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ABSTRACT

We study several intrinsic properties of the Carathéodory and Szeg6 metrics on finitely
connected planar domains. Among them are the existence of closed geodesics and
geodesic spirals, boundary behaviour of Gaussian curvatures, and L?-cohomology.
A formula for the Szegd metric in terms of the Weierstrass p-function is obtained.
Variations of these metrics and their Gaussian curvatures on planar annuli are also
studied. Consequently, we obtain optimal universal upper bounds for their Gaussian
curvatures while no universal lower bounds exist for their Gaussian curvatures. More-
over, it follows that there are domains where the Gaussian curvatures of the Szegd
metric assume both negative and positive values. Furthermore, we have established
the existence of domains where the Gaussian curvatures of the Bergman and Szeg6
metrics have opposite signs. Lastly, it is also observed that there is no universal upper
bound for the ratio of the Szeg6 and Carathéodory metrics.
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Part 1

OVERVIEW AND PRELIMINARIES






INTRODUCTION

The Riemann mapping theorem is a landmark result in complex analysis, stating that
any simply connected planar domain, except the complex plane C, is holomorphically
equivalent to the unit disc ID. However, such a classification does not exist in higher
dimensions, making the study of the geometry of domains particularly intriguing. In
1907, Poincaré highlighted this distinction by demonstrating that the open-unit ball B2
and the open bidisc ID? are not holomorphically equivalent, despite both being simply
connected, using the group of holomorphic automorphisms. This result underscores
the importance of attaching invariant objects to domains that remain unchanged under
biholomorphic mappings.

The study of invariant objects originated with the work of C. Carathéodory, who
defined an invariant metric—later known as the Carathéodory metric—by utilizing the
set of bounded holomorphic functions on a domain. He approached the classification
problem without relying on the group of holomorphic automorphisms. In 1933,
Bergman took a different approach by defining an invariant Kéhler metric—called the
Bergman metric, induced by the Bergman kernel—a reproducing kernel for the space
of square-integrable holomorphic functions on a domain known as the Bergman space.
In 1967, Kobayashi introduced another invariant metric defined using analytic discs
within a domain—called the Kobayashi metric. This metric is, in some sense, dual to
the Carathéodory metric. The classical invariant metrics—Carathéodory, Kobayashi,
and Bergman—play a fundamental role in complex analysis. The study of these
metrics and their boundary behaviour is a powerful tool in various problems, such
as characterizing domains, extending biholomorphic and proper holomorphic maps
to boundary points, identifying domains with non-compact groups of holomorphic
automorphisms, and exploring Gromov hyperbolicity, among many others.

In 1915, Hardy extended Hadamard’s three-circle theorem, laying the foundation
for a new mathematical field that bears his name: the theory of Hardy spaces. The
reproducing kernel of the Hardy space, known as the Szeg6 kernel, induces the Szeg6
metric on C*-smoothly bounded planar domains, analogous to the Bergman metric.
The Szeg® metric is invariant because the arc length measure transforms well under
conformal equivalences. The Szegd kernel and the Szeg6 metric are well-defined
on any non-degenerate finitely connected planar domain (see [3] for more details ),
since such a domain is conformally equivalent to a C*-smoothly bounded planar
domain. These notions are defined similarly in higher dimensions, using the Euclidean
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surface area measure on C*-smoothly bounded domains. However, they are generally
not invariant, as the Euclidean surface area measure does not behave well under
biholomorphisms. To address this issue, Fefferman introduced a new surface area
measure on C*-smoothly bounded strongly pseudoconvex domains, which Barrett and
Lee used to define an invariant Kéhler metric called the Fefferman-Szeg6 metric. They
studied various properties of this metric and compared it with the Bergman metric.
This metric was further investigated by Krantz in [29] and [30]. Notably, in dimension
n = 1, the Fefferman surface area measure reduces to the arc length measure, and thus,
the Fefferman-Szeg6 metric coincides with the Szeg6 metric.

This thesis incorporates the research findings presented in the preprint [8]. Here, we
study the intrinsic properties of the Carathéodory metric ds., = cq(z)|dz| and Szeg6
metric dss, = sa(z)|dz|, such as geodesics, curvature, L2-cohomology, etc., and show
that these metrics resemble the Bergman metric on non-degenerate finitely connected
planar domains (2 C C. We also provide a closed expression of the Szeg6 metric on
the annulus as well as we study the variations of these metrics and their curvatures on
planar annuli.

Geodesics. The geodesics in the Bergman metric escaping towards the boundary
play a crucial role in Fefferman’s proof of the smooth extension up to the boundary
of biholomorphic mappings between C*-smoothly bounded strongly pseudoconvex
domains [18]. It naturally leads to the following question: Does there exist a geodesic
for the Bergman metric that stays within a compact subset of a C*-smoothly bounded
strongly pseudoconvex domain? Such a geodesic (if it exists) can be closed or non-
closed. The latter one is known as a geodesic spiral. Herbort investigated this question
in [23] and provided an affirmative answer for domains that are not topologically
trivial. On the other hand, no non-trivial closed geodesics or geodesic spirals exist in a
simply connected planar domain that is not all of C as such a domain is conformally
equivalent to the unit disc ID, and the Bergman metric on the unit disc ID coincides with
the Poincaré metric. We prove that the analogous results hold for the Carathéodory
and Szegd metrics. Results of this kind were obtained for the capacity metric in [10]
and for the Kobayashi-fuks metric in [11,27].

The Szeg6 metric on a doubly connected domain. In [41], Zarankiewicz derived a
formula for the Bergman kernel on an annulus in terms of the Weierstrass gp-function.
Using this, a similar formula for the Szeg® kernel on an annulus can be obtained (see,
for example, [12]). Formulas for the Bergman and capacity metrics in terms of the
p-function can also be derived and were helpful in studying the qualitative behaviour
of geodesics and curvatures of these metrics on an annulus (see [24], [23], and [1]). We
show that the Szeg6 metric ds? ,, on the annulus A, = {z € C:r < |z[ < 1}, where
r € (0,1), can be expressed in terms of the Weierstrass elliptic function p with periods
2wy = —2logr and 2w3 = 2irr as follows:

12 _ 92loglz]) — p(2loglz| +wi + ws)

— 2
SAI’ - |Z|2 |dZ| .




INTRODUCTION

We hope this formula will be useful in studying the qualitative behaviour of geodesics
and curvature of the Szegd metric on an annulus, as in the case of the Bergman and
capacity metrics.

Curvature. Let x;,(z) denote the Gaussian curvature of a C>-smooth conformal
metric mq(z)|dz|. Suita [38] showed that «., is at most —4 on any domain Q) C C that
admits a nonconstant bounded holomorphic function. On the other hand, Burbea [12]
showed that if O C C is a C?>-smoothly bounded domain, then x.,(z) approaches —4
if z approaches bQ) nontangentially. In [36], it was obtained that «.,(z) approaches
—4 without any restricted approach to the boundary. The limiting behaviour of the
higher-order curvatures of the Caratheodory metric was also studied in the above
article. For the Szeg6 metric, we observe (see Chapter 7 for more details) that «,, is at
most 4 on any non-degenerate finitely connected domain (2 C C. As for the limiting
behaviour of «s,, we establish that the N-th order curvature K,%) (z) (see Definition
2.1.6) where mq = cq or sq, satisfies

N 2
K,%) (z) — —4 (H m!) ,
m=1

as z approaches bQ). In particular, we have «;,(z) approaches —4 as z approaches
bQ). This fact, combined with [21, Theorem 1.17], immediately implies that for each
isometry between two non-degenerate finitely connected planar domains equipped
with the Szeg6 metric (or the Carathéodory metric) is either holomorphic or conjugate
holomorphic.

L?-cohomology. Let QO C C" be a C®-smoothly bounded strongly pseudoconvex
domain. Donnelly and Fefferman [17] established that ) admits no square-integrable
harmonic (p, q)-forms with respect to the Bergman metric, except in the case where
p +q = n, for which the space of such forms is infinite-dimensional. Ohsawa [34]
provided a more accessible proof of the infinite dimensionality of the L?-cohomology
in the middle dimension. Furthermore, Donnelly [16] provided an alternative proof
of the vanishing of the L?>-cohomology outside the middle dimension, relying on a
Gromov’s observation [22] which is, if M is a complete Kédhler manifold of complex
dimension 7, and its Kédhler form w can be expressed as w = dy, where 1 is bounded
in the supremum norm, then M does not admit any square-integrable harmonic k-form
for k # n. We have established that these ideas can be applied to prove an analogous
result for the Szegd and Carathéodory metrics. This kind of result was also investigated
for the Robin metric by Borah [9] and for the capacity metric by Borah-Haridas-Verma
[10].

Variations of the Carathéodory and Szeg6 metrics on planar annuli. Recall that
the Gaussian curvatures of the Carathéodory and the Szeg® metrics have the universal
upper bounds —4 and 4, respectively. Theorem 3.2.3 shows that for the Carathéodory
metric, the upper bound —4 is optimal. It is natural to ask whether the upper bound 4
is optimal for the Szeg® metric. Similarly, we ask whether the Gaussian curvatures of

19
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these metrics have universal lower bounds. These questions for the Bergman metric
have been studied by several authors—see [25], [31], [14], [15], and [42]. Among them,
in [15], Dinew studied the variation of the Gaussian curvatures of the Bergman metric
on planar annuli to answer these questions, which were later simplified by Zwonek
in [42]. Zwonek’s idea was to analyse the maximal domain functions that appear in
the Bergman-Fuks formula for the curvature of the Bergman metric. Using similar
ideas, we study the variations of the Carathéodory and Szegd metrics, along with
their Gaussian curvatures on planar annuli. As a result, we obtain optimal universal
upper bounds for their curvatures, whereas no universal lower bounds exist for them.
Furthermore, we establish the existence of domains where the Gaussian curvature of
the Szeg6 metric achieves both positive and negative real values. We also show that
there are domains in which the product of the Gaussian curvatures of the Bergman
and Szeg®6 metrics have opposite signs. Lastly, we establish that there is no universal
upper bound for sq/cq.

The thesis is organised as follows. The next chapter (Chapter 2) covers the prelimi-
naries, where we recall the definition of the Carathéodory and Szeg® metrics, and their
higher-order curvatures, followed by some known examples. In Chapter 3, we exam-
ine the boundary behaviour of the Carathéodory metric c(z)|dz|, and Szeg6 metric
sa(z)|dz| and provide several applications. These applications include the localisation
of 9Fcq and 9¥sq, Gromov hyperbolicity of sq(z)|dz|, and the limiting behaviour of
the higher-order curvatures. Chapter 4 demonstrates the existence of closed geodesics
and geodesic spirals for the Szeg6 and Carathéodory metrics. In Chapter 5, the Szeg6
metric on an annulus is computed. Chapter 6 explores the L2-cohomology of the
Szegd and Carathéodory metrics. In Chapter 7, we investigate the variations of the
Carathéodory and Szeg® metrics on planar annuli, which provide several applications
such as the optimality of the universal upper and lower bounds for their Gaussian
curvatures and also establish the comparison between these metrics.



PRELIMINARIES

This chapter is mainly dedicated to reviewing some basic notions, such as the
Carathéodory and Szeg® metrics and their higher order curvatures, along with some
examples. We mainly follow [4,26] to recall these notions.

2.1 THE CARATHEODORY AND SZEGO METRICS
2.1.1  The Carathéodory metric

Let Q) C C be a domain. The Carathéodory metric on () is the function cq : QO — [0, 00)
defined by

ca(z) = sup {|f’(z)| : f : QO — D is holomorphic and f(z) = O}.
Under a conformal equivalence ¢ : Q3 — )/, cn(z) transforms by the rule

ca(z) = cor (¢(2))[¢'(2) .

Suita [38] showed that if () admits a nonconstant bounded holomorphic function, then
cq is a positive real analytic function and thus,

dsc, = cq(z)|dz|,

is a conformal metric on (). The Carathéodory metric is analogously defined in higher
dimensions—see, for instance, [26]. It is invariant under biholomorphisms but not
smooth, in general.

2.1.2  The Szeg6 metric

We recall the definition of the Hardy space and the Szeg6 kernel following Bell’s
book [4]. Let O C C be a C*-smoothly bounded domain. Then the boundary bQ)
consists of finitely many C®-smooth Jordan curves. Denote by L?(bQ)) the Hilbert
space of complex-valued functions on b() that are square-integrable with respect to
the arc-length measure ds on b().

Definition 2.1.1. Let f € C®(bQ)). The Cauchy transform Cf of f in Q) is defined as

Cf(z) = 2311' . w(i”)z dw € 0(Q). (1)
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Remark 2.1.2. It can be seen that the definition of the Cauchy transform can be
extended from C®(bQ)) to L?(bQ2).

In harmonic analysis, the Poisson integral plays a crucial role, as it creates a one-
to-one correspondence between continuous functions on the boundary and harmonic
functions in the interior whose boundary values are those functions. Similarly, the
Cauchy transform serves a comparable role in complex analysis, although the relation-
ship is more delicate since not all functions on the boundary can be interpreted as the
boundary values of a holomorphic function. For example, f(z) =z, z € bID or any
continuous real-valued functions on b(). These examples illustrate that those functions
in L2(bQ)) that are the boundary values of holomorphic functions on Q forms a proper
subset, which is informally known as the Hardy space.

Definition 2.1.3. The Hardy space H?(bQ)) is defined as the closure in L?(bQ)) of the
subspace of functions in O(Q), which are C*-smooth on Q.

This is not the standard definition of the Hardy space. To recall the classical definition
of the Hardy space, let dn(z) = dist(z, bQ)) be the Euclidean distance of z to b() and let
0 > 0 be sufficiently small such that for 0 < e <6, Qe ={z € Q:dn(z) > €} isa C>®-
smoothly bounded domain with bQ). is parameterized by we(t) = w(t) + ieT(w(t)).
Then the Hardy space H2(Q)) is defined as

H2(Q) = {h € 0(Q): sup (/ ’h(we(t))ﬁwé(t)\dt)% < oo}. 2)

O<e<d

As sets H2(bQ)) and H?(Q) are not equal; however, they are equivalent in the following
sense:

The Cauchy transform of functions in H>(bQY) belongs to H>(Q)) and conversely, functions
in H?(Q) are the Cauchy transform of functions in H*(bQ))—see [4, Theorem 6.1 and
Theorem 6.2].

By an abuse of notation, we will identify the elements i € H?(b()) with their Cauchy
transform Ch € H2(Q). Using the Cauchy transform, it can be shown that the Hardy
space H%(bQ)) is a reproducing kernel Hilbert space. The associated reproducing
kernel Sq (z, w) is known as the Szegd kernel for (2, which is uniquely determined by
the following properties:

(a) Foreachz € Q), Sq(-,z) € H>(bQ),
(b) For all z,w € Q, Sq(z,w) = Sqa(w,z), and

(c) For each f € H?(bQ)) and z € O,

f(z) = /b  f(w)Sa(z w)s,



2.1 THE CARATHEODORY AND SZEGO METRICS

In terms of a complete orthonormal basis {¢y }x>1 of H?(bQ)), the Szeg6 kernel S (z, w)
can be expressed as

Salzw) = Y. o2 pe(@), )
k=1

where the series converges uniformly on compact subsets of ) x Q).

We recall from [4] that under a conformal equivalence ¢ : Q3 — Q) between two C*®-
smoothly bounded domains, the Szeg kernel transforms according to the following
rule

Sa(z,w) = /¢ (2)Sar (¢(2), ¢(w)) /¢’ (w). @)

The function ¢’ has a single-valued square root on (), and thus \/¢’(z) is well-defined.
The restriction of the Szeg6 kernel to the diagonal, Sn(z) = Sq(z,z), is a positive real
analytic function on ). By a classical result of Garabedian, the Carathéodory metric
and the Szeg6 kernel on a C*-smoothly bounded domain () C C are related by the
identity (see for example [6, p. 118])

ca(z) = 275a(2), (5)

Using this identity, the real analyticity of the Carathéodory metric was established in
[38]. Note that the function log S (z) is strictly subharmonic.

Definition 2.1.4. The Szegd metric on () is defined as

dss, = sa(z)|dz|,

0%21log S (z
al2) = agza;( .

It follows from (4) that ds, is a conformal metric.

The Szeg6 kernel and the Szeg® metric are defined on any finitely connected planar
domain () (not necessarily C*-smoothly bounded) such that no boundary component
of () is a singleton (see for example [3]). Such a domain is called a non-degenerate,
finitely connected domain. It is well-known that there is a conformal equivalence
¢ : Q — ), where Q) C C is a bounded domain with real analytic boundary. Also,
the function ¢’ has a single-valued square root on Q). It is thus customary to define the
Szeg6 kernel with the aid of the transformation formula, i.e.,

where

Salz/w) = 1/¢'(2)Sv (9(2), p(w)) /¢’ (w). (6)

Then, the Szeg6 metric is defined analogously.
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2.1.3 Higher order curvatures
Definition 2.1.5. The Gaussian curvature of a C>-smooth conformal metric ds;,, =
ma(z)|dz| on a domain Q) C C is defined by

Alogman(z)
Kmo(2) = ———3——=.
mQ( ) m%) (Z)
Burbea in [13] generalises the Gaussian curvature as follows.
Definition 2.1.6. For N > 1, the N-th order curvature of a C2-smooth conformal metric
dsme, = mq(z)|dz] on a domain Q) C C is defined as

7 N
)y _ det (aklmg(z))kllzo
Q mg}N+l)2(Z)

where ok = 95/92¢ , 9 = 9! /92!, and 9 = %0
It is evident that the function K;nl\(])) (z) is invariant under conformal equivalences, and

K,%(z) coincides with &, (z).

2.1.4 Some examples
Example 2.1.7. Let QO = ID denote the unit disc. For f € H?(bID), and z € D, we know

f(z) = ! f(w) dw.

S 27 Jypw —2z

Since T'(w) = iw, we obtain

1
f(z) = /b]Df(w)mds-

Thus, by the uniqueness of Sp, we get

1

S]D(Z, W) = m

It follows that
1
sp(z) = m, 7)

and by (5), we have cp(z) = sp(z) = 1/(1 — |z|?). Therefore,

N 2
Kg) (z) = Kﬁg) (z) = -4 (H m!) , (8)
m=1

for all z € D.



2.1 THE CARATHEODORY AND SZEGO METRICS

Example 2.1.8. Let Q = H = {z € C : Im(z) > 0}. Recall that z — (z —i)/(z+1i) isa
conformal equivalence of the upper half-plane H = {z € C : Imz > 0} onto ID. Then,
using

Su(z,w) = \/¢'(2)Sp(¢(2), p(w)) /¢’ (w),

we have )
i
S Z, _
T
This implies
Su(z) = -
B o Im (2) ’

and by (5), cp(z) = su(z) = 1/(2Im(z)). Then by (8), we have

2
N

kM (z) =V (z) = —4 (H mz> ,
m=1

forall z € H. O]
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BOUNDARY BEHAVIOUR

Biholomorphic invariants, particularly their boundary behaviour, play an essential role
in understanding the geometry of domains. The Carathéodory metric is a well-known
invariant metric that has been extensively studied and has found several applications.
On the other hand, the Szeg6 metric was recently defined by Barrett-Lee [2] using
the Fefferman surface area measure (see page 259 of [19]). This approach yields an
invariant version of the Szeg6 metric—known as the Fefferman-Szeg6 metric, as the
classical Szeg® metric is generally not invariant. However, in one dimension, the
classical Szeg6 metric and Fefferman-Szeg6 metric coincide. The Fefferman-Szeg6
metric was further explored by Krantz in [29] and [30].

In this chapter, we will derive the boundary behaviour of the Carathéodory metric
ca(z)|dz| and the Szeg6 metric sn(z)|dz| along with their partial derivatives, using the
affine scaling method. We highlight its significance by presenting various applications,
both in this and in the subsequent chapters.

3.1 BOUNDARY ASYMPTOTICS
3.1.1  Localisation of Sq(z)

The following localisation of the Carathéodory metric is well-known (see [26, Section
19.3]): if QO C C is a C*-smoothly bounded domain, p € b(), and U is a (sufficiently
small) neighbourhood of p, then

. cuna(z) _

Now, let O C Q) be a C®-smoothly bounded domain that share an open piece I' C bQ).
Let p € I and choose a neighbourhood U of p sufficiently small so that UNQ = UNQ
and (9) holds. Since the Carathéodory metric is decreasing under holomorphic maps,

and hence by (9),
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Combining this with the identity cq = 271Sq on C*-smoothly bounded domains, we
have the following:

Proposition 3.1.1. Let ) C Q C C be C®-smoothly bounded domains such that b() and bQ)
share an open piece I C bQ). Then for every p € T,

lim 502 _
z—p Sa(2)

3.1.2  Scaling method

Let Q) C C be a C*-smoothly bounded domain and p € bQ). Let  be a C*-smooth
local defining function for () at p defined on a neighbourhood U of p. Let (p;j);>1 be a
sequence in U N () converging to p. Consider the affine maps T; : C — C defined by

Tj

zZ— P]

(z) = , (10)
—¥(pj)

and let Q; = T;(Q2). Observe that Tj(p;) = 0, and thus every Q); contains 0. Moreover,

the function ,

~1
4]](2) —¢(P])¢o Tj (Z)/
is a C*-smooth local defining function for Q); at T;(p) defined on T;(U). Observe that
if K is a compact subset of C, then K C T;(U) for j large, and thus ; is defined on K.
Moreover, for z € K,

4(2) = =5y (i + 2 4p)

= —1+2Re (3p(p;)z) + ¢(p;)o(1),

by expanding ¥ in a Taylor series near p;. Therefore, (;);>1 converges uniformly on
compact subsets of C to

Poo(z) = =1 +2Re (99(p)z).

Consequently, a set is compactly contained in the half-plane
H = {z € C: —1+2Re (dy(p)z) < 0}, (11)

if and only if it is uniformly compactly contained in T;(U N Q) C Q; for j large. In other
words, the sequences of domains (Q););>1 and (T;(U N Q));>1 converge in the local
Hausdorff sense to the half-plane 3. Moreover, if () C () is a C*-smoothly bounded
domain such that bQ) and bQ) share a neighbourhood of p in b(), and Qj = T]-(Q), then
taking U sufficiently small, T;(U N Q) C Q) C ), and thus the sequence of domains
(Qj) j>1 also converges in the local Hausdorff sense to H.

At this point, we briefly recall the definition of the local Hausdorff convergence. A
sequence of domains D; converges to D in the local Hausdorff sense if the following
conditions hold:



3.1 BOUNDARY ASYMPTOTICS

(a) For any compact subset K C D, there exists a positive integer m such that
K C D;forallj > m.

(b) For any compact subset L is contained in the interior of N; s D; for some positive
integer m’ satisfies L C Deo.

To this end, we write down the Szegd kernel, its metric and higher-order curvatures

for the half-plane 3; we recall Syi(z,{) = m from Example 2.1.8. Since z

—i(0yY(p)z — 1/2) is the conformal equivalence of H onto H gives
d
S3t(2,0) = 99 (p) = (12)

27t(1 -9y (p)z — 9p(p)Q)
It follows that

3 9y (p)|
sa(z) = 1—2Re (9y(p)z)’ (13)
and )
N
K (2) = —4 (]—I m!> , (14)
m=1
for all z € K.

In this situation, we have

Proposition 3.1.2. The sequence (Sq,(z,{))j>1 converges uniformly on compact subsets
of H x H to Sy(z,(). Moreover, all the partial derivatives of So,(z,{) converge to the
corresponding partial derivatives of Sq¢(z, () uniformly on compact subsets of H x K.

This follows from Proposition 3.2 of [36] together with the following observation
we add for clarity: choose U above to be sufficiently small so that U N () is simply
connected. Fix a € H. Then a € T;(UNQ) for j large. Since T;(U N Q) is simply
connected, by the proof of Proposition 3.1 in [36],

CTj(uer)(a) — cq¢(a).

Also, by the transformation formula for the Carathéodory metric and by (9),

CTj(qu)(”) _ Cqu( —¥(pj)a+ Pj)
co,(a) ca(=9(pa+p))

This implies that

CQ].(ﬂ) — cqc(a).
Now, the proof of Proposition 3.2 of [36] applies to show that (Sq,(z,{))j>1 converges
uniformly on compact subsets of H x H to Sg¢(z,{). The uniform convergence of the
derivatives follows from the fact that these functions are holomorphic in z, Z Finally,

since So;(z) and Sy¢(z) are nonvanishing, it is immediate from the above proposition
that
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Corollary 3.1.3. All the partial derivatives of Sq,(z) and sq(z) converge uniformly on
compact subsets of I to the corresponding derivatives of Sq¢(z) and sq¢(z).

Proposition 3.1.4. Let 3 C C be a C®-smoothly bounded domain and p € bC). Let ¢ be a
C®-smooth local defining function for () at p defined in a neighbourhood U of p and H be the
half-plane defined by

7= {z€C: ~1+2Re (3p(p)z) < 0}.
ThenasUNQ >z —p,
@) 350(z) (— () = oy (p)| (0e(p))  (Be(p))"

7 k+14+1 k= l
®) #sa(z) (= ()" — (k+D!op(p)| (99 (p))" (v (p))
Proof. Let (p;)j>1 be a sequence in ) such that p; — p. Then p; € U for j large. Let
Q; = T;(Q) where T; is as in (10). Differentiating

Sa(2) = S0, (Tj(2)) (~ 9 (p)

we obtain . . .
HSa(p) (= 9(p)" " = #50,(0) = 3151(0),
by Proposition 3.1.2. Then, it follows by an explicit calculation of the derivatives of
Sg{(Z).
Similarly, (b) is obtained by differentiating

sa(z) = 50, (Tj(2)) (— 9(p}) ",

which completes the proof of the proposition. O

3.2 SOME APPLICATIONS

3.2.1 Localisation of 8"750 and akisQ

As an immediate consequence of the boundary asymptotics, we have the following
localisation result that generalises Proposition 3.1.1:

Proposition 3.2.1. Let ) C Q) C C be C®-smoothly bounded domains such that bC) and bQ)
share an open piece I' C bQ). Then for p € I'and k,1 > 0,

kla._ Kl _
Psa) o 3sa()

HSq(z) s (z)
asz — p,z € Q.
Proof. Choose a common C®-smooth local defining function ¥ for () and Qatp
defined on a neighbourhood U of p. Then, by Proposition 3.1.4, both aleQ(z) and

akjSQ(z) (resp. sq(z) and akjs()(z)) have the same boundary asymptotics and hence
the proposition follows. O



3.2 SOME APPLICATIONS

3.2.2  Comparison with the classical metrics

Another consequence of Proposition 3.1.4 is that the Szeg6 metric is comparable with
the hyperbolic metric. Let pn(z)|dz| be the hyperbolic metric and s (z)|dz| the Szegb
metric on a C*-smoothly bounded domain (3 C C. By Proposition 3.1.4 (ii), there
exists a constant C > 1 such that for every z € ),

C'pa(z) < salz) < Coal(z). (15)

It follows that s (z)|dz| is comparable to pq(z)|dz| and hence also to the Carathéodory
and the Bergman metric.

The above observation implies that the Szegé metric on () is Gromov hyperbolic. In
a coarse sense, a Gromov hyperbolic metric space behaves like a negatively curved
manifold and is defined as follows. Let (X, d) be a metric space and x,y € X. By a
geodesic segment in X joining x and y, we mean continuous map ¢ : [a,b] — X, where
[a,b] C R is a closed interval, such that o(a) = x, c(b) =y, and for every s, t € [a,b],

d(o(s),o(t)) =|s—t|.

A geodesic segment joining x and y, despite its possible non-uniqueness, will be
denoted by [x, y]. The space (X,d) is called a geodesic space if, for every pair of points
x,y € X, there is a geodesic segment joining x and y. Given > 0, a geodesic metric
space (X, d) is called d-hyperbolic if every geodesic triangle [x,y] U [y,z] U [z, w] in X
is 0-thin, i.e.,

d(w,[y,z] Uz, x]) <6,

for all w € [x,y]. The metric space (X, d) is called Gromov hyperbolic if there exists a
0 > 0 such that (X, d) is d-hyperbolic.

For brevity, we will denote the distance functions induced by pq and sq, by the same
notations p and sq, respectively.

Corollary 3.2.2. Let () C C be a non-degenerate finitely connected domain. Then the metric
space (Q),sq) is Gromov hyperbolic.

Proof. Since a non-degenerate finitely connected domain is conformally equivalent to
a C*-smoothly bounded domain and conformal maps are isometries (in differential
geometric sense and hence also in metric geometric sense) of the Szeg6 metric, which,
therefore preserve Gromov hyperbolicity, we assume without loss of generality that ()
is a C*-smoothly bounded domain.

From [35], (Q), pq) is -hyperbolic for some é > 0. Since p(z)|dz| is complete, this
implies that sq(z)|z| is also complete and hence (Q),sq) is a geodesic space. Moreover,
the identity map between (Q), pq) and (Q), sq) is a quasi-isometry and consequently
(Q), sy) is also d-hyperbolic, possibly for a different choice of J. O
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3.2.3 Boundary behaviour of curvatures

In [13], Burbea showed that for any p-connected domain (), C C where 1 < p < oo,
(N)

ke, (z) satisfies
N 2
sup Kgg)(z) < —4(J]m'| forallN>1.
z€Q)y m=1

Furthermore, equality holds for one point z € Oy, and for any N > 1, if and only if
() is simply connected. As for the boundary behaviour of Kﬁnl\(])) where mqn = cq (for
this case—see [36]) or s, we have

Theorem 3.2.3. Let () C C be a non-degenerate finitely connected domain and let mq = cq
or sq. Then for every p € bQ),

N 2
K,Enl\(])) (z) » —4 (H m!) ,
m=1
asz — p.

Proof. First, assume that () is C*-smoothly bounded and p € b(). By Proposition 3.1.4
and recalling that cq(z) = 2rSq(z), we have for k,1 > 0,

8k7mg(z)( — 1p(z))k+lJrl — a"ng{(O),

as z — p. Therefore, denoting the symmetric group over {0, ..., N} by Sny41,
_ N
det (aklmg(z)>

(N+1)?
k,1=0 ( B l[J(Z))
N -

=) sign(tT)H(akg(k)mﬂ(z)(_'P(Z))HUU{)H)

(S SN+] k=0
N I

- Y sign(@) ] (a’“f(k)mg{m))

TCESN+1 k=0

= det <8kzmﬁf (O)> :1—0 '

This implies that

(N), j k=0
Ky (z) = —4 5 >
g\f—‘rl) (Z)( . l/](Z)) (N+1)
det (ak’m%(0)> :’zo N
— —4 =0 — x(V)(0),




3.2 SOME APPLICATIONS

as z — p. Recall from (14) that right-hand side is —4([T\_, m!)? and the proof is
complete when () is C*-smoothly bounded.

For the general case, let ¢ : 3 — Q' be a conformal equivalence where () C C is a
C*-smoothly bounded domain. Let p € bQ) and (z;);>1 be a sequence in Q) such that
zj — p. Since the sequence (¢(z;));>1 is bounded, it has a convergent subsequence, say
(¢(zj,))k>1- Note that the limit of this subsequence must lie in (Y. It follows from the
previous case that

N 2
K,(ﬂ]\(]))(ij) = K,%), (9(zj,)) — —4 (H m!) )
m=1

Thus, we have shown that every sequence in () converging to p admits a subsequence

along which Kﬁnﬁ) converges to —4([TN_, m!)2. It follows that K,%) (z) = —4(TIN_; m!)?
as z — p. This completes the proof of the theorem. O

In particular, Theorem 3.2.3 implies that «;, (z) approaches —4 as z approaches b().

This, combined with [21, Theorem 1.17], immediately gives the following:

Corollary 3.2.4. Let () and () be two non-degenerate finitely connected planar domains
equipped with the metrics dsc., and dscq,, (resp. dss, and dss, ). Then, each isometry
fi(Qu,dsey ) = (Do, dseq,)) (resp. f: (M, dss, ) — (o, dss, ) is either holomorphic or
conjugate holomorphic.
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GEODESICS

The existence of closed geodesics is a classical topic in the realm of Riemannian
geometry. One of the most studied Riemannian metrics in several complex variables
is the Bergman metric. Herbort [23] provided the general result for the complete
Riemannian metric to prove the existence of closed geodesics for the Bergman metric
in C*-smoothly bounded strongly pseudoconvex domains that are topologically non-
trivial. In contrast, geodesic spirals—non-closed geodesics in the complete Riemannian
metric that eventually remains in a compact subset—have also been examined by
Herbort for the Bergman metric in similar domains.

Using Herbort’s ideas, we will establish the existence of closed geodesics and
geodesic spirals for the Szeg6 and Carathéodory metrics in this chapter. Before
presenting our main result, we clarify here that by a geodesic of a C*-smooth conformal
metric, we mean a geodesic in the differential geometric sense (and it is not the same
as a geodesic segment defined on p. 33). The equation of a geodesic ¢ : (a,b) — Q,
where (a,b) C R, of a C®-smooth conformal metric dsqg = mq(z)|dz| in a domain
() C C can be expressed in complex coordinates as

p_ 1 omp(e)
— m}(0) E(;z (@')"

We can now state our main result:

Theorem 4.0.1. Let Q) C C be a non-degenerate n-connected domain, n > 2. Equip Q) with
the conformal metric ds,,, = mq(z)|dz|, where mq = cq or sq. Then

(a) Every non-trivial homotopy class of loops in () contains a closed geodesic.
(b) For every zog € Q) that does not lie on a closed geodesic, there exists a geodesic spiral

passing through z.

4.1 EXISTENCE OF CLOSED GEODESICS

We recall the following result of Herbort:

Theorem 4.1.1 (Theorem 1.1 [23]). Let G be a bounded domain in RN, where N € IN, such
that 711 (G) is non-trivial. Assume that the following conditions are satisfied:
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(a) For each p € G, there is an open neighbourhood U C RN such that the set G N U is
simply connected.

(b) G is equipped with a complete Riemannian metric § which possesses the following
property: (B) For each S > 0O there exists a & > 0, such that for each p € G with
d(p,bG) < 6 and every X € RN, ¢(p, X) > S||X||? (where || - || denotes the Euclidean
norm).

Then, every non-trivial homotopy class in 711 (G) contains a closed geodesic for g.

Proof of Theorem 4.0.1 (a). Using the same reasoning as in the proof of Corollary 3.2.2,
we assume without loss of generality that () is a C*-smoothly bounded domain. It
suffices to show that ds3, | = m#,(z)|dz|* satisfies the hypotheses of the above theorem.
Let ¢ be a C*-smooth defining function for (). By Proposition 3.1.4 (b), for z € () and
v € C, we have

ds3, . (z,0)

R =mh() 2 (9(z)) %,

which implies that the Property (B) is satisfied. All the other conditions are evidently
true. This proves (a). O

4.2 EXISTENCE OF GEODESIC SPIRALS

The main tool for the proof of Theorem 1.1 (ii) is a result of Herbort from [24]. To
state this result, we first recall the notion of a geodesic loop. Let (M, g¢) be a complete
Riemannian manifold.

(a) A geodesic spiral is a non-closed geodesic ¢ : R — M in which each point o (t) for
t > 0 belongs to a fixed compact subset K of M.

(b) For a non-trivial geodesic ¢ : R — M, if there exist t;, t, € R,t; < tp with
o(t1) = o(t2), then the segment o i 18 referred to as a geodesic loop passing
12

through o (ty).

Lemma 4.2.1 (Lemma 2.2, [24]). Let (M, g) be a complete Riemannian manifold with a
universal cover with infinitely many leaves. Let xq be a point in M such that no closed geodesic
passes through xo. Assume a compact subset K of M exists with the property that each geodesic
loop passing through x is contained in K. Then, there exists a geodesic spiral passing through
X0-

In view of this lemma, the problem of showing the existence of geodesic spirals for
mq(z)|dz| now reduces to finding an appropriate compact subset K C Q). For this, we
require the following:

Proposition 4.2.2. Let () C C be a C*-smoothly bounded domain with a C*°-smooth defining
function . Then there exists € = €(Q)) > 0 such that for each geodesic o : R — Q) of the
metric mq (z)|dz| satisfying (o 0)(0) > —e and (Y o 0)'(0) = 0, we have (P o )" (0) > 0.



4.2 EXISTENCE OF GEODESIC SPIRALS

Proof. Suppose to the contrary, for each k € IN, there exists a geodesic oy of mq(z)|dz|
satisfying

@P(0r(0) >~ ®) Ho0)(©) =0, and () (o) (0) <0
Let us denote for each k,

pe =0 (0), o (0) and by = ($00)"(0) <o.

RAC 01(0)]?
By passing to the subsequence, let py — pp and vy — vy where |vy] = 1. By a
translation and rotation of D, we may assume that

99 (0)
= — =1

po = 0and s

Then from (b) we have
— i W(pr) ) _ e (2PO) ) _
0= kllﬁ)l’l;lo Re (T'Uk = Re TUO = Re(UO). (16)

On the other hand, from (c) we have

e <a¢(19k)0]£,(0)> ¢ Re (azlp(f’k) (0,1(0))2) L P (0)]*<0. ()

0z 072 020z

Since 0y, is a geodesic of the metric m%|dz|?, we have

1 omi(ox), ,

o — 2
Ok m%)((fk) oz (Uk) .

Thus, combining (17) and (18), we obtain

amz 2
~Re (—3f<pk>mé oo i) <aﬁ<0>>2> e (TH (04(0)?)
2
+ 228 7)<

Dividing throughout by |07 (0)[* and multiplying by —(py), we have

mz 2
~Re (§—f<pk><—¢<pk>> Lo ‘;ﬁ’“’%) + (= plpre (S50 )

me (Pr)
92
+ (= (po) ;”Zf.,’;") <0. (19)
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Observe that the last two terms converge to 0 as k — oco. On the other hand, by
Proposition 3.1.4,

1 omy(pr) 1 omd(px) 3
S R T A A TS F A

By taking k — oo in (19), it follows that

Re (v%) > 0.

which is a contradiction as vy = +i from (16).

We are now in a position to give proof of Theorem 1.1 (b).

Proof of Theorem 4.0.1 (b). Using the same reasoning as in the proof of Corollary 3.2.2,
we assume without loss of generality that () is a C*-smoothly bounded domain.
Let zop € Q) be such that no closed geodesics passes through it. Let i be a C*-
smooth defining function for () and let € > 0 be as in Proposition 4.2.2. Let €1 =
min{e, —(zp)}. Set

K={zeQ:¢(z) < —€}.

Then, the compact set K has the property as in Lemma 4.2.1. Indeed, let o|, 1,

[t1,t2] — Q) be a geodesic loop that passes through zg and suppose that 7|, 1,1([t1,t2]) &
K. Since (¢ o (7)] [t,,1,] 18 @ continuous real-valued function, it will attain maximum at
some point o € (t1,t). From the definition of K and the fact o], ;,) leaves K implies
that o(tyg) € Q\ K, which further implies that (o 0)(ty) > —€¢, (P o0)'(tp) =0, and
(Y oo)’(ty) < 0. But it contradicts the above proposition. By Lemma 4.2.1, the proof
of (ii) follows. O



THE SZEGO METRIC ON DOUBLY CONNECTED DOMAINS

In [23], Herbort provided the qualitative behaviour of geodesics of the Bergman metric
in a planar annulus. He achieved this by expressing the Bergman metric using the
Wierstrass elliptic p- function. As the Szegd kernel enjoys a relationship with the
Bergman kernel in C*-smoothly bounded planar domains—see [4, Chapter 25], it is
natural to ask whether the Szeg6 metric can also be described using Weierstrass elliptic
p-functions. In this chapter, we will show that this is indeed possible.

51 SZEGO METRIC ON A,

We begin by recalling the series form of the Szeg6 kernel on the annulus
Ar={zeC:r<|z| <1},

where r € (0,1). An orthonormal basis for H?(bA,) is given by

z" >
V27t (1 + r2n+1) I ’

and hence the Szeg6 kernel for A, is

s ()
B =g b T

To find a closed form of the Szeg® metric, we first recall the definitions of the Weierstrass
elliptic functions following the notations in [1] and [32]. For more details on the

theory of elliptic functions, we refer to [39]. Let w; = —logr, w3 = i, and write
QO = 2mwy + 2nws for m,n € Z. The Weierstrass elliptic p function is defined by
1 / 1 1
z) = = + - ,
o(2) z? n;/z ((Z — Qi n)? Q%m)

where the ' in the summation means that simultaneous zero values of m, n are excepted.
The function p is holomorphic on C except for poles at ), for each m,n € Z.
Moreover, it is an even function, it is doubly periodic with periods 2w; and 2ws, and
satisfies the differential equation

(9')? = 49° — 20 — g3,
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where

r 1 11
g2 =060 , §3=140) ——.
We also note that the roots of the equation 4x> — ¢»x — g3 are given by

e1=p(w1), e=p(-w—ws), e=p(ws), (20)

which are real and satisfies e; > e, > e3. Along the boundary of the half-period
rectangle with vertices 0, w1, w1 + w3, w3, the function p(z) is real, and as z is taken
counterclockwise around this rectangle from 0 — w; — wy + w3 — w3 — 0, p(u)
decreases from +oco0 — ey — e — e3 — —oo. The behaviour of p along the boundaries
of the other half-period rectangles can be obtained from this using p(—z) = p(z),
p(z) = p(z), and periodicity.

The Weierstrass ¢ function is defined by

{'(z) = —p(2),
lii% (C(z)—z 1) =0.

The function  is odd and satisfies the quasi-periodicity condition

0(z +2wy) = {(2) + 21,

for k = 1,3, where 1, = {(wy).
Finally, the Weierstrass ¢ function is defined by the equation

loga(z) = ¢(2),

limo(z)/z=1.
z—0
The function ¢ is odd and satisfies the quasi-periodicity condition
0(z + 2wy) = —e?kEF ) g (2),

for k = 1,3. For real u, the functions g(u), c(u), and {(u) take real values since w; is
positive and wy is purely imaginary.

It is customary to write wy) = —w; — w3, 12 = —#1 — 173, and define three other ¢
functions oy (1), k = 1,2, 3, by the equation

o (u) = e~n T k)
o (wr)

We also recall a relation between the Szegd kernel and the capacity metric from
[1, Equation (7)]:

(21)

271S4,(z) = cp(z)05 (—2log |z), (22)
where cg denotes the logarithmic capacity on A,, and
03 (u) = e~ o3 (u), (23)

where ¢ = 171/ wy.



5.1 SZEGO METRIC ON A,

Proposition 5.1.1. Let r € (0,1) and A, = {z € C : r < |z| < 1}. Then the Szeg6 metric
on A, is given by

p(2log |z|) — p(2log |z| + wy + w3)

2 _ 2
ds;,, = |22 |dz|%,
where ¢ is the Weierstrass elliptic o function with periods 2w = —2logr and 2wz = 2i.

Proof of Proposition 5.1.1. Differentiating (22), we obtain
d01og S, (z) = ddlogcg(z) + 9dlog ((75‘( —2In |z|)>
From, Suita [37], we know that
— 1
00 (Incg(z)) = Ky, (z) = 2 ‘2( p(2In|z]) + ) (24)

The latter expression was originally found by Zarankiewicz [41]. On the other hand,
writing # = —2log |z|, which is harmonic, we obtain from (23) and (21), that

ddlog (03 (u)) = 99(—cu?) + 99 log 0 (u + wy).

Note that 5
09(—cu?) = —cd(2udu) = —2c|ou|? = —#,
and
09 log 0% (u + wy) = ( (logo(u+ wy))ou )
g U+ wy)ou)
=20+ @) ouf?
1
= —2p(u+w2)W.
Thus,
_ . o(—2log|z| +w2) +¢
dd log ((72(—210g|z|)> =— ( 22 )
o(2log |z| + w1 +ws) +¢
(2log - ) ¢ (25)

Adding (24) and (25), we obtain

p(2log|z]) — p(2log |z| + wi + w3)

ddlog S, (z) = 2P ,

as required. ]

43






L?-COHOMOLOGY

Given a complete Kdhler manifold, the question of whether there are non-trivial
square integrable harmonic forms is of interest because every L?-cohomology class
has a harmonic representative—which is an analogue of the Hodge theorem for non-
compact manifolds. This question for the Bergman metric on strongly pseudoconvex
domains in C" was studied by Donnelly—Fefferman [17] and Donnelly [16] and in a
more general setup by McNeal [33] and Ohsawa [34] among others. Let us fix some
notations to state our next result. Denote by Q) the space of k-forms on Q which are
square integrable with respect to ds,,, = mq(z)|dz| where mq = cq or sq. Then, the
L?-cohomology of the complex

is defined by

HE(Q) = e
Im(d—1)

where the closure is taken in the L2-norm. Since dsy, is complete,
H5(Q) = H5(Q),

where 3(5(Q) denotes the space of square-integrable harmonic forms. We also note

the decomposition
HE(Q) = By I ().

The goal of this chapter is to show the following theorem:

Theorem 6.0.1. Let () C C be a non-degenerate finitely connected domain equipped with
maq(z)|dz|, where mq = cqy or sq. Then

o uyp q=1.

6.1 PROOF OF THEOREM 6.0.1
Using the same reasoning as in the proof of Corollary 3.2.2, we can assume that () is

C*-smoothly bounded. Also, we will prove the theorem for mqn = s only as the case
mq = cq is similar. Fix a C*-smooth defining function ¢ for Q).
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Case p + ¢ # 1. Since H)(Q) = H3(Q), it is enough to prove that every square
integrable harmonic function on () with respect to dss, = sq(z)|dz| is identically equal
to 0. Let f be such a function. First, note that f must be constant since ds;, is complete
and Kéhler (see, for instance, [40]). Also, by Proposition 3.1.4, () has infinite volume
with respect to dsg,:

i, - 1 .
/Qisg(z)dz/\dzz/ﬂ(w(z))sz(z)——i- ,

where dA(z) = i/2dz A dz, which implies that f must be identically equal to 0.
Case p + q = 1. By [34], the infinite dimensionality of 3(}"(Q)) will follow at once if
we establish that
dsi, ~ (=) |dz|* + (=) %oy ?|dz]?, (26)

uniformly near bQ). If p € b() then by Proposition 3.1.4,

so(z)?

. () ’sh(2)
lim = =) 7 = lim 2
P(—=v(2) +(—y¢() “|op(2)] P —p(z) + [9y(z)]
_ Jow(p)|?
oy (p) |

which shows that (26) holds near p. Then, by compactness of b(), it follows that (26)
holds near b(), which completes the proof.



VARIATIONS OF THE CARATHEODORY AND SZEGO METRICS
ON PLANAR ANNULI

The study of the holomorphic sectional curvature of the Bergman metric has a rich
history, dating back to the work of Bergman [7] and Kobayashi [28]. Bergman demon-
strated that the holomorphic sectional curvature of the Bergman metric is strictly
bounded above by 2, a result later extended by Kobayashi to complex manifolds.
Lebed’[31] further refined this result by showing that 2 is the optimal upper bound for
n > 2. The question of whether a lower bound exists for the holomorphic sectional
curvature of the Bergman metric was answered negatively in higher dimensions by
Herbort in [25].

For planar domains, Dinew [15] constructed an infinitely connected planar domain
where the holomorphic sectional curvature of the Bergman metric diverges to —oo at
one of its boundary points, while the upper limit at that point is 2. This result was
extended by Zwonek in [42] by establishing that the supremum of the holomorphic
sectional curvature on Zalcman-type domains is 2, while the infimum is —oo. It was
achieved by examining the variations of the holomorphic sectional curvature of the
Bergman metric bu,(z)|dz| on planar annuli A, as the inner radius r approaches 0,

where
0%21log K4 (2,2
b, (2) :\/ gazgé( !

and K4, denotes the Bergman kernel on A,.
In this chapter, we will study the variations of the Carathéodory and Szeg® metrics,
as well as their Gaussian curvatures, on planar annuli, drawing inspiration from [42].

7.1 VARIATIONS ON PLANAR ANNULI
The main objective of this chapter is to establish the following limiting behaviour:
Theorem 7.1.1. Forr € (0,1),let A, ={z € C:r < |z| < 1}. Then

1 0<A<jy,
(a) lim, 04 ca,(r!) = 27 lim, o4 Sa, (") = { 2 A = %,

too <A<
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1 0<A<y,
(b) lim, o+ SA,(”/\) = \/E A= éll’
foo F<A<L

(-4 0<A<l,
-8 A=1
(c) lim, KCAV(TA) ={ —© }L <AL %,
-8 A=3,
(-4 2<A<L
( 1
-4 0<A<g,
-12 A=},
—00 % <A< %,
-4 A=1
(d) lim, 04 K5, (') = ¢ 4 T<a<i
-4 A=3,
2 5
12 A=2,
—4 2<A<L
\

Some remarks are in order. First, as r decreases to 0, the annuli A, exhaust the
punctured unit disc D* = ID \ {0}. Therefore, c4, converges uniformly on compact
subsets of D* to ¢p- = cp|p+ as r — 0+. It follows that . 4, converges uniformly
on compact subsets of D* to —4 as r — 0+. Since ¢4, (z) = 27t54,(2), it also follows
that S, (z) converges uniformly on compact subsets of ID* to Sp|p+(z) as r — 0+.
Accordingly, s4, and s, converge uniformly on compact subsets of ID* to sp|p+ and
—4 respectively as r — 0+. This does not contradict Theorem 7.1.1 as in this theorem,
the points where the limits are studied, do not lie on a fixed compact subset of ID*.

Second, using Theorem 7.1.1, we can answer the questions related to the universal
bounds of the Gaussian curvatures of the Carathéodory and Szeg6 metrics. Observe
from (d) that xs (r*/°) — 4 as r — 0+. This establishes the following:

Theorem 7.1.2. Given € > 0, there exist a C*-smoothly bounded domain Q) C C and a point
z € Q¢ such that

Ksq. (2) >4 —€.

Also, from (c) and (d), KcAy(rl/z) — —o0 and «;, (r'/4) — —c0 as ¥ — 0+. Thus we
obtain

Theorem 7.1.3. There are no universal lower bounds for the Gaussian curvatures of the
Carathéodory and Szeg0 metrics on the class of C*-smoothly bounded planar domains.
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Third, Theorem 7.1.1 also shows that there are domains in C such that the Gaussian
curvature of the Szeg6 metric assume both negative and positive values:

Theorem 7.1.4. There exist a C*-smoothly bounded domain Q) C C and z,w € Q), such that
Ksq,(2) > 0 and x,, (w) < 0.

Fourth, from Zwonek’s result [42] and (d), we have

lim xs, (') <0< lim Kby, (1) for0 < A <

2
or -<A<I,
r—0+ r—0+ 3

1
lim &, () <0< lim Ky, (1) for - < A <

1

3

2
r—0+ r—0+ 3 5

Therefore,
Theorem 7.1.5. There exist a C*-smoothly bounded domain Q) C C and z,w € (), such that

Kso(2) <0 < K, (2) and ks, (w) > 0 > K ().

Lastly, Theorem 7.1.1 also allows us to answer a question related to the comparison
of the Carathéodory and Szeg® metrics. It was shown in [2] that s > cq, and
therefore the ratio s /cq has the universal lower bound 1. On the other hand, since
sa,(r'/2) /ca, (r'/?) — +o0 as r — 0+, we have
Proposition 7.1.6. There is no universal constant M > 0 such that

s0(z)
co(z)
forall z € Q) and for all C*®-smoothly bounded domains () C C.

<M,

The idea to prove Theorem 7.1.1 is to use the Bergman-Fuks type formulas for the
Szegb kernel and the metric that relates them to certain maximal domain functions.
Let us recall their definitions first. For a C*-smoothly bounded domain (3 C C,

j=0,1,2,---,and z € Q), we define the maximal domains functions ]g) (z) by

W@= swp {IfPQ:f e B0, flo) =f(2) == fI (=) = 0f.

It can be shown that

15
SQ(Z) ]g)) (Z), (27)
0) 72
Kso(z) =4 — 2—]Q ((T))]Q (Z)
Jo ' (2)?

These formulas can be derived in the same way as for the usual Bergman kernel and
the metric (see, for example, [5], [6], [20], and [26]). Indeed, we will present the proof

for x,,, only, as the proofs for S, sq are significantly simpler and follow from similar
lines of reasoning.
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Theorem 7.1.7. Let () C C be a C*®-smoothly bounded domain. Then the Gaussian curvature
ks, Of the Szeg6 metric sq(z)|dz| satisfies

1912 (2)
"S“Z’:“(%)'

forall z € Q).
Proof. Let a € Q). Define
Hy = {f € H( bﬂ)‘f( ) =0},
H! = {f e H.: f'(a) = 0},
H///_{fEH//. —O}

By definition, H) is a closed subspace of HL/V and H/" is a closed subspace of H. In

both cases the codimension is 1. Thus, there exists an orthonormal basis (¢ )x>o of
H?(bQ)) such that

Pr—1(a) =0, ¢p(a) =0, ¢ 4(a)=0fork>2. (28)

To simplify the notation, let S(z) = Sq(z), s(z) = sa(z), and for all non-negative
integers k, [, define

=1
Skj(z) — 90 S(z), Sj(z) = Soj(z), Sk(z) = S;5(2),
for z € (). We first note that
ko (a) 1

3 = 2y (og(S5 = [1P) (o) +2 = ~ 383 +2, 9)
say. By straightforward calculations, we have
L(a) = 5(0)Sx(a) = $2(@)S5(a) 15(a)S,7(a) — S2(a)S1(a)|?
N s2(2)S2(a) s*(a)S4(a) '
Using S(z) = Yo, [¢x(2)]? and (28), we have
= [po(@[", S1(a) = gi(a)go(a), Spy ZM% :
- - 2
S2(a) = ¢g (a)o(a), Sy7(a) = g (a)y(a) + ¢ ()¢} (a), Sy(a) = kZ i (@),
=0
It can also be seen that ]Q |(p )|2 forj=0,1,2. Using S(a) = g)) (a), s(a)? =

]Q ( )/ ]Q ( ), it follows from above that

@ 15 (@)

Io(a) = .
" w@f W)

(30)
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Therefore, using (30) in (29), we get

kala) _, _Jo'@ J5 (@)
2 1@ 15 (a)

which completes the proof.

Corollary 7.1.8. Let Q) C C be any non-degenerate finitely connected domain. Then
ks, (2) < 4,
forall z € Q).

Under a conformal equivalence ¢ : Q) — (), the maximal domain functions ]8) (2),
j=0,1,2,..., transform according to the following rule

19G) = 1¢' @19 (6(2)). (31)

Because of (27), the focus now is to investigate the maximal domain functions on A,.
As a first step, we compute these domain functions on a general annulus

A(r,R)={zeC:r<|z| <R},

where 0 < r <1 < R < 0. It is apparent from their definition that we will require
suitable functions in H2(bA(r, R)) to compute them, and so first, we prove a result

that allows us to construct plenty of them. Note that (z")>_ is an orthogonal basis
for H2(bA(r,R)) and writing a® = HZnH%-IZ(bA(r,R))' we have
[X;’R = /| \Z\Zn‘dz| +/| |Z|2n|dz| :27T(72”+1+R2”+1). (32)
Z|=r Zl=

Proposition 7.1.9. Let p be a monic polynomial and

Then (cn)% is summable, and hence also square summable. In particular,

f)= Y o,

nN=—oo
is in H*(bA(r,R)).
Proof. Let n > 0 be large. Then p(£n) # 0 and

pot Dl
py) LA T 7

51
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Now,

_ lp(n+1)] a®
LI
B |p(n—1—1)|7’2”+1+R2n+1
|p(n)| r2n+3 4 R2n+3
|p(n+1)|R2n+1((r/R)2n+1+1)
- [p(n)|  R2F3((r/R)2n+3 4 1)
—1/R?> < 1.

Cn41
Cn

Similarly,

_lp=n—1)| oK

Pl ok
_p(=n—1)] p2n+1 L R—2n+1
|p(—n)| r—2n-14 R-2n-1
|p(—1’l . 1)| p—2n+1 (1 + (R/r)—Zn—H)
— TGl eI (R 2T)
=<1

C—n-1
C—n

It follows from the ratio test that (c,)5—_., is summable. O

Now, to compute the maximal domain functions on A(7, R), let us consider the series
s R _ = nk

sy = Z —x k=012..., (33)
o (U

which are finite by Proposition 7.1.9.

Proposition 7.1.10. We have

r,R .r,R (rR)Q

@ ) (1) =55 OV ) (1) = 2,
0
and
O (1) T s 2R R (55
A(r,R) ( 11'R)2 _56R ER

Proof. Let f € H*(bA(r,R)) and f(z) = Y5 _ o anz". Then

(o]

1 ) = 2ol

n=—oo
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(a) By the Cauchy-Schwarz inequality

2

o0

¥ o

n=—oo

7,R

HORS

(r,R))’ (34)

Since f is arbitrary, this implies that

]1(40()7,12)(1) < sg.

Thus, to complete the proof of (a), all we need to do is to produce a function in
H?(bA(r,R)) for which the inequality in (34) is equality. In view of Proposition 7.1.9,

(<) Zn
fo(z) = Z R’
n—=——oo ‘Xn

is in H?(bA(r,R)). Note that ||f0||H2 bAGR)) = st = fo(1), and therefore,

2
|f0(1)| :So ||f0||H2 bA(r,R))

Thus, fy has the desired property; hence, the proof of (a) follows.
(b) Assume that f(1) =0, so that }_;~ ., a, = 0. Then for any § € R,

2

< ¥ O U a9

which shows that

o) n— 2
he®< ¥ n—pr (36)

We now show that the above inequality is equality for a suitable B. It suffices to
produce a function f € H2(bA(r, R)) such that f(1) = 0, and for which the inequality
in (35) is equality. Let 8 € R and set

faz) = ¥ 2B

n=—oo (xn

By Proposition 7.1.9, fg € H*(bA(r,R)). We choose f so that

Z R (37)

n= l’l

53
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Indeed, we can take

Then, by (37),

[e) _ 2 (o] _ o] _

from which it follows that

2 = (n—B)?
‘fé(l)’ :|fé(1)‘”f,3H%i2(hA(r,R)): Z T”fﬁu%ﬁ(m(nm)/

n=—oo n
and hence fz has the desired property. It follows that
) gy v (=B
M= L R
n—=—oo n

Again, in view of (37) and (38), we can write

(1) = TZ(Tl — ,B) r,R S;’R r,R SS’RSE’R _ (S;IR)Z
]A(r R)(l) - Z r,R =5 - Wsl - r,R ’
ne—oco Oy So S
which proves (b).
(c) Assume that f(1) = f'(1) = 0 so that
Z a, = Z na, = 0.
n=—oo n=—00
Then for any 7,6 € R,
‘f”(l)‘zz Y. nn—1Va,| =| Y nPa,| =| Y (n*—yn—d)ay,
n=—oo n=-—o0 n=-—oo
2 ? 2 2
2 nt—yn—94 [ 'R > (n*—yn—9) ’
- Z "R <a” i ) < ( Z LR ||f||H2(bA(r,R))’ (39)
Nn=—o00 aly n=-—oo n
which implies that
oo 2 2
2) (n* —an —9)
]A(r R)(l) < Z_ 7R (40)
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As before, we show that for a suitable choice of ¢ and J, there is a function f in
H?(bA(r,R)) satisfying f(1) = f'(1) = 0, and for which the inequality in (39) is
equality. This would imply that the inequality (40) is also equality. For 1, € IR, set

n?—aqn—>9
frs(z) = ZTZ"-

n

By Proposition 7.1.9, f,s € H*(bA(r,R)). We claim that there exist 7, § such that

Xy —an—4
frs(1) = Z TR =0, and
n=—oo n
1
, . n(n?—yn—9) 41)
f’yé(l) - Z r,R - O'
n=—oo an

The above equations can be written as

51 ,)/+SrR(5 rR_O’
rR(S r,R —0.

5y 'y—|-s — 5y

Since,

*®n ? ©  p2 >
st = (B ) (£ 5 (£ ) <o

n=—oo Xy n=—oo Xy n=—oo Xy

which is a consequence of the Cauchy-Schwarz inequality; the above system has a
unique solution given by

r,R _r,R r,R _r,R r,R _r,R r,R\2
v = 1 % 5 %5 and J = 51 %3 —(557) (42)
7
(;R)z SSRSER (;R)Q SBRSZR

We now choose y and J as above. Then, by (41),

> (n? —yn—95)>2 * n2(n® —yn —9)

2
Hf’Y(5HH2(bA(r,R)) = Z AR - Z R ’
n—=-—oo n n=—oo n
and also
> n(n—1)(n*>—yn—6) > n2(n® —yn —9)
f'lylé(l) = Z 'R - Z 7,R ’
n=-—00 Xy n=—o0 oy
Therefore,

| 1;5(1)| - |f |||f’Y5||H2 bA(r,R))
and thus f.; has the desired property. It follows that

2 = (n2—n—9)>2
Y Z erR :
n=—oo n
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Again, in view of (41) and (42), we can write

00 2(,,2
2) B n=(n* —yn —9)
]A(r,R)(l)_ Z r,R
n=—oo
r,R _r,R r,R _r,R r,R _r,R r,R\2
_ R _S1 5 —S S5 rr_ SIS —(s37)7 /R
— 4 r,R r,R _r,R "3 r,R r,R_r,R"2
(s77)% — s sy (s77)* —sq sy
rRer r,R .r,R _r,R r,R r,R _r,R r,R\2 r,R\3
_ (sy7)%sy” — sy sy sy — 257 sy sy +So(3)+(52)
o 7R R _r,R ’
(s77)% =g sy
as required. This completes the proof of (c) and the proposition. O

We now focus on the annulus A, = {z € C : 0 < |z| < 1}. Note that by the
transformation formula (31), we have

PR = T, (1), 0. (43)

¥

Observe that while on the left-hand side, both the domains and points vary, on the
right-hand side only the domains vary. Hence, studying the asymptotic behaviour
of the right-hand side is relatively easier and in view of Proposition 7.1.10, it now

suffices to analyse the quantities s]r.l_A " For simplicity, let us write a, = [an B A,
and s; = s]r.l_A’r_A. Note from (32) that for n > 0,
5 1+ an—l—l d 5 1+ 7.2114—1
Ky = NW an K_yp_1= ﬂm
Thus, we can write
0 Ylj
L — R
! n:z—oo Xn
_y (nf ( 1)f<n+1>f>
n=0 \&n A—n-1 (44)
1 & 1

= Uj T,

where 7 is the Oth term of the series and v; is the sum of the terms from n = 1 onwards.
Observe that

= —-— i — _— ]— 1 >
Ry 147 7 uj=(-1) 21+’ forj 21, (45)
and 31 inj3(1—A)
1 ot + (=1)2r0 _
v =5 &jﬁ + O + O(PP1-M), (46)
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The following lemma that describes the asymptotic behaviour of the maximal domain
functions associated with A, is the key to the proof of Theorem 7.1.1. In what follows,
for N,®:(0,1) — (0,0), we will write N(r) ~ ®(r) if for all sufficiently small € > 0,

N(r) — ®(r) = D(r)o(r°).

Also, we will compute asymptotic expansions of many functions on (0,1). To follow a
uniform notation, we will write

N(r) = ®n(r) + ¥n(r),

where @y is the dominating term and Yy is the remainder term. In this notation,
observe that N(r) ~ ®y(r) if and only if N, ® are positive and for all sufficiently small
€>0,

asr — 0+.

Lemma 7.1.11. Let A € (0,1) be fixed. Then for r € (0,1),

(1) (2)
Ny (r N7 (r
@y ) =N (), 0L ) = —?0)( L @R ) - ?1)( )
Ny (r r
A A ()
where N)(tj ) (r), j =0,1,2, are positive functions satisfying
N~ o T
(1) N 1 r 1 (7’4/\—{—7’4(1_/\))—1—47’(7’2/\—{—7’2(1_/\))
N~ aarE T e A+ 70 +7) , and
N(2)(r) 1 PIA 4 9(1-2) . 1 r(r3)‘—|—1”3(1_)‘)).
A 23 (T+r)(1+7r3)(1+75)  2m83 (147)2(1419)

Proof. (a) We define
N () =D ),

which is evidently positive. By (43) and Proposition 7.1.10, we have
N §0) (r) = so.
Then from (44)—(46), we have

1 A4 rlh
+¥,,0(),

0) N S
Ny (r)_MO+UO_27( 147 A

where
‘FN(O) (1’) = 0(1”3)\) + 0(1’3(1_/\)).

A
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Therefore, to complete the proof of (a), we only need to show that

Yol
T = o).

2 1+r

Note that for all sufficiently small € > 0,

¥ (0)(1’) _ O(rZ/H-e) +0(r2(1—)x)+€).

N)\
Also,
2A+e€ 2A+e
o(r 27t(1 +7)lo(r
Jo( ]\S A+
1 Ayl /\re rAte
2t 1+r

as r — 0+, and by symmetry, the same holds for the o(r21=1)+€) term.
(b) By (43) and Proposition 7.1.10, we have

2 (1)
31701y — (1 = Sos2—si _ Ny ()
r ]Ar (1") ]A(rl—)\/r—)\)( ) S0 N)(LO) (,,)’

where N )(‘1) (r) is the function defined by
N)(tl)(r) = S0S2 — S%,

which is positive as the left-hand side of the above equation and N go) (r) are positive.

The asymptotic behaviour of N io) (r) is already discussed in (a). For N)(\l) (r), note that
by (44),

Nj(\l)(r) = (ugus — u?) + (ugva + upvg — 2u1v1) + (vgva — v3) = I+ I+ 111,  (47)
say. From (45) and (46), we have
1 r

[=——— 8
472 (14 7)%’ (48)
and
I 1 T)‘—l—i‘l_)\ 1 1’3)‘4—47‘3(1_/\) 1 7174 1 r3)\+r3(1—)\)
T 27 1+r 271 147 +El+r.ﬂ 1473
1 1-A 1 34 _27,3(1—)\)
2— C— b4
+ 2wl +r 2m 14713 +¥ulr)
1 (P 4 A=) 4gp(p2) 4 4200-2)
= 2( ) ( 3 )+‘PH(r)/ (49)
4 (1+7)(1+413)
where

Fir(r) = O(r* 1) + O(*1-VH) 1 0(%) + O Y).
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Finally,
2
30 4 ,3(1-A) 31 3(1-1) 1 73N _ 03(1-1)
Ulzir +r .ir A Y . +¥rr(r)
27 1413 27 1473 27 1473
X (50)
1 9r
T
where

TH[(T’) = O(TS/\) + O(Tg(l_A)) + O(T3+2(1_A)) + O(1’3+2/\).

It follows from (47)—(50) that

N (r) = @ ) (r) + ¥y (1),

A

where

1 , 1 (P + A0 gp (2 4 20-0)
@0 (r) =13 7t 13 3 ’
A 42 (1+7r)?  4m (1+7r)(1413)

and

¥ (r) = o) + 0(r41 7€) 4 o(rA0-NFe),
A

for all sufficiently small €. Thus, to complete the proof of (b), we only need to show
that

¥ 1)/ @y (r) = o(r).

Note that ) )
o\r o\r
red 1) re%;
N 472 (1+7r)?
as r — 0+. Similarly,
AN +e AN +e€
o\r o\r
s TP s TR
Vqu (1) reLL
N, 472 (1+47)(1+13)

as r — 0+, and by symmetry, the same holds for the o(r*(1=1)+€) term.
(c) By (43) and Proposition 7.1.10, we have

2
r Alri— P SOSZ _ S% N 1 (1")
A

where N )(‘2) (r) is the function defined by

Nﬁz) (r) = —s%s4 + 505254 + 2515253 — 5053 — S5, (52)

59
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which is positive as the left-hand side of (51) and N )(\1) are positive. We have already

obtained the asymptotic behaviour of N)(\l)(r) in (b). The calculation of N )(\2)(1’) is

lengthy, and so we only outline the main steps. Using (44), we substitute s; = u; + v;
in (52) and write

NP (r) =1 +1I' + 11T,
where I’ consists of the terms involving u;s alone, II' consists of the mixed terms

involving both u;’s and v;’s, and 111’ consists of the terms involving v;’s alone. Before
proceeding into the calculation of these terms, note from (45) that

Uy =uy and uz =u = —up. (53)
The term I’: Using (53), writing I’ in terms of 1 and u; alone, it follows immediately
that I’ = 0.
The term II’: Note that
II' = — (u%v4 + v3uy + 2uyviuy + 2u10104) + (UoU204 + 1oLy + UGV + Volin Uy
+ VgUpvs + VoV ) + 2(U1UpV3 + U VU3 + UV2V3 + V1 LUz + V11203 + V102U3)
— (g0} + 2uguzvs + vou3 + 200u3v3) — 3(u3vy + Ux03).

Using (53), II' becomes

IT' = u3(—vy — 203 — vy) + up(vgva + 209v3 + Vgvy — V3 — 20107 + 20103 + 20104)+
U (=305 — 20503) + gtz (v + 203 + v4) + tp(v04 — v%)

To remove the u% term, we write uy = ug — up + up in the ugu, term. Then

IT' = uy(vovy + 20903 + Vg — V3 — 2010y + 20103 + 20104 — 305 — 20,03)
+ (g — up)un (v + 203 + v4) + ug(vy04 — v3) = A’ + B +C', (54)
say. To simplify the calculation of II’, we first note from (44) that
1 P+ (=1)230-0) 1 20pdh 4 (—1)i3iP(1-A)
T 14713 T 14715

and hence it follows that the asymptotic expansion of the term v;v; has the following
form:

+0(r") + 0" 1Y), (55)

Lemma 7.1.12. We have fori,j=0,...,4,
0;V; = (I)ij(l’) + ‘I’i]-(r),

_|_

where
q)..(r) _ 7,6/\_|_ ((_1)i2i_|_ (_1)j2j)1,3_|_ (_1)i+j2i+jr6(l—A) N (21' +2j)r8)x
4 4712(1 4 13)2 A472(1413) (1 + 17)
((_1)i+ (_1)j)2i+jr3+2/\+ ((_1)i3i+ (_1)j3j)r3+2(1—A) + (_1)i+j(2i3j+2j3i)r8(1—A)
472(1413)(1 +1°)

i+j10A 4 ((_1)j2i3j+ (—1)i31’21')r5 + (_1)i+j3i+jr10(1—?\)
4712(1 +15)2 ’
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and
¥i(r) = O(F') + O =Y) 4 O(PH) + O (1Y),
To compute A’, we substitute v;v; from Lemma 7.1.12. To simplify the calculation,

we make a few observations. First, note that the coefficient of r®* in v;v; is independent
of i,j. From (54), observe that the sum of the integer coefficients of v;v; terms in A’

is zero. Therefore, the coefficient of ! in A’ becomes 0. The coefficient of r6(1=2) in
v;v; depends only on i + j. For each [, the sum of the integer coefficients of v;v; in A’

such that i + j = [ is zero. Therefore, the coefficient of *1=) is 0. The same argument
applies to the terms 7104 and #101-14) and so their coefficients in A’ are zero. Also, the
sum of the integer coefficients of 7> in A’ (i.e., keeping uy/ (47%(1 + r%)?) intact) is

5+2(—7) +17 — (—4) —2(2) +2(—10) +2(14) — 3(8) —2(—4) =0,

and hence the coefficient of 7> in A’ is 0. Similarly, the coefficient of r° in A’ is
also 0. Thus, we are left with 73, ¥3t24 3+2(1-14) and 18(1-1) _terms only. Keeping
Uy / (47%(1 + r3) (1 +r°)) intact, the sum of the integer coefficients of 8 in A’ is

5+2(9) +17 — 4 —2(6) +2(10) +2(18) — 3(8) — 2(12) = 32,

and that of 73724, $3+2(1=4) "and #8(1-4) are —112, 112, and —32, respectively. It follows
that
;1 i 3080 1123424 4 11234201-4) _ 3,8(1-4)
T (1+73)(1+15)

+Ya(r),

where
‘PA’ (7") = VliAEA/
where E 4 has the same big O terms as in ¥;;. Also, from (45) and (46),

, 1o 1
2 l4r 2ml4r 21413

(1424 1) + (4+2(-8) +16) 1~V ) - ¥ (1)

. 1 7’(1’3)‘—1—1/3(1*)\))
S 2m3 (1 + r)2(1+73) + g (r), (56)

where
TB/(T) _ O(r1+5/\) + O(1’1+5(1_A)).

Finally, to compute C’, note that the arguments similar to the computation of A’ show
that the coefficients of 7%, ¥6(1=4) 84 and 104 in C’ are 0. The coefficients of the other
terms can be computed as before, and it turns out that

R B < 36r%  (4r8) 425632 4 144/34201-) 4 36,8(1-1))

87 1+r \(+72 " EE D)

9007°
e e
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where,
Yo (r) = (r)L + rlfA)EC/

where Eq has the same big O term as in ‘I’ij. Thus,

1 PIA 1 p9(1-A) 1 r(r3A+r3(1—A))

=55 A+rA+P) A+ 28 A+ 1+7)

+¥r(r),

where

‘PH’(r) _ O(rll/\) + O(rll(lf/\)) + O(r3+)\) + O(r3+(1f/\)) + O(rl+5/\) + O(rl+5(l—)»))'

The term I11": Recall that ITI’ is the term consisting of v;’s alone, i.e.,

1T = —v3vy + Vg4 + 2010203 — VU5 — V3.
Observe from (55) that in v;v;vy, the coefficient of r? is independent of i, j, k. Also, in
I1I', the sum of the coefficients of v;vjv is 0. Therefore, the coefficient of M in 11T is
0. Similarly, the coefficient of (1) in v;vjvx depends only on i + j + k. Since for each
term in III', i+ j+ k = 6, and their coefficients sum up to 0 as observed above, the
coefficient of (1= in I1I" is 0. Now, it follows that

11 = O(rllA) + O(rll(l—)\)) + O(rS-H\) + O(?’3+(1_/\)).

Summarising,

where
® 1 PIA 4 p9(1-2) 1 7(73A+r3(1—A))
LSOl ey s e Y e P s e T S

and

‘Ifo)(r) = O(r10A+e) + O(rlo(l—)\)—s—e) + O(r1+3/\+e> + 0(7,1+3(1—A)+e)‘

for all sufficiently small € > 0. Thus, to complete the proof of (c), we only need to
check that

Y r
N;(\Z)( ) = o(r°)
@y (r)
which can be done in a similar way to the one above. This completes the proof of (c)
and the lemma. O

We are now ready for the proof of Theorem 7.1.1.



7.1 VARIATIONS ON PLANAR ANNULI

Proof of Theorem 7.1.1. (a) By (27) and Lemma 7.1.11 (a), we have

1

1 + 71 —2A
rA

ca (M) =218, (") = 27‘(]1(402(1’)‘) =2 N)(\O) (r) = 127 (1+0(r)),

from which (a) follows immediately.

(b) By (27) and Lemma 7.1.11, we have

2 ( A) ](1)(7A) 1 N(l)(r) T+%<r4}‘+r4(1—?\) +4r(72A+r2(1—7\))>
SAr T

N JO) (1) T2 (N)(\AO)(?))Z - r2 (rA _HpA)z f(),

where f(7) is a positive function such that f(r) — 1 as r — 0+. Dividing the numerator
and denominator by **, we write

rl—4A+11+irr3<1+r4(1—2)\)+4(r1—2A+r3(1—2/\))>

3, () = Ty 70,

from which the limiting behaviour on (0,1/4] follows immediately. On the other hand,
by dividing the numerator and denominator by 12, we write

1+ﬁ<r2(2/\—1)+r2(1—2)»)+4(r2A—1+r1—2A)>

(rA-1 4 1)2

f(r),

from which the limiting behaviour on (1/4,1) follows. Thus, the proof of (b) is
complete.

(c) First, note that

B _Alogcea, _48510gcAr B _aélogSAr B _iszﬂ _ 1 ]1(413
T T U T e, s Ry
using (27). Now, using Lemma 7.1.11, we have
3
\ . N)(Ll)(r) r(14+7)2+ (112 <1,4A+1,4(1—/\) +4r(r2}‘+r2(1*)‘))>
Ko, () = =2 oy o = 4 I
(Ny7 () (r +r174)

where ¢(7) is a positive function such that g(r) — 1 as r — 0+. Observe that the
right-hand side is symmetric in A and 1 — A, and hence enough to compute the limiting
behaviour on (0,1/2]. Dividing the numerator and denominator by 74", we write

_ 147)3 _ _ _
) A=4(1 4 7)2 & (112 <1+r4(1 20) 4 4(y1-2A 4 30 2A))>
Key, (r') = —4

(1+ r1-21)2 8(r),

g(r),
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from which the limiting behaviour on (0, 1/2] (and hence on (0, 1)) follows immediately.
This completes the proof of (c).

(d) Recall from (27) that

0) Ay 7(2) A
Ja, r) ] (")
Ky, () = 4 =22 L (57)
(7% ()
Therefore, using Lemma 7.1.11, we have
3
w g NN )
KsAr(T’)—4—2 0 3
(Ny'(r)
A3 PIA 4 9(1-1) r(r3A+r3(1‘A>)
( 117 ) a2 0+7) T~ (420+79)
=4-38 s h(r),
r (1’4/\—&—1’4(1*/\))—|—4r(r2)‘+r2<1*/\))
((1+r)2 (1+7)(1+13) )

where h(r) is a positive function such that h(r) — 1 as r — 0+4. Observe that the right-
hand side is symmetric with respect to A and 1 — A; hence, it is enough to compute the
limiting behaviour on (0,1/2]. Moreover, terms like 1+ r, etc., tend to 1 as r — 0+,
and so they can be ignored while computing the limit. In other words, the limit of
Ks, (") as r — 0+ is the same as that of

(7,/\ + rlf/\)3 <r9/\ 4+ 90-0) 4 r(r?))\ + 73(14)))
4-8
3 4
<r+ (F4 4 P40-1)) 4 4p (r2) +r2(1—A)))

as r — 0+4. Now, dividing the numerator and the denominator of the second term by
12} the above expression is equal to

s (1+r1—2A)3(1+r9(1—2A)+r1—6A+r4(1—3A))

<7174/\ 14 r40-20) 44 (120 4 73(1_2;\))>3

from which the limiting behaviour on (0, 1/4] follows. Multiplying the numerator and
the denominator of the second term of the above expression by r*(4}~1), we obtain

. 8(1 + 1723 (A1) | p6(1-1) 4 y2(3A-1) 4 p)
_ —,
(1 4T 3N g (P20 72(1—)\)))

from which the limiting behaviour on (1/4,1/2] follows. As mentioned above, this
gives us the limiting behaviour on all of (0,1). This completes the proof of (d) and the
theorem. O
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