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Abstract

Among the three types of diabetes, type 2 diabetes originates from insulin resistance
and is closely associated with physical inactivity, excess body weight, and hyperglycemia.
Recent studies have shown that oxidative stress (OS), which is the imbalance between the
production of reactive oxygen species and antioxidant defence mechanisms, can poten-
tially affect the rate of restoration of glucose homeostasis, and hence type 2 diabetes. A
cellular antioxidant, glutathione, which is a marker for oxidative stress in cells, has shown
significant impact on the restoration rate of glucose during anti-diabetic treatment. The
ratio of reduced to oxidised glutathione or the glutathione redox potential is believed to
be a major driving factor of biological process, even though a theoretical explanation is
absent for supporting this claim.

This study focuses on the widely accepted fact that the ratio of reduced to oxidised
glutathione concentrations is tightly maintained in cells, and very often the ratio is used
as a marker for OS. A theoretical framework for the glutathione dynamics in RBCs, using
simple mechanistic models of glutathione metabolism, is constructed based on the kinetics
of the enzymes involved. The current work addresses the validity of using the ratio as a
measure of OS and importance of the enzymes in glutathione redox system. Emerging
from the hypothesis that the concentration of oxidised glutathione is constant at steady
state, we propose a phenomenological model, along with the mechanistic models, for the
relationship between blood glucose and glutathione concentrations at steady state. The
model essentially captures the link between diabetes and OS, and can predict the recovery

of individual glycemic status, during anti-diabetic treatment, to a great extent.
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Introduction

Diabetes mellitus is considered to be a group of metabolic disorders that are gen-
erally characterised by high blood glucose, usually resulting from the defective insulin
mechanism in the body[l]. Insulin, produced by the beta cells of the pancreas, is a
hormone that helps to regulate the blood glucose levels in normal range. According to
the origin of the disorder, diabetes is classified into three types. Type 1 diabetes, or
insulin-dependent diabetes, is a result of the pancreas’s inability to produce sufficient
amount of insulin for the body. In type 2 or noninsulin-dependent diabetes, the cause
is believed to be insulin resistance[2], which is a condition where cells fail to respond
normally to insulin. Alzheimer’s disease resulting from the insulin resistance in the brain
is characterised as type 3 diabetes. Among these three types of diabetes, type 2 diabetes
is most common and comprises almost 90% of all diabetic cases worldwide[3]. Type 2 di-
abetes is often closely associated with the inadequate physical activity, over body weight
and hyperglycemia. Hyperglycemia is a physiological condition of abnormally high blood
sugar concentrations, where normal blood glucose levels are marked by 72 to 108 mg/dL
when fasting, as per WHO guidelines[4]. Hence, the concentration of blood glucose has
been the primary criterion used for the diagnosis and treatment of diabetes clinically.
But recent studies have shown that oxidative stress, which is the imbalance between the
production of reactive oxygen species (ROS) and the antioxidant defence mechanisms,
can potentially affect the rate of glucose homeostasis restoration in cells[5]. Kulkarni et
al. have observed that among the different biomarkers of oxidative stress studied, glu-
tathione, a cellular antioxidant, has shown significant impact on the restoration of blood
glucose during anti-diabetic treatment[6]. Antioxidants such as glutathione and vitamin
C protect the cells from oxidative damage, by preventing the oxidation of other molecules
which could result in the creation of harmful reactive species. Hence, antioxidants play
a vital role in controlling the oxidative stress in cells through the regulation of reduced
state of the cells. Therefore, measuring the glutathione concentration along with the
glucose concentration is likely to provide extra information on the glycemic status and

also the recovery of glucose homeostasis during anti-diabetic treatment.

In the human body, glutathione exists mainly in two forms, a reduced form (sulfhydryl
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form glutathione or GSH) and an oxidised form (glutathione disulfide or GSSG). Here,
the reduced form acts as an antioxidant, while the oxidised form is the end product of the
neutralization of reactive oxygen species. The interconversion between these two forms
is catalysed by two enzymes, glutathione reductase (GR) and glutathione peroxidase
(GPx). Glutathione reductase catalyses the reduction of GSSG recovering the antioxidant
GSH, whereas GPx helps in the neutralisation of ROS through the catalytic oxidation of
GSH. Despite the fact that these molecules are a part of almost all cells in the body, in
this project, the area of focus is red blood cells (RBCs). Since RBCs are continuously
exposed to reactive oxygen species like hydrogen peroxide (HyO,) and superoxides|7],
and are easy to extract and analyse, this makes a perfect choice for study. Apart from
the interconversion of glutathione, GSH is synthesised in RBCs, catalysed by glutathione
synthetase (GSS)[8]. Even though there is a high possibility of a direct intake mechanism
of GSH into RBC, from blood plasma, most of the metabolic models do not include this.
Instead, the raw materials for the synthesis of GSH, such as cysteine and glutamine|8],
are imported to RBC. Along with these transport systems, there is an active transport
mechanism for exporting GSSG to blood plasma. A miniature model of glutathione
system can be visualised as follows, where subscript p denote the glutathione species in

the blood plasma.

RBC

ROS + GPx

GSS o
2 GSH GSSG

~_

GR

> GSSG,
GSH,

The ratio of reduced to oxidised glutathione is strictly maintained in the cells[9] as it
has a profound effect on the reduced state of the cells. The GSH/GSSG redox potential
is believed to be a major driving force of several biological process[10]. Various studies
have been conducted in this area and most of them associates the the glutathione redox
potential with different biological processes such as proliferation and apoptosis. But
recent studies questions the use of these electrochemical parameters in studying actual
biological systems, as it is lacking a supporting theoretical framework. Frequently, the
ratio of reduced to oxidized glutathione is used as a marker for oxidative stress. But the
existing models of glutathione systems and RBC metabolisms (e.g. models proposed by
Raftos et al. and Bordbar et al.[8, 11]) lack a theoretical explanation on how the ratio
is maintained tightly inside the cells and why GSH:GSSG ratio or GSH/GSSG redox
potential is a significant factor in keeping the oxidative stress regulated in cells. In a
resting cell, the molar GSH:GSSG ratio is generally accepted to be around 100:1[12],
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though there are various studies claiming the existence of different ratio. In the case of
high oxidative stress, such as in diabetic patients, it has been seen that the ratio could
drop to values of 30:1 and even 10:1. Hence, the observations made in different studies is
evidently contradicting with the widely agreed fact that the ratio is tightly maintained
in cells. More work is required for unveiling this mystery of GSH/GSSG redox couple.
In this study, we are attempting to build a theoretical framework for a better com-
prehension of the glutathione redox couple, which directly influences diabetes and anti-
diabetic treatment. One of the objectives of this project is to understand the underlying
regulatory mechanism of the reduced to oxidised ratio inside cells, from a mathemati-
cal perspective. The methodology adopted here is to build simple mechanistic models
of glutathione metabolism in RBCs and understanding the factors contributing to the
regulation of the ratio, based on the knowledge of GPx and GR kinetics and the existing
models. The primary objective of this project is to comprehend the relation between
oxidative stress and glucose which could help in the prediction of glucose restoration rate

independently of glucose concentrations.



Chapter 1

Preliminaries

1.1 Enzyme Kinetics

1.1.1 Law of Mass Action

Consider a chemical reaction in which p molecules of A and ¢ molecules of B combine

to form C. This is visualized as follows.
pA+gB—C

The rate of the reaction, which is defined to be the rate at which product C is formed, is

described by the law of mass action. The rate of the reaction is proportional to the rate

of the collision of substrate molecules[13]. Since all collisions do not result the formation

of product due to the energy barrier, the probability of product formation increases as

the concentration of reacting species increases. The law of mass action states that the
d[C]

rate of formation of C, =3 is directly proportional to the concentration of the reacting

molecules raised to their respective stoichiometric terms. That is,

d[C]
At

d[C]

x [A]P - [B]? or e

— k- [A]” - [B]?

where k is defined to be the rate constant for the reaction. Here, the square bracket

notation is used for representing the concentration of the respective chemical species.

1.1.2 Michaelis-Menten Kinetics

Enzymes are catalysts that accelerates the conversion of substrate molecules into
products. Generally, enzyme reactions do not follow the law of mass action directly[13].
The first model to explain this deviation is proposed by Michaelis and Menten, in which

the conversion of substrate to product is a two-step process. This reaction scheme is
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given by

kf k'cat
P C—P+E

S+E

In the first step, the substrate molecule combines with the the enzyme to form the enzyme-
substrate complex, followed by the formation of product and recovery of enzyme in the
active state. Here S represents the substrate molecules, P the product molecule and C
is the complex formed by the action of enzyme E with rate constants k¢, k, and k... By

the law of mass action, the rate of change of concentration of each species is given by

A _ 11 - ky1s)iE] W _ 01+ ko]~ hylSE]
de] dlP]
T ky [S][E] — k. [C] = keat[C] At Keat|C]

The original analysis by Michaelis and Menten is based on the assumption that the

substrate is in instantaneous equilibrium with the complex, i.e.

In the following chapters, we use an alternate analysis proposed by Briggs and Hal-
dane, in which it is assumed that the rate of formation of product from the complex C
is equal to the rate of degradation of complex C. For further analysis the rate equations
are non-dimensionalised by introducing dimensionless variables. Consider the following
substitutions

5] €] [E]

o=— T = — T = ks[E]ot €= —1

[STo [Elo ’ [STo

where [S]p = [S](0) + [P](0) and [E]y = [E] + [C]. Substituting these variables to the

differential equations gives the following non-dimensionalised rate laws for the Michaelis-

o

Menten enzyme model.

do k,
= C + (o + kf[S]o)
dw k'r +kcat
T R

Here the quantity € is small and the Briggs-Haldane analysis uses the quasi-steady state
approximation that 5j—f = 0[13]. Note that, this is equivalent to taking % = 0. Substi-
tuting the resulting algebraic expression in the first differential equation eliminates the

dependence of the enzyme concentration and gives the rate of change of o purely in terms
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of o, [E]o, [S]o and the rate constants.

1.2 Glutathione Peroxidase (GPx)

As mentioned before, antioxidants are substances that inhibit the oxidation of other
molecules. The antioxidant enzymes prevent the oxidative damage by reactive oxygen
species by catalysing the reduction of ROS molecules. Glutathione peroxidase, which
assists in the catalytic reduction of hydrogen peroxide to eliminate its harmful effects, is
one of the major antioxidant enzyme present in cells[14]. Hence, GPx has an important
role in regulating the oxidative stress inside cells. The reaction scheme of GPx is as
follows[15].

GSH H,O

GPx-SeOH GPx-SeSG
H,0O GSH
(1) (3)
GPx-SeH
H,0, GSSG

In human body, GPx exists in a combined state with Selenium. The reduction of hydrogen
peroxide is carried out in the first step of the enzyme reaction. In the following two steps,
two GSH molecules sequentially combine with the newly formed GPx-SeOH and result in
the formation of the oxidised glutathione, GSSG. The release of GSSG from the enzyme-
substrate complex yields the enzyme in the active form. The above system can be reduced

into smaller reactions as follows.
1. GPx-SeH + HQOQ — GPx-SeOH + HQO
2. GPx-SeOH + GSH —— GPx-SeSG + H50O

3. GPx-SeSG + GSH —— GPx-SeH + GSSG

And the overall reaction is given by

9GSH + H,0, —22_, GSSG + 2H,0
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In the models described in the following chapters, the three-step process is considered
as a two-step process for simplicity, where two GSH and ROS molecules bind with the
enzyme to form the enzyme-substrate complex C, which later decomposes into GSSG and
free enzyme. The oxidised form of ROS is of lesser importance and hence, is ignored in

the products. The following schematic describes the reduced model of GPx reaction.

K K
ROS + 2 GSH + GPx =——— (. =——— GSSC + GPx

k4 k_o

Here ki,k_1, ko and k_5 denote the rate constants and the reaction is assumed to be

reversible. During the reaction, ROS gets reduced and GSH gets oxidised.

1.3 Glutathione Reductase (GR)

Glutathione reductase catalyses the reduction of GSSG recovering glutathione in
its antioxidant form. Since GSH plays a significant role in controlling the oxidative
stress inside cells, GR is an unavoidable factor in preventing oxidative damage to cells.
According to Townsend et al., “the tight regulation of the GSH:GSSG ratio is maintained
by glutathione reductase”[9]. The reduction of GSSG is a multi-step process (below
diagram)[8] involving nicotinamide adenine dinucleotide phosphate (NADPH).

GR 4+ NADPH ——= GR-NADPH + GSSG —— GR-NADPH-GSSG

GR + NADP + 2 GSH «—— GR-NADP-GSH-GSH

In the first step, GR reacts with NADPH to form the enzyme-substrate complex, GR-
NADPH, which in turn reacts with GSSG to from another complex. Two GSH molecules
are produced as a result of the catalysis. For simplicity, the entire scheme is considered
as a two-step process, in the models described in the following chapters. Since the species
of interest is glutathione, NADPH is ignored in the reaction. The simplified version of

the reaction is as follows,

kq ko
GSSG + GR C 2 GSH + GR
k_q k_o
where k_q, ..., ky are respective rate constants.
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1.4 Measurement of GPx, GR activities

The concentrations of both GPx and GR has been measured for the the study. The
enzyme concentrations are measured as enzyme activity using Beer-Lambert law in spec-
troscopy. The Beer-Lambert law states that there exists a linear relationship between

the measured absorbance and the concentration of the sample[16], that is A oc d ¢, or
A=edc (1.1)

where A is absorbance, € is molar extinction coefficient, d is path length and c¢ is the
concentration of the sample. Absorbance is a dimensionless quantity. Thus molar ex-

! when path length d is measured

tinction coefficient is expressed in L mmol™! mm~
in millimetres and concentration in mmol L™' (1 mmol L™ =1 mM). Activity of an

enzyme is defined as the moles of substrate converted per unit time[17]. In other words,
Enzyme activity = Rate x Reaction volume (1.2)

Let A be the absorbance, d be path length (in mm), € be the molar extinction coefficient

(in mM~' mm™') and V be the total volume (in ml). From (1.1) we can write

1
=—A
¢ ed
Thus we get,
Ac 1 AA
At ed At

since € and d are constants. Hence, from (1.2) we get,

Activit AA V
vity = — —
VTN e d
and the specific activity b is given by[18],
AA V
=— M min~*
b At cgg M min

where v is the volume of the sample. The same equation is used for calculating both
GPx and GR activities. In both cases the absorbance of NADPH is measured. Thus the
above concentration (c¢) refers to the concentration of NADPH. The extinction coefficient
of NADPH at 340 nm is 6.3x103L mol~' em™1[19]. Hence, by measuring the absorbance
at certain time intervals (e.g. at 30 seconds interval for 3 minutes), we can calculate the

specific activity of the enzyme, since v,d and V are known quantities. For zero-order



reactions, the enzyme activity is directly proportional to enzyme concentration. But in
most biological systems the concentration of the enzyme is very low compared to the

concentration of the substrate and hence, can be assumed to follow zero-order kinetics.

1.5 Measurement of GSH and GSSG Concentrations

For measuring the total glutathione concentration in a sample, the oxidised glu-
tathione (GSSG) is converted into GSH by introducing glutathione reductase. By mea-
suring the absorbance of standard GSH samples at five minutes interval for thirty min-
utes, a plot of average absorbance versus time is obtained. Fitting a linear curve for each
concentration in the previous plot gives a linear relationship between the glutathione
concentration and the slope of the line (the linearity of the relationship is due to the
Beer-Lambert’s law). Hence, from the concentration of total GSH in any sample can be
calculated by determining the slope of the time versus absorbance plot. Since the GSSG
is converted to GSH in the sample, the relation between slope and the concentration
reflects the total glutathione in the sample, i.e. [GSH| + 2 [GSSG]. For measuring GSSG
concentration in a sample, the same method described above is used. The measurement
of GSSG, exclusive of GSH is carried out by derivatizing GSH with 2-vinylpyridine[20].
2-Vinylpyridine inhibits the reduced glutathione in the sample and the absorbance mea-
sured is a measure of the concentration of GSSG alone. Since we have the total glu-
tathione concentration and oxidised glutathione concentrations, the reduced glutathione

concentration can be determined by subtracting these concentrations, i.e.
[GSH] = Total Glutathione — 2 [GSSG]

The available data contains only the concentration of GSH as the data collection is still
under process. But from the initial analysis, it has been observed that in diabetic patients
the concentration of GSSG is 10% to 30% of the concentration of total glutathione. This
approximation is used for parameter optimisation of the models described in the next
chapters. In addition to these readings, the concentrations of the ROS markers such
as HbAlc and TBARS is also available. The details of the available data are discussed

further in the following chapters.



Chapter 2

Closed Models

Even though there are several metabolic models of RBCs available, only a few of
them studies glutathione extensively. However, most of these models fail to provide a
more explicit description of the glutathione-glucose relation. Hence, several mechanistic
models of glutathione interconversion were created for understanding the glutathione
dynamics in RBCs. In each step of model creation, additional components were added to
the model, and the effect of the new elements on the model was studied. The rate laws
for the reactions are written using the law of mass action[13] as explained in the previous
chapter, and quasi-steady state approximation was applied after non-dimensionalising
with appropriate substitutions. In each model, the relationship between each chemical
species is analysed at steady state.

In the closed models, total glutathione inside the system remains constant, and we
assume that there is no import or export of glutathione, since we don’t have a direct
measure of these two. The simplest model for the interconversion of two species is a
single enzyme model with a reversible reaction. The forward reaction drives the transition
from the reduced state to oxidised state, and the backward reaction is the transition
from oxidised to the reduced state. For this purpose, a reversible enzymatic reaction is
considered in all the following models. The forward and backward reactions are controlled
by four reaction rate constants, ki, k_1, ks and k_,. For simplicity, the following notation
will be used throughout the chapter with corresponding lowercase letters denoting the

respective cellular concentrations.

S := GSH P := GSSG R := ROS E; := GPx E; := GR

2.1 Single Enzyme Model

The single enzyme model described above can be visualised as shown in the below

diagram. For understanding the general kinetics of the model, we did not include ROS
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and the stoichiometry in the reaction. This helps to study the role of these two factors

in determining the steady state of the system.

ky ko

In the above figure, the substrate is denoted by S and product is denoted by P. Here, C
is the enzyme substrate complex formed by the action of the hypothetical enzyme E, and
ki,k_1,..., ks are rate constants. Since this is a closed system, the amount of enzyme and
the total amount of substrate and product is conserved. That is e+c¢ =¢eg and s+ p = s

(lowercase notation is used to represent the concentration of respective species).

2.1.1 Rate Laws

The rate laws for the above reaction are written as follows using the law of mass

action. The rate of change of each chemical species is given by

ds
i k_ic— kyse
=k_1c—kis(eg — ¢) (2.1)
d
d_]: = koc — k_ope
= kIQC — ki_gp(Go — C) (22)
d
€ _ kise + k_spe — k_1c — koc
dr

= 6(]618 + k’_gp) — C(]f_l + k?g)
= (60 — C)(l{ilS + ]{Z_Qp) _ C(/{?_l + ]{32)
= €0<k18 + kfzp) — C(k,1 —+ kg -+ kls -+ k,2p) (23)

Here we use the fact that the total concentration of enzyme is conserved, i.e. e + ¢ = eq.

2.1.2 Non-dimensionalisation

For a better mathematical understanding of the system and applying the quasi-steady
state approximation, the rate laws are non-dimensionalised. This is achieved by intro-

ducing appropriate dimensionless variables as mentioned in the earlier chapter. Let

S D c
o] = — 09 = — r = —
S0 S0 €0
€o
T:kleot E=—
S0



where sq is the total amount of substrate and product, and ¢eq is the total amount of the

enzyme present in the system. Substituting the above terms in Eq. (2.1).

d(SoO’l)

—— = =k_ —k 1—

A Freo) 1602 — kisooieg(l — )
d

]{516080ﬂ = k,leox — ]{?1500'160(1 — .Z’)
dr
d0'1 k?_l
- =~ r— 1—
dr klsox 01( I)

Similarly, substituting in Eq. (2.2)

d(SoO'Q)
0% hyeor — K 1—
d(7/kreo) 260T 28002€0( )
d
kﬂfoSo% = k‘Qe()QZ — k',2500'2€0(1 — SL’)
T
d0'2 k’g k’_g

=—x——09(1—1)

F N ]{?180 ]{?1

and Eq. (2.3) becomes

d(egx
% = 60(k13001 —|— k?_QSOO'Q) — eox(k‘_l + k?g —I— ]{?1800'1 —f- ]{?_2800'2)
OdT = 8001 iy 002 iy 001 iy 002
€ dz o kJ_Q k’_l + k’g ]{7_2
d—OE—O'l—i‘ kl ()] QZ< ]{3180 +O'1+ l{?l O'Q)
This implies,
dr - kl o2 k180 o kl o2

Summarising the results, we get three non-dimensionalised rate laws corresponding to

the original rate equations.

dO'1 k,I

e Rt 1 — 24
dr k180$ 01( x) ( )
d0'2 k’g k’_g

L= e e (1— 2.
dr k/’lSOx k’l 02( x) ( 5)
dx k_ ki +k k_

e =01t —kf oy — (—];80 2 bor+ —kf 02) (2.6)

All three differential equations shown above are governed of the normalised enzyme-

substrate complex concentration, which is practically hard to measure. Hence, we apply
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quasi-steady state approximation for reducing the above system of equations, to functions

of substrate and product concentrations.

2.1.3 Quasi-Steady-State Approximation

The quantity ¢, in Eq. (2.6), is the ratio of enzyme concentration to the substrate
concentration which is typically in the range of 1072 to 10~7[13]. Due to this, the reaction
corresponding to Eq. (2.6) is fast and attains equilibrium rapidly. Hence, we take the
quasi-steady state approximation that 5g—f = 0, as explained in Sec. 1.1.2, for obtaining
the algebraic expression of the normalised enzyme concentration. Then from Eq. (2.6),

we get

Now substituting this value of = in Eq. (2.4) gives the rate of change of oy in terms of the
normalized concentrations o; and o5, and removes the dependence of the active enzyme

concentration/enzyme-substrate complex concentration.

k_o (k—l + k2)
doy kg o1t k:_la2 _ k159 o
dr kysg k-1 + ko B k_1+ ko B
—k150 +O’1—|— k‘l 02 —k‘lso +O’1—|— k’l 09
k_1 o k_q Ba B (k_1 + ko)
k1o ' kiso ki § k1o
k_ k k_
1+ K2 n 2
k1so 1
LT
k%SO o2 klsoal
kot ke n k_y

k180 1

01

Similarly, substituting the value of z in Eq. (2.5).

o (k1 + ko)
d02 o k2 ot kl o2 i E k150 o2
dr  kysg k-1 + k2 E ki k1 + ko E
—kflso + o1+ o P —klso + o1+ T op)
by oy ko ha o ha(katky)
k180 ! k150 kl 2 ]{Zl k150 2
a k_y+ ko k_o

k130 to kl



ko k_1k_o

_ ks R T doy (2.8)
k_1+ ko k_s dr )
———— t o1+ -0

k1so k1

Here the relation (2.8) is essentially the conservation of total glutathione in the closed

system. Since % + dj% =0, 01 + 092 = 0. Which implies that s + p is constant.

2.1.4 [S] to [P] Ratio

The ratio of substrate to product concentrations can be determined from Eq. (2.7).

Note that [S] to [P] ratio is same as o to oy ratio. At steady state, the concentration of
d[s] d[p]
Tt at
that 92 and 9% are zero. Putting 92 = 0 in Eq. (2.7), we get

the substrate and the product is unchanging, i.e. both and are zero. This implies

]{?_1]{_2 k’g N 01 ]{3_1]{3_2
O = g —_— =
k?%SO 2 k130 ! 09 k’lk’g

Hence, the ratio of concentrations of S to P is governed solely by the forward and back-
ward rate constants. With higher forward reaction rate constants k; and ks more P is
produced and higher backward reaction rate constants implies more concentration of S.
It is important to note that the concentration of the enzyme and the total amount of

substrate and product (sg) has no dependence on the steady state ratio.

2.2 Single Enzyme Model with Stoichiometry

In the actual glutathione system, two molecules of GSH is needed for the formation
of a single GSSG. Hence, the stoichiometry of the reaction could affect the steady state
concentrations of GSH and GSSG. This can be studied by introducing stoichiometry in

the previous model as follows.

kq ko
2S+E C P+ E
k‘_l k_g

In the above reaction, two substrate molecules are converted to a product molecule and
k1, ...,k_o are rate constants as before. Similar to the previous section, we start with

writing the rate laws for the system.

2.2.1 Rate Laws

It is important to note that the stoichiometry affects only the rate of change of S.

The other rates, % and 4 are the same as Eq. (2.2) and (2.3). By the law of mass
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action, the rate of change of s is given by

ds
n = 2k_qc — 2k s%e
= 2k_yc — 2k15%(eg — ¢) (2.9)
dp

From the previous section and j—i are given by

7 dt

d

d_]t) = koc — k_op(ep — ¢)

d

d_j = eg(k1s + k_op) — c(k_1 + ko + k1s + k_sp)

2.2.2 Non-dimensionalisation

The same substitutions from Section 2.1.2 can be used to non-dimensionalise the

above equations. Substituting the dimensionless variables in Eq. (2.9) gives

d(sp01) 2 2

— = 2k_ — 2k —

ar/ (kreo) 1€0T 155071 (e0 — eo)
d

kleosoﬂ = 2k_1zeq — 2k1s50%eg(1 — )
dr

This implies,

dO’l 2]{3_1 2
201 _9 1 —
d’T k130 v 8001( x>

Since 9 and dd—‘; are same as previous section, the corresponding non-dimensionalised rate

laws are also the same. Hence, we get

d0'1 2]{3_1 2

—_— = -2 1-— 2.1
T Tso x — 28907 (1 — x) (2.10)
dO'Q kQ k,Q

S = — —Zy(1 — 2.11
ar " st R 24T (2.11)
dx k_ ki +k k_

&TE :SoO’%—Fk—fO'Q—QJ <I;—SO2+SQO'%+I{;—120'2) (212)

2.2.3 Quasi-Steady-State Approximation

By Q.S.S.A. (as explained in Section 2.1.3) assuming ¢§£ = 0 in Eq. (2.12), we get

k_
500'% + ]{7_20-2
1
k1 + K ,

T =

]{7180
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Substituting the value of = in Eq. (2.10).

n k_o k_q1+ ko
50072 —0 —_—
d0'1 o 2]{,1 071 k’l 2 —_ 9 0_2 klso
dr  kysg k-1 + ko o ko2 OV k1 + kg o ko2
k1o oot ki & k1o oo ki 7
2%y o 2k 1k, o (k_y + ko)
iy — 28002 2/
k130 5091 klso kl o2 001 ]ﬁSo
k1 + ko , ko
k‘lso + 00—1 + kl 0_2
2% 1 , 2%k.ko 2%k , 2k
B o o] + sok% b i o] o o1
- k_1 + ko sio? 4 k_y
k1so 001 k1 72
2% 1k o 2k
———09 — —O
T (2.13)
ko + ke n n k_o '
—_— S —_—
]{7180 001 ]{31 o2
doa

Since the expression for 2 is the same as Eq. (2.5), from the previous model we get

@02 - k_lk_Qa
d0'2 ]{?1 ! Sok% 2
= (2.14)
dr ]L1+k2+ 024—@0
k1sg . k1 ?
o 1 d0'1
- 2dr

This implies that % + 2% is constant. Since two substrate molecules are required for

the formation of a single product molecule, here the conserved quantity is s + 2p.

2.2.4 [S]? to [P] Ratio

Since we introduced stoichiometry to the model, it is impossible to get [S] to [P] ratio
(directly). At steady state, both and d[P are zero, which implies %"1 and d” are zero.
Putting 92 = 0 in Eq. (2.14), we get

kQ 2 ]{Z_lk_g O'% ]{J_lk_g
]{Zl Sok% o2 =

02 N k1kaso
Multiplying the numerator and the denominator of left hand side by s2

8(2)0'% o i . k_lk_g = i . k’_lk_g
8%02 Sop k1kasg p Fiko
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Hence, the steady state [S]? to [P] ratio is determined by the ratio of backward and forward
reaction rate constants as seen in the previous model. By introduction of stoichiometry,
the ratio of the rate constants determines the s? : p ratio, instead of s : p ratio. Moreover,
it can be seen that the steady state ratio is not affected by the concentration of enzyme

and the total concentration of substrate and product.

2.3 Complete Single Enzyme Model

ROS is the primary substrate in the reaction involving GPx. In fact, GPx protects
the cell from oxidative damage by reducing ROS. The following model incorporates this
idea of ROS acting as an oxidiser. Let R denote the ROS in the system. The following
diagram depicts the action of enzyme E, on the substrates R and S, which results in the

formation of P.

ky ko
R+2S+E C P+ E
k_q k_o

Here C denotes the enzyme-substrate complex formed by the collision of E, R and S.
Similar to previous sections, let ki, k_1, ks and k_s be the rate constants for forward and

backward reactions.

2.3.1 Rate Laws

Since ROS is introduced in the system, the concentration of ROS is going to affect
the rate of change of concentration of S, P and as well as C. Using the law of mass action,

the rate laws for the above reactions are written as follows.

ds
i 2k _1c — 2kyrs’e

= 2k_1c — kirs*(eg — ) (2.15)
d
d—f = koc — k_sope

= kaoc — k_ap(eo — ¢) (2.16)
d
d—j = kirsie + k_ope — k_q1c — koc

= e(kyrs* + k_op) — c(k_1 + k)
= (eg — ) (kyrs® + k_op) — c(k_1 + ko)
= eo(k1rs® + k_op) — c(k_1 + ky + ky7s® + k_op) (2.17)

where 7 denotes the concentration of ROS or R.
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2.3.2 Non-dimensionalisation

The equations needs to be non-dimensionalised before applying the quasi-steady state
approximation. For non-dimensionalising, consider the following substitutions, where we

introduce an additional variable o3 for the concentration of ROS.

S D T
o1 = — 09 = — O3 — —
S0 S0 To
C €o
r=— T = kregt €= —
€o S0

Here 7y denote the initial amount of R present in the system, that is ro = r(t = 0).

Substituting the above terms in the differential equation (2.15).

d(so01) 2 2
— =2k_ — 2k —
A Freo) 1€0% 170038507 (€9 — €x)
do, 2 2
k:leosod— = 2k_1eqgr — 2kyroepsgoios(l — x)
T
d0'1 2]{3_1
T s x — 2r9so0ios(l — )

Equation (2.16) becomes,

d(SoO'Q)

d(T/k'1€0>
d0'2

]{3160805 = kz@ox - ]f_2€0500'2(]_ - .Z')

d k k_
o2 _ 2 2oyl — )

E n k130 ]{?1

= ]{?2€0$ — ]{?_20'280(60 — 6011)

and similarly, Eq. (2.17) becomes

degx
i = 60(]€17”00'3$(2)(7% + kLQSoO'Q) - 60.?3(]{71 + kg + k17“0038(2)0'% + k72$002)
d(T/]i]1€0>
dx
]{?1605 = ]{317”00'38%0'% + ]{3_2800'2 — C(](k?_l —f- ]{32 + ]{?17”00'38(2)0% + kZ_QSOO'Q)
€0 dz ]{?_2 k‘_1 + k’g k’_g
S_OE — 7"0800'%0’3 + k_102 — X (TSO —|— 7’0800’%0’3 + k—la'g

Hence, we get the following three non-dimensionalised rate laws for the system.

d 2k_
SO 2 9rgseolos(l — ) (2.18)
dr ]{5180
d0'2 kg k,Q

— 2 2501 — 2.19
dr klsox kl 02( w) ( )
dx k_ k_y+k k_
85 0800103 + k_1202 — < ]::180 2 + 79500103 + k;_1202) (220)



2.3.3 Quasi-Steady-State Approximation

Again, the quantity ¢ is small as the concentration of the enzyme is relatively small
compared to the concentration of the substrate. By quasi-steady state approximation (as

explained in Sec. 2.1.3), assume ag—f = 0. Then Eq. (2.20) implies

7’0800’%0’3 + —09

xTr =
2 ks
+7'0$00'10'3+ o)

ki

k_1+ ko
k1so

By substituting z in Eq. (2.18) we can eliminate the factor of enzyme concentration from

the equation.

k
2 i
d0'1 B 21{3_1 7“0800'10'3‘|— ]{Zl (D)
B k_1+k k_
dr klso i + 7"0800'%03 + —202
k’180 ]{31
k_1+ ko
27“0300%03 k150
k_i 4 ko )
2
+ 1989003 + ——039
k159 1
2]{;717“ So0 203 + —21{;7220 - —2]@717" S00203 — 2k roS0020
k1300013 k130k12 k150013 k1800013
N ki+k k_
12130 2 + 7“0800%03 + k_1202
—2k_1k_20 — 2—1627" olo
. k%SO 2 k?l 07173
ko + ks ) k_o
k130 + roS00103 + kl 09
Similarly, substituting = in Eq. (2.19) gives
T0S00203 + ;202
doy . ko k1
o k_i+k k_
dr Kuso for 4 i + roseoios + 225,
k150 k1
k_1+4 ko
_F2 k150 o
ki ko1 + ko , ko 77
klso +7’0800103 + kl ()
L2 ToS00 205 + ka_?a — k_lk_za — —k_QkZU
. k130 0707173 ]{3%80 2 k?%SO 2 k%SO 2
o k_1+ ko k_o
2 4 rpse0tos + 2
k150 0500103 iy 02
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Simplifying the terms yields

ky L, k_ikg

d0_2 B k—17’00'103 — k%so 09
dr k_1+ ko k_
e + roseoios + k‘_102
. 1 d0'1
- 2dr

The above relation gives same conservation law of glutathione obtained in the previous

model, i.e. s+ 2p is a constant.

2.3.4 [S]? to [P] Ratio

Because of the stoichiometry of the reactions, we can only obtain [S]? to [P] ratio.

At steady state both % and % are zero, since concentration of S and P is unchanging.

doo

> = 0 implies,

ky o koikio

—7r00103 = —5——
! ]{J%SO

ki

02

Hence, we get the following relation

O'% k'_ll{?_g

02 kykosoroos

Multiplying the numerator and the denominator of LHS by s2 and rearranging the terms

gives

i B k_1k_o
p B kykg -1

since 7903 = r. Thus [S]? to [P] Ratio is inversely proportional to the concentration of
the species R. As the concentration of R increases, the ratio decrease as the substrate
molecules are converted to product. Same as before, the ratio is also depending on the
ratio of the forward and backward reaction rate constants. But it should be noted that
the ratio is bounded, since ki, k_1, ko and k_o are constants and the concentration of R

has a physiological bound.

2.4 Two Enzyme Model

In the single enzyme models, the ratio of [GSH] to [GSSG] (or [GSH]? to [GSSG]) is

determined by mainly by the backward and forward reaction rate constants, and in the
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last model, concentration of ROS also plays a role in determining the ratio. Hence, using
only these parameters gives a lesser control over the concentrations as the reaction rates
are specific to each reaction. In the previous model, it has been shown that the ratio is
inversely proportional to the concentration of R. As a result, the ratio fluctuates as the
concentration of ROS in the system changes, which contradicts with the general belief
that the ratio at steady state is tightly maintained. So it is necessary to examine the
case where two enzymes are controlling the oxidation and reduction, as it could have a
different effect on the regulation of the ratio. As mentioned before the oxidation of GSH is
mediated by the enzyme glutathione peroxidase (GPx) and the reduction by glutathione
reductase (GR). In the following diagram, the former enzyme is denoted by E; and the
later one by Eo. Here ky, k_1, ..., k_4 are rate constants and C;, Cy denotes the enzyme-
substrate complexes formed by the action of E; and Es, respectively. Instead of directly
going to the actual model, we first study the case where ROS is not a substrate for the
reaction. We also assume that both reactions have a single intermediate, for simplicity.

Note that, the enzymes are written separately for highlighting the two separate reactions.

E,
%2
P
43

E,

For simplification, the above coupled system can be written as two separate reactions as

E,
kl> Cy
2S
m} Cs
E,

follows.
kq ko
2S + E; Cy P+ E;
k_q k_o
ks ky
P+ E, Cy 2S + E,
-3 k?_4

2.4.1 Rate Laws

The total amount of each enzyme is conserved in the system, since they are either in
free state or in combined state. Let ¢ = e + ¢; and dy = d + ¢o (Here e and d denotes

the concentrations of E; and Es, respectively). For determining the rate of change of
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concentration of each chemical species, the contribution from both reactions should be

considered. Similar to the previous sections, the rate laws are written using law of mass

action.

% = k1s?e 4+ k_gpe — c1(k_1 + k»)

= e(k18® + k_op) — c1(k_1 + ko)

= (eg — c1)(k18® + k_op) — c1(k_1 + k)

= eg(k15® + k_op) — c1(k_1 + ko + k15> + k_op) (2.21)
% = kapd + k_45*d — co(k_g + ky)

= d(ksp + k_48%) — ca(k_3 + ky)

= (do — co)(ksp + k_48%) — ca(k_3 + k)

= do(ksp + k_45%) — co(k_3 + ky + ksp + k_45%) (2.22)
% = —2k15%e + 2k_1c1 + 2kqcy — 2k_45%d

= —2k;5*(eg — ¢1) + 2k_1¢1 + 2kacy — 2k_45%(dy — 3) (2.23)
% = kocy — k_gpe + k_3co — kapd

= kocy — k_ap(eg — ¢1) + k_gca — ksp(dy — ¢2) (2.24)

It can be seen that from Eq. (2.23) & (2.24), unlike previous models, concentration of

C; and C, affects the rate of change of substrate and product concentrations.

2.4.2 Non-dimensionalisation

For non-dimensionalisation, substitutions analogous to previous section are consid-
ered, and for applying quasi-steady state approximation, the same procedure described
before is used. Let so = s(0) + 2 p(0), i.e. the total amount of glutathione present at

time ¢ = 0. Consider the following substitutions for non-dimensionalising the system.

S C1
o1 = — ry = — T:kleot
S0 €o
C2 €0
09 — — Ty = — £ = —
S0 do S0

It is to be noted that, even though concentration of both C; and C, are normalized, ¢
does not include terms corresponding to the two enzymes. Instead the same ¢, used in

previous models, is considered here. Substituting the above dimensionless variables in
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1
O dr
dl'l

hio g

€0 d:r;l
S0 dr
dx 1

“dr

k

=eo(1 — 1) (k15507 + k_98002) — eor1(k_1 + ks)
k_i+k
= So ((1 — 371)(]61800'% + ]{7_20'2) — 1'1%)
0

k_ k_i+k
= (1 —x1)(s007 + k—fag) — xll;—soz

k_ k_.i+k
— (1 — 5(11)(800% + /{_120-2) — 111]::1—802

Similarly, substituting dimensionless variables in Eq. (2.22).

dxy
dr
dxy
dr
dxy

dr

kieody

k160

€0
S0

do(l — 513'2)(]{330'280 + k740'%83) - l’zdo(kfg + k4)

k_s+k
= So ((1 — $2)<k302 + k74800'%) — xg%)
0
k k_ k_s+k
= (1— xz)(k—j@ + k—l“soaf) - xzﬁ
k k_4 k_s+k
= (1 — IBQ)(k—jUz + k—1800'%) — ZEQ%

Equation (2.23) =

dO'l

ki1soeq —
dr

doy
dr

= —2]€1830'%€0(1 — Z‘l) + 2]€_1€0I1 + 2k34d0(l}2 — 2]6_4880'%6%(1 — ZEQ)

2]{5_1 2k34d0 2k_480d0 2
-— — g
k150 ' k1soeo !

= —25001(1 — 1) + x To (1 —x5)

kieo

Equation (2.24) =

do
/ﬁeosod—T2

dO’Q

dr

= kgeoxl — k,QSOO'Qeo(l — 1'1) + k,3d0$2 — k,3$00'2d0(1 — 1'2)

ko k_o k_sdy ksdy

- —3}1 - _02 -
kiepso k1eq

= 1 —
]{5150 kl ( 33'1) +

i) 0'2(1 —CEQ)

Summarising the results, we get four non-dimensionalised rate laws corresponding to the

rate of change of concentration of four species, C;, Cy, S and P.

g% = (1 —2y)(sp0? + kk—_fag) - x1k_];—1—0k2

s% =(1- 3?2)(];—?02 + kk—fsoaf) - 952%

Ccliil = iff; ) k?f;:i(:)xg + 25002 (zy — 1) + %%zzdoaf(@ - 1)
B R ) )
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2.4.3 Quasi-Steady-State Approximation

Similar to the previous sections, the quantity ¢ is small, as the concentration of the
enzyme GPx is small compared to the concentration of glutathione. By quasi-steady
state approximation (Section 2.1.3), € dxl and gd’f are assumed to be zero. Hence, from

Eq. (2.25) and (2.26), we get two algebralc expressions for x; and z.

3001 + k—ag
1
T =
ki +k
g + S()O'l + —0'2
]{7180 l{Il
k_ k
4800'% + _30'2
o ki ki
o —k_3+k4+k; 02+@a
k180 kl 5001 kl 2

Multiplying the numerators and denominators by kisp simplifies the expressions to the

following form.

k1sio? + k_95002
k_1+ ko + ky1s%0? + k_a8002
k_ys303 + k3sooa
k_g+ ks + k_ys507 + ksso0s

I =

To =

Substituting the value of x; and x5 in Eq. (2.27) eliminates the dependence of ¢; and c;

on the dynamics the S and P.

d0'1 . 2]{7_1 ]{?1830'% + ]{?_2800'2 2800’%([€_1 -+ ]{52)

Ar  kiSo k_y + ko + k15202 + k_g5005  k_1 + ko + k15202 + k_o500,
2]{3_480d00'%
2k4d0 k’_48(2)0'% + k?gSOO'Q ]{;160 (k73 T k4)
k13060 ]{J_3 + k?4 + k?_4830'% + k?gSOO'Q ]{7_3 + k’4 + /{3_48(2)0'% + k?3800'2

2k_ 2k_
L ]{31830'% + k—lk_QSOO'Q - 2800’%(]{?_1 + k’g)

_ k1o 150
k’_l + ]’CQ + ]{?13(2)0'% + ]{7_28002
2k 2k 2k_4800%
—4]6_4830'% + —4]{33800'2 $(k’_3 + k‘4)
+ @ k1sg k1sg 1
€p k,3 + /C4 + k748(2)0'% + k3800'2
2k_q1k_ 2kyk 2k _4k_
%0‘2 — 2]€280Cf% d ]j 30'2 — %800—%
= L +=2 L L (2.29)

k_i+ ko + kis3of + k_osooa e | kg + ka + k_ysto? + k3s002
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Substituting the value of z; and x5 in Eq. (2.28).

ko
dO'Q . ]{72 klng'% + k72800'2 k_laz(k_l + k2)
dr N k130 k‘fl + kg + ]ﬁS%O’% + k728002 kfl + kz + lﬁS%U% + k72800'2
ksdy
k?_3d0 ]{5_4830'% + :16'3800'2 B ]{jleo 0-2(k73 - k4)
kieoso k3 + ka + k_4830? + kasooa  k_3 + ks + k_45307 + k3sooa
ko ko k_o
k1s k_ — —oq9(k_1+ k
k:10101+k10 25009 k:102< 1+ ko)

k_y+ ko + k?15(230% + k_25002

k_s k_s ks
el e o .y — —o9(k_3+k
+ @ k1o 15071 ¥ k150 32002 k’102( s hy)
€o k_s+ ks + k_ys307 + k3sooa
o kb ksk_y ., ksky
250071 — 2 09 d() L 5001 — k—O'Q
= L + 2 L L (2.30)

k 1+ ko + kisio? + k_osoos  eo | ks + ka + k_y5307 + k3sooa

1 d0'1

2 dr

In other words, % +2 % = 0. This implies o1 + 205 is a constant which is true in this

closed system, as glutathione existing in either of the forms does not leave the system.

2.4.4 [S]? to [P] Ratio

d[s]
At steady state, both T t

Putting 4% = 0 in Eq. (2.29), we get

and 4 are zero. This implies that 92 and 992 are zero.
d dr dr

ok % sk s, 2kiks
kl dO

kfl + kQ + klsgaf + ]iLQS()O'Q €0 kfg + k4 + k'74530'% + kgSOO'Q

Multiplying both sides by k; /2

d
=0 (k,4k,3800'% — k4]€30’2>

k_lk'_QO'Q — ]{51]{2800'% _ €0
kfl + k’z + k’lng% + k72500-2 k73 + k’4 + k74530'% + /{73800'2

Assuming irreversibility (k_2, k_4 = 0) in the reactions, the above expression becomes

ngleSOO'% . d0k3k40'2
]{3_1 + k?g + le%O'% N ]{?_3 + k?4 + ]C3800'2
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In enzyme kinetics, the reaction step in which the enzyme-substrate complex is con-
verted to product and enzyme is usually irreversible. But in the single enzyme models,
we assumed that the reaction is reversible since the backward conversion, from P to S,
was required. Here this assumption is dropped since two separate enzymes are driving
the two reactions. Hence, we assume k_o = k_4, = 0. In terms of the original variables,

the above equation can be written as follows.

601{3282 . d0k4p
kp +82 K, +p

(2.31)

where k,, = k*}g—j]” and k= k*i;’g—:k“ It is important to note that the expression on both
sides resembles the Michaelis-Menten equation. Both sides represent the velocity of each
enzyme reaction, and hence at steady state the forward and backward fluxes are equal
(or net flux is zero). Let v; = kgeg and vy = kgdy. Then above steady state relation can

be rewritten as follows, assuming p is non-zero.

K. v15* + puys® = vopky, + s20ap

= kmvop = Sz(k':nvl + pvy — VD)
km’UQ
= S = o
(Ul — UQ) -+ mTl
s k,, va
= o= 2 /
p p*(v1 — v2) + pkl, v

Hence, ratio of substrate to product concentration is a function of the product concen-

tration itself. For further analysis we now introduce ROS in the model.

2.5 Two Enzyme Model with ROS

Similar to Section 2.3, here an additional species R, (representing ROS) is introduced
for the enzyme catalysis by E;. In Section 2.3, we have seen that the concentration of
ROS has an explicit effect on the ratio of the two states of glutathione. Earlier, it has
been found that the increase in ROS concentration decreases the ratio by pushing the
reaction forward. So it is reasonable to assume that such an effect is also possible in the
case of two enzymes, where an increase in ROS concentration boost the production of P
(i.e. GSSG). In the following reaction scheme, R is shown together with E; to emphasise
that R is not a product of the catalysis by E,. Also, R is a necessary substrate for the
catalysis by E;.
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R+ E; Eq

ki, k_q Gy ko, k_o
28 p
ka, k_4 Cy ks, k_s3
Es E,

The action of each enzyme is written separately as follows.

k1 ko
R+2S+E; Cy P+ E;
k_q k_o
ks ky
P + E, Co 2S + E,
k_s k_4

2.5.1 Rate Laws

As seen in the last model, the total amount of enzymes are conserved. Let eg = e+ ¢

and dy = d+ co, where e denotes the concentration of E; and d denotes the concentration

of E5. The concentration of R does not affect the kinetics of Cy and P. Hence, the same

rate law from previous section can be used here. Using the law of mass action, the rate

of change of concentration of C; and S are given by

% = k1s*re 4+ k_ope — k_ic1 + kacy

= e(k1s*r + k_op) — c1(k_1 + ky)

= (eo — c1)(k18°r + k_op) — c1(k_1 + k)

= eo(k18°r + k_op) — c1(k_1 + ko + k18°r + k_op)
% = —2kyrs?e + 2k_ycy + 2kyco — 2k_y5%d

= —214317”82(60 — Cl) + 21{3_101 + 2]{5462 — 2]{3_482(61(] — CQ)

and from previous section,

d
f = do(ksp + k_45%) — ca(k_s + ks + ksp + k_457)
dp

Fri kacy — k_ap(eg — ¢1) + k—sco — k3p(dy — ¢2)
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2.5.2 Non-dimensionalisation

The same substitutions from Sec. 2.4.2 are used here for non-dimensionalisation. We
also add an additional dimensionless variable o3 = %, where 79 denotes the concentration
of ROS at time ¢t = 0. Since Eq. (2.34) and (2.35) are the same rate laws given in the last
section, their non-dimensionalised versions are also same. Substituting these variables in
Eq. (2.32) yields the following.

d(egx
% = eo(klsg(f%?"o(fg + k72800'2) — 60.1'1(k71 + kz + lﬁS%O’%T’QO’g + kfzsoo'g)
dz
kjleod_Tl = ]{718(2)0'%7”00'3 + k?_QSOO'Q — J]l(k_l + k’Q + kls(Q)O'%Toﬁg + k‘_QSOO'Q)
€p dxl k_g k’_l + ]{?2 k_g
S_OE = 7’0800'30'3 + k_102 — I (TSO -+ 7”0800’%0’3 + k—10'2

Similarly, substituting the variables in Eq. (2.33).

d(sgo
ﬁ = —2]617"00'38(2)0'%60(1 — l'1> + 2]{3_1601’1 — 2]{?_48(2)0'%d0<1 - IL‘Q) + 2]€4d01‘2

d 2k_ 2k4d,

kl@oﬂ = —2k17"0800’30'%€0(1 — x1> + 1601'1 — 2]{,4800'%d0(1 — .%'2) —+ 1 0.%'2
dr So So
d0'1 2 2]5,1 2]674(10 9 2]€4d0
—1l__9 1— _ —
I r0S00307 (1 — x1) + oo T e 307 (1 — x9) + k1€030x2

Hence, combining the non-dimensionalised equations from the last section (Eq. (2.26) &

(2.28)), the four non-dimensionalised rate laws for the system are given by

s% = 1900} 03 + kk:__1202 — 7 (k_];—;kg + 1r9Se0103 + kk—_1202> (2.36)
6(;—:? = :—i’ag + kk—_fsoaf — X (—k_lj:;ok4 + :—i’ag + kk—_fsoaf) (2.37)
% = —2rys00307(1 — x1) + i];; - 221250 s007; (1 — 22) + sl%oi(;a:g (2.38)
% = %;xl - %202(1 — 1) + :joiooxz — Zj—izaz(l — I9) (2.39)

2.5.3 Quasi-Steady-State Approximation

By Q.S.S.A. (as explained in Section 2.1.3), we can assume 5‘%1, 5% = 0. Then Eq.
(2.36) and (2.37) implies,

2
0500103 + — 02

N Tk

+ 7”0800’%03 + —o02
k130
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ks L k_,
—0
B2k

kst ks ks k.

— + —o09 + 8001

k130 kl k’l

To =

The above two algebraic expressions for z; and zy are substituted in Eq. (2.38) for

obtaining rate laws purely in terms of substrates’, product’s and enzymes’ concentrations.

dor —2r8002073 (kl;—::ol@) o, (rosoafag + kk—1202>
dr —k_];;rokQ + 79500703 + kk—_lzag k180 —k_];—;kz + 70500703 + kk—_1202
%ady (ks ks ko
k_z+ky ks k_ 4 kiegso k—s + ks k3 k_4
hso TR TS i R
2k _1roso0ios 2k 1k 90y 2k_1rgsooioy  2kargsgoios
B k180 k2sy k150 B k150
kot he + 19800303 + —0
Frse 0500103 + =02
2kydoksos  2k_gkadosoor  2k_sk_y4dosoot  2k_4kadyseol
N k3egso k3eqso B kiegso B kiegso
etk ko ke
k1so k1 ? k1 o
Uiky 2%y do (2ksky 2k sk s
B Wm - k—lroa103 6—0 ( k25, 02 — 2 J1) 240
_k1+k2+r8020+ﬁg+k3+k4+@U+Q802 (2.40)
k150 M k1 ? k1so k1 ? k1 o

Substituting the value of z; and 25 in Eq. (2.39).

d0'2 . ]{72 0°0 1 3 ]{31 2 . kl ]{5180 2
dr  kyso k-1 + ks k_ 2, k_1+ ko 9 k2
—klso + 7‘0300103 + — /ﬁ —klso + 1r9S00703 + e 09
ks ke hady (ks k)
k',gd(] ]{51 2 k?l 071 . ]{?160 k180 2
kiegso k-3 + ks ks kg o hgtky ks kg,
—/ﬁso + k o9 + i S007 —klso + y o9 + /ﬁ S007
]{327’0800'%0'3 ]{?2]{3_20'2 ]{5_1]{3_20'2 k'_Qk’QO'Q
. ]{?180 k%SO k’%SO ]{?%80
N ki +k k
ﬁ + 7’0800%03 + k_lzaz
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k,3k3d00'2 k,3k74d0800'% k3k,3d00'2 k3k4d00'2

N k3egso kiegso kiegso kiegso
Faths ks ka
k150 k_102+ k1 Ty 00
@7‘0020 — —k_lk_20 @ (k_?’k_4a2 — k3k4a >
ke P ks Lo\ K s °)  ldoy (2.41)
k1 + ko k_o k_s+ky ks kg 2 dr '

+ T[)S()O'%O'g + 09 —— + —02+ ——5007

k150 kf_l k1so k1 k1

Similar to the previous sections, we are able to obtain the conservation of total glutathione

from the rate laws. Since d"l + 2d‘72 0, 01 + 204 is constant. That is, s+ 2p is constant.

2.5.4 [S]? to [P] Ratio

At steady state both % and % are zero, as the concentration of the substrate and

the product are constants. Hence, from Eq. (2.41), we get

ko o kaks o (hoshos Kok
]{?1 0%1%s ]{'180 2 - €0 k% ! k130
k_q1+ ko ko | kgt ks ks k_4
T%+T0800103+k_102 TSO—FI{:—IO'Q—FIC—ISOO'%
do (hsks  koskoa
B kso - k2 !
-k k k k_y4
Bestha B 02

]Cl S0 kl ]fl

Multiplying both sides by k#sy gives the following simplified expression,

dg )

k‘leT()S()O'%O'g — k—lk 209 e (k3]€402 k_gk?_4800'1)
k_q+ ks ko  k.s+ky kg s )
—;130 + rosooios + T g o + k_102 + - $007?

and in terms of the original concentrations, the above equation becomes

60](32827‘ B dok‘4p
Em +s2r k4 p

(2.42)

k_y+k k_s+k

—1+2andk:;n:—3+4
k1 ks

two enzyme reactions. It can be noted that both sides of the equations are in the form

where k,, = , assuming irreversibility (k_2,k_4 = 0) in the

of hill functions, similar to steady state relation obtained for the last model. Both sides
represents the velocity of each separate enzyme reaction, and the relation implies that

at steady state the net glutathione flux across the system is zero. Let v; = ksey and
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vy = kydy. Then Eq. (2.42) yields

K. v18*r 4+ puis®r = kyvap + 8%rvgp

= kmvap = 8°r (i}, v1 + poy — vap)
km'UQ
= S = ot
r((v1 — v2) + =27
s KU
= o= 2 /
D r(p*(v1 — va) + pkl,v1)

As seen before, the ratio is a function of the product concentration. Hence, it varies as the
product concentration changes. Also, note that the ratio is inversely proportional to the
square root of ROS concentration. As ROS concentration increases, enzyme E; drives the
forward reaction converting more substrate molecules into the product, which decreases
the ratio. According to the above equations, the regulation of the glutathione species
concentration ratio can be achieved only through controlling GSSG concentration. Even
though ROS concentration also affects the ratio, the system does not have any control

over the production of ROS.

2.6 Model Simulations

Instead of going to the existence and uniqueness part, we directly move on the model
simulations. Even though we have described different variations of glutathione model,
the model simulations were carried out for the two enzymes open model since the kinetics
of the single enzyme models are trivial. The set of odes from the previous model was
numerically solved for different sets of parameters and initial conditions, by Runge-Kutta
method using the ode45 function in MATLAB. The results of the simulations are shown
in figures 2.1 and 2.2. From the first figure it can be seen that, since the total amount
of glutathione is conserved in the system, as GSH concentration goes up, GSSG con-
centration comes down. As a result, the ratio of oxidised to reduced glutathione varies
accordingly. In Fig. 2.2, steady state concentration of GSH and GSSG is plotted as a
function of ROS concentration. As ROS in the system goes up, the forward reaction con-
verting GSH to GSSG takes place, and the ratio comes down. But it needs to be noted
that, the relative change in the ratio is much smaller for the larger values of ROS con-
centration as compared to smaller values. In both the figures shown, the concentrations
of the enzymes are taken to be unity. In the case of different enzyme concentrations, the
overall dynamics stayed the same but scaled up by certain amounts. Due to this fact, it is

reasonable to assume that the enzymes do not have much control on regulating the ratio,
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unless the enzyme concentrations are varying time to time, significantly. A large amount
of literature points out that, glutathione reductase plays a major role in regulating the
ratio by retrieving the oxidised glutathione to its reduced state. But the model shows

that both enzymes have an equal amount of control over the regulation of the ratio.

Concentration vs. Time
T T T T T T
GSH (ROS=10)
———————————————————— — — —GSSG (ROS=10)
GSH (ROS=1000)
,,,,,,,,,,,,,,,,,,, — — —GSSG (ROS=1000) ||

Concentration

10 15 20 25 30 35 40 45 50
Time

Figure 2.1: Time series of GSH and GSSG, for parameter values ky = ky = k,, =
k!, =1 and ROS concentration 10 and 1000. Initial conditions used are [GSH](0) = 2,
[GSSG](0) = 1.

Steady State Concentrations vs. ROS Concentration
T T T T T T T

Ratio GSH:GSSG [
1.8 | GSH -
GSSG

Concentration at Steady State

0 5 10 15 20 25 30 35 40
ROS Concentration

Figure 2.2: Steady state concentrations of GSH and GSSG plotted for different values of
ROS. Parameters used: ky = k4 = ky,, = k|, = 1. Initial conditions used: [GSH](0) = 2,
[GSSG](0) = 1.

In all the models described in this chapter, it can be seen that the system does not have
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much control over the ratio of reduced to oxidised glutathione concentration. As ROS
concentration changes, the ratio also changes inverse proportionally. Tight regulation of
the ratio is not observed in any variations of the model studied. In single enzyme models,
the ratio is essentially governed by the kinetic parameters of the system. It is observed
to be inversely proportional to the concentration of ROS. Hence, A tight maintenance
of GSH:GSSG ratio is not possible in any of the mechanistic models described here, and
interestingly the same is not observed in the data available. For expanding the control
over this quantity, the models need to be modified appropriately. In the following chapter,
we introduce the production and import of reduced glutathione to the RBCs as well as

the export of oxidised glutathione to the blood plasma.
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Chapter 3

Open Model

In the models described in the previous chapter, the total amount of glutathione
in the system was conserved. In other words, no amount of glutathione was exported.
In RBC, there are active transport mechanisms that enable the transport of oxidised
glutathione to the blood plasma[8]. Similarly, import of cysteine to the cell enables
the production of reduced glutathione in the cell[8]. Apart from this, the experiments
performed also suggests the existence of a mechanism for direct intake of GSH to the
red blood cells. Considering these facts, it is reasonable to believe that the regulation of
the GSH to GSSG ratio or the glutathione concentrations is affected by the transport of
glutathione to the cell and plasma. The open model consists of transport of glutathione
from and to the system similar to RBCs. In the following model, GSH is imported to the
system, and GSSG is exported out of the system. Here the import of GSH accounts for
both the intake of GSH from blood plasma and the formation of GSH by the catalysis
of glutathione synthetase. Similar to the previous models, the relationship between the
concentration of the chemical species, especially the ratio of the two glutathione species,
is studied at steady state. Since we don’t have a direct measure of the import and
export of glutathione, we have investigated three different cases of glutathione transport.
Initially, we have studied the case where the export and import follows zero-order kinetics,
followed by the cases were each transport is first-order. Again, for simplicity, the following

nomenclature is used throughout the chapter,
S := GSH P := GSSG R := ROS E, = GPx Es, .= GR

where the corresponding lowercase letters are used for denoting the concentrations of

each chemical species.
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3.1 Two Enzyme Model

The open model described earlier can visualised as follows. In the following diagram,
a denotes the rate constant for production of GSH (could be zero), and /5 denotes the
rate constant for the export of GSSG out of the system (could be zero). Hence, the
total amount of S and P in the system is not conserved. ki,k_1,...,k_4 are forward and

backward rate constants and C; ,C, represents the enzyme-substrate complexes formed

<

B
s

p_ P |
g

E,

with enzymes E;and Es.

R+ E,

<

Without the transport of glutathione, the model is the same as one described in Sec-

/{:1> Cy
e o

k4> Cs

E,

tion 2.5. The methodology followed for studying the system is same as in the other
models. The rate laws are written using the law of mass action and followed by non-
dimensionalisation for a better mathematical understanding. Also, both a and g are

assumed to be positive quantities, for making sure that the transports are unidirectional.

3.1.1 Reactions

The coupled system shown above can be broken into two simple enzyme reactions as

follows.
ky ko
R + 2 S —f‘ E1 Cl P + El
k_q k_o
ks ka4
P + Es C, 2S + E,
k_s k_4

The first reaction corresponds to the catalysis by glutathione peroxidase, in which ROS
is neutralised with the help of reduced glutathione. The second reaction represents the
conversion of oxidised glutathione, formed as a product of the first reaction, to its reduced

state. For the first study, we assume that both of import and export of glutathione follow
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zero order kinetics, i.e. the rates are constant and do not depends on any concentrations.

In other words, the rate of import of glutathione is o and the rate of export is f.

3.1.2 Rate Laws

At the end of both reactions, the enzymes are recovered in free state and hence, the
total amount of enzymes are conserved. Let e = e + ¢; and dy = d + ¢3 be the total
concentration of the enzymes. Here e denotes the concentration of E; and d denotes the

concentration of E,. Using the law of mass action, the rate laws are written as follows.

% = k5% re + k_ope — k_1¢1 + kaocy

= e(k1s*r + k_op) — c1(k_1 + ky)

= (eg — c1)(k18°r + k_op) — c1(k_1 + ko)

= eo(k18%r + k_op) — c1(k_1 + ko + k18 + k_sp) (3.1)
% = kapd + k_45°d — co(k_3 + ky)

= d(ksp + k_45%) — co(k_3 + k)

= (do — ca)(ksp + k_45%) — ca(k_3 + ku)

= do(ksp + k_45%) — co(k_3 + ky + ksp + k_45%) (3.2)
% = —2kyrsie + 2k_jc1 + 2kgco — 2k_y52d + o

= —2kirs*(eg — ¢1) + 2k_1c1 + 2kycy — 2k_45%(dy — ) + (3.3)
% = kocy — k_gpe + k_3co — kspd — 8

= kocy — k_ap(eg — ¢1) + k_gco — ksp(do — c2) — B (3.4)

Since GSH is being added to the system, « is added to the rate of change of GSH
concentration. GSSG is removed from the system at a constant rate (3, hence the rate
of change of GSSG inside the system reduces by . The rate of change of ¢; and ¢y are
unaffected by the import and export of glutathione. Notice that, they are the same as
Eq. (2.32) and (2.34).

3.1.3 Non-dimensionalisation

Let so = s + 2p be the total amount of glutathione and ry be the amount of ROS

present in the system at time ¢ = 0.

S C1
o1 — — rK = — T:k1€0t
S0 €0
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Using the same set of substitutions from Section 2.4.2 (shown above), the rate laws are
non-dimensionalised, starting with the rate of change of C; concentration. Substituting
variables in Eq. (3.1):

d €01
#]{161) = 60(]4]18(2)0'%7"00'3 + k72800'2) — 601’1(]?71 —+ kg + klng'%T()O'g -+ k72800'2)
dz
k’1€0d—7_1 = ]{51830'%7‘00'3 —f- ]C_QSOO'Q — l‘l(k_l —I— k?g —I— k/‘lS%O'%’T‘()O'g —f- k_gS()O'Q)
€o diL‘l 2 k,Q k'fl + kQ 2 k,Q
——— = T109S00 —_— — —_— —_—
5o dr 0500103 + i op) $1( 150 + 1rosg0103 + T (op)

Similarly, substituting variables in Eq. (3.2).

d(doyx
% = do(k3300'2 + k’_4$(230'%) — d01‘2<k_3 + k;4 + k3800.2 + k_48(2)0‘%)
d
k160f = k38002 + k,4830% — xQ(]L?) + k4 + k3$002 + k*458‘7%)
codry ks k_y k_s+ky ks ks
sodr BT T T Ty TR R

Equation (3.3) =

d(sgo
% = —211’17"00'3880'%60(1 - 371) + 2]671605171 - 2]{3,4830'%610(1 - xz) + 2k4d0x2 + o

d 2k_ 2k4d

kleoﬂ = —2]{317“0500'30'%60(1 — 1’1) + 160111 — 2/{3_4800'%610(1 — ZL’Q) + 1 OZL'Q + g
dr So S0 S0
d0'1 2]{3_1 2k_4d0 2k34d0 (6
L —=_9 2(1 — _ 201
dT TOSOO_3O_1( J;l) + ]{?180 1 k160 SOUI( x2> + kleoSOIZ ]{316080

Equation (3.4) =

d(sgo
% = ]{?260{51 — k?_QSOO'QGO(l — .171) + k’_3d0$2 — k’gSoO’zdo(l — 172) — 5

d k k_sd,

kle()% = 2—601’1 — k,20'2€0<1 — LU1> + 3 OZL’Q - k30'2d0(1 — 1’2) - —

T So S0 So

dUQ k‘g k,Q k,3d0 kgdo
= _= - = 1— - 1— —
dr k180$1 k‘l 02( l‘1) * k‘1€080x2 ]{'160 02( 372) k’16080
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The non-dimensionalised rate laws for the two enzyme open model are given by

5% = 10800103 + kk—faz — I (—kl;—;b + 10800703 + k_102) (3.5)
e% = Z—jaz + kk14 S007 — T9 (—k_]i:gok4 + Z—?Uz + kkl 8001) (3.6)
% = —2rys00307 (1 — 1) + i]f;; Ty — 22;2(?0 s007 (1 — xa) + :f;f;;x? k’1z)«5‘0 (3.7)
% B %xl N %02(1 —o) :163062 2 %02(1 o) k1i$0 38)

3.1.4 Quasi-Steady-State Approximation

Same as before, the quantity ¢ is negligibly small as the concentration of the enzyme
is quite small compared to the concentration of the substrate. Hence, by quasi-steady
0 and 5% = 0. Then
Eq. (3.5) and (3.6) gives the following algebraic expressions for z; and xs.

dz;

state approximation (similar to Section 2.1.3), we assume ¢G> =

k_s
7"0800'103 + /{3_02
_ 1
/ﬁSo 0°0¢103 kl 2
k k_4
2oy + — 5007
N TR
2_]4?—:3-1—]64_’_]{?3 +k’
—_— —0 S 0'
]{?180 k‘l 2 1{31 071

Substituting the value of x; and z5 in Eq. (3.7) eliminates the factor of enzyme-substrate

complex concentrations from the rate laws.

—2r¢s90103 <w) <7’0500 o3 + Qa )
doy ! k150 2k, ST, 72
dr —k;;—OkQ + roseoios + kkf k150 —k;;okz + roSeoios + kk—faz
2k_ydy o (ks + k4 k;3 k 9
kst ke ks k_ 4 + kiegsg k—s + ks k3 k_ P + kieoso
ks R R T R TR 0
2]6'_17"0800'10'3 2]’6_1]@’_20’2 2]{3_17‘0800%0'3 2](327”0800’%0'3
. ]{7180 I{J%SO B ]{3180 B ]{3180
kklll—t:oké + 7"0800%03 + kk—fdg
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2k4d0]€30'2 2k74]{?4d0800'% 2k73k74d0800'% 2]{774k4d0800'%

N kiegso kieqso kiegso kieqso L@
k’_g + k4 @O' + k_ 48 0_2 kleoso
]{318() ]ﬁ 2 ]{71 071
Uik, 2%k do (2ksks 2k sk
_ Kso 0k 17 e < Kso 0 R Ul) @ 3.9
k_1+ ko k_o k_g+ky ks koy * k1eoso (3.9)

roSo0203 + ——0 — 4+ =094 —500
k10 T r0s0710s k1 2 k150 +l€1 2+k71 071

Similarly, substituting the value of z; and x5 in Eq. (3.8).

(rosoa o3 + Q@) E (—k_l + k2> 09
doy ko ! k1 ky k1o
dr k1so % + r0300%03 + kk—fag % + 7“0800'10'3 + k—ldz
ks k_y ksdy [ k_3+ ky
k_ado (k:l " S“"l) F1co ( k150 ) ” 8
F1€oso —kzll—(]m + Z—i’az + kk—fsw% —kzl—;h + :—jag + kk—fsoU% F1coso
korosooios  kok_ ook 1k 900 k_okooo
B k150 k2sq B k2sg B k¥sg
% + rosooios + kk—fag
k_sksdoos  k_sk_ydosooi  ksk_sdooy  kskydooo
n k3egso k2egso B k3egso B k2egso B 6]
k,3 + k4 @02 4 k_ 4500 k16050
k150 Ky by 1
@7’0020 — —k_lk_ o @ (k_gk_402 — k3k4a >
Lk YT g2 2 Lo\ M ' ks t) B (3.10)
btk seotont K2y, R tha Ks Kl ge Riceso
k1so e k1 2 k1so k1 2 k1 .
_ ! (dal __ ) __F (3.11)
2\ dr  kiepso kieoso

The above relation implies that, the net glutathione flux in the system is essentially the
difference between the import and export rates of glutathione. It should be noted that
in the closed system, the analogous relation indicated the conservation of glutathione.
Also, the stoichiometry introduced in the model affects the total glutathione flux in the
model. In terms of original concentrations, Eq. (3.11) becomes

dp  1ds 1

dp _ lds 1 12
i~ 2@ v h (3.12)
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3.1.5 [S]? to [P] Ratio

Here, the quantity of interest is the steady state ratio of reduced to oxidised glu-
tathione, which is believed to be an invariant of ROS concentration. Since ROS are
byproducts of several biological pathways[21], the cellular concentration of ROS is varying
rapidly. Hence, the regulatory mechanisms for cellular ROS need to respond accordingly,
though their kinetics are comparatively slower. For this reason, the greater importance
to should be given to the steady state properties of the system, rather than the dynamics.
At steady state both % and % are zero, since the concentrations of the glutathione

species stays unchanged. Hence, Eq. (3.12) =
a =20

In other words, for the system to achieve steady state, the production of GSH should be

two times faster than the removal of GSSG. This is an implication of the fact that the

total glutathione flux is zero across the system, or the amount of glutathione getting into

the system is equal to the amount of glutathione leaving the system (Note that the 2 in

the equation comes from the fact that two GSH molecules are required for the formation
doy  dos

of a single GSSG molecule). Substituting the steady state condition (‘7*, 72 = 0) in Eq.
(3.10) gives,

@r oloq — —k_lk_Qa @ —k3k4a — —k_3k_402
by N RZs P eg \K2sg o k2t P
k_1+ ko 9 koo kst ka ks k_y 5 kiegso
]ﬁSo +7“0$0(7103 + ]{31 09 klso + k102 + kl S007
Multiplying both sides with kfsq gives the following expression.
) (ksksoo — k_3k_4500%)
k1korosooios — k_1k_o0y e sz Tt n k10
k_y + ko 9 ko k_s+ks ks k_4 9 €0
k5 + roSooios + o 09 Frso + e o9 + o 5007

In terms of the original concentrations, the equations can be rewritten as follows.

dy )
k1k2327“ - k_lkf_Qp 6_0 (k3k4p - k?_gk?_48 ) 5

= +
(k?_l + k’g) + k182’f‘ + kf_gp (k’_g + ]{34) + k?gp + ]{’_482 €p

In enzyme kinetics, the reverse reaction step where product and enzyme or the enzyme-
product complex goes back to the enzyme-substrate complex state is improbable and

usually disregarded[13]. If we assume irreversibility in the enzyme catalysis, that is k_
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and k_4 are negligibly small, we get the following expression.

do

k1k2827" €0

(kskap) 8
= + —
(]{3_1 —+ kg) + k1827’ (k’_g + k4) + ]{?3]9 €0

=
where k,,, = k_lk—;% and k! = k_gk—?:h. Similarly, the following analogous expression
can be obtained from applying steady state condition in Eq. (3.9).

koeos®r  kadop L@ (3.14)

b +82r K +p 2

The relationship between steady state concentrations obtained here is quite similar
to the one derived in Section 2.5. The difference between these two is characterised
by the presence of export and import rates, though they do not have much effect on the
regulation steady state concentrations. Since the rates a and [ are constants, variation in
ROS concentration can be addressed only by changing GSH and GSSG concentrations,
which is no different than the closed two enzyme model discussed in the last chapter.
Hence, introducing import and export of glutathione alone is not enough for the regulation
of reduced to oxidised glutathione concentration ratio in cells. In RBCs, the transport of
glutathione is much more complex than constant flux import and export. So the simplest
improvement for the current model would be the addition of non-constant glutathione
import and export fluxes. In the following section, the export of GSSG to blood plasma

is assumed to be dependent on the cellular concentration of GSSG.

3.1.6 Concentration Dependent Export of P

If the export of GSSG follows zero order kinetics, there is a possibility that the rate
of export, § could be different from person to person. Hence, the optimisation of the
parameters, ko, ky, ky, and k], will be difficult since the value of § for each patient is
unknown. This issue is also resolved by assuming that the rate export is dependent on
the concentration of GSSG in RBC. Let [ denote the rate constant for the export of
glutathione to plasma. Suppose the export of P follows first order kinetics, then the
export rate of GSSG is given by - p. Here, the rates laws (3.1), (3.2) and (3.3) stays the
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same, and Eq. (3.4) becomes

d
d_]tj = k‘zCl — k’—zp(e() - Cl) + k—3c2 - k3p<d0 - 62) - Bp

and the corresponding non-dimensionalised equation is given by

do k k_ k_sd ksd
2 :—21'1——20'2(1—1‘1)+ 3 OI’Q— kjezgg(l—mg)—a

Analogous to Eq. (3.10), we get the following expression by substituting the algebraic

expressions for z; and 5.

@r 0203 — —k_lk_2a @ k73k7402 — k3k40
d0'2 - ]{71 R k’%SQ 2 + € k‘% L ]{3%80 2 _ 50'2
dr  koi1+ ke k_o k_s+ky ks k_4 kie
Ty Trowelos ki ST et st
. 1 d0'1 « _ 50’2
N 2 dr kleosg /{3160
doy doo __ 07

Hence, at steady state, i.e. T+, ‘72 =

o  foy
2]{?16080 N kleo

which gives the following relation between the export and import rate constants at steady

state.
o = 25800’2

=26-p (3.15)

From the above expression of %, at steady state, we get

@r ol0g — kilkda do k73k7402 - —k3k4a

kl 07173 k%So 2 _ €0 k% ! k%SO 2 + 50’2
k_i 4+ ko ko kst ks ks k_4 kie
TSO—FT()SOO'%O';;—FIC—IO'Q TSO k—lgg—i—k—lso(f% 1%0

]{31]{327’82 — k?_lk’_gp . d[) k3k4p — k?_gk’_482 i 6 )
o1+ ko + kirs? + kap €0 \ks+ kst kap+ kas® P
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Assuming irreversibility in the reactions, we get

koeo - 1s*  kadg - p
Ep 4752 K 4 p

+ Bp (3.16)

where k,, = —k_l +Fs and k! = —k_3 i
k1 ks

with an additional concentration of P alongside 8. Here 3 is a constant quantity, and it is

. The above equation is similar to Eq. (3.13),

assumed same for every person, similar to the rate constants kq, ko, etc.. This enables us
to numerically determine 8 unlike the previous case, where 8 could change from person
to person. The fractions on both sides of the equations are similar to the expression
for the velocity of an enzymatic reaction, following Michaelis-Menten kinetics. So the
above expression indicates the fact that the velocity of the oxidation of GSH is the sum
of velocities of reduction and the export of GSSG. In other words, the total flux across
the system is zero at steady state. Suppose the concentration of R is very large, then the

above expression reduces to

_ kady - p
kn, +p

kaeo + Bp (3.17)
Since ko, k4, k!, and [ are constants, it is possible to numerically solve for these param-
eters, using known values of p,eq and dy. Measuring the exact ROS levels in cells is a
hard task, primarily due to the short half life of these molecules[22]. Hence, the above
equation gives insights into the properties of the parameters ks, k4, k), and S without the

need of measuring ROS concentration.

3.1.7 Concentration Dependent Import of S

The external concentration of GSH can have an effect on the rate at which GSH is
imported to the cell. Suppose the intake of S to the system follows first order kinetics,
i.e. the intake is proportional to the external concentration of S. Then the rate of change

of concentration of S becomes

d
d—i = —2]€1T52(€0 — Cl) + 2]{77161 -+ 2]{7462 — 2/{3,482(610 — CQ) + sy

where s, denotes the external concentration of S. Here the system is similar to the minia-
ture model described in the introductory part, expect we are considering the external
concentration of GSH (Concentration of GSH in blood plasma). The current model can

be visualised as follows.
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Y

The introduction of S, in the model directly affects the rate of change of concentration

of S. The corresponding non-dimensionalised rate law for % is given by

d0'1 2]€,1 2]€,4d0 2k‘4d0 0y

— = —271¢s 2(1—21) + — 5002 (1 — x3) + x

dr 0 00301( 1) klso ! k160 001( 2) kleoso 2 k160
where o4 = 5p . o4 is the additional substitution used for the non-dimensionalising the

50
external GSH concentration term. The other rate laws stays the same as in the previous

section. Since % and % are unchanged, the algebraic expressions for x; and x, resulting

from Q.S.S.A., stay unchanged (same as the equations in Section 3.1.4). Substituting the

value of x; and x5 in the above equation yields the following.

1k do (ksk k_sk_
92 m@ _ Q@TOJ%% 9 20 ( dha 3 40%)
0y

d0'1 o ]{/‘%SO k?l 4 €p k,’%SO 2 k%
dr k-1 + ke 9 k_o k_g+ky ks k_y 5 ke
]{3180 +7”0800'10'3 + kl 09 ]{3180 klO'Q + ]fl S007
_ (d02 N /80_2) N ooy
dr k‘leo kleo
do; do
Hence, at steady state (G2, G2 = 0),
2
foz _ Q94 = 2809 = oy

kieo kieg

Hence, we get the steady state relationship between external GSH and internal GSSG as
04 : 09 = 20 : a. Note that this ratio is the same as the ratio of concentrations of S, and P.
Since both o and 8 are constants, this implies that the ratio of the external concentration

of S to the concentration of P is constant at steady state, independent of the concentra-

doy _
dr

law gives the following steady state relationship, assuming irreversibility (k_o, k_4 = 0)

tions of the enzymes and ROS. Putting 0 in the above non-dimensionalised rate

ky do ksky
2 g0 oma
2]{;1 To0103 B e0 K250 02 .\ aoy
k_1+ ko kst ks ks kieg
== 4 105007 — 4=
k150 050018 k1o Fy 72
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Multiplying both sides by kisy and rearranging gives,

2/{?2608%7’00%03 . 2d080k’40'2

— + ao48g
km + 7’05%0’%0’3 k;n + k3800'2

and in terms of the original concentrations,

koeos?r kiudop o
= —5
by +82r  kl,+p 277

The concentration of GSH in blood plasma can be approximated by the erythrocyte
concentration of GSH as plasma GSH varies in proportion to cellular GSH, that is,
[GSH], ~ o - [GSH]. Using this approximation, above relation between the plasma GSH
and cellular GSSG concentration can be rewritten in the following the way;,

[GSH] 1 2p

~

[GSSG] ¢ «

which implies that the ratio of cellular GSH concentration to GSSG concentration is
approximately constant, if the import of GSH is dependent on the plasma GSH concen-

tration.

3.1.8 Parameter Estimation

Among the parameters in the Eq. (3.16), concentration of S(GSH), E;(GPx) and
E5(GR) has been measured for 50 diabetic (figure 3.1) and non-diabetic patients. The
same is grouped into three categories according to the time of measurement, namely
zeroth, fourth and eighth week after starting of anti-diabetic treatment. In the following
section, the zeroth week data is used for parameter estimation, as for the first part high
ROS concentration is assumed to be present at the beginning of anti-diabetic treatment.
Using these known values of s, p, ey and d, it is possible to numerically solve for the values
of ko, ky, ki, k., and B. We have taken the assumption that, supported by the findings
from the experiments, GSSG concentration is 10% of the total glutathione concentration,

as the GSSG concentration data is not available.

Using GSSG Concentration

Since it is hard to directly measure ROS concentration in cells due to its short half
life, we assume that the amount of ROS produced is large in diabetic patients and this

yields the reduced steady state relation Eq. (3.17),




where e is the concentration of GPx, dj is the concentration of GR and p is the concen-
tration of GSSG in RBCs. To reduce the number of parameters, both sides are divided
by k4, which gives

dop
r1€0 = +r
1€0 K+ p 2D
where r; = ’Z—i and ry = k% and the four unknowns in the system has been reduced to three

unknowns, namely 71,79 and k], . The parameter optimisation was done by two methods.
In the first method three sets of values, corresponding to three patients, were taken and
the unknowns were solved algebraically. Let e;, d; and p; denote the GPx, GR and GSSG
concentrations of patient 7, respectively. Consider, for example, ¢ = 1,2, 3. Substituting
the value of e;, d; and p; in the above equation gives a system of three equation with three

unknowns. Since r; is constant quantity, using the data of patient 1 and 2, we get

1(&+rp>:i<&”p)
et \kl, +p1 ) e \kltpe

and rearranging the terms gives

daeqp2 _ dyeapy
_ k’:n + D2 k’;n + D1

DP1€2 — P2€1

()

Similarly, if we start with ¢ = 2 and 3, we get a relation,

dseaps _ daesps
_ k., + p3 k;, + p2
D2€3 — P3€2

T

Comparing the two expressions of o gives a formula for &/ in terms of the known values,
e, d;,pi; 1 =1,2,3. Hence, by substituting back the the values we can obtain r, and 7.
The same process is repeated for different values of 7. In the second method for optimisa-
tion, a least square algorithm was used to optimise the parameters over the entire data.
Using the inbuilt function 1sqnonlin in MATLAB, the constrained optimisation (since
all the parameters are positive quantities) was performed by minimising the objective

function,

. 1 dop
obj(ry,ro, k) = o (k;’ O+p —|—7’2p) — €

over the data of fifty diabetic patients.
In the first method, the algebraic solutions were varying with the choice of data triplet,

and in the least square method, the output of the function is observed to be dependent
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on the initial point given for the gradient descent part in the algorithm. During the
optimisation process, even though there was a lot of variation in the optimisation output,
the value of k,, stayed almost constant (standard deviation in the order of 107°). The
same trend is observed in both optimisation methods. The variations in optimised data
in the least square method suggest that a global optimum might not be possible and for
each choice of the starting point, the algorithm is possibly giving a local minimum point.

The results of optimisations are given in Fig. 3.1(a).

Using ROS Markers

Reducing Eq. (3.16) using the approximation that the ROS concentration is high,
could have an adverse effect on the parameter approximation process. For resolving this
issue, the optimisation can be carried out using ROS markers such as thiobarbituric acid
reactive substances (TBARS). Even though ROS are short-lived, the quantity of ROS
can be measured by the damage produced by ROS. Here we can use the original relation
(Eq. (3.16)) with the concentration of TBARS in place of ROS. Dividing both sides of
Eq. (3.16) gives the following reduced relation.

reg-rs:  do-p N
= r
kpm +1s? KL +p 2P
where r; = ’lz—i and ry = % During optimization it was observed that the outputs of the

optimization has dependence on the initial points given. The optimization was carried
out using the functions 1sqnonlin and patternsearch in MATLAB. The first function
uses a gradient descent method, whereas the second one uses a polling method and hence
has less dependence on the initial point given for the optimization. The objective function

used here is as follows:

. ky, + 152 do -
obj(ry, ra, km, ki) = ( o > (k’o—i—pp —i—rgp) — e

During optimisation using patternsearch, it was seen that the value of k!, remained
unchanged. Hence, further optimisation was performed by fixing the value of k! to be
30.62. The results of optimisations are given in Fig. 3.1(b). The estimated values for rest
of the parameters are given by: r; = 22.10, ro = 1097.26, k,,, = 16.35 (units are ignored).
In the figure, GPx concentration is plotted as a function of [GSSG] and [ROS]-[GSH]?.
Even though the results obtained here is better than the previous one, the plotted surface
is not able to capture the exact nature of the data. This might be resulting from our

assumption that GSSG concentration is 10 percent of the GSH present.
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[GPx] as a function of [GSSG] and [GR]

g
)
15
[GSSG]
(a) Parameter estimation using GSSG concentration.
[GPx] as a function of [ROS]-[GSH]2 and [GSSG] ([GR] = 0.58)
3
2.5
2
X s
1<)

40 400

[GSSG] 5
60 00 [ROS][GSH]

(b) Parameter estimation using TBARS concentration.

Figure 3.1: Result of parameter estimations. In both cases, GSSG concentration is
assumed to be 10% of GSH concentration, as GSSG data is unavailable.
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3.2 Model Simulations

Similar to the previous chapter, instead of proving the existence and uniqueness of
solutions, we directly simulated the model using arbitrary parameter values and initial
conditions. The differential equations from the previous sections were numerically solved
using the Runge-Kutta method with the help of ode45 function in MATLAB. As we are
interested in the steady state of the system, the dynamics of the system is disregarded.
The case where both import and the export follows second ordered is skipped since they
are essentially a scaled up version of the closed model at steady state. We have seen that
for achieving steady state, the input flux of glutathione into the system should match
with the output flux. In the constant case, the same is observed at steady state, and
the relation between the chemical concentrations at equilibrium is a translated version
of the closed system. Similarly, we ignore the case where both export and import of
glutathione follows first order kinetics since the plasma glutathione concentrations data
is unavailable. Hence, for the simulation, the zero order import & first order export
case is considered. For understanding the nature of the system and comparison, all
the parameters, including the concentration of the enzymes are taken to be unity. The
following three general observations were made during the simulations for different sets

of parameter values.

e GSH and GSSG concentrations did not saturate, i.e. did not attain steady state
for all values of the parameters ko, ky, kp, k2., o, 3, and the enzyme concentrations
|[GPx] and [GR].

e For all sets of parameters where GSH and GSSG concentrations saturated, GSSG
concentration at steady state is independent of the ROS concentration. That is,

the same GSSG concentration is observed at steady state for all values of ROS.

e The ratio, GSH:GSSG, is more sensitive to the changes in ks, k] , @ and [GPx], and

it is observed to be less varying for higher values of ROS.

The first observation points to the existence of bounds on the parameter values. It
says that the system of coupled differential equations does not have any solutions for
some values of the parameters. The third observation is also seen in the closed model. In
Fig. 2.2, as ROS concentration increases, the relative change in the ratio decreases. The
time series of GSH and GSSG and the change of steady state concentration of GSH and
GSSG with respect to ROS concentration is shown in the following figures. Here all the
parameters and the concentrations of GPx and GR are taken to be unity for simplicity.
The initial condition used for the simulation is [GSH](0) = 2 and [GSSG](0) = 1. From
Fig. 3.3, it can be observed that the steady state concentration of GSSG is invariant with
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respect to ROS concentration. The same is observed for all sets of parameters where both
GSH and GSSG concentrations saturated over time. In further analysis, it was observed
that the only parameters which influence the steady state concentration of cellular GSSG

are the import and export rate constants, o and /3, which agrees with Eq. (3.15).

Concentration vs. Time (ROS = 10)
T T T T T

Concentration

0 5 10 15 20 25 30 35 40 45 50
Time

Figure 3.2: Time series of GSH and GSSG, for parameter values ky = ky = k,, = kI, =
a = =1 and initial conditions [GSH](0) = 2, [GSSG](0) = 1.

Steady State Concentrations vs. ROS Concentration
T T

45 T T T T T
Ratio GSH:GSSG
sl GSH i
GSSG
35

Concentration at Steady State

0 5 10 15 20 25 30 35 40
ROS Concentration

Figure 3.3: Steady state concentrations of GSH and GSSG plotted for different values
of ROS. Parameters used: ky = ky = k,, = k/, = o = f = 1. Initial conditions used:
[GSH](0) = 2, [GSSG](0) = 1.

The invariance of cellular GSSG with respect to ROS is shown in Figure 3.4. Even
though GSH reaches two different steady state concentration for ROS = 10 and ROS
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= 1000, GSSG attains the same steady state for both cases. A possible explanation for
this observation can be given using Eq. (3.16). In Eq. (3.16), the right hand side is
independent of ROS. Hence when ROS changes, the equality can be kept by changing
the GSH concentration. That is, if ROS increases, by decreasing GSH accordingly, the
quantity [ROS] - [GSH]? can be kept constant. This way, the right hand side is kept

constant, and hence GSSG concentration at steady state concentration is constant.

Concentration vs. Time
T T T T

GSH (ROS=10)
— — —GSSG (ROS=10) a
GSH (ROS=1000)

— — —GSSG (ROS=1000)

Concentration

25 30 35 40 45 50

Time

Figure 3.4: Time series plot of GSH and GSSG for different ROS values. Red curves
denote the time series for the case where ROS = 10, and blue curves denote the case
where ROS = 1000. For both cases GSSG attains the same steady state concentration,
0.5. The steady state concentration of GSH, for ROS= 10, is 0.707, and 0.07 for ROS
= 1000.

Figure 3.4 shows that indeed this is the reason for constant GSSG concentration at
steady state, for any value of ROS. In the figure, when ROS concentration is increased
to hundred times the previous value, steady state GSH concentration drops to one-tenth
of the last value (0.7071 to 0.0707). The same result is observed in multiple simulations
using different parameter sets and ROS values. Since GSSG steady state concentration is
independent of the change in ROS value, a relation between ROS and GSH concentration
can be obtained from Eq. (3.16). The right-hand side of Eq. (3.16) is constant for a

given set of parameters, this gives

ko, B ks - [GPX] -1
[ROS] - [GSH]? w + 8- [GSSq]
esa) !
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Rearranging the terms gives the following expression for [GSH].

. (3.18)

| 1 k- [GSSG] - (ks - [GR] + B - K, + B - [GSSGY)
[(GSH] = \/ [ROS] ks - [GPx] - (k. + [GSSG])

Since GSSG concentration is a constant quantity at steady state, the above equation
gives the direct relationship between the ROS concentration and GSH concentration. In
the following section we introduce a phenomenological model emerging from the above

relation.

3.3 Phenomenological model

3.3.1 GSSG Homeostasis

Eq. (3.15) and the observations from the simulations suggests that there exists GSSG
homeostasis in erythrocytes. As a part of the study, two experiments were conducted. In
one of them, blood samples were treated with different concentrations of GSH and cellular
GSH, GSSG levels were measured after a certain period. In the second experiment,
similarly, blood samples were treated with GSSG, and cellular glutathione concentrations
are measured. The results of the experiments are shown in Fig. 3.5 and 3.6. Note that
in the following two figures, the x-axis denotes the concentration of supplied glutathione,
and the y-axis denotes the concentration of cellular glutathione species.  In all the
cases of GSH treatment (Fig. 3.5), the cellular GSH level increased in proportion to
the supplied GSH level, and it can be observed that the cellular GSSG level did not
alter much. In the second figure, even though the blood samples are treated with large
amounts of oxidised glutathione, the cellular glutathione levels, both GSH and GSSG
did not change accordingly. Even though there are fluctuations in the concentrations, it
cannot be associated with the supply of GSSG. These observations point to the fact that
GSSG is maintained constant in erythrocytes, regardless of the concentration of cellular

GSH. A graphical interpretation of this fact is as follows: Let

k2 - [GPx]
Viety = L
m |
[GSHE - ROS]
ki - [GR
UrightJ = % + ﬁ . [GSSG]

m_

[Gssa]
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Figure 3.5: Blood samples were treated with 10,100,500 and 1000 uM of GSH and
cellular GSH, GSSG levels were measured after 30 minutes. Here, the x-axis denotes
the supplied GSH concentration, and the y-axis expresses the cellular concentrations
in M. Notice that cellular GSSG levels are not affected by the GSH treatment, even
though cellular GSH concentration is increasing proportionally. We are grateful to Dr
Saroj Ghaskadbi and Jhankar Acharya (Savitribai Phule Pune University) for providing
us with experimental results.

k4 : [GR] (0%
Uright2 = — 7 3
m_
[GSSa]

For the system to achieve steady state, equality should hold between the above three
velocities. In Fig. 3.7, the three velocities are plotted as functions of GSSG and GSH
concentrations, and the intersection of the three surfaces marks the steady state of the
system for the given set of parameter values. Notice that the intersection of these three
surfaces is a single point. That is, for these parameter values, the system will always
approach the same steady state concentrations for any initial conditions. The effect of
change in ROS concentration, on the steady state of the system, is visualised in Fig 3.8.
As the intersection of two right velocities has a constant GSSG value, the intersection
with the third surface, i.e. v, always has the same GSSG concentration. Hence, GSSG
concentration is invariant to ROS concentration. This can also be seen from the vertical
projection of Fig. 3.8a. The three blue coloured surfaces denote the left velocity for
different [ROS] values. But the intersection between the two right velocities, is given by
the boundary of vygns 2 at GSSG = 0.5. Hence, for any value of ROS, the left velocity

will have an intersection at this constant value of GSSG. Another question which should

33



Treatment with GSSG B GSS6
m Reduced GSH

3000 —
2500 |
2000 |
1500
1000

500

0 1 10 50 100
Concentration of GSSG (uM)

Figure 3.6: Blood samples were treated with 1,10,50 and 100 M of GSSG and cellular
GSH, GSSG levels were measured after 30 minutes. Here, the x-axis denotes the sup-
plied GSH concentration, and the y-axis denotes the cellular concentrations in pM. No
significant change is observed in the cellular concentration of the two glutathione species.
We are grateful to Dr Saroj Ghaskadbi and Jhankar Acharya (Savitribai Phule Pune
University) for providing us with the data for plotting.

be addressed here is that, whether this nature of the velocities holds for any values of the
parameters. It is already obvious from the equations that the steady state concentrations
are independent of the initial conditions. From further analysis, it has been found that
unless « is non-zero the intersection of the two right velocities will always be a straight
line parallel to the GSH axis, and perpendicular to both the other axes. When « is zero,
then the intersection of right velocities is exactly the GSH axis, and no solution exists
in this instance. This is also evident from the equations, as the right velocities do not
match since 3 is non-zero. If both o and 3 are zero, then the system is basically equivalent
to the closed model discussed in the previous chapter. Hence, by taking advantage of
the GSSG homeostasis, we can convert Eq. (3.18) to a phenomenological model for
understanding the relationship between glutathione and reactive oxygen species. The
following section discusses the use of glucose concentration as a covariate of reactive

oxygen species concentration.

3.3.2 HbA1c as a ROS Marker

Reactive oxygen species are continuously produced in cells as a byproduct of several
chemical pathways. Studies show that hyperglycemic conditions lead to the overproduc-

tion reactive oxygen species in cells[23, 24]. As mentioned earlier, the concentration of
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Figure 3.7: lest, Vright.1 and vyigne 2 as functions of GSSG and GSH concentrations. The
steady state GSH and GSSG concentrations are given by the points corresponding to
the intersection of the three surfaces. Here all parameters are considered to be unity for
understanding the nature of the equations.

ROS in cells changes rapidly and is hard to measure accurately. But, as more glucose
in cells implies more reactive oxygen species, we can approximate the amount of ROS

present in the system using the glucose present. Let
[ROS] = a - [HbAlc] + b

where [HbA1lc| denotes the concentration of glycated haemoglobin in blood, and a, b are
constants. Glycated haemoglobin is a measure of the average plasma glucose of two to
three months[25]. As per WHO guidelines, 6.5% of HbAlc is used as a cut off for the
diagnosis of diabetes. Substituting the above relation in Eq. (3.18) gives,

(GSH] = —[HbAlc] "y (3.19)
ki - [GSSG] - (ky - [GR] + B - Ky, + B - [GSSG]) b
where 0; = oy - [GPx] - (W, + [GSSG]) and 6y = —

This provides a direct, simplified relationship between the steady state concentrations of

reduced glutathione and glycated haemoglobin. A similar relation can also be constructed
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Figure 3.8: (a) Three velocities plotted for ROS = 10, 100 and 1000. (b) Vertical pro-
jection of Fig. 3.8a. In both plots, the three intersection points corresponds to the
three steady states, for each value of ROS. The GSSG concentration for all the inter-
sections remains the same as the intersection of vyghe 1 and vrigne 2 is given by the line
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using TBARS concentration instead of HbAlc. Here the phenomenological model is
parametrized by #; and 6#,. It should be noted that 6; is a function of enzyme concen-
trations and export rate constant, whereas 65 is just a ratio of two constants. A further
reduction is made by assuming that a and b used in the substitution is the same for all
test subjects. The parameter estimation is carried out using diabetic and non-diabetic

data and is described in the following section.

3.3.3 Parameter Estimation

For model assessment, the parameters 6; and 0y needs to be estimated. Both linear
and non-linear regressions were used for estimating #; and 6,. The data used for esti-
mation corresponds to fifty diabetic patients and fifty non-diabetic controls taken from
Ref [26]. From Eq. (3.19), a couple of observations can be made. Since [GSH] is a real
quantity, #; should be in the range [0,00]|. Similarly, a positive 8, will shift the curve
y = (2)72 to the left side of the x-axis, and a positive value will shift the curve to the
right side. From the data, one can see that there is a steep ascent in the GSH values for
lower HbAlc values, which suggests that 65 is negative. The second observation is that,
as [HbAlc] — —0s, Gioy—> 00, and Gy tends to zero as [HbAlc] — oo. Also, note
that the total cellular glutathione (reduced and oxidised) concentration is used for the
parameter estimation as the total glutathione concentration in cells are translated by a

constant value due to the GSSG homeostasis.

Non-linear Regression

Non-linear regression was performed using the inbuilt function nlinfit in MATLAB,
which uses a gradient descent method, and the result is shown in the below figure. The
result of non-linear regression is observed to be dependent on the initial point given. For
each pair of starting points, 619 and 59, the estimated #; and 6y were different, and an
optimum pair was chosen such that the output gives least RMSE. As a result, one can
see that the curve passes through the points for low HbAlc values, and for higher HbAlc

values the curve is slightly above the data points.

Linear Regression

Equation (3.19) can be converted into a linear equation as follows.

o1 = l[HbAlc] + be -

HbA1 -
HbALe] + 02 = o o 6, [GSHP

(3.20)
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Figure 3.9: Comparison between actual Gy,and predicted Gyoifor estimated parameter
values, ¢, = 351809.23 and ¢, = —4.67. The vertical asymptote is x = 4.67.

The above relation is of the form m - x + ¢ = y. Hence, linear-regression can be used to

estimate the slope and intercept, i.e. 9% and Z—j, which yields the original parameters 6;
and #,. Linear regression was performed using the inbuilt function fitlm in MATLAB,
and the results are shown figures 3.10 and 3.11. Here, better results were obtained
compared to the non-linear regression method, and the fitted curve is able to describe
the qualitative nature of the data.

Equation (3.19) is able to explain the qualitative nature of the data. But, while
fitting Eq. (3.19), there is an implicit assumption that the import rate constant «, and
hence 6y, is the same for all hundred test subjects, which may not be true in general.
Even though « does not appear in the expression of 01, [GSSG]-/3 is same as «/2. Hence,
it is better to fit individual data to the model, in which case « is guaranteed to be a

constant.

3.3.4 Fitting Individual Data

For fitting individual data, linear regression was carried out with respect to Eq.
(3.20). Cellular GSH, HbAlc readings of 50 diabetic patients were used for fitting the
model (taken from Ref. [26]). For each patient, three measurements of GSH and HbAlc
were used for linear regression. These measurements here corresponds to the GSH and
HbAlc readings at zeroth([J), fourth(()) and eighth(A) weeks data after starting of anti-
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Figure 3.10: Result of linear regression; The fitted line has slope % and intercept g—f. The
above fit has a RMSE of 2.57 x 1074, and R-squared value 0.218.
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diabetic treatment. The results of linear regressions, including the values of parameters
0, and 6, are shown in Fig. 3.13-3.19. Out of 50 cases, 6 cases have negative #, value,
which contradicts with the general trend observed in Fig. 3.11 and are physiologically
not possible. Also in 3 cases, the data points are too close to each other and hence the
fitted curve is significantly different from the population fit shown in the earlier figure.
From the figures, it can be seen that as the treatment progress, the cellular HbAlc levels
are returning to normal along with the reduced state of the cell. Hence, the model is
able to predict the recovery path for diabetic patients for most of the cases. Even though
the fitted curve matches with the data, the unbounded increase in GSH concentration
for low HbAlc values remains unexplained. Most of the 5 values are observed to be
lying between —9 to —6. Excluding the outlying cases mentioned before, the mean value
for 05 is observed to be —7.51 + 0.20, which according to the model is constant as it is
reasonable to believe that parameters a and b used in the conversion are the same for
all test subjects. Figure 3.12 summarises the results of individual fitting, ignoring the

physiologically improbable cases and outliers.
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Figure 3.12: Individual data (GSH and HbAlc) fitted for 44 diabetic cases, excluding
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Figure 3.14: Individual data fitted for diabetic cases 3-10. Week 0, week 4 and week 8
data are represented by "[1”, 7" and ”/AA” respectively.
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Figure 3.15: Individual data fitted for diabetic cases 11-18. Week 0, week 4 and week 8
data are represented by "[1”, 7" and ”/AA” respectively.
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Figure 3.16: Individual data fitted for diabetic cases 19-26. Week 0, week 4 and week 8
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Figure 3.17: Individual data fitted for diabetic cases 27-34. Week 0, week 4 and week 8
data are represented by "[1”, 7" and ”/AA” respectively.
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Figure 3.18: Individual data fitted for diabetic cases 35-42. Week 0, week 4 and week 8
data are represented by "[1”, 7" and ”/AA” respectively.
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Figure 3.19: Individual data fitted for diabetic cases 43-50. Week 0, week 4 and week 8
data are represented by "[1”, 7" and ”/AA” respectively.
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3.4 Thermodynamics vs. Enzyme Kinetics

In this section, we discuss the importance of the reaction kinetics over the thermody-
namics in the glutathione system in cells. The redox potential or the reduction potential
of a chemical compound describes its tendency to get reduced by gaining electrons. In
human cells, the GSH/GSSG system essentially acts as a redox couple and is generally
categorised as a thiol/disulfide system. The GSH/GSSG redox potential is believed to
be an essential driving force of different biological processes in cells. Various studies have
been conducted on the importance of thiol/disulfide systems on the smooth working of
cells, such as the work by Freedman et al.[27]. But it should be noted that this assump-
tion ignores the kinetics of the reaction, and the enzymes hardly have any role in this
process. The studies conducted by Flohe et al. point out the major drawbacks of this ap-
proach[28]. In the case of simple inorganic redox reactions, the electrochemical potential
can be measured to a relatively high accuracy, which not true in the case of a complex
multistep enzymatic reaction. Though a lot of studies points to the importance of redox
potentials, it needs to be noted that the calculations were made under laboratory condi-
tions which are quite far from the actual biological systems. Hence, the applicability of

these electrochemical parameters needs to be questioned.

The redox potential of a chemical compound is affected by various factors, such
as temperature, pH, non-equilibrium systems, the presence of multiple redox systems,
etc. In the case of the enzyme reactions, the major difference that characterises this is
the formation of stable intermediate or a number of intermediates. In simple inorganic
reactions, the intermediate formed is unstable and has less importance compared to the
enzyme-substrate complexes. Another interesting fact to notice is that the redox potential
does not describe the rate of the reaction. Instead, it only discloses the direction in
which it is proceeding. This is evident from the Nernst equation which is used for the
estimation of redox potential, as it is usually hard to measure the exact redox potential
experimentally. The Nernst equation is given by

R-T
AE'cell = AECOell - F lOg Qr

7 -

where E..; is the cell potential (redox potential in the case of redox cell) and Egell is
the standard cell potential which is a constant quantity. The standard cell potential
are measured with reference to electrodes such as SHE (Standard Hydrogen Electrode)
at standard conditions (temperature, pH and pressure/concentration). In the above
equation, R is the universal gas constant, T is the temperature, F denotes the Faraday
constant and z is the number of electron transferred during the reaction. The quantity

of interest here, which has the major influence on the redox potential is the reaction
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quotient @),, which is given by

for a hypothetical reaction aA + B = vC + éD. From this definition, it can be seen
that even for an enzymatic reaction, only the concentration of substrates and products
influences the redox potential. In the case of enzyme reactions, since enzymes are re-
covered in active state at the end, the reaction quotient only depends on the substrate
and product concentrations. For the glutathione system, the reactions can be written as

follows:

2GSH — 2H" — 2¢~ = GSSG
HQOQ + 2H* + 2e” = HQO

and the overall reaction is given by
Hence, the reaction quotient becomes

[GSSC]

“r = [GSHP2[H,0,]

As a result, the redox potential of the glutathione system only depends on the concentra-
tions of the two glutathione forms and ROS. Unlike inorganic reactions, organic reactions,
especially those involving enzymes, face a barrier of activation energy which is usually
attained with the help of enzymes. Because of this reason, the value of redox potential
cannot be used directly as a measure of reaction velocity. The experimental determi-
nation of GSH/GSSG redox potential in 1952 indicates the importance of the enzymes
in glutathione system[10]. The study shows that, even when the redox potentials are
matched, no reaction occurs (or reaction occur in a biologically slow time scale) without
the presence of enzymes. Therefore the reduction potential alone does not carry much
information regarding the redox regulation. Furthermore, enzymes play a significant role
in regulating the reactions, and hence, are crucial for maintaining the reduced state of
the cells.
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Chapter 4
Conclusions

We have studied three existing models of glutathione redox systems and red blood
cell metabolism in detail. The model proposed by Raftos et al.[8] focuses solely on the
glutathione turnover in red blood cells, and is more complex compared to the other two,
mainly due to the number of species involved in the glutathione system. The model
accounts for both the production and removal of glutathione from RBCs, even though an
import mechanism for the reduced glutathione is absent. The other two models, proposed
by Jamshidi et al.[29] and Bordbar et al.[11], are elaborate models of RBC metabolic
networks. Both of these models provide a broad view of the metabolic pathways in RBCs
rather than focusing on each component. Even though implementations of these models
are available in SBML (Systems Biology Markup Language) format, various parts of the
models were missing, and we were unable to study them further. As for the glutathione
turnover model, the complexity of the model prevents us from implementing it on a
smaller scale. It should be noted that in all three models the enzymes and ROS is given
less importance, and hence all three of them were unable to provide a clear description of
the glutathione dynamics and regulatory mechanisms in RBC. Therefore, from the basics
of enzyme kinetics and the knowledge from the existing models, different mechanistic
models of glutathione turnover were created, and various aspects of the models were
analysed under different conditions. In each step, models were modified with smaller
components for obtaining a better picture of the glutathione system, and the effect of
each element on the dynamics of the glutathione and the regulation of oxidative stress
has been studied. The transport of glutathione across the RBCs is found to have a
significant influence on the regulation of OS. The models studied can be divided into two
categories, closed models and open models. In closed models, the importance of the two
enzymes for the interconversion has been examined. In the case of single enzyme models,
the reduced to oxidised glutathione ratio is mainly modulated by the rate constants

of the forward and backward reactions. Since the rate constant is a property of the
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reaction, the system has lesser control over the regulation of the ratio. Here, the ratio
is observed to be varying inversely with respect to the change in ROS concentration.
Therefore, the existence of two enzymes driving each conversion provides the system with
relatively better control over the concentration of glutathione species, where the ratio is
affected by the concentrations of the enzymes. Interestingly in two enzyme models, the
steady state relationships between the concentration of chemical species split into the
Michaelis-Menten equation for each enzyme, even though the system is coupled. Among
the models studied, the open model of glutathione turnover, resembling the Raftos model,
has significant control over the concentrations of the glutathione species arising from the
glutathione transport mechanisms across RBCs.

The parameter estimations for the open model (Sec. 3.1.8 and 3.3.3) are performed
using raw experimental data. Both closed and open two enzyme models were numerically
solved for arbitrary parameters and initial conditions, and no strict regulation of the ratio
is observed in any of the models. The parameter estimation for ry, ro, k,, and £/, in the
open model (Sec. 3.1.8) returned values with large deviation. The variation seen in the
optimised values could be the result of the method used for optimisation, or the approx-
imation that the GSSG concentration in RBC is 10% of the GSH concentration. Among
the parameters, the value of £/, is observed to be less varying in both the estimations
using reduced equations and ROS markers. This consistency in the optimised value of &/,
could be arising from the limitations of the method used for optimisation. Reducing the
Eq. (3.16) using the approximation that the ROS concentration is high, could also have
an adverse effect on the approximation process. For resolving this issue, the optimisation
was be carried out using ROS markers such as thiobarbituric acid reactive substances
(TBARS) concentrations in place of ROS concentration, and better results are obtained.
To summarise, the mechanistic model is able to capture the nature of the relationship
between glutathione and glucose for the diabetic cases.

Since the steady state GSSG concentration is invariant to ROS concentration in zero
order import and first order export model (Sec. 3.1.6), cellular GSH concentration gives
the same information as the ratio, GSH:GSSG does. It should be noted that GSSG
homeostasis is a result of our assumption that the export of GSSG to blood plasma
follows first order kinetics and import of GSH follows zeroth order kinetics. The changes
in ROS concentration is accounted by changing the reduced glutathione concentration,
which results in a constant oxidised glutathione concentration for any parameter values.
The concentration of GSSG, in this scenario, is observed to be a function of the transport
rate constants a and 3. Due to the construction of the model, the rate constant o can
change from person to person. As a result, the steady state concentration of GSSG is
also different for each person. If the GSH import were concentration dependent, then it

is possible that the ratio of the two glutathione species is approximately constant, but it
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appears to contradict the observations from the experiments (Fig. 3.5).

The hypothesis that there exists a cellular GSSG homeostasis gives rise to a phe-
nomenological model for the relation between glucose and glutathione (Sec. 3.3), by
approximating the reactive oxygen species concentration with the glycated haemoglobin
concentration. The parameter estimation for the model was carried out using glutathione
and HbAlc data obtained from Ref. [26]. Optimisations for the parameters, 6; and 6,
were performed at both population and individual level. In both cases, the phenomeno-
logical model proposed is able to explain the data better than the mechanistic model,
and captures the recovery of glycemic status during anti-diabetic treatment to a great
extent.

To conclude, strict maintenance of the reduced to oxidised ratio of glutathione is not
observed in any of the models studied and the same is not observed in any of the data
analysed. A large variation in both the ratio and individual concentrations is observed
even within the diabetic and control groups. The experimental results are consistent with
the GSSG homeostasis hypothesis, though a theoretical explanation is still needed for
explaining this. It is known that ROS follows fast kinetics and HbAlc has comparatively
slower kinetics[22]. Hence, there is also a question of comparing these two quantities.
Whether ROS can be averaged for the time scale of HbAlc needs to be verified. If
GSSG concentration is not affected by the amount of ROS present, as suggested by
the phenomenological model, the concentration of reduced glutathione is sufficient for
understanding oxidative stress, and the concept of glutathione redox potential as a driving
force of biological processes can be disregarded. The phenomenological model obtained
from the GSSG homeostasis hypothesis is able to the explain the glycemic recovery of
diabetic patients with respect to the glutathione concentration, and it is able to capture

the fluctuations within the diabetic group.
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