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Abstract

The first part of the thesis is mainly a literature study of the book, ”Exact Exponential
Algorithms” by Fomin and Krastch. We explain different techniques to solve computational
problems through exact algorithms. The techniques are branching, dynamic programming
and measure and conquer and also treewidth. These are explained using examples and
different algorithms.

In the second part of the thesis, we introduce the problem, Component order connectivity
using some examples and ILP formulation. We also introduce it’s edge version, component
order edge connectivity and parameterized version and give some results. Then we give

algorithms to find the solution when the instance is tree or a bounded degree graph.
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Chapter 1

Preliminaries

This chapter mainly contains an introduction to particular topics of graph theory and algo-
rithms. An understanding of these topics is needed to comprehend the later chapters in this

thesis.

Figure 1.1: Peteresen Graph

1.1 Graphs

Graphs in the case of graph theory is often confused with graph or plotting of a function.
But here, we are dealing with graphs which are mathematical structure to show the relation
between objects. The objects are represented via vertices or nodes and the relation is repre-
sented via edges between these vertices. A simple graph is a graph which has no multiedges
(there is at most one edge between any pair of vertices). A simple graph can represented as

G(V, E) where V is the set of vertices and E is the set of edges. An example of a graph is a
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cycle with 5 vertices which can be represented as G(V, E) where V' = {vy, v, v3,v4,v5} and
E = {(v1,v2), (,ve,v3), (v3,v4), (v4,v5), (vs,v1) } or a Petersen graph which has all the vertices
with degree 3. A walk in a graph is a set of vertices, where each consecutive vertices has an
edge between them. A path is a walk with no vertices is present more than one time. More

properties of graphs including connectivity, coloring, ramsey theory and hamilton cycles can
be found in the book, 'Graph Theory’ by Reinhard Diestel [1].

1 4
2 5
3 6
(a) Complete Graph (b) Bipartite Graph (c) Cactus Graph

Definition 1.1.1. A graph is called connected if there is a path between any pair of vertices
in the graph. Disconnected graphs have more than one connected component which itself are

connected subgraphs of a graph.
Some of the common graphs which we will deal with are:

Complete Graphs Every pair of vertices has an edge between them.

Bipartite Graphs The vertex set can be divided into two subsets of vertices that have no

edge between them.
Tree A connected acyclic graph.

Unicycle A graph containing exactly one cycle.

1.2 Algorithms

An algorithm is a set of instructions that are to be followed to solve a particular problem.

Most of the computational problems we deal with can be treated as graph problems. Graph



algorithms mainly deal with finding graphs that belong to a specific class like graphs that
have no cycles in them (trees). Some basic graph algorithms are Breadth First Search or
BFS and Depth First Search or DFS. These are graph traversing or searching algorithms
that find or search for a node with specific criteria or subgraphs with specific features [2].

In DF'S, the algorithm starts at the root node and traverses along a path as long as possible.
Backtracking happens only when there are no unvisited vertices in the neighbours of the
last visited vertex. Backtracking is done to a vertex with an unvisited neighbour and the
algorithm is continued similarly. In BF'S, the algorithm first visits all the unvisited vertices at
the lowest distance from the root node. This classifies vertices into different levels according

to their distance from the root vertex.

1.3 Computational Complexity

Definition 1.3.1. Given two functions f and g defined on N, we denote f € O(g) if there
is some positive real constant ¢ such that f(n) < c* g(n) for every n. Similarly, we denote

f € O*(g) if there is some ¢ such that f(n) < c* g(n) x poly(n) for every n.

The complexity of an algorithm is usually measured in time complexity which is the
required time needed for the algorithm to compute the solution to the problem. The main
quantity used to classify the hardness of a problem is the number of basic operations such as
addition, multiplication, logical OR and logical AND required to solve it. A problem is said
to be solvable in time T'(n) if it can be solved using at most T'(n) basic operations, where
n is the size of the input. For example, matrix multiplication of two n X n matrices take
O(n?) time with standard matrix multiplication algorithm. This is because the algorithm

takes O(n) time to calculate each of the n? elements of the required matrix.

Some of the complexity classes are:

P is the class of problems that can be solved in polynomial time.

Input: A graph G, a number k

Question: Does G contain a vertex of degree k7




Here the algorithm would be to go through each vertex of the graph G and find it’s
degree in the graph. This would take O(n3) time which is polynomial with the number

of vertices as n.

NP is the class of decision problems that can be solved in polynomial time on a nondeter-
ministic machine. In other words, it is the class of problems whose solutions can be

verified in polynomial time.

Input: A graph G, a number k
Question: Does G contain an independent set of vertices of size greater than

or equal to k

Here, given a vertex set of size greater than or equal to k, we can verify if there exists
an edge between any two vertices in the vertex set by going through the edge set which

takes at most O(n?) time.

NP-hard A lot of times you can solve a problem by reducing it to a different problem. I
can reduce problem B to Problem A if, given a solution to Problem A, I can easily
construct a solution to Problem B. (In this case, ”easily” means ”polynomial time”).

A problem is NP-hard if all problems in NP are polynomial time reducible to it.

NP-complete A problem is NP-complete if it is both NP-hard and NP

NP-Hard A

NP-Complete

Complexity

Figure 1.3: Complexity



These classes satisfy the relation P C NP as an algorithm solvable in poly time can also
be verified simply by finding all the solutions. The question whether P = NP is hardest
and unsolved questions in complexity theory and whole of the theory is built under the
hypothesis that P £ NP. More details on complexity and different complexity classes can

be found in [3].

Definition 1.3.2 (Polynomial-Time Reductions:). Let A,B be two decision problems. We
say that A reduces to B, denoted by A <, B if there exists a polynomial time computable
function which takes an input instance x of A and converts it into an instance f(x) of B

such that x is a Yes instance of A if and only if f(z) is a Yes instance of B.

Theorem 1. If X is an NP-complete problem, then the existence of a polynomial time
algorithm for X implies P = NP

Theorem 2. If Y is NP-complete and X is a problem in NP satisfying Y <, X then X is
also NP-complete

There are multiple ways to approach NP-hard problems. Compromising on accuracy
gives us approximation algorithms, weakening the requirement to solve every in stance leads
to parameterised algorithms and algorithms for special classes of input. In this thesis, we
mainly deal with exponential algorithms which we get when we compromise on time com-
plexity or efficiency and go for algorithms running on exponential time but finds the exact

solutions to the problems.






Chapter 2

Exact Exponential Algorithms

This chapter is mainly a literature review of the book, 'Exact Exponential Algorithms’ by
Fomin and Kratsch[4]. The book provides techniques and ways of approaching graph prob-
lems through exact algorithms. The techniques are shown through different examples and
algorithms. Some of the main techniques to design exponential algorithms are branching,
dynamic programming, measure and conquer, inclusion-exclusion, split and list, subset con-

volution, etc. The book also provides insights into treewidth.

2.1 Branching

Branching is one of the most used and basic techniques to design algorithms running in
exponential time. Branching is done by breaking down the input instance into small instances
and solving them. The key is as we are considering all the smaller instances that can happen,
solving these instances simultaneously solves the input instances. This is done recursively
till the algorithm ends or we finds a trivial instance. Branchig consists of reduction rules
and branching rules. Reduction rules are those rules which take care of trivial instances
and simplify the problem instance. Branching rules break down each instance into smaller

instances.

Branching algorithms are evaluated using it’s worst case time complexity. This is found

by treating such algorithms as search trees. The input instance is taken as the root node

7



and reduction rules applied if possible. Then the root node gives rise to children nodes
according to the branching rules. The no. of child nodes depends upon the number of
smaller instances the algorithm branches into. The reduction rules are applied to these
nodes until an instance is solved (gives a yes or no answer). A positive answer in one of the
branches(smaller instance) tells that the input is a yes instance. The time complexity is by
assuming each reduction rules and branching rules is done in polynomial time and therefore,
the algorithm is running in time proportional to the number of nodes in the search tree.
The number of nodes in the search tree is further bounded by the number of leaves in the
search tree, which is taken as T'(n). Let us take the size of the input instance to be n and the
algorithm branches the input instance into d smaller instances of size n —ny,n—ng,...,n—ny
respectively. The branching vector of such an algorithm is (ny, ng, ..., ng) Then the recursive

relation is given by
Tn)<Tn—ny)+T(n—n2)+..+T(n—ng)

This can be solved by assuming the An base case solution is always of the form ¢"” where ¢

is the solution of the equation:

2.1.1 Independent Set

Independent set is a set of vertices such that there is no edge between any pair of vertices in
the set. It is also called a stable set. Independent set problem is one of the most discussed
problems in graph algorithms research. It is also treated as a vertex cover problem because
the vertex cover problem can be easily reduced into independent set problem. In the vertex
cover problem, we need to find a set of vertices such that all the edges in the graph are
incident to at least one vertex from this set. It is very easy to prove that an independent set

of size > k exists in a graph if and only if there is a vertex cover of size < (n — k).

Maximum Independent Set (MIS)
InpUT: A graph G
QUESTION: What is the maximum size of an independent set in G?




Minimum Vertex Cover (MVS)
InpPUT: A graph G

QUESTION: What is the minimum size of a vertex cover in G?

In the following example {1,4,5,7,8} (red colored vertices) is an independent set of maximum

size and {2,3,6} is a vertex cover of minimum size.

e
AN

%

Branching can be easily applied to obtain the maximum independent set. Following obser-

vations or rules are applied when solving via branching:

e Isolated vertices (degree 0 vertices) can be directly added to the solution set.

MIS(G) =1+ MIS(G\ v)

e Vertices of degree one, say v can be directly added to the solution set and it’s neighbour
can be removed from the graph. This is because there is always some solution of
maximum size which contains v. If a solution doesn’t contain v, it should contain it’s
neighbour u, otherwise it is not of maximum size. We can change this independent set

by adding v and removing u creating a new solution containing v.
MIS(G) =14+ MIS(G\ {v,u})

9



e Now, the remaining graph has minimum degree at least 2. So following branching rule

can be applied.
MIS(G) =max(14+ MIS(G\ N[v]), MIS(G \ v))

Here, we branch on the highest degree vertex, say v. There are two possibilities: either
v is in the solution or not. If v is in the solution, it’s neighbours cannot be in the
solution. This gives rise to the first branch where v is added to the solution and all
it’s neighbours including v (/N [v])is removed from the graph. Second branch takes the

case where v is not in the solution in which case it is just removed from the graph.

Algorithm 1 MIS(G)
if V(G) = ¢ then

return 0

else if Jv such that d(v) = 0 then
return MI1S(G \ v)

else if Jv such that N(v) = {u} then
return 1+ MIS(G\ {v,u})

else

Pick a vertex v with largest degree
return max(1 + MIS(G\ N[v]), MIS(G \ v))

In the algorithm above, the first three rules are reduction rules which simplify the in-
stances. The algorithm goes into branching only if no more reduction rules can be further
applied. After removing vertices of degree 0 and 1, the graph is left with vertices of degrees
greater than or equal to 2. Now, the branching rule is applied. The algorithm branches on
the vertex with the highest degree. The branching factor is always greater than (1,3) as the
lowest degree is 2. This is because there are two branches: in first branch, removing N|v]
gives a reduction of at least 3 and in second branch removing v gives reduction of 1. A

branching factor of (1,3) corresponds to solving this recurrence equation:
22— —1=0

Solving the equation gives us x = 1.4657 and the worst time complexity of this branching
algorithm is O(1.4657™). More complex algorithms with better running time for independent

set problem can be found at [5].
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2.2 Dynamic Programming

Dynamic Programming is one of the basic techniques used to solve computational problems.
It can used to design algorithms running in exponential and also in some cases polynomial
time. In dynamic programming, we first solve smaller instances and use these solutions to
build solutions for larger instances. This is quite the opposite of branching where we try to
decompose the problem. Most often dynamic programming takes exponential space while

branching can be done in polynomial space.

2.2.1 Graph Coloring

A k — coloring of a graph gives one of the k colors to each vertex of the graph such that no
two adjacent vertices have same colors. This can also be thought as assigning one number
c:V —{1,2,... k} to each vertex of the graph. The least number & where this colouring
is possible is called the chromatic number of G, denoted by x(G). A coloring ¢ of G using
X(G) colors is called an optimal coloring. In the COLORING Problem, the task is to find the

chromatic number of G. More details and algorithms can be found in [6].

X(G)
InpuT: A graph G
QUESTION: What is the chromatic number of G?

The following graph is coloured using 3 colours, which is basically partitioning the vertex
set into 3 subsets: {1,4}, {3,5,7,8} and {2,6}

11
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The brute force algorithm would be to try assigning each color to each vertex of the
graph. Chromatic number is always less than n. So, this would take O*(n™) time, which is
21e9(n) time.

In the dynamic programming method, we try to find the largest independent set in the graph

and assign it one color and remove the set from the graph and solve for the remaining graph.

For every X C V we set OPT[X]| = x(G[X]) where G[X] is the subset induced by X.

We set OPT[¢] =0

We now define the dynamic programming recursion which assigns one color to some

maximal independent set.

OPT[X] =1+ min{OPT[X \ I] : I is a maximal independent set of G[X]}

e We now set x(G) = OPTI[V]

The algorithm runs on all subsets X C V and for all such X, we need to find all the maximal

independent sets. If we do this by brute force it takes 2 ™°4X time. So total time is given
by:

>(1)z =

=1

12



If we consider only maximal independent sets of X at each instance, we can reduce the
running time as number of maximal independent sets of a graph with 7 vertices is upper

bounded by 3“2, The running time is given by:

> <”) 373 = (14 V/3)" < 2.4423"

=1 v
2.2.2 Set Cover

In the MINIMUM SET COVER problem, we are given an universe of elements, U and a
collection of sets, § of non empty sets. The task is to find the minimum size of a subset

S’ C 8 such that &’ covers U. Covering of a universe by a set can be given as:

Uses'S =U

MSC(G)
INPUT: An universe U and a collection of sets S

QUESTION: What is the minimum cardinality of a sub collection 8" C S which covers
Uu?

S ={{1,2,3},{2,4},{3,4},{4,5}}

The required subset is,

In the following example,
U =1{1,2,3,4,5} and o
~

S ={{1,2,3},{4,5}}

e For every set U C U and every j = 1,2,...,m, we define OPT[U, j] as the minimum
size subset of {57, S, ..., S;} which covers U. If {51, 5s,...,5;} doesn’t cover U, then

13



set OPT[U, j] = o0
e Now we set for every U CU, OPT[U,1] =1if U C S and OPTIU, 1] = 0o otherwise.

e In step j + 1, we compute OPT[U, j + 1] as follows:

OPT[U,j + 1] = min( OPT[U, j], OPT[U \ S;11,j] + 1)

e OPT[U,m] is the cardinality of the minimum set cover of U

In this Dynamic Programming algorithm, each step takes O(n) time and this is to be calcu-
lated for every set U C U and every j = 1,2,...,m. This gives us the total running time of
O(nm2m).

Minimum Dominating Set
InpuUT: A graph G
QUESTION: What is the minimum size of a dominating set in G?

The algorithm for minimum set cover can be further used to find the minimum dominating
set in a graph where the dominating set problem can be reduced to minimum set cover. This
is by defining the set of vertices as universe U and the set of edges as a collection of sets S.
A dominating set is a set of vertices in a graph such that all the vertices in the graph are at
most at a distance of 1 from the dominating set. More algorithms for dominating sets can

be found in [7].

2.3 Measure and Conquer

Measure and conquer is one of the most powerful tools to analyse the running time of a
branching algorithm. Instead of creating more complex branching and reduction rules, we
introduce a new parameter called measure which makes the analysis of running time more

simple. The measure should have the following features:

e Measure of an instance should be always nonnegative.

14



e Measure of the input instance should be bounded by some polynomial function of the

size of the input.
e Measure of the instance of a subproblem obtained by applying reduction or branching

rules on the input instance should be less than the measure of the input instance.

For calculation of running time of an algorithm, we make use of measure drop vector
similiar to branching vector. This is given as{ti, ts,...t,} and the corresponding recurrence

relation is given by:

T(p)=T(p—t1) +T(p—t2) + - +T(—tn)

This is solved to obtain an upper bound on running time as: T'(u(G)) < @) < ¢f()

2.3.1 Independent set

We have already done a branching algorithm for the independent set problem. Now we
modify the algorithm little bit and try to analyse the running time using measure and

conquer.

Algorithm 2 MIS(G)

if Jv such that d(v) = 0 then
return 1+ MIS(G \ v)
else if Jv such that N(v) = {u} then
return 1+ MIS(G\ {v,u})
else if A(G) > 3 then
Pick a vertex v with largest degree
return max(1 + MIS(G\ N[v]), MIS(G \ v))
else if A(G) <2 then
Compute a(G) ing polynomial time
return o(G)

e First line is a reduction rule which removes isolated vertices and adds them to the

solution set.

e The Second line is also a reduction rule that removes vertices of degree 1 and adds

them to the independent set while removing its neighbour from the graph.

15



e The Third line is a branching rule which is done only if there is at least a vertex with
degree > 3. This helps in increase the running time of the algorithm. Measure and

conquer analysis is done in this part of the algorithm.

e Fourth line is computes only if all the vertices in the graph has degree < 2 which simple
means the graph is a collection of lines and cycles. Maximum independent set size for

this graphs can be calculated in polynomial time easily.

For the branching rule, we define two variables, IN which is the decrease in measure
when a vertex is taken into the solution set and OUT when the vertex is not in the solution

and removed from the graph.

First, we consider the case where the measure is simply the size of input or u(G) =n. A
simple analysis of the branching algorithm gives us IN > 4 and OUT > 1 as if the vertex
is in the solution. all its neighbours are removed which are at least 3 in number and there
is a decrease of one in the measure if the vertex is removed from the graph. So we get a
branching vector of (1,4) which would be put into the polynomial equation to obtain the
corresponding worst time complexity as O*(1.3803#™) = (0*(1.3803")

Second, we define more complicated measures. As we need more and more vertices of
higher degree in the graph so that we can get good running time, we give less weight to lesser
degree vertices, ie vertices of degree less than 2. The new measure is given by u(G) = v>3+2.
Here vs3 is the number of vertices with a degree greater than or equal to 3 and vy is the
number of vertices with degree 2. We don’t give any measure to lesser degree vertices as these
would get removed in the reduction rule itself. Now, we observe than if v has neighbours
with degree 2, their degree get reduced by 0.5 if v is not in the solution also. So this gives
us that any neighbour vertex contributes a drop in measure by 1 when both the branches
taken together. This gives IN > 1,0UT > 1,IN + OUT > 1+ d(v). To calculate the
running time, we consider two cases. First when d(v) > 4, now we get the worst running
time for the branching factor (1,5) which corresponds to O*(1.3248"). In the second case,
d(v) = 3. Now we know that even if we remove or add v to the solution, the measure due to
any neighbouring vertex decreases by 0.5. If the neighbouring vertex is of degree 3 it gets
reduced to 2 which decreases the measure and if the degree is 2, it gets reduced to 1. This
gives IN,OUT > 1+ @ = 2.5. This gives branching factor as (2.5,2.5) corresponding to
running time of 0*(1.3196™). Comparing the two cases, we get the worst case running time

as O0*(1.3248") for this measure. We can further improve the running time by optimize the
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weight given to each degree vertices [8]. In fact, setting the weight of degree 2 as 0.5966 and
degree 3 as 0.9287 while keeping the rest the same, gives an improved bound of O*(1.2905™).

2.4 Treewidth

Treewidth[9] is one of the fundamental properties of a graph. This is very useful when
designing exact and also parameterized algorithms. A tree decomposition of a graph is

creating a tree and including some features of the given graph inside the vertices of this tree.

A tree decomposition of a graph G = (V, E) is the pair ({X;,t € T}, T = (T, F)) where
{X;,t € T} is called bags which are collection of subsets of V' and T is the required tree
which has the following properties:

e Each vertex v of graph G is present in some bag X;.

e Vertices of each edge, (u,v) of G is present in some bag X

e The tree vertices whose bag contains a particular vertex v of G make a connected

subtree. For every v € G, the set {t € T': v € X; makes a connected subtree of T

The width of the tree decomposition is given as maz;|X;| — 1. The treewidth of a graph G,

tw(G), is the minimum width of a tree decomposition of G.

e The treewidth of a tree, T is 1. This is by forming the same tree as the tree decom-
position and forming the bag of vertex t as X; = {t, parent(t)}. This gives us a tree

decomposition with width 1.

e The treewidth of a cycle,C,, is 2. This is by forming a path with n — 1 vertices as
tree decomposition of T,,_; and putting v,, to all the bags. This satisfies the necessary

conditions of a tree decomposition and the width is 2.

The path decomposition of a graph is the same as tree decomposition but the tree should

be path. A path decomposition can be denoted as a set of successive bags:
(Xl,XQ, e 7‘>(d)

17



The minimum width of a path decomposition is given as pathwidth or pw(G).

A path decomposition (X7, X, ..., Xy) is nice iff | X;| = |X,| = 1 and for every i from 1
to d-1, there is a vertex v such that either X;,1 = X; U {v} or X;11 = X; \ {v}. Any path

decomposition can be converted to another nice path decomposition in polynomial time.

2.4.1 Maxmimum Cut

A cut of a graph takes two disjoint vertex subsets from a graph as input and gives the
number of edges between the vertex subsets as the output. CUT(X,Y) where X, Y C V is
the number of edges between X and Y.

Maximum Cut
InpUT: A graph G
QUESTION: Find X C V which maximises CUT(X,V \ X)

For the algorithm, we first find the nice path decomposition of the graph G with width
k in polynomial time:
P=(Xy,...,X,)

We now define V; = Ui_; X; and ¢;(A, B) where A, B C V; is the maximum number of edges
between some A’ C A and B’ C B in V;. Now, the required solution is

max{c,(A, B) : (A, B)isapartitionofV'}

We use dynamic programming to compute ¢;(A, B). In the case where i = 1, we have only

one vertex, v in X;. Therefore, ¢;(v,) = ¢;(,v) = 0. For ¢ > 1, we consider two cases:

e X; =X, 1U{v} for some v: Now, all neighbours of v must be in X; N X; ;. This gives:

C(A B): Ci—l(A\{U},B)—l—CUT({U},B) vE A
| ci-1(A, B\ {v}) +CUT({v},A) ¢ A

18



o X; =X, 1\ {v} for some v:

¢i(A, B) = max{c, 1(AU{v}, B),c;i_1(A, BU{v})}

The running time for computing ¢;(A, B) is O(2%|X;|). Therefore the total running time

O(i 91Xl
=1

18

Xi|) =02 - k-n)
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Chapter 3

Component Order Connectivity

Problem

3.1 Problem

Connectivity is one of the main properties of graphs. Restricting the size of each connected
component of a graph comes up in various situations. One example could be the case of
computer networks. Each system can be thought of as a node and connected systems are
thought to have an edge between them. We aim to find the minimum number of systems to
be removed from the network so that each connected component of the network is of limited
size. Such measures would be useful when something like a virus attack in a network. The
[-COMPONENT ORDER CONNECTIVITY or [-COC problem is to find the minimum number
of vertices to be deleted from the graph so that each of the connected components of the

graph is of size less than or equal to [.

[-COC
Input : A graph G
Question: What is the minimum size of a vertex subset S such that all the connected

components of G\ S are of size < [?

21



3.2 Examples

We use u(G) to denote I — COC(G) in this section. The examples provided are mostly taken

from [10].

Path: This is by removing every (I + 1) vertex from the graph.

Cycle: This is by removing every (I + 1) vertex and also the last vertex if it is not already

removed.

n
[+1

p(Ch) =[]

Complete Graphs This is by removing all the vertices except any [ vertices from the graph.

u(K,) =n—1

Star Graph: This is by removing only the central vertex which leaves n—1 isolated vertices.

N(Kl,n> =1

Trees e First we define a function ¢ : V(G) — n for every vertex in G starting from
leaf vertex towards the root. This is given by c(v) = |T,,(G)| where T,(G) is the

subtree with v as root.

e Now, we go from any leaf of the tree towards the root and find the first vertex v
with ¢(v) > [ and remove that vertex from the graph and add it to the solution

set.

e We also remove all components with < [ vertices and then repeat the procedure

until no vertex is left.
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¥1(10)

In the following example,

We have a tree with 10 vertices and c(v) of vB(2)
each vertex is given in bracket. We need to
find 2 — COC(T).

v10{1)

First we find a vertex with ¢(v) > 3 and we
remove it’s subtree. v2 is such a vertex. Re-
moving vertex v2 will give us new tree with

¥B(2)
new c(v) values.

v10(1)

Now, we have two vertices, v6 and v3 with (1)

c(v) = 3. As these two are in different

branches, we can remove them simultaneously.

By doing so, we get the next graph which v4(2) v6(2)
obeys 2 component order connectivity. So,

{v5, v3, v6} is the required set of vertices and

3—CoC(T)=23. Vi v10(1)
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3.3 ILP Formulation

Maximize Z Yi

i€V
subject to Ty +xi, — x5 <1 10,7, k are distinct in V
Y m;<l-1 VieV
JEV\{i}
ity —vy <1 Vi, jteE
zi; € {0,1}
y; € {0,1}

In the problem, our aim is to maximise the number of vertices in the graph while following
component order connectivity, i.e. each component in the graph should have < [ vertices.
More details on ILP formulation can be found at [11] and details about the given ILP

formulation can be found at [12].

e Each vertex is taken as a variable y; € {0, 1} according to whether the vertex i is in the
final graph or not. Another variable z;; takes into consideration whether the vertices

1 and j are connected in the final graph.

e The aim of the ILP is to maximise the number of vertices in the final graph or maximise

Zyi-

eV
e The first constraint is the one about connectivity which says that if ¢ and j are con-

nected and j and k are connected, then ¢ and k are connected.

e The second constraint says that each component is of size < [ by saying each vertex is

connected to at most [ — 1 another vertices.

e The third constraint says that if two adjacent vertices are present in the final graph,

they should belong to the same component.

3.4 3-COC Algorithm for Bounded Degree Graphs

We design a simple branching algorithm for 3 — COC' problem on bounded degree graphs.

We start from the lower degree vertices and define branching rules to such vertices and then
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move on to the higher degree vertices. We select the vertex with minimum degree, say v and

do the following branching:

v € S: We put v in solution, thereby removing v from the graph. Here we get a drop
of 1.

e v € (1: Here, we branch on the possibility that v belongs to a component of size 1 at
the end of the algorithm. So, we remove v and all it’s neighbours from the graph. We
get a drop of 1+ d(v).

e v € (5: Here, we branch that v belongs to a component of size 2 at the end of the
algorithm. In the worst case we can have d(v) branches here each having a drop of
around 2d(v).

e v € (3: Here, we branch that v belongs to a component of size 3 at the end of the
algorithm. In the worst case, we can have d(v)(d(v) — 1) branches each having a drop
of 2d(v) + 1

This drop gives a recurrence relation of
2 g —dy —d(d—1)=0

So, for a bounded degree graph 3 — COC problem with degree bound say 5, the worst case
running time is obtained by putting d = 5 for the above equation. For d = 5 we get x = 1.369

which corresponds to running time of O(1.369™).

3.5 2-COC or Dissociation Problem

2 — COC problem is removing some vertices and dividing the remaining graph into compo-
nents of size 2 and 1. This is given in the literature as a 3-path vertex cover problem or
dissociation problem. k-Path Vertex Cover problem is to find the minimum size of the vertex
subset that hits all the paths of length &k in the given graph. When it comes to the case
where k = 3, this is equivalent to our problem. More details and algorithms can be found in
[13]. Here, they use a branching algorithm with several branching rules for vertices with dif-

ferent degrees. By using these complex branching rules, they get a worst-case running time
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of O*(1.51™). The NP-completeness and polynomial-time solvable cases for the dissociation

set problem can be found in [14].

3.6 Edge Version

[-COEC
Input: A graph G

Question: What is the minimum size of an edge subset S such that all the connected com-

ponents of G \ S are of size < [?

In the edge version of the problem, we need to delete the minimum number of edges from
the graph, so that the resulting graph has all its components of limited size. This is a well-

studied problem both from exact exponential perspective and a parameterized perspective.

We use \(G) to denote | — COEC(G) in this section. The examples provided are mostly

taken from [10].

lth

Path: This is by removing edge after every [** edge.

AP = 1)

Cycle: This is by removing every (1) edge and also the last edge if it is not already removed.
n
ACn) =[5
Complete Graphs This is by removing all the vertices except any [ vertices from the graph.

u(Ky,) =n—1

Star Graph: This is by removing all edges except any [ — 1 edges.
(Kip) =n—1
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3.7 Parameterized Version

e In Parameterized algorithms, instead of expressing running time as a function 7'(n) of
n, we express it as a function T'(n, k) of the input size n and some parameter k of the

input.

e In other words, we do not want to be efficient on all inputs of size n, only for those k

is small.

e FPT: A parameterized problem is fixed-parameter tractable if there is an f(k)n® time

algorithm for some constant c.

Kernalization: Kernelization is a polynomial time transformation that maps an instance
(I,k) to an instance (I, k') such that:

e (I,k) is an yes instance if and only if (I’,£’) is an yes instance.

o k' <k.

e |I'| < f(k) for some function f(k)
For example, the vertex cover problem has a kernel of k(k + 1) vertices when parameterized

by the solution size k. The parameterized verion of [-COC and [-COEC problem is given

below:

[-COC
Input : A graph G and an integer k
Question: Does there exist a vertex subset S C V such that |S| < k and G \ S has all

components with size <.

[-COEC
Input : A graph G and an integer k.
Question: Does there exist an edge subset S’ C E such that |[S'| < k and G\ S has all

components with size < [.
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Theorem 3. Parameterised version of | — COMPONENT ORDER CONNECTIVITY s solvable
in O*(L+ 1)

Proof: This is obtained by taking any connected component of size = [ + 1 and branching
on the case that at least one of the vertex from this connected component should be in the
solution. This creates (I + 1) branches and the depth of the search tree should be less than

or equal to k as this is the solution size. Thereby we get an algorithm with running time
O* (1 + 1)~

Theorem 4. For every constant [, | — COMPONENT ORDER CONNECTIVITY admits a kernel

with atmost 21k vertices that takes n°Y time. [15]

Theorem 5. | — COMPONENT ORDER EDGE CONNECTIVITY s fixed parameter tractable
(FPT) when parameterized by vertex cover number of the input graph. It also admits a
kernel with 2kl vertices and 2kI* + k edges when parameterized by k + 1.[16]
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Chapter 4

Conclusion

In the first part of the thesis, we studied different methods to design exact exponential al-
gorithms to solve NP hard problems. This is done by reading the book, ” Exact Exponential
Algorithms” by Fomin and Krastch. We mainly focused on Branching, Dynamic Program-
ming, Measure and Conquer and Treewidth. We learned when and where can we use these
methods and tried to implement these techniques on different problems.

The problems we mainly deal with in this thesis is Component order connectivity and the
edge version of the same problem. An introduction to the problem using different examples
and ILP formulation is given. Various algorithms on these problems can be found in the
literature in the name of path vertex cover or dissociation set problem. This includes exact
algorithms and also some parameterized algorithms. Some exact algorithms are provided
and also an intuition into how to solve different problems using branching is also shown.

The parameterized version and some results are also given.
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