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Abstract

In this thesis, we introduce the notion of a strong generalized holomorphic (SGH) fiber
bundle and develop connection and curvature theory for an SGH principal G-bundle over
a regular generalized complex (GC) manifold, where G is a complex Lie group. We also
develop a de Rham cohomology for regular GC manifolds, and a Dolbeault cohomology
for SGH vector bundles. Moreover, we establish a Chern-Weil theory for SGH principal
G-bundles under certain mild assumptions on the leaf space of the GC structure. We
also present a Hodge theory along with associated dualities and vanishing theorems for
SGH vector bundles. Several examples of SGH fiber bundles are given. Additionally, we
describe a family of regular generalized complex structures (GCS) on a principal torus
bundle over a complex manifold with even dimensional fiber and characteristic class of
type (1,1). The leaves of the associated symplectic foliation are exactly the fibers of the
bundle. The speciality of such principal torus bundles is that they are not always SGH
principal bundles. We show that such a GCS is equivalent to the product of the complex
structure on the base and the symplectic structure on the fiber in a tubular neighborhood
of an arbitrary fiber if and only if the bundle is flat, impacting the generalized Dolbeault
cohomology of the bundle with a Kiinneth formula. Moreover, if a principal bundle over
a complex manifold with a symplectic structure group admits a GCS with the fibers of
the bundle as leaves of the associated symplectic foliation, and the GCS is equivalent to
a product GCS in a neighborhood of every fiber, then we show that the bundle is flat
and symplectic. This is similar to the behavior of SGH principal bundles over a complex

manifold with symplectic fibers. This thesis is based on the following two articles:

1. Debjit Pal, Mainak Poddar; Generalized complex structure on certain principal

torus bundles [126].

2. Debjit Pal, Mainak Poddar; Strong generalized holomorphic principal bundles [127].
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Chapter 1

Introduction

Generalized complex (GC) geometry presents a unified framework for a range of geometric
structures whose two extreme cases are complex and symplectic structures. The notion
was introduced by Hitchin [81] and developed to a large extent by his doctoral students
Gualtieri [70,72] and Cavalcanti [36]. Intuitively, GC manifolds can be conceptualized
as objects within a “category” that bridges the gap between symplectic and holomorphic
categories.

A generalized complex structure (GCS) induces a (possibly singular) symplectic foli-
ation. This phenomenon can be observed by the local characterization of a GC manifold;
see [1,10,11,13]. Assuming a well-defined leaf space, one can study the transverse geome-
try (cf. [117,118,145,146]) in the context of regular GC manifolds. Furthermore, by using
blowups in GC geometry, one can obtain numerous non-trivial examples of GC manifolds;
see [14,39,41]. There are also well-defined stable GC structures that are equivalent to
complex log symplectic structures (cf. [42-44]). Within the framework of GC manifolds,
there exists a well-developed elliptic deformation theory and a Kuranishi-type moduli
space; see [72, Section 5.

In addition to foliation theory and deformation theory, GC geometry has played a
crucial role in extending classical theories within geometric analysis. In the works of
Gualtieri [71,73], the concept of generalized Kéhler structures, and their associated gen-
eralized connection was introduced, thus extending the classical Kéhler geometry. Sub-
sequently, researchers delved into the realm of geometric analysis within the framework
of GC geometry, particularly focusing on the Ricci flow direction. Analogous to classical

concepts such as Ricci curvature, Kahler-Ricci flow, and Levi-Civita connection, notions



like generalized Ricci curvature, generalized Kdhler-Ricci flow, and generalized connec-
tion have been established in this framework; see [5,58,59,141-143,151]. Additionally,
investigations into pseudo-Kéahler geometry in the context of GC geometry have also been
conducted; see [52]. For further study of generalized Kéhler geometry in various fields,
we refer to [33,53,60,61,74,83,92,155-158].

Another aspect of GC geometry involves the study of pseudoholomorphic curves
within its framework. In [128], Paleani introduced the concept of generalized pseudo-
holomorphic curves for exact Courant algebroids, serving as an extension to the classical
theory of pseudoholomorphic curves, revolutionized by Gromov (cf. [69]). Paleani’s work
primarily focuses on characterizing the local behavior and deformation theory of these
curves. This may have significant implications for the extension of Floer homology and
the Fukaya category (cf. [56,57,114,122,123]) to GC geometry.

Moreover, GC geometry finds applications in mathematical physics. Specifically,
generalized Kéhler geometry provides an alternative approach to studying certain bi-
Hermitian geometries in supersymmetric sigma models, initially discovered by physicists
(cf. [32]). Additionally, GC geometry aids in understanding the behavior of D-branes
within complex and symplectic manifold settings; see [70, Chapter 7], [100,101]. Gener-
alized complex geometry provides new insights into phenomena like 7-duality (cf. [40,66])
and Mirror Symmetry (cf. [70, Chapter 8]). It also plays an important role in the under-
standing of physical string theory, including supersymmetric flux compactifications that
relate 10-dimensional physics to 4-dimensional worlds (see [35,63-65,104,162]) and sigma
model (cf. [163,164]).

Beyond the aforementioned aspects of GC geometry, another important area of ap-
plication involves exploring GCS within bundles, focusing on vector bundles. These
specialized vector bundles, termed generalized holomorphic (GH) vector bundles, were
introduced by Gualtieri (cf. [70, Definition 4.27]). This generalization of holomor-
phic bundles in complex geometry to GC geometry has received much attention
[62,70,72,82,84,103,154].

Principal bundles are essential in topology, geometry, and mathematical gauge theory,
providing a framework for studying differential equations involving connections such as
the Yang-Mills equations and quantum principal bundles; see [79,137,138]|. Generally,

the study of principal bundles or vector bundles involves the following four fundamental
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differential geometric aspects:
1. The exploration of connection and curvature;
2. Chern-Weil theory and characteristic classes;
3. Hodge theory and its associated dualities and vanishing theorems;
4. Deformation theory.

Notably, in the case of holomorphic principal bundles or vector bundles, these four
aspects become even more interesting. Holomorphic structures introduce additional prin-
ciples while also opening up new possibilities to explore, revealing rich geometric prop-
erties specific to the complex analytic setting; see [7,34,86,95,98,99, 150]. Hence, given
that GC geometry extends holomorphic geometry, it is only natural to pose the following

question:
Question 1.0.1.
1. What kind of vector or principal bundle theory arises within GC geometry?

2. How are these four classical geometric components represented within the framework

of GC geometry?

In [70,72], by definition, generalized holomorphic (GH) vector bundles are complex
vector bundles defined over a GC manifold equipped with a Lie algebroid connection.
Wang further extended this in [152,154], introducing GH principal bundles by extending
the structure group action to an exact Courant algebroid. These provide an answer to (1)
in Question 1.0.1. Additionally, in [153], Wang explored the deformation of GH vector
bundles, covering one of the four geometric aspects. However, the absence of a generalized
complex structure (GCS) on the total space of the bundle in these notions is a hindrance
to the investigation of the remaining three components. Recently, in [103], Lang et al.
tried to address this by considering a new concept of GH vector bundles equipped with
a GCS on the total space. Their GCS on the total space is locally a product the GCS on
the base and the fiber. They also introduced the Atiyah sequence of such bundles and
defined its splitting as a generalized holomorphic (GH) connection. This new notion of

GH vector bundle is more rigid than the notion due to Gualtieri [70,72] and Hitchin [82],



and yields a strict subclass. But, it has the potential of being more amenable to methods
from complex geometry.

In this thesis, motivated by Question 1.0.1, we generalize the work of [103] on vector
bundles to fiber and principal bundles. To distinguish these bundles from the earlier no-
tions due to Gualtieri and Wang [154], we refer to them as strong generalized holomorphic
(or SGH) bundles. A regular GCS induces a regular foliation with symplectic leaves and
a transverse complex structure. The SGH bundles are intuitively characterized by the
fact they are flat along the leaves and transversely holomorphic. However, they form a
bigger category than the category of holomorphic bundles on the leaf space (when the
leaf space is a manifold or an orbifold), see Examples 3.4.5, and 3.4.6.

Both the base and fiber of an SGH fiber bundle are GC manifolds, and the total
space admits a GCS that is locally a product GCS derived from the base and the fiber,
see Definition 3.1.1. In the context of vector bundles, SGH vector bundles correspond
precisely to the GH vector bundles of Lang et al. (cf. [103]). Similarly, in the realm of
principal bundles, they are a subclass of the GH principal bundles analyzed by Wang
(cf. [154, Example 4.2]).

We also examine scenarios distinct from SGH principal bundles, where the general-
ized complex structure (GCS) of the total space of a principal bundle is locally equivalent
(via B-transformations and diffeomorphisms) to a product GCS, though not necessarily
identical to a product GCS as in SGH principal bundles. We provide a characterization
for principal G-bundles over complex manifolds whose total space admits a GCS locally
equivalent (via B-transformations and diffeomorphisms) to a product GCS, with G being
a symplectic manifold. Note that this result applies to SGH principal G-bundles with
G as a symplectic manifold. Furthermore, for torus principal bundles over a complex
manifold M with a characteristic class of type (1, 1), we establish that the flatness prop-
erty is equivalent to the condition of being locally equivalent (via B-transformations and
diffeomorphisms) to a product GCS.

The main contribution of this thesis is twofold. Firstly, adapting the methods of
complex geometry, we introduce a suitable Dolbeault cohomology theory for SGH vector
bundles and in using it to develop suitable generalizations of Chern-Weil theory and
Hodge theory for these bundles. Typically, this requires assuming that the leaf space of

the symplectic foliation is a complex (Kéahler) orbifold. Secondly, we describe the local
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characteristics of the GCS on the total space for certain principal bundles that do not fall
under the SGH category. Through this description, we determine their flatness property
in terms of the GCS. Following earlier work of Angella (cf. [4]), we derive a spectral
sequence for the generalized Dolbeault cohomology of the total space, together with a
related Kiinneth formula. A more detailed outline of the thesis is given in the following

section.

1.1 Structure of the thesis

The thesis is organised as follows.

1.1.1 GC Structures and related notions

In Chapter 2, we review the fundamental concepts regarding generalized complex struc-
tures (GCS) and generalized holomorphic (GH) maps. We commence by exploring linear
GCS in Section 2.1, elucidating their isotropic and spinorial descriptions.

Subsequently, in Section 2.2, we discuss GC linear maps, which serve as the linear
counterparts of GH maps. Here, we provide a comprehensive characterization, particu-
larly when the GCS of the codomain space is induced from a complex structure.

To conclude, in Section 2.3, we revisit the notions of GCS and GH maps for smooth
manifolds, and further explore their implications.

Additionally, we describe the associated cohomology theories, namely, the generalized

Dolbeault cohomology and the corresponding Lie algebroid cohomology in Section 2.4.

1.1.2 Strong GH fiber bundles and Foliations on GC manifolds

Chapter 3 introduces the concept of SGH fiber bundles offering several illustrative ex-
amples. Additionally, we establish an analogue of the holomorphic Picard group and
exponential sequence in Section 3.3.

We provide a comprehensive description of GH tangent and GH cotangent bundles

in Section 3.2, which serve as the foundational elements of this thesis.
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Furthermore, we discuss the leaf space associated to the regular symplectic foliation
& with a transverse complex structure of a regular GCS. In general, the leaf space M /.
might lack the Hausdorff property, as illustrated in Example 3.4.2. Nonetheless, assuming
M /. is a smooth orbifold, we provide a structured description of . in Theorem 3.4.1.

In Subsection 3.4.1, we give some criteria on the GCS so that the leaf space of the
associated symplectic foliation is a smooth torus, and therefore, satisfies the hypothesis
that the leaf space be an orbifold, used in most of our results. This is a generalization of
a result of Bailey et al. [12, Theorem1.9].

Subsection 3.4.2 presents a complete characterization of the leaf space of a left in-
variant GCS on a simply connected nilpotent Lie group and its associated nilmanifolds.
Finally, examples of nontrivial SGH bundles on the Iwasawa manifolds are constructed,
illustrating that the category of SGH bundles is in general different from the category of
holomorphic bundles on the leaf space; see Examples 3.4.5-3.4.6.

1.1.3 Strong GH principal bundles and GH connections

Chapter 4 is the core of this thesis. We start by describing SGH principal bundles.
Then, we follow Atiyah’s approach to defining a holomorphic connection of a holomorphic
principal bundle [7], to construct the Atiyah sequence of an SGH principal G-bundle P

over a regular GC manifold M, where G is a complex Lie group:

0 —— Ad(P) —— At(P) M 0.

Here, GM is the GH tangent bundle of M, Ad(P) is the adjoint bundle of P, and At(P)
is the Atiyah bundle of P. A GH connection on P is a GH splitting of the above the short
exact sequence (cf. (4.2.8)), and the Atiyah class is the obstruction to such a splitting;
see Definition 4.2.1 and Theorem 4.2.2.

Furthermore, in Section 4.3, a la Atiyah, we establish that the Atiyah class of an
SGH vector bundle and the Atiyah class of its associated SGH principal bundle agree up
to a sign in Theorem 4.3.1.

Utilizing Theorem 3.4.1, we develop the de Rham cohomology Hp (M) for regular
GC manifolds in Proposition 4.4.3, and the Dolbeault cohomology Hy”(M,E) of an
SGH vector bundle £ in Corollary 4.4.2.
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This leads to a notion of curvature of a smooth generalized connection (see Defini-
tion 4.2.3) on an SGH principal bundle in Subsection 4.4.2; and also, provides a crucial
relationship between the curvature and the Atiyah class in Theorem 4.4.2.

In Section 4.5, we establish the generalized Chern-Weil homomorphism for SGH prin-
cipal bundles in Definition 4.5.1 using the generalized connection of Theorem 4.4.2, and

define the generalized characteristic classes.

1.1.4 Connections on SGH vector bundles and Hodge theory

In Chapter 5, we develop the theory of smooth generalized connection and its curvature
for an SGH vector bundle. We also introduce a notion of transverse connection and its
curvature in Definition 5.1.5 and present a related Chern-Weil theory for SGH vector
bundles similar to Section 4.5.

Applying Theorem 4.3.1, we demonstrate in Theorem 5.1.3 that the existence of a
GH connection on an SGH bundle is the same as the existence of a GH connection on its
associated SGH principal bundle.

Section 5.2 develops generalized versions of classical results such as Serre duality and
Poincaré duality. Moreover, we introduce a Hodge decomposition for the D-cohomology
and dp-cohomology (see Subsection 4.4.1) of a regular GC manifold in Theorem 5.2.2.

Extending Theorem 5.2.2 for Hy*(M, E) where E is an SGH vector bundle, we es-
tablish a generalized Hodge decomposition in Theorem 5.2.3 and provide a generalized
Serre duality in Theorem 5.2.4, under the assumption of Theorem 5.2.2. Additionally, we

establish analogues of Kodaira and Serre vanishing theorems in Theorem 5.2.5.

1.1.5 GCS on torus principal bundles

In Chapter 6, we study a family of GC structures on an even-dimensional torus principal
bundle over a complex manifold with the characteristic class of type (1,1).

In Section 6.1, we present a detailed argument regarding the existence of a family
of regular GC structures on the total space of the torus principal bundle in Proposition

6.1.1. Then, in Theorem 6.1.1, we show the existence of such structures on the total



8 1.1. Structure of the thesis

space of more general principal bundles. Using Theorem 6.1.1, we provide an example
demonstrating this concept (see Example 6.1.1).

In Section 6.2, we establish the following result (Theorem 6.2.1): In a trivializing
neighborhood of a torus fiber, any GCS belonging to the family in Proposition 6.1.1
is equivalent to the product of the symplectic structure on the fiber and the complex
structure on the base up to diffeomorphisms and B-transforms if and only if the principal
bundle is flat.

More generally, in Theorem 6.2.2, we show that if a principal G-bundle, where G is
a Lie group with a symplectic structure, admits a GCS which is locally equivalent to a
product GCS in a neighborhood of every fiber, then the bundle is flat and symplectic.
Using Theorem 6.2.2, we deduce a stronger version of Theorem 6.2.1, namely, Theorem
6.2.3 which says that a principal torus bundle over a complex manifold is symplectic and
flat if and only if it admits a GCS which is equivalent to a product GCS in a neighborhood
of each torus fiber.

In Section 6.3, an application of Theorem 6.2.1 arises when employing the spectral
sequence developed by Angella et al. [4] to describe the generalized Dolbeault cohomology
of the total space of the bundle. This application is discussed within a broader framework
in Theorems 6.3.1-6.3.2 that encompasses symplectic fiber bundles, with certain assump-
tions regarding the GCS, slightly broadening the requirements outlined in [4]. The case
of principal torus bundles is stated in Corollary 6.3.1, and a Kiinneth formula for the

generalized Dolbeault cohomology of these bundles is given in Corollary 6.3.2.

This thesis relies on the content presented in the following pair of manuscripts:

1. Debjit Pal, Mainak Poddar,
Generalized complex structure on certain principal torus bundles [126],

available at https://arxiv.org/abs/2303.07835.

2. Debjit Pal, Mainak Poddar,
Strong generalized holomorphic principal bundles [127],
available at https://arxiv.org/abs/2404.18113.
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Notations:

e Let M denote a smooth manifold and E denote a smooth fiber bundle over M. For

any open set U C M,

e C(U) or C*(U,C) denotes the ring of C-valued smooth functions on U and

C'yy denotes the sheaf of C-valued smooth functions over M.
e C®(U,R) denotes the ring of C-valued smooth functions on U and C§; g denotes
the sheaf of R-valued smooth functions over M.

e (C°(FE) denotes the corresponding sheaf of smooth sections of E, and we denote
the set of smooth sections of E over U by C®(U,E) or by C*(E)(U). In
particular, if F is a complex vector bundle, then C*°(FE) is the sheaf of C-
valued sections. Similarly, if F is only a real vector bundle, then C*°(E) is the

sheaf of R-valued sections.

o Let M is a (regular) GC manifold and E denotes an SGH fiber bundle over M.

o O, denotes the sheaf of C-valued GH functions on M

e GM and G*M denote the GH tangent bundle and the GH cotangent bundle,

respectively.

e E denotes the corresponding sheaf of GH sections of £, and we denote the set
of GH sections of E over U by I'(U, E) or by E(U).

e A*® denotes the sheaf of transverse generalized forms of degree e. Similarly,
A** denotes the sheaf of transverse generalized forms of bi-degree (e, o).

e F; denotes the sheaf of smooth C-valued functions over M which are constant

along the leaves of the symplectic foliation associated with the GCS.

e For any vector bundle E over M whose transition maps are leaf-wise constant,

Fy(E) denotes the sheaf of smooth leaf-wise constant sections of E.

e H} (M) denotes the D-cohomology, and Hy* (M, E) denotes the dj-cohomology

with coefficients in F.
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Chapter 2

An Introduction to (Generalized
Complex Structures and related

notions

Generalized Complex Structures (GCS) represent a broader framework encompassing
both complex and symplectic structures. Essentially, both complex and symplectic struc-
tures, aside from their integrability condition, are significantly influenced by the behaviour
of the pointwise cotangent bundle. In simpler terms, the linear version of these struc-
tures provides substantial insight and understanding. So, we first revisit the framework of
generalized geometry in the linear case before progressively delving into GCS on smooth
manifolds. For a comprehensive exploration of linear GCS and GCS on smooth mani-
folds, we refer to [70,72]. Additionally, we explore the concept of generalized complex
(GC) maps, which align with GCS and play a significant role in defining generalized
holomorphic (GH) maps in subsequent chapters. More details regarding GC maps and
GH maps can be found in [125,149].

When considering a GCS on a smooth manifold, it gives rise to two significant per-
spectives: one in cohomology (cf. [37]) and the other in foliation theory. Cohomologi-
cal aspects play a crucial role in examining the principal bundle viewpoint over a GC
manifold, while foliation theory aids in grasping the transverse structure of a GCS. In
favourable scenarios, such as when the leaf space of the induced foliation forms a smooth
manifold, a wealth of information can be derived. For a detailed study of foliation and

its transverse structures, we refer to [6,117]. In this chapter, we will focus exclusively on

11
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delving into the cohomology theory in detail. The discussion of foliation theory will be

reserved for Chapter 3. This chapter is split into four sections:
1. Linear generalized complex structures (Section 2.1).
2. Generalized complex linear maps (Section 2.2).
3. GC Structures and generalized holomorphic map on manifolds (Section 2.3).

4. Related cohomologies for GC manifolds (Section 2.4).

2.1 Linear generalized complex structures

Understanding generalized complex structures (GCS) on vector spaces is notably simpler
compared to their manifold counterparts. Their classification is more direct, as the type
of a GCS remains constant across the entire space, facilitating a straightforward catego-
rization. In other words, linear GCS presents a simpler scenario, serving as a starting
point in this chapter. In this section, we recall some fundamental notions of linear gen-
eralized complex (in short, GC) geometry. We will primarily refer to [70,72] and the
references therein, for most of the definitions and results.

Consider a finite dimensional real vector space V. The direct sum of V' and its dual
space, denoted as V & V™, is endowed with a natural symmetric bilinear form of signature
(n,n)

(X +6Y 1) = ;(g(Y)m(X)) VX4EY +neVeav:. (2.1.1)

Definition 2.1.1. ( [70, Chapter 4]) A generalized complex structure (GCS), denoted by

dv, on 'V is a linear automorphism of V& V* satisfying the following two conditions
1. (complex condition) J%, = —1;
2. (symplectic condition) g7, = —Jv .

Here (V& V*)* is identified with V @& V* via the bilinear form, as defined in (2.1.1). The
pair (V,dv) is called GC vector space, and Jy is called a linear GCS on V.
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Example 2.1.1. Let V be any 2n-dimensional vector space and consider the following

two linear GCS on V

-1 0 0 —w!
HV,I = , and HV,w =
0 I w 0

where I and w are the usual complex and symplectic structures, respectively.

Remark 2.1.1. From Ezample 2.1.1, we can see that any even-dimensional vector space
is a GC wvector space. The converse is due to Gualtieri (cf. [72, Proposition 3.3]) that
V' is a GC vector space if and only if V is an even-dimensional real vector space. Put
differently, a prerequisite for discussing linear GCS on V' is that V' must be of even

dimension.

Given any GC subspace (V,Jy ), we can naturally complexify it, and consider it as an
automorphism of (V' @ V*) ® C. This leads to the following two complex subspaces of
VeV )eC

Ly ={zxe (Vo V") C|Jr=1ir};
B (2.1.2)
Ly ={re(VaoV")®C|jr=—iz},
where Ly denotes the complex conjugation of Ly . Ly and Ly are the +i and —i
eigenspaces, respectively. Since Jy is a real operator on (V@& V*)®C (that is, Jyz = JyT),

both Ly and Ly have identical characteristics. Below are some essential properties of

Ly .

1. Because Jy is orthogonal with respect to the bilinear form, defined as in (2.1.1),

(x,y) =0 for all z,y € Ly . Here we are identifying (, ) with its complexification.
2. dim¢ Ly = dimg V and Ly N Ly = {0}.

Conversely, given any complex subspace L < (V@& V*) ® C with the preceding properties,
we can define a linear GCS on (V@ V*)®C whose +i-eigenspace is L, as defined in (2.1.2).
Therefore, the following proposition is available due to Guatieri (cf. [70, Proposition 4.3]).

Proposition 2.1.1. Any linear GCS on V is equivalent to the specification of a complex

subspace L < (V @ V*) ® C with the following properties

1. (z,y) = 0 for all x,y € L where (, ), as defined in (2.1.1), is identified with its

complexification.
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2. dimc L = dimg V and LN L = {0}.

The subspace L in Proposition 2.1.1 is known as mazimal isotropic subspace of real
index zero (cf. [70, Section 2.2]). In order to gain a deeper understanding of linear gener-
alized complex structure on V', it is necessary to thoroughly examine maximal isotropic
subspaces of (V @ V*) ® C. In the following section, we will delve into this topic exten-
sively. Before proceeding further, it’s important to address another aspect of linear GCS
known as B-field transformation (cf. [70, Example 2.1]). It can also be seen as a method
for obtaining a new linear GCS from an older one.

Let gy be a linear GCS on V. Let B € A2V* and view it as a linear map V — V*
via interior product v +— i,B = B(v,-). Then, We can deform gy, by B and get another

linear GCS,

1 0
(dv)p := e PJve® where e = 51l (2.1.3)

Definition 2.1.2. (Jy)p is called a B-field transformation or B-transformation of Jy .
The +i-eigenspace of (Jy)p is just

(Ly)g = {X +€—B(X, )| X + €€ Ly} (2.1.4)

2.1.1 Isotropic viewpoint of a linear GCS

In this subsection, we provide a formal introduction to the concept of a maximal isotropic
subspace and review its properties. We also explore a characterization of these subspaces.
The isotropic viewpoint of a linear GCS will prove highly beneficial in our future endeav-
ours to characterize foliation aspects induced by a GCS on a manifold. Furthermore, it
will provide a thorough understanding of GC maps on a GC manifold at a later stage.
Throughout our discussion, we confine our discussion to real vector subspaces only. How-

ever, we will mainly utilize its complexification version, as we will soon observe.

Definition 2.1.3. ( [70, Section 2.2]) Let V' be a real vector space, and let L <V @ V*

be a vector subspace.

1. L is called an isotropic subspace if (x,y) =0 for all z,y € L where (, ) is defined
as in (2.1.1).
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2. L is called a mazimal isotropic subspace if it is isotropic and dimg L = dimg V.
Example 2.1.2. V and V* are two natural mazximal isotropic subspaces.

Example 2.1.3. Let E be any subspace of V, and let o € A2E* be considered as an map
from E to E*. Consider the subspace of V & V*

LE,o)={X+¢c Ea V" |[{lp=0(X)}. (2.1.5)
By [70, Example 2.5], L(E, o) is a mazimal isotropic subspace.

The following theorem, due to Gualtieri (cf. [70, Proposition 2.6]), provides a complete

classification of maximal isotropic subspaces of V & V*.

Theorem 2.1.1. Every mazimal isotropic subspace of V@ V* can be expressed in the

form L(E, o), where L(E,0) is defined as in (2.1.5).

Note that, the integer £ = Codimg(E) = dimg Ann(E) is an invariant associated to

a maximal isotropic subspace L = L(F, o) where E is the projection of L onto V.

Definition 2.1.4. The type of a maximal isotropic subspace L of V& V™ is the codimen-
sion of the projection of L onto V' and it is denoted by Type(L).

Remark 2.1.2. Note that Type(L) € {0, ...,dimg V'} because dimg E € {0, ...,dimg V'}.

Let B € A2V*. Consider the B-transformation e? : V@ V* — V @ V*, as defined in
(2.1.3). One can see that e?(X+¢) = X+£+B(X, -) which implies that B-transformation
does not effect the V-component. In particular, given any maximal isotropic subspace

L = L(E, o) with the inclusion map i : E < V', the maximal isotropic subspace
e®(Ly=LE,c+i*B)={X+ ¢+ B(X, )| X +£€ L}, (2.1.6)

shows that Type(L) is invariant under any B-transformation. Now, the inclusion map
i : E < V induces an onto map * : V* — E*, and so, there exists B’ € A2V* such that

1*B’ = o . This implies
L =P (L(E,0) = % (E @ Ann(F)) .

To summarize the preceding discussion, we arrive at the following proposition.
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Proposition 2.1.2. ( [70, Section 2.2]) Any mazximal isotropic subspace L = L(E, o) is
a B-transformation of L(E,0) for B chosen such that i*B = o, that is

L =eP(L(E,0)).

Remark 2.1.3. Note that, after a B-transformation of a linear GCS Jy on V, the
corresponding +i-eigensubspace (Lv) g, defined in (2.1.4), is simply (Ly)p = e B(Ly) by
(2.1.6) where Ly denotes the +i-eigensubspace of the linear GCS.

This subsection primarily discusses the maximal isotropic subspace of V @ V* using
linear algebra, mainly focusing on its projection onto V' . However, a more sophisticated
algebraic approach involves describing it through Clifford algebra of V' & V*, specifically
utilizing pure spinors. This refined approach offers a deeper understanding of the maximal

isotropic subspace. The subsequent section delves into this with greater elaboration.

2.1.2 Spinorial viewpoint of a linear GCS

Consider a finite dimensional real vector space, denoted as V. The maximal isotropic
subspaces within V' V™ can alternatively be characterized by their associated pure spinor
lines. Viewing them from a spinorial perspective enables a more nuanced examination
of the linear generalized complex structures. This approach lays the groundwork for de-
scribing GCS on manifolds through differential forms, facilitating a differential geometric
understanding and capturing cohomological aspects in a more refined manner. Below,
we revisit this connection. For a detailed study of Clifford algebras and spinors, we refer
to [49].
Consider the action of V@ V* on A*V* defined by

(X+& -p=ixp+ENp.

This action can be extended to the Clifford algebra of V & V* corresponding to the
natural pairing (2.1.1). This gives a natural choice for spinors, namely, the elements of

the exterior algebra on V* A®V*.
Definition 2.1.5. ([70, Section 2.5]) Let ¢ € A\*V* be a nonzero spinor.

1. Null space of ¢, denoted as Ly, < V@V*, is defined as Ly := {x € V@V*|zx-¢ =0} .
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2. The spinor ¢ is called pure if Ly is a maximal isotropic subspace.

3. The 1-dimensional subspace in \*V*, denoted as Uy, generated by the spinor ¢, is

called spinor line. Uy, is called a pure spinor line if ¢ is a pure spinor.

Remark 2.1.4. The null space Ly is by definition a isotropic subspace of V@ V*. So, ¢
is a pure spinor, if dimg Ly = dimg V.

Notice that, if ¢ is a pure spinor then e?¢ := e¢® A ¢ is also a pure spinor for any B €
A?V*. In particular, L.ss = e B(L). Therefore, in order to characterize the pure spinor
associated with a maximal isotropic subspace L(F, o), it suffices to describe the pure
spinor associated with L(F,0) according to Proposition 2.1.2. The following proposition

attributed to Gualtieri (cf. [70, Lemma 2.23]) effectively resolves our issue.

Proposition 2.1.3. Given any subspace E < V of Codimg(E) = k, the mazimal
isotropic subspace L(E,0) is associated to the pure spinor line det(Ann(E)) < AFV*.

This leads to a comprehensive characterization of the relationship between a maximal
isotropic subspace and its corresponding pure spinor line. Put differently, it provides
a clear depiction of the pure spinor line associated with any given maximal isotropic

subspace, as outlined below.

Theorem 2.1.2. ( [72, Proposition 1.3]) Let L = L(E,o0) < V @& V* be a mazimal
isotropic subspace with Codimg(FE) = k. Let B € A*V* be a 2-form such that i*B = —o
where i : E < V is the inclusion map. Let {61,...,0;} € V* be a basis for Ann(E).

Then, the pure spinor line U associated with L, is generated by
d=eBON---NO.

Corollary 2.1.1. There is a bijection between the set of maximal isotropic subspaces of

V @& V* and the set of pure spinor lines in AN*V*.

Define a linear map a on A*V* which acts on decomposable forms by
alag N Na;)=a; N...Nay.

Definition 2.1.6. Given two forms of mized degree o; = 3 al‘-j, 1 =1,2, where deg(of) =

J, in an n-dimensional vector space, we define their pairing, (o, 09) by

(01, 02) = (a(01) A 02)T0p, (2.1.7)

where Top indicates the degree n component of the wedge product.
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The forthcoming result will play a pivotal role in establishing the linear GCS in the
subsequent subsection. In simpler terms, this outcome delineates the intersection of
maximal isotropic subspaces in relation to the pure spinor utilizing the pairing defined in

(2.1.7).

Proposition 2.1.4. ( [70, Proposition 2.21]) Given any two maximal isotropic subspace
L1, Ly <V @ V*, dimg(L; N Lg) = {0} if and only if (¢1,ds) # O where ¢; is the pure
spinor associated with L; for i = 1,2, and (, ) is the pairing as defined in (2.1.7).

2.1.3 Complexification and classification

The inherent bilinear form (, ), as defined in (2.1.1), extends naturally from V & V* to
(Ve V*)®C. By complexifying V @ V*, all of the aforementioned results and definitions
regarding maximal isotropic subspaces and spinors for V& V* can be naturally broadened

to (V@ V*) ® C. We consolidate the preceding results within this new framework.

Theorem 2.1.3. ( [70, Proposition 2.25]) Let V' denote a real vector space of finite
dimension. A mazximal isotropic subspace L of (V & V*) ® C, of Type(L) = k €

{0,...,dimg V'}, can be characterized equivalently by the following information:

1. A complex subspace E of dimc E' = dimg V — k within the vector space V& C, along

with a complex form o € N2E* .
2. A complex pure spinor line Uy, is generated by
O = deBTwo A N O,

where B +iw € AN*V* ® C, ¢ € C\{0}, and {01,...,6x} € V* @ C are linearly

independent complex 1-forms.

3. A complex subspace L < (V@ V*)®C with maximal isotopic property with respect to
(,) such that E = p(L) with dimc E = dimg V —k where p : (VOV*)®C — V®C

is the natural projection map onto V ® C.

The Proposition 2.1.1 demonstrates that the maximal isotropic property alone within
a subspace L < (V @ V*) ® C does not invariably guarantee the presence of a linear

generalized complex structure (GCS) on V. This is due to the fact that if L is a maximal
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isotropic subspace, then its complex conjugate L also forms a maximal isotropic subspace,
and the intersection LNT may not always be a zero subspace. Specifically, LNL = L®C
for some real subspace L < V @ V*. To illustrate, one can take any maximal isotropic
subspace within V @& V* and complexify it, yielding another maximal isotropic subspace
within (V@& V*)®C, denoted as L'. Consequently, L' N L’ represents the complexification
of the initial maximal isotropic subspace. Hence, the complex dimension of LN L assumes

significance in the analysis of linear GCS. Thus, we introduce the following definition.

Definition 2.1.7. ( [70, Definition 2.26]) The real index of a mazximal isotopic subspace
L < (V& V*)®C, denoted by r(L), is defined as the complex dimension of L N L, that
18,

r(L) := dim¢ L N L = dimg L,
where LN'L = L ® C for some real subspace L <V @& V*.

According to Proposition 2.1.1, if we have a maximal isotropic subspace L < (V&V*)®
C with real index zero, it will induce a linear generalized complex structure (GCS) on V
such that L becomes the +i-eigenspace of that linear GCS. In simpler terms, if we consider
a GC vector space V', we can decompose (V@& V*)@Cas (VO V*)®@C= L& L where L
is the maximal isotropic subspace of real index zero, and projecting this decomposition
onto V ® C, we obtain V@ C = E + E where E = p(L). Thus, the following relationship
holds.

1 —
= Type(L) = 5 Codimc(ENE).

Since Codimc(E N E) € {0,...,2n}, Type(L) € {0,...,n} where dimgV = 2n (cf.
Remark 2.1.1).

Definition 2.1.8. Let (V,dy) be a GC vector space. Then, the type of the linear GCS
Jv, denoted by Type(dv), is defined to be the type of the corresponding +i-eigen space of
dv, that is,

dimg V
Type(dv) := Type(Ly) € {0, . R } ,

2
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where Ly is the corresponding +i-eigen space (mazimal isotropic subspace of real index

zero) of Jy as defined in Proposition 2.1.1.

Similar to Theorem 2.1.3, a maximal isotropic subspace of real index zero can be de-
scribed by its projection onto V' ® C and also its spinorial viewpoint using Theorem 2.1.2
and Proposition 2.1.4, respectively. This characterization not only aids in a deeper under-
standing of GC maps but also illuminates the vector bundle viewpoint and cohomological
perspective of a GCS on smooth manifolds. This characterization, credited to Gualtieri

(cf. [70, Proposition 4.4, Theorem 4.8]), is formalized in the subsequent theorem.

Theorem 2.1.4. Let V' real vector space with dimg V' = 2n (c¢f. Remark 2.1.1). Let
L = L(E, o) be a mazimal isotropic subspace of (V & V*) ® C with Type(L) = k. Let Uy,
be the corresponding complex pure spinor line, generated by

§b — €B+in7

where Q =60, A -+ A0 and B +iw, {01,...,0k} are as in Theorem 2.1.8. Then the real
index of L wvanishes, that is, v(L) = 0 if and only if one of the following conditions is
satisfied.

1. E+ E =V ®C and the real 2-form Qa := Im(c|agc) is non-degenerate on A ® C
where ENE = A® C with A <V as a real subspace.

2. (¢,0) =W F ANQAQ £ 0 where ¢ is the generator for the pure spinor line Ur . In
other words,
o {01,...,0k, 01,...,0,} are linearly independent, and

o w|a is non-degenerate on A where A < V' is a real (2n — 2k)-dimensional

subspace defined as A ® C =ker(QAQ).

Remark 2.1.5. In Theorem 2.1.4, we used the same notation for both ker(Q2 A Q) and
ENE. This is because, according to Theorem 2.1.2, the set {0y,...,0,} € V* @ C in
Theorem 2.1.4 forms a basis for Ann(E), implying that ENE is a subspace of ker(QAQ).

Therefore, the equality of dimensions, that is,
dimcker(Q A Q) = dimc EN E = 2n — 2k,
indicates that ker(Q A Q) and ENE are identical, that is,

ker(QAQ)=FENE.
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Example 2.1.4. ( [70, pp 45-46])

1. Let W be a symplectic dimensional vector with a symplectic structure w. Then Jw,,,
as defined in Fxample 2.1.1, is a linear GCS of type 0 with the corresponding pure

spinor line generated by €™ .

2. Let V be a complex n-dimensional vector with a complex structure I. Then Jy,
as defined in Example 2.1.1, is a linear GCS of type n with the corresponding pure

spinor line N"OV* generated by any nonzero (n,0)-form Q™% € AmOV* .

3. The product linear GCS, denoted by Jwxv = Jww B dve, on (W, dw,) ® (V,dvr) is
of type n and can be described by the pure spinor line in A*(W & V)*® C generated
by e A Q0

Example 2.1.4 The third example in Example 2.1.4 demonstrates that when pro-
vided with any two complex and symplectic vector spaces, it’s possible to obtain a linear
GCS of a type that does not fall into the extremal cases. On the other hand, for an
even-dimensional real vector space, it’s always possible to achieve a linear GCS of both
extremal types. This leads to the question of describing a linear GCS of a type between
these extremal cases. It has been established that such a linear GCS closely resembles
the product linear GCS as outlined in Example 2.1.4. In other words, any linear GCS
of a fixed type can be completely characterized. The following theorem presents this

characterization.

Theorem 2.1.5. ( [70, Theorem 4.13]) A linear GCS of type k over a real vector space
of dimension 2n can be represented as a B-transformation applied to the direct sum of a
symplectic structure, having a real dimension of 2n — 2k, and a complex structure with a
complex dimension of k. In other words, it can be viewed as the B-transformation of the
product linear GCS, Jwxv, as illustrated in Example 2.1.4 where (V¥ Jv1) represents a
suitable complex vector space of complex dimension k, and (W, dw,,) denotes a suitable

symplectic vector space of real dimension 2n — 2k.
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2.2 Generalized complex linear maps

When considering any geometric structure imposed on a smooth manifold, the central
inquiry pertains to the types of mappings that preserve the structure. In the context of
complex manifolds, the natural choice for such mappings is holomorphic maps. However,
in the case of symplectic manifolds, defining analogous mappings is not immediately
evident since the pullback of a symplectic form may not always be a non-degenerate form.
Nevertheless, by regarding a symplectic manifold as a Poisson manifold with the naturally
induced Poisson bivector, we can establish a framework for defining such mappings. For
a detailed study of the geometry of complex and Poisson manifolds, we refer to [50,
86, 148]. Because GC manifolds encompass both complex and symplectic manifolds, the
fundamental requirement for maps on such manifolds must adhere to the criteria set forth
for mappings in complex and Poisson manifolds.

In the context of GC manifolds, such mappings are termed generalized holomorphic
(GH) maps. Tt will become apparent in subsequent sections that GH maps rely on the
point-wise GC vector space structure of the tangent bundle of GC manifolds. Thus,
before delving into the manifold case, it is imperative to examine such mappings within
the framework of GC vector spaces. This section serves as an introduction to the linear
version of GH maps, also known as generalized complex (GC) maps. We will primarily rely
on [125,149] and the references contained therein for most of the definitions and results.
We might also recommend referring to the article [127, Section 2| for a comprehensive
overview of the topics discussed in this section, conveniently gathered in one place.

Let (V,dy) be a GC linear space with +i-eigenspace Ly. Consider the projection
map

p: VeV ) eC—V®C.

Let p(Ly) = Ey and let By N Ey = Ay ® C where Ay < V is a real subspace. Then by
Theorem 2.1.3 and Theorem 2.1.4, we have

1. Ly = L(Ey,0) for some o € A’E}; ;
2. By + Ey =V @ C with a non-degenerate form Qa, on Ay ® C, defined as

Qa, = Im(o|ayec) -
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Since Qa, is non-degenerate, following [125, Section 3], Py = L(Ay ®C, Qa, ) is called

the associated [linear Poisson structure of Jy on V ® C.
Definition 2.2.1. ( [125]) Let ¢ : (V,dv) — (W, dw) be a linear map between two GC

linear spaces. Then 1) is called a generalized complex (GC) map if

2. Q,D*(ﬁ’v) = Py where 1, denotes the pushforward of a Dirac structure, as in [125,

Section 1], namely,

bu(Py) ={(Y)+ne(WaW)C|Y +¢*(n) € Pr}.

Remark 2.2.1. Given a B-field transformation of Jy, we see that

p((Lv)s) = p(Ly),

where (Ly)p is as in (2.1.4). Since the imaginary part of o is also preserved, the associ-
ated linear Poisson structures are the same for both GCS. This shows that the notion of

GC map is insensitive to B-field transformations.

Let (V,dy) be a generalized complex (GC) linear space. Then gy can be written as

—Jyv By
By J:

Jv =

where Jy € End(V), By € Homg(V,V*) and y € Homg(V*, V). Using J7 = —Jv (cf.
Definition 2.1.1), we get By € A2V* and By € A?V.

Lemma 2.2.1. Let ¢ : V. — W be a GC map between two GC linear spaces. Then
Y(Ey N Ey) = Ey N Ey.

Proof. Let w € Aw ® C = Ey N Ew. Then w + Qa,, (w) € Py. Since 1,(Py) = Py,
there exist v € Ay ® C = Ey N Ey and n € W* ® C such that

w+ Qay (w) =) +1.

This shows that ¢ (v) = w and Ew N Ey C ¢¥(Ey N Ey).
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For the converse part, let v € EyNEy be a non-zero element. Let 1(v) = w € W®C,
and let QAW : W ®C — A}, ® C be an extension of Qa,, : Ay ® C — A}, ® C such
that Qa,, € A2W* ® C. Then, we have ¢*(Qa,, (w)) € V* ® C and

Dy, (0" (Qay (w))]ayec) + 47 (Qay (w)) € Py (2.2.1)

Denote Q5 (*(Qa,, (w))|aysc) € Ay ® C by /. Then,

v = Q8 (07 (Qay ()] ayec)
— Qa, (V) = 9" (Qaw (w)]ayec
—> Qa, (0)(v) = &7 (Qay (W) (v)
— Qa, (V) () = Qay (W) ($(0))
— O, (V,0) =0 (as ¢¥(v) = w)
— v=kt (as Qa, is non-degenerate on Ey N Ey and k € C\{0})

= v =k Q) (V" (Qay (w))|ayac)

Note that ¢(Q£b(¢*(QAW(w))|AV®C) + (Qa,, (w)) € Py by (2.2.1), and also

VIR (" @ (W)]avec) = () =

Thus w € Ew N Ey and ¢¥(Ey N Ey) C Ey N Ey. This proves the lemma. O

Remark 2.2.2. The assertion made in the statement of Lemma 2.2.1 is claimed in the

proof of [125, Proposition 3.2]. However, the argument given there is not very explicit.

Remark 2.2.3. The inclusion ¢ (EyNEy) C EwNEy can also be understood as follows:

Let v € Ey N Ey be a non-zero element. Note that, 1 is a real linear map, that is,

() =),

forallv' € V@C. Letv = b for someb € Ey.. Then, by Definition 2.2.1, 9(v) , 1(b) € Ew
and so, ¥(b) € Ew. Since ¥ is a real map, ¥ (v) = ¢(b) € Ey. Therefore,

P(v) € Ew N Ew .

The proofs of the next two lemmas are modelled on similar arguments in [103].
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Lemma 2.2.2. Let (V,Jy) and (W,dw) are GC linear spaces with

—J —Jw 0
3V( v m) o aw( W )
By J 0 Jy

where Jy is a complex structure on W. Then ¢ : V. — W is a GC map if and only if

YolJy=Jyoy , Yofy=0.

Proof. Let dimV = 2n and let the type of Jy be £k € NU {0}. Since the definition of
GC map is invariant under a B-transformation, we can assume without loss of generality

that
(‘/7 gV) - (‘/17 Jl) SY) (‘/2) JQ) )
where (V1,J;) = (R%, Jget) = CF and (Va, Jo) = (R* % wy). Here, Jgor and wy denote
the standard complex and symplectic structures on the corresponding spaces.
It follows that Ey = V"' @ (V3 ® C). Since By N Ey = V, ® C, the Poisson bivector

on V is
_ 0, on V*®C,
By =
wy!, on Vy®C.
Hence,

Py =L(Va®C,w) = L(V*®C, By).

Similarly, as W is a complex vector space, we have Ey = W%! and so, Ey N Ey = {0}.

Thus, By, the Poisson bivector on W is 0 and we get
Py =W*®C=L(W*®C,0).

Then, by Lemma 2.2.1, ¢,(Py) = Py if and only if ¢ 0wy = 0. Thus, ¢ is a GC map if
and only if
YV @ (Va®C)) c WO and owyt =0.

Hence, for any v; € V; and vy € V5, we have

P((=Ji(0))) = (=Jw)((v1)) and P(vz) = 0.

This implies
Yoldy=Jyory and Yofy =0
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Jp 0 ~ 0 0
Jy = and [y = —fy = :
0 0 0 —wp!

Let ¢ be any complex valued linear function on V. Considered as an element of V*®C,

where

]

) has two components corresponding to the decomposition (V @& V*) @ C = Ly @ Ly,
namely ¢, and ¢z

Lemma 2.2.3. A linear map ¢ : (V,Jy) — C = (R?, Jre) between two GC linear spaces,
is a GC map if and only if ¢ € (Ly N (V* ® C)) that is, Yz~ = 0.

(JV 5V)
dJv = :
By Jp

Suppose ¥ : (V,Jy) — (R?, Jge) is linear a GC map. Let

Proof. Let gy be written as

Y, = Y1+,
Y (2.2.2)
Yy =Yoo+ 12

where Y1,Y; € V®C and ny,m, € V* ® C. Then, considering ¢ as an element of VV* ® C,
we have Y; + Y, = 0 and n 4 7, = 1. Since ¢y, € Ly and ¢~ € Ly, we have the

following equations,

—Jv(V1) + Bv(m) = Y1, Bv(Y1) + Jy(m) = in,

—Jy(Ya) + Bv(ne) = —iYs, By (Ya) + Ji(n2) = —ins.

(2.2.3)

Now, by Lemma 2.2.2, ¢ o 5y = 0 which implies gy (¢)) = 0. By adding the equations
in the first column in (2.2.3), we get Sy (v) = i(Y; — Ys) which implies Y} = Y5. Since
Y1+Y, = 0, we derive Y] = Y5 = 0. Then, the second column in (2.2.3) yields J;(n;) = im
and Ji7(ny) = —iny. Adding these, we obtain

Ju () =i(m — )
= Yoy =i(m —1n)
— Jrz oty =i(n —1n2) (by Lemma 2.2.2)
= i(m +n2) = t(m — 1)

:772:0
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It follows that ¢z~ = 0.
Conversely, Suppose ¢z~ = 0. Then ¢ € Ly and so Jy(¢)) = 4¢). This implies that

By() =0, Jy() =1,
= Yof=0, Yoldy=Jgot.

Thus, by Lemma 2.2.2, ¢ is a GC map. m

2.3 Generalized complex structures and generalized

holomorphic maps on manifolds

The notion of a Generalized Complex Structure (GCS) can be visualized as a linear GCS
that varies point by point on the tangent bundle of a smooth manifold. Our current
endeavour extends our previous work to encompass the tangent bundle, maintaining a
pointwise perspective throughout. Since we are dealing with smooth manifolds, we aim
to ensure that all operations vary smoothly from point to point. This necessitates an
integrable condition similar to that found in complex or symplectic manifolds. This
integrability is defined using the Courant bracket.

In this section, we formally define GCS on smooth manifolds along with the notion of
GH map. Additionally, we provide some elementary examples to enhance understanding
of GCS and GH maps. To provide context, we revisit some concepts introduced in Section
2.1 and Section 2.2, framing them in terms of the tangent bundle. We will primarily refer
to [70,72,125] and the references therein, for most of the definitions and results regarding
GCS and GH maps on smooth manifolds. We might also recommend referring to Section
2 of the articles [126, 127] for a comprehensive overview of the topics discussed in this

section, conveniently gathered in one place.

2.3.1 Generalized complex structures

To define a GCS on an even dimensional smooth manifold M, we need three key in-
gredients. Firstly, given any 2n-dimensional smooth manifold M, the direct sum of the

tangent and cotangent bundles of M, which we denote by T'M & T*M , is endowed with
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a natural symmetric bilinear form of signature (2n,2n)
1
(X4EY +n) = S(E) +n(X)). (2.3.1)

Secondly, we need the Courant Bracket on the smooth sections of T'M & T*M which is

defined as follows.

Definition 2.3.1. The Courant bracket is a skew-symmetric bracket defined on smooth

sections of TM & T*M, given by
L. .
(X +&Y +1]:=[X,Y]ne+ Lxn— Ly — §d(zX77 —iy€), (2.3.2)

where X, Y € C(TM), &,n € C°(T*M), [, |Lie is the usual Lie bracket on vector fields,
and Lx, ix are the Lie derivative and the interior product of forms with respect to the

vector field X, respectively.

For the third ingredient, consider the action of TM & T*M on A*T*M defined by

(X+8 p=ixp+ENp,

where X +& € TM &T*M and ¢ € A*T*M. This action can be extended to the Clifford
algebra of TM @ T*M corresponding to the natural pairing (2.3.1). This gives a natural
choice for spinors, namely, the exterior algebra of cotangent bundle, A*T*M. Define a

linear map a on A*T™M which acts on decomposable forms by
aflay AN ... ANa;) =a; N...Nay.

Definition 2.3.2. Given two forms of mized degree o; = 3 0¥, i = 1,2, where deg(o¥) =

k, in an n-dimensional vector space, we define their pairing, (o1, 03) by

(01, 02) = (a(o1) A 2)10p, (2.3.3)
where Top indicates the degree n component of the wedge product.

Now, we are ready to present the notion of the generalized complex structure (GCS)

on a 2n-dimensional smooth manifold M in three equivalent ways.

Definition 2.3.3. ( [70], [72]) A generalized complex structure or GCS on M is deter-

mined by any of the following three equivalent sets of data:
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1. A subbundle Ly of (TM & T*M) ® C which is mazimal isotropic with respect to

the natural bilinear form (2.3.1), and involutive with respect to the Courant bracket

(2.3.2), and also satisfies Ly N Ly = {0}.

2. A bundle automorphism Jyr of TM & T*M which satisfies the following conditions:
(a) 33 = —1
(b) d3y = =, i.e., Jnr is orthogonal with respect to the natural pairing (2.3.1)

(¢) dar has vanishing Nijenhuis tensor, i.e.,

forall A,B e C*(TM &T*M).

3. A line subbundle Up; of N*T*M @ C which generated locally at each point by a form
of the form ¢ = BT A Q. such that the pairing (2.3.3)

(o, &) =W FAQAQ#0, (non-degenerate condition)

where B and w are real 2-forms and ) is a decomposable complex k-form, and p
satisfies

dp =u-¢, (integrability condition) (2.3.4)
for some u € C*((TM @& T*M) ® C), where d is the exterior derivative.
The pair (M, dar) is called a generalized complex (in short, GC) manifold.

At each point, the degree of ) is same as the type of the GCS at that point, as we

have seen in Theorem 2.1.4.
Definition 2.3.4. Let (M, Jy) be a GC manifold.

1. A point near which the type is locally constant is called a reqular point. If every

point of M is reqular, we say that the GCS is regular.
2. M is called a reqular GC manifold if the GCS, Jyr is regqular.

3. The line bundle Uy that defines the GCS is called the canonical line bundle.
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Remark 2.3.1. Note that equations (2.1.1) and (2.1.7) are identical to equations (2.3.1)
and (2.3.3), respectively, when considering GC' linear spaces. Transitioning from GC
linear spaces to GC manifolds, the Courant bracket provides the integrability condition

for dar, which can be described in terms of the involutivity of Ly, the vanishing Nijenhuis

tensor, or satisfying (2.3.4), as defined in Definition 2.3.3.

Remark 2.3.2. In Definition 2.3.3, the equivalent conditions 1 and 2 are related to each
other by the fact that the subbundle Lj; can be obtained as the +i-eigenbundle of the

automorphism Jyr. This precisely corresponds to Proposition 2.1.1 for linear GCS.

Let f: (M,dn) — (N,dn) be a smooth map between two GC manifolds. Then,
following [70, Section 2.7], we can define the pullback and push forward of the +i-
eigenbundles, denoted by f*Ly and f, Ly, respectively, as follows.

fily ={f X+ne (TN®T*N)RC| X+ f'ne Lu}.

Let us consider some simple examples of GCS, similar to Example 2.1.1.

Example 2.3.1. Let (M, Jy) is a complex manifold with a complex structure Jy;. Then

the natural GCS, of type dimQRM, on M is given by the bundle automorphism

—Jy 0
I = TMeT"M —TMeT*M .
0 Iy

Its corresponding +i-eigen bundle is

Ly =T"M @ (T"°M)* .
Example 2.3.2. Let (M, w) be a symplectic manifold with a symplectic structure w.
Then, the bundle automorphism

0 —w!
I = TMeT"M —TMeT "M,
w 0

gies a natural GCS of type 0 on M. The +i-eigen bundle of this GCS is
Ly ={X—-iw(X)|XeTM®C}.
Example 2.3.3. ( [70, Section 4.8]) Consider the following differential form.

p=2+dzAdzy on C*=(R* Jns).
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o When z; =0, we have

p=dz Ndzy and dp=0.

o When z; # 0, we have

dzyNdzg a

p=ze 7 and dp:(—afzz)-p

Therefore, from Definition 2.3.3, we can see that p induces a GCS on C?.

Example 2.3.4. ( [70, Ezample 4.12]) Consider two GC manifolds denoted as (M, dar,)
and (Ms, dpr,). Then, the product GCS, denoted as Jy, xnr,, S characterized by the maz-
imal isotropic subbundle @§:1 Pr3(Lyg), with the corresponding canonical line bundle
locally given as /\]2:1 P} ¢;. Here, for j = 1,2, Ly, and ¢; denote the respective +i-
eigenbundle and local generator of the canonical line bundle for Jpr;, while the map
Pr; : My x My — Mj is the natural projection map onto the j-th component and

Pr3(Lag,) is defined similarly as in (2.3.5).

Remark 2.3.3. Note that, the GCS in Example 2.5.3 is of type 0 outside a codimension

2 hypersurface and type 2 along the hypersurface.

Before delving deeper, it’s essential to discuss B-transformations of a GCS on smooth
manifolds. Let B be an element in Q*(M), interpreted as a map B : TM — T*M
defined via the interior product such that X ~— ixB = B(X,-). This allows us to
construct a natural orthogonal, with respect to the natural bilinear form as in 2.3.1,

bundle automorphism

1 0
eB TM&T M — TM®T*M .
B 1

When transitioning from linear GCS to GCS on smooth manifolds, one might initially
assume that for any real smooth 2-form B, the bundle automorphism (Jy)p of TM &
T*M, defined analogously to (2.1.3), , yields a GCS on M. However, this assumption
is not entirely accurate. Although (L,/)p, defined similarly as in (2.1.4), is a maximal
isotropic subbundle, there remains a requirement for involutivity of (Lys)p with respect
to the Courant bracket, as defined in (2.3.2). This condition is equivalent to ensuring

that e is an automorphism of the Courant bracket, expressed as

[e7(C), e?(D)] = e”([C, D)),
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for all C, D € (TM @ T*M). The following proposition addresses this issue and provides

a necessary and sufficient condition for e? to be an automorphism of the Courant bracket.

Proposition 2.3.1. ( [70, Proposition 3.23]) For a real smooth 2-form B € Q*(M), P
is an automorphism of the Courant bracket if and only if dB vanishes, that is, dB = 0 if
and only if

[eB(C),eB(D)] = B([C,D]) forall C,D e (TM&T*M).

To sum up, when considering any GC manifold (M, J,/), a B-field transformation
(in short, B-transformation) of Jj; only involves deformation by a real closed 2-form B,

resulting in another GCS on M, denoted as

1 0
() =e Podyoe? where e = 5 , (2.3.6)
1

similar to the definition in equation (2.1.3), with the +i-eigenbundle, denoted as
(Lv)p ={X+E&—-B(X, )| X+&€ Lyt (2.3.7)

Definition 2.3.5. Let (M,Jy) be a GC manifold. Let Type(du ) denote the type of
Ime at © € M, as defined in Definition 2.1.8.

1. If M is a regular GC manifold, the type of dpr is denoted by Type(dnr), that is,
Type(dar) := Type(dnrz) for allz € M.

2. Jn is called a GCS of symplectic type if dar is reqular and Type(dyr) = 0. Conse-
quently, the manifold M is then referred to as a GC manifold of symplectic type.

3. If dp is regular and its type equals dim;M, then M is called a GC manifold of

complex type. In such cases, Jps is called a GCS of complex type.

The subsequent proposition provides a complete description of the GC manifold for

both complex and symplectic types.
Proposition 2.3.2. ( [70, Examples 4.10-4.11])

1. Any GCS of complex type is a B-transformation of a GCS, induced by a complex

structure, as in Fxample 2.3.1.
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2. Any GCS of symplectic type is a B-transformation of a GCS, induced by a symplectic

form, as in Example 2.3.2.

We conclude this subsection by revisiting the generalized Darboux theorem, which

provides a local characterization of a GCS around any regular point in the GC manifold.

Theorem 2.3.1. ( [72, Theorem 4.3]) For a regqular point x € (M,dn) of Type(dnz) =
k, there exists an open neighborhood U, C M of x such that, after a B-transformation,
U, is GH homeomorphic to Uy x Uy, where U; C (R*™% ), Uy C C* are open subsets

with wy being the standard symplectic structure.

2.3.2 Generalized holomorphic maps

As outlined in Section 2.2, GC maps depend on p(L,,) for a general GC manifold M with
~+i-eigenbundle L,;. The primary reason for this behaviour can be seen in Definition 2.2.1.
However, in the case of smooth GC manifolds, the pointwise dimension of p(Ly,) is not
constant; thus, the type is not constant across a general GC manifold, as illustrated in
Example 2.3.3. Consequently, except around a regular point, the concept of GC maps
cannot smoothly vary from point to point. Therefore, the most suitable and natural

notion for GH maps is to rely on the pointwise GC vector space structure of the tangent

bundle of GC manifolds.

Definition 2.3.6. ( [125]) A smooth map  : (M,Jy;) — (M',3,,) between two GC
manifolds is called a generalized holomorphic (GH) map if for each v € M,

(w*>x M — Tw(ﬂﬂ)Ml

is a GC map, as in Definition 2.2.1. Let Jgo be the standard complex structure on R?
so that (R?, Jge) is identified with C.Consider (M',d,;) = (R?, dr2) where Jge is as in
Example 2.53.1. In this case, a GH map v is called a GH function.

Let Lj; be the +i-eigenbundle of gy, so that we have,
(TM@®T*M)®C= Ly ®Ly.

Let d be the exterior derivative on M.
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Lemma 2.3.1. Given an open set U C M, a smooth map 1 : (U,dy) — C = (R?, Jge)

is a GH function if and only if for each x € U, we have
di, € (Ly N (T*"M @ C)), .
Proof. Follows from Lemma 2.2.3 and Definition 2.3.6. O

Let Oy be the sheaf of C-valued GH functions on M. By Lemma 2.3.1, O, is a
subsheaf of the sheaf of smooth C-valued functions on M. To begin with, we consider

some simple examples of Q).

1. When (M, Jy) is a complex manifold with Jj; as its complex structure. Then the

induced natural GCS is, as given in Example 2.3.1,

—Jy 0
0 Jy

In =

with its +i-eigenbundle
Ly =T""M @ (TM)*.

By Lemma 2.3.1, we can see that, given any GH map 1, dip € Q1(M) that is, 1 is

a holomorphic function. So Oj; will be the sheaf of holomorphic functions on M.

2. When (M, w) is a symplectic manifold with a symplectic structure w. The induced

GCS, as given in Example 2.3.2,

with its +i-eigenbundle
Ly ={X—-iw(X)|X eTM ®C}

which is naturally identified with TM ® C. So, dy» = 0 for any GH map ¢, which

implies v is locally constant. Hence O, is a sheaf of locally constant functions.

Note that, in a simpler terms, Theorem 2.3.1 implies that, for some real closed form

2-form By € Q*(U; x Us), there exists a GH homeomorphism

Qb: (UxagUm) — (Ul X U27 (3U1><U2)B¢)
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where (Ju,xuv,)B, is a the B-transformation, as in (2.3.6), of the product GCS, denoted
by Ju,xuv, - Let p = (p1, ..., pon—2k) and z = (21, ..., 2zx) represent coordinate systems for

R2"=2F and CF, respectively, and consider the corresponding local coordinates around x

Uy @,0,2) := (U, @501, -+ s Pan—2ks 215+ -+ Zk) - (2.3.8)
We note that the subspaces (Ey;), and (Ejs), admit the following description,

(Ey). = Span {Opi

x,é‘zlwzlgig%—%,lg]’gk},
(2.3.9)

(Exr) = Span {0,

Using Theorem 2.3.1 in the case of a regular GC manifold, It has been established that

00, |I:1§i§2n—2k;,1§j§k;}.

we can obtain a concise depiction of coordinate transformations using local coordinates,

as in (2.3.8). This is demonstrated by the following corollary.

Corollary 2.3.1. ( [103, Proposition 2.7]) Let (M, Jdnr) be a reqular GC manifold of type
k. Let’s assume that (U, ¢,p, z) and (U, ¢',p', 2") are two local coordinates, as in (2.3.8),

with UNU" # (). Then, the coordinate transformation satisfies the following condition

0z 0z
= = I 1.7 1,... kY. 1 1,....2n — 2k} .

Furthermore, local coordinates, in (2.3.8), provide a requisite and complete condition

for GH functions on a regular GC manifold, as demonstrated below.

Proposition 2.3.3. ( /103, Example 2.8]) Let (M, dar) be a reqular type k GC manifold.
Then, f : M — C is a GH function if and only if at every point on M, expressed in

terms of local coordinates, as shown in (2.3.8), f satisfies the following

of  of .
— == 1,... 1,....2n —2k}.
9=~ o 0 forall i,j€{l,....k},le{l,...,2n— 2k}

Definition 2.3.7. (c¢f. [103]) A diffeomorphism ¢ : (M,dn) — (N,dn) between two
GC manifolds is called a generalized holomorphic (GH) homeomorphism if

* 0 . 0
¢ odu =Jdno ¢ . (2.3.10)

0 (1) 0 (¢o7h)
When N = M, ¢ is called GH automorphism.

For any GC manifold (M, Jy), let Diffy,, (M) be the subgroup of Diff(M) defined by

Diffy,, (M) := {¢ € Diff (M) | ¢ is a GH automorphism of (M, )} . (2.3.11)
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Remark 2.3.4. Note that a GH homeomorphism ¢ and its inverse ¢~ are both GH
maps. This can be observed as follows. Let Ly, Ly denote the +i-eigen bundles of

du, dn, respectively. For every point p in M, consider the subset of (T¢(p)N@T(;(p)N) ®C

G(Lar [p) = {Du(X) +0[ X +¢"n € Las [p}-

Then, for any X € T,M ® C andn € T} N ®C

on 0
IN(¢«(X) +n) =N (X + o)

0 (1)

By (2.3.10), we get Y + & € ¢.(Lar) if and only Y + & € Ly, that is

¢u(Ln) = Ly,

and using [125, Corollary 3.3, we conclude that both ¢ and ¢~ are GH maps. But the
converse is not true always. A GH map which is a diffeomorphism may not always be a
GH homeomorphism. The reason is that a GH map is defined up to a B-transformation
whereas a GH homeomorphism between two GC manifolds shows that their GC structures

are the same.

2.4 Related cohomologies for generalized complex

manifolds

A generalized complex structure (GCS) defined on a smooth manifold gives rise to two
distinct cohomology theories. The first one arises from the Clifford action of the —i-
eigenbundle of the GCS on the canonical line bundle, while the second is induced by
the +i-eigenbundles. The former is commonly referred to as generalized Dolbeault co-
homology, while the latter is known as the Lie algebroid cohomology associated with
the +i-eigenbundles. We will mainly refer to [4,37,70,72] and the references therein for
details on generalized Dolbeault cohomology. For a detailed study of Lie algebroid and

its cohomology, we suggest referring to [109,111] and the references therein.
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2.4.1 Generalized Dolbeault cohomology

Given a GCS, Jj; on a 2n-dimensional manifold M, we get a decomposition of the complex
of differential forms as follows: Let Uy C A*T*M ® C be the canonical line bundle of
dn, as in Definition 2.3.3. Then the +i-eigenbundle Ly, of Jy in (TM & T*M) ® C can

be obtained as
Ly =Am(Uy) ={ue (TM&T"M)®C|u-Uy =0}.
For each i € Z, define
Ui == AN""Ly - Uy CAT*M®C. (2.4.1)

Note that Ui, = 0 for each i < —n and i > n, and U}, is the canonical line bundle Uy,.
We have
ANT*M@C= Uy, .

i=—n

Denote by C*(U},) the vector space of smooth sections of Uj,. Let d be the exterior

derivative on M. Then [70, Theorem 4.23] implies that
d:C™(U) — C(UMYH @ C>(U ). (2.4.2)
decomposes into two differential operators as
d=0um + O .

The 0y and 0y operators are defined by composing d with the projections onto C*° (Ui, )
and C>®(Uit), respectively,
Oy = C®(UL,) — C=(UH,
" . (2.4.3)
Oy = C®(Us,) — C=(UH).
Thus, we obtain a Z-graded differential complex {C®(U%,), d} s and the cohomology of
this complex is called the generalized Dolbeault cohomology of M (cf. [37], [72, Proposition

3.15)]),
s - 03 = C05)
T img (O Co(URY) — C(URy)

To get an idea about generalized Dolbeault cohomology, it is useful to consider it first

(2.4.4)

for some simple cases as follows.
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(a) When M is a complex manifold, The canonical line bundle of the GCS, as defined
in Example 2.3.1, is just A®OT*M and Ly, = TY°M @& (T*M)%!. One can see that

Ury = @p_gee AP T*M.

So in this case, the generalized Dolbeault cohomology is just

GHE(M) = @p_gee HY (M, QP (M),
? e (2.4.5)
= Bp—g=e H"(M).
(b) When (M, w) is a symplectic manifold, the canonical bundle of the GCS, as defined

in Example 2.3.2, is generated by e and its null space is
Ly ={X—-iw(X, )| XeTM®C}.
By [37, Theorem 2.2], one can see that

Uty = {e“(e3n)|n € \"*T*M & C},

1

where A is the interior product with the bivector —w™". Hence, the generalized

Dolbeault cohomology is isomorphic to the complex de Rham cohomology of M

GH3(M) = H"*(M:;C). (2.4.6)

Note that, after a B-field transformation of a GCS {Jj; on a smooth manifold M, a
local section of the canonical line bundle of (Jy)p is of the form e? A ¢ where ¢ is a
local section of the canonical line bundle of J,;. Hence, the canonical line bundle of the

deformed structure is

(UM)BZGB'U,

with the +i-eigenbundle (Ly/)p as defined in 2.3.7. So, for each i € Z, we get another

decomposition

AT*M®C= P (Un), where (Un)y=e"Uj,.

Then for € C>*(U},),
d(ePB) = ePdp = P03 + 0P,

where €203 € C®((Up)5') and eP9p € C=((Up)i5 ). Hence,

(8]\/[)3 = GBéMB_B (247)



Chapter 2. GC Structures and related notions 39

and

(6]\/[)3 = 6B8M€_B . (248)

The cohomology of the Z-graded complex {C™((Uys)%), (Oar) 5}, denoted by GH g,y (M),

is defined as

Gae (o e (O C¥U(W) — ()5 ) 2.49)
g () C((U)ET) — O%((Un)y) B

Hence, by equation (2.4.7), a B-field transformation preserves the generalized Dolbeault

cohomology of M up to isomorphism

GH (M) = GH3(M). (2.4.10)

2.4.2 Associated Lie algebroid cohomology

Consider the +i-eigenbundle Ly, over the GC manifold M. Both the triplets (Lys, [, |, p)
and (Lys, [, ], p) define the structure of a Lie algebroid. Here, [, | denotes the Courant
bracket as defined in (2.3.2), and p : (TM & T*M) ® C — TM ® C represents the
projection map. By identifying L%, with Lj; via the symmetric bilinear form defined in

(2.3.1), we then obtain two differential operators as follows:
dp : C®(N°Ly,) — C°(ATLY,); (2.4.11)
dr: C®(AN"Las ) — C(AT Ly ) . (2.4.12)

In particular, for any w € C*®(A"Ly;) and X; € C®(Ly,) for all ¢ € {1,--- ,n+ 1}, we

have
n+1 R

dpw(Xy, -+, Xopr) = D (1) p(Xa) (X, -+, Xy -, Xoga))

i=1
+ Z(_l)H‘Jw([X“ XJ]? X17 e 7Xi7 Tty JXj7 e 7X7L+1) )
i<j
The associated Lie algebroid cohomology corresponding to the complexes {C*°(A®L%,), dr.}
and {C®(A*Ly ), dz}, are denoted by H*(Ly), and H*(Ly;), respectively, and are de-

fined as follows:
ker(dy, : ALy, — N*TILY))

H*(Ly) = :
(Lar) img(dy, : A*~LLY, — A°L3,)

(2.4.13)
ker(dy : ALy — AT Ly)

H*(Ly) = — —.
( M) 1mg(df : /\._1LM — A*Lys )
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To understand the associated Lie algebroid cohomology, it is helpful to start with some

simple examples. Let us explore two cases outlined in [72, Section 3.2].

1. In the case of a complex structure, such as in Example 2.3.1, the Lie algebroid
Ly is given by T%'M @ (T*M)"° while d, = 0 is the usual d-operator for a
complex manifold. The associated Lie algebroid complex is a sum of usual Dolbeault

complexes, resulting in

H*(Ly)= @ H'(M,NTYM).

ptq=e

2. In the case of a symplectic structure, as in Example 2.3.2, the Lie algebroid L,
is the graph of iw, and is, therefore, isomorphic to TM ® C as a Lie algebroid.
Consequently, its associated Lie algebroid cohomology is simply the complex de

Rham cohomology, given by

H*(Lyy) = H*(M,C).

2.4.3 Relation between these two cohomologies

Let (M,dn) denote a 2n-dimensional GC manifold with the canonical bundle Uy, and
the +i-eigenbundle L),. In accordance with the integrability condition mentioned in (3)

of Definition 2.3.3, the exterior derivative d induces the map
d:C™®(Upy) — C™(Ly - Upp).

With the identification L}, = Ly, we can establish U}, = A" "L}, ® Uy where U}, is

defined as in (2.4.1). Thus, the differential operator dy; can be understood as
On - CX(AI LY, @ Uy) — CX(A I @ Uy), for —n<i<n
extending from d : C*°(Uy) — C°°(L}, @ Uyy) via the rule
Oula®pB)=da®p+ (-1)awds,

where o € C®(A"'L%,) and 8 € C*®(Uy).
This demonstrates that the differential operator 0y is effectively derived from the

Lie algebroid deRham operator dy. Put differently, we can interpret the generalized
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Dolbeault cohomology as a Lie algebroid cohomology with coefficients in the canonical

line bundle of the GC manifold. With this understanding, we conclude this chapter.
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Chapter 3

Strong (Generalized Holomorphic
Fiber Bundles and Induced

Foliations on Generalized Complex

Manifolds

Generalized complex (GC) geometry encompasses both complex and symplectic struc-
tures, as previously discussed. An elementary example illustrating a generalized complex
structure (GCS) neither of complex nor symplectic type is the product of a complex and
a symplectic manifold, demonstrated in Example 2.1.4. More broadly, the product GCS,
as outlined in Example 2.3.4, is a straightforward instance derived from two given GC
manifolds. However, for more intricate examples, a natural approach should involve con-
sidering fiber bundle theory over a GC manifold, where the fiber itself is a GC manifold,
thus locally inducing the GC structure from the two given GC manifolds. For a detailed
study of general fiber bundle theory, we refer to [85,140] and the references therein.
The main objective of this chapter is twofold. Firstly, we introduce the concept of
strong generalized holomorphic (SGH) fiber bundles and explore various examples of SGH
fiber bundles. In this framework, we also establish the notion generalized holomorphic
(GH) Picard group. Our focus is particularly on providing a comprehensive description of
GH tangent and GH cotangent bundles, which serve as the foundational elements of this
thesis. Secondly, we delve into the foliation induced by a GCS and provide a connection

between transverse geometry and GH tangent and cotangent bundles. In particular, we

43
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illustrate that by imposing certain conditions on the leaf space of the base GC manifold,
SGH fiber bundles provide a further understanding of the transverse geometry of the base
GC manifold. We also provide examples to demonstrate that not all SGH fiber bundles
derive from the leaf space, even if the leaf space is a smooth manifold. For more details on
the transverse geometry of a foliation and its leaf space, we refer to [6,117,118,121,145,146|
and the references therein. This chapter is based on [127, Sections 3-5, 10 and 12-13] and

splits into four sections:
1. Strong generalized holomorphic fiber bundles (Section 3.1).

2. Generalized holomorphic tangent and generalized holomorphic cotangent bundles

(Section 3.2).
3. Generalized holomorphic Picard groups (Section 3.3)

4. Induced foliations on GC manifolds (Section 3.4).

3.1 Strong generalized holomorphic fiber bundles

In this section, we define strong generalized holomorphic (SGH) fiber bundles and explore
various examples of SGH fiber bundles. As a fiber bundle, the total space of an SGH
fiber bundle admits a GCS that is locally a product GCS, induced from both the base
and fiber; see Definition 3.1.1. In the context of vector bundles, SGH vector bundles are
precisely the GH vector bundles defined by Gualtieri and Lang et al. ( [70,103]). Similarly,
in the realm of principal bundles, they are the GH principal bundles analyzed by Wang
( [154, Example 4.2]). We elucidate SGH fiber bundles by analyzing their transition maps
in Theorem 3.1.1. Additionally, we investigate special cases, such as when the GCS of
the fiber or the base manifold is induced by symplectic structures (see Lemma 3.1.1 and
Lemma 3.1.2) or complex structures (see Lemma 3.1.3).

Let (M, dy) be a generalized complex (GC) manifold. Then Jj, can be written as

—Ju Bu
Inr = (3.1.1)
By Ji

where Jy; € End(TM), By € Q*(M) and Sy € X*(M). Let Diffy,, (M) denote the
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subgroup of Diff(M) defined by
Diffy,, (M) := {¢ € Diff (M) | ¢ is a GH automorphism of (M, )} . (3.1.2)

Definition 3.1.1. Let G be a connected Lie group. A smooth fiber bundle F — E = M
over a GC manifold (M,Jr) with a typical fiber (F,dr) and structure group G is called
an strong generalized holomorphic (SGH) fiber bundle if

1. E is a GC manifold,

2. there is an open cover {U,} of M and a family of local trivializations {¢s} of E
{¢a : W_I(Ua) — Uy X F}

such that every ¢, is a GH homeomorphism when U, X F' is endowed with the

standard product GC structure.

In addition, if F is a vector space and G is a subgroup of GL(F), then we say that E is
an SGH vector bundle over M.

Example 3.1.1. Let M, be a complex manifold and Vi be a holomorphic vector bundle
over My. Let My be a symplectic manifold and V5 be a flat vector bundle over My. Then
®; Pri(V;) — My x My is an SGH vector bundle where Pr; : My x My — M; is the
natural projection map onto i-th component. Here My X My is considered with the product

GCS.

The following theorem is a generalization of [103, Proposition 3.2], providing a char-

acterization of SGH fiber bundles in terms of their transition maps.

Theorem 3.1.1. Let E be a fiber bundle over (M, Jr) with typical fiber (F,Jr) and struc-
ture group G. Let {U,, ¢o} be a family of local trivializations with transition functions

®ap as follows,
{¢o : T (Us) —> Uy X F}, Gop : Ugp = Us NUz — G,

where ¢os(x) = Galr-1(z) © @5 (x,-) for all & € Uys. Then, E is SGH fiber bundle over
M with local trivializations {Uy, ¢o} if and only if

1. ¢as(m) € Diffy,.(F) for all m € U,g,
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2. For each (m, f) € M x F, the following equations hold:
(pf)* © (¢aﬁ)*m © JUa,B = Jpo (pf)* 0 (¢apB)sm »

(pf)* © (¢o¢,8)*m o /BUaﬁ = 07

Bro(pf)s 0 (¢ap)em = 0,

for all (m, f) € M x F, where Jy,_,, Jr, By,

s » Br are as in equation (3.1.1), and the

map py: G — F is defined as ps(g) =g - f.
Proof. Consider the map
Vap = a0 @5 1 Usg X F — Uag X F. (3.1.3)

Note that 5(m, f) = (m, pas(m) - f) for all (m, ) € Uyps x F.
First, we claim that E is an SGH fiber bundle if and only if 1,4 is a GH automorphism
for any fixed a, 8. Indeed, if 1,4 is a GH automorphism, then

((waﬁ)* ! ) o HUaﬁxF - HUaﬁxF o ((¢a5>* ! ) ) (314)
0 (pa)" 0 (pa)*

where Ju, ,xr = (Jij)2x2 is the product GC structure on Uys X F'. Then

(¢)- 0 o (Jij)axa © ($a)e 0 (3.1.5)
0 (¢a) 0 (¢3h)

is an endomorphism of 7w~ (U, )®&T*n~*(U,) that produces the GC structure on 7= (U,,).
By equation (3.1.4) this structure is independent of the choice of ¢,. Hence, we obtain a
GC structure on E such that ¢, becomes GH homeomorphism. The converse is obvious.

Now, it is enough to show that 1,4 is a GH automorphism if and only if (1) and (2)
are satisfied.

The product GC structure on U,g X F' can be expressed as

—Ju., 0 By, 0
Jll = . ) J21 = ? )
0 —Jr 0 Br
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Upon simplification, the expression for equation (3.1.4), at (m, f) € Uyp x F, can be

represented as:

(Yap)s(m.f) © J11 = J11 © (Yag)s(m,f) (3.1.6)
(Yap)sm.p) © Jiz = J12 0 (Vga) (m,f) » (3.1.7)
(V80)(m.f) © J21 = J21 © (Yag)s(m.f) (3.1.8)
(V80 ) (m.p) © J22 = J22 © (Vg0 ) (m, ) - (3.1.9)

Since Yap(m, f) = (m, pas(m) - f) where ¢p,3(m) € G, the map
(waﬁ)*(m,f) : TmUa,B D TfF — TmUaﬁ D T¢a5(m)-fF

can be expressed as

Idy,, 0

(Vap)x(m.p) = : (3.1.10)
(pr)« © (dag)im (Pap(m))-

and the map

(V8a) () : TmUap @ TFF —> T Uag @ T) ).

can be expressed as

« ]dUa[g (qbﬂa);kn ° p:;a (m)-f
(V8a)(m.f) = ? : (3.1.11)
s ( 0 (Gaalm)y
From equations (3.1.6) and (3.1.10), we have
(Gas(m))« o (=Jp) = (=Jr) o (Pap(m)). (3.1.12)
and
(pr)s © (Pap)im © (—=Ju,s) = (=JF) © (pr)x © (Pap)sm - (3.1.13)
Using equations (3.1.7), (3.1.10) and (3.1.11), we get
(Qbaﬁ(m))* ofr=pFro (¢Ba(m))* ) (3'1‘14)
(P1) 0 (Pap)um © Bu., =0, (3.1.15)

and

BUws © (D8a)1m © Py y(my-s = 0 (3.1.16)
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From equations (3.1.8), (3.1.10) and (3.1.11), we have

(¢5a(m))* © BF = BF © ((baﬁ(m))* s (3117)
(P8a)m © P ymyr © Br =0, (3.1.18)

and
Br o (pf)e o (¢ap)em = 0. (3.1.19)

From equations (3.1.9) and (3.1.11), we have

(¢ga(m))” o Jp = Ji o (dpa(m))” (3.1.20)
and
(D80)m © Poosmy-s © T = It 0 (Bpa)in © Pyt - (3.1.21)

Now, we can see that equations (3.1.12), (3.1.14), (3.1.17) and (3.1.20) hold if and only

if
((aﬁaa(m))* 0 ) ae g (wag(m))* 0 ) o)
0 (Ppa(m))” 0 (¢8a(m))”

—Jr Br

Br J:
and (3.1.20) hold if and only if ¢g.(m) € Diffy, (F). Note that, by skew-symmetry,

where Jp = ( ) as in (3.1.1). Therefore, equations (3.1.12), (3.1.14), (3.1.17)

B, 5= —Bu.,; and By, = —Bp. Since (m, f) is arbitrary, considering duals, we observe

that

« equation (3.1.15) holds if and only if equation (3.1.16) holds,
« equation (3.1.19) holds if and only if equation (3.1.18) holds,

 equations (3.1.13) and (3.1.21) are equivalent to each other.

Therefore, 1,4 is a GH automorphism if and only if equations (3.1.13), (3.1.15), (3.1.19)
and (3.1.22) hold. Hence, 9,4 is a GH automorphism if and only if (1) and (2) are
satisfied as desired. O

Definition 3.1.2. Let E be an SGH fiber bundle over a GC manifold (M, Jy) andU C M
be an open set. A smooth section s : U — FE is called a GH section if s is a GH map

from (U,dn|v) to (E,JE).
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Definition 3.1.3. Given any two SGH fiber bundles E and E' over M, a smooth map
¢: E — E is called an SGH bundle homomorphism if

1. ¢ is a bundle homomorphism between E and E' as smooth fiber bundles.

2. ¢ is a GH map.

If, in addition, ¢ is a GH homeomorphism, then ¢ : E — E' is called SGH bundle

isomorphism.

3.1.1 The case when either the fiber or the base manifold is a

symplectic manifold

In this subsection, we consider the special case of SGH fiber bundles, where the gener-
alized complex structure (GCS) on either the fiber or the base manifold is induced by a
symplectic structure. Our objective is to provide a characterization of this case.

Let E be an SGH fiber bundle over a GC manifold (M, d,s). Let a symplectic manifold
(F,w) be its typical fiber. The GC structure on F' can be expressed as

Ir = .
w 0

Note that Jp = J& = 0 and By = —f3z' = w. Since w is non-degenerate and f € F is
arbitrary, for each m € M, equation (3.1.19) holds if and only if (¢ns)sm = 0, i.€., Pap is
a locally constant map on U,g. From equation (3.1.17), for X,Y € T'M, we have

w = (Pap(m))" 0w o (¢as(m))-
= W(X) = (Pap(m)) (W((as(m))«(X)))
= W(X,Y) = w((¢ap(m))+(X), (dap(m))(Y))
= W(X,Y) = (Pap(m))"w(X,Y).

Lemma 3.1.1. Any SGH fiber bundle E over a GC manifold M with a symplectic fiber

(F,w) is a smooth symplectic fiber bundle with a flat connection.

Let E be an SGH fiber bundle over a symplectic manifold (M, w) with a typical fiber
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(F,dr). The GC structure on the base is given by

0 —wt
dv =
w 0
Note that Jy; = Ji;, = 0 and By = —3~! = w. Since w is nondegenarate, by equation

(3.1.15), for any (m, f) € Uag X F, (pf)s © (¢ap)sm = 0. Thus, (¢ug)sm = 0, i.e., ¢ap is
locally constant on U,s. So, equations (3.1.13) and (3.1.19) are also satisfied. Hence, we

have the following.

Lemma 3.1.2. E be a smooth fiber bundle over a symplectic manifold (M,w) with a typ-
ical fiber (F,dp). Then, E is SGH fiber bundle over M with local trivializations {Us, ¢}
if and only if

1. ¢op(m) € Diffy, (F) for all m € U,pg,

2. ¢ap s constant on U,g, that is, E admits a flat connection.

3.1.2 The case when the fiber is a complex manifold

In this subsection, we examine a specific instance of SGH fiber bundles, focusing on the
case where the GCS on the fiber is induced by a complex structure. Our goal is to
precisely characterize this scenario.

Let E be an SGH fiber bundle over a GC manifold (M, J,) with typical fiber a
complex manifold (F,Jr) where Jr is a complex structure on F. Then the naturally

induced GC structure on F' can be written as
—Jr 0

Ir =
0 J:

We can see that Bp = p = 0 and also by equation (3.1.22), for any m € Uyg, ¢ap(m) is

a biholomorphic automorphism.

Proposition 3.1.1. Let (M,dy) be a GC manifold and (N, Jy) be a complex manifold
with a complex structure Jy. Then, for any smooth map ¢ : M — N, the following are

equivalent.
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1. ¢ is a GH map.
2. For any open set U C M, ¢ : U — N is a GH map.

.oy =Jno., Y.ofBy=0.

Here Jp is as in (3.1.1) and N is considered as a GC manifold with the natural GC

structure induced by Jy.
Proof. Follows from Lemma 2.2.2. O

By Proposition 3.1.1 and equation (3.1.15), for any f € F, we can show that pf o ¢as

is a GH map. Thus, we have the following result.

Lemma 3.1.3. Let E be a smooth fiber bundle over a GC manifold (M, Jy) with typical
fiber a complex manifold (F, Jg). Let {Uy, o} be a family of trivial localization. Then E
is an SGH fiber bundle over M with local trivialization {U,, ¢} if and only if

1. for each m € Uag, ¢ap(m) is a biholomorphic map,

2. for any f € F, pyo ¢ap is a GH map.

Example 3.1.2. Let M be a GC manifold and M be a covering space. Let K < w1 (M)
be a subgroup corresponding to M such that ]\7[/K >~ M. Note that K < M = M is a
principal K-bundle where m is the covering map. Since 7 is a local diffeomorphism, M
induces a GC structure (of the same type) on M such that © becomes a GC map. Let
p: K — GLi(C) be a representation. Define

M x,C:=MxC'/~,

where (m, z) ~ (n,w) if and only if n =m-g~' and w = p(g) - z for some g € K. Since
K s discrete, the transition maps of the associated vector bundle M x,Cl — M are
locally constant. Hence, by Lemma 3.1.8, M x,Cl — M is a (flat) SGH vector bundle

over M.

Remark 3.1.1. Note that, when E denotes a vector bundle over a GC manifold M, using
Lemma 3.1.3, we can see that E is an SGH vector bundle if and only if it is a GH vector
bundle in the sense described by Lang et al. ( [103, Definition 3.1]).
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3.2 Generalized holomorphic tangent and general-

ized holomorphic cotangent bundles

In this section, we demonstrate the existence of two natural SGH vector bundles asso-
ciated with any regular GC manifold. These bundles are referred to as the generalized
holomorphic (GH) tangent bundle and the generalized holomorphic (GH) cotangent bun-
dle. Essentially, they depict the tangent and cotangent bundles of a regular GC manifold
in the transverse direction, evident from their local description.

Let M be a GC manifold. Let £ be an SGH vector bundle of real rank 2/ over M.
Consider the sheaf E of GH sections of E over M, that is, for any open set U C M,

['(U,E) :={s € C*(U, E) | sis a GH section of E over U} .
Note that E is a sheaf of Oj;-modules. On a trivializing neighborhood U,
Elpy 2 U xCl,

so that I'(U, E) = @, 0p(U) . This implies that E is a locally free sheaf of complex rank
[ over M. (We will henceforth follow the convention of denoting the sheaf of GH sections

of a GH vector bundle by the corresponding bold letter.)

Conversely, given any locally free sheaf F of O,/-modules of rank [, one can construct
an SGH vector bundle in the following manner. Let {U,} be a covering of M such that

Flu, is free and
1;;235’[]& —)@OUQ,
I

is the corresponding isomorphism. Now consider the isomorphism of sheaves of modules
B |
VYap =Yoo (Vg ): EB Ovarus — @ Ov.nu; -
! !

Since every endomorphism of @; Oy, is represented by an [ x [ matrix, @ defines an
[ x I matrix (¢n3) whose elements are GH functions over U, NUjs . One can check that the
matrices satisfy the cocycle conditions and thus they can be regarded as the transition

maps of an SGH vector bundle E5 of real rank 2/ over M such that
Es =2 F as Op-modules.

Hence, we get the following.
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Proposition 3.2.1. Let M be a GC manifold andl € N. Consider the following two sets

&) = Set of all isomorphism classes of SGH vector bundles of real rank 21

over M ,
and
S = Set of all isomorphism class of locally free O yr-modules of complex rank .

Then the association EE — E induces an one to one correspondence between & and .&].

The inverse map is given by the association F — Fg .

Now, let (M, Jxs) be a regular GC manifold of type k € NU{0}. Let Ly and Ly, are
its corresponding +i and —i-eigenspace sub-bundles of (T'M @ T*M) ® C respectively.
Define

GM:=Lyn(T"M®C). (3.2.1)

By [103, Proposition 3.13], §*M is an SGH vector bundle over M. It is called the
generalized holomorphic (GH) cotangent bundle. The GH sections of §*M are called GH
1-forms. Since §*M is B-field transformation invariant, locally (cf. (2.3.8), (2.3.9)), the

space of GH 1-forms is of the form
Spang, {dz; - - - dz} .

This shows that §*M, the sheaf of GH sections of G*M, is a locally free sheaf of Oy;-

modules of finite rank k. Define
9M = HOHIOM<9*M, OM) . (322)

Since G*M is a locally free sheaf of O;-modules of rank k&, GM will also be a locally free
sheaf with the same rank. Then, by Proposition 3.2.1, the corresponding SGH vector
bundle is defined as

GM = Egnp - (3.2.3)

Here GM as given in Proposition 3.2.1. It is called generalized holomorphic (GH) tan-
gent bundle. The GH sections of GM are called GH vector fields. Since §*M is B-
transformation invariant, GM is also invariant under B-transformation. Thus, locally
(cf. (2.3.8)), the space of GH vector fields is of the form

0 0
SpanoU{aiZl,'“ ’87%}
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Note that GM and G*M are dual to each other as O ,,-modules of their GH sections. But,
we can say more. Observe that C*(GM) = GM ®p,, C57 . Then

Coo(g*M) =3§'M @0 OX/CI)
= HOmOM<9M7 OM) ®O]\/I C]O\;
= HOHI@M@)OMC;; (9M ®OM C]T/[o ) OM ®OM CJ?/?)

(3.2.4)
(by [30, Proposition 7, Section 5, Chapter II])

= HOHlCXlO<COO(9M)70]?/([D)
=C™((9M)").

Here, (GM)* is the dual SGH vector bundle of GM . This shows that M and G*M are
also dual to each other as Cf-modules of their smooth sections, that is, they are dual to

each other as complex vector bundles over M.

Remark 3.2.1. We note that the definition of SM, given in [103, p.16], as GM =
LNTM®C is flawed as it varies with B-transformations. In other words, it is not always
the case that GM and eB(Ly ) NTM @ C are same, while 5*M = eP(Ly) NT*M @ C for

any B-transformation. Therefore, this does not guarantee duality with respect to G*M.

3.3 (Generalized holomorphic Picard groups

In this section, we introduce the GH Picard group and present a generalized form of the
holomorphic short exact sequence in Theorem 3.3.1. Essentially, we focus on SGH vector
bundles of real rank 2 and establish a group structure for the set of isomorphism classes
of SGH vector bundles of real rank 2 (see Theorem 3.3.2). We follow a similar approach
as outlined in [68] for the holomorphic Picard group.

Let M be a smooth manifold. Let C3;™ be the sheaf of smooth C*-valued functions
on M, and let {Z} denote the locally constant sheaf over M whose stalk at each point
is Z. Consider the exponential map C — C* defined by exp(z) = e*™**. Then for any
open set U C M and f € C3(U), the map exp induces a map, again denoted by exp,

exp: Cy/(U) — Cy(U) (3.3.1)

defined by exp(f)(x) = €>™/@ for all z € U. This induces a morphism of sheaves, again
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denoted by exp,
exp:Cy — Oy (3.3.2)

Note that any k € {Z}(U) is in the kernel of exp, that is, {Z}(U) C ker(exp) where exp
is as in (3.3.1). To show the other side, consider f = w + iv € C{3(U) such that

exp(w +iv) = 1.
Here v,w : U — R are smooth maps. Then one observes that, for all z € U,

e~ 2@ (cos 2mw(z) 4 i sin 2mw(z)) = 1,
— ¢ @) (cos 2mw(z)) = 1 and e 2@ (sin 2w (z)) = 0;
— cos2mw(z) > 0 and sin27w(z) =0 (as e” 2@ > ().
Then there exists a smooth map g : U — Z C R such that 2w(z) = g(z) for all x € U.
Thus w is a locally constant function. Now for any = € U, g(x) is even. Thus, for all

r €U, w(z) € Zand cos2rw(z) = 1 . This implies e 2@ = 1 and so v(x) = 0. This
shows that f € {Z}(U), and hence

ker(exp) = {Z}(U).

Thus we get the following exact sequence of sheaves over M,

exp

0—— {Z} cse o (3.3.3)

To show that exp is a surjective map of sheaves, it is enough to show that for any = € M,
the map Cf7, =2, C’R’;; is onto. For that, it is enough to show that, for any simply
connected open set U C M, the map exp, in (3.3.1), is onto.

Let U C M be a simply connected open set and g € Cy;"(U). Note that the map
C 25 C* is a holomorphic covering map and C is the universal cover. Since U is simply

connected, there exists a unique smooth map f € C¢7(U) such that the following diagram

e

U exp ; thatis, g = eXp(f)'

N

Thus the map in (3.3.2) is onto. This implies the following

commutes

C

C*
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Proposition 3.3.1. Let M be a smooth manifold. Then we have the following short

exact sequence of sheaves

exp

0—— {2} o O 5 0 (3.3.4)

where C32, Cyy" and {Z} are sheaves over M with their usual meanings.

Now, let M be a GC manifold and let O}, be the sheaf of C*-valued GH functions
over M. One can see that O}, is a subsheaf of O); which is again subsheaf of Cf;.

Note that, given any open set U C M and any smooth map f : U — C, we have
d(exp(f)) = exp(f)df . This implies

dr(exp(f)) = exp(f)drf

where dy, as in (2.4.11). By Lemma 2.3.1, we can see that
f€0yu(U) if and only if exp(f) € 03,(U).

This shows that we can restrict the short exact sequence in Proposition 3.3.1 to O,; which

gives us the following.
Theorem 3.3.1. Let M be GC manifold. Then we have the following short exact sequence
of sheaves over M

exp

05, —— 0 . (3.3.5)

3.3.1 GH Picard Groups

Let E be an SGH line bundle over a GC manifold M with local trivializations {U,, ¢, }.
The transition functions ¢,gz, as defined in Theorem 3.1.1, are clearly non-vanishing GH

functions by Lemma 3.1.3, that is, ¢ns € O},(U, N Ups), and satisfy

¢aﬂ'¢ﬁa:1;

¢a,8'¢6’y'¢'ya:1-

(3.3.6)

For any collection of nonzero GH functions {g, € 0%,(U,)}, we can define an alternative

trivialization of E over {U,} by
gb/a = o Pa
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and the corresponding transition functions {gb;ﬂ} will then be given by

! Ja

Pop = 0 “Pag - (3.3.7)

One can see that any other trivialization of E over {U,} can be obtained in this way.

On the other hand, given any collection of GH functions {¢.5 € O%,(Us, N Us)},
satisfying (3.3.6), we can construct an SGH line bundle £ with transition functions
{¢pas} by taking the union of U, x C overall a and identifying z x C in U, x C and Uz x C
via multiplication by ¢as(z). Any two such collections of GH function {¢us, dns €
03,(U, N Ug)}, satistying (3.3.6), define isomorphic SGH line bundles over {U,} if and
only if there exists a collection of nonzero GH functions {g, € 0%,(U,)}, satisfying
(3.3.7).

Note that the transition functions {¢.s € 0},(U, NUp)} of E over {U,} represents
a Cech 1-cochain on M with coefficients in 0%, and the relations in (3.3.6) show that
{¢ap} is indeed a Cech l-cocycle. Moreover, by the last two paragraphs, we can see
that any two cocycles {@q5} and {¢, 5} define isomorphic SGH line bundles if and only if
{bup - (daﬁ)_l} is a Cech co-boundary. This implies that any SGH bundle isomorphism
class of an SGH line bundle over M defines a unique element in H'(M,O%,) and vice
versa.

Consider the set & as defined in Proposition 3.2.1. We can give a group structure,

denoted by 7, on & where multiplication is given by tensor product and inverses by dual

bundles. Denote the group (&7, 7) by G Pic(M), that is,

GPic(M) := (&1, 7). (3.3.8)
By the last paragraph, we have proved the following.
Theorem 3.3.2. For any GC manifold M, GPic(M) = H' (M, 0%,) as groups.

Definition 3.3.1. GPic(M) is called the generalized holomorphic (GH) Picard Group of
M.

3.4 Induced foliations on GC manifolds

In this section, we discuss the leaf space associated with the regular symplectic foliation

& with a transverse complex structure of a GCS. In general, the leaf space M /. might
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lack the Hausdorff property, as illustrated in Example 3.4.2. Nonetheless, assuming M /.
is a smooth orbifold, we provide a structured description of . in Theorem 3.4.1. For
more details on the general theory of orbifolds and related notions, we refer to [2, 8,15,
16,31,46,75-78,87-91,93,94,107,117,131,135,159] and the references therein.

Let (M,dy) be a GC manifold with Ly, representing its +i-eigenbundle of J,;. We
consider the natural projection p : (TM & T*M) ® C — TM ® C and p(Ly) = Ey.
Then, Ay, ®C = EyNE) forms a real distribution of variable dimension within 7'M ® C.
According to Theorem 2.1.3 and Theorem 2.1.4, A, integrates (in the sense of Sussmann,
cf. [70, Theorem 3.9]) to a singular symplectic foliation ¥, implying that J,; induces a
generalized symplectic foliation.

However, around a regular point of type k, as indicated by (2.3.9), Ay induces a
regular symplectic foliation of real codimension 2k with a transverse complex structure
(cf. [70, Proposition 3.11-3.12]), that is . becomes a regular symplectic foliation around
a regular point. Particularly, w|a,,ec acts as a symplectic form on Ay ® C = ker(Q A Q),
where ) defines a complex structure transverse to Aj,;. Here, w and () are defined in

Definition 2.3.3. With this characterization, the following proposition naturally follows.

Proposition 3.4.1. ( [72, Proposition 4.2]) On a regular neighborhood of a GC manifold,
the leaf space M /.7 of the reqular symplectic foliation . admits a canonical integrable

complex structure.

Proposition 3.4.1 simplifies the understanding of the leaf space around a regular point.
Therefore, grasping the induced symplectic foliation on regular GC manifolds becomes
more straightforward.

So, consider M to be a regular GC manifold of dimension 2m and type k. Let .
denote the associated symplectic foliation of complex codimension k which is transversely
holomorphic. Let T.¥ be the corresponding involutive subbundle of 7'M of rank 2m — 2k,
called the tangent bundle of the foliation. The normal bundle of the foliation, denoted
by N, is defined by

N:=TM/T..

By Proposition 3.4.1, N is an integrable subbundle with a complex structure. Then N

has a decomposition given by the complex structure

N®C=NgN, (3.4.1)
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As the exact sequence

0 T TM N 0

splits smoothly, N may be regarded as a subbundle of TM complementary to T.%, and
we may identify N1 with GM. Define

M=M|S (3.4.2)

to be the leaf space of the foliation .. This is a topological space that has the quotient
topology induced by the quotient map

M — .M (3.4.3)

The map 7 is open (cf. [117, Section 2.4]).

In general, .# could be rather wild. To have a reasonable theory, we assume that
A admits a smooth orbifold structure. Since .# is transversely holomorphic, .# then
becomes a complex orbifold. Moreover, observe that 7 is a smooth complete orbifold
map (cf. [27, Definition 3.1]): Namely, for any point € M and 7(z) € .4, there exist
orbifold charts U and (V,T'z(,)) corresponding to x and #(z), respectively, such that the

following diagram commutes.

V Copen CF
o~
PrlRQk O
R2m Dopen 0 T V/Fﬁ-(x)
=] O =
M Dopen U = V Copen M

Here I'z(y) is the isotropy group corresponding to #(z). The rows of the commutative
diagram are diffeomorphisms of smooth orbifolds and 7 is the lift of 7. One can see from
this diagram that each point y € .# is a regular value of 7. Thus, by the preimage
theorem for orbifolds (cf. [27, Theorem 4.2]), #~!(y) is an embedded submanifold of real
dimension 2m — 2k for all y € .#. Hence, each leaf is not only an immersed but also a

closed embedded submanifold of M.
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Definition 3.4.1. An open set in M is called a transverse open set if it is a union of
leaves. An open cover W = {U,} is called a transverse open cover of M if each U, is a

transverse open subset of M.

Let S be a leaf of .. By the Tubular Neighborhood Theorem, there exists a transverse
neighborhood (tubular neighborhood) of S which is diffeomorphic to the normal bundle
Ng of S. One can see that Ng is just the pullback of N via the inclusion map S — M.
Due to the transverse complex structure, N, as well as Ng, can be thought of as a
complex vector bundle of complex rank k. Consider the partial connection, known as
the Bott connection (cf. [29, Section 6]), on N which is flat along the leaves. Then its
pullback on Ng gives a flat connection. Thus, considering Ng as a complex vector bundle,
by [95, Proposition 1.2.5]

Ng =S x,C"

where p : 71(S) — GL(C) is the linear holonomy representation of 7,(S) and S is the

universal cover of S.

Definition 3.4.2. A 2k-dimensional embedded submanifold of M 1is called a transversal

section if it is transversal to the leaves of 7.

Note that by [117, Proposition 2.20], .#Z admits a Riemannian metric which makes
< into a Riemannian foliation. Since S is an embedded submanifold, TN S is discrete
for any transversal section T. Then, following the proof of [117, Theorem 2.6], one can
show that the holonomy group of S, Hol(S) is finite. By the differentiable slice theorem,

we can indeed assume that the action of Hol(S) on T is linear, that is,
Hol(S) = img(p) .
We summarise our observations as follows.

Theorem 3.4.1. Let M be a regular GC manifold and let . be the induced symplec-
tic foliation. Assume that M/ has a smooth orbifold structure. Then, we have the

following.

1. Each leaf of .7 is an embedded closed submanifold of M.

2. The holonomy group of each leaf is finite.
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3. (M,.”) is a reqular Riemannian foliation.

4. Around each leaf S, there exists a tubular neighborhood U such that U is diffeomor-
phic to S X Hol(S) C* where S is the universal cover of S and Hol(S) is the holonomy

group of S. Here, Hol(S) acts on C* wvia a linear holonomy representation.

Example 3.4.1. Let F be a symplectic manifold and F be its universal cover. Then as
in Example 3.1.2, F X, C'is a regular GC manifold of type l. The induced symplectic

foliation . is the foliation of F-parameter submanifolds, that is, sets of the form
Se={lmyllmeFyclal} where [1]:={p(g)-x|gem(F)}cC.
This implies that the leaf space I x,Cl/. is exactly
C'/p={[z]|z€C'}.

The isotropy group at 0 is img(p) which is the linear holonomy group. Therefore, we get
that F x, C'/. is a smooth orbifold if and only if the linear holonomy group is finite.

Remark 3.4.1. It is tempting to think that the leaf space of a reqular GCS is either
manifold or an orbifold. But, it may not be even Hausdorff. The following example

demonstrates this.

Example 3.4.2. Consider the product GCS on M X F where M is a complex manifold
and F is a symplectic manifold. Let N C F be a closed submanifold such that F\N is

disconnected. Fix m € M, Consider the open submanifold
X =M x F\{m x N} .

Consider the natural reqgular GCS on X, induced from M x F. Let (x, f) € X,,. Then,
the leaf of the induced foliation ., through (x, f), is of the following form

F ifx#£m,

Sta.f) =

(F\N)o ifz=m,
where (F\N), denotes the connected component of F\N that contains f for x =m. One
can see that the leaf space X, /Sy, is not Hausdroff. Thus, we obtain an infinite family
of regular GC manifolds with non-Hausdorff leaf space.
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3.4.1 Strong generalized Calabi-Yau manifolds and its leaf

spaces

In this subsection, we give some criteria on the GCS so that the leaf space of the associated
symplectic foliation is a smooth torus, and therefore, satisfies the hypothesis that the
leaf space be an orbifold, used in most of our results in this manuscript. This is a
generalization of a result of Bailey et al. [12, Theorem1.9].

Let M?" be a GC manifold with +i-eigenbundle L of (TM &T*M)® C. Consider the
bundle A*T*M ® C as a spinor bundle for (T'M & T*M) @ C with the following Clifford
action

(X+n)-p=ix(p)+nAp for X+ne(TMaT"M)®C.

Then, there exits a unique line subbundle Uy, of A*T*M ® C, called the canonical line
bundle associated to the GCS, which is annihilated by L under the above Clifford action.

At each point of M, Uy, is generated by a
p= eB—i—in 7

where B,w are real 2-forms and 2 = 6; A --- A 6, is a complex decomposable k-form
where k is the type of the GCS at that point. By [70,72], the condition L N L = {0} is

equivalent to the non-degeneracy condition
WTFAQAQA0. (3.4.4)

The involutivity of L, with respect to the Courant bracket, is equivalent to the following

condition on any local trivialization p of Uy,
dp=(X+n)p,
for some X +ne C*(TM & T*M)®C).

Definition 3.4.3. A GC manifold M of type k is said to be a generalized Calabi-Yau
manifold if its canonical bundle Uy is a trivial bundle admitting a nowhere-vanishing
global section p such that dp = 0 (cf. [70,72]). M is called a strong generalized Calabi-
Yau manifold if, in addition, p is such that = 0y A\ --- A0y is globally decomposable and
do; =0 for1 <j <k,
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Remark 3.4.2. Note that any generalized Calabi-Yau manifold is orientable because we

get a global nowhere-vanishing volume form w™ * AQAQ.

Example 3.4.3.

1. Any type 1 generalized Calabi-Yau manifold is a strong generalized Calabi-Yau man-

ifold.

2. Any 6-dimensional nilmanifold with (by,by) € {(4,6),(4,8),(5,9),(5,11),(6,15)}
admits a type 2 strong generalized Calabi-Yau structure (cf. [38, Table 1]) where by

and by are the first and second betti numbers, respectively.

Let M?" be a compact connected strong generalized Calabi-Yau manifold of type
k. Under some assumptions on the leaves of the induced foliation, we show that the
foliation is simple. To show this, we need to use an extended version of the techniques
used in [12, Section 1.2].

Let p be a nowhere-vanishing closed section of the corresponding canonical line bundle

Upr. We can express p in the following form
0= eBJrioJ AQ

where B, w are real 2-forms and {2 = 6; A--- Af; is a complex decomposable k-form with
df; =0for 1 < j <k Fixpe{l,... k} Leté6,=Re(d, +ilm(d,) where Re(6,)
and Im(6,) denote the real and imaginary parts of 6, respectively. First, we show that
[Re(6,)] and [Im(6,)] are linearly independent in Hj,(M,R).

If possible, let there exist a nontrivial linear combination, say
Fix my € M and define the map f: M — R as

fm)= [ (nRe(ty) + A m(6,)

where integral is taken over any path connecting mg to m € M. The function f is well-
defined as Ag Re(6,) + A\;Im(6,) is exact. Without loss of generality, let A\ # 0. Note
that 6, A 8, = —2iRe(6,) A Im(6,). Then the non-degeneracy condition

k
wnik/\ (/\ Gj/\ﬁj) 7&0
7=1
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implies that

WA /\9 ANO; | Ndf #0.
J#p

This shows that df is nowhere vanishing and so, f is a submersion. Therefore, f(M) is
open. However, f(M) is also closed since M is compact. Thus f(M) = R which is a
contradiction. Hence [Re(6,)] and [Im(6,)] are linearly independent.

Now, the non-degeneracy condition (3.4.4) is an open condition that gives us the
freedom to choose 6; € Q'(M,C) (1 < j < k) such that [Re(;)] and [Im(6;)] are still
linearly independent in H'(M, Q). Then, we can consider the map

fiM—CHT2T][T* defined as f(m):@/ g,
; , [m07m]
J J
where the integral is taken over any path connecting mgy to m and
I' = &;[0;](H1(M, 2))

is a co-compact lattice in C*. As before, using the non-degeneracy condition, one can

show that f is a surjective submersion.

Suppose S is a leaf of the induced foliation . which is closed. Then S is a compact
embedded submanifold in M. Let X; be a complex vector field on M such that

05<Xj) = 6lj and E(X]) = O,

where ¢;; is Kronecker delta and [, j € {1,...,k}. This is possible since the normal bundle
N of the foliation is trivial and the transverse holomorphic structure induces an integrable
complex structure on N so that C(N"*) = (0,7 =1,...,k) and C°(N**) = (0, ]j =
1,...,k) where N@ C = N'? @ NO! as defined in (3.4.1). Let Re(X;) and Im(X;) be the
real and imaginary parts of X, respectively. Note that Re(.X,) and Im(X;) are pointwise
linearly independent and £yQ = £LyQ = 0 where Y € {Re(X;),Im(X;) : 1 < j < k}.
Therefore, these vector fields preserve the foliation . which is determined by ker(Q A ).
Consider the map

g S x R* — M,

defined by

Ys(8, Ay, Aog) = exp (Zk: ()\2] 1 Re(X;) + Ag; Im (X ))) (s).

J=1
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Ys is a local diffeomorphism as (¢g).(T'S @ R*) = TM. Since Re(X;) and Im(X;)
preserve the foliation .7, Zé?zl <)\2j_1 Re(X;) + Agj Irn(Xj)> also preserves .. We con-
clude that all leaves in a neighborhood of S are diffeomorphic to S. More precisely,
since S is compact, 1g provides a leaf preserving local diffeomorphism between a tubular
neighborhood of S in M and S X TJ; D2. Here D? C R? is an open disk.

Let V be the set of points in M that lie in leaves that are diffeomorphic to S. Then
V is an open subset of M. Let ¢ € V. Let o : D**=2* — M be a local parametrization
of the leaf through ¢ such that a(0) = ¢. Then, the map ¢ : D*" % x [[;D* — M
defined by

k
W(S, A1, ..y Agg) = €xp (Z ()\2]-_1 Re(Xj) + Agj Im(Xj)>) (a(s))
=1
is a again a leaf preserving local diffeomorphism. Here, D**~2* x []; D? is considering
with the product GCS. So, img(¢)) NV # 0. Let ¢ € img(y) NV and S be the compact

leaf through it. For some (s, A1, ..., Ay) € D*"72% x ]; D?, we have

q :¢<87A17"'aA2k)'

By taking the inverse of exp, we can shows that ¥¢ (¢, = Ay, ..., —Agx) € img(a) . There-
fore, img(a) Nimg (g ) # 0. Thus, S is diffeomorphic to the leaf through ¢ via ¢ . This
is because, a is a local parametrization of the leaf through ¢, and ¢« (q/, Ay —A2k)
lies in a leaf which is diffeomorphic to S” and it is also in img(«/). This implies that the
leaf through ¢ must be diffeomorphic to S, since any two leaves are either disjoint or
identical. Hence g € V.

Since V' is both open and closed and M is connected, we have V' = M . This conclude
that M is a fibration (fibre bundle) M — B over a compact connected 2k-dimensional
smooth manifold. Now, §; (1 < j < k) vanishes when restricted to a leaf by [72, Corollary
2.8]. Since §; is also closed, it is basic for this fibration, that is, B has 2k-number of

linearly independent nowhere-vanishing closed real 1-forms.

Proposition 3.4.2. Let B be any smooth compact connected 2k-dimensional manifold.
Suppose B has 2k linearly independent nowhere-vanishing closed real 1-forms. Then B

is diffeomorphic to a product of 2-dimensional tori H§=1 2,

Proof. Let {01, ..., 60} be linearly independent nowhere-vanishing closed 1-forms on B.

Note that A;0; is a volume form for B, which is an open condition. So, we can choose
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6;’s such that ;’s are linearly independent in H'(B,Q). Fix mo € B and consider the

following map
k 2k
6:B— R¥/T=T[T? defined as ¢(m) :@/{ o,
i=1 j=17lmo

where integral is taken over any path connecting mg to m. Let I' = @3, [6;](H:(B, Z)).

Then I is a co-compact lattice in R?* . One can easily see that
2%
N b;| Ndo, #0,
j=1

J#p
where ¢, : B — R/[0,](H1(B,Z)) = S* is the natural projection of ¢ onto the p-th
component. This implies that ¢, (1 < j < 2k) is a submersion. Hence, ¢ is a submersion.

It follows that ¢ is a local diffeomorphism. Since B is compact, ¢ is a proper map.

Therefore, ¢ : B — Hle T2 is a covering map and it induces an injective map

m(¢) : m(B) — 7r1(1:[1T2) ~Ppz.

Then 71 (B) = @, Z for some [ < 2k. Using the de Rham isomorphism and the universal

coeflicient theorem, we have
H}n(B,R) = Hom(H,(B,R),R) and H,(B,R)= H,(B,Z)®zR, respectively .

Since the rank of Hlr(B,R) is 2k, Rank(H,(B,Z)) = 2k. As m(B) & H,(B,Z) (since

m1(B) is abelian), we get
7T1(B> = @Z .
2k

So, there exists a smooth covering map gzNS : R?* — B, such that B is diffeomorphic to

R2F/m (B) = [T, T2. O
We have proved the following result.

Theorem 3.4.2. Let M be a compact connected strong generalized Calabi- Yau manifold

of type k. Let .7 be the induced foliation. Then, the following statements hold.
1. There exists a smooth surjective submersion f : M — H§:1 T2,

2. Suppose . has a closed leaf. Then, we have:
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(a) All leaves are diffeomorphic and compact. Their holonomy group is trivial.
(b) The leaf space M /. is a smooth manifold.

(¢) The submersion f can be chosen so that the components of the fibers of f are

the symplectic leaves of . .

3.4.2 Nilpotent Lie groups, nilmanifolds, and SGH bundles

In this subsection, we give a complete characterization of the leaf space of a left invariant
GCS on a simply connected nilpotent Lie group and its associated nilmanifolds. Fi-
nally, we construct some examples of nontrivial SGH bundles on the Iwasawa manifolds
which show that the category of SGH bundles is in general different from the category of
holomorphic bundles on the leaf space.

Let G?" be a simply connected nilpotent Lie group and g be its real lie algebra.
Suppose G has a left-invariant GCS. Since G is diffeomorphic to g via the exponential
map, any left-invariant GCS is regular of constant type, say k. The canonical line bundle,
corresponding to a left-invariant GCS, is trivial as GG is contractible. So, we can choose

a global trivialization of the form
p=ePTAQ, (3.4.5)

where B, w are real left invariant 2-forms and 2 = 6; A--- A#}, is a complex decomposable
k-form with left invariant complex 1-forms §; (1 < j <k).

Let . be the induced foliation and N be its normal bundle. Then we know that
T = ker(Q A Q). Using [3, Theorem 4], the left-invariant GCS corresponds to a real
Lie subalgebra s C g such that s = T, where id € G is the identity element. Since
any (simply connected) nilpotent Lie group is solvable, S = exp(s) is a closed simply
connected Lie subgroup of G by [48, Section II]. Note that, by the closed subgroup
theorem, S is an embedded submanifold of G and T3S = T;4.% . Note that

TG=ZGxg and TY =G Xxs.

Thus any leaf of . is diffeomorphic to S via the left multiplication map. This implies that
G is foliated by the left cosets of S, that is, the leaf space G/.% is G/S . Since S is closed,
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G/S is a smooth homogeneous manifold such that the quotient map ng : G — G/S is
a smooth submersion.
Contractibily of G also implies that N = G x R?*. Let (, ) be an inner product on

R%* . Consider the metric (, ) on G x R* defined as
((9,0), (hyw)) = o) for all (g,0), (h,w) € G x R

Note that (, )" is G-invariant. Then there exists a left-invariant metric, say h on N such
that (N, h) is isometric to (G x R%, (,)"). This h is a left-invariant transverse metric on

G.

Hence, we have established the following result.

Theorem 3.4.3. Let G be a simply connected nilpotent Lie group with g as its real lie
algebra. Suppose G has a left-invariant GCS. Let . be the foliation induced by the GCS.
Then, the following hold.

1. All leaves of % are diffeomorphic to the leaf through the identity element of G.

2. % is a Riemannian foliation. In particular, G admits a transverse left-invariant

metric.

3. G 1is foliated by the left cosets of S where S C G is a closed simply connected Lie
subgroup. The leaf space G/ is the homogeneous manifold G/S .

Let I' C G be a maximal lattice (that is, cocompact, discrete subgroup). Malcev
(cf. [112]) showed that such a lattice exists if and only if g has rational structure constants
in some basis. Let M?" = T'\G be a nilmanifold with a left-invariant GCS. Using [38,
Theorem 3.1], we can say that this left-invariant GCS is generalized Calabi-Yau. This
GCS on M is induced from a left-invariant GCS on G. Let p be a global trivialization
for the canonical line bundle of the left-invariant GCS on G as defined in (3.4.5). It also
induces a global trivialization for the canonical line bundle of the left-invariant GCS on
M. Let .#); be the induced foliation corresponding to this GCS on M and Sy, be the
leaf through the coset I' € M. Note that, since . is I'-invariant, .%); is just induced by
S, that is, S = T'\.7.

Now, the quotient map 7r : G — M is a principal I'-bundle as well as a covering

map. It induces a principal (SNI')-bundle 7p|s : S — S and so the fundamental group
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m1(Sy) = SN T . Therefore, we can identify Sy, = (SNT)\S. Note that 7' (Sy) =T'S.
By [132, Theorem 1.13], SNT is a maximal lattice in S if and only if 'S is closed. Thus,
Sy = (SND)\S C M is a compact leaf if and only if I'S is closed. The transverse
left-invariant metric on G (see Theorem 3.4.3), is preserved by I'-action. Therefore, it

induces a transverse metric on M. This implies that .#), is a Riemannian foliation.

Consider the natural left [-action on G/S defined as n - ¢S = (ng)S and its quotient
space M := I'\(3/S with the quotient topology such that 7@ : G/S —s M is continuous.

Note that this map is also open. So, we have the following diagram,

BN

=1
3

M/ Sy M
where M /.y is the leaf space and 7 is the quotient map as defined in (3.4.3). We will
use S, to denote the leaf through = € M . Let g € G and consider the map

®: M/ Sy — M defined as  ®(S,.(,) = 7(7s(g)) . (3.4.6)

Let 9,9 € G such that mr(g) and 7p(g') are in the same leaf, that is, Sy.(y) = Serg) - To
show ® is well-defined, we need to show that 7(mg(g)) = 7(ms(g)).

Let v : [0,1] — Sy, be a path such that v(0) = mp(g) and (1) = 7r(g’) . Since G
is the universal cover of M, the path  lifts to a unique path 4 such that 4(0) = ¢g and
(1) = ¢" with 7p(g’) = 7r(g") . Now the path 4 is contained in one of the connected
components of 7w l(gﬂr(g)), which is a leaf of ., say, §S for some § € G, such that
mrlgs 1 g5 — Sﬂr(g) is a universal covering map. So, we get the following commutative

diagram,

Srp(g) ———— M

.. . . <. o e . . . . " ~
where ¢ is inclusion and ¢ is injective immersion. Since g,g € ¢S, we have mg(g) =

7s(g"). Now ¢ and ¢" are in the same fiber of the universal covering map 7, and as
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7 (M) =T, there exists € T such that - ¢ = ¢g'. Note that I' preserves the foliation
7 and so, mg(n-g ) =n-ms(g"). Therefore, we can see that 75(g') = 7 - 75(g) which
implies that 7(7s(g)) = #(ms(g’)) . Hence, the map ® is well defined.

Now define the inverse of ® as

o ((rs(o))) = v

We need to show that &' is well-defined. For that, let g, ¢ € G with the condition that

F(ms(g)) = 7(ns(g)) . Tt is enough to show that S,.(,) = S’wp(g/) . The given condition on

75(g) and 7wg(g') implies that there exists n € T' such that

/

ws(9) =n-7s(g) =7s(n-g).

Then, there exists § € G such that g,n-g € §S, that is, they belong to the same leaf
of .. This implies that 7r(g) = mr(n-¢) = 7r(g) . Hence Sy.(y) = gw(g') . So @71 is
well-defined.

Note that 7,7, 7 and 7 are open maps and we have the following commutative

diagram:
G
> X
M G/S
M/ %y 2 M

This implies both ® and ®~! are continuous and so, ® is a homeomorphism.

Let z,y € M. There exist g,¢g € G such that 77 (z) = I'gS and 7~ 1(y) = I'y'S.
Now the map I'gS — T'¢'S defined as ngs — ng's is a diffeomorphism. In particular,
both orbits are diffeomorphic to I'S'. Suppose I'S is closed. Set

ker(#) := {(g5,9'S) |7(gS) = 7(g'S)} € G/S x G/S.

To show M is Hausdroff, it is enough to show that ker(7) is closed, because 7 is an open
surjection.

Let {(glS,925)}, € ker(7) be a sequence converging to (¢S, ¢%S) . Then {g/ S}, is
converging to ¢’S for j = 1,2. By the assumption on {¢?S}, (7 = 1,2), they belong to
the same ['-orbit, in other words, there exist g such that ¢2.S € T'gS (j = 1,2). Since any
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two ['-orbits are diffeomorphic, and I'S is closed, ['gS is also closed. This implies that
¢’S € TgS for j = 1,2. Therefore, 7(g'S) = 7(¢*S). This implies (¢*3, g>5) € ker(7)
and ker(7) is closed. Hence, M/.%) is Hausdroff. So, each leaf is closed as well as
compact in M. Since .#); is a Riemannian foliation, the holonomy group of any leaf is

finite, and M /.%)s is a smooth orbifold. Hence we have proved the following.

Theorem 3.4.4. Let M = T'\G be a nilmanifold with a left-invariant GCS. Let %) be
the induced foliation. Then, the following hold.

1. Sy is a Riemannian foliation.

2. M/ is homeomorphic to I'\G/S where S C G is a closed simply connected Lie

subgroup.
3. M/ is a compact smooth orbifold <= T'S is closed <= (SNI)\S is compact.

Example 3.4.4. Consider the complex Heisenberg group

121 Z3
G=410 1 =z||z%€C(i=123)
0 0 1

Here z; (j = 1,2,3) is a holomorphic co-ordinate of C* = {(z1,29,23)}. G is a 6-
dimensional simply connected nilpotent lie group. Consider a maximal lattice I' C G

defined as

1 a; as
'=<510 1 ay| |, €Z®iZ(j=1,2,3)
0 0 1

Then, T' acts on G by left multiplication and the corresponding nilmanifold M = T'\G
is known as the Iwasawa manifold. Let g be the real lie algebra of G. Choose a basis
{e1,€9,...,66} € g* by selting

dzy = e; +iey, dzg=e3+1es, and 2z1dzy— dzz = e5+ ieg.

These real 1-forms are pullbacks of the corresponding 1-forms on M, which we denote by

the same symbols. They satisfy the following equations:

de; =0 V1<j<4.

d€5 = €13 —+ ey9 and d€6 = ey + €923 .
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Here, we make use of the notation ej; = e; AN e for all j,l € {1,...,6}.

Consider the mized complex form
p=e")(e; +iey) A (es +ies) on M.
Note that des N\ deg = 0 and (e + iez) A (e3 + ieq) = des + i deg. Then, we have,

dp = ) A d(iess) A (er +iey) A (es + iey)
= ei(e“) AN d<i656) A (d€5 +1 d€6)
= —€i(€56) VAN (66 + 'i€5> A d€5 A d€6

:O’
and

€56 /\ (61 + ieg) A (63 + i€4) AN (61 — 2.62) A (63 — i€4) = e56 N\ (d€5 +1 deﬁ) A (d65 — ideg)
= —i€56 VAN d€5 AN d€6

£0.

By [70, Theorem 3.38, Theorem 4.8/, M admits a type 2 strong generalized Calabi-Yau
structure whose canonical line bundle is generated by p. It is straightforward to see that
p, when considered as a mized form on G, gives a left-invariant GCS on G which is a
strong generalized Calabi-Yau structure.

Let f : G — C? be the natural projection defined as

1 Z1 3
(|0 1 2z |)=(21,2).
0 0 1

One can see that T'-acts on (z1,22) via left translation by Z @ iZ. This shows that f

induces a surjective submersion

2
fiM—@PC/zaiz=T x T2,

i=1

that satisfies the following commutative diagram,

a—~1 ¢

MﬁTQXTQ
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where C?* — T2 x T? is the natural quotient map. So, there exist 01,0y € Q*(T? x T?,C)
such that f*(@l) = ey +iey and f*(@g) = e3 +ieq. Now, each fiber of this submersion is
diffeomorphic to C/Z®iZ = T%. Therefore, the foliation induced by the strong generalized

Calabi- Yau structure on M is simple with leaf space T? x T? and with the fibers as leaves.

3.4.3 When the leaf space is a manifold

Let M be a type k regular GC manifold such that the leaf space M/.# of the induced
foliation . is a smooth manifold. Then .# = M/.”, as defined in (3.4.2), becomes
a complex manifold of complex dimension k and the quotient map 7 : M — #, as
defined in (3.4.3), becomes a smooth surjective submersion. In particular, 7 is an open
map.

For any open set V C M, consider the map 7% : #7710 , — O, defined as
TH(f)=for for fe O F(V)), (3.4.7)

where O, is the sheaf of holomorphic functions on .#. To show ## is an isomorphism,
it is enough to show 7% : (7710 4), — (Ou), is an isomorphism for any z € M.

Let © € M and set y = 7(z). Let {U, ¢} be a co-ordinate chart around y in .#, and
let S, = @ '(y) be the fiber (leaf) over y. Then, choosing U sufficiently small, we have

the following commutative diagram by Theorem 3.4.1,

zeV=7U) —2— S, x U
F Pro
Uc.# . U cCk

where gzNS is a GH homeomorphism, U C C* is an open set, and S, is the universal cover
of S,. Note that Oy is isomorphic to ¢—*O S, xck Via ¢*, defined in a similar manner
as in (3.4.7), and Og v = Pry' O . Using commutativity of the diagram and the fact
that Oy is isomorphic to 1O via ¢, defined similarly as in (3.4.7), we can show that
7710y is isomorphic to Oy via ## . Therefore, 77 is isomorphism and so is ## . Similarly

one can show that 77 is also an isomorphism even when we replace Oy by Fis ,, that is,

7# . #71C% — Fy; is an isomorphism . (3.4.8)
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Let GM and G*M be the GH tangent and GH cotangent bundle of M, as defined in (3.2.3)
and (3.2.1), respectively. Let {U,} be a coordinate atlas of .# such that #~'U, = S, x U,
via a GH homeomorphism for some leaf S, and U,, C C* open set where S, is the universal

cover of S, . Note that,
FM(G*M)|7~T*1UQ = SpanFM(ﬁ_an){dzl, N 7d2,’k}

where z; (1 < j < k) are holomorphic coordinates on U/,. Then (3.4.8) naturally induces

an isomorphism

|y, C(TY M )|y, — Frr(G* M)z,
which gives rise to a sheaf isomorphism
# AT M) — Fu(GM).

where T'°.# is the holomorphic tangent bundle of .# . Replacing Fy/(G*M) by
Fr(G*M), one can show, similarly, that

T FTCU(T™ ) — Fy(G*M).

Also, similarly, we can show that Fy(GM) = 7 1C%(T" .4 ) because Fy(GM) =

Homp,,(Fy(G*M), Fiyy) . We summarize our results as follows.

Theorem 3.4.5. Let M be a reqular GC manifold such that the leaf space of the in-
duced foliation is a smooth manifold # . Let GM and G*M be the GH tangent and GH
cotangent bundle of M. Let 7w : M — .# be the quotient map, and let le/’fo be the sheaf

holomorphic sections of the holomorphic tangent bundle of 4 . Then the following hold.
1. Fy 2771C% and Oy 27710 4 .
2. Fy(GM) 2 77 1C(TYO ) and F (G*M) = 77 1C° (T 4) . In particular,

GM = 7T ot and G*M = 7T 4 .

3. M = #7'T ) and §*M = #7177

Remark 3.4.3. Theorem 3.4.5 implies that the pullback of any holomorphic vector bundle
on the leaf space is an SGH vector bundle of M. A natural question is whether all SGH
vector bundles arise in this way. The following two examples demonstrate that this is not

always the case.
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Example 3.4.5. Let M; be a complex manifold and My be a symplectic manifold. Con-
sider the natural product GCS on My x M. Consider the SGH vector bundle ®; Pr;V;
over My x My, as defined in Example 3.1.1 where Vi is a holomorphic vector bundle over
My and V5 is flat vector bundle over My. This bundle is not a pullback of a holomorphic

vector bundle over M, unless Vs, is trivial.

Example 3.4.6. Let G be the Heisenberg group and M = T\G be the Iwasawa manifold
with the left-invariant GCS as defined in Example 3.4.4. Let p : I' — GL;(C) be a
nontrivial (faithful) representation. Let G x,C! be the SGH bundle over M as defined in
Ezample 5.1.2. Let S (=2 T?) be a leaf of the induced foliation. Considering m(S) < T,
(G %, C)|g is isomorphic to R* x y C' where p = plei(s) is a non-trivial representation.
If possible let, there exist a holomorphic vector bundle W over T2 x T2 such that f*W =
G x, Cl. But, then the restriction of f*W to any of the fibers of f is a trivial bundle
which is not possible as the fibers of f are the leaves of the induced foliation by the left-
invariant GCS. Hence G x,C' is an SGH vector bundle on M which is not a pullback of

any holomorphic vector bundle on T? x T2,
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Chapter 4

Strong (Generalized Holomorphic
Principal Bundles and Generalized

Holomorphic Connections

This chapter is the core of the thesis, delving into SGH principal bundles and elucidating
their associated geometric properties. More precisely, our focus here is on establishing
the theory of generalized holomorphic (GH) connections and their curvature, alongside
associated geometric concepts such as Chern-Weil theory and characteristic classes, for
SGH principal G-bundles over regular GC manifolds, where G denotes a complex Lie
group.

We begin by delineating SGH principal bundles through the utilization of Theorem
3.1.1. Notably, we find that characterizing these bundles is more straightforward when
the structure group is a complex Lie group (cf. Proposition 4.1.2). Subsequently, we
construct the Atiyah sequence for SGH principal G-bundles over regular GC manifolds
where G is a complex Lie group, employing an adaptation of Atiyah’s approach for
defining holomorphic connections on holomorphic principal bundles [7]. This endeavour
yields the Atiyah class, serving as an obstruction to the aforementioned splitting of the
Atiyah sequence, and lays the groundwork for the theory of GH connection; see Definition
4.2.1 and Theorem 4.2.2.

A fundamental result regarding the Atiyah class is the relationship between the Atiyah
class of a holomorphic vector bundle and the Atiyah class of its associated holomorphic

principal bundle, where these classes differ only by a sign. This prompts the question of

77
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whether such a relationship holds within the SGH setting, and Theorem 4.3.1 confirm
this with a positive answer.

In our exploration of the theory of the curvature of a GH connection, we develop
de Rham cohomology and Dolbeault cohomology, under the assumption that the leaf
space M /. is an orbifold. This leads us to describe the Atiyah class through sheaf
cohomology theory and present a related Chern-Weil theory, introducing a new type
of characteristic class of such GH principal bundles. It is important to note that the
Atiyah sequence is also studied for principal bundles over various geometric spaces; see
9,18,19,21,22,24-26,45,55,102,108,110,113,129,139,161]. This chapter is based on [127,

Sections 4-6 and 8-9] and splits into five sections:

—_

. Strong generalized holomorphic principal bundles (Section 4.1).

2. Generalized Holomorphic Connections on SGH Principal bundles (Section 4.2).

w

. Atiyah class of an SGH vector bundle (Section 4.3).
4. Dolbeault cohomology of SGH vector bundles (Section 4.4).

5. Generalized Chern-Weil Theory and characteristic classes (Section 4.5).

4.1 Strong generalized holomorphic principal bun-

dles

In this section, we begin by formally defining SGH principal G-bundles for a real Lie
group G that admits a GC structure. We employ Definition 3.1.1, wherein we essentially
substitute "fiber bundle" with "principal G-bundle" to capture the essence. Consequently,
we establish the Characterization presented in Proposition 4.1.1 for SGH principal G-
bundles, akin to Theorem 3.1.1. However, this description becomes notably simpler since
the mapping py for f € F' in Theorem 3.1.1 reduces to the left translation by f, given
F = G and G acts on F via right translation.

Particularly, if we consider G to be a complex Lie group, this depiction becomes fur-
ther simplified, as demonstrated in Proposition 4.1.2. Following this, we elaborate on the

SGH version of the classical result regarding the one-to-one correspondence between the
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sets of isomorphic classes of vector bundles of a fixed rank, denoted as [, and isomorphic
classes of principal GL;-bundles, as detailed in Proposition 4.1.3.

Let G be a real (connected) Lie group with a GC structure Jg. Let G — P = M be
a smooth principal G-bundle over a GC manifold (M, Jys). Let {Us,, ¢} be a family of
local trivializations

b i T H(Uy) — Uy X G, (4.1.1)

with transition functions

¢a5 : Uag :UaﬂU/j —)G, (4.1.2)
where ¢a3(2) = @alr-1(m) 0 @5 (x,-) for all # € Ung .
Definition 4.1.1. P is called an SGH principal G-bundle over (M, dnr) if

1. P is a GC manifold.

2. There exist local trivializations {U,, ¢} such that every ¢, is a GH homeomorphism

when U, X G is endowed with the standard product GC' structure.

Asin (3.1.1), Jy and Jg can be written in the following form

—J —J,
I = P and Jg = ¢ Pe , respectively .

Remark 4.1.1. Note that in the definition of an SGH principal G-bundle, we do not
require that the group operations on G be GH maps, or that the left or right translations
by elements of G be GH homeomorphisms. However, if we assume that G is a complex

Lie group then these conditions hold.
Proposition 4.1.1. The following are equivalent.

1. P is an SGH principal G-bundle over (M,dn) with local trivializations {Us, ¢a}

and transition functions {¢as}-
2. For all nonempty Uys C M and (m, f) € Uy X G, the map
Yop : Uap X G — Upp X G defined as  op(m, f) = (m, pas(m) - f)
is a GH automorphism of Usp X G.

3. The transition functions satisfy the following: For all m € U,g,
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(a) ¢ap(m) € Diffy, (G),
(b) (Pap)sm © Ju,, = JFo (Pap)em
(¢) (Gap)m © Bu,, =0,

(d) Bg o (¢0¢5)*m =0.
Proof. Follows from Theorem 3.1.1. [

Proposition 4.1.2. Let G be a (connected) complex Lie group. Then, the following are

equivalent.

1. P is an SGH principal G-bundle over (M,dn) with local trivializations {Us,, ¢a}

and transition functions {¢as}-

2. For all nonempty Uag € M and (m, f) € Uys x G, the map

Vap : Uap X G — Uapg X G defined as ap(m, f) = (m, ¢as(m) - f)

is a GH automorphism of Usp X G.

3. The transition maps ¢op satisfy the following:

(a) pap(m) is a biholomorphic map on G ¥ m € U,g,

b) each ¢n5 is a GH map.
( 5
Proof. Follows from Proposition 4.1.1 and Lemma 3.1.3. O]

Let M be a GC manifold and let £ be an SGH vector bundle of real rank 27 over M
with local trivializations {U, , ¢o}. Then, by Theorem 3.1.1 and [103, Proposition 3.2,

we have

1. ¢ap(m) € GL)(C), i.e., E is a complex vector bundle of of complex rank [,

2. each entry By, : Uyg — C of o3 = (Byy)ix is a GH function,

where ¢o5 : Uyg — GLg(R) is the transition map as in Theorem 3.1.1.
Following the standard associated principal bundle construction (cf. [140, Chapter 3)),
we construct the principal bundle Pg associated to E as follows: Consider the disjoint

union | |U, x GL;(C) where U, C M varies over a trivializing open cover of £. Define an
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equivalence relation on this set by declaring elements (b, h) € Uz x GL;(C) and (a, g) €
U, X GLi(C) to be equivalent if and only if a = b and g = ¢ap(b)h,

(b,h) ~ (a,9) <= a=> and g = ¢us(b)h.

Now define
P = |Ua x GLZ(C)/ ~ (4.1.3)
For each m € U,g,

gbag(m) O JRzz = JRzz (0] gbag(m) s

where Jga denotes the natural complex structure on R*, which implies ¢,5(m) is biholo-
morphic. Considering GL;(C) C GLy(R), note that the transition map ¢n5 : Usg —
GL;(C) is a GH map if and only if each entry

B)ry:Uaﬁ —C

of ¢ap = (Bxry)ixi is a GH function. Hence, by Proposition 4.1.2, Pg is an SGH principal
GL;(C)-bundle.
Given an SGH principal GL;(C)-bundle 7 : P — M with local trivializations

{Uy, ¢}, the associated vector bundle Ep is constructed as follows: Consider the right

action of GL;(C) on P x C' defined by

(p.f) 9= 9,9 (f)) VpeP, feC andge GL(C).

Define
Ep:=P x¢gp,c C, (4.1.4)

as the identification space of that right action. Denote by [(p, f)] the equivalence class or

orbit of (p, f) € P x C' under the above action. Then, the map
p . Ep — M

defined by 7p([p, f]) = m(p) gives the desired the vector bundle structure on Ep. Note
that the transition map ¢.p of Ep, as in Theorem 3.1.1, is a GH map by Proposition
4.1.2. Also, ¢ap : Usg —> GL;(C) is a GH map if and only if each entry

B)\,YZUag —C

of ¢pup = (Bry)ixi is a GH function. Thus, by [103, Proposition 3.2], Ep is a GH vector

bundle over M. The result below now follows using standard arguments.
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Proposition 4.1.3. Let (M, Jy) be a GC manifold and | € N. Consider the following

set

Parc) = Set of all isomorphism classes of SGH principal
GL,(C)-bundles over M .

If Pg and Ep are as in the equations (4.1.3) and (4.1.4) respectively, then the map
d : g[ — '@GLZ(C) (415)

defined by ®([E]) = [Pg] gives a bijective map between two sets with the inverse map
defined as ®~'([P]) = [Ep] where [E] and [P] denotes the SGH bundle isomorphism

classes of E and P, respectively, and & as given in Proposition 3.2.1.

4.2 Generalized Holomorphic Connections on SGH

Principal bundles

The aim of this section is twofold. Firstly, we establish the Atiyah sequence for SGH
principal G-bundles over regular GC manifolds, where G is a complex Lie group, and
introduce the concept of a generalized holomorphic (GH) connection. Secondly, we com-
pute the Atiyah class and provide a characterization of a GH connection using local

trivializations.

4.2.1 SGH principal bundles with complex fibers and GH con-

nections

There are some special properties of SGH principal bundles with a complex Lie group
as a structure group which we similar to holomorphic principal bundles over complex
manifolds. These properties do not hold in general. We list a few of them here that are

important for our purposes.

Proposition 4.2.1. Let G — P 5 M be an SGH principal G-bundle over a regqular GC

manifold (M, dy) where G is a complex Lie group. Then
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1. P admits GH sections over any trivializing open set U C M.

2. If s : V. — P is a GH section of P over an open subset VC M, then so is s- ¢ for
any GH map ¢ : V — G.

3. If s1 and sy are any two GH sections of P over V, then there exists a unique GH

map ¢ : V — G such that s = s1 - ¢.

Proof. First, note that it suffices to prove the statement of the theorem for a local trivi-
alization of P as a GH homeomorphism is a GH map. Additionally, by Proposition 3.1.1,
any GH map between complex manifolds is simply a holomorphic map and vice versa.

Then, (1) follows from the fact that a constant map from ¢ : U — G is GH by
Proposition 3.1.1 as ¢, = 0. This implies that the local trivialization of P over U admits
a GH section.

Part (2) follows from the fact that the right action of G on itself is GH if G is a
complex Lie group, and that the composition of GH maps is a GH map.

Part (3) follows from the fact that inversion operation in a complex Lie group, is a

GH map, in fact, a GH homeomorphism. O

By Remark 4.1.1, G acts on P as a group of fiber preserving GH automorphisms,
P xG — P. The GCS induced by the complex structure on G is regular, which implies
that P is a regular GC manifold. Let §*P and GP denote the GH cotangent and GH
tangent bundles of G as specified in (3.2.1) and (3.2.3), respectively. Since G acts on P,
it has an induced action on (TP @ T*P) ® C. For any g € GG, we have

—1
10

(X +¢)-g= g (X+¢) forall X+ (TPOT*P)®C.
0

*

9

Asg: P— P, pw~ p-g,is a GH automorphism for every g € G, it follows that G acts
on i-eigen bundle Lp of Jp. This implies that G acts on §*P and hence on GP. Define
the SGH Atiyah bundle of P by

At(P) := GP/G . (4.2.1)

Then, a point of At(P) is a field of GH tangent vectors, defined along one of the fibers
of P, which is invariant under G. We shall show that At(P) has a natural SGH vector

bundle structure over M.
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Let m € M and let U C M be a sufficiently small open neighborhood of m such that

there exist a GH section of P over U,
s:U—P. (4.2.2)

Let (GP)s be the restriction of §P to s(U). Now since s : U — s(U) is a diffeomorphism,
s(U) can be endowed with the structure of a regular GC manifold such that s becomes
a GH homeomorphism between U and s(U). Since s is a GH section, by [103, Example
3.3], s*(GP) is an SGH vector bundle over U and so, (s7)*(s*(GP)) is also an SGH
vector bundle over s(U) which coincides with (GP)s as a smooth bundle. This defines a
canonical SGH bundle structure on (GP)s.

There is a natural one-to-one correspondence between At(P)y and (GP)s,
vs + At(P)y — (GP)s, (4.2.3)

where 7, assigns to each invariant GH vector field along 7—!(z) := P, its value at s(x).
This is easily seen to be an isomorphism of smooth vector bundles. Then, the SGH vector
bundle structure of (§P), defines an SGH vector bundle structure of At(P)y.

It remains to show that this construction is independent of the choice of the GH
section s. Let s; and s, be any two GH sections of P over U. Then, by Proposition 4.2.1,
there exist a unique GH map ¢ : U — G such that

s1(x) - p(x) = sa(x), V xeU.
Note that the map 1 : U x G — U x G defined as

W(x,g) = (z,¢0(x)-g) forall (z,9) €U x G

is a GH automorphism of U x GG by Proposition 4.1.2. Therefore, ¢/ induces an isomor-

phism of SGH vector bundles, again denoted by v,

¢ : (9P>81 — (9P>82’
satisfying
Vsy = P O Vs -

Hence, the SGH vector bundle structure on At(P) is well-defined.
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Let T denote the sub-bundle of TP formed by vectors tangential to the fibers of P.
Define §GT = TN GP. Since G acts on T, it also acts on GT. Define

R=GT/G. (4.2.4)
If ~y, is defined as in (4.2.3), then restricting to Ry, we get
Yslry =75 Ro — (§7)s. (4.2.5)

Note that (§7)s is also an SGH vector sub-bundle of (SP); as (G7) is an SGH vector
sub-bundle of (§P). Hence by above, R is also an SGH sub-bundle of At(P).

We now examine R more closely. Let g denote the complex Lie algebra of G. As a
vector space, g is the holomorphic tangent space of GG at identity. In the SGH principal
bundle P, for x € M, each fiber P, can be identified with G' up to a left multiplication.
Note that, each smooth tangent vector at the point p € P, tangential to the fiber, defines
a unique left-invariant smooth vector field on G. Since the left (respectively, right)
multiplication is biholomorphic, the vector space of left (respectively, right) invariant
holomorphic vector fields on G is then isomorphic with g via left (respectively, right)
multiplication. Note that by the locally product nature of the GCS on P, and the
absence of a B transformation in a GH homeomorphism, any holomorphic tangent vector
to a fiber of P is an element of GT. Therefore, any holomorphic tangent vector to the
fiber at the point p € P defines a unique left invariant GH tangent vector field on G.

Thus, we have an SGH vector bundle isomorphism
GT=Pxg.
Then, the action of G on §T induces an action on P x g as follows,

(p)-g=@p-g,Ad(g ")) V (p,l)e Pxg. (4.2.6)

Let P xg g be the identification space defined by the action in (4.2.6). The adjoint
map is a biholomorphism due to the complex Lie group structure of G. Consequently,
the transition maps of the complex vector bundle P X g are GH maps. Therefore, by
Theorem 3.1.1 and [103, Proposition 3.2], P x¢ g is an SGH vector bundle over M with
fiber g associated to P by the adjoint representation. Hence, R = §T/G = P x5 g. We
shall denote it by Ad(P), that is,

Ad(P) =P x¢g. (4.2.7)
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The projection 7 : P — M induces a bundle map Gr : At(P) — GM. Using Definition
3.1.1, we deduce that Gr is an SGH vector bundle homomorphism.

Moreover, let T denote the tangent bundle and G7 denotes the GH tangent bundle
of s(U) respectively where s(U) is the image of the GH section s as in (4.2.2). Then we
have (§P)s = (G7)s @ (97Ts) where (§P);s and (G7)s are as defined in (4.2.3) and (4.2.5),

respectively. This implies the following commutative diagram:

0 —— Ry ——— AH(P)y —— GU 0
b ]
0 —— (§7)s —— (§P)s ST 0

where 7,, 7, and £ are as in (4.2.3), (4.2.5) and the natural inclusion map, respectively.
Also, the map s* : GU — GT,, induced by s, is an isomorphism of SGH vector bundles.
We conclude that

0 R — AYP) -5 GM —— 0

is a short exact sequence of SGH vector bundles over M. We summarize our results in

the following theorem.

Theorem 4.2.1. Let P be an SGH principal G-bundle over a reqular GC manifold
(M,dn) where G is a complex Lie group. Then, there exists a canonical short ezact

sequence A(P) of SGH wvector bundles over M :
0 —— Ad(P) —— A{(P) —— GM —— 0 (4.2.8)

where GM is the GH tangent bundle of M as in (3.2.3), Ad(P) is the SGH vector bundle
associated to P by the adjoint representation of G as in (4.2.7), and At(P) is the SGH

vector bundle of invariant GH tangent vector fields on P as in (4.2.1).

Definition 4.2.1. Let P be an SGH principal G-bundle over a reqular GC manifold M
where G is a complex Lie group. A generalized holomorphic (GH) connection on P is a
splitting of the short exact sequence A(P) in (4.2.8) such that the splitting map is a GH

map.
By [7, Proposition 2|, the extension A(P) defines an element

a(P) € H'(M,Homy,,(SM, Ad(P)),
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and A(P) is a trivial extension if and only if a(P) = 0.
Note that §*M = Homy,,(SM, Oy). Hence,

Homo,, (GM, Ad(P)) = Ad(P) ®o,, $"M.

Thus we have the following result.

Theorem 4.2.2. An SGH principal G-bundle P over a reqular GC manifold M defines
an element

a(P) € H'(M, Ad(P) ®o,, §*M).
P admits a GH connection if and only if a(P) = 0.

Definition 4.2.2. The element a(P) in Theorem 4.2.2 is called the Atiyah class of the
SGH principal G-bundle P. The SGH vector bundle At(P) in (4.2.8) is called the SGH
Atiyah bundle of the SGH principal G-bundle P.

Definition 4.2.3. A smooth generalized connection in the principal bundle P is a smooth

splitting of the short exact sequence A(P) in (4.2.8).

Remark 4.2.1. In this case, when A(P) is considered as a short exact sequence of smooth

vector bundles, again by [7, Proposition 2], the smooth extension A(P) defines an element
a'(P) € H'(M,Homee (C™(SM) , C*(Ad(P))),

and A(P) is a trivial smooth extension if and only if ' (P) = 0. But due to the partition of
unity of smooth functions, we can see that Homege (C*°(GM) , C*°(Ad(P)) is a fine sheaf.
Thus H'(M, Homee (C*(GM), C*(Ad(P))) = 0 and so da/(P) will always be zero. This

implies that a smooth generalized connection always exists.

Remark 4.2.2. It may be feasible to omit the reqularity assumption on M by utilizing
sheaf theoretic language. In essence, within the context of sheaf theory, it might be possible
to define the concept of the Atiyah class for an SGH principal bundle over a GC manifold

without the need for reqularity.

Remark 4.2.3. [t is worth noting that the notion of a smooth generalized connection can
be extended for any arbitrary real (connected) Lie group G that admits a regular GCS,
by extending the approach developed for complex (connected) Lie groups in the preceding

discussions. However, the concept of GH connection may not be extended to any such G
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using the same method. Because, when dealing with an SGH principal G-bundle over a
reqular GC manifold where G is an arbitrary real Lie group endowed with a reqular GCS,
the combination of Definition 2.3.6 and Theorem 3.1.1 implies that the transition maps
may not be GH maps. So, there is a possibility that the sheaf of GH sections of an SGH
principal G-bundle may not have any elements when G is an arbitrary real (connected)
Lie group with a GCS.

Fven in the case of a trivial SGH principal G-bundle, where G is a real Lie group
with a GCS, constant sections are not always GH maps. Consequently, transition maps
may not be GH maps. This can be demonstrated as follows:

Let M denote a GC manifold. Consider G, a real Lie group endowed with a reqular
GCS of type zero. Let M x G represent the trivial SGH principal G-bundle over M. Then,
every smooth section of M x G is given by a smooth map f : U — G, where U C M
is an open set. If a section is a GH map, then the corresponding smooth map f is also
a GH map, and by Lemma 2.2.1, df respects the linear Poisson structures at each point.
Howewver, in the case of constant sections, f becomes a constant map, implying that df
does not respect the linear Poisson structures at any point, as df = 0. Thus, constant
sections on M x G are not GH maps in this case.

However, when working with a smooth generalized connection, we only need to focus
on smooth sections, which are always available. Hence, we need not concern ourselves

with the aforementioned possibility.

4.2.2 Local coordinate description of the Atiyah class

In this subsection, we compute the Atiyah class a(P) in local coordinates following Atiyah
[7]. Let G be a (connected) complex Lie group with complex Lie algebra g. Let P be
an SGH principal G-bundle over a regular GC manifold M with local trivializations
{Us, ¢o} and transition maps ¢,z (see (4.1.2)).

Let My := M x g denote the trivial SGH vector bundle over M where g is the complex
Lie algebra of G. Since ¢, is a GH homeomorphism and it commutes with the action of

G, it induces an SGH vector bundle isomorphism

o : AL(P)|y, — SM|y, & M|y, . (4.2.9)
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Define the SGH vector bundle homomorphism
ao : GM |y, — At(P)|u, (4.2.10)

by aa(X) = (¢a) (X @ 0) for all X € GM|y,. Then the map aus SM|y,, —
At(P)|y,,, defined as
aaﬁ = CLB — Ay

gives a representative 1-cocycle for a(P) in H'(M, Homyp,,(SM, Ad(P)).
Denote G, := G x g. Note that §G := T'G. Both right and left multiplication

maps on G are biholomorphic. Using them we have SGH bundle isomorphisms
§:9G — Gy and n:5G — Gy,

respectively. Thus,

¢, n€ H°(G,Homy,(T"°G, Gy)) .
Now, ¢,s is a GH map due to Proposition 4.1.2, thereby it induces elements
£aﬁ y Nap € F(UOtﬁ? H0m0M(9M7 Mg)) :
Then, for each X € 9M|Uaﬂ,
Ga(a0p(X)) = Ga((d5) (X ®0) = (¢a) (X ©0))

= 0a((95) (X ®0)) = (X ©0)

= (X ® &ap(X)) — (X B 0)

= (08 &ap(X)).

By the short exact sequence in (4.2.8), we can identify Ad(P)|y, as an SGH subbundle
of At(P)|v,. Then, the SGH vector bundle isomorphism between Ad(P)|y, and M|y, is

identified with the restriction map

Gl aa(P)lu, * Ad(P)|v, — Mylu, -

Therefore, we get
tap = (¢a) ™" 0 as, (4.2.11)

and since &,3 = Ad(¢ap) - 1as, We can replace (4.2.11) by

tas = (65) " ©7ag - (4.2.12)
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Now if a(P) = 0, then the coboundary equation is

Gas =5 — Ya
where v; € I'(U;, Homg,, (SM, Ad(P))) for i € {a, 5}. For each i € {a, 5}, if we denote
©; = </Z5\z ©%is

then ©; € I'(U;, Homg,, (M, My)) . Thus the coboundary equation becomes
€ap = Ad(dap) - O — O | (4.2.13)

or

Napg = @5 — Ad(¢5a) . @a . (4214)
Remark 4.2.4. Note that, in case of smooth generalized connection, since we have
H'(M,Homee (C™(SM) , C*(Ad(P)))) =0,

the co boundary equation is

Qo = Vs — Va
where 7; € C*(U;, Homee (C*(GM ), C=(Ad(P)))) for i € {a,B}. Then for each i in
{a, B}, if we again denote

©; = gz i,

we get that ©; € C(U;, Homeee (C*(GM), C*(M,))) . Thus the co-boundary equation

becomes

§ap = Ad(¢ap) - Op — O, (4.2.15)

or

Nap = 65 - Ad(¢ﬁa) : @a . (4216)

This completes the primary groundwork for GH connection and smooth generalized
connection. In the subsequent section, we will utilize this description to establish the

curvature.
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4.3 Atiyah class of an SGH vector bundle

In this section, we address the question regarding the relationship between the Atiyah
class of an SGH vector bundle and the Atiyah class of its associated SGH principal bundle
by establishing that these classes only differ by sign, akin to the classical holomorphic
case.

Let F be an SGH vector bundle over a regular GC manifold M with local trivializa-
tions {U, , ¢o}. Let J'(E) be the first jet bundle of E over M as defined in [103, Section
3.2]. Then by [103, Theorem 3.17], J;(E) is an SGH vector bundle over M and it fits
into the following exact sequence, denoted by B(F),

0 — FM®F —'» J(E) = E 0 (4.3.1)

of SGH vector bundles over M.
Let 711 : J1(E) — E be the morphism of Ops-sheaves, induced by m;. Then, we
can see that there exists a canonical C-module map of sheaves 1) : E — J1E such that

m ot = Idg. Thus, as a sheaf of C-modules, we have
J1<E) == E EBC (9*M ®OM E) .

Recall that, for each m € M, f € Oy, if and only if (df),, € (§*M),,. So, we can define
the map
Om 2 Ongm X J1(E),,, — J1(E),,
by
Om(fys+0)=fsd (fo+df @)
where s € Ey,, 6 € (G M)m ®0,,,, Em), and f € Oprp. This defines an action of Oy on

J1(E) making it a sheaf of Op;-modules. We obtain the following short exact sequence

of Op-modules

~

0 —— $M®y, E —— J,(E) > E 0 (4.3.2)

where J(8) = 0+ 6 and 71 (s 4+ 6) = s are the morphisms of O,-modules induced by the
maps J and 7 in (4.3.1), respectively.

Since Homyp,, (E, §*M ®0,, E) = §*M ®y,, End(E), by [7, Proposition 2| and using
(4.3.2), the extension B(FE) defines an element

b(E) € H'(M,5*M ®p,, End(E)).
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Definition 4.3.1. ( [103, Definition 4.4]) b(E) is called the Atiyah class of the SGH

vector bundle E over M.

The following result is standard in the holomorphic case (see [7, Proposition 9]) and
follows similarly in the SGH setting. Nonetheless, we provide a proof for the sake of

completeness

Proposition 4.3.1. Let E be an SGH vector bundle of real rank 2l over M. Let Pg be
the corresponding SGH principal GL;(C)-bundle as in (4.1.3). Then we have

End(E) = Ad(Py)
as SGH vector bundles where Ad(Pg) as in (4.2.7).
Proof. For Ad(Pg), there exist local trivializations {U,, ¢4} of Ad(Pg) over M such that

1. ¢o : Ad(Pg)|u, — Usxgl;(C) is a GH homeomorphism where gl;(C) is the complex
Lie algebra of GL;(C);

2. getting U,g = U, NUs # 0, the map
Vap = da© 5" : Usp X gli(C) — Uap x gl)(C)
defined as
Yap(m, X) = (m,Ad(das(m)~")(X)) ¥ m € Uss and X € gly(C)

is GH homeomorphism where ¢.5 : Uyg —> GL;(C) is the transition map of Pg

which is also a GH map by Proposition 4.1.2.

Similarly for End(E), there exist local trivializations {W,, ¢o} of End(E) over M such
that

1. ¢o : End(E)|y, — U, x End(Cl) is a GH homeomorphism;
2. again getting W,5 = W, N Wj # (), the map
Vas = G0 ¢5' : Wag x End(C') — W5 x End(C')
defined as
Yas(m, A) = (m, ((955) ™" © gas) (P)(A)) ¥ m € Wos and A € End(C')

is a GH homeomorphism where ¢,5 : W,3 —> GL;(C) is the transition map of F
which is also a GH map by [103, Proposition 3.2].
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Without loss of generality, we can assume that Ad(Pg) and End(F) both have the same
local trivializations over M.

Now given a C-vector space V' of complex dimension [ and G = Aut(V'), we can have
a canonical isomorphism gl,(C) = End(V). So then we can identify End(C!) = gl,(C) =
M;(C) where M;(C) is the set of all [ x [ complex matrices. Then we can see that for all
m € Uyp and A € M;(C),

Ad(¢as(m) ") (A) = das(m) " Adag(m) = ((¢as(m) )" @c ap(m))(A).

In other words, Ad(Pg) and End(E) both has the same transition maps with local triv-
ializations {U,, ¢} over M. Hence Ad(Pg) and End(FE) are canonically isomorphic as
SGH vector bundles, that is,

Ad(Pg) 2 End(FE) .

Corollary 4.3.1. H'(M,5*M ®y,, End(E)) = H'(M,5*M ®9,, Ad(Pg)).

Theorem 4.3.1. Let E be an SGH vector bundle over a reqular GC manifold M. Let
P be the associated SGH principal GL;(C)-bundle over M, as in (4.1.4), where [ is the
complex rank of E. Let b(E) and a(P) be the obstruction elements defined by B(F) and
A(P), as in the equations (4.3.1) and (4.2.8), respectively. Then

Proof. Let E be an SGH vector bundle with local trivializations {U,, ¢, } where
Go : Ely, — Uy x C, (4.3.3)

are local GH homeomorphisms (cf. (4.1.1)). Then P is defined by the transition functions
(cf. (4.1.2)),

¢aﬁ . Ua,B — GLZ(C)7 (434)
where

Yas = a0 05" Uss X GLi(C) — Uag x GLi(C) (4.3.5)

is given by ¥as(m, g) = (m, ¢as(m)g).
Let W = Cl so that B = Pxar,c)W. Let My = M xW, a trivial SGH vector bundle

over M. The GH homeomorphism ¢, induces a sheaf isomorphism of O |y, -modules

o : Ely, — Mwlu, - (4.3.6)



94 4.3. Atiyah class of an SGH vector bundle

This also induces another canonical O]y, -module isomorphism, again denoted by gga,
QNSOt - on& X0 Id : E|Ua ®OM\UQ S*Man — MWan ®@M|UQ 9*M‘Ua . (437)

Note that f € Oy, if and only if df € G*M. Thus the exterior derivative map d : O,y —
G*M is well-defined. Since My is a trivial bundle,

Mw|v. Zo,u. @ Orlu, (4.3.8)
for some r € N. Thus we can extend d to a C-linear sheaf homomorphism,
d: Mwly, — Mwl|uv, ®oy ., $M|u, - (4.3.9)
Define a C-homomorphism of sheaves over U,,
D, : E|y, — Elv, ®0,y. $M|u, (4.3.10)

by
Dy (s) = (%a)_ld&l(s)
where the first ¢4, d and the second ¢, are as in the equations (4.3.7), (4.3.9) and (4.3.6),

respectively. Now consider the sheaf homomorphism
bo : Ely, — J1(E)|u, (4.3.11)

defined by
bo(s) = s+ Dy(s) foralls € E|y, .

Then for any f € Oply, and s € E|y,, we have

ba(fs) = fs+ (¢a) 'dda(fs)
= fs @ (s@df + f(da) 'doul(s))
=f-(s+ Du(s)).

Hence, b, is an Oj;-module homomorphism. Consider the sheaf homomorphism
bag : Elu,;, — J1(E)|v,, (4.3.12)
defined by bag := bg — b,. Note that bas(s) = Dg(s) — Du(s). So

bas € T'(Ung, Home , (B, E ®p,, §M)).
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This shows that {b,s} is a representative 1-cocycle for b(E) in H'(M, End(E) ®¢,, §*M).

Consider the following two sheaf homomorphisms over U,,
Pas = ba © (5)"" : Mwlv,, — Mwlu,, , (4.3.13)
and the second one, also denoted by 50157
Gap s Mw v,y @0y, TMv., — Mwlv,, @oyl,, TM]u., - (4.3.14)

By (4.3.8), we can see that ggag can be thought of as a Oy, ,-valued matrix, again

denoted by
ggag : @OM|UaB — @OM|UQB‘

So d(¢as) is well understood. Then for any s € M|y, ., we get

B
Gabas(Ba) ! (5) = Pa(Ds((6a) " (5)) = Dal(da) ' (5))

= Gal(95) " d(dp(da) ' (5)) = ($a) " (ds))

= dap(d(9a5(s))) — ds (4.3.15)

= s d(dos) - 5

= —d(ap) Gop - -
But, in the notation of Subsection 4.2.2, d(¢ags) q?;é = &,3. Here, using g = gl;(C), we
identify the three sheaves Homy,, (Mw, Mw ®o,, $*M), Homg,, (SM, M), and M, ®¢,,
G*M via their respective canonical Oj/-module isomorphisms where GM, My are as in
the equations (3.2.3) and (4.2.9) respectively.

Now, Homg,,(E,E ®p,, $*M) is isomorphic to Ad(P) ®¢,, §*M by Proposition
4.3.1. Therefore, upon identifying Homg,, (M, Ad(P)), Ad(P) ®,, M, and also
Homy,, (E, E ®¢,, $*M) via canonical O;-module isomorphisms, we have, via equations
(4.2.11) and (4.3.15), that

bop = —Qap .

It follows that a(P) = —b(F). O

4.4 Dolbeault cohomology of SGH vector bundles

In the preceding section, we introduced the concepts of GH connection and smooth gen-

eralized connection. Now, every connection theory naturally leads to the theory of its
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curvature. Considering the classical holomorphic case, we know that another signifi-
cant aspect of curvature theory is the computation of the Atiyah class via curvature;
see [7, Proposition 4]. The key ingredient for such a description is the classical Dolbeault
cohomology for holomorphic vector bundles.

In this section, we establish the curvature theory for smooth generalized connections
and GH connections in Subsection 4.4.2 by utilizing the local description presented in
Subsection 4.2.2. Furthermore, we delve into developing a de Rham cohomology H}, (M)
for regular GC manifold M in Proposition 4.4.3, and a Dolbeault cohomology H ;’L*(M ,E)
for an SGH vector bundle E in Corollary 4.4.2. These elements provide a crucial rela-
tionship between the curvature and the Atiyah class in Theorem 4.4.2. To achieve this
description, we rely heavily on the associated Lie algebroid cohomology detailed in Sub-

section 2.4.2.

4.4.1 Cohomolgy Theory

Let (M, dyr) be a regular GC manifold with i-eigen bundle Ly;. Then, (TM&T*M)®C =
Ly & Lys. Note that

GM=LynN(I"M®C) and SGM = (G*M)* (4.4.1)

are also smooth vector bundles over M (cf. (3.2.1), (3.2.3)). Let k be the type of .
So, on a coordinate neighborhood U (cf. (2.3.8), Corollary 2.3.1),

o

_ 0
COO(Q*M|U) = Spancw(U){dZ,...,di} and COO(9M|U) = Spancw(U){aZ*l"“’aisz}'

Let . denote the induced regular transversely holomorphic, symplectic foliation of com-
plex codimension k corresponding to dys. Let d o denote the exterior derivative along the

leaves. Define

Fyoi=%ker(dy : Cfp — C®(T"Y ® C))

as the sheaf of smooth C-valued functions over M which are constant along the leaves.
Note that Oy < Fyy < Cf%. For any vector bundle E over M whose transition maps
are leaf-wise constant, we denote the sheaf of smooth leaf-wise constant sections of E by

Fu(E).
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The transition functions of §*M and G*M are constant along the leaves of .. On a

coordinate neighborhood U (cf. (2.3.8)),

FM(g*M|U) = SpanFM(U){d717 SR dZik}?

and

0

= 0
FM(9M|U) = SpanFM(U){%’ ceay 8727’6} .

For any p,q > 0, define
AP .= C*°(APG*M @ NG M),

(4.4.2)
APY = Fy(APG M @ NG M) .
More specifically, given any open set U C M,
API(U) = O®(U, N°G* M) @coo 1y C*(U, N1G* M) , 43

APIU) = Fy (NG M)(U) @iy Far(NGID(D)

Note that AP < AP¢ and AP4 = AP ®@p  C59. For any I € {0,...,2k}, denote A! =

Dyt AP? and Al = Dpi =i AP4. Thus, we get two bigraded sheaves, namely,
A=PAre | A:=p A, (4.4.4)
P.g P.q

To summarize, A and A are the bigraded sheaves of germs of sections of D, ,(ANPGM ®
AYG* M), which are smooth and constant along the leaves, respectively.

Let d : C®(A*T*M ® C) — C®(A*"'T*M ® C) be the exterior derivative. By
Proposition 3.4.1, we can see that GM and GM both are integrable smooth sub-bundle
of TM @ C. Thus we can restrict d to A°, A*. We denote these restrictions by D and D,
respectively, that is,

D :=d

i Di=dla. (4.4.5)

In particular, any w € AP (respectively, flp’q), is locally (cf. (2.3.8)) of the form
w=> frydz Ndzy,
1,J

where fr; € Fy(U) (respectively, C*°(U)), I,J are ordered subsets of {1,...,k}, and
dZI = /\ie[ dzi7 d@ = /\jEJ dZij . Then,

Duw (respectively, Dw) =" 0fr; dzy Ndz7 + > 0fry dz; Adzy, (4.4.6)
1,J 1,J
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where 0f;; and Of;; are defined by

i 0frs = ofr
fro=> i =) o 4.4.7
Ofry 2, dz Ofrs 2o dz ( )

We identify L3}, with Ly via the symmetric bilinear form defined in (2.3.1), and
consider the restrictions of dy, to C*°(A*G*M) and d to C*(A*G*M) where d;, and dy
defined in the Subsection 2.4.2 by the equations (2.4.11) and (2.4.12), respectively. We
denote these by dy, and Jf, respectively. In particular, for any w € C*(APG*M), locally

we can write
w = Z frdzr.
Then, I
drw = ZI:dZ Filow(gear dar -
We know that, for any f € C®(U), dtf € L and df € L. Therefore, if we restrict them
to C*°(G*M) and C°°(G*M), respectively, we get that

df‘COO(S*M)f - af ) dL|coo(W>f == 5f7

where 9f and Of are defined as in (4.4.7). We can further restrict d; and df to
Fr(A*G*M) and Fi(A*G*M) which we again denote by dr and dy, respectively. Thus

we can consider the following morphisms of sheaves

dL : FM(/\.Q*M) — FM(/\.+19*M) ,
(4.4.8)

dr : Py (NG M) — Fy(AT1G* M)
Note that d;, = d| Fas(negean) and dp = JZ| Fu(neg=ar)- They induce two differential com-
plexes, namely (Fy(A*G*M),dr) and (Fu(A*G*M), dy) . Subsequently, we can naturally
extend d, and dt to A®*, again denoted by d;, and d; respectively, and get the following

morphisms of sheaves

dp : AW — AW
1.4.9
dp: A — AT )

In particular, for any w € A4, locally
W = Zf]]dZ[ /\dTJ
1,J
Then,

de = ZdeIJ’FJ\/I(W AN dZ[ N dz, dfw = defIJ’FM(S*M) A\ dZ[ AN d@ (4410)
J I
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By the equations (4.4.6) and (4.4.10), on A**, we have
D= df—i- d;, and D(A"') C Aetle @ Asetl

Similarly, one can see that D= Jf + CZL where df and cZL are considered as a morphism

of sheaves between A** to A*t1* and A**+!, respectively.

Definition 4.4.1. Any element w € A' is called a generalized form of order | and any

element in AP4 is called a generalized form of type (p,q). Here Ara A gre as in (4.4.4).

Definition 4.4.2. Any element w € A' is called a transverse generalized form of degree
[ and any element in AP? is called a transverse generalized form of type (p,q). Here

AP A are as in (4.4.4).

Let Z* = ker(D : A* — A*T!) ie., the set of D-closed transverse generalized
forms of degree [. Let B*(M) = img(D : A*"Y(M) — A*(M)), i.e., the set of D-exact
transverse generalized forms of degree [. Then, the homology of the cochain complex

{A*(M), D} is called the D-cohomology of M, and it is denoted by

L ZM) ker(D: A*(M) — AFY(AD)
H5(M) 3= 5200 = ima(D : A1(M) — A*(M)) (44.11)

Definition 4.4.3. Let (§*M)? := AL G*M for p € N and (§*M)° := Oy. Note that

Om

(GM)* < Fp(A°G*M). We say that a transverse generalized form w of type (p,0) is a
GH p-form if dpw = 0, that is, w € (§*M)P.

Let N be another regular GC manifold and let f : M — N be a GH map. Then it
follows that

1. f*(AY) C A,

2. f* o dLN = dLM o f*

Corollary 4.4.1. Let M be a GC manifold. Given an open set U C M, a smooth map
¥ (U, du) — C is a GH function, that is, f € O (U), if and only if dp f = 0 where dy,
as defined in (2.4.11).

Proof. Follows from Lemma 2.3.1. O]
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Let Z** = ker(dy : A** — A***1) and let B**(M) = img(d; : A>*Y(M) —
A**(M)). Then the homology of the cochain complex {A**(M),d.} is called d-
cohomology of M and it is denoted by

HEr () Z**(M)  ker(dy : A%*(M) — A***1)(M)

- Be*(M) N img(dy, : A>*—1(M) — A**(M))" (4.4.12)

One can also consider the homology of the cochain complex {A*(M), D} which is called
the D-cohomology of M, and is denoted by

. o ker(D : A*(M) — A*T1)(M)
Mo M) = gD A1 (M) — A1)

Similarly, the homology of the cochain complex {A®*(M),d;} which will be called d-
cohomology of M, and denoted by

eenyy . Ker(dp : AW*(M) — A%*T1)(M)
Hy (M) := img(dy, : A%*~1(M) — A**(M))’

dy,
We know that locally (cf. (2.3.8)),

COO(S*M|U) - SpanC“’(U){d?la s 7d7k} )

and

COO(Q*M‘U) = SpanC"O(U){d'zla s ,de} )

where k£ is the type of M. Then, by following [68, P-25, P-42], one immediately obtains

the result below.
Proposition 4.4.1. Let M be a regular GC manifold of type k. Then for any q > 0,

1. dy-Poincaré Lemma: For sufficiently small open set U C M, H;’LQ(U) =0.
2. HI(M,A**) =0.
3. D-Poincaré Lemma: For a sufficiently small open set U C M, HL(U)=0.

4. HY(M,A*)=0.

Definition 4.4.4. An open cover W = {U,} of M is called a transverse good cover if U
is a locally finite transverse open cover (cf. Definition 3.4.1) and any finite intersection

Ny Ua, is diffeomorphic to a tubular neighborhood as in Theorem 8.4.1.
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Proposition 4.4.2. Let M be a regular GC manifold of type k. Assume M/ has a
smooth orbifold structure. Let U = {U,} be a sufficiently fine transverse good cover of

M. Then for any q > 0,
1. dp-Poincaré Lemma: For a sufficiently small transverse open set U C M,

HyY(U) =0.

2. D-Poincaré Lemma: For a sufficiently small transverse open set U C M,
HL(U)=0.

3. Hi(U, A**) =0.

4. HI(U, A®) = 0.

Proof. By Theorem 3.4.1, there exists a transverse open set (tubular neighborhood) U
around a leaf S which is diffeomorphic to S X Hol(S) C* where S is the universal cover of S
and Hol(S) is the holonomy group of S. Since Hol(.S) is finite, it acts linearly. Recall that
N*® C = G*M @ G*M where N is the normal bundle of .. Taking U to be sufficiently
small, we have

Fy(G*M|p) = SpanFM(U){dzT, oo dZE )
and

Fy (5" M|y) = Spang,, n{dz1, - . d2i )
Then following the proof in [68, P-25,P-42], we can prove (1) and (2).
To prove (3) and (4), it is enough to show that there is a partition of unity subordinate to
U such that they are constant along the leaves. This is obtained easily by pulling back

a partition of unity for M/.# subordinate to U = (7(U,)) with respect to the quotient
map 7: M — M/.7. O

Proposition 4.4.3. (de Rham cohomology for reqular GC manifold) Let M be a regular
GC manifold with induced symplectic foliation .#. Assume the leaf space M /. admits a

smooth orbifold structure. Then for ¢ > 0,
HY(U,{C}) = HL,(M)

where {C} is the sheaf of locally constant C-valued functions and W is a sufficeiently fine

transverse good cover of M.
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Proof. By D-Poincaré Lemma, we have the following exact sequence of sheaves

0 {C} A B P, (4.4.13)

on M. This gives the following exact sequence,

0 A P N4 p— (4.4.14)

In particular, the sequence

0 {C} AY P27 0 (4.4.15)

is exact. By (4) in Proposition 4.4.2, H?(U, A®*) = 0 for all ¢ > 0. Thus, considering the
associated long exact sequences in cohomology for these exact sequences of sheaves, as

in [68, pp. 40-41, 44], we obtain that for all ¢ > 0

HYU,{C}) = HI YU, Z") (by (4.4.15))
~ H972(U, Z%) (by (4.4.14))

~ gY(U, 297" (by (4.4.14))
HO(U, Z9)

- D(H°(U, Z971))

_ Z9(M)

- BI(M)

= HY(M).

Sy

]

Theorem 4.4.1. (Dolbeault cohomology for reqular GC manifold) Let M be a reqular GC
manifold with induced symplectic foliation .#. Assume that the leaf space M/ admits

an orbifold structure. Then for any p,q > 0,
HY(M, (§"M)?) = Hg,'(M) .

Proof. By dp-Poincaré Lemma, the following sequences of sheaves,

dr,

0 —— (§"M)* — A*0 Z* 0, (4.4.16)

dr,

O Z.’. A.7.

AL (4.4.17)
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are exact. Let U be a sufficiently fine transverse good cover of M. By (3) in Proposition
442, H (U, A**) = 0 for all r > 0. Hence, using the long exact sequences in cohomology
associated with (4.4.16) and (4.4.17) (cf. [68, pp. 40-41]), we have,

HY U, (FM)P) = HI YU, Zz7')  (by (4.4.16))
~ HI2(U, Z7?) (by (4.4.17))
~ HI73(U, Z2%)  (by (4.4.17))

~ iU, 277t (by (4.4.17))
N HO(U, ZP4)

~dp(HO(U, Zpra-1))
Zra(M)
= B

= H7'(M).

We can choose U = {U,} such that any finite intersection V = (\_, Uy, is diffeomorphic
a tubular neighborhood as in Theorem 3.4.1. Fix such a V. Then V := {V NU,} is a
transverse good cover of V. Note that H?(V, A**) = 0. Then, as above,

HYV, (M) |v) = Hg' (V) .

Since H7!(W) = 0 for any finite intersection W of elements in V by the dr-Poincaré

Lemma, using Leray’s theorem we have,
HIV,(§M)P|v) = HY(V, (§"M)?|yv) = Hg' (V).

Again, by the dp-Poincaré Lemma, HJ?(V) = 0. Thus, by Leray’s Theorem, for all
p,q =0,
HI(U, (§M)?) = HY(M, (5TM)”).

Let E be an SGH vector bundle over M. We put
AE =A ®OM E, (4418)

where A is as in (4.4.4). Since A is an Fjy;-module, it is also Oy-module, and thus, Ag is

well-defined. We can naturally extend dj, from A to Ag, denoted by d;, as follows: For
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f € Fy,acAand € E, we can define d; (fa A 3) = fdy(a) A 3. This definition is
well-defined because if f € Oy, we have fa A 5 =a A f5. Then

d(fanB)= fdranpB (asdpf =0)
=dra A (fﬁ)
= d(anfB).

For notational convenience, we again denote by dj, or by dj, g, the natural extension d},
of the operator d;. We denote the component of type (p,q) of the cohomology of the
complex (H(M, Ag),dy) by H(M, E) . Note that tensoring the short exact sequences
(4.4.16) and (4.4.17) with the locally free sheaf E again yields short exact sequences.
Then, following the proof of Theorem 4.4.1, we get the following.

Corollary 4.4.2. HYY(M,E) = HY(M,(5*M)? ®o,, E).

Suppose, the leaf space .# := M /. is a smooth manifold. Then, Theorem 3.4.5 shows
that, for I,p,q > 0, A (respectively, AP9), as defined in (4.4.2), is isomorphic to 7 1(€2 )
(respectively, #71(QP7)) where Q! is the sheaf of C-valued smooth [-forms on .#. In
particular, The map 7%, in Subsection 3.4.3, induces the pullback map #* from Q! ,(.#)
(respectively, QP (.#)) to A'(M) (respectively, AP4(M)) which is an isomorphism of
C-vector spaces. By the definitions of D and dj, (see (4.4.5) and (4.4.9)), we have the

following commutative diagrams.

() ()

Q (M) ————— AY(M) PNM) —————— API(M)
d D 5 u“
QN A) e AN(M) Q%-‘-%%) —e APat1()])

This shows that we have surjective homomorphisms at the level of de Rham cohomology

and Dolbeault cohomology, respectively:

T Hyp(M,C) — Hp(M) and 7 : H2'(.A) — Hy'(M).
Since 7 is a submersion, 7* is one-to-one. Consequently, 7* is an isomorphism of C-vector
spaces. Thus, we can conclude the following.

Corollary 4.4.3. Let M be a reqular GC manifold such that the leaf space # of the

induced foliation is a smooth manifold. Then,

Hip(M,C) = Hy(M) and H3* (M) = H3(M).
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Let V' be a holomorphic vector bundle over .#. Note that, by Lemma 3.1.3, any
holomorphic vector bundle is an SGH vector bundle over .# and vice versa. Let V be

the sheaf of holomorphic sections on .# . For, p,q > 0, consider
Q%(V) = Q% ®o, V,

the sheaf of V-valued differential forms of type (p,q), with the natural extension of -
operator on H(.#, "} (V)), again denoted by 0. Let Hy*(.#,V) denote the V-valued
Dolbeault cohomology of .# . Consider the SGH vector bundle FE := 7#*V over M. Then,
preceding discussions and Theorem 3.4.5 show that, for p,q > 0, AR as defined in
(4.4.18), is isomorphic to 71 (Q%Z(V))). In particular, the pullback map 7*, induced by
the map 77 (cf. Subsection 3.4.3) provides the following isomorphism of C-valued vector
spaces,
R HOMLPH(V)) — AB(M),

where Ag as defined in 4.4.18. Consequently, we have the following commutative diagram.

7 (2)

HO (A Y (V) —————— AR'(M)

l
L
=

This shows that 7* is surjective at the level of Dolbeault cohomology. Since 7* :
H2* (M, V) — Hy"(M, E) is one-to-one, 7* is an isomorphism. Thus we get the fol-
lowing extension of Corollary 4.4.3.

Corollary 4.4.4. Let M be a reqular GC manifold such that the leaf space # of the

induced foliation is a smooth manifold. Let 7 : M — # be the quotient map. Let V be

a holomorphic vector bundle on .# . Then,
HZ*(A,V) = H* (M, E) (via 7*) where E =7V .

Remark 4.4.1. Corollary 4.4.4 is useful for studying dimc Hy*(M,E). This can be
illustrated as follows:
Let Ocpr (1) denote the hyperplane bundle over CP", and let Ocprn(—1) := Ocpr(1)*

be the tautological line bundle over CP™. For, m € Z, set

Ocpr (—1)®™  form <0,
Ocpn (m) =

Ocpr(1)®™  form > 0.
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Let M be a reqular GC manifold with the leaf space CP". Consider the following SGH

vector bundle over M,
Onr(m) := 7*Ocpn(m) where m € Z and 7 : M — CP" is the quotient map .
By Corollary 4.4.2 and Corollary 4.4.4, for m € Z, we have
dime H*(M, (§*M)*® ®o,, Opr(m)) = dime H*(CP™, Q&pn Rocon Ocpr(m)),

where Qgpn denotes the sheaf of holomorphic e-forms on CP™. Then, using Bott formula

(cf. [28] and [124, Chapter 1]), for p,q > 0, we get,

(") () Jera=0.0<p<nm>p:

—m+ —m—1 o o
dime HY(M, (G*M)? ®¢,, Op(m)) = (—mp>( ) forq=n,0<p<nm<p-—n;
1 form=10,0<p=gqg<n;

0 otherwise .

In particular, for p =0, we have

<m+n> forq=0,m>0;

dimec H*(M, Op(m)) = (Jﬁin) forq=nm< —n—1;
0 otherwise .

4.4.2 Cohomology class of the curvature

Let G be a complex Lie group with complex Lie algebra g. Let G — P — M be an
SGH principal bundle. Then, by applying Corollary 4.4.2 to Ad(P) where Ad(P) is as
in (4.2.7), we have the following.

Corollary 4.4.5. HI(M, ("M’ ®,, Ad(P)) = HZ(M, Ad(P)).

Let © = {0,} € A" ®y,, Ad(P) be a smooth generalized connection on P (see
Definition 4.2.3 and Section 4.2.2), where

B0 € C%(Ua, Homeg (C(SM) , C%(My)))



Chapter 4. Strong GH principal bundles and GH connections 107

on a trivializing neighborhood U, of P. Then, the curvature of this smooth generalized

connection is defined on U, by
~ 1
Q, := DO, + 5[@0[, O] (4.4.19)

where O, is considered as g valued function. Then, by using either of the equations

(4.2.15) or (4.2.16), we get

Qa = Ad(¢a5) QB on Ua N Ug 5
or (4.4.20)
QB = Ad(qbﬁa) Qa on Ua N Uﬁ .

So, after patching, we get an element 2 € C°°(M, A2(GM @& GM)*) @ Ad(P)). 2 is called
the curvature of the smooth generalized connection ©.

Let © € Az’g( P) be such that 6, € A]l(;; for every «. This type of connection always
exists due to the existence of partition of unity on the orbifold leaf space M /.. We can

then reformulate equation (4.4.19) as
1
Qo = DO+ 5[0a,0.]  on U (4.4.21)
This shows that the (1, 1) component of €2, denoted by QL' is given by
Q' =d 0, on U,. (4.4.22)
By (4.4.20), we have
QL' = Ad(¢ap)Q5' on U, NUs,
or (4.4.23)
Q5! = Ad(¢pa)" on U, NUs.
After patching, we get a global element 2 € (FM(/\Q(S*M @ G*M)) Qo,, Ad(P)) (M)
whose (1, 1)-component is Q''. Then from the equations (4.2.15), (4.2.16), (4.4.22) and
(4.4.23), we can see that the dz-cohomology class [QM] of Q! is independent of the
choice of a smooth generalized connection of type (1,0). Note that [Q2'!] maps to a(P),

as defined in Theorem 4.2.2; via the isomorphism in Corollary 4.4.5. We summarise our

results as follows.

Theorem 4.4.2. Let P be an SGH principal G-bundle over a reqular GC manifold M
where G is a complex Lie group. Assume that the leaf space of the induced symplec-

tic foliation on M admits a smooth orbifold structure. Let © be a smooth generalized
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connection of type (1,0) on P, which is constant along the leaves. Let Q%! denote the
corresponding (1,1) component of the curvature. Let [QM] be the dr-cohomology class
in Hy' (M, Ad(P)). Then [QY] corresponds to a(P) € HY(M,5*M ®o,, Ad(P)) via the

isomorphism in Corollary 4.4.5.

4.5 Generalized Chern-Weil Theory and character-

istic classes

An application of the theory of curvature can be seen in the classical Chern-Weil theory,
which provides the characteristic classes. In general, for a detailed study on Chern-Weil
theory for principal bundles, and characteristic classes, we refer to [23,47,67,97, 115,
116,119,147]. In this section, we present a related Chern-Weil theory for SGH principal
G-bundles, under the conditions outlined in Theorem 4.4.2, thereby introducing a new
type of characteristic classes for SGH principal G-bundles.

Let G be a complex Lie group with g denoting its complex Lie algebra. Let Sym” (g")
denotes the set of all symmetric k-linear mappings g x g x - - - x g — C on the Lie algebra

g. Define the right adjoint action of the Lie group G' on Sym*(g*) by

(f,9) = Ad(g™")f

(4.5.1)
where (Ad(gil)f)(xl, e Tg) = f(Ad(gfl):Ul, . ,Ad(gfl)xk)
for any f € Sym®(g*) and ¢ € G. Denote the space of Ad(G)-invariant forms by
Sym*(g") := {f € Sym"(g") | Ad(g™")f = fV g € G} (4.5.2)

Now, given any f € Sym*(g*)“, we define a 2k-form in A% of type (k, k), by

FEOMY (X, Xy, Xop) = (21k‘)' EU: o f (Y (Xo(1), Xo@)s - - - Q" (Ko @h-1)s Xo(2n))
(4.5.3)
for X1,..., Xor € Fy(GM @ GM), where o is an element of the symmetric group Sy, €,
denotes the sign of the permutation o € Sy, and Q! is defined as in Theorem 4.4.2.
Let Clg] be the algebra of C-valued polynomials on g. Consider the same adjoint
action of G on Clg] as in (4.5.1), and let C[g]® denote the subalgebra of fixed points

under this action. Then any f € Symk(g*)G can be viewed as a homogeneous polynomial
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function of degree k in Clg]“ that is,
Sym"(g*)¢ < C[g]¢ for any k> 0.

We set

Sym(g")“ := P Sym"(g")" .

k=0
Then, Sym(g*)¢ can be viewed as a sub-algebra of C[g]“.
Since d Q' = 0, we can see that dpf(Q"') = 0 for any f € Sym"(g*)®. Thus

F(Q8Y) € Hy*(M). We define a map

;. : Sym"(g")" — Hy " (M),

fe LF@M].

G

(4.5.4)

Using the algebra structure of Sym(g*)“, we extend the map in (4.5.4) to an algebra

homomorphism
@ : Sym(g")¢ — Hj, (M),

fe 1@,

(4.5.5)

where Hj (M) := @y, H)'(M).

Note that img ® C @~ H, st(M ). We show that ® is independent of the choice of a
smooth generalized connection of type (1,0) which is constant along the leaves. For that,
consider two smooth generalized connections ©, ©" of type (1,0) on the SGH principal

bundle P over M which are constant along the leaves. Define

w=0-0";
wy=0"+tw, fortel0,1].
From the equations (4.2.15) and (4.2.16), one can see that w; is a 1-parameter family of

smooth generalized connections of type (1,0) constant along the leaves. Let €, be the

curvature of w;, and let ;"' be the (1,1) component of €,. By (4.4.22), we have

QtLl = det )
— L0 +tdw, (4.5.6)
dQl,l
a2

Consider the transverse generalized (2k — 1)-form of type (k, k — 1), defined by

1 1,1 1,1
gpzk/ Flw, QM b dt. (4.5.7)
0
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Note that
def((A}, Qt1717 R | Qi71> - kf(de Qt171’ R 7Qt171) )

1,1
—kf(dQ L0t Y (by (4.5.6)), (4.5.8)

d

dt<f(Qt 7"'7(2757 ))

Hence,

1d
dup = [ Q@ 0F) de = F@I .08 = FO 9.

This shows that the algebra homomorphism @, in (4.5.5), is independent of the choice of

smooth generalized connections of type (1,0) which are constant along the leaves.

Definition 4.5.1. The algebra homomorphism ®, defined in (4.5.5), is called the gener-

alized Chern-Weil homomorphism.

4.5.1 Generalized Chern classes

Let P — M be an SGH principal G-bundle over a regular GC manifold M. Let G be a
complex Lie group with a canonical faithful representation such as a classical complex Lie
group. Then the complex Lie algebra g is identified with a complex subalgebra of M;(C)
where [ is the dimension of the representation. For any A € g, consider the following

characteristic polynomial

det (I + tA) Z Fo(A) 5 (4.5.9)

where f; € C[g] is an elementary symmetric polynomial of degree k and [ is the identity

matrix. Since the right hand side of (4.5.9) is invariant under Ad(G)-action, we have
fr € Sym*(g")¢.

Following [147, Example 32.3], we define an analogue of Chern classes for an SGH princi-

pal G-bundles where G is a complex Lie group with a holomorphic faithful representation.

Definition 4.5.2. The k-th generalized Chern class of P, denoted by gey(P), is defined

as the image of fi under the generalized Chern-Weil homomorphism, that is,

ger(P) == @(fi),

where ® as defined in (4.5.5).
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21

Proposition 4.5.1. gc,(P) = Ki) Trace(Ql’l)] , where QY as defined in (4.4.22).

Proof. Consider the usual determinant map det : M;(C) — C, and the smooth map
(deto)(2) = j_o fu(A) 2%, where ¢(z) = I + z52- for all z € C, A € g. Here, g

is identified with a complex subalgebra of M;(C). After differentiating both sides with

Trace(A)
214

respect to z, at z = 0, we get f1(A) = ( ) which concludes the proof. ]
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Chapter 5

Connections on Strong Generalized
Holomorphic Vector Bundles and

Hodge theory

In this chapter, we extend the concept of GH connections to SGH vector bundles, which
are also GH vector bundles in the sense described by Lang et al. ( [103, Definition
4.1]) (see Remark 5.1.7). We achieve this by introducing two new types of connections:
smooth generalized connections and transverse generalized connections. Furthermore, we
delve into related topics such as Hodge theory and explore related dualities and vanishing
theorems. For an extensive exploration of the theory of connection on vector bundles,
we refer to [51,95,96,144]. In general, for a detailed study of Hodge theory, as well as
related dualities and vanishing theorems, we refer to [20,54,68,86,120, 136, 150, 160] and
the references therein. To delve into elliptic operators on manifolds, we refer to [133,134]
and the references therein.

We begin by introducing a smooth generalized connection for SGH vector bundles,
which is a smooth version of a GH connection. Next, we provide a local description in
5.1.2 and delineate this connection’s characteristics in Proposition 5.1.1-5.1.3. We then
delve into the theory of its associated curvature. However, a smooth generalized connec-
tion proves insufficient in capturing the transverse geometry of a GC manifold. Hence,
we introduce the transverse generalized connection along with its corresponding curva-
ture. Essentially, they are smooth generalized connections but remain constant along

the leaf direction of the induced foliation. Assuming the leaf space to be an orbifold, we

113
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describe the theory of the transverse generalized connection and its curvature. We also
provide generalized Chern classes for SGH vector bundles, similar to those discussed in
Subsection 4.5.1. Within this framework, we establish both generalized Poincaré duality
and generalized Serre duality, along with providing a Hodge decomposition in Theorem
5.2.2. Furthermore, we extend our analysis to establish the generalized Hodge decom-
position and generalized Serre duality for SGH vector bundles in Theorem 5.2.3-5.2.4.
Assuming the leaf space to be a Kéhler orbifold, we present the generalized Kodaira van-
ishing theorem and generalized Serre theorem in Theorem 5.2.5. This chapter is based

on [127, Sections 10 and 11] and splits into two sections:
1. Connections on SGH vector bundles (Section 5.1).

2. Dualities and vanishing theorems for SGH vector bundles (Section 5.2).

5.1 Connections on SGH vector bundles

Let M be a regular GC manifold and £ be an SGH vector bundle over M. Set
Ap = A®cx C*(E) = A®o,, E, (5.1.1)
where A is defined as in (4.4.4).

Definition 5.1.1. A smooth generalized connection on an SGH wvector bundle E, is a

C-linear sheaf homomorphism

VA, — AL
which satisfies the Leibniz rule
V(fs)=Df®s+ [V(s)
for any local function on M and any local section s of E.

Let {U,, o} be a system of local trivializations of E. Then, on U,, we may write

V0o, = ¢5' 0 (D +6a) © ¢a
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where 0, is a matrix valued generalized 1-form. On U, N Ug, we have

¢5' 0 (D +05) 0 65 = 65" o (D +0a) 0 b,
:>¢510950¢5—¢;109a0¢a:¢;10Do¢a—¢globo¢ﬁ,

Qb[;loe,@oqbﬁ_gb;logaogba:¢Elo(¢;ﬁloDo¢aﬁ_D)o¢B>
— or

95" 003005 — 97" 0000 Pa =" 0 (D = ¢ag 0 Do ¢3) 0 ba.
Thus, we get the following co-boundary equation for V.

05 — Ad(dpa) - 00 = Dap D(Pag)
or on U,NUs. (5.1.2)

Ad(¢o¢5) ’ 05 — 00 = —¢aﬂD(¢;é)

A straightforward modification of the proof of [86, Proposition 4.2.3] yields the following.

Proposition 5.1.1. Let E be an SGH vector bundle over M. Then

1. For any two smooth generalized connections V,V' on an SGH vector bundle E,

V — V' is Alinear.
2. For any 0 € /%nd(E)(M), V + 0 is also a smooth generalized connection of E.

3. The set of all smooth generalized connections on E, is an affine space over the

(infinite-dimensional) C-vector space Aﬁnd(E)(M)-

Any SGH vector bundle E is also a complex vector bundle and it admits a hermitian

metric h. The pair (E, h) is then known as a hermitian vector bundle.

Definition 5.1.2. Given a hermitian vector bundle (E,h), a smooth generalized connec-
tion V is called a generalized hermitian connection with respect to h if for any two local

. /
sections s, s , one has

D(h(s,s)) = h(Vs,s )+ h(s,Vs'). (5.1.3)

Let 6 be a element in fllEnd( ) (M) and V be a generalized hermitian connection. Then,

by Proposition 5.1.1, V 4 6 is also a smooth generalized connection. Now, one can see
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that V + 6 satisfies (5.1.3) if and only if h(fs,s’) + h(s,f0s) = 0 for all smooth local

sections s, s . Consider the subsheaf
End(E, h) := {# € C*°(End(E)) | h(fs,s ) 4+ h(s,0s ) = 0 ¥ local sections s, s }
of C*(End(E)). Note that End(E, h) has the structure of a real vector bundle.

Proposition 5.1.2. The set of all generalized hermitian connections on (E,h) is an
affine space over the (infinite-dimensional) R-vector space A%End(Eﬁ)(M) where fl]land(ﬂh) =

A ®cze  C®(End(E, h)), and Cfpg is the sheaf of R-valued smooth functions.
Proof. Follows from Proposition 5.1.1 after considering F as a real vector bundle. O]

Remark 5.1.1. (c¢f. [86, Section 4.2]) End(E,h) is not always an SGH vector bundle.
It is not even always a complex vector bundle. For example, if E = M x C is the trivial

SGH vector bundle. Then End E is again M x C but End(FE, h) is just the M x iR.

Now AL = A’ + A%', as in (4.4.2). So, we can decompose any smooth generalized

connection V into two components, V1 and V%! such that V = V10 4+ V%! where
v A% — fl}g’o ;v AL 121%1.
Note that for any local function f on M and local section s of F,
VO (fs) =dif®s+ fVO(s).

Definition 5.1.3. A smooth generalized connection NV on E is compatible with the GCS
if VO = dp.
After some straightforward modifications of the proofs in [86, Corollary 4.2.13, Propo-

sition 4.2.14], one obtains the following.

Proposition 5.1.3. Let E be an SGH vector bundle over M with a hermitian structure

h.

1. The space of smooth generalized connections on E, compatible with the GCS, forms

an affine space over the C-vector space fl]lg’gd(E)(M).

2. There exists a unique generalized hermitian connection V on E with respect to h
which is also compatible with the GC'S. This smooth generalized connection is called

generalized Chern connection.



Chapter 5. Connections on SGH vector bundles and Hodge theory 117

Definition 5.1.4. The curvature of a smooth generalized connection V, denoted by (dy

and referred to as a smooth generalized curvature, is the composition
Qv =VoV:A% — AL, — A2,

Example 5.1.1. Let E = M x C! be the trivial SGH vector bundle. By Proposition 5.1.1,
any smooth generalized connection is of the form V = D46 where 6 € fl}land(E)(M). Note
that D : A? — APt extends naturally to D : A%, — AP by the Leibniz rule. So, for any

local section s € AY,, we have

Qv(s) = (D +0)(Ds + 0s)
= D(Ds) + (D(0s) + 6 A Ds) + 6 A 6(s)
= (A0 + D(0))(s).

For any smooth generalized connection V on an SGH vector bundle £ with local

trivialization {Uy, ¢}, we know that V = ¢-' o (D + 6,) 0 ¢o. By (5.1.2), on Uyg,

05 = Ad(dpa) - Oa + GasD(Gas) -
This implies

D(03) = D(¢ga) A D(¢ap) + D(dpa) Ao A dap + Ad(¢ga) - D(6,)

5 (5.1.4)
— ¢5a N Ha N D(gbag) ,
and also,
0,8 A 95 = Ad(¢5a><9a A ea) + ¢ﬁal~)(¢o¢,8) A ¢6ab(¢a,@>
+ ApaD(Gap) A Ad(dpa) - 0o + Ad(Dpa) - O A dpaD(Gap) -
Note that D(¢5a)¢a5 = —¢5al~?(¢a5) since D(¢ga ®ap) = 0. Thus, we get
6‘5 N 9[3 = Ad(¢ﬁo¢)(9a A 904) - D(¢5a) N B(¢a5) - D(¢5a) N Oy N ¢a5 (5 1 5)

+ Bpa A O A D(Gagp)

Hence, by combining (5.1.4) and (5.1.5) on U,s, we have
dpoQvody = (05N 05+ D(05))
= Ad(¢ﬁa)(9a N By + D(ea))
= Ad(¢pa)(9a 0 Qv oo, ).
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This implies that Qv € fl%nd( p)(M) . Now, assume that £ admits a hermitian structure
such that V is a generalized hermitian connection with respect to h. Without loss of
generality, we can assume that (E, h)|y, is isomorphic to U, x C! with constant hermitian
structure. Then we can easily see that, on U,, @t = —0, and so, by Example 5.1.1,

Ov' = —Qv . Note that, using (5.1.3), we have, for any local s; € A% (i =1,2),

Dh(Sl, 82) = h(VSl, 82) + (—1)klh(81, VSZ) .
This implies that for s; € AY,

0 [?([?h(sl, S2))

D(h(VS1,82) + h(Sl,VSQ)) (516)
h(QvSl, 82) + h(Sl, stg) .

If we further assume that V is compatible with the GCS, we get,
Qv = V2= (V)2 4+ VYod, +d, oV,

Thus, h(Qys1, $2) and h(s1, Qysa) are of type (2,0)+(1,1) and (1,1)+(0, 2), respectively.
So, by (5.1.6), (V1%)2 = 0. We have proved the following.

Proposition 5.1.4. Let ¥ be an SGH vector bundle over M with a hermitian structure

h. Let V be a smooth generalized connection with curvature Q0y. Then

1. If V is a generalized hermitian connection with respect to h, (v satisfies

h(Qy sy, $2) + h(s1,Qvs2) =0 for any sections sy, ss .

2. If V is compatible with the GCS, then Qv has no (0,2)-part, that is,

Qv € (A%Ed(E) D All*]’rlld(E))(M) .

3. If V is a generalized Chern connection on (E,h), Qv is of type (1,1), skew-

hermitian and real.

Recall the transversely holomorphic symplectic foliation . of M and the corre-
sponding leaf space M/.. We have seen that a smooth generalized connection on an
SGH vector bundle E over M with trivializations {U,, ¢} is equivalent to a family
{0, € fllEnd( By, (Ua)} satisfying (5.1.2). If each 6, is constant along the leaves of .7,
that is, if we replace A® by A®, we get the following notion.
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Definition 5.1.5. Let E be an SGH vector bundle on M.
1. A transverse generalized connection on E, is a C-linear sheaf homomorphism
V:AY — AL
which satisfies the Leibniz rule
V(fs)=Df ®@s+ fV(s)

for any local function f € Fy and any local section s of Fy(FE).

2. A transverse generalized curvature is the curvature of a transverse generalized con-

nection V, denoted by Qy. Note that, Qv € Ag,4p)(M).

Remark 5.1.2. A transverse generalized connection is also a smooth generalized con-
nection in the sense that given a transverse generalized connection V, we can consider a

C-linear sheaf homomorphism
@:AO: ]o\;®FJWA%—>A1: ]o\/?®FA{A1E7

defined by

V(fs)=Df ®@s+ fVs

for any local smooth function f and any local section s € A%. One can check that Visa

smooth generalized connection.

Remark 5.1.3. A smooth generalized connection always exists. A transverse generalized
connection exists locally. For it to exist globally we need a smooth partition of unity,
which is constant along the leaves. If we assume M/ is a smooth orbifold, such a
partition of unity exists. Henceforth, in this section, we always assume that M/ is a

smooth orbifold.

We can replicate all the definitions and results for smooth generalized connections
in this section, except those concerning hermitian structure, to transverse generalized

connections by making the following substitutions.
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Replaced
by
c Fu
A A*
e e
D D
dr, dr,

Table 5.1: Replacement table

For the results concerning the generalized hermitian connection, some extra care is
needed. Consider the trivial SGH vector bundle £ = M x C" with a hermitian structure
h and let V be a smooth generalized connection which satisfies (5.1.3). Any hermitian
metric h given on E is given by a function, again denoted by h, on M that associates to
any x € M, a positive-definite hermitian matrix h(x) = (h;j(x)). So we can think of & as

a smooth global section of F* ® E*, that is,
heC®M,E*®E).

Now V is of the form V = D + 6 for some 6 = (6;;) € flénd(E)(M). Let e; be the constant

1-th unit vector considered as a section of E. The assumption on V will yield
[?h(ei, ej) = h(z Gkiek, ej) + h(el-, Z Hljej) ,
k 1

or equivalently Dh = 6' - h + h - 0. Furthermore, if we assume that V is compatible with
the GCS, then 0 is of type (1,0). This implies

drh="h-0
— 0 = E_lciNLh .
This shows that hermitian structure uniquely determines the smooth generalized connec-

tion. Thus, for a transverse generalized connection, we would like to have a hermitian

metric which is constant along the leaves.
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Definition 5.1.6. A hermitian metric h on an SGH vector bundle E is called a transverse

hermitian metric if h € Fy (M, E* @ E*), that is, h is constant along the leaves of 7.

Remark 5.1.4. Our assumption that M /. is a smooth orbifold ensures that a transverse

hermitian metric always exists.

With this notion of transverse hermitian metric and using the substitutions in Table
5.1, we can replicate all the relevant definitions and extend the results in Proposition
5.1.3 and Proposition 5.1.4 to the transverse generalized connections. In particular, we

have the following.

Theorem 5.1.1. Let E be an SGH vector bundle over M such that M/ is a smooth

orbifold. Let h be a transverse hermitian metic on E.

1. There exists a unique transverse generalized hermitian connection V on E with
respect to h which is also compatible with the GCS. This transverse generalized

connection is called transverse generalized Chern connection.

2. The transverse generalized curvature of V, Qv is of type (1,1), skew-hermitian and

real.

3. The space of transverse generalized connections on E, compatible with the GCS,

forms an affine space over the C-vector space Ag’gd(E)(M).

5.1.1 Generalized Chern classes for SGH vector bundles

Let E — M be an SGH vector bundle over M of complex rank [. Then, following

Subsection 4.5.1, consider the following characteristic polynomial
A ! ;
det (I —t—) = (A
¢ ( 2m 2) ;gj( s

where g; € C[M;(C)] is the elementary symmetric polynomial of degree j and [ is the
identity matrix. Then, we can define an analogue of Chern classes similar to the classical

case, as follows.
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Definition 5.1.7. Let E be an SGH vector bundle over M. The j-th generalized Chern
class of E, denoted by gc;(E), is defined as the image of g; under the generalized Chern-

Weil homomorphism, that is,
gc;i(E) = @(g;),

where ® as defined in (4.5.5).

Example 5.1.2. Let E be an SGH vector bundle over M where the leaf space M/
admits an orbifold structure. Let V be the transverse generalized Chern connection and

Qv be its curvature. Then gey(E) = — 5= [Trace(Qyv)).

Remark 5.1.5. Note that, if the leaf space M /. is a smooth manifold, and if we have
an SGH vector bundle E over M which is the pullback of a holomorphic vector bundle V
over M /.7, then, by using Corollary 4.4.4, we can conclude that the generalized Chern
classes of E are the pullback of the Chern classes of V', that is

gei(E) =7"(¢;(V)) for 0<j<I,

where ¢;(V') is the j-th Chern class of V, ®#: M — M /.7 is the quotient map, and [ is

the complex rank of E.

Remark 5.1.6. Given an SGH line bundle over M, the image of its isomorphism class
in HY (M, O0%,), under the connecting homomorphism in the long exact sequence of sheaf
cohomologies derived from the short exact sequence in Theorem 3.3.1, may not give the
first generalized Chern class of the bundle. This is because the first generalized Chern
class lies in Hcll’Ll(M) which under suitable conditions lies in H%(M). But the latter
basically describes the cohomology of the leaf space of the GCS and may not be the same
as the de Rham cohomology of M. If the bundle is the pullback of a holomorphic line

bundle on the leaf space of the symplectic foliation, then there is no such discrepancy.

Remark 5.1.7. It is important to note that if we substitute Fyy with Oy in Definition
5.1.5 and refer to Remark 3.1.1, we get a GH connection on an SGH vector bundle as
defined by Lang et al [103, Definition 4.1]. In this framework, the subsequent result has

been established concerning the existence of a GH connection on an SGH vector bundle.

Theorem 5.1.2. ([103, Sections 4.1-4.2]) Let E be an SGH vector bundle over a regular
GC manifold. Then, the following are equivalent:
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1. E admits a GH connection.
2. The short exact sequence, as defined in (4.3.2), splits.

3. b(E) = 0 where b(E) is the Atiyah class of the SGH vector bundle E as defined in
Definition 4.3.1.

Theorem 5.1.3. Consider E as an SGH vector bundle over a regular GC manifold M.
Let P denote the corresponding SGH principal bundle, as in (4.1.4). Then, E admits a

GH connection if and only if P admits a GH connection.

Proof. Follows from Theorem 4.2.2, Theorem 4.3.1, and Theorem 5.1.2. O

With this, we conclude the groundwork necessary for establishing an analogue of

Hodge theory and related dualities and vanishing theorems in the following section.

5.2 Dualities and vanishing theorems for SGH vector

bundles

In this section, we extend some classical results like Serre duality, Poincaré duality, Hodge
decomposition and vanishing theorems to the cohomology theory of Section 4.4.1 following

the approach of [6] and [86].

5.2.1 Generalized Serre duality and Hodge decomposition

Let M?" be a compact regular GC manifold of type k. Then the leaf space M/.%, as
defined in (3.4.2), is a compact space. Let us assume M /. is a smooth orbifold. Then, by
the integrability condition of the GCS, M/.¥ is a complex orbifold, and hence, orientable.
Thus the cohomology H?*(M/.#) is nontrivial. Therefore, there exists a (2n — 2k)-form
x on M (see [6, Section 2.8]) which restricts to a volume form on each leaf such that for

any Xi,...,Xopor € C®(TY)and Y € C(TM),

dX(X17...,X2n_2k,Y) =0. (521)
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Fix a Riemannian metric on the leaf space. This induces a transverse Riemmaninan
metric on M. We can complete the transverse metric by a Riemannian metric along the
leaves to obtain a Riemannian metric on M for which the leaves are minimal. In fact, x
is associated to this metric.

Now, define a Hodge-star operator on A®,
x: A® — AP (5.2.2)

as follows: Let U be an open set in M on which the GCS is equivalent to a product
GCS (see Theorem 2.3.1). This implies that the symplectic foliation on U is trivial. Let
€1,...,e9 be transverse generalized 1-forms such that {e,...,eq} is an orthonormal

frame of A'(U). Then, for any r > 0, x : A"(U) — A%*~7(U) is defined by,
*(eh A €iq JANREIIVAN Gir) = Sign(il, < 7ir>j17 cee 7j2k—r) €5 A €y VANKIERIVAN €lok_r (523)

where {ji,...,Jox—r} is the increasing complementary sequence of {i,...,4,} in the
set {1,2,...,2k} and Sign(i1,..., 4, J1, ..., jok—r) denotes the sign of the permutation

{i1, .. ir,J1,- -, Jok—r}. A simple calculation will show that
ok = (—1)r k=) (5.2.4)

Define a hermitian product on A"(M), by

h(a, ) = /Moz/\@/\x. (5.2.5)
Define another operator D* : A" — A™"! by

D = (=1)2=D-1 0 D« . (5.2.6)
For any a € A""1(M) and 3 € A"(M),

dla AN*xBAY) =DaA*BAY —aA*D*BAx+ (=1)*Ta AxB Ady.

Using (5.2.1) and integrating both sides, we get h(Da, 5) = h(c, D*). The operator D*
is called the formal adjoint of D.
Since M /.7 is a complex orbifold, . is hermitian as well. The operator x induces a

(vector space) isomorphism between AP4(M) and A¥=9:*=P(M), that is,

APA(M) =2 AF0FP(M), (as C-vector spaces),
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where AP9 as defined in (4.4.3). Moreover, D = dj, + dy on AP? where dj,, dy are defined
as in (4.4.9). Then the operator D*, restricted to AP?, decomposes into the sum of two

operators
ol— -
dy == —x dp*;
d*f = =% dL*,

respectively of type (—1,0) and (0,—1). One can see that dj and d; are the formal

adjoints of d; and dj, respectively. Define the following operators

Ap:=D*D+ DD*;

Adf = dfdz -+ dzdf; (527)

AdL = d*de + de*f

Note that, similar to the classical case, Ap, Adf, and Ay, are self-adjoint operators.

For any p,q,r > 0, define

H} :==ker(Ap) ={a € A"(M) | Da = D*a = 0}

3 = ker(Ag) = {a € AM(M)|dza = djo = 0}; (5.2.8)

Fh9 = ker(Ag, ) = {a € APY(M) |dpa = da = 0}

Definition 5.2.1. A form o € HY}, is called a transverse GH harmonic form of order r

and if o € HG?, it’s called transverse GH form of type (p,q).

Theorem 5.2.1. Let M be a compact reqular GC manifold of type k. Let . be the
induced transversely holomorphic foliation. Assume that M/ is a smooth orbifold.

Then we have the following.
1. Hy, and IG* both are finite dimensional.

2. There are orthogonal decompositions

(a) A*(M) = Hp, ©img(Ap) = H}, @ img(D) @ img (D),
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(b) A% = HJ® @ img(Ay,) = HY® @ img(dy) @ img(ds) .

Proof. Since M /.7 is a compact complex orbifold, A* and A** both are hermitian vector
bundles over M. Now, a simple local coordinate calculation shows that both Ap and A,
are strongly elliptic operators. This implies that the complexes {A®, D} and {A**, d}
both are transversely elliptic. Thus by [6, Theorem 2.7.3], we are done. O

Corollary 5.2.1. Let H})(M) and Hy*(M) are defined as in (4.4.11), (4.4.12), respec-
tively. Then Hp(M) and Hy"(M) are finite dimensional and isomorphic to I}, and

HZ', respectively.
Proof. Follows from Theorem 5.2.1. [
The operator x induces a C-linear isomorphism

x: HT(M) = KGR (M)
On the other hand, consider the following hermitian map

h:A*(M) x A*=*(M) —C
defined by iz(oz, B) = [iya A B Ax. It induces a non-degenerate pairing

®: Hy (M) x HY*(M) — C.

Theorem 5.2.2. Let M be a compact reqular GC manifold of type k. Let . be the
induced transversely holomorphic foliation. Assume that M/ is a smooth orbifold.

Then

1. H} (M) satisfies the generalized Poincaré duality, that is,

H},(M) = (HE*(M))".

2. Hy* (M) satisfies the generalized Serre duality, that is,

Hy* (M) 2 (Hy, ***(M))".

3. Moreover, if .7 is also transversely Kdhlerian, we have a generalized Hodge decom-
position,

Hy(M) = @ H(M).

ptgq=e
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Proof. (1) and (2) follows from the preceding discussion.

(3) Since .7 is transversely Kéhlerian, we can prove, analogous to the classical Kahler
case, that Ap = 2Ay,. Since A*(M) = @, ,—s AP (M), every «a is a transverse
GH harmonic form of order e if and only if its each component is a transverse GH
harmonic form of type (p,q) where p + ¢ = o. Then using Theorem 5.2.1, we have
the direct decomposition

Hp (M) = _gB H' (M) .
ptg=e

[]

As the complex conjugation operator induces an isomorphism (of real vector spaces)

H3™ (M) = Hy*(M), the operator * also induces a unitary isomorphism

*: Hy (M) — Hy " (M)

defined by *(a) = x(@) = *(«).
Let E be an SGH vector bundle on M with a transverse hermitian structure H. Then
H can be considered as a C-antilinear isomorphism H : F = E*. Consider the following

operators

1.
*p o Apt — ARk (5.2.9)

defined by *g(¢ ® s) = *(¢) @ H(s) for any local sections ¢ € A** and s € Fy(F)

where X(¢) = ().

dy 5 A — AR (5.2.10)
defined by dj = —*%g+ o dp g~ o % where dp - : AR? — A%t is the natural

extension of dy, as defined in (4.4.9), described in Subsection 4.4.1.

3. AdL,E = dsz dL,E + dL,E d*L,E .

Let M be a compact GC manifold. Then, we can define a natural hermitian scalar

product on A%*(M), similarly as in (5.2.5),

he(a, B) == /Ma/\¥E(5)/\X, (5.2.11)
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for any local section «, 3 € AR*(M) where A is the exterior product on A** and the

evaluation map F ® E* — C in bundle part. Then, similarly, we can prove that
Lemma 5.2.1. dj y is the formal adjoint of dr, g and Ay, ,, is self-adjoint.
Set 35, = ker(Aq, ,) = {a € AR (M) |drpo=d} pa=0}.

Theorem 5.2.3. (Generalized Hodge decomposition for SGH vector bundle) Let (E, H)
be an SGH vector bundle with a transverse hermitian structure H, over a compact GC

manifold M. Assume M/.% is a smooth orbifold. Then

1. H}® s finite dimensional.
L.E

2. ARt (M) = H5" , @img(Ag, ) = HG, , & img(dr,p) & img(d] x)
Proof. Follows from Theorem 5.2.1 by replacing {A**,d.} and A4, with {A%*, d; g} and
Ay, , respectively. O
Consider the natural pairing
hg : AR (M) x Ak (M) — C
defined by hg(a, ) = [,y A B A x where A is the exterior product on A** and the
evaluation map £ ® E* — C in bundle part.

Theorem 5.2.4. (Generalized Serre duality for SGH vector bundle) Let E be an SGH
vector bundle with the same assumption as in Theorem 5.2.3. Then there exists a natural

C-linear isomorphism between Hy* (M, E) and (Hg;"k_'(M, E*))*, that is,
H3*(M,E) = (H;L_"k_'(M, E*))*  (as C-vector spaces),
where k = Type(M).
Proof. Consider the natural pairing hg. It induces a pairing
Op: HY*(M,E) x Hy *"*(M,E*) — C.

defined as ®5([a],[8]) = hg(a,3) where [a],[] denote the classes of a, (3, respectively.

One can easily check that this is well-defined. To show that ®p is non-degenerate,

o0

4, > there exist a

by Theorem 5.2.3, it is enough to show that for any 0 # a € H

B e 3y, such that [, a ABAX # 0. Note that, g induces a C-antilinear isomorphism
*p MG — J—CS;'E’f*'. This implies there exist 8 s.t *g(a) = 5. Thus ®g([a], [8]) =

hg(a,a) # 0 and this proves the theorem. O
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5.2.2 Generalized Vanishing Theorems

Let g be a transversely hermitian metric and I be the transverse complex structure
corresponding to the GCS on M where M and M /. satisfy the same conditions as before
with one exception, namely, M need not be compact. Define a transverse generalized form
of type (1,1) by

wi=g(I(),) € AV (M),

This form is called the transverse generalized fundamental form. We define four operators,
in particular, an analogue £ of the Lefschetz operator, and a corresponding dual Lefschetz

operator A, as follows.
(1) £L:A°— A2 aaiw,
(2)A:=+loLox:A® — A2,
(3) dj == —* dp*,
(4) df = — % dp*,

where x is defined in (5.2.2). Note that dj and dy are well defined even if M is not
compact. But if M is compact, they are formal adjoints with respect to the hermitian
inner product h (see (5.2.5)).

Now, assume Dw = 0. This implies that .% is transversely Kéhlerian with trans-
versely Kahler metric g. Thus, M/.# is a Kéahler orbifold. Trivial modification of the
proofs of [86, Proposition 1.2.26, Proposition 3.1.12] yields the following identities anal-

ogous to the Kahler identities in the classical case.

Proposition 5.2.1. Let M be a reqular GCS such that the leaf space M/ is a Kihler
orbifold. Then

1[N L] = (k= (p+q) Idara
2. [dp, L) = |dg, £] = 0 and [d}, A] = [d5, A] = 0.

3. [d*L,,C;] = idf, [df,L] = —ZdL and [A,dL] = —id%, and [A,df] = Zdz

L’
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For the rest of this section, assume that M is compact and M /.7 is a Kahler orbifold.
Let E be an SGH vector bundle over M. Consider the natural extension of £, A on A%®,
which will be again denoted by £, A, respectively. Fix a transverse hermitian structure on
E (see Definition 5.1.6). Let Vg be the transverse generalized Chern connection and Qy
be its curvature. Let {U,, ¢o} be an orthonormal trivialization of E. Then, on U, x C’,

with respect to such trivialization,

1. ¥ can be identified with the complex conjugate * of the operator x defined in

(5.2.3).

2. Vg=D+0,, Vi’ =dr + 610 and 6* = —0,, .

(VBO)* — _%o VE? 0% (by (5210))
= —%o(df — 0% ox (by (5.2.10))

= d5 — (65°)".

(A, VE]+i(VE)" = [A,de] + [N, 607] + idp — i(6,°)"

= [A, 6% —i(L°)* (by (3) Proposition 5.2.1).
So, the global operator [A, V%’l] + i(V}E’O)* is linear. For any point z € M, we can always

choose an orthonormal trivialization {U,, ¢, } such that € U, and 6,(x) = 0. Since M

is compact, (V3°)* = —%g- o Vi o % is the formal adjoint of V}°.

Lemma 5.2.2. Let Vg be the transverse generalized Chern connection on E and 2y be

its curvature. Then, we have

1. [A,VE] = ~i((VE')) = i(¥p 0 VB! o p).

2. For an arbitrary o € H3°
v ?
ﬂhE(QvAa,oz) <0; and %hE(AQvoz,oz) >0,

where hg is the natural hermitian product, defined in (5.2.11).
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Proof. (1). follows from the preceding discussion.
(2). By Proposition 5.1.1, Qv = V3 odpp + dppo V. Let a be an element in

3G, - Since Aa € ARTRNM) QuAa € ARY(M). So, we can compute
hp(iQvAa, o) = ihg(V dp pAa, o) + ihg(dp eV 5 A, )
= ihg(dr A, (VE') ) +ihp(VE A, df ga)
= hp(dp Ao, —i(VE')*a) +0 (asa € H! L)
= hi(dpha, [A, Vi]a)  (by (1))
= hp(dy gAa, AV @) — hp(dy pAa, VY Aa)
= —hp(dp pAa,dp pha)  (as VY = dpp)

<0.

Similarly, we can show hg(iAQya,a) > 0. O

Definition 5.2.2.

1. A real (1,1)-transverse generalized form « (that is, o« = @) is called (semi-) positive

if for all GH tangent vectors 0 # v € GM, one has

—ia(v,7) > 0(>0).

2. Let V be a transverse generalized hermitian connection with respect to a transverse
hermitian structure H on E such that 2y € Agrlld(E)(M). The transverse generalized
curvature by is (Griffiths-) positive if, for any local section 0 # s € Fy(E), one

has

H(Qv(s),s)(v,T7) >0

for all0 #v € GM.

Definition 5.2.3. An SGH line bundle E over M is positive if its first generalized Chern
class gc1(E) € H3(M) (by Theorem 5.2.2) can be represented by a closed positive (1,1)-

transverse generalized form where gey(FE) is defined in Example 5.1.2.
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Theorem 5.2.5. Let M be a compact reqular GC manifold of type k. Let the leaf space
M/ of the induced foliation be a Kdihler orbifold. Let E be a positive SGH line bundle
on M. Then, we have the following

1. (Generalized Kodaira vanishing theorem,)

HY(M,(TM)? ®p,, E) =0 forp+q>k.

2. (Generalized Serre’s theorem) For any SGH vector bundle E' on M, there exists a

constant mqg such that

HYM,E ®¢,, E™) =0 form >mg and q>0.

Proof. Choose a transverse hermitian structure on E such that the curvature of the
transverse generalized Chern connection Vg is positive, that is, %QVE is a transverse
Kéhler form (that is, D-closed transverse generalized fundamental form) on M. We
endow M with this corresponding transverse Kéhler structure.

(1) With respect to this transverse Kahler structure, the operator £ is nothing but

P,q

the curvature operator 5=Qy,. Then, for a € Ha, o

0 <he(,-[A,O,Ja,a) (by (2) Lemma 5.2.2)
= hp([A, L]a, a)
= (k—(p+q))he(a,a) (by (1) Proposition 5.2.1).
By Corollary 4.4.2 and Theorem 5.2.3, we get

Fh0 = qP9(M, E) = HY(M, ($"M)? ®,, E).

dr E

Hence HY(M, (M) ®p,, E) =0 for p+ ¢ > k.

(2) Let m # 0. Choose a transverse hermitian structure on E' and denote its as-
sociated transverse generalized Chern connection by V.. Then we have an induced
transverse Chern connection on E' = E' ® E™, denoted by V, corresponding to the

induced transverse hermitian structure,

V=Vy®1+1®Vgn,
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where Vgm is induced by Vg. Its curvature is of the form

— Qg = — 1+ —(102
oo v =5t ®1+ 27T( ® Qv pm)

1
7QVE) (as QvEm = vaE)

1
= —0 1 1
o Ve @1+mle 2

we have

7

By (2) in Lemma 5.2.2, for a € U—Cs’LqE

0< 5hp([A,Ocla,0)
_ 2’;% (1A, Qp ], @) + m b ([A, £la, )
= ;ﬂhEn([A, Qpla, o) +m(k — (p+ q))hg (o,)  (by (1) Proposition 5.2.1) .
Since hr is a positive-definite hermitian matrix on each fiber of E”, we can consider the

fiber wise Cauchy-Schwarz inequality
[ (A, Qe @) < I[N, Q][] - hgr (e, )

By compactness of M, we have a global upper bound C' for the operator norm ||[A, Qz]||,

independent of m, and a corresponding global inequality. Thus, we get,

0 < | (18, o, 0)| + (mlk — (p + ) B ()

= (5 + (mlk— (o4 ) hpo(aa).

Hence, if C+27m(k—(p+q)) <0, then @ = 0. When p = kand ¢ > 0, m > % > C

2mq

ensures o = 0. So, if we take mg > %, by Corollary 4.4.2 and Theorem 5.2.3, we get
HE = HIM, (M) ®0,, (B Qp,, E™)) =0 for m > myand ¢ > 0.
L,E

Now, we apply these arguments to the SGH bundle (SM)* ® E' instead of E'. The

constant mg might change in the process but this will prove the assertion. O
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Chapter 6

Generalized Complex Structure on

Torus Principal Bundles

In Chapter 3, we have seen how the total space of SGH bundles admits a GCS, which is
locally a product GCS induced from both the base and the fiber. The natural query aris-
ing from this observation is why not consider it locally equivalent (via B-transformations
and diffeomorphisms) to a product GCS. While this question seems plausible locally,
complications arise when considering the GCS on different trivializations; suitable patch-
ing for B-transformations or diffeomorphisms may not happen, and transition maps may
not preserve the B-transformations. However, if globally, there exists a B-transformation
inducing local B-transformations, then patching becomes straightforward.

The objective of this chapter can be approached in two ways. First, it delves into
this scenario for certain principal G-bundles over complex manifolds, where G denotes
a symplectic manifold. It demonstrates that even if the GCS is locally equivalent (via
B-transformations and diffeomorphisms) to a product GCS, Lemma 3.1.1 remains valid.
Additionally, when G is a torus, the condition of locally equivalent (via B-transformations
and diffeomorphisms) to a product GCS, is equivalent to the flatness of those certain
principal torus bundles, as described in Theorems 6.2.1-6.2.3. Second, it provides a class
of GC manifolds whose leaf space is a smooth manifold.

An application of Theorem 6.2.1 is that the spectral sequence developed by Angella et
al. [4] can be applied to describe the generalized Dolbeault cohomology of the total space
of the bundle. This is explained in the more general setting of symplectic fiber bundles

with suitable assumptions on the GCS that are slightly more general than the hypotheses

135



136 6.1. GC structure on principal bundles

of [4] (see Theorems 4.2.1 and 4.2.2). The case of principal torus bundles is stated in
Corollary 4.3.1, and a Kinneth formula for the generalized Dolbeault cohomology of
these bundles is given in Corollary 4.4.1. It is important to note that by using torus
action on a GC manifold, one can also study various geometric properties. For example,

see [17,105,106]. This chapter is based on [126] and is structured into three sections:

1. GC structure on principal bundles (Section 6.1).
2. Tubular neighborhood of the fiber of a torus bundle (Section 6.2).

3. A spectral sequence for the generalized Dolbeault cohomology (Section 6.3).

6.1 GC structure on principal bundles

The following construction of a generalized complex structure on a smooth principal
torus bundle over a complex manifold is mentioned as Example 2.16 in the thesis of

Cavalcanti [36]. We present a detailed argument for the convenience of the reader.

Proposition 6.1.1. Let (E, 7, M) be a smooth principal T#-bundle over a complex man-
ifold M with characteristic class of type (1,1). Then, the total space E admits a family
of reqular GCS with the fibers as leaves of the associated symplectic foliation.

Proof. Consider a connection (fy,...,6y) on the principal bundle E corresponding to
a decomposition T# = 31:1 St of Lie groups. By the hypothesis, we may choose the
connection so that its curvature form is of type (1,1). Then, for each j there exists a

2-form x; of type (1,1) on M such that

Note that
l
W = Z 92]'—1 VAN 02]' (612)
j=1

is a T?-invariant 2-form on F which restricts to an invariant symplectic form on each

fiber of E.
Let Q be a local generator of A™%(T*M ® C) where n = dimc(M). More precisely,

if (z1,...,2,) is a system of local holomorphic coordinates on M, we may take

Q=dxu N...Ndz,.
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In addition, let nn be an arbitrary real closed 2-form on E. Define
pi= e AT (6.1.3)

Then, it is clear that
TOUAT QAW #0. (6.1.4)

Moreover, as df2 = 0 and dn = 0, we have

Y
dp=-¢€"Ni (eiw — (2;}) > dw N T (6.1.5)

Using (6.1.2), we have

l
dw N T = Z(?T*ng_l N ‘92j - 82]‘—1 A 7T*X2j) A 7.
j=1

Note that

for each j, as x; is of type (1,1) and 2 is of type (n,0). Hence,
dw AT Q2 =0=dp. (6.1.6)

By Definition 2.3.3 (cf. [70, Theorem 3.38 and Theorem 4.8]), (6.1.4) and (6.1.6)
imply that F admits a generalized complex structure whose canonical line bundle is

locally generated by p (see also [38, Section 1]). O

Let K be an even-dimensional compact Lie group and let G denote the complexifi-
cation of K. Let (Ex,m, M) be a smooth principal K-bundle over a complex manifold
M. We say that (Ex,m, M) admits a complexification if it can be obtained by a smooth

reduction of structure group from a holomorphic principal G-bundle (Eq, 7, M).

Theorem 6.1.1. Let K be an even dimensional compact Lie group and let G denote the
complezification of K. Let (Ex,m, M) be a smooth principal K-bundle over a complex
manifold M, which admits a complexification. Then Ex admits a family of generalized

complex structures.

Proof. Let T be a maximal torus of K. Let B be a Borel subgroup of G containing K.
Then, by [130, Section 5] there exists a complex manifold X = FEg/B, such that Ex

admits the structure of a principal T-bundle, (Ex, 7', X) say, over X. Moreover, this
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principal T-bundle over X admits a complexification. So, by [130, Section 4], (Ex, 7', X)
admits a (1,0) connection with (1,1) curvature. Now, applying Theorem 6.1.1 to the
bundle (Ef, 7", X), we conclude that Ex admits a family of generalized complex struc-

tures. O

Specific examples of bundles that admit a complexification include the unitary frame
bundle associated with a holomorphic vector bundle of even rank over a complex manifold.
We refer the reader to [130, Section 3] for more examples. The following example was

kindly shared with us by Ajay Singh Thakur.

Example 6.1.1. Let E — M be a smooth vector bundle of rankn over a complex manifold
M. Let : P(E) — M be the associated projective bundle over M with fiber CP™~*, where
P(E) is the space of lines in E. Let L be the tautological complex line bundle over P(E).
The restriction of L to each fiber is the tautological line bundle O(—1) over CP"™1. Let
w be the first Chern class of the dual bundle £L*. Note that the Fubini-Study metric wgg
on CP"! s first Chern class of the line bundle O(1). Therefore, w a closed two form on
P(E), whose restriction to each fiber CP""! is the symplectic form wps. If Q be a local
generator of N™O(T*M ® C), then define

pi= e AT (6.1.7)

As dQY = 0 and dw = 0, we have dp = 0. Hence, P(E) admits a generalized complex

structure.

6.2 Tubular neighborhood of the fiber of a torus bun-
dle

Let 6 be a Maurer-Cartan connection 1-form on S!. Consider a decomposition

2
=15 (6.2.1)

j=1
of Lie groups. Let P; : T = [J;L, S* — 5" be the projection map on i-th coordinate for

i=1,...,2l. Then (P;0,...,P;0) is the Maurer-Cartan connection on T? = 51:1 St

Note that the 2-form
l

wr = S (P50 A P3,0) (6.2.2)

J=1
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gives a symplectic form on T%.

Let M x T2 222 T2 is the natural projection map. For each i € {1,2,...,2(}, define

0; = Pr P60 (6.2.3)
Then, (fy,...,0y) is a T?-invariant connection of the trivial principal T?-bundle
M x T2 28 pf,

Now, let 7 : E — M be a smooth principal T?-bundle that satisfies the hypothesis
of Proposition 6.1.1. Let {U,} be a locally finite open cover of M such that E admits a
local trivialization

bo i T H(Uy) — Uy x T (6.2.4)

over each U,. Let i, : U, x T? < M x T% be the natural inclusion map. Then,
*i%0;, 1 < i < 21, are 1-forms on 7~ (U,). Let {1y} be a smooth partition of unity on
M subordinate to {U,}. For each j € {1,...,2(}, define an S'-invariant 1-form 6; on F

by
0, = (Yo o) ¢Lith;. (6.2.5)

67

Then, © := (0y,...,60y) gives a connection on the principal bundle F corresponding to

the decomposition (6.2.1) which is invariant under the T? action. Define
1
W = Z 92]‘_1 VAN 02]‘ . (626)
j=1

If the curvature of © is of type (1, 1), then by Proposition 6.1.1, we have a family of
GCS on E with the canonical line bundle Ug locally generated by

p = e ATH) (6.2.7)

where 7 is a closed real 2-form on F. In general, p only gives an almost GCS on E, i.e.,
the integrability condition (2.3.4) may not be satisfied.
Let
po = ¥ ATH(Q). (6.2.8)

For each b € M, let
iy (b)) =By — F (6.2.9)
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be the natural inclusion map. Consider the T?-invariant symplectic structure induced by

w on Fj,

Wy = W .

Given b € U,, consider the map (cf. (6.2.4))

Similarly, using the identification of {b} x T? with T%, denote by
Gy By — T (6.2.10)

the restriction of the map ¢, to E,. Consider the family of symplectic forms &, on T#

defined by
Oy = (63) ws - (6.2.11)

a,b

Lemma 6.2.1. For any b € U, N Ug,
(dp) ws = (D55) ws .-

o S5
Proof. Consider the composition of the maps E, LN SURGEN E,. Note that gbg}) O Pap €

T2, Then, we have,
(055 © Pap) wp = we (as wy is T?-invariant)
= ¢l 0 (D5) ws = wy,
= ($35) Wb = (a)"wp-
]

Thus, the symplectic form &, that defined on T? by (6.2.11) does not depend on the

choice of local trivialization.

Remark 6.2.1. Lemma 6.2.1 does not depend on the choice of connection i.e, for any
connection (01, . ..,0x) on the principal bundle E corresponding to a decomposition T* =
H?lzl S of Lie groups and the corresponding w as in Proposition 6.1.1, we can use the

same techniques and get the same result.
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Now by a similar argument as in Lemma 6.2.1 and as 0; is T?-invariant,
&n o0 lw) = &5, (0 lw) .
for any open set W C U, NUg and any b € W. Therefore,
iy 0 ¢5(0: lw) = i 0 ¢5(0i |w),

for any b € W C U, N Us.
Then, it follows from the local finiteness of {U,} and (6.2.5) that for any b € M and

i€ {1,...,2l}, there exists a suitable open set W containing b such that

int; = > va(b) iy o ¢5(6; lw)
B
—21/15 ) iy © ¢a Q lw)

=iy 0 ¢5(0; lw)

for any « satisfying b € U,. Hence, we have,

(6.2.12)

for any « such that b € U,.
Let us explicitly calculate @, for every b € M. As in (6.2.6), w = Z;:l Oai—1 N Oo;.
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We have

!
N »
gw =Y ighaj_1 N iybs;
=1

Z G ©1p) Oaj 1 A (Ba 0 )" 05  (by (6.2.12))

—~

(¢ o ib)*(9~2j—1 A 0~2j>

<.
Il
—_

o~

(Pr2 O g © ib)*(PQ*j—le N P2*j9>

<.
Il
—

—~

(PI‘Q Ogb @) (ba,b)*(P;jfl@ A\ PQ*JQ)

<.
I
—

Z an(Paj 10N Py;0)  (as Pry 0y = Idtar, see (6.2.20))

= gopwr  (s0e(6.2.2))
for any « such that b € U,. Therefore, for each b € M,
By = () (50) = (67" (5 y0m) = wr (6.2.13)
In other words, @, is independent of the choice of b € M.

Lemma 6.2.2. Let (0y,...,0y) and (0, ...,65) be any two connections on E correspond-
ing to a decomposition of T = [[?., S' of Lie groups. Then, for each j € {1,---,2l},
there exists a 1-form B; € QY (M) such that

0;— 0, =m"B;.

Proof. Denote the connections by © := (61,...,0y) and ©" := (#},...,0y). For each
x € M, define the value of 3; at z, by

(8))a(v) = (6 = 0), (w) (6.2.14)
for any v € T, M, where n(y) = = and dm,(w) = v. First, we show that the definition
is independent of the choice of w for fixed v and y. Let w,w’ € (dm,)"'(v). Then,

dry(w —w') = 0. Sow—w" € T,(E,). There exists a vector W in the Lie algebra t of
T? such that the fundamental vector field W# of W satisfies

W#(y) =w—w .
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It follows that

/

@y(w—w/):W:@;(w—w).

Thus,
(0, — 0;)y(w) = (0; — 0)),(w) .
showing that the definition of (5;),(v) in (6.2.14) is independent of the choice of w.
Moreover, as the structure group is abelian, the connections © and © on E are T2-
invariant. Given any y,y € 7 '(z), there exists g € T% such that y = r,(y') =y - g. Let
w € Ty such that (drg), (w') = w and dr,(w) = v. Then,

/

(0; = 03)y (w) = (0; = 0)) 1y ((drrg) y (w))

/ /

= (r5(0; = 0;))y (w)
= (0, — ;) (w).

This proves that the definition of (f;), as in (6.2.14) is independent of choices of both y
and w.

Next, we take advantage of the above independence of choices to show that 3; is a
smooth form. Let

f=ditoi
where i : U, — U, x T? is the inclusion map defined by i(z) := (z,1). Here, 1 denotes
the identity element of T*. Then, dry()(df.(v)) = v for all z € U and v € T,U. It follows
that
Bi = (05— 0;) o df

completing the proof of the lemma. O

Let (0y,...,60y) be the connection defined in (6.2.5), and let Q denote a local (n,0)
form on M as in Proposition 6.1.1. Let (6}, ... ,60,) be any connection on E, corresponding
to the same decomposition T = [[*, S of Lie groups, such that dp) = 0 where

/ / l ! /
i=1

Then, following the Proposition 6.1.1, we get a family of GCS on F with the canonical
line bundle U}f , locally generated by

g = i A Q) (6.2.16)
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where 7 is a closed real 2-form on FE.

Fix a. Let Pry : U, x T? — U, and Pry : U, x T¥ — T? be the natural projections.
Note that Prio¢, = 7 on E |y,= 7 }(U,). On 7 1(U,), we have the GCS given by
Pola-1(.) = e AT Hence, we get a GCS on U, x T? given by

~ —1\*x/ ' i(da )W —1\*, __x* (o) o *
fo = (02") (Poln-1(0.)) = €@ A (@317 Q = %) AP Q. (6.2.17)
Consider the following decomposition.

Q(Ua xT*) = 37 Pry(Qe(T)@co(axtac) (PTT(QP’O(Ua))
r+p+q=Fk
(6.2.18)

om0 PO, )
Accordingly, i(¢;")*w' € C®(A2TE(U, x T?)) decomposes into six components,

A200
AllO AlOl
AOZO AOll A002

Here, the first superscript in A™? corresponds to the C-valued de Rham grading on
Q&(T?), and the last two superscripts correspond to the Dolbeault grading on Q&(U,).

Furthermore, the exterior derivative decomposes into the sum of three operators
d=dpr +0+0,

each of degree 1 in their respective component of the tri-grading. Note that dp is the
fiber-wise exterior derivative.

Denote the imaginary part of A?°° by @. In other words,
A0 =45 (6.2.19)

Consider the maps,

* —1
Y LU, x T —% U,

where

ip(x) == (b, x). (6.2.20)
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Recall the connection form 6; in (6.2.5). Then, applying Lemma 6.2.2 and equation
(6.2.13), for each b € M, we get

i, =iy0; Vi
— ifw =ifw (wasin (6.2.6))
= (¢ap)" ihw = (dap) ihe
= (Pay)” w = @y

= (fop)ipw = wr.

Then, we have,

Hence, by (6.2.19) we get,
T =wr Vb e U,. (6.2.21)

Consider the GCS p, on U, x T? from (6.2.17),
eioa)w’ A PriQ = e A Pri Q.

Note that only the components A2 A%t and A%? act non-trivially, via the wedge prod-
uct, on Pr} 2 in the expression e’(®= e APr] Q, as Q0 is a pure (n, 0)-type form. Therefore,
Pa simplifies to

fo = e HAHANE Py (6.2.22)

Then by equation (6.1.6), we get that d(i(¢;')*w’) APri Q = 0 which implies the following
four equations

0A" =0 (6.2.23)
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A" +dp A" =0 (6.2.24)
0A* + dp AP =0 (6.2.25)
dp A =0. (6.2.26)

The last equation just states that the pullback of z'(gb;l)*w' to any fiber is a closed form,

as we already know by (6.2.21). Moreover, since A191 and A%? are of the type (110) and
(020), respectively, their wedge products with Pr] Q vanish. Therefore, in general, the

exponent of e in (6.2.22) may be modified to
i + AYOL 4 ATOT 4 A002 4 4002 4 A
where 4 is a real 2-form of type (011). Therefore, we obtain,
fa = PHE AP Q, (6.2.27)
where B = A0 4 ATOT 4 4002 4 4002 4 4,

Lemma 6.2.3. The form @ is the pullback of the form wt on T* under the projection
map Pry: Uy, x T2 — T2 j.e.

w=Priwr.
Proof. Since @ is of type (200), it is of the form

o= Y  aPriw;

1<j<i(21-1)
where a; € C*(U, x T?,R) and {w; : 1 < j < (2l — 1)} is a global frame of the trivial
bundle of smooth 2-forms on T%. For any b,b € U,, by (6.2.21),

Hence, there exists smooth functions b; € C*°(T*R) such that

J— * .
a; = Pr5b;.
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Then,

©=Pryo where w=> buw; € Q*(TH).
J

Finally, using (6.2.13) and the fact that Pry o7, = Id, we have
wr=i0 =1, Priw=w.
[

Let p; = 72T A Pri Q. Then from (6.2.27) and Lemma 6.2.3, we can see that the

generalized complex structure p,, from (6.2.17), is of the form

Po = egpll on U, x T, (6.2.28)

where B = A'0! 4 ATOT 4 4002 4 4002 4 A as defined in (6.2.27). Now dp, = 0 because
dp’ =0, where p’ as in (6.2.16). This implies
eg/\dé/\pl1 =0 (as dp, =0)
— dBAp, =0
— dBAPI;Q=0.

So, to ensure dB = 0, it is enough to show that (dB)°'? and (dB)''" both are zero. This

imposes the following two constraint equations,
(dB)"? = 9A"2 4+ 9A =0 (6.2.29)

(dB)M! = QAW 4 FAOT 4 4. A =0, (6.2.30)

For each j € {1,2,...,2l}, set
. 1y
00 = (o.7) 0;.

"
oo -

Then (0
nection (917---,520 on U, x T% as defined in (6.2.3). By Lemma 6.2.2, there exist
Bia € Q1(U,) such that

" . . . .
., 0y ) defines a T?-invariant connection on U, x T?. Consider the con-

17

0., —0; =Pr; Ba. (6.2.31)
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Then, we have,
l

(9o ) 'w = Z Ogj—1.0 N 02j.0

Jj=1

!
=Prjwr + > (02j-1 AP} Bojo + Pri Boj 1.0 A ba;)

J=1

!
+ > Pri(Boj-1.a A B2ja) -

=1

Let 7%, correspond to the Dolbeault grading of 3;. , on Q&(Us) . One can see that

l
A002 = Z Pri(ﬁg]l—l,a A ngl',a) )
j=1

(6.2.32)
!
Awl = Z(@gj_l N PI‘?< 63;70[ + PI"T ﬁg}fl,a A (92]') .
j=1
Set A% := é»:l( 5 1.0\ B3ja) - Then,
A%? = Pri A% (6.2.33)

From (6.2.23), we get A% = 0. By using local d-Poincaré Lemma on U,, there exists a
smooth form 7 of type (01) on U, such that

A” =09n on U,. (6.2.34)

Let us assume that A = Pri A" where A is a real form of type (11) on U, . Then,

equation (6.2.29) is equivalent to
(A™ —9n) =0 on U,. (6.2.35)

Again, by using the local 0-Poincaré Lemma on U,, a smooth form 1" of type (10) on U,
such that

A —09n=09dn on U,. (6.2.36)
Since A is real, A™ —9n—0n is both @ and O closed form. Then, by the local 99-Lemma

on U,, there exists a smooth function y € C*°(U,, R) such that, on U,

AM — 9n — 0n = i00x
(6.2.37)
= AY = On+ 0n +i00yx .
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So, we can see that the general solution of equation (6.2.35) is (6.2.37). Thus, for any
choice of such a y, we get a desirable A" as well as A such that the first condition (6.2.29)
is satisfied. By (6.2.32), we observe that

l S —

YA 4+ GATT = % [523'—1 APri(985) , + 0891 ) + Pri(089) 1 o + 0B 1) A 524 :

J=1

Then, the second equation (6.2.30) is equivalent to

9P + 0% =0 forall je{1,...,20}. (6.2.38)

1"

Since df; = 0, by (6.2.31), the curvature of the connection (0/1/’&, oy by4) 18
(PI‘T dﬁl,am ce ,PI’;< dﬁglﬂ) . (6239)

Theorem 6.2.1. Let E be a principal T2 -bundle over an n-dimensional complex manifold

’

M. Let © := (0),...,0,) be any connection on E corresponding to a decomposition
T2 = 1%, S of Lie groups. Let w = ' 0y | A0, Let Q be a local generator of
APO(T*M @ C) over the trivializing open set U, C M. Set

p =" ATQ

Then we have the following

1. The condition dp' = 0 gives a GCS of type dimc(M) if and only if the curvature of
the connection ©' is of type (1,1).

2. Let {U,, 6o} be a local trivialization. Then, p is equivalent (via B-field transfor-
mation and diffeomorphism) to the product GCS

(¢;1)*(Pl|r1(Ua)) >~ Pt AP Q.
on every Uy x T? if and only if the curvature of the connection ©' is trivial.

Proof. 1. The sufficiency direction follows from the proof of Proposition 6.1.1.

For the other direction, let {U,, ¢, } be a local trivialization. Consider the connec-

tion (A1, ...,0y) on U,y x T? as defined in (6.2.3). Let dp' = 0.
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Then, on U, x T%, we have
d(¢5")"(p) =0
- d(egpll) =0, wherep, =297 AP Q
— dBAPIQ =0
= d(A" + A APITQ =0, asQis of type (n,0)

— A =0, asdpA" @ =0

!
— > 021 A P985 ) + Pri(988)_, ) Aby| =0, see (6.2.32)

Jj=1

— 55](-70011) =0 forallj.

This shows that the (0,2) component of the curvature is zero. Since the curvature

is real, it follows that the (2,0) component of the curvature is also zero.

2. By part (1), the curvature is assumed to be of type (1,1). Then it follows from

(6.2.39), that the curvature is of the form

(PI"T lea, N PI'T Q2l,o¢)

where Q;, = 9B, + 9B%, for all j. Then, by equation (6.2.38), the GCS is a

product on local tr1v1ahzat10ns if and only if the curvature is zero.

Theorem 6.2.2. Let E be a principal G-bundle over an n-dimensional complex manifold

M where the structure group is a symplectic manifold (G,wg). If there exists a GCS, p',

of type dimc(M) such that, on each trivialization {U,, ¢o}, it is equivalent (via B-field

transformation and diffeomorphism) to the product GCS

(62) (6 | 10y) = €754 APL] 2,

then E is a flat symplectic G-bundle where Q is a local generator of A9 (T*M @ C) .

Proof. Consider the map
QpZUaﬁXG—>Ua5XG
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defined by
(m, f) = (m, pap(m)f) forall (m,f) € Uy x G,

where Uy = Uy, N Up and ¢op = ¢q © gbgl : Uyp — G is the transition map. By the

assumption on the GCS, there exists a real closed form B, € Q?(U, x G), such that
(60 (P la-1(va)) = €52 T1P346 A Pr} Q. (6.2.40)

On U,p x G, we again denote B,|v,,x¢ and Bglv,,xc by B and Bg, respectively. Let
(Ba+iwg)™ denote the (rpg)-component of B, +iwg corresponding to the decomposition
of Q4(Uus X G), as defined in (6.2.18). Similar meanings are assigned to (¢*(B, +
iwg))™, (Bg +iwg)™, and (¢*(Bg + iwg))™? . By (6.2.40), on U,p x G, we have

P (ePetiPriva A Pri Q) = ePrtiPiee A PriQ)
— ¢V (BatiPriwa) A priQ = ePotiPiee A PriQ
= e (W (BatiPrywe)™ 5 PriQ = e2o(BatiPriwg)™ \ PriQ, as Qis of type (n,0)
= > (¥ (Ba+iPriwg)) = (Bs +iPrjwr) ™.
For m € Uy, consider the map 4,,, as defined in (6.2.20). Then,
Z i (V" (Bo + i Priwg)) ™ = Z ’Z;‘n(B/g + i Pryweg)™
= i’ (V*(By + i Prywe))?™® = i, (Bs + i Prh wg)*®
— qbaﬁ(m)*(ginBa +iwg) = %;"RBB + iwg
= ¢op(Mm) ' weg =we, as By, Bs and ¢,p(m) are real.

This shows that E is a symplectic G-bundle. Due to the property that E is a symplectic

bundle, one can see that (¢ ~')* preserves e'F'2%¢ A Pri (1, i.e,
(w_l)*Po = po, Where py= e Prave p Pri Q.

Let L be the +i-eigenbundle (i.e, null space) of the product GCS, py. At a point (m, f) €

Uas X G, L can be written in the following form,

Lim.p) = (:r;?;anﬁ ® (Tﬁ;OUa[g)*) ®{X —iwg (X)| X € T{G ® C}. (6.2.41)
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For any X +n € L, 1,(X) + (¢»~1)*n is again an element of L which is verified from the

following;
(©u(X) + (7)) - po = po(e(X)) + (™) N A po
= ()" (" (i @) 0) ) + @) A po), as (677 po = po
= (™) (ixpo + 1 A po)
=0, as(X+mn)-p=0.
It follows that
X+nel ifandonlyif v,(X)+ @ )nelL (6.2.42)

Note that for (m, f) € Uy x G,

Idy,, 0
(V) sim.p) = ( : ) ,
(Tf>* © (¢a,8>*m (Qbaﬁ(m))*f

(6.2.43)

Idy,, (¢ap)m© (7“¢>a5(m)-f)*)
0 (da5(m))}

where the map ry : G — G is the right translation by f.

(1/1_1)>(km,f) = (

Let e € G be the identity element and Y € T.G . Then, for (m,e) € Uys X G, we have

(W)* ! )<ym,e<Y>><w>*<Y><w1>*<wG,e<Y>>

= {(Gap(m))ee(Y) = i(do3(m))i(wae(Y))}  (By (6.243))
— i ((@ad)in © (ousim)" (Wae(Y)))
By (6.2.41) and (6.2.42), {Y — iwg(Y)} € L(m.) implies that
()u(Y) = (@) (16,6 (Y)) € Lim gop(m) -
Then, it follows that

0= =i (@) © (Foustm)” (Wae(Y)) € (T3 Uap)” -
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Since (@, 5)%, and (74, ,(m))* both are real linear operators, and wg,.(Y) is a real 1-form,

we get 77 = —n. This contradicts the fact that n € (T.;°U,s)* , and so,

(Gap)in © (Fgstm)* (Ware(Y)) = 0.

Now (74, ,(m))* is an isomorphism and wg, is non-degenerate which shows that (¢,5)5,

will vanish. As m € U,g is arbitrary, we get
(Pap)r, =0, forall m.
Hence F is a flat symplectic principal G-bundle. n

Theorem 6.2.3. Let E be a principal T2 -bundle over an n-dimensional complex manifold
M. Then, E is a flat symplectic T*-bundle if and only if there exists a GCS, p , of
type dimc(M) such that, on each trivialization {U,, ¢o}, it is equivalent (via B-field
transformation and diffeomorphism) to the product GCS

(G2 (0 le-1(vy) P29 AP Q,

where wr is a symplectic form on T? and Q is a local generator of A0 (T*M @ C) .

Proof. One way is straightforward as one can construct such a GCS by using Theorem

6.2.1. The converse direction follows from Theorem 6.2.2. OJ

Remark 6.2.2. Theorem 6.2.3 and Theorem 6.2.2 do not imply that all GCS of type
dimec M is the product GCS on a trivializing open set. Fven in the simplest case, it may
happen that there exists a GCS which cannot be the product GCS in a trivializing open

neighborhood. The following example demonstrates this.

Example 6.2.1. Let E = F x C be the trivial bundle over C with symplectic fiber F of
dimension 2l. Let wg be a symplectic form on F. Set

A:=izZdz.
Let o be a real closed, but not exact, 1-form on F . Consider the following 2-form

iw=1iwp+(A—A)No.

Now d(A — A) = —i (Z+ 2)dz Adz . This implies dw # 0 but d(iw) Adz = 0.
Note that W' Adz A dz = wh Adz Adz # 0. Thus, we have a GCS of type 1 given by

p=e“Ndz.
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If possible, let there exists a closed real B € Q*(E) such that
p=eBTr A dy.

Let C™1 denote the (rpq)-component of C := B + iwp in the natural decomposition of
Q&(F x C), as given in (6.2.18). Then, we have

p= 6B+iwp /\dZ
— e~ Ao Ndz = e 0" Ndz
— —AANo=C",

Since CO s real, it is of the form CO = if dz Adz for some f € C°(Cx F,R). Let dr

be the exterior derivative in fiber direction. So,
dC' =0
= (dC)"M =0
= (idpf+i(z+Z)o) ANdzNdz =0
= dpf+(2+%)o=0.
Fizing any z € C — {iR}, we have

f(—,2) € C*(F,R).

dpg =0, where g¢g=—

z+7Z
This contradicts that o is not exact. If possible, let there exists a real automorphism h

on F x C such that

hp = eBTwr A dz.
Note that h*dz = dz, and i h*w AN dz = (B +iwp) Adz. So, it follows that
ihwp+h* (—ANo) =) C™
= h*(—ANog)=C""

Then, we can continue as before. Thus we conclude that p is not equivalent to the product

GCS.
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6.3 A spectral sequence for the generalized Dol-

beault cohomology

A generalized holomorphic bundle over a GC manifold B consists of a complex vector

bundle W with a Lie algebroid connection
D: C®(NL*@W) — CO(ANT'L* @ W)

satisfying D o D = 0 (cf. [70, Definition 4.27]). For a generalized holomorphic bundle
(W, D), the Lie algebroid cohomology is defined as

ker(D : C®(A*L* @ W) — C®(ALL* @ W)

H*(L = :
(L, W) img(D : C®(AIL* Q@ W) — C®(AL* @ W))

(6.3.1)

For any 2n-dimensional GC manifold B with canonical line bundle U, the corresponding
involutive maximal isotropic subbundle L, and the operator 0 as in equation (2.4.3) gives
a Lie algebroid connection. Thus {U,d} is a generalized holomorphic bundle over B and

also note that

GH2*(B) = H*(L,U). (6.3.2)

Now coming back to our situation, let L be the null space of the canonical line bundle
of E, denoted as Ug, as in Theorem 6.2.1. On a local trivialization {U,}, for a local

holomorphic coordinate system (zy,- -+ , z,) € Uy, assume that, the GCS on U, x T is
(62 (ol (0)) = €P5T A PEE Q (6.3.3)
where ) = dz; A --- A\ dz, and the null space is
Llz-1w.) = Pri(T%'U, & (T"°U,)*) & Pry{ X —iwr(X) | X € T(T*) ® C}.
Further, note that,
Pri{X —iwr(X)| X € T(T*") ® C} = {X — i Prjwr(X)| X € Pr; T(T*) ® C}.
Consider the Courant involutive subbundle S < L such that on local trivialization

Sle-1way = {X —iPriwr(X)| X € Pry T(T") ® C}.

Then following [4, Section 2], for any generalized holomorphic bundle V' over E, the

subspaces

FPC®(NPHLQV) = {6 € CO(NHIL*QV) | ¢(X1, -, Xpig) = 0 for Xy, -+, Xn.,, € S}

) Ng+1
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of C*°(A*L*® V) give a bounded decreasing filtration of { C*°(A*L* ® V'), D} such that
the corresponding spectral sequence {E®*}, converges to the Lie algebroid cohomology

H*(L,V) described in (6.3.1). By definition,

o _ PO\ @ V)
O T Frrl o (AL @ V)

_{€ ORI Q@ V) [$(X, -, Xpyg) = 0 for Xy, Xy, € S}
{6 € Co(NHL @ V) [ (X1, Xpiq) = 0 for Xy, -+, X, € S}

Locally, we have,

FPO®(NHLQV)= P C% (N’ Pri(Li|v.) @ /\p+q*"S*|,r_1(Ua))®Cw(UaxT2l,C) C®(V).

p<i<p+q

If V = 7*(V"), for a holomorphic vector bundle V' over M and Ly, = T%'M @ (T *°M)*,
then

ERT = C(APPY(Lilv.) @ Pri(V']u,) ®ceaxraic) CF(ALS [r-10))
= C®(Pry (AP (Lilv,) @ Vi) ®cwacy C(A1S 1))
= C®(N(Lylv.) @ V'|u,) ®cswa.c) COALS* [r-1(1,))-

The differential dy on E5? is given by id ® dg where dg is the differential on the Lie
algebroid complex C*(A*S*). For b € M and Ej, = 7 !(b), by [150, Section 9.2], we get
a flat holomorphic vector bundle H® = Upe s H*(Ey, C) over M where H*(E,, C) denotes
the C-valued de Rham cohomology of Ej,. Now, consider the Lie algebroid corresponding
to the relative tangent bundle T of the principal bundle E, and the corresponding Lie
algebroid cohomology H*(T). Then, by [80, Chapter 1.2.4],

H(T) = (M, ). (6.3.4)

Since T'(U, x T*) = Pr{ T(U,) @ Pry T(T*), we have T|,-1,) = Pr; T(T*). Moreover,
as wr is closed, we have a Lie algebroid isomorphism,

Te1wa) — Sle1wa), X — X —iPrywr(X).
Applying (6.3.4), locally we have,

EPO 2 C(N (L) @ V' |0,) @c(uac) C™(Ua, Hlus)
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with the differential d; = 0y, the usual Dolbeault operator on M. Hence, globally we
have,

EP= C®(NPLY, @V @ HI)
with the differential d; being the Lie algebroid connection for the holomorphic bundle
V' ® H*. Hence, we obtain,

EPT = HP(Ly, V' @ HI).

Thus, we have a description of the generalized Dolbeault cohomology of the total space

which extends the description in [4, Theorem 2.1].

Theorem 6.3.1. Let m : E — M be a fiber bundle over a complex manifold M of
complex dimension n with a symplectic fiber (F,wr) . Assume that there exists w € Q*(F)

such that

1. it defines a generalized complex structure J on E which is locally of the form p :=
e N (),
2. on each local trivialization {Uy, ¢o }, the GCS is equivalent (via B-field transforma-

tion and diffeomorphism) to the product GCS as in (6.3.3), i.e

(92 (pla-r()) = T4 AP Q.

[0}

Here, Q is a local generator of N™O(T*M @ C). Let L be the +i-eigenbundle of J. Let V
be a complex vector bundle over E such that V = 7V’ for a holomorphic vector bundle
V' over the complex manifold M. Considering V as a generalized holomorphic bundle,

there ezists a spectral sequence {E**}, which converges to H*(L,V') such that
EP9 = HP(Ly, V' @ HY).

Proof. Follows from the preceding description of the generalized Dolbeault cohomology

of the total space. O

Since Ug = 7*Uys, where U,y is the canonical line bundle for M, we have the following

theorem.

Theorem 6.3.2. Consider the same setting as in the preceding theorem and dimg F' = 21.

Then there ezists a spectral sequence {E*}, which converges to GHgH_'(E) such that

EYT >~ GHLP(M, H'"™).
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Corollary 6.3.1. For a flat T#-principal bundle E with the family of GCS as defined in
Proposition 6.1.1, there exists a spectral sequence { E**}, which converges to GHgH_'(E)
such that

EYT >~ GHy P(M, H'"™).

Example 6.3.1. (Generalized Dolbeault cohomology of trivial torus bundles) When the
torus bundle is trivial E = M x T?, the flat holomorphic vector bundle H*® is also trivial
i.e, H®* = M x H*(T% C). So the EY? term of the spectral sequence as in Theorem 6.3.1
is of the form

EY 2 HP(Lay, Uy ® H™U(T?,C)) = GHY(T*) ® GH 7 (M).

Now, each element in Ey term is already a global form on M x T?. Hence, d;, vanishes
for any k > 2, and Ey = E. Therefore, we get the following analogue of the Kiinneth

formula

Corollary 6.3.2. For the family of generalized complex structures as defined in Propo-
sition 6.1.1, when E = M x T? the generalized Dolbeault cohomology group of E has a
decomposition in terms of the generalized Dolbeault cohomology groups of the fiber space
and the base manifold, i.e,

GHy'"™E) = @ (GHT")® GHy™(M))

p+q=m

where =1 < qg<l,-n<p<nand —(n+1) <m< (n+1).

Remark 6.3.1. In Theorem 6.3.1, if the form w s closed, one may construct a B-
transformation so that the GCS is the product GCS on each trivializing neighborhood.
But even if w is not closed, it may still be possible to construct such a B-transformation.

The following example will show such a construction in the simplest case.

Example 6.3.2. Let E = C x F be the trivial bundle over C with symplectic fiber F'. Let

wrg is a symplectic form on F'. Set
1 A= (B +22)dz.
2. Ay :=2dz.
Let o be a real closed 1-form on F. Define

iwj =iwp + (A; —A)) Ao, forj=1,2.
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Not that d(A; — Ay) = 2(2 +2)dz Adz and d(Ay — Ay) = 2dz A dz. This implies that
dw; #0 and d(iw;) Ndz =0.
One can see that wé Adz N dz = wh Adz A dz # 0 which implies that
p;=¢€e“ Ndz forj=1,2,
gives a GCS on E. One may write
p; = ePTr Ady o where B; = (Aj + Aj) Ao is a real 2-form.

Notice that dA; = —dA;. This shows that dB; = 0 for j = 1,2. Hence each p; is
equivalent to the product GCS.
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