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Abstract

John Tate in his doctoral dissertation, “Fourier Analysis on Number Fields and Hecke’s Zeta

Function”, established the meromorphic continuation and functional equation of Hecke’s

Zeta Function over a number field using methods of harmonic analysis on the adèle ring

of the number field. The theory in Tate’s thesis can be extended to L-functions that are

attached to Hecke characters - which are idèle class group characters. In this thesis, we

study the necessary background and explore the key concepts to provide a comprehensive

exposition of Tate’s work. Further, we continue to study Hecke characters - the associated

L-functions along with the arithmetic aspects of these L-functions.
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Introduction

It is well known that the Riemann Zeta function, ζpsq, is defined as the absolutely convergent

sum,

ζpsq “
ř

ně1

1

ns

for s P C and Repsq ą 1. This function however, admits a meromorphic continuation to

the whole complex plane, except for a simple pole at s “ 1 and also satisfies a functional

equation which can be proved using the Mellin transform(5.1). For a detailed theory on the

Riemann Zeta function and other Zeta functions, the reader is advised to refer to [3]. The

most famous conjecture which states the existence of all non-trivial zeroes of the Riemann

Zeta function within a strip around complex numbers with Repsq “ 1{2 on the complex

plane is still unsolved and is an open question.

Over the years, several mathematicians have tried to prove it. A common approach is

to look into the generalizations of the Zeta function using Dirichlet series. Two important

forms of a Dirichlet series are - (1) Lpsq “
ř

ně1 χpnqn´s; where χ is Dirichlet character and

(2) Lpsq “
ř

ně1 χpmqpNmq´s; where m are the non-zero ideals and χ is the character of the

ideal class group of the number field.

Hecke proved the analytic continuation and functional equation for Lps, χq for an idèle

class character, χ. However, John Tate made use of the concepts of Fourier analysis on the

adèle group to re-prove the same. For a detailed theory on the adèle theoretic concepts, the

reader is advised to refer to [3], [1].

The idea behind Tate’s work was to choose an appropriate topological ring such as

R,Qp or AF for a number field F and along with it consider integrals of the form Zpsq “
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ż

χpsqfpxqdx, where χ is a character of the multiplicative group of the topological ring and

fpxq is a nice function on the topological group [1]. The functional equation gives us the

duality between pχ, fq and pχ_, f̂q where f̂ is the Fourier transform of f and χ_ represents

the shifted dual(3.3). These methods can be studied thoroughly and can be used to derive

the functional equation for any L-function.(see Chapter 5 for the exposition of Tate’s proof

for the analytic continuation and functional equation)

André Weil introduced a special type of characters on the idèle class group of a number

field [9]. In one of the articles [5], A. Raghuram studied these various notions of Weil’s

characters, Größencharakter of Hecke characters, cohomological automorphic representation

of GLp1q and connected all of them under the theory of Algebraic Hecke Characters. The

article mainly studies the arithmetic aspects of the L-functions associated to these characters.

This thesis includes the discussion of Hecke characters in the adèle theoretic language along

with defining the associated Größencharakter(see Chapter 6). The following section of the

thesis includes special values of the Hecke L-functions and mentions Harder’s result on the

ratio of the critical L-values of such functions [2]. Finally the last part of the thesis discusses

how the reciprocity law mentioned by Harder is incorrect for a totally imaginary field and

Raghuram’s rectification of the reciprocity law by introducing a signature term in it(see

Chapter 8).
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Chapter 1

Locally Compact Abelian Groups

This chapter includes sections focusing on different concepts. The first section introduces

the category of topological groups and its properties. The second section focus on locally

compact abelian groups and the third section includes a feature of such groups - the concept

of Haar measure.

1.1 Topological Group

Definition 1.1.1. A group G having a topology is called the topological group if the

following properties are satisfied:

• The group operation GˆG ÞÑ G which maps pg, hq ÞÑ gh is continuous in the product

topology.

• The inversion map G ÞÑ G which maps g ÞÑ g´1 is likewise continuous.

Examples: Here are some examples of topological groups:

1. R is a topological group with respect to addition.

2. R˚, C˚ are topological groups with respect to multiplication.
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3. Any group G with respect to discrete topology is a topological group.

The category of topological groups consists of classes of topological groups having con-

tinuous homomorphisms between them and the topology is translation invariant.

Proposition 1.1. (Proposition 1-1, Section 1.1, [1]) Let us denote a topological group as

G. Then the following assertions hold:

1. Every neighborhood of the identity, W , contains another neighborhood of the identity,

V , such that V V Ď W . Moreover, every neighborhood of the identity, W , will contain

a symmetric neighborhood of the identity, given by V .

2. If H is a subgroup of G, then its closure is also a subgroup. Also, every open subgroup

of G is also closed.

3. If K1 and K2 are compact subsets of G, then K1K2 is also compact.

Proof. The following points provide the proof of the assertions as mentioned in the propo-

sition. This proposition provides very important properties of topological group, regarding

its subgroups which can be used further in proofs of other theorems.

1. Let us first prove the first statement of the assertion: We assume thatW is open. Then

the group operation ϕ : W ˆ W Ñ G is a continuous map. Therefore ϕ´1pW q is open

in W ˆW containing the point pe, eq where e is the identity of G. Due to the product

topology on W ˆ W we have the neighborhoods V1, V2 such that pe, eq P V1 ˆ V2 Ď

W ˆ W . Let V “ V1 X V2, then V is a neighborhood of e in W such that V V Ď W .

Now we will prove the second statement of the assertion: Let g P W for a g P G. Since

e P U then gg´1 P W and hence g, g´1 P U . Therefore, g P W XW´1. This shows that

g, g´1 P W ùñ g P W X W´1.

Similarly, let g P W X W´1. Then g, g´1 P W and gg´1 P W . This implies that

g P W X W´1 ùñ g, g´1 P W . Therefore, g, g´1 P W ðñ g P W X W´1.

Hence, V “ W X W´1 is the required symmetric neighborhood of e.

2. Let two convergent nets tgnu and thnu in H have their limits g and h respectively in

H. Thus the limit of tgnhnu in H will have their limit gh in H. Moreover, tg´1
n u and
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th´1
n u in H will have their limits g´1 and h´1 respectively in H. Therefore, we have

that H is also a subgroup of G.

H being a subgroup of G, the group G is given by a disjoint union of cosets of H.

Moreoever, H is also the complement of union of these cosets. If H is open then that

implies these translates are open. However since H is also the complement of the union

of these open translates, it is closed.

3. K1, K2 are compact subsets of G. Therefore, K1K2 is the image under the continuous

map from compact set K1 ˆ K2, pk1, k2q ÞÑ k1k2. Thus image of a compact set under

the continuous map is compact and hence K1K2 is compact.

1.2 Locally Compact Abelian Group

Definition 1.2.1. A abelian topological group G that is both locally compact and Hausdorff

is called a locally compact abelian group.

Examples: Here are some examples of locally compact abelian groups:

1. R, C are locally compact abelian groups with respect to addition.

2. The field of p-adic numbers, Qp, is a locally compact abelian group with respect to

addition.

3. The adèle ring of a number field F , AF is a locally compact abelian group with respect

to addition.

Proposition 1.2. (Proposition 1-6, Section 1.1, [1]) Let G be a topological group which

is also Hausdorff. Then a locally compact subgroup H of G is closed. In particular, every

discrete subgroup of G is closed.

Proof. This proposition states a important property about the subgroups of a locally compact

topological group. The proof goes about by considering a compact neighborhood of identity
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inside the subgroup mentioned in the proposition and then using the Hausdorff property of

the group along with some assertions proved in Proposition 1.1.

Let U be a compact neighborhood of e in the subgroup H. Since H is Hausdorff and

U is closed in H, then there exists a neighborhood of the identity W which is closed in G

such that U “ W XH. Since W XH is compact in H, therefore is compact in G and hence

closed.

By Proposition 1.1, part (1), we have a neighborhood V of e in G such that V V Ď W .

Also, H̄ is a subgroup ofG by Proposition 1.1, part (3). Hence, for x P H̄, every neighborhood

of x´1 must intersect with H. This implies that there exists some y P V x´1 X H.

We claim that yx P W XH. Let K be a neighborhood of yx which meets W XH. Now,

y´1K is a neighborhood of x which implies that y´1K X xV is a neighborhood of x. Also,

x P H̄ hence, there exists some z P y´1KXxV XH. This gives us that yz P KXH. y P V x´1

and z P xV are given by construction.

Hence, yz P V x´1xV ùñ yz P V V Ď W . Thus the intersection K X pW X Hq is

non-empty. This proves the claim and completes the proof.

1.3 Haar Measure

A collection M of a set X is called σ-algebra if the following conditions hold:

1. X P M

2. if A P M then the complement Ac P M .

3. Let A “
Ť8

n“1An for An P M for n ě 1. Then A P M .

A set X together with a σ-algebra M is called a measurable space. In case of a

topological space X the smallest σ-algebra, B, is the collection of all open subsets of X.

These sets are called the Borel subsets of X.

A positive measure µ on a measurable space pX,M q is a function µ : M Ñ R` Y t8u

that is countably additive, that is µp
Ť8

n“1Anq “
ř8

n“1 µpAnq for any family of disjoint sets
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tAnu in M . A positive measure defined on the Borel subsets of a locally compact Hausdorff

space X is called the Borel measure.

For a Borel measure µ and a Borel subset E we have the following the properties:

• µ is called outer regular on E if µpEq “ inftµpUq : U Ě E,U openu

• µ is called inner regular on E if µpEq “ suptµpKq : K Ď E,K compactu

We define a Radon measure on X to be a Borel measure that is finite on compact sets,

outer regular property on all Borel sets, and inner regular property on all open sets.

Definition 1.3.1. Let G be a locally compact topological group with µ a Borel measure on

G. We say that µ is left translation invariant(similarly right) if for all Borel subsets E of G,

µpsEq “ µpEq for all s P G. Then a left or right Haar measure on G is a Radon measure

µ on G that is left or right translation invariant.

A locally compact abelian group G admits a left(hence right) Haar measure on it which

is unique upto scalar multiplication. To see the proof of this we can refer to Theorem 1-8,

Section1.2, [1].

Examples: Here are some examples of Haar measure:

1. The Haar measure µ on the unit circle, S1, is given by a function f : r0, 2πs Ñ S1

given by fptq “ pcosptq, sinptqq and µpSq “ p1{2πqmpf´1pSqq where m is the Lebesgue

measure on r0, 2πs.

2. For a discrete group G, the Haar measure on G is the counting measure.

3. For the group of non-zero reals with multiplication operation, G, the Haar measure for

a Borel subset S of non-zero reals is given by µpSq “

ż

S

1

|x|
dx.

7



Chapter 2

Fourier Analysis and Pontryagin

Duality

For a locally compact abelian group G, the group of characters is denoted by Ĝ. In this

chapter we focus on the characters of G, the structure of the character group Ĝ and the final

section provides the details of the main result called the Pontryagin Duality.

Isomorphism between topological groups preserve both the algebraic as well as the topo-

logical structure of the groups. Thus for an isomorphism between two topological groups,

the map needs to be bi-continuous.

2.1 Pontryagin Dual

Definition 2.1.1. The continuous homomorphisms from a locally compact group G to the

multiplicative group C˚ are called the characters of G. If we restrict the co-domain of the

map to S1 then the continuous homomorphisms are called the unitary characters of the

group G.

Definition 2.1.2. The unitary characters of a locally compact group G make a group under

multiplication called the Pontryagin Dual Ĝ of the group G.

Examples: Here are some examples of Pontryagin Dual of a locally compact group G:

8



1. R, Qp - the field of p-adic numbers, the adèle ring of a number field F , AF , - all these

are Pontryagin duals of themselves.

2. The Pontryagin dual of Z is R{Z.

The topology on Ĝ is given by the sets of the form W pK,V q :“ tχ P Ĝ : χpKq Ď V } for

a compact subset K Ă G and an open subset of V Ă S1. This forms the subbase for the

topology, named as the compact-open topology.

Let us consider the map ϕ : R Ñ S1 given by x ÞÑ e2πix. For a real number x contained

in p0, 1s, we define Npxq “ p´x{3, x{3q P S1 as the image under the map ϕ.

Theorem 2.1. (Proposition 3-2, Section 3.1, [1]) Let G be a topological group(abelian).

Then the following properties are satisfied:

1. G is discrete implies that Ĝ is compact.

2. G is compact implies that Ĝ is discrete.

Proof. This theorem provides a very important result regarding the relation between topo-

logical groups and their character groups.

1. Since G is discrete hence the the maps from G to S1 are continuous and hence a

unitary character and we have Ĝ “ HompG,S1q. The compact sets in G are finite

sets. Therefore, the compact-open topology on Ĝ becomes the topology of pointwise

convergence. Now, HompG,S1q “ Ĝ is a closed subset of the space of a compact

space(all the maps from G Ñ S1) which makes it compact.

2. Let us consider the non-trivial unitary character, χ of G. Now we have that χpGq

is a subgroup of S1 which is not contained in any set of the form Npxq. Therefore,

W pG,Np1qq is an open in Ĝ, given that G is compact and contains the trivial character

only. Thus the singleton set with the trivial character tχu is open in Ĝ, proving that

Ĝ is discrete.

9



2.2 Fourier Transform and Fourier Inversion Formula

Let us consider a function f P L1pGq. The Fourier transform, f̂ : Ĝ Ñ C, is defined as

f̂pχq “

ż

G

fpyqχpyqdy (2.1)

for χ P Ĝ.

Let V 1pGq “ V pGq X L1pGq where V pGq spans functions of positive type. A function of

positive type is defined as f P CcpGq for which there is a function Φ : G Ñ C in L8pGq such

that

ż ż

Φpx´1yqfpxqdxfpyqdt ě 0. For all such notions we consider G to a locally compact

topological group.

There exists a Haar measure dχ for Ĝ such that for a function f P V 1pGq the Fourier

inversion formula is given by

fpyq “

ż

Ĝ

f̂pχqχpyqdχ (2.2)

The measure dχ on Ĝ is the dual measure to dy of G.

2.3 Pontryagin Duality

Theorem 2.2. (Theorem 3-20, Section 3.4, [1]) The groups G and Ĝ are mutually dual with

the map Ψ : G Ñ
ˆ̂
G as an isomorphism of topological groups.

Proof. We provide an outline of the proof here. Firstly we show that the map Ψ is injective.

Next we prove that it is a homeomorphism and lastly that the image of Ψ is dense in
ˆ̂
G.

This will prove the isomorphism as stated in the theorem. The Pontryagin duality theorem

establishes a duality between locally compact groups which helps in generalizing the Fourier

transform formula for all such locally compact groups. The Fourier inversion theorem is a

special case of this theorem.

To show that the map Ψ is injective, it is enough to show that for y ‰ e, y P G there

exists a unitary character χ such that χpyq ‰ 1. Suppose such character does not exist.

10



Define Lyfpxq :“ fpyxq. Then f̂ ´ L̂yf@f̂ P L1pGq. We have that f “ Lyf@f P B1pGq

using the inversion formula. We have an open neighborhood U of identity such that UXyU “

H and a non-zero function of positive type with the support in U . Since U X yU “ H, it is

not possible to find a function f such that f “ Lyf . This shows that there is such a unitary

character and the map Ψ is injective.

Let us consider a compact subset K̂ Ă Ĝ, K̂ is a neighborhood of identity and an open

subset V Ă S1. Now the sets W pK̂, V q “ tα P
ˆ̂
G : αpK̂q Ď V u forms the subbase for the

topology on
ˆ̂
G.

Let the set of elements ofW pK̂, V q which arise from G through Ψ be given byW pK̂, V qX

ΨpGq. Let WGpK̂, V q “ tz P G : Ψpzqχ P V, χ P K̂u be a subset of G. This gives us the

identity as ΨpWGpK̂, V qq “ W pK̂, V q X ΨpGq. Therefore, Ψ is a homeomorphism.

Now ΨpGq is locally compact being the homeomorphic image of locally compact G. ΨpGq

is an open subgroup in the closure of
ˆ̂
G. Since it is an open subgroup of a topological group,

hence it is equal to the closure.

We need to show that ΨpGq is dense in the double dual. Consider a function ϕ̂ P L1pĜq

such that ϕ̂ is non-zero and vanishes on ΨpGq. Let χ0 P
ˆ̂
G. Then,

ϕ̂pχ̂0q “

ż

ϕpχqχ0pχ
´1

qdχ

Since ϕ̂ vanishes on ΨpGq we have that

ż

ϕpχqχpz´1
qdχ “ 0

for all z P G. Using Plancherel’s theorem we have that ϕ “ 0 almost everywhere hence ϕ̂ “ 0

which contradicts our assumption. This completes the proof.

11



Chapter 3

Local Fields

This chapter will mainly focus on the characterization of the underlying additive and mul-

tiplicative groups of a local field and how the measure is defined on these groups. We start

with a brief introduction to the notion of local fields. In the last section we study about the

L-factors associated to local fields.

A field is called local field if it is complete with respect to a metric induced by a discrete

valuation and its residue field is finite. If Fv is a field with respect to an absolute value | . |v

with OF is the valuation ring and πF is the uniformizer with the residue field as OF {πFOF .

A local field is a locally compact topological field with respect to the non discrete topology.

These local fields arise as completions of global fields - if F is a global field then the completion

Fv with respect to the absolute value | . |v is a local field.

Theorem 3.1. (Theorem 9.9, [6]) Let Fv be a local field. If Fv is Archimedean then it is

isomorphic to R or C; otherwise, Fv is isomorphic to a finite extension of Qp or Fqpptqq.

Proof. Let Fv be a local field with respect to a non-trivial absolute value say || and it is

complete with respect to that absolute value. If Fv has characteristic zero then the prime

field is Q and Fv will contain the completion of Q from the restriction of ||. By Ostrowski’s

theorem, the restriction can be equivalent to the standard archimedean absolute value where

the completion is R or the restriction can be p-adic absolute value where the completion is

Qp.
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If Fv has positive characteristic p, then the prime field is Fp and Fv contains a transcen-

dental element, t1. This gives us that Fv contains Fppt
1q and also the completion of Fppt

1q

with respect to ||. Every completion of Fppt
1q is isomorphic to Fqpptqq for some q a power of

p and t transcendental over Fq. Thus Fv contains a subfield isomorphic to Fqpptqq.

3.1 Characters and Measure on the Additive Group

3.1.1 Characters on the Additive Group of a Local Field

The additive group of Fv is denoted by F`
v . Let the non-trivial unitary character of Fv be

χ. Then for any general element x of F`
v the left translate of χ is given by

Lypχpxqq “ χpyxq for y P F`
v .

Theorem 3.2. (Lemma 2.2.1, Section 2.2, [7]) The character χ and its left translates con-

stitute the unitary characters of F`
v . Moreover, the map

Ψ : F`
v Ñ F̂`

v

is an isomorphism of topological groups.

Proof. The proof of this theorem is given in a step-by-step manner. Firstly we prove that Ψ is

a homomorphism between the additive group and its character group. Next we prove that it

is an injective map. We finally prove the isomorphism after showing that Ψ is bi-continuous

and its image is whole of the character group.

The map Lypχpxqq is given by Lypχpxqq : x Ñ yx Ñ χpyxq which is composition of a

multiplication map and the unitary character. Both of which are continuous which makes

the composition Lypχpxqq is continuous.

Now, ΨpLy1`y2pχpxqqq “ χppy1 ` y2qxq “ χpy1xqχpy2xq “ ΨpLy1pχpxqqqΨpLy2pχpxqqq.

Therefore, the map Ψ is a homomorphism from F`
v to F̂`

v .
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Let us consider that y is in the kernel of Ψ. Therefore, χpyxq “ 1 for all x P F`
v . Since

multiplication by y gives the automorphism on F`
v and χ is assumed to be the non-trivial

unitary character therefore, therefore y “ 0 since it is in the kernel. Therefore, Ψ is a

injective map.

Let B be the compact set of all x P F`
v with | x |ď M for a large enough M . y is close

to 0 in F`
v which implies yB is close to 0 in F`

v . Therefore, χpyBq is close to the identity

character in F̂`
V . Now fix an element y0 in F

`
v such that χpy0q ‰ 1 then χpyBq is closer to 1

than χpy0q which implies that y0 R yB. Therefore, y is close to 0 in F`
v . Thus the map Ψ is

bi-continuous.

We have a locally compact subgroup of F`
v which is ImpΨq. Hence, ImpΨq is a closed

in F̂`
v . If it is a proper subgroup then there exists a non-zero x P F`

v such that image of x

is trivial, that is χpyxq “ 1 for all y P F`
v . Multiplication by x is an automorphism on F`

v

hence χ is trivial on F`
v . This is a contradiction. Thus ImpΨq “ F̂v

`
.

This proves that the map Ψ is an isomorphism.

Let us now focus on constructing a special non-trivial character of F`
v . Let p be the

rational prime divisor which p divides, and R be the completion of the rational field at p.

Define a map x Ñ λpxq of R into the reals mod 1 as:

1. p is Archimedean, and therefore R is the real numbers. Then, λpxq “ ´x pmod 1q.

2. p is discrete, R is the field of p-adic numbers then. λpxq is defined as follows:

• λpxq P Q with only p powers in the denominator.

• λpxq ´ x is a p-adic integer.

We define the map Λpxq “ λpTrF |Rpxqq and hence x Ñ e2πiΛpyxq becomes a non-trivial

character F`
v . F`

v is naturally its own character group if we identify the character x Ñ

e2πiΛpyxq with y P F`
v .
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3.1.2 Measure on the Additive Group of a Local Field

F`
v is a locally compact abelian group therefore we have that there exists a Haar measure

on it unique upto scalar multiplication.

Lemma 3.1. (Lemma 2.2.4, Section 2.2, [7]) Let α ‰ 0 and M be a measurable set of F`
v .

Then µ1pMq “ µpαMq is also a Haar measure on F`
v .

Proof. The map x ÞÑ αx for a x P F`
v is an algebraic as well as a topological automorphism

of F`
v . If M is compact in F`

v then the image αM is also compact and finiteness of µpαMq

gives finiteness of µ1pMq.

For an open measurable subset M of F`
v , we have that αM is also open measurable. For

a compact subset K Ď M, we have a compact subset αK Ď αM. Conversely, for a compact

subset K 1 Ď αM, α´1K 1 is a compact subset of M. Thus µpαMq “ suptµpαKq : K Ď Mu

for K compact. This proves the inner regularity. Same argument works for proving the outer

regularity. Now µ1pM ` xq “ µpαM ` αxq “ µpαMq “ µ1pMq for x P F`
v . This proves the

translation invariance.

Now we have that µ1 and µ both are Haar measures on F`
v , then µ1 must be a scalar

multiple of µ by uniqueness. This scalar is given by µ1pMq “ µpαMq “| α | µpMq. In case of

integration we can use dµpαxq “| α | dx. Let us fix a Haar measure dx for F`
v . Then from

our result we can choose a Haar measure which is its own dual when the character group of

F`
v is F`

v itself. This measure is given as follows:

• if Fv “ R then dx is the Lebesgue measure.

• if Fv “ C then dx is twice the Lebesgue measure.

• if Fv is non-archimedean then dx is the measure for which Ov gets the measure

pNDq´1{2 where D is the different of F .

A character of F`
v is of the form x Ñ e2πiΛpyxqand identified with y P F`

v . If the self dual

measure is dµpxq written as dx the the Fourier transform and the Fourier inversion formula

is given by:

f̂pyq “

ż

fpxqe´2πiΛpyxqdx (3.1)
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fpxq “

ż

f̂pyqe2πiΛpyxqdy “

ż

f̂pyqe´2πiΛp´yxqdy “
ˆ̂
fp´xq. (3.2)

3.2 Characters and Measure on the Multiplicative Group

3.2.1 Characters on the Multiplicative Group of a Local Field

Let F ˚
v be the multiplicative group of Fv and let x be the general element of this group. Let

χ be a character of F ˚
v which is trivial on O˚

F . The value of χpxq depends on the absolute

value of x. Let us look into the unramified characters of F ˚
v first.

Lemma 3.2. (Lemma 2.3.1, Section 2.3, [7]) The unramified characters of F ˚
v looks like

χpxq “| x |s for some s P C. For an archimedean place, s is determined by χ, otherwise it is

determined by 2πi{logpN vq.

Proof. Let χ be an unramified character of F ˚
v the value of which depends on the absolute

value of an element x in the group. The set of the absolute values of all elements form the

value group of F ˚
v .

Define the map ψp| x |q “ χpxq where ψ is a homomorphism with respect to multiplication

and it is continuous. hence ψ is a character given by pR, .q in case of archimedean place and

pN vZ, .q in case of non-archimedean places.

For archimedean places, ψ has the form | x |ÞÑ| x |s for any s P C. Two different s1, s2

gives two different characters and hence s is determined by χ.

For a non-archimedean place, we can find an isomorphism given by ϕ : pN vZ, .q Ñ pZ,`q

that maps N vm ÞÑ m. The characters of Z are of the form zm where z P C. z can be

written as reiθ where r and eθ can written as N va and N vb for some a, b P R. Then we have

z “ reiθ “ N vaN vb “ N vs; s “ a ` ib P C. The characters of pN vZ, .q corresponding to

m ÞÑ zm are given by N vm ÞÑ pN vmqs. If s1, s2 gives the same character then N s1´s2 “ 1

and hence eps1´s2qlogNv “ 1. Thus ps1 ´ s2qlogN v “ 0 giving s1 ” s2 pmod 2πiN vq and

hence s is determined by 2πi{logpN vq.

For an archimedean place, an element x of F ˚
v can be written uniquely as x1u where
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x1 P O˚
F and u P R. The map x ÞÑ x1 is given by x ÞÑ x{| x | and is a homomorphism. For

a non-archimedean place, an element x of F ˚
v can be written uniquely as x1u where x1 P O˚

F

and u is power of the uniformizer π. The map x ÞÑ x1 is given by x ÞÑ xπ´νvpxq where

νvpxq is the valuation of x and is a homomorphism. The characters of F ˚
v take the form of

χpxq ÞÑ χ1px1q | x |s where χ1 is an unitary character of O˚
F and s is determined as in the

previous lemma 3.2.

3.2.2 Measure on the Multiplicative Group of a Local Field

We can choose a Haar measure dα on F ˚
v by relating it to the measure dx on F`

v . If we have

fpαq P L1pF ˚
v q then fpxq|x|´1 P L1pF`

v ´ 0q. We define the functional on L1pF ˚
v q,

Φpfq “

ż

F`
v ´0

fpxq|x|
´1dx (3.3)

Now if gpαq “ fpβαq then

Φpgq “

ż

F`
v ´0

fpβxq|x|
´1dx “ Φpfq (3.4)

by substituting x by β´1x. Thus Φ is translation invariant and must come from a Haar

measure on F ˚
v . Let this measure be d1α and hence

ż

fpαqd1α “

ż

F`
v ´0

fpxq|x|
´1dx (3.5)

This gives us a 1-1 correspondence between L1pF ˚
v q and L1pF`

v ´ 0q as fpαq ÞÑ fpxq|x|´1.

Therefore, we choose our standard Haar measure to be dα “ d1α “ dα{|α| for v archimedean

and dα “ N v{pN v ´ 1qd1α “ N v{pN v ´ 1qdα{|α| for v non-archimedean. In the non-

archimedean case we have,
ż

O˚
F

dα “ pNdq
´1{2 (3.6)
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3.3 L-factors for a Local Field

Let us consider the local field, Fv, with absolute value | . | and Haar measure dx. We define

d˚x “ c. dx
|x|

for a real number c ą 0 to be the Haar measure on F ˚
v . For an Archimedean

field Fv, the scalar is normalized as c “ 1. For a non-Archimedean field, Fv let us define

the following: OF the ring of integers, pF the maximal ideal, πF the uniformizer and Fq the

residue field, where q “ #Np.

F ˚
v is the direct product UF x VF , where UF is the unit group and VF is the valuation

group. For Archimedean fields, VF is R˚
` whereas for non-Archimedean fields it is NpZ.

Let XpFvq “ HompF ˚
v ,C˚q be the space of continuous group homomorphisms from F ˚

v

to C˚. The elements χ P XpFvq are called the quasi-characters of F ˚
v . Characters in the

co-domain S1 are called unitary characters.

Every χ factors into

χ “ µ | . |s

for some s P C. µ is the restriction of χ on UF Ď F and characters of VF are of the form

t ÞÑ ts for s P C

We define the real part of s that is σ “ Repsq as the exponent of χ.

Consider an arbitrary character χ of F ˚
v . We will study the local L-factors for the

following cases.

We call the character to unramified if χ|UF
“ 1. In case of non-Archimedean Fv, we

define the local L-factor to be

Lpχq “

$

&

%

p1 ´ χpπF qq´1 unramified

1 otherwise
(3.7)

In case of Fv “ C we have UF “ S1 and hence χ takes the form,

χs,n : reiθ ÞÑ rseinθ
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for some s P C and n P Z. Every character takes the form χ “ µ|.|s for some s P C and

µ is the unitary character(restriction on UF ) and character of VF are of the form t ÞÑ ts.

The polar form of the complex number reiθ includes the absolute value r(radial component)

and the argument of the complex number θ(angular component). Under the map χs,n,

we get the image of reiθ as rseinθ. The argument of the complex number gives us that

eiθ “ cospθq ` isinpθq and these points define a unit circle on the complex pane. Since both

cospθq and sinpθq are periodic functions(with period 2kπ) hence the complex numbers einθ

will again lie on the unit circle and hence belongs to UF . The radial component, r, gets

magnified to rs and hence belongs to VF . Therefore, χs,n also factors into an element of UF

and VF .

Then the local L-factor is defined as,

Lpχs,nq “ ΓCps `
|n|

2
q “ p2πq´ps`

|n|

2
qΓps `

|n|

2
q

where

Γ pxq “

8
ż

0

sx´1e´sds (3.8)

and ΓCpsq “ 2p2πq´sΓpsq.

In case of Fv “ R we have UF = {˘1}. Let the sign character, sgn, be given by x ÞÑ x
|x|

The local L-factor is then defined as,

Lpχq =

$

&

%

ΓRpsq “ π´ s
2
Γp s

2
q µ “ 1

ΓRps ` 1q µ “ sgn

Since χ is a character of F ˚
v then χ | . |s is also a character of F ˚

v and hence Lps, χq for

Lpχ | . |sq.

The shifted dual of χ is given by χ_ = χ´1 | . | so that Lp χ | . |sq “ Lp1 ´ s, χ´1q. The

calculation goes like this: since χ “ µ | . |s and χ´1 “ µ´1 | . |´s, then χ | . |s“ µ | . |2s

and χ | . |s “ µ´1 | . |1´2s“ µ´1 | . |´s| . |1´s. Thus Lp χ | . |sq “ Lpµ´1 | . |´s| . |1´sq “

Lp1 ´ s, χ´1q.
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Chapter 4

Global Fields

For performing harmonic analysis on a global field F , we introduce two locally compact

abelian groups - AF , the adèle group, and IF the idèle group. The adèle group is moreover

is a topological ring defined as the restricted direct product of the additive groups of all

the completions Fv. The notion of restricted direct product is also used when the adèle ring

is replaced by the multiplicative group, IF , the idèle group. In this chapter we mostly focus

on the concepts of restricted direct products - with the adèle ring and the idèle group as its

example and their properties. We first start with a brief introduction of global fields.

Global fields are of two types - finite extension of Q called the number field and finite

extensions of Fqptq for some prime q called the function field. This whole study focuses only

on the number field case.

Let us denote a number field by F . The completion of F at a valuation v, is given by Fv

which is a local field. The valuation ring of Fv is given by OF .

4.1 Restricted Direct Product

Let us fixed a set of indices J “ tvu and let J8 be a fixed subset of it. For each v we define

a locally compact group Gv and for all v R J8 we define compact and open subgroup Hv of

Gv. The restricted direct product G of Gv with respect to Hv is given by
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G :“
ś1

vPJ Gv “ tpxvq : xv P Gv with xv P Hv for all but finitely many vu

To define a topology on G we define a subbase which is a neighborhood around identity

in the form of
ś

vNv where Nv is an open neighborhood around 1 in Gv with Nv “ Hv for

all but finitely many v. Let S be a set of finite indices for which Hv is not defined. Let

GS be a subgroup of G such that it contains all x P G such that xv P Hv. It is given by

GS “
ś

vPS Gv ˆ
ś

vRS Hv. Then GS is a locally compact group with respect to product

topology. Every element of G is contained in some set of GS for some S. Thus the topology

on G is defined as a system of neighborhoods of 1 in GS and neighborhoods of 1 in G.

4.1.1 Characters on G

Theorem 4.1. (Lemma 5-2,5-3, Section 5.1, [1]) Let χ P Ĝ, trivial on all but finitely many

Hv. Then we can write χ as χpyq “
ś

χvpyvq where χv “ χ|Gv . Conversely, given χv P Ĝv

with χ|Hv “ 1 for all but finitely many v, we get a character χpyq “
ś

χvpyvq in G.

Proof. Choose an open neighborhood U of 1 in the multiplicative group C˚ such that U only

the trivial subgroup. χ´1pUq is open as χ is continuous. Thus we have an open neighborhood

N “
ś

Nv of the identity such that χpNq Ď U with Nv “ Hv for all v outside the finite set

S. For a v R S, consider the subgroup N as Hv “ tp¨ ¨ ¨, 1, x, 1, ¨ ¨ ¨q : x P Hvu. χpHvq is a

subgroup of U and hence trivial. This is true for any Hv; v R S and thus χ is trivial on all

but finitely many Hv.

To prove the converse statement, consider the finite set of indices S such that χv|Hv “ 1

for v R S. Since C˚ is a topological group, we can find an open neighborhood V such that

V pmq Ď U . For each v, we have an open neighborhood Nv of identity in each Gv such that

χvpNvq Ď V . Then the set
ś

vPS Nv ˆ
ś

vRS Hv is an open neighborhood of identity in G.

This proves the continuity.
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4.1.2 Measure on G

Theorem 4.2. (Proposition 5-5, Section 5.1, [1]) Let us consider G and dgv be the Haar

measure on Gv such that they are normalized on Hv for all but finitely many v,

ż

Hv

dgv “ 1

. There exists a unique Haar measure dg on G such that for every finite set of indices S

containing J8, the restriction dgS of dg to GS “
ś

vPS Gv ˆ
ś

vRS Hv is the product measure.

Proof. Let S be a finite set of indices containing J8. The measure dgS is the product of the

measures dgv. It is a product measure on GS and it is a Haar measure on it. The measures

dgv are normalized on Hv for all but finitely many v. By construction of dgS on GS, we

can define a unique measure on the group G. We have that G is locally compact and hence

has a Haar measure, which is the restriction to the Haar measure on GS. Accordingly, fix

any finite set of indices S containing J8, and define a Haar measure dg on G such that it

restricts to dgS. This measure is independent of the set S and is unique.

Lemma 4.1. (Proposition 5-6(iii), Section 5.1, [1]) Let us consider a continuous function

fv P L1pGvq for all places such that fvpgvq “ 1 on Hv for all but finitely many v and

fpgq “
ś

v fvpgvq. Then we have that fpgq is continuous on G. Let S is a finite set of indices

such that fv is trivial on Hv,

ż

Hv

dgv “ 1 then

ż

GS

fpgqdg “
ź

vPS

r

ż

Gv

fvpgvqdgvs.

Proof. The restriction of f to GS is given f |GS
“

ś

vPS fpgvq. This is a finite product of

continuous functions and hence f is continuous on GS. This is true for any finite set of

indices S. Let g P G and an open U Ď C such that it contains the image fpgq. As g is in

one of the GS there is an open neighborhood of g, N such that fpNq Ď U . N is an open

neighborhood of g P G and contained in f´1pUq. Therefore, f is continuous.

Note that:

ż

GS

fpgqdg “

ż

GS

fpgqdgS “
ź

vPS

ż

Gv

fpgvqdgv
ź

vRS

ż

Hv

fpgvqdgv.

This equals to
ś

vPS

ż

Gv

fpgvqdgv. This proves the second part.

22



4.2 Adèle Ring and Idèle Group

Let F be a number field and Fv be its completion at place v.

Definition 4.2.1. The adèle ring AF of F is a topological ring with underlying topological

space as the restricted product of the completions Fv with respect to the valuation rings Ov.

The addition and multiplication is defined componentwise.

The adèle ring of a global field F is given by AF :“
ś

vpFv,Ovq consisting of the tuples

pavq where av P Ov for all but finitely many places v. The adèle ring AF of a global field F

is locally compact and Hausdorff.

Definition 4.2.2. The idèle group IF of F is the group of invertible elements of AF . It is

a topological group under the operation of multiplication defined componentwise. It is given

as the restricted product of K˚
v with respect to O˚

v or IF :“
ś

vpK
˚
v ,O˚

v q with restricted

product topology rather than subspace topology of AF .

Theorem 4.3. The adèle ring of F , AF , is its own character group.

Proof. Let ÂF be the character group of the adèle ring, AF of F . A character of ÂF looks

like a tuple with local character at each component ξp ÞÑ e2πiΛpξpηpq. ÂF is a restricted direct

product of F̂`
p with respect to O˚

p . ÂF is identified using ξp ÞÑ e2πiΛpξpηpq ÞÑ ηp. Therefore

a typical element of ÂF looks like η “ p¨ ¨ ¨, ηp, ¨ ¨ ¨q and ÂF is a restricted direct product

of F`
p with respect to D´1

p . However, we have Dp “ Op for all but finitely many p since

finitely many primes get ramified. Thus ÂF “ AF with an element like η “ p¨ ¨ ¨ , ηp, ¨ ¨ ¨ q

being identified with x “ p¨ ¨ ¨ , xp, ¨ ¨ ¨ q ÞÑ
ś

p e
2πiΛppξpηpq.

Lemma 4.2. (Lemma 4.1.1, Section 4.1, [7]) The map ϕ : x ÞÑ ax is an automorphism of

the adèle group if and only if a P AF and satisfies the conditions that av ‰ 1 for all v and

| av |v“ 1 for all finitely many v.

Proof. On each place v, the homomorphism is given by xv ÞÑ avxv and this map is continuous

since Fv is topological field. Assume the map to be an automorphism and hence, it is

surjective. Then there exists a b P AF such that ϕapbq “ 1 which means avbv “ 1 for all

places v. Since p¨ ¨ ¨ , bv, ¨ ¨ ¨ q “ p¨ ¨ ¨ , a´1
v , ¨ ¨ ¨ q is an element of AF , a

´1
v P Ov for all but

finitely many v giving | av |v“ 1.
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Conversely, taking b “ p¨ ¨ ¨ , a´1
v , ¨ ¨ ¨ q, we find that the map ϕb is the inverse of ϕa and

has the same form. Therefore, ϕa is an automorphism.

The previous lemma gives us that the map x ÞÑ ax is an automorphism if and only if a

is an idèle. For an idèle a, dpaxq “| a | dx, where | a |“
ś

v | av |v, a finite product.

4.3 Idèle Class Group

An idèle-class character or Hecke character is a continuous homomorphism χ : IF Ñ C˚ such

that χ|F˚ “ 1. The idèle-class characters are identified with idèle class group which is

given by CF :“
IF
F ˚

.

Let | . |v denote the normalized absolute value on the completion Fv. Then the absolute

value | . |AF
: IF Ñ R˚

` is given by | x |AF
“

ś

v | xv |v where x “ pxvq. Let I1F “ Kerp| . |AF
q.

Then the norm one idèle class group is given by C1
F :“

I1F
F ˚

.

The relation between the idèle class group CF and the ideal class group ClF is described as

follows: There is a surjection ϕ : IF Ñ JF , where JF is the group fractional ideals of F which

maps x ÞÑ pxq “
ś

p∤8 pvppxpq. The kernel of this map is given by IS8

F “
ś

p|8
F ˚
p ˆ

ś

p∤8 Up.

Thus there is a surjective homomorphism from CF Ñ ClF with kernel being IS8

F F ˚{F ˚.

A basic system of neighborhoods of 1 P IF is given by
ś

pPSWp ˆ
ś

pRS Up for a finite set

of places S which include p|8 and Wp Ď F ˚
p is a system of neighborhood of 1. The group

ś

pRS Up is compact and if
ś

pPSWp are bounded then
ś

pPSWp ˆ
ś

pRS Up is a neighborhood

whose closure is compact. Thus IF is a locally compact topological group.
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Chapter 5

Theory of Zeta Functions

An amazing phenomenon in number theory is the a lot of arithmetic properties of a number

field is hidden in an analytic function called the zeta function. A fundamental prototype

of a zeta function is the most celebrated Riemann Zeta function. This chapter talks about

the Riemann Zeta function, about its functional equation and analytic continuation on the

whole complex plane except for a simple pole at s “ 1 in the first section. In the following

section we talk about the functional equation of the local zeta function for a Schwartz-Bruhat

function on a local field. The last section gives us the proof of the meromorphic continuation

and the functional equation for the global zeta function.

5.1 Riemann Zeta Function

The Riemann Zeta function, ζpsq, is a function in a complex variable s “ σ ` iτ P C. For

Repsq “ σ ą 1 we have ζpsq as a converging sum given by

ζpsq “

8
ÿ

n“1

1

ns
(5.1)

. The series is absolutely and uniformly convergent for Repsq ą 1 and hence gives an analytic

function in the half-plane Repsq ą 1. Euler’s identity is given by
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ζpsq “
ś

p

1

1 ´ p´s

where p runs through the prime numbers. This identity helps us to study more properties.

The Riemann Zeta function is given on the half plane and it admits an analytic contin-

uation to the whole plane with s “ 1 removed and satisfies the functional equation which

relates the argument s to the argument 1 ´ s. The integral formula for ζpsq is attached to

the Gamma function which is given by a convergent integral for Repsq ą 0,

Γpsq “

ż 8

0

e´xxs´1dx (5.2)

The Gamma function satisfies a number of properties:

1. The Gamma function is analytic and gives a meromorphic continuation to whole com-

plex plane.

2. The Gamma function is nowhere zero and has simple poles at s “ t0,´1,´2, ¨ ¨ ¨ u.

3. The Gamma function satisfies the functional equations:

• Γps ` 1q “ sΓpsq

• ΓpsqΓp1 ´ sq “
π

sinπs

• ΓpsqΓps `
1

2
q “

2
?
π

22s
Γp2sq

4. Γp1{2q “
?
π, Γp1q “ 1, Γpk ` 1q “ pk!q; k “ 0, 1, 2, ¨ ¨ ¨

The theta series is given by θpzq “
ř

nPZ e
πin2z “ 1 ` 2

ř8

n“1 e
πin2z. Then define

gpxq “ p1{2qpθpixq ´ 1q. The function,

Zpsq “ π´s{2Γps{2qζpsq (5.3)

is the completed zeta function. The integral formula for Zpsq is given as,

Zpsq “
1

2

ż 8

0

pθpixq ´ 1qxs{2´1dx (5.4)
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Theorem 5.1. (Theorem 1.6, VII, [3]) The completed zeta function Zpsq “ π´s{2Γps{2qζpsq

admits analytic continuation on C ´ t0, 1u and has simple poles at s “ 0 and s “ 1 with

residues ´1 and 1 respectively. It also satisfies the functional equation

Zpsq “ Zp1 ´ sq (5.5)

Proof. We have that,

Zp2sq “
1

2

ż 8

0

pθpixq ´ 1qxs´1dx

For a continuous function f : R˚
` Ñ C we define the Mellin transform as Lpf, sq “

ż 8

0

pfpxq ´ fp8qqxs´1dx where fp8q “ limxÑ8fpxq.

Now we have that Zp2sq “ Lpf, sq for fpxq “ p1{2qθpixq. Since θpixq “ 1 ` 2e´πxp1 `
ř8

n“2 e
´πpn2´1qxq, we get the transformation formula fp1{xq “ p1{2qθp´1{ixq “ x1{2fpxq.

Lpf, sq has an analytic continuation to C ´ t0, 1{2u and has simple poles at s “ 0, 1{2 with

residues ´1{2 and 1{2 respectively and satisfies Lpf, sq “ Lpf, 1{2 ´ sq.

Zpsq “ Lpf, s{2q has an analytic continuation to C ´ t0, 1u and has simple poles at

s “ 0, 1 with residues at ´1 and 1 respectively. It satisfies the functional equation,

Zpsq “ Lpf, s{2q “ Lpf, 1{2 ´ s{2q “ Zp1 ´ sq (5.6)

Hence proved.

Corollary 5.1. (Corollary 1.7, VII, [3]) The Riemann Zeta function admits an analytic

continuation to C ´ t1u and has simple pole at s “ 1 with residue 1. ζpsq satisfies the

functional equation

ζp1 ´ sq “ 2p2πq
´sΓpsqcosp

πs

2
qζpsq (5.7)

Proof. Zpsq “ π´s{2Γps{2qζpsq and Γps{2q has a simple pole at s “ 0. Hence ζpsq has no

pole. Zpsq “ π´s{2Γps{2qζpsq has simple pole at s “ 1 and Γp1{2q “
?
π. Hence ζpsq has a

pole at s “ 1. The residue turns out to be Ress“1ζpsq “ π1{2Γp1{2q´1Ress“1Zpsq “ 1.
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The equation Zpsq “ Zp1 ´ sq becomes,

ζp1 ´ sq “ π1{2´s Γps{2q

Γpp1 ´ sq{2q
ζpsq (5.8)

Replacing p1 ´ sq{2 and s{2 into the formulae ΓpsqΓp1 ´ sq “
π

sinπs
and ΓpsqΓps `

1

2
q “

2
?
π

22s
Γp2sq respectively,

Γps{2qΓpp1 ` sq{2q “
2
?
π

22s
Γp2sq

Γpp1 ´ sq{2qΓpp1 ` sq{2q “
π

cos pπsq

2

Then we have,
Γps{2q

Γpp1 ´ sq{2q
“

2

2s
?
π
cos

πs

2
Γpsq (5.9)

Substituting the value of (5.9) in (5.8) we get,

ζp1 ´ sq “ 2p2πq´sΓpsqcospπs
2

qζpsq

Hence proved.

5.2 Local Zeta Functions

Let us consider a local field, Fv, with absolute value | . | and Haar measure dx. We define

d˚x “ c. dx
|x|

for a real number c ą 0 to be the Haar measure on the multiplicative group F ˚
v .

A complex valued function f is called smooth on Fv if it is C 8 for archimedean field F

and a locally constant function with compact support for a non-archimdean field. For an

archimedean field, a Schwartz function is a smooth function and that satisfies the property

that ppxqfpxq Ñ 0 as x Ñ 8 for all polynomials ppxq. A function f : Fv Ñ C is called

a Schwartz-Bruhat function if it is a Schwartz function for an archimedean field or a
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locally constant function with a compact support for a non-archimedean field. We denote

the class of Schwartz-Bruhat functions as SpFvq.

For a Schwartz-Bruhat function f P SpFvq and a character χ we define the the local

zeta function as

Z pf, χq :“

ż

F˚
v

fpxqχpxq d˚x (5.10)

Theorem 5.2. (Theorem 7-2, Section 7.1, [1]) Let f P SpFvq and χ “ µ | . |s, where s P C,
and µ is unitary with exponent σ “ Repsq. Then the following statements hold:

1. Zpf, χq is absolutely convergent if σ is positive.

2. If σ P p0, 1q, there is a functional equation

Zpf̂ , χ_q “ γpχ, ψ, dxqZpf, χq

for some γpχ, ψ, dxq independent of f , which in fact is meromorphic as a function of s.

3. There exists a factor ϵpχ, ψ, dxq that lies in C˚ for all s and satisfies the relation

γpχ, ψ, dxq “ ϵpχ, ψ, dxq
Lpχ_q

Lpχq

Proof. We would give an outline of the proof here.

1. Now consider the integral

Ipf, σq “ c

ż

Fv´t0u

| fpxq | . | x |
σ´1 dx (5.11)

which takes finite value for σ ą 0 in case of Archimedean local field since f is a Schwartz

function.

For Non-Archimedean local fields the functions are locally constant with compact sup-

port and takes up value of characteristic function of ideals of the form πjFOF the

integral takes finite value of VolpO˚
F , d

˚xq
Np´jσ

1 ´ Np´σ
where pF being the maximal ideal

of OF .

2. Let us choose an auxillary function g P SpFvq. We first prove a lemma from which the

proof of (2) will follow.
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Lemma 5.1. For all χ with exponent σ P p0, 1q we have that Zpf, χqZpĝ, χ_q “

Zpg, χqZpf̂ , χ_q

Proof. We have that

Zpf, χqZpĝ, χ_
q “

ż ż

F˚
v ˆF˚

v

fpxqg´1
pyqχpxy´1

qd˚xd˚y (5.12)

d˚xd˚y is product Haar measure on F ˚
v ˆF ˚

v and hence invariant under px, yq Ñ px, xyq

then the integral becomes

ż ż

F˚
v ˆF˚

v

fpxqg´1
pyqχpxy´1

qd˚xd˚y “

ż ż

F˚
v ˆF˚

v

fpxqĝpxyqχpy´1
q|x||y|d˚xd˚y (5.13)

Since c.dx “ |x|d˚x we have that

ż

F˚
v

fpxqĝpxyq|x|d˚x “ c

ż ż

FvˆFv

fpxqgpzqψpxyzqdzdx “ c

ż

Fv

gpzqf̂pyzqdz (5.14)

Therefore, equation (15) becomes

ż ż

F˚
v ˆF˚

v

gpxqf̂pxyqχpy´1
q|x||y|d˚xd˚y (5.15)

and hence our claim is proved.

Let f0 P SpFvq and hence, γpχq “ γpχ, ψ, dxq “
Zpf̂0, χ

_q

Zpf0, χq
. Now, γ is independent of

the function f0 and we get Zpf̂ , χ_q “ γpχ, ψ, dxqZpf, χq.

3. Computations are done for a standard measure dx which is self dual with respect to

choice of ψ and for some special functions in each of the three cases.

For Fv “ R, dx is the Lebesgue measure with ψpxq “ e´2πix, χ “| . |s and f “ e´πx2 P

SpRq. Then,

Zpf, χq “

ż

R˚

e´πx2
|x|

sd˚x “ 2

ż 8

0

e´πx2
|x|

s´1dx (5.16)

Substitute u “ πx2 then we get,

Zpf, χq “ π´s{2

ż 8

0

e´uus{2´1dx “ π´s{2Γps{2q (5.17)
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Now from the definition of Lpχq we have that Zpf, χq “ Lpχq for all characters χ.

Now,

f̂pyq “

ż

R
e´πx2e´2πixydx “ fpxq (5.18)

Then we have,

Zpf̂ , χ_
q “

ż

R˚

fpxqχ_
pxqd˚x “ Lpχ_

q (5.19)

So for χ “ |.|s we have from equations (6.8) and (6.10) that γpχq “ Lpχ_q{Lpχq and

we can put ϵpχq “ 1.

For χ “ sgn | . |S we have f “ xeπx
2
. Since sgnpxq “ x{|x| we have,

Zpf, χq “

ż

R˚

xe´πx2 .x{|x|.|x|
sd˚x “

ż

R˚

e´πx2
|x|

s`1d˚x “ π´ps`1q{2Γpps`1q{2q (5.20)

Thus we have Zpf, χq “ Lpχq. We have f̂pyq “ iye´πy2 . Then,

Zpf̂ , χ_
q “ i

ż

R˚

xe´πx2 .x{|x|.|x|
1´sd˚x “ iLpχ_

q. (5.21)

Thus we have from equations (6.11) and (6.12) that ϵpχq “ i. This completes the proof

for the real case.

For Fv “ C, dx is twice the ordinary Lebesgue measure with ψpxq “ e´2πipz`zq, χs,n :

reiθ ÞÑ rseinθ and

fnpzq =

$

&

%

p2πq´1pzqne´2πzz n ě 0

p2πq´1z´ne´2πzz n ă 0

Then we have the Fourier transform as f̂npzq “ p2πq´1i|n|f´npzq for all n. Note that

d˚z “ p2{rqdrdθ. For n positive or zero we compute that,

Zpfn, χs,nq “

ż

C˚

fnpzqχs,npzqd˚z “ p1{2πq

ż

C˚

z̄ne´2πzz̄
pzz̄q

seinθpzqd˚z (5.22)

Thus we have,

Zpfn, χs,nq “ p2πq
´ps`n{2q

ż 8

0

e´2πr2
p2πr2q

s`n{2´14πrdr (5.23)

Substituting t “ 2πr2 we have,
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Zpfn, χs,nq “ p2πq´ps`n{2qΓps ` n{2q “ Lpχs,nq

Having same computation for negative n, we have,

Zpfn, χs,nq “ p2πq
´ps`|n|{2qΓps ` |n|{2q “ Lpχs,nq (5.24)

From the Fourier transform formula we have that,

Zpf̂n, χ
_
s,nq “ i|n|

p2πq
´p1´s`|n|{2qΓp1 ´ s ` |n|{2q “ i|n|Lpχ_

s,nq (5.25)

Then we have from equations (6.15) and (6.16), γpχs,nq “ i|n|
Lpχ_

s,nq

Lpχs,nq
and we get

ϵpχq “ i|n|. This completes the proof for the complex case.

For Non-Archimedean fields with characteristic zero, we define the character as ψFvpxq “

ψpptrpxqq for x P Fv. We fix a non-trivial character ψ and a self dual measure. Then

we define m “ inftr P Z : ψ|pr “ 1u for unique prime p P Fv. The conductor of ψ

is defined to be as pm and p0 to be OF . Let χ be the multiplicative character with

conductor pn and χs,n : x ÞÑ ωpx{ | x |q for a unitary character ω with conductor pn.

The function f is defined as

fpxq =

$

&

%

ψpxq x P pm´n

0 otherwise

The proof will follow from the computation of Zpf, χs,nq for n “ 0 and n positive.

Let us focus on the case where n “ 0. We know that ψ is trivial pm, ω is trivial

everywhere and pm ´ t0u is disjoint union of sets πkFO˚
F for k ě m. Then we compute

that,

Zpf, χs,nq “

ż

F˚

fpxqχs,npxqdx “

ż

pm´t0u

|x|
sdx “ VolpO˚

F , d
˚xq

Np´ms

1 ´ Np´s
(5.26)

This gives us that

Zpf, χs,nq “ Np´msVolpO˚
F , d

˚xqLpχs,0q (5.27)

.

Let us focus on the case where n ą 0. We then have that,

Zpf, χs.nq “ Σkěm´nNp´ks

ż

O˚
F

ψpπkuqωpuqd˚u (5.28)
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For a multiplicative character ω : O˚
F Ñ S1 and an additive character Ψ : OF Ñ S1

we define the Gauss Sum to

gpω,Ψq “

ż

O˚
F

ωpuqΨpuqd˚u (5.29)

Then,

Zpf, χs,nq “ Σkěm´nNp´ksgpω, ψπkq. (5.30)

We use a result on Gauss Sum which states that if ω and Ψ have conductors pn and

pr respectively then

(a) if r ă n, then gpω,Ψq “ 0

(b) if r “ n, then gpω,Ψq “ c.VolpOF , dxqVolpUn, d
˚xq

(c) if r ą n, then gpω,Ψq “ c.VolpOF , dxqrVolpUn, d
˚xq ´ Np´1VolpUr´1, d

˚xqs

where Un “ 1 ` pn. Now resuming the computation we have that

Zpf, χs,nq “ Np´pm´nqsgpω, ψπm´nq (5.31)

.

For computing the Fourier transform of the function f we use another result which

states that for n “ 0 the Fourier transform of f is given by Volppm´n, dxq times the

characteristic function of OF and for n ą 0 the Fourier transform of f is given by

Volppm´n, dxq times the characteristic function of pn ´ 1.

Let us focus on the calculation of Zpf̂ , χ_
s,0q for n “ 0.

Zpf̂ , χ_
s,0q “ Volppm, dxq

ż

OF ´t0u

χ_
s,0pyqd˚y “ Volppm, dxqVolpO˚

F , d
˚xq

1

1 ´ Np´p1´sq

(5.32)

Thus we have,

Zpf̂ , χ_
s,0q “ VolpPm, dxqVolpO˚

F , d
˚xqLpχ_

s,0q (5.33)

Therefore, we have from equations (6.18) and (6.24) that,

γpχs,0q “ NpmsVolpPm, dxq
Lpχ_

s,0q

Lpχs,0q
(5.34)
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and

ϵpχs,0q “ NpmsVolppm, dxq (5.35)

Let us focus on the calculation of Zpf̂ , χ_
s,nq for n ą 0.

Zpf̂ , χ_
s,nq “ Volppm´n, dxq

ż

pn´1

ω̄puqd˚u “ Volppm´n, dxqVolp1 ` pn, d˚xqωp´1q

(5.36)

since conductor of ω and its conjugate are same. Therefore, from computation we find

from equations (6.22) and (6.27) that,

ϵpχs,nq “ γpχs.nq “
Nppm´nqsVolppm´n, dxqVolp1 ` pn, d˚xqωp´1q

gpω, ψπm´nq
(5.37)

Now since the conductor of ψπm´n is n then we have

gpω, ψπm´nq “ c.VolpOF , dxqVolpUn, d
˚xq.

Substituting gpω, ψπm´nq “ ωp´1qgpω̄, ψπm´nq, 1`pn “ Un and Volppm´nq “ Np´pm´nqVolpOF q

we get that,

ϵpχs,n, ψ, dxq “ p1{cqNppm´nqps´1qgpω̄, ψπm´nq (5.38)

This proves the non-archimedean case.

We now see that the poles of Zpf, χq are now zeroes of the meromorphic function

γpχ, ψ, dxq which is given by ϵpχ, ψ, dxqpLpχ_q{Lpχqq since the region of absolute con-

vergence of Zpf, χq is Repsq ą 0 and that of Zpf̂ , χ_q is Repsq ă 1. Moreover the

zeroes of γpχq coincide with the poles of Lpχq.

5.3 Global Zeta Functions

Let F be a global field. We define SpAF q “ b1SpFvq be the restricted tensor product of

Schwartz-Bruhat spaces which contains elements of the form f “ b1fv : fv P SpFvq, fv|OF
“ 1

for almost all v. The adélic Schwartz-Bruhat function is given by fpxq “
ś

v fvpxvq for all

x “ pxvq P AF .
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At each place v of F , let ψv be the standard character and dxv be the self dual measure.

Then ψF pxq “
ś

v ψvpxvq for all adèles x “ pxvq P AF .

The Haar measure on AF is given by the product measure dx “
ś

v dxv. Moreover dx

satisfies the relation dpaxq “| a | dx for all idèles a P IF . Then d˚x “
ś

v d
˚xv on

ś

v F
˚
v

and

d˚xv =

$

&

%

dxv
|xv |v

v|8

p1 ´ Np´1
v q´1 dxv

|xv |v
v|p

Then
ż

O˚
F

d˚xv “ 1

for almost all v. Let χ be any C˚-valued character of IF that is trivial on F ˚.

The adélic Fourier transform for f P SpAF q for a unitary character ψ with ψ|F “ 1 is

given by,

f̂pyq “

ż

AF

fpxqψpxyqdx (5.39)

We will now look for functions on AF which are invariant under translation by elements

of the field. One such function will be the unitary characters ψ. The other functions can be

found by taking average over all elements of F - which is rΦpxq “ ΣαPFΦpα`xq for Φ P SpAF q.

When this function is convergent, for all δ P F we have rΦpδ ` xq “ ΣαPFΦpα ` δ ` xq “

Σα1PFΦpα1 ` xq “ rΦpxq;α1 “ α ` δ. Thus rΦpδ ` xq “ rΦpxq.

A complex-valued function f on AF q is called admissible if rf and
r

f̂ are both absolutely

and uniformly convergent. Every f P SpAF q is admissible.

5.3.1 Poisson Summation Formula

We begin by proving two lemmas which will be needed for the proof of the theorem for

Poisson-Summation formula.

Lemma 5.2. (Lemma 7-8, Section 7.2, [1]) For every f P SpAF q we have f̂ |F “ r̂f |F .
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Proof. Let us fix y P F . Then,

r̂fpyq “

ż

AF {F

rfpxqψpxyqdx “

ż

AF {F

pΣαPKfpα ` xqqψpxyqdx (5.40)

where dx is the quotient measure on AF {F induced by dx on AF . Now for unitary characters

we have ψpxyq “ ψppα ` xqyq for all α P F . Therefore, we have that,

r̂fpyq “

ż

AF {F

pΣαPFfpα ` xqψppα ` xqyqqdx “

ż

AF

fpxqψpxyqdx “ f̂pxq. (5.41)

Thus the proof is completed.

Lemma 5.3. (Lemma 7-9, Section 7.2, [1]) Let f P SpAF q. Then for every x P F we have

rfpxq “ ΣαPF
r̂fpαqψ̄pαxq.

Proof. We have that f̂ |F “ r̂f |F from the previous lemma which implies that ΣαPF
r̂fpαqψ̄pαxq

is both uniformly and absolutely convergent. We have that ΣαPF | r̂fpαq| ă 8 and hence the

Fourier inversion formula can also be applied. Since the Pontryagin dual of AF {F is itself

under discrete topology, the summations correspond to appropriate integrals.

Theorem 5.3 (Poisson-Summation Formula). (Theorem 7-7, Section 7.2, [1]) Let f P

SpAF q. Then rf “
r

f̂ .

Proof. For all y P F we have that

Φ̂pyq “

ż

AF {F

Φpxqψpxyqdx (5.42)

for a translation invariant Φ on AF and dx is the quotient measure on AF {F induced by dx

on AF . Then dx is characterized by

ż

AF {F

rfpxqdx “

ż

AF {F

pΣαPKfpα ` xqqdx “

ż

AF {F

fpxqdx (5.43)

for all continuous function f on AF . Putting x “ 0 in the result of the second lemma and

then apply the first one we get, rfp0q “ ΣαPF
r̂fpαq “ ΣαPF f̂pαq. By definition we have that

rfp0q “ ΣαPF f̂pαq. Thus we have that ΣαPF f̂pαq “ ΣαPF f̂pαq which is same as writing rf “
r

f̂ .

This completes the proof.
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5.3.2 Riemann-Roch Theorem

We use this theorem to understand the average ΣαPFfpαxq for an idèle x.

Theorem 5.4. (Theorem 7-10, Section 7.2, [1]) [Riemann-Roch Theorem] Let x be an

idèle of F and let f P SpAF q. Then ΣαPFfpαxq “
1

|x|
ΣαPF f̂pαx´1

q.

Proof. For a fixed x P AF and arbitrary y P AF , we define gpyq “ fpyxq such that g P SpAF q.

By Poisson-Summation formula we have, ΣαPF ĝpαq “ ΣαPF ĝpαq. However we have,

ĝpαq “

ż

AF

fpyxqψpαyqdy “
1

|x|

ż

AF

fpyxqψpαyx´1
qdy “

1

|x|
f̂pαx´1

q. (5.44)

Therefore we have, ΣαPF ĝpαq “ ΣαPFfpαxq “
1

|x|
ΣαPF f̂pαx´1

q. Hence proved.

5.3.3 Global Functional Equation

For any Schwartz class function f P SpAF q, we define the the global zeta function

Z pf, χq :“

ż

IF
fpxqχpxq d˚x (5.45)

Theorem 5.5 (Meromorphic Continuation and Functional Equation). (Theorem

7-16, Section 7.3, [1]) Zpf, χq extends to a meromorphic function of s and satisfies the

functional equation

Zpf, χq “ Zpf̂ , χ_q

The extended function Zpf, χq is in fact holomorphic everywhere except when µ “| . |´iτ ,

τ P R, in which case it has simple poles at s “ iτ and s “ 1` iτ with corresponding residues

given by

´VolpC1
F qfp0q and VolpC1

F qf̂p0q

respectively.(C1
F denotes I1F {F ˚ which is the compact part of the class group IF {F ˚)
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Proof. Our focus will be on a number field. Let F be a number field and χ be a character

with σ ą 1. We define

Zpf, χq “

ż 8

0

Ztpf, χq
1

t
dt (5.46)

where

Ztpf, χq “

ż

I1F

fptxqχptxq d˚x (5.47)

We move on to prove the following,

Lemma 5.4. The function Ztpf, χq satisfies

Ztpf, χq “ Zt´1pf̂ , χ_
q ` f̂p0q

ż

C1
F

χ_
px{tq d˚x ´ fp0q

ż

C1
F

χptxq d˚x (5.48)

Proof. Since C1
F “ I1F {F ˚, we can write,

Ztpf, χq “

ż

C1
F

pΣaPF˚fpatxqqχptxqd˚x “

ż

C1
F

χptxqd˚xpΣaPF˚fpatxqq (5.49)

using the fact that χ “ 1 on F ˚. Consider the expression,

Ztpf, χq ` fp0q

ż

C1
F

χptxq d˚x.

This is equal to

ż

C1
F

χptxqd˚xpΣaPF˚fpatxqq. Applying Riemann-Roch theorem we have that,

Ztpf, χq ` fp0q

ż

C1
F

χptxqd˚x “

ż

C1
F

χptxq

|tx|
d˚xpΣaPF f̂pat´1x´1

qq (5.50)

This equals to by substituting x by x´1,

Ztpf, χq ` fp0q

ż

C1
F

χptxq d˚x “

ż

C1
F

χptx´1
q|t´1x|d˚xpΣaPF f̂pat´1xqq. (5.51)

We can write equation (7.13) as,

f̂p0q

ż

C1
F

χptx´1
q|t´1x|d˚x `

ż

C1
F

χptx´1
q|t´1x|d˚xpΣaPF˚ f̂pat´1xqq (5.52)

and since χ_ “ χ´1 | . |, this equals to
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Zt´1pf̂ , χ_q ` f̂p0q

ż

C1
F

χ_
px{tqd˚x

This completes the proof of the lemma.

We can write

Zpf, χq “

ż 1

0

Ztpf, χqp1{tqdt `

ż 8

1

Ztpf, χqp1{tqdt (5.53)

We have that

ż 8

1

Ztpf, χqp1{tqdt “

ż

xPIF :|x|ě1

fpxqχpxqd˚x which converges for all σ. We

again have that

ż 1

0

Ztpf, χqp1{tqdt “

ż 1

0

Zt´1pf̂ , χ_
qp1{tqdt ` η where

η “

ż 1

0

rf̂p0qχ_
pt´1

q

ż

C1
F

χ_
pxqd˚x ´ fp0qχptq

ż

C1
F

χpxqd˚xsp1{tqdt.

is the correction term. Substituting t´1 by t we get,

ż 1

0

Zt´1pf̂ , χ_
qp1{tqdt “

ż 8

1

Ztpf̂ , χ
_

qp1{tqdt

which is convergent for all σ.

When χ is non-trivial on C1
F we have that both

ż

C1
F

χ_
pxqd˚x and

ż

C1
F

χpxqd˚x are zero

and hence η “ 0 likewise. When χ “ µ | . |s trivial on C1
F , we have χ “| . |s´iτ for τ P R.

Then we have,

η “ VolpC1
F qr

f̂p0q

s ´ piτ ` 1q
´

fp0q

s ´ iτ
s (5.54)

This gives us that η is a rational function and thus we get the meromorphic continuation

of Zpf, χq to the whole plane. We have also shown that Zpf, χq is in fact holomorphic

everywhere except when µ “| . |´iτ , τ P R, whence we get simple poles at s “ iτ and

s “ 1`iτ with corresponding residues given by ´VolpC1
F qfp0q and VolpC1

F qf̂p0q respectively.

The global zeta function looks like,

Zpf, χq “

ż 8

1

Ztpf, χqp1{tqdt `

ż 8

1

Ztpf̂ , χ
_

qp1{tqdt ` ηpf, χq (5.55)
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which equals to

ż 8

1

ż

I1K

fptxqχptxqd˚xp1{tqdt `

ż 8

1

ż

I1K

f̂ptxqχ_
ptxqd˚xp1{tqdt ` ηpf, χq (5.56)

Since we have
ˆ̂
fpxq “ fp´xq and |χ_ “ χ, on the other hand we have,

Zpf̂ , χ_
q “

ż 8

1

Ztpf̂ , χ
_

qp1{tqdt `

ż 8

1

Ztp
ˆ̂
f, χqp1{tqdt ` ηpf̂ , χ_

q (5.57)

which equals to

ż 8

1

ż

I1K

fp´txqχptxqd˚xp1{tqdt `

ż 8

1

ż

I1K

f̂ptxqχ_
ptxqd˚xp1{tqdt ` ηpf̂ , χ_

q (5.58)

η is invariant under the transformation pf, χq Ñ pf̂ , χ_q and χ being an idèle class character

is indifferent to sign change and hence χptxq “ χp´txq. Therefore, we obtain that Zpf, χq “

Zpf̂ , χ_q. Hence proved.
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Chapter 6

Hecke Characters

This chapter introduces the notion of Hecke characters which are characters of the idèle

class group. We begin by discussing some properties of class groups, and then define Hecke

characters. The following sections introduce Dirichlet characters - which are Hecke characters

of finite order and also the character at infinity. The final section in this chapter introduces

the Größencharaktere and discusses about its correspondence with Hecke characters.

For the remaining part of our study we will consider the following set of notations:

1. Q: field of rational numbers.

2. Q: closure of rational numbers inside C.

3. F : a number field.

4. dF :“ rF : Qs.

5. OF : the ring of integers of F .

6. UF “ O˚
F : is the group of units of OF .

7. p: finite prime of OF or an infinite place.

8. Fp: the completion of F at p.

9. Op: the ring of the integers of Fp at p.
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10. πp: uniformizer at p; pOp “ πpOp.

11. Up “ O˚
p “ Op ´ πpOp is the group of units of Op.

12. ΣF “ HompF,Cq - all embeddings of F into C; HompF,Cq “ HompF,Qq.

13. S8: set of all Archimedean places of F ; Let r1 “ #Sr, r2 “ #Sc and dF “ r1 ` 2r2.

6.1 Properties of Class Groups

Let JF be the group of fractional ideals of F and PF be the group of principal fractional ideals

of F . x ąą 0 implies that x P F is totally positive and that ρpxq ą 0 for all ρ PHompF,Rq.

Let P`
F “ tpxq P PF : x ąą 0u; ClF “ JF {PF is the class group of F ; Cl`F “ JF {P`

F is the

narrow class group of F .

The narrow class group surjects onto the class group of F and thus we have the exact

sequence

0
PF
P`
F

JF
P`
F

JF
PF

0
(6.1)

Now we have that

PF
P`
F

–
F ˚{UF
F ˚

`{U`
F

–
F ˚

F ˚
`UF

where F ˚
` “ tx P F ˚ : x ąą 0u and U`

F “ UF X F ˚
`.

We have another exact sequence

0
UF
U`
F

F ˚

F ˚
`

F ˚

F ˚
`UF

0
(6.2)
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Now combining the exact sequences (1) and (2) we get,

0
UF
U`
F

F ˚

F ˚
`

Cl`F ClF 0
(6.3)

Our focus will be on discussing the same properties in terms of the idèle class group for

which we will follow the following set of notations:

AF is the adèle ring of F ; IF is the idèle group of F ; CF “ IF {F ˚ is the idèle class

group of F ; Up “ O˚
p for finite p, Up “ R˚

` for p P Sr, and Up “ C˚
` for p P Sc;

F8 :“ F b R –
ś

vPSr
Fv ˆ

ś

wPSc
Fw –

ś

vPSr
R ˆ

ś

wPSc
C

F`
8 “ tx “ pxλq P F8 : xv ą 0u

Then we have the following:

IF
F ˚pF ˚

8

ś

pRS8
Upq

–
JF
PF

“ ClF (6.4)

Consider the canonical map ϕ : IF Ñ JF such that for x “ pxpq P IF , ϕpxq :“
ś

pRS8
pordppxpq. The kernel of ϕ will contain all such x P IF such that ϕpxq “ 1 or those x

for which ordppxpq “ 0. Therefore, Kerpϕq Ď F ˚pF ˚
8

ś

pRS8
Upq. Now for an element x P

F ˚pF ˚
8

ś

pRS8
Upq it is clear that with respect to a finite prime p, ordppxq “ 0, which implies

that x P Kerpϕq. Therefore, F ˚pF ˚
8

ś

pRS8
Upq Ď Kerpϕq. Thus Kerpϕq “ F ˚pF ˚

8

ś

pRS8
Upq.

Similarly, for the narrow class group we get:

IF
F ˚

`pF ˚
8

ś

pRS8
Upq

–
JF
P`
F

“ Cl`F (6.5)

The weak approximation theorem gives us that F ˚ is dense in F ˚
8; therefore, F

˚
`F

˚
8 “

F ˚pF`
8 q˚.
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Hence,
IF

F ˚ppF`
8 q˚

ś

pRS8
Upq

–
JF
P`
F

“ Cl`F (6.6)

Now combining (4), (6) and (3) and from the weak approximation theorem we can see

that the diagonal inclusion F ˚ ãÝÑ F ˚
8 induces the canonical map F ˚{F ˚

` Ñ F ˚
8{pF`

8 q˚. Thus

we get the exact sequence:

0
UF
U`
F

F ˚
8

pF`
8 q˚

IF
F ˚ppF`

8 q˚
ś

pRS8
Upq

IF
F ˚pF ˚

8

ś

pRS8
Upq

0

(6.7)

6.2 Introduction to Hecke Characters

A Hecke character is a continuous homomorphism from the idèle class group to the mul-

tiplicative group of complex numbers:

χ : IF {F ˚ ÞÑ C˚

Note that we do not require χ to be unitary.

The norm of an idèle x P IF given by the formula ∥x∥ :“
ś

p | xp |p ; where p represents all

the valuations of F , each of them is normalized. Thus the map ∥∥ : IF Ñ R˚
` is surjective.

Let I0F be the kernel of the map.

Now we have that ∥a∥ “ 1 if a P F ˚ which implies that F ˚ Ă I0F . Therefore we have the

split exact sequence

0
I0F
F ˚

IF
F ˚

R˚
` 0 (6.8)

which gives us

IF {F ˚
– I0F {F ˚

ˆ R˚
` (6.9)
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Since I0F {F ˚ is compact, hence a continuous map from the compact space to C˚ has a

compact image, S1 and a homomorphism from R˚
` Ñ C˚ is of the form x ÞÑ| x |s where

s “ pσ ` iϕq P C. Therefore any Hecke character χ can be factored into

χ “ χ0
b ∥∥σ (6.10)

for a unitary Hecke character χ0 : I0F {F ˚ Ñ S1 and σ P R.

6.3 Dirichlet Characters

A Hecke character χ : IF {F ˚ Ñ C˚ with finite image and unramified everywhere gives a

character of IF
F˚ppF`

8 q˚
ś

pRS8
Upq

which implies that it is a character of Cl`F . This now requires

introducing some level structure to give a description of Hecke character of finite order in

terms of character of narrow class group with some level structure.

Let us fix some notations: m is an integral ideal such that m “
ś

pRS8
pmp ;

Uppmpq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

1 ` pmp p R S8, p | m

Up p R S8, p ∤ m

R˚
` p P Sr

C˚ p P Sc

UF pmq :“
ś

p Uppmpq; UF,f pmq :“
ś

pRS8
Uppmpq.

CF pmq :“ UF pmqF ˚{F ˚ is the congruence subgroup mod m; CF {CF pmq :“ IF {UF pmqF ˚

is the idèle narrow class group mod m.

JF pmq is the group of fractional ideals relatively prime to m; PF pmq be the group of

principal fractional ideals pxq with x ” 1 (mod m); P`
F pmq is all pxq such that x ąą 0;

Cl`F pmq “ JF pmq{P`
F pmq is the narrow class group mod m; ClF pmq “ JF pmq{PF pmq is the

class group mod m.

Proposition 6.1. (Proposition 1, Section 2.3, [5]) The canonical homomorphism w : IF Ñ

JF induces an isomorphism
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CF
CF pmq

–
JF pmq

P`
F pmq

Proof. Let Ipmq

F “ tα P IF : αp P Uppmpq, p | m.8u. Then IF “ Ipmq

F F ˚ since for every

α P IF there exists an a P F ˚ such that αpa ” 1 pmod pnpq for p | m and αpa ą 0 for real

p. Therefore, β “ pαpaq P Ipmq

F so that α “ βa´1 P Ipmq

F F ˚. The elements a P Ipmq

F X F ˚

generate principal ideals in Pm
F . Therefore the map w defines a surjective homomorphism

CF “ Ipmq

F F ˚{F ˚ “ Ipmq

F {Ipmq

F X F ˚ Ñ Cl`F pmq.

Since pαq “ 1 for α P Ipmq

F , the group C
pmq

F is certainly contained in the kernel. Conversely,

if α P Ipmq

F is in the kernel then there is an paq P Pm
F with a P Ipmq

F X F ˚ such that pαq “ paq.

For the idèle β “ αa´1, βp P Up for p ∤ m.8 and βp P Uppmpq for |m.8 which implies that

β P Ipmq

F and so the classes rαs “ rβs P Ipmq

F F ˚{F ˚. Hence, Cm
F is the kernel of w. Therefore,

w is an isomorphism.

Proposition 6.2. (Proposition 2, Section 2.3, [5]) The congruence subgroup CF pmq for any

integral ideal m, is a subgroup of CF of finite index. The converse is also true.

Proof. CF pmq is open in CF since UF pmq “
ś

p Uppmpq is open in IF . UF pmq is contained

in F ˚
8

ś

pRS8
Up and since ppIF {F ˚q : pF ˚

8

ś

pRS8
UpF

˚{F ˚qq “ #ClF “ h(say) ă 8, we get

that:

CF : CF pmq “ hpF ˚
8

ś

pRS8
UpF

˚ : UF pmqF ˚q ď hpF ˚
8

ś

pRS8
Up : UF pmqq “ h

ś

p∤8pUp :

Uppmpqq
ś

p|8
pUp : Uppmpqq which is finite.

Conversely, let N be an arbitrarily closed subgroup of finite index. Then N is also open,

since it is the complement of a finite number of closed cosets. Then the pre-image of N
in IF is also open, and contains a subset of the form W “

ś

pPSWp ˆ
ś

pRS Up, where S is

a finite set of places of F containing the infinite ones, and Wp is an open neighborhood of

1 P F ˚
p . If p P S is finite, we have to choose Wp “ Uppmpq since the groups Uppmpq form

basic neighborhood of 1 P F ˚
p . If p is real we have Wp Ď R˚

`. This will generate the group

R˚
`, and F

˚
p in case of complex place. The subgroup of pre-image generated by W is of the

form UF pmq, so N contains the subgroup CF pmq.

These show that Hecke characters of finite order are actually the characters of the narrow

ray class group. Consider the map χ : IF {F ˚ Ñ C˚ which is a continuous homomorphism
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who has finite order image. Then we have an integral ideal m such that:

IF {F ˚ C˚

CF
CF pmq

χ

The smallest such m is called the conductor of χ, denoted as fχ.

A Dirichlet character of F is given by the homomorphism

χ : JF pmq{PF pmq` Ñ S1

for some integral ideal m. Generally the algebraic Hecke characters are not of finite order.

6.4 Hecke Character: Character at Infinity

6.4.1 Characters of R˚

A continuous homomorphism χ : R˚ Ñ C˚ of the form

χpxq “ sgnpxq
nr | x |

w
“ p

x

| x |
q
nr | x |

w (6.11)

where nr P t0, 1u and w P C is a character of R˚. This character is unitary if and only if

w “ iϕ.
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6.4.2 Characters of C˚

For a complex number z “ x` iy P C, we define | z |:“| z |R:“
a

x2 ` y2. | z |C:“ x2 ` y2 is

the normalized valuation on C. A continuous homomorphism χ : C˚ Ñ C˚ of the form

χpzq “ p
z

| z |
q
nc | z |

w
C (6.12)

with nc P Z and w P C is a character of C˚. This character is unitary if and only if w “ iϕ.

6.4.3 Character at Infinity of Hecke Character

For a Hecke Character, χ, let us denote the character at infinity as χ8 “ χ|F˚
8

where

F ˚
8 ãÝÑ IF . Let λ P S8, v P Sr and Fv – R canonically, w P Sc and Fw – C non-canonically

and | x8 |8“
ś

λ | xλ |λ for x8 P F8.

We can write the character at infinity χ8 on x8 P F ˚
8 as

χ8px8q “ p
ź

λPS8

p
xλ

| xλ |
q
nλ | xλ |

iϕλ
λ q | x8 |

σ
8 (6.13)

where nv P t0, 1u, nw P Z, ϕλ P R and σ P R.

6.5 Größencharaktere mod m

Let us consider the following set of notations for the next section: U1
F pmq :“ tu P UF : u ” 1

pmod mqu; U1
F pmq` :“ tu P U1

F pmq : u ąą 0u; OF pmq :“ ta P OF : pa,mq “ 1u; F pmq :“

tx P F : px,mq “ 1u; F 1pmq :“ tx P F : x ” 1 pmod mqu.

6.5.1 Introduction to Größencharaktere

A Größencharakter mod m is a homomorphism ψ : JF pmq Ñ C˚ for which there exists a

pair of characters pψf , ψ8q with ψf : pOF {mq˚ Ñ C˚ and ψ8 : F ˚
8 Ñ C˚ such that for all

a P OF pmq, we have ψppaqq “ ψf pa mod mqψ8paq, paq is the principal ideal generated by a.

48



If u P UF “ O˚
F is a unit, then ψppuqq “ 1 and so ψf pu mod mqψ8puq “ 1. If ϵ P

U1
F pmq :“ tu P UF pmq : u ” 1 pmod mqu then ψ8pϵq “ 1.

The restriction of Größencharakter mod m, ψ, to the group PF pmq uniquely determines

ψf and ψ8 satisfying the compatibility conditions.

Conversely if we have homomorphisms Ψf : pOF {mq˚ Ñ C˚ and Ψ8 : F ˚
8 Ñ C˚ satisfying

compatibility condition that Ψf pu pmod mqqΨ8puq “ 1 for all u P UF then there exists a

Größencharakter ψ mod m such that ψf “ Ψf and ψ8 “ Ψ8.

6.5.2 Hecke characters and Größencharaktere correspondence

The following proposition shows the surjection between the domain of a Größencharakter

and the domain of a Hecke character.

Proposition 6.3. (Proposition 5, Section 3.1, [5]) We have an exact sequence

1
F pmq

U1
F pmq

JF pmq ˆ pOF {mq˚ ˆ
F ˚

8

U1
F pmq

IF
F ˚UF,f pmq

1κ ϱ

where

1. κpaq “ ppaq´1, a pmod mq, a pmod U1
F pmqqq for all a P F pmq.

2. ϱ “ α b β b γ´1, where

• α : JF pmq Ñ IF {pF ˚UF,f pmqq. This is induced by JF pmq Ñ IF which maps a

prime ideal p to the idèle πp at the place p and 1 elsewhere.

• β : pOF {mq˚ Ñ IF {pF ˚UF,f pmqq. This map sends a P OF pmq to the idèle con-

taining a at all infinite places, p at p ∤ m places and 1 at all p | m places.

• γ : F ˚
8{U1

F pmq Ñ IF {pF ˚UF,f pmqq. This map is induced by the inclusion F ˚
8 ãÝÑ IF

and U1
F pmq maps to F ˚UF,f pmq.
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Proof. This proposition has immense importance since this clarifies the relation between the

Hecke characters and the Größencharakter.

For a P F pmq we have that ϱpκpaqq “ αppaqq´1βpaqγpaq.

The map α : JF pmq Ñ IF {pF ˚UF,f pmqq sends αppaqq “ â pmod F ˚UF,f pmqq.

The map β : pOF {mq˚ Ñ IF {pF ˚UF,f pmqq sends βpaq “ âa8 pmod F ˚UF,f pmqq.

The map γ : F ˚
8{U1

F pmq Ñ IF {pF ˚UF,f pmqq sends γpaq “ a´1 pmod F ˚UF,f pmqq.

Then ϱpκpaqq “ â´1âa8a
´1
8 pmod F ˚UF,f pmqq “ 1 such that ϱ ˝ κ “ 1. Conversely,

let ϱppaq, a pmod mq, b pmod U1
F pmqq “ αpaqβpaqγpbq “ 1 and let a “

ś

p∤m.8 pvp . Then

αpaq “ γ pmod F ˚UF,f pmqq for some idèle γ with components γp ´ π
vp
p for p ∤ m.8 and

γp “ 1 for p | m.8. This gives us γâa8b
´1 “ ξx with ξ P UF,f pmq and x P F ˚. For p ∤ m.8

we have pγâa8b
´1qp “ 1 “ ξpx in Fp. For p | m we have pγâa8b

´1qp “ 1 “ ξpx so that

x P Uppmpq and vp “ νppa
´1xq “ 0 since a is relatively prime to m. Thus a “ pax´1q.

As x P Uppmpq then x ” 1 pmod mq hence ϕpax´1q “ ϕpaq. For p | 8 we find

pγâa8b
´1qp “ ab´1

p “ x in Fp and so b “ a8x
´1 and thus ψpax´1q “ ψpbq.

So we have that pa, a pmod mq, b pmod U1
F pmqqq “ ppax´1q, ax´1 pmod mq, ax´1 pmod U1

F pmqqq

and this shows the exactness of the sequence in middle.

Let α pmod F ˚UF,f pmqq be a class in IF {pF ˚UF,f pmqq. Then by approximation theorem

we can multiply x P F ˚ to the idèle α such that αp P Uppmpq for p | m.

Let a “
ś

p∤m.8 pvppαpq. Then αpaq “ γ pmod Imp F ˚q where γ has γp “ π
vppαpq
p “ ϵpαp, ϵp P

Up for p ∤ m.8 and γp “ 1 for p | m.8. Thus γα´1α8 P Imϱ and if we have b “ a´1
8 then ϱppa, 1

pmod mq, b pmod U1
F pmqqqq “ γb´1 ” α pmod Imϱ F ˚q. Therefore the map ϱ is a surjective

homomorphism.

By the previous proposition, the characters of IF {F ˚UF,f pmq correspond to the characters

of JF pmqˆpOF {mq˚ ˆF ˚
8{U1

F pmq that vanish on κpF pmq{U1
F pmqq and so χ, χf , χ8 of charac-

ters of JF pmq, pOF {mq˚ and F ˚
8{U1

F pmq respectively such that χppaqq´1χf pa pmod mqqχ8pa

pmod U1
F pmqqq “ 1 for a P F pmq. Thus χ is a Größencharakter mod m and χf , χ8 are

uniquely determined by χ.
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6.5.3 Infinity type of a Größencharaktere

Given a Größencharaktere ψ “ pψf , ψ8q pmod mq, the character at infinity is given by a

continuous map ψ8 : F ˚
8 Ñ C˚ of the form

ψ8px8q “ p
ź

λPS8

p
xλ

| xλ |
q
nλ | xλ |

iϕλ
λ q | x8 |

σ
8 (6.14)

where nv P t0, 1u, nw P Z, ϕλ P R and σ P R.

Let ψ be a Größencharaktere mod m with the character at infinity being ψ8. Then it as

the following properties:

1. There are no restrictions on σ, and nλ for any λ P S8

2. Also for all v P Sr and all w P Sc we have 2ϕv “ ϕw “ ϕ(say).

Therefore, the character at infinity takes the form

ψ8px8q “ p
ź

λPS8

p
xλ

| xλ |
q
nλq | x8 |

σ`iϕ
8 (6.15)
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Chapter 7

Algebraic Hecke Characters and

L-functions

This chapter focuses on algebraic Hecke characters, their properties and the L-functions

attached to them. The first section includes the introduction to algebraic Hecke character.

The next two sections discuss about the L-function of an algebraic Hecke character and the

existence of critical Hecke characters. Lastly we discuss briefly about the algebraic Hecke

characters having coefficients in a finite Galois extension of Q.

7.1 Introduction to Algebraic Hecke Characters

We can get a canonincal map from ΣF Ñ S8 with λ P S8. Now for λ “ v P Sr we have a

real embedding τv : F Ñ R and for λ P Sc we have a conjugate pair of complex embeddings

tτw, τ̄wu knowing that the choice of τw : F Ñ C is not canonical.

We have F8 “ F bR –
ś

λPS8
Fλ –

ś

vPSr
Rˆ

ś

wPSc
C. Thus for x8 P F8 we can write

x8 “ pxλqλPS8
“ ppxvqvPSr , pzwqwPScq.

Let χ be a Hecke character of F and χ8 be its character at infinity. Such a character is

an algebraic Hecke character if for every embedding τ P ΣF , there exists an integer nτ
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such that for x8 P F ˚
8 we have

χ8px8q “
ź

vPSr

xnτw
v

ź

wPSc

znτw
w z̄nτ̄w

w (7.1)

which can be re-written as

χ8px8q “ p
ź

vPSr

p
xv

| xv |
q
nτv

ź

wPSc

p
zw

| zw |
q
nτw´nτw qp

ź

vPSr

| xv |
nτv

ź

wPSc

| zw |
pnτw`nτw q{2

q (7.2)

Comparing with equation (6.13) we get that for v P Sr, w P Sc and λ P S8

nv ” nτv pmod 2q, nw “ nτw ´ nτw , ϕλ “ 0, 2σ “ 2nτv “ nτw ` nτw

Let us consider that a Hecke character has modulus m:

Lemma 7.1 (Purity Lemma). (Lemma 7, Section 4.1, [5]) For each τ P ΣF , suppose we

are given nτ P Z. Suppose for some integral ideal m of F we have
ś

τPΣF
τpuqnτ “ 1 for all

u P U1
F pmq Then there exists w P Z such that

1. if Sr ‰ H, then nτ “ w for all τ P τF

2. if Sr “ H, then nγ˝τ ` nγ˝τ̄ “ w for all τ P ΣF and γ P GalpQ{Qq

Proof. Let the real embeddings of F be tv1, v2, ¨ ¨ ¨ , vru and the complex pair of embeddings

be tw1, w̄1, w2, w̄2, ¨ ¨ ¨ , wc, w̄cu. Let us denote τvi “ vi and τwj
“ wj. Now denote the

hyperplane defined by the sum of co-ordinates to be zero by H Ă Rr`c. The Minkowski map

i : UF Ñ H is given by ipuq “ plog|v1puq|R, ¨ ¨ ¨ , log|vrpuq|R, log|w1puq|C, ¨ ¨ ¨ , log|wcpuq|Cq.

We have that U1
F pmq has finite index in UF . Applying log ||C to

ś

τPΣF
τpuqnτ “ 1 we get

2nv1log|v1puq|R ` ¨ ¨ ¨ ` 2nvr log|vrpuq|R ` 2nw1log|w1puq|C ` ¨ ¨ ¨ ` 2nwclog|wcpuq|C “ 0 (7.3)

for all u P U1
F pmq.

From Dirichlet’s unit theorem we have Γ “ ipUF q is a lattice in the hyperplane H.

Therefore, Γ1
F pmq “ ipU1

F pmqq is also a lattice in H. Thus there exists u1, ¨ ¨ ¨ , ut´1 P U1
F pmq
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such that tipu1q, ¨ ¨ ¨ , iput´1qu makes an R-basis ifH where t “ r`c. Let vi “ pai1, ai2, ¨ ¨ ¨ , aitq

be a vector in Rt and consider the matrix, A “ raijs, of order pt´1qˆt. The rank and nullity

of the same being pt ´ 1q and 1 respectively. We have that
ř

j aij “ 0 since each vi P H.

Therefore for X “ px1, x2, ¨ ¨ ¨ , xt`1q P Rt`1 if AX “ 0 then we have that all the co-ordinates

px1, x2, ¨ ¨ ¨ , xt`1q are equal. Applying (18) to u1, ¨ ¨ ¨ , ut´1 will give us a solution to AX “ 0

from which we have 2nv1 “ ¨ ¨ ¨ “ 2nvr “ nw1 ` nw̄1 “ ¨ ¨ ¨ “ nwc ` nw̄c . Let this common

value be w.

Now for any γ P GalpQ{Qq, applying γ´1 to
ś

τPΣF
τpuqnτ “ 1 we get

ś

τPτF
γ´1τpuqnτ “

ś

τPτF
τpuqnγ˝τ “ 1. Same argument goes for

ś

τPτF
τpuqnγ˝τ thus giving nγ˝τ `nγ˝τ̄ “ w; τ P

τF and γ P GalpQ{Qq. Since GalpQ{Qq acts transitively on ΣF for Sr ‰ H we get nτ equal

to nv1 for all τ then, nv1 can be assigned the value w{2. If Sr “ H then we can take nv1 can

be assigned the value w.

Let χ be an algebraic Hecke character of F mod m with infinity type pnτ qτPΣF
which has

purity weight w satisfying the conditions in the previous lemma. Now -

1. for both real and complex embeddings, Sr ‰ H, then the character χ “ χo ∥∥w for χo:

a Dirichlet character.

2. for no real embeddings, Sr “ H, then the character χ “ χu ∥∥w{2 for χu: a unitary

Hecke character.

where the character at infinity of χu looks like χu8px8q “
ś

wPSc
pxw{x̄wqnw´w{2.

7.2 Theory of Hecke L-function

7.2.1 Hecke L-function

Let us consider an algebraic Hecke character χ. Let ψ “ pψ8, ψf q be the associated

Größencharakter and m be the conductor of χ, and also of ψ. The finite part of the Hecke

L-function of χ is defined as:
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1. Lf ps, χq “
ř

a
ψpaq

NF {Qpaqs
where a are the integral ideals of OF that are relatively prime

to m. This is in the form of Dirichlet series.

2. Lf ps, χq “
ś

pp1 ´ χppϖpqNF {Qppq´sq´1 where p are prime ideals of OF that are rela-

tively prime to m. This is in the form of Euler product.

7.2.2 The coefficients of the L-function

Proposition 7.1. (Proposition 9, Section 4.2.2, [5]) Let us consider be an algebraic Hecke

character, χ. Consider ψ “ pψ8, ψf q to be the Größencharakter mod m associated with χ.

Then the coefficients of the Dirichlet series that represents the finite part of Lf ps, χq are

contained in a number field.

Proof. For a P OF pmq take the image of the ideal paq, ψppaqq, and we see that it takes values

in a finite extension K of Q inside the closure of Q. This is because pOF {mq˚ is a finite

group and the infinite part of the Größencharakter, ψ8paq takes values in the compositum of

all the conjugates of F inside Q since ψ8 is algebraic. Therefore, the values of ψ on PF pmq

lie in K. Since pJF pmq : PF pmqq is finite, we can get the values of ψ in a finite extension E

of K. By the correspondence between the Hecke characters and Größencharaktere we have

ψppq “ χppπpq for all prime ideals p ∤ m.

The smallest subfield of Q which contains all the values of the algebraic Hecke character

χ is called the rationality field denoted by Qpχq.

7.2.3 The critical values of the L-function

The completed L-function is defined by:

Lps, χq :“ L8ps, χqLf ps, χq (7.4)

where if χ has an infinity type pnτ qτPΣF
, nτ P Z, satisfying the purity condition then we

define

L8ps, χq “
ź

vPSr

ΓRps ` nv ` ϵvq
ź

wPSc

ΓCps `
nw ` nw̄

2
`

| nw ´ nw̄ |

2
q (7.5)
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where ΓR “ π´s{2Γps{2q, ΓC “ 2p2πq´sΓpsq and ϵv P t0, 1u with ϵv ” nv pmod 2q.

When χ is a non-trivial character, the completed L-function admits an analytic contin-

uation and the functional equation given by -

Lps, χq “ ϵps, χqLp1 ´ s, χ´1
q (7.6)

where ϵps, χq is an exponential function. The set of all critical integers for Lps, χq is denoted

as CritpLps, χqq. An integer m is called critical for the Hecke L-function if both Lps, χq and

Lp1 ´ s, χ´1q are regular at s “ m and do not have poles at s “ m.

Proposition 7.2. (Proposition 10, Section 4.2.4, [5]) Let us consider an algebraic Hecke

character of F , χ, with the infinity type pnτ qτPΣF
;nτ P Z which satisfies the purity condition.

Define the purity weight of χ as w. Then the critical set of integers for Lps, χq is given by

the following:

1. when the field is totally real(Sc “ H) then nτ “ w for all τ .

• If there exists v1, v2 P Sr such that ϵv1 ‰ ϵv2 , then CritpLps, χqq “ H

• If ϵv “ 0 for all v P Sr, then CritpLps, χqq is given by

t¨ ¨ ¨ ,´w ` 1 ´ 2k, ¨ ¨ ¨ ,´w ´ 3,´w ´ 1;´w ` 2,´w ` 4, ¨ ¨ ¨ ,´w ` 2k, ¨ ¨ ¨ u for

k P Zě0.

• If ϵv “ 1 for all v P Sr, then CritpLps, χqq is given by

t¨ ¨ ¨ ,´w ´ 2k, ¨ ¨ ¨ ,´w ´ 2,´w;´w ` 1,´w ` 3, ¨ ¨ ¨ ,´w ` 1 ` 2k, ¨ ¨ ¨ u for

k P Zě1.

2. F is totally imaginary (Sr “ H). Let the width of χ, a non-negative integer, be

ℓ “ ℓpχq “ mint| nw ´ nw̄ |: w P Scu. Then w ” ℓ pmod 2q and the CritpLps, χqq is

given by

tm P Z : 1 ´ w
2

´ ℓ
2

ď m ď ´w
2

` ℓ
2
u

The critical set is centered at 1´w
2

, with cardinality ℓ.

3. F has both real and complex places(Sr ‰ H ‰ Sc), then CritpLps, χqq “ H.
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Proof. We have that the completed L-function has the infinity part defined as L8ps, χq “
ś

vPSr
ΓRps ` nv ` ϵvq

ś

wPSc
ΓCps `

nw ` nw̄
2

`
| nw ´ nw̄ |

2
q where ΓR “ π´s{2Γps{2q, ΓC “

2p2πq´sΓpsq and ϵv P t0, 1u with ϵv ” nv pmod 2q.

The Gamma function given by Γ psq “

8
ż

0

xs´1e´xds is nowhere zero and has simple

poles at ts “ 0,´1,´2, ¨ ¨ ¨ u. Also the functional equation for the L-function is given by

Lps, χq “ ϵps, χqLp1 ´ s, χ´1q.

Now let us calculate the critical set of integers for the L-function in the following cases:

1. F is totally real(Sc “ H) then nτ “ w for all τ :

• ϵv1 ‰ ϵv2 and nv1 “ nv2 “ w.

Now for Lps, χq we have the critical set of integers as follows,

(a) ΓRps`nv1 `ϵv1q “ ΓRps`w`0q and the critical set of integers would be given

by
s ` w

2
P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t´w,´2´w,´4´w, ¨ ¨ ¨ u.

(b) ΓRps ` nv2 ` ϵv2q “ ΓRps ` w ` 1q and the critical set of integers would be

given by
s ` w ` 1

2
P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t´1 ´ w,´3 ´

w,´5 ´ w, ¨ ¨ ¨ u.

Now for Lp1 ´ s, χ´1q we have the critical set of integers as follows,

(a) ΓRp1´ s`nv1 ` ϵv1q “ ΓRp1´ s`w`0q and the critical set of integers would

be given by
1 ´ s ` w

2
P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t1 ´ w, 3 ´

w, 5 ´ w, ¨ ¨ ¨ u.

(b) ΓRp1´ s`nv2 ` ϵv2q “ ΓRp1´ s`w`1q and the critical set of integers would

be given by
2 ´ s ` w

2
P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t2 ´ w, 4 ´

w, 6 ´ w, ¨ ¨ ¨ u.

Now combining all the cases for the critical set s we get no intersection among

them and hence CritpLps, χqq “ H.

• Here we have ϵv “ 0 and nv1 “ nv2 “ w.

Now for Lps, χq we have the critical set of integers as follows,

ΓRps`nv ` ϵvq “ ΓRps`w` 0q and the critical set of integers would be given by
s ` w

2
P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t´w,´2 ´ w,´4 ´ w, ¨ ¨ ¨ u.
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Now for Lp1 ´ s, χ´1q we have the critical set of integers as follows,

ΓRp1´s`nv`ϵvq “ ΓRp1´s`w`0q and the critical set of integers would be given

by
1 ´ s ` w

2
P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t1 ´ w, 3 ´ w, 5 ´ w, ¨ ¨ ¨ u.

Combining all the cases for the critical set s we get no intersection among them

and hence CritpLps, χqq “ t¨ ¨ ¨ ,´w` 1´ 2k, ¨ ¨ ¨ ,´w´ 3,´w´ 1;´w` 2,´w`

4, ¨ ¨ ¨ ,´w ` 2k, ¨ ¨ ¨ u for k P Zě0

• Here we have ϵv “ 1 and nv1 “ nv2 “ w.

Now for Lps, χq we have the critical set of integers as follows, ΓRps ` nv ` ϵvq “

ΓRps ` w ` 1q and the critical set of integers would be given by
s ` w ` 1

2
P

t0,´1,´2, ¨ ¨ ¨ u which implies that s P t´1 ´ w,´3 ´ w,´5 ´ w, ¨ ¨ ¨ u.

Now for Lp1´s, χ´1q we have the critical set of integers as follows, ΓRps`nv`ϵvq “

ΓRp1 ´ s ` w ` 1q and the critical set of integers would be given by
2 ´ s ` w

2
P

t0,´1,´2, ¨ ¨ ¨ u which implies that s P t2 ´ w, 4 ´ w, 6 ´ w, ¨ ¨ ¨ u.

Combining all the cases for the critical set s we get no intersection among them and

hence CritpLps, χqq “ t¨ ¨ ¨ ,´w´2k, ¨ ¨ ¨ ,´w´2,´w;´w`1,´w`3, ¨ ¨ ¨ ,´w`

1 ` 2k, ¨ ¨ ¨ u for k P Zě1.

2. We have that F is totally imaginary (Sr “ H) and the width of χ is ℓ “ ℓpχq “ mint|

nw ´nw̄ |: w P Scu along with w ” ℓ pmod 2q. We also have that nw `nw̄ “ w and let

| nw ´ nw̄ |“ ℓw.

Now for Lps, χq we have the critical set of integers as follows, ΓCps `
nw ` nw̄

2
`

| nw ´ nw̄ |

2
q “ ΓCps`

w

2
`
ℓw
2

q “ Γps`
w

2
`
ℓw
2

q and the critical set of integers would

be given by s`
w

2
`
ℓw
2

P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t´
w

2
´
ℓw
2
,´1´

w

2
´

ℓw
2
, ¨ ¨ ¨ u.

Now for Lp1´s, χ´1q we have the critical set of integers as follows, ΓCp1´s`
nw ` nw̄

2
`

| nw ´ nw̄ |

2
q “ ΓCp1 ´ s `

w

2
`
ℓw
2

q “ Γp1 ´ s `
w

2
`
ℓw
2

q and the critical set of

integers would be given by 1 ´ s `
w

2
`
ℓw
2

P t0,´1,´2, ¨ ¨ ¨ u which implies that

s P t1 ´
w

2
`
ℓw
2
, 2 ´

w

2
`
ℓw
2
, ¨ ¨ ¨ u.

Since ℓ “ ℓpχq “ mint| nw ´ nw̄ |: w P Scu, then ℓ ă ℓw or ´ℓw{2 ă ´ℓ{2 and

´pw ` ℓwq{2 ă ´pw ` ℓq{2. Similarly, 1 ´ pw ´ ℓwq{2 ą 1 ´ pw ´ ℓq{2. Therefore,
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´pw ` ℓq{2 ă CritpLps, χqq ă 1 ´ pw ´ ℓq{2 or CritpLps, χqq is given by tm P Z :

1 ´
w

2
´
ℓ

2
ď m ď ´

w

2
`
ℓ

2
u.

3. We have that F has both real and complex places(Sr ‰ H ‰ Sc). Therefore, we

calculate the critical set for each of the following cases:

• When ϵv1 ‰ ϵv2 and nv1 “ nv2 “ w, we already have from part(1) that CritpLps, χqq “

H.

• Given that ϵv “ 0, nv “ w and nw ` nw̄ “ w. Then Lps, χq “ ΓRps ` wqΓCps `

w

2
`
ℓw
2

q.

Now for Lps, χq we have the critical set of integers as follows,

ΓRps`nv ` ϵvq “ ΓRps`w` 0q and the critical set of integers would be given by
s ` w

2
P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t´w,´2 ´ w,´4 ´ w, ¨ ¨ ¨ u.

ΓCps`
nw ` nw̄

2
`

| nw ´ nw̄ |

2
q “ ΓCps`

w

2
`
ℓw
2

q “ Γps`
w

2
`
ℓw
2

q and the critical

set of integers would be given by s`
w

2
`
ℓw
2

P t0,´1,´2, ¨ ¨ ¨ u which implies that

s P t´
w

2
´
ℓw
2
,´1 ´

w

2
´
ℓw
2
, ¨ ¨ ¨ u.

Now for Lp1 ´ s, χ´1q we have the critical set of integers as follows,

ΓRp1´s`nv1`ϵv1q “ ΓRp1´s`w`0q and the critical set of integers would be given

by
1 ´ s ` w

2
P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t1 ´ w, 3 ´ w, 5 ´ w, ¨ ¨ ¨ u.

ΓCp1 ´ s `
nw ` nw̄

2
`

| nw ´ nw̄ |

2
q “ ΓCp1 ´ s `

w

2
`
ℓw
2

q “ Γp1 ´ s `
w

2
`
ℓw
2

q

and the critical set of integers would be given by 1´s`
w

2
`
ℓw
2

P t0,´1,´2, ¨ ¨ ¨ u

which implies that s P t1 ´
w

2
`
ℓw
2
, 2 ´

w

2
`
ℓw
2
, ¨ ¨ ¨ u.

Now combining all the cases for the critical set s we get no intersection among

them and hence CritpLps, χqq “ H.

• Given that ϵv “ 1, nv “ w and nw`nw̄ “ w. Then Lps, χq “ ΓRps`w`1qΓCps`

w

2
`
ℓw
2

q.

Now for Lps, χq we have the critical set of integers as follows,

ΓRps`nv ` ϵvq “ ΓRps`w` 1q and the critical set of integers would be given by
s ` w ` 1

2
P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t´1´w,´3´w,´5´w, ¨ ¨ ¨ u.

ΓCps`
nw ` nw̄

2
`

| nw ´ nw̄ |

2
q “ ΓCps`

w

2
`
ℓw
2

q “ Γps`
w

2
`
ℓw
2

q and the critical
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set of integers would be given by s`
w

2
`
ℓw
2

P t0,´1,´2, ¨ ¨ ¨ u which implies that

s P t´
w

2
´
ℓw
2
,´1 ´

w

2
´
ℓw
2
, ¨ ¨ ¨ u.

Now for Lp1 ´ s, χ´1q we have the critical set of integers as follows,

ΓRps`nv ` ϵvq “ ΓRp1´ s`w` 1q and the critical set of integers would be given

by
2 ´ s ` w

2
P t0,´1,´2, ¨ ¨ ¨ u which implies that s P t2 ´ w, 4 ´ w, 6 ´ w, ¨ ¨ ¨ u.

ΓCp1 ´ s `
nw ` nw̄

2
`

| nw ´ nw̄ |

2
q “ ΓCp1 ´ s `

w

2
`
ℓw
2

q “ Γp1 ´ s `
w

2
`
ℓw
2

q

and the critical set of integers would be given by 1´s`
w

2
`
ℓw
2

P t0,´1,´2, ¨ ¨ ¨ u

which implies that s P t1 ´
w

2
`
ℓw
2
, 2 ´

w

2
`
ℓw
2
, ¨ ¨ ¨ u.

Now combining all the cases for the critical set s we get no intersection among

them and hence CritpLps, χqq “ H.

Therefore, all the cases are proved.

The previous proposition introduces the term critical algebraic Hecke character

which means the algebraic Hecke character which has CritpLps, χqq ‰ H. The existence of a

critical algebraic Hecke character of F implies that F is either totally real or totally imagi-

nary. Moreover, when F is totally real, the parities ϵv of the local archimedean characters are

all equal. Therefore, we will focus on the existence of such critical algebraic Hecke character

with already given infinity type.

7.3 Existence of critical algebraic Hecke character

For a given number field F , with the purity lemma we study the following two conditions

- (i) Sr ‰ H and (ii) Sr “ H, which will deal with the existence of the algebraic Hecke

characters.

7.3.1 When F has a real place

Given that Sr ‰ H. In such case an algebraic Hecke character χ necessarily takes the form
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χ “ χ0 ∥∥w

for a character χ0 is of finite order and w P Z.

7.3.2 When F is totally imaginary

Given that Sr “ H. Consider an infinity type n :“ pnτ qτPΣF
, nτ P Z satisfying the purity

condition then nγ˝τ ` nγ˝τ̄ “ w for all τ P ΣF and γ P GalpQ{Qq.

Consider the case when F is a CM field. Then:

Lemma 7.2. (Lemma 11, Section 4.3, [5]) Let F be a CM field. Let τ : F Ñ Q and

γ P GalpQ{Qq and c denotes the complex conjugation in GalpQ{Qq. Then γ ˝c˝τ “ c˝γ ˝τ ,

complex conjugation and any automorphism of Q commute on the image of a CM field.

Proof. Let us denote α1 “ γ ˝ c ˝ τ and α2 “ c ˝ γ ˝ τ . Now we can say that their restriction

on the totally real field, F`, are equal. That is α1|F` “ α2|F` . This further means that

either α1 “ α2 or α1 “ c ˝ α2. In the second case we get that, γ ˝ c ˝ τ “ c ˝ c ˝ γ ˝ τ “ γ ˝ τ .

This gives us that c ˝ τ “ τ which is not possible. Therefore, γ ˝ c ˝ τ “ c ˝ γ ˝ τ . Hence

proved.

Using this lemma, the purity condition nγ˝τ ` nγ˝τ̄ “ w on F comes down to writing

nτ ` nτ̄ “ w since we can write nγ˝τ “ nγ˝τ for all τ P ΣF and γ P GalpQ{Qq.

Proposition 7.3. (Proposition 12, Section 4.3, [5]) Let F be a CM field with the infinity

type n :“ pnτ qτPΣF
, nτ P Z satisfying the purity condition nτ ` nτ “ w for all τ P ΣF . Then

there exists an algebraic Hecke character with the same infinity type and of some modulus.

Proof. This proposition gives us the existence of an algebraic Hecke character. Such a

character if exists will look like

χ8px8q “ p
ź

wPSc

p
xw
x̄w

q
pnτw´nτw q{2

q | x8 |
w{2
8
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For some integral ideal m we have that χ8 is trivial on U1
F pmq. Substituting sw “ nτw ´ nτ̄w

and xw “ rwe
iθw we can construct χu : IF {F ˚ Ñ S1 as χu8 “

ś

w e
iswθw . Hence we get χ “

χu ∥∥w{2. UF intersects with the compact part of the roots of unity µF in F ˚. Thus we have

U1
F pmqXpS1, ¨ ¨ ¨ , S1q “ t1u. Let us then take a unitary character ψu8 of F ˚

8{U1
F pmq that maps

x8 to eiswθw and ψuf a character of pOF {mq˚. Then we can get a Größencharaktere, ψu mod m

and let χu be the corresponding Hecke character that we can get from the Größencharaktere

as mentioned in Proposition 6.3.

Let us consider a totally imaginary field F . Then there exists a maximal CM or totally

real subfield, F1 of F . Let F0 be the largest totally real subfield of F . Then F0 can admit

at most one totally imaginary quadratic field inside F0. If F has a CM subfield then denote

it as F1; if not then F1 “ F0.

Proposition 7.4. (Proposition 13, Section 4.3, [5]) Let F be a totally imaginary field.

Consider the infinity type n :“ pnτ qτPΣF
, nτ P Z satisfying the purity condition nγ˝τ `nγ˝τ̄ “

w for all τ P ΣF and γ P GalpQ{Qq. Then there exists an infinity type m :“ pmτ1qτ1PΣF1
for

F1 such that if τ P ΣF with τ |F1 “ τ1 then nτ “ mτ1 .

Proof. A property of a pure infinity type of a totally imaginary field is that it is the base

change of the pure infinity type of the maximal CM or totally real subfield F1 of F . The

proposition mentioned above talks about this property of the infinity type.

Since F is totally imaginary field so the purity condition nγ˝τ ` nγ˝τ̄ “ w becomes

nγ˝τ ` nγ˝τ “ w from 7.3 for all τ P ΣF and γ P GalpQ{Qq. Then we have nγ˝τ “

nγ˝τ@τ ; @γ. Let us consider the function n : GalpQ{QqˆΣF Ñ Z which maps npγ, τq “ nγ˝τ .

Therefore for c P GalpQ{Qq we have that npγ, cτq “ npγc, τq. Substituting τ by γ´1τ we

get, npγ, cγ´1τq “ npγcγ´1, τq “ npc, τq and then replacing τ by cτ we have npc, cτq “

npγcγ´1, cτq which reduces to np1, τq “ npγcγ´1c, τq.

Now for any α P GalpQ,Qq we get,

npαγcγ´1cα´1, τq “ npαγcγ´1α´1αcα´1, τq “ nppατqcpατq´1, αcα´1τq “ npαcα´1c, τq “

np1, τq.

Thus for all element x P N , the normal subgroup of GalpQ,Qq we have that nxτ “ nτ .

This normal subgroup is generated by tγcγ´1c : γ P GalpQ,Qqu. Lemma 7.1 gives us
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that GalpQ,Qq acts transitively on ΣF and hence GalpQ,Qq acts transitively on ΣF1 via

GalpQ,Qq{N . Now if we have τ1, τ2 P ΣF with τ1|F1 “ τ2|F1 “ τ and for x P N we have

xτ1 “ τ2 then nxτ1 “ nτ2 “ nτ and this common value is mτ1 .

Proposition 7.5. (Proposition 14, Section 4.3, [5]) Let F be a totally imaginary field.

Consider the infinity type n :“ pnτ qτPΣF
, nτ P Z satisfying the purity condition nγ˝τ `nγ˝τ̄ “

w for all τ P ΣF and γ P GalpQ{Qq. Then there exists an algebraic Hecke character of infinity

type n.

1. If F “ F1, then there exists n P Z such that nτ “ n@τ P ΣF . Any algebraic Hecke

character of infinity type n looks like χ “ χ0 ∥∥n for a Dirichlet character χ0 of F .

2. If F1 is a CM field, then the infinity type n is the base change from an infinity typem of

F1 and then any algebraic Hecke character of infinity type n looks like χ “ χ1˝NF |F1bχ0

for some algebraic Hecke character of infinity typem of F1 and some Dirichlet character

χ0 of F .

Proof. The above proposition discusses about the existence of algebraic Hecke characters

which have pure infinity type from the base change of another infinity type from a totally

real subfield and from a maxiaml CM subfield. In both the cases we have the infinity type

m of F1 which has base change n of F .

1. For F1 “ F0 the subfield is totally real and hence all mτ1 are equal and hence all nτ

are equal and let their value be equal to n. We can take a character of finite order

say χ0 of F and then put in the formula χ “ χ0 ∥∥n. If we have χ then χ ∥∥´1 is the

character of finite order.

2. There exists an algebraic Hecke character χ1 with the infinity typem. Then considering

a finite order character χ0 of F we can get χ “ χ1 ˝ NF |F1 b χ0. If we have such χ,

then χχ´1
2 , where χ2 “ χ1 ˝ NF |F1 , gives the character of finite order.

Let us look into an example: Consider the field F “ Qp21{3, ωq where 21{3 is the cube

root of 2 and ω is the cube root of unity. We have that ΣF “ GalpF |Qq “ S3 which is the
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permutation group taken to be t21{3, 21{3ω, 21{3ω2u. Let the elements of S3 be denoted as

s1 “ e, s2 “ p12q, s3 “ p23q, s4 “ p13q, s5 “ p123q, s6 “ p132q. An element s P S3 correspond

to an embedding τs : F Ñ C. The embeddings for F are given as following:

τs1 :“ 1 :

$

&

%

21{3 ÞÑ 21{3

ω ÞÑ ω
τs3 :“ τ :

$

&

%

21{3 ÞÑ 21{3

ω ÞÑ ω2

τs5 :“ σ :

$

&

%

21{3 ÞÑ 21{3ω

ω ÞÑ ω
τs6 :“ σ2 :

$

&

%

21{3 ÞÑ 21{3ω2

ω ÞÑ ω

τs4 :“ τσ :

$

&

%

21{3 ÞÑ 21{3ω

ω ÞÑ ω2
τs2 :“ τσ2 :

$

&

%

21{3 ÞÑ 21{3ω2

ω ÞÑ ω2

We consider two infinity types - n1 “ pnτsqsPS3 and n2 “ pn1
τsqsPS3 such that we have,

s s1 “ e s2 “ p12q s3 “ p23q s4 “ p13q s5 “ p123q s6 “ p132q

n1
τs a b w ´ a c w ´ c w ´ b

nτs a w ´ a w ´ a w ´ a a a

where a, b, c,w P Z. Now ΣF is put into pair of complex conjugates as tpτs1 , τs3q, pτs2 , τs6q, pτs4 , τs5qu

which gives us that n1
τ ` n1

τ̄ “ w.

Now the infinity type n2 “ pn1
τsqsPS3 is not a pure infinity type. Other possible complex

conjugate pairs of ΣF via automorphisms ofQ gives us the pairings like tpτs1 , τs2q, pτs3 , τs5q, pτs4 , τs6qu

and tpτs1 , τs4q, pτs3 , τs6q, pτs2 , τs5qu. From these pairings we get that nτs1 `nτs2 “ n1
τs1

`n1
τs2

“

w which implies that b “ w´a for n2 to be pure infinity type. Similarly, we get that c “ w´a

for n2 to be pure infinity type. Therefore, b, c,w ´ a all should be equal to each other for

n2 to be pure infinity type. On the other hand n1 “ pnτsqsPS3 is a pure infinity type and has

purity type w. It also a base change from the infinity type m of F1 “ Qpωq with mτs1
“ a

and mτs2
“ w ´ a.
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7.4 Algebraic Hecke Characters of F with coefficients

in a finite Galois Extension of Q

Let the finite Galois extension of Q that takes a copy of F inside itself be E, which is further

called the field of coefficients. Let us consider the infinity type n :“ pnτ qτ :FÑE, nτ P Z or

n P ZrHompF,Eqs. The difference here with the previously mentioned infinity type is that

in this case the infinity type is parametrised over HompF,Eq instead of HompF,Qq.

Consider an embedding ι : E Ñ Q. This gives an identification ι˚ : HompF,Eq Ñ

HompF,Qq which maps τ ÞÑ ι ˝ τ “ ι˚τ .

We focus on constructing an algebraic representation θn on a one-dimensional vector

space Mn,E over the field E. This representation is given by θn : G ˆ E Ñ GL1pMn,Eq.

G is given as G “ ResF |QpGL1{F q the Weil restriction of scalars of GL1 over F to Q, the

construction of which is discussed in the [article [5], section 5.1].

The τ -component of the representation is given by a ÞÑ θnτ paq :“ anτ for a P GL1pEq. For

x P F ˚ we have, θnpxq “
ś

τ :FÑE θnτ pτpxqq “
ś

τ :FÑE τpxqnτ . Now we consider an infinity

type n P ZrHompF,Eqs and an associated representation pθn,Mn,Eq and a corresponding this

there is a sheaf Mn,E(for details one can refer to [article [5], section 5.2]) on the symmetric

space SGm , the construction of which is discussed in details in [article [5], section 5.1].

The purity lemma thus can be re-written as:

Lemma 7.3. (Lemma 15, Section 5.2, [5]) Given n P ZrHompF,Eqs, the sheaf Mn,E of

vector spaces over E on SGm is non-zero iff there exists w P Z such that

1. if Sr ‰ H, then nτ “ w@τ P HompF,Eq

2. if Sr “ H, then nι˝τ ` nι˝τ “ w@τ P HompF,Eq and ι P HompE,Qq.

The details of the proof is discussed in [article [5], section 5.2].

For an integral ideal m of F with values in E and infinity type n P ZrHompF,Eqs, an

algebraic Hecke character of F of modulus m is defined as χ : JF pmq Ñ E˚ such that for

pxq P PF pmq` we have that χppxqq “
ś

τPHompF,Eq
τpxqnτ .
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Let χ be an algebraic Hecke character of F with values in E with modulus m “
ś

p|m pmp

with infinity type n. We have a unique continuous homomorphism χA : IF Ñ E˚ with a

discrete topology on E˚. This homomorphism follows certain properties:

1. χ´1
A p1q “

ś

vPS8
F ˚
v

ś

p|mp1 ` pmpOpq
ś

p∤mO˚
p which is open in I˚

F .

2. for p ∤ m, χp of χA satisfies χppπpq “ χppq.

3. χA|F˚ “ θn

Consider the embedding ι : E ãÝÑ C and let the place vι be the archimedean place of E. Now

we have a continuous homomorphism θn,A : IF Ñ IE and composing this with the projection

map I˚
E Ñ E˚

vι – C˚ we get θn,ι : IF Ñ C˚.

Thus we have a continuous homomorphism, ιχ : IF Ñ C˚ which is defined as ιχ :“

pι ˝ χAq.θ´1
n,ι.

The following proposition summarises the properties of ιχ:

Proposition 7.6. (Proposition 16, Section 5.3, [5]) Let χ be an algebraic Hecke character

of F with values in E of modulus m and infinity type n. For the embedding ι : E Ñ C, ιχ
satisfies the following:

1. ιχ : IF {F ˚ Ñ C˚ is a continuous homomorphism.

2. for all p R S8,
ιχp “ ι ˝ χp

3. ιχ8 “ θ´1
n,ι|F˚

8
is determined by its values on F ˚ embedded diagonally in F ˚

8 on which,

θ´1
n,ι|F˚ “ ι ˝ θ´1

n “ θ´ιn,
ιχ is a Hecke character of F of modulus m with infinity type

´ιn.

For k P Z the Tate twist ιχpkq :“ι χ b ∥∥k has infinity type ´ιn ` k.
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Chapter 8

Theory of Hecke L-functions

This chapter discusses about the critical values of Hecke L-functions and Harder’s result on

the ratio of critical L-values. The last part of the chapter discusses about the variation of

the result in case of a totally imaginary field and re-states the reciprocity law for the critical

L-values.

8.1 Critical Values of Hecke L-functions

Let χ be an algebraic Hecke character of F with values in E of modulus m and infinity type

n. For the embedding ι : E Ñ C, let us consider the character ιχ as in Proposition 7.6. Let

us consider the special values of C-valued L-function Lps, ι, χq :“ Lps,ι χq.

We can also consider the EbC valued L-function where EbC is identified as
ś

ι:EÑC C
and the L-function is given by Lps, χq :“ tLps, ι, χquι:EÑC.

We assume that F is totally imaginary number field, then from Proposition 7.2 we have

that if the width l of ιχ satisfies l ě 2, then there exists two consecutive integers which are

critical for Lps, χq.
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8.2 Ratio of Critical Values of L-functions

Consider a an extension F |K of number fields and let HompF, K̄q “ tσ1, ¨ ¨ ¨ , σru and

tω1, ¨ ¨ ¨ , ωru is aK-basis of F . The relative discriminant is the given by δF |K :“ detprσipωjqsq2.

The absolute discriminant of F is given by δF |Q. Harder proved a result [2] that states that

if m and m ` 1 are critical integers for Lps, χq then

Critpιχq :“ |δF |Q|
1{2 Lpm,ι χq

Lpm ` 1,ι χq
P Q (8.1)

and for any ς P GalpQ{Qq we have,

ςpCritpιχqq “ Critpς˝ιχq (8.2)

Also the result stated in the article is for m “ ´1; for any general m one can get the result

using Tate twists.

Equation (8.1) shows that the ratio of L-values are algebraic since |δF |Q|1{2 is algebraic.

Now with the reciprocity law in (8.2) we can get the ratio of L-functions as

|δF |Q|
1{2 Lpm,ι χq

Lpm ` 1,ι χq
P ιpEq (8.3)

The statement in (8.3) turns out to be incorrect in case of F being a totally imaginary

field and not of CM type. It needs to be modified by a sign, which is trivial if F is a CM

field and non-trivial in case of a totally imaginary field. Let us now focus on an example

that shows that the (8.3) is not stable under base change and hence incorrect.

Let us consider the following field extension:

F “ Qpi,
?
4 ` iq

F1 “ Qpiq

F0 “ Q
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Let us calculate the determinant for the extensions: Firstly let us compute δF |F1 . The

minimal polynomial of F over F1 is given by x2 ´ p4 ` iq and since we have integral basis

t1,
?
4 ` iu for the ring of integers we have the discriminant as δF |F1 “ 4.p4 ` iq. The norm

is given by NF1|QpδF |F1q “ 16.17. Next we compute δF1|Q. The minimal polynomial of F1

over Q is given by x2 ` 1 and since we have integral basis again t1, iu thus we have the

discriminant δF1|Q “ ´4.

Now the discriminant for the whole tower of fields we get, δF |Q “ δ
rF :F1s

F1|Q NF1|QpδF |F1q “

p´4q2.16.17 “ 28.17.

Let ψ be an algebraic Hecke character of F1 “ Qpiq; ψ : AF1{F ˚
1 Ñ C˚ with ψ8 : C˚ Ñ C˚

with ψ8pzq “ zaz̄b; a, b P Z and without loss of generality let us assume a ě b. The critical

set of Lps, ψq can be computed from Proposition 7.2 with the conditions that a` b “ w and

a´ b “ ℓ where w is the purity weight and ℓ is the width of ψ. The critical set will be given

by

1 ´
w

2
´
ℓ

2
ď CritpLps, ψqq ď ´

w

2
`
ℓ

2

On putting the values of w and ℓ we get that CritpLps, ψqq “ t1 ´ a, 2 ´ a, ¨ ¨ ¨ ,´bu.

On assuming a ´ b ě 2 we can see that there are at least two critical points m,m ` 1 P

CritppLps, ψqq. Then from equation (8.3) we have that

|δF1|Q|
1{2 Lpm,ψq

Lpm ` 1, ψq
P Qpψq (8.4)

and Qpψq is generated by the values of ψf , the finite part of ψ. Since |δF1|Q|1{2 P Q˚ we have

that,
Lpm,ψq

Lpm ` 1, ψq
P Qpψq (8.5)

Let ω be a quadratic Dirichlet character and hence we can apply (8.5) to the character ψω

and we get,
Lpm,ψωq

Lpm ` 1, ψωq
P Qpψq (8.6)

Let χ be the base change of ψ which gives a Hecke character of F . It is given by

χ :“ ψ ˝ NF |F1 . Since F8 “ C ˆ C, then χ8pz1, z2q “ pz1z2qapz1z2q
b

“ za1 z̄1
bza2 z̄1

b which
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implies that χ8 “ ψ8 ˆ ψ8 and hence we have CritpLps, χqq “ CritpLps, ψqq.

For a quadratic character ω of F1 we have that Lps, χq “ Lps, ψqLps, ψωq. Hence we have

that,
Lpm,χq

Lpm ` 1, χq
P Qpψq “ Qpχq (8.7)

However, applying (8.3) directly to the L-function Lps, χq we get that,

|δF |Q|
1{2 Lpm,χq

Lpm ` 1, χq
P Qpχq (8.8)

Since |δF |Q|1{2 “ p28.17q1{2 “
?
17 pmod Q˚q and hence

?
17

Lpm,χq

Lpm ` 1, χq
P Qpχq (8.9)

Now (8.7) and (8.9) are contradictory to each other since
?
17 R Qpχq. We can see that

then the equation (8.3) is not stable under base change.

The question we ponder upon here is that if this example can be generalized for an

imaginary quadratic field. For this we consider the tower of fields:

F “ Qp
?
d,

?
d1q

F1 “ Qp
?
dq

F0 “ Q

where we assume that d P Z, d1 P C and d ” 2, 3 pmod 4q.

The choice of such d eases the discriminant calculation since we get an integral basis for

the ring of integers. Hence we get δF1|Q “ 4d. Also, δF |F1 “ 4d1. The norm is given by

NF1|QpδF |F1q “ 16|d1|2.

Therefore, δF |Q “ δ
rF :F1s

F1|Q NF1|QpδF |F1q “ p4dq216|d1|2 “ 28d2pa2 ` b2q where d1 “ a ` ib.
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Since d P Z, then we have 28d2 P Q. Hence the problem would arise from the factor

pa2 ` b2q. The answer to this would come from the existence of the Hecke character which

can be derived from its finite part - the Dirichlet character. We can consider the field of

coefficients Qpχq of a Dirichlet character χ : pZ{nZq˚ Ñ C˚ and find an integer m P Z such

that m R Z.

8.3 Variations in the Result

For the remaining part of the chapter we assume F is totally imaginary field and E is a

number field that is Galois over Q and contains a copy of F . Let the infinity type n P

ZrHompF,Eqs satisfies the purity condition in Lemma 7.3 and for an embedding ι : E Ñ

C let the character ιχ be as in Proposition 7.6. The width of ιχ is given by ℓpιχq :“

minτ :FÑEt|nι˝τ ´ nι˝τ |u “ ℓpιnq. The L-function Lps,ι χq has ℓpιχq many critical points.

Lemma 8.1. (Lemma 17, Section 6.3, [5]) ℓpιχq is independent of ι and depends on n.

Proof. If we have that F1 “ F0 that is F has no CM subfield then the width ℓpιχq “ 0. Thus

the lemma is proved in this case. If F is totally imaginary field then n is the base change from

an infinity type m over F1. Therefore, ℓpιnq “ ℓpιmq. Let HompF1, Eq “ tτ1, τ
1
1, ¨ ¨ ¨ , τk, τ

1
ku

and τj, τ
1
j have same restriction to F0 and hence ℓpιmq “ minjt|mτj ´ mτ 1

j
|u.

The set of archimedean places of F is given by S8. We are interested on the permutation

of this set. The set S8 is given by tv1, ¨ ¨ ¨ , vru; where r “ rF : Qs{2. Before going into the

permutation set, let us focus on the following lemma:

Lemma 8.2. (Lemma 18, Section 6.3, [5]) The following are equivalent:

1. s “ ´1 and s “ 0 are critical integers for Lps,ι χq

2. ´ℓ ď w ď ´4 ` ℓ

3. For each τ : F Ñ E, ι : E Ñ C there exists an element from the Weyl group of GLp2q,

wι˝τ such that-

• lpwι˝τ q ` lpwι˝τ q “ 1
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• wι˝τ .

˜

nι˝τ

0

¸

is dominant.

For the proof and related comments on the lemma, one can refer to Lemma 18 of [5].

This lemma introduces the Weyl group elements of GLp2q which acts on the characters of

the torus group of GLp2q. lpwq denotes the length of the Weyl group element. The value of

this length is 1 if w is non-trivial element and 0 if w is the trivial element. Condition (3)

states that for a pair of conjugate embeddings tι ˝ τ, ι ˝ τu in ΣF one of them is trivial Weyl

group element and the other one is non-trivial. This defines a CM-type for F given by,

Φpn, ιq :“ tτ P ΣF : lpwτ q “ 1u and that there is a bijection between this CM-types and the

set of archimedean places S8 of F .

For each ς P GalpQ{Qq, there is a permutation πn,ιpςq of S8 which acts on the CM-type

Φpn, ιq. The sign of this permutation is given by

εn,ιpςq :“ sgnpπn,ιpςqq.

Another CM-type is defined as Φpñ, ιq corresponding to a another infinity type ιñ with

respect to an induced representation. Therefore, for this CM-type we have ς P GalpQ{Qq for

which there is a permutation πñ,ιpςq of S8. The signature of this permutation is given by

εñ,ιpςq :“ sgnpπñ,ιpςqq.

The details of the construction of these permutations can be referred to from section 6.3.2

of [5].

We state the main theorem on L-values now, which is a variation in Harder’s result.

Theorem 8.1. (Theorem 19, Section 6.3.3, [5]) Let F be a totally imaginary field and E, a

number field, is a Galois extension of Q which has a copy of F inside it. Consider an infinity

type n “ Στ :FÑEpnττq P ZrHompF,Eqs which satisfy the purity condition in Lemma 7.3 and

purity weight w. Let χ be an algebraic Hecke character of F with values in E with infinity

type n. For an embedding ι : E Ñ C let ιχ be a character as defined in Proposition 7.6.

Assume the condition ´ℓ ď w ď ´4 ` ℓ from Lemma 8.2.
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Therefore, ℓ ě 2 and n is the base change to F from the infinity type of a maximal CM

subfield of F . Suppose m,m ` 1 P CritpLps, χqq then,

|δF |Q|
1{2 Lpm,ι χq

Lpm ` 1,ι χq
P ιpEq (8.10)

and also, for every ς P GalpQ{Qq we have the reciprocity law as:

ςp|δF |Q|
1{2 Lpm,ι χq

Lpm ` 1,ι χq
q “ εn,ιpςq.εñ,ιpςq.|δF |Q|

1{2 Lpm,ι˝ς χq

Lpm ` 1,ι˝ς χq
(8.11)

When we have a CM field F from 7.2 we have that ς ˝ c ˝ τ “ c ˝ ς ˝ τ for ς, c P GalpQ{Qq

and τ : F Ñ E. Thus here we get the permutations πñ,ιpςq “ πn,ιpςq to be equal which in

turn gives us that εñ,ιpςq “ εn,ιpςq. Particularly, (8.10) is not different from (8.3) as even

if we get cpΦpn, ς ˝ ιqq “ ςpcpΦpn, ιqqq, the permutations can be different with εñ,ιpςq, εn,ιpςq

non-trivial.

The article [5] involves vast details about the arithmetic properties of such L-functions

and their special values - one can refer to [5] for studying these functions. The idèle class

group characters are also an interesting study and the article [9] deals with the same.
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