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Abstract

The main goal of this expository thesis is to study the L?-technique of Hormander estimates.
Beginning with some elementary considerations such as Poincaré’s theorem, domains of

holomorphy and the Hartogs theorem, we deal with two interesting applications:

o An elegant solution of the celebrated Levi problem

e Holomorphic extensions in the sense of Ohsawa-Takegoshi

We conclude the thesis by discussing the corresponding analogue of the Hormander’s estimate

on compact Kéahler manifolds.
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Introduction

Complex analytically i.e, upto biholomorphic equivalence it turns out there is only one topo-
logically simple model domain in C - the unit disc D. In the several variable scenario, there
are many model domains in C”. Unlike one dimension, some domains are more natural than
others; these are called domains of holomorphy. Therefore, we begin with the characterization

of these domains using the concept of holomorphic convexity.

‘ Transition to higher dimensions ‘ 0
[D) =
m(D) = {0} —

Only one ‘topologically simple’ = {0}
model domain in C

Absence of a Riemann mapping theorem
leading to more analytical rigidity
in C" for n > 2

Figure 1: Moving into several dimensions

We show that two of the most basic model domains in C": the unit ball and polydisc are
biholomorphically inequivalent. We give a proof of this result which is usually attributed to
Poincaré. Motivated by this fact we then pursue the study of domains in C" further.

The Kugelsatz due to Friedrich Hartogs which deals with extension across compact holes
is then dealt with, embarking upon how single variable complex analysis is restrictive (in
a sense) than the several variable situation. The proof of the Hartogs’s extension theorem
is done using the 0-problem which is essentially a computation of compactly supported
Dolbeault cohomology. Non-examples of domains of holomorphy are easily generated using
Hartogs’s result.

The O-problem is a very central one in the field of several complex variables. When one

works with plurisubharmonically weighted Lebesgue spaces, one obtains L? estimates for the



solutions to this inhomogeneous Cauchy problem. We first do it in C and then do it in C™.
As an application, the Hormander estimate for pseudoconvex domains in C" leads to an
elegant solution of the Levi problem for domains in C", which answers the question: Which
domains in C" are exactly the domains of holomorphy? The extension theorem due to
Ohsawa-Takegoshi is then deduced directly from the Hormander estimate.

We finally geometrize the stage to a special class of manifolds called ‘Kahler’ manifolds and

prove the Hormander’s estimate.



Chapter 1

Preliminaries

1.1 Basics of several complex variables

Any of the following equivalent definitions can be fixed as one for formalizing the notion of
holomorphicity in higher dimensions (see [3, Chapter-1]).
Proposition 1.1.1 (OscooD’S THEOREM). The following notions of holomorphicity for a

function f : U — C on a domain U C C" are equivalent:
1. f is holomorphic along every ‘complex’ axial direction i.e, ¢ — f(zo + Ce;) is
holomorphic for every j =1,--- ,n.

2. f can be expressed locally as a convergent multi-variable power series Zuzo a,(z—

zo)" around every point zg € U.

3. f is complex differentiable at every point zy € U i.e,
f(z) = f(20) + T(z — 20) + o(||z — 2ol|)

for some 17" € L(C", C).

The set of holomorphic functions on a domain U C C™ will be denoted by O(U).
Definition 1.1.1 (BIHOLOMORPHIC AUTOMORPHISM GROUP). For a bounded domain
U C C", the set of all self biholomorphic maps ¢ : U — U forms a group under composition
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which we denote by (Aut®(U),0) . When endowed with the compact-open topology, it is
a topological group and this structure will be called the btholomorphic automorphism

group.

The topology of locally uniform convergence is actually locally compact and Hausdorff. In

fact, Cartan proved that Aut®(U) carries the structure of a Lie group (see [11, Chapter-9]).

The interesting object of our thesis study is a domain of holomorphy which is formalized by
the following notion (see [3, Chapter-2]):

Definition 1.1.2. (SINGULAR FUNCTION) A function f € O(U) on a domain U C C", is
said to be completely singular at z, € OU if for every domain V = V(zy) C C" and given
a connected component C' of V N U such that zy € 9C, there is no g € O(V) for which
gle = fle-

Figure 1.1: Ilustrating the definition of singular functions

The crux of the above definition is essentially contained in the idea that we don’t want f to
be extendible through zg even as a multi-valued function, hence qualifies to be completely
singular.

Definition 1.1.3 (DOMAIN OF HOLOMORPHY). Consider a domain U C C".

o U is said to be a weak domain of holomorphy if for every zq € OU there is a

f € O(U) which is completely singular at z.

o U is said to be a domain of holomorphy if there is a f € O(U) which is completely
singular on all of OU.



1.2 Plurisubharmonic functions

The generalization of subharmonic functions in (complex) dimension 1 to several dimensions
are called plurisubharmonic functions. They are important in the study of function theory of
several complex variables.

Definition 1.2.1 (PLURISUBHARMONIC FUNCTION). Given U C C" a domain, an upper
semicontinuous function u : U — [—00,00) is said to be plurisubharmonic if for every

tangent vector (a;&) € T,U, the mapping:
Uae = U(a, &) — [—00, 00),

¢ —ua+(§)

is subharmonic, where U (a, £) is the connected component of the openset {( € C: a+(& € U}

containing the origin.

For smooth functions, plurisubharmonicity is detected easily with the help of the Levi form.
Definition 1.2.2 (THE LEVI FORM). For a ¢ function u : U — R, the Levi form is defined

as:

Lev,(¢;w) := Z 82 62 ) wrws,

7‘8—

for ( € U and w € C".

A %¢? function v : U — R is plurisubharmonic if and only Lev,(¢;w) > 0 for ¢ € U and
w € C" (see [3, Chapter-2]). Using the Levi form, we can get a stronger notion:

Definition 1.2.3 (STRICTLY PLURISUBHARMONIC FUNCTION). A % function u: U — R
is said to be strictly plurisubharmonic if Lev,({;w) > 0 for ¢ € U and w € C" \ {0}.
The collection of all strictly plurisubharmonic functions defined on U will be denoted by

PSTH-o(U).

An analogue of the characterization of PSH functions in terms of the Levi form holds for
non-smooth functions as well in terms of currents [6, Chapter-3].

Proposition 1.2.1 (CHARACTERIZATION OF PSH FUNCTIONS). For an upper semicontinu-
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ous function u : U — [—00,00), the (1,1) current
dou = T; 8zr azs dz, A dz,,

is a positive current i.e, 0u(v)) := d0u A b > 0 for every non-negative (i.e, coefficients are
non-negative functions) 1 € Q(" LU if and only u € PSH(U).
Proposition 1.2.2. (PROPERTIES OF P8H FUNCTIONS)

1. (PoSITIVE CONE) - If uy,us € PSH(U), then uy + us € PSH(U). For ¢ > 0, cu €
PSH(U) if u € PSH(U).

2. (MAXIMUM PRINCIPLE) - If uw € PSH(U) is not identically constant on U, then u does

not attain its global maximum at any point in U. Further, if U is bounded, then

u(z) < sup { lim u(z')} ¥ zel.

¢edu Usz'—(¢

3. (CLOSED UNDER UPPER ENVELOPES) - If F C PSH(U) is a non-empty family which is
locally bounded above, then the upper envelope (sup F)* € PSH(U). Here the upper

regularization u* of a function v : U — R is defined as:

u*(2) = fim u(¢) = limsup{u(¢) | ¢ € U.|¢ — 2| < =},

(—z

4. (NO ISOLATED SINGULARITES) - Every u € PSH(U \ {z¢}), which is locally bounded

near zo € U can be extended uniquely across zg.

5. (SEPARATION) - For every open set U’ C U containing the PSH hull defined by:

IA(?SJ{(U) = ﬂ {Z ceU : p(z) < SUPP}>
PEPSH(U) K

there exists an smooth, exhaustive, strictly plurisubharmonic function u € PSH(U)
such that «u <0 on K and u > 1on U\ U".

6. (SMOOTH APPROXIMATION) - For every u € PSH(U), there exists a mollified family,
{tc}eso C € (U,R) N PSH(U), which decrease pointwise to u as € decreases to 0.
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For a proof see [1, Chapter-1] and [5, Chapter-3].

1.3 The 0 operator

The O operator is a well studied operator by complex analysts. We will need the following

regularity result in our study.

1.3.1 A regularity theorem

Let s > 0 be an integer and p,q € NU{0}. The Sobolev space W, (U, loc) is defined as the

vector space of (p,q) forms defined on a domain U C C" satisfying:

a(V’U,)fJ,K

J K .
> foac d2? AdZR U = C | — -2

[JK]:|J|=p,|K|=q

€ leoc,(C(U) v ‘(V7 V,)’ S S

Theorem 1.3.1. Let U C C" be a pseudoconver domain (no boundedness or smoothness of

OU is assumed). Let s € NgU {0} , p,q € Ng , and let f € Wfp’qﬂ)(U, loc) satisfy Of =0

weakly. Then the canonical solution u to Ou = f satisfies lies in u € Wé:’;)(U, loc):

oW (U, loc)) = {’U € Wf;;)(U, loc) : Qv = 0} :

(p,g+1

As a corollary we obtain:
Corollary 1.3.1.1. If U C C" is pseudoconvex and f € €7 ., (U, C) such that of =0,
then there is a u € €’ ., (U, C) satisfying ou=f.

For a proof see [7, Chapter-4] or [5, Chapter-5] .

1.3.2 Dolbeault cohomology with compact support

Dolbeault cohomology is no exception to the fact that cohomology measures the extent of

obstruction by showing the failure of exactness of the concerned complex.
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Definition 1.3.1 (0 COHOMOLOGY WITH COMPACT SUPPORT). The compactly supported

Dolbeault cohomology spaces are defined as:

ker(0 : i (C") = CX (C™,C))

Hﬁp,q) (Cn> — _ ¢,(p,g+1) _
Oy im(9: €%, , 1) (C",C) = €%, ,(C",C))

for every p,q € NU {0}.

In essence, compactly supported Dolbeault cohomology captures the cohomological infor-
mation as if the ambient space were compact, by working only with compactly supported

differential forms.

1.4 Boundary notions

This section collects the prerequisite boundary notions for defining Levi pseudoconvexity
(see [7, Chapter-3]).
Definition 1.4.1 (BOUNDARY FUNCTIONS). Let U C C™ be a domain. On an open
neighbourhood U" = U’(zg) of zg € OU, a function p € €*(U’,R) such that:

i) UNU={zeU :p0(z) <0},

(ii) do(z) #0Vze U’

is called a (local) boundary defining function.

Figure 1.2: Depicting a boundary defining function

The following space will play a key role in determining the (holomorphic) boundary convexity
of domains paralleling that of affine convexity.
Definition 1.4.2 (COMPLEX TANGENT SPACE). The subspace

THO(OU) = T, (OU) N Jen (T (OV)),

8



is called the complex tangent space of the boundary at z.

It is easily seen that T5a” (OU) = kerc 0o(zo) for any choice of a boundary defining function,

therefore it has a natural complex structure of (complex) co-dimension 1.

When these vectors are fed into the Levi form of a boundary defining function, it leads to
detections of a type of complex convexity defined in Chapter 6.

Definition 1.4.3 (ANALYTIC DISCS AND THE CONTINUITY PRINCIPLE). Consider a domain
Ucc

(i) An analytic disc in U is a continuous map d : D — U which is holomorphic in the

interior D.

(ii) U is said to obey the continuity principle if for every family {d,}.c4 of analytic
discs in U, whose union of images of the boundary 0D is relatively compact in U i.e,
U d,(9D) € U, we also have U d,(D) € U.
acA acA

As the diagram below suggests, it is quite plausible that analytic discs can detect complex

analytic notions of convexity. In particular, it respects biholomorphic equivalence.

Figure 1.3: Analytic discs can detect complex analytic convexity

The analytic discs {dgl) :D — Uy }aea and {dg) D — Uy }tuea are denoted by line segments
with their boundaries as the end points within the biholomorphically equivalent domains Uy

and U, respectively.



1.5 Complex differential geometry

In this section, we give the basic definitions in complex differential geometry (see [10,
Chapters-1,3,7,8]) required to discuss the Hormander’s estimate over complex manifolds.
Definition 1.5.1 (COMPLEX MANIFOLD). A n-dimensional complex manifold is a triple
(X, Tx, {(Us, ©ua) }aca) consisting of a second countable, Hausdorff topological space (X, Tx)
equipped with a family of holomorphic charts ¢, : UQOIEHX — Vaor%n(C” i.e, the transition

functions (chart changing maps) are all biholomorphisms between open subsets of C" for

some n € N.

When the canonical complex structure J : T'X — T'X respects a Riemannian metric, we
obtain a Hermitian manifold.
Definition 1.5.2 (HERMITIAN NOTIONS).

(i) (HERMITIAN METRIC) - A Hermitian metric on a complex manifold X is a Riem-

manian metric g which is J invariant i.e, J*g = g.

(ii) (FUNDAMENTAL 2-FORM) - The 2-form w(-,-) := g(J-,-) is called the fundamental
2-form of g.

(iii) (HERMITIAN MANIFOLD) - A complex manifold with a Hermitian metric is called a

Hermitian manifold and will be denoted as (X, w).

(iv) (HERMITIAN FIBER-METRIC) - A Hermitian fiber-metric on a complex vector bundle
E — X is a section (-,-) € I'(EY ® EV) which restricts to a Hermitian inner product on

every fiber E, for p € X. Such a bundle is called a Hermitian vector bundle.

An easy way to obtain an interesting class of complex manifolds is to put a symplectic
condition on the fundamental 2-form.
Definition 1.5.3 (KAHLER MANIFOLD). A Hermitian manifold (X, w) is said to be Kdhler

if w is d-closed.

We shall need the class of holomorphic vector bundles which are complex vector bundles
where the local trivialisations are obtained through holomorphic maps.

Definition 1.5.4 (HOLOMORPHIC VECTOR BUNDLE). A holomorphic vector bundle
(E, 7, X) of rank k consists of:

10



(i) complex manifolds E (the total space) and X (the base space)
(i) a surjective holomorphic map 7 : £ — X

iii) a C-vector space structure on F, := 7 1(p) for all p € X
p

such that there is an open cover {U,}aca of X and a collection of (local) biholomorphisms

{®4}aca called local trivialisations satisfying:

7Y (Uy) q;” » U, x C"
“wlh A‘
Ua

Figure 1.4: Local trivialisations

and @, |g, € Home(E,, {¢} x CF) for every ¢ € 77*(U,) and a € A .

Proposition 1.5.1 (THE 0 OPERATOR FOR BUNDLE VALUED SECTIONS). Suppose E — X is
a holomorphic vector bundle over a complex manifold X. There is a family of & operators
{51;: OPI(X; E) — QPat(X; E)}p,qug satisfying the following properties:

(i) For o0 € Q"°(X; E), Ogo = 0 if and only if o is a holomorphic section.
(ii) For a € QP4(X) and B € Q7 (X; E),

Op(aAB)=0a A B+ (=1)P"a A dgpB.

(ili) Opodp=0.

When we have additional structures, like a Hermitian metric, we can single out a particular
connection amongst the affine space of connections on X with some compatibilities called
the Chern connection.

Definition 1.5.5 (FUNDAMENTAL THEOREM OF HERMITIAN HOLOMORPHIC GEOMETRY).
On every Hermitian holomorphic vector bundle, there is a unique connection, called the

Chern connection, that is compatible with:

11



(i) the metric structure - Z(oy,09) = (Vz01,09) + (01, Vz09) for every Z € X¢(X)
and 01,09 € I'(E).

(ii) the holomorphic structure - VI = 9, .

< S
We denote the Chern connection by an distinguished overarched left-right arrow V | with

the arrow <= by emphasizing that the connection has two compatibility features engrained
into it.

Definition 1.5.6 (THE CURVATURE OPERATOR). For a complex vector bundle £ — X with
a connection V, the curvature operator © is defined as the map:

O : T(TeX) x T(TeX) x T(E) — D(E)

(Zl, ZQ,O’) — ®(Z1,Z2)U = VZ1VZ20' — VZQVZ1U — V[Zl,ZQ]U~

12



Chapter 2

Domains in C"

The unit ball and polydisc are biholomorphically inequivalent in dimensions > 2. This result
is usually attributed to Poincaré. This shows that in higher dimensions there are a lot of
model domains leading to a rich holomorphic geometry and function theory which can take

up a very non-trivial character in contrast to one dimension.

2.1 Poincaré’s theorem

In this section, we show the inequivalence using Cartan’s results (see [14, Chapter-2]).
Definition 2.1.1 (CIRCULAR DOMAIN). A domain U C C" is said to be circular if S' ~ U
i.e, ¢z € U whenever z € U and § € R .

The following two results due to Cartan are referred to as the Cartan’s uniqueness theorem(s)
or lemmaf(s).

Theorem 2.1.1. Suppose U C C" is a bounded domain, and ¥ : U — U a holomorphic map
such that there exists a zg € U, F(zo) = 2o and DcF(z¢) = id. Then F(z) =z for allz € U.

PROOF. W.L.O.G, assume zg = 0. Since U is open and bounded, there exists r1, 7y € (0, 00)

(r1 small and ry large) such that

B, (r) CU C B,(rs)

13



For ||z||2 < r1, F has a homogeneous expansion

F(z) =z+ Z Qs(z)

in which each Q4 : C" — C" has components that are homogeneous polynomials of degree s.

Since the domain and codomain of F are the same, it allows us to consider F*) be the k-th
iterate of F defined by
F* .—Fo...0F
—_——
k times
In our notation, Qy = 0 and Q; = id and let m > 2 be such that Qo =0 for 2 < s <m — 1.

Then F® has the homogeneous expansion
F(k)(z) =z +kQu(z)+---

in B,,(r1), as is easily proved by induction on k. The homogeneity of the maps Q, implies
that Lo
kQun(z) = —/ F® (&%) e~ ™0 dp

2m f_.

as a C"-valued integral for ||z||y < r;. Since F*) maps U into U, we have |[F®) (e?z)| < 7,
for all z € B,,(r1) and for all § € R. Thus

k1Qm(2)| <y

for k € N and all z € B,(r;). Hence Q,, = 0 (by the identity theorem) and by induction
we have it for all m € N. Thus, F(z) = z for all z € B, (r;). Since U is connected, by the

identity theorem we have that:

O
Theorem 2.1.2. Let Uy and Uy be circular domains in C™, where Uy is bounded and both
contain the origin. Let F be a biholomorphic map of Uy onto Uy, with F(0) = 0. Then F is a

linear transformation.

PROOF. Let G =F~!. Fix a § € R, and define H € O(Uy, U,) as follows:
H(z) := G(e "F(e”2)) V zc U

14



Since U; and U, are circular, H(z) is well-defined, and H is a holomorphic map of U; into U
that satisfies H(0) = 0, DcH(0) = I. By Theorem [2.1.1} H(z) = z. If we apply F to this
and multiply by €, we obtain

F(cz) = ¢F(z),
for all z € Uy, and for every real #. The linear term in the homogeneous expansion of F is

therefore the only one that is different from 0. m
Theorem 2.1.3. When n > 1, there is no btholomorphic map of B,, onto the polydisc D™.

¢ € Lo(Cr,CM)
w >

on? OB,

Figure 2.1: The geometry behind the inequivalence

PROOF. Let a=F~'(0). Then we can postcompose by an automorphism ¢, of A,:

Pa 21— ay Zp — Ap
(217"'7271) ;( )

1—az’ 1—a,z,

to get F o ¢, € O(B,,A,) that preserves 0. By Theorem [2.1.2] F o ¢, is a linear bijection
which is defined on all of C", hence F(0B,,) = 0A,, (this follows from the openness of F).
But dA,, includes the real segment [—1,1] x {1} x {0} x --- x {0}. Since F~! is linear,
OB, = F~1(0A,) must contain a real segment as well, which is absurd as the boundary of an

Euclidean ball is not affine convex which is clear as otherwise the quadratic equation
>t + (1 - t)af 2 =1
j=1

will have every t € [0,1] as a root (for any two points a;,ay € dB,,) which is impossible! [

15



2.2 Holomorphic convexity

To understand domains of holomorphy we will study a form of convexity that is invariant
under biholomorphic transformations. The following sections aim to characterize these

domains using the notion of holomorphic convexity.

Let U C C" be a domain and take a subset K C U.
Definition 2.2.1. (HOLOMORPHICALLY CONVEX HULL) The subset

}A(O(U) = ﬂ {ZEU : |f(z)|§sup|f|}
feow) :

is called the holomorphically convex hull of K in U.

It is important to note that the holomorphic hull depends on the choice of the ambient
domain. The hull gets bigger with the ambient domain. Let’s illustrate this with an example
(see [15, Chapter-6]).

Example 2.2.1. Consider the unit circle T C C.

(i) Toex) =T.

. The hull ']/I\‘(/)((cx) is therefore

Consider the two holomorphic functions idex and

idex
contained in T itself (and contains it).

(ii) Tow) =D.
A holomorphic function f : C — C when restricted to f |5 attains it’s maximum

modulus on the boundary T. Therefore, D C {z € C : |f(z)| <supy f} V f € O(C).
Therefore, we have that D C ﬁ\'@(c) c D.

Proposition 2.2.1. (PROPERTIES OF HOLOMORPHICALLY CONVEX HULLS)

(i) IA(O(U) is closed in U.

—
~

(ii) (KO(U))O(U) = Kow) -
(iii) [?O(U) is bounded, if K is bounded.

16



Definition 2.2.2. (HOLOMORPHIC CONVEXITY) A domain U C C" is said to be holomor-
phically convex if for every subset K € U it is implied that I/(\'O(U) eU.

The first important feature of holomorphic convexity is it’s biholomorphic invariance.
Theorem 2.2.1. (BIHOLOMORPHISM INVARIANCE OF HOLOMORPHIC CONVEXITY )
If two domains Uy, Uy C C™ are biholomorphically equivalent, then Uy is holomorphically

convex if and only Uy 1is.

PROOF. Consider a biholomorphism ¢ : U; — U,. Clearly this induces an isomorphism of
C-algebras (¢~ 1)* : O(U;) =2 O(Us). Suppose that K € Us, we now have to show IA(O(UQ) € Us.
From the definition we get that

Kowy:= [) {z€Us : 7@ < sup )
feo(Us)

= ﬂ {zeU, : |(¢ ") f(z)| <sup(p ') f}

(p=1)*fe0(U2)

= () e{zel : |f(z)| < sup f})

FeOUn) P H(K)

= @([?@(Ulﬂ S UQ.

2.3 Examples of holomorphically convex domains

In this section, we provide examples of holomorphically convex domains from [3, Chapter-2].

2.3.1 In one dimension

In one dimension, the concept of holomorphic convexity is trivial. This is because we can
always find a singular holomorphic function whose modulus shoots to infinity as we approach
some part of the boundary of the domain.

Proposition 2.3.1. Every domain in C is holomorphically convex.
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PROOF. Consider a domain U C C a subset K € U (in particular it is bounded). We need
to show that [/(\'@(U) is relatively compact in U. It is enough to show that the closure of the

hull K, o) in C is contained in U as since the hull is bounded, it is enough to show it is closed

—C
as a subset of C. Suppose it is not closed; then there is a point zy € Ko@) \ U. Clearly,
2y € 81?@((]) N OU and therefore can be approximated by a sequence z; € I?O(U) converging
to zo. By the definition of the hull, for every f € O(U)

| f(25)] < sup|f] <sup|f| < oo
K K

for all j =1,2,---. The holomorphic function f: z — clearly is unbounded near z

zZ— 20
and violates the above deduction. O

2.3.2 In higher dimensions

Holomorphic convexity is a weaker notion of convexity compared to affine convexity for
domains in C".

Proposition 2.3.2. Every affine convex domain in C" is holomorphically convex.

PROOF. We will show that IA(O(U) c K ®2nyv which readily implies that the proposition.
Take a point zg € U \ K (r2nyv. By definition, there exists a R-linear functional ¢ : R - R
such that ¢(zg) > supy ¢. Now consider the R-linear map,

Re(.) : Home(C", C) — Homg(R*", R).

It is easily checked to be injective and hence by the rank-nullity theorem, a linear isomorphism.

Therefore, there exists a a € C" such that
o(z) = Re((z,a)) V z € C".

Define f € O(U) as:
[z @,

One easily obtains, |e{%0:®)| > SUDcex |e{¢®)| | therefore, zg € U \ IA(O(U). O
The affine convex hull &, @2nyv can be described with the aid of holomorphic functions as

18



follows:

IA((R%)V ={ze€C":Re(z,a) <supRe((,a), VacC"}
¢ek

= {zeC": Y| <sup eS|, VaecC"}.
CeK

Therefore, K (r2nyv is described with the aid of the special family of entire functions
{f:zme»Y aecC}.

If one uses the full class of holomorphic functions, one obtains the holomorphic hull providing

us with a biholomorphically invariant notion of convexity!

2.4 Characterization of domains of holomorphy

Holomorphic convexiy gains it’s importance by allowing for a characterization of the domains
of holomorphy via the Cartan-Thullen theorem.

Theorem 2.4.1. The following statements are all equivalent:
1. U is a weak domain of holomorphy.

2. U s a holomorphically convex domain.

3. For every infinite subset D C U without an accumulation point in U, there exists a
f € OU) which blows up on D i.e, sup |f| = oo.
D

4. U is a domain of holomorphy.

PROOF.
O=—=©®

1.0
® ®

Figure 2.2: A connected digraph illustration
(D) = (@) The implication follows straightforwardly from the following theorem.
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Theorem 2.4.2. (CARTAN-THULLEN THEOREM )
For a weak domain of holomorphy U, we have for every K € U :

d(K,0U) = d(Kow), dU),

where d is the distance in the component wise max. metric. Therefore G is holomorphically
convet.

@B

(2) = (3) The following lemmas about normal exhaustions (see [3, Chapter-2]) will be used;
By a normal exhaustion of a domain U C C", we mean a sequence {K,},cn of compact
subsets of U such that:

o K, € (K,41)°, for every v € N.

o |JK,=U.

veN

Lemma 2.4.1. For a holomorphically convex domain U C C", there exists a normal
exhaustion {K,},ey with @O(U) =K, forallv e N.

Lemma 2.4.2. Let {K,},eny be a normal exhaustion of U with (/KT)O(U) = K, for all
v € N. Let {n(u)},en a monotonically increasing sequence in N indexing a sequence of points
{2} pen such that 2z, € K41 — Ky V 1o € N . Then there exists a f € O(U) such that

Jim |f(2,)] = oo.

Now let’s show the implication in steps:

—

° Let {K,}oen be a normal exhaustion with (K,)y ) = K, for all v.

e We construct a sequence on which f is unbounded by induction; let z; € D — K7 # @&
and (1) :==min{r e N: z; € K, 1 }.

® Proceeding inductively, let’s say we have constructed 21, ..., 2,1 along with the indices
n(1),...n(u — 1) such that 2, € Kyuy41 — Ky for v =1,..., 4 — 1. At this inductive
step, we choose z, € D — K, (,—1)+1 and n(p) :=min{r e N: z, € K, 1}

o By the above lemmas [2.4.1| and [2.4.2] we get a f € O(U) such that

sup |f(2)| > sup|f(z,)| = oo as required.
z€D ,LLEN

@<=B
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o For a sequence {z,},en in I?O(U), by definition of the hull, we have
sup, ey | f(20)| < supg | f| < oo for all f € O(U).

o By the forward implication shown just above, {z,},en clusters in U .

e Since the hull is closed in U, the cluster point is in the hull itself, }?@(U) is sequentially

compact and hence we are done.

@=®

Figure 2.3: Picturing the contradiction

o Considering the sequences {z,},en and {K, )} .en given by the above consideration,
we have a f € O(U) such that lim |f(z,)| = oo.
U—>00

® Suppose U is not a domain of holomorphy, then for every f € O(U) we have some
zp € OU, a neighbourhood V = V(z,) and fe O(V) such that ﬂc = fl¢ for some
connected component C C VNU.

o Now we consider V/ = V’(z;) € V and the connected component C' C C of V' NU.

@ This means:
sup | f| = sup [f| < sup|f] < oo
o o’ 7]

which contradicts the fact that there are infinitely many members of {2,},en in C” and

Jim |f(2,)] = oo.

(4) = (D) Follows trivially from the definitions.
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2.5 Hartogs’s extension theorem

In this section, we have elaborated upon the presentation of Hartogs’s extension theorem as
in [8, Chapter-4].

2.5.1 The O-problem

The O-problem plays the role of a corrector problem in this context of Cauchy-Riemann
system of PDEs. We only need to work with compactly supported smooth differential forms
for our purposes.

Theorem 2.5.1. Letn > 1. For every f € ‘55?071)(@”,@) such that Of =0 i.e, fi,..., fn

satisfy the compatibility conditions,

o, O

=—— Vi3k=1,...
aZTk az—‘] j? Y 7n

we have a unique u € €°(C", C) solving:

given by:

1 fez1, oGty 2n) -
. = — 2.2
U(Zl, 9 Zn) 2 // C dC A dC? ( )
C
where k =1,...,n and fy’s are such that f;, € €.(C",C) and:

f=hda+ ...+ f.dz,.

PROOF.

Existence: The main supporting ingredient will be the Cauchy-Pompieu formula.

STEP-1: We show that the following u (for any k& = 1,...,n) solves the inhomogeneous
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Cauchy problem.

u<217' . / fk Zla"'7 P 7Zn) dC/\dC_
2m

L e O 2 20) _
—Qm-// 7 d¢ A dC
C

The last step was performed to avoid the singularity while differentiating w.r.t zy.

STEP-2: Take R > 0 large enough such that fi(z1,...,2,) = 0 when atleast one z; > R. Use

Cauchy-Pompieu formula on the z; variable to get:

afj(,z C+z Zn)
1y« k,...7 n
Filzry oo 2n) = / el Govn) gy 1 [ 05 d¢ A dC

¢ — 2z 211 ¢
I<I=R ICI<R

d¢ AdC.

0
/ afi (21,0 CF Zky e ooy 20)
" omi ¢

ICI<R

STEP-3: We compute the partial derivative — (note the use of the compatibility conditions):
Zh

ou szl,..., ey Zn) _
L. 2) 27”82]/ dC A dC

0z; — Zk

8
fk (z1, o s C4 Zky ooy 20)

- // 9% dc A dC

0
/8]2 21, .. (—i—zk,...,zn)
T omi

= fj(Zl, Ce ,Zn).

We will now justify that the order of differentiation and integration could be switched
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legitimately in the first step. We apply the dominated convergence theorem on the sequence,

fk(Z —+ Qek —+ 7 hmek) — fk(Z + Cek)

Im(C) = i Chm )

where R 3 h,, = 0 as m — oo.

)

|9m(Q)] < SUPI ¢! Oz, fr(z + Cey + i hey)| < iC

helo,1]

which is integrable because, d¢ A d( is really just the area form (with a constant coefficient)
the integration could be carried out with substitution with respect to the polar coordinates,

i.e, ¢ + re’ owing to the radial symmetry of the disc yielding:

// | }%,ﬂirde

[0,6)x[0,27
which is integrable. Therefore, because of compact support, the integral on {|(| > €} is zero
and we have the integrability as desired.

Uniqueness: The compactly supported solution is unique: if u; and uy are solutions, then

8(u1—u2):f—f:O

and so u; — uy € O.(C™) = {0}, since the only compactly supported entire function is 0,

thereby giving us uniqueness. O]

Now that we know that there is a unique compactly supported solution of the d-problem, it
is fair to ask for a description of the support of the solution. This plays a crucial role in the
proof of Hartogs’s Kugelsatz.

Proposition 2.5.1. For the 0-problem

if Uj_jsupp(f;) € C € C", where C is compact (n > 2), then u is supported in the

complement of the unbounded component of C™ \ C.

PROOF. Decomposition into connected components yields C*\ C' = U; UUy U ---. Now

since C' is bounded (as it is compact), there exists R > 0 large enough such that C' C B,,(0, R).
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This means that the connected open set C" \ B,,(0, R) C C"\ C is contained in a unique
component amongst the family {Uy }ren which we call U; (without loss of generality) since it

is a connected component of C" \ C. Now, rest all components are bounded because

BL(0,7)\C = (C"\ O)\ (C"\ B,(0, ) = U U U+

Since U?_;supp(f;) C C € C", we have that Ou =0 on C"\ C, in particular on it’s subset
U;. This means that u is holomorphic away from the support i.e, u € O(U;). Consider the

integral representation given in the above theorem:

1 felzr, oo Gty 2n) _
u(zl,...,zn)—Q—m_// c d¢ A dc.
c

Since U; is unbounded, it contains a neighbourhood far away such that:
21| > RV V]z,| > R = u(z,...,2,) = 0.

Therefore, u|y, = 0 implying that supp(u) € C™ \ U; which in expansive terms is the

complement of the unbounded component of C" \ C.

Therefore, we have

2.5.2 An application-The Hartogs’s phenomena

Theorem 2.5.2. (HARTOGS’S KUGELSATZ)

Given a domain U C C™ and a compact subset K €@ U such that K does not separate the
domain i.e, U\ K is connected, every holomorphic function f € O(U \ K) extends uniquely
to a ]76 O(U) i.e, ﬂU\K = f. In algebraic language, we have:

res | OU) = O(U \ K)
1s an tsomorphism of C-algebras.
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Figure 2.4: The diagrammatic setup of Hartogs’s Kugelsatz

PROOF.
STEP-1: The idea is to extend the function in a seemingly arbitrary fashion and correct it by
the solution of an appropriate O-problem associated with our choice of extension. This will

be achieved in the following steps.

STEP-2: In our present context, Proposition shows that if supp(fidz;+. ..+ fndz,) C C
and C" \ C' is connected, then the supp(u) C C .

STEP-3: Take a cut-off function ¢ € ¢°°(C", R) such that there are open sets V',V such
that
KcVeveU

and the restrictions

elv=1,0lcny =0
ensuring that ¢ vanishes on the boundary 0U.
STEP-4: Consider the ‘p-based’ extension f, € €>°(U, C) defined as follows:

(1—¢)f onU\K,

o
? 0 on V'

which is easily checked to be well-defined.

STEP-5: Define f1, ..., f, as follows:

a—Jj@ onU\ K,
fj: az] \V/jzl,,n
0 on V'

It is easily checked that the f;’s are well-defined and f; € €>°(C", C).
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STEP-6: Consider the 0-problem
Ou = fidz + ...+ fodz,.

Using theorem [2.5.1} we know that there exists a solution u € %2, ,,(C",C) such that
supp(u) C V\ V' € U from STEP-2. Using this, define f := f» — u|y which will be shown to

be the desired extension subsequently.
STEP-7: f € O(U) because:
5f: 5(f<p - u)
= df, — du
= 05 fp dzi — frdz,
k=1

= 0.

STEP-8: Now near OU ic, on U\V, f = (1 —¢)f —u = f as @l = 0 and u = 0 on

supp(u)® O (V\ V')¢ > U\ V. Therefore, f and f agree on the open set U\ V C U\ K.
Invoking the Identity theorem (since U \ K is connected), we get

ﬂU\K =f

which means that fis the unique extension of f to whole of U.

Therefore, the map res|p\x : O(U) = O(U \ K) is surjective, hence bijective by the identity

theorem. O

Hartogs’s theorem strengthens the fact that zero sets of polynomials i.e, elements of
Clz1,- -+, 2zy) in C™ are never bounded (equivalently compact) and provides non-examples of
domains of holomorphy.

Corollary 2.5.2.1. Consider n > 2.

(i) For any f € O(U) for a domain U C C", the zero set Zy(f) is never compact and f
does not possess any isolated singularities.
(ii) Spherical shells defined by {z € C" : a < ||z|]» < b} for any positive a,b are not

domains of holomorphy.
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Chapter 3

Hormander estimates

In this chapter, we introduce the Hérmander’s method for d-problem in weighted L?-spaces.

We first do it in one dimension for a strictly PSH weight and later generalize it to higher

dimensions with the regularity assumption removed following [1, Chapter-7] and [7,

Chapter-4].

3.1 The one dimensional warm-up: On domains of C

Theorem 3.1.1. Let U C C be an open subset and ¢ be a € strictly subharmonic function.

Then for every f € L%OJ)’C(U, e %) satisfying:

FOF s
e dAg2(¢) < oo,
/cjeU ©-2(C) e
there exists a unique u € LE(U,e%) solving:
ou=f

in the sense of distributions, with the L* estimate,

2

2 _ 2 _—¢p |f| —p

U oy = ul“e < —e 7.
H HL%(U,e ?) /l;| ’ N /[; Pzz

29
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Note that there is a slight harmless abuse of notation ; f is both seen as (0, 1) form and the

function appearing when the form is written as f dz.

PROOF. By Hahn-Banach extension theorem, we have the following lifting:

LE(U,e7?)

RN

5;(‘50"0(& C) ——C

We will derive the result from two lemmas:

STEP-1: The following lemma contains the crux of the result in terms of a necessary and
sufficient condition.
Lemma 3.1.1. Let f € L (U ,e %) where ¢ € €(U,C). Given C' > 0, we have that
Ju € LA(U,e %) solving Qu = f with a bound on the L?-norm given by ||u||ié(U7e,¢) <Cif
and only if

[(fs B) L2ve—y| < V- 038 2 w,e—+)

PROOF. We will prove the neccesity and sufficiency as follows:

Necessary:

Given such a solution u, use Cauchy-Schwarz inequality to get:

(f, B) awe—)| = |lorw)(Ou, B) 2w,

A

> ||U||L%(U,ew) ||5;B||L%(U,ew)

<VC- \|5;5HL%(U7e—w)-
Here we interpreted Ou € 2'(U) as the functional:
(5.90): = [ wo(se )
U
= / 65;6 e ¥
U

= <5$57 u)L%(U,e—‘P)-
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Sufficient: Consider the functional F' defined by:

F: 35(6°(U,C)) — C

5;5 — (B, f>L<2C(U,e—¢)-

The norm of F' is:

(F(035), F(058))
||F||ga(5;(<€go(U,C)))=Sulg _ @_ 1 £
P70 (058, 95)

LZ(U,e=9%)
/ fBes
= sup v

B£0 _ 3
(o)
U

<VC.

Therefore, by Hahn-Banach extension theorem, we can extend F' to the whole of L(U,e™¥)

without increasing the norm. Now, we have by Riesz representation theorem an u € L4(U, e™%)
such that

F(a) = (a, U>L%(U,ew)
for all « € LZ(U,e™%). Now,

F@ -

(B, f>L(%(U,e—50) (8, 5“»

Therefore, Ou = f as distributions. The L*-estimate follows from:

[{u, w) 2 ey lc = [F(u)lc

< NFllarzweey - vl rzwee
< \/EHUHLg(U,e—v)-

STEP-2: We will require the following identity to complete the proof.
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Lemma 3.1.2. For all 8 € €>°(U,C) and ¢ € €*(U,R), we have that:
[ 1zse = [ (082 + purloPre >
U U

PROOF. Observe that the LHS is <5:,ﬁ, 5$B>L%(U,e—¢) which by the

definition of the adjoint becomes (55);6, B) L2(Ue¥) - Now let’s calculate 5:75- By definition,
we have for all o € €>°(U, C):

< 5 a>L2(Ue ey = (8, aa>L2(Ue )

/8@56¢

oa B e®

R2

_ // 0@ %) — a(0B — BOp) ¢ )

[-R,R]x[-R,R]

—— [ atos - pog) e
= (—0B + By, Oé)Lg(U,ew),

where R > 0 is big enough to contain the supports of the functions involved. Since it is true
for all « € €>°(U, C), one gets

58 = —08 + 0.

Therefore, one straightforwardly solves to get

0058 = (=08 + B D)
= —0083 + 0BOp + 00
ﬁ—/
85(8)
= 33Dy + 05(D).

Therefore,

/|8*5|2 = (5*5 5>L2 Ue—#)

= <aa§pﬁ7 5>L%(U,e*¢)
= Bz +95(3B), B) L2 (v.e-+)
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= <675§022>L%(U,e*‘/’) + <55,55>Lg(uew)
=:/£(Mﬂﬂ24—wzzvﬂ2)e‘¢-

STEP-3: The theorem follows by an application of the Cauchy-Schwarz inequality

Ll (LG (o)

= :

%. A 012 RPN 3

B U P2z > </U(|86| +(pzz‘5| )6 W)
2 0\: NG

: ( U ’S0z|ze sa) '</U|aw6|2€ S0) ;

where we have used the Lemma [3.1.2] obtained in STEP-2. Now, the theorem follows from
the lemma [3.1.1] proved in STEP-1.

]

3.2 Done and dusted: Domains in C"

Theorem 3.2.1. (DENSE SUBSETS OF L? SPACES) For a domain U C C" and a continuous
function @ : U — R, we have:

%COO(U,(C)dC LZ(U,e %),
PROOF. Consider a normal exhaustion {K;}22, of a domain U. Since K7 A~ U, from
monotone convergence theorem, for every ¢ > 0, for large 7 > jo we have

2

/’ fPee <
U\K? 2

2
Now, there exists a n € €.°(K7,C) such that, [|f —n]|

2, S (since ¢ is
Le(K3F) SUpg, €%
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continuous on U, it is bounded on Kj). Hence we get that,

/|f—n12e@s/ If—nlze““r/ fPe
U K$ U\KS

2 e
/‘f ul supe“"—k;

< &2

Therefore, ||f — 1|2 < € for an € €2(U,C). O
Corollary 3.2.1.1. For spaces of L? integrable forms, we have that:

@2 UC) C L2 (Ue™).

dense (P:9),

PROOF. For every > fixdz! NdzF € L?
[J.K]

c(U,e7#), choose n;k’s in €°(U,C) such

(p,9),C

that

HfJ,K_nJ,KH 2(U,e~ < n\ (n
OO0

by the above proposition. Therefore,

Z/ [frx —nax|’e™® <e.

[/, K]
[l

The above result is general in nature and is not very limited to the present context. The
following results (see [7, Chapter-4]) are however contextual to the Hérmander’s estimate.
Lemma 3.2.1. (EXISTENCE OF A ¢ PERTURBATION WITH SPECIFIED PROPERTIES)
Consider a compact exhaustion {K;}52, of a domain U C C". For every sequence {n;}32, C
%> (U, [0,1]) such that suppn; C K; and n; =1 on K;_;, then we can find a ¢ € €*(U,R)
such that |On;|> < e¥ for j =1,2,---.

Lemma 3.2.2. (DENSENESS IN GRAPH NORM) Given such a 1 from lemma [3.2.1] define
w;j =@+ (j—3)¢for j =1,2,3 for any ¢ € ¢*(U,R). We have the following:

on(U,C) C Dy N Dy C Ly c(U e #)

6(00 —1) 9(0,152) dense
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in the graph norm given by:

. _
|| ’ ||g* = || a(0,0—>1)(') ||<.01 + || : ||<P2 + || a(0,1—>2)(') ||<,03’

. _
9(0,0-1):9(0,1>2)

where the norm subscripts mean:

|W&=LU%%

for j =1,2,3.

We will require the following identity which will play an instrumental role in the Hormander
estimate.
Proposition 3.2.1. (BOCHNER-KODAIRA IDENTITY) For a domain U C C", a € €, , (U, C)
and ¢, € €*(U,R), we have:
)
e ’.

2
9

=% - Oa;
ewa(o,om)‘)‘ + E :aj_az' =
=1 /

0%k,

J

PROOF. Let’s denote 5(0,0»1) and 5(071ﬁ2) as T and S respectively. To compute the adjoint

+ |5(0,1—>2)Oé’2 e’ :/ (ﬁev@(a) + Z
U

Gk=1

of T, consider the two inner products:

(Pmﬁmf=A}Wmﬂx¢1

(o, 0B)e % = —/(Z 0j(cve™?), B).

U

(@19~ |

If we want (T*«, 3),, = (o, T8),, for every § € Dy, then

/(—e“plT*a,ﬁ) = / <Z —0;(ae™%?), ).
U U4
By denseness of Dy, this implies

n n —p2
T o = —e?! Z O;j(ae™ %) = Z —e‘pl—ﬁ(o(;ez' )
=1 !

j=1
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Consider

and

= Z pPL—P2 _% 4 2 8@2 ,
8§j 82']
= e Oy e, 0%,
0z; 0z A (?zj
Now, consider the adjoint of the operator 5j with respect to (-, -),:

(8,3,8), /8]6’ e

:/8]5 -,86_“"

U

—/ _ewaj(ﬁefso)gf.ew
U

= (—€%0;(Be™%), B')y

for all 8, 8" € €>°(U,C). Therefore, the adjoint takes the form

*

0;,(8) = —e%0;(Be?)
= —0;B+ 0,00

The commutator is then calculated to be

= Op(=0;8 + 030 B) — (—0;04B + 0,0 O13)
= 0,958 + 00y B + Do OuB+ 0,005 — Dy OB

= 5kaj905-
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The first term in the LHS of the identity becomes

/ !
-5 )
- z (@.0505.00),

= Z <8J 8kaj, Oék><p + <5kaj3004j, ozk>%0
7,k

— ]Zk <8kaj, (9 ak / Z azjazk ———oajage Y.

5 i

YT o + Z a,;0;9
J

®p

Combining everything, we get:

LHS ::/
U
— 3 3 8290 = =P
=32 oy, | 3 5 | (Z
:/ <Lev¢ )+ Z ) -
U

=: RHS

9ay
0z,

’ 0oy Deiy \ _,
- Z - | €
I k 8,2]‘

604]
8Zk

Finally, we arrive at the grand result of Hérmander (see [1, Chapter-7]):

Theorem 3.2.2. (HORMANDER’S L? ESTIMATE) Let U C C" be a pseudoconver domain, and
let o € PSH(U). Suppose f € L%O,l),(C(U’ e~ %), satisfying ?—f =0, in the sense of distributions.
Then there is a solution u € L& (U,e™%) to the equation Ou = f, satisfying the estimate

/|u|2e_‘”§/he_‘ﬁ (3.4)
U U
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where h € LP(U) is any non-negative function satisfying i f A f < hid0y in the distributional
sense and provided the right-hand side is finite. If o € €>°(U,R), then h can be taken to be

equal to:

1(C) = [ /1390,(€) = Y _[(Hessc (€)' fi(¢)(C).

Jk
PROOF. We will do the proof in stages which first involves showing that the L? estimate

holds for smooth strictly plurisubharmonic ¢ and then generalizing to non-smooth weights.

Case - (i): SMOOTH, STRICTLY PLURISUBHARMONIC WEIGHT - ¢

Suppose p € PSH~o(U),

ifAFQw
o) = w;cunl\){o} i 00p(¢) w
1(f(C), W)

= sup o=l
weCn\{0} <W7 W>L,0

where (w1, W), := (wy, Hessc ,,(¢)W2)2. Thus,

|(Hessc ()1 £(¢), W), |

h
(¢) > we(SCl}lI\){O} (W, W),
= s [{Hessc, (€)1 1(0), W

= || [Hessc.o(©) ] £
= [Hessc,(¢) 7], £i(€)fi(Q)
= |f|?854p<¢)'

Clearly, | f |?3590 is the minimal function in the case ¢ € PSH~o(U).

METHOD OF THREE WEIGHTS:

Since U is pseudoconvex, there exists a smooth, strictly PSH exhaustion function s on U.
From lemma[3.2.1], we can assume that the cutoff functions equal to 1 on Upq := {s < t+1}
by shifting them sufficiently down the sequence and renaming them (recall {s < ¢+ 1} € U).
Therefore, we have a 1 € ¢%(U,R) which vanishes on Uj.

We have the following setup consisting of L? spaces and O operators:

5(0,0—>1) 5(0,1—)2)

(U, e7#t) -==-- > Ly c(Ue7#2) —==-7 > Ligg) c(U,e™#)
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For purposes identical to the above preparatory results, we shall nickname the objects as

follows:

o p,=p+yos+(j—3)Y, H; := L%o,j—n,(c(U?e_(pj) for j=1,2,3and v: R — R will
be defined below.

o T':=0-1); Dri= Dsg 001

CKC?O’O)(U, C) C Dr dC L%O,O),(C(Uv 67501)

ense

={ue€ Hy|Tu = v for some v € Hy}
72'(UC)

o § = 5(0,1%2); DS = D5(0,1H2> = {U c H2 ‘ TU@,(?—](C)’U for some v € Hg}

Cgccf?o’l)(U, C) C Dg dC L%O,l),(C(Uv eﬂpz)

ense

We will prove the following symmetric inequality, involving all three L? spaces which will

then yield the Hormander’s estimate.

[{f. ) |* < C - (IT* g, +[[SallZ,).

CLOSEDNESS OF ker S:

First, consider a norm convergent sequence on the graph of S (which we shall denote by

Ys)),
(up, Sur) — (u,v)

k—o0
— U, —— U — up —u — Sup — Su.

|51

But Supy — v = Suy — v implying Su =v in Z'(U,C).
. u€Dg and Suzvzklim Sup =0 (. u, € ker S Vk € N)
—00

Therefore, S is a closed (differential) operator. Now, {ux}>, C ker S and u — u, then
(ug, Sug) — (u,0), therefore by closedness of S, we get that (u,0) € ¥s), giving u € Dg and
Su = 0.

o ker 8% Zker s,

A key observation to arrive at the estimate ([3.4]) is getting the following inequality from the
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Bochner-Kodaira identity (Proposition [3.2.1)):

Oa
Lev ae‘P</ Lev,( J -
| sevtare < ( o azk)
n aw B
= ¢T*04+E aj—| +|Sal* | e®
/U — 70z

< [ e 4 afral o, 00) e + (0,00 + [ [Safes
U U
<ITal, + 20l - [ jaPlovke + [ jaPiouke + 1ol
U
< Il + (Tl + ¢ [ laPovke )+ [ laPlovie” + 1Sall

= L+t )T, +[1Sallf, + (L +1) /U v af* ™. (3.5)

CONSTRUCTING AUXILIARY PERTURBATIONS:

We consider a smooth function v : R — R with the following properties:

© vy =0 on (—oo,t) and 7 is increasing on R.
° 77 >0 i.e, 7y is convex.
e yos>2).

o 7/ 05i0ds > (1 +t) |0u|? i0d||z||2.

The last two criteria for v can be ensured by considering the sub-level sets:

|2
Y(t) > sup2¢ & A(t) > (1+t)sup sup &
ceT cel, IIwlla=15evs(G W)
By taking a convolution of a increasing step function over integer intervals dominating the
monotone, non-negative RHS functions above, with the standard mollifier p € €>°(R, [0, 00))
and considering their integrals, we arrive at such a smooth function with the above specified

properties.
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Now define ¢ := ¢ + v o s. Clearly, ¢ € P§H-o(U). Define the functions ¢; := @ + (j — 3)7,
for j =1,2,3.

/ Levs(a)e™ > / Lev,(a)e +/ 7' 0500s(a) e ®
U U U
> / Levg(a)e? 22 4 (14 t)/ B2 002 2(c) 7
U U
By the observation (|3.5]) applied to ¢ instead of ¢, we get
/Uﬁevsz(a)@_(’z < (L+ T a7, +[[SallZ, + (1 +1) /U |00 |af? e=%.

Therefore,
/ Gevg(@)e 2 < (147 T%al 2, +]|Sal?,
U

ARRIVING AT THE SOLUTION WITH A L? ESTIMATE:

2

{f: @)l =

ijaje 2

< [ neme [ 22
/he ®. /Lev )e? ez

(L+ e HITallZ, +[[Sallz,)

e¢—2502

for all o € Dy« NDg. Now since f € ker S, decompose o = o + " using Hy = ker S @ ker S+
to get:

[{f, )l = [{f @)
<C- (eI,

(T*a!, B)p, = (o, TS),, and since TS € ker S = (", Tf5),, = 0, we have

<T*O/7B><P2 - <T*O‘=6>e02
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for all 5 € Hy. Therefore, we get the basic estimate:
[(f,@)e|* < C - L+ T ], (3.6)

Repeating the proof of the Hérmander’s estimate (Theorem [3.1.1)) in one dimension we get a
solution u; € LZ(U,e™#*) such that:

Ou; = f and / lugPe? < C(1+t71).
U

To construct a weak solution with the required L? estimate we involve in a series of arguments
involving weak convergences. Take a sequence {t;}52, C (1,00) such that ¢; / oo. Since

~v o s and ¢ vanish on U;, we have

I ?e™® = [ |ufPe o <CA+t7h).
U U

Define u; := u;; and U; := Uy, and for a fixed k € N, we have that
{uj:j =1} CBraw, o) (0,vV20)

using the weak* compactness of the unit ball, we get a weakly convergent subsequence
{uy };";1 Now for k£ = 2, we get a further subsequence and by induction for every k£ € N, we

can assemble them as following:

Ui Uy N N u(l) c L([Q:(lj17 6_90)

Us 1 Upg| -+ —u® e Li(Uy,e¥)

Figure 3.1: Choosing a diagonal sequence-1
Choosing the diagonal subsequence and renaming u; := u;; we get that u; — u® in every

L4(Uy, e ¥) and since weak* topology is Hausdorff, we get that

WV — (*)

_ k+1) __
=ae """ Tael )_

—a.e U( ae "

Hence we can patch up these {u®}ren to get a u € kﬂNL%(Uk,e_“") well defined almost
€
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everywhere.
<U, T*CY>¢ = hm <uj7 T*O‘>SO = <f’ T*a>80
Jj—00
Therefore, Ou = f. By Fatou’s lemma,
/ ue™ < lim [ |ug|?e ¥ < lim C(1+¢;) =C = / he™%.
U U

j—oo JU; J—0

This completes the proof of the Hormander’s estimate in this case.

Case - (ii): FOR AN ARBITRARY PLURISUBHARMONIC WEIGHT - ¢

For a sequence &; \, 0, consider the @-approximating family ¢; := ¢ * p., +¢;||z||* defined in
a neighbourhood of Uj. Define

e if NF(Qw
13(6) = Floay, = we?clil\){o} 100¢;(¢)w’

By the previous part, we get a family u; € L*(U,e %) such that

/]ujIQe‘pf g/hje@jg/hje“’.
U U U

Now, consider the (1,1) current dd¢ which has distributional coefficients:

_ n 8250 B
00 = Z 9207, dz, N\ dZs.
——

€9'(U)

r,s=1

By Proposition ([1.2.1)), we have that by substituting 9.« = A, dzw A, dZe into D0,

82

all the distributions ¢, ;. = (p_
02,0Z,
1<rs<n.

The condition i f A f < hi00p when expanded gives,

are induced by positive Radon measures i, ) for every

02,07Z

Z fr.fs dzr A dgs S dZT VAN dfs.

r,s=1 r,s=1
By the Lebesgue-Radon-Nikodym theorem, we can decompose
/1

Pzrzs = H(r,s) = lu,(r,s) + lu(r,s) where lu,(ns) < )\RQ" & H’/(/r,s) 1L AR2"7
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where there exists a ) € L. (U) such that 0 < B¢ < i) and u’(ns)(E) = fEBdARzn
for every Lebesgue measurable set E. Since, lu/(,r,s) is supported on a set of Lebesgue measure
zero, we easily get i f A f < ih Zzszl Brs) A2y N dZs holds almost everywhere (w.r.t Agzn).
Call B (rs) == B * pe; < (©5)zz and B; s converges pointwise to (s almost everywhere.
Therefore,

N — ifAFOW | — ifANfQw
i ha(©) _Jli%we%gl\)m} 100¢;(¢) w = }EEOW;CE{’{O} i{[B,0r5) (Q)] W, W) < h(€)

and by the Fatou lemma

m/ |uj|*e s §/ h_mhjewg/he” =:C. (3.7)

First, for every k,m € N, choose a weakly convergent subsequence {u’;” 321- Refer figure

below:

uB el L = e LU, e
uf:)l ug‘;?mikﬂ _\ug’j)eL%(Uk,e—wm)

Figure 3.2: Choosing a diagonal sequence-2

Now, assemble all these diagonal subsequences obtained from the above diagram; refer figure

below:

ull uk),])C Au(l) emglL%(U17€_‘Pm)

ukl u2k*lk5 Au(k) c ﬂ L(%(Uk’ef‘pm)
’ ’ m>k

Figure 3.3: Choosing a diagonal sequence-3
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By using the diagonal argument, renaming u; := ué?_L ; we get that:

uj = u € ﬂ L*(Ug, e ™).
m,keN

The inequality ([3.7)) yields that for every 6 > 0 there exists an N; € N, such that

sup / |uj]2 e % < (C+06.
U

Jj>Ns

Now for a fixed k,

/‘mﬁe@kﬁ/w%Ve¢U£C+§
Uy U

implying that u;’s eventually lie inside the weakly closed set
{ve LUk e ) : |lullo, < (C+ )2}

Hence for a large m, their limit « also lies in it:

/‘M%”mS/ 29 < €' + 6.
Uy, Um

Taking limits, we get

/ lul*e™¥ = lim lim lul?e=?m < O+ 6
U

k—o00 m—00 Us,

/|u|26“’§/he“".
U U

and since weak limits are preserved under differential operators (in the sense of distributions),
u satisfies Ou = f. O

for every 6 > 0 implying
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Chapter 4

Applications of Héormander’s L?

technique

4.1 The Levi problem - Introduction and background

The Levi problem is a fundamental question in several complex variables which was proposed
in the mid 1900s. It asks whether every pseudoconvex domain in C" is a domain of holomorphy
and is easily seen to be equivalent to examining of suuficiency of pseudoconvexity to guarantee
the existence of singular holomorphic functions that cannot be extended past the topological
boundary of the domain. The answer is affirmative and was solved by Oka, Bremmerman,
Norguet and others in the 1950s. Later in 1965, Hormander developed a method to obtain
solutions to the inhomogeneous 0 equation with L? bounds employing the pseudoconvexity
of the domain. The estimate allows one to construct holomorphic functions with prescribed
growth conditions which is the crux of the following proof and the Ohsawa-Takegoshi extension

result.

4.1.1 Pseudoconvexity

Let us start wih one of the possible simple definitions of pseudoconvexity (usually referred to

as Hartogs pseudoconvexity).

47



Definition 4.1.1. (PSEUDOCONVEXITY)

A domain U C C" is said to be Hartogs pseudoconvex if —logdy is plurisubharmonic on
U where 0y : ¢ — d(¢,0U).

Note that the geometrically defined function —logdy : U — (—o0, 00) ‘exhausts’ the domain
U i.e, the sublevel sets {—logdy < c} are relatively compact in U for every ¢ € R. Such a

function is called an exhaustion function for a domain.

The following theorem (see for example [13, Chapters-4,5] or [3, Chapter-2]) captures all
the equivalent notions of pseudoconvexity.
Theorem 4.1.1. The following properties are equivalent for a domain U C C":

(i) There is a €* strictly plurisubharmonic exhaustion function for U.

(ii) There is a plurisubharmonic exhaustion function for U.

(i1i) U is plurisubharmonically convez i.e, conver w.r.t PSH(U).

(iv) For every analytic disc D =d(D) in U, one has d(D,0U) = d(9D, dU).
(v) U satisfies the continuity principle.

(vi) U is Hartogs pseudoconvet.

(vit) U has a €= strictly plurisubharmonic exhaustion function.

The following boundary notion of pseudoconvexity is needed.

Definition 4.1.2. (LEVI PSEUDOCONVEX)

A domain U C C" with ¢ boundary is said to be Levi pseudoconvex if Lev, is positive
semi-definite on Tye” (0U) i.e,

Lev(o)(zo;v) > 0; V v € TLO(0U).

If it is positive definite, then U is said to be strongly Levi pseudoconvez.

Proposition 4.1.1. The following are equivalent for a domain U C C™:

(i) U is Hartogs pseudoconvex.
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(ii) U can be approximated by a union of bounded, strongly Levi pseudoconvex domains

with smooth boundary U = {J;Z, U; and U; € Uy, for all j.

For a proof, see [7, Chapter-3].

4.2 Solution using the Hormander’s estimate

Let’s provide a solution to the Levi problem as in [1, Chapter-8].

Theorem 4.2.1. For a pseudoconver domain U C C", we have:

~

Koyssoy = Kow)

for every compact subset K C U and hence, U is holomorphically convex as well, making it a

domain of holomorphy!

Figure 4.1: Solving the Levi problem

PROOF. Given a point z € [?{pgg{(U), since for every f € O(U), it is implied that |f] €
PEH(U), we get
1f(z)| = [fl(z) < Slll(P\f\ =2z € Kow)-

Therefore, IA(fpgg{(U) C IA(@(U). To show the converse fix zg € U \ [A(fpgg{(U). Let’s consider a
function v € PSH(U) N € (U,R) such that v < 0 on K and v(zg) > 1 (Proposition [1.2.2]).
Let n € €°(U,R) be such that 1(zg) = 1 and suppn C {v > 1}. For t > 1 set

vy = max{v,t}, so that v; =vin {v <0} and v; >t on suppn.
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Define ¢; € PSH(U)NE (U \ {zo},R) as:
o = ||z — zo|[3 + nlog ||z — zo|[3 + v..

By Theorem there exists an u; € L4(U,e™#) such that du; = dn and

/|Ut|2€_% S/he_%a
U U

where 0 < h € L>®(U) is satisfies i0n A dn < h i00p; which W.L.O.G could be modified to
follow supp(h) C supp(n) (by just making it zero outside supp(n)).

Since e~ #* is not locally integrable near zg, we have u;(zo) = 0 (since u has to be continuous by
the regularity theorem [1.3.1.1]for 3). Therefore f; := 1 — u, is holomorphic in U, f(zg) = 1,

and
/ ’ft|2 :/ |ut|2€—<ﬁt eft
{v<0} {v<0}

< sup e*t- / he™ %t
{v<0}

supp(7)
< Ce™,

where C is independent of ¢. Since | f;|? is plurisubharmonic, we have for ¢ > 1

sup | f;| < 1= [fi(zo)|
K

by averaging over polydiscs centred around points in K and we see that zg ¢ IA(%}((U). O

Hence, pseudoconvex domains are precisely the domains of holomorphy!

4.3 Ohsawa-Takegoshi extension theorem

The interior convexity property of a domain U plays an important role in the extension of
holomorphic functions without increasing the PSH-weighted energy. This is captured in the
following theorem of Ohsawa and Takegoshi proved in 1987. We have elaborated upon the
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arXiv paper [2].
Theorem 4.3.1. Let U € C" be a pseudoconver domain. Suppose supy |z,|> < e™t. Then
there exists a constant C,, > 0 such that for every ¢ € PSH(U), every holomorphic function

fonUy:=Un{z, =0} with [|f|*e ¥ < oo, there exists a holomorphic extension f of f
Uo
to U such that

[ifree<c, [ e (@)
U Uo

PROOF. We will do the proof in stages:
DEFINING AN AUXILIARY PS8H FUNCTION:

Let us define a function n € €°(U, R) as:

(e 5 Ga) = — log([Gal* + &%) + log(— log ([Gal* + £%)).

Set p: (Ci,-o -, Cn) = log(|Ca]? + €2) and n = —p + log(—p). Clearly, p € PSH(U):

- 2p dZ, dzn, N dZ, Zn Zn _ &2dz, Ndz,
pr— pum - :—. 4-2
00 =0 ([ ) = s prapte e = i (02
Then set v = —logn and
aéw:_aﬁn_i_an/;@n
n "o ) )
1 = 00 op N0 on Ao
:——<—38p+ p_p2p>+772n
p n
_,.00p OpANOp OnAon
=1+ (—p)" - - : 4.3
(14 (=p) )77 e " (4.3)

We can choose € > 0 small enough so that —p > 1 on U and hence ¢ € PSH(U) (as n > 0).
Put ¢ = ¢ + log(|z,)? + 6%) for 0 < 6 < e. Let x € €*(R,[0,1]) be a cut-off function
satisfying x|(—ec,1/2) = 1 and x|(1,00) = 0.

A STANDARD REDUCTION:

By Proposition 4.1.1] we have an increasing sequence of bounded, smooth, pseudoconvex
domains U; with (J;U; = U. Proposition gives us a sequence of smooth, strictly

plurisubharmonic functions ¢; on U such that ¢; N\, ¢. Restricting to U; € U we may assume
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that f is holomorphic in some domain V; such that U; N {z, =0} € V; C {z, =0} and if
open

we can find a holomorphic extension Fj of f; to U; such that

/ Fl2e® < C, / e,
Uj Vj

then we are done. Therefore, the reduced setup consists of the assumptions:

e a bounded, strictly pseudoconvex domain: U € C" .
e holomorphic data on a co-dim¢ = 1 slice: f € O(Vy) & Vo 2 U, .

® a smooth, strictly plurisubharmonic weight: ¢ € €°°(U,R) N PSH~q(U) .

Figure 4.2: A diagram of the reduced extension problem

UsiNg THE HORMANDER’S ESTIMATE:

Thus for £ small enough, we have a well-defined smooth d-closed (0,1) form given by
v := fOx(|z.]?/€%) on U. More elaborately,

[2n]*

Us(gla"' >Cn) = f(Ch agn—l)g(xo 26712 )(Cla 7Cn)'

By Fubini’s theorem,

|26 % = 219 12/ e ?
[ke?= [ iR

‘Zn\z }
Uox {72 <1

[ e |
Uo {lzn|<e}

< 00,
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hence v, € L? 0,1), cUe ~) and there exists a solution us. := u of Ou = v, with minimal
L?—norm in L? 0.1), <(U,e®) by projecting onto ker * implying u L ker 0. Since ¢ is a
bounded function, we have ue? L ker 9 in L?o,n,(c(U» e~?~¥). Thus by the Hérmander’s
L?—estimate (Theorem [3.2.2)),

[ ke < [ 1ot e ?
U U

. B

:/U|v+u8¢|wg@+w)ew 4

Now,

U+ w0, v+ U Gy

v+ U&Pﬁaé(@w = (
(0,0) Gy) + WOV, V) Gy + (0, u0P) Gy + |u[* (O, D) 54y
(v,
v

IN

IN

V) @) 21(ud, v) @y | + [ul* (00, 0Y) 314

1 2 2
|168 (B+v) +07 ’U i00(F+v) +0 |a¢’z@8 (B+9) |U" suppv T |a¢|186 (p+) |u| :

IN

Hence, we get

1R < 67 [ o+ [ 100 uPe?

+5/ 1002 e 2. (4.4)

supp v

where § > 0 is a small constant which will be chosen below.

ARRIVING AT THE FORM OF THE INEQUALITY:

Since On A dn = (14 (—p)~1)20p A Op, we infer from (4.3)) that,

%wzapAaeran/\an:(( n )+1>87]/\877

1p* UR —p+1)? m
and
(9% (¢), w)?
Y : = sup
10U o5 (€) = weTh e 0} (w, Hessc g1y W)
< sup |<8¢(C)’ >|2

WETS’OC"\{O} <W7 Hess(c,w (C)W>
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e — - [(FU(C), W)

< sup (*P(C)+17)2
weTOCm\{0} [(On(¢), w)[?
1 ) _ 1-
— —W(C) (SlIlCG 81p = ——377),
L+ o "
Thus
|ul® _~
/ ’awzaa (F+v) ’U|2 e < / H—ffp 7. (4.5)

(=p+1)?

From (4.3)), we also get,
- 90 2dz, N dZ,
90y > L= Z2 z 2
n n([zal? + €2)

which implies

[(v(¢), w)?

[0l (€)= sup
00(5+9) weTh0cm (0} (w, Hessc 544 W)
2
S (R

weT0cm\ (0} (w, Hessc 4 (¢)w)

n(¢) (IGl* +£%)° [(v(¢), w)?
= wGTgS’El((E)"\{O} €2 dzy A dz(C)(wW, W)
2 2\2 5 2

e2

Thus, by Fubini’s theorem, since supp(v) C Uy X {% < lz|* < 52} , we have

_ 2 |2
| et f AUl 07 iy |

g2

|Zn| }Z—~

‘Zn|

on{§<\zn|2<€2}

|fI?e™?
Vo
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On the set supp(v), we have that —p > —log2 — 2loge > 1 for e < 1,

-1 1)? ~ 4 _
81/1/\(91#—77— 1+—p 3p/\c9p§ﬁ8p/\8p

and 24 d |22 8 )
- e2dz, N dz, Zn _ p N\ Odp
99 dz, N dz, .
L (PR R E A (FR N "
Consider
[{0(¢), w)|?
aw p = sup
| ’aa @) (€) weTH0Cm (0} (w, Hessc g1 W)
< sup |<8w<4)7 >|2
" wertin o (v Hessc (W]
) _
< ey s OGN
77( )2‘ WET1 O(C"\{O} | C)7W>|
and we get

O
e e

supp v

Substituting (4.5)), (4.6]) & (4.7) into (4.4),

/ (—p+1)2 45 ‘ |2 Y—p < (1+5 ) C’ ‘f‘Z —¢p
T 1 U n e .
U 1+ (- )2 n Vo

p+1

PASSING TO THE LIMIT TO GET A HOLOMORPHIC EXTENSION:

(4.7)

(4.8)

Since, 1 < —p < n < —2p, the following term in the LHS of the inequality (4.8]) is bounded

below by,

_n _(=p°
(=t 4_5 > _ (ptl)2 1 @ > 1 < (p* ) > %— 40
n \(p

1+(p7<71’1)2 77_1""(—;11)277 gl P—dp+1
and yields
14071
uPe? < FPee < Cucy | |ffe
U 6 5 Vo Vo
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. .. . -1
where § € (0, i) is chosen to minimize lfim
6

which satisfy dus. = v. Now, extracting a weakly convergent subsequence us. — u. we get

. This yields a family of solutions {us. fo<se<1

a family y o |Za”2‘2 - f — us. which extend f. Passing down to another weakly convergent

subsequence yields a holomorphic limit F' which satisfies

F? _ _
[ e g ¢ <0 [ e

—log |z, [?) Vo

In light of the sequential interior exhaustion U = |J ; Uj by strictly pseudoconvex domains,

/ 2 e < C, / fPe
U, Vo

for some C,, > 0. F; € LZ(Uy, e ¥*) for j > k and has a weakly convergent subsequence

we get that for every j

converging to f € L4(Ug,e=#*) for all k € N yielding the desired extension as 5fA'|Uj =0 for
all . O
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Chapter 5
L? estimate on complex manifolds

Let (X,w) be a Hermitian manifold. For the purposes of integration, we shall assume our
manifolds to be compact. With these features, we aim to sketch the Hormander’s estimate

on complex manifolds following [16, Chapters-4,5] closely.

5.1 Constructing the Hilbert spaces

Throughout this section, let £ — X be a holomorphic vector bundle.

Definition 5.1.1. (THE L? SPACE OF BUNDLE VALUED FORMS) The module of sections
(X, /\(p @) T¢X ® E) can be equipped with an inner product by taking two E-valued, (p, q)
forms 1,15 and defining:

(br, o), = /X (1, Vo) AV

where the integrand function is obtained by the metric induced by g and h.
The L? space of bundle valued forms denoted by L{, (X, | [3,dVy) is then defined

to be the Hilbert space completion of (F(X, AP TYX @ E), || - Hg,h>'
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Definition 5.1.2. (0 AND WEAK SOLUTIONS) We define the domain of 0 as
dom () := {u| du € L?p’q)’E(X, | - z’thg)} :

A weak solution to du = f for f € L%M)’E(X, |- 12,dV,) (where ¢ > 1) is then defined as a
L? integrable (p,q — 1) section u satisfying:

(w, 09D g0 = (F. VD

for all ¥ € DX, \"? TYX @ E).

5.2 The Bochner-Kodaira identity

We define a ‘connection-like” operator as follows:
Definition 5.2.1. (A CONNECTION-LIKE OPERATOR)

Consider the map:
O T(X, /\("’q) TYX ® E) — T(X, /\("’q) TYX ® TYXOD @ B),
given in coordinates by:

(o3 n = a 7 le% — n —
0 =pFdz' N Ndz /\dzl®ea»—>gmﬁ(g”<pﬂdzk®dz1/\-~dz AdzZE @ e,

< &

=(Va(p)sd"@de' Ao -dz" NdZ @ e, (5.1)

Proposition 5.2.1. (ADJOINT AND LAPLACE-BELTRAMI OPERATORS OF ¢)) Consider
Y e DXAMTYX @ TYXOD @ E) and ¢ € T(X, A"V TYX ® E).

(i) The formal adjoint O* of ¢ is given by:

j 1 I i 1 I
o =@5:dZ Ndz' A NdZ"NdZT @ eq =g (V o,0)55 d2t A ANd2" AN dE @ e
(5.2)
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(ii) The Laplace-Beltrami operator {* ) of ¢ is given by:

s 25 =Y
1/) = @bba;dzl A - /\dz”/\d21®ea — _g]k(vaj Vék(d]))?}! dzl A dz” /\d21®€a.
(5.3)

Consider the & : T(X, A" TYX @ E 5 (X, \"? TYX @ TYXOD @ F .

Proposition 5.2.2. (THE BOCHNER-KODAIRA IDENTITY)

The Laplace-Beltrami operator associated with 0 acting on E-valued (n,q) forms given by
Ag := 00* + 0*0 is connected to the curvature of Chern connection compatible with the

metric h := det g ® h through:

Ay = 0"0 + O,4(h), (5.4)
where the curvature term denotes
q .7 . .
Ou(b)p =2 6"00)55,7),. (05,82 N+ A NP A - N2 @ o
k=1

5.3 The L? estimate on a compact Kihler manifold

Theorem 5.3.1. Let (X, g) be a compact Kihler manifold and let F' — X be a holomorphic
vector bundle with Hermitian metric h. If the curvature of the Chern connection of the metric

vector det(g) ® h for the vector bundle \" TV X @ F satisfies the positivity condition,
O4(det g® h) > c-id (5.5)
for some constant ¢ > 0, then for every F-valued O-closed (0,1)-form f satisfying
/ |fI2 AV, < o0,
X

there exists an u € L%O,O),E(X7 |- |2 ,dVy) satisfying

5 2 1 2

ou = f7 and |u’g,hdvg < - ’f|g,hdvg'

X CJx
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PROOF. Let E:= N"TVX @ F = N™ TYX @ F. Then an F-valued (0, 1)-form identifies
with an E-valued (n, 1)-form.

Let f be an E-valued (n,1)-form with finite L? norm. For any smooth, E-valued (n, 1)-form
¥, by (5.5)), we have the estimate

111* : = (v, ¥} < = (O(det g @ h)y, )
{(O(det g @ h)y, ¥)) + (O, Ov)

1
i

= (A, )
1

(S N

<

(070, ) + (90", ).

Therefore, we get the inequality,
L= Ok
I < 11001 + 10711, (5.6)
Now the bilinear form (-, -)3 defined on ¢ € T'(X, A™% T¢X ® E) by

(W1, ¥2)3 := (01, Oa)) + (01, D*1ba)

is an inner product by ((5.6)). This ascends to the Hilbert space completion of I(X, A™? TY X ®
E) which we denote by H.

Consider the linear functional A : L%p, o.8X 2 ndVy) — C defined by

Ar(@) = (¥, F)-

Cauchy-Schwarz inequality tells us that [A;(¢)[* < 1| f]1?[|[¢[]3, implying that A; € H*. By
the Riesz Representation Theorem, there exists v € H such that

ol < ZIFIP & o) = M), Vo e

For smooth v, we have

(0v, 0v) + (0v, 0"¢))

{f, 0] (5.7)
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Now, since df = 0, we have

0 = (f,0"0) = (Dv, 95*YY + (0", 3TV
— (D, 35*0) + (F70", )
(00

and thus 0*0v = 0 further implying that (Qv, 9v)) = 0. Hence, from (5.7)), one gets

(0w, 070 = (f. ¥,

which means that u := 0*v is a solution of Ou = f. The L? estimate follows by:

%3 f 2 _
Jul = 9o = ol < L5 ¢ w2 = o).
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Chapter 6

Conclusion

The thesis aimed at exploring the field of several complex variables by adopting the route
of L? techniques developed from Hormander’s ideas. We first familiarized ourselves with
the notion of a domain of holomorphy emphasizing on the first elementary characterization
using the concept of holomorphic convexity. The main ideas used here revolve around normal
exhaustions and some boundary topology.

The absence of a Riemann mapping theorem in several complex variables fascinates the
situation and tells us that there is more scope for non-routine nature in complex analysis of
multiple variables as opposed to one. The Poincare’s inequivalence formally tells us why:.
Post this we realized how the O-problem is a useful tool in complex function theory by
studying the Kugelsatz of Hartogs.

Equipped with the armoury of functional analysis, the theorems of Riesz representation, Hahn-
Banach extension, Banach-Alouglu and distribution theory we then studied the Hormander
estimate on pseudoconvex domains in C" starting with the one dimensional consideration.
To apply these ideas, we selected the Levi problem and Ohsawa-Takegoshi extension theorem
and saw how the L? estimate could be employed in these settings to derive geometrically
perceivable reflections of the L? technique developed.

The setting of domains in C" was abstracted to complex manifolds possessing topological
and geometric features i.e, the subclass of compact Kihler manifolds to carry out the L?

estimate with higher grandeur.
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