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Abstract

The Heston Model is a stochastic volatility model heavily used in finance due to its ap-

plicability, simplicity and closed-form European call option. Calibrating the Heston Model

involves estimating its parameters to match observed market prices. Traditionally, the He-

ston Model has been calibrated using a combination of least squares, options inference and

gradient methods. These traditional calibration techniques provide relatively simple and

efficient ways to estimate the parameters of the Heston Model. However, they have limita-

tions in capturing more complex market dynamics. In this thesis, we have worked on a new

calibration technique based on an explicit price solution of the Heston Model and stochastic

calculus techniques. We use a novel method based on co-variation techniques to estimate

the diffusion parameters and a particle filter to estimate the drift parameters. The explicit

price solution and the filter used in the calibration process are found to be key for an explicit

solution to the Markowitz problem for one Heston stock and one bond.
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Chapter 1

Introduction

Financial models are essential as they provide a mathematical framework for modeling the

uncertainty and randomness inherent in financial markets. Since the introduction of the

[4], many complex models have been proposed to reflect asset price movement and their

derivatives. Initially, Brownian motion [19] itself was used, followed by Geometric Brownian

motion. Now, multi-factor models are usually used. Among the first publications about

stochastic volatility models were [16], [34], [36] and [14]. Steven Heston introduced the Hes-

ton model in [14]. Currently, the Heston model is one of the most popular models because it

is complicated enough that it can represent data in a worthwhile manner, yet simple enough

that it can yield specific explicit options and stock price formulae. The model represents asset

price dynamics with two stochastic differential equations. One governs the asset price, and

the other governs its volatility. In the Heston model, we consider a correlation between the

asset price and volatility process, as opposed to [36]. The complexity of the model, compared

to constant volatility models like Black-Scholes[4], presents challenges in the calibration of

its parameters to market data. Traditionally, the Heston model has been calibrated through

optimization techniques such as least-squares fitting, Fourier-transform and gradient-based

optimizes [9]. Most of these Monte Carlo approaches omit certain schemes and choose their

parameters and discretization rather wisely when comparing schemes or showing their per-

formance. Professor Michael Alexander Kouritzin proposed a novel calibration method that

uses co-variation techniques to estimate the diffusion parameters and a branching particle

filter based on an explicit solution [24] of the Heston model to estimate the drift parameters.

In this thesis, we try to apply these methods in a real market. Specifically, this method
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is designed to improve parameter estimation in models with stochastic volatility, leading

to more accurate option pricing and risk assessment. This work contributes to the existing

body of research by providing an alternative calibration framework that can be effectively ap-

plied to the Heston model, offering potential improvements in both theoretical and practical

applications of stochastic volatility models in finance.

1.1 Motivation

A key feature of the Heston model is stochastic volatility, making it suitable for real world

applications. However, calibration of stochastic volatility models has always been challeng-

ing. Calibration is an important step to ensure accurate pricing, risk management and

informed decision-making. The traditional calibration techniques, often face issues such of

convergence, efficiency and robustness, especially when applied to noisy market data.

The non-linear and high-dimensional parameter space of the Heston model adds to the com-

plexity of the calibration process. Therefore, there is a strong need for more advanced

calibration methods that can improve accuracy and computational performance while re-

maining robust to market imperfections. The motivation behind this thesis is to address

these issues by developing a more efficient and reliable calibration method using co variation

techniques and the branching particle filter.

1.2 Survey of Literature

Over the past few decades, various methods have been proposed for the calibration of the

Heston model. Traditionally, finite difference methods have been used like in [6], to solve the

corresponding differential equations. However, they can be computationally expensive when

the model has multiple factors. This led to development of Monte-Carlo based methods in

[33], for which one needs simulations. The most successful simulation method for Monte-

Carlo multi-factor, path-dependent option pricing is the LSM algorithm developed by [29].

Fourier transform based methods [17] allow for efficient computation but does not solve the

robustness challenges associated with the calibration problem. Calibration using combination
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of least squares, options inference and gradient methods [1] provide relatively simple way

of estimating the parameters but have limitations in capturing complex market dynamics

and struggle to accurately reproduce volatility smile or skew observed in options market.

Particle filtering, originally developed for sequential estimation problems, has also been used

for calibration [8]. These methods allow for the estimation of latent variables in stochastic

volatility models and have been applied to the Heston model, yielding improvements in

estimation accuracy. In [24], it was discovered that the Heston price stochastic differential

equation had an explicit solution. we work on a new calibration technique based on this

explicit solution.

1.3 Original contribution

This thesis presents a novel approach to the calibration of the Heston model. We use co-

variation techniques to estimate the diffusion parameters(correlation between the asset and

volatility dynamics, and volatility of volatility). We will discuss this more in detail further.

We estimate the drift parameters(long term mean of the asset price, long term mean of

volatility, rate of reversion of volatility) by solving a filtering problem i.e finding the signal

given the observation. This mostly follows from [25]. We will build upon this further. Particle

filters are being known to be used in calibration techniques. Traditional particle filters suffers

from degeneracy, where the particle population collapses to a few weighted particles. We use

a branching particle filter similar to the one in [26]. This mitigates the degeneracy issues by

branching mechanisms, which allow a more efficient exploration of the parameter space. The

original contributions of this thesis can be summarized as follows: 1. Introduction of Co-

variation Techniques: By incorporating co-variation methods into the calibration process,

this work provides a new approach to extracting meaningful information from market data,

leading to more stable and reliable parameter estimation. 2. Application of the Branching

Particle Filter: The use of the branching particle filter for calibrating the Heston model is

an innovative application that improves both the accuracy and computational efficiency of

the calibration process, particularly in noisy and high-dimensional environments.
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Chapter 2

Theory

1

2.1 The Heston Model

The Heston model is a Stochastic volatility model, introduced by Stephen Heston in 1993

in [14]. It is widely used in finance to describe the volatility of an underlying asset. It

assumes that the volatility follows a stochastic process, just like the asset price. This helps

in capturing market phenomena such as volatility clustering[7]. The models for financial

assets are generally on some real probability space (Ω,F ,P).

2.1.1 Real Model

The market-state Heston model with time-dependent drift and diffusion coefficients is given

by the following stochastic differential equation as shown in [3]:

d

(
St

Vt

)
=

(
µtSt

νt − ϱtVt

)
dt+

 (√
1− ρ2t

)
StV

1
2
t ρtStV

1
2
t

0 κtV
1
2
t

(
dBt

dβt

)
(2.1)

1All of the calculations and theoretical results in this chapter have been worked out by Professor Michael
Alexander Kouritzin
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where B, β are independent standard Brownian motions. It is usually written in the alter-

native form

d

(
St

Vt

)
=

(
µtSt

νt − ϱtVt

)
dt+

(
StV

1
2
t dWt

κtV
1
2
t dβt

)
(2.2)

but then standard Brownian motions W,β have correlation ρt ∈ [−1, 1], so

dWt =
√
1− ρ2tdBt + ρtdβt. We stick to the formulation where the Brownian motions are

independent and emphasize that it is the real model on the real probability space (Ω,F ,P).
The Feller condition [12] : νϱ > κ2

2
is often imposed to ensure the volatility stays positive.

The volatility usually does not hit zero in the real model but can be a concern in the option

model.

2.1.2 Option Model

Options are derivatives on an underlying asset that provides the holder with the right, but

not the obligation, to buy or sell the underlying asset at a predetermined Strike price on or

before a specified expiration date. The Heston model is very useful in option pricing.

Option prices are derived under the risk-free drift setting[11]. It is under a different proba-

bility measure Q, where:

d

(
St

Vt

)
=

(
rtSt

νt − ιtVt

)
dt+

 (√
1− ρ2t

)
StV

1
2
t ρtStV

1
2
t

0 κtV
1
2
t

(
dBQ

t

dβQ
t

)
(2.3)

with
(BQ

t

βQ
t

)
=

(
Bt

βt

)
+

∫ t

0

( (µs−rs)Vs√
1−ρ2s

+ ρs√
1−ρ2s

· ιs−ϱs
κs

V
1
2

s

ιs−ϱs
κs

V
2
2

s

)
ds being Brownian motion with respect to

some other probability Q on (Ω,F). Here, rt is the risk-free interest rate, sometimes referred

to as Fed funds rate, and ιt is some risk-free volatility measure that is usually estimated

from option data (since the Heston model is an incomplete market).

The term µ − r is called the risk premium. (It is the return a risk-averse agent demands,

holding a unit exposure to the shocks driving the stock price) The difference ( ϱ − ι) V is

called the variance risk premium. It is the return a risk-averse agent demands to hold a unit

exposure to the variance innovations.

Usually, the parameters do not vary over time.

Feller becomes: νι > κ2

2
. Often not true, so volatility hits zero.

6



There are two methods for the two non-identical sets of parameters:

• Parameter estimation using (only) the stock data itself for ρ, κ, µ, ν, ϱ .

• Calibration, which is estimating the price using the option price data only, for ρ, κ, r, ν, ι.

In the latter case, we call the parameters implied parameters. Three of the parameters are

the same, one can sometimes be obtained from the market i.e. from the Fed rate but ι versus

ϱ generally come from these two different sources. Calibrating to the option data cedes the

ability to see discrepancies and opportunities in the option pricing data. It provides less

good predictions of future stock prices. Hence we will stick to the real model.

2.2 Preliminaries

Definition 2.2.1. A càdlàg process [38] is a stochastic process for which the paths t 7→ Xt are

right-continuous with left limits everywhere, with probability one. Such processes are widely

used in the theory of noncontinuous stochastic processes. For example, semi-martingales are

càdlàg, and continuous-time martingales and many types of Markov processes have càdlàg

modifications.

Given a càdlàg process Xt with time index t ranging over the nonnegative real numbers, its

left limits are often denoted by

Xt− = lim
s→t,s<t

Xs

for every t > 0. Also, the jump at time t is written as

∆Xt = Xt −Xt−

Alternative terms used to refer to a càdlàg process are rcll (right-continuous with left limits),

R− process and right-process.

Definition 2.2.2. A stochastic process Xt adapted to a filtration Ft, is a Martingale if

E[Xt+1|Ft] = Xt. We often replace the Ft with the σ-algebra generated by X0...Xt.

Definition 2.2.3. Given a (local)linear operator L : C2(Rn) → C(Rn), Martingale Problem

for L consists in finding for each x0 ∈ Rd a probability measure Px0 over the space of all
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continuous functions X : [0,+∞) → Rd such that

Px0 (X(0) = x0) = 1

and whenever

f ∈ C2 ( Rd
)

we have that

f(X(t))− f(X(0))−
∫ t

0

Lf(X(s))ds

is Local Martingale under Px0 .

Theorem 2.2.4. Suppose
(
Bt

βt

)
is two dimensional standard Brownian motion under P and

we define a new probability measure up to time t by

dQ

dP
= exp

(
−
∫ t

0

X1
sdBs −

∫ t

0

X2
sdβs −

1

2

∫ t

0

∥Xs∥22 ds
)

where ∥∥2 is Euclidean distance and
∫ t

0
X1

sdBs denotes Ito integration with X assumed to be

predictable here. Then,
(BQ

t

βQ
t

)
=

(
Bt

βt

)
+

∫ t

0
Xsds is a standard Brownian motion with respect

to Q.

We use this with Xs =
( (µs−rs)Vs√

1−ρ2s

+ ρs√
1−ρ2s

· ιs−ϱs
κs

V
1
2

s

ιs−ϱs
κs

V
1
2

s

)
to go from the real Heston model to the

option Heston model.

We consider all processes from here on to be càdlàg. Since martingales are constantly turning

like Brownian motion or constantly jumping (called pure jump) like other stable processes

(or both) standard calculus rules do not apply. Hence we use Ito’s calculus.

Most of the definitions and facts below are taken from [21][2][18].

Definition 2.2.5. The quadratic covariation [X, Y ] of processes X and Y is defined as

[X, Y ]t = lim∥P∥→0

∑n
k=1

(
Xtk −Xtk−1

)(Ytk − Ytk−1) , where P is the set of partition

{0 = t0 < t1 < · · · < tn−1 < tn = t} and ∥P∥ = maxk {tk − tk−1}.

Definition 2.2.6. The quadratic variation [X] of X is [X]t = [X,X]t.

Definition 2.2.7. The variation V (X) of X is V (X)t = lim∥P∥→0

∑n
k=1

∣∣Xtk −Xtk−1

∣∣. A

process bounded variation, i.e. V (X)t < ∞ for each t is said to be a of finite variation and

normal (Lebesgue Stieltjes) calculus applies.
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2.2.1 Some Important Facts

• Xt =
∫ t

0
Zsds is of finite variation so it does not vary constantly so [X, Y ] = 0 for any

constantly varying Y. X is finite variation so [X]t = 0.

• If X, Y are constantly varying but independent, then [X, Y ] = 0

• If X or Y is finite variation, then [X, Y ] = 0.

• IfX is pure jump and Y is constantly turning, then [X, Y ] = 0 and [X]t =
∑

s≤t (Xs −Xs−)
2.

• The quadratic co-variation is bilinear: [aX1 + bX2, cY1 + dY2] = ac [X1, Y1]+ad [X1, Y2]+

bc [X2, Y1] + bd[X2, Y2].

•
[∫ t

0
XsdBs,

∫ t

0
YsdBs

]
=

∫ t

0
XsYsds, when B is standard Brownian motion.

• This quadratic variation also affects normal exponential functions. Xt = X0 exp (Yt) is

the solution to dXt = XtdYt if Y0 = 0 and Y has finite variations e.g. Yt = t.

Definition 2.2.8. [15] A stochastic exponential is of the form: dXt = Xt−dYt. Here the

implied integral is in the Ito sense. Integrand is predictable i.e. limit from the left.

The unique solution to the stochastic exponential in the Y constant varying case is:

Xt = exp

(
Yt −

1

2
[Y ]t

)
There is an extra factor if Y has jumps as well. Quadratic variation also affects the change

of variables formula. The normal change of variables formula

f (Yt) = f (Y0) +

∫ t

0

f ′ (Ys) dYs

for finite variation processes is also affected by quadratic variation. A semi-martingale is the

sum of a (local) martingale and a finite variation process.

Definition 2.2.9. [30]For semi-martingales Y and f ∈ C2(R) : f (Yt) = f (Y0)+
∫ t

0
f ′ (Ys) dYs+

1
2

∫ t

0
f ′′ (Ys) d[Y ]s +

∑
0<s≤t [f (Ys)− f (Ys−)− f ′ (Ys−)∆Ys]

The last term is zero if Y is continuous.
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2.3 Notations and Conditions

The Heston model shown by (2.1) has five parameters. ρt, κt are the diffusion parameters.

µt, νt, ϱt are the drift parameters.

We will show below the diffusion parameters ρt, κt in our model can be computed from

the tick-by-tick data based on variation techniques. Indeed, their values can be determined

instantaneously. This is not the case for the Heston drift parameters µ, ν, ϱ but we can still

allow them to vary randomly in time. We will take these drift parameters to be a finite-state

Markov chain independent of B, β. Let

Lf(µ, ν, ϱ) =
∑

µ′,ν′,ϱ′∈A

λµ,ν,ϱ→µ′,ν′,ϱ′ [f (µ′, ν ′, ϱ′)− f(µ, ν, ϱ)] (2.4)

where A = Aµ ×Aν ×Aϱ is the set of values these parameters can take. Further let D(L)

be the continuous, bounded functions R3 → R.
We let (Ω,F , P ) be a complete probability space with null setsN supporting initial condition

S0, V0, the diffusion parameters {(κt, ρt) , t ≥ 0}, the drift parameters {(µt, νt, ϱt) , t ≥ 0},
and the standard Brownian motions {(Bt, βt) , t ≥ 0} such that these four random objects

are mutually independent and these four conditions are satisfied

1. S0, V0 ∈ (0,∞)2.

2. {(κt, ρt) , t ≥ 0} is càdlàg, ρt ∈ [−1, 1] for all t ≥ 0 and there is some cκ > 0 so that

κt ≥ cκ for all t ≥ 0.

3. {(Bt, βt) , t ≥ 0} is a standard, continuous R2-valued Brownian motion.

4. {(µt, νt, ϱt) , t ≥ 0} is the unique càdlàg solution to the martingale problem.

M f
t = f (µt, νt, ϱt)−

∫ t

0

Lf (µs, νs, ϱs) ds (2.5)

is a martingale for all f ∈ D(L).

We will be using filtering techniques to determine the drift parameters in our real Heston

model. The filtering techniques and the corresponding filtering problem is defined in detail

in 2.8 . This martingale problem for {(µt, νt, ϱt) , t ≥ 0} will form the signal of the filtering

10



problem. The observations will be constructed below from the price process.

The Feller condition to guarantee non-zero volatility will unfortunately not be enough for

our measure change techniques. To verify the Novikov’s condition below, we want actual

bounds on V so we take ϵ > 0 to be some very small fixed number and define the stopping

time:

τϵ =

{
t > 0 : Vt /∈

[
ϵ,
1

ϵ

]}
(2.6)

We will only apply our techniques up until hitting the stopping time. However, if ϵ is very

small the probability of hitting the stopping time during the time interval of interest may

be very low.

Definition 2.3.1. Suppose {Zt, t ≥ 0} is a càdlàg adapted process. Then,

FZ
t

.
= σ (σ {Zs, s ≤ t} , σ {κs, ρs, s ≥ 0} ,N ), for t ≥ 0, is the augmented filtration associated

with Z.

2.4 Quadratic variation on the Heston Model

Notice that the real Heston stock price S can be written as a stochastic exponential

dSt = St

[
µtdt+

(√
1− ρ2t

)
V

1
2
t dBt + ρtV

1
2
t dβt

]
(2.7)

which from above has the solution

St = S0 exp

(∫ t

0

µs −
Vs

2
ds+

∫ t

0

(√
1− ρ2s

)
V

1
2
s dBs +

∫ t

0

ρsV
1
2
s dβs

)
(2.8)

or equivalently

St = S0 exp

(∫ t

0

µs −
Vs

2
ds+

∫ t

0

(√
1− ρ2s

)
V

1
2
s dBs +

∫ t

0

ρsV
1
2
s dβs

)
(2.9)

when written in differential form as

d ln

(
St

S0

)
=

(
µt −

Vt

2

)
dt+

((√
1− ρ2t

)
V

1
2
t ρtV

1
2
t

)(
dBt

dβt

)
(2.10)
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By Ito’s formula, the real Heston volatility dVt = (νt − ϱtVt) dt+
(
κtV

1
2
t dβt

)
satisfies

d
√
Vt =

νt − ϱtVt

2
√
Vt

dt+
κt

2
dβt −

κ2
t

8
√
Vt

dt (2.11)

2.5 Observations

Estimating the drift parameters is interpreted as a filtering problem. We have to find the

signal (µt, νt, ϱt) given observations. We need to set appropriate observations and then solve

the filtering problem.

The observations must be related to the prices because that is all we have access to. However,

we do not use our prior stochastic exponential price solution. Instead, we start with our

explicit price solution (from [24]):

St = S0 exp

(∫ t

0

√
1− ρ2sV

1
2
s dBs +

∫ t

0

µs −
νsρs
κs

+

(
ρsϱs
κs

− 1

2

)
Vsds+

∫ t

0

ρs
κs

dVs

)
(2.12)

if γt =
√
1− ρ2tV

1
2
t︸ ︷︷ ︸

>0

, then

d ln (St) = γtdBt +

(
µt −

νtρt
κt

+

(
ρϱt
κt

− 1

2

)
Vt

)
dt+

ρt
κt

dVt

Under the Feller condition, Vt ̸= 0 on t ∈ [0,∞) even when not stopped at τϵ, which we

require now. Further, letting Yt =
∫ t

0
γ−1
s

(
d ln (Ss)− ρs

κs
dVs

)
, one has that

dYt =
µt − νtρt

κt
+
(

ρtρt
κt

− 1
2

)
Vt

γt
dt+ dBt (2.13)

which can be put in filtering form

Yt =

∫ t

0

h1 (µs, νs, ϱs;Vs) ds+Bt, h1(µ, ν, ϱ;V ) =
µ− νρ

κ
+
(
ρϱ
κ
− 1

2

)
V√

1− ρ2V
1
2

. (2.14)
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h1(µ, ν, ϱ;V ) is our first sensor function. A sensor function shows how the observations are

related to the underlying state i.e the signal. Yt is the first observation involving noise B.

Next, if we construct Ŷt =
∫ t

0
2
κs
d
√
Vs, then from the above Ito’s formula for d

√
Vs we get:

dŶt =

((
νt
κt

− κt

4

)
1√
Vt

− ϱt
κt

√
Vt

)
︸ ︷︷ ︸

h2(µt,νt,ϱt;Vt)

dt+ dβt (2.15)

which is the second observation solely is terms of noise β. h2 (µt, νt, ϱt;Vt) is our second

sensor function. We observe that the sensor function h depends upon the volatility Vt, and

the volatility in turn depends upon the second observation Ŷt via Vt =
(∫ t

0
κs

2
dŶs +

√
V0

)2

.

We have the following proposition:

Proposition 2.5.1. FV
t ⊂ FY,Ŷ

t ∨ σ (S0, V0) = FS
t , for all t ≥ 0.

Proof. Since Vt =
d[ln(S)]t

dt
and

{
FS

t

}
t≥0

is right continuous, it follows that Vt is FS
t measurable

for all t ≥ 0 so FV
t ∨ σ (V0) ⊂ FS

t for all t ≥ 0. Next, since Ŷt =
∫ t

0
2
κs
d
√
Vs, with

√
Vt being

an Ito process, one has that

Ŷt = lim
∥P∥→0

n∑
k=1

2

κtk−1

(√
Vtk −

√
Vtk−1

)
(2.16)

where P is the set of partition {0 = t0 < t1 < · · · < tn−1 < tn = t} and ∥P∥ = maxk {tk − tk−1}.
Hence, Ŷt is FV

t measurable for all t so F Ŷ
t ⊂ FS

t for all t ≥ 0. Moreover, γt =
(√

1− ρ2t

)
V

1
2
t

is FV
t -measurable for all t and Yt =

∫ t

0
γ−1
s

(
d ln (Ss)− ρs

κs
dVs

)
with ln (Ss) and V being Ito

processes so

Yt = lim
∥P∥→0

n∑
k=1

1

γtk−1

[
ln

(
Stk

Stk−1

)
+

ρtk−1

κtk−1

(
Vtk − Vtk−1

)]
(2.17)

where P is the set of partition {0 = t0 < t1 < · · · < tn−1 < tn = t} and ∥P∥ = maxk {tk − tk−1}.
Hence, Yt is FV

t ∨ FS
t = FS

t measurable for all t so FY,Ŷ
t ∨ σ (V0) ⊂ FS

t for all t ≥ 0. Con-

versely,

13



∫ t

0

κs

2
dŶs =

∫ t

0

d
√

Vs =
√

Vt −
√
V0 (2.18)

and
√
Vt −

√
V0 is F Ŷ

t -measurable for all t ≥ 0 by the same mesh type argument so FV
t ⊂

F Ŷ
t ∨ σ (V0) for all t ≥ 0. Moreover,

d ln (St) = γtdYt +
ρt
κt

dVt (2.19)

and γt =
(√

1− ρ2t

)
V

1
2
t is FV

t ⊂ F Ŷ
t ∨ σ (V0)-measurable so

St

S0

= exp

(∫ t

0

γsdYs +

∫ t

0

ρs
κs

dVs

)
(2.20)

and St is FY,V
t -measurable for all t ≥ 0 by the same mesh type argument. Since FV

t ⊂
F Ŷ

t ∨σ (V0) for all t ≥ 0, St is FY,Ŷ
t ∨σ (V0)-measurable for all t ≥ 0 and FS

t ⊂ FY,Ŷ
t ∨σ (V0)

for all t ≥ 0.

We still need to estimate Xt = (µt, νt, ϱt), called the signal, given the back observation

information FY,Ŷ
t ∨ σ (V0) = FS

t .

The goal now is to compute πs(A) = P
(
µs, νs, ϱs ∈ A | FS

s

)
= P

(
µs, νs, ϱs ∈ A | FY,Ŷ

s ∨ σ (S0, V0)
)

as well as give unnormalized filter[22] to be able to judge models.

2.6 Reference probability

We use a reference probability measure Q in order to construct our model mentioned before.

In particular, we let (Ω,F , Q) be a complete probability space with null sets N supporting

the initial conditions S0, V0, the diffusion parameters {(κt, ρt) , t ≥ 0}, the drift parameters

{(µt, νt, ϱt) , t ≥ 0}, and standard R2-valued Brownian motions
{(

Yt, Ŷt

)
, t ≥ 0

}
such that

these four random objects are mutually independent and follow the conditions:

14



1. S0, V0 ∈ (0,∞)2.

2. {(κt, ρt) , t ≥ 0} is cadlag, ρt ∈ [−1, 1] for all t ≥ 0 and there is some cκ > 0 so that

κt ≥ cκ

3.
{(

Yt, Ŷt

)
, t ≥ 0

}
is a standard, continuous R2-valued Brownian motion.

4. {(µt, νt, ϱt) , t ≥ 0} is the unique cadlag solution to the martingale problem

M f
t = f (µt, νt, ϱt)−

∫ t

0

Lf (µs, νs, ϱs) ds

is a martingale for all f ∈ D(L).

Further, we define h (µt, νt, ϱt;Vt) = (h1 (µt, νt, ϱt;Vt) , h
2 (µt, νt, ϱt;Vt))

T
,

(Bt, βt)
T =

(
Yt, Ŷt

)T

−
∫ t∧τϵ

0

h (µs, νs, ϱs;Vs) ds,

d

(
St

Vt

)
=

(
µtSt

νt − ϱtVt

)
dt+

 (√
1− ρ2t

)
StV

1
2
t ρtStV

1
2
t

0 κtV
1
2
t

(
dBt

dβt

) (2.21)

and

Lt = Lϵ
t = exp

(∫ t∧τϵ

0

〈
h (µs, νs, ϱs;Vs) , d

(
Ys, Ŷs

)〉
− 1

2

∫ t∧τϵ

0

|h (µs, νs, ϱs;Vs)|2 ds
)
(2.22)

so

L−1
t = exp

(
−
∫ t∧τϵ

0

⟨h (µs, νs, ϱs;Vs) , d (Bs, βs)⟩ −
1

2

∫ t∧τϵ

0

|h (µs, νs, ϱs;Vs)|2 ds
)

Then, we define Yt =
⋂

δ>0 σ
{
FY,Ŷ

t+δ ,Fκ,ρ,µ,ν,ϱ
∞ , S0, V0

}
and use Ito’s formula to find that

dLt = 1t≤τϵLt

[〈
h (µt, νt, ϱt;Vt) , d

(
Yt, Ŷt

)〉
− 1

2
|h (µt, νt, ϱt;Vt)|2 dt

]
+

Lt

2
|h (µt, νt, ϱt;Vt)|2 dt

= 1t≤τϵLt

〈
h (µt, νt, ϱt;Vt) , d

(
Yt, Ŷt

)〉
so L is at least a local {Yt}-martingale with respect to Q. However, by the Novikov’s

condition[32], (C1), the definition of h and our imposed bounds on V by stopping, it is in

15



fact a Q-martingale. Now letting
dP ϵ

dQ

∣∣∣∣
Yt

= Lϵ
t

one finds by Bayes’ rule [37]and Girsanov’s theorem that P ϵ gives us our desired model up

to stopping time τϵ =
{
t > 0 : Vt /∈

[
ϵ, 1

ϵ

]}
.

Theorem 2.6.1. (Baye’s Rule) Suppose (Ω,F , Q) is a probability space with filtration {Yt}t∈[0,T ]

and likelihood martingale {Lt, t ∈ [0, T ]}. Let Zt be a Yt-measurable random variable and

s ≤ t ≤ T . Then,

EP [Zt | Ys] =
EQ [LtZt | Ys]

Ls

(2.23)

where dP
dQ

= LT on YT and EP denotes (conditional) expectation using probability measure

P .

Proof. Cross-multiplying above, we need only show that

EQ
[
EP [Zt | Ys]Ls1F

]
= EQ [LtZt1F ]

for all F ∈ Ys. However, using the martingale property for L and then taking out knowns

and finally total expectation

EQ
[
EP [Zt | Ys]Ls1F

]
= EQ

[
EQ

[
LsE

P [Zt | Ys] 1F | Ys

]]
= EQ

[
EQ [LT | Ys]E

P [Zt |Ys| 1F ]
= EQ

[
EQ

[
LTE

P [Zt | Ys] 1F | Ys

]]
= EQ

[
LTE

P [Zt | Ys] 1F
]

= EP
[
EP [Zt | Ys] 1F

]
= EP

[
EP [Zt1F | Ys]

]
= EP [Zt1F ]

= EQ [LTZt1F ]

= EQ [LtZt1F ]

by the martingale property of L. This helps us establish the Girsanov’s theorem that we

require.
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Theorem 2.6.2. Suppose ( C0,C1,C2 ’), ( C 3 ) hold on (Ω,F , Q) and we define P ϵ, τϵ as

above. Then, (C0, C1, C2), (C3) hold on (Ω,F , P ϵ). We have constructed our real Heston

models on P ϵ up to this stopping time.

Proof. First consider (B, β) under the new measure. By Ito’s formula

g (Bt, βt) = g (B0, β0) +

∫ t

0

∆g (Bs, βs)

2
ds−

∫ t

0

∇g (Bs, βs)h (µs, νs, ϱs;Vs) ds+∫ t

0

〈
∇g (Bs, βs) , d

(
Ys, Ŷs

)〉

By applying integration by parts

Ltg (Bt, βt) = g (B0, β0) +

∫ t

0

Ls
∆g (Bs, βs)

2
ds−

∫ t

0

Ls∇g (Bs, βs)h (µs, νs, ϱs;Vs) ds

+

∫ t

0

Ls∇g (Bs, βs)h (µs, νs, ϱs;Vs) ds+Mt(g)

= g (B0, β0) +

∫ t

0

Ls
∆g (Bs, βs)

2
ds+Mt(g),

where t → Mt(g) is a {Yt}-martingale with respect to Q. Then, by two applications of

Bayes’ rule and Fubini’s theorem[13]

EP [g (Bt, βt) | Ys]− g (Bs, βs) =
EQ [Ltg (Bt, βt) | Ys]− Lsg (Bs, βs)

Ls

=
EQ

[∫ t

s
Lu

∆g(Bu,βu)
2

du+Mt(g)−Ms(g)
∣∣∣ Ys

]
Ls

=

∫ t

s

EQ
[
Lu

∆g(Bu,βu)
2

∣∣∣ Ys

]
Ls

du

=

∫ t

s

EP

[
∆g (Bu, βu)

2

∣∣∣∣ Ys

]
du

so

EP

[
g (Bt, βt)− g (Bs, βs)−

∫ t

s

∆g (Bu, βu)

2
du

∣∣∣∣ Ys

]
= 0

or all g and 0 ≤ s ≤ t, which is equivalent to the well posed martingale problem. Hence,

(B, β) is standard Brownian motion (starting at 0 ) with respect to P (· | Y0) and hence P .
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Now, let 0 = t0 < t1 < · · · < tn−1 < tn = t. Then, by Bayes rule and the fact that

EP

[
l (S0, V0)

n∏
i=0

fi (κti , ρti , eti , µti , νti)
n∏

j=0

gj
(
Btj , βtj

)]

= EQ

[
Ltl (S0, V0)

n∏
i=0

fi (κti , ρti , Qti , µti , νti)
n∏

j=0

gj
(
Btj , βtj

)]

= EQ

[
EQ

[
Ltn

n∏
j=0

gj
(
Btj , βtj

)
| ν0

]
l (S0, V0)

n∏
i=0

fi (κti , ρti , ϱti , µti , νti)

]

= EQ

[
EP

[
n∏

j=0

gj
(
Btj , βtj

)
| µ0

]
l (S0, V0)

n∏
i=0

fi (κti , ρti , ϱti , µti , νti)

]

= EP

[
n∏

j=0

gj
(
Btj , βtj

)]
EQ [l (S0, V0)]E

Q

[
n∏

i=0

fi (κti , ρti , eti , µti , νti)

]

for all bounded measurable l and fi as well as bounded twice continuously differentiable gj

with bounded derivatives. Since this collection s.p., s.s.p. and is closed under multiplication

it follows by [5] that this collection separates probability measures. Hence, the distribution

of S0, V0 and κ, ρ, ϱ, µ, ν is the same as under Q while (B, β) is a R2-Brownian motion

independent of these other random objects.

2.7 Unnormalized Filter and Bayes’ Factor

We still need to compute the filter. Moreover, in practice, we will not know which is the

correct (µ, ν, ϱ). For example, we might have several different operators L or several different

initial conditions for (µ, ν, ϱ) to choose from. Hence, model selection methods like Bayes’

factor are valuable. In this thesis, we have used the Wright-Fisher[35] model for the operator.

We have explained the Wright-Fisher model in detail in the next chapter. We must first

introduce the unnormalized filter

σϵ
t(f) = EQ

[
Lϵ
tf (µt, νt, ϱt) | FY,Ŷ

s ∨ σ (S0, V0)
]

(2.24)
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Proposition 2.7.1. The following Baye’s rule holds

πϵ
t(f) =

σϵ
t(f)

σϵ
t(1)

(2.25)

where πs(A) = P
(
µs, νs, ϱs ∈ A | FS

s

)
= P

(
µs, νs, ϱs ∈ A | FY,Ŷ

s ∨ σ (S0, V0)
)
.

Proof. We have to show

EP ϵ [
f (µt, νt, ϱt) | FS

t

]
EQ

[
Lϵ
t | FS

t

]
= EQ

[
Lϵ
tf (µt, νt, ϱt) f (µt, νt, ϱt) | FS

t

]
Let A ∈ FS

t and Xt = (µt, νt, ϱt)

EQ
[
EP ϵ [

f (Xt) | FS
t

]
EQ

[
Lϵ
t | FS

t

]
1A

]
= EQ

[
EP ϵ [

f (Xt) | FS
t

]
EQ

[
Lϵ
t | FS

t

]
1A

]
= EQ

[
EQ

[
Lϵ
tE

P ϵ [
f (Xt) | FS

t

]
1A | FS

t

]]
= EQ

[
Lϵ
tE

P ϵ [
f (Xt) 1A | FS

t

]]
= EP ϵ [

EP ϵ [
f (Xt) 1A | FS

t

]]
= EP ϵ

[f (Xt) 1A]

= EQ [Ltf (Xt) 1A] .

Hence, we can get the probability distribution of the drift parameters from the unnormalized

filter. We can also think of one P ϵ as just being a possible model of reality corresponding

to one possible Markov chain model for (µt, νt, ϱt). If we are identifying static parameters,

then there is just one static parameter corresponding to no movement. However, suppose

we are allowing the parameters to vary over time. In that case, we have a different model

for each possible way in which they move i.e. for each Markov chain generator. Suppose

we are trying to select from m possible models for (µt, νt, ϱt), then we have m different

likelihoods, Lϵ
t(1), . . . , L

ϵ
t(m), (of each model to the reference model where the observations

are independent of parameters) and estimate m unnormalized filters

σϵ,i
t (f) = EQ

[
Lϵ
t(i)f (µt, νt, ϱt) | FY,Ŷ

s ∨ σ (S0, V0)
]

so

σϵ,i
t (1) = EQ

[
Lϵ
t(i) | FY,Ŷ

s ∨ σ (S0, V0)
]

s the estimated Likelihood of this model being true compared to the canonical model Q
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where the observations are just noise. To compare the two models P ϵ
1 and P ϵ

2 , defined by two

likelihoods Lϵ
t(1) and Lϵ

t(2), one uses the Bayes factor, which is the ratio of unnormalized

filter total masses
EQ

[
Lϵ
t(1) | FY

t

]
EQ [Lϵ

t(2) | FY
t ]

In other words, Bayes’ factor is (integrated likelihood ratio) evidence of model 1 over model

1 based upon the observed data. This method was developed in K[27], where they come up

with a different unnormalized filter with explicit Bayes’ factor to save steps.

2.8 Filter Theorem

The following development largely follows [25]. They handle a more general filtering problem

where the signal need not even be right continuous nor have second moments. However, they

do not have the case where the sensor function h depends upon the observations (through

V ) here. Hence, there are significant enough differences to warrant including all the steps

below.

With the goal of deriving both the unnormalized and normalized filters, we logically start

with the unnormalized filter. Further, following Kouritzin and Long (2008), we will divide

deriving the unnormalized filter into three steps:

1. deriving a martingale problem for it,

2. stating an appropriate martingale representation theorem and

3. combining these to come up with a stochastic differential equation for the filter.

It makes sense to start with ii) since it is actually a general result which will just be applied

to filtering.

Lemma 2.8.1. Let {Mt, t ≥ 0} be a cadlag {Ft}t≥0-martingale starting at zero, {Yt, t ≥ 0}
be an {Ft}t≥0-adapted Rd standard Brownian motion and co-variation [M, Y ] be differentiable

with d
dt
[M, Y ]t integrable almost everywhere. Then,

E
[
Mt | FY

t

]
=

∫ t

0

〈
E

[
d

ds
[M, Y ]s

∣∣∣∣ FY
s

]
, dYs

〉
,∀t ∈ [0, T ] a.s. (2.26)
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Proof. Mt = E
[
Mt | FY

t

]
is the unique FY

t -measurable random variable such that E [Mtξt] =

E [Mtξt] for all bounded ξt ∈ FY
t . Without loss of generality, we can take ξt = E

[
ξT | FY

t

]
with ξT ∈ FY

T . {Mt, t ≥ 0} is verifiably a
{
FY

t

}
t≥0

-martingale.
{
FY

t

}
t≥0

is continuous

so {Mt, t ≥ 0} and {ξt, t ≥ 0} have continuous modifications (see II. 2.9 of [31]). By the

martingale representation theorem (Problem 3.4.16 of [20]), there are R2-valued
{
FY

t

}
t≥0

-

progressively measurable processes {αt, t ≥ 0} , {Φt, t ≥ 0} such that

Mt =

∫ t

0

⟨αs, dYs⟩ , ξt =
∫ t

0

⟨Φs, dYs⟩ ,∀t ∈ [0, T ] and

∫ T

0

|αs|2 ∨ |Φs|2 ds < ∞ a.s.

By enlarging the class of martingales {ξt, t ≥ 0} under consideration, we can consider all

progressively measurable {Φt, t ≥ 0} such that
∫ T̄

0
|Φs|2 ds < ∞ a.s. (Also, by the almost

sure monotonicity of conditional expectation, we can make ξt bounded in (ω, t).) Now, we

define the stopping times

κN = inf

{
t > 0 :

∣∣∣∣∫ t

0

⟨αs, dYs⟩
∣∣∣∣ ∨ ∣∣∣∣∫ t

0

⟨Φs, dYs⟩
∣∣∣∣ > N

}
(2.27)

Then,
∫ t

0
E
[∣∣αf

s

∣∣2 1s≤κN

]
ds < ∞ so that

∣∣αf
s

∣∣ 1s≤κN
, |Φs| 1s≤κN

∈ L2(Ω) almost everywhere

in s. By Doob’s optimal sampling theorem[10], we have that

Mt∧κN
= E

[
E
[
Mt | FY

t

]
| FY

t∧κN

]
= E

[
Mt | FY

t∧κN

]
a.s. (2.28)

and it follows by Kunita-Watanabe [28] that

E

∫ t

0

⟨αs,Φs⟩ 1s≤κN
ds = E [Mt∧κN

ξt∧κN
] = E [Mtξt∧κN

]

or using Fubini and differentiating

E [⟨αt,Φt⟩ 1t≤κN
] =

d

dt
E [Mt∧κN

ξt∧κN
] =

d

dt
E [Mtξt∧κN

]

It follows by integration by parts that

Mtξt∧κN
=

∫ t

0

MsΦs1s≤κN
dYs +

∫ t

0

ξs∧κN
dMs +

∫ t

0

Φs1s≤κN
d[M, Y ]s
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and by hypothesis as well as the fundamental theorem of calculus, Fubini’s theorem

E [Mtξt∧κN
] = E

[∫ t

0

Φs1s≤κN

d

ds
[M, Y ]sds

]
=

∫ t

0

E

[
Φs1s≤κN

d

ds
[M, Y ]s

]
ds

Differentiating and comparing, one has that

E [⟨αt,Φt⟩ 1t≤κN
] = E

[
Φt1t≤κN

d

dt
[M, Y ]t

]
and since Φ is an arbitrary progressive process one has that

αt = lim
N→∞

αt1t≤κN

= lim
N→∞

E

[
1t≤κN

d

dt
[M, Y ]t

∣∣∣∣ FY
t

]
= lim

N→∞
1t≤κN

E

[
d

dt
[M, Y ]t

∣∣∣∣ FY
t

]
= E

[
d

dt
[M, Y ]t

∣∣∣∣ FY
t

]
a.s. for almost every t ∈ [0, T ] since 1t≤κN

is FY
t -measurable.

Now, we turn to the equations for the filter and unnormalized filter. For ease of notation,

we let Xt = (µt, νt, ϱt) and recall M f
t = f (µt, νt, ϱt) −

∫ t

0
Lf (µs, νs, ϱs) ds is the martingale

from the signal’s martingale problem for each f ∈ D(L). Then, by our martingale problem

and integration by parts, we have that

f (Xt)Lt = f (X0)+

∫ t

0

LsLf (Xs) ds+

∫ t

0

LsdM
f
s +

∫ t

0

1s≤τϵf (Xs)Ls

〈
h (Xs;Vs) , d

(
Ys, Ŷs

)〉
(2.29)

Basically, we will take expectations of this to get our unnormalized filter for real Heston pa-

rameters. We need to define the innovations processes It = Yt−
∫ t

0

πs(µs)−πs(νs)ρs
κs

+( ρsπs(ϱs)
κs

− 1
2)Vs

γs
ds

and Ît = Ŷt −
∫ t

0

((
πs(νs)
κs

− κs

4

)
1√
Vt

− πs(ϱs)
κs

√
Vt

)
ds, where γt =

√
1− ρ2t

√
Vt, for the equa-

tion of the normalized filter. Note that the unnormalized filter equation for the classical

problem is usually referred to as the Duncan-Mortensen-Zakai (DMZ) equation[40] after its

founders and the equation for the normalized filter equation as the Kushner-Stratonovich or

the Fujisaki-Kallianpur-Kunita (FKK) equation[39].
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Theorem 2.8.2. 1. {It, t ≥ 0} and
{
Ît, t ≥ 0

}
are independent standard Brownian mo-

tions on
(
Ω,

{
FS

t

}
t≥0

, P
)
,

2. σ
{
Iv − Iu, Îv − Îu : s ≤ u ≤ v ≤ T

}
and FS

s are independent,

3. the filter process π satisfies

πt(f) = π0(f) +

∫ t

0

πs(Lf)ds+

∫ t

0

πs

(
hVs
s f

)
− πs

(
hVs
s

)
πs(f)d

〈
Is, Îs

〉
a.s.

for all f ∈ D(L), and

4. the unnormalized filter σ satisfies

σt(f) = σ0(f) +

∫ t

0

σs(Lf)ds+

∫ t

0

σs

(
hVs
s f

)
d
〈
Ys, Ŷs

〉
a.s.

for all f .

Proof. We start from the integration by parts formula above to derive the unnormalized

filter equation. Noting σt(f) = EQ
[
Ltf (Xt) | FY,Ŷ

t ∨ σ (S0, V0)
]
and recalling FV

s ⊂ FY,Ŷ
s ∨

σ (S0, V0), one has by linearity, Fubini’s theorem and independent increments that

σt(f) = EQ
[
f (X0) | FY,Ŷ

t ∨ σ (S0, V0)
]
+

∫ t

0

EQ
[
LsLf (Xs) | FY,Ŷ

t ∨ σ (S0, V0)
]
ds

+ EQ

[∫ t

0

LsdM
f
s +

∫ t

0

1s≤τϵf (Xs)Ls

〈
h (Xs;Vs) , d

(
Ys, Ŷs

)〉
| FY,Ŷ

t ∨ σ (S0, V0)

]
= σ0(f) +

∫ t

0

σs(Lf)ds+Mf
t

where t → Mt = EQ
[
Mt | FY,Ŷ

t ∨ σ (S0, V0)
]
is some

{
FY,Ŷ

t ∨ σ (S0, V0)
}

t≥0
-martingale,

and

t → Mt =

∫ t

0

LsdM
f
s +

∫ t

0

1s≤τϵf (Xs)Ls

〈
h (Xs;Vs) , d

(
Ys, Ŷs

)〉
is some

{
FX

t ∨ FY Ŷ
t ∨ σ (S0, V0)

}
t>0

-martingale both starting at zero. Now, we use the prior

lemma to find a representation for Mt : By independence under Q,[∫
LsdM

f
s , (Y, Ŷ )

]
t

=

∫ t

0

Lsd
[
M f , (Y, Ŷ )

]
s
= 0
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while [∫
1s≤τϵf (Xs)Ls

〈
h (Xs;Vs) , d

(
Ys, Ŷs

)〉
, (Y, Ŷ )

]
t

=

∫ t

0

1s≤τϵf (Xs)Lsh (Xs;Vs) d
[(

Ys, Ŷs

)
, (Y, Ŷ )

]
s

=

∫ t

0

1s≤τϵf (Xs)Lsh (Xs;Vs) ds

This means
d

ds
[M, Y ]s = 1s≤τϵf (Xs)Lsh

Vs (Xs)

and

Mt =

∫ t

0

〈
EQ

[
1s≤τϵf (Xs)Lsh

Vs (Xs) | FY,Ŷ
t ∨ σ (S0, V0)

]
, d

(
Ys, Ŷs

)〉
=

∫ t

0

1s≤τϵ

〈
σs

(
fhVs

)
, d

(
Ys, Ŷs

)〉
So,

σt(f) = σ0(f) +

∫ t

0

σs(Lf)ds+

∫ t

0

1s≤τϵ

〈
σs

(
fhVs

)
, d

(
Ys, Ŷs

)〉
,∀t ∈ [0, T ] a.s.

for all f ∈ D(L). By linearity, we have(
It
Ît

)
=

(
Yt

Ŷt

)
−

∫ t

0

EP
[
hVs (Xs) | FY,Ŷ

s ∨ σ (S0, V0)
]
ds

=

(
Bt

βt

)
+

∫ t

0

hVs (Xs)− EP
[
hVs (Xs) | FY,Ŷ

s ∨ σ (S0, V0)
]
ds

Now, since B, β are Brownian motions with respect to large filtration {Ft} we have that

EP

[
EP

[(
Bt

βt

)∣∣∣∣ Fu

]∣∣∣∣ FY,Ŷ
u ∨ σ (S0, V0)

]
= EP

[(
Bu

βu

)∣∣∣∣ FY,Ŷ
u ∨ σ (S0, V0)

]
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which implies

EP

[(
It
Ît

)∣∣∣∣ FY,Ŷ
u ∨ σ (S0, V0)

]
= EP

[(
Bu

βu

)∣∣∣∣ F γ,Ŷ
u ∨ σ (S0, V0)

]
+

∫ u

0

Ep
[
hVs (Xs) | Fγ,Ŷ

u ∨ σ (S0, V0)
]

− Ep
[
hVs (Xs) | Fγ,Ŷ

s ∨ σ (S0, V0)
]
ds

=

(
Yu

Ŷu

)
−
∫ u

0

EP
[
hVs (Xs) | FY,Ŷ

s ∨ σ (S0, V0)
]
ds

=

(
Iu
Iu

)

so
{(

It
Ît

)
, t ≥ 0

}
is a

{
FY,Ŷ

t ∨ σ (S0, V0)
}
-martingale.

Its quadratic variation and co-variation are: [I, I]t = [B,B]t = t, [Î , Î]t = [β, β]t = t and

[I, Î]t = [B, β]t = 0 by the finite variations of the differences and independence.

Hence,
{(

It
Ît

)
, t ≥ 0

}
is an R2 Brownian motion with respect to

{
FY,Ŷ

t ∨ σ (S0, V0)
}

t≥0
.

Finally, we turn to the FKK filtering equation. From our Bayes’ rule above, we have that

πϵ
t(f) =

σϵ
t(f)

σϵ
t(1)

But, σt(1) = σ0(1) +
∫ t

0
1s≤τϵ

〈
σs

(
hVs

)
, d

(
Ys, Ŷs

)〉
since L must annihilate 1 and we have

by Ito’s formula that

1

σt(1)
=

1

σ0(1)
−

∫ t

0

1s≤τϵ

〈
σs

(
hVs

)
, d

(
Ys, Ŷs

)〉
σ2
s(1)

+

∫ t

0

12s≤τϵ

(
hVs

)
σ3
s(1)

ds
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and by integration by parts

πϵ
t(f) = πϵ

0(f)−
∫ t

0

1s≤τϵσs(f)
〈
σs

(
hVs

)
, d

(
Ys, Ŷs

)〉
σ2
s(1)

+

∫ t

0

1s≤τϵσs(f)σ
2
s

(
hVs

)
σ3
s(1)

ds

+

∫ t

0

σs(Lf)

σs(1)
ds+

∫ t

0

1s≤τϵ

σs(1)

〈
σs

(
fhVs

)
, d

(
Ys, Ŷs

)〉
−
∫ t

0

1s≤τϵ

〈
σs

(
hVs

)
, σs

(
fhVs

)〉
σ3
s(1)

ds

= πϵ
0(f)−

∫ t

0

1s≤τϵπs(f)
〈
πs

(
hVs

)
, d

(
Ys, Ŷs

)〉
+

∫ t

0

1s≤τϵπs(f)π
2
s

(
hVs

)
ds

+

∫ t

0

πs(Lf)ds+

∫ t

0

1s≤τϵ

〈
πs

(
fhVs

)
, d

(
Ys, Ŷs

)〉
−
∫ t

0

1s≤τϵ

〈
πs

(
hVs

)
, πs

(
fhVs

)〉
ds

= πϵ
0(f) +

∫ t

0

πs(Lf)ds+

∫ t

0

1s≤τϵ

〈
πs

(
fhVs

)
− πs(f)πs

(
hVs

)
, d

(
Is, Îs

)〉
a.s.
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2.9 Particle Filter

One can discretize the filtering equations and produce computer workable solutions. How-

ever, it is often more effective to go back to the signal likelihood representation and use

particles instead. In particular, we work on the reference probability space (Ω,F , Q) and

create càdlàg particles {(µi
t, ν

i
t , ϱ

i
t) , t ≥ 0}Nt

i=1 that evolve independently of each other and the

observations according to the signal’s martingale problem

M f,i
t = f

(
µi
t, ν

i
t , ϱ

i
t

)
−
∫ t

0

Lf
(
µi
s, ν

i
s, ϱ

i
s

)
ds

is a martingale for all f ∈ D(L), where

Lf(µ, ν, ϱ) =
∑

µ′,ν′,ϱ′∈A

λµ,ν,ϱ→µ′,ν′,ϱ′ [f (µ′, ν ′, ϱ′)− f(µ, ν, ϱ)]

Then, we weight the particles by the likelihoods replacing the signal with the ith particle

Li
t = exp

(∫ t∧τϵ

0

〈
h
(
µi
s, ν

i
s, ϱ

i
s;Vs

)
, d

(
Ys, Ŷs

)〉
− 1

2

∫ t∧τϵ

0

∣∣h (µi
s, ν

i
s, ϱ

i
s;Vs

)∣∣2 ds)
and find by the law of large numbers that

1

N

N∑
i=1

Li
tδ(µi

t,ν
i
t ,e

i
t)
(·) ⇒ σt(·) a.s.

However, it is a well known problem in particle filtering that most particles will drift away

from the signal causing the weights {Li
t}

N
i=1 to be very unequal and the effective average

on the left of the above equation to be over a small portion of the particles. Consequently,

for good approximation with a reasonable number of particles we should branch or interact

the particles in an unbiased way. [23] provides an effective method for doing this. We will

discuss the exact algorithm in the next chapter.
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Chapter 3

Calibration and Simulation of the

Heston model

In this chapter, first, we will discuss the algorithms used for estimating the diffusion and

drift parameters. Then, we apply those algorithms on

1. Simulated Heston model data

2. Real market data(Apple and Microsoft tick-by-tick stock prices)

3.1 Estimating Diffusion parameters

By applying quadratic co-variation techniques on (2.10) and (2.11) we get,

• d[ln(S)]t = Vtdt

• d[V, ln(S)]t = ρtκtVtdt

• d[
√
V ]t =

κ2
t

4
dt

• d[V,ln(S)]t
d[ln(S)]t

= ρtκt
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We can solve for ρt and κt by computing [ln(S)]t, [V, ln(S)]t, and [
√
V ]t from tick-by-tick

data. We can compute these by applying the quadratic co-variation definitions discussed in

2.2. In all of the steps with limit, we use a small mesh instead. In step 3,9 and 15, P is the

Algorithm 1 Estimating the diffusion parameters ρ and κ using quadratic co-variation.

1: Input values of St from t ∈ (0, N)
2: for t = 1 to N do
3: Calculate the quadratic variation of the logarithm of the asset price [ln(S)]t =

lim∥P∥→0

∑n
k=1

(
ln(S)tk − ln(S)tk−1

)2
4: end for
5: for t = 1 to N do
6: Compute the volatility by just taking the rate of change of [ln(S)]t. Vt =

d[ln(S)]t
dt

7: end for
8: for t = 1 to N do
9: Compute the quadratic variation of

√
V . [

√
V ]t = lim∥P∥→0

∑n
k=1

(√
Vtk −

√
Vtk−1

)2
10: end for
11: for t = 1 to N do

12: Calculate κt by κt = 2

√
d[
√
V ]t

dt
.

13: end for
14: for t = 1 to N do
15: Calculate the quadratic co-variation of V and lnSt. [V, ln(S)]t =

lim∥P∥→0

∑n
k=1

(
Vtk − Vtk−1

) (
ln(S)tk − ln(S)tk−1

)
.

16: end for
17: for t = 1 to N do
18: if Vt= 0 then
19: Skip
20: else
21: Compute ρ by ρt =

1
κt

d[V,ln(S)]t
d[ln(S)]t

= 1
κtVt

d[V,ln(S)]t
dt

.
22: end if
23: end for
24: Output κt and ρt

set of partition {0 = t0 < t1 < · · · < tn−1 < tn = t} and ∥P∥ = maxk {tk − tk−1}. Notice, we
can get V from the quadratic variation [ln(S)]t so we can observe variation and the stopping

time τϵ defined above. Clearly, we had to stop 21 at τϵ or at least before V reached zero.

There will be more critical use of τϵ below.

We encountered a few problems while executing the algorithm on real market data. Some

of them were, feller condition not satisfying, and getting extreme values for κt and ρt. We

discuss these issues and ways to get around them in detail in later sections.
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3.2 Estimating Drift parameters

We use the Branching particle filter introduced in [23] and extended in [26]. Estimating the

drift parameters is finding the signal given the observation.

Let the signal be X i = (µi
t, ν

i
t , ϱ

i
t). Let {tn}∞n=0 be the chosen branch times with t0 =

0, set ∆tn = tn − tn−1. Let un be the mark at which this nth jump of Y occurs. The

following branching Markov process
{
SN
n , n = 0, 1, . . .

}
approximates the unnormalized filter

{σtn , n = 0, 1, 2, . . .} in terms of the observations. Nn will denote the number of particles

before branching at (discrete) time tn.

We get the observations Yt and Ŷt from, Yt =
∫ t

0
γ−1
s

(
d ln (Ss)− ρs

κs
dVs

)
and Ŷt =

∫ t

0
2
κs
d
√
Vs

We use stochastic approximation techniques such as Euler–Maruyama method to approxi-

mate the values of the observations. Once, we have the observations, we can proceed with

the particle filter.

3.2.1 Wright-Fisher Model

In line 3 of Algorithm 2, we need to independently evolve the particles. We use the

Wright-Fischer model for that. The Wright-Fischer model is a discrete-time Markov chain

that describes the evolution of the particles. The state space of this Markov chain is the set

of possible values of X i = (µi
t, ν

i
t , ϱ

i
t). Each generation, a collection of particles are sampled,

with replacement from the current pool of particles at generation t to form a new pool of

particles at generation t+1. This process describes the binomial sampling of the particles in

each generation. If Xt ∈ {−n, . . . , n}, then the probability transition matrix for the Markov

chain is:

P(Xt+1 = k|Xt = j) =

(
n

k

)
pk(1− p)n−k

where p = Xt+n
2n

.
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Algorithm 2 Estimating the drift parameters using a branching particle filter

1: Initialize {X i
0}

N
i=1 are independent samples of X0,N0

.
= N,Nn

.
= 0 for n = 1, 2, . . . and

Li
0
.
= 1 for i

.
= 1, . . . , N .

2: for n
.
= 1, 2, . . . do

3: Evolve Independently:

Q
(
X̂1

[tn−1,tn]
∈ Γ1, . . . , X̂

Nn−1

[tn−1,tn]
∈ ΓNn−1 | FX

tn

)
=

Nn−1∏
l=1

KX
[0,δtn]

(
X l

tn ,Γ
l
)
a.s.

for all Γl ∈ σ (DEk [0, δtn]), where K
X denotes the Markov kernel generated by the (well

posed) martingale problem. In English, we evolve the particles independently according
to the martingale problem over the interval.

4: Incorporate Observations through incremental weights:

αn

(
X̂ i

)
= exp

(∫ tn∧τϵ

tn−1∧τϵ

〈
h
(
µi
s, ν

i
s, ϱ

i
s;Vs

)
, d

(
Ys, Ŷs

)〉
− 1

2

∫ tn∧τϵ

tn−1∧τϵ

∣∣h (µi
s, ν

i
s, ϱ

i
s;Vs

)∣∣2 ds)
(Here Vs = d[ln(S)]s

ds
must be supplied through the quadratic variation techniques used

above.)

5: Weight Particles: L̂i
n
.
= αn

(
X̂ i

)
Li

n−1 for i
.
= 1, 2, . . . ,Nn−1

6: Estimate: σn by: SN
n

.
= 1

N

∑Nn−1

i=1 L̂i
nδX̂i

n
and πn(f) by

SNn (f)
SNn (1)

.

7: Average Weight: An
.
= SN

n (1)
8: for i

.
= 1, 2, . . . ,Nn−1 do

9: if L̂i
n /∈ (anAn, bnAn) then

10:

• Offspring Number: Ni
n
.
=

⌊
Li
n

An

⌋
+ ρin, with ρina

(
L̂i
n

An
−
⌊
L̂i
n

An

⌋)
-Bernoulli

• Resample: LNn+j
n

.
= An, X

Nn+j
n

.
= X̂ i

n, for j
.
= 1, . . . ,Ni

n

• Add Offspring Number: Nn
.
= Nn + Ni

n

11: else if L̂i
n ∈ (anAn, bnAn) then

12:

Nn
.
= Nn + 1,LNn

n
.
= L̂i

n, X
Nn
n

.
= X̂ i

n

13: end if
14: end for
15: end for
16: Output µt, νt and ϱt
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3.2.2 Milstein Approximation

Most of the stochastic integrals in this thesis, we have approximated using Euler-Maruyama

methods. But the weight update equation is particularly complex and requires better ap-

proximation. Hence, we use Milstein approximation. It improves upon simpler methods like

Euler-Maruyama by including an additional correction term. This correction term accounts

for the curvature of the diffusion term, providing higher accuracy. For an SDE,

dXt = µ(Xt)dt+ σ(Xt)dWt

The solution at the next time step Xn+1 is approximated by:

Xn+1 = Xn + µ(Xn)∆t+ σ(Xn)∆Wn +
1

2
σ(Xn)

∂σ(Xn)

∂X
((∆Wn)

2 −∆t)

• µ(Xn)∆t accounts for the drift over the time interval ∆t.

• σ(Xn)∆Wn accounts for the random diffusion.

• The correction term 1
2
σ(Xn)

∂σ(Xn)
∂X

((∆Wn)
2 − ∆t) adjusts for the non-linearity of the

diffusion.

The weight update equation:

αn

(
X̂ i

)
= exp

(∫ tn∧τϵ

tn−1∧τϵ

〈
h
(
µi
s, ν

i
s, ϱ

i
s;Vs

)
, d

(
Ys, Ŷs

)〉
− 1

2

∫ tn∧τϵ

tn−1∧τϵ

∣∣h (µi
s, ν

i
s, ϱ

i
s;Vs

)∣∣2 ds)
can be similarly approximated by

αn(X̂
i) ≈ exp

(
h
(
µi
tn , ν

i
tn , θ

i
tn ;Vtn

)
∆Yn +

1

2

∂h

∂X

(
(∆Yn)

2 −∆t
)
− 1

2

∣∣h (µi
tn , ν

i
tn , θ

i
tn ;Vtn

)∣∣2∆t

)

3.3 Simulated Heston

We simulate a Heston model with constant parameters.

µt = 0.05, νt = 0.04, ϱt = 2.0, ρt = −0.1, κt = 0.3
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Figure 3.1: Simulated Heston Asset price and Variance

We initialize (S0, V0) = (100, 0.04). We take the total time as one year and divide it into

1000000 timesteps. So dt = 1/1000000. In 3.1 we can see that the Asset price and variance

Algorithm 3 Heston Simulation

1: Initialize S0 and V0

2: Generate correlated Brownian motion for N steps.
3: for i ∈ (1, N + 1) do
4: Compute variance Vti

5: Compute Asset price Sti

6: end for
7: Output St and Vt

are showing opposite trends. This could probably be attributed to the negative correlation

parameter. We apply our Algorithm 1 and 2 on just the asset price time series and try to

estimate the volatility and parameters.

We first calculate the quadratic variation of lnSt and use it to estimate the volatility series

Vt. The estimated variance is shown in figure3.2. The mean variance is 0.03662774829677189

which is around 10 percent off from the long-term mean. After we get the estimated vari-
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Figure 3.2: Estimated volatility of simulated Heston model

ance, we compute the quadratic variation of
√
V ]t. Then we get the estimated κt 3.3with

mean 0.24586361003784957, which is approximately equal to the constant κ we used for

simulation.

We the compute the quadratic co-variation of V and lnS, which looks quite pretty if

you see in figure3.4 From that, we compute ρt as seen in 3.5 with mean -0.06964 which

is pretty off from the given rho. We then calculate the observations Yt and Ŷt from Yt =∫ t

0
γ−1
s

(
d ln (Ss)− ρs

κs
dVs

)
and Ŷt =

∫ t

0
2
κs
d
√
Vs The estimated observations are shown in

figure 3.6 After, we generate the observations, we create particles in the form of a grid

for each of the parameters µ, ν, and ϱ. We evolve the particles using the Wright-Fischer

model. After, weight updation and resampling, we get the estimated parameters µ with mean

0.04144154613681073, ν with mean 0.024106507382575217 and ϱ with mean 1.9894532915880456.

3.7 The branching particle filter is very computation heavy since there almost a 1000000 time

steps, with 100000 particles and multiple for loops. This makes it very time consuming to

run the filter. Hence, in the 3.7, we distribute the time into bins and reduce the number of

particles significantly.
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Figure 3.3: Estimated Kappa of simulated Heston

Figure 3.4: Quadratic co-variation of V and S

Figure 3.5: Estimated Rho
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Figure 3.6: Observations constructed form estimated diffusion parameters

3.4 Real Market Data

We use tick-by-tick data of Apple quote price of one day. It contains data from thirteen

different Exchanges. There are off-hour trades, so the ends need to be trimmed down.

Fig(3.8) shows how the time gap at the ends are very steep while it is very gradual in the

middle. Also, there are many NaN entries and certain outliers, which need to be removed.

Once we are done with that, we start with the estimation of diffusion parameters.

We start with calculating the quadratic variation of lnS as usual. We take a spline fit of

the quadratic variation and take it’s derivative to compute the volatility. It gives a smooth

volatility function as shown in , which is inherently wrong, but works as an indicator function

for volatility. We then use this volatility to compute quadratic variation of
√
Vt. We take

the derivative of that and compute the κt using κt = 2

√
d[
√
V ]t

dt
. The estimated κ is shown

in 3.10

After we have estimated κ we compute the quadratic co-variation of V and lnS, which is

used to estimate ρ. The estimated rho is shown in 3.11. As we can see, it is discontinued at

two places, indicating volatility hitting zero.
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Figure 3.7: Estimated Drift parameters of the simulated Heston

Figure 3.8: Time-plot showing how dt changes
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Figure 3.9: Heston market data

Figure 3.10: Estimated kappa of the real market data

Figure 3.11: Estimated rho of real market data
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Figure 3.12: Observation for real market data

Similarly, we use the diffusion parameters to generate the observations. The 3.12 shows the

generated observations.

Due to similar issues as mentioned in the last section, the estimated drift parameters are not

rigorously computed.
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Figure 3.13: Estimated drift parameters of real market data
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Chapter 4

Conclusion

In this thesis,we present a novel framework for calibrating the Heston model, based on

co-variation techniques and the branching particle filter to estimate the diffusion and drift

parameters in the stochastic volatility models. The Heston model is widely used for option

pricing and risk assessment. This is because of the stochastic nature of volatility in the

Heston Model. This a powerful alternative to constant-volatility models. However, its cal-

ibration, which requires aligning model parameters to observed market data, has remained

a computationally demanding problem, particularly using high-frequency trading conditions

where market dynamics are complex and data is very noisy.

To tackle these issues, we introduced an innovative calibration method built on co-variation

techniques and particle filtering. We believe this approach will help in increasing the accuracy

and efficiency of the calibration process . By integrating co-variation methods, which are

based on the direct use of quadratic variations, we obtained estimates for the diffusion

parameters (correlation and volatility of volatility).

In particular, the co-variation approach allows us to determine the diffusion parameters

instantaneously using high-frequency data, thereby reducing the computational load and

improving reactivity to changing market conditions. Traditional calibration methods, such

as least squares fitting and Fourier transforms, often struggle to adapt to such high-frequency

datasets, where complex price dynamics can interfere in the underlying parameter values. In

contrast, our method’s ability to capture these diffusion parameters in real time represents

a meaningful advance, aligning model estimates more closely with actual market conditions
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and allowing for more accurate option pricing and risk assessment.

The drift parameters, which include the long-term mean of the asset price, the long-term

mean of volatility, and the rate of volatility reversion, pose additional challenges for the cali-

bration process. Traditional particle filters, while useful in estimating these latent variables,

often suffer from degeneracy, where particles with low weights are prematurely discarded,

leading to a loss of diversity in the particle population. This can significantly impact the ac-

curacy of parameter estimates, especially in high-dimensional models like the Heston model.

To mitigate this issue, we employed a branching particle filter, a variation that introduces a

branching mechanism to regenerate particles, thereby eliminating the issues of degeneracy.

This branching mechanism allows the filter to maintain a healthy number of particles.

The theoretical contributions of this thesis extend to the filtering framework itself. By

constructing the model under a carefully designed reference probability, we were able to apply

Bayes’ factor techniques and a martingale problem approach to derive the filter’s behavior

under various market scenarios. This formulation enabled us to devise both unnormalized

and normalized filters for the drift parameters, allowing for a clear separation of signal

and noise in the estimation process. Additionally, the use of co-variation in the diffusion

parameter estimation provides a novel approach that could be applied to other stochastic

volatility models, potentially broadening the applicability of this work.

Our method’s practical implications are equally significant. Accurate calibration of the

Heston model enables financial practitioners to price options more reliably and to assess

risk more accurately. This is particularly valuable in the context of algorithmic and high-

frequency trading, where rapid changes in market volatility require models that can adapt

in near real-time. By providing a more efficient and stable calibration framework, this work

contributes to the field of financial modeling by offering a method that is both theoretically

sound and practically feasible. The proposed approach can be implemented on modern

computing platforms, making it accessible for real-world financial applications.

In conclusion, this thesis has made several original contributions to the field of stochastic

volatility modeling:

1. Introduction of Co-variation Techniques for Diffusion Parameter Estima-

tion: By using quadratic variations, we developed a method that allows for immediate

estimation of diffusion parameters from high-frequency market data, thereby enhancing
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the calibration process.

2. Application of the Branching Particle Filter for Drift Parameter Estimation:

The branching mechanism within the particle filter mitigates degeneracy, improving

accuracy in high-dimensional models and ensuring that the calibration process remains

indifferent to market noise.

3. Theoretical Advancements in Filtering Methods: We formulated the model

under a reference probability and derived both normalized and unnormalized filters

for the drift parameters, thereby providing a clear separation of signal and noise and

improving the precision of parameter estimation in stochastic volatility models.

4.0.1 Future Direction

The research presented in this thesis opens up several avenues for future investigation. First,

we can use multiple different operators in the evolution of particles in the branching particle

filter. We need to apply Bayes’ theorem to distinguish between operators and find out which

performs better. We also need to compare the model with other calibration techniques to

get the actual idea of where it stands.

Secondly, while the current model has focused on a single-asset , future studies could extend

this framework to multi-asset models, examining the co-variation structure between multi-

ple assets and exploring how joint calibration of multi-asset systems could further enhance

risk assessment and hedging strategies. Extending the co-variation and branching particle

filter approach to multi-asset scenarios may present new computational challenges but could

provide significant insights into cross-asset volatility dynamics.

Lastly, further optimization of the branching particle filter, particularly in terms of com-

putational efficiency, could make the method even more suitable for real-time applications.

Techniques such as parallel computing or GPU acceleration could be explored to speed up

the filtering process, making it feasible for high-frequency trading applications where split-

second decisions are critical.

Overall, this thesis has provided a foundation for a more adaptive and accurate calibration

framework for stochastic volatility models, addressing key challenges in both parameter

estimation and computational feasibility. By advancing the methods used to calibrate the
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Heston model, this work contributes to the broader goal of developing robust financial models

that can adapt to the complexities of modern markets.
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