∫ 2π

0

dθ

2π
2(k+)2v+(q, k) + [−p+ 2iλks]k+vI(q, k)

p2ks[1 + (2ks/p)2](k − q)+ (5.28)

Now, checking the tensor structure of these expressions and following from dimensional analysis
and rotational invariance in the x-y plane, it is quite easy to guess the functional form as,

v+(p, q) := q+g(p, q) vI(p, q) := 2(q+)2

p
f(p, q) (5.29)

=⇒ v+(p, k) := k+g(p, k) vI(p, k) := 2(k+)2

p
f(p, k)

where, g(p, q) and f(p, q) are some functional form which we have to discover. Inserting this
updated ansatz, leads to,
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q+g(p, q) = −iq+ + 2iλ
p

∫ ∞

0
dks

(iλ2ks

p
+ 1)g(p, k) + (2ks

p
)2(1 − λ2)f(p, k)

1 + (2ks/p)2

∫ 2π

0

dθ

2π
(k+)2

(k − q)+

2(q+)2

p
f(p, q) = −4iλ

p2

∫ ∞

0
dks

g(p, k) + [−1 + iλ(2ks/p)]f(p, k)
1 + (2ks/p)2

∫ 2π

0

dθ

2π
(k+)3

(k − q)+ (5.30)

Here, at this point, we use the identities for the polar integration,

∫ ∞

0
dks

∫ 2π

0

dθ

2π
(k+)n

(k − p)+ =
∫ Λ

ps

dks(p+)n−1

(for n > 0 and Λ is the cut-off implemented from cut-off regularization)

∫ ∞

0
dks

∫ 2π

0

dθ

2π
(k+)n

(k − p)+ = −
∫ ps

0
dks(p+)n−1 (for n ≤ 0)

The derivation of these identities are elaborated in the appendix. These identities further
simplify,

q+g(p, q) = −iq+ + iλq+
∫ Λ

qs

d

(
2ks

p

)
(iλ(2ks/p) + 1)g(p, k) + (2ks/p)2(1 − λ2)f(p, k)

1 + (2ks/p)2

2(q+)2

p
f(p, q) = −2iλ(q+)2

p

∫ Λ

qs

d

(
2ks

p

)
g(p, k) + [−1 + iλ(2ks/p)]f(p, k)

1 + (2ks/p)2 (5.31)

We also take on a few notations, x = 2ks

|pz | , y = 2qs

|p| , λ̂ = λ · sgn(p), Λ′ = 2Λ
p

and b = iλ̂. The
complicated expressions now become quite simpler in the new notations,

g(y) = −i+ b
∫ Λ′

y
dx

(1 + b2)x2f(x) + (1 + bx)g(x)
1 + x2

f(y) = b
∫ Λ′

y
dx

(1 − bx)f(x) − g(x)
1 + x2 (5.32)

Now, solving these recursive integral-differential equations, the solutions can be found as,
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f(y) = − i

2
[
1 − e2b(tan−1(Λ′)−tan−1(y))

]
g(y) = −i− (1 + by)f(y) = − i

2
[
1 − by + (1 + by)e2b(tan−1(Λ′)−tan−1(y))

]
(5.33)

Following the same procedure as T++, may lead to the exact expressions for T+−, T−+ and
T−− vertices.

5.5. 〈TJJO〉

In this section, we demonstrate the processes to be followed for the complete computation of the
〈TJJO〉 correlator. We begin with, T++J+J+O, as the exact expressions for T++ is relatively
easier to work with.

5.5.1. Computation of T++J+J+O

Now that the exact expression for all the T++, J+, J+ and O vertices and the exact propagator S(p)
are known, it is straight forward to put all the functions into ‘ladder’ type diagrams as demonstrated
in figure 4.8 and then insert into the reverse Schwinger-Dyson equation described in equation
4.13 for the all order expression. But at this point, it is quite cumbersome task to accomplish,
as it requires computing the trace algebra of 12 gamma matrices and then simplifying all the
contributions by summing, and then, integrating all that giant expression twice. The integration
involves various complex terms like eiλ̂tan−1(y) and many more. So, it is quite unfortunate that
this is a too hard task to complete, at least using Mathematica. And, there is a need of few more
simplifications for further progress. That is why, it is very obvious to turn back to the [problem
with the ‘free’ vertices and ‘free’ propagators. Therefore, we spend some time on calculating the
tree level and 1-loop level contributions for this configuration, with the use of free vertices and free
propagators.

Tree Level

The relevant diagrams for this configuration can be directed to the figure 4.5 and then fixing the
A, B, C and D vertices to T++, J+, J+ and O operators respectively. Now, we start with the first
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kind of diagram, the ABCDA (anti-clockwise) diagram. And, the tree level can be written down as,

= α
∫ d3q

(2π)3

tr[(q+γ
+)/qγ+/q3γ

+/q2/q1]
q2 q2

1 q2
2 q2

3

As usual, q denotes the propagator momenta and the α in the beginning accounts for overall
constant factor, which has to be determined at the end of all calculations. Now, working out (i)
the trace algebra first, then carefully doing (ii) the addition algebra with the thought in mind that
the external momenta have only the z-component nonzero, and then (iii) shifting from light-cone
coordinate to cylindrical coordinate, we rewrite the expression as,

= α
∫ ∞

0

qsdqs

2π

∫ 2π

0

dθ

2π

∫ ∞

−∞

dqz

2π
8p2q

4
−

q2 q2
1 q2

2 q2
3

(5.34)

Hereafter, it is pretty easy to notice that (iv) the polar integration will simply give this entire
expression to be zero, as q− can be written as qs√

2e
iθ.

Similarly, the ABDCA diagram tree level can be interpreted as,

= α
∫ d3q

(2π)3

tr[(q−γ
+)/qγ+/q3/q2γ

+/q1]
q2 q2

1 q2
2 q2

3

Now, the same simplifications done for the ABCDA diagram can be followed here also, and it
gives,

= α
∫ ∞

0

qsdqs

2π

∫ 2π

0

dθ

2π

∫ ∞

−∞

dqz

2π
8p3q

4
−

q2 q2
1 q2

2 q2
3

(5.35)

Now, again considering the polar integral, the expression becomes zero.

For the ACBDA diagram, the expression is,

39



Chapter 5. Computation and Analysis

= α
∫ d3q

(2π)3

tr[(q−γ
+)/q/q3γ

+/q2γ
+/q1]

q2 q2
1 q2

2 q2
3

Continually, we follow the same procedure, and head towards,

= −α
∫ ∞

0

qsdqs

2π

∫ 2π

0

dθ

2π

∫ ∞

−∞

dqz

2π
8P3q

4
−

q2 q2
1 q2

2 q2
3

(5.36)

Yet, again, the polar integration makes this expression zero. Moreover, it is quite important
to notice that the expression for this configuration of vertices becoming zero is due to the polar
integration, hence, the permutation of the J+ vertices will also produce the same result. Hence, it
is worth mentioning that the tree level diagram for the correlator consisting T++, J+, J+ and O
operators is simply zero, independent of the configuration chosen.

1-loop Level

Now, we want to compute the one-loop diagrams. The diagrams associated with 1-loop contributions
can be redirected to the figures 4.6, 4.7 and 4.8, while fixing the A, B, C and D vertices to T++,
J+, J+ and O operators. For all of these diagrams, we again follow the same steps as described for
tree level computation.

(i) Write the expression of that particular diagram.

(ii) Simplify the gamma trace algebra.

(iii) Complete the addition algebra of various terms coming from different configurations of
gamma traces.

(iv) Shift from light-cone coordinates to cylindrical coordinates.

(v) Compute the polar integral.

But, it is quite shocking to note that all of these diagrams for any permutation of vertices
(T++, J+, J+ and O) individually becomes zero, all thanks to the polar integral. Hence, the 1-loop
level contribution for T++J+J+O is simply zero.
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5.5.2. Computation of T+−J+J+O

The exact expression for T+− is going to be way more complex than T++, hence, it is quite obvious
that the computation of T+−J+J+O would be naturally harder than T++J+J+O with ‘exact’
vertices and ‘exact’ propagators. Therefore, we head towards calculating tree level and 1-loop level
contributions for T+−J+J+O, but with free vertices and free propagators.

Tree Level

The tree level diagram for T+−J+J+O can be redirected to the 4.5 diagram, while A, B, C and D
vertices can now be considered as T+−, J+, J+ and O operators respectively.

After following all the same steps as demonstrated for T++J+J+O in 5.5.1, the ABCDA
(anti-clockwise) diagram can be expressed as,

= α
∫ d3q

(2π)3

tr[([q− + gA−]γ+ + q+γ−)/qγ+/q3γ
+/q2/q1]

q2q2
1q

2
2q

2
3

≡ α
∫ ∞

0

qsdqs

2π

∫ 2π

0

dθ

2π

∫ ∞

−∞

dqz

2π
4q2

− [p2 (2gA−q− + q2
s) + qz (P1P2 + q2

s) − (P1 + P2) q2
z + q3

z ]
q2q2

1q
2
2q

2
3

≡ 0 (5.37)

where, α denotes the overall constant factor to be determined at the end of the calculation.
Similarly, the ABDCA (anti-clockwise) diagram can be written down as,

= α
∫ d3q

(2π)3

tr[([q− + gA−]γ+ + q+γ−)/qγ+/q3/q2γ
+/q1]

q2q2
1q

2
2q

2
3

≡ α
∫ ∞

0

qsdqs

2π

∫ 2π

0

dθ

2π

∫ ∞

−∞

dqz

2π
4p3q

2
− (2gA−q− + qz (P1 − qz) + q2

s)
q2q2

1q
2
2q

2
3

≡ 0 (5.38)

Likewise, the ACBDA diagram simplifies to,
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= α
∫ d3q

(2π)3

tr[([q− + gA−]γ+ + q+γ−)/q/q3γ
+/q2γ

+/q1]
q2q2

1q
2
2q

2
3

≡ −α
∫ ∞

0

qsdqs

2π

∫ 2π

0

dθ

2π

∫ ∞

−∞

dqz

2π
4q2

− [2P3gA
−q− + (p2 + p3 + qz) q2

s + qz(qz − P1)(qz − P3)]
q2q2

1q
2
2q

2
3

≡ 0 (5.39)

As before, the symmetrization of the J+ does not affect the result, as it is the polar integral
that makes the expressions to become zero. Hence, the tree level contribution for T+−J+J+O is
also coming to be zero, for any permutation of the vertices.

1-loop Level

Hereafter, we move to calculate the 1-loop diagrams for T+−J+J+O. The diagrams are the same
as 4.6, 4.7 and 4.8 for any configurations of the vertices of our interest. Moreover, we follow the
same recipe as before in T++J+J+O in 5.5.1 and come to that particular same conclusion, that is,
the polar integral makes all the expressions to become zero!

5.6. 〈OOOOO〉

After doing computation of various different correlators we also spend some time in working out
some covariant calculation. The simplest operator O is taken into consideration. But there has
been several attempts to compute 4-point correlators of this scalar operator. So, we jump to get
the expressions for 5-point correlation function.

As a basic introduction, we first demonstrate the computation for 2-point tree level O operator.

Figure 5.1: The tree level diagram of the OO Operator

This diagram simplifies to |p|
8 , where q

is the propagator momenta and p is the
external momenta.
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Similarly, the tree-level diagram for the 5-point O operator can be found as,

Figure 5.2: The Tree Level 5-point diagram of the O Operator

which simplifies to,

=
∫

q
i

qµ
0 qν

1 qρ
2 qσ

3 qη
4

q2
0 q2

1 q2
2 q2

3 q2
4

[γµγνγργσγη]a a (5.40)

The trace of gamma matrices include one levi-civita tensor as there are odd numbers of matrices,
which means it is a parity-odd contribution, and we can take the liberty to exploit this property
and reduce it to a simpler form,

= B1

(∫
q

qµ

q2
0q

2
1q

2
2q

2
3

)
+B2(q3 
 q4) +B3(q2 
 q4) +B4(q1 
 q4) +B0(q0 
 q4) (5.41)

where, the B’s are the corresponding coefficients of the subsequent integrals, which are some
complex functions of the external momenta. Now, these integrals can even be simplified to a simpler
form, using the ‘inversion technique’ as demonstrated in [19], [27] and [11] and the ‘Schouten
Identity’ provided in [19] and [28]. These techniques reduce the terms in the denominator but
increases the complexity in the numerator, which still remains very complicated, yet these methods
are the easiest and effective for the computation of these integrals.
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Chapter 6

Results and Discussions

6.1. Results

From the previous chapters, we have listed down the crucial results relevant to our predictions.

6.1.1. Verification of Bosonisation Duality Relations

The computations worked out in this project, clearly validates the applicability of the epsilon
transformation over the correlators TJJ and JJOO. To put it mathematically,

〈T−−J+J+〉 = A1
Ñ

1 + λ̃2

[
〈T−−J+J+〉C.B. + λ̃ 〈T−−J+J+〉Odd + λ̃2 〈T−−J+J+〉F.F.

]
and ε ·

[
〈T−−J+J+〉F.F. − 〈T−−J+J+〉C.B.

]
= i 〈T−−J+J+〉Odd

and,

〈
J+J−OO

〉
= A2

Ñ

1 + λ̃2

[〈
J+J−OO

〉
C.B.

+ λ̃
〈
J+J−OO

〉
Odd

+ λ̃2
〈
J+J−OO

〉
F.F.

]
and ε ·

[〈
J+J−OO

〉
F.F.

−
〈
J+J−OO

〉
C.B.

]
= i

〈
J+J−OO

〉
Odd

where, A1 and A2 are some overall factors multiplied. Clearly, the epsilon transformation is
obeyed up to a factor of 2i. Hence, the bosonisation duality relations are nicely maintained.
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6.1.2. Bosonisation Dualities Relations to Ponder

Now, the epsilon transformation of JJJJ correlator emphasizes,

〈
J+J−J+J−

〉
= A3

Ñ

1 + λ̃2

[〈
J+J−J+J−

〉
C.B.

+ λ̃
〈
J+J−J+J−

〉
Odd

+ λ̃2
〈
J+J−J+J−

〉
F.F.

]
and ε ·

[〈
J+J−J+J−

〉
F.F.

−
〈
J+J−J+J−

〉
C.B.

]
= i

[〈
J+J−J+J−

〉
Odd

+ Y
]

where, the A3 is some overall factor multiplied. Interestingly, the extra term here appearing,
Y is something not observed in the cases of TJJ and JJOO. This extra term has the shocking
property that, when the opposite external momenta or the external momenta associated with the
same kind of helicity operator have the same sign, Y becomes exactly equal to the parity-odd term
and otherwise simply becomes zero. In other words,

when, sgn(a) = sgn(c) = − sgn(b) = − sgn(d),
Y =

〈
J+(a)J−(b)J+(c)J−(d)

〉
Odd

otherwise, Y = 0

Though the epsilon transformation relation almost gets validity, it is still a good place to
investigate for the extra term.

6.1.3. 〈TJJO〉

The most prominent and significant proof for this duality could be provided by the computation of
〈TJJO〉. We have been able to produce a few relevant results regarding this. Exact expressions
and loop level contributions for correlators have been computed. We list them here for convenience.

(i) The exact expression for the T++ is found to be,

T++(p, q) = ψV ++(p, q)ψ and V ++ = γ+g(y) + If(y)
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where,

f(y) = − i

2
[
1 − by + (1 + by)e2b(tan−1(Λ′)−tan−1(y))

]
g(y) = − i

2
[
1 − e2b(tan−1(Λ′)−tan−1(y))

]
y = 2qs

|p|
Λ′ = 2Λ

|p|
b = iλ̂, λ̂ = λ · sgn(p)

while q and p are the propagator momenta and the external momenta, respectively.

(ii) With free vertices and free propagators, the tree level and the 1-loop level contributions for
all kinds of configurations of the T++J+J+O and T+−J+J+O correlation functions are zero
and only for T−−J+J+O, the contributions are nonzero.

6.2. Discussions

• As the results summarize, it has very neatly proven the validity of epsilon transformation
relation and significantly the applicability of the bosonisation dualities of interest. It
strengthens the literature by providing explicit proofs and opens up a broad channel for
further works and shows the scope of possible attacks for unraveling the true nature of CFT.

• Although for the JJJJ correlation function, there is a thin cloud of visualization regarding
the duality relations, as it even though superficially satisfy the relations, but fails to follow
the explicit functional form. Hence, there is much room for further understanding and
exploration.

• Bosonisation relations are some very recent developments in the literature. Validating its
applicability will solve some stranded problems.

• The exact computation of spin-2 conserved current enriches the theory and help develop the
regime. Moreover, the all order calculation can be extensively helpful to understand the
underlying field, and it can provide some clues to do the computation covariantly.

• The methods used here can be used as a well demonstrated and summarized tool for
doing perturbative calculations efficiently, as here we not only gather techniques of some
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previously available methods, but also connect them and create a few more for smoothing
the computation work.

• Moreover, the covariant approach made in the end of this project work provide a scope to
understand the possible symmetries and compatibility of methods with the actual expressions.
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Conclusion

The Chern-Simons matter theory is a unique subset of Conformal Field Theory, distinguished by
its intriguing bosonisation duality relations that establish connections between distinct theories.
This project is dedicated to explicitly confirming these relations and outlining potential directions
for future exploration. Our approach involves computing various correlation functions of conserved
currents and referencing prior research to deepen our understanding. Our primary goal is to validate
these bosonisation duality relations, and while we have achieved success in some instances, there are
areas where further work is needed. In these cases, we have meticulously outlined the methodologies
required to derive the specific expressions of interest. To get through the duality relations, we have
computed various correlation functions of conserved currents. These computations not only aid in
comprehending the theory but also contribute to its advancement. Throughout our investigation,
we have unearthed noteworthy analytical results that enrich the existing literature. Additionally, we
have delved into mathematical expressions that facilitate smoother and more efficient computations,
enhancing the overall research endeavor.

Hence, our conclusion highlights the potential for validating bosonisation dualities within the
Chern-Simons matter theory. It is evident that confirming these dualities necessitates substantial
computational efforts, representing a significant undertaking. Streamlining the computational tools
can offer profound insights into the theory, as demonstrated in our investigation. While the current
status indicates the validity of these relations, further exploration is essential to ascertain their
true nature and implications within the theory. This underscores the importance of continued
study and analysis to unravel the full extent of these bosonisation dualities and their impact on
the Chern-Simons matter theory.
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Appendix A

Polar Integrals

The polar integral identities can be obtained in the following way,

∫ 2π

0

dθ

2π
(k+)n

(k − p)+ (for, |n| ≥ 1 integer)

=
∫ 2π

0

dθ

2π (k+)n−1 + (p+)
∫ 2π

0

dθ

2π
(k+)n−1

(k − p)+

= (p+)
∫ 2π

0

dθ

2π
(k+)n−1

(k − p)+ (Since, k+ = ks√
2e

+iθ and,
∫ 2π

0
dθ
2π
einθ = 0)

Therefore, for n ≥ 1

∫ 2π

0

dθ

2π
(k+)n

(k − p)+ = (p+)
∫ 2π

0

dθ

2π
(k+)n−1

(k − p)+ = (p+)2
∫ 2π

0

dθ

2π
(k+)n−2

(k − p)+ = · · ·

= (p+)n−1
∫ 2π

0

dθ

2π
k+

(k − p)+

Therefore, for n ≤ −1
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∫ 2π

0

dθ

2π
1

(k+)n(k − p)+ = 1
(p+)

∫ 2π

0

dθ

2π
1

(k+)n−1(k − p)+ = 1
(p+)2

∫ 2π

0

dθ

2π
1

(k+)n−2(k − p)+

= · · · = 1
(p+)n−1

∫ 2π

0

dθ

2π
1

k+(k − p)+

≡ 1
(p+)n

∫ 2π

0

dθ

2π
1

(k − p)+

(A.1)

Now,

∫ 2π

0

dθ

2π
k+

(k − p)+

=
∫ 2π

0

dθ

2π
kse

iθ

kseiθ − p+

= 1
2πi

∮ dz

z − p+ (where, z = kse
iθ)

= 1 if z > p+

or, = 0 if z ≤ p+ (Using Cauchy’s Residue Thorem)
≡ 1 if ks > ps

or, ≡ 0 if ks ≤ ps (Using, 2zz∗ ≥ (or, ≤) 2p+p−)

Hence, it is straight forward to achieve,

∫ 2π

0

dθ

2π
1

(k − p)+

= 1
(p+)

[∫ 2π

0

dθ

2π
k+

(k − p)+ −
∫ 2π

0

dθ

2π

]
≡ 0 if ks > ps

or, ≡ − 1
p+ if ks ≤ ps

∫ 2π

0

dθ

2π
(k+)n

(k − p)+ = (p+)n−1 if ks > ps

= 0 if ks ≤ ps

(for n ≥ 1)∫ 2π

0

dθ

2π
(k+)n

(k − p)+ = 0 if ks > ps

= −(p+)n−1 if ks ≤ ps

(for n ≤ 0)

(A.2)
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1-loop Calculation Simplifications

The manipulations, shown in Appendix A, can be used to simplify the 1-loop calculations in the
following way.

∫ ∞

0

dks

2π

∫ 2π

0

dθ

2π
(k+)n

(k − p)+ =
∫ ∞

ps

dks

2π (p+)n−1 (for n ≥ 1)∫ ∞

0

dks

2π

∫ 2π

0

dθ

2π
(k+)n

(k − p)+ = −
∫ ps

0

dks

2π (p+)n−1 (for n ≤ 0)

∫ ∞

0

dqs

2π

∫ 2π

0

dθq

2π

∫ ∞

0

dks

2π

∫ 2π

0

dθk

2π
(k+)n

(q+)m(q − k)+ = −
∫ ∞

0

dqs

2π

∫ 2π

0

dθq

2π

∫ ∞

qs

dks

2π (q+)n−1−m

(for n and m > 0)∫ ∞

0

dqs

2π

∫ 2π

0

dθq

2π

∫ ∞

0

dks

2π

∫ 2π

0

dθk

2π
(q+)n

(k+)m(q − k)+ =
∫ ∞

0

dqs

2π

∫ 2π

0

dθq

2π

∫ qs

0

dks

2π (q+)n−1−m

(for n and m ≤0)

Clearly, these integrals do not vanish only when, n − m − 1 = 0 condition is satisfied. This
restricts the polar integrals to two certain forms. Now, if this condition is obeyed, the results are
given as,
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∫ ∞

0

dqs

2π

∫ 2π

0

dθq

2π

∫ ∞

0

dks

2π

∫ 2π

0

dθk

2π
(k+)n

(q+)m(q − k)+ = −
∫ ∞

0

dqs

2π

∫ ∞

qs

dks

2π (for n and m > 0)∫ ∞

0

dqs

2π

∫ 2π

0

dθq

2π

∫ ∞

0

dks

2π

∫ 2π

0

dθk

2π
(q+)n

(k+)m(q − k)+ =
∫ ∞

0

dqs

2π

∫ qs

0

dks

2π (for n and m ≤0)
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