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Nomenclature

C Chern Group
C Group generated by the total Chern Class of line bundles
G(B) Unit group of H*(B,Z) with constant term 1
P k-element ordered subsets
Stiefel-Whitney Group
Q Loop Space
Tn n-th homotopy group
by Reduced Suspension
BG  Classifying Space for G
c Total Chern Class
Hen TTH™

K(G,n) Eilenberg-Maclane Spaces

S™  n-sphere

T"  n-torus : S' x --- x S', n times
w Total Stiefel-Whitney Class
KO Reduced real K-group

K Reduced complex K-group



Introduction

We start with a manifold B. In this project, we are interested to figure out
the multiplicative group generated by the total Chern Classes of all com-
plex vector bundles over B. We call it the “Chern Group” of B and de-
note it by C(B). It is a subgroup of HY,., (B, Z)*, the multiplicative group
of the even part of the integral cohomology ring of B. When we restrict
H:,..(B,Z)* to have 1 as the constant term, we denote that group by

G(B). We describe these groups for familiar spaces, for example, spheres
and tori.

We will also inspect the analogous subgroup W(B), generated by the total
Stiefel-Whitney Classes.
The key results of the thesis are:

Theorem 0.0.1. The Chern Groups of the even dimensional spheres are
cyclic groups generated by 1+(n—1)la where «v is a generator of H**(S*",Z).
The index of C(S*") in G(S*") is (n — 1)!.

Theorem 0.0.2. The Chern Groups of odd dimensional spheres are trivial.
Theorem 0.0.3. C(T™) = G(T™) for n < 5.

Theorem 0.0.4. The Stiefel-Whitney groups of the n-spheres are given by:
Z/2Z n=1
W(S") =< 1+ H"(S",Z/2Z) n=2,4
1 n=3,5,6,7andn >9

Forn =1,2 and 4, W(S™) is the multiplicative group of H*(S™,Z/2Z)



Structure of the Thesis

This thesis predominantly focuses on the group generated by the total
characteristic classes of vector bundles over a particular base space. The
purpose is mainly three-folds : introducing some of the techniques for the
classification of vector bundles in the first chapter and then computing a
few Chern Groups and Stiefel-Whitney Groups in the remaining chapters.
The classification problem requires several tools. As a consequence, Chap-
ter 1 plays a pivotal role in the thesis, introducing Characteristic Classes,
Classifying Spaces and K-theory Groups. For a more detailed treatment of
these, one may refer to [Hat17], [Hat00], [MS74] and [Brel3].

Original Contributions

The computational results in Chapter 2 and 4 are new in the sense that,
the results used to conclude them are pretty much familiar and easily found
in literature, however the particular consequences we mentioned were not
earlier discussed. The algebraic approach adopted in Chapter 3 and the
results in section 3.4 and 3.5 are original.



Chapter 1

Preliminary Notions

1.1 Isomorphism Class of Vector Bundles

Let X be a topological space. Consider all vector bundles over X of rank
k. We denote their isomorphism class by Vect™(X). For real vector bun-
dles we use Vectg (X) and for complex we write Vecty(X). We have the
following correspondence (cf. [Hatl7])

{Complex Vector Bundles of rank k} R {Homotopy Class of maps}

over paracompact base space X from X to Grass,(C>)

In other words, Vectf(X) = [X, Grass;(C™)]., where the o at the end
denotes that these are based homotopy classes. When X = S, [Hatl7]
gives the following correspondence:

Vectt,(S™) =2 [S", GL(k,C)|,

Note that [S"™', GL(k,C)]s := 7, 1(GL(k,C)). U(k) being a maximal,
compact subgroup of GL(k,C). Hence we can write:

For n > 2, we can write this as
Vectcr(S™) = m,—1(SU(K))

Here is a table that compiles first few homotopy groups of some Special
Unitary Groups. We know that Vect&(S™) = 7,1 (SU(k)) [Weil3]
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Homotopy Groups of Special Unitary Groups
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In fact a more general statement on this correspondence says that
Vecth(2X) = [X,U(k)]s

Where ¥ X denotes the suspension of X.

Remark. From the above correspondences, one can actually realize that
Vect as a functor is representable by Grass,,(C™).

Similar results hold for real vector bundles:

Vecth (S™) = m,_1(O(k))

1.2 Characteristic Classes

Characteristic Classes are certain cohomological invariants which can dis-
tinguish vector bundles.

Definition 1.2.1. Characterestics Classes are natural transformations
from Vect™ to H*(_, A) for an Abelian group A.

Four impotant Characteristic Classes are Stiefel-Whitney Classes, Chern
Classes, Euler Class and Pontryagin Classes. We will be interested in the

first two. Axiomatic definitions and properties of them can be found in
[IMS74] or [Hat17].

Remark. When our base space is paracompact, characteristic classes are
elements from H*(Grass,(K*),A). (K =R,C)

Proposition 1.2.2. If X has the homotopy type of a CW complex then
H (X, G) ~ [X, K(G,n)

Proposition 1.2.3. Complex Line Bundles over X are in one-one corre-
spondence with H*(X,Z). This isomorphism is known as the first Chern
Class ¢1(X).

11



1.3 Chern Characters

We want to get a natural ring homomorphism from the K theory to the
(singular) cohomology theory. Total Chern Classes are not additive, in the
sense that, it takes direct sum of two vector bundles to a cup product. We
will be rather interested to send a & to + and ® to —. Chern Character
perfectly solves this purpose. It is defined in the level of line bundles, from
which one can consider it for arbitrary vector bundles using direct sum and
tensor products.

Definition 1.3.1. For a complex line bundle L — B, the Chern Character
ch(E) is defined as e = Y (Cl(k—L,))k € H*"(B,Q)
k=0

Remark. ch(L @ L') = e(F®L) = eall)tel) — ch(L)ch(L).

ch(E) will turn out to be inside the rational cohomology ring H®"(B, Q).
But we will be interested in the case when it lands inside H*V*"(B, Z), for
example in [2.3.1

1.4 Classifying Spaces and Eilenberg MacLane
Spaces
Here by a topological space X or a topological group GG, we always mean

that it has the homotopy type of a CW-complex. For different construc-
tions of Classifying spaces one can look at [May99|, [Ste68| or [Seg68].

Definition 1.4.1. A “universal” G-bundle is a principal G-bundle whose
total space EG 1s weakly contmctibleﬂ and with the property that any prin-
cipal G-bundle over an arbitrary topological space B is a pullback of it by
some “classifying map” f : B — BG. BG is then called the “classifying
space” of the topological group GE|

E s BEG
p’ P
B f s BG

LA topological space is “weakly contractible” if all of its homotopy groups are triv-
ial. The notions weakly contractible and contractible are equivalent for CW complexes,
thanks to Whitehead’s Theorem

20r more appropiately Classifying space for principal G-bundles
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In other words BG is the quotient of the weakly contractible total space
EG by a free action of G.

Example 1.4.1. Some Ezamples of Classifying Spaces are: BZ = S*, BS! =
CP>, BS® = HP™, BZ" =T"

Remark. Which spaces can arise as classifying spaces? This can be an-
swered upto homotopy equivalence, since Q2BG is homotopy equivalent to
G. (cf. [Hat00], [tDO0S§]). €2 is the “loopspace” of BG.

Definition 1.4.2. A connected topological space X is an “Filenberg-MacLane
Space of type K(G,n)” forn > 1 if

() = {G k=n
0 k#n
Example 1.4.2. Some examples of Filenberg-MacLane Spaces are:
o Slisa K(Z1)
e RP>™ isa K(Z/2Z,1)
e CP™ is a K(Z,2)

Remark. K(G,n) behaves as “representing space” for the n-th singular
cohomology with coefficients in G. Thus for any based CW complex X, the
set [X, K(G,n)] is in bijection with H™"(X, G), naturally.

Proposition 1.4.3. For a discrete group G, BG is an Filenberg-MacLane
Space of type K(G,1).

Proof. Consider the long exact sequence in homotopy:

0
s M BCT b 1t (BG) = ma(G) = mAEET -

We have 7, (EG) = 0 Vn since EG is contractible. Therefore m,1(BG) =
m(G) Vn. In other words, G being discrete m,(BG) = 0 for n # 1 and
m(BG) = G. Consequently BG is K(G,1). O

Remark. The homotopy groups of BG and G are equal, upto a shift.
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1.5 K-theory Groups

In the last section, we considered complex vector bundles of a particular
rank over a base space and stated a bijection to the homotopy class of
clutching functions. If we consider all complex vector bundles (without fix-
ing the rank) over a given base X, then it is not a group with respect to @®.
It is a semiring and denoted by K(X) or Vectc(X). The second notation
is consistent to what we used in the previous sections. For all definition
below we restrict X to compact Hausdorff topological spaces.

Definition 1.5.1. Two vector bundles & and n are called to be “stably iso-
morphic” if there exists m,n € Zsqo such that £ ® & = n & €3, where &
denotes trivial complex vector bundle of rank k. We denote £ ~ n

We state Bott Periodicity and one of its corollaries. cf. [Hatl7] for proof.

Proposition 1.5.2. The homomorphism 0 : K(X) — K(X2X) given by
the external product 0(a) = (H — 1) % a is an isomorphism, where H is the
canonical line bundle over CP* 2 S2,

Corollary 1.5.3. The reduced K -groups K(S***') = 0 and K(S**) = Z,
which is generated by (H — 1)*", the n- fold reduced external product.

Now we switch to the real K — theory groups which are denoted by K Qﬂ
In fact, real K— theory is more complicated than the complex K — theory.
One of the most striking difference is in Bott Periodicity. The period for
the KO groups are 8, under K groups, where the period was 2. In the in-
troductory section of [Hatl7], the first few K groups of S™ are given:

Real K theory Groups of the Spheres
St S? S3 St S° SO ST S8
Z/27 | Z/2Z | 0 Z 0 0 0 Z

1.6 Shuffles and Permutations

In the game of cards, a riffle is a standard method to shuffle the cards.
One divides the whole deck of cards into two smaller decks and interleaves
them. A riffle shuffle permutation is a particular permutation of the entire
deck of cards that can be achieved by a single riffle shuffle. A (p, ¢)-shuffle
is a special case of the riffle shuffle permutation where the two smaller
decks have cardinality p and ¢ (cf. [Mac12], [May92]).

3The notation subsumes the O of Orthogonal groups. Ideally complex K theory
should be written KU, for the corresponding unitary groups.
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Definition 1.6.1. A (p, q) shuffle is an element o € Sy, with
o(ly<---<o(p) and o(p+1)<---<o(p+q)

Remark. Signature of the shuffle is defined to be the sign of o.

Let X, X’ be two disjoint subsets of {1,...,n} with | X| = p and | X'| = ¢.
Write (X | X’) for the permutation of X U X’ given by listing the members
of X in order, and then listing the members of X’ in order. When XUX' =
{1,...,n} it is a (p, ¢)-shuffle.

Example 1.6.1. Let X = {1,3} and X' = {2,5}. The permutation is then
(1325), and with one swap we get to (1235). Therefore

sgn({1,3} | {2,5}) = —1.

Example 1.6.2. Let X = {2,4} and X’ = {1,3,5,6}. The permutation
is (241356). We can use the following sequence of swaps to get the identity
permuatation.

2 swaps to move 1 1 swap to move 4

(241356)

(124356) (123456)

The total number of swaps is 3. Therefore
Sgn({274} | {17 3,9, 6}) = -1

We will use sgn(X | X’) in Chapter 3 for the tori.
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Chapter 2

Chern Groups for Spheres

2.1 Cohomology Ring of Sphere

The integral cohomology ring for the spheres are given by H*(S™,Z) = %,

where a is of degree n. The units are of the form {£1 + aZ}. We will often
use the notation G(S**) for the units of the form {1 + aZ}.

We start inspecting the cases with first few spheres of lower dimensions.

2.2 n-Spheres for n=1,2,3
Proposition 2.2.1. The Chern Group C(S") is trivial

Proof. H*(S1,Z) =0V k € Z = ¢,(£) = 0 for all bundles £ over S*
= C(S") is trivial. O

Proposition 2.2.2. The Chern Group C(S?) is the entire unit group G(S?)

Proof. Given a € H*(S% Z), by the correspondence result there is a
complex line bundle X® over S? such that ¢;(X®) = a. Hence C(5?) is the
entire unit group. O

Proposition 2.2.3. The Chern Group C(S?) is trivial

Proof. Since m3(G) = 0 for any Lie Group G, mo(SU(k)) = 0 cf. [BTDI3],
and hence C(S?) is trivial. O

16



2.3 4-Sphere

We first state the following two statements from [Hatl7]. For a proof cf.
chapter 4 of [Hatl7] or section 9, chapter 20 of [Hus66].

Proposition 2.3.1. The map ch : K(S*") — H**(S*", Q) is injective with
image equal to the subgroup H*"(S*",Z) C H*(S*", Q).

Now it follows from the definition of Chern Characters that:

Corollary 2.3.2. A class in H*"(S*",Z) occurs as a Chern Class if it is
divisible by (n — 1)!

Proof. Since H*(S* Z) = 0 for k # 2n, we have ¢;(§) = -+ = ¢, 1(§) =0
for a complex vector bundle ¢ over S?". Hence
. Sn<01,"' 7cn>
ch(§) = dim(&) + —

Now by the recursion formula for s,, (cf. section 2.3 of [Hat17]), we have
Sp = 01Sp—1 — O@Sp—2 + -+ (_1>n !

T noy, SO
Sn(ch" : 7Cn) o ncn<§> o Cn(&)

n! nl (n—1)!

Combining this with the previous proposition, we get the corollary. O

Remark. We used the crucial fact (again, cf. [Hatl7]) that for any symmet-

ric polynomiaﬂ of degree k in the variables x1,--- ,x, can be expressed as
a unique polynomial s; in oy, --- , 0. In other words, there is a polynomial
such that

n
Sk(o—lf o 7Jk) = fo
=1

From the last corollary, we can deduce that the analogous maps
Ton(BSU (n), Z) — H?*"(S*",Z)

are maps given by multiplication by (n — 1)!. Hence for n = 2 the map is
an isomorphism.

ISymmetric Polynomial in n variables is a polynomial such that if one of the vari-
ables is interchanged, then one obtains the exact same polynomial. For example = + y is
symmetric, however & — y is not a symmetric polynomial.

17



Proposition 2.3.3. C(S%) = G(5%).

Proof. We focus on the rank 2 bundles ¢ : E — S*. We have Vects(S?) =
73(SU(2)). The second Chern class c»(§) € H*(S*,Z). It can also be
viewed as an element of H*(BSU(2),Z) = [BSU(2), K(Z,4)],. Now:

HY(S*,Z) = [S*, K(Z,4)], and [S*, BSU(2)]. = m,(BSU(2))

Consider the map BSU(2) — K(Z,4) which classifies co. But we showed
that it induces isomorphisms at the homotopy group level. Note that

7 (BSU(2)) = 73(SU(2)) = Veetg(Sh)
Thus vector bundles of rank 2 are indeed ClassiﬁedEl by ¢2(&). ]

Note that for n > 2, is not isomorphism anymore. However, we still
get an injection. For the other even dimensional spheres the ch map is in-
jective. Thus we can classify rank n complex vector bundles over S*" are

classified by ¢,, in other words, the Chern Group is non-trivial and is given
by 1+ (n—1)! H*™(S*"Z).

Thus we are done with all even dimensional spheres. Now the odd dimen-
sional spheres are left, except S' and S® whose Chern Groups were found
to be trivial. We first produce a specific kind of vector bundle over S°.

2.4 5-Sphere

Before going to prove a lemma about S°, we recall that An Euler Section
of 7C" is a vector field of the form Y- x;(p)32|,, where p € C? and z; are
the coordinate functions for ¢ = 1,--- ,n. If we consider the Euler sec-

3
tion for the tangent bundle 7C?, then it is given by > @;(p)+2|,, which is
i=1 !

nowhere vansihing on S°.

Lemma 2.4.1. There exists a complex vector bundle E over S° of rank 2
which s stably trivial but non-trivial.

Proof. Consider the restriction of the tangent bundle of C? to S® : 7C3|gs.
Take the trivial complex line subbundle of 7C3|gs, spanned by the Euler
section o, which is non-vanishing on S°. Now one can take the orthogonal

2This method is applicable to S*. For the remaining cases Corollary 2.3.2 is needed.
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complement of & using the Hermitian metric of C* and construct a total
space. Then there exists a stably trivial vector bundle £ — S° of rank 2.

TC3|S5 = E@Eé

Recall that S° is not parallelizable. Regarding £ — S° as a R-vector sub-
bundle of 75° of rank 4, one can write

7S8° =EQeg

Where the trivial line bundle ef is spanned by io, o is the previous Euler
sectionf] Had E been trivial, one would have had 7.5° is trivial, a contra-
diction. n

Remark. In the similar manner, one can construct such stably trivial, but
non-trivial vector bundles over S?"*1, except the case of 7-sphere, which is
parallelizable.

Corollary 2.4.2. There exists a non-trivial complex vector bundle E — S°
whose Chern classes are trivial.

Proof. Because E is stably trivial, we can realte the total Chern Classes as:

o(7Clss) = c(E) — c(eg)

Hence the total Chern class of E is trivial and ¢;(E) =0 for i = 1, 2. O

Recall the fact that Vectg(S®) = my(SU(n)). Now, m4(SU(n)) = 0 for

n # 2 and my(SU(2)) = Z/2Z. Consequently, there are only one non-trivial
complex vector bundle of rank 2 over S°, upto bundle isomorphism. Now
combining this with 2.4.2 we conclude that C(S°) is trivial.

One can use the same procedure to produce complex vector bundles over
odd dimensional spheres as except the case of S7, whose tangent
bundle is trivial. Also the corresponding homotopy group is not always
Z /27, so the same approach often fails. However, thanks to complex K—
theory, we can state a general result for all odd dimensional spheres.

3This is multiplication by the complex number i. For example if ¢ is the vector field

T _
given by [ 1 , then i will be the vector field Y
Yy x

19



Proposition 2.4.3. All complex vector bundles over odd dimensional spheres
are stably trvial.

Proof. says that K (S?"*1) = 0. In other words, there is only one sta-
ble isomorphism class. A non-trivial vector bundle £ is stably isomorphic

to the trivial vector bundle £ implies that there are integers m,n such that
E@em =" @em. Thus £ @ e™ =™ and ¢ is stably trivial. O

Now stably trivial bundle implies its total Chern Class is trivial. The last
proposition then says C(S?"!) is trivial.

We summarize the outcome of this chapter in the following theorem.

Theorem 2.4.4. The Chern Group of every odd dimensional spheres are
trivial. For even dimensional spheres, C(S*") is the cyclic group generated
by the element 1+ (n — 1)la where « is a generator of H*"(S*",Z).

Remark. One can take a fundamental class of S?", say pg2» and dualize it
to get a generator of the top cohomology, in other words, Hom/(pugzn,Z)
will be a generator of H*"(S*",Z).

One can also note that the index of C(S?") in G(S?") is in fact (n — 1)
Therefore only for S? and S*, the Chern Group exhausts the unit group G.
For the other even dimensional spheres, the Chern Group will be cyclic of
even index in G(S%").
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Chapter 3

Chern Groups for Tori

3.1 Cohomology Ring of Tori

Denote 7" = S' x -+ x S' (n times). First, we will consider T?. Tt is
well-known ([Hat00]) that:

Z k=02
Hk(T2,Z): 207 k=1
0 k>2

In particular H*(T",Z) = 7(2). The cohomology ring for 7™ is the exterior
algebra Agz[vy, - -+, v,| with each v; having degree 1 and v,v; = —vv; Vi # j

We write down a general algebraic setup to take care of the Chern Groups
of T* onwards. Let R be the integral cohomology ring Az[vy, -+, v,] with
each |v;| = 1 with v;v; = —wv;v; and R’ is the homogeneous ith degree
terms. Suppose

G(T") =1+ > R

i even

Finally we define two subgroups of G, namely,
Ci(T™) := (1+ R?)

and K C G generated by the elements {1 + v;v;}, with 1 <i# j <n.
Remark. Note that the Chern Group C(7™) lies between G(7™) and C,(1™).

An immediate consequence is the following:

21



Proposition 3.1.1. The subgroup K is a free Abelian group of rank (g)

Proof. Essentially, we show that {1 + v;v;}1<izj<n is a basis of K. The
spanning part is clear from the definition of K. Now suppose we have

H (1 +vivj)‘“f =1.

1<i#j<n

Indeed if some a;; # 0 the corresponding 1 + v;v; element will end up being
in the final product. Hence each a;; has to be zero. O]

3.2 Torus for n=2,3

Proposition 3.2.1. C(T?) = {1 + o;a € H*(T?)}

Proof. Start with the correspondence between the isomorphism class of

complex line bundles over X and H?(X,Z). H*(T? Z) = Z gives existence
of non-trivial line bundles over the Torus. Now, combine the facts that ¢; €
H?(T?) and H*(T?) vanishes for k > 2. O

Proposition 3.2.2. C(T3) = {1 + a;a € H*(T?)}

Proof. Existence of non-trivial complex line bundle over T° follows by non-
triviality of second cohomology. H*(T3,Z) = 0 for k > 3, shows that there
is no cs. ]

3.3 4-Torus

We attempt to solve this algebraically. Here R is Az[vy, va, v3, v4] with each
lv;] = 1fori = 1,2,3,4 and R’ is the homogeneous ith degree terms.
The subgroups of G(T*), which were discussed in the general setup are
Ci(T*) := (1+ R?) and K C d[| generated by {1+ vv;}, with 1 <i# j <4
Remark. The subgroup K C C;(T%)

To see that, consider the element 1 + vivy + v9v3 + v3v4 € Cy (T4). If it were
also in K, then it must have been of the form (1 + v1v9)(1 4 vov3)(1 + v3vy).
So there must be the product term vyvov3vy.

We can write an element y of G is the form 1 + avivy + buovs + cvzvy +

4
dvgvy + evivg + fooug + x [J vi (a,b,¢,d e, f,x € Z).
i=1

LOften we will just write G for G(T™), if it is clear from the context.
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Proposition 3.3.1. An element y € K if and only if x = ac — bd — ef.

Proof. The proposition follows from the factorization below:

(]_ + (M)lvg) (]. + bUgvg) (]. + C’U3’U4) (]. + dU4U1) (1 + 61}11)3) (1 + fUQ’U4)
4

= 1+ avivg + buguz + cvsvy + dvgvy + evivs + foavy + (ac — bd — ef) H v;
=1

[]

Thus, we can consider the map 0 : G — (Z,+), given by sending
yr—x—ac+bd+ef
Proposition 3.3.2. The map 6 is a group homomorphism

Proof. Consider two elements from G and their product:

4

y = 14 avive + bugvs + cvsvg + dvgvy + evivg + foouy + @ H v; and
i=1
4

Yy =1+ d'vivy + bvavs + dvsvg + d'vgvy + €vivg + flogvy + 2 H v;
i=1
Then we can write their product as yy' = 1+ (a + a")vive + ... + (f + f)vovy
+(ad —bd' +dc—bd—ef — e'f+:v+x’)HvZ-
Applying 6 to yy' we get 0(yy') = (ad —bd' +d'c—bd—ef —e'f+x+2)
—(ac+dc+add +ad +..—ef —ef—ef —€f)
=x+2' +ac+dd +bd+bd +ef +€f =x— (ac+bd+ef)
+2' — (' +bd +€ef)=0(y) +0(v)

Hence 0 is indeed a group homomorphism. O]

By Proposition the kernel of 6 is the subgroup K. Now we will check
surjectivity of the map. Observe that, 0(1 + vyvy 4+ v3v4) = —1 and (1 +
v9v3 + v4v1) = 1. One can now increase the coefficients and obtain any
integer as the value of #. Therefore, we get the following exact sequence,
where K is free abelian group of rank (3) =6

1-K—->Gg—-7Z—0

This exact sequence in fact splits and hence G = K @ Z. Consequently, G
is free abelian group of rank 7. By correspondence theorem subgroups of G
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containing K are in one-one correspondence with subgroups of G/K = Z.

Since, z = 1 + vv3 + v4v; is an element of C;(T*) such that 6(z) = 1, we
must have the entire Z as the image of C;(T*) and hence |G = C;(T*) | in
this case.

The conclusion of the section is the following

Theorem 3.3.3. Chern Group of 4-Torus is generated by the total Chern
Classes of Line Bundles and it is free abelian group of rank 7.

3.4 5-Torus

In this case K is free of rank () = 10. Also K C C;(T°) because of the
element 1 4 vyvy + v3v4. An arbitrary element of G can be written as:

y=1+ g a;V;v5 + g bijriviv ULV
i<j i<j<k<l

Using the ordered subset notation, we can write this as (regarding vy;;, :=
vv; and vy = Vv URY )

y=1+ g AUy + E byv,
gE€P2 TEP,
To clarify the notation we expand the two sums for this case:
E UoVy = A1V1V2 + A2V2V3 + A3V3V4 + A4V4V5 + ... + AgU2V4 + A10V4V1
oc€P2

E brv, = b1v1vaU3V4 4 boUaus VU5 + b33V U5V + a4 U5V Ve + byUsU1 U2V
TEPs

We define a map 6 : G — Maps(Py, Z) as follows:

y = (1= 0-(y))

For 7 € P, we define 0, as follows:

Yy by — Z sgn(o | o')agyay

o#o'€Pa, 00’ =T

Where oo’ denotes the union of o and o’. Since Maps(Py, Z) is a group
under pointwise addition and it is isomorphic to Z°, we can actually take
the co-domain to be Z° and get a surjective group homomorphism.
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Proposition 3.4.1. 0 is a Group Homomorphism and its kernel is K

Proof. In each component, the given map behaves like the 6 in the T
case. The second statement holds because one can use the expansion of
(1 4+ ajv1v9) (1 + aguavs)...(1 + ajgvavy), similar to the proof of [3.3.1 O

Let us denote the basis of Z° by {e;}, which is a 5-tuple, with 1 at the i-th
position and rest all zero.

° 61:9 1+U2U3—|—U4’U1 =0 1+0103+U204

( ) =0( )

o 5 = 0(1 4 v3vy + v5v9) = O(1 + v3v5 + vovy)

o 3 = 0(1 4 vyvs + v1v3) = O(1 + v3v5 + v4v7)

o ¢y = 0(1 4 vsvg + v4v1) = O(1 + v5v1 + Vovy)

o e5 = 0(1 + vsvy + v1v3) = O(1 + vivy + V3U5)
d

Evidently, 6 is surjective and K being its kernel, we obtain G = Z° @ K.

Since K is free of rank 10, G is free of rank 15. Now again by correspon-
dence theorem and the observation that in the above list, each e; are writ-

ten as image of an element of C;(T°), we conclude that |G = C;(T”) | in this
case.

The conclusion of the section is the following:

Theorem 3.4.2. Chern Group of 5-Torus is generated by the total Chern
Classes of Line Bundles and it is free abelian group of rank 15.

3.5 6-Torus

Here K is free of rank (J) = 15. Also K C C;(T) because of the element
1+ v1v9 + V304 + v5v6. An element of G will look like

6
yzl—i—Zagvg—FwaT + vai
1

g€P2 TEP, 1=

Consider the group homomorphism 6, : G — H*(T%) = Z' given by :

y > (041(y), ..., 0415(y)) where
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O1i: 9y by, — Z sgn(o | o')agyay

oF#o'€Par,00'=T;

Note that K C Ker(6,). Denote K, := Ker(6,)

We define the map 0 : Ky — H®(T%,Z) = (Z,+) as follows:

YT — Z sgn(o | o' | 0")ayamapn

oo’c’=[n]o,0’,0" EP2

Proposition 3.5.1. The map 0¢ : K4y — Z is a group homomorphism.

Proof. Consider two elements from G and their product:

y=1+ZaUUU+ZbUT + vaz

oc€P2 TEP,
Y —1—|—Zavg—|—2b'm + :101_11;Z
gEP2 TEP,

their product yy' =1 + Z (ag + a)v, + Z bv, + TH%’

oeP2 TEPy =1

where b, = b, + V. + Z sgn(o | o)(ayal, + ayal)

oo'=r1,0,0'€Py

and T =z + 2’ + Z sgn(o | 7) (alb, + ab))

or=[n]o€P2,TEP,

by ) =v+a'+ S sen(o | T)(ahb, +a b))

oT=[n]o€P2,7TEP,

S sen(o ] o [ 0")(ap + d)) (a0 + ay)(aer + d)

oo'o"=[n]o,0’ 0" EP>

Since the domain of 6 is K4, we have

S sen(o | o | 0")ag + al)(ap + al) (g + aln)

oo’c’=[n]o,0’ 0" P2

— Z Sgn(O’ | OJ | OJ/> <aa-aa-/aa-” + a;a;/a;u + ao— Z( o./a/ //) + a Z(GU/CLJ//>>
= ngn(a | o' | 0") (apaoraor + alal,al, + asb + alb;)
In other words, 6(yy') = 0(y) +0(y') ¥V y,y € K. H
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However, the approach for the 4-torus did not work here since the map 6
is no longer a group homomorphism when its domain is G. It is interesting
question to ask about the surjectivity of the map 6 and whether C;(7) is
equal to the Chern Group. This has not been resolved yet.

We note down the conclusion of the chapter as follows:

Theorem 3.5.2. For n <5 the Chern Group C(T") equals G(T").
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Chapter 4

Stiefel-Whitney Groups

Just like Chern Classes a similar analysis can be done on Stiefel Whitney
Classes, for real vector bundles. In fact, analogous subgroups were men-
tioned in [MS23] for representations, which turned out to be cyclic for
SL(2,q).

Definition 4.0.1. Given a base space X, the Stiefel Whitney Group W(X)
is defined to be the subgroup of of H*(B,Z/2Z)* generated by the total
Stiefel Whitney Classes of all real vector bundles over X.

To begin with we consider B = S™. The following results will make their
appearances frequently ( See [Hatl7] or [Weil3] for proof):

Proposition 4.0.2. Real Vector Bundles of rank k over XX are in bijec-
tive correspondence with the based homotopy class [ X, O(k)]

Corollary 4.0.3. Real Vector Bundles of rank k over S™ are in bijection
with 7,-1(0(k)) = m,-1(SO(k)) for n > 2

Vectgy (S™) 2 m,_1(SO(k))

Here is a table that compiles first few homotopy groups of some Special
Orthogonal Groups.

Homotopy Groups of Special Orthogonal Groups
k 1 ) 3 Ty 5
SO(2) Z 0 0 0 0
SO(3) Z/27 0 Z Z/27 Z/27
SO4) | Z/2Z |0 72 (Z/2Z)* | (Z/2Z)
SO(5) Z/27 0 Z Z/27 Z/27
SO(6) Z/27 0 Z 0 Z
SO(7) Z/27 0 Z 0 0
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Proposition 4.0.4. Real Line bundles over X are in one one correspon-
dence with H (X, Z/2Z). This assignment is essentially the first Stiefel-
Whiteny Class wq(X).

4.1 Spheres of Dimension 1,2 and 3

We digress a bit about the singular cohomology groups and cohomology
ring of n-sphere.

Z k=0n

0 kE#0,n

The cohomology ring of of sphere H*(S",Z) = %, with || = n One can

H*(S™,Z) = {

now re-write these with Z/2Z coefficients.

7/2Z k=0n

k(qn —
H*(S ,Z/2Z)_{ 0 b 2om

H*(S",Z/2Z) = 2224 with |a] = n

Proposition 4.1.1. Stiefel Whitney Group of S* is cyclic of order 2.
Proof. H*(S',2/2Z) = 2284 = {0,1,a,1+ a} with a € H'(S",Z/22)
X

Now (%) = {1,1+a)} > Z/22Z.

Therefore W(S') = H*(S',Z/2Z)* = Z./2Z O

Proposition 4.1.2. Stiefel Whitney Group of S? exhausts the entire unit
group H*(S% Z/2Z)>

Proof. Consider the map induced by the coefficient map Z — Z/2Z
k: H*X,Z) — H*(X,Z/2Z)

says, given a € H?(S?,Z), there exists a complex line bundle X* over
S?% such that the first Chern Class ¢;(X?) = a.
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By Prop 3.8 of [Hat17] one has kcy (X*) = wq(X%), where g denotes the

Realization of a complex vector bundle £. Consequently, ws is non-trivial.

Hence the SW group W(S?) exhausts the entire unit group H*(S?, Z/27Z)*.
[

Proposition 4.1.3. Stiefel Whitney Group of S® is trivial.

Proof. For any Lie Group G, the second homotopy group is always trivial
(cf.[BTD13]). In particular m(SO(k)) = 0. Now says that there is no
non-trivial vector bundles over S3. Consequently, W(S?) is trivial.

0

4.2 Spheres of Dimension > 9

We will refer to the following result from the celebrated paper [AH61].

Proposition 4.2.1. Let Y be a finite CW complex, not necessarily con-
nected. Then the total Stiefel Whitney Class w(§) = 1 for any real vector
bundle & over the 9-fold suspension of Y.

The previous proposition gives the Stiefel Whitney groups of SY and higher.
Proposition 4.2.2. W(S™) are trivial for n > 9.

Proof. Since St = Y57, says that the Stiefel Whitney classes of &
vanish for any £ over S™ for n > 9. Hence W(S™) is trivial for n > 9 O]

4.3 Remaining Cases

Recall that, C(S*) turned out to be 1 + H*(S* Z). Composing the multi-
plication by (n — 1)! map by the coefficient induced homomorphism «, we
associate an element of H*(S*, Z/27Z) with a complex vector bundle.

R(sY 220 fi(sh z) & HY(S*, Z/2Z)

By Prop 3.8 of [Hatl7], it turns out that x(cy) = w4. Therefore, W(S) is
non trivial and equals 1 + H*(S* Z/27Z)

Now one cannot use the same x map for the other spheres, as for n > 2, we
start getting even values for (n — 1)!. Consequently that becomes zero un-
der the coefficient map Z — Z/27Z. To resolve this impasse, we take help of

the real K — theory groups. Recall that KO(S™) is trivial for n = 3,5,6, 7.
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Proposition 4.3.1. FEvery real vector bundle over S™ is stably trivial for
n=3,5,6,7( mod 8)

Proof. As l’(\é(S”) is trivial for n = 3, 5,6, 7( mod 8), there is only one sta-
ble isomorphism class of real vector bundles over these S™. Consequently,
every vector bundle is stably trivial. ]

Just like Chern Classes, Stiefel Whitney classes also satisfy the Whitney
product axiom. In other words:

w(§ @ n) = w(&) — w(n)

It follows that, stably trivial vector bundles have Stiefel Whitney Classes
trivial. Consequently W(S™) is trivial for n = 3,5,6,7

Remark. The case for S® has not been resolved in this thesis.
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