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Abstract

The accelerated discovery of novel materials with targeted properties is crucial for
advancing technological fields such as photovoltaics, catalysis, and energy storage. Tra-
ditional methods for material discovery often rely on experimental intuition or com-
putational brute-force screening, both of which become increasingly inefficient as the
complexity and dimensionality of the search space increase. To overcome these limita-
tions, this thesis introduces a novel computational framework based on physics-inspired
reinforcement learning (RL), specifically leveraging Stochastic Hamiltonian Dynamics

(SHD), to efficiently explore high-dimensional search spaces for materials optimization.

The properties of materials can be calculated via computational techniques like Den-
sity Functional Theory (DFT) calculations, which, although accurate, are computation-
ally demanding. To address this challenge, we incorporate local surrogate modeling to
approximate expensive DFT computations rapidly and cost-effectively. These inher-
ently differentiable surrogate models significantly accelerate property evaluations, en-
abling efficient gradient-based optimization within both structural and chemical spaces.
Additionally, to seamlessly navigate categorical variables associated with chemical com-
positions, we employ the Gumbel-Softmax reparameterization technique, transforming

discrete choices into differentiable, continuous variables.

Optimal control theory, particularly the Stochastic Pontryagin Maximum Principle
(PMP), underpins our approach, providing a systematic framework for stable conver-
gence and global optimization. By adapting SHD within this control-theoretic frame-
work, we combine deterministic momentum-driven exploration with controlled stochas-
tic perturbations, effectively avoiding local minima and promoting efficient global op-

timization.

Ultimately, this thesis advances computational methodologies in materials science
by establishing a robust, scalable, and versatile discovery framework. By integrating
physical insights, reinforcement learning strategies, surrogate modeling, and optimal
control, we provide a transformative approach that addresses the critical computational

barriers and accelerates the discovery of new materials with optimal properties.
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1 Introduction

The accelerated discovery of new materials possessing targeted and optimal proper-
ties is a pivotal endeavor driving advancement in numerous scientific and technolog-
ical domains, including photovoltaics [1], semiconductor technology [2, 3], catalysis
[4], and energy storage [5]. Traditional methods of material discovery, historically
reliant on experimental intuition, trial-and-error exploration, or computational brute-
force screening, face significant limitations when confronted with increasingly complex
and high-dimensional search spaces. These methodologies, while occasionally success-
ful, are typically resource-intensive, time-consuming, and computationally prohibitive,
particularly as the dimensionality and complexity of the search increase due to struc-
tural and compositional variations. Consequently, there exists a substantial demand for
innovative and computationally efficient approaches that not only accelerate the mate-

rials discovery process but also reliably guide the exploration toward globally optimal

solutions.
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Figure 1: Steps that go into discovering a new material. We focus on step 1, which is
predicting new materials [6]

Recent advancements in computational approaches, notably in the application of ma-
chine learning and artificial intelligence (AI) techniques, have demonstrated potential

to address these challenges [7-11]. Reinforcement learning (RL), in particular, has



emerged as a powerful strategy for complex decision-making problems characterized
by sequential, strategic actions in uncertain and high-dimensional environments [12,
13]. The potential of RL in materials science is substantial, however, conventional RL
strategies often suffer from inefficiencies in exploration and convergence, especially when
applied directly to materials discovery. To overcome these barriers, a new paradigm of
physics-inspired RL [14, 15] has been proposed, leveraging principles from physical and
dynamical systems to provide structured, efficient, and stable exploration in materials

optimization.

This thesis advances the field by developing a novel framework that integrates physics-
inspired reinforcement learning with sophisticated optimal control strategies, specifi-
cally leveraging Stochastic Hamiltonian Dynamics (SHD). Optimal control theory, par-
ticularly through approaches such as the Pontryagin Maximum Principle (PMP), pro-
vides systematic methodologies for achieving optimal actions under defined dynamical
constraints. By adapting and extending these control-theoretic principles to stochas-
tic environments, our approach systematically navigates the search space, effectively
combining deterministic momentum-driven exploration with controlled stochastic per-

turbations to avoid local minima and promote global optimization.

Moreover, given the computational cost associated with Density Functional Theory
(DFT) calculations (which is the standard method for estimating properties of ma-
terials), we integrate local surrogate modeling techniques [16] to approximate these
expensive computations efficiently. Surrogate modeling has become a critical tool in
computational science, enabling rapid and cost-effective estimations of complex prop-
erties while significantly reducing computational burdens. By employing inherently
differentiable surrogate models and adopting advanced computational techniques such
as the Gumbel-Softmax reparameterization [17], our approach efficiently addresses the
discrete categorical variables associated with chemical compositions, thus facilitating
seamless gradient-based optimization of categorical variables in high-dimensional search

spaces.

To demonstrate the downsides of traditional approaches and compare them with our

novel approach, we have considered the optimization of photovoltaic materials, focusing



particularly on fine-tuning the fundamental bandgap, which is important to understand

the electro-optic properties of materials [18].

In conclusion, this thesis not only contributes to advancing computational methods in
materials discovery but also provides a robust, scalable, and versatile platform suit-
able for diverse materials optimization objectives. Our methodology combines physical
insights, reinforcement learning, optimal control, and advanced surrogate modeling to
offer a transformative solution to the challenges inherent in modern materials science

exploration.
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2 Methods

2.1 Electron Structure Calculations
2.1.1 Density Functional Theory

Density Functional Theory (DFT) is a computational quantum mechanical method
widely used in chemistry, physics, and materials science to study the electronic structure
of atoms, molecules, and solids. Unlike traditional wavefunction-based methods like
Hartree-Fock, which describe the quantum state of a system in terms of a complex
mathematical object (the wavefunction), DFT provides the description of the electron

structure based on its ground-state electron density.

Density functional theory is based on the Hohenberg-Kohn theorems [19, 20| which
state that the potential acting on a system is uniquely determined by the ground-state
electron density of the system and that it can be calculated by minimizing the Kohn-
Sham energy functional Egxg[n(r)]. To make this problem more computable, Kohn
and Sham came up with a strategy of mapping a system with interacting electrons to a
system with non-interacting electrons with the same ground state density as interacting
electrons [21]. Then, they decomposed the ground-state electron density into occupied

Kohn-Sham energy eigenstates as:

n(r)= > [éf (1)
J € occupied
Where ¢;(r) are the Kohn-Sham states. By applying Bloch theorem to periodic lattices
[22], we get ¢;(r) of the form:

¢;(r) = eik'rum,k(r) (2)

Where m is the band index which takes values in positive integers and k is a vector in the
reciprocal space and without loss of generality, can be assumed to lie in the first Brillouin
zone of the lattice. Here, the index j is actually a pair of indices (7 = (m,k)). In the
real space, periodic boundary conditions are implemented while performing calculations

for lattices.
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In our Kohn-Sham calculations, we need to sample enough k points from the entire
Brillouin zone such that we get accurate estimates for electron density. The usual
choice for this sampling is the Monkhorst-Pack grid [23], which is a uniform grid of
K-points in the first Brillouin zone. People also typically use symmetries in the lattice
to reduce the number of k-points sampled by just sampling in the irreducible Brillouin
zone (which is the smallest component of the Brillouin zone which can generate the
entire Brillouin zone via symmetry actions) and then, symmetries are applied to get

eigenstates for symmetry equivalent k-points.

The Kohn-Sham energy functional is given by:

Ersln(®)] =  Txsln(@)  + / (1) Vony ()P
Kohn-Sham Kinetic Energy ~~

External Potential Energy (Electron-Ion Interaction) (3)
+ Epn(r)]
N——
Hartree Energy (Electron-Electron Interaction)
+ Emc[n(rﬂ + Eion—ion
— N——

Exchange-Correlation Energy  Ion-Ion Interaction

These terms can further be expanded as:

Tl = [ o) (<392) o0 ()

j € occupied

1 n(r)n (r')
E i d3 d3 /
H[TZ(I')] 2 / I'/ r |I' _ r,l (5)
Variational minimization of the Kohn-Sham energy functional gives us the Kohn-Sham

equations of the form:

Hics[n(r)]oi(r) = eigi(r) (6)
With the Kohn-Sham Hamiltonian Hgg[n(r)] given as:

~ ~

Hisn(r)] = Tics + Vear(r) + Vi [n(r)] + Vee[n(x)] (7)
With the different terms given as:

TKS =—=V

12



n(r

Vi ln(r)] = / —/r)/|d3r’ (9)

|r
. 0B, [n(r)]

Vae[n(r)] = on(r) (10)

From the solutions of the Kohn-Sham equations, the Kohn-Sham energy can be updated

as:

Besii®)] = S & — Buln(1))] + Eoln(r)] - / %n@)d% (11)

j € occupied
Extensions of DFT include Time-Dependent DFT, which is based on the Runge-Gross
theorem [24| and extends DFT to time dependent and excited state systems, and

DFT+U |25], which adds a Hubbard-U correction to the Hamiltonian.

2.1.1.1 Inputs for DFT Calculations In the density functional theory flow (PAW

formalism with plane wave basis), the inputs required are:

e Structure of Material (Including boundary conditions): The structure of
the material is required as input for the DFT calculations. The ase.Atoms object

[26] is a data structure used to represent material structures in python

e PAW dataset and Pseudopotentials: These are necessary inputs for the DF'T
calculation in the PAW framework and are required to define the PAW transfor-

mation for the calculation (See sections 2.1.1.6 and C for more details).

¢ Exchange-Correlation: Depending on the quantity of interest, the choice of ap-
proximation of the exchange-correlation potential is really important (See section
2.1.1.2 for more details and section 2.1.1.5 for good choices of exchange-correlation

for bandgap estimation).

e K-Point Sample: By Bloch theorem we can write the eigenstates of the Kohn-

Sham Hamiltonian as:

Omx(r) = umk(r)e“"’r (12)
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Thus, the ground state electron density becomes:

VB VB
n(r) = Omx(T 23k = / U k(T 243k 13
( ) mzzl /]_%rillouin Zone| k( ) | m,zz:l Brillouin Zone| k( ) | ( )

Thus, to estimate the integral over k-points, we need to sample the k-points in

the Brillouin zone to convert the integral to a finite sum.

Kinetic Energy cutoff: By the Bloch theorem, the Kohn-Sham states can be
expanded as equation 12, where u,,x(r) is a function having the periodicity of
the lattice. Thus, the Fourier basis (which is a good basis for periodic functions)
is a natural choice for the basis for the Kohn-Sham states. In the Fourier basis,

every Kohn-Sham state can be expanded into the plane wave fourier basis as:
gbm,k(r) = Z Cm,k,Gei(kJrG).r (14)
G

Where G are vectors in the reciprocal space given by:

G:(ana b xc cxa axb )

_ 2
a-(bxc) i G

a-(bxc) " “a-(bxc) (15)

Where ng,, ny, n. € Z. Thus, for a fixed K-point grid, the Fourier basis expansion
forms a countably infinite basis set. To make the basis finite for computability,
we bound the basis by a parameter called kinetic energy cutoff (€.,;) and restrict

the basis to elements satisfying:

2
Ik +GIP _

2 = €cut ( 16)

Article [27| also defines an automated scheme for finding the optimal values of

the kinetic energy cutoff and and k-point sampling.

Density mixing parameters: These are really important in parameters for
the SCF step and determine how the electron densities get updated between the
SCF iterations, thus influencing the rate of convergence of the SCF step. Pulay

mixing scheme is one density mixing scheme which has 3 input parameters -

14



the linear mixing parameter 3, the number of old densities mixed 7,,,,, and the
weight parameter w for defining the Pulay loss metric (see section 2.1.1.4 for more

details).

e Occupation Numbers (Density Smearing): In metallic systems, there are
instabilities and discontinuities in the calculations close to the Fermi level [28].
To tackle this problem, people usually smear the electron density close to the
Fermi-level by changing the occupation numbers of the Kohn-Sham states such
that states above the Fermi level also have a finite probability to be occupied
(common choices are Fermi-Dirac smearing and Marzari-Vanderbilt smearing).
As our applications deal with semiconducting materials, we don’t smear our elec-
tron densities and use 0 temperature Fermi-Dirac occupation for the Kohn-Sham

states.

2.1.1.2 Choice of Exchange Correlation Potential

The exchange-correlation potential incorporates the exchange and correlation effects
of electrons. The exact form of the exchange correlation potential is unknown, which
makes the exact exchange-correlation very difficult to compute (although articles like
[29, 30] discuss computations of the exact exchange-correlation functional, their ap-
proaches face scalability issues, thus making these methods infeasible). Because of the
difficulty of the computation of the exact exchange-correlation, the exchange-correlation
functional has to be approximated. Depending on the application and required ac-
curacy, the exchange-correlation potential has to be carefully chosen. The hierarchy
between exchange-correlation potentials is given by Jacob’s ladder [31] (Figure 2).

The different rungs of Jacob’s ladder are explained below:

e Local Density Approximation (LDA): These are the simplest exchange-
correlation potentials, that only require the information of the electron density at

each point. They are cheapest to compute and are local in nature.

e Generalized Gradient Approximation (GGA): These are a bit more com-
plicated than the LDA potentials as they require the information about the gradi-

ents of the electron density. These exchange-correlation potentials are semi-local

15
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Figure 2: Jacob’s Ladder for Exchange-Correlation Potentials [31]

in nature due to the requirement of gradients.

e Meta-Generalized Gradient Approximation (meta-GGA): These are more
expensive than the GGA potentials as they require the information of second
derivatives in their computation. They are also semi-local in nature as they

require information of first and second-order derivatives.

e Hybrid Functionals: These are much more expensive than the meta-GGA po-
tentials as they require the information of all the occupied Kohn-Sham states to
be calculated. These are non-local potentials with non-local exact Hartree-Fock

exchange and local correlation.

e Doubly Hybrid Functionals: These are the most expensive exchange-correlation
potentials. These require the knowledge of unoccupied Kohn-Sham states as well.
These potentials are highly non-local with non-local Hartree-Fock exchange and

non-local correlation.

2.1.1.3 The Self Consistent Flow Pipeline

As Kohn-Sham equations are non-linear eigenvalue equations, they are difficult to solve
directly. Thus, they are usually solved self-consistently. Figure 3 shows the flow pipeline
for the SCF calculations in DFT calculations.

The SCF calculations give us the ground state electron density and the occupuied Kohn-
Sham eigenstates of the system. Article [33] talks about the nature of the convergence

of the SCF iterations. The update step of the electron density in the SCF calculations

16



o)

/ Guess the initial electron density: p™(r) /

. Construct the KS Hamiltonian: ;
H* [p™(r)] = =3V + vea[p"(r)](r)

Solve the IS equations to obtain the occupied
single particle orbitals: {¢;}

Caleulate the output electron density: p”"(r)

Construct a new p(r)

Stop: {d¢;} and pt{r]l = p™(r) = p™(r) is the solution

Figure 3: The Self-Consistent Flow Pipeline [32]

is really important as the update scheme of the electron density guarantees rate of
convergence of the SCF calculations. Reference [32]| discusses and compares various
density update schemes for the SCF step. In our implementations, we use the Pulay
Mixing scheme. For diagonalizing the Kohn-Sham Hamiltonian, we can use iterative

diagonalization methods like Krylov-subspace based methods [34].
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2.1.1.4 Pulay Mixing
Pulay mixing [35] (also called the direct inversion in the iterative subspace method)
is one of the possible strategies to update the electron densities during the SCF step.
In this density update scheme, we store a history of residues R[n;,(r)] to extrapolate
the density that should minimize the modulus of the residual. The residual function is
defined as:

RIn(E)] = eun(x)] — () (17)

Where 1n,,,,[1(r)] is the new value of the electron density after diagonalizing the Kohn-
Sham Hamiltonian Hgg[n(r)]. In the Pulay mixing scheme, it is assumed that the new
electron density should be of the form:

nH(r) = > c;n(r) (18)

j=max(0,i—nmaz)

Where n) is the electron density input of the j** iteration. Moreover, the Kohn-Sham
density update functional n,., is approximated to a linear function, allowing us to
write:

i

Muea W@ = Y e[ (r) (19)

j=maz(0,i—nmaz)
Thus, we the residue function also follows:
i
R[nH)(r)] = Y. gREV@) (20)
j=max(0,i—nmaz)
Due to the preservation of normalization of electron densities, we have a constraint on

c; given by:

> ¢ =1 (21)

j=max(0,i—nmaz)

The loss functional to find optimal values of basis coefficients is given by:

L) = [ [REE @) (22

18



In practice, if the residual loss in the initial conditions is large, this search may give
suboptimal results. Thus, we regularize the density update as:
i

nt*(r) = Z ¢ (n(j)(r) + BR[n(j)(r)]) (23)

j=max(0,i—Nmagz)

Where § is a linear mixing parameter (that lies between 0 and 1).

The implementation described above gives equal weights to all previous density itera-
tions. But, in practice, we wish to give higher weights to newer densities as compared
to older densities. This is done in the GPAW library [36] by introducing a metric F,

to change the loss function as:
L @) = [ (R, R @) dr (24)

Where F,, is parametrized by the weights w. There are also extensions of Pulay Mixing

like the periodic Pulay Mixing [37| which give even faster convergence.

2.1.1.5 Bandgap Estimation Using DFT

The bandgap [38] refers to the minimum energy required to excite an electron in a
quantum system. Metals have a 0 bandgap while semiconductors and insulators have
finite non-zero bandgaps. In the context of Kohn-Sham theory, there are a few kinds

of bandgaps that are relevant. These are:

e Kohn-Sham Gap: This is the simplest kind of bandgap that can be calculated
directly using Kohn-Sham equations. The Kohn-Sham gap can only give us qual-
itative idea of material properties and the value of the Kohn-Sham gap doesn’t

have much physical significance. The Kohn-Sham gap Agg is given as:

Ags = €cBM — €VBM (25)

Where ecpyr is the conduction band minimum energy and ey gy, is the valence

19



band minimum energy, defined as:

€EcBM = inf €m.k (26)
m,kEunoccupied

€vBM = sup €m k (27)
m,k€occupied
When arg maxyeoccupied €mk = arg Millkeunoceupied €mk, the material is called a di-

rect bandgap material, otherwise, it is called an indirect bandgap material.

Fundamental Bandgap: The fundamental bandgap [39] tells us the difference
in energy between adding a conduction electron and removing a valence electron

from the system. Thus, the fundamental bandgap Ay, is defined as:
Apyp=1—-A (28)

Where [ is the ionization energy and A is the electron affinity. In the context of

Kohn-Sham calculations, it can be calculated as:

Here, A,. is the derivative discontinuity correction which arises due to the discon-
tinuity of the derivative of the Kohn-Sham energy with respect to addition and

removal of an electron.

The fundamental bandgap gives us details of the electrical properties of the ma-
terial and is also used to classify materials into metals, semiconductors, and in-

sulators.

Optical bandgap: The optical bandgap is the minimum energy of a photon
required to excite an electron in a material. From the DFT calculations, the

optical bandgap A,,; can be calculated as:

A010t = Eg%%[ - G\S;OB% + Ape — Dy = Afun —Asoc — Aep (30)

Here, €225, and €795, are spin-orbit corrected eigenvalues, Agoc is the spin-orbit

20



correction to the bandgap (eg%ﬁ/[—e‘s/%%[ = Ags—Asoc), and A._y, is the electron-

hole interaction (exciton binding energy). The spin-orbit correction is computed
in the NSCF step of the DFT calculations and can be calculated in 2 ways - we
can compute the corrections to each eigenvalue separately (in which we use the
first form), or we calculate the correction to the net bandgap (in which we use
the second form) (See article [36] for more details). The exciton binding energy
has to be calculated using the Bethe-Saltpeter equations [40] or Time-Dependent
DFT [24].

While calculating the bandgap using DFT, we need to carefully sample the k-points
from the Brillouin zone so that our sampling captures the conduction band minimum
and valence band maximum correctly. Moreover, to get good estimates of bandgap,
selection of a good exchange-correlation potential is really important. Articles [41,
42| compare various exchange-correlation functionals for bandgap calculations. Out of
these, the GLLB-sc [43] (GGA), HLE17 [44] (meta-GGA), and HSEO06 [45] (Hybrid) are
good choices of exchange correlation potentials for bandgap calculations. Other ways of
calculating the bandgap of the material include the GW approximation [46] (which is
the most accurate method for bandgap calculations in DFT framework), and the K - P

method [47] (which is a fully wavefunction based method).

2.1.1.6 Projector Augmented Wave Method

The Projector Augmented Wave (PAW) method [48] is a method of simplifying the
Kohn-Sham equations. At the core of PAW lies an invertible linear transformation (7')
that smoothes out all the quantum states near the atomic core region. The smoothening
is given by:

|¢z‘> = 7Ai|q~52> (31)

Here, |¢;) are the smoothened Kohn-Sham states and |¢;) are the actual Kohn-Sham

states. The transformation modifies the Kohn-Sham equations to:
T HisT |¢i) = eT'T |¢s) (32)
For the exact definition of these transformation operators, see appendix section C.
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In the PAW formalism, the frozen-core approximation is very common, which is an
approximation that removes the need for projector states for the core electronic states.
We can also do relaxed core PAW [49] to get a better approximation of the Kohn-Sham
solutions. Also, physical operators in PAW lose some of their uniqueness. There is a
freedom to add B — }_, ; |pi) <QBZ|B|Q~5J> (p;| to any quantum operator without changing
any results (B is an arbitrary operator that is localized in the augmentation regions).
Using this freedom, we can also simplify potentials to find smoother pseudopotentials

that we can use for our calculations.

2.1.1.7 Lagrangian Method for Molecular Dynamics in DFT A way to per-
form the PAW Kohn-Sham equations as a Lagrangian optimization to construct the

Lagrangian given by:

RIZ-E(9) , R) + Y ((45[Ofdy) — 6,) Ay (33)

ihj

L= Z m; <1;z|7;/;z> + Z %]V[a

Here, E is the total Kohn-Sham energy, O is the overlap operator, and a is the nuclear
index. This method maps the Kohn-Sham equations as a dynamical problem, and the
dynamics with respect to ; will give the Kohn-Sham equations while the dynamics
with respect to R will make it so that the forces on the atoms become 0 and the lattice
becomes unstrained. The last term is a Lagrange multiplier constraint that ensures
the orthogonality of the Kohn-Sham states. We can also add a damping term to this
Lagrangian to makes sure that the dynamics converge. The Euler-Lagrange equations

of this system can be solved using the Verlet algorithm [50].

2.1.2 Density Functional Perturbation Theory

Density Functional Perturbation Theory [51, 52] (DFPT) is a method for derivative
calculation in the DFT framework. Consider that Kohn-Sham states can be expanded

as:

¢n,k = Z Ca,n,an (34)
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Where y; are the Fourier basis elements. Then, we can write the Kohn-Sham equations

in matrix form as:
Y HapCoy =, ) SapChs, (35)
B B
Here, ~ is the pair (”a k)a H;; = <Xi|HKS|Xj>a and Sz'j = <Xi|Xj>'

From the definition of the basis expansion, we can say that the gradient of the Kohn-

Sham states is given as:

Vopy = Z(Ca,v(qua) + (V¢Cap)Xa) (36)
Also, the gradient of the electron density is given as:
Vgn(r) = 2Re (Z(chbi(r))%(r)) (37)

Y

The derivatives of the Kohn-Sham states follow the Sternheimer equation, given by:

(Hrs — €,) (Vql9y) = = (VeHrs — Viey) [94) (38)

The derivatives of the Kohn-Sham energies are given as:

Viey = (04 [(ViHis)| o) (39)

Putting the basis expansion into the Sternheimer equations, we get:

Z ((Hap — €4508) (VqCsy) — €4(VgSap)Csy) = — Z (VeHag — (V4€y)Sas) Cpy
5 E )
One way to solve these equations is to use the Coupled Perturbed Self-Consistent Field
(CPSCF) method, which converts the derivative operator to matrix form (see eqns 16
and 17 in [52]). It is better to simply use self-consistent Sternheimer equations instead

of using CPSCF expansion as the CPSCF solution requires knowledge of excited states

for accuracy.
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The gradient of the Kohn-Sham Hamiltonian is given by:

5VHrc
on

VoHrs(r) = VVea|d](r) + Vin(r) (41)

Reference [53] talks about self-consistency in DFPT calculations using Localized Basis
sets. The amount of information required for derivative calculation via perturbative
techniques is given by the 2n + 1 theorem, which states that the information of deriva-
tives of the eigenstates upto the n'* order for a linear Hamiltonian gives us access to

the 2n + 1™ derivatives of the eigenvalues.
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Figure 4: The Density Function Perturbation Theory Pipeline [54]

2.2 Properties and Loss Functions for Photovoltaic Materials

Article [55] gives various task-specific loss functions for photovoltaic materials, which
they optimize via a genetic algorithm. In their approach, they consider a 1-D nanocrys-
tal (20 atoms in length) with fixed atomic positions and vary the chemical types of the
atoms in the first period of the periodic table to find the optimal chemical profile that
optimizes one of four quantities relevant for HOMO (highest occupied molecule orbital)
- LUMO (lowest unoccupied molecule orbital) transitions in the nanocrystal. These

quantities are:
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e DFT bandgap: The DFT bandgap is given by the difference in the Kohn-Sham
eigenvalues corresponding to the HOMO and LUMO eigenstates. Thus, the DFT
band gap is given as:

AKSZEL—EH (42)

Where €/, is the LUMO energy (also called the Conduction Band Minimum energy
(ecpm) for periodic lattices), and ey is the HOMO energy (also called the valve
band maximum energy (eypy) for periodic lattices). For this problem, they

minimize the loss functional given as:
L=|Ags— A*] (43)

Here A* is the desired value of the band gap.

e Charge Transfer: The charge transfer determines how far an electron can travel
after being excited. For photovoltaic materials, a large charge transfer value is

desirable. Thus, they maximize the functional value given by:

—L = (¢r|r-e|pr) — (dulr - e[pu) (44)

Here, ¢y and ¢ are the HOMO and LUMO eigenstates, respectively, r is the
position operator and e is the unit vector in the direction of charge transfer. The

— sign on the LHS represents that this is a maximization and not a minimization.

e Lifetime of Excited State: For photovoltaic applications, long lifetimes are
required to be able to harvest excited electrons from the system. For this appli-

cation, they minimize the loss function given as:

L = [|[Hxs[neae(r)], peac] |l (45)

Here, ||-||ms represents the Hilbert—Schmidt norm (||A||gs= /tr(AtA)), [, ] rep-

resents the commutator, n...(r) is the excited state electron density (ne..(r) =
n(r) — ¢ (r)ou(r) + ¢5(r)oL(r)), and pes is the excited state density matrix
(Peae = (32, ¢ occupied [0 (#51) = |du) (Du|+|o1) (o] = p—|ou) (bul+[oL) (Dr]).
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e Electron-hole Overlap: A low value of electron-hole overlap is required for

good photovoltaic materials. The loss functional associated with this quantity is:

c= / 601 () P61 (1) Pr (46)

2.2.1 Choice of Target Bandgap

Bandgap is a very important property for photovoltaic cells. The value of the bandgap
of a material gives us the maximum theoretic efficiency of a solar cell. The functional
form of this dependency is given by a detailed balance limit for the solar cell. This limit
depends on the type of solar cell being used. The Shockley-Queisser limit [56, 57] gives
a detailed balance limit for simple p-n junction solar cells, thus giving a relationship
between bandgap of the cell and its efficiency, while the Vos limit |58, 59| gives a detailed
balance limit for tandem solar cells, thus, giving a relationship between the efficiency

of the solar cell with the bandgaps of the various layers.

2.3 The Search Space for Material Discovery

The space that we search for new materials is mainly divided into 3 classes. These are:

e Structural Space: The structural space determines the physical structure of
the material. This space includes details like the boundary conditions (periodic
or regular), dimensionality of the lattice [60], the size of the unit cell, and the
atomic positions in the material. In the structural space, we can also allow the
search for strained lattices [61, 62] which can be obtained through epitaxial growth
on a carefully chosen substrate [63, 64], or by changing external environmental

conditions like pressure [60, 65].

e Chemical Space: The chemical space includes change in the chemical compo-
sition of the material, which comes as a result of atomic or ionic substitutions

[60].

e Aggregation Space: The aggregation space is the space of non-stoichiometric/

topological changes in the material like the presence of grain boundaries [66],
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defects [67], vacancies [68], or impurities [69] in the material.

2.4 Optimization Methods

Optimization is a fundamental problem in most computational problems as it requires
the selection of the best possible solution out of a possible set of solutions. Usually,
an optimization problem is defined by a loss (or reward) functional which has to be
minimized (or maximized) over the search space. Simple optimization techniques like
standard gradient descent [70] have a tendency to get stuck in local minima thus, we
need to use more advanced methods for global minimization. Global minimization is a
NP-hard problem [71] and thus, we need to find intelligent strategies that give approxi-
mate convergence to global optimizers most of the time. There are mainly 2 approaches
to global minimization: adding momentum or adding stochasticity to the search (both
of which allow us to escape local minima), or a combination of both. ADAM [72] and
MT-ADAM 73] are some of the optimization techniques that use stochasticity in their
minimizations to find optimal solutions. On the other hand, stochastic PMP-based op-
timizers (section 2.5.1.3) and langevin dynamics minimization |74, 75| are some of the
methods that use a combination of momentum and stochasticity in their minimization
strategies. Other global minimization strategies include simulated annealing (start with
high amount of stochasticity (parametrized by temperature) and reduce stochasticity
with time) |75-77|, genetic algorithms (based on the principle on natural selection) [78§],
conformational flooding (traversing the search space over multiple runs and reducing
depth of visited minima after each run) [79], and minima hopping (sample various local
minima by traversing search space with momentum and based on if the minimum has

been sampled before, update the search strategy) [80].

2.5 Optimal Control Theory
2.5.1 Pontryagin Maximum Principle

2.5.1.1 Deterministic PMP

Consider we wish to find the optimal control that extremizes the action functional
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(J(u)) given by: .
J(u) = /0 L(q, u(t), 6)dt + h(T, q(T)) (47)

Here, q € R™ is the state vector, u : [0,7] — U C R™ is the control vector, t € [0, 7]

is the time, L(q,u(t),t) is the lagrangian cost, and A(T,q(T')) is the terminal cost.

?

Consider that the system is constrained by dynamics given by:
q = f(q,u(t),t) (48)
With the initial conditions given by:

q(0) = qo (49)

Then, by the Pontryagin Maximum Principle (PMP) [81], we can define an Optimal

Control Hamiltonian functional (#) (which we call the Optimaltonian), given by:
H(q,p,u,A) = (p,f(q,u,1)) + AL(q, u,?) (50)

Here, p is a vector called the costate (also sometimes called the momentum vector)
[82] (which is also related to the sensitivity [83]) in the dual space of the state space,
and A € R is an arbitrary real number that just rescales the Optimaltonian and the
momentum (A is usually chosen to be 1 or —1) (in further discussion, we consider A = 1

unless stated otherwise). The dynamics of the system can be written as:

q _ 0 I||V/H (51)
-1 0| |V,H
The terminal condition for the momentum is given by:
p(T) =V h(T,q(T)) (52)
The optimal control is thus given by:
V.H =0 (53)
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Assuming that Hess,(H) is non-singular, then by the implicit function theorem [84],

we can write the optimal control u*(¢) uniquely as:

u*(t) = uo(q, p, 1) (54)

We can subsitiute this into the Optimaltonian to get the reduced Optimaltonian as:

H(a.p,t) = H(a, P, uo(q, p,t). 1) (55)
The symplectic Hamiltonian dynamics then get reduced to:

q 0 I||VH
I 0| |V,H

2.5.1.2 Stochastic PMP
Consider we wish to find the optimal control that extremizes the action functional
(J(u)) given by: .

J(u) = E < /0 L{q, u(t), t)dt + h(T, q(T))> (57)

Here, q € R™ is the state vector random variable, u : [0,7] — U C R" is the control
vector stochastic process, t € [0, 7] is the time, L(q, u(t),t) is the lagrangian cost, and
h(T,q(T)) is the terminal cost. Consider that the system is constrained by dynamics
given by:

dq = f(q,u(t),t)dt + o(q,u(t),t)dW, (58)

With the initial conditions given by:

a(0) =qo (59)

Then, by the stochastic pontryagin maximim principle [85], we can define the Optimal

Control Hamiltonian (Optimaltonian) (H) as :

H(q,u,p, K, 1) = L+ (p,f) + >~ Ky(t)oy(a (). 1) (60)
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Where (p, K) is a unique stochastic process (which is like the momentum). Given that
the control domain I/ is convex and f and o are C' with respect to u, then, for the

optimal control u*, almost everywhere and almost surely, we have:
(Vo H(q u, p' K . t), (u—u")) >0V ueld (61)

One of the solutions of this equation is given by V,H = 0. The dynamics of the system

are then given by:

d 0 Il |V/H o(q,u,t
1 _ M |70 w, (62)
dp —I 0| |V,H K(t)
The terminal condition for the momentum is given by:
p(T) = V,h(T,q(T)) (63)

2.5.1.3 Using Stochastic PMP for Black-Box Minimization
Consider we wish to minimize a function F(q). We then convert this into a PMP

optimization problem taking the stochastic action as:

J(u) = E ( /0 g <% (u, Mu) — f(q)>> dt (64)

The system is assumed to be subject to dynamics given by:
dq = udt + ee”*dW, (65)
With initial condition:

q(0) = qo (66)

Here, M is the mass/inertia tensor (which takes care of amount of movement each step,
and is symmetric positive definite), v is a damping constant (which ensures that the
drift part of the dynamics converges), ¢ is the initial stochasticity in the dynamics,

and « is the discount factor for the stochasticity that ensures that the system starts
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converging to deterministic dynamics after some time. This formulation of action has
been motivated by the action of a particle moving through a potential F(q) and ex-
periencing a viscous drag ~. Similar formulations of stochastic actions are obtained in
the continuous formulation of reinforcement learning [15]. The Optimaltonian for this

system is given by:

=1

Hianp K0 = (G a i) = @ ) + (o) + e (LK) (00

Where the tensor inner product (Zl, E) = tr(ATB). Thus, V,H is given by:
V. H(q,u,p, K,t) = " Mu + p (68)
Thus, the Optimal Control u* is given by:
<thA}u* +p,(u—u*)) >0V u (69)
Thus, one of the possible solutions for this inequality is given by:
ut = —e‘”t(lcf)_lp (70)

This solution of the inequality is also unique (see appendix section B for proof). As this
solution is equivalent to putting V,H = 0, we can calculate the reduced Optimaltonian

as:

R (e () p) + (@) ) 4 e (6. ) ()

The stochastic-symplectic Hamilton’s equations for this system would be given by:

d 0 I —e"V,F ceot
al _ FDL 15w, (72)
dp —I 0| |—e (M) 'p K(t)

We are also able to write dynamics of the optimal control as:

du = —yudt — e (M) 'dp = —yudt — (M)~"'V, Fdt — e (M) K (t)dW, (73)
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Motivating that the dynamics should converge to deterministic dynamics, we parametrize

K (t) = ke 9 Thus, the dynamics of the optimal control reduce to:

— —

du = —~yudt — (M) 'V Fdt — (M) ke "' dW, (74)

And the symplectic-stochastic dynamics reduce to:

d 0 I —e"V F ceot
a4 _ FD | ~ dW, (75)
dp —I 0| [—e (M) 'p ke =A)t

2.5.2 Hamilton-Jacobi-Bellmann Method

The Hamilton-Jacobi-Bellmann (HJB) method [86] is an alternative method for solving
stochastic optimal control problems. Consider we wish to find the optimal control that

extremizes the action functional (J(u)) given by:

J(u) = E < /0 L(qu(t), t)dt + (T, q(T))> (76)

Here, q € R™ is the state vector random variable, u : [0,7] — U C R" is the control
vector stochastic process, t € [0, 7] is the time, L(q, u(t),t) is the lagrangian cost, and
h(T,q(T)) is the terminal cost. Consider that the system is constrained by dynamics
given by:

dq = f(q,u(t), t)dt + o(q,u(t),t)dW; (77)

With the initial conditions given by:

q(0) = qo (78)
The optimal control is the control that minimizes the stochastic action, that is:

u’ = argmingeyJ (1) (79)
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Then, we define the cost to go functional as:

C(s,%) = min E ( / L(q, u(t), £)dt + h(T, q(T))) q(s) = x (80)

ueld

By the dynamic programming principle [87], this is the same as:

C(s,x) =E (/ L(q,u*(t),t)dt + h(T, q(T))) la(s) =x (81)

Moreover, by definition, C(0,qg) = J(u*). Then, we can define an Optimal Control

Hamiltonian (Optimaltonian) as:
1 -
Hla u.t) = (V,C(a). fq.w0) + Lt L (5 Hess,(C) (52)

Here, 3 is given by:

The optimal control is given by:

V. H =0 (84)
Moreover, the cost to go function follows the HJB dynamics, given by:

aC
- tH=0 (85)

2.5.3 Optimal Control in Fokker-Planck Framework

Unlike the previous methods of stochastic optimal control, which deal with dynamics
of random variables, we can also deal with optimal control by understanding flows of
probability densities. The Fokker-Planck equation gives the evolution of the probability
density undergoing a Gaussian stochastic process [88]. The formulation of optimal
control within the Fokker-Planck formalism is provided in article [86]. Consider that a

random variable q undergoes dynamics given by:

dq = f(q,u(t), t)dt + o(q,u(t),t)dW; (86)
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With the initial conditions given by:

q(0) =qo (87)

Then, the Fokker-Planck equation is given by:

dp
o Z aqzaq] (83)

Here, p(q,t) is the probability density of random variable q at time ¢, and S is defined
as:

Y = (5)(5)" (89)

p(q,0) = po(aq) = 6™ (q — qo) (90)

In thus formalism, we are also able to take a more generalized initial condition for
the probability density which would be equivalent to initializing with an ensemble of

random variables sampled from the initial distribution.

Here, the functional to be optimized is given by:

sw= [ ([Twansanoesanian)ea o

To find the optimal control for this problem, we define a function 1(q, t) which acts as a
lagrange multiplier for the dynamics constraint. Then, we can define a optimal control

Hamiltonian (Optimaltonian) as:
1 -
H=Ff-Vo+ L+ > (X, Hessgy(n)) (92)
The optimal control is given by the condition:

V.H =0 (93)
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Then, the optimal dynamics are given by:

dp
o Z aqzaq] s
an
pn +H=0 (95)
With boundary conditions:
p(a; 0) = po(q) (96)
n(q, 1) = hiq,T) (97)

Comparing this with the Hamilton-Jacobi-Bellman method (section 2.5.2), we find that

the lagrange multiplier 7 is the same as the cost to go function.

2.6 Surrogate Models

Surrogate models are computationally efficient approximations of expensive functions
[16]. The Kohn-Sham calculations are pretty expensive calculations, and hence, it is
really expensive to use the actual Kohn-Sham calculations for our search, especially
when searching for new materials in a high dimensional search space. Surrogate models
provide a way to approximate these expensive computations while keeping errors in a
certain range. These surrogate approximations are much cheaper and faster than the
actual calculators, making our search for new materials much more faster. Moreover,
surrogate models are usually taken to be inherently differentiable, making it easier to
perform differential optimization with these surrogate models. An example of surrogate
modeling for bandgap is given by article [89], which uses a variational autoencoder to
project the Kohn-Sham states into a lower dimensional space called the latent space and
then uses that latent space information to learn a supervised model for GW bandgaps

of materials.

2.7 The Gumbel-Softmax Reparametrization Trick

The chemical space, which represents the change in the atomic/ionic types in a mate-

rial is represented by categorical variables (type of atom/ion present at a site). Thus,
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it is not possible to perform differentiable optimization in the chemical space. Thus,
to tackle this problem, we can use the gumbel-softmax reparametrization trick [17],
which converts categorical distributions into continuous distributions. In this trick, we
first encode the categorical variables using a one-hot encoding [90], along with provid-
ing a probability distribution for these one-hot vectors. After this, we reparametrize
the one-hot vectors by softening the probability distribution using the gumbel-softmax
distribution (the amount of softening is given by a ’temperature’ parameter) to get a

differentiable sample of the categorical variables.

2.8 Our Algorithm

We design a discovery algorithm that continuously learns to discover new materials with
enhanced properties while accelerating its search each time it learns. Our algorithm
is based on the Hamiltonian-based Stochastic Pontryagin Maximum Principle (Section
2.5.1.3), which is symplectic in nature. During the discovery dynamics, we locally learn
the surrogate model Fy(q) for our target property F(q) (6 is the set of parameters that
we learn to learn the surrogate and q is the representation of the material structure).
The learning in our motion strategy is done using 2 neural networks - Pygr and Hygr.
The Pypr learns the parameters for the motion strategy in our discovery (the initial
momentum py, the stochastic parts in the q and p (€ and k), and the discount factors
on these stochastic parts (o« and (3)), while the Hygr learns the local environment in
the material search space (the surrogate ﬁg(q), the inertia tensor M , and the viscous
drag coefficient ) (See section 2.5.1.3 for more details of these parameters). The loss

function for learning these networks if given by:

£ =il PN + cal[ Rl + esl €] + eal [VoF (a(T)]? (98)
+3° (817 (@)~ Folalta)) P+’ Flalt)) +f” Brs(a(t) +elIp(t) ~PRer(alt) )

Where t; are some checkpoint times during the dynamics which act as the data for
training Hygr and Pygr. The first term ensures that the learned dynamics stop at the
end of the dynamics (which is a result of us choosing to take the terminal cost to be 0
in PMP dynamics). The second and third terms penalize dynamics with high amount

of stochasticity (thus ensuring that we traverse the search manifold with the lowest
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amount of stochasticity to minimize the loss). The 4 term penalizes us if the stopping
point has a finite gradient, thus ensuring that we stop at a critical point. The 5 term
is the training loss between the actual loss and the surrogate, thus minimizing it would
mean that we are learning a better surrogate. The 6! term represents our property
loss at intermediate steps, thus minimizing it would lead to better properties. The 7t
term is the Kohn-Sham energy, which would help us penalize less stable materials in
our search. Finally, the 8" term is a gap between the momentum obtained from the
dynamics and the momentum that we get from the learned network. Minimizing this
loss would help us learn the momentum required to start from intermediate positions

in the dynamics.

To initialize the surrogate, we can use data that we generate using pre-run Kohn-Sham
calculations or we can use data from online databases like Computational Materials
Repository [91] to train an initial surrogate. Before calculating each property of the
material, we perform fixed-cell relaxations [92] (which relaxes the atomic positions in the
unit cell without changing the unit cell, thus allowing us to discover strained lattices).
We then run a few batches of stochastic PMP dynamics to collect the data from runs.
After these few runs, we update the Hygr and Pygr until desired results are achieved.
For solving these stochastic PMP dynamics, we use symplectic solvers like the ones

mentioned in article [93]. More details for this are given in algorithm 1.

Algorithm 1 Our Discovery Algorithm

Input: qq (Initial structures to start discovery)

Initialize Pygr and Hygr

Set the input parameters for GPAW calculation. (section 2.1.1.1)

Initialize the dynamics using Hygr and Pygr

Take a minibatch of the structures

Run Stochastic PMP dynamics on these structures (Algorithm 2)

Collect data from some checkpoints on these dynamic trajectories

Perform GPAW calculations on this data to get the actual values of the property

loss F(q) (section 2.2) and the Kohn-Sham energy Exg for these data points.

9: Update the Pypr and Hygr by minimizing loss given by equation 98 using
MTADAM (Section 2.4).

10: if F(q(T)) > tol or nit < ny,, then Go to 5.
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Algorithm 2 Discovery Dynamics during Search

1: Input: qop (Minibatch of initial structures to start discovery)

2: Perform fixed cell relaxations to obtain stable atomic configurations in the (possibly
strained) lattice.

3: Setu=—e (M) 'p

4: Calculate the property loss functional by computing the surrogate ]}g(q) along with
its gradient.

5: Update the structure q and momentum p by applying a stochastic symplectic solver
on the dynamics described by equation 75.

6: if t < 7T then Go to 2
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3 Results

In this section, we present the results obtained from two baseline optimization ap-
proaches for discovering lattice configurations of C'sSnls that yield a desired funda-
mental bandgap of 1.5¢V. These results will later serve as a comparative benchmark
for evaluating the performance of the proposed physics-inspired reinforcement learning-
based algorithm. Throughout these methods, we have used an exact GPAW-based
bandgap calculator for our optimization. The loss function that we minimize through

our approach is given by:

F(a) = [Agun(a) — A (99)

Where Ay, (q) is the fundamental bandgap of the lattice (equation 29), q is the vector
representation of our structure, and A* is the choice for our target bandgap (which is

1.5eV).

For the bandgap calculations, we have used GPAW in python in the Plane-Wave mode.
The exchange correlation potential we have chosen for these calculations is the GLLB-sc
exchange correlation [43]. For our calculations have taken the kinetic energy cutoff to
be 500eV and a (8,8,8) Monkhorst-Pack of k-points shifted by . The density mixing
in the SCF step is done via Pulay mixing (section 2.1.1.4) with linear mixing parameter
B = 0.5, the number of densities mixed n,,,, = 5, and the weight parameter w = 50.
The gradient calculation in these approaches has been done via a 1%-order (one-sided)

finite-differences scheme [94].

3.1 Case 1: Cubic Lattices

The first baseline algorithm only searches over various strained cubic configurations of
C'sSnls. For this, we have used an ADAM-based Stocastic Gradient Descent optimizer
of our loss functional to optimize the bandgap of the material. The lattice structure in
this optimiziation is represented by a single parameter, which is the lattice side length.
The atomic positions in this optimization have been fixed - C's is at the body center,
Sn is at the vertices, and I are at the face centers. For this optimization, we chose
a learning rate of 0.01. Performing this optimization, we obtained good convergence

in around 50 iterations with the optimal lattice parameter of 6.481A°, which gives a
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deviation from target of 8.062 x 10=5¢V. The convergence of the results with iterations

has been plotted in figure 5.

Function Value over Optimization Steps

Figure 5: Evolution of F(q) for search over cubic lattices

3.2 Case 2: Cuboidal Lattices

An extension to the first baseline approach allows us to extend our search to cuboidal
lattices (cubic/tetragonal /orthorhombic). In this discovery scheme, we first perform
fixed cell relaxations by minimizing the Kohn-Sham energy via ADAM-based stochastic
gradient descent. 4 iterations of this relaxation are done per step with a learning rate
of 0.05. After relaxing the structure, the lattice parameters are updated using ADAM-
based stochastic gradient descent to minimize the bandgap loss function with a learning
rate of 0.05. 12 iterations of the whole pipeline (relaxation + update of lattice) are
done and the results are outputted. Figure 6 plots the evolution of the Kohn-Sham
energy throughout the relaxtsearch dynamics while figure 7 plots the evolution of
the loss function during the search. As it can be seen from the 2 figures, we obtain
good convergence within 6 search iterations. The deviation from the target in this
search is 8.808 x 1073¢V. The structure of C'sSnl; that gives this output is given
by a = 6.620A°, b = 6.284A4°, ¢ = 6.336A4°, Cs = (0.578,0.502,0.505) lattice units,
Pb = (0.988,0.989,0.994) lattice units, I; = (0.423,0.980,0.013) lattice units, I, =
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(0.937,0.497,0.003) lattice units, and I3 = (0.944, 0.996, 0.520) lattice units (here lattice

units are coordinates in units of lattice parameters).

Function Value over Optimization Steps

Function Value

Figure 6: Evolution of Kohn-Sham Energy for search over cuboidal lattices
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Figure 7: Evolution of F(q) for search over cuboidal lattices
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4 Discussion

In this thesis, we provided a reinforcement learning way to optimally discover new ma-
terials and evaluated two traditional baseline algorithms for optimizing lattice configu-
rations of C'sSnl3 to achieve a desired fundamental bandgap of 1.5¢V. These baseline
results demonstrate significant challenges and limitations inherent in traditional opti-
mization approaches, particularly when extending the search beyond low-dimensional

spaces to high-dimensional search scenarios.

4.1 Challenges in High-Dimensional Discovery via Traditional

Approaches

The baseline experiments clearly illustrate the computational challenges of perform-
ing high-dimensional search and optimization using traditional gradient-based methods
like ADAM stochastic gradient descent (SGD). Although the first baseline, constrained
solely to optimizing lattice parameters with fixed atomic positions, reached convergence

within 50 steps, the approach was inherently limited by its restricted search space.

The second baseline, which extended the search to cuboidal lattice configurations and
incorporated fixed-cell relaxations to optimize atomic positions, further highlights the
computational limitations for high-dimensional discovery. Despite setting a relatively
high learning rate (0.05), along with the search still being restricted to just search in the
structural space, the algorithm demonstrated slow convergence and required extensive

computational resources, again taking approximately two days to yield results.

These baseline experiments demonstrate fundamental limitations of traditional gradient-
based optimization methods for high-dimensional materials search spaces - they are
computationally expensive, relatively inflexible, and prone to getting trapped in local
minima. Importantly, the baseline experiments have thus far only explored variations
in the structural, without even touching upon the complexity introduced by chemical
substitutions — an area that vastly expands the dimensionality and complexity of the
search space, which would make the search through traditional methods even more un-

feasible.
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In contrast, the physics-inspired reinforcement learning-based Hamiltonian optimiza-
tion framework we propose promises substantial improvements over these traditional
methods. By integrating local surrogate modeling, our proposed method reduces the
computational burden associated with expensive Kohn-Sham calculations, enabling
faster property evaluations. This surrogate-based approach is crucial because tradi-
tional methods’ reliance on direct DF'T computations severely limits their scalability,

especially when exploring high-dimensional structural and chemical spaces.

4.2 Advantages of Our Physics-Inspired Reinforcement Learn-
ing Approach

To address the challenges imposed by traditional approaches, we develop a novel,
physics-inspired reinforcement learning framework grounded in Stochastic Hamiltonian
Dynamics. Our methodology not only addresses the computational challenges but also
significantly expands the potential for comprehensive exploration in high-dimensional

materials discovery. The benefits of our approach are explained below:

e Local Surrogate Modeling for Computational Efficiency: We incorporate
local surrogate models into our optimization approach to substantially reduce
computational demands by approximating expensive Kohn-Sham calculations.
The use of surrogate models allow us to perform rapid property evaluations,
thus accelerating the optimization process considerably. Additionally, by making
these surrogate models inherently differentiable, we seamlessly integrated efficient

gradient-based optimization strategies into our discovery process.

e Chemical Space Exploration via Gumbel-Softmax Reparameterization:
Recognizing the complexity inherent in exploring chemical space, we implement
the Gumbel-Softmax reparameterization trick. This approach converts discrete,
categorical variables that represent the chemical composition into continuous,
differentiable variables, thus enabling effective gradient-based optimization across
chemical configurations. This novel integration allows us to thoroughly and effi-

ciently explore a broader chemical landscape.
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e Stochastic Hamiltonian Dynamics for Stable Convergence with Ex-
ploration: Drawing inspiration from Hamiltonian mechanics, our optimization
framework employed physically meaningful dynamics characterized by structured
momentum and energy considerations. This physics-based approach ensured sta-
ble, consistent convergence behaviors, systematically guiding the optimization
trajectory toward globally optimal solutions while minimizing inefficient random
explorations. Moreover, by introducing adaptive stochastic terms, we enabled the
algorithm to effectively navigate and avoid local minima, significantly improving
our exploration capabilities. This stochastic framework provided a robust and

systematic approach to global optimization.

e Continually Accelerated Discovery through Reinforcement Learning
via Adaptive Learning of Optimization Parameters: By embedding re-
inforcement learning principles into our discovery framework, we ensure continual
acceleration in the optimization process. Each iteration informs subsequent cy-
cles, with newly acquired data dynamically refining our surrogate models and
discovery strategy by iteratively learning the dynamic parameters such as inertia
tensors, damping constants, and stochasticities. This iterative feedback loop pro-
gressively enhances our model’s predictive capability and significantly increases

the efficiency and effectiveness of our material discovery process.

e Flexibility, Scalability, and Extensibility: The framework we introduce read-
ily accommodates multiple objectives, additional constraints, and external data
inputs, making it highly versatile for various materials discovery tasks. Its scala-
bility ensures practicality and effectiveness as the dimensionality and complexity
of the search spaces expands, bridging theoretical optimization with real-world

applications.

In summary, by continual learning of the Optimaltonian during our physics-inspired
reinforcement learning approach, we effectively overcome the limitations faced by tra-
ditional optimization methods. By combining surrogate modeling, adaptive and differ-
entiable optimization, stochastic exploration, and reinforcement learning, we establish

a robust, accelerating, and flexible platform for future materials discovery initiatives.
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5 Conclusion and Future Outlook

In conclusion, this thesis presents a novel physics-inspired reinforcement learning frame-
work that significantly advances the computational efficiency and effectiveness of mate-
rials discovery. By leveraging sophisticated techniques such as Stochastic Hamiltonian
Dynamics integrated with local surrogate modeling, the proposed approach effectively
addresses the challenges posed by high-dimensional search spaces, inherent computa-

tional complexity, and the limitations of traditional optimization methods.

The proposed methodology not only demonstrates enhanced stability and convergence
properties but also exhibits significant flexibility and scalability, accommodating both
structural and chemical degrees of freedom through differentiable optimization facili-
tated by the Gumbel-Softmax reparameterization trick. The computational advantages
of surrogate models have been particularly highlighted, enabling rapid property evalu-
ations and iterative improvement through reinforcement learning principles, leading to

progressively accelerated discovery cycles.

Looking ahead, we can also incorporate entropy and free-energy principles into this
discovery framework which would allow us to better balance between exploration and
exploitation in our discovery framework [95], thus ensuring even more robust global
optimization and efficient navigation of complex energy landscapes. Additionally, we
could also add learning symmetries, symmetry reductions, and renormalizing group
flows on the Hamiltonians in our methodology to accelerate the discovery even further
[96]. Also, coupling these methods with advanced probabilistic modeling and Bayesian
inference may enable more sophisticated uncertainty quantification and adaptive ex-
ploration strategies, further broadening the applicability and impact of the developed
framework in materials science and beyond. In addition to this, instead of just target-
ing a single material property (like bandgap), we can opt to search for good materials
using multi-objective functions (balancing multiple properties like stability, bandgap,
excited state lifetimes, charge transfer, and electron-hole overlap) to find overall good
materials. Additionally, our approach of using Hamiltonians for learning can also be
extended to quantum algorithms by learning quantum Hamiltonians instead of classical

Hamiltonians [97].
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A Derivation of Deterministic PMP Through Lagrange
Multipliers

Consider that we wish to extremize the functional given by equation 47. We consider the
dynamics described by equation 48 as the constraint and put that in with a Lagrange
multiplier. Then, we define an unconstrained action, given by:

S— A+ / (p(t), (E(q, 1) — Q) dt (100)

- / (AL(q, w, ) + (p(t), (E(c w,£) — &) df + (T, q(T))

Where, p is the Lagrange multiplier for the dynamics constraint, and A is a non-zero
constant which is added because extremizing J is same as extremizing AJ. Simplifying
this, we get:

§= [ (i@ )+ u6) + (b)) i+ AT ) ~ (B(T), (1) + (5(0),a(0)

:/0 (H+ (p,q)) dt + (T, q(T)) — (p(T),q(T)) + (p(0),a(0))
(101)

Now, perturbing the control u — u + du, we get:
T
08 :/ V. H - (du)dt (102)
0

For this to be optimal, 4.5 should 0 for arbitrary du, which gives us the optimal control
condition as:

V.H=0 (103)
Now, perturbing the control q — q + dq, we get:

55 = [ (VH 4 B)- ()it + (\Wh — p(D) - 5a(T) - p(0) - 6a(0) (100

As the initial condition for q is already predetermined, we have dq(0) = 0. Also, for
the optimal trajectory, we again need S = 0 for arbitrary dq. Substituting these, we
get:

p=-V/H (105)

AV, ,h =p(T) (106)
Moreover, perturbing the control p — p + dp, we get:

55 = / T(vp% —q) - (op)dt (107)
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As this should be 0 for arbitrary dp, we have:
q=V,H (108)
Finally, the dynamics of H are given as:

d 0 J 0
_H:VqH'q+va'p+_H:VqH'vp%_va'vq%+8_tl:6_7:

dt ot (109)

B Proof of Uniqueness of Optimal Control in Stochas-
tic Black Box Optimization

Consider that 3 another optimal control v*. We can then write v* as:

- —1

vi=u'tu =—e"M p+u (110)
Where u; is a non-zero vector. By equation 69, we should have:
(" Mv* +p, (u—v")) >0Vu (111)
Simplifying this, we get:

(" Muy, (u—v")) >0V u (112)
As this should be true V u, it should also be true for u = u*. Thus, we get:

—e" (Muy,u;) >0 (113)

As M is symmetric positive definite, this inequality is only satisfied as an equality,
which only happens at:
u =0 (114)

As we had assumed that u; is a non-zero vector, we get a contradiction. Thus, the
optimal control for this case is unique.

C Defining the PAW Transformation

The electronic states for real materials have different properties in different regions
of space: they are highly oscillating near the ionic nuclei, but are fairly smooth far
away from the nuclei. Based on this property of the electronic states, we can select
augmentation regions around the nuclei where the electronic states are highly oscillatory
and need to be smoothened, and the interstitial region, where the transformation keeps
the Kohn-Sham states invariant. Usually, these augmentation regions are taken to
be spherical and the C' smoothness constraint is applied to the boundaries of the
augmentation spheres. The PAW transformation is then defined as:

T=I1+)T. (115)
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Here, a is the index of the nuclei. Consider €2, to be the augmentation region containing
the atom a, then 7, satisfies:

Tab(r) =0V r ¢ Q, (116)

This makes the transformation local, and each 7. can be defined based on what nu-
cleus is in the augmentation region. In the interstitial region, we can just normally
expand the electronic states into any suitable basis (plane wave or Wannier) while in
the interstitial region, we use expansions into a partial-wave basis (consider |¢;) to be
the partial wave basis and |¢;) to be their smoothened counterparts). A natural choice
for the partial wave basis is the radial Hydrogen-like basis for the isolated atom in the
augmentation region, and can be orthogonalized to the core states if necessary. The
smoothened partial wave basis is chosen such that the smoothening map preserves the
desired smoothness (which is C'! in most cases).

Consider the augmentation sphere ,. Inside €2,, we can expand any state [¢;) as

i) = > el (x)) YreQ, (117)

J
Also, any smoothened state can be written as:

|¥i(x) Zc 6% (1)) Vreq, (118)

Both expansions have identical coefficients. Adding equations 117 and 118, and rear-
ranging the terms, we get:

[9i(r)) = |¢~)z(1")> +7. |l/~’z( ) = sz ZC” |¢ )+ ZCU |¢ Yy Vre,

(119)
This means, we get:
7o () Zc(a) 169 (1)) — |6 (x)) V r € (120)
Moreover, as 7, are always linear transformations, we can write cg;-l) as:
@ _ g

The states |p§a)) are the projector states and are the quantity that actually define the
PAW transformation. These projector states depend on the atom type and are stored
in the PAW datasets. Also, in order to satisfy equation 118, these projector states must

satisfy:
Y1) =1 (122)
J
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Moreover, inserting equation 118 into equation 121, and comparing coefficients, we see
that the projector states should also satisfy the property that:

(165 = 4 (123)
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