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Abstract

In this thesis we explore different methods of calculating the viscosity using molecular dy-
namics simulations. We initially investigated three methods, namely Green Kubo relation,
Helfand moment method and the shear simulations using the SLLOD equations of mo-
tion. These simulations are performed in the canonical ensemble. Green Kubo and Helfand
moment are equilibrium and strain rate independent methods while the SLLOD is the non-
equilibrium method based on application of a shear flow and measuring the corresponding
response in the form of steady state stress. The viscosity can then be estimated in the New-
tonian regime as the ratio of the steady state stress to the applied strain rate. The standard
Green Kubo formalism involves calculation of an autocorrelation function which is not very
efficient. Green Kubo and Helfand moment methods are dependent on the stress relaxation
time scales, which corresponds to the molecular relaxation time scales in dense gases and
high temperature liquids. We then consider a new method for the computation of viscosity,
namely through the use of differentiable simulations. We use the differential definition of the

viscosity and differentiate the stress with respect to the strain rate to obtain the viscosity.
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Chapter 1
Introduction

Viscosity is a fundamental property of fluids, that quantifies the resistance of fluids to ex-
ternally applied stress. It plays an important role in diverse fields such as materials science,
biophysics, and chemical engineering and influences processes from polymer processing to
biological fluids [3]. Molecular Dynamics (MD) simulations have gained prominence as a

robust computational technique to investigate viscosity.

MD simulations use classical mechanical equations of motion to extract various material
properties. Using the microscopic time evolution of the system, one can extract the macro-
scopic properties such as viscosity and other transport properties [2]. Viscosity is defined to
be the response of a fluid on the applied stress. In experiments, this is typically achieved
by imposing deformation and measuring the corresponding response of the system. On the
other hand, in computer simulations, one can measure viscosity as both equilibrium and
non equilibrium response. Green Kubo [7, 12] and Helfand Moment [9] methods are equi-
librium simulations, i.e. there is no applied deformation. Equilibrium methods to calculate
the viscosity are based on linear response theory. On the other hand to get the strain rate
dependent viscosity, the SLLOD equations of motion are employed that deform the fluid at
a constant rate 7. Then the corresponding steady state stress is calculated. The viscosity

can be obtained as the ratio of steady state stress to the deformation rate 7.

In this thesis we present the computational methods that are used to calculate the viscosity
of fluids. In particular we focus on the the well studied Kob-Andersen BMLJ glass forming
liquid. We apply the different methods of computing the viscosity on this fluid at different

temperatures and calculate the viscosity. While it is feasible to calculate the viscosity at the
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higher temperatures, it becomes harder to calculate the viscosity at the lower temperatures.
This is particularly because the viscosity is a dynamic property that is dependent on the
time scale of the dynamics of the system. As the system cools down, the time scales grow to
a level that are not accessible by the molecular dynamics simulations. We present this case

and show that indeed it is very difficult to obtain the viscosity at low temperatures.

We also describe an attempt of calculating the viscosity using the differentiable simula-
tions. We here define viscosity to be the derivative of the stress with respect to the shear
rate. The SLLOD equations of motion are then implemented in the JAX MD [18] pack-
age implemented in Python. This allows the usage Automatic Differentiation to get the
derivative of the stress with respect to the strain rate giving the differential viscosity. This
definition of viscosity is particularly more important when looking at the viscosity at the

vanishing strain rates.
This thesis is organized into following chapters:

In chapter 2 we discuss the basic idea of molecular dynamics simulations. The algorithm to
implement MD is provided. Then the integration scheme is derived which is used to update
the positions and velocities of the particles in the simulation. We also discuss three common
ensembles of MD simulations. Firstly the microcanonical ensemble is presented with the
integration scheme. Then Canonical Ensemble is introduced with Nosé Hoover thermostat
and the corresponding implementation algorithm is presented. Finally Isothermal-Isobaric

ensemble is presented with the integration scheme.

In chapter 3 we discuss the methods of viscosity calculations that are used along with
the MD simulations. We first introduce the Green Kubo method for calculating the equilib-
rium viscosity. Then another equilibrium method of Helfand moment is presented. Finally
non equilibrium shear simulation are presented and the SLLOD equations of motion are
derived along with the implementation algorithm. Some preliminary results are presented
for which the code was written in FORTRAN.

In chapter 4 We describe the differentiable simulations to calculate the viscosity. We
discuss the importance of using the differential viscosity compared to dynamic viscosity. We

then present a brief overview of working of the Automatic Differentiation and discuss how



this can be used as an attempt to estimate viscosity.

In chapter 5 main results of this thesis are presented. Here, the viscosity of Kob An-
dersen system is calculated across temperature ranges and strain rates are presented. Also,

a comparison of these different methods are presented.

In chapter 6 Summary and concluding remarks are presented along with future directions

for the calculation of the viscosity is discussed.



Chapter 2
Methods: Molecular Dynamics

Molecular Dynamics (MD) is a computational simulation method to study the time de-
pendent and statistical properties at the the atomic and molecular scales. It is a strong
technique that allows to study thermodynamic, transport, elastic and other properties of
materials without the need for experimentation. MD was initially developed in the 1950s for
the study of the behavior of simple systems like hard spheres and liquids [1]. MD now is an
indispensable tool to calculate properties of materials from industrial importance to medical

research and drug discovery.

At its core, MD simulations involve solving Newton’s equations of motion for a system
of interacting particles, where the forces acting on each atom are derived from potential
energy functions. These forces can be empirically derived or calculated from first principles
through quantum mechanical calculations. The Newton’s equations of motion update the
position and velocity of each particle over small time increments, typically on the order of
femtoseconds (107! seconds), which allows for a detailed analysis of molecular motion over
time [6].

Although these simulations are very versatile and allow probing the microscopic length scales,
these simulations are severely limited by the computational costs. The time steps in MD
are limited by the fastest atomic motions, such as bond vibrations, restricting simulations
to relatively short time scales (typically nanoseconds to microseconds). Since, most classical
MD simulations involve empirical force fields, the simulated properties are limited to the

models that are accurately described by these potentials. [13].
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2.1 The Basic Idea of MD

Classical MD simulation consists of defining the system environment. The simualtion could
be performed in microcanonical, canonical or isothermal-isobaric ensembles. The ensemble
defines what are the quantities or parameters that fix the environment under which the
simulation is performed. After choosing the right ensemble and parameters governing them,
the system is initialized by giving the initial positions and the velocities along with specifying
the boundary conditions. For studying the bulk properties, typically the periodic boundary
conditions are used. Then the forces are calculated and the equations of motion are integrated
to move one time step. This procedure is repeated and quantities of interest are calculated.
The discussion presented here is followed from [6].The basic MD algorithm can be summed

up as follows:

Algorithm 1 MD Program

Initialize positions and velocities
t=0
while t < t,,.. do
calculate forces
call integrator
calculate required quantities
t=t+ At
end while loop
call analysis

stop

2.2 Microcanonical Ensemble (NVE)

In the microcanonical ensemble, we sample the trajectory where the total energy of the

system is held constant. The Hamiltonian of the system is:

M= o+ U({r)) (2.1)

=1
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The Hamilton’s equations of motion give:

o OH

-

._fmr (2.2)
r = ap

Consider a function f = f (r,p) (we use shorthand notation r and p for all particles),
which depends only on position and momenta of the particles and has no explicit time
dependence. The time dependence occurs via the coordinates and the momenta. The time

derivative of f is then:

a _ o of .. 9f

dt_p op or
ly. 2 ... 9 (2.3)
‘{p o " 8r}f
= iLf

Here, we identify the operator in the square brackets as ¢L the Liouville operator. Then we

can write the solution of Equation (2.3) as:
[l (@), p(t)] = exp(iLt) f [r (0),p (0)] (2.4)

Now consider the following:

0
L =12
1 rE)r

0
7 59
tLy, pap

Then, we can write:
1L =1L, +1L,

So that that Equation (2.4) can now be written as:

fle(),p )] =exp[(iLy +ily)t] f[r(0),p(0)] (2:5)
Let us now consider the action of exp (iL,t) on the f.
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n!  Or"

Similarly the action of exp (iL,t) on f would be:
exp (iLyt) f [PV (0),x (0)] = f |+ (0) )" ,r (0)]

So that the action of operator exp (iL,t) is to shift the position and the action of exp (iL,t)

is to shift the momentum.

Thus, in general we can conclude:
ex a—@ f(x)=f(r+ )
P\ %oz B

It is important to note that for any two operators A and B, that need not commute,
[A, B] = AB — BA # 0, we have:

exp (A+ B) # exp (A) exp (B)
We may employ the Trotter Factorization:

P
exp (A+ B) = F}grgo (exp <%> exp <§> exp <%>>

For finite P, we have:

exp (A + B) ~ (exp (%) exp <§) exp <%>)Pexp <(9 (%))

We now show that L, and ¢L,, do not commute. We consider 1-D case, with the following

13



Hamiltonian: )

=—+V
H s +V (2)
In this case we have:
0
L =3l
1 xax
_p9
 mox
And similarly
) 0
ZLp = Fa_p

where we used the fact that p = F. Now, we calculate the commutator of these acting on a

function ¢ (x,p). We have:

iLyiLyo (v,p) = =~ {F () a—pcb (x,p)}

And
B op 0
ZLpZLr_F(:E) %E%¢( s )
_F@)[ ¢ 99
m p@p(’?x ox

Thus the commutator is:

The commutator is not identically zero.

Now we identify:

A
—=—=Atp—
PP tpy
B ilLt .0
P p - AUy



where, At =t/P. The Trotter expansion for our case can be written as:

ezLAt — eszAt/QeerAteszAt/Q

The action of these operators is:

Apply exp (iL,At) = r; = r; + v;At

f;
Applyexp (iL,At) = v; = v; + —At

)

Translating the Trotter factorization into an algorithm we get the velocity verlet algo-

rithm.

Algorithm 2 Velocity Verlet Algorithm

fori =1, N do
F;
VZ_>V1+E%

r, —r;,+ VzAt
Calculate Forces
vV, — V; + %%

end for

2.3 Canonical Ensemble (NVT)

In the canonical ensemble, the temperature of the system is the control parameter instead
of the total energy as in the case of the microcanonical ensemble. This is achieved by
using a thermostat. The most common thermostat is the Nosé Hoover thermostat [17, 10].
The thermostatting is achieved by introducing an extra coordinate in the Lagrangian of the

N —body system:
N

ENosé = Z %821‘22 —U (rN) + %QSQ - %hl (8)
=1

Here, § = 1/kgT is the inverse temperature, () is the effective mass associated with s that
acts as the damping parameter and decides how rapidly does the temperature converges.
Canonical ensemble is achieved by setting L = 3N — 3 [6]. The following equations of

motion are obtained as derived in [6].
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i
UV = —— — Vev;
§ =
Ué = G

where,

Here, ¢ = Ins. These equations of motion have a conserved quantity Hyose-

N

1, N 1 o5 L
HNos¢ = ; 5 +U (V) + 5@”5 + Bf (2.7)
The Liouville operator is:
0 0 xe, 0
S A 9 0
7 7“16)7%+vlavi%—5’35%—215605
0 fi 0 0 0 0
o b L L e L G
Yon T mion,  "Von %5 T "o
oL =1iLp+ 1L, 4L,
with
’iLr = Uii
: fi 0
L,="—
‘ m; (%i
. 0 0 0
ZLT = 058_5 - ’Ué?]ia—vi + Ga—vg

= iL¢ +iLc, +iLc

Following the Trotter Factorization, one can obtain the update equations for the Nosé Hoover

thermostat as shown in [16, 22]. The Trotter factorizations for the iL and iLy gives:

exp (iLAt) = exp (iLT%) exp (iLU%) exp (1L, At) exp (iLU%) exp (iLT%>

16



At At At At At At
exp (ZLTT) = exp <ZLCUI) exp (ZLGI) exp (zL57> exp (ZLGZ) exp (zLCvZ>
Using

exp (aai) F @) = f ()

for el A/t — 4, — vy exp (—vg%) the algorithm for the thermostatting part is obtained
Algorithm 3

Algorithm 3 Thermostat

fori =1, Ndo
v; — V; €xXp (—vg%)
end for
Calculate G
Ve — Vg + G%
E—= &+ U{%
(3 — (U3 + G%
fori =1, N do
v; — V; €xXp (—UE%)
end for

The full Nosé Hoover thermostat algorithm is given by Algorithm 4

Algorithm 4 Nosé Hoover Algorithm

Apply Thermostat
Apply Velocity Verlet Algorithm
Apply Thermostat

We now show that the Nosé Hoover thermostat samples from the canonical ensemble.
The following discussion has been adopted from the [6]. Unlike velocity rescaling schemes,
where, the fluctuations in the temperature are suppressed, the Nosé Hoover thermostat
allows for the fluctuations. These fluctuations scale inversely with the system size. The

Maxwell Boltzmann Velocity distribution is given by:

P(p) = (%)gexp (—6%)

where, p is the momentum of the particle. We first calculate the relative variance in the

kinetic energy of any single particle. Since Kinetic Energy is proportional to p?, the relative
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variance is given by (Kinetic Energy of the chosen particle is denoted as T'):

Now, we need
W)= [ a7 P

=/po/90/¢0p sin (8) dp df do p*P (p)
—4w/po P (p) dp
)

(') = /dﬁp4 P (p)

:/ / / p*sin () dp dO dé p*P (p)
p=0 J6=0 J ¢p=0

—47r/po P (p) dp

-(5)

In evaluating the above integrals, we have used the following formulas:

/ r*exp (—ax2) = 3\/57?
0

8az

/ 2% exp (—am2) = 157
0

16az

and,
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Thus, relative variance of the kinetic energy of the chosen particle is:

(T)? (T)?
_ ) — @)
<p2>z .
15(%) -9(3)

2
-3
Now, we may take kinetic energy per particle 7 as a measure of the Temperature. So we
have:
N
(T) = _rd)
i=1
N
=> )
i=1
= N(p?)
And,
N N
(T =00 i}
i=1 j=1
N
= (> pi+) vind)
i=1 i#j
N / /
(T%) => ") + (Z(ﬁ)) (Z(zﬁ))
i=1 i i

N{p") + N{p*) (N = 1) (p*)
N{p") + N (N -1)(p*)*

19



Thus the relative variance in Temperature is:

oF (T (T

(T)? (T)
_ NN+ NV 1) (%) = N*(p?)?
N2<p2>2
2
T 3N

Relative Variance of Temperature
NVT Ensemble

== Best fit line ,
0.0101 ® Data from Simulation L ,®
’
/
’
’
/
0.008 A R4
’
’
S
N /
= ’
N 0.006+ o
’
=~ /
/
’
0.004 1 R4
P4
,’ slope = 0.678+0.015
/
i ’
0.002 ,/‘
0.005 0.010 0.015
1
N

Figure 2.1: Scaling of temperature fluctuations with system size in canonical ensemble.

The slope obtained in the Figure 2.1 is close to theoretical value of 2/3 validating that

the Nosé Hoover thermostat generates canonical ensemble.

2.4 Isothermal-Isobaric Ensemble (NPT)

The NPT involves fixing the pressure and temperature and letting the Volume fluctuate. In

this ensemble, the system can exchange both energy (with thermostat) and volume (with

barostat). This setup models systems under conditions where pressure is controlled, such

20



as chemical reactions in open containers. To study the effect of composition of solvent on

system properties, then Volume has to be adjusted to ensure the constant Pressure [6]. This

is achieved by introducing a barostat [15] and the corresponding equations of motion are [6]:

plzfi_(l

_ 3Vpe

=+

Di Pe
W 7

m;

Pe )0 Do
WpZ 1pl

)

N

P2

- Pext) N Ql

(2.8)

D¢,

(3N + 1) ]{?BT - Q_p&

Here, W is the mass parameter of the barostat, € and p. are the coordinate and momenta

of the barostat.

In this particular case Equation (2.8) a chain of thermostats of length

two is used and the corresponding coordinate variables are £ and & and the corresponding

momenta are pg, and pg,. ()1 and Q)2 are the mass parameters of the two thermostats. The

variable € is related to the volume of the simulation box:

1
e:gan

The forces on the thermostats G; and G5 and the force on barostat G, are given by:

Gy = Q
Gy @[lefl
6= | (1+

[Z YW - (BN 4 1) kT
1 —1

kpT)

) Z Pi Z Z risfim — 3PuV — 3V S

=1 j=i+1

ou
ov
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The Liouvillean is:
iLypr =L, + 1L, +1Lcp

where,
. 0 0
iL, = (v+v6r)a “’6&
F 0
7 29
e T oy
tLep = —v vi—kv i—kv 9
Cp — S av &1 851 &2 852

0 0 1 0
+ (G1 — U&U&) W + Ggavg — (1 + N) UGVa—V

0
+ (Ge — vev, ) E

The operator iLcp can be split as follows:
tLep = 1L¢ +1Lc, +1Lg, + 1L, +tLg, +tLg, + iL%22

- 61851 62852

. 1 0
e ()]

iLe

1L, = —v&vE%
T
iLUEl = —v&v&a%l
T
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We can write the Trotter expansion of elcF as:
GiLopAt/2 _ iLa,At/4 [eiL“él A8 iLe, At/4 v, At/8]

x [esze A)&/SezLG6 At/4eszE At/S]

iLeAt/2 iLo, At)2

X e X e
% [eszeAt/SengsAt/4eszeAt/8]

" [ez’Lv§1 AU/8 il At/4 ilvg, At/S] il At/4

The update rules can be derived and translated into an algorithm Algorithm 6. Simillarly the
Trotter Factorization is applied to the iL, + ¢L, operators. The position update is obtained
analytically by solving:

Ti = U + Very

The solution to this is:

So that update equations becomes:

sinh (Ue 5 ) At
(ve%)

€ = e+ v At

r; — Tievem + v; At

This gives the Algorithm 5. The full NPT algorithm is then given by Algorithm 7.

Algorithm 5 NPT Modified Velocity Verlet

fori=1to Ndo
’UZ—>U7,—|—%%

) eV

h(ve
T — riev At 4 UZ-AtSln( (Aj
Ve
end for
€ — e+ v At

Calculate Forces
fori=1to Ndo
Vi — UV + %%
end for
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Algorithm 6 Thermo Baro

Calculate G4
Ve, — Vg, + GQ%
Calculate G4

A
Vg, — Vg, €XpP (—’U&%)
Vg, — Vg, + Gl%

A
Ve, = Vg exp (e, )
Calculate G,
Ve —> Ve €XP (—v&%)
Ve — Ve + Ge%
Ve —> Ve €XP (—vg g)
€ € 18
fori=1to Ndo
V; — V; €XP [—vgl% — (1 + %) ve%}
end for
S — &+ U&&
S — &+ U§27t
Calculate G,
Ve —> Ve €XP (—'IJ&%)
Ve — Ve + Ge%
Ve —> Ve €XP (—vgl%)
Calculate G4

A
Vg, — Vg, €Xp (—U&{)
Vg, — Vg + Gl%

A
Vg, — Vg; €XP (—’052?1:)
Calculate Gy
Ve, — Vg, + GQ%

Algorithm 7 NPT Algorithm

Apply Thermo Baro
Apply NPT modified Velocity Verlet
Apply Thermo Baro
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In this work, the Nosé Hoover thermostat is implemented in the FORTRAN language
which is needed to simulate the Green Kubo and Helfand moment calculations. NPT sim-
ulations are also implemented to equilibrate the system at the constant pressure before the

production run.
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Chapter 3

Methods: Calculation of Viscosity

In this chapter methods to calculate viscosity are discussed.

3.1 Green Kubo Method

Green Kubo methods are used to calculate transport coefficients like, diffusion constant,
conductivity and viscosity from equilibrium MD simulations [7, 12]. Consider a system of N

particles interacting via pair potentials. For such a system the stress tensor is defined as [6]:

A N
Oap = v (Z mvf"uf + Z Z r%fﬁ) (3.1)
i=1

i=1 j>i

where, a, f € (x,y, z) are the cartesian components. The r;; is the nearest image distance
between the particles labelled 7 and j and f;; is the pair-wise force between the particles
1 and j. The Green-Kubo relations relate the transport properties to the autocorrelation
functions. The shear viscosity 7 is given by the integral of the stress autocorrelation function.

=z Omdt (005 (£) 703 (0)) (32)

For improved numerical accuracy, we use the component averaged quantity:

Vv 00
T]:]{B—T . dt <O’a5 (t)O'ag (0)>avg

(005 (0) G (1))ey = {02y (0) 0ay (1)) + (042 (0)3 Tys (1)) + (020 (0) 0y (1))

(3.3)
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The integral in Equation (3.2) is calculated by taking the cumulative sum of the averaged
stress autocorrelation function. As the autocorrelation function decays to zero, this integral
reaches a constant value in principle. A plateau region is observed in the integral around the
time when the autocorrelation first reaches zero. This value is taken to be the estimate of
the shear viscosity 7. A test simulation is carried out with N = 2048 particles for the WCA
potential Equation (3.4), at the reduced density of p = 0.8442 and reduced temperature

T =0.722.

RN £ (9"~ (9)] +e forr<2to -

0, for r > 250

0.51

0.0+

0 50 100 150
t

Figure 3.1: Green Kubo calculation for p = 0.8442 and reduced temperature 17" = 0.722. The
horizontal line represents the value at the time autocorrelation crosses zero value. A plateau
region is observed around this region, which is taken to be the estimate of the viscosity.

The value of the viscosity obtained from Green Kubo method is n = 2.29 £ 0.12. This
can be compared with the work of Todd et al [8] which reported n = 2.32 +0.01
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3.2 Helfand Moment Method

Helfand Moment method is based on the Einstein Relations [9]. Just like the diffusion

constant is related to the mean squared displacement by the Einstein-Helfand formula:

b (O -2 OP)

t—o00 2t

(3.5)

other transport quantities can also be expressed as mean squared displacements of the corre-
sponding Helfand Moments. For the case of viscosity, we define the Helfand moment A,z (t)

as:

dAas (t)
dt

&Mﬂ—%MWZVAd%w®

= Oap )V
(3.6)

where, a, 8 € (z,y, z) are the spatial coordinates. The viscosity is then given by the mean

squared displacement of the Helfand Moment:

o ([Aa () = A5 (O)F)

Ui

For better statistics, the Helfand Moment in Equation (3.7) is component averaged.

o 1 lim <[A01ﬁ (t) - Aaﬁ (O>]2>avg
 VkgT t=o0 ot

where, the component averaged Helfand Moment is given by:

(3.8)

Ui

(A (1) = A OF),, = 5 [([Ary (1) — Any OF) + (A (1) — Ao OF) + {[Ase () — Awe (O))]
The Equation (3.7) can be rewritten as:

Lo (Aas (1) = Aag (0)]°)

" VkpT t>c 2 (3.9)

n(t)t

Viscosity is obtained from the plot of Equation (3.9) as a function of time. The observed
behavior is 7 ()t oc t* for short times and 7 (¢)¢ o ¢ at longer times. The slope of the
linear regime is the viscosity estimate. A test simulation was performed for the case of WCA

potential at reduced density p = 0.8442 and reduced temperature 7' = 0.722. The viscosity
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thus obtained is n = 2.322 4+ 0.002. The error is obtained from the uncertainty in the least
squared fit. In the Figure 3.2, the log-log plot gives the exponents at the short time as
1.960+0.006 and at the long times 1.14040.001. These are in agreement with the quadratic

behavior in the short times and the linear behavior in the long times.

Helfand Moment

101 ]
10°4
107!
+~
=
<
1072
10—3 ]
}/ === Short time exponent = 1.960 & 0.006
/' === Long time exponent = 1.140 £ 0.001
1041 P o Simulation Data
102 10~ 10°
t

Figure 3.2: Helfand moment simulation for p = 0.8442 and reduced temperature 7' = 0.722.
It is observed that the exponent changes from 2 to 1, implying quadratic to linear behavior
in the long time.
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— Linear Fit slope 2.322 4+ 0.002
61 o  Simulation data

Figure 3.3: Helfand moment fit for the WCA potential t T = 0.722 and p = 0.8442. The
black line is the linear fit in the long time limit. The slope of this black line is the viscosity.

3.3 Finite shear rate simulations through SLLOD

The methods discussed in previous two sections are equilibrium viscosity methods, where
the viscosity is calculated without any applied strain rate. Although transport properties
can be calculated from the equilibrium simulations, in principle, the transport properties are
experimentally defined as a response to external perturbation. For the case of viscosity, it
is experimentally measured by inducing a shear flow as an external driving force. The rate
at which the external perturbation is applied defines the shearing rate or strain rate. Here,
we consider the case of planar flow, where, the strain rate is defined as the gradient of the
velocity field. Suppose that the system is sheared along x direction, then a velocity profile

is created along the y direction. Then the strain rate is defined as:

. dv,
Vay =
Y dy

(3.10)
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where, v, is the streaming velocity along the x axis. The viscosity can be calculated in the

linear regime for the Newtonian fluids as:

n=m (3.11)

Yy
where, 0, is the strain developed due to the external shear flow. In practice, to calculate
viscosity using Equation (3.11), the stress is averaged over the steady state. Hence, in
simulations the steady state stress is calculated to give (0uy (t)),,., Where the angular brackets
denote average over non-equilibrium steady state. Hence, in nonequilibrium simulations, the

stress is given by:
{02y (1)) neq

(3.12
’Yzy )

77:

3.3.1 Derivation of SLLOD equations of motion

We derive the SLLOD equations of motion. The derivation has been adapted from [21]. We

have the momentum continuity equation:

0J (r,t)

o =~V @) v v (rt) + P+ () (3.13)

where,

Here, f (r,t) = n(r,t) F. is the external force per unit volume. We can write the density of

the fluid system as:

n(r,t):Z(S(r—ri)

This gives us:

f(rt)=) Fi(r—r) (3.14)
Now, we take the Fourier transform of Equation (3.13) with respect to position:

%5 (k,t) = ik - P (k,t) + ik - [pvv (k, 1)] + G (k, t) (3.15)

This tells us that the long wavelength (or zero wavevector) contribution comes from only the
external forces. We are considering k = 0 because the average behaviour over entire volume

is described by this quantity. Thus, the total momentum change for this case can be written
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as:
%}:WWZEZK (3.16)

Now, we split the total velocity into two parts:
e Thermal velocity denoted as c;
e Flow velocity due to external force denoted as v (r;)

Assume that the system is initiall in equilibrium at ¢ = 0. An external force is applied at
the instant ¢t = 0 that starts the flow. So that we can write:

Here 6 (t) is Heaviside step function defined as:

0, ift<O
1, ift>1

0 (t) =

This means that till the time ¢ = 0, there is only the thermal velocity for each particle in the
fluid. At the instant ¢ = 0, there is an additional term independent of the thermal velocity

due to the external field. For homogeneous flows, Equation (3.17) can be rewritten as:

Here, Vv is the gradient of a vector. Hence, it is a second order tensor. It is defined as:

vy Ovy  Bus

ox ox ox

— | Qv Ovy Qv
Vv = dy Oy Oy

dug vy Qv
0z 0z 0z

Since, c¢; is the thermal momentum, that is independent of the flow velocity, and that it is

same as that of a system at equilibrium, the total thermal momentum and thus its derivative
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both are zero.

Zmici =0
%Zmici =0

(3.19)

Multiply Equation (3.18) by m;, take the sum over all particles and and then differentiate

with respect to time to obtain:

d d

Now, using Equation (3.19), we obtain

Z er = %Z m;v; = % Z m;r; - Vvo (t) (320)

This gives us:
ZFC Zszz Vv (t) + ZmzrZ VV—G( )

Here, the velocity gradient profile is constant in time. Now we use:

d

S0 =6 ()

Substituting the Equation (3.18) for the v; in RHS we get:
ZFe Z m; {c; +1; - VO (1)} - VO (1) + myr; - Vv6 (t)]
Now using Equation (3.19) again and the fact that 6 (¢) x 0 (t) = 0 (t), we get:

Z F¢ = Z mir; - Vv -Vv-0(t)+mr;- Vv-0(t)] (3.21)

Now we impose the condition that the external force has same functional form for all the

particles to obtain:

F{ =mr;- Vv-Vv-0(t) +mr;- Vv-6(t) (3.22)
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The external field is applied at the instant ¢ = 0, so that, the first term is zero for ¢ < 0.

From Newton’s second law of motion we have:

dv;
F; =m;—-
Mt
and
F;, = F¢ + F¢

Using Equation (3.23) and Equation (3.18) we get:

d

= m;¢; + mt; - Vvl (t) + mr; - Vvo (t)
Now 1; = v; and use Equation (3.18) to get:
F,=m¢;+m;i(c; +v(r;)0(t)) - VvO(t) +mr; - Vvo (t)
Using Equation (3.22) and Equation (3.24) we obtain:

m;C; = F? —m;c; - Vvl (1)

(3.23)

(3.24)

(3.25)

For time ¢ > 0 and combinig with Equation (3.18) we get the SLLOD equations of motion:

fi:c,;—i—ri-Vv

If we express the thermal momentum m;¢; = p;, we get

(3.26)

(3.27)



Figure 3.4: Velocity profile for shear flow along x direction with a gradient along y direction
[21]

For shear flow, in z direction with a velocity gradient in the y direction (see Figure 3.4),

we have:

dv,,
dy

= ;y:vy

So that we have:

Vv=14, 00

0 00
This gives us the SLLOD equations for the shear flow:

o (3.28)
P = Fi — XYzyPy;
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% &

Figure 3.5: Lees Edwards periodic boundary conditions [21]

3.3.2 Lees Edwards periodic boundary conditions

For the proper implementation of the SLLOD equations for the shear flow, we must employ
periodic boundary conditions that are compatible with the equations of motion. One such
method is proposed by the Lees and Edwards [14]. For zero shear rate, we have the normal
periodic boundary conditions for cubic simulation cell. As we apply the shearing force with
some shear rate 7,,, there is a velocity gradient generated along say y direction. This is
implemented by sliding layers of simulation boxes (stacked along the y direction on top of
each other and extending in the x direction) on top of each other. This is shown in Figure 3.5:

In the Figure 3.5, the central box is labelled as 5. A particle that leaves this box from

the top, that is, from y = L,, would re-enter back from box labelled 8. Due to the shear,

Y
the particle is also displaced along the z axis by an amount —L,%,,At, where, At is the
integration time step. There is no shift if the particle exits from =z = L, or z = L..
Simillarly, if the particle exits from y = —L, into box 8, it would re-enter from box 2 but
shifted by an amount L,¥,,At in z direction. It must be noted that when 4,,t =1 (¢ is the
simulation time), there is a displacement of one box length. This situation is equivalent to

having zero strain and the shearing starts all over again from zero value.
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Wrapping (PBC)
The wrapping of particles is done as follows:

x (i) = x (i) — 6z NINT {M} x L,

Ly
2 (i) = z (i) — NINT QCL@ % Ly
y (i) =y (i) — NINT %Z) X Ly,
2 (i) = 2 (i) — NINT ZL@ x L.

Nearest Image Convention (NIC)

The nearest image convention compatible with the Lees Edwards PBCs is implemented as
follows:
dx =z (i) — z (j)
dy =y (i) =y (j)
dz = z (i) — 2 (j)

d
dz = dz — 6z NINT [L—y} x L,

Y

dx = dxr — NINT d_x X L,
dy = dy — NINT d_y X L,
_Ly_
Tk
dz = dz — NINT T x L,

3.3.3 Nosé Hoover Thermostatted SLLOD
my;
pi - F? - )A('%Bypyi - pz%
Py (3.29)
70
N 2
NPl _L
Pn = ; my; &
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The integration of these equations of motion can be done using the operator splitting
method. Let, I' = {r;,p;,n,p,} denote the phase space variables. Then the short time

approximation becomes:

T (At) = exXp [iLSLLODAt] r (0)

The total Liouvillian of the system is:

tLsirop = iLna — XYgyUy, - v, + 0Ly

Vi
with
F? )
.Lmv = . i A.m i) " N
4 v m; avz + (V + X7, yY ) ari
N
0 0 0
oy — — i+ G— il
N ZZ_;U”V ov; + ovy, T an
and

1 (& L
G- VoL
Q @mv 6)

The symbols have usual meaning as the Nosé Hoover thermostat in the equilibrium simula-

tion. Using the Trotter factorization, we get:
At ) At 0
exp (iLSLLODAt) = exp |:7 (’LLNH — fiﬁmyyla—w>:| Xexp (AtiLmvv) Xexp |:7 (ZLNH — }A(’)/xyyza—vz):|

The mvV operator can be split as:

. AtF? 9
exp (i LyyvAt) = exp (7# v

.. 0 AtF? 9
X exp | At (Vi + XYy yi) - e X exp [ ——%-

2 my; 8vi

The central part of above mvV split needs to be further factorized as:

(Vi + X2y i) i—(21 +9 ~)£+v 24—@ 9
‘ TayYi or; 0 ey ox Y Oy "0z

i
The first two operators in the RHS of above equation do not commute. So the the Trotter
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factorisation for the position coordinates is:

.. 0 At 0 . 0 0
exp | At (vi + Xy ¥i) - a_rz] = exp (7%7‘8_%) X exp [At (Va; + Yy ¥i) a—xz] X exp (Atvzi—>

6zi
At 0
X exp 7 Uy, @

This can be converted into an algorithm as Algorithm 8:

Algorithm 8 Modified Velocity Verlet SLLOD

fori=1to N do
vV, — V; + %%
Yi = Yi + Uy, %
x; = X+ (Va;, + Yayyi) At
zi = 2 + v, At
Yi = Yi + in%
end for
Apply PBC for wrapping > section 3.3.2
Calculate Forces > Use nearest image convention section 3.3.2
fori=1to N do
vV, — V; + %%
end for Z

Now consider the operator

0

iLsrrop = iLNH — XYayUy, * 75—
aVZ‘

So that the time evolution can be obtained from:

At [ iy 0 At . 0 0 0
exp | - iLNg — X yUy, - v ) | =P |5 (—vpVi — XYy Vy,) - v + vna—n + G@T
7 ? n

A Trotter factorization for this operator can then be written as:

At (. .. 0 At 0 At . 0
exp 7 ZLNH — XYzyUy; - W = exp IG% X exXp —7 (Uan‘ + X’Ya:yvyi) : W
i n i

woxp (B 9 woxp (Bla 2
exp 5 Uy an exp 1%,

Now,

(Vg Vi + XYy, - = (VyUz; + Vay¥y,) o T UpUy, o T Uy

9
ov; Uy, O0vy, v,
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With this we have the Trotter factorization of the square bracketed term as:

At

.. 0
exp | =~ (U Vi + Xy Vy,) - 5v. | =P

( At
exp { — 7

At :
e (Unvfcz- + 'Yzyvyi) P

0 X e
UpUy —— xp [ —
n 1 anZl p

Again, we split the v,, update operator as follows:

At i 0
exp e (Unvwi + ”nyvyi) o =exp\| ——75

e

9
Uy,

At

-4

With this the shearing and thermostatting algorithm is given by Algorithm 9

_At
2

Algorithm 9 LNH SLLOD

Calculate G

vy = Uy + Gm
n—n+uy, AQt
fori=1to N do
Vg, — Uy, €XP (——Un>
Vo, = Vay = Yayly, 7
Uy, — Uy, €XP (——’Un)
V., — U, €Xp (——Un)
Uy, — Uy, XD (——vn)
Uy, —> Vg, €XP (_?Un)
Vg, —> Ug, — 'yxyvyz
Uy, — Uy, €XP (——vn)
end for
calculate G
Uy — Uy + G%

The final SLLOD algorithm can be written as Algorithm 10
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Algorithm 10 NVT SLLOD Simulations

Initialize positions and velocities > Use equilibrated configurations
Calculate Forces
ox =0 > Initialize the strain to zero

for ¢t = start — end do

0x = 0x + gy AL > Update the strain
dx = dx — int (0x) > reset to zero after one box length traversed
Call LNH SLLOD > Algorithm 9
Call Modified Velocity Verlet SLLOD > Algorithm 8
Call LNH SLLOD > Algorithm 9
end for > End of simulation

A code was written in FORTRAN and applied on the WCA potential Equation (3.4) with
N = 256 and N = 2048 particles. Simulations are performed at the reduced number density
p = 0.8442 and reduced temperature of T" = 0.722. The units are in LJ units. For each
case 10 independent runs were performed. The initial configuration for the shear simulations

were obtained by the equilibrium simulations.

The results are then compared with the work of Travis et al. [11].
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Figure 3.6: SLLOD simulation results for WCA fluid at reduced density p = 0.8442 and
reduced temperature 7" = 0.722
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Chapter 4

Methods: Differentiable Simulations

Molecular Dynamics simulations discussed in Chapter 2 forms the basis of calculation of
many dynamic properties. However, for the calculation of viscosity at low temperatures, we
need to probe dynamics at time scales that are not easily accessible by the methods discussed
previously. Here, we propose a new method of viscosity calculation using the differentiable
simulations. We first define the viscosity as the derivative of stress with respect to strain rate
[4]. This definition has an added advantage that it accounts for the strain rate dependence
more accurately. This definition is particularly applicable in the case of vanishing shear rate.
The dynamic viscosity, which is defined as the ratio of steady state stress to the applied
strain rate 7qyn, has the disadvantage that at low shear rates, it diverges to infinity, since

the stress does not reduce to zero as fast as the shear rates:

o
Modyn = lim —= — 00
=0 7y
Thus to calculate the vanishing strain rate viscosity, one needs to do equilibrium simu-
lations and compute viscosity using the Green Kubo formalism. However, the differential

viscosity is defined as:
_ dogy, (4.1)
Naiff = d’}/ .

This definition can be extended to any shear rate and clearly captures the shear rate depen-

dence of the viscosity.

In this chapter we discuss how the automatic differentiation can be used to compute the

differential viscosity. This is implemented in the JAX-MD [18] package in python.
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4.1 Automatic Differentiation (AD)

In AD all numerical computations are composed of known functions and operations with
known derivatives [23]. Any complicated function can be decomposed into simpler functions
and arithmetic operations. These basic operations typically include binary arithmetic op-
erations and sign flips. These simple functions involve polynomial functions, trigonometric
functions and transcendental functions. These functions have known derivatives that can
be hard coded into the computer program. Further, the chain rule can be implemented
into the program allowing to differentiate practically any function that can be analytically
differentiated.

Suppose that we have a function f : R” — R™

f<x17x27"’ 7xn):<y17y27'” ,ym)

It can be broken down into intermediate steps with variables z; with dimensionality p >>

m + n, such that the computation follows the following order:

X:(x17'r27'.' ,l‘n)
1
z= (21,22, ,2) P>>m+n
1

y = (ylvaa"' 7ym)

The intermediate variable z can be written as zx = fintermediate (2i)- ThiS fintermediate CON-
sists of mathematical operations like addition, multiplication, division and sign flip along
with known functions like exponentiation, trigonometric functions etc. Further, the inter-

mediate values z are related among themselves:
k , .
Rk = fintermediate (zi7 Zj) it <k and J < k
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Typically the number of intermediate values is larger than the input and output dimensions.

AD works in two modes, forward and reverse modes. The forward mode for the above

function can be expressed as:

de afintermediate le afin‘cermediate de
b ZJuvermedate 7 ZJintermediate 77 4.2
dx 0z; dx * 0z, dx (4.2)

This sum continues for all the intermediate values and the final output value as the chain

rule is propagated to yield %.

The reverse mode involves the computation of the derivatives in the reverse order, that

is, from y to x. The intermediate values can be written as:
Rl = fintermediate (Zia Zj)

The chain rule in reverse mode is traversed as:

@ _ afintermediateﬂ
dz; 0z; dz,

Similarly this chain is propagated for other intermediate variables as well.

4.2 A quick example

We now present a quick example of application of AD in forward and reverse mode on the
function:

f(x1,29) = In(x1) + 2129 — sin (z3)

The corresponding computational graph is Figure 4.1 :

In Figure 4.1 the variable v; are:
® UV_1 =11

® Uy = T2

o vy =Inxy

® Uy = XT1X2
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|

f(xla .’13'2)

2 )
Figure 4.1: Computational graph representing the function f(xy,2z2) = In(zq) + 2122 —
sin ().

® U3 = sin Ty
® Uy = anEl + T1T9

e Us =Inz; + 2122 — Sin T9

4.2.1 Forward Mode AD

In the forward mode AD we propagate the derivatives in forward direction, that is, from input
to outputs. Suppose that in the above function we want to evaluate df/0x; at (x1,xs) =
(2,5). We define at node ¢, v; = Jv;/0x; Then we can write:

.@_1:i'1:1

.@_1:i‘1:1

o iy =0 1o+ 190 =1x5+2x0=5
® U3 = Uy COSVy
e 0y=0+0=14+5=55
® U5 =04, —V3=55—0=05H5
o f=105=55
Thus, we obtain the derivative of f with respect to x; at (2,5) as 5.5
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4.2.2 Reverse Mode AD

In the reverse mode the derivatives are propagated in backward direction, that is, from
output to input nodes. We define adjoint of any node as the partial derivative of that node

with respect to the output. The adjoint of any node is represented as:

of
v = 4.3
U= g (4.3)
For any node we have:
L (4.4)
t 3% ’

Here, the j-th node is the node fed by node ¢ in the computational graph. If there are
multiple nodes that the i-th node feeds into, we take sum over all such nodes. Using this

definition of the adjoint we get:
e U5 =0f/0vs =1
® Uy =105 Qvs/0vy =1x1=1
® U3 =75 Ovs/O0vg =—1x1=-1
® Uy =7y Quy /O =1x1=1
© U =7y 0vy/0v; =1x1=1
® Uy = Uy Qvy/Oug + U3 Qvg/Ovg =1 X v_1 + (—1) X cosvg =2 — cosb

® ’(_J_l == 17181]1/81}_1 + 1_1261)2/8’0_1 =1 x (1/7}_1) + 1 X Vo = 0.5 +5=25.5

The reverse mode AD requires more storage. However, we observe that we obtained both
derivatives with respect to x1 and x5 in one pass. If the dimensionality of output space is
much smaller than the dimensionality of input space, then reverse mode is more efficient as

multiple derivatives with respect to the input parameters can be evaluated in single pass.

4.3 AD to calculate the viscosity

In the MD simulations, the equations of motion govern the per particle position and velocity

updates. The time evolution of the atomic system in MD is derived by integration of the
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equations of motion through the discrete update rules at small time step. The update rule
can be written as [24]:
= Fy (241,001, 1) dt + 244 (4.5)

Here, F'is the time evolution function, z; is the position at time ¢, v is the velocity and 7 is
the thermostat variable and + is the strain rate, a parameter of the simulation. To obtain the
viscosity, we need to get the derivative of the stress with respect to the strain rate. Consider

the gradient of stress o,, which is the output of the simulation. At each step we have:

do, do,, do,
y v y

dl’t Gxt d.’l’t+1

_ 00 4y n Aoy n Aoy 8_F it
Oy dryy driqq Oy

(4.6)

With the dgT“ty computed at every step, we get the gradient of o,, accumulated from the

chain rule,

dazy doyy dzy Aoy dFy (241, )
4.
Z dxy dv Z dxy dy dt (4.7)

This accumulated gradient gives the viscosity through the differentiable simulations. This
method provides a way to calculate viscosity without the need to invoke autocorrelation

function calculations and the assumptions of Linear Response theory.

4.4 Finite difference method

In this section we present the finite difference simulation results for the case of viscosity. We

performed the simulations at two strain rates.
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Figure 4.2: (a) Differential viscosity using the finite difference method for 4,, = 0.01 and

(b) 4 = 0.0625
;ny A’ny T)diff Tdyn
0.01 1074 2.5725 2.4075
0.0625 10~ 3.19146 2.2788
0.0625 1073 1.9812 2.2788

Table 4.1: Values of differential viscosity using finite differences

4.5 Results

We now demonstrate the viscosity calculation using the above method of AD. We use a
simple system of WCA potential at the state point T'= 0.722 and p = 0.8442. We calculate

the viscosity at different strain rates.
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Figure 4.3: Differential viscosity at different strain rates

The viscosity values obtained using the Automatic Differentiation diverge at long times.

[ ]
(a5}
3

2.81 .

a

L[]
7k

2.6

2.41

2.21 ° o

2.01

0.0 05 1.0

Figure 4.4: Comparison between the differential viscosity and the dynamic viscosity. The
values are given in Table 4.2
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/.}/acy Tdyn T)dife

0.0 2.32 (GK Value) | 1.8193
0.2 2.21 2.8335
0.4 2.065 2.1819
0.6 1.954 2.0945
0.8 1.8796 2.5565
1.0 1.8074 1.9344

Table 4.2: Values of differential viscosity using Automatic Differentiation

4.6 Comparison with Cross function

The Cross function fits to the viscosity vs strain rate curve and is of the form:

10) = T e e (48)

Here, 1y is the viscosity in the zero strain limit, 7., is the viscosity in the large strain rate

limit, K and m are other fit parameters. Our code is compared to the Cross fit using the

Newtonian viscosity definition n = o/

e data
— C(Cross_fit

1.81

102 10! 10°
Yy

Figure 4.5: Comparison between the Newtonian viscosity and the Cross fit for the WCA

potential.
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The stress can be obtained in Equation (4.8) by multiplying LHS and RHS by 7.

o — Moo .
° N + Mooy (4.9)

T T (KA

Differentiating the stress in Equation (4.9), we get the expression for the differential viscosity.

dO'xy o — Moo S\
We compare the analytic Cross model differential viscosity in Equation (4.10) and our

results in the differentiable simulations.

3.0
X
2.5 x
> x X
ol &

1.51

X Differentiable Simulation Data

— Derivative of the cross fit
1.0+ .
107! 10°

Yy
Figure 4.6: Comparison between the derivative of Cross stress and the differentiable simu-
lations

Although the results do not match qualitatively, the computed values of viscosity from
both MD and differentiable simulations are within the same order of magnitude. This dis-

agreement could be due to small number of samples.

4.7 Gradient Unrolling

In this section, we describe the concept of gradient unrolling which is crucial in calculation
of gradients through automatic differentiation. Let S (9.y,t) be the differential simulation
that evolves state of the system in discrete time steps of At (At is the MD time step), and

outputs the stress as a function of strain rate o,y (94y,t). The stress at the time 7" can be
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written as:
Oy (’.Ya:y, T) =95 (;y:cya T) (411)

The differential viscosity do,/d¥,, is computed by unrolling the gradient through suc-
cessive time steps, applying the chain rule at each step. The stress at each time step t,
depends on the previous time step’s state through a time evolution function f (¥,,,t). Thus,

the stress at time ¢ can be written as:

Ozy (t) = f (fyxy?t - 1) (412)

The stress at some time 7" can be related to the initial time ¢ = 0 through the application
of f T-times.
Oy (T) = [T () (4.13)

where,

f(T)<7:vy>:\(fofoOf2<7xy7t20)

T —times

The derivative doy,/d?,, is then obtained as:

dowy _ Of D (3ay) _ ET: 004y (T) oy (1) (4.14)
d;)/xy a’yﬂcy —0 8ny <t> a’)/a:y

This represents the application of the chain rule across the T time steps, reflecting the
evolution of stress as a function of strain rate at each step. It captures the sensitivity of the
stress with respect to the strain rate through automatic differentiation, across multiple time

steps in differentiable simulations.

The viscosity calculation through the use of automatic differentiation can possibly be
improved by calculating the gradient through different number of unrolling steps and evalu-
ating the sensitivity of the gradient on the number of unrolled steps over a short trajectory.
The gradient can then be averaged over different trajectories starting from different initial

configurations.
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4.8 Further considerations

e Determining clear convergence and identifying the optimal conditions for averaging can
be challenging. Averaging over multiple short trajectories may yield more consistent

results.

e For a given trajectory, the gradient may be sensitive to unrolling steps. Thus, average

over multiple unrolling steps for a single trajectory may be needed.
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Chapter 5

Results: Stress-strain rate curves for
the Kob-Andersen BMLJ glass former

In this chapter we present the main results. We have performed simulations on modified
Kob Andersen Potential [5]

4& Mu_ga_ﬁ6 4a|: L2:| a<ca
¢aﬁ(r){€ﬁ[(7"> (%2)°) - deas |0t 2 (725) | s < s (5.1)

0, TaB > TeaB

We first calculated the Green Kubo viscosity at higher temperatures as outlined in the

chapter 3.
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Green Kubo Viscosity
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Figure 5.1: (a) The stress-stress autocorrelation function for the KABMLJ liquid. (b) The
cumulative sum (integral) of the stress-stress autocorrelation. The horizontal lines represent
the time of approximate plateau where the autocorrelation function first reaches zero. The
viscosity is obtained by averaging in this region.

The Green Kubo equilibrium viscosity values obtained in this thesis using the method of
25] is compared with [19]. In this work the error is obtained from standard deviation in the
plateau region. The Helfand moment method has been employed as outlined in the chapter
3. For the Helfand moment, each trajectory is subdivided into a tenth of its total length.
The stress is then integrated over each of those blocks and then averaged over all blocks.
This gives a single run value of the viscosity. 30 such independent runs are performed and
and averaged over. The mean value is the estimate of the viscosity and the standard error

over these runs is the error estimate.

T Helfand Moment Green Kubo Work of [19]

0.5 784.490 £ 21.292 784.137 £ 18.701 NA

0.7 41.604 + 1.489 41.496 + 1.516 42.642 £+ 0.741
0.8 26.686 = 1.188 26.762 £ 1.279 26.433 £ 0.432598
0.9 18.608 £ 0.729 20.016 £ 0.452 18.94 + 0.451176

Table 5.1: Equilibrium viscosity values for the higher temperatures using Green Kubo and
Helfand moment method.

Then we performed SLLOD simulations on the KABMLJ liquid at both low and high
temperatures. The equilibrated configurations were provided by Das and Sastry. et al work

[5]. The simulations were performed in the LAMMPS package [20]. The stress was calculated
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with time. The stress is fitted to an analytical function of the form:

B At —b . b
1+ exp (%) 14 exp (—t;l)

Oy (1) (5.2)

This form has four fit parameters namely A, 7, t; and b. The 7 is the time scale of stress
relaxation. The function behaves linearly in short time and in the long time reaches a steady

state stress value. The steady state stress can be obtained from the fit parameters:

b

T Trew (CD) i
€Xp p
T = 0.365
1.50 — - o
— 5=10
— ¥=5x10 1.25
1.25 — 4=10"
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— 4=5x107% »n
‘Cﬁ —_ A',{:m>i2 :f) -
@ 0.75 ! = 0.75
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t
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Figure 5.2: Stress vs time data for temperatures 0.365, 0.37, 0.39 and 0.4. The stress is
fitted to the functional form given by Equation (5.2). The vertical line represents the 7,
which is the a-relaxation time obtained from the work [5].
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T — 049 T = 0.435

10! 10*
t

Figure 5.3: Stress vs time data for temperatures 0.42, 0.435, 0.5 and 0.7. The stress is fitted
to the functional form given by Equation (5.2). The vertical line represents the 7,, which is
the a-relaxation time obtained from the work [5].

The 7 is the relaxation time and it gives the estimate of how long it takes for the stress
to reach steady state from the peak values. We then plot this fit parameter 7 as a function
of inverse 7, for different temperatures Figure 5.4. The fit function is of the form 7 = C’%jyb.

The values of these fit parameters are given in Table 5.2
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Figure 5.4: Relaxation time 7 as a function of inverse strain rate ., for different tempera-
tures. The data is fitted in the form 7 = Cﬁ;yb.

It is observed that the relaxation time 7 scales as power law with inverse strain rates.

The exponents are given in Table 5.2.

T Exponent b Coefficient C C/1a

0.365 0.846 0.0688 1.65 x 1078
0.37 0.862 0.0583 2.83 x 1078
0.39 0.907 0.0466 2.18 x 1077
0.40 0.921 0.0467 5.88 x 1077
0.42 0.907 0.0539 3.88 x 107°

Table 5.2: Fit parameters for the Figure 5.4

We also plotted the peak values of stress from the Figure 5.2 as a function of 4,,. The
peak stress value increases with strain rates. It is also observed that the difference between

the peak and the steady state values reduces at the lower strain rates.
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Figure 5.5: (a) Peak stress as a function of strain rate for the low T cases with fit function
Opeak = Alnj+B. (b) The difference between the peak stress and the steady state stress with
the fit function og;g = C'In+¥ 4+ D. The data for both the cases is fitted for the temperatures
upto 0.435.

T A B C D

0.365 0.0925 1.9543 0.0581 1.1509
0.37 0.0981 1.9307 0.0545 1.1197
0.39 0.1194 1.9390 0.0697 1.8066
0.40 0.1214 1.8513 0.0665 0.9975
0.42 0.1274 1.8188 0.0807 1.0353
0.435 0.1189 1.6488 0.0665 0.8542

Table 5.3: Fit parameters for the Figure 5.5

The time at which the peak stress occurs scales through power law with respect to the

strain rate for the different temperatures.

60



[ ® 7 =0365
® ® 7=037
10°4 °
)
()
=2
§~104<
o)
=
3]
o 10
=
=
102<
101<
105 103
fY:L‘y

Figure 5.6: The time where the peak occurs in the stress strain curves. There is a power
law scaling at lower temperatures of the form #,cax = At’. Power law scaling is observed for
temperatures upto 7' = 0.42

T Exponent b Coefficient A
0.365 —0.927 0.1598
0.37 —0.921 0.1638
0.39 —0.918 0.1583
0.40 —1.046 0.0606
0.42 —1.078 0.0471

Table 5.4: Fit parameters for the Figure 5.6

The stress is averaged over the steady state which occurs roughly at the timescales of
order 1/4,,. 10 independent runs are performed to get the statistical average. The error bars

in Figure 5.7a and Figure 5.8 correspond to the standard deviation over the independent runs.

Newtonian viscosity is obtained as n = 0,y/%, in Figure 5.8. For low strain rates we
have the Newtonian regime where the viscosity is constant with strain rate. However, at
higher strain rates we observe strain rate dependence in the viscosity. Shear thinning is

observed, so that the viscosity decreases with increasing strain rates.
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Figure 5.7: (a) Steady state stress obtained from 10 independent samples. (b) The fitted
stress Equation (5.3) for the lower temperatures.
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Figure 5.8: Viscosity as a function of strain rate obtained using SLLOD. The horizontal lines

are the Green Kubo viscosity at the higher temperatures. Newtonian viscosity is observed
for temperatures T'= 0.5 and T = 0.7. Lower temperatures require much lower strain rates

for the onset of Newtonian viscosity.
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It is observed that the viscosity scales as power law at higher strain rates as observed in
Figure 5.8. The fit function in the Figure 5.8 is of the form An®, where A is the coefficient
and b is the power-law exponent. These fit parameters are given in Table 5.5. At higher
temperatures, the viscosity reaches Newtonian regime at much higher strain rates. This is
seen through the convergence of strain rate dependent viscosity to the Green Kubo values.
However, on lowering the temperatures, the viscosity requires much lower strain rates to
reach the Newtonian regime. This lowering of strain rates is in turn associated with larger

time scales, which are typically beyond the MD time scales.

T Exponent b Coefficient A
0.365 —0.906 —0.058

0.37 —0.901 —0.024

0.39 —0.869 0.143

0.40 —0.842 0.297

0.42 —0.757 0.809

0.435 —0.661 1.378

Table 5.5: Fit parameters for the Figure 5.8
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Chapter 6
Conclusions

In this thesis we have explored different methods of computing the viscosity using MD sim-
ulations for different temperatures. The routine equilibrium methods like the Green Kubo
method involve calculation of auto-correlation functions and requires multiple trajectories
to average over. Another way to calculate the viscosity from equilibrium simulations over
multiple trajectories is the Helfand Moment method, which involves blocking and averaging
the trajectory data. Helfand Moment has been found to be more efficient than the Green
Kubo as it escapes the autocorrelation function calculation by instead using the ensemble

average over different trajectories of the stress tensor.

While equilibrium methods are based on the Linear Response Theory, they lack the phys-
ical interpretation of the shear deformation to calculate viscosity as done in experiments.
The simulation involving shear deformation is performed using Non-Equilibrium MD ap-
proach using the SLLOD algorithm at constant temperature. SLLOD method gives strain

rate dependent stress and viscosity.

As the temperature is reduced, the dynamics of the system slow down and it is not
possible to calculate viscosity at the time scales accessible through the Molecular Dynamics
simulations. For dense gases and high temperature liquids, the stress decays at the molecular
time scales. However, this is not true at lower temperatures. Hence the equilibrium methods
are no longer effective at calculating the viscosity. Further research is needed in this field on

developing methods to calculate viscosity efficiently at low temperatures.

For the shear simulations, we observe viscosity plateauing and becoming independent of
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the strain rate at high temperatures at high enough strain rates that are tractable through
the MD simulations. As we lower the temperatures, the viscosity requires much lower strain
rates to plateau which are particularly not accessible through the MD simulations. Further
research is required to extract viscosity more efficiently at the lower temperatures for the

vanishing strain rates.

We have also proposed a new method to calculate viscosity using the differentiable simu-
lations. The method is still new and needs further research and modifications to be able to
work better. The results obtained here do not match qualitatively with the MD simulations.
However, they are within the same order of magnitude. This method once modified and
results match with the standard methods, would provide an alternative way to calculate
zero shear viscosity on the fly without the need of autocorrelation calculation as required in

Green Kubo formalism.
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