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Abstract

This thesis studies polynomial maps with constants evaluated on algebras, with
particular emphasis on surjectivity and classification of images. Given an algebra
</ and a noncommutative polynomial @ whose coefficients lie in <7, the associated

evaluation map

o Id"— o

naturally raises several fundamental questions: when is the map surjective, when
is its image a vector space, and how do these properties depend on the choice of
coefficients?

The main focus of this thesis is on diagonal polynomial maps and Lioov—Kaplansky
type maps on central simple algebras, such as matrix algebras and quaternion al-
gebras, as well as on the octonion algebra, which is non-associative. In particular,

we address the following problems.

Surjectivity of diagonal maps. Let m be a positive integer and n > 2. Given in-
tegers ki, ko, ..., ky > 1 and nonzero elements Ay, ... ,A,, € &7, consider the diagonal

map

©: M, ()" — M,(<),

(X1,. .. ,xm) i—)Alxllq +--- +Amxlfn’”.

We study the minimum value of m for which @ is surjective. In the case m =2, we

XV
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determine conditions on A; and A, that ensure surjectivity.

Lvov—Kaplansky type maps. Let IF be a field and &7 = M,,(FF). For

() =A1(xl)C2) —AQ(XQxl) € JZ%<X1,X2>,

with Ay,A, € &, we determine precisely when the image of the associated map is

a vector space.

These problems unify themes arising from Waring-type problems, polynomial
identities, and orbit classification under automorphism group actions, and con-
tribute to the broader program of understanding images of polynomial maps on

algebras.

To address these questions, we employ tools such as canonical forms of matrices,
actions of automorphism groups, simultaneous conjugation, and the reduction of
solvability over extension fields to solvability over base fields.

We first study diagonal maps on matrix algebras over sufficiently large finite
fields, algebraically closed fields, and the real field with scalar coefficients, deter-
mining the minimum number of variables required for surjectivity. As a conse-
quence, we also describe the images of such maps on Hamiltonian quaternions and
division octonion algebras.

Using the theory of central simple algebras, we then analyze diagonal maps with
coefficients from the algebra itself on M,(F). By classifying orbit representatives
under the action of the automorphism group, we obtain explicit conditions on the
coefficients that guarantee surjectivity.

Next, we extend this approach to the split octonion algebra, obtained via the
Cayley—Dickson construction. Using the classification of orbit representatives un-
der the action of the exceptional group G,, we determine conditions ensuring sur-

jectivity of diagonal maps in two variables over an algebraically closed field.
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Finally, we classify Lvov—Kaplansky type maps on M (IF), determining exactly
when their images form vector spaces. Together, these results contribute to a
systematic understanding of polynomial images on matrix algebras and related

algebraic structures.
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Notation

IE‘X

|

natural numbers

integers

field

F\ {0}

algebraic closure of F

real numbers

complex numbers

finite field with g elements

algebra

ring

division algebra

octonion algebra

XixX



2 quaternion algebra

G group

e; vector with 1 in the i-th place and 0 otherwise
M, (F) space of all n x n matrices over [F

E;; matrix with 1 in the ij-th place and 0 otherwise
GL,(FF) general linear group over F

PGL, (F) projective general linear group over F

F-I, space of scalar matrices of size n over F

sl,(F) space of trace 0 matrix of size n over F
Aut() automorphism group of an algebra </

Gy automorphism group of octonion algebra

Z (o) center of o

tc(H) centralizer of H in G

= isomorphism

&) direct sum

® tensor product
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Tr

sum

bilinear form

norm or quadratic form

composition algebra

conjugation of an element

trace

free product

Jordan form
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Chapter 1

Introduction

1.1 The Classical Waring Problem

In 1770, Edward Waring in his book [63] conjectured that every natural number
can be expressed as a sum of finitely many k-th powers. In other words, for every
natural number n € N and for each integer k > 2, there exist a number g(k) € N
such that

nza]f+a’§+---+alg,(k)

where a; € NU{0}, for each 1 <i < g(k). This came to be known as classical
Waring problem.

In 1772, Lagrange proved the celebrated four-square theorem [36], settling the
case for k =2 of the classical Waring problem. The theorem states that for every

n € N, there exist aj,az,a3z and a4 in NU{0}, such that
n:a%+a%+a§+aﬁ.

The number four is minimal, since not every natural number can be represented

as a sum of three squares. In fact, by a theorem of Legendre, a natural number n
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can be written as a sum of three squares if and only if it is not of the form
n=458m+7)

for integers k,m > 0. Following Lagrange’s proof, Waring’s conjecture came to be
viewed as a far-reaching generalisation of the four-square theorem. Hilbert in 1909

[27] proved the existence of g(k) for every k > 2.

1.2 Waring-Type Problems for Matrices and Al-

gebras

While the original conjecture concerned integers, the classical problem has inspired
a rich body of research, including generalisations to algebraic structures beyond in-
tegers. I. Connell posed a natural matrix analogue of the classical Waring problem:

For a given A € M,(Z), what is the minimum g(2) € N such that
A=AT+AT+---+Ayy

for some Ay,Ay,...,Ay(2) € Ma(Z)?

L. Carlitz subsequently answered this question by proving that g(2) =3, that is,
every 2 x 2 integer matrix can be expressed as a sum of squares of integer matrices,
see [13]. This result provides a natural extension of the classical Waring problem
to the setting of matrices and lays the foundation for further study of Waring-type

problems over algebras.

1.2.1 Diagonal Forms

These problems are closely related to the study of images of polynomial maps

evaluated on algebraic structures. One such family of maps studied in this thesis
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is stated as:

Question 1.2.1. Let ky,kp,...,k, > 1 be integers, and 8i,...,05,, € F be non-zero

scalars. Consider the diagonal polynomial
O(x1, ., 2m) = ST 4 Sox - 4§, (1.2.1)

in m-variables.
For a given F-algebra <7, what is the minimum value of m for which the associated

polynomial map is surjective when evaluated on 77

When k; = ... =k, =k the Equation (1.2.1) is a k-form. Such a k-form is said
to be universal on 7 if the map @ is surjective. The classical Waring problem
corresponds to the case 6; = & = ... = 0,, = 1 and asks for the smallest m such
that the form is universal.

The universality of the quadratic form (k=2 case) over fields has been exten-
sively studied, including arithmetic aspects (see, for example, Bhargava [8] and
Bhargava et al. [9]). Diagonal forms over function fields were studied by Voloch
[61], while further foundational contributions to quadratic and diagonal forms over
function fields were made by Colliot-Thélene and Sansuc [16] and by Parimala and
Suresh [50]. The image of k-forms over matrix algebras also received considerable
attention.

In [25], Griffin and Krusemeyer studied the image of quadratic form, i.e., for k =
2, in three variables over matrix algbera M, (F), where I is a field of characteristic
not equal to two, and showed that g(2) = 3. Moreover, they proved that if n is
odd and a € F, then al, is a sum of two squares if and only if @ is a sum of
two squares in F. They conjectured that g(2) # 2, and that the only matrices not
expressible as sums of two squares are scalar matrices of the form al, where « is
not representable as sum of two squares. This conjecture was settled by Richman

[53] using elementary techniques from linear algebra.
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More generally, the Waring problem for an algebra <7 is to determine g(k).
Richman [52] considered o/ = M, (%) where Z is a commutative associative ring
with unity and n > k. He showed that g(k) <7, and g(2) < 4. Combining results
of Vaserstein [59] and Richman [52], one obtains g(2) =3 for M,,(Z). Since then,
there have been several generalisations of Waring-type problem on algebras.

Leep, Shapiro, and Wadsworth [40] studied the sum of squares in central simple

algebras and established conditions under which

D:ZD2

for a finite-dimensional division algebra D of characteristic not equal to two. Since
the quaternion algebra serves as the foundational example of a non-commutative 4-
dimensional division algebra, and octonion algebras are obtained from quaternion
algebras via the Cayley-Dickson Doubling process, it is natural to extend results
from the quaternion setting to the octonion case. In this direction, Pimplin [51]
generalised the corresponding division algebra results to octonion algebras, which

are non-associative.

1.3 Polynomial Maps with Constants

Motivated by the developments for diagonal forms, the study of Waring-type prob-
lems in both associative and non-associative algebras has emerged as a natural ex-
tension of the classical problem. The generalisation of this problem can be stated
as follows:

Let Z :=TF(x1,x2,...,%,) be a free algebra of rank m over the field F. Let <

be an F-algebra. Consider the free algebra over &7, given by ., := & *.%,,. An
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element @(xy,...,x,) € %, is a finite sum of the form
k k kr
Y (aj)x! (aj)x? . (aj,)x]

where a;; € & and is,ky € Z>¢ for all 1 <s <r. Such an element defines an evalu-

ation map over the algebra o/ by

o:Fd" — o

(ar,az,....am) — ©(ay,az,... ap).

These maps are referred to as polynomial maps with constants. These maps allow
for a broader class of expressions and reveal structural properties of the underlying

algebra, including the identities satisfied by its elements.

1.3.1 The Lvov-Kaplansky Conjecture and Its Generalisa-

tions

One of the central conjectures concerning images of polynomial maps is the Lvov-

Kaplansky Conjecture, see [1].

Conjecture 1 (Lvov-Kaplansky). Let I be an infinite field, and let f be a multi-
linear polynomial. Then the image of f, evaluated on the matriz algebra of n x n
matrices over F, forms a vector subspace. Moreover, the image is one of the
following:

{0}, F-I,, sl,(F), or MyF).

Although the conjecture remains open, several partial results are known. Kanel-
Belov, Malev, and Rowen [30] proved that the conjecture holds for n =2 over
quadratically closed fields. For arbitrary fields, Malev [44] showed that the image

of a multilinear polynomial evaluated on M, () is of the form: {0}, or F-I, or a
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subset of sl;(IF), or the whole algebra M, (IF). He further proved that for F =R and
n =2, the conjecture holds. Subsequently, Belov, Malev and Rowen [29] classified
the possible images of multilinear polynomial evaluations for n = 3. Further contri-
butions in this direction include works by Fagundes [17], Wang-Zhou-Luo [62], and
Gargate-Mello [18]. The images of multilinear polynomials have also been studied
over composition algebras, notably the quaternion algebra [45] and the octonion
algebra [31].

The classical motivation for this conjecture comes from early works on poly-
nomial images and trace structures in matrix algebras. Amitsur and Levitzki [3]
studied identities for matrix algebras, later extending the results to semisimple al-
gebras. Albert and Muckenhoupt [2] and K. Shoda [57] showed that the matrices
with trace zero lie in the image of a commutator map. Moreover, the theory on
the image of the commutator map on central simple algebras and division rings
has been studied by Amitsur and Rowen, see [4]. They show that for a central
division algebra D over the field F, any non-central element of M, (D), with n > 2,
having reduced trace 0 lies in the image of the commutator map.

Beyond predicting a precise classification of possible images, a fundamental
aspect of the conjecture is the assertion that the image of a multilinear polynomial
evaluated on a matrix algebra is always a vector subspace. Thus, the conjecture
addresses both the algebraic structure and the linear nature of polynomial images.

The framework of polynomial maps with constants naturally leads to a broader
class of image problems. In this setting, it is natural to ask whether analogues of
the Lvov-Kaplansky conjecture continue to hold, and in particular, whether the
images of such maps remain vector subspaces. This perspective motivates the
following generalised Lvov-Kaplansky problem, which concerns polynomial maps

with fixed coefficients from the underlying algebra.
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1.3.1.1 The generalized Lvov-Kaplansky problem

Let F be a field and let o7 = M,(F). The classical Lvov-Kaplansky conjecture
predicts that the image of a multilinear polynomial without constants evaluated
on My(F) is a linear subspace of M,(F). In particular, the conjecture asserts that
the image is a vector space. Motivated by this conjecture, one is naturally led to
consider polynomial maps in which coefficients are allowed to lie in the algebra

itself. In particular, let,

Ft,xm) =Y. Ac0Xe(1)Ac,1X6(2) * Xo(m) Acm;
oES),
where each Ag; € M,(F) is a fixed. The variables xi,...,x,, are non-commuting,
and the polynomial f is multilinear in the sense that each variable appears exactly
once in every monomial. Such a polynomial is called a multilinear polynomial with
constants.
The following problem may be viewed as a natural extension of the Lvov-

Kaplansky conjecture.

Conjecture 2 (Generalized Lvov-Kaplansky problem). Let f be a multilinear

polynomial with coefficients in My(F). Is the image

necessarily a linear subspace of M,(IF)?

Motivated by the results on the commutator map, one such class of maps
studied in this thesis consists of generalisations of the commutator map, which arise
naturally in the investigation of images of polynomial maps on matrix algebras and

are closely related to questions motivated by the Lvov—Kaplansky conjecture.
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Question 1.3.1 (Generalized Commutator Map).

C()(Xl,xz) :Al(XIXZ) —Az(szl) € Mn(F) * <X1,x2>.

Determine for which pair (Aj,A;), the image of the map @ is a vector subspace of

M, (F).

Results describing the images of specific polynomial maps with constants pro-
vide supporting evidence for this generalized problem. In particular, our results
on commutator-type polynomial maps with constants show that their images form
linear subspaces, thereby supporting the general philosophy underlying the gener-
alized Lvov-Kaplansky problem.

The map belongs to the class of polynomial maps with constants. Parallel
developments have also influenced the study of images of polynomial maps in the
theory of word maps with constants in group theory; see, for instance, [28]. In
this direction, Gordeev, Kunyavskii, and Plotkin initiated a systematic study of
word maps with constants and established several foundational results for simple
algebraic groups; see [23, 24]. Following their work, a growing body of literature
has emerged investigating the structural and image-theoretic properties of word

maps with constants in various group settings; see, for example, [21, 22, 56].

1.3.2 Generalized Waring Problem

In the context of group theory, the Waring problem in two variables for finite
simple groups was studied by Larsen, Shalev, and Tiep [38], who showed that for
groups of sufficiently large order, every element can be expressed as a product of
two values of a fixed power word. This result highlights that it suffices to work
with only two variables to obtain surjectivity.

A parallel phenomenon appears in the context of matrix algebras. Following a
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question of Larsen, Kishore and Singh [35] studied the Waring problem for matrices
over finite fields. Their result shows that, over a finite field of sufficiently large
cardinality, every matrix can be expressed as a sum of two k-th powers. In recent
work [49], it was shown that for Waring-type problems on matrix algebras over
algebraically closed fields, it is sufficient to consider diagonal polynomial maps
in two variables, that is, m =2 in (1.2.1). This observation provides a strong
analogy with the group-theoretic setting and motivates a focused study of two-
variable polynomial maps with constants. Guided by these developments, this

thesis investigates the following problem, which is stated in a general setting:

Question 1.3.2. Let kj,k» > 1 be integers and Aj,A; € &/ be non-zero elements.
Consider

o(x1,x) = A1 (x1)" + Az (x2)*2 € o xTF,.

For what (A1,As) € 272, is the map @ surjective on 277

1.4 Scope and Contributions of the Thesis

Motivated by the classical Waring problem and its algebraic analogues, this thesis
studies the surjectivity and image structure of polynomial maps on associative and
non-associative algebras. In the Introduction, we formulated three guiding ques-
tions (Questions 1.2.1, 1.3.2 and 1.3.1), which address diagonal maps, polynomial
maps with coefficients, and commutator-type maps, respectively. The principal
contributions of this thesis provide answers to these questions over matrix alge-
bras, which is the starting point of studying such maps on central simple algebras

and composition algebras, including the split octonion algebra.
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1.4.1 Diagonal maps on Central Simple Algebras

Question 1.2.1 asks when diagonal maps in equation 1.2.1 are surjective when
evaluated on matrix algebras over various fields, and, in the surjective case, what
is the minimal number of variables m required.

This question is motivated by the classical Waring problem and its extensions
to non-commutative settings, particularly matrix algebras. Waring-type problems
for matrix algebras have been extensively studied; see, for example, the work of
Katre and collaborators [32, 33|, Garge [5, 19], and Bresar-Semrl [11, 12, 10].
More generally, problems concerning the image structure of polynomial maps on
algebras have been investigated in, for instance, [39, 46].

The following theorems, proved in Chapter 7, provide a complete answer to

Question 1.2.1 in several important cases.

Theorem A. Let m be a positive integer andn > 2. Given integers ki, ka, ... kn>1,
and O1,...,0m € R all non-zero, consider the diagonal map @: M,(R)"™ — M, (R)

forn>2 given by
— kl k2 kin
O(X1,. .., Xp) = 81X]" 4+ x> 4 -+ + O,

Then we have, for m =2, the map @ is surjective except when n is odd, 610, >0
and ky,ky are both even (in that case the image misses negative scalar matrices).

It is surjective for m > 3.

This result is proved via two intermediate theorems, appearing as Theorem 7.1.2

and Theorem 7.1.3.

Theorem B. Let m be a positive integer andn > 2. Given integers ki, ky, ... .k, >1,

and 8y,...,60,m € H all non-zero, consider the diagonal map ®: M,(H)™ — M, (H)
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for n>2 given by
_ ki ko kin
OX1,. .., %) = 81X + 02X + -+ - + S,

Then the map @ is surjective for all m > 2.

This theorem appears as Theorem 7.1.4. As a consequence, we also determine
the image of the diagonal map on the division octonion algebra & over R, which

is stated in Corollary 7.1.5.

Theorem C. Let ki,ko > 1 and n > 2 be integers and B be a non-zero element
in the finite field Fy. Consider the map w: My(Fy) x M,(Fy) — M,(F,) given by
o(xy,x2) :xlf‘ +[3x§2. Then, there exists a constant J (ki,kp) (which depends only
on ki and ky) such that for all g > J¢ (k1,kz), the map @ is surjective.

This result appears as Theorem 7.1.6.

1.4.2 Commutator map on Matrix Algebra

The question 1.3.1 focuses on generalised commutator-type polynomial maps, which
are closely related to classical commutator maps studied by Shoda, Herstein and
Amitsur-Rowen. The following result addresses this question in the case of 2 x 2

matrices and is answered in Chapter 6 (see Theorem 6.1.2).

Theorem D. Let F be an algebraically closed field. Consider the polynomial map
o given by A1 (x1x2) —Az(xpx1) on My (F) where A1,Ay € M (IF) both non-zero. Then,

the image is a vector subspace of My (TF).
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1.4.3 Polynomial Maps with Constants on Composition Al-

gebras

Question 1.3.2 concerns polynomial maps with coefficients from the underlying
algebra, which naturally generalises diagonal maps and arises in connection with
word maps with constants in group theory.

In this part, we investigate the image structure and surjectivity of such maps
on composition algebras, with particular emphasis on matrix algebras of size 2 and
the split octonion algebra. The results addressing this question are established in

Chapter 6 (see Theorem 6.1.1) and Chapter 8 (see Theorem 8.1.1).

Theorem E. Let F be an algebraically closed field. Consider the polynomial map
o given by Alx]f‘ —I—Az)cé2 on My(IF) where A1,Ay € Ma(F) both non-zero. Then, the
image of ® is a vector subspace of Mp(F). Further, @ is surjective if and only if
A1 and Ay can be simultaneously conjugated to a pair of matrices such that both

the matrices do not have the same zero rows.

Theorem F. Let F be an algebraically closed field, and O(F) be the split octonion
algebra over F. Then, the map induced by Al(xlfl)+A2(x2)k2) on O(F), where
A1,Ay € O(F)\{0}, is surjective if and only if the pair (A1,A2) under Ga(F)-action

does not represent one of the following pairs:

(04] 0 ﬁl 0 (04] 0 Bl (1,0,0)
1 : 3. ,

0 0 0 0 0 0 (0,Bs,0) 0

o 0| [0 o 0 0 0  (1,0,0)
2 , 4. ,

0 o3 0 B 0 o3 (0,Bs,0) Bs
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0 (1,0,00] [0 (1,0,0) 0 (1,0,00] [0 (0,1,0)
5 , 7 ,

0 0 0 0 0 0 0 B

0 (17070) ﬁl (07170) 0 (LO?O) 0 0
6 , 8. ,

0 0 0 0 0 0 (0,1,0) 0

where alaa&ﬁl:Bé?ﬁg €Z.

Organisation of the Thesis

This thesis is organised as follows.

Chapter 1 serves as an introduction to the themes and motivations of the thesis.
We place our work in the context of Waring-type problems and their algebraic
analogues, and we introduce polynomial maps on algebras as a unifying framework
for studying image and surjectivity problems.

Chapter 2 is devoted to the basic theory of central simple algebras. We recall
fundamental definitions and structural results, including matrix algebras, division
algebras, and the Artin—-Wedderburn theorem. This chapter establishes the alge-
braic background required for the study of polynomial maps in later chapters.

Chapter 3 focuses on composition algebras. We review their defining properties,
including the norm form and the composition property, and discuss key examples
and structural results that will be used throughout the thesis.

Chapter 4 is devoted to quaternion and octonion algebras. We study their
algebraic structure and properties in detail, highlighting both associative and non-
associative aspects. This chapter prepares the groundwork for analysing polyno-
mial maps on these algebras.

Chapter 5 introduces polynomial maps with constants. We discuss their defini-
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tion, basic properties, and motivation, and explain how they generalise constant-
free polynomial maps and diagonal maps. This chapter provides the conceptual
framework for the results developed in subsequent chapters.

Chapter 6 contains our results on polynomial maps with constants on matrix
algebras. We analyse the structure of their images, establish surjectivity results,
and examine how the presence of constants affects the behaviour of polynomial
maps in the matrix setting.

Chapter 7 is devoted to our results on diagonal polynomial maps on central
simple algebras. Beginning with matrix algebras over finite fields, the complex
field, and the real field, we study surjectivity and image structure. We then extend
these results to quaternion and octonion algebras, obtaining a unified treatment
of diagonal maps over all finite-dimensional real division algebras.

Chapter 8 studies polynomial maps with constants on the split octonion al-
gebra. Using the Zorn vector matrix realisation, we analyse the image structure
and surjectivity of such maps and identify phenomena that arise specifically from
non-associativity and the isotropic nature of the split octonion algebra.

Chapter 9 concludes the thesis with a discussion of future directions and open
problems. We outline possible extensions of the results obtained in this work and
suggest avenues for further research related to polynomial maps on algebras and

Waring-type problems.



Chapter 2

Central Simple Algebras

In this chapter, we introduce the notion of a central simple algebra along with the
essential algebraic tools used to address our main problem. In the context of this
thesis, central simple algebras provide the natural algebraic framework for studying
polynomial maps and Waring-type problems on noncommutative algebras, partic-
ularly matrix algebras, quaternion algebras, and their generalizations. We begin
with basic definitions and examples, and then proceed to structural results such
as the Skolem-Noether theorem, the Artin-Wedderburn theorem, and the splitting
fields of central simple algebras. The material presented here is based on [7] and
[20]. Throughout this chapter, we assume F is a field of arbitrary characteristic

unless stated otherwise.

2.1 Definitions and Examples

Definition 2.1.1. An associative algebra over a field F is a vector space o/

over [F equipped with a bilinear map

U:d XA — o, (x,y)—xy

15
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called the multiplication, such that the following conditions hold:

1. Associativity:

(xy)z=x(yz) forall x,yz€ o

2. Compatibility:

(Ax)y=x(Ay) =A(xy) forall Ae€F xye.d.

Definition 2.1.2. A non-associative algebra over a field F is a vector space &7

over IF equipped with a bilinear map

U:o xof — o, (x,y)— xy,

called the multiplication, such that the compatibility condition

(Ax)y =x(Ay) =A(xy) forall A €T, x,yec o/

holds. No associativity condition is imposed; that is, in general,

(xy)z #x(yz) forx,yz€ o

might not hold.

Remark 2.1.3. If there exists an element e € & such that

ex=xe=x forall xe€ .,

then 7 is called a unital algebra and e is called the identity element.

Definition 2.1.4. An algebra 7 is simple if it has no non-trivial two-sided ideals,
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i.e., the only ideals are {0} and .« itself.

Definition 2.1.5. The center of an algebra &7 is defined as

Z(d)={zeF:za=az forall ac}.

Definition 2.1.6. An F-algebra & is called central simple if it satisfies the
following conditions:

1. o is associative and finite-dimensional over F,

2. of is simple,

3. & is central, that is, Z°(&/) =F.

Example 2.1.7. The field F, viewed as an F-algebra, is a central simple algebra.

Example 2.1.8 (Quaternion Algebra). For a,b € F*| let

0 a 00 0O 0 b O

1 0 0O 0O 0 0 —-b
i= and j=

0 0 0 a 1 0 0 O

0 01 0 0O -1 0 O

be elements of My(IF). These matrices satisfy the relations

2—aly, j*=blL, and ij=—ji.

i
Then the subalgebra generated by i and j is a central simple algebra of dimension
4 over F, where the characteristic of F # 2. The algebra generated by i and j,
denoted by (a,b)p, is called the quaternion algebra.
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Example 2.1.9 (Symbol Algebra). Let F be a field containing a primitive n-th
root of unity &, and let a,b € F*. The symbol algebra (a,b)¢, r is the associative

F-algebra generated by two elements x and y subject to the relations

X'=a, Y'=b,  yx=Gxy

As a vector space over I, the algebra (a,b)¢ r has basis
{xy/|0<i,j<n—1},

and hence

dimg(a,b)¢, g = n*.

The center of (a,b)¢  is F, and the algebra is central simple over F.

Remark 2.1.10. When n =2 and {; = —1, the symbol algebra (a,b),  is gener-

ated by elements i and j satisfying

In this case, (a,b)¢ 5 coincides with the quaternion algebra (a,b)r. Thus quaternion

algebras are precisely the degree 2 symbol algebras.

Example 2.1.11. Let D be a finite-dimensional division algebra with center 2 (D).
Then the matrix algebra M,(D) is a central simple algebra over Z(D).

Proof. Since D is finite-dimensional over 2 (D), we have
dim () My (D) = n* dim g (p) D < oo.

Thus, M, (D) is finite-dimensional as a 2 (D)-algebra.
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Let I be a two-sided nonzero ideal of M,(D). Choose a nonzero matrix
X = (X,‘j) el

Then there exist indices k,[ such that x;; # 0. Since D is a division algebra, x; is

invertible. For arbitrary i, j, we compute
EikXElj = xklEij el

Multiplying by x,:ll, we obtain E;; € I for all 7, j. Hence I contains all matrix units
and therefore

= M,(D).
Thus M,(D) is simple.

Let A = (a;j) € Z(M,(D)). Commuting with all diagonal matrix units forces
a;j=0 fori#j,
and commuting with off-diagonal matrix units implies
ajp=ap=---=dam=d

for some d € D. Thus A =dlI,.
Finally, commutativity with all matrices in M, (D) implies that d lies in the

center of D, hence d € 2 (D). Therefore,

¥ (My(D)) = {dl, | d € Z(D)} = # (D).
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The matrix algebra M, (F) is a central simple F-algebra. The proof follows from
above by D=T.

Definition 2.1.12. A central simple algebra is called split if it is isomorphic to

a matrix algebra.

One of the principal tools employed in this thesis to study the image of a
polynomial map is the automorphism group of the algebra under consideration. In
the following section, we establish the Skolem—Noether theorem. The proof closely

follows the approach in Chapter 3 of [7].

2.2 Skolem-Noether Theorem

Theorem 2.2.1 (Skolem-Noether). Let o7 be a finite-dimensional central simple
algebra over a field F. Let B C &7 be a simple F-subalgebra, and let

¢:B— o

be an F-algebra homomorphism. Then there exists an invertible element u € A*
such that
@(b) =ubu~' for all b€ B.

Proof. Since 7 is a finite-dimensional central simple algebra over F, it is simple
as a ring. Let B C A be a simple F-subalgebra, and let ¢ : B— A be an F-algebra
homomorphism.

We consider &7 as a left B-module in two different ways. First, o7 is a left
B-module via left multiplication. Second, we define a left B-module structure on
&/ by letting

b-a=¢@(b)a for beB, acA.

We denote this twisted module by o7
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Since B is a finite-dimensional simple F-algebra, it is semisimple, and hence
both & and ¢/ are semisimple left B-modules. Moreover, they have the same

finite dimension over F, so they are isomorphic as left B-modules. Let

V.o — of

be an isomorphism of left B-modules from A to gA.

The B-linearity of y implies that for all b€ B and a € 7,

v(ba) = @(b)y(a).

Set

Then for any b € B, we have

=y(b-1)
= y(b)
and also
y(b)=wy(1-D)
=y(1)b
= ub.
Therefore,

o(b)u=ub for all b€ B.
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Since y is an isomorphism, u # 0. Moreover, the identity ¢(b)u = ub implies that
u implements an isomorphism of B-modules, which forces u to be invertible. Hence

u € &/*. Multiplying the above identity on the right by u~! yields
@(b) =ubu~' for all b€ B.

This proves the theorem. O

Corollary 2.2.2. Let & be a finite-dimensional central simple algebra over a field

F. Then every F-algebra automorphism of &7 is inner. That is, for every
¢ € Autp (),
there exists u € &7 such that
@(a) =uau™' forallae <.

Proof. Apply the Skolem—Noether theorem with B = 7. Since  is central and

simple, all the hypotheses are satisfied, and the result follows immediately. O

Remark 2.2.3. The Skolem—Noether theorem shows that all F-algebra automor-
phisms of a central simple algebra are inner. This result is fundamental in the
structure theory of central simple algebras and will be used throughout this thesis

to study properties invariant under algebra automorphisms.

The objective of this thesis is to investigate the image structure of polynomial
maps evaluated on central simple algebras and on certain non-associative algebras.
Since central simple algebras are naturally studied up to algebra isomorphism,
results obtained for a representative algebra extend to all algebras within the same
isomorphism class. This perspective motivates the use of the Artin-Wedderburn

theorem, which classifies central simple algebras up to isomorphism.
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2.3 The Artin-Wedderburn Theorem

The Artin—-Wedderburn theorem describes the structure of finite-dimensional semisim-
ple algebras over a field and plays a fundamental role in the theory of central simple
algebras. A general reference for the material in this section is [7]. The statement

of the theorem below follows [15, Chapter 5].

Theorem 2.3.1 (Artin-Wedderburn). Let o be a finite-dimensional semisimple
algebra over a field F. Then there exist division algebras Dy,...,D,, each finite-

dimensional over I, and positive integers ny,...,n, such that
r
o = PM,, (D))
i=1

as F-algebras.

In particular, if <7 is a finite-dimensional simple algebra over F, then there

exist a division algebra D finite-dimensional over [F and an integer n > 1 such that
o = M, (D).

Moreover, if o is a central simple algebra over F, then the division algebra D is
central over I, that is,

#(D) =F.

Since a substantial part of this thesis focuses on central simple algebras over an
algebraically closed field, this structural simplification plays a central role in our
study. As a consequence of the Artin-Wedderburn theorem, every central simple
algebra over an algebraically closed field is isomorphic to a full matrix algebra.

The precise statement is given below.
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Corollary 2.3.2. Let F be an algebraically closed field, and let o be a finite-
dimensional central simple algebra over F. Then there exists an integer n > 1 such
that

o =M, (F).

Proof. By the Artin-Wedderburn theorem, there exist a finite-dimensional division

algebra D over I and an integer n > 1 such that
o =M, (D).

Since 7 is central over F, we have 2°(D) =F. As F is algebraically closed, the
only finite-dimensional division algebra over F is F itself. Hence D =T, and the

result follows. ]

In the next section, we discuss the behavior of central simple algebras under

scalar extension and use it to define the degree and dimension of such algebras.

2.4 Degree and Dimension

Let o/ be a finite-dimensional F-algebra, and let L/IF be a field extension. The

scalar extension of 7 is defined by
JZ%L = XF L,
which is an L-algebra. The algebra o7 = &/ ®p L consists of finite sums
m
XZZCI,’@)»,‘, a; € o, A €L
i=1
Addition in o7 = &/ Qg L is defined by linearity. For simple tensors, it is given by

(a@A)+ (@A) =a®@A+d @A,
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and this rule extends to arbitrary elements. The multiplication on .27 is determined
by the rule
(a1 @M)(a2®@A2) = (a1a2) @ (M1 A2),

and is extended bilinearly to all elements of .o77. Consequently, the product of two

general elements
Z a; @ A;.
i

With this multiplication, @7 becomes an L-algebra, and </ embeds naturally
into @7 via the map a—a® 1.

Before moving to the result, we state the following proposition. The proposition
describes the center of a tensor product of finite-dimensional simple algebras. This
result will be used to deduce the centrality of scalar extensions of central simple

algebras. The reference for the proposition is [20, Chapter IV |

Proposition 2.4.1. Let &/ and % be finite-dimensional simple algebras over a
field F. Then
Y yon(d QpB) =% .y(A ) Zp(B).

Proposition 2.4.2. Let &/ be a finite-dimensional central simple algebra over F,
and let L/F be any field extension. Then of QrL is a finite-dimensional central

simple algebra over L.

Proof. Since 7 is finite-dimensional over [, the algebra o7 @p L is finite-dimensional

over L.

Simplicity. Let I be a nonzero two-sided ideal of o ®p L. Choose a nonzero
element

m
X =

ai@A el
i=1
such that m is minimal among all such expressions, and such that Aq,...,4,, are

linearly independent over F. In particular, we may assume a; # 0.
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Since o7 is simple, the two-sided ideal generated by a; is /. Hence there exist

elements uj,v; € &/ such that
Zujalvj =1.
J

Multiplying x on the left and right by elements of &7 ® 1, we obtain an element

y=104 "‘Zbi@)«i el,
i=2
for suitable b; € &7 .
Suppose that by # 0 for some k > 2. Since &7 is simple, the two-sided ideal of

o/ generated by by is equal to «/. Hence there exist elements u;,v; € &/ such that

Zujbkvj =1.
J

Consider the element

Z7:= Z(uj®l)y(vj-®l) el
J

Then z can be written in the form

z=cOM+10h4+ Y ®A;
i#1,k
for some c¢,c; € <.

Since Aq,...,A, are linearly independent over IF, we may subtract a suitable
element of the form (a® 1)x(b® 1) from z so as to eliminate the term 1® A
without affecting the remaining coefficients. The resulting element is a nonzero
element of I that can be expressed as a sum of strictly fewer than m simple tensors,

which contradicts the minimality of m.
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Hence b; =0 for all i > 2, and therefore

y=1®A1

for some A € L*. Multiplying by 1®2A~!, we conclude that 1®1 € I, and conse-
quently
I =.o/ QpL.

Central. By Proposition 2.4.1,

Zgor(d L) = 2y () Qp Z1(L)
= 2y (o) @FL

Since &7 is a central simple algebra over I, we have 2/(«/) =T, and since L is a

field, Z°(L) = L. Therefore,

Z (A QpL) =FpL=L.

Hence & ®p L is central over L. [l

Theorem 2.4.1 (Descent of Central Simplicity). Let </ be a finite-dimensional
F-algebra and let L/ be a field extension. If

JZ%@FL

is a central simple algebra over L, then <f is a central simple algebra over F.

Proof. Simplicity. Let I be a nonzero two-sided ideal of /. Then

I®FL
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is a nonzero two-sided ideal of & ®p L, contradicting the simplicity of &7 ®p L.

Hence 7 is simple.

Centrality. By Proposition 2.4.1, we have

(o @pL) = (o) 25 Z(L).

Since &7 ®p L is central over L, we have

Z (o ®pL) =L.

Moreover, (L) = L, and therefore

Z(o)Qr L= L.
This is possible only if
Z (o) =F.
Hence 7 is central over F.
Therefore, 7 is a central simple algebra over F. O]

Corollary 2.4.2. A F-algebra o7 is central simple over F if and only if
o ®FF

is isomorphic to a full matrix algebra over the algebraic closure F.

Proof. If o is central simple over F, then & ®pF is central simple over F. Since

F is algebraically closed, the Artin—-Wedderburn theorem implies

o @pF = M,(F)
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for some n.

Conversely, if o7 @[ is a matrix algebra, then it is central simple over F, and by

descent, <7 is central simple over F. O

Let o/ be a central simple algebra over a field F. Then by above corollary, for
some n € N,

o @Qp F = M, (F)

Thus,
dimp (/) = dimg (o @ F) = dimg(M,(F) = n*

We conclude that the dimension of a central simple algebra is always a square of
some positive integer. Now, we define the degree associated to a central simple

algebra.

Definition 2.4.3. Let o/ be a finite-dimensional central simple algebra over a

field F. The degree of o7, denoted by deg(.<7), is defined as

deg(of) := /dimp 7.

2.5 Splitting Fields and Maximal Subfields

Let & be a finite-dimensional central simple algebra over a field F. A central
theme in the structure theory of such algebras is that, after extending scalars to a
suitable field extension, &7 becomes a matrix algebra. This motivates the notion

of splitting fields.

Definition 2.5.1. A field extension L/F is called a splitting field of a central simple
algebra o7 if
o Qp L= My(L)

for some integer n > 1.
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By the Artin-Wedderburn theorem, every finite-dimensional central simple al-
gebra admits a splitting field. Moreover, the integer n is uniquely determined and
is called the degree of /. Thus, splitting fields allows one to reduce questions

about &7 to questions about matrix algebras over fields.

Definition 2.5.2. Let &/ be a finite-dimensional central simple algebra over F.
A subfield K C o7 is called a mazimal subfield of <o if K is a field extension of F
contained in &7 and

[K : F] = deg(«).

2.5.1 Maximal Subfields as Splitting Fields

The relation between maximal subfields and splitting fields is fundamental.

Proposition 2.5.1. Let o7 be a finite-dimensional central simple algebra over T,

and let K C 7 be a mazimal subfield. Then K/F is a splitting field of <f , that is,

o @p K = M,(K),

where n = deg().

Remark 2.5.3. The converse of the above proposition is not true in general.
Indeed, any algebraically closed field containing F is a splitting field for 7, but

such a field need not embed into &/ and hence need not be a maximal subfield.

Since every finite-dimensional central simple algebra over F is isomorphic to a
matrix algebra over a central division algebra, it suffices to study maximal subfields
of division algebras. In particular, if & is a central division algebra over F, then
any maximal subfield of Z is a splitting field of Z.

As an immediate consequence, every finite-dimensional central simple algebra

over F admits a maximal subfield.
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Proposition 2.5.2. Let 9 be a finite-dimensional central division algebra over F,
and let K C 2 be a field containing F. Then the following statements are equivalent:
1. K is a maximal subfield of &.
2. Cy(K) =K, where C4(K) denotes the centralizer of K in 9.
3. [K:F] =deg(2).
4. K is a splitting field of 9, that is,

9 QrK = Mdeg(@) (K)

Thus, for central division algebras, the notions of maximal subfield and splitting
field coincide. This fact plays a crucial role in understanding the structure and
invariants of division algebras, such as degree and index, and allows one to study

them via suitable field extensions.

Corollary 2.5.4. Every finite-dimensional central division algebra over F admits

a maximal subfield.

Corollary 2.5.5. Let & be a finite-dimensional central simple algebra over F.

Then &7 admits a maximal subfield.

Proof. By the Artin-Wedderburn theorem, there exists a finite-dimensional central

division algebra & over F and an integer n > 1 such that
o =ZMy(D).

Let K C 2 be a maximal subfield of &, which exists by the theory of central division
algebras. Identifying 2 with the subalgebra of scalar matrices inside M, (Z), we
may view K as a subfield of 7.

Suppose K C L C o/ is a field. Then LN Z is a field strictly containing K,

contradicting the maximality of K in . Hence, K is a maximal subfield of .o/. [J
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2.5.2 Reduced Trace and Reduced Norm

Let o7 be a finite-dimensional central simple algebra over a field I of degree n, and
let K C o/ be a maximal subfield (so that [K :F] =n and K is a splitting field).
Then the scalar extension

o QK = M,(K)

allows us to define the reduced trace and reduced norm of elements of 7.

Definition 2.5.6 (Reduced Trace and Norm). Let a € &7, and consider its image
in M, (K) under the isomorphism & @p K = M,(K). Then we define:

Trd,, /p(a) := trace of a in My (K),

Nrd . /r(a) := determinant of a in M,(K).

These maps satisfy
1. Trd, /p(a) € F and Nrd//p(a) € F.

2. Trd p is linear over F, and Nrd,/p is multiplicative:

Nrd%ﬂp (ab) = Nrdﬂ/p (a) NI‘dﬂ/}F (b)

Remark 2.5.7. For a central division algebra &, the reduced norm detects in-
vertibility, that is, a € 2 is invertible if and only if Nrdg r(a) # 0. Similarly, the
reduced trace provides a natural linear invariant for studying polynomial images,

e.g., for trace identities in the sense of Lvov-Kaplansky conjecture.

Example 2.5.8 (Quaternion Algebra). Let (a,b)r be a quaternion algebra over

F. Then for x = xo +x1i+x2j + x3ij, the reduced trace and norm are

Trd(x) = 2xo,

Nrd(x) = x3 — ax? — bx3 + abx3.
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These coincide with the standard trace and norm of quaternions described in Chap-

ter 4 and are special cases of the general definitions above.

One of the principal reasons for introducing splitting fields and maximal sub-
fields is that they allow a uniform way to embed a central simple algebra into a
matrix algebra over a field extension. If 7 is a finite-dimensional central simple

algebra over IF and L/F is a splitting field, then

o QL= M,(L)

for a uniquely determined integer n. This integer is called the degree of o/. The
degree serves as a measure of the intrinsic size of &/ and controls the dimensions
of its maximal subfields, all of which have degree n over F. Moreover, embeddings
of & into matrix algebras over splitting fields preserve algebraic properties such as
simplicity, centrality, and allow one to study structural questions and invariants,
such as traces, norms, and images of polynomial maps, in the well-understood
setting of matrices over a field. The degree, therefore, plays a central role in
determining both the ambient matrix size and the possible image structure of such

maps.
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Chapter 3

Composition Algebras

This chapter introduces the theory of composition algebras and establishes the
foundational definitions that will serve as the basis for the structural results pre-
sented later in the thesis. The exposition largely follows Springer and Veldkamp
[58], with standard definitions taken from Grove [26] and Lam [37].

3.1 Bilinear and Quadratic forms

Throughout, let V be a vector space of dimension n over the field F with char # 2.

Definition 3.1.1. A bilinear form on V is a function 4 :V xV — TF
satisfying the following properties for all a,a’,b,b’ €V and A € F:

1. A (Aa+d,b)=AN(a,b)+ N (d,b),

2. N (a,Ab+b") = N (a,b)+ AN (a,]).

A bilinear form .4 is symmetric if .4 (a,b) = A (b,a) for all a,b € V. A sym-

metric bilinear form .4 on V naturally defines a quadratic form on V

Definition 3.1.2. A quadratic form on V is a function N : V — F satisfying

the following properties for all a,b € V:
1. N(Aa) :== A’N(a),

35



36 Chapter 3. Composition Algebras

2. the map A :V xV — F given by A (a,b) = 3(N(a+b) —N(a) —N(b))

defines a symmetric bilinear form on V.

Given a symmetric bilinear form .4, the associated quadratic form N is given by
N(a) := A (a,a). Since char(F) # 2, there is a one-to-one correspondence between
the symmetric bilinear forms and the quadratic forms on V.

A quadratic form (V,N) is isotropic if for some non-zero vector a € V, N(a) = 0.
If no such vector exists, then it is anisotropic.

Given a bilinear form (V,.4") and a vector a € V, define the linear maps

l,:V—TF rg:V—F
b+— N (a,b) b— AN (b,a)
The bilinear form .4 on V is said to be non-degenerate if the only vector a € V

satisfying I, = 0 (equivalently, r, =0) is a = 0. Otherwise, .4 is called degenerate.
For a linear subspace # of V, the orthogonal complement is defined by

V/i::{aEV|</V(a7b):0forallb67/}.

The subspace # is called non-singular if the restriction of .4 on # is non-

degenerate. If the subspace # of V is non-singular, then V=% & # *.

3.2 Composition Algebra

Throughout this section, let € be an algebra, not necessarily associative, over a
field F. We assume that % is unital, meaning that it contains a multiplicative

identity element, which we denote by e.

Definition 3.2.1. A composition algebra is a pair (¢’,N) consisting of an al-

gebra € together with a non-degenerate quadratic form N : % — F satisfying the
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composition property
N(ab) = N(a)N(b) for all a,b € €.

The quadratic form N is called the norm of the algebra & . Its associated symmetric
bilinear form, obtained by polarization and denoted by .#", will be referred to as
the inner product on €. A non-singular subspace of ¢” of € is called subalgebra

of a composition algebra if it is closed under multiplication and contains e.

Definition 3.2.2. The conjugation in a composition algebra % is the map
.6 — €, ar—a= N (a,e)e—a,

where e is the identity element and .#” denotes the associated inner product.

Using the definitions introduced above, we recall some fundamental properties

of composition algebras, as established in [58, Chapter 1].

Lemma 3.2.1. Let a,b € €. The following properties hold:

1. Every element a satisfies

a®>— ¥ (a,e)a+N(a)e=0.

. (ab)b=N(b)a.

D & A L o
Q
—
Ql
S
~—
I
=
—
Q
N—
S

. The element a is invertible if and only if N(a) # 0. Moreover, in this case,

al=N@)'a
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7. (ab)a = a(ba)
8. a(ab) = a*b and (ab)b = ab?
Properties (7) and (8) together are referred to as alternative laws. These identities

imply power associativity, so that expressions of the form a" are unambiguous.

3.3 Classification of Composition Algebra

In this section, we recall the doubling process, also known as the Cayley-Dickson
process, and then classify composition algebras by dimension.

To understand the structure of composition algebras, it is helpful to view them
as obtained by successive doublings. The Cayley—Dickson construction provides
a canonical way to enlarge a given composition algebra, and, remarkably, every
composition algebra arises from a suitable subalgebra by this process. We first
recall a proposition that formalises how to obtain the composition algebra from its

composition proper subalgebra; see [58, Proposition 1.5.1].

Proposition 3.3.1. Let (€¢,N) be a composition algebra over a field F. Suppose
6o C € is a composition proper subalgebra and let u € chL be an element such that
N(u) #0. Then the space

G = 6D Gou

forms a composition subalgebra of € with dim(%)) =2-dim(%p). Moreover, for

a,d ,b,b' € €y, the operations on €, are given by:

Multiplication: (a4 bu)(d'+b'u) = (ad' + o b'b) + (b'a+ba)u,

Norm: N(a+bu)=N(a)— aN(b),

Conjugation: a+ bu =a— bu,

where = denotes the canonical involution on 6y and & = —N(u).
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Given a composition algebra, one can construct a new composition algebra via

the doubling process. Below is the proposition from [58, Proposition 1.5.2].

Proposition 3.3.2. Let %y be an associative composition algebra and o € F*.

Consider the space € = 6y ®6y. For a,a’,b,b’ € 6y, define the product
(a,b)(d',b") = (ad +ab' b,ba+bd)

and norm as

N((a,b)) = N(a) — aN(b).

Then € is a composition algebra equipped with the quadratic form N. Moreover,

€ is associative if and only if € is commutative and associative.

As a result, starting from [F as a 1-dimensional composition algebra, successive
applications of the doubling construction generate the classical finite-dimensional
composition algebras. Doubling the 1-dimensional algebra produces a 2-dimensional
quadratic algebra, which is commutative and associative. Doubling a quadratic
algebra gives a 4-dimensional quaternion algebra, which is non-commutative but
associative. A further doubling results in an 8-dimensional octonion algebra, which
is neither commutative nor associative, but satisfies the alternative laws. Conse-
quently, the only finite-dimensional composition algebras are of dimension 1,2,4
and 8.

This classification can be found in [58, Theorem 1.6.2].
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Chapter 4

Quaternion and Octonion

Algebras

In this chapter, we recall the basic structure and properties of quaternion and
octonion algebras over a field F of characteristic not equal to 2. The quaternion
algebra provides one of the earliest non-trivial examples of a central simple algebra.
It also serves as a fundamental example of a composition algebra, being non-
commutative yet associative. Another important example of a composition algebra,
obtained via the Cayley—Dickson doubling process, is the octonion algebra, which
is non-commutative and non-associative. We discuss their main properties, as well
as the distinction between split and division cases. The exposition in this chapter

is largely based on [7] and [58].

4.1 Quaternion Algebra

We start by recalling the definition of quaternion algebra from 2.1.8 introduced in

2. A quaternion algebra over F is a four-dimensional F-algebra of the form
cg - (a,b)F,
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where a,b € F*, generated by elements i, j subject to the relations

Setting k =ij, every element of 2 can be written uniquely as
X =xo+x1i+x2] +x3k, x0,X1,X2,x3 € F.

Thus, dimp 2 = 4 and hence the degree of 2 is 2.

4.1.1 Conjugation, Trace, and Norm

For x € 2, the conjugate of x is defined to be

X =x0—Xx1i —x3] — x3k.

Using conjugation, one defines the reduced trace and reduced norm of an
element x € 2 by
Tr(x) =x+x = 2xo, N(x) = xx.

Explicitly,

N(x) = x§ — ax? — bx3 +abx3 € F.

In the context of composition algebra, (2,N) forms a composition algebra of di-

mension 4 with the non-degenerate form N.

4.1.2 Split and Division Quaternion Algebras

Based on the norm of 2, one can classify the quaternion algebra as either split or

division.

Definition 4.1.1. A quaternion algebra 2 over F is called split if 2 if there exist
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non-zero element x € 2 such that N(x) = 0. Otherwise, it is a division algebra.

In other words, 2 is a division algebra if and only if N(x) =0 implies x =0 for
x € 2. We now show that every split quaternion algebra is isomorphic to a full

matrix algebra.

Theorem 4.1.2. Let (a,b)y be a split quaternion algebra over F. Then
(a, b)F = MQ(F)

Proof. Since (a,b)p is split, it is not a division algebra. However, (a,b)r is a
finite-dimensional central simple algebra over F of dimension 4.

By the Artin-Wedderburn theorem, there exist a division algebra & over F and
an integer n > 1 such that

(a,b)r =M, (2).
Taking dimensions over I, we obtain, 4 = n>dimp(2). The only possibility is n =2

and dimp(2) = 1, which implies 2 =F. It follows that

(a,b)p = M, (F).

4.1.3 Splitting Field of Quaternion Algebra

A field extension L/F is called a splitting field of a quaternion algebra 2 if

2@rL = M,(L).

Let 2 = (a,b)y be a division algebra. Then the subfields F(i) and F(j) are

2

quadratic field extensions of F, since i = a and j? = b. In particular,
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By the general theory of central division algebras (see Proposition 2.5.2), any
maximal subfield of 2 is a splitting field. Hence both F(i) and F(j) are splitting
fields of 2, and therefore

QerF(i) = My (F(i)), 2erF(j) = My (F(j)).

Consequently, every division quaternion algebra admits a splitting field of de-
gree 2 over its center, and these splitting fields are precisely its maximal subfields.

This observation is particularly useful when studying polynomial maps on 2.
By extending scalars to a maximal (equivalently, splitting) field L, one may replace
2 by the matrix algebra M,(L) and analyze the induced polynomial map in the
matrix setting. Properties such as dominance, surjectivity, or restrictions to trace-
zero or norm-one elements can then be investigated using tools from matrix theory

and subsequently interpreted back in 2.

4.2 Octonion Algebra

A composition algebra of dimension 8, obtained from a quaternion algebra via the
Cayley-Dickson doubling process, is called an octonion algebra.

The norm on the octonion algebra is induced from the norm on the underlying
quaternion composition algebra, as described in Proposition 3.3.2. In particular, if
the quaternion algebra is equipped with a multiplicative quadratic norm N, then
the doubled algebra inherits a quadratic form, again denoted by N, which satisfies

the composition property

N(xy) =N(x)N(y), for all x,y € 0.
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Thus, the algebra &, equipped with the norm N, is an octonion algebra.
As discussed for quaternion algebras, an octonion algebra is either split or a division

algebra, depending on the behavior of the norm N.

Proposition 4.2.1. Let O be an octonion algebra with norm N. If there exists
a nonzero element x € O such that N(x) =0, then O is split. Otherwise, O is a

division algebra.

In this thesis, we are primarily interested in split octonion algebras; hence, in

the remaining chapter, we study the structure of split octonions.

4.2.1 Split Octonion

Instead of describing split octonions via the Cayley-Dickson doubling process, we
present their structure using vector matrices over the field F. A description of this
can be found in [58, Chapter 1].

Let F be a field with char(IF) # 2. The split octonion algebra & over I can be

realized as the set of all matrices of the form

n x
O(F) = n.{ eFxyecl

y ¢

The addition is defined entry-wise, whereas the multiplication is defined using the

following rule

n o x||n x nn'+x-y' nx' +{'x+yxy’

y ¢ \y ¢ Cy'+n'y +xxx' 84y -x

3
Here x-y = ¥ x;yi, where x = (x1,x2,x3) and y = (y1,y2,¥3), and the exterior power

i=1
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is given by

x Xy-z=det(x,y,z).

For an element

n x
A= c 0(F),
y ¢
the conjugation is defined by
N
A—
-y n

The norm of A is given by

and the trace of A is

With these definitions, one has

It is well known that over a field IF, there exists, up to isomorphism, a unique split

octonion algebra, which is realized by the above construction.
4.2.1.1 Properties

We recall some standard properties of the octonion algebra ¢'(F) that will be used
in later parts of the thesis. Let A,B € &(F). Then the following holds.
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. Power associativity. For all integers n > 0, one has

A(An) :( n)A:AnJrl.

. Flexible law. The octonion algebra satisfies the flexible identity

A(BA) = (AB)A.

. Cancellation by invertible elements. If N(A) # 0, then A is invertible

and

A~ (AB) =B.
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Chapter 5

Polynomial maps with constants

This chapter introduces the concept of polynomial maps with constants and presents
the methodology used throughout the thesis to study the questions about surjec-
tivity and image sets obtained through the evaluation of polynomial maps with

constants over algebras.

5.1 Polynomial maps

Polynomial maps play a central role in the study of algebraic structures, particu-
larly in understanding how noncommutative polynomials act on algebras. Given
an [F-algebra <7, a polynomial f(xi,...,X,) in non-commuting variables with coef-

ficients in F defines a map

fi " —

(ar,a2,....am) — flay,az,...,am)

via evaluation. Classical problems in this area concern the description of the image
of such maps and criteria for their surjectivity, especially when o7 is a matrix alge-

bra or a central simple algebra. Notable examples include multilinear polynomials,
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whose images are closely related to structural properties of the underlying algebra
and appear prominently in conjectures such as the Lvov-Kaplansky conjecture.
In many natural situations, however, one is led to consider polynomial expres-
sions that involve fixed elements of the algebra itself as coefficients. This motivates
the study of polynomial maps with constants, which form the main object of study

in this chapter.

5.2 Polynomial maps with constants

For a field T, let .%,, denote the free algebra of rank m over F. Let < be an F-
algebra. Consider the free product & x.%,,, which forms a free algebra over F.
We denote this by .@%,. This construction provides a convenient framework for
studying polynomial maps over .« in m variables.

Any element o € o7, can be expressed in the form
k k k,
Z(ah )xill (aj, )xi; E (ajr)xir

where a;, € &/ and i, ks € Z>q for all 1 <5 <r. Each such element ® induces an

evaluation map over the algebra o7, denoted by @, defined as

o: A" — o
(ar,az,...,ay) — @(ay,az,...,ay).
The concept serves as an analogue of word maps with constants in group theory,

extending the idea to the setting of algebras. In this thesis, we are particularly

interested in studying the surjectivity and image sets of such maps.
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5.3 Questions

This section formulates the main questions of the thesis, which are addressed in
the following chapters for various algebras .. The first question concerns the

generalisation of diagonal polynomial maps and is stated as follows:

Question 5.3.1. Let m be a positive integer. Given integers ky,k», ...k, > 1, and

Aq,...,Ay € & all non-zero, consider the diagonal map w: /™ — & given by
O(x1,. . xm) = A ()M + A2 (000)2 -+ A ().

What is the minimum m for which the given map w is surjective? If m =2, what

are the conditions on Aj,A, € & for ® to be surjective?

It is well known that any homogeneous polynomial of degree k can be obtained
from a multilinear polynomial in m variables via the polarization process. Conse-
quently, understanding the surjectivity of the above diagonal map also provides
information in the direction of the Lvov-Kaplansky conjecture.

The second question studied in this thesis is stated as:

Question 5.3.2. Let F be a field and &7 = M,(F) be the matrix algebra. Consider
O =A1x1x2 —Arxxpx| € $Zf<xl,XQ> for Aj1,A, € Mn(]F) For what A;,A; € &7, is the

image of the map a vector space?

Understanding this problem directly contributes to the study of the Lvov-
Kaplansky conjecture for matrix algebras of size n, since the polynomial Ajxjx; —
Apxpxy is a symmetric multilinear polynomial up to coefficients from 7. Deter-
mining when the map is surjective provides insight into the general classification
of images of multilinear polynomials on matrix algebras.

Throughout the thesis, we will primarily focus on the case m = 2, except for

certain results where higher numbers of variables are required to study the sur-
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jectivity. The next section outlines the general methodology used to study such

questions.

5.4 Methodology

To address the surjectivity and image questions for polynomial maps with con-
stants, we adopt a unified approach that applies across the different types of alge-
bras considered in this thesis. We exploit invariants and decomposition techniques
to reduce the problem to a more tractable form. By presenting the method here,
the reader gains an overview of the tools and strategies that will be elaborated
upon in the subsequent chapters.

For non-zero elements Ay,Ay,...,A;; € & and ky,ka, ...k, > 1, consider the

polynomial
a)(xl yeee ,xm) =A (X1 )kl +A2(X2)k2 +- - —I—Am(xm)km.

With each such map, one can associate the coefficient tuple (Aj,As,...,Ay) € ™
and consider the diagonal action of the automorphism group Aut(.%?) on «/™, given

by,

Aut(f) x ™ —s ™

(87 (A17A27"' JAm)) — (gA17gA277gAm)

If the map @ when evaluated on & is surjective for a given tuple (A1,Az,...,An),
then the map g- @ for g € Aut(«7), with the coefficient tuple (g-Aj,g-A2,...,8-Am),
is also surjective and vise-versa. Consequently, it suffices to study the surjectiv-
ity of the map associated with a representative of the Aut(.?)-orbit of the tuple
(A1,A2,...,Ap).
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5.5 Classification problem

The problem of classifying tuples of elements in an algebra up to the natural action
of its automorphism group is, in general, a wild problem. In particular, even for
well-structured classes of algebras, such classification problems are typically too
complicated to admit a complete or manageable description.

In [6], Belitskii and Sergeichuk proved that the problem of classifying pairs of
matrices up to simultaneous conjugation contains the problem of classifying m-
tuples of matrices under simultaneous conjugation, for arbitrary m. In the next
chapter, we present explicit orbit representatives for the action of simultaneous
conjugation on pairs of matrices for size 2.

An analogue of this problem, namely, the classification of pairs of elements over
the octonions, was studied by Lopatin and Zubkov in [43].

In the later chapters, we make use of such classifications for matrix algebras
and split octonion algebras in order to study the images of polynomial maps with

constants on these algebras.
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Chapter 6

Polynomial maps with Constants:

Matrix Algebra

In this chapter, we study the images of polynomial maps with constants, viewed
through the broader framework of central simple algebras. Among these, matrix
algebras play a fundamental role. Every finite-dimensional central simple algebra
over a field is isomorphic to a matrix algebra over a division algebra, and thus
M, (TF) serves as the prime and most representative example of a central simple
algebra.

An important related structure is the split quaternion algebra, which is isomor-
phic to the matrix algebra M, (IF). This connection highlights how results obtained
for matrix algebras might naturally extend to other split central simple algebras
and provides additional intuition about how constants influence the behaviour of
polynomial maps in different algebraic settings. To understand the behaviour of
polynomial maps with constants evaluated over a central simple algebra, we start
with the matrix algebra over an algebraically closed field. Throughout this chapter,
we assume I is an algebraically closed field.

The discussion presented in this chapter is based on our article [47], with neces-

%)
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sary modifications and contextual adaptations to align with the broader theme of
this thesis. Our focus here is to explore how the introduction of constants affects
the structure of the image of a polynomial map.

We investigate the dependence of the image on the choice of constants, analyze
whether such images retain invariance under algebra automorphisms, and compare
the results with those obtained for constant-free polynomial maps in a later chapter
of this thesis.

We prove the following:

Theorem 6.1.1. Let F be an algebraically closed field and ky,ko be positive in-
tegers. Consider the polynomial map @ given by Ax*1 +Axy*2 on My(F) where
A1,Ay € My(F) both non-zero. Then, the image of @ is a vector subspace of Mp(F).
Furthermore, @ s surjective if and only if Ay and Ay can be simultaneously conju-
gated to a pair of matrices such that both the matrices do not have the same zero

rows.

Theorem 6.1.2. Let F be an algebraically closed field. Consider the polynomial
map @ given by Aj(x1x2) — Az (x2x1) on My (F) where Aj,Ay € My (F) both non-zero.
Then, the image is a vector subspace of M(TF).

As discussed in the previous chapter, we deploy the method of simultaneous conju-
gation to simplify the study of polynomial maps with constants. In general, finding
the class representatives for a pair of matrices (A1,Az) under simultaneous conju-
gation is a wild problem, meaning no complete classification exists for arbitrary n.
However, for n =2, we give an explicit description of representatives, which allows
us to reduce the analysis of the polynomial maps to a finite set of canonical cases.
With the help of this, we compute the images for each of those cases and prove

Theorem 6.1.1 and Theorem 6.1.2.
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6.2 Classification under simultaneous conjugation

Consider the tuple (A1,A;) € M>(FF)?. This section aims to find the representatives
of (A1,Az) under the conjugation action of GLy(IF), acting diagonally. We proceed
in two steps: first, we find the representative of A; under the action of GLy(IF),
say Kh and then restrict the action of GLy(IF) to the centralizer of Xl, denoted by
CGL,(F) (A1), on Ay to get it’s representative.

For each A| € M(FF), there exists Py, € GLy(F) such that PA1A1PA_11 =Jy, where
Js, denotes the Jordan canonical form of A;. We want to comprehend which
matrices in M, (F) lie in the image of map @ when evaluated over M, (FF) i.e. for

which C there exists matrices X; and X, in Mp(F) such that
C= a)(Xl,Xz). (6.2.1)

Let T € 6c1, (Ja,). Then TPy, € GLy(F). Conjugating Equation 6.2.1 by TPy, we

get,
TPy, (C)PL' T = TPy (X1, X%,)P, 'T .
For both maps considered in this chapter, we obtain

TPy, (C)Py ' T~ = TPy (AP, ' T~ (X{") + TRy, (A2) Py ' T (X))

= Ja, X1+ (TA, T X2
and

TPy, (C)PA*IIT*1 =TPy, (AI)PA*IIT*I(Xle) — TPy, (AZ)P/;IIT*I(XQXI)

= Ja, (X1X2) — (TALT V) (XX,
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where sz = PA1A2PA_11-
Thus, to obtain representatives, it is enough to consider the action of the
centralizer 6gr, (Ja,) on A, and determine the orbit representatives for each type

of Jordan form of A;. The Jordan form of A} € M,(IF) is one of the following:

A u A
A€kX A#U A€k

The Table 6.2.1 describes the centralizer corresponding to each Jordan form.

Ja, CGL, (Ja;)

GL(F)

A d
didy #0
H dy
A 1 aj bl
aj 7é 0
7L al

Table 6.2.1: Description of the centralizers
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_ a b
Let Ay = € M,(IF). The representatives of A, under the conjugation
d d
action are given as below.

(A) For ¢Gr, = GL,, the representatives are

M M1 w1
23] J2%) 23]
TS HF# wer
dy
(B) For CgGLz = did; 7& O0pand T € CgGLz, we have
dr
N d  ddy'v
TA,T ™! =
dildyd  d
d 1
For ¢ #£0, let T = If =0, then T = . Thus, the representa-
1 b

tives obtained are

pr 0 Hr 0 o1 up 1

mEer Wh# mEF t# 2
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w0 w 0 1 22 0 =z
I I I z3 I z3
R m#p zi#0 237#0
U 2 0 =
1 O 1 0
2170 2270
a; b
(C) For a1, = ay #0 p. Then TBsT ! is
0 al

a’+c’a;1b1 (d’—a’)a;lbl +b’—c’(af1b1)2

c d — c’al_]bl
where T € 61, Let al_lbl = B. Then

_ d+cx (d—d)x+b —cx?
TA, T =

¢ d —c'x

If ¢ #0, then, since F being an algebraically closed field there exists B such that
(d —d)B+b —B*=0.

If ¢ =0 and d’ # d, then there exist B such that (d' —a')x+ " =0. Thus, consid-

ering these cases, the representatives are given by
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y 2 y m z

z W z M 2%) 231
uy,z€F> U1 F# U ZEF U £ €F Ui z€F*

Remark 6.2.1. From the above discussion, we see that the surjectivity of polyno-
mial maps @ € <7 (x1,x;) of the form Alxlfl —I—Ale;zand A1x1xy — Arxpxy is preserved
under simultaneous conjugation. Moreover, if the image of @ corresponding to the
tuple (A},A%) obtained under simultaneous conjugation is a vector subspace, then
so is the image of @ corresponding to the original tuple (Aj,A;). Consequently, it

suffices to study the maps for the reduced forms
JAlx]f‘ +A'2x§2 and  Jq,x1x2 — AjXox1,

where A} is a representative of Ay obtained under the conjugation action induced
by an automorphism sending A; to its Jordan canonical form Jy,, followed by the

conjugation action of the centralizer Cgy, ) (Ja,)-

Remark 6.2.2. Note that the argument for surjectivity is symmetric with re-
spect to the representatives of (Aj,Az). If the polynomial associated to (J4,,A5) is

surjective then so is for (A},Js,) and vice-versa.

By a slight abuse of notation, we write the pair (Aj,Az) instead of (Ju,,A%) to

study the images of maps.

6.3 Proof of Theorem 6.1.1

In this section, we study the image of the polynomial map

k k
o(x1,x2) =Ax)" +Axx5.
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Proposition 6.3.1. Let I be an algebraically closed field of characteristic 0, and let
A1,Ay € My(F). For C € My(FF) such that either det(CA) or det(CAz) is non-zero,

then C lies in the image of the evaluation map Alxll<1 —I—Azxg2 over My ().

Proof. Assume CA; € GL,(F), so does A;'C. Let Pc € GL,(F) such that C’:=
PC(AIIC)Pgl is the Jordan canonical form of A;'C. Clearly, C' € GL,(F). Since
[ is an algebraically closed field, every invertible matrix admits a kj-th root in
GL,(F). Therefore, there exist X| € GL,(F) such that C' = (X])*1. For X; =
PCTIX{PC, we have C :Alel and hence,

C=AX" +A,X3

where X; = 0. A similar argument works if det(CA;) is non-zero. O]

Following the same argument, we state the next proposition for an algebraically

closed field having an arbitrary characteristic:

Proposition 6.3.2. Let C € My(F) and char(IF) 1 ky,kp. If det(CA;) or det(CA3) is

non-zero, then C lies in the image of the polynomial map Al)cll<1 +A2x§2.

Proof. Since A;'C € GL,(F). The Jordan canonical form for A;'C possible are:

with A1 A, € F*. The diagonal matrix is kj-th power of the diagonal matrix having

ki
VA 1

entries VA, and ¥2A,. Moreover, the matrix is conjuagte to
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ky
A1
as char(F) t k;. Therefore, in either case, take X, =0 and C :AIX{c !
M
has solution over M, (F). The similar argument follows for det(CA;) # 0. O

Proposition 6.3.3. Let F be an algebraically closed field such that either char(F) 1
ki or char(IF) {1k, and Ay,Ay € GL,(F). The map @ :Alx]f‘ +A2x§2 is surjective on
M, (F).

Proof. Assume char(F) { k. The map o is surjective on M,(F) if and only if the
map @ = xlf‘ —|—A1_1A2x§2 is surjective on M, (F). Choose a scalar a € F such that
C — ()" is invertible. This is always possible since C has only finitely many

eigenvalues. By Proposition 6.3.1, there exist X, such that
AAT N (C— (ak)h) = X3,
Setting X := al,, gives
C=XM"+A7 A5
and hence o is surjective on M,(F). O

Thus, we focus on the cases where either A} or A, is singular with C being
singular, and the case where A} and A, both are singular, and C is arbitrary. In
the case C =0, a solution always exists, given by x; = x; =0. Thus, we will always
consider C to be a non-zero matrix. To handle these systematically, we divide the

proof into three propositions. The first of these is stated as follows.

Proposition 6.3.4. Let @ :Alxlfl —I—Azxéz € My (F)(x1,x2), with Ay, Ay nonzero

matrices. If Ay is a scalar matriz, then the map ® is surjective.

Proof. Let A} = AL for A € F*. For C € M,(F), we want the existence of solution
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of equation

A+ A —C =0,

Consider C to be a singular matrix. Let Pc be the matrix that conjugates C to its

Jordan form and is one of the following:

Conjugate the above equation by Pc and consider C upto its Jordan form.

For the first case, since g — AxK1 = 0 has solution, so does pE;| — /lxll<1 =0. For
the second case, if there exists an « such that Ej» — @A, is non singular, then
consider y = ®/al,. By Proposition 6.3.2, there exist X; such that C lies in the
image of .

Suppose there doesn’t exist any o € F such that Ejp — oA, is non-singular.

Since Aj is singular, it must be of the following form:

0 by by by
or
0 b 0 O
0 1
For the first case, let X, € Mp(F) such that sz = . Then C—A2X§2 =
-1 0
by 1 o o afl ocfl_]az
. If by =0, take X; = . Then A,Xf‘ is . Since
by O 0 O 0 0

by #0, op and oy can be chosen in such a way that by = afl and 1 = chl_laz. If
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by 1
by # 0, in this case is a non-singular matrix and hence there exist X
by 0
k k bi by
such that AX;' =C —A>X,>. The other case when A5 is given by follows
0 O

the similar proof. Therefore, the given map is surjective.

Corollary 6.3.1. If A} or A is non singular, then the map @ defined by @ =

AlxllCl —|—A2x§2 is surjective.

Proof. Let us assume Aj is a non-singular matrix. The map @ is surjective if and
only if

~  k — k;
is surjective. The map ® is surjective, as follows from Proposition 6.3.4. ]

By the preceding lemma, it suffices to consider the case in which both A; and
A, are singular. We now formulate the following proposition, which characterises

surjectivity when A is diagonal up to conjugation.

Proposition 6.3.5. Let @ :Alxlfl —I—Apcl;2 € M (F)(x1,x2), with Ay, Ay nonzero
matrices. Suppose up to conjugation, Ay is a diagonal matriz diag(A,u), then the
associated map @ is surjective if and only if one of the following conditions holds:
1. Ay is invertible;
2. A =0 and the first row of an orbit representative of Ay is nonzero;

3. =0 and the second row of an orbit representative of Ay is nonzero.

6.3.1 Proof of Proposition 6.3.5

In this subsection, we analyze the case in which the matrix A has distinct eigen-

values. More precisely, we assume that A; is conjugate to the diagonal matrix
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diag(A,u) with A # pu.

Under this assumption, the equation under consideration takes the form

As established earlier, it suffices to restrict our attention to the case in which A
is singular, that is, when either A =0 or u =0.

To complete the proof, we examine representatives of the orbits arising from
the action of the centralizer of the diagonal Jordan form diag(A,u). Since A; is
assumed to be singular, it leads to a finite collection of singular cases, summarised
in Section 6.2, each of which is considered below separately. We begin by stating
the two auxiliary lemmas that will be repeatedly used in the discussion of the cases

of each representative.

01
Lemma 6.3.1. Let o) : Mr(F) — M, (F) given by o, (x) = Xk for some
0
a b
01 € F*. The image of @y is ca#0o0rb#0
00

Proof. For a # 0, the equation §jx* —a = 0 always has a non-zero solution, say o.

o (ak‘lél)fl b a b
Then X = satisfies o (X) = . For a =0, the matrix
0 0
0 &'b 0 b
X = satisfies @ (X) = , completing the proof. ]
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0
Lemma 6.3.2. Let @, : Mr(F) — M (F) given by my(x) = Xk for some
)
0 0
6, € F*. The image of @, is ca#0orb#£0
a b
6 0 0 O 0 -1
Proof. Since is conjugate to by the matrix P = in
0 0 0 & 1 0
0 0
GL;(F). Thus, the Image(w,) = P (Image(w;)) P~ = ca#0orb#0
a b

We now proceed to consider the cases corresponding to each representative.
6.3.1.1 Representative has distinct eigenvalues

Consider the map

A X M1
0(x1,x) := Xyt + X5

H H2

Since both A} and A, are singular, we have A =0 and puju, =0. f A=u; =0
(respectively, u = tp =0), then the map o fails to contain all the matrices which
have non-zero first row ( respectively, non-zero last row). Consequently, the original

map @, before the action of the automorphism group, also fails to be surjective
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as the image does not contain all the conjugates of matrices with a or b

being non-zero (respectively, with ¢ or d being non-zero).
We therefore restrict our attention to Ay, € F* and puu; € F*. In either case,

the map @ can be decomposed as

a)(xl,xz) = (X]) -+ (1)2()62).

where the image of @; consists precisely of matrices whose second row is zero (see
Lemma 6.3.1), and the image of @, is precisely all matrices having first row zero
(see Lemma 6.3.2). It follows @ is surjective on Mp(IF) if and only if Ay, € F* or

uu; € F* when both A; and A, are singular.
6.3.1.2 Representative is an upper triangular matrix

Consider the map

A k a1 k
0(x1,x) = Xyt + X5
H 2
M1
The representative of Ap is the upper triangular matrix . As stated

H2
before, A and A, are both singular. Therefore, Ay =0 and uju; =0. We state

the auxiliary lemmas that will be used to discuss this case.
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pro 1
Lemma 6.3.3. Foru; €F, define @z : Mr(F) — M, (FF) such that @s(x) = xk

0

for a positive integer k. Then the image of @3 is exactly the space of matrices

spanned by E11 and Eq;.

o1
Proof. The matrix has second row zero. Multiplying by any matrix on

0

the right will result in the second row being zero. Thus, we have to show that

the image of @3 is exactly all the matrices having the second row equal to zero.

a b
Let C be a matrix of form . For b € F*, there exist nonzero o such that
0
0 0 0
Oci‘zb. Let X = . Then X* = =
a; " Va o okt F Vg ok a b
1
Therefore, w3(X) =C for b# 0. For b=0, w3(X) =C for X = , which
a 0
completes the proof. O

Lemma 6.3.4. Let k be a positive integer and Uy € F. Define @y : My(F) —

0 1
My (F) by ws(x) = xk. Then the image of @y is precisely the space W =

2%)

ca,beF
Moa  pob
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0
Proof. Suppose b € F*| let X = where OC{‘ =b. For b=0, let
—(k—1
a *k=1) o X
1
X = Then, in either case, the image of @4 contains the subspace # .
a 0
0 1
The right multiplication of any matrix in Mp(F) by gives exactly the
M2
1 a b c d
elements of the form # as = . We first consider
0 w c d e Urd

u =0 and, using that, we give the solution for the case when A =0.

We now state the main proposition associated with the given representative.

Proposition 6.3.6. For u;,u, € F. Define the map @ : Mp(F) x My (F) — M;(F)

given by

The map @ is surjective if and only if Ay € F* or u € F*.

Proof. The proof is divided into two cases, based on A =0 and u =0.
(I) Let u =0=up and py € F. The map is given by

A 25 1
o(x1,x) = X'+ x5
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Clearly, o(x1,x2) = @;(x1)+ @3(x2). The image of @, and w3 on M(F) are
same, see Lemma 6.3.1 and Lemma 6.3.3. Thus, the image of @ on M(F) is
the image of w;, which is exactly the matrices having the second row equal
to zero.

(IT) Let u =0=p; and yp € F. The map is

A 0 1
o(x1,x) = xlfl + xlgz.

0 Ho
The map @ can be decomposed as @; + 4. If gy =0, then on evaluation on

M;(F), the image of @y is same as image of ;. Thus, for yy =0,

a b
Image(®) = Image(w;) = ca,beF
0
a b
Assume y, € F*. For C = , by Lemma 6.3.4, there exist X, € M, (IF)
c d
~1 —1
Hy ¢ My d
such that wy(X;) = . Then,
c d
a—/.Lz_lc b—,uz_ld
C—ay(Xz) = :

0 0

which lies in the image of @; by Lemma 6.3.1. Thus, Image(®) = M;(F) for
Wy € F*.
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(IIT) Let A =0 and py,uy € F. The map is

o(xy,x) = x]](' + x50

Decomposing the map

o (x1) +w3(xz), if =0,
o(x1,x) =

a)z(xl)+a)4(x2), it u;=0.

For py =0, by Lemma 6.3.3, there exist X, € Mp(F) such that for any C €

My(F), C— a3(X3) = . By Lemma 6.3.2, there exist X; € M(F)
* %

such that C— a3(X2) = @2(X). For u; =0, using Lemma 6.3.4, there exist

a b
Xo € Mp(F) such that ay(X;) = . Thus for an arbitary C =
toa  pob
a b
€ M,(FF), using Lemma 6.3.2, we have

c d

0 0

C— w4(X2) = € Image(a)z).

c—Wa d— b

That is, there exist X; € M,(FF) such that C = wy(X1) + 04(X2).
Thus, for Auy € F* by (I) and (II) and for u € F* by (IIT) the map o is surjective

on M(F). Suppose Ay =0 and g =0. Since Aj is a non-zero matrix, we must
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have A # 0. Thus gy = 4 =0 and the map is given by

A ‘ Hi 1
o(xy,x) = x4 X,

0 0

= o1 (x1) + 03(x2).

By Lemma 6.3.1 and Lemma 6.3.3, the

Image(®) = ca,belF

6.3.1.3 Representative is a lower triangular matrix

Hr 0
In this part, the representative for A, is

I

Proposition 6.3.7. Let A, u, Uy € F such that Au =0 and uiup = 0. Define
the map
, o: Mz(]F) X Mz(F) — MQ(F)

given by
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_ pooy o 1
o(x1,x) = x4 x50

0 4 M

The map @ is surjective on Ma(F) if and only if the map @ is surjective on My (F).

Moreover, the map ® is surjective if and only if A € F* or uu, € F*.

Proof. Suppose the map @ is surjective on M, (F). That is, for every C € M(F),

there exist X1,X, € M(F) such that C = o(X;,X>). Let P= 1 € PGL,(F).
1
Conjugating C = o(X1,X>) by P, we get,
p 0 o 1
pcP ! = (Px, P~k + (PXoP )2,
0 A Hi

Thus, PCP~! € Image(@) for every C € My(F). The conjugation action by P on
M, (F) defines an automorphism of M(F). Therefore, Image(®) = M, (F). Thus,
o is surjective on M, (F). Conversely, conjugating the image of @ by the same P
gives the image of @ on M,(F). By Proposition 6.3.6, it follows that the map o is
surjective if and only if A € F* or pu; € F*. O

6.3.1.4 Representative having second row non-zero

We consider the map whose second representative has all non-zero entries and is

given by

o(x1,x) = Xy + x5
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Lemma 6.3.5. For z; € F and A € F*, the map

A k a2 k
o(xy,x) = x)'+ Xy’
0 1 z3
is always surjective on M(F).
a b
Proof. Let C = € M(F). First, assume that ¢ # 0. There exists by € F*
c d
bo by
such that b/(;z =c¢. Define X, = , where by € F is chosen so that bgz_lbl =
0
0 by
d. If ¢ =0, define X, = , where bg =d —z3 € F. In either case, the
1
21 Ve) k * k
matrix C — X,? is of the form . By Lemma 6.3.1, there exists
I z3 0 0

X € M, (FF) such that C = o(X;,X»). This proves that ® is surjective.

Lemma 6.3.6. For u € F* and z1 and zp both being non-zero, every element of

M, (F) lies in the image of the map

o(x1,x) = X'+ X5
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a b
Proof. Let C be an arbitrary element of M,(F), given by . If aeF*,
c d
do i k ko—1
then let X, = where a = zjay” and b = zjay” "a;. Otherwise let X, =
0
0 z'(b-2)
. In either case, we get,
1
1 2
Cc— XP = € My(F)
1 z3 x %

Using Lemma 6.3.2, any element of this form lies in the image of @, on M,(F). Thus the

map @ is surjective on M;(F). O

Remark 6.3.2. We note that in the above lemma, if z; = 0 then it implies z; is

i1 22
also zero as the matrix is singular. In this case, the map
1 z3
0 k 0 k
o(x1,x) = Xy + x5
u 1 z3

has the same image as @; on M, (IF), see Lemma 6.3.2.

We now state the main result for the given representative.
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Proposition 6.3.8. Let z1,22,23 be elements in F. The map

A k a 2 k
o(x1,x) = X'+ Xy

u 1 =3

is surjective on Mp(IF) if and only if AL € F* or uz; € F*.

Proof. Suppose @ is surjective. Assume, for contradiction, A = uz; = 0. Then
either 4 =0 or z; = 0. Since the representatives are non-zero and A = 0, we
must have pu # 0 and z; = 0. By the above remark, Image(®) = Image(®,) which
is a proper subspace of M;(F), which contradicts the surjectivity. Therefore, we
must have A € F* or uz; € F*. Conversely, let A € F* or uz; € F*. Since both
representatives are singular, we distinguish two cases. If A € F* and u =0, the
result follows from Lemma 6.3.5. If A =0 and p € F*, the conclusion follows from

Lemma 6.3.6. This completes the proof. ]

Proposition 6.3.9. Let 0 = Ax*1 +Byk € My(F)(x,y), with A, B nonzero matrices.

A1

If up to conjugation A is a unipotent matrix , then the map @ is surjective
A

if and only if one of the following cases occurs;
1. A is invertible
2. if A =0, the second row of an orbit representative of B has a nonzero second

row.

6.3.2 Proof of Proposition 6.3.9

In this subsection, we consider the map corresponding to the pair whose first repre-

sentative is a A-unipotent matrix. For A € F, define the map @ : M (F) x M (F) —
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A1
M, (FF) given by o(X1,X3) = Xlk ' 4 A,X% | where Aj is the representative
A
A1
obtained under the action of centralizer of . If A € F*, the map o is sur-
A

jective, follows from Theorem 6.3.1. Thus, A} and A are both singular matrices.

Therefore, we now consider the cases when A = 0.

6.3.2.1 Representative is a lower triangular matrix

Hi

The representative of A, is a lower triangular matrix given by where

z W
z € F*. With the choice of representative, the map takes the form

0(x1,x) = x];‘ + X5

Proposition 6.3.10. For z € F* and ui,u € F, define the map ®,® : My(FF) x
My (F) — M, (FF) as

0 1] o .
o(x1,x) = X+ x5
0 VA 15)
_ 0O 1| [ .
o(x1,x) = X'+ X5
0 (5}
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Then @ is surjective if and only if ® is surjective.

Proof. Suppose o is surjective. Then for any C € M, (IF), there exists X1, X € My (F)
such that C = 0(X,X2).

1
Let P = € GL,(F). Conjugating C = o(X1,X2) by P we get,

PCP™' =Po(X|,X,)P™' = (Px, P~ 1M

0 z! 7z MU 0 z
0 z M1
= (Px, P~ " + (PX,P~ 1)
0 1w
0 1 t
— (zh)(PX; P~k + (PX, P~ 1)k,
0 1w

Since ' is an algebraically closed field, for the given z € F, there exists zg in F
such that zgl =z and z0hp € Z(M>(F)). Thus, z0LPX{P~' = P(z0LX1)P~". Let
X, = P(z0hX;)P~! and X, = PX,P~'. We get,

0 1] _ Hi -
pcP~! = Xi X5

0 1w
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= 0(X,X).

Conjugation action defines an automorphism on M,(F). Therefore, for every
PCP~!' € M5(F), there exist X1,X, € F such that C = 03()?1,)?2).
Conversely, suppose for C € M,(FF), there exist X;,X, € Mp(F) such that C =

1
®(X1,X3). Then conjugating it by P = gives the surjectivity of the map

. ]

Proposition 6.3.11. The map @ is surjective on My(IF).

Proof. Since Aj is singular, we have ujuy =0 and P = € PGL,(F). Sup-

pose U =0 and py € F. Then

0 1 0
B(x1,x7) = A+ X = w3(x1) + of (x2)

0 [R5

[25)
where @) : M (F) — My (F) is defined as @f (x,) = P P_lxlgz. By Lemma 6.3.3,

a b

the Image(m3) = :a,b €F 3 and Image(w?}) = Plmage(w;)P~ ! = cc,deF

Thus Image(®) = M,(F) for u; =0.
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Suppose Uy =0 and y; € F. Then

0 1 0
O(x1,x) = A4 &2 = wy(x)) + of (x2)
0 1w
0 1 —
where ®f (x2) := P Pil)clzc2 on Mp(F). Then by Lemma 6.3.2, The Image()
M1

is M(FF) for g, = 0. Both cases combined prove the surjectivity of @ on M, (F). [

0 1 Hi
Corollary 6.3.3. For z € F*, the map o(x1,x3) := x]f‘ + x5 is

surjective on M, (TF).
Proof. Since @ is surjective on M(F) if and only if @ is surjective on M, (F). By
the above proposition, it follows that @ is surjective on M;(IF). O]

6.3.2.2 Representative is diagonal with distinct entries

We consider the map where the second representative is a diagonal matrix with

distinct diagonal values. For uj,up € IF, consider the map

0 1] i .
o(x1,x) = X'+ X5

0 Ho
Proposition 6.3.12. The map ® is surjective if and only if uy € F*. Moreover,

if up =0, the image of ® is the space spanned by Ey; and Ejp in Ma(F).

Proof. The map @ is surjective if and only if u € F* follows from Proposition 6.3.6.

If up =0 and p; € F*, then by Lemma 6.3.3, the Image(®) = Image(®3) which is
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exactly the space spanned by Ej; and Ejj. O]

6.3.2.3 Representative is an upper triangular matrix

For u; € F, the map o is defined by

0 1 i H1 Z &
o(x1,x) = X+ x5’
0 H
w z
where the representative of Aj is where p; € F. Since both represen-
M1

tatives are singular, so gy = 0. Thus, the map gets reduced to

Proposition 6.3.13. The map ® is not surjective on M, (F).

Proof. The map ®(x1,x) = @3(x1) + zhL@s(xp). The image of @3 on M(F) is
a b
ca,beF » by Lemma 6.3.3. Thus, the image of w is the same as

the image of s, which is a proper subspace of M(F). Hence, the map is not

surjective. 0

The exact images of the map @(x1,x;) = Al)cllcl +A2x§2 obtained under the repre-

sentative of (A1,A;) under the simultaneous conjugation is described in 9.1.5.
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6.4 Proof of Theorem 6.1.2

In this section, we study the matrix-valued noncommutative polynomials in the

context of Lvov—Kaplansky conjecture. Let @ € Mp(F)(x;,xz) defined by

A (x1x2) — Az (xpx1),

where Aj,A; are nonzero matrices. Shoda [57] proved that the image of the com-
mutator polynomial xjx; — xpx; on M, (F), where F is a field of characteristic 0,
is the Lie algebra sl,(F). This result was later extended by Albert and Muck-
enhoupt [2] for arbitrary characteristic. These results provided the evidence for
L¥ov—Kaplansky Conjecture. We begin by stating a lemma that simplifies the

problem into a few cases.

Lemma 6.4.1. Let @(x1,x2) =A;(x1x2) — Az (xpx1) € Ma(F)(x1,x2) where Aj,Ay are
non-zero matrices. Then

1. If A = Ay, then the image of @ on My () is the vector subspace.

2. If Ay — Ay € GLy(FF), then the image of @ on My (FF) is exactly My (TF).

Proof. When A; = A;, the image of the polynomial @ is given by A;sl(F), and
hence is a vector subspace of M;(F).
Assume A; — Ay € GL,(F). For any C € M,(F), take x; = (A] —A>)~!C and

xp = Ip, the identity matrix. Then
a)(xl,xz) =Ax1 —Axyx; = (Al —Az)xl =C.

O

The lemma shows that the map @ is surjective whenever Ay = A, or A; — A,

is invertible. Therefore, we consider Aj,A> such that A; —A; is singular. As
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discussed in Section 6.2, we use the simultaneous conjugacy classes and solve the
problem on the reduced equation. By abuse of notation, we continue to denote
these representatives by Aj, A». We divide the cases into subsections depending

on the representative of A; as classified in Section 6.2.

6.4.1 Representative is a scalar matrix

We begin with the case where A is a scalar matrix. Owing to the large centraliser
of Ay, this case admits a straightforward reduction and serves as a useful base case.
The following proposition shows that the image of @ is always a vector subspace

in this setting.

Proposition 6.4.1. For A} = ul, € GLy(F) and Ay, € My(F), the image of the
map

@ (x1,%2) = A1 (x122) — Az (x2x1)
on My (IF) is always a vector subspace of M (IF).

Proof. The representatives of Ay under the action of the centraliser of the scalar

matrix are
i w1
and
M2 M1
M1 aj 1
1. For A, = . Let x1 = and xp . Then
%) ay 1 by by
Ui ai 1 Hi 1 a

pi) \az 1] \bs by M2 ) \ D3 bs) \az 1
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—Uia3 pi(a; —1)

H1b3 — poaibz — poaszbs  paz+ (Ui — U2)bg

Since u; — Hp # 0 and py # 0, if we choose a3, a;, by and b3 in the given
order, it will cover all matrices of M, (IF). In this case, the map is surjective

and hence a vector space.

w1 ay @ by b
2. For A, = . Let x; = and x» = . Then
Hi a 1
M ap ax | |b1 b Hpo 1 by by||a1 a
Hi as 1 M1 1 as

Hiaz —ar  fyaiby — piazby — ax — Wash;

Mias — Hiag —Hiaz

Since u; # 0, choosing the elements in the order az, ay, a4 and by or by

(when at least one of ay, ay, a4, a; — a4 is nonzero), we get all matrices but

0 «
. But this matrix can be obtained by setting x; to be the identity

0
matrix and x; = diag(o, @). In this case, the map gives the image to be

M, (F) and hence is a vector space.

]

Corollary 6.4.1. Let Aj,Ay € M>(FF) be two non-zero elements. If either of A}
or Ay is non-singular, then the image of the map @(x,x2) = Aj(x1x2) — Az (x2x1)

evaluated over M;(FF), is a vector subspace of M,(IF).
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Proof. Let us assume that A; is a non-singular matrix. Define the map

o: MZ(F) X Mz(F) — MQ(F)

()Cl,XQ) — (xl)CQ) —Al_lAz(xle).

The map @ corresponds to the tuple (Iz,AflAz). By Proposition 6.4.1, the image
of such a map is always a vector subspace of My (F). Define 7 : M, (F) — M,(F) by
x—Aj(x). The map 7 is a linear transformation and hence maps a vector subspace
to a vector subspace. Consequently, Image(®) = AjImage(®) is a vector subspace
of Mp(FF). Moreover, if Aj # A;, the image of @ is the full space M, (FF). When A,

is non-singular, the proof follows analogously. O]

6.4.2 Representative is a diagonal matrix

A

We consider the case where the representative of Ay is a diagonal matrix

u
with A # p. The representatives of Ay under the action of the centralizer of A; are

described in Section 6.2. In this section, we first establish a lemma, which will be

used to prove the main result in Proposition 6.4.2.

Lemma 6.4.2. Let A} € M (FF) be a singular diagonal matriz with distinct diagonal
entries, and let Ay € Mr(FF) be singular. Then the image of the map ®(x1,x;) =

Aj(x1xp) — Az (xpx1) is a vector subspace of Ma(IF).

by by
Proof. Write Ay = . If Ay — A, is non-singular, the result follows from

bz by

Lemma 6.4.1. Otherwise, assume A — A, is singular. Since A; is singular, we
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A—b —b
first assume u = 0 and hence A} — A, = . Since the determinant

—b3  —by
of A] —Aj is zero, we get by = 0. Moreover, det(A;) = 0 implies either b, =0 or

by b by
b3 = 0. Therefore, A, takes one of the two forms or . This
0 by O
leads to two cases for the map ®:
A by by
1. o (x1,x) = (x1x2) — (xpx1) and
0 0
A by
2. (02()61,)62) = (X1X2) — (X2X1).
0 by O
a b
The image of map @, will always be a subset of the space ca,beF » as

the second row of matrices lie in the kernel space of the transformation obtained

0 1
by left multiplication of matrices A; and Ay on Mp(F). Let x; = and
0
0 Ag Ah—byg
X) = . Then w(x1,xp) = . Since A # 0, choosing g and
g h 0
a b
h gives the matrices of the form . Thus, Image(®;) is a proper vector
0

subspace of M, (IF).

If b3 is zero in wy, then the image is a subspace which follows from the map @
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above, with by = 0. If b3 is non-zero, let x; = and xp = . Then

A‘g—blf kh—ble
@ (x1,x2) =

—bsf —bze

Since A and b3 are non-zero, choose f,e and then g,h. This would give the entire
space Mp(IF).

For A =0, conjugating the map

~ H
(1)()61,)62) = (xle) —Az(xle)

by the element P = € GL(F) shows that the image of @ is a vector

subspace of My (F). O

We state the main result of this section as follows:

Proposition 6.4.2. Let A1,Ay € M) (F) be non-zero matrices, and Ay is a diagonal
matriz. Then the image of the map @(x1,xp) = Aj(x1x2) —A2(x2x1) in M (F) is a

vector subspace.

Proof. 1f A} or A, is non-singular, then the image of @ is a subspace of M,(IF)
by Theorem 6.4.1. If A —A, is a non-singular matrix, then the image of ® is

a subspace of M,(F) by Lemma 6.4.1. Thus, we assume A, Ay and A} — A, are
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singular matrices. The image of the map @ is a vector subspace of Mp(F) by

Lemma 6.4.2. ]

6.4.3 Representative is a unipotent matrix

mro 1
The representative of Ay is . The representatives of Ay obtained under

Hi
the conjugation action of the centralizer of A; are described in Section 6.2. We first

discuss the image of the map @(x1,x2) =A;(x1xp) —Az(x2x1) on the representatives

of (A1,A2) and summarize the result in Proposition 6.4.3.
6.4.3.1 Lower Triangular with Distinct Diagonal Entries

The representative of Ay under the conjugation action of the centraliser of Ay is a

1201
lower triangular matrix given by where z € F*. Since det(A; —A;) =0
z W2
a b
and z # 0, it follows that A is distinct from both p; and u,. Let x; = and
c d
1
Xy = . Evaluating Aj(x1x2) — Az (xpx1) gives
1 h
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(A—u)a+Ab+c+d (Ah—p)b+d

—(z+m)a+ (A —ah)c+Ad  —(z+ )b+ h(A — o)d

Since A and y can not be simultaneously zero, and the determinant of the coeffi-
cient matrix of a,b,c,d is h[(A — up)A(h—1) + 2] [(A — i) a2 (1 — h) + togl, we can
choose h such a way that the determinant does not vanish. Hence, the image is

the full matrix algebra M, (IF), which is a vector space.
6.4.3.2 Lower Triangular Representative with Constant Diagonal

The representative of Ay under the conjugation action of the centralizer of Ay is a

lower triangular matrix which has the same eigenvalue u given by with

z M
z€F*. Since A| —Aj has zero determinant, it follows that A # u. The surjectivity

of @ in this case follows from 6.4.3.1 by using the condition that A # .
6.4.3.3 Diagonal Matrix with Distinct Diagonal Entries

The representative of Aj is given by a diagonal matrix having distinct diagonal

entries. The map is defined by

Al I
o(x1,x2) = (x1x2) — (22x1)
A 2]
M Al
= (xox1) — (x1x2)

Ho A
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As discussed in 6.4.2, the map

_ Hi Al
O(x1,x) = (x0x1) — (x1x2)

is surjective on M, (FF) and Image(w) = Image(®). Therefore, the map @ on evalu-

ation on Mp(F) is surjective.
6.4.3.4 Upper Triangular with Constant Diagonal Entries

The representative of Ay under the conjugation action is an upper triangular matrix

Loz
with the same diagonal entries given by where z € F*. Since A| —Aj has
u
zero determinant, we have A = U.
a b f
Let x; = and xp = . On computing Aj(x1xp) — Az (x2x1), we
c d 1
get,
A1 a b f Aoz flla b
A c d 1 A 1 c d

Ab+d—Afc—za Aaf+cf—Afd—zb

Ad—Aa Acf—Ab

Then f can be chosen such that the coefficient matrix of the system of equations

in ¢q,b,c,d has a non-zero determinant. This shows that the image in this case is
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M, (FF). If A is zero, then the map is given by

(x1x2) — (x2x1) = ((x122) = (2h2) (x2x1)) -

If z=1, then the image of xjx; — (zl)(x2x1) is s(F). If z# 1, then the image

of x1xp — (zh)(x2x1) is Ma(FF). Hence, the image of @ is the image of the map

0 1
T : My (F) — M;(F) given by x — x when restricted to sl (IF) or M(F)

0

depending on z=1 or z# 0,1. Any linear transformation maps a subspace to a

subspace and hence in either case, the image is a subspace of M(F) given by the

a b
set ca,bel

Thus, we summarise the result of this section in the following proposition.

Proposition 6.4.3. Let A| be a A-potent matrix in M>(F). Then the image of the

map @(x1,xp) =A1(x1x2) — Az (xx1) € Ma(F)(x1,x2) is a vector subspace of Mp(F).

Proof. The centralizer of A; acts by conjugation on A, producing the representa-
tives discussed in 6.2. If A| — A, has a non-zero determinant, by Lemma 6.4.1, the

image of the map @ evaluated on M»(IF) is always a full space M, (F). Thus, we dis-

M1
cuss the cases when A; —Aj is a singular matrix. For Ay = with z e F*.

z W2
For p; # o, the image is M>(IF) follows from 6.4.3.1. For w; = gy, the image is

H1
again M (IF) followed by 6.4.3.2. When the representative of A; is , the

20}
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image is a subspace and is in fact the full space, by 6.4.3.3. For the representative,

[T
, the image is a subspace as seen in 6.4.3.4. Moreover, if A; is nilpo-

U

tent, then the image is a proper subspace. Otherwise, the map @ is sujrective on

M;(F). O
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Chapter 7

Diagonal Map: Central Simple
Algebra

The main objective of this chapter is to study diagonal polynomial maps on central
simple algebras, with a particular emphasis on their surjectivity and image struc-
ture. Our focus is on understanding how the image of a diagonal map depends
both on the underlying algebra and on the base field over which it is defined. The
results presented here are based on our article [49].

We begin with a detailed analysis of diagonal maps on matrix algebras, which
form the foundational and most tractable class of central simple algebras. Specif-
ically, we study matrix algebras over finite fields (of sufficiently large order), the
complex field, and the real field.

As a consequence of the results over finite fields, we also obtain corresponding
statements for quaternion algebras over finite fields, which are split and hence
are isomorphic to M>(F,). The study over the complex and real fields leads to a
complete description of diagonal maps over real division algebras. In particular,
since the only finite-dimensional division algebras over R are R, C, H, and &, our

results collectively cover all possible real division algebra settings.

95
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The chapter culminates in surjectivity results for diagonal maps on matrix al-
gebras over C and R, quaternion matrix algebras over H, and division octonion
algebras over R. Together, these results provide a unified treatment of diago-
nal polynomial maps across associative and non-associative algebras and establish
sharp conditions under which such maps are surjective.

We now summarise the main results of this chapter.

Theorem 7.1.1. Let F =C and ky,k; > 1 be integers and B be a non-zero element
in C. Then, the map @: M,(C)sx M,(C); — My,(C) given by o(x1,xp) = xlfl +ﬁx§2,

where M, (C)s is the set of semisimple matrices, is surjective.

Theorem 7.1.2. Let F=R, ky > ky > k3 > 1 be integers and B,y be non-zero
elements in R. Then, the map @: M,(R)> — M,(R) given by @(x1,x2,x3) :Jcllcl +

ﬁxg2 + yx§3 is surjective.

Theorem 7.1.3. Let F =R, k; > ko > 1 be integers and B >0 in R. Then, the
map @: M,(R) x M,(R) — M,(R) given by o(x,x3) :xlf' +[3x§2 is surjective if and
only if one of the following holds

(1) n is even,

(7i) n is odd and one of the ky or ky is odd.
Further, when n is odd and ki,k, both are even the image is M, (R)\ {AL, | A < O0}.

Theorem 7.1.4. Let 0# B € H and let ki, ky be positive integers. Then the map
o(x1,x) = xllc1 —|—[3x§2 is surjective on M,(H). In particular, any matriz in M,(H)

can be written as a sum of two k-th powers.
As a corollary, we obtain the following result over octonion algebra.

Corollary 7.1.5. Let & be a division octonion algebra over R, and f € R. Let
ki,kp be positive integers. Then the map ®(xy,x) :xlfl —I—ﬁxlgz is surjective on 0.

In particular, any element in & can be written as a sum of two k-th powers.
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Theorem 7.1.6. Let ky,kp > 1 and n>2 be integers and B be a non-zero element
in the finite field Fy. Consider the map @: M, (Fy) x My(Fy) — M,(F,) given by
o(x1,x) :xlfl +[3x§2. Then, there exists a constant # (ky,kz) (which depends only

on ki and ky) such that for all g > J (k1,ka), the map @ is surjective.

7.2 Reduction of solution

In this section, we develop a method to find solutions over the base field by using
the existence of solutions over an extension field. We start with the following

proposition.

Proposition 7.2.1. Let F be a field and A € M,,(F) has a separable characteristic
polynomial. Then, the equation f(X1,Xz,...,Xm) =A in M,(F) has a solution if
f(X1,X2,...,Xn) =Jo, has a solution in M;(F(a)) for all eigenvalues @ of A over

F.

We use this proposition to reduce the problem of solving Equation (1.2.1) to

that for Jordan matrices. We demonstrate this with an example.

0 -1 1 0
1 0 0 1
Example 7.2.1. Consider over R with characteristic polyno-
0 -1
I 0
1
mial (724 1), which becomes over C. We can write this as a sum of

squares over C as follows:
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2 2
t o1 & Gl 0 0

0 1 0 0 0 &

2 . . .
where {g=e%! =cos %” +1sin %” = c+1s, which gives us

2 2
0O -1 1 O c —S ¢ S 0O 0 0 O
1 0 0 1 s ¢ =5 c 0O 0 0 O
= +
0 -1 0 O c —s
1 0 0 O s C

Our goal is to solve the Equation (1.2.1). This requires us to determine whether
the equation XX + BY* = A has a solution in M,(F) for a given A € M, (F).
Note that without loss of generality, we may assume & = 1. Thus, because of

Proposition 7.2.1, our problem is reduced to the following:

Proposition 7.2.2. The equation X¥1 4+ BY* = A has a solution in M,(F) if the
equation X¥1 + BY*2 = Jo | has a solution in M;(F(a)) for all eigenvalues & of A

over F and 1 > 1.

In view of this proposition, in Section 7.3 we will explicitly deal with the equation
Xk grie =4 (7.2.1)

with B # 0 in the following two cases for A and n > 1:
« the invertible case when A = Jy , where a # 0, and

« the nilpotent case when A = Jy .
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We further note that A is invertible if and only if none of the p;(x), appearing in the
factorization of the minimal polynomial, is the polynomial x; i.e., in the extension

fields, we must work with Jg , with o # 0.

7.3 Diagonal word

In this section, we look at Equation (7.2.1). Without loss of generality, we may
assume k| > kp > 2. Note that if one of the k; = 1, then the equation always has a

solution.

7.3.1 Invertible Elements in the image

We begin with considering A = Jg 5, i.e, if Xk 4 Byl = Jon with o # 0 has a
solution in M,(F). We have the following:

Lemma 7.3.1. Let ki, ky be integers and o € F*. Suppose the equation X*1 +BY*2 =
a has two solutions (a,b) and (c,d) satisfying a' # X and b*? # d** over F. Then,
the equation X*1 + Yk = Jan has a solution in My(F)s where M, (F)y denotes the

set of diagonalisable matrices.

Proof. For n =1, we are already given the required solution. So, we may assume
n>2. We have solutions (a,b),(c,d) € F x F such that @ # ¢k and bk # d*,
a=d"+ B2 and o = f1 + Bd*2. With this in mind, we consider the following
block diagonal matrices,

1. When n is even,

a1 . Bd 1 .
9, =P , = (B P Ppa*).
I’l/2 0 Ckl (n72)/2 O Bka
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2. When n is odd,

a1 Bdk 1

%= D D), =) D

=02\ o o m-02| o gk

Thus, we get Jon =9, + 7. Since a¥1 £ k1 and bR £ dR2 | we get that ¥, and /2,
both are diagonalisable matrices, in fact, similar to diag{akl,ckl,akl,ckl,...} and
Bdiag{b*2,d*2 b*2 d*2, ...} respectively. Clearly, ¥, is similar to a matrix which is
ki-power of a diagonal matrix, and 7, is similar to B times kp-power of a diagonal

matrix. Hence Jo , = B + BC* where B,C € M,(F);. O

We can use Proposition 7.2.1 with this lemma to show when invertible elements
are in the image of the diagonal word map. Suppose A € M, (IF) with a separable
characteristic polynomial and each eigenvalue of A over [F satisfies the properties

of the lemma above, then A is in the image.

Remark 7.3.1. We note that the above proof also works for @ =0 as long as we

have required solutions over .
Here is an example that the image of @ could have nilpotent elements.

Example 7.3.2. Consider ®: Ms(F); x Ma(F)s — My (F) given by @(x1,x2) = x3 +

x%. Suppose char(F) # 2, and X?+1 =0 has a solution in F, say 1, then we can

2 2
0 1 I ()
write = + . In the case char(F) =2 we can write
0 0 0 1 0 1
2 2
0 1 1 0 I 1
= +
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7.3.2 Jordan nilpotent elements in the image when n > 2k

We are interested in getting nilpotent elements in the image of XK 4+ BY*. We
assume k; > kp. We show that large-size nilpotents are always present in the image.

We recall the notion of the Junction matrix from Section 5 of [35].

Definition 7.3.3. Let n > 1 be a positive integer. Let (ny,na,...,n;) be partition
of n with 1 <n; <ny <...<n. The Junction matrix associated with the given

partition of n is

() = €npm+1 T €(nytm) (mi4nat+1) T T €y tmotecdm ) (my+notetmg_ g +1)

where e; ; is the matrix with 1 at i i place and 0 elsewhere.
We begin with the following:

Lemma 7.3.2. Suppose n > 2k, and (ny,ny,...,ng) be partition of n with all n; > 2.
Then, the junction matric I, n,...n) = B.B* for some B € M,(F).

Proof. Let {ey,ez,...,ex} be the standard basis of F" and the matrix J(, n,....n)
corresponds to a linear transformation given by mapping €(ny+my+tnisy) VO €(nytnytortny)

and others to 0. Reordering the basis elements to

{61,62, s €ni 15 €y €0y €ny s €(n 1) €(nydng ) €(nyFnp 1)) e

€yt )3 € nytmy 1)}

gives a conjugate of the junction matrix J , say C. The matrix

n17”27~-'7nk)

c=| @ i EB(SBlJO’z)

n—2(k—1)

We can also see that C is conjugate to BC as C is a nilpotent matrix. Hence,
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J(n,na,...ny) 18 conjugate to BC. Now consider B = ( D J0,1> @D Jo2k—1 and by
n—(2k—1)

Lemma 6.1 of [35], B* is conjugate to C. Therefore, S TE—

BB*. 0

) 1s conjugate to

Theorem 7.3.4. Let ki > ko > 2 be positive integers. For n > 2k the Jordan
nilpotent matriz Jo,, s in the image of f(X,Y) =Xk + By*.

Proof. We begin with considering Jg}n. Let us denote n’ = [4-] and n = [7-]. Since
n > 2ky, we have n” >n’ > 2. We find m such that m=n (modk;) and 0 <m < k;.

Then, from Miller’s Lemma (Lemma 2 [60]) we get that J(])qn is conjugate to

JF(J(’)‘jn) = (EB JO,n’) o, (EB%,M) :

ki—m

Now, we consider J = Jy,, —JF (Jg‘n). The matrix J is a junction matrix associated

to the following partition of n: | #n',...,n",n”,...,n" |. From the Lemma 7.3.2 it
—_—— ——
ki—m m
follows that J is conjugate to BB*2. This completes the proof. O]

Thus, all nilpotent matrices of index > 2k; are in the image.

7.3.3 Nilpotent elements in the image

Now we develop another method to get nilpotent matrices in the image depending
on the existence of solutions of certain equations over the base field. Let us begin
with the following n-by-n matrix for n >3 and € 20 in F,

t

8]07(,!_1) X

M =M g, x,y,z) =
y Z
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over the field F where x = (x1,x2,...,%,—1) and y = (y1,¥2,...,¥s—1) are elements of
K" ! and x denotes the transpose of the vector x. Note that €Jo,(n—1) Is conjugate

to Jo (,—1)- The characteristic polynomial of M is

n—1 n—1
XM(T) = 71" —ZTn_l — ( xiy,-> Tn_2 — & ( xiy,-1> Tn_3 — (731)

i=1 i=2

n—1

— &l < Y xiyij+2> T" T — o — " (a1 + X 1y2) T — €' 2x 131
i=j—1

We wish to understand when M is a k-power regular semisimple element (i.e., with

distinct diagonal entries). We recall that the elementary symmetric polynomials

are

E(X1,. ., Xn) = ) X X, X,

1
1<j1<j2<<ji<n

and [T'_ (T —x,) = T" = & (x1, .o, x) T 4 (1) 8, (1, - ).

Definition 7.3.5. Let F be a field and A4,...,A, be a solution of X{‘+X§+ cee
Xk = a over F. We say the solution is regular if ll-k # QLJI.‘ for i # j. Further, if

none of the A; are 0, we say the solution is a non-zero regular solution.

Note that if O appears in a regular solution, it can appear at most once. We have

the following,

Lemma 7.3.3. Letn >3, and Uy,..., W, be a reqular solution ofo‘—{—Xé‘—{— b XK=
z over F. Then, for a given'y with y; #0 (similarly for a given X with x,—1 #0)
there exists X (respectively y) such that the matriz M(€,X,y,z) is conjugate to the

k power reqular semisimple element diag(u{‘, TN

Proof. Let us write M = M(€,x,y,z) and we have expression for xy(7T) in the

Equation 7.3.1. We require xy(T) = (T — u*)(T — u¥) - (T — k), which leads to
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having a solution to the following system of equations:

Z = (g)l .u“17 nun Z‘uz

x1y1+"'+xn71yn71 = _éaZ(ula"-aun)
X2y1 +X3y2 4+ Xp—1Yn—2 = 8_15’3(%,..,7%’:)
Xn—2Y1 +xn—1y2 - <_1)n87(n73)£n—1<1u{<7'--v.u';];)
Xn—1Y1 = (_1)n+18—(n—2)éan(‘u{<,”‘,‘u’llc)

_ (_1)n+18—(n—2)H‘uik'

Clearly, the first equation is satisfied. We write the remaining equations in matrix

form as follows:

yYioy2 ot Y-l X1 —é‘aZ(Hf,---,H;]f)
0 yi - Yuo2 X2
0 0 - 3 Xn—1 (=) Hem gk

Since y; # 0, the matrix is invertible and we have a solution.
Now, we can also write the above equations, taking the bottom one first and

thinking of y; as variables, as follows:

/xn—l 0 --- ()\ yl\ (_1)n+18—(n—2)u{<...u’/1<

Xp—2 Xp—1 -+ O »

\xl X2 "'Xn—1/ yn—1/ —Ea(Hfs- s My)
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Since x,_1 # 0, we have a solution to this equation. ]

Corollary 7.3.6. Let n>3, A1,...,4, be a regular solution of Xf +X& +... + Xk =
1 over F and € € F* with € # —1. Then, the matrix M(g,(1 + €)e,_1,y,1) is
a k power regular semisimple element where y; = ﬁé"n_iﬂ(ll’{, ... ,/'L,’l‘fl) and

(I+¢)
€-1= (0,...,0,1).

Corollary 7.3.7. Let n >3, uy,..., U, be a regular solution of X{‘—i—Xé‘—k e —|—X,’f =
_ll3 over F with w, =0. Then, for a given y with y; # 0 there exists x with
Xp—1 = 0 such that the matrix M(1,x,y,—1) is conjugate to B times a k power

regular semisimple element.

Proof. The proof follows along the similar lines as for the Lemma 7.3.3 by equating
am(T) to (T —Buk) - (T — Buk) by noting that the equation x,—1y; =0 will ensure
Xn—1— 0. ]

Theorem 7.3.8. Let n >3 and F be a field with |F| > 2 and suppose
1. the equations X{q +X§‘ 4+ XN =1 has a reqular solution, and
2. in addition, for n >3, Xlk2 +Xé<2 —|—~~-+Xllﬁl = _l% has a non-zero regular
solution.

Then, the nilpotent matriz Jy,, is in the image of f(X,Y) =Xk + By*e.

Proof. Tt is enough to show that the Jordan nilpotent matrix Jy, is in the image

of f(X,Y) =Xk 4+ BY*. Let & € F* such that 14¢& #0. We write

(I+&lon-1) (1+€) €1+ 'x
M(ea(l+8)en—laY71)+M(1’X7_Y7_1):

0 0

where e, = (0,...,0,1) and x = (xq,...,x,-2,0). The matrix on the right-hand

side is conjugate to Jy,. The first matrix on the left side is a kjth power of a
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diagonalisable matrix (follows from Corollary 7.3.6). It also ensures y; # 0. The
second matrix is B times a kyth power of a diagonalisable matrix (follows from

Corollary 7.3.7). O

Theorem 7.3.9. Let F be a field with |F| > 2. Suppose the equation Xlk2 -1—Xé<2 =
—% has a regular solution. Then, the nilpotent matriz Joo is in the image of

f(X,Y)=X"5 4 Brk,

Proof. Let (A1,42) be a regular solution of Xlk1 +XéCl = —%. We write

=~

_y 1
00 y 1 5 -3

Now, the first matrix on the right is an idempotent and hence is a k;-th power of
itself. For the second matrix to conjugate to diag(llkz, )Lé‘z), we need /llkz —i—/'sz2 =—

1
B
and lf z/lé<2 = % Determining y gives us the desired result. Wl

We demonstrate an application of our result over C, which we require in the

later section.

Theorem 7.3.10. Let F =C and ky,ky > 1 be integers and B be a non-zero element
in C. Then, the map @: M,(C)g x M,(C); — M, (C) given by o(x1,x2) = x]f' —|—Bx§2,

where M, (C); is the set of semisimple matrices, is surjective.

Proof. Let A be in M,(C). Then, the Jordan canonical form of A is the direct
sum of the Jordan matrices Jo; where a € C. Now, we look at the equation
Xk 4 BY*2 = o over C. Take any a,c € C such that a®1 # ¢ and consider the
equations BY*2 = a —a* and BY* = a —c*'. We can easily find solutions required
in the Lemma 7.3.1, thus Ju; is in the image. The same argument works for
Jordan nilpotent matrices in the view of remark 7.3.1 (or alternatively we can use

Theorem 7.3.8, 7.3.9 for the o = 0 case). This proves the required result. ]
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7.4 Image of diagonal word over R

In this section, we consider the diagonal polynomials with coefficients in R and

look at their image over M,(R). Our main theorems in this section are as follows:

Theorem 7.4.1. Let F=R, ky > ky > k3 > 1 be integers and B,y be non-zero
elements in R. Then, the map @: M,(R)> — M,(R) given by ®(x,x2,x3) = xllcl +

ﬁxgz + Yx? is surjective.

Theorem 7.4.2. Let F =R, k; > ko > 1 be integers and B >0 in R. Then, the
map @: M,(R) x M,(R) — M, (R) given by o(x,x3) :xlf‘ +[3x§2 is surjective if and
only if one of the following holds

(1) n is even,

(ii) n is odd and one of the ky or ky is odd.
Further, when n is odd and ki,k, both are even the image is M, (R)\ {AL, | A < O0}.

We may assume that all of the coefficients of the diagonal polynomial are positive.
That is, we are dealing with 51x]1<1 + 52x§2 + -+ 5mx5;” where &; > 0 real for all
i. Because for xlf‘ + ﬁxgz with B < 0, following a similar argument as for C in
Section 7.1.1, the equations required in the Theorem 7.3.8, 7.3.9 have solutions
over R, hence the map given by xlfl + [3)/;2 would be surjective. In fact, without
loss of generality, we may assume that 8 =1 as d; > 0 has a k;-th root. Thus, in
what follows, we will be dealing with the map given by x]f‘ +x§2 4o xkm - The
rest of the section is devoted to the proof of these statements.

We begin by recalling a result from Richman (see Theorem 6 [53]), which also

uses the work of Griffin and Krusemeyer from:

Theorem 7.4.3 (Richman, Griffin-Krusemeyer). Letk be a field with characteristic
not equal to 2 and let n be odd. Then, a scalar matriz cl, € My(F) is a sum of two

squares if and only if ¢ is a sum of two squares in F.
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Thus, in view of this, we have,

Corollary 7.4.4. Let n be odd and kj,ky both even. Suppose B > 0 is a real
number. Then, a scalar matrix AL, € M,(R) for A <0 can not be written as

AR+ BB* where A, B € M,,(R).

Proof. If we can write Al, € M,(R) as A% + BB* then AI, € M,(R) is also a sum
of two squares in M,(R), and then by the above Theorem of Richman A is a sum

of two squares. This is not possible for A < 0. ]

The rest of the proof is devoted to essentially showing that these are the only
exceptions. The proof will be divided into three cases:
Case 1: When one of the ky or kp is odd.
Case 2: Both ki and k are even and n is even.

Case 3: Both k| and k; are even and n is odd.

7.4.1 Case 1 when one of the k; or k, is odd

The proof when kj or k; is odd is simpler. Let A € M,(R). Then, A is conjugate
to the direct sum of Jordan blocks

1. Jo; where ot >0 in R,

2. Jg, where a <0 in R, and

3. Jp(x); Where p(x) is degree 2 irreducible polynomial over R.
Using Proposition 7.2.1 we can realize Jy,); of the kind J; ; for some A € C where
we can use Theorem 7.1.1 to prove the result. Thus, we need to deal with Jgy
where or € R. We may assume kj is odd. Note that when a # 0, we are done using
Lemma 7.3.1 as the equation X* +Y* = ¢ has required solutions (in the view of
ky being odd).

When o =0, we can use Theorem 7.3.8 and 7.3.9 to get the result as we have

solutions of the required kind over R (once again in view of k» being odd).
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7.4.2 Case 2: n is even and k;,k, both even

In this case, we wish to show that the equation p(xj,x;) = x]](' —i—xéz = A where A
is in M,(R) and n is even, always has a solution in M,(R). Since the equation is
closed under conjugation, we may consider A in its canonical form. The blocks
appearing in the canonical form of A will be as follows:

1. Joom where ¢ € R and m > 1.

2. Joy 2m—1 DB Jay 2my—1 for ap,0p € R and my,my > 1 (because n is even).

3. Jr(x),n where f is an irreducible polynomial of degree 2 over R, and the

particular case m = 1 refers to the 2 x 2 companion matrix € .
cosf  —sing

Denote 7, = (T®T®--- & T) where T = then ”L’,’f,l = —Db,,. Thus,

N J/
'

m—times sin % COS %

for a real number & > 0, <§"ll’cm>k1 = —¢&Db,,. Also, we note that for & > 0 and
n= (’jé, the Jordan matrix Jy s has the property that (J,M)k2 is conjugate to Je .
In view of the discussion above, we need to deal with the three kinds of blocks.
In each of these cases, we show that the matrix is in the image of @(xy,x7).
1. When o >0, we know Jg 2, has ki-th root, so we are done. When o0 <0

pick ¥y > 0 such that y+ o > 0, we write
1Nk
Jaom = =Vhm+Jiary)om = (wkl Tm) T Jaty).2m:
ky
Now, note that Joy,2m is a ko-th power as it is a conjugate of (Jk @) 2m> .
2. In the case of Jo, 2m;—1 D Jay, 2my,—1 if both o, & are positive it has ki-th root.

Else, we pick y > 0 such that y+ a; > 0 and y+ op > 0 and write

Joy 2m -1 oy 2my—1 = =Wha(ny my—1) + ey +y2m -1 Doy 2m,—1)-
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Now, VYD tmy—1) 1S & ki-th root and Jo 4y 2m;—1 D Jop -y, 2my—1 1 a ko-th
root.
3. In this case we can use Lemma 7.3.1 and go over the extension C where we

can find the solution and realise it over R.

7.4.3 Case 3: n is odd and kj,k; both even

In this case, we wish to show that the equation p(xy,x;) = x]f' —i—xlzz = A where A
is in M,(R) and n is odd, has a solution in M,(R) except when A is a negative
scalar matrix. The fact that negative scalars are not in the image follows from
Corollary 7.4.4. Since the equation is closed under conjugation, we can work with
the canonical form of A. The canonical form of A is a direct sum of the following:
L Joy 1y, ®Jayty @+ @ Jg, 1, where @; € R and [; even.
2. Joy 1, ®Jop 1, @ D Jg, 1, where o € R and [; odd (s must be odd as n is odd).
3. @®Jf(x)m Where f; is an irreducible polynomial of degree 2 over R. The par-
ticular case i = 1,m = 1 refers to the 2 x 2 companion matrix €y .

We first prove some lemmas.

Lemma 7.4.1. Let m > 3. Let dy,d3,...,d, be non-negative reals. Consider the

matric

—Um—1 1
\_al —y e —ay —(dm+1)/

Then, a;’s can be chosen in such a way that the matriz M is a k-th power of some



111 Chapter 7. Diagonal Map: Central Simple Algebra

diagonalizable matriz in M, (R).

Proof. The characteristic polynomial of M is given by xu(T)

:Tm_'_Tmfl <1+ Z dz) +Tm2< Z dildi2+ Z dj+am_]> +

1<i<m 1<ij<ir<m 1<i<m—1
T3 Z dj di,d;, + Z di diy + am—1 Z di | +am— |+
1<ii<ip<iz<m 1<ii<ip<m—1 1<i<m-2
-+ T Z d,-ldiz...dimfl+---+a3(d1-|—d2)+a2 +
1§i1<i2<i3<...<i,,1_1§m

(dldz...dm_l(dm—i- 1)—|—d1d2...dm_2am_1 —|—...—|—d1a2+a1).

We claim that we can choose A,...,A,,_» positive reals and A,,_1, A, a pair of non-
real complex conjugates such that xy(T)= (T — A1)+ (T — Ap—2)(T — App—1 )(T —
An) and A; # A; for all i # j. This will help us ensure that M is conjugate to a
regular semisimple element which is a k-th power. For this, we need to solve the

following system of equations,

Y didy,+ ) di+an 1= (=121, s A1, M),

1<iy<ir<m 1<I<m—1

Z dj di,di; + Z di di, + am—1 < Z di) +am—2

1<i|<ir<iz<m 1<i) <in<m—1 1<i<m—2

= (=1& A,y A1, M),

d,‘ldi2 .. 'dl'mq +...4+a3 (d] +d2) +ap
1<ii<ip<iz<..<ip—1<m
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= (_I)M71C§m—l()~la <o 7)'m—17a‘m)7
didy...dp+didr...dy_1+...4+a2d] +a; = (—l)mé‘)(ll,...,ﬂm,l,),m).

Now, we simply pick Ay,...,A,_» positive reals and A,,_1,A,, a pair of non-real

complex conjugate such that

m—2

— Z di—1=8M,y. s p—2, A1, Am) = Z Ai+ A1+ Am
1<i<m i=1

and A; # A; for all i # j. This ensures each A; for 1 <i <m—2 has a real k-th root.

Further note that when k is even, the real part of A, has to be negative, and we

will see that the requirement of k-th root forces a pair of complex conjugates.

We note that since A,,—; and A, are a pair of complex conjugate the &;(A1,...,An)
are in R. Thus, the above equations determine the value of a;, which are real
numbers. This proves that we can choose a; in such a way that M is conjugate
to M = diag(MAy,...,Au—2) ® € where A; are positive reals and €y is companion
matrix of the real polynomial T? — (A1 +Ap)T + Ap_1Ap. Clearly, M has a k-th
root in M,,(R) because scalars on the diagonal are positive and the 2 x 2 block can

be thought of as an element in C. Hence, M is a k-th power. O]

Next, we have the following,

Lemma 7.4.2. Letn>3 anddy,...,d, be non-negative reals. Consider the matrix

T € My(R) as follows:

—d; 1

Then, there exist matrices B and C in My (R) such that T = B*1 4-C*,
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0 O 0

Proof. Let us consider a matrix B= | o ¢ ... o | and observe that
a, ay - ay—1 1

BY = B. Now, from Lemma 7.4.1 we can choose aj,...,a,_; such that the matrix

T — B, which is in the required form, is k>-th power, say C*2. Thus T =B +C*. O

Proposition 7.4.1. Let n be odd and A € M,(R). Suppose the odd-size Jordan
blocks appearing in the canonical form of A are all of the size > 3. Then, A is in

the image ofxlf1 +x§2.

Proof. The Jordan blocks of the kind Jg 2, and Jg(y); can be taken care of as in
Subsection 7.4.2 as they are of even size. For the Jordan blocks of the kind Jg 271,

we can use Lemma 7.4.2 as they are of size > 3. 0

Lemma 7.4.3. All diagonal matrices in My,(R), when m is even, and the diagonal
matrices with at least 2 distinct diagonals, when m is odd, are in the image of

k1 ko
X +x2 .

Proof. When m is even, the diagonal matrices belonging to the image are covered
in Section 7.4.2. Now, for m odd, we are done if even one of the diagonal entries
is positive. So, we may assume all of the diagonal entries are negative. We need

to deal with diag(A;,42,A3,...) where 4; < 0 for all i and A; # A,. Note that

Mol

A
diag(A1, 42,43, ...) is similar to (because A1 # Ay).

A3
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0 O
Now, we consider the matrix L = and note that
ayr ap
7(,1 1 )Ll 1
M= —LM =
7Lz —alaglfl 7Lz — al(;‘

We claim that we can choose ag and a; such that the characteristic polynomial
of the above matrix M is xy(T) = (T +A)(T — p) with u # —A;. For this we
need to have —A1+u =1, + A, —agl and —A u = A1 (A —agl) +a1a]51_]. The first
equation would require ag‘ =2A1 + A2 — 1 which can be solved by choosing u so
that 2A4; + A — 1 > 0 (this means u < 24; + 4, <0< —A;). The second equation
gives a;. Thus, we can make M similar to diag(—A;, ) with g # —A,. Hence,

A;l 1 kl

is similar to diag(—A;,u,43,...) where —A; > 0. Now, M has one of the diagonal
entries positive (and the remaining part is even size), so it is a ky-th power by the

earlier argument. This completes the proof. ]

Lemma 7.4.4. Let > 1 and o,& € R. The matrices Jo 21 ® (§) and Jr; ®(E) are

. . k ko
in the image of x;' +x3°.

Proof. First we deal with Jg 2@ (§). From the argument in Section 7.4.2 we know
that Jy o/ is in the image of xlf‘ +x§2 and hence if & > 0 (it has roots) we are done.

Thus, we may assume & < 0.
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Write m = 21 for simplicity and consider wy,ws,...,w, € R such that wy # 0.

Take L to be a matrix with first m — 1 rows 0 and the last row to be (W, wi—1,...,w1).
Then,
1 0 -
0 o
Joam—L" =
- 1
—wmwlf“l —Wm_1wlf171 ...... o — W’1‘1
We claim that we can choose wi,ws,...,w,, in such a way that the characteristic

polynomial of Jo, — L¥ is (X + &)™ 1(X — ) with A # —&. Following a similar
calculation as in the proof of Lemma 7.4.1, we need to ensure tr(Jo, — LX) =
—(m—=1)§ + A, that is, ma —wlfl =—(m—1)§+A. Thus, we need to have a
solution for wllcl =ma + (m—1)§ — A which can be insured by choosing A <0, in
fact take A < & < 0. This allows us that Jg , — L* is conjugate to M; @ (1) where
only eigen values of M is —& which is positive. Thus, M; = M*2 for some M. Now,

let us write u¥t =& —24 >0 and A = —v*1. Then,

ky
Jaum L Jon — LK1

E u E—ub

Mk
which is conjugate to A . Now all we need to show is that AL is a k»-th
A
power where A < 0. Equivalently, enough to show —1I, is a kp-th power. This can
k>
cos % —sin %

be done using —I =

i T T
S ks COS k>

Now, let us deal with J¢;@®(§). Once again, from the argument in Section 7.4.2
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we know that Jg; is in the image of x]f‘ +x§2 and hence if & > 0 we are done. We
need to deal with the case when & < 0.
0 —b
First, we consider the case of | = 1 with f(x) =x?+box+b; and € := €
1 —by

M,(R). Let wi,w, be two real numbers with w; non-zero. Consider the matrix

0 O
L= . Then,
wy Wi
ky
¢, L 0 —by 0
- = l—wzw]lq_1 —bo—w]]<1 0
3 u 0 0 E—uh

and we claim that with a choice of wi,wy and u we can make this a k>-th power.

Note that the characteristic polynomial of €;—L¥ is T2+ (b + w’lq)T +bi(1—
3 —1)

Waw] To make € — LM conjugate to a diagonal matrix diag(—&,24) with
A # —& we need to equate trace and determinant, i.e, =& +A = —by — wlf‘ and
—EA = b (1—wpwh' ™). We fix, A <0 such that &€ =4 >0 and —by+& — A >0,
which ensures, solution for u¥t =& —24 >0 (to get u) and w]f‘ = —by+ub1. The

second equation gives wy and with this choice of u,w; and wy we get:

ky _&

A

Now, —& > 0, which has kp-th root and A <0, we can use the earlier trick on the
2 x 2 block by using the kp-th root of —I to get the job done.
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Now, for I > 1, let L be a size 2 matrix as above for some w; and w;. Consider

ki
Qf 1 0 0 O 0 0
@f I 0O 0 O 0 0
0O 0 O 0 0
0= -
Q:f 1
Q:f 0 0 O L 0
5 0 0 O 0 u

Then, the characteristic polynomial of Q is f(T)!="!(T +&)(T — 1)? equal to the
minimal polynomial and hence Q is similar to Jr; 1 @& M,. Since Jy,,—1 is kp-th

power and M is kr-th power so is Q. This completes the proof. O

7.4.4 Proof of the Theorem

Proof of Theorem 7.1.3. When n is even, the proof follows from the argument
in Section 7.4.1 and 7.4.2. Now, suppose n > 3 is odd, and ky,k; are both even. The
negative real scalar matrices are not in the image, as follows from Corollary 7.4.4.
It remains to show that every matrix in M,(R) is in the image of xlf‘ +x§2 unless
it is of the form —AI, where A is a positive real.

Let A € M,(R). From Proposition 7.4.1, if all odd-size Jordan blocks appearing
in the canonical form of A are of size > 3, then we are done. So, we may assume
that the odd-sized Jordan blocks are of size 1. Since n is odd, there has to be at
least one block of size 1. Now we claim that if A has at least 1 even-size Jordan
block, then A is in the image. For this, we can combine one even-size block with a

size 1 block and use Lemma 7.4.4, and the remaining parts will be even-size blocks.
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Thus, we are left with the case when A has no blocks of even size (and no blocks
of odd size > 3). That is, A is a diagonal matrix. Once again, if A has at least 2
distinct entries on the diagonal, we are done with Lemma 7.4.3. Thus, A must be

a scalar matrix of the form AlZ,. O

Proof of Theorem 7.1.2. From the proof above all we need to show that AI,
when A < 0 and n odd is of the form xlf‘ +x§2 —}—x§3. For this we write AlL, =
diag(A,...,A,0)+diag(0,...,0,A4). Here, the first one is kj-th power using T from

Section 7.4.2. For the second one, again we use the argument from Section 7.4.2

0

on and write it as a sum of k> and k3 powers. O

7.5 Images of diagonal polynomial over real quater-

nions

In this section, we look at the diagonal polynomial over M,,(H) where H is Hamil-
ton’s real quaternion division algebra. We show that the map @(x;,x;) = xlfl + ﬂxgz
is surjective when 8 # 0. This easily implies the surjectivity of the diagonal map
for all m > 2. The result here is surprisingly easy to obtain due to the canonical
form theory for matrices in M,,(H). We begin with the following result due to

Wiegmann and Liping (See [64, Theorem 1], also [41, Lemma 3]).

Lemma 7.5.1. Every n X n matriz with real quaternion elements is similar under
a matriz transformation with real quaternion elements to a matriz in (complez)
Jordan normal form with diagonal elements of the form a+bi, b > 0. That is to
say if A € M,(H), then A is similar to a matrix of the form

J(A) = thnl @le,nz @"'@Jl/ﬁn/y



119 Chapter 7. Diagonal Map: Central Simple Algebra

with Ay = ay + iby € C being right eigenvalues of A. Furthermore, by € R can be
chosen to be non-negative. In this decomposition J(A) is uniquely determined by A
up to the order of Jordan blocks Jy, ,, , and J(A) is said to be the Jordan canonical

form of A corresponding to maximal subfield C of H.

This Lemma reduces the problem to look for A € M, (H) as an image of diagonal
polynomial to that of A € M, (C). We call a matrix A € M,(H) to be invertible if
there exists B € M, (H) such that AB= BA =1. Note that any matrix A € M,,(H) has
finitely many conjugacy classes of left eigenvalues (i.e. o € H such that A-v=o-v
for some v € H"). Since the number of conjugacy classes in H are infinite, given
any matrix A € M,(H), there exists A € H such that A is not a left eigenvalue of
A, and consequently A —A -1 is invertible (see [54, Proposition 5.3.4]). Now we are

ready to state and prove the final result of this article.

Theorem 7.5.1. Let 0 # B € H and let ky,ky be positive integers. Then the map
o(x1,x) = x]f1 +Bx§2 is surjective on M,(H). In particular, any matriz in M,(H)

can be written as a sum of two k-th powers.

Proof. If A € M,,(H) is invertible it can be written as X* for some matrix X in
M, (H), since it is so in M,(C). Hence A is in the image of @, by setting x, to be
the zero matrix. Next, assume A € M, (H) is not invertible. Choose A € H such
that A% does not belong to the set of left eigenvalues of A. Fix n € H such that
n*2 = B. This can be done as 1 can be conjugated to a complex number, thanks
to Lemma 7.5.1. Then for x, = (A/n) -1, the matrix A — Bx*2 is invertible (since 0
is not a left eigenvalue of A — Bx*2) and hence the map is surjective by the previous

argument. OJ

Corollary 7.5.2. Let ¢ be a division octonion algebra over R, and f € R. Let
ki,kp be positive integers. Then the map @(x1,x) :)cllcl +ﬁx§2 is surjective on 0.

In particular, any element in & can be written as a sum of two k-th powers.
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7.6 Image of diagonal polynomial over F,

We use the results obtained in the previous section to obtain some surjectivity
results over finite fields for the diagonal word map. The result in this section is a
generalisation of that in [35]. The proof is along similar lines, thus we keep it short.
The proof relies on having enough solutions of the equation X*1 + BY*2 = ¢ over the
field F,, for large enough g. The solution of polynomial equations over finite fields
has a long history with some fundamental results such as the Chevalley-Warning
theorem and Lang-Weil bound, etc. We begin with some of these results regarding
the number of solutions that will be used in the main proof. We recall a version

of the Lang-Weil theorem [55, Theorem 5A].

Theorem 7.6.1. Consider the polynomial equation 51Xf1 4+ 8 Xk =1 where
0 € Fy and ki >0 for alli. Then the number of solutions S of this equation in Fy

satisfies

m—1 m=1 1 /2
]S—q |§k1k2~-kmq2 1—- .
q

The next lemma is along a similar line as Proposition A.3 [35].

Lemma 7.6.1. For ki >k, >2 and o, € g, consider the polynomial

F(X1,X) = X'+ BX;> — a.

Then, for q > kik3, there exists solutions (a,b) and (c,d) to F(X1,X2) =0 such that
a* £ ckoand bR £ d*e.

Proof. By Theorem 7.6.1, we have the following inequality about the number of
solutions S of the equation F(X;,X2) =0 and m =2,

|S—q| < klkz\/a (L) .

qg—1
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Observe that ﬁ <2 <kj. Therefore, we have |S—q| < kik2,/g. Suppose (a,b)
and (c,d) are solutions of F(X1,X;) = 0. If @ = cM, then F(X;,X;) =0 has at
most k3 solutions as (a, §,b) and (c, §,d), where §, refers to a root of unity if it
exists, are also the possibility for solutions. Similarly, for b*2 = d*2, there are at

most k% solutions possible. So, we need to have
S>q—kiko/q >k +k5+1

i.e., we want \/g(y/q —kTk2) > ki +k3+ 1. For this to be satisfied, it suffices to have
V@ > k3k3. In that case, we get /G(,/G—ktka) > /G > k3k3 > 4k3 > ki +k3+1 as
ky > 2. ]

Corollary 7.6.2. Let k1,k2 > 1 be integers and « € F. Then, there exist a con-
stant .47 (depending on k; and k; only) such that for all ¢ > .41, the matrix
Jan € My(Fy) can be written as B + BC* for some B,C € M,(F,) both diagonal-

isable.

Proof. Using Lemma 7.6.1, there exists a constant .4] (depending on kj,k; only)
such that for ¢ > A1, and a € F, there exist solutions (a,b),(c,d) € Fé such that
aft £ fand bR #£ d2 o = d" + Bb*2 and a = f + Bd*2 for g > A{. Now we can

simply use Lemma 7.3.1 to get the required solution. ]

Now, we recall Proposition 2.3 from [34] and Proposition A.2 from [35], which

guarantees regular solutions to certain equations over F,.

Lemma 7.6.2. Let y € F, and n > 2 be an integer. Then, there exists a constant
N3, depending on k and n, such that for all g > A5 the equation Xlk—i-Xé‘—l— b XE =
Y has a reqular solution over IFy. In fact, it always has a non-zero regular solution

when n > 3.
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Proposition 7.6.1. Let [F| > 2. For every integer ki > ka > 1, and B € F, there
exists a constant N3, depending on ki,ky and n only, such that for all g > N5 the

Jordan nilpotent matrixz Jo, is in the image of Xk 4 Byl

Proof. In view of Lemma above, the required hypothesis of Theorem 7.3.9 and 7.3.8
are satisfied if ¢ > .45. Note that .45 is the maximum of the constants required in
the hypothesis of the referred Theorems for various choices of k; and k; for different

n. Thus, we have the required result. O]
Now we are ready to prove the main result of this section,

Theorem 7.6.3. Let ki,kp > 1 and n>2 be integers and B be a non-zero element
in the finite field F,. Consider the map @: M,(Fy) x My(Fy) — M,(IFy) given by
o(x1,x2) :xlf' —|—[3x§2. Then, there exists a constant # (ky,ky) (which depends only
on ky and ky) such that for all g > # (k1,kp), the map @ is surjective.

Proof. In the view of Proposition 7.2.1, the problem is reduced to dealing with Jg ;
for all extensions of IF, where [ <n. The case of & # 0 is covered by Corollary 7.6.2
for all ¢ > .41 where .4 depends on ki and k only. The case of Jy; for [ > 2k; is
covered by Theorem 7.3.4 which works for any g. For the case of Jy; with [ <2k
we use Proposition 7.6.1 which works for g > .45 depending on ky,k, and [ as well.
Thus, if we take g > # where £ is the maximum of .#] and various .43 for [ < 2k,
(which are finitely many), we get the result. Note that .# depends on k; and kp
only. ]



Chapter 8

Polynomial Maps with Constants:
Split Octonion

In this chapter, we study polynomial maps with constants on the split octonion
algebra over an algebraically closed field. The presence of constants significantly
enriches the behavior of such maps and leads to new phenomena that do not occur
in the constant-free setting.

This chapter builds directly on the techniques and results developed earlier
in the thesis for matrix algebras. In particular, the analysis of polynomial maps
with constants on matrix algebras provides a guiding framework for the present
study. The split octonion algebra forms a natural next step. It is a unique split
eight-dimensional composition algebra and exhibits several matrix-like features,
while simultaneously being non-associative. This combination makes it an ideal
setting in which to investigate how constants influence the image of polynomial
maps beyond the associative case.

Unlike division octonion algebras, the split octonion algebra contains zero di-
visors and admits a realisation as a Zorn vector matrix algebra. This description

allows techniques from matrix algebras and split central simple algebras to be

123
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adapted to the octonion setting, while also highlighting the genuinely new dif-
ficulties caused by non-associativity. In particular, the interaction between the
constants and the isotropic nature of the norm form plays a crucial role in deter-
mining the image of a polynomial map.

The main objective of this chapter is to describe the images of polynomial
maps with constants when evaluated on the split octonion algebra and to identify
conditions under which such maps are surjective. We analyze how the choice of
constants influences the resulting image sets. Together with the preceding chap-
ters on matrix and quaternion algebras, this chapter contributes to the study of
polynomial maps on non-associative algebras and advances the understanding of
image and surjectivity problems in composition algebras.

The results presented in this chapter are based on our article [48]. The structure
of the split octonion algebra used here has already been described in Section 4.3
of Chapter 4.

Throughout this chapter, we assume that [F is an algebraically closed field. We

now state the main theorem of this chapter.

Theorem 8.1.1. Let F be an algebraically closed field, and let ky,ky be positive
integers. Let O(F) be the split octonion algebra over F. Then, the map induced by
Al(xlfl) -I—Az(xl;z) on O(F), where A1,Ay € O(F)\{0}, is surjective if and only if the

pair (A1,A2) under Go(FF)-action does not represent one of the following pairs:

a 0 ﬁ] 0 a 0 Bl (1’0’0)
1. , 3. ,

0 0 0 0 0 0 (0,B,0) 0

0 0 0 0 0 0 0 (1,0,0)
2 , 4 ;

0 as) \0 Bs 0 o (0,B6,0) Ps
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; 0 (1,0,00] [0 (1,0,0) 0 (1,0,00] [0 (0,1,0)
0 0 0 0 0 0 0 B
6 0 (17050) ﬁl (07170) 0 (17()’0) 0 0
0 0 0 0 0 0 (0,1,0) 0

where ay, a87B17B67ﬁ8 cF.

8.2 Orbit Representatives

As discussed in Chapter 5, to study the surjectivity of the map
_ ky ka
o(x1,x2) = A1 (x}') +Az(xy?)

on an algebra o7, it suffices to study the surjectivity of the map @ associated with
a representative of the Aut(.«?)-orbit of the coefficient tuple (A1,A).

In this chapter, we take &7 = @, the split octonion algebra. The automorphism
group of & is the exceptional algebraic group of type G,. For background on this
group and its action on &, we refer to [58]. The orbit representatives of pairs
(A1,Az) under the action of G were studied by Lopatin and Zubkov; see [43,

Theorem 4.1]. For convenience, we recall their result in the following proposition.

Proposition 8.2.1. Let F be an algebraically closed field. Following are the orbit
representative of the Go(IF)-action on O(F) x O(F), via g-(A1,A2) = (g(A1),8(A2));

o 0 Bi 0
ooy [ | T |.|" ,
0 og 0 S
o 0 ﬁl (l , 0, O)
(EKy) 7 ,
0 o 0 B
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(0] 0 ﬁ] (1,0,0) .
(FK) : with oy # o,
0 o 0 Bs
ap 0 [51 (1,0,0) .
(FN) , with oy # og and Ps # 0,
0 Olg (ﬁ57070) ﬁg
a0 B (1,0,0)
) || " with oy # o,
0 (073 (Oa 110) ﬁS
(K E) (04 (15030) ﬁl 0
1 K )
0 (041 0 ﬁl
o (17()’0) ﬁl 0
(K1F) : with Br # Ps,
0 o) U
o (1,0,0) B (B2,0,0)
(K]L]) 1 , : ? with By # 0,
0 (03] 0 B
ar (1,0,0) B 0
&KLY || 17 with Bs # 0,
0 (04] (ﬁ57070) ﬁg
(K M) op  (1,0,0) Bi (0,1,0)
1 ) 7
0 o 0 Bs
(KIM,{) o (15070) ﬁl 0
0 o (Oa 1,0) Bl

for all ay,0n,B1,B2,Bs, s € F.
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8.3 Roots of an Element

In this section, we study the existence of /-th roots of elements in the split octonion
algebra O(F). Since O(F) is power-associative, powers of a single element are
unambiguously defined. We begin by recording explicit formulas for ¢-th powers,

which will be used repeatedly in what follows.

1. Let
ox by
X = S ﬁ(]F) with <bx,Cx> =0.
Cx 5}(
Then
5 OC)% ((Xx—|-6X)
X =
(Otx+5x)CX 5)%

By induction, one verifies that for any positive integer ¢,

¢ a}l} (Zz OaX(Sg - l> X
Xt =

<Zz oo‘x&g - l) ¢ Sy

For convenience, we define

(Xx,ax, ZOCX(Sﬁ 1= l
so that
oy flax, dx,0)bx

f(ax,5x,f)CX 5)?

2. For a general element
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oy by
Y = c O(F),
cy O
its £-th power has the form
T b
ol 1 Y
TCy T

where 7,7}, and 1, are functions depending on ay, dy, and (by,cy).

We now use these observations to establish the following lemma.

Lemma 8.3.1. Let

with a # & and (b,c) =0. Then for any oq € F* and any k| € Z, there exists
X € O(F) such that

A= OCIXkl.
Proof. Let
axy 71Tb
X = )
TC 5X

where oy, dx,Ti, and T, are elements of F to be determined. Using the formula

from above, we compute
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a b o 0ty a1 f (o, 8, ki) Tib
A—oyXh = —
c 0 oy f(ax, Ox, k1) Tae 0 85
06—06106)]? (1—()61f(06x,6x,k1)1’1)b
(1—ouf(ax,ox, k1)) ¢ §— oy by

Choose oy and Oy such that
o= aloc)’}‘ and 6= a|8)’§‘.
Since a # &8, we have oy # Ox, and hence f(ax,dx,k;) # 0. Now choose
7 =1 = (a1 f(oy, 8, k)L

With this choice, we obtain A — o X*1 =0, completing the proof. O]

Remark 8.3.1. It is worth noting that the power map on () is not surjective,
as studied by Lopatin and Rybalov in [42].

8.4 When one of the coefficients is invertible

In this section, we consider polynomial maps with one invertible coefficient. In
parallel with the result obtained for the split quaternion algebra in Chapter 6, we
aim to establish an analogous statement for the split octonion algebra. Specifically,

we prove the following theorem.

Theorem 8.4.1. LetAj,Ay € O(F) withN(A1) #0. Then for A € O(F) and positive
integers ky,ky > 2, there exist X,Y € O(F) such that A = A{ X" +A Yk,
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We assume N(A;) # 0 and N(A2) € F. The case where N(A2) #0 and N(A;) € F
can be derived by considering the pair (A2,A;) under the action of Gj.
To prove the existence of X and Y for each A € O(F), we consider the following
representatives of (Aj,Ap) under the action of G, (note that we have combined a

few classes which will be dealt with together):

0 0 1,0,0 0
(I) o | Bi (IV) ar - (1,0,0) 7 Bi
0 043 0 ﬁg 0 (241 0 ﬁX
(H) a0 | B (1,0,0) (V) a  (1,0,0) 7 Bi  (B2,Bs,0)
0 o 0 Bs 0 oy 0 Bs
0 1,0,0 1,0,0 0
(IH) o . Bi ( ) (VD ar ) 7 Bi
0 o (Bs; Bs,0) Bs 0 o (Bs,Bs,0)  PBs

We note that in all the cases mentioned above, the tuples have the following
conditions:

1. either B; #0 and B3 =0 with B; = g, or fp =0 and Bz =1

2. either Bs #0 and B =0, or B5s =0 and B¢ = 1.
Since N(A1) # 0, throughout this section we assume o, a8 € F*. We begin with

some lemmas that will be used to prove the main statement of this section.

Lemma 8.4.1. For By,Bs € F not simultaneously zero and A € O(F), there exist

B 0 oglagal 0
Y € O(F) such that A— Y*2 s either with &' # 6, or
0 B c S
o 0
with o # 8.
¢ o logd

Proof. We consider two cases separately, where B; # 0 and f; = 0.
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oy 7b
Case 1. For B; #0, take Y = . Then,
0 0
Bi 0 a—PBiay (1—Bif(ay,By,k2)T)b
A— vk =
0 S c 5

Choose oy # 0 such that o —Buxkz = as_locloc/ where o' # 6. Then f(oy, 8y, ko) #

B 0 og loga 0
0. Choose T = (B1f(ay,By,k2))~'. We get, A— Yk =
0 ﬁg C 0
with o’ # 6.
0 0
Case 2. Now, we take B =0 and consider Y = . Then,
TC 5y
0 0 o b
A— vk =
0 By (1= Bsf(ow. Br.k2)m)e &~ Psdy?

Choose 8y # 0 such that & —ﬁgS{;Z = (X1_10685/ where 8’ # a . Then f(oy, y,k2) #0
Bi 0 a 0

and 7= (Bsf(oy,Br,k2))~'. We get, A — Yk = with
0 PBs c 061_10686/

o #0d.
Lemma 8.4.2. For B1,Bs € F and A € O(F), there exist Y € O(F) such that A —

Bi (1,0,0) og o’ 0 og 'oa  (0,b2,b3)
Y2 is either with o' # 6, or

0 B ¢ 5 (c!,0,0) 5
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with o # 6.

Proof. We consider two cases, depending on ; # 0 and 1 =0.

oy by
Case 1. For B; #0, take Y = . Then,
0 0
B (1,0,0) a—Piay’ b —Bif(oy,dy,k)by
A- vk =
0 Bs Cc— (1,0,0)/\f(06y,5y,k2)by 0

Choose oy # 0 such that a—Bla{;z = 058_1061 o’ where o # 8. Then f(ay,dy,kz) #0

ﬁl (17070)
and take by such that b— B f(ay,dy,k2)by =0 . We get, A— Yk =
0 Bs
o lapa’ 0
with o’ # 6.
¢ o
oy by
Case 2. For the case B =0, consider Y = where by = (0,c¢3,¢3)
cy O
and ¢y = (71,0,0). Then,
0 (1,0,0) o — f(oy, 8y, k) ey, (1,0,0))  b—582(1,0,0)
A— Yk —
0 _B f(a >8Y7k ) k
P —fc (aY?@,kZ)(l,O,zO)chy 0 — B0y’

Choose Oy such that by — 5;;2 = 0. Choose ay such that f(oy,dy,kz) =1

and hence T such that o — 7 = ch_]oqa’ where o # 6 — Bgb;. We get, A —
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B (1,0,0) og oy (0,b2,b3)
Yk = , as desired. H

0 Bs (c1—Bs7,0,0) & — B3y
Lemma 8.4.3. For By,B3 € F and A € O(F), there exist X,Y € O(F) such that
Bi (1,0,0) og laga’ (0,65, %)
(B57ﬁ6>0) ﬁS (CII,O,O) o

where o # &'.

Proof. We consider two cases, depending on Bs # 0,8¢ =0 and B5 =0, = 1.

oy by
Case 1. For B5 #£0,B =0, take Y = where by = (0,c¢3,¢2) and
cy O
Bi (1,0,0)
¢y = (7,0,0). Then, A— Y% is
<B57ﬁ670) ﬁS

biﬁlf(aya5)/7k2>by
a_Bla}liz _f<aY76Yak2)<CY7 (17030»
—82(1,0,0)
c—(1,0,0) A f(ay,dy, k2 )by
— 0 (Bs,0,0) 5 — BsSy

— Bsf(ay,dy,kr)cy

Choose 6y such that by — 6{52 = 0. Choose oy such that f(ay,dy,kr) =1 and

hence T such that o — B Ocjli2 —t=ag oy’ where o' # 8 — fgb;. We get,

Bi (1,0,0) og taga’ (0,bh,b})

(Bs,Bs,0)  Ps (c},0,0) & Psd
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where b/2 = b2 —ﬁlcg,bg = b3 —ﬁ1C2 and C/I =1 —ﬁSOt)Iiz —ﬁgf.

oy by
Case 2. For B5 =0,6s =1, take Y = where by = (0,¢5,¢3) and
¢y Oy
Bl (17070)
¢y = (1,0,0). Then, A — Yk is
(Oa 170) ﬁ8
a— By b—Bif(oy, 8y, ka)by

— flay,8y.k)(ey,(1,0,0))  —87(1,0,0) —(0,1,0) Acy
¢~ f(ay,8y.k2)((1,0,0) Aby) & — BsSy>
—ay?(0,1,0) — Bsey — f(ow, 8y ,k2){(0,1,0),by)

Choose 8y such that by — 5{52 =0. Choose oy such that f(ay, dy,k) =1. Choose
h=cr— 061];2. Then 7 such that a—ﬁla{? —T= Ocs_locloc’ where a # 8 — ¢ — PBgb;.

We get,

| Bi (1,0,0) N og laga’  (0,bh,b4)

(Bs,B6,0)  Bs (},0,0) & —ch—Bsdy?

where b, = by — Bic3, by = by — Bica+ 7 and ¢] = ¢; — fg7. Note that in the second

case, the above proof works for any non-zero L. ]
oz 'oqa b
Lemma 8.4.4. For oy,03 € F* and A = such that o # &' and
c o’
(04] 0
(b,c) =0. Then there always exists an X € O(F) such that A = Xk,

0 (043
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(041 0
Proof. We make use of Equation 3. Multiplying by conjugate of from
0 og
oqo’  oghb
left in the given equation, we get = oy 0gX*. By Lemma 8.3.1,
apc 0616,
(04] 0
there exist X € O(F) such that A — Xk =0, O
0 (043

Theorem 8.4.2. Let Aj,A; € O(F)~ {0} with N(A1) #0 and A has representative

(04] 0
under Gy action. Then for A € O(F) and positive integers ki, ky > 2,

0 (043
there exist X,Y € O(F) such that

A=A XM AR,

Proof. The representatives of (Aj,A;) under the simultaneous action of G, are
given by

(04] 0 Bl 0 o 0 ﬁl (1,0,0)
0 o 0 fs 0 g (Bs:Bs,0)  Ps

o 0 Bi (1,0,0)
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o laga’ b
By Lemma 8.4.1, Lemma 8.4.2 and Lemma 8.4.3, A —A,Yk =

J o
such that o # 8" and (b’,¢’) =0 in each case. By Lemma 8.4.4, there exist X €
O (F) such that A = A;X* 4 A7k, O

Proposition 8.4.1. Let A € O(F) and B1,Bs € F not simultaneously zero. Then
there exists X,Y € O(F) such that

Proof. 1t is enough to consider the case B;fs =0. When B3 =0 and B; # 0, choose

oy by
Y = , which gives
0 O
B] 0 a—Bla{? b Bla{? lby
A- YR =
0 0 c 0

Choose ay # 0 such that a;(a —ﬁl(x{?) —c1 # 016 and by such that b’ =b —
Bi aI,ﬁz_lby satisfies ayb’ — 6(1,0,0) = 0. Then using Equation 3 we need to find

a(a—pioy?)—ci 0
solution for X such that N(A;)X* = , which exists by

ac o0
Lemma 8.3.1.
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In case B; =0 and fBs # 0, choose Y = where 8y # 0 and satisfies
Cy 6}/

a#d —[38552, and cy satisfies c—,385§2_1c)/ = (1,0,0) Ab. Then

0 0 o b
A— vk =

0 fs (1,0,0)0Ab & —Bgb}

Then again using Equation 3, we need existence of X such that

— o b—(8—Ps62,0,0)
1 pu—

0 o (8 — B3 Sy?)

Such an X exists because of Lemma 8.3.1. ]

Proposition 8.4.2. Let A € O(F), Bi € F, for i =1,2,3,8. Then there exist
X,Y € O(F) such that

(04] (1,0,0) Bl (ﬁ2718370)
A= XM+ Yk

0 (04] 0 ﬁg

when one of the following holds:

1. Bo#0, B3 =0 and B =Ps , or
2. ﬁ3:1 andﬁzzo.

Proof. Consider the first case, where B, # 0, 3 =0, and | = Bs.

oy by
Case 1. If B #0. Let Y = where ay # 0 and is such that oy (a —
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Brat?) —c1 # ;8 and by satisfies oy (b— o2~ 'by) — 8(1,0,0) = 0. Then

i oa—Piog?  a;'8(1,0,0) i
A—AYR = —A XM,

(ﬁz,0,0)/\by 1)

Using Equation 3, we get

o (o — ﬁlOCIYQ> —c 0
= N(A;)xk.

¢ (041 o

Case 2. If By =0. Let Oy be such that by — 6 = 5,’52 and oy be such that
oy by

flay,0y,ky) =1. Let Y = . Here, ¢y = ((¢y)1,0,0) and (cy); is such
cy Oy

that ocl(oc — (Cy)lﬁz) —C1 7& (X15 and by = (0, (by)z, (by)3) satisfies (04] (C—ﬁzby) —

(1,0,0) Ab = (¢1,0,0). Then

. a—(cy)1p2 (0,b2,b3) .
A—Ayyh = = A X",

c—(f2,0,0) Aby 0

Using Equation 3, we get

aj(a—(cy)i1f2) —c1 (0,b5,b%)
= N(A1)X".

(C],0,0) a15

Consider the second case, f3 =1 and B, = 0. Let 8y such that b, = 5,’? and
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oy by
oy such that f(oy,0y,ka) =1. Let Y = where by = (¢3,0,c1) and

cy Oy

cy = (0,(cy)2,0) such that a — ocll;2 —(cy)2 # 8 — Bgby. Then

o —Bioy> —(cy)r (b1 —Pic3,0,b3—Bicy)
A—Ayyh = = A xh,

(0,¢2 — Bs(cy)2,0) 0 — Pghy

Using Equation 3, we get

(04 (Ot — B] 0611;2 — (Cy)z) (04 (b] — B] C3,0,b3 — B]Cl) — (5 — ﬁgbz,(),())

(0, a1 (c2 — Bs(cy)2) + bz — Bicy,0) a1 (6 — Psb2)

= N(A))X".

In all the cases discussed above, we have

= N(A))xk
¢ o
where o # &' and (b’,¢’) =0. By Lemma 8.3.1, there exist X such that A =
A1Xk1 +A2Yk2. O

Proposition 8.4.3. Let A € O(F) and B1,Bs € F. Then there exists X,Y € O(F)
such that

(04] (1’070) ﬁl 0
A= Xk vk

0 o (Bs,Bs,0) P
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where either Bs #0 and Bg =0 or Bs =0 and Bg=1.

Proof. Consider the following two cases:

Case 1. When fB5 #0 and B = 0. Let %151 = [35_101 and Oy be such that

oy by
flay,dy,ky) =1. For Y = where ¢y = B3 1(0,b3,b2) and by = (7,0,0)

¢y Oy
such that & —[351‘—[385)]52 + a—ﬁlﬁs_lcl, we get

of (b1 —Bi7,0,0)
=A—A YR = A x0

(0,¢2 — BsBs 'b3,c3 — BsPs ' b2) &'

where ' = a — B; Oc,]ﬁz, 6 =6—PBsT— [585)152 and o # &’. Multiplying the above

equation by the conjugate of Ay, we get

( oo (ay(by —Bit)—6',0,0)
001(0,¢2 — BsBs 'b3,c3 — BsBs ' b2) o’

By using Lemma 8.3.1, there exist X € O(F) such that A = A1 XK +A Yk,

) = N(Ap)xk,

Case 2. When B5=0and s =1. Let 0611;2 = ¢ and &y be such that f(oy, dy, k) =

oy by
1. For Y = where ¢y = (b3,0,by — 1») and by = (0,71,0) such that 7

cy Oy
satisfies o (8 — 71 — Bs6p2) # oy (& — Bica) — c1Pgbs and T = a7 ' (8 — 71 — Bedy?).
We get

o (t',b2 — B171,0)
= A— A ¥R = A xk

(c1 —Bsb3,0,c3 — B3 (b1 — 12)) &'
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where o/ = ot — Bicr, 8’ =6 —11 — [38554’. Multiplying the above equation by the

conjugate of A1, we get

oo’ —cy + Peb3 (0,b2 — B17,0)
= N(A;)xk.

061(01—ﬁgb3,0,€3—ﬁg(b1—|—f2)+b17:) o6

Since o’ — ¢y + Pghs # a1 6’, using Lemma 8.3.1, there exist X € () such that
A=A XM 4 AR =

8.5 When both of the coefficients are non-invertible

In this section, we look at the case when both A; and A, are non-unit. We will

consider the cases depending on the orbit representatives.

8.5.1 A; is non-unit and is diagonal

We first consider the case when A is a non-unit and diagonal.

o b
Lemma 8.5.1. Let € O(F) and og € F*. Then for a positive integer k,

0 O
there exists X € O(F) such that
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Ox b (041 0
Proof. Let X = . Then, X is given by
0 Oy 0 O
o 0| |oy flox,dx,k)b ooy o f(o,8x,k)b
0 o/\o0 5% 0 0

Let oy be such that a = ajak. Choose 8y such that f(ax,8x,k) = (Xfl. This

gives the required element X. [
0 0

Lemma 8.5.2. Let € O(F) and ag € F*. Then for a positive integer k,
c o

there exists Y € O(F) such that

0 0 0O o0
= Yk
c 6 0 oy
Oy 0
Proof. Let Y = . Then,
c Oy
0 0 0 0 af 0 0 0
Yk = =
0 oy 0 og) \ flay,dy,k)e &F asf(ay,dy,k)c  ogo

Let Oy be such that 6 = chS{,‘. Choose oy such that f(oy,dy,k) = ch_l. This gives

the required element Y. O
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Proposition 8.5.1. Let o;,B; € F, where i=1,8 and A € O(F). Then there exist
X,Y € O(F) such that

if and only if oqPBs € F* or agP € F*.
Proof. 1f oy Bg € F* or agf; € F*, then the proof follows from Lemma 8.5.1 and
Lemma 8.5.2. Suppose o = 1 =0 or ag = g = 0. Then X,Y exist only if A is of

o b 0 0

the form or depending on the case. O

0 O ¢c O

Proposition 8.5.2. For ay,Bs € F* and A € O(F), there exist X,Y € O(F) such

that
a 0 0 (1,0,0)
A= xkr 4 vk, (8.5.1)
0 0 0 B
Oy 0
Proof. Let Y = . Then,
c O
0 (1,0,0)| ~ fa b ((1,0,0), f(ay, 8y, k2)e)  8(1,0,0)
A— vk = -

0 B c & Bsf(ay,dy,ka)e Bs Sy
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Let &y be such that 6 = g k2 Choose ay such that f(ay,dy.k») =B . So,
8

for some o’ € F and b’ € F>. Now Lemma 8.5.1 is applicable, and we get the

result. [
Proposition 8.5.3. For B,08 € F* and A € O(F). There exists X,Y € O(F) such

that

0 0 B (1,0,0)
A= xk 4 vk, (8.5.2)

0 oy 0 Bs

Proof. Let ay be such that a — a,lﬁz =0 and &y such that f(ay,dy,ky) = 1. Now,

oy by
let ¥ = . Then,
0 oy
B (1,0,0) 0 b — Biby — 82(1,0,0)
A- vk =
0 BS c_(17070)/\b)’ 6_B85)]/<2

Choose by such that b— by — 5{,‘2(1,0,0) =0. So,

Bi (1,0,0) 0 0
A— vk = :

0 BS ¢ o
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for some 8’ € F and ¢ € F3. Now Lemma 8.5.2 is applicable, and we get the

result. ]

Proposition 8.5.4. For oy, fBs,Bs € F* and A € O(F), there exist X andY in O(F)

such that
1.
a 0 B (1,0,0)
A= x4+ vk
0 0 (B5,0,0)  Bg
2.
a 0 Bl (17070)
A= xkr 4 vk, (8.5.3)
0 0 (07 1, 0) ﬁ8
B (1,0,0)
Proof. (1) Since is a singular element of O(F), we have
([357070) BS
a0 B (1,0,0)
BiPfs = Ps #0. Take Y = . Then, A — Yk is
ey Oy (ﬁ57070) BS

(X—ﬁl(xl)fz—<(1,0,0),f(ay,3y,k2)(:y> b_(s)lfz(laoao)

e~ o2 (B5,0,0) — Psf(ay, 8y ka)ey & PsP

Choose 6y such that 6 — 5{,‘2 =0. Let ay such that f(ay,0y, k) = [38_1. Then

Bi (1,0,0) o b
¢y =¢c— 061;2([35,0,0). We have A — Yk = . By

(ﬁ570a0) ﬁS 0 0
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o b o 0
Lemma 8.5.1, there exist X € O(F) such that = Xk

a 0 B (1,0,0)
(2) For Y = let us compute, A — Yk =

Cy 5Y (07 170) BS

a_Bla§2 - <(1,0,0),CY> b_6)l/<2(17070) - (OvlaO)Af(aY76Y7k2)bY

c_all;z(()?l?())_B8f(aY>5Y7k2)cY 6_B851]/<2

Let Oy be such that 6 = ﬁg5{§2. Choose oy such that f(oy,dy,k) = BS_I. Then,
cy =c— 06{52 (0,1,0). Using Lemma 8.5.1, there exist X € &/(FF) such that

[31 (1,0,0) o b a; 0
A— vk = = Xk

(0,1,0)  PBs 0 0 0 0

]

Proposition 8.5.5. For og,fs,B1 € F* and A € O(F), there exist X andY in O(F)
such that

0 0 B] (17070)
A= Xk Yk,
0 (043 (1857070) ﬁS
0 0 Bi (1,0,0)
A= xk 4 vk, (8.5.4)

0 (043 (07 17 0) BS
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Proof. The proof follows a similar approach to the previous proposition. O]
a0 Bl (1705 O)
Corollary 8.5.1. Let ; € F. When A} = and Ay, = or
0 O 0 0
By (1,0,0)

the map A1 (X*1) 4 A,(Y*2) is not surjective.
(0,1,0) 0
Proof. From Proposition 8.5.2 we note that if fg =0 in Eq. (8.5.1), for any choice
a 0 B] (1,0,0) o b
of X,Y € O(F) we have Xk Yk = . Hence, in
0 0 0 0 c 0
this case, the map is not surjective.
We note that in the Proposition 8.5.4 above (see Eq. (8.5.3)) if Bg = 0, for any
a 0 ﬁl (1,0,0) o b’
X,Y € O(F) we have Xk 4 Yk = :
0 0 0,1,00 0 (0,ch,c}) &

which shows that the map is not surjective in this case.

0o o0 0 (1,0,0)
Corollary 8.5.2. When A = and A, is either of the form
0 og 0 Bs
0 (1,0,0)
or the map A (X*1) +A,(Y*) is not surjective.
(07 17 0) ﬁg

Proof. From Proposition 8.5.3 we note that if f; =0 in Eq. (8.5.2), for any choice of
0 0 0 (1,0,0) o (b1,0,0)

X,Y € O(F) we have Xk 4 Yk = . Hence,
0 (043 0 ﬁg C 0

in this case, the map is not surjective. We note that in the Proposition 8.5.5
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0 0
above (see Eq. (8.5.4)) if B; =0, for any X,Y € O(F) we have Xk 4
0 O
0 (1,0,0) o (b1a07b3)
Yk = , which shows that the map is not sur-
(07 170) ﬁS Y 0

jective in this case.

8.5.2 The Remaining non-unit cases

Now, we deal with all the remaining cases. We begin with an auxiliary lemma.

a (bl,0,0)
Lemma 8.5.3. Let € O(F). For a positive integer ki,
(0,¢2,¢3) 0
o (b17070) 0 (17070)
there exist X € O(F) such that = Xk,
(0,¢2,c¢3) 0 0 0
Ox (07C37C2)
Proof. For X = we get,
((X,0,0) 3X
0 (1,0,0) ) (f(ax,0x,k1)(a,0,0),(1,0,0)) 5;}2(1,(),0)
xk =
0 0 (0,¢2,¢3) 0

Choose by such that by = 5;2. Let ax be such that f(ox, dx,k1) = 1. This completes
the proof. n
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0 (1,0,0)
Note that the equation A — Xk =0 has a solution if and only if
0 0
@ (bl s Oa 0)
A= € O(F).
(O,C27C3) 0

Proposition 8.5.6. Let A € O(F), then there exist X,Y € O(F) such that
1. for Bs € F* we have

0 (1,0,0) Bi 0
A= Xk Yk
0 0 (ﬁ57070) ﬁS
0 (1,0,0) 0 0
2. A= Xk 4 Y% if and only if
0 0 (0,1,0) 0
a (b1,0,b3)
A=
(0,¢2,¢3) 6
oy by
Proof. For the proof of (1), let Y = where oc)]? = [35_101, cy = [35_1(0,b3,b2),
cy O

Oy be such that f(oy,By,kz2) =1 and by = BS_I(S —ﬁgS{}z,0,0). Then,
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Bl 0 OC/ (b/17070)
A— vk =

(B5,0,0)  Ps (0,¢h,c4) 0

By Lemma 8.5.3, there exists X € () for which the solution of the equation

exists.
0 (0,6,0)
For the proof of (2), let Y = . Then by Lemma 8.5.3,
(_b370>0) 1
there exist X € O(F) such that
0 0 o (b1,0,b3) — (0,1,0) A (—b3,0,0)
A— vk =
(0,1,0) 0 (0,¢2,¢3) 0 —((0,1,0),(0,8,0))
o (b1,0,0) 0 (1,0,0)
= = Xk
(0,¢2,¢3) 0 0 0
(]
Proposition 8.5.7. Let A € O(F), then there exist X,Y € O(F) such that
0 (1,0,0) 0 (0,1,0)
1. for Bg € F*, the equation A = xk 4 Yk holds
0 0 0 B

a (b17B§1570)
if and only if A=

c 0
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0 (17070) ﬁl (0a170)
2. For By € F*, the equation A = xk 4+ Y* holds

0 0 0 0

o (b1,b2,B17)
if and only if A =

(TaCZ,Cz) 0
0 <1a070) 0 (07170) o (b],bz,())
3. A= Xk Y*2 if and only if A =
0 0 0 0 c 0
o (bl,ﬁS_IS,O) oy 0
Proof. For the proof of (1), when A = ,let Y =
c ) Bg_lc Oy
Then,
0 (0,1,0) o— f(ay,dy,k2){c,(0,1,0)) (b1,5—ﬁ§15§2,0)
A— vk =
0 B c— f(ay, 8, k)e 5 — B3y
o (b1,0,0)
This equals ,if 6{,{2 = [38_15 and ay be such that f(ay,dy,ky) = 1.

0 0

The existence of X follows from Lemma 8.5.3. A straightforward calculation shows

that the converse is also true.

o (b1,b2,B17) L (0,8, b2, 7)
Now we prove (2). For A= ,letY =

(t,¢2,c3) 0 0 0
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Then, by Lemma 8.5.3,

B (0,1,0) o  (b1,0,0) 0 (1,0,0)
A— vk = = xh,

0 0 (0,¢2,¢3) 0 0 0

The other way follows easily.

Qy (0,0,Cl)
Let us quickly see proof of (3). Let Y = . Choose 9y such that
0 &y
0 (0,1,0)
by = 5&2 and oy so that f(oy,dy,ky) =1. Then by Lemma 8.5.3 A — Yk =
0 0
o (bl,0,0) 0 (1707())
= X for some X € O(F). O
(0,¢2,¢3) 0 0 0

Proof of Theorem 8.1.1. The Proposition 8.2.1 gives the representatives of the or-
bits of the Gy-action on &(F). Using Theorem 8.4.1, if either Aj or A, is invertible,
then the map is surjective. This covers the cases of (EK;), (K{E) fully. In the
following, we summarize the cases where neither A; nor A, is invertible.

The case of (DD) follows from Proposition 8.5.1. When the orbits are of type
(FK), the result follows from Proposition 8.5.2 and Proposition 8.5.3. The cases of
(FN) and (FP) are treated in Proposition 8.5.4 and Proposition 8.5.5. When the
orbit type is (KjLT) has been analyzed in Proposition 8.5.6.

Finally, the result now follows from the results about non-surjectivity, which
are discussed in Proposition 8.5.1, Theorem 8.5.1, Theorem 8.5.2, Lemma 8.5.3,
Proposition 8.5.6, and Proposition 8.5.7. 0



Chapter 9

Future Directions and Open

Problems

This thesis investigates the surjectivity and image structure of polynomial maps on
associative and non-associative algebras, motivated by the classical Waring prob-
lem and its algebraic analogues. The principal results provide complete answers to
several natural questions concerning diagonal polynomial maps, polynomial maps
with constants, and commutator-type maps on matrix algebras and on selected
composition algebras. The purpose of this chapter is to outline further directions
that arise naturally from the methods and results developed in the preceding chap-
ters. Rather than proposing unrelated problems, the focus here is on extensions
that preserve the central themes of this thesis: polynomial images, algebraic struc-

ture, and symmetry.
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9.1.1 Polynomial Maps on Central Simple Algebras

A recurring theme in this thesis is the study of polynomial maps on matrix algebras
over various base fields. Since every central simple algebra over a field is isomorphic
to M, (D) for a division algebra D, matrix algebras serve as a natural starting point
for investigating polynomial images on more general central simple algebras.

An important direction for future work is to study diagonal polynomial maps
and polynomial maps with constants on algebras of the form M, (D), with particular
emphasis on how invariants of the division algebra D, such as degree, index, and
Brauer class, influence surjectivity and image structure. A fundamental question
is whether surjectivity phenomena observed over matrix algebras depend only on
splitting behavior, or whether they reflect deeper arithmetic properties of the base

field.

9.1.2 Field Dependence and Descent of Polynomial Images

Several results in this thesis rely on assumptions about the base field, such as
algebraic closedness or sufficiently large cardinality. A natural continuation is to
investigate how polynomial images behave under scalar extension and descent.
Key problems include determining which properties of polynomial images are
preserved when passing to splitting fields and understanding how surjectivity and
image structure vary over finite fields, real closed fields, and imperfect fields. De-
veloping field-independent criteria for surjectivity would provide a more intrin-
sic understanding of polynomial maps and help isolate the role of arithmetic in

polynomial-image phenomena.
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9.1.3 Polynomial Maps with Constants and Image Classi-

fication

Polynomial maps with constants play a central role in this thesis, particularly in
connection with generalisations of the commutator map and analogies with word
maps with constants in group theory. The results obtained here suggest that such
maps exhibit strong structural constraints on their images.

A natural direction for further study is the systematic classification of images
of polynomial maps with constants on matrix algebras and central simple algebras.
This includes understanding when the image is a vector subspace, when it coincides
with a natural Lie subalgebra, and when it is the entire algebra. These questions
are closely related to the Lvov—Kaplansky conjecture and its refinements over

various fields and algebraic settings.

9.1.4 Extensions to Composition and Non-Associative Al-

gebras

The extension of polynomial-image results from associative algebras to the split
octonion algebra demonstrates that surjectivity and image classification phenom-
ena persist in certain non-associative settings. This naturally leads to the study of
polynomial maps with constants on other composition algebras and related non-
associative structures.

In this context, understanding the role of automorphism groups becomes par-
ticularly important. For example, the action of G, on the split octonion algebra
governs orbit structure and plays a decisive role in image classification. Further in-
vestigation of symmetry and orbit stratification may provide a unifying framework

for polynomial images in non-associative algebras.
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9.1.5 Toward a Structural Theory of Polynomial Images

The results of this thesis, together with the directions outlined above, suggest the
possibility of developing a structural theory of polynomial images on algebras. Such
a theory would aim to classify possible images of polynomial maps on associative
and non-associative algebras and to relate image behavior to algebraic invariants,
automorphism group actions, and polynomial identities.

One early step in this direction was taken by Chuang, see [14], who studied the
ranges of polynomials evaluated on matrix rings over finite fields M,(IF,), charac-
terizing which subsets can occur as images of nonconstant polynomials. This work
provides a foundational example of how structural properties of algebras constrain
polynomial images.

In particular, this perspective has the potential to contribute to a structural
resolution of the L¥ov-Kaplansky conjecture and to unify Waring-type problems,
polynomial maps with constants, and width phenomena within a common concep-

tual framework.
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Diagonal Maps with Constants

The table below summarizes the image of the polynomial map
_ ki ky
o(x,x2) =A1(x]") +A42(x?)

when evaluated on Mp(F). The matrices A} and A, are taken from the repre-
sentatives described in Chapter 6, chosen up to simultaneous conjugation by the
automorphism group PGL,(FF). Since simultaneous conjugation preserves images
up to similarity, this reduction yields a complete list of essentially distinct cases.
The table records, for each choice of exponents (kj,ky) and representatives Ay,As,
the corresponding image of @. In particular, it shows that the structure of the im-
age is governed by whether the rows of the constant matrices are zero or nonzero,
rather than by the exponents themselves, thereby illustrating the behavior of this

class of polynomial maps with constants.

Choice of A} Choice of A, Image of @
diag(A,1) diag(c, &) My(F)
diag(4,2) diag(E1,82),81 # & M;(F)
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Choice of A; Choice of Ay Image of @
& 1
diag(2,2) M (F)
3
diag(A, 1), A # diag(£,€) M(F)
diag(A, ), A # p diag(&1,82),8162 #0 M, (F)
diag(A,u),A #0 diag(&1,82),6 #0 M;(F)
diag(A,p), pu #0 diag(&1,82), 81 # 0 My (F)
diag(A,0) diag(&,0)
diag(0, u) diag(0,¢)
& 1
diag(R, 1), At 70 M(F)
3
& 1
diag(A,p), A =0 & #0 M, (F)
3
0 1
dlag(l,,u),u 7é 0 MZ(F)
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Choice of A; Choice of Ay Image of @
0 1 * %
diag(2,0)
0
11
diag(A, 1), A #0 E1# & M, (F)
&
& 1
diag(A,u),Apn =0 616 #0 M;(F)
&
E 1
0
E 1 * %
diag(2,0)
0
0 1
¢
0 1
diag(0, u) M, (F)
¢
_ ¢
dlag(l,u),lu 7& 0 MZ(F)
1 ¢
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Choice of A; Choice of Ay Image of @
‘ g
diag(A,u),Ap =0 ,§#0 My(F)
1 g
0 0
diag(A, ), A #0 My(F)
1 0
diag(0, 1)
1 0 * ok
& 0
diag(A, 1), A #£0 &1 # & M (F)
1 &
1 0
dlag(&ﬂ),lﬂ =0 761527&0 MZ(F)
1 &
§
diag(2,0) My(F)
1 &
& 0
dlag(oa ‘LL) 751 % 0 MZ(F)
1 &
0 0
diag(0, i)
1 & * %
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Choice of A; Choice of Ay Image of @
& &
dlag(l,,u),l #‘Ll 7517&0 MZ(F)
1 &
0 &
dlag(l,,u),lu#O 7537&0 MZ(F)
1 &
0 &
diag(A, u) ,6i #0 M;(F)
1 &
0 0
diag(0, 1)
1 & * ok
& &
diag(A, 1), # & £0 My(F)
1 0
0 ¢
diag(A, 1), # EH£0 Mo(F)
1 0
A1 é
A#£0 ,62#0 M;(F)
A z €&
1 &1
7&1 #gbz%o MZ(F)
0 0 z &
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Choice of A; Choice of Ay Image of @
A1 &
71’#0 751 7é€2 MZ(F)
A &
0 1 Z * %
0 0 0
Aol Z
A &

Table .1.1: Images ofAl)clf1 +A2x§2
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