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Abstract

The first part of the thesis is on right splitting, Galois correspondence, Galois representa-
tions and Inverse Galois problem. The famous ‘Inverse Galois problem’ IGP asks whether
every finite group appears as the Galois group of some finite Galois extension of Q. Using
Galois representations attached to elliptic curves, Arias-de-Reyna and Konig in [1] have
proved the IGP for GL,(F,) over Q for all primes p > 5. Through Galois correspondence
and right splitting of some exact sequences of groups, we obtain some general results and
apply these to the case in Konig and obtain interesting occurrences of IGP. The IGP for
PSLy(F,) over Q for all primes p > 5 was established by Zywina in [23] using the results of
Ribet in [19] about the Deligne’s Galois representations associated to certain newforms.
Using algebraic operations on Galois representations and right splitting of some exact se-
quences of groups, we obtain the main results and then apply these to the case in Zywina
and obtain equally interesting occurrences of IGP.

The second part of the thesis is on Root Clusters, Magnification, Capacity, Unique
chains, Base change and Ascending Index. Inspired from the the work of M Krithika and
P Vanchinathan in [13] on Cluster Magnification and the work of Alexander Perlis in [18]
on Cluster Size, we establish the existence of polynomials for given degree and cluster
size over number fields which generalises a result of Perlis. We state the Strong cluster
magnification problem and establish an equivalent criterion for that. We also discuss the
notion of weak cluster magnification and prove some properties. We provide an impor-
tant example answering a question about Cluster Towers. We introduce the concept of
Root capacity and prove some of its properties. We also introduce the concept of unique
descending and ascending chains for extensions and establish some properties and ex-
plicitly compute some interesting examples. Finally we establish results about all these
phenomena under a particular type of base change. The thesis concludes with results
about strong cluster magnification and unique chains and some properties of the ascend-
ing index for a field extension.
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Chapter 1
Introduction

Inverse Problems in Mathematics especially Algebra tend to intrigue me more than often.
Like the Inverse problem in Galois theory or Inverse problems in Root Cluster Theory.
This thesis deals with such Inverse Problems and attempts to bring to light aesthetically
interesting new results and organically develops the theories further.

1.1 Right Splitting, Galois Correspondence, Galois Rep-
resentations and Inverse Galois Problem

The famous ‘Inverse Galois problem’ asks whether every finite group appears as the Galois
group of some finite Galois extension of Q. Many families of simple groups are known
instances of this problem but the general question is still open.

Using Galois representations attached to elliptic curves, Arias-de-Reyna and Konig
have proved the following ( Thm 1.1 in [1])

Theorem 1.1.1. (Arias-de-Reyna, Konig)

For a prime p > 5, there are infinitely many locally cyclic Galois extensions of Q with Galois
group GLy(F,), which are pairwise linearly disjoint over Q(+/p*) where p* = (—1)P=1/2 p,
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Using the results of Ribet [19] about the Deligne’s Galois representations associated
to certain newforms, Zywina established the following (Thm 1.4 in [273]),

Theorem 1.1.2. (Zywina)

PSLy(FF,) can be realized as a Galois group over Q for all primes p > 5.

1.1.1 Our Contribution

We establish some instances of Inverse Galois problem. These results are a part of the
manuscript [4] by Bhagwat and Jaiswal. In Chapter 2, through Galois correspondence and
right splitting of some exact sequences of groups, we obtain the main results Thm. 2.2.1,
Thm. 2.4.1. We then apply these general results to the case in [1] and obtain interesting
consequences as corollaries which are as follows.

Theorem 1.1.3. (Bhagwat, Jaiswal)

1. For a prime p > 5, (SLy(FF,) x SLo(FF,)) x Z/(p — 1)Z (with semidirect product group
law as in Thm 2.4.1) is realizable as Galois group over Q.

2. Foraprimep > 5with p = 3mod 4, let H be the unique index-2 (hence normal) subgroup
of GLo(F,). Then (H x H) x GLo(F,)/H (with semidirect product group law as in Thm
2.4.1) is realizable as Galois group over Q.

3. For a prime p > 5, (PSLy(F,) x PSLy(F,)) x Z/2Z (with semidirect product group law
as in Thm 2.2.1) is realizable as Galois group over Q.

In Chapter 3, using the algebraic operation induction on Galois representations and
right splitting of some exact sequences of groups, we obtain Thm. 3.1.7, Thm. 3.1.8 as the
main results. We then apply these general results to the case in [23] and obtain following
interesting consequence as Thm. 3.4.3.

Theorem 1.1.4. (Bhagwat, Jaiswal)

1. Forp > 5, PSLy(IF,) X Z/2Z is realizable as Galois Group over Q (for semidirect product
group law in Thm 3.1.7).



2. This semidirect product in part (1) is direct < 7(s) = I.
3. Automorphism ¢;s) of p(H), by conjugation by p(s), is inner.
4. The group obtained here is not isomorphic to PGLy(F,).

Remark 1.1.4.1. In Sections 4 and 5 of the undergraduate Thesis [16] by Joris Nieuwveld, they
have constructed explicit algorithm that computes polynomials over any hilbertian base field
of characteristic O (in particular over rationals) with Galois group isomorphic to a semidirect
product with abelian kernel (that is the normal subgroup being abelian).

Note that all the families of groups that we have proved to be realizable as Galois groups
over rationals in Thm 1.1.3 and Thm 1.1.4 are semidirect products with non-abelian kernels
(that is the normal subgroup being non-abelian).

Then for the algebraic operations direct sum and tensor products on Galois represen-
tations we obtain an unanticipated and interersting result Prop 3.2.2.

Then by using the algebraic operations direct sum and tensor products on Galois rep-
resentations and right splitting of some exact sequences of groups, we obtain Thm. 3.2.7
as the main result. We then apply this general result to the case in [23] and obtain that
PSLy(F,) x Z /27 is realizable as Galois Group over Q for p > 5.

Right Splitting of exact sequences of groups is the common thread that runs through
Chapter 2 and Chapter 3.

1.2 Root Clusters, Magnification, Capacity, Unique Chains,
Base Change and Ascending Index

For an irreducible polynomial over a perfect field, we have the notion of root clusters
with combinatorial relation between degree of the polynomial, cluster size and number
of clusters. For notations refer to Sec. 4.1.

Perlis has proved in [17] and [18] the following.
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Theorem 1.2.1. (Perlis)

1. The cluster size rk (f) is independent of the choice of a.

2. ri(f) sk (f) = deg(f). In particular, rx(f) | deg(f).

3. rx(f) = number of roots of f fixed by H = |Aut(K («)/K)| = [No(H) : H].

All these notions carry forward to field extensions over the perfect field.

Krithika and Vanchinathan proved the Cluster Magnification theorem (Thm 1 in [13]).
Cluster Magnification Theorem
Theorem 1.2.2. (Krithika, Vanchinathan)

Let deg(f) = n > 2 over K with cluster size rx(f) = r. Assume that there is a Galois
extension F of K, say of degree d, which is linearly disjoint with K; over K. Then there exists
an irreducible polynomial g over K of degree nd with cluster size rd.

They reformulate the theorem for field extensions as well.

1.2.1 Our Contribution

The results discussed here are a part of the manuscript [3] by Bhagwat and Jaiswal. In
Chapter 4, after setting up some notations and reviewing the results by Perlis in [17] [18]
and Krithika-Vanchinathan in [13] in Sec. 4.1, we generalise a result of Perlis for number
fields that also improves on the generalisation proved previously by Krithika and Vanchi-
nathan in [13]. The generalisation Thm. 4.3.1 is as follows.

Inverse Cluster Size Problem for Number Fields

Theorem 1.2.3. (Perlis, Krithika and Vanchinathan, A generalisation by Bhagwat, Jaiswal)

Let K be a number field. Let n > 2 and r|n. Then there exists an irreducible polynomial
over K of degree n with cluster size r.



In the same chapter, we also present a simple lemma about number of clusters, Lemma
4.4.1, which is very useful in giving alternate proofs of results by Perlis and Krithika-
Vanchinathan as well as in proving further results.

In Chapter 5, we state the Strong cluster magnification problem and establish the fol-
lowing equivalent criterion for that in Thm. 5.2.3 in terms of Galois groups. For all nota-
tions, see Chapter 5.

Theorem 1.2.4. (Bhagwat, Jaiswal)

An extension M/ K is obtained by nontrivial strong cluster magnification from some subex-
tension L/ K if and only if
Gal(M/K)=~ Ax B

for nontrivial groups A and B and
Gal(M/M)= A" x 1

(under the same isomorphism) for a subgroup A’ C Awith [A: A’'] > 2.

We also reformulate the Strong cluster magnification problem for irreducible polyno-
mials. We then state the Weak cluster magnification problem and demonstrate how the
notions for strong cluster magnification and weak cluster magnification are actually dif-
ferent.

In Chapter 6, we provide an important example, Example 6.1.3, answering a question
in[13] about Cluster Towers. We also give a group theoretic formulation for cluster towers.

In Chapter 7, we introduce the concept of Root capacity as a generalisation of clus-
ter size. We begin the chapter with some observations about group of automorphisms of
finite extensions in Prop. 7.1.1 & Prop. 7.1.2 & its corollaries. Then we prove some prop-
erties of root capacity in Propositions 7.2.1, 7.2.2, 7.2.4, 7.2.7 and 7.2.9. We conclude the
chapter with Thm. 7.2.10 which is as follows. For notations, see Sec 4.1 and Chapter 7.

Theorem 1.2.5. (Bhagwat, Jaiswal)

Consider extensions M/L/K and let L be Galois closure of L/K. If M N L = L and
(M : L) =rg(M)/rk(L), then M/L is Galois.



In Chapter 8, we introduce the concept of unique descending and ascending chains for
extensions. Thm. 8.1.1 and Thm. 8.2.1 encapsulate the important properties of unique
chains. Prop. 8.2.2 links unique ascending and descending chain under certain conditions.
We prove an interesting result Prop. 8.1.2 that describes the field N, in unique descending
chain in terms of the sums of elementary symmetric functions. In Sec. 8.3, we compute
unique ascending/ descending chains for some interesting examples (see Example 8.3.1,
Thm. 8.3.3 and Thm. 8.3.4).

In Chapter 9, we establish Theorems 9.1.1, 9.1.5, 9.2.2 and 9.3.1 about strong cluster
magnification, weak cluster magnification, root capacity and unique chains respectively
under a particular type of base change.

Then we prove results Thm. 9.4.1 and Thm. 9.4.2 about strong cluster magnification
and unique chains which are as follows.

Theorem 1.2.6. (Bhagwat, Jaiswal)

e Let M /K be obtained by strong cluster magnification from L/K with rx (L) # 1. Then
we have that M 2 N; 2 --- 2 N, is the unique descending chain for M/K <=
L 2 Ny 2 -+ 2 Ny is the unique descending chain for L/ K.

e Let M /K be obtained by strong cluster magnification from L/K through F'/K as in Def
5.2.0.1 with ti (L) # 1. Then we have

1. F'is unique intermediate field for M /K as in Thm. 8.2.1 < F' = F\F where
F) is unique intermediate field for L/ K.

2. K C Fy - C Fyis the unique ascending chain for L/ K <~
K C F{F C --- C F,F is the unique ascending chain for M /K for F; C L for all i.

The thesis concludes with Chapter 10 with some properties of the ascending index
tix (L) defined in Thm. 8.2.1 in the context of unique ascending chain for an extension
L/K. The ascending index has many properties similar to the cluster size rx (L) but has
no immediate description in terms of roots of the minimal polynomial of « over K when
L = K(«). In Chapter 10, Prop. 10.1.2 establishes a base change property for ¢, (L).

Thm. 10.1.3 establishes an analogue of Cluster Magnification Theorem (Thm. 5.1.2)
for ¢t (L) which is as follows. For notations, see Chapter 8.
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Ascending Index Magnification Theorem
Theorem 1.2.7. (Bhagwat, Jaiswal)

Let M /K be obtained by strong cluster magnification with magnification factor d. Then

Finally, Thm. 10.1.4 is an analogue of Thm. 4.3.1 and is as follows.

Inverse Ascending Index Problem for Number Fields

Theorem 1.2.8. (Bhagwat, Jaiswal)

Let K be a number field. Let n > 2 and t|n. Then there exists an extension L/ K of degree
n with ascending index t ;. (L) = t.

In the last section of the thesis, we talk about future directions.

1.3 Research Articles

The following two research articles of ours have resulted as part of the work carried out
for this PhD thesis.

1. Chandrasheel Bhagwat and Shubham Jaiswal. Right Splitting, Galois Correspon-
dence, Galois Representations and Inverse Galois Problem. Accepted for publication
in Journal of the Ramanujan Mathematical Society (2025).

https://arxiv.org/abs/2403.14316, 2024.
2. Chandrasheel Bhagwat and Shubham Jaiswal. Cluster Magnification, Root Capac-

ity, Unique Chains, Base Change and Ascending Index. Accepted for publication in
Proceedings Mathematical Sciences (2025).

https://arxiv.org/abs/2405.06825, 2024


https://arxiv.org/abs/2403.14316
https://arxiv.org/abs/2405.06825




Chapter 2

Galois Correspondence, Right Splitting
& Inverse Galois Problem

In this chapter, we describe some group theoretic results and then through these results
as well as Galois correspondence and right splitting of some exact sequences, we obtain
some general Galois theoretic results. Then we apply these general results to the cases
described in [1] and obtain interesting consequences.

2.1 Right Splitting and Group Theoretic Preliminaries

Proposition 2.1.1. Let G be a finite group. Then the condition G /|G, G| is cyclic of order
m is equivalent to the condition that for any n|m, G has a unique index-n normal subgroup
such that the quotient is abelian (the quotient with that subgroup is in fact cyclic). This unique
subgroup is given by

H = {x € G | n(z) is an n-th power in G /|G, G|}

where 7 is the quotient homomorphism G — G /|G, G|.

Proof. Suppose G/[G,G] is a cyclic group of order m and n | m. Hence G/[G,G] has a
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unique index-n cyclic subgroup, call it H’, which is precisely given by H' = {2" | z €
G/|G, G|}, which is generated by 4", where y is a generator of G/[G, G].

Since 7 is surjective, we have one to one correspondence between subgroups of G/ |G, G]
and subgroups of G containing [G,G]. Let H = n'(H') = {z € G|=(z) is an n-th power
in G/|G, G]}. Hence it is the unique index-n normal subgroup of G containing |G, G/.

Let K be any index-n normal subgroup of GG such that the quotient is abelian. Consider
the quotient map p : G — G/K. Since Image(p) is abelian, hence [G,G] C Ker(p) = K.
Hence K = H.

Also we have that G/H is isomorphic to (G/[G, G])/H'. Hence it is cyclic.

Conversely, suppose G/|G, G] is not cyclic. Hence, by structure theorem for abelian
groups (Thm 14.7.3 in [2]),

G/[G, G] = Z/CLIZ X Z/CLQZ X G/

for some group G’, a; | az and a; > 1. Since Z/a,Z is cyclic and a; | as, we get a unique
index-a, subgroup G” of Z/a,7Z. Hence Z/asZ x G' and Z/a, Z x G x G’ are distinct index-a,
subgroups of G/[G, G|. Hence we don’t get a unique index-a; subgroup H' of G/|G, G]. By
the one to one correspondence between subgroups of G/|G, G] and subgroups of G con-
taining [G, G|, we get two distinct index-a; subgroups such that the quotients are abelian.

O]

Corollary 2.1.1.1. Let n,r € N and p be an odd prime. For a prime power ¢ = p", if¢ = 1
mod n, then GLy(F,) has a unique index-n normal subgroup such that the quotient is abelian.
(The quotient with that subgroup is in fact cyclic). This unique subgroup is given by

H = {r € GLy(F,) | det(z) is an n-th powerin F;}.

Proof. Let G = GLy(F,). Then [G,G] = SLy(F,) and G/[G, G] = F¢ (isomorphism being
through the surjective determinant map) which is cyclic of order m = ¢ — 1. Now since
q = 1mod n, we have n | m. Now consider the determinant map det : G — F (whichis a
homomorphism) with kernel SL,(F,). By applying similar argument to det map as applied

10



to = map in previous proposition, we are done.

Remark 2.1.1.1. Above corollary holds for GL,(F,) as well for any k € N.

Corollary 2.1.1.2. Let G be a group. If |G, G| has index m in G, then [G, G| is the unique
index-m subgroup of G such that the quotient is abelian.

Corollary 2.1.1.3. Let r € N and p be an odd prime. For a prime power g = p", SLy(F,) is
the unique index-(q — 1) subgroup of GLy(FF,) such that the quotient is abelian.

Proposition 2.1.2. (Bhagwat, Jaiswal) (Prop 2.2 in [4])

Let n € N and let G be a group such that G/|G, G] is cyclic of order m. Let n|m and let
H be the unique index-n normal subgroup of G such that the quotient is abelian. Then the
following holds.

1. Ifthere exists x € G such that 2™ = 1 and {1,z,2%,...,2""'} is a set of representatives
for H-cosets in G, then
(n,m/n) = ged(n,m/n) = 1.

2. If (n,m/n) = 1 and the exact sequence
1—-[G,G] -G —G/G,G] —1

is right split, then there exists x € G such that z™ = 1 and {1, z,2?,..., 2"} is a set of
representatives for H-cosets in G.

3. Let n = m (hence |G, (] is the unique index-m subgroup of G such that quotient is
abelian). Then the above exact sequence is right split if and only if there exists + € G
such that ™ = 1 and {1,x, 22, ...,2™ '} is a set of representatives for |G, G]-cosets in
G.

Proof.

1. Suppose we have a set of representatives for H-cosets in G of the form {1, z, z*, ..., x" 1}
with z € G such that 2" = 1. Let y be a generator of cyclic group G/[G, G] and let

11



0 <! <m — 1besuchthat 7(z) = y'. As 2" = 1, we have 1 = 7(z)" = y™ and hence
m | in. Thus we have

j=In/meZand1<j<(n-1).

Now assume on the contrary that (n,m/n) # 1. Thenfor k = n/(n,m/n) <n-—1,we
have n | km/n, hence n | kl, and therefore 7(z*) = y'* is an n-th power in G/[G, G],
hence z* € H. Hence we get a contradiction. Furthermore, if (j,n) # 1 then for
k =n/(j,n) we have n | [k, which gives a contradiction. Hence (j,n) = 1.

2. If (n,m/n) = 1, then we clearly have that n { km/n forall 1 < k < (n — 1). Consider
the quotient map 7 : G — G/|G, G]. Since given exact sequence is right split, we
have an injective homomorphism ¢ : G/[G, G| — G such that 7 o v = idg/ic ). Let
r = (/") € Gwherel < j < (n—1)and (j,n) = 1. Hence 7(z) = y/™/". Since . is
injective, x will be an element of order n. Now since n { km/nforall 1 < k < (n—1)
and since (j,n) = 1,wehaven{ jkm/nforall1 <k < (n—1). Henceforall 1 <k <
(n — 1), n(2*) = y/*™/" is not an n-th power in G/[G, G). Hence z* ¢ H. Therefore
we get a set of representatives for H-cosets in G of the form {1, z,z?, ..., 2" '} with
x € G such that 2" = 1.

3. Letus assume that the exact sequence is right split. Since n = m, we have (n,m/n) =
(m,1) = 1. Hence from (2), we get the required set of representatives for [G, G|-
cosets in G.

Conversely, if there exists a set of representatives for [G, G]-cosets in G of the form
{1,z,22, ..., 2™ '} with z € G such that z™ = 1. Then clearly n(z) = z[G,G] is a
generator of cyclic group G/[G, G]. Define . : G/|G,G] — G by

u(m(g)) :=a"ifn(g) € G/|G, G] is of the form 7 (x)",r > 0.

Hence . is an injective homomorphism satisfying 7 o ¢ = id¢/ (¢, and consequently
the exact sequence is right split.

]

Remark 2.1.2.1. If G is abelian, then it satisfies the hypothesis of above proposition if and
only if it is cyclic.
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Remark 2.1.2.2. The condition that G /|G, G] is cyclic is important in statement (3) above. If
G is a non-cyclic abelian group, then |G, G] = 1 and so exact sequencel -1 —- G - G — 1
is clearly right split, but we can never have required representatives for |G, G|-cosets because
of non-cyclicity of G.

Corollary 2.1.2.1. (Bhagwat, Jaiswal) (Corollary 2.2.1 in [4])

Let n,r € N. Consider a prime power ¢ = p" such that ¢ = 1 mod n. Let H be the
unique index-n subgroup of GL4(F,) such that the quotient is abelian. Then the following are
equivalent.

* (n,(g=1)/n) =1.

o There exists a set of representatives for H-cosets in GLy(F,) ofthe form {1, x, 2%, ..., "'}
with x € GLy(F,) such that 2™ = I.

Proof. Let G = GLy(IF,) then [G, G] = SLy(F,) and G/[G, G] = F (isomorphism is defined
through the determinant map) is cyclic of order m = ¢ — 1. Since ¢ = 1 mod n, we have
n | m. Consider the exact sequence given by the determinant map

1 [G,G) = G X - 1.

Let . : F) — G be the map defined by

10 y
ta) = (0 a) foralla € F;.

This is a homomorphism satisfying det o 1 = idyx. Hence we conclude that the exact
sequence is right split.

By applying similar argument to det map as applied to = map in previous proposition,
we are done.

13



Remark 2.1.2.3. Above corollary holds for GL(F,) as well for any k € N. This can be proved
using the map

I 1xk—1 O
v(a) = ( F 10Xk ! ) foralla € Fy.
a kxk

Proposition 2.1.3. For given n,r € N such that (r,n) = 1, there are infinitely many primes
satisfying the two conditions

p" = 1modn,

(n, (0" = 1)/n) = L.

Proof. Suppose a prime p satisfies the given conditions. Let ¢ = p". Choose 0 < k < (n—1)

such that
qg—1
n

= k mod n.

Observe that (k,n) = 1 since (n, (¢ — 1)/n) = 1. Hence ¢ = kn + 1 mod n?.

Conversely, each p satisfying p” = kn+1modn? forsome 0 < k < (n—1)with (k,n) =1,
satisfies given conditions.

Now for each 0 < k < (n — 1) with (k,n) = 1, we have (kn + 1,n?) = 1. Hence by
Dirichlet’s theorem on primes in arithmetic progression, we conclude that for each such
k, there are infinitely many primes such that

p = kn + 1 mod n?,
and hence p" = (kn + 1)" mod n®.
Now for each such &, (rk,n) = 1, because (k,n) = (r,n) = 1. Hence there are infinitely

many primes satisfying given conditions. O
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2.2 Galois correspondence, Right splitting and Galois the-

oretic results

We discuss a result here that establishes the occurrence of certain semidirect product of
groups as a Galois group.

Theorem 2.2.1. (Bhagwat, Jaiswal) (Thm 2.4 in [4]).

Let | > 2. Let K be a finite extension of Q and let E1, Es, ..., E; be finite Galois extensions
of Q contained in Q. Let G; be the Galois group of E; over Q for all i. Suppose

1. By---E,NE,=Kforalll1 <k<Il-1,

2. forevery i, there exists a set of representatives of H;-cosets in respective G, that is closed
under multiplication, where H; is Galois group of E; over K.

Then for each 1 < ¢ < I, H; is a normal subgroup of respective G; and the group (H; x
Hy x --- x Hy) x G1/H; (for some semidirect product group law) is realizable as the Galois
Group of E, - - - E; over Q.

Proof. We will prove by induction that Gal(E 1 Es -+ - By /K) = (Hy X Hy X --+ X Hy) and
Gal(E 1 Ey -+ Ex/Q) = (Hy X Hy x -+ x Hy) x G1/H, (for some semidirect product group
law) forall 2 < k < 1.

For base case k = 2, see the following diagram.

Since, F,, E, are Galois over Q and are contained in Q, F, F, and E; N E, are defined
and are Galois over Q and K = E; N E,. We have Gal(E;/Q) = G; and Gal(E;/K) = H, for
i =1,2. Since K is Galois over Q, H;s are normal in respective G;s. Gal(K/Q) = G,/H;, =
G+ /H,. Fix an isomorphism 6 from G5/ H, to G,/ H;.

15



Let Gal(K/Q) = {x;H,|1 < i < n} where x;H, = 6(y;H-) for all i. Here {z; € G;|1 <
i <n}and {y; € Gy|]1 <i < n} are sets of representatives of H; and H, cosets in G; and
G, respectively, which are closed under multiplication.

By Galois Correspondence Theorems 2.1 and 2.6 in [5], we have Gal(E, Ey/E;) = H,,
Gal(ElEg/Eg) = H, and Gal(ElEg/K) = H, x Hy.

Let Gal(F, E2/Q) = M. We have

‘Ml = [ElEQ : K] [K : Q] = ’Hl X HQ’ ’Gl/Hl‘
= [Hy X H| |Ga/ Ha| = |G1| |Ha| = |Gaf [Hi].

Consider map o : M — G x G5 given by o(g) = (g1, g2), where g; = g|g, fori = 1,2.
The map o is clearly a well defined injective group homomorphism (see Thm 1.1 [5]).

Ifg € M and g|K = x;Hi = 91|K, then (I’Z_lgl)h( = 1dg. Hence l'i_lgl € Hl, thus
g1 € x;H,. Similarly, by g|x = x;H1 = 0(92|x) = 0(yiH2), 92 € yiH>.

Hence Image(a) C |_| (l’zHI X yZHQ) Since | |_| (IlHl X yZHg)’ = |H1 X H2||G1/H1‘ = |M|
=1 =1

(ZIZ’Z’Hl X yzHQ) Hence, M= |_| (iCZHl X yzHQ)

=1

and o is injective, we get Image(c) =

7

s

Consider a map w : |i| (fﬂzHl X ylHQ) — (Hl X HQ) X Gl/Hl given by w((xzh1>yzh2)) =

=1
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((h1, ha), z;Hy) where we define a semidirect product group law for (H; x Hs) x G1/H; by

((h1,ha), i Hy).((k1, ko), v;Hy) = ((xj_lhﬂjkhyj_lh2yjl€2),$i$jH1)-

This group law is well defined and associative since H; are normal in G, fori = 1,2 and
sets of their respective coset representatives are closed under multiplication. We observe
that

(wiha, yihe).(xk1, yjko) = (z;hax ke, yihoyiks) = ((inj)($;1h1$jk1)7 (yiyj)(yjlhgyjb)).

Hence we conclude that ¢ is a group isomorphism and hence M = (H; x Hy) x G1/H;.

Alternatively, consider the sequence

1—>(H1 XHQ)L-) (szl XyzHQ)gGl/Hlﬁl

—-

1

(2

where i(hy, hy) = (x1h1,y1h2) (1 € Hy,yn € Hs) and w(z;hy,y;he) = x;H;. Because of
our multiplicatively closed assumption, z; and y; are identities of G; and G, respectively.
Hence i is injective. Also = is surjective and = o i is trivial homomorphism. Thus the
sequence is exact.

Now consider ¢ : Gy/H, — | |(x;H, x y;Hy) with «(z;H,) = (2;,v;). The map ¢ is
=1
clearly a group homomorphism because of our multiplicatively closed assumption and
also m o v = idg, /u, - Hence the sequence is right split. Thus M = (H, x Hy) x G1/H,.
Now assume that the statement is true for & = m, where 2 < m <[ — 1, that is,

Gal(E1 By -+ Ep/K) 2 (Hy x Hy X + -+ x Hpy),

and, Gal(ElEg . Em/@) = (Hl X H2 X oo X Hm) b GI/HL

we will prove the statement for £ = m + 1.
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Let i =FE,---FE,and F; = E,,,;. Hence

Gal(F1/Q) = Gal(E By - -+ E,, /Q) = (Hy X Hy X -+ x Hp,) X Gy /Hy,
Gal(F2/Q) = Gal(E,,41/Q) = Gy,

Gal(F,/K) = Gal(E\ By - -+ Eyy /K) 2 (Hy x Hy x -+ x Hy,),

Gal(Fy/K) = Gal(Ep1/K) = Hypyy sinceFy N Fy = By« Epy N Epyg = K.

Hence F; and F; satisfy conditions of base case and thus we have

Gal(ElEQ- Em+1/K) = Gal(FlFQ/K) = Gal(Fl/K) X Gal(FQ/K)
g(HIXH2X"'XHm)XHm+1:H1XH2X"'XHm+1

and,

Gal(ElEg . Em+1/Q) = Gal(Fle/@) = Gal(Fng/K) X Gl/Hl
= (H1 X H2 X X Herl) b Gl/Hl'

Remark 2.2.1.1.

1. If |G : H] is finite, then a set of representatives for H-cosets in G satisfies the condition
of closed under multiplication if and only if it is a subgroup of G.

In particular, A set of representatives {1, z,z?,...,x" '} for H-cosets in G which forms
a cyclic subgroup of G, satisfies the condition. We get a criterion for existence of such a
set of representatives in Prop 2.1.2.

2. The second condition assumed in the theorem is equivalent to exact sequences

being right split, that is G; = H; x G;/H; for some semidirect product group law.

Remark 2.2.1.2. Let d; be distinct primes fori = 1,2 and d3 = d,d,. Let K = Q and consider
quadratic extensions E; = Q+/d; for 1 <i < 3.
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Clearly E; N E; = K for all i # j, but we have E;E; N E, = E;, # K where i, j,k are a
permutation of 1,2, 3. So the assumed condition in the above theorem is not always satisfied
and hence it is important.

Remark 2.2.1.3. In the above theorem, we could have assumed a symmetric but stronger
condition E,...E; 1E;,..E, N E; = K forall 1 < i < n which implies the condition that
we have assumed FE,..E, N Eyyy = K forall1l < k < n — 1since Ey..E;, N Ep; C
E,..E.E;>..E, N E,,, = K. But it would have made our theorem weaker. (Note: Condition
for i = 1is not required, it is written for symmetry).

Remark 2.2.1.4.

1. Under the conditions of above theorem, we have (H; x Hy x --- x H)) x G1/H; —
G1 X Gy X --- X G from Thm 1.1 [5].

2. If all G;s are abelian in above theorem that is each E; is an abelian extension of Q,
then the compositum is an abelian extension over Q and the semidirect product that we
defined is in fact the direct product.

3. However to the best of our knowledge, one doesn’t know in general whether (H, x Hjy X
.-+ X Hy) x G1/H, is realizable as a Galois group over Q.

We now describe an independently interesting consequence of the Galois Correspon-
dence (see Theorems 2.1 and 2.6 in [5].)

Proposition 2.2.2. (Bhagwat, Jaiswal) (Prop 2.5 in [4])

Let finite groups H,, Ho, ..., H,, be Galois groups over K of extensions FE,, Es, ..., E, re-
spectively which are contained in Q. Fix k < n — 1 and suppose E;, - - By, NE;,,, = K forall
1 < j < k — 1 where i, are distinct elements from 1 to k. Then the following statements are
equivalent.

1. B\ EyN By = K.

2. B --- E;, NE;,,, = K where i, are distinct elements from 1 to k + 1.

3. Er- BBy EpNE - Ej B By =By BBy Ej B B
foranyl1 <i<j<k+ 1.
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Proof. Because of given conditions and induction we get,

Gal(Ez-l EZJ/K) = Hi1 X ... X H;.

g

for all ; < k where i; are distinct elements from 1 to £ and

7;m71 Ei'nH»l '

o

) = H;
forall j < kand 1 < m < j where i; are distinct elements from 1 to £.

Equivalence of (1) and (2): For 4; distinct elements from 1 to k£ + 1,

Br By Epar = K.
sy Gal(E1-~~Ek+1/K)§H1><---><Hk+1.
< Eil"'EikmEik+1:K.

Equivalence of (1) and (3): Forany 1 <: < j <k +1,let

D=FE, - B,
Di=FE - E,_1Ei- By,
Dj=Ey- Ej1Ejr- e B,
Dij = Ey...E; 1Eiy1...E; 1Ej .. By

Now since Gal(D;/D;;) = H; and Gal(D,/D;;) = H,, we have by Thm 1.1 [5],

Gal(D/Dw) — Hz X Hj.

We also have

ngxu'XHi_lXHi+1X"'XHj_1XH]‘J’_lX"'XHkJ,_l.
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Hence,
Gal(D/K) = H1 X oo X Hk+1

— Gal(D/Dw) = H, x Hj
= D; N Dj = ng

Conversely,
D;ND; = D;;
— D,NE;c D;ND; =D,
— D,NE, CDy;NE =K
— D,NE =K
— Gal(D/K) = Hy X -+ X Hyyq.

2.3 Cases of IGP in work of Arias-de-Reyna & Konig

We begin with definition of linear disjointness.

Definition 2.3.1. Let E, and E, be extensions of a fields K contained in an algebraic closure
K of K. Then E, and E, are linearly disjoint over K if every K -linearly independent subset of
E, is also linearly independent over E.

We note the following basic fact from Galois theory.

Remark 2.3.1.1. Let E, and E, be finite extensions over K contained in K and suppose one
of them is Galois. Then E, and E, are linearly disjoint over K <= F, N FE, = K (see [15,
Def 20.1 and Example 20.6]).

Definition 2.3.2. Let K'/K be a Galois extension of number fields. We say that K'/K is
locally cyclic, if its decomposition group at every prime is cyclic.
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Using Galois representations attached to elliptic curves, Arias-de-Reyna and Konig
have proved the following (Thm 1.1 in [1])

Theorem 2.3.3. (Arias-de-Reyna, Konig)
For a prime p > 5, there are infinitely many locally cyclic Galois extensions of Q with Galois
group GLy(TF,), which are pairwise linearly disjoint over Q(,/p*) where p* = (—1)P=1/2 p,
Consequently one also has the following.
Corollary 2.3.3.1. Fora prime p > 5, there are infinitely many locally cyclic Galois extensions
of Q with Galois group PGL4(F,), which are pairwise linearly disjoint over Q(,/p*).
One also has the following from Remark 4.4 and Corollary 4.3 of [1].

Proposition 2.3.4. There are two Galois extensions Ly, L, over Q with Galois group GLy(F,)
which are linearly disjoint over Q((,).

2.4 New Cases of IGP through the Cases in work of Arias-
de-Reyna & Konig

Theorem 2.4.1. (Bhagwat, Jaiswal) (Thm 2.6 in [4]).

Let n,r € N. For a prime power q = p", suppose the following hold.

1. g=1modnand (n,(¢g—1)/n) = 1.

2. GLy(F,) is realizable as Galois group over Q of extensions Ey, E; which are contained
in Q such that E, N B, = K is a degree n abelian extension of Q.

Then (H x H) x GLy(F,)/H (with semidirect product group law as in Thm 2.2.1) is real-
izable as Galois group over Q where H is the unique index-n subgroup of GLy(F,) such that
the quotient is abelian.
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Proof. We have for | = 2, F,, F, satisfying conditions of Thm 2.2.1 with G; = G, =
GLy(F,), and [Gy : H,] = n and G,/H, is abelian group and ¢ = 1 mod n. Therefore
H, = H, = H.Since ¢ = 1 modn and (n, (¢ — 1)/n) = 1, from Corollary 2.1.2.1, we get the
required set of representatives for H-cosets in GLy(F,). O

Remark 2.4.1.1. Because of the conditions on p and n in above theorem, we actually get that
K is a cyclic extension (not just abelian).

Corollary 2.4.1.1. (Bhagwat, Jaiswal) (Corollary 2.6.1 in [4])

For a prime p > 5, (SLy(FF,) x SLy(FF,)) x Z/(p — 1)Z (with semidirect product group law
as in above theorem) is realizable as Galois group over Q.

Proof. From Prop 2.3.4, we get E, F, satisfying conditions of previous theorem with n =
p—1, K = Q(¢,) and GLy(F,)/H is cyclic group of order p — 1. Moreover from Corollary
2.1.1.3,we have H = SLy(F,). O

Corollary 2.4.1.2. (Bhagwat, Jaiswal) (Corollary 2.6.2 in [4])

For a prime p > 5 with p = 3 mod 4, let H be the unique index-2 (hence normal) subgroup
of GLy(F,). Then (H x H) x GLy(F,)/H (with semidirect product group law as in above
theorem) is realizable as Galois group over Q.

Proof. From Thm 2.3.3, we get E, E satisfying conditions of previous theorem with n =
2. Since p = 1 mod 2, the conditions p = 3 mod 4 and (2, (p — 1)/2) = 1 are equivalent.
Hence we are done. N

Remark 2.4.1.2. If p = 1 mod 4 then (2, (p — 1)/2) = 2. Hence by Corollary 2.1.2.1 there is
no x € GLy(IF,) such that x € H and order(x) = 2.

Corollary 2.4.1.3. For a prime p > 5 with p = 3 mod 4, let H be the unique index-2 subgroup
of GLy(F,). Then H and H x H are realizable as Galois groups over Q+/—p.

Proof. From previous corollary and proof of Thm 2.2.1, we have that H x H is realizable as
Galois group over Q./p* = Q\/—p (since p = 3 mod 4). Since H is normal in H x H (where
embedding is given by i — (h, 1)), the quotient H is also realizable as Galois group over

Qv/—p.
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Proposition 2.4.2. (Bhagwat, Jaiswal) (Prop 2.7 in [4])

For a prime p > 5, (PSLy(F,) x PSLy(FF,)) x Z/27Z (with semidirect product group law as
in Thm 2.2.1) is realizable as Galois group over Q.

Proof. Consider H = {x € GLy(FF,) | det(z) is a square in F\ }, which is the unique index-2
subgroup of GL,(F,) by Corollary 2.1.1.1. We have SLy(F,) C H C GLy(F,). Let h € H
and det(h) = AZ. Then h = A,IA;'h where ALl € Z(GLy(F,)) and A, 'h € SLy(F,).
Hence PH = PSLy(F,) where isomorphism is given by the map sending hZ(GLy(F,)) to
(A, *h)Z(SLy(F,)). Since H is the unique index-2 subgroup of GL,(F,) containing Z (GLs(F,)),
we have that PH = PSL,(F,) is the unique index-2 subgroup of PGL,(F,) by one to one
correspondence between subgroups of GL,(F,) containing Z(GL4(F,)) and subgroups of
PGL(F,).

) . 1 +1
Wehavep > 3. Letr # p—1beanon-square element inF,. Consider z = ( ) ' 1 ) ¢

Hwith 22 = 1 (Z(GLy(F,))).

From Corollary 2.3.3.1 of Thm 2.3.3 for PGL4([F, ), we get E,, E, satisfying conditions
of Thm 2.2.1 for [ = 2 with G; = G, = PGLy(F,), and [G; : H;] = 2. Therefore H, =
H, = PSLy(F,). We observe that {1,2Z(GLy(IF,))} is required set of representatives of
PSLy(FF,)-coset in PGLy(F),). O

Corollary 2.4.2.1. For a prime p > 5, PSLy(F,) and PSLy(F,) x PSLy(F,) are realizable as
Galois groups over Q+/p*.

Proof. Proof is similar to proof of Corollary 2.4.1.3.
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Chapter 3

Galois Representations, Right Splitting
& Inverse Galois Problem

In this chapter, by using the algebraic operations induction, direct sums and tensor prod-
ucts on Galois representations and right splitting of some exact sequences of groups, we
establish occurrence of some groups as Galois groups over Q.

3.1 Induced Galois Representations and Galois groups

Definition 3.1.1. Let G = Gal(Q/Q) with Krull topology. Let E be a number field and A be
a prime in its ring of integers O. Let E, be the completion of E with respect to A and O, be
its ring of integers. Let Fy = Ox/AO,. (7, V) is called a Galois Representation if

1. V is a finite dimensional vector space over E, and

2. m: G — GL(V) is a continuous homomorphism where GL(V) has the topology inherited
from the topology of the topological field E, which has the A-adic topology.

Remark 3.1.1.1. In place of Q, we can have a similar definition for any number field K with
G = Gal(K/K).
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Remark 3.1.1.2. Let dimg, (V') = m. Now from Prop 9.3.5 in [6], there is a basis of V such
that 7(G) C GL,,,(O,) for all g € G. Let us consider the maps ' : G — GL,,(F,) and
7 : G — PGL,,(F,) obtained from 7 through the quotients maps O, — F, and GL,,(F,) —
PGL,,(Fy).

Definition 3.1.2. A finite group C' is said to be realizable as Galois group over Q through a
Galois Representation (m,V') if C' = Image(7).

Remark 3.1.2.1. We have a similar definition for =’ in place of 7.

Let K be a finite extension of Q contained in Q. Then K = Q. Let H = Gal(K/K) C G.
Let (7, W) be a Galois representation with dimg, (W) = m.

Leto = 7|y : H — GL(W). Theno’' : H — GL,,(Fa) and ¢ : H — PGL,,(F,) and
Image(c) = 7(H). Also, [7(G) : 7(H)] < [G : H].

Let us consider the induced representation p = Ind$ (o) on the induced space over E,,
defined by
V=A{f:G—=W]|f(hg)=0c(h)f(g) forallh € H,g € G}

and p : G — GL(V) is given by p(g)f(x) = f(zg),forall g,z € G, f € V. Thus (p,V) is a
Galois representation.

Let {s;}1<i<, be a set of representatives of right cosets in H\G and {w;, },<;<,, be a basis

el ) >

o(gs Hw, ifgste H
¢s,w<g) = ]
0 otherwise.

and dim(V') = dim(W)[G : H].

Let H be a normal subgroup of G (i.e., K is Galois over Q) such that [G : H]| = n. Since
dim(W) = m, we have dim (V') = mn. Without loss of generality, let s; = 1. We label the
basis of V" as

f1:¢1,w17 f2:¢1,w27 ceey fm:¢17wm7
fm+1:¢32,w17 ey f2m:¢52,wm7 CIRI)
f(n—l)m+1:¢sn,w17 sy fnm:¢sn,wm'
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We write down the matrix of p(g) with respect to the above basis. Observe that

mn

p(9)fi(z) = fi(zg) = Zajifj(x)

j=1
By taking = = s;, we get that

(f1(9)  (f2(9) - (fum(9))

plg) = (fi(s29)) (fa(529)) -+ (fam(s29))

(f1(s09)) (f2(509)) - (fum(5n9))
where (f;(sig)) are treated as m x 1 column matrices (matrices with respect to given basis

nmxnm

The nm x nm matrix for p(hs;): The p,¢-th m x m block where 1 < p,¢ < n and q is
such that s,,s; € s,H is W(sphsisq_l), since ¢, (sphs;) = W(sphsisq_l)w, since s,hs; € s, H.

Since 7(G) C GL,,(O,), we conclude that p(G) C GL,,,(O,) and p/ : G — GL,,,,,(Fy)
and p : G — PGL,,,,(IF,) can be defined.

Remark 3.1.2.2. All the following results for p and = in this section also hold for p' and 7' as
well as p and 7.

Lemma 3.1.3. Images p(H) and =(H) are isomorphic.

Proof. If g = h € H, then

Define a map from p(H) to w(H) by first block projection sending p(h) to m(h). This
is clearly a surjective group homomorphism onto (H). If 7(h) = 1, then 7(sihs,') =
m(sg)m(h)m(s,)~t = 1 for all k. Hence, this map is injective too. O
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Lemma 3.1.4. We get an exact sequence

1—=p(H)— p(G)— G/H — 1.

Proof. If g = hs; € Hsj, (fj-1m+1(9)) = m(h)wy, (fi-nm+2(9)) = m(R)wa, ..., (fim(9)) =
7 (h)w,, and for other &, (fx(g)) = 0. We have

p(G) = p(H)| |p(Hss)| |-+ |p(Hsn) = p(H)| | p(H)p(s2)| || | p(H)p(sn)
hence [p(G) : p(H)] = n.

Now, since H is normal in G, its left and right cosets coincide. Hence we can define a
map v : p(G) — G/H with v(p(hsg)) = siH for any h, s,. Now ~ is well defined surjective
homomorphism because p(Hs;) for 1 < i < n are disjoint. The kernel of v is precisely
p(H). O

Remark 3.1.4.1. We do not necessarily get a similar exact sequence involving w(H), n(G)
and G/ H a similar well defined surjective map from =(G) to G/ H may not exist since w(H s;)
need not be disjoint.

Example 3.1.5. Let G/ H be cyclicwith representatives of H-cosets in G of the form {1,s,s?,..., s" 1}
If g=hs' € H for 0 <i <n — 1, the matrix p(hs') is given by

ﬂ,(sn—l—ihs—(n—l—i))
m(s"'hs') 0
0 71,(Sn—(i—l)lﬁbs(i—l)) .

0 m(s" 'hs)
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In particular,

0 I, 0
0 0 I, 0
ps) =
I
(") 0]
Lemma 3.1.6. Suppose we have a set of representatives of H-cosets in G, {s1, S2, .. ., S, } With

s1 € H, then p(s;)p(s;) = p(si) <= (n(s;)n(s;) = w(sy) and s;s; € spH).

Proof. We compute matrices p(s;), p(s;), p(sk) nd p(s;)p(s;).

The p, g-th m x m block of p(s;) is w(spsisq‘l), where 1 < p,¢ < n and ¢ is such that
SpSi € sqH.

The ¢, r-th m x m block of p(s;) is 7(s,s;s, '), where 1 < ¢,7 < n and r is such that
5455 € spH.

The p, I-th m x m block of p(s;) is 7(s,sks; "), where 1 < | < n and [ is such that
spsk € siH.

The p, r-th m x m block of p(s;)p(s;) is 7(spsis, )w(sqs55, ") = m(spsisjs, ).
Since s,s; € s,H, s45; € s,H,we get s,s;5; € s, H.

Hence p(s;)p(s;) = p(sp) <= (m(spsi855;Y) = m(spsps; ) andr = 1) <= (7(s;)n(s;) =
m(sg) and s;s; € spH).

]

Remark 3.1.6.1. 7 (s;) need not be distinct even though p(s;) are distinct. In fact even if all
7(s;) are same, p(s;) will be distinct.

Corollary 3.1.6.1. Let G/ H be cyclicwith representatives of H-cosets in G of the form {1, s, s*,
Then p(s)" = 1l ifand only if n(s)" = 1.
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Theorem 3.1.7. (Bhagwat, Jaiswal) (Thm 3.7 in [4])

Let G and H be as above, then the exact sequence
1= p(H)— p(G) - G/H —1

is right split (that is p(G) = p(H) x G/H for some semidirect product group law) if and only
if there exists a set of representatives of H-cosets in G, {s1, Sa, ..., S, } with s; € H such that
{p(si)}i forms a multiplicatively closed subset of p(G). (In fact it is a subgroup with same
group structure as {s;H}, = G/H)

Proof. Let {ry,rs,...,r,} be a set of representatives of H-cosets in G. If the exact sequence
is right split, let . be splitting with v o v = idg/. Hence v o «(r; H) = r;H for each i. Thus
for each 4, «(r;H) = p(h,r;) for some h; € H. Let s; = h;r; for each i. Hence {sy, s, ..., sp}
also forms a set of representatives for H-cosets in G with s;,H = r;H and «(s;H) = p(s;)
for each i. Since ¢ is a homomorphism, we have «(s;H)u(s;H) = u(s;s;H) for any i, j. Let
s;s;H = s, H for some k. Hence «(s;H)u(s;H) = (s H) that is p(s;)p(s;) = p(sx). Hence
{p(s;)}:; forms a multiplicatively closed subset of p(G).

Conversely, suppose there exists a set of representatives of H-cosetsin G, {si, so, ..., Sy}
with s; € H and {p(s;) }; forming a multiplicatively closed subset of p(G). Let i # 1. Then
p(s1)p(s;) = p(si) for some k. Hence, p(s1s;) = p(si). Since s; € H, we have s;s; € s;H.
Hence by matrix calculation done above, p(s;s;) = p(sx) is not true unless £ = i. Hence
p(s1)p(si) = p(si). Thus p(s;) = 1. For any ¢, consider the set {p(s;)p(s;)}; which is a per-
mutation of the set {y(s;)};. Hence there is a j such that p(s;)p(s;) = 1. Hence {p(s;)};
forms a subgroup of p(G).

Now by assumption p(s;)p(s;) = p(s;) for some [. Hence p(s;s;) = p(s;). Suppose
siHs;H = s;s;H = spH. Then by matrix calculation done above, p(s;s;) = p(s;) is not
true unless [ = k. Hence p(s;s;) = p(sx). Hence {p(s;)}; is a group with the same group
structure as {s,H};, = G/H.

Then we can define «(s;H) = p(s;). Hence, u(s;H)u(s;H) = p(si)p(s;) = p(sk) =
v(skH) = u(s;Hs;H). Hence ¢ is a homomorphism. Also, v(c(s;H s

N—
N—
I
2
—~
e
—
V)
K
N—
N—
I

hence v o v = id, . Hence the exact sequence is right split.
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Remark 3.1.7.1. We can similarly prove Remark 2.2.1.1 in previous section.

Corollary 3.1.7.1. If there exists a set of coset representatives of H in G which forms a mul-
tiplicatively closed set, then the above exact sequence is right split.

Corollary 3.1.7.2. Let K be a cyclic extension of Q and let G and H be as above. Then the
above exact sequence is right split if and only if there exists a set of representatives of H-
cosets in G of the form {1,s,s?,...,s" '} with p(s)* = 1. Also, if these statements are true
then order(p(s)) =nand s™ € H.

Proof. From the above theorem, we get coset representatives of H, {s; }; with {p(s;)}; form-

ing a subgroup with same group structure as {s;H}; = G/H =< sH > for some s € G

with s; € H. Hence without loss of generality, let s; H = s"' H for all i. Now let r; = s5 .

Hence r;H = s;H. Now since sj H = (soH)™ = H, we have p(s3)” = 1. Hence we are done.
Other assertions are clear.

Applying above discussion to p and 7 we have the following.

Theorem 3.1.8. (Bhagwat, Jaiswal) (Thm 3.8 in [4])

Let H be a finite index normal subgroup of G = Gal(Q/Q). Suppose there exists a set of
coset representatives of H in G which form a multiplicatively closed subset of G. Then if a finite
group M is realizable as a Galois group over Q through a Galois Representation (w, W) such
that M = 7(G) = 7(H), then M x G/ H is realizable as a Galois group over Q (for semidirect
product group law as in Thm 3.1.7).

Observation : G = H <= ker(r) C H and n(G) = 7(H).

We can generalize Lemma 3.1.4 and Thm 3.1.7. Consider a closed subgroup H’' of G.
We have H'/(H' N H) — G/H.

Theorem 3.1.9.
1. We get an exact sequence
l—=pHNH)—p(H)— H/HNH)— 1.
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2. This exact sequence is right split (that is p(H') = p(H' N H) x H'/(H' N H) for some
semidirect product group law) if and only if there exists a set of representatives of (H' N
H)-cosetsin H', {s1, s, ...,s} withs; € H N H such that {p(s;)}; forms a multiplica-
tively closed subset of p(H').

3. HC H'ifandonly if p(H) C p(H') and ker(m) "H C H'
4. Let H C H'. Then the exact sequence is
1—p(H)— p(H)— H/H — 1.

If there exists a set of representatives of H-cosets in G, {s1, S, ..., s} With sy € H such
that {p(s;)}: forms a multiplicatively closed subset of p(G), then this exact sequence is
right split. That is p(H') = p(H) x H'/H for some semidirect product group law.

3.2 Direct Sum / Tensor Product of Representations and
Galois Groups

Consider Galois representations (m;, V;) : 1 < i < n and their direct sum Galois represen-
tationm= @ 7 :G— GL( @ V).

1<i<n 1<i<n
Lemma 3.2.1. If for each 1 < i < n, finite group H; is realizable as a Galois group over
Q through Galois representation (m;,V;) for m;-dimensional vector spaces V; over E,, then
{(71(9),...,7(g)) | g € G} C Hy x Hy x --- x H, is realizable as Galois group over Q.

Proof. We have ; : G — GL(V;) with 7;,(G) € GL,,,(Ox) and 7; : G — PGL,,,(F,) such
that H; = Image(7;).

Now the direct sum Galois representation, 7(g) = diag(m1(9), - - -, Tn(9))mxm Where
m = my +mg+ ...+ m,. Hence 7(G) C GL,,(0,) and 7 : G — PGL,,(F,) with Image(7) =
{(71(g9),....7n(9)) | g € G} C Hy x Hy X --- x H,.

[
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We consider the tensor product Galois representationII = @ mof Gon & V.

Proposition 3.2.2. (Bhagwat, Jaiswal) (Prop 3.15 in [41])

The groups realized as Galois groups over Q through Galois representations w and I1 are
isomorphic, i.e.,

Image(7) = Image(II).

Proof. Let V; and V; be finite dimensional vector spaces over a field F with dimensions m;
and m, respectively. Given 7; € GL(V;) for each i = 1,2, we consider the natural F-linear
map (T} ® T) : V; ® Vo — V1 ® V; that is also invertible.

Fix bases of V; and V5, and the corresponding basis of V; @ V,. Let A;, Ay, A be the
matrices representing 7, 15, T} ® Ty, respectively with respect to these bases. Then

CL11A2 ce A1m, AQ
A=A ®@A = : : ;
amllAQ e amlmlAg
mimsa
/ !/
all P a;lml all “ .. a1m2
where 4, = : : and A, =
/ /
Amy1 -+« Amomy Aol -0 Qoo

If the map T ® T5 is given by the scalar multiplication by A € F*, then it follows that
A; = u;I for some scalars uq, ps € F* such that A = p; 5. Thus the map 7 ® T, descends
to a injective group homomorphism

7 : PGL(V;) x PGL(V3) = PGL(V; ® V).

LetF = Ey. ThenIl(g) = m1(g9) ® ma(g9) ® - - - ® mn(g). Hence I1(G) C GL,,(O,) where
m=mimsy---m,and Il : G — PGL,,(Fy).

Let F = F,. We observe that 7((71(g), #2(g))) = m1(g) ® m(g) = (m & m2)(g). Hence,
7({(m1(g),72(g)) ]~g € G}) = Image(m; ® m,). Since 7 is injective, we get {(71(g), 72(g)) | g €
G} = Image((m ® m)).
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By induction on n, we get a well defined injective homomorphism from PGL(V;) x

PGL(13) x - -- x PGL(V,) to PGL( & V;) such that Image(IT) 2 {(71(g), ..., 7n(9)) | g €

1<i<n
G}. By Lemma 3.2.1 we are done.

]

Proposition 3.2.3. Suppose foreach 1 < i < n, finite group H; is realizable as a Galois group
over Q through Galois representation (m;, V;). Let | H;| = r;. Suppose we have g1, ..., g, € G
for each i, such that for all i, H; = {7;(g:1), - .., 7i(gir,)} and such that for each i, 7;(g;;) = 1
forall1 < k <r;andforall j #i. Then H; x Hy x - -- x H,, is realizable as Galois group over

Q.

Proof. Any element of H; x Hy x --- x H, is of the form (71(g1;,),- -, Tn(gn, )) for some
1<, <r;foreachl <i<n.

Now, (71(g111), - - -+ Tnlgnt,)) = (F1(gu), 1, DL, T2(92,), -5 1) -+ (Lo, 1, (Gt )
= (T(gw), - Tn(9u))(T1(9212), - - - Tnlg21,)) -+ (TGt ) - - -5 T Gnt))

= (T1(911, 9215 - - Gty )s -+ - Tl G112 9215 - - - Gt ) € {(F1(9), -, 7nl9)) | g € G}

Hence {(71(g),....7n(9)) | g € G} = Hy x Hy x --- x H,. By Lemma 3.2.1 we are done.

O

Let L = {(n(9),p(9))lg € G}. Thus L = {(7(g),(g9))|lg € G} is realizable as a Ga-
lois group over QQ through the Galois representation (7w & p, W @& V') where p is induced
representation as before.

Remark 3.2.3.1. All following results for p and = also hold for p' and =’ as well as p and .

Lemma 3.2.4.

1. The projection ¥ : L. — p(G) is an isomorphism.

2. The kernel ker(®) of the projection ® : L — = (G) is isomorphic to ker(r)/(ker(m) N H)
and isomorphic to a subgroup of G/H.
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Proof. (1)If p(g) = I,then g € H. By matrix of p(g), we get 7(g) = I since g € H. Hence ¥
is also injective.

(2) Suppose ©(h;s;) = w(h;s;) = I, for some h;, h; € H. Then in the matrix of p(h;s;),
the p, g-th m xm block matrix, where 1 < p,¢ < nand ¢is such that s,s; € s,H,is 7(s,s,").
Hence it is independent of h; € H. Let p(h;s;) = 6,. Similarly, p(h;s;) = 6,.

Let s;s;H = s, H for some k, that is s;s; = hsy, for some h € H. Now, 7(h;s;)m(h;s;)
m(hisihjs;) = w(hih;sisj) where s;h; = h}s; since H is normal in G. Hence 7 (h;s;)m(h;s;) =
W(hlh;hsk) Let hk = hzh;h Hence W(hisi)ﬂ'<h]’8]’) = W(hksk). Slmllarly, p(hlsl)p(hjsj) =
p(hsi).-

Hence 7 (hysy) = I, for above hy. Let p(hysi) = 0. Then 6,0, = 6,. Hence {0, }1<i<,
form a group with same group law as {(s; H)}1<i<x- Also, for any i, p(h;s;) = 0; if and only
if w(his;) = I,. Let J = {i € {1,2,...,n} | ker(w) N Hs; # 0}. Hence ker(®) = {(I,6;) }ic-
Thus we have Q : ker(®) — G/H sending (!, 0;) to s;H.

Now, since H < G, we have (ker(n) N H) < ker(w). We also have usual maps ker(w) —
G — G/H. Hence ker(m)/(ker(m) N H) — G/H. Since G = | |,,.,, Hs;, we have ker(r) =
| |;c,(ker(m) N Hs;). Now for i € J there exists an h; € H such that m(h;s;) = I,,. Hence
for i € J, it is easy to see that, (ker(m) N Hs;) = (ker(w) N H)(h;s;). Hence ker(m) =
| ;e (ker(m) N H)h;s;. Thus ker(m)/(ker(m) " H) =2 {(s;H)}ics = ker(®). O

Example 3.2.5. Let G/ H be cyclicwith representatives of H-cosets in G of the form {1,s,s?,..., s" 1}
Suppose 7t(hs') = I,,. Then,

0 0 (s™) 0
0 w(s) 0
i m(s™") i
p(hs') = (™) 0 =0
0 m(s"7) :
0 .
i 0 m(s") |
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Corollary 3.2.5.1. L = #(G) <= ker(7) C H.

Proof. Now L/ker(®) = #(G) where & : L. — #(G) is the projection map. Since L is finite

group, we have L = #(G) <= ker(®) is trivial <= ker(7) = (ker(7) N H) <—
ker(w) C H.

We have remarked earlier (Lemma 3.2.4) that ker(®) — G/H via an injective ho-
momorphism say 2. Let G’ be the unique subgroup of G such that H ¢ ¢’ C G and
ker(®) =G'/H.

In fact, we have a more precise statement.
Lemma 3.2.6. Let H C G’ C G. Then
ker(®) = G'/H under Q) < @' is the largest subgroup of G such that =(G") = w(H).

In particular, ker(®) = G/H under Q) <— 7(G) = n(H).

Proof. Now H C G' C G. Since G = | |,,., Hs;, we have G' = | |,.,(G' N Hs;) where
I={ie{l,2,...,n} | G'NHs; #0}. Since H C G’, we have (G"NHs;) #0 <= s, €G.
Hence I = {i € {1,2,...,n} | s; € G'}. Now for i € [, it is easy to see that, (G' N Hs;) =
(G" " H)(s;) = Hs;. Hence G’ = | |,.; Hs; and G'/H = {s;H};c;. Now the following
argument completes the proof.

ker(®) = G'/H under Q
< {s;H}icj = {siH}icr,thatis I = J
< s; € G'iff ker(m) N Hs; # 0.
< s; € G’ iff thereis h; € H such that w(h;s;) = I.
— s, € G iffr(s;) € m(H)
< ge G iff n(g) e n(H)
<= @ is the largest subgroup of G such that 7(G’) = n(H).
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Theorem 3.2.7. (Bhagwat, Jaiswal) (Thm 3.19 in [4])

Suppose m(G) = w(H). Then the exact sequence
1 = ker(®) — L —7(G)—1

is right split. L = n(G) x G/H for some semidirect product group law.

Proof. Since n(G) = w(H), ker(®) = G/H under Q.
Consider ¢ : 7(G) — L given by «(x) = (w(h), p(h)) where x = 7(h) for some h € H.

If z = w(h) = n(}') for some h,h' € H then 7(hh'~') = I. Hence by matrix calculation
above, p(hh/~') = I. Hence p(h) = p(h'). Thus ¢ is well defined.

Now, for z,y € 7(G), let h, k' € H such that z = n(h),y = w(h’). Then

x)e(y) = (w(h), p(h))(x(K), p(h)) = (w(hh'), p(hh')) = (7 (A1) = v(m(R)m(R')) = v(zy).

Hence ¢ is a homomorphism. Also since, ¢ o ¢ = id (), the exact sequence splits.

[
Corollary 3.2.7.1. Let G/ H be cyclic < sH >. Then if ker(w) N Hs # () then the above exact

sequence is right split.

Proof. Since ker(m) N Hs # (), there is an h; € H such that 7(h;s) = 1. Since H is normal
in G, (h1s)" = h;s' for some h; € H. Hence 7(h;s') = w(hys)" = 1. Hence for all 4, ker(m) N
Hs' # (. Thus ker(®) < G/H.

]

Corollary 3.2.7.2. Let {p(s;)}; form a multiplicatively closed subset of p(G) and let (n, |7 (G)|)
1. Then above exact sequence is right split.
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Proof. Since |G/H| = n, for any i, (s;H)" = H. Thus p(s;)" = I. Hence 7(s;)" = I. Since
7(s;) € 7(G), we have 7(s;)™ @ = I. Now (n, |7(G)|) = 1. Hence, 7(s;) = 1 for all i. Thus
m(H) = 7(G). O

We can generalize Lemma 3.2.4, Corollary 3.2.5.1, Lemma 3.2.6 and Thm 3.2.7. Con-
sider a closed subgroup H' of G. We have H'/(H' N H) — G/H.

Theorem 3.2.8. Let N = {(x(}'), p(h'))|W/ € H'} and N = {(z(I'), p(W'))|W € H'}.

1. The surjective projection N — p(H') is an isomorphism.

2. Consider the surjective projection { : N — w(H'). We have w : ker(§) — H'/(H' N H)
and ker(§) = (ker(m) N H')/(ker(m) N H' N H).

3. N2 #(H') <= ker(7)NH' C H.

4. Let (HNH) C G' C H' then
ker(§) = G'/(H' N H) under w <= G’ is largest subgroup of H' such that =(G') =
m(H' N H).

In particular, ker(§) = H'/(H' N H) under w <= 7(H') =n(H' N H).

5. Suppose n(H') = n(H' N H). Then the exact sequence
1 — ker(¢) - N —>m(H)—1

is right split. N = n(H') x H'/(H' N H) for some semidirect product group law.

6. Let H C H'. Suppose w(G) = w(H). Then the above exact sequence is right split.
N = n(H') x H'/H for some semidirect product group law.

3.3 Cases of IGP in work of Zywina

Using the results of Ribet [19] about the Deligne’s Galois representations associated to
certain newforms, Zywina established the IGP for PSLy(F},) over Q for all primes p > 5.
(For a discussion on newforms refer to 16.8 in [21]).
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It is easy to prove IGP directly for the group PSL.(FF5) = As over Q. So for the other
cases, Zywina considered a non-CM newform f = > > a,¢" on I';(N) of weight k£ =
3,level N = 27 and nebentypus ¢: (Z/NZ)* — C* with ¢(a) = (=2) where the q, are
complex numbers and ¢ = 2™ with 7 a variable of the complex upper-half plane. He

chose f so that
f=q+3i¢* —5¢" — 3i¢° + 5¢" — 3iq® + 9¢"° — 15i¢"t — 10¢™> + - - - ;
the other possibility for f is its complex conjugate ) a,q".

The subfield E of C generated by the coefficients a,, is Q(¢). All the a,, are known to
lie in E’s ring of integers O which is Z[:]. The subfield K of E generated by the algebraic
integers r,, := a2 /(p) for primes p { N is Q; and its ring of integer R is Z and we also have
L = Q where L C C is the extension of K generated by the square roots of the values
rp = az/e(p) withp { N.

Take any non-zero prime ideal A of O and denote by ¢ = ¢(A) the rational prime lying
under A. Let £, and O, be the completions of £ and O, respectively, at A. There is a con-
tinuous representation 7, : G — GL3(O,) such that for each prime p t N/, the represen-
tation 7, is unramified at p and satisfies tr(ma(Frob,)) = a, & det(mp(Frob,)) = e(p)p™.

The representation 7, is uniquely determined by the above conditions up to conjuga-
tion by an element of GLy(E,). By composing p, with the natural projection arising from
the reduction map O, — F, := O/A, we obtain representation 7}, : G — GLy(F,). Com-
posing 7, with the natural quotient map GLy(F,) — PGLy(F,), we obtain a homomor-
phism 75 : G — PGLy(FFy). Define the field F, := R/), where )\ := A N R. The natural in-
jective homomorphisms PSLy(F)) < PGLy(Fy) < PGLy(F,) and PSLy(Fy ) < PGLy(F,)
are viewed as inclusions.

The following is a general result of Ribet [19].

Theorem 3.3.1. (Ribet)

There is a finite set S of non-zero prime ideals of R such that if A is a non-zero prime ideal
of Owith A := RN A ¢ S, then the group 7,(G) is conjugate in PGLy (T, ) to either PSLy(F))
or PGLy(F,).
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Zywina verified that above general theorem holds with S = {2, 3,5} for the case he has
considered. The following is a part of a general result Thm 1.2 of Zywina [23].

Theorem 3.3.2. (Zywina)

Let A be a non-zero prime ideal of O such that 7, is conjugate to PSLy(IF)) or PGLy(F)),
where A = A N R. After conjugating 7, we may assume that 7, (G) C PGLy(F,). Let ¢ be the
rational prime lying under A. If weight k is odd, then 7w, (G) = PSLy(F,) if and only if X splits
completely in L.

By taking any prime ¢ > 7 and prime A C Z[i| dividing ¢. Since in the case that Zywina
has considered, L = K = Q and X splits completely in L, 75 (G) is isomorphic to PSLy(Fy).
The following is Thm 1.4 in [273].
Theorem 3.3.3. (Zywina)

PSLy(F,) can be realized as a Galois group over Q for all primes p > 5.

3.4 New Cases of IGP through the Cases in work of Zy-

wina and Galois Representations for Newforms

Consider the case in previous section with 7 = 7y, p =1 >5and W = Fiand 7 : G —
GL(W) with 7(G) C GL2(Os) and 7 : G — PGLy(Fy ). Then Image(7) = 7(G) = PSLy(F,).
The representations o = 7|y : H — GL(W) and ¢ : H — PGLy(F,) are defined, and
Image(d) = 7(H) C 7(G).

Lemma 3.4.1. Let p > 5 and H be normal in G (K is Galois) and |G : H] = n < |PSLy(F,)]|.
Then 7w(H) = PSLy(F,).

Proof. Now, [PSLy(F,) : 7(H)] = [7(G) : 7(H)] < [G : H] = n < |PSLy(F,)|. Hence 7(H) is
not trivial. Since H is normal in G, 7#(H) is normal in 7(G). Now since PSLy([F,) is simple
we have that PSLy(F,) = 7(H) otherwise 7(H) will become non-trivial normal subgroup
in PSLy(F,).
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O]

Remark 3.4.1.1. If n > |PSLy(F,)| then either 7(H) = PSLy(F,) or 7(H) is trivial. If latter
case happens, then p(H) is also trivial. Hence p(G) = G/ H in that case.

Proposition 3.4.2.

1. Forp > 5, PGLy(F,) = PSLy(F,) x Z/2Z for some semidirect product group law and
the semidirect product is not direct product.

2. Let p > 5. For any semidirect product group law such that PGL,(F,) = PSLy(F,) x
7./]27, the semidirect product is not direct product. Furthermore, the automorphism of
PSLy(F,), given by conjugation by image of generator of Z/2Z in PGLy(F,), is not inner.

Proof. (1) From proof of Prop 2.4.2, we have an exact sequence

1 — PSLy(F,) — PGLy(F,) — Z/2Z — 1.

Let.: Z/27Z — PGLy(F,) be given by +(1) = 2Z(GLy(F,)) where x is as in Prop 2.4.2. ¢ is
aright splitting. Hence above exact sequence is right split. Hence PGLy(IF,,) = PSLy(IF,,) x

- 1 . 10
7./27 for some semidirect product group law. Now since, - Z(GLy(F,)) € PH doesn’t

commute with zZ(GLy(F,)), the semidirect product is not direct product.

(2) Let xZ(GL4y(IF,)) be the image of generator of Z/27Z in PGLy(F,) for x € GLy(F,).
Then z ¢ H, 2Z(GLy(F,)) ¢ PH and 2* € Z(GLy(F,)). Suppose the semidirect product
was direct product. Then for some v}, € Z(GLy(F,)), zha™t = hy, for all h € H. Now,
PGLy(F,) = PH | |(xZ(GLy(F,)))PH. Hence, 2 Z(GLy(F,)) € Z(PGLy(F,)) = {1}. Hence
x € H,which gives a contradiction.

Now, suppose automorphism of PSLy(F,), given by conjugation by ©Z(GL»(F,)), is in-
ner. Then for some »' € H and py, € Z(GLy(F,)), zha~' = h'hh/~'y;, for all h € H. Hence
(" x)h(W~tz)™t = huy, for all b € H. Now, PGLy(F,) = PH | |((h''z)Z(GLy(F,)))PH.
Hence, (W~ '2)Z(GLy(F,)) € Z(PGLy(F,)) = {1}. Hence x € H, which gives a contradic-
tion.
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Theorem 3.4.3. (Bhagwat, Jaiswal) (Thm 3.12 in [4])

1. Forp > 5, PSLy(IF,) X Z/2Z is realizable as Galois Group over Q (for semidirect product
group law in Thm 3.1.7).

2. This semidirect product in part (1) is direct <— 7(s) = I.

3. Automorphism ¢ of p(H ), by conjugation by j(s), is inner.

4. The group obtained here is not isomorphic to PGLy(F,).
Proof. (1)Let |G : H] = 2. Then H isnormal in G (K is Galois). Also 2 < |PSL.(F,)|. Hence
by previous lemma, 7(H) = PSLy(F,).

We could have chosen K = Q(i) and s € G as complex conjugation so that s> = 1 and
{1, s} become representatives of right cosets of # in G. Then by Thm 3.1.8 we are done.

(2) Now, 7(G) = 7(H) = PSLy(F,).
Above semidirect product is direct.

0

I
s 02] commutes with every p(h) = [
2

s ot |
<= 7(s) commutes with every 7 (h).

< 7(s) € Z(PSLy(F,)).

— 7(s)=1.

Since Z(PSLy(IF,)) is trivial as PSLy(FF,) is non-abelian and simple.

(3) Now 7(G) = 7(H). Hence 7(s) = 7(h’) for some 1’ € H.
S0, 6y (1) = pls)a(h)p(s) ™! = F“}Ef_ ) ﬁfh)] = AH)P(RA(H) .

(4) This follows from (3) and Prop 3.4.2.
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We have results similar to (1), (2) and (3) of Thm 3.4.3 for certain simple groups of the
form PSLy(F,).

Theorem 3.4.4. PSL,(F,) xZ/2Z is realizable as Galois Group over Q (for semidirect product
group law in Thm 3.1.7) for following q.

1. ¢g=pforp>5From 1.2 [25]).

2. q=p?forp=42mod5, p> T (From Corollary 3.6 [7]).

3. q=7p*forp=+3mod8, p> 5 (From Corollary 3.8 [7]).

4. q = p? for odd prime p = +2, 43, +4, 46 mod 13 (From 1.3 [23]).

5. ¢ =153,35 3% (From 2.2, 2.5, 3 [8] respectively).
Remark 3.4.4.1. One has even more general conditions for ¢ = p? (See Thm 3.1 [9]) and
q = p* (See 3.3 [7]).

Recall the results from [23] that we discussed earlier. In this case, we have
Proposition 3.4.5. (Corollary 3.19.3 in [4]). For p > 5, PSLy(F,) x Z/2Z is realizable as

Galois Group over Q.

Proof. Since 7(H) = 7(G) as in Thm 3.4.3, we have from Thm 3.2.7 that PSLy(F,) x Z/2Z
is realizable as Galois Group over Q (for semidirect product group law as in 3.2.7). Since
Aut(Z/2Z) is trivial, we have that semidirect product is indeed direct. O
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Chapter 4
Root Cluster Size

Perlis proved some properties of cluster size in [17] and [18]. In this chapter, we gener-
alise a result of Perlis for number fields that also improves on the generalisation proved
previously by Krithika and Vanchinathan in [13]. We also present a simple lemma about
number of clusters which is very useful in giving alternate proofs of results by Perlis and
Krithika-Vanchinathan as well as in proving further results.

4.1 Root Clusters in work of Perlis

A perfect field is such that every irreducible polynomial over that field is separable (Equiv-
alently every finite extension of that field is separable). In particular, number fields are
perfect.

Let K be a perfect field. We fix an algebraic closure K once and for all and work with
finite extensions of K contained in & . All the fields henceforth will be finite extensions
of K contained in K.

Let f € K[t] be an irreducible polynomial and let « be a root of f in K. Since K is
perfect, it follows that f has deg(f) distinct roots in K. The cluster of « is defined as the
set of roots of f in the field K («) and its cardinality rx(f) is called the cluster size of «
over K.
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Let K be the splitting field of f over K andlet G := Gal(K/K). Let H = Gal(K;/K(«))
be the subgroup of GG such that K(«) is the fixed field of H.

Let sk (f) be the number of distinct fields of the form K'(«;), with «; a root of f in K
forall 1 < j < deg(f).

The following result is proved in [17] and [18].

Theorem 4.1.1. (Perlis)

1. ri(f) is independent of the choice of c.

2. vic(f) sic(f) = deg(f). In particular, ric(f) | deg(f).

3. rx(f) = number of roots of f fixed by H = |Aut(K(a)/K)| = [Ng(H) : HJ.

Proof. 1. Let o;’s for 1 < i < n be roots of f in K. Consider fields K (a;) for all i.
Each of this field is K-isomorphic to K[z|/(f(z)). Hence they are K-isomorphic
to each other. Since roots map to roots under isomorphism, we have that rx(f) is
independent of the choice of «.

2. Now any root ¢; lies in exactly one of the above fields which is precisely K («;). This
is because, suppose a; € K(«;) then K(a;) C K(o;). Since both these fields have
same degree over K, we have K(a;) = K(«;).

Thus one observes that «;’s are partitioned by corresponding fields K(«;)’s into
sk (f) collections with rx(f) many in each collection. Therefore rx(f) sx(f) =
deg(f). In particular, rx (f) | deg(f)-

3. Since H = Gal(Ky/K(«)), the roots of f fixed by H are precisely the roots of f
contained in K («). Hence rx(f) = number of roots of f fixed by H.

Now any K-automorphism of K («) maps « to one of the roots of f contained in
K («). Conversely mapping « to one of the roots of f contained in K («) gives us a
K-automorphism of K («). Thus rx(f) = |Aut(K(a)/K)]|.

One can show that the group Aut(K («)/K) is isomorphic to Ng(H)/H (See Corol-
lary 7.1.0.2). Thus rx (f) = [Ng(H) : H].
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Remark 4.1.1.1. By the proof of part (2) in above theorem it can be seen that sy (f) is the
number of clusters of roots of f in Kj.

Let L/K be a finite extension of degree n contained in K and L be its Galois closure
inside K. Since K is perfect, by primitive element theorem, L = K(«a) with f over K a
degree n irreducible polynomial with « as a root in K. The cluster size of L/K is defined
as rx (L) := rk(f) which is well defined because of part (3) of Thm. 4.1.1 (Corollary 1 in
[13]). Similarly one can define sk (L) := sk (f). Thus we have

ri(L) sx(L) =[L: K].

Remark 4.1.1.2. The cluster size is preserved under isomorphism over K. If M /K and M'/ K
contained in K are isomorphic over K, then ryi (M) = 1 (M’).

4.2 Hilbertian Fields

We will state some important results about hilbertian fields in this section. For a detailed
discussion one can refer to Volklein [22].

Definition 4.2.1. If K’ is a field with subfield K, we say K’ is regular over K if K is alge-
braically closed in K'.

Definition 4.2.2. (Def 1.9 in [22]). A field K is called hilbertian if for each irreducible poly-
nomial f(x,y) in two variables over K, of degree > 1 in y, there are infinitely many b € K such
that the specialised polynomial f(b,y) (in one variable) is irreducible.

Remark 4.2.2.1. For equivalent definitions of hilbertian fields see Corollary 1.8 in [2”].

Proposition 4.2.3. (Corollary 1.11 in [22]). If K is hilbertian then so is every finitely gener-
ated extension field of K.

Definition 4.2.4. (Def 1.14 in [22]). Let G be a finite group. We say G occurs regularly over
K if for some m > 1 there is a Galois extension of K (z1, ..., x.,), regular over K, with Galois
group isomorphic to G.
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Proposition 4.2.5. (Corollary 1.15 in [22]). Suppose G occurs regularly over K. Then G
occurs regularly over every extension field K' of K. Thus G is a Galois group over K' if K’ is
hilbertian.

Proposition 4.2.6. (Example 1.17 in [22]). The symmetric group &,, occurs regularly over
every field K.

Theorem 4.2.7. (Hilbert’s irreducibility theorem) (Thm 1.23in [22]). The field Q is hilbertian.

4.3 Existence of Polynomials for given Degree and Clus-
ter Size over Number Fields

We present the following theorem which is generalisation of a result in an unpub-
lished note of Perlis [17, Exercise 4], which was for K = Q. This theorem includes even
the excluded cases in generalisation done by Krithika and Vanchinathan (without using
Shafarevich’s theorem) in [13, Thm. 2] namely n = 2r where r is odd for Q and n = 2r for
any number field K # Q.

Inverse Cluster Size Problem for Number Fields

Theorem 4.3.1. (Perlis, Krithika and Vanchinathan, A generalisation by Bhagwat, Jaiswal)
(Thm 3.1.1 in [3])

Let K be a number field. Let n > 2 and r|n. Then there exists an irreducible polynomial
over K of degree n with cluster size r.

Before proving Thm. 4.3.1, we state some results which we will use in the proof of the
theorem.

Lemma 4.3.2. The group &,, is realizable as Galois group over any number field.

Proof. The field Q is hilbertian by Thm 4.2.7. Furthermore, every finitely generated ex-
tension of a hilbertian field is hilbertian by Prop 4.2.3, and thus we conclude that every
number field is hilbertian.
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Let K be a number field. We know that the group &,, occurs regularly over every field
by Prop 4.2.6. In particular, &,, occurs regularly over K. The result Prop 4.2.5 says that if
a group occurs regularly over a hilbertian field, then it is realizable as a Galois group over
that field. Hence finally we conclude that &, is realizable as Galois group over K.

]

The following lemma is the final proposition in Perlis [17]. We write the proof given
by Perlis for the sake of completion.

Lemma 4.3.3. Let G be a transitive subgroup of &,, for some n. If there exists a finite Ga-
lois extension of a field K with Galois group isomorphic to G, then there exists an irreducible
polynomial f over K of degree n and a labelling of the roots of f so that the Galois group of f,
viewed as a group permuting roots of f, is precisely G.

Proof. Let GG act transitively on n symbols {1,2,...,n}. Let H C G be the stabiliser of the

symbol 1. Then there is a canonical labelling of the n cosets in G/H so that G acts on

G/H exactly the same way G acts on the original n symbols that is {z1H, 22 H, ..., z,H}

withz;-1=jandg- (z;H) = z4,;H forall g € Gand all 1 < j < n. The action is faithful

and transitive. We have Stab(xz;H) = x;Hz; . Since the action is faithful, it follows that
N (e;Ha;') = () (Stab(e,H)) = {1}.

1<j<n 1<j<n

Let K/ K be finite Galois extension with Galois group isomorphic to G. We identify
it with G. Let L be the subfield of K fixed by H. The Galois closure of L/K in K is
the subfield of K corresponding to the intersection of the conjugates of H in G and that
intersection is trivial because of argument in previous paragraph. Hence K is the Galois
closureof L/ K. Let f over K be the minimal (hence irreducible) polynomial for a primitive
element of L /K. We can identify the n roots of f with the n cosets in G/H. This is the
required polynomial f. O

Lemma 4.3.4. Let K be a perfect field and K'/ K be a finite extension. If for a group G, direct
products G™ are realizable as Galois group over K for each n € N then they are realizable as
Galois groups over K'.

As a corollary, we get arbitrarily large finite families of Galois extensions of K inside a
fixed K which are pairwise non-isomorphic over K and are pairwise linearly disjoint over K
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with each having Galois group G over K. This corollary also holds for G™ in place of G for any
n € N as well as for K.

Proof. We will mimic the proof of Thm. 4.2 in [5] which states that if every finite group
can be realized as a Galois group over Q then every finite group can be realized as a Galois
group over any finite extension of Q.

Since K is perfect and K’/ K is finite, we have that K’/ K is separable. Hence, K’/ K
has finitely many intermediate fields. Let n be the number of these intermediate fields
(including K’ and K). Now G" is realizable over K by assumption, say for £/K Galois,
we have Gal(F/K) = G". We have normal subgroups N; = G x G x --- x 1 x --- x G of
G™ for 1 < i < n where the ith coordinate is trivial and there is no restriction in other
coordinates. So N; = G"~!. Let F; be the subfield of E corresponding to N;, so E;/K is
Galois with Gal(E;/K) = G™/N; = G.

Now for i # j, E; N E; corresponds to subgroup generated by N; and N; which is G".
Hence E; N E; = K. Suppose for some i # jwe have E,N K’ = E;NK’. Since E;NE; = K,
we get E; N K' = E; N K’ = K. Now suppose that all £; N K’ are distinct. Since we have n
intermediate fields of K'/K, E; N K’ = K for some i. In either case we get an 7 such that
E;NK' = K. Hence Gal(E;K'/K') = Gal(F;/K) = G. This realizes G as a Galois group
over K'. By replacing G with G™ for any m € N in the above argument, we can realize G™
over K’ for any m.

For the proof of the corollary, we observe that for any n we have some E /K Galois with
Galois group G™ and N; normal subgroups of G™ and E; subfield of F corresponding to N;.
We observe that V; are not conjugate to each other in G™ and they pairwise generate G".
Hence FE; are not isomorphic to each other over K and are pairwise linearly disjoint over
K with G as Galois group of each E;/K. O

Now we prove Thm. 4.3.1.

Proof. Suppose r = 1. By Lemmas 4.3.2 and 4.3.3, there exists an irreducible polynomial
f over K of degree n with Galois group &,,. This f satisfies rx(f) = 1.

Now suppose r > 1. In solutions of Exercises 3 and 4 in [1 7], a solvable group G C &,,
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is constructed with the properties that its action is transitive on n points, and a point sta-
biliser fixes precisely r points. The construction is as follows: We divide the n points into
n/r = s packets of size r. Let G be the group of permutations on these n points generated
by independent cyclic permutations on each packet, together with a cyclic permutation
on the overall set of packets. Hence G is transitive. This construction of GG has the explicit
description of a semidirect product of an s-fold direct product of cyclic groups Z/rZ and
a cyclic group Z/sZ. A semidirect product group law on G is given by

((a1,...,a5),b) - ((c1,...,¢s),d) = ((a1,...,a5) + (b (c1,...,¢5)), b+ d),
where b (c1,...,¢5) = (Cpy1y. -y Cs,C1, ..., 0) fOr O A0 &0 (c1,...,¢5) = (c1,...,Cs)-
Thus, G = (Z/rZ)* x 7/ sZ.

Suppose the n points are {1,2,...,n} and the s many packets are
{1,2,....r}, {r+1L,r+2,....2r},..., {(s = 1)r+1,(s — 1)r+2,..., sr}. The above group
G has the following action on the set of these points. For1 < j <sand1 <k <,

(a1, yas),0) - (G = Dr + k) = (" = Dr + &)

where j = j—b(mods)and 1 < j' < sand k¥ = k+ay (modr)and 1 < k' < r.
Thus we can see that each Z /rZ permutes points in a packet and action of Z/sZ permutes
s copies of Z/rZ.

It is easy to see that any point stabiliser is isomorphic to (Z/rZ)*~'. The group G is
solvable since the following chain has successive cyclic quotients (See definition on Page
105 in [10]).

1CZ/rZ C(Z)rZ)?* C--- C(Z)rZ)* CG.

Since direct product of solvable groups is solvable, direct products G for i € N are
solvable. By Shafarevich’s theorem ([20]), G* for i € N are realizable as Galois groups over
Q. Hence by Lemma 4.3.4, G is realizable as Galois group over number field K. By Lemma
4.3.3, there exists an irreducible polynomial f over K of degree n and a labelling of the
roots so that the Galois group of f, viewed as a group permuting roots of f, is precisely G.
This f satisfies ri(f) =r.
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4.4 A Simple Lemma about s, ()

We begin this section by giving an alternate proof for last equality in (3) of Thm.4.1.1,
which is stated in [ 18] and proved in first Proposition in unpublished note of Perlis [17].
The equality states: rx(f) = [Ng(H) : H].

Proof. We observe that a field is isomorphic to K («) over K if and only if it is of the form
K (o) for someroot o’ of f. All these fields are contained in K ;. By Galois correspondence,
K-isomorphic subfields of a Galois extension over K correspond to conjugate subgroups
of its Galois group.

Hence, sk (f) = number of distinct K (/) = number of distinct subgroups of G that
are conjugate to H in G = [G : Ng(H)]. The last equality follows from orbit-stabiliser
theorem for the conjugation action of GG on the set of its subgroups. By Thm. 4.1.1 (2), we
are done. O

We state the simple observation used above, as a lemma.

Lemma 4.4.1. Let K be perfect field. For finite L/K, sk (L) (as defined in Sec. 4.1) is the
number of distinct fields inside K isomorphic to L over K.

Proof. By primitive element theorem, . = K(«) with « root of some irreducible polyno-
mial f over K. Now, L' is isomorphic with L over K <= L' = K(«a') for some root o’ of
f. Thus sk (L) = skg(f) = number of distinct K («’) for o/ root of f= number of distinct
fields isomorphic to L over K. O

Remark 4.4.1.1. Let L, L,, .. ., L,, (1) be the distinct fields as in above Lemma 4.4.1. Hence
wehave L = L,L, . .. Ly, (1), that is the Galois closure of L/ K is compositum of distinct fields
isomorphic to L over K.
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Using Lem. 4.4.1, we will give an alternate proof for Cluster Magnification theorem
Thm. 5.1.2, Thm. 1 in [13] in Sec. 9.

Remark 4.4.1.2. Let K be a number field. Note that " P, and "C), are integers with " P;, = k!
"Cy. By Thm. 4.3.1, we get irreducible polynomial over the field with degree " P, and cluster

size k!. The following theorem says that this is also true under some condition for a general
perfect field.

By using the above Lemma 4.4.1, we give an alternate proof for Thm. 3 in [13].

Theorem 4.4.2. Let K be a perfect field. Let f over K be irreducible of degree n with Galois
group &,, (For a number field K, such f always exists. See r = 1 case in Proof of Thm. 4.3.1).

For1 < k < n —2,let L, be an extension of K obtained by adjoining any k roots of f in
K. Let g be the irreducible polynomial over K for a primitive element of L;. This polynomial
has degree " P,, and cluster size k!.

Proof. Let a;,qs,...,q, be roots of f in K. Let L, = K(ay,as,...,a;). We have that
degree of L, /K isn(n—1)...(n — k + 1) ="F,. Since Galois group of f is &,,, we have L’
is isomorphic to L;, over K <= L' = K(o,,,,..., ;) for kroots a;, : 1 < j < k of
f. By Lemma 4.4.1, si (L) is number of distinct fields inside K isomorphic to L, over K
which is precisely the number of ways of choosing % roots from n roots which is "C}. By
Thm. 4.1.1 (2), rx(Ly) = k. O
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Chapter 5
Cluster Magnification

Krithika and Vanchinathan proved the Cluster Magnification theorem in [ 3]. In this chap-
ter we state the Strong cluster magnification problem and establish an equivalent crite-
rion for that in terms of Galois groups. We also reformulate the Strong cluster magnifica-
tion problem for irreducible polynomials. We then state the Weak cluster magnification
problem and demonstrate how the notions for strong cluster magnification and weak clus-
ter magnification are actually different.

5.1 Cluster Magnification Theorem in work of Krithika
& Vanchinathan

Recall the notion of two extensions of a field being linearly disjoint over that field from
Def 2.3.1 and Rem 2.3.1.1. The following lemma can be deduced from [12, Lem. 1, Chap.
8.15] in combination with Remark 2.3.1.1.

Lemma 5.1.1. Let E/ K be any extension and F'/ K be Galois extension and let E' C E. Then

ENF=K «<— ENEFF=FandENF =K.

The following result proved in [13, Sec. 3.1] is referred to as the Cluster Magnification
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theorem. The theorem is reformulated in [13, Sec. 4].
Cluster Magnification Theorem

Theorem 5.1.2. [Krithika, Vanchinathan] Let K, f and « be as above. Let deg(f) = n > 2
over K with cluster size ri(f) = r. Assume that there is a Galois extension F of K, say of
degree d, which is linearly disjoint with K ; over K. Then there exists an irreducible polynomial
g over K of degree nd with cluster size rd. (F can be chosen to be K(§3) for some 3 in K so
that K («, 8) = K(a + () and the irreducible polynomial of o + 3 over K, has degree nd with
cluster size rd; d is the magnification factor).

Reformulation : Let K be a perfect field as above and L/ K be an extension of degree n > 2
contained in K with cluster size rx (L) = r. Let F'/ K be any finite Galois extension of degree
d contained in K, which is linearly disjoint with L over K. Then the compositum LF/K has
degree nd with cluster size ri(LF) = rd. (d is the magnification factor).

Proof. Let a = ay,s,..., o, be the roots of f in K. By relabeling we can assume that
{ai1,as,...,a,} is the cluster of «. We have a Galois extension K (3)/K such that K(5)
and K are linearly disjoint over K that is Ky N K () = K. Hence by Lemma 5.1.1,

KinNK(a, ) = K(a)and K (a)NK(5) = K. Since K(§)/K is Galois and K (o) N K (f) = K.
Hence K («, 8)/K(«) is Galois of degree [K(3) : K| = d. Hence degree of K («, )/ K is nd.

Since K is perfect, we have that K(«, ) is a simple extension of K generated by a
primitive element of the form o + ¢ for a suitable ¢ € K. By using ¢/ as primitive ele-
ment of K (5) over K we can assume « + (3 is a primitive element over K for K(«, ). Let
conjugates of 5 over K be 5 = (31, f, ..., B4 all of which lie in K (/).

Consider the minimal polynomial g(z) of « + 3. Since degree of g over K is nd. Hence
the conjugates of a« + f over K are o; + 8 fori =1,2,....,nand j = 1,2,...,d. Since o;
for1 <i <rarein K(«),wehavethata; + 3; € K(a+ ) = K(o,8) fori =1,2,...,rand
j=1,2,...,d. The cluster of a + /3 has at least rd.

Suppose that the cluster has more than these rd roots. Thus we have «; + 3; € K(a+0)
for some i # 1,2,...,r and for some j. As 5; € K(§) C K(a+ ), wehave a; € K(a+ ).
Now «; € Kyaswell. So o, € K(a+ ) N Ky = K(«). This is a contradiction. Thus the
cluster size of g(x) is rd.
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5.2 Strong Cluster Magnification

A natural question arises: When is the hypothesis of Cluster Magnification Theorem Thm
5.1.2 true? This leads us to defining the following. One would appreciate the usage of
‘strong’ in Sec 5.4.

Let M/K be a finite extension of degree m with rx (M) = k.
Definition 5.2.0.1. (Bhagwat, Jaiswal) (Def 4.1.1 in [3])

M/K is said to be obtained by strong cluster magnification from a subextension L/K
if we have the following:

1. [L:K]=n>2,

2. there exists a finite Galois extension F/K such that the Galois closure L of L in K
and F are linearly disjoint over K.

3. LF = M.

The number [F' : K] is called the magnification factor and denoted by d. The magnifi-
cation is called trivial if 7/ = K and nontrivial otherwise.

Remark 5.2.0.1. Suppose we have an extension L/K,and a Galois extension F/ K such that
LNF = LNF.Then LF/(LNF) is obtained by strong cluster magnification from L/(L N F).

Remark 5.2.0.2. Let LF/K be obtained by strong cluster magnification from L/K through
F/K. If K C L' C L. Then L'F/K is obtained by strong cluster magnification from L'/ K
through F/ K.

We prove the following hereditary property for strong cluster magnification.

Proposition 5.2.1. Let M /K be obtained by strong cluster magnification from L/K through
F/K as in Def 5.2.0.1. Then for any K C K' C L the extension M /K' is obtained by strong
cluster magnification from L/K' through K'F /K’ with same magnification factor.
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Proof. We check that the conditions in Def. 5.2.0.1 hold.

Let L, be Galois closure of L/K'. So L, C L. Since L and F are linearly disjoint over
K, we conclude that ; and F are linearly disjoint over K. Hence by Lemma 5.1.1 we have

LiNF=K — LLiNnK'F=Kand K'NF =K.

Hence K'F/K'is Galois and L; and K'F are linearly disjoint over K’. Also M = LF =
LK'F and hence we are done. The magnification factor is same since [F' : K| = [K'F : K'].

]

Let M be Galois closure of M/K inside K. Let G’ = Gal(M/K). Let H' = Gal(M /M)
be the subgroup of G’ with fixed field M. Hence H’ is normal in G’ if and only if H’ is
trivial.

Proposition 5.2.2. Suppose M /K is obtained by strong cluster magnification from L/K.
Let L and F/K be as in the Def. 5.2.0.1 and let R := Gal(F/K). Let G = Gal(L/K) and
H = Gal(L/L). Then the following hold.

L rg(M)=rg(L)[F: K], sg(M)=sk(L)=][G: Ng(H)].
2. LF = M.
3. G' 2 G x R where isomorphismis given by A € G' — (\|;, \|r).

4. Furthermore H' = H x {e} C G x R under the above isomorphism.

5. Fis uniquely determined by L and M.

Proof.

1. From (2) and (3) in Thm. 4.1.1, we have sx (L) = [G : Ng(H)|. Now from Thm. 5.1.2,
M :K]=[L:K|[F:Kland rg(M) =rk(L) [F : K].

Also from Thm. 4.1.1, [M : K] = rg(M) sx(M) and [L : K] = rx(L) sk(L). Hence
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2. Since M = LF, we have LF c M. Since L/K and F/K are Galois it follows that
LF/K is Galois. Thus, LF = M.

3. L and F are linearly disjoint over K. Since F'/K is Galois, it follows that LN F = K.
Therefore, by (2) and [5, Thm. 2.1], we conclude that G’ = G x R under the given
isomorphism.

4. Let A\ € G'. We have
NeH — )\|]V[:ZdM < )\lL:ZdLand/\|F:ZdF
<= MNjeHCGand \p=1€R.

5. We have isomorphism G’ = G x R. Hence G = GoR, where G, Ry C G’ with G =
G x 1and Ry = 1 x R under above isomorphism. Furthermore, L = M and F =
MGS. Now if a subextension L of M is given, then L is uniquely determined inside
M. Thus R, is uniquely determined inside G’ which implies that G, is uniquely
determined inside G'. Hence F' is uniquely determined from L and M.

]

Inview of property (1) in Prop. 5.2.2, we see that rx (L)|rx (M) and the ratio rx (M) /rk (L)
is indeed same as the degree d = [F' : K], which is the magnification factor for M/L over
K as defined earlier.

A criterion for strong cluster magnification: We now establish an equivalent criterion
for strong cluster magnification for a field extension in terms of Galois groups.

Theorem 5.2.3. (Bhagwat, Jaiswal) (Thm 4.1.6 in [53])

An extension M /K is obtained by nontrivial strong cluster magnification from some subex-
tension L/ K if and only if
Gal(M/K)~ Ax B

for nontrivial groups A and B and
Gal(M /M) = A" x 1
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(under the same isomorphism) for a subgroup A’ C Awith [A: A'] > 2.

Proof. Suppose M /K is obtained by nontrivial strong cluster magnification from a subex-
tension L/K. From Prop. 5.2.2 (3) and (4), we get A = G, B = R and A’ = H with the
required conditions since,d = |R| > 1,n =[G : H| > 2.

Conversely, suppose G’ = A x B for nontrivial subgroups A and B and H' = A’ x {e}
(under the same isomorphism) for a subgroup A" C A with [A : A’] > 2. We identify G’
and H’ with their images under the isomorphism. Now we check the three conditions of
Def. 5.2.0.1 for M /K.

1. Since 1 x B is normal in G, we conclude that My := M'*B is Galois over K with
Galois group A. Let L := M*'*5, Hence L/K has degree n = [A : A'] > 2.

2. Since A x 1is normal in G, we conclude that F := M#*! is Galois over K with Galois
group B and degree d = |B|. Let L be Galois closure of L in K. Since, L C Mgz,
we have L C Mp. The intersection of fields Mz N F corresponds to the subgroup
generated by A x 1 and 1 x B whichis G’. Hence MzNF = K.Thus LN F = K. So
L and F are linearly disjoint over K.

3. Now, M = M#**, Hence L, F ¢ M,thus LF c M. Since L N F = K, we conclude
LNF=K.Hence[LF: K|=[L:K][F:K|]=nd. Also,[M : K|=[G': H]=[A:
Al |B| = nd. Hence LF = M.

The magnification is nontrivial since B is nontrivial subgroup. O

Remark 5.2.3.1. In the above proof of the converse part, we can additionally conclude My =
L. Since, MpNF = LNF = K weget [F: K] = [MgF : M| = [LF : F|. Now, MgF C M
corresponds to intersection of the groups A x 1 and 1 x B which is trivial. Hence MgF = M.
From prop. 5.2.2 (2), M = LF. Hence, [Mp : K| = [L : K]. Thus, Mp = L.

Corollary 5.2.0.2. Let M /K be Galois. Then M/K is obtained by nontrivial strong clus-
ter magnification from some subextension L/K if and only if Gal(M/K) = A x B for
nontrivial groups A and B with |A| > 2. If this happens then, L./ K is also Galois.

Proof. Since M/K is Galois, M = M, G" = Gal(M/K) and H' is trivial. So A’ is trivial and
[A: A] = |A|. Also L = Mp = L. Hence, L/ K is Galois. O
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We end this section with a result that the strong cluster magnification behaves well
with respect to K -isomorphisms.

Proposition 5.2.4. Let M'/K be contained in K and o : M — M’ be an isomorphism over
K. If M /K is obtained by strong cluster magnification from L/ K, then M’/ K is obtained by
strong cluster magnification from o(L)/K.

Proof. Suppose M/ K is obtained by strong cluster magnification from L /K. Wehave L./ K,
n,r, /K, d as above. Now we check the three conditions of Def. 5.2.0.1 for M’/ K.

1. o(L) = L has degree n > 2 over K with ri(o(L)) = rg(L) = r.

2. F = ¢(F) since F/K is Galois. It is easy to prove that L is Galois closure of ¢(L) in
K. L and F are linearly disjoint over K.

3. o(L)F =0(M)=M".

Alternatively, we can use the criterion in Thm. 5.2.3. The isomorphism between M
and M’ extends to isomorphism between their Galois closures. Hence we also get an iso-
morphism between G’, H' and corresponding groups of M'.

]

Remark 5.2.4.1. From the proof of Thm. 5.2.3, we get the following way to construct all fields
M /K which are obtained by nontrivial strong cluster magnification from some subextension
L/K.

Suppose A x B is realizable as a Galois group over K for nontrivial groups A and B with a
subgroup A’ C Awith [A: A’) > 2 such that (| aA’a' = 1. Let P be such that Gal(P/K) =

a€A

A x B. Then our required fields are M = PA*! and L = PA*5.
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5.3 Strong Cluster Magnification Problem for Irreducible
Polynomials

Let g be an irreducible polynomial over K with degree m and rx(g) = k.

Definition 5.3.0.1. We have the following equivalent definitions:

1. The polynomial g is said to be obtained by strong cluster magnification from a poly-
nomial f over K if we have the following:

(a) an extension K («)/K of degree n > 2 with f as the minimal polynomial of «
over K and ri(f) =r,

(b) there exists a Galois extension F'/ K of degree d such that K and F are linearly
disjoint over K, and

(¢) K(a)F = K(v) where v is some root of ¢ in K.

The magnification is called trivial if d = 1 and nontrivial otherwise. (d is the magni-
fication factor).

2. The polynomial g over K is said to be obtained by strong cluster magnification from
a polynomial f over K, if for some root v of ¢ in K, the field extension M = K(v)
over K is obtained by strong cluster magnification from L/ K with L = K(«), where
«v is a root of the irreducible polynomial f.

Remark 5.3.0.1. Let si(g) = s. Let {~1,7,...,7s} be a complete set of representatives of
the clusters of roots of g in K. Let M; = K (v;) for 1 <i < s.

1. All M;’s are mutually isomorphic by mapping +;’s to each other. For every i, M;/ K is an
extension of degree m contained in K with rx(M;) = ri(g) = k.

2. By Prop. 5.2.4, if for some i, M;/ K is obtained by strong cluster magnification from L;/ K
then for each 1 < j < s, M;/K is obtained by strong cluster magnification from some
subextension L; /K.

3. More precisely, if L; = K(«;) for a root «; of the irreducible polynomial f then, by
isomorphism of M; and M;, we get L; = K («;) where «; is a root of f.
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Because of the above remark, if strong cluster magnification holds for some root of
g, then it holds for every root of g. Hence we can work with any root v of ¢ in K. Let
M = K(v). Let K, be splitting field of g over K inside K. Let G’ = Gal(K,/K). Let
H' C G’ be subgroup with K () as the fixed field that is H' = Gal(K,/K(7)).

By Thm. 5.2.3, we get an equivalent criterion for strong cluster magnification of an
irreducible polynomial.

Theorem 5.3.1. g over K is obtained by nontrivial cluster magnification from an f over K if
and only if
Gal(K,/K) = Ax B

for nontrivial groups A and B and (for v as above)
Gal(K,/K(y)) = A" x 1

(under the same isomorphism) for a subgroup A’ C Awith [A : A'] > 2 and f is the minimal
polynomial for a primitive element of (K,)**" over K.

Definition 5.3.0.2. An irreducible polynomial g over K is called primitive if it is not ob-
tained by a nontrivial strong cluster magnification over K. (this notion occurs in [13] as
well).

Example 5.3.2. Some simple examples / cases of primitive polynomials g over K follow from
Thm. 5.1.2 and Thm. 5.3.1.

1. deg g =4 oraprimep > 2.
2. |Gal(K,/K)| =4

3. Gal(K,/K) is not a direct product of two nontrivial groups. In particular, the case when
Gal(K,/K) is simple. In particular, the case |Gal(K,/K)| is a prime p > 2.
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5.4 Weak Cluster Magnification

Another natural question arises: Is the hypothesis of Cluster Magnification Theorem Thm
5.1.2 necessary for cluster size to magnify? Example 5.4.1 and other examples in this
section answer this negatively. This leads us to defining the following. The definition is
not vacuous which will be demonstrated later in Remark 8.3.3.1.

Definition 5.4.0.1. (Bhagwat, Jaiswal) (Def 4.3.1 in [3])

M /K is said to be obtained by weak cluster magnification from a subextension L/K if
ric(L)|rg (M).

We call d = rx(M)/rk(L) as the magnification factor. The magnification is called
trivial if d = 1 and nontrivial otherwise.

Remark 5.4.0.1. From Def 5.2.0.1 and Thm. 5.1.2, if M/ K is obtained by strong cluster mag-
nification from L/K then M/K is obtained by weak cluster magnification from L/K. This

together with the following example justify the usage of ‘weak’ in above definition and ‘strong
in Sec 5.2.

Example 5.4.1. Consider M/L/K where M /K is Galois and L/ K is not Galois (a particular
case is M = L for L/K not Galois). So ri(L) # [L : K] and rx(M) = [M : K]. Now
ri(L) | [L: K]and [L : K] | [M : K]. Henceri (L) | rx (M) and rx (L) # rx(M). Thus M/ K
is obtained by nontrivial weak cluster magnification from L/ K.

We claim that M /K is not obtained by strong cluster magnification from L/K. Assume
the contrary. Then we must have by Def. 5.2.0.1 and Lem. 5.1.1 that M N L = L which is
a contradiction since L/K is not Galois. Moreover M /K is not obtained by strong cluster
magnification of L, /K forany L D L, O L.

Example 5.4.2. Let L, be as in proof of Thm. 4.4.2. Then for j < k, L;/K is obtained
by nontrivial weak cluster magnification from L;/K but is not obtained by nontrivial strong
cluster magnification from L;/K since L; N Ly = Ly # L;.

One can also verify that [Ly, : L;] = ri(Ly)/rk(L;) <= k>n/2and j =n — k.
Example 5.4.3. Let K = Q and &, be n-th primitive root of unity.
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1. Let M = Q(&x) and L = Q(&ox—1) for k > 4. Now M /K, L/K and M/L are Galois.
Hence M/ K is obtained by nontrivial weak cluster magnification from L/ K with mag-
nification factor [M : L] = 2. Also Gal(M/K) = 7/27 x Z./(2¥2)Z and
Gal(L/K) = Z/27Z x 7/ (2"=3)Z. By uniqueness in structure theorem for finite abelian
groups Gal(M/K) % Z/27Z x Gal(L/K). Hence by Corollary 5.2.0.2, we conclude that
M /K is not obtained by nontrivial strong cluster magnification from L/ K.

We can use a similar argument as above to conclude that for integers k > j > 3 for
prime p = 2 and integers k > j > 2 for prime p # 2, M = Q(,«) is not obtained by
nontrivial strong cluster magnification from L = Q(&; ).

2. Let n,l be integers such that 6 < | < n, l|n such that n = Ilm and gcd(l,m) = 1. Let
M =Q(¢&,) and L = Q(&;). We have

Gal(M/K) =[] z/p"z)* =[] z/p>"2z)* x ][ (2/p""Z)

pln pll plm
~ Gal(L/K) x [ (z/p>™z)".

plm

Hence by Corollary 5.2.0.2, M/ K is obtained by nontrivial strong cluster magnification
from L/K through F/K where F' = Q(&,) = Q(&u).
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Chapter 6
Cluster Towers

In this chapter, we provide an important example answering a question in [ 13] about Clus-
ter Towers. We also give a group theoretic formulation for cluster towers.

6.1 Cluster Tower of a Polynomial

Let f be an irreducible polynomial over K. Consider a complete set of representatives of
clusters of roots of f in K. Let (3, 32, . .., 3;) be an ordering of this set where s = sx(f).
Now consider the following cluster tower of fields terminating at the splitting field K.

Write the tower as

KgK(ﬁl) gK(51,62) g gK(ﬁlaﬁ?a"wﬁS):Kf'

In [13], the notions of degree sequence and length of such tower are defined as follows.

The length of tower is number of distinct fields in the tower and the degrees of these
distinct fields over K form the degree sequence.

Example 6.1.1. As noted in [13], if the Galois group of f over K is &,, for n > 2, we have
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s = n and the cluster tower is given by

KgK(ﬂl> gK(61a62) _,C4_ g_K(ﬂbBQa"'vﬂn—l) :K(617/827"'a/6n):Kf7

with degree sequence (n,n(n — 1),n(n — 1)(n — 2),...,n!/2,n!) = ("P,," P, ... " P,_1). So
in this case the degree sequence is independent of ordering of 3; ’s. The length of the tower is

n.

An important example: A question was asked by Krithika and Vanchinathan in [13]: Is
the degree sequence in general independent of the ordering of the representatives of the
clusters of roots? We describe the following example that answers this question nega-
tively.

First we mention some easy to verify properties of Euler’s totient function ¢.

Proposition 6.1.2. Suppose | and n are positive integers such that [|n with n = Im. Consider
their prime factorisations n = [[p**™ and | = [] p*® with v,(I) < v,(n) for every prime p
p

p
(here v, is usual p-adic valuation). Then

1. ¢(n)/o(l) = mo(k)/k where k = ]pgpvp(”).

2. k|m and hence, ¢(1)|p(n).
3. ¢(n) = ¢(l) ifand only if n = [, or L is odd and n = 2I.

4. ¢(n)/¢(l) = mif and only if n and | have same prime factors.

Example 6.1.3. (Bhagwat, Jaiswal) (Example 5.1.3 in [3])

Let n > 6. Fix Q to be an algebraic closure of Q. Fix b to be a primitive n-th root of unity
in Q. Let ¢ be a positive rational number such that f = «™ — c is an irreducible polynomial
over Q. (In particular, ¢ = p, a prime works for any n by Eisenstein criterion). Let a = c'/™ be
the positive real root of f. Hence the roots of f are given by a,ab, . ..,al’,al’*, ... ab™ 1. We
observe that, when n is odd, r = 1, s = n. When n is even, the roots appear in pairs {a, —a}
and thusr =2,s =n/2.

68



By [11, Prop. 1 and Thm. A ], the Galois group G of splitting field of f is isomorphic to
Z/nZ x (Z/nZ)* if and only if n is odd or, n is even with \/c ¢ Q(b) if and only if Q(c'/™) N
Q(b) = Q. Assume n to satisfy these conditions. Hence, in particular the order of G is np(n).

Further, assume that n is composite and l|n with n = ml, where for the cases n odd or
n = 0 (mod 4), we assume 2 < | < n; and for the case n = 2 (mod 4) we assume 2 < [ < n/2.
Because of our assumptions, ab™ # +a,+aband 1 < ¢(l) < ¢(n) by (3) of Prop. 6.1.2. Also,
o(1)|o(n) by (2) of Prop. 6.1.2. Since Q(b)/Q is Galois, by Thm. 2.6 in [5], we get

Gal(Q(a,b™)/Q(a)) = Gal(Q(b™)/Q) = (Z/1Z)".
(For example, c =2,n =9,l =3 and ¢ = 3,n = 8,1 = 4 work.)

Because of our assumptions, we have m+ 1 < s. Let the representatives of clusters of roots
of f be given by

B3 = ab™, Bpy1 = ab®, B; = ab”™" for other1 < i < s.

Consider the following cluster towers:

Q € Q) € QB1, B2) = Qy,
with degrees n and n¢(n) and length of tower = 3 and
Q C QA1) S Q(B1, B3) S Q(B1, Bs, B2) = Qy,

with degrees n,n¢(l) and n¢(n) and length of tower = 4.

This example shows us that not only the degree sequence is not independent of the ordering
of the 3;’s but length of tower is also not independent of the ordering of the (3;’s.
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6.2 Group Theoretic Formulation of Cluster Towers

Let the notations be as earlier in Sec. 5.2. Let (81, 5s, . . ., 35) be a fixed ordering of a com-
plete set of representatives of the clusters of roots of an irreducible polynomial f over K
in K, where s = si(f). We have the cluster tower:

KCK(ﬁl) CK<51,52) (@I CKf.

Let G = Gal(K;/K). Foreach 1 < i < s, let H; be the subgroup of G that fixes K(;).
Let 5, = fand H,; = H. Let g; be isomorphism from K () to K(3;) mapping (3 to g; (hence
o1 = Zd) Then Hz = O'Z'HO'i_l.

Let K,, = K(61,82,...,0m)and J,, :==( () H;) be the subgroup of G that fixes K,,.

1<i<m
Let m; < my < --- < my; be all the indices 7 > 1 such that J; # J;_;. The length of
above cluster tower is [ + 2. Here, m, is smallest index i such that K; = K.
The degree sequence is ag = n,ay,as,...,a; = |G| witha; =[G : J,,] foralli > 1.

Q;

Since

- < (n—(m; —1)r),forall i > 1 (where r = rx(f)), we have
i—1

Gl <n J] (n—(mi—1)r).
1<i<l
Remark 6.2.0.1. We have a; = n(n —1) = rg(f) = 1. The converse is not true. Consider
Example 6.1.3 for n odd and composite. Then ri(f) =1 and a; < ng(n) < n(n — 1).

Now since H; = o;Ho; * for all i, we have that N¢(H;) = 0;Ng(H)o; '. From Thm. 4.1.1
(3), we have ri (K,,) = [Na(Jm) : I

Example 6.2.1. Let f be an irreducible polynomial such that |G| = np and |H| = p where
p 1 n. Then length of cluster tower is 3 and degree sequence is n,np. Both degree sequence
and length of cluster tower are independent of the ordering of the 3;’s. As a particular case,
G = 2, for a degree-4 irreducible polynomial f.
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Chapter 7
Root Capacity

In this chapter, we introduce the concept of Root capacity as a generalisation of cluster
size. We begin the chapter with some observations about the group of automorphisms
of finite extensions. Then we prove some properties of root capacity. We conclude the
chapter with an interesting theorem.

7.1 The Group of Automorphisms of Finite Extensions

Let F;/F, be afinite extension of fields. Let Aut(F;/F,) denote the group of F;-automorphisms
of F). In this section, we describe some of the facts about this group and later use it to
prove some results about root clusters.

Proposition 7.1.1. (Bhagwat, Jaiswal) (Prop 6.1.1 in [3])

Let L/ K and M /L be extensions. Then

1. Aut(M/L) is a subgroup of Aut(M/K). Hence, (M) | rx(M).

2. Suppose o|, € Aut(L/K) for any o € Aut(M/K). Then Aut(M/L) < Aut(M/K) and
ri(M) [ (r.(M) i (L)).
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3. Suppose 0|, € Aut(L/K) for any o € Aut(M/K). Then any A € Aut(L/K) can be
extendedto \ € Aut(M/K) <= r(M) = r(M)ri(L). In this case M /K is obtained
by weak cluster magnification of L/ K with magnification factor r,(M).

Proof. From Thm. 4.1.1 (3), rx (L) = |Aut(L/K)|. Now (1) is easy to see.

Proof of (2): Suppose we have ¢|, € Aut(L/K) for any ¢ € Aut(M/K). Then we can
define the a homomorphism ¢ : Aut(M/K) — Aut(L/K) by mapping o to o|;. Hence,
ker(®) = Aut(M/L) and so Aut(M/L) < Aut(M/K). Also, Aut(M/K)/Aut(M/L) —
Aut(L/K). Thus ri (M) | (rp(M) rx(L)).

Proof of (3): This corresponds to the homomorphism & being surjective.

]

Remark 7.1.1.1. The homomorphism ® in above proof is not surjective in general. For exam-
ple, when K = Q, L = Q§/2), M = Q(+v/2), then & is not surjective.

Proposition 7.1.2. (Bhagwat, Jaiswal) (Prop 6.1.3 in [3])

Consider extensions L/ K and M /L. Then for o € Aut(M/K) we have
0 € Nawyry(Aut(M/L)) <= o|yawonn € Aut(MA"MD) /K0,

Hence also
Nawv/x)(Aut(M/L))/Aut(M/L) — Aut(MAut(M/L)/K>‘
Proof. We will mimic Perlis’ proof of Thm. 4.1.1 (3) (see [17, first proposition]).

For notational simplicity, (just for this proof) let G, G, denote the groups Aut(M/K)
and Aut(M/L), respectively.

If o € Ng,(Gy), then o Gy 07! = Gy. Let z € M. Since o Gox = Gyox, we have
ox = Gyox. Hence ox € M%2.

Conversely, suppose o ¢ Ng, (G-). Then there exists A € G, such that 07! \o & G5. We
know Aut(M/L) = Aut(M/MC?). Hence there exists z € M2 such that o~ ' Aoz # 2. That
is Aoz # ox. Hence ox ¢ MY, Thus o|,,0, € Aut(M2/K).
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Then we can define the map ® : Ng, (Gy) — Aut(M%/K) by mapping o to o|c..
Hence, ker(®) = G, and also we have

NG1 (GQ)/GQ — Aut(MGZ/K)

O

Corollary 7.1.0.1. Suppose M/L is Galois. Then we can replace M*"(/L) by [, in above
Prop. 7.1.2. If additionally we have Aut(M/L) < Aut(M/K), theno|, € Aut(L/K) for any
o € Aut(M/K). This is converse to Prop. 7.1.1 (2) under the condition A//L is Galois.

We will also give a direct proof of second part of this corollary without referring to
above Prop. 7.1.2.

Proof. Let 0 € Aut(M/K). Now Aut(M/o(L)) = ocAut(M/L)oc~!. Since Aut(M/L) <
Aut(M/K), we have Aut(M/o(L)) = Aut(M/L). Also |[Aut(M/o(L))| = |Aut(M/L)| =
[M : L] since M/L is Galois. Since o(L) is isomorphic to L, [M : L] = [M : o(L)].
Hence, M/o(L) is also Galois. Thus L = MAuM/L) — prautM/e(L)) — (L), Therefore
olr € Aut(L/K). O

By letting M = L we have the following corollary, i.e., [17, first Prop.].

Corollary 7.1.0.2. Let G = Gal(L/K) and H = Gal(L/L). Then we have o € Ng(H) <=
ol € Aut(L/K). Hence 0 H — 0|, defines an isomorphism N¢(H)/H — Aut(L/K).

Proof. Now L* = L and the injective map N¢(H)/H — Aut(L/K) is surjective because
any automorphism of L/ K extends to an automorphism of L/K. O

Remark 7.1.2.1. There is an interesting result about automorphism groups. Although the
Inverse Galois Problem is still not solved for every finite group over rationals, the Inverse Au-
tomorphism Group Problem is solved for every group not just over rationals but also over a
bigger class of fields.

Recall Def 4.2.2 of Hilbertian fields. In a recent work in 2018, Francois Legrand and Elad
Paran have proved in Thm 1.1 [14] that, every finite group G occurs as the automorphism
group of infinitely many distinct finite extensions of any given Hilbertian field K.
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7.2 Root Capacity

We saw that the cluster size counts the number of roots appearing in the root cluster of
« that is the number of roots of minimal polynomial of « over K which are contained in
K(«a). We can ask for an analogous quantity associated to an extension M /K. We intro-
duce the following concept as a generalisation of cluster size. One can easily appreciate
the usage of ‘capacity’.

Definition 7.2.0.1. (Bhagwat, Jaiswal) (Def 6.2.1 in [3])

Let o € K and let f be minimal polynomial of o over K. For an extension M/K, let
px (M, o) be the number of roots of f that are contained in M. We call this quantity as the
root capacity of M with respect to o (with base field K fixed).

Let L/K be an extension. By primitive element theorem L = K («) for some a € K.
We define px (M, L) := px(M, ) which is well defined by the following proposition. We
call this quantity as the root capacity of M with respect to L (with base field K fixed).

Proposition 7.2.1. (Bhagwat, Jaiswal) (Prop 6.2.2 in [3])

Let o, B € K and let K («) = K(3). Then for any M/ K, we have pr (M, o) = px (M, B).

Proof. Let the degree-n minimal polynomials of o and 3 over K be f and ¢ respectively.
Let {a;}1<i<n, and {B;}1<i<, be all the roots of f and g in K with a; = o, 3; = 3. Since
K(a) = K(p), we have polynomials i and A\ over K with degrees < (n — 1) such that
a = A(f)and S = u(a). Now, g(5) = 0. Hence g(u(«)) = 0. Thus f|gou. Hence g(u(a;)) =0
for all .. Hence each p(«;) = 3; for some j.

We also have o = \ou(«). Hence f(z)|(Aou(x) —z). Thus Ao u(a;) = «; for all 7. Hence
1 is a bijection from the set of roots of f to set of roots of ¢. By relabelling we can assume
w(a;) = p; for all i. Thus A(;) = «; for all i. Hence for any i,we have o; € M <= f; € M.

]

Remark 7.2.1.1. Let a and f be as in Def. 7.2.0.1. Now, py (K (), o) = ri(f). Thus the above
proposition proves that given an extension L/ K, the cluster size is the same for all irreducible
polynomials that are the minimal polynomials of primitive elements of L over K (Corollary 1
in [15]). This proof is independent of Thm. 4.1.1 (3).
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We prove some properties of root capacity.

Proposition 7.2.2. (Bhagwat, Jaiswal) (Prop 6.2.4 in [53])

Let M /K be extension of L./ K. Then the following hold.

1. pg(L,K) =1and pi(L,L) = ri(L) and px (M, L) > ri(L) and px (L, L) = [L : K].

2. pk(M,L) =rg(L) = o|L € Aut(L/K) forany o € Aut(M/K).

Proof. The property (1) is easy to see.

Proof of (2): Let L = K(a) for a € K with f as the minimal polynomial of o over
K with roots {a;}1<i<n. Then px (M, L) = rg(L) is equivalent to the statement «; €
M < «o; € L. If 0 € Aut(M/K), then o|, maps « to an «;; € M. Hence, o|;(«) € L.
Thus 0|, € Aut(L/K).

The following lemma is reformulation of [18, Thm. 2] for a perfect base field K.

Lemma 7.2.3. Let o € K. Then for any M /K we have r (f)|px (M, o). Hence for any L/ K,
we have ri (L)|px (M, L). That is px (M, L) = a.ri(L) where 0 < a < sg(L).

Proof. The proof of Theorem 4.1.1 (2) gives a partition of the set of roots of f into sx(f)
many subsets of equal size rx(f), where each subset satisfies the property that in any
extension of K, one of the roots being present implies the presence of the remaining
ones. 0

The integer a obtained in Lem. 7.2.3 can be described as follows.

Proposition 7.2.4. (Bhagwat, Jaiswal) (Prop 6.2.6 in [5]). We have

1. a is number of distinct fields inside M N L isomorphic to L over K.

2. a=|Z|with Z = {1 <i < s | thereexists 0 € o;Ng(H) with (L) C M N L} where o;
are coset representatives of Ng(H) in G.
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Proof.

1. InLemma 7.2.3, we have that the set of roots of f in M is union of a clusters of roots
of f. From proof of Lemma 4.4.1, we are done.

2. From the proof at the beginning of Sec. 4.4, we have that sy (L) is number of distinct
subgroups conjugate to H = Gal(L/L) in G = Gal(L/K) whichis [G : No(H)]. From
(1), we are done.

]

Example 7.2.5. Let L, be as in proof of Thm. 4.4.2. Let L. = Ly. So ri(L) = 1,sx(L) = n
and L = L,_y. Also px(Li, L) = k for 1 < k < (n — 2). Also pg (L, L) = 15 (L) = 2.

Example 7.2.6. Let notation be as in section 6.2. Let L. = K, and mq = 1. Then fori > 0 and
m; < m < mi1, we have p(K,,, L) = p(Ky,, L) > (mip1 — D)rg(L).

Proposition 7.2.7. (Bhagwat, Jaiswal) (Prop 6.2.9 in [5]) Let M, /K and M,/ K be extensions
of L/ K contained in K. Then

pr(MiMs, L) > pr(My, L) 4+ px(Ms, L) — px(My N My, L).

Proof. Consider the set of s many representatives of clusters of minimal polynomial of
a primitive element of /K. Consider the subsets of representatives contained in M;
and M, and let a and b be their respective cardinalities. Hence px(M;) = a.rx(L) and
pr (M) = b.rg(L). Let i be cardinality of intersection of these two sets. Hence px(M; N
M,, L) > i.rg(L). Also since cardinality of union of these two sets is a + b — i. Hence
pr (M My, L) > (a+b—1i).rg(L). Hence we are done.

Example 7.2.8. Let p be a prime and let a = /p and b = &o. Let L = Q(a) and M, =
Q(a,ab?) and My = Q(a,ab®). Thus MiM, = L. So px(M My, L) = 12, pxc(My, L) =
6, pr (M, L) = 4. Hence px (M1 My, L) > pr (M, L) + px(Ma, L) — pr(My N My, L). The
inequality is strict here.
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Let M/K be an extension of L/K and px (M, L) = a.rk(L) for some 0 < a < sg(L).
Let L = K («) for some o € K with f as the minimal polynomial over K. Relabel the roots
{a;}1<i<n suchthat a; = o, as, . .., as forms a set of representatives of the clusters of roots
of fsuchthato; € M <= 1<i<a.Let Ly := K(ay,q9,...,0,). The roots of fin Ly,
and M are same. We can observe that L,; = L7 where T' = (N o;Ho; ' with notations as

4
in Prop. 7.2.4.
Proposition 7.2.9. (Bhagwat, Jaiswal) (Prop 6.2.11 in [5])

Let M /K be extension of L/ K. Let Ly, be as above. Then the following hold.

1. L,y is independent of choice of primitive root for L/K that is Ly, is well defined for a
given M and L.

2. Ly CMnNL.

3. px(Lpy, L) = pg (M, L). For K C P C M, we have px (M, L) = pg(P, L) if and only if
Ly C P.

5. px(M, Lyr) = ri(La). Thus we have o, € Aut(Ly/K) for any o € Aut(M/K).

6. MNL=L = px(M,L)=rg(L). Also MNL=K = pg(M,L)=0.

7. If M/ K is obtained by strong cluster magnification from L/ K then pyx (M, L) = rx(L).
Proof. Proof of (1): From the proof of Prop. 7.2.1 it follows that if K'(a) = K () then there

is a relabelling of {5;}1<;<, such that K(a;) = K(p;). Hence, for the above labelling of
{/Bi}lgigrn we have K<a17 Qg, ... ,Oéa> = K(ﬁlu ﬁ27 s 76(1)'

Proofs of (2), (3), (4) follow from definition of L,,.

Proof of (5): From Lem. 7.2.3, p(M, Lys) = a.rx (L) for a < sg(Lys). From Prop. 7.2.4
(1), a is number of distinct fields inside A N L isomorphic to L,,; over K. By definition of
Ly, we have a = 1. The second assertion follows from Prop. 7.2.2 (2).

Proof of (6): Since M N L = L, we use (2) to conclude that L = L,,. Hence by (4), we
are done.
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Proof of (7): If the extension M /K is obtained by strong cluster magnification from
L/K,then we have M N L = L (see Def. 5.2.0.1 and Lem. 5.1.1). O

Remark 7.2.9.1. The statement L); = M N L and the statement pi(M,L) =0 = MNL =
K are not true in general. Let K = Q, L = Q(v/2) and M = Q(~/2). Hence L = Q(v/2,¢) and
MNL=QW?2)and Ly = Q.

Theorem 7.2.10. (Bhagwat, Jaiswal) (Thm 6.2.15 in [3])
IFMNL=Land[M : L] = rg(M)/rx(L), then M/L is Galois.
Proof. Suppose M N L = L. Hence from Prop. 7.2.9 (6), Prop. 7.2.2 (2) and Prop. 7.1.1 (2),

we have rx(M)|(rp(M)rk(L)). Since rx(M) = [M : Ljrk(L), we conclude that r, (M) =
[M : L] and M/L is Galois.
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Chapter 8
Unique Chains for Extensions

In this chapter, we introduce the concept of unique descending and ascending chains for
extensions and prove the important properties of unique chains. We also compute unique
ascending/ descending chains for some interesting examples.

8.1 Unique Descending Chains

Theorem 8.1.1. (Bhagwat, Jaiswal) (Thm 7.1.1 in [3])

Let L/ K be a nontrivial finite extension. Let G = Gal(L/K) and H = Gal(L/L).

1. The extension N = LN¢UD is the unique intermediate extension N/K such that L/N is
Galois with degree [L : N] = ri(L). Hence the degree [N : L] = sk (L).

2. There is a unique strictly descending chain of subextensions
L=Ny2N, DN, 2D---DN,

such that for all i > 1, N;_1/N; is Galois extension with degree [N; 1 : N;| = rix(N;_1),
with the chain terminating at Ny, for which rx(Ny) = 1. Hence the degree [N; : K| =
SK(Ni—l) for all i >1 and SK(Nk—l) = SK(Nk)
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This unique strictly descending chain of subextensions corresponds to the unique strictly
ascending chains of subgroups of G

H = Hy < Ng(Hy) = H < Ng(Hy) = Hy < -+ < Ng(Hy_1) = Hy

such that N¢(Hy) = Hy. Hence ri(N;) = [Hiy1 : H;| and s (N;) = [G : H;iq)-

3. L/K is obtained by weak cluster magnification from N,,/K with magnification factor
ri(L).

4. N, = K <= Ny_1/K is Galois.

5. rx(L) =1 <= Ng(H) = H <= the unique descending chain is singleton L.

6. L/K is Galois <= Ng(H) =G <= the unique descending chainis L D K.

7. N¢(H) < G <= the unique descending chainis L 2 N 2 K.

Proof.

Proof of (1): Let N = LN¢(")_ Thus L/N is Galois as H < Ng(H). We have [L : N] =
[Ng(H) : H|. Hence by Thm. 4.1.1 (3), [L : N] = rx(L). Suppose N'/K is another in-
termediate extension such that L /N’ is Galois and [L : N'| = rx(L). Since L/N’ is Ga-
lois, we have H < Gal(L/N') € G. Thus Gal(L/N’) C Ng(H). Hence N C N'. Since
[L: N]=|[L:N'|,wehave N = N'.

Proof of (2): Let Ny = L, From (1), we can inductively choose N; for each i > 1. Let
N;/K be the unique intermediate extension of V;_; /K such that V;_;/N; is Galois with
degree [N;_; : N;] = rx(NV;_1). The chain terminates since /K is finite.

Proofs of (3)-(6) are easy to see.

Proof of (7): We have N¢(H) = G < H <JG <= H = 1. We also have N;(H) <
G — Ng(H) # H. Since if Ng¢(H) = H, then by assumption, H < G. Hence H = 1, so
N¢(H) = G which contradicts the assumption. Hence, No(H) < G <= Ng(H) # H and
H # 1land Ng(H) <G <= rk(L) # 1and L/K is not Galois and N/K is Galois <=
the unique descending chainis L 2 N D K.
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Remark 8.1.1.1. Alternate proof for Thm. 8.1.1 (1).

Let N = LA"E/K) Hence L/N is Galois and [L : N] = |Aut(L/K)|. Hence by Thm. 4.1.1
(3), [L : N| = rx(L). Suppose N'/K is another intermediate extension such that L/N’ is
Galois and [L : N'] = ri(L). Since L/N' is Galois, we have N' = LA""(L/N) and [L : N'| =
|Aut(L/N")|. Hence |Aut(L/N’)| = |Aut(L/K)|. By Prop. 7.1.1 (1), Aut(L/N’) C Aut(L/K).
Thus Aut(L/N') = Aut(L/K). Hence N' = N.

Because of uniqueness, LN¢H) = [Au(L/K)  This can also be seen in this way. Since
LNet)  [H = [ and LAH/5) c [, by identifying No(H)/H and Aut(L/K) through
the map in Cor. 7.1.0.2, we have LNc(") = [Au(L/K),

Remark 8.1.1.2. Equivalently we can state Thm. 8.1.1 (1) as follows: There exists a unique
intermediate extension N/K such that L/N is Galois of maximum possible degree. This is
because, since L/N is Galois, we have [L : N| = |Aut(L/N)| and we also have Aut(L/N) C
Aut(L/K). Hence [L : N|is bounded by ry (L).

This also gives an equivalent definition of ri (L) as the maximum possible degree of L/ N
where N is intermediate field of L/ K such that L/N is Galois.

Proposition 8.1.2. (Bhagwat, Jaiswal) (Prop 7.1.4 in [3])

Let L /K be a nontrivial finite extension and N be the unique intermediate extension for
L/K asin Thm. 8.1.1 (1). Suppose L = K («) for a primitive element o € K with minimal
polynomial f over K such that ri(f) = randlet « = oy, as, ..., «, be the roots of f contained
in L. Then

N = K(ti,ts, ... t,)

where t; are elementary symmetric sums of a; for 1 <i <.

Proof. Let h be the minimal polynomial of « over N. The degree of / is r = |Aut(L/N)]|.
Since Aut(L/N) = Aut(L/K),itfollows that h = ITi<;<,.(z— ;) = 2" —t; 2" 4 - -4 (=1)"t,.
Now K (t1,ts,...,t.) C N. Since h is a polynomial over K(¢y,ts,...,t,) which « satis-
fies. we conclude that h is the minimal polynomial of « over K (¢1,1s,...,t.). Thus N =
K(ty,ta, ... t). O
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8.2 Unique Ascending Chains

We mention an analogue of Thm. 8.1.1 in this section. The proof is similar.

First some notations: For any subgroup H of a group G, we denote by H¢, the normal
closure of H in G, i.e., the intersection of all normal subgroups of G that contain H.

Theorem 8.2.1. (Bhagwat, Jaiswal) (Thm 7.2.1 in [5])

Let L/K be a nontrivial finite extension. Let G = Gal(L/K) and H = Gal(L/L) be as
earlier.

1. The extension F = L"° is the unique intermediate extension F/K such that F/K is
Galois with maximum possible degree.

2. We define the ascending index t; (L) of L/ K by ty (L) := [F : K|. Let ugx (L) :=[L : F].
Thus tx (L) ug(L) = [L : K]. We have tx (L) = [G : H®] and ug (L) = [HE : H]. We
also have ri (L) | tx (L) rp(L).

3. There exists a unique strictly ascending chain inside L, i.e.,

such that for all i > 1, we have F;/ F;_; is Galois with maximum possible degree with the
chain terminating at Iy, where tp (L) = 1.

This unique strictly ascending chain of subextensions corresponds to the unique strictly
descending chains of subgroups of G

G:G()EHGO:GlgHGlzGQE"'EHGk_l = G},
such that H* = Gy. Hence ty, (L) = [G; : Giy1] and up, (L) = [Giy1 : HJ.
4. Fy =L <= L/F}_ is Galois.
5. tg(L) =1 <= HY =G <= the unique ascending chain is singleton K.

6. L/K is Galois < H® =1 <= HY = H <= the unique ascending chain is
KCL.
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7. H<L HY < HY+# Gand H® # H and H < HY <= the unique ascending chain
isK CFC L.

The following result connects the unique descending chain and unique ascending chain

for a nontrivial finite extension L/ K.

Proposition 8.2.2. (Bhagwat, Jaiswal) (Prop 7.2.2 in [3])

Let L./ K be a nontrivial finite extension. Let N be as in Thm. 8.1.1 and F be as in Thm.
8.2.1.

1. N¢(H) =G <= rg(L)=[L: K] <= tg(L)=[L: K] < H®=H.
2. HAH® < H%C Ng(H) < N CF.

3. Ng(H)<dG = HY C Ng(H).

4. H = Ng(H) = Ng(H) < Gand H < HC.

5. HY = Ng(H) <= N = F <= the unique descending chainis L 2 N 2 K and
the unique ascending chain is K C F C L and they both coincide. In this case we have
r(L)tg(L) =[L: K]and tx (L) = sk (L).

Example 8.2.3. For a degree 4 non-Galois extension L/K, we have N = F. In particular,

K =Q, L = Q(v/2) and hence N = F = Q/2).

8.3 Interesting Examples

In this section, we will compute the unique ascending /descending chains for some exam-
ples.

Example 8.3.1. (Bhagwat, Jaiswal) (Prop 7.3.1 in [3])

Let the notation and conditions be as in Example 6.1.3. Let L. = Q(a) and K = Q and let
v be the standard 2-adic valuation.
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1. Let N; = Q(a2i). Then the unique descending chainis L = Ny 2 N1 2 -+ 2 Nyy(n)-
2. Let F, = Q(a”/Qi). Then the unique ascending chainis K = Fy C 1 C -+ C Foy(n)-

Proof. 1dentifying G = Gal(Qy/Q) with Z/nZ x (Z/nZ)* wehave H = {0} x (Z/nZ)* C G.
Now G has the semidirect product group law

(a,u) - (B,v) = (a4 u- fB,uv)

asin[!1]where u-3isusual multiplication uS inthering Z /nZ. Thus (o, u) ! = (—u"'a,u™t)
and

(o, u) - (0,0) - (a,u) " = (@ — va, v)
Proof of (1):

If (,u) € Ng(H) then a = va forall v € (Z/nZ)*.

If n is odd then 2 € (Z/nZ)* and in particular 2a = a. Thus @ = 0 and Ng(H) = H.
Hence rx (L) = 1. Hence by Thm. 8.1.1(5), the unique descending chain is singleton L.

If n is even, then (n/2)(1 —v) = 0 for all v € (Z/nZ)* as all these v are given by odd
integers mod n. Since —1 € (Z/nZ)*, we get 2a = 0. Hence o« = 0 or n/2. Thus N¢(H)
can be identified with the set Z/2Z x (Z/nZ)* where Z/2Z is generated by the element
(n/2,1) of G mapping a to —a and b to b. Also 7, (L) = 2. Hence LN¢() = Q(a?) = Nj.

Let N, be Galois closure of N;/K. Hence N; = Q(a?,b?). Also since Q(a) N Q(b) = Q.
Hence Q(a?)NQ(b*) = Q. Hence Gal(N; /K) canbe identified with Z/(n/2)Zx(Z/ (n/2)Z)*.
If n/2 is even, we can repeat the process for V; and get N,. The process will terminate at
Ny, (ny @s n/va(n) is odd.

Proof of (2):
Now H¢ is generated by elements of the form (a — va, v) with o € Z/nZ,v € (Z/nZ)*.

If nis odd then 2 € (Z/nZ)*. Thus (a — 2a,v) = (—a,v) € HE for any o, v. Thus H® =
G. Hence tx (L) = 1. Hence by Thm. 8.2.1(5), the unique ascending chain is singleton K.

If n is even then all v € (Z/nZ)* are given by odd integers mod n. Thus all a« — va
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are even mod n. Since —1 € (Z/nZ)*, we get (2a,v) € H¢ for any a,v. Thus H¢ =
Z](n/2)Z x (Z/nZ)* where Z/(n/2)Z is generated by the element (2, 1) of G mapping a to
ab® and b to b. Also tx (L) = 2. Hence LHE = Q(a™?) = F.

Let L, be Galois closure of L/F;. Hence L; = Q(a,b?). Also since Q(a) N Q(b) = Q.
Hence LNQ(b?) = Q. ByLemma 5.1.1, LN F;(b*) = F. Hence Gal(L,/F}) can be identified
with Z/(n/2)Z x (Z/(n/2)Z)*. If n/2 is even, we can repeat the process for F; and get Fs.
The process will terminate at F,,,) as n/vs(n) is odd.

]

Remark 8.3.1.1. The Part (1) above is also true for the case not covered, that is n is even and
Ve € Q(b). The following proof works in general. We know that N, = LA"(/K)_ Since n is
even, Aut(L/K) has 2 elements mapping a to a and a to —a. Hence Q(a?) C LA"L/%), Now
since z" — ¢ is minimal polynomial for a over Q. Hence a? satisfies +™/* — c. We claim that it is
indeed the minimal polynomial for a* over Q. If not, then let f(x) be minimal polynomial for
a® with degree < n/2. Then a satisfies the polynomial f(z*) which has degree < n which gives
a contradiction. Hence [Q(a?) : Q] = n/2. Thus N, = Q(a?). Proceeding similarly we get the
unique descending chain.

Example 8.3.2. Consider the case in Example 8.3.1 with n = 2 mod 4. Hence for L = Q(a)
and K = Q, we have L 2 N to be the unique descending chain with N = Q(a*) and K C F
to be the unique descending chain with F = Q(a™/?). We can show that L/K is obtained by
strong cluster magnification from N/ K through F/ K.

Now F/K is clearly Galois. Since (n/2,2) = 1. Hence NF = L. Thus N N F = K. Since
Q(a) NQ(b) = K. Hence Q(a) NQ(b?) = K. Thus by Lemma 5.1.1, Q(a) N Q(a?, b?) = Q(a?).
Thatis NN L = N.Hence NN F = K.

Theorem 8.3.3. (Bhagwat, Jaiswal) (Thm 7.3.4 in [5])

Let f be an irreducible polynomial over number field K with givenn > 2and1 <r <n
with r|n as in proof of Thm. 4.3.1 and s = n/r. Let L /K be extension formed by adjoining a
root of f to K. Then the unique descending chainis L 2 N 2 K and the unique ascending
chainis K C I C L and they both coincide.
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Proof. Let G = Gal(L/K) and H = Gal(L/L). By construction, G = (Z/rZ)* x Z/sZ and
H = (Z/rZ)*7" x {0} x {0}. Now G has the semidirect product group law given by

((ay,...,a4),b) - ((c1,...,¢5),d) = ((a1,...,as) + (b-(c1,...,¢5)), b+ d),
whereb - (c1,...,¢) = (o1, -, Cs,C1,. .., ) TOrb#0 &0 (c1,...,¢5) = (c1,...,C5).

Also ((a1,...,as),0) ' = ((—as_pi1, .-, —Qs, —a1, ..., —as_p),—b) forb # 0 &
((ag,...,as),0)"t = ((—ay,...,—as),0). One can verify that

((al, . ,CLS), b) . ((Cl, v, Cs1, 0), O) . ((0,1, . ,CLS), b)il = ((CbJrl’ ey Cs1, O, Cly... ,Cb), O)
Thus for » < n (that is s > 1), one can compute and show that Ng(H) = H® =
(Z/rZ)* x {0}. Hence by Prop. 8.2.2 (5), we are done.
0

Remark 8.3.3.1. For M/L/K, the statements ri (M) > rx(L) and ryx(L)|rx(M) (weak
cluster magnification) are not true in general. Consider L/N/K as in Thm. 8.3.3. Here,
r(L) > rg(N) < r? >nandrig(N)|rg(L) <= n|r? Thus in particular n = 6,r = 2
and n = 6,r = 3 give us counterexamples for the two statements.

Theorem 8.3.4. (Bhagwat, Jaiswal) (Thm 7.3.6 in [3])

Let f over K be irreducible of deg n with Galois group &,, with roots o; € K for1 < i < n.
For1<k<n-—2letL,=K(ay,...,op).

e Let Ny be the unique intermediate extension for L, /K as in Thm. 8.1.1 (1). Then we
have the following.

1. Ny = K(ty,to,...,tx) where t; are elementary symmetric sums of o; for 1 < i < k.
2. Case (a): Characteristic of K # 2. For k < n — 1, we have
Nk :K(t1) = K(Oél —|-Oé2"'—|-04k).
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Case (b) Characteristic of K = 2. For k < n — 1 but k # n/2, we have

Nk:K<t1):K(Oé1+O[2"'+O{k).

3. for k # 1,n/2, the unique descending chain is Ly 2 Ny. Also rx (L) = 1.
4. for k = n/2 and for field K with characteristic # 2, the cluster size ri (Ny) = 2. The

unique intermediate field for N,/ K is K (t,(a — t1)) where a; + as + -+ - + o, = a.

 The unique ascending chain is singleton K. And tx(L;) = 1.

Proof.

1. Now, L, = L,_; = L,. As noted in proof of Thm 4.4.2 in [13], the subgroup

H, C 6, fixing L, is isomorphic to &,,_; as it consists of all permutations of the
remaining n — k roots. We have that Ng, (H;) = S, x & where &, permutes
the k roots ay, as, ..., a; and &,,_; permutes the other n — k roots as we have
that Ng, (Hy) is a subgroup of &,, which preserves the set of first k roots and
hence also preserves the set of other n — k roots. (Also follows from Lemma 3
in [13]). Now N, = L,V Hence Gal(Ly/N,) = &, and [L;, : N;] = k! and
[Ny : K] = "Ck.
Now K (t1,ta,...,t;) C Ni. Also Ly is splitting field of polynomial z* — ¢, 2%~ +
-+ (=1)*t, over K(ti,ts,...,t). Hence [Ly : K(ti,ts,...,t)] < k!. Thus
K(ty,ts,...,t;) = Np.

. We give a proof for case (a) only. The proof in the other case follows similarly.

Now for any I < n — 1, we have «;,,, ¢ K(o,,q,,...,q;) and we also have
a;, € K(aj,,qy,...,q; ) for distinct i,,, < n. Since t; = a3 + ag + -+ + .
Hence ¢, has at most "C), conjugates inside L of the form Qg o, o,
for distinct ,, < n.

We claim that number of conjugates is exactly "C}, that is, if {iy, s, ..., 4} and
{s1,Ja2, .., jr} are distinct sets of £k numbers < n then a;, +;, +- - -+, # oy, +
aj, +- - -+ a;, . Assume on the contrary o, + o, +- - -+, = @, +ay, +- -+,
Case 1 : Let £ < n/2. Hence number of distinct «; in the equation is at most
n — 1. After cancelling the common terms on both sides and then by taking all
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«; on one side except say «;,, we get o, lies in field generated over K by other
< n — 2 many «;. This gives a contradiction.

Case 2 : Let £ > n/2. Now before cancelling we have < n — k terms on RHS
distinct than terms on LHS. Hence we have > 2k — n common terms on both
sides. Cancelling these common terms out leaves us with < n—k terms on both
sides. Since & > n/2, we have n — k < n/2. So we are back to Case 1.

Case 3: Letnbe evenand k = n/2. We assume characteristic is not 2 in this case.
If we can cancel out even one term from both sides then we are back to Case 1.
So assume that o, + v, +- -+, = oy, +y, +- -+ +a;, , where all iy, j,, are
distinct. We know that oy + as +---+a,, = a € K. Hence a;, + v, + - - tay,,+
aj, +aj, +- - +aj, , = a Thus 2(ey, +a;, +- - +a;, ,) = a. Since characteristic
isnot 2, we have o;, + i, + -+ + @, ,, € K. Thus @i,y € Koy, agy, ... 70%/2_1)
which is a contradiction.

Hence [K (t;) : K] = "Cy. Now K (t;) C Ni. Hence K (t,) = N,.

3. Case 1: Let k < n/2. We claim that rx (Vi) = 1. Suppose «;, + a, + -+ - + ;. €
K (t;) for at least one ¢; > k + 1. By similar argument as in Case 1 of (2), we get
a contradiction. Hence the unique descending chain is L 2 Ny.
Case 2 : Let k > n/2. Thusn — k < n/2. So rx(N,—;) = 1. Hence Ng, (&) x
Sn k) = 6 xS, k. Bysymmetry Ng (S, 1 X 6)) = S, X S. Thus ri (N;,) =
1.

4. Suppose k = n/2 and characteristic of K # 2. Clearly
(Qnjo1 + anjopo + -+ apn) € K(ag +ag + -+ 4 apya).

Suppose any other «;, + a;, + -+ + «;, € K(t1). Thus at least one i, satisfies
1 < 4; < k. Hence we get that at least one of the ¢, lies in field generated
over K by other < n — 2 many «;, which is a contradiction. Hence r (N;) = 2.
By Prop. 8.1.2, unique intermediate field for N, /K as in Thm. 8.1.1 (1) will be
K((ti +a—t1),ti(a—t1)) = K(t1(a — t1)).

 Proof of last assertion: We have that the smallest normal subgroup of &,, containing
S, is G, itself. This is because k < n — 2 thatisn — k > 2. We know that for n = 3
and n > 5, the only proper non trivial normal subgroup of &,, is 2,, and 2,, cannot
contain &,,_; for any £ < n — 2. We also know that for n = 4, the only proper non
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trivial normal subgroups of &, are 2, and V, (Klein four-subgroup) and 2/, and V;
cannot contain &,_;, for both £ =1, 2.

Hence by Thm. 8.2.1 (5), we are done.

]

Remark 8.3.4.1. From the above theorem, in the case k # 1,n/2, the unique descending
chain is L, 2 N,. Hence L;/K is obtained by nontrivial weak cluster magnification from
Ny /K with magnification factor [Ly : Ny|. But L, /K is not obtained by nontrivial strong
cluster magnification from N,/ K, since the last assertion of above theorem implies that there
doesn’t exist a Galois F'/ K contained in Ly, as in Def 5.2.0.1 with [F : K] = [Ly, : Ny].

Remark 8.3.4.2. In view of the examples discussed in Sec. 8.3, we can see that the converse
of Thm. 7.2.10 is not true.

1. Let M = L where L/K is not a Galois extension. Then M/L is Galois but M N L # L
and [M : L] # rg(M)/rk(L).

2. Consider the case in Thm. 8.3.3. We have L/N is Galois and L\ N = N but [L : N| #
ri(L)/r(N).

3. Consider the case in Thm. 8.3.4 for n > 5 and k = 2 and Characteristic of K # 2. Since
N = K(Oél +C¥2). Thus a1 +as, o +as € Nk. Hence oy — oy € Nk and thus 01,009 € Nk
That is Lk C Nk So Lk/Nk is Galois and [Lk : Nk] = TK<Lk)/7"K<Nk> but Nk ﬂLk # Nk

On a similar note, the conclusion of Thm. 7.2.10 does not hold if we remove any one of the
two conditions in its hypothesis.

1. Let M/K be a nontrivial non Galois extension. Let L = K. Then M N L = L but
(M : L] # rg(M)/rk(L) and M/L is not Galois.

2. Consider the case in Ex 5.4.2 foroddn > 5and k = (n+ 1)/2 and j = n — k. Hence
j=(n—1)/2=k—1. Thus L, = L;(coy). One can verify that the minimal polynomial
of ay, over L, has degree n — k + 1 and has the roots oy, a1, . . ., ay. Also o & Ly, for
i > k. Thus Ly, : L;] = r&(Ly.)/ri(L;) but L; 0 Ly # L; and Ly/L; is not Galois.
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Chapter 9
Base Change Theorems

In this chapter, we establish theorems about strong cluster magnification, weak cluster
magnification, root capacity and unique chains under a particular type of base change.
Then we prove results about strong cluster magnification and unique chains.

First we see a result about field extensions. The following lemma is a special case of
Prop. 2.2.2 [4, Prop. 2.5].

Lemma 9.0.1. Let E,, E,, E; be Galois over K contained in K. Suppose each pairwise inter-
sections of E;s is K, i.e.,

ExNEy=FE,NEk=EFENE =K.

Then
EiEsNEy3=K <— E\EsNEyE3 = Es.

Throughout this chapter, let L/ K be a finite extension and let K’/ K be a finite Galois
extension such that L and K’ are linearly disjoint over XK. We consider base change by
such extensions K”.
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9.1 ABase Change Theorem for Strong and Weak Cluster
Magnification

Theorem 9.1.1. (Bhagwat, Jaiswal) (Thm 8.1.1 in [3])

Suppose M /K is obtained by nontrivial strong cluster magnification from an L/K with
magnification factor d. Let M and K’ be also linearly disjoint over K. Then MK'/K' is ob-
tained by nontrivial strong cluster magnification from LK'/K' with the same magnification
factor d.

Furthermore, M K'/ K is obtained by strong cluster magnification from M /K and LK’/ K
is obtained by strong cluster magnification from L/ K and these are non trivial if [K' : K| > 1.

Proof. Proof of second assertion essentially follows from definition of cluster magnifica-
tion. We prove the first assertion. Suppose M/ K is obtained by strong cluster magnifica-
tion from an L /K. We have L/K and F//K asin Def. 5.2.0.1. Let M’ := M K’. Since M and
K’ are linearly disjoint over K, we have M N K’ = K. Since M = LF,wehave LN K’ = K,
LNK'=Kand FNK' = K.

Now we check the three conditions of Def. 5.2.0.1 for M'/K’.

1. Let L' := LK. Since K'/K Galoisand LN K’ = K,wehave [l : K'| = [L: K] =n >
2.

2. Let F' := FK'. Since, F// K is Galois, F'/K' is Galois. Also, [ : K'| = [F : K] =d >
1. Let L’ be Galois closure of L’ over K’ in K. Now, N := LK’ is Galois over K’ and
L' ¢ N.Hence, L’ C N.Since F is linearly disjoint with L over K, we have LNF = K.
Also LN K' = K and F N K’ = K. Since L, F and K’ are Galois over K. From Lem.
9.0.1forEy, =L, E,=F,E;=K',wehave LFNK' = K < LK'NFK' =K'.So
we have NN F' = K'. Thus, L' N F = K'. Hence L’ and F” are linearly disjoint over
K'.

3. I'F = (LK')(FK') = (LF)K' = MK' = M'.
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Remark 9.1.1.1. The above theorem can be reformulated in this way: If M /K is obtained by
strong cluster magnification from L/K through F'/K and M’/ K is obtained by strong cluster
magnification from M /K through K'/ K, then M’/ K' is obtained by strong cluster magnifica-
tion from LK'/K' through FK'/K'.

We also have pi(M', L) = ri(L). This is because M’ "M = M and M N L = L which
imply M' N L = L.

Lemma 9.1.2. The extension M /K’ is K'-isomorphic to LK'/K' <= M = LK’ where
L,/K is K-isomorphic to L/ K. Further in this case, the extension L, is unique and is given by
Ly=MnL.

Proof. Suppose M /K’ is isomorphic to LK'/K'. Let ¢ : LK’ — M be the isomorphism
such that o|x = idg/. Let o(L) = L;. Hence M = L, K. Since o|x = id, it follows that
L,/K is isomorphic to L/K.

Conversely, suppose L, /K is isomorphic to /K. Let A\ : L — L; be the isomorphism
such that \|x = idg. Let A : LK’ — LK’ be such that A\(I) = A\({) forall l € L and
S\(k’) = K forall &’ € K'. Let {l;}1<i<1.x) be a K -basis for L. Hence any element of LK" is
of the form ) [;k] for k] € K'.

Suppose >, l;k, = 0. Since I; € L C L are linearly independent over K, and L and
K are linearly disjoint over K it follows by [15, Def. 20.1], we have that {/;},<;<|1.) are
linearly independent over K'. Thus k] = 0 for all . Now (3", l;k}) = 3=, \(I;)k} = 0. Hence
)\ is well defined field isomorphism with 5\| k= idgr.

As L; C L and by Lemma 5.1.1, we have L N L; K’ = L,. Thus the uniqueness of L;
follows. O
Corollary 9.1.0.1. M/K is K-isomorphic to LK'/K <= M = LK’ where L,/K is

K-isomorphic to L/ K. (In this case such L, is unique).

(In particular, M/ K is isomorphic to LK'/K <= M/K'is isomorphicto LK'/K".)

Proof. Suppose M /K isisomorphicto LK'/K.Leto : LK’ — M be the isomorphism such
that o|x = idk. Since K'/K is Galois, it follows that o(K’) = K'. Let o(L) = L,. Hence
M = L1K and L,/K is isomorphic to L/ K.
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Conversely, suppose L;/K is isomorphic to /K. Hence by Lemma 9.1.2, L, K'/K' is
isomorphic to LK'/K'. Thus L, K'/K is isomorphic to LK'/K. O

An alternate proof for Cluster Magnification theorem Thm. 5.1.2 [13, Thm. 1]:

Proof. By Lemma 5.1.1, since F'/ K is Galois, we have

INF=K < LNLF=Land LNF = K.

So [LF : K] =[L: K][F : K| = nd. Since F'/K is Galois, we have by Corollary 9.1.0.1,

M is isomorphic to LF over K <= M = L'F where L' is isomorphic to L over K.

Since such L' is unique. Hence by Lemma 4.4.1, si (LF') = sk (L). Hence by Thm. 4.1.1
(2), we have
[LF : K|/r(LF)=[L: K]/rg(L).

Thus we get ri (LF) = rg(L)[F : K] = rd. N

Corollary 9.1.0.2. The extension LK’ is the Galois closure of LK’/K’.

Proof. By Lemma 9.1.2, the fields isomorphic to LK’/ K’ are L; K’/ K’ where L;/K are dis-
tinct fields isomorphic to L./ K. From remark 4.4.1.1, L=1LL,... L, (1)- Hence the Galois
Closure of LK'/K"is L1 K'LoK' ... Ly, (1)K’ = LK'.

]

Lemma 9.1.3. The degrees and Galois groups are preserved under base change. Hence the
cluster sizes satisfy
ri(L) = rg/(LK").

Proof. By Lemma 5.1.1, since K’/ K is Galois, we have
LNK'=K < LNLK'=Land LNK' =K.
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Since, L N K’ = K,we have [L : K] = [LK' : K']. Also [L : K] = [LK" : K']. Hence also
[L:L]=[LK': LK'.

Let G; = Gal(LK'/K’). Let H, C G, be subgroup with LK" as the fixed field that is
H, = Gal(LK'/LK"). By [5, Thm. 2.6], since L N K’ = K, we have G, is isomorphic to
G by restriction. And since L N LK’ = L, we have H, is isomorphic to H under same
isomorphism.

Now the last assertion follows from Thm. 4.1.1 (3). O

Remark 9.1.3.1. Lem. 9.1.3 gives an alternate proof for Thm. 9.1.1 by using the criterion in
Thm. 5.2.5.

We conclude the following result for the strong cluster magnification of polynomials
from Thm. 9.1.1.

Theorem 9.1.4. (Bhagwat, Jaiswal) Suppose g over K is obtained by nontrivial strong cluster
magnification from an f over K with magnification factor d. Let K'/K, contained in K, be
Galois and linearly disjoint with K, over K. Then g over K' is obtained by nontrivial strong
cluster magnification from f over K’ with same magnification factor d.

Now we state a base change theorem for weak cluster magnification.

Theorem 9.1.5. (Bhagwat, Jaiswal) (Thm 8.1.9 in [3])

Suppose M/ K is obtained by weak cluster magnification from an L/ K with magnification
factor d. Let K'/I, contained in K, be Galois and let M and K' be linearly disjoint over
K. Then MK'/K' is obtained by weak cluster magnification from LK'/K' with the same
magnification factor d.

Proof. Follows from last assertion in Lemma 9.1.3.
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9.2 Base Change and Root Capacity

Lemma9.2.1. K" c M Cc LK' < M = NK'forafield K ¢ N C L. This N is unique
and given by N = L N M.

Proof. From Lemma 9.1.3, number of subgroups of Gal(L/K) containing Gal(L/L) = num-
ber of intermediate extensions for L/ K = number of intermediate extensions for LK'/K".
The uniqueness follows from Lemma 5.1.1. O

Theorem 9.2.2. (Bhagwat, Jaiswal) (Thm 8.2.2 in [53])

Let M/K be extension of L/ K such that M and K' are also linearly disjoint over K. Then
pK(M, L) = pK/<MK,, LK’)

Proof. Let px(M,L) = ag - ri(L) and px(MK', LK') = agr - r/(LK') where ak, ax: are
as in Lem. 7.2.3. From Lem. 9.1.3, we have rx (L) = rx/(LK’).

By Prop. 7.2.4 (1), ax is number of distinct fields inside A/ N L isomorphic to L over K
and ax- is number of distinct fields inside M K’ N LK’ isomorphic to LK’ over K’. By Lem.
9.2.1, K’ c PCc LK' < P = LK’ for a unique field K ¢ L, C L.

Now for L, ¢ L,weclaimL, c MNL < L,K' ¢ MK' N LK'. Suppose LK’ C
MK'NLK’. Thus L K'nM < (MK'nM)N(LK'NM). By Lemma 5.1.1,we have L, ¢ MNL.
The other implication is clear. Hence by Lem. 9.1.2, we are done.

9.3 Base Change and Unique Chains

We study how the unique chains are related to the base change to K”.

Theorem 9.3.1. (Bhagwat, Jaiswal) (Thm 8.3.1 in [3])

1L.LON, D
LK' D NiK'

Ny, is unique descending chain for L/ K <=
.-+ 2 N, K' is unique descending chain for LK'/K' for N; C L for all i.

LY
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2. K C Fy C--- C F,is unique ascending chain for L/ K <— K' C IhK' C --- C F|K’
is unique ascending chain for LK'/K' for F; C L for all i.

Proof. We use Lemma 9.1.3 here.

Proof of (1): Since L and K’ are linearly disjoint over K and N; c L for all 4, we have
that N; and K" are linearly disjoint over K for all i. It is enough to show that the unique
N for LK'/K'is N, K.

Since Gal(LK'/K') = Gal(L/K) = G throughrestrictionand Gal(LK'/LK') = Gal(L/L) =
H under same map. Hence by identifying the groups, we have

[Ne@) — Ny = (LK")NeW) = N K.

Proof of (2): Let L;/F; be the Galois closure of L/F; for all i > 1. Since L and K’ are
linearly disjoint over K, we have that L, and K’ are linearly disjoint over K. Hence by
Lemma 5.1.1, L; and F; K’ are linearly disjoint over F; for all i.

It is enough to show that the unique F for LK’/ K’ is F} K'. Similar to proof of part (1),
we have
"% = F «— (LK)"° = R K.

9.4 Strong Cluster Magnification and Unique Chains

Theorem 9.4.1. (Bhagwat, Jaiswal) (Thm 8.4.1 in [3])

Let M /K be obtained by strong cluster magnification from L/K with rx (L) # 1. Then we
have that M 2 Ny D --- 2 N is the unique descending chain for M/ K <~—
L 2D Ny 2 --- 2 Ny is the unique descending chain for L/ K.

Proof. It is enough to show that M Ner(H) = [Ne() where G' = Gal(M/K) and
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H' = Gal(M /M). After identifying the groups in Prop. 5.2.2, we have G/ = G x R and
H' = H x 1. Hence Ne/(H') = Ng(H) x R. Now L = M™%, Hence MNe(")xE C [, and
Cal(L/MNe'(H)) = Ng(H). Thus we are done.

We could also see the last fact in the following way. By Lemma 5.1.1, LN F = K <=
NNF=Kand LNNF = N. We also have (L)(NF) = LF = M. Hence Gal(NF/N) =
Gal(F/K) and Gal(M /N) = Gal(L/N) x Gal(NF/N) = Ng(H) x R. O

Remark 9.4.1.1. If ri (L) = 1 in above theorem. Then the unique descending chain for M /| K
is M D L.

Theorem 9.4.2. (Bhagwat, Jaiswal) (Thm 8.4.3 in [3])

Let M /K be obtained by strong cluster magnification from L/K through F/K as in Def
5.2.0.1 with tg (L) # 1. Then we have

1. F'is unique intermediate field for M /K as in Thm. 8.2.1 < F’' = F\F where F} is
unique intermediate field for L/ K.

2. KC F, - C Fyistheunique ascending chainfor L/ K <— K C F1F C --- C F}F
is the unique ascending chain for M /K for F; C L for all i.

Proof. (1) Let G’ = Gal(M/K) and H' = Gal(M /M). After identifying the groups in Prop.
5.2.2, wehave G’ = G x Rand H' = H x 1. Hence H'® = HS x 1. Now F = M%*!, Let
Fy, = L Hence Fy = MH*E, Since (Gx1)N(H®x R) = (HS x 1), we get MH°*! = R\ F.

(2) Since L = M™%, Thus L N F,F = F}. Since M = LF,by Thm. 9.3.1 (2), we have
Fy, € Fy, ¢ --- C Fj is unique ascending chain for L/F} <— I F C F2F C --- C F Fis
unique ascending chain for M/F, F for F; C L for alli > 2. O

Remark 9.4.2.1. If tx(L) = 1 in the above theorem. Then the unique ascending chain for
M/K is K C F.
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Chapter 10
Ascending Index and Future Directions

The thesis concludes with this chapter with some properties of the ascending index. The
ascending index has many properties similar to the cluster size. In the last section we talk
about future directions.

10.1 Properties of Ascending Index

Recall that the ascending index ¢ (L) of L/ K was defined to be the degree [F' : K]in Thm.
8.2.1.

Proposition 10.1.1. (Bhagwat, Jaiswal) (Prop 9.0.1 in [5])
If M/L/K are extensions, then ty (L)|tx (M).
Proof. Let /K and F’/K be the unique intermediate extensions as in Thm. 8.2.1 for L/ K

and M /K respectively. Since F’/K is Galois with maximum possible degree contained in
M, we conclude that F' C F'. Thus [F: K] | [F': K]. O

Remark 10.1.1.1. The above proposition tells that the analogue of the notion of weak mag-
nification always holds for ascending index.

From Lemma 9.1.3, we have the following base change result for ascending index.
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Proposition 10.1.2. (Bhagwat, Jaiswal) (Prop 9.0.3 in [3])

Let L/ K be a finite extension and let K' /KK be a finite Galois extension such that L and K’
are linearly disjoint over K. Then

ti(L) = tr(LK').
By proof of Thm. 9.4.2 (1) and Thm. 8.2.1 (2), we have the following analogue of the
Cluster Magnification Theorem Thm. 5.1.2.
Ascending Index Magnification Theorem
Theorem 10.1.3. (Bhagwat, Jaiswal) (Thm 9.0.4 in [3])

Let M /K be obtained by strong cluster magnification with magnification factor d. Then

The following theorem is an analogue of Thm. 4.3.1.
Inverse Ascending Index Problem for Number Fields
Theorem 10.1.4. (Bhagwat, Jaiswal) (Thm 9.0.5 in [3])

Let K be a number field. Let n > 2 and t|n. Then there exists an extension L/ K of degree
n with ascending index t ;. (L) = t.
Proof. Suppose t = 1. By Lemmas 4.3.2 and 4.3.3 and Thm. 4.4.2 and Thm. 8.3.4 we have
L = L, which satisfies tx (L) = 1.

Now suppose ¢t = n. By Thm. 4.3.1 for » = n, there exists an L/K of degree n with
rix (L) = n. For that L /K we have tx (L) = n.

Now suppose 1 < ¢t < n. Hence 1 < n/t < n. By Thm. 4.3.1 for r = n/t and Thm. 8.3.3,
there exists an L./ K of degree n with rx (L) =n/t and tx (L) = t.

100



Remark 10.1.4.1. Since we have Thm. 10.1.3, we could have approached Thm. 10.1.4 in a
similar way as Thm. 4.3.1 was approached in [15] using Thm. 5.1.2. This approach would
have left us with some cases not covered as in Thm. 2 in [15].

The following result is Lemma 2 in [153].

Lemma 10.1.5. Given a finite extension of algebraic number field L./ K and a positive integer
d > 2, there exist infintely many Galois extensions of F'/ K of degree d such that L and F are
linearly disjoint over K.

Proof. Casel: K =Q:Let A, € Zbe the discriminant of the number field L. For a prime
pnot dividing Ay, consider the cyclotomic extension M = Q(¢,) where &, is primitive p-th
root of unity. Now p is the only prime ramified in M but it remains unramified in L. Hence
discriminant of L N M has absolute value 1. So L N M = Q. As M is Galois over Q, L and
M are linearly disjoint over Q.

Now for a given d > 2 we can find infinitely many primes p suchthatp > Ay andp =1
(mod d) by Dirichlet’s theorem on arithmetic progressions. For such p the cyclotomic
fields M will have a cyclic Galois extension of degree d as a subfield F' such that L and F
are linearly disjoint over Q.

Case 2 : For any number field K : For given extension L/K, we get extensions F;/Q
by Case 1 such that L and F) are linearly disjoint over Q. Now by the Lemma 5.1.1, the
extensions L and F' = K F; will be linearly disjoint over K. Also F//K is Galois and has
the same degree as I, /Q.

The following theorem is an analogue of Thm. 2 in [13].

Theorem 10.1.6. (Bhagwat, Jaiswal) (Thm 9.0.7 in [3])

1. Let K be a number field. For any integers u > 3,t > 1 there exists L/ K of degree ut and
tix(L) =1t.

2. Let K = Q. For t an even number, there exists L/ K of degree 2t and ty (L) = t.
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Proof. (1) For n = u,we have L, /K with degree v and satisfying ¢x(L;) = 1 as in first case
of Thm. 10.1.4. By Lemma 10.1.5, there exists F'/K Galois of degree ¢ such that L, and
F are linearly disjoint over K. Hence by Thm. 10.1.3, L = L, F has degree ut over K and
tx(L) =t.

(2) Consider P = Q(+/2) which has degree 4 over K = Q and ¢x(P) = 2. Fort an
even number, by Lemma 10.1.5, there exists F/K Galois of degree ¢/2 such that P and
F are linearly disjoint over K. Hence by Thm. 10.1.3, L = PF has degree 2t over K and
tx(L) =t.

10.2 Future Directions

The following are certain problems which are some of the future directions that we plan
to explore.

10.2.1 Problems based on Chapters 2 and 3.

Problem 10.2.1. Can we apply Theorems 2.2.1, 2.4.1, 3.1.7, 3.1.8 and 3.2.7 to more special
cases to get new cases of IGP?

Problem 10.2.2. Can we realize the group SLy(F,) as a Galois group over Q for all primes
p > 5 through the methods discussed in Chapters 2 and 3?

Problem 10.2.3. Can we find special cases satisfying hypothesis of Prop 3.2.3 and thus realize
over Q, some direct products of groups which are realizable as a Galois group over Q through
Galois representation?

Can we have some general approach to realize over Q, direct products of groups which are
realizable as a Galois group over Q?
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10.2.2 Problems based on Chapters 4 to 10.

Problem 10.2.4. Can we generalise the Inverse cluster size problem for number fields (Thm
4.3.1) and the Inverse ascending index problem for number fields (Thm 10.1.4) from number
fields to a bigger class of fields?

Problem 10.2.5. Given K, can we classify all L/ K with cluster sizeri (L) = 1 & ri(L) = 2?

Problem 10.2.6. Let M /K be obtained by nontrivial strong cluster magnification from some
L/K (see Def 5.2.0.1).

1. Let K ¢ K' C M. Is M/K' obtained by nontrivial strong cluster magnification from
some subextension over K'?

2. Let K ¢ M' C M. Is M'/K obtained by nontrivial strong cluster magnification from
some subextension over K?

Similar questions can be asked for M / K obtained by nontrivial weak cluster magnification
from some L/K (see Def 5.4.0.1).

Problem 10.2.7. Is the hereditary property, which is true for strong cluster magnification
(Prop 5.2.1), also true for weak cluster magnification? Let M /K be obtained by weak cluster
magnification from L/K. Let K C K' C L. Is the extension M /K’ obtained by weak cluster
magnification from L/K'?

Problem 10.2.8. What are the minimal additional conditions that we require so that M /| K
which is obtained by nontrivial weak cluster magnification from some L/ K is also obtained by
nontrivial strong cluster magnification from L/ K ?

Problem 10.2.9. (Refer to Sections 6.1 and 6.2). What are the necessary and sufficient con-
ditions on an irreducible polynomial over K, for degree sequence of cluster tower of the poly-
nomial to be independent of the ordering of the representatives of the clusters of roots? Can
we get the conditions in terms of Galois group of splitting field of the polynomial?

Under the above conditions, can we find general formula for the length of cluster tower in
terms of other invariants of the irreducible polynomial?
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Problem 10.2.10. Is the Inverse degree sequence problem true for number fields? Suppose
we have a number field and positive integers ag, a1, as, . ..,a;. What are the necessary and
sufficient conditions (if they exist) on these a;’s so that there exists an irreducible polynomial
over the given number field such that, for an ordering of the representatives of clusters of its
roots, we have the cluster tower having degree sequence ag, a,, as, . .., a;?

Problem 10.2.11. Given L/ K, we define the descending dimension of L/ K as the length of
the unique descending chain in Thm 8.1.1 (similarly ascending dimension of L/ K as the length
of the unique ascending chain in Thm 8.2.1) which is the number of distinct fields in the chain
except the first field.

Can we find general formula for the descending and ascending dimensions in terms of other
invariants of the extension L/K?

Problem 10.2.12. (Refer to Thm 8.2.1 (2)). Given L/ K, can the ascending index t; (L) have
a description in terms of roots of the minimal polynomial of « over K where « is a primitive
element for L/ K?

Can we have an analogous result to Prop 8.1.2 for the unique intermediate extension F'/ K
for L/K as in Thm. 8.2.1 (1)? That is, can we describe F' in terms of the roots of the minimal
polynomial of «?

Problem 10.2.13. Consider L/ K.

1. We define the cluster size sequence of L/ K as
TK(N(]), TK(Nl)a c. ,TK(Nkfl)

where N,’s are the fields in the unique descending chain as in Thm 8.1.1.

Is the Inverse cluster size sequence problem true for number fields? Suppose we have a
number field K and positive integers n,ry,ro, ..., 1. What are the necessary and suffi-
cient conditions (if they exist) on these positive integers so that there exists an extension
L/K such that [L : K| = n and the cluster size sequence of L/ K iS 1,72, ...,7%?
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2. We define the ascending index sequence of L/ K as
tFo(L)’ tF1 (L)7 s 7tFk—1(L)

where F;’s are the fields in the unique ascending chain as in Thm 8.2.1.

Is the Inverse ascending index sequence problem true for number fields? Suppose we have
a number field K and positive integers n,ty,to, ... ,t,. What are the necessary and suffi-
cient conditions (if they exist) on these positive integers so that there exists an extension
L/K such that [L : K| = n and the ascending index sequence of L/ K is ty,ts, ..., 1;?

Problem 10.2.14. Can we find the unique descending chains in the remaining cases of Thm
8.3.47
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