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Abstract

Ultracold quantum gases have emerged as a powerful platform for exploring
complex quantum many-body physics due to their tunability and precise control.
Engineering interatomic potentials via external fields leads to a wealth of exciting
phenomena in ultracold gases. In particular, dipole-dipole interaction, characterized
by its long-range and anisotropic nature, introduces intriguing physics. Notably, it
leads to the formation of quantum droplets: self-bound liquid-like states stabilized
by quantum fluctuations, and the fascinating supersolid phase, which simultaneously
exhibits superfluidity and crystalline order.

We have investigated a unique scenario in cold atom physics, where a single atom
possesses both the electric and magnetic dipole moments, leading to the prediction
of doubly dipolar Bose-Einstein condensates (DDBEC). The additional control pa-
rameters of relative strength and orientation between the two dipole moments pave
the pathway to realize a novel pancake quantum droplet, contrary to the typical cigar
droplets in dipolar condensates.

Thermal fluctuations critically affect the properties of quantum gases. In this
thesis, we explore the characteristics of a doubly dipolar Bose gas at finite temper-
atures, using quantum Monte Carlo techniques. Our investigation demonstrates the
highly anisotropic superfluid behavior of a pancake droplet and the shift in critical
temperature for condensation due to the doubly dipolar interactions.

The interplay between doubly dipolar interactions, quantum stabilization, and
external confinement results in a rich ground-state physics of supersolids and inco-
herent droplet arrays in doubly dipolar condensates. Our research under a beyond-
mean-field framework reveals the supersolid-supersolid transitions and the realiza-
tion of a novel pancake array of supersolids. We also observe the formation of a
single density-modulated droplet.

Finally, we have investigated the exciting possibility of creating a supersolid in
dipolar Bose gases, without relying on the quantum stabilization. Rotating a dipolar
condensate perpendicular to its dipole polarization direction, we observe the forma-
tion of mean-field dilute supersolids stabilized by the emergence of quantized vortex

lines.






Chapter 1

Introduction and Background

1.1 Introduction

"Physics is the belief that a simple and consistent description of nature is possible."
—Niels Bohr

Since the early 20th century, quantum physics has revolutionised our understand-
ing of the fundamental principles of physics. The advent of quantum mechanics has
given rise to the exciting field of quantum many-body physics, which explores com-
plex emergent phenomena arising from the collective behavior of numerous interact-
ing quantum particles. Quantum many-body systems span various different branches
of physics, and aim to understand phenomena ranging from superconductivity and
magnetism to superfluidity and quantum phase transitions. They are also key to
the development of new age quantum technologies. There are several experimental
platforms to study quantum many-body physics, which include ultracold gases [1],
trapped ions [2], superconducting qubits [3], and photonic crystals [4].

Among them, ultracold quantum gases have emerged as a powerful platform, due
to their precise experimental control [1, 5, 6]. Since the experimental realization of
Bose-Einstein Condensates (BEC) [7-9], and quantum degenerate Fermi gases [ 10—
12], these systems have drawn significant interest within the physics community.
The broad implications have been cited in several Nobel Prizes for this field in the
last three decades. Recent research interests include the study of dipolar [13] &
spinor [14] gases, Rydberg atoms [15], quantum gases in optical lattices [16], low-
dimensional quantum gases [17], quantum gases under rotation, and polar molecules
[18]. The advent of powerful experimental techniques such as Feshbach resonances
[19], and quantum gas microscopy [20, 21] gives the ability to precisely control their
interactions or even detect and manipulate a single atom in the experiments. It has
led to several applications, including quantum simulation [5], atom interferometry
[22], precision measurement [23], and modelling astrophysical phenomena [24].

Interparticle interactions play a fundamental role in determining the properties
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of a quantum gas. Typically, quantum gases are dilute, and the low-energy scatter-
ing is basically given by the s-wave contribution, and hence the interaction potential
can be replaced simply by a two-body (isotropic) contact pseudo-potential [25, 26].
The contact interparticle interactions can be tuned by varying the scattering length
via Feshbach resonances [19, 27]. Electromagnetic fields [1, 28], optical dipole po-
tentials [29, 30], and artificial gauge fields [31-33] enable external field control of
ultracold gases. It is also possible to engineer long-range and anisotropic interatomic
potentials via external fields [34]. In particular, dipole-dipole interactions are at the
forefront, giving rise to the field of dipolar quantum gases (DQG). Since the exper-
imental realization of BEC with magnetic Chromium (Cr) atoms in 2004, the study
of quantum gases with dominant dipolar interactions has gained great interest in the
last two decades. Dipole-dipole interactions lead to a wide variety of novel quan-
tum phenomena, such as roton-like excitations, anisotropic superfluidity, quantum
droplets, and the formation of fascinating supersolids [35-41]. Dipolar quantum
gases include magnetic atoms [13, 42], polar molecules [43], and Rydberg atoms
[15]. Unlike the magnetic atoms, the latter two systems possess electric dipole mo-
ments. In this thesis, we discuss a unique scenario in cold atom physics, where a
single atom simultaneously possesses substantial electric and magnetic dipole mo-
ments [44]. Engineering this novel doubly dipolar potential in quantum gases has led
to the prediction of the doubly dipolar Bose-Einstein condensate (DDBEC) [45, 46],
and quantum spin models [47].

Temperature plays a key role and serves as a control knob to explore the proper-
ties of quantum gases. The advancement in combined laser and evaporative-cooling
techniques [48] has made it possible to realize cold atoms in the nanokelvin (nk)
regime. While at high temperatures, the kinetic energy of the particles is very high
and the system is well-described by Maxwell-Boltzmann statistics, in the ultracold
regime, the de Broglie wavelength becomes larger than the typical interparticle dis-
tance, and thus, quantum statistics governs the many-body dynamics of these sys-
tems. In a Bose gas, a thermodynamic phase transition from a thermal gas to a
condensate occurs, driven by the particle statistics, even without the presence of any
interaction. However, in any real system, the presence of interactions modifies the
characteristics. Notably, the critical temperature for condensation is shifted in both
short-range interacting [49] and dipolar interacting Bose gases [50]. An increase in
temperature enhances the condensation depletion of an interacting Bose gas, which
correspondingly reduces the condensate fraction [51]. Temperature also influences
key properties like the superfluid response and collective oscillations of a quantum
gas [52, 53]. The ability to precisely tune temperature leads to novel phenomena
like, Berezinskii—Kosterlitz—Thouless (BKT) transition in Bose gases [54, 55] and
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the Bardeen-Cooper-Schrieffer (BCS) pairing [56] and BEC of molecules [57] in
Fermi gases. Intriguingly, thermal effects can also induce a supersolid phase by heat-
ing a dipolar superfluid [58]. In this thesis, we investigate the characteristics of the
doubly dipolar Bose gases with varying temperatures.

Even at absolute zero temperature, quantum gases exhibit distinct quantum phases
of matter due to the presence of inherent quantum fluctuations. These phases emerge
from the microscopic interactions between the many elementary constituents. Ad-
vanced preparation and detection techniques of quantum states [59], interaction tun-
ing via Feshbach resonances, and the implementation of optical lattices have enabled
the realization of various quantum phases. The quantum phase transition between su-
perfluid and Mott insulator [60—63], and between metallic and insulating phases [64]
have been explored in bosonic and fermionic systems. Experiments with cold atomic
platforms have demonstrated more exotic and nontrivial quantum phases, including
symmetry-breaking spatially ordered states [65], antiferromagnetic phase [66], quan-
tum spin liquids [67], Moiré crystals [68], and topologically nontrivial phases [69].
The long-range and anisotropic nature of dipolar interactions has led to the forma-
tion of novel phases of droplet crystals [70], supersolids [41, 71, 72], and dipolar
quantum solids [73]. Rotating a quantum gas can also lead to the emergence of vari-
ous quantum phases, such as quantized vortices and quantum Hall states [74]. These
phases arise from the interplay of rotation and the complex behavior of interacting
particles in a rotating frame. In this thesis, we predict the emergence of a supersolid
phase in rotating dipolar Bose gases.

This thesis presents a theoretical investigation into exotic quantum phases that
emerge in doubly dipolar condensates and rotating dipolar Bose gases. In this chap-
ter, we first introduce the details of the long-range interactions and the characteristics
of dipole-dipole interactions. Following that, we discuss the theoretical background
and experimental progress in the field of dipolar quantum gases. Subsequently, we
discuss the emergence of quantum droplets and supersolids in dipolar gases. Finally,

we introduce the quantized vortices and their properties in rotating dipolar gases.

1.2 Long-range Interactions

Long-range interactions play a fundamental role across diverse physical, chemical,
and biological systems, giving rise to emergent phenomena distinct from those ob-
served in systems with only short-range interactions. Long-range interactions lead to
galaxy clustering in cosmology [75], plasma formation in condensed matter systems

[76] , exotic quantum phases of droplets and supersolids in many-body quantum
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systems [13], and also play a crucial role in the structural organization of protein

fragments during protein folding [77], and charge transport in organic materials [78].

Definition of long-range

Long-range interaction can be defined by a two-body interaction potential that decays
slowly with distance r, typically following a power law form,
V(r) o l, (1.1)
r(x
where « is the power exponent.

A key distinction between long-range and short-range interactions arises when «
is smaller than the spatial dimension (D) of the system. In systems with short-range
interactions, the total energy remains thermodynamically extensive, a condition that
holds if the integral fooo V(r)d°r converges, which occurs only if @ > D. Conversely,
for @ < D, the interaction energy of homogeneous systems becomes infinite due to
the divergent long-distance contribution, characterizing V(r) as a long-range interac-
tion [13, 34, 79]. The non-extensive nature of the internal energy in systems with
long-range interactions leads to a breakdown of traditional thermodynamics. This
gives rise to distinctive characteristics, including the non-equivalence of thermo-
dynamic ensembles, the possibility for negative specific heat, and the spontaneous
formation of structures. These effects arise due to the breakdown of the additiv-
ity assumption in the thermodynamic limit, i.e., the total energy of two subsystems,
E(A U B), is not simply the sum of their individual energies, E(A) + E(B), when
interactions between subsystems remain significant.

There are various systems in physics with long-range interactions, such as grav-
itational systems (V(r) oc —1/r), Coulomb systems, and plasmas (V(r) oc 1/r), mag-
netic dipoles and dipolar gases (V(r) o 1/r), multi-mode cavity QED systems and
many more. In this thesis, we explore the effect of dipole-dipole interactions in ul-

tracold quantum gases.

1.3 Dipole-Dipole Interaction

The interaction between two dipoles that are separated by a distance r (see Fig. 1.1
(a)) is described by:

Vst = S8 dy.d; - 3(cilﬁ)(ci2.ﬁ),

47 r (1.2
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Ficure 1.1: Dipole-dipole interaction between two particles. (a) Two unpolarized
dipoles d; and d,. (b) Two polarized dipoles where 6 is the angle between the polar-
ization direction and the radial vector r. The dipole-dipole interaction is repulsive for (c)
side-by-side alignment (8 = /2 ) and (d) attractive for head-to-tail alignment (6 = 0).

where cii = d;/|d;| and # = r/|r|. The coupling constant Cyq is uod,d, for particles
having magnetic dipole moments and d;d,/ €, for particles having electric dipole mo-
ments with uy and € being the permeability and permittivity of vacuum, respectively.
For two particles polarized in the same direction (Fig. 1.1 (b)) the expression (1.2)
simplifies to

Cga 1 —3cos?6

Vaa(r) = = ; (1.3)

3
-
where 6 is the angle between the dipole polarization direction and the radial vector

joining the two dipoles.

Long-range nature

The dipole-dipole interaction follows a power law dependence of the form »~* with
a = 3. As discussed in the previous section from a thermodynamic perspective, an
interaction is considered long-range when @ < D (the spatial dimension). Conse-
quently, the dipole-dipole interaction exhibits a long-range character in three dimen-
sions, whereas it remains short-range in one and two dimensions.

In the regime of ultra-cold temperatures, the long-range nature of the dipole-

dipole interaction can also be understood from a quantum scattering point of view
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[13, 36, 80]. For a general two-body interaction potential, V(r) o 1/r%, the low-
momentum behavior of the scattering phase shift §,(k) for the /—th partial wave in the

limit K — 0O is given by,

(95}

k21+1,f01' | < &=

k>, for = %

|

(1.4)

01(k) o {

For interactions characterized by @ > 4, scattering at low energy is dominated by the
s-wave (I = 0), indicating a short-range nature. In contrast, for @ = 3, ¢;(k) « k for all
l. Therefore, all partial waves contribute to the scattering process even at low colli-
sion energy and the dipole-dipole interaction is long-range in nature. Moreover, due
to its anisotropic character as discussed below, there is coupling between different

partial waves.

Anisotropic nature

A key characteristic of the dipole-dipole interactions is their intrinsic anisotropy. The
interaction can be attractive or repulsive depending on the relative position and ori-
entation of the dipoles. For a simple understanding, consider two dipoles polarized
in the same direction, as 6 varies from O to x/2 the term (1 — 3 cos” ) varies be-
tween -2 and 1. Consequently, the dipole-dipole interaction is repulsive for particles
sitting side by side, while it is attractive for dipoles in a ‘head-to-tail’ configuration
(see 1.1(c,d)). The dipole-dipole interaction exhibits an attractive nature along one
particular direction, while it is repulsive along the other two directions. The interac-
tion’s form is characterized by a d—wave pattern, mathematically represented by the
j components of the spherical harmonics, Y; , in particular, j = O for a fully polarized
situation. Due to this d— wave nature of the dipole-dipole interactions, it is not in-
variant under individual rotations of the spin or the orbital angular momentum. As a
result, neither the total spin nor the total orbital angular momentum of the system is
individually conserved. However, the total angular momentum remains conserved,
as the interaction is symmetric under simultaneous rotations of both spin and orbital

angular momentum.

Electric dipoles

In classical systems, an electric dipole moment (EDM) arises due to the spatial sepa-
ration of opposite charges. In quantum mechanics, the EDM of a particle or a system
is defined as the charge separation along its angular momentum axis. However, a sta-
ble elementary or composite particle cannot possess a permanent EDM unless both

time-reversal and parity symmetries are violated [81-83].
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Atoms and molecules in their non-degenerate rotational ground state don’t pos-
sess EDM due to their rotational symmetry. When an electric field mixes states of
opposite parity, a linear Stark shift occurs, the rotational symmetry is broken, and an
electric dipole moment is induced [84, 85]. The strength of the induced EDM is max-
imized when the opposite-parity states are nearly degenerate. Some systems possess
degenerate states of opposite parity, which allows the induced electric moment to
arise at a vanishingly small electric field [86].

Examples of systems with permanent EDMs include polar molecules, where an
electric field mixes two rotational states within the electronic molecular ground state.
Ultracold polar molecules such as KRb, RbCs, NaRb, and NaCs, etc. possess large
electric dipole moments. Similarly, Rydberg states in a hydrogen atom possesses
electronically excited states of opposite parity that can be arbitrarily close. Associ-
ating a Rydberg atom with a ground-state atom allows the formation of a Rydberg
molecule with a permanent electric dipole moment [87]. Another notable example
is atomic Dysprosium (Dy), which has a pair of nearly degenerate energy levels of
opposite parity with electronic angular momentum J = 9 and J = 10. An applied
electric field can mix these levels, thereby inducing an electric dipole moment in the

laboratory frame [44].

Magnetic dipoles

The magnetic dipole moment (MDM) manifests either as classical current loops or
as a consequence of quantum mechanical spin and orbital angular momentum. In a
rotating system of charged particles, the MDM is directly proportional to the system’s
angular momentum. For a current-carrying loop, the MDM is the product of the
current (I) and the area (A) of the loop: d,, = IA#n, 71 is the normal vector to the plane
of the loop. In quantum mechanics, the magnetic dipole moment is associated with

the angular momentum of particles, given by:

d, = g%J, (1.5)

where g and m are the charge and mass of the particle, J is the total angular momen-
tum, and g is called the Lande g-factor. For an orbiting electron, the constant g = 1,
whereas the dipole moment associated with spin angular momentum has g ~ 2. The
magnetic dipole moment in atoms is primarily attributed to the spin ($) and orbital
(L) angular momentum of the electrons. An atomic dipole moment is calculated by
summing all of the electron dipole moments for a given atomic species. Additionally,

nuclei also possess magnetic dipole moments, though they are typically three orders
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Ficure 1.2: Bose-Einstein Condensate of Dysprosium. Time of flight profiles of Dys-
prosium gas for different evaporation rates. The left column shows the data, with a fit to a
parabolic profile at centers, and a fit to a Gaussian profile at the wings. The right column
shows the absorption images of the emerging BEC with the transition temperature at 99(5)
nK. Reprinted with permission from [91] ©2011, American Physical Society.

of magnitude smaller than the electron’s. The interaction of magnetic dipole mo-
ments with external magnetic fields leads to the Zeeman effect, where energy levels
split in response to the applied field.

While alkali atoms provide a platform for studying dipolar physics, their mag-
netic dipole moment is relatively small, reaching a maximum of one Bohr magneton
(up). Significant progress has been achieved with highly magnetic atoms, particularly
transition metals and lanthanides. Chromium (Cr) atoms exhibit a magnetic dipole
moment of 6 up [88], while lanthanide (Ln) atoms like Erbium (Er; 6ug) [89, 90]
and Dysprosium (Dy,10ug) [91, 92] have been studied extensively due to their strong
dipolar interactions. Other highly magnetic atoms include, holmium (Ho; 9ug) [93],
thulium (Tm; 4ug) [94] or europium (Eu; 9up ) [95].
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1.4 Dipolar Quantum Gases

Dipolar quantum gases have been thoroughly studied and experimentally realized in

various systems; here we briefly discuss some of them.

Dipolar Bose quantum gases

Dipole-dipole interaction has heavily influenced the properties of weakly interacting
Bose gases. To describe a system of dipolar bosons, the Hamiltonian is conveniently
expressed using the formalism of second quantization. In this framework, we intro-
duce the bosonic creation and annihilation field operators V' () and ¥(r) satisfying

the standard commutation relation,

[P(r), ¥T(r)] = PP () - P (")) = 5(r — 1),
[ (), ¥i ()] = [P(r), ¥(r)] = 0.

The corresponding second-quantized Hamiltonian of the system is given by,

2
H= fdrliﬁ(r)[ B Vr(r) — u|¥(r)
2m
+% f EPrdr V@)Y @)V - rHYE)P(r), (1.6)

where m is the mass of the bosons, V7 (r) is the external trapping potential, u is the
chemical potential, and V(r —r’) is the interparticle interaction that contains both the
short-range isotropic and long-range anisotropic interactions. It can be replaced by
a pseudo-potential, V(r) = gé(r) + Vg(r). Here, g = 4nh’a,/m is characterized by
the s-wave scattering length. The a, can have a dependence on the dipole moment d,
near the scattering shape resonances [96—98]. The pseudo-potential has been shown
to be valid away from these resonances [97, 98]. The dipole-dipole interaction V(1)
between two particles is expressed as introduced in Eq. (1.3). For a homogeneous
dipolar Bose gas to be stable against local collapses, the scattering length has to be
positive, a;, > 0. The relative strength between the repulsive short-range and the
dipole-dipole interactions plays a crucial role in determining the properties of the

system. It is defined with the parameter,

€ad = Caa/3g = aud/as, (1.7)

where Cyqq = pod® for magnetic dipoles and d?/e, for electric dipoles and agq =

Cyam/3h%a is called the dipolar length. For ey < 1, the dipolar interaction is weak
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Figure 1.3: Quantum degenerate dipolar Fermi gas. (a) Single-shot time-of-flight ab-
sorption image at t = 6 ms. (b) Average of six images. Integrated density versus p(c)
and Z (d). The Fermi velocity and temperature are 5.6(2) mm/s and 306(20) nK, respec-
tively, and the gas temperature is 64(16) nK. Reprinted with permission from [92] ©2012,
American Physical Society.

and the isotropic short-range interactions dominate the system; conversely, the dipo-
lar interactions become dominant for €54 > 1.

In the weakly dipole-dominated regime, a stable dipolar BEC is formed. Fig. 1.2
shows the formation of a condensate with magnetic Dy atoms, which was performed
by M Lu et al. in 2011 [91]. In the regime of dominant dipole-dipole interactions,
the partially attractive nature of the interaction leads to system instabilities and the
emergence of dipolar droplets and supersolid phases. We will discuss these topics

extensively in the subsequent sections.

Dipolar Fermi quantum gases

Dipolar interactions induce distinctive phenomena in Fermi gases. The key differ-
ences in the behavior of many-body fermionic systems as compared to bosonic ones
are due to the Pauli exclusion principle, which prohibits identical fermions from oc-
cupying the same quantum state. Consequently, the many-body wave function of a
Fermi gas should be antisymmetric under particle exchange. In second quantization

field operators ¥ (r) and P(r) satisfy the canonical anticommutation relations,

(), ¥ (r)) = ¥@e) ¥ () + P (")) = 5(r - 1),
(W (), ¥ ()} = (P(r), PO} = 0.
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The low-energy scattering of two identical fermions is insensitive to the short-range
part of their interaction and is solely determined by the long-range dipolar part, V.
As a consequence, for polarized Fermi gases, we can remove the contact term from
the equation. (1.6) and the corresponding second-quantized Hamiltonian is given as

follows,

2
H= fdr‘iﬁ(fr)[ - h— + V() — u[P(r)
2m
+% f Prdr V)Y (r)Vur - r)PE) o), (1.8)

where Vy4(7) is given by eq (1.3).
Many-body systems of ideal fermions follow the Fermi-Dirac distribution at a

low temperature T, and the average number of fermions in a quantum state is given

by, .
") = xple — kT + 1 1

where ¢ is the energy of the quantum state i, u is the chemical potential that depends

on T and fixes the total number of particles, N = }}; n(¢), and kg is the Boltzmann
constant. The ground state corresponds to all quantum states with ¢ < u(T = 0) = e
being completely occupied, n(g) = 1, and the states with ¢ > € are empty. The
energy €g is called the Fermi energy. The ground state of an ideal homogeneous
Fermi gas corresponds to a Fermi sphere.

While non-dipolar fermions are typically non-interacting, dipolar fermions ex-
hibit significant interparticle interactions, offering a unique platform to investigate
novel physical phenomena arising from the interplay of the Fermi statistics and dipo-
lar interactions. The first quantum degenerate dipolar Fermi gas was realized with
magnetic '®'Dy atoms by Lu et al. [92]. Fig. 1.3 shows the time-of-flight absorp-
tion images of a degenerate dipolar Fermi gas from this experiment. One of the
significant effects of dipolar interactions in a degenerate Fermi gas is the deforma-
tion of the Fermi surface. In contrast to the spherical Fermi surface observed in
non-dipolar Fermi gases, anisotropic dipolar interactions induce a deformation in
the Fermi surface. Due to the maximum attraction of the dipole-dipole interactions
in the dipole alignment direction, the Fermi surface is elongated and takes an el-
lipsoidal shape. This has been observed by Aikawa et al. in an experiment with
magnetic Er atoms [99]. Another interesting feature of dipolar Fermi gases is that
Bardeen—Cooper—Schriefer (BCS) pairing becomes possible at sufficiently low tem-
peratures due to the partially attractive character of the dipolar interaction and leads
to anisotropic superfluidity [100, 101]. Dipolar Fermi gases provide a versatile plat-

form for investigating a range of emergent phenomena, including novel Fermi liquids
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[92, 102], interlayer superfluid [103, 104], and topological phases [105].

Diverse platforms for dipolar quantum gases

Dipolar quantum gases offer a versatile experimental platform for investigating a
wide array of novel many-body phenomena. Confining dipolar atoms in optical lat-
tices enables the exploration of exotic quantum phases. The significant intersite inter-
actions arising from the long-range dipolar character, which are typically exponen-
tially suppressed in non-dipolar gases, become prominent here. Experiments with
dipolar Erbium atoms have realized an Extended Bose-Hubbard model, allowing for
the study of how dipolar interactions influence the conventional superfluid-Mott in-
sulator transition [106]. More recently, dipolar quantum solids exhibiting stripe and
checkerboard density patterns have been observed with dipolar atoms in optical lat-
tices [73].

When dipolar atoms possess spin degrees of freedom, such as spin-3 Chromium
(Cr) atoms in lattices, they become powerful tools for exploring quantum magnetism
[107-110]. These systems have also been utilized to study the dynamics of large spin
models [111] and to measure bipartite spin correlations [112].

BECs formed with Chromium and Europium atoms have been instrumental in
exploring spinor physics [113], and have also successfully realized the Einstein-de
Haas Effect [114] in dipolar condensates.

Low-dimensional dipolar quantum gases provide unique insights into strongly
correlated systems [115]. For instance, one-dimensional dipolar gases have been
used to implement Newton’s cradle and investigate quantum thermalization [116].
Furthermore, a one-dimensional super-Tonks-Girardeau gas of Dysprosium atoms fa-
cilitated topological pumping, leading to the creation of increasingly excited prether-
mal states [117]. Beyond these, the signature of supersolidity has been observed in
an experiment with driven dipolar gas [118]. Overall, these diverse investigations un-
derscore that dipolar quantum gases are at the forefront of realizing a wide spectrum
of weakly and strongly correlated phenomena in quantum many-body physics.

Among these various platforms of dipolar quantum gases, in this thesis, we have

focused on the physics of dipolar Bose-Einstein condensates.

1.5 Dipolar Bose-Einstein Condensates

In this section, we will review Bose-Einstein condensates and subsequently discuss

how dipole-dipole interactions influence BEC.
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1.5.1 Bose-Einstein condensates

The origin of the theory of BEC goes back 100 years to the work of S.N. Bose,
where he introduced a statistical method for deriving Planck’s black-body radiation
formula [119]. The concept was to treat the electromagnetic waves of the black-body
as a gas of identical particles, and the mysterious light quanta introduced by Planck
in 1900 could be thought of as particles of light, now known as ’photons’. Einstein
generalized this idea to an ideal gas of massive particles [120], and predicted that a
macroscopic number of bosons would occupy a single quantum state, giving rise to

a new state of matter known as the Bose-Einstein condensate.

Ideal Bose gas

Unlike the classical gas or Fermi gas, an ideal Bose gas can undergo a thermody-
namic phase transition, driven by the particle statistics and not their interactions.
Many-body systems of ideal bosons follow the Bose-Einstein statistics; the average

number of bosons in a quantum state at temperature T is given by [25, 121],

1

. 1.10
expl(e — @) /ksT1 — 1 (110

n(e) =

We consider an ideal gas of N bosons occupying a volume V in a grand canonical
ensemble, i.e., the system can exchange particles with a reservoir maintaining a fixed
chemical potential . From eq.(1.10), u should be negative and it can reach a max-
imum value of 0. The total number of particles is given by N = > _n(e). In the
thermodynamic limit, N — oo,V — oo, the energy levels become continuum, the

density n = N/V is constant and can be written as,

n — 1g(cs)de, (1.11)

N f 1
4 expl(e —u)/ksT]
where g(e€) is the density of state for a three-dimensional homogeneous system,

m3/2

V2n2h3

While maintaining the density constant, if the temperature is reduced, i increases and

gle)=V Ve. (1.12)

eventually becomes zero at a critical temperature 7. Putting u = 0 and € = /#°k*/2m

in (1.11), we obtain,

N (mkgT ) (™ +x Iy = 3 (kaTC)3/2 :2612(kaT°

3/2
v 27h2 27h2 ) » (1.13)

Vo o Jo 1777
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where x = €/kgT, {(x) is the Riemann zeta function. The critical temperature for

BEC is given by,

2% n \*3
(2.612) ’

Below the critical temperature, the chemical potential u becomes zero, and the num-

(1.14)

.=
kBm

ber of particles in the lowest energy quantum state can be infinite. A non-zero frac-
tion of the bosons condenses into the lowest energy state with € = 0. For T < T,
the transition from the discrete sum to the continuous integral is only applicable for
particles having positive energy, i.e., € > 0, since the particles with € = 0 cannot
contribute to the integral in eq. (1.13). We have to consider other excited states in
addition to the lowest energy state, n = ny + n.,. So for T < T,, the density of the

particles can be written as follows,

fn T\
el ) . (1.15)

- 2.612(
n ny + 27‘(7712

The particle density can be divided into condensate (ny) and non-condensate (7,,)

parts. The condensate fraction is defined as,

1o T 3/2
- (—) . 1.16
" T (1.16)
BEC occurs as the de Broglie waves of bosons begin to overlap, i.e., when the quan-
tum degeneracy sets in. The thermal de Broglie length (14, = h/ V2nMkgT) char-
acterizes the spatial extension of a wave packet of an individual boson. Substituting

this in eq. (1.13) we obtain,
nd = £(3/2) ~2.612 (1.17)

at T = T.. The thermal de Broglie length at the critical temperature is of the order of
the average interparticle distance n~'/. The quantity na} is called the *phase-space

density’.

Weakly interacting BEC

Almost 70 years after its prediction, BEC was experimentally achieved in dilute al-
kali metal atomic gases by three independent research groups. Eric Cornell and Carl
Wieman at JILA demonstrated a BEC with Rubidium (¥’Rb) atoms [7], Wolfgang
Ketterle achieved a BEC at MIT using sodium (**Na) atoms [8], and Randall Hulet’s
group at Rice University created a BEC with Lithium ("Li) atoms [9]. In contrast to
the simplified model of an ideal Bose gas, wherein interparticle interactions are ab-

sent, these experimentally realized systems are governed by substantial interatomic
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interactions.These interactions can be strongly repulsive at short distances, and also
at large interatomic distances, where there is an attractive van der Waals force be-
tween the atoms. These can lead to the atoms binding strongly together into atomic
clusters due to three-body collisions, in which one pair of atoms can form a bound
state, while the excess kinetic energy is carried off by the third atom. However, in di-
lute gases, the rate of three-body collisions is substantially suppressed, allowing for
reasonably long observation times in experiments. When the range of the interatomic
forces (ry) is significantly smaller compared to the average distance between particles
(d = n"'?), i.e., ry << d, we can consider only pairwise interactions among parti-
cles, and simultaneous interactions involving three or more particles can be safely
disregarded. The prevalent two-body interactions in such dilute atomic gases can be
effectively modeled using s-wave scattering theory. Since the interactions only act
on a very short length scale compared to typical interparticle separations, the pair

interaction can be approximated by a Dirac delta function [25]:
V(ry — 1) = gé(ry —72), (1.18)

g is characterized by the two-body s-wave scattering length ay,

Anta,
g= 4 (1.19)

m

The contact interaction can be tuned by varying the scattering length (ay), which can

be positive or negative depending on Feshbach resonances [122—124].

Gross-Pitaevskii equation

In a BEC comprising N atoms, the system involves numerous two-body interactions
and is described by a full many-body Hamiltonian. However, it is difficult to solve
the N-body problem, and the problem is often reduced to an effective single-particle
description using the mean-field approach, commonly known as the Hartree-Fock
approximation. In this framework, the many-body wavefunction ¥ is expressed as
a product of identical single-particle states ¢ of N bosons, replacing the detailed
interactions with an average potential experienced by each atom. For the mean-field
approach to be valid, the system must contain a large number of particles (N >> 1)
and the interactions must be dominated by low-energy scattering. As introduced

in the previous section, N interacting bosons can be described using the following
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many-body Hartree-Fock Hamiltonian,
. . 72 .
A = f dr¥’ (r)[ -— 4 VT(T)]‘P(T)
2m
1 . . A
+3 f Erdr ¥V ()P (r)V(r — r)PE )P (). (1.20)

The basic idea of the mean-field approach is to separate the condensate contribution
from the bosonic field operator. It was introduced by Bogoliubov in 1947 [125] and is
known as the Bogoliubov approximation. It is equivalent to treating the macroscopic

component of the field operator as a classical field,
P(r, 1) = y(r, 1)+ 6¥(r, 1), (1.21)

where ¥(r, 1) is the expectation value of the field operator (< ‘i‘(r, ) >), known as
the order parameter or the macroscopic wave function of the condensate and 8¥(r, 1)
describes the non-condensate part. One can neglect the non-condensed component in
dilute Bose gases at very low temperatures, and the field operator coincides exactly
with the classical field .

First, we write down the time evolution of the field operator using the Heisenberg

equation,
ih—¥(r,t) = [Y(r,1),H] = | — —V* + V(1)
ot 2m

f Y Hve - )P, 0 |P(r, 0. (1.22)

In the case of dilute gases, only two-body collisions at a low energy scale are relevant,
and the interatomic potential is replaced by an effective delta function potential as
in Eq. (1.19). Replacing the field operator ¥ with its classical counterpart ¢ and
neglecting the ¥ terms we obtain,

2
ihﬁtﬁ(r, H=|- h—v2 + Vi(r) + gly(r, O [y(r, o). (1.23)
ot 2m

This equation is known as the Gross-Pitaevskii equation (GPE) [126—128]. The GPE
is valid in the regime when the s-wave scattering length (a;) is much smaller than the
average distance between the atoms and the total number of atoms in the condensate
is much larger than one (N >> 1). For a dilute Bose gas with repulsive interactions,
the GPE is asymptotically exact in the limit of N — oo0,a;, — 0 with Na, kept
constant [129].

Now, we turn our attention to the discussion of BEC with dipolar interactions.
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Ficure 1.4: BEC of dipolar NaCs molecules. Absorption images of a thermal cloud
(left), a partially condensed cloud (middle), and a quasi-pure BEC (right) after 17 ms of
time-of-flight expansion. All the images are an average of 20 individual pictures. The
figure was ’Reproduced with permission from Springer Nature’ from [130].

Initially, BECs were achieved with alkali atoms, which have very small dipole mo-
ments to observe the effects of dipole-dipole interactions, e.g., the ¥’Rb atom has a
dipole moment of 1up. In contrast, strong dipolar effects in BEC have been observed
since the realization of BEC with Cr atoms[88]. Cr has a dipole moment of 6ug,
and the dipole-dipole interaction is 36 times stronger compared to Rb. Later, BECs
have been achieved with strong dipolar atoms of Dy [91], Er [89], and Europium
(Eu) [131]. Recently, BEC with dipolar molecules has been realized by Sebastian
Will’s group at Columbia [130]. Fig. 1.4 shows the absorption image of a dipolar
condensate with NaCs molecules from this experiment. Due to its long-range and
anisotropic characteristics, dipole-dipole interactions introduce novel phenomena in

the field of condensates.

1.5.2 Nonlocal Gross-Pitaevskii equation

As introduced earlier, the interaction between two dipolar bosons is described through

the pseudopotential,

Arh’a, Cqa 1 —3cos?6
Sy 4 42T 208 T
() 4

Vi — 1) = : (1.24)

m r3
where a; is the s-wave scattering length and agq = Cgqm/3h* characterizes the dipolar
scattering length, for magnetic dipoles aqq = muod*/12nh>. The ratio of the dipolar
and short-range scattering interaction is estimated through €34 = aqq/a;. This ex-
pression for the potential results from the first-order Born approximation applied to
a molecular potential of the dipole-dipole type dominating at long distance, plus a
van der Waals potential dominating at short range. In principle, the s-wave scatter-
ing length may have a dependence on the dipolar interaction, a; = a,(d), particu-

larly for strong dipolar interactions and near shape resonances [98, 132—134]. The
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most magnetic atom, Dy, shows a small correction to the a, value [135], and the
pseudopotential remains valid for weak dipolar interactions. Within the mean-field
approximation, at a very low temperature, the GPE in Eq. (1.23) is modified to the

following:

'ha f = th2 1% | HI?
l&‘ﬁ(ﬂ) - _% + T(,r)+gw(ra)

1 —3cos?6
Cud dr'y*(r’, t)—COS

; ' Hly(r,n.  (1.25)
T

lr—r3
In the absence of dipolar interactions, the nonlinearity is local, given by gly/(r)[?, and
hence similar to that found in Kerr media in nonlinear optics. On the contrary, the
long-range dipolar interaction introduces a non-local non-linearity. Interestingly, this
links the physics of dipolar condensates with other nonlocal nonlinear systems, such

as plasmas [136] and nematic liquid crystals [137].

Magnetostriction

In a nondipolar Bose gas, the shape of the condensate follows the geometry of the
external harmonic trap. In contradiction, a dipolar gas behaves differently and tends
to elongate along the dipole polarization axis. In a magnetic dipolar gas, the polar-
ization direction is determined by an external magnetic field, and the interaction is
maximally attractive along the same direction. Due to its attractive characteristics,
the condensate is elongated along the dipolar axis. This effect is known as magne-
tostriction, and for an electric field, the effects are called electrostrictive effects.

In the Thomas-Fermi approximation, where kinetic energy is negligible in Eq.
(1.23), the density of a nondipolar BEC takes an inverted parabolic shape. It’s called
the Thomas-Fermi (TF) radius and scales inversely with the trap frequencies, R;
1/w;,i = x,y,z. In the case of a dipolar BEC, it retains the parabolic shape in the
TF limit; however, the aspect ratio no longer reflects the aspect ratio of the trap [138,
139]. Experimentally, the phenomenon of magnetostriction was observed in a freely
expanding BEC of Cr atoms [140].

Bogoliubov excitation spectrum

In the presence of the dipolar interactions, the excitation spectrum of a uniform 3D
dBEC is given by [13, 36]:

h2k? [ h?k?
hw(k) = \/—[— +2gno(1 + €39(3 cos? G, — 1)) |, (1.26)

2m | 2m
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Ficure 1.5: Roton Minima of a dipolar BEC. Excitation spectra for €39 < 1 and €44 > 1
for an Erbium dipolar BEC, axially elongated along y and the atomic dipoles point along
z. Reprinted with permission from [141] ©2019, American Physical Society.

where ng is the density of the condensate, 6; is the angle between the direction
of excitation propagation and the dipole polarization. The dipolar contribution is
simply given by the Fourier transform of the dipole-dipole interactions, defined as
Va(k) = %(3 cos? B, — 1), and yields an anomalous momentum dependence in the
dispersion relation. For a contact-intearcting gas, in the limit of k — 0, the sound ve-

locity is given by ¢y = /gno/m, and in the presence of dipolar interactions it acquires

an direction dependence, c(6;) = co /1 + €1a(3 cos? 6; — 1). Excitations propagating
along the dipoles’ direction (6; = 0) have the highest sound velocity, whereas those
propagating perpendicular to the plane (6, = 7/2) have the lowest velocity. The exci-
tation spectra of a harmonically-trapped dBEC in the weak dipolar regime (€39 < 1)
have been experimentally probed using the standard two-photon Bragg spectroscopy
method [39, 141]. The left panel of Fig. 1.5 shows the linear phonon-like spectra for
a BEC with dipolar Er atoms.

For €34 > 1, phonons (k — 0) acquire imaginary frequencies, and the homoge-
neous 3D dipolar BEC is dynamically unstable. This is the so-called phonon insta-

bility, which leads to the collapse of the homogeneous system.

1.5.3 Roton minima

The dispersion relation in a harmonically-trapped dipolar BEC may become non-
monotonous due to the momentum-dependence of the dipole-dipole interaction. Strik-
ingly, in between the phonon dispersion (~ k) at low k and the free particle spectrum
(~ k?) at high momenta, the dispersion reaches a local minimum at a finite k, known
as the Roton minima. Roton excitation was first observed in superfluid Helium [142,

143], where it originates due to the strong interparticle interactions. Although the
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physics behind the roton is different in dBEC, since the minimum resembles the dis-
persion minimum found in helium, it’s called the rofon-like minimum.

The existence of roton minima in dBECs was theoretically predicted in semi-
infinite trapping geometries, specifically systems confined along one [144] or two
spatial directions while remaining unconfined in others [145]. The roton minimum
arises due to the attractive nature of Vyy(k) at large k. In these semi-infinite geome-
tries, the confinement limits the attractive contribution of the dipolar interactions.
The attractive contribution dominates over the repulsive part when the momentum
(along an unconfined direction) exceeds the inverse of the characteristic confinement
length, ;. Thus, for excitations along the unconfined direction, k < 1//, yields
Vaa(k) > 0 and for k > 1/1,, Vaa(k) < 0. Consequently, the dipolar interaction
stiffens the dispersion relation in the phononic regime but bends it downwards at
large k. Since the kinetic term dominates at very high k, the effect of Vy4(k) < O
1s maximum at k ~ 1//, and for appropriate s-wave scattering interactions the ro-
ton minimum forms at ko, ~ 1/l;,. Experimentally, roton minima in dipolar Erbium
atoms have been probed through investigations of instability dynamics or by utilizing
Bragg spectroscopy [38, 141]. Fig. 1.5 shows the roton-minimum in a cigar-shaped
trap geometry with the dipoles aligned along a tightly confining direction [141]. Re-
cent experiments have realized roton excitations by a direct analysis of the in-situ
density fluctuations in Dy BECs [146, 147]. Theoretical study has also explored the
roton minima in a dipolar gas with tilted dipoles in a pancake-shaped trap [148].

A BEC, while stable in the phonon regime at low wavevectors, can exhibit insta-
bility at finite momenta. This occurs when the roton-like minimum in the excitation
spectrum approaches zero energy, a phenomenon termed roton instability. The pres-
ence of such dynamical instability at finite momentum indicates that the system is
prone to developing a density modulation with a finite wavelength, inversely related
to the roton momentum. This instability mechanism is crucial, as it provides a path-
way for the formation of density-modulated states and, ultimately, supersolids. A
stable roton in dipolar condensates can be probed via Faraday patterns, and in par-
ticular, a roton minimum causes the wave number of the transient pattern created by
periodic driving to be close to the inverse of the roton momentum [149, 150]. The
latter leads to the predominant excitation of higher harmonics at low driving frequen-
cies. Additionally, angular rotons are predicted in dipolar BECs, which may lead to

the formation of unique biconcave, blood shell-shaped condensates [151].
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1.5.4 Beyond mean-field: LHY corrections

In dBEC:s, the attractive component of the dipole-dipole interaction can lead to in-
stability when it dominates over repulsive short-range interactions. Within the mean-
field approximation, this manifests as a collapse of the condensate, signaled by a
divergence in density (n — oo) and thus in energy in the many-body ground state.
This occurs due to the breakdown of the mean-field theory in the high-density
regime, where quantum fluctuations present in the system become important. These
quantum fluctuations come from the fluctuations of the vacuum of the excitations.
Due to strong interactions between particles, quantum fluctuations yield corrections
to the population of the BEC mode known as the quantum depletion, as well as
corrections in the energy. Considering the population in the excited states (i.e.,
k # 0), the zero-point energy of the Bogoliubov quasiparticles shifts the ground
state energy compared to the mean-field one. For a non-dipolar weakly interacting
BEC, it was first calculated by Lee, Huang, and Yang [152, 153]. In the case of
a homogenzeous repulsive Bose gas, the correction to the energy reads [154, 155],
g Ny 128

= Z———1/nal, where N, is the number of atoms in the BEC of volume
22V 15+/r

V and n 1s the density. This correction is the first-order correction to the mean-field,
known as the LHY correction term. The presence of the dipolar interactions modifies
the elementary excitation spectrum and hence the zero-point energy. For the dipolar
BEC, this correction term is obtained as follows [156—158]:

2nh*an® 128 [nal
AE=V—m78F—o«— g 1.27
Vv 7 15 o Qs(€4a)s (1.27)

where the function Qs(eyq) = foﬂ 18in 0dO[1 + €44(3 cos? §—1)1>2. For a more detailed
derivation, see Appendix A. The function Qs becomes imaginary at some angles for
€q > 1, hence the energy. However, if the imaginary part is very small compared to

the real part, one can ignore it and use Eq. (1.27). The correction to the chemical

OAE
OAN*

The effect of three-body collisions has been ignored here, which can drive the

potential is given by Ay =

system into a solid configuration. However, experimental verification has proved the
existence of the quantum gas phase and its long lifetime for systematic measurements

of many relevant physical quantities.

Generalized Gross-Pitaevskii equation

The correction to the chemical potential due to the quantum fluctuations gives access
to study the beyond-mean-field physics of the dipolar condensates. Within the local
density approximation, which assumes that the density varies sufficiently slowly to
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be calculated locally, for a given density n, the correction to the chemical potential is

given by,

32gn(r, 0% [
Au(r, 1) = % \/gas@dd). (1.28)

Adding this to the NLGPE (2.10), we obtain the following generalized Gross-Pitaevskii
equation (gGPE),

'hﬁ( 1) = —h—2V2+V()+ W (r, 1))
’az‘”’ =~ 5. T(r) + gly(r,

_ 2
Ca (g 23 O b A b wr ), (1.29)
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This beyond mean-field equation is also known as the Extended Gross-Pitaevskii
equation in the literature and plays a key role in studying the dipolar quantum droplets

and supersolids.

1.5.5 Quantum droplets

One of the key consequences of physics beyond mean-field (BMF) approximation
is the emergence of quantum droplets. While the attractive mean-field interactions
can drive a condensate towards collapse, the LHY correction term provides an ad-
ditional repulsive potential, which acts as an effective higher-order (in 3D, effective
5/2-body interaction) interaction term in the GPE. This leads to a stabilization mech-
anism, even in the absence of an external trap. By competing MF attraction and the
BMF repulsion, the equilibrium between these two forces gives rise to a high-density
liquid-like state.

This stabilization mechanism has a similarity with classical liquid states. In or-
dinary liquids, long-range attractive forces, such as van der Waals or covalent in-
teractions, are balanced by a short-range repulsive core due to Pauli exclusion and
electromagnetic interactions. This stabilises the liquid at a large density at which the
repulsion becomes effective. Analogously, the stabilisation resulting from compet-
ing MF and BMF effects in strongly dipolar gases results in a liquid state, termed
as quantum droplet. Quantum droplets are self-bound states, such as atomic nuclei
[159] and helium droplets [160].

Quantum droplets were first predicted in Bose-Bose mixtures, by Petrov [161],
where the stabilization mechanism is in between repulsive intra- and attractive inter-
species interactions [162, 163]. In dipolar gases, the scattering length (ags) can be
tuned via Feschbach resonances, leading to the strongly dipolar-interacting regime,

where the repulsive LHY interactions manifest in the formation of the droplets.
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Ficure 1.6: Observation of dipolar quantum droplets. (a) Schematic of the experimen-
tal procedure. Preparation of a strongly dipolar BEC of Dy atoms in a pancake-shaped
trap and reducing the scattering length. (b) Droplet patterns observed through the in situ
imaging method. The figure was 'Reproduced with permission from Springer Nature’

from [70].
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These droplets are denser than the MF-stable gaseous BEC, but remain significantly
more dilute than classical liquids. The droplets are elongated along the dipole di-
rection, due to the magnetostriction effect discussed above. The first experimental
observation of droplets was realized with dipolar Dy atoms [40, 70]. Fig. 1.6 dis-
plays the formation of quantum droplets in a triangular pattern. Following that, there
have been several theoretical works [164—167] on quantum droplets in dipolar BECs.
Experiments have also studied collective modes and compressional characteristics of
droplets with Er atoms [168].

The self-bound nature of the droplets draws a similarity with the bright solitons in
a BEC [169]. Solitons, a hallmark of nonlinear theories, are localized wave packets
that propagate without distortion due to a precise balance between nonlinearity and
dispersion within their medium. In a non-dipolar BEC, a stable bright soliton is
formed only in 1D [170] and is not possible to form in 2D or 3D due to the collapse
of the BEC. But, in the presence of dipolar interactions, the existence of a stable 2D
bright soliton was predicted [171-173]. A stable 3D soliton was also predicted in a
Rydberg-dressed BEC [174].

Although both solitons and droplets are self-bound phases, the distinction arises
from the stabilization mechanism. Bright solitons are stabilized by dispersive ef-
fects—originating from single-particle kinetic energy—along the unconfined spatial
direction. In contrast, quantum droplets are stabilized by a repulsive force originat-
ing from quantum fluctuations, a phenomenon with a quantum many-body origin.
The beyond-mean-field LHY corrections are crucial for the existence of a droplet.
Furthermore, solitons typically exhibit a Gaussian density profile, whereas droplets
display a flat-top, liquid-like shape. Interestingly, in quasi-one-dimensional (Q1D)
geometries, the nature of quantum fluctuations can change, leading to a transition
between droplet and soliton phases [175]. A smooth transition from bright solitons
to quantum droplets has also been predicted in a gas of Bose-Bose mixture [176].

Notably, the coherence properties of the droplets have also been investigated,
revealing that while individual droplets are phase-coherent, a collection of droplets
can be either incoherent or, under certain conditions, form a phase-coherent state,

leading to the formation of supersolids.

1.6  Supersolids

Supersolid is a counterintuitive phase of matter, which simultaneously features the
contradictory properties of a superfluid’s perfect flow and of a solid’s rigid, crys-

talline structure [177]. Imagine a jar of jelly where the contents might exist either as
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a liquid or in a crystalline state. A hypothetical supersolid jelly would, counterintu-
itively, exhibit a quantum mechanical superposition of both phases. To understand
the definition of a supersolid, we briefly summarize the properties of a solid and a

superfluid.

Order in a solid

In a crystalline solid, atoms or molecules are arranged in a regular, ordered structure,
with each constituent occupying a specific site on a periodic lattice. Let the local
particle density forming the crystal be denoted by p(r). For a macroscopic crystal of
volume V, the spatially averaged density is given by p = f d’*rp(r). The deviation
of the local density from its average is given by dp(r) = p(r) — p. In systems that
preserve translational symmetry, such as gases or liquids, the local density is uniform
throughout space, implying p(r) = p and dp(r) = 0. But, in a crystal, the translational
invariance is broken and dp(r) doesn’t vanish, and ordering is expressed as follows:

Sp(r) = Sp(r + R). (1.30)

This holds for any vector R connecting any two lattice sites of the crystal. The con-
dition in Eq. (1.30) holds for a macroscopic sample, indicating a long-range order
(LRO) in density. Broken translation invariance has the immediate macroscopic con-
sequence of imparting to the system the well-known property of resistance to shear,
which a fluid does not possess. It is important to note that Eq. (1.30) occurs in a
solid spontaneously, exclusively as a result of interactions among elementary con-
stituents. Such a spontaneous breaking of translation symmetry is an integral part of

the definition of a supersolid.

Order in a superfluid

Superfluidity, the ability of quantum fluids to flow without friction, is one of the
most spectacular phenomena occurring in quantum many-body systems. It was first
discovered in Helium-4 by Kapitza [178] and independently by Allen and Misener
[179]in 1937. Soon after that, Tisza introduced a phenomenological two-fluid model
[180] that provides a conceptual basis for understanding superfluidity. It expresses

the local density of the system as comprising two coexisting components:

p(r) = py(r) + py(r). (1.31)

The subscripts denote the superfluid and normal components of the fluid. The su-

perfluid component is non-dissipative and carries no entropy, whereas the normal
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Figure 1.7: Schematic diagram of isolated droplets and supersolids.

component exhibits conventional fluid-like behavior. The superfluid component is
free of entropy and is capable of maintaining perpetual flow, while the normal com-
ponent experiences dissipation similar to ordinary fluids. The onset of superfluidity
is captured through the increase in the superfluid fraction of the system, which is
defined as f; = p,/p. In a translationally invariant system, p,(T = 0) = p and the
superfluid fraction becomes unity, f; = 1 as T— 0. The superfluid fraction can be
measured through the superfluid response of a system to a small perturbation.

In three-dimensional systems, superfluidity is intrinsically linked to condensation

[181]. One can define the one-particle density matrix for a BEC as follows:

n(r,r’) = (G @OP(r)) . (1.32)

Here /(r)(/(r)) is the field operator that annihilates (creates) a particle at position
r. In a Bose condensed system, the individual bosons overlap, and the particle at r
becomes indistinguishable from a particle at r’. As a result, n(r,r’) doesn’t vanish
over a long distance |r— 1’|, n(r) — ng as r — oo, where n is the condensate fraction,
corresponding to the macroscopic occupation of the zero-momentum state. This per-
sistence of coherence across long distances defines the off-diagonal long-range order
(ODLRO). ODLRO indicates that the quantum state of the system remains unper-

turbed if a particle is removed from the system at r’ and added to it at r.
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Order in a supersolid

The supersolid is defined as a phase of matter in which both the LRO and ODLRO
spontaneously occur and exist simultaneously. In such a phase, the superfluid compo-
nent retains its characteristic ODLRO even within a periodic crystal structure. How-
ever, due to the broken translational symmetry introduced by the crystalline lattice,
the superfluid fraction is reduced from unity, even when T— 0.

The concept of supersolidity was first proposed in the context of solid helium in
the 1960s [182, 183], with theoretical predictions suggesting that quantum crystals
with defects could exhibit superfluid-like behavior at low temperatures [184—186].
The search for supersolidity in helium [187, 188] is still going on, but the first ex-
perimental realizations of supersolids have been achieved in ultracold quantum gases
[189, 190], where a superfluid becomes solid. In 2019, dipolar Bose gases provided
a major breakthrough, with three experimental groups reporting on the evidence of
supersolidity with highly magnetic Dy and Er atoms [41, 71, 72]. In dipolar BEC, the
formation of supersolidity is linked to the presence of roton-like minima at a finite
momentum (ko). Softening of the roton minima can trigger an instability towards a
modulated state characterized by a structure with a period o k.

An essential role in stabilizing this modulated state is played by quantum fluctu-
ations, incorporated through the Lee-Huang-Yang (LHY) correction. By tuning the
s-wave scattering length starting from a stable BEC, one can drive the system into
a regime where the dipolar interaction dominates (44 > 1), and the repulsive quan-
tum fluctuations prevent collapse. Appropriate geometries of the external harmonic
confinements can trigger the roton instability in this regime, leading to the supersolid
state [41, 71, 72, 191-193]. The emergence of supersolids is observed for a very
narrow range of €44. As €4 increases, coherence between droplets is lost, resulting in
an incoherent droplet array. Fig. 1.7 shows a schematic diagram of supersolids and
incoherent droplet arrays.

Experimentally, the supersolid state is identified by two primary signatures: The
occurrence of modulated patterns is observed in gas absorption images, either in situ
or in time-of-flight (TOF) images. The global phase coherence is confirmed from
the stable, high-contrast interference pattern in time-of-flight images, differentiating
supersolids from an incoherent array of droplets. Fig. 1.8 shows the evolution from
in situ density distribution to time-of-flight interference of the phase-coherent droplet
regime in a dipolar gas of Dy atoms [72]. The formation of multiple droplets from an
initially single droplet configuration can be understood energetically: the anisotropic
nature of dipole-dipole interactions imposes a preferred geometry, and fragmentation
into multiple droplets can be energetically favorable when compressed along the long

axis due to anisotropic repulsion.
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Ficure 1.8: Dipolar supersolids of Dysprosium atoms. Evolution from in situ den-
sity distribution to time-of-flight interference. The left-hand side shows an exemplary in
situ image together with the integrated density distribution for the phase-coherent droplet
regime, revealing a clear density modulation. The right-hand side demonstrates the ex-
pansion dynamics for different times of flight. The figure is reprinted from [41] under the
Creative Commons Attribution 4.0 International license.

Signatures of supersolidity can also be obtained from the different dynamical
properties of supersolids, e.g., sound propagation or response to an external rotation.
Supersolids exhibit two distinct types of low-energy excitations: phonon modes asso-
ciated with the coherent phase of the superfluid, and lattice vibrations corresponding
to the crystalline structure. Those two kinds of sound waves are manifestations of the
two spontaneously broken symmetries: global U(1) phase symmetry and continuous
translational symmetry, respectively. Each broken continuous symmetry gives rise to
a corresponding Nambu—Goldstone mode. Several theoretical and experimental stud-
ies have investigated these two branches in a dipolar supersolid [194—198] as well as
probed the lowest-lying Goldstone mode [199]. Analogous phenomena are found
in other areas of physics, for example, in condensed matter physics, magnons are
excitations that emerge in ferromagnets below the Curie point when a spontaneous
magnetization breaks rotational symmetry. In high-energy physics, the spontaneous
breaking of chiral symmetry is linked to the emergence of pions as collective excita-
tions.

The formation of density modulation in supersolids hinders the superfluid flow
along that direction, resulting in reduced superfluidity. Experimental measurements
have demonstrated this reduced superfluidity based on the non-classical moment of
inertia [200]. When a bucket of water is rotated, the water rotates with the vessel,
contributing to the total moment of inertia. An ideal superfluid would completely
decouple from a rotating container and exhibit zero moment of inertia, while a su-
persolid would only partially decouple. The resulting moment of inertia is smaller
than the classical value but greater than zero. From the measured moment of inertia,
the superfluid fraction comes out to be a finite value between zero and one, provid-

ing direct evidence of the superfluid nature of the dipolar supersolid. The reduced
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superfluid fraction in a supersolid has also been measured using the Josephson effect
[201].

While initial experiments primarily observed one-dimensional supersolid arrays,
subsequent work has demonstrated the formation of two-dimensional structures [202—
206]. Modifying the external harmonic trap geometry, recent experiments have ob-
served the supersolid with linear as well as zig-zag [204] and hexagonal crystal
structures [205]. In this thesis, we will explore the emergence of novel supersolid
structures, not observed before in dipolar condensates.

Another very important feature of superfluidity can be proven from the existence
of quantized vortices in rotating supersolids. In the following section, we discuss the

theory of quantized vortices in detail.

1.7 Quantized Vortices

Vortex is fundamentally a region within a fluid characterized by a circulating or ro-
tating flow, often manifesting as a hollow or circular structure. Everyday examples
of vortices include the swirling water draining from the sink of a bathtub, water-
spouts induced by strong winds over the sea, and atmospheric phenomena such as
dust devils, tornadoes, hurricanes, and cyclones. In classical fluids like water and
air, their flow is not frictionless, and vortices can be generated by perturbations, e.g.,
by the turbulent flow near an obstacle or by a temperature gradient. In contrast, in
an ideal, frictionless fluid, vortices cannot terminate within the fluid medium: they
either form a closed loop, or they start and end at the surface or at the container wall.
This principle is particularly relevant for superfluids, where vortex lines can thus be
generated only at the surface, or they nucleate as vortex rings inside the fluid, and
they can disappear only through the surface or when a vortex loop shrinks to a point.

The study of vortices has been an active area of research for more than a century.
The late 19th century marked a classical period in vortex dynamics, revealing signif-
icant characteristics such as the propagation of Kelvin waves along isolated vortex
lines. Onsager (1949) [207] and Feynman (1955) [208] discovered an array of vortex
lines with quantised circulation that thread the rotating superfluids. With this dis-
covery, the age of quantum vortices began. Here, in this section, we briefly review
the background theory of quantized vortices and discuss the properties of vortices in

dipolar condensates and dipolar supersolids.
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1.7.1 Hydrodynamic theory of vortices

Understanding the behavior of vortices often benefits from a foundation in hydrody-
namic theory, since many notable features of vortices have a hydrodynamic origin.
We begin with a brief review of the hydrodynamic theory of vortices.

Consider a fluid characterized by its mass density p(r, f), and velocity field v(r, t)
at position r and time ¢. They obey the equation of continuity resulting from the

conservation of mass:

a_p
ot

For an ideal fluid, which is both inviscid and adiabatic (implying no thermal conduc-

+ V(pv) = 0. (1.33)

tion), the evolution of the velocity field is governed by the Euler equation,

dv  0v 1 1
— = +(W.V)v=—-Vp-—V 1.34
o 6t+(v A4 pp mU, (1.34)

where p, U, and m are the pressure, an external potential, and the mass of the con-
stituent particle of the fluid. Since the entropy is conserved, (1/p0)Vp = dw, where w

is the enthalpy per unit mass, the Euler equation can be equivalently expressed as:

dv 0v U
R \ALE —V(w + E)‘ (1.35)

1
Using the identity, (v.V)v = V(Evz) —vX(Vxv), we obtain the fundamental equation
for the ideal fluid:

P 1 U
o yx(Vxv)= —V(—v2+w+—). (1.36)
ot 2 m

For a stationary flow, where dv/dt = 0, the preceding equation simplifies to:
1 U
V5V +w+ =) =0, (1.37)
2 m

This result indicates that the quantity v*/2 +w + % remains constant along a stream-
line, which is a curve whose tangent at any point aligns with the velocity vector at
that point. This leads directly to Bernoulli’s equation:

1

U
—v? + w + — = constant. (1.38)
2 m
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In the specific case of an incompressible fluid where the mass density is constant, we
can write w = p/p in Eq. (1.38), obtaining
1 U
—v2 + P + — = constant. (1.39)
2 o m
The circulation of a fluid along a closed contour C is defined as the line integral of

the velocity along C:
I'= 9€vdr. (1.40)

Applying Stokes’ theorem, the integral is converted into the surface integral over the

area enclosed by C

= fwdS, (1.41)
C

where
w =V XV =rotv (1.42)

is called vorticity. Eq. (1.41) shows that circulation gives the total vorticity of the
enclosed area. Since divw = 0, the vortex can not appear or disappear in the system;

it can only either form a closed loop or terminate at the fluid’s boundary.

1.7.2 Quantized vortices in superfluids

The concept of quantized vortices arises from the fundamental principles of quantum
mechanics applied to macroscopic systems that exhibit superfluidity or supercon-
ductivity, phases of matter characterized by dissipationless flow. In superfluids, this
manifests as zero viscosity, while in superconductors, it corresponds to zero electri-
cal resistance. The existence of a macroscopic wave function in these systems leads
to the quantization of flow.

A superfluid, in particular, can be described by a macroscopic order parameter ¢,
which is a complex-valued wave function. This order parameter can be decomposed

into an amplitude and a phase component:

U(r, 1) = yn(r, e, (1.43)

where n(r, 1) = |y(r, 1) is the superfluid density and ¢(r, 7) is the phase of the order

parameter. The mass density p and the current density j are given by

p(r, 1) = mly(r, 1), (1.44)
2

h h
i, = 2.—(WV$ —yVyT) = p(r,n—Ve(r,1). (1.45)
m m
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The superfluid velocity is defined as the ratio of the current density to the mass den-
sity
h
vi(r, 1) = —V¢(r,1). (1.46)
m

Since the superfluid velocity is the gradient of a scalar function, its rotation vanishes
identically:
V X vy = rotvy = 0. (1.47)

This indicates that a superfluid is inherently irrotational. The quantization arises
from the requirement that the order parameter ¥(r, #) must be single-valued, while
traversing a closed loop around a region in the superfluid, the phase ¢ must return to
its initial value plus an integer multiple of 2xr. Putting the superfluid velocity in Eq.

(1.41), we obtain the quantization of circulation:

L
r=— SEVqﬁdr = kn(n = 0,=1,£2,..), (1.48)
m

where, N
k=—, (1.49)
m

is defined as the quantum of circulation.

A quantized vortex is essentially a singularity (a "hole" or "core") in the super-
fluid, around which the phase winds by an integer multiple of 27. The superfluid
density goes to zero at the core of the vortex, as the phase is undefined there. The
integer n in Eq. (1.48) is referred to as the winding number or charge of the vor-
tex; a vortex with |n| = 1 (2) corresponds to a singly quantized (doubly quantized)
vortex. The quantized vortex features a phase singularity that is characterized by the
topological quantum number n. This discrete nature of circulation, governed by a
topological quantum number n, fundamentally distinguishes quantized vortices from
classical vortices, where I' can vary continuously.

Quantized vortices have been experimentally observed and extensively studied in
various rotating superfluid systems, including *He and “He superfluids, [209-211],
as well as ultracold Bose and Fermi gases [212, 213]. Apart from the superfluid
in the laboratories, the interior matter of neutron stars is hypothesized to exist in a
superfluid state, threaded by quantised vortices due to the star’s rotation [214, 215].
The theoretical framework of quantum vortices provides a compelling explanation

for a rich variety of phenomena observed in pulsars.
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1.7.3 Vortices in Bose-Einstein condensates

There is no unique relationship between BEC and superfluidity; for instance, an
ideal Bose gas can undergo BEC without exhibiting superfluid properties, and a two-
dimensional superfluid may exist without forming a BEC. Nevertheless, in many sce-
narios, BEC and superfluidity occur simultaneously. The manifestation of quantized

vortices under rotation serves as a fundamental signature of superfluidity.

1.7.4 Experimental generation of vortices in BEC

Experimental observations in BECs with short-range interactions have revealed the
emergence of vortices in various forms, including single vortices [216, 217], vortex
lattices [212, 217-219], vortex rings [220], and vortex-antivortex pairs [221]. Vor-

tices can be generated in a condensate in various ways.

e One of the most intuitive and elegant methods involves physically rotating the
external trapping potential of the gas using off-center optical beams [217, 219]

or anisotropic magnetic confinement [222, 223].

e Vortices can be directly "imprinted" onto the condensate by applying a spatially
varying phase to the macroscopic wavefunction using tailored laser fields.
Quantum vortices have been successfully generated using optical imprinting
methods that employ either dynamic beam configurations [216] or static con-

figurations with Laguerre-Gauss beams [224].

e Vortices may be nucleated by the motion of a small perturbation, for instance,
a focused laser beam traversing the superfluid medium [221, 225], or by vigor-
ously shaking the confining potential [226, 227]. If the perturbation exceeds a

critical velocity, the superfluid flow breaks down, leading to vortex formation.

e The introduction of synthetic magnetic fields offers another avenue for gener-
ating vortices. This has been demonstrated [228] by implementing spin-orbit
coupling potentials through the use of two Raman beams that have designated
propagation directions and distinct frequency differences, effectively mimick-

ing the Lorentz force on charged particles.

e Vortices can emerge in a merged condensate through the interference of iso-
lated, phase-independent condensates arranged in a ring. This mechanism,
where the individual phase distributions dictate the final circulation, was first
shown with three BECs [229] and later extended to more condensates [230].
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Experimental Simulated

Ficure 1.9: Observation of vortices in a dipolar BEC. The upper panel shows the
simulated and the bottom panel shows the experimental images in a rotating dipolar
BEC of Dy atoms. In each experimental run, the magnetic field is rotated anticlock-
wise at Q = 0.74w, for different rotation times. The initial condensed atom number is
N = 15,000. The decreasing size of the cloud suggests a decrease in atom number. The
figure is reused from [233] with the permission from F. Ferlaino.

e In systems with reduced dimensionality, such as two-dimensional superfluids,

enhanced thermal fluctuations play a crucial role. The Berezinskii-Kosterlitz-

Thouless (BKT) transition describes a continuous phase transition in two-dimensional

systems, moving from a low-temperature superfluid to a high-temperature nor-
mal gas. As temperature rises, spatial correlations shift from algebraic to ex-
ponential decay. This change is driven by the unbinding of low-energy vortex-
antivortex pairs, leading to a proliferation of free vortices. This phenomenon

has been observed in both continuous [54, 231] and lattice systems [232].

These methods have primarily been explored in Bose gases characterized by
short-range contact interactions. In the following, we focus on the vortex generation
in dipolar condensates, where long-range, anisotropic interactions lead to qualita-

tively new behavior.

1.7.5 Quantized vortices in dipolar condensates

The anisotropic nature of dipolar interaction alters the properties of vortices com-
pared to short-range interacting BECs [234]. Theoretical studies predict new features
in the rotating dipolar gases; the anisotropic nature of dipolar interactions deforms
vortex cores into elliptical or crater-like shapes and can also induce density ripples
around the vortex core [235, 236]. The critical frequency required to nucleate vor-
tices can also be affected by the dipolar interactions [237]; it can be either increased
or decreased depending on the trap geometry, the orientation of the dipoles relative
to the rotation axis, and the interplay with contact interactions. While a triangular
(Abrikosov) lattice is typical for non-dipolar BECs, the anisotropic dipolar interac-
tions can lead to the formation of other vortex lattice symmetries, such as a squared
or striped lattice [238—240]. Dynamical instabilities can also be seeded in rotating
dipolar condensates [241-243].
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Theory @

Experiment

Ficure 1.10: Magnetostirring of a dipolar supersolid.(a) Density isosurfaces and cor-
responding integrated 2D density of a four-droplet supersolid. (b) Column densities of a
four-droplet supersolid state from theory (upper panel) and experiment (bottom panel)
with Q = 0.3w, at different times: 1, 19, 43, 70, and 274 ms, labelled (1) to (5),
respectively. The insets show the magnetic-field vector rotation in the xy plane with
white lines. Experimental parameters: B= 18.242)G,N = 7 X 10* and (w L,W;) =
271 %X [50.5(3), 135(2)JHz. Illustrative simulation parameters: a; = 92.5a9, N = 6 X 10*
and (w,, w;) = 2 x [50, 135]Hz. Scale bar, Su,,. The figure was ’Reproduced with per-
mission from Springer Nature’ from [244].

A recent experimental breakthrough in Innsbruck achieved the first direct obser-
vation of vortices in a dipolar Bose-Einstein condensate (BEC) of Dysprosium (Dy)
atoms [233]. Fig. 1.9 illustrates the formation of these vortices within the dipolar
condensate. They have used a novel method to rotate the dipolar gas. Key to their
approach are two important features of dipolar BECs: i) Dipoles inherently align
along the magnetic-field vector, which defines the polarization axis; ii) polarized gas
elongates along its polarization axis through a process known as magnetostriction.
By tilting the magnetic field into the plane of an otherwise cylindrically symmetric
trap, asymmetry is induced in the dipolar BEC’s density profile. Subsequently, ro-
tating the tilted magnetic field around the trap center generated vortices, analogous
to the mechanical rotation of the trap used for non-dipolar BECs. The realization of
quantized vortices in a rotating dipolar BEC has opened up exciting new avenues for

future research into rotating dipolar gases.

1.7.6 Quantized vortices in supersolids

Supersolid is a fascinating phase of matter, uniquely characterized by the simulta-
neous manifestation of both superfluid and solid properties. Unlike conventional
superfluids, where the underlying macroscopic wavefunction is continuous and vor-
tices can move freely, supersolids spontaneously break translational symmetry. This
inherent density non-uniformity, occurring on scales comparable to the vortex core,
fundamentally differentiates supersolids. As a result, supersolids exhibit a fascinat-

ing blend of rotational and irrotational behaviors, leading to a complex, multimode
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response to external perturbations. When subjected to rotation, supersolids display
intricate dynamics, with the presence of quantized vortices serving as a direct signa-
ture of their underlying superfluid characteristics.

Theoretical investigations have explored quantized vortices in different types of
supersolids, including Rydberg-dressed [245] and dipolar supersolids [246-248].
These studies predict several distinctive features for such vortices, including a re-
duced angular momentum [246, 247], and unusual dynamics such as pinning and
snaking due to the interaction with the crystals [245, 249]. Very recently, the "Mag-
netostirring’ methodology has been implemented to rotate a dipolar supersolid of Dy
atoms, and quantized vortex lines manifest between the droplet crystal peaks [244].
Fig. 1.10 shows the rotation of a supersolid through the rotation of the external mag-
netic field. Rotating supersolids offer an intriguing platform to study broader physical
phenomena, such as synchronization [250] and glitches in neutron stars [251]. In the
last part of this thesis, we investigate the physics of rotating dipolar supersolids in
detail.

1.8 Outline of the Thesis

In chapter 2, we present the setup of doubly dipolar Dysprosium (Dy) atoms and
provide a theoretical framework for the doubly dipolar Bose-Einstein condensates
(DDBEC). We introduce the Hamiltonian of a Dy atom subjected to both magnetic
and electric fields. Due to the presence of a pair of quasi-degenerate states with op-
posite parity, an additional electric dipole moment is induced in Dy atoms, along
with their permanent magnetic dipole moment. This chapter explores the highly
anisotropic property of the doubly dipolar potential, which depends on the relative
orientation and magnitude of the two dipole moments. We then introduce the Gross-
Pitaevskii equation for a homogeneous doubly dipolar condensate and discuss the
sound velocity in a homogeneous DDBEC. Subsequently, we obtain the Lee-Huang-
Yang (LHY) correction term for the DDBEC, accounting for the quantum fluctua-
tions within the system. Through the assumptions of a local-density approximation,
we arrive at the generalized Gross-Pitaevskii equation (gGPE), which serves as a
pivotal equation in the later chapters of the thesis. In the second part of this chapter,
we describe the methodologies to explore finite temperature properties of the doubly
dipolar Bose gas. We briefly review Feynman’s path integral formulation of quantum
mechanics and proceed to describe the thermal density matrix within this representa-
tion. Following that, we discuss the worm algorithm and the measurement of various

observables within PIMC simulations.
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In chapter 3, we investigate the properties of a quantum droplet within DDBEC.
We begin by examining the physics of self-bound quantum droplets. The precise con-
trol of tuning the relative angle between two dipole moments in DDBEC results in
the emergence of a unique quasi-two-dimensional pancake quantum droplet, which
is not observed in typical dipolar condensates. Through a Gaussian variational ap-
proach and numerically solving the generalized Gross-Pitaevskii equation, we illus-
trate a dimensional crossover from a self-bound, cigar-shaped droplet to a pancake
droplet [45, 46]. In the second part of this chapter, we explore the finite temperature
properties of doubly dipolar Bose gases using path integral Monte Carlo (PIMC)
simulations [252]. We illustrate the ground state transition from a condensate to
a pancake droplet in both PIMC and mean-field simulations, comparing these ap-
proaches. By computing the superfluid fractions from PIMC simulations, we reveal
a highly anisotropic superfluid behavior of a quantum pancake droplet compared to
arepulsive DDBEC. We then display the transitions from a thermal gas to a DDBEC
and from a thermal gas to a pancake droplet as a function of temperature variation,
noting that the latter occurs at a higher transition temperature. We also demonstrate
the structural transition by varying the magnitude of the electric dipole moment.

In chapter 4, we study the formation of exotic droplet arrays and supersolids in
harmonically-trapped DDBEC. We explore the ground-state phases of the DDBEC in
two different harmonic trap configurations [46]. The interplay between doubly dipo-
lar interactions, quantum fluctuations, and external confinement leads to supersolid-
supersolid transitions and the formation of novel pancake supersolids. Furthermore,
we indicate the appearance of modulated droplets, a unique feature of the DDBEC.

In chapter 5, we explore the formation of a dilute supersolid phase induced by
the rotation of a dipolar quantum gas. In dipolar quantum gases, supersolids have
been experimentally realized through the formation of high-density coherent droplet
arrays, stabilized by repulsive quantum fluctuations. In this work, we present a the-
oretical prediction of the formation of supersolids in rotating dipolar Bose gases
without relying on the stabilization from quantum fluctuations. We investigate the
rotation of a cylindrically trapped magnetic dipolar condensate around an axis per-
pendicular to the dipole polarization axis. We consider the simultaneous rotation of
the external trap and the external magnetic field to rotate the condensate. We investi-
gate the ground states in a rotating frame and observe the emergence of spontaneous
crystallization above a rotation frequency. Additionally, vortex lines emerge within
the low-density regime, pinned between the crystal peaks. We also investigate the
stability of the condensate under rotation by studying the real-time dynamics based
on the truncated Wigner formalism using a nonlocal Gross-Pitaevskii equation. Fi-

nally, we explore the effect of the external trap geometry on the formation of this
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vortex-stabilized supersolid state.
In chapter 6, we summarize the work of this thesis and provide an outlook for

future research exploration.
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Chapter 2

Doubly Dipolar Bose-Einstein
Condensate: Setup and
Methodologies

The content of this chapter is adapted from the research article, "Droplet arrays
in doubly dipolar Bose-Einstein condensates" [46] and "Path integral Monte Carlo

study of a doubly dipolar Bose gas" [252].

2.1 Introduction

Doubly dipolar quantum gases are novel ultracold atomic or molecular gases in
which the constituent particles possess both magnetic and electric dipole moments.
This is in contrast to typical dipolar quantum gases, where particles possess a signif-
icant dipole moment of only one type, either magnetic, as in highly magnetic atoms,
or electric, as in polar molecules. The simultaneous presence of electric and magnetic
dipolar interactions leads to significantly richer and more anisotropic long-range in-
teractions compared to conventional singly dipolar gases. The unprecedented control
and tunability of the relative orientations and strengths of these two distinct dipole
moments offer the possibility to explore a rich landscape of novel quantum many-
body phenomena. Such doubly dipolar quantum gases have extracted significant
interest [44, 253-260] due to their potential application in diverse areas, including
quantum simulation [261, 262], quantum computation [263, 264], high-precision
tests of fundamental symmetries [265], and for the tuning of collisions and chemi-
cal reactions [266, 267]. Recent experimental realization of doubly dipolar quantum
gases with Dy atoms [47] and LiCr molecules [268] signifies a crucial step forward in
exploring this field. In this chapter, we present an overview of engineering the doubly
dipolar interaction in Dy atoms, followed by a detailed discussion of the properties of
the doubly dipolar potential. Subsequently, we provide the theoretical framework to

describe the doubly dipolar Bose-Einstein condensates (DDBEC) and outline their
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Ficure 2.1: Relevant atomic structures of Dy atom. The figure was taken from [47]
with permission from PHYSICAL REVIEW A 110, 023311 ©2024, American Physical
Society.

key physical characteristics. Finally, we incorporate the contribution of quantum
fluctuations through the inclusion of the Lee-Huang-Yang (LHY) correction term,

offering a beyond-mean-field description of DDBEC.

2.2 Dysprosium Atoms under Magnetic & Electric Fields

2.2.1 The Dysprosium atom

Quantum gases made of atoms with multiple valence electrons and a non-zero or-
bital angular momentum in their electronic ground state, like magnetic Lanthanides
(Lns), have emerged as promising candidates for studying strong dipolar phenom-
ena. Notably, Dysprosium (Dy) was the first of these magnetic lanthanides to be

cooled to quantum degeneracy [91, 92]. Dy has several special features that make it
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particularly accessible for quantum-gas experiments. Dy possesses a wide range of
naturally abundant isotopes, including several bosonic (}**Dy, '®2Dy) and fermionic
isotopes (*'Dy,!Dy). The isotope variety provides a useful range and tunability of
scattering properties: each isotope is characterized by a distinct background scatter-
ing length (a,) and a unique Feshbach spectrum, the latter of which enables further
control of a, [269].

The electronic configuration of Dy, denoted as [Xe]4f'°6s2, is characterised by a
xenon-like core, an inner open 4f shell with 10 valence electrons, and a closed outer
6s shell. The partially filled subshell is fundamental to Dysprosium’s unique mag-
netic properties. The ten 4f electrons are responsible for the large magnetic dipole
moment. According to Hund’s rules, these electrons will arrange themselves to max-
imize the total spin and then the total orbital angular momentum, leading to a large
net magnetic moment. The magnetic dipole moment of Dy is 10up in its electronic
ground state, which is the highest among all stable elements. The corresponding
dipolar length for Dy is, agq =~ 131ay. Typically, €49 = agq/a, for Dy is of the order
of 1, which makes it a very good candidate to study dipolar effects in quantum gases.

The atomic spectra of lanthanides are characterized by a rich setof J — J + 1
optical transitions, transitions with broad, narrow, and ultra-narrow linewidths. Dys-
prosium exhibits strong electronic transitions in the visible range of the electromag-
netic spectrum (e.g., around 421 nm and 626 nm). Such transitions can be used
for optical manipulation and laser cooling, and are readily accessible with common
lasers [270].

In summary, Dy possesses a favorable combination of atomic properties, includ-
ing strong and accessible laser cooling transitions, isotopic abundance, and the pres-
ence of Feshbach resonances. These properties and their large magnetic dipole mo-
ment make Dy a prime candidate for creating and studying novel dipolar quantum

gases.

2.2.2 Doubly dipolar interactions in Dy atoms

In this thesis, we investigate a particular realization of a doubly dipolar system using
Dysprosium (Dy) atoms, based on the proposal outlined by Lepers. et al. in Ref.
[44]. While our primary focus is on Dy atoms, it is important to highlight that similar
physics can be explored in other doubly dipolar systems, such as those involving
dipolar molecules.

Dy atoms are of particular interest due to their unique properties, which include a
permanent magnetic moment and the ability to acquire an induced electric dipole
moment when subjected to an external electric field. This unique characteristic

arises due to the presence of a pair of quasi-degenerate states with opposite parity.
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Figure 2.2: Doubly dipolar Dysprosium. (a) Electric dipole moment d, and (b) lifetime
7 of the |§') state of a Dy atom, as a function of the electric field strength & and the angle
a between the electric and magnetic fields for 8 = 100 G.

and I, = 2.98 x 10* s7!, respectively.

In our setup, we assume that the Dy atoms are subjected to uniform magnetic
and electric fields. The magnetic field, B = B2, is directed along z, setting the
quantization axis and splitting the degeneracy of the energy levels E, and E,. The
electric field, E = &G mixes the Zeeman sublevels of the states |a¢) and |b), which
include {|{M, = —J,),....| + Jo),IMy, = =Jp),...,| + Jp)} respectively. This mixing
induces an electric dipole moment along . For our analysis, we assume that @ lies
on the xz plane forming an angle @ with the z-axis. This relative angle plays a crucial
role in the physics of doubly dipolar Bose gases.

Restricting to the subspace of both E, and E}, the Hamiltonian for a Dy atom is
H = Hg + Hyyi with

Ay = ) (Eq+ usBg MMMl + ) (Ey + psBeMp)IMXM,), - (2.1)
M, My,

where g, = 1.3 and g, = 1.32 are the Landé g factors. The term H,... accounts for
the interaction of the electric field with the Dy atom. The electric field strength is
such that the lowest eigenstate of the atom is |[S) = co|M, = —10) + X} ¢;li) with
h lcil*/|col> < 1, where the sum >.7 is taken over all the magnetic sublevels except
M, = —10), and ¢; is the probability amplitude for finding the atom in the state |i).
The summation )’ has two contributions, one from the sublevels of |a) and the other
from those of |b). Since I'; = 0, only the contributions from the sublevels {|M})}
determine the lifetime of the stretched state |S), T = (n,I,)~", where n, is the total

population in {|M,)} sublevels. The magnetic and electric dipole moments of a Dy
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atom in |S') are, respectively:

Ja Jp
dy, = —HMB (ga Z |CM,,|2Ma + & Z |CM1,|2M[,], (22)
M,=-J, My=-Jp
1 . R
de = _g Z CMaCMb<Ma|Hstark|Mb>+C-C-’ (23)
MﬂaMb
with
(M HyaalMy) = M aldIb)E x
alfLstark b - 3(2Ja T l) a
* JaM,
YI,M,,—M;, (a’ O) CJbe,l,Ma—Mb’ (2'4)

where, (allcfllb) = 8.16 Debye is the reduced transition dipole moment, Y;,,(6, ¢) are
the spherical harmonics and Cjb%] 1.m,-, are the Clebsch-Gordan coeflicients.
Figure 2.2 depicts, for 8 = 100 G, d, and d,, for the state |S), as a function of
& and @. When a = 0, the spherical harmonics, Y;Ma_Mb(a, 0) are non-zero only
when M, = M, and thus, the electric field couples pairs of sublevels with M, = M,,.
Since the state |M, = —10) has no counterpart in the {|M,)} subspace, the former is
unaffected by the electric field. Hence, the electric dipole moment of the Dy atom in
the state |S ) vanishes for « = 0. When a grows, the electric field couples |M, = —10)
with other |M,) sublevels, reaching a maximum mixing for @ = n/2 (see Fig. 2.2
(a)). Therefore, for a given &, d, increases with @ until @ = m/2. This comes at
the cost of decreasing the lifetime of |S), as shown in Fig. 2.2 (b). For a range
of experimentally realistic & = 0-4 kV/cm, d, varies from O to 0.16 Debye and
the magnetic moment remains constant, d,, =~ 13 ug (higher than ground-state Dy
atoms), whereas the lifetime of |S) varies from 28 s (considering electric-quadrupole

and magnetic-dipole transitions) to 10 ms [44].

2.2.3 Experimental realization of doubly dipolar Dy atoms

In a recent experiment [47] by Anich et al. in Innsbruck, the engineering of a doubly
dipolar interaction in Dy atoms has been realized. Fig. 2.1 illustrates the energy
levels and transitions in Dy that are relevant for creating and manipulating electro-
magnetic dipoles. In the experiment, the electric dipole moment in Dy atoms was
engineered by coherently mixing two nearly degenerate atomic states of opposite
parity using microwave (MW) radiation. These states are the J = 10 state from
the [Xe]4f'°6s6p and J= 9 state from [Xe]4f'°5d6s, separated by about 35 GHz
in energy. Initially, the opposite parity states are populated by a Stimulated Ra-
man Adiabatic Passage (STIRAP) technique, efficiently preparing the atoms without
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Ficure 2.3: Doubly dipolar particles. Both electric (de) and magnetic (dy,) dipoles are
assumed polarized on the xz plane, forming an angle a between them. The angle 6,, (6,)
is the angle between dy, (d.) and the vector joining the atoms, r.

populating intermediate excited states. A linearly polarized MW field couples the
|10, -9) and |9, —9) states and creates a dressed state, which is a coherent superpo-
sition of opposite-parity components. This mixing induces a finite electric dipole
moment while maintaining the atom’s large intrinsic magnetic dipole moment. By
adjusting the magnetic field (Zeeman shift) and MW parameters (detuning and Rabi
frequency), a degeneracy is induced between the microwave-dressed state and an-
other nearby Zeeman sublevel, |10, —10). This establishes a degenerate isospin-1/2
system where both electric and magnetic dipole-dipole interactions are simultane-
ously active. The magnitude of the electric dipole moment in the dressed state can
be tuned by controlling the MW field parameters. The mixing of the opposite parity
states is also feasible through a DC electric field.

2.3 Doubly Dipolar Potential

Now, we study the properties of the doubly dipolar potential in detail. The doubly-

dipolar interaction between two atoms is described as follows :

Hod? (1 = 3cos?6,,) N d’> (1-3cos?6,)

Va(r) =
a(r) 47 |7 4rey ||

; (2.5)

where py (&) is the vacuum permeability (permittivity) and 6, (6,) is the angle
formed by the magnetic (electric) dipole moment with the vector 7 joining the atoms
(See Fig. 2.3). We define the g,, = wod2/4n, g. = d*/4ne as the magnetic and
electric dipole strengths, respectively.
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FiGure 2.4: Anisotropy of the doubly dipolar potential.(VZzO(r, 0)) for different values
of @ and y on the xz-plane. Grey arrows indicate the effective polarization axis determined
by the polarization angle 6, (Eq. (2.7)).

Whereas V4(r) is always repulsive along the y-axis, it is anisotropic on the xz-
plane. This anisotropy is well characterized by the angular part of the dipolar poten-

tial on the xz-plane:

cos? 6 + y(cos 6 cos a + sin a sin 6)?
1+vy

Vi(r,60) o< [1-3 : (2.6)
where 6 is the polar angle (xz coordinates have been transformed to the r, 8 coor-
dinates), and y = (d./d,)*/(uoey) characterizes the relative strength between the
electric and magnetic dipole moments. The ratio y can be varied independently of «
by tuning the external electric field, & From Eq. (2.6), we can realize that ngo(r, 0)
exhibits non-trivial anisotropic properties despite being independent of the azimuthal
angle. Interestingly, the anisotropic nature of ngo(r, 0) also depends on the ratio be-
tween the dipole moments through the parameter v, not just on the orientation of
the dipoles. In Fig. 2.4, we depict ngo('r) for different @ and y. When @ = 0, we
have the usual dipolar potential, attractive along z and repulsive along x [36]. As
a increases up to /2, the dependence of the potential on y becomes more signifi-
cant. For @ = n/2, when vy grows, the potential eventually inverts its anisotropy (last

column of Fig. 2.4).
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FiGure 2.5: Polarization angle. Polarization angle 6, as a function of « for different
values of y. The inset shows 6, as a function of y for @ = /2, exhibiting a jump aty = 1.

Despite this nontrivial anisotropy, it is possible to define an effective polarization
axis, as illustrated by the arrows in Fig. 2.4. This axis corresponds to the direction
where the doubly dipolar potential is maximally attractive. This direction lies on the

xz plane, forming an angle

1 1 2
0,(a,y) = cos™ | — . [1+ ryeosce | 2.7)
V2 V1 + 9%+ 2ycos2a

with the positive z-axis. As shown in Fig. 2.5, for a dominant magnetic dipole (y <
. . . 12
1), 6, increases with «, reaches a maximum [91‘?‘”‘ = cos”! (%[1 + 41— 72]) ] at

a = %cos“(—y) and then decreases back to zero at « = /2. On the contrary, for

a dominant electric dipole (y > 1), 6, increases monotonously from zero to 7/2. A
linear relation, 6, = a/2, holds for y = 1. When @ = /2 and y = 1, 6, is not defined
due to the isotropic nature of the xz-interactions. Thus, 6, exhibits a discontinuous
behavior as a function of y for @ = x/2, changing abruptly from zero to /2 across
v = 1 (inset of Fig. 2.5). As discussed below, 8, plays a key role in characterizing the
anisotropic nature of the interactions and provides valuable insights into the overall

behavior of the doubly dipolar system.

-1 | y=40+y)
9y

which the xz potential becomes purely attractive (see Figs. 2.4 (g), (h), and (1)).

. .. 1
It can also be seen that, there exists a critical angle o, = 3 cosS ], above

The angle @, separates the regime between the purely attractive xz potential (o >
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a,) with an anisotropic xz potential exhibiting both repulsive and attractive lobes.
The attractive and repulsive lobes in the potential are separated by two intersecting
straight lines satisfying ijo(r, 0) = 0.Writing the equation for these straight lines as
z = m.x,where the slopes m. can be found from the condition Vizo(r, 6) =0 as,

3ysin2a + /2(4 —y + 4y2 + 9y cos 2a) 2.8)

m. =
* 4+ v+ 3ycos2a
When the xz potential becomes purely attractive, the two lines merge into one, i.e.,m, =

m_, and we obtain,

| oot [L240 7)) 09)

@, = = COS
2 9y

The region in the @ — vy plane in which the potential ijo(r, 0) becomes purely at-
tractive is shown as shaded in Fig. 2.6 (a). The potential remains anisotropic except
when @ = /2 and y = 1. For this special case, the doubly dipolar potential becomes
isotropic, ngo(r, 0) =-1/r.

2.4 Doubly Dipolar BEC

At this juncture, we consider a gas consisting of N doubly dipolar Dy bosonic atoms
of mass M with both electric and magnetic dipole moments, as schematically shown
in Fig. 2.3. At very low temperatures, the system is described in the mean-field by a
nonlocal Gross-Pitaevskii equation (NLGPE): ifij/(r, t) = Hy(r, t), where

~h*V?

3 7 ’ o ’
H = M + | &Y, V(e —r)(r', e, (2.10)

where V(r) = gdo(r) + NVy(r) is the interaction potential. The parameter g =
4nh’a,N/M determines the contact interaction strength, with a, being the s-wave
scattering length. To quantify the dipolar interactions in the condensate, we introduce
the parameters g,, = Nuod> /4n and g, = Nd? /4re, respectively, for quantifying the
magnetic and electric dipole-dipole interaction strengths.

2.4.1 Bogoliubov excitations and sound velocity in a homogeneous
doubly DBEC

In the following, we consider a condensate with uniform density ny. Assuming the

homogeneous solution as, y(r,1) = [\/no + upe ikr=ent/h) 4 v’,:ei(k""‘sk’/h)] e~/ i
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Ficure 2.6: Attractive doubly dipolar potential and sound velocity. (a) The blue
shaded part indicates the region in which the two-dimensional xz potential ijo(r, 0) be-
comes purely attractive. (b)The sound velocity ¢, along the polarization axis as a func-
tion of y and a. Upto a critical value of @ = a,,c,, increases monotonously with y. For
@ > ay,c, shows a non-monotonous behavior as a function of y with a minimum aty = 1

NLGPE, where k 1s the quasi-momentum and u is the chemical potential of the con-

densate, we obtain the dispersion law of elementary excitations as,

k> (h2k?
&k = \/W (W +2gmno [B+ F Ok, b1 CV)]), (2.11)

where 8 = g/g,, and

4
F (O Py @) = % [3 (cos a cos 8y + sin a sin 6, cos ¢k)2 - 1]

4
+?’T(3 cos? 6, — 1). (2.12)

0, and ¢, are the angular coordinates in the momentum space. The phonons &x_,9 =
c(Oy, ¢r)hik determine both the superfluid nature and stability properties of the con-

densate, where

(B B1) = (gm0 (B + F (6h, i @) /M2, (2.13)

is the angle-dependent sound velocity. The stiffer phonons propagate along the
effective polarization axis set by 6,, whereas the softer ones reside in a plane or
axis perpendicular to it. Note that exciting phonons with the wave vector along
an axis creates density modulations in a plane perpendicular to it. The atoms in
the plane perpendicular to the polarization axis experience stronger repulsive DDIs,

and hence, the phonons with wave vectors along the polarization axis are stiffer.
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Therefore, for dipoles polarized in the xz plane, the phonons propagating along the
y-axis are always softer, which sets the stability criteria for the condensate, i.e.,
2 = An/2.7/2) = |- %1 +y)| > 0 with ¢,, = /guno/M. Thus, a homo-
geneous DDBEC becomes unstable against local collapses if 5 < 43—”(1 + ). Though
the instability condition is independent of «, the post-instability dynamics crucially
depend on it. The sound velocity along the polarization axis (c,) can be obtained by
taking 6, = 6, and ¢, = 0 in Eq. (2.13), which provides us,

4
Cp = Cp (ﬁ + g [3 (cosa/cos 6, + sinozsin@p)2 - 1] +
4
?ﬂ(?) cos® 6, — 1)), 2.14)

which as a function of @ and 7y is shown in Fig. 2.6 (b). For small values of «, the
polarization axis lies almost along the z-axis [0, ~ 0, as seen in Fig. 2.4] and in the
plane perpendicular to it (almost xy-plane), the dipoles exhibit repulsive interactions.
Therefore, ¢, increases monotonously with y for small values of . As a approaches
n/2, we see that ¢, shows a non-monotonous behavior as a function of y with a
minimum at y = 1 [see top part of Fig. 2.6 (a)]. It can be understood from the
fact that in the limit y — 1 and @ — x/2, the potential ngo(r, 0) becomes purely
attractive, easing the density modulations along at least one axis perpendicular to the

polarization axis.

2.4.2 Lee-Huang-Yang correction

Using the dispersion in Eq. (2.11), we obtain the beyond mean field, Lee-Huang-

Yang (LHY) correction to the ground state energy of the condensate as,

V[& 1w mn’V;
AE = — T e, - 2L _nyv,+ —2|,
2 J @2n)? 2m h2q?
where V is the volume and V,, is the Fourier transform of the total inter-atomic poten-
tial (both contact and dipolar potential). Then, the LHY correction of the chemical

potential Au = OAE/ON [156—158, 165, 167,271, 272] and is obtained as,

313N h2 (2mgmn0)3/ 2%
h2k? h2k?
\/ +2[B+ F (6, b, )] —
. /ngmno 2mgng 2mgng

2mgnnolB + F Ok, dr, @)
B = F (O pro @) + e )]

(2.15)
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Ficure 2.7: Im[Au]/Re[Au] for homogeneous BEC for 3 different values of electric fields,
(a) E=1.46 Kv/cm, (b) £=2.66 Kv/cm, (c) E=3.76 Kv/cm for a fixed value of magnetic
field 8=100 G. The boundary separates the stable and unstable regime determined from
the stability criteria: § — 43—”(1 +7v) >0

where f dQy = 02” doy fon dO sin 6. After doing the integration over k, we get

1 (Ml’lo

Au =
M= 38\

)3/2 &’ f dQu [B + F (00 pis )] - (2.16)
The correction, Au becomes complex when 8 < 4?”(1 +7). The real part of Ay is dom-
inated by hard modes, whereas the unstable low-momentum excitations determine
the imaginary part. Not very deep in the instability regime, Im[Au]/Re[Au] < 1 and
Im[Au] can be disregarded. The ratio Im[Au]/Re[Au] for a homogeneous BEC is
shown in Fig. 2.7 for different values of the external electric field, & at a fixed value
of the magnetic field, =100 G. As one can see that, deep in the unstable regime
Im[Au]/Re[Au] has significant value, but as we approach the boundary between a
stable and an unstable homogeneous BEC, Im[Au]/Re[Au] 1s vanishingly small, and
the Im[Au] can be neglected. Note also that for a finite-size condensate, Im[Ag] is

further suppressed by a low-momentum cut-off [165, 167, 272, 273].

2.4.3 Generalized Gross-Pitaevskii equation

The LHY correction given in Eq. (2.16) is repulsive in nature, and it also exhibits
a density dependence of ng/ 2. Due to this density dependence, the LHY correction
becomes very significant at high densities, and in particular, halts the condensate col-
lapse arising from the attractive interactions, leading to the formation of a quantum
droplet, which we discuss in Chapter 3. By incorporating the LHY correction to the
NLGPE using local density approximation [ny — n(r,t)] [157, 165-167, 271, 272,
274], we arrive at a generalized NLGPE:

i (r, 1) = (H + A [n(r, D) ¥(r, 1). (2.17)
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Similar generalized GPE equations have been employed in singly-dipolar BECs and
binary mixtures [40, 41, 71, 161-163, 168, 194], providing a good qualitative and,
to a large extent, quantitative agreement with experiments. A better quantitative
picture may, however, require going beyond the local-density approximation and/or
the use of involved quantum Monte Carlo calculations [252, 275-280] which will
be explored in the next section. We numerically solve Eq. (2.17) via imaginary
time evolution to obtain the ground states of a doubly dipolar BEC. We have used
the split-step Crank—Nicolson method for the imaginary-time propagation as de-
tailed in Ref. [281]. Note that, for the generalized NLGPE to be valid, we require
Im[Au]/Re[Au] < 1.

2.5 Path Integral Monte Carlo Simulation

Path integral quantum Monte Carlo (PIMC) is a methodology based on Feynman’s
path integral theory, devised to accurately characterize the thermodynamic features
of quantum systems at finite temperatures. PIMC has been fruitfully applied to a
variety of bosonic systems, starting with *He [282] and continuing, more recently,
with different ultracold atomic and molecular setups [272, 276, 277, 283-285]. In
the following, we discuss the detailed background of the PIMC formalism and the
PIMC algorithm.

Feynman’s path integral formulation presents an elegant approach to quantum
mechanics that offers a different perspective from the traditional Schrodinger and
Heisenberg formulations. Introduced by Richard P. Feynman in 1948 [286], the un-
derlying idea of this formulation is the sum of all possible trajectories a quantum
particle can take between two points, weighted by a phase factor derived from the

classical action.

2.5.1 Classical action and Lagrangian

In classical mechanics, the trajectory of a particle is described using Hamilton’s prin-
ciple of least action. The classical path traversed by a particle between two points
in time is the one that extremizes the action S. The action is defined in terms of the

Lagrangian, L(q, q,?) :
'y
Sla(] = f L(q, q, ndt. (2.18)
1
Here, q(¢) denotes the vector of the generalized coordinates of the particle, and q(?)

is the corresponding velocity vector. The Lagrangian is given by L(q,q,?) = T-V,

where T is the kinetic energy and V is the potential energy.
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The classical trajectory is the one that makes the action stationary (6S = 0),

leading to the Euler-Lagrange equation:

d (oL OL _ 0
di\oq] oq
This leads to the equations of motion for the system. If the initial conditions at ¢
are known, one can determine the position and the velocity of the particle at any
later time #; by solving the Euler-Lagrange equation. This uniquely determines the

trajectory q(#) which the particle follows and for which one computes the action S (q).

2.5.2 Quantum path integral

Heisenberg’s uncertainty principle posits that within the realm of quantum mechan-
ics, it is fundamentally impossible to simultaneously determine both the position and
the velocity (or momentum) of a particle. The central quantity is the transition am-
plitude of the time-evolution operator between localized states of the particles, from

|qi, #;) at time ¢ to state |qg, ;) at time #:

(ar, i, i) = (qel U (tr, 1)) - (2.19)

We can express the time-evolution operator as follows:
A i (" A
U(t, t;) = exp [—% f dt’H(t’)], (2.20)
ti

where H(t) = H (q, p, t) is the Hamiltonian operator.

In the coordinate space, we can write

I .
(4, tlgs, 1) == quq @qexp[%S[Q(l)]]. (2.21)
Eq. (2.21) expresses the path-integral representation of the quantum-mechanical
transition amplitude in the coordinate space. This involves weighing every trajectory
q(?) with the phase factor 199V followed by summing over all possible trajecto-
ries in the coordinate space. This framework provides a powerful understanding of
how quantum systems explore all possible configurations simultaneously and how
interference between different paths leads to quantum phenomena. The crucial as-
pect in evaluating the individual trajectories lies in determining the magnitude of the
action along a given trajectory relative to Planck’s quantum of action 7. In the limit
of i — 0, the ratio S [q(#)]/% becomes arbitrarily large, leading to rapid oscillations

of the phase factors away from the classical trajectory. The contribution of these
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trajectories in the path integral cancels mutually. In contrast, in the vicinity of the
classical trajectory, the action is stationary, and the phase factors remain nearly iden-
tical. Hence, the limit 7 — O corresponds to the classical limit, where the behavior

of the system is dominated by the classical trajectory.

2.5.3 Thermal density matrix

The path integral formulation is a powerful approach to understanding the thermal
equilibrium properties of a quantum system. Here, we discuss the thermal density
matrix, which describes the quantum state of a system at a finite temperature T and
can be expressed as a sum over all possible paths that the system can take, weighted
by a phase factor [282, 286, 287].

We assume a canonical ensemble where the system has fixed volume V, the num-
ber of particles N, and temperature T. For a Hamiltonian H, the bulk thermodynamic

quantities can be determined from the quantum-statistical partition function,

Z=) Bl = ) g, (2.22)

n

In operator notation, we can write, Z = Tr (e“*” ) Where the operator p = e#
is the density matrix. In our notation, the density matrix is not normalized by the
partition function. If ¢; are the eigenstates of the Hamiltonian, the equilibrium value

of an observable O can be expressed as,

(0)=Z" ) ($lOlgy e = Tr(Op)/Z. (2.23)

These traces can be performed on any complete basis; however, we shall exclusively

utilize a position basis. The coordinate space density matrix is
p(R,R’;B) = (Rle”|R") = Z ¢, (R)p,(R")ePE, (2.24)

where R = ry,...,ry and r; is the coordinate of the i-th particle. This notation in-
dicates generic off-diagonal elements of the density matrix, defined as p;;. Two
sets of equal coordinates represent the diagonal elements, p(R, R; ). For a three-
dimensional system p(R,R’; () is a function of 6N+1 variables. In the coordinate

basis representation, the expectation value of O becomes,

(0) = % dedR’p(R, R’;B) (R|OR"), (2.25)
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and the partition function is given by,

Z= f dRo(R, R; ). (2.26)

The thermal density matrix possesses the convolution property, which establishes a
relationship between the density matrix of a composite system and those of its con-
stituent subsystems. This precise and straightforward property of density matrices is
the foundation for the path-integral method. The product of two density matrices is

a density matrix,
e BIH g BH — =Br+f)H _ ,~BH (2.27)

In the coordinate basis, the convolution can be written as

p(RR': ) = f AR p(R, Ry Bp(Ry, R': Bo). (2.28)

We have written the expression for SH as B1H +3,HH, and subsequently decomposed
the exponential function. One can do it given that 8 represents a numerical value and

H commutes with itself.

Discrete path integrals

The path-integral formula for the many-body density matrix is obtained by using the
product property M times, which gives the expression for the density matrix at a

temperature T in terms of density matrices at temperature MT:
an\M
M= ()", (2.29)
In the coordinate representation,

p(Ro, Ry B) = f deldRZ---dRM—lp(RO’ Ri; Dp(R1, Ro; 7)..0(Rys-1, Ryys 1),
(2.30)
where we introduce the time step 7 = /M. For finite M values, we have a discrete-
time path. For the limit, M — oo, one has a continuous path. It is important to note
that Eq. (2.30) is exact for any M > 1. For more details on the validity of Eq. (2.30),
please refer to Appendix B.1.
We can write the free particle propagator for a single free particle as follows,

(R -Ry)

1 2
prree(RRy37) = —e Ar | 2.31)
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where A, = V4nAr is the thermal de Broglie wavelength at the temperature set by
the imaginary time step 7. Using the free particle propagator, we arrive at the discrete

path-integral expression for the density matrix in the primitive approximation:

T

1\M M
PRy, Ry 8) = deldeM—l (ﬁ) eXp [_F Z [(Rj—l - Rj)2 + TV(Rj)] .

J=1

(2.32)
This expression relates the thermal density matrix at any temperature to integrals
over the path R;...Ry,_; similar to a classical Maxwell-Boltzmann function. This is
a quantum-classical mapping of the Feynman path integral formulation of quantum

statistical mechanics.

Path-integral notation

The collection (Ry, ..., Ry,) represents N discrete worldlines in imaginary time from 0
to 8. T = B/M is the time step, and a single R; represents the positions of all particles
on the j-th time slice. R; = (r(J)., ces r?’ ). ri. is called a bead and denotes the position of

the i-th particle on the j-th time slice. The propagator, p(r'.

1 ri/.; 7) that connects the

two beads of consecutive time slices is called a link. The action of a link is defined

as minus the logarithm of the exact density matrix:
Sj ES(Rj_l,Rj;T) = —ll'l[p(Rj_l,Rj;T)]. (233)

There will be contributions to S/ coming from each term of the Hamiltonian. Sepa-
rating out the kinetic and the potential part, we can write the free action,
u /4
Siee = Z [m Al + SR - R.,-)Z] . (2.34)

j=1

Within the primitive approximation, we can express the primitive action,
- Vs
S primiive = ) | [m Al+ SR =R+ TV(Rj)] . (2.35)
=1 T

Since the exact density matrix is symmetric, we can rearrange the terms in the integral

and write the primitive action in a symmetrized form:

(2.36)

M
VR;_1)+ V(R;
SprimitiveZZ[lnAf+%(Rj_l_Rj)2+T ( J 1) ( J)]
Jj=1 T

2
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Interaction potentials

In addition to the external potential V(R), the potential term may include interac-
tion potentials, U(R). These interaction potentials are addressed using the primitive
approximation, similar to the treatment of external potentials. Generically, we can

write the density matrix,
PR, R’;7) = pprec(R,R"; D)oo (R, R'; 7). (2.37)

In the primitive approximation and due to the interaction potential between the pair
of particles (i, j), we have:
M(rij) + u(r:})
-7

pa®RRD=[]e 2 . (2.38)

i<j
The classical isomorphism

The path-integral formulation expressed in Eq. (2.32) can be constructed as a classi-
cal configuration integral, where the action plays a role similar to classical potential
energy. In this analogy, the kinetic link action corresponds to a spring potential
connecting beads representing the same atom in successive time slices. The system
forms a classical chain of M beads linked by harmonic springs, resembling a "ring

polymer".

Quantum statistics: Bose symmetry

The density matrices discussed till now have been appropriate for distinguishable
particles, which follow Boltzmann statistics. The density matrix of indistinguishable
particles (bosons or fermions) needs to be modified compared to Boltzmann particles.

Here, we introduce the bosonic density matrix,

1
PRR') = — ;pD(R, PR'; B), (2.39)

where p is the bosonic density matrix and pp is the density matrix for the distinguish-
able particles. P is the permutation operator, which reshuffles particle coordinates in
all possible ways. The Hamiltonian for Bose systems is symmetric under particle
exchange; all states are either even or odd with respect to a permutation. A bosonic
simulation involves a random walk through both the path and permutation spaces.
In fermionic systems, an additional + factor arises, contingent upon the selection of

permutation. From a numerical perspective, this poses issues because positive and
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(a) (b)

G-sector

Ficure 2.8: Worm Algortihm. (a) Schematic representing a walk in the configuration
space, where the walker takes a detour in the G-sector to reach a point in the Z-sector
more easily. (b) A configuration in the G-sector with one closed worldline and a worm.
The head (Ira) and tail (Masha) are labelled by 7 and M.

negative contributions to the density matrix lead to increased variance and slower
convergence when calculating thermodynamic averages. In this study, we will focus
solely on bosonic systems.

The partition function for the Bose systems has the form,
1
Z=; ; f dRop(R, PR; ). (2.40)

Paths are allowed to close on any permutation of their initial positions. The partition
function includes contributions from all possible N! closures. Within the classical
isomorphic framework, ring polymers are capable of ’cross-linking.” A two-atom
system consisting of M links can manifest in two distinct permutation states: either
as two independent ring polymers, each comprised of M links, or as a singular, larger

polymer containing 2M links.

2.5.4 Worm algorithm

An accurate investigation of bosonic systems requires the comprehensive sampling
of all possible particle permutations, which are crucial for understanding quantum
statistics like Bose-Einstein condensation and superfluidity. Traditional Monte Carlo
methods, which permute particles while keeping their "worldlines" closed, struggle
with repulsive or hard-core interactions. This leads to inefficient sampling and makes
it difficult to generate the long exchange cycles needed to understand superfluidity,

especially with many particles. This issue, known as critical slowing down, means
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the entire configuration space can’t be explored in a reasonable time, worsening ex-
ponentially with the number of particles.

To deal with this critical slowing down phenomenon, a new algorithm, "worm
algorithm" (WA), was introduced, initially in the discrete spatial variation of PIMC
[288] and afterwards in the continuous version [289, 290]. A fundamental aspect
of the WA is that it operates in an extended configurational space, containing both
closed world-line configurations (henceforth referred to as Z or diagonal configura-
tions), contributing to the partition function Z, as well as configurations containing
one open line (worm). The latter configurations contribute to the one-particle Green
function; below, they are referred to as G (or off-diagonal) configurations. Fig. 2.8
(a) illustrates the fundamental concept. The WA involves the principle that paths can
open, evolve, and later close, changing permutations in the process. Figure 2.8 (b)
provides an example of a configuration within the G-sector. For historical reasons,
the tail of the worm, i.e., the first bead, is called Masha M and the head or last bead is
called Ira 7. Please refer to Appendix B for a more detailed discussion on the PIMC

algorithm, Monte Carlo techniques, and various Monte Carlo moves.

2.5.5 Measurement of observables

Once the sampling of the configuration is completed, the only thing that remains is to
extract physical properties from the configurations. We can compute the equilibrium
values of thermodynamic observables in the form of the partition function as shown
in (2.23). We can express the thermodynamic average of an observable O in the most

generic case as follows,

(0) = f dRAR'p(R,R’; 8) (RIOIR’) . (2.41)

Certain observables, such as density and potential energy, which depend solely on
particle positions, are readily accessible. Conversely, other quantum observables re-
quire extensive analysis to understand their manifestation within the polymer space.

For a simple example, we show the measurement of the particle density here.

Particle density

The spatial density distribution n(r) of a system reveals interesting features of the
system. The density can be evaluated by summing the positions of all beads at each
simulation step and subsequently averaging over the ensemble. Owing to the sys-
tem’s invariance along the imaginary time axis, we can further enhance statistical
efficiency by averaging across all time slices within a single configuration, thereby

significantly accelerating the convergence rate of the density estimator:
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1 L& .
n@):522322<ar—rp> (2.42)
[

To perform this calculation in continuous space, one typically establishes a grid and
computes the integral within each cell.
Similarly, observables like structure factor, total energy, superfluid fraction, con-

densate fraction, etc., are accessible through the PIMC simulations.

2.5.6 Model for the doubly dipolar Bose gas

In this thesis, we explore the finite temperature properties of the doubly dipolar Bose
gas using PIMC simulations. The quantum mechanical many-body Hamiltonian de-

scribing the system reads

i=1

2

P;
— + V(r;
2m (r)

+ > U@ -y, (2.43)
i<j
where r; = (x;,Y;,2;) 1s the position of the i-th atom of momentum p;, V(r) is the
external harmonic trap. The two-body interaction potential U in Hamiltonian (2.43)
yields
U(r; —r;) = Unaa(r) + Upp(r; — 1)), (2.44)

where r = [r; — rj|. Upaa(r) = oo for r < a; and Upya(r) = O for r > aq, a, being the

two-body s-wave scattering length. Uppy is related to the DDI, which reads

(1 —3cos?6,) (1 =3cos?6,)
+ge ’

73

Uppi(r; —r)) = gn (2.45)

73

where g, = pod? /4n, g. = d*/4ne.

PIMC simulations have been extensively applied to three-dimensional dipolar
Bose gases, employing various strategies to handle the unique nature of their interac-
tions. An early approach was proposed by Nho and Landau [284], who utilized the
Cao-Berne propagator [291] to account for the short-range contact interaction, while
treating the long-range dipolar component within the primitive approximation. This
methodology was later examined in detail by Saito [272], who investigated the in-
fluence of introducing a short-range cutoff in the 1/7° term, and provided systematic
benchmarks for its applicability. An alternative PIMC strategy involves representing
the contact interaction through a smooth potential, such as a Lennard-Jones potential,
and then treating all interactions, including the dipolar component, with the primi-
tive approximation [277, 285]. PIMC has also been instrumental in investigating the

behavior of purely repulsive dipoles in two-dimensional systems [283, 292-295].
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In general, dipolar interactions introduce two primary numerical challenges. First,
their long-range nature results in a computational cost that scales as O(N?). Second,
the anisotropy of the interaction, combined with its divergence at r = 0, necessitates
the use of a large number of time slices to achieve convergence within the primitive
approximation. In this work, we employ the scheme proposed by Saito [272], suit-
ably adapted to treat the doubly dipolar interaction. In this way, the density matrix

reads
P(Rm, Rm+1 ;T) = pfree(Rm’ Rm+1 5 T)

HPCB(I’@) r(m+1). T)] e—TUDDl(Rm)
ij >7ij ’ :

i<j

(2.46)
X

The first term of the right side of Eq. 2.46 represents the free-particle density matrix:

R" R™p) = L 2.47

Prree(R™, ,T)—We , (2.47)

where m is a given time slice, A = ;172” The second term corresponds o the Cao-Berne
propagator [291]

a(r+r —ay) _e-apt’-agiscosir)
B N 4 2ty

pc(r, ¥, 7)=1- (2.48)

rr’

where A, = % + % Finally, we define the exponential argument of the third term as

Uppi(R") = > Uppn(r{"™ = 14", (2.49)
i<j

To enable the study of large particle numbers in our simulations, up to N = 2000,
we perform calculations on a high-performance computing cluster. We achieve a
significant speed-up by parallelizing the computation of the interaction terms. This
parallelization is crucial for efficiently handling the computational cost associated
with long-range interactions, while simultaneously ensuring the convergence in the

discretization of imaginary time.
Here, we discuss in detail the derivation of energy and the superfluid fraction of

the system from the PIMC simulations.

Energy

Calculating the potential energy in a quantum system is straightforward, since it is
diagonal in configuration space. However, determining the kinetic energy presents a
greater challenge. The total energy estimator can be directly derived from the density

matrix using its thermodynamic definition:
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olnzZ 19Z 10
(E)y = — % =z "I dRo(R, R; ). (2.50)

To illustrate, we first consider the energy for a single particle. The expression for the

total energy is given by:

1 M-1 a
<E> = z fdl'odl'l...drM_l( Z a_Sj(rj, rj+1))6—5(1‘0,1‘1,.-~,rM,1). (251)
Jj=0 B

with M being the total number of time slices. For a single particle in the primitive

approximation, the energy is obtained as follows [296]:

d <o@- rj 1)
Ey={(—- 2.52
Here, d is the spatial dimension, 7 = /M, and A = hz/ 2m. The value of the estimator
can be negative sometimes, although the average is always positive.

For a more generalized scenario involving multiple bosons and a more complex

interaction potential, such as in Eq. (2.45), the energy is obtained as:

Nd 1 4 2 1 M alnppot(Rj9 Rj+1’T)
=(— - — R,-Ry,) —— . 2.53
< 2t 4ar’M ; (R, ~R;.) M ; ot (&5)

This result allows for a clear physical interpretation. The first term corresponds to the
well-known equipartition theorem for the kinetic energy of an ideal gas. e.g. Eyj, =
3NkpT/2 in a three-dimensional system. The second term represents a quantum
correction to the kinetic energy; this term vanishes in the classical limit where M=1.
The last term corresponds to the contribution to the potential energy. The kinetic
energy becomes small when the beads are far apart from each other. It shows that
worldlines in imaginary time that combine to form a configuration do not represent
real physics, i.e., do not correspond to any real-time propagation, and are only a
convenient representation of the quantum mechanical path integral structure. For the
sake of brevity, ppo (R, R"™!, 7) represents the interacting part of the density matrix,
that is, the second and third terms of Eq. (2.46).

Superfluid fraction: area estimator

Superfluidity, the ability of a quantum fluid to flow without friction, is one of the most
spectacular phenomena occurring in quantum many-body systems. It was first dis-
covered in Helium-4 by Kapitza [ 178] and independently by Allen and Misener [179]
in 1937. Within the framework of PIMC, which utilizes the path integral formulation
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of quantum mechanics, such intrinsically quantum phenomena can be quantitatively
analyzed through first-principles calculations.

The phenomenological two-fluid model [180] provides a conceptual basis for
understanding superfluidity, treating the system as comprising two coexisting com-
ponents: a superfluid component of density p; and a normal one of density p,. These

components collectively contribute to the total fluid density:

P = Pn+ Pss (2.54)

where p = M/V is the mass density, M being the total mass and V the volume. The
superfluid fraction is then defined as the ratio of the superfluid density to the total
density:

e
=

Superfluidity is experimentally characterized by the response of a system to move-

fs (2.55)

ments of its boundaries. Landau’s theoretical analysis of the rotating bucket exper-
iment provided a foundational understanding, predicting an anomalous relationship
between the energy required to spin a bucket of superfluid helium and its moment
of inertia. Suppose one measures the work needed to bring a container filled with
helium to a steady rotation rate. A normal fluid in equilibrium will rotate rigidly
with the walls. On the other hand, a superfluid will stay at rest if the walls rotate
slowly, so that a smaller energy is needed to spin up the container. The liquid that
stays at rest is the superfluid. This behavior leads to a reduction in the total moment
of inertia compared to a classical fluid under identical conditions. Consequently, the
superfluid fraction can be quantitatively expressed as:
fi=1- i, (2.56)
Lo
where / is the measured moment of inertia, which only the normal component con-
tributes to, while [ is the classical moment of inertia, which is the one the same mass
of fluid would have if it behaved classically. Thus, superfluidity can be understood
as a linear response to an imposed rotation, analogous to electrical conductivity as a
response to an applied voltage.
Within the framework of linear perturbation theory, the change in the moment
of inertia can be linked to the variance of the angular momentum operator. In the
path-integral formalism, this variance is expressed through the area enclosed by the

polymer paths of the particles. Following the formulation by Sindzingre et al. [297],



2.5. Path Integral Monte Carlo Simulation 63

the superfluid fraction in a plane parallel to the axis k is given by,

4m?

*)
n2pl,

£ = (cAp) - ¢An?), (2.57)

where A, denotes the total projected area of the particle paths onto the plane perpen-

dicular to the k-axis, which can be written in terms of particle positions as :
1 S
_ - J J+1
A=, > (r/xx/) (2.58)

with r{ representing the position of the i-th particle on the j-th time slice. The corre-

sponding classical moment of inertia around the k-axis is given by,

—

Z rg") . rg‘”l) ) (2.59)

0

(k) _
ICl =m

1

N M
:1]

For an extensive discussion on these calculations, one can refer to [298].
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Chapter 3

Quantum Droplet in Doubly Dipolar
Bose-Einstein Condensates

The content of this chapter is adapted from the research articles, "Droplet arrays
in doubly dipolar Bose-Einstein condensates" [46] and "Path integral Monte Carlo
study of a doubly dipolar Bose gas" [252].

3.1 Introduction

The formation of liquid droplets is a phenomenon observed across diverse physical
systems, ranging from classical fluids to superfluid helium to atomic nuclei. These
droplets originate from a fundamental competition between attractive and repulsive
forces that collectively determine the system’s energetic stability. In the realm of ul-
tracold quantum gases, quantum droplets arise from an analogous interplay between
mean-field interactions and beyond-mean-field quantum fluctuations. These quan-
tum droplets have been extensively explored in dipolar Bose-Einstein condensates
(DBECs) [40, 168] and binary Bose mixtures [161-163].

In dipolar BECs, the anisotropic and long-range nature of dipole-dipole interac-
tions leads to a rich variety of phenomena, including roton-like excitations [141]. The
partially attractive character of the dipolar interactions can induce instability in dipo-
lar gases. However, experiments have revealed the importance of beyond-mean-field
effects in stabilizing the dipolar gases, leading to the formation of self-organized and
self-bound structures in dipolar condensates [299]. In this chapter, we explore the
formation of self-bound quantum droplets in doubly dipolar BEC. Self-bound quan-
tum droplets may undergo a dimensional crossover from a quasi-one-dimensional
(Q1D) to a quasi-two-dimensional (Q2D) regime as a function of the angle between
the external electric and magnetic fields without modifying the external confinement.

Thermal fluctuations also play an essential role in the physics of the quantum
droplets. Exploring finite-temperature effects requires methods beyond mean-field

theory, and path integral Monte Carlo (PIMC) has been successfully employed for
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such studies [272, 276, 277, 283-285]. In addition, PIMC has already proven to
be an accurate method to describe the ground state limit of both weakly and strongly
interacting bosonic systems [294, 295, 300-303]. Concerning dipolar BECs systems,
PIMC has been instrumental in investigating key macroscopic properties such as the
superfluid and condensate fraction [283, 304] (including their critical temperatures
[305-307]), and pair correlation functions [308]. Additionally, PIMC furnishes a
correct description of the supersolid phase in quantum droplet systems [303, 309,
310], self-bound liquid in binary Bose mixtures [311], and Bose glasses too [312—
314].

In this chapter, we employ first-principles Path Integral Monte Carlo (PIMC)
methods to thoroughly investigate the properties of trapped doubly dipolar Bose
gases. Our initial analyses confirm the emergence of a pancake quantum droplet
at low temperatures, corroborating earlier mean-field calculations. In the regime of
weak doubly dipolar interactions, our first-principles PIMC results align well with
predictions from the generalized Gross-Pitaevskii equation (gGPE). However, this
agreement diminishes in the strong interaction limit. Here, PIMC, by inherently ac-
counting for quantum fluctuations, accurately describes the strongly interacting dou-
bly dipolar regime, whereas the gGPE, a mean-field approach, falls short. We also
provide a comprehensive characterization of the system’s quantum behavior across a
broad range of parameters. Notably, when the system forms a droplet, its superfluid
fraction exhibits anisotropic behavior, a stark contrast to typical Bose gas systems.
Intriguingly, we observed that the transition temperature from a thermal gas to a
droplet state is higher than that from a thermal gas to a repulsive Bose-Einstein con-
densate, underscoring the enhanced robustness of the droplet phase against thermal
fluctuations. Furthermore, we investigated the anisotropic behavior of the superfluid
fraction during the structural transition from a pancake to a cigar-shaped droplet,
induced by varying the ratio of electric and magnetic dipole interaction strengths.

These findings provide strong theoretical support for the experimental realization

of stable doubly dipolar Bose—Einstein condensates using dysprosium atoms.
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3.2 Self-Bound Quantum Droplet

Self-bound quantum droplets are a novel many-body quantum state that remains
bound without external confinement. In dipolar BEC, these arise due to the in-
terplay between attractive dipole-dipole interactions and repulsive quantum fluctu-
ations. These droplets are stabilized against mean-field collapse due to beyond-
mean-field effects and exhibit liquid-like behavior in an ultradilute regime. Self-
bound droplets have been extensively studied and experimentally observed in mag-
netic dipolar condensates [40] and atomic mixtures [162].

Similarly, a doubly dipolar BEC is unstable against collapse if the attractive part
of the doubly dipolar potential dominates the repulsive contact interactions. The
Lee-Huang-Yang (LHY) correction introduced in chapter 2 plays a crucial role in
stabilizing a collapsing DDBEC. Once the repulsive LHY correction is significant, it
prevents the collapse and stabilizes the condensate into a self-bound quantum droplet
[45]. In the following, we analyze the physics of a single self-bound droplet in a

doubly dipolar condensate.

3.2.1 Variational analysis

We investigate the properties of self-bound quantum droplets using two distinct method-
ologies: direct numerical simulation of the generalized GPE (2.17), and a variational
analysis. The variational approach provides a powerful framework for estimating
the equilibrium widths of a BEC by minimizing the system’s energy for a chosen
trial wavefunction [315]. Typically, a Gaussian ansatz is employed, and the resulting
Euler-Lagrange equations yield insights into the condensate’s properties. Here we

use a time-dependent variational Gaussian ansatz:

X/Z y2 Z/Z
Y(r,t) = ———=eXp|~ 575" 3735 " 571
734 L L L 212 212 2L7
+ixB, + iy’ By + i7*B, + ix'z’[o’xz], (3.1

where we have used the following rotation matrix for the argument in the ansatz,

x cosd 0 —sinf||x
yi=1| 0 1 0 y 3.2)
7 sin @ 0 cosl ||z

We take such a generalized ansatz as the condensate is expected to tilt away from

the z-axis when « is varied. Here, {L,, ., By, By, 0} are variational parameters. The
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angle 0 determines the droplet orientation in the xz-plane and the parameters, L, L,,
and L’ are the droplet widths along x’, y, and 7" directions, respectively. Employing

Eq. (3.1) in the Lagrangian density describing a doubly DBEC,

iho,o . . h?
L= S —w)+ Vel + Sl +
3/2
157 3h3N

f QU + F (Oh b1 )T, (33)

|<//| f ErVr = P+ ——==g Wl x

where the function 7 (6, ¢, @) is defined in Eq. (2.12). We obtain the Lagrangian

L= f d’*rL, and the corresponding Euler-Lagrange equations of motion,

d (OL\ oL
—|=|-7==0, (3.4)
dt\oQ) 090

for the dynamical variables Q € {Ly , ., By ., Bvz,0}. Using the equations of motion

of 8 variables,

M L;2 _ L/Z
X7 = — —X N 3.5
Pev =75, (L;2 + L2 (3-3)
ML,
Bietr yy = WML (3.6)

and the transformation L — L — — ( >iBiL ) we finally arrive at the Lagrangian

L = h—z( LI )—%(L"2+L'2+L"2)—
4m\ L2 Lf L? 4 'y z
%(L;Z—L;2)2.2+ g N
4 (L2+L2)°  2QnplLLL

(‘213];3 F 6k, b, @) (k) +
( )5/2 (M2 gl” [ dQUIB + F (O, i, )2
5) 3Nnm2l/# (L,L,L2)3? ‘

(3.7)

The equations of motion for the widths and the angle 6 are, respectively, obtained as,

T A
ML, =% (3.8)
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Ficure 3.1: Self-bound droplets. The density isosurface (Y (r)? at a particular value)
of the ground states of the self-bound droplets obtained via imaginary time evolution of
Eq. (2.17) for N = 2000 Dy atoms at /7 = 0, 0.4, and 0.5. Along each row (column) y(a)
is fixed. We have taken a; = 200aq for y = 1, and a; = 222ay for y = 2. The peak density
of the droplet is provided at the top for each case. We observe a structural transformation
from a cigar to a pancake shape as a function of @ for y = 1.

and
(L;Z—L;z)2 . 0 d’k )
——— M = ——|g, O, dr, k], 3.9
LT L7 G f oy O o E) (3.9)
where the V. is defined as,
o = L MAE-LEY, s
2M £ L2 2 (LP+L? (2m)32LL,L,
d’k
Em (271_)3 T(ek, ¢k’ a)n2(k)
o (2) My g [ AU + F (O i 1" 410
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In the RHS of Eq. (3.9), 6 dependence appears through the density n(k), in the
momentum space. At the equilibrium, the first derivative of the dynamical variables
vanishes, providing us the widths (L?ex,’y’z,) and orientation (6°) of the ground state

droplet. Both the equilibrium widths and the orientation (6°) of the droplet can be

obtained by minimizing the effective potential, V,rs. As expected, the equilibrium
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orientation is given by §° = 6, the same as that provided in Eq. (2.7). In general, we
find that the variational results are in excellent agreement with the numerical results

obtained from solving the generalized GPE in Eq. (2.17).

3.2.2 Anisotropic properties of a self-bound droplet

In the following, we discuss how the anisotropic features of the doubly dipolar po-
tential introduced in Chapter 2 influence the structure of the self-bound droplet. In
Fig. 3.1, we illustrate the 3d density isosurface plots of the droplet ground states,
corresponding to selected potential surfaces presented in Fig. 2.4, as a function of y
and @. We consider N = 2000 Dy atoms, and tune the s-wave scattering length ap-
propriately to obtain a stable droplet depending on the values of y. The widths of the
droplet, both L°_, , and L?

wex v,z acxy. ar€ shown in Fig. 3.2 as a function of « for different

v. While the width along y remains the same between both coordinate systems, the

widths along x and z are related via the following transformation:

Li, = Li cos? 0, + Lf sin’ 0, —2sin 26, (xz),

L L2sin’6, + L2 cos” 6, + 2sin 20, (xz) . (3.11)

At a = 0, we have a cigar droplet with L) = L) << L?, irrespective of the value of .
As «a increases, the effective attractive interaction along the x-axis increases, causing
an increment in LY with a decrement in both LY and L as shown in Fig. 3.2. Since
the droplet’s width along both y and z axes decreases, the density at the centre of the
droplet increases with « for a fixed 7.

For small vy and independently of the value of «, the effective polarization axis
lies along the z-axis or closer to it [see the upper row of Fig. 2.4]. It implies that
the droplet is mostly elongated along the z-axis for small y values, which is further
verified by the imaginary time evolution of Eq. (2.17). For y < 1, the magnetic
dipole moment is always dominant, and the width along the z-axis is the largest for
any a.

As vy increases, the effect of the electric dipole interactions becomes crucial, and
the effect of varying @ becomes more prominent. In particular, the axis of the droplet
gets tilted away from the z-axis significantly, along with structural modifications. For
example, with y = 1 [see the upper row in Fig. 3.1], varying a from zero to r/2, the
droplet gets tilted and also transforms from a cigar to a pancake-shaped condensate.
The corresponding width modifications are shown in Figs. 3.2 (a) and 3.2 (b). At
a = 0, we have a cigar droplet with L = L) << L? and at @ = /2 rad, the droplet
is pancake shaped with L) = L? >> LJ. For fixed interaction strengths, the pancake
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Ficure 3.2: Droplet widths. Equilibrium widths of the droplets of Dy atoms as a function
of a for different y values and all other parameters are the same as Fig. 3.1. We plot

Lgex,’y’z, on the left and Lgﬂ,y,z on the right. We show the results from both the numerical

results (solid points) and the variational calculations(solid and dashed lines) methods,
which show very good agreement.

droplet (o = m/2) is denser than the cigar droplet (o = 0). At large values of y [see
the bottom row in Fig. 3.1 for y = 2], as a function of «, the droplet axis rotates up to
a maximum of /2 rad without non-trivial structural variations. It changes the long
axis of the cigar from the z axis to the x axis. This is because the polarization axis
approximately follows the dominant electric dipole vector for large values of y. The
a-dependence on the droplet’s widths for a sufficiently large y is shown in Figs. 3.2
(c) and 3.2 (d). Because of the 7/2 rotation of the droplet’s axis, we have Lg, = L‘Z)
and L), = L) at @ = 7/2, resulting in a crossing between L) and L [see Fig. 3.2 (d)].

As seen in Fig. 3.1, the droplet undergoes a structural transformation from a
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Ficure 3.3: Doubly dipolar gas. Schematic diagram showing Doubly dipolar Bose gas
consisting of N Dy atoms confined in an external harmonic trap, see Section 2.5.6. The
atoms have both magnetic (d,;) and electric dipole moment (d, ), the magnetic dipole mo-
ment is fixed along the z-axis, and the electric dipole moment is assumed to be polarized
in the xz-plane, forming an angle a with the z-axis. The angle 6,,(6,) is the angle between
dpn(d,) and the vector joining the two atoms, r = |r; — r}].

cigar to a pancake while varying either a (upper row) or vy (last column). So far, only
cigar-shaped droplets have been observed in the experiments of dipolar condensates
[40, 168, 299]. Doubly dipolar interaction opens the interesting possibility of a con-
trollable modification of quantum droplets from cigar to pancake-shaped. A detailed
analysis of the widths and the modes (see Ref. [45]) reveals that more than just a
structural crossover, there exists an actual dimensional crossover from the Q1D to

Q2D droplet as a function of a.

3.3 Doubly Dipolar Bose Gas at Finite Temperatures

Here, we explore the finite temperature properties of the doubly dipolar Bose gas
and the pancake droplet through first-principle calculations. We consider a gas of N
doubly dipolar dysprosium (Dy) bosonic atoms of mass m confined in a cigar-shaped
harmonic trap of potential V(r) = m(wix*> + w)y* + w?z*)/2, where w, is the trap
frequency along the gth-direction. The atoms possess both magnetic and electric
dipole moments polarized by external magnetic and electric fields, respectively. The

quantum mechanical many-body Hamiltonian describing the system reads

H =

i

2
p;

— + V(r;
2m (ri)

+ ) Ui —r), (3.12)

N
=1 i<j
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where r; = (x;,y;,2;) s the position of the i-th atom of momentum p,. The two-body

interaction potential U in Hamiltonian (3.12) yields
U(r; —r;) = Upaa(r) + Upp(r; — 1)), (3.13)

where r = |r; — rj|. Upaa(r) = oo for r < ay and Upya(r) = O for r > ay, a, being the

two-body s-wave scattering length. Uppy is related to the DDI, which reads

(1 =3cos?6,,) (1 =3cos?6,)
+ge ’

Uppi(r; = 1) = gn 3 3 (3.14)

r

where g,, = wod2 /4n, g. = d°/4ne, while d,, (d,) is the magnetic (electric) dipole
moment of the atoms, moreover u, () is the vacuum permeability (permittivity).
0,, and 6, are the angles formed by the magnetic and electric dipole vectors with the
radial vector r joining the two dipoles, and « is the relative angle between the two
dipole moments as shown in Figure 3.3. In addition, we define y = g./g,, as the ratio
that identifies the relative strength between electric and magnetic dipole moments.

In this chapter, we assume that the external magnetic field is directed along the
z-axis, and hence, the direction of the magnetic dipole moment. The external electric
field instead varies in the xz-plane, inducing a tunable electric dipole moment. The
latter forms an angle o with the z-axis (see Figure 3.3). Both « and y can be varied
by tuning the external electric field for a range of experimentally feasible values
[44, 46]. Since dipoles are polarized in the xz-plane only, the DDI always results in
repulsion along the y-axis and is anisotropic in the xz-plane.

Here we study the thermodynamic features of the system at finite temperatures
using the PIMC methodology described in the previous section. The methodology
introduced here is capable of precisely estimating the chief quantities of interacting
bosonic systems. In the following, we are interested in calculating the system’s en-
ergy and its superfluid fraction; both cases are going to be evaluated at 7 > 0 and in

the limit of zero temperature.

3.3.1 Ground state transition

In this section, we analyze the ground state passage of the doubly dipolar Bose gas
from a BEC to a pancake droplet by employing the PIMC method and the gGPE (Eq.
(2.17)) simulations. It is also interesting to compare the two methodologies under
the variation of the short-range interaction, and in particular, decreasing the s-wave
scattering length makes dipolar interactions very dominant.

Regarding PIMC, we consider a doubly dipolar Bose gas of N = 1024 Dy atoms

described by Hamiltonian (3.12) and confined in a prolate trap elongated along the
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Ficure 3.4: Convergence with time slices. The total energy of the ground state vs.
inverse of time slices from the PIMC simulations in (a) BEC regime, a; = 260ay with M
= 64, 96, 128, 256 slices and, (b) in the pancake droplet regime, a; = 200ag with M =
800, 960, 1024 slices. PIMC simulations have been performed for N = 1024 Dy atoms
under the external trap, wy,,; = 27 X (75,25,75) Hz fora = n/2,and y = 1.

y-axis, with w,,, = 27 x (75,25,75) Hz. Here, the magnetic and electric dipole
moments are assumed to be oriented perpendicular to each other in the xz-plane,
thus having @ = n/2, and their magnitudes are chosen to result in y = 1. Ground
state properties are obtained by extrapolating to the limit of zero temperature, that
is, lowering the temperature until the observables (in this case, energy and superfluid
fraction) do not change on further decreasing 7. We first inspect the ground state
energy of the system by varying a,. For a; > 222a, the repulsive short-range inter-
action dominates, the system resulting in a stable low-density BEC ground state. For
lower scattering lengths, where the attractive part of the DDI in Eq. (3.14) dominates
over the repulsive short-range one, Uy,q, the ground state of the system manifests as
a pancake droplet.

Regarding the energy from PIMC, its estimator relies heavily on the approxima-
tion of the density matrix. Thus referring to the Eq. 2.46, the total energy reads

3N 1 u 2
—_ (== _ Rm _ Rm+1
) < 27 42 M ; ( )
1 i a lnppot(Rma Rm+1 H T)
M & or ’

(3.15)

(- - - ) denotes the statistical mean values of the estimator.

Convergence with time slices

We provide a figure (See Figure 3.4) demonstrating the convergence of total energy

with the number of time slices in both the BEC and pancake droplet regimes.
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Figure 3.5: PIMC vs gGPE. (a) Energy comparison from the ground state of gGPE (di-
amond) and PIMC (squares). The total energy is shown in black, the energy contribution
in PIMC arising from short-range interactions and long-range DDI is shown in pink, and
the kinetic term is illustrated in violet. The inset shows the total energies in the BEC
regime. (b) Peak density comparison from the ground state of gGPE (diamonds) and
PIMC (squares). PIMC simulations have been performed for N = 1024 Dy atoms under
the external trap, wy,, = 27 X (75,25,75) Hz, see main text. The blue and red back-
grounds denote the BEC and the droplet regime, respectively.

Figure 3.4 (a) illustrates the ground-state energy of the condensate with the in-
verse of the number of time slices for a; = 260ay. The energy doesn’t change sig-
nificantly with the increasing values of M = 64, 96, 128, 256, indicating convergence
with the number of time slices. All the results in the manuscript in the BEC regime

are shown from the simulations with M = 128 slices.
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In the droplet regime, for small Mvalues, the energy is quite noisy with the Monte
Carlo steps and does not converge well. Hence, although computationally very ex-
tensive, we have performed the PIMC simulations with a high number of time slices
to achieve better convergence.

Figure 3.4 (b) shows the ground-state energies from the simulations with M =
800, 960, 1024, number of time slices for a; = 200ay, demonstrating the convergence
with increasing M. The results presented in the thesis for the droplet regime are based

on the simulations with M = 1024 slices.

PIMC vs gGPE comparison

The beyond-mean-field, gGPE is solved at T = 0 via imaginary time evolution,
see Eq. 2.17. Figure 3.5 (a) depicts this observable computed by using both PIMC
and gGPE methods. Regarding the total energy (E., black points), PIMC and
gGPE display a substantially concordant trend between them. For a, > 222a,, the
ground-state is a stable low-density BEC ground state. As expected, in this region,
the energy calculations through gGPE exhibit a close agreement with the statistically
exact PIMC simulations compared to the droplet regime for lower scattering lengths.
The transition from a BEC to a pancake droplet is observed consistently around
a; ~ 222ay as witnessed in PIMC.

The appearance of the droplet regime from a BEC state is also captured well by
analyzing the peak density behavior. A sharp increase in the peak density is evident
as the system gets into the droplet regime. The peak density of the droplet rises with
a decrease in the scattering length, PIMC and gGPE exhibiting a qualitatively similar
pattern as shown in Figure 3.5 (b). The values obtained from PIMC indicate a sharper
jump of this quantity around 222a,. A similar trend is observed in the total energy,
as illustrated in Figure 3.5 (a), where gGPE shows a smoother behavior in the droplet
regime. Regarding the PIMC findings, the sharp drop of Ej, supports the analysis
done in Figure 3.5 (b), indicating the presence of a structure dominated by the DDI.

The droplet regime features a clear growth of the Ey;, terms computed from
PIMC, violet points in Figure 3.5 (a). This shows the quantum fluctuations are indeed
significant in the regime dominated by strong attractive DDI (low ay). As discussed
previously, the introduction of the repulsive LHY correction acts to stabilize the con-
densate against collapse and form a pancake quantum droplet. However, it should be
remembered that LHY only remains a first-order correction to the mean-field theory
(one-loop term). It, therefore, can never account for all the terms that characterize
quantum fluctuations as PIMC can properly. Furthermore, PIMC provides an accu-

rate estimate of the effects of DDI in the strongly dipole-dominated regime. These
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explain the mismatch of energy between the mean-field calculations and the PIMC

simulations in the droplet region.

3.3.2 Superfluid fraction across BEC-droplet transition

The superfluid phase can be characterized by the response of the fluid to a small
external rotation [297]. While a normal fluid in equilibrium will rotate rigidly with
the walls, a superfluid will stay at rest if the walls rotate slowly. The superfluid
fraction, f;, can be accurately estimated in a PIMC simulation by calculating the
ratio of the moment of inertia of the system to that of the classical moment of inertia
[282].

In this section, we evaluate f; by sampling the well-established “area estimator”
[297]. This method draws a direct connection between the area enclosed by tangled
paths of polymers in a finite system and the reduction of the moment of inertia of
the particles compared to the classical case. We inspect the superfluid fraction along
three orthogonal axes (k = x, y, and z). When doing so, the formula for ffk) reads:

f = A (<A - A?) (3.16)

oIy

The full details of the derivation have been discussed in the previous chapter 2. We
compute the superfluid fraction across the BEC-to-droplet transition via PIMC sim-
ulations employing area estimator methods as defined in Egs. (2.57), (2.58), and
(2.59). The upper panel of Figure 3.6 illustrates the ground state limit superfluid
fraction along the three orthogonal directions (x,y,z) with varying short-range in-
teractions. The density distributions obtained from PIMC simulations are visually
represented through isodensity plots in the lower panel of Figure 3.6.

For higher values of a,, the condensate represents the ground state of the system,
which has a three-dimensional cigar shape elongated along the y-axis (see Figure
3.6 (¢)), determined by the underlying trap geometry. The superfluid fraction values
computed in the condensate regime at 7 = 5nK, are finite in all three directions,
with f; reaching unity and f and f? having lower values. The anisotropy in the
superfluidity is due to the anisotropic external harmonic trap applied to confine the
doubly dipolar gas. The high values of the superfluid fraction indicate the inherent
superfluid nature and the quantum coherence present in the DDBEC.

With decreasing ay, the superfluid fraction shows a drastic change and becomes
highly anisotropic. In this regime, the interaction is dominated by the strong DDI,

which is purely attractive in the dipole plane (xz) and repulsive perpendicular to the
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Ficure 3.6: Superfluid properties. (a) Superfluid fraction across BEC to droplet tran-
sition along three orthogonal directions (x,y,z) with varying scattering length a; for
a = n/2, and y = 1, for a trap frequency, wy,, = 2 X (75,25,75) Hz. The blue and
red backgrounds denote the BEC and the droplet regime, respectively. We show the 3d
density isosurfaces obtained via PIMC simulations, for (b) a pancake droplet (as/ao=
200), (c) a cigar-shaped BEC (a;/ap= 230). The peak densities for each case are provided
at the top. The PIMC simulations are done for N = 1024 Dy atom:s.

dipole plane (y-axis). The attractive DDI forms a quasi-two-dimensional pancake-
shaped droplet extending in the xz-plane (see Fig. 3.6 (b)), which emerges as the
ground state of the system. Due to the highly anisotropic shape, the pancake droplet
shows distinct superfluid responses to a small external rotation around different axes.
Along the direction perpendicular to the dipole plane, the superfluid fraction reaches
unity, while its values are greatly suppressed within the dipole plane. At a tempera-
ture of 7 = 10 nK, fs(y) achieves around 100% superfluidity, and we extrapolate these
values to lower temperatures. The anisotropy of the superfluidity in this regime is
entirely dictated by the anisotropic DDI, with minimal influence from external trap
geometry. Similar to the DDBEC, the superfluid fraction emphasizes the intrinsic

superfluid nature of the doubly dipolar pancake droplet.
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Ficure 3.7: Thermal gas to DDBEC transition. (a) Energy variation with temperature
for a doubly dipolar condensate at as/ag = 260. The total energy is shown in black, the
energy contributions arising from short-range interactions and long-range DDI are shown
in pink, and the energy contributions from the kinetic term and external harmonic trap are
illustrated in violet and skyblue, respectively. (b) Superfluid fraction along the transition
from a thermal gas to a doubly dipolar condensate. The PIMC simulations are done for N
= 1024 Dy atoms for an external harmonic trap, wy,, = 2 X (75,25,75) Hz.

3.3.3 Doubly dipolar gas with varying temperatures

In this section, we study the properties of the doubly dipolar condensate and the
pancake droplet with temperature variations.

Thermal gas to DDBEC transition

As discussed in previous sections, at high scattering lengths, the doubly dipolar gas
resides in a weak DDI regime. We compute the energy and the superfluid fraction

across the passage from a thermal gas to a repulsive doubly dipolar condensate.
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Ficure 3.8: Density plots. The 3D isodensity surfaces are shown across the thermal gas
to DDBEC and a pancake droplet transition. (a) cigar-shaped superfluid DDBEC (T =5
nK) and (b) a thermal gas (T = 25 nK) at a; = 260aq. (c) A superfluid pancake droplet
(T = 5 nK), and (d) a cigar-shaped thermal gas (T = 40 nK) at a; = 170ag. The peak
densities for each case are provided at the top. The PIMC simulations are done for N =
1024 Dy atoms for an external harmonic trap, w, ., = 2 X (75,25,75) Hz.

At high temperatures, the thermal fluctuations dominate and the system describes
a simple thermal gas, without displaying any coherence between the particles. The
pronounced thermal fluctuations result in a high value of the kinetic energy as shown
in Figure 3.7 (a). The detailed energy analysis shows that the energy due to the har-
monic trap is much higher compared to the interaction energy, resulting in a cigar-
shaped geometry of the thermal gas dictated by the prolate trap geometry (see Figure
3.8 (b)). As the temperature diminishes, the thermal fluctuations decrease, and be-
low a critical temperature, the thermal gas undergoes a transition to a condensed
state. The transition is captured through a sharp increase in the superfluid fraction
value around 7" = 18 nK (See Figure 3.7 (b)). Superfluidity increases in all three or-
thogonal directions as temperature decreases and reaches 100% superfluidity along
the y-direction at lower temperatures. In this repulsive BEC regime, the role of the
doubly dipolar interaction is minimal, and the anisotropy of superfluidity is attributed

to the anisotropic trap geometry. At lower temperatures where thermal fluctuations
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Ficure 3.9: Thermal gas to a pancake droplet transition (a)Energy variation with tem-
perature for a pancake droplet at a;/ap = 170. The total energy is shown in black,
the energy contributions arising from short-range interactions and long-range DDI are
shown in pink, and the energy contributions from the kinetic term and external har-
monic trap are illustrated in violet and skyblue, respectively. (b) Superfluid fraction along
the transition from a thermal gas to a superfluid pancake droplet along three orthogonal
directions(x, y, z). The PIMC simulations are done for N = 1024 Dy atoms for an external
harmonic trap, wy,y, = 27 X (75,25,75) Hz.

are negligible, the system converges toward its ground state, with the total energy ex-
hibiting minimal variation. Figure 3.8 (c) illustrates an isodensity plot of a superfluid

cigar-shaped condensate at 7 = 5 nK.

Thermal gas to pancake droplet transition

In the low scattering length regime, the doubly dipolar gas is dominated by the strong

DDI, where the quantum fluctuations present in the system play a pivotal role. We
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investigate the interesting transition from a thermal gas to a quantum pancake droplet
with varying temperatures.

As expected, at high temperatures, thermal fluctuations are strong and we observe
a cigar-shaped thermal gas (see Figure 3.9 (d)). As the temperature decreases, the
attractive DDI and the quantum fluctuations become prominent, leading to the tran-
sition from the thermal gas to a quasi-2D pancake droplet. Figure 3.9 (a) shows the
energy computed from PIMC simulations across this transition. The high quantum
fluctuations at low temperatures are reflected in the increase of the kinetic energy of
the system, while the total energy decreases due to diminished thermal fluctuations
and an increase in the attractive component of the DDI. The effect of the external
trap is minimal in this regime, which indicates the pancake droplet is effectively self-
bound due to the DDI.

The behavior of superfluidity across the temperatures is illustrated in Figure 3.9
(b). The rise in the superfluid fraction around 7' = 30 nK signals the formation of the
quantum droplet. Upon entering the droplet regime, f> increases steadily and reaches
100% superfluidity around 10nK, while f;** remains suppressed throughout due to
the anisotropic DDI. The iso-density plot of a superfluid pancake droplet is shown in
Figure 3.8 (c). Notably, we observe that the transition temperature from the thermal
gas to the droplet is higher than that of the thermal gas to a condensate transition.
This shows that the doubly dipolar potential alters the critical temperature for the
condensation in the Bose gas. With decreasing a; value, the increasing attractive
nature of DDI shifts the critical temperature to a higher value, a similar phenomenon
observed in dipolar Bose gases [50]. The pancake droplet demonstrates prolonged
superfluidity across a broader temperature range compared to the condensate, which
shows that the droplet is more robust against thermal fluctuations.

Our study reveals that the doubly dipolar condensate and the pancake droplet
are stable against finite temperature fluctuations, which paves the way toward the

experimental realization of DDBEC.

3.3.4 Structural transition with varying electric dipole moment

At this point, we study the characteristics of the doubly dipolar Bose gas by manip-
ulating the relative strength, y, between the electric and magnetic dipole moments at
a fixed scattering length. y can be varied by varying the magnitude of the electric
dipole moment with the help of the external electric field [44]. The relative angle
between the two dipole moments, «, is kept constant at /2.

The PIMC simulations with varying y reveal the BEC to droplet transition and
the structural transition from a quasi-2D pancake to a quasi-1D cigar droplet. The

superfluid behavior throughout this transition is illustrated in Figure 3.10 (a). When
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Ficure 3.10: Structural transition. (a) Superfluid fraction across the structural transi-
tion from a BEC to a quasi-2D pancake droplet to a cigar droplet along three orthog-
onal directions(x,y,z) with increasing y, for a constant @ = m/2 at scattering length,

= 170ag. The 3D isodensity plots are shown for (b) BEC at y = 0, (c) anisotropic
pancake droplet at y = 0.6, (d) cigar droplet elongated along the x-axis at y = 2. The peak
densities for each case are provided at the top. The PIMC simulations are done for N =
1024 Dy atoms for an external harmonic trap, wy,y, = 27 X (75,25,75) Hz. The blue and
red backgrounds denote the BEC and the droplet regime, respectively.

= 0, DDI solely involves magnetic dipoles pointing along the z-direction. The
repulsive short-range interaction dominates over the attractive DDI and forms a re-
pulsive BEC (see Figure 3.10 (b)). Since the trap is weaker along y, the condensate is
elongated in y, and the width of the condensate along z is greater than along x, due to
the maximum attraction of DDI along z. The superfluid fraction exhibits finite values
in all three orthogonal directions, with f;” having higher values than f%. With the
introduction of y and the associated electrlc dipole moment, attractive interactions
along the x-direction come into play. In the BEC regime for y > 0, f; surpasses
;" due to attractive DDI in the xz-plane. As vy increases further, the attractive DDI
dominates over the short-range interactions, leading to the emergence of a quasi-2D
pancake droplet. The pancake droplet is anisotropic for y # 1, it is elongated along z
for y < 1 as shown in Figure 3.10 (¢). For v = 1, where DDI is radially symmetric
in the xz-plane, an isotropic pancake is formed, see Figure 3.8 (c). Superfluidity is

high perpendicular to the dipole plane for the pancake droplets and suppressed in
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the dipole plane. f; reaches around unity for an isotropic pancake droplet. For y
values much higher than one, the electric dipole moment dominates over the mag-
netic dipole moment, and DDI is maximally attractive along the x-axis. The droplet
undergoes a structural transition from the pancake to a cigar shape elongated along
the x-axis (see Figure 3.10 (d)). Superfluidity (f}) decreases with the dimensional
crossover from a quasi-2D to quasi-1D geometry. In this tightly confined configura-
tion, the system can not support a rotational flow in the same way as the quasi-2D
geometry and is forced to move almost like a rigid body. Consequently, the mo-
ment of inertia approaches the classical value, and the superfluid fraction is strongly
reduced. This geometric constraint is further reinforced by the enhanced phase fluc-
tuations inherent to effectively one-dimensional systems, which diminish long-range
phase coherence. This study highlights that the superfluid characteristics of DDBEC

can be manipulated through the application of an external field.

3.4 Conclusion

In this chapter, we have implemented first-principles numerical simulations to study
the properties of a doubly dipolar Bose gas. Employing PIMC, we observe the tran-
sition from a repulsive BEC to a quantum pancake droplet at low temperatures and
conduct a comparative study of the same at 7 = 0 using the gGPE in the mean-field
framework. While PIMC and gGPE results align well in weak DDI regimes, PIMC
correctly estimates dipolar as well as quantum fluctuation effects in a strong DDI
regime. We have investigated the superfluid behavior based on rotational responses
as a function of scattering lengths and temperatures. We observe a highly anisotropic
superfluid fraction in the pancake droplet regime, attributed to the anisotropic nature
of the doubly dipolar interaction. The direction-dependent superfluid fraction may
be experimentally measured based on the system’s non-classical rotational inertia
[200]. The anisotropies in the superfluid fractions might also be observed in usual
magnetic dipolar BECs or in non-dipolar BECs confined within highly anisotropic
traps, paving the way for a comprehensive investigation in future studies. Notably,
we observe that the temperature of passage from a thermal gas to the pancake droplet
is higher than that of the transition to a BEC, showcasing the robustness of the pan-
cake droplet against thermal fluctuations. Modulating the relative strength between
the two dipole moments influences the structural and superfluid properties of the
quantum droplet.

In this study, we have considered the doubly dipolar bosons confined within a
cigar-shaped trap, which reveals the interesting transition from a cigar-shaped BEC

to a pancake-shaped droplet due to the interplay between the trap and the anisotropic
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DDI. Due to convergence issues, simulating a self-bound droplet using the PIMC
method becomes difficult, and a detailed study on self-bound droplets can be ex-
plored in future work. Also, our current focus has been on a single pancake droplet,
although by altering the trap geometry or number of atoms, multiple pancake droplets
can be realized. Future investigation of superfluidity between the droplets will pro-
vide insights into novel pancake supersolids predicted in the mean-field work [46].
Exploring the finite temperature properties of pancake supersolids will also be the
subject of future studies. Our study confirms a stable DDBEC at finite temperature

and paves the way toward its experimental realization.
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Chapter 4

Droplet Arrays and Supersolids in
Doubly Dipolar Bose-Einstein

Condensates

The content of this chapter is adapted from a part of the research article "Droplet

arrays in doubly dipolar Bose-Einstein condensates" [46].

4.1 Introduction

Supersolid is a fundamental phase of matter characterized by the frictionless flow
of a superfluid with the crystal-like periodic density modulation of a solid [177,
186]. This unique phase spontaneously breaks two continuous symmetries: the
global phase coherence, which accounts for superfluidity, and the translational in-
variance resulting in a crystal structure. Originally predicted in solid helium [182,
184, 185], the first experimental realizations of supersolids have been achieved in
ultracold quantum gases [189, 190]. In particular, dipolar quantum gases [13, 36]
have been instrumental in exploring the supersolid characteristics, including sponta-
neous density modulation [41, 71, 72, 204], the existence of goldstone modes [198,
199] and Josephson-like dynamics [201, 316]. The formation of density modulation
in supersolids hinders the superfluid flow along that direction, resulting in reduced
superfluidity. Experimental measurements have demonstrated this reduced superflu-
idity based on the non-classical moment of inertia [200] and the Josephson effect
[201]. The presence of quantized vortices provides unambiguous evidence of su-
perfluidity in supersolids. Dipolar supersolids are usually obtained by triggering the
roton instability [38]. At very low temperatures, the transition from a BEC to a su-
persolid is achieved by quenching the s-wave scattering length [41, 71, 72, 191-193],
where the repulsive quantum fluctuations [157, 158] play a crucial role in stabilizing
the condensate. Heating a dipolar superfluid can also induce a phase transition to a

supersolid state [58, 317] due to the effect of thermal fluctuations.
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In this chapter, we explore the formation of supersolids in a doubly dipolar BEC.
We demonstrate that manipulating the relative angle between the two dipole moments
can create novel scenarios for quantum droplet arrays in doubly dipolar condensates.
These scenarios include a density-modulated single droplet ground state, supersolid-
supersolid transitions, and the potential formation of an array of pancake-shaped

quantum droplets.

4.2 Droplet Arrays and Supersolids

In contrast to homogeneous systems, where single quantum droplet formation is typ-
ically favored, the presence of an external harmonic confinement can result in the
emergence of multi-droplet ground states, a phenomenon observed in condensates of
magnetic dipolar atoms. Under proper conditions, these droplets may keep mutual
phase coherence, leading to the formation of dipolar supersolids [41, 72, 204, 206].
Here, we investigate the novel possibilities opened by the doubly dipolar potential in
the context of droplet arrays and supersolids, broadening the landscape of accessible
quantum phases.

In the following, we consider a doubly dipolar Dy condensate of N = 35000
atoms in a magnetic field of 8 = 100 G and an electric field & = 2.68 kV/cm. These
field strengths are experimentally convenient, and the electric dipole moment or y
varies with @ accordingly, as shown in Fig. 2.2, with ¥y = 1 when @ = /2. The
lifetime of the stretched state |S ), introduced in Chapter 2, varies from 28 s at @ = 0
to 58 ms at @ = m/2 for the chosen parameters. These lifetimes are experimentally
sufficient to observe the physics discussed in this section. As mentioned in previous
chapters, the effective polarization axis of the doubly dipolar potential is assumed to
lie on the xz plane. The geometry of the external trapping potential, specifically the
relative confinement strengths along and perpendicular to the polarization axis, plays
a decisive role in determining the ground state of droplets and supersolids in DDBEC.
In the following, we discuss separately the cases of weaker confinement on the dipole
polarization plane and orthogonal to it. We explore the emergent ground states for
the different trap geometries by solving the generalized GPE (2.17) in imaginary time

evolution.

4.3 Weaker Confinement on the Dipole Plane

Figure 4.1 illustrates the possible ground states as a function of the angle between
two dipole moments (@) and the scattering lengths (a;) for the case of weaker con-

finement on the dipole plane. We consider N = 35000 atoms in a trap elongated
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Ficure 4.1: Droplet arrays and supersolids. Ground-state phase diagram as a function
of @ and a; for wy,, = 2m x (18.5,53,81) Hz, N = 35000, 8 = 100 G and & = 2.68
kV/cm. The incoherent (supersolid) arrays with n droplets are denoted as D, (SS,). The
color bar shows the superfluid fraction f; of the multi-droplet states. Solid lines separate
states with different numbers of droplets, whereas dashed lines separate supersolid and
incoherent arrays with the same droplet number. MD is the region where we observe
a density-modulated droplet, and SD is the regime for a single droplet. To distinguish
between BEC and SD, the superfluid fraction is not shown in the SD region.

along x, with w,,, = 2r x (18.5,53,81) Hz. This specific trap geometry has been
employed in the experiments of magnetic dipolar supersolids [41]. We observe the
emergence of various ground states in the whole parameter regime and in the phase
diagram, incoherent (supersolid) droplet arrays are labelled as D, (SS,), where n

stands for the number of droplets.

4.3.1 Physics of magnetic dipolar condensates

We begin by discussing the physics for the case when @ = 0 and y = 0. In this con-
figuration, the ground state properties are determined solely by the magnetic dipole
moment, which is polarized along the z-axis, and the system exhibits behavior analo-
gous to that observed in conventional magnetic dipolar condensates. When decreas-
ing ay, the ground-state transitions from an unmodulated (denoted as BEC) regime
to a supersolid and eventually to incoherent droplets [41, 71, 72]. At larger values of

a,, the repulsive scattering interaction dominates over the dipolar interactions, and
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we observe the formation of a repulsive condensate elongated along the x-axis (the
weaker confinement axis). Conversely, for lower aj, the dipolar interactions become
increasingly dominant, leading to the formation of supersolids, incoherent droplets,
and eventually to a single one (SD regime). Fig. 4.3 (b) shows the density plot of
supersolid with 5 droplets (SSs) in the xz plane, the droplets are cigar-shaped and
elongated along the z axis, consistent with the polarization of the magnetic dipoles.
Here, we discuss in detail how we obtain the phase boundaries, differentiate between

BEC and supersolid phase, and the different droplet states.

4.3.2 Finding the phase boundaries

Leggett’s upper-bound for superfluid fraction:
To distinguish between incoherent droplets and supersolids, we employ Leggett’s

upper bound of the superfluid fraction [186]:

) Lo L 4 q -1
fs = Q2L) [f dqii(q) ~—] , 4.1)
-L L 7i(q)

where ¢ is the coordinate along which the droplet array is formed, and 7i(g) is the
column density obtained after integrating over the other two axes. The length 2L
encloses the central region, where droplets form. For a mean-field stable condensate
(BEC regime) and an unmodulated single droplet (SD regime), f; = 1, whereas
fs ~ 0 for an incoherent droplet array (D,) with n > 1. Intermediate f; values
characterize the supersolid regime. We employ the criterion f; > 0.1 to identify a
regime as supersolid. We have shown the f; value for all the parameters in the ground
state phase diagram (Fig. 4.1). Fig 4.2 (b) shows the f; value for @ = 0 with varying
a,. fs decreases from unity to a finite value as the ground state gets transitioned from
a BEC to a supersolid regime, and gradually it goes to O in the incoherent droplet
array regime.

Contrast:
The transition from BEC to supersolid to an isolated array of droplets can also be
characterized with the help of density contrast [202, 318, 319] defined by,

_ Npeak — Mmin

C (4.2)

Npeak + Nmin ’
where 7y, and ny,;, are the maximum and minimum densities along the direction of
the droplet arrays. C changes from zero for the BEC state to a finite value for the
supersolid state. C becomes unity for the array of isolated droplets. The contrast and

superfluid fraction values complement each other, as demonstrated in Fig. 4.2 (b) for
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FIGUure 4.2: Ground state transitions. (a) The peak density, n, (black) and the ground
state energy per atom (magenta) as a function of a, for @ = 0. (b) The contrast, C (black)
and the superfluid fraction, f; (magenta) as a function of a; for @ = 0. The solid lines are
a guide to the eye. All other parameters are the same as used in Fig. 4.1.

a = 0 with varying scattering lengths. The f; and C both go to zero for the incoherent

droplet arrays, as there is no global phase coherence between the droplet peaks.
Ground state Energy:

We search for the ground state of the system for a set of @ and a; values, starting with

different initial wave functions. We calculate the total energy of the system from each

different initial wavefunction and find the lowest energy state [166, 203]. The total

energy of the system is expressed through the following,
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where the first and second terms represent the kinetic and external potential energies,
4nh*Nag

respectively. The third term accounts for the scattering energy, with g = —

The last two terms are the doubly dipolar interaction and the quantum fluctuation
contribution to the total energy.

In the parameter regime we have investigated, numerous metastable states exist
with nearly degenerate energies. Different droplet configurations may get energet-
ically close for certain values of @ and a,. The imaginary time evolution need not
necessarily converge to the ground state and may exhibit a dependence on the initial
state. We do an exhaustive search for the ground state by considering various initial
states, consisting of a variable number of Gaussians placed in distinct configurations.
In the vicinity of some phase boundaries, configurations containing n and n+1 num-
bers of droplets often differ in energy by only a few Hertz per atom. We choose the
low-energy configuration as the ground state among the different final states. We
have decided the phase boundary following a similar procedure for all the @ and a;
values. Due to the cigar-shaped geometry of the trap, finding the ground state is
relatively easy in our case. For the interaction parameters we consider, the ground
state droplet array is always along the direction of weaker confinement. A trap with
comparable frequencies in all directions can pose more difficulty in finding the true
ground state.

Fig. 4.2 (a) shows the ground state energies per atom for @ = 0 with varying
scattering lengths. At larger values of ay, the repulsive scattering interaction makes
the total energy positive. With decreasing ay, the DDI becomes dominant and the
energy becomes negative due to the attractive contribution of the doubly dipolar in-
teractions. Within the BEC regime, the energy exhibits a gradual variation; however,
at the BEC-supersolid transition, a more rapid decrease in energy is observed, which
becomes even more pronounced in the droplet regime.

Peak Density:

The peak density of a condensate serves as a key indicator for the transition from a
BEC to droplets or a supersolid state. A sharp increase in the peak density marks the
onset of the high-density droplet phase. Fig. 4.2 (a) demonstrates the peak density
as a function of a, for @ = 0. It is possible to distinguish arrays with odd and even
numbers of droplets via the density at the trap centre. There is a droplet at the trap

centre for odd cases, whereas the central density is nearly zero for even cases.
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Ficure 4.3: Supersolid-supersolid transitions. Superfluid fraction f; as a function of «

for a; = 145ay. The other parameters are the same as in Fig. 4.1. (b)-(d) show supersolid
densities (| (x,y =0, 2)?) at @/m = 0 (SSs), 0.18 (SS4), and 0.21 (SS3), respectively.
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4.3.3 Supersolid-supersolid transition

Now we focus on the behaviour of the ground state phases as the electric dipole mo-
ment is tilted towards x, i.e., & is increased. The phase diagram remains unchanged
for @ < 0.127, since the magnitude of the electric dipole moment is very small (see
Fig. 2.2 (a)).

In contrast, the phase diagram is radically altered for larger a. As the electric
dipole moment becomes substantial, the ground states exhibit a non-trivial depen-
dence on a. In particular, it is also possible to observe transitions between different
droplet arrays by varying «. For a fixed a value, while for smaller «, results in
multidroplet ground states, with increasing «, the attractive region in the xz-plane
of the doubly dipolar potential gets augmented, and the attraction along the x-axis
increases. Now, there is an interplay between the weaker trap along the x and the
increasing attraction of DDI in the same direction. This leads to a decrease in the
number of droplets with increasing @ and eventually to a large single droplet as the
ground state.

Remarkably, the ground state may undergo a transition between supersolid phases
with a different number of droplets as a function of @. These transitions can occur
while keeping a significant superfluid fraction, maintaining the superfluidity between
the droplet peaks. Fig. 4.3 demonstrates such transition for a; = 145a,. Note as well
that due to the interplay between the trapping potential and the doubly dipolar po-
tential, the droplets that form the supersolids get tilted and take atypical shapes with
varying « (see Figs. 4.3 (b-d). The transition between supersolids with different

droplet crystal structures is so far a unique scenario in the physics of dipolar conden-

sates.
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Ficure 4.4: Single droplet. Droplet density [|y/(x,y = 0, 2)I?] in the xz plane for a/m =
0.25, and az/ag = 155 (a), 146 (b), and 135 (c). The other parameters are the same as in
Fig. 4.1. The droplet acquires a rectangular cuboid shape with its aspect ratio controlled
by a;.
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FiGure 4.5: Modulated droplet. Superfluid fraction f; as a function of a, for a/7 = 0.18.
The other parameters are the same as in Fig. 4.1. The dashed line separates supersolid
and incoherent arrays with the same droplet number. (b)-(d) show the densities [y (x,y =
0,2)%. Upon decreasing a,, the BEC phase (depicted in (b) for a; = 170a0) transitions into
a single droplet (shown in (c¢) for a; = 155ap), which develops density modulations (as
seen in (d) for a; = 149ay).

0
x/l.

4.3.4 Single droplet and density-modulated droplets

Here we discuss the single droplet regime in more detail. For a sufficiently large
a 2 0.157, the mean-field stable condensate transitions for decreasing a, into a single
droplet (see Fig. 4.5), resembling the situation found in usual dipolar condensates for
a small-enough particle number [168]. For higher ay, the droplet is elongated along
the x axis due to the weaker confinement of the trap in the x axis. For @ > 0.23r,
the single droplet remains the ground-state when further decreasing a,. However, the
droplet shape may depart very significantly from the typical elongated form found in
usual dipolar condensates. The interplay between the external confinement and the
doubly dipolar potential causes shearing and tilting, leading to rectangular cuboid
shapes, with an aspect ratio controlled by a; (see Fig. 4.4).

The situation is very different for 0.157 < @ < 0.237, where the single droplet
acquires a density modulation for decreasing a; due to the roton-like softening of

the lowest droplet mode along the x-axis [320]. The density-modulated state arises
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Ficure 4.6: Various kinds of modulated droplets. Different modulated droplet states of
doubly dipolar droplets. The densities [(x, y = 0, z)|> (upper row) and |¢(x,y = 0,z = 0)[?
(bottom row) for the doubly dipolar BEC with all other parameters same as in Fig. 4.1.
The corresponding value of @ and a; is provided at the bottom of each column. (a) re-
sembles an arrested coalescence (AC) state of four droplets, in (b) the two inner droplets
are in the AC state, and in (c) a central big droplet is almost merged with the two smaller
outer droplets.

because of the combined effect of droplet tilting due to the additional electric dipole
moment and the Q1D geometry of the harmonic trap, which causes the droplets to
overlap. We observe the emergence of various kinds of these modulated droplet states
in the parameter regime. These states resemble the form of arrested coalescence,
which means they are not entirely coalesced. This partial coalescence leads to novel
types of density-modulated droplets. Fig. 4.6. (a), (b) show two or more droplets in
the form of arrested coalescence, and Fig. 4.6. (c) the two central droplets are in a
state of partial coalescence and are weakly coupled to each outer droplet. The results
indicate that such states can be easily observed and controlled in doubly dipolar
BECs. A similar state is predicted in the usual dysprosium condensate [71, 201],
but with different trap frequencies. The modulated-droplet state has comparatively
higher superfluid fraction values than the usual supersolid (SS,) phases.

When further decreasing a; (see Fig. 4.5 (a)), this modulated-droplet (MD) su-
persolid ground-state evolves into a droplet supersolid and then into an incoherent
droplet array, with a decreasing number of droplets until reaching a single-droplet
solution. Below, we explore the roton minima in the excitation spectrum of DDBEC

in more detail.
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4.3.5 Quasi one-dimensional DDBEC

Since we have used an anisotropic external harmonic trap in our study, which is
strongly confined in two directions, we approximate the trapped condensate as a
quasi-one-dimensional (Q1D) condensate along the weaker trap direction (x-axis in
this case). Any external trapping along the axial (x) direction is neglected, and a
strong harmonic trapping potential is imposed in the radial (y and z) directions. The
dipoles are polarized in the xz plane, with the magnetic dipoles always polarized in
z and the electric dipole polarization varying in the xz plane. We can express the 3D

wavefunction in a separable form as ¥/(r) = ¢,(y, 2)¥(x), where,

¢p(y’ 7) =

oo (- (3 az2)
exp| — (== + == |} 4.3)
NV TER TR
represents the ground state of the harmonic oscillator of the radial confinement. Em-

ploying the above factorization and integrating out the radial directions, we obtain

the Q1D generalized GPE along the axial direction :
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where n(k,) is the Fourier transform of the density [(x)|* and the Q1D doubly dipolar

interaction is expressed as follows:
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where erfc(q) = (1 — % foq e‘tzdt) is the complementary error function.
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+37 (K2 +y(k,cosa + K sina)?)|,  (4.5)

Effective Q1D excitation spectrum

The collective excitations of the system can be expressed in terms of the Bogoliubov
quasiparticles, with the excitation spectrum obtained by solving the Bogoliubov-de
Gennes (BdG) equations. The BdG equations are derived by linearizing the time-

dependent GPE (2.17) for a small perturbation around the stationary state.
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Ficure 4.7: Roton Minima. The effective Q1D excitation spectrum is plotted for a/m =
0.18 with varying scattering lengths, as/ag = 170 (red), 160 (blue), and 159.2 (black).
The roton minimum softens around a; = 159.2ay, indicating the formation of spontaneous
density modulation.

To obtain the effective Q1D excitation spectrum, we employ the same shape ap-
proximation [321] for the quasiparticle excitations, and integrate out ¢,(x,z) from
the 3D BdG equations. For a uniform condensate along the y axis, excitations can be
chosen as plane waves. Solving the BdG equations, the dispersion relation along k,
is obtained as follows [274, 318],

R [ H2 K2 gny  Amg.ng 2 Aunl?
ky) = ] R ) + —2" 2 Vld(k,) + — ||, 46
ek \/2M[2M (27rLyLZ 3 k) + 50 (LyLz)”)] (40

where ny is the linear density along the x-axis.

Fig. 4.7 shows the Q1D excitation spectrum for o/ = 0.18 for various scattering
lengths, where we have used the widths along the y(L,) and z(L;) axes from the
corresponding 3D numerics, as well as the ng is taken as the peak linear density
along x-axis of the condensate obtained from the imaginary time evolution. For
higher values of a, in the BEC regime, a roton minimum is observed in the spectrum.
With increasing the effect of DDI, the roton mode softens, i.e., the energy goes to
zero at a finite momentum. The softening of the roton indicates the emergence of

density modulation in the condensate.
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Ficure 4.8: Droplet arrays and supersolids. Ground-state phase diagram as a function
of @ and a, for wy,, = 2w X (53,18.5,81) Hz. The other parameters are the same as in
Fig. 4.1. The color bar shows the superfluid fraction f; of the multi-droplet states. Solid
lines separate states with different numbers of droplets, whereas dashed lines separate
supersolid and incoherent arrays with the same droplet number.

4.4 Weak Confinement Perpendicular to the Dipole

Plane

In this section, we investigate how just changing the external harmonic trap affects
the ground states of doubly dipolar condensates. Here, the trap geometry, the number
of atoms, and the electric and magnetic field strengths remain the same, except that
the trap frequencies along the x and y axes are interchanged compared to the previ-
ous case in 4.3. We consider w,, . = 2m X (53, 18.5, 81) Hz, the weaker confinement
is along the y-axis, and the dipoles remain oriented in the xz-plane. In usual dipo-
lar condensates with dipoles polarized along the z-axis, an interchange between the
trap frequencies along the x and y axes leaves the condensate properties unchanged.
However, it may have drastic effects on doubly dipolar condensates, as discussed
here.

As shown in Fig. 4.8, for @ < 0.127, the phase diagram remains the same as in
the previous case since the electric dipole moment is small, and the trap frequency
along z (the magnetic dipole direction) is unchanged. We see the identical transitions:

BEC — SS; —» Ds —» D; — D, — D, when q, is decreased for small « values. In
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Ficure 4.9: Exotic supersolids in DDBEC. Supersolid states for different relative ori-
entations (@) between the two dipole moments. The upper row shows the density
ly(x,y,z = 0)? in the xy plane, and the bottom row shows the density |¥(x,y = 0,2)
in the xz plane. (a) is for @ = 0 and a; = 149ay, which shows a supersolid formed by
cigar droplets. (b) is @ = n/4 and a; = 187ay, displaying a supersolid tilted droplets. (c)
is @ = m/2 and a; = 306ay, we have a supersolid pf pancake droplets. In (a), there are 5
droplets, whereas in (b) and (c), there are six droplets.

this case, the droplet array is formed along the y axis since that is the weaker trap

direction.

4.4.1 Pancake supersolids

In contrast, for larger @, the phase diagram drastically departs from that of Fig. 4.1.
As « increases to ~ 0.12m, the electric dipole moment becomes significant, and the
explicit dependence of trap frequencies along each axis on the phase diagram be-
comes visible. We see a maximum of six droplets compared to five in the previous
case. It is because the droplet width along the y-axis becomes increasingly smaller
for larger electric dipole moment, which helps to accommodate more droplets along
the y-axis. Another feature is that the transition between different droplet arrays oc-
curs irrespective of @. The multi-droplet states always form in this case, since the
increasing attraction of the DDI and the weaker trap axis are in the perpendicular

direction and do not compete with each other. The transitions move to larger values
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Ficure 4.10: Pancake supersolids. Superfluid fraction f; as a function of a; for
a/m = 0.5. The other parameters are the same as in Fig. 4.8. Insets (b) and (c) illus-
trate, respectively, the case of an incoherent and supersolid pancake droplet array.

of ay, but their nature remains unaltered. Notably, above a critical @ ~ 0.25m, SS¢
emerges but D, disappears. It also implies that above a critical ay, increasing @, we
get BEC — SSg transition, and below the critical a,;, we observe BEC — SSs tran-
sition. In our numerics, we have observed that for @ > 0.22x, in the vicinity of the
transition region between D5 and D3, the difference in the average energy per particle
with Dy is of the order of a Hertz. The latter implies that even though we do not ob-
serve Dy as the ground state for @ > 0.22n, it is quasi-degenerate with Ds and Dj in
the transition region. It can be experimentally challenging to resolve between these
three states using this trap.

The doubly dipolar interaction offers the novel possibility to realize exotic su-
persolid states in this trap geometry. The supersolids are most probable to be found
near the BEC-droplet array transition regions. In Fig. 4.9, we show the supersolids
observed at three different @. The value of a; is adjusted accordingly for each a.
The top row shows the density in the xy-plane, and the bottom shows the same in
the xz-plane. For @ = 0, it is composed of five cigar droplets as shown in Fig. 4.9
(a) and is also the case of usual dipolar condensates. Fig. 4.9 (b) and 4.9 (c) show
the examples of novel supersolids emerging in DDBEC. Fig. 4.9 (b) demonstrates
the emergence of a supersolid state with tilted droplets, and also the droplets start to
look more quasi-2D-like.

Most remarkably, droplets become pancake-shaped on the xz-plane for @ > 0.47.
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As a result, doubly dipolar condensates offer the unique possibility of realizing ar-
rays of pancake droplets, as illustrated in Fig. 4.10 for the case of /7 = 0.5. Upon
decreasing a;, the unmodulated BEC phase undergoes a transition to a pancake su-
persolid (SS¢), followed by a pancake supersolid-supersolid (SS¢ — SSs) transition.
Eventually, it becomes an incoherent array of pancake droplets (Ds), and a further
decrease in a, leads to arrays with fewer droplets. The emergence of the pancake

droplets is a unique scenario for the doubly dipolar condensates.

4.5 Conclusion

The interplay between doubly dipolar interactions and harmonic confinement leads
to novel possibilities for quantum droplet arrays. The relative orientation between
the electric and magnetic dipole moments constitutes a novel control parameter that
may be employed to drive intriguing scenarios, such as modulated droplets and
supersolid-supersolid transitions. Moreover, changing the relative angle allows, with-
out changing the external confinement, transitioning from an array of cigar-shaped
droplets, as those of usual dipolar condensates, to a novel array of pancake droplets.
Although we have focused on one-dimensional droplet arrays, two-dimensional ar-
rangements open new possibilities for other forms of supersolids and density pat-
terns, as explored in the usual dipolar condensates [202-204, 206, 319]. The fas-
cinating physics of two-dimensional quantum-stabilized doubly dipolar condensates

will be the subject of future studies.
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Chapter 5

Rotation-induced Supersolidity in
Dipolar Bose Gases

The content of this chapter is adapted from an ongoing project, with the manuscript
"Dilute supersolids in rotating dipolar Bose-Einstein Condensates" under prepara-

tion.

5.1 Introduction

A supersolid is a quantum phase of matter in which superfluid and crystalline prop-
erties coexist due to the spontaneous breaking of global U(1) and translational sym-
metries [177]. Several variants of supersolids have been discovered over the last
decade. For instance, stripe supersolids have been observed in spin-orbit coupled
Bose-Einstein condensates (BECs) [189]. One-dimensional supersolids, character-
ized by density modulations along a specific axis, are found in a BEC coupled to
two cavity modes [190], photonic-crystal polariton condensates [322], and in dipolar
condensates [41, 71, 72]. Furthermore, two-dimensional supersolids have also been
discovered in dipolar BECs [204, 205]. More exotic supersolids, from honeycomb
to pancake ones, are predicted to exist in dipolar condensates [46, 202, 203, 323,
324]. The existence of supersolids is attributed to the instability of finite-momentum
roton-like excitations in the Bogoliubov spectrum, which leads to crystallization in
the system, transforming from a purely superfluid state [147, 245, 325].

Dipolar supersolids are realized as coherent arrays of self-assembled quantum
droplets [13, 326, 327]. These droplets are clusters of bosons formed due to the
interplay between effective mean-field attractive interactions and repulsive quantum
fluctuations in the presence of a harmonic potential [45, 168, 252, 299]. Quantum
fluctuations introduce density-dependent corrections that go beyond mean-field the-
ory, known as Lee-Huang—Yang (LHY) corrections to the Gross-Pitaevskii equation
governing the properties of dipolar bosons at very low temperatures [158]. The repul-

sive LHY correction is crucial for stabilizing each droplet against collapse [167]. The
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emergence of supersolids is confirmed by the phase coherence among the droplets
[41, 71, 72], the existence of Goldstone modes related to the spontaneous breaking
of gauge and translational symmetries [194, 198, 199], and a reduced moment of
inertia [200].

On the other hand, rotating a trapped dipolar BEC accommodates various forms
of quantized vortices and vortex lattice geometries [234, 235, 237-240, 328-330].
Initial analyses of rotating dipolar condensates were based on time-dependent har-
monic potentials. Recently, several studies have focused on injecting angular mo-
mentum into dipolar condensates by rotating the dipole polarization using time-
dependent magnetic fields [242, 331]. The first experimental demonstration of quan-
tized vortices in a dipolar BEC was achieved using highly magnetic dysprosium (Dy)
atoms, under the rotation of dipole polarization, which they termed as magnetostir-
ring [233]. The experiment was conducted in a cylindrically symmetric trap, where
the rotation of the condensate about the trap axis was facilitated by magnetostric-
tion resulting from anisotropic dipole-dipole interactions. The magnetostirring also
results in an elongation of the condensate, with the degree of elongation increasing
with the rotation frequency. The experiment also revealed the formation of vortex
stripes when dipolar interactions are strong.

Very recently, rotating a supersolid via magnetic stirring and the subsequent for-
mation of vortices have also been demonstrated experimentally [244]. This finding
further confirms the superfluid characteristics of the droplet crystals. The vortices
in supersolids, which are formed in the low-density regions between the droplets,
exhibit different properties compared to their pure superfluid counterparts [246, 247,
249]. For instance, the angular momentum is lower than the expected value of 7 due
to the reduced superfluidity in the system, along with significant modifications in the
vortex core structure caused by nearby droplets. Other notable differences include a
considerably lower critical velocity for vortex nucleation and a steady increase in the
number of vortices as the driving frequency surpasses a certain threshold.

In this chapter, we discuss the response of a dipolar condensate subjected to si-
multaneous rotation of a harmonic potential and the dipole orientation. We focus
on a cigar-shaped condensate, with the rotation axis oriented perpendicular to both
the trap’s symmetry axis and the dipole polarization. Solving the GPE in a rotating
frame, we demonstrate a ground state transition from a BEC to a supersolid phase
accompanied by the formation of vortex lines. Crucially, these supersolids don’t rely
on LHY interactions and are stabilized by the emergence of vortices. In addition, ro-
tational effects give rise to a supersolid—supersolid transition within the ground state.
Furthermore, we study the stability of the system under real-time dynamics incorpo-

rating noise to the ground state via the truncated Wigner formalism. Finally, we also
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Ficure 5.1: Schematic diagram showing the rotation of a cigar-shaped dipolar Bose gas.
Dipolar atoms are in a magnetic field and a trap, both rotating about the x-axis with a
frequency Q. The dipoles are always polarized along the rotating magnetic field.

explore how the trap geometry influences the ground-state transition by examining

variations from cigar to spherical configurations.

5.2 Dipolar Bose Gas in a Rotating Frame

We study the rotation of a dipolar Bose-Einstein condensate consisting of N atoms
of mass m and magnetic dipole moment u confined within an external harmonic trap.
The dipole moments are aligned along an externally applied uniform magnetic field.
We employ the rotation of both the external harmonic trap and the magnetic field
around the x axis to rotate the gas. The time-dependent external harmonic trap po-
tential is expressed as [332-334], V'(r, 1) = m/2(w}x* + w; (y cos(Q1) + 2 sin(Q1))* +
wg (zcos(Qt) —y sin(Q1))?), where 7 is the coordinate of the rotating frame. The ro-
tating magnetic field is expressed as, B(f) = Bé(t) = B (zcos(Qt) — ysin(r)). We
assume the frequency of rotation is sufficiently slow such that the rotation is adi-
abatic. The rotation frequency is much lower compared to the Larmor frequency
of the system, Q << w; = uB/h. The magnetic dipoles follow the rotating mag-
netic field B(r) adiabatically [243, 335] and the dipoles are aligned along é(¢). In
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experiments with dipolar Bose gases, the magnetic field can be rotated using the
"’Magnetostirring’ method [233, 336].
In the regime of very low temperatures, the system is aptly described in mean-

field terms by a time-dependent non-local Gross-Pitaevskii equation,

ihgtw('r, ) =H(r, Hy(r, 1), (5.1)

where the time-dependent Hamiltonian is expressed as [334, 337, 338],

2y72

H(r,t) =

+ VI, ) + gly(r) + f Ervyr -, Oy 0. (5.2)

The parameter g = 4nh’a,N/M determines the contact interaction strength, with a;
being the s-wave scattering length. The time-dependent dipolar interaction is given

as,
pop® (1 = 3 cos® (1))

Va(r,t) = e E

) (5.3)

where 1 is the vacuum permeability and cos?(6(¢)) = [é(¢).r]>.

5.2.1 GPE in the rotating frame

Following a unitary transformation, Yge (7, 1) = U QY (r, t), we obtain the time-
independent Hamiltonian in the rotating frame, which allows us to write the GPE in

the rotating frame as follows (see Appendix C for details),

2v72

2M

e, m
ih—= (T, 1) = + S (@i + Wy’ + 027 + glra(r, O

+ fd3r/Vd(’l“ - r/)llﬁRot(T,’ t)lz - QLx wRot(Ta t), (54)

where Yy (7, 1) is the condensate wave function in the rotating frame satisfying
f Brlyro(r, > = 1. The external harmonic trap is static in the rotating frame,
and the dipoles are always aligned along the z axis of the rotating frame. L, corre-
sponds to the x component of the angular momentum due to rotation about the x axis.
We introduce dimensionless parameters, g = g/hiwl, g, = Nuou? /4nhwl?, to quan-
tify the interactions strengths, where I, = VAi/mw. We numerically solve Eq. 5.4
via imaginary-time evolution to obtain the ground states of the system in the rotating

frame.
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Ficure 5.2: Ground state phases. Ground-state phase diagram as a function of the scat-
tering length (a;) and the rotation frequency (€2). The light orange and cyan regimes
denote the BEC and the BEC with a single vortex phase, respectively. The super-
solid vortex phases with n crystal peaks and j no. of vortices are denoted as SS,V ;.
The results are demonstrated for N = 30000 Dy atoms with external trap frequencies,
(Wy, Wy, w;) = 21 X (150, 50, 150) Hz.

5.3 Ground-state Phases in the Rotating Frame

In this section, we investigate the ground-state properties of a harmonically-trapped
dipolar Bose gas under rotation. In particular, our focus is on the rotation of a cigar-
shaped dipolar condensate about an axis perpendicular to its dipole polarization di-
rection.

We consider a condensate of N = 30000 magnetic dipolar Dy bosons confined
within a cylindrical trap elongated along the y axis. We have considered an external
trap, with w, = w, = w and w, = w/4, with A >> 1, indicating the cigar geometry of
the trap. Each boson has a mass m and magnetic dipole moment d. In the laboratory
frame, the dipoles are polarized along the z direction (see Fig. 5.1), following the
direction of the applied magnetic field along the same. We consider the rotation of the
gas about the x axis, which is perpendicular to the dipole polarization direction. Both
the harmonic trap and the magnetic field are rotated to rotate the gas, as discussed
in the previous section. The dipoles will follow the rotating magnetic field and are
always polarized along the z axis of the rotating frame. We obtain the ground state
of the system in the rotating frame by solving the rotating frame GPE Eq. (5.4)
in imaginary time evolution. In this chapter, we choose the interaction strengths, g
and g, such that we are in a regime where the corrections to the chemical potential
from the quantum fluctuations or the Lee-Huang-Yang (LHY) corrections can be

neglected.
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5.3.1 Ground-state phases

Figure 5.2 illustrates the various ground states of the rotating dipolar condensate
as a function of the s-wave scattering length (a,) and the rotation frequency ().
We observe the emergence of three different ground states in the parameter regime:
1) Superfluid (SF), i1) Superfluid with vortex lines (SFV), and iii) Supersolid with
vortex lines (SSV).

Searching for the ground state:

We search for the ground state of the system, starting with different initial wave
functions. We have used three-dimensional Gussian wavefunctions as the ansatz for
Q = 0 and samller Q values. For QQ # 0, in particular, we have imprinted a vortex
line at the centre of the ground-state wave function and used the following ansatz for
the initial wave function [339] :

v = b 55)

iz

where i is the ground-state wave function at Q2 = 0. From this ansatz, it is straight-
forward to see that ¢ and ¥, have the same density profile, but ¢ has an imprinted
velocity field, which is irrotational everywhere except at the vorticity line (x axis).
We calculate the total energy of the system from each different initial wavefunction
and find the lowest energy state. The total energy of the system in the rotating frame

is expressed through the following,

h? m
E = f d3r%|V1ﬁ|2+ f d3r5(w§x2+w§y2+w§z2)|¢|2+g f Ariylt

+%fﬁMmmﬁfffwv—AWWW—Qjﬁ%wuw
(5.6)

In the parameter regime we have explored, numerous metastable states exist with
nearly degenerate energies. Near the phase boundaries, different configurations may
get energetically close. We do an exhaustive search for the ground state by consider-
ing various initial states, and choose the low-energy configuration as the ground state

among the different final states.

The different phases

For small values of Q, the system converges to a vortex-free configuration that cor-

responds to the ground state. At Q = 0, due to the higher value of the short-range
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Ficure 5.3: Ground state transitions. Left column: The density plots in the yz plane,
[Urot(x = 0,7, 2)|? of ground states from GPE simulations for different Q values at a;, =
136ay. (a) Q = 0, BEC elongated along the y direction, (b) Q/27 = 24 Hz, BEC with
a vortex line at the center, (¢) Q/2r = 40 Hz, supersolid with vortex lines between the
density peaks. Right column: phase profile (arg[yrot(x = 0, y, z)]) of the wavefunction in
the yz plane. All other parameters are the same as Fig. 5.2.
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Ficure 5.4: Supersolid-supersolid transition. The density plots in the yz plane, [Yrot(x =
0,y, 2)|? of ground states from GPE simulations for different Q values at a; = 136ayp. (a)
Q = 36 Hz, SSV state with 5 density lobes and 8 vortices. (b) Q/2r = 45 Hz, SSV state
with 9 density lobes and 16 vortices. All other parameters are the same as Fig. 5.2.

scattering interactions, the repulsive interactions dominate over the attractive dipolar
interactions, and a repulsive BEC manifests as the ground state of the system. The
condensate shape is determined by the external trap, and it has a cigar-shaped ge-
ometry. Fig. 5.3 (a) left row shows the density plot of the cigar-shaped condensate,
elongated along the y direction (the weaker confinement axis). This phase is noted
as the superfluid phase.

As the rotational frequency is increased, initially the condensate gets expanded
along the y axis due to the rotation. The peak density also decreases by a small value.
However, for angular frequencies larger than a critical value, a state with a vortex line
at the center becomes energetically favorable than a vortex-free state. Fig. 5.3 (b)
shows the density plot with the vortex emerging at the center of the condensate. The
vortex core is elongated along the dipole polarization axis (z direction in this case).
The formation of the vortex is well captured from the phase of the condensate. The
phase (arg[yro(x,y = 0,2)]) of the wavefunction is displayed in the right column
of Fig. 5.3, which shows an increment by 27 by turning around the vortex core
once. The emergence of the vortex line unambiguously provides the signature of
superfluidity of the condensate.

As the frequency of rotation increases, the ground state transitions to a supersolid
state comprised of arrays of density peaks. The density lobes are arranged along the
y axis and elongated along the z direction, due to the attractive nature of the dipolar
interactions. Left panel of Fig. 5.3 (c) displays the density plot of the supersolid at
Q = 21 x 40Hz. The periodic density modulation is formed due to the interplay be-
tween the trap geometry, the repulsive short-range scattering & repulsive centrifugal
interactions due to rotation, and the attractive dipolar interactions. This transition
from the BEC to the supersolid state is well captured through the superfluid fraction
(f;) value, calculated through Leggett’s upper bound of the superfluid fraction [186]
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L L d -1
fs=(2L)2[ f dqii(q) ~—q] : (5.7)
-L -L n(q)

where q is the axis along which the density modulation is formed (y-axis in this case)
and 7i(g) is the column density integrated over the other two axes. For small rotational
frequencies, the Bose gas remains completely superfluid (f; = 1), and with increasing
rotation, the superfluid fraction decreases from unity (See Figure 5.5 (b)), indicating
the formation of a supersolid state. The rotation-induced transition from a BEC to a
supersolid has been predicted in dipolar BECs confined in a toroidal [340] and bub-
ble trap [341], due to their unconventional geometries. These works did not predict
the emergence of vortices in the rotation-induced supersolid phase. Here, we also ob-
serve the emergence of a pair of vortex lines within the low-density region [244, 247,
249, 251] between two crystal peaks. The presence of these vortices further supports
the underlying superfluid nature of the crystal structure. The reduced density at the
vortex core corresponds to a displacement of a large number of dipoles, allowing a
vortex to be treated as a giant anti-dipole [234, 236]. Consequently, vortex-vortex
interactions are repulsive along the z direction, positioning them symmetrically on
opposite sides of the y axis. As the rotational frequency increases, the number of
vortices in the condensate also rises. It becomes energetically favorable to break the
condensate into a larger number of density peaks with each adjacent pair separated
by a pair of vortices, rather than increasing the number of vortices within the existing
two crystalline peaks. With increasing rotation frequency, the repulsion increases
along the y axis, and both the number of density lobes and vortices increase. Hence,
in this case, we observe the ground state transition between supersolid states com-
prised of different crystal structures. Fig. 5.4 demonstrates the supersolid-supersolid
transition between SSV with 5 density lobes and 9 density lobes, with the vortex
number increasing from 8 to 16 in the latter case. If the rotation frequency is higher
than the trap frequency along y, i.e.,(Q > wy), the condensate doesn’t remain con-
fined within the trap due to high repulsion coming from the rotation. The transition
to the supersolid phase shifts to higher Q values with increasing strength of the short-
range interactions. At larger values of the g, we don’t observe the formation of the

supersolid-vortex state.

The angular momentum across ground-state transition

The operator L, = (zpy—yp.) corresponds to rotation about the x-axis. We investigate
the characterization of the angular momentum across the ground-state transition. Fig.
5.5 (a) displays the angular momentum per particle with increasing rotation frequen-

cies for a constant value of g. At low rotation frequencies, (L,) exhibits a slow linear
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Ficure 5.5: Properties across ground-state transition. (a) The angular momentum
((Lyx) /NF) and (b) Leggett’s superfluid fraction f; with increasing rotation frequency € at
as = 136ay. Inset of (a) shows the number of vortices in the system with varying Q. All
other parameters are the same as Fig. 5.2.

increase. This behavior is attributed to the asymmetric nature of the trap around the
axis of rotation, which induces elongation of the condensate along the weaker trap
direction as rotation increases. A cylindrically symmetric rotation applies no torque
to the condensate, while the asymmetric rotation imparts finite torque in the sys-
tem. This manifests in a finite value of the angular momentum in the ground-state
of the rotating frame, (L,) = f W (yp, — zpy)Wd’r, even in the absence of vortices.
Although a superfluid is irrotational, this behavior of the angular momentum is at-
tributed to a mechanical drag of the system due to the rotation of the trap and has
been predicted in superfluid helium [342] and non-dipolar BECs [332, 343]. In the
rotating trap, the atoms at the edges of the condensate move faster than the atoms
at the center, creating a spatial variation in the phase ®(r) of the macroscopic wave
function, ¢ = Vn(r)exp[i®(r)]. The spatial gradient of the phase profile entirely
determines the angular momentum in the vortex-free regime, given by the integral
of the velocity field over the condensate, (L,) = f (oh/m)(r x V), d’r. As rotation
increases, the condensate becomes elongated along the weaker trap direction and ex-
tends further from the rotation axis, increasing angular momentum. However, the
value of the angular momentum is lower compared to that of a rigid-body rotation,
Liigia = Q (y* + z*), which reflects the superfluid nature of the condensate [246, 332].

Once the vortex line emerges in the system, the angular momentum shows a
discrete jump, corresponding to the angular momentum carried by the vortex line.
Subsequently, within the superfluid-vortex regime, (L,) increases linearly due to the
further elongation of the condensate cloud. The transition to the SSV phase is marked
by an increase in the number of vortex lines, which is reflected as a jump in the (L,)

value. In the SSV phase, the behavior of (L,) is a complex interplay of several
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physical contributions. The vortex lines carry a component of the total angular mo-
mentum. However, each vortex line contributes an angular momentum less than the
quantized value of 7 due to the reduced superfluid fraction [246], and the overall
asymmetry of the condensate [332]. Moreover, the elongation of the cloud increases
the moment of inertia, and the presence of the crystalline density peaks provides a
solid-like contribution to the angular momentum. This results in a (L,) value closer
to the rigid-body rotation, but it doesn’t reach L4, as each crystal peak retains its
individual superfluid character. The number of vortices for a;, = 1364, with increas-
ing rotation frequency, is shown in the inset of Fig. 5.5 (a). The vortex lines increase
from 1 to 8 while transitioning to the SSV phase and gradually increase to 16. Both
the increase in vortex numbers and the elongation of the condensate cloud contribute

to the increase in angular momentum value.

Signature of crystallization

The static structure factor serves as a novel tool to capture the crystal formation in
quantum gases [344, 345]. This quantity has been experimentally measured in a
dipolar Bose gas across the superfluid-supersolid transition [146]. In our context,
the static structure factor is defined as S(k,) = |nl*, where n; = f dynip(y)e ™ is
the Fourier transform of the one-dimensional number density. Fig. 5.6 (a) presents
the static structure factor for different values of rotation frequency (2) for a constant
g and displays a key signature of the formation of the periodic density modulation.
At smaller Q, in the superfluid regime, S(k,) remains flat at finite momenta values,
indicating a lack of spatial ordering. At higher rotation frequencies, S (k,) shows a
pronounced peak at a finite momentum value, k,/27 ~ 0.21, signifying the forma-
tion of a periodic crystal structure. It is an indication of the softening of the roton
minimum and the subsequent formation of supersolids. Additionally, a smaller sec-
ondary peak is observed at twice the k, value of the primary peak. This secondary

peak might arise due to the linking between the neighboring density peaks.

5.4 Excitation Spectrum of a Q1D Homogeneous DBEC

We investigate the presence of a roton minima of a non-rotating cylindrical dipolar

BEC within the laboratory frame.

5.4.1 Bogoliubov-de Gennes excitations

The collective excitations of the system can be expressed in terms of the Bogoliubov

quasiparticles, with the excitation spectrum obtained by solving the Bogoliubov-de
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FiGure 5.6: Signature of Crystallization. (a) The static structure factor, S(k,) = Inel?,
ng = f dynip(y)e™™®. The pronounced peak indicates the presence of periodic density
modulations in the rotating dipolar BEC. The results are demonstrated for N = 30000 Dy
atoms with a; = 1364y, and external trap frequencies, (w,, wy, w;) = 2 X (150, 50, 150)
Hz. (b) Excitation spectrum of a Q1D homogeneous dipolar BEC for different scattering
lengths (ay) in the laboratory frame (2 = 0). The roton mode becomes unstable for a; ~
110ay, indicating the emergence of density modulations in the condensate. The results are
demonstrated for Dy atoms, and radial trap frequencies, (wy, w;) = 27 X (150, 150) Hz.

Gennes (BdG) equations. The BdG equations are derived by linearizing the time-
dependent GPE for a small perturbation around the stationary state. The macroscopic

wave function is expanded as follows,
w(r, 1) = e |yo(r) + ur)e™ +v' (e, (5.8)

where, () is the stationary state, u is the chemical potential of the stationary state
and u(r), v(r) are the quasiparticle amplitudes. The excitation modes (u, v) and the

respective energies (fiw) satisfy the BAG equations,

H-—u+X X
-X —(H-pu+X)

”(r)] = hw [”(r)] (5.9)
v(r) v(r)

Where X is the exchange operator described as,
Xf(r) = f Er'Po(r)(@s(r — ') + Va(r — v o) f(r). (5.10)

5.4.2 Effective Q1D Excitation Spectrum

Since the condensate is cylindrically trapped in our study, we approximate a quasi-
one-dimensional (Q1D) condensate along the y axis, where any external trapping po-
tential in the axial (y) direction is neglected and a strong harmonic trapping potential

is imposed in the radial (x and z) directions. The dipoles are oriented along the z axis.
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We can express the 3D wavefunction in a separable form as yo(r) = ¢,(x, )¢, (y),

where,

Pp(x,2) L. s + <
X, = X “ VAT N7 s
Y N A W VT
is the ground state of the harmonic oscillator of the radial confinement. Integrating

out the radial directions, we obtain the Q1D GPE along the axial direction :

. alyl’y(y, l) _ hz 82 8 2
L —[‘ma—yz+zﬂLxLz'%W>' *
drg, (" dk, .
’gg f 2—;el’@yV[}ka)n(ky)]wy(y,z), (5.11)

where the Q1D dipolar interaction term is expressed as follows:

VL}D(ky) =

f‘x’ dk e 10 @ _ 32 KHk)LE \/merfc —(k)% Ml ,
oo L, Y \2
with erfc(q) =1 — \/l; Oq e dt.

We employ the same shape approximation [321] for the excitations, u(r) =
uy,(y)¢,(x,z) and v(r) = v,(y)$,(x,z) and integrate out ¢,(x, z) from the BdG equa-
tions (5.9). For a uniform condensate along the y axis, excitations can be chosen as

plane waves. Solving the BdG equations, the dispersion relation along k, is obtained
as follows [274, 318],

k2 [ h*k? n 20 1
k) = A|—2 =2 422 Emlt o3|, 12
(k) \/ZM le ’ (2anLZ MR .12

Figure 5.6 (b) presents the excitation spectrum for different values of the scattering
interaction strengths. In the high a, regime, the system maintains a stable conden-
sate state and the spectrum exhibits the presence of roton minima, which eventually
soften with the decrease of the scattering length. The softening of the roton mode
indicates the roton instability and the formation of the density-modulated state. Here,
this phenomenon occurs because a reduction in repulsive scattering interactions en-
hances the influence of attractive dipolar interactions, thereby leading to the roton
softening. Analogously, in the rotating cylindrical dBEC, rotation-induced effects

facilitate roton softening even at a constant scattering interaction [74, 346]. In the
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rotating system, the quasiparticle spectrum undergoes a Galilean shift, E — E — L,Q
[234]. This shift causes the roton minima to soften at a critical frequency (€2.), which
triggers an instability leading to the formation of the density modulation. A similar
mechanism of roton softening and subsequent density modulation has been predicted
in superfluid “He flowing through a pipe with rough walls, where the linear momen-

tum induces a Galilean shift in the energy spectrum.

5.5 Stability of the Rotating Dipolar Bose Gas

This section explores the dynamics and stability of a dipolar BEC in the laboratory
frame, subjected to rotation of the external harmonic trap and the magnetic field.
We study the dynamics from the real-time evolution of the following time-dependent
GPE:

2v72

2m

+ VI, 1)+ gly(r)P + fd3r’Vd(7" = Dl O [Y(r, 1),
(5.13)

We employ the truncated Wigner formalism to introduce noise into the ground state,

L0 3
iz y(r.) =

thereby simulating quantum fluctuation effects. The initial condensate is taken as the
ground state of the static Hamiltonian in Eq. (1.23). We add noise to the ground
state, which can seed instabilities in the system dynamics. The initial state used in

the simulations is,

W, 0) = Yo(r) + Y (7). (5.14)
J

where Hy,¢p; = €;¢;, with ¢; being the single-particle harmonic oscillator basis and
€; 1s the single-particle energy. «; is a complex Gaussian noise with {(@;) = 0 and
(|a/j|2) = 1/2. We restrict the sum to modes with energies €; < €. Once the
initial state is prepared, it is evolved under the time-dependent Hamiltonian, with the
rotation frequency € being quenched from zero to a finite value.

We consider a cylindrically trapped dipolar BEC, with the same trap frequencies,
w = 2n1(150, 50, 150) Hz, as used in the previous sections. The initial state for these
real-time dynamics is generated by adding truncated Wigner noise to the ground state
at QQ = 0. The energy cutoff is taken as €., = u, where p is the chemical potential of
the ground state. We study the dynamics of the condensate in the laboratory frame
by instantaneously quenching the rotation frequency from Q = 0 to Q = Q.

Instabilities in the condensate arise from both the rotation of the external trap
[347] and the rotating dipole polarization [241-243]. These instabilities can be ex-
amined from the behavior of the kinetic energy (E;) of the condensate. Fig. 5.7

(a) illustrates the evolution of kinetic energy for various rotation frequencies ().
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Ficure 5.7: Dynamics of the Kinetic energy and widths. (a) Evolution of the con-
densate’s kinetic energy following an instantaneous quench to three different rotation
frequencies: Qf/2n = 12 Hz (orange), 24 Hz (blue), and 36 Hz (red). (b) Dynam-
ics of the widths of the condensate along the x (gold), y (green), and z (magenta) di-
rection for an instantaneous quench to Q¢/2r = 36 Hz. The results are demonstrated

for the parameters, N = 30000 Dy atoms, a; = 160ag, and external trap frequencies,
(W, wy, ;) = 2 X (150, 50, 150) Hz.

For smaller € values, the kinetic energy displays oscillatory behavior, indicating
the excitation of collective modes [243]. At higher rotation frequencies, in addition
to oscillations, E; also exhibits a consistent linear increase over time. This growth
in kinetic energy at longer times signifies condensate heating, potentially leading to

instabilities [42, 335]. As the rotation frequency approaches the trap frequency along
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the weakly-trapped direction (2 — w,), the kinetic energy increases more rapidly,
and the condensate can become unstable at shorter timescales.

The dynamics of the condensate’s widths are presented in Fig. 5.7 (b). The widths
in the yz plane exhibit rapid changes with the quenching of the rotation frequency.
The out-of-phase oscillation observed in these widths is indicative of the dominant
quadrupolar character of the excited mode [243, 335].

Current ongoing investigations involve a more rigorous analysis of the time evo-
lution and dynamical instabilities for linear adiabatic quenches of the rotation fre-
quency. We aim to have a deeper understanding of the instabilities and vortex nucle-

ation processes within this rotating dipolar Bose gas.

5.6 Effect of Trap Geometry

Now, we investigate the effect of the external trap geometry on the formation of the
rotation-induced supersolids. The trap aspect ratio is defined as 4 = w,;/w,. While
in the previous sections, we investigated a cylindrically trapped dBEC (4 = 3), here
we alter the trap geometry from cylindrical to a spherical shape. The trap frequencies
in the x and z directions, (w, = w, = 27 X 150 Hz), and the no. of atoms N = 30000
are kept constant, consistent with previous sections. We consider a fixed strength
of the repulsive scattering interaction (a;, = 136ay) in this section. We study the
ground state transitions in the rotating frame by solving Eq. (5.4) in imaginary time
evolution.

For a cylindrical trap, the ground state at QQ = 0 manifests as a cigar-shaped BEC
elongated along the y (see Fig. 5.3 (a)). As A decreases, the trap frequencies become
stronger in y, which directly influences the shape of the resulting ground state. For
instance, at 4 = 2, the elongation along the y axis is reduced, as shown in 5.9 (a).
In a completely spherical trap (4 = 1), the condensate’s elongation shifts from the y-
direction to the z-direction. This reorientation is a consequence of magnetostriction
effects, where the condensate elongates along the polarization direction due to the
dominant attractive dipolar interaction along z (see Fig. 5.9 (c)).

The trap geometry significantly alters the transition frequency (£2) to the supersolid-
vortex phase. Fig. 5.8 illustrates the transition between the superfluid-vortex and
SSV phase as a function of Q2 and A. The interplay between the trap potential, dipolar
interactions, and rotational effects plays a crucial role in this transition. With decreas-
ing A, the size of the condensate reduces and the gas becomes denser. The stronger
attraction between the atoms makes the formation of multiple crystal peaks energet-
ically more challenging. Consequently, the SFV to SSV phase transition shifts to
higher rotation frequencies with decreasing A.
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Ficure 5.8: Ground state phases with varying trap geometry. Ground-state transition
to supersolid with vortex lines (SSV) phase as a function of the trap aspect ratio (1) and
the rotation frequency (€2). With decreasing A, the transition to supersolid requires higher
rotation frequencies. The results are shown for N = 30000 Dy atoms with a; = 136ay.

At A = 3, the transition to the SSV phase is characterized by the formation of
a state with five density peaks and a pair of vortex lines pinned between each pair
of density lobes (see Fig.5.3 (c)). Further increase in Q leads to an increase in the
number of density peaks. Below a critical 4 ~ 2, the transition to the supersolid
phase is marked by the appearance of three density peaks. Additionally, the number
of vortex lines between each pair of crystal peaks varies with 4. For 4 = 2, at
the transition to the supersolid-vortex phase, there is a pair of vortices between the
density peaks, and as rotation increases, both the number of crystal peaks and the
vortex lines between them increase. Fig. 5.9 (d) depicts a supersolid at Q = 27 X
40 Hz, exhibiting seven crystal peaks, with four vortices between the central peaks
and two vortices emerging between the peaks away from the center. Similarly, at
A = 1, three density lobes manifest at the ground state for Q = 27 x 100 Hz, with
multiple vortex lines pinned between the crystals (see 5.9 (d)). For smaller A values,
the density lobes are cigar-shaped, resembling the typical cigar droplets observed in
experiments with dipolar condensates.

The peak density of the supersolid phase increases with decreasing A. Notably,
the density of these vortex-stabilized supersolids is roughly two orders of magnitude
lower compared to the typical density of the droplet supersolids, which are stabilized
by the LHY interactions. The density of the supersolids observed here is comparable
to the density of the BEC phase, and hence they are termed as dilute supersolids. This
low-density supersolid regime opens new possibilities for realizing supersolidity in

systems with weaker dipolar interactions, such as chromium condensates.
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Ficure 5.9: Supersolids in different trap geometries. The upper panel shows the density
plots in the yz plane, |ygo(x = 0,y,2)|> at (a) Q = 0 and (b) Q/27 = 40 Hz for A = 2,
i.e.,external trap frequencies, (wy, wy, w;) = 2m X (150,75,150) Hz. The bottom panel
shows the density plots at (¢) Q = 0 and (d) Q/27 = 100 Hz for 4 = 1. The other
parameters are the same as the Fig. 5.8.

5.7 Conclusion

In this chapter, we investigated the physics of a dipolar Bose gas under the simultane-
ous rotation of both the external harmonic trap and the dipole polarization direction.
We considered a cigar-shaped condensate and explored rotation perpendicular to both
the trap’s symmetry axis and the dipole polarization direction.

The interplay between the anisotropic trap geometry, the dipolar interaction, and
rotation-induced effects drives a ground state transition from a BEC to a supersolid
phase as the rotation frequency is varied. Notably, this supersolid is not stabilized
by quantum fluctuations, but rather by the emergence of vortex lines. This presents
a distinct pathway to create supersolids in dipolar gases, in contrast to those formed
by quenching the s-wave scattering length [41, 71] or varying temperature [58, 317].
We also observed the ground-state transition between different supersolid states with
varying rotation frequencies. A similar transition was predicted in a doubly dipolar
BEC by varying the relative angle between the dipole moments [46]. Additionally,
we explored the impact of trap geometry on ground-state transitions by varying the
trap’s aspect ratio from a cigar to a spherical shape. The dynamical properties of this

system under rotation are a subject of ongoing investigation.
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Chapter 6

Conclusion

Rotation-induced Doubly Dipolar
Supersolidity Bose-Einstein Condensates
o Dilute supersolid, no quantum stabilization

e Self-bound quantum droplet
e Structural transition of droplets

o A

e Stabilized by quantized vortex lines

Droplets and
Supersolids in
Dipolar BEC

DDBEC at finite temperatures:

Droplet arrays and
PIMC study

supersolids

) Q " e Anisotropic superfluidity

e Pancake supersolids . . 3 . ¢ Shift in critical temperature
*  Supersolid-supersolid transition )

Figure 6.1: Summary of the thesis. We have primarily investigated droplets and su-
persolid phases in dipolar BEC. We talk about droplets in doubly dipolar BEC, finite-
temperature properties of the doubly dipolar condensate, droplet arrays, and supersolids
in DDBEC. Finally, we predict the emergence of a dilute supersolid phase, stabilized by
vortex lines in a rotating dipolar Bose gas.

6.1 Summary

In this thesis, we have investigated rich and diverse physics of dipolar quantum gases,
with a particular focus on the novel properties emerging from doubly dipolar Bose-
Einstein condensates (DDBECs) and the unique formation of rotation-induced su-
persolids.

The primary research questions I have addressed are the following,

1. What exotic ground state phases can arise in doubly dipolar Bose gases?

2. What are the characteristics of DDBEC with varying temperatures?
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3. How does a dipolar Bose gas behave under rotation?

Chapter 2 established the theoretical framework for DDBECs, detailing the Hamil-
tonian of a Dysprosium atom in the presence of both magnetic and electric fields
[44]. The inherent permanent magnetic dipole moment, coupled with an induced
electric dipole moment arising from quasi-degenerate opposite-parity states, results
in a highly anisotropic doubly dipolar potential. This chapter laid out the general-
ized Gross-Pitaevskii equation (gGPE), incorporating Lee-Huang-Yang (LHY) cor-
rections for quantum fluctuations, and introduced the methodologies for exploring
finite-temperature properties using Path Integral Monte Carlo (PIMC) simulations
via Feynman’s path integral formulation and the worm algorithm.

Building upon this framework, Chapter 3 investigated the fascinating properties
of quantum droplets in DDBECs. We demonstrated the emergence of unique quasi-
two-dimensional pancake quantum droplets, a feature not observed in typical dipolar
condensates, and illustrated a dimensional crossover from cigar-shaped to pancake
droplets through both Gaussian variational methods and numerical gGPE solutions
[45, 46]. Furthermore, our PIMC simulations revealed the finite-temperature behav-
ior of these systems [252], showing consistent ground-state transitions with mean-
field predictions and highlighting the highly anisotropic superfluid behavior of pan-
cake droplets. We mapped out thermal gas to DDBEC and thermal gas to pancake
droplet transitions, noting that the latter transition occurs at higher temperatures. We
also demonstrated structural transitions driven by tuning the electric dipole moment
strengths. This finite-temperature study paves the way for an experimental realiza-
tion of a doubly dipolar condensate.

Chapter 4 extended our exploration to the formation of exotic droplet arrays
and supersolids within harmonically-trapped DDBECs [46]. The intricate interplay
among doubly dipolar interactions, quantum fluctuations, and external confinement
was shown to induce novel supersolid-supersolid transitions and distinct pancake su-
persolids. This chapter also identified the unique appearance of modulated droplets
as a hallmark of DDBECs.

In 5, we presented a theoretical prediction for the formation of a dilute supersolid
phase in rotating dipolar Bose gases, a mechanism that notably does not rely on sta-
bilization from quantum fluctuations. We employed a simultaneous rotation of the
external harmonic trap and the magnetic field to rotate the condensates perpendicu-
lar to their dipole polarization axis. The interplay between rotation, trap geometry,
and dipolar interactions leads to the spontaneous crystallization of the condensate,
accompanied by the emergence of pinned vortex lines.

The summary of the thesis is presented concisely in the Fig. 6.1
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6.2 Outlook

Realization of exotic two-dimensional supersolid states

This thesis has investigated the realization of an array of supersolids in Q1D trap
geometries. In these trap geometries, we have realized exotic supersolid patterns,
but the supersolidity is realized along one dimension. The use of a pancake-like trap
geometry, and the broad potential landscape regime of the doubly diplar interaction
can lead to the emergence of exotic other forms of supersolids and density patterns,
as explored in the usual dipolar condensates [204-206]. The fascinating physics of
two-dimensional quantum-stabilized supersolids in doubly dipolar condensates will

be the subject of future studies.

Quantum Monte Carlo study of pancake supersolids

While we have focused on the finite-temperature properties of a single pancake
droplet in this thesis, by altering the trap geometry or number of atoms, or even
the temperature, multiple pancake droplets can be realized. Through PIMC simula-
tions, future investigation of superfluidity between the droplets will provide insights
into novel pancake supersolids predicted in the mean-field work [46]. Exploring the
finite temperature properties of pancake supersolids and the transition from a thermal

gas to a pancake supersolid may also be the subject of future studies.

Multilayer doubly dipolar BECs

Recent experiments have realized a bilayer system of dipolar dysprosium atoms sep-
arated by a mere 50 nanometers [348], which has opened up the possibility to realize
novel phenomena in an array of dipolar systems by harnessing the strong inter-layer
dipolar interactions. Periodic driving of short-range interactions in an array of homo-
geneous quasi-one-dimensional (Q1D) dipolar condensates leads to the emergence of
transient stripe and checkerboard patterns [349]. The additional control parameters
of the relative angle (@) and strength () of the two dipole moments can facilitate
the emergence of more exotic pattern formation in an array of doubly dipolar BEC.
Moreover, the ability to manipulate the strength of the induced electric dipole mo-
ment gives the possibility to periodically drive the long-range interactions, which
can lead to novel phenomena in condensate physics. Furthermore, exotic coherent
and incoherent density patterns can be engineered using the effect of inter-condensate
doubly dipolar interactions, which have been predicted in only magnetic dipolar con-

densates [350]. The study of scattering between coupled Q1D solitons in a doubly
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Ficure 6.2: Vortex lines through supersolids. Three-dimensional iso-density plots illus-
trating the supersolid pancake droplet array (a)(€2 = 0) and (b, ¢) vortex lines penetrating
through the pancake droplets (2/w; = 0.5,0.6). The results are illustrated for the scat-
tering length, a; = 295a¢p, @ = 7/2,y = 1 with N = 50000 Dy atoms under an external
harmonic trap, wy,y,, = 27(150, 50, 150) Hz.

dipolar BEC can also lead to fascinating physics, different from that predicted in
dipolar solitons [351].

Dynamics of vortex lines in a pancake supersolid

This thesis has explored the rotation of a dipolar Bose gas under the simultaneous ro-
tation of both the magnetic field and the external harmonic trap. Investigating a dou-
bly dipolar condensate under rotation promises to uncover fascinating new physics.
For rotating a doubly dipolar gas, one could also consider implementing a rotating
electric field [352], offering an additional degree of experimental control.

A particularly compelling scenario involves the rotation of an array of pancake
supersolids. Fig. 6.2 shows the emergence of vortex lines penetrating through the
Q2D pancake droplets. The complex dynamics of these vortex lines within a rotat-
ing supersolid present a compelling subject for future studies, potentially revealing

insights into quantum turbulence in supersolids.
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Appendix A

Beyond mean-field LHY corrections

The correction term AE to the ground state energy due to the quantum fluctuations is
given by [158]:

V [ dq /2" Viu(Q)* Mn?
AE = ~ [ LA W v e Al
where,
Viur(Q) = g[1 + €1a(3cos* @ — 1)] = gF (€4, 6),
h2q* (h2q?
€ = \/W(W + 2gl’le(Edd, 9))
V [ dq \/h2q2 nq’ nq
AE = < [ ( + 2gnF ,9)———
5 | el N o\ 2ar 28 € O)) = 3
Mn*g*F (€,4,0)?
ngF (e 6) + —2 o | (A2)

Carrying out the integration, we get the following:

2
f o f sin 00 f d \/— —+2gan(edd,9))

Mn?g*F /(€44 9)*
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——— —ngF(€u,0) +
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‘W ~ngFeun, ) + = |

(A.3)
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Now, we do the q integration first by doing a variable change y =
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where, Qs(ezq) = [ 3 sin0d6[1 + €4(3 cos® 0 — 1)]*2.

The correction in the chemical potential (Au) is given by:

OAE  32gn [na}
Au = AN 3g \/ > Qs (€4a)- (A.6)
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Appendix B

Path Integral Monte Carlo
Algorithms

B.1 Discrete Path Integrals

For a sufficiently large MT, we can achieve a highly accurate approximation of the
density matrix, allowing us to express an explicit form for the low-temperature den-
sity matrix. Up to this point, the expansion remains precise, as we express p as the
convolution of density matrices evaluated at higher temperatures. This approach is
analogous to the path integral formulation of quantum mechanics, except that the
time variable ¢ is substituted with i3. Hence, S is referred to as the imaginary time,
and 7 denotes an imaginary time interval.

Now, consider the Hamiltonian consisting of two parts, kinetic and potential
terms, H = 7 + V. Often, the potential energy part of the Hamiltonian is diagonal
w.r.t the coordinate basis, hence, it is preferable to decompose the density matrix into
a product containing the kinetic 7~ and potential V contributions to the Hamiltonian.
The difficulty emerges here because these contributions do not commute. This issue
can be addressed with the Baker-Campbell-Hausdorft (BCH) formula [353],

q 1 q
8 = BB (B.1)

In our case, there is a 7 coefficient with each operator, and we can write,
— _ _ 2
o~ TT+V) — =1T =7V L0 (B.2)

As 7 — 0, the commutator term, which is of the order of 72, becomes very small and
thus can be neglected. We can approximate the exact density matrix by the product

of the density matrices for 7 and V:

e—T(T-F(V) ~ e—‘rTe—T'V (B3)
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This is known as the "primitive approximation".
Concerns may still arise due to the repetition of T for M times, which, in the limit
of M — oo, could potentially result in an error. However, the Trotter formula [354]

offers a solution, as it applies to self-adjoint linear operators:
™% = lim ["/M BT (B.4)
For our purpose, 7 and V are self-adjoint and we can write,

ePTV) = lim [e7 eV M (B.5)

M—oo

We can write the primitive approximation in the coordinate basis as follows:
p(R,R";7) = f dR; (Rle™ Ry) (Ryle ™R’ (B.6)

and evaluate the kinetic and potential density matrices.

In coordinate representation, the potential operator is diagonal, which makes its
matrix elements straightforward. However, the kinetic or free part of the Hamiltonian
is not diagonal in the spatial basis. This issue can be resolved by expressing the

position eigenstates in terms of free particle plane waves or momentum eigenstates.

_ 1 —-k.R
Y(R) = (\/_Tn)de (B.7)

The free-particle matrix can be calculated explicitly from Eq. (2.24),

K2 | _(R -R))?

1 —k.(R-R))-1—Kk?
2ny ¢ = Gt T (B8

(RleT™"R)) = f dk

The expression is the general expression for d spatial dimension, and we have
introduced A1 = 72/2m. We can write the free particle propagator for a single free

particle as follows,
(R - Ry)?

1 2
prec(RR:7) = e A7 (B.9)

where A; = V4nAr is the thermal de Broglie wavelength at the temperature set

by the imaginary time step 7.
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B.2 Markov Chain and Metropolis Algorithm

The decomposition of the density matrix yields a generic expression for an observ-

able O from its thermodynamic definition:
(0) = Z f f f dRydR,...dR, p(Ry, Ry, ..., Ry)ORy, Ry P), (B.10)
P

where P represents a possible permutation of particle indices.

A direct evaluation of such an expectation value involves computing the observ-
able O for each possible configuration, and summing over the entire configuration
space weighted by their respective statistical probabilities. A specific configuration,
encompassing all bead positions and permutations, is fully described by the extended
set of coordinates C = {Ry, Ry, ..., Ry;}. One can define the normalized probability

distribution of a configuration C at equilibrium,

=S
Z b

e

7(C) = (B.11)

with S (C) being the action.

We use an approach, known as a sampling method. Instead of averaging over an
exhaustive set of configurations, we can average over a carefully selected subset gen-
erated through iterations of this algorithm. If this subset is sufficiently large, it should
accurately reproduce the system’s thermodynamic properties. This fundamental con-
cept forms the core of the Monte Carlo method.

The exploration of configuration space in stochastic simulations is governed by
the formalism of Markov chains. A Markov chain is a discrete stochastic sequence
of configurations that begins from an initial configuration, and generates subse-
quent configurations using a defined set of updates, each associated with a specific
transition probability, P(C — (C’). Each transition is independent of the history
of the chain, i.e., they satisfy Markov’s property, and the normalization constant
f dC'P(C — C’) = 1. The central objective of constructing such a chain is to en-
sure convergence to an equilibrium state with the probability distribution 7(C) that
follows the condition:

> r(OPEC - C) = 7(C). (B.12)

c
To achieve this convergence, the Markov chain performs a random walk within the
configuration space. In practical implementations, the transition from one configura-
tion to another is typically decomposed into two stages: i) First, a trial configuration
C is constructed, based on a user-defined procedure, with a probability 7(C — C’),

known as the sampling rate. ii) The proposed configuration C’ is then either accepted
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as the trial configuration, C’ = C, with an acceptance probability W(C — C), or it is
left unchanged, C’ = C, with probability 1 — W(C — C). For the walker to produce a
stationary distribution, two fundamental principles guide the selection of 7" and W:

1. Ergodicity: For the Markov chain to yield reliable results, it must satisfy the
condition of ergodicity. This implies that any configuration can be reached from
any other configuration within a finite number of steps. The choice of the transition
probability 7(C — C’) is determined by the user and depends on the specifics of the
model under consideration. It is therefore essential to design T such that no region of
configuration space remains inaccessible due to an unsuitable selection. In complex
systems, such as those treated with Path Integral Monte Carlo (PIMC), this require-
ment is addressed by employing a variety of update moves that generate different trial
configurations C starting from C. To streamline the evaluation of transition probabil-
ities, it is advisable to ensure that distinct types of moves do not yield identical trial
configurations.

2. Detailed balance: The detailed balance condition must be fulfilled by the
transition probabilities, which states that the probability of being in a configuration
C times the transition probability of C — C’ is equal to the probability of being in a
configuration C’ times the transition probability of C’ — C. Mathematically, this is
expressed as:

n(C)P(C — C') = n(C)P(C" — C). (B.13)

This implies that each transition is reversible. Given two arbitrary configurations C
and C’, there always exists a path or sequence of transitions with a combined non-
zero transition probability connecting them. It ensures that the entire configuration
space can be effectively sampled. Since T is user-defined and & depends on the prob-
lem, W is obtained by this condition. The Metropolis technique is a specific approach
to guarantee that the transition rules adhere to detailed balance. In the generalized
Metropolis procedure [355], which accommodates various sampling distributions,

trial moves are accepted with the following probability:

a(CT(C' - C)
"rOTC—-C) |

W(C — C') = min|1 (B.14)

It is important to note that while the satisfaction of both detailed balance and ergodic-
ity is sufficient to guarantee that the Markov chain generates a stationary distribution,
it is not strictly necessary. Some walkers do not satisfy detailed balance and produce
stationary distributions that correspond with the desired distribution 7. A practical
example is given in Bernard et al. [356].

At this point, the challenge then lies in judiciously selecting the various moves
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and their corresponding 7(C — C’) to ensure comprehensive coverage of the distri-

bution space while simultaneously optimizing the convergence to equilibrium values.

B.3 PIMC Algorithm

In summary, a typical Path Integral Monte Carlo (PIMC) simulation proceeds through

the following steps to sample quantum mechanical systems at finite temperatures:

1. Define update rules: An ergodic set of updates, each with its associated pro-
posal probability, is derived by ensuring the detailed balance condition (B.13)
is satisfied. It’s important to note that the ergodicity of these updates is specific

to the particular system being simulated.

2. Approximate density matrix: An approximate form of the density matrix is
computed based on the system Hamiltonian /. This approximation becomes

exact in the limit as the imaginary time step 7 — 0.

3. Inmitialization: The simulation begins from an arbitrary initial configuration Cy
with k£ = 0, which must be consistent with the system parameters defined by
the Hamiltonian H.

4. Proposal of new configuration: A new trial configuration C’ is generated with
a random update from the set constructed in (1). Subsequently, the acceptance
probability W(C — C’) given by (B.14) is evaluated.

5. Acceptance criteria: If the acceptance probability W(C — (') is larger than
a random number a € [0, 1), the new configuration is added to the chain, i.e.,

Ci+1 = C’, else the initial configuration is added to the chain, Cy,; = Cy.

6. Evaluate observables: The thermodynamic averages of the desired observ-
ables {O;} defined in Eq. (B.10), are evaluated for the newly added member of
the Markov chain Cy,;.

7. Iteration: Setkto k + 1.

Steps 3 through 7 are iteratively repeated until a sufficient number of Markov chain
entries have been collected to ensure statistical convergence. In the case of a rejec-
tion, the old configuration must still be counted as a member of the chain. Failing to
include rejected configurations would lead to incorrect simulation results. Further-
more, moves displacing only a single bead are inefficient for exploring the config-
uration space in PIMC; therefore, multi-slice (or multi-bead) sampling methods are

often necessary to achieve adequate convergence.
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B.4 Monte Carlo and worm algorithm moves

1. Rigid translation of world line: Rigid translation is a crucial update in PIMC
simulations, ensuring the system can fully explore its spatial configurations
(ergodicity). It works by randomly picking a particle and displacing its entire
worldline by a random vector, Ar. For free particles, this shift doesn’t alter

bead-to-bead distances, so relevant density matrix terms cancel out.

The choice of Ar’s distribution depends on the context; a uniform distribution
within a cube is common. More complex moves, like combining local dis-

placements with lattice jumps for bosons in a square lattice, can also be used.

2. Displacement of beads in a worldline: Efficiently sampling Boltzmannon
worldlines is crucial for accurate simulations. Displacing single beads via a

uniform distribution is inefficient due to harmonic bead links.

A more effective approach accounts for these links by drawing new bead po-
sitions from a Gaussian distribution. To further boost efficiency by moving
multiple beads at once, the Levy bridge procedure is used. This approach
replaces a chosen segment of the worldline between two points with newly
generated beads, sampled from an appropriate combination of normal distribu-
tions. Such an update greatly enhances the convergence of the simulation. For
the case of free particles, several equivalent techniques are available and can

be implemented with high efficiency. See Ref. [296] for more details.

For any number of beads m, the bridge is constructed with probability

1 m—1
prree(r,-, rjor,m). (B.15)
J:

Dbridge(T1, ees Tpm) = e (T, F D)
3. Diffusion of an open worldline: Within the worm algorithm, it is often nec-
essary to extend an open worldline by adding new beads. The most efficient
method for this process involves sampling the position of each new bead from
a Gaussian distribution centered on the head or tail of the existing worldline. In
the case of free particles, subsequent positions can be generated directly from
the free-particle density matrix Eq. (B.9). The probability of generating m new

bead positions starting from an existing bead is, ry is

m—1

pdiffusion(rl’ cees rm) = l_[ pfree(rja rj+1’ mT)- (B 16)
j=0
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Similarly, one can initially advance the particle’s position through m slices
with a probability pg..(ro, Iy, mT), and subsequently establish the link between
ro and r,, using (B.15), thus producing an identical probability for a particular

bead configuration formation:

m—1

Pdiftusion(T15 «s Tm) = Pfree(X0, Ty ooy MT) Poridge (X1, eoes Tpmy) = l_[pfree(rja rji1, 7).
=0
(B.17)

e Rigid Move: The rigid displacement move in PIMC simulations is vital for
achieving ergodicity by translating an entire particle worldline. The rigid move
is selected with a predefined probability, p,i;. Once chosen, the following steps

are executed:

— A particle is randomly selected from the N particles in the system (with
a probability of 1/N). A crucial check is performed to ensure the selected

particle constitutes a single, closed worldline; if not, the move is aborted.

— A random displacement vector, Ar is chosen, typically uniformly from a
distribution in d dimensions so that Ar; € [—Aryax, Armax]. The probabil-
ity of selecting a specific Ar is 1/(2Armay)".

Prig

NQ2ATmax)
bead positions don’t change, free-particle density terms cancel. The accep-

The sampling rate for this move is 7(C — C’) = . Since relative

tance probability depends only on the change in potential energy:

[1;Ppot(r; + Ar,r; 1 + Ar)
ijpot(rj, rj+l)

To maximize efficiency, the value of Ar,,,, 1s dynamically updated based on the

W —-C)=

(B.18)

acceptance rate; when it is too low, the range of the displacement is decreased,

while the range is increased if the acceptance rate becomes close to 1.

o Wiggle Move:
This move takes each bead of a chain and displaces it at random. It improves
efficiency by drawing bead displacements from a normal distribution based on
the free-particle density matrix.
— Select the wiggle update with probability p,,.
— Randomly choose a particle with probability 1/N.

— Randomly select m beads to displace from 1 to m ( probability 1/m),

where /m is an optimized parameter.
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@

(b)

Ficure B.1: Open-Close move. Schematic of the open and close updates. A segment of
the path is removed for the open move, and an open world line is closed through a close
move.

— Choose a starting bead i with probability 1/M, and reject the move if
i+m>M

— Remove the beads between r; and r;,,, and reconstruct the segment using
a Levy bridge (B.15).

The sampling rate for proposing a transition is given by

m—1

Pwig ’ ’
ree\I' j>» ' j+1, ) B.19
mt) lj:olpf ('), X' 1, m7) (B.19)

TC—-C)=
( - ) ’/hNMpfree(rO’rma

where new positions are indicated with r’. The change in 7 is due to both the

Prree and p o, terms.

The inverse move involves taking the same endpoints ry, r,, and reconstructing
the original bridge. The sampling rate for this inverse move is identical to
(B.19), simply replacing r’ with r. This simplification yields the acceptance

rate as solely dependent on the ratio of potential energy terms:

[ -1 ’ ’
HIJ-:? pPot(rj’ I'j+1)

i+m—1

W - C) = .
Jj=i ppot(rj, rj+1)

(B.20)

Now, we focus on the details procedure of the moves arising due to the *worm’
algorithm.
e Open and Close:

These pair of moves are complementary, an open update moves the ensemble

from diagonal to off-diagonal, and can only be attempted when there are no
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worms present, and vice versa. Together, the updates respect the detailed-

balance condition. An illustration of these moves can be seen in Fig. B.1.

When calculating acceptance rates, both moves must be considered synergisti-
cally, as the inverse sampling rate of an open move corresponds to the sampling
rate of a close move, and vice versa. Since these operations alter the number
of beads in a worldline, the associated weight term e~ must be incorporated

into the density matrix.

— The open move is chosen with a probability p,,.

— A particle is randomly selected from the N particles with a probability
of 1/N. This move can only be attempted when no worms are currently

present in the ensemble.

— A segment of m beads is removed from the worldline. The number m
is chosen randomly from the interval [1, 7] with a specific probability of

1/m. Beads between ry,_,, and r), are removed.

— If the move is accepted, the system configuration changes from N parti-

cles to N — 1 physical particles plus one worm.

The sampling rate for the open move is given by,

T,)(C' = C) = N_. (B.21)

The close move, shown in Fig. B.1 (b), provides a detailed balance comple-

ment to open and moves the ensemble from off-diagonal back to diagonal.

— The close move operates on the sole open worldline, which is missing
beads between, for instance, M — m and M.
— A new segment of beads is constructed to form a bridge between rj,_,

and r,,, a probability determined by Eq. (B.15).

The sampling rate for the close move,

T.(C—C) = [T £sreew) . (B.22)
j=M—

pfree(rM ms Xms mT) j=M=-m

The acceptance rate of the open move is

M-1

CpNine ™m=D
DopPiiee(Cat-ms Fors 11T j:l—[ Ppot(Tj,Tjs1,T), (B.23)

W,(C = C) =

M-m



136

Appendix B. Path Integral Monte Carlo Algorithms

/Advancoy

(b)

(a)

g Waeseds/

Ficure B.2: Advance-recede move. Schematic of the advance and recede updates. An
open world line is extended through an advance move by adding a new segment, and a
recede move is performed by removing the segment.

whereas the acceptance rate of the close move is

Cp, Yoy Ty MT)EHD
Wcz(C = C,) _ p ppfree( M )

~ M-1 :
pCle Hj:M—m ppot(r;” r;'+1 ’ T)

(B.24)

The optimization constant C plays a crucial role. Larger values of C increase
the probability of open moves and decrease that of close moves, leading to
more simulation time spent sampling off-diagonal (G-sector) configurations.
However, care must be taken to ensure C is not excessively small, as this can
suppress particle permutations, requiring significantly longer simulation times

to achieve proper sampling.

e Advance and Recede:

The advance and recede updates do not change the nature of the ensemble and
operate only in the off-diagonal case in the presence of a worm. These moves
alter the length of the worm by either adding or removing m beads from the Ira

of the worm. Fig. B.2 illustrates these moves.

— The advance move is chosen with probability p,qy

— A number of m beads typically chosen in the interval [1, ] with proba-
bility 1/m are added. The move is rejected if adding these beads would
exceed the total number of time slices, i.e., m+ 1 > M; here I is the time

slice of the worm’s head.
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— A new segment of beads is constructed starting from the worm’s head.
The probability of generating this specific sequence of beads is given by

the product of free-particle density matrix terms (B.16).

The sampling rate is

T+m—1
’ _ Padv ’o
Tun(C' = C) = =2 ]_I[ Prree(Ts Ty, 7). (B.25)
i

— The recede move is chosen with probability p,..
— m number of beads are selected for removal, chosen from the interval
[1,m] with probability 1/m.

— Beads are removed from time slice J to time slice 7 —m. if 7 —m < 0,

the move is rejected.

The sampling rate for the recede move is

Trec(C, - C)= piec . (B.26)

m

The acceptance rate of the recede move is given by:

—Tu(m=1)

WieelC = C') = —— 2 . (B.27)

Prec Hj:[ ppot(rja i1, T)

Conversely, the acceptance rate for the advance move reads:

I+M-1
’ p dVeTﬂ(m_l) ’o
WadV(C - C ) = . ppot(rj’ rj+1»7-)- (B28)
rec J=I

o Swap Move:

The swap update, illustrated in Figure B.3, is a crucial mechanism in the worm
algorithm that significantly enhances its sampling efficiency. This move en-
ables two worldlines to connect, thereby forming permutation cycles, which

are essential for accurately simulating quantum statistics.

— The swap move with probability pyap.

— mno. of slices are randomly selected with probability 1//m. If the sum of
the head’s time slice exceeds the total number of slices, i.e., 7 + m > M,

the move is rejected.
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Fiure B.3: Swap move. Schematic for the swap update. A part of a closed world line is
taken out and substituted with a new segment joining the two world lines, and the reverse
operation is also conducted.

— For all worldlines except the currently open one, w, a probability is as-

signed to each worldline i:

Pi = Prree(X}s ¥y > i (B.29)

> pi serves as a normalization constant. Now, a particle v with probabil-

ity p, is selected.

— All beads between r_VT and r”, are removed.

IT+m
— A new bridge of beads is constructed between r; and r’;, =~ according to
the Levy bridge (B.15).

— ABeads on the open worldline %/, for j > 1 + m are reassigned to v, and

vice-versa. After this operation, now v becomes the new open world line.

The sampling distribution for a swap move is given by,

TC—-C)=

m—1

PswapDPv ,

- [ e w1 0. (B.30)
mpfree(r]’ | mT) =0

The inverse move is also a swap move. To perform it, a new set of probabilities

Vv

o 18 removed.

p; must be generated, and the segment between r'/, r
P} = Pree(X, Ty, 7)) Y . (B.31)

where i runs over all particles except v.



B.4. Monte Carlo and worm algorithm moves 139

The acceptance rate is obtained as follows,

HZ:M_lp ot 1,1, T)
WC - ) = 2t Pl T (B.32)
2 Ppor(T X, T)
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Appendix C

Hamiltonian in the rotating frame

C.1 Unitary Operator for Rotation

The unitary operator for rotation about the x axis is defined as:

1QtL,
h

U(Q1) = exp(— ), (C.1)

where L, is the x-component of the angular momentum operator.
Applying this transformation establishes the following relationship between the

laboratory frame and the rotating frame:

Wra(r, 1) = U Qo) (r, 1). (C.2)

Therefore,
Y(r,t) = UQOWRy (T, D). (C.3)

We replace the (7, t) in the GPE

ih(%z//(r, 1) = H(r, y(r, 1), (C.4)

0 N A
ihE(U(Qt)wRot(r’ 1) = H(r, )(UQD)Yro(T, 1)),

ih%wkm + ihlﬂmw = Hr, (O QW7 1),
QL U e P al//Rot('rvl) _ oS
D@, 1) + BO@) T = (e, (O @0, 1),

ihU*(Qt)U(Qr)W = |U'@)H(r, n0(Q1) - QL. | Yron(r. ),

ihgwm(r, 0 = 0" QOYHr, T (Q1) — QL. | Yrou(r, 1. (C.5)
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C.2 Harmonic trap in the rotating frame

First, we compute the term,

U (Q1)(y cos(Q1) + zsin(Qn)U(Qr) = UT(Qr)yU(Q1) cos(Qf) + UT(Q1r)zU Q) sin(Qr).

We use the following Baker-Campbell-Hausdroff (BCH) identity to evaluate the terms,
¢"Be™* = B+[A,B] + %[A, [A, B]] + %[[A, [A, [A, B + ... (C.6)

Implementing the BCH identity we evaluate

—iQtLy

U (QuyU(Qry = e 7 ye™ t
iQtL, 1iQtL, |iQtL,
’ y ” 2 y +

=y+ Y
iQt iQr)?
=y+ oLyl + E L, (L Y11+ ...

7 21l n 7

2172
iQr iQt)? .
=y+ 7(17%) + W[Lm ihz] + ...
_ 1 2 1 3
=y—Qitz - 2—!(Qt) v+ i(Qt) Z+ ...

_ 1 2 1 3
=yl - E(Qt) +...)—72(Qt — Q(Qt) +...).
Collecting the terms of the series, we obtain,
U (QoyyU(Qr) = ycos(Qr) — zsin(Qr). (C.7)

Similarly, we get
U (QnzU(Qr) = ysin(Qr) + z cos(Qr). (C.8)

Using the above expressions ((C.7), (C.8)) we obtain,

U (Qoy()U(Qt) = UT(Q1)(y cos(Qf) + zsin(Q)U(Q)
= UT(Qo)yyU(Q1) cos(Q) + U (Q1)z0 () sin(Qr)
= (ycos(Qt) — zsin(Qr) cos(Q) + (z cos(Qr) + y sin(Qr) sin(Q2r)
= y(cos*(Q1) + sin*(Q)) = y. (C.9)

Following a similar procedure, we get,

U'(@Qn)z()U(Q1) = U (Q1)(z cos(Q1) — ysin(Qe))U(Q1) = z. (C.10)
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Thus, we obtain the external harmonic trap potential as,
VT _ M 2.2 2.2 2.2 C 11
Rot(T) = ?(wxx +wyy” + Wz ). (C.11

which is static in the rotating frame.

Similarly, the dipolar interaction term in the rotating frame can be obtained. The
dipole polarization direction is given by, UT(Qne@U(Qr) = z. The magnetic field
is always aligned with the z axis of the rotating frame, B = $2, and dipoles are

polarized in the same direction.
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