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Abstract

Quantum synchronization, the emergence of phase locking in quantum systems, has gained

significant attention due to its potential applications in quantum technologies. In this thesis,

we analytically investigate the resources responsible for synchronization in various setups and

the generation of these resources via di↵erent forms of interactions and drives. We further

investigate the connection of coherences and correlations to the synchronization of various

systems. We further dive into many examples and counter examples to show that there

is no one-to-one correspondence between synchronization and the existence of coherence,

correlations, or entanglement.

As model examples we study synchronization in infinite dimensional systems with a clear

classical analog, like a quantum harmonic oscillator, and in purely quantum mechanical

finite-dimensional spin systems. We use the Lindblad formalism to model self-sustained

oscillators with a free phase in continuous variable and discrete variable systems and we use

tools from quantum optics like phase space representations and coherent states to quantify

synchronization.

Our findings show how specific coherences are the deciding factor for synchronization

and how their existence still doesn’t guarantee synchronization due to the possibility of

destructive interference.
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Chapter 1

Introduction

Synchronization is a fundamental phenomenon that manifests across a diverse range of phys-

ical, chemical, and biological systems [1]. It governs processes from the coordinated flashing

of fireflies to the collective motion of coupled oscillators such as metronomes. The term ”syn-

chronization” originates from the Greek words ‘syn-’ meaning ”together with” and ‘kronous’

meaning ”time,” indicating the occurrence of events in unison. Formally, synchronization de-

scribes a scenario where the dynamics of two or more systems become correlated in frequency

or phase due to their interaction.

The scientific study of synchronization can be traced back to 1673 when Christian Huy-

gens observed an intriguing e↵ect in pendulum clocks. He noticed that two pendula, when

weakly coupled through a common support, would eventually synchronize their oscillations

in phase and frequency. This discovery laid the foundation for the study of synchronized

dynamical systems. Since then, synchronization has been extensively studied in classical sys-

tems [2, 3], encompassing areas such as nonlinear dynamics, neuroscience, electrical circuits,

and even large-scale phenomena like climate oscillations.

While classical synchronization is well understood, the study of synchronization in quan-

tum systems has garnered significant attention in recent years [4, 5]. Unlike classical oscil-

lators, these systems exhibit fundamental di↵erences due to quantum principles like super-

position and entanglement. Quantum synchronization refers to the emergence of correlated

dynamics in quantum oscillators, often studied in open quantum systems where dissipation

and external driving play crucial roles. Research in this area explores how quantum e↵ects
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influence synchronization and whether classical synchronization concepts can be extended

to the quantum domain.

Synchronization could be defined as the mutual adjustment of rhythms of two bodies due

to an interaction [1]. A general approach to synchronization studies is as follows:

1. First we model a Self-Sustained Oscillator (SSO) capable of maintaining oscillations

without any external forcing, this is possible due to the presence of time-independent

gain and loss terms. The SSO has a limit-cycle behavior, which means that given any

initial state, the oscillator always relaxes to the same steady-state trajectory.

2. The setup consists of an SSO or a collection of SSO, this setup must have a free phase

variable �. This means that without the introduction of any drive or coupling in the

system, it must be non-selective of any phase, which implies that if we plot the prob-

ability distribution P (�) over the phase variable �, we receive a uniform distribution

of 1/2⇡.

3. When we introduce an external drive or coupling of appropriate form in the setup, the

system starts to become selective in its phase �. This means that P (�) would have a

non-uniform distribution and this is called synchronization.

Quantum synchronization has been explored in a wide range of setups, involving di↵erent

types of oscillators, various driving mechanisms, and multiple forms of coupling. Despite the

diversity of these studies, they generally follow the three-step approach described above, yet

the results vary across di↵erent systems. In this work, we aim to bridge the gap between

these studies by identifying a unifying principle underlying all forms of quantum synchro-

nization. To achieve this, we analytically examine the phase space of oscillators. Our

approach focuses on identifying the fundamental resource responsible for synchronization,

understanding its role in di↵erent setups, and establishing a coherent framework that con-

nects seemingly distinct synchronization mechanisms. Furthermore, we investigate how these

synchronization-enabling resources can be generated within a system and analyze the factors

that lead to their degradation or destruction. By uncovering these fundamental aspects, our

study provides a deeper understanding of quantum synchronization and o↵ers insights into

optimizing its presence in practical quantum systems.
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The thesis is organized as follows, in Chapter 2 we study the synchronization of a contin-

uous variable non-linear oscillator to an external drive, in Chapter 3 we study the synchro-

nization between two continuous variable non-linear oscillators and how they influence each

other’s phase. In Chapter 4 we extend our study to synchronization of a purely quantum

mechanical finite-dimensional spin system to an external drive and in Chapter 5 we study

synchronization between two such spin systems.
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Chapter 2

Synchronization of a Harmonic

Oscillator to a Drive

Synchronization in classical systems is typically studied using continuous-variable setups,

such as harmonic oscillators. The quantum harmonic oscillator serves as the most natural

counterpart for investigating synchronization in the quantum regime, as it retains key fea-

tures of classical systems while incorporating inherently quantum properties, such as the

uncertainty principle. In this chapter, we establish a framework for studying quantum syn-

chronization in infinite-dimensional systems.

The chapter is organized as follows, in sec 2.1 we review a classical model for the self-

sustained oscillator, i.e. a Van der Pol oscillator. In sec 2.2 we model a quantum analog for

the Van der Pol oscillator by supplying appropriate gain and loss to a quantum harmonic

oscillator. In sec 2.3 we derive an analytical formula to plot the phase distribution for a

harmonic oscillator and finally in sec 2.4 we drive the quantum oscillator and study its

synchronization properties.

2.1 Classical VdP

The study of classical synchronization uses a continuous variable (CV) system like a harmonic

oscillator, when it is supplied with additional gain and loss terms we obtain an SSO. The
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Figure 2.1: Steady-state limit cycle for VdP (Eq 2.2) with di↵erent nonlinearities µ and
!0 = 1. As we can see, for small µ the limit cycle is similar to the trajectory of a harmonic
oscillator with small deformation, as µ increases the deformation increases.

general form for such an oscillator could be given by

ẍ+ !2
0x = f(x, ẋ), (2.1)

where !0 is the natural oscillator and f(x, ẋ) is the supplied gain and loss terms. The

limit cycle behavior of an SSO needs a balance between the loss and gain processes such

that the oscillator is stabilized at a non-zero amplitude. This requires the introduction of

nonlinearity in the system to prevent the oscillator from going to the ground state. The

most widely used model of SSO is the Van der Pol (VdP) oscillator [6], it is the workhorse

of synchronization studies, and it is modeled by supplying a linear gain and non-linear loss

to a harmonic oscillator. It has been used to study electrical circuits to circadian rhythms
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[7, 8]. The EOM for a VdP is given by

ẍ+ !2
0x = µ(1� x2)ẋ, (2.2)

here µ is the strength of non-linearity in the system. For small µ VdP has a limit cycle

similar to the trajectory of a harmonic oscillator, as non-linearity increases the trajectory

is deformed. As we could see from the Eq 2.2, the non-linear term (1 � x2) is negative for

large x which leads to a damping e↵ect, and the system is stabilized back to the limit cycle,

similarly for small x the term becomes negative which leads to pumping and oscillator regains

its stable amplitude. This is how the limit-cycle behavior is achieved for a VdP. Moreover,

as we could see from the EOM of VdP, there are no time-dependent terms in the equation,

this removes any time reference for the oscillator leading to a free phase. The information

about phase � is derived from the phase space trajectory in the steady state. For a single

oscillator, a 2-dimensional phase space is formed by (x, ẋ), similarly for n oscillators we have

a 2n-dimensional phase space. To extract the phase information, we transform the phase

space distribution from Cartesian coordinates to polar coordinates and integrate out all the

variables other than �.

2.2 Quantum VdP

To study synchronization in the quantum domain the first thing we require is a quantum

SSO. As we saw in sec 2.1, to model such an oscillator we require a balance between linear

gain and non-linear loss processes. To mimic a classical VdP in the quantum regime, we use

Lindblad dissipators to supply incoherent gain and loss to a Quantum Harmonic Oscillator

(QHO). A Quantum Van der Pol (QVdP) oscillator [9] is defined by the following Lindblad

master equation
˙̃⇢ = �i

⇥
!0a

†a, ⇢̃
⇤
+ �gD[a†]⇢̃+ �lD[a2]⇢̃, (2.3)

with �g and �l being the gain and loss rates for the QVdP and !0 is the natural frequency

of the oscillator. Here a and a† are the standard annihilation and creation operators, and D
are the Lindbladian dissipators, D[O]⇢̃ = O⇢̃O† � 1

2{O
†O, ⇢̃}.

Eq 2.3 gives a steady state that is diagonal in the Fock basis with no coherences [9]. The
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Figure 2.2: Fock state distribution, given by hn| ⇢ |ni, for the steady-state density matrices
of a Quantum Van der Pol oscillator (QVdP) with �l = 0.1 and �g = 1, and a Damped
Harmonic Oscillator (DHO) with �l = 1.2 and �g = 1. Both have the natural frequency
!0 = 1. We could see that unlike a thermal state, the steady state of a QVdP has the
highest occupation probability above the ground state and can be controlled by varying
� = �l/�g.

steady state is of the form

⇢̃ss =
1X

n=0

pn |ni hn| . (2.4)

As we can see, ⇢ss is in the statistical superposition of Fock states, very similar to the steady

state of a damped harmonic oscillator (DHO), i.e. a thermal state. Moreover, the master

equation for a DHO is also similar to Eq 2.3, the only di↵erence is that the loss is also linear

in this case. The explicit master equation is given by

˙̃⇢ = �i
⇥
!0a

†a, ⇢̃
⇤
+ �gD[a†]⇢̃+ �lD[a]⇢̃ . (2.5)

The di↵erence between the steady state of a DHO and a QVdP is that in the former

case, the Fock state with the highest probability of occupation is always |0i, whereas in the

latter case, it is |ni and n can be controlled by varying the loss and gain rates.
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To isolate the e↵ects of the dissipator on the evolution of the system, we go into the

frame rotating with natural frequency !0. The new density matrix in this frame is given by

⇢ = exp (i!0a
†a)⇢̃ exp (�i!0a

†a) . (2.6)

The master equation in the rotating frame is given by

⇢̇ = �1D[a†]⇢+ �2D[a2]⇢ . (2.7)

The mean field equation for evolution of complex amplitude ↵ = hai in the classical limit of

ha†ai >> 1 is given by [10]

↵̇ =
�g
2
↵� �l ↵|↵2| . (2.8)

For the steady state with ↵̇ = 0, the system settles to a fixed amplitude of |↵| = �g/2�l. In

the mean-field limit |↵| is equivalent to hni, thus the ratio of gain to loss rate determines

the steady state average occupation of the QVdP. We define: � = �l/�g, this quantity is

directly related to the average occupation of the QVdP and controls the quantum nature of

the system. For large � the system comes closer to the ground state and quantum e↵ects

dominate.

For the case of a quantum oscillator, unlike its classical counterpart, we don’t have an

exact phase space representation. This is because due to the uncertainty principle, the state

of the system cannot be defined by a single point in the phase space. To work around this

problem we use quasiprobability phase space distributions [11]. We use a Wigner distribu-

tion to study the phase space properties of the QVdP. For a density matrix ⇢, the Wigner

distribution is defined as

W (x, p) =
1

⇡

Z 1

�1
dy hx� y|⇢|x+ yi exp(2ipy) . (2.9)

The shape of the Wigner distribution for the steady state of a QVdP is an annular

ring. The radial spread in the distribution is the result of quantum noise introduced due

to the dissipators [10]. As we could see from fig 2.3, the steady state Wigner function is

symmetrically distributed about the origin, thus we could say that similar to a VdP, a QVdP

also possesses a free phase which could be utilized to study synchronization with a drive or

between a collection of such oscillators.
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Figure 2.3: Wigner distribution for the steady state density matrix of QVdP with �l =
0.1, �g = 1 and !0 = 1. This shape is similar to the classical circular limit cycle along with
a spread due to quantum noise. Moreover, the circularly symmetric shape of the Wigner
function tells us that it possesses a free phase and is non-selective on any phase angle.

As expected intuitively, if we keep increasing the loss-to-gain ratio �, the average occu-

pation will go lower. Let P (n, t) = hn|⇢(t)|ni, i.e. the probability of occupation of Fock

state |ni at time t. The Pauli Master Equation [12] for the QVdP is given by

Ṗ (n, t) = �g[nP (n�1, t)�(n+1)P (n, t)]+�l[(n+1)(n+2)P (n+2, t)�n(n�1)P (n, t)] . (2.10)

The terms are due to one photon gain, one photon loss, two-photon gain, and two-photon

loss, respectively. If we keep increasing the non-linear dissipation rate �2, the oscillator will

go closer and closer to its ground state, in this process the discrete nature and quantum noise

become prominent. If we take � ! 1, the oscillator is said to be in the dissipative limit. In

this case, the state of the oscillator will be close to the ground state, but due to our choice

of non-linear loss and linear gain, the limit cycle still survives. For the dissipative limit only
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the lowest two Fock states, |0i and |1i are occupied [9, 10] as the system has a two-photon

loss which doesn’t a↵ect |1i . The transition rates between the lowest three levels is given

by:

|0i �g�! |1i 2�g��! |2i 2�l�! |0i

As we are in the dissipative limit with �2/�1 ! 1, the transition reduces to:

|0i �g�! |1i 2�g��! |0i

We could see that the QVdP spends twice as much time in the state |0i, compared to |1i,
the steady state population of |0i would be twice compared to |1i. ⇢ss in the dissipative

limit is given by:

⇢ss =
2

3
|0ih0|+ 1

3
|1ih1| (2.11)

2.3 Phase Distribution for a QHO

The information about the phase of a QHO state is embedded in its quasiprobability phase

space distributions. As we saw in Eq 2.9 the Wigner distribution is defined over the phase

space (x, p). Expanding the density matrix of the equation in the Fock basis we get

W (x, p) =
1

⇡

Z 1

�1
dy hx� y|⇢ss|x+ yi exp(2ipy)

=
X

mn

hm| ⇢ |ni

1

⇡

Z 1

�1
dy hx� y |mi hn| x+ yi exp(2ipy)

�

=
X

mn

hm| ⇢ |ni Wmn(x, p) , (2.12)

where Wmn is the Wigner distribution for |mi hn| [13] given by

Wmn(x, p) =

r
n!

m!
ei(n�m) arctan(p/x) (�1)n

⇡

�
2(x2 + p2)

�(m�n)/2
Lm�n
n

�
2(x2 + p2)

�
e�(x2+p2) ,

(2.13)

where Lm�n
n is the generalized Laguerre polynomial. To find the angular distribution we do

a variable transform to polar coordinates (r,�), where we define

r =
p

x2 + p2 ; � = arctan
⇣p
x

⌘
mod 2⇡ . (2.14)
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After the transformation, we receive a Wigner distribution of the form W (r,�). This is a

joint probability distribution in r and �, to obtain the marginal probability distribution P (�)

which is the phase distribution, we integrate out r with a proper Jacobian as follows

Pw(�) =

Z 1

0

dr r W (r,�)

=
X

mn

hm| ⇢ |ni
Z 1

0

dr r Wmn(r,�) . (2.15)

In the polar coordinates Wmn could be written as

Wmn(r,�) =

r
n!

m!
ei(n�m)� (�1)n

⇡

�
2r2
�(m�n)/2

Lm�n
n

�
2r2
�
e�r2 , (2.16)

using this form of Wmn, Pw(�) could be written as

Pw(�) =
1

2⇡

X

mn

hm|⇢|ni Rw(m,n) exp{i(n�m)�}

=
1

2⇡
+

1

2⇡

X

m 6=n

hm|⇢|niRw(m,n) exp{i(n�m)�}, (2.17)

where Rw(m,n) is the integral of the radial part for the Wigner distribution, its explicit form

is given by

Rw(m,n) = 2(�1)n
r

n!

m!

Z 1

0

dr r
⇣p

2r
⌘(m�n)

Lm�n
n (2r2) e�r2 , (2.18)

with properties Rw(m,m) = 1 and Rw(m,n) = Rw(n,m). As we could see from Eq 2.17,

a density matrix state that is diagonal and has no coherence in the Fock basis produces

a uniform Pw(�) with value 1/2⇡. This shows that all diagonal states have a free phase.

For phase selectivity to exist, i.e. for Pw(�) to be non-uniform, we require the existence

of coherences hm| ⇢ |ni. This shows that coherences between energy eigenstates act as a

resource for the synchronization of a single oscillator [].

We define a new term Cw
k as follows

Cw
k =

X

m�n=k

hm| ⇢ |niRw(m,n), (2.19)
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it could be decomposed into its angular and radial part as Cw
k = Aw

k exp(i⇥k
w). Using these

definitions, the equation for Pw(�) could be simplified as

Pw(�) =
1

2⇡
+

1

2⇡

X

m 6=n

hm|⇢|niRw(m,n) exp{i(n�m)�}

=
1

2⇡
+

1

2⇡

X

m>n

hm|⇢|niRw(m,n) exp{i(n�m)�}+ hn|⇢|miRw(n,m) exp{i(m� n)�}

=
1

2⇡
+

1

2⇡

1X

k=1

"
exp(�ik�)

X

m�n=k

hm| ⇢ |niRw(m,n)

#
+ h.c.

=
1

2⇡
+

1

2⇡

1X

k=1

[Cw
k exp(�ik�)] + h.c.

=
1

2⇡
+

1

2⇡

1X

k=1

[Aw
k exp{�i(k��⇥w

k )}] + h.c.

=
1

2⇡
+

1

⇡

1X

k=1

Aw
k cos(k��⇥w

k ) . (2.20)

This form of P (�) tells us that the phase distribution could be written as a superposition of

di↵erent harmonics. Let all the coherences hm| ⇢ |ni of the density matrix for a QHO form

a set S, this set could be further divided into subsets {Sk} based on the form hm+ k| ⇢ |mi.
The elements of the subset Sk contribute to the k-th harmonic of P (�) which leads to a

distribution with k peaks between 0 to 2⇡. Let the subset with the largest Aw
k be Skd , this

is the dominant subset because due to its contribution kd is the dominant harmonic in P (�)

and will lead to kd peaks. The position of peaks is given by �P = (⇥k + 2n⇡)/kd, where n

is an integer.

Similar to the case of a Wigner function, we could also use a di↵erent quasi-probability

distribution to find P (�), for example, the Huisimi-Q distribution. The Q-function [14] for

a harmonic oscillator with a state ⇢ is defined as:

Q(↵) =
1

⇡
h↵| ⇢ |↵i (2.21)

where |↵i is the harmonic oscillator coherent state defined as:|↵i = e�
|↵|2
2
P1

n=0
↵n
p
n!
|ni.
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Expanding the equation for Q in terms of density matrix elements we get

Q(↵) =
1

⇡

X

mn

hm|⇢|ni h↵|mihn |↵i

=
1

⇡

X

mn

hm|⇢|ni exp(�|↵|2) ↵
n↵⇤m

p
n!m!

, (2.22)

↵ here is a complex number and could be written as ↵ = rei�. Similar to the case of a

Wigner function we integrate out r to find Pq(�):

Pq(�) =
1

⇡

X

mn

hm|⇢|ni
Z 1

0

dr r exp(�r2)
rn+m

p
n!m!

exp{i(n�m)�}

=
1

2⇡

X

mn

hm|⇢|ni Rq(m,n) exp{i(n�m)�}

=
1

2⇡
+

1

2⇡

X

m 6=n

hm|⇢|ni Rq(m,n) exp{i(n�m)�} , (2.23)

where Rq(m,n) is the integral of the radial part of the Q-function, given by

Rq(m,n) =

Z 1

0

dr 2r exp(�r2)
rn+m

p
n!m!

, (2.24)

with properties: R(m,m) = 1 and R(m,n) = R(n,m). We define a new term Cq
k as follows

Cq
k =

X

m�n=k

hm| ⇢ |niRq(m,n), (2.25)

it could be decomposed into its angular and radial part as Cq
k = Aq

k exp(i⇥
k
q). Eq 2.23 could

be further simplified to reduce it to a form similar to Eq 2.20, i.e. a superposition of di↵erent

harmonic modes. The simplified form of Pq(�) is given by

Pq(�) =
1

2⇡
+

1

⇡

1X

k=1

Aq
k cos(k��⇥q

k) . (2.26)

This form of phase distribution derived from the Q-function is very similar to the one derived

from the Wigner function, the only di↵erence is in the radial integral part, both of these

produce qualitatively similar plots.

Till now we derived P (�) from phase space distributions, instead, we could also use
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states of the harmonic oscillator which have a defined phase �. Much work has been done

on defining a phase operator and phase eigenstates for a harmonic oscillator [15, 16]. Many

formalisms have been developed to study the phase properties of a QHO, one of the most

established ones is the Susskind-Glogower (SG) formalism [17, 18]. Under this approach, we

define a quantum analog Ê for the exponential of the phase ei�. Ê is defined as

Ê ⌘ (n̂+ 1)�
1
2 â , (2.27)

with the eigenstates given by

|�i =
1X

n=0

ein� |ni . (2.28)

These eigenstates |�i have a properly defined phase of �. {|�i} form an overcomplete basis

for the Hilbert space of QHO, with the resolution to unity given by

1

2⇡

Z 2⇡

0

d� |�i h�| = 1 . (2.29)

Using the phase states |�i, the phase distribution for a density matrix ⇢ is given by [19]

Pp(�) =
1

2⇡
h�| ⇢ |�i , (2.30)

expanding the density matrix in the Fock basis we could further simplify the equation as

follows

Pp(�) =
1

2⇡
h�| ⇢ |�i

=
1

2⇡

X

mn

hm|⇢|ni h�|mihn |�i

=
1

2⇡

X

mn

hm|⇢|ni exp{i(n�m)�}

=
1

2⇡
+

1

2⇡

X

m 6=n

hm|⇢|ni exp{i(n�m)�} . (2.31)

The form of phase distribution in Eq 2.31, similar to the previous cases, tells us that for a

non-uniform phase distribution, we need coherences in the state. We define a new term Cp
k

as follows

Cp
k =

X

m�n=k

hm| ⇢ |ni , (2.32)
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for this case Cp
k is simply the sum of all elements of the subset Sk, it could be decomposed

into its angular and radial part as Cp
k = Ap

k exp(i⇥
k
p). Pp(�) can be simplified to the following

form

Pp(�) =
1

2⇡
+

1

⇡

1X

k=1

Ap
k cos(k��⇥p

k) . (2.33)

The phase distributions in Eq 2.20 and 2.26, derived from phase space distributions were

dependent on the density matrix elements along with the radial integrals R(m,n). But the

phase distribution derived from phase states |�i is only dependent on the density matrix

elements, this helps us to understand the relation of density matrix elements to the phase

distribution of the state.

We could define a new distribution S(�) [20, 21] derived from the phase distribution

P (�), given as follows

S(�) = P (�)� 1

2⇡
. (2.34)

This definition is more e�cient as for a uniform phase distribution it takes a constant value

of zero, any non-zero value indicates phase selectivity up to a certain degree. We can also use

max{S(�)} as a measure of synchronization as it quantifies how peaked the phase distribution

is for single and collection of oscillators [22].

The analysis done in this section regarding the phase distribution and its dependence

on di↵erent types of coherences is quite general. It is applicable to any harmonic oscillator

state, not just a QVdP. Now after we have established a setup for SSO and a method to

measure phase-locking, all we need is to apply an external drive to the QVdP and study its

phase-locking properties.

2.4 QVdP with an External Drive

The most fundamental form of synchronization is the synchronization of an oscillator to an

external drive. Here the drive benefits from the free phase property of an SSO which helps

it to freely modify the phase to lock it with its own phase. We apply a harmonic drive to a

QVdP of the following form

Hd = ✏(ei!ta+ e�i!ta†) , (2.35)
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where ✏ is the strength of the drive and ! is its frequency. The master equation for the

driven QVdP is given by

˙̃⇢ = �i
⇥
!0a

†a+ ✏(ei!ta+ e�i!ta†), ⇢̃
⇤
+ �gD[a†]⇢̃+ �lD[a2]⇢̃. (2.36)

Given that we are studying the phase locking of the oscillator to a drive, it would be

Figure 2.4: When we apply an external drive to a QVdP this leads to the locking of its
phase to that of the drive. For the master equation of a driven QVdP in Eq 2.38 with
�g/�l = 5 and � = 0, we get a steady state ⇢ss. (a) The Wigner function for ⇢ss becomes
concentrated around the phase 3⇡/2 unlike the one in fig 2.3 for undriven QVdP which is
circularly symmetric. (b) The phase distributions P (�) derived from the Wigner function
(Red), Q-function (Green), and phase states |�i (Blue), are all peaked at 3⇡/2. This shows
that relative to the phase of the drive, the oscillator’s phase is locked.

beneficial to transform to a frame rotating with the drive. The state in this frame is given

by following unitary transform

⇢ = exp (i!0a
†a)⇢̃ exp (�i!0a

†a) , (2.37)

master equation for the QVdP in the rotating frame is given by [9]

⇢̇ = �i
⇥
��â†â+ ✏(â+ â†), ⇢

⇤
+ �1D[â†]⇢+ �2D[â2]⇢ (2.38)

where � is the detuning between the drive’s frequency and the natural frequency of the

oscillator. When the strength of the drive is zero, the master equation gives us a steady

state similar to Eq 2.4 with the circularly symmetric Wigner function, similar to the fig 2.3.

The application of the drive leads to synchronization of the QVdP [9, 10] and it develops a
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phase relation with the drive. This could be seen from fig 2.4, where we see a non-uniform

distribution of phase for the driven QVdP.

Figure 2.5: Power spectrum for the steady state of a driven QVdP in the reference frame
of the drive’s frequency, with �l/�g = 0.1,� = 0.7 and ✏ = 1. As the power spectrum is
calculated for the QVdP master equation 2.38 which is in the drive’s frame, naturally the
peak is located at detuning value �. But due to frequency entrainment of the drive, the
peak appears closer to zero, this is a signature of synchronization behavior.

Apart from studying the phase space of the oscillator, we could also analyze its power

spectrum to look for signatures of synchronization. Given an oscillator with natural fre-

quency !0 is being driven with a frequency !, for synchronization to exist we expect the

power spectrum of the oscillator to shift towards the drive’s frequency. The power spectrum

for the QVdP in the drive’s frame when ✏ = 0 shows a peak at the detuning value �, as there

is no frequency entrainment. When we increase the value of ✏, we expect the frequency of

the QVdP to come closer to that of the drive. As the master equation 2.38 is in the drive’s

frame, this means that the peak of the power spectrum would shift closer to zero. The power

spectrum for the oscillator is given by

S(!) =

Z 1

�1
dt ei!t

⌦
a†(t)a(0)

↵
, (2.39)
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Figure 2.6: As we increase the detuning between the QVdP and drive, the synchronization
becomes weaker and the phase distribution starts to be more uniformly distributed. A driven
QVdP with �l/�g = 0.1, ✏ = 1, (a,b) � = 0.7 and (c,d) � = 3. For � = 0.7 the phase-locking
survives with an increase in the spread of the Wigner function compared to fig 2.4, whereas
for � = 3 the Wigner function becomes nearly circularly symmetric similar to fig 2.3.

where ha†(t)a(0)i is the first order correlation function, calculated from the Quantum Re-

gression Theorem [11, 23]. As we can see from fig 2.39, the peak of the power spectrum for

a driven QVdP doesn’t align with the detuning. The drive tries to decrease the detuning in

the new observed frequency of QVdP.

As we keep increasing the detuning between the QVdP and drive, the degree of phase

locking decreases as they are not able to maintain a constant phase relationship for large

di↵erences in frequency [9]. From fig 2.4 and 2.6, we could see that as the value of � increases

the Wigner function starts to spread out and the phase distribution becomes less peaked.
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Chapter 3

Synchronization between Two

Harmonic Oscillators

In the last chapter, we studied how we could synchronize an oscillator to an external drive.

This kind of synchronization could be seen as unidirectional coupling where only the oscilla-

tor’s phase is being influenced and the drive is una↵ected. Instead of this, we could also study

the synchronization between two coupled oscillators in which both systems involved a↵ect

each other [24]. For this case, phase-locking means that the two units develop a relation

such that the relative phase, defined as � = (�1 � �2), shows phase selectivity.

A system of two uncoupled QVdP has the following master equation [24]

⇢̇ = �i [H0, ⇢] +
X

i=1,2

�(i)g D
h
a†i

i
⇢+ �(i)l D

⇥
a2i
⇤
⇢, (3.1)

where H0 =
P

i=1,2 !ia
†
iai. The joint density matrix for the uncoupled system has the form

⇢ = ⇢1 ⌦ ⇢2. As the steady-state density matrix for a QVdP is diagonal in the Fock basis,

the joint steady-state density matrix ⇢ss will be diagonal in the joint Fock basis for the

system. We would need to supply a relevant coupling to the system for synchronizing the

oscillators. For this, we would also need to come up with a method to examine the relative

phase between two oscillators.

The chapter is organized as follows, in sec 3.1 we derive the equation for relative phase
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distribution between two quantum harmonic oscillators from their joint phase space distri-

bution. In sec 3.2 we study the synchronization of two QVdP due to a coherent interaction.

Finally in sec 3.3 we look at the synchronization due to dissipative coupling between a pair

of QVdP.

3.1 Relative Phase Distribution of Two QHO

In sec 2.3 we saw how we could plot the phase distribution of a QHO from its quasiprobability

phase space distribution and also from its phase states |�i. Now we have to study the

synchronization properties of two oscillators, instead of analyzing separate phase spaces for

both oscillators, we look at the joint phase space because it captures all correlations that

could exist between the two systems.

The two-mode Wigner function for a joint state ⇢ of two quantum harmonic oscillators

is defined as [25]

W (x1, p1, x2, p2) =
1

⇡2

Z 1

�1
dy1 dy2 e2i(p1y1+p2y2) ⇥ hx1 � y1, x2 � y2|⇢|x1 + y1, x2 + y2i. (3.2)

Expanding ⇢ in the joint Fock basis and using the Wigner function Wmn for |mi hn| as given
in Eq 2.16, we could write the two-mode Wigner function as

W (x1, p1, x2, p2) =
X

m1n1m2n2

hm1m2|⇢|n1n2iWm1n1(x1, p1)Wm2n2(x2, p2). (3.3)

For the study of synchronization between the oscillators we are interested in the distribution

for the relative phase, i.e. � = (�1 � �2). To extract the information about relative phase �

we do the following coordinate transforms of the Wigner function:

(x1, p1, x2, y2) ! (r1,�1, r2,�2) ! (r1, r2,�,)

The first transformation is from cartesian to polar coordinates, the second transformation

gives us a distribution in phase sum and di↵erence, with  = (�1 + �2). Now we have a

joint probability distribution in four variables, we integrate out r1, r2 and , with appropriate

Jacobians, to get the marginal probability distribution P (�). The relative phase distribution

is given by
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Pw(�) =
X

m1n1m2n2

hm1m2|⇢|n1n2i
Z 1

0

dr1 r1

Z 1

0

dr2 r2

Z 4⇡

0

d
1

2
Wm1n1(r1,�1)Wm2n2(r2,�2)

=
X

m1n1m2n2

hm2m2|⇢|n1n1i
1

(2⇡)2
Rw(m1, n1)Rw(m2, n2)⇥

Z 4⇡

0

d
1

2
exp

⇣
i[(n1 + n2)� (m1 +m2)]



2

⌘
exp

✓
i[(n1 � n2)� (m1 �m2)]

�

2

◆
.

(3.4)

Figure 3.1: The relative phase distribution between two oscillators is determined by only
those density matrix elements hm1,m2| ⇢ |n1, n2i that satisfy (m1+m2) = (n1+n2). For the
density matrix in joint Fock basis with ordering such that states with the same total occu-
pation are grouped together, these selection rule elements form a block diagonal structure
as shown in the figure.
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The integral with respect to  survives only for those density matrix elements hm1,m2| ⇢ |n1, n2i
terms which satisfy the condition:

m1 +m2 = n1 + n2, (3.5)

here we obtain a selection rule over the joint density matrix elements which determines the

relative phase distribution between two QHO, unlike the case of a single QHO where all

density matrix elements contributed to P (�), as in Eq 2.17, 2.31 and 2.23. In a density

matrix written in joint Fock basis such that the basis elements are reordered to group the

states with same total occupation together {|0, 0i ; |0, 1i , |1, 0i ; |0, 2i , |1, 1i , |2, 0i ; ...}, the
matrix elements that follow the selection rule form a block diagonal structure, as could be

seen in fig 3.1. The joint Hilbert space could be divided into subspaces with a fixed total

occupation, the selection rule elements exist as coherences and populations within these

subspaces, that is why we observe a block diagonal structure.

The simplified form of the distribution is given by:

Pw(�) =
1

2⇡
+

1

2⇡

X

m1+m2=n1+n2
m1 6=n1

hm1m2|⇢|n1n2i Iw(m1,m2, n1, n2) exp{i(n1 �m1)�} (3.6)

where: Iw(m1,m2, n1, n2) = Rw(m1, n1)Rw(m2, n2). As we can see from the above equation

the relative phase distribution for a state diagonal in the joint Fock basis is uniform, indicat-

ing no phase locking, that is why the steady state of Eq 3.1 also possesses no phase locking.

For phase selectivity to exist we need o↵-diagonal coherence terms that satisfy the selection

rule in Eq 3.5. In other words, phase locking between two QHO requires coherence between

joint Fock states with the same total occupation. We define a new term Cw
k as follows

Cw
k =

X

m1�n1=k

hm1,m2| ⇢ |n1, n2i Iw(m1,m2, n1, n2), (3.7)

it could be decomposed into its angular and radial part as Cw
k = Aw

k exp(i⇥k
w). Simplifying

Eq 3.6 further we get

Pw(�) =
1

2⇡
+

1

2⇡

X

m1+m2=n1+n2
m1 6=n1

hm1m2|⇢|n1n2i Iw(m1,m2, n1, n2) exp{i(n1 �m1)�}
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=
1

2⇡
+

1

2⇡

X

m1+m2=n1+n2
m1>n1

hm1m2|⇢|n1n2i Iw(m1,m2, n1, n2) exp{i(n1 �m1)�}+ h.c.

=
1

2⇡
+

1

2⇡

1X

k=1

"
exp(�ik�)

X

m1�n1=k

hm1,m2| ⇢ |n1, n2i Iw(m1,m2, n1, n2)

#
+ h.c.

=
1

2⇡
+

1

2⇡

1X

k=1

[Cw
k exp(�ik�)] + h.c.

=
1

2⇡
+

1

2⇡

1X

k=1

[Aw
k exp{�i(k��⇥w

k )}] + h.c.

=
1

2⇡
+

1

⇡

1X

k=1

Aw
k cos(k��⇥w

k ) . (3.8)

We are able to write the relative phase distribution as a superposition of di↵erent harmonic

modes. The selection rule elements determining the relative phase distribution form a set S,

this set could be further divided into subsets Sk based on classification hm1 + k,m2| ⇢ |m1,m2 + ki.
Elements of the subset Sk contribute to the k-th harmonic of the relative phase distribution.

The joint density matrix for the two oscillators when written in the joint Fock basis with

lexicographic order, i.e. {|0, 0i , |0, 1i , |0, 2i , ...; |1, 0i , |1, 1i , ...; ...}, the subsets {Sk} form

separate bands of elements as could be seen in fig 3.2.

Apart from using the Wigner function, we could also use the two-mode Q-function to

plot the relative phase distribution. For a given state ⇢ of two quantum harmonic oscillators,

the two-mode Q-function is defined as

Q(↵1,↵2) =
1

⇡2
h↵1,↵2| ⇢ |↵1,↵2i (3.9)

where |↵i is the QHO coherent state defined as:|↵i = e�
|↵|2
2
P1

n=0
↵n
p
n!
|ni. Expanding Eq 3.9

in the joint Fock basis we get:

Q =
1

⇡2

X

m1n1m2n2

hm1m2|⇢|n1n2i h↵1 |m1i h↵2 |m2i hn1 |↵1i hn2 |↵2i

=
1

⇡2

X

m1n1m2n2

hm1m2|⇢|n1n2i exp(�|↵1|2)
↵n1
1 ↵

⇤m1
1p

n1!m1!
exp(�|↵2|2)

↵n2
2 ↵

⇤m2
2p

n2!m2!
. (3.10)

Here ↵1 and ↵2 are complex numbers and could be written as ↵1 = r1ei�1 and ↵2 = r2ei�2 ,
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Figure 3.2: The selection rule elements could be further divided into subsets Sk with elements
of the form hm1 + k,m2| ⇢ |m1,m2 + ki. The elements of a subset Sk contribute to the k-th
harmonic mode of the relative phase distribution. For the density matrix in joint Fock basis
with lexicographic ordering, these subsets form separate bands as shown in the figure.

this gives us:

Q =
1

⇡2

X

m1n1m2n2

hm1m2|⇢|n1n2i exp(�r21)
rn1+m1
1p
n1!m1!

exp(�r22)
rn2+m2
2p
n2!m2!

exp{i(n1�m1)�1} exp{i(n2�m2)�2}.

(3.11)

Now transforming the equation in terms of angle di↵erence and angle sum we get:

Q =
1

⇡2

X

m1n1m2n2

hm1m2|⇢|n1n2i exp(�r21)
rn1+m1
1p
n1!m1!

exp(�r22)
rn2+m2
2p
n2!m2!

exp
⇣
i{(n1 + n2)� (m1 +m2)}



2

⌘
exp

✓
i{(n1 � n2)� (m1 �m2)}

�

2

◆

(3.12)
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To obtain P (�) we integrate out r1, r2 and  as follows

P (�) =
1

⇡2

X

m1n1m2n2

hm1m2|⇢|n1n2i
Z 1

0

dr1 r1 exp(�r21)
rn1+m1
1p
n1!m1!

Z 1

0

dr2 r2 exp(�r22)
rn2+m2
2p
n2!m2!

Z 4⇡

0

d
1

2
exp

⇣
i{(n1 + n2)� (m1 +m2)}



2

⌘
exp

✓
i{(n1 � n2)� (m1 �m2)}

�

2

◆
.

(3.13)

Integration over  gives us the same selection rule as in Eq 3.5, over the density matrix

elements. This simplifies the equation to be

P (�) =
1

2⇡
+

1

2⇡

X

m1+m2=n1+n2
m1 6=n1

hm1m2|⇢|n1n2i Iq(m1,m2, n1, n2) exp[i((n1 �m1)�)] (3.14)

where Iq(m1,m2, n1, n2) = Rq(m1, n1)Rq(m2, n2) and Rq(m,n) is the same as defined in Eq

2.24. We define a new term Cq
k as follows

Cq
k =

X

m1�n1=k

hm1,m2| ⇢ |n1, n2i Iq(m1,m2, n1, n2), (3.15)

it could be decomposed into its angular and radial part as Cq
k = Aq

k exp(i⇥
k
q). Simplifying

Eq 3.14 further we get

Pq(�) =
1

2⇡
+

1

⇡

1X

k=1

Aq
k cos(k��⇥q

k) (3.16)

We could also use the QHO phase states |�i as defined in Eq 2.28 to find the relative

phase distribution between two harmonic oscillators. The joint probability distribution for

the individual phases of both the oscillators is given by [26]

P (�1,�2) =
1

(2⇡)2
h�1,�2| ⇢ |�1,�2i

=
1

(2⇡)2

X

m1n1m2n2

hm1m2|⇢|n1n2i h�1 |m1i h�2 |m2i hn1 |�1i hn2 |�2i

=
1

(2⇡)2

X

m1n1m2n2

hm1m2|⇢|n1n2i exp{i(n1 �m1)�1} exp{i(n2 �m2)�2}. (3.17)

To find the relative phase distribution we do a variable transform from (�1,�2) to (�,) and
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integrate out :

Pp(�) =
1

(2⇡)2

X

m1n1m2n2

hm1m2|⇢|n1n2i
Z 4⇡

0

d
1

2
exp

⇣
i[(n1 + n2)� (m1 +m2)]



2

⌘

exp

✓
i[(n1 � n2)� (m1 �m2)]

�

2

◆

Here also we get the same selection rule over density matrix elements as in Eq 3.5 because

of integration over . We define a new term Cp
k as follows

Cp
k =

X

m1�n1=k

hm1,m2| ⇢ |n1, n2i , (3.18)

it could be decomposed into its angular and radial part as Cp
k = Ap

k exp(i⇥
k
p). The simplified

form for Pp(�) similar to Eq 3.8 and 3.16 could be written as

Pp(�) =
1

2⇡
+

1

⇡

1X

k=1

Ap
k cos(k��⇥p

k). (3.19)

The relative phase distributions derived from phase space representations like Wigner and Q

function were dependent on density matrix elements and also radial integrals I(m1,m2, n1, n2).

The distribution Eq 3.19 derived from phase states {|�i} has dependence only on density

matrix elements, this could help us better understand how the nature of relative phase is

a↵ected by the state of the system.

3.2 Coherent Coupling

To synchronize the two QVdP we need to introduce a coupling between them such that it

generates coherences as per the selection rule of Eq 3.5, in the steady state density ma-

trix. One of the standard forms of coupling between two oscillators is a coherent exchange

interaction of the form

Hc = �c(a
†
1a2 + a1a

†
2), (3.20)
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where �c is the coupling strength. Introducing this form of coupling between two QVdP, we

obtain a new master equation of the form

⇢̇ = �i

"
X

i=1,2

!ia
†
iai + �c(a

†
1a2 + a1a

†
2), ⇢

#
+
X

i=1,2

�(i)g D
h
a†i

i
⇢+ �(i)l D

⇥
a2i
⇤
⇢. (3.21)

Figure 3.3: Coherent coupling of the form (a†1a2 + a1a
†
2) produces a non-uniform relative

phase distribution between the oscillators with two peaks at 0 and ⇡. Here we have chosen
the parameters �g = 1, �l = 0.2, �c = 1 and !1 = !2 = 1. This interaction generates
coherences as per the selection rule 3.5 leading to phase locking between the QVdP.

The master equation 3.21 produces a steady state ⇢ss which has a non-uniform relative

phase distribution [10], as could be seen in fig 3.3. This means that for a system of two

QVdP, coherent coupling of the form (a†1a2+ a1a
†
2) produces the selection rule elements that

lead to phase-locking, as could be seen in fig 3.4. The distribution produced by all three

methods is nearly similar with aligned peaks. All distributions are bimodal, this hints to us

that the elements of the subset S2 are dominant in ⇢ss, i.e. Ak is largest for k=2. This could

be seen from fig 3.4, where we see that major contributions for the distribution come from

S2 and S4, amongst which S2 is dominant.

Coherent coupling leads to phase locking between the oscillators giving � = (�1 � �2) a

non-uniform distribution in the steady state ⇢ss. But if we look at the phase distribution
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Figure 3.4: The steady state ⇢ss for two coherently coupled QVdP has coherences within
the conserved total occupation subspaces, i.e. the coherences following the selection rule.
This could be seen from (a) which is the color plot for the absolute value of density matrix
elements in reordered joint Fock basis, similar to fig 3.1. As the relative phase distribution
produced by ⇢ss is bimodal, we can see in (b) that the S2 is the dominant subset with the
largest value of Ap

k. This means that the dominant harmonic mode is cos(2�). Here we have
chosen the parameters �g = 1, �l = 0.2, �c = 1 and !1 = !2 = 1.

Figure 3.5: Coherent coupling produces a non-uniform distribution for the relative phase
�, the individual phases for each oscillator are still free with a uniform distribution. This
could be seen from the Wigner distributions for Tr2(⇢ss) (a) and Tr1(⇢ss) (b), both are
circularly symmetric about the origin signifying free phases �1 and �2. Here we have chosen
the parameters �g = 1, �l = 0.2, �c = 1 and !1 = !2 = 1.

for individual phases �1 and �2 calculated from individual density matrices Tr2(⇢ss) and

Tr1(⇢ss), respectively, we see that those phases are still uniformly distributed, as could be
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seen in fig 3.5. This means that coherent coupling only generates global coherences not any

local coherences for each oscillator. Both, Tr2(⇢ss) and Tr1(⇢ss) are diagonal in their Fock

basis.

Figure 3.6: Dissipative coupling of the form D[a1 + a2] produces a non-uniform relative
phase distribution between the oscillators with two peaks at ⇡. Here we have chosen the
parameters �g = 1, �l = 0.2, �d = 1 and !1 = !2 = 1. This interaction generates coherences
as per the selection rule 3.5 leading to phase locking between the QVdP.

3.3 Dissipative Coupling

In sec 3.2 we saw how we could synchronize two oscillators with the help of a coherent

coupling of the form (a†1a2 + a1a
†
2) introduced in the hamiltonian. Additionally, we could

also use a dissipative coupling introduced due to a correlated Lindbladian dissipator. One

of the standard examples of this type of coupling is a correlated one photon loss dissipator

of the form D[a1 + a2] [24, 25]. The complete master equation for two QVdP coupled with

this type of coupling is

⇢̇ = �i

"
X

i=1,2

!ia
†
iai, ⇢

#
+

 
X

i=1,2

�(i)g D
h
a†i

i
⇢+ �(i)l D

⇥
a2i
⇤
⇢

!
+ �dD[a1 + a2], (3.22)
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Figure 3.7: The steady state ⇢ss for two dissipatively coupled QVdP has coherences within
the conserved total occupation subspaces, i.e. the coherences following the selection rule.
This could be seen from (a) which is the color plot for the absolute value of density matrix
elements in reordered joint Fock basis, similar to fig 3.1. As the relative phase distribution
produced by ⇢ss is unimodal, we can see in (b) that the S1 is the dominant subset with the
largest value of Ap

k. This means that the dominant harmonic mode is cos(�). Here we have
chosen the parameters �g = 1, �l = 0.2, �d = 1 and !1 = !2 = 1.

where �d is the strength of dissipative coupling. The steady-state ⇢ss for master equation

3.22 has a non-uniform relative phase distribution as could be seen in fig 3.6. This means

that the dissipative coupling D[a1 + a2] generates coherences as per the selection rule in the

steady state, as could be seen from fig 3.7.

The distribution produced by all three methods is nearly similar with aligned peaks. All

distributions are unimodal, this hints to us that the elements of the subset S1 are dominant in

⇢ss, i.e. Ak is largest for k=1. This could be seen from fig 3.7, where we see that contributions

for the distribution come from many subsets, amongst which S1 is dominant.

Dissipative coupling leads to phase locking between the oscillators giving � = (�1 � �2)

a non-uniform distribution in the steady state ⇢ss. But if we look at the phase distribution

for individual phases �1 and �2 calculated from individual density matrices Tr2(⇢ss) and

Tr1(⇢ss), respectively, we see that those phases are still uniformly distributed, as could be

seen in fig 3.8. This means that even dissipative coupling only generates global coherences

not any local coherences for each oscillator. Both, Tr2(⇢ss) and Tr1(⇢ss) are diagonal in their

Fock basis.
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Figure 3.8: Dissipative coupling produces a non-uniform distribution for the relative phase
�, the individual phases for each oscillator are still free with a uniform distribution. This
could be seen from the Wigner distributions for Tr2(⇢ss) (a) and Tr1(⇢ss) (b), both are
circularly symmetric about the origin signifying free phases �1 and �2. Here we have chosen
the parameters �g = 1, �l = 0.2, �d = 1 and !1 = !2 = 1.
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Chapter 4

Synchronization of Spin to a Drive

The last two chapters were concerned with the synchronization of continuous variable systems

which have a clear classical analog. In this chapter, we study the synchronization properties

of purely quantum mechanical discrete-variable spin systems. According to the general

prescription of synchronization studies, first, we establish a free phase limit cycle by supplying

the spin system with loss and gain dissipators. Then we drive the system or couple it to a

second quantum unit to study the phase-locking behavior.

The chapter is organized as follows, in sec 4.1 we model a self-sustained oscillator from

a spin-1 system with an equatorial limit cycle. In sec 4.2 we derive an equation to plot

the phase of a spin system. Finally in sec 4.3 we drive the spin-1 system to study its

synchronization properties.

4.1 Spin as a Self-Sustained Oscillator

A spin could be modeled as a quantum SSO with a natural description of phase given by

spin coherent states |✓,�i [27]. For a spin-s system, |✓,�i is defined by rotating the maximal

state |s,m = si
|✓,�i = exp(�i�Sz) exp(�i✓Sy)|s, si . (4.1)

where the spin operators are generators of the rotation group SO(3) satisfying

[Sj, Sk] = i✏jklSl. The range of ✓ is [0, ⇡], whereas the range of � is [0, 2⇡). Similar to a
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coherent state for a harmonic oscillator, a spin coherent state is the state closest to a classical

spin [28] with an orientation of (✓,�) in spherical coordinates. Using the Wigner-D matrix

[29] these states could be written as:

|✓,�i =
sX

m=�s

✓
2s

s+m

◆ 1
2

coss+m

✓
✓

2

◆
sins�m

✓
✓

2

◆
e�im�|s,mi

=
sX

m=�s

Ns,m(✓)e
�im�|s,mi , (4.2)

where Ns,m(✓) is given by

Ns,m(✓) =

✓
2s

s+m

◆ 1
2

coss+m

✓
✓

2

◆
sins�m

✓
✓

2

◆
. (4.3)

Additionally, for a spin-1 system the coherent states in Eq 4.2 take the following form

|✓,�i = cos2
✓
✓

2

◆
ei� |1, 1i+

p
2 cos

✓
✓

2

◆
sin

✓
✓

2

◆
|1, 0i+ sin2

✓
✓

2

◆
e�i� |1,�1i (4.4)

The time evolution of |✓,�i under the free hamiltonianH = !0Sz is given by exp(�iH0t)|✓,�i =
|✓,� + !0ti [30]. � naturally undergoes rotation under the free hamiltonian and could be

treated as a phase variable. Moreover, we could see in Eq 4.2 that � determines the relative

phase between basis states whereas ✓ determines the population.

Figure 4.1: A self-sustained oscillator modeled with a spin-1 system. The Lindblad dissipa-
tors cause only two types of transitions, from state |1, 1i and |1,�1i to |1, 0i, with rates �l
and �g. Basically all initial states are stabilized to |1, 0i, this gives us a limit-cycle behavior
with steady-state |1, 0i.
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Figure 4.2: The steady state of Eq 4.19 is |1, 0i for any non-zero �l and �g, the Q function
for this state is distributed symmetrically about � on the equator. The figure shows the
Winkel Tripel projection of the Q-function sphere, with a free phase � on the equator.

A standard SSO model to study synchronization in spin systems is a Spin-1 atom with

an equatorial limit cycle [30]. The Lindblad master equation for this oscillator is,

⇢̇ = �i[H0, ⇢] + �gD[S+Sz]⇢+ �lD[S�Sz]⇢, (4.5)

where H0 = !0Sz, with �g and �l being the gain and loss rates. We define ↵ = �g/�l, the

gain-to-loss ratio for a spin-1 limit cycle. The Lindbladian dissipators stabilize the spin-1

system to |1, 0i state.

To observe the free phase of this system, we plot its Huisimi Q-function using the spin

coherent states. The Huisimi Q-Function for spin-s is defined as [31]

Q(✓,�) =
2s+ 1

4⇡
h✓,�|⇢|✓,�i . (4.6)

With the range of ✓ and � being [0, ⇡] and [0, 2⇡) respectively, we could visualize the Q-

function over a sphere with each point it being parametrized by (✓,�), similar to cartesian
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coordinates. To visualize a sphere on a flat surface we can use the Winkel Tripel Projection

[32]. The Q-distribution for the steady state of Eq 4.19, i.e. |1, 0i, forms an equatorial limit

cycle and as we could see from fig 4.2, this limit cycle is evenly spread out in � from 0 to ⇡.

This shows that the system has a free phase � and forms a valid SSO.

4.2 Phase Distribution for a Spin

The information about the phase of a spin could be extracted from its phase space distri-

bution in (✓,�), similar to the case of a harmonic oscillator. We use the Q-function for a

spin, as defined in Eq 4.6, to find the phase distribution. As � is the phase of interest for

the spin system whereas ✓ just determines the population, we integrate out ✓ to obtain the

distribution P (�) as follows

Pq(�) =

Z ⇡

0

d✓ sin(✓)Q(✓,�)

=
2s+ 1

4⇡

Z ⇡

0

d✓ sin(✓)h✓,�|⇢|✓,�i, (4.7)

expanding the density matrix in the above equation in {|s,mi} basis we get

Pq(�) =
2s+ 1

4⇡

X

mn

hs,m| ⇢ |s, ni
Z ⇡

0

d✓ sin(✓)h✓,� |s,mi hs, n| ✓,�i

=
2s+ 1

4⇡

X

mn

hs,m| ⇢ |s, ni
Z ⇡

0

d✓ sin(✓)Ns,m(✓)Ns,n(✓) exp{i(m� n)�}

=
2s+ 1

4⇡

X

mn

hs,m| ⇢ |s, niTq(m,n) exp{i(m� n)�}

=
1

2⇡
+

2s+ 1

4⇡

X

m 6=n

hs,m| ⇢ |s, niTq(m,n) exp{i(m� n)�}, (4.8)

where Tq(m,n) is the integral of the ✓ part and is defined as

Tq(m,n) =

Z ⇡

0

d✓ sin(✓)Ns,m(✓)Ns,n(✓), (4.9)

with properties Tq(m,m) = 2/(2s+1) and Tq(m,n) = Tq(n,m). As we can see from Eq 4.8,

a diagonal state in the basis |s,mi has a uniform phase distribution. For the existence of
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phase selectivity in the spin system it is necessary to have coherences.

We define a new term Cq
k as follows

Cq
k =

X

m�n=k

hm| ⇢ |niTq(m,n), (4.10)

it could be decomposed into its angular and radial part as Cq
k = Aq

k exp(i⇥
k
q), using this

definition Eq 4.8 could be further expanded as

Pq(�) =
1

2⇡
+

2s+ 1

4⇡

X

m 6=n

hs,m| ⇢ |s, niTq(m,n) exp{i(m� n)�}

=
1

2⇡
+

2s+ 1

4⇡

X

m>n

hs,m|⇢|s, niTq(m,n) exp{i(m� n)�}+ hs, n|⇢|s,miTq(n,m) exp{i(n�m)�}

=
1

2⇡
+

2s+ 1

4⇡

2sX

k=1

"
exp(ik�)

X

m�n=k

hs,m| ⇢ |s, niTq(m,n)

#
+ h.c.

=
1

2⇡
+

2s+ 1

4⇡

2sX

k=1

[Cq
k exp(ik�)] + h.c.

=
1

2⇡
+

2s+ 1

4⇡

2sX

k=1

[Aq
k exp{i(k�+⇥q

k)}] + h.c.

=
1

2⇡
+

2s+ 1

2⇡

2sX

k=1

Aq
k cos(k�+⇥q

k) . (4.11)

Similar to the case of the harmonic oscillator, the phase distribution has been reduced to

a superposition of di↵erent harmonic modes. All the o↵-diagonal density matrix elements

which contribute to phase locking, form a set S, these elements could be further divided into

subsets Sk with elements hs,m+ k| ⇢ |s,mi. The elements of Sk contribute to the k-th mode

of the distribution. The subset Sk with the largest Ak
q is the dominant subset, we label it

as kd. This means that kd harmonic mode dominates the phase distribution and its major

features will be determined by cos(kd�+⇥w
kd
). The distribution will have kd peaks between

0 to 2⇡, with the location given by �p = (2n⇡ � ✓)/k, where n is an integer.

Similar to the case of a harmonic oscillator we could also use states with defined phases

to find the phase distribution. For a spin when we talk about phase �, in the classical sense

this is the angle subtended by spin vector Ŝ on the x-y plane. Studies on the phase operator

�̂ for a spin and its exponential ei�̂ have been done [33]. For a spin-s system, eigenvalues for
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the phase operator �̂ are given by

|�ni =
1p

2s+ 1

sX

m=�s

e�im�n |s,mi. (4.12)

The phase eigenvalues {�n} for a spin are discretized, with �n = 2n⇡
2s+1 . In the classical

limit for the spin when s ! 1, {�n} becomes continuous over (0, 2⇡). The (2s + 1) phase

eigenstates {|�ni} form a complete orthonormal basis for the spin Hilbert space. To get a

continuous distribution over the phase, similar to the case of quasiprobability distribution,

we allow �n to take continuous values over the range (0, 2⇡). Now a phase state |�i is given
by

|�i = 1p
2s+ 1

sX

m=�s

e�im�|s,mi, (4.13)

where � could take any value. The states {|�i} now form an overcomplete basis for the

Hilbert space, similar to the spin coherent states, yielding a resolution to unity

2s+ 1

2⇡

Z 2⇡

0

d� |�i h�| = 1 . (4.14)

The phase distribution for a single spin s using phase states is given by

Pp(�) =
2s+ 1

2⇡
h�| ⇢ |�i , (4.15)

simplifying the above equation, it could be simplified to a form similar to Eq 4.11. We define

a new term Cp
k as follows

Cp
k =

X

m�n=k

hm| ⇢ |ni , (4.16)

it could be decomposed into its angular and radial part as Cp
k = Ap

k exp(i⇥
k
p), the final form

of the phase distribution could be written as

Pp(�) =
1

2⇡
+

2s+ 1

2⇡

2sX

k=1

Ap
k cos(k�+⇥p

k). (4.17)

The phase distribution derived from phase states is just dependent on density matrix ele-

ments unlike Eq 4.11 which is derived from spin’s phase space. This helps us to determine

the dependence of phase on density matrix elements, similar to Eq 2.33 for the case of a
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single quantum harmonic oscillator derived from the phase eigenstates of the SG operator.

4.3 Spin with an external drive

We established a method to plot the phase of a spin and also modeled an SSO using a spin

system. Now if we apply an external drive to the spin SSO, we expect to see phase-locking

behavior similar to a QVdP. The hamiltonian for an external drive acting on a spin system

is given by

Hd = i✏
�
ei!tS� � e�i!tS+

�
, (4.18)

where ✏ is the strength of the drive and ! is its frequency. The master equation for a driven

spin-1 SSO becomes

˙̃⇢ = �i[!0Sz + i✏
�
ei!tS� � e�i!tS+

�
, ⇢̃] + �gD[S+Sz]⇢̃+ �lD[S�Sz]⇢̃. (4.19)

Figure 4.3: Driving a spin-1 system with equatorial limit cycle results in phase localization
at a certain value of �. Here the rates for the dissipators have the ratio �g/�l = 0.1 with
✏ = 0.1�g. (a)The system no more has a uniformly distributed Q-function about the equator
as in fig 4.2, the distribution becomes localized about � = 0,(b)Phase distribution for the
driven spin derived from its Q-distribution (red) and phase states |�i (blue), here also we
could see that the phase is peaked about � = 0.
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Figure 4.4: The ratio of gain and loss rates �l/�g for the spin-1 oscillator is significant in
determining the nature of synchronization after application of drive. In fig 4.3 we saw that
relative phase peaks at � = 0 for �g/�l = 0.1. For � = 0 and ✏ = 0.1min{�g, �l}, fig (a)
and (b) shows the Winkel Tripel Projection of the Q-function and relative phase distribution
for parameters �g/�l = 10, here we can see that the relative phase is peaked about � = ⇡.
Whereas (c) and (d) are for the parameters �g/�l = 1, here we could see that the relative
phase doesn’t show a strong locking similar to other cases.

As we want to study the phase locking of the spin with an external drive, we move into

the drive’s frame with the following unitary transform

⇢ = exp (i!0Sz)⇢̃ exp (�i!0Sz) , (4.20)

the master equation in the drive’s frame is given by [30]

⇢̇ = �i[�Sz + ✏Sy, ⇢] + �gD[S+Sz]⇢+ �lD[S�Sz]⇢, (4.21)
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where � is the detuning between the natural frequency of the oscillator and the drive.

Application of the drive leads to phase localization, as we could see from fig 4.3 when we

apply a drive of amplitude ✏ = 0.1�g with the dissipators’ rates having the ratio �g/�l = 0.1,

the phase is localized about the point � = 0. This confirms that a finite-dimensional purely

quantum system could also show synchronization.

The ratio of gain and loss rates ↵ has a significant influence over the synchronization

properties of the spin. As we can see from fig 4.3 and 4.4, the spin system is able to

synchronize to an external drive only when the rates for the dissipators are unbalanced,

i.e. either the gain is dominant or the loss is dominant. For balanced dissipators such that

�l = �g, we don’t observe any synchronization [30], the phase is still uniformly distributed

about the equator.
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Chapter 5

Synchronization between Two Spins

In chapter 4 we saw how we could model a spin as a self-sustained oscillator and synchronize

it to an external drive. Similar to the case of two QHO in chapter 3, we could also synchronize

two spins by introducing relevant coupling between them.

The master equation for two spin-1 systems with an equatorial limit cycle is given by

⇢̇ = �i

"
X

i=1,2

!iS
(i)
z , ⇢

#
+
X

i=1,2

�(i)g D[S(i)
+ S(i)

z ]⇢+ �(i)l D[S(i)
� S(i)

z ]⇢, (5.1)

where !i, �
(i)
g and �(i)l are the same parameters as defined in sec 4.1 for i-th spin. The

density matrix for uncoupled spins could be simply written as a tensor product for two

states, ⇢ = ⇢1 ⌦ ⇢2. As the steady state for a single spin-1 oscillator is |1, 0i, the steady

state for Eq 5.1 is |1, 0; 1, 0i. Now we need to apply a suitable coupling between the spins

to synchronize them and investigate their joint phase space for extracting the relative phase

information.

The chapter is organized as follows, in sec 5.1 we use the joint phase space distribution

for two spins to plot the relative phase distribution, and in sec 5.2 we introduce a coherent

coupling between the spins to study their synchronization behavior.
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5.1 Relative Phase Distribution of Two Spins

To calculate the relative phase distribution between two spins we use the two-mode Huisimi

Q [34] function as it completely captures all correlations that could exist between two spins.

For spins s1 and s2, the two-mode Q function for the joint state ⇢ is defined as

Q(✓1,�1, ✓2,�2) =
(2s1 + 1)(2s2 + 1)

(4⇡)2
h✓1,�1; ✓2,�2|⇢|✓2,�2; ✓1,�1i, (5.2)

where |✓i,�ii is the spin coherent state for i-th spin. Expanding ⇢ in the joint basis

{|s1,m1; s2,m2i} we get:

Q =
(2s1 + 1)(2s2 + 1)

(4⇡)2

X

m1,m2,n1,n2

hs1,m1; s2,m2| ⇢ |s1, n1; s2, n2i

h✓1,�1; ✓2,�2| s1,m1; s2,m2ihs1, n1; s2, n2 |✓1,�1; ✓2,�2i

=
(2s1 + 1)(2s2 + 1)

(4⇡)2

X

m1,m2,n1,n2

hs1,m1, ; s2,m2| ⇢ |s1, n1; s2, n2iNs1,m1(✓1)Ns2,m2(✓2)Ns1,n1(✓1)Ns2,n2(✓2)

exp{i(m1 � n1)�1} exp{i(m2 � n2)�2} (5.3)

To study phase locking we will have to extract the information about the relative phase,

i.e. � = (�1 � �2), from the joint Q distribution. To do this we transform the variables of

the joint Q function from (✓1, ✓2,�1,�2) to (✓1, ✓2,�,), where  = (�1 + �2), and then we

integrate out ✓1, ✓2 and  to get a distribution in �, i.e. Pq(�).

Pq(�) =

Z ⇡

0

d✓1 sin(✓1)

Z ⇡

0

d✓2 sin(✓2)

Z 4⇡

0

d
1

2
Q(✓1, ✓2,,�) (5.4)

Plugging in the explicit equation for the Q function in 5.3 we get

Pq(�) =
(2s1 + 1)(2s2 + 1)

(4⇡)2

X

m1,m2,n1,n2

hs1,m1; s2,m2| ⇢ |s1, n1; s2, n2i exp{i/2 [(m1 � n1)� (m2 � n2)]�}

Z ⇡

0

d✓1 sin(✓1)Ns1,m1(✓1)Ns1,n1(✓1)

Z ⇡

0

d✓2 sin(✓2)Ns2,m2(✓2)Ns2,n2(✓2)⇥
Z 4⇡

0

d
1

2
exp{i/2 [(m1 +m2)� (n1 + n2)]} (5.5)
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Similar to the case of relative phase distribution for two harmonic oscillators, the integral over

 eliminates those density matrix terms that don’t satisfy (m1 +m2 6= n1 + n2). This gives

us a similar selection rule as in the case of phase locking between two harmonic oscillators,

i.e. relative phase between two spins is determined by those joint density matrix elements

hs1,m1; s2,m2| ⇢ |s1, n1; s2, n2i which satisfy:

m1 +m2 = n1 + n2 (5.6)

Simplifying the equation further we get

P (�) =
(2s1 + 1)(2s2 + 1)

8⇡

X

m1+m2=n1+n2

hs1,m1; s2,m2| ⇢ |s1, n1; s2, n2i⇥

Iq(m1,m2, n1, n2) exp{i(m1 � n1)�}

=
1

2⇡
+

(2s1 + 1)(2s2 + 1)

8⇡

X

m1+m2=n1+n2
m1 6=n1

hs1,m1; s2,m2| ⇢ |s1, n1; s2, n2i⇥

Iq(m1,m2, n1, n2) exp{i(m1 � n1)�} (5.7)

where Iq(m1,m2, n1, n2) = Tq(m1, n1)Tq(m2, n2). Eq 5.7 tells us that the relative phase

distribution for a state diagonal in the joint basis |s1,m1; s2,m2i is uniform with no phase

locking. For phase locking to exist we require o↵-diagonal coherence terms that follow the

selection rule in Eq 5.6.

We define a new term Cq
k as follows

Cq
k =

X

m1�n1=k

hs1,m1; s2,m2| ⇢ |s1, n1; s2, n2i Iq(m1,m2, n1, n2), (5.8)

it could be decomposed into its angular and radial part as Cq
k = Aq

k exp(i⇥
k
q). The relative

phase distribution in Eq 5.6 could be reduced to a superposition of di↵erent harmonic modes

as follows

Pq(�) =
1

2⇡
+

(2s1 + 1)(2s2 + 1)

4⇡

2s1X

k=1

Aq
k cos(k�+⇥q

k) . (5.9)

The elements following the selection rule in Eq 5.6, which contribute to the relative phase

distribution form a set S, this set could be further divided into subsets Sk based on the

classification hs1,m1 + k; s2,m2| ⇢ |s1,m1; s2,m2 + ki. Elements of the subset Sk contribute

to the k-th harmonic of the relative phase distribution.
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We could also use the phase states {|�i} for spin systems as defined in Eq 4.13. For a

system of two spins, s1 and s2 the joint phase distribution is given by:

P (�1,�2) =
(2s1 + 1)(2s2 + 1)

(2⇡)2
h�1,�2| ⇢ |�1,�2i . (5.10)

Similar to previous case in Eq 5.5, transforming the variables �1 and �2 to � and , then

integrating over  to get P (�), we obtain the same selection rule as in Eq 5.6. We define a

new term Cp
k as follows

Cp
k =

X

m1�n1=k

hs1,m1; s2,m2| ⇢ |s1, n1; s2, n2i , (5.11)

it could be decomposed into its angular and radial part as Cp
k = Ap

k exp(i⇥
p
k) The relative

phase distribution obtained from phase states could be simplified to a form similar to Eq

5.12 as follows

Pp(�) =
1

2⇡
+

(2s1 + 1)(2s2 + 1)

4⇡

2s1X

k=1

Ap
k cos(k�+⇥p

k) . (5.12)

This relative phase distribution derived from phase state is only dependent on density matrix

elements unlike the one derived from phase space distribution which is also dependent on

theta integrals. This helps us clearly determine the dependence of relative phase between

two oscillators, on their joint density matrix elements.

5.2 Synchronizing Interactions

Now after we have modeled a system of two spin oscillators and established a method to plot

its relative phase distribution, we need to introduce relevant interactions between them to

phase lock the oscillators. One of the standard forms of couplings that we could introduce

between two spins is coherent exchange interaction with hamiltonian of the following form

Hc = i�c
�
S+
1 S

�
2 � S+

2 S
�
1

�
(5.13)

where S+
i and S�

i are the raising and lowering operators for i-th spin, with �c being the

strength of coupling. The complete master equation for two coherently coupled spins with
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Figure 5.1: Coherent coupling of the from i�c
�
S+
1 S

�
2 � S+

2 S
�
1

�
leads to phase locking between

the spins, as could be seen from the non-uniform phase distributions. The phase distributions
are calculated from the Q function (red) and phase states {|�i} (blue). The parameters for

the system are �(1)g = �(2)l = 1, �(1)l = �(2)g = 100,!1 = !2 = 1 and �c = 0.1. This coupling
generates coherences in the steady state which follow the selection rule in Eq 5.6.

an equatorial limit cycle is given by

⇢̇ = �i

"
X

i=1,2

!iS
(i)
z + i�c

�
S+
1 S

�
2 � S+

2 S
�
1

�
, ⇢

#
+
X

i=1,2

�(i)g D[S(i)
+ S(i)

z ]⇢+�(i)l D[S(i)
� S(i)

z ]⇢, (5.14)

The coherent interaction leads to phase locking between the two spins [34], this is seen

from the non-uniform relative phase distribution between the two spins, as in fig 5.1. This

is because the coupling generates coherences as per selection rule Eq 5.6, this could be seen

from fig 5.2. Moreover, as the distribution produced has a single peak between 0 and 2⇡,

the dominant subset in the steady state density matrix is S1, as shown in fig 5.2.

The ratio of gain and loss rates for the spin has a significant e↵ect on the phase-locking

behavior. As we can see from fig 5.1 and 5.3, the spins show strong phase locking when the

ratio of gain and loss rates is unbalanced. Whereas for a balanced case, the relative phase

distribution becomes nearly flat with an evenly distributed phase [34].
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Figure 5.2: Coherent coupling leads to an unimodal peak in the relative phase distribution,
this tells us that selection rule elements are being generated because of it and more specifically
elements from the subset S1. In the figure we have the color plot for the steady state density
matrix of Eq 5.14 with the parameters for the system are �(1)g = �(2)l = 1, �(1)l = �(2)g =
100,!1 = !2 = 1 and �c = 0.1. As we can see the major coherence term is h0, 0| ⇢ |�1, 1i,
which belongs to the S1 subset, with the contribution of cos(�).

Figure 5.3: The gain and loss rates control the phase locking between the spins. For !1 =
!2 = 1 and �c = 0.1 we have (a)�(1)g = �(2)l = 100, �(1)l = �(2)g = 1, here we have a
similar limit cycle as fig 5.1 but with reversed rates which shifts the peak from ⇡ to 0, and
(b)�(1)g = �(2)l = �(1)l = �(2)g = 1, here we have a ration of gain and loss rates for the spins is
equal, for this case the synchronization is greatly reduced with a nearly flat distribution.
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Chapter 6

Coherences and Correlations

Synchronization has a close connection with coherences as we saw in previous chapters.

Whether it is synchronization of a single quantum unit to an external drive or between two

quantum systems, synchronization requires the existence of certain coherence terms in the

density matrix. This connection between coherence and synchronization has been previously

observed in many studies [34, 35, 36]. Moreover, as soon as we move to a bipartite setting,

apart from coherences it is also important to consider the existence of correlations between

the systems and how they a↵ect the phase-locking behavior. Many studies have explored

this question of the relation between synchronization and various forms of correlations, like

entanglement and discord [34, 25, 37].In this chapter, we look at various examples of syn-

chronization setups and investigate if there is a one-to-one correspondence between these

quantities and synchronization.

6.1 Coherences

As we saw in Eq 2.17, 3.6, 4.8 and 5.7, that existence of coherence is necessary for existence

if synchronization. For a single QHO and a single spin, all forms of o↵-diagonal coherences

contributed to phase locking, but for the case of two QHO and two spins only specific kinds

of coherences contributed to relative phase distribution determined by the selection rules 3.5

and 5.6.
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Figure 6.1: Synchronization between two quantum oscillators is a result of selection rule
coherences, existence of other coherences doesn’t lead to any phase locking. Here we have
two dissipatively coupled QVdP with interaction of the form �dD[a1 + a22] and parameters

given by !1 = !2 = 1, �(1)l = �(2)l = 0.2, �(1)g = �(2)g = 1 and �d = 1.(a) This is the color plot
for the absolute value of steady-state density matrix elements in the joint Fock basis such
that states with the same total occupation are grouped together. Here we could see that
unlike fig 3.4 and 3.7, the coherences exist outside the conserved total occupation subspaces
which doesn’t result in any synchronization. (b) S(�) for the steady state of the system, as
expected the oscillators have a uniform relative phase distribution.

For the case of two oscillators the existence or non-existence of coherences not satisfying

the selection rule has no e↵ect on relative phase, two oscillators could have high coherence

buildup between them but still no phase locking. This means that simply the existence of co-

herence doesn’t imply synchronization. A generalized measure for bipartite synchronization

was proposed in [36], it is based on the distance between a state and the nearest reference

limit cycle state of the form

� =
X

i

qi�
(1)
i ⌦ �(1)

i , (6.1)

where �(↵)
i is the individual limit cycle state for the oscillators. The measure is defined as

S(⇢||�) = Tr(⇢ ln ⇢� ⇢ ln �), (6.2)

where S(⇢||�) = Tr(⇢ ln ⇢ � ⇢ ln �). For the case of diagonal limit cycle states, like the one

for two uncoupled VdPs, ⌦R(⇢) reduces to relative entropy of coherence given by

Scoh(⇢) = S(⇢dia � S(⇢)), (6.3)
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Figure 6.2: Synchronization measures based on coherences, like relative entropy of coherence,
are not good measures for the case of bipartite synchronization as these account for all
forms of coherences and phase locking of two oscillators is determined by only the selection
rule elements. Here we have two dissipatively coupled QVdP with interaction of the form
�dD[a1 + a22] and parameters given by �(1)l = �(2)l = 3 and �(1)g = �(2)g = 1, we vary the
coupling �d from 0 to 5 and detuning � from -10 to 10. (a) We obtain an Arnold Tongue
for relative entropy of coherence Scoh, but as we could see from (b) the interaction produces
no synchronization at all throughout the whole parameter regime.

where S(⇢) = �Tr{⇢ ln(⇢)} is the Von Neumann entropy and ⇢dia is the density matrix ob-

tained by setting all the o↵-diagonal terms to zero. Scoh captures all forms of coherences that

could exist between two quantum systems, even those that don’t contribute to synchroniza-

tion. That is why we need to be careful while using various measures and see whether the

contributions are coming from coherences as per the selection rule or even the other terms.

Imagine we couple two QVdP dissipatively with a correlated one and two-photon loss of

the form �dD[a1 + a22]. The uncoupled system has a diagonal limit cycle state, the coupling

gives us a steady state that has only those coherences that exist outside the conserved total

occupation subspaces, as could be seen in fig 6.1. That is why this form of coupling leads to

no synchronization but still, it shows an Arnold tongue behavior in Scoh, as could be seen in

fig 6.2. To make ⌦R(⇢) more robust measure for synchronization, in addition to � we should

include all those density matrices in the reference states that have a uniform P (�). These

states could also be entangled states as will become more clear in the next sec 6.2.
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For the case of a single system and a drive, we could safely say that there exists no

condition when a system is synchronized to a drive and there are no coherences, but is the

existence of coherence a su�cient condition, can there exist scenarios where a system has

coherence but no phase locking? The final form of phase distribution for a QHO (Eq 2.33)

and a spin (4.7) was reduced to a superposition of harmonic modes with the contribution

to each mode being determined by Ap
k, which is basically the absolute value of the sum

of all elements in the subset Sk. As we have to sum all the elements in a subset, this

makes the relative sign between the elements important as this could result in canceling

out of coherences which could make Ap
k close to zero even if the norm of coherence is high.

A similar situation could happen for the case of two oscillators where the contribution of

selection rule coherences from a subset Sk is in the form of the sum of all coherences which

could lead to destructive interference. Examples for this case are in fig 4.4 and 5.3, here

the drive and interactions lead to generation of coherences but these coherences interfere

destructively to reduce synchronization.

Figure 6.3: Synchronization is a result of the development of coherences in a quantum
system, the contribution from a subset Sk is in the form of the sum of all coherences in that
subset. This could result in destructive interference of these elements. (a) Color plot for the
steady state density matrix of a spin-1 system with master equation 4.21 and parameters
! = 1, ✏ = 0.1 and �l = �g = 1. Here we could see that the coherences within the subset S1

have opposite signs which degrade the phase locking behavior as seen in fig 4.4. (b) Color
plot for the steady state density matrix of two spin-1 systems with master equation 5.14 and
parameters !1 = !2 = 1, �c = 0.1 and �(1)l = �(2)l = �(1)g = �(2)g = 1. Here we could see that
the coherences within the subset S1 have opposite signs which degrades the phase locking
behavior as seen in fig 5.3.
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6.2 Correlations

Synchronization of two systems is often accompanied by the development of correlations

between them, because of this mutual information was proposed as a measure for synchro-

nization [37]. Given a joint density matrix ⇢ for two oscillators, mutual information is defined

as

I(⇢) = S(⇢1) + S(⇢2)� S(⇢), (6.4)

where ⇢1 = Tr2(⇢) and ⇢2 = Tr2(⇢). Entanglement is a special form of correlation spe-

cific to quantum systems, the relation of synchronization to entanglement has been studied

previously in various systems [34, 25]. As per our findings, we saw that synchronization

depends on specific density matrix elements, this clearly indicates that not all entangled

states would have phase locking. For example in the case of two spin-1 systems, the

state | i = |1,1i+|0,0i+|�1,�1ip
3

is maximally entangled, but it would have no phase locking

as | i h | has no coherences as per the selection rule. Whereas the density matrix for state

| i = |1,�1i+|0,0i+|�1,1ip
3

has the selection rule elements, that is why it will have non-uniform

P (�).

Figure 6.4: Synchronization is not necessarily always accompanied by entanglement, there
could exist scenarios when two oscillators are synchronized but not at all entangled. Here we
have two QVdP in the dissipative limit coupled with an interaction of the form �dD[a1 + a2]
with !1 = !2 = 1 and we vary �d from 0 to 20. (a) Synchronization measure max{S(�)}
starts to increase as soon as �d becomes non-zero but negativity N remains zero till a
critical coupling value of �Ed . This means that two systems could be synchronized without
being entangled. (b) Development of synchronization is accompanied by growth in mutual
information I (Blue), which has contributions from both classical information (Green) and
quantum discord (Red).
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Imagine we have two QVdP in the dissipative limit occupying the lowest two levels and

interacting via a correlated one photon loss �dD[a1+ a2]. As negativity is a definite measure

of entanglement for two two-level systems [38], it helps us characterize the parameter regime

where the QVdP are entangled in the dissipative limit. Negativity is defined as

N =
(k⇢̂k1 � 1)

2
, (6.5)

where
��⇢̂T1

�� is the trace norm of the partially transposed density matrix over the first VdP.

As we can see from fig 6.4 when we increase the coupling, the synchronization measure starts

to grow instantly. Whereas negativity remains zero initially, it starts to increase abruptly

after a critical value �Ed . This shows that there could exist regimes where two systems could

have synchronization but no entanglement.

Entanglement is a strong form of quantum correlations, on the other hand, quantum

discord captures a wide range of quantum correlations beyond entanglement. Classical in-

formation is the maximum amount of information that could be obtained about a system

Figure 6.5: Entanglement is also not always accompanied by synchronization, there could
exist scenarios when two oscillators are entangled but not at all synchronized. Here we have
two QVdP in the dissipative limit coupled with an interaction of the form �dD[a†1 + a2]
with !1 = !2 = 1 and we vary �d from 0 to 20. (a)Negativity starts to increase after a
critical coupling value �Ed , the oscillators are entangled for coupling values greater than �Ed ,
but as we can see from the figure the oscillators remain unsynchronized for all coupling
values. This shows that there could exist cases when two oscillators are entangled but not
at all synchronized. (b) Even without the existence of synchronization mutual information
(Blue) grows between the oscillators with contributions from classical information (Green)
and quantum discord (Red).
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by making measurements on the other system, discord is the di↵erence between total infor-

mation and the classical information [39]. If we perform the measurements on the second

oscillator, this gives us the classical information J2(⇢) with the discord being

D(⇢) = I(⇢)� J2(⇢) (6.6)

The synchronized states of two VdP in the dissipative limit come under the category of X

states, i.e. the states with non-zero elements only along the diagonal and anti-diagonal, cal-

culation of discord for these states is straightforward [40]. In fig 6.4 could we see, that as the

coupling strength of dissipative interactions increases, mutual information increases between

the oscillators. While mutual information has both, classical and quantum contributions, the

major weightage is of quantum correlations. This shows that even when two synchronized

oscillators are not entangled, there could exist other forms of quantum correlations between

them.

Now we know that the existence of synchronization doesn’t necessarily imply entangle-

ment, same is true the other way around. If we introduce a new coupling of the form

�dD[a†1+a2] between the two QVdP in the dissipative limit, coherences survive in the steady

state which leads to entanglement but these are not the ones which follow the selection rule.

As we see in fig 6.5, after the critical coupling value of �Ed , the oscillators become entangled

but the synchronization measure remains zero throughout. This means that the existence of

entanglement also doesn’t necessarily imply synchronization. Apart from entanglement, even

correlations in general don’t always mean synchronization. Mutual information is a measure

that accounts for all forms of correlations, whether classical or quantum. But even for using

this, we have to be careful about where these contributions are coming from, because above

all what is important are the selection rule elements. For example, the system of two QVdP

coupled via �dD[a1 + a22] also shows an Arnold tongue in mutual information but shows no

synchronization at all anywhere in the whole parameter regime.
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Figure 6.6: Synchronization is a result of specific coherences being present in the system, this
sometimes is accompanied by correlations but in general existence of any form of correlation
doesn’t guarantee synchronization. Here we have two dissipatively coupled QVdP with
interaction of the form �dD[a1+a22] and parameters given by �(1)l = �(2)l = 3 and �(1)g = �(2)g =
1, we vary the coupling �d from 0 to 5 and detuning � from -10 to 10. The system shows an
Arnold tongue in mutual information signaling towards the development of correlations but
there is no phase locking throughout the parameter regime as could be seen from fig 6.2
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Chapter 7

Conclusion

In this thesis, we have explored the synchronization of quantum oscillators, both with an

external drive and between two such oscillators. Our study investigated synchronization

in self-sustained oscillators modeled using quantum harmonic oscillators (QHO) and spin

systems. By analyzing these systems under a unified framework of coherence generation, we

provided a broader perspective that integrates previous studies on quantum synchronization.

A key insight from our work is the dependence of synchronization on quantum coher-

ences, which we analyzed using phase-space representations and phase eigenstates {|�i}.
We demonstrated that the phase-space distributions for all setups can be expressed as a

superposition of harmonic modes cos(k�), with each mode’s contribution stemming from a

specific subset of coherences Sk. Importantly, we found that synchronization is not solely de-

termined by the magnitude of coherences but also by their relative phases. This suggests the

possibility of destructive interference between coherences, which can inhibit synchronization

even when coherence norms are high.

For bipartite systems, we established that synchronization is dictated by specific coher-

ences, as determined by selection rules 3.5 and 5.6. This challenges conventional measures

of bipartite synchronization, such as the relative entropy of coherence, which considers all

forms of coherence indiscriminately. Furthermore, our results clarify the relationship between

synchronization and correlations like quantum discord and entanglement. We showed that

mutual information and entanglement do not necessarily imply synchronization, clearing up

many previous misconceptions in the literature. There exist scenarios where two oscilla-
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tors exhibit strong entanglement yet remain unsynchronized, and conversely, synchronized

states may exhibit little to no entanglement. These findings highlight the nuanced nature of

quantum synchronization and provide a more refined understanding of the role of coherences

in this phenomenon. Our results suggest that future research on quantum synchronization

should focus not only on quantifying coherence but also on understanding its structural

contributions to phase locking.

In conclusion, this work advances the theoretical understanding of quantum synchroniza-

tion, bridging di↵erent approaches under a common framework of coherence generation. It

raises important questions about the interplay between coherence, correlations, and synchro-

nization, paving the way for future studies on controlled phase-locking in quantum systems

and its potential applications in quantum technologies.
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