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Abstract

This first five chapters of this thesis are concerned with the study of some two-player combina-

torial games on random premises.
These chapter include

1. the k-jump normal and k-jump misère games on rooted Galton-Watson trees, in which the
token is allowed to be moved from the vertex where it is currently located, to a descendant
of this vertex that is at a distance at most k away from this vertex,

2. percolation games in their most general form, inspired by both site percolation and bond

percolation, on infinite 2-dimensional lattice graphs.

In the former class of games, the probabilities of the various possible outcomes have been analysed
and characterized, phase transition phenomena (pertaining to how the probability of draw changes
from being 0 to being strictly positive as the underlying parameter(s) is / are allowed to vary) have
been investigated, and sufficient conditions for the average duration of a game to be finite have been
proposed. In the latter class of games, regimes (in terms of the values of the parameter(s) under
consideration) have been found in which the probability of draw equals 0 – this, in turn, helps
establish, with full mathematical rigour, the ergodicity of certain classes of probabilistic cellular

automaton (PCA) that arise from the corresponding game rules.
The model studied in the sixth chapter involves passengers waiting around a conveyor belt, each

having checked in precisely one bag, and it studies the interaction between these passengers and
the bags appearing onto the belt according to a prespecified permutation. Passengers leave upon
collecting their bags, while those still waiting move to positions vacated by co-passengers in front
of them. We study the distribution of the time required for all passengers to retrieve their bags,
as well as the distribution of the time required for the conveyor belt to become empty for the first
time. We establish a fascinating connection between these quantities and the sequence of telephone

numbers (where the n-th telephone number is the number of matchings on the complete labeled
graph Kn).

In the final chapter, we study union-closed families of sets. Given a union-closed family F of
subsets of the universe [n], with F not equal to the power set of [n], a new subset A can be added
to it such that the resulting family remains union-closed. We construct a new family F by adding
to F all such A’s, and call this the closure of F . This work is dedicated to the study of various
properties of such closures, including characterizing families whose closures equal the power set
of [n], providing a criterion for the existence of closure roots of such families etc.
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Chapter 1

Two-player combinatorial games on
random premises
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1.1 Introduction

In this chapter, we give an overview of Chapters 2, 3, 4, 5. These chapters constitute a study of
combinatorial games over random premises. These games are played between two players who
alternate in moving a token on a randomly generated playing board which is usually infinite. This
board is generated according to a predefined random process and the game is played on a realization
of this process. Our game is perfect information in the sense that the players know the complete
state of the game at every point.

The playing board is in the form of a graph whose vertices / edges are potentially labeled either
‘trap’ or ‘target’. The game starts with a token at the ‘origin’ of the graph. The two players alternate
turn moving the token to one of the ‘neighbours’ of the vertex where the token is currently located.
Specific to each game, there are some predefined rules which decide when the game comes to an
end. An example of such a rule is: moving the token to a vertex which is labeled a ‘trap’ results in
a loss for the player who has made this move.

We now describe the random premises over which the games are played. These premises fall
broadly into two categories:

1. Galton-Watson trees: These are random rooted trees defined by a given offspring distribution
χ = (χi)

∞
i=0, where χk for k represents the probability that a vertex produces k offspring. The

process begins with a root vertex, say φ , which gives birth to k children with probability
χk where k ∈ N0. This branching process is repeated independently at every subsequent
vertex, resulting in a random tree. We study games played on an instance of this random tree
structure. In the k-jump game (see Chapter 2), for any vertex v, we define Outk(v) to be the
set of descendants of v at distance of at most k from v. Initially, a token is kept at the root
vertex. The players alternate in moving the token. A player is allowed to move the token
from a vertex v to any vertex in Outk(v). In the normal version of the game, the player who is
unable to move the token loses, whereas, in the misère version of the game, the player who
is unable to move the token wins. If the game continues indefinitely, it is declared a draw.

2. 2-dimensional infinite lattices: We begin with a lattice whose vertices are indexed by Z2.
For each vertex (x,y) ∈ Z2, there is a set of vertices Out(x,y) such that there is an edge from
(x,y) to (u,v) if and only if (u,v) ∈ Out(x,y). The random process is governed by four non-
negative parameters p, q, r, and s satisfying 0 < p+ q 6 1 and 0 < r+ s 6 1. Each vertex,
independently of the others, is labeled a trap with probability p, a target with probability q,
and open with probability (1− p− q). Similarly, each edge, independently of the others,
is labeled a trap with probability r, a target with probability s, and open with probability
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(1− r− s). The game begins with a token at the origin. The players take turns moving the
token from the current vertex (x,y) to a vertex in Out(x,y). If a player is forced to move the
token to a vertex which is labeled a trap, she loses the game. Conversely, if a player moves
the token to a vertex which is labeled a target, she wins the game. Similarly, if a player is
forced to move the token along an edge that is a trap, she loses, while moving the token
along a target edge results in a win. If the game continues indefinitely without a winner, it is
declared a draw.

Given a realization of the random process at hand, we divide the vertices of this graph into three
disjoint subsets denoted W,L and D (when we study the normal game, we denote these subsets to
be NW,NL and ND and, similarly, when we study the misére game we denote these subsets to be
MW,ML and MD.) We say that a vertex v ∈W if the game that starts from the vertex v then, it
results in a win for the player who moves first. The sets L and D are defined analogously.

One of the important aspects of the analysis of these games we study is obtaining recurrence
relations governed by the game rules. While we shall derive these relations formally for every
game in the corresponding sections, we now give a brief idea of how these recurrence relations are
obtained: suppose that we know which sets, among W,L and D, all the vertices in Out(v) belong
to, for some vertex v. Suppose that in addition to this we know the label of each edge from v to
u where u ∈ Out(v), i.e., whether it is trap, target or open and the label assigned to v itself (i.e.,
whether it is trap, target or open). This information along with games rules will tell us which of
W,L and D the vertex v should belong to. As an example, suppose that all the vertices in Out(v)
are labeled W , all the corresponding edges are open and that the vertex v is open. In this scenario,
no matter which vertex in Out(v) the player who plays the first round moves the token to from v,
the game will always result in a loss for her. Thus, v ∈ L.

Before delving into the study of specific games, we give a description of probabilistic cellular
automata and their ergodicity, which share close relationships with the games we have studied on
various infinite grids with vertex set Z2.

1.1.1 Probabilistic Cellular Automata

A PCA F defined on the lattice Zd (and hence referred to as a d-dimensional PCA), for some
d ∈ N, comprises a finite set of states A that is called its alphabet, a finite set of indices N =

{y1,y2, . . . ,ym} ⊂ Zd that is called its neighborhood, and a stochastic matrix ϕ : A m×A → [0,1]
that is called its (random) local update rule. Given a configuration η in the state space Ω = A Zd

,
we apply F to η , obtaining a (random) configuration Fη , in which the state Fη(x) of the site

3



x ∈ Zd is a random variable whose probability distribution is given by

P[Fη(x) = b
∣∣η(x+yi) = ai for all 1 6 i 6 m] = ϕ(a1,a2, . . . ,am;b) for all b ∈A , (1.1.1)

for any a1,a2, . . . ,am ∈A . Here, by definition of stochastic matrices, for all a1,a2, . . . ,am,b ∈A ,
we have ϕ(a1,a2, . . . ,am;b) > 0 and ∑b∈A ϕ(a1,a2, . . . ,am;b) = 1. The updation from η(x) to
Fη(x) happens independently over all sites x ∈ Zd . Since we consider discrete-time PCAs, it
makes sense to indicate by ηt the configuration at time t ∈ N0, so that ηt+1 = Fηt for all t ∈ N0.
We call a PCA elementary when it is defined on Z (i.e. d = 1) and |N | = |A | = 2. We refer the
reader to [[74], §2] and [73] for excellent expositions on PCAs in general.

Next, we come to a brief discussion regarding the notion of ergodicity of a d-dimensional PCA.
To begin with, we let F denote the σ -field that is generated by the cylinder sets of Ω = A Zd

, and
we let D denote the set of all probability measures supported on Ω and defined with respect to F .
We emphasize here that every probability measure on Ω that is henceforth mentioned belongs to
the set D. We define F tη = F(F t−1η) for η ∈ Ω and t ∈ N (in particular, F1η = Fη). In other
words, F tη is the (random) configuration that is obtained by applying F sequentially t times to
the initial configuration η . These definitions extend naturally to random η , and if η follows the
probability distribution µ (that belongs to D), we let F t µ (simply written Fµ when t = 1) denote
the probability distribution of the (also random) configuration F tη .

Definition 1.1.1. We say that µ is a stationary or invariant measure for a PCA F if Fµ = µ (in

other words, the pushforward measure induced by F is the same as the original measure). We call

the PCA F ergodic if it has a unique stationary measure, say µ , which is attractive, i.e. for every
probability measure ν on Ω, the sequence F tν converges weakly to µ as t→ ∞.

A one-dimensional PCA is said to be elementary if the cardinality of its alphabet as well as
its neighbourhood-marking set equals 2. In Chapter 7 of [37], two fundamental results pertaining
to ergodicity of elementary PCAs have been proposed. We state these two results in terms of the
notation used in this thesis. We let A = {W,L} denote the alphabet of any elementary PCA F , and
we let

θi, j = P
[
Fη(x) = L

∣∣η(x+ y1) = i,η(x+ y2) = j
]
, for i, j ∈A ,

where N = {y1,y2} forms the neighbourhood-marking set of F . Thus, the PCA F is completely
specified by the parameters θW,W , θW,L, θL,W and θL,L. We call F symmetric when θW,L = θL,W , in
which case F is specified by only three parameters, namely, θW,W , θW,L and θL,L. The following
are two well-known results when it comes to ergodicity properties of symmetric elementary PCAs,
stated in Chapter 7 of [37]:
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(a) the PCA F is ergodic when θW,W , θW,L and θL,L satisfy the inequalities:

0 < θW,W ,θW,L,θL,L < 1, (1.1.2)

θL,L > θW,W −2θW,L, (1.1.3)

θL,L > θW,W −2(1−θW,L); (1.1.4)

(b) the PCA F is ergodic when θW,W , θW,L and θL,L satisfy the inequality:

max{|θi, j−θk,`| : i, j,k, ` ∈ {W,L}}+2max{|θL,L−θW,L|, |θW,W −θW,L|}< 2. (1.1.5)

It has been mentioned in Chapter 7 of [37] that these two regimes together cover more than 90%
of the unit cube [0,1]3 defined by the parameter-triple (θW,W ,θW,L,θL,L), and that the only region
where no rigorous method for proving or disproving ergodicity for symmetric elementary PCAs,
in general, is known is the union of the neighbourhoods of the points (θW,W ,θW,L,θL,L) = (1,0,0)
and (θW,W ,θW,L,θL,L) = (1,1,0).

CAs are objects that are simple to define but have a fair amount of complexity in their properties.
Computationally they are of great interest because of the fact that they can simulate any Turing
machine [53]. It is worth mentioning that the celebrated Game of Life of John Conway can be
seen as a CA [51].

As mentioned earlier, PCAs are CAs that have stochastic update rules. We refer the reader to
[28, 70, 73, 74] which include a detailed survey of PCAs where they discuss different ways PCAs
can arise in combinatorics, statistical physics, computational cell biology and theoretical computer
science. Some of the primary motivations of studying PCAs are to investigate the fault tolerant
capabilities of CAs ([77, 78]), classification of elementary CAs by using their robustness to errors
as a discriminating criterion ([21, 69] and to investigate their connections with Gibbs potentials
and Gibbs measures coming from statistical physics ([55, 68, 92]).

In [60], which is the primary motivation for our work, the idea of percolation games was in-
troduced. It is also a two-player combinatorial game played on a realization of traps, targets and
open sites on Z2. This realization is obtained in a similar manner as described in the previous
section. The game studied in this paper is such that a player can move the token from (x,y) to one
of (x+ 1,y) or (x,y+ 1) (i.e., Out(x,y) = {(x+ 1,y),(x,y+ 1)}). The authors build a connection
between this game and a PCA Ap,q: the probability of draw in this game is zero if and only if Ap,q

is ergodic. A more direct connection is established between the game and the PCA Fp,q, which is
envelope to Ap,q (we refer the reader to [28] for an introduction to the notion of envelope PCAs),
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via the recurrence relations we have alluded to in the previous section. The main tool implemented
for proving µ((x,y) ∈ D) = 0, where µ is any stationary distribution for Fp,q, is the technique of
weight function or potential function.

In [23], the connections made in [60] were used to come up with computer-generated
weight functions for two different PCAs whose update rules can be described by ηt+1(n) =

BSCp(NAND(ηt(n−1),ηt(n))) and ηt+1(n) = NAND(BSCp(ηt(n−1),ηt(n))). Here, BSCp de-
notes a binary symmetric channel that takes a bit as input and flips it with probability p and leaves
it unchanged with probability 1− p. The weight functions obtained in this paper are for p ∈ (0,ε)
for some small ε > 0. The authors introduce the concept of polynomial linear programming and a
suitable algorithm to obtain a suitable weight function for proving the ergodicity of these PCAs.

In Chapter 3, Chapter 4, and Chapter 5, we explore the method of weight functions to come
up with ergodicity results for various PCAs in various regimes of parameter values. Alongside
proving ergodicity of these PCAs, we are also able to establish that the probability draw is 0 in the
corresponding games in the corresponding regimes of parameter values. In particular, our results in
Chapter 4 are able to cover partially the regime that is not covered in Chapter 7 of [37]. Chapter 7
of [37] establishes, via more traditional means, the ergodicity of symmetric elementary PCAs (i.e.
PCAs in which each of the alphabet and the neighbourhood-marking set is of cardinality 2, and
which are parametrized by the triple (θW,W ,θW,L,θL,L) that belongs to the unit hypercube [0,1]3),
and nearly 90% of the parameter-space (which, as already mentioned, is [0,1]3) is covered by these
results. However, no general method has been found yet that is able to establish ergodicity when
sufficiently small neighbourhoods of (1,0,0) and (1,1,0) are considered. Our results in Chapter 4
are able to cover quite a significant chunk of the neighbourhood around (1,0,0).

Coming to Chapter 3, we see that one of the two PCAs considered has an alphabet of car-
dinality 2, a neighbourhood-marking set of cardinality 3, and is parametrized by the four-tuple
(θW,W,W ,θW,W,L,θW,L,L,θL,L,L) which belongs to the four-dimensional unit hypercube [0,1]4. Our
result establishes the ergodicity of this PCA over the entire parameter-space [0,1]4 – a feat that is
not, in general, possible to achieve using traditional means. In Chapter 5, yet another generaliza-
tion is considered by allowing for heterogeneity of the neighbourhood-marking set depending on
the parity of the cell or site concerned. In this work, as well, we are able to establish ergodicity
over a significant portion of the parameter-space (which is, once again, the unit hypercube [0,1]3)
whereas general means for proving ergodicity rigorously are not always able to address certain
neighbourhoods of this parameter-space.
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Chapter 2

k-jump Galton-Watson Games
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Preface
This chapter is based on the following paper:

• Bhasin D. and Podder M. “Combinatorial games on Galton-Watson trees involving several-
generation-jump moves” – Moscow Journal of Combinatorics and Number Theory, Volume
13(1), Pages 1–58, 2024. DOI: https://doi.org/10.2140/cnt.2024.13.1.

8

https://doi.org/10.2140/cnt.2024.13.1


2.1 Introduction

The simplest yet intriguing versions of the normal and misère games on rooted random trees were
studied in [61]. Each game involves two players (henceforth addressed as P1 and P2) and a token,
and requires visualizing a given rooted tree as a directed graph in which an edge between a parent
vertex u and its child v is assumed to be directed from u to v. In each game, the players take turns
to move the token along these directed edges. In a normal game, the first player to get stuck at a
leaf vertex (i.e. unable to move the token any further) loses, whereas in a misère game, this same
player wins. The two games share a fair amount of similarities in their analysis, but the objective of
each player in a normal game is precisely the opposite of that in a misére game. While the authors
of [61] provide an incredibly thorough analysis of these two games when played on rooted Galton-
Watson (henceforth abbreviated as GW) trees, they also pose several open questions. Our work
in this chapte delves deeper into the fascinating world of these two-player combinatorial games
and asks: what if we do not restrict the players to only single-generation moves? In other words,
instead of allowing each player, when it is her turn, to move the token from its current position u to
a child of u, we now permit her to move the token from u to any descendant of u that is at a distance
at most k away from u, where k > 1 is a pre-assigned positive integer. We call the corresponding
versions of the normal and misére games the k-jump normal and k-jump misère games respectively.

2.1.1 Introduction to the games

We begin with a description of the rooted GW trees on which our games are played. A Galton-
Watson branching process (henceforth denoted Tχ ), introduced in [105] and independently studied
in [17] as a model to investigate the extinction of ancestral family names, begins with a root φ

giving birth to a random number X0 of children where X0 follows the offspring distribution χ (a
probability distribution supported on the set N0 of non-negative integers). If X0 = 0, we stop the
process, whereas if X0 = m for some m ∈ N, the children of φ are named v1, . . . ,vm, and vi gives
birth to Xi children with X1, . . . ,Xm i.i.d. χ . Thus the process continues, and the resulting tree is
infinite with positive probability iff the expectation of χ exceeds 1. We refer the reader to [7], [5]
and [6] for further reading on GW trees.

We now come to a formal description of the games studied in this chapter. Given any realization
T of Tχ , any vertex u in T , and i ∈ N, let Γi(u) denote the set of all descendants v of u (excluding
u itself) such that the distance between u and v is at most i. The vertex at which the token is placed
at the beginning of a game is known as the initial vertex. The players P1 and P2 take turns to make
moves (with P1 moving in the first round), where a move constitutes relocating the token from its
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current position, which is some vertex u in T , to a vertex v ∈ Γk(u), where k ∈ N is fixed a priori.
The player who is unable to make a move loses the k-jump normal game. Hence, in this game,
each of P1 and P2 strives to relocate the token, obeying the rules of the game, from its current
position to a leaf vertex of T , thereby making her opponent lose in the next round. On the other
hand, the player who is unable to make a move wins the k-jump misère game. Therefore, in this
game, each of P1 and P2 strives to force her opponent to relocate the token to a leaf vertex of T ,
thereby ensuring that she herself wins the game in the next round.

It is important to note here that a realization T of the random tree Tχ is first generated and then
revealed in its entirety to both P1 and P2, before the game begins. These games are thus complete

information games. We also assume that P1 and P2 are both intelligent agents who play optimally,
i.e. when a game is destined to end in a decision, the player who wins tries to end the game in as
few rounds as possible, while the player who loses tries to prolong the game as much as possible.

2.1.2 Motivations for studying these games

The primary motivation for studying these games stems from our interest in examining how allow-
ing each player more room to maneuver in each round ends up affecting the probability of each
possible outcome (these outcomes being a win for P1, a loss for P1, and a draw for both players).
It is also imperative that we view the k-jump versions of the games as broad generalizations of the
versions studied in [61].

It turns out that it is rather hard to draw a direct, analytical comparison between the (1-jump)
normal and misère games studied in [61] on one hand and the corresponding k-jump versions (for
k > 2) on the other, even though our intuitions may suggest otherwise. Almost all such questions
remain open and unexplored. For the commonly studied regime where the offspring distribution χ

of the GW tree is Poisson(λ ), we analytically compare the 1-jump normal game with the 2-jump
normal game for sufficiently large values of λ in Theorem 2.1.9. Further comparisons can be
drawn visually by plotting the curves corresponding to n`1, n`2 and n`3, the curves corresponding
to nw1, nw2 and nw3, and the curves corresponding to nd1, nd2 and nd3, as functions of λ , when
χ is Poisson(λ ) (see Figures 2.1, 2.2 and 2.3). Here n`k, nwk and ndk respectively denote the
probabilities of P1’s loss, P1’s win, and a draw in the k-jump normal game (see §2.1.3 for detailed
definitions).

While direct comparisons seem difficult to deduce analytically for k > 3, it is illuminating to ex-
plore the many characteristics of the functions Hk (see Theorem 2.1.1) and Jk (see Theorem 2.1.2)
whose minimum positive fixed points equal the probabilities n`k and m`k of P1 losing the k-jump
normal game and the k-jump misère game respectively. It is instructive to examine how these func-
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Figure 2.1: Comparing probabilities n`k of P1 losing as functions of λ , for k = 1,2,3

Figure 2.2: Comparing probabilities nwk of P1
winning as functions of λ , for k = 1,2,3

Figure 2.3: Comparing probabilities ndk of draw
as functions of λ , for k = 1,2,3

tions behave for various values of k ∈N. Analyzing these functions is the key to understanding the
probabilities of the various possible outcomes of the k-jump games, and comparing and contrast-
ing Hk (respectively Jk) for different values of k is instrumental in comparing and contrasting the
games themselves.

For a quick appraisal of how Hk (respectively Jk) behaves as we vary k, and the pivotal roles
they play in determining various characteristics of the probabilities n`k, nwk, ndk (respectively m`k,
mwk, mdk), we mention here some of our findings that have been described in detail later on. In
§2.2.2, we show that Hk (and likewise, Jk, as mentioned in §2.3) is increasing on [0,ck−1]⊂ [0,1],
where {[0,ck]}k forms a sequence of steadily shrinking intervals (see Lemma 2.2.2). The proof is
far more involved for higher values of k than when we consider k = 1 (in fact, for k = 1, we have
H1 and J1 defined and increasing on the entire interval [0,1]). In §2.6, it takes considerable work
to show that when the offspring distribution χ is Poisson(λ ) with λ > 2, the function H2 is strictly
convex on the interval [0,c2]. Plotting H2 for various values of λ (see, for example, Figure 2.4,
where λ = 5 has been considered) seems to suggest that H2 is, in fact, not convex on the interval
(c2,c1]. When χ is Poisson(λ ), the second assertion of Theorem 2.1.4 sheds light on the decay
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rate of n`k for all values of k as λ → ∞, whereas Theorem 2.1.6 provides an even stronger result
on the decay rate of n`k when k = 2. It is through a careful analysis of the derivative of Hk at the
point ck that we obtain Theorems 2.1.4 and 2.1.5, both of which shed light on the phase transition

phenomenon pertaining to the draw probability ndk when χ is Poisson(λ ), i.e. how the value of ndk

evolves from 0 to strictly positive as λ is increased gradually. The magnitude of H ′k(ck) also plays a
role, in Theorem 2.1.10, in determining if the expected duration of a k-jump normal game is finite.
Finally, comparing H2 with J2 enables us to compare the probabilities of the various outcomes of
the 2-jump normal game with those of the 2-jump misère game in Theorem 2.1.7, while comparing
H2 with H1 allows a similar comparison between the 1-jump normal game and the 2-jump normal
game in Theorem 2.1.9.

Figure 2.4: The function H2 is not convex between c2 ≈ 0.095 and c1 ≈ 0.265, when χ is
Poisson(5)

A second, and perhaps equally compelling, motivation arises from viewing these games as
tools for understanding a generalized notion of finite state tree automata (henceforth abbreviated
as FSTA). As such, the simplest FSTA is a state machine that comprises a finite set Σ= {1,2, . . . ,r}
of states or colours, and a rule f1, which is a function : Nr

0→ Σ, such that if a vertex v in a rooted
tree has ni children that are in state i for each i ∈ Σ, then the state of v is given by f1(n1,n2, . . . ,nr).
Given a fixed k ∈ N, a generalized depth-k FSTA (henceforth abbreviated as a k-GFSTA), with
rule fk, extends the above definition as follows: given a rooted tree T , a vertex v of T and an
assignment σ : Γk(v)→ Σ of states to the vertices of Γk(v) (recall from above that Γk(v) is the set
of all descendants of v, other than v itself, that are at distance at most k away from v), the state of v,
as dictated by this k-GFSTA, is given by fk

(
(σ(w) : w ∈ Γk(v))

)
. For instance, a rule fk : Nr

0→ Σ

may be considered such that if there are ni vertices in Γk(v) that are in state i for each i ∈ Σ, then
the state of v is given by fk(n1,n2, . . . ,nr). Denoting by NWk the set of vertices v such that P1 wins
the k-jump normal game that starts at v, by NLk the set of vertices v such that P1 loses the k-jump
normal game that starts at v, and by NDk the set of vertices v such that the k-jump normal game that
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starts at v ends in a draw (see also §2.1.3 for these definitions), we obtain a k-GFSTA with the state
space Σ = {NWk,NLk,NDk} and the rule fk defined by (2.2.1) and (2.2.2). Yet another k-GFSTA
is obtained from the recurrence relations (2.3.1) and (2.3.2) arising from the k-jump misère game.
It is evident that studying these games may pave the way for a deeper understanding of k-GFSTAs
for large values of k, the associated recursive distributional equations and their fixed points.

A fixed point of an FSTA is a probability distribution ν on the state space Σ such that if the
children of the root φ of a GW tree Tχ are assigned i.i.d. states from Σ, each following the common
law ν , then the induced (random) state (via the rule f1) at φ also follows the law ν . Let T be the
set of all possible rooted trees, and let, for any vertex v in a rooted tree T , T (v) denote the subtree
that comprises v and all its descendants. A map ι : T → Σ is called an interpretation of the FSTA
if assigning the state or colour ι(T (v)) to each vertex v of any arbitrary rooted tree T gives us a
colouring of the entire tree T that is consistent with the rule f1 of the FSTA. We call a fixed point
ν of the FSTA interpretable if there exists an interpretation ι of the FSTA with ι(Tχ) following
the law ν . Necessary and sufficient conditions for fixed points of a certain class of FSTAs to be
interpretable were addressed in [62]. We mention here that the notion of interpretability ties in
closely with the concept of endogeny (see, for instance, §2.4, and in particular, Definition 7, of [2],
as well as [71], [72], [75], [89], [88]).

Let us understand how one may extend the above-mentioned notion of fixed points to the case of
the 2-GFSTA obtained from the 2-jump normal game (with its rule f2 given by (2.2.1) and (2.2.2)
for k = 2). Let C0,1 denote the set of all vertices v such that v has at least one child whose state is
NL2, C0,2 the set of all vertices v such that v has no child in state NL2 but at least one grandchild
in state NL2, and C1,2 the set of all vertices v such that every child of v is in state NW2 and at least
one grandchild of v is in state NL2. It is immediate from these definitions that C1,2 ⊂ C0,2. We
mention here that these subsets are analogous to those defined in (2.2.6) (with the superscripts n,
n+1 etc. removed).

We now describe the recurrence relations (these have been elaborated upon in §2.2 for the
general case of any k ∈ N) that tie the above-mentioned subsets together. A vertex v is in NW2 if
and only if it is either in C0,1 or C0,2, which is equivalent to saying that v either has a child that is
in NL2 or a child that is in C0,1. A vertex v is in NL2 if and only if either v is childless or every
child of v is in C1,2. In all other situations, v is in ND2. We further note that v is in C0,1 if and
only if at least one child of v belongs to NL2. It is in C1,2 if and only if all its children are in NW2

and at least one of its children is in C0,1, which is equivalent to saying that all children of v are in
C0,1∪C0,2 and at least one of them is in C0,1. Finally, v is in C0,2 if none of its children is in NL2

but at least one of them is in C0,1.

13



We assign i.i.d. states from the state space Σ= {C0,1,C1,2,C0,2\C1,2,NL2,ND2} to the children
of the root φ of the GW tree Tχ according to the common law ν , where we set p0,1 = ν [C0,1],
p1,2 = ν [C1,2], p0,2 = ν [C0,2] (so that ν [C0,2\C1,2] = p0,2− p1,2), n`2 = ν [NL2] and nd2 = ν [ND2].
For ν to be a fixed point of this 2-GFSTA, the random state induced at φ must follow the law ν

as well. This requires that the following equations, derived from the above-mentioned recurrence
relations, hold:

n`2 =
∞

∑
m=0

pm
1,2χ(m) = G(p1,2), (2.1.1)

p0,1 =
∞

∑
m=1

[1− (1−n`2)
m]χ(m) = 1−G(1−n`2) , (2.1.2)

p1,2 =
∞

∑
m=1

[
(p0,1 + p0,2)

m− pm
0,2
]

χ(m) = G(p0,1 + p0,2)−G(p0,2) , (2.1.3)

p0,2 =
∞

∑
m=1

[(1−n`2)
m− (1−n`2−p0,1)

m]χ(m) = G(1−n`2)−G(1−n`2−p0,1) , (2.1.4)

where χ(m) denotes the probability of φ having m children, for m ∈ N0, and G indicates the
probability generating function corresponding to χ . The above equations are used to solve for the
fixed point ν . Note that we do not need a separate equation for nd2 since nd2 = 1−n`2−p0,1− p0,2.

It is obvious that the sets C0,1, C1,2, C0,2\C1,2, NL2 and ND2 that arise out of the 2-jump normal
game itself provide an interpretation ι of the above 2-GFSTA with ι(Tχ) following the law ν . But
there are questions pertaining to interpretability that remain open when the system of equations
constituting (2.1.1), (2.1.2), (2.1.3) and (2.1.4) does not yield a unique solution for ν . For instance,
Theorem 2.1.1 asserts that n`2 is the minimum positive fixed point of H2, whereas Corollary 2.4.2
tells us that c2 is also a fixed point of H2. From Theorem 2.1.5, we see that when χ is Poisson(λ ),
we have n`2 < c2 for all λ > λc for λc ≈ 2.41. So now we ask: is the probability distribution
obtained by replacing n`2 by c2 (and computing the corresponding values of p0,1, p0,2, p1,2 and
nd2 from (2.1.1), (2.1.2), (2.1.3) and (2.1.4)) interpretable in the sense described earlier (see the
definition for interpretability of fixed points of FSTAs in the previous page)? For higher values of
k, Hk may have several fixed points other than these two, and understanding the interpretability of
the corresponding probability distributions is also of interest to us.

A third motivation for investigating these games arises from our speculation that these games
may serve as precursors to more complicated versions where, for example, each round involves
choosing one of P1 and P2 uniformly randomly and then allowing her to make a move (where a
move involves relocating the token from its current vertex to a child of that vertex), but ensuring
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that no player is chosen for more than k consecutive rounds, where k is a pre-fixed positive integer.

2.1.3 Notations and some definitions

Given a rooted tree T , we denote by V (T ) its vertex set. As previously mentioned, for u ∈ V (T ),
we define Γi(u), for i ∈ N, as the set of descendants v of u (not including u itself) with ρ(u,v)6 i,
where ρ denotes the graph metric on T . As mentioned above in §2.1.2, we shall denote by G

the probability generating function (pgf) of the offspring distribution χ of the GW tree Tχ , i.e.
G(x) = ∑

∞
i=0 xiχ(i) for any x∈ [0,1]. All offspring distributions χ considered in this chapter satisfy

0 < χ(0)< 1.
Given k ∈ N, we define NLk (or simply NL when the value of k is clear from the context) to

be the set of all vertices v ∈ V (Tχ) such that if v is the initial vertex, then P1, who plays the first
round, loses the k-jump normal game. Likewise, let NWk (or simply NW) denote the set of all
v ∈ V (Tχ) such that if v is the initial vertex, then P1, playing the first round, wins the k-jump
normal game. Let NDk (or simply ND) denote the set of all v ∈ V (Tχ) such that if v is the initial
vertex, the k-jump normal game ends in a draw.

It is important to consider refinements of the above subsets of vertices in order to understand
the probabilities of the game’s outcomes better. For every n ∈ N, we define NL(n)

k (or NL(n) when
the value of k is unambiguous from the context) to be the subset of NLk comprising vertices v such
that if v is the initial vertex, the k-jump normal game lasts for less than n rounds. Likewise, NW(n)

k

(or simply NW(n)) is the subset of NWk comprising vertices v such that the k-jump normal game
starting at v ends in less than n rounds. We define ND(n) = ND(n)

k =V (Tχ)\
[
NL(n)

k ∪NW(n)
k

]
, or

in other words, v ∈ ND(n)
k iff the k-jump normal game starting at v lasts for at least n rounds. We

set NL(0)
k = NW(0)

k = /0. By definition, we have NL(n)
k ⊂ NL(n+1)

k and NW(n)
k ⊂ NW(n+1)

k for all
n ∈ N0.

We define n`k to be the probability of the event that the root φ of Tχ belongs to NLk, whereas
for each n∈N, we define n`(n)k to be the probability of the event that φ belongs to NL(n)

k . Likewise,
we define nwk, nw(n)

k , ndk and nd(n)k . From above, we have n`(0)k = nw(0)
k = 0. Once again, the

subscript k is dropped whenever its value is clear from the context. From the last line of the
previous paragraph, we get

n`(n)k 6 n`(n+1)
k and nw(n)

k 6 nw(n+1)
k for all n ∈ N0. (2.1.5)

The corresponding subsets for the k-jump misére games are denoted by MLk, MWk, MDk, ML(n)
k ,

MW(n)
k and MD(n)

k , and the corresponding probabilities by m`k, mwk, mdk, m`
(n)
k , mw(n)

k and md(n)k
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(as above, the subscript is removed when the value of k is clear from the context).

2.1.4 Main results

We begin by introducing a couple of sequences of functions that are defined recursively. The first
is {Fi}i∈N0 , where F0(x) = 1 for x ∈ [0,1], and Fi : [0,ci−1]→ [0,1], for all i ∈ N, is defined as

Fi(x) = G(Fi−1(x)− x), x ∈ [0,ci−1], (2.1.6)

where recall that G is the pgf of χ , and ci is the unique (as shown in Lemma 2.2.2) fixed point of
Fi. The second sequence of functions {gi}i∈N is defined as follows. The function g1 : R2→ R is
defined as g1(x,y) = x− y, and having defined gi−1 for any i > 2, we define gi : Di→ R as

gi(x0,x1, . . . ,xi) = G(gi−1(x0,x2, . . . ,xi))−G(gi−1(x1,x2, . . . ,xi)), (x0,x1, . . . ,xi) ∈Di, (2.1.7)

where the sets Di are also recursively defined, as follows:

Di = {(x0,x1, . . . ,xi) : gi−1(x0,x2, . . . ,xi) ∈ [0,1],gi−1(x1,x2, . . . ,xi) ∈ [0,1]}. (2.1.8)

As an example, D2 = {(x0,x1,x2) : x2 6 x0 6 x2 + 1,x2 6 x1 6 x2 + 1}. The motivation
behind defining Di this way is to simply ensure that the arguments gi−1(x0,x2, . . . ,xi) and
gi−1(x1,x2, . . . ,xi) of the function G in (2.1.7) belong to the domain [0,1] on which G is defined.

Theorem 2.1.1. Consider the k-jump normal game for k ∈ N. Define the function Hk : [0,ck−1]→
[0,1] as

Hk(x) = G(gk(F0(x),F1(x), . . . ,Fk(x))). (2.1.9)

Then n`k is the minimum positive fixed point of Hk. Moreover, nwk = 1−Fk(n`k).

Some discussions are in order regarding the functions defined above, as they form an integral
part of the results in this chapter. First, we compare the findings of Theorem 2.1.9 with those of
Theorem 1 (i) of [61]. Let us define the function R(x) = 1−G

(
1−G(x)

)
for x ∈ [0,1]. According

to the notation used in this chapter, Theorem 1 (i) of [61] states that 1−n`1 equals the maximum
fixed point and nw1 the minimum fixed point of R(x) in [0,1]. From our definitions of g1 and F0,
(2.1.6) and (2.1.9), we see that H1(x) = G

(
1−G(1− x)

)
. For any y ∈ [0,1], we observe that 1− y
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is a fixed point of R(x) if and only if

1− y = 1−G
(
1−G(1− y)

)
⇐⇒ y = G

(
1−G(1− y)

)
= H1(y),

which is equivalent to y being a fixed point of H1(x). This observation immediately reveals that
n`1 is the minimum fixed point of H1(x) in [0,1] if and only if 1−n`1 is the maximum fixed point
of R(x) in [0,1], i.e. our conclusion about n`1 from Theorem 2.1.1 matches with what Theorem 1
(i) of [61] yields. Moreover, for every y ∈ [0,1] that is a fixed point of H1(x), we observe that

1−F1(y) = 1−G(1− y) = 1−G
(
1−H1(y)

)
= R

(
1−G(1− y)

)
= R(1−F1(y)),

showing that 1−F1(y) is a fixed point of R(x) in [0,1]. Conversely, under the assumption that G is
a strictly increasing function on [0,1] (which is true whenever χ(0)< 1), we observe that 1−F1(y)

is a fixed point of R(x) in [0,1], for y ∈ [0,1], if and only if

R
(
1−F1(y)

)
= 1−F1(y)⇐⇒ G

(
1−G

(
1−F1(y)

))
= F1(y)

⇐⇒ G
(
1−G

(
1−G(1− y)

))
= G(1− y)⇐⇒ 1−G

(
1−G(1− y)

)
= 1− y⇐⇒ H1(y) = y,

thus showing us that y is a fixed point of H1(x) in [0,1]. The last two observations tell us that y is
a fixed point of H1(x) in [0,1] if and only if 1−F1(y) is a fixed point of R(x) in [0,1]. Since F1 is
strictly decreasing on [0,1] and n`1 has already been shown above to be the minimum fixed point of
H1(x) in [0,1], this establishes that 1−F1(n`1) must be the minimum fixed point of R(x) in [0,1],
thus showing that our conclusion about nw1 from Theorem 2.1.1 matches with what Theorem 1 (i)
of [61] yields.

We now try to give the reader an idea as to how the functions in (2.1.6), (2.1.7) and (2.1.9) come
to be defined, without going into the actual technical details (which have been laid out fully in the
proof of Theorem 2.1.1 in §2.2), and to this end, we focus on the case of k = 2. This case has
already been discussed, to some extent, in §2.1.2. In §2.1.2, along with NW2, NL2 and ND2, we
defined the subsets C0,1, C0,2 and C1,2, described the recurrence relations that tie these subsets to
one another, and derived Equations (2.1.1), (2.1.2), (2.1.3) and (2.1.4) that relate the probabilities
n`2, nd2, p0,1, p0,2 and p1,2 with each other (where pi, j is the probability that the root of Tχ belongs
to Ci, j, for 0 6 i < j 6 2).

From the definition of F0 and (2.1.6), we have F1(n`2) = G(1− n`2) and F2(n`2) = G
(
G(1−

n`2)− n`2
)
. Using the expression for F1 and the definition of g1, it becomes immediate from

(2.1.2) that p0,1 = g1
(
F0(n`2),F1(n`2)

)
. Using the expressions for F1 and F2 and Equations (2.1.2)
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and (2.1.4), we have

p0,2 = G(1−n`2)−G(1− p0,1−n`2) = F1(n`2)−G(G(1−n`2)−n`2)

= F1(n`2)−F2(n`2) = g1
(
F1(n`2),F2(n`2)

)
.

From (2.1.2), (2.1.3), (2.1.4) and (2.1.7), we see that

p1,2 = G
(
1−F2(n`2)

)
−G

(
g1
(
F1(n`2),F2(n`2)

))
= G

(
g1
(
F0(n`2),F2(n`2)

))
−G

(
g1
(
F1(n`2),F2(n`2)

))
= g2

(
F0(n`2),F1(n`2),F2(n`2)

)
.

These ideas extend to the general case of arbitrary k ∈ N, with the identity pi, j,n =

gi+1
(
Fj−i−1(n`k),Fj−i(n`k),Fk−i+1(n`k), . . . ,Fk(n`k)

)
being true for all 0 6 i < j 6 k (see

Lemma 2.2.3 and its proof for a better understanding of this fact). We now use the expression
for p1,2 derived above, (2.1.1) and (2.1.9) to conclude that n`2 is indeed a fixed point of H2(x)

in [0,1]. Although the proof of Theorem 2.1.1 is rather involved when arbitrary values of k are
considered, we hope that the above exposition, for k = 2, helps to shed some light on how our
argument proceeds, how the recursive definitions of the functions in (2.1.6), (2.1.7) and (2.1.9)
arise etc.

In order to state, for the case of k-jump misère games, the result that is analogous to Theo-
rem 2.1.1, we introduce yet another sequence of functions {γi}i∈N that bears significant resem-
blance to (2.1.7). Setting γ1 ≡ g1, for each i > 2 we define γi : D ′i → R recursively as

γi(x0,x1, . . . ,xi) = G(χ(0)+ γi−1(x0,x2, . . . ,xi))−G(χ(0)+ γi−1(x1,x2, . . . ,xi)) , (2.1.10)

where the sets D ′i are recursively defined as D ′i = {(x0,x1, . . . ,xi) : χ(0) + γi−1(x0,x2, . . . ,xi) ∈
[0,1],χ(0)+ γi−1(x1,x2, . . . ,xi) ∈ [0,1]}.

Theorem 2.1.2. Consider the k-jump misère game, k ∈N. Define the function Jk : [0,ck−1]→ [0,1]
as

Jk(x) = G(χ(0)+ γk(F0(x),F1(x), . . . ,Fk(x)))−χ(0). (2.1.11)

Then m`k is the minimum positive fixed point of Jk. Moreover, mwk = 1−Fk(m`k)+χ(0).

We mention here, for the convenience of the reader, that much of the proof of Theorem 2.1.2
unfolds the same way as that of Theorem 2.1.1, and the motivations behind the recursive defintions
of the functions in (2.1.10) and (2.1.11) are very similar to those behind the recursive definitions
of the functions in (2.1.7) and (2.1.9) respectively.
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Theorem 2.1.3 provides bounds on n`k and m`k, and necessary and sufficient conditions for the
draw probabilities ndk and mdk to be positive. Recall that ck is the (unique, by Lemma 2.2.2) fixed
point of Fk.

Theorem 2.1.3. For every k ∈ N, we have χ(0) < n`k 6 ck and m`k 6 ĉk, where ĉk is the unique

point of intersection between y = Fk(x) and y = Jk(x)+χ(0) in (0,ck−1). Moreover, ndk > 0 if and

only if n`k < ck and mdk > 0 if and only if m`k < ĉk.

It is worthwhile to note that when the offspring distribution χ of Tχ has expectation bounded
above by 1, Tχ is finite almost surely, which, for any fixed k, forces the k-jump normal game
starting at the root φ of Tχ to end in a finite number of rounds almost surely. Consequently, the
probability of draw in such a situation is 0. In particular, this tells us that when χ is Poisson(λ ) for
λ 6 1, the probability that the k-jump normal game results in a draw is 0. Theorem 2.1.4 is of an
asymptotic nature, asserting that when χ is Poisson(λ ), the probability of the k-jump normal game
ending in a draw eventually becomes strictly positive as we keep increasing λ . Evidently, this
gives rise to a phase transition phenomenon in that, the probability ndk = ndk,λ of the event that a
k-jump normal game played on a rooted Galton-Watson tree with Poisson(λ ) offspring results in a
draw goes from being equal to 0 for λ 6 1 to being strictly positive for all λ large enough.

Theorem 2.1.4. Fix any k ∈ N. When the offspring distribution χ is Poisson(λ ), we have ndk =

ndk,λ > 0 for all λ sufficiently large. We also have λ k−1 n`k = λ k−1 n`k,λ → 0 as λ → ∞.

Theorem 2.1.5 provides a more nuanced insight into the phase transition phenomenon when k = 2:

Theorem 2.1.5. For λ > 2, the function H2 = H2,λ is strictly convex on the interval [0,c2] =

[0,c2,λ ]. The slope of H2,λ at c2,λ is strictly increasing as a function of λ , for all λ > 1. As a

consequence of these two facts, there is a unique critical λc ≈ 2.41 such that for all 2 6 λ < λc we

have nd2 = nd2,λ = 0, and for all λ > λc, we have nd2,λ > 0.

The next result is an especially strong one as it sheds light on the rate of decay of n`k,λ , when
k = 2 and the offspring distribution is Poisson(λ ), as λ → ∞.

Theorem 2.1.6. We have limλ→∞ λ i n`2,λ = 0 for all i ∈ N.

Theorem 2.1.7 compares the 2-jump normal game with the 2-jump misère game (see Proposi-
tion ?? for a more precise description of the values of λ for which the first of the three inequalities
is shown to hold analytically), while Theorem 2.1.9 compares the 1-jump normal game with the
2-jump normal game, when all of these games are played on Tχ with χ being Poisson(λ ).
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Theorem 2.1.7. When k = 2 and χ is Poisson(λ ), we have m`2,λ 6 n`2,λ , nd2,λ < md2,λ and

m`2,λ 6 n`2,λ < nw2,λ for all λ sufficiently large.

Remark 2.1.8. From Theorems 2.1.6 and 2.1.7, we conclude that limλ→∞ λ i m`2,λ = 0 for all

i ∈ N.

Theorem 2.1.9. When k = 2 and χ is Poisson(λ ), we have n`2,λ 6 n`1,λ , nd2,λ < nd1,λ and

nw1,λ < nw2,λ for all λ sufficiently large.

Our final result goes back to general offspring distributions χ , and concerns itself with average
durations of k-jump normal games. We conjecture, from the patterns noticed in its proof, that
the second assertion of Theorem 2.1.10 can be extended to any k ∈ N, though we cannot seem to
provide an intuitive argument as to why such a relation should be true.

Theorem 2.1.10. For any fixed k, when n`k = ck and max
{

H ′k(ck),
∣∣F ′k(ck)

∣∣} < 1, the expected

duration of the k-jump normal game is finite. Moreover, for k = 2,3, if n`k = ck and
∣∣F ′k(ck)

∣∣< 1,

then once again, the expected duration is finite.

It is worthwhile to note here that while the condition n`k = ck alone does guarantee that ndk = 0
(by Theorem 2.1.3) and hence the k-jump normal game ends almost surely in a finite number of
rounds, it does not automatically imply that the expected number of rounds is going to be finite as
well.

2.1.5 A brief discussion of the literature on combinatorial games

Before we plunge into our exploration of the k-jump normal and k-jump misère games, the rich
and variegated literature on combinatorial games that has developed over the past several decades
deserves some delineation. This extremely broad class of games (see, for example, [47] and [48]
for a general introduction) constitutes primarily two-player games with perfect information, no
chance moves, and the possible outcomes being victory for one player (and loss for the other) and
draw for both players. Aside from being utilized in studying mathematical problems that belong
to complexity classes harder than NP, these games have intimate connections with disciplines such
as mathematical logic, automata theory, complexity theory, graph and matroid theory, networks,
error-correcting codes, online algorithms. Outside of mathematics, these games find applications
in biology, psychology, economics, insurance, actuarial studies and political sciences.

[60] studies percolation games on oriented Euclidean lattices. Each site of Z2, independent of
all other sites, is marked a “trap” or a “target” or “open” with probabilities p, q and 1− p− q
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respectively, and the two players take turns to move a token from its current position (x,y) to either
(x+ 1,y) or (x,y+ 1). If a player moves to a target, she wins immediately, and if she moves to
a trap, she loses immediately. The game’s outcome can be interpreted in terms of the evolution
of a one-dimensional discrete-time probablistic cellular automaton (PCA) – specifically, the game
having no chance of ending in a draw is shown to be equivalent to the ergodicity of this PCA. [60]
also establishes a connection between the trapping game (i.e. where q = 0) on directed graphs in
higher dimensions and the hard-core model on related undirected graphs with reduced dimensions.
[12] studies the trapping game on undirected graphs, where the players take turns to move the
token from the vertex at which it is currently located to an adjacent vertex that has never been
visited before, and the player unable to make a move loses (note the evident connection between
this game and the normal game described above). The outcome of this game is shown to have
close ties with maximum-cardinality matchings, and a draw in this game relates to the sensitivity of
such matchings to boundary conditions. [104] studies a related, two-person zero-sum game called
exploration on a rooted distance model, to analyze minimum-weight matchings in edge-weighted
graphs. In a related game called slither ([4]), the players take turns to claim yet-unclaimed edges
of a simple, undirected graph, such that the chosen edges, at all times, form a path, and whoever
fails to move, loses. This too serves as a tool for understanding maximum matchings in graphs.

Bearing some resemblance to slither are the maker-breaker positional games ([58]), involving
a set X , a collection F of subsets of X , and positive integers a and b. The players named Maker

and Breaker take turns to claim yet-unclaimed elements of X , with Maker choosing a elements
at a time and Breaker b elements at a time, until all elements of X are exhausted. Maker wins
if she has claimed all elements of a subset in F . When this game is played on a graph, the
players take turns to claim yet-unclaimed edges, and Maker wins if the subgraph induced by her
claimed edges satisfies a desired property (e.g. it is connected, or it forms a clique of a given
size, a Hamiltonian cycle, a perfect matching or a spanning tree). The game is unbiased when
a = b, and biased otherwise. This game has intimate connections with existential fragments of
first order and monadic second order logic on graphs. [98] and [99] study the threshold probability
p = pc beyond which Maker has a winning strategy when this game is played on Erdős-Rényi
random graphs G(n, p); [100] studies the game for Hamiltonian cycles on the complete graph
Kn; [14] studies the game on random geometric graphs; [45] studies the critical bias b∗ of the
(1 : b) biased game on G(n, p(n)) for p(n) = Θ(lnn/n). In addition, [98] studies the game where
Maker wins if she can claim a non-planar graph or a non-k-colourable graph. [32] indicates a deep
connection between positional games on complete graphs and the corresponding properties being
satisfied by a random graph, and this is consistent with Erdős’ probabilistic intuition, which states
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that the course of a combinatorial game between two players playing optimally often resembles
the evolution of a purely random process. Finally, the Ehrenfeucht-Fraı̈ssé games comprise yet
another extensive subclass of combinatorial games that play a pivotal role in our understanding of
first and monadic second order logic on random rooted trees and random graphs (see, for example,
[94, 95, 96, 65, 18, 81, 102, 80, 106, 67, 76, 107, 90, 83, 84, 59, 82]).

2.1.6 Organization of this chapter

Theorem 2.1.1 is proved in §2.2, with the two main parts addressed in §2.2.1 and §2.2.2
(Lemma 2.2.2, Lemma 2.2.3 and Equation (2.2.14) are proved in §2.10.1 of the Appendix). The
(very similar) proof of Theorem 2.1.2 is briefly discussed in §2.3. Theorem 2.1.3 is proved in
§2.4, Theorem 2.1.4 in §2.5 (Lemmas 2.5.1 and 2.5.2 proved in §2.10.2 of the Appendix), and
Theorem 2.1.5 is proved in §2.6 (Lemmas 2.6.1 through 2.6.6 proved in §2.10.3 of the Appendix).
Theorems 2.1.6 and 2.1.7 are proved in §2.7 (Lemma 2.7.1 proved in §2.10.4 of the Appendix),
Theorem 2.1.9 is proved in §2.8, and the proof of Theorem 2.1.10 is covered in §2.9.

2.2 Proof of Theorem 2.1.1

Fix k ∈N throughout §2.2, and hence the subscript k is dropped from notations used in this chapter
(for instance, NWk is replaced by NW, NW(n)

k is replaced by NW(n) etc.). We begin by deducing
the two most fundamental recurrence relations pertaining to the k-jump normal game. For a vertex
u to be in NW, P1 must be able to move the token, in the first round, to some descendant v of u in
Γk(u) such that, if we now consider the game that starts at v and P2 plays the first round, P2 loses.
In other words, such a v must be in NL (note here that the symmetric roles of the two players is
crucial). Thus

u ∈ NW⇔∃ v ∈ Γk(u) such that v ∈ NL⇔ Γk(u)∩NL 6= /0. (2.2.1)

For a vertex u to be in NL, either u is childless, in which case P1 is unable to make her very first
move, or else every vertex v in Γk(u) is such that, if P1 moves the token there, then the game that
begins at v with P2 playing the first round is won by P2. In other words, every v in Γk(u) must
belong to NW. Thus we have

u ∈ NL⇔ Γ1(u) = /0 or v ∈ NW for every v ∈ Γk(u)⇔ Γk(u)⊂ NW . (2.2.2)
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Next, we establish a compactness result which shows that, if a player is able to win the k-jump
normal game on a rooted tree which is locally finite (i.e. every vertex of the tree has finite degree),
then she can guarantee to do so within a finite number of rounds which can be specified in advance.
Mathematically, this result can be stated as follows:

Lemma 2.2.1. In any k-jump normal game, we have NW =
⋃

∞
n=1 NW(n) and NL =

⋃
∞
n=1 NL(n).

This result is proven essentially the same way as Proposition 7 of [61], but we include a proof
nonetheless (see §2.10.1 of the Appendix) for the sake of completeness of this work. We note here
that the offspring distribution χ that we consider for Tχ is supported on N0, hence the (random)
number of children of any vertex of Tχ is almost surely finite.

As a consequence of Lemma 2.2.1, we have NL(n) ↑ NL and NW(n) ↑ NW as n ↑ ∞, which in
turn yields

lim
n→∞

n`(n) = n` and lim
n→∞

nw(n) = nw . (2.2.3)

The two main parts of the proof of Theorem 2.1.1 are outlined as follows: in §2.2.1, we show that
n` is a fixed point of the function Hk, and in §2.2.2, we prove that n` is, in fact, the minimum
positive fixed point of Hk.

2.2.1 Showing that n`k is a fixed point of Hk

For a vertex u to be in NW(n+1) for any n ∈ N, there must exist some v ∈ Γk(u) such that, in the k-
jump normal game that begins at v, the player who plays the first round loses in less than n rounds.
In other words,

u ∈ NW(n+1)⇔∃ v ∈ Γk(u) with v ∈ NL(n) . (2.2.4)

For u to be in NL(n+1), either u is childless, or every descendant v ∈ Γk(u) must be such that the
k-jump normal game that begins at v is won in less than n rounds by the player who plays the first
round. Thus,

u ∈ NL(n+1)⇔ Γ1(u) = /0 or v ∈ NW(n) for every v ∈ Γk(u). (2.2.5)

We emphasize here that for any m,n ∈ N, the subsets NW(m) and NL(n) are mutually exclusive.
Figure 2.5 (for k = 2) is included here to help the reader visualize the more refined subsets or

classes of vertices that we now introduce to carry out the full analysis. It may also be helpful for
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the reader to refer back to the discussion included right after the statement of Theorem 2.1.1 for
the case of k = 2, to keep in mind an outline of how we aim to proceed in the rest of §2.2.1.

u0

u1 u2

u3 u4 u5 u6

v1

v2 v3

v4

Figure 2.5: Here, k = 2 and u0 ∈ NL(n+2) (indicated in red), so that ui ∈ NW(n+1) for all 1 6 i 6 6
(indicated in blue). Since u1 ∈NW(n+1) and its children u3 and u4 are in NW(n+1), u1 must have at
least one grandchild, say v1 (indicated in red) in NL(n). Note that v1 ∈NL(n) ensures u4 ∈NW(n+1).
Likewise, u2 and its children u5 and u6 are in NW(n+1), hence u2 must have at least one grandchild,
say v4, in NL(n). That v4 ∈ NL(n) ensures u6 ∈ NW(n+1). Let u3 and u5 have grandchildren v2 and
v3 (respectively) in NL(n), but no child in NL(n). Then u4 and u6 are in C0,1,n, u3 and u5 are in
C0,2,n, and u1 and u2 are in C1,2,n.

For 0 6 i < j 6 k, we define the subsets of vertices

Ci, j,n = {u : Γi(u)⊂ NW(n+1),Γ j−1(u)∩NL(n) = /0,Γ j(u)∩NL(n) 6= /0}. (2.2.6)

In other words, any vertex u in Ci, j,n satisfies the following conditions:

• all its descendants that are at distance at most i away from it are in NW(n+1),

• none of its descendants at distance at most j−1 away from it is in NL(n),

• and at least one of its descendants at distance precisely j away from it is in NL(n).

Since j 6 k, the third condition above ensures, via (2.2.4), that Ci, j,n ⊂ NW(n+1), so that Ci, j,n∩
NL(n) = /0. The second condition above implies Ci, j,n∩Ci′, j′,n = /0 for all 0 6 i < j 6 k, 0 6 i′ <

j′ 6 k and j 6= j′. We let pi, j,n denote the probability of the event that the root φ of Tχ belongs to
Ci, j,n.

From (2.2.4), we see that u ∈ NW(n+1) iff u ∈
⋃k

j=1 C0, j,n, i.e. either u has a child v ∈ NL(n),
or u has a child v with at least one descendant w such that ρ(v,w) 6 k− 1 and w ∈ NL(n), which
means that v ∈

⋃k−1
j=1 C0, j,n. Henceforth, given that the vertex u has m children, m ∈ N, we name
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them u1,u2, . . . ,um. Thus

nw(n+1) =
∞

∑
m=1

P

[
at least one ut ∈

k−1⋃
j=1

C0, j,n∪NL(n) for 1 6 t 6 m

]
χ(m)

=
∞

∑
m=1

[
1−

(
1−n`(n)−

k−1

∑
j=1

p0, j,n

)m]
χ(m) = 1−G

(
1−n`(n)−

k−1

∑
j=1

p0, j,n

)
. (2.2.7)

From (2.2.5), we see that u ∈NL(n+2) if and only if either u is childless, or every child v of u as
well as every vertex in Γk−1(v) is in NW(n+1). However, v ∈ NW(n+1) iff some vertex in Γk(v) is
in NL(n). Thus v must have a descendant w such that ρ(v,w) = k and w ∈ NL(n), i.e. v ∈ Ck−1,k,n.
Thus

n`(n+2) =
∞

∑
m=0

P
[
ut ∈ Ck−1,k,n for all 1 6 t 6 m

]
χ(m) =

∞

∑
m=0

pm
k−1,k,nχ(m) = G(pk−1,k,n).

(2.2.8)

We now establish recurrence relations for the probabilities pi, j,n. For a vertex u to be in C0,1,n,
it must have at least one child in NL(n), i.e.

p0,1,n =
∞

∑
m=1

[
1−
(

1−n`(n)
)m]

χ(m) = 1−G
(

1−n`(n)
)
. (2.2.9)

For 26 j 6 k, u∈C0, j,n iff at least one child of u is in C0, j−1,n and no child is in
⋃ j−2
`=1 C0,`,n∪NL(n):

p0, j,n =
∞

∑
m=1

P

[
ut /∈

j−2⋃
`=1

C0,`,n∪NL(n),1 6 t 6 m

]
χ(m)−

∞

∑
m=1

P

[
ut /∈

j−1⋃
`=1

C0,`,n∪NL(n),1 6 t 6 m

]
χ(m)

=
∞

∑
m=1

(
1−n`(n)−

j−2

∑
`=1

p0,`,n

)m

χ(m)−
∞

∑
m=1

(
1−n`(n)−

j−1

∑
`=1

p0,`,n

)m

χ(m)

= G

(
1−n`(n)−

j−2

∑
`=1

p0,`,n

)
−G

(
1−n`(n)−

j−1

∑
`=1

p0,`,n

)
. (2.2.10)

Finally, for a vertex u to be in Ci, j,n for any 1 6 i < j 6 k, the following are necessary:

• every child v of u must be in NW(n+1),

• every vertex in Γi−1(v) must be in NW(n+1), for every child v of u,

• no vertex in Γ j−2(v) is in NL(n) for any child v of u,
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• there exists at least one child v of u with at least one descendant w such that ρ(v,w) = j−1
and w ∈ NL(n).

The first condition, along with (2.2.4), implies that every child v of u has a descendant in Γk(v) that
is in NL(n). This, along with the second and third conditions, implies that each child of u must be
in
⋃k
`= j−1 Ci−1,`,n. The fourth condition implies that at least one child of u must be in Ci−1, j−1,n.

Thus we have

pi, j,n =
∞

∑
m=1

P

[
ut ∈

k⋃
`= j−1

Ci−1,`,n,1 6 t 6 m

]
χ(m)−

∞

∑
m=1

P

[
ut ∈

k⋃
`= j

Ci−1,`,n,1 6 t 6 m

]
χ(m)

=
∞

∑
m=1

(
k

∑
`= j−1

pi−1,`,n

)m

χ(m)−
∞

∑
m=1

(
k

∑
`= j

pi−1,`,n

)m

χ(m) = G

(
k

∑
`= j−1

pi−1,`,n

)
−G

(
k

∑
`= j

pi−1,`,n

)
.

(2.2.11)

We now state a couple of lemmas, with their proofs deferred to §2.10.1 of the Appendix, the
first of which is concerned with important properties of the function sequence {Fi}i∈N0 , whereas
the second provides expressions for the probabilities pi, j,n using (2.2.9), (2.2.10) and (2.2.11) (once
again, it helps if the reader recalls the discussion for k = 2 presented after the statement of Theo-
rem 2.1.1). We then combine and consolidate the recurrence relations in (2.2.7) and (2.2.8) with
the conclusion of Lemma 2.2.3 in order to obtain the final result.

Lemma 2.2.2. Recall the functions Fi defined in (2.1.6). For each i ∈ N, Fi is a strictly decreasing

function on [0,ci−1], and consequently, ci is uniquely defined. Moreover, χ(0)< ci < ci−1 for each

i ∈ N.

Lemma 2.2.3. We have pi, j,n = gi+1(Fj−i−1(n`(n)),Fj−i(n`(n)),Fk−i+1(n`(n)), . . . ,Fk(n`(n))) for

0 6 i < j 6 k, where Fis and gis are as defined in (2.1.6) and (2.1.7) respectively.

From (2.2.8), Lemma 2.2.3 and (2.1.9), we get

n`(n+2) = G(gk(F0(n`(n)),F1(n`(n)),F2(n`(n)), . . . ,Fk(n`(n)))) = Hk(n`(n)). (2.2.12)

Taking the limit as n→ ∞ and using (2.2.3), we conclude that n` is a fixed point of Hk (the con-
tinuity of the pgf G guarantees the continuity of Hk). By (2.2.7), Lemma 2.2.3 and (2.1.6), we
have

nw(n+1) = 1−G(1−n`(n)−
k−1

∑
j=1
{Fj−1(n`(n))−Fj(n`(n))}) = 1−Fk(n`(n)), (2.2.13)
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so that taking the limit as n→ ∞ and using (2.2.3), we have nw = 1−Fk(n`), as desired.

2.2.2 Showing that n`k is the minimum positive fixed point of Hk

We begin with an outline for the contents of §2.2.2. The primary intention of §2.2.2 is to establish
that gk(F0(x),F1(x),F2(x), . . . ,Fk(x)), and consequently Hk, are both increasing on [0,ck−1], for
every k ∈N. Once established, this fact aids, as follows, in concluding that n`= n`k is the smallest
positive fixed point of Hk.

Let 0 < η 6 ck be a fixed point of Hk. From (2.2.12), we have n`(2n) = H(n)
k (n`(0)) = H(n)

k (0),
where H(n)

k indicates the n-fold composition of Hk with itself. Note that,

1. since ck is a fixed point of Hk by Corollary 2.4.2,

2. since the proof of Lemma 2.2.2 yields 0 < ck < ck−1 and Hk(0) = χ(0) (which follows from
the fact that Fi(0) = 1 for all i),

3. and since Hk is increasing on [0,ck−1],

we have 0 < χ(0)6 H(n)
k (0) = n`(2n) 6 H(n)

k (η) = η 6 H(n)
k (ck) = ck < ck−1 for each n∈N. Upon

taking the limit as n→ ∞ and using (2.2.3), this yields n` = limn→∞ n`(2n) 6 η , thus allowing us
to conclude that n` is, indeed, the smallest positive fixed point of Hk.

We prove that gk(F0(x),F1(x),F2(x), . . . ,Fk(x)) is increasing on [0,ck−1] by showing that the
derivative

d
dx

gk
(
F0(x),F1(x),F2(x), . . . ,Fk(x)

)
= G′

(
gk−1

(
F0(x),F2(x),F3(x), . . . ,Fk(x)

)) d
dx

gk−1
(
F0(x),F2(x),F3(x),

. . . ,Fk(x)
)
−G′

(
gk−1

(
F1(x),F2(x),F3(x), . . . ,Fk(x)

)) d
dx

gk−1
(
F1(x),F2(x),F3(x), . . . ,Fk(x)

)
,

is non-negative for x ∈ [0,ck−1]. We accomplish this by showing that, for each x ∈ [0,ck−1],

1. that G′
(
gk−1

(
F0(x),F2(x),F3(x), . . . ,Fk(x)

))
> G′

(
gk−1

(
F1(x),F2(x),F3(x), . . . ,Fk(x)

))
,

2. that d
dxgk−1

(
F0(x),F2(x),F3(x), . . . ,Fk(x)

)
> d

dxgk−1
(
F1(x),F2(x),F3(x), . . . ,Fk(x)

)
,

3. and the product G′
(
gk−1

(
F0(x),F2(x),F3(x), . . . ,Fk(x)

)) d
dxgk−1

(
F0(x),F2(x),F3(x), . . . ,Fk(x)

)
is non-negative.

We note that G′(x) = ∑
∞
i=1 iχ(i)xi−1 > 0 for all x ∈ [0,1], so that

G′
(
gk−1

(
1,F2(x),F3(x), . . . ,Fk(x)

))
> 0 for each x ∈ [0,ck−1]. So, to show (3), it
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suffices to prove that d
dxgk−1

(
1,F2(x),F3(x), . . . ,Fk(x)

)
is non-negative. Furthermore,

G′′(x) = ∑
∞
i=2 i(i − 1)χ(i)xi−2 > 0 for all x ∈ [0,1], showing that G′ is increasing on

[0,1]. Consequently, to show (1), it suffices to show that gk−1
(
1,F2(x),F3(x), . . . ,Fk(x)

)
>

gk−1
(
F1(x),F2(x),F3(x), . . . ,Fk(x)

)
.

Each of (1), (2) and (3) will be established if we show that for any 0 6 i1 < i2 6 k− j and all
x ∈ [0,ck−1],

1 > g j
(
Fi1(x),Fk− j+1(x),Fk− j+2(x), . . . ,Fk(x)

)
> g j

(
Fi2(x),Fk− j+1(x),Fk− j+2(x), . . . ,Fk(x)

)
> 0,

(2.2.14)

and for k > 2, 1 6 i 6 k− j and all x ∈ [0,ck−1], we have

d
dx

g j
(
F0(x),Fk− j+1(x),Fk− j+2(x), . . . ,Fk(x)

)
> max

{
0,

d
dx

g j
(
Fi(x),Fk− j+1(x),Fk− j+2(x), . . . ,Fk(x)

)}
.

(2.2.15)

The proof of (2.2.14) is deferred to §2.10.1 of the Appendix, whereas (2.2.15) is proved
below via induction on j. Setting j = k − 1, i1 = 0 and i2 = 1 in (2.2.14), we obtain
gk−1

(
F0(x),F2(x),F3(x), . . . ,Fk(x)

)
∈ [0,1] and gk−1

(
F1(x),F2(x),F3(x), . . . ,Fk(x)

)
∈ [0,1], so that(

F0(x),F1(x),F2(x), . . . ,Fk(x)
)
∈Dk due to (2.1.8). Consequently, by (2.1.9), we conclude that Hk

is well-defined on [0,ck−1].
We now come to the inductive argument for proving (2.2.15). For 1 6 i < k, since F ′i (x) and

F ′k(x) are both negative for x ∈ [0,ck−1] (due to Lemma 2.2.2), we have

d
dx

g1
(
F0(x),Fk(x)

)
=−F ′k(x)> max

{
0,F ′i (x)−F ′k(x)

}
= max

{
0,

d
dx

g1
(
Fi(x),Fk(x)

)}
,

proving (2.2.15) for j = 1. Suppose (2.2.15) holds for some j < k− 1. From (2.1.7), for x ∈
[0,ck−1], we have

d
dx

g j+1
(
F0(x),Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)
= G′

(
g j
(
F0(x),Fk− j+1(x), . . . ,Fk(x)

)) d
dx

g j
(
F0(x),Fk− j+1(x),

. . . ,Fk(x)
)
−G′

(
g j
(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)) d
dx

g j
(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)
> 0,

(2.2.16)

1. since G′
(
g j
(
F0(x),Fk− j+1(x), . . . ,Fk(x)

))
> G′

(
g j
(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

))
> 0 due

to (2.2.14) (setting i0 = 0 and i2 = k− j) and the fact (already shown above) that G′ is
increasing on [0,1],
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2. and since, by the induction hypothesis (2.2.15), we have d
dxg j

(
F0(x),Fk− j+1(x), . . . ,Fk(x)

)
>

max
{

0, d
dxg j

(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)}
.

Next, for 1 6 i < k− j, using (2.1.7) once again, we have

d
dx

g j+1
(
F0(x),Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)
− d

dx
g j+1

(
Fi(x),Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)
=
[
G′
(
g j
(
F0(x),Fk− j+1(x), . . . ,Fk(x)

)) d
dx

g j
(
F0(x),Fk− j+1(x), . . . ,Fk(x)

)
−G′

(
g j
(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)) d
dx

g j
(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)]
−
[
G′
(
g j
(
Fi(x),Fk− j+1(x), . . . ,Fk(x)

)) d
dx

g j
(
Fi(x),Fk− j+1(x), . . . ,Fk(x)

)
−G′

(
g j
(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)) d
dx

g j
(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)]
= G′

(
g j
(
1,Fk− j+1(x), . . . ,Fk(x)

)) d
dx

g j
(
1,Fk− j+1(x), . . . ,Fk(x)

)
−G′

(
g j
(
Fi(x),Fk− j+1(x), . . . ,Fk(x)

)) d
dx

g j
(
Fi(x),Fk− j+1(x), . . . ,Fk(x)

)
> 0,

1. since G′
(
g j
(
1,Fk− j+1(x), . . . ,Fk(x)

))
> G′

(
g j
(
Fi(x),Fk− j+1(x), . . . ,Fk(x)

))
> 0 due to

(2.2.14) and the fact (already justified above) that G′ is increasing on [0,1],

2. and since, by the induction hypothesis (2.2.15), we have d
dxg j

(
1,Fk− j+1(x), . . . ,Fk(x)

)
>

max
{

0, d
dxg j

(
Fi(x),Fk− j+1(x), . . . ,Fk(x)

)}
.

This completes the proof of (2.2.15) by induction on j, as desired, and it brings us to the end of
our proof that n` is the minimum positive fixed point of Hk, accomplishing the goal of §2.2.2.

2.3 Proof of Theorem 2.1.2

As the proof of Theorem 2.1.2 closely resembles that of Theorem 2.1.1, we only point out the
major modifications. Instead of (2.2.1) and (2.2.2), we now have (omitting the subscript k, as k is
fixed throughout §2.3):

u ∈MW⇔ Γ1(u) = /0 or ∃ v ∈ Γk(u) with v ∈ML, (2.3.1)

u ∈ML⇔ Γ1(u) 6= /0 and v ∈MW for every v ∈ Γk(u). (2.3.2)
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The recursions (2.2.4) and (2.2.5) are also accordingly replaced by

u ∈MW(n+1)⇔ Γ1(u) = /0 or ∃ v ∈ Γk(u) with v ∈ML(n), (2.3.3)

u ∈ML(n+1)⇔ Γ1(u) 6= /0 and v ∈MW(n) for every v ∈ Γk(u). (2.3.4)

Analogous to the classes of vertices Ci, j,n defined in (2.2.6), we now define, for 0 6 i < j 6 k,

Di, j,n = {u : Γi(u)⊂MW(n+1),Γ j−1(u)∩ML(n) = /0,Γ j(u)∩ML(n) 6= /0}. (2.3.5)

Then Di, j,n∩Di′, j′,n = /0 when j 6= j′, and (2.3.3) implies Di, j,n⊂MW(n+1), so that Di, j,n∩ML(n)=

/0. Let qi, j,n be the probability of the event that the root φ of Tχ belongs to Di, j,n. From (2.3.3) and
(2.3.5):

mw(n+1) = χ(0)+
∞

∑
m=1

P[at least one ut ∈
k−1⋃
j=1

D0, j,n∪ML(n) for 1 6 t 6 m]χ(m)

= χ(0)+
∞

∑
m=1
{1− (1−m`(n)−

k−1

∑
j=1

q0, j,n)
m}χ(m) = χ(0)+1−G(1−m`(n)−

k−1

∑
j=1

q0, j,n),

(2.3.6)

where, as in §2.2, we denote the m children of φ by u1, u2, . . ., um. From (2.3.4) and (2.3.5), we
have

m`(n+2) =
∞

∑
m=1

P[ut ∈Dk−1,k,n or Γ1(ut) = /0, for each 1 6 t 6 m]χ(m)

=
∞

∑
m=1

(qk−1,k,n +χ(0))m
χ(m) = G(qk−1,k,n +χ(0))−χ(0). (2.3.7)

The recurrence relations for qi, j,n, 1 6 i < j 6 k, differs from (2.2.11) in that, for u to be in Di, j,n,
each child v of u is either childless or in

⋃k
`= j−1 Di−1,`,n, and at least one child of u must be in

Di−1, j−1,n. Thus

qi, j,n =
∞

∑
m=1

P[ut ∈
k⋃

`= j−1

Di−1,`,n or Γ1(ut) = /0 for each 1 6 t 6 m]χ(m)−
∞

∑
m=1

P[ut ∈
k⋃

`= j

Di−1,`,n or

Γ1(ut) = /0 for each 1 6 t 6 m]χ(m) = G(χ(0)+
k

∑
`= j−1

qi−1,`,n)−G(χ(0)+
k

∑
`= j

qi−1,`,n). (2.3.8)
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Analogous to Lemma 2.2.3, we have the following relation: for every 0 6 i < j 6 k,

qi, j,n = γi+1(Fj−i−1(m`(n)),Fj−i(m`(n)),Fk−i+1(m`(n)), . . . ,Fk(m`(n))), (2.3.9)

where the functions γi are as defined in (2.1.10). From (2.3.7) and (2.3.9), we have m`(n+2) =

Jk

(
m`(n)

)
, where Jk is as defined in (2.1.11). Taking the limit as n→ ∞, we see that m` is a fixed

point of Jk. From (2.3.6) and (2.3.9), we have mw(n+1) = χ(0)+ 1−Fk

(
m`(n)

)
, and taking the

limit as n→∞, we get mw = χ(0)+1−Fk(m`). The approach to showing that m` is the minimum
positive fixed point of Jk is nearly identical to that adopted in §2.2.2, and is therefore omitted.

2.4 Proof of Theorem 2.1.3

Fix any k ∈ N. Recall that the objective of §2.4 is to show that χ(0) < n`k 6 ck, and that the
probability of draw ndk is strictly positive if and only if n`k < ck, in case of k-jump normal games,
where ck is the unique fixed point of Fk in (0,ck−1); on the other hand, m`k 6 ĉk, and the probability
of draw mdk is strictly positive if and only if m`k < ĉk, in case of k-jump misère games, where ĉk

is the unique point of intersection between y = Fk(x) and y = Jk(x)+ χ(0) in (0,ck−1) (recall the
definitions of the functions Fk(x) and Jk(x) from (2.1.6) and (2.1.11) respectively).

Lemma 2.4.1. For all k > 2, j 6 k and 0 6 i 6 k− j, we have

g j
(
Fi(ck),Fk− j+1(ck),Fk− j+2(ck), . . . ,Fk(ck)

)
= Fj+i−1(ck)− ck. (2.4.1)

Proof. When j = 1, the left side of (2.4.1) equals g1 (Fi(ck),Fk(ck)) = Fi(ck)− ck, since ck is the
fixed point of Fk. Suppose (2.4.1) holds for some j < k and all 0 6 i 6 k− j. For 0 6 i 6 k− j−1,
we have

g j+1(Fi(ck),Fk− j(ck),Fk− j+1(ck), . . . ,Fk(ck)) = G(g j(Fi(ck),Fk− j+1(ck), . . . ,Fk(ck)))−G(g j(Fk− j(ck),

Fk− j+1(ck), . . . ,Fk(ck))) = G
(
Fj+i−1(ck)− ck

)
−G(Fk−1(ck)− ck) = Fj+i(ck)−Fk(ck) = Fj+i(ck)− ck.

As an immediate consequence of Lemma 2.4.1, we get the following corollary:

Corollary 2.4.2. For any k ∈ N, ck is a fixed point of Hk.

Proof. We set j = k and i = 0 in Lemma 2.4.1 to get gk(F0(ck),F1(ck), . . . ,Fk(ck)) = Fk−1(ck)−ck,
which yields Hk(ck) = G(gk(F0(ck),F1(ck), . . . ,Fk(ck))) = G(Fk−1(ck)− ck) = Fk(ck) = ck.
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By Theorem 2.1.1, n`k is the minimum positive fixed point of Hk, and by Corollary 2.4.2 and
Lemma 2.2.2, ck is a positive fixed point of Hk. Hence n`k 6 ck. The lower bound on n`k in
Theorem 2.1.3 follows simply from observing that if the root has no child, which happens with
probability χ(0), then P1 loses the game starting at the root. From Theorem 2.1.1, we have ndk =

1−nwk−n`k = Fk(n`k)−n`k. We already know from Lemma 2.2.2 that Fk is strictly decreasing
on [0,ck−1] and ck ∈ (0,ck−1) is its unique fixed point, which is equivalent to saying that for
x ∈ [0,ck−1], we have Fk(x)− x strictly positive if and only if x < ck. Therefore, ndk is strictly
positive if and only if n`k < ck.

Note that Fk(0) = 1 (since the proof of Lemma 2.2.2 yields Fi(0) = 1 for all i ∈ N) and
Jk(0) + χ(0) = G(χ(0)) < 1 as χ(0) < 1 (which also ensures that G is strictly increasing
on [0,1]), implying that the curve y = Fk(x) lies above the curve y = Jk(x) + χ(0) at x = 0.
On the other hand, Fk(ck−1) = G(Fk−1(ck−1)− ck−1) = G(0) as ck−1 is the fixed point of
Fk−1, whereas Jk(ck−1) + χ(0) = G

(
χ(0) + γk

(
1,F1(ck−1), . . . ,Fk(ck−1)

))
> G(0) since χ(0) +

γk
(
1,F1(ck−1), . . . ,Fk(ck−1)

)
> 0, thus implying that the curve y = Fk(x) lies below the curve

y = Jk(x)+ χ(0) at x = ck−1. Lemma 2.2.2 shows that Fk−1(x) is strictly decreasing on [0,ck−1],
whereas an argument analogous to that used for showing that Hk is increasing on [0,ck−1] (as out-
lined in §2.2.2) can be employed to show that Jk, and hence Jk + χ(0), is increasing on [0,ck−1].
Thus y = Fk(x) and y = Jk(x)+ χ(0) intersect at a unique point inside (0,ck−1), which we call ĉk.
From Theorem 2.1.2, we have mdk = 1−mwk−m`k = Fk(m`k)−{Jk(m`k)+ χ(0)}. Since Fk(x)

is strictly decreasing on [0,ck−1] and Jk(x)+χ(0) is increasing on [0,ck−1] and they intersect at ĉk,
we must have m`k 6 ĉk to ensure that mdk > 0, and mdk > 0 iff m`k < ĉk. This brings us to the
end of the proof of Theorem 2.1.3.

2.5 Proof of Theorem 2.1.4

Throughout §2.5, we fix any k ∈ N and let the offspring distribution χ of the GW tree Tχ be
Poisson(λ ). In order to emphasize the dependence of all functions and quantities involved on λ ,
we replace, from the third paragraph of §2.5 onward, all of G, Fi, Hk, gi, ci, n`k, nwk and ndk by
Gλ , Fi,λ , Hk,λ , gi,λ , ci,λ , n`k,λ , nwk,λ and ndk,λ respectively (for all 1 6 i 6 k).

The proof of Lemma 2.2.2 shows that Fi(0) = 1 for all i ∈ N, so that Hk(0) = χ(0) > 0. The
curve y=Hk(x) thus lies above the curve y= x at x= 0. By Theorem 2.1.1, we know that x= n`k is
the smallest positive value of x at which the curve y = Hk(x) either touches or starts going beneath

the curve y = x, so that the slope of y = Hk(x) at x = n`k has to be less than or equal to the slope of
y = x. Therefore, we must have H ′k(n`k)6 1.
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The goal of §2.5 is to establish that H ′k,λ (ck,λ )> 1 for all λ sufficiently large. This ensures, via
the conclusion drawn in the previous paragraph, that n`k,λ 6= ck,λ . By Theorem 2.1.3, we conclude
that n`k,λ < ck,λ and hence ndk,λ > 0 for all such values of λ . This would then conclude the proof
of the first part of the statement of Theorem 2.1.4.

We outline here the salient steps of the argument employed to prove that H ′k,λ (ck,λ )> 1 for all
λ sufficiently large. In Lemma 2.5.1, we obtain an expression for the derivative of the function
gk,λ

(
r0(x),r1(x), . . . ,rk(x)

)
with respect to x, where ri(x), for 0 6 i 6 k, are differentiable, and(

r0(x),r1(x), . . . ,rk(x)
)
∈ Dk (which is necessary because of how we define the function gk in

(2.1.7)). Letting ri(x) be the function Fi,λ (x) for all 0 6 i 6 k, and using Lemma 2.5.2 that reveals
a pattern in the derivatives of the functions Fi,λ (x), we show (via (2.1.9)) that the leading term
in the expansion of H ′k,λ (ck,λ ) is of the same order of magnitude as λ 2kc2

k,λ , while the remaining
terms are O(λ 2k−1c2

k,λ ). Our final task is to show that

lim
λ→∞

λ
k−1ck,λ = 0 and lim

λ→∞

λ
kck,λ = ∞, (2.5.1)

which allows us to conclude, in fact, that limλ→∞ H ′k,λ (ck,λ ) = ∞. Note that the second part of the
statement of Theorem 2.1.4, asserting λ k−1 n`k,λ → 0 as λ → ∞, follows immediately from the
first part of (2.5.1) and the fact that n`k,λ 6 ck,λ that we obtain from Theorem 2.1.3.

2.5.1 Understanding the behaviour of ck,λ as a function of λ

We begin the proof of (2.5.1) by attempting to understand how ck,λ behaves as a function of λ .
The first task we accomplish in §2.5.1 is showing that ck,λ is, in fact, differentiable with respect to
λ , for which we implement the well-known implicit function theorem.

To this end, we redefine the functions Fi,λ (x) on the extended interval [0,1] (instead of only on
the sub-interval [0,ci−1,λ ], as done in (2.1.6)) as follows:

F1,λ (x) = e−λx and Fi+1,λ (x) = exp{λFi,λ (x)−λx−λ} for all x ∈ [0,1], for i ∈ N. (2.5.2)

Note that these functions are well-defined. It is immediate that 0 < F1,λ (x) < 1 for all x ∈ (0,1).
We now show, via induction on i, that the inequalities 0 < Fi,λ (x) < 1 hold for all x ∈ (0,1), for
each i ∈ N. Suppose we have already shown that 0 < Fi,λ (x) < 1 holds for every x ∈ (0,1), for
some i ∈ N. This yields

λFi,λ (x)−λx−λ <−λx < 0 =⇒ 0 < Fi+1,λ (x)< 1 for all x ∈ (0,1), (2.5.3)
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completing the inductive argument. Next, we note that F ′1,λ (x) = −λe−λx < 0. We show, by
induction on i, that F ′i,λ (x) < 0 for all x ∈ (0,1), for each i ∈ N. Suppose we have already shown
that F ′i,λ (x)< 0 for all x ∈ (0,1), for some i ∈ N. We then have

F ′i+1,λ (x) = (λF ′i,λ (x)−λ )Fi+1,λ (x)< 0 for all x ∈ (0,1).

This completes the inductive argument. Let us define fi(λ ,x) = Fi,λ (x)− x on Ω = (0,∞)× (0,1),
so that (λ ,ci,λ ) is a point on the curve fi(λ ,x)= 0, and ∂

∂x fi(λ ,x)=F ′i,λ (x)−1< 0 for all x∈ (0,1).
By the implicit function theorem, for every λ > 0, there exists an open U ×V ⊂ Ω, containing
(λ ,ci,λ ), and a function h : U 7→V , differentiable on U , such that ci,λ = h(λ ). This concludes our
first task, i.e. showing that ck,λ is differentiable with respect to λ .

The second task we accomplish in §2.5.1 is showing that ck,λ is a strictly decreasing function
of λ , by showing that d

dλ
ck,λ is strictly negative for all λ > 0. For any function f (x) that is defined

and differentiable for all x > 0, and 0 < f (x)< 1, we show, by induction on i, that

d
dλ

Fi,λ ( f (λ )) = Ai( f (λ ))+Bi( f (λ )) f ′(λ ) where Ai( f (λ ))< 0 and Bi( f (λ ))< 0, (2.5.4)

for all λ > 0 and i ∈ N. We note that A1( f (λ )) =− f (λ )e−λ f (λ ) and B1( f (λ )) =−λe−λ f (λ ), so
that the base case is verified. Assuming that (2.5.4) holds for some i ∈ N, we have

d
dλ

Fi+1,λ
(

f (λ )
)
=

[
Fi,λ
(

f (λ )
)
− f (λ )−1+λ

{
d

dλ
Fi,λ
(

f (λ )
)
− f ′(λ )

}]
Fi+1,λ

(
f (λ )

)
=
[
Fi,λ
(

f (λ )
)
− f (λ )−1+λ

{
Ai
(

f (λ )
)
+Bi

(
f (λ )

)
f ′(λ )− f ′(λ )

}]
Fi+1,λ

(
f (λ )

)
=
[
Fi,λ
(

f (λ )
)
−1− f (λ )+λAi

(
f (λ )

)]
Fi+1,λ

(
f (λ )

)
+λ

[
Bi
(

f (λ )
)
−1
]

Fi+1,λ
(

f (λ )
)

f ′(λ ),

so that
Ai+1( f (λ )) =

[
Fi,λ
(

f (λ )
)
−1− f (λ )+λAi

(
f (λ )

)]
Fi+1,λ ( f (λ ))

and
Bi+1

(
f (λ )

)
= λ

[
Bi
(

f (λ )
)
−1
]

Fi+1,λ
(

f (λ )
)
.

These are both negative due to the induction hypothesis and because 0 < Fi,λ
(

f (λ )
)
< 1 for all

λ > 0 (due to (2.5.3)). This completes the proof by induction.
When f (λ ) = ck,λ , differentiating both sides of the identity Fk,λ (ck,λ ) = ck,λ (since ck,λ , recall,
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is the unique fixed point of Fk,λ ), we have

c′k,λ =
d

dλ
ck,λ =

Ak(ck,λ )

1−Bk(ck,λ )
.

By (2.5.4), we see that the numerator is strictly negative whereas the denominator is strictly pos-
itive, thus ensuring that c′k,λ < 0 for all λ > 0. This concludes our proof of the fact that ck,λ is
strictly decreasing in λ for all λ > 0.

As an immediate consequence of this observation, we note that the limit limλ→∞ ck,λ exists as
ck,λ is bounded below by 0 for all λ > 0. From (2.5.2) and the fact that ck,λ is the fixed point of
Fk,λ , we obtain

Fk,λ (ck,λ ) = exp
{

λFk−1,λ (ck,λ )−λck,λ −λ
}
= ck,λ ⇐⇒ Fk−1,λ (ck,λ )− ck,λ −1 =

lnck,λ

λ
.

(2.5.5)
If limλ→∞ ck,λ = c for some c > 0, then the right side will go to 0, while the left side remains
bounded above by −c since Fk−1,λ (ck,λ )< 1 (due to (2.5.3)), yielding a contradiction. Therefore,
we must have limλ→∞ ck,λ = 0.

2.5.2 Understanding the behaviour of Fj,λ (ck,λ ) for all 1 6 j 6 k−1

Before we can establish the claims made in (2.5.1), we need to understand the behaviour of
Fj,λ (ck,λ ) as a function of λ , as λ → ∞, for each 1 6 j 6 k− 1. To this end, note that, given
any infinite sequence {λn}n of positive reals with λn → ∞, since 0 < Fk−1,λn

(
ck,λn

)
< 1 for ev-

ery n ∈ N due to (2.5.3), the Bolzano-Weierstrass Theorem guarantees the existence of an infinite
subsequence {λni}i such that

lim
i→∞

Fk−1,λni
(ck,λni

) exists and is in [0,1] =⇒ lim
i→∞

lnck,λni

λni

exists and is in [−1,0], due to (2.5.5).

Suppose we assume that

lim
i→∞

lnck,λni

λni

=−c for some 0 < c 6 1. (2.5.6)

In what follows, our aim is to show that (2.5.6) leads to a contradiction.
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2.5.2.1 Proving that (2.5.6) leads to a contradiction

Given any 0 < ε < c, (2.5.6) implies that there exists iε such that ck,λni
< e(−c+ε)λni for all i > iε .

We then show, using an inductive argument with respect to the index j, that

Fj,λni

(
ck,λni

)
> exp

{
−

j

∑
t=1

λ
t
ni

e(−c+ε)λni

}
for all i > iε , for 1 6 j 6 k. (2.5.7)

For i > iε , we have

F1,λni

(
ck,λni

)
= e−λnick,λni > exp

{
−λnie

(−c+ε)λni

}
,

so that (2.5.7) holds for j = 1, and the base case for the induction is thus verified. Assuming that
(2.5.7) holds for some j < k and using e−x−1 >−x for all x > 0, we have, for all i > iε ,

Fj+1,λni

(
ck,λni

)
= exp

{
λniFj,λni

(
ck,λni

)
−λnick,λni

−λni

}
> exp

{
λni exp

{
−

j

∑
t=1

λ
t
ni

e(−c+ε)λni

}
−λnie

(−c+ε)λni −λni

}

> exp

{
−λni

j

∑
t=1

λ
t
ni

e(−c+ε)λni −λnie
(−c+ε)λni

}
= exp

{
−

j+1

∑
t=1

λ
t
ni

e(−c+ε)λni

}
,

thus proving (2.5.7) by induction. Setting j = k, since ck,λni
is the fixed point of Fk,λni

, we have,
for i > iε ,

ck,λni
= Fk,λni

(
ck,λni

)
> exp

{
−

k

∑
t=1

λ
t
ni

e(−c+ε)λni

}
.

We know from §2.5.1 that the left side of the above inequality goes to 0 as i→ ∞, whereas the
right side approaches 1, since λ t

ni
e(−c+ε)λni → 0 as λni →∞ for every 1 6 t 6 k (since−c+ε < 0).

This yields the desired contradiction.

2.5.2.2 Concluding about the limit of Fj,λ (ck,λ ), for all 1 6 j 6 k−1

The contradiction obtained in §2.5.2.1 tells us that our assumption in (2.5.6) is wrong, which in
turn implies that

lim
λ→∞

lnck,λ

λ
= 0. (2.5.8)
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By (2.5.5) and (2.5.8), we conclude that

lim
λ→∞

Fk−1,λ (ck,λ ) = 1. (2.5.9)

Recall that in the proof of (2.2.14), we have shown that Fi,λ (x) > Fi+1,λ (x) for all 0 6 i 6 k− 1
and x ∈ [0,ck−1,λ ]. Using this fact and (2.5.9), we obtain

1>F1,λ (ck,λ )>F2,λ (ck,λ )> · · ·>Fk−1,λ (ck,λ ) for λ > 0 =⇒ lim
λ→∞

Fi,λ (ck,λ )= 1 for 16 i6 k−1.

(2.5.10)

2.5.3 The behaviour of λ ick,λ , for 1 6 i 6 k, as functions of λ

We lay down the final steps of the proof of (2.5.1). Setting i = 1 in (2.5.10) and using (2.5.2), we
have limλ→∞ λck,λ = 0. We show, via induction on i, that

Fi,λ (ck,λ ) = exp{−λ
ick,λ (1+O(λ−1))} for 1 6 i 6 k−1. (2.5.11)

Assuming that (2.5.11) holds for some i 6 k−2, we have

lim
λ→∞

λ
ick,λ = 0 (2.5.12)

due to (2.5.10), which further ensures that ck,λ = O(λ−i) for all λ large enough. Using this fact,
(2.5.2) and a Taylor expansion, we have

Fi+1,λ (ck,λ ) = exp
{

λ

[
e−λ ick,λ (1+O(λ−1))− ck,λ −1

]}
= exp

{
λ

[
−λ

ick,λ (1+O(λ−1))+O
({

λ
ick,λ (1+O(λ−1))

}2
)
− ck,λ

]}
= exp

{
−λ

i+1ck,λ (1+O(λ−1))
[
1+O

(
λ

ick,λ (1+O(λ−1))
)
+O(λ−i)

]}
= exp

{
−λ

i+1ck,λ
[
1+O(λ−1)+O(λ ick,λ )+O(λ−i)

]}
(2.5.13)

for all λ sufficiently large. Note that each of the terms O(λ−1), O(λ ick,λ ) (by (2.5.12)) and O(λ−i)

is o(1) as λ → ∞, so that the dominant term in the exponent of (2.5.13) is −λ i+1ck,λ . This fact,
along with (2.5.10), yields limλ→∞ λ i+1ck,λ = 0. This in turn yields λ ick,λ = o(λ−1), so that the
dominant term out of O(λ−1), O(λ ick,λ ) and O(λ−i) in (2.5.13) is O(λ−1). This completes the
proof of (2.5.11) by induction.

Combining (2.5.10) and (2.5.11) for i = k− 1, we conclude that limλ→∞ λ k−1ck,λ = 0. Using
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this fact and setting i = k−1 in (2.5.13), we have ck,λ = Fk,λ (ck,λ ) = exp{−λ kck,λ [1+O(λ−1)+

O(λ k−1ck,λ )]}, which leads to λ kck,λ → ∞ because of the final conclusion of §2.5.1. The two
conclusions drawn in this paragraph bring us to the end of the proof of (2.5.1).

2.5.4 Stating the lemmas and connecting the dots

As promised in the outline of our argument chalked out right before (2.5.1), we now state two
important lemmas (whose proofs are deferred to §2.10.2 of the Appendix).

Lemma 2.5.1. Let {ri}06i6k be a sequence of functions defined and differentiable on an interval I,

with (ri(x),rk− j+1(x),rk− j+2(x), . . . ,rk(x))∈D j (see (2.1.8)) for all x ∈ I and all 0 6 i < i+ j 6 k.

Then

d
dx

gk,λ (r0(x),r1(x), . . . ,rk(x)) = λ
k−1

k−1

∑
i=0

fk,i,λ (r0(x),r1(x), . . . ,rk(x))(r′i(x)− r′k(x)), (2.5.14)

in which

fk,0,λ (r0(x),r1(x), . . . ,rk(x)) =
k−1

∏
t=1

Gλ

(
gt,λ (r0(x),rk−t+1(x),rk−t+2(x), . . . ,rk(x))

)
(2.5.15)

and

fk,i,λ (r0(x),r1(x), . . . ,rk(x)) =
k−i

∏
t=1

Gλ

(
gt,λ (ri(x),rk−t+1(x),rk−t+2(x), . . . ,rk(x))

)
αk,i,λ (r0(x),r1(x), . . . ,rk(x))

(2.5.16)

for 1 6 i 6 k− 1, where αk,1,λ (r0(x),r1(x), . . . ,rk(x)) = −1 and
∣∣αk,i,λ (r0(x),r1(x), . . . ,rk(x))

∣∣ is

bounded above by a constant ak,i that depends on k and i but not on λ nor on the functions r0, . . . ,rk,

for 2 6 i 6 k.

Lemma 2.5.2. For i > 1 and x ∈ (0,ci−1), we have

F ′i,λ (x) =−λ

[
i−1

∑
t=1

λ
i−t

i−1

∏
j=t

Fj,λ (x)+1

]
Fi,λ (x). (2.5.17)

We set ri(x) to be the function Fi,λ (x) for each i, and x = ck,λ , in Lemma 2.5.1. Recall, from the
outline chalked out right above §2.5.1, that we aim to show that the leading term in (2.5.14), in this
case, will be of the same order of magnitude as λ 2k−1ck,λ , so that the leading term of H ′k,λ (ck,λ ) is
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shown to be of the same order of magnitude as λ 2kc2
k,λ . To this end, from (2.4.1), we have

Gλ (gk−i,λ (Fi,λ (ck,λ ),Fi+1,λ (ck,λ ), . . . ,Fk,λ (ck,λ ))) = Gλ (Fk−1,λ (ck,λ )− ck,λ ) = Fk,λ (ck,λ ) = ck,λ ,

so that from (2.5.16), using the fact that both
∣∣αk,i,λ (r0(x),r1(x), . . . ,rk(x))

∣∣ and Gλ (x) are O(1),
we obtain

fk,i,λ (r0(x),r1(x), . . . ,rk(x)) = O(ck,λ ) for 1 6 i 6 k−1. (2.5.18)

Next, from Lemma 2.5.2 and (2.5.10), and using (2.5.18) in the second step, we deduce that

F ′i,λ (ck,λ ) = O

(
λ

i
i

∏
j=1

Fj,λ (ck,λ )

)
= O(λ i) as λ → ∞, for 1 6 i 6 k−1

=⇒
k−1

∑
i=1

fk,i,λ
(
F0,λ (ck,λ ),F1,λ (ck,λ ), . . . ,Fk,λ (ck,λ )

)
F ′i,λ (ck,λ ) =

k−1

∑
i=1

O
(
λ

ick,λ
)
. (2.5.19)

Next, for any 0 < ε < 1, Lemma 2.5.2, the fact that ck,λ is the fixed point of Fk,λ , and (2.5.10)
together yield

O(λ kck,λ )>−F ′k,λ (ck,λ ) = λ
k

k

∏
j=1

Fj,λ (ck,λ )+O

(
k

∑
t=2

λ
k−t+1

k

∏
j=t

Fj,λ (ck,λ )

)
> λ

kck,λ (1− ε)+O(λ k−1ck,λ )

(2.5.20)

as λ → ∞. From (2.5.18) and (2.5.20), we deduce that

k−1

∑
i=1

fk,i,λ (F0,λ (ck,λ ),F1,λ (ck,λ ), . . . ,Fk,λ (ck,λ ))(−F ′k,λ (ck,λ )) = O(λ kc2
k,λ ). (2.5.21)

Finally, (2.5.15), (2.4.1) and (2.5.10) together yield, as λ → ∞,

fk,0,λ
(
F0,λ (ck,λ ),F1,λ (ck,λ ), . . . ,Fk,λ (ck,λ )

)
=

k−1

∏
t=1

Gλ

(
Ft−1,λ (ck,λ )− ck,λ

)
=

k−1

∏
t=1

Ft,λ (ck,λ )→ 1.

(2.5.22)
Hence, from (2.5.20) and (2.5.22), for any 0 < ε < 1, as λ → ∞, we have

fk,0,λ (F0,λ (ck,λ ),F1,λ (ck,λ ), . . . ,Fk,λ (ck,λ ))(−F ′k,λ (ck,λ ))> (1− ε)λ kck,λ +O(λ k−1ck,λ ).

(2.5.23)
Substituting (2.5.19), (2.5.21) and (2.5.23) in (2.5.14), using the fact that Gλ (x) = eλ (x−1) so that
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G′
λ
(x) = λGλ (x), and using Corollary 2.4.2, we have, as λ → ∞,

H ′k,λ (ck,λ ) = G′
λ
(gk,λ (F0,λ (ck,λ ),F1,λ (ck,λ ), . . . ,Fk,λ (ck,λ )))

d
dx

gk,λ (F0,λ (x),F1,λ (x), . . . ,Fk,λ (x))
∣∣
x=ck,λ

> λHk,λ (ck,λ )λ
k−1

[
k−1

∑
i=1

O(λ ick,λ )+O(λ kc2
k,λ )+(1− ε)λ kck,λ +O(λ k−1ck,λ )

]
= λ

kck,λ

[
O(λ k−1ck,λ )+O(λ kc2

k,λ )+(1− ε)λ kck,λ

]
= (1− ε)λ 2kc2

k,λ +O(λ 2k−1c2
k,λ ),

so that the leading term of H ′k,λ (ck,λ ) is indeed of the same order of magnitude as λ 2kc2
k,λ , and

H ′k,λ (ck,λ )→ ∞ due to the second assertion made in (2.5.1). This concludes the proof of Theo-
rem 2.1.4.

2.6 Proof of Theorem 2.1.5

2.6.1 Showing strict convexity of H2,λ on [0,c2,λ ] for λ > 2

We begin by stating the first of the three objectives we wish to achieve in §2.6. We fix k = 2, and
we let the offspring distribution χ of Tχ be Poisson(λ ). We show that the curve y = H2,λ (x) is
strictly convex for all x∈ [0,c2,λ ], whenever λ > 2 – we accomplish this by proving that the second
derivative H ′′2,λ (x) is strictly positive for all x ∈ [0,c2,λ ], for every λ > 2.

In order to keep the expression for H ′′2,λ (x) as uncluttered as possible, we set

α(x) = Gλ (1−F2,λ (x)) and β (x) = Gλ (F1,λ (x)−F2,λ (x)),

so that, from (2.1.9), we obtain

H2,λ (x) = Gλ (α(x)−β (x)).

Note, at the very outset, that since F1,λ (x) 6 1 (evident from (2.5.2)) and Gλ is increasing, hence
α(x)> β (x) for x∈ [0,c1,λ ]. From Lemma 2.5.2, which yields F ′1,λ (x) =−λF1,λ (x) and F ′2,λ (x) =

−λ
(
λF1,λ (x)+1

)
F2,λ (x), we have

α
′(x) = λ

2
α(x)

(
λF1,λ (x)+1

)
F2,λ (x),

β
′(x) = λ

2
β (x)

{
−F1,λ (x)+

(
λF1,λ (x)+1

)
F2,λ (x)

}
.
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Utilizing these expressions, we have

H ′2,λ (x) =
d
dx

Gλ (α(x)−β (x)) = λH2,λ (x)(α
′(x)−β

′(x)), (2.6.1)

and substituting the expressions for α ′(x) and β ′(x) in (2.6.1), then differentiating again,

H ′′2,λ (x) = λ
4H2,λ (x)

[
λ

2{α(x)−β (x)}2 (
λF1,λ (x)+1

)2
(F2,λ (x))

2 +λ
2(β (x))2(F1,λ (x))

2+

2λ
2
β (x){α(x)−β (x)}

(
λF1,λ (x)+1

)
F1,λ (x)F2,λ (x)+λ{α(x)−β (x)}

(
λF1,λ (x)+1

)2
(F2,λ (x))

2

−λ{α(x)−β (x)}F1,λ (x)F2,λ (x)−{α(x)−β (x)}(λF1,λ (x)+1)2F2,λ (x)

+2λβ (x)
(
λF1,λ (x)+1

)
F1,λ (x)F2,λ (x)−β (x)F1,λ (x)(λF1,λ (x)+1)

]
(2.6.2)

= λ
4H2,λ (x)

[
A1 +A2 +2A3 +A4−A5−A6 +2A7−A8

]
, (2.6.3)

where

A1 = λ
2{α(x)−β (x)}2 (

λF1,λ (x)+1
)2
(F2,λ (x))

2,

A2 = λ
2(β (x))2(F1,λ (x))

2,

A3 = λ
2
β (x){α(x)−β (x)}

(
λF1,λ (x)+1

)
F1,λ (x)F2,λ (x),

A4 = λ{α(x)−β (x)}
(
λF1,λ (x)+1

)2
(F2,λ (x))

2,

A5 = λ{α(x)−β (x)}F1,λ (x)F2,λ (x),

A6 = {α(x)−β (x)}(λF1,λ (x)+1)2F2,λ (x),

A7 = λβ (x)
(
λF1,λ (x)+1

)
F1,λ (x)F2,λ (x),

A8 = β (x)F1,λ (x)(λF1,λ (x)+1),

and each Ai is non-negative (in fact, strictly positive except for A1,A3,A4,A5 and A6 at x= 0). Thus,
our aim now is to establish that the sum within the square brackets in (2.6.3) is strictly positive for
each x ∈ [0,c2,λ ], for every λ > 2. This is where Lemmas 2.6.2 through 2.6.6, all of whose proofs
are deferred to §2.10.3 of the Appendix, come in. The objective each of them accomplishes is the
collection of various terms from (2.6.3) and showing that their sums are strictly positive for λ > 2.

The primary idea we employ here is as follows: we split the interval [0,c2,λ ] into three pairwise
disjoint sub-intervals (in some cases, we may combine two consecutive sub-intervals), namely
[0,δλ ], (δλ ,γλ ] and (γλ ,c2,λ ], where we define γλ and δλ as follows:

F2,λ (γλ ) =
1
λ

and F2,λ (δλ ) =
5

4λ
. (2.6.4)
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Evidently, to be able to do the above, we require

0 < δλ < γλ < c2,λ . (2.6.5)

Several aspects of the above paragraph need justification right away, before we can proceed. By
Lemma 2.2.2, we know that F2,λ is strictly decreasing on [0,c1,λ ], and F2,λ (0) = 1. By definition
of c2,λ , we have F2,λ (c2,λ ) = c2,λ . Therefore, if we can show that

c2,λ <
1
λ
<

5
4λ

< 1 for all λ > 2, (2.6.6)

of which the second and third inequalities are immediately seen to hold, we can conclude that γλ

and δλ , defined via (2.6.4), exist and are unique, and that (2.6.5) holds as well. This is where
Lemma 2.6.1 proves useful:

Lemma 2.6.1. The function ηλ = λc2,λ is strictly increasing for λ ∈ (0,λ0) and strictly decreasing

for λ ∈ (λ0,∞), where λ0 ≈ 2.43634. The maximum value of ηλ is ≈ 0.52839925.

The proof of this lemma is deferred to §2.10.3. This lemma guarantees that for all λ > 0, we
have ηλ < 1 =⇒ c2,λ < 1

λ
, thus proving that (2.6.6) indeed holds.

Let us come back to chalking out an outline of our argument for showing that the expression
in (2.6.3) is strictly positive for all λ > 2: for each λ > 2, on each of the sub-intervals [0,δλ ],
(δλ ,γλ ] and (γλ ,c2,λ ], we group the terms within the square brackets in the expression of (2.6.3)
judiciously, so that the sum of the terms in each such group is strictly positive. We are now ready
to state the lemmas that help accomplish this task.

Lemma 2.6.2. For each λ > 2.5, for all x ∈ (γλ ,c2,λ ], we have A1 +A4−A6 > 0.

Lemma 2.6.3. For each λ > 2 and all x ∈ (γλ ,c2,λ ], we have A3−A5 > 0.

Lemma 2.6.4. For λ > 2 and x ∈ (γλ ,c2,λ ], we have A3 +2A7−A8 > 0.

Before we state the last couple of lemmas, we note that if we add up the expressions to the left
of the inequalities in Lemmas 2.6.2, 2.6.3 and 2.6.4, we can conclude that

A1 +2A3 +A4−A5−A6 +2A7−A8 > 0 for all x ∈ (γλ ,c2,λ ], for λ > 2.5. (2.6.7)

Lemma 2.6.5. For 26 λ < 2.5 and x∈ (γλ ,c2,λ ], we have A1+A4−A6+2A3−A5+2A7−A8 > 0.

Lemma 2.6.6. For λ > 2 and x ∈ [δλ ,γλ ], we have 2A3−A5 > 0.
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Next, we note that as F2,λ is strictly decreasing (Lemma 2.2.2), we have F2,λ (x) >
1
λ

for x ∈
[0,γλ ], so that

A4−A6 > 0 and 2A7−A8 > 0. (2.6.8)

Likewise, we have F2,λ (x)>
5

4λ
for x ∈ [0,δλ ], so that

A4−A5−A6 >
1
4
{α(x)−β (x)}

(
λF1,λ (x)+1

)2 F2,λ (x)−λ{α(x)−β (x)}F1,λ (x)F2,λ (x)> 0

(2.6.9)

by an application of the AM-GM inequality.
We are now ready to consolidate all of the findings above to achieve the desired conclusion.

Combining (2.6.7) and Lemma 2.6.5, we obtain

A1 +2A3 +A4−A5−A6 +2A7−A8 > 0 for all x ∈ (γλ ,c2,λ ], for λ > 2. (2.6.10)

Adding the inequalities in Lemma 2.6.6 and (2.6.8) (for the shorter interval (δλ ,γλ ]), we obtain

2A3−A5 +A4−A6 +2A7−A8 > 0 for all x ∈ (δλ ,γλ ], for λ > 2. (2.6.11)

Adding the inequality in (2.6.9) to the second inequality in (2.6.8) (again, for the shorter interval
[0,δλ ]), we obtain

2A7−A8 +A4−A5−A6 > 0 for all x ∈ [0,δλ ], for λ > 2. (2.6.12)

Combining the conclusions of (2.6.10), (2.6.11) and (2.6.12), we complete the proof of the desired
claim that the expression in (2.6.3) is strictly positive for all x ∈ [0,c2,λ ], for all λ > 2. This
concludes the proof of the fact that H2,λ is strictly convex on [0,c2,λ ], for all λ > 2.

2.6.2 Studying the behaviour of the slope of H2,λ at c2,λ as a function of λ

The second objective of §2.6 is to show that the slope of H2,λ at x = c2,λ is strictly increasing in
λ for all λ > 1. We start by noting, since c2,λ is the fixed point of F2,λ , that α(c2,λ ) = F1,λ (c2,λ )

whereas β (c2,λ ) = c2,λ (using (2.1.6)). Using these observations, the expression from (2.6.1), the
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conclusion of Corollary 2.4.2 and the notation ηλ = λc2,λ introduced in Lemma 2.6.1, we obtain

H ′2,λ (c2,λ ) = λH2,λ (c2,λ )(α
′(c2,λ )−β

′(c2,λ )) = λ
2
η

2
λ

e−2ηλ +2λη
2
λ

e−ηλ −λη
3
λ

e−ηλ −η
3
λ
.

(2.6.13)

For ease of computation, we perform a term-by-term differentiation of the expression in (2.6.13)
with respect to λ , and substitute from (2.10.6) the expression for η ′

λ
(the derivative of ηλ with

respect to λ ). This yields

d
dλ

[λ 2
η

2
λ

e−2ηλ ] =
4λη2

λ
e−2ηλ +2λ 2η2

λ
e−3ηλ −2λ 2η2

λ
e−2ηλ +2λ 2η3

λ
e−2ηλ

1+ληλ e−ηλ +ηλ

;

d
dλ

[2λη
2
λ

e−ηλ ] =
6η2

λ
e−ηλ +4λη2

λ
e−2ηλ −4λη2

λ
e−ηλ +2λη3

λ
e−ηλ

1+ληλ e−ηλ +ηλ

;

d
dλ

[−λη
3
λ

e−ηλ ] =
−4η3

λ
e−ηλ −3λη3

λ
e−2ηλ +3λη3

λ
e−ηλ −λη4

λ
e−ηλ

1+ληλ e−ηλ +ηλ

;

d
dλ

[−η
3
λ
] =
−3η3

λ
−3λη3

λ
e−ηλ +3λη3

λ

λ (1+ληλ e−ηλ +ηλ )
.

The numerator of d
dλ

H ′2,λ (c2,λ ) is then given by

η
2
λ

[
4λ

2e−2ηλ +2λ
3e−3ηλ −2λ

3e−2ηλ +2λ
3
ηλ e−2ηλ +6λe−ηλ +4λ

2e−2ηλ −4λ
2e−ηλ+

2λ
2
ηλ e−ηλ −4ληλ e−ηλ −3λ

2
ηλ e−2ηλ +3λ

2
ηλ e−ηλ −λ

2
η

2
λ

e−ηλ −3ηλ −3ληλ e−ηλ +3ληλ

]
= η

2
λ

{
2λ

3e−2ηλ [e−ηλ −1+ηλ ]+λ
2e−ηλ [8e−ηλ −3ηλ e−ηλ −4+5ηλ −η

2
λ
]

+λe−ηλ [6−7ηλ ]+3ηλ (λ −1)
}

= η
2
λ

{
2λ

3e−2ηλ [e−ηλ −1+ηλ ]+λ
2e−ηλ [8e−ηλ −4]+λ

2e−ηλ [5ηλ −3ηλ e−ηλ −η
2
λ
]

+λe−ηλ [6−7ηλ ]+3ηλ (λ −1)
}
,

and our aim now is to prove that this entire expression is strictly positive for λ > 1.
From Lemma 2.6.1, we have 8e−ηλ − 4 > 8e−0.5284− 4 ≈ 0.7164 > 0 and 6− 7ηλ > 6− 7 ·

0.5284 ≈ 2.3012 > 0. We also note that 5ηλ − 3ηλ e−ηλ −η2
λ
= 3ηλ (1− e−ηλ )+ηλ (1−ηλ )+

ηλ > 0 and e−ηλ > 1−ηλ . Thus d
dλ

H ′2,λ (c2,λ ) > 0 for λ > 1, hence proving the second part of
Theorem 2.1.5.
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2.6.3 Proving the third and final part of Theorem 2.1.5

The objective of §2.6.3 is to prove that there exists a critical value λc of λ such that n`2,λ = c2,λ

(and hence, by Theorem 2.1.3, nd2,λ = 0) for all 26 λ < λc, and n`2,λ < c2,λ (and hence, nd2,λ > 0)
for all λ > λc.

The argument can be outlined as follows. The convexity of H2,λ on [0,c2,λ ] for λ > 2, as proved
in §2.6.1, guarantees that y = H2,λ (x) intersects y = x at most twice in [0,c2,λ ]. If the intersection
happens twice, it must happen at the points x = n`2,λ and x = c2,λ , in which case n`2,λ < c2,λ .
If the intersection takes place only once, then this must be at the point x = c2,λ , in which case
n`2,λ = c2,λ . Recall, from §2.5, the justification as to why H ′2,λ (n`2,λ )6 1 for every λ > 0.

If we can show that H ′2,λ (c2,λ ) is strictly less than 1 at λ = 2 and it is strictly greater than 1 for
some value of λ strictly exceeding 2, then using our conclusion from §2.6.2, we can deduce that
there is precisely one λc > 2 such that H ′2,λ (c2,λ )< 1 for λ < λc and H ′2,λ (c2,λ )> 1 for λ > λc. In
the former case, c2,λ has to be the only point of intersection between y = H2,λ (x) and y = x within
the interval [0,c2,λ ] (this follows by noticing that the curve y = H2,λ (x) travels from above y = x to
below y = x at x = n`2,λ , and travels from below y = x to above y = x at x = c2,λ when n`2,λ < c2,λ ,
so that in such a scenario, we would have H ′2,λ (c2,λ )> 1). In the latter case, there have to be two
points of intersection between y = H2,λ (x) and y = x within the interval [0,c2,λ ].

At λ = 2, we have H ′2,λ (c2,λ ) ≈ 0.721129 < 1, and at λ = 2.5, we have H ′2,λ (c2,λ ) ≈
1.06445 > 1. This accomplishes the task we set for ourselves in the previous paragraph. Solv-
ing H ′2,λc

(
c2,λc

)
= 1 numerically, we obtain λc ≈ 2.41. This accomplishes what we set out to

prove in §2.6.3, and concludes the proof of Theorem 2.1.5.

Remark 2.6.7. Although our proof technique does not cover the range 1 < λ < 2, plotting H2,λ

on [0,c2,λ ] for various values of λ in (1,2) does seem to suggest that H2,λ is strictly convex on

[0,c2,λ ] for λ ∈ (1,2) (see Figure 2.6). If this were to be proved analytically, it would give us a

unique threshold for the phase transition phenomenon, showing that nd2,λ = 0 for all 0 < λ < λc

and nd2,λ > 0 for all λ > λc.

2.7 Proofs of Theorems 2.1.6 and 2.1.7

Recall that the two objectives we accomplish in §2.7 are 1. showing that λ i n`2,λ → 0 as λ →∞, for
every i ∈ N, which is a far stronger claim than the second part of Theorem 2.1.4 as far as k = 2 is
concerned, 2. establishing the inequalities m`2,λ 6 n`2,λ , nd2,λ <md2,λ and m`2,λ 6 n`2,λ < nw2,λ

for all λ sufficiently large, giving us a means to compare the probabilities of the various outcomes
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Figure 2.6: H2,λ (x) strictly convex for x ∈ [0,c2,λ ], for λ = 1.2 and λ = 1.6

of the 2-jump normal game with those of the 2-jump misère game when both are played on Tχ

with χ being Poisson(λ ).

2.7.1 Proof of Theorem 2.1.6

We outline the key idea for our argument. First and foremost, we note that the proof is already
done for i = 1 due to Theorem 2.1.4. For any fixed i ∈ N with i > 2, to show that λ i n`2,λ → 0 as
λ → ∞, it suffices to show, for any arbitrary c > 0, that λ i n`2,λ < c⇐⇒ n`2,λ < cλ−i for all λ

sufficiently large.
For the same value of i > 2 and c > 0 considered above, by the second part of (2.5.1), we

know that λ ic2,λ > c⇐⇒ c2,λ > cλ−i for all λ large enough. Recall, from Theorem 2.1.5 and the
discussion included towards the beginning of §2.5, that n`2,λ < c2,λ for all λ sufficiently large, and
that the curve y = H2,λ (x) stays above the curve y = x for all x∈ [0,n`2,λ ), then stays beneath it for
all x ∈ (n`2,λ ,c2,λ ), for all λ sufficiently large. Therefore, it suffices for us to show that the curve
y = H2,λ (x) lies beneath the curve y = x at x = cλ−i, for all λ sufficiently large. In other words,

Lemma 2.7.1. Fix c > 0 and i ∈N with i > 2. Then H2,λ (cλ−i)< cλ−i for all λ sufficiently large.

The proof of this lemma is deferred to §2.10.4 of the Appendix.

2.7.2 Proof of Theorem 2.1.7

We first show that m`2,λ 6 n`2,λ for all λ sufficiently large. In fact, we prove that the inequality
m`

(n)
2,λ < n`(n)2,λ holds for all n ∈ N, via induction on n (recall the definitions of these probabilities

from §2.1.3). It is straightforward to see that m`
(1)
2,λ = 0 and n`(1)2,λ = e−λ , thus verifying the base
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case for the inductive argument. Suppose m`
(n)
2,λ < n`(n)2,λ for some n ∈N. From (2.2.12) and (2.1.9)

(which is applied to k = 2 and Poisson(λ ) offspring distribution), we have

n`(n+2)
2,λ = H2,λ (n`

(n)
2,λ ) = Gλ

(
g2,λ

(
1,F1,λ (n`

(n)
2,λ ),F2,λ (n`

(n)
2,λ )
))

. (2.7.1)

We also note (to be used later) that as n`2,λ is a fixed point of H2,λ (by Theorem 2.1.1), we have

n`2,λ = Gλ

(
g2,λ

(
1,F1,λ (n`2,λ ),F2,λ (n`2,λ )

))
= exp

{
λg2,λ

(
1,F1,λ (n`2,λ ),F2,λ (n`2,λ )

)
−λ

}
.

(2.7.2)
A relation analogous to (2.2.12) derived in §2.3, (2.1.11) (again, for k = 2 and Poisson(λ ) off-
spring), the fact (mentioned in §2.3 and argued the same way as in §2.2.2) that J2,λ is in-
creasing on [0,c1,λ ], the fact (deduced from (2.1.7) and (2.1.10)) that γ2(1,F1,λ (x),F2,λ (x)) =

eλe−λ

g2,λ (1,F1,λ (x),F2,λ (x)), and the induction hypothesis together yield

m`
(n+2)
2,λ = J2,λ (m`

(n)
2,λ )6 J2,λ (n`

(n)
2,λ ) = Gλ

(
eλe−λ

g2,λ

(
1,F1,λ (n`

(n)
2,λ ),F2,λ (n`

(n)
2,λ )
)
+ e−λ

)
− e−λ .

(2.7.3)

Therefore, to complete the inductive step of showing that m`
(n+2)
2,λ < n`(n+2)

2,λ , it suffices to show
that the expression in (2.7.3) is strictly less than that in (2.7.1) for all λ large enough.

Note that G′
λ
(x) = λGλ (x) for all x ∈ [0,1] when we consider Poisson(λ ) to be our offspring

distribution. Since G′′
λ
(x)=∑

∞
i=2 i(i−1)χ(i)xi > 0 for x∈ [0,1], hence Gλ is convex. Theorem 21.2

of [93] states that a continuously differentiable function f defined on an interval I of R is convex if
and only if f (y)− f (x)> f ′(x)(y− x) for all x,y ∈ I. Applying this result with f replaced by Gλ ,
we obtain, from (2.7.1) and (2.7.3):

n`(n+2)
2,λ −m`

(n+2)
2,λ >−λGλ

(
eλe−λ

g2,λ

(
1,F1,λ (n`

(n)
2,λ ),F2,λ (n`

(n)
2,λ )
)
+ e−λ

)
[
g2,λ

(
1,F1,λ (n`

(n)
2,λ ),F2,λ (n`

(n)
2,λ )
)(

eλe−λ

−1
)
+ e−λ

]
+ e−λ . (2.7.4)

In what follows, we show that the expression on the right side of (2.7.4) is non-negative for all λ

large enough.
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2.7.2.1 Bound on the first factor of the first term of (2.7.4)

Since J2,λ is increasing on [0,c1,λ ] and n`(n)2,λ 6 n`2,λ (evident from (2.1.5) and (2.2.3)), given any
ε > 0, we have

Gλ

(
eλe−λ

g2,λ

(
1,F1,λ (n`

(n)
2,λ ),F2,λ (n`

(n)
2,λ )
)
+ e−λ

)
6 Gλ

(
eλe−λ

g2,λ
(
1,F1,λ (n`2,λ ),F2,λ (n`2,λ )

)
+ e−λ

)
= exp

{
eλe−λ

λ
[
g2,λ

(
1,F1,λ (n`2,λ ),F2,λ (n`2,λ )

)
−1
]
+λe−λ +λeλe−λ

−λ

}
= (n`2,λ )

eλe−λ

exp{λeλe−λ

+λe−λ −λ}, using (2.7.2);

6 n`2,λ exp

{
λ

∞

∑
i=1

(λe−λ )i

i!
+λe−λ

}
, since eλe−λ

> 1 and n`2,λ < 1 implies (n`2,λ )
eλe−λ

6 n`2,λ ;

= n`2,λ exp

{
λ

2e−λ
∞

∑
j=0

(λe−λ ) j

( j+1)!
+λe−λ

}
6 n`2,λ exp

{
λ

2e−λ
∞

∑
j=0

(λe−λ ) j

j!
+λe−λ

}
6 n`2,λ exp{λ 2e−λ eλe−λ

+λe−λ}6 n`2,λ exp{λ 2e−λ ee−1
+λe−λ}< (1+ ε)n`2,λ (2.7.5)

for all λ sufficiently large, where, in the last line, we utilize the fact that the maximum value of
λe−λ is e−1, and that both λ 2e−λ and λe−λ converge to 0 as λ → ∞. It is crucial to note that how
large λ needs to be for (2.7.5) to hold depends on ε alone, and not on n.

Note that, as a step in the derivation of (2.7.5), we obtain the bound eλe−λ −1 6 λe−λ eλe−λ

6

λe−λ ee−1
. This will prove useful in obtaining a bound for the entire expression on the right side of

(2.7.4).

2.7.2.2 Bound on the entire right side of (2.7.4)

Applying the bound from (2.7.5), the bound mentioned at the very end of §2.7.2.1, and the rather
crude bound g2,λ (1,F1,λ (n`

(n)
2,λ ),F2,λ (n`

(n)
2,λ ))6 1 to (2.7.4), we obtain

n`(n+2)
2,λ −m`

(n+2)
2,λ >−λ (1+ ε)n`2,λ [λe−λ ee−1

+ e−λ ]+ e−λ = e−λ [1− (1+ ε){ee−1
λ

2 n`2,λ +λ n`2,λ}]
(2.7.6)

for all λ sufficiently large. Theorem 2.1.6 guarantees that both λ 2 n`2,λ and λ n`2,λ converge to 0
as λ → ∞, so that (1+ ε){ee−1

λ 2 n`2,λ +λ n`2,λ} converges to 0 as well. Consequently, the final
expression of (2.7.6) is strictly positive for all λ sufficiently large. Note, once again, that how large
λ needs to be for this to happen depends on ε alone, and not on n. This completes the inductive
argument, showing that for all λ sufficiently large, we have m`

(n)
2,λ < n`(n)2,λ for every n ∈N. Taking

48



the limit as n→ ∞, using (2.2.3) and an analogous relation for the misère games, we deduce that
m`2,λ 6 n`2,λ , thus completing the proof of the first part of Theorem 2.1.7.

2.7.2.3 Proving that nd2,λ < md2,λ for all λ large enough

Proving nd2,λ < md2,λ for all λ sufficiently large establishes the second claim of Theorem 2.1.7.
From §2.4, we know that nd2,λ = F2,λ (n`2,λ )−n`2,λ , whereas md2,λ = F2,λ (m`2,λ )−m`2,λ −e−λ .
The rest of §2.7.2.3 is dedicated to comparing these two expressions.

We set out to find a suitable upper bound on nd2,λ for all λ sufficiently large. We start by
obtaining suitable approximations to a couple of infinite series. From Theorem 2.1.6, we know
that λ n`2,λ → 0 as λ → ∞, implying that for all λ sufficiently large,

λ n`2,λ < i+1⇐⇒
(λ n`2,λ )

i+1

(i+1)!
<

(λ n`2,λ )
i

i!
for all i ∈ N0 and lim

→∞

(λ n`2,λ )
i

i!
= 0,

so that by the well-known alternating series estimation theorem (see, for instance, §8.4 of [97]),
we have

e−λ n`2,λ −1 6−λ n`2,λ +
λ 2 n`2

2,λ

2
. (2.7.7)

Applying Theorem 2.1.6 one more time, we know that each of λ 2 n`2,λ , λ 3 n`2,λ and λ n`2,λ ap-

proaches 0 in the limit as λ →∞. Consequently,
∣∣∣−λ 2 n`2,λ +λ 3 n`2

2,λ /2−λ n`2,λ

∣∣∣→ 0 as λ →∞.
Moreover,

lim
λ→∞

λ 3 n`2
2,λ

λ 2 n`2,λ
= lim

λ→∞

λ n`2,λ = 0, again by Theorem 2.1.6, (2.7.8)

thus showing that λ 3 n`2
2,λ = o(λ 2 n`2,λ ) as λ → ∞. Therefore, we have −λ 2 n`2,λ +λ 3 n`2

2,λ /2−
λ n`2,λ < 0 for all λ sufficiently large. Applying the alternating series estimation theorem and
arguing the same way as above, we deduce that

exp

{
−λ

2 n`2,λ +
λ 3 n`2

2,λ

2
−λ n`2,λ

}
6 1−λ

2 n`2,λ +
λ 3 n`2

2,λ

2
−λ n`2,λ

+
1
2

(
−λ

2 n`2,λ +
λ 3 n`2

2,λ

2
−λ n`2,λ

)2

. (2.7.9)

It is evident from (2.7.8) that the leading term of −λ 2 n`2,λ +λ 3 n`2
2,λ /2−λ n`2,λ is −λ 2 n`2,λ , so

that we can write (−λ 2 n`2,λ +λ 3 n`2
2,λ /2−λ n`2,λ )

2 = O(λ 4 n`2
2,λ ). This observation, along with
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Theorem 2.1.6, reveals that for any fixed ε > 0, for all λ large enough, we have

lim
λ→∞

λ 4 n`2
2,λ

n`2,λ
= lim

λ→∞

λ
4 n`2,λ = 0 =⇒

λ 3 n`2
2,λ

2
+

1
2

(
−λ

2 n`2,λ +
λ 3 n`2

2,λ

2
−λ n`2,λ

)2

6 ε n`2,λ .

(2.7.10)

We have now gathered all the bounds / approximations we need in order to proceed to find a
suitable bound for nd2,λ : given any ε > 0, applying (2.7.7), followed by (2.7.9) and finally (2.7.10),
we have

nd2,λ = F2,λ (n`2,λ )−n`2,λ = exp{λe−λ n`2,λ −λ n`2,λ −λ}−n`2,λ

6 exp

{
−λ

2 n`2,λ +
λ 3 n`2

2,λ

2
−λ n`2,λ

}
−n`2,λ

6 1−λ
2 n`2,λ +

λ 3 n`2
2,λ

2
−λ n`2,λ +

1
2

(
−λ

2 n`2,λ +
λ 3 n`2

2,λ

2
−λ n`2,λ

)2

−n`2,λ

6 1−λ
2 n`2,λ −λ n`2,λ −(1− ε)n`2,λ . (2.7.11)

This completes our deduction of the desired upper bound on nd2,λ for λ large enough.
We now come to the derivation of a suitable lower bound on md2,λ . We first obtain a rather

simple bound, using the inequality e−x > 1− x for all x > 0:

md2,λ = F2,λ (m`2,λ )−m`2,λ −e−λ = exp
{

λe−λ m`2,λ −λ m`2,λ −λ

}
−m`2,λ −e−λ

> exp{−λ
2 m`2,λ −λ m`2,λ}−m`2,λ −e−λ > 1−λ

2 m`2,λ −λ m`2,λ −m`2,λ −e−λ . (2.7.12)

Note that, since we have already proved while concluding §2.7.2.2 that m`2,λ 6 n`2,λ for all λ

large enough, we can further bound the expression on the right side of (2.7.12) to obtain md2,λ >

1− (λ 2 +λ +1)n`2,λ −e−λ . However, this simple bound is not quite enough to compare with the
bound obtained in (2.7.11) and arrive at our desired conclusion. This is the difficulty we overcome
in what follows.

We know that n`2,λ is a fixed point of H2,λ by Theorem 2.1.1, that m`2,λ is a fixed point of J2,λ

by Theorem 2.1.2, and that J2,λ is increasing on [0,c1,λ ] (mentioned in §2.3 and argued the same
way as in §2.2.2). Using the expressions for J2,λ and H2,λ that we obtain by considering k = 2 and
Poisson(λ ) offspring in (2.1.11) and (2.1.9), we have, given any ε > 0,

(λ 2 +λ +1)m`2,λ +e−λ = (λ 2 +λ +1)J2,λ (m`2,λ )+ e−λ 6 (λ 2 +λ +1)J2,λ (n`2,λ )+ e−λ
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= (λ 2 +λ +1)Gλ

(
eλe−λ

g2,λ (1,F1,λ (n`2,λ ),F2,λ (n`2,λ ))+ e−λ

)
− (λ 2 +λ )e−λ

= (λ 2 +λ +1)exp
{

eλe−λ

λ
[
g2,λ (1,F1,λ (n`2,λ ),F2,λ (n`2,λ ))−1

]
+λeλe−λ

+λe−λ −λ

}
− (λ 2 +λ )e−λ

< (λ 2 +λ +1)exp
{

eλe−λ

λ
[
g2,λ (1,F1,λ (n`2,λ ),F2,λ (n`2,λ ))−1

]
+λe−λ

}
− (λ 2 +λ )e−λ

(
as eλe−λ

> 1
)

;

= (λ 2 +λ +1)(n`2,λ )
eλe−λ

eλe−λ

− (λ 2 +λ )e−λ < (λ 2 +λ +1)(1+ ε)n`2,λ −(λ 2 +λ )e−λ .

(2.7.13)

for all λ large enough. From (2.7.12) and (2.7.13), we obtain

md2,λ > 1− (λ 2 +λ +1)(1+ ε)n`2,λ +(λ 2 +λ )e−λ , (2.7.14)

so that from (2.7.11) and (2.7.14), we have

md2,λ −nd2,λ >−(λ 2 +λ +2)ε n`2,λ +(λ 2 +λ )e−λ , (2.7.15)

and our objective is to show that the expression on the right side of (2.7.15) is non-negative for
all λ sufficiently large. Given any ε > 0, we have λ 2 +λ + 2 < (1+ ε)(λ 2 +λ ) for all λ large
enough, and from Theorem 2.1.9 (which is yet to be proved), we have n`2,λ 6 n`1,λ for all λ large
enough. To establish (2.7.15), it thus suffices to prove that, given any ε > 0 such that ε(1+ε)< 1,

e−λ

ε(1+ ε)
> n`1,λ for all λ sufficiently large. (2.7.16)

To establish (2.7.16), we need to deduce certain properties of n`1,λ , which we do by examining
the function H1,λ (evident from Theorem 2.1.1). Setting k = 1 and χ to be Poisson(λ ) in (2.1.9),
we obtain

H1,λ (x) = e−λe−λx
=⇒ λ

3(λe−λx−1)e−λx−λe−λx
. (2.7.17)

Note that, using (2.5.2), for all λ > e, we have

F1,λ

(
lnλ

λ

)
= exp

{
−λ · lnλ

λ

}
=

1
λ
<

lnλ

λ
,

and as Lemma 2.2.2 states that F1,λ is strictly decreasing on [0,1] and its unique fixed point is c1,λ ,
we conclude that

c1,λ <
lnλ

λ
for all λ > e =⇒ λe−λx > 1 for all x ∈ [0,c1,λ ], for all λ > e.
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This finding, when applied to (2.7.17), reveals that H1,λ is strictly convex on [0,c1,λ ] for all λ > e.
Consequently, the curve y = H1,λ (x) intersects the line y = x at at most two points inside the
interval [0,c1,λ ] – if there are two intersections, then these happen at n`1,λ and c1,λ , and if there
is only one intersection, then this happens at c1,λ (in which case n`1,λ = c1,λ ). This conclusion,
along with Theorem 2.1.4 whose proof guarantees that n`1,λ < c1,λ for all λ large enough, reveals
that the curve y = H1,λ (x) stays above the line y = x when x ∈ [0,n`1,λ ), and beneath it when
x ∈ (n`1,λ ,c1,λ ), for λ sufficiently large.

We now note that λc1,λ →∞ as λ →∞, due to (2.5.1), so that e−λ

ε(1+ε) < c1,λ for all λ sufficiently
large. Therefore, to establish (2.7.16), it suffices to show that y = H1,λ (x) lies beneath y = x at
x = e−λ

ε(1+ε) . Using x > 1− e−x for all x > 0, we have

eλ H1,λ

(
e−λ

ε(1+ ε)

)
= eλ exp

{
−λ exp

{
−λ · e−λ

ε(1+ ε)

}}

= exp

{
λ

[
1− exp

{
− λe−λ

ε(1+ ε)

}]}
< exp

{
λ 2e−λ

ε(1+ ε)

}
.

Since the right side of the above inequality goes to 1 as λ → ∞, and we chose ε above such that
ε(1+ ε)< 1, the right side of the above inequality is strictly less than 1

ε(1+ε) for all λ sufficiently

large, thus proving that H1,λ

(
e−λ

ε(1+ε)

)
< e−λ

ε(1+ε) . In other words, we have proved that y = H1,λ (x)

lies beneath y = x at x = e−λ

ε(1+ε) , as desired. This concludes §2.7.2.3, and with it, the proof of the
fact that nd2,λ < md2,λ for all λ large enough.

2.7.2.4 Proving that n`2,λ < nw2,λ for all λ large enough

Proving n`2,λ < nw2,λ for all λ sufficiently large establishes the third and final claim made in the
statement of Theorem 2.1.7. By Theorem 2.1.1, we have nw2,λ = 1−F2,λ (n`2,λ ), so that it suffices
to show that F2,λ (n`2,λ )< 1−n`2,λ . From (2.5.2), we obtain

F2,λ (n`2,λ ) = exp{λe−λ n`2,λ −λ n`2,λ −λ}

6 exp

{
−λ

2 n`2,λ +
λ 3 n`2

2,λ

2
−λ n`2,λ

}
, by (2.7.7);

6 1−λ
2 n`2,λ +

λ 3 n`2
2,λ

2
−λ n`2,λ +

1
2

(
−λ

2 n`2,λ +
λ 3 n`2

2,λ

2
−λ n`2,λ

)2

, by (2.7.9);

6 1−λ
2 n`2,λ −λ n`2,λ +ε n`2,λ by (2.7.10);
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and this is less than 1− n`2,λ for all λ large enough since n`2,λ = o
(
λ 2 n`2,λ

)
. This concludes

§2.7.2.4 and the proof of the entire Theorem 2.1.7.

2.8 Proof of Theorem 2.1.9

Recall that the objectives of §2.8 is to show that the inequalities n`2,λ 6 n`1,λ , nd2,λ < nd1,λ and
nw1,λ < nw2,λ hold for all λ sufficiently large.

2.8.1 Showing that n`2,λ 6 n`1,λ for all λ sufficiently large

We begin with the first inequality, and we establish this by first showing that n`(n)2,λ 6 n`(n)1,λ for all
n ∈ N, which is proved by induction on n, then taking the limit as n→ ∞ and using (2.2.3).

Since n`(1)1,λ = n`(1)2,λ = e−λ , the base case for the inductive argument is verified. Suppose n`(n)2,λ 6

n`(n)1,λ for some n ∈ N. From (2.2.12), we have n`(n+2)
1,λ = H1,λ (n`

(n)
1,λ ) and n`(n+2)

2,λ = H2,λ (n`
(n)
2,λ ),

so that our task now is to compare these two quantities. To this end, we observe, setting k = 2 and
considering Poisson(λ ) offspring in (2.1.9),

H2,λ (x) = Gλ

(
Gλ (1−F2,λ (x))−Gλ (F1,λ (x)−F2,λ (x))

)
= Gλ

(
e−λF2,λ (x)− eλF1,λ (x)−λF2,λ (x)−λ

)
= Gλ

(
e−λF2,λ (x)

[
1− eλF1,λ (x)−λ

])
.

Applying this, the induction hypothesis and the increasing nature of H1,λ on [0,1] (as proved in
§2.2.2), we obtain

n`(n+2)
1,λ −n`(n+2)

2,λ > H1,λ

(
n`(n)2,λ

)
−H2,λ

(
n`(n)2,λ

)
= Gλ

(
1−F1,λ (n`

(n)
2,λ )
)
−Gλ

(
e−λF2,λ (n`

(n)
2,λ )
[

1− eλF1,λ (n`
(n)
2,λ )−λ

])
. (2.8.1)

We now construct a non-negative lower bound for the expression in (2.8.1).
Since n`(n)2,λ 6 n`2,λ (evident from (2.1.5) and (2.2.3)) and since F2,λ is strictly decreasing (by

Lemma 2.2.2), given any 0 < ε < 1, we have, using e−x−1 >−x for all x > 0,

F2,λ (n`
(n)
2,λ )> F2,λ (n`2,λ ) = exp{λe−λ n`2,λ −λ n`2,λ −λ}> exp{−λ

2 n`2,λ −λ n`2,λ}> 1− ε

(2.8.2)

for all λ sufficiently large, since both λ 2 n`2,λ and λ n`2,λ converges to 0 as λ → ∞ due to Theo-
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rem 2.1.6. Note, crucially, that how large λ needs to be for (2.8.2) to hold depends on ε alone, and
not on n. Using (2.8.2) and 1− e−x < x for all x > 0, the expression on the right side of (2.8.1) is
bounded below by

Gλ

(
1−F1,λ (n`

(n)
2,λ )
)
−Gλ

(
e−λ (1−ε)

[
1− eλF1,λ (n`

(n)
2,λ )−λ

])
> Gλ

(
1−F1,λ (n`

(n)
2,λ )
)
−Gλ

(
e−λ (1−ε)

λ{1−F1,λ (n`
(n)
2,λ )}

)
,

and this is strictly positive for all λ sufficiently large since λe−λ (1−ε)→ 0 as λ → ∞ (and hence
eventually becomes strictly less than 1) and Gλ is strictly increasing. This completes the inductive
proof and brings us to the end of §2.8.1.

2.8.2 Showing that nd2,λ < nd1,λ and nw1,λ < nw2,λ for all λ sufficiently
large

From Theorem 2.1.1, we have the following lower bound on nd1,λ :

nd1,λ = F1,λ (n`1,λ )−n`1,λ = e−λ n`1,λ −n`1,λ > 1−λ n`1,λ −n`1,λ , (2.8.3)

and comparing this with the lower bound on nd2,λ obtained in (2.7.11), we see that the objective
of §2.8.2 will be accomplished if we can show that n`1,λ < λ n`2,λ for all λ sufficiently large.

Recall that we estabilshed in §2.7.2.3 that H1,λ is strictly convex on [0,c1,λ ] for λ > e, so that
y = H1,λ (x) lies above y = x on [0,n`1,λ ), and beneath y = x on (n`1,λ ,c1,λ ), for all λ sufficiently
large. From (2.5.1), we have λc1,λ → ∞, whereas Theorem 2.1.6 yields λ 2 n`2,λ → 0, so that
λ n`2,λ < c1,λ for all λ sufficiently large. The goal set in the previous paragraph will, therefore, be
accomplished, if we can show that y = H1,λ (x) lies beneath y = x at x = λ n`2,λ .

Using e−x > 1− x for x > 0, we have

H1,λ (λ n`2,λ ) = exp
{
−λe−λ 2 n`2,λ

}
< exp

{
−λ +λ

3 n`2,λ
}
< λe−λ = λ n`(1)2,λ 6 λ n`2,λ

for all λ sufficiently large, since we have λ 3 n`2,λ → 0 by Theorem 2.1.6. This completes the proof
of nd1,λ > nd2,λ for all λ sufficiently large.

Since nw1,λ = 1−n`1,λ −nd1,λ and nw2,λ = 1−n`2,λ −nd2,λ , it follows immediately from the
previous conclusion and the conclusion drawn in §2.8.1 that nw1,λ < nw2,λ for all λ sufficiently
large.
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2.9 Proof of Theorem 2.1.10

Recall that we intend to show that when n`k = ck and max
{

H ′k(ck),
∣∣F ′k(ck)

∣∣} < 1, the expected
duration of the k-jump normal game is finite. Here, unlike the previous few sections, we consider
any offspring distribution χ that satisfies the restrictions discussed in §2.1.3.

Suppose n`k = ck, H ′k(ck) 6 γ and |F ′k(ck)| 6 γ for some γ < 1. Given 0 < ε < 1− γ , from
(2.2.3) and the continuity of H ′k and F ′k (due to the continuity of G′), we know there exists N ∈ N
such that H ′k(x)6 γ +ε and |F ′k(x)|6 γ +ε for all n`(N)

k 6 x 6 n`k = ck. Using (2.2.12) and (2.1.5),
for all n > N, we have

n`k−n`(n+2)
k = Hk(n`k)−Hk(n`

(n)
k ) = H ′k(ξn)(n`k−n`(n)k )6 (ε + γ)(n`k−n`(n)k ), (2.9.1)

where n`(n)k < ξn < n`k (by the mean value theorem). Likewise, from (2.2.13) and (2.1.5), for all
n > N, we have

nwk−nw(n+2)
k 6 nwk−nw(n+1)

k = Fk(n`
(n)
k )−Fk(n`k)6 (ε + γ)(n`k−n`(n)k ). (2.9.2)

Denoting the (random) duration of the game (starting at the root φ of Tχ ) by T , recalling the
definition of ND(n)

k from §2.1.3, and letting C = ∑
N+1
n=1 (1−nw(n)

k −n`(n)k ), we have

E[T ] =
∞

∑
n=1

P[T > n] =
∞

∑
n=1

P[φ ∈ ND(n)
k ] =

∞

∑
n=1

nd(n)k

=C+
∞

∑
n=N+2

(1−nw(n)
k −n`(n)k ) =C+

∞

∑
n=N+2

{(nwk−nw(n)
k )+(n`k−n`(n)k )},

since 1−nwk−n`k = ndk = 0 (by Theorem 2.1.3, as n`k = ck). It converges as (2.9.1) and (2.9.2)
guarantee exponential decay of the summands as n→ ∞.

To establish the second part of Theorem 2.1.10, we show that |F ′k(ck)| < 1 =⇒ H ′k(ck) < 1
when k = 2,3 (which then guarantees that the first part of Theorem 2.1.10 holds). Letting

a0 = G′(1− c2) = |F ′1(c2)| and a1 = G′(F1(c2)− c2),

we have (also making use of using Lemma 2.4.1)

F ′2(c2) =−a1(a0 +1) and H ′2(c2) = a2
1(a

2
0 +2a0−a1a0−a1)< {a1(a0 +1)}2,

thus proving our claim for k = 2.
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The proof is similar for k = 3, albeit requiring more involved computations, as follows. Letting

b0 =
∣∣F ′1(c3)

∣∣= G′(1− c3), b1 = G′(F1(c3)− c3) and b2 = G′(F2(c3)− c3),

we have F ′3(c3) =−b2(b1b0 +b1 +1). This, along with Lemma 2.4.1, yields

d
dx

G(g2(1,F2(x),F3(x)))
∣∣
x=c3

= b2[b2
1b2

0 +2b0b2
1 +b0b1 +b2

1−b2b2
1b0−b2b2

1−b2b1],

d
dx

G(g2(F1(x),F2(x),F3(x)))
∣∣
x=c3

= b2[−b1b0 +b2b2
1b0 +b2b2

1 +2b2b1 +b2b1b0−b2
2b1b0−b2

2b1−b2
2].

These together give us

H ′3(c3) = b2
2[b

2
1b2

0 +2b0b2
1 +2b0b1 +b2

1 +2b1 +1+{−2b2b2
1b0−2b2b2

1−3b2b1−b2b1b0 +b2
2b1b0 +b2

2b1

+b2
2−2b1−1}]< {b2[b1b0 +b1 +1]}2

The above inequality is obtained as follows. We use F2(c3)< F1(c3) (since we have already shown
that Fi(x) 6 Fi−1(x) holds for x ∈ [0,ci−1], in the proof of Equation (2.2.14)) and the increasing
nature of G′ to deduce b2 < b1. This, in turn, yields b2

2b1 < b2b2
1, b2

2 < b2b1 and b2
2b1b0 < b2b2

1b0.

Remark 2.9.1. We have verified the inequality H ′k(ck) < |F ′k(ck)|2 for a few higher values of k as

well, and we conjecture that this is true for all k ∈ N, but have been unable to discern a pattern in

the expression for H ′k(ck) that is not too complicated to work with in order to prove this conjecture.

2.10 Proofs of technical lemmas

2.10.1 Proofs of lemmas from §2.2

Proof of Lemma 2.2.1. As mentioned previously, the argument in this proof resembles that em-
ployed to prove Proposition 7 of [61]. We show that the sets ÑL = NL\(

⋃
∞
n=1 NL(n)) and

ÑW = NW\(
⋃

∞
n=1 NW(n)) are empty. From (2.2.1), for u to be in ÑW, there exists some

v ∈ Γk(u)∩NL. If v were in NL(n) for some n ∈ N, then the game starting at u is won by P1
(playing the first round) in less than n+ 1 rounds by moving the token from u to v in the first
round. This implies u ∈ NW(n+1), contradicting the assumption that u ∈ ÑW. Thus v must be in
ÑL. Equivalently, we have u ∈ ÑW iff Γk(u)∩NL = Γk(u)∩ ÑL 6= /0. Moreover, since the players
are assumed to play optimally, P1 moves the token from u to some v ∈ Γk(u)∩ ÑL in the first
round.
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From (2.2.2), for v to be in ÑL, every vertex in Γk(v) must be in NW. If for some n ∈ N,
w ∈ NW(n) for every w ∈ Γk(v), then no matter how P1 moves in the first round of the game
starting at v, she loses in less than n+1 rounds, thus implying v ∈ NL(n+1) and contradicting the
assumption that v ∈ ÑL. Thus there exists some w ∈ Γk(v) with w ∈ ÑW. Equivalently, v ∈ ÑL iff
Γk(v) ⊂ NW and Γk(v)∩ ÑW 6= /0. Moreover, under optimal play, P1 moves the token from v to
some w ∈ Γk(v)∩ ÑW in the first round in her attempt to prolong the game as much as possible.

These observations reveal that if the game begins at u0 ∈ ÑL, the token gets moved to some
u1 ∈ Γk(u0)∩ ÑW in the first round, to some u2 ∈ Γk(u1)∩ ÑL in the second round, and so on. It
continues till eternity, with each player always being able to make a move. The game thus ends in
a draw, contradicting the definition of ÑL. Therefore, ÑL = /0, and likewise, ÑW = /0 as well.

Proof of Lemma 2.2.2. We show, for all i ∈ N,

1. that Fi is a strictly decreasing function on [0,ci−1], where Fi is as defined in (2.1.6) and ci−1

is the unique fixed point of Fi−1,

2. that Fi(0) = 1,

3. that ci exists and is uniquely defined,

4. and that χ(0)< ci < ci−1.

We prove these claims together, via induction on i. We note, at the very outset, that G′(x) =

∑
∞
i=1 iχ(i)xi > 0 for all x > 0, guaranteeing G is strictly increasing on [0,1] – these facts are repeat-

edly utilized below.
Since F ′1(x) =−G′(1− x)< 0 for all x ∈ [0,1) (as χ(0)< 1), F1 is strictly decreasing on [0,1],

proving (1) for i = 1. This also implies that F1(x)− x is strictly decreasing on [0,1]. Moreover,
F1(0) = G(1) = 1 > 0 (this verifies (2)), so that the curve y = F1(x)− x lies above the x-axis at
x = 0, and F1(1)−1 = χ(0)−1 < 0, so that the curve y = F1(x)− x lies below the x-axis at x = 1.
This fact, along with (1) for i = 1, guarantees that F1(x)− x has a unique root in (0,1), which
we denote by c1. This proves (3) for i = 1. Finally, F1(χ(0)) = G(1− χ(0)) > G(0) = χ(0) (as
χ(0)< 1). This, along with (1) and (3) for i= 1, allows us to conclude that c1 > χ(0), thus proving
(4) for i = 1. This completes verifying the base case for the induction.

Suppose we have shown that all of (1), (2), (3) and (4) hold for some i ∈ N. From (2.1.6), we
have F ′i+1(x) = G′(Fi(x)− x)(F ′i (x)− 1). By the induction hypothesis, F ′i (x)− 1 < F ′i (x) < 0 for
all x ∈ [0,ci]⊂ [0,ci−1], whereas G′(Fi(x)−x)> 0 for x ∈ [0,ci], thus proving that F ′i+1(x)< 0 and
hence Fi+1 is strictly decreasing on [0,ci]. This proves (1).
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By the induction hypothesis, Fi+1(0) = G(Fi(0)− 0) = G(1) = 1, proving (2). Note that this
also implies that the curve y = Fi+1(x)− x lies above the x-axis at x = 0, whereas Fi+1(ci)− ci =

G(Fi(ci)− ci)− ci = G(0)− ci = χ(0)− ci < 0 (using the induction hypothesis pertaining to (4)),
so that the curve y = Fi+1(x)− x lies below the x-axis at x = ci. This fact, along with (1) that we
have already proved, guarantees that Fi+1(x)− x has a unique root, ci+1, in (0,ci) – this proves (3)
and the second inequality of (4).

Due to (1) and as ci is the fixed point of Fi in [0,ci−1], we know that the curve y = Fi(x) lies
strictly above the line y = x for x ∈ [0,ci), and strictly below the line y = x for x ∈ (ci,ci−1]. Since
χ(0) ∈ [0,ci) (because of the induction hypothesis pertaining to (4)), we conclude that Fi(χ(0))>
χ(0). This, along with the strictly increasing nature of G on [0,1], yields

Fi+1(χ(0)) = G(Fi(χ(0))−χ(0))> G(0) = χ(0). (2.10.1)

Once again, by (1) and as ci+1 is the fixed point of Fi+1 in [0,ci], we know that the curve y=Fi+1(x)

lies strictly above the line y = x for x ∈ [0,ci+1), and strictly below the line y = x for x ∈ (ci+1,ci].
This, along with (2.10.1), implies that χ(0) ∈ [0,ci+1), thus completing the proof of (4).

Proof of Lemma 2.2.3. Recall that we wish to prove pi, j,n =

gi+1(Fj−i−1(n`(n)),Fj−i(n`(n)),Fk−i+1(n`(n)), . . . ,
Fk(n`(n))) for 0 6 i < j 6 k, where Fis and gis are as defined in (2.1.6) and (2.1.7) respectively.
We prove this via induction on i.

First, we note that for i = 0 and j = 1, the claim follows from (2.2.9). Suppose the claim holds
for p0,`,n for 16 `6 j−1, for some 26 j 6 k. From (2.2.10), the induction hypothesis and (2.1.6):

p0, j,n = G

(
1−n`(n)−

j−2

∑
`=1

p0,`,n

)
−G

(
1−n`(n)−

j−1

∑
`=1

p0,`,n

)

= G

(
1−n`(n)−

j−2

∑
`=1

(F̀ −1(n`(n))− F̀ (n`(n)))

)
−G

(
1−n`(n)−

j−1

∑
`=1

(F̀ −1(n`(n))− F̀ (n`(n)))

)
= G

(
Fj−2(n`(n))−n`(n)

)
−G

(
Fj−1(n`(n))−n`(n)

)
= Fj−1(n`(n))−Fj(n`(n)) = g1

(
Fj−1(n`(n))−Fj(n`(n))

)
,

thus proving the claim for i = 0 and all 1 6 j 6 k.
Suppose the claim holds for all pi−1, j,n for all i− 1 < j 6 k, for some 1 6 i 6 k− 1. From
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(2.2.11) and the induction hypothesis, for any j with i < j 6 k, we see that

pi, j,n = G

(
k

∑
`= j−1

pi−1,`,n

)
−G

(
k

∑
`= j

pi−1,`,n

)

= G

(
k

∑
`= j−1

gi

(
F̀ −i(n`(n)), F̀ −i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))

−G

(
k

∑
`= j

gi

(
F̀ −i(n`(n)), F̀ −i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))
.

(2.10.2)

We analyze the two terms in (2.10.2) individually, to avoid cluttering. Using (2.1.7), we have

G

(
k

∑
`= j−1

gi

(
F̀ −i(n`(n)), F̀ −i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))

= G

(
k

∑
`= j−1

G
(

gi−1

(
F̀ −i(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))
−G

(
gi−1

(
F̀ −i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

)))

= G

(
G
(

gi−1

(
Fj−1−i(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))
−G

(
gi−1

(
Fk−i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

)))
= G

(
gi

(
Fj−i−1(n`(n)),Fk−i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))
. (2.10.3)

The second term of (2.10.2) is analyzed as follows:

G

(
k

∑
`= j

gi

(
F̀ −i(n`(n)), F̀ −i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))

= G

(
k

∑
`= j

G
(

gi−1

(
F̀ −i(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))
−G

(
gi−1

(
F̀ −i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

)))
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= G

(
G
(

gi−1

(
Fj−i(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))
−G

(
gi−1

(
Fk−i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

)))
= G

(
gi

(
Fj−i(n`(n)),Fk−i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))
. (2.10.4)

Substituting from (2.10.3) and (2.10.4) in (2.10.2) and using (2.1.7), we obtain

pi, j,n = G
(

gi

(
Fj−i−1(n`(n)),Fk−i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))
−G

(
gi

(
Fj−i(n`(n)),Fk−i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))

))
= gi+1(Fj−i−1(n`(n)),Fj−i(n`(n)),Fk−i+1(n`(n)),Fk−i+2(n`(n)), . . . ,Fk(n`(n))),

thus completing the inductive step of the argument. This completes the proof of Lemma 2.2.3.

Proof of Equation (2.2.14). Recall that we intend to show that for any 0 6 i1 < i2 6 k− j and all
x ∈ [0,ck−1],

1 > g j
(
Fi1(x),Fk− j+1(x),Fk− j+2(x), . . . ,Fk(x)

)
> g j

(
Fi2(x),Fk− j+1(x),Fk− j+2(x), . . . ,Fk(x)

)
> 0.

We prove this via induction on j. It is important to keep in mind that G is strictly increasing on
[0,1] and that G(x) ∈ [0,1] for all x ∈ [0,1], as these fact is used repeatedly in what follows.

First, we prove, via induction on i, that Fi(x)>Fi+1(x) for all x∈ [0,ci], for each i∈N0. the base
case of i = 0 is immediate as F0(x) = 1 and F1(x) = G(1− x) ∈ [0,1]. Suppose Fi(x) > Fi+1(x)

for all x ∈ [0,ci], for some i ∈ N0. By (2.1.6) and the induction hypothesis, we have Fi+1(x) =

G(Fi(x)− x) > G(Fi+1(x)− x) = Fi+2(x) for all x ∈ [0,ci+1] ⊂ [0,ci]. When 0 6 i1 < i2 < k, we
thus have

g1(Fi1(x),Fk(x)) = Fi1(x)−Fk(x)> Fi2(x)−Fk(x) = g1(Fi2(x),Fk(x))

for all x ∈ [0,ck−1], thus establishing (2.2.14) for j = 1.
We assume that (2.2.14) holds for some j < k, and now we prove it for j+1. For any 0 6 i1 <

i2 6 k− ( j+1) and x ∈ [0,ck−1], we obtain, using (2.1.7),

g j+1
(
Fi1(x),Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)
−g j+1

(
Fi2(x),Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)
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=
[
G
(
g j
(
Fi1(x),Fk− j+1(x), . . . ,Fk(x)

))
−G

(
g j
(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

))]
−
[
G
(
g j
(
Fi2(x),Fk− j+1(x), . . . ,Fk(x)

))
−G

(
g j
(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

))]
= G

(
g j
(
Fi1(x),Fk− j+1(x), . . . ,Fk(x)

))
−G

(
g j
(
Fi2(x),Fk− j+1(x), . . . ,Fk(x)

))
and this is non-negative by our induction hypothesis. For 0 6 i 6 k− ( j + 1) and x ∈ [0,ck−1],
using (2.1.7),

g j+1
(
Fi(x),Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)
= G

(
g j
(
Fi(x),Fk− j+1(x), . . . ,Fk(x)

))
−G

(
g j
(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

))
and this is non-negative because our induction hypothesis guarantees that
g j
(
Fi(x),Fk− j+1(x), . . . ,Fk(x)

)
> g j

(
Fk− j(x),Fk− j+1(x), . . . ,Fk(x)

)
(by setting i1 = i

and i2 = k − j), and G is increasing on [0,1]. It is also bounded above by 1 since
G
(
g j
(
Fi(x),Fk− j+1(x), . . . ,Fk(x)

))
6 1, since G(x) 6 1 for all x ∈ [0,1]. This completes

the proof of Equation (2.2.14).

2.10.2 Proofs of lemmas from §2.5

Proof of Lemma 2.5.1. Recall that, given a sequence of functions {ri}06i6k defined and differen-
tiable on an interval I of R, with (ri(x),rk− j+1(x),rk− j+2(x), . . . ,rk(x)) ∈D j (defined as in (2.1.8))
for all x ∈ I and all 0 6 i < i+ j 6 k, Lemma 2.5.1 describes an expression for the derivative of
gk,λ (r0(x),r1(x), . . . ,rk(x)) with respect to x, described via (2.5.14), (2.5.15) and (2.5.16), and this
is what we establish now. Here, we focus on the offspring distribution Poisson(λ ).

Recall that the pgf of Poisson(λ ) is Gλ (x) = eλ (x−1), so that G′
λ
(x) = λGλ (x). We prove the

lemma using induction on k. When k = 2, we have

d
dx

g2,λ (r0(x),r1(x),r2(x)) =
d
dx

Gλ (r0(x)− r2(x))−
d
dx

Gλ (r1(x)− r2(x))

= λGλ (r0(x)− r2(x))(r′0(x)− r′2(x))−λGλ (r1(x)− r2(x))(r′1(x)− r′2(x)),

which proves the base case for the induction.
Suppose (2.5.14), (2.5.15) and (2.5.16) hold for some k > 2. Using the induction hypothesis

and (2.1.7), we have

d
dx

gk+1,λ (r0(x),r1(x), . . . ,rk+1(x))
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= G′
λ

(
gk,λ (r0(x),r2(x), . . . ,rk+1(x))

) d
dx

gk,λ (r0(x),r2(x), . . . ,rk+1(x))

−G′
λ

(
gk,λ (r1(x),r2(x), . . . ,rk+1(x))

) d
dx

gk,λ (r1(x),r2(x), . . . ,rk+1(x))

= λ
kGλ

(
gk,λ (r0(x),r2(x), . . . ,rk+1(x))

)
fk,0,λ (r0(x),r2(x), . . . ,rk+1(x))(r′0(x)− r′k+1(x))

−λ
kGλ

(
gk,λ (r1(x),r2(x), . . . ,rk+1(x))

)
fk,0,λ (r1(x),r2(x), . . . ,rk+1(x))(r′1(x)− r′k+1(x))

+λ
k

k

∑
i=2

[
Gλ (gk,λ (r0(x),r2(x), . . . ,rk+1(x))) fk,i−1,λ (r0(x),r2(x), . . . ,rk+1(x))

−Gλ (gk,λ (r1(x),r2(x), . . . ,rk+1(x))) fk,i−1,λ (r1(x),r2(x), . . . ,rk+1(x))
]
(r′i(x)− r′k+1(x))

= λ
kGλ

(
gk,λ (r0(x),r2(x), . . . ,rk+1(x))

) k−1

∏
t=1

Gλ

(
gt,λ (r0(x),rk−t+2(x),rk−t+3(x), . . . ,rk+1(x))

)
(r′0(x)− r′k+1(x))

−λ
kGλ

(
gk,λ (r1(x),r2(x), . . . ,rk+1(x))

) k−1

∏
t=1

Gλ

(
gt,λ (r1(x),rk−t+2(x),rk−t+3(x), . . . ,rk+1(x))

)
(r′1(x)− r′k+1(x))

+λ
k

k

∑
i=2

[
Gλ

(
gk,λ (r0(x),r2(x), . . . ,rk+1(x))

) k−(i−1)

∏
t=1

Gλ

(
gt,λ
(
ri(x),rk−t+2(x),rk−t+3(x),

. . . ,rk+1(x)
))

αk,i−1,λ (r0(x),r2(x), . . . ,rk+1(x))

−Gλ

(
gk,λ (r1(x),r2(x), . . . ,rk+1(x))

) k−(i−1)

∏
t=1

Gλ

(
gt,λ (ri(x),rk−t+2(x),rk−t+3(x), . . . ,rk+1(x))

)
αk,i−1,λ (r1(x),r2(x), . . . ,rk+1(x))

]
(r′i(x)− r′k+1(x))

= λ
k
(k+1)−1

∏
t=1

Gλ

(
gt,λ

(
r0(x),r(k+1)−t+1(x),r(k+1)−t+2(x), . . . ,rk+1(x)

))
(r′0(x)− r′k+1(x))

−λ
k
(k+1)−1

∏
t=1

Gλ

(
gt,λ

(
r1(x),r(k+1)−t+1(x),r(k+1)−t+2(x), . . . ,rk+1(x)

))
(r′1(x)− r′k+1(x))

+λ
k

k

∑
i=2

(k+1)−i

∏
t=1

Gλ

(
gt,λ

(
ri(x),r(k+1)−t+1(x),r(k+1)−t+2(x), . . . ,rk+1(x)

))
αk+1,i,λ (r0(x), . . . ,rk+1(x))(r′i(x)− r′k+1(x)),

where

αk+1,i,λ (r0(x), . . . ,rk+1(x)) = Gλ (gk,λ (r0(x),r2(x), . . . ,rk+1(x)))αk,i−1,λ (r0(x),r2(x), . . . ,rk+1(x))
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−Gλ (gk,λ (r1(x),r2(x), . . . ,rk+1(x)))αk,i−1,λ (r1(x),r2(x), . . . ,rk+1(x))

is bounded by ak+1,i = 2ak,i−1 (using the induction hypothesis).

Proof of Lemma 2.5.2. Recall that our objective is to prove that F ′i,λ (x) =

−λ

[
∑

i−1
t=1 λ i−t

∏
i−1
j=t Fj,λ (x)+1

]
Fi,λ (x) for all x ∈ (0,ci−1) and i ∈ N. We prove this by in-

duction on i. When i = 1, we have F ′1,λ (x) =−λe−λx =−λF1,λ (x), proving the base case for the
induction.

Suppose the lemma holds for some i > 1. Then, from (2.1.6) and the induction hypothesis, we
have

F ′i+1,λ (x) = G′
λ
(Fi,λ (x)− x)[F ′i,λ (x)−1]

= −λGλ (Fi,λ (x)− x)

[
λ{

i−1

∑
t=1

λ
i−t

i−1

∏
j=t

Fj,λ (x)+1}Fi,λ (x)+1

]

= −λFi+1,λ (x)

[
i−1

∑
t=1

λ
i−t+1Fi,λ (x)

i−1

∏
j=t

Fj,λ (x)+λFi,λ (x)+1

]

= −λ

[
i

∑
t=1

λ
(i+1)−t

i

∏
j=t

Fj,λ (x)+1

]
Fi+1,λ (x),

thus completing the inductive proof.

2.10.3 Proofs of lemmas from §2.6

Proof of Lemma 2.6.1. Recall that our objective here is to prove that ηλ = λc2,λ is is strictly in-
creasing for λ ∈ (0,λ0) and strictly decreasing for λ ∈ (λ0,∞), where λ0 ≈ 2.43634. We accom-
plish this by showing that the derivative of ηλ with respect to λ is strictly positive, and we justify
the differentiability of ηλ with respect to λ by recalling that c2,λ is differentiable with respect to
λ , as proved in detail in §2.5.1.

To find an expression for the derivative of ηλ , we first find the derivative c′2,λ of c2,λ using the
definition of c2,λ (i.e. c2,λ = F2,λ (c2,λ )). This yields

c′2,λ =
d

dλ
F2,λ (c2,λ ) =

d
dλ

[
exp
{

λe−λc2,λ −λc2,λ −λ

}]
=⇒ c′2,λ =

[
e−λc2,λ +λ

{
−c2,λ −λc′2,λ

}
e−λc2,λ −

{
c2,λ +λc′2,λ

}
−1
]

c2,λ
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=⇒ c′2,λ =

[
e−λc2,λ − c2,λ −1−λc2,λ e−λc2,λ

]
c2,λ

1+λ 2c2,λ e−λc2,λ +λc2,λ
, (2.10.5)

Next, we examine the behaviour of c2,λ eλc2,λ+1 as a function of λ . For all λ > 0, substituting
from (2.10.5) and noting that e−λc2,λ < 1, we have

d
dλ

[
c2,λ eλc2,λ

]
=
[
c′2,λ

(
1+λc2,λ

)
+ c2

2,λ

]
eλc2,λ =

(e−λc2,λ −1−λc2,λ )c2,λ eλc2,λ

1+λ 2c2,λ e−λc2,λ +λc2,λ
< 0.

Hence c2,λ eλc2,λ , and consequently, c2,λ eλc2,λ+1, is strictly decreasing in λ . Recall that (2.5.1)
applied to k = 2 guarantees that λc2,λ → 0 (and hence c2,λ → 0 as well) as λ → ∞. Consequently,

lim
λ→∞

c2,λ eλc2,λ+1 = 0.

On the other hand,

lim
λ→0

c2,λ = lim
λ→0

F2,λ (c2,λ ) = lim
λ→0

exp
{

λ

(
e−λc2,λ − c2,λ −1

)}
= 1 =⇒ lim

λ→0
c2,λ eλc2,λ+1 = e > 1.

From the three observations made above, we conclude that there exists a unique λ0 with
c2,λ0eλ0c2,λ0

+1 = 1.
We now explore some useful characteristics of this λ0. Using, again, c2,λ = F2,λ (c2,λ ), we have

c2,λ0 = exp
{

λ0

(
e−λ0c2,λ0 − c2,λ0−1

)}
=⇒ c2,λ0eλ0c2,λ0

+1 = exp
{

λ0e−λ0c2,λ0 −λ0 +1
}
= 1 =⇒ c2,λ0 =

1
λ0

ln
(

λ0

λ0−1

)
where the second step follows from how λ0 has been defined above. Using the above derivation,
we obtain

c2,λ0eλ0c2,λ0
+1 =

1
λ0

ln
(

λ0

λ0−1

)
e · λ0

λ0−1
= 1 =⇒ λ0 ≈ 2.43634.

We now come to the derivative of ηλ with respect to λ , and we make use of the observations
made above:

η
′
λ
= c2,λ +λc′2,λ =

c2,λ

(
1+λe−λc2,λ −λ

)
1+λ 2c2,λ e−λc2,λ +λc2,λ

=
c2,λ ln

(
c2,λ eλc2,λ+1

)
1+λ 2c2,λ e−λc2,λ +λc2,λ

. (2.10.6)
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Since c2,λ eλc2,λ+1 is strictly decreasing and takes the value 1 at λ = λ0, we have

ln
(

c2,λ eλc2,λ+1
)
> 0 for λ < λ0 and ln

(
c2,λ eλc2,λ+1

)
< 0 for λ > λ0. Hence η ′

λ
> 0 for

0 < λ < λ0 and η ′
λ
< 0 for λ > λ0. Thus ηλ is strictly increasing for λ ∈ (0,λ0), strictly de-

creasing for λ ∈ (λ0,∞), and its maximum value, attained at λ0, is ≈ 0.52839925.

Before we begin the proofs of Lemmas 2.6.2 through 2.6.6, we urge the reader to recall the
definitions of α(x), β (x), and Ai for 1 6 i 6 8, from §2.6.

Proof of Lemma 2.6.2. Recall that our objective here is to prove, after taking out the common
factor of {α(x)−β (x)}F2,λ (x)(λF1,λ (x)+1)2, that

λ
2F2,λ (x){α(x)−β (x)}+λF2,λ (x)> 1 (2.10.7)

for all x ∈ (γλ ,c2,λ ] and all λ > 2.5. Differentiating the left side of this inequality with respect to
x gives

λ
2F ′2,λ (x){α(x)−β (x)}+λ

2F2,λ (x){α ′(x)−β
′(x)}+λF ′2,λ (x)

= −λ
3 (

λF1,λ (x)+1
)

F2,λ (x){α(x)−β (x)}+λ
2F2,λ (x)[λ

2
α(x)(λF1,λ (x)+1)F2,λ (x)

−λ
2
β (x){−F1,λ (x)+(λF1,λ (x)+1)F2,λ (x)}]−λ

2(λF1,λ (x)+1)F2,λ (x)

= λ
3(λF1,λ (x)+1)F2,λ (x){α(x)−β (x)}[λF2,λ (x)−1]+λ

3F1,λ (x)F2,λ (x){λβ (x)−1}−λ
2F2,λ (x).

(2.10.8)

In what follows, we show that this derivative is strictly negative for x ∈ (γλ ,c2,λ ], for λ > 0.
Since F2,λ is strictly decreasing on [0,c1,λ ] by Lemma 2.2.2, and as c2,λ is the unique fixed

point of F2,λ , we have F2,λ (x)> x for all 0 6 x 6 c2,λ . Thus

β (x) = Gλ (F1,λ (x)−F2,λ (x))6 Gλ (F1,λ (x)− x) = F2,λ (x). (2.10.9)

Due to the strictly decreasing nature of F2,λ , we also have

F2,λ (x)< F2,λ (γλ ) =
1
λ

for x > γλ , (2.10.10)

so that from (2.10.9) and (2.10.10), we obtain

λF2,λ (x)−1 < 0 and λβ (x)−1 < 0 for all x ∈ (γλ ,c2,λ ]. (2.10.11)

Thus the derivative in (2.10.8) strictly negative for x ∈ (γλ ,c2,λ ], implying that the function on the
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left side of (2.10.7) is strictly decreasing for x ∈ (γλ ,c2,λ ].
Utilizing the above finding, for all λ > 0 and γλ < x 6 c2,λ , we have

λ
2F2,λ (x){α(x)−β (x)}+λF2,λ (x)> λ

2F2,λ (c2,λ ){α(c2,λ )−β (c2,λ )}+λF2,λ (c2,λ )

= λ
2c2,λ{e−λc2,λ − c2,λ}+λc2,λ = ληλ e−ηλ −η

2
λ
+ηλ .

(2.10.12)

Differentiating the right side of (2.10.12) with respect to λ and substituting from (2.10.6), we have

ηλ e−ηλ +λη
′
λ

e−ηλ −ληλ η
′
λ

e−ηλ −2ηλ η
′
λ
+η

′
λ

= ηλ e−ηλ +
ηλ (1+λe−ηλ −λ )

λ (1+ληλ e−ηλ +ηλ )

[
λe−ηλ −ληλ e−ηλ −2ηλ +1

]
=

ηλ [λ
2e−ηλ {e−ηλ −1+ηλ}+2ληλ{1− e−ηλ }+{3λe−ηλ −2ηλ +1−λ}]

λ (1+ληλ e−ηλ +ηλ )

>
ηλ{3λe−0.5284−2 ·0.5284+1−λ}

λ (1+ληλ e−ηλ +ηλ )
=

ηλ{0.7686λ −0.0568}
λ (1+ληλ e−ηλ +ηλ )

> 0 for all λ > 2,

where we use e−x−1 > −x for all x > 0, and that ηλ < 0.5284 for all λ > 0 from Lemma 2.6.1.
Thus ληλ e−ηλ −η2

λ
+ηλ is strictly increasing for λ > 2. Since its value at λ = 2.5 is≈ 1.0279> 1,

hence we conclude that
ληλ e−ηλ −η

2
λ
+ηλ > 1 for all λ > 2.5. (2.10.13)

Combining (2.10.12) and (2.10.13), we conclude that (2.10.7) does hold for all x ∈ (γλ ,c2,λ ] and
λ > 2.5, as desired.

Proof of Lemma 2.6.3. Recall that our objective here is to show, after taking out the common factor
of λ{α(x)−β (x)}F1,λ (x)F2,λ (x), that

λβ (x)(λF1,λ (x)+1)> 1 (2.10.14)

for all x ∈ (γλ ,c2,λ ] and λ > 2. Differentiating the left side of (2.10.14) with respect to x yields

λβ
′(x)(λF1,λ (x)+1)+λ

2
β (x)F ′1,λ (x) = λ

3
β (x)[F2,λ (x)(λF1,λ (x)+1)2−F1,λ (x)(λF1,λ (x)+2)].

(2.10.15)
For x < c2,λ , we have

d
dx

[F2,λ (x)(λF1,λ (x)+1)2−F1,λ (x)(λF1,λ (x)+2)]
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= λ (λF1,λ (x)+1)[F1,λ (x){2−λ
2F1,λ (x)F2,λ (x)−4λF2,λ (x)}−F2,λ (x)]

6 λ (λF1,λ (x)+1)[F1,λ (x){2−λ
2F1,λ (c2,λ )F2,λ (c2,λ )−4λF2,λ (c2,λ )}−F2,λ (x)] (by Lemma 2.2.2)

= λ (λF1,λ (x)+1)[F1,λ (x){2−ληλ e−ηλ −4ηλ}−F2,λ (x)]. (2.10.16)

We need to examine the behaviour of 2−ληλ e−ηλ −4ηλ as a function of λ . Substituting from
(2.10.6),

d
dλ

[ληλ e−ηλ ] = ηλ e−ηλ [1+(1−ηλ )
1+λe−ηλ −λ

1+ληλ e−ηλ +ηλ

] = ηλ e−ηλ · 2+λe−ηλ −λ +ληλ

1+ληλ e−ηλ +ηλ

> 0

since e−ηλ − 1+ηλ > 0. Thus ληλ e−ηλ is strictly increasing in λ . Since its value is ≈ 2.25080
at λ = 8.644, we conclude that ληλ e−ηλ > 2 for all λ > 8.644. This shows that 2−ληλ e−ηλ −
4ηλ < 0 for all λ > 8.644.

On the other hand,

d
dλ

[ληλ e−ηλ +4ηλ ] = ηλ e−ηλ · 2+λe−ηλ −λ +ληλ

1+ληλ e−ηλ +ηλ

+
4ηλ (1+λe−ηλ −λ )

λ (1+ληλ e−ηλ +ηλ )

=
ηλ

λ (1+ληλ e−ηλ +ηλ )
[{6λe−ηλ +4−4λ}+λ

2e−ηλ {e−ηλ −1+ηλ}]

>
ηλ [{6λe−0.5284 +4−4λ}+λ 2e−ηλ {e−ηλ −1+ηλ}]

λ (1+ληλ e−ηλ +ηλ )
(by Lemma 2.6.1)

=
ηλ [{4−0.462715λ}+λ 2e−ηλ {e−ηλ −1+ηλ}]

λ (1+ληλ e−ηλ +ηλ )

which is non-negative for all λ 6 4/0.462715≈ 8.644. This shows that ληλ e−ηλ +4ηλ is increas-
ing for λ 6 8.644, and at λ = 2 we have 4ηλ = 2.0957 > 2. Therefore ληλ e−ηλ +4ηλ > 2, and
hence 2−ληλ e−ηλ −4ηλ < 0 for all λ 6 8.644.

The above findings show that 2−ληλ e−ηλ −4ηλ < 0 for all λ > 2, so that the expression on
the right side of (2.10.16) is strictly negative for all λ > 2. This implies that, via (2.10.16), that
F2,λ (x)(λF1,λ (x)+1)2−F1,λ (x)(λF1,λ (x)+2) is strictly decreasing for x 6 c2,λ and λ > 2. In the
next paragraph, we focus on the value of this function at c2,λ , as a function of λ .

When x = c2,λ and λ > 2, we have

F2,λ (c2,λ )(λF1,λ (c2,λ )+1)2−F1,λ (c2,λ )(λF1,λ (c2,λ )+2)

< F2,λ (c2,λ )(λF1,λ (c2,λ )+1)2−F1,λ (c2,λ )(λF1,λ (c2,λ )+1)

= (λF1,λ (c2,λ )+1){c2,λ (λF1,λ (c2,λ )+1)−F1,λ (c2,λ )}, since F2,λ (c2,λ ) = c2,λ ;

6 (λF1,λ (c2,λ )+1){0.5284F1,λ (c2,λ )+ c2,λ −F1,λ (c2,λ )}, since ηλ 6 0.5284 by Lemma 2.6.1;
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= (λF1,λ (c2,λ )+1){−0.4716F1,λ (c2,λ )+ c2,λ}
= (λF1,λ (c2,λ )+1){−0.4716e−λc2,λ + c2,λ}
6 (λF1,λ (c2,λ )+1){−0.4716e−0.5284 +0.2619}< 0, (2.10.17)

where in the last step we use

1. the fact (proved in §2.5.1) that c2,λ is strictly decreasing in λ , and hence c2,λ 6 c2,2≈ 0.2619
for λ > 2,

2. and, once again, that ηλ 6 0.5284, by Lemma 2.6.1.

Next, we focus on the behaviour of F2,λ (x)(λF1,λ (x)+ 1)2−F1,λ (x)(λF1,λ (x)+ 2) at x = γλ ,
as a function of λ . Since F2,λ (γλ ) =

1
λ

(by definition of γλ in (2.6.4)), we have

−F1,λ (γλ )(λF1,λ (γλ )+2)+F2,λ (γλ )(λF1,λ (γλ )+1)2 =
1
λ
> 0. (2.10.18)

For each λ > 2, since we have proved above that F2,λ (x)(λF1,λ (x)+1)2−F1,λ (x)(λF1,λ (x)+

2) is strictly decreasing when x ∈ [0,c2,λ ], from (2.10.17) and (2.10.18) we conclude that
F2,λ (x)(λF1,λ (x)+ 1)2−F1,λ (x)(λF1,λ (x)+ 2) is initially strictly positive, and then strictly neg-
ative, on the interval (γλ ,c2,λ ]. This, along with (2.10.15), implies that λβ (x)(λF1,λ (x)+ 1) is
initially strictly increasing, and then strictly decreasing, on (γλ ,c2,λ ]. Therefore, for each λ > 2,

λβ (x)(λF1,λ (x)+1)>min
{

λβ (c2,λ )(λF1,λ (c2,λ )+1),λβ (γλ )(λF1,λ (γλ )+1)
}

for all x∈ (γλ ,c2,λ ].

(2.10.19)

The idea, now, is to consider the values of λβ (x)(λF1,λ (x)+1) at both x = c2,λ and x = γλ to
see which of them is the minimum, and then use this global minima of λβ (x)(λF1,λ (x)+ 1) on
(γλ ,c2,λ ] to deduce that (2.10.14) holds.

At the very outset of §2.6.2, we have mentioned that β (c2,λ ) = c2,λ . Substituting from (2.10.6),
the derivative of the value of λβ (x)(λF1,λ (x)+1) at x = c2,λ , with respect to λ , becomes

d
dλ

[λβ (c2,λ )(λF1,λ (c2,λ )+1)] =
d

dλ

[
λc2,λ

(
λe−λc2,λ +1

)]
=

d
dλ

[
ηλ

(
λe−ηλ +1

)]
= ηλ e−ηλ +

ηλ (1+λe−ηλ −λ )

λ (1+ληλ e−ηλ +ηλ )
[λe−ηλ −ληλ e−ηλ +1]

=
ηλ

λ (1+ληλ e−ηλ +ηλ )
[{3λe−ηλ +1−λ}+λ

2e−ηλ {e−ηλ −1+ηλ}],
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and this is strictly positive since 3e−ηλ > 3e−0.5284 ≈ 1.7686 > 1 for all λ > 0, by Lemma 2.6.1.
Thus λβ (c2,λ )(λF1,λ (c2,λ )+1) is strictly increasing in λ , and its value at λ = 2 is≈ 1.14446 > 1.
Thus

λβ (c2,λ )(λF1,λ (c2,λ )+1)> 1.14446 > 1 for all λ > 2. (2.10.20)

We now need to examine the behaviour of the value of λβ (x)(λF1,λ (x)+ 1) at x = γλ , as a
function of λ . Via a similar application of the implicit function theorem as that used to justify
the differentiability of ck,λ with respect to λ in §2.5.1, we conclude that γλ is differentiable with
respect to λ as well. Writing θλ = λγλ , we then have

F2,λ (γλ ) = exp{λe−θλ −θλ −λ}= 1
λ

=⇒ θ
′
λ
=

e−θλ −1+ 1
λ

λe−θλ +1
.

Differentiating the value of λβ (x)(λF1,λ (x)+1) at x = γλ with respect to λ and substituting from
above, we have

d
dλ

[λ 2
β (γλ )F1,λ (γλ )+λβ (γλ )] =

d
dλ

[λ 2eλe−θ
λ−1−λ−θλ +λeλe−θ

λ−1−λ ]

= 2λβ (γλ )F1,λ (γλ )+λ
2{e−θλ −λθ

′
λ

e−θλ −1−θ
′
λ
}β (γλ )F1,λ (γλ )

+β (γλ )+λ{e−θλ −λθ
′
λ

e−θλ −1}β (γλ )

= λβ (γλ )F1,λ (γλ )+β (γλ )−
λβ (γλ )

λe−θλ +1

= λβ (γλ ) ·
λe−2θλ + e−θλ −1

λe−θλ +1
+β (γλ )

> λβ (γλ ) ·
λe−2ηλ + e−ηλ −1

λe−θλ +1
+β (γλ )

> λβ (γλ ) ·
2e−2·0.5284 + e−0.5284−1

λe−θλ +1
+β (γλ )> 0,

for λ > 2, where we use γλ < c2,λ =⇒ θλ < ηλ < 0.5284 (from Lemma 2.6.1). This tells us that
λβ (γλ )(λF1,λ (γλ )+ 1) is strictly increasing for λ > 2, and its value at λ = 2 is ≈ 1.20824 > 1.
Thus

λβ (γλ )(λF1,λ (γλ )+1)> 1.20824 > 1 for all λ > 2. (2.10.21)

From (2.10.19), (2.10.20) and (2.10.21), we conclude that (2.10.14) holds for all x ∈ (γλ ,c2,λ ],
for each λ > 2, completing our proof.

Proof of Lemma 2.6.4. Recall that, after setting aside the common factor of
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β (x)F1,λ (x)(λF1,λ (x)+1), our objective here is to prove that

λ
2F2,λ (x){α(x)−β (x)}+2λF2,λ (x)> 1 (2.10.22)

for x ∈ (γλ ,c2,λ ] and λ > 2. Differentiating the left side with respect to x, we have

λ
3F2,λ (x)(λF1,λ (x)+1){α(x)−β (x)}[λF2,λ (x)−1]+λ

2F2,λ (x)[λF1,λ (x){λβ (x)−2}−2],

and using (2.10.11), we conclude that the above is strictly negative whenever x > γλ . Thus
λ 2F2,λ (x){α(x)−β (x)}+ 2λF2,λ (x) is strictly decreasing for x ∈ [γλ ,c2,λ ), and its minimum is
attained at c2,λ . In other words,

λ
2F2,λ (x){α(x)−β (x)}+2λF2,λ (x)> λ

2c2,λ{e−λc2,λ − c2,λ}+2λc2,λ for all x ∈ [γλ ,c2,λ ).

(2.10.23)
Differentiating this minima with respect to λ and substituting from (2.10.6) yield

d
dλ

[λ 2c2,λ{e−λc2,λ − c2,λ}+2λc2,λ ] =
d

dλ
[ληλ e−ηλ −η

2
λ
+2ηλ ]

=
ηλ [2λ{2e−ηλ −1}+2{1−ηλ}+2ληλ{1− e−ηλ }+λ 2e−ηλ {e−ηλ −1+ηλ}]

λ (1+ληλ e−ηλ +ηλ )
,

and to show that this is strictly positive for λ > 2, it suffices to show that the first two summands in
the numerator are both strictly positive. This follows since ηλ < 0.5284, from Lemma 2.6.1. Thus
λ 2c2,λ{e−λc2,λ − c2,λ}+2λc2,λ is strictly increasing in λ . Its value at λ = 2 is ≈ 1.3939 > 1, so
that we conclude that

λ
2c2,λ{e−λc2,λ − c2,λ}+2λc2,λ > 1 for all λ > 2. (2.10.24)

From (2.10.23) and (2.10.24), we conclude that (2.10.22) holds, and the proof is complete.

Proof of Lemma 2.6.5. It is important, in order to understand the inequalities we need to establish
in this proof, to revisit the proofs of Lemmas 2.6.2, 2.6.3 and 2.6.4, for all λ > 2 and x ∈ (γλ ,c2,λ ].
Note that the entire argument outlined in the proof of Lemma 2.6.2 extends to λ > 2, with the
only difference being that we now consider the value of ληλ e−ηλ −η2

λ
+ηλ at λ = 2 instead of

at λ = 2.5, and this value is ≈ 0.869957. Consequently, from (2.10.12) and the fact (shown in the
proof of Lemma 2.6.2) that ληλ e−ηλ −η2

λ
+ηλ is strictly increasing for λ > 2, we conclude that

λ
2F2,λ (x){α(x)−β (x)}+λF2,λ (x)> 0.869957 for all x ∈ (γλ ,c2,λ ], for all λ > 2. (2.10.25)
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This leads to

λ
2{α(x)−β (x)}2(λF1,λ (x)+1)2(F2,λ (x))

2 +λ{α(x)−β (x)}(λF1,λ (x)+1)2(F2,λ (x))
2

−{α(x)−β (x)}(λF1,λ (x)+1)2F2,λ (x)

= {α(x)−β (x)}2(λF1,λ (x)+1)2F2,λ (x)[λ
2F2,λ (x){α(x)−β (x)}+λF2,λ (x)−1]

> −0.130043{α(x)−β (x)}(λF1,λ (x)+1)2F2,λ (x) for all x ∈ (γλ ,c2,λ ], for λ > 2. (2.10.26)

From (2.10.19), (2.10.20) and (2.10.21) in the proof of Lemma 2.6.3, we have
λβ (x)(λF1,λ (x)+1)> 1.14446 for all λ > 2, so that

λ
2
β (x){α(x)−β (x)}(λF1,λ (x)+1)F1,λ (x)F2,λ (x)−λ{α(x)−β (x)}F1,λ (x)F2,λ (x)

= λ{α(x)−β (x)}F1,λ (x)F2,λ (x)[λβ (x)(λF1,λ (x)+1)−1]

> 0.14446λ{α(x)−β (x)}F1,λ (x)F2,λ (x) for all x ∈ (γλ ,c2,λ ], for λ > 2. (2.10.27)

Finally, from the proof of Lemma 2.6.4, we obtain λ 2F2,λ (x){α(x)− β (x)}+ 2λF2,λ (x) >

1.3939, so that

λ
2
β (x){α(x)−β (x)}

(
λF1,λ (x)+1

)
F1,λ (x)F2,λ (x)+2λβ (x)F1,λ (x)F2,λ (x)

(
λF1,λ (x)+1

)
−β (x)F1,λ (x)(λF1,λ (x)+1)

= β (x)F1,λ (x)(λF1,λ (x)+1)[λ 2{α(x)−β (x)}F2,λ (x)+2λF2,λ (x)−1]

> 0.3939β (x)F1,λ (x)(λF1,λ (x)+1) for all x ∈ (γλ ,c2,λ ], for λ > 2. (2.10.28)

To prove Lemma 2.6.5, it thus suffices to show that for λ > 2 and x ∈ (γλ ,c2,λ ], the expressions
on the right sides of (2.10.26), (2.10.27) and (2.10.28) add up to a strictly positive quantity. In
other words, we need to show, for all x ∈ (γλ ,c2,λ ] and each λ ∈ [2,2.5), that

0.14446λ{α(x)−β (x)}F1,λ (x)F2,λ (x)+0.3939β (x)F1,λ (x)(λF1,λ (x)+1)

> 0.130043{α(x)−β (x)}(λF1,λ (x)+1)2F2,λ (x).

Separating the terms involving the factor α(x) from those that involve the factor β (x), we find that
this is equivalent to proving, for all x ∈ (γλ ,c2,λ ], for all λ ∈ [2,2.5),

β (x)[0.3939λ (F1,λ (x))
2 +0.3939F1,λ (x)+0.130043λ

2(F1,λ (x))
2F2,λ (x)

+0.115626λF1,λ (x)F2,λ (x)+0.130043F2,λ (x)]−α(x)[0.130043λ
2(F1,λ (x))

2F2,λ (x)

+0.115626λF1,λ (x)F2,λ (x)+0.130043F2,λ (x)]> 0. (2.10.29)
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The idea now is to demarcate the terms in (2.10.29) into a few different groups, and then show
that the sum of the terms in each such group is strictly positive for λ > 2. In this endeavour, we
make use of certain facts that we enumerate below:

1. Recall from Lemma 2.6.1 that ηλ increases for λ ∈ [2,2.43634] and decreases for λ ∈
[2.43634,2.5], and η2 ≈ 0.523928 < 0.528322≈ η2.5. Therefore, min{ηλ : λ ∈ [2,2.5)}=
η2 ≈ 0.523928.

2. Since, substituting from (2.10.6), we have

d
dλ

[λe−ηλ −λ ] =
e−ηλ −1−ηλ

1+ληλ e−ηλ +ηλ

< 0,

we conclude that eλe−η
λ−λ is strictly decreasing as a function of λ for all λ > 0. Its minimum

value for λ ∈ [2,2.5], attained at λ = 2.5, is ≈ 0.358432.

3. Since, substituting from (2.10.6), we have

d
dλ

[λe−ηλ ] =
e−ηλ [1+ληλ ]

1+ληλ e−ηλ +ηλ

> 0,

the function λe−ηλ is strictly increasing in λ for all λ > 0, so that its minimum value for
λ ∈ [2,2.5], attained at λ = 2, is ≈ 1.18438.

4. We make use of the definitions of α(x) and β (x) from §2.6, namely that

α(x) = e−λF2,λ (x) and β (x) = eλF1,λ (x)−λF2,λ (x)−λ .

5. We also make use of the decreasing nature of F2,λ and F1,λ from Lemma 2.2.2, that c2,λ is
the fixed point of F2,λ , and the definition of γλ from (2.6.4). In particular, we make use of
the inequalities

F2,λ (γλ )> F2,λ (x)> F2,λ (c2,λ ) and F1,λ (x) = e−λx > e−λc2,λ = e−ηλ

for all x ∈ (γλ ,c2,λ ].

The first such group of terms from (2.10.29) that we consider is as follows: for x ∈ (γλ ,c2,λ ]

and λ ∈ [2,2.5),

β (x)[0.3939λ (F1,λ (x))
2 +0.130043λ

2(F1,λ (x))
2F2,λ (x)]−0.130043λ

2
α(x)(F1,λ (x))

2F2,λ (x)
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> λ (F1,λ (x))
2[0.3939β (x)+0.130043λβ (x)F2,λ (c2,λ )−0.130043λα(x)F2,λ (γλ )]

= λ (F1,λ (x))
2
[

0.3939β (x)+0.130043β (x)λc2,λ −0.130043λα(x) · 1
λ

]
= λ (F1,λ (x))

2[0.3939β (x)+0.130043β (x)ηλ −0.130043α(x)]

> λ (F1,λ (x))
2[0.3939β (x)+0.130043β (x) ·0.523928−0.130043α(x)]

= λ (F1,λ (x))
2e−λF2,λ (x)[0.462033eλF1,λ (x)−λ −0.130043]

> λ (F1,λ (x))
2e−λF2,λ (x)[0.462033eλe−η

λ−λ −0.130043]

> λ (F1,λ (x))
2e−λF2,λ (x)[0.462033 ·0.358432−0.130043] = 0.035564λ (F1,λ (x))

2
α(x)> 0.

(2.10.30)

The second group of terms from (2.10.29) that we consider, for x ∈ (γλ ,c2,λ ] and λ ∈ [2,2.5),
is as follows:

β (x)[0.3939F1,λ (x)+0.115626λF1,λ (x)F2,λ (x)]−0.115626λα(x)F1,λ (x)F2,λ (x)

> β (x)[0.3939F1,λ (x)+0.115626λF1,λ (x)F2,λ (c2,λ )]−0.115626λα(x)F1,λ (x)F2,λ (γλ )

= β (x)[0.3939F1,λ (x)+0.115626λc2,λ F1,λ (x)]−0.115626λα(x)F1,λ (x) ·
1
λ

= β (x)[0.3939F1,λ (x)+0.115626ηλ F1,λ (x)]−0.115626α(x)F1,λ (x)

> β (x)[0.3939F1,λ (x)+0.115626 ·0.523928F1,λ (x)]−0.115626α(x)F1,λ (x)

= F1,λ (x)e
−λF2,λ (x)[0.454479eλF1,λ (x)−λ −0.115626]

> F1,λ (x)e
−λF2,λ (x)[0.454479eλe−η

λ−λ −0.115626]

> F1,λ (x)e
−λF2,λ (x)[0.454479 ·0.358432−0.115626] = 0.047274F1,λ (x)α(x)> 0. (2.10.31)

We now add the remaining terms of (2.10.29) (i.e. the ones that have not been taken into account
in the expressions on the left sides of (2.10.30) and (2.10.31)) with the expressions on the right
sides of (2.10.30) and (2.10.31) to get

0.130043β (x)F2,λ (x)−0.130043α(x)F2,λ (x)+0.035564λ (F1,λ (x))
2
α(x)+0.047274F1,λ (x)α(x)

= 0.130043F2,λ (x){β (x)−α(x)}+0.035564λ (F1,λ (x))
2
α(x)+0.047274F1,λ (x)α(x)

= 0.130043F2,λ (x)e
−λF2,λ (x)[eλF1,λ (x)−λ −1]+0.035564λ (F1,λ (x))

2
α(x)+0.047274F1,λ (x)α(x)

> 0.130043F2,λ (x)α(x)[eλe−η
λ−λ −1]+0.035564λ (F1,λ (x))

2
α(x)+0.047274F1,λ (x)α(x)

> 0.130043F2,λ (x)α(x)[0.358432−1]+0.035564λ (F1,λ (x))
2
α(x)+0.047274F1,λ (x)α(x)

=−0.083431F2,λ (x)α(x)+0.035564λ (F1,λ (x))
2
α(x)+0.047274F1,λ (x)α(x)
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>−0.083431F1,λ (x)α(x)+0.035564λ (F1,λ (x))
2
α(x)+0.047274F1,λ (x)α(x)

> F1,λ (x)α(x)[0.035564λF1,λ (x)−0.036157]

> F1,λ (x)α(x)[0.035564λe−ηλ −0.036157]

> F1,λ (x)α(x)[0.035564 ·1.18438−0.036157] = 0.005964F1,λ (x)α(x)> 0, (2.10.32)

where make use of the inequality F2,λ (x) 6 F1,λ (x) for x ∈ [0,c1,λ ] (as shown in the proof of
(2.2.14)). From (2.10.30), (2.10.31) and (2.10.32), we conclude that the inequality in (2.10.29)
does hold, and this brings us to the end of the proof.

Proof of Lemma 2.6.6. Recall that, after taking out the common factor of λ{α(x) −
β (x)}F1,λ (x)F2,λ (x), our objective here is to show that

2λβ (x)(λF1,λ (x)+1)> 1 for x ∈ [δλ ,γλ ], for all λ > 2. (2.10.33)

The idea now is to come up with suitable lower bounds on each of β (x) and λF1,λ (x), the first of
which we accomplish by examining whether β (x) exhibits monotonicity as a function of x. For the
second, we recall from Lemma 2.2.2 that F1,λ is strictly decreasing on [0,1], so that

F1,λ (x)> F1,λ (γλ ) for x ∈ [δλ ,γλ ]. (2.10.34)

Recalling from §2.6 the expression for the derivative of β (x) with respect to x, we have, for
x ∈ [0,γλ ]:

β
′(x) = λ

2
β (x)

{
−F1,λ (x)+

(
λF1,λ (x)+1

)
F2,λ (x)

}
> λ

2
β (x)[−F1,λ (x)+(λF1,λ (x)+1)F2,λ (γλ )] = λβ (x)> 0,

where we obtain the inequality since F2,λ is strictly decreasing on [0,c1,λ ] (again from
Lemma 2.2.2). This shows that β (x) is a strictly increasing function of x for x ∈ [0,γλ ], so that

β (x)> β (δλ ) for x ∈ [δλ ,γλ ]. (2.10.35)

Pur next aim is to obtain suitable expressions for F1,λ (γλ ) and β (δλ ). Recalling the definitions
of α(x) and β (x) from §2.6, and the definitions of δλ and γλ from (2.6.4), we have:

F2,λ (δλ ) = exp{λe−λδλ −λδλ −λ}= 5
4λ
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=⇒ β (δλ ) = eλF1,λ (δλ )−λF2,λ (δλ )−λ = exp{λe−λδλ − 5
4
−λ}= 5

4λ
eλδλ− 5

4 ; (2.10.36)

and

F2,λ (γλ ) = exp{λF1,λ (γλ )−λγλ −λ}= 1
λ

=⇒ λF1,λ (γλ ) = λγλ +λ − lnλ . (2.10.37)

Combining our findings from (2.10.34), (2.10.35), (2.10.36) and (2.10.37), for x ∈ (δλ ,γλ ] and
λ > 2, we have

2λβ (x)(λF1,λ (x)+1)> 2λβ (δλ )(λF1,λ (γλ )+1)

=
5
2

eλδλ− 5
4 (λγλ +λ − lnλ +1)>

5
2

e−
5
4 (λ − lnλ +1).

Since λ − lnλ is strictly increasing for λ > 1, we have 5
2e−

5
4 (λ − lnλ +1)> 5

2e−
5
4 (2− ln2+1)≈

1.6523 > 1 for λ > 2. This completes the proof of (2.10.33) and brings us to the end of the proof
of Lemma 2.6.6.

2.10.4 Proof of Lemma 2.7.1

Recall that our objective here is to prove, for given c > 0 and i ∈ N with i > 2, the inequality
H2,λ (cλ−i)< cλ−i for all λ sufficiently large.

To begin with, we note that c2,λ > cλ−i for all λ sufficiently large, since (2.5.1) tells us that
λ 2c2,λ , and hence λ ic2,λ as well, approaches ∞ as λ → ∞.

From (2.5.2), and applying Taylor expansion, we have

F1,λ (cλ
−i)= e−cλ−i+1

and F2,λ (cλ
−i)= exp{λe−cλ−i+1

−cλ
−i+1−λ}= exp{−cλ

−i+2+O(λ−i+1)}.

Note that the second expression yields

lim
λ→∞

F2,λ (cλ
−2) = e−c and lim

λ→∞

F2,λ (cλ
−i) = 1 for each i > 3.

Thus, given 0 < ε < e−c < 1, we have, for all λ sufficiently large,

F2,λ (cλ
−i)> M > 0, with M = e−c− ε for i = 2 and M = 1− ε for i > 3. (2.10.38)

75



Next, using the inequality 1− e−x 6 x for x > 0, we have

1− eλF1,λ (cλ−i)−λ 6 λ
{

1−F1,λ (cλ
−i)
}
= λ (1− e−cλ−i+1

)6 cλ
−i+2. (2.10.39)

Thus, for all λ sufficiently large, using (2.10.38), (2.10.39) and the fact that Gλ is increasing, we
have

H2,λ

( c
λ i

)
= Gλ

[
e−λF2,λ

(
c

λ i

){
1− eλF1,λ

(
c

λ i

)
−λ

}]
< Gλ

[
e−λM · c

λ i−2

]
= exp

{ c
λ i−3 e−λM−λ

}
. (2.10.40)

Since i > 2, we have cλ−i+3e−λM 6 cλe−λM → 0, so that (2.10.40) is bounded above by e−λ/2

for all λ sufficiently large, and this in turn is bounded above by cλ−i for all λ sufficiently large
(since λ ie−λ/2→ 0 as λ → ∞). This establishes the desired inequality H2,λ (cλ−i) < cλ−i for all
λ sufficiently large.
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Chapter 3

The three-neighbourhood game and its
corresponding probabilistic cellular
automata
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with size-3 neighbourhood and their application in percolation games” – Electronic Jour-

nal of Probability, Volume 28, Pages 1–60, 2023. DOI: http://dx.doi.org/10.1214/
23-EJP1046.
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3.1 Introduction

In this chapter, we study the three-neighbourhood site percolation game and its corresponding
probabilistic cellular automata. The most general setup of the percolation games we study was
introduced in § 1.1. We now come to an overview of the percolation game we are concerned here,
corresponding to the parameters p and q, with (p,q) ∈S , where

S = {(p′,q′) ∈ [0,1]2 : 0 < p′+q′ 6 1}, (3.1.1)

are fixed a priori. We begin by assigning, independently to every vertex of Z2, a (random) label that
reads trap with probability p, target with probability q, and open with the remaining probability
r = 1− p−q. A token is placed at a vertex of Z2, termed the initial vertex, at the start of the game,
and two players take turns to make moves. A move involves relocating the token from its current
position (x,y) (say) to any vertex in the set Out(x,y), where

Out(x,y) = {(x,y+1),(x+1,y+1),(x+2,y+1)}. (3.1.2)

A player loses if she is forced to relocate the token to a vertex labeled a trap, and wins if she is able
to relocate the token to a vertex labeled a target. The game may also continue forever, with neither
player being able to reach a target nor being able to force her opponent to fall into a trap, and in
this case, we say that the game results in a draw.

This game shares close connections with a PCA and its envelope PCA, denoted Fp,q and F̂p,q

respectively (see § 3.2.2). The primary goal of this chapter is to prove Theorem 3.1.1, stated
below, the first assertion of which establishes ergodicity (see Definition 1.1.1) for the PCA Fp,q

(and thereby also for F̂p,q), while the second concerns itself with the outcome of draw in the
percolation game described above.

Theorem 3.1.1. For all (p,q) ∈S , the PCA Fp,q is ergodic, and the probability of draw in the

percolation game described above is 0.

We give a brief outline of the essential constituents of the proof of this theorem. Recall the
envelope PCA F̂p,q corresponding to Fp,q, with alphabet {W,D,L}, alluded to above. For each
(p,q)∈S , it is shown, via connections explained in §3.2.3, that the probability of the event that the
percolation game starting from the origin in Z2 culminates in a draw is equal to the probability that
the symbol D occupies the origin in Z under a certain stationary distribution (see Definition 1.1.1)
for F̂p,q. This stationary distribution for F̂p,q is the same as the probability distribution of winning
(for the first player), losing (for the first player) and draw positions (indicated, respectively, by
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the states W , L and D that are introduced at the beginning of §3.2.3) on any horizontal line Hk =

{(x,k) : x ∈ Z} of Z2, for our percolation game. Next, Theorem 3.2.3 is used to establish that the
probability of appearance of D at any given site in Z is 0 under every stationary distribution for
F̂p,q, for each (p,q) ∈S , leading to the conclusion that the probability of draw in our percolation
game is 0 for each (p,q) ∈S . Finally, Proposition 3.2.1 guarantees that the probability of draw in
our percolation game is 0 if and only if the PCA Fp,q is ergodic, yielding the conclusion that Fp,q

is ergodic for each (p,q) ∈S .
The key tool used in the proof of Theorem 3.2.3 is the technique of weight functions. In addition

to proving the main result, Theorem 3.1.1, of this work, we include an extensive discussion on
the class of percolation games to which this technique may be applicable, with possibly suitable
modifications, to explore the ‘regimes’ (depending on the underlying parameters, such as (p,q) in
our case), referred to as critical regions, in which such games have probability 0 of culminating
in draws. We also provide insight into the class of game theoretic PCAs to which the technique
of weight functions may be applicable in order to establish ergodicity properties, or to gain an
understanding of the condition(s) to be imposed on the underlying parameter(s) of these PCAs
that guarantee ergodicity. We also provide a formal game theoretic formulation of our problem,
following which we establish connections between our work and the existing literature, speculate
on the various directions in which future research can be carried out (for instance, by generalizing
the set of actions, considering arbitrary mover-sequences, generalizing the event of draw itself,
exploring possible monotonicity properties of the probabilities of draw, studying percolation games
on higher dimensions, studying the values of such games etc.).

3.1.1 Organization of this chapter

The percolation game we investigate in this work is discussed and illustrated in §3.2.1, the PCA
Fp,q is formally introduced in §3.2.2, and its envelope F̂p,q, along with the deep ties it exhibits with
the game via the game’s recurrence relations, is elaborated on in §3.2.3. The results forming the
crux of this chapter (apart from Theorem 3.1.1 that has already been stated) are stated in Propo-
sition 3.2.1, Proposition 3.2.2 and Proposition 3.2.3, while the lemma required to prove Proposi-
tion 3.2.1 and Proposition 3.2.2 is discussed in §3.3. Mathematically, the most significant section
of this chapter is §3.4, in which the method of weight functions is employed to prove Proposi-
tion 3.2.3, and the pivotal steps via which this is accomplished are outlined in §3.4.1 through
§3.4.7. We go on to provide a formal, game theoretic formulation of our percolation game, along
with a detailed description of relevant game theoretic terminology, in §3.5. In §3.6, we include dis-
cussions on several directions in which future research closely relating to this work can be carried
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out, such as examining the probabilities of draw in games where the set of actions is generalized,
or where arbitrary mover-sequences are considered, or where the event of draw itself is general-
ized, percolation games on lattices of higher dimensions, possible monotonicity properties of the
probabilities of draw, studying values of percolation games etc. Finally, in §3.7, we speculate on
the various other settings (both in terms of percolation games and ‘game theoretic’ PCAs that we
introduce in §3.7) in which we believe that the technique of weight functions can be applied to
explore the probability of draw for the game under consideration / ergodicity of the PCA under
consideration.

3.2 The principal objects studied in this chapter

3.2.1 Our percolation game

The permitted moves in our percolation game are illustrated via the directed (as indicated by the
arrowheads), dashed, black lines in Figure3.1.

(x, y)

(x, y + 1) (x + 1, y + 1)

(x + 2, y + 1)

Figure 3.1: Out(x,y) in our percolation game

We recall that each vertex (or site) of Z2 is assigned, independent of all else, a label that is a
trap with probability p, a target with probability q, and open with probability r = 1− p−q, where
(p,q)∈S , with S as in (3.1.1). Starting from an initial vertex, the two players take turns to move
the token from its current position, say (x,y), to any vertex in Out(x,y). A player wins if she is
able to move the token to a target or if her opponent is forced to move it to a trap. We clarify here
that, once Z2 has been endowed with a trap / target / open labeling, the assignment is revealed in
its entirety to both the players before the game begins (hence, this is a perfect information game).
Thereafter, to say that the corresponding game is won by a player is to assert that she has a strategy
which, when employed, allows her to win no matter what strategy her opponent adopts. The game

81



continues for as long as the token does not land on a site that is marked either a target or a trap,
and this could happen indefinitely, leading to a draw. The primary question of interest to us is the
same as that in [60], i.e. for what values of the parameters p and q the game exhibits a positive
probability of draw. As previously mentioned, the proof pivots upon the connection this game has
with the envelope PCA F̂p,q (to be introduced formally in §3.2.3).

In this context, we mention [12] that studies the following two-player combinatorial game on
any graph: starting from an initial vertex, the players take turns to move a token, where a move
involves relocating the token from the vertex where it is currently situated to a neighbor of that
vertex that has not yet been visited. A player who is unable to move loses the game. On Z2, in
which odd and even sites, independently, are marked closed (i.e. forbidden from being visited by
the token) with probabilities p and q respectively, it is shown that the game has probability 0 of
ending in a draw provided closed sites of one parity are sufficiently rare compared to closed sites
of the other parity. This question, however, remains open when the percolation parameters p and
q are equal. Motivations for studying the games addressed in [12] include their deep connections
with maximum-cardinality matchings in graphs, and in particular, the ways in which draws in these
games relate to sensitivity of such matchings to boundary conditions.

3.2.2 Our PCA

We now come to a detailed description of the PCA Fp,q, with parameters (p,q) ∈ S . This is a
1-dimensional PCA, with alphabet A = {W,L} and neighborhood N = {0,1,2}, so that Fp,qη(n)

is a random variable whose probability distribution is a function of η(n), η(n+ 1) and η(n+ 2)
for all n ∈ Z. More precisely, the stochastic matrix ϕp,q : A 3×A → [0,1] for this PCA is defined
via the equations:

ϕp,q(W,W,W ;b) =

p if b =W,

1− p if b = L,
(3.2.1)

and

ϕp,q(a0,a1,a2;b) =

1−q if b =W,

q if b = L,
for all (a0,a1,a2) ∈A 3 \{(W,W,W )}. (3.2.2)

The (stochastic) update rule for the automaton Fp,q can be illustrated pictorially via Figure 3.2.
As defined in [74], given ε > 0, a PCA, say Φ, is said to be an ε-perturbation of a deter-

ministic CA, say F , if Φ and F share the same alphabet, say S, and the same neighborhood,
and the stochastic update rule ϕ of Φ satisfies ϕ(a1,a2, . . . ,am; f (a1,a2, . . . ,am)) > 1− ε for all
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(a1,a2, . . . ,am) ∈ Sm, where f is the local update rule for F . In other words, given any input
(a1,a2, . . . ,am) ∈ Sm, the PCA Φ outputs the same symbol as F with probability at least 1− ε ,
and alters it with the remaining probability. The PCA Fp,q described above can be derived from a
deterministic CA, F , and a stochastic noise, θ , via such a perturbation. The local update rule f of
F is given by f (a0,a1,a2) = 1−max{a0,a1,a2}, for all a0,a1,a2 ∈A , while the noise θ(a,b), for
a,b ∈ {W,L}2, transforms L into W with probability p (i.e. θ(L,W ) = p) and transforms W into L

with probability q (i.e. θ(W,L) = q). It is easily verified that ϕp,q(a0,a1,a2;b) = θ( f (a0,a1,a2),b)

for all a0,a1,a2,b ∈A . Moreover, we see that θ(a,b) = (1−ε)δa(b)+εg(b) for a,b ∈A , where
ε = p+ q, δa(b) = 1 when b = a and δa(b) = 0 when b 6= a, and g(0) = 1− g(1) = p

p+q . Thus,
our PCA Fp,q is obtained from the CA F via perturbation using the memoryless zero-range noise
θ (we refer the reader to [74] for further reading on such noise-perturbed CAs).

Fp,qη(n) =W

L

with probability

with probability

p

1− p

η(n) = W η(n+ 1) = W η(n+ 2) = W

Fp,qη(n) =W

L

with probability

with probability

1− q

q

η(n) = a0 η(n+ 1) = a1 η(n+ 2) = a2

At least one of a0, a1, a2 equals L

Figure 3.2: The stochastic rules that define our PCA Fp,q

The PCA Ap,q that is studied in [60] is an elementary one that bears some resemblance with
Fp,q in that, following the notation in (1.1.1), its stochastic matrix ϕ : A 2×A is defined by the
equations:

ϕ(W,W ;b)=

p if b =W,

1− p if b = L,
and ϕ(a0,a1;b)=

1−q if b =W,

q if b = L,
for all (a0,a1)∈A 2\{(W,W )}.

We draw the reader’s attention to the primary contrast between Fp,q and Ap,q: whereas in Ap,q, we
draw upon information regarding the states of 2 consecutive sites, n and n+ 1, in order to decide
the (random) updated state of the site n, in Fp,q, we draw upon information regarding the states
of 3 consecutive sites, n, n+ 1 and n+ 2, to decide the (random) updated state of the site n. It
is, therefore, expected that the latter will have a somewhat-more-involved underlying dependence
structure, and establishing ergodicity results for Fp,q indeed proves to be a considerably more
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challenging feat compared to that for Ap,q, at least as far as using the method of weight functions
proposed and implemented in [60] is concerned.

Some discussion on how important the question of ergodicity (or the lack thereof) of PCAs is,
and how difficult this question is to resolve under various circumstances, is now in order. It has
been found to be notoriously difficult to construct a CA whose trajectories, starting from different
initial conditions and evolving under repeated applications of the local update rule, remain dis-
tinguishable from each other if even the slightest positive noise is incorporated into the CA (for
instance, see [74]). In other words, most CAs tend to forget their initial conditions under the in-
fluence of even the smallest amount of noise, and this is reflected in the ergodicity of the resulting
PCA. The renowned positive rates conjecture states that all PCAs defined on Z and satisfying
ϕ(a1,a2, . . . ,a|N |;b) > 0 for all a1,a2, . . . ,a|N |,b ∈ A (referred to as the positive rates condi-
tion) are ergodic. An extremely complicated example proposed by [50] refutes this conjecture, but
the fascinating question still remains as to whether all sufficiently simple, naturally occurring 1-
dimensional PCAs with positive rates are ergodic. There are, however, examples of d-dimensional
PCAs for d > 2, such as Glauber dynamics for the Ising model at low temperatures, that are known
to be non-ergodic. We note here that both Fp,q and Ap,q have positive rates as long as both p and q

are strictly positive.
Multiple sources (see discussions in [29], [60] and [23]) reiterate that in general, even if the

answer can be guessed from heuristics or simulations, rigorously proving whether a given PCA is
ergodic or not is a notoriously difficult problem, and is shown to be algorithmically undecidable
in [28] and [37]. Under the assumption of left-right symmetry (which guarantees ϕ(L,W ;W ) =

ϕ(W,L;W )), an elementary PCA is determined by the parameters ϕ(W,W ;W ), ϕ(L,L;W ) and
ϕ(L,W ;W ) (recall these notations from (1.1.1)). The many existing techniques that have been
developed to study ergodicity can take care of ergodicity questions for such PCAs over more than
90% of the volume of the cube [0,1]3 defined by these 3 parameters ([37]). However, when p and
q are small, Ap,q belongs to a domain of this cube where none of these techniques works, and this
is where [60] comes in with their brilliant idea of employing weight functions. To the best of our
knowledge, the problem of establishing ergodicity results for Fp,q, for all (p,q) ∈S , is an even
more challenging one that has, so far, remained open, and we, in this chapter, utilize the method of
weight functions to provide a concrete proof of the first assertion of Theorem 3.1.1.

Apart from being an interesting object to study in its own right, motivation to investigate Fp,q

can be found from the connections that such PCAs have with the problem of enumerating directed

animals, as was first pointed out by [36], and further explored in [20]. The relation between PCAs
and the problem of enumerating directed animals is elucidated upon in [73]. In [22], the generating
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functions for directed animals on square and triangular lattices, as well as on decorated square and
triangular lattices, are obtained, further demonstrating the usefulness of these PCAs.

In [20], a directed graph G is considered, in which a vertex v is called a successor to a vertex u

if there exists a directed edge from u to v. Given any subset S of vertices of G, a directed animal A

with source S is a subset of vertices of G such that S⊂ A, and every v ∈ A\S can be reached from
S via a directed path all of whose vertices are in A. The number of vertices in A, denoted |A|, is
referred to as the area of A. In order to count the number of possible directed animals on G with a
given source S and a given area n, a suitable generating function GG

S (x) = x|S|+ · · · is considered,
where · · · represents a sum of monomials whose degrees are at least |S|+1.

Next, [20] defines a particle system or gas occupation on G as a map X from the set of vertices
of G to {0,1}, with respect to which any vertex u is said to be occupied if Xu = 1. When X is
random, this is referred to as a random gas model. A random colouring of the vertices of G with
colours a and b is considered. Letting Cu denote the colour of the vertex u for each u in G, the
random variables Cu are independent and identically distributed, Cu = a with probability p and
Cu = b with probability 1− p. The desired gas model is now defined with respect to this random
colouring, as follows: for each vertex u of G,

Xu =

0 if Cu = a,

∏v successor of u (1−Xv) if Cu = b.
(3.2.3)

One of the main results of [20] states that if Ru, for any vertex u of G, is the radius of convergence
of the generating function GG

{u}(x), and (1− p)∈ [0,Ru), then E[Xu] =−GG
{u}(−1+ p). Therefore,

knowledge about the random colouring scheme described above is valuable for the understanding
of these generating functions.

It is fairly immediate that the above-mentioned random colouring scheme can be represented
by a special case of our PCA Fp,q when we consider q = 0, and in place of G, we consider either
a 2-dimensional infinite directed lattice in which the successors of any site (x,y) are (x,y+ 1),
(x + 1,y + 1) and (x + 2,y + 1) (see Figure 3.3), or a 2-dimensional infinite directed lattice in
which the successors of any site (x,y) are (x+2,y), (x+1,y+1) and (x,y+2) (see Figure 3.4).

Referring to [23], we know that a binary symmetric channel, denoted BSCδ where 0 < δ < 1
is a pre-specified parameter known as the crossover probability, takes as its input a bit and flips it
with probability δ (and keeps it unchanged with probability 1−δ ). For the case where p = q = δ ,
we see that Fp,q can be represented as

Fδ ,δ η(n) = BSCδ (NAND(η(n),η(n+1),η(n+2))) , (3.2.4)
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Figure 3.3: Lattice with (x,y) having successors
(x,y+1), (x+1,y+1) and (x+2,y+1) Figure 3.4: Lattice with (x,y) having successors

(x+2,y), (x+1,y+1) and (x,y+2)

where the NAND function outputs the value 1 when all three inputs are 0, and outputs the value
0 when at least one of the three inputs equals 1. As outlined in § 3.2 of [23], the problem of
broadcasting of information on 2-dimensional grids showcases another usefulness of such PCAs.
Let us consider the problem of broadcasting information on the two 2-dimensional infinite directed
grid shown in Figure 3.5. The origin O has one bit of information, and we are interested in broad-
casting this bit to the entire infinite directed lattice. Let us associate with each vertex of the grid
the index pair (t, i), with t > 0 and 0 6 i 6 2t. At any time t > 0, each vertex with index (t, i),
for 2 6 i 6 2t− 2, receives a bit from each of the vertices indexed (t− 1, i− 2), (t− 1, i− 1) and
(t−1, i), applies the NAND function to these bits, and then implements BSCδ . The vertex indexed
(t,1) receives bits from the vertices (t−1,0) and (t−1,1), the vertex indexed (t,2t−1) receives
bits from the vertices (t−1,2t−3) and (t−1,2t−2), the vertex indexed (t,0) receives a bit from
the vertex (t − 1,0), and the vertex indexed (t,2t) receives a bit from the vertex (t − 1,2t − 2).
From (3.2.4), it is evident that if we view the coordinate t as time, understanding this broadcast-
ing problem is similar to studying the PCA Fδ ,δ , except that broadcasting on such a grid involves
bounded-length configurations and its behaviour is different at the boundary.

As a third motivation for studying the PCA Fp,q, we point out, as discussed right after (3.2.2),
that Fp,q can be obtained by perturbing a deterministic CA by a memoryless zero-range noise (once
again, we refer the reader to [74]). The importance of noisy CAs, as a subclass of PCAs, lies in
their use in studying the reliability of computations against the presence of noise. The study of
low-noise PCAs presents us with the same kind of challenges that we face when studying low-
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Figure 3.5: Broadcasting of information on this grid resembles the PCA Fp,q with p = q = δ

temperature models of statistical mechanics. In particular, studying the ergodicity, or lack thereof,
of such PCAs, is intimately tied to the phenomenon of phase transition at low temperatures. This,
along with the previous discussions, serve to motivate our investigation of the PCA Fp,q.

3.2.3 Our envelope PCA and its relation to our percolation game

We begin by deducing certain recurrence relations that arise naturally in the percolation game
described in §3.2.1. Once Z2 has been endowed with the trap / target / open labeling, we define a
site (x,y) to be in the class W if the game that begins with (x,y) as the initial vertex is won by the
player who plays the first round. We define (x,y) to be in the class L if the game that begins with
(x,y) as the initial vertex is lost by the player who plays the first round, and we define (x,y) to be
in the class D if the game that begins with (x,y) as the initial vertex results in a draw. In particular,
if (x,y) is a trap, then we place it in W , and if it is a target, we place it in L. The intuition behind
these conventions is as follows: one may imagine an “unseen” round that takes place before the
actual game begins, in which the player who is supposed to play the second round of the actual
game moves the token from somewhere else to (x,y). Thus, if (x,y) is a trap (respectively a target),
she loses (respectively wins) even before the game begins, implying that the player who plays the
first round of the actual game wins (respectively loses).

For every k∈Z, we denote by Hk = {(x,k) : x∈Z} the horizontal line containing all sites whose
y-coordinate equals k. These lines have been illustrated in red in Figure 3.6. From the moves
permitted in our game, it follows that for any k ∈ Z, if all sites (x,y) that lie on the horizontal line
Hk+1 have already been categorized into the classes W , L and D, then this information, along with
the pre-assigned labels of trap / target / open to the sites on Hk, is enough to determine the classes
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(x, k) Hk

(x, k + 1) (x + 1, k + 1) (x + 2, k + 1)

Hk+1

Figure 3.6: Illustrating deduction of the recurrence relations

to which the sites lying on Hk belong.
Using Figure 3.6 as a reference, we draw the following conclusions, assuming that (x,y) is our

initial vertex:

1. If each vertex of Out(x,y) belongs to W , then no matter which of these vertices the first
player moves the token to from (x,y), the second player wins. We thus have the following
two possibilities:

(a) either the vertex (x,y) has been marked a trap and hence belongs to W , which happens
with probability p,

(b) or else the game that begins from (x,y) results in a loss for the first player, so that (x,y)
is classified into L with the remaining probability 1− p.

2. If at least one of the vertices of Out(x,y) belongs to L, the first player moves the token
from (x,y) to this vertex, making the second player lose. We thus have the following two
possibilities:

(a) either (x,y) has been marked a target and hence belongs to L, which happens with
probability q,

(b) or else the game that begins from (x,y) results in a win for the first player, so that (x,y)
is classified into W with the remaining probability 1−q.

3. The final scenario is where none of the vertices of Out(x,y) belongs to L but at least one of
them belongs to D. In this case, we have the following three possibilities:

(a) either (x,y) has been marked a trap and hence belongs to W , which happens with prob-
ability p,

(b) or (x,y) has been marked a target and hence belongs to L, which happens with proba-
bility q,
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(c) or else the game that begins from (x,y) results in a draw (since the first player moves
the token from (x,y) to the vertex in Out(x,y) which is in D), thus placing (x,y) in the
class D with the remaining probability r = 1− p−q.

We further note that, conditioned on the classification of the vertices that lie on Hk+1 into the
classes W , L and D, the (random) class which a vertex lying on Hk gets sorted into via the above-
mentioned rules is independent of all other vertices on Hk.

The above recurrence relations are the key to establishing a connection between our game and
the envelope PCA F̂p,q that we are now ready to define. Let us label each vertex with the set it
belongs to. That is, we label a vertex W if it belongs to the set W and so on. For any k ∈ Z,
we identify Hk with Z by identifying (x,k) on Hk with x on Z for each x ∈ Z. This allows us to
represent the recurrence relations listed above via a PCA F̂p,q that is endowed with the alphabet

ˆA = {W,L,D}, the neighborhood N = {0,1,2}, and the stochastic matrix ϕ̂p,q : ˆA 3× ˆA → [0,1]
defined via the equations:

ϕ̂p,q(W,W,W ;b) =

p if b =W,

1− p if b = L,
(3.2.5)

ϕ̂p,q(a0,a1,a2;b) =

1−q if b =W,

q if b = L,
for all (a0,a1,a2) ∈ ˆA 3 \{W,D}3 (3.2.6)

and

ϕ̂p,q(a0,a1,a2;b) =


p if b =W,

q if b = L,

r = 1− p−q if b = D,

for all (a0,a1,a2) ∈ {W,D}3 \ (W,W,W ).

(3.2.7)
We illustrate ϕ̂p,q in Figure 3.7. To clarify further, the classification of the vertices on Hk+1

into W , L and D yields a configuration η ∈ ˆA Z via the identifications described above, and the
classification of the vertices on Hk into W , L and D via the game’s recurrence relations can then be
represented by F̂p,q η .

If we endow ˆA with the total order W ≺ D≺ L and define L−D = D, then (similar to the way
we interpret Fp,q in §3.2.2) the envelope PCA F̂p,q can be derived, via random perturbations, from
a deterministic CA, F̂, and a random noise θ̂ , as follows. The local update rule f̂ of F̂ is given by
f̂(a0,a1,a2) = 1−max{a0,a1,a2}, whereas the noise θ̂(a,b), for a,b∈ ˆA , transforms W to L with
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η(n+ 1) η(n+ 2)η(n)

̂Fp,qη(n) = W w.p. p

L w.p. 1− p

When η(n) = η(n+ 1)
= η(n+ 2) = W

η(n+ 1) η(n+ 2)η(n)

̂Fp,qη(n) = W w.p. 1− q

L w.p. q

When at least one of
η(n), η(n+ 1) and
η(n+ 2) equals L

η(n+ 1) η(n+ 2)η(n)

̂Fp,qη(n) = W w.p. p

L w.p. q

D w.p. r

When none of η(n)
η(n+ 1) and η(n+ 2)
equals L, but at least
one equals D

Figure 3.7: The stochastic rules that define our envelope PCA F̂p,q

probability q (i.e. θ̂(W,L) = q) and keeps it unchanged with probability 1−q, transforms L to W

with probability p (i.e. θ̂(L,W ) = p) and keeps it unchanged with probability 1− p, and transforms
D to L with probability q (i.e. θ̂(D,L) = q), D to W with probability p (i.e. θ̂(D,W ) = p), and keeps
D unchanged with probability r = 1− p−q. It is now straightforward to check that F̂p,q is obtained
from F̂ by injecting into it the memoryless zero-range noise θ̂ (again, we refer the reader to [74]
for a detailed reading on PCAs obtained via perturbations of deterministic CAs by random noises).

Although we have argued in §3.2.3 how the recurrence relations deduced from our percolation
game give rise to F̂p,q, there is, in fact, another angle from which one may motivate the emergence
of F̂p,q (we mention here that the term “envelope” was introduced in [28]) – namely, the use of F̂p,q

in coupling two (random) configurations obtained via (possibly repeated) applications of the PCA
Fp,q, starting from two different initial configurations. The symbol D is utilized to populate sites
whose actual values may differ between these two coupled configurations.

We dwell here a little longer on the notion of envelope PCAs. In [28], a random algorithm
known as a perfect sampling procedure is proposed which, when repeatedly applied, can estimate
the (unique) stationary probability distribution corresponding to an ergodic PCA F with arbitrary
precision. When the universe of F is finite (e.g. when Z/nZ constitute the cells for F), a new PCA
F̂ on an extended alphabet, referred to as an envelope PCA to F , is introduced, which is then run
on a single initial configuration to obtain a perfect sampling procedure for F . When the universe
for F is infinite (e.g. when Zd constitute the cells for F , making the universe uncountably infinite),
[28] shows that an efficient perfect sampling procedure can be obtained when F̂ is ergodic.

When the alphabet for F is A = {W,L}, the alphabet for F̂ is ˆA = {W,L,D}. The universe E
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and neighborhood N for F̂ remain the same as those for F . Given a configuration η = (η(x) : x ∈
E) in ˆA E , one thinks of η as a configuration in A E as follows: if x ∈ E is a cell such that it is
not known which symbol from A occupies it, we imagine that it is occupied by the symbol D. It
is to be noted that when η ∈ A E , i.e. η is a configuration which is devoid of the symbol D, the
envelope PCA F̂ acts on it in exactly the same way as F acts on it.

It is now time to connect the principal components of this work, namely the game, the PCA
Fp,q, and its envelope F̂p,q, with one another. This connection is established via the following three
results.

Proposition 3.2.1. For every (p,q) ∈S , the percolation game with parameters p and q has prob-

ability 0 of culminating in a draw if and only if the PCA Fp,q is ergodic.

Proposition 3.2.2. The PCA Fp,q is ergodic if and only if the corresponding envelope PCA F̂p,q is

ergodic.

Proposition 3.2.3. For each (p,q) ∈S , the envelope PCA F̂p,q admits no stationary distribution

µ that assigns positive probability to the symbol D. To put it formally, the probability of the event

η(x) = D, where η is a random configuration with law µ , is 0 for every x ∈ Z.

We implement the first assertion of Lemma 3.3.1 (that concerns itself with a couple of results
regarding stochastic domination, as stated in §3.3 below) and the argument used in proving Propo-
sition 2.1 of [60] to establish Proposition 3.2.2. Next, an argument identical to that used in proving
Proposition 2.2 of [60] yields a proof of Proposition 3.2.1. We are now left with the task of proving
Proposition 3.2.3.

3.3 An important lemma before we embark on a proof of
Proposition 3.2.3

Recall from §3.2.3 that ˆA = {W,D,L}, and borrowing from the definitions in §3.2.2, we let D
denote the set of all probability measures on Ω = ˆA Z that are defined with respect to the σ -field
F generated by the cylinder sets of Ω.

Lemma 3.3.1. Let µ and µ̃ be two probability distributions in D. Let � denote the stochastic

domination (on D) with respect to the coordinate-wise total order induced by the ordering W ≺
D≺ L, and let µ � µ̃ . Then F̂p,q µ̃ � F̂p,q µ .
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Let µ and µ̃ be two probability distributions in D. Let � denote the stochastic domination (on

D) with respect to the coordinate-wise partial order induced by W �D�L, and let µ � µ̃ . Then

F̂p,q µ � F̂p,q µ̃ .

Proof. We begin with (deterministic) configurations η and η̃ in ˆA Z such that η(x)� η̃(x) for all
x ∈ Z. We consider two copies of Z2, in both of which we fix the same assignment, say ω , of trap
/ target / open labels to the vertices lying on Hk. In the first copy of Z2, we assign the state η(x)

to the site (x,k+1) (that belongs to Hk+1), for each x ∈ Z, whereas in the second copy of Z2, we
assign the state η̃(x) to the site (x,k+1), for each x ∈ Z.

The state, say τ(x), assigned to the site (x,k) (that belongs to Hk), for each x ∈ Z, in the first
copy of Z2, is deduced using the states η(x), η(x+1) and η(x+2), and the label ω(x,k), according
to the following rules:

1. if ω(x,k) reads trap, then τ(x) =W ,

2. if ω(x,k) reads target, then τ(x) = L,

3. if ω(x,k) reads open, and

(a) η(x) = η(x+1) = η(x+2) =W , then τ(x) = L,

(b) at least one of η(x), η(x+1) and η(x+2) equals L, then τ(x) =W ,

(c) none of η(x), η(x+1) and η(x+2) equals L, but at least one of them equals D, then
τ(x) = D.

The state, say τ̃(x), assigned to (x,k), for each x∈Z, in the second copy of Z2, is deduced using the
states η̃(x), η̃(x+1) and η̃(x+2), and the label ω(x,k), following rules analogous to the above.

We now compare τ(x) and τ̃(x) for each x ∈ Z. Since the same assignment, ω , of trap / target /
open labels to the vertices of Hk is used in each copy of Z2, we need only carry out this comparison
when ω(x,k) is open. It suffices to consider x = 0.

1. Suppose η̃(0) = η̃(1) = η̃(2) = W , which forces η(0) = η(1) = η(2) = W . In this case,
τ(0) = τ̃(0) = L.

2. Suppose (η̃(0), η̃(1), η̃(2)) ∈ {W,D}3 \ {(W,W,W )}. In this case, we either have
(η(0),η(1),η(2)) ∈ {W,D}3 \{(W,W,W )} or we have (η(0),η(1),η(2)) = (W,W,W ). In
the former situation, τ(0) = τ̃(0) =D, whereas in the latter situation, τ̃(0) =D and τ(0) = L.
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3. Finally, suppose (η̃(0), η̃(1), η̃(2)) ∈ {W,D,L}3 \ {W,D}3. The first possibility is that
(η(0),η(1),η(2)) ∈ {W,D,L}3 \ {W,D}3, in which case τ(0) = τ̃(0) = W . The second
possibility is where (η(0),η(1),η(2)) ∈ {W,D}3 \ {(W,W,W )}, in which case, τ̃(0) = W

whereas τ(0) = D. The third and final possibility is where (η(0),η(1),η(2)) = (W,W,W ),
in which case τ̃(0) =W and τ(0) = L.

These observations let us conclude that τ � τ̃ . Given µ � µ̃ , we let η and η̃ denote coupled
random configurations (defined on the same sample space) such that η follows µ , η̃ follows µ̃

and η � η̃ almost surely. The above deduction applied to η and η̃ completes the proof of the first
assertion of Lemma 3.3.1.

To prove the second assertion of Lemma 3.3.1, we consider a very similar set-up as above, with
the only distinction being that η(x)� η̃(x) for all x ∈ Z. Once again, we compare τ(x) and τ̃(x)

for each x ∈ Z, and it suffices to consider x = 0 and ω(0,k) open:

1. Suppose η(0) = η(1) = η(2) =W and (η̃(0), η̃(1), η̃(2)) ∈ {W,D}3 \{(W,W,W )}. Then
τ(0) = L whereas τ̃(0) = D.

2. When (η(0),η(1),η(2)) ∈ {W,D,L}3 \ {W,D}3, we either have (η̃(0), η̃(1), η̃(2)) ∈
{W,D}3 \{(W,W,W )} or (η̃(0), η̃(1), η̃(2)) ∈ {W,D,L}3 \{W,D}3 . In the latter scenario,
τ(0) = τ̃(0) =W , while in the former, we have τ(0) =W and τ̃(0) = D.

These observations imply τ � τ̃ , which, in turn, yields the conclusion in the second part of
Lemma 3.3.1.

3.4 The method of weight functions and the proof of Proposi-
tion 3.2.3

As discussed in §3.2.2, it is a non-trivial task to establish, rigorously, the ergodicity of PCAs in
general. It has also been explicitly stated in [60] that coming up with a suitable weight function or
potential function that serves our purpose of proving ergodicity is not an easy feat either.

Before we proceed further, we recall here the definitions of translation-invariant and reflection-
invariant probability measures as discussed right after Definition 1.1.1. Given any 1-dimensional
PCA with alphabet A , a finite index set S = {y1,y2, . . . ,yn} ⊂ Z, and symbols a1, a2, . . ., an that
belong to A , we call (a1a2 . . .an)S = {η ∈A Z : η(yi) = ai for all 1 6 i 6 n} a cylinder set indexed

by S. When a probability measure µ is translation-invariant, and yi = k+ i for all 1 6 i 6 n and for
some k ∈ Z, we denote the measure µ((a1a2 . . .an)S) of the cylinder set (a1a2 . . .an)S by simply
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µ(a1a2 . . .an), since the ‘location’ of S (i.e. the value of k) ceases to be relevant. For instance, if
η is a random configuration following the law µ , then for any x ∈ Z, we can let µ(D) indicate
the probability of the event η(x) = D. Likewise, for any x ∈ Z, we can let µ(WD) indicate the
probability of the event that η(x) =W and η(x+1) = D, and so on. When µ is both translation-
invariant and reflection-invariant, µ(a1a2 . . .an) = µ(anan−1 . . .a1) for all a1, . . . ,an ∈ A . For
instance, µ(LWD) = µ(DWL), since the former is the probability of the event η(−1) = L,η(0) =
W,η(1) = D whereas the latter is the probability of the event η(−1) = D,η(0) =W,η(1) = L.

Lemma 3.4.1. To prove Proposition 3.2.3, it suffices to show that under no translation-invariant

and reflection-invariant stationary distribution for F̂p,q can the symbol D appear anywhere with

positive probability, for each (p,q) ∈S (where S is as defined in (3.1.1)).

Proof. Suppose there exists a stationary distribution µ for F̂p,q with µ(D) > 0. To prove
Lemma 3.4.1, it now suffices to show the existence of a translation-invariant and reflection-
invariant stationary distribution for F̂p,q under which the probability of occurrence of the symbol
D is strictly positive.

Let δD indicate the configuration that assigns the state D to each x ∈ Z. By the second assertion
of Lemma 3.3.1, the sequence {F̂n

p,q δD(D)}n∈N0 is non-increasing, and F̂
n
p,q δD(D) > µ(D) > 0

for each n ∈ N0. Thus, any limit point of the Césaro sums of the sequence {F̂n
p,q δD}n∈N0 is a

translation-invariant and reflection-invariant stationary distribution for F̂p,q that assigns a strictly
positive probability to the occurrence of D (because of our assumption that µ(D) > 0), yielding
the desired conclusion.

In the rest of this chapter, we consider only µ that belongs to D (recall from §3.3) and that is
both translation-invariant and reflection-invariant.

We now come to the actual construction of the weight function, which is accomplished via
several steps. To begin with, for the sake of brevity, we let ∗̂∗ denote the set {W,D}2\{(W,W )} and
∗̂ ∗ ∗ the set {W,D}3 \{(W,W,W )}. We may think of (∗̂∗) as representing the cylinder set in which
(η(W ),η(L))∈ ∗̂∗, and (∗̂ ∗ ∗) as representing the cylinder set in which (η(0),η(1),η(2))∈ ∗̂∗∗.
We write (S0S1 . . .Sk∗̂ ∗ ∗S′0S′1 . . .S

′
k′) (likewise, (S1S2 . . .Sk∗̂∗S′1S′2 . . .S

′
k′)) to indicate the cylinder

set in which η(i) ∈ Si for all 0 6 i 6 k, (η(k+1),η(k+2),η(k+3)) ∈ ∗̂∗∗, and η(k+4+ i) ∈ S′i
for all 0 6 i 6 k′, for any subsets S0, . . . ,Sk,S′0, . . . ,S

′
k′ of {W,D,L}. When Si = {ai} is a singleton

for some 0 6 i 6 k, we replace Si in the above notation by simply ai (and likewise when S′i is a
singleton for some 0 6 i 6 k′).

Keeping the reader’s convenience in mind and before we plunge into the intricate technicalities
of the weight function derivation, we briefly dwell here on how we plan to accomplish the task at
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hand, i.e. proving Proposition 3.2.3, using the method of weight functions. Following the notations
introduced above, we call a cylinder set (a1,a2, . . . ,an)S D-inclusive if ai = D for at least one
i ∈ {1, . . . ,n}. We envisage our weight function w(µ) to be a linear combination

w(µ) =
s

∑
i=1

ciµ(Ci) (3.4.1)

of cylinder sets C1, . . . ,Cs, each of which is D-inclusive, with c1, . . . ,cs being real constants (that
are functions of the parameters p and q), and we want it to satisfy an inequality of the form

w(F̂p,q µ)6 w(µ)−
s′

∑
i=1

c′iµ(C
′
i ), (3.4.2)

where c′1, . . . ,c
′
s′ are non-negative real constants (and are, once again, functions of p and q) and

C ′1, . . . ,C
′
s′ are, once again, D-inclusive cylinder sets. When µ is stationary for F̂p,q, we have

w(F̂p,q µ) = w(µ), which then yields ∑
s′
i=1 c′iµ(C

′
i ) = 0. The constants c′1, . . . ,c

′
s′ are such that,

when p+ q > 0, we can find a non-empty P ⊂ {1, . . . ,s′} such that c′i > 0 whenever i ∈ P. This,
in turn, yields µ(C ′i ) = 0 for every i ∈ P whenever µ is stationary and p+ q > 0. From these,
we infer, due to the good choice of the constants ci made in the weight function in (3.4.1), that
µ(D) = 0.

We outline here a summary of how we proceed in the rest of §3.4. Keeping in mind the goal
of showing µ(D) = 0 for every probability distribution µ that is stationary for the envelope PCA
F̂p,q, we attempt to

1. begin with an initial, reasonable guess for the weight function,

2. parallelly, come up with a suitable inequality (or equality) that is satisfied by this initial
expression for the weight function,

3. take note of the terms on the right side of this inequality (or equality) that are non-negative
and therefore need to be dealt with,

4. take note of the terms on the right side of this inequality (or equality) that are non-positive
and have some power in negating the above-mentioned non-negative terms,

5. accordingly, introduce an adjustment into the initial weight function,

6. write down, possibly with several simplifications, how the above-mentioned adjustment af-
fects the weight function inequality (or equality), and see if the updated weight function
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inequality (or equality) has the desired form as stated in (3.4.2),

7. declare the current weight function as the final, desired weight function if the answer to the
question in (3) is a yes,

8. otherwise, repeat the above procedure from (3) onward.

We conclude this introductory part of §3.4 by stating the final expression for the weight function
that we deduce in the sequel:

w3(µ)= (1− p2− pq−q)µ(D)+2µ(WD)−µ(DWD)+2r(1− p2)µ(LWWD)−2pr{µ(LD)+µ(LWD)}
−2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}−4rµ(LDWL)−2p2r{µ(LDWW )+µ(LWDW )}.

(3.4.3)

3.4.1 Computation of the probabilities of various cylinder sets under the
pushforward measure induced by the action of F̂p,q

Recall from §3.2.2 the definition of the pushforward measure F̂p,q µ . Ultimately, we would need
to compute F̂p,q µ(C ) for every cylinder set C that shows up in the expression for the final weight
function in (3.4.3). However, in §3.4.1, we compute only the first few (i.e. the pushforward mea-
sures for (D), (WD), (DWD), (LWWD)) as these are the only cylinder sets that show up in the
expression for our initial weight function (see (3.4.10)). The rest are computed as and when re-
quired (during the subsequent steps in which the weight function is appropriately tweaked to satisfy
the desired criterion).

For any translation-invariant and reflection-invariant probability measure µ belonging to D (re-
call from §3.3), using (3.2.7), we have

F̂p,q µ(D) = rµ(∗̂ ∗ ∗). (3.4.4)

In the deduction of F̂p,q µ(C ) where C is one of WD, DWD and LWWD, we make use (3.2.5),
(3.2.6) and (3.2.7). Since these computations involve rather similar arguments, we explain in detail
only two of them.

To compute F̂p,q µ(WD), we note that for (F̂p,q η(W ), F̂p,q η(L)) to equal (WD) for some
η ∈ ˆA Z, we require (η(1),η(2),η(3)) ∈ ∗̂∗∗, and the event F̂p,q η(1) = D occurs with prob-
ability r. If η(0) = η(1) = η(2) = W , forcing η(3) = D, the event F̂p,q η(0) = W happens
with probability p; if η(0) = W and (η(1),η(2),η(3)) ∈ ∗̂∗∗ \ {(WWD)}, then again the event
F̂p,q η(0) =W happens with probability p as (η(0),η(1),η(2)) ∈ ∗̂∗∗ in this case. If η(0) = D,
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the event F̂p,q η(0) = W happens with probability p, and if η(0) = L, the event F̂p,q η(0) = W

happens with probability (1−q). Combining all, we have

F̂p,q µ(WD) = prµ({W,D}∗̂ ∗∗)+(1−q)rµ(L∗̂ ∗ ∗). (3.4.5)

Arguing likewise, we obtain

F̂p,q µ(LWWD) = (1− p)p2rµ(WWW ∗̂ ∗ ∗)+qp2r[µ(∗̂ ∗ ∗∗̂ ∗ ∗)+µ(L{W,D}2∗̂ ∗ ∗)]
+q(1−q)prµ(L{W,D}∗̂ ∗∗)+q(1−q)2rµ(L∗̂ ∗ ∗). (3.4.6)

We outline the argument to deduce F̂p,q µ(DWD). For (F̂p,q η(0), F̂p,q η(1), F̂p,q η(2)) to
equal (DWD) for some η ∈ ˆA Z, we require (η(0),η(1),η(2)) ∈ ∗̂∗∗ and (η(2),η(3),η(4)) ∈
∗̂∗∗. Therefore, (η(0),η(1)) ∈ {W,D}2, but we must avoid η(0) = η(1) = η(2) = W . Thus
(η(0),η(1),η(2),η(3),η(4)) must belong to the set {W,D}2∗̂ ∗ ∗\WWW ∗̂∗. Note that this forces
(η(1),η(2),η(3)) ∈ {W,D}3, so that F̂p,q η(1) = W happens with probability p. Each of the
events F̂p,q η(0) = D and F̂p,q η(2) = D occurs with probability r. Combining all, we have

F̂p,q µ(DWD) = pr2[µ({W,D}2∗̂ ∗ ∗)−µ(WWW ∗̂∗)]. (3.4.7)

3.4.2 Important identities used in the derivation of the weight function

We use Tables 3.1, 3.2, 3.3 and 3.4 to illustrate the derivation of a few identities. In each of these
tables, the first row indicates the indices of the coordinates in Z, and the rows that follow represent
events involving cylinder sets. To elucidate, in Table 3.1, the second and third rows represent
respectively the events (η(−1),η(0),η(1),η(2)) = (L,D,D,D) and (η(−1),η(0),η(1),η(2)) =
(L,D,D,W ), and it is immediate that these two events are disjoint since they disagree on the symbol
that occupies the coordinate 2. In fact, for any two distinct rows that are inside the same table, it can
be seen that the corresponding events are mutually exclusive. To give the reader an understanding
of how we make use of these tables, note that the union of the pairwise disjoint events listed
in Table 3.1 forms a subset of the event η(0) = D. Thus, Table 3.1, along with the previously
stated assumption that µ is translation-invariant and reflection-invariant (justified by Lemma 3.4.1),
allows us to write

µ(D) = µ(LDDD)+µ(LDDW )+µ(LDWD)+µ(LDWW )+µ(DDD)+µ(DDW )+µ(WWD)

+µ(DWD)+µ(DDDL)+µ(WDDL)+µ(LWDD)+µ(LWDW )+µ(LDDL)+µ(LDWL)
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-2 -1 0 1 2
L D D D
L D D W
L D W D
L D W W
D D D
D D W

W W D
D W D
D D D L
W D D L
L W D D
L W D W

L D D L
L D W L
L D L

L D D L
L W D L

Table 3.1: Decomposition of D
to establish (3.4.8)

-1 0 1 2
D D D D
D D D W
D D W D
D D W W
W D D D
W D D W
W D W D
W D W W
L D D D
L D D W
L D D L
L D W D
L D W W
L D W L

D L
D D D L
W D D L
D D W L
W D W L

Table 3.2: Decomposition of D
to establish (3.4.9)

-1 0 1 2
D W D D
D W D W
W W D D
W W D W
L W D D
L W D W
D W D L
W W D L
L W D L

Table 3.3: Decomposition of
WD to establish (3.4.9)

-1 0 1 2
D W W D
W W W D
L W W D

Table 3.4: Decomposition of
WWD to establish (3.4.9)
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+µ(LDL)+µ(LDDL)+µ(LWDL)

= µ(LDDD)+µ(LDDW )+µ(LDWD)+µ(LDWW )+µ(LWDD)+µ(LWDW )︸ ︷︷ ︸
(1)

+µ(DDDL)+µ(WDDL)︸ ︷︷ ︸
(2)

+µ(DDD)+µ(DDW )+µ(WWD)+µ(DWD)︸ ︷︷ ︸
(3)

+2µ(LDDL)

+µ(LDWL)+µ(LWDL)︸ ︷︷ ︸
(4)

+µ(LDL)

= µ(L∗̂ ∗ ∗)−µ(LWWD)︸ ︷︷ ︸
rewriting (1)

+µ(∗̂ ∗ ∗L)−µ(DWWL)−µ(DDWL)−µ(WDWL)−µ(DWDL)−µ(WWDL)︸ ︷︷ ︸
rewriting (2)

+µ(∗̂ ∗ ∗)−µ(WDD)−µ(WDW )−µ(DWW )︸ ︷︷ ︸
rewriting (3)

+2µ(LDDL)+ 2µ(LDWL)︸ ︷︷ ︸
reflection-invariance on (4)

+µ(LDL)

= µ(∗̂ ∗ ∗)−µ(WDD)−µ(WDW )−µ(DWW )+µ(L∗̂ ∗ ∗)+µ(∗̂ ∗ ∗L)−
[[[
µ(LWWD)+µ(DWWL)

]]]︸ ︷︷ ︸
from the rewritten (1) and (2) in the previous step

−
[[[
µ(DDWL)+µ(WDWL)

]]]
−
[[[
µ(DWDL)+µ(WWDL)

]]]︸ ︷︷ ︸
from the rewritten (2) in the previous step

+2µ(LDDL)+µ(LDL)+2µ(LDWL)

= µ(∗̂ ∗ ∗)−µ(WDD)−µ(WDW )−µ(DWW )+2µ(L∗̂ ∗ ∗)−2µ(LWWD)︸ ︷︷ ︸
reflection-invariance

−
[[[
µ(DDWL)+µ(WDWL)

]]]
−
[[[
µ(DWDL)+µ(WWDL)

]]]
+2µ(LDDL)+µ(LDL)+2µ(LDWL)

= µ(∗̂ ∗ ∗)−µ(WDD)−µ(WDW )−µ(DWW )+2µ(L∗̂ ∗ ∗)−2µ(LWWD)−
[[[
µ(DWL)−µ(LDWL)

]]]
−
[[[
µ(WDL)−µ(LWDL)

]]]
+2µ(LDDL)+µ(LDL)+2µ(LDWL)

= µ(∗̂ ∗ ∗)−
[[[
µ(WDD)+µ(WDW )+µ(WDL)

]]]
−
[[[
µ(DWW )+µ(DWL)

]]]
+2µ(L∗̂ ∗ ∗)−2µ(LWWD)

+2µ(LDDL)+µ(LDL)+4µ(LDWL) (grouping the terms judiciously)

= µ(∗̂ ∗ ∗)−µ(WD)−
[[[
µ(DW )−µ(DWD)

]]]
+2µ(L∗̂ ∗ ∗)−2µ(LWWD)+2µ(LDDL)+µ(LDL)

+4µ(LDWL)

= µ(∗̂ ∗ ∗)−2µ(WD)+µ(DWD)−2µ(LWWD)+2µ(L∗̂ ∗ ∗)+2µ(LDDL)+µ(LDL)+4µ(LDWL).
(3.4.8)

Likewise, Tables 3.2, 3.3 and 3.4 together yield

µ(D)+µ(WD)+µ(WWD)
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= µ(DDDD)+µ(DDDW )+µ(DDWD)+µ(DDWW )+µ(WDDD)+µ(WDDW )+µ(WDWD)

+µ(WDWW )+µ(LDDD)+µ(LDDW )+µ(LDDL)+µ(LDWD)+µ(LDWW )+µ(LDWL)

+µ(DL)+µ(DDDL)+µ(WDDL)+µ(DDWL)+µ(WDWL)+µ(DWDD)+µ(DWDW )

+µ(WWDD)+µ(WWDW )+µ(LWDD)+µ(LWDW )+µ(DWDL)+µ(WWDL)+µ(LWDL)

+µ(DWWD)+µ(WWWD)+µ(LWWD)

=
[[[
µ(DDDD)+µ(DDDW )+µ(DDWD)+µ(DDWW )+µ(DWDD)+µ(DWDW )+µ(DWWD)

]]]
+
[[[
µ(WDDD)+µ(WDDW )+µ(WDWD)+µ(WDWW )+µ(WWDD)+µ(WWDW )+µ(WWWD)

]]]
+
[[[
µ(LDDD)+µ(LDDW )+µ(LDWD)+µ(LDWW )+µ(LWDD)+µ(LWDW )+µ(LWWD)

]]]
+
[[[
µ(DDDL)+µ(WDDL)+µ(DDWL)+µ(WDWL)+µ(DWDL)+µ(WWDL)

]]]
+µ(LDDL)+µ(LDWL)+µ(DL)+µ(LWDL) (grouping the terms judiciously)

= µ(D∗̂ ∗ ∗)+µ(W ∗̂ ∗ ∗)+µ(L∗̂ ∗ ∗)+µ(∗̂ ∗ ∗L)−µ(DWWL)+µ(LDDL)+µ(LD)+2µ(LDWL)

= µ({W,D}∗̂ ∗∗)+2µ(L∗̂ ∗ ∗)−µ(LWWD)+µ(LD)+2µ(LDWL)+µ(LDDL). (3.4.9)

3.4.3 The first step of composing the weight function

We start by defining

w0(µ) = µ(D)+2µ(WD)−µ(DWD)+2µ(LWWD). (3.4.10)

It is not straightforward to explain our intuition behind setting w0 in (3.4.10) as our ‘initial’ choice
of weight function (after which it gets tweaked and adjusted in several steps described in the sequel
to yield the final weight function). Since we are ultimately interested in µ(D) when µ is stationary,
and since each Ci in (3.4.1) is D-inclusive, it is not too far-fetched to entertain the possibility of
starting with C1 = (D){0} (i.e. the cylinder set in which D occupies the origin). Thus, the right
side of (3.4.2) contains µ(D), while the left contains F̂p,q µ(D) = rµ(∗̂ ∗ ∗). When p and q are
both small (intuitively, our task of showing µ(D) = 0 for µ stationary ought to become harder the
smaller p+q gets), rµ(∗̂ ∗ ∗) is nearly equal to µ(∗̂ ∗ ∗). The appearance of 2µ(WD) in the right
side of (3.4.2) implies, from (3.4.5), that 2(1−q)rµ(L∗̂ ∗ ∗) appears in the left side of (3.4.2), and
when p and q are both small, this is nearly the same as 2µ(L∗̂ ∗ ∗). From (3.4.8), we see that
µ(D)+ 2µ(WD)− µ(DWD)+ 2µ(LWWD) serves as an upper bound for µ(∗̂ ∗ ∗)+ 2µ(L∗̂ ∗ ∗).
All these provide ample justification as to why we start with w0 in (3.4.10) as our initial weight
function.
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Substituting the expressions from (3.4.4), (3.4.5), (3.4.7) and (3.4.6) into (3.4.10), we get

w0(F̂p,q µ) = F̂p,q µ(D)+2F̂p,q µ(WD)− F̂p,q µ(DWD)+2F̂p,q µ(LWWD)

= rµ(∗̂ ∗ ∗)+2{prµ({W,D}∗̂ ∗∗)+(1−q)rµ(L∗̂ ∗ ∗)}− pr2[µ({W,D}2∗̂ ∗ ∗)
−µ(WWW ∗̂∗)]+2

{
(1− p)p2rµ(WWW ∗̂ ∗ ∗)+qp2r[µ(∗̂ ∗ ∗∗̂ ∗ ∗)+µ(L{W,D}2∗̂ ∗ ∗)]

+q(1−q)prµ(L{W,D}∗̂ ∗∗)+q(1−q)2rµ(L∗̂ ∗ ∗)
}

= rµ(∗̂ ∗ ∗)+2{prµ({W,D}∗̂ ∗∗)+(1−q)rµ(L∗̂ ∗ ∗)}− pr2[µ({W,D}2∗̂ ∗ ∗)
−µ(WWW ∗̂∗)]+2

{
(1− p)p2rµ(WWW ∗̂ ∗ ∗)+qp2r[µ({W,D}3∗̂ ∗ ∗)−µ(WWW ∗̂ ∗ ∗)︸ ︷︷ ︸

splitting µ(∗̂∗∗∗̂∗∗)

+µ(L{W,D}2∗̂ ∗ ∗)]+q(1−q)prµ(L{W,D}∗̂ ∗∗)+q(1−q)2rµ(L∗̂ ∗ ∗)
}

= rµ(∗̂ ∗ ∗)+2{prµ({W,D}∗̂ ∗∗)+(1−q)rµ(L∗̂ ∗ ∗)}− pr2[µ({W,D}2∗̂ ∗ ∗)
−µ(WWW ∗̂∗)]+2

{
(1− p)p2rµ(WWW ∗̂ ∗ ∗)+qp2r

[
µ({W,D}2∗̂ ∗ ∗)︸ ︷︷ ︸

adding µ({W,D}3∗̂∗∗) and µ(L{W,D}2∗̂∗∗)

−µ(WWW ∗̂ ∗ ∗)
]
+q(1−q)prµ(L{W,D}∗̂ ∗∗)+q(1−q)2rµ(L∗̂ ∗ ∗)

}
= rµ(∗̂ ∗ ∗)+2{prµ({W,D}∗̂ ∗∗)+(1−q)rµ(L∗̂ ∗ ∗)}− pr2[µ({W,D}2∗̂ ∗ ∗)
−µ(WWW ∗̂∗)]+2

{
(1− p)p2rµ(WWW ∗̂ ∗ ∗)+qp2r

[
µ({W,D}∗̂ ∗∗)−µ(L{W,D}∗̂ ∗∗)︸ ︷︷ ︸

splitting µ({W,D}2∗̂∗∗)

−µ(WWW ∗̂ ∗ ∗)
]
+q(1−q)prµ(L{W,D}∗̂ ∗∗)+q(1−q)2rµ(L∗̂ ∗ ∗)

}
= rµ(∗̂ ∗ ∗)+2{prµ({W,D}∗̂ ∗∗)+(1−q)rµ(L∗̂ ∗ ∗)}− pr2[µ({W,D}2∗̂ ∗ ∗)
−µ(WWW ∗̂∗)]+2

{
(1− p)p2rµ(WWW ∗̂ ∗ ∗)+qp2r

[
µ(∗̂ ∗ ∗)−µ(L∗̂ ∗ ∗)︸ ︷︷ ︸

splitting µ({W,D}∗̂∗∗)

−µ(L{W,D}∗̂ ∗∗)−µ(WWW ∗̂ ∗ ∗)
]
+q(1−q)prµ(L{W,D}∗̂ ∗∗)+q(1−q)2rµ(L∗̂ ∗ ∗)

}
= (r+2qp2r)µ(∗̂ ∗ ∗)︸ ︷︷ ︸

combining the terms involving µ(∗̂∗∗)

+prµ({W,D}∗̂ ∗∗)

+

prµ({W,D}∗̂ ∗∗)+2q(1−q)prµ(L{W,D}∗̂ ∗∗)−2qp2rµ(L{W,D}∗̂ ∗∗)︸ ︷︷ ︸
combining the terms involving µ(L{W,D}∗̂∗∗)


− pr2[µ({W,D}2∗̂ ∗ ∗)−µ(WWW ∗̂∗)]+

{
2(1− p)p2rµ(WWW ∗̂ ∗ ∗)−2qp2rµ(WWW ∗̂ ∗ ∗)

}︸ ︷︷ ︸
combining terms involving µ(WWW ∗̂∗∗){

2q(1−q)2rµ(L∗̂ ∗ ∗)−2qp2rµ(L∗̂ ∗ ∗)+2(1−q)rµ(L∗̂ ∗ ∗)
}︸ ︷︷ ︸

combining the terms involving µ(L∗̂∗∗)
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= (r+2qp2r)µ(∗̂ ∗ ∗)+ prµ({W,D}∗̂ ∗∗)+
{

prµ({W,D}2∗̂ ∗ ∗)+ prµ(L{W,D}∗̂ ∗∗)︸ ︷︷ ︸
splitting µ({W,D}∗̂∗∗)

+2qpr(1−q− p)µ(L{W,D}∗̂ ∗∗)
}
− pr2

µ({W,D}2∗̂ ∗ ∗)+ pr2
µ(WWW ∗̂∗)

+2p2r(1− p−q)µ(WWW ∗̂ ∗ ∗)+2r
{

q(1−q)2−qp2 +(1−q)
}

µ(L∗̂ ∗ ∗)
= (r+2qp2r)µ(∗̂ ∗ ∗)+ prµ({W,D}∗̂ ∗∗)+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)

+ prµ({W,D}2∗̂ ∗ ∗)− pr2
µ({W,D}2∗̂ ∗ ∗)︸ ︷︷ ︸

combining terms involving µ({W,D}2∗̂∗∗)

+pr2
µ(WWW ∗̂∗)+2p2r2

µ(WWW ∗̂ ∗ ∗)

+2r
{

q+q3−2q2−qp2 +1−q
}

µ(L∗̂ ∗ ∗)
= (r+2qp2r)µ(∗̂ ∗ ∗)+ prµ({W,D}∗̂ ∗∗)+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)

+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)+ pr2
µ(WWW ∗̂∗)+2p2r2

µ(WWW ∗̂ ∗ ∗)
+2r

{
1+q3−2q2−qp2}

µ(L∗̂ ∗ ∗). (3.4.11)

Next, applying

1. the identity

µ(∗̂ ∗ ∗)+2µ(L∗̂ ∗ ∗) = µ(D)+2µ(WD)−µ(DWD)+2µ(LWWD)−2µ(LDDL)

−µ(LDL)−4µ(LDWL), (3.4.12)

obtained by rearranging the terms of (3.4.8),

2. and the identity

µ({W,D}∗̂ ∗∗) = µ(D)+µ(WD)+µ(WWD)−2µ(L∗̂ ∗ ∗)+µ(LWWD)−µ(LD)

−2µ(LDWL)−µ(LDDL), (3.4.13)

obtained by rearranging the terms of (3.4.9), we transform (3.4.11) as follows:

w0(F̂p,q µ) = (r+2qp2r)µ(∗̂ ∗ ∗)+2r{1+q3−2q2−qp2}µ(L∗̂ ∗ ∗)+ prµ({W,D}∗̂ ∗∗)
+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)+ pr2

µ(WWW ∗̂∗)+2p2r2
µ(WWW ∗̂ ∗ ∗)

= {rµ(∗̂ ∗ ∗)+2rµ(L∗̂ ∗ ∗)}︸ ︷︷ ︸
to be bound using (3.4.12)

+2qp2rµ(∗̂ ∗ ∗)+2r{q3−2q2−qp2}µ(L∗̂ ∗ ∗)+prµ({W,D}∗̂ ∗∗)︸ ︷︷ ︸
to be bound using (3.4.13)

+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)+ pr2
µ(WWW ∗̂∗)+2p2r2

µ(WWW ∗̂ ∗ ∗)
= r{µ(D)+2µ(WD)−µ(DWD)+2µ(LWWD)−2µ(LDDL)−µ(LDL)−4µ(LDWL)}︸ ︷︷ ︸

(1) – bound obtained from (3.4.12)

+2qp2rµ(∗̂ ∗ ∗)
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+2r{q3−2q2−qp2)}µ(L∗̂ ∗ ∗)+ pr{µ(D)+µ(WD)+µ(WWD)−2µ(L∗̂ ∗ ∗)+µ(LWWD)−µ(LD)}︸ ︷︷ ︸
(2) – bound obtained from (3.4.13), continued next line within underbrace

−2µ(LDWL)−µ(LDDL)}︸ ︷︷ ︸
(2), continued from above

+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)+ pr2
µ(WWW ∗̂∗)

+2p2r2
µ(WWW ∗̂ ∗ ∗)

= (r+ pr)µ(D)+(2r+ pr)µ(WD)− rµ(DWD)+ prµ(WWD)+(2r+ pr)µ(LWWD)− (2r+ pr)µ(LDDL)︸ ︷︷ ︸
combining terms from the bounds (1) and (2)

−rµ(LDL)− (4r+2pr)µ(LDWL)− prµ(LD)︸ ︷︷ ︸
combining terms from the bounds (1) and (2)

+2r{q3−2q2−qp2− p}µ(L∗̂ ∗ ∗)+2qp2rµ(∗̂ ∗ ∗)

+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)+ pr2
µ(WWW ∗̂∗)+2p2r2

µ(WWW ∗̂ ∗ ∗)
=
[[[

µ(D)︸ ︷︷ ︸+(r+ pr−1)µ(D)
]]]
+
[[[

2µ(WD)︸ ︷︷ ︸+(2r+ pr−2)µ(WD)
]]]
+
[[[
−µ(DWD)︸ ︷︷ ︸−(r−1)µ(DWD)

]]]
+
[[[

2µ(LWWD)︸ ︷︷ ︸+(2r+ pr−2)µ(LWWD)
]]]
+ prµ(WWD)− (2r+ pr)µ(LDDL)− rµ(LDL)−

(4r+2pr)µ(LDWL)− prµ(LD)+2r{q3−2q2−qp2− p}µ(L∗̂ ∗ ∗)+2qp2rµ(∗̂ ∗ ∗)+
(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)+ pr2

µ(WWW ∗̂∗)+2p2r2
µ(WWW ∗̂ ∗ ∗)

= w0(µ)︸ ︷︷ ︸
(3)

−[p(1− r)+q]µ(D)− [p(1− r)+q]µ(WD)+(r−1)µ(WD)− (r−1)µ(DWD)︸ ︷︷ ︸
(4)

+prµ(WWD)

+(pr−2p−2q)µ(LWWD)− (2r+ pr)µ(LDDL)− rµ(LDL)− (4r+2pr)µ(LDWL)− prµ(LD)

+2r{q3−2q2−qp2− p}µ(L∗̂ ∗ ∗)+2qp2rµ(∗̂ ∗ ∗)+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)
+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)+ pr2

µ(WWW ∗̂∗)+2p2r2
µ(WWW ∗̂ ∗ ∗)

((3) obtained by combining underbraced terms from the previous step, & using (3.4.10))

= w0(µ)− [p(1− r)+q]µ(D)− [p(1− r)+q]µ(WD)+(r−1)µ(LWD)+(r−1)µ(WWD)︸ ︷︷ ︸
rewriting (4)

+prµ(WWD)

− [p(2− r)+2q]µ(LWWD)− (2r+ pr)µ(LDDL)− rµ(LDL)− (4r+2pr)µ(LDWL)− prµ(LD)

+2r{q3−2q2−qp2− p}µ(L∗̂ ∗ ∗)+2qp2rµ(∗̂ ∗ ∗)+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)
+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)+ pr2

µ(WWW ∗̂∗)+2p2r2
µ(WWW ∗̂ ∗ ∗)

= w0(µ)−[p(1− r)+q]µ(D)− [p(1− r)+q]µ(WD)︸ ︷︷ ︸
(5)

−(p+q)µ(LWD)−[p(1− r)+q]µ(WWD)︸ ︷︷ ︸
(6)

− [p(2− r)+2q]µ(LWWD)− (2r+ pr)µ(LDDL)− rµ(LDL)− (4r+2pr)µ(LDWL)− prµ(LD)

+2r{q3−2q2−qp2− p}µ(L∗̂ ∗ ∗)+2qp2rµ(∗̂ ∗ ∗)+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)
+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)+ pr2

µ(WWW ∗̂∗)+2p2r2
µ(WWW ∗̂ ∗ ∗)
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= w0(µ)−[p(1− r)+q][µ(D)+µ(WD)+µ(WWD)]︸ ︷︷ ︸
combining (5) and (6)

−(p+q)µ(LWD)− [p(2− r)+2q]µ(LWWD)

− (2r+ pr)µ(LDDL)− rµ(LDL)− (4r+2pr)µ(LDWL)− prµ(LD)+2qp2rµ(∗̂ ∗ ∗)
−2r(p+2q2 +qp2−q3)µ(L∗̂ ∗ ∗)+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)
+ pr2

µ(WWW ∗̂∗)+2p2r2
µ(WWW ∗̂ ∗ ∗). (3.4.14)

One may note here how (3.4.14) lays down the first of the stepping stones which pave
the way towards an inequality that resembles (3.4.2). We remark here that our ultimate goal
would be to transform the equality in (3.4.14) into an inequality of the form (3.4.2). How-
ever, there are, at this point, several terms in the right side of (3.4.14) (such as 2qp2rµ(∗̂ ∗ ∗),
(pr+ 2qpr2)µ(L{W,D}∗̂ ∗∗) etc.), other than w0(µ), in which the coefficients are non-negative,
and this needs to be remedied. This is what we accomplish, via several adjustments and suitable
algebraic manipulations in-between, in §3.4.4, §3.4.5, §3.4.6 and §3.4.7.

In each of the steps involving the above-mentioned adjustments, the equality/ inequality (be-
ginning from (3.4.14)) evolves. Suppose we have performed i adjustments so far, and the weight
function currently under consideration is denoted by wi. Let the inequality that we currently have
(which could actually be an equality, in which case we refer to it as the current weight function

equality) be given by

wi(F̂p,q µ)6 wi(µ)−
si

∑
j=1

αi, jµ(Ei, j), (3.4.15)

where αi,1, . . . ,αi,si are real constants and Ei,1, . . . ,Ei,si are cylinder sets. Suppose the (i+ 1)-st
adjustment is defined via the equation wi+1(µ) = wi(µ)−∑

ti
j=1 βi, jµ(Gi, j), in which βi,1, . . . ,βi,ti

are real constants and Gi,1, . . . ,Gi,ti are cylinder sets. We can now rewrite (3.4.15) as follows:

wi+1(F̂p,q µ)+
ti

∑
j=1

βi, j F̂p,q µ(Gi, j)6 wi+1(µ)+
ti

∑
j=1

βi, jµ(Gi, j)−
si

∑
j=1

αi, jµ(Ei, j)

=⇒ wi+1(F̂p,q µ)6 wi+1(µ)+
ti

∑
j=1

βi, jµ(Gi, j)−
ti

∑
j=1

βi, j F̂p,q µ(Gi, j)−
si

∑
j=1

αi, jµ(Ei, j). (3.4.16)

This is the commonality shared by all the adjustments described in the sequel, and we refer back,
several times, to (3.4.16) and use it to see how the inequality (or equality) evolves with each
adjustment.
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3.4.4 The second step of composing the weight function

As mentioned right after (3.4.14), a quick comparison of (3.4.14) with (3.4.2) reveals that the
terms 2qp2rµ(∗̂ ∗ ∗), (pr + 2qpr2)µ(L{W,D}∗̂ ∗∗), pr(p+ q)µ({W,D}2∗̂ ∗ ∗), pr2µ(WWW ∗̂∗)
and 2p2r2µ(WWW ∗̂ ∗ ∗) in the right side of (3.4.14) are all non-negative. To make sure that the
final inequality is of the form given in (3.4.2), we have to use the existing non-positive terms in the
right side of (3.4.14) to nullify these non-negative terms.

With the aim to tackle first the terms (pr + 2qpr2)µ(L{W,D}∗̂ ∗∗) and pr(p +

q)µ({W,D}2∗̂ ∗ ∗), and then the terms pr2µ(WWW ∗̂∗) and 2p2r2µ(WWW ∗̂ ∗ ∗), we consider the
following first adjustment to the initial weight function in (3.4.10):

w1(µ) = w0(µ)− p(p+q)µ(D) = w0(µ)− p(1− r)µ(D). (3.4.17)

Rewriting (3.4.14) as w0(F̂p,q µ) = w0(µ)+A0, and using the idea presented in (3.4.16), we see
that the adjustment of (3.4.17) would transform (3.4.14) into

w1(F̂p,q µ) = w1(µ)+ p(1− r)µ(D)− p(1− r) F̂p,q µ(D)+A0

= w1(µ)+ p(1− r)µ(D)− p(p+q) F̂p,q µ(D)+A0. (3.4.18)

We include a brief discussion attempting to explain why we choose to subtract p(1− r)µ(D) in
(3.4.17). At the very outset, we let the reader know that we do not claim here that this is the only

way to begin the sequence of adjustments. Some other term out of the existing non-positive terms
in the right side of (3.4.14) might very well have worked. However, a significant amount of work
went into trying out adjustments using terms that seemed plausible enough to negate the above-
mentioned non-negative terms, using the idea presented in (3.4.16), and the choice in (3.4.17) has
the following advantages:

1. As seen from the much neater (3.4.18) and by recalling the coefficient of µ(D) in the right
side of (3.4.14), the coefficient of µ(D) becomes −q once (3.4.17) has been implemented,
which is still non-positive and therefore creates no problems in the subsequent steps. This
has been one of our main considerations in each adjustment step: that the adjustments are
chosen such that they do not upset existing non-positive terms on the right side of the weight
function inequality (or equality) and turn them non-negative.

2. We now come to the term−p(p+q) F̂p,q µ(D) =−p(p+q)rµ(∗̂ ∗ ∗) in (3.4.18). The simple
inequality µ({W,D}2∗̂ ∗ ∗)6 µ(∗̂ ∗ ∗) tells us that−p(p+q)rµ(∗̂ ∗ ∗) would suffice to fully
negate the non-negative term pr(p+q)µ({W,D}2∗̂ ∗ ∗).
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3. Note that after accomplishing the task of negating p(p + q)µ({W,D}2∗̂ ∗ ∗), the term
−p(p+ q)rµ(∗̂ ∗ ∗) is also able to help in partially negating (pr+ 2qpr2)µ(L{W,D}∗̂ ∗∗)
(we say “partially” because the order of magnitude of the coefficient pr+ 2qpr2 is p when
p and q are small, and this is larger than the order of magnitude of p(p + q)r), since
µ(L{W,D}∗̂ ∗∗)+µ({W,D}2∗̂ ∗ ∗) = µ({W,D}∗̂ ∗∗)6 µ(∗̂ ∗ ∗).

We hope that the above discussions provide some insight to the reader as to why we found−p(1−
r)µ(D) a compelling choice in (3.4.17).

Presenting the reader with the final weight function, with all the adjustments combined together,
may come across as abrupt and opaque. On the other hand, outlining the adjustments in the same
chronological order in which we ourselves thought of them while developing the weight function
implies that the power of each adjustment (in negating the existing non-negative terms in the right
side of the weight function inequality / equality) is limited by our ability to carry out intricate
computations and algebraic manipulations and to keep track of the non-negative terms that still
remain. Therefore, it is sometimes the case that we carry out two different adjustments at two
different stages of development of the weight function, but some of the terms used in both these
adjustments are the same (up to the cylinder sets involved, but with different coefficients). For
instance, in the final adjustment, i.e. (3.4.49), the term −qµ(D) appears, and we may very well
have combined this with −p(1− r)µ(D) of (3.4.17), but in doing so, we would have been unable
to point out effectively to the reader how the construction truly unfolds.

Applying the adjustment described in (3.4.17) to (3.4.14), as illustrated in (3.4.18), we obtain:

w1(F̂p,q µ) = w1(µ)+ p(1− r)µ(D)− p(1− r) F̂p,q µ(D)− [p(1− r)+q][µ(D)+µ(WD)+µ(WWD)]

− (p+q)µ(LWD)− [p(2− r)+2q]µ(LWWD)− (2r+ pr)µ(LDDL)− rµ(LDL)

− (4r+2pr)µ(LDWL)− prµ(LD)+2qp2rµ(∗̂ ∗ ∗)−2r(p+2q2 +qp2−q3)µ(L∗̂ ∗ ∗)
+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)+ pr2

µ(WWW ∗̂∗)
+2p2r2

µ(WWW ∗̂ ∗ ∗)
= w1(µ)−qµ(D)− [p(1− r)+q][µ(WD)+µ(WWD)]− (p+q)µ(LWD)

− [p(2− r)+2q]µ(LWWD)− (2r+ pr)µ(LDDL)− rµ(LDL)− (4r+2pr)µ(LDWL)

− prµ(LD)+2qp2rµ(∗̂ ∗ ∗)+pr2
µ(WWW ∗̂∗)+2p2r2

µ(WWW ∗̂ ∗ ∗)︸ ︷︷ ︸
(1)

−p(p+q) F̂p,q µ(D)−2r(p+2q2 +qp2−q3)µ(L∗̂ ∗ ∗)︸ ︷︷ ︸
(2)
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+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)︸ ︷︷ ︸
(3)

. (3.4.19)

Combining the terms of (3.4.19) that have been highlighted by the underbraces numbered (2) and
(3), using (3.4.4), and using the identities

1. µ(∗̂ ∗ ∗) = µ(L∗̂ ∗ ∗)+µ(L{W,D}∗̂ ∗∗)+µ({W,D}2∗̂ ∗ ∗),

2. µ(L{W,D}∗̂ ∗∗) = µ(L∗̂ ∗ ∗{W,D}) + µ(LWWWD) − µ(LDWWW ) = µ(L∗̂ ∗ ∗) −
µ(L∗̂ ∗ ∗L)+µ(LWWWD)−µ(LDWWW ),

we obtain

− p(p+q) F̂p,q µ(D)−2r(p+2q2 +qp2−q3)µ(L∗̂ ∗ ∗)+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)
+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)

= −p(p+q)rµ(∗̂ ∗ ∗)︸ ︷︷ ︸
use (1)

−2r(p+2q2 +qp2−q3)µ(L∗̂ ∗ ∗)+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)

+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)
= −pr(p+q)µ(L∗̂ ∗ ∗)− pr(p+q)µ(L{W,D}∗̂ ∗∗)− pr(p+q)µ({W,D}2∗̂ ∗ ∗)︸ ︷︷ ︸

after applying (1)

−2r(p+2q2 +qp2−q3)µ(L∗̂ ∗ ∗)+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)+ pr(p+q)µ({W,D}2∗̂ ∗ ∗)
= −pr(p+q)µ(L∗̂ ∗ ∗)−2r(p+2q2 +qp2−q3)µ(L∗̂ ∗ ∗)︸ ︷︷ ︸

combining the terms involving µ(L∗̂∗∗)

−pr(p+q)µ(L{W,D}∗̂ ∗∗)+(pr+2qpr2)µ(L{W,D}∗̂ ∗∗)︸ ︷︷ ︸
combining the terms involving µ(L{W,D}∗̂∗∗)

(also, cancelling out the terms involving µ({W,D}2∗̂ ∗ ∗) by each other)

= − r[p(p+q)+2(p+2q2 +qp2−q3)]µ(L∗̂ ∗ ∗)+(pr2 +2qpr2)µ(L{W,D}∗̂ ∗∗)︸ ︷︷ ︸
use (2)

= − r[p(p+q)+2(p+2q2 +qp2−q3)]µ(L∗̂ ∗ ∗)
+(pr2 +2qpr2)[µ(L∗̂ ∗ ∗)−µ(L∗̂ ∗ ∗L)+µ(LWWWD)−µ(LDWWW )]︸ ︷︷ ︸

after applying (2)

= − r[p(p+q)+2(p+2q2 +qp2−q3)]µ(L∗̂ ∗ ∗)+(pr2 +2qpr2)[µ(L∗̂ ∗ ∗)−µ(L∗̂ ∗ ∗L)]
+(pr2 +2qpr2)µ(LWWWD)− (pr2 +2qpr2)µ(LDWWW )

= −r(p+4q2 +4qp2−2q3 +2p2 +2q2 p)µ(L∗̂ ∗ ∗)− (pr2 +2qpr2)µ(L∗̂ ∗ ∗L)︸ ︷︷ ︸
(4)(we combined the terms involving µ(L∗̂∗∗))
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+(pr2 +2qpr2)µ(LWWWD)− (pr2 +2qpr2)µ(LDWWW )︸ ︷︷ ︸
(5)

. (3.4.20)

Next, we combine the terms of (3.4.20) grouped together by the underbrace numbered (5), with
the terms of (3.4.19) highlighted by the underbrace numbered (1), and use the identities

1. µ(LWWWD) = µ(WWWD)−µ(DWWWD)−µ(WWWWD),

2. µ(WWW ∗̂ ∗ ∗) = µ(WWWD) + µ(WWWWD) + µ(WWWWWD) − µ(WWW ∗̂∗L) −
µ(WWWDL),

3. µ(WWW ∗̂∗) = µ(WWWDD)+µ(WWWDW )+µ(WWWWD),

4. µ(WWWDD)+µ(WWWDW ) = µ(WWWD)−µ(WWWDL),

to obtain:

(pr2 +2qpr2)µ(LWWWD)︸ ︷︷ ︸
use (1)

−(pr2 +2qpr2)µ(LDWWW )+ pr2
µ(WWW ∗̂∗)+2p2r2

µ(WWW ∗̂ ∗ ∗)︸ ︷︷ ︸
use (2)

= (pr2 +2qpr2)[µ(WWWD)−µ(DWWWD)−µ(WWWWD)]︸ ︷︷ ︸
after applying (1)

− (pr2 +2qpr2)µ(LDWWW )+ pr2
µ(WWW ∗̂∗)

+2p2r2[µ(WWWD)+µ(WWWWD)+µ(WWWWWD)−µ(WWW ∗̂∗L)−µ(WWWDL)]︸ ︷︷ ︸
after applying (2)

= (pr2 +2qpr2)µ(WWWD)︸ ︷︷ ︸
(a)

−(pr2 +2qpr2)µ(WWWWD)− (pr2 +2qpr2)µ(DWWWD)

−(pr2 +2qpr2)µ(LDWWW )︸ ︷︷ ︸
(c)

+(pr2 +2qpr2)µ(WWW ∗̂∗)−2qpr2
µ(WWW ∗̂∗)︸ ︷︷ ︸

manipulating the coefficient of µ(WWW ∗̂∗)

+2p2r2
µ(WWWD)︸ ︷︷ ︸

(b)

+2p2r2[µ(WWWWD)+µ(WWWWWD)]−2p2r2
µ(WWW ∗̂∗L)−2p2r2

µ(WWWDL)︸ ︷︷ ︸
(d)

= (pr2 +2qpr2 +2p2r2)µ(WWWD)︸ ︷︷ ︸
combining (a) and (b)

−(pr2 +2qpr2)µ(WWWWD)− (pr2 +2qpr2 +2p2r2)µ(LDWWW )︸ ︷︷ ︸
combining (c) and (d)

+(pr2 +2qpr2)µ(WWW ∗̂∗)︸ ︷︷ ︸
use (3)

−(pr2 +2qpr2)µ(DWWWD)+2p2r2[µ(WWWWD)+µ(WWWWWD)]

−2p2r2
µ(WWW ∗̂∗L)−2qpr2

µ(WWW ∗̂∗)
= (pr2 +2qpr2 +2p2r2)µ(WWWD)−(pr2 +2qpr2)µ(WWWWD)︸ ︷︷ ︸

(e)

−(pr2 +2qpr2 +2p2r2)µ(LDWWW )
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+(pr2 +2qpr2)µ(WWWDD)+(pr2 +2qpr2)µ(WWWDW )+(pr2 +2qpr2)µ(WWWWD)︸ ︷︷ ︸
(f): obtained by applying (3)

− (pr2 +2qpr2)µ(DWWWD)+2p2r2[µ(WWWWD)+µ(WWWWWD)]−2p2r2
µ(WWW ∗̂∗L)

−2qpr2
µ(WWW ∗̂∗)

= (pr2 +2qpr2 +2p2r2)µ(WWWD)−(pr2 +2qpr2)µ(WWWWD)+(pr2 +2qpr2)µ(WWWWD)︸ ︷︷ ︸
combining (e) with the last term of (f)

− (pr2 +2qpr2 +2p2r2)µ(LDWWW )+(pr2 +2qpr2)
[[[

µ(WWWDD)+µ(WWWDW )︸ ︷︷ ︸
use (4)

]]]
− (pr2 +2qpr2)µ(DWWWD)+2p2r2[µ(WWWWD)+µ(WWWWWD)]−2p2r2

µ(WWW ∗̂∗L)
−2qpr2

µ(WWW ∗̂∗)
= (pr2 +2qpr2 +2p2r2)µ(WWWD)︸ ︷︷ ︸

(g)

−(pr2 +2qpr2 +2p2r2)µ(LDWWW )︸ ︷︷ ︸
(h)

+(pr2 +2qpr2)[µ(WWWD)−µ(WWWDL)︸ ︷︷ ︸
(i): obtained by applying (4)

]− (pr2 +2qpr2)µ(DWWWD)

+2p2r2[µ(WWWWD)+µ(WWWWWD)]−2p2r2
µ(WWW ∗̂∗L)−2qpr2

µ(WWW ∗̂∗)
= 2pr2(1+ p+2q)µ(WWWD)︸ ︷︷ ︸

combining (g) with 1st term of (i)

−2pr2(1+2q+ p)µ(LDWWW )︸ ︷︷ ︸
combining (h) with 2nd term of (i)

+2p2r2[µ(WWWWD)+µ(WWWWWD)]

−2p2r2
µ(WWW ∗̂∗L)− pr2(1+2q)µ(DWWWD)−2qpr2

µ(WWW ∗̂∗). (3.4.21)

Applying (3.4.20) and (3.4.21) to (3.4.19), we obtain:

w1(F̂p,q µ) = w1(µ)−qµ(D)− [p(1− r)+q][µ(WD)+µ(WWD)]− (p+q)µ(LWD)

− [p(2− r)+2q]µ(LWWD)− (2r+ pr)µ(LDDL)− rµ(LDL)− (4r+2pr)µ(LDWL)− prµ(LD)

+2qp2rµ(∗̂ ∗ ∗)−r(p+4q2 +4qp2−2q3 +2p2 +2q2 p)µ(L∗̂ ∗ ∗)− pr2(1+2q)µ(L∗̂ ∗ ∗L)︸ ︷︷ ︸
terms grouped by underbrace numbered (4) of (3.4.20)

+2pr2(1+ p+2q)µ(WWWD)−2pr2(1+2q+ p)µ(LDWWW )+2p2r2[µ(WWWWD)+µ(WWWWWD)]︸ ︷︷ ︸
terms obtained from (3.4.21)

−2p2r2
µ(WWW ∗̂∗L)− pr2(1+2q)µ(DWWWD)−2qpr2

µ(WWW ∗̂∗)︸ ︷︷ ︸
terms obtained from (3.4.21)

= w1(µ)−qµ(D)− [p(1− r)+q][µ(WD)+µ(WWD)]− (p+q)µ(LWD)− [p(2− r)+2q]µ(LWWD)

− (2r+ pr)µ(LDDL)− rµ(LDL)− (4r+2pr)µ(LDWL)− prµ(LD)+2qp2rµ(∗̂ ∗ ∗)︸ ︷︷ ︸
− r(p+4q2 +4qp2−2q3 +2p2 +2q2 p)µ(L∗̂ ∗ ∗)− pr2(1+2q)µ(L∗̂ ∗ ∗L)
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− pr2(1+2q)µ(DWWWD)−2qpr2
µ(WWW ∗̂∗)+2pr2(1+ p+2q)µ(WWWD)︸ ︷︷ ︸

−2pr2(1+2q+ p)µ(LDWWW )+2p2r2[µ(WWWWD)+µ(WWWWWD)]︸ ︷︷ ︸
−2p2r2

µ(WWW ∗̂∗L) (only rearrangements done in this step). (3.4.22)

Again, (3.4.22), much like (3.4.14), forms part of the foundation upon which the derivation of
an inequality of the form (3.4.2) is built. Still, there are terms in the right side of (3.4.22), other
than w1(µ), indicated by underbraces in the final step of the derivation of (3.4.22), in which the
coefficients are non-negative. Therefore, further adjustments are necessary.

3.4.5 The third step of composing the weight function

In order to make sure that we ultimately end up with an inequality of the form given in (3.4.2),
we have to ensure that the non-negative terms highlighted by underbraces in the final expression
for (3.4.22) are negated using some of the existing non-positive terms in the final expression for
(3.4.22).

The second adjustment is carried out as follows:

w2(µ) = w1(µ)−
[
2pr{µ(LD)+µ(LWD)}+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}

+4rµ(LDWL)+2pµ(LWWD)
]
. (3.4.23)

Again, as stated at the beginning of §3.4.4, a different choice of terms may very well have worked
instead of those considered in (3.4.23). Writing (3.4.22) as w1(F̂p,q µ) =w1(µ)+A1, we see, using
the idea presented in (3.4.16), that applying (3.4.23) will transform (3.4.22) into

w2(F̂p,q µ) = w2(µ)+{2pr{µ(LD)+µ(LWD)}+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}
+4rµ(LDWL)+2pµ(LWWD)}−{2pr{F̂p,q µ(LD)+ F̂p,q µ(LWD)}+2p2r{F̂p,q µ(LDD)

+ F̂p,q µ(LDWD)+ F̂p,q µ(LWDD)}+4r F̂p,q µ(LDWL)+2p F̂p,q µ(LWWD)}+A1.

(3.4.24)

As in §3.4.4, we attempt to explain to the reader some of the motivations for choosing the above
adjustment. Each of the terms used in (3.4.23) has its own significance, and these are, of course,
detailed in the computations that follow for the reader to verify, so we focus on just the reason for
our choice of the term −2prµ(LD).

The terms in the right side of (3.4.22) that are non-negative are 2qp2rµ(∗̂ ∗ ∗), 2pr2(1+ p+
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2q)µ(WWWD) and 2p2r2[µ(WWWWD)+µ(WWWWWD)]. When p and q are small, the order
of magnitude of the coefficient of the first of these terms is 2qp2, that of the second term is 2p, and
that of the third term is 2p2. We emphasize here, to the reader, that in our approach for constructing
the weight function, we have tried to first annihilate the non-negative terms whose coefficients have
higher orders of magnitude, and then addressed the non-negative terms whose coefficients have
lower orders of magnitude. So, here, we first focus on 2pr2(1+ p+2q)µ(WWWD), which can be
thought of as being approximately equal to 2pµ(WWWD) when p and q are small.

From (3.4.28), we know that one of the terms in the expansion of F̂p,q µ(LD) is r2µ(WWWD).
Therefore,−2pr F̂p,q µ(LD) in (3.4.24) will contribute−2pr3µ(WWWD), which is approximately
equal to −2pµ(WWWD) when p and q are small. This, then, aids in negating much of the non-
negative term 2pr2(1+ p+2q)µ(WWWD) – in fact, what is left of 2pr2(1+ p+2q)µ(WWWD)

after implementing this adjustment is a non-negative term whose coefficient is of a smaller order
of magnitude.

At the same time, we note that on the right side of (3.4.24), the term 2prµ(LD) is being added,
and we need to make sure that this does not upset any of the existing non-positive terms to the
extent that they become non-negative. Note that there already exists a −prµ(LD) on the right side
of (3.4.22). Next, we note that

1. −r(p+ 4q2 + 4qp2− 2q3 + 2p2 + 2q2 p)µ(L∗̂ ∗ ∗) on the right side of (3.4.22) supplies us
with the terms −prµ(LDDD), −prµ(LDDW ), −prµ(LDWD) and −prµ(LDWW ),

2. the term −(2r+ pr)µ(LDDL) provides us with −prµ(LDDL),

3. the term −(4r+2pr)µ(LDWL) provides us with −prµ(LDWL),

4. and the term −rµ(LDL) supplies us with −prµ(LDL).

We see that −prµ(LDDD) − prµ(LDDW ) − prµ(LDWD) − prµ(LDWW ) − prµ(LDDL) −
prµ(LDWL)− prµ(LDL) = −prµ(LD). Thus, we have accounted for non-positive terms ex-
isting on the right side of (3.4.22) that are capable of negating, together, the 2prµ(LD) that gets
introduced into the right side of (3.4.24) because of (3.4.23).

Once again, we hope that the above discussion is able to shed some light on why−2prµ(LD) is
a part of (3.4.23). Likewise, the presence of the other terms in (3.4.23) can be justified / motivated.

Applying the adjustment described in (3.4.23) to (3.4.22), we obtain (as shown in (3.4.24)):

w2(F̂p,q µ) = w2(µ)+ [2pr{µ(LD)+µ(LWD)}+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}
+4rµ(LDWL)+2pµ(LWWD)]− [2pr{F̂p,q µ(LD)+ F̂p,q µ(LWD)}+2p2r{F̂p,q µ(LDD)

111



+ F̂p,q µ(LDWD)+ F̂p,q µ(LWDD)}+4r F̂p,q µ(LDWL)+2p F̂p,q µ(LWWD)]−qµ(D)

− [p(1− r)+q][µ(WD)+µ(WWD)]− (p+q)µ(LWD)− [p(2− r)+2q]µ(LWWD)

− (2r+ pr)µ(LDDL)− rµ(LDL)− (4r+2pr)µ(LDWL)− prµ(LD)+2qp2rµ(∗̂ ∗ ∗)
− r(p+4q2 +4qp2−2q3 +2p2 +2q2 p)µ(L∗̂ ∗ ∗)− pr2(1+2q)µ(L∗̂ ∗ ∗L)− pr2(1+2q)µ(DWWWD)

−2qpr2
µ(WWW ∗̂∗)+2pr2(1+ p+2q)µ(WWWD)−2pr2(1+2q+ p)µ(LDWWW )

+2p2r2[µ(WWWWD)+µ(WWWWWD)]−2p2r2
µ(WWW ∗̂∗L)

= w2(µ)+2pr{µ(LD)+µ(LWD)}+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}+4rµ(LDWL)︸ ︷︷ ︸
+2pµ(LWWD)− (p+q)µ(LWD)− [p(2− r)+2q]µ(LWWD)− (2r+ pr)µ(LDDL)− rµ(LDL)︸ ︷︷ ︸
−(4r+2pr)µ(LDWL)− prµ(LD)− r(p+4q2 +4qp2−2q3 +2p2 +2q2 p)µ(L∗̂ ∗ ∗)︸ ︷︷ ︸−qµ(D)

− [p(1− r)+q][µ(WD)+µ(WWD)]+2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(L∗̂ ∗ ∗L)
− pr2(1+2q)µ(DWWWD)−2qpr2

µ(WWW ∗̂∗)+2pr2(1+ p+2q)µ(WWWD)

−2pr2(1+2q+ p)µ(LDWWW )+2p2r2[µ(WWWWD)+µ(WWWWWD)]−2p2r2
µ(WWW ∗̂∗L)

−2pr{F̂p,q µ(LD)+ F̂p,q µ(LWD)}−2p2r{F̂p,q µ(LDD)+ F̂p,q µ(LDWD)+ F̂p,q µ(LWDD)}
−4r F̂p,q µ(LDWL)−2p F̂p,q µ(LWWD). (3.4.25)

3.4.5.1 Step 1 of analyzing (3.4.25)

First, we combine the terms of (3.4.25) that have been highlighted using underbraces. To this end,
we use the identities:

1. µ(L∗̂ ∗ ∗) = µ(LD)+µ(LWD)+µ(LWWD)−µ(LDL)−µ(LDDL)−2µ(LDWL),

2. µ(LDDD)+µ(LDDW ) = µ(LDD)−µ(LDDL),

3. µ(L∗̂ ∗ ∗)= µ(LDDD)+µ(LDDW )+µ(LDWD)+µ(LWDD)+µ(LDWW )+µ(LWDW )+

µ(LWWD),

and we obtain:

−(p+q)µ(LWD)︸ ︷︷ ︸
(1)

−{p(2− r)+2q}µ(LWWD)︸ ︷︷ ︸
(3)

−(2r+ pr)µ(LDDL)− rµ(LDL)−(4r+2pr)µ(LDWL)︸ ︷︷ ︸
(5)

−prµ(LD)︸ ︷︷ ︸
(7)

−r(p+4q2 +4qp2−2q3 +2p2 +2q2 p)µ(L∗̂ ∗ ∗)+2prµ(LD)︸ ︷︷ ︸
(8)

+2prµ(LWD)︸ ︷︷ ︸
(2)

+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}+4rµ(LDWL)︸ ︷︷ ︸
(6)

+2pµ(LWWD)︸ ︷︷ ︸
(4)
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= −(p+q)µ(LWD)+2prµ(LWD)︸ ︷︷ ︸
combining (1) and (2)

−{p(2− r)+2q}µ(LWWD)+2pµ(LWWD)︸ ︷︷ ︸
combining (3) and (4)

−(2r+ pr)µ(LDDL)

− rµ(LDL)−(4r+2pr)µ(LDWL)+4rµ(LDWL)︸ ︷︷ ︸
combining (5) and (6)

−prµ(LD)+2pr{µ(LD)︸ ︷︷ ︸
combining (7) and (8)

−prµ(L∗̂ ∗ ∗)︸ ︷︷ ︸
apply (1)

−2p2r µ(L∗̂ ∗ ∗)︸ ︷︷ ︸
split using (3)

−r(4q2 +4qp2−2q3 +2q2 p)µ(L∗̂ ∗ ∗)+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}

= [−(p+q)+2pr]µ(LWD)− (2q− pr)µ(LWWD)− (2r+ pr)µ(LDDL)− rµ(LDL)−2prµ(LDWL)

+ prµ(LD)−pr[µ(LD)+µ(LWD)+µ(LWWD)−µ(LDL)−µ(LDDL)−2µ(LDWL)]︸ ︷︷ ︸
after applying (1)

−2p2r
[[[
µ(LDDD)+µ(LDDW )+µ(LDWD)+µ(LWDD)+µ(LDWW )+µ(LWDW )+µ(LWWD)

]]]
− r(4q2 +4qp2−2q3 +2q2 p)µ(L∗̂ ∗ ∗)+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}

= [−(p+q)+2pr]µ(LWD)︸ ︷︷ ︸
(9)

−(2q− pr)µ(LWWD)︸ ︷︷ ︸
(11)

−(2r+ pr)µ(LDDL)︸ ︷︷ ︸
(13)

−rµ(LDL)︸ ︷︷ ︸
(15)

−2prµ(LDWL)︸ ︷︷ ︸
(17)

+prµ(LD)︸ ︷︷ ︸
(19)

−prµ(LD)︸ ︷︷ ︸
(20)

−prµ(LWD)︸ ︷︷ ︸
(10)

−prµ(LWWD)︸ ︷︷ ︸
(12)

+prµ(LDL)︸ ︷︷ ︸
(16)

+prµ(LDDL)︸ ︷︷ ︸
(14)

+2prµ(LDWL)︸ ︷︷ ︸
(18)

−2p2r
[[[

µ(LDDD)+µ(LDDW )︸ ︷︷ ︸
apply (2)

+µ(LDWD)+µ(LWDD)+µ(LDWW )+µ(LWDW )+µ(LWWD)
]]]

− r(4q2 +4qp2−2q3 +2q2 p) µ(L∗̂ ∗ ∗)︸ ︷︷ ︸
split using (3)

+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}

= [−(p+q)+ pr]µ(LWD)︸ ︷︷ ︸
adding (9) & (10)

−2qµ(LWWD)︸ ︷︷ ︸
adding (11) & (12)

−2rµ(LDDL)︸ ︷︷ ︸
adding (13) & (14)

−r(1− p)µ(LDL)︸ ︷︷ ︸
adding (15) & (16)

−2p2r[µ(LDD)−µ(LDDL)︸ ︷︷ ︸
after applying (2)

+µ(LDWD)+µ(LWDD)]−2p2r[µ(LDWW )+µ(LWDW )+µ(LWWD)]

− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDDW )+µ(LDWD)+µ(LWDD)+µ(LDWW )

+µ(LWDW )+µ(LWWD)]+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}
(also adding the terms indicated by underbraces numbered (17), (18), (19) & (20))

= − [p(1− r)+q]µ(LWD)−2qµ(LWWD)︸ ︷︷ ︸
(21)

−2rµ(LDDL)︸ ︷︷ ︸
(24)

−r(1− p)µ(LDL)+2p2rµ(LDDL)︸ ︷︷ ︸
(25)

−2p2r[µ(LDD)+µ(LDWD)+µ(LWDD)]︸ ︷︷ ︸
(26)

−2p2r[µ(LDWW )+µ(LWDW )]︸ ︷︷ ︸
(28)

−2p2rµ(LWWD)︸ ︷︷ ︸
(22)

− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDDW )+µ(LDWD)+µ(LWDD)

+µ(LDWW )+µ(LWDW )︸ ︷︷ ︸
(29)

]−r(4q2 +4qp2−2q3 +2q2 p)µ(LWWD)︸ ︷︷ ︸
(23)
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+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}︸ ︷︷ ︸
(27)

= − [p(1− r)+q]µ(LWD)−[2q+ r(4q2 +4qp2−2q3 +2p2 +2q2 p)]µ(LWWD)︸ ︷︷ ︸
adding (21), (22), (23)

−2r(1− p2)µ(LDDL)︸ ︷︷ ︸
adding (24) & (25)

− r(1− p)µ(LDL)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDDW )+µ(LDWD)+µ(LWDD)]

−r(4q2 +4qp2−2q3 +2p2 +2q2 p)[µ(LDWW )+µ(LWDW )]︸ ︷︷ ︸
adding (28) & (29)

(also cancelling (26) by (27)).

(3.4.26)

Incorporating the expression obtained in (3.4.26) (as indicated by the large square brackets in the
expression below), we can now rewrite (3.4.25) as follows:

w2(F̂p,q µ) = w2(µ)+

[
− [p(1− r)+q]µ(LWD)− [2q+ r(4q2 +4qp2−2q3 +2p2 +2q2 p)]µ(LWWD)

−2r(1− p2)µ(LDDL)− r(1− p)µ(LDL)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDDW )

+µ(LDWD)+µ(LWDD)]− r(4q2 +4qp2−2q3 +2p2 +2q2 p)[µ(LDWW )+µ(LWDW )]

]
−qµ(D)

− [p(1− r)+q][µ(WD)+µ(WWD)]+2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(L∗̂ ∗ ∗L)− pr2(1+2q)µ(DWWWD)

−2qpr2
µ(WWW ∗̂∗)+2pr2(1+ p+2q)µ(WWWD)−2pr2(1+2q+ p)µ(LDWWW )+2p2r2[µ(WWWWD)

+µ(WWWWWD)]−2p2r2
µ(WWW ∗̂∗L)−2pr{F̂p,q µ(LD)+ F̂p,q µ(LWD)}−2p2r{F̂p,q µ(LDD)︸ ︷︷ ︸

+ F̂p,q µ(LDWD)+ F̂p,q µ(LWDD)}−4r F̂p,q µ(LDWL)−2p F̂p,q µ(LWWD)︸ ︷︷ ︸ . (3.4.27)

3.4.5.2 Step 2 of analyzing (3.4.25)

In §3.4.5.3, we deal with the terms of (3.4.27) that have been grouped using underbraces. To this
end, we need to compute F̂p,q µ(LD), F̂p,q µ(LWD), F̂p,q µ(LDD), F̂p,q µ(LDWD), F̂p,q µ(LWDD)

and F̂p,q µ(LDWL) (note that we have already computed F̂p,q µ(LWWD) in (3.4.6)). An argument
similar to that adopted in (3.4.5) of §3.4.1 for computing F̂p,q µ(WD) can be used to deduce that

F̂p,q µ(LD) = r2
µ(WWWD)+qrµ(∗̂ ∗ ∗). (3.4.28)

However, parts of the expression for each of the probabilities F̂p,q µ(LWD), F̂p,q µ(LDD),
F̂p,q µ(LDWD), F̂p,q µ(LWDD) and F̂p,q µ(LDWL) will deliberately not be made explicit, in or-
der to keep the subsequent mathematical expressions as concise as possible.
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While computing F̂p,q µ(LWD), we first consider η(0) = η(1) = η(2) = W , so that
(η(3),η(4)) ∈ ∗̂∗, the event F̂p,q η(0) = L happens with probability 1 − p, and the event
F̂p,q η(1) = W happens with probability p. Next, we consider η(0) = 1, η(1) ∈ {W,D} and
(η(2),η(3),η(4)) ∈ ∗̂∗∗, so that F̂p,q η(0) = L happens with probability q and F̂p,q η(1) = W

happens with probability p, and finally, we consider η(1) = L and (η(2),η(3),η(4)) ∈ ∗̂∗∗, so
that F̂p,q η(0) = L happens with probability q and F̂p,q η(1) = W happens with probability 1− q.
In each of these cases, F̂p,q η(2) = D happens with probability r. Therefore

F̂p,q µ(LWD) = (1− p)prµ(WWW ∗̂∗)+CLWD +DLWD > (1− p)prµ(WWW ∗̂∗)+CLWD,

(3.4.29)

where
CLWD = qprµ(L{W,D}∗̂ ∗∗)+q(1−q)rµ(L∗̂ ∗ ∗), (3.4.30)

and DLWD is the component arising from the case where (η(0),η(1),η(2)) ∈ ∗̂∗∗. Similar argu-
ments lead to

• F̂p,q µ(LDD) = (1− p)r2
µ(WWWD{W,D})+CLDD > (1− p)r2

µ(WWWD{W,D}); (3.4.31)

• F̂p,q µ(LDWD) = (1− p)r2 pµ(WWWD{W,D}2)+CLDWD > (1− p)r2 pµ(WWWD{W,D}2);
(3.4.32)

• F̂p,q µ(LWDD) = (1− p)pr2
µ(WWW ∗̂∗{W,D})+CLWDD > (1− p)pr2

µ(WWW ∗̂∗{W,D});
(3.4.33)

in which CC , where C is any of the cylinder sets (LDD), (LDWD), (LWDD), accounts for the
contribution from the cases in which (η(0),η(1),η(2)) ∈ ˆA 3 \{(W,W,W )}.

While computing F̂p,q µ(LDWL), we first consider the case where η(3) = η(4) = η(5) = W ,
so that (η(1),η(2)) ∈ ∗̂∗, and the event F̂p,q η(2) =W happens with probability p while the event
F̂p,q η(3) = L happens with probability 1− p. Note that in this situation, no matter what the value
of η(0) is, the event F̂p,q η(0) = L happens with probability q. The second possibility we take
into account is where η(0) = η(1) = η(2) = W , which then forces η(3) = D, and F̂p,q η(0) = L

happens with probability 1− p. If η(4) ∈ {W,D}, the events F̂p,q η(2) = W and F̂p,q η(3) = L

happen with probabilities p and q respectively, whereas if η(4) = L, they happen with probabilities
1−q and q respectively. Combining all, we have

F̂p,q µ(LDWL) = qrp(1− p)µ(∗̂∗WWW )+(1− p)rpqµ(WWWD{W,D})
+(1− p)r(1−q)qµ(WWWDL)+CLDWL
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= qrp(1− p){µ(DWWW )−µ(LDWWW )+µ(DWWWW )}
+(1− p)rpq{µ(WWWD)−µ(WWWDL)}+(1− p)r(1−q)qµ(WWWDL)+CLDWL

= qrp(1− p)µ(DWWW )+(1− p)rpqµ(WWWD)︸ ︷︷ ︸+qrp(1− p)µ(DWWWW )

−qrp(1− p)µ(LDWWW )− (1− p)rpqµ(WWWDL)+(1− p)r(1−q)qµ(WWWDL)︸ ︷︷ ︸
+CLDWL

> 2(1− p)rpqµ(WWWD)+(1− p)prqµ(WWWWD)+(1− p)rq(r− p)µ(WWWDL),
(3.4.34)

where we make use of the reflection-invariance of µ , and CLDWL takes into account the contribu-
tions from the situations not considered above.

Finally, instead of writing the entire expression of (3.4.6) in place of F̂p,q µ(LWWD), we write

F̂p,q µ(LWWD) = p2r2
µ(WWW ∗̂ ∗ ∗)+CLWWD, (3.4.35)

where

CLWWD = qp2rµ(∗̂ ∗ ∗)+qpr2
µ(L{W,D}∗̂ ∗∗)+qr2(1−q+ p)µ(L∗̂ ∗ ∗). (3.4.36)

3.4.5.3 Step 3 of analyzing (3.4.25)

As mentioned at the start of §3.4.5.2, we deal with the terms grouped using underbraces in (3.4.27),
using (3.4.28), (3.4.29), (3.4.31), (3.4.32), (3.4.33), (3.4.34), (3.4.35), and applying the identities

1. µ(WWW ∗̂ ∗ ∗) = µ(WWWD) + µ(WWWWD) + µ(WWWWWD) − µ(WWW ∗̂∗L) −
µ(WWWDL),

2. µ(WWW ∗̂∗) = µ(WWWD)−µ(WWWDL)+µ(WWWWD),

3. µ(WWWD{W,D}) = µ(WWWD)−µ(WWWDL),

4. µ(WWWD{W,D}2) = µ(WWWD)−µ(WWWDL)−µ(WWWD{W,D}L),

5. µ(WWW ∗̂∗{W,D}) = µ(WWWD) + µ(WWWWD) − µ(WWWDL) −
µ(WWWD{W,D}L)−µ(WWWWDL),

Using (3.4.28), (3.4.29), (3.4.31), (3.4.32), (3.4.33), (3.4.34) and (3.4.35) in the first step, and
subsequently applying the identities mentioned above, we find that the sum of the terms grouped
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using underbraces in (3.4.27) can be bounded above as follows:

−2pr{F̂p,q µ(LD)+ F̂p,q µ(LWD)}−2p2r{F̂p,q µ(LDD)+ F̂p,q µ(LDWD)+ F̂p,q µ(LWDD)}
−4r F̂p,q µ(LDWL)−2p F̂p,q µ(LWWD)

6 −2pr3
µ(WWWD)−2pqr2

µ(∗̂ ∗ ∗)−2p2r2(1− p)µ(WWW ∗̂∗)︸ ︷︷ ︸
use (2)

−2prCLWD

−2p2r3(1− p)µ(WWWD{W,D})︸ ︷︷ ︸
use (3)

−2p3r3(1− p)µ(WWWD{W,D}2)︸ ︷︷ ︸
use (4)

−2p3r3(1− p)µ(WWW ∗̂∗{W,D})︸ ︷︷ ︸
use (5)

−8(1− p)r2 pqµ(WWWD)−4(1− p)pr2qµ(WWWWD)

−4(1− p)r2q(r− p)µ(WWWDL)−2p3r2
µ(WWW ∗̂ ∗ ∗)︸ ︷︷ ︸

use (1)

−2pCLWWD

= −2pr3
µ(WWWD)−2pqr2

µ(∗̂ ∗ ∗)−2p2r2(1− p) [µ(WWWD)−µ(WWWDL)+µ(WWWWD)]︸ ︷︷ ︸
after applying (2)

−2p2r3(1− p) [µ(WWWD)−µ(WWWDL)]︸ ︷︷ ︸
after applying (3)

−2p3r3(1− p) [µ(WWWD)−µ(WWWDL)−µ(WWWD{W,D}L)]︸ ︷︷ ︸
after applying (4)

−2p3r3(1− p) [µ(WWWD)−µ(WWWDL)−µ(WWWD{W,D}L)+µ(WWWWD)−µ(WWWWDL)]︸ ︷︷ ︸
after applying (5)

−8(1− p)r2 pqµ(WWWD)−4(1− p)pr2qµ(WWWWD)−4(1− p)r2q(r− p)µ(WWWDL)

−2p3r2 [µ(WWWD)+µ(WWWWD)+µ(WWWWWD)−µ(WWWDL)︸ ︷︷ ︸
after applying (1)

−µ(WWWD{W,D}L)−µ(WWWWDL)]︸ ︷︷ ︸
after applying (1)

−2prCLWD−2pCLWWD

= − [2pr3 +2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)+8(1− p)r2 pq+2p3r2]µ(WWWD)

− [2p2r2(1− p)+2p3r3(1− p)+4(1− p)pr2q+2p3r2]µ(WWWWD)−2p3r2
µ(WWWWWD)

+ [2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)−4(1− p)r2q(r− p)+2p3r2]µ(WWWDL)

+ [4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)

−2pqr2
µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD, (3.4.37)

where, in the last step, we simply add all those terms that involve µ(C ), for C being any of
the cylinder sets (WWWD), (WWWWD), (WWWWWD), (WWWDL), (WWWD{W,D}L) and
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(WWWWDL). Incorporating the inequality (3.4.37), we now see that the equality in (3.4.27) is
transformed into an inequality as follows (it is worthwhile to note here that we encountered only
weight function equalities in the various steps of adjustments carried out earlier, and this is the first
time we encounter a weight function inequality):

w2(F̂p,q µ)6 w2(µ)− [p(1− r)+q]µ(LWD)− [2q+ r(4q2 +4qp2−2q3 +2p2 +2q2 p)]µ(LWWD)

−2r(1− p2)µ(LDDL)− r(1− p)µ(LDL)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDDW )

+µ(LDWD)+µ(LWDD)]− r(4q2 +4qp2−2q3 +2p2 +2q2 p)[µ(LDWW )+µ(LWDW )]−qµ(D)

− [p(1− r)+q][µ(WD)+µ(WWD)]− pr2(1+2q)µ(L∗̂ ∗ ∗L)
+2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)−2qpr2

µ(WWW ∗̂∗)+2pr2(1+ p+2q)µ(WWWD)︸ ︷︷ ︸
−2pr2(1+2q+ p)µ(LDWWW )+2p2r2[µ(WWWWD)+µ(WWWWWD)]−2p2r2

µ(WWW ∗̂∗L)︸ ︷︷ ︸
−[2pr3 +2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)+8(1− p)r2 pq+2p3r2]µ(WWWD)︸ ︷︷ ︸
−[2p2r2(1− p)+2p3r3(1− p)+4(1− p)pr2q+2p3r2]µ(WWWWD)−2p3r2

µ(WWWWWD)︸ ︷︷ ︸
+[2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)−4(1− p)r2q(r− p)+2p3r2]µ(WWWDL)︸ ︷︷ ︸
+[4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)︸ ︷︷ ︸
−2pqr2

µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD︸ ︷︷ ︸, (3.4.38)

where we let B2 denote the sum of the terms of (3.4.38) that have been grouped using underbraces,
and we let B1 denote the remaining terms. In other words,

B1 = w2(µ)− [p(1− r)+q]µ(LWD)− [2q+ r(4q2 +4qp2−2q3 +2p2 +2q2 p)]µ(LWWD)

−2r(1− p2)µ(LDDL)− r(1− p)µ(LDL)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDDW )

+µ(LDWD)+µ(LWDD)]− r(4q2 +4qp2−2q3 +2p2 +2q2 p)[µ(LDWW )+µ(LWDW )]−qµ(D)

− [p(1− r)+q][µ(WD)+µ(WWD)]− pr2(1+2q)µ(L∗̂ ∗ ∗L), (3.4.39)

and

B2 = 2qp2rµ(∗̂ ∗ ∗)︸ ︷︷ ︸−pr2(1+2q)µ(DWWWD)−2qpr2
µ(WWW ∗̂∗)+2pr2(1+ p+2q)µ(WWWD)︸ ︷︷ ︸

−2pr2(1+2q+ p)µ(LDWWW )+2p2r2
µ(WWWWD)+2p2r2

µ(WWWWWD)︸ ︷︷ ︸−2p2r2
µ(WWW ∗̂∗L)

− [2pr3 +2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)+8(1− p)r2 pq+2p3r2]µ(WWWD)
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− [2p2r2(1− p)+2p3r3(1− p)+4(1− p)pr2q+2p3r2]µ(WWWWD)−2p3r2
µ(WWWWWD)

+[2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)−4(1− p)r2q(r− p)+2p3r2]µ(WWWDL)︸ ︷︷ ︸
+[4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)︸ ︷︷ ︸
−2pqr2

µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD. (3.4.40)

It is worthwhile to note here that all of the terms, other than w2(µ), in B1 are non-positive, whereas
in B2, the possibly non-negative (we write ‘possibly’ because the coefficient of µ(WWWDL) may
or may not be non-negative, depending on the values of p and q) terms have been highlighted using
underbraces in (3.4.40). We now have to make sure that these non-negative terms are negated using
the existing non-positive terms on the right side of (3.4.40), and this is what we accomplish, to
some extent, in §3.4.5.4.

3.4.5.4 Step 4 of analyzing (3.4.25)

We dedicate §3.4.5.4 to the analysis of B2 in (3.4.40). Before we embark on this task, we perform
a couple of rather intricate algebraic simplifications that are going to be of use while analysing B2.
The first of these is as follows, and this will be used in combining the coefficients of the various
terms involving µ(WWWD) in the analysis of B2:

−2qpr2 +2pr2(1+ p+2q)− [2pr3 +2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)+8(1− p)r2 pq

+2p3r2]

= −2qpr2 +2pr2 +2p2r2 +4pqr2−2pr3−2p2r2(1− p)−2p2r3(1− p)−4p3r3(1− p)

−8(1− p)r2 pq−2p3r2

= 2pr2−2pr3 +2p2r2−2p2r2(1− p)−2p3r2−2p2r3(1− p)−4p3r3(1− p)−8(1− p)r2 pq+2qpr2

= 2pr2(1− r)+2p2r2−2p2r2︸ ︷︷ ︸
cancel each other

+2p3r2−2p3r2︸ ︷︷ ︸
cancel each other

−2p2r3(1− p)−4p3r3(1− p)−8pqr2 +8p2qr2 +2qpr2

= 2p2r2 +2pqr2−2p2r3 +2p3r3−4p3r3 +4p4r3−6pqr2 +8p2qr2

= 2p2r2−2p2r3−2p3r3 +4p4r3−4pqr2 +8p2qr2

= 2p2r2(p+q)−2p3r3 +4p4r3−4pqr2 +8p2qr2

= 2p3r2 +2p2qr2−2p3r3 +4p4r3−4pqr2 +8p2qr2

= 2p3r2−2p3r3 +4p4r3−4pqr2 +10p2qr2

= 2p3r2(p+q)+4p4r3−4pqr2 +10p2qr2
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= 2p4r2︸ ︷︷ ︸
(1)

+2p3r2q︸ ︷︷ ︸
(2)

+4p4r3−4pqr2 +10p2qr2︸ ︷︷ ︸
(3)

= 2pqr2[p2−2+5p]+6p4r2−4p4r2︸ ︷︷ ︸
combining (1), (2) and (3)

+4p4r3

= 2pqr2[p2−2+5p]+6p4r2−4p4r2(1− r)

= 2pqr2[p2−2+5p]+6p4r2−4p4r2(p+q). (3.4.41)

The second algebraic simplification we detail here is as follows, and this will be utilized in com-
bining the coefficients of the various terms involving µ(WWWDL) in the analysis of B2:

2qpr2−2pr2(1+2q+ p)+ [2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)−4(1− p)r2q(r− p)+2p3r2]

= 2pr2[q−1−2q− p+ p(1− p)+ pr(1− p)+2p2r(1− p)+ p2]−4(1− p)r2q(r− p)

= −2pr2[1+q+ p− p+ p2− p(1− p−q)(1− p)−2p2r(1− p)− p2]−4(1− p)r2q(r− p)

= −2pr2[1+q− p(1− p)2 + pq(1− p)−2p2r(1− p)]−4(1− p)r2q(r− p)

= −2pr2[1+q− p(1−2p+ p2)+ pq(1− p)−2p2r(1− p)]−4(1− p)r2q(r− p)

= −2pr2[1+q− p+2p2− p3 + pq(1− p)−2p2r(1− p)]−4(1− p)r2q(r− p)

= −2pr2[1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3]−4(1− p)r2q(r− p). (3.4.42)

In the analysis that follow, in many steps, we indicate using underbraces the terms that are to be
combined in the next step, and we use the following identities:

1. µ(WWW ∗̂∗) = µ(WWWD)−µ(WWWDL)+µ(WWWWD),

2. µ(WWWWD) = µ(WWWWWD)+µ(DWWWWD)+µ(LWWWWD),

3. µ(WWW ∗̂∗L) = µ(WWWD{W,D}L)+µ(WWWWDL).

The simplification of B2 continues as follows:

B2 = 2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)−2qpr2
µ(WWW ∗̂∗)︸ ︷︷ ︸
use (1)

+2pr2(1+ p+2q)µ(WWWD)︸ ︷︷ ︸
term involving µ(WWWD)

−2pr2(1+2q+ p)µ(LDWWW )+2p2r2
µ(WWWWD)+2p2r2

µ(WWWWWD)−2p2r2
µ(WWW ∗̂∗L)

−[2pr3 +2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)+8(1− p)r2 pq+2p3r2]µ(WWWD)︸ ︷︷ ︸
term involving µ(WWWD)

− [2p2r2(1− p)+2p3r3(1− p)+4(1− p)pr2q+2p3r2]µ(WWWWD)−2p3r2
µ(WWWWWD)

+ [2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)−4(1− p)r2q(r− p)+2p3r2]µ(WWWDL)

120



+[4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)

−2pqr2
µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD

= 2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)−2qpr2
µ(WWWWD)+2qpr2

µ(WWWDL)︸ ︷︷ ︸
obtained from (1)

−2pr2(1+2q+ p)µ(LDWWW )+2p2r2
µ(WWWWD)+2p2r2

µ(WWWWWD)

−2p2r2
µ(WWW ∗̂∗L) +[2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)︸ ︷︷ ︸

summing terms involving µ(WWWD), including the one obtained from (1), and using (3.4.41)

− [2p2r2(1− p)+2p3r3(1− p)+4(1− p)pr2q+2p3r2]µ(WWWWD)−2p3r2
µ(WWWWWD)

+ [2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)−4(1− p)r2q(r− p)+2p3r2]µ(WWWDL)

+ [4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)

−2pqr2
µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD

= 2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)−2qpr2
µ(WWWWD)︸ ︷︷ ︸

term involving µ(WWWWD)

+2qpr2
µ(WWWDL)

−2pr2(1+2q+ p)µ(LDWWW )+2p2r2
µ(WWWWD)︸ ︷︷ ︸

term involving µ(WWWWD)

+2p2r2
µ(WWWWWD)

−2p2r2
µ(WWW ∗̂∗L)+ [2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

−[2p2r2(1− p)+2p3r3(1− p)+4(1− p)pr2q+2p3r2]µ(WWWWD)︸ ︷︷ ︸
term involving µ(WWWWD)

−2p3r2
µ(WWWWWD)

+ [2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)−4(1− p)r2q(r− p)+2p3r2]µ(WWWDL)

+ [4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)

−2pqr2
µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD

= 2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)+2qpr2
µ(WWWDL)−2pr2(1+2q+ p)µ(LDWWW )

+2p2r2
µ(WWWWWD)−2p2r2

µ(WWW ∗̂∗L)+ [2pqr2{5p−2+ p2}+6p4r2

−4p4r2(p+q)]µ(WWWD)−(6pqr2−4p2qr2)µ(WWWWD)−2p3r3(1− p)µ(WWWWD)︸ ︷︷ ︸
summing terms involving µ(WWWWD)

−2p3r2
µ(WWWWWD)+ [2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)

−4(1− p)r2q(r− p)+2p3r2]µ(WWWDL)+ [4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)
+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)−2pqr2

µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD

= 2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)+2qpr2
µ(WWWDL)−2pr2(1+2q+ p)µ(LDWWW )

+2p2r2
µ(WWWWWD)︸ ︷︷ ︸

term involving µ(WWWWWD)

−2p2r2
µ(WWW ∗̂∗L)+ [2pqr2{5p−2+ p2}
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+6p4r2−4p4r2(p+q)]µ(WWWD)− (6pqr2−4p2qr2)µ(WWWWD)

−2p3r3(1− p)µ(WWWWD)︸ ︷︷ ︸
use (2)

−2p3r2
µ(WWWWWD)︸ ︷︷ ︸

term involving µ(WWWWWD)

+[2p2r2(1− p)+2p2r3(1− p)

+4p3r3(1− p)−4(1− p)r2q(r− p)+2p3r2]µ(WWWDL)

+ [4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)

−2pqr2
µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD

= 2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)+2qpr2
µ(WWWDL)−2pr2(1+2q+ p)µ(LDWWW )

−2p2r2
µ(WWW ∗̂∗L)+ [2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

− (6pqr2−4p2qr2)µ(WWWWD) +2p2r2(1− p)(1− pr)µ(WWWWWD)︸ ︷︷ ︸
summing terms involving µ(WWWWWD), including that obtained from (2)

−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}︸ ︷︷ ︸
remaining terms obtained by applying (2)

+[2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)−4(1− p)r2q(r− p)+2p3r2]µ(WWWDL)

+ [4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)

−2pqr2
µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD

= 2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)+2qpr2
µ(WWWDL)−2pr2(1+2q+ p)µ(LDWWW )︸ ︷︷ ︸

terms involving µ(WWWDL)

−2p2r2
µ(WWW ∗̂∗L)+ [2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

− (6pqr2−4p2qr2)µ(WWWWD)+2p2r2(1− p)(1− pr)µ(WWWWWD)

−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
+[2p2r2(1− p)+2p2r3(1− p)+4p3r3(1− p)−4(1− p)r2q(r− p)+2p3r2]µ(WWWDL)︸ ︷︷ ︸

term involving µ(WWWDL)

+[4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)

−2pqr2
µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD

= 2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)−2p2r2
µ(WWW ∗̂∗L)︸ ︷︷ ︸

split by (3)

+[2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)− (6pqr2−4p2qr2)µ(WWWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)︸ ︷︷ ︸

summing terms involving µ(WWWDL) and using (3.4.42)

+[4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)
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−2pqr2
µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD

= 2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)−2p2r2
µ(WWWD{W,D}L)−2p2r2

µ(WWWWDL)︸ ︷︷ ︸
to be added to underbraced terms below

+[2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

− (6pqr2−4p2qr2)µ(WWWWD)+2p2r2(1− p)(1− pr)µ(WWWWWD)

−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)

+[4p3r3(1− p)+2p3r2]µ(WWWD{W,D}L)+ [2p3r3(1− p)+2p3r2]µ(WWWWDL)︸ ︷︷ ︸
to be added to underbraced terms above

−2pqr2
µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD

= 2qp2rµ(∗̂ ∗ ∗)− pr2(1+2q)µ(DWWWD)+ [2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

− (6pqr2−4p2qr2)µ(WWWWD)+2p2r2(1− p)(1− pr)µ(WWWWWD)

−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)

−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)−2p2r2(1− p)(1− pr)µ(WWWWDL)︸ ︷︷ ︸
summing terms highlighted by underbraces in the previous step

−2pqr2
µ(∗̂ ∗ ∗)−2prCLWD−2pCLWWD. (3.4.43)

We now pause for a bit to write down explicitly −2prCLWD−2pCLWWD, where we borrow the
mathematical expressions for CLWD and CLWWD from (3.4.30) and (3.4.36) derived in §3.4.5.2:

−2prCLWD−2pCLWWD = −2qp2r2
µ(L{W,D}∗̂ ∗∗)−2pq(1−q)r2

µ(L∗̂ ∗ ∗)−2qp3rµ(∗̂ ∗ ∗)
−2qp2r2

µ(L{W,D}∗̂ ∗∗)−2pqr2(1−q+ p)µ(L∗̂ ∗ ∗)
= −4qp2r2

µ(L{W,D}∗̂ ∗∗)−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)−2qp3rµ(∗̂ ∗ ∗).
(3.4.44)

Substituting (3.4.44) in (3.4.43), we obtain:

B2 = 2qp2rµ(∗̂ ∗ ∗)︸ ︷︷ ︸
term involving µ(∗̂∗∗)

−pr2(1+2q)µ(DWWWD)+ [2pqr2{5p−2+ p2}+6p4r2

−4p4r2(p+q)]µ(WWWD)− (6pqr2−4p2qr2)µ(WWWWD)
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+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL) −2pqr2

µ(∗̂ ∗ ∗)︸ ︷︷ ︸
term involving µ(∗̂∗∗)

−4qp2r2
µ(L{W,D}∗̂ ∗∗)

−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗) −2qp3rµ(∗̂ ∗ ∗)︸ ︷︷ ︸
term involving µ(∗̂∗∗)

= 2pqr(p− r− p2)µ(∗̂ ∗ ∗)︸ ︷︷ ︸
adding terms involving µ(∗̂∗∗)

−pr2(1+2q)µ(DWWWD)

+ [2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)− (6pqr2−4p2qr2)µ(WWWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)−4qp2r2

µ(L{W,D}∗̂ ∗∗)︸ ︷︷ ︸
split into µ(LWWWD) and the rest

−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)
= 2pqr(p− r− p2)µ(∗̂ ∗ ∗)−pr2(1+2q)µ(DWWWD)︸ ︷︷ ︸

+[2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)−(6pqr2−4p2qr2)µ(WWWWD)︸ ︷︷ ︸
+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)−4qp2r2

µ(LWWWD)︸ ︷︷ ︸−4qp2r2[µ(L{W,D}∗̂ ∗∗)

−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗). (3.4.45)

We show here how we combine the terms highlighted by underbraces in the last step of (3.4.45):

− pr2(1+2q)µ(DWWWD)− (6pqr2−4p2qr2)µ(WWWWD)−4qp2r2
µ(LWWWD)

= −2p2qr2
µ(DWWWD)− pr2{1+2q(1− p)}µ(DWWWD)︸ ︷︷ ︸

splitting the term involving µ(DWWWD)

−2p2qr2
µ(WWWWD)−6pqr2(1− p)µ(WWWWD)︸ ︷︷ ︸

splitting the term involving µ(WWWWD)

−4p2qr2
µ(LWWWD)
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= −2p2qr2
µ(DWWWD)−2p2qr2

µ(WWWWD)−2p2qr2
µ(LWWWD)︸ ︷︷ ︸

− pr2{1+2q(1− p)}µ(DWWWD)−6pqr2(1− p)µ(WWWWD)−2p2qr2
µ(LWWWD)

= −2p2qr2
µ(WWWD)− pr2{1+2q(1− p)}µ(DWWWD)−6pqr2(1− p)µ(WWWWD)

−2p2qr2
µ(LWWWD). (3.4.46)

Substituting (3.4.46) in (3.4.45) yields (we have highlighted the terms that have come from (3.4.46)
using underbraces in the very first step of the computation below):

B2 = 2pqr(p− r− p2)µ(∗̂ ∗ ∗)−2p2qr2
µ(WWWD)− pr2{1+2q(1− p)}µ(DWWWD)︸ ︷︷ ︸

−6pqr2(1− p)µ(WWWWD)︸ ︷︷ ︸+[2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)−2p2qr2

µ(LWWWD)︸ ︷︷ ︸
−4qp2r2[µ(L{W,D}∗̂ ∗∗)−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)

= 2pqr(p− r− p2)µ(∗̂ ∗ ∗)−2p2qr2
µ(WWWD)︸ ︷︷ ︸−pr2{1+2q(1− p)}µ(DWWWD)

−6pqr2(1− p)µ(WWWWD)+[2pqr2{5p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)︸ ︷︷ ︸
+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)−2p2qr2

µ(LWWWD)

−4qp2r2[µ(L{W,D}∗̂ ∗∗)−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)
= 2pqr(p− r− p2)µ(∗̂ ∗ ∗)− pr2{1+2q(1− p)}µ(DWWWD)−6pqr2(1− p)µ(WWWWD)

+[2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)︸ ︷︷ ︸
summing terms involving µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)−2p2qr2

µ(LWWWD)−4qp2r2[µ(L{W,D}∗̂ ∗∗)
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−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗). (3.4.47)

The above, i.e. the last step of (3.4.47), serves as our final, simplified expression for B2. From
(3.4.38), (3.4.39) and (3.4.47), we see that our weight function inequality has now transformed
into:

w2(F̂p,q µ)6 w2(µ)− [p(1− r)+q]µ(LWD)− [2q+ r(4q2 +4qp2−2q3 +2p2 +2q2 p)]µ(LWWD)

−2r(1− p2)µ(LDDL)− r(1− p)µ(LDL)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDDW )

+µ(LDWD)+µ(LWDD)]− r(4q2 +4qp2−2q3 +2p2 +2q2 p)[µ(LDWW )+µ(LWDW )]−qµ(D)

− [p(1− r)+q][µ(WD)+µ(WWD)]− pr2(1+2q)µ(L∗̂ ∗ ∗L)
+2pqr(p− r− p2)µ(∗̂ ∗ ∗)︸ ︷︷ ︸−pr2{1+2q(1− p)}µ(DWWWD)−6pqr2(1− p)µ(WWWWD)

+[2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)︸ ︷︷ ︸
+2p2r2(1− p)(1− pr)µ(WWWWWD)︸ ︷︷ ︸−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}

−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)

−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)−2p2r2(1− p)(1− pr)µ(WWWWDL)−2p2qr2
µ(LWWWD)

−4qp2r2[µ(L{W,D}∗̂ ∗∗)−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗). (3.4.48)

The underbraces in the right side of (3.4.48) are intended to highlight the (possibly, depending on
the values of p and q) non-negative terms that still remain. It is worthwhile to note, comparing
(3.4.48) with (3.4.40), that we have already taken care of the (previously non-negative) terms
involving µ(WWWWD), µ(WWWDL), µ(WWWD{W,D}L) and µ(WWWWDL), via the long
and tedious algebraic manipulations that ultimately lead to (3.4.47).

3.4.6 The fourth step of composing the weight function

The third adjustment is carried out as follows:

w3(µ) = w2(µ)−2(q+ p2r)µ(LWWD)−2p2r{µ(LDWW )+µ(LWDW )}−qµ(D). (3.4.49)

Writing (3.4.48) as w2(F̂p,q µ)6 w2(µ)+A2, implementing the adjustment described in (3.4.49),
and using the idea presented in (3.4.16), we obtain the weight function inequality

w3(F̂p,q µ)6 w3(µ)+2(q+ p2r)µ(LWWD)+2p2r{µ(LDWW )+µ(LWDW )}+qµ(D)
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−2(q+ p2r) F̂p,q µ(LWWD)−2p2r{F̂p,q µ(LDWW )+ F̂p,q µ(LWDW )}
−q F̂p,q µ(D)+A2. (3.4.50)

As noted using underbraces in (3.4.48), we have to somehow negate the non-negative terms
involving µ(WWWD), µ(WWWWWD) and µ(∗̂ ∗ ∗) using existing non-positive terms on the right
side of (3.4.48).

1. As seen from (3.4.52), one of the terms in the expansion of F̂p,q µ(LDWW ) involves
µ(WWWD);

2. as seen from (3.4.53), one of the terms in the expansion of F̂p,q µ(LWDW ) involves
µ(WWW ∗̂∗), which can be written as µ(WWWD)+µ(WWWWD)−µ(WWWDL);

3. and finally, one of the terms in the expansion of F̂p,q µ(LWWD), as seen in (3.4.6), involves
µ(WWW ∗̂ ∗ ∗), which can be written as µ(WWW ∗̂ ∗ ∗) = µ(WWWD)+ µ(WWWWD)+

µ(WWWWWD)−µ(WWWDL)−µ(WWW ∗̂∗L).

Therefore, from (3.4.50), it can be hoped that −2(q + p2r) F̂p,q µ(LWWD) −
2p2r{F̂p,q µ(LDWW ) + F̂p,q µ(LWDW )} will aid in negating the non-negative terms involv-
ing µ(WWWD) and µ(WWWWD) highlighted in (3.4.48) using underbraces. From (3.4.4), we
see that F̂p,q µ(D) = rµ(∗̂ ∗ ∗), so that −q F̂p,q µ(D) may aid in negating the non-negative term
involving µ(∗̂ ∗ ∗) highlighted in (3.4.48) using underbraces.

At the same time, we have to make sure that we can afford to introduce the non-negative terms
2(q+ p2r)µ(LWWD)+2p2r{µ(LDWW )+µ(LWDW )}+qµ(D) in (3.4.50) without turning any
of the existing non-positive terms in the right side of (3.4.48) non-negative:

1. the term −[2q+ r(4q2 + 4qp2− 2q3 + 2p2 + 2q2 p)]µ(LWWD) in the right side of (3.4.48)
provides us with −2(q+ p2r)µ(LWWD),

2. whereas the term −r(4q2 +4qp2−2q3 +2p2 +2q2 p)[µ(LDWW )+µ(LWDW )] in the right
side of (3.4.48) supplies us with −2p2r{µ(LDWW )+µ(LWDW )};

3. finally, the existing −qµ(D) term in the right side of (3.4.48) cancels out the +qµ(D) term.

We hope that the above two paragraphs serve to motivate the choice of our adjustment described
in (3.4.49).
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3.4.6.1 Step 1 of analyzing the effect of the adjustment in (3.4.49)

Incorporating (3.4.49) into (3.4.48), as illustrated in (3.4.50), we obtain (in any given step, we
highlight, using underbraces, terms that are to be combined / manipulated algebraically to obtain
the next step):

w3(F̂p,q µ)6 w3(µ)+2(q+ p2r)µ(LWWD)+2p2r{µ(LDWW )+µ(LWDW )}+qµ(D)

− [p(1− r)+q]µ(LWD)− [2q+ r(4q2 +4qp2−2q3 +2p2 +2q2 p)]µ(LWWD)−2r(1− p2)µ(LDDL)

− r(1− p)µ(LDL)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDDW )+µ(LDWD)+µ(LWDD)]

− r(4q2 +4qp2−2q3 +2p2 +2q2 p)[µ(LDWW )+µ(LWDW )]−qµ(D)

− [p(1− r)+q][µ(WD)+µ(WWD)]− pr2(1+2q)µ(L∗̂ ∗ ∗L)+2pqr(p− r− p2)µ(∗̂ ∗ ∗)
− pr2{1+2q(1− p)}µ(DWWWD)−6pqr2(1− p)µ(WWWWD)

+ [2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)−2p2qr2

µ(LWWWD)

−4qp2r2[µ(L{W,D}∗̂ ∗∗)−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)
−2(q+ p2r) F̂p,q µ(LWWD)−2p2r{F̂p,q µ(LDWW )+ F̂p,q µ(LWDW )}−q F̂p,q µ(D)

= w3(µ)− [p(1− r)+q]µ(LWD)+2(q+ p2r)µ(LWWD)+2p2r{µ(LDWW )+µ(LWDW )}+qµ(D)︸ ︷︷ ︸
−[2q+ r(4q2 +4qp2−2q3 +2p2 +2q2 p)]µ(LWWD)︸ ︷︷ ︸−2r(1− p2)µ(LDDL)− r(1− p)µ(LDL)

−r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDDW )+µ(LDWD)+µ(LWDD)]︸ ︷︷ ︸
−r(4q2 +4qp2−2q3 +2p2 +2q2 p)[µ(LDWW )+µ(LWDW )]−qµ(D)︸ ︷︷ ︸
− [p(1− r)+q][µ(WD)+µ(WWD)]− pr2(1+2q)µ(L∗̂ ∗ ∗L)
+2pqr(p− r− p2)µ(∗̂ ∗ ∗)− pr2{1+2q(1− p)}µ(DWWWD)−6pqr2(1− p)µ(WWWWD)

+ [2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)−2p2qr2

µ(LWWWD)−4qp2r2[µ(L{W,D}∗̂ ∗∗)
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−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)−2(q+ p2r) F̂p,q µ(LWWD)

−2p2r{F̂p,q µ(LDWW )+ F̂p,q µ(LWDW )}−q F̂p,q µ(D)

= w3(µ)− [p(1− r)+q]µ(LWD)−r(4q2 +4qp2−2q3 +2q2 p)µ(L∗̂ ∗ ∗)︸ ︷︷ ︸
combining all terms indicated by underbraces above

−2r(1− p2)µ(LDDL)

− r(1− p)µ(LDL)− [p(1− r)+q][µ(WD)+µ(WWD)]− pr2(1+2q)µ(L∗̂ ∗ ∗L)
+2pqr(p− r− p2)µ(∗̂ ∗ ∗)− pr2{1+2q(1− p)}µ(DWWWD)−6pqr2(1− p)µ(WWWWD)

+ [2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)−2p2qr2

µ(LWWWD)

−4qp2r2[µ(L{W,D}∗̂ ∗∗)−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)
−2(q+ p2r) F̂p,q µ(LWWD)︸ ︷︷ ︸−2p2r{F̂p,q µ(LDWW )+ F̂p,q µ(LWDW )}−q F̂p,q µ(D)︸ ︷︷ ︸ .

(3.4.51)

3.4.6.2 Step 2 of analyzing the effect of the adjustment in (3.4.49)

Our next task is to compute the sum of the last three terms, highlighted by under-
braces, in the last step of (3.4.51). To this end, we need to compute F̂p,q µ(LDWW )

and F̂p,q µ(LWDW ). As was the case for the computations carried out in §3.4.5.2, we
are only concerned with parts of the expressions for these probabilities. While computing
F̂p,q µ(LDWW ), we consider only those cases in which η(0) = η(1) = η(2) = W leads to the
event that (F̂p,q η(0), F̂p,q η(1), F̂p,q η(2), F̂p,q η(3)) = (LDWW ). Likewise, while computing
F̂p,q µ(LWDW ), we consider only those cases in which η(0) = η(1) = η(2) = W leads to the
event that (F̂p,q η(0), F̂p,q η(1), F̂p,q η(2), F̂p,q η(3)) = (LWDW ). These considerations lead to

• F̂p,q µ(LDWW ) = (1− p)rp2
µ(WWWD)+(1− p)r2 pµ(WWWD{W,D}L)

+(1− p)r2(1+ p−q)µ(WWWDL)+CLDWW > (1− p)rp2
µ(WWWD)

+(1− p)r2 pµ(WWWD{W,D}L)+(1− p)r2(1+ p−q)µ(WWWDL); (3.4.52)

• F̂p,q µ(LWDW ) = (1− p)p2rµ(WWW ∗̂∗)+(1− p)pr2
µ(WWW ∗̂∗L)+CLWDW

> (1− p)p2rµ(WWW ∗̂∗)+(1− p)pr2
µ(WWW ∗̂∗L); (3.4.53)
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where CLDWW and CLWDW are the respective contributions from the cases where
(η(0),η(1),η(2)) ∈ ˆA 3 \{(W,W,W )}. Finally, we rewrite (3.4.6) as

F̂p,q µ(LWWD) = (1− p)p2rµ(WWW ∗̂ ∗ ∗)+DLWWD > (1− p)p2rµ(WWW ∗̂ ∗ ∗), (3.4.54)

where DLWWD = qp2rµ(∗̂ ∗ ∗∗̂ ∗ ∗)+qp2rµ(L{W,D}2∗̂ ∗ ∗)+q(1−q)prµ(L{W,D}∗̂ ∗∗)+q(1−
q)2rµ(L∗̂ ∗ ∗).

Using (3.4.4), (3.4.54), (3.4.52) and (3.4.53), and applying the identities

1. µ(WWW ∗̂ ∗ ∗) = µ(WWWD) + µ(WWWWD) + µ(WWWWWD) − µ(WWWDL) −
µ(WWWD{W,D}L)−µ(WWWWDL),

2. µ(WWW ∗̂∗) = µ(WWWD)−µ(WWWDL)+µ(WWWWD),

3. µ(WWW ∗̂∗L) = µ(WWWD{W,D}L)+µ(WWWWDL),

the sum of the last three terms, highlighted by underbraces, in (3.4.51) simplifies to

−2(q+ p2r) F̂p,q µ(LWWD)−2p2r{F̂p,q µ(LDWW )+ F̂p,q µ(LWDW )}−q F̂p,q µ(D)

6 −2(q+ p2r)(1− p)p2r µ(WWW ∗̂ ∗ ∗)︸ ︷︷ ︸
use (1)

−2p2r{(1− p)rp2
µ(WWWD)+(1− p)r2 pµ(WWWD{W,D}L)

+(1− p)r2(1+ p−q)µ(WWWDL)}−2p2r{(1− p)p2r µ(WWW ∗̂∗)︸ ︷︷ ︸
use (2)

+(1− p)pr2
µ(WWW ∗̂∗L)︸ ︷︷ ︸

use (3)

}

−qrµ(∗̂ ∗ ∗)
= −2(q+ p2r)(1− p)p2r[µ(WWWD)+µ(WWWWD)+µ(WWWWWD)−µ(WWWDL)︸ ︷︷ ︸

after applying (1)

−µ(WWWD{W,D}L)−µ(WWWWDL)]︸ ︷︷ ︸
after applying (1)

−2p4r2(1− p)µ(WWWD)

−2p3r3(1− p)µ(WWWD{W,D}L)−2p2r3(1− p)(1+ p−q)µ(WWWDL)

−2p4r2(1− p)[µ(WWWD)−µ(WWWDL)+µ(WWWWD)]︸ ︷︷ ︸
after applying (2)

−2p3r3(1− p)[µ(WWWD{W,D}L)+µ(WWWWDL)︸ ︷︷ ︸
after applying (3)

]

−qrµ(∗̂ ∗ ∗)
= −

[[[
2(q+ p2r)(1− p)p2r+2p4r2(1− p)+2p4r2(1− p)

]]]
µ(WWWD)

−
[[[
2(q+ p2r)(1− p)p2r+2p4r2(1− p)

]]]
µ(WWWWD)−2(q+ p2r)(1− p)p2rµ(WWWWWD)
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+
[[[
2(q+ p2r)(1− p)p2r−2p2r3(1− p)(1+ p−q)+2p4r2(1− p)

]]]
µ(WWWDL)

+
[[[
2(q+ p2r)(1− p)p2r−2p3r3(1− p)−2p3r3(1− p)

]]]
µ(WWWD{W,D}L)

+
[[[
2(q+ p2r)(1− p)p2r−2p3r3(1− p)

]]]
µ(WWWWDL)−qrµ(∗̂ ∗ ∗)

(adding all terms involving µ(C ) for C any of (WWWD),(WWWWD),(WWWWWD),

(WWWDL),(WWWD{W,D}L),(WWWWDL))

= − [2qp2r(1− p−q+q)+6p4r2(1− p)]µ(WWWD)− [2qp2r(1− p)+4p4r2(1− p)]µ(WWWWD)

− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)+ [2qp2r(1− p)+4p4r2(1− p)

−2p2r3(1− p)(1+ p−q)]µ(WWWDL)+ [2qp2r(1− p)+2p4r2(1− p)

−4p3r3(1− p)]µ(WWWD{W,D}L)+ [2qp2r(1− p)+2p4r2(1− p)

−2p3r3(1− p)]µ(WWWWDL)−qrµ(∗̂ ∗ ∗)
= − [2qp2r2 +2q2 p2r+6p4r2(1− p)]µ(WWWD)− [2qp2r(1− p)+4p4r2(1− p)]µ(WWWWD)

− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)+ [2qp2r(1− p)+4p4r2(1− p)

−2p2r3(1− p)(1+ p−q)]µ(WWWDL)+ [2qp2r(1− p)+2p4r2(1− p)

−4p3r3(1− p)]µ(WWWD{W,D}L)+ [2qp2r(1− p)+2p4r2(1− p)

−2p3r3(1− p)]µ(WWWWDL)−qrµ(∗̂ ∗ ∗). (3.4.55)

3.4.6.3 Step 3 of analyzing the effect of the adjustment in (3.4.49)

We begin with the following observation:

2p(p− r− p2) = 2p{p− (1− p−q)− p2}= 2p{2p−1+q− p2}
= 2p{q− (1− p)2}6 2p{(1− p)− (1− p)2} (by (3.1.1));

6 2p2(1− p)6 2p(1− p)6
1
2
< 1 for all p ∈ [0,1]. (3.4.56)

This leads to the conclusion that

2pqr(p− r− p2)6 qr for all (p,q) ∈S , with S as defined in (3.1.1). (3.4.57)

Incorporating (3.4.55) into (3.4.51), and writing µ(L∗̂ ∗ ∗) as the sum of its components, i.e.
µ(LDDD), . . ., µ(LWWD), yields (once again, in each step of the computation below, we highlight
using underbraces the terms that are to be manipulated to obtain the next step):

w3(F̂p,q µ)6 w3(µ)− [p(1− r)+q]µ(LWD)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDWD)
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+µ(LWDD)+µ(LWWD)]− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDWW )+µ(LWDW )+µ(LDDW )]

−2r(1− p2)µ(LDDL)− r(1− p)µ(LDL)− [p(1− r)+q][µ(WD)+µ(WWD)]

− pr2(1+2q)µ(L∗̂ ∗ ∗L)+2pqr(p− r− p2)µ(∗̂ ∗ ∗)︸ ︷︷ ︸−pr2{1+2q(1− p)}µ(DWWWD)

−6pqr2(1− p)µ(WWWWD)+ [2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)−2p2qr2

µ(LWWWD)

−4qp2r2[µ(L{W,D}∗̂ ∗∗)−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)
− [2qp2r2 +2q2 p2r+6p4r2(1− p)]µ(WWWD)− [2qp2r(1− p)+4p4r2(1− p)]µ(WWWWD)

− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)+ [2qp2r(1− p)+4p4r2(1− p)

−2p2r3(1− p)(1+ p−q)]µ(WWWDL)+ [2qp2r(1− p)+2p4r2(1− p)

−4p3r3(1− p)]µ(WWWD{W,D}L)+ [2qp2r(1− p)+2p4r2(1− p)−2p3r3(1− p)]µ(WWWWDL)

−qrµ(∗̂ ∗ ∗)︸ ︷︷ ︸
= w3(µ)− [p(1− r)+q]µ(LWD)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDWD)

+µ(LWDD)+µ(LWWD)]− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDWW )+µ(LWDW )+µ(LDDW )]

−2r(1− p2)µ(LDDL)− r(1− p)µ(LDL)− [p(1− r)+q][µ(WD)+µ(WWD)]

− pr2(1+2q)µ(L∗̂ ∗ ∗L)−qr[1−2p(p− r− p2)]µ(∗̂ ∗ ∗)︸ ︷︷ ︸
non-positive by (3.4.57)

−pr2{1+2q(1− p)}µ(DWWWD)

−6pqr2(1− p)µ(WWWWD)+ [2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}
−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)−2p2qr2

µ(LWWWD)−4qp2r2[µ(L{W,D}∗̂ ∗∗)
−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)− [2qp2r2 +2q2 p2r+6p4r2(1− p)]µ(WWWD)

− [2qp2r(1− p)+4p4r2(1− p)]µ(WWWWD)− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)

+ [2qp2r(1− p)+4p4r2(1− p)−2p2r3(1− p)(1+ p−q)]µ(WWWDL)

+ [2qp2r(1− p)+2p4r2(1− p)−4p3r3(1− p)]µ(WWWD{W,D}L)
+ [2qp2r(1− p)+2p4r2(1− p)−2p3r3(1− p)]µ(WWWWDL)

= w3(µ)− [p(1− r)+q]µ(LWD)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDWD)
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+µ(LWDD)+µ(LWWD)]−r(4q2 +4qp2−2q3 +2q2 p)[µ(LDWW )+µ(LWDW )+µ(LDDW )]︸ ︷︷ ︸
−2r(1− p2)µ(LDDL)− r(1− p)µ(LDL)−[p(1− r)+q][µ(WD)+µ(WWD)]︸ ︷︷ ︸
− pr2(1+2q)µ(L∗̂ ∗ ∗L)−qr[1−2p(p− r− p2)]µ(∗̂ ∗ ∗)− pr2{1+2q(1− p)}µ(DWWWD)

−6pqr2(1− p)µ(WWWWD)+[2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)︸ ︷︷ ︸
+2p2r2(1− p)(1− pr)µ(WWWWWD)︸ ︷︷ ︸−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}

−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)− p3}µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)︸ ︷︷ ︸
−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)−2p2r2(1− p)(1− pr)µ(WWWWDL)︸ ︷︷ ︸
−2p2qr2

µ(LWWWD)−4qp2r2[µ(L{W,D}∗̂ ∗∗)−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)
−[2qp2r2 +2q2 p2r+6p4r2(1− p)]µ(WWWD)− [2qp2r(1− p)+4p4r2(1− p)]µ(WWWWD)︸ ︷︷ ︸
−[2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)+ [2qp2r(1− p)+4p4r2(1− p)︸ ︷︷ ︸
−2p2r3(1− p)(1+ p−q)]µ(WWWDL)+ [2qp2r(1− p)+2p4r2(1− p)︸ ︷︷ ︸
−4p3r3(1− p)]µ(WWWD{W,D}L)+ [2qp2r(1− p)+2p4r2(1− p)−2p3r3(1− p)]µ(WWWWDL)︸ ︷︷ ︸ .

(3.4.58)

We collect all the terms that have been highlighted in the last step of (3.4.58) using underbraces,
and denote their sum by C2, whereas the sum of the remaning terms is denoted C1. In other words,

C1 = w3(µ)− [p(1− r)+q]µ(LWD)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDWD)+µ(LWDD)

+µ(LWWD)]−2r(1− p2)µ(LDDL)− r(1− p)µ(LDL)− pr2(1+2q)µ(L∗̂ ∗ ∗L)
−qr[1−2p(p− r− p2)]µ(∗̂ ∗ ∗)− pr2{1+2q(1− p)}µ(DWWWD)−6pqr2(1− p)µ(WWWWD)

−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}−2p2qr2
µ(LWWWD)

−4qp2r2[µ(L{W,D}∗̂ ∗∗)−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗), (3.4.59)

and

C2 = − r(4q2 +4qp2−2q3 +2q2 p)[µ(LDWW )+µ(LWDW )+µ(LDDW )]− [p(1− r)+q][µ(WD)

+µ(WWD)]+ [2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)

− p3}µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
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−2p2r2(1− p)(1− pr)µ(WWWWDL)− [2qp2r2 +2q2 p2r+6p4r2(1− p)]µ(WWWD)

− [2qp2r(1− p)+4p4r2(1− p)]µ(WWWWD)− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)

+ [2qp2r(1− p)+4p4r2(1− p)−2p2r3(1− p)(1+ p−q)]µ(WWWDL)+ [2qp2r(1− p)

+2p4r2(1− p)−4p3r3(1− p)]µ(WWWD{W,D}L)+ [2qp2r(1− p)+2p4r2(1− p)

−2p3r3(1− p)]µ(WWWWDL). (3.4.60)

It is worthwhile to note that all terms in C1, apart from w3(µ), are non-positive.
Our task, now, is to see if we can turn each of the non-negative terms in C2 non-positive by

making use of the existing non-positive terms in (3.4.60). In the long computation that follows, the
terms that are being dealt with in each step will be highlighted using underbraces. First, we note
that, in

C2 = − r(4q2 +4qp2−2q3 +2q2 p)[µ(LDWW )+µ(LWDW )+µ(LDDW )]− [p(1− r)+q][µ(WD)

+µ(WWD)]+ [2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)

− p3}µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
−2p2r2(1− p)(1− pr)µ(WWWWDL)− [2qp2r2 +2q2 p2r+6p4r2(1− p)]µ(WWWD)

− [2qp2r(1− p)+4p4r2(1− p)]µ(WWWWD)− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)

+ [2qp2r(1− p)+4p4r2(1− p)−2p2r3(1− p)(1+ p−q)]µ(WWWDL)+ [2qp2r(1− p)

+2p4r2(1− p)−4p3r3(1− p)]µ(WWWD{W,D}L)+ [2qp2r(1− p)+2p4r2(1− p)

−2p3r3(1− p)]µ(WWWWDL)

= −r(4q2 +4qp2−2q3 +2q2 p)µ(LDWW )−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)︸ ︷︷ ︸
A1

−p3}µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)+ [2qp2r(1− p)+4p4r2(1− p)︸ ︷︷ ︸
A1

−2p2r3(1− p)(1+ p−q)]µ(WWWDL)︸ ︷︷ ︸
A1

−r(4q2 +4qp2−2q3 +2q2 p)[µ(LWDW )+µ(LDDW )]︸ ︷︷ ︸
A2

−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)+ [2qp2r(1− p)+2p4r2(1− p)︸ ︷︷ ︸
A2

−4p3r3(1− p)]µ(WWWD{W,D}L)︸ ︷︷ ︸
A2

−[2qp2r(1− p)+4p4r2(1− p)]µ(WWWWD)︸ ︷︷ ︸
A3

+[2qp2r(1− p)+2p4r2(1− p)−2p3r3(1− p)]µ(WWWWDL)−2p2r2(1− p)(1− pr)µ(WWWWDL)︸ ︷︷ ︸
A3
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− [p(1− r)+q][µ(WD)+µ(WWD)]+ [2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)− [2qp2r2 +2q2 p2r+6p4r2(1− p)]µ(WWWD)

− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD). (3.4.61)

In what follows, we let Ai, for i ∈ {1,2,3}, denote the sum of the terms that have been highlighted
in (3.4.61) using underbraces tagged Ai, and we simplify each Ai separately before incorporating
these simplified expressions back into (3.4.61).

First, we simplify A1, using the simple inequality µ(LDWW )6 µ(LDWWW ), as follows:

A1 = −r(4q2 +4qp2−2q3 +2q2 p)µ(LDWW )︸ ︷︷ ︸
split into two parts as shown below

−2pr2{1+q− p+2p2−2p2r(1− p)+ pq(1− p)

− p3}µ(WWWDL)+{2qp2r(1− p)+4p4r2(1− p)−2p2r3(1− p)(1+ p−q)}µ(WWWDL)

−4(1− p)r2q(r− p)µ(WWWDL)

= −r(4q2 +2qp2(1+ p)−2q3 +2q2 p)µ(LDWW )−2qp2r(1− p)µ(LDWW )︸ ︷︷ ︸
after splitting into two parts

−2pr2{1+q− p+2p2

−2p2(1− p−q)(1− p)+ pq(1− p)− p3}µ(WWWDL)+{2qp2r(1− p)+4p4r2(1− p)

−2p2r3(1− p)(1+ p−q)}µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)

6 − r(4q2 +2qp2(1+ p)−2q3 +2q2 p)µ(LDWW )−2qp2r(1− p)µ(LDWWW )︸ ︷︷ ︸
cancel out

−2pr2{1+q− p+2p2

−2p2(1− p)2 +2p2q(1− p)+ pq(1− p)− p3}µ(WWWDL)+2qp2r(1− p)µ(WWWDL)︸ ︷︷ ︸
cancel out

+{4p4r2(1− p)−2p2r3(1− p)(1+ p−q)}µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)

= − r(4q2 +2qp2(1+ p)−2q3 +2q2 p)µ(LDWW )−2pr2{1+q− p+2p2−2p2 +4p3−2p4

+2p2q(1− p)+ pq(1− p)− p3}µ(WWWDL)+{4p4r2(1− p)

−2p2r3(1− p)(1+ p−q)}µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)

= − r(4q2 +2qp2(1+ p)−2q3 +2q2 p)µ(LDWW )−2pr2{1+q− p+ p3 +2p2q(1− p)

+ pq(1− p)}µ(WWWDL)−2pr2(2p3−2p4)µ(WWWDL)+{4p4r2(1− p)

−2p2r3(1− p)(1+ p−q)}µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)

= − r(4q2 +2qp2(1+ p)−2q3 +2q2 p)µ(LDWW )−2pr2{1+q− p+ p3 +2p2q(1− p)

+ pq(1− p)}µ(WWWDL)−4p4r2(1− p)µ(WWWDL)+4p4r2(1− p)µ(WWWDL)

−2p2r3(1− p)(1+ p−q)µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL)

= − r(4q2 +2qp2(1+ p)−2q3 +2q2 p)µ(LDWW )−2pr2{1+q− p+ p3 +2p2q(1− p)+ pq(1− p)}
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µ(WWWDL)−2p2r3(1− p)(1+ p−q)µ(WWWDL)−4(1− p)r2q(r− p)µ(WWWDL).
(3.4.62)

Lemma 3.4.2. The coefficient of µ(WWWDL) in (3.4.62) is bounded above by−2p2r3(1− p)(1+
p−q) for all values of (p,q) ∈S , where S is as defined in (3.1.1).

Proof. As long as r− p > 0, i.e. 2p+ q 6 1, the coefficient of µ(WWWDL) in (3.4.62) is the
sum of three non-positive quantities, namely −2pr2{1+ q− p+ p3 + 2p2q(1− p)+ pq(1− p)},
−2p2r3(1− p)(1+ p−q) and −4(1− p)r2q(r− p), and hence it is obviously bounded above by
the second of these non-positive quantities. When r− p < 0, the quantity −4(1− p)r2q(r− p) is
actually non-negative, and we negate it by observing that

−2pr2{1+q− p+ p3 +2p2q(1− p)+ pq(1− p)}+4(1− p)r2q(p− r)

=−2pr2{1+q− p+ p3 +2p2q(1− p)+ pq(1− p)}+4(1− p)r2qp−4(1− p)r3q

6−2pr2{1+q− p+ p3 +2p2q(1− p)+ pq(1− p)}+4(1− p)r2qp

=−2pr2{1+q− p+ p3 +2p2q(1− p)+ pq(1− p)−2q(1− p)}
=−2pr2{1+q− p+ p3 +2p2q(1− p)+ pq(1− p)−2q+2pq}
=−2pr2{r+ p3 +2p2q(1− p)+ pq(1− p)+2pq},

which is non-positive. This again leads to the conclusion that the combined coefficient of
µ(WWWDL) in (3.4.62) is bounded above by −2p2r3(1− p)(1+ p−q).

Next, using the simple inequalities µ(WWWDDL) 6 µ(LDDW ) and µ(WWWDWL) 6

µ(LWDW ), we simplify A2 (recall A2 from (3.4.61)) as follows:

A2 = − r(4q2 +4qp2−2q3 +2q2 p){µ(LDDW )+µ(LWDW )}−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)
+{2qp2r(1− p)+2p4r2(1− p)−4p3r3(1− p)}µ(WWWD{W,D}L)

6 −r{4q2 +4qp2−2q3 +2q2 p}{µ(LDDW )+µ(LWDW )}︸ ︷︷ ︸
(1)

−2p2r2(1− p)(1−2pr)µ(WWWD{W,D}L)︸ ︷︷ ︸
(2)

+2p4r2(1− p)µ(WWWD{W,D}L)−4p3r3(1− p)µ(WWWD{W,D}L)︸ ︷︷ ︸
combine with (2)

+2qp2r(1− p){µ(LDDW )+µ(LWDW )}︸ ︷︷ ︸
combine with (1)

= −r{4q2 +4qp2−2q3 +2q2 p−2qp2(1− p)}{µ(LDDW )+µ(LWDW )}︸ ︷︷ ︸
(1) after combination
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−2p2r2(1− p)[1−2pr− p2 +2pr]µ(WWWD{W,D}L)︸ ︷︷ ︸
(2) after combination

= − r{4q2 +2qp2(1+ p)−2q3 +2q2 p}{µ(LDDW )+µ(LWDW )}
−2p2r2(1− p)(1− p2)µ(WWWD{W,D}L). (3.4.63)

Finally, using the simple inequality µ(WWWWDL) 6 µ(WWWWD), we simplify A3 (recall
A3 from (3.4.61)) as follows:

A3 = −{2qp2r(1− p)+4p4r2(1− p)}µ(WWWWD)−2p2r2(1− p)(1− pr)µ(WWWWDL)

+{2qp2r(1− p)+2p4r2(1− p)−2p3r3(1− p)}µ(WWWWDL)

= −2qp2r(1− p)µ(WWWWD)+2qp2r(1− p)µ(WWWWDL)−4p4r2(1− p)µ(WWWWD)

− [2p2r2(1− p)(1− pr)−2p4r2(1− p)+2p3r3(1− p)]µ(WWWWDL)

6 −2p2r2(1− p)[1− pr− p2 + pr]µ(WWWWDL)−4p4r2(1− p)µ(WWWWD)

= −2p2r2(1− p)(1− p2)µ(WWWWDL)−4p4r2(1− p)µ(WWWWD). (3.4.64)

Incorporating the expressions obtained from (3.4.62) (in conjunction with the bound obtained
from Lemma 3.4.2), (3.4.63) and (3.4.64) into (3.4.61) yields (again, in each step, we highlight
using underbraces the terms to be combined to obtain the next step):

C2 6 −r(4q2 +2qp2(1+ p)−2q3 +2q2 p)µ(LDWW )−2p2r3(1− p)(1+ p−q)µ(WWWDL)︸ ︷︷ ︸
substituting from Lemma 3.4.2 and (3.4.62)

−r(4q2 +2qp2(1+ p)−2q3 +2q2 p)[µ(LWDW )+µ(LDDW )]︸ ︷︷ ︸
substituting from (3.4.63)

−2p2r2(1− p)(1− p2)µ(WWWD{W,D}L)︸ ︷︷ ︸
substituting from (3.4.63)

−2p2r2(1− p)(1− p2)µ(WWWWDL)︸ ︷︷ ︸
substituting from (3.4.64)

−4p4r2(1− p)µ(WWWWD)︸ ︷︷ ︸
substituting from (3.4.64)

−[p(1− r)+q][µ(WD)+µ(WWD)]

+ [2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)+2p2r2(1− p)(1− pr)µ(WWWWWD)

− [2qp2r2 +2q2 p2r+6p4r2(1− p)]µ(WWWD)− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)

= − r(4q2 +2qp2(1+ p)−2q3 +2q2 p){µ(LDWW )+µ(LWDW )+µ(LDDW )}
− [p(1− r)+q][µ(WD)+µ(WWD)]+[2pqr2{4p−2+ p2}+6p4r2−4p4r2(p+q)]µ(WWWD)︸ ︷︷ ︸
+2p2r2(1− p)(1− pr)µ(WWWWWD)−2p2r3(1− p)(1+ p−q)µ(WWWDL)

−2p2r2(1− p)(1− p2)µ(WWWD{W,D}L)−2p2r2(1− p)(1− p2)µ(WWWWDL)
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−[2qp2r2 +2q2 p2r+6p4r2(1− p)]µ(WWWD)︸ ︷︷ ︸−4p4r2(1− p)µ(WWWWD)

− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)

= − r(4q2 +2qp2(1+ p)−2q3 +2q2 p){µ(LDWW )+µ(LWDW )+µ(LDDW )}
−[p(1− r)+q][µ(WD)+µ(WWD)]︸ ︷︷ ︸+[2pqr2{3p−2+ p2}−2q2 p2r+2p5r2︸ ︷︷ ︸−4p4qr2]µ(WWWD)

+2p2r2(1− p)(1− pr)µ(WWWWWD)︸ ︷︷ ︸−2p2r3(1− p)(1+ p−q)µ(WWWDL)

−2p2r2(1− p)(1− p2)µ(WWWD{W,D}L)−2p2r2(1− p)(1− p2)µ(WWWWDL)

−4p4r2(1− p)µ(WWWWD)− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)︸ ︷︷ ︸ . (3.4.65)

We combine the terms highlighted by underbrace in the last step of (3.4.65) as follows:

2p2r2(1− p)(1− pr)µ(WWWWWD)− [2qp2r(1− p)+2p4r2(1− p)]µ(WWWWWD)

+2p5r2
µ(WWWD)−4p4r2(1− p)µ(WWWWD)− [p(1− r)+q][µ(WD)+µ(WWD)]

= 2p2r2(1− p)(1− pr)µ(WWWWWD)−2p4r2(1− p)µ(WWWWWD)−4p4r2(1− p)µ(WWWWD)

+2p5r2
µ(WWWD)−2qp2r(1− p)µ(WWWWWD)− [p(1− r)+q][µ(WD)+µ(WWD)]

(rearranging the terms of the previous expression)

6 2p2r2(1− p)(1− pr)µ(WWWWWD)−2p4r2(1− p)µ(WWWWWD)−4p4r2(1− p)µ(WWWWWD)

+2p5r2
µ(WWWD)−2qp2r(1− p)µ(WWWWWD)− [p2 +q(1+ p)][µ(WD)+µ(WWD)]

(using the inequality µ(WWWWD)> µ(WWWWWD))

= 2p2r2(1− p)(1− pr−3p2)µ(WWWWWD)+2p5r2
µ(WWWD)− p2{µ(WD)+µ(WWD)}

−2qp2r(1− p)µ(WWWWWD)−q(1+ p){µ(WD)+µ(WWD)}. (3.4.66)

Lemma 3.4.3. The sum in (3.4.66) is non-positive for all (p,q) ∈ S , where S is as defined in

(3.1.1). Moreover, it is bounded above by −2qp2r(1− p)µ(WWWWWD)− q(1+ p){µ(WD)+

µ(WWD)}.

Proof. In this proof, we make use of the inequalities µ(WD) > µ(WWD) > µ(WWWD) >

µ(WWWWWD). If 1− pr− 3p2 6 0, each of the terms in (3.4.66), except 2p5r2µ(WWWD),
is non-positive, and we tackle this single non-negative term as follows:

2p5r2
µ(WWWD)− p2{µ(WD)+µ(WWD)}= 2p5r2

µ(WWWD)−2p2
µ(WWWD)

=−2p2(1− p3r2)µ(WWWD), (3.4.67)

and every term in the above sum is non-positive. If 1− pr−3p2 > 0, both the first and the second
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terms of (3.4.66) are non-negative, while the rest are non-positive, and these non-negative terms
are taken care of as follows:

2p2r2(1− p)(1− pr−3p2)µ(WWWWWD)+2p5r2
µ(WWWD)− p2{µ(WD)+µ(WWD)}

6 2p2r2(1− p)(1− pr−3p2)µ(WWWD)+2p5r2
µ(WWWD)−2p2

µ(WWWD)

= 2p2r2[(1− p)(1− pr−3p2)+ p3]µ(WWWD)−2p2
µ(WWWD)

= 2p2r2[1− p(1− p2)− pr(1− p)−3p2(1− p)]µ(WWWD)−2p2
µ(WWWD)

= 2p2[r2{1− p(1− p2)− pr(1− p)−3p2(1− p)}−1]µ(WWWD), (3.4.68)

and once again, we see that each term in the above expression is non-positive, since each of r2 and
1− p(1− p2)− pr(1− p)− 3p2(1− p) is bounded above by 1. From the final upper bounds in
(3.4.67) and (3.4.68), we deduce that the expression in (3.4.66) is bounded above by −2qp2r(1−
p)µ(WWWWWD)−q(1+ p){µ(WD)+µ(WWD)}.

Incorporating (3.4.66) into (3.4.65) and using Lemma 3.4.3, we see that C2 can be bounded
above as follows:

C2 6 − r(4q2 +2qp2(1+ p)−2q3 +2q2 p){µ(LDWW )+µ(LWDW )+µ(LDDW )}
−q(1+ p)[µ(WD)+µ(WWD)]︸ ︷︷ ︸

split this into 2 parts, as below

+[2pqr2{3p−2+ p2}︸ ︷︷ ︸
consider this separately

−2q2 p2r−4p4qr2]µ(WWWD)

−2qp2r(1− p)µ(WWWWWD)−2p2r3(1− p)(1+ p−q)µ(WWWDL)

−2p2r2(1− p)(1− p2)µ(WWWD{W,D}L)−2p2r2(1− p)(1− p2)µ(WWWWDL)︸ ︷︷ ︸
combine these two

= − r(4q2 +2qp2(1+ p)−2q3 +2q2 p){µ(LDWW )+µ(LWDW )+µ(LDDW )}
−q(1+ p− pr)[µ(WD)+µ(WWD)] −qpr[µ(WD)+µ(WWD)]︸ ︷︷ ︸

bounded above by −2pqrµ(WWWD)

+2pqr2{3p−2+ p2}µ(WWWD)

− [2q2 p2r+4p4qr2]µ(WWWD)−2qp2r(1− p)µ(WWWWWD)

−2p2r3(1− p)(1+ p−q)µ(WWWDL)−2p2r2(1− p)(1− p2)µ(WWW ∗̂∗L)
6 − r(4q2 +2qp2(1+ p)−2q3 +2q2 p){µ(LDWW )+µ(LWDW )+µ(LDDW )}
−q(1+ p− pr)[µ(WD)+µ(WWD)]−2qprµ(WWWD)+2pqr2{3p−2+ p2}µ(WWWD)︸ ︷︷ ︸
− [2q2 p2r+4p4qr2]µ(WWWD)−2qp2r(1− p)µ(WWWWWD)

−2p2r3(1− p)(1+ p−q)µ(WWWDL)−2p2r2(1− p)(1− p2)µ(WWW ∗̂∗L)
= − r(4q2 +2qp2(1+ p)−2q3 +2q2 p){µ(LDWW )+µ(LWDW )+µ(LDDW )}
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−q(1+ p− pr)[µ(WD)+µ(WWD)]+ [−2qpr+4p2qr2 +2pqr2{p−2+ p2}]µ(WWWD)︸ ︷︷ ︸
− [2q2 p2r+4p4qr2]µ(WWWD)−2qp2r(1− p)µ(WWWWWD)

−2p2r3(1− p)(1+ p−q)µ(WWWDL)−2p2r2(1− p)(1− p2)µ(WWW ∗̂∗L)
= − r(4q2 +2qp2(1+ p)−2q3 +2q2 p){µ(LDWW )+µ(LWDW )+µ(LDDW )}
−q(1+ p− pr)[µ(WD)+µ(WWD)]−2qpr[1−2pr]µ(WWWD)−2pqr2{2− p− p2}µ(WWWD)︸ ︷︷ ︸
− [2q2 p2r+4p4qr2]µ(WWWD)−2qp2r(1− p)µ(WWWWWD)

−2p2r3(1− p)(1+ p−q)µ(WWWDL)−2p2r2(1− p)(1− p2)µ(WWW ∗̂∗L)
= − r(4q2 +2qp2(1+ p)−2q3 +2q2 p){µ(LDWW )+µ(LWDW )+µ(LDDW )}
−q(1+ p− pr)[µ(WD)+µ(WWD)]−2qpr[1−2pr]µ(WWWD)︸ ︷︷ ︸−2pqr2(2+ p)(1− p)µ(WWWD)

− [2q2 p2r+4p4qr2]µ(WWWD)−2qp2r(1− p)µ(WWWWWD)

−2p2r3(1− p)(1+ p−q)µ(WWWDL)−2p2r2(1− p)(1− p2)µ(WWW ∗̂∗L). (3.4.69)

We note that, by the AM-GM inequality, 2pr 6 p2 + r2 6 p + r 6 1, so that the underbraced
term, and consequently, each term in the final expression of (3.4.69), is non-positive. Note that
(3.4.69) also provides the final, simplified expression for C2. From (3.4.59) and (3.4.69), we see
that (3.4.58) now transforms into the weight function inequality

w3(F̂p,q µ)6 w3(µ)− [p(1− r)+q]µ(LWD)− r(4q2 +4qp2−2q3 +2q2 p)[µ(LDDD)+µ(LDWD)

+µ(LWDD)+µ(LWWD)]−2r(1− p2)µ(LDDL)− r(1− p)µ(LDL)− pr2(1+2q)µ(L∗̂ ∗ ∗L)
−qr[1−2p(p− r− p2)]µ(∗̂ ∗ ∗)− pr2{1+2q(1− p)}µ(DWWWD)−6pqr2(1− p)µ(WWWWD)

−2p3r3(1− p){µ(LWWWWD)+µ(DWWWWD)}−2p2qr2
µ(LWWWD)−4qp2r2[µ(L{W,D}∗̂ ∗∗)

−µ(LWWWD)]−2pqr2(2−2q+ p)µ(L∗̂ ∗ ∗)− r(4q2 +2qp2(1+ p)−2q3 +2q2 p){µ(LDWW )

+µ(LWDW )+µ(LDDW )}−q(1+ p− pr)[µ(WD)+µ(WWD)]−2qpr[1−2pr]µ(WWWD)

−2pqr2(2+ p)(1− p)µ(WWWD)− [2q2 p2r+4p4qr2]µ(WWWD)−2qp2r(1− p)µ(WWWWWD)

−2p2r3(1− p)(1+ p−q)µ(WWWDL)−2p2r2(1− p)(1− p2)µ(WWW ∗̂∗L). (3.4.70)

Finally, we have achieved a weight function inequality that is of the form presented in (3.4.2).
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3.4.7 The desired conclusion

From (3.4.10), (3.4.17), (3.4.23) and (3.4.49), the final weight function turns out to be

w3(µ) = µ(D)+2µ(WD)−µ(DWD)+2µ(LWWD)− p(p+q)µ(D)− [2pr{µ(LD)+µ(LWD)}
+2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}+4rµ(LDWL)+2pµ(LWWD)]

−2(q+ p2r)µ(LWWD)−2p2r{µ(LDWW )+µ(LWDW )}−qµ(D)

= (1− p2− pq−q)µ(D)+2µ(WD)−µ(DWD)+ [2−2p−2q−2p2r]µ(LWWD)

−2prµ(LD)−2prµ(LWD)−2p2r{µ(LDD)+µ(LDWD)+µ(LWDD)}
−4rµ(LDWL)−2p2r{µ(LDWW )+µ(LWDW )},

which matches with the weight function stated in (3.4.3).
We now wish to draw the conclusion, using (3.4.70), that µ(D) = 0 when µ is a translation-

invariant and reflection-invariant stationary distribution for F̂p,q (recall Lemma 3.4.1). Note that
this conclusion, i.e. that µ(D) = 0, is immediate when r = 0, i.e. p+q = 1, so that henceforth, we
only consider r > 0, i.e. p+q < 1.

To begin with, we note that when µ is stationary for F̂p,q, we have F̂p,q µ = µ , so that
w3(F̂p,q µ) = w3(µ). When q > 0, we conclude that the coefficient −qr[1− 2p(p− r− p2)] of
µ(∗̂ ∗ ∗) in (3.4.70) is non-zero (see (3.4.56) that shows why 1− 2p(p− r− p2) is strictly posi-
tive). The last two sentences and (3.4.70) together imply that µ(∗̂ ∗ ∗) = 0 when µ is stationary
for F̂p,q and q > 0. Since µ(D) = F̂p,q µ(D) = rµ(∗̂ ∗ ∗) from (3.4.4), we conclude that µ(D) = 0
when µ is stationary for F̂p,q and q > 0.

We now come to the analysis when q = 0, which forces p > 0 from the definition of S in
(3.1.1).

Lemma 3.4.4. When q = 0, we obtain µ(D) = 0 from (3.4.70) for any stationary distribution µ of

F̂p,q.

Proof. When q = 0, forcing p > 0, the coefficients −[p(1− r)+ q] of µ(LWD) and −2p2r3(1−
p)(1+ p−q) of µ(WWWDL) in (3.4.70) are both strictly negative, which implies that µ(LWD) =

µ(WWWDL) = 0. The former, via (3.4.29), yields µ(WWW ∗̂∗) = 0, and this, together with the
latter, yields

µ(WWWD) = µ(WWWDD)+µ(WWWDW )+µ(WWWDL) = 0.

We now focus on finding F̂p,q µ(WWWD).
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In order for (F̂p,q η(0), F̂p,q η(1), F̂p,q η(2), F̂p,q η(3)) to equal (WWWD), we must have
(η(3),η(4),η(5)) ∈ ∗̂∗∗. If each of η(0),η(1),η(2) belongs to {W,D}, then each of the events
F̂p,q η(i) = W , for i = 0,1,2, happens with probability p. If η(0) = L and η(1),η(2) ∈ {W,D},
then F̂p,q η(0) =W happens with probability 1−q and each of F̂p,q η(1) =W and F̂p,q η(2) =W

happens with probability p. If η(1) = L and η(2) ∈ {W,D}, then each of F̂p,q η(0) = W and
F̂p,q η(1) = W happens with probability 1− q and F̂p,q η(2) = W happens with probability p. If
η(2) = L, then each F̂p,q η(i) = W , for i = 0,1,2, happens with probability 1− q. Combining
everything, we have

F̂p,q µ(WWWD)= p3rµ({W,D}3∗̂ ∗ ∗)+(1−q)p2rµ(L{W,D}2∗̂ ∗ ∗)+(1−q)2 prµ(L{W,D}∗̂ ∗∗)
+(1−q)3rµ(L∗̂ ∗ ∗).

When µ(WWWD) = 0, q = 0 (and hence p > 0), and µ is stationary for F̂p,q, we con-
clude from the previous paragraph that µ({W,D}3∗̂ ∗ ∗) = µ(L{W,D}2∗̂ ∗ ∗) = µ(L{W,D}∗̂ ∗∗) =
µ(L∗̂ ∗ ∗) = 0. Adding these, we get µ(∗̂ ∗ ∗) = 0, and via (3.4.4), this, once again, implies that
µ(D) = 0.

3.5 A formal game theoretic formulation of the problem

We provide a slightly more general game theoretic formulation of our games to facilitate the sub-
sequent discussion on the connection of our games with various other games in the literature.
Furthermore, we discuss some interesting open problems in this area. To this end, we shall con-
sider N = {1, . . . ,n} to be the (finite) set of players participating in the game, with each player
i ∈ N allowed to choose from a (finite) set of actions denoted by Ai. Let T =N be the set of rounds

in the game, and let T0 = T ∪{0}. A mover-sequence is an (infinite) sequence µ : T →N, such that
µ(t), for t ∈ T , indicates the player who is supposed to make their move in round t of the game.

Given a mover-sequence µ , a move-sequence (also referred to as a history) is a (finite or infinite)
sequence of actions a

˜
= (a1,a2, . . .) such that ak ∈ Aµ(k) for each k. We denote by Ak the set of all

move-sequences of length k, for each k ∈ T0 (note that the move-sequence of length 0 is referred to
as the empty move-sequence and denoted by a

˜
0). We let A∞ denote the set of all move-sequences

of infinite length, and A denote the set of all move-sequences, both finite and infinite.
Each move-sequence a

˜
∈ A is assigned a random variable Xa

˜
taking values in Rn, which

denotes the (random) utilities of the players corresponding to the move-sequence a
˜
. The game
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starts once a realization (xa
˜
)a
˜
∈A of values of the collection of random variables (Xa

˜
)a
˜
∈A has

been fixed and revealed to all the players. 1 A strategy for player i is a collection of func-
tions σi := {σ k

i : k ∈ T such that µ(k) = i}, where σ k
i : Ak−1 → Ai. A collection of strategies

σN := (σ1, . . . ,σn) is called a strategy profile.
Each strategy profile σN induces an infinite sequence of actions a

˜
(σN) := (a1,a2, . . .) in the

following, natural way: a1 = σ1
µ(1), a2 = σ2

µ(2)(a1)), a3 = σ3
µ(3)(a1,a2), and so on. For t ∈ T , we

denote by a
˜

t(σN) the (truncated) sequence (a1, . . . ,at) of a
˜
(σN) that is the game path of length t

induced by σN . The stage utility of player i at time t, t ∈ T , is given by ut
i(σN) := xa

˜
t(σN)(i). The

final utility ui(σN) of player i corresponding to a strategy profile σN is a (real-valued) function of
the stage utility sequence (u

˜
t

i
(σN))t∈T .

We assume, in line with game theory, that each player i ∈ N plays the game optimally. In other
words, given a collection of strategies σN\{i} of the other players, i plays a best response: a strategy
σ∗i that maximizes her utility given σN\{i}, i.e. ui(σ

∗
i ,σN\{i}) > ui(σi,σN\{i}) for all strategies σi

of player i. A strategy σi for player i is dominant if it is a best response to every collection of
strategies of the other players. In other words, no matter what strategies the other players adopt,
playing σi is the best for player i, i.e. ui(σi,σN\{i})> ui(σ

′
i ,σN\{i}) for all strategies σ ′i of player i

and all collections of strategies σN\{i} of the other players. 2 A strategy profile σN is said to be a
Nash equilibrium if it is a best response to itself, i.e. for each i ∈ N, σi is a best response to σN\{i}.

Several interesting games can be constructed by imposing restrictions and dependence struc-
tures on the random variables (Xa

˜
)a
˜
∈A (and accordingly, on the strategy-profiles). A class

of such games are the ones where there are two players making alternative moves (that is,
µ = (1,2,1,2, . . .)) and having the same set of actions (i.e. A1 = A2). For such games, there is
an equivalence relation ∼ on A such that Xa

˜
t = Xb

˜
t and σ t

µ(t)(a˜
t) = σ t

µ(t)(b˜
t) whenever a

˜
t and b

˜
t

are equivalent.
Combinatorial games played on directed graphs can be modeled via this approach. Let G be

a directed graph such that each vertex of G has the same number of outgoing edges, and the
outgoing edges from each vertex are identified with the elements of the set A of common actions
(where A = A1 = A2).3 Then, given an initial vertex, every strategy profile σN induces a (directed)

1It is worth emphasizing here that these aren’t games with incomplete information as there is no randomness
involved once the game begins.

2It is well-known that a dominant strategy for a player may not exist unless the game has some particular structure.
3One can model the games played on arbitrary directed graphs by (recursively) defining the set of actions At

i (for
player i who is supposed to make their move in round t) as a function defined on the set of possible histories of length
t−1. In fact, in addition to the utilities and the set of actions, which player is allowed to make a move in a given round
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path in the graph G. We call two game paths a
˜

t and b
˜

t of length t equivalent if they lead to the same

vertex in G. Suppose that the utilities are zero-sum, that is, the sum of the utilities of all the players
corresponding to any realization of Xa

˜
t is zero. Let the final utility ui(σN) of any player i ∈ N be

the first non-zero value in the sequence of stage utilities (ut
i(σN))(t∈T0). In other words, the game

ends whenever one of the players receive a non-zero stage utility and the utilities corresponding to
that stage become the final utilities. We say that the game is winning for player i, for any i ∈ N, if
player i has a dominant strategy which, when adopted, rewards her 1 as her final utility. The game
ends in a draw if neither player has a winning dominant strategy.

Suppose, further, that Xa
˜

t (µ(t)) equals 1 with probability p, equals −1 with probability q, and

equals 0 with probability 1− p−q, for all t ∈ T0 (here, we follow the convention that µ(0) = 2).
This leads to an (i.i.d.) percolation game on a k-regular tree when |A|= k and each equivalence class
is a singleton. 4 On the other hand, fixing an initial vertex arbitrarily (say, the origin), defining
A = {(0,1),(1,1),(2,1)} (respectively, A = {(0,1),(1,1)}), and defining two game paths a

˜
t =

(a1, . . . ,at) and b
˜

t = (b1, . . . ,bt) to be equivalent if ∑
t
s=1 as = ∑

t
s=1 bs, one obtains the percolation

game we have studied in this work (respectively, the percolation game considered in [60]).
Clearly, under such an optimality assumption, a player will play a dominant strategy whenever

she has one. We explore what happens to the flow of the game if none of the players has a dominant
strategy, limiting ourselves to the case where |N|= 2. Suppose player 1 plays a strategy σ1. Since
σ1 is not dominant, there is a strategy σ2 of player 2 which, if adopted by player 2, prevents player
1 from winning. Suppose player 2 wins corresponding to the strategy-profile (σ1,σ2). However,
since σ2 is not dominant, player 1 has a strategy, say σ ′1, such that player 2 does not win when
player 1 adopts σ ′1. Continuing in this manner, it follows that when both players play optimally
(in other words, under any Nash equilibrium), neither player wins the game, allowing the game to
continue forever with each player receiving zero utility at every stage of the game. Summarizing,
under the assumption of optimal play, a draw implies continuation of the game for infinite time,
which, in addition to requiring the existence of an infinite open path in the (directed) graph, requires
that the path be self-enforcing, i.e. that neither of the players has an incentive to deviate from this
path. The event of an infinite path in a random graph is a prime object of interest in percolation
theory, and consequently, the event of a draw is an important object of study in percolation games.

can also be a function of the histories. In an even more general setup, all these three variables can be defined randomly
corresponding to every history. See [46] (and §3.6.1 where we discuss) for a formal definition of such random games
when the corresponding graph is a tree and the said variables are i.i.d over histories.

4See [52] for a formal definition of iid percolation games.
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3.6 Relation with existing literature and open problems

Researchers mainly explore two types of problems in the context of combinatorial games played
in random environments, the first of which is concerned with the probability of draw, while the
second type focuses on the value of the game.

3.6.0.1 Generalizing the set of actions

For problems related to the probability of draw in percolation games on Z2 (or even on arbitrary
Zk), the set of actions A can be generalized in three ways. The first of these is achieved by adding
more vertices at the ‘next’ level, where the ‘next’ level refers to the value of the y-coordinate in
the set A of actions being equal to 1 (for instance, A = {(0,1), . . . ,(k,1)} for some k ∈ N). The
second possibility is the addition of vertices at levels that are ‘higher’ than the ‘next’ level, i.e. in
which the value of the y-coordinate of at least one of the vertices in the set A of actions is strictly
larger than 1 (for instance, A = {(0,1),(1,2),(2,1)}). The third option is to make A a (simple and
structured) function A(x,y) of (x,y) ∈ Z2. Such an instance has been dealt with in [15], and the
percolation game considered therein has been shown to arise when edge-percolation is considered
(i.e., instead of the vertices, it is the edges that are labeled, independently, as trap, target or open
with probabilities p, q and 1− p−q respectively). The ‘location dependent’ action set A(x,y) for
the edge-percolation game studied in [15] depends (only) on the parity of the first coordinate of
(x,y) (it is shown in [15] that A(x,y) = {(0,1),(1,1)} when x is even, and A(x,y) = {(1,1),(1,2)}
when x is odd).

3.6.0.2 Arbitrary mover-sequence

Both [60] and this chapter consider an alternating mover-sequence (i.e., µ = (1,2,1,2 . . .)). We
would like to explore what happens (in particular, whether the probability of draw continues to be
0 or not) for other mover-sequences (that have been endowed with enough structure, such as when
µ = (1,1,2,2,1,1,2,2, . . .)). Technically, this relates to a PCA whose update rule is dependent on
time. To the best of our knowledge, ergodicity properties of such PCAs have not been explored
in the literature, and we think it is an important problem as it generalizes the commonly studied
notion of PCAs to a much broader perspective.

3.6.0.3 Generalizing the event of draw

Yet another class of open problems is concerned with generalizing the events of winning / losing
/ drawing. Let ut

N = (ut
1, . . . ,u

t
n) ∈ Rn denote a utility vector for all players in the stage game at
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time t (the stage game refers to the base game, so that the actual game is made up of repetitions of
the stage game, and after each stage game is over, every player receives some utility). Given a set
of sequences of utility vectors Wi ⊆ {(ut

N)t∈T0}, let us call a game winning for player i if player i

has a dominant strategy to ensure a utility sequence in Wi, and a game is said to lead to a draw if
it is not winning for any of the players. A natural extension of the existing notion of winning (as
defined in our work and in [60]) is obtained by defining Wi as the set of utility sequences for which
i receives a cumulative utility of amount k, for some pre-fixed k ∈N, before any other player does.
More formally, Wi contains those utility-vector sequences (ut

N)t∈T0 for which there is t̂ ∈ T0 such
that ∑

t̂
t=0 ut

i = k and ∑
t̄
t=0 ut

j < k for all j ∈ N \ {i} and all t̄ < t̂. The existing notion of winning
corresponds to the situation where k = 1. We think it is an interesting problem to explore what
happens for higher values of k.

3.6.0.4 Percolation games on three (or higher) dimensions

The set-up for percolation games can be generalized to lattices in any dimension k ∈ N. Each site
x = (x1,x2, . . . ,xk) ∈ Zk is assigned, independently, the label of trap with probability p, the label
of target with probability q, and the label of open with probability 1− p−q, and A can be defined
as a subset of Zk. An even more general set-up, on arbitrary, locally finite directed graphs is
addressed in §1.2 of [60], but with q = 0 (i.e. there are no target-labeled vertices, and hence such a
percolation game is referred to as a trapping game). The dimension reduction method is illustrated
in [60], showing that if the directed graph under consideration satisfies certain conditions, then the
existence of multiple Gibbs states for the hard-core model on a related graph would imply that the
trapping game on the directed graph has a positive probability of culminating in a draw.

It is worthwhile to ponder if there are regime(s), as function(s) of the parameters p and q, in
which percolation games played on lattices of higher dimensions have probability 0 of resulting
in a draw, and whether, when A is suitably defined, the occurrence of draw in such a game can be
connected with the ergodicity of a PCA, possibly deduced via the recurrence relations arising from
the game, the same way as illustrated in this chapter. An immediate problem to consider can be
where we set A = {(0,0,1),(1,0,1),(0,1,1)} and the same equivalence relation as ours (that is,
(a1, . . . ,ak)∼ (b1, . . . ,bl) if ∑

k
j=1 a j = ∑

l
j=1 bl). This leads to a nice class of percolation games on

Z3. Attempting to implement the technique of weight functions to find conditions on p and q that
guarantee ergodicity of the PCA deduced from the recurrence relations of this game would be an
interesting problem for the near future.
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3.6.0.5 Monotonicity of draw probability

An important problem, in our opinion, of a slightly different flavour, is the analysis of monotonic-
ity properties, if any, of the probabilities of draw in percolation games with respect to, in some
sense, the degree of ‘mixing’ of the actions / moves. Consider a class of percolation games on
Z2, where each site (x,y) is assigned the label X(x,y), with X(x,y) i.i.d. over all (x,y) ∈ Z2 and X(x,y)

equaling trap with probability p, target with probability q, and open with probability 1− p−q. We
characterize the games we are concerned with in this discussion by two parameters: k and `, where
k > 2 is the number of actions allowed for each player, and 1 6 ` 6 k is a mixing parameter. For
every position of the game (x,y) in Z2 (i.e. (x,y) is where the token is currently located), the action
ai leads to the site ((x−1)`+ i,y+1), for all 1 6 i 6 k. In other words, here, the set of outgoing
edges Out(x,y) from (x,y) is {((x−1)`+ i,y+1) : 1 6 i 6 k}.

Note that, for any two ‘neighboring’ game positions (x,y) and (x + 1,y), the cardinality of
Out(x,y)∩Out(x+ 1,y) is precisely k− `. In particular, given k, when ` = 1, we obtain the k-
neighbor percolation game on the integer lattice Z2 (for instance, [60] considers k = 2, and this
chapter is concerned with k = 3), and when ` = k, we obtain the percolation game on a rooted
k-regular tree. It has been shown in [63] that for arbitrary k, when `= k, there are positive values
of p and / or q for which the probability of draw is strictly positive in the percolation game played
on a rooted k-regular tree (more precisely, the probability of draw is strictly positive whenever
(1− p− q)(1− q)k−1 6 (k+ 1)k−1k−k). At the other extreme, for k = 2,3 and ` = 1, it has been
shown in [60] and this section that both p and q need to equal 0 for the probability of draw in the
corresponding percolation game to be strictly positive. These findings raise the following important
questions: does draw become less likely

1. as ` decreases (i.e. there is a greater degree of mixing) for a given k,

2. as k increases while ` remains fixed (for instance, when ` remains fixed at the value `= 1).

It is worth emphasizing that for a given, arbitrary configuration of trap / target / open labels (i.e.
a given realization of the i.i.d. random variables (X(x,y))(x,y)∈Z2), no monotonicity can be found for
the event of draw with respect to ` in the two situations mentioned above, implying that a coupling
argument will not be sufficient to prove such results. We believe that a more involved combina-
torial argument will be needed for addressing these questions, and currently, we are pursuing our
research exploring these questions. Exploring such monotonicity questions for just the trapping

game (where q = 0) or just the target game (where p = 0) is expected to be quite challenging.
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3.6.1 Discussion on the value of a game

The value of a zero-sum game is a well-known quantity in game theory, but considering readers
from various backgrounds, we provide its definition here. The value of a zero-sum game is said
to exist when the utilities for player 1, obtained via the following two ‘ways of thinking’, turn out
to be equal to each other, and the value is defined as the common utility (whenever it exists). In
the first way of thinking, player 1 believes that player 2’s only intention is to ‘hurt’ her, that is,
whatever strategy σ1 she plays, player 2 will play a strategy σ2 that minimizes her utility given
σ1. Let Umaxmin be the maximum utility player 1 can guarantee given this belief. Formally,
Umaxmin = maxσ1∈Σ1 minσ2∈Σ2 u1(σ1,σ2), where Σ1 and Σ2 are the sets of all possible strategies
for players 1 and 2 respectively. In the second way of thinking, whatever strategy σ2 is played by
player 2, player 1 plans to play a strategy σ1 that maximizes her utility given σ2, and believes that
player 2 will play the strategy that minimizes her utility when she plays according to this plan. Let
Uminmax = minσ2∈Σ2 maxσ1∈Σ1 u1(σ1,σ2) be the utility player 1 receives according to this belief.
The value of a game exists when Uminmax =Umaxmin, and this common utility is called the value
of the game.

In [52], a general notion of zero-sum percolation games on Zd is defined, with two players
making alternating moves. 5 In contrast to our notion of stage games where exactly one player
makes a move in each round, [52] defines a stage game in which each round comprises a move
by player 1 followed immediately by a move by player 2. Each of the players receives some
utility at the end of each stage game. An n-stage game, for n ∈N, consists of n stage games played
sequentially where the utility of each player is defined as the time-average (where time refers to the
number of stages) of the total utility from all the stage games of that player. The utility function of
an n-stage game can be defined using our framework by requiring that ut

i(σN) = 0 for all t ∈ 2N−1
and all t > n, and defining ui(σN) =

1
n ∑t∈T ut

i(σN).
For i.i.d. and oriented percolation games, [52] shows that as n tends to infinity, the sequence of

(random) values of n-stage games converges almost surely to a constant, and the expected value
converges at a rate of O(ln(n)n−1/2). They further show that the assumption of i.i.d. is necessary
for this result. It is worth mentioning that the games we have considered in our work are i.i.d. and
oriented. We refer the reader to [52] for a formal definition of i.i.d. and oriented percolation games.

In [46], a general class of two-player zero-sum games is considered where, in addition to the
utilities (that are defined as the capacities corresponding to any history), in every round of the game,
the mover and the set of available actions are both random and i.i.d. over the histories. The three

5Informally speaking, a percolation game requires, among other criteria, the (random) utility functions to be sta-
tionary and ergodic.

148



random variables, i.e. the chosen mover, the chosen set of available actions, and the utilities, need
not be independent of each other corresponding to a given history. The games in [46] are played on
(finitely branching) trees for each possible realization of the above-mentioned random variables.
The utility for player 1 corresponding to a strategy profile is the infimum of the stage utilities along
the game path induced by the strategy profile. In this setting, a natural measure space is defined
over the games, and a (fixed point) characterization of the cumulative distribution function for the
value of the game is provided (together with a number of corollaries and applications).

Although [3] does not deal with the value of a game nor its probability of draw, uses an approach
involving ideas from percolation theory which makes it relevant for percolation games. In [3],
random games are considered where the number of players is large, each player has two strategies,
and the utilities are i.i.d. with possible ties (i.e. having an atomic distribution). In this setting, [3]
explores the possibility of existence of a (pure) Nash equilibrium which, in contrast with mixed
Nash equilibrium, may not always exist. In particular, asymptotic results regarding the (random)
number of Nash equilibria and a central limit theorem for given bounds on the probability of ties
are established. Furthermore, using tools from percolation theory, the geometry of the set of Nash
equilibria is determined, and it is shown that the best response dynamics converges to a Nash
equilibrium with high probability when the number of players is large and the probability of ties is
positive but bounded above (such as in the case of potential games). 6

3.7 The scope of the weight function technique

Let us define the critical region for a percolation game as the set of all values of (p,q) ∈S (where
S is as defined in (3.1.1)) for which the probability of draw is 0 (and hence, the corresponding
PCA is ergodic). It follows from this chapter and [60] that the critical region for the percolation
games considered in both these works is S .

We begin with noting that the weight function technique provides only a sub-region, normally
in terms of a lower bound, of the critical region of a percolation game. In case of our percolation
games or that in [60], this sub-region turns out to be ‘full’, i.e. it covers all possible values of
(p,q), and consequently, the weight function technique succeeds in providing a characterization of
the entire critical region. In general, unless the critical region is full in the above-mentioned sense,
the weight function technique itself will not be suffice to characterize the critical region, which,
in our view, is the main weakness of this technique. Nevertheless, providing a sub-region of the

6More precisely, [3] establishes a connection between percolation and random oriented graphs through a coupling
where the set of strategies that are accessible by the best response dynamics coincides with the connected component
containing the origin for percolation on the hypercube.
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critical region is, in general, an important contribution to the literature (in fact, it may well be the
case that finding such a sub-region becomes the first breakthrough in answering questions about
the critical regions in several open problems), and in view of that, we now proceed to describe
some situations where one can apply this technique.

Recall that the weight function technique, when applicable, only shows that certain events have
probability 0 under any stationary distribution corresponding to the PCA under consideration. One
then needs to do further computations to deduce how this actually leads to the conclusion that
the event of draw has probability 0 under any stationary distribution. The crucial step here is
to link the ergodicity of the PCA under consideration with the event of draw, which may not be
straightforward unless the PCA has some game theoretic structure. In what follows, we define a
class of ‘game theoretic’ PCAs for which we believe that the weight function technique can be
applied to establish ergodicity. For PCAs outside of this class, our guess is that the applicability
of the weight function technique will depend on the particular structure of the PCA’s stochastic
update rule, but as of now, we are unable to specify what structural conditions on the update rule
guarantee such applicability.

We call a d-dimensional deterministic CA F , with universe Zd and a given neighborhood N

that is a finite subset of Zd , game-theoretic if it satisfies the following criteria:

1. the alphabet Â comprises the symbols W , D and L;

2. letting ηt =
(
ηt(x) : x ∈ Zd) denote the configuration of states at time t, where ηt(x) denotes

the state of x at time t, the state ηt+1(x) of any site x ∈ Zd at time t +1 is decided according
to the following rules:

(a) if ηt(x+y) =W for each y ∈N , then ηt+1(x) = L,

(b) if there exists at least one y ∈N for which ηt(x+y) = L, then ηt+1(x) =W ,

(c) if there exists no y ∈N for which ηt(x+ y) = L, but there exists at least one z ∈N

such that ηt(x+ z) = D, then ηt+1(x) = D;

3. conditioned on ηt , the updates ηt+1(x) happen independently over all x ∈ Zd .

We obtain a game-theoretic PCA by perturbing the above CA in a manner similar to what we
have considered in this work: given parameters p and q, each outcome (of the above-mentioned
deterministic CA) that is not equal to W is flipped to W with probability p, and each outcome that
is not equal to L is flipped to L with probability q. More formally, letting η̂t =

(
η̂t(x) : x ∈ Zd)

denote the (random) configuration of states at time t,
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1. we let η̂t+1(x) equal L with probability 1− p and W with probability p when ηt+1(x) = L;

2. we let η̂t+1(x) equal W with probability 1−q and L with probability q when ηt+1(x) =W ;

3. we let η̂t+1(x) equal W with probability p, L with probability q and D with probability
1− p−q when ηt+1(x) = D.

We observe, crucially, that for game-theoretic PCAs, both parts of Lemma 3.3.1 hold (and this
can be proved in an identical manner as shown in this section). The first part of Lemma 3.3.1
leads to the conclusion, via a proof identical to that of Proposition 2.1 of [60], that F is ergodic if
and only if the PCA A, obtained by restricting the alphabet ˆA to the sub-alphabet A = {W,L}, is
ergodic. Moreover, the unique stationary or limiting distribution µ of F , when F is ergodic, is the
same as that of A, and therefore, µ must assign probability 0 to the symbol D, i.e. the probability,
under µ , of the event that the symbol D occupies the site x is 0 for every x ∈ Zd . Applying
the technique of weight functions to the PCA F , provided the process of constructing the weight
function is tractable either manually or with the aid of a computer, can reveal conditions on the
parameter pair (p,q) under which any stationary distribution µ for F assigns probability 0 to the
symbol D.

We believe that the method of weight function may even be of aid in case of percolation
games (on lattices) whose recurrence relations do not necessarily yield a PCA, but something
more general. For instance, suppose we consider the same random premise as in this work, i.e.
each site of Z2 is assigned, independently, a label that reads trap with probability p, target with
probability q, and open with probability 1− p− q, but here, for each site (x,y) ∈ Z2, we set
Out(x,y) = {(x+2,y),(x+2,y+2),(x,y+2)}. As before, two players take turns to make moves,
where a move involves relocating the token from where it is currently located, say some site (x,y),
to any of the sites in Out(x,y). The outcome of this game is decided following the same rules as
the percolation game that we study in this work This problem has also been mentioned in §3.6.0.1,
when discussing the possibility of adding vertices at levels that are higher than the next level.

It is immediate that the recurrence relations arising from the above game cannot be represented
via a PCA, but could be by a PCA of memory two as defined in [29]. A little pondering reveals
that the only way to partition the lattice Z2 into “level sets” that are meaningful for our analysis
of this game is to consider the diagonal lines Dk = {(x,k− x) : x ∈ Z}, identify Dk with Z via the
mapping (x,k−x) 7→ x for each x ∈ Z, and consider the following discrete-time stochastic process
{ηt}t∈N0 where each ηt is a random configuration taking values in ˆA Z = {W,D,L}Z. Conditioned
on ηt−1 and ηt , the random variables ηt+1(x) are defined independently over all x ∈ Z, with the
distribution for ηt+1(x) being a function of ηt(x), ηt−1(x+2) and ηt(x+2), as follows:
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1. if ηt(x) = ηt−1(x + 2) = ηt(x + 2) = W , then ηt+1(x) = L with probability 1− p and
ηt+1(x) =W with probability p,

2. if at least one of ηt(x), ηt−1(x+2) and ηt(x+2) equals L, we set ηt+1(x) =W with proba-
bility 1−q and ηt+1(x) = L with probability q,

3. if none of ηt(x), ηt−1(x+ 2) and ηt(x+ 2) equals L but at least one of them equals D, we
set ηt+1(x) = W with probability p, ηt+1(x) = L with probability q, and ηt+1(x) = D with
probability 1− p−q.

It is evident that {ηt}t∈N0 does not constitute a Markov chain. However, it is Markov of order 2 (i.e.
retains as memory the configurations of the previous 2 time steps), and a probability distribution
µ supported on ˆA Z× ˆA Z is said to be stationary or invariant for this stochastic process if the
following is true: if the joint distribution of (ηt−1,ηt) is µ , then the joint distribution of (ηt ,ηt+1)

is µ as well. We then say that {ηt}t∈N0 is ergodic if

1. it possesses a unique stationary distribution µ , and

2. if ν denotes any probability distribution supported on ˆA Z× ˆA Z, and if the joint distribution
of (η0,η1) is ν , then the joint distribution of (ηt ,ηt+1) converges to µ as t→ ∞.

It should be possible to prove, along the same lines as Proposition 2.2 of [60] has been argued,
that the percolation game described above has probability 0 of culminating in a draw if and only if
the process {ηt}t∈N0 is ergodic. Once again, it becomes important to investigate the critical region
for this percolation game. We expect that the technique of weight functions is applicable in this
set-up. Here, we must look for a suitable function w that is defined on the space of probability
measures supported on ˆA Z× ˆA Z, and we suspect that we have to consider measures of Carteisan
products of cylinder sets (in other words, we have to consider events of the form (ηt−1(x) =

ax for all x ∈ A,ηt(y) = by for all y ∈ B), where A and B are finite subsets of Z, and ax,by ∈ ˆA for
all x ∈ A and y ∈ B).
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Chapter 4

Generalized percolation games on Z2 and
corresponding probabilistic cellular
automata
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Preface
This chapter is based on the following paper:

• Bhasin D., Karmarkar S., Podder M., Roy S. “Generalized percolation games on the 2-
dimensional square lattice, and ergodicity of associated probabilistic cellular automata” –
submitted. Preprint available here.
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4.1 Introduction

The study of oriented Bernoulli bond percolation on Zd (i.e. the infinite graph whose vertex set
is Zd and in which two vertices x = (x1,x2, . . . ,xd) and y = (y1,y2, . . . ,yd) are adjacent if and
only if the Euclidean distance between them is 1) is now more than six decades old. For each
i ∈ {1,2, . . . ,d}, let ei ∈ Zd denote the vertex in which the i-th coordinate equals 1, while all other
coordinates equal 0. For each x ∈ Zd , let the edge between x and x+ ei, denoted henceforth as(
x,x+ ei

)
, be directed from x towards x+ ei. Each such directed edge is now labeled closed with

probability r, and open with probability (1− r), for some r ∈ [0,1]. The question of interest is:
for what values of r does there exist, with positive probability, an infinite path that begins from
the origin 0 and consists only of open, directed edges? In other words, for which values of r

does percolation happen? Introduced in [25], this problem has since been studied extensively in
[54], [40], [39] etc. The existence of a critical value rc(d) ∈ (0,1), such that percolation happens
for r < rc(d) and percolation does not happen when r > rc(d), has been well-known. However,
the exact value of rc(d) is seldom known. For instance, in [19], it has been shown, via rigorous
methods, that rc(2)< 0.647, while Monte Carlo simulations suggest that rc(2)≈ 0.6445.

The work in this chapter falls into the setup of percolation games as studied described in §1.1
and began in an attempt to understand what happens when we incorporate an adversarial ele-

ment into the set-up of oriented bond percolation mentioned above. In this chapter, we imagine
a percolation game on Z2 with two players and a token that is placed at the origin, (0,0), at the
beginning of the game. The two players take turns to make moves, and each such move consti-
tutes a round of the game. Each player, when it is her turn to make a move, tries to relocate the
token from where it is currently located, say (x,y) ∈ Z2, to one of (x+ 1,y) and (x,y+ 1) (that
is, Out(x,y) = {(x+ 1,y),(x,y+ 1)}), but relocation is only allowed along edges that are open.
A player loses if she is unable to move, i.e. her opponent has succeeded in moving the token to
some vertex (x,y) such that both the directed edges

(
(x,y),(x+ 1,y)

)
and

(
(x,y),(x,y+ 1)

)
are

closed. The game may continue indefinitely (i.e. neither of the two players is able to clinch the
victory within a finite number of rounds of the game), in which case we say that the game has
resulted in a draw. Here, we ask the question: for what values of r does this game result in a draw
with positive probability? Note how closely this question ties in with the question regarding the
occurrence of percolation that we posed in the previous paragraph. The existence of an infinite,

open path starting at the origin, i.e. an infinite path consisting of open, directed edges, is necessary
for even the remotest possibility of a draw, but the existence of an arbitrary infinite, open path
does not, necessarily, ensure the occurrence of a draw. In particular, for draw to happen, there
must exist an infinite, open path that acts as an ‘equilibrium path’ – i.e. a path from which neither
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of the two players is willing to deviate under the common belief of rationality. We show, in this
chapter, that for r as low as 0.157176, the probability of draw in the game described above is 0.
A comparison of this result with the estimate of rc(2) mentioned in the previous paragraph reveals
how fascinating the study of such games is, and how vastly the inclusion of an adversarial flavour
impacts the original percolation process.

Even though the set-up described in the previous paragraph is what the work in this chapter
commenced with, the contents of this chapter do not remain limited to this one-parameter perco-
lation game. The first step towards generalizing this game can be brought about by classifying the
edges of our graph into the following three categories, instead of two:

1. a player is penalized if she moves the token along a directed edge that has been labeled a
trap (this is the equivalent of the label ‘closed’ in the previous set-up), which happens with
probability r,

2. a player is rewarded if she moves the token along a directed edge that has been labeled a
target, which happens with probability s,

3. and a player is neither rewarded nor punished if she moves the token along a directed edge
that has been labeled open, which happens with the remaining probability (1− r− s).

In other words, a player, when it is her turn to move, relocates the token, as before, from where it
is currently located, say (x,y) ∈ Z2, to one of (x+1,y) and (x,y+1), but this game can come to an
end in one of two different ways: either one of the players succeeds in moving the token along an
edge that has been labeled a target, and thereby wins the game, or one of the players is forced to
move the token along an edge that has been labeled a trap, and thereby loses the game. Note that
the previously described one-parameter percolation game is a special case of this two-parameter
percolation game, obtained by setting s = 0, and, as mentioned in the previous paragraph, we have
shown in this chapter that the probability of draw in the one-parameter percolation game equals
0 whenever r > 0.157176. For the two-parameter set-up, we establish two different regimes of
values of the parameter-pair (r,s) for which the probability of draw is guaranteed to be 0:

1. where r = s > 0.10883, and

2. where each of r and s is sufficiently small (how small they need to be comes out as a con-
sequence of the various steps involved in the main, technical part of the proof, outlined in
§4.9.2 – but it suffices for us to take each of r and s to be less than or equal to 1/50), and
3(1− s)(2s− s2)2(1−6s+3s2)> 4r.
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These results have been stated formally in Theorem 4.2.4 (the regime of values of (r,s) covered by
(2) above is slightly smaller, i.e. the inequality is stronger, than what we actually deduce in (B1) of
Theorem 4.2.4 – the stronger, and simpler, inequality has been stated here for the sake of simplicity
and lucid reading).

Our endeavour to generalize the notion of percolation games does not end here – we go a step
further and consider a three-parameter set-up which, in some sense, combines the notion of site

percolation and bond percolation, as follows. Each vertex (x,y)∈Z2 is now assigned, independent
of all else, a label that reads trap with probability p, target with probability q, and open with the
remaining probability (1− p− q). Additionally, each edge is assigned, independent of all else,
a label that reads trap with probability r and open with the remaining probability (1− r). The
permitted moves by the players are the same as those described in the previous paragraph, but now,
a player can clinch the victory in one of three possible ways:

1. either she succeeds in moving the token to a vertex labeled a target,

2. or she is able to force her opponent to move the token to a vertex labeled a trap,

3. or her opponent is compelled to move the token along an edge labeled a trap.

As before, the game continues for as long as one of the players does not emerge the victor, and
the result is a draw if the game continues indefinitely. We establish a regime of values of (p,q,r),
described in detail in Theorem 4.2.1, for which the probability of draw in this game is guaranteed
to equal 0.

It is straightforward to see that draw is the only outcome possible when p = q = r = 0, and
it happens with probability 0 when p+ q = 1 or when r = 1. As indicated in Chapter 7 of [37],
an important and challenging question concerns itself with what happens to the probability of
draw (and, as we shall introduce subsequently, to the ergodicity of a suitably defined probabilistic
cellular automaton) for arbitrarily small values of the probabilities of trap and target (for both
vertices and edges), i.e. when each of p, q and r is arbitrarily small. The crucial contribution of
Theorem 4.2.1 (as also discussed in §4.3.3) lies in its coverage of a significant subset of values of
(p,q,r) in a small neighbourhood of (0,0,0), and pictorial illustrations of what this subset looks
like have been provided in Figure 4.2 following the statement of Theorem 4.2.1. Theorem 4.2.1
provides four such regions, or regimes, each specified by some inequalities involving p,q, and r,
such that the probability of draw equals 0 whenever (p,q,r) belongs to one of these regions. As
these inequalities are somewhat involved, we provide here some simpler and stronger inequalities
(in other words, some sub-regimes of the regimes covered by Theorem 4.2.1) to elucidate said
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contribution of the theorem to the reader. 1 A simpler (and stronger) version of the inequalities in
(4.2.1) and (4.2.2) of Theorem 4.2.1 is given by

p 6
q
2

and p+q > 2r, (4.1.1)

and likewise, a simpler and stronger version of the inequalities in (4.2.1) and (4.2.5) of Theo-
rem 4.2.1 is given by

q+ r 6 p and 5q > 4r. (4.1.2)

Note that (4.1.1) tells us that the probability of draw is 0 when q = ε , p = αε and r 6 (1 +

α)ε/2, where α 6 1/2 and ε is an arbitrarily small positive real. Similarly, (4.1.2) reveals that
the probability of draw is 0 when p = ε , q = αε and r = βε where α +β 6 1 and 5α > 4β , and
ε is an arbitrarily small positive real. To demonstrate, pictorially, the 3-dimensional region that
all (p,q,r) satisfying one of (4.1.1) and (4.1.2) cover, we refer the reader to Figure 4.1 (in each
of (A) and (B) of Figure 4.1, we take each of p, q and r to be bounded above by 1/50 = 0.02,
although this could be optimized further, since the claims made in Theorem 4.2.1 assuredly hold
when p, q and r are this small). Furthermore, the inequalities (4.2.1) and (4.2.3) of Theorem 4.2.1
together imply, as a special case, that draw happens with probability 0 when p = q = r = ε for
ε > 0 arbitrarily small. Yet another contribution of Theorem 4.2.1 stems from the fact that, setting
r = 0, the inequalities in (4.2.1), (4.2.2) and (4.2.5) together imply that the probability of draw
equals 0 whenever at least one of p and q is strictly positive – thereby allowing Theorem 1 of [60]
to be derived as a special case of Theorem 4.2.1. These instances go to show how Theorem 4.2.1
establishes that the probability of draw is 0 for a fairly wide region of values of (p,q,r) arbitrarily
close to (0,0,0). Since the probability of draw is 1 at (0,0,0), our result seems to indicate (and
proves it under certain (relative) restrictions on p, q and r, such as when p = q = r) that a phase
transition happens exactly at p = q = r = 0.

4.1.1 Why the three-parameter percolation game is an all-encompassing set-
up

An obvious question to ask at this point is, why, in the set-up for the three-parameter percolation
game, target is not included in the list of labels assigned to the edges of our graph. For any
(x,y) ∈ Z2, if at least one of its outgoing edges,

(
(x,y),(x + 1,y)

)
and

(
(x,y),(x,y + 1)

)
, has

been labeled a target, a player knows that she will win the game the moment her opponent moves

1The actual conditions differ only with respect to second or higher order terms (i.e. terms of the form piq jrk where
i, j,k ∈ N0 and i+ j+ k > 2).
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(a) 3D plot of (4.1.1) (b) 3D plot of (4.1.2)

Figure 4.1: Regions covered by (4.1.1) and (4.1.2)

the token to (x,y), unless (x,y) has already been labeled a target. Consequently, seen from her
opponent’s perspective, except for the case where (x,y) has been labeled a target, it is as if (x,y)
acts like a vertex that has been labeled a trap. This equivalence has been formalized in the following
paragraph.

Consider the following policy of (random) assignment of labels to our graph: each vertex is
labeled, independently, a trap with probability p′, a target with probability q′, and open with prob-
ability (1− p′−q′), and each edge is labeled, independently, a trap with probability r′, a target with
probability s′, and open with probability (1− r′− s′). Let (σ ,η) indicate a realized assignment of
labels obtained by implementing this policy, with σ = (σ((x,y)) : (x,y)∈Z2) denoting the tuple of
vertex labels, and η denoting the tuple of edge labels, η

(
(x,y),(x+1,y)

)
and η

(
(x,y),(x,y+1)

)
,

for each (x,y) ∈ Z2. We now come up with a modified labeling, (σ ′,η ′), as follows: if, for any
(x,y) ∈ Z2, the label η

(
(x,y),(x+1,y)

)
equals a target, we set

η
′((x,y),(x+1,y)

)
=

 trap with probability r′(1− s′)−1

open with probability (1− r′− s′)(1− s′)−1

(
an analogous re-labeling is applied if η

(
(x,y),(x,y+1)

)
is a target, instead

)
, and we set

σ
′(x,y) =

σ(x,y) if σ(x,y) ∈ {trap, target}

trap if σ(x,y) = open.

As has been explained in §4.3.2, this modification reduces what was initially a four-parameter
percolation game into a three-parameter one in which p indicates the probability of a vertex being
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labeled a trap, q indicates the probability of a vertex being labeled a target, and r indicates the
probability of an edge being labeled a trap, with

p = p′+(1− p′−q′)
(

2s′− s′2
)
, q = q′ and r =

r′

1− s′
.

This modification allows the reader to see why, when considering the most generalized framework
for percolation games on the 2-dimensional infinite square lattice, it suffices to work with only
three categories of labels instead of four (such as we do in this work, namely, 1. trap for vertices,
2. target for vertices, 3. and trap for edges).

4.1.2 Organization of the rest of the chapter

We describe here the organization of the rest of this chapter. In §4.2, we formally describe the two
games, generalized percolation games and bond percolation games, that we study in this chapter,
although the reader has already been accorded an informal introduction to these. The two main re-
sults of this chapter, pertaining to the probability of draw in each of these games, have been stated
in Theorems 4.2.1 and 4.2.4. The probabilistic cellular automata (PCAs) arising as a result of the
game rules have been formally described in §4.3, and the main result pertaining to their ergodicity
properties has been stated in Theorem 4.3.1. We draw the reader’s attention to §4.3.2, which shows
how the bond percolation game (and correspondingly, the PCA, Êr′,s′ , arising out of its game rules)
can be obtained as a special case of the generalized percolation game (and correspondingly, the
PCA, Ĝp,q,r, arising out of its game rules). One of this work’s most significant contributions (see
also the less formal discussion preceding §4.1.1) has been outlined in detail in §4.3.3. We have
dedicated §4.4 and §4.5 to discussions on the motivations propelling the study of these games and
these PCAs, respectively. The game rules, and how they give rise to the PCAs, Ĝp,q,r and Êr′,s′ ,
have been detailed in §4.6. The two most technical results of this work, namely, Theorems 4.7.1
and 4.7.2, have been stated in §4.7, along with the proofs of Theorems 4.2.1, 4.2.4 and 4.3.1 as-
suming the claims made in Theorems 4.7.1 and 4.7.2 to be true. The proof of Theorem 4.7.1 has
been carried out in §4.8. We mention here that while the proof specifically of Theorem 4.7.1 has
been outlined in detail, step by step, in §4.8.3 (the final weight function, the corresponding final
weight function inequality, and the deduction of the claim made in Theorem 4.7.1, have been in-
cluded in §4.8.2), a very general idea on how to construct a suitable weight function that serves
our desired purpose has been outlined in §4.8.1. Likewise, the final weight functions, the corre-
sponding weight function inequalities, and the deduction of the claims stated in Theorem 4.7.2,
have been included in §4.9.1, while the details of the proofs have been covered in §4.9.2, §4.9.3
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and §4.9.4.

4.2 Formal description of our games and the main results

We shall use Z2 to indicate both the infinite 2-dimensional square lattice graph and its set of ver-
tices. Each edge of this graph is either of the form

(
(x,y),(x+1,y)

)
(directed from (x,y) towards

(x+1,y)) or of the form
(
(x,y),(x,y+1)

)
(directed from (x,y) towards (x,y+1)), for (x,y) ∈ Z2.

To each (x,y) ∈ Z2, we assign, independently, a label that reads trap with probability p, target

with probability q, and open with probability (1− p− q), while to each directed edge, we as-
sign, independently, a label that reads trap with probability r and open with probability (1− r).
We assume that at least one of p, q and r is strictly positive, so that our parameter-space Θ is
given by Θ = {(p,q,r) ∈ [0,1]3 : p+q+ r > 0, p+q 6 1}. The resulting graph, bearing (random)
vertex-labels and (random) edge-labels, is referred to as a random board, on which our general-

ized percolation games are played. Any realization of vertex-labels and edge-labels, assigned as
described above, is referred to as a configuration on Z2, and we fix a configuration before the game
begins. A generalized percolation game is a two-player combinatorial game, which tells us that it
is a game of perfect information – both players are fully aware of the environment (in this case, the
environment is the configuration fixed before the game begins) on which the game is being played.

A token is placed at a vertex of Z2, referred to as the initial vertex, just before the game starts.
Two players take turns to make moves, where a move involves relocating the token from where it
is currently located, say (x,y) ∈ Z2, to one of (x+1,y) and (x,y+1). A player wins if she 1. either
succeeds in moving the token to a vertex labeled a target, 2. or forces her opponent to move the
token to a vertex labeled a trap, 3. or forces her opponent to move the token along an edge labeled
a trap. The game continues for as long as the token stays on vertices labeled open and keeps being
moved along edges labeled open, and this may happen indefinitely, leading to a draw. Of primary
interest to us is the investigation of regimes of values of the parameter-triple (p,q,r) for which the
probability of draw equals 0.

We assume that, if the game is destined to end in a finite number of rounds, then the player who
is destined to win tries to achieve her victory as quickly as possible, while her opponent attempts
to stall and prolong the game as much as possible. It is also crucial to note that the roles of the
players are symmetric in this game – a fact that heavily impacts the simplicity of the recurrence
relations that we shall study in §4.6.

Theorem 4.2.1. There exist ε1, ε2 and ε3, in (0,1), such that whenever (p,q,r) ∈ Θ with p 6 ε1,

q 6 ε2 and r 6 ε3, the inequality in (4.2.1) holds, and (p,q,r) satisfies the constraints described in
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precisely one of (4.2.2), (4.2.3), (4.2.4) and (4.2.5), the probability of the event that the generalized

percolation game described above, with underlying parameters p, q and r, results in a draw, equals

0. Here, (4.2.1), (4.2.2), (4.2.3), (4.2.4) and (4.2.5) are as follows:

2(p+q)+6r2 +3r(p+2q)> 4r+(p+q)2, (4.2.1)

p(1− p)6 q{1−q− r(1− p−q)}, (4.2.2)

q{1−q− r(1− p−q)}< p(1− p)6 {q+ r(1− p−q)}{1−q− r(1− p−q)},
p−2q+ pq+qr−3pr−2p2 +3q2 6 0,

}
(4.2.3)

q{1−q− r(1− p−q)}< p(1− p)6 {q+ r(1− p−q)}{1−q− r(1− p−q)},
p−2q+ pq+qr−3pr−2p2 +3q2 > 0,

p+4q+9pr+5qr+6r2 > 4r+ p2 +4q2 +5pq,

 (4.2.4)

and
q+ r(1− p−q)< p,

6q+10pr+4qr+ p2 +6r2 > 4r+6pq+7q2.

}
(4.2.5)

The values of ε1, ε2 and ε3 (i.e. how small p, q and r need to be for Theorem 4.2.1 to hold)
can be deduced from the various steps, outlined in §4.8.3, of the proof of Theorem 4.7.1 (which is
instrumental in proving Theorem 4.2.1). Although better bounds on these are possible, we do not
put in much effort to optimize such bounds, and we simply comment here that assuming each of
ε1, ε2 and ε3 to be equal to 1/50 is enough.

In Figure 4.2, we plot the regions (of Θ) covered by the inequalities given by (4.2.1), (4.2.2),
(4.2.3), (4.2.4) and (4.2.5). As the captions suggest, (A) of Figure 4.2 shows the coverage of (4.2.1)
and (4.2.2), i.e. the set of all values of (p,q,r) that satisfy (4.2.1) and (4.2.2), (B) of Figure 4.2
shows the coverage of (4.2.1) and (4.2.3), and so on. The colours in each of these plots have been
applied according to the distance (of the parameter-tuple under consideration) from the origin,
with darker colours applied to those near the origin, and lighter colours applied to those farther
away. Note that we consider only the segment from 0 to 1/50 = 0.02 for each of the axes, since
Theorem 4.2.1 assuredly holds when each of p, q and r lies in [0,1/50] (along with satisfying
(4.2.1) and precisely one of (4.2.2), (4.2.3), (4.2.4) and (4.2.5)). (E) of Figure 4.2 shows the union
of all four regions demonstrated in (A), (B), (C) and (D) of Figure 4.2. In each of these five
images, we see that the coloured region has a non-empty intersection with every neighbourhood
around (0,0,0). Since the 3D plots show only one ‘surface’ of the feasible regions, we demonstrate

1. in (A) of Figure 4.3, the region covered by our result in Theorem 4.2.1 when the value of p
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(a) 3D plot of (4.2.1) and (4.2.2) (b) 3D plot of (4.2.1) and (4.2.3)

(c) 3D plot of (4.2.1) and (4.2.4) (d) 3D plot of (4.2.1) and (4.2.5)

(e) 3D plot for the complete region covered by Theo-
rem 4.2.1

Figure 4.2: Regions covered by Theorem 4.2.1
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(a) 2D plot for p = 0.001 (b) 2D plot for q = 0.001

(c) 2D plot for r = 0.001

Figure 4.3: 2D plots for regions covered by Theorem 4.2.1

is kept fixed at p = 0.001,

2. in (B) of Figure 4.3, the region covered by our result in Theorem 4.2.1 when the value of q

is kept fixed at q = 0.001,

3. and finally, in (C) of Figure 4.3, the region covered by our result in Theorem 4.2.1 when the
value of r is kept fixed at r = 0.001.

Note that in (A) of Figure 4.3, the four different colours used are meant to indicate the four distinct
regions that are covered by Theorem 4.2.1, i.e. for p = 0.001, the region coloured red indicates the
set of all values of (q,r) such that (0.001,q,r) satisfies (4.2.1) and (4.2.2), the region coloured blue
indicates the set of all values of (q,r) such that (0.001,q,r) satisfies (4.2.1) and (4.2.3), the region
coloured green indicates the set of all values of (q,r) such that (0.001,q,r) satisfies (4.2.1) and
(4.2.4), and the region coloured yellow indicates the set of all values of (q,r) such that (0.001,q,r)
satisfies (4.2.1) and (4.2.5). Similar interpretations apply to (B) and (C) of Figure 4.3. Notice
that the four colour-coded regions in each of (A), (B) and (C) of Figure 4.3 are pairwise non-
overlapping – this is as it should be, because no (p,q,r) ∈Θ can satisfy all the constraints of more
than one of (4.2.2), (4.2.3), (4.2.4) and (4.2.5).
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Remark 4.2.2. We draw the reader’s attention to an important point here. The proof of Theo-

rem 4.2.1 happens via Theorem 4.7.1, which, in turn, is proved via the technique of weight func-

tions. The construction of a suitable weight function for proving Theorem 4.7.1, and thereby,

Theorem 4.2.1, has been outlined in §4.8.3. As has been emphasized in §4.8.3, this weight function

is not unique, and furthermore, small tweaks here and there in the long and involved process of

constructing this weight function, step by step, could lead to very marginal improvements – we say

“marginal” because such improvements are likely to happen via terms of the form piq jrk, for some

i, j,k ∈N0, such that (i+ j+k) equals 3 or more, and since we have already assumed that each of

p, q and r is small, such terms make little difference to the regime obtained in Theorem 4.2.1.

As explained in §4.1, the above-described three-parameter set-up is the most generalized of all
the games studied in this work. Setting r = 0 reduces this set-up to that of the site percolation game
studied in [60]. In fact, the main result (pertaining to the probability of draw in the site percolation
game) of [60] follows as a corollary of Theorem 4.2.1:

Corollary 4.2.3. Assuming that Theorem 4.2.1 holds, the generalized percolation game, with un-

derlying parameters p, q and r = 0, results in a draw with probability 0 whenever p+q > 0.

Proof. When r = 0, the first case to consider is where p 6 q, which, assuming both p and q to be
bounded above by 1/2, is equivalent to p(1− p)6 q(1−q) (since the function f (x) = x(1− x) is
strictly increasing for x ∈ [0,1/2) and strictly decreasing for x ∈ (1/2,1]). Moreover, since r = 0,
the inequality in (4.2.1) reduces to 2(p+q)> (p+q)2, which is indeed true since p+q 6 1. Thus,
in this case, (p,q,0) satisfies the constraints of (4.2.1) and (4.2.2), leading to the conclusion, from
Theorem 4.2.1, that the probability of draw in the corresponding generalized percolation game
equals 0.

The second case to consider is where p > q. Note that, as above, (4.2.1) holds since r = 0.
Furthermore, the second inequality of (4.2.5) reduces to

6q+ p2 > 6pq+7q2⇐⇒ 6q(1− p−q)+(p−q)(p+q)> 0,

which is indeed true since p+q 6 1 and p > q. Therefore, the constraints of (4.2.1) and (4.2.5) are
satisfied by (p,q,0) in this case, and by Theorem 4.2.1, we conclude that the probability of draw
in the corresponding generalized percolation game equals 0.

This completes the proof of the claim that the main result of [60] follows as a special case of
our Theorem 4.2.1.

Next, we come to the following two-parameter set-up: each directed edge of Z2 is assigned,
independent of all else, a label that reads trap with probability r′, target with probability s′, and
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open with the remaining probability (1− r′− s′), with (r′,s′) belonging to the parameter-space
Θ′ = {(r′,s′) ∈ [0,1]2 : 0 < r′+ s′ 6 1}. We refer to the game played on this random board as the
bond percolation game. The moves permitted in this game are the same as those described above
for the generalized percolation game, and a player wins if she is 1. either able to move the token
along an edge labeled a target, 2. or force her opponent to move the token along an edge labeled a
trap. The game continues for as long as the token keeps getting moved along edges that have been
labeled open, which may happen indefinitely, leading to a draw. Once again, our objective is to
find regimes, in terms of values of the parameter-pair (r′,s′), for which the probability of draw in
this game equals 0, and in Theorem 4.2.4, we list three such regimes.

Theorem 4.2.4. Let (r′,s′) ∈Θ′, where Θ′ is as described above.

(B1) There exist ε1,ε2 ∈ (0,1) such that the probability of draw in the bond percolation game,

with underlying parameters r′ and s′, equals 0 whenever r′ 6 ε1, s′ 6 ε2 and

3(2s′− s′2)2

2
+

8(2s′− s′2)r′

1− s′
+

11r′2

2(1− s′)2 >
2r′

1− s′
+

9(2s′− s′2)3

2
+

16(2s′− s′2)2r′

1− s′

+
43(2s′− s′2)r′2

2(1− s′)2 +
5r′3

(1− s′)3 . (4.2.6)

(B2) As long as s′ = 0 and r′ > 0.157175, the probability of draw in the bond percolation game,

with underlying parameters r′ and s′, equals 0.

(B3) As long as r′ = s′ > 0.10883, the probability of draw in the bond percolation game, with

underlying parameters r′ and s′, equals 0.

We draw the reader’s attention to the fact that, between them, the regimes described in (B1),
(B2) and (B3) cover a significant subset of the parameter-space Θ′. In particular, (B1) covers a
significant portion of Θ′ that intersects the neighbourhood around (r′,s′) = (0,0) – a region where
older techniques in the literature fail to establish that the probability of draw equals 0. Furthermore,
as is the case with the three-parameter generalized percolation game, (B1) seems to indicate (and
proves it under the restriction that (r′,s′) satisfies the inequality given by (4.2.6)) that a phase
transition happens exactly at (0,0) (in the sense that, at (r′,s′) = (0,0), the probability of draw
equals 1, whereas for r′, s′ sufficiently small, at least one of them strictly positive and (r′,s′)

satisfying (4.2.6), the probability of draw equals 0).
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4.3 Formal description of the probabilistic cellular automata
we are concerned with

Recalling the definition of PCAs from §1.1.1, we present the specific PCAs we are concerned with
in this work.

4.3.1 The specific PCAs we work with in this chapter

We begin by describing the PCA that represents the game rules arising from the generalized per-
colation games described in §4.2. This PCA, denoted Ĝp,q,r (in order to emphasize its dependence
on the parameter-triple (p,q,r)), is a 1-dimensional one (i.e. its universe is Z), with

1. the alphabet ˆA = {W,L,D} (already, this choice of notations hints at the intimate connection
between the game and this PCA: if (x,y) ∈ Z2 serves as the initial vertex for a generalized
percolation game, we say that (x,y)∈W if this game is won by the player who plays the first
round, (x,y) ∈ L if this game is lost by the player who plays the first round, and (x,y) ∈ D if
this game results in a draw),

2. the neighbourhood-marking set N = {0,1},

3. and stochastic update rules that can be described via the stochastic matrix ϕ̂p,q,r : ˆA 2× ˆA →
[0,1], defined as follows (see Figure 4.4 for a pictorial illustration):

ϕ̂p,q,r(W,W,b) =

p if b =W,

(1− p) if b = L,
(4.3.1)

ϕ̂p,q,r(a0,a1,b) =

p+(1− p−q)(1− r) if b =W,

q+(1− p−q)r if b = L,
where (a0,a1) ∈ {(W,L),(L,W )},

(4.3.2)

ϕp,q,r(L,L,b) =

p+(1− p−q)(1− r2) if b =W,

q+(1− p−q)r2 if b = L,
(4.3.3)

ϕ̂p,q,r(a0,a1,b) =


p if b =W,

(1− p−q)(1− r) if b = D,

(1− p−q)r+q if b = L,

where (a0,a1) ∈ {(W,D),(D,W )},

(4.3.4)
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ϕ̂p,q,r(a0,a1,b) =


p+(1− p−q)(1− r) if b =W,

(1− p−q)r(1− r) if b = D,

q+(1− p−q)r2 if b = L,

where (a0,a1) ∈ {(L,D),(D,L)},

(4.3.5)

ϕ̂p,q,r(D,D,b) =


p if b =W,

(1− p−q)(1− r2) if b = D,

q+(1− p−q)r2 if b = L.

(4.3.6)

W W L

W

W

L

L L

W

L

p

1− p

W p+ (1− p− q)(1− r)

L q + (1− p− q)r

W p+ (1− p− q)(1− r2)

L q + (1− p− q)r2

D W

W D

D L

L D

D D

W

L

D

p

q + (1− p− q)r

(1− p− q)(1− r)

W

L

D

p+ (1− p− q)(1− r)

q + (1− p− q)r2

(1− p− q)r(1− r)

W

L

D

p

q + (1− p− q)r2

(1− p− q)(1− r2)

Figure 4.4: Illustrating the stochastic update rules for the PCA Ĝp,q,r

A detailed explanation as to why these stochastic update rules are equivalent to the game rules
governing the generalized percolation game, has been provided in §4.6. When we restrict ˆA to
the smaller alphabet, A = {W,L}, we obtain yet another PCA, denoted Gp,q,r, with stochastic
update rules described via the stochastic matrix ϕp,q,r : A 2×A → [0,1], where ϕp,q,r(a0,a1,b) =

ϕ̂p,q,r(a0,a1,b) for all a0,a1,b ∈A (in other words, ϕp,q,r can be defined using (4.3.1), (4.3.2) and
(4.3.3)). We refer to Ĝp,q,r as the envelope to Gp,q,r (see §4.7, where we include a discussion on
the importance of invoking the notion of envelope PCAs).

We now describe the PCA, denoted Êr′,s′ , that represents the game rules arising from our bond
percolation game, with the underlying parameters, r′ and s′, described in §4.2. Endowed with Z as
its universe, Êr′,s′ is, just like Ĝp,q,r, a 1-dimensional PCA with alphabet ˆA and neighbourhood-
marking set N , and its stochastic update rules are captured by the stochastic matrix ϕ̂r′,s′ : ˆA 2×
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ˆA → [0,1] defined as follows (see Figure 4.5 for a pictorial illustration):

ϕ̂r′,s′(W,W,b) =

2s′− s′2 if b =W,

(1− s′)2 if b = L,
(4.3.7)

ϕ̂r′,s′(a0,a1,b) =

1− r′+ r′s′ if b =W,

r′− r′s′ if b = L,
where (a0,a1) ∈ {(W,L),(L,W )}, (4.3.8)

ϕr′,s′(L,L,b) =

1− r′2 if b =W,

r′2 if b = L,
(4.3.9)

ϕ̂r′,s′(a0,a1,b) =


(1− s′)(1− r′− s′) if b = D,

r′(1− s′) if b = L,

2s′− s′2 if b =W,

where (a0,a1) ∈ {(W,D),(D,W )},

(4.3.10)

ϕ̂r′,s′(a0,a1,b) =


1− r′+ r′s′ if b =W,

r′(1− r′− s′) if b = D,

r′2 if b = L,

where (a0,a1) ∈ {(L,D),(D,L)}, (4.3.11)

ϕ̂r′,s′(D,D,b) =


(1− r′− s′)(1+ r′− s′) if b = D,

r′2 if b = L,

2s′− s′2 if b =W.

(4.3.12)

Once again, we refer the reader to §4.6 for a detailed explanation as to how the game rules asso-
ciated with the bond percolation game give rise to the above-mentioned stochastic update rules. If
we restrict ˆA to A , we obtain the PCA Er′,s′ with the same neighbourhood-marking set N , and
with stochastic update rules captured by the stochastic matrix ϕr′,s′ : A 2×A → [0,1] such that
ϕr′,s′(a0,a1,b) = ϕ̂r′,s′(a0,a1,b) for all a0,a1,b ∈ A (in other words, the equations defining ϕr′,s′

are the same as (4.3.7), (4.3.8) and (4.3.9)). As is the case with Gp,q,r and Ĝp,q,r, we refer to Êr′,s′

as the envelope for the PCA Er′,s′ .
We end §4.3 with the main results of this work pertaining to the PCAs described in §4.3.1:

Theorem 4.3.1. The PCA Gp,q,r, as well as its envelope Ĝp,q,r, is ergodic whenever the underlying

parameter-triple (p,q,r) belongs to the parameter-space Θ, where Θ is as defined in §4.2, and

satisfies the constraints stated in Theorem 4.2.1 (in other words, when p, q and r are sufficiently
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Figure 4.5: Illustrating the stochastic update rules for the PCA Êr′,s′

small, the inequality (4.2.1) holds, and (p,q,r) satisfies one of (4.2.2), (4.2.3), (4.2.4) and (4.2.5)).
Likewise, the PCA Er′,s′ , as well as its envelope Êr′,s′ , is ergodic whenever the underlying

parameter-pair (r′,s′) belongs to the parameter-space Θ′, where Θ′ is as defined in §4.2, and

(r′,s′) satisfies any one of the constraints stated in Theorem 4.2.4, i.e. either (B1) or (B2) or (B3).

4.3.2 How the PCA Êr′,s′ is obtained as a special case of the PCA Ĝp,q,r

Let us consider a bond percolation game with the underlying parameter-pair (r′,s′), i.e. where r′

indicates the probability of an edge being labeled a trap and s′ indicates that of it being labeled a
target. Letting η denote this random assignment of labels (i.e. η is the infinite tuple made up of
η
(
(x,y),(x+1,y)

)
and η

(
(x,y),(x,y+1)

)
for all (x,y) ∈ Z2), we tweak η as follows:

1. if η
(
(x,y),(x + 1,y)

)
(respectively, η

(
(x,y),(x,y + 1)

)
) equals a target, we re-label the

edge
(
(x,y),(x+ 1,y)

)
(respectively, the edge

(
(x,y),(x,y+ 1)

)
), independent of all else,

to η ′
(
(x,y),(x+1,y)

)
(respectively, to η ′

(
(x,y),(x,y+1)

)
), where

η
′((x,y),(x+1,y)

)
=

 trap with probability r′(1− s′)−1

open with probability (1− r′− s′)(1− s′)−1

(the same distribution is adopted for η ′
(
(x,y),(x,y+1)

)
if η
(
(x,y),(x,y+1)

)
equals a tar-

get), and we label the vertex (x,y) a trap, i.e. we set σ ′(x,y) to be equal to a trap;
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2. if η
(
(x,y),(x+ 1,y)

)
(respectively, η

(
(x,y),(x,y+ 1)

)
) is either open or a trap, we keep

its label unchanged, i.e. we set η ′
(
(x,y),(x + 1,y)

)
= η

(
(x,y),(x + 1,y)

)
(respectively,

η ′
(
(x,y),(x,y+1)

)
= η

(
(x,y),(x,y+1)

)
);

3. for any (x′,y′) ∈ Z2 for which neither η
(
(x,y),(x+ 1,y)

)
nor η

(
(x,y),(x,y+ 1)

)
equals a

target, we label (x,y) open, i.e. we set σ ′(x,y) to be open.

The modified labeling is now (σ ′,η ′), where σ ′ is the tuple comprising σ ′(x,y) for all (x,y) ∈ Z2,
and η ′ is the tuple comprising η ′

(
(x,y),(x+1,y)

)
and η ′

(
(x,y),(x,y+1)

)
for all (x,y)∈Z2. From

the definition of (σ ′,η ′), it is evident that the labels σ ′(x,y) are i.i.d. over all (x,y) ∈ Z2, with

p = P[σ ′(x,y) = trap]

= P
[
at least one of η

(
(x,y),(x+1,y)

)
and η

(
(x,y),(x,y+1)

)
equals a target

]
= 1− (1− s′)2 = 2s′− s′2, (4.3.13)

and likewise, the labels η ′(e) are i.i.d. over all directed edges e of our graph, with

r = P[η ′(e) = trap]

= P[η(e) = trap]+P[η ′(e) = trap
∣∣η(e) = target]P[η(e) = target]

= r′+
r′

1− s′
· s′ = r′

1− s′
. (4.3.14)

Moreover, it is easily verified that the tuples σ ′ and η ′ are independent of each other as well: for
instance, we have

P
[
σ
′(x,y) = trap,η ′

(
(x,y),(x+1,y)

)
= trap

]
= P

[
η
(
(x,y),(x+1,y)

)
= target,η ′

(
(x,y),(x+1,y)

)
= trap

]
+P

[
η
(
(x,y),(x+1,y)

)
= trap,η

(
(x,y),(x,y+1)

)
= target

]
= s′ · r′

1− s′
+ r′ · s′ = r′s′(2− s′)

1− s′
=
(

2s′− s′2
) r′

1− s′
= pr,

as desired. It is now straightforward to see that by choosing q = 0, p as in (4.3.13) and r as in
(4.3.14), we can reduce (4.3.1) to (4.3.7), (4.3.2) to (4.3.8) and so on.

This transformation – from a generalized percolation game with the underlying parameter-triple
(p,0,r) to a bond percolation game with the underlying parameter-pair (r′,s′), where p is as given
by (4.3.13) and r is as given by (4.3.14) – as established above, lies at the heart of the proof that in
the regime covered by (B1) of Theorem 4.2.4, the probability of draw equals 0.
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4.3.3 A major contribution of this chapter in establishing ergodicity of ele-
mentary PCAs

Recall that a one-dimensional PCA is said to be elementary (see §1.1.1) if the cardinality of its
alphabet as well as its neighbourhood-marking set equals 2. The definitions of Gp,q,r and Er′,s′

in §4.3.1 immediately reveal that each of them is an elementary PCA. In Chapter 7 of [37], two
fundamental results pertaining to ergodicity of elementary PCAs have been proposed. We first
state these two results in terms of the notation used in this work. We let A = {W,L} (as has been
defined in §4.3.1) denote the alphabet of any elementary PCA F , and we let

θi, j = P
[
Fη(x) = L

∣∣η(x+ y1) = i,η(x+ y2) = j
]
, for i, j ∈A ,

where {y1,y2} forms the neighbourhood-marking set of F . Thus, the PCA F is completely speci-
fied by the parameters θW,W , θW,L, θL,W and θL,L. We call F symmetric when θW,L = θL,W , in which
case F is specified by only three parameters, namely, θW,W , θW,L and θL,L. The following are two
well-known results when it comes to ergodicity properties of symmetric elementary PCAs, stated
in Chapter 7 of [37]:

(a) the PCA F is ergodic when θW,W , θW,L and θL,L satisfy the inequalities:

0 < θW,W ,θW,L,θL,L < 1, (4.3.15)

θL,L > θW,W −2θW,L, (4.3.16)

θL,L > θW,W −2(1−θW,L); (4.3.17)

(b) the PCA F is ergodic when θW,W , θW,L and θL,L satisfy the inequality:

max{|θi, j−θk,`| : i, j,k, ` ∈ {W,L}}+2max{|θL,L−θW,L|, |θW,W −θW,L|}< 2. (4.3.18)

It has been mentioned in Chapter 7 of [37] that these two regimes together cover more than 90%
of the unit cube [0,1]3 defined by the parameter-triple (θW,W ,θW,L,θL,L), and that the only region
where no method of proving or disproving ergodicity for symmetric elementary PCAs, in gen-
eral, is known is the union of the neighbourhoods of the points (θW,W ,θW,L,θL,L) = (1,0,0) and
(θW,W ,θW,L,θL,L) = (1,1,0).

We now come to the two symmetric elementary PCAs that are of interest to us in this section,
namely Gp,q,r and Er′,s′ . We see, from (4.3.1), (4.3.2) and (4.3.3), that θW,W = (1− p), θW,L =

q+(1− p−q)r and θL,L = q+(1− p−q)r2 for Gp,q,r, so that we have (θW,W ,θW,L,θL,L) = (1,0,0)
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if and only if p = q = r = 0. Thus, the neighbourhood of (1,0,0) is obtained when we consider as
small a value of each of p, q and r as we desire. We then show, in Theorem 4.2.1, that if, in addition
to (θW,W ,θW,L,θL,L) being in the neighbourhood of (1,0,0) (equivalently, (p,q,r) being arbitrarily
close to (0,0,0)), at least one of p, q and r is strictly positive and the constraints specified in
Theorem 4.2.1 are satisfied, the PCA Gp,q,r is ergodic – thereby rigorously proving the ergodicity
of Gp,q,r in a considerable chunk of the neighbourhood of (1,0,0). Likewise, from (4.3.7), (4.3.8)
and (4.3.9), we see that θW,W = (1− s′)2, θW,L = r′(1− s′) and θL,L = r′2 for the PCA Er′,s′ , so
that we have (θW,W ,θW,L,θL,L) = (1,0,0) if and only if r′ = s′ = 0. Thus, the neighbourhood of
(1,0,0) is obtained when we consider as small a value of each of r′ and s′ as we desire. Part (B1)
of Theorem 4.2.4 then shows that, in addition to (θW,W ,θW,L,θL,L) being in the neighbourhood of
(1,0,0) (equivalently, (r′,s′) being arbitrarily close to (0,0)), if at least one of r′ and s′ is strictly
positive and (4.2.6) holds, the PCA Er′,s′ is ergodic – thereby rigorously proving the ergodicity of
Er′,s′ in a considerable chunk of the neighbourhood of (1,0,0).

In fact, even the regimes described by (B2) and (B3) of Theorem 4.2.4 go significantly beyond
those that are obtained via ((a)) and ((b)) for the PCA Er′,s′ . For instance, when s′ = 0, the criterion
in (4.3.15) fails to hold for Er′,s′ since θW,W = 1, so that (B2) falls outside of the regime described in
((a)). On the other hand, max{|θi, j−θk,`| : i, j,k, ` ∈A }= 1− r′2 and max{|θL,L−θW,L|, |θW,W −
θW,L|} = 1− r′ when s′ = 0, so that for (4.3.18) to hold, we must have 1− r′2 + 2(1− r′) =

3− 2r′− r′2 < 2⇐⇒ 2r′+ r′2 > 1⇐⇒ r′ > 0.414214. This tells us that the regime described in
(B2), i.e. s′ = 0 and r′ > 0.157175, goes far beyond the regime obtained by implementing ((b)).

When r′ = s′ (obviously, the common value for r′ and s′ in this case must be bounded above by
0.5, since r′+ s′ 6 1), we have θW,W = (1− r′)2, θW,L = r′− r′2 and θL,L = r′2. It is immediate
that these values of θW,W , θL,W and θL,L satisfy (4.3.15) when r′ ∈ (0,1). When examining if the
inequality in (4.3.16) is satisfied or not, we observe that

θL,L > θW,W−2θW,L⇐⇒ r′2 > (1−r′)2−2(r′−r′2)⇐⇒ 2r′2−4r′+1< 0⇐⇒ r′> 1− 1√
2
≈ 0.293.

When checking whether the inequality in (4.3.17) is satisfied or not, we obtain

θL,L > θW,W −2(1−θW,L)⇐⇒ r′2 > (1− r′)2−2(1− r′+ r′2)⇐⇒ 2r′2 +1 > 0,

which is indeed true for all (r′,s′) belonging to the regime in (B3). We thus conclude that when
r′ = s′, we require r′ > 0.293 for the inequalities in ((a)) to hold simultaneously, whereas our result
in this work is able to establish ergodicity for Er′,s′ whenever r′ = s′ > 0.10883. We now focus on
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the regime covered by ((b)) when r′ = s′. We observe that

max{|θW,W−θW,L|, |θW,W−θL,L, |θW,L−θL,L|}=max{|r′(2r′−1)|, |2r′−1|, |(1−r′)(2r′−1)|}= 1−2r′

and

max{|θW,W −θW,L|, |θW,L−θL,L|}= max{|r′(2r′−1)|, |(1− r′)(2r′−1)|}= (1− r′)(1−2r′),

so that 4.3.18 reduces to

1−2r′+2(1− r′)(1−2r′)< 2⇐⇒ 4r′2−8r′+1 < 0⇐⇒ r′ >
2−
√

3
2

≈ 0.13397.

Once again, our result, in (B3), establishes ergodicity for Er′,s′ whenever r′ = s′ > 0.10883, a
significant improvement on the lower bound that is provided by ((b)).

4.4 Motivations for studying generalized / bond percolation
games, and a brief review of pertinent literature

4.4.1 In oligopolistic competitions

The bond percolation game studied in this work can be interpreted as a ‘toy’ set-up for modeling
simplistic oligopolistic competitions. Imagine two companies, C1 and C2, locked in an oligopolis-
tic competition: if a company sustains a short term capital loss that is beyond a certain value, it is
forced to quit and leave the market, whereas if a company is able to make a capital profit beyond
a certain margin, its opponent gives up and quits, leading to a monopoly. We consider a highly
simplified model for such an oligopolistic market, in which we do not take into account possible
collusion and cooperation between the two companies. This model comprises a directed graph in
which each directed edge has been assigned a label, as follows: 1. either it is a trap edge, traveling
along which is equivalent to sustaining a disastrous capital loss, 2. or it is a target edge, traversing
which is equivalent to making a tremendous profit and dealing an irreparable blow to one’s oppo-
nent, 3. or it is a neutral or safe edge, traversing which forces neither of the two companies to exit
the market. This directed, labeled network is assumed to be visible, in its entirety, to both C1 and
C2. The companies make their moves in alternate rounds, where a move involves traveling along
a directed edge (u,v) (i.e. from the vertex u to the vertex v), where u is the vertex one’s opponent
reached at the end of the previous round. A company wins by either traversing a target edge, or
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by forcing its opponent to travel along a trap edge. A draw in this game would imply that neither
company is able to perform decisively better than the other and eliminate the competition. An
interesting future direction to explore, in the context of oligopolistic markets, would be where the
directed, labeled network is not visible a priori to the two companies engaged in this competition,
but instead, is generated dynamically (i.e. once a company has traveled along the directed edge
(u,v), the label of the directed edge (v,w) is revealed for every vertex w to which an edge from v

exists).
A similar applicability of our bond percolation game can be found in simplistically modeling

TV debates in which two rival politicians, or the spokespersons of two rival political parties, have
taken part. The lines of argument on a single topic of debate that can be pursued, are represented
by the (directed) edges of a (possibly infinite) graph. Given vertices u, v and w such that there is a
directed edge, (u,v), from u to v, and another, (v,w), from v to w, we assume that (v,w) represents
a line of argument that counters the line of argument represented by (u,v). From prior social
experiments and / or prior experience, both participants are already aware of

1. each line of argument, represented by a target edge, that is popular with the audience, so that
traversing it leads to an increase in the political capital or political goodwill,

2. each line of argument, represented by a trap edge, that is not favoured by the audience (but
a participant may be forced to pursue such a line of argument if their opponent manages to
“corner” them suitably) and is likely to prove detrimental to the public image of the partici-
pant pursuing it, thereby depleting their political capital,

3. each line of argument, represented by a neutral or safe edge, that has little power in swaying
the audience either in favour of or against the participant pursuing it.

If the anchor chooses to end the debate (and declare a winner) the moment one of the participants
traverses an edge that is not safe, we get back the bond percolation game that we study in thiswork.

4.4.2 As an adversarial avatar of percolation

Another usefulness of our generalized / bond percolation game lies in incorporating an adversarial

element into the notion of ordinary site and / or bond percolation on directed infinite graphs. Perco-
lation, by itself, is a vast and ever-expanding area of research that spans a multitude of disciplines,
including statistical physics, chemistry, computer science, biology and sociology (for instance, in
the understanding of phenomena such as polymeric gelation, the spread of a forest fire or the prop-
agation of an epidemic, the transportation of a fluid through a porous material etc.). Percolation
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games (more specifically, site percolation games) were first introduced in [60], where each ver-

tex of the infinite 2-dimensional square lattice Z2 was assigned, independently, a label that read
trap with probability p, target with probability q, and open with probability (1− p−q). The two
players were allowed the same moves as those permitted in our game in §4.2, and a player won
if she could move the token to a vertex labeled a target or force her opponent to move the token
to a vertex labeled a trap. It was shown that the probability of draw in this game is 0 whenever
(p+q)> 0. The set-up described for our generalized percolation game in §4.2 is a natural and im-
portant generalization of this model, as it additionally considers a random assignment of labels to
the edges of Z2. The result presented in [60] was, in some sense, extended in [16], where the token
was permitted to be moved from where it was currently located, say the vertex (x,y), to any one
of (x,y+1), (x+1,y+1) and (x+2,y+1). As in [60], it was shown in [16] that the probability
of draw is 0 whenever at least one of p and q is strictly positive. A different direction of general-
ization of the above-mentioned site percolation game on Z2 was pursued in [15], by allowing the
token to be moved from (x,y) to one of (x,y+1) and (x+1,y+1) if x is even, and from (x,y) to
one of (x+1,y+1) and (x+2,y+1) if x is odd.

It is worthwhile to note here that when s′ = 0 and r′ > 0 in the set-up described for our bond
percolation game in §4.2, the game is essentially a normal game that is being played on the infinite
oriented 2-dimensional square lattice, Z2, once the process of bond percolation, with edge-deletion
probability r′, has been performed on it. This can be justified as follows: each edge of Z2 is, inde-
pendently, retained with probability (1− r′) and deleted with probability r′. A move in the normal
game played on this premise involves relocating the token from where it is currently located, say
the site (x,y), to either (x+ 1,y) (if the directed edge

(
(x,y),(x+ 1,y)

)
has not been deleted) or

to (x,y+ 1) (if the directed edge
(
(x,y),(x,y+ 1)

)
has not been deleted). A player loses if she is

unable to make a move (i.e. there are no outgoing edges from the site where the vertex is currently
located). The game continues indefinitely if neither player ever encounters a site from which both
outgoing edges have been deleted, and this is possible only if there exists an infinite path starting
from the initial vertex, i.e. if percolation happens. Thus, in such a scenario, the probability of
draw is bounded above by the probability of occurrence of percolation, i.e. the probability of the
existence of an infinite path that begins from the initial vertex. In this context, we refer the reader
to [61], where the normal game, as well as the misère and the escape games have been studied on
rooted Galton-Watson trees.
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4.4.3 A brief discussion on Maker-Breaker percolation games

A different flavour of two-player combinatorial games pertaining to percolation, broadly referred
to as the Maker-Breaker percolation games, was introduced in [34]. An m× n rectangular grid
was considered, and two players, titled Maker and Breaker, took turns to make moves. When it
was Maker’s turn to move, she claimed m (as yet unclaimed) edges of the grid, and when it was
Breaker’s turn, she deleted b (as yet unclaimed) edges of the grid. Maker won if she managed to
claim all edges constituting a crossing path joining the left boundary of the grid to its right bound-
ary. Given m,n ∈ N, [34] investigated the values of (m,b) for which this two-player positional

game, titled the (m,b)-crossing game, was won by Maker. In [35], an infinite connected graph
Λ was considered, and a vertex v0 ∈ Λ was specified. The Maker-Breaker percolation game was
played on this premise (with the permitted moves being the same as those in [34]), and Breaker was
said to win if at any point of time during the game, the connected component of Λ containing v0

became finite. Two specific instances of Λ were considered: the 2-dimensional lattice Z2 and the
d-regular tree (also known as the Bethe lattice, in which each vertex has degree d), and conditions
involving m and b (and d, in the latter instance) were established under which Maker (respectively,
Breaker) had a winning strategy. In [41], a critical threshold (lower bound) for b in terms of m was
found such that if b were to exceed this value, Breaker would win the Maker-Breaker percolation
game on Z2. Furthermore, [41] showed that when the game was played on Z2 after the usual bond
percolation process with parameter p had been performed, and p was not too large compared to 1

2 ,
Breaker almost surely won the Maker-Breaker percolation game when m = b = 1 (referred to as
the unbiased version). Continuing the work accomplished in [41], in [42], it is shown that when
p < 1, Breaker almost surely wins the (1,1) Maker-Breaker percolation game on the same (ran-
dom) premise as considered in [41], and it is further established that in the (2,1) Maker-Breaker
percolation game on this premise, Maker almost surely wins whenever p > 0.9402, while Breaker
almost surely wins whenever p < 0.5278. In [103], the (m,b)-crossing game was studied on a
triangular grid that was m vertices across and n vertices high. In [42], the (m,b) Maker-Breaker
percolation game, with m = b = 1 is played on the 2-dimensional square lattice Z2 after the usual
bond percolation process with parameter p has been performed on it.
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4.5 Motivation for studying the PCAs we consider in this chap-
ter

PCAs find applications in various domains like fault-tolerant computation, classifying CAs based
on robustness, connections to Gibbs potentials in statistical mechanics, and modeling complex
systems in physics, chemistry, and biology. For a comprehensive survey on PCAs and their de-
velopment, we refer the reader to [73] and [37]. The applications of PCAs are extensive, span-
ning probability, statistical mechanics, computer science, natural sciences, dynamical systems,
and computational cell biology, as showcased in [70], [68], [44], [86], and many others.

But why are the specific PCAs we study, i.e. Gp,q,r, Ĝp,q,r, Er′,s′ and Êr′,s′ , of interest (inde-
pendent of the significance they have in the context of our bond percolation games)? Focusing
on Er′,s′ , we see that it can be interpreted as a learning model for social learning in a system of
interacting particles (these particles are often thought of as players or agents). The notion of social
learning was introduced in [43], which studied how the speed of learning and market equilibrium
were impacted by social networks and other institutions governing communication among market
participants. In [8], a general framework in which agents, unaware of the payoffs from different
actions, use their own past experience and the experience of their neighbours to guide their deci-
sion making. In [9], an approach to network formation is studied in which it is assumed that a link
formed by one agent with another allows access, in part and in due course, to the benefits available
to the latter agent via their own links. In [30], a model of social learning in a population of myopic,
memoryless individuals is studied in which the agents are placed on Z and at each time-step, each
agent performs an experiment using the technology they currently possess, then takes into account
the outcome of their own experiment as well as the outcomes of the experiments performed by
their neighbours.

Coming back to our PCA Er′,s′ , we refer to Figure 4.6. Let each vertex or site on the integer
line Z be inhabited by an agent, and at the beginning of each epoch (here, the epochs are indexed
by the set N0 of non-negative integers), each agent can avail one of two technologies: W and
L. During each epoch, each agent performs, using the technology it has chosen to adopt at the
beginning of that epoch, an experiment that has two possible outcomes: success and failure. An
agent using technology W has probability s′ of achieving success, while an agent equipped with
technology L has probability (1−r′) of achieving success. It is assumed that these outcomes occur
independently for all agents on Z, over all epochs in N0. At the beginning of each epoch, an agent
looks at itself and its nearest neighbour to the right, and 1. updates its technology to L if and only
if both of them suffered failures at the previous time-step, 2. or else, it updates its technology to

178



W . Figure 4.6 reveals that this is exactly how updates happen when we apply the stochastic update
rules corresponding to Er′,s′ (recall these rules from §4.3.1). An understanding of the ergodicity,
and subsequently, limiting distribution(s) of Er′,s′ will, therefore, reveal how the diffusion of the
technologies, W and L, happens throughout this system of interacting agents as time approaches
∞.

W W L

W

W

L

L L

W

L

2s′ − s
′2

(1− s
′)2

W 1− r
′ + r

′
s
′

L r
′
− r

′
s
′

W 1− r
′2

L r
′2

Figure 4.6: Illustrating the stochastic update rules of the PCA Er′,s′

Referring to Figure 1 of [73] and identifying W with the symbol 0 and L with the symbol 1, we
see that Er′,s′ can be viewed as a generalization of the noisy additive PCA, since Er′,s′ allows us
to introduce randomness into the update ηt+1(x) that happens conditioned on (ηt(x),ηt(x+1)) =
(0,0) or on (ηt(x),ηt(x+1))= (1,1). We may even provide an interpretation to Er′,s′ that is similar
to the interpretation of how we obtain noisy additive PCAs: given ηt , for each x ∈ Z, we first set
the value at x to be 1

2ηt(x)+ 1
2ηt(x+1), and then obtain ηt+1(x) by

1. flipping a 0 to a 1 with probability (1− s′)2,

2. flipping a 1 to a 0 with probability 1− r′2,

3. flipping a 1
2 to a 1 with probability r′(1− s′) and to a 0 with probability 1− r′(1− s′).

Referring to Figure 7 of [73], we see that Er′,s′ can also be seen as a generalization of the di-

rected animals PCA, allowing us to incorporate randomness into ηt+1(x) when we condition on
(ηt(x),ηt(x+1)) being an element from the set {(0,1),(1,0),(1,1)}. In [20], the random gas

model on an agreeable graph has been described, in which a site (i.e. a vertex of the graph) cannot
be occupied if any of its “children” or “neighbours” is occupied by a gas particle. Our PCA Er′,s′

admits a generalization of this model when we let W indicate the state of being unoccupied and L

indicate the state of being occupied: assuming that both r′ and s′ are very small, and considering
the underlying graph to be Z2 in which the “children” or “neighbours” of (x,y) are (x+ 1,y) and
(x,y+1),

1. if both (x+1,y) and (x,y+1) are unoccupied, then (x,y) is occupied with probability (1−
s′)2, and unoccupied otherwise,
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2. if precisely one of (x+1,y) and (x,y+1) is occupied, then (x,y) is occupied with probability
r′(1− s′) (which is much lower than the probability of occupation in the first case), and
unoccupied otherwise,

3. if both of (x+ 1,y) and (x,y+ 1) are occupied, then (x,y) is occupied with probability r′2

(which, in turn, is much lower than the probability of occupation in the second case), and
unoccupied otherwise.

In some sense, we can see this as a less idealized, more practical version of the random gas model,
in which gas particles do repel each other but not so strongly that the occupation of a “child”
or “neighbour” to a given vertex completely prevents the occupation of that vertex (i.e. our PCA
Er′,s′ allows for a random gas model without hard constraints), and where the higher the number
of occupied “children” or “neighbours” of a vertex, the lower the chance of that vertex being
occupied.

Very similar motivations justify the importance of studying the PCA Gp,q,r as well.
We mention here that [23] shows the existence of a δ0 > 0 such that an elementary PCA (whose

alphabet comprises the symbols W and L) with the NAND function and either a vertex-binary-
symmetric-channel (BSC) noise with parameter δ or an edge-BSC noise with parameter δ is er-
godic for all δ ∈ (0,δ0) (to elucidate, the BSCδ operator applied to a symbol from {W,L} keeps it
intact with probability (1−2δ ) and switches it to the other symbol with probability 2δ ).

Finally, given that, of the two main objects we investigate in this section, one is a class of PCAs
and the other a game that is closely tied to the process of percolation, it is only relevant that we
draw attention of the reader to a few of the works in the literature dedicated to exploring the con-
nection between PCAs and percolation. In [56], it is shown that additive PCAs can be interpreted
as oriented site percolation models. In [57], a technique for proving the sharpness of phase transi-
tions in percolation is implemented in the setting of attractive PCAs. Moreover, a correspondence
between PCAs and bootstrap percolation is established in [57], thereby deducing exponential de-
cay of the probability of remaining healthy above criticality for a class of bootstrap percolation
models, with implications for related kinetically constrained models. It is further demonstrated
that this correspondence provides an equivalence between the non-triviality of the phase transition
in certain bootstrap percolation models and the stability, with respect to noise, of certain CAs.
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4.6 Game rules: an analysis of each game via recurrence rela-
tions

Recall, from §4.1, our brief allusion to game rules as the bridge between our percolation games on
one hand, and our PCA on the other. Deducing these game rules, or, in other words, recurrence
relations that govern the games we study, is key to our analysis, and §4.6 is dedicated to this task.

We partition Z2 into the following three (random) subsets of vertices (the randomness arises
from the random assignment of labels as described in §4.2):

1. we let W consist of all (x,y) ∈ Z2 such that the game with (x,y) as its initial vertex is won
by the player who plays its first round;

2. we let L consist of all (x,y) ∈ Z2 such that the game with (x,y) as its initial vertex is lost by
the player who plays its first round;

3. and we let D comprise all (x,y)∈Z2 such that the game with (x,y) as the initial vertex results
in a draw.

In particular, in case of generalized percolation games, a vertex labeled a trap is placed in the set
W , while a vertex labeled a target is placed in the set L. The intuition behind such a convention
can be explained as follows. One may imagine an unseen round that takes place before the actual

game begins, during which the player who is supposed to play the second round of the actual
game moves the token to the initial vertex (x,y). If (x,y) is a trap, she loses immediately, allowing
her opponent, i.e. the player who is supposed to play the first round of the actual game, to win
even before the game begins, justifying the reason why we include each trap vertex in the set W .
Likewise, the reason for including target vertices in the set L is justified.

For each k ∈ Z, we set Sk = {(x,y) ∈ Z2 : x+ y = k} (i.e. Sk is the diagonal line, running from
top-left to bottom-right, that constitutes all those vertices of Z2 whose coordinates sum to k). Right
away, we state the following fact that becomes evident from the description of both of our games
in §4.2:

1. once each vertex on Sk+1 has been categorized into one of the subsets W , L, and D,

2. each edge between Sk and Sk+1 has received its label (which is ‘trap’ or ‘open’ when we
consider the generalized percolation game, and ‘trap’ or ‘target’ or ‘open’ when we consider
the bond percolation game),
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3. and each vertex on Sk has received its label (this is relevant only for the generalized percola-
tion game, and the label is any one of ‘trap’, ‘target’ and ‘open’),

we are in a position to uniquely determine which of W , L and D each vertex on Sk belongs to.
How this determination happens is revealed via the recurrence relations, or game rules, described
in §4.6.1 and §4.6.2.

4.6.1 Game rules for the generalized percolation game

Fix any k ∈ Z, any (x,y) ∈ Sk, and set Out(x,y) = {(x+ 1,y),(x,y+ 1)}. We assume that (x,y)
serves as the initial vertex for a generalized percolation game, and we let P1 denote the player who
plays the first round, and P2 the player who plays the second round of this game. Recalling the
rules of the generalized percolation game described in §4.2, we are able to make the following
observations:

1. When both vertices of Out(x,y) are in W , P2 wins no matter how P1 moves in the first round,
unless (x,y) has been labeled a trap. Therefore, in this case, (x,y) ∈ L with probability
(1− p) and (x,y) ∈W with probability p.

2. When (x + 1,y) ∈ L and (x,y + 1) ∈ W (an analogous situation arises when (x + 1,y) ∈
W and (x,y+ 1) ∈ L), P1 wins (by moving the token from (x,y) to (x+ 1,y) in the first
round) if either (x,y) has been labeled a trap or (x,y) has been labeled open and the directed
edge

(
(x,y),(x+ 1,y)

)
is also open, while P2 is the winner otherwise. Therefore, in this

case, (x,y) ∈W with probability {p+(1− p− q)(1− r)}, and (x,y) ∈ L with probability
{q+(1− p−q)r}.

3. When both vertices of Out(x,y) are in L, P1 wins if (x,y) has been labeled a trap or (x,y)
is open and at least one of the edges

(
(x,y),(x+ 1,y)

)
and

(
(x,y),(x,y+ 1)

)
is also open,

while P2 wins otherwise. Therefore, in this case, (x,y) ∈W with probability {p+(1− p−
q)(1− r2)}, and (x,y) ∈ L with probability {q+(1− p−q)r2}.

4. When (x+ 1,y) ∈W and (x,y+ 1) ∈ D (an analogous situation arises when (x+ 1,y) ∈ D

and (x,y+ 1) ∈W ), P1 wins if (x,y) has been labeled a trap, the game results in a draw if
(x,y) is open and the edge

(
(x,y),(x,y+ 1)

)
has not been labeled a trap, and P2 wins in all

other cases. Therefore, we have (x,y) ∈W with probability p, (x,y) ∈ D with probability
(1− p−q)(1− r), and (x,y) ∈ L with probability {q+ r(1− p−q)}.
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5. When (x+1,y) ∈ L and (x,y+1) ∈D (an analogous situation arises when (x+1,y) ∈D and
(x,y+1)∈ L), P1 wins if (x,y) has been labeled a trap, or if both the vertex (x,y) and the edge(
(x,y),(x+1,y)

)
are open. The game results in a draw if (x,y) is open, the edge

(
(x,y),(x+

1,y)
)

has been labeled a trap and the edge
(
(x,y),(x,y+1)

)
is open, while in all other cases,

P2 wins. Therefore, we have (x,y) ∈W with probability {p+(1− p−q)(1− r)}, (x,y) ∈ D

with probability (1− p−q)r(1− r), and (x,y) ∈ L with probability {q+ r2(1− p−q)}.

6. Finally, when both vertices of Out(x,y) are in D, P1 wins if (x,y) is a trap, the game results in
a draw if (x,y) is open and at least one of the edges

(
(x,y),(x+1,y)

)
and

(
(x,y),(x,y+1)

)
is open, and in all other cases, P2 wins. Therefore, (x,y) ∈W with probability p, (x,y) ∈ D

with probability (1− p−q)(1− r2) and (x,y) ∈ L with probability {q+ r2(1− p−q)}.

For each k ∈ Z, we identify Sk with a copy of the integer line Z, by identifying the vertex (x,k−x)

on Sk with x on Z. For an arbitrary but fixed k∈Z, let ω(x)∈ ˆA = {W,L,D}, referred to as the state

of the vertex (x,k+1− x), denote the subset (out of W , L and D) to which (x,k+1− x) belongs,
for each x ∈ Z. Conditioned on the infinite tuple ω = (ω(x) : x ∈ Z) that specifies the state of each

vertex on Sk+1, the random state of the vertex (x,k− x), lying on Sk, equals Ĝp,q,rω(x) for each
x∈Z, as is evident from the recurrence relations described above, and from (4.3.1), (4.3.2), (4.3.3),
(4.3.4), (4.3.5) and (4.3.6)). This is how the game rules governing the generalized percolation game
give rise to the PCA Ĝp,q,r.

4.6.2 Game rules for the bond percolation game

The recurrence relations arising from the bond percolation game described in §4.2 can be deduced
in much the same manner as those derived in §4.6.1 for the generalized percolation game. We let
an arbitrarily chosen (x,y)∈ Sk, for some k ∈Z, be the initial vertex, and assume, as before, that P1

plays the first round of the game while P2 plays the second. We then deduce the state of the vertex
(x,y), i.e. which of the subsets W , L and D it belongs to, as follows:

1. When both vertices of Out(x,y) are in W , P1 loses unless at least one of the edges
(
(x,y),(x+

1,y)
)

and
(
(x,y),(x,y+ 1)

)
has been labeled a target, so that (x,y) ∈ L with probability

(1− s′)2 and (x,y) ∈W with probability (2s′− s′2).

2. When (x+1,y) ∈ L and (x,y+1) ∈W (analogously, when (x+1,y) ∈W and (x,y+1) ∈ L),
P1 wins unless the edge

(
(x,y),(x+1,y)

)
has been labeled a trap and the edge

(
(x,y),(x,y+

1)
)

is not a target. Hence, (x,y) ∈ L with probability r′(1− s′), and (x,y) ∈W with proba-
bility {1− r′(1− s′)}.
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3. When both vertices of Out(x,y) are in L, P1 wins unless both the edges
(
(x,y),(x+ 1,y)

)
and

(
(x,y),(x,y+1)

)
are traps. Therefore, (x,y)∈ L with probability r′2 and (x,y)∈W with

probability (1− r′2).

4. When (x+1,y)∈W and (x,y+1)∈D (analogously, when (x+1,y)∈D and (x,y+1)∈W ),
P1 wins if at least one of the edges

(
(x,y),(x+1,y)

)
and

(
(x,y),(x,y+1)

)
has been labeled

a target, the game results in a draw if
(
(x,y),(x+1,y)

)
is not a target and

(
(x,y),(x,y+1)

)
is open, and in every other case, P2 wins. Thus, (x,y) ∈W with probability {1− (1− s′)2},
(x,y) ∈ D with probability (1− s′)(1− r′− s′), and (x,y) ∈ L with probability r′(1− s′).

5. When (x+1,y)∈ L and (x,y+1)∈D (analogously, when (x+1,y)∈D and (x,y+1)∈ L), P1

wins as long as the edge
(
(x,y),(x+1,y)

)
is not a trap or at least one of the edges

(
(x,y),(x+

1,y)
)

and
(
(x,y),(x,y+ 1)

)
is a target, the game results in a draw if

(
(x,y),(x+ 1,y)

)
is a

trap and
(
(x,y),(x,y+ 1)

)
is open, and in all other cases, P2 wins. Thus, (x,y) ∈W with

probability {1− r′(1− s′)}, (x,y) ∈ D with probability r′(1− r′− s′), and (x,y) ∈ L with
probability r′2.

6. When both vertices of Out(x,y) are in D, P1 wins if at least one of
(
(x,y),(x+ 1,y)

)
and(

(x,y),(x,y + 1)
)

is a target, the game results in a draw if neither
(
(x,y),(x + 1,y)

)
nor(

(x,y),(x,y+1)
)

is a target but not both are traps, and P2 wins otherwise. Thus, (x,y) ∈W

with probability {1− (1− s′)2}, (x,y) ∈ D with probability (1− r′− s′)(1+ r′− s′), and
(x,y) ∈ L with probability r′2.

As argued in §4.6.1, the above-mentioned recurrence relations or game rules governing the bond
percolation game are captured precisely by the stochastic update rules of the PCA Êr′,s′ in (4.3.7),
(4.3.8), (4.3.9), (4.3.10), (4.3.11) and (4.3.12).

4.7 Proofs of Theorems 4.2.1, 4.2.4 and 4.3.1, assuming Theo-
rems 4.7.1 and 4.7.2 to be true

Let us consider a generalized percolation game on Z2. For each fixed realization of the random
assignment of labels (as described in §4.2) to the vertices and edges of our graph Z2, each vertex
(x,y) ∈ Z2 can be classified uniquely into one of the subsets W , D and L (dictated by the outcome
of the game whose initial vertex is (x,y)), and we refer to this subset as the state of (x,y). Let
ηηη(x,y) denote the random state of (x,y) induced by the random assignment of labels to the vertices
and edges of Z2. Since all vertices of Z2 bear labels that are i.i.d., and all edges of Z2 bear
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labels that are i.i.d. as well, the joint law µk of the random infinite tuple (ηηη(x,y) : (x,y) ∈ Sk) =

(ηηη(x,k− x) : x ∈ Z) is the same for every k∈Z, so that we may denote this common law henceforth
by µ (with no dependence on k). Referring to the game rules explained in §4.6.1 and how they can
be represented by Ĝp,q,r defined in §4.3, we can write Ĝp,q,rµk+1 = µk, for each k ∈ Z. Combining
the two observations made above, we conclude that Ĝp,q,rµ = µ , thus proving that µ is a stationary
distribution for Ĝp,q,r. Moreover, the i.i.d. nature of the assignment of labels to the vertices and
edges of Z2 ensures that µ is both translation-invariant and reflection-invariant. By these two
attributes, we mean the following:

1. Recall, from the last paragraph of §4.6.1, that we identify Sk with Z by mapping (x,k− x)

onto x for each x ∈ Z. Consequently, µ can be thought of as a probability measure on
Ω = ˆA Z = {W,L,D}Z. For any y ∈ Z, we let Ty : Ω→ Ω map any configuration η =

(η(x) : x ∈ Z) to the configuration Tyη = (T yη(x) : x ∈ Z) where Tyη(x) = η(x+ y) for
each x ∈ Z. A probability measure ν , defined with respect to the σ -field F generated by all
the cylinder sets of Ω, is said to be translation-invariant if ν(B) = ν (TyB) for every B ∈ D,
where TyB = {Tyη : η ∈ B}.

2. Let R : Ω → Ω map any configuration η = (η(x) : x ∈ Z) to the configuration Rη =

(Rη(x) : x ∈ Z) where Rη(x) = η(−x) for each x ∈ Z. A probability measure ν , defined
with respect to F , is said to be reflection-invariant if ν(B) = ν (RB) for every B∈D, where
RB = {Rη : η ∈ B}.

We now state what can be considered the most technically challenging result of ourwork (the
measure µ in the statement of Theorem 4.7.1 need not be the same as the one alluded to in the
previous paragraph):

Theorem 4.7.1. Let (p,q,r) ∈ Θ satisfy the constraints stated in Theorem 4.2.1, i.e. each of p,

q and r is sufficiently small, the inequality in (4.2.1) holds, and precisely one of (4.2.2), (4.2.3),
(4.2.4) and (4.2.5) is true. If µ is any translation-invariant and reflection-invariant stationary

distribution for Ĝp,q,r, then for any fixed but arbitrary x ∈ Z, the probability, under µ , that x is

assigned the state D, abbreviated as µ(D), equals 0.

An analogous result is true in case of bond percolation games, and can be stated as follows:

Theorem 4.7.2. Let (r′,s′)∈Θ′ belong to any one of the three regimes described in Theorem 4.2.4,

i.e. one of (B1), (B2) and (B3). If µ is any translation-invariant and reflection-invariant stationary

distribution for Êr′,s′ , then for any fixed but arbitrary x ∈ Z, the probability, under µ , that x is

assigned the state D, abbreviated simply as µ(D), equals 0.
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The proofs of Theorems 4.7.1 and 4.7.2 are accomplished in §4.8 and §4.9 respectively, em-
ploying the technique of weight functions or potential functions that was first introduced in [60]
and later explored in [23], [16] and [15].

We have yet to establish a connection between the ergodicity of either of the PCAs Gp,q,r and
Ĝp,q,r (respectively, Er′,s′ and Êr′,s′) and the event of draw in our generalized percolation game
(respectively, bond percolation game). This is where Gp,q,r (respectively, Er′,s′) plays an important
role.

Theorem 4.7.3. For each (p,q,r) ∈Θ, the generalized percolation game, with underlying param-

eters p, q and r, has probability 0 of resulting in a draw if and only if the PCA Gp,q,r is ergodic.

Likewise, for each (r′,s′) ∈ Θ′, the bond percolation game, with underlying parameters r′ and s′,

has probability 0 of resulting in a draw if and only if the PCA Er′,s′ is ergodic.

Proof. The proof of Theorem 4.7.3 happens via the exact same argument as the proof of Proposi-
tion 2.2 of [60], and is therefore omitted from this work.

Our next result is Lemma 4.7.4, and we note that it can be proved in exactly the same way
as Proposition 2.1 of [60] (this lemma, in fact, gets used in proving one side of the two-way
implication asserted upon in Theorem 4.7.3):

Lemma 4.7.4. The PCA Ĝp,q,r is ergodic if and only if the PCA Gp,q,r is ergodic. Likewise, Êr′,s′

is ergodic if and only if Er′,s′ is ergodic.

Some discussion is now in order as to the philosophy behind invoking the notion of envelope
PCAs. We let F denote a d-dimensional PCA endowed with the alphabet AF = {W,L}, some
neighbourhood-marking set NF , and stochastic update rules given by some stochastic matrix ϕF .
Introduced in [28], the envelope PCA F̂ corresponding to F is a different PCA whose alphabet
AF̂ = {W,L,D} is obtained by appending AF with the symbol D. The neighbourhood-marking
set for F̂ is, once again, NF , and the stochastic update rules for F̂ are captured by the stochastic
matrix ϕF̂ such that, when we restrict AF̂ to AF , the corresponding restriction of ϕF̂ yields ϕF .
The state spaces for F and F̂ are respectively ΩF = A Zd

F and ΩF̂ = A Zd

F̂
. A configuration η =(

η(x) : x ∈ Zd) in ΩF̂ can be thought of as a configuration that actually belongs to ΩF , but with an
unknown symbol (which could equal either W or L) occupying each coordinate x of Zd for which
η(x) = D. Thus, the symbol D acts as a placeholder whenever x ∈ Zd is occupied by a symbol
from the original alphabet AF that we are not aware of or are uncertain about. Given an ergodic
PCA F with the unique stationary distribution µ , the motivation for introducing envelope PCAs
lies in coming up with an efficient procedure, known as a perfect sampling procedure (see [87] and
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[28]), for generating a configuration from µ . One such algorithm implements the coupled from the

past (CFTP) method proposed in [87], but it is inefficient when the state space ΩF is large (for
instance, in this work, ΩGp,q,r = ΩEr′,s′ = {W,L}Z is uncountably infinite). Even when the PCA F

is ergodic, the corresponding envelope PCA F̂ may or may not be ergodic, but if it is, then [28]
shows that an efficient perfect sampling procedure can be achieved by running F̂ on a single initial
configuration. The envelope PCA F̂ is used to couple two (random) configurations obtained via
(possibly repeated) applications of F , and as mentioned above, the symbol D is used to populate
the cells of Zd at which these two coupled configurations may differ from one another.

We are now in a position to prove Theorem 4.2.1, assuming the conclusion of Theorem 4.7.1,
as follows:

Proof of Theorem 4.2.1. Let (p,q,r) ∈ Θ satisfy the constraints stated in Theorem 4.2.1. Once
Theorem 4.7.1 has been established, it allows us to conclude that µ [{ηηη(x,k− x) = D}] = 0 for
any x,k ∈ Z, where µ is the joint law of (ηηη(x,k− x) : x ∈ Z) (see the first paragraph of §4.7).
Such a conclusion is possible because we showed, just before stating Theorem 4.7.1, that µ is a
translation-invariant and reflection-invariant stationary distribution for Ĝp,q,r. In other words, for
any vertex (x,k−x) lying on any diagonal Sk, the probability that it belongs to D equals 0 under µ .
Therefore, almost surely, there is no vertex in Z2 which, when serving as the initial vertex for the
generalized percolation game, leads to a draw. This, along with Theorem 4.7.3 and Lemma 4.7.4,
yields the conclusion of Theorem 4.2.1.

The argument for proving Theorem 4.2.4, provided Theorem 4.7.2 holds, is identical to the
above.

Proof of Theorem 4.3.1. As explained above, once Theorem 4.7.1 has been established, the con-
clusion of Theorem 4.2.1 follows. By Theorem 4.7.3, we then know that the PCA Gp,q,r is ergodic
whenever the underlying parameter-triple (p,q,r) belongs to Θ and satisfies the constraints stated
in Theorem 4.2.1. By Lemma 4.7.4, we further conclude that the envelope PCA Ĝp,q,r is ergodic
for all such values of (p,q,r) as well. This concludes the proof of the first assertion stated in The-
orem 4.3.1. The proof of the second assertion of Theorem 4.3.1 follows via an identical argument
(in which we replace Theorem 4.2.1 by Theorem 4.2.4).

All we have left to prove now are Theorems 4.7.1 and 4.7.2.
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4.8 The proof of Theorem 4.7.1 by the technique of weight
functions

It was stated in §4.7 that the crux of this work lies in the rather technical proof of Theorem 4.7.1
(and its counterpart in case of bond percolation games, Theorem 4.7.2). Before proceeding with the
proof, we summarize here, for the reader’s convenience, how the rest of §4.8 has been organized:

1. In §4.8.1, we outline the central ideas relevant to the step-by-step construction of our weight
function – these ideas apply equally well to the construction of the weight functions that
allow us to prove Theorem 4.7.2.

2. In §4.8.2, we state, without proof, the weight function we come up with for the generalized
percolation game, the weight function inequality it satisfies, and finally, draw the desired
conclusion from this inequality (thus proving Theorem 4.7.1) .

3. In §4.8.3, we show the details of each step leading to the construction of our weight function.

4.8.1 The principal ideas behind the construction of our weight functions

We present to the reader a very broad, but hopefully comprehensive, outline of how we aim to
accomplish the proof of Theorem 4.7.1. We denote by R the subset of the parameter-space Θ

(defined in §4.2) that consists of all those triples (p,q,r) that satisfy the constraints stated in The-
orem 4.2.1 – in other words, p, q and r are sufficiently small, the inequality in (4.2.1) holds, and
precisely one of (4.2.2), (4.2.3), (4.2.4) and (4.2.5) is true. Although, in the rest of §4.8.1, we focus
on (p,q,r) ∈R and work with the envelope PCA Ĝp,q,r corresponding to generalized percolation
games, this overview is equally pertinent to the construction of the weight functions corresponding
to the three different regimes addressed in Theorem 4.7.2 for bond percolation games.

Recall, from §4.3.1, that the state space corresponding to our envelope PCA, Ĝp,q,r, is Ω =

ˆA Z, where ˆA = {W,L,D} is its alphabet. Let M denote the space of all reflection-invariant
and translation-invariant (recall these definitions from §4.7) probability measures on Ω, defined
with respect to the σ -field F generated by all cylinder sets of Ω. The goal is to come up with a
“suitable” real-valued function w, referred to as a weight function or potential function, defined on
M . As such, a weight function (that serves the purpose outlined below) need not be unique, but as
far as this work is concerned, we construct w as a linear combination of the form

w(µ) =
t

∑
i=1

ciµ(Ci), (4.8.1)
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where t ∈ N, each of C1, . . ., Ct is a cylinder set (thus belonging to F ), and each of c1, . . ., ct

is a real-valued function (in fact, a polynomial) in the parameters p, q and r. We would like this
function to satisfy an inequality, henceforth referred to as a weight function inequality, of the form

w
(

Ĝp,q,rµ

)
6 w(µ)−

t ′

∑
i=1

c′iµ
(
C ′i
)
, (4.8.2)

where t ′ ∈N, and C ′i is a cylinder set and c′i is a real-valued function (once again, a polynomial) in
p, q and r, for each i ∈ {1,2, . . . , t ′}. It must be ensured that

c′i > 0 for each i ∈ {1,2, . . . , t ′} for each (p,q,r) ∈R. (4.8.3)

Let I denote the set of all i, with i ∈ {1,2, . . . , t ′}, such that c′i > 0 whenever (p,q,r) ∈R. If µ

is stationary for Ĝp,q,r (so that Ĝp,q,rµ = µ) and I is non-empty, by (4.8.3) we conclude that
µ (C ′i ) = 0 for each i ∈ I whenever (p,q,r) ∈ R. If the cylinder sets C ′1, . . . ,C

′
t ′ have been

chosen judiciously enough, suitable set-theoretic operations performed on C ′i , for i ∈ I , allow
us to conclude that µ ((D)0) = 0 whenever (p,q,r) ∈R (here, (D)0 indicates the cylinder set that
consists of all configurations η = (η(x) : x ∈Z) with η(0) = D, i.e. in which the 0-th coordinate is
occupied by the symbol D). This concludes the primary idea propelling the proof of Theorem 4.7.1.

From here onward, we make use of some simplified notations, as follows. In its most gen-
eral form, a cylinder set is indicated by (a1,a2, . . . ,a`)x1,x2,...,x` , where a1,a2, . . . ,a` ∈ ˆA and
x1,x2, . . . ,x` ∈ Z, signifying that this cylinder set comprises all tuples η = (η(x) : x ∈ Z) in which
η(xi) = ai for each i ∈ {1,2, . . . , `}. When x1,x2, . . . ,x` are consecutive integers, i.e. xi+1 = xi +1
for each i ∈ {1,2, . . . , `−1}, we have

µ

(
(a1,a2, . . . ,a`)0,1,...,`−1

)
= µ

(
(a1,a2, . . . ,a`)x1,x1+1,...,x1+`−1

)
as µ is translation-invariant. This allows us to abbreviate µ

(
(a1,a2, . . . ,a`)x1,x1+1,...,x1+`−1

)
as

simply µ ((a1,a2, . . . ,a`)) for any x1 ∈ Z. We further remove the commas and the outer paren-
theses and shorten µ ((a1,a2, . . . ,a`)) to µ (a1a2 . . .a`). We call a cylinder set, of the form
(a1,a2, . . . ,a`)x1,x2,...,x` , D-inclusive if ai = D for at least one i ∈ {1,2, . . . , `}.

We emphasize here that even proceeding via the approach outlined above, one may be able
to come up with different weight functions all of which serve the same purpose (i.e. satisfy an
inequality of the form (4.8.2), along with the criterion stated in (4.8.3)). Since the ultimate goal
is to draw a conclusion about µ(D), it makes sense 1. to consider each cylinder set Ci in (4.8.1)
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to be D-inclusive, and 2. to begin our step-by-step construction of the weight function by setting
C1 = (D)0 in (4.8.1). The subsequent choices for C2, C3 etc. will be motivated in the subsubsec-
tions under §4.8.3. As seen in §4.8.3, in every step, up to and including the penultimate step, of
constructing our weight function, we obtain a weight function inequality that, although of the same
form as (4.8.2), fails to satisfy (4.8.3). This is what leads us to carry out an “adjustment” of the
weight function obtained until that step. In §4.8.1.1, we present to the reader the heuristics of how
such an adjustment is carried out, and how it helps. However, the implementation of this idea be-
comes much clearer when the reader goes through the specific details laid out in the subsubsections
of §4.8.3.

4.8.1.1 How each adjustment to the weight function is carried out

Let us denote by wi−1 the weight function we have constructed up until the start of the i-th ad-
justment (thus, the very first weight function we begin with is denoted by w0, the weight function
obtained after the first adjustment is denoted by w1 and so on). The weight function inequality at
the beginning of the i-th adjustment will then be of the form

wi−1

(
Ĝp,q,rµ

)
6 wi−1(µ)−

ki−1

∑
t=1

αi−1,t µ (Ci−1,t) , (4.8.4)

for some ki−1 ∈N, coefficients αi−1,1, . . . ,αi−1,ki−1 that are polynomials in p, q and r, and cylinder
sets Ci−1,1, . . . ,Ci−1,ki−1 . However, if there exists at least one coefficient among αi−1,1, . . . ,αi−1,ki−1

that is negative when (p,q,r) ∈R, the inequality (4.8.4) is unable to fulfill (4.8.3) when (p,q,r) ∈
R, thereby necessitating an adjustment to the weight function wi−1 derived so far. We now define,
for suitably chosen cylinder sets Di,1, . . ., Di,`i , and suitably chosen coefficients βi,1, . . ., βi,`i that
are polynomials in p, q and r, the updated / adjusted weight function

wi(µ) = wi−1(µ)−
`i

∑
t=1

βi,t µ (Di,t) . (4.8.5)

When incorporated into (4.8.4), wi yields the updated weight function inequality (obtained at the
end of the i-th adjustment):

wi

(
Ĝp,q,rµ

)
+

`i

∑
t=1

βi,tĜp,q,rµ (Di,t)6 wi(µ)+
`i

∑
t=1

βi,t µ (Di,t)−
ki−1

∑
t=1

αi−1,t µ (Ci−1,t)

⇐⇒ wi

(
Ĝp,q,rµ

)
6 wi(µ)+

`i

∑
t=1

βi,t µ (Di,t)−
ki−1

∑
t=1

αi−1,t µ (Ci−1,t)−
`i

∑
t=1

βi,tĜp,q,rµ (Di,t) . (4.8.6)
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Attempt is usually made to select Di,1, . . . ,Di,`i as subsets of elements from the set

{
Ci−1,t : 1 6 t 6 ki−1 and αi−1,t > 0

}
, (4.8.7)

with the added restriction that if Di,t ⊆ Ci−1,t ′ for some Ci−1,t ′ belonging to the set in (4.8.7),
then βi,t 6 αi−1,t ′ , so that the coefficient of µ

(
Ci−1,t ′

)
in the right side of (4.8.6) remains non-

positive. Attempt is also made to select Di,1, . . . ,Di,`i in such a manner that terms from the sum
−∑

`i
t=1 βi,tĜp,q,rµ (Di,t) are able to aid in negating terms of the form −αi−1,t µ (Ci−1,t) in which

αi−1,t < 0 when (p,q,r) ∈R.
The above gives a broad overview of 1. why adjustments to the weight function, in several

rounds, are required, and 2. how they are usually accomplished. The above idea is reiterated until
the final weight function inequality is of the form given in (4.8.2) and satisfies the criterion in
(4.8.3).

4.8.2 The final weight function obtained for the generalized percolation
game when (p,q,r) ∈R

We state here, for the reader’s convenience, the final weight functions obtained, and the correspond-
ing weight function inequalities, of the form (4.8.2) (and obeying the criterion stated in (4.8.3)),
that these weight functions satisfy when (p,q,r) ∈ R. The final weight function that aids us in
proving Theorem 4.7.1, and, in turn, Theorem 4.2.1, is

w(µ) = µ(D)+µ(WD)+µ(LWD) (4.8.8)

when (4.2.2) is true, and

w(µ) = µ(D)+µ(WD)+{4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}µ(LD)+(1− p−q)(1− r)

(−2r+ r2 +3pr+3qr+ r3)µ(LDW )+(1− p−q)(1− r)(−1+ p+q+ r2 +2qr)µ(LDL)

− [2− (3+ p+q+ r−2q2−2r2−5qr+2pq+ pr+3pqr+4q2r+4qr2 +5pr2−2p2r

−5pqr2−3p2r2−2q2r2)(1− p−q)(1− r)]µ(LWD) (4.8.9)

when any one of (4.2.3), (4.2.4) and (4.2.5) is true. The weight function inequality that each of the
two functions in (4.8.8) and (4.8.9) satisfies is given by

w(Ĝp,q,rµ)6 w(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+
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2pr2− p2r−2pqr2− p2r2−q2r2}]{µ(WD)−µ(WWWD)−µ(DWDD)−µ(LWD)}
−{1− (1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)}µ(DD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD). (4.8.10)

Let us now deduce, from (4.8.10), our desired conclusion, i.e. that µ(D) = 0 whenever µ is a
translation-invariant and reflection-invariant stationary distribution for Ĝp,q,r. To this end, we shall
focus on the term involving µ(DD) in (4.8.10). Expanding its coefficient, we obtain:

−1+(1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)

= − p3r3− p2q{1− r− r2 + r3}− p2r{2− r−2r2− p}− pq2r(1− r2)− pr3−2q2r3−q3r{1+ r− r2}
−qr{1− pr−2q− r2−2qr}−q2(1−q)− p(p+q− r)−q2− r2. (4.8.11)

Since (4.2.1) is assumed to hold no matter which of (4.2.2), (4.2.3), (4.2.4) and (4.2.5) (p,q,r)

satisfies, we have

2(p+q)− (p+q)2 +3r(p+2q)> 4r−6r2⇐⇒ p+q− r > r
(

1−3r− 3p
2
−3q

)
+

1
2
(p+q)2,

and this lower bound on the right side of the inequality above is strictly positive as long as p, q

and r are sufficiently small but at least one of them is strictly positive. Note, furthermore, that if
p = 0, the term −p(p+q− r) disappears from (4.8.11), but −q2− r2 remains, and this is strictly
negative whenever at least one of q and r is non-zero. All these observations show that when p, q

and r are sufficiently small and (4.2.1) holds, the expression in (4.8.11) is strictly negative as long
as at least one of p, q and r is strictly positive (recall, from §4.2, that the condition p+q+ r > 0 is
included in the definition of the parameter-space Θ). Consequently, when µ is stationary for Ĝp,q,r,
we deduce, from (4.8.10) and the identity Ĝp,q,rµ = µ , that µ(DD) = 0.

Since, for any stationary µ , we have Ĝp,q,rµ = µ , hence µ(DD) = 0 =⇒ Ĝp,q,rµ(DD) = 0.
Here, Ĝp,q,rµ(DD) is the probability of the event {Ĝp,q,rη(0) = Ĝp,q,rη(1) = D}, where η is a
random configuration with law µ , and we consider all contributions to this event that arise from
the event {η(1) = D}. Note that

(1− p−q)2(1− r)2{µ(WDW )+2rµ(WDL)+ r2
µ(LDL)}6 Ĝp,q,rµ(DD),

so that when r > 0, we have

Ĝp,q,rµ(DD) = 0 =⇒ µ(WDW ) = µ(WDL) = µ(LDL) = 0.

192



Moreover, we have µ(WDD) = µ(LDD) = µ(DDD) = 0 since each of them is bounded above
by µ(DD), and µ(DD) = 0. Since µ(D) = µ(WDW ) + µ(LDL) + µ(DDD) + 2µ(WDL) +

2µ(WDD)+2µ(LDD) (using reflection invariance), we have µ(D) = 0, as desired.
Note that, when r = 0, we are back to the set-up considered in [60], and it has already been

established there that the associated PCA, Ĝp,q,0, is ergodic whenever p+q > 0.

4.8.3 Detailed construction of the weight function for generalized percola-
tion games when (p,q,r) ∈R

Recall that R ⊂ Θ comprises all those values of (p,q,r) that satisfy the constraints stated in The-
orem 4.2.1, i.e. p, q and r are sufficiently small, the inequality in (4.2.1) holds, and precisely one
of (4.2.2), (4.2.3), (4.2.4) and (4.2.5) is true. Throughout §4.8.3, it is assumed that the probability
measure µ that we deal with is defined on the state space Ω = ˆA Z = {W,L,D}Z of Ĝp,q,r, with
respect to the σ -field F generated by all cylinder sets of Ω, and that µ is both reflection-invariant
and translation-invariant. Recall, from the discussion in the paragraph preceding §4.8.1.1, that
beginning the construction of our weight function with the cylinder set C1 = (D)0 seems to be a
sensible and natural choice. Since, at each step, we must obtain an inequality of the form given
by (4.8.2), it is crucial that we write down the pushforward measure Ĝp,q,rµ(Ci) for each cylinder
set Ci that we incorporate into our gradually-unfolding weight function. To this end, from (4.3.4),
(4.3.5) and (4.3.6), and using the notation introduced in §4.8.1, we deduce that the pushforward
measure for our choice of C1 is given by:

Ĝp,q,rµ(D) = (1− p−q)(1− r){µ(WD)+µ(DW )}+(1− p−q)r(1− r){µ(LD)+µ(DL)}
+(1− p−q)(1− r2)µ(DD)

= 2(1− p−q)(1− r)µ(WD)+2(1− p−q)r(1− r)µ(LD)+(1− p−q)(1− r2)µ(DD),

(4.8.12)

where, in the last step, we make use of the assumption that µ is reflection-invariant.
We now explain the intuition behind our choice of the second cylinder set, C2, as we attempt

to shape up our weight function in the form given by (4.8.1). Note that the coefficient 2(1− p−
q)r(1−r) of µ(LD) in (4.8.12) is always bounded above by 1 (in fact, by 1/2), since r(1−r)6 1/4
and (1− p−q)6 1. The coefficient (1− p−q)(1−r2) of µ(DD) in (4.8.12) is obviously bounded
above by 1. On the other hand, when p, q and r are all sufficiently small, the coefficient 2(1− p−
q)(1− r) of µ(WD) in (4.8.12) is very close to 2. We can thus write, using (4.8.12) and the fact
that µ(D) = µ(WD)+µ(LD)+µ(DD), the following inequality: Ĝp,q,rµ(D)6 µ(D)+µ(WD).
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Comparing this with (4.8.2), it becomes evident that if c1 = 1 and C1 = (D)0 in (4.8.1), a sensible
choice for our next cylinder set and the corresponding coefficient would be C2 = (W,D)0,1 and
c2 = 1.

This now requires us to find the pushforward measure Ĝp,q,rµ(WD), which is the same
as the probability of the event {Ĝp,q,rη(0) = W, Ĝp,q,rη(1) = D}, where η = (η(x) : x ∈ Z)
is a (random) configuration following the probability distribution µ . In order for the event
{Ĝp,q,rη(1) = D} to take place, we must have at least one of η(1) and η(2) equal to
D. The probability of the event {Ĝp,q,rη(1) = D} equals 1. (1− p− q)(1− r) when con-
ditioned on the event {η(1) = D,η(2) = W}, 2. (1− p− q)r(1− r) when conditioned on
the event {η(1) = D,η(2) = L}, 3. and (1− p− q)(1− r2) when conditioned on the event
{η(1) = η(2) = D}. On the other hand, the probability of the event {Ĝp,q,rη(0) = W} equals
1. p when conditioned on either of the events {η(0) = W,η(1) = D} and {η(0) = η(1) = D},
2. and p+(1− p−q)(1− r) when conditioned on the event {η(0) = L,η(1) = D}. Conditioned
on the event {η(1) =W,η(2) = D}, the probability of {Ĝp,q,rη(1) = D} equals (1− p−q)(1−r),
while the probability of {Ĝp,q,rη(0) = W} equals 1. p when conditioned on either of the events
{η(0) = η(1) =W} and {η(0) = D,η(1) =W}, 2. and p+(1− p−q)(1− r) when conditioned
on {η(0) = L,η(1) = W}. Finally, conditioned on the event {η(1) = L,η(2) = D}, the proba-
bility of {Ĝp,q,rη(1) = D} equals (1− p−q)r(1− r), while the probability of {Ĝp,q,rη(0) =W}
equals 1. p+(1− p− q)(1− r) when conditioned on either of the events {η(0) = W,η(1) = L}
and {η(0) = D,η(1) = L}, 2. and p + (1− p− q)(1− r2) when conditioned on the event
{η(0) = η(1) = L}. Combining all of the above, we obtain:

Ĝp,q,rµ(WD) = p(1− p−q)(1− r)µ(WDW )+ p(1− p−q)(1− r)µ(DDW )+{p+(1− p−q)(1− r)}
(1− p−q)(1− r)µ(LDW )+ p(1− p−q)(1− r2)µ(WDD)+ p(1− p−q)(1− r2)µ(DDD)

+{p+(1− p−q)(1− r)}(1− p−q)(1− r2)µ(LDD)+ p(1− p−q)r(1− r)µ(WDL)

+ p(1− p−q)r(1− r)µ(DDL)+{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(LDL)

+ p(1− p−q)(1− r)µ(WWD)+ p(1− p−q)(1− r)µ(DWD)+{p+(1− p−q)(1− r)}
(1− p−q)(1− r)µ(LWD)+{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(WLD)+

{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(DLD)+{p+(1− p−q)(1− r2)}(1− p−q)

r(1− r)µ(LLD)

= p(1− p−q)(1− r)µ(WDW )+ p(1− p−q)(1− r)(2+ r)µ(DDW )+{1−q− r+qr+2pr}
(1− p−q)(1− r)µ(LDW )+ p(1− p−q)(1− r2)µ(DDD)+{1−q− r2 +2pr+qr2 + pr2}
(1− p−q)(1− r)µ(DDL)+(1−q− r+ pr+qr)(1− p−q)r(1− r)µ(LDL)
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+ p(1− p−q)(1− r)µ(WWD)+ p(1− p−q)(1− r)µ(DWD)+(1−q− r+ pr+qr)

(1− p−q)(1− r)µ(LWD)+(1−q− r+ pr+qr)(1− p−q)r(1− r)µ(WLD)+

(1−q− r+ pr+qr)(1− p−q)r(1− r)µ(DLD)+(1−q− r2 + pr2 +qr2)(1− p−q)

r(1− r)µ(LLD) (using reflection-invariance)

= p(1− p−q)(1− r)µ(WDW )+ p(1− p−q)(1− r)µ(DDW )︸ ︷︷ ︸
(1)

+p(1− p−q)(1− r)(1+ r)µ(WDD)︸ ︷︷ ︸
(2)

+p(1− p−q)(1− r)µ(LDW )︸ ︷︷ ︸
(1)

+(1− p−q− r+qr+2pr)(1− p−q)(1− r)µ(LDW )︸ ︷︷ ︸
(3)

+p(1− p−q)(1− r2)µ(DDD)︸ ︷︷ ︸
(2)

+p(1− p−q)(1− r)(1+ r)µ(LDD)︸ ︷︷ ︸
(2)

+(1− p−q− r2 + pr+ pr2 +qr2)(1− p−q)︸ ︷︷ ︸
(3)

(1− r)µ(LDD)+(1−q− r+ pr+qr)(1− p−q)r(1− r)µ(LDL)︸ ︷︷ ︸
(3)

+p(1− p−q)︸ ︷︷ ︸
(4)

(1− r)µ(WWD)+ p(1− p−q)(1− r)µ(DWD)+ p(1− p−q)(1− r)µ(LWD)︸ ︷︷ ︸
(4)

+(1− p−q)2(1− r)2
µ(LWD)+(1−q− r2 + pr2 +qr2)(1− p−q)r(1− r)µ(WLD)︸ ︷︷ ︸

(5)

− r2(1− r)2(1− p−q)2
µ(WLD)+(1−q− r2 + pr2 +qr2)(1− p−q)r(1− r)µ(DLD)︸ ︷︷ ︸

(5)

− r2(1− r)2(1− p−q)2
µ(DLD)+(1−q− r2 + pr2 +qr2)(1− p−q)r(1− r)µ(LLD)︸ ︷︷ ︸

(5)

= p(1− p−q)(1− r)µ(DW )︸ ︷︷ ︸
combining terms underbraced by (1)

+p(1− p−q)(1− r)(1+ r)µ(DD)︸ ︷︷ ︸
combining terms underbraced by (2)

+(1− p−q− r2 + pr+ pr2 +qr2)(1− p−q)(1− r)µ(LD)︸ ︷︷ ︸
combining terms underbraced by (3)

−r(1− p−q)2(1− r)2
µ(LDW )

− (1− r)2(1− p−q)2
µ(LDL)+p(1− p−q)(1− r)µ(WD)︸ ︷︷ ︸

combining terms underbraced by (4)

+(1− p−q)2(1− r)2
µ(LWD)

+(1−q− r2 + pr2 +qr2)(1− p−q)r(1− r)µ(LD)︸ ︷︷ ︸
combining terms underbraced by (5)

−r2(1− r)2(1− p−q)2
µ(WLD)

− r2(1− r)2(1− p−q)2
µ(DLD)
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= 2p(1− p−q)(1− r)µ(WD)+ p(1− p−q)(1− r)(1+ r)µ(DD)+(1− p−q+ r+ pr−qr

− r2 + pr2 +qr2− r3 + pr3 +qr3)(1− p−q)(1− r)µ(LD)− r(1− p−q)2(1− r)2
µ(LDW )

− (1− r)2(1− p−q)2
µ(LDL)+(1− p−q)2(1− r)2

µ(LWD)− r2(1− r)2(1− p−q)2

µ(WLD)− r2(1− r)2(1− p−q)2
µ(DLD), (4.8.13)

where, in the last step, we combine terms using the reflection-invariance property of µ once more.
Recall that, so far, we have set c1 = c2 = 1, C1 = (D)0 and C2 = (W,D)0,1. The weight function,

so far, equals µ(D)+ µ(WD), and the right side of the weight function inequality (of the form
(4.8.2)) is given by

Ĝp,q,rµ(D)+ Ĝp,q,rµ(WD)

= 2(1− p−q)(1− r)µ(WD)+2(1− p−q)r(1− r)µ(LD)+(1− p−q)(1− r2)µ(DD)

+2p(1− p−q)(1− r)µ(WD)+ p(1− p−q)(1− r)(1+ r)µ(DD)+(1− p−q+ r+ pr−qr

− r2 + pr2 +qr2− r3 + pr3 +qr3)(1− p−q)(1− r)µ(LD)− r(1− p−q)2(1− r)2
µ(LDW )

− (1− r)2(1− p−q)2
µ(LDL)+(1− p−q)2(1− r)2

µ(LWD)− r2(1− r)2(1− p−q)2

µ(WLD)− r2(1− r)2(1− p−q)2
µ(DLD)

= 2(1+ p)(1− p−q)(1− r)µ(WD)+(1+ p)(1− p−q)(1− r)(1+ r)µ(DD)+(1− p−q+3r

+ pr−qr− r2 + pr2 +qr2− r3 + pr3 +qr3)(1− p−q)(1− r)µ(LD)− r(1− p−q)2(1− r)2
µ(LDW )

− (1− r)2(1− p−q)2
µ(LDL)+(1− p−q)2(1− r)2

µ(LWD)− r2(1− r)2(1− p−q)2

µ(WLD)− r2(1− r)2(1− p−q)2
µ(DLD). (4.8.14)

We now have to pause and focus on the coefficient of µ(LD) in (4.8.14) (we need not focus on the
coefficients of µ(WD) and µ(DD) since we can readily see that the former is bounded above by 2
and the latter by 1). Writing

pr−qr− r2 + pr2 +qr2− r3 + pr3 +qr3 = pr−qr− r2(1− p−q)(1+ r),

we see that the coefficient of µ(LD) in (4.8.14) is given by

1+2r−2(p+q)+(p+q)2−3r2− (p+q)r+3(p+q)r2− (p+q)2r

+ pr(1− p−q)(1− r)−qr(1− p−q)(1− r)− r2(1− p−q)2(1− r)2

= 1+2r−2(p+q)+(p+q)2−3r2−2qr+ pr{−1+(1− p−q)(1− r)}
+ r2{−(1− p−q)2(1− r)2 +3p+4q− pq−q2}− p2r− pqr
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6 1+2r−2(p+q)+(p+q)2−3r2−2qr when p,q,r are sufficiently small, (4.8.15)

and when (4.2.1) holds, we have

2(p+q)− (p+q)2−2r+3r2 +2qr > 4r−6r2−3pr−6qr−2r+3r2 +2qr = r(2−3p−4q−3r)> 0

for all p and r sufficiently small, thus proving that the expression in (4.8.15), and consequently, the
coefficient of µ(LD) in (4.8.14), is bounded above by 1.

We now continue with (4.8.14), and write (note that we make use of the decomposition µ(D) =

µ(WD)+µ(LD)+µ(DD) here):

Ĝp,q,rµ(D)+ Ĝp,q,rµ(WD)

= µ(D)+µ(WD)−2{1− (1+ p)(1− p−q)(1− r)}µ(WD)−{1− (1+ p)(1− p−q)(1− r)(1+ r)}µ(DD)

−{1− (1− p−q+3r+ pr−qr− r2 + pr2 +qr2− r3 + pr3 +qr3)(1− p−q)(1− r)}µ(LD)

− r(1− p−q)2(1− r)2
µ(LDW )− (1− r)2(1− p−q)2

µ(LDL)+(1− p−q)2(1− r)2
µ(LWD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD), (4.8.16)

and given the observations made above regarding the coefficient of µ(LD) in (4.8.14), we conclude
that, when p, q and r are all sufficiently small and (4.2.1) holds, the only term on the right side
of (4.8.16), other than µ(D) and µ(WD), that has a non-negative coefficient is (1− p− q)2(1−
r)2µ(LWD). Moreover, when p, q and r are all sufficiently small, we have (1− p−q)2(1− r)2 =

Θ(1) (i.e. its order of magnitude is the same as the constant 1 when p, q and r approach 0). Hence,
it seems sensible to set C3 = (L,W,D)0,1,2 and c3 = 1 as we continue with the construction of our
weight function following the form given by (4.8.1).

The weight function we have obtained so far equals

w0(µ) = µ(D)+µ(WD)+µ(LWD). (4.8.17)

The corresponding weight function inequality, of the form given by (4.8.2), can be derived from
(4.8.16) as follows:

w0(Ĝp,q,rµ) = Ĝp,q,rµ(D)+ Ĝp,q,rµ(WD)+ Ĝp,q,rµ(LWD)

= µ(D)+µ(WD)−2{1− (1+ p)(1− p−q)(1− r)}µ(WD)−{1− (1+ p)(1− p−q)(1− r)

(1+ r)}µ(DD)−{1− (1− p−q+3r+ pr−qr− r2 + pr2 +qr2− r3 + pr3 +qr3)(1− p−q)

(1− r)}µ(LD)− r(1− p−q)2(1− r)2
µ(LDW )− (1− r)2(1− p−q)2

µ(LDL)+(1− p−q)2
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(1− r)2
µ(LWD)− r2(1− r)2(1− p−q)2

µ(WLD)− r2(1− r)2(1− p−q)2
µ(DLD)

+ Ĝp,q,rµ(LWD)

= µ(D)+µ(WD)+µ(LWD)−2{1− (1+ p)(1− p−q)(1− r)}µ(WD)

−{1− (1+ p)(1− p−q)(1− r)(1+ r)}µ(DD)−{1− (1− p−q+3r+ pr−qr− r2 + pr2

+qr2− r3 + pr3 +qr3)(1− p−q)(1− r)}µ(LD)− r(1− p−q)2(1− r)2
µ(LDW )

− (1− r)2(1− p−q)2
µ(LDL)−{1− (1− p−q)2(1− r)2}µ(LWD)− r2(1− r)2(1− p−q)2

µ(WLD)− r2(1− r)2(1− p−q)2
µ(DLD)+ Ĝp,q,rµ(LWD)

= w0(µ)−2{1− (1+ p)(1− p−q)(1− r)}µ(WD)−{1− (1+ p)(1− p−q)(1− r)(1+ r)}
µ(DD)−{1− (1− p−q+3r+ pr−qr− r2 + pr2 +qr2− r3 + pr3 +qr3)(1− p−q)(1− r)}
µ(LD)− r(1− p−q)2(1− r)2

µ(LDW )− (1− r)2(1− p−q)2
µ(LDL)

−{1− (1− p−q)2(1− r)2}µ(LWD)− r2(1− r)2(1− p−q)2
µ(WLD)

− r2(1− r)2(1− p−q)2
µ(DLD)+ Ĝp,q,rµ(LWD). (4.8.18)

The expression in (4.8.18) necessitates the computation of Ĝp,q,rµ(LWD), which is the prob-
ability of the event {Ĝp,q,rη(0) = L, Ĝp,q,rη(1) =W, Ĝp,q,rη(2) = D}, where η = (η(x) : x ∈ Z)
is a (random) configuration following the probability distribution µ . In order for the event
{Ĝp,q,rη(2) = D} to take place, at least one of the events {η(2) = D} and {η(3) = D} must
occur. We shall reveal the terms in the expansion of Ĝp,q,rµ(LWD) step by step, and in each such
step, we shall also see how to combine them with the existing terms (with non-positive coefficients)
on the right side of (4.8.18).

1. The contribution to Ĝp,q,rµ(LWD) of the event {η(2) = L,η(3) = D} is given by

(1− p){p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(WWLD)+{q+(1− p−q)r}{p+(1− p−q)

(1− r2)}(1− p−q)r(1− r)µ(WLLD)+{q+(1− p−q)r}{p+(1− p−q)(1− r)}(1− p−q)

r(1− r)µ(LWLD)+{q+(1− p−q)r2}{p+(1− p−q)(1− r2)}(1− p−q)r(1− r)µ(LLLD)

+{q+(1− p−q)r}{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(WDLD)+{q+(1− p−q)r}
{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(DWLD)+{q+(1− p−q)r2}{p+(1− p−q)(1− r)}
(1− p−q)r(1− r)µ(LDLD)+{q+(1− p−q)r2}{p+(1− p−q)(1− r2)}(1− p−q)r

(1− r)µ(DLLD)+{q+(1− p−q)r2}{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(DDLD).

(4.8.19)

A quick comparison of the coefficients in the various terms of (4.8.19) reveals that the coef-
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ficient of each of µ(LWLD), µ(LLLD), . . ., µ(DDLD) is bounded above by the coefficient
of µ(WLLD), and

(1− p){p+(1− p−q)(1− r)}−{q+(1− p−q)r}{p+(1− p−q)(1− r2)}
= (1− p){p+(1− p−q)(1− r)}−{q+(1− p−q)r}{p+(1− p−q)(1− r)+ r(1− p−q)(1− r)}
= (1− p−q)(1− r){p+(1− p−q)(1− r)}−{q+(1− p−q)r}r(1− p−q)(1− r)

= (1− p−q)(1− r){p+(1− p−q)(1− r− r2)−qr}

is non-negative whenever p, q and r are all sufficiently small, so that the coefficient of
µ(WWLD) exceeds that of µ(WLLD) in (4.8.19). For each cylinder set C that appears
in the expression in (4.8.19), let us denote the corresponding coefficient by αC

(
for instance,

the coefficient of µ(DLLD) is αDLLD = {q+(1− p− q)r2}{p+(1− p− q)(1− r2)}(1−
p−q)r(1− r)

)
, and let us define

α
′
C = αC −αWWLD = αC − (1− p){p+(1− p−q)(1− r)}(1− p−q)r(1− r)

for each cylinder set C , other than (W,W,L,D)0,1,2,3, appearing in (4.8.19). From our dis-
cussion above, it is evident that when p, q and r are all small enough, each α ′C 6 0 for
each cylinder set C , other than (W,W,L,D)0,1,2,3, appearing in (4.8.19). We can now rewrite
(4.8.19) as

(1− p){p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(LD)+α
′
WLLDµ(WLLD)

+α
′
LWLDµ(LWLD)+α

′
LLLDµ(LLLD)+α

′
WDLDµ(WDLD)+α

′
DWLDµ(DWLD)

+α
′
LDLDµ(LDLD)+α

′
DLLDµ(DLLD)+α

′
DDLDµ(DDLD). (4.8.20)

We combine the term involving µ(LD) in (4.8.20) with the term involving µ(LD) in (4.8.18),
to obtain, when each of p, q and r is sufficiently small:

−{1− (1− p−q+3r+ pr−qr− r2 + pr2 +qr2− r3 + pr3 +qr3)(1− p−q)(1− r)}µ(LD)

+(1− p){p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(LD)

= [−1+(1− p−q+4r−2qr−2r2 + pqr+3pr2 +2qr2− r3 + pr3 +qr3− p2r2− pqr2)

(1− p−q)(1− r)]µ(LD)

= [−1+{1− p−q+4r−qr(2− p−2r)− r2(2−3p)− r3(1− p−q)− p2r2− pqr2}
(1− p−q)(1− r)]µ(LD) (4.8.21)

199



6 [−1+(1− p−q+4r)(1− p−q)(1− r)]µ(LD) when p,r are sufficiently small;

= [−1+{1+3r−4r2−2(p+q)+(p+q)2− (p+q)r− (p+q)r(1+ p+q−4r)}]µ(LD)

6 {3r−4r2−2(p+q)+(p+q)2− (p+q)r}]µ(LD) when r sufficiently small.
(4.8.22)

When p, q and r are sufficiently small and the inequality in (4.2.1) holds, we have

2(p+q)− (p+q)2−3r+4r2 +(p+q)r

> 4r−6r2−3pr−6qr−3r+4r2 +(p+q)r = r(1−2p−5q−2r)> 0,

so that the coefficient of µ(LD) in (4.8.22) is non-positive, and consequently, the coefficient
of µ(LD) in (4.8.21), is non-positive.

Incorporating (4.8.20) and (4.8.21) into (4.8.18), we obtain (the equality of (4.8.18) now
becomes an inequality as we ignore all the terms with non-positive coefficients in (4.8.20)):

w0(Ĝp,q,rµ)6 w0(µ)−2{1− (1+ p)(1− p−q)(1− r)}µ(WD)−{1− (1+ p)(1− p−q)

(1− r)(1+ r)}µ(DD)− [1−{1− p−q+4r−qr(2− p−2r)− r2(2−3p)

− r3(1− p−q)− p2r2− pqr2}(1− p−q)(1− r)]µ(LD)− r(1− p−q)2(1− r)2

µ(LDW )− (1− r)2(1− p−q)2
µ(LDL)−{1− (1− p−q)2(1− r)2}µ(LWD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)+A1,

(4.8.23)

where A1 consists of all those terms in the expansion of Ĝp,q,rµ(LWD) that do not arise as a
contribution from the event {η(2) = L,η(3) = D}.

2. The contribution to Ĝp,q,rµ(LWD) of the event {η(1) = η(2) = D} (note that these terms
are present in the quantity A1 defined above) is given by:

{q+(1− p−q)r}p(1− p−q)(1− r)µ(WDDW )+{q+(1− p−q)r2}p(1− p−q)

(1− r)µ(DDDW )+{q+(1− p−q)r2}p(1− p−q)(1− r)µ(LDDW )+{q+(1− p−q)r}
p(1− p−q)(1− r2)µ(WDDD)+{q+(1− p−q)r2}p(1− p−q)(1− r2)µ(DDDD)

+{q+(1− p−q)r2}p(1− p−q)(1− r2)µ(LDDD)+{q+(1− p−q)r}p(1− p−q)

r(1− r)µ(WDDL)+{q+(1− p−q)r2}p(1− p−q)r(1− r)µ(DDDL)

+{q+(1− p−q)r2}p(1− p−q)r(1− r)µ(LDDL). (4.8.24)
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A quick comparison of the coefficients of the various terms in (4.8.24) reveals that the co-
efficient of µ(WDDD), namely, {q+(1− p−q)r}p(1− p−q)(1− r)(1+ r), is the largest.
Let αC denote the coefficient of µ(C ) in (4.8.24), for every cylinder set C that appears in
(4.8.24), and set

α
′
C = αC −αWDDD = αC −{q+(1− p−q)r}p(1− p−q)(1− r)(1+ r)

for each cylinder set, other than (W,D,D,D)0,1,2,3, that appears in (4.8.24). By our observa-
tion above, we know that each α ′C 6 0, and we can rewrite (4.8.24) as:

{q+(1− p−q)r}p(1− p−q)(1− r)(1+ r)µ(DD)+α
′
WDDW µ(WDDW )+α

′
DDDW µ(DDDW )

+α
′
LDDW µ(LDDW )+α

′
DDDDµ(DDDD)+α

′
LDDDµ(LDDD)+α

′
WDDLµ(WDDL)

+α
′
DDDLµ(DDDL)+α

′
LDDLµ(LDDL). (4.8.25)

Before proceeding with combining (4.8.25) with (4.8.23), we observe the following:

{(1− p−q)(1− r)(1+ r)}−1 = {1− p−q− r2 + pr2 +qr2}−1 =
∞

∑
j=0

(p+q+ r2− pr2−qr2) j

> 1+ p+q+ r2− pr2−qr2 +(p+q+ r2− pr2−qr2)2

= 1+ p+q+ r2 + p2 +q2 +2pq+ p2r4−2p2r2 +2pqr4−4pqr2−2pr4 + pr2 +q2r4

−2q2r2−2qr4 +qr2 + r4 (4.8.26)

= (1+ p+ pq+ pr− p2r− pqr)+{(p− r)2 + pr}+ p2r(1−2r)+ pr2(1−2r2)+ pqr(1−4r)

+q2(1−2r2)+qr2(1−2r2)+q+ pq+ p2r4 +2pqr4 +q2r4 + r4

> 1+ p+ pq+ pr− p2r− pqr when p,q,r are all sufficiently small. (4.8.27)

Combining the term involving µ(DD) in (4.8.25) with the term involving µ(DD) in (4.8.23),
we obtain:

−{1− (1+ p)(1− p−q)(1− r)(1+ r)}µ(DD)+{q+(1− p−q)r}p(1− p−q)(1− r)(1+ r)µ(DD)

= [−1+(1+ p+ pq+ pr− p2r− pqr)(1− p−q)(1− r)(1+ r)]µ(DD), (4.8.28)

and the coefficient of µ(DD) in (4.8.28) is non-positive by the inequality we have derived in
(4.8.27). Incorporating (4.8.28) and (4.8.25) into (4.8.23) (and once again, as in the previous
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step, ignoring all terms of (4.8.25) that have non-positive coefficients), we obtain:

w0(Ĝp,q,rµ)6 w0(µ)−2{1− (1+ p)(1− p−q)(1− r)}µ(WD)−{1− (1+ p+ pq+ pr− p2r− pqr)

(1− p−q)(1− r)(1+ r)}µ(DD)− [1−{1− p−q+4r−qr(2− p−2r)− r2(2−3p)

− r3(1− p−q)− p2r2− pqr2}(1− p−q)(1− r)]µ(LD)− r(1− p−q)2(1− r)2

µ(LDW )− (1− r)2(1− p−q)2
µ(LDL)−{1− (1− p−q)2(1− r)2}µ(LWD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)+A2,

(4.8.29)

where A2 consists of all those terms in the expansion of Ĝp,q,rµ(LWD) that do not arise as a
contribution from either of the events {η(2) = L,η(3) = D} and {η(1) = η(2) = D}.

3. Next, we find the contribution to Ĝp,q,rµ(LWD) of the events {η(1) = L,η(2) =W,η(3) =
D} and {η(0) = L,η(1) = W,η(2) = D} (note that these contributions are a part of A2

defined above):

{q+(1− p−q)r}{p+(1− p−q)(1− r)}(1− p−q)(1− r)µ(WLWD)+{q+(1− p−q)r2}
{p+(1− p−q)(1− r)}(1− p−q)(1− r)µ(DLWD)+{q+(1− p−q)r2}{p+(1− p−q)(1− r)}
(1− p−q)(1− r)µ(LLWD)+{q+(1− p−q)r}p(1− p−q)(1− r)µ(LWDW )+{q+(1− p−q)r}
p(1− p−q)(1− r2)µ(LWDD)+{q+(1− p−q)r}p(1− p−q)r(1− r)µ(LWDL)

= {q+(1− p−q)r}{p+(1− p−q)(1− r)}(1− p−q)(1− r)µ(LWD)+α
′
DLWDµ(DLWD)+α

′
LLWD

µ(LLWD)+{q+(1− p−q)r}p(1− p−q)(1− r2)µ(LWD)+α
′
LWDW µ(LWDW )+α

′
LWDLµ(LWDL)

= {q+(1− p−q)r}(1− p−q)(1− r){1+ p−q− r+2pr+qr}µ(LWD)+α
′
DLWDµ(DLWD)

+α
′
LLWDµ(LLWD)+α

′
LWDW µ(LWDW )+α

′
LWDLµ(LWDL), (4.8.30)

where

α
′
DLWD = α

′
LLWD =−r(1− p−q)2(1− r)2{p+(1− p−q)(1− r)},

α
′
LWDW =−r{q+(1− p−q)r}p(1− p−q)(1− r),

α
′
LWDL =−{q+(1− p−q)r}p(1− p−q)(1− r)

are all non-positive coefficients. Before we proceed to incorporate (4.8.30) into (4.8.29), we
observe, much like the derivation carried out for (4.8.27), that

{(1− p−q)(1− r)}−1 = (1− p−q− r+ pr+qr)−1

202



> 1+(p+q+ r− pr−qr)+(p+q+ r− pr−qr)2

= 1+ p+q+ r+ p2 +q2 + r2 +2pq+ pr+qr−4pqr−2p2r−2pr2−2q2r−2qr2

+ p2r2 +q2r2 +2pqr2 (4.8.31)

= (1− p−q2− r2−2qr+ pq+ pr+2pqr+3pr2 +2qr2 +2q2r− p2r−3pqr2

−q2r2−2p2r2)+2p+q+ r+2q2 + pq+qr(3−6p−4q−4r)+ r2(2−5p)

+ p2(1− r)+3p2r2 +2q2r2 +5pqr2

> (1− p−q2− r2−2qr+ pq+ pr+2pqr+3pr2 +2qr2 +2q2r− p2r−3pqr2

−q2r2−2p2r2) for all p,q,r sufficiently small. (4.8.32)

Combining the term involving µ(LWD) in (4.8.30) with the term involving µ(LWD) in
(4.8.29), we obtain:

{q+(1− p−q)r}(1− p−q)(1− r){1+ p−q− r+2pr+qr}µ(LWD)

−{1− (1− p−q)2(1− r)2}µ(LWD)

= [−1+{(q+ r− pr−qr)(1+ p−q− r+2pr+qr)+(1− p−q)(1− r)}
(1− p−q)(1− r)]µ(LWD)

= [−1+(1− p−q2− r2−2qr+ pq+ pr+2pqr+3pr2 +2qr2 +2q2r− p2r−3pqr2

−q2r2−2p2r2)(1− p−q)(1− r)]µ(LWD), (4.8.33)

and by (4.8.32), it is immediate that the coefficient of µ(LWD) in (4.8.33) is non-positive.
Incorporating (4.8.33) and (4.8.30) into (4.8.29) (and, as before, ignoring all terms with
non-positive coefficients in (4.8.30)), we get:

w0(Ĝp,q,rµ)6 w0(µ)−2{1− (1+ p)(1− p−q)(1− r)}µ(WD)−{1− (1+ p+ pq+ pr− p2r− pqr)

(1− p−q)(1− r)(1+ r)}µ(DD)− [1−{1− p−q+4r−qr(2− p−2r)− r2(2−3p)

− r3(1− p−q)− p2r2− pqr2}(1− p−q)(1− r)]µ(LD)− r(1− p−q)2(1− r)2

µ(LDW )− (1− r)2(1− p−q)2
µ(LDL)− [1− (1− p−q2− r2−2qr+ pq+ pr+2pqr

+3pr2 +2qr2 +2q2r− p2r−3pqr2−q2r2−2p2r2)(1− p−q)(1− r)]µ(LWD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)+A3,

(4.8.34)

where A3 is the sum of all those terms in the expansion of Ĝp,q,rµ(LWD) that do not arise as
contributions from any of the events considered so far, i.e. {η(2) = L,η(3) = D}, {η(1) =
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η(2) = D}, {η(0) = L,η(1) =W,η(2) = D} and {η(1) = L,η(2) =W,η(3) = D}.

4. The contribution to Ĝp,q,rµ(LWD) of the event {η(1) = L,η(2) = D,η(3) = L} equals

{q+(1− p−q)r}{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(WLDL)

+{q+(1− p−q)r2}{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(DLDL)

+{q+(1− p−q)r2}{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(LLDL)

= {q+(1− p−q)r}{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(LDL)

+α
′
DLDLµ(DLDL)+α

′
LLDLµ(LLDL), (4.8.35)

where α ′DLDL = α ′LLDL = −{p+ (1− p− q)(1− r)}(1− p− q)2r2(1− r)2 are both non-
positive coefficients. Combining the term involving µ(LDL) in (4.8.35) with the term in-
volving µ(LDL) in (4.8.34), we obtain:

− (1− r)2(1− p−q)2
µ(LDL)+{q+(1− p−q)r}{p+(1− p−q)(1− r)}(1− p−q)r(1− r)µ(LDL)

=−(1− p−q)(1− r)[(1− r)(1− p−q)−{q+(1− p−q)r}{p+(1− p−q)(1− r)}r]µ(LDL)

=−(1− p−q)(1− r)[(1− r)(1− p−q){1−qr− r2(1− p−q)}− pqr− pr2(1− p−q)]µ(LDL),
(4.8.36)

which is clearly non-positive when p, q and r are sufficiently small. Incorporating (4.8.36)
and (4.8.35) into (4.8.34) (and ignoring the terms with non-positive coefficients in (4.8.35)),
we obtain:

w0(Ĝp,q,rµ)6 w0(µ)−2{1− (1+ p)(1− p−q)(1− r)}µ(WD)−{1− (1+ p+ pq+ pr− p2r− pqr)

(1− p−q)(1− r)(1+ r)}µ(DD)− [1−{1− p−q+4r−qr(2− p−2r)− r2(2−3p)

− r3(1− p−q)− p2r2− pqr2}(1− p−q)(1− r)]µ(LD)− r(1− p−q)2(1− r)2

µ(LDW )− (1− p−q)(1− r)[(1− r)(1− p−q){1−qr− r2(1− p−q)}− pqr

− pr2(1− p−q)]µ(LDL)− [1− (1− p−q2− r2−2qr+ pq+ pr+2pqr

+3pr2 +2qr2 +2q2r− p2r−3pqr2−q2r2−2p2r2)(1− p−q)(1− r)]µ(LWD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)+A4,

(4.8.37)

where A4 consists of all those terms in the expansion of Ĝp,q,rµ(LWD) that do not arise as
contributions from any of the events considered so far, i.e. {η(2) = L,η(3) = D}, {η(1) =
η(2)=D}, {η(0)= L,η(1)=W,η(2)=D}, {η(1)= L,η(2)=W,η(3)=D} and {η(1)=
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L,η(2) = D,η(3) = L}.

5. Recall that in the third step (i.e. two steps back), we have already taken into account the term
involving µ(LWDL) appearing in the expansion of Ĝp,q,rµ(LWD). We now consider the
remaining two terms that arise as contributions of the event {η(1) =W,η(2) =D,η(3) = L}
to Ĝp,q,rµ(LWD):

(1− p)p(1− p−q)r(1− r)µ(WWDL)+{q+(1− p−q)r}p(1− p−q)r(1− r)µ(DWDL)

= (1− p)p(1− p−q)r(1− r)µ(WDL)− pr(1− p−q)2(1− r)2
µ(DWDL)

− (1− p)p(1− p−q)r(1− r)µ(LWDL), (4.8.38)

so that when we combine the term involving µ(WDL) in (4.8.38) with the term involving
µ(LDW ) in (4.8.37) (using reflection invariance), we obtain:

− r(1− p−q)2(1− r)2
µ(LDW )+(1− p)p(1− p−q)r(1− r)µ(WDL)

= − r(1− p−q)(1− r){(1− p−q)(1− r)− p(1− p)}µ(WDL), (4.8.39)

and the coefficient of µ(WDL) in (4.8.39) is assuredly non-positive when p, q and r are
sufficiently small. Incorporating (4.8.38) and (4.8.39) into (4.8.37) (and, as before, ignoring
the terms with non-positive coefficients in (4.8.38)), we obtain:

w0(Ĝp,q,rµ)6 w0(µ)−2{1− (1+ p)(1− p−q)(1− r)}µ(WD)−{1− (1+ p+ pq+ pr− p2r− pqr)

(1− p−q)(1− r)(1+ r)}µ(DD)− [1−{1− p−q+4r−qr(2− p−2r)− r2(2−3p)

− r3(1− p−q)− p2r2− pqr2}(1− p−q)(1− r)]µ(LD)− r(1− p−q)(1− r)

{(1− p−q)(1− r)− p(1− p)}µ(LDW )− (1− p−q)(1− r)[(1− r)(1− p−q)

{1−qr− r2(1− p−q)}− pqr− pr2(1− p−q)]µ(LDL)− [1− (1− p−q2− r2−2qr

+ pq+ pr+2pqr+3pr2 +2qr2 +2q2r− p2r−3pqr2−q2r2−2p2r2)(1− p−q)(1− r)]

µ(LWD)− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)+A5,

(4.8.40)

where A5 is the sum of all those terms in the expansion of Ĝp,q,rµ(LWD) that do not arise as
contributions from any of the events considered so far, i.e. {η(2) = L,η(3) = D}, {η(1) =
η(2) = D}, {η(0) = L,η(1) = W,η(2) = D}, {η(1) = L,η(2) = W,η(3) = D}, {η(1) =
L,η(2) = D,η(3) = L} and {η(1) =W,η(2) = D,η(3) = L}.
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6. We now consider the contribution of the event {η(1) = L,η(2) = D,η(3) =W} as well as
that of the event {η(1) =W,η(2) = D,η(3) =W} (note that we have already considered the
contribution of {η(0) = L,η(1) = W,η(2) = D}, hence we must exclude the contribution
arising from the intersection of these two events) to Ĝp,q,rµ(LWD):

{q+(1− p−q)r}{p+(1− p−q)(1− r)}(1− p−q)(1− r)µ(WLDW )

+{q+(1− p−q)r2}{p+(1− p−q)(1− r)}(1− p−q)(1− r)µ(DLDW )

+{q+(1− p−q)r2}{p+(1− p−q)(1− r)}(1− p−q)(1− r)µ(LLDW )

+(1− p)p(1− p−q)(1− r)µ(WWDW )+{q+(1− p−q)r}p(1− p−q)(1− r)µ(DWDW )

6 {q+(1− p−q)r}{p+(1− p−q)(1− r)}(1− p−q)(1− r)µ(DW )+α
′
DLDW µ(DLDW )

+α
′
LLDW µ(LLDW )+{p(1− p)− (q+ r− pr−qr)(1−q− r+ pr+qr)}(1− p−q)(1− r)

µ(WWDW )+α
′
DWDW µ(DWDW ), (4.8.41)

(here, we make use of the fact that the sum of µ(WLDW ), µ(DLDW ), µ(LLDW ),
µ(WWDW ) and µ(DWDW ) is bounded above by µ(DW )) where

α
′
DLDW = α

′
LLDW =−r{p+(1− p−q)(1− r)}(1− p−q)2(1− r)2,

α
′
DWDW =−{q+(1− p−q)r}(1− p−q)2(1− r)2,

each of which is a non-positive coefficient. It is worthwhile to note here the difference
between (4.8.41) and similar equations previously derived, such as (4.8.20), (4.8.25) etc.:
the coefficient of µ(WWDW ) in (4.8.41) is not necessarily non-positive. It is, in fact, non-
positive if and only if we have (q+ r− pr− qr)(1− q− r + pr + qr) > p(1− p), which,
provided p, q and r are all sufficiently small (in particular, as long as each of p and q+ r(1−
p−q) is bounded above by 1/2), is true if and only if p6 q+r(1− p−q). The coefficient of
µ(WWDW ) in (4.8.41) is, thus, non-positive if and only if one of (4.2.2), (4.2.3) and (4.2.4)
is true.

Next, we consider the contribution to Ĝp,q,rµ(LWD) of terms arising from the event {η(1) 6=
L,η(2) =W,η(3) = D}:

(1− p)p(1− p−q)(1− r)µ(WWWD)+{q+(1− p−q)r}p(1− p−q)(1− r)µ(DWWD)

+{q+(1− p−q)r}p(1− p−q)(1− r)µ(LWWD)+{q+(1− p−q)r}p(1− p−q)(1− r)

µ(WDWD)+{q+(1− p−q)r2}p(1− p−q)(1− r)µ(DDWD)+{q+(1− p−q)r2}
p(1− p−q)(1− r)µ(LDWD)
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6 p(1− p−q)2(1− r)2
µ(WWWD)+{q+(1− p−q)r}p(1− p−q)(1− r)µ(WD)

+α
′
DDWDµ(DDWD)+α

′
LDWDµ(LDWD), (4.8.42)

where α ′DDWD = α ′LDWD = −pr(1− p− q)2(1− r)2 (in order to obtain the last inequality,
we make use of the fact that the sum of µ(WWWD), µ(DWWD), µ(LWWD), µ(WDWD),
µ(DDWD) and µ(LDWD) is bounded above by µ(WD)).

Before proceeding further, we observe, from (4.8.31), that

2{(1− p−q)(1− r)}−1 > 2+2p+2q+2r+2p2 +2q2 +2r2 +4pq+2pr+2qr−8pqr−4p2r

−4pr2−4q2r−4qr2 +2p2r2 +2q2r2 +4pqr2

= {2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+2pr2− p2r−2pqr2− p2r2−q2r2}
+q+ r+2p2 +3q2 +3r2 +3pq(1−3r)+ pr(2−3p−6r)+qr(5−6q−6r)+3p2r2

+3q2r2 +6pqr2

> {2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+2pr2− p2r−2pqr2− p2r2−q2r2}
(4.8.43)

whenever p, q and r are sufficiently small.

Combining the term involving µ(WD) in (4.8.42), the term involving µ(DW ) in (4.8.41),
and the term involving µ(WD) in (4.8.40), and making use of the reflection-invariance of µ ,
we obtain:

−2{1− (1+ p)(1− p−q)(1− r)}µ(WD)+{q+(1− p−q)r}{p+(1− p−q)(1− r)}
(1− p−q)(1− r)µ(DW )+{q+(1− p−q)r}p(1− p−q)(1− r)µ(WD)

= [−2+(1− p−q)(1− r){2(1+ p)+(q+ r− pr−qr)(1−q− r+ pr+qr)

+(q+ r− pr−qr)p}]µ(WD)

= [−2+(1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2

+ pqr+2pr2− p2r−2pqr2− p2r2−q2r2}]µ(WD), (4.8.44)

and by the inequality derived in (4.8.43), it is immediate that the coefficient of µ(WD)

in (4.8.44) is non-positive. Incorporating (4.8.44), (4.8.41) and (4.8.42) into (4.8.40), and
ignoring those terms from both (4.8.41) and (4.8.42) whose coefficients are assuredly non-
positive, we obtain:

w0(Ĝp,q,rµ)6 w0(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2
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+ pqr+2pr2− p2r−2pqr2− p2r2−q2r2}]µ(WD)−{1− (1+ p+ pq+ pr

− p2r− pqr)(1− p−q)(1− r)(1+ r)}µ(DD)− [1−{1− p−q+4r

−qr(2− p−2r)− r2(2−3p)− r3(1− p−q)− p2r2− pqr2}(1− p−q)

(1− r)]µ(LD)− r(1− p−q)(1− r){(1− p−q)(1− r)− p(1− p)}µ(LDW )

− (1− p−q)(1− r)[(1− r)(1− p−q){1−qr− r2(1− p−q)}− pqr

− pr2(1− p−q)]µ(LDL)− [1− (1− p−q2− r2−2qr+ pq+ pr+2pqr+3pr2

+2qr2 +2q2r− p2r−3pqr2−q2r2−2p2r2)(1− p−q)(1− r)]µ(LWD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)

+{p(1− p)− (q+ r− pr−qr)(1−q− r+ pr+qr)}(1− p−q)(1− r)µ(WWDW )

+ p(1− p−q)2(1− r)2
µ(WWWD)+A6, (4.8.45)

where A6 is the sum of all those terms in the expansion of Ĝp,q,rµ(LWD) that do not arise as
contributions from any of the events considered so far, i.e. {η(2) = L,η(3) = D}, {η(1) =
η(2) = D}, {η(0) = L,η(1) = W,η(2) = D}, {η(1) = L,η(2) = D,η(3) = L}, {η(1) =
W,η(2) = D,η(3) = L}, {η(1) = L,η(2) = D,η(3) =W}, {η(1) =W,η(2) = D,η(3) =
W} and {η(2) = W,η(3) = D}. It is helpful for the reader to note here that A6 is made
up of contributions to Ĝp,q,rµ(LWD) from the events {η(1) = L,η(2) = D,η(3) = D} and
{η(0) 6= L,η(1) =W,η(2) = η(3) = D}, where η follows the distribution µ .

7. The contribution to Ĝp,q,rµ(LWD) of the event {η(1) = L,η(2) = η(3) = D} is given by:

{q+(1− p−q)r}{p+(1− p−q)(1− r)}(1− p−q)(1− r)(1+ r)µ(WLDD)

+{q+(1− p−q)r2}{p+(1− p−q)(1− r)}(1− p−q)(1− r)(1+ r)µ(DLDD)

+{q+(1− p−q)r2}{p+(1− p−q)(1− r)}(1− p−q)(1− r)(1+ r)µ(LLDD)

= (q+ r− pr−qr)(1−q− r+ pr+qr)(1− p−q)(1− r)(1+ r)µ(LDD)

− r{p+(1− p−q)(1− r)}(1− p−q)2(1− r)2(1+ r){µ(DLDD)+µ(LLDD)}.
(4.8.46)

The idea, now, is to split the term involving µ(LDD) in (4.8.46) into two suitable parts, one
of which is to be negated by the existing term involving µ(DD) in (4.8.45), and the other
to be negated by the existing term involving µ(LD) in (4.8.45). We decompose the term
involving µ(LDD) in (4.8.46) into the following two parts:

(q+ r− pr−qr)(1−q− r+ pr+qr)(1− p−q)(1− r)(1+ r)µ(LDD)
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= q(1−q− r+ pr+qr)(1− p−q)(1− r)(1+ r)µ(LDD)

+ r(1−q− r+ pr+qr)(1− p−q)2(1− r)(1+ r)µ(LDD). (4.8.47)

Before proceeding further, we note that the only terms in the expansion of Ĝp,q,rµ(LWD) that
we have not yet taken into account are those coming from the event {η(0)∈ {W,D},η(1) =
W,η(2) = η(3) = D}, and the sum of these contributions equals

(1− p)p(1− p−q)(1− r)(1+ r)µ(WWDD)

+{q+(1− p−q)r}p(1− p−q)(1− r)(1+ r)µ(DWDD)

6 q(1−q− r+ pr+qr)(1− p−q)(1− r)(1+ r)µ(WDD)

+{p(1− p)−q(1−q− r+ pr+qr)}(1− p−q)(1− r)(1+ r)µ(WWDD)

+(pr+qr−q)(1− p−q)2(1− r)(1+ r)µ(DWDD), (4.8.48)

where the inequality is obtained since we ignore the term involving µ(LWDD) (since its
coefficient is non-positive). At this point, we observe, from (4.8.26), that:

{(1− p−q)(1− r)(1+ r)}−1 > 1+ p+q+ r2 + p2 +q2 +2pq+ p2r4−2p2r2 +2pqr4

−4pqr2−2pr4 + pr2 +q2r4−2q2r2−2qr4 +qr2 + r4

= (1+ p+q+ pq+ pr−q2−qr− p2r+q2r)+(p− r)2 +2q2 + pq(1−4r2 +2r4)

+qr(1−q+ r−2qr−2r3 +qr3)+ pr(1+ p+ r−2pr−2r3 + pr3)+ r4

> (1+ p+q+ pq+ pr−q2−qr− p2r+q2r) when p,q,r are sufficiently small. (4.8.49)

We now combine the first of the two terms in (4.8.47), the term involving µ(WDD)

in (4.8.48), and the term involving µ(DD) in (4.8.45), using the inequality µ(WDD) +

µ(LDD)6 µ(DD):

−{1− (1+ p+ pq+ pr− p2r− pqr)(1− p−q)(1− r)(1+ r)}µ(DD)

+q(1−q− r+ pr+qr)(1− p−q)(1− r)(1+ r)µ(LDD)

+q(1−q− r+ pr+qr)(1− p−q)(1− r)(1+ r)µ(WDD)

6 [−1+(1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)]µ(DD),

(4.8.50)

and by (4.8.49), we conclude that the coefficient of µ(DD) in (4.8.50) is non-positive.

We combine the second term appearing in (4.8.47) with the term involving µ(LD) in (4.8.45),
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and use the inequality µ(LDD)6 µ(LD), to obtain:

− [1−{1− p−q+4r−qr(2− p−2r)− r2(2−3p)− r3(1− p−q)− p2r2− pqr2}
(1− p−q)(1− r)]µ(LD)+ r(1−q− r+ pr+qr)(1− p−q)2(1− r)(1+ r)µ(LDD)

= [−1+{1− p−q+4r−2qr+ pqr+2qr2−2r2 +3pr2− r3(1− p−q)− p2r2− pqr2}
(1− p−q)(1− r)]µ(LD)+ r(1−q− r+ pr+qr)(1− p−q)2(1− r)(1+ r)[µ(LD)

−µ(LDL)−µ(LDW )]

6 [−1+{1− p−q+4r−2qr+ pqr+2qr2−2r2 +3pr2 + r(1−q− r+ pr+qr)(1− p−q)(1+ r)}
(1− p−q)(1− r)]µ(LD)− r(1−q− r+ pr+qr)(1− p−q)2(1− r)(1+ r)[µ(LDL)+µ(LDW )]

(when p,q,r are sufficiently small)

= [−1+(1− p−q+5r−2r2− pr−4qr− r3 +2qr2 +4pr2 +2pqr+q2r− p2r3− p2r2−2pqr3

− pqr2 +2pr3−q2r3 +2qr3)(1− p−q)(1− r)]µ(LD)− r(1−q− r+ pr+qr)(1− p−q)2

(1− r)(1+ r)[µ(LDL)+µ(LDW )]

6 [−1+{1− p−q+5r−2r2− pr−4qr+2qr2 +4pr2 +2pqr+q2r− r3(1−2p−2q)}(1− p−q)

(1− r)]µ(LD)− r(1−q− r+ pr+qr)(1− p−q)2(1− r)(1+ r)[µ(LDL)+µ(LDW )]

6 [4r−2p−2q+ p2 +2pq+q2−7r2−4pr−7qr+5pqr+12pr2 +4q2r+13qr2 +2r3−2p2qr(1− r)

− p2r2(5−4r)−3pq2r(1− r)− pqr2(13−6r)−6pr3−q3r(1− r)−q2r2(7−2r)−4qr3]µ(LD)

− r(1−q− r+ pr+qr)(1− p−q)2(1− r)(1+ r)[µ(LDL)+µ(LDW )]

(when p,q are sufficiently small – in particular, when p+q 6 1/2)

6 [4r−2(p+q)+(p+q)2−6r2−3pr−6qr− r2(1−2r−6p−4q)− pr(1−5q−6r)−qr

(1−4q−9r)]µ(LD)− r(1−q− r+ pr+qr)(1− p−q)2(1− r)(1+ r)[µ(LDL)+µ(LDW )]

(when p,q,r are sufficiently small)

6 [4r−2(p+q)+(p+q)2−6r2−3pr−6qr]µ(LD)− r(1−q− r+ pr+qr)(1− p−q)2(1− r)(1+ r)

[µ(LDL)+µ(LDW )] (when p,q,r are sufficiently small), (4.8.51)

and the coefficient of µ(LD) in (4.8.51) is non-positive whenever (4.2.1) holds. Combining
the terms involving µ(LDL) and µ(LDW ) of (4.8.51) with those of (4.8.45), we obtain:

− r(1− p−q)(1− r){(1− p−q)(1− r)− p(1− p)}µ(LDW )− (1− p−q)(1− r)[(1− r)(1− p−q)

{1−qr− r2(1− p−q)}− pqr− pr2(1− p−q)]µ(LDL)− r(1−q− r+ pr+qr)(1− p−q)2(1− r)

(1+ r)[µ(LDL)+µ(LDW )]

= (1− p−q)(1− r){−2r+ r2 +3pr+3qr+ r3− p2r(1− r− r2)− pqr(1− r−2r2)−2pr3−2pr2
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−q2r(1− r2)−2qr3−qr2}µ(LDW )+(1− p−q)(1− r){−1+ p+q+ r2 +2qr−2q2r(1− r)

−3qr2(1− p)− pr2(2− p)− pqr}µ(LDL)

6 (1− p−q)(1− r)(−2r+ r2 +3pr+3qr+ r3)µ(LDW )+(1− p−q)(1− r)(−1+ p+q+ r2

+2qr)µ(LDL), (4.8.52)

for all p, q and r sufficiently small. Moroever, the coefficient of each of µ(LDW ) and
µ(LDL) in (4.8.52) is non-positive when p, q and r are sufficiently small.

Incorporating (4.8.46), (4.8.48), (4.8.50), (4.8.51) and (4.8.52) into (4.8.45), we obtain:

w0(Ĝp,q,rµ)6 w0(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2

+ pqr+2pr2− p2r−2pqr2− p2r2−q2r2}]µ(WD)−{1− (1+ p+q+ pq+ pr

−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)}µ(DD)+{4r−2(p+q)+(p+q)2

−6r2−3r(p+2q)}µ(LD)+(1− p−q)(1− r)(−2r+ r2 +3pr+3qr+ r3)µ(LDW )

+(1− p−q)(1− r)(−1+ p+q+ r2 +2qr)µ(LDL)− [1− (1− p−q2− r2−2qr

+ pq+ pr+2pqr+3pr2 +2qr2 +2q2r− p2r−3pqr2−q2r2−2p2r2)(1− p−q)(1− r)]

µ(LWD)− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)

+{p(1− p)− (q+ r− pr−qr)(1−q− r+ pr+qr)}(1− p−q)(1− r)µ(WWDW )

+ p(1− p−q)2(1− r)2
µ(WWWD)+{p(1− p)−q(1−q− r+ pr+qr)}(1− p−q)

(1− r)(1+ r)µ(WWDD)+(pr+qr−q)(1− p−q)2(1− r)(1+ r)µ(DWDD).

(4.8.53)

We recall, for the reader’s convenience, that the ultimate goal for us is to come up with a weight
function inequality that satisfies (4.8.3), and although the weight function inequality in (4.8.53) is
of the same form as (4.8.2), it does not satisfy (4.8.3) because of the last few terms. In particular,
we note that:

1. the coefficient µ(WWWD) in (4.8.53) is non-negative;

2. the coefficient of µ(DWDD) in (4.8.53) may or may not be non-negative;

3. the coefficient of µ(WWDW ) in (4.8.53) is positive whenever p(1− p) > (q + r− pr−
qr)(1− q− r + pr + qr), which is equivalent to p > q+ r(1− p− q) when p, q and r are
sufficiently small (in particular, as long as each of p and q+ r(1− p−q) is bounded above
by 1/2, since the function f (x) = x(1− x) is strictly increasing for x ∈ [0,1/2) and strictly
decreasing for x ∈ (1/2,1]), and this happens when (4.2.5) is true;
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4. and the coefficient of µ(WWDD) in (4.8.53) is positive whenever p(1− p)> q(1−q− r+

pr+qr), which happens when one of (4.2.3), (4.2.4) and (4.2.5) is true.

At this point, our first attempt is to try to negate, to as large an extent as possible, the terms
involving µ(WWWD) and µ(DWDD) in (4.8.53), using the term involving µ(WD) in (4.8.53).
Here, we make use of the inequality (via reflection-invariance): µ(WWWD) + µ(DWDD) =

µ(WWWD) + µ(DDWD) 6 µ(WD). First, we write µ(WD) = µ(WWWD) + [µ(WD) −
µ(WWWD)], and combine the term involving µ(WWWD) thus obtained from the term involv-
ing µ(WD) in (4.8.53), with the existing term involving µ(WWWD) in (4.8.53), to get:

− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+2pr2− p2r

−2pqr2− p2r2−q2r2}]µ(WWWD)+ p(1− p−q)2(1− r)2
µ(WWWD)

= [−2(1− p−q)(1− r){(1− p−q)(1− r)}−1 +(1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr

+ pq+2q2r+2qr2 + pqr+2pr2− p2r−2pqr2− p2r2−q2r2}+ p(1− p−q)2(1− r)2]µ(WWWD)

6 (1− p−q)(1− r)[−2{1+ p+q+ r+ p2 +q2 + r2 +2pq+ pr+qr−4pqr−2p2r−2pr2−2q2r

−2qr2 + p2r2 +q2r2 +2pqr2}+{2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+2pr2

− p2r−2pqr2− p2r2−q2r2}+ p(1− p−q)(1− r)]µ(WWWD)

(making use of the inequality in (4.8.31))

6 (1− p−q)(1− r)[p−q− r−3p2−3q2−3r2−4pq−3pr−5qr+4p2r+6pr2 +6q2r+6qr2

+10pqr]µ(WWWD). (4.8.54)

The coefficient of µ(WWWD) in (4.8.54) may or may not be non-positive. Before proceeding
further, we note, from (4.8.31), that

2{(1− p−q)(1− r)}−1 > 2+2p+2q+2r+2p2 +2q2 +2r2 +4pq+2pr+2qr−8pqr−4p2r−4pr2

−4q2r−4qr2 +2p2r2 +2q2r2 +4pqr2

= (2+2p+ r− r2−3qr+2pq+ pr+3pr2−2p2r+2q2r+3qr2−2p2r2−2q2r2−4pqr2)

+2q+ r+2p2 +2q2 +3r2 +5qr+2pq+ pr−7pr2−2p2r−6q2r−7qr2−8pqr+4p2r2 +4q2r2

+8pqr2

= (2+2p+ r− r2−3qr+2pq+ pr+3pr2−2p2r+2q2r+3qr2−2p2r2−2q2r2−4pqr2)+

2q+ r+2p2 +2q2 +3r2 +qr(5−6q−7r+3qr)+2pq(1−4r+4r2)+ pr(1−7r−2p+4pr)

> 2+2p+ r− r2−3qr+2pq+ pr+3pr2−2p2r+2q2r+3qr2−2p2r2−2q2r2−4pqr2

(4.8.55)
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when p, q and r are sufficiently small. Next, we write [µ(WD)− µ(WWWD)] = µ(DWDD)+

[µ(WD)− µ(WWWD)− µ(DWDD)], and we combine the term involving µ(DWDD) thus ob-
tained from the term involving µ(WD) in (4.8.53), with the existing term involving µ(DWDD) in
(4.8.53), to get:

− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+2pr2− p2r

−2pqr2− p2r2−q2r2}]µ(DWDD)+(pr+qr−q)(1− p−q)2(1− r)(1+ r)µ(DWDD)

= [−2+{2+2p+ r− r2−3qr+2pq+ pr+3pr2−2p2r+2q2r+3qr2−2p2r2−2q2r2−4pqr2}
(1− p−q)(1− r)]µ(DWDD), (4.8.56)

and the coefficient of µ(DWDD) in (4.8.56) is non-positive because of the inequality established
in (4.8.55).

Incorporating (4.8.54) and (4.8.56) into (4.8.53), and eliminating the term involving µ(DWDD)

since its coefficient in (4.8.56) has already been proven above to be non-positive, via the inequality
in (4.8.55), when p, q and r are sufficiently small, we obtain:

w0(Ĝp,q,rµ)6 w0(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2

+ pqr+2pr2− p2r−2pqr2− p2r2−q2r2}]{µ(WD)−µ(WWWD)−µ(DWDD)}
−{1− (1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)}µ(DD)

+{4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}µ(LD)+(1− p−q)(1− r)(−2r+ r2

+3pr+3qr+ r3)µ(LDW )+(1− p−q)(1− r)(−1+ p+q+ r2 +2qr)µ(LDL)

− [1− (1− p−q2− r2−2qr+ pq+ pr+2pqr+3pr2 +2qr2 +2q2r− p2r−3pqr2

−q2r2−2p2r2)(1− p−q)(1− r)]µ(LWD)− r2(1− r)2(1− p−q)2
µ(WLD)

− r2(1− r)2(1− p−q)2
µ(DLD)+{p(1− p)− (q+ r− pr−qr)(1−q− r+ pr+qr)}

(1− p−q)(1− r)µ(WWDW )+(1− p−q)(1− r){p−q− r−3p2−3q2−3r2−4pq

−3pr−5qr+4p2r+6pr2 +6q2r+6qr2 +10pqr}µ(WWWD)+{p(1− p)

−q(1−q− r+ pr+qr)}(1− p−q)(1− r)(1+ r)µ(WWDD)

= w0(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr

+2pr2− p2r−2pqr2− p2r2−q2r2}]{µ(WD)−µ(WWWD)−µ(DWDD)−µ(LWD)}
−{1− (1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)}µ(DD)

+{4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}µ(LD)+(1− p−q)(1− r)(−2r+ r2

+3pr+3qr+ r3)µ(LDW )+(1− p−q)(1− r)(−1+ p+q+ r2 +2qr)µ(LDL)−
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[3− (3+ p+q+ r−2q2−2r2−5qr+2pq+ pr+3pqr+4q2r+4qr2 +5pr2−2p2r

−5pqr2−3p2r2−2q2r2)(1− p−q)(1− r)]µ(LWD)− r2(1− r)2(1− p−q)2
µ(WLD)

− r2(1− r)2(1− p−q)2
µ(DLD)+{p(1− p)− (q+ r− pr−qr)(1−q− r+ pr+qr)}

(1− p−q)(1− r)µ(WWDW )+(1− p−q)(1− r){p−q− r−3p2−3q2−3r2−4pq

−3pr−5qr+4p2r+6pr2 +6q2r+6qr2 +10pqr}µ(WWWD)+{p(1− p)−q(1−q

− r+ pr+qr)}(1− p−q)(1− r)(1+ r)µ(WWDD). (4.8.57)

The important change that takes place in the final expression of (4.8.57) is the combination of the
term involving µ(LWD) that already exists in the previous step with the term involving µ(LWD)

that comes out of the term involving {µ(WD)− µ(WWWD)− µ(DWDD)} (note, by reflection-
invariance, that µ(WWWD)+ µ(DWDD)+ µ(LWD) = µ(WWWD)+ µ(DDWD)+ µ(LWD) 6

µ(WWD)+µ(DWD)+µ(LWD) = µ(WD)).

4.8.3.1 When (4.2.2) of Theorem 4.2.1 is true

Here, we assume that (p,q,r) satisfies (4.2.1) and (4.2.2). The latter allows us to deduce the
following upper bound on the coefficient of µ(WWWD) in (4.8.54) (which is also the coefficient
of µ(WWWD) in (4.8.57)):

(1− p−q)(1− r){p−q− r−3p2−3q2−3r2−4pq−3pr−5qr+4p2r+6pr2 +6q2r+6qr2 +10pqr}
= (1− p−q)(1− r){p(1− p)−q− r−2p2−3q2−3r2−4pq−3pr−5qr+4p2r+6pr2 +6q2r+6qr2

+10pqr}
6 (1− p−q)(1− r){q−q2−qr(1− p−q)−q− r−2p2−3q2−3r2−4pq−3pr−5qr+4p2r+6pr2

+6q2r+6qr2 +10pqr}
= (1− p−q)(1− r){−r−2p2−4q2−3r2− pq(4−11r)− pr(3−4p−6r)−qr(6−6r−7q)}

which is non-positive for all p, q and r sufficiently small. Thus, the coefficient of µ(WWWD) in
(4.8.54) is non-positive when p, q and r are sufficiently small and (p,q,r) belongs to the regime
described in (4.2.2). Since (4.2.2) holds, the coefficient of µ(WWDD) in (4.8.57) is non-positive,
and furthermore, we have p(1− p)6 q{1−q−r(1− p−q)}6 {q+r(1− p−q)}{1−q−r(1− p−
q)}, proving that the coefficient of µ(WWDW ) in (4.8.57) is non-positive as well. Consequently,
(4.8.57) is of the form given by (4.8.2) and satisfies (4.8.3), thus fulfilling the objective we set out
to achieve when (p,q,r) satisfies (4.2.1) and (4.2.2). Therefore, the construction of our desired
weight function comes to an end at this step when (4.2.2) holds.
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Note that, since the coefficient of each of µ(LD), µ(LDW ), µ(LDL), µ(LWD), µ(WWDW ),
µ(WWDD) and µ(WWWD) in (4.8.57) is non-positive in this case, we can remove these terms
from the right side of (4.8.57), and the resulting inequality would be exactly what appears in
(4.8.10) (once we replace the notation w0 by w).

4.8.3.2 When either (4.2.3) or (4.2.4) holds

The reason for considering these two possibilities together is that the way we proceed, to a large
extent, is the same for both of them (in fact, much of this approach is also common to the scenario
where (p,q,r) satisfies (4.2.5)).

The very first observation to make is that the coefficient of µ(WWDW ) in (4.8.57) is non-
positive when either of (4.2.3) and (4.2.4) is true. Next, recall, from the discussion in (3), that the
inequality p(1− p)6 {q+ r(1− p−q)}{1−q− r(1− p−q)}, which is a part of both (4.2.3) and
(4.2.4), becomes equivalent to p 6 q+ r(1− p−q) when p 6 1/2 and q+ r(1− p−q)6 1/2 (in
other words, when p, q and r are sufficiently small). Applying the latter inequality, the coefficient
of µ(WWWD) in (4.8.57) can be bounded above as follows:

(1− p−q)(1− r){p−q− r−3p2−3q2−3r2−4pq−3pr−5qr+4p2r+6pr2 +6q2r+6qr2 +10pqr}
6 (1− p−q)(1− r){q+ r(1− p−q)−q− r−3p2−3q2−3r2−4pq−3pr−5qr+4p2r+6pr2 +6q2r

+6qr2 +10pqr}
= (1− p−q)(1− r){−3p2−3q2−3r2−4pq−4pr−6qr+4p2r+6pr2 +6q2r+6qr2 +10pqr}
= (1− p−q)(1− r){−3p2−3q2−3r2−2pq(2−5r)−2pr(2−2p−3r)−6qr(1−q− r)},

(4.8.58)

which is non-positive for all p, q and r sufficiently small. This shows us that the coefficient of
µ(WWWD) in (4.8.57) is non-positive in this case. Only the coefficient of µ(WWDD) in (4.8.57)
remains non-negative.

This is where the need for an adjustment to our weight function, along the lines of the idea
outlined in §4.8.1.1, arises. There are quite a few terms with non-positive coefficients available
to us on the right side of (4.8.57), but we should take into account the following aspects while
deciding which of them to use for negating the existing (possibly) non-negative terms on the right
side of (4.8.57):

1. which of the cylinder sets (namely, (D,D)0,1, (L,D)0,1, (L,D,W )0,1,2 etc.) appearing on
the right side of (4.8.57), with non-positive coefficients, can boast a significant contribution
from µ(WWD), µ(WWWD), µ(WWDW ) and µ(WWDD) when we consider their probabil-
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ities under the pushforward measure (i.e. when we consider the expansion of Ĝp,q,rµ(DD),
Ĝp,q,rµ(LD), Ĝp,q,rµ(LDW ) etc.);

2. the order of magnitude of the coefficient of each of these terms assuming p, q and r to be
sufficiently small (for instance, the coefficient of µ(LDW ) in (4.8.57) is of the order of r,
that of µ(LDL) is of the order of 1, and so on).

To this end, we note the following:

1. When we consider Ĝp,q,rµ(LD), which is the same as finding the probability of the event
{Ĝp,q,rη(0) = L, Ĝp,q,rη(1) = D} with η being a random configuration following the law µ ,
the contribution of the event {η(0) = η(1) = W,η(2) = D} equals (1− p)(1− p− q)(1−
r)µ(WWD), so that we can write

(1− p)(1− p−q)(1− r)µ(WWD)6 Ĝp,q,rµ(LD). (4.8.59)

2. When we consider Ĝp,q,rµ(LDW ), which is the same as the probability of the event
{Ĝp,q,rη(0) = L, Ĝp,q,rη(1) = D, Ĝp,q,rη(2) = W} with η being a random configuration
following the law µ , the contribution of the event {η(0) = η(1) = W,η(2) = D,η(3) ∈
{W,D}} is given by (1− p)(1− p−q)(1− r)p{µ(WWDW )+µ(WWDD)}, so that we can
write

(1− p)(1− p−q)(1− r)p{µ(WWDW )+µ(WWDD)}6 Ĝp,q,rµ(LDW ). (4.8.60)

3. When we consider Ĝp,q,rµ(LDL), which is the same as the probability of the event
{Ĝp,q,rη(0) = L, Ĝp,q,rη(1) = D, Ĝp,q,rη(2) = L} with η being a random configuration
following the law µ , the contribution of the event {η(0) = η(1) = W,η(2) = D,η(3) ∈
{W,D}} is given by (1− p)(1− p−q)(1− r){q+(1− p−q)r}µ(WWDW )+ (1− p)(1−
p−q)(1− r){q+(1− p−q)r2}µ(WWDD), so that we can write

(1− p)(1− p−q)(1− r){q+(1− p−q)r}µ(WWDW )+(1− p)(1− p−q)(1− r)

{q+(1− p−q)r2}µ(WWDD)6 Ĝp,q,rµ(LDL). (4.8.61)

4. Finally, when we consider Ĝp,q,rµ(LWD), which is the same as the probability of the
event {Ĝp,q,rη(0) = L, Ĝp,q,rη(1) = W, Ĝp,q,rη(2) = D} with η being a random config-
uration following the law µ , the contributions of the event {η(0) = η(1) = W,η(2) =
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D,η(3) ∈ {W,D}} and {η(0) = η(1) = η(2) = W,η(3) = D} equal (1− p)p(1− p−
q)(1− r)µ(WWDW ) + (1− p)p(1− p− q)(1− r)(1 + r)µ(WWDD) + (1− p)p(1− p−
q)(1− r)µ(WWWD), so that we can write

(1− p)p(1− p−q)(1− r)µ(WWDW )+(1− p)p(1− p−q)(1− r)(1+ r)µ(WWDD)

+(1− p)p(1− p−q)(1− r)µ(WWWD)6 Ĝp,q,rµ(LWD). (4.8.62)

We now define the adjusted / updated weight function, w1, to be exactly as defined in (4.8.9).
For the reader’s convenience, we write here its rather long and involved expression, recalling w0

from (4.8.17):

w1(µ) = w0(µ)+{4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}µ(LD)+(1− p−q)(1− r)(−2r+ r2 +3pr

+3qr+ r3)µ(LDW )+(1− p−q)(1− r)(−1+ p+q+ r2 +2qr)µ(LDL)− [3− (3+ p+q+ r

−2q2−2r2−5qr+2pq+ pr+3pqr+4q2r+4qr2 +5pr2−2p2r−5pqr2−3p2r2−2q2r2)

(1− p−q)(1− r)]µ(LWD). (4.8.63)

Following the argument outlined in §4.8.1.1, the updated weight function in (4.8.63) transforms
the current weight function inequality, in (4.8.57), as follows (the same way as we deduce (4.8.6)):

w1(Ĝp,q,rµ)6 w1(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+

2pr2− p2r−2pqr2− p2r2−q2r2}]{µ(WD)−µ(WWWD)−µ(DWDD)−µ(LWD)}
−{1− (1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)}µ(DD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)+{p(1− p)−
(q+ r− pr−qr)(1−q− r+ pr+qr)}(1− p−q)(1− r)µ(WWDW )+(1− p−q)(1− r)

{p−q− r−3p2−3q2−3r2−4pq−3pr−5qr+4p2r+6pr2 +6q2r+6qr2 +10pqr}
µ(WWWD)+{p(1− p)−q(1−q− r+ pr+qr)}(1− p−q)(1− r)(1+ r)µ(WWDD)

+{4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}Ĝp,q,rµ(LD)+(1− p−q)(1− r)(−2r+

r2 +3pr+3qr+ r3)Ĝp,q,rµ(LDW )+(1− p−q)(1− r)(−1+ p+q+ r2 +2qr)

Ĝp,q,rµ(LDL)− [3− (3+ p+q+ r−2q2−2r2−5qr+2pq+ pr+3pqr+4q2r+4qr2

+5pr2−2p2r−5pqr2−3p2r2−2q2r2)(1− p−q)(1− r)]Ĝp,q,rµ(LWD)

6 w1(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+

2pr2− p2r−2pqr2− p2r2−q2r2}]{µ(WD)−µ(WWWD)−µ(DWDD)−µ(LWD)}
−{1− (1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)}µ(DD)
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− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)+{p(1− p)−
(q+ r− pr−qr)(1−q− r+ pr+qr)}(1− p−q)(1− r)µ(WWDW )+(1− p−q)(1− r)

{p−q− r−3p2−3q2−3r2−4pq−3pr−5qr+4p2r+6pr2 +6q2r+6qr2 +10pqr}
µ(WWWD)+{p(1− p)−q(1−q− r+ pr+qr)}(1− p−q)(1− r)(1+ r)µ(WWDD)

+{4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}(1− p)(1− p−q)(1− r)µ(WWD)+

(1− p−q)(1− r)(−2r+ r2 +3pr+3qr+ r3)(1− p)(1− p−q)(1− r)p{µ(WWDW )

+µ(WWDD)}+(1− p−q)(1− r)(−1+ p+q+ r2 +2qr)[(1− p)(1− p−q)(1− r)

{q+(1− p−q)r}µ(WWDW )+(1− p)(1− p−q)(1− r){q+(1− p−q)r2}µ(WWDD)]

− [3− (3+ p+q+ r−2q2−2r2−5qr+2pq+ pr+3pqr+4q2r+4qr2 +5pr2−2p2r

−5pqr2−3p2r2−2q2r2)(1− p−q)(1− r)]{(1− p)p(1− p−q)(1− r)µ(WWDW )+

(1− p)p(1− p−q)(1− r)(1+ r)µ(WWDD)+(1− p)p(1− p−q)(1− r)µ(WWWD)}
(4.8.64)

where the inequality in the last step of the derivation of (4.8.64) is obtained by making use of
(4.8.59), (4.8.60), (4.8.61) and (4.8.62).

Let us write down all those terms of (4.8.64) that we now need to combine suitably:

1. {p(1− p)− (q+ r− pr−qr)(1−q− r+ pr+qr)}(1− p−q)(1− r)µ(WWDW ),

2. (1− p− q)(1− r){p− q− r− 3p2− 3q2− 3r2− 4pq− 3pr− 5qr+ 4p2r+ 6pr2 + 6q2r+

6qr2 +10pqr}µ(WWWD),

3. {p(1− p)−q(1−q− r+ pr+qr)}(1− p−q)(1− r)(1+ r)µ(WWDD),

4. {4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}(1− p)(1− p−q)(1− r)µ(WWD),

5. (1− p− q)(1− r)(−2r + r2 + 3pr + 3qr + r3)(1− p)(1− p− q)(1− r)p{µ(WWDW ) +

µ(WWDD)},

6. (1 − p − q)(1 − r)(−1 + p + q + r2 + 2qr)[(1 − p)(1 − p − q)(1 − r){q + (1 − p −
q)r}µ(WWDW )+(1− p)(1− p−q)(1− r){q+(1− p−q)r2}µ(WWDD)],

7. −[3− (3+ p+ q+ r− 2q2− 2r2− 5qr + 2pq+ pr + 3pqr + 4q2r + 4qr2 + 5pr2− 2p2r−
5pqr2− 3p2r2− 2q2r2)(1− p− q)(1− r)]{(1− p)p(1− p− q)(1− r)µ(WWDW ) + (1−
p)p(1− p−q)(1− r)(1+ r)µ(WWDD)+(1− p)p(1− p−q)(1− r)µ(WWWD)}.
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Recall that when (p,q,r) satisfies the constraints of (4.2.3) or (4.2.4), it is only the coefficient
of µ(WWDD) that is non-positive on the right side of (4.8.57) (other than w0(µ) itself). Con-
sequently, for this case, we need only focus on the terms involving µ(WWDD) in the above-
mentioned list (appearing in (3), (5), (6) and (7)), and the term involving µ(WWD) (appearing in
(4)). Combining the terms involving µ(WWDD) from (3), (5), (6) and (7), we get the following
coefficient of µ(WWDD) (or rather, an upper bound on it), as long as p, q and r are sufficiently
small:

(1− p−q)(1− r)[{p(1− p)−q(1−q− r+ pr+qr)}(1+ r)+(1− p−q)(1− r)(−2r+ r2 +3pr+3qr

+ r3)(1− p)p+(−1+ p+q+ r2 +2qr)(1− p)(1− p−q)(1− r){q+(1− p−q)r2}−{3− (3+ p+q

+ r−2q2−2r2−5qr+2pq+ pr+3pqr+4q2r+4qr2 +5pr2−2p2r−5pqr2−3p2r2−2q2r2)

(1− p−q)(1− r)}(1− p)p(1+ r)]

= [−p5r(2+3r−2r2−3r3)− p4qr2(10+ r−8r2)−11p4r4−4p4r3−7p3q2r2(1+ r− r2)−20p3qr4

− p3q(1+3r−15r2−9r3−2p− pr)− p3r(11+3r+ r2−13r3− r4−8p−6pr)−2p2q3r3(2− r)

−2p2q3(1−2r)− p2q2r(13−7p−2r−15r2 +9r3)− p2qr3(17−11r−2r2)− p2q(1−5q−5r)

−3p2r5−4p2r4− p2r2(1−7r)− p2(1−8r− p− p2)−3pq3r(1+ r− r2)− pq2r4(3− r)−8pq2r3

− pq2(7−6r−3q−11r2)−4pqr5− pqr2(8−11r−5r2)−3pqr− pr3(5+2r−3r2)−2q3r4

−q3(1+ r−3r2− r3)−q2r5−q2r2(7−5r2)−2qr4(2− r)− r2(1− r−2p−5q− r2 +2qr+ r3)

+{−2p2 + pq−3pr+ p+3q2 +qr−2q}](1− p−q)(1− r)

6 (p−2q+ pq+qr−3pr−2p2 +3q2)(1− p−q)(1− r). (4.8.65)

The first scenario to consider is where the final expression in (4.8.65) is non-positive, i.e. the
second inequality of (4.2.3) holds. Note that the current weight function inequality, obtained from
(4.8.64) by updating the coefficient of µ(WWDD) to the expression in (4.8.65), and by combining
the terms involving µ(WWDW ) and those involving µ(WWWD) in the final step of (4.8.64) (note
that this, in fact, reduces the already non-positive coefficients of µ(WWDW ) and µ(WWWD)

further), is given by:

w1(Ĝp,q,rµ)6 w1(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+

2pr2− p2r−2pqr2− p2r2−q2r2}]{µ(WD)−µ(WWWD)−µ(DWDD)−µ(LWD)}
−{1− (1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)}µ(DD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)+(1− p−q)(1− r)

[{p(1− p)− (q+ r− pr−qr)(1−q− r+ pr+qr)}+(1− p−q)(1− r)(−2r+ r2 +3pr
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+3qr+ r3)(1− p)p+(−1+ p+q+ r2 +2qr)(1− p)(1− p−q)(1− r){q+(1− p−q)r}
−{3− (3+ p+q+ r−2q2−2r2−5qr+2pq+ pr+3pqr+4q2r+4qr2 +5pr2−2p2r

−5pqr2−3p2r2−2q2r2)(1− p−q)(1− r)}(1− p)p]µ(WWDW )+(1− p−q)(1− r)

[p−q− r−3p2−3q2−3r2−4pq−3pr−5qr+4p2r+6pr2 +6q2r+6qr2 +10pqr−
{3− (3+ p+q+ r−2q2−2r2−5qr+2pq+ pr+3pqr+4q2r+4qr2 +5pr2−2p2r

−5pqr2−3p2r2−2q2r2)(1− p−q)(1− r)}(1− p)p]µ(WWWD)+(1− p−q)(1− r)

(p−2q+ pq+qr−3pr−2p2 +3q2)µ(WWDD)+{4r−2(p+q)+(p+q)2−6r2

−3r(p+2q)}(1− p)(1− p−q)(1− r)µ(WWD). (4.8.66)

The inequality in (4.8.66) is evidently of the form given by (4.8.2), and satisfies (4.8.3). There-
fore, our construction of the desired weight function comes to an end here in this case. The final
weight function is as given by (4.8.63) (which is the same as (4.8.9)), and the final weight func-
tion inequality is (4.8.66). Since the coefficient of each of µ(WWDW ), µ(WWDD), µ(WWWD)

and µ(WWD) in (4.8.66) is non-positive when (4.2.1) and (4.2.3) hold, we may remove these
terms from (4.8.66), which would yield the exact same weight function inequality as that given by
(4.8.10) (once we replace the notation w1 by simply w).

The second scenario to consider is where the final expression in (4.8.65) is positive, i.e. if the
second inequality of (4.2.4) holds instead. In this case, we combine the coefficient of µ(WWD) in
(4) with the expression in (4.8.65) (making use of the inequality µ(WWDD)6 µ(WWD) – we can
use this since the coefficient of µ(WWD) in (4) is non-positive due to (4.2.1)), to get the following
upper bound on the coefficient of µ(WWDD):

(p−2q+ pq+qr−3pr−2p2 +3q2)(1− p−q)(1− r)+{4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}
(1− p)(1− p−q)(1− r)

= (1− p−q)(1− r){−p3−2p2q+3p2r+ p2− pq2 +6pqr+5pq+6pr2−10pr− p+4q2−5qr

−4q−6r2 +4r}
6 (1− p−q)(1− r){−pr(1−3p−6q−6r)+ p2 +5pq−9pr− p+4q2−5qr−4q−6r2 +4r}
6 (1− p−q)(1− r)(−p−4q+4r+ p2 +4q2 +5pq−9pr−5qr−6r2), (4.8.67)

as long as p, q and r are sufficiently small, and this final expression is non-positive due to the
third inequality of (4.2.4). Once incorporated into (4.8.66), the updated coefficient of µ(WWDD)

from (4.8.67) transforms the weight function inequality into one that satisfies (4.8.3) (since now,
each term on the right side of (4.8.66), apart from w0(µ), has a non-positive coefficient). Since the
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coefficient of each of µ(WWDW ), µ(WWDD) and µ(WWWD) in the updated weight function
inequality is non-positive, we may remove all of these terms, leaving us with exactly the same
weight function inequality as that given by (4.8.10) (once we replace the notation w1 by simply w).

4.8.3.3 When (p,q,r) satisfies (4.2.5) of Theorem 4.2.1

The hardest case to consider is where (4.2.5) is true. Most of the approach adopted so far also
applies to this case, i.e. the weight function is updated as in (4.8.63), the coefficient of µ(WWDD)

is updated to the expression given by (4.8.65), and the weight function inequality is updated to
(4.8.66). Note that in the regime given by (4.2.5), there is no guarantee that the coefficient of any
of µ(WWDW ), µ(WWDD) and µ(WWWD) in (4.8.66) is non-positive.

First, we simplify, by providing suitable upper bounds, the coefficients of µ(WWDW ) and
µ(WWWD) in (4.8.66), since otherwise, the expressions are too cluttered due of the presence of
very small terms (third or higher order terms, i.e. terms of the form piq jrk with i+ j + k > 3,
make little difference to us as p, q and r are assumed to be sufficiently small). Combining the
terms involving µ(WWDW ) from (1), (5), (6) and (7), we get the following upper bound on the
coefficient of µ(WWDW ):

(1− p−q)(1− r)[{p(1− p)− (q+ r− pr−qr)(1−q− r+ pr+qr)}+(1− p−q)(1− r)(−2r+ r2 +3pr

+3qr+ r3)(1− p)p+(−1+ p+q+ r2 +2qr)(1− p)(1− p−q)(1− r){q+(1− p−q)r}−{3− (3+ p+

q+ r−2q2−2r2−5qr+2pq+ pr+3pqr+4q2r+4qr2 +5pr2−2p2r−5pqr2−3p2r2−2q2r2)

(1− p−q)(1− r)}(1− p)p]

= [−p5r(2+ r−3r2)− p4qr2(9−8r)− p4qr−11p4r3−7p3q2r2(2− r)−20p3qr3− p3qr(4−25r−7q)

− p3q(1−2p)− p3r2(7−14r−4p)− p3r(8−6p)−2p2q3r2(3− r)−2p2q3(1−3r)−9p2q2r3

− p2q2r(19−23r)− p2qr2(23−11r− r2)− p2q(1−12r)− p2r4−6p2r3− p2(1− p−5r− p2−8r2)

−3pq3r(2− r)− pq2r3(4− r)−5pq2r2− pq2(7−15r−5p−3q)−3pqr4− pqr(13−9r−6r2)

− pr2(6+ r−2r2)−2q3r3−q3(1−3r2)−q2r4−3q2r2(1−2r)−5q2r−qr3(5−2r)−2qr2− r4

+{−2p2 + pq+ pr+ p+3q2 +7qr−2q+ r3 +2r2−2r}](1− p−q)(1− r)

6 (p−2q−2r+ pq+ pr+7qr−2p2 +3q2 +2r2 + r3)(1− p−q)(1− r) (4.8.68)

provided p, q and r are small enough. Combining the terms involving µ(WWWD) from (2) and
(7), we get the following upper bound on the coefficient of µ(WWWD):

(1− p−q)(1− r){p−q− r−3p2−3q2−3r2−4pq−3pr−5qr+4p2r+6pr2 +6q2r+6qr2 +10pqr}
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−{3− (3+ p+q+ r−2q2−2r2−5qr+2pq+ pr+3pqr+4q2r+4qr2 +5pr2−2p2r−5pqr2−3p2r2

−2q2r2)(1− p−q)(1− r)}(1− p)p(1− p−q)(1− r)

= (1− p−q)(1− r)[−p5r(2+ r−3r2)− p4qr2(9−8r)− p4qr−11p4r3−7p3q2r2(2− r)−22p3qr3

− p3qr(6−30r−7q)−2p3q(1− p)− p3r(4+12r−15r2−6pr−4p)−2p2q3r2(3− r)−2p2q3(1−3r)

−13p2q2r3− p2q2r(19−29r)− p2qr2(33−20r)−2pq3r3−6pq3r(1− r)− pq2r2(15−6r)

− pq2(3−12r−2q)− p2(1−4r−2q− p− p2−3q2−11qr−10r2)− pr(1−3r−2r2 +9pr2−6q−4p)

−qr(1−6q−6r−12pr)+{p−q− r−4p2−3q2−3r2−6pq−4pr−4qr}]
6 (1− p−q)(1− r)(p−q− r−4p2−3q2−3r2−6pq−4pr−4qr) (4.8.69)

when p, q and r are sufficiently small.
Incorporating (4.8.68) and (4.8.69) into (4.8.66), we obtain:

w1(Ĝp,q,rµ)6 w1(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr

+2pr2− p2r−2pqr2− p2r2−q2r2}]{µ(WD)−µ(WWWD)−µ(DWDD)−µ(LWD)}
−{1− (1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)}µ(DD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)+(p−2q−2r+ pq

+ pr+7qr−2p2 +3q2 +2r2 + r3)(1− p−q)(1− r)µ(WWDW )+(1− p−q)(1− r)

(p−q− r−4p2−3q2−3r2−6pq−4pr−4qr)µ(WWWD)+(1− p−q)(1− r)(p−2q

+ pq+qr−2pr−2p2 +3q2)µ(WWDD)+{4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}
(1− p)(1− p−q)(1− r)µ(WWD). (4.8.70)

At this point, we could further subdivide our analysis into various cases depending on which of
these three coefficients, i.e. the coefficients of µ(WWDW ), µ(WWWD) and µ(WWDD), is / are
non-negative, which would allow us coverage of a marginally better regime, while significantly

lengthening and complicating the computations that follow. We, therefore, adopt the following
idea irrespective of which among the coefficients of µ(WWDW ), µ(WWDD) and µ(WWWD)

in (4.8.70) is / are non-negative: this idea is to make use of the yet-untouched term involving
µ(WWD), appearing in (4), in reducing further each of the coefficients of µ(WWDW ), µ(WWDD)

and µ(WWWD) in (4.8.70). Implementing the inequality µ(WWWD)6 µ(WWD), we can write,
from (4.8.69) and keeping p, q and r sufficiently small wherever needed:

(1− p−q)(1− r)(p−q− r−4p2−3q2−3r2−6pq−4pr−4qr)µ(WWWD)+
1
2
{4r−2(p+q)+

(p+q)2−6r2−3r(p+2q)}(1− p)(1− p−q)(1− r)µ(WWD)
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6 (1− p−q)(1− r)(p−q− r−4p2−3q2−3r2−6pq−4pr−4qr)µ(WWWD)+
1
2
{4r−2(p+q)+

(p+q)2−6r2−3r(p+2q)}(1− p)(1− p−q)(1− r)µ(WWWD)

(the coefficient of µ(WWD) is non-positive due to (4.2.1))

=
{
− p3

2
− p2q− 3pr

2
(1− p−2q−2r)− pq2

2
−6pr− 5p2

2
−4pq− 5q2

2
−7qr−2q−6r2 + r

}
(1− p−q)(1− r)µ(WWWD)

6
(
−6pr− 5p2

2
−4pq− 5q2

2
−7qr−2q−6r2 + r

)
(1− p−q)(1− r)µ(WWWD)

(when p,q,r are sufficiently small)

=
1
2

{(
−5pr− p2

2
+3pq+

7q2

2
−2qr−3q−3r2 +2r

)
−7pr− 9p2

2
−11pq− 17q2

2
−12qr

−q−9r2
}
(1− p−q)(1− r)µ(WWWD)

6
1
2

(
−5pr− p2

2
+3pq+

7q2

2
−2qr−3q−3r2 +2r

)
(1− p−q)(1− r)µ(WWWD). (4.8.71)

Likewise, implementing the inequality µ(WWDW )+ µ(WWDD) 6 µ(WWD), using the expres-
sions from from (4.8.68) and (4.8.65), and keeping p, q and r sufficiently small wherever needed,
we can write:

(p−2q−2r+ pq+ pr+7qr−2p2 +3q2 +2r2 + r3)(1− p−q)(1− r)µ(WWDW )+(1− p−q)(1− r)

(p−2q+ pq+qr−3pr−2p2 +3q2)µ(WWDD)+
1
2
{4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}

(1− p)(1− p−q)(1− r)µ(WWD)

6 (p−2q−2r+ pq+ pr+7qr−2p2 +3q2 +2r2 + r3)(1− p−q)(1− r)µ(WWDW )+(1− p−q)(1− r)

(p−2q+ pq+qr−3pr−2p2 +3q2)µ(WWDD)+
1
2
{4r−2(p+q)+(p+q)2−6r2−3r(p+2q)}

(1− p)(1− p−q)(1− r){µ(WWDW )+µ(WWDD)}

=
{
− p3

2
− p2q− pq2

2
− 3pr

2
(1− p−2q−2r)−5pr− p2

2
+3pq+

7q2

2
−2qr−3q−3r2 +2r

}
(1− p−q)(1− r)µ(WWDD)+

{
− p3

2
− p2q− pq2

2
− 3pr

2
(1− p−2q−2r)− pr− p2

2
+

7q2

2
+4qr−3q− r2 +3pq+ r3

}
(1− p−q)(1− r)µ(WWDW )

6
(
−5pr− p2

2
+3pq+

7q2

2
−2qr−3q−3r2 +2r

)
(1− p−q)(1− r)µ(WWDD)

+
(
− pr− p2

2
+

7q2

2
+4qr−3q− r2 +3pq+ r3

)
(1− p−q)(1− r)µ(WWDW )
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=
(
−5pr− p2

2
+3pq+

7q2

2
−2qr−3q−3r2 +2r

)
(1− p−q)(1− r)µ(WWDD)+(1− p−q)(1− r){(

−5pr− p2

2
+3pq+

7q2

2
−2qr−3q−3r2 +2r

)
− r(2−4p−6q−2r− r2)

}
µ(WWDW )

6
(
−5pr− p2

2
+3pq+

7q2

2
−2qr−3q−3r2 +2r

)
(1− p−q)(1− r){µ(WWDD)+µ(WWDW )}.

(4.8.72)

The final coefficient of each of µ(WWWD), µ(WWDD) and µ(WWDW ) in (4.8.71) and (4.8.72)
is non-positive due to the last inequality of (4.2.5).

Incorporating the updated coefficients of µ(WWDW ), µ(WWDD) and µ(WWWD) from
(4.8.71) and (4.8.72) into (4.8.66), we obtain:

w1(Ĝp,q,rµ)6 w1(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+

2pr2− p2r−2pqr2− p2r2−q2r2}]{µ(WD)−µ(WWWD)−µ(DWDD)−µ(LWD)}
−{1− (1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)}µ(DD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD)+(
−5pr− p2

2
+3pq+

7q2

2
−2qr−3q−3r2 +2r

)
(1− p−q)(1− r){

1
2

µ(WWWD)+µ(WWDD)+µ(WWDW )

}
6 w1(µ)− [2− (1− p−q)(1− r){2+2p+q+ r−q2− r2−3qr+ pq+2q2r+2qr2 + pqr+

2pr2− p2r−2pqr2− p2r2−q2r2}]{µ(WD)−µ(WWWD)−µ(DWDD)−µ(LWD)}
−{1− (1+ p+q+ pq+ pr−q2−qr− p2r+q2r)(1− p−q)(1− r)(1+ r)}µ(DD)

− r2(1− r)2(1− p−q)2
µ(WLD)− r2(1− r)2(1− p−q)2

µ(DLD),

where the last step is obtained by eliminating the terms involving µ(WWDW ), µ(WWDD) and
µ(WWWD) from the previous step, which is allowed because the coefficient in each of these terms
is non-positive when (4.2.5) is true. Note that the final inequality deduced above is the same the
inequality stated in (4.8.10) (once we replace the notation w1 by simply w), and (4.8.10) is of the
same form as (4.8.2) and satisfies (4.8.3). This completes the construction of our weight function
(the final form of which is as given by (4.8.9)), for the generalized percolation games, when the
underlying parameter-triple (p,q,r) satisfies the constraints given by (4.2.5) of Theorem 4.2.1.
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4.9 The proof of Theorem 4.7.2 by the technique of weight
functions

The principal ideas involved in constructing our weight function for each of the three regimes stated
in Theorem 4.2.4 are the same as those outlined in §4.8.1 (including, as outlined in §4.8.1.1, the
ideas implemented for the iterative tweaking of the weight function until it satisfies an inequality of
the form given by (4.8.2), along with the criterion stated in (4.8.3)). However, as becomes evident
when one goes through the steps leading to the construction of the weight function for the proof of
Theorem 4.7.1, outlined in §4.8.3, the details involved are rather ad hoc and specific to the regime
of values of the parameter-pair (r′,s′) under consideration. Consequently, we dedicate §4.9.2 to
the detailed construction of the weight function for the regime given by (B1), §4.9.3 to that for the
regime given by (B2), and §4.9.4 to that for the regime given by (B3).

4.9.1 The final weight functions obtained for the bond percolation game
when (r′,s′) belongs to one of the regimes given by (B1), (B2) and (B3)

As in §4.8.2, we state here, for the reader’s convenience, the final weight function we have come
up with, and the corresponding weight function inequality it satisfies, for (r′,s′) belonging to each
of the regimes given by (B1), (B2) and (B3). When (r′,s′) satisfies the constraints of (B1), the
weight function is given by

w(µ) = µ(D)+µ(WD)+
[
1− (1− r′− s′)

{
2(2s′− s′2)(1− s′)+ r′+(2s′− s′2)2(1− s′)+

2r′2

(1− s′)

− (2s′− s′2)2r′− 5(2s′− s′2)r′2

(1− s′)

}]
µ(LWD)− (1− r′− s′)

{
−2(2s′− s′2)(1− s′)−4r′

+(2s′− s′2)2(1− s′)+
3r′2

(1− s′)
+2(2s′− s′2)r′−2(2s′− s′2)2r′− 6(2s′− s′2)r′2

(1− s′)

}
µ(LD)−

(1− r′− s′)
{

3r′+2(2s′− s′2)2(1− s′)+
2r′2

(1− s′)
− (2s′− s′2)r′−2(2s′− s′2)2r′− 4(2s′− s′2)r′2

(1− s′)

− r′3

(1− s′)2

}
µ(LDW )− (1− s′)(1− r′− s′)

{
(1− s′)2− r′2 +(2s′− s′2)r′2

}
µ(LDL),

(4.9.1)
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and the corresponding weight function inequality is given by

w(Êr′,s′µ)6 w(µ)− (1− r′− s′){(1− s′)(2s′− s′2)− r′}2

1− s′
µ(DD). (4.9.2)

We now deduce, from (4.9.2), the conclusion we desire, i.e. µ(D) = 0 for any translation-invariant
and reflection-invariant probability distribution µ that is stationary for Êr′,s′ . As seen in §4.3.2,
Êr′,s′ is equivalent to Ĝp,q,r if we set q = 0 and let p and r equal suitable functions of r′ and s′, as
given by (4.3.13) and (4.3.14). From (4.3.14), we see that r′ = 0 =⇒ r = 0, so that we are back
to the set-up of [60], with q = 0 and p = 2s′− s′2, when r′ = 0. Our desired conclusion , therefore,
follows from [60] when r′ = 0. It thus suffices for us to consider r′ > 0.

Since r′ and s′ are sufficiently small, we have (1− r′− s′)> 0, and because of (4.2.6), we have
(1− s′)(2s′− s′2)− r′ > 0 as well, so that the coefficient of µ(DD) in (4.9.2) is strictly positive.
Consequently, when µ is stationary for Êr′,s′ , the parameters r′ and s′ are sufficiently small and they
satisfy the inequality in (4.2.6), we have µ(DD) = 0, which, in turn, implies that Êr′,s′µ(DD) = 0
as well. From (4.3.10), (4.3.11) and (4.3.12), we see that

(1−s′)2(1−r′−s′)2
µ(WDW )+2r′(1−s′)(1−r′−s′)2

µ(WDL)+r′2(1−r′−s′)2
µ(LDL)6 Êr′,s′µ(DD),

so that, for r′ and s′ sufficiently small, r′ > 0, and (r′,s′) satisfying (4.2.6), we have µ(WDW ) =

µ(WDL) = µ(LDW ) = µ(LDL) = 0 when µ is any translation-invariant and reflection-invariant
stationary distribution for Êr′,s′ . Moreover, we already know that µ(WDD) = µ(DDW ) =

µ(LDD) = µ(DDL) = µ(DDD) = 0 as each of these is bounded above by µ(DD). Combining
all of these, we obtain µ(D) = 0, as desired.

When (r′,s′) belongs to the regime given by (B2), the weight function takes various forms
depending on the subset of (0.157175,1] that the parameter r′ belongs to. When s′ = 0 and r′ ∈
[0.4564,1], it suffices to consider the weight function

w(µ) = µ(D)+µ(WD)+µ(LWD)−2r′µ(WD), (4.9.3)

and the corresponding weight function inequality is given by

w(Êr′,0µ)6 w(µ)− r′2µ(DD)+(2r′−6r′2 +4r′3− r′4)µ(LD)− (3r′−3r′2 + r′3)µ(LWD)

− (1− r′)2(1− r′+2r′2)µ(LDL)−2r′2(1− r′)2
µ(LDD)− r′(1− r′)2(1+ r′)µ(LDW )

− r′(1− r′)4
µ(LLD)− r′(1− r′)3

µ(DLD). (4.9.4)
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When s′ = 0 and r′ ∈ (0.201383,0.4564), the weight function that yields the desired conclusion is

w(µ) = µ(D)+µ(WD)+µ(LWD)−2r′µ(WD)− (3r′−3r′2 + r′3)µ(LWD), (4.9.5)

and the corresponding weight function inequality is given by

w(Êr′,0µ)6 w(µ)− r′2µ(DD)+(2r′−14r′2 +23r′3−14r′4 +3r′6− r′7)µ(LD)

− (1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDL)− r′(1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDW )

− r′(1− r′)2(r′5−2r′4− r′3 +7r′2−5r′+1)µ(LLD)− r′(1− r′)6
µ(DLD)

− (3r′−3r′2 + r′3)r′(1− r′)2
µ(LWD). (4.9.6)

For the final sub-regime, i.e. where s′ = 0 and r′ ∈ (0.157175,0.201383], the weight function is
given by

w(µ) = µ(D)+µ(WD)+µ(LWD)−2r′µ(WD)− (3r′−3r′2 + r′3)µ(LWD)− r′(1− r′)6
µ(LLWD)

− r′(1− r′)6
µ(LLDW )− r′2µ(WDD)− (3r′−3r′2 + r′3)r′(1− r′)2

µ(LWD)

− r′(1− r′)4(1−3r′+ r′2 + r′3−3r′4 +3r′5− r′6)µ(LWLD), (4.9.7)

and the corresponding weight function inequality is of the form

w(Êr′,0µ)6 w(µ)+ r′(2−16r′+20r′2 +7r′3−42r′4 +51r′5−35r′6 +7r′7 +13r′8−14r′9 +6r′10− r′11
)

µ(LD)− r′2µ(DDD). (4.9.8)

When µ is a reflection-invariant and translation-invariant stationary measure for Êr′,0, and
(r′,s′) belongs to any one of the sub-regimes mentioned above, the relevant inequality out of
(4.9.4), (4.9.6) and (4.9.8) yields µ(LD) = 0. As µ is stationary for Êr′,0, this implies Êr′,0µ(LD) =

0 as well. In order to deduce, from µ(LD) = Êr′,0µ(LD) = 0, the conclusion that µ(D) = 0 as well,
we need to compute, partially, the pushforward probability Êr′,0µ(LD), i.e. the probability of the
event {Êr′,0η(0) = L, Êr′,0η(1) = D} where η follows the law µ . It suffices for us to consider the
contribution to Êr′,0µ(LD) only from the event {η(1) = D}, which is given by

r′(1− r′)µ(WDW )+ r′(1− r′)(1+ r′)µ(WDD)+ r′2(1− r′)µ(WDL)+ r′2(1− r′)µ(DDW )

+ r′2(1− r′)(1+ r′)µ(DDD)+ r′3(1− r′)µ(DDL)+ r′2(1− r′)µ(LDW )+ r′2(1− r′)(1+ r′)µ(LDD)

+ r′3(1− p)µ(LDL)6 Êr′,0µ(LD).

227



Since Êr′,0µ(LD) = 0, we conclude that each of µ(WDW ), µ(WDD), µ(WDL), µ(DDW ),
µ(DDD), µ(DDL), µ(LDW ), µ(LDD) and µ(LDL) equals 0. Adding these, we obtain µ(D) = 0,
as desired.

For the regime described in (B3), our weight function is given by

w(µ) = µ(D)+µ(WD)− (2r′2−5r′3 +2r′4)µ(WDW )− (3r′−10r′2 +10r′3−4r′4)µ(WDL)

− (7r′2−7r′3 +2r′4)µ(DDW )− (2r′−2r′2 +5r′3−2r′4)µ(DDL)

− (1−4r′+6r′2−5r′3 +2r′4)µ(LDL)− (4r′2− r′3 +2r′4)µ(WLD)

− (3r′2 +3r′3−2r′4)µ(LLD)− (2r′+8r′2−9r′3 +2r′4)µ(WWD), (4.9.9)

and the corresponding weight function inequality can be written as follows:

w(Êr′,r′µ)6 w(µ)+(1−10r′+7r′2 +64r′4−292r′5 +583r′6−663r′7 +447r′8−168r′9 +28r′10
)µ(LWD).

(4.9.10)

The coefficient of µ(LWD) in (4.9.10) is negative whenever r′ = s′ > 0.10883, so that, when µ

is a translation-invariant and reflection-invariant stationary measure for Êr′,r′ , we conclude, from
(4.9.10), that µ(LWD) = 0. This, in turn, leads to Êr′,r′µ(LWD) = 0 since µ is stationary for Êr′,r′ .
To obtain our desired conclusion (i.e. µ(D) = 0), we now partially compute Êr′,r′µ(LWD), which
is the probability of the event {Êr′,r′η(0) = L, Êr′,r′η(1) =W, Êr′,r′η(2) = D}, where η follows the
distribution µ . We focus only on the contributions arising from the event {η(3) = D}. By (4.3.7)
through (4.3.12), we obtain

Êr′,r′µ(LWD)> (1− r′)2(2r′− r′2)(1− r′)(1−2r′)µ(WWWD)+ r′(1− r′)(2r′− r′2)(1− r′)

(1−2r′)µ(LWWD)+ r′(1− r′)(2r′− r′2)(1− r′)(1−2r′)µ(DWWD)+ r′(1− r′)

(1− r′+ r′2)(1− r′)(1−2r′)µ(WLWD)+ r′2(1− r′+ r′2)(1− r′)(1−2r′)µ(LLWD)

+ r′2(1− r′+ r′2)(1− r′)(1−2r′)µ(DLWD)+ r′(1− r′)(2r′− r′2)(1− r′)(1−2r′)

µ(WDWD)+ r′2(2r′− r′2)(1− r′)(1−2r′)µ(LDWD)+ r′2(2r′− r′2)(1− r′)(1−2r′)

µ(DDWD)+(1− r′)2(1− r′+ r′2)r′(1−2r′)µ(WWLD)+ r′(1− r′)(1− r′+ r′2)r′

(1−2r′)µ(LWLD)+ r′(1− r′)(1− r′+ r′2)r′(1−2r′)µ(DWLD)+ r′(1− r′)(1− r′2)r′

(1−2r′)µ(WLLD)+ r′2(1− r′2)r′(1−2r′)µ(LLLD)+ r′2(1− r′2)r′(1−2r′)µ(DLLD)

+ r′(1− r′)(1− r′+ r′2)r′(1−2r′)µ(WDLD)+ r′2(1− r′+ r′2)r′(1−2r′)µ(LDLD)

+ r′2(1− r′+ r′2)r′(1−2r′)µ(DDLD)+(1− r′)2(2r′− r′2)(1−2r′)µ(WWDD)
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+ r′(1− r′)(2r′− r′2)(1−2r′)µ(LWDD)+ r′(1− r′)(2r′− r′2)(1−2r′)µ(DWDD)

+ r′(1− r′)(1− r′+ r′2)(1−2r′)µ(WLDD)+ r′2(1− r′+ r′2)(1−2r′)µ(LLDD)

+ r′2(1− r′+ r′2)(1−2r′)µ(DLDD)+ r′(1− r′)(2r′− r′2)(1−2r′)µ(WDDD)

+ r′2(2r′− r′2)(1−2r′)µ(LDDD)+ r′2(2r′− r′2)(1−2r′)µ(DDDD) (4.9.11)

(the inequality arises from the fact that we did not take into account the contribution from tuples
(η(0),η(1),η(2),η(3)) for which η(3) ∈ {W,L}). Since we consider 0 < r′ < 0.5 (when r′ = s′,
it makes sense to consider r′ 6 0.5 since r′+ s′ 6 1, and when r′+ s′ = 1, each edge of our graph
would be labeled either a trap or a target, bringing the game to an end right after the first round),
the coefficient of each term in the right side of (4.9.11) is strictly positive. Since Êr′,r′µ(LWD) = 0
when µ is stationary for Êr′,r′ , we obtain, from (4.9.11), that µ(C ) = 0 for each cylinder set
comprising the expression in the right side of (4.9.11) (i.e. each of µ(WWWD), µ(LWWD), and
so on, equals 0). Adding them all, we obtain µ(D) = 0, as desired.

4.9.2 Detailed construction of the weight function for the bond percolation
game when (r′,s′) belongs to the regime given by (B1)

As in the case of §4.8.3, it is assumed, throughout §4.9.2, that µ is a translation-invariant and
reflection-invariant measure on the state space Ω = ˆA Z = {W,L,D}Z of Êr′,s′ , measurable with
respect to the σ -field F generated by all cylinder sets of Ω. Recall, from §4.3.2, that the en-
velope PCA Êr′,s′ , corresponding to the bond percolation game with underlying parameter-pair
(r′,s′), identical to the envelope PCA Ĝp,q,r, corresponding to the generalized percolation game
with underlying parameter-triple (p,q,r), provided we set (see (4.3.13) and (4.3.14))

p = 2s′− s′2, q = 0 and r =
r′

1− s′
. (4.9.12)

With these values of p and r, the inequality in (4.2.6) boils down to

3p2

2
+8pr+

11r2

2
> 2r+

9p3

2
+16p2r+

43pr2

2
+5r3, (4.9.13)

and proving the claim that ν(D) = 0 for any translation-invariant and reflection-invariant stationary
distribution ν for the PCA Êr′,s′ , whenever (r′,s′) satisfies the constraints of (B1), is equivalent to
showing, instead, that µ(D) = 0 for any translation-invariant and reflection-invariant stationary
distribution µ for Ĝp,0,r, where p and r are as given by (4.9.12) and (p,r) satisfies the inequality
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in (4.9.13).
Recall that our computations in §4.8.3 were performed without making the assumption that q =

0, and hence we may proceed in the same manner as in §4.8.3, up to and including the derivation
of (4.8.45). Setting w0(µ) = µ(D)+µ(WD)+µ(LWD), the weight function inequality obtained
can be written as

w0(Ĝp,0,rµ)6 w0(µ)− [2− (1− p)(1− r){2+2p+ r− r2 +2pr2− p2r− p2r2}]µ(WD)

−{1− (1+ p+ pr− p2r)(1− p)(1− r)(1+ r)}µ(DD)− [1−{1− p+4r

− r2(2−3p)− r3(1− p)− p2r2}(1− p)(1− r)]µ(LD)− r(1− p)2(1− r)

(1− p− r)µ(LDW )− (1− p)2(1− r)[(1− r){1− r2(1− p)}− pr2]µ(LDL)

− [1− (1− p− r2 + pr+3pr2− p2r−2p2r2)(1− p)(1− r)]µ(LWD)

− r2(1− r)2(1− p)2
µ(WLD)− r2(1− r)2(1− p)2

µ(DLD)+{p− r+ r2(1− p)}
(1− p)2(1− r)µ(WWDW )+ p(1− p)2(1− r)2

µ(WWWD)+A6, (4.9.14)

where A6 comprises the contribution to Ĝp,0,rµ(LWD) (which, recall, is the probability of the
event {Ĝp,0,rη(0) = L, Ĝp,0,rη(1) =W, Ĝp,0,rη(2) = D} when η follows the law µ) of the events
{η(1) = L,η(2) = D,η(3) = D} and {η(0) 6= L,η(1) =W,η(2) = η(3) = D}, where η follows
the distribution µ . Next, substituting q = 0 in (4.8.46), the contribution to Ĝp,0,rµ(LWD) of the
event {η(1) = L,η(2) = η(3) = D} can be written as

r(1− r+ pr)(1− p)2(1− r)(1+ r)µ(LDD)− r{p+(1− p)(1− r)}(1− p)2(1− r)2(1+ r)

{µ(DLDD)+µ(LLDD)}6 r(1− r+ pr)(1− p)2(1− r)(1+ r)µ(LDD). (4.9.15)

Combining (4.9.15) with the term involving µ(LD) in (4.9.14) yields

− [1−{1− p+4r− r2(2−3p)− r3(1− p)− p2r2}(1− p)(1− r)]µ(LD)

+ r(1− r+ pr)(1− p)2(1− r)(1+ r)µ(LDD)

= [−(1− p)(1− r){(1− p)(1− r)}−1 +{1− p+4r− r2(2−3p)− r3(1− p)− p2r2}(1− p)(1− r)]

µ(LD)+ r(1− r+ pr)(1− p)2(1− r)(1+ r)µ(LDD)

6 [−(1− p)(1− r){1+ p+ r+ p2 + r2 + pr−2p2r−2pr2 + p2r2}+(1− p)(1− r){1− p+4r

− r2(2−3p)− r3(1− p)− p2r2}]µ(LD)+ r(1− r+ pr)(1− p)2(1− r)(1+ r){µ(LD)

−µ(LDW )−µ(LDL)}
= (1− p)(1− r){−2p+4r− p2−3r2−2pr+2p2r+6pr2− r3(2−3p)−3p2r2− p2r3}µ(LD)
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− r(1− r+ pr)(1− p)2(1− r)(1+ r){µ(LDW )+µ(LDL)}
6 (1− p)(1− r){−2p+4r− p2−3r2−2pr+2p2r+6pr2}µ(LD)

− r(1− r+ pr)(1− p)2(1− r)(1+ r){µ(LDW )+µ(LDL)} (4.9.16)

when p is sufficiently small (it suffices for p to be bounded above by 2/3). Note, here, that when
(4.9.13) holds, we have

−2p+4r− p2−3r2−2pr+2p2r+6pr2

6 −2p+3p2 +16pr+11r2−9p3−32p2r−43pr2−10r3− p2−3r2−2pr+2p2r+6pr2

= −2p+2p2 +14pr+8r2−9p3−30p2r−37pr2−10r3

6 −2p+2p2 +14pr+
1
2
(
3p2 +16pr+11r2)2−9p3−30p2r−37pr2−10r3

= −2p+2p2 +14pr+9p4 +256p2r2 +121r4 +96p3r+66p2r2 +352pr3−9p3−30p2r−37pr2−10r3

= − p(2−2p−14r+9p2−9p3)− p2r(30−96p−161r)− pr2(37−352r−161p)− r3(10−121r),

showing us that the coefficient of µ(LD) in (4.9.16) is non-positive when p and r are sufficiently
small and (4.9.13) holds.

The contribution to Ĝp,0,rµ(LWD) arising from the event {η(0) ∈ {W,D},η(1) = W,η(2) =
η(3) = D} is given by

p(1− p)2(1− r)(1+ r)µ(WWDD)+ pr(1− p)2(1− r)(1+ r)µ(DWDD). (4.9.17)

Since µ(WWDD)+µ(DWDD)6 µ(WDD)6 µ(WD), we combine the term involving µ(WD) in
(4.9.14) with the terms in (4.9.17) to write:

− [2− (1− p)(1− r){2+2p+ r− r2 +2pr2− p2r− p2r2}]µ(WD)+ p(1− p)2(1− r)(1+ r)µ(WWDD)

+ pr(1− p)2(1− r)(1+ r)µ(DWDD)

= [−2(1− p)(1− r){(1− p)(1− r)}−1 +(1− p)(1− r){2+2p+ r− r2 +2pr2− p2r− p2r2}]µ(WD)

+ p(1− p)2(1− r)(1+ r)µ(WWDD)+ pr(1− p)2(1− r)(1+ r)µ(DWDD)

6 [−2(1− p)(1− r){1+ p+ r+ p2 + r2 + pr−2p2r−2pr2 + p2r2}+(1− p)(1− r){2+2p+ r− r2

+2pr2− p2r− p2r2}]µ(WD)+ p(1− p)2(1− r)(1+ r)µ(WWDD)+ pr(1− p)2(1− r)(1+ r)

µ(DWDD) (substituting q = 0 in (4.8.31))

= (1− p)(1− r){−r−2p2−3r2−2pr+3p2r+6pr2−3p2r2}µ(WD)+ p(1− p)2(1− r)(1+ r)

µ(WWDD)+ pr(1− p)2(1− r)(1+ r)µ(DWDD)
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= (1− p)(1− r){−r−2p2−3r2−2pr+3p2r+6pr2−3p2r2}{µ(WD)−µ(WWDD)−µ(DWDD)}
+(1− p)(1− r)(p− r−3p2−3r2− pr+2p2r+6pr2−3p2r2)µ(WWDD)

+(1− p)(1− r)(−r− pr−2p2−3r2 +7pr2 +2p2r−4p2r2)µ(DWDD)

6 (1− p)(1− r){−r−2p2−3r2−2pr+3p2r+6pr2−3p2r2}{µ(WD)−µ(WWDD)−µ(DWDD)}
+(1− p)(1− r)(p− r−3p2−3r2− pr+2p2r+6pr2)µ(WWDD) (4.9.18)

(we can remove the term involving µ(DWDD) in the last step since the coefficient of µ(DWDD)

is evidently non-positive for p and r sufficiently small). Note that µ(WWDD) + µ(DWDD) +

µ(WDL) 6 µ(WD), so that we can combine the terms involving µ(LDW ) and µ(LDL) in
(4.9.14), the terms involving µ(LDW ) and µ(LDL) in (4.9.16), and the term involving µ(WD)−
µ(WWDD)−µ(DWDD) in (4.9.18) to get:

− r(1− p)2(1− r)(1− p− r)µ(LDW )− (1− p)2(1− r)[(1− r){1− r2(1− p)}− pr2]µ(LDL)− r(1− r

+ pr)(1− p)2(1− r)(1+ r){µ(LDW )+µ(LDL)}+(1− p)(1− r){−r−2p2−3r2−2pr+3p2r+6pr2

−3p2r2}{µ(WD)−µ(WWDD)−µ(DWDD)}
= (1− p)(1− r){−3r−2p2−2r2 + pr+2p2r+4pr2 + r3− pr3(2− p)−2p2r2}µ(LDW )

− (1− p)2(1− r)(1− r2 + pr2)µ(LDL)+(1− p)(1− r){−r−2p2−3r2−2pr+3p2r+6pr2−3p2r2}
{µ(WD)−µ(WWDD)−µ(DWDD)−µ(WDL)}

6 (1− p)(1− r){−3r−2p2−2r2 + pr+2p2r+4pr2 + r3}µ(LDW )− (1− p)2(1− r)(1− r2 + pr2)µ(LDL)

+(1− p)(1− r){−r−2p2−3r2−2pr+3p2r+6pr2−3p2r2}{µ(WD)−µ(WWDD)−µ(DWDD)

−µ(WDL)}. (4.9.19)

Finally, we bound above the coefficient of µ(LWD) in (4.9.14) as follows (once again, making use
of (4.8.31), with q = 0):

− [1− (1− p− r2 + pr+3pr2− p2r−2p2r2)(1− p)(1− r)]

= − (1− p)(1− r){(1− p)(1− r)}−1 +(1− p)(1− r)(1− p− r2 + pr+3pr2− p2r−2p2r2)

6 (1− p)(1− r){1+ p+ r+ p2 + r2 + pr−2p2r−2pr2 + p2r2}
+(1− p)(1− r)(1− p− r2 + pr+3pr2− p2r−2p2r2)

= (1− p)(1− r)(−2p− r− p2−2r2 + p2r+5pr2−3p2r2)

6 − (1− p)(1− r){2p+ r+ p2 +2r2− p2r−5pr2}. (4.9.20)

Incorporating the term involving µ(LD) from (4.9.16), the term involving µ(WWDD) from
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(4.9.18), the terms from (4.9.19), and the updated coefficient of µ(LWD) from (4.9.20) into
(4.9.14), we obtain:

w0(Ĝp,0,rµ)6 w0(µ)+(1− p)(1− r){−r−2p2−3r2−2pr+3p2r+6pr2−3p2r2}{µ(WD)−µ(WWDD)

−µ(DWDD)−µ(WDL)}−{1− (1+ p+ pr− p2r)(1− p)(1− r)(1+ r)}µ(DD)− (1− p)

(1− r){2p−4r+ p2 +3r2 +2pr−2p2r−6pr2}µ(LD)− (1− p)(1− r){3r+2p2 +2r2− pr

−2p2r−4pr2− r3}µ(LDW )− (1− p)2(1− r)(1− r2 + pr2)µ(LDL)− (1− p)(1− r)

{2p+ r+ p2 +2r2− p2r−5pr2}µ(LWD)− r2(1− r)2(1− p)2
µ(WLD)− r2(1− r)2(1− p)2

µ(DLD)+{p− r+ r2(1− p)}(1− p)2(1− r)µ(WWDW )+ p(1− p)2(1− r)2
µ(WWWD)

+(1− p)(1− r)(p− r−3p2−3r2− pr+2p2r+6pr2)µ(WWDD). (4.9.21)

The non-negative coefficients on the right side of (4.9.21), other than w0(µ) itself, are those that
correspond to µ(WWDW ), µ(WWWD) and µ(WWDD).

We now update the weight function (the same way as we did in (4.8.63)) w0 as follows:

w1(µ) = w0(µ)− (1− p)(1− r){2p−4r+ p2 +3r2 +2pr−2p2r−6pr2}µ(LD)− (1− p)(1− r)

{3r+2p2 +2r2− pr−2p2r−4pr2− r3}µ(LDW )− (1− p)2(1− r)(1− r2 + pr2)µ(LDL)

− (1− p)(1− r){2p+ r+ p2 +2r2− p2r−5pr2}µ(LWD), (4.9.22)

which is exactly the same as what we stated in (4.9.1) (once we replace w1 by w and set p and
r to be the functions of r′ and s′ as given by (4.9.12)). In order to understand how the update
in (4.9.22) impacts the weight function inequality in (4.9.21), we need to compute Ĝp,0,rµ(LD),
Ĝp,0,rµ(LDW ), Ĝp,0,rµ(LDL) and Ĝp,0,rµ(LDW ), but only partially, just as we did in (4.8.59),
(4.8.60), (4.8.61) and (4.8.62):

• (1− p)2(1− r)µ(WWD)6 Ĝp,0,rµ(LD)

⇐⇒ − (1− p)(1− r){2p−4r+ p2 +3r2 +2pr−2p2r−6pr2}Ĝp,0,rµ(LD)6−(1− p)(1− r)

{2p−4r+ p2 +3r2 +2pr−2p2r−6pr2}(1− p)2(1− r)µ(WWD)

⇐⇒ − (1− p)(1− r){2p−4r+ p2 +3r2 +2pr−2p2r−6pr2}Ĝp,0,rµ(LD)6−(1− p)3(1− r)2

{2p−4r+ p2 +3r2 +2pr−2p2r−6pr2}µ(WWD) (4.9.23)

(note that the second line in the derivation of (4.9.23) is true because the coefficient −(1− p)(1−
r){2p− 4r+ p2 + 3r2 + 2pr− 2p2r− 6pr2} is non-positive when (4.9.13) holds and p and r are
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both sufficiently small);

• p(1− p)2(1− r){µ(WWDW )+µ(WWDD)}6 Ĝp,0,rµ(LDW )

⇐⇒ − (1− p)(1− r){3r+2p2 +2r2− pr−2p2r−4pr2− r3}Ĝp,0,rµ(LDW )6−(1− p)(1− r)

{3r+2p2 +2r2− pr−2p2r−4pr2− r3}p(1− p)2(1− r){µ(WWDW )+µ(WWDD)}
⇐⇒ − (1− p)(1− r){3r+2p2 +2r2− pr−2p2r−4pr2− r3}Ĝp,0,rµ(LDW )6−p(1− p)3(1− r)2

{3r+2p2 +2r2− pr−2p2r−4pr2− r3}{µ(WWDW )+µ(WWDD)}, (4.9.24)

• r(1− p)3(1− r)µ(WWDW )+ r2(1− p)3(1− r)µ(WWDD)6 Ĝp,0,rµ(LDL)

⇐⇒ − (1− p)2(1− r)(1− r2 + pr2)Ĝp,0,rµ(LDL)6−(1− p)2(1− r)(1− r2 + pr2){r(1− p)3(1− r)

µ(WWDW )+ r2(1− p)3(1− r)µ(WWDD)}
⇐⇒ − (1− p)2(1− r)(1− r2 + pr2)Ĝp,0,rµ(LDL)6−r(1− p)5(1− r)2(1− r2 + pr2)µ(WWDW )

− r2(1− p)5(1− r)2(1− r2 + pr2)µ(WWDD); (4.9.25)

and finally,

• p(1− p)2(1− r){µ(WWDW )+µ(WWWD)}+ p(1− p)2(1− r)(1+ r)µ(WWDD)6 Ĝp,0,rµ(LWD)

⇐⇒ − (1− p)(1− r){2p+ r+ p2 +2r2− p2r−5pr2}Ĝp,0,rµ(LWD)6−(1− p)(1− r){2p+ r+ p2 +2r2

− p2r−5pr2}[p(1− p)2(1− r){µ(WWDW )+µ(WWWD)}+ p(1− p)2(1− r)(1+ r)µ(WWDD)]

⇐⇒ − (1− p)(1− r){2p+ r+ p2 +2r2− p2r−5pr2}Ĝp,0,rµ(LWD)6−p(1− p)3(1− r)2{2p+ r+ p2

+2r2− p2r−5pr2}{µ(WWDW )+µ(WWWD)}− p(1− p)3(1− r)2(1+ r){2p+ r+ p2 +2r2

− p2r−5pr2}µ(WWDD). (4.9.26)

Implementing the same idea as that used to derive (4.8.6), we see that the update in (4.9.22) trans-
forms the weight function inequality in (4.9.21) as follows, using the bounds obtained in (4.9.23),
(4.9.24), (4.9.25) and (4.9.26):

w1(Ĝp,0,rµ)6 w1(µ)+(1− p)(1− r){−r−2p2−3r2−2pr+3p2r+6pr2−3p2r2}{µ(WD)

−µ(WWDD)−µ(DWDD)−µ(WDL)}−{1− (1+ p+ pr− p2r)(1− p)

(1− r)(1+ r)}µ(DD)− r2(1− r)2(1− p)2
µ(WLD)− r2(1− r)2(1− p)2

µ(DLD)

+{p− r+ r2(1− p)}(1− p)2(1− r)µ(WWDW )+ p(1− p)2(1− r)2
µ(WWWD)

+(1− p)(1− r)(p− r−3p2−3r2− pr+2p2r+6pr2)µ(WWDD)− (1− p)(1− r)
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{2p−4r+ p2 +3r2 +2pr−2p2r−6pr2}Ĝp,0,rµ(LD)− (1− p)(1− r){3r+2p2 +2r2

− pr−2p2r−4pr2− r3}Ĝp,0,rµ(LDW )− (1− p)2(1− r)(1− r2 + pr2)Ĝp,0,rµ(LDL)

− (1− p)(1− r){2p+ r+ p2 +2r2− p2r−5pr2}Ĝp,0,rµ(LWD)

6 w1(µ)+(1− p)(1− r){−r−2p2−3r2−2pr+3p2r+6pr2−3p2r2}{µ(WD)−µ(WWDD)

−µ(DWDD)−µ(WDL)}−{1− (1+ p+ pr− p2r)(1− p)(1− r)(1+ r)}µ(DD)− r2(1− r)2

(1− p)2
µ(WLD)− r2(1− r)2(1− p)2

µ(DLD)+{p− r+ r2(1− p)}(1− p)2(1− r)µ(WWDW )

+ p(1− p)2(1− r)2
µ(WWWD)+(1− p)(1− r)(p− r−3p2−3r2− pr+2p2r+6pr2)

µ(WWDD)− (1− p)3(1− r)2{2p−4r+ p2 +3r2 +2pr−2p2r−6pr2}µ(WWD)− p(1− p)3

(1− r)2{3r+2p2 +2r2− pr−2p2r−4pr2− r3}{µ(WWDW )+µ(WWDD)}− r(1− p)5

(1− r)2(1− r2 + pr2)µ(WWDW )− r2(1− p)5(1− r)2(1− r2 + pr2)µ(WWDD)− p(1− p)3

(1− r)2{2p+ r+ p2 +2r2− p2r−5pr2}{µ(WWDW )+µ(WWWD)}− p(1− p)3(1− r)2

(1+ r){2p+ r+ p2 +2r2− p2r−5pr2}µ(WWDD). (4.9.27)

We make use of the inequality 1/2µ(WWWD)+1/2µ(WWDD)+1/2µ(WWDW )6 µ(WD), and
we obtain the following:

1. the coefficient of µ(WWDD) is updated to

(1− p)(1− r)(p− r−3p2−3r2− pr+2p2r+6pr2)− 1
2
(1− p)3(1− r)2{2p−4r+ p2

+3r2 +2pr−2p2r−6pr2}− p(1− p)3(1− r)2{3r+2p2 +2r2− pr−2p2r−4pr2− r3}
− r2(1− p)5(1− r)2(1− r2 + pr2)− p(1− p)3(1− r)2(1+ r){2p+ r+ p2 +2r2− p2r−5pr2}

= (1− p)(1− r)
[
− p5r4(1− r)− p5r3− p5r2− p5(3−5r)− p4r3− 5p4r

2
(3−4r)− p3r(4+12r

−4r2− r3−10r2)−10p2r5− p2r2

2
(13−3r−6r2)− pr3(6+4r−5r2)− r5 +

7p4

2
+ p3

+
29p2r

2
− 7p2

2
+20pr2−9pr+ r4 +

5r3

2
− 15r2

2
+ r
]

6
1
2
(1− p)(1− r)[2r−7p2−15r2−18pr+29p2r+40pr2 +2p3 +5r3 +7p4 +2r4]

=
1
2
(1− p)(1− r)

[{9p3

2
+16p2r− 3p2

2
+

43pr2

2
−8pr+5r3− 11r2

2
+2r

}
− 11p2

2
− 19r2

2
−10pr

+13p2r+
37pr2

2
− 5p3

2
+7p4 +2r4

]
6

1
2
(1− p)(1− r)

{
9p3

2
+16p2r− 3p2

2
+

43pr2

2
−8pr+5r3− 11r2

2
+2r

}
(4.9.28)
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for p and r sufficiently small, and this final upper bound is non-positive because of (4.9.13);

2. the coefficient of µ(WWDW ) is updated to

(1− p)2(1− r){p− r+ r2(1− p)}− 1
2
(1− p)3(1− r)2{2p−4r+ p2 +3r2 +2pr−2p2r−6pr2}

− p(1− p)3(1− r)2{3r+2p2 +2r2− pr−2p2r−4pr2− r3}− r(1− p)5(1− r)2(1− r2 + pr2)

− p(1− p)3(1− r)2{2p+ r+ p2 +2r2− p2r−5pr2}

= (1− p)2(1− r)
[
− p4r4− p4r(6−3r− r2)− p3r2(11−5r−4r2)− p3

2
(1−5r−6p)−5p2r4−3p2r3

− p2

2
(3−11r−8r2)− pr3

2
(11−6r)− pr

2
(6−11r)− r2

2
(3−5r+2r2)

]
(4.9.29)

which is evidently non-positive for p and r sufficiently small;

3. the coefficient of µ(WWWD) is updated to

p(1− p)2(1− r)2− 1
2
(1− p)3(1− r)2{2p−4r+ p2 +3r2 +2pr−2p2r−6pr2}

− p(1− p)3(1− r)2{2p+ r+ p2 +2r2− p2r−5pr2}

= (1− p)2(1− r)2
{

2r− 3p2

2
− 3r2

2
−4pr+3p2r+

5pr2

2
+

3p3

2
+4p2r2−5p3r2 + p4− p4r

}
= − p6r3−3p6r(1− r)− p5

2
(1−2p−6r)−5p5r4− p5r2

2
(19−24r)

− p4r3(26−14r)− p4

2
(7−18r−13r2)− 21p3r4

2
− p3r(19−14r−11r2)+

9p3

2
− 5p2r4

2

− p2r2(30−18r)+16p2r− 3p2

2
− pr3

2
(38−11r)+

43pr2

2
−8pr− 3r4

2
+5r3− 11r2

2
+2r

6
9p3

2
+16p2r− 3p2

2
+

43pr2

2
−8pr+5r3− 11r2

2
+2r (4.9.30)

which is non-positive precisely because of the inequality in (4.9.13).

A final step that we perform now is the deduction of a suitable upper bound for the coefficient
of µ(DD) in (4.9.27) (using (4.8.31) with q = 0):

−{1− (1+ p+ pr− p2r)(1− p)(1− r)(1+ r)}=−(1− p)(1− r){(1− p)(1− r)}−1

+(1+ p+ pr− p2r)(1− p)(1− r)(1+ r)

6 − (1− p)(1− r)(1+ p+ r+ p2 + r2 + pr−2p2r−2pr2 + p2r2)

+(1− p)(1− r)(1+ p+ r+2pr− p2r+ pr2− p2r2)
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= − (1− p)(1− r)(p2 + r2− pr− p2r−3pr2 +2p2r2)

= − (1− p)(1− r){p2 + r2−2pr+ pr(1− p−3r+2pr)}6−(1− p)(1− r)(p− r)2, (4.9.31)

where the last inequality is true for p and r sufficiently small. Incorporating (4.9.28), (4.9.29),
(4.9.30) and (4.9.31) into (4.9.27), we get the updated weight function inequality

w1(Ĝp,0,rµ)6 w1(µ)+(1− p)(1− r){−r−2p2−3r2−2pr+3p2r+6pr2−3p2r2}{µ(WD)

−µ(WWDD)−µ(DWDD)−µ(WDL)}− (1− p)(1− r)(p− r)2
µ(DD)

− r2(1− r)2(1− p)2
µ(WLD)− r2(1− r)2(1− p)2

µ(DLD)

+

(
9p3

2
+16p2r− 3p2

2
+

43pr2

2
−8pr+5r3− 11r2

2
+2r

)
µ(WWWD)

+
1
2
(1− p)(1− r)

(
9p3

2
+16p2r− 3p2

2
+

43pr2

2
−8pr+5r3− 11r2

2
+2r

)
µ(WWDD)

(1− p)2(1− r)
[
− p4r4− p4r(6−3r− r2)− p3r2(11−5r−4r2)− p3

2
(1−5r−6p)

−5p2r4−3p2r3− p2

2
(3−11r−8r2)− pr3

2
(11−6r)− pr

2
(6−11r)− r2

2
(3−5r+2r2)

]
µ(WWDW ).

Note that, at this point, we may remove all terms, except the one involving µ(DD), from the
right side of the inequality above, since the coefficient of each of these terms is non-positive as
long as p and r are sufficiently small and (4.9.13) holds. The final weight function inequality
obtained is exactly what we have in (4.9.2) once we set p, q and r to be as in (4.9.12), and we
replace w1 by w. This concludes the construction of our weight function for the envelope PCA
Êr′,s′ (correspondingly, for Ĝp,q,r with p, q and r are as given by (4.9.12)), when (r′,s′) belong to
the regime in (B1).

4.9.3 Detailed construction of the weight function for the bond percolation
game when (r′,s′) belongs to the regime given by (B2)

In the regime described by (B2), we set s′ = 0 and r′ > 0. We begin again, as in §4.8.3 and §4.9.2,
with c1 = 1 and C1 = (D)0, followed by c2 = 1 and C2 = (W,D)0,1. We skip some of the details
in the computation of the pushforward measures (i.e. Êr′,0µ(D), Êr′,0µ(WD) etc.) as these are
special cases (obtained by setting s′ = 0) of what we have already computed in §4.9.2. In each
computation that follows, we indicate by underbraces, wherever necessary, which terms are being
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combined together to proceed to the next step:

Êr′,0µ(D) = 2(1− r′)µ(WD)+(1+ r′)(1− r′)µ(DD)+2r′(1− r′)µ(LD), (4.9.32)

Êr′,0µ(WD) = (1− r′)2
µ(LDW )+ r′(1− r′)2

µ(LDL)+(1− r′)2(1+ r′)µ(LDD)︸ ︷︷ ︸
combine using µ(LD)=µ(LDW )+µ(LDL)+µ(LDD)

+(1− r′)2
µ(LWD)

+ r′(1− r′)2
µ(WLD)+ r′(1− r′)2(1+ r′)µ(LLD)+ r′(1− r′)2

µ(DLD)︸ ︷︷ ︸
combine using µ(LD)=µ(WLD)+µ(LLD)+µ(DLD)

(4.9.33)

= (1− r′)2(1+ r′)µ(LD)− r′(1− r′)2
µ(LDW )− (1− r′)2

µ(LDL)︸ ︷︷ ︸
obtained from the first combination

+(1− r′)2
µ(LWD)

+ r′(1+ r′)(1− r′)2
µ(LD)− r′2(1− r′)2

µ(WLD)− r′2(1− r′)2
µ(DLD)︸ ︷︷ ︸

obtained from the second combination

= (1+ r′)2(1− r′)2
µ(LD)+(1− r′)2

µ(LWD)− r′(1− r′)2
µ(LDW )− (1− r′)2

µ(LDL)

− r′2(1− r′)2
µ(WLD)− r′2(1− r′)2

µ(DLD), (4.9.34)

and we can write Êr′,0µ(LWD) =C1−C2, where

C1 = r′(1− r′)2
µ(LDW )+ r′(1− r′)2(1+ r′)µ(LDD)+ r′2(1− r′)2

µ(LDL)+ r′(1− r′)2
µ(LWD)

+ r′(1− r′)2
µ(WLD)+ r′2(1− r′)2(1+ r′)µ(LLD)+ r′2(1− r′)2

µ(DLD) (4.9.35)

and

C2 = r′(1− r′)3
µ(DLDW )+ r′(1− r′)3

µ(LLDW )+ r′(1− r′)3(1+ r′)µ(DLDD)+ r′(1− r′)3

(1+ r′)µ(LLDD)+ r′2(1− r′)3
µ(DLDL)+ r′2(1− r′)3

µ(LLDL)+ r′(1− r′)3
µ(LLWD)

+ r′(1− r′)3
µ(DLWD)+ r′(1− r′)3

µ(LWLD)+ r′(1− r′)3
µ(DWLD)+ r′2(1− r′)3

(1+ r′)µ(LLLD)+ r′2(1− r′)3(1+ r′)µ(DLLD)+ r′2(1− r′)3
µ(LDLD)+ r′2(1− r′)3

µ(DDLD).

(4.9.36)

It is worthwhile to note here that each term of each of C1 and C2 is non-negative. Another crucial
observation is that, in Êr′,0µ(LWD) =C1−C2, the coefficient corresponding to each term is of the
order of r′ (or smaller), so that when r′ is small, each term ought to be negligible. We now set our
initial choice of the weight function to be (just as in (4.8.17) of §4.8.3, as well as our initial choice
in §4.9.2) w0(µ) = µ(D)+µ(WD)+µ(LWD). This yields the weight function inequality (which,
in this case, is an identity):

w0

(
Êr′,0µ

)
= Êr′,0µ(D)+ Êr′,0µ(WD)+ Êr′,0µ(LWD)
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= 2(1− r′)µ(WD)+(1+ r′)(1− r′)µ(DD)+2r′(1− r′)µ(LD)+(1+ r′)2(1− r′)2
µ(LD)

+(1− r′)2
µ(LWD)− r′(1− r′)2

µ(LDW )− (1− r′)2
µ(LDL)− r′2(1− r′)2

µ(WLD)

− r′2(1− r′)2
µ(DLD)+ r′(1− r′)2

µ(LDW )+ r′(1− r′)2(1+ r′)µ(LDD)+ r′2(1− r′)2

µ(LDL)+ r′(1− r′)2
µ(LWD)+ r′(1− r′)2

µ(WLD)+ r′2(1− r′)2(1+ r′)µ(LLD)

+ r′2(1− r′)2
µ(DLD)−C2

= 2µ(WD)︸ ︷︷ ︸−2r′µ(WD)+µ(DD)︸ ︷︷ ︸−r′2µ(DD)+µ(LD)︸ ︷︷ ︸+(2r′−4r′2 + r′4)µ(LD)

+µ(LWD)︸ ︷︷ ︸−(r′+ r′2− r′3)µ(LWD)− (1− r′)3(1+ r′)µ(LDL)+ r′(1− r′)3
µ(WLD)

+ r′(1− r′)2(1+ r′)µ(LDD)+ r′2(1− r′)2(1+ r′)µ(LLD)−C2

= w0(µ)︸ ︷︷ ︸
combining underbraced terms above

−2r′µ(WD)− r′2µ(DD)+(2r′−4r′2 + r′4)µ(LD)︸ ︷︷ ︸
− (r′+ r′2− r′3)µ(LWD)− (1− r′)3(1+ r′)µ(LDL)+ r′(1− r′)3

µ(WLD)︸ ︷︷ ︸
+ r′(1− r′)2(1+ r′)µ(LDD)︸ ︷︷ ︸+r′2(1− r′)2(1+ r′)µ(LLD)︸ ︷︷ ︸−C2. (4.9.37)

While of the same form as (4.8.2), the inequality in (4.9.37) does not satisfy (4.8.3): in the un-
derbraced terms in the final expression of (4.9.37), the coefficients r′(1− r′)3, r′(1− r′)2(1+ r′)

and r′2(1−r′)2(1+r′) are non-negative (in fact, strictly positive for r′ ∈ (0,1)), and the coefficient
(2r′− 4r′2 + r′4) is also strictly positive for r′ ∈ (0,0.53918). Therefore, further adjustments are
necessary to our initial weight function.

Note, here, that −2r′µ(WD) is one of the non-positive terms in the right side of (4.9.37), and
it is worthwhile to check whether −2r′Êr′,0µ(WD) can be used to negate some of the positive
terms (indicated by underbraces) in the final expression of (4.9.37). From (4.9.33), we see that
−2r′Êr′,0µ(WD) contributes the terms

−2r′(1− r′)2
µ(LDW )−2r′2(1− r′)2

µ(LDL)−2r′(1− r′)2(1+ r′)µ(LDD),

as well as the terms

−2r′2(1− r′)2
µ(WLD)−2r′2(1− r′)2(1+ r′)µ(LLD)−2r′2(1− r′)2

µ(DLD)

= −2r′2(1− r′)2
µ(LD)−2r′3(1− r′)2

µ(LLD), (4.9.38)

and these can be used to negate, partially, the term (2r′− 4r′2 + r′4)µ(LD) on the right side of
(4.9.37) when the coefficient (2r′−4r′2 + r′4) is positive. This serves as a good motivation for us
to set the first adjustment to be w1(µ) = w0(µ)−2r′µ(WD). This adjustment updates the weight
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function inequality of (4.9.37) to:

w1

(
Êr′,0µ

)
= w1(µ)+2r′µ(WD)−2r′µ(WD)− r′2µ(DD)+(2r′−4r′2 + r′4)µ(LD)− (r′+ r′2

− r′3)µ(LWD)− (1− r′)3(1+ r′)µ(LDL)+ r′(1− r′)3
µ(WLD)+ r′(1− r′)2(1+ r′)µ(LDD)

+ r′2(1− r′)2(1+ r′)µ(LLD)−C2−2r(1− r′)2
µ(LDW )−2r′2(1− r′)2

µ(LDL)

−2r′(1− r′)2(1+ r′)µ(LDD)−2r′(1− r′)2
µ(LWD)−2r′2(1− r′)2

µ(WLD)︸ ︷︷ ︸
−2r′2(1− r′)2(1+ r′)µ(LLD)−2r′2(1− r′)2

µ(DLD)︸ ︷︷ ︸
= w1(µ)− r′2µ(DD)+(2r′−4r′2 + r′4)µ(LD)︸ ︷︷ ︸−(r′+ r′2− r′3)µ(LWD)︸ ︷︷ ︸

(i)

−(1− r′)3(1+ r′)µ(LDL)︸ ︷︷ ︸
(ii)

+r′(1− r′)3
µ(WLD)+r′(1− r′)2(1+ r′)µ(LDD)︸ ︷︷ ︸

(iii)

+r′2(1− r′)2(1+ r′)µ(LLD)︸ ︷︷ ︸−C2−2r′(1− r′)2
µ(LDW )−2r′2(1− r′)2

µ(LDL)︸ ︷︷ ︸
(ii)

−2r′(1− r′)2(1+ r′)µ(LDD)︸ ︷︷ ︸
(iii)

−2r′(1− r′)2
µ(LWD)︸ ︷︷ ︸

(i)

−2r′2(1− r′)2
µ(LD)−2r′3(1− r′)2

µ(LLD)︸ ︷︷ ︸
combining the underbraced terms in the previous step using (4.9.38)

= w1(µ)− r′2µ(DD) +(2r′−6r′2 +4r′3− r′4)µ(LD)︸ ︷︷ ︸
combining underbraced terms involving µ(LD)

−(3r′−3r′2 + r′3)µ(LWD)︸ ︷︷ ︸
combining underbraced terms labeled (i)

−(1− r′)2(1+ r′2)µ(LDL)︸ ︷︷ ︸
combining underbraced terms labeled (ii)

+r′(1− r′)3
µ(WLD) −r′(1− r′)2(1+ r′)µ(LDD)︸ ︷︷ ︸

combining underbraced terms labeled (iii)

+r′2(1− r′)3
µ(LLD)︸ ︷︷ ︸

combining underbraced terms involving µ(LLD)

−2r′(1− r′)2
µ(LDW )−C2

= w1(µ)− r′2µ(DD)+(2r′−6r′2 +4r′3− r′4)µ(LD)− (3r′−3r′2 + r′3)µ(LWD)

−(1− r′)2(1+ r′2)µ(LDL)− r′(1− r′)2(1+ r′)µ(LDD)−2r′(1− r′)2
µ(LDW )︸ ︷︷ ︸

obtain −r′(1−r′)3µ(LD) from these

+r′(1− r′)3
µ(WLD)+ r′2(1− r′)3

µ(LLD)︸ ︷︷ ︸
obtain r′(1−r′)3µ(LD) from these

−C2

= w1(µ)− r′2µ(DD)+(2r′−6r′2 +4r′3− r′4)µ(LD)− (3r′−3r′2 + r′3)µ(LWD)

−r′(1− r′)3
µ(LD)︸ ︷︷ ︸−(1− r′)2(1− r′+2r′2)µ(LDL)−2r′2(1− r′)2

µ(LDD)

− r′(1− r′)2(1+ r′)µ(LDW )+r′(1− r′)3
µ(LD)︸ ︷︷ ︸−r′(1− r′)4

µ(LLD)
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− r′(1− r′)3
µ(DLD)−C2

= w1(µ)− r′2µ(DD)+(2r′−6r′2 +4r′3− r′4)µ(LD)︸ ︷︷ ︸−(3r′−3r′2 + r′3)µ(LWD)

− (1− r′)2(1− r′+2r′2)µ(LDL)−2r′2(1− r′)2
µ(LDD)− r′(1− r′)2(1+ r′)µ(LDW )

− r′(1− r′)4
µ(LLD)− r′(1− r′)3

µ(DLD)−C2. (4.9.39)

Note that (4.9.39) becomes the inequality in (4.9.4) if C2, which consists of non-negative sum-
mands (as remarked right after (4.9.36)), is removed. The only problematic term on the right side
of (4.9.39), which may prevent it from satisfying (4.8.3), has been indicated by an underbrace: the
coefficient (2r′− 6r′2 + 4r′3− r′4) of µ(LD) is strictly negative for r′ ∈ [0.4564,1], so that if we
were to consider the regime where s′ = 0 and r′ ∈ [0.4564,1], no further adjustments to our weight
function would be required. Since, however, we do consider r′< 0.4564 in the regime described by
(B2), we choose to make use of the term −(3r′−3r′2 + r′3)µ(LWD), on the right side of (4.9.39),
to negate, partially, the problematic, underbraced term (2r′− 6r′2 + 4r′3− r′4)µ(LD), following
the idea outlined in §4.8.1.1.

We define our second adjustment to the weight function by setting w2(µ) = w1(µ)− (3r′−
3r′2 + r′3)µ(LWD), which is exactly the same as (4.9.5). Recall that Êr′,0µ(LWD) = C1−C2,
with C1 and C2 as defined in (4.9.35) and (4.9.36). As explained in (4.8.6), incorporating the new
adjustment into (4.9.39) yields

w2

(
Êr′,0µ

)
= w2(µ)+(3r′−3r′2 + r′3)µ(LWD)︸ ︷︷ ︸−r′2µ(DD)+(2r′−6r′2 +4r′3− r′4)µ(LD)

−(3r′−3r′2 + r′3)µ(LWD)︸ ︷︷ ︸−(1− r′)2(1− r′+2r′2)µ(LDL)−2r′2(1− r′)2
µ(LDD)

− r′(1− r′)2(1+ r′)µ(LDW )− r′(1− r′)4
µ(LLD)− r′(1− r′)3

µ(DLD)−C2︸︷︷︸
(i)

− (3r′−3r′2 + r′3)C1+(3r′−3r′2 + r′3)C2︸ ︷︷ ︸
(i)

= w2(µ)− r′2µ(DD)+(2r′−6r′2 +4r′3− r′4)µ(LD)−(1− r′)2(1− r′+2r′2)µ(LDL)︸ ︷︷ ︸
(i)

−2r′2(1− r′)2
µ(LDD)︸ ︷︷ ︸

(ii)

−r′(1− r′)2(1+ r′)µ(LDW )︸ ︷︷ ︸
(iii)

−r′(1− r′)4
µ(LLD)︸ ︷︷ ︸

(iv)

−r′(1− r′)3
µ(DLD)︸ ︷︷ ︸

(v)

−(3r′−3r′2 + r′3)r′(1− r′)2
µ(LDW )︸ ︷︷ ︸

(iii)

−(3r′−3r′2 + r′3)r′(1− r′)2(1+ r′)µ(LDD)︸ ︷︷ ︸
(ii)

−(3r′−3r′2 + r′3)r′2(1− r′)2
µ(LDL)︸ ︷︷ ︸

(i)

−(3r′−3r′2 + r′3)r′(1− r′)2
µ(LWD)
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− (3r′−3r′2 + r′3)r′(1− r′)2
µ(WLD)−(3r′−3r′2 + r′3)r′2(1− r′)2(1+ r′)µ(LLD)︸ ︷︷ ︸

(iv)

−(3r′−3r′2 + r′3)r′2(1− r′)2
µ(DLD)︸ ︷︷ ︸

(v)

−(1− r′)3C2︸ ︷︷ ︸
combining underbraced terms labeled (i)

(using (4.9.35))

= w2(µ)− r′2µ(DD)+(2r′−6r′2 +4r′3− r′4)µ(LD)

−(1− r′)2(r′5−3r′4 +3r′3 +2r′2− r′+1)µ(LDL)︸ ︷︷ ︸
combining underbraced terms labeled (i)

−r′2(1− r′)2(r′3−2r′2 +5)µ(LDD)︸ ︷︷ ︸
combining underbraced terms labeled (ii)

−r′(1− r′)2(r′3−3r′2 +4r′+1)µ(LDW )︸ ︷︷ ︸
combining underbraced terms labeled (iii)

−r′(1− r′)2(r′5−2r′4 +4r′2−2r′+1)µ(LLD)︸ ︷︷ ︸
combining underbraced terms labeled (iv)

−r′(1− r′)2(r′4−3r′3 +3r′2− r′+1)µ(DLD)︸ ︷︷ ︸
combining underbraced terms labeled (v)

−(3r′−3r′2 + r′3)r′(1− r′)2
µ(LWD)

− (3r′−3r′2 + r′3)r′(1− r′)2
µ(WLD)− (1− r′)3C2

= w2(µ)− r′2µ(DD)+(2r′−6r′2 +4r′3− r′4)µ(LD)

−(1− r′)2(r′5−3r′4 +3r′3 +2r′2− r′+1)µ(LDL)− r′2(1− r′)2(r′3−2r′2 +5)µ(LDD)︸ ︷︷ ︸
(vi)

−r′(1− r′)2(r′3−3r′2 +4r′+1)µ(LDW )︸ ︷︷ ︸
(vi)

−r′(1− r′)2(r′5−2r′4 +4r′2−2r′+1)µ(LLD)︸ ︷︷ ︸
(vii)

−r′(1− r′)2(r′4−3r′3 +3r′2− r′+1)µ(DLD)− (3r′−3r′2 + r′3)r′(1− r′)2
µ(WLD)︸ ︷︷ ︸

(vii)

− (3r′−3r′2 + r′3)r′(1− r′)2
µ(LWD)− (1− r′)3C2. (4.9.40)

Combining the terms that are grouped together using underbraces labeled (vi) in the final expres-
sion for (4.9.40), we obtain:

− (1− r′)2(r′5−3r′4 +3r′3 +2r′2− r′+1)µ(LDL)− r′2(1− r′)2(r′3−2r′2 +5)µ(LDD)

− r′(1− r′)2(r′3−3r′2 +4r′+1)µ(LDW )

= − r′2(1− r′)2(r′3−2r′2 +5)µ(LD)

−
{
(1− r′)2(r′5−3r′4 +3r′3 +2r′2− r′+1)− r′2(1− r′)2(r′3−2r′2 +5)

}
µ(LDL)

−
{

r′(1− r′)2(r′3−3r′2 +4r′+1)− r′2(1− r′)2(r′3−2r′2 +5)
}

µ(LDW )

= − r′2(1− r′)2(r′3−2r′2 +5)µ(LD)− (1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDL)

− r′(1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDW ). (4.9.41)
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Combining the terms that are grouped together using underbraces labeled (vii) in the final expres-
sion for (4.9.40), we obtain:

− r′(1− r′)2(r′5−2r′4 +4r′2−2r′+1)µ(LLD)− r′(1− r′)2(r′4−3r′3 +3r′2− r′+1)µ(DLD)

− (3r′−3r′2 + r′3)r′(1− r′)2
µ(WLD)

= − (3r′−3r′2 + r′3)r′(1− r′)2
µ(LD)

−
{

r′(1− r′)2(r′5−2r′4 +4r′2−2r′+1)− (3r′−3r′2 + r′3)r′(1− r′)2
}

µ(LLD)

−
{

r′(1− r′)2(r′4−3r′3 +3r′2− r′+1)− (3r′−3r′2 + r′3)r′(1− r′)2}
µ(DLD)

= − (3r′−3r′2 + r′3)r′(1− r′)2
µ(LD)− r′(1− r′)2(r′5−2r′4− r′3 +7r′2−5r′+1)µ(LLD)

− r′(1− r′)6
µ(DLD). (4.9.42)

Incorporating (4.9.41) and (4.9.42) into (4.9.40) yields:

w2

(
Êr′,0µ

)
= w2(µ)− r′2µ(DD)+(2r′−6r′2 +4r′3− r′4)µ(LD)− r′2(1− r′)2(r′3−2r′2 +5)µ(LD)︸ ︷︷ ︸
− (1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDL)− r′(1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDW )

−(3r′−3r′2 + r′3)r′(1− r′)2
µ(LD)︸ ︷︷ ︸−r′(1− r′)2(r′5−2r′4− r′3 +7r′2−5r′+1)µ(LLD)

− r′(1− r′)6
µ(DLD)− (3r′−3r′2 + r′3)r′(1− r′)2

µ(LWD)− (1− r′)3C2

= w2(µ)− r′2µ(DD)+(2r′−14r′2 +23r′3−14r′4 +3r′6− r′7)µ(LD)︸ ︷︷ ︸
combining the underbraced terms above

− (1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDL)− r′(1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDW )

− r′(1− r′)2(r′5−2r′4− r′3 +7r′2−5r′+1)µ(LLD)− r′(1− r′)6
µ(DLD)

− (3r′−3r′2 + r′3)r′(1− r′)2
µ(LWD)− (1− r′)3C2. (4.9.43)

Note that if we were to remove the term −(1− r′)3C2, keeping in mind that C2 consists of non-
negative summands (as mentioned after (4.9.36)), then (4.9.43) yields the inequality in (4.9.5).
Next, we note that

1. the polynomial 2r′ − 14r′2 + 23r′3 − 14r′4 + 3r′6 − r′7 is strictly negative for r′ ∈
(0.201383,1],

2. the polynomial 1− r′−3r′2 +3r′3− r′4 is strictly positive for all r′ ∈ [0,0.52779),

3. the polynomial r′5−2r′4− r′3 +7r′2−5r′+1 is strictly positive for all r′ > 0,
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so that (4.9.43) satisfies the criterion in (4.8.3) as long as we have r′ ∈ (0.201383,0.52779). How-
ever, we wish to go beyond this range of values of r′, as indicated by (B2).

When r′ 6 0.201382, the only term we need be concerned about is the one indicated by an
underbrace in the final expression of (4.9.43), i.e. (2r′−14r′2 +23r′3−14r′4 +3r′6− r′7)µ(LD).
We now motivate our approach for partially negating this term, though, as emphasized earlier to
the reader, there is, truly, no unique way of proceeding. It is quite plausible that other, similar

approaches yield somewhat better bounds, but intuitively, we do not see how our bounds can be
significantly improved. It is the order of magnitude of the coefficient of µ(LD) in (4.9.43), i.e.
2r′ (when r′ is small), that prevents us from covering a regime larger than that in ((B2)), since the
existing negative terms on the right side of (4.9.43) are collectively unable to negate this coefficient
when r′ is “too small”. We explain this in the following paragraph.

On the right side of (4.9.43), we have, on one hand, negative terms involving µ(LDW ) and
µ(LDL), and on the other, negative terms involving µ(DLD) and µ(LLD). At a glance, what
seem to be missing are negative terms involving µ(LDD) and µ(WLD) (had there been a couple
of negative terms involving µ(LDD) and µ(WLD), with coefficients whose order of magnitude is
r′, for r′ is small, on the right side of (4.9.43), these could have helped take care of (2r′−14r′2 +

23r′3− 14r′4 + 3r′6− r′7)µ(LD), since µ(LDW ) + µ(LDL) + µ(LDD) = µ(DLD) + µ(LLD) +

µ(WLD) = µ(LD)). Next, among the terms of C2 in (4.9.36), we have

1. the terms 2r′(1−r′)3µ(DWLD) and r′(1−r′)3µ(LWLD), but no term involving µ(WWLD),
which is why we cannot directly obtain from −(1− r′)3C2 a negative term involving
µ(WLD);

2. the terms r′(1− r′)3(1+ r′)µ(DLDD) and r′(1− r′)3(1+ r′)µ(LLDD), but no term involv-
ing µ(WLDD), which is why we cannot directly obtain from −(1− r′)3C2 a negative term
involving µ(LDD).

We shall, therefore, avail the aid of −r′2(3− 3r′+ r′2)(1− r′)2µ(LWD) and −r′2µ(DD) that are
present in the right side of (4.9.43), and the terms−r′(1−r′)6µ(LLWD) and−r′(1−r′)6µ(LLDW )

from the expansion of −(1− r′)3C2, to define the third adjustment to our weight function. It
can be checked that the remaining terms of C2, namely those involving µ(DLDW ), µ(DLDL),
µ(DDLD), µ(DDLD), µ(LLDL), µ(LDLD) and µ(LLLD), are either of no use in generating (via
the probabilities of the corresponding cylinder sets induced by the pushforward measure Êr′,0µ)
the terms that are missing above, or generate the missing terms with coefficients that are of an
order of magnitude far too small to be of any significant use to us.
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We set the new, adjusted weight function to be

w3(µ) = w2(µ)− r′(1− r′)6{µ(LLWD)+µ(LLDW )}− r′2µ(WDD)− (3r′−3r′2 + r′3)r′(1− r′)2
µ(LWD).

(4.9.44)

To understand how (4.9.44) impacts the weight function inequality in (4.9.43), we need to compute,
partially, the pushforward measures Êr′,0µ(LLWD), Êr′,0µ(LLDW ) and Êr′,0µ(WDD). Recall
that Êr′,0µ(LLWD) equals the probability of the event {Êr′,0η(0) = Êr′,0η(1) = L, Êr′,0η(2) =
W, Êr′,0η(3) =D}when η is a random configuration with law µ , and we consider the contributions
to Êr′,0µ(LLWD) arising from the following events only:

1. the contribution of the event {η(0) = η(1) =W,η(2) = L,η(3) = D} to Êr′,0µ(LLWD) is

r(1− r′)2
µ(WWLDW )+ r′(1− r′)2(1+ r′)µ(WWLDD)+ r′2(1− r′)2

µ(WWLDL)

= r′(1− r′)2
µ(WWLD)+ r′2(1− r′)2

µ(WWLDD)− r′(1− r′)3
µ(WWLDL); (4.9.45)

2. the contribution of the event {η(1) = η(2) =W,η(3) = L,η(4) = D} to Êr′,0µ(LLWD) is

r′(1− r′)2
µ(WWWLD)+ r′2(1− r′)2

µ(LWWLD)+ r′2(1− r′)2
µ(DWWLD)

= r′2(1− r′)2
µ(WWLD)+ r′(1− r′)3

µ(WWWLD); (4.9.46)

3. the contribution of the event {η(0) ∈ {D,L},η(1) = W,η(2) = L,η(3) = η(4) = D} to
Êr′,0µ(LLWD) is

r′2(1− r′)2(1+ r′)µ(DWLDD)+ r′2(1− r′)2(1+ r′)µ(LWLDD). (4.9.47)

Combining (4.9.45), (4.9.46) and (4.9.47), and letting C′LLWD denote the contribution from all cases
not considered above, we obtain:

Êr′,0µ(LLWD) = r′(1− r′)2
µ(WWLD)︸ ︷︷ ︸
(i)

+r′2(1− r′)2
µ(WWLDD)︸ ︷︷ ︸
(ii)

−r′(1− r′)3
µ(WWLDL)

+ r′2(1− r′)2
µ(WWLD)︸ ︷︷ ︸

(i)

+r′(1− r′)3
µ(WWWLD)+ r′2(1− r′)2(1+ r′)µ(DWLDD)︸ ︷︷ ︸

(ii)

+ r′2(1− r′)2(1+ r′)µ(LWLDD)︸ ︷︷ ︸
(ii)

+C′LLWD
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= r′(1− r′)2(1+ r′)µ(WWLD)︸ ︷︷ ︸
summing underbraced terms labeled (i)

−r′(1− r′)3
µ(WWLDL)

+ r′2(1− r′)2(1+ r′)µ(WLDD)− r′3(1− r′)2
µ(WWLDD)︸ ︷︷ ︸

summing underbraced terms labeled (ii)

+CLLWD, (4.9.48)

where we set CLLWD = r′(1− r′)3µ(WWWLD) +C′LLWD. Next, for computing Êr′,0µ(LLDW ),
which is the probability of the event {η(0) = η(1) = L,η(2) = D,η(3) =W} where η follows the
distribution µ , we consider only the contribution arising from the event {η(0) = η(1) =W,η(2) =
L,η(3) = D,η(4) = L}, allowing us to write

Êr′,0µ(LLDW ) = r′2(1− r′)2
µ(WWLDL)+CLLDW , (4.9.49)

where CLLDW denotes the contribution from all the cases not considered above. For the computation
of Êr′,0µ(WDD), which is the probability of the event {Êr′,0η(0) =W, Êr′,0η(1) = Êr′,0η(2) = D}
where η follows the distribution µ , we consider

1. the contribution from the event {η(0) = L,η(1) = η(2) = D}, given by

(1− r′)3(1+ r)µ(LDDW )+(1− r′)3(1+ r′)2
µ(LDDD)+ r′(1− r′)3(1+ r′)µ(LDDL)

= r′(1− r′)3(1+ r′)µ(LDD)+(1− r′)4(1+ r′)µ(LDDW )+(1− r′)3(1+ r′)µ(LDDD);
(4.9.50)

2. and the contribution from the event {η(1) = L,η(2) = η(3) = D}, given by

r′(1− r′)3(1+ r′)µ(WLDD)+ r′(1− r′)3(1+ r′)µ(DLDD)+ r′(1− r′)3(1+ r′)2
µ(LLDD)

= r′(1− r′)3(1+ r′)µ(LDD)+ r′2(1− r′)3(1+ r′)µ(LLDD). (4.9.51)

Combining (4.9.50) and (4.9.51), we obtain

Êr′,0µ(WDD) = r′(1− r′)3(1+ r′)µ(LDD)+(1− r′)4(1+ r′)µ(LDDW )+(1− r′)3(1+ r′)µ(LDDD)

+ r′(1− r′)3(1+ r′)µ(LDD)+ r′2(1− r′)3(1+ r′)µ(LLDD)+C′WDD

= 2r′(1− r′)3(1+ r′)µ(LDD)+CWDD, (4.9.52)

where C′WDD is the contribution to Êr′,0µ(WDD) of all the cases not considered above, and we
set CWDD = C′WDD + (1− r′)4(1+ r′)µ(LDDW ) + (1− r′)3(1+ r′)µ(LDDD) + r′2(1− r′)3(1+
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r′)µ(LLDD). Finally, we write

Êr′,0µ(LWD) = r′(1− r′)2(1+ r′)µ(WLDD)+ r′(1− r′)2
µ(WWLD)+CLWD, (4.9.53)

where CLWD captures the rest of the expression for Êr′,0µ(LWD) that we have already explicitly
computed earlier. It is important to keep in mind here that each term of CLWD is non-negative.

From (4.9.43), (4.9.44), (4.9.48), (4.9.49), (4.9.52) and (4.9.53), setting C3 = (1− r′)3C2−
r′(1 − r′)6µ(LLWD) − r′(1 − r′)6µ(LLDW ) − 2r′(1 − r′)6µ(DWLD) − r′(1 − r′)6µ(LWLD) −
r′(1− r′)6(1+ r′)µ(DLDD)− r′(1− r′)6(1+ r′)µ(LLDD), and implementing the same idea as
that used to derive (4.8.6), we obtain:

w3

(
Êr′,0µ

)
= w3(µ)+r′(1− r′)6

µ(LLWD)+ r′(1− r′)6
µ(LLDW )︸ ︷︷ ︸

(i)

+r′2µ(WDD)︸ ︷︷ ︸
(ii)

+(3r′−3r′2 + r′3)r′(1− r′)2
µ(LWD)︸ ︷︷ ︸

(iii)

−r′2µ(DD)︸ ︷︷ ︸
(ii)

+(2r′−14r′2 +23r′3−14r′4

+3r′6− r′7)µ(LD)− (1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDL)− r′(1− r′)2

(1− r′−3r′2 +3r′3− r′4)µ(LDW )− r′(1− r′)2(r′5−2r′4− r′3 +7r′2−5r′+1)µ(LLD)

− r′(1− r′)6
µ(DLD)−(3r′−3r′2 + r′3)r′(1− r′)2

µ(LWD)︸ ︷︷ ︸
(iii)

−r′(1− r′)6
µ(LLWD)︸ ︷︷ ︸

(i)

−r′(1− r′)6
µ(LLDW )︸ ︷︷ ︸

(i)

−2r′(1− r′)6
µ(DWLD)− r′(1− r′)6

µ(LWLD)− r′(1− r′)6

(1+ r′)µ(DLDD)− r′(1− r′)6(1+ r′)µ(LLDD)−C3− r′(1− r′)6Êr′,0µ(LLWD)

− r′(1− r′)6Êr′,0µ(LLDW )− r′2Êr′,0µ(WDD)− (3r′−3r′2 + r′3)r′(1− r′)2Êr′,0µ(LWD)

= w3(µ)+(2r′−14r′2 +23r′3−14r′4 +3r′6− r′7)µ(LD) −r′2µ(LDD)− r′2µ(DDD)︸ ︷︷ ︸
combining underbraced terms labeled (ii)

−(1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDL)− r′(1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDW )︸ ︷︷ ︸
(iv)

−r′(1− r′)2(r′5−2r′4− r′3 +7r′2−5r′+1)µ(LLD)− r′(1− r′)6
µ(DLD)︸ ︷︷ ︸

(v)

−2r′(1− r′)6
µ(DWLD)− r′(1− r′)6

µ(LWLD)︸ ︷︷ ︸
(v)

−r′(1− r′)6(1+ r′)µ(DLDD)︸ ︷︷ ︸
(iv)

−r′(1− r′)6(1+ r′)µ(LLDD)︸ ︷︷ ︸
(iv)

−r′2(1− r′)8(1+ r′)µ(WWLD)︸ ︷︷ ︸
(v)

+r′2(1− r′)9
µ(WWLDL)︸ ︷︷ ︸

(iv)
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−r′3(1− r′)8(1+ r′)µ(WLDD)︸ ︷︷ ︸
(iv)

+r′4(1− r′)8
µ(WWLDD)− r′(1− r′)6CLLWD

−r′3(1− r′)8
µ(WWLDL)︸ ︷︷ ︸

(iv)

−r′(1− r′)6CLLDW −2r′3(1− r′)3(1+ r′)µ(LDD)︸ ︷︷ ︸
(iv)

−r′2CWDD

−r′3(3−3r′+ r′2)(1− r′)4(1+ r′)µ(WLDD)︸ ︷︷ ︸
(iv)

−r′3(3−3r′+ r′2)(1− r′)4
µ(WWLD)︸ ︷︷ ︸

(v)

− r′2(3−3r′+ r′2)(1− r′)2CLWD−C3, (4.9.54)

where the last step is obtained by adding terms grouped by underbraces labeled (i) and (iii) in the
previous step, and substituting from (4.9.48), (4.9.49), (4.9.52) and (4.9.53). Adding the terms
indicated by underbraces labeled (iv) in the final expression of (4.9.54), we obtain

− (1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDL)− r′(1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDW )

−r′(1− r′)6(1+ r′)µ(DLDD)− r′(1− r′)6(1+ r′)µ(LLDD)− r′3(1− r′)8(1+ r′)µ(WLDD)︸ ︷︷ ︸
(a)

−2r′3(1− r′)3(1+ r′)µ(LDD)−r′3(3−3r′+ r′2)(1− r′)4(1+ r′)µ(WLDD)︸ ︷︷ ︸
(a)

+r′2(1− r′)9
µ(WWLDL)︸ ︷︷ ︸

(b)

−r′3(1− r′)8
µ(WWLDL)︸ ︷︷ ︸

(b)

= − (1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDL)− r′(1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDW )

−r′3(1− r′)4(1+ r′)(4−7r′+7r′2−4r′3 + r′4)µ(LDD)︸ ︷︷ ︸
combining underbraced terms labeled (a)

−r′(1− r′)4(1+ r′)(1−2r′−3r′2 +7r′3−7r′4 +4r′5− r′6){µ(DLDD)+µ(LLDD)}︸ ︷︷ ︸
combining underbraced terms labeled (a)

−2r′3(1− r′)3(1+ r′)µ(LDD)+r′2(1− r′)8(1−2r′)µ(WWLDL)︸ ︷︷ ︸
combining underbraced terms labeled (b)

= − (1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDL)− r′(1− r′)2(1− r′−3r′2 +3r′3− r′4)µ(LDW )

−r′3(1− r′)3(1+ r′)(2− r′)(3−4r′+5r′2−3r′3 + r′4)µ(LDD)︸ ︷︷ ︸
summing the two terms involving µ(LDD) above

− r′(1− r′)4(1+ r′)(1−2r′−3r′2 +7r′3−7r′4 +4r′5− r′6){µ(DLDD)+µ(LLDD)}
+ r′2(1− r′)8(1−2r′)µ(WWLDL)

= −r′3(1− r′)3(1+ r′)(2− r′)(3−4r′+5r′2−3r′3 + r′4)µ(LD)︸ ︷︷ ︸
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−(1− r′)2(1− r′−3r′2−3r′3 +10r′4−8r′5 +9r′7−10r′8 +5r′9− r′10)µ(LDL)︸ ︷︷ ︸
−r′(1− r′)2(1− r′−9r′2 +14r′3−9r′4 +9r′6−10r′7 +5r′8− r′9)µ(LDW )︸ ︷︷ ︸
− r′(1− r′)4(1+ r′)(1−2r′−3r′2 +7r′3−7r′4 +4r′5− r′6){µ(DLDD)+µ(LLDD)}
+ r′2(1− r′)8(1−2r′)µ(WWLDL)

(where the underbraced terms are obtained by combining the terms involving

µ(LDL),µ(LDW ) and µ(LDD) from the previous step)

= − r′3(1− r′)3(1+ r′)(2− r′)(3−4r′+5r′2−3r′3 + r′4)µ(LD)−α1µ(LDL)−α2µ(LDW )

−α3{µ(DLDD)+µ(LLDD)}+ r′2(1− r′)8(1−2r′)µ(WWLDL), (4.9.55)

where

1. the polynomial α1 = (1− r′)2(1− r′−3r′2−3r′3 +10r′4−8r′5 +9r′7−10r′8 +5r′9− r′10)

is strictly positive for all r′ ∈ [0,0.435029),

2. the polynomial α2 = r′(1− r′)2(1− r′ − 9r′2 + 14r′3 − 9r′4 + 9r′6 − 10r′7 + 5r′8 − r′9) is
strictly positive for all r′ ∈ [0,0.35678),

3. and the polynomial α3 = r′(1− r′)4(1+ r′)(1−2r′−3r′2+7r′3−7r′4+4r′5− r′6) is strictly
positive for all r′ ∈ [0,0.410819).

It is thus evident that, when we consider 0 < r′ 6 0.201382, each αi > 0. Next, combining the
terms indicated by underbraces labeled (v) in (4.9.54), we obtain:

− r′(1− r′)2(r′5−2r′4− r′3 +7r′2−5r′+1)µ(LLD)− r′(1− r′)6
µ(DLD)−2r′(1− r′)6

µ(DWLD)︸ ︷︷ ︸
(c)

−r′(1− r′)6
µ(LWLD)− r′2(1− r′)8(1+ r′)µ(WWLD)− r′3(3−3r′+ r′2)(1− r′)4

µ(WWLD)︸ ︷︷ ︸
(c)

= − r′(1− r′)2(r′5−2r′4− r′3 +7r′2−5r′+1)µ(LLD)− r′(1− r′)6
µ(DLD)

−r′2(1− r′)4(1− r′2 +3r′3−3r′4 + r′5)µ(WLD)︸ ︷︷ ︸
combining underbraced terms labeled (c)

−r′(1− r′)4(2−5r′+2r′2 + r′3−3r′4 +3r′5− r′6)µ(DWLD)︸ ︷︷ ︸
combining underbraced terms labeled (c)

−r′(1− r′)4(1−3r′+ r′2 + r′3−3r′4 +3r′5− r′6)µ(LWLD)︸ ︷︷ ︸
combining underbraced terms labeled (c)
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= −r′(1− r′)2(r′5−2r′4− r′3 +7r′2−5r′+1)µ(LLD)− r′(1− r′)6
µ(DLD)︸ ︷︷ ︸

(d)

−r′2(1− r′)4(1− r′2 +3r′3−3r′4 + r′5)µ(WLD)︸ ︷︷ ︸
(d)

−β1µ(DWLD)−β2µ(LWLD)

= −r′2(1− r′)4(1− r′2 +3r′3−3r′4 + r′5)µ(LD)︸ ︷︷ ︸
combining underbraced terms labeled (d)

−r′(1− r′)2(1−6r′+9r′2− r′3−7r′4 +11r′5−10r′6 +5r′7− r′8)µ(LLD)︸ ︷︷ ︸
combining underbraced terms labeled (d)

−r′(1− r′)4(1−3r′+ r′2 + r′3−3r′4 +3r′5− r′6)µ(DLD)︸ ︷︷ ︸
combining underbraced terms labeled (d)

−β1µ(DWLD)−β2µ(LWLD)

= − r′2(1− r′)4(1− r′2 +3r′3−3r′4 + r′5)µ(LD)−β3µ(LLD)−β2{µ(DLD)+µ(LWLD)}
−β1µ(DWLD), (4.9.56)

in which

1. the polynomial β1 = r′(1− r′)4(2−5r′+2r′2 + r′3−3r′4 +3r′5− r′6) is strictly positive for
all r′ ∈ (0,0.505225),

2. the polynomial β2 = r′(1− r′)4(1− 3r′+ r′2 + r′3− 3r′4 + 3r′5− r′6) is strictly positive for
all r′ ∈ (0,0.387969),

3. the polynomial β3 = r′(1− r′)2(1− 6r′ + 9r′2 − r′3 − 7r′4 + 11r′5 − 10r′6 + 5r′7 − r′8) is
strictly positive for all r′ ∈ (0,0.265137).

Therefore, for 0 < r′ 6 0.201382, each βi > 0. Incorporating (4.9.55) and (4.9.56) into (4.9.54),
we obtain

w3(Êr′,0µ) = w3(µ)+(2r′−14r′2 +23r′3−14r′4 +3r′6− r′7)µ(LD)−r′2µ(LDD)︸ ︷︷ ︸−r′2µ(DDD)

− r′3(1− r′)3(1+ r′)(2− r′)(3−4r′+5r′2−3r′3 + r′4)µ(LD)−α1µ(LDL)︸ ︷︷ ︸
−α2µ(LDW )︸ ︷︷ ︸−α3{µ(DLDD)+µ(LLDD)}+ r′2(1− r′)8(1−2r′)µ(WWLDL)

− r′2(1− r′)4(1− r′2 +3r′3−3r′4 + r′5)µ(LD)−β3µ(LLD)−β2{µ(DLD)+µ(LWLD)}
−β1µ(DWLD)+ r′4(1− r′)8

µ(WWLDD)− r′(1− r′)6CLLWD− r′(1− r′)6CLLDW

− r′2CWDD− r′2(3−3r′+ r′2)(1− r′)2CLWD−C3

= w3(µ)+(2r′−14r′2 +23r′3−14r′4 +3r′6− r′7)µ(LD)−r′2µ(LD)︸ ︷︷ ︸−r′2µ(DDD)
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− r′3(1− r′)3(1+ r′)(2− r′)(3−4r′+5r′2−3r′3 + r′4)µ(LD)−(1−3r′− r′2 +2r′3︸ ︷︷ ︸
+13r′4−31r′5 +26r′6 + r′7−28r′8 +34r′9−21r′10 +7r′11− r′12)µ(LDL)︸ ︷︷ ︸
−r′(1−4r′−6r′2 +31r′3−46r′4 +32r′5−28r′7 +34r′8−21r′9 +7r′10− r′11)µ(LDW )︸ ︷︷ ︸
−α3{µ(DLDD)+µ(LLDD)}+ r′2(1− r′)8(1−2r′)µ(WWLDL)

− r′2(1− r′)4(1− r′2 +3r′3−3r′4 + r′5)µ(LD)−β3µ(LLD)−β2{µ(DLD)+µ(LWLD)}
−β1µ(DWLD)+ r′4(1− r′)8

µ(WWLDD)− r′(1− r′)6CLLWD− r′(1− r′)6CLLDW − r′2CWDD

− r′2(3−3r′+ r′2)(1− r′)2CLWD−C3

(the underbraced terms in the step above are obtained by combining the underbraced terms

from the previous step)

= w3(µ)+(2r′−14r′2 +23r′3−14r′4 +3r′6− r′7)µ(LD)− r′2µ(LD)︸ ︷︷ ︸−r′2µ(DDD)

−r′3(1− r′)3(1+ r′)(2− r′)(3−4r′+5r′2−3r′3 + r′4)µ(LD)︸ ︷︷ ︸−γ1µ(LDL)− γ2µ(LDW )

−α3{µ(DLDD)+µ(LLDD)}−r′2(1− r′)4(1− r′2 +3r′3−3r′4 + r′5)µ(LD)︸ ︷︷ ︸
−β3µ(LLD)−β2µ(DLD)−β1µ(DWLD)−β2µ(LWLD)+ r′4(1− r′)8

µ(WWLDD)

+ r′2(1− r′)8(1−2r′)µ(WWLDL)− r′(1− r′)6CLLWD− r′(1− r′)6CLLDW − r′2CWDD

− r′2(3−3r′+ r′2)(1− r′)2CLWD−C3

= w3(µ)+r′(2−16r′+21r′2 +4r′3−39r′4 +50r′5−35r′6 +7r′7 +13r′8−14r′9 +6r′10︸ ︷︷ ︸
−r′11)µ(LD)︸ ︷︷ ︸−r′2µ(DDD)− γ1µ(LDL)− γ2µ(LDW )−α3{µ(DLDD)+µ(LLDD)}

−β3µ(LLD)−β2{µ(DLD)+µ(LWLD)}−β1µ(DWLD)+r′4(1− r′)8
µ(WWLDD)︸ ︷︷ ︸

+r′2(1− r′)8(1−2r′)µ(WWLDL)︸ ︷︷ ︸−r′(1− r′)6CLLWD− r′(1− r′)6CLLDW − r′2CWDD

− r′2(3−3r′+ r′2)(1− r′)2CLWD−C3

(once again, the underbraced terms in the step above are obtained by combining the

underbraced terms from the previous step) (4.9.57)

where

1. the polynomial γ1 =(1−3r′−r′2+2r′3+13r′4−31r′5+26r′6+r′7−28r′8+34r′9−21r′10+

7r′11− r′12) is strictly positive for all r′ ∈ [0,0.345627),

2. the polynomial γ2 = r′(1−4r′−6r′2+31r′3−46r′4+32r′5−28r′7+34r′8−21r′9+7r′10−
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r′11) is strictly positive for all r′ ∈ (0,0.238556),

3. and the polynomial r′(2−16r′+21r′2 +4r′3−39r′4 +50r′5−35r′6 +7r′7 +13r′8−14r′9 +

6r′10− r′11) is strictly negative for all r′ > 0.157175.

Among the problematic terms, indicated by underbraces, on the right side of the final expression of
(4.9.57), there is r′4(1−r′)8µ(WWLDD), which we now take care of by introducing the adjustment
w4(µ) = w3(µ)−β2µ(LWLD). Note that w4(µ), when expanded (by substituting the expression
for w3(µ)), becomes exactly the weight function defined in (4.9.7).

We partially compute Êr′,0µ(LWLD), which is the probability of the event {Êr′,0η(0) =
L, Êr′,0η(1) =W, Êr′,0η(2) = L, Êr′,0η(3) = D}:

1. Suppose η(0) = η(1) =W , η(2) = L and η(3) = η(4) =D. Then the event {Êr′,0η(0) = L}
happens with probability 1, the event {Êr′,0η(1) =W} happens with probability (1−r′), the
event {Êr′,0η(2) = L} happens with probability r′2, and the event {Êr′,0η(3) = D} happens
with probability (1− r′)(1+ r′). Thus, the contribution of this case to Êr′,0µ(LWLD) is
r′2(1− r′)2(1+ r′)µ(WWLDD).

Therefore, letting CLWLD denote the contribution from the cases not considered above, we obtain

Êr′,0µ(LWLD) = r′2(1− r′)2(1+ r′)µ(WWWLD)+CLWLD. (4.9.58)

Incorporating the new adjustment into (4.9.57), and emulating (4.8.6), we obtain:

w4

(
Êr′,0µ

)
= w4(µ)+β2µ(LWLD)+ r′(2−16r′+21r′2 +4r′3−39r′4 +50r′5−35r′6 +7r′7 +13r′8

−14r′9 +6r′10− r′11)µ(LD)− r′2µ(DDD)− γ1µ(LDL)− γ2µ(LDW )−α3{µ(DLDD)

+µ(LLDD)}−β3µ(LLD)−β2µ(DLD)−β1µ(DWLD)−β2µ(LWLD)

+r′4(1− r′)8
µ(WWLDD)︸ ︷︷ ︸+r′2(1− r′)8(1−2r′)µ(WWLDL)− r′(1− r′)6CLLWD

− r′(1− r′)6CLLDW − r′2CWDD− r′2(3−3r′+ r′2)(1− r′)2CLWD−C3

−β2r′2(1− r′)2(1+ r′)µ(WWLDD)︸ ︷︷ ︸−β2CLWLD

= w4(µ)+ r′(2−16r′+21r′2 +4r′3−39r′4 +50r′5−35r′6 +7r′7 +13r′8−14r′9 +6r′10− r′11)

µ(LD)− r′2µ(DDD)− γ1µ(LDL)− γ2µ(LDW )−α3{µ(DLDD)+µ(LLDD)}−β3µ(LLD)

−β2µ(DLD)−β1µ(DWLD)−r′3(1− r′)6(1−3r′+ r′3−2r′4 +2r′6− r′7)µ(WWLDD)︸ ︷︷ ︸
+ r′2(1− r′)8(1−2r′)µ(WWLDL)− r′(1− r′)6CLLWD− r′(1− r′)6CLLDW − r′2CWDD

− r′2(3−3r′+ r′2)(1− r′)2CLWD−C3−β2CLWLD
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= w4(µ)+ r′(2−16r′+21r′2 +4r′3−39r′4 +50r′5−35r′6 +7r′7 +13r′8−14r′9 +6r′10− r′11)

µ(LD)− r′2µ(DDD)−γ1µ(LDL)︸ ︷︷ ︸−γ2µ(LDW )−α3{µ(DLDD)+µ(LLDD)}−β3µ(LLD)

−β2µ(DLD)−β1µ(DWLD)− γ3µ(WWLDD)+r′2(1− r′)8(1−2r′)µ(WWLDL)︸ ︷︷ ︸
use µ(WWLDL)6µ(LDL) in the next step

− r′(1− r′)6CLLWD− r′(1− r′)6CLLDW − r′2CWDD− r′2(3−3r′+ r′2)(1− r′)2CLWD−C3

−β2CLWLD

6 w4(µ)+ r′(2−16r′+21r′2 +4r′3−39r′4 +50r′5−35r′6 +7r′7 +13r′8−14r′9 +6r′10

− r′11)µ(LD)− r′2µ(DDD)−(1−3r′−2r′2 +12r′3−31r′4 +81r′5−156r′6 +197r′7︸ ︷︷ ︸
−168r′8 +98r′9−38r′10 +9r′11− r′12)µ(LDL)︸ ︷︷ ︸−γ2µ(LDW )−α3{µ(DLDD)

+µ(LLDD)}−β3µ(LLD)−β2µ(DLD)−β1µ(DWLD)− γ3µ(WWLDD)− r′(1− r′)6CLLWD

− r′(1− r′)6CLLDW − r′2CWDD− r′2(3−3r′+ r′2)(1− r′)2CLWD−C3−β2CLWLD

= w4(µ)+ r′(2−16r′+21r′2 +4r′3−39r′4 +50r′5−35r′6 +7r′7 +13r′8−14r′9 +6r′10− r′11)

µ(LD)− r′2µ(DDD)− γ4µ(LDL)− γ2µ(LDW )−α3{µ(DLDD)+µ(LLDD)}−β3µ(LLD)

−β2µ(DLD)−β1µ(DWLD)− γ3µ(WWLDD)− r′(1− r′)6CLLWD− r′(1− r′)6CLLDW

− r′2CWDD− r′2(3−3r′+ r′2)(1− r′)2CLWD−C3−β2CLWLD, (4.9.59)

where

1. the polynomial γ4 = 1−3r′−2r′2+12r′3−31r′4+81r′5−156r′6+197r′7−168r′8+98r′9−
38r′10 +9r′11− r′12 is strictly positive for all r′ ∈ [0,0.345094),

2. and the polynomial γ3 = r′3(1− r′)6(1− 3r′+ r′3− 2r′4 + 2r′6− r′7) is strictly positive for
all r′ ∈ (0,0.338338).

We now have our weight function inequality for 0.157175 < r′ 6 0.201382, since the coef-
ficient of each term in the right side of (4.9.59), apart from w4(µ), is strictly negative for
r′ ∈ (0.157175,0.201382], thereby allowing (4.9.59) to satisfy (4.8.3). Note that (4.9.59) reduces
to the inequality in (4.9.8) if we remove, apart from w4(µ),−r′2µ(DDD) and r′(2−16r′+20r′2+

7r′3− 42r′4 + 51r′5− 35r′6 + 7r′7 + 13r′8− 14r′9 + 6r′10− r′11)µ(LD), all other terms from the
right side of (4.9.59). This brings us to the end of our construction of the weight functions for the
regime described in (B2).
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4.9.4 Detailed construction of the weight function for the bond percolation
game when (r′,s′) belongs to the regime given by (B3)

We now demonstrate the step-by-step construction of our weight function for the regime given by
(B3), i.e. for all (r′,s′) that satisfy the constraints r′ = s′ > 0.10883. The approach is the same
the general idea outlined in §4.8.1, and the steps, while differing from those presented in §4.9.3
in their details, follow a similar line of reasoning. As in each of §4.9.2 and §4.9.3, we begin by
setting c1 = 1, C1 = (D)0, c2 = 1 and C2 = (W,D)0,1 in (4.8.1). For r′ = s′, we obtain, using
reflection-invariance,

Êr′,r′µ(D) = (1− r′)(1−2r′){µ(WD)+µ(DW )}+(1−2r′)µ(DD)+ r′(1−2r′){µ(LD)+µ(DL)}
= 2(1− r′)(1−2r′)µ(WD)+(1−2r′)µ(DD)+2r′(1−2r′)µ(LD) (4.9.60)

and

Êr′,r′µ(WD) = (2r′− r′2)(1− r′)(1−2r′)µ(WWD)+(1− r′+ r′2)r′(1−2r′)µ(WLD)

+(1− r′+ r′2)(1− r′)(1−2r′)µ(LWD)+(1− r′2)r′(1−2r′)µ(LLD)

+(2r′− r′2)(1−2r′)µ(WDD)+(2r′− r′2)(1− r′)(1−2r′)µ(DWD)

+(2r′− r′2)(1−2r′)µ(DDD)+(1− r′+ r′2)(1−2r′)µ(LDD)

+(1− r′+ r′2)r′(1−2r′)µ(DLD)+(2r′− r′2)(1− r′)(1−2r′)µ(WDW )

+(2r′− r′2)r′(1−2r′)µ(WDL)+(1− r′+ r′2)(1− r′)(1−2r′)µ(LDW )

+(1− r′+ r′2)r′(1−2r′)µ(LDL)+(2r′− r′2)(1− r′)(1−2r′)µ(DDW )

+(2r′− r′2)r′(1−2r′)µ(DDL). (4.9.61)

Starting with our initial guess for the weight function, namely w0(µ) = µ(D)+µ(WD), we obtain,
using (4.9.60) and (4.9.61), the following weight function inequality:

w0(Êr′,r′µ) = w0(µ)−µ(D)+ Êr′,r′µ(D)︸ ︷︷ ︸
use (4.9.60) and simplify

−µ(WD)+ Êr′,r′µ(WD)

= w0(µ)− (3r′−2r′2)µ(DW )−2r′µ(DD)− (1− r′+2r′2)µ(DL)+(1− r′)(1−2r′)µ(WD)

+ r′(1−2r′)µ(LD)−µ(WD) +Êr′,r′µ(WD)︸ ︷︷ ︸
substitute using (4.9.61)

= w0(µ)−(3r′−2r′2)µ(DW )︸ ︷︷ ︸
substitute µ(DW )=µ(WD)

−2r′µ(DD)−(1− r′+2r′2)µ(DL)︸ ︷︷ ︸
(i)

+(1− r′)(1−2r′)µ(WD)︸ ︷︷ ︸
(ii)
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+r′(1−2r′)µ(LD)︸ ︷︷ ︸
(i)

−µ(WD)︸ ︷︷ ︸
(ii)

+(2r′− r′2)(1− r′)(1−2r′)µ(WWD)

+(1− r′+ r′2)r′(1−2r′)µ(WLD)+(1− r′+ r′2)(1− r′)(1−2r′)µ(LWD)

+(1− r′2)r′(1−2r′)µ(LLD)+(2r′− r′2)(1−2r′)µ(WDD)+(2r′− r′2)(1− r′)

(1−2r′)µ(DWD)+(2r′− r′2)(1−2r′)µ(DDD)+(1− r′+ r′2)(1−2r′)µ(LDD)

+(1− r′+ r′2)r′(1−2r′)µ(DLD)+(2r′− r′2)(1− r′)(1−2r′)µ(WDW )+(2r′− r′2)

r′(1−2r′)µ(WDL)+(1− r′+ r′2)(1− r′)(1−2r′)µ(LDW )+(1− r′+ r′2)r′(1−2r′)µ(LDL)

+(2r′− r′2)(1− r′)(1−2r′)µ(DDW )+(2r′− r′2)r′(1−2r′)µ(DDL)

= w0(µ)−(3r′−2r′2)µ(WD)︸ ︷︷ ︸−2r′µ(DD)−(1−2r′+4r′2)µ(LD)︸ ︷︷ ︸
combining terms labelled (i)

−(3r′−2r′2)µ(WD)︸ ︷︷ ︸
combining terms labelled (ii)

+(2r′− r′2)(1− r′)(1−2r′)µ(WWD)+(1− r′+ r′2)r′(1−2r′)µ(WLD)

+(1− r′+ r′2)(1− r′)(1−2r′)µ(LWD)+(1− r′2)r′(1−2r′)µ(LLD)

+(2r′− r′2)(1−2r′)µ(WDD)+(2r′− r′2)(1− r′)(1−2r′)µ(DWD)

+(2r′− r′2)(1−2r′)µ(DDD)+(1− r′+ r′2)(1−2r′)µ(LDD)+(1− r′+ r′2)

r′(1−2r′)µ(DLD)+(2r′− r′2)(1− r′)(1−2r′)µ(WDW )+(2r′− r′2)r′(1−2r′)µ(WDL)

+(1− r′+ r′2)(1− r′)(1−2r′)µ(LDW )+(1− r′+ r′2)r′(1−2r′)µ(LDL)

+(2r′− r′2)(1− r′)(1−2r′)µ(DDW )+(2r′− r′2)r′(1−2r′)µ(DDL)

= w0(µ) −(2r′− r′2)(1−2r′)µ(WD)︸ ︷︷ ︸
expand using µ(WD)=µ(WDW )+µ(WDL)+µ(WDD)

−2r′µ(DD)︸ ︷︷ ︸
expand using µ(DD)=µ(DDW )+µ(DDL)+µ(DDD)

−(1− r′+ r′2)(1−2r′)µ(LD)︸ ︷︷ ︸
expand using µ(LD)=µ(LDW )+µ(LDL)+µ(LDD)

−((1−2r′+4r′2)− (1− r′+ r′2)(1−2r′))µ(LD)︸ ︷︷ ︸
expand using µ(LD)=µ(WLD)+µ(LLD)+µ(DLD)

−(6r′−4r′2− (2r′− r′2)(1−2r′))µ(WD)︸ ︷︷ ︸
expand using µ(WD)=µ(WWD)+µ(LWD)+µ(DWD)

+(2r′− r′2)(1− r′)(1−2r′)µ(WWD)

+(1− r′+ r′2)r′(1−2r′)µ(WLD)+(1− r′+ r′2)(1− r′)(1−2r′)µ(LWD)

+(1− r′2)r′(1−2r′)µ(LLD)+(2r′− r′2)(1−2r′)µ(WDD)

+(2r′− r′2)(1− r′)(1−2r′)µ(DWD)+(2r′− r′2)(1−2r′)µ(DDD)

+(1− r′+ r′2)(1−2r′)µ(LDD)+(1− r′+ r′2)r′(1−2r′)µ(DLD)

+(2r′− r′2)(1− r′)(1−2r′)µ(WDW )+(2r′− r′2)r′(1−2r′)µ(WDL)

+(1− r′+ r′2)(1− r′)(1−2r′)µ(LDW )+(1− r′+ r′2)r′(1−2r′)µ(LDL)

+(2r′− r′2)(1− r′)(1−2r′)µ(DDW )+(2r′− r′2)r′(1−2r′)µ(DDL)

= w0(µ)−(2r′− r′2)(1−2r′)(µ(WDW )+µ(WDL)+µ(WDD))︸ ︷︷ ︸
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−2r′(µ(DDW )+µ(DDL)+µ(DDD))︸ ︷︷ ︸−(1− r′+ r′2)(1−2r′)(µ(LDW )+µ(LDL)︸ ︷︷ ︸
+µ(LDD))− ((1−2r′+4r′2)− (1− r′+ r′2)(1−2r′))(µ(WLD)+µ(LLD)+µ(DLD))︸ ︷︷ ︸
−(6r′−4r′2− (2r′− r′2)(1−2r′))(µ(WWD)+µ(LWD)+µ(DWD))︸ ︷︷ ︸
+(2r′− r′2)(1− r′)(1−2r′)µ(WWD)+(1− r′+ r′2)r′(1−2r′)µ(WLD)

+(1− r′+ r′2)(1− r′)(1−2r′)µ(LWD)+(1− r′2)r′(1−2r′)µ(LLD)

+(2r′− r′2)(1−2r′)µ(WDD)+(2r′− r′2)(1− r′)(1−2r′)µ(DWD)+(2r′− r′2)

(1−2r′)µ(DDD)+(1− r′+ r′2)(1−2r′)µ(LDD)+(1− r′+ r′2)r′(1−2r′)µ(DLD)

+(2r′− r′2)(1− r′)(1−2r′)µ(WDW )+(2r′− r′2)r′(1−2r′)µ(WDL)

+(1− r′+ r′2)(1− r′)(1−2r′)µ(LDW )+(1− r′+ r′2)r′(1−2r′)µ(LDL)

+(2r′− r′2)(1− r′)(1−2r′)µ(DDW )+(2r′− r′2)r′(1−2r′)µ(DDL) (4.9.62)

= w0(µ)− (2r′2−5r′3 +2r′4)µ(WDW )−(2r′−7r′2 +7r′3−2r′4)µ(WDL)︸ ︷︷ ︸
− (7r′2−7r′3 +2r′4)µ(DDW )− (2r′−2r′2 +5r′3−2r′4)µ(DDL)− (5r′2−2r′3)µ(DDD)

−(r′−3r′2 +3r′3−2r′4)µ(LDW )︸ ︷︷ ︸
substituting µ(LDW )=µ(WDL)

−(1−4r′+6r′2−5r′3 +2r′4)µ(LDL)

− (4r′2− r′3 +2r′4)µ(WLD)− (3r′2 +3r′3−2r′4)µ(LLD)− (4r′2− r′3 +2r′4)µ(DLD)

− (2r′+8r′2−9r′3 +2r′4)µ(WWD)− (−1+8r′−5r′2 +3r′3−2r′4)µ(LWD)

− (2r′+8r′2−9r′3 +2r′4)µ(DWD) (4.9.63)

= w0(µ)− (2r′2−5r′3 +2r′4)µ(WDW )−(3r′−10r′2 +10r′3−4r′4)µ(WDL)︸ ︷︷ ︸
combining the highlighted terms

− (7r′2−7r′3 +2r′4)µ(DDW )− (2r′−2r′2 +5r′3−2r′4)µ(DDL)− (5r′2−2r′3)µ(DDD)

− (1−4r′+6r′2−5r′3 +2r′4)µ(LDL)− (4r′2− r′3 +2r′4)µ(WLD)− (3r′2 +3r′3

−2r′4)µ(LLD)− (4r′2− r′3 +2r′4)µ(DLD)− (2r′+8r′2−9r′3 +2r′4)µ(WWD)

− (−1+8r′−5r′2 +3r′3−2r′4)µ(LWD)− (2r′+8r′2−9r′3 +2r′4)µ(DWD).

(4.9.64)

The only problematic term in the above expression is −(−1+ 8r′− 5r′2 + 3r′3− 2r′4)µ(LWD),
since the coefficient of this term is strictly positive for sufficiently small values of r′. In order to
take care of this term, we implement the idea outlined in §4.8.1.1 by updating our weight function
as follows:

w1(µ) = w0(µ)− (2r′2−5r′3 +2r′4)µ(WDW )− (3r′−10r′2 +10r′3−4r′4)µ(WDL)
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− (7r′2−7r′3 +2r′4)µ(DDW )− (2r′−2r′2 +5r′3−2r′4)µ(DDL)

− (1−4r′+6r′2−5r′3 +2r′4)µ(LDL)− (4r′2− r′3 +2r′4)µ(WLD)− (3r′2 +3r′3−2r′4)µ(LLD)

− (2r′+8r′2−9r′3 +2r′4)µ(WWD), (4.9.65)

which is exactly what we stated in (4.9.9).
In order to incorporate this adjustment into our current weight function inequality, follow-

ing the idea used in the deduction of (4.8.6), we need to compute the pushforward probabil-
ities Êr′,r′µ(WDW ), Êr′,r′µ(WDL), Êr′,r′µ(DDW ), Êr′,r′µ(DDL), Êr′,r′µ(LDL), Êr′,r′µ(WLD),
Êr′,r′µ(LLD) and Êr′,r′µ(WWD). However, we need only partially compute these expressions,
since we only care about the contributions arising from cylinder sets that are able to negate, to
as large an extent as possible, the term −(−1+ 8r′− 5r′2 + 3r′3− 2r′4)µ(LWD). For instance,
Êr′,r′µ(WDW ) is the probability of the event {Êr′,r′η(0) = W, Êr′,r′η(1) = D, Êr′,r′η(2) = W}
where η is a random configuration with law µ , and we need only consider the contributions to
this pushforward probability that arise from the event {η(1) = D,η(2) = W,η(3) = L}. In fact,
this is precisely the event whose contributions we consider to each of the pushforward probabilities
mentioned above, and we thereby obtain the following lower bounds:

Êr′,r′µ(WDW )> (1− r′+ r′2)(1− r′)(1−2r′){(2r′− r′2)µ(WDWL)+(1− r′+ r′2)µ(LDWL)

+(2r′− r′2)µ(DDWL)}
> (1− r′+ r′2)(1− r′)(1−2r′)(2r′− r′2)µ(DWL)

= (1− r′+ r′2)(1− r′)(1−2r′)(2r′− r′2)µ(LWD)︸ ︷︷ ︸
putting µ(DWL) = µ(LWD), using reflection-invariance

; (4.9.66)

Êr′,r′µ(WDL)>(1− r′)(1−2r′)(r′− r′2){(2r′− r′2)µ(WDWL)+(1− r′+ r′2)µ(LDWL)

+(2r′− r′2)µ(DDWL)}> (1− r′)(1−2r′)(r′− r′2)(2r′− r′2)µ(LWD);
(4.9.67)

Êr′,r′µ(DDW )> (1− r′+ r′2)(1− r′)(1−2r′){(1− r′)(1−2r′)µ(WDWL)+(r′−2r′2)µ(LDWL)

+(1−2r′)µ(DDWL)}> (1− r′+ r′2)(1− r′)(1−2r′)(r′−2r′2)µ(LWD);
(4.9.68)

Êr′,r′µ(DDL)> (r′− r′2)(1− r′)(1−2r′){(1− r′)(1−2r′)µ(WDWL)+(r′−2r′2)µ(LDWL)
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+(1−2r′)µ(DDWL)}> (r′− r′2)(1− r′)(1−2r′)(r′−2r′2)µ(LWD);
(4.9.69)

Êr′,r′µ(LDL)> (r′− r′2)(1− r′)(1−2r′){(r′− r′2)µ(WDWL)+ r′2µ(LDWL)+ r′2µ(DDWL)}
> (r′− r′2)(1− r′)(1−2r′)r′2µ(LWD); (4.9.70)

Êr′,r′µ(WLD)> (1− r′)(1−2r′)(r′− r′2){(1− r′+ r′2)µ(WLWD)+(1− r′2)µ(LLWD)

+(1− r′+ r′2)µ(DLWD)}> (1− r′)(1−2r′)(r′− r′2)(1− r′+ r′2)µ(LWD);
(4.9.71)

Êr′,r′µ(WWD)> (1− r′)(1−2r′)(1− r′+ r′2){(1− r′+ r′2)µ(WLWD)+(1− r′2)µ(LLWD)

+(1− r′+ r′2)µ(DLWD)}> (1− r′)(1−2r′)(1− r′+ r′2)2
µ(LWD);

(4.9.72)

and finally,

Êr′,r′µ(LLD)> (1− r′)(1−2r′)(r′− r′2){(r′− r′2)µ(WLWD)+ r′2µ(LLWD)+ r′2µ(DLWD)}
> (1− r′)(1−2r′)(r′− r′2)r′2µ(LWD). (4.9.73)

Incorporating the adjustment introduced in (4.9.65) into the weight function inequality in (4.9.64)
via the idea demonstrated in (4.8.6), and using the lower bounds obtained in (4.9.66), (4.9.67),
(4.9.68), (4.9.69), (4.9.70), (4.9.71), (4.9.72), (4.9.73), we obtain

w1(Êr′,r′µ) =w1(µ)+(w0(Êr′,r′µ)−w0(µ))︸ ︷︷ ︸
substitute using (4.9.64)

−(2r′2−5r′3 +2r′4)Êr′,r′µ(WDW )

− (3r′−10r′2 +10r′3−4r′4)Êr′,r′µ(WDL)− (7r′2−7r′3 +2r′4)Êr′,r′µ(DDW )

− (2r′−2r′2 +5r′3−2r′4)Êr′,r′µ(DDL)− (1−4r′+6r′2−5r′3 +2r′4)Êr′,r′µ(LDL)

− (4r′2− r′3 +2r′4)Êr′,r′µ(WLD)− (3r′2 +3r′3−2r′4)Êr′,r′µ(LLD)

− (2r′+8r′2−9r′3 +2r′4)Êr′,r′µ(WWD)+(2r′2−5r′3 +2r′4)µ(WDW )

+(3r′−10r′2 +10r′3−4r′4)µ(WDL)+(7r′2−7r′3 +2r′4)µ(DDW )

+(2r′−2r′2 +5r′3−2r′4)µ(DDL)+(1−4r′+6r′2−5r′3 +2r′4)µ(LDL)

+(4r′2− r′3 +2r′4)µ(WLD)+(3r′2 +3r′3−2r′4)µ(LLD)
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+(2r′+8r′2−9r′3 +2r′4)µ(WWD)

=w1(µ)−(2r′2−5r′3 +2r′4)µ(WDW )︸ ︷︷ ︸
(i)

−(3r′−10r′2 +10r′3−4r′4)µ(WDL)︸ ︷︷ ︸
(ii)

−(7r′2−7r′3 +2r′4)µ(DDW )︸ ︷︷ ︸
(iii)

−(2r′−2r′2 +5r′3−2r′4)µ(DDL)︸ ︷︷ ︸
(iv)

− (5r′2−2r′3)µ(DDD)−(1−4r′+6r′2−5r′3 +2r′4)µ(LDL)︸ ︷︷ ︸
(v)

−(4r′2− r′3 +2r′4)µ(WLD)︸ ︷︷ ︸
(vi)

−(3r′2 +3r′3−2r′4)µ(LLD)︸ ︷︷ ︸
(vii)

− (4r′2− r′3 +2r′4)µ(DLD)−(2r′+8r′2−9r′3 +2r′4)µ(WWD)︸ ︷︷ ︸
(viii)

− (−1+8r′−5r′2 +3r′3−2r′4)µ(LWD)− (2r′+8r′2−9r′3 +2r′4)µ(DWD)

− (2r′2−5r′3 +2r′4)Êr′,r′µ(WDW )− (3r′−10r′2 +10r′3−4r′4)Êr′,r′µ(WDL)

− (7r′2−7r′3 +2r′4)Êr′,r′µ(DDW )− (2r′−2r′2 +5r′3−2r′4)Êr′,r′µ(DDL)

− (1−4r′+6r′2−5r′3 +2r′4)Êr′,r′µ(LDL)− (4r′2− r′3 +2r′4)Êr′,r′µ(WLD)

− (3r′2 +3r′3−2r′4)Êr′,r′µ(LLD)− (2r′+8r′2−9r′3 +2r′4)Êr′,r′µ(WWD)

+(2r′2−5r′3 +2r′4)µ(WDW )︸ ︷︷ ︸
(i)

+(3r′−10r′2 +10r′3−4r′4)µ(WDL)︸ ︷︷ ︸
(ii)

+(7r′2−7r′3 +2r′4)µ(DDW )︸ ︷︷ ︸
(iii)

+(2r′−2r′2 +5r′3−2r′4)µ(DDL)︸ ︷︷ ︸
(iv)

+(1−4r′+6r′2−5r′3 +2r′4)µ(LDL)︸ ︷︷ ︸
(v)

+(4r′2− r′3 +2r′4)µ(WLD)︸ ︷︷ ︸
(vi)

+(3r′2 +3r′3−2r′4)µ(LLD)︸ ︷︷ ︸
(vii)

+(2r′+8r′2−9r′3 +2r′4)µ(WWD)︸ ︷︷ ︸
(viii)

=w1(µ)− (5r′2−2r′3)µ(DDD)− (4r′2− r′3 +2r′4)µ(DLD)

− (−1+8r′−5r′2 +3r′3−2r′4)µ(LWD)− (2r′+8r′2−9r′3 +2r′4)µ(DWD)

−(2r′2−5r′3 +2r′4)Êr′,r′µ(WDW )︸ ︷︷ ︸
use (4.9.66)

−(3r′−10r′2 +10r′3−4r′4)Êr′,r′µ(WDL)︸ ︷︷ ︸
use (4.9.67)

−(7r′2−7r′3 +2r′4)Êr′,r′µ(DDW )︸ ︷︷ ︸
use (4.9.68)

−(2r′−2r′2 +5r′3−2r′4)Êr′,r′µ(DDL)︸ ︷︷ ︸
use (4.9.69)

−(1−4r′+6r′2−5r′3 +2r′4)Êr′,r′µ(LDL)︸ ︷︷ ︸
use (4.9.70)

−(4r′2− r′3 +2r′4)Êr′,r′µ(WLD)︸ ︷︷ ︸
use (4.9.71)
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−(3r′2 +3r′3−2r′4)Êr′,r′µ(LLD)︸ ︷︷ ︸
use (4.9.73)

−(2r′+8r′2−9r′3 +2r′4)Êr′,r′µ(WWD)︸ ︷︷ ︸
use (4.9.72)

6w1(µ)− (5r′2−2r′3)µ(DDD)− (4r′2− r′3 +2r′4)µ(DLD)

−(−1+8r′−5r′2 +3r′3−2r′4)µ(LWD)︸ ︷︷ ︸−(2r′+8r′2−9r′3 +2r′4)µ(DWD)

−(2r′2−5r′3 +2r′4)((1− r′+ r′2)(1− r′)(1−2r′)(2r′− r′2)µ(LWD))︸ ︷︷ ︸
−(3r′−10r′2 +10r′3−4r′4)((1− r′)(1−2r′)(r′− r′2)(2r′− r′2)µ(LWD))︸ ︷︷ ︸
−(7r′2−7r′3 +2r′4)((1− r′+ r′2)(1− r′)(1−2r′)(r′−2r′2)µ(LWD))︸ ︷︷ ︸
−(2r′−2r′2 +5r′3−2r′4)((r′− r′2)(1− r′)(1−2r′)(r′−2r′2)µ(LWD))︸ ︷︷ ︸
−(1−4r′+6r′2−5r′3 +2r′4)((r′− r′2)(1− r′)(1−2r′)r′2µ(LWD))︸ ︷︷ ︸
−(4r′2− r′3 +2r′4)((1− r′)(1−2r′)(r′− r′2)(1− r′+ r′2)µ(LWD))︸ ︷︷ ︸
−(3r′2 +3r′3−2r′4)((1− r′)(1−2r′)(r′− r′2)r′2µ(LWD))︸ ︷︷ ︸
−(2r′+8r′2−9r′3 +2r′4)((1− r′)(1−2r′)(1− r′+ r′2)2

µ(LWD))︸ ︷︷ ︸
=w1(µ)− (5r′2−2r′3)µ(DDD)− (4r′2− r′3 +2r′4)µ(DLD)− (2r′+8r′2−9r′3 +2r′4)µ(DWD)

+(1−10r′+7r′2 +64r′4−292r′5 +583r′6−663r′7 +447r′8−168r′9 +28r′10)µ(LWD)︸ ︷︷ ︸
obtained by combining the terms highlighted above

6w1(µ)+(1−10r′+7r′2 +64r′4−292r′5 +583r′6−663r′7 +447r′8−168r′9 +28r′10)µ(LWD),

which is exactly what we stated in (4.9.10). This brings us to the conclusion of the construction of
our weight function for (r′,s′) belonging to ((B3)),
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Chapter 5

The parity-based site percolation game and
its corresponding probabilistic cellular
automata
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5.1 Introduction

In the previous twochapters, we considered two special percolation games whose general model
was given in §1.1. One of the common features in the games studied in §3 and §4 is that the set
Out(x,y) was constructed in a homogeneous manner. In this chapter, we consider the parity-based

site percolation game, that is, a site percolation game for which the definition of the set Out(x,y)
depends on the parity of x. In particular, each vertex of Z2, independently of others, is labeled a
trap with probability p, a target with probability q and open with probability 1− p−q. In her turn,
a player is allowed the token from the vertex (x,y) to any of the vertices in {(x,y+1),(x+1,y+1)}
if x is even and to any of the vertices in {(x+1,y+1),(x+2,y+2)} if x is odd. While the method
of analyzing this game is similar to that of the previous two chapters, the notion of parity brings an
added complexity to weight function calculations. Additionally, the parity-dependent definitions
of Out(x,y) naturally motivate us to consider a broader version of PCAs, where the neighbourhood
set of x ∈ Z depend on the parity of x. We call such PCAs, heterogeneous PCAs (hePCAs, in
short).

This element of inhomogeneity (i.e. the scenario where the manner in which a vertex of Zd up-
dates its state differs from one vertex to another) is incorporated into a hePCA via the introduction
of multiple neighbourhood sets. The most general way of accomplishing this is to define, for each
x ∈ Zd , the (finite) neighbourhood set N x = {yx

1,y
x
2, . . . ,y

x
m} ⊂ Zd , allowing for the possibility

that N x is different for different values of x (even the value of m, which is the cardinality of N x,
may depend on x). The neighbours of the cell x are then the elements of the set x+N x, i.e.
x+ yx

i for each i ∈ {1,2, . . . ,m}. A hePCA updates a state η ∈ Ω = A Zd
in an analogous way

as PCA does (see §1.1.1), i.e., by using a stochastic matrix. In particular, attached to each tuple
(η(x+ yx

1),η(x+ yx
2), . . . ,η(x+ yx

m)), is a probability distribution supported on the alphabet A

which depicts the (random) state of the site x after the application of the hePCA to η .
The one-dimensional hePCA Ep,q that we investigate in this chapter has the underlying alphabet

set ={W,L} and has two sets N0 = {0,1} and N1 = {1,2} associated to it. These sets are used
to determine the collection N x for each x ∈ Z in the following way: if x is even then N x = N0

and if x is odd then N x = N1, and using these sets, the neighbours of each cell are decided as
described earlier. The parameters p and q are elements of the following set:

(p,q) ∈S = {(p′,q′) ∈ [0,1]2 : 0 < p′+q′ 6 1},

and the update rule is as follows. If the neighbours x1 and x2 of a given cell x are both equal to 0
then x is updated to be 1 with probability 1− p and 0 with probability p and otherwise, x is updated
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to be 0 with probability 1− q and 1 with probability q. For a more formal definition of Ep,q, we
refer the reader to 5.3.2.

In this chapter, we investigate the question of probability of draw of the parity-based game and
that of ergodicity of our hePCA Ep,q.

Theorem 5.1.1. The probability of draw in the parity-based games is 0 and the hePCA Ep,q is

ergodic for following ranges of p and q:

1. q = 0, p > p0, where p0 ≈ 0.215 is the unique real root of p5−5p4 +9p3−8p2 +6p−1.

2. q > max
{
−
√

p2+2−p+2
2 ,0

}
, p≥ 0.

5.2 Organization of this chapter

This chapter is organized as follows: in 5.3, we describe our model–percolation game we study
is described in 5.3.1, our hePCA is described in 5.3.2, our envelope hePCA is introduced in 5.3.3
and finally we draw the connection between the game and hePCA in 5.3.4 where we also state our
main result. We state and prove some preliminary lemmas in 5.4 and finally we prove our main
theorem in 5.4.1.

5.3 Description of the model

Our model has two interrelated components, a percolation game and a generalized version of prob-
abilistic cellular automaton. A percolation game is a combinatorial game played on a (possibly
infinite) random graph and a probabilistic cellular automaton is a particular type of Markov pro-
cess. We describe these components in what follows.

5.3.1 Description of our game

We consider a percolation game on Z2. To begin with, every vertex of Z2, independent of other ver-
tices, is labelled a trap with probability p, a target with probability q and it is open with probability
1− p−q. Here p and q are the parameters of the game and (p,q) ∈S .

The assignments of these labels are done to all the vertices simultaneously, and then the game
is played between two players who take turns to move the token. Initially, a token is kept at the
origin. As we have mentioned earlier, if the origin is labelled trap (or, target), we declare the player
making the first move to be a winner (or, loser) of the game respectively. If the origin is labelled
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Figure 5.1: The graph on which the game is played

open then players alternate turns moving the token according to the following rule: if the token is
at vertex (x,y) then the player, in turn, can move it to:

1. (x,y+1) or (x+1,y+1) if x is even.

2. (x+1,y+1) or (x+2,y+1) if x is odd.

We demonstrate the directed graph in which the game is being played in Figure 5.1.
A player wins the game if she is able to move her token to a target or if the other player is forced

to move the token to a trap. The game continues as long as the token remains on an open node. If
the game continues forever it is said to result in a draw. We note here that both the players decide
their strategies after the graph has been assigned with the trap/target/open labelling and that they
have access to the whole information of the graph and form their strategies accordingly.

5.3.2 Description of our hePCA

The definition of a heterogeneous PCA differs from the definition of a PCA in the notion of the
neighbourhood. All other defining ingredients remain the same. In particular the principal defin-
ing components of a hePCA are: 1. a finite set A of symbols termed the alphabet, 2. a finite set
of indices N x = {yx

1,y
x
2, . . . ,y

x
m} ⊂ Zd (where d indicates the dimension of the CA or PCA un-

der consideration), for every vertex x, which is called the neighbourhood of the vertex x (of size
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m), 3. and a local update rule ϕ : A m×A → [0,1]. In addition to these essential ingredients the
state space Ω equals A Zd

, and the elements η = (η(x) ∈ A : x ∈ Zd) of Ω are termed config-

urations. While it is possible to define hePCAs in such a way that even the neighbourhood size,
m, depends on the vertex x, in this chapter, we restrict our attention to the case where the size
of each neighbourhood remains constant. This enables us to use a common local update rule for
all nodes. More formally, the update rules for a hePCA F are represented by a stochastic matrix
ϕ : A m×A → [0,1] defined as follows:

P[Fη(x) = b
∣∣η(x+yx

i ) = ai for all 1 6 i 6 m] = ϕ(a1,a2, . . . ,am,b) for all b ∈A , (5.3.1)

where, by definition of stochastic matrices, we have ϕ(a1,a2, . . . ,am,b) > 0 and

∑b∈A ϕ(a1,a2, . . . ,am,b) = 1, for all a1,a2, . . . ,am,b ∈A .
We now define the notion of ergodicity for a d−dimensional hePCA F . The definition is analo-

gous to the usual definition for PCAs. Let F denote the σ−field that is generated by the cylinder
sets of Ω = A Zd

, and let D denote the set of all probability measures over Ω and defined with
respect to the sigma field F . We put F1η = Fη and for any natural number t ≥ 2, we define
F tη = F(F t−1η) for η ∈ Ω. This definition extend naturally to random η following the distribu-
tion µ ∈ D and we let F t µ (simply written Fµ when t = 1 denote the probability distribution of
the (also random) configuration F t µ .

We say that µ is a stationary measure for a hePCA F if Fµ = µ . A hePCA F is said to be
ergodic if it has unique stationary measure, such that for every probability measure ν on Ω, the
sequence F tν converges weakly to µ as t → ∞. That is, the hePCA forgets its initial state and
converges to a unique measure.

We now introduce and explain the one-dimensional hePCA Ep,q that we study in this chapter.
The definition itself is the first among quite a few aspects in which the hePCA Ep,q differs from
more commonly studied PCAs in the literature. While Ep,q, as usual, is endowed with the alphabet
A = {0,1} and stochastic local update rules captured by the stochastic matrix ϕp,q defined below,
we now need two different finite subsets of Z, denoted N1 and N0, to serve as neighbourhoods in
the definition of this hePCA. For n ∈ Z, the neighbourhood we consider is N1 if n is odd, and N0

if n is even.
To elucidate, we set N1 = {1,2} and N0 = {0,1}. Given a configuration η = (η(n) : n ∈ Z) ∈

Ω, where Ω = A Z is the state space for the hePCA Ep,q, the (random) state Ep,qη(n) of the site
n under the application of Ep,q is determined based (only) on the states η(n+1) and η(n+2) of
sites n+ 1 and n+ 2, when n is odd, and on η(n) and η(n+ 1) of sites n and n+ 1, when n is
even. It is worth noting that both Ep,qη(2n− 1) and Ep,qη(2n) are functions of the states η(2n)
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and η(2n+1), and in particular, they are equidistributed.
For the hePCA that we are concerned with in this chapter, stochastic update rule ϕp,q is defined

as follows:

ϕp,q(W,W,b) =

p if b =W,

1− p if b = L,
(5.3.2)

and

ϕp,q(a0,a1,b) =

1−q if b =W,

q if b = L,
for all (a0,a1) ∈A 2 \{(W,W )}. (5.3.3)

Note that even though the definition of the stochastic rule is independent of the individual
vertices, following 5.3.1, the way the individual vertices use this stochastic rule varies from vertex
to vertex, and in our hePCA, Ep,q, the usage of this rule depends on the parity of the vertex.

5.3.3 Description of our envelope hePCA

The envelope Êp,q to the hePCA Ep,q is obtained by first extending the alphabet A to ˆA =

{W,D,L}, and then introducing the local update rules via the stochastic matrix ϕ̂p,q defined as
follows:

ϕ̂p,q(W,W,b) =

p if b =W,

1− p if b = L,
(5.3.4)

ϕ̂p,q(a0,a1,b) =

1−q if b =W,

q if b = L,
for all (a0,a1) ∈ ˆA 2 \{W,D}2 (5.3.5)

and

ϕ̂p,q(a0,a1,b) =


p if b =W,

q if b = L,

r = 1− p−q if b = D,

for all (a0,a1) ∈ {W,D}2 \ (W,W ). (5.3.6)

The neighbourhoods N1 and N0 corresponding to odd and even vertices remain the same as in
Ep,q. We reiterate here that this means that for an odd n ∈ Z, Êp,qη(n) depends on η(n + 1)
and η(n+ 2) whereas for even n ∈ Z, Êp,qη(n) depends on η(n) and η(n+ 1). In particular,
Êp,qη(2n−1), Êp,qη(2n) both depend on η(2n) and η(2n+1).
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5.3.4 Connection between our game and the envelope hePCA

In this chapter, we delve into the underlying connection between the game we play and our hePCA.
As stated in the previous section, recall that we play our game on Z2. Suppose every vertex of
Z2 has been assigned to be a trap/target/open with corresponding probabilities. Throughout the
section, we assume that both the players play optimally1. We define sets of vertices W , L, and D

which we will need to establish this connection. We say that a vertex (x,y) is in W if the player
who plays the first round wins the game when the token is placed at (x,y) at the beginning of the
game. Similarly, we say that a vertex (x,y) is in L if the person who plays first, loses the game
when the token is placed at (x,y) at the start of the game. Finally D is the set of vertices (x,y)

such that when the token is initially kept at (x,y), the game is results in a draw. We follow the
convention that if the vertex is a trap, then it is assigned a label W and if it is a target, it is assigned
a label L.

For k ∈ Z, let Hk = {(x,k) ∈ Z2 : x ∈ Z} be the horizontal line at height k. We claim that if,
for any arbitrary realization of the graph into traps/targets/open sites, we know the labelling of
vertices (into W,L and D) in the horizontal line Hk+1, then, using this information and the pre-
assigned trap/target/open labelling, we can deduce the labelling of vertices in the horizontal line
Hk. We note that since the neighbours of (2x− 1,y) and (2x,y) are the same, it suffices to give
arguments for (2x,y):

1. Suppose both of the vertices (2x,y+ 1) and (2x+ 1,y+ 1) are labelled W , then no matter
what move the first player makes, the second player is guaranteed to win the game. Hence,
the vertex (2x,y) should be labelled L if it is open. Otherwise, if it is a trap, it gets label W ,
which happens with probability p.

2. If at least one of the vertices (2x,y+1) and (2x+1,y+1) is labelled L then the first player
can always move to this vertex in order to ensure victory in the game. This means that (2x,y)

should be labelled W if it is open. Otherwise, if it is a target, it gets label L, which happens
with probability q.

3. If none of the vertices (2x,y+1) and (2x+1,y+1) is labelled L but at least one of them is
labelled D, then the first player should move to this vertex to ensure a draw as the best case
scenario. Hence, the vertex (2x,y) should be labelled as D if it is open. Otherwise, it gets
labelled W if it is a trap, which happens with probability p and it gets label L if it is a target
which happens with probability q.

1For a formal definition of optimal play, we refer the reader to [16].
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In what follows, we label the vertices with the set to which they belong. That is, if a vertex is in
set W then, we label it with the symbol W . With this assignment of symbols in hand, it is clear that
if η ∈ {W,L,D}Z is a configuration of symbols on Hk+1 then the random configuration on Hk is
given by Êp,qη . Finally, the connection between the hePCA and the game we study is established
via the following results.

Proposition 5.3.1. The hePCA Ep,q is ergodic if and only if the corresponding hePCA Êp,q if

ergodic.

Proposition 5.3.2. For every (p,q) ∈S , our game has probability 0 of ending in a draw if and

only if the hePCA Ep,q is ergodic.

The proofs of Propositions 5.3.1 and 5.3.2 follow an analogous argument to Propositions 2.1
and 2.2, respectively, of [60], and Propositions 2.2 and 2.3, respectively, of [16].

Before stating the next theorem, we would like to delve on its importance and connections with
the above stated propositions. We will show in the next section that for Êp,q to be ergodic, it suffices
to show that it has no stationary distribution which assigns positive probability to the occurrence
of D. Once we have shown that the hePCA is ergodic, using the above propositions, it follows that
our game has 0 probability of draw. From Proposition 5.3.1 and Proposition 5.3.2, it is easy to
see that Theorem 5.1.1 and Theorem 5.3.3 are equivalent. In order to establish Theorem 5.1.1, we
establish Theorem 5.3.3.

Theorem 5.3.3. The envelope hePCA Êp,q admits no stationary distribution µ that assigns positive

probability to the occurrence of D, for following ranges of p and q:

1. q = 0, p > p0, where p0 ≈ 0.215 is the unique real root of p5−5p4 +9p3−8p2 +6p−1.

2. q > max
{
−
√

p2+2−p+2
2 ,0

}
, p≥ 0.

Remark 5.3.4. We note that when p = 0, Theorem 5.3.3 tells us that whenever q > 2−
√

2
2 ≈ 0.2929

the hePCA Êp,q admits no stationary distribution which assigns a positive probability to the occur-

rence of D. The region covered by Theorem 5.3.3(ii) is shown in the figure ??.

Remark 5.3.5. Note that the polynomial p5− 5p4 + 9p3− 8p2 + 6p− 1 assumes positive values

for p > p0. This polynomial, along with some other polynomials shows up in 5.4.30 where in

order to obtain our result, we want all those polynomials to take positive values. It turns out that

all the polynomials are positive in (p0, p1) where p1 ≈ 0.555 and is the second largest root of

p3−2p2− p+1.
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Figure 5.2: Region covered by Theorem 5.3.3 (dotted curve is not included in the region)

5.4 Proof of Theorem 5.3.3

For some i ∈ Z and k ∈ N, let S = {i, . . . , i + k− 1} ⊆ Z be a finite index set of size k and
a1,a2, . . .ak ∈ {W,L,D} be some symbols. We define (a1,a2, . . . ,ak)i = {η ∈ {W,L,D}Z : η( j) =

a j−i+1 ∀ j ∈ S} as a cylinder set of length k indexed at i.
The lemma that we state now follows from the definition of the hePCA Êp,q (in particular we

use equation 5.3.1, the neighbourhoods of Êp,q and the fact that the state of each site is updated
independently under the action of Êp,q.

Lemma 5.4.1. Let µ be a given distribution on {W,L,D}Z and ϕ̂p,q be the local updation rule of

the hePCA Ep,q as describe in §5.3.3. Then the following holds:

1. If i is odd and (b1, . . . ,b2k) ∈ {W,L,D}2k, then

Êp,qµ(b1, . . . ,b2k)i = ∑
(a1,...,a2k)∈{W,L,D}2k

f1(a1, . . . ,a2k,b1, . . . ,b2k)µ(a1, . . . ,a2k)i+1 (5.4.1)

where

f1(a1, . . . ,a2k,b1, . . . ,b2k) =
k

∏
t=1

ϕ̂p,q(a2t−1,a2t ,b2t−1)ϕ̂p,q(a2t−1,a2t ,b2t).

2. If i is odd and (b1, . . . ,b2k−1) ∈ {W,L,D}2k−1, then

Êp,qµ(b1, . . . ,b2k−1)i = ∑
(a1...a2k)∈{W,L,D}2k

f2(a1 . . .a2k,b1, . . . ,b2k−1)µ(a1 . . .a2k)i+1

(5.4.2)
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where

f2(a1 . . .a2k,b1, . . . ,b2k−1) = (
k−1

∏
t=1

ϕ̂p,q(a2t−1,a2t ,b2t−1)ϕ̂p,q(a2t−1,a2t ,b2t))ϕ̂p,q(a2k−1,a2k,b2k−1)

3. If i is even and (b1, . . . ,b2k) ∈ {W,L,D}2k, then

Êp,qµ(b1, . . . ,b2k)i = ∑
(a1,...,a2k+2)∈{W,L,D}2k+2

f3(a1, . . . ,a2k+2,b1, . . . ,b2k)µ(a1, . . . ,a2k+2)i

(5.4.3)
where

f3(a1, . . . ,a2k+2,b1, . . .,b2k) =

ϕ̂p,q(a1,a2,b1)(
k

∏
t=1

ϕ̂p,q(a2t−1,a2t ,b2t−1)ϕ̂p,q(a2t−1,a2t ,b2t))ϕ̂p,q(a2k+1,a2k,b2k)

4. If i is even and (b1, . . . ,b2k−1) ∈ {W,L,D}2k−1, then

Êp,qµ(b1, . . . ,b2k−1)i = ∑
(a1,...,a2k)∈{W,L,D}2k

f4(a1, . . . ,a2k,b1, . . . ,b2k−1)µ(a1, . . . ,a2k)i

(5.4.4)
where

f4(a1, . . . ,a2k,b1, . . . ,b2k−1) = ϕ̂p,q(a1,a2,b1)(
k−1

∏
t=1

ϕ̂p,q(a2t−1,a2t ,b2t−1)ϕ̂p,q(a2t−1,a2t ,b2t))

With this lemma in hand, we show that it is enough to prove Theorem 5.3.3 for distributions µ

on {W,L,D}Z satisfying:

1. µ(b1b2 . . .bk)i = µ(b1b2 . . .bk)i+2∀i ∈ Z.

2. µ(b1b2 . . .b2k)i = µ(b2kb2k−1 . . .b1)i∀i ∈ Z.

3. µ(b1b2 . . .b2k+1)i = µ(b2k+1b2k . . .b1)i+1∀i ∈ Z.

4. If i+ j is even then, µ(b1b2 . . .b jb j+1 . . .bk)i = µ(b1b2 . . .b j−1b j+1b jb j+2 . . .bk)i∀i ∈ Z.

Lemma 5.4.2. Let µ be a distribution on {W,L,D}Z satisfying conditions (i)-(iv) above. Then

Êp,qµ also satisfies the conditions (i)-(iv).
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Proof. We prove each of the properties separately in the following parts:

1. In this part, we show that Ep,qµ satisfies the first property. We begin with a cylinder set
(b1b2 . . .b2k)i indexed at an odd integer i. The first part of Lemma 5.4.1 gives us:

Êp,qµ(b1, . . . ,b2k)i = ∑
(a1,...,a2k)∈{W,L,D}2k

f1(a1, . . . ,a2k,b1, . . . ,b2k)µ(a1, . . . ,a2k)i+1 (5.4.5)

where

f1(a1, . . . ,a2k,b1, . . . ,b2k) =
k

∏
t=1

ϕ̂p,q(a2t−1,a2t ,b2t−1)ϕ̂p,q(a2t−1,a2t ,b2t).

Since µ satisfies the condition (i) above, we have that µ(a1, . . . ,a2k)i+1 = µ(a1, . . . ,a2k)i+3.
This allows us to rewrite equation 5.4.5 as

Êp,qµ(b1, . . . ,b2k)i = ∑
(a1,...,a2k)∈{W,L,D}2k

f1(a1, . . . ,a2k,b1, . . . ,b2k)µ(a1, . . . ,a2k)i+1

= ∑
(a1,...,a2k)∈{W,L,D}2k

f1(a1, . . . ,a2k,b1, . . . ,b2k)µ(a1, . . . ,a2k)i+3

= Êp,qµ(b1, . . . ,b2k)i+2

where in the last step, we use the first part of Lemma 5.4.1. Proofs of the other cases
concerning the parities of i and k can be dealt with in a similar way.

2. In this part, we prove that Ep,qµ satisfies the second property. For this we begin with a
cylinder set (b1, . . . ,b2k)i for an odd i and use Lemma 5.4.1 to conclude that

Êp,qµ(b1, . . . ,b2k)i = ∑
(a1,...,a2k)∈{W,L,D}2k

f1(a1, . . . ,a2k,b1, . . . ,b2k)µ(a1, . . . ,a2k)i+1 (5.4.6)

where

f1(a1, . . . ,a2k,b1, . . . ,b2k) =
k

∏
t=1

ϕ̂p,q(a2t−1,a2t ,b2t−1)ϕ̂p,q(a2t−1,a2t ,b2t).

From the fact that µ satisfies the property (ii) above, it follows that µ(a1, . . . ,a2k)i+1 =
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µ(a2k, . . . ,a1)i+1. We note that

f1(a1, . . . ,a2k,b1, . . . ,b2k) =
k

∏
t=1

ϕ̂p,q(a2t−1,a2t ,b2t−1)ϕ̂p,q(a2t−1,a2t ,b2t)

=
k

∏
s=1

ϕ̂p,q(a2k−2s+1,a2k−2s+2,b2k−2s+1)ϕ̂p,q(a2k−2s+1,a2k−2s+2,b2k−2s+2)

= f1(a2k, . . . ,a1,b2k, . . .b1)

This allows us to re-write equation 5.4.6 as follows:

Êp,qµ(b1, . . . ,b2k)i = ∑
(a1,...,a2k)∈{W,L,D}2k

f1(a1, . . . ,a2k,b1, . . . ,b2k)µ(a1, . . . ,a2k)i+1

= ∑
(a2k,...,a1)∈{W,L,D}2k

f1(a2k, . . . ,a1,b2k, . . . ,b1)µ(a2k, . . . ,a1)i+1

= Êp,qµ(b2k, . . . ,b1)i

as required. In the last step, we have used Lemma 5.4.1. The other case where i is even can
be dealt analogously.

3. The proof that Êp,qµ satisfies the third property is analogous to proof of the previous part.

4. In this part, we prove that Êp,qµ satisfies last property. We begin with a cylinder set
(b1b2 . . .b2k)i with i being an odd integer. Then using Lemma 5.4.1, we see that

Êp,qµ(b1, . . . ,b2k)i = ∑
(a1,...,a2k)∈{W,L,D}2k

f1(a1, . . . ,a2k,b1, . . . ,b2k)µ(a1, . . . ,a2k)i+1 (5.4.7)

where

f1(a1, . . . ,a2k,b1, . . . ,b2k) =
k

∏
t=1

ϕ̂p,q(a2t−1,a2t ,b2t−1)ϕ̂p,q(a2t−1,a2t ,b2t).

Let j ∈ {1, . . . ,2k} be an odd integer. Using the fact that i+ j is an even number,it follows
easily from the definition of f1 that

f1(a1, . . . ,a2k,b1, . . . ,b2k) = f1(a1, . . . ,a2k,b1, . . . ,b j−1,b j+1,b j,b j+1, . . . ,b2k)
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This allows us to re-write equation 5.4.7 as

Êp,qµ(b1, . . . ,b2k)i = ∑
(a1,...,a2k)∈{W,L,D}2k

f1(a1, . . . ,a2k,b1, . . . ,b2k)µ(a1, . . . ,a2k)i+1

= ∑
(a1,...,a2k)∈{W,L,D}2k

f1(a1, . . . ,a2k,b1, . . . ,b j−1,b j+1,b j,b j+1, . . . ,b2k)µ(a1, . . . ,a2k)i+1

= Êp,qµ(b1, . . . ,b j−1,b j+1,b j,b j+1, . . . ,b2k)i

as required. We note here that the last step follows from Lemma 5.4.1. Other cases concern-
ing the parities of i and k follow analogously.

This completes the proof of the lemma.

Remark 5.4.3. Via an argument identical to that outlined at the very beginning of the proof

of Proposition 2.3 of [60], and using Lemma 5.4.2, we conclude the following; to prove Theo-

rem 5.3.3, it suffices to show that µ(D)i = 0 for each i ∈ {0,1} for every stationary distribution µ

of Êp,q that satisfies the properties 1-4. Consequently, we confine ourselves to such distributions.

In fact it is easy to see that such distributions µ satisfy µ(D)0 = µ(D)1.

For the sake of brevity, we let ∗̂∗= {W,D}2 \{(W,W )} and L̂∗= {W,L,D}2 \{W,D}2. Given
a1, . . . ,ak,b1, . . . ,bl ∈ {W,L,D} and i ∈ N, we define (a1, . . . ,ak, ∗̂∗,b1, . . . ,bl)i to be the cylinder
set containing configurations η satisfying

1. η( j) = a j−i+1 for j ≤ i+ k−1,

2. (η(i+ k),η(i+ k+1)) ∈ ∗̂∗,

3. η( j) = a j−i+1 for i+ k+2≤ j ≤ i+ l−1.

In a similar fashion, we define (a1, . . . ,ak, L̂∗,b1, . . . ,bl)i to be the cylinder set containing con-
figurations η satisfying

1. η( j) = a j−i+1 for j ≤ i+ k−1,

2. (η(i+ k),η(i+ k+1)) ∈ L̂∗,

3. η( j) = a j−i+1 for i+ k+2≤ j ≤ i+ l−1.
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5.4.1 Construction of our weight functions

The weight function method involves manipulations of linear combinations of measures of cylinder
sets with coefficients polynomials in the parameters p and q. The goal is to come up with an
inequality from where it is easy to infer the desired result, that is, µ(D)0 = 0. Formally speaking,
given a distribution µ , a weight function is of the form w(µ) = ∑

m
i=1 ci(p,q)µ(Ci)ai where (Ci)ai is

a cylinder set indexed at ai (as defined at the beginning of §5.4), ai ∈ {0,1}, ci’s are polynomials in
p and q with real coefficients and m is the number of cylinder sets in the expression of our weight
function. Our goal is to find a weight function w(µ) = ∑

m
i=1 ci(p,q)µ(Ci)ai such that the following

inequality is satisfied: w(µ)−w(Êp,qµ) ≥ ∑
k
i=1 di(p,q)µ(C ′i )bi where di’s are polynomials in p

and q with real coefficients, bi ∈ {0,1} and (C ′i )bi are cylinder sets indexed at bi. We highlight
here that the cylinder sets (C ′i )bi can be different from the cylinder sets (Ci)ai . Additionally, we
want the di’s to be such that whenever p and q are in our desired range, that is, the range in which
we want to establish ergodicity, then di(p,q)> 0, for each i. When µ is a stationary measure, this
allows to conclude that µ(C ′i )bi = 0 for each i. We want the structure of the cylinder sets (C ′i )bi

to be such that from the information that all of them are of measure zero, we are able to infer that
µ(D)0 = µ(D)1 = 0 which concludes the proof.

We construct this weight function in a step-by-step manner – beginning with an initial guess
of the weight function and improving it incrementally. The idea is to start with an initial guess of
the weight function, say w0. We then analyze w0(µ)−w0(Êp,qµ) and identify the ‘troublesome’
terms. Keeping these terms as the focus, we update our weight function so as to tackle these terms
and ‘improve’ the weight function. We iterate the above procedure until the process of updation
becomes computationally intractable. For a detailed explanation of the heuristics we follow while
constructing this weight function, we refer the reader to 3.4. We would like to highlight here
that there is no right choice of the initial weight function but rather it is obtained experimentally.
The choices which we have made in this chapter are obtained by trial and error and are the best
we could obtain keeping in mind the above stated process. In what follows, given a cylinder set
(a1, . . . ,ak)i = {η ∈ {W,L,D}Z : η( j) = a j−i+1 ∀ j ∈ {i, . . . , i+k−1}}, we will use Lemma 5.4.1
repeatedly to compute Êp,qµ(a1, . . . ,ak)i. As in [16] we will begin with a suitable initial weight
function and then update it accordingly to obtain an inequality of the desired form as stated above.

Before delving into the construction of our weight function, we would like to highlight the addi-
tional difficulties encountered in constructing the weight function for the hePCA Êp,q as compared
to the PCAs in [60], [16]. Unlike the PCAs in [60], [16], the hePCA Êp,q is neither reflection
invariant nor translation invariant. The hePCA Êp,q, instead is ‘two translation’ invariant which is
formally stated in property 1. Similarly, in place of reflection invariant property, Êp,q satisfies the
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properties 2 and 3. We note here that Êp,q satisfies property 4 which is not shared by the PCAs in
[60], [16]. All of these differences are essentially coming from the parity dependent definitions of
our hePCA. Because of these differences it is in fact difficult to construct the corresponding weight
function covering a lot of ‘range’ in p and q.

We now begin by constructing the weight function for the first part of Theorem 5.3.3. For this
case, since q = 0, we denote Êp,0 by Êp. We begin with the initial weight function:

w0(µ) = 2µ(DW )1 +µ(DD)1 (5.4.8)

Using Lemma 5.4.1,

w0(Êpµ) = 2p(1− p)µ(∗̂∗)0 +(1− p)2
µ(∗̂∗)0

= (1− p2)µ(∗̂∗)0 (5.4.9)

Re-writing w0(µ) by re-arrangement of the terms, we obtain:

w0(µ) = 2(µ(WDW )0 +µ(DDW )0 +µ(LDW )0)+µ(WDD)0 +µ(DDD)0 +µ(LDD)0

= 2(µ(WDW )0 +µ(WDL)0 +µ(WDD)0)+µ(DDW )0 +µ(DDL)0 +µ(DDD)0 +(µ(LDW )0

+µ(DDW )0 +µ(LDW )0 +µ(LDD)0)−µ(WDD)0

= (2µ(WD)0 +µ(DD)0)+(µ(LDW )0 +µ(DDW )0 +µ(LDW )0 +µ(LDD)0)−µ(WDD)0

= µ(∗̂∗)0 +(2µ(LDW )0 +µ(DDW )0 +µ(LDD)0)−µ(WDD)0 (5.4.10)

Subtracting equation 5.4.9 from both sides:

w0(µ)−w0(Êpµ) = µ(∗̂∗)0 +µ(DDW )0 +µ(LDW )0 +µ(LDD)0)−µ(WDD)0− (1− p2)µ(∗̂∗)
= p2

µ(∗̂∗)0 +(2µ(LDW )0 +µ(DDW )0 +µ(LDD)0)−µ(WDD)0

In order to ‘balance’ the negative term: −µ(WDD)0, we update our weight function as follows:

w1(µ) = w0(µ)+µ(WDD)0 (5.4.11)

Using Lemma 5.4.1, we obtain:

Êpµ(WDD)0 = p(1− p)2(µ(WW ∗̂∗)0 +µ(∗̂∗∗̂∗)0)+(1− p)2(µ(L̂∗∗̂∗)0)

= p(1− p)2(µ(WW ∗̂∗)0 +µ(∗̂∗∗̂∗)0)+(1− p)2(µ(LWWD)0 +µ(LWDW )0 +µ(LWDD)0

+µ(LDWD)0 +µ(LDDW )0 +µ(LDDD)0 +µ(WLWD)0 +µ(WLDW )0 +µ(WLDD)0
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+µ(DLWD)0 +µ(DLDW )0 +µ(DLDD)0 +µ(LLWD)0 +µ(LLDW )0 +µ(LLDD)0)

= p(1− p)2(µ(WW ∗̂∗)0 +µ(∗̂∗∗̂∗)0)+(1− p)2(µ(LWWD)0 +µ(LWDW )0 +µ(LWDD)0

+µ(LDWD)0 +µ(LDDW )0 +µ(LDDD)0 +µ(WLWD)0 +µ(DLWD)0 +µ(LLWD)0)

Using equations 5.4.10 and 5.4.11, we obtain:

w1(µ)−w1(Êpµ) = p2
µ(∗̂∗)0 +(2µ(LDW )0 +µ(DDW )0 +µ(LDD)0)−µ(WDD)0 +µ(WDD0)

− p(1− p)2(µ(WW ∗̂∗)0 +µ(∗̂∗∗̂∗)0)− (1− p)2(µ(LWWD)0 +µ(LWDW )0

+µ(LWDD)0 +µ(LDWD)0 +µ(LDDW )0 +µ(LDDD)0 +µ(WLWD)0 +µ(DLWD)0

+µ(LLWD)0)

= p2
µ(∗̂∗)0 +(µ(LDW )0 +µ(DDW )0)+(µ(LDW )0 +µ(LDD)0)

− p(1− p)2(µ(WW ∗̂∗)0 +µ(∗̂∗∗̂∗)0)− (1− p)2(µ(LWWD)0 +µ(LWDW )0

+µ(LWDD)0 +µ(LDWD)0 +µ(LDDW )0 +µ(LDDD)0 +µ(WLWD)0 +µ(DLWD)0

+µ(LLWD)0)

= p2
µ(∗̂∗)0 +(µ(LDW )0 +µ(DDW )0)+(µ(LDWW )0 +µ(LDWL)0 +µ(LDWD)0

+µ(LDDW )0 +µ(LDDL)0 +µ(LDDD)0)− p(1− p)2(µ(WW ∗̂∗)0 +µ(∗̂∗∗̂∗)0)

− (1− p)2(µ(LWWD)0 +µ(LWDW )0 +µ(LWDD)0 +µ(LDWD)0 +µ(LDDW )0

+µ(LDDD)0 +µ(WLWD)0

+µ(DLWD)0 +µ(LLWD)0)

= p2
µ(∗̂∗)0 +(µ(LDW )0 +µ(DDW )0)+(µ(LDWL)0)+µ(LDDL)0 +(µ(LWDW )0

+µ(LDWD)0 +µ(LDDW )0 +µ(LDDD)0− p(1− p)2(µ(WW ∗̂∗)0 +µ(∗̂∗∗̂∗)0)

− (1− p)2(µ(LWWD)0 +µ(LWDW )0 +µ(LWDD)0 +µ(LDWD)0 +µ(LDDW )0

+µ(LDDD)0 +µ(WLWD)0 +µ(DLWD)0 +µ(LLWD)0)

= p2
µ(∗̂∗)0 +(µ(LDW )0 +µ(DDW )0)+(µ(LDWL)0 +µ(LDDL)0)

+ p(2− p)(µ(LWDW )0 +µ(LDWD)0 +µ(LDDW )0 +µ(LDDD)0

− p(1− p)2(µ(WW ∗̂∗)0 +µ(∗̂∗∗̂∗)0)− (1− p)2(µ(LWWD)0 +µ(LWDD)0

+µ(WLWD)0 +µ(DLWD)0 +µ(LLWD)0) (5.4.12)

The terms −p(1− p)2(µ(WW ∗̂∗)0+µ(∗̂∗∗̂∗)0) along with the terms (µ(LDW )0+µ(DDW )0)

suggest that we should update our weight function as follows:

w2(µ) = w1(µ)−µ(LDW )0−µ(DDW )0 (5.4.13)
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This is because of the following equations obtained using Lemma 5.4.1:

Êpµ(LDW )0 = p(1− p)2
µ(WW ∗̂∗)0 (5.4.14)

Êpµ(DDW )0 = p(1− p)2
µ(∗̂∗∗̂∗)0 (5.4.15)

Using equations 5.4.12, 5.4.13, 5.4.14 and 5.4.15, we obtain that

w2(µ)−w2(Êpµ) = p2
µ(∗̂∗)0 +(µ(LDWL)0 +µ(LDDL)0)+ p(2− p)(µ(LWDW )0 +µ(LDWD)0

+µ(LDDW )0 +µ(LDDD)0)− (1− p)2(µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1)

(5.4.16)

Before updating our weight function further, we note that the equation 5.4.16 yields to us the
weight function for the case q = 0, p > 0.5. In particular, we note that

µ(WD)0 ≥ µ(LWWD)0 +µ(LWD)1 (5.4.17)

and that
µ(DD)0 ≥ µ(LWDD)0 (5.4.18)

From equations 5.4.17 and 5.4.18 we obtain that

µ(∗̂∗)0 ≥ µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1 (5.4.19)

Using this in equation5.4.16 we obtain that

w2(µ)−w2(Êpµ) = p2(µ(∗̂∗)0− (µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1)+(µ(LDWL)0 +µ(LDDL)0)

+ p(2− p)(µ(LWDW )0 +µ(LDWD)0 +µ(LDDW )0 +µ(LDDD)0)

− (1− p)2(µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1)+ p2(µ(LWWD)0 +µ(LWDD)0

+µ(LWD)1)

= p2(µ(∗̂∗)0− (µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1)+(µ(LDWL)0 +µ(LDDL)0)

+ p(2− p)(µ(LWDW )0 +µ(LDWD)0 +µ(LDDW )0 +µ(LDDD)0)

+(2p−1)(µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1) (5.4.20)

All the terms of right hand side of of the above equation are positive when p > 0.5. Thus, when µ
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is a stationary distribution, we obtain that

µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1 = 0 (5.4.21)

and that
µ(∗̂∗)0− (µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1) = 0 (5.4.22)

From these two equations, it follows that µ(∗̂∗)0 = 0. Finally, from µ(D) = (1− p)µ(∗̂∗)0, it
follows that µ(D) = 0, as required.

Continuing from where we left, equation 5.4.16 suggests us that we should update our weight
function as follows:

w3(µ) = w2(µ)+µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1 (5.4.23)

Using Lemma 5.4.1, we obtain:

Êpµ(LWWD)0 = p2(1− p)2(µ(WWWW ∗̂∗)0 +µ(WW ∗̂∗∗̂∗)0)+(1− p)2(µ(WWL̂∗∗̂∗)0)

Êpµ(LWDD)0 = p(1− p)3(µ(WW ∗̂∗∗̂∗)0)

Êpµ(LWD)1 = p(1− p)2(µ(WW ∗̂∗)0)

From equations 5.4.20, 5.4.23, 5.4.24, 5.4.24 and 5.4.24, it follows that

w3(µ)−w3(Êpµ) = p2
µ(∗̂∗)0 +(µ(LDWL)0 +µ(LDDL)0)+ p(2− p)(µ(LWDW )0 +µ(LDWD)0

+µ(LDDW )0 +µ(LDDD)0)− (1− p)2(µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1)

+(µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1)− (p2(1− p)2(µ(WWWW ∗̂∗)0

+µ(WW ∗̂∗∗̂∗)0)+(1− p)2(µ(WWL̂∗∗̂∗)0))− p(1− p)3(µ(WW ∗̂∗∗̂∗)0)

− p(1− p)2(µ(WW ∗̂∗)0)

= p2
µ(∗̂∗)0 +(µ(LDWL)0 +µ(LDDL)0)+ p(2− p)(µ(LWDW )0 +µ(LDWD)0

+µ(LDDW )0 +µ(LDDD)0 +µ(LWWD)0 +µ(LWDD)0 +µ(LWD)1)

− (p2(1− p)2(µ(WWWW ∗̂∗)0 +µ(WW ∗̂∗∗̂∗)0)+(1− p)2(µ(WWL̂∗∗̂∗)0))

− p(1− p)3(µ(WW ∗̂∗∗̂∗)0)− p(1− p)2(µ(WW ∗̂∗WW )0 +µ(WW ∗̂∗∗̂∗)0

+µ(WW ∗̂∗L̂∗)0)
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= p2
µ(∗̂∗)0 +(µ(LDWL)0 +µ(LDDL)0)+ p(2− p)(µ(LWDW )0 +µ(LDWD)0

+µ(LDDW )0 +µ(LDDD)0 +µ(LWWD)0 +µ(LWDD)0 +µ(WLWD)0 +µ(LLWD)0

+µ(DLWD)0)− p2(1− p)2
µ(WWWW ∗̂∗)0−2p(1− p)2

µ(WW ∗̂∗∗̂∗)0

− p(1− p)2
µ(WW ∗̂∗WW )0− p(1− p)2

µ(WW ∗̂∗L̂∗)0− (1− p)2
µ(WWL̂∗∗̂∗)0

= p2
µ(∗̂∗)0 +(µ(LDWL)0 +µ(LDDL)0)+ p(2− p)(µ(L̂∗∗̂∗))

− p2(1− p)2
µ(WWWW ∗̂∗)0−2p(1− p)2

µ(WW ∗̂∗∗̂∗)0− p(1− p)2
µ(WW ∗̂∗WW )0

− p(1− p)2
µ(WW ∗̂∗L̂∗)0− (1− p)2

µ(WWL̂∗∗̂∗)0

≥ p2
µ(∗̂∗)0 +(µ(LDWL)0 +µ(LDDL)0)+ p(2− p)(µ(WWL̂∗∗̂∗)0 +µ(LL̂∗∗̂∗)1

+µ(DL̂∗∗̂∗)1)− p2(1− p)2
µ(WWWW ∗̂∗)0−2p(1− p)2

µ(WW ∗̂∗∗̂∗)0

− p(1− p)2
µ(WW ∗̂∗WW )0− p(1− p)2

µ(WW ∗̂∗L̂∗)0− (1− p)2
µ(WWL̂∗∗̂∗)0

= p2
µ(∗̂∗)0 +(µ(LDWL)0 +µ(LDDL)0)+ p(2− p)(µ(LL̂∗∗̂∗)1 +µ(DL̂∗∗̂∗)1)

− p2(1− p)2
µ(WWWW ∗̂∗)0−2p(1− p)2

µ(WW ∗̂∗∗̂∗)0− p(1− p)2
µ(WW ∗̂∗WW )0

− p(1− p)2
µ(WW ∗̂∗L̂∗)0− (1+2p2−4p)µ(WWL̂∗∗̂∗)0 (5.4.24)

We update the weight function as follows:

w4(µ) = w3(µ)− p(2− p)µ(LL̂∗∗̂∗)1− p(2− p)µ(DL̂∗∗̂∗)1 (5.4.25)

Since Êpµ(LD)1 = 0, we can simplify equation 5.4.25 as follows:

µ(LL̂∗∗̂∗)1 = µ(LLWWD)1 +µ(LLWDW )1 +µ(LLWDD)1 +µ(LLDWD)1 +µ(LLDDW )1 +µ(LLDDD)1

+µ(LLLWD)1 +µ(LLLDW )1 +µ(LLLDD)1 +µ(LWLWD)1 +µ(LWLDW )1 +µ(LWLDD)1

+µ(LDLWD)1 +µ(LDLDW )1 +µ(LDLDD)1

= µ(LLWWD)1 +µ(LLWDW )1 +µ(LLWDD)1 +µ(LLDWD)1 +µ(LLDDW )1 +µ(LLDDD)1

+µ(LLLWD)1 +µ(LWLWD)1

and

µ(DL̂∗∗̂∗)1 = µ(DLWWD)1 +µ(DLWDW )1 +µ(DLWDD)1 +µ(DLDWD)1 +µ(DLDDW )1 +µ(DLDDD)1

+µ(DLLWD)1 +µ(DLLDW )1 +µ(DLLDD)1 +µ(DWLWD)1 +µ(DWLDW )1 +µ(DWLDD)1

+µ(DDLWD)1 +µ(DDLDW )1 +µ(DDLDD)1

= µ(DWLWD)1 +µ(DDLWD)1
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These two identities allow us to re-write equation 5.4.25 as follows:

w4(µ) = w3(µ)− p(2− p)(µ(LLWWD)1 +µ(LLWDW )1 +µ(LLWDD)1 +µ(LLDWD)1 +µ(LLDDW )1

+µ(LLDDD)1 +µ(LLLWD)1 +µ(LWLWD)1 +µ(DWLWD)1 +µ(DDLWD)1) (5.4.26)

Using Lemma 5.4.1, we obtain the following:

Êpµ(LLWWD)1 = p2(1− p)3(µ(WWWW ∗̂∗)0 +µ(WW ∗̂∗∗̂∗)0)+(1− p)3
µ(WWL̂∗∗̂∗)0

Êpµ(LLWDW )1 = p2(1− p)3(µ(WW ∗̂∗WW )0 +µ(WW ∗̂∗∗̂∗)0)+ p(1− p)3
µ(WW ∗̂∗L̂∗)0

Êpµ(LLWDD)1 = p(1− p)4
µ(WW ∗̂∗∗̂∗)0

Êpµ(LLDWD)1 = p(1− p)4
µ(WW ∗̂∗∗̂∗)0

Êpµ(LLDDW )1 = p(1− p)4(µ(WW ∗̂∗WW )0 +µ(WW ∗̂∗∗̂∗)0)+(1− p)4
µ(WW ∗̂∗L̂∗)

Êpµ(LLDDD)1 = (1− p)5
µ(WW ∗̂∗∗̂∗)0

Êpµ(LLLWD)1 = p(1− p)4
µ(WWWW ∗̂∗)0

Êpµ(LWLWD)1 = p2(1− p)3
µ(WWWW ∗̂∗)0

Êpµ(DWLWD)1 = p2(1− p)3
µ(∗̂∗WW ∗̂∗)0

Êpµ(DDLWD)1 = p(1− p)4
µ(∗̂∗WW ∗̂∗)0
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Adding the previous ten equations and gathering coefficients of various cylinder sets, we obtain:

w4(Êpµ)≤w3(Êpµ)− p(2− p)(p(1− p)3(1+ p)µ(WWWW ∗̂∗)0 +(1− p)3(1+ p)µ(WW ∗̂∗∗̂∗)0

+(1− p)3
µ(WW ∗̂∗L̂∗)0 +(1− p)3

µ(WWL̂∗∗̂∗)0) (5.4.27)

Using 5.4.24, 5.4.26 and 5.4.27, we obtain the following:

w4(µ)−w4(Êpµ)≥ p2
µ(∗̂∗)0 +(µ(LDWL)0 +µ(LDDL)0)+ p(2− p)(µ(LL̂∗∗̂∗)1 +µ(DL̂∗∗̂∗)1)

− p2(1− p)2
µ(WWWW ∗̂∗)0−2p(1− p)2

µ(WW ∗̂∗∗̂∗)0− p(1− p)2
µ(WW ∗̂∗WW )0

− p(1− p)2
µ(WW ∗̂∗L̂∗)0− (1+2p2−4p)µ(WWL̂∗∗̂∗)0− p(2− p)(µ(LL̂∗∗̂∗)1

+µ(DL̂∗∗̂∗)1)+ p(2− p)(p(1− p)3(1+ p)µ(WWWW ∗̂∗)0

+(1− p)3(1+ p)µ(WW ∗̂∗∗̂∗)0 +(1− p)3
µ(WW ∗̂∗L̂∗)0 +(1− p)3

µ(WWL̂∗∗̂∗)0)

= p2
µ(∗̂∗)0 +(µ(LDWL)0 +µ(LDDL)0)− p2(1− p)2

µ(WWWW ∗̂∗)0

−2p(1− p)2
µ(WW ∗̂∗∗̂∗)0− p(1− p)2

µ(WW ∗̂∗WW )0− p(1− p)2
µ(WW ∗̂∗L̂∗)0

− (1+2p2−4p)µ(WWL̂∗∗̂∗)0 + p(2− p)(p(1− p)3(1+ p)µ(WWWW ∗̂∗)0

+(1− p)3(1+ p)µ(WW ∗̂∗∗̂∗)0 +(1− p)3
µ(WW ∗̂∗L̂∗)0 +(1− p)3

µ(WWL̂∗∗̂∗)0)

Finally, we update the weight function as follows:

w5(µ) = w4(µ)−µ(LDWL)0−µ(LDDL)0 (5.4.28)

Using Lemma 5.4.1, we obtain:

Êpµ(LDWL)0 = p(1− p)3
µ(WW ∗̂∗WW )0

Êpµ(LDDL)0 = (1− p)4
µ(WW ∗̂∗WW )0

From 5.4.28, 5.4.29 and 5.4.29, we see that:

w5(µ)−w5(Êpµ)≥ p2
µ(∗̂∗)0 +(µ(LDWL)0 +µ(LDDL)0)− p2(1− p)2

µ(WWWW ∗̂∗)0

−2p(1− p)2
µ(WW ∗̂∗∗̂∗)0− p(1− p)2

µ(WW ∗̂∗WW )0− p(1− p)2
µ(WW ∗̂∗L̂∗)0

− (1+2p2−4p)µ(WWL̂∗∗̂∗)0 + p(2− p)(p(1− p)3(1+ p)µ(WWWW ∗̂∗)0

+(1− p)3(1+ p)µ(WW ∗̂∗∗̂∗)0 +(1− p)3
µ(WW ∗̂∗L̂∗)0 +(1− p)3

µ(WWL̂∗∗̂∗)0)

− (µ(LDWL)0 +µ(LDDL)0)+ p(1− p)3
µ(WW ∗̂∗WW )0 +(1− p)4

µ(WW ∗̂∗WW )0
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= p2
µ(∗̂∗)0− p2(1− p)2

µ(WWWW ∗̂∗)0−2p(1− p)2
µ(WW ∗̂∗∗̂∗)0

− p(1− p)2
µ(WW ∗̂∗WW )0− p(1− p)2

µ(WW ∗̂∗L̂∗)0− (1+2p2−4p)µ(WWL̂∗∗̂∗)0

+ p(2− p)(p(1− p)3(1+ p)µ(WWWW ∗̂∗)0 +(1− p)3(1+ p)µ(WW ∗̂∗∗̂∗)0

+(1− p)3
µ(WW ∗̂∗L̂∗)0 +(1− p)3

µ(WWL̂∗∗̂∗)0)+ p(1− p)3
µ(WW ∗̂∗WW )0

+(1− p)4
µ(WW ∗̂∗WW )0

We now note that:

µ(∗̂∗)0 ≥ µ(WW ∗̂∗)0 +µ(L̂∗∗̂∗)0

≥ µ(WW ∗̂∗∗̂∗)0 +µ(WW ∗̂∗WW )0 +µ(WW ∗̂∗L̂∗)0 +µ(WWL̂∗∗̂∗)0 (5.4.29)

This gives us

w5(µ)−w5(Êpµ)≥ p2
µ(∗̂∗)0− p2(1− p)2

µ(WWWW ∗̂∗)0−2p(1− p)2
µ(WW ∗̂∗∗̂∗)0

− p(1− p)2
µ(WW ∗̂∗WW )0− p(1− p)2

µ(WW ∗̂∗L̂∗)0− (1+2p2−4p)µ(WWL̂∗∗̂∗)0

+ p(2− p)(p(1− p)3(1+ p)µ(WWWW ∗̂∗)0 +(1− p)3(1+ p)µ(WW ∗̂∗∗̂∗)0

+(1− p)3
µ(WW ∗̂∗L̂∗)0 +(1− p)3

µ(WWL̂∗∗̂∗)0)+ p(1− p)3
µ(WW ∗̂∗WW )0

+(1− p)4
µ(WW ∗̂∗WW )0

= p2(µ(∗̂∗0− (µ(WW ∗̂∗∗̂∗)0 +µ(WW ∗̂∗WW )0 +µ(WW ∗̂∗L̂∗)0 +µ(WWL̂∗∗̂∗)0))

+ p2(µ(WW ∗̂∗∗̂∗)0 +µ(WW ∗̂∗WW )0 +µ(WW ∗̂∗L̂∗)0 +µ(WWL̂∗∗̂∗)0)

− p2(1− p)2
µ(WWWW ∗̂∗)0−2p(1− p)2

µ(WW ∗̂∗∗̂∗)0− p(1− p)2
µ(WW ∗̂∗WW )0

− p(1− p)2
µ(WW ∗̂∗L̂∗)0− (1+2p2−4p)µ(WWL̂∗∗̂∗)0

+ p(2− p)(p(1− p)3(1+ p)µ(WWWW ∗̂∗)0 +(1− p)3(1+ p)µ(WW ∗̂∗∗̂∗)0

+(1− p)3
µ(WW ∗̂∗L̂∗)0 +(1− p)3

µ(WWL̂∗∗̂∗)0)+ p(1− p)3
µ(WW ∗̂∗WW )0

+(1− p)4
µ(WW ∗̂∗WW )0

= p2(µ(∗̂∗)0− (µ(WW ∗̂∗∗̂∗)0 +µ(WW ∗̂∗WW )0 +µ(WW ∗̂∗L̂∗)0 +µ(WWL̂∗∗̂∗)0))

(5.4.30)

+ p2(1− p)2(p3−2p2− p+1)µ(WWWW ∗̂∗)+ p4(p−2)2
µ(WW ∗̂∗∗̂∗)0

+(1−4p+6p2−2p3)µ(WW ∗̂∗WW )0 + p(p4−5p3 +8p2−4p+1)µ(WW ∗̂∗L̂∗)0

+(p5−5p4 +9p3−8p2 +6p−1)µ(WWL̂∗∗̂∗)0

Using computer simulations we see that the coefficients of all the cylinder sets above are posi-
tive when p ∈ (p0, p1) where p0 ≈ 0.215 is the unique real root of p5−5p4 +9p3−8p2 +6p−1
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and p1≈ 0.555 and is the second largest root of p3−2p2− p+1. For p∈ (p0, p1) and µ stationary,
we obtain that

1. µ(WWWW ∗̂∗)0 = 0.

2. µ(WW ∗̂∗∗̂∗)) = 0.

3. µ(WW ∗̂∗WW )0 = 0.

4. µ(WW ∗̂∗L̂∗)0 = 0.

5. µ(WWL̂∗∗̂∗) = 0.

6. µ(∗̂∗)0 = µ(WW ∗̂∗∗̂∗)0 +µ(WW ∗̂∗WW )0 +µ(WW ∗̂∗L̂∗)0 +µ(WWL̂∗∗̂∗)0 = 0

Finally, from µ(∗̂∗)0 = 0 and Epµ(D) = (1− p)µ(∗̂∗)0, it follows that µ(D) = 0.

For the second part of Theorem 5.3.3, we begin with the initial weight function

w0(µ) = µ(DD)1 +µ(LD)1 +µ(DL)1 +µ(WD)1 +µ(DW )1

= µ(DD)1 +2µ(DL)1 +2µ(DW )1

= µ(WDD)0 +µ(LDD)0 +µ(DDD)0 +2(µ(WDL)0 +µ(LDL)0 +µ(DDL)0)+2(µ(WDW )0

+µ(LDW )0 +µ(DDW )0) (5.4.31)

Using Lemma 5.4.1, we obtain the following identities:

Êp,qµ(DD)1 = r2
µ(∗̂∗)0 (5.4.32)

Êp,qµ(DL)1 = rqµ(∗̂∗)0 (5.4.33)

Êp,qµ(DW )1 = rpµ(∗̂∗)0 (5.4.34)

Adding equations 5.4.32, 5.4.33 and 5.4.34, we obtain that:

w0(Êp,qµ) = (r2 +2rp+2rq)µ(∗̂∗)0

= (1− (p+q)2)µ(∗̂∗)0

= (1− (p+q)2)(µ(WD)0 +µ(DW )0 +µ(DD)0)

= (1− (p+q)2)(2µ(WD)0 +µ(DD)0)

= (1− (p+q)2)(2(µ(WDW )0 +µ(LDW )0 +µ(DDW )0)+µ(DDW )0 +µ(DDL)0 +µ(DDD)0

(5.4.35)
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using equations 5.4.31 and 5.4.35, we obtain:

w0(µ)−w0(Êp,qµ) = (p+q)2
µ(∗̂∗)0 +µ(LDD)0 +µ(DDL)0 +2µ(LDL)0 +2µ(LDW )0

+µ(DDW )0−µ(WDW )0

= (p+q)2
µ(∗̂∗)0 +µ(WLDD)1 +µ(LLDD)1 +µ(DLDD)1 +µ(DDL)0

+2µ(LDL)0 +2µ(LDW )0 +µ(DDW )0−µ(WWDD)1−µ(LWDD)1−µ(DWDD)1

= (p+q)2
µ(∗̂∗)0 +µ(LLDD)1 +µ(DLDD)1 +µ(DDL)0 +2µ(LDL)0

+2µ(LDW )0 +µ(DDW )0−µ(WWDD)1−µ(DWDD)1

We update our weight function as follows:

w1(µ) = w0(µ)−µ(LLDD)1−µ(DLDD)1−µ(DDL)0−2µ(LDL)0

−2µ(LDW )0−µ(DDW )0 +µ(WWDD)1 +µ(DWDD)1

Using Lemma 5.4.1 we have the following identities:

Êp,qµ(LLDD)1 = (1− p)2r2
µ(WW ∗̂∗)0 +q2r2

µ(L̂∗∗̂∗)0 +q2r2
µ(∗̂∗∗̂∗)0 (5.4.36)

Êp,qµ(DLDD)1 = qr3
µ(∗̂∗∗̂∗)0 (5.4.37)

Êp,qµ(DDL)0 = qr2
µ(∗̂∗∗̂∗)0 (5.4.38)

Êp,qµ(LDL)0 = (1− p)2rµ(WW ∗̂∗)0 + rq2
µ(L̂∗∗̂∗)0 + rq2

µ(∗̂∗∗̂∗)0 (5.4.39)

Êp,qµ(LDW )0 = (1− p)prµ(WW ∗̂∗)0 + pqrµ(L̂∗∗̂∗)0 pqrµ(∗̂∗∗̂∗)0 (5.4.40)

Êp,qµ(DDW )0 = pr2
µ(∗̂∗∗̂∗)0 (5.4.41)
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Êp,qµ(WWDD)1 = p2r2
µ(WW ∗̂∗)0 +(1−q)2r2

µ(L̂∗∗̂∗)0 + p2r2
µ(∗̂∗∗̂∗)0 (5.4.42)

Using these equations and rewriting µ(∗̂∗)0 as µ(WW ∗̂∗)0 +µ(L̂∗∗̂∗)0 +µ(∗̂∗∗̂∗)0, we obtain
the following:

w1(µ)−w1(Êp,qµ) = ((p+q)2 +(1− p)2r2 +(1− p)pr+(1− p)rq− p2r2)µ(WW ∗̂∗)0

+((p+q)2 +q2r2 +2pqr+2rq2− (1−q)2r2)µ(L̂∗∗̂∗)0

+((p+q)2 +q2r2 +qr3 +2pqr+ r2 p+2rq2 + r2q− p2r2− pr3)µ(∗̂∗∗̂∗)0

= ((p+q)2 +(1− p)2r2 +(1− p)pr+(1− p)rq− p2r2)µ(WW ∗̂∗)0

+(−2q2 +2q(2− p)+2p−1)µ(L̂∗∗̂∗)0

+((p+q)2 +q2r2 +qr3 +2pqr+ r2 p+2rq2 + r2q− p2r2− pr3)µ(∗̂∗∗̂∗)0

≥ ((1− p)2r2 +(1− p)pr− p2r2)µ(WW ∗̂∗)0

+(−2q2 +2q(2− p)+2p−1)µ(L̂∗∗̂∗)0

+(r2 p− p2r2− pr3)µ(∗̂∗∗̂∗)0

= (r2(1−2p)+ rp(1− p))µ(WW ∗̂∗)0 +(−2q2 +2q(2− p)+2p−1)µ(L̂∗∗̂∗)0

+ r2 pqµ(∗̂∗∗̂∗)0

≥ (−r2 p+ rp(1− p))µ(WW ∗̂∗)0 +(−2q2 +2q(2− p)+2p−1)µ(L̂∗∗̂∗)0

+ r2 pqµ(∗̂∗∗̂∗)0

≥ rpqµ(WW ∗̂∗)0 +(−2q2 +2q(2− p)+2p−1)µ(L̂∗∗̂∗)0 + r2 pqµ(∗̂∗∗̂∗)0

Using the quadratic formula, it is easy to see that the polynomial is positive in the following
range:

1. 0≤ p < 1
2 , q >

−
√

p2+2−p+2
2 .

2. 1
2 ≤ p < 1, 0 < q < 1.

When µ is a stationary distribution and p and q are in the above mentioned range, we can
conclude that

1. µ(WW ∗̂∗)0 = 0,

2. µ(L̂∗∗̂∗)0 = 0,
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3. µ(∗̂∗∗̂∗)0 = 0.

This allows us to conclude that µ(∗̂∗)0 = 0. Finally, using Êp,qµ(D) = rµ(∗̂∗)0, we see that
Êp,qµ(D) = 0. Since µ is stationary, we obtain the desired result of Theorem 5.3.3.
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Chapter 6

Combinatorics of Conveyor Belts at
Airports
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Preface
This chapter is based on the following paper:

• Bhasin D., Gupta A., Podder M., Models for arrival of checked bags on conveyor belts at
airports. Preprint in preparation.
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6.1 Introduction

6.1.1 Overview and an informal description of our model

In this section, we study an interesting combinatorial model for the process of arrival and collection
of checked bags from conveyor belts in airports. The moving components in our model are the
passengers and the bags. We suppose that our n passengers are labeled 1 to n and are standing
in a line adjacent to the belt. Each passenger has exactly one check-in bag. The bags come out
in discrete time-steps according to a pre-determined fixed permutation. Whenever a passenger
‘matches’ with her bag, she collects her bag and leaves. Whenever a passenger still awaiting her
bag sees a position ‘open up’ in ‘front’ of her because of a co-passenger leaving, she moves to that
position. We shall introduce the details of this model formally in the §6.2.

Given a permutation of the checked bags, there is a natural statistic associated with it corre-
sponding to our model – the time taken for everybody to receive their bags. In this section, we
study this statistic and find tight lower and upper bounds for the same. In fact, this statistic has
a trivial lower bound, namely n, because in order for each of the n passengers to get her bag,
all the n bags must come out onto the belt. We enumerate all those permutations for which this
lower bound is attained, and we show that the number of such permutations actually equals the
well-studied telephone numbers (see, for example, [101] and [66]), which count the number of
matchings in a complete labeled graph. We establish this relation by deriving an interesting bijec-
tion between the two. We show that the upper bound on the time required for all n passengers to
collect their bags is 3n

2 −1 when n is even and 3n−1
2 when n is odd.

Needless to say that this model, and the various ways it may be generalized, can be utilized by
airline authorities in making the return of checked bags to their passengers a more efficient and
smoother process. Even though we consider a fixed, specific order in which the passengers are
assumed to stand next to the conveyor belt, our analysis and the results obtained in this section
will prove useful even when a random permutation of the positions of the passengers around the
belt is considered. One could then obtain the expected value of the (random) time required for all
passengers to receive their bags, and attempt to minimize this value in order to provide the airlines’
customers a quicker and more hassle-free experience. The simplifying assumptions imposed in our
model could be gotten rid of one by one, in order to encompass more realistic scenarios, such as
where each passenger is allowed to have a random number of bags checked in (with the support for
the probability distribution of this random number being a finite set, such as {0,1,2}), where some
passengers arrive after the checked bags have started appearing on the belt, where the inter-arrival
times between the appearance of consecutive bags are continuous random variables (for instance,
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possessing an exponential distribution with a suitable rate parameter), and so on.
It is important to mention here that versions of this problem were first studied by Connor Al-

bach, Jayadev Athreya, Andrew Lim, Qiaoxue Liu, Moumanti Podder and Qiubai Yu as part of
the WXML (Washington Experimental Mathematics Lab) project at University of Washington in
2019. They had carried out numerical simulations computing the time taken for various permuta-
tions. In a version they studied, the passengers stood at fixed spots and were not allowed to move.
In another version, whenever a position became vacant, all passengers moved one step forward si-
multaneously. Our model in this section differs in the way passengers are allowed to move, namely,
a passenger moves only if the position in front of her is empty.

6.1.2 Literature review

Optimising time bounds on baggage handling at airports is a well studied problem and several
models and techniques have been proposed and implemented to increase efficiency of checked
baggage collection. In [49], the author describes the baggage handling into three types: baggage
handling with short time from one flight to the other (transfer baggage), passengers to flight (out-
bound baggage) and flight to passengers (inbound baggage). The baggage handling process may be
optimised at all stages, from checking in to outbound baggage handling. The work in [49] focused
on the optimisation of the process with inflow of baggage from the aircraft to the conveyor belt.
In [11], the authors focused on optimising the assignment of the bags from each arriving aircraft
to an infeed area, which connects to baggage collection carousel. However, our work considers
the mathematical models for collection of the baggage collection process and the analysis of time
bounds there.

Given a graph G = (V,E), we call a subset M of E a matching on G if e∩ f = /0 for every e, f ∈
M, i.e. any two distinct edges in M are vertex-disjoint. The number of matchings on the labeled
complete graph Kn, denoted a(n), is referred to as the telephone number corresponding to Kn, for
each n ∈N. The first few telephone numbers are a(1) = 1,2,4,10,26,76,232,764,2620,9496, . . .,
etc.

It is well known that the sequence {a(n)}n∈N of telephone numbers satisfies the following
recurrence relation (see [31] and [66]):

a(n) = a(n−1)+(n−1)a(n−2),
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and it is also known that a(n) satisfies the following formula ([31], [66]):

a(n) =
bn/2c

∑
k=0

(
n
k

)
(2k−1)!! =

bn/2c

∑
k=0

n!
2k(n−2k)!k!

.

Other than matchings on a complete labeled graph, the telephone numbers are also known to repre-
sent the number of involutions (see [31]) on n objects, and the number of standard Young tableaux
(see [13]). In [79], a connection was established between telephone numbers and Hermite polyno-
mials. Graphs are used to model molecules in chemical graph theory (see [101]) and the number
of matchings of a given graph is said be its Hosoya index. Thus, if we consider the complete graph
on n vertices, then its Hosoya index is equal to the nth telephone number, a(n).

6.2 The description of our model

Our model, which is inherently combinatorial in nature, is made up of two components – passen-
gers and bags. The n passengers are labeled 1,2, . . . ,n. Henceforth, we denote the set {1,2, . . . ,n}
by the notation [n]. Each passenger is assumed to have checked in precisely one bag, and the bag
belonging to passenger i is also labeled i, for each i ∈ [n]. Our system comprises an array of order
2×n, in which the first row is made up of the n passengers, and the second row is made up of their
n checked bags (in some order). We refer to the first row as the passenger-row and the second row
as the bag-row. These two rows interact with each other as follows. The bag-row is empty at time
t = 0. We fix a permutation of bags σ ∈ Sn, where Sn indicates the set of all permutations of the
elements of [n]. This permutation reveals the order in which the bags come out on to the conveyor
belt. We assume that the bag labeled σ(n) comes out first, followed by the bag labeled σ(n−1),
and so on. At time-step t = 0, in the passenger-row, the n passengers stand in an increasing order,
represented by the map ασ

0 : [n]→ [n] with ασ
0 (i) = i (in other words, the i-th position is occupied

by the passenger labeled i for each i ∈ [n]).
The configuration of passengers in the passenger-row of our array at time t is represented by the

tuple ασ
t = (ασ

t (i) : i ∈ [n]), with ασ
t (i) ∈ [n]∪{0}, whereas the configuration of bags in the bag-

row at time t is represented by the tuple β σ
t = (β σ

t (i) : i ∈ [n]), with β σ
t (i)∈ [n]∪{0}. Here, ασ

t (i)

either equals the label of the passenger occupying column i in the passenger-row of the array, or it
equals 0 if the i-th column in the passenger-row is empty (and we similarly interpret the values of
the coordinates of β σ

t ). Thus, our dynamical system is made up of {(ασ
t ,β σ

t )}2n
t=0. Note that, since

(as mentioned above) the bag-row is empty at time-step t = 0, hence β σ
0 (i) = 0 for each i ∈ [n].

The reason why we need only consider time-steps up to t = 2n is because at time-step 2n, the nth
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bag would either have already been picked up or it will be at the nth passenger position which is
the last position and hence it must get picked.

We now come to perhaps what can be considered the most important aspect of our model: a
complete description of how the tuples ασ

t and β σ
t interact with each other, for each time-step t.

Suppose we have all the information pertaining to our process up to and including time-step t, i.e.
we know {(ασ

s ,β
σ
s )}ts=0. Conditioned on this information, we define ασ

t+1 and β σ
t+1 in two steps,

the first of which involves the definition of a couple of ‘intermediate’ functions, α̃σ
t+1 and β̃ σ

t+1,
that are dependent, respectively, only on ασ

t and β σ
t :

α̃
σ
t+1(i) =


0 if ασ

t (i) 6= 0 and ασ
t (i−1) = 0,

ασ
t (i) if ασ

t (i) 6= 0 and ασ
t (i−1) 6= 0,

ασ
t (i+1) if ασ

t (i) = 0,

(6.2.1)

and

β̃
σ
t+1(i) =

β σ
t (i−1) if i > 1,

σ(n− t +1) if i = 1 and n− t +1 ∈ [n].
(6.2.2)

The significance of introducing the tuples α̃σ
t+1 = (α̃σ

t+1(i) : i ∈ [n]) and β̃ σ
t+1 = (β̃ σ

t+1(i) : i ∈ [n])

is that they represent how bags and passengers move in our model. They precisely capture the
‘speed’ with which these two entities move and when they are allowed to move.

Having defined α̃σ
t+1 and β̃ σ

t+1, we utilize the interactions between them in order to define ασ
t+1

and β σ
t+1, as follows:

α
σ
t+1(i) =

0 if α̃σ
t+1(i) = β̃ σ

t+1(i) or α̃σ
t+1(i) = β̃ σ

t+1(i+1),

α̃σ
t+1(i) otherwise,

(6.2.3)

and

β
σ
t+1(i) =

0 if α̃σ
t+1(i) = β̃ σ

t+1(i) or α̃σ
t+1(i) = β̃ σ

t+1(i+1),

β̃ σ
t+1(i) otherwise.

(6.2.4)

In words, our model can be described as follows. We assume that the conveyor belt is linear
in shape, the chute through which the bags emerge is to the extreme left (see Figure 6.1). The
passengers stand in a strictly increasing order next to the belt, with passenger 1 standing in the
position (1,1) (i.e. column 1 of the passenger-row) which is closest to the chute and passenger n

standing in the position (1,n) which is furthest from the chute. The conveyor belt is assumed to

294



Bag layer

Passenger layer

Bags enter from the left

Passengers move towards the left

Chute

1 2 3 4 5 6 7 8 9 10

974 3 5 6

Figure 6.1: A visual representation of our model.

move in discrete time-steps (i.e. the bag labeled σ(n) appears on the belt at time-step t = 1, the
bag labeled σ(n−1) appears at time-step t = 2 and so on). We say that a passenger ‘matches’ with
her bag at some time-step t when one of the following scenarios arises at time-step t−1:

1. a passenger is in position (1, i+1) (i.e. the (i+1)-st column of the passenger-row) while her
bag is in position (2, i) (i.e. the i-th column of the bag-row),

2. a passenger is in position (1, i+ 1), the position (1, i) (to her immediate left) is empty and
her bag is in position (1, i−1).

Once a passenger matches with her bag, she leaves. Otherwise, whenever there is an empty position
to the left of a passenger, she moves to occupy this vacated position. We note that this intuition
even works when the passenger is at the first position (closest to the chute), by imagining a bag to
be at position ‘−1’.

We illustrate the dynamics of the model by an example in Figure 6.2, where we consider n = 5
and the permutation σ to be the tuple (4,1,2,5,3).

6.2.1 Main results of this section

In this subsection, we state the main results of our work. We begin with some relevant definitions.

Definition 6.2.1. Given a permutation of bags σ ∈ Sn, we denote by T1,empty(σ) the time taken

for the belt to become empty for the first time after time-step t = 1, when the belt is fed the bags

according to the permutation σ . We let T (σ) be the time taken for every passenger to receive

her bag, when the arrival of bags on the belt is initiated in accordance with σ . Let Tempty(n) =

max{T (σ) : σ ∈ Sn}.
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0 0 0 0 0

1 2 3 4 5

(a) t = 0

3 0 0 0 0

1 2 3 4 5

(b) t = 1

5 3 0 0 0

1 2 3 4 5

(c) t = 2

2 5 0 0 0

1 2 0 4 5

(d) t = 3

0 0 5 0 0

0 0 4 0 5

(e) t = 4

4 0 0 0 0

0 4 0 0 0

(f) t = 5

0 0 0 0 0

0 0 0 0 0

(g) t = 6

Figure 6.2: Running the process for n = 5 and the permutation of bags = (4,1,2,5,3).

Definition 6.2.2. Let Cn,k denote the set of all those permutations σ of the bags for which

T1,empty(σ) = k. Similarly, let Dn,k be the set of all those permutations σ of the bags that sat-

isfy T (σ) = k.

Equipped with these definitions, we now state our main results:

Theorem 6.2.3. For all n,k ∈ N, we have |Cn+k,n|= k!|Cn,n|.

Theorem 6.2.3 gives us the value of |Cn+k,n| given the value of |Cn,n|. In fact, as is suggested
by the k! factor in the right hand side of the identity presented in Theorem 6.2.3, we show that
there is a bijection between Cn+k,n and S[n+1,n+k]×Cn,n, where S[n+1,n+k] is the symmetric group
of [n+1,n+ k] = {n+1,n+2, . . . ,n+ k}.

Theorem 6.2.4. For n ∈ N, the cardinality of Dn,n equals the nth telephone number, i.e. |Dn,n| =
a(n).

We prove Theorem 6.2.4 by constructing an explicit bijection between the set of involutions of
Sn and the set Dn,n. We prove this bijection via an elaborate induction-based argument where we
accomplish a step-by-step patching of information using Lemma 6.4.1 to obtain our desired result.
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Theorem 6.2.5. For all n≥ 2,Tempty(n) = Tn, where Tn =

3n
2 −1, if n is even

3n−1
2 , if n is odd

.

Theorem 6.2.5 tells us that the upper bound on the time taken for any permutation of bags is Tn.
We prove this theorem using an induction based proof as well.

6.3 Proof of Theorem 6.2.3

Let Pi be the ith passenger and let B j be the bag of the jth passenger. We begin with the following
lemma which tells that the jth passenger can not ‘act’ before time j.

Lemma 6.3.1. Given any permutation π ∈ Sn, let t(π, j) denote the first time that passenger Pj

moves or picks up her bag and leaves. Then t(π, j)> j for each j ∈ {1,2, . . . ,n}.

Proof. It is straightforward to see this for i = 1, since either the first bag to come out is B1, in
which case P1 leaves with her bag at time step 1, or else bag B1 comes out at time step t > 2, and
P1 has to leave at t. Suppose we have proved this claim for j = i, for some i ∈ [n]. Let us consider
Pi+1. There are two possible scenarios:

1. Pi+1 remains at her initial position throughout and picks up her bag from there. This means
that bag Bi+1 has to traverse all the way up to the (i+1)-st position to be picked up, and this
will take time at least i+1, given the speed of the conveyor belt. This yields t(π, i+1)> i+1
in this case.

2. Pi+1 does not remain in her original / initial position when picking up her bag Bi+1. This
means that she has moved at least one position to the left, which can only happen because
either Pi herself has moved one position to the left, or has left after picking up her bag
before Bi+1 reaches Pi+1. However, Pi+1 moves to the position to her left one time step
after either Pi moves or picks up her bag and leaves. This means that t(π, i+1) = t(π, i)+1.
Consequently, implementing the induction hypothesis that states that t(π, i)> i, we conclude
that t(π, i+1)> i+1.

Using the above lemma, we obtain the following:

Lemma 6.3.2. The i-th passenger Pi cannot pick up her bag Bi before time step i.

Proof. This follows directly from Lemma 6.3.1, since for every permutation π of the bags, the
time it takes for Pi to pick up Bi is bounded below by t(π, i) by definition of t(π, i).
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Theorem 6.2.3 is a direct consequence of the following:

Theorem 6.3.3. The set Cn+k,n comprises permutations of the form π = (i1, i2, . . . , in+k) where

(ik+1, . . . , in+k) is a permutation of [n] that belongs to Cn,n, and (i1, . . . , ik) is a permutation of

n+1, . . . ,n+ k.

Proof. We first establish the above claim for k = 1, for a better understanding of what is going on.
Suppose π = (i1, i2, . . . , in+1) is a permutation such that i1 6= n+ 1. Then we claim that π cannot
belong to Cn+1,n. To see this, we first note that since i1 6= n+1, hence n+1∈ {i2, . . . , in+1}, which
means that by time step n, the bag Bn+1 belonging to passenger Pn+1 is out on the conveyor belt.
Therefore, in order for T1,empty(π) to equal n, the bag Bn+1 needs to be picked up by passenger
Pn+1 by time step n, and this cannot happen by Lemma 6.3.2. We thus conclude that i1 6= n+ 1
implies that such a permutation π cannot be in Cn+1,n. On the other hand, when i1 = n+ 1 and
(i2, . . . , in) is a permutation in Cn,n, then by definition of Cn,n, by time step n the conveyor belt
becomes empty and bag Bi1 = Bn+1 is still not out on the belt. Hence such a permutation does
belong to Cn+1,n. This shows us that there is a bijection ϕ : Cn,n→ Cn+1,n defined by

ϕ(π) = (n+1, i1, i2, . . . , in) where π = (i1, i2, . . . , in) ∈ Cn,n,

thus yielding
∣∣Cn+1,n

∣∣= |Cn,n|. Next, we show that

Cn+k,n = {(i1, i2, . . . , in+k) : (i1, . . . , ik) a permutation of n+1, . . . ,n+k and (ik+1, . . . , in+k)∈Cn,n}.

If π = (i1, . . . , in+k) is a permutation of 1, . . . ,n+ k that does not satisfy the above condition, then
it must mean one of two things:

1. The first is that (i1, . . . , ik) is not a permutation of n+1, . . . ,n+k. This means that there exists
some 1 6 j 6 k such that n+ j ∈ {ik+1, . . . , in+k}. This means that the bag Bn+ j comes out
onto the conveyor belt by time step n, and hence, for (i1, . . . , in+k) to be in Cn+k,n, it needs to
be picked up by Pn+ j within time step n. However, by Lemma 6.3.2, this is impossible, and
hence, bag Bn+ j stays on the belt until and including time step n, and thus the belt cannot
become empty by time step n. This leads to a contradiction, which means that it cannot

happen that (i1, . . . , ik) is not a permutation of n+1, . . . ,n+ k.

2. The first does not happen, and the second is that (ik+1, . . . , in+k) is a permutation of 1, . . . ,n
but is not in Cn,n. In this case, even though only the bags B1, . . . ,Bn are the ones that come
out onto the conveyor belt by time step n, the first time that the belt becomes empty is not

equal to n, by definition in Cn,n.
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This tells us that Cn+k,n ⊂ {(i1, i2, . . . , in+k) : (i1, . . . , ik) a permutation of n+1, . . . ,n+ k,

(ik+1, . . . , in+k) ∈ Cn,n}. On the other hand, every permutation (i1, i2, . . . , in+k) in which (i1, . . . , ik)

is a permutation of n+ 1, . . . ,n+ k and (ik+1, . . . , in+k) ∈ Cn,n is clearly in Cn+k,n, since the only
bags that come out onto the conveyor belt by time step n are B1, . . . ,Bn, and the first time that the
conveyor belt becomes empty is n because (ik+1, . . . , in+k) ∈ Cn,n. Thus we have the proof.

Proof of Theorem 6.2.3. As a consequence of Theorem 6.3.3, we conclude that∣∣Cn+k,n
∣∣= no. of permutations (i1, . . . , ik) of {n+1, . . . ,n+ k}
×no. of permutations (ik+1, . . . , in+k) in Cn,n = k! · |Cn,n| ,

as claimed above.

6.4 Proof of Theorem 6.2.4

In this section, we first explicitly describe the bijection used in proving Theorem 6.2.4 and then
give the proof. We begin by reiterating here that it is easy to see that for n passengers, a lower bound
for the time taken for every passenger to get her bag is n. In fact, the identity permutation attains
this lower bound. It is then a natural question to count the number of permutations which attain
this lower bound. Theorem 6.2.4 completely answers this question establishing a connection with
telephone numbers (see Section 6.1.2). In particular, we prove that the number of permutations of
bags which attain the lower bound of n is equal to the nth telephone number, a(n). We do this by
constructing a bijection between the set of matchings on the complete labeled graph Kn, say Mn,
and the set of permutations of n bags which attain the lower bound, Dn,n. Given such a matching,
we construct a corresponding permutation of bags by following some steps. For example, when
n = 8 and the matching is {{2,8},{3},{1,4},{5,6},{7}}, we demonstrate the permutation which
our bijection outputs, in Figure 6.3.

Formally, this bijection, φ : Mn→ Dn,n is defined as follows: We begin with a matching M ∈
Mn on labeled Kn. We first construct an involution gM : [n]→ [n] defined by gM(i) = j where j is
the unique element of [n] such that {i, j} ∈M (in what follows, we will identify a matching M with
its corresponding involution gM). We now recursively construct the permutation φ(M) = σM. We
start by putting σM(n) = gM(n) and assign remaining values to σM recursively as follows: suppose
we have assigned the values of σM(i+ 1),σM(i+ 2), . . . ,σM(n). Then, we let Ai = [n] \ {σM(i+

1),σM(i+2), . . . ,σM(n)} and put ai = maxAi. If gM(σM(i+1)) = ai, we define σM(i) = ai, else,
we define σM(i) = gM(ai).

299



8

2 3 4

1 6

5 7

(a) We start with the matching and
write it linearly like this.

8

2

3 4

1 5

6 7

(b) All the edges are rearranged so
that the bigger numbers are on the
lower row.

8

2

3 4

1 5

6 7

(c) We now focus on the number on
the lower row.

3

2

4 6

1 5

7 8

(d) The edges are now rearranged so
that numbers in focus (of the lower
row) are in increasing order.

4 1 6 5 7 8 23

(e) The edges are now rotated clockwise.

4 1 6 5 7 8 23

(f) We now forget the edges and obtain the
output of our bijection.

Figure 6.3: The permutation created by our bijection when the matching is as in Figure 6.3a

Given this map, the task at hand is twofold: (i) to show that this map is well-defined, that is,
every permutation it outputs takes time n (ii) to establish that it is indeed a bijection, that is, to show
that any permutation which takes time n, is uniquely obtained by a matching via this map. The
crux of the idea for our proof is that we run the belt k many times where in the kth run, we initialise
the belt with the bags σM(n− k + 1), . . . ,σM(n) (in particular, after time t = k, no bag comes
out) and we inductively gather information. Analogous to ασ

t which was defined in Section 6.2,
by ασ

t,k(i) we mean the passenger occupying the ith passenger position at time t, when the belt
is initialised with the bags σM(n− k+ 1),σM(n− k+ 2), . . . ,σM(n). We then use the following
‘patching lemma’ to step by step gather information and finally prove the required result.

Lemma 6.4.1. For any σ ∈ Sn, t ∈ [2n] and k ∈ [n] satisfying t ≥ k, we have, for any i∈ [t−k+1,n]

α
σ
t (i) = α

σ
t,k(i).

Lemma 6.4.1 is a straightforward consequence of the definition of our model but it comes in
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0 0 0 0 0 0 0 0

1 2 3 4 5 6 7 8

(a) t = 0

2 0 0 0 0 0 0 0

1 2 3 4 5 6 7 8

(b) t = 1

8 0 0 0 0 0 0 0

1 0 3 4 5 6 7 8

(c) t = 2

7 8 0 0 0 0 0 0

1 3 0 4 5 6 7 8

(d) t = 3

5 7 8 0 0 0 0 0

1 3 4 0 5 6 7 8

(e) t = 4

6 5 7 8 0 0 0 0

1 3 4 5 0 6 7 8

(f) t = 5

0 6 5 7 8 0 0 0

0 3 4 5 6 0 7 8

(g) t = 6

4 0 6 0 7 8 0 0

3 0 4 0 6 7 0 8

(h) t = 7

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

(i) t = 8

Figure 6.4: Running the permutation (3,4,1,6,5,7,8,2) obtained by the matching in Figure 6.3a

handy in proving our result by allowing induction to happen.

Definition 6.4.2. Suppose σ ∈ Sn. Let T (i,σ) be the time taken by the bag labeled σ(i) to get

picked when the belt is initialised with n bags according to σ . On the other hand, let Tk(i,σ),

such that i ≥ n− k+1, be defined analogously when the belt gets initialised with bags σ(n− k+

1), . . . ,σ(n). We note that T (σ) = max{T (i,σ) : i ∈ [n]} and we define Tk(σ) = max{Tk(i,σ) : i ∈
[n− k+1,n]}.

Corollary 6.4.3. For i ∈ [n− k+1,n] and for σ ∈ Sn, we must have that T (i,σ) = Tk(i,σ).

Proof. Using Lemma 6.4.1, we see that ασ
t (i) = ασ

t,k(i) for every t ≤ Tk(i,σ). This shows that
T (i,σ) = Tk(i,σ).

Definition 6.4.4. We define a function f : [n]×Sn→{0,1} as follows:

f (i,σ) =

{
1 if σ(i)≥ σ( j)∀ j ≤ i
0 otherwise

(6.4.1)

We now state the following four statements which form the crux of our proof.

1. P1(k) : Given n ∈N,k ∈ [n] and σ ∈ Sn, we have f (n−k+1,σ) = 1⇒ T (n−k+1,σ) = n.
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2. P2(k) : Given n ∈ N,k ∈ [n] and σ ∈ Sn, we have f (n− k+1.σ) = 0⇒ T (n− k+1,σ)< n.

3. P3(k) : Given n ∈ N,k ∈ [n] and σ ∈ Sn if f (n− k+1,σ) = 0 then, for k ≤ t ≤ n, we have:

(a) If σ(n− k+1) has been picked up then, ασ
t (t− k+1) = 0.

(b) If σ(n− k+1) has not been picked up then, ασ
t (t− k+1) 6= 0.

4. P4(k) : Given n ∈ N,k ∈ [n] and σ ∈ Sn, we have f (n− k+2,σ) = 0⇒ f (n− k+1,σ) = 1.

For technical reasons concerning P4 which will be clear in a while, we extend the definition
of f to [n+ 1]× Sn and put f (n+ 1,σ) = 1. We use the above statements to prove the following
technical lemmas which are important for the proof of our theorem.

Lemma 6.4.5. Let n ∈ N,k ∈ [n− 1],σ ∈ Sn. Suppose
∧3

j=1
∧k

i=1 Pj(i) and
∧k+1

i=1 P4(i) are true.

Then,
∧3

j=1 Pj(k+1) is also true.

Proof. We first prove P1(k+ 1) and P2(k+ 1). We initialise the belt with k bags namely σ(n−
k + 1), . . . ,σ(n). Using

∧k
i=1 P3(i) and

∧k
i=1 P1(i), we know that for t ≤ n− 1, whenever a bag

gets picked, the passenger position corresponding to the current position of the bag will be empty.
Since, the number of bags that have been picked must be equal to the number of passengers that
have left, we must have that all other positions are occupied by passengers at any given time. Recall
that

Ak = [n]\{σ(n− k+1), . . . ,σ(n)}.

The discussions in the previous paragraph yield , in particular, that at time t ≤ n− 1, ασ
t,k(i) = ai

for i ≤ t − k, where, recall that ai = maxAi. This equation can be seen by observing that the
bag σ(n− k+ 1) at time t will be at position t− k+ 1. We can show that a similar phenomenon
happens for the case t = n. To see this, we study αn−1,k. Note that at t = n− 1, we have shown
that the bags a1, . . . ,an−k are at positions 1, . . . ,n− k respectively. Note also that for i≤ n− k−1,
ασ

n,k(i) = ασ
n−1,k(i) = ai. We have the following two cases:

1. f (n− k+1,σ) = 1. Using P1(k), we obtain that ασ
n−1,k(n− k) 6= 0. This clearly means that

α
σ
n−1,k(n− k) = an−k = α

σ
n,k(n− k).

2. f (n− k+1,σ) = 0. By P4(k), this means that f (n− k+ 2,σ) = 1. Using P1(k), we obtain
that ασ

n−1,k(n− k + 1) = an−k and using P2(k), we obtain that ασ
n−1,k(n− k) = 0. By the

dynamics of our model, ασ
n,k(n− k) = an−k as required.
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This gives us that for t ≤ n and i≤ t− k,

α
σ
t,k(i) = ai. (6.4.2)

Suppose al = σ(n− k). Note that we have ασ
l+k,k(l) = al . This means that when the the belt is

initiated with the bags σ(n− k), . . . ,σ(n), at time t = l + k, the passenger al will be at position
l. But the bag σ(n− k) will also be at the same position at the same time leading to T (n−
k,σ) = l+k ≤ n. Also, T (n−k,σ) = n⇔ l = n−k⇔ f (n−k,σ) = 1 establishing P1(k+1) and
P2(k+ 1). Note that from the previous line we can also conclude that ασ

l+k,k+1(l) = 0. We now
prove P3(k+ 1). Thus, we proceed under the assumption that f (n− k,σ) = 0. Using P4(k+ 1),
we obtain that f (n− k + 1,σ) = 1. Note that we have already shown that P3(k + 1) is true for
t ≤ T (n− k+1,σ). Suppose that P3(k+1) is true for some t with T (n− k,σ)< t < n. We know
that f (n−k+1,σ) = 1⇒ ασ

t,k+1(t−k+1) = ασ
t,k(t−k+1) 6= 0 using P1(k) and Lemma 6.4.1. By

the induction hypothesis, we know that ασ
t,k+1(t− k) = 0. By the rules of our model, this simply

means that ασ
t+1,k+1(t− k) = 0 completing the proof.

Lemma 6.4.6. Let n ∈ N,k ∈ [2,n−1],σ ∈ Sn. Suppose
∧k

i=1 Pj(i) for j = 1,2,3,4 is true. Then,

P4(k+1) is also true.

Proof. We are given that f (n− k+1) = 0 and we want to show that f (n− k) = 1. As in the proof
of the previous lemma, we know that for t ≤ n−1, whenever a bag has been picked, the position
corresponding to it is empty. This means that passengers are present at all other position. Also,
note that f (n− k+1,σ) = 0⇒ f (n− k+2,σ) = 1 using P4(k). When the belt is initialised with
k bags σ(n− k+1), . . . ,σ(n), this means that at time t = n−1, σ(n− k+2) has not been picked
and σ(n− k+1) has been picked. Using this discussion, we obtain that

1. ασ
n−1,k(i) = ai for i≤ n− k−1.

2. ασ
n−1,k(n− k) = 0 = ασ

n−1,k+1(n− k) = ασ
n−1(n− k) using Lemma 6.4.1.

3. ασ
n−1,k(n− k+1) = an−k = ασ

n−1,k+1(n− k+1) = αn−1(n− k+1,σ) using Lemma 6.4.1.

Note that 2 and 3 above mean that when the belt is initiated with all the bags, an−k will be at
position n− k. Since T (σ) = n, an−k must be picked at time less than or equal to n. This means
that σ(n− k) = an−k (because the bag σ(n− k) will be at position n− k at time n). This proves
that f (n− k,σ) = n.
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Corollary 6.4.7. Let n ∈ N,k ∈ [n− 1],σ ∈ Sn. Suppose that
∧k

i=1 Pj(i) for j = 1,2,3,4. Then,∧4
j=1 Pj(k+1) is also true.

Proof of Theorem 6.2.4. First of all,we show that φ is a well-defined map. That is, given an
involution g ∈Mn, we need to show that T (φ(g)) = n. We put φ(g) = σ . Note that f (−,σ)

satisfies
∧n

i=1 P4(i) by the definition of the map φ . Let us show that P1(1),P2(1),P3(1) are true for
σ :

1. We are in the case where σ(n) = n. This clearly means that T1(n,σ) = n.

2. This case is also straightforward.

3. Let σ(n) = i 6= n. Note that T1(n,σ) = i. Note also that at time t, the bag will be or would
have been (if it was not picked) at position t. The statement is clearly true for t ≤ i. Suppose
that it is true for some t such that i < t < n. We consider t +1. We are given that ασ

t,1(t) = 0
and ασ

t,1(t + 1) 6= 0 (because only one bag has been picked). From this, ασ
t+1,1(t + 1) 6= 0

clearly follows by the definition.

We can inductively establish P1(i),P2(i),P3(i) for all i 6= n using Lemma 6.4.5 proving T (σ) =

n. This proves that φ is well-defined. From the definition of φ it easily follows that it is in-
jective. We now show that it is surjective. Suppose we have a σ ∈ Dn,n, that is, T (σ) = n.
P1(1),P2(1),P3(1) and P4(1) are clearly true for σ . We will now prove P4(2). Suppose that
f (n,σ) = 0. We want to show that f (n−1,σ) = 1. This means that we are given that σ(n) = i < n

and we want to establish that σ(n−1) = n. However, note that σ(n) = i gets picked up at time i⇒
the passenger labelled i+1 moves at time i+1 and inductively, we conclude that passenger n moves
at time n and reaches n−1. But σ(n−1) will be at position n−1 at time n. Since, T (σ) = n, this
means that σ(n−1) = n as required. Using Lemma 6.4.5, we have that P1(2),P2(2),P3(2) are true.
Consequently, using Corollary 6.4.7 and induction, we obtain

∧4
j=1
∧n

i=1 Pj(i). Note that using∧n
i=1 P4(i), we construct the involution g ∈Mn for which φ(g) = σ as follows: g(σ(i+1)) = σ(i)

and g(σ(i)) = σ(i+ 1) if f (i+ 1,σ) = 0 else g(σ( j)) = σ( j). This is clearly an involution for
which φ(g) = σ .

6.5 Proof of Theorem 6.2.5

One of the key lemmas in proving Theorem 6.2.5 is that

1. at time n, the passenger labeled n either leaves or moves for the first time,
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2. she keeps on moving until she has picked her bag and left.

Formally, we present this lemma in the form of Lemma 6.5.5.
Using Lemma 6.5.5, it is easy that the time taken for the nth passenger to get her bag is bounded

above by Tn (see Theorem 6.2.5). This is because, since the nth passenger starts moving at time n,
and keeps on moving, at time Tn, the nth passenger and the last bag will be at the same position
(which is in the middle of the belt) and hence, the nth passenger must leave.

The discussion in the preceding paragraph allows induction to come into the picture. We can
now essentially ‘remove’ (this is made precise by the lemmas that follow) the nth passenger and
her bag. The only catch here is that, now, at the time-step when the bag of the nth passenger was
supposed to come out, no bag will come out. We analyze such ‘lagged’ permutations of bags as
well and show that they also ‘behave well’ in Lemma 6.5.8. The following definition is needed for
stating this lemma:

Definition 6.5.1. Let σ ∈ Sn be a permutation of bags. By inserting a lag at the ith place, we mean

the permutation of [0,n], denoted σ̃i, defined by σ̃i( j) =


σ( j) if j > i,

0 if j = i,

σ( j+1) if 0≤ j < i.

Moreover, we

define T (σ̃) to be the time taken for each passenger to get her bag when the belt is initiated

according to σ̃ .

With this lemmas in hand, we will be equipped to prove Theorem 6.2.5. We begin with the
following definition and proofs of some lemmas:

Definition 6.5.2. Let σ ∈ Sn and a time step t and p ∈ [n] be given. Suppose we initiate the belt

with first k bags of σ . We say that a configuration of passengers is left aligning till position p at

time t if at least one of the following holds:

1. For every i≤ p, we have ασ
t,k(i) 6= 0.

2. Let m = min{i≤ p : ασ
t,k(i) = 0}. Then, ∀i > m and i≤ p−1,ασ

t,k(i) 6= 0⇒ ασ
t,k(i+1) = 0.

When p and t will be clear from the context, we will just say that the configuration of passengers

is left-aligning.

The reason for the nomenclature as we will see is that left-aligning configurations makes sure
that once the bags are past position p, then, in subsequent time steps, all the passengers who can
move, keep moving until they can longer move in any future time step. Globally, in the end, this
looks like as if all the passengers have been left-aligned

We now have:
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Lemma 6.5.3. Suppose we initiate the belt with first k bags of a permutation σ . Suppose at time t,

the passengers till min{t− k,n} are left-aligning. Then, at time t +1, the passengers till position

min{t− k+1,n} are left aligning.

Proof. At time t, the bag σ(n− k+1) is at position t− k+1. The passengers under consideration
for us are 1,2, . . . , t− k+ 1. This means that only the passenger t− k+ 2 can potentially leave at
time t +1. We now consider the following cases:

1. We first assume that for every i≤min{t− k,n}, we have ασ
t,k(i) 6= 0. Because of the discus-

sion in the previous paragraph, we can conclude that for every i ≤ min{t− k,n}, we have
ασ

t+1,k(i) 6= 0. This clearly means that at time step t +1, passengers till min{t−k+1,n} are
left aligning.

2. In this case, we assume that there is an i ≤ min{t − k,n} such that ασ
t,k(i) = 0. We let

m = min{i ≤ min{t − k,n} : ασ
t,k(i) = 0}. At time t + 1, the minimum position which is

empty will be m or m+1. This is because if ασ
t,k(m+1) = 0 then, clearly, ασ

t+1,k(m) = 0 and
on the other hand, if ασ

t,k(m+1) 6= 0 then, ασ
t+1,k(m)=ασ

t,k(m+1) 6= 0 and ασ
t+1,k(m+1)= 0.

We now observe that for j > m and if we obtain such a j−1≥m having ασ
t,k( j−1) 6= 0 and

ασ
t,k( j) 6= 0 then it is a contradiction to our assumption. From this, we can conclude that at

time step t + 1, every passenger at position j > m takes a step forward. That is , for every
j > m and j ≤ min{t− k,n}, we have ασ

t,k( j) 6= 0⇒ ασ
t+1,k( j− 1) = ασ

t,k( j). This clearly
means that at time step t +1, the passengers till min{t− k,n} are left aligning. Note that if
t− k ≥ n then there is nothing more to prove. Consequently, we now assume that t− k < n.
Suppose that ασ

t,k(t− k) 6= 0. This means that ασ
t+1,k(t− k) = 0. From this, we can conclude

that no matter what, ασ
t+1,k(t − k + 1) is, the passenger configuration till t − k + 1 at time

t + 1 is left aligning. On the other hand, suppose that ασ
t,k(t− k) = 0. If m = t− k, there is

nothing to prove. If m < t− k, then it is easy to see that ασ
t+1,k(t− k− 1) = 0. This means

that (ασ
t+1,k(t− k),ασ

t+1,k(t− k+1)) ∈ {(0,0),(0,1),(1,0)}. This finishes the proof.

Lemma 6.5.4. Let σ ∈ Sn and k ∈ [2,n]. Suppose that we initiate the belt with first k bags of σ .

Then, at any time step t ≥ k−1, the passenger configuration till t− k+2 is left aligning.

Proof. We prove this lemma by induction on k. Let us first consider the base case, namely, k = 2.
We want to show that at every time step t, the passengers till t are left aligning. We divide the
analysis into the following cases:
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1. σ(n) = σ(n+1): In this case, at every time step t satisfying 1 ≤ t < σ(n), none of the
passengers have picked their bags. Consequently passengers till time step t are left aligning.
At time step t = σ(n), both the passengers σ(n) and σ(n−1) pick their bags and leave and
hence, it is easy to see that passenger configuration till time step t is left aligning. By a
repeated application of Lemma 6.5.3, we obtain the desired conclusion for this case.

2. σ(n)> σ(n−1)+1: In this case, it is easy to see that the bag σ(n− 1) gets picked at
time σ(n). By our assumption in this case, σ(n− 1) gets picked first. By our assumption
in this case, σ(n− 1) gets picked first. Consequently, for t < σ(n− 1) + 1, none of the
passengers have picked their bags and hence, the configuration till t is left aligning. At
time step t = σ(n−1)+1, we note that only the passenger σ(n−1) has left and hence the
passenger configuration till σ(n−1)+1 is left aligning. It is easy to see that for σ(n−1)+
1 < t < σ(n), the passenger position t−1 is empty and hence, passengers till position t are
left aligning. At time step t = σ(n), the passenger σ(n) picks her bag and leaves. That is,
the empty positions at time step t = σ(n) are t−1 and t and hence, required passengers are
left aligning. Using Lemma 6.5.3, we can conclude that this case is proved.

3. σ(n)< σ(n−1)+1: We begin by noting that this case forces σ(n) < σ(n− 1) because
σ(n) = σ(n− 1) is not possible. This means that the first bag to get picked is σ(n). That
is, for any t < σ(n), no passenger has left and hence, passengers till t are left aligning. At
time step t = σ(n), the bag σ(n) gets picked and hence, the passengers till position t are left
aligning. For time steps t satisfying σ(n)< t < σ(n−1) the only empty passenger position
is t and passenger corresponding to the position of the bag σ(n−1) is the passenger labelled
t. Consequently, at time step t, the passenger σ(n−1) picks her bag and leaves and hence,
passengers till position t are left aligning. Using Lemma 6.5.3, this case is done.

We now proceed to the induction step. That is, we assume that for t ≥ k− 1, the passenger till
t− k+ 2 are left aligning. We can conclude that for any time step t satisfying k− 1 ≤ t < T (n−
k,σ), the passenger configuration till t− k+ 2 is left aligning. This is because the bag σ(n− k)

plays no role in this range. Let us now consider t = T (n− k,σ). We have to show that at this time
step, the passenger configuration till t− k+ 2 is left aligning. Since t = T (n− k,σ), we split our
investigation into the following cases:

1. ασ
t−1,k+1(t− k) = σ(n− k): We consider the following sub-cases:

(a) For every i≤ t− k, we have ασ
t−1,k+1(i) 6= 0: Since the bag σ(n− k) is at position t−

k−1 at time t +1, we can conclude that for every i≤ t− k−1, we have ασ
t,k+1(i) 6= 0.
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This clearly means that at time step t, in this case, the passengers till t− k+1 are left
aligning.

(b) There is an i≤ t− k such that ασ
t−1,k+1(i) = 0: Since ασ

t−1,k+1(t−k)=σ(n−k), in this
case, by the induction hypothesis, we must have that

α
σ
t−1,k+1(t− k−1) = 0 = α

σ
t−1,k+1(t− k+1).

Since t = T (n− k,σ), we must have that

α
σ
t,k+1(t− k−1) = 0 = α

σ
t−1,k+1(t− k).

Hence, the passengers till t− k+1 are left aligning.

2. ασ
t−1,k+1(t− k+1) = σ(n− k) and ασ

t−1,k+1(t− k) = 0: From the assumption of this case,
we can clearly conclude that

α
σ
t,k+1(t− k) = 0 = α

σ
t,k+1(t− k+1).

Clubbing this with the fact that passengers till t − k− 1 are left aligning, we obtain that
passengers till t− k+1 are left aligning.

We now have to consider t > T (n− k,σ). We note that if T (n− k + 1,σ) ≤ T (n− k,σ), by
repeatedly using Lemma 6.5.3, we obtain the desired conclusion. So, we suppose that T (n− k+

1,σ) > T (n− k,σ). Repeatedly using Lemma 6.5.3, we obtain that for any t such that T (n−
k,σ)< t < T (n− k+1,σ), passengers till t− k+1 position are left aligning. This is because the
bag σ(n− k+1) plays no role in this time range. Now, at time step t = T (n− k+1,σ), we note
that if the bag σ(n−k+1) was not there, then, by Lemma 6.5.3, the passenger position till t−k+1
would have been left aligning. Also, since t = T (n− k+1,σ) and the bag σ(n− k+1) would be
at position t− k+1 at time t and the passenger σ(n− k+1) would either be at t− k with t− k+1
empty or at t− k+ 1. Clearly, removing this passenger, yields a left aligning configuration. By
repeatedly using Lemma 6.5.3, we are done.

Lemma 6.5.5. Let σ ∈ Sn, k ∈ [n] and i ∈ [k]. Suppose that we initiate the belt with first k bags of

σ . Then, at time n+ i− 1, the passenger n has either already left or is at position n− i. In other

words, once passenger n starts moving (at time step n), she always keeps moving until no longer

possible.
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Proof. We proceed by induction on k. We note that the base case easily follows from Lemma 6.3.1.
We now assume that our claim is true for some k. Suppose that we initiate the belt with first k+1
bags of σ . We note that by Lemma 6.5.4, for t ≥ k and for any i≥ t− k+1, we must have that

α
σ
t,k(i) = α

σ
t,k+1(i) (6.5.1)

We put t∗= max{t : ∃i≥ t−k+1 such that ασ
t,k(i) = n}. In words, t∗ is the last time step for which

n is to the right of the bag σ(n− k+ 1). By the induction hypothesis and 6.5.1, we note that the
passenger n satisfies our required condition for t ≤ t∗. We have the following two cases:

1. ασ
t∗,k(t

∗− k+1) = n = ασ
t∗,k+1(t

∗− k+1): If σ(n − k) = n, our result is immediately
achieved. On the other hand, we note that by Lemma 6.5.4, passengers till t∗− k+ 1 are
left aligning and hence for t > t∗, we note that n keeps moving until possible, as required.

2. ασ
t∗,k(t

∗− k+2) = n: In this case, by the maximality of t∗, we must have that

α
σ
t∗,k(t

∗− k+1) = 0 = α
σ
t∗,k+1(t

∗− k+1).

If σ(n−k) = n then, our result is immediately achieved. Otherwise, ασ
t∗,k+1(t

∗−k+1) = 0.
Hence, using Lemma 6.5.4, we are done.

Definition 6.5.6. Let σ ∈ Sn be a permutation of bags. By inserting a lag at the ith place, we mean

the, obtained by inserting a 0 at the ith position of σ .

Lemma 6.5.7. Let σ ∈ Sn, j ∈ [n] and a time step t be given. Let r( j, t) be the minimum number

such that the passenger j has not picked up her bag by time t when the belt is initiated with σ̃r( j,t).

Further suppose that, α
σ̃r( j,t)
t (p( j, t)) = j. Then at least one of the following holds:

1. For all i≥ r( j, t), we have α
σ̃r( j,t)
t (p( j, t)) = j.

2. There is a k( j, t)> r( j, t) such that

(a) For every i satisfying r( j, t)≤ i≤ k( j, t),

α
σ̃r( j,t)
t (p( j, t)) = j

(b) For every i satisfying k( j, t)< i≤ n,

α
σ̃i
t (p( j, t)) = 0 and α

σ̃i
t (p( j, t)+1) = j
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Also, if r( j, t)> 0 then, T (σ̃−1
i ( j), σ̃i) = t +1 for every i≥ r( j, t).

Proof. We will prove this lemma by strong induction on the label of the passengers. The result
is clearly true for the passenger labelled 1. We assume that it is true for passengers having label
i ≤ l. We now consider the passenger labelled l + 1. We want to show that for every time step t,
the passenger l + 1 satisfies the conditions laid out in the present lemma. By Lemma 6.3.1, the
result is clearly true for some time step t. We want to prove that it is true for the time step t + 1.
Let us first focus on the passenger l+1 at time step t. Let r(l+1, t) and p(l+1, t) be the numbers
obtained via the induction hypothesis. Note that if r(l +1, t)> 0 the, by the induction hypothesis,
T (l + 1, σ̃i) = t + 1 for every i ≥ r( j, t). Consequently, at time step 1, the passenger l + 1 is not
present with respect to any σ̃ and hence the conclusion of the lemma is trivially satisfied for this
case. Therefore, we assume that r(l +1, t) = 0. We have the following cases:

1. k(l +1, t) does not exist: This means that for every i≥ 0, we have α
σ̃ i
t (p(l+1, t)) = l+1. If

α
σ̃ i
t (p(l +1, t)−1) = 0 for every i≥ 0 then, it is easy to see that the required configuration

is obtained. This is because of the observation that in this case α
σ̃ i
t+1(p(l +1, t)−1) = l +1.

We now put
i∗ = min{i≥ 0 : α

σ̃ i
t (p(l +1, t)−1) 6= 0}.

We note that if i∗= 0 then our required configuration is trivially obtained. We put α
σ̃ i∗
t (p(l+

1, t)−1) = m. Since m < l +1, we note, by the induction hypothesis, that for every i≥ i∗,

α
σ̃ i
t (p(l +1, t)−1) = m

It follows from the definition of i∗ that for every i < i∗, we have α
σ̃ i
t+1(p(l+1, t)−1) = l+1.

This is because in this range,

(α σ̃ i
t (p(l +1, t)−1),α σ̃ i

t (p(l +1, t))) = (0, l +1).

It now suffices to show that for i≥ i∗, we have

(α σ̃ i
t+1(p(l +1, t)−1),α σ̃ i

t+1(p(l +1, t)−1)) = (0, l +1).

For this purpose, we consider the number r(m, t) provided to us by the induction hypothesis
and investigate the following cases:

(a) r(m, t) = 0 : Since, we are under the assumption that i∗ > 0, we get, by the induction
hypothesis, that p(m, t) = (p(l+1, t)−1)−1 = p(l+1, t)−2 and that for every i≥ i∗,
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we have α
σ̃ i
t (p(l +1, t)−2) = 0. From this, our desired result follows because of the

following:

(α σ̃ i
t (p(l +1, t)−2),α σ̃ i

t (p(l +1, t)−1),α σ̃ i
t (p(l +1, t))) = (0,m, l +1)

(b) r(m, t)> 0 : By the induction hypothesis, we note that for every i ≥ r(m, t), we have
T (σ̃−1

i (m), σ̃ i) = t +1 that is, our desired configuration follows.

2. k(l, t) exists: By the definition of k(l, t), we have that for every i > k(l +1, t),

(α σ̃ i
t (p(l +1, t)−1),α σ̃ i

t (p(l +1, t))) = (0, l +1).

From this, we conclude that for i > k(l + 1, t), we have α
σ̃ i
t+1(p(l + 1, t)− 1) = l + 1. We

define i∗ as in the previous case. By analogous arguments as in the previous case, it suffices
to consider the case i∗ > 0. We note that for i≤min{i∗−1,k(l +1, t)}, we have that

(α σ̃ i
t (p(l +1, t)−1),α σ̃ i

t (p(l +1, t))) = (0, l +1).

From this, we conclude that α
σ̃ i
t+1(p(l + 1, t)− 1) = l + 1. It now suffices to show that for

every i > min{i∗−1,k(l +1, t)}. We show this by considering the following cases:

(a) i≥ i∗ : We further split this case into the following cases:

• r(m, t) = 0 : In this case, we note that by the induction hypothesis, for every i≥ i∗,
we have

(α σ̃ i
t (p(l +1, t)−2),α σ̃ i

t (p(l +1, t)−1)) = (0,m)

From this, we obtain our required conclusion in this case.

• r(m, t)> 0 : In this case, by the induction hypothesis, for every i ≥ r(m, t), we
have T (σ̃−1

i (m), σ̃ i) = t +1 that is, our desired conclusion follows.

(b) i∗ > i > k(l, t) : By the definitions of k(l, t) and i∗, for i satisfying i∗ > i > k(l, t), we
have that

(α σ̃ i
t (p(l +1, t)−1),α σ̃ i

t (p(l +1, t))) = (0,0).

Consequently, α
σ̃ i
t+1(p(l +1, t)−1) = 0 as required.

We recall that we are in the case where r(l +1, t) = 0. Let p be such that

α
σ̃0
t+1(p) = α

σ̃
t+1(p) = l +1.
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By the discussion so far, one of the following is true:

1. α
σ̃ i
t+1(p) = l +1 for all i≥ 0.

2. There is a k such that for every i≤ k, we have α
σ̃ i
t+1(p) = l +1 and for every i > k, we have

α
σ̃ i
t+1(p) = 0 and α

σ̃ i
t+1(p+1) = l +1.

We put σ(b) = l + 1. Suppose that we have updated the bags. If the bag labelled l + 1 is at a
position less than p then with respect to σ̃0, then there is nothing to prove. Otherwise, we consider
the following cases:

1. Suppose that with respect to σ̃0, the bag labelled l +1 is at position p. This means that for
every i < b, the passenger l +1 obtains her bag with respect to σ̃ i and leaves. Note that for
every i≥ b, the bags l+1 is at position p−1. This means that at time t+2, the bags labelled
l+1 will be at position p with respect to σ̃ i for every i≥ b. We also note that for every i≥ b,
the passenger l + 1 will be at either p or p− 1. Consequently, at time t + 2, the passenger
l +1 will obtain her bag and leave, as required.

2. Suppose that with respect to σ̃0, the bag labelled l +1 is at position p+1. This means that
for every i < b, passenger l +1 obtains her bag with respect to σ̃ i and leaves. Note that for
every i ≥ b, the bag l + 1 is at position p. This means that for every i ≤ k, passenger l + 1
obtains her bag and leaves. Also, since the bag l + 1 will be at position p+ 1 at time step
t +2, we are done.

This completes the proof.

We obtain as a corollary of Lemma 6.5.7, the following:

Lemma 6.5.8. Let σ ∈ Sn be a permutation of bags. Then, for all i ∈ [0,n], we have

T (σ) = T (σ̃0)≤ T (σ̃i)≤ T (σ̃n) = T (σ)+1.

Proof. Let us fix a passenger j, and an i ∈ [0,n]. Let us put t = T (σ̃−1
i ( j), σ̃ j). Suppose that if

possible T (σ̃−1
0 , σ̃0)> t. This means that there is a p such that α

σ̃0
t (p) = j. By Lemma 6.5.7, we

obtain that either α
σ̃ i
t (p) = j or that α

σ̃ i
t (p+1) = j which is not possible. Thus, we can conclude

that
T (σ̃−1

0 ( j), σ̃ j)≤ T (σ̃−1
i ( j), σ̃ j) (6.5.2)
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Now, suppose that T (σ̃−1
n ( j), σ̃ j) < t. By the definition of t, we have that there is a p such that

α
σ̃ i
t−1(p) = j. By Lemma 6.5.7, we obtain that either α

σ̃n
t−1(p) = j or that α

σ̃n
t−1(p+1) = j which is

not possible. Thus, we can conclude that

T (σ̃−1
i ( j), σ̃ j)≤ T (σ̃−1

n ( j), σ̃ j) (6.5.3)

Combing the above inequalities and taking the max over all passengers, we obtain that

T (σ̃0)≤ T (σ̃ i)≤ T (σ̃n).

Finally, our result follows from the observations that T (σ̃0) = T (σ) and that T (σ̃n) = T (σ)+

1.

Lemma 6.5.9. Let σ ∈ Sn. Let σ ′ be defined as follows:

σ
′(i) =


σ(i) if σ(i) 6= n

0 if σ(i) = n

Then, T (σ) = max{T (σ ′),T (n,σ)}.

Proof. This a direct consequence of Lemma 6.5.5.

Lemma 6.5.10. Let σ ∈ Sn. Then, T (n,σ) ≤ Tn. Moreover there exists at least one permutation

for which T (n,σ) = Tn.

Proof. This follows from Lemma 6.5.5. A boundary permutation is σ : i 7→ n− i+1.

Proof of Theorem 6.2.5. We prove by induction on n. It is easy to check the result for the base
cases base case of n = 2. We now assume that the result is true for some n. Let σ ∈ Sn+1. By
Lemma 6.5.9, we obtain that T (σ) = max{T (σ ′),T (n+1,σ)} (recall that σ ′ is obtained from σ

by removing (n+ 1) and leaving a gap there, see Lemma 6.5.9). It is easy to see that there is a
γ ∈ Sn and an i ∈ [0,n] such that γ̃i = σ ′. Therefore, by Lemma 6.5.7, we obtain that

T (σ ′) = T (γ̃i)≤ T (γ̃0)+1.

By the induction hypothesis, we obtain that

T (γ̃0)+1≤ Tn +1≤ Tn+1.
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Therefore, we have T (σ ′)≤ Tn+1. By Lemma 6.5.10, we have T (n+1,σ)≤ Tn+1⇒ T (n+1,σ)≤
Tn+1. as required. Also, the permutation σ : i 7→ n− i+ 2 satisfies that T (σ) = Tn+1. Hence
proved.
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Chapter 7

Union-Closed Families of Sets
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7.1 Introduction

The union-closed sets conjecture is an easy-to-state, notoriously difficult problem that was first
proposed by Péter Frankl(see [38]). Several research articles (see for e. g. [10, 26, 64, 85, 91])
and a Polymath Project (see [1]) have been devoted to the unraveling of this long-standing open
problem.

Letting [n] denote the finite set {1,2, . . . ,n} which will serve as our universe and 2[n] denote
the power set of [n], a family of subsets F ⊆ 2[n] is said to be union-closed over universe [n] if
[n] ∈F , and for all A,B ∈F , we have A∪B ∈F . We call each subset A of [n] that is contained in
the family F a member-subset of F , and we let |F | denote the total number of member-subsets
of F . Then the union-closed sets conjecture can be stated as follows:

Conjecture 1. Let F be a union-closed family of sets over the universe [n]. Then there exists some

element i ∈ [n] such that i belongs to at least half of the member-subsets of F , i.e. ∑A∈F 1i∈A >

b|F |/2c.

A detailed survey by Bruhn and Schaudt in [27] explains how the conjecture has travelled,
both geographically and mathematically, as they put it. The problem has equivalent formulations
in lattice theory (see [85]) and graph theory (see [26]), and the claim in the conjecture has been
established for various lattice classes and graph classes. Some results have been obtained proving
that when the size |F | of the family is sufficiently large (as a function of the size of the universe,
n), then F satisfies the union-closed sets conjecture (for instance, see [64], where it has been
established, using Boolean analysis, that there exists a constant c such that all union-closed families
F with |F | ≥ (1

2 − c)2n−1 satisfy the conjecture).
In this section, we investigate several intriguing properties of union-closed families. In [24], the

number of non-isomorphic union-closed families for n = 7 was computed, and an algorithm was
devised which involved recursively adding a new set A to a union-closed family F such that the
new family F ∪{A} remains union-closed. We collect all such sets A and construct a new family

F = {A ∈ 2[n] : F ∪{A} is union-closed}. (7.1.1)

We call this the closure of F . The family F is itself union-closed. We mention here (see also
Lemma 7.2.2) that as long as a family F is a proper subset of 2[n], there exists an A /∈F such that
F ∪{A} remains union-closed. Consequently, for every union-closed F that is a proper subset of
2[n], it is also a proper subset of its closure F defined in (7.1.1).

Note, further, that since the universe [n] itself is finite, one requires to repeat the operation of
taking closures only a finite number of times before a given union-closed family F reaches the
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power set 2[n]. In other words, if we set F
(0)

= F and F
(i)

= F
(i−1)

for each i ∈N, then there is
a finite k ∈ N such that F

(k)
= 2[n]. This inspires us to introduce the following definition:

Definition 7.1.1. A union-closed family F is said to be k-dense, for k ∈ N0, if k is the smallest

non-negative integer such that F
(k)

= 2[n]. We call k the density of F .

Closures provide a natural parameter for a potential induction-based proof of Conjecture 1,
namely the density of a family. The base case, 0−dense families, is trivially true as 2[n] is the only
0−dense family. Thus, Conjecture 1 is equivalent to the following conjecture:

Conjecture 2. Suppose F is a union-closed family such that F satisfies Conjecture 1. Then F

also satisfies Conjecture 1.

The benefit of this formulation is that it gives us some extra information about the union-closed
family for which we need to check the validity of Conjecture 1. If the structure of closures and its
properties can be understood fairly well then it can hold a potential to give a better understanding
of Conjecture 1.

We now describe the organization of this section. We mention at the very outset that throughout
this work, it has been assumed that the empty set /0 is not contained in any family F of subsets of
[n], including the cases where F = 2[n]. In §7.2, we state and prove several properties of closures
and densities of union-closed families of [n], many of which are further utilized in the proofs of
results in §7.3, §7.4, §7.5. We conclude §7.2 by Theorem 7.2.8 which gives a criterion to obtain a
lower bound on the density of a given union-closed family F . We provide examples to show that
for some families this bound can be achieved while for others it need not always be achieved.

In §7.3 we show that for each k there are at least
( n

k−1

)
fk−1 non-isomorphic union-closed fami-

lies that are k−dense, where n is the size of the universe, k 6 n−1 and fk is the number of labelled
union-closed families over universe k. We achieve this by explicit construction. In §7.4, for each
n > 6, we give example of an (n−1)−dense family F which is different from those discussed in
§7.3. We give a complete description of its closures F

(k)
for k ≤ n− 5 and consequently show

that it is (n−1)−dense. The method of proof used in §7.3 and §7.4 can potentially be used to find
densities and description of closures of various union-closed families.

The goal of §7.5 is to give a criterion to check whether a given 1−dense family F has a closure

root or not, i.e, H ⊆F such that H =F . We achieve this using the notion of relative subsets we
introduce in §7.5. Intuitively, relative subsets can be thought of as subsets within a given family.
Using this notion we also generalise Lemma 7.2.7 to Proposition 7.5.4. Having build up some
basic results regarding relative subsets, in Theorem 7.5.13 , for a 1−dense family F , we construct
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a particular family such that F has a closure root⇔ that particular family is a closure root of F .
We conclude the section by Corollary 7.5.14 in which we give a non-trivial example of a 1−dense
family having no closure roots. The notion of relative subsets can serve as an effective tool in the
study of closures of union-closed families.

7.2 Various properties of closures and densities of union-closed
families

We begin by stating several properties of closures and densities of union-closed families, followed
by a succinct characterization of 1-dense union-closed families using up-sets, and finally end with
Theorem 7.2.8.

Lemma 7.2.1. Let F be a union-closed family and F be its closure, as defined in (7.1.1). Then

F is union-closed.

Proof. Fix any A,B ∈F . We wish to show that A∪B ∈F . Fix any C ∈F . As B ∈F , hence
B∪C ∈F ∪{B}, which implies that either B∪C = B or B∪C ∈F . In the former case, A∪B∪C =

A∪B ∈ F ∪ {A∪B}. In the latter case, B∪C ∈ F , which in turn implies, since A ∈ F , that
A∪ (B∪C) ∈F ∪{A}. If A∪B∪C ∈F then we get our desired conclusion. Otherwise, we have
A∪B∪C = A, which implies B⊆ A and hence A∪B = A, which we already know is in F .

Lemma 7.2.2. Let F be a union-closed family over a universe [n]. Suppose that F 6= 2[n] then

F ( F .

Proof. Choose A to be a maximal subset in the family 2[n] \F , i.e. if B ∈ 2[n] \F and A⊆ B, then
A = B. We claim that F ∪{A} is union-closed. To see this, choose any C ∈F . If C ⊂ A, then
C∪A = A, and if C 6⊂ A, then A is a proper subset of A∪C, which in turn, via the maximality of A,
implies that A∪C ∈F . Either way, we end up with A∪C ∈F ∪{A}, as desired.

At this point, we define Ak,n = {A⊆ [n] : |A|= k} to be the collection of all subsets of [n] which
have cardinality k.

Lemma 7.2.3. Let F be a union-closed family over the universe [n], with density k. Then 0 6 k 6

n−1.

Proof. Recall the definition of F
(i)

for any i ∈ N0. From the definition of universe, we know
that {[n]} = An,n ⊆F

(i)
for each i. Let ti denote the smallest positive integer such that Ati,n ⊆
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F
(i)

. Consequently if a subset A belongs to F
(i) \Ati−1,n, then A has to be a maximal element of

2[n] \F (i)
and hence, as illustrated in the proof of Lemma 7.2.2, A ∈F

(i+1)
. Thus we conclude

that Ati−1,n ⊆F
(i+1)

. This in turn shows that ti+1 6 ti− 1 for each i with ti > 2, and therefore,
we must have tn−1 = 1. This implies that At,n ⊂F

(n−1)
for all t > 1, so that F

(n−1)
= 2[n], thus

concluding the proof.

Therefore, given any family F over the universe [n], we obtain 2[n] in at most n−1 “steps” of
closures. Now, we have:

Corollary 7.2.4. Let F be a union-closed family over the universe [n]. Then An−k ⊆F
(k)

.

This follows from the inequality obtained in the proof of the previous lemma, namely ti+1 6

ti−1 alongwith the observation that t1 6 n−1. We next show that you cannot do better than this
n−1, i.e. there exists at least one family F with density precisely n−1.

Proposition 7.2.5. Consider the family F = {[1], [2], [3], . . . , [n]} over the universe [n]. Then F is

(n−1)-dense.

Proof. First of all, note that F is union-closed. Next, note that {1,2,3, . . . ,n− 2,n} /∈ F and
{1,2,3, . . . ,n−2} ∈F . These together imply that

{1,2,3, . . . ,n−3,n} /∈F . (7.2.1)

Next, we note that {1,2,3, . . . ,n−3} ∈F ⊂F , and this, combined with (7.2.1), yields

{1,2,3, . . . ,n−4,n} /∈F
(2)
. (7.2.2)

Proceeding thus, by induction, we see that {n} /∈F
(n−2)

, which implies that F
(n−2) 6= 2[n], and

hence the density of F is at least n−1. This, along with Lemma 7.2.3, concludes the proof.

Let Un denote the set of all union-closed families over universe [n]. If we construct a graph
Gn whose vertex set is Un, and draw a directed edge between two families F1 and F2, directed
from F1 to F2, iff F1 = F2, then, by Lemma 7.2.1, every vertex has exactly one out-degree. By
Lemma 7.2.2, there are no self-loops other than at the vertex 2[n]. By Lemma 7.2.3, the maximum
length of a directed path in Gn is n− 1. So, the set of all union-closed families over universe [n]

can be imagined as a tree with root 2[n] and depth n−1.
Our next result focuses on a nice characterization of 1-dense families. To this end, we require

the well known notion of up-sets(see [33]).
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Definition 7.2.6. A family F over a given finite or infinite universe is said to be an up-set if for

every A ∈F and B⊇ A, we have B ∈F .

Lemma 7.2.7. Let F 6= 2[n] be a union-closed family over the universe [n]. Then F is 1-dense if

and only if F is an up-set.

Proof. Suppose F is 1-dense. Let A ∈ F and let A be a proper subset of B. Since, F is 1-
dense, we have F = 2[n], so that B \A ∈F . Therefore, F ∪{B \A} is union-closed, and hence
B = (B\A)∪A ∈F ∪{B\A}. Since A is a non-empty, proper subset of B, hence B 6= B\A, which
yields B ∈F . Hence F is an up-set.

Conversely, suppose that F is an up-set. Let B ∈ 2[n] −F . Take any A ∈ F . Note that
A∪B⊇ A, so that A∪B∈F as F is an up-set. Therefore, B∈F , thus proving that F = 2[n].

It is well-known (see for e.g. Introduction of [10]) that up-sets satisfy Conjecture 1. By
Lemma 7.2.7, we conclude that 1-dense families satisfy it as well. Using Lemma 7.2.7, we es-
tablish Theorem 7.2.8.

Theorem 7.2.8. Let F be a k-dense union-closed family. If there exist subsets A1 ( A2 ( · · · (
Ar ( Br of [n] with A1,A2, . . . ,Ar ∈F and Br /∈F , then r < k.

Proof. We use induction on the density of F . First, consider F that is 1-dense. By Lemma 7.2.7,
it is an up-set. Hence A ∈F and B /∈F imply that A * B. Therefore, r = 0. This concludes the
proof of the claim for the base case.

Assume that the result holds for t-dense families for some t ∈N with t 6 n−2. Let F be a t+1-
dense family. Suppose there exist A1, . . . ,Ar and Br as in the statement of Theorem 7.2.8. Now,
Ar ∈F and Ar−1∪ (Br \Ar)∪Ar = Br /∈F together imply that Ar−1∪ (Br \Ar) /∈F . Therefore
we get A1 ( A2 ( · · ·( Ar−1 ( Ar−1∪(Br \Ar) with A1,A2, . . . ,Ar−1 ∈F and Ar∪(Br−Ar) /∈F .
Moreover, since F is t + 1-dense, we know that F is t-dense. By our induction hypothesis, we
have r−1 < t which yields r < t +1, as desired.

Remark 7.2.9. Letting F = {[1], [2], [3], . . . , [n]}, Ai = {[i]} for 1 6 i 6 n− 2 and Bn−2 =

{1,2, . . . ,n−2,n}, Theorem 7.2.8 yields the density of F to be at least n−1, which corroborates

the conclusion of Proposition 7.2.5. This also leads to the following, far more general observation:

if F is a union-closed family such that [i] ∈F for all i ∈ [n] and {1,2, . . . ,n−2,n} /∈F , then F

is (n−1)-dense.

Theorem 7.2.8 shows that there cannot exist a “very long” chain of subsets of the type described
in the statement of the theorem, especially when the density of F is “small” compared to n, the
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size of the universe. Let

s(F ) = max{r : ∃A1 ( A2 ( · · ·( Ar ( Br,Ai ∈F ,Br /∈F}.

For a k− dense family F , Theorem 7.2.8 gives us the lower bound s(F )+ 1 6 k. We note here
that this bound is not always tight. As an instance, consider the union-closed family

F = {[n−2],{1,2,4,5,6, . . . ,n},{1,3,4,5, . . . ,n},{2,3, . . . ,n}, [n]}.

It is straightforward to check that 2[n−2] ⊆F and {1,2,3, . . . ,n− 3,n} /∈F . Setting Ai = [i] for
1 6 i 6 n−4 and Bn−3 = {1,2,3, . . . ,n−3,n}, we conclude, by Theorem 7.2.8, that F is at least
(n− 2)-dense. This, along with Lemma 7.2.3, yields that F is (n− 1)-dense. However, the only
choice of subsets A and B such that A ∈ F , B /∈ F and A ( B is A = [n− 2] and B = [n− 1],
showing that s(F ) = 1, which is a lot smaller than n−1.

7.3 Many k−dense families

Let k be a fixed positive integer and F be a union -closed family over universe [k]. In this section,
we will consider the family H = F ∪{[n]} for n > k + 2. Throughout this section, whenever
A ∈ 2[n], by A1, we will mean A∩ [k] and by A2, we will mean A∩ ([n]\ [k]). Our goal is to prove
that H is (k+1)−dense. We begin with:

Lemma 7.3.1. For any A ∈ 2[n] and for any 1 6 t 6 k, at least one of the following is true:

(i) A2 = /0, A1 ∈F
(t)

.

(ii) A2 = /0, A1 /∈F
(t)

.

(iii) A2 = [n]\ [k] and ∀E ∈F
(t−1)

with E * A, E ∪A ∈H
(t−1)

.

(iv) A2 = [n]\ [k] and ∃E ∈F
(t−1)

with E * A, E ∪A /∈H
(t−1)

.

(v) |A1|> k− t +1.

(vi) A2 6= /0,A2 6= [n]\ [k] and |A1|6 k− t.

where we put F
0
= F and H

(0)
= H .

Proof. When A2 = /0 then A satisfies one of 1 or 2. When A2 = [n]\ [k] then A satisfies one of 3 or
4. When A2 6= /0,A2 6= [n]\ [k] then satisfies A satisfies 5 or 6.

Using the previous Lemma, we prove the following:

322



Theorem 7.3.2. Given A ∈ 2[n] and a positive integer t 6 k, if A satisfies any of the conditions

stated in (i), (iii), (v) of Lemma 7.3.1 then A ∈H
(t)

. On the other hand,if A satisfies any of the

conditions stated in (ii), (iv), (vi) of Lemma 7.3.1 then A /∈H
(t)

.

Proof. The proof is via induction on t. Let Ct = {A ∈ H
(t)

: A2 = [n] \ [k]}. And put M =

{(i), (iii), (v)} and N = {(ii), (iv), (vi)}. For q ∈ M let P(l,q) be the statement that: if A satisfies
q of Lemma 7.3.1 for t = l then A ∈H

(l)
. And for q ∈ N let P(l,q) be the statement that: if A

satisfies q of Lemma 7.3.1 for t = l then A /∈H
(l)

. Finally, let P(l, (vii)) be the statement that: Cl

is an up-set. To prove this theorem, we will prove the following statement:

P(t) =
∧

q∈M∪N∪{(vii)}
P(t,q)

for 1≤ t ≤ k. Let us first establish the base case, i.e., P(1):

1. We need to show that H ∪{A} is union-closed. But this is true since A ∈F
(1)

and H =

F ∪{[n]}.

2. Since A /∈F , there is a B ∈F such that A∪B /∈F ∪{A}. Since, A∪B⊆ [k], we obtain that
A∪B /∈H ∪{A}⇒ A /∈H as required.

3. We need to show that H ∪{A} is union-closed. Since B ∈H means that either B ∈F or
B = [n], we have that A∪B ∈H ∪{A} in both the cases.

4. When A satisfies (iv) of Lemma 7.3.1 then there is an E ∈F with E * A such that E ∪A /∈
H . But since E ∈F ⇒ E ∈H , we get that A /∈H .

5. Since t = 1, the only choice for A1 is [k]. It is easy to see that A ∈H .

6. Since [k] ∈H and A2 6= /0 and A2 6= [n]\ [k], we have that [k]∪A /∈H and hence, A /∈H .

7. Note that by P(1, (iii)) and P(1, (iv)), we have that when A2 = [n]\ [k] then A∈H ⇔∀E ∈F

with E * A, E∪A ∈H . So suppose we have A ∈ C1 with A⊆ B. Given E ∈F with E * B,
we also obtain that E * A. Therefore, E ∪ A ∈ H . Since, A2 = [n] \ [k], we have that
E ∪A = [n]⇒ E ∪B = [n] ∈H ⇒ B ∈ C1. And hence, C1 is an up-set.

Now, we suppose that P(r) is true for some 1 6 r < k. Let us prove P(r+1):

1. We are given that A ∈ F
(r+1)

. We have to investigate A ∪ B for B ∈ H
(r)

. By
Lemma 7.3.1 and the induction hypothesis, the only cases are: when B satisfies (i), (iii),
(v) of Lemma 7.3.1. We now consider all these cases:
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(a) Suppose B satisfies (i) of Lemma 7.3.1. Thus, by the definition of closure, A∪B ∈
F

(r)∪{A}. If A∪B = A then there is nothing further to investigate. On the other hand,
if A∪B ∈F

(r)
then by P(r, (i)), we have that A∪B ∈H

(r)
, as required.

(b) Suppose B satisfies (iii) of Lemma 7.3.1. Thus by P(r, (iii)) we have that B ∈ Cr.
Therefore by P(r, (vii)), Cr is an up-set and hence A∪B ∈ Cr ⊆H

(r)
as required.

(c) Suppose B satisfies (v) of Lemma 7.3.1. Therefore, |B1| > k− r + 1. And hence,
|(A∪B)1|> k− r+1⇒ A∪B ∈H

(r)
.

2. Since A /∈F
(r+1)

, there is a B ∈F
(r)

such that A∪B /∈F
(r)∪{A}. By P(r, (i)), we obtain

that B ∈H
(r)

and by P(r, (i)), we have A∪B /∈H
(r)

. Therefore, A /∈H
(r+1)

as required.

3. Suppose A satisfies (iii) of Lemma 7.3.1. We have to investigate A∪B for B ∈H
(r)

. By
Lemma 7.3.1 and the induction hypothesis, the only cases are when B satisfies (i), (iii), (v)
of Lemma 7.3.1. We now consider all these cases:

(a) When B satisfies (i) of the Lemma 7.3.1 then B ∈F
(r)

and thus, B∪A ∈H
(r)∪{A},

as required.
(b) Suppose B satisfies (iii) of the Lemma 7.3.1. Thus by P(r, (iii)) we have that B ∈ Cr.

Therefore by P(r, (vii)), Cr is an up-set and hence A∪B ∈ Cr ⊆H
(r)

as required.
(c) Suppose B satisfies (v) of Lemma 7.3.1. Therefore, |B1| > k− r + 1. And hence,
|(A∪B)1|> k− r+1⇒ A∪B ∈H

(r)
.

4. We are given that A satisfies (iv) of Lemma 7.3.1. Now, since E ∈F
(r)

, by P(r, (i)), we have
that E ∈H

(r)
. Therefore, A /∈H

(r+1)
as required.

5. We are given that |A1| > k− (r+ 1)+ 1 = k− r. If |A1| > k− r+ 1 then by the induction
hypothesis, A ∈H

(r)
and hence there would be nothing further to investigate. Therefore,

we only need to look at the case where |A| = k− r. If B ∈H
(r)

is such that B1 * A1 then
|(A∪B)1|> k−r+1 and hence A∪B∈H

(r)
by P(r, (v)). On the other hand, if B1⊆A1 then

by P(r, (vi)), either B2 = /0 or B2 = [n]\ [k]. If B2 = /0 then A∪B=B and finally if B2 = [n]\ [k]
then B ∈ Cr and since Cr is an up-set by P(r, (vii)), we get that A∪ B ∈ Cr ⊆ H

(r)
, as

required.

6. Suppose A satisfies (vi) of Lemma 7.3.1. Using Corollary 7.2.4 we have, Ak−r,k ⊆F
(r)

. Let
us consider a set B ∈Ak−r,k with A1 ⊆ B. By P(r, (i)), this means that B ∈H

(r)
. And note

that |(A∪B)1| = k− r with (A∪B)2 = A2. Thus, by P(r, (vi)), A∪B /∈H
(r)

and clearly
A∪B 6= A since |A1|6 k− r−1. Therefore, A /∈H

(r+1)
, as required.
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7. Suppose A ∈ Cr+1 and A ⊆ B. By P(r+1, (iii)) and P(r+1, (iv)), we have that when A2 =

[n]\ [k] then
A ∈ Cr+1⇔∀E ∈F

(t)
with E * A1,E ∪A ∈H

(t)
.

We need to show that B∈Cr+1. Suppose we have E ∈F
(t)

with E * B1. Since, A1⊆ B1, we
also have that E * A1. Therefore, E ∪A ∈H

(t)
. This means, by definition, that E ∪A ∈ Cr.

Using P(r, (vii)), this gives us that E ∪B ∈ Cr ⊆H
(r)

, thus proving that Cr+1 is an up-set.

Finally, let us show that:

Corollary 7.3.3. H is (k+1)−dense

Proof. Let us consider 2[n] \H (k)
. Suppose A ∈ 2[n] \H (k)

. Then by P(k, (i)) and P(k, (ii)), A /∈
2[k]. By P(k, (v)), A1 = /0. By P(k, (vi)), whenever A2 6= /0 and A2 6= [n]\ [k], we have A∈ 2[n]\H (k)

.
Thus, the only possibilities for 2[n] \H (k)

are either 2[n]\[k] or 2[n]\[k] \ {[n] \ [k]}. In either case,
2[n] \H (k)

is a down set and hence H
(k)

is an up-set. And since H
(k) 6= 2[n], we have that by

Lemma 7.2.7 H
(k)

is 1−dense and hence H is (k+1)−dense.

Remark 7.3.4. If fk is the number of labelled union-closed families with universe k the Corol-

lary 7.3.3 tells us that are at least
( n

k−1

)
fk−1 labelled union-closed families that are k−dense(since

there are
( n

k−1

)
possible choice for the universe of F ). In particular, the number of (n−1)−dense

union-closed families is at least
( n

n−2

)
fn−2.

Remark 7.3.5. Suppose we are given integers c,k and n with c < k 6 n+ 2. Then consider the

family F = {[k−c], [k−c+1], . . . , [k−1], [n]}. It is easy to see that s(F ) = c and it follows from

Corollary 7.3.3 that F is k−dense. Thus, for all possible feasible combinations of c,k and n, there

exists a family F over universe [n] having density k and s(F ) = c.

7.4 Another example of an (n−1)−dense family

Let F be the union-closed family generated by the collection of subsets B =

{{1,2},{2,3}, · · · ,{n−1,n}}, i.e.

F =

{⋃
A∈C

A : C ⊆B,C non-empty

}
.
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Another way of describing F is as follows:

F = {A⊆ [n] : A 6= /0 and i ∈ A implies that either i−1 ∈ A or i+1 ∈ A}.

Assume n > 6. This section is devoted to providing a description of the closures of F and conse-
quently establishing that it is (n−1)−dense. We begin our discourse with the following lemma.

Lemma 7.4.1. For any A /∈ F and |A| 6 n− k− 1 for some 1 6 k 6 n− 1, at least one of the

following is true:

(i) {1} ⊆ A⊆ {1,3, · · · ,n};
(ii) {n} ⊆ A⊆ {1,2,3, · · · ,n−2,n};

(iii) {1,2} ⊆ A⊆ {1,2, · · · ,n−1} and |A|= n− k−1;

(iv) {n−1,n} ⊆ A⊆ {2,3, · · · ,n} and |A|= n− k−1;

(v) A⊆ {2,3, · · · ,n−1} and |A|= n− k−1;

(vi) {1,2,n−1,n} ⊆ A and |A|= n− k−1;

(vii) A ⊆ {1,2, . . . ,n− 2}, A∩{1,2} 6= /0, |A| = n− k− 2 and A \ {maxA} /∈ F , where maxA

indicates the largest element contained in A;

(viii) A ⊆ {3,4, . . . ,n}, A∩ {n− 1,n} 6= /0, |A| = n− k− 2 and A \ {minA} /∈ F , where minA

indicates the smallest element contained in A;

(ix) |A|= n− k−2, A∩{1,2} 6= /0 and A∩{n−1,n} 6= /0;

(x) A⊆ {1,2, . . . ,n−2}, |A|= n− k−2 and A\{maxA} ∈F ;

(xi) A⊆ {3,4, . . . ,n}, |A|= n− k−2 and A\{minA} ∈F ;

(xii) A⊆ {3,4, . . . ,n−2}, |A|= n−k−2 and ∃ j ∈ A such that minA < j < maxA and j−1, j+

1 /∈ A;

(xiii) A ⊆ {3,4, . . . ,n− 2}, |A| = n− k− 2 and ∀ j ∈ A such that minA < j < maxA we have

j−1 ∈ A or j+1 ∈ A;

(xiv) |A|6 n− k−3

Proof. We split the proof into the following cases:

1. First, we consider |A| = n− k− 1. If 1 ∈ A and 2 /∈ A, then (i) holds. If 1 ∈ A, 2 ∈ A and
n− 1 /∈ A, then (ii) holds. On the other hand, if 1,2,n− 1 ∈ A, then (iii) holds when n /∈ A

and (iv) holds when n ∈ A. If 1,n /∈ A, then (v) holds. If 1 /∈ A and n ∈ A, then (ii) holds
when n−1 /∈ A and (iv) holds when n−1 ∈ A.

2. Next, we consider |A| = n− k− 2. If A∩{n− 1,n} = /0 and A∩{1,2} = /0 then A satisfies
either (xii) or (xiii) . On the other hand, if A∩{n− 1,n} = /0 and A∩{1,2} 6= /0 then (vii)
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holds when A \ {maxA} /∈ F and (x) holds when A \ {maxA} ∈ F . Next, if A∩ {n−
1,n} 6= /0 and A∩{1,2} = /0 then (viii) holds when A \ {minA} /∈F and (xi) holds when
A\{minA} ∈F . And if A∩{n−1,n} 6= /0 and A∩{1,2} 6= /0, then (ix) holds.

3. Finally, when |A|6 n− k−3, (xiv) holds.

Equipped with Lemma 7.4.1, we now state Theorem 7.4.2 which provides a description of the
closures of F .

Theorem 7.4.2. Given any positive integer k 6 n− 5 and any subset A of [n] with A /∈ F and

|A|6 n− k−1, if A satisfies any of the conditions stated in (i), (ii), (vii), (viii), (ix), (xii), (xiv) of

Lemma 7.4.1, then A /∈F
(k)

. On the other hand, if A satisfies any of the conditions (iii), (iv), (v),
(vi), (x), (xi), (xiii) then A ∈F

(k)
.

Proof. Define N = {(i), (ii), (vii), (viii), (ix), (xii), (xiv)} and M =

{(iii), (iv), (v), (vi), (x), (xi), (xiii)}. For q ∈ N, define P(l,q) be the statement that: if A sat-
isfies statement q of Lemma 7.4.1 for k = l then A /∈F

(l)
. And for q ∈ M, define P(l,q) be the

statement that: if A satisfies statement q of Lemma 7.4.1 for k = l then A ∈F
(l)

. Let

P(k) =
∧

q∈N∪M

P(k,q).

To prove the theorem, we have to prove P(k) for 1 ≤ k ≤ n− 5. The proof is via induction on k.
Let us first establish the base case, i.e. P(1).

1. When A satisfies (i) of Lemma 7.4.1, we have A∩{3,4, . . . ,n} = {3, . . . ,n} \ { j}. If j = 3
then A∪{3,4} /∈F and if j > 3 then A∪{ j−1, j} /∈F , and either scenario leads to A /∈F .

2. Follows via an argument similar to the argument for P(1, (i)), via symmetry.

3. When A satisfies (iii) of Lemma 7.4.1, there exists an i such that A = [n−1]\{i}. If i < n−1
then the only supersets of A are [n−1], [n] and A∪{n}, which are all in F . If i = n−1 then
A= [n−2]. Therefore, it suffices to consider A∪B for the member-subsets B= {n−2,n−1}
and B = {n−1,n} of F . In the former situation, we obtain A∪B = [n−1] and in the latter,
A∪B = [n], thus proving the statement.

4. Follows via an argument similar to the argument for P(1, (iii)), via symmetry.

5. When A satisfies (v) of Lemma 7.4.1, we have A = {2,3, · · · ,n−1} ∈F ⊆F .
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6. When A satisfies (vi) of Lemma 7.4.1, it is straightforward to check that all supersets of A

are already in F , thus yielding A ∈F (1).

7. When A satisfies (vii) of Lemma 7.4.1 then the only possibility for A is the set A =

{1,3, . . . ,n−2}. And A∪{n−1,n} /∈F ⇒ A /∈F .

8. Follows via an argument similar to the argument for P(1, (vii)), via symmetry.

9. Suppose A satisfies (ix) of Lemma 7.4.1. Since, A /∈F , there is an j ∈ A such that j−1, j+

1 /∈ A. If there is an i 6 j−3 such that i ∈ A, i+1 /∈ A then A∪{i, i+1} /∈F therefore, A /∈
F

(1)
. Also, if 1 /∈ A and 1 6 j−3, then the same argument works by considering A∪{1,2}.

Otherwise, suppose that for each i 6 j−2, i ∈ A. Since, |A|= n−3 and A∩{n−1,n} 6= /0,
we must have j 6 n− 3 and hence there is an i > j + 3 such that i ∈ A and (i− 1 /∈ A or
i+ 1 /∈ A) which means that A∪{i− 1, i} /∈F or A∪{i, i+ 1} /∈F respectively. In either
case, A /∈F .

10. When A satisfies (x) of Lemma 7.4.1 then, the only such A is A = {1,2, . . .n− 4,n− 2}.
Note that A∪B for B ∈F can either be A, [n], [n−1], [n−2],{1,2, . . .n−4,n−2,n−1} or
{1,2, . . .n− 4,n− 2,n− 1,n}. All of these possible sets are in F and as a result, we have
that A∈F (A∪B cannot be {1,2, . . .n−4,n−2,n} since n∈ A∪B means n∈ B∈F which
means that n−1 ∈ B⊆ A∪B).

11. Follows via an argument similar to the argument for P(1, (x)), via symmetry.

12. For k = 1, there is no A satisfying (xii), hence there is nothing to check in this case.

13. For k = 1, there is no A satisfying (xiii), hence there is nothing to check in this case.

14. We have A /∈ F and |A| 6 n− 4. Suppose |A| = 1. If A = {i} and i ≥ 4 then consider
A∪{1,2} /∈F and hence A /∈F . Otherwise, if i 6 3, then considering A∪{5,6} gives the
required result, i.e. A /∈F . So, we can assume that |A| ≥ 2. Now, since A /∈F , we have a
j ∈ A such that j− 1, j+ 1 /∈ A. Since |A| ≥ 2, we may assume, without loss of generality,
that there is an i∈ A such that i< j. Now, if there is an a6 j−3 such that a∈ A but a+1 /∈ A

or a−1 /∈ A, then we have A∪{a,a+1} /∈F or A∪{a−1,a} /∈F respectively, which gives
A /∈F . So, we can assume that a 6 j−2⇒ a ∈ A. Now, if j = maxA then because of the
last assumption and the size of A, j 6 n− 3. Therefore, A∪{n− 1,n} /∈F . On the other
hand if there is a b > j, then since |A|= n−4, there is a c > j+2 such that either c−1 /∈ A

or c+1 /∈ A, which in turn implies that either A∪{c−1,c} or A∪{c,c+1} is absent in F ,
and hence A /∈F , as required.
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Now, suppose that P(t) is true for some t 6 n− 6. Let us consider the (t + 1)-st case. By Corol-
lary 7.2.4 we have that An−t,n ⊆F

(t)
.

1. Suppose A satisfies (i) of Lemma 7.4.1. First, consider A = {1}. We have {3,4} ∈F ⊆
F

(t)
, thus yielding A∪{3,4} = {1,3,4}. Moreover, we have {1,3,4} ⊆ {1,3, · · · ,n} and

1 ∈ {1,3,4}. Since t 6 n−4, we get |{1,3,4}| = 3 6 n− t−1. Therefore, by P(t, (i)), we
conclude that A∪{3,4} /∈F

(t)
, which gives A = {1} /∈F

(t+1)
, as required. Now, let us

consider the case where A 6= {1}. Then, there must exist an i ∈ {3,4, · · · ,n} such that i ∈ A.
Since |A|6 n− t−2 6 n−3, there must exist a j ∈ {3,4, · · · ,n} such that j /∈ A. Therefore,
there exist consecutive i, j ∈ {3,4, · · · ,n} such that i ∈ A and j /∈ A. Thus, by P(t, (i)), we
have {i, j}∪A /∈F

(t)
and hence A /∈F

(t+1)
, as required.

2. Follows via an argument similar to the argument for P(t +1, (i)), via symmetry.

3. Suppose A satisfies (iii) of Lemma 7.4.1. We need to show that for each B ∈F
(t)

, we have
A∪B∈F

(t)∪{A}. Since |A|= n−t−2 and An−t,n⊆A , we need only check the case where
|A∪B| = n− t− 1. We must have |A∪B \A| = |B \A| = 1. Let B \A = {i}. If i 6= n then
by P(t, (iii)) of the induction hypothesis, we have A∪B ∈F

(t)
. This yields i = n. Suppose

n−1 /∈ A. Since B\A = {n}, this means that n−1 /∈ B. Moreover, |B|6 |A∪B|= n− t−1.
Therefore, by P(t, (ii)), we conclude that B /∈ F

(t)
, which leads to a contradiction since

we started with B ∈F
(t)

. Therefore, we must have, {1,2,n− 1,n} ⊂ A∪B, and |A∪B| =
n− t−1, which, by P(t, (vi)), gives us A∪B ∈F

(t)
, as required. Therefore, A ∈F

(t+1)
.

4. Follows via an argument similar to the argument for P(t +1, (iii)), via symmetry.

5. Suppose A satisfies (v) of Lemma 7.4.1. We need to check that for each B ∈F
(t)

, we have
A∪B ∈F

(t)∪{A}. As noted above in the argument for P(t +1, (iii)), it is enough to check
this for the case when |A∪B|= n− t−1. We have B\A = {i} for some i. Suppose i 6= 1,n.
Then A∪B⊆ {2,3, · · · ,n−1} and |A∪B|= n− t−1 together yield, by P(t,5), that A∪B ∈
F

(t)
. Without loss of generality, suppose i = 1. If 2 /∈ A, then since B \A = {1}, we have

2 /∈ B. But, in that case, we have 1 ∈ B⊆ {1,3,4, · · · ,n} and |B|6 n− t−1, which together
imply, by P(t, (i)), that B /∈F

(t+1)
, which is a contradiction to our hypothesis. Therefore,

we must have 2 ∈ A. Therefore, {1,2} ⊂ A∪B ⊆ {1,2, · · · ,n− 1} and |A∪B| = n− t− 1,
so that by P(t, (iii)), we have A∪B ∈F

(t)
, which in turn gives us A ∈F

(t+1)
.

6. Suppose A satisfies (vi) of Lemma 7.4.1. We need to check that for each B ∈ F
(t)

, we
have A∪B ∈F

(t)∪{A}. As noted above in the argument for P(t +1, (iii)), it is enough to
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check this for the case when |A∪B| = n− t − 1. In this case, {1,2,n− 1,n} ⊆ A∪B and
|A∪B|= n− t−1 together imply, by P(t, (vi)), that A∪B ∈F

(t)
. Therefore, A ∈F

(t+1)
, as

required.

7. Suppose A satisfies (vii) of Lemma 7.4.1. Since A−{maxA} /∈F , there exists a j < maxA

such that j− 1, j + 1 /∈ A. Therefore, A∪ {maxA,maxA+ 1} /∈ F . Moreover, A 6= A∪
{maxA,maxA+ 1}. If maxA = n− 2, then A∪{maxA,maxA+ 1} /∈ F

(t)
, by P(t, (ix)).

Otherwise, if maxA < n−2, then A∪{maxA,maxA+1} /∈F
(t)

, by P(t, (vii)). Either way,

we have A /∈F
(t)

= F
(t+1)

.

8. Follows via an argument similar to the argument for P(t +1, (vii)), via symmetry.

9. Suppose A satisfies (ix) of Lemma 7.4.1. Since A /∈F , there exists a j ∈ A such that j−
1, j+1 /∈ A. If there is an i 6 j−3 such that i ∈ A and i+1 /∈ A, then by P(t, (ix)), we have
A∪{i, i+1} /∈F

(t)⇒ A /∈F
(t+1)

. Moreover, if 1 /∈ A and 1 6 j−3, then by considering
A∪{1,2}, the same argument works. Otherwise, suppose i ∈ A for each i 6 j− 2. Since
|A|= n− t−3 6 n−4 and A∩{n,n+1} 6= /0, we must have j 6 n−3 and hence there is an
i≥ j+3 such that i ∈ A and (i−1 /∈ A or i+1 /∈ A) which means that A∪{i−1, i} /∈F or
A∪{i, i+1} /∈F respectively. In either case, A /∈F

(t)
by P(t, (ix)).

10. Suppose A satisfies (x) of Lemma 7.4.1. We need to check that for each B ∈F
(t)∪{A}, we

have A∪B ∈F
(t)

. Since, |A|= n− t−3, we only need to check the cases |A∪B|= n− t−2
and |A∪B|= n− t−1. Since B ∈F

(t)
, we divide the proof into the following parts:

(a) First, we consider the case where B∈F . Note that if maxB > maxA+1, then maxB−
1 /∈ A and hence we can assume that |A∪B| = n− t − 1, which in turn implies that
A∪B = A∪{maxB− 1,maxB}. If maxB 6 n− 1 and 1 /∈ A, then A∪B ∈ F

(t)
by

P(t, (v)), and if maxB= n and 1 /∈ A, then A∪B∈F
(t)

by P(t, (iv)). On the other hand,
if 1 ∈ A, then 2 ∈ A because A \ {maxA} ∈F . So, if 1 ∈ A and maxB ≤ n− 1, then
A∪B ∈F

(t)
by P(t, (iii)), and if 1 ∈ A and maxB = n, then A∪B ∈F

(t)
by P(t, (vi)).

If maxB ∈ {maxA−1,maxA,maxA+1}, then from A\{maxA} ∈F , it follows that
A∪B ∈F ⊆F

(t)
. Finally, we consider the case where maxB ≤ maxA− 1. We first

assume that |A∪B|= n− t−1. If 1 /∈ A and 1 /∈ B, then A∪B∈F
(t)

by P(t, (v)). Now,
recall that if 1∈ A, then 2∈ A and if 1∈ B then 2∈ B. In both these cases, A∪B∈F

(t)

by P(t, (iii)). On the other hand, if |A∪B| = n− t − 2, then it is straightforward to
see that A∪B\{max(A∪B}= A∪B\{maxA} ∈F . Therefore, by P(t, (x)), we have
A∪B ∈F

(t)
.
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(b) Next, we consider the case where B satisfies (x) of Lemma 7.4.1. Note that since
|B| = n− t− 2, we can assume that |A∪B| = n− t− 1. So, if 1 /∈ A and 1 /∈ B, then
A∪B ∈F

(t)
by P(t, (v)). And if 1 ∈ A or 1 ∈ B, then 2 ∈ A∪B, and therefore, A∪B ∈

F
(t)

by P(t, (iii)).

(c) We consider the case where B satisfies (xi) of Lemma 7.4.1. Since, |B|= n− t−2, we
can assume that |A∪B|= n−t−1. Suppose, if possible, A∪B /∈F

(t)
. By Lemma 7.4.1

and the induction hypothesis, A∪B either satisfies (i) or (ii). If it satisfies (i), then we
must have 1 ∈ A∪ B and 2 /∈ A∪ B. But 1 ∈ A∪ B implies that 1 ∈ A (since B ⊆
{3,4, . . . ,n}), and 1 ∈ A, in turn, implies that 2 ∈ A⊆ A∪B. A similar argument works
for the case where A∪B satisfies (ii).

(d) Finally, we consider the case where B satisfies (xiii) of Lemma 7.4.1. We may once
again assume that |A∪B| = n− t− 1. Note that since B ⊆ {3,4, . . . ,n− 2}, if 1 /∈ A

then A∪B ∈F
(t)

by P(t, (v)), and if 1 ∈ A then A∪B ∈F
(t)

by P(t, (iii)).

11. Follows via an argument similar to the argument for P(t +1, (x)), via symmetry.

12. If A satisfies (xii) of Lemma 7.4.1 and minA = 3, then {minA− 1,minA}∪A /∈ F
(t)

by
P(t, (vii)). On the other hand, if minA > 3, then {minA−1,minA}∪A /∈F

(t)
by P(t, (xii)).

13. Suppose A satisfies (xiii) of Lemma 7.4.1. We need to check that for each B ∈ F
(t)

, we
have A∪B ∈ F

(t) ∪{A}. Since, |A| = n− t − 3, we only need to check the cases where
|A∪B| = n− t − 2 and |A∪B| = n− t − 1. Since B ∈ F

(t)
, we divide the proof into the

following parts:

(a) First, we consider the case where B ∈F . Let us first suppose that minA−1 < minB <

maxB < maxA, which gives maxA∪B = maxA and minA∪B = minA. Suppose, first
that |A∪B|= n− t−2. Consider j ∈ A∪B such that minA < j < maxA. If j ∈ A then
j−1∈ A∪B or j+1∈ A∪B because of (xiii). On the other hand, if j ∈ B then because
B ∈F , we obtain that j−1 ∈ B or j+1 ∈ B. Therefore, A∪B satisfies (xiii) and hence
A∪∈F

(t)
by P(t, (xiii)). Next, if |A∪B|= n− t−1 then A∪B ∈F

(t)
by P(t, (v)). On

the other hand, let us consider the case minA− 1 < minB < maxB = maxA+ 1 and
A∪B /∈F . If |A∪B| = n− t− 2 then, it is easy to see that A∪B \ {min(A∪B)} =
A∪B \ {minA} ∈F and hence A∪B ∈F

(t)
by P(t, (xi)). And if |A∪B| = n− t− 1

then, A∪B ∈F
(t)

by P(t, (v)). Analogous arguments go through for the case when
minA−1=minB<maxB<maxA+1. Now, if minA−1=minB<maxB=maxA+

1 then since A satisfies (xiii), it is easy to see that A∪B ∈F
(t)

. Finally, suppose that
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maxB > maxA+ 1. In this case, maxB− 1,maxB /∈ A and since B ∈F , we do have
that maxB−1 ∈ B. Also, since we are assuming that |A∪B|6 n− t−1, we have that
A∪B = A∪{maxB−1,maxB}. If maxB 6 n−1 then, A∪B ∈F

(t)
by P(t, (v)) and

if maxB = n then A∪B ∈F
(t)

by P(t, (iv)). Analogous argument works for the case
when minB < minA−1.

(b) Next, we consider the case where B satisfies (x) of Lemma 7.4.1. It means that |B| =
n−t−2 therefore, we can assume that |A∪B|= n−t−1. If minB> 2 then A∪B∈F

(t)

by P(t, (v)) and on the other hand, if minB = 1 then, since B \ {maxB} ∈ F and
t 6 n− 5⇒ |B| = n− t − 2 > 3, we can conclude that 2 ∈ B. But note that 1,2 /∈ A

which give us that |A∪B|> n− k.

(c) The case when B satisfies (xi) of Lemma 7.4.1 is analogous to the previous part, via
symmetry.

(d) Finally, we consider the case when B satisfies (xiii) of Lemma 7.4.1. Since, in this case,
we have that |B| = n− t− 2, we can again assume that |A∪B| = n− t− 1 which, by
P(t, (v)), gives us that A∪B ∈F

(t)
.

14. Here, we have A /∈F and |A|6 n− t−4. Suppose |A|= 1. Therefore, if A = {i} and i≥ 4,
then consider A∪{1,2} /∈F , which gives us A∪{1,2} /∈F

(t)
by P(t, (xiv)). Otherwise, if

i 6 3, then considering A∪{5,6} gives us the required result, i.e. A /∈F
(t+1)

. So now, we
may assume that |A| ≥ 2. Since A /∈F , there exists a j ∈ A such that j−1, j+1 /∈ A. Since
|A| ≥ 2, we can assume, without loss of generality, that there is an i ∈ A such that i < j.
Now, if there is an a 6 j−3 such that a ∈ A but a+1 /∈ A or a−1 /∈ A, then A∪{a,a+1}
or A∪{a−1,a}, respectively, satisfies (xiv). These are, therefore, not in F

(t)
by P(t, (xiv)),

which gives A /∈F
(t+1)

. So now, we may assume that a 6 j−2 =⇒ a ∈ A. If j = maxA,
then because of the last assumption and the size of A, we have j 6 n− t − 3 6 n− 4. If
|A|= n−t−4, then |A∪{n−1,n}|= n−t−2 and hence A∪{n−1,n} /∈F

(t)
by P(t, (ix)). If

|A|6 n−t−5, then |A∪{n−1,n}|6 n−t−3 and hence A∪{n−1,n} /∈F
(t)

by P(t, (xiv)).
On the other hand, if there is a b > j with b ∈ A, then since |A|= n− t−4 6 n−5, there is a
c > j+2 such that c−1 /∈ A or c+1 /∈ A, which means that A∪{c−1,c} or A∪{c,c+1},
respectively, satisfies (xiv), and hence A /∈F

(t+1)
, as required.

This brings us to the end of the proof that P(k) is true for all k 6 n−5.

Let us note that Lemma 7.4.1, together with Theorem 7.4.2, describes all F
(k)

’s for k 6 n−5.
This is because we know that F ⊆F

(k)
and An−k ⊆F

(k)
. Therefore, if we have an A⊆ 2[n] such
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that A /∈F and |A| 6 n− k− 1, then by Lemma 7.4.1, it satisfies one of the statements (i), (ii),
(iii), (iv), (v), (vi), (vii), (viii), (ix), (x), (xi), (xii), (xiii),(xiv), but then that statement together with
the corresponding statement in Theorem 7.4.2 tells us whether A ∈F

(k)
or A /∈F

(k)
.

We now come to the proof of the fact that F is (n−1)-dense.

Corollary 7.4.3. F is (n−1)-dense.

Proof. First, we establish that {3} ∈F
(n−4)

. Since A5,n ⊆F
(n−5)

, we only need to investigate
{3}∪B for all B ∈F

(n−5)
such that |{3}∪B| 6 4. The cases where |{3}∪B| = 1,2 are trivial.

Let us consider the cases where |{3}∪B|= 3. If |B|= 3, then {3}∪B = B ∈F
(n−5)

. Therefore,
let |B|= 2. By P(n−5, (xiv)), this means that B ∈F . Therefore, let B = {i, i+1}. If i 6 4, then
{3}∪{i, i+ 1} ∈F ⊆F

(n−5)
. If i > 4, then by P(n− 5, (xi)), we have {3}∪B ∈F

(n−5)
. The

only case that is left to consider is |{3}∪B| = 4. Again, we may assume that |B| = 3 and 3 /∈ B.
Therefore, B satisfies either (x) or (xi). If B satisfies (x), then B /∈F and B\{maxB} ∈F . Since
|B|= 3, this means that B = {i, i+1, j} such that i+1 < j 6 n−2. If i = 1, then {3}∪B ∈F

(n−5)

by P(n−5, (iii)); if i≥ 4 then {3}∪B∈F
(n−5)

by P(n−5, (v)); if i = 2 or i = 3, then {3}∪B = B.
On the other hand, if B satisfies (xi), then B is of the form { j, i− 1, i} where 3 6 j < i− 1. If
i = n, then {3}∪B ∈F

(k)
because of P(n− 5, (iv)), and if i < n then {3}∪B ∈ F(k) because of

P(n−5, (v)). Therefore, {3} ∈F
(n−4)

.
Since {1,3,4}∪{4,5}= {1,3,4,5} /∈F (n−5), by P(n−5, (i)), we have {1,3,4} /∈F

(n−4)
. Now,

consider the subsets, {3} ⊆ {3,4} ⊆ {1,3,4}. Here, {3},{3,4} ∈F
(n−4)

and {1,3,4} /∈F
(n−4)

.
Therefore, by Theorem 7.2.8, F

(n−4)
is at least 3−dense, which means that F is at least (n−1)-

dense. This concludes the proof.

7.5 Relative subsets and closure roots

Definition 7.5.1. Given a union-closed family F over the universe [n], and A,B ∈F , we define A

to be a subset of B relative to F , and write A⊆F B, if at least one of the following happens:

• A = B.

• B = [n]

• ∃C ∈F such that C 6= B and A∪C = B.

We write A (F B if A⊆F B and A 6= B, and A *F B when A is not a subset of B relative to F .
Note that A ⊆F B implies that A ⊆ B. It is straightforward to see that this definition coincides

with the usual notion of subsets if F = 2[n]. To see that it actually differs from the usual notion of
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subsets when F is not 2[n], it is enough to considerF = {{1},{1,2},{2,3},{1,2,3}} and observe
that {1}*F {1,2}.

Lemma 7.5.2. Let F be a 1-dense family. Consider any A,B,C ∈F . Then the following hold:

1. A (F B and B⊆C together imply that A (F C.

2. A ( B and B⊆C together imply that B⊆F C.

Proof. We prove the two parts separately, as follows.

1. If C = B, the conclusion is immediate. Assume, therefore, that B ( C. By definition of
the relation A (F B , there exists B1 ∈ F such that A∪B1 = B and B1 ( B. Note that
on one hand, (C \ B)∪ B1 ( C, and on the other, B1 ⊆ (C \ B)∪ B1. The latter implies
that (C \B)∪B1 ∈ F (since by Lemma 7.2.7, we know that F is an up-set.) Moreover,
A∪ (C \B)∪B1 = (A∪B1)∪ (C \B) = B∪ (C \B) =C. Together, these observations allow
us to conclude that A (F C.

2. If B = C, then there is nothing to prove. Otherwise, note that the set A ∈ F and from
Lemma 7.2.7, we know that F is an up-set, and these two together imply that A∪ (C \B) ∈
F . Moreover, A 6= B implies that A∪ (C−B) 6= C, and C = B∪ (A∪ (C \B)). Combining
all these, we conclude that B⊆F C.

Corollary 7.5.3. The relation ⊆F of relative subset is transitive when the family F is 1-dense.

This follows from using the fact that B ⊆F C implies B ⊆ C, and using 1 of Lemma 7.5.2.
However, this is not necessarily true when F is not 1-dense. As an instance, if we consider
F = {{1},{2},{1,2},{1,3},{1,2,3},{1,2,3,4}}, then it can be checked that {1} ⊆F {1,2} ⊆F

{1,2,3} but {1} 6⊆F {1,2,3}. It would be interesting to try to characterize union-closed families
F such that ⊆F is transitive.

Proposition 7.5.4. Let F and H ⊆F be two union-closed families over the universe [n]. Then

H ⊇F if and only if for all A ∈H and B ∈F with A⊆F B, we have B ∈H .

Proof. Suppose H ⊇F . Consider any A ∈H and B ∈F with A⊆F B. If A = B or B = [n], the
conclusion is immediate. Therefore, we consider the third possibility in Definition 7.5.1, i.e. there
exists C ∈F such that A∪C = B and C 6= B. Now, C ∈F ⊆H , which implies that H ∪{C} is
union-closed. Since A ∈H , we must have B = A∪C ∈H ∪{C}, and B 6=C. Therefore, we must
have B ∈H , as claimed.
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We now prove the converse. Consider C ∈F . We want to show that C ∈H , i.e. the family
H ∪{C} is union-closed. Thus, for every A ∈H , we want to show that the subset A∪C either
equals C or is in F . If A∪C = A or A∪C = C then there’s nothing further to check. Otherwise,
A∪C = B for some B with B 6= C and C ∈ F , thus establishing that A ⊆F B. Moreover, as
A ∈H ⊆F and C ∈F and F is union-closed, hence B ∈F as well. Therefore, the hypothesis
of the proposition implies that B ∈H , hence completing the proof.

It is worth noting how Proposition 7.5.4 compares with Lemma 7.2.7. In Proposition 7.5.4, if
we take F = 2[n], then H has to be a 1-dense family and ∀A ∈H and B ∈ 2[n] such that A ⊆ B,
we have B ∈H , which implies that H is an up-set, thus corroborating the claim of Lemma 7.2.7.
Thus Proposition 7.5.4 is a generalisation of Lemma 7.2.7 when we consider the notion of relative
subsets. Let us recall that given a family F , A ∈F is an inclusion-wise minimal member subset
if for all B ∈F with B⊆ A, we have A = B.

Definition 7.5.5. Consider the family G of all inclusion-wise minimal member subsets of F . When

F is 1-dense, using Lemma 7.2.7 we see that

F = {B ∈ 2[n] : ∃A ∈ G with B⊇ A}.

We write < G >= F and say that G is the generating set of F .

Let us recall the notion of basis sets of a union-closed family(see [27]). A set A ∈F is called
a basis set if for all X ,Y ∈F with A = X ∪Y , we have either X = A or Y = A. Let B be the set
of all basis sets of F . Then B is the minimal set with the property that the union-closed family
generated by B is F . We emphasize here that G 6= B in general. For example, if the 1-dense
family is {{1,},{1,2},{1,3},{1,2,3}} then G = {{1}} but B = {{1},{1,2},{1,3}}.

Definition 7.5.6. Let F be a union-closed family over the universe [n], and let K ⊆F . Define

the family
< K >F= {B ∈F : there exists A ∈K with A⊆F B}. (7.5.1)

We say that K generates < K >F relative to F .

We emphasise here that K ⊆<K >F . We shall eventually establish that when G , as mentioned
above, is the family of all inclusion-wise minimal member subsets of the 1−dense family F , the
family < G >F serves as a test candidate for determining whether there exists a union-closed
family H such that H = F .
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Lemma 7.5.7. Let F be a 1-dense union-closed family and K ⊆F . Then, < K >F is union-

closed.

Proof. Fix any A,B ∈< K >F . Then there exist subsets Ao and Bo in K such that Ao ⊆F A

and Bo ⊆F B. If Ao = A and Bo = B and Ao ∪Bo equals either Ao or Bo, then the conclusion is
immediate since Ao,Bo ∈K ⊂< K >F . If Ao = A and Bo = B but Ao∪Bo equals neither Ao nor
Bo, then since Bo ∈K ⊂F and Bo 6= Ao∪Bo, hence we conclude that Ao ⊂F Ao∪Bo. Finally,
assume that either Ao (F A or Bo (F B or both. In this case, since F is a 1-dense union-closed
family, Ao, A and A∪B all belong to F , and Ao (F A⊂ A∪B, by 1 of Lemma 7.5.2, we conclude
that Ao ⊆F A∪B⇒ A∪B ∈< K >F . This concludes the proof.

Given union-closed families H ⊆ F and A ∈ H , let us say that A is ⊆F −wise minimal

member-subset of H if whenever B ∈H and B⊆F A, we have that B = A.

Proposition 7.5.8. Let F be a 1-dense family and H ⊆F be union-closed. Then, the following

are equivalent:

1. H ⊇F .

2. For all A ∈H and B ∈F such that A⊆F B, we have B ∈H .

3. The set K ⊆H of all ⊆F −wise minimal member-subsets of H satisfies < K >F= H .

Proof. That 1 and 2 are equivalent follows from Proposition 7.5.4.
We now show that 3 implies 2. Consider any A ∈< K >F= H . Then there exists Ao ∈K

such that Ao ⊆F A. Suppose there exists B ∈F be such that A⊆F B. Then the relations Ao ⊆F A

and A⊆F B along with Corollary 7.5.3 imply that Ao ⊆F B, therefore yielding B ∈< K >F .
Finally, we show that 2 implies 3. Consider any B ∈H . By minimality, there exists A ∈K

such that A⊆F B. This implies that B ∈< K >F . Conversely, consider any B ∈< K >F . Then
there exists A ∈K such that A⊆F B, which then implies that B ∈H , by the hypothesis in 2.

7.5.1 Closure Roots

Definition 7.5.9. For a union-closed family F , we say that a union-closed family H is a closure
root of F if H = F .

Closure roots need not exist nor do they need be unique: for example, (n− 1)-dense families
do not have closure roots, whereas every 1-dense family is a closure root of 2[n]. In the tree Gn

described in §7.2, the families not having any closure root determine the leaves of the tree. In
§7.5.1, we investigate the existence of closure roots of 1-dense families.
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Remark 7.5.10. Note that if H is a closure root of F then by Corollary 7.2.4, we have that

An−1 ⊆H = F . Therefore, any family F with An−1,n * F does not have a closure root. In

particular, this shows that every family considered in §7.3 does not have a closure root thus giving

at least
( n

k−1

)
fk−1 many leaves at level k of the tree Gn. In Corollary 7.5.14, we give example of an

1−dense family with An−1 ⊆F , which does not have a closure root.

Lemma 7.5.11. Let F be a 1-dense family, with G its generating set (as defined in Defini-

tion 7.5.5). Let A,B ∈< G >F with A⊆ B. Then A⊆F B.

Proof. If A= B or B= [n], then the conclusion is immediate, therefore we assume that A( B( [n].
Note that as B ∈< G >F , there exists C ∈ G such that C (F B, which in turn means that there
exists C1 ∈F such that C∪C1 = B and C1 ( B. Now, A ( B implies that A (C∪C1, and C ∈ G

implies that A *C, which in turn yields /0 6= A\C (C1 \C. Let a ∈ A\C. We then have

A∪ (C∪ (C1 \{a})) = B

where C ⊆ C∪ (C1 \ {a}) and C ∈ G together imply that C∪ (C1 \ {a}) ∈ F , and since a /∈ C,
hence C∪ (C1−{a}) 6= B. These observations together yield A⊆F B, as desired.

Theorem 7.5.12. Let F be a 1-dense family with generating set G . Let H ⊆F be a union-closed

family such that H ⊇F . Then H ⊇< G >F .

Proof. Let K be the set of all⊆F -wise minimal elements of H . Since H ⊇F , Proposition 7.5.8
yields <K >F=H . Let A∈< G >F and B∈<K >F . We wish to show that A∪B∈<K >F

∪{A}. If A∪B = B or A∪B = A, then the conclusion is immediate. Henceforth, assume A * B and
B * A. Therefore, B ( A∪B. There exists C ∈K such that C ⊆F B. If C 6= B, then C (F B ⊆
A∪B. Hence, by Lemma 7.5.2, we get C (F A∪B, implying that A∪B∈<K >F . Now, suppose
C = B. There exists Ao ∈ G such that Ao ⊆ B. Suppose Ao 6= B. We get Ao ( B⊆ A∪B, implying
that B⊆F A∪B, again by Lemma 7.5.2. Therefore, we are left with Ao = B. Since A ∈< G >F

and A∪B 6= A, we get A∪B ∈< G >F and B ( A∪B with B ∈ G . By Lemma 7.5.2, B⊆F A∪B.
Hence, A∪B ∈< K >F ∪{A}.

Equipped with Theorem 7.5.12, we characterise the 1-dense families that have closure roots,
via Theorem 7.5.13.

Theorem 7.5.13. Let F be a 1-dense family over universe [n]. Let G be the generating set of F ,

as defined in Definition 7.5.5. Then F has a closure root if and only if < G >F = F .
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Proof. If < G >F = F then the conclusion is immediate. Suppose there exists a closure root H

of F . By Theorem 7.5.12, we have H ⊇< G >F ⊇F . But H = F by Definition 7.5.9, hence
< G >F = F .

We mention here that the proofs of Theorems 7.5.12 and 7.5.13 can not be generalised to general
families because, as remarked earlier, transitivity of ⊆F does not necessarily hold when F is a
k-dense family for some k > 1.

We now provide the example of a 1−dense family F with An−1,n ⊆F which does not have a
closure root.

Corollary 7.5.14. Let k ≥ 2 and F be the 1-dense family ,over universe [2k+1], generated by G

= {{1,2},{2,3}, . . . ,{2k,2k+1}}. Then F does not have a closure root.

Proof. Consider A = {1,3,5, . . . ,2k+ 1}. It is immediate that A /∈F . Let B ) A and a ∈ B \A.
Since 1 < a < 2k+ 1, we have {a− 1,a,a+ 1} ⊆ B. Since {a− 1,a} (F {a− 1,a,a+ 1} ⊆ B

therefore, by Lemma 7.5.2, we have {a−1,a}(F B, and as {a−1,a} ∈ G , hence B ∈< G >F .
Therefore, in particular ∀C ∈< G >F with A∪C ) A, we have A∪C ∈< G >F , which implies
that A ∈< G >F . Therefore, by Theorem 7.5.13, F does not have a closure root.

Remark 7.5.15. Let F be the 1-dense family over universe [2k] generated by G =

{{1,2},{2,3}, . . . ,{2k−1,2k}} for k ≥ 3. Then F has a closure root.

To see this, let us first note that whenever A ∈< G >F with |A| > 3 then the number of sets
{i, i+1} such that {i, i+1}⊆ A is at least 2. If A= [2k] then the result is obvious, otherwise, by the
definition of < G >F , A ∈< G >F means that there is a {i, i+1} ∈ G such that {i, i+1}(F A.
This means that there is a B ∈ F such that {i, i + 1} ∪ B = A with B 6= A. This gives that
{i, i+1}* B and hence, since B ∈F there is a j 6= i such that { j, j+1} ⊆ B⊆ A hence proving
our claim.
Now, let us consider A ∈ < G >F \F . Therefore, ∀i ∈ A, i + 1, i− 1 /∈ A. If A = {i} with
i > 4 then {1,2} ∪ A /∈< G >F ∪{A}, otherwise, if i 6 3 then {5,6} ∪ A /∈< G >F ∪{A}.
So, we can have that |A| > 2. Suppose 1 /∈ A and let min.A = t. Then by the discussion
above, {t − 1, t} ∪ A /∈< G >F ∪{A}. Therefore, 1 ∈ A. Now, suppose that for some r > 2,
{1,3, . . . ,2r− 1} ⊆ A and 2r,2r + 1 /∈ A. But then, {2r− 1,2r} ∪ A /∈< G >F ∪{A}(by the
discussion in the previous paragraph). Therefore, by induction, {1,3, . . . ,2k− 1} ⊆ A. But
{2k− 1,2k}∪A /∈< G >F and hence, A /∈ < G >F which gives us that < G >F = F . Thus,
completing the argument.
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We would like to conclude by noting that the family < G >F as described above need not
always be 2−dense. In fact, it can be of arbitrary density. As an example if we consider F to be
the 1−dense family over universe [n] generated by G = {[k]} where n > k+2. Then it is easy to
see that the family < G >F= {[k], [n]} and hence by Corollary 7.3.3, < G >F is (k+1)−dense.
And finally if we let G = An−1,n then < G >F= F making < G >F to be 1−dense.

7.6 Further Questions

Here, we state some further questions, which we believe are worth exploring:

1. Do 2-dense families satisfy Conjecture 1?

2. What is a characterization of 2-dense families?

3. Do (n−1)-dense families satisfy Conjecture 1?

4. What is a characterization of (n−1)-dense families?

5. Since it is known that union closed families F over universe [n] satisfying |F |> 2n−1 satisfy
Conjecture 1(see [64]), it can be an interesting problem to characterise families satisfying
|F |> 2n−1.

6. Suppose F satisfies Conjecture 1. Does F also satisfy Conjecture 7.2.1? (An affirmative
answer to this problem would mean that if F is an counterexample to Conjecture 1 then all
its closure root are also counterexamples.)

7. As in [10], let dF (x) = |{A ∈F |x ∈ A}. Let g(F ) = 1
|F |max{dF (x)|x ∈F}. Let us put

ak,n = min{g(F )|F is k-dense and over universe [n]}. It can be an interesting problem to
study the numbers ak,n. If it turns out that ak−1,n 6 ak,n for all possible values of k and n then
it would prove Conjecture 1 because a0,n >

1
2 . We would like to note here that if Conjecture 1

is true then an−1,n→ 1
2 as n→∞. This follows by considering the family F = 2[n−2]∪{[n]}

and noting that it is (n−1)−dense using Corollary 7.3.3. One natural way of trying to prove
ak−1,n 6 ak,n is to try and prove that for every family F , g(F ) > g(F ). But this is not
true in general as is seen by again considering the family F = 2[n−2]∪{[n]} and applying
Theorem 7.3.2.
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Maker-breaker games on random geometric graphs. Random structures & algorithms,
45(4):553–607, 2014.

[15] Dhruv Bhasin, Sayar Karmakar, Moumanti Podder, and Souvik Roy. Ergodicity of a gen-
eralized probabilistic cellular automaton with parity-based neighbourhoods. arXiv preprint

arXiv:2212.01753, 2022.

[16] Dhruv Bhasin, Sayar Karmakar, Moumanti Podder, and Souvik Roy. On a class of pca
with size-3 neighborhood and their applications in percolation games. Electronic Journal of

Probability, 28:1–60, 2023.
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[104] Johan Wästlund. Replica symmetry of the minimum matching. Annals of Mathematics,
pages 1061–1091, 2012.

[105] Henry William Watson and Francis Galton. On the probability of the extinction of families.
The Journal of the Anthropological Institute of Great Britain and Ireland, 4:138–144, 1875.

[106] ME Zhukovskii. On infinite spectra of first order properties of random graphs. Moscow

Journal of Combinatorics and Number Theory, 6(4):73–102, 2016.

[107] ME Zhukovskii. Logical laws for short existential monadic second-order sentences about
graphs. Journal of Mathematical Logic, 20(02):2050007, 2020.

349


	Abstract
	Two-player combinatorial games on random premises
	Introduction

	k-jump Galton-Watson Games
	Introduction
	Proof of Theorem 2.1.1
	Proof of Theorem 2.1.2
	Proof of Theorem 2.1.3
	Proof of Theorem 2.1.4
	Proof of Theorem 2.1.5
	Proofs of Theorems 2.1.6 and  2.1.7
	Proof of Theorem 2.1.9
	Proof of Theorem 2.1.10
	Proofs of technical lemmas

	The three-neighbourhood game and its corresponding probabilistic cellular automata
	Introduction
	The principal objects studied in this chapter
	An important lemma before we embark on a proof of Proposition 3.2.3
	The method of weight functions and the proof of Proposition 3.2.3
	A formal game theoretic formulation of the problem
	Relation with existing literature and open problems
	The scope of the weight function technique

	Generalized percolation games on Z2 and corresponding probabilistic cellular automata
	Introduction
	Formal description of our games and the main results
	Formal description of the probabilistic cellular automata we are concerned with
	Motivations for studying generalized / bond percolation games, and a brief review of pertinent literature
	Motivation for studying the PCAs we consider in this chapter
	Game rules: an analysis of each game via recurrence relations
	Proofs of Theorems 4.2.1, 4.2.4 and 4.3.1, assuming Theorems 4.7.1 and 4.7.2 to be true
	The proof of Theorem 4.7.1 by the technique of weight functions
	The proof of Theorem 4.7.2 by the technique of weight functions

	The parity-based site percolation game and its corresponding probabilistic cellular automata
	Introduction
	Organization of this chapter
	Description of the model
	Proof of Theorem 5.3.3

	Combinatorics of Conveyor Belts at Airports
	Introduction
	The description of our model
	Proof of Theorem 6.2.3
	Proof of Theorem 6.2.4
	Proof of Theorem 6.2.5

	Union-Closed Families of Sets
	Introduction
	Various properties of closures and densities of union-closed families
	Many k-dense families
	Another example of an (n-1)-dense family
	Relative subsets and closure roots
	Further Questions


