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Abstract

Leth' € S (N, x') and h € S(N, x) be normalized newforms in the respective spaces with
K k>2and k' — k > 2. Let L(s, h x h’) denote the completed Rankin-Selberg L-function
attached to (h, h'). It is well-known that for m an integer and % —1<m <k —1then

L(m,h x h') —
Lim+ Lhxh) - &

Let i € S (N’,x’) be another newform and [ C Q be a prime ideal. Foralln € N
assume a(n, h') = a(n,h”) (mod I). This thesis is concerned with the question whether the
ratios of L-values are congruent modulo [, i.e.,

L(m, h x ) L(m, h x B")

W) = n’ dl = dn?
a(”? ) CL(TL, ) (mo ) - L(m + 1’ h % h/) L(m + 1’ h % h//) (1’1’10 )

First, we develop some algorithms to compute the special values of Rankin-Selberg L-
functions from well known results. Using them we verify in many instances that the ratios are
congruent. Then, under some hypothesis on the prime [, the levels N and N’ and the weights
k, k' we show that the ratios are indeed congruent modulo [.

The ArXiv links for the preprints:

» Congruences for the ratios of Rankin-Selberg L-functions. (with A. Raghuram.)
(https://arxiv.org/pdf/2512.02919)

* Eisenstein cohomology and congruences for the ratios of Rankin-Selberg L-functions.
(with A. Raghuram.) (https://arxiv.org/pdf/2512.02927)


https://arxiv.org/pdf/2512.02919
https://arxiv.org/pdf/2512.02927
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Chapter 1

Introduction

1.1 Why ratios?

The ratios of successive L-values show up naturally in a calculation of Langlands which will
be explained now. Let 0,0’ are two cuspidal automorphic representations of GLy(Ag) at-
tached to the newforms i € Si(N,x) and b’ € S (N', x’). Let 0y, 0,, are the local com-
ponents of o, 0’ respectively. Assume both o, and o, are unramified, i.e., p { NN'. For
Re(s) > Olet I(s,0,®0,) and I(—s, 0, ® 0,) denote the normalized induction from P(Q,)
to GL4(Q,). Here P(Q,) is the (2, 2) parabolic subgroup of GL,(Q,). The induced represen-
tations are again unramified. Fix the normalized spherical vectors f;’ and f[? in the respective
induced spaces. They span the GL,(Z,) invariant subspaces which are one dimensional be-
cause of the assumption that o, and o, are unramified and generic.

Let Ty(s,0, ® 0) = I(s,0, ® 0,) — I(—s,0, ® 0,,) denote the standard intertwining
operator. Since the operator commutes with the action of GL4(Q,,), it preserves the GL4(Z,)
invariant subspaces. Hence, under the standard intertwining operator, fg = Cp j;? for some
complex number ¢, € C. The constant turns out to be

L(s,0, % 7))
P = L(s+1,0, xapy)

See Langlands [|13] where it is called as the Gindikin-Karpalevic formula for p-adic groups.
It should be mentioned that the result of Langlands is much more general than what has been
described above.

1.2 Some properties of global L-functions

It is then natural to ask about the properties of the ratios of the global L-functions by including
the Euler factors at all the places. Here some of its properties are mentioned which will be

reviewed in Chapter 2|.

Let i’ € Si(N',x') and h € Si(N, x) be normalized newforms in the respective spaces
with, &/, k > 2. Ttis well-known that the Fourier coefficients are algebraic integers. Fors € C

7
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let L(s,h x h') denote the Rankin-Selberg L-function attached to the pair (h, h'); it is the
completed L-function with Gamma factors at infinity and the local factors at the unramified
places are of degree 4. It has a meromorphic continuation and satisfies a functional equation
with the line of symmetry being Re(s) = =L, The critical setis {m € Z | k < m < k'}.
To have at least two successive elements in the critical set assume &’ — k > 2. From Shimura
[23, Theorem 4] it follows that

L(m,h x k)
Lim+1,h xh')

cQ form=kk+1--- kK -2, (1.1)

Congruences and ratios

A well-known principle with origins in Iwasawa theory states that a congruence between
objects should translate to a congruence between the special values of L-functions attached
to these objects. The reader is referred to Vatsal [27] for an instance of this principle.

Hence, it is natural to ask if h” € Si.(N’, ') be another newform and [ C Q is a prime
ideal such that for all n € N suppose a(n, k') = a(n,h”) (mod I) then is it whether the ratios
of L-values are congruent, i.e.,

L(m,h x h) L(m,h x h")

N — " — ?
a(n,h’) =a(n,h”) (modl) — Lim+ Lhx 1) — Lim+ 1.0 < b7) (mod [)7

The thesis is concerned with this question. First computationally it will be verified in
many examples that indeed it is true. Then it will be proved, under some hypothesis of the
prime [ and on the levels N, N, that congruent morphisms give rise to congruent ratios of
L-values.



Chapter 2

Algorithms for the special values of
L-functions

In this article, we verify that the expected congruences hold in the following cases:
1. B/ h" € S94(SLa(Z)), [ = 144169, h € S12(SLy(Z)).
2. W KW' € S50(SLy(Z)), L = 51349, h € S12(SLy(Z)).
3. B R € S13(0g(3), x), [ =13, g € Ss(I'o(3)).
4. h € Sos(SLa(Z)), and 1/, h” € S13(I(3), x), [ = 13.

5. h € So4(SLa(Z)), B € S12(SLy(Z)), h" a weight 12 Eisenstein series, [ = 691.
(This is the Ramanujan congruence.)

In (1) and (2), 2’ is a Galois conjugate of A, but in (3) &’ is not a Galois conjugate of h.

The computations rely on two algorithms. The first algorithm, reviewed in 2.2.1], com-
putes the special values of Rankin-Selberg L-functions, and is essentially due to Shimura and
Hida. Roughly speaking, it relies on the interpretation of the L-value as a Petersson inner
product of a cusp form with a holomorphic projection which is due to Shimura [24], and the
computation of the holomorphic projection recursively from the given data and an appropriate
Eisenstein series due to Hida [§]. The second well-known algorithm, reviewed in R.2.2, com-
putes the L-values of modular forms from the Hecke-equivariant pairing between a space of
cusp forms and a suitable space of modular symbols. It should be mentioned that there is also
an algorithm by Tim Dokchitser [4] to compute the L-values of modular forms numerically.
All the computations in this thesis are done on SAGE [20].

Based on these examples, [Conjecture 3.3.1] is formulated. In [Chapter 6, a variation of the
conjecture will be proved.
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2.1 Review of some classical results

In this section, we begin by reviewing some preliminaries from Shimura [24] on modular
forms and the special values of Rankin-Selberg L-functions and some results of Hida [8]
on the holomorphic projection. We present two algorithms which will be used to verify the
congruences mentioned in the introduction.

2.1.1 Some results of Shimura and Hida

Let I'y (V) be the standard Hecke congruence subgroup of SLy(Z); the volume of its fun-
damental domain ®;(N) with respect to the measure y~*dzdy. will be denoted p(®;(N)).
Let My(I';(N)) be the space of holomorphic modular forms of weight & for I'; (V). For
f1, f2 € Mi(T'1(N)) such that f; f5 is a cusp form, define the Petersson inner product (f1, f2)

by:
o fo) = p(® (V)™ / 72 fol2)y dudy.
D1(N)

Let x be a Dirichlet character modulo N. Let Si/(N, x’) (resp., Sk(N, x)) denote the space
of holomorphic cusp forms of weight &’ (resp., k) and for I'o(/V) with nebentypus character
X' (resp., x). Assume k < k’. Suppose ' = > 7 a(n,h)q" € Sp(N',x') and h =
>0 La(n,h)g" € Sk(N, x), where ¢ = €™, then, for s € C and Re(s) > 0 the Rankin—
Selberg convolution is deﬁned as the Dirichlet series:

D(s,h,h) = ia h'yn=s.
n=1

Clearly D(s,h,h') = D(s,h',h). Let h,(z) = h(=2z) = Y oo a(n,h)e*™™ and h, €
Si(N, x1). Observe that

1

h( ia a(n,h)e ™

0 n=1

| [ R )dndy = (am) ot (6) s, ) = () T (9D, b

For an integer A > 0 and a Dirichlet character w modulo N such that w(—1) = (=1)%,
define an Eisenstein series:

Bisesw)= Y wldfestd) et d >, (= (0 0],

Y€l \Io(NV)
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1 m

where ', = {i (0 1

) lm € Z}. For the same \ and w, define:

E\xn(z,s,w) = Z w(n)(mNz +n) MmNz +n| .
(0,0)#(m,n) €z

The following relation holds between EY y and E) y:
EA,N(’Z? S, w) = 2LN(25 + )‘7 w)E;,N(Zv S, w)v

where Ly (s, w) denotes the Dirichlet L-series > | w(n)/n® and the subscript N means that
with w(n) = 0 if ged(n, N) # 1. If w is primitive modulo NV then this condition is automatic
and the subscript may be dropped. One has the following integral representation:

2(4m)~"L'(s) D(s, h, h') =/ hoh' - By (2,8 + 1=k, xx) y*H ddy
Qo (N)

= / h_;h By Nz s+ 1=k, )yt dedy.
o (N)

Here ®y(N) is the fundamental domain for I'g(N)\H. Define EX y(z,w) = E3 y(z,0,w).

The MaaB3—Shimura differential operators on the space of smooth functions on the Poincare
upper half plane H by

1 /A 0
5A——( +—>,O<>\GZ, and 6 = 0yior o Orinby, 0< 1 EZ

2 % 0z
It is understood that 5/(\0) is the identity operator. Define d = ﬁ% = qdiq. Then
™\ (A +r)
s — L (— AT dt 2.1
0<tlr

where the symbol d° means the identity operator; see [24]. The following theorem is one of
the main results from Joc.cit.

Theorem 2.1.1. Suppose h' € Sy (N, X'),h € My(N, x), and k+2r < k' with a non-negative
integer r. Then

D(K' —1—rh 1) = ea® (W, ho) By (2, xx)),

where A = k' — | — 2r, and c, is the rational number explicitly given by:

(K —k — 2r) (—1)r4¥ 1IN I+,

T T 1T —k—1) 3

p|N

where the product is taken over all prime factors p of N.
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The action of the mass Shimura operator operators on 1/4wy is given by the following

Lemma 2.1.1.

1 n!
4 = =0,1,2,...
(47Ty) (g TS

r 1 —(r+1 - r t 1F>\ I+ 1
5§)(H) — (—4my) (+).Z<t>(_1)+ ( 1J:()\)+(t)+ ),

t=0

Proof. The first is proved by induction on n; the second from the first and (2.1]). O

Let A, denote the set of all functions of the form H(z) = > _ vy~ ""g,(z) with holomor-
phic functions g, on H which have Fourier expansions g, (z) = Y~ b,,q". Elements of A,
may be called nearly holomorphic modular forms. The following lemma is [24, Lemma 7].

Lemma 2.1.2. For a positive integer k' > 2r and a Dirichlet X' modulo N, suppose that an
element h of A, satisfies

H(y(2))(cz+d)™ € A, forall v= (CCL Z) € SLy(Z)

b

2.2)
H(y(2)(cz +d) ™ = X' (d)H(2) forall v = (c d) € I'y(N).

S

Then H(z) =Y _, (5,(;)_2Vh,,, with h,, of My s, (N, x) being uniquely determined by H.
The following orthogonality relation is [24, Lemma 6].

Lemma 2.1.3. Suppose ' € Si/(N,X), h € My(N,x™ '), and k' = k + 2r with a positive
integer r. Then (I, (5l(r)g> =0.

As a consequence of the above two lemmas one has:
Lemma 2.1.4. (h/, SIE ) = (), ho).
The following result of Shimura gives the algebraicity of D(s, h, k') at certain integers.

Theorem 2.1.2. Let f be a normalized eigenform of Sy (I'1(N")), g an element of M (I'1(N)),
and m a positive integer. Suppose k < k' and 3(k' + k — 2) < m < k'. Then, the quantity
7 (W B'Y"'D(m, h, 1) belongs to Q(h)Q(I'), the compositum of Q(h) and Q(h'). More-
over, for every automorphism o of C, we have

o (w—k’w, K)Y"1D(m, h, h’)) — (B, WYL D(m, b, B).

Proof. See Shimura [24, Lemma 4, Lemma 5] ]
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Recursive relation satisfied the holomorphic projection

13

When A = 2 and w = 1 is the trivial character modulo N, then Ef y/(z,w) is not holomorphic

at oo; its Fourier expansion at co is given by

* c - n
E5n(z,1) = m‘l‘zcnq )
n=0

where ¢ and all the ¢,, are in Q. This is due to Hecke; see, for example, Miyake [[15, p. 288].
Let ' € Sp(N,x') and h € Sk(N, x). Then as noted above

E;\,N<Z7XX = +Z nq =: 4_+E7

with ¢ # 0 only when A\ = 2 and yx’ = 1. Then, by Lemma and Lemma

T * I C

(—dmy)r+!

/ r+1 ¢(v)
. E 0.,

S o),

VhV
l/hV

ifxyyY=1,\=2

otherwise,

where h, € M5, (N, xx') and ¢ € Q is obtained from Lemma 2.1.1.

Lemma 2.1.5. The h,, as in equation (2.3), satisfy the following recursive relations:

(i) When \ = 2 and x1) = trivial then

FF((:_— 2((7;111 firsr = Chz ( )

and

timait = () e B x0)

I'(k —2v) r—v)I(A+r—v)

S <n n V) F(f - @V) .

n=v+1

(it) When \ # 2 or x # trivial then

Tk-v), :< ’ )J“—*”hd’“@iw,xw

rk—2v) " A+r—v)

r—v

_ Z (n 8 V) F(ﬁ ; ﬁ)y)dn_”hn

n=v-+1

e+ FA+r)(t+1)

T(\+t)

forv=0,1,...,r

forv=0,1,....r

9

(2.3)
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Proof. Statement (i7) is proved in Hida [8, p.177]. For (i), when A = 2 and y¢ = trivial,
r+1

W6 By =h- 60 (é + E) = h-o" (4@) +h- 8 Z(Sk )

Use (2.1)) and expand both sides of the above equation to get:

hz() o) (4 E) - ZZ( ) g () ).

n=0 t=0

The left hand side of the equation becomes

—(r " /r T'A+rT(t+1 .
ch - (—4my) (r+1) | Z (t) (_1)t+1 ( 1—\()\)+(t) ) +h- 5& oy
t=0

By comparing the coefficients of (—47y)! fort = 0,1,...,r+1, one gets the desired equality.
[

Completed Rankin-Selberg L-functions

For normalized newforms, b’ € Sy, (N’, x’),and h € Si(N, x), define the completed Rankin—
Selberg L-function (with a ‘classical’ normalization) as:

L(s,h x h') = Loo(s,h x W)Ly (2s +2 —k — K, xx')D(s, h, h'), (2.4)

where L. (s, h x h') = (2m)"%T(s)['(s+ 1 — k) is the archimedean factor and for a Dirichlet
character w modulo M put Ly (s,w) = Y 2, w(n)n™* with w(n) = 0 if (n, M) = 1. Here
M is the least common multiple of N, N'. It satisfies a functional equation

L(s,h x W)~ Lk + K — 1 — s, b 1), (2.5)

See Shimura [24, Section 3] and Hida [8, Section 9]. The line of symmetry for this functional
equation is Re(s) = (k + k" — 1)/2. An integer m is critical for L(s, h x h'), if the Gamma
factors on both sides of the functional equation are finite at s = m, i.e., if ['(m)['(m + 1 — k)
and I'(k + ¥ — 1 — m)I'(k — m) are finite. Therefore the critical set is:

{meZ|k<m<k —1}.

The parameters determining the abelian part and the infinite part of L(s, h x h') in (2.4)
depend only on the weights and the nebentype characters involved. So for two A/, h” €
S (N, x') and h € Si(N, x) one has

Loo(s,h x W)Ly(2s+2 — K —k,xX') = Loo(s,h x ") Ly(2s +2 — k' — k, xX'). (2.6)
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For brevity, let w = xx’ modulo M. Suppose w is a Dirichlet character modulo M which is
primitive. Then Ly (s,w) = L(s,w). Lete € {0, 1} such that w(—1) = (—1)¢. Form € N
and m = e (mod 2) it is well known that

where g(w) is the Gauss sum associated to w and B,,,  is the generalized Bernoulli number
for the character w = w™!. See Neukirch [[18]. From this it follows that

27T ) m Bm7a,

M m! "’

L(m,w)
L(m+2,w)

M

= (m+2)m+1)(3)

2 Bm,w

Bm+2,w

2.7)

If w modulo N is not primitive take wP"™ to be the primitive Dirichlet character defined by w.
Then Ly (s,w) = [T,x (1 — @™ (p)p~*) L(s,wP™). Hence, from (2.7) and Theorem R.1.2,
for any integer m with % <m <m+1 <k, it follows that:

L(m, h x )
L(m+1,h x 1)

€ Q(h)Q(). (2.8)

2.2  Algorithms

2.2.1 An algorithm for the algebraic part of D(m, f x g)
If f € Sp(N, x') isanewformthen f, = f(—%) = f” is again a newform of Sy (N, x'~1),
where, recall that for any automorphism o of C, one defines f7 := >~ a(n, h)7¢"™.

Input: f € Sp (N, x) a newform of level N, and g € Si([V, x) an arbitrary cusp form with
algebraic Fourier coefficients.

Output: The algebraic number DT(FZ?]{;f) for k'+2k_2 <m<k.

Step 1. Extend f), to a basis consisting of normalized eigenforms S (I'; (V')) which we denote
by B={fo:= f,, f1,..., fu}. (The dimensionis n + 1.)

Step 2. Fix an m in the critical set. Put r = k£’ — 1 — m. Pick the correct Eisenstein series
EX n(z,xx') where A = &' — k — 2r.

Step 3. Find the holomorphic projection hg of géy) E\ n(z,xx') using the recursive relations

in Lemma 2.1.5.
Step 4. Write the modular form hg in terms of B, i.e., hg = agfo + a1 fi + -+ + ap fa.

Step 5. Return: c,«y.
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This is the desired value due to Lemma R.1.4, Lemma .1.3, Theorem R.1.1, and (f,, f;) = 0
fori =1,---,nand (f?, f*) = (f, f). The constant c, appears in Theorem 2.1.1].

This algorithm can be extended to the case when f is only assumed to be an eigenform
instead of newform. See Section for an example.

2.2.2  An algorithm for the algebraic part of D(m, f)

We describe a well-known algorithm to calculate the algebraic part of the special value of
D(s, f) for the standard L-function of a new form f at s = m a critical value. The term
algebraic is explained below. We need some preliminaries on computing L-values by modular
symbols.

Special values of L-functions via modular symbols

Let I be a congruence subgroup of SLy(Z) and P} (Q) = QU {oco}. Define M, to be the free
abelian group on the symbols {«, 5} € P'(Q) modulo the relations {«, 8} +{8,v}+{7,a} =
0 for all o, 3,7 € P(Q) and modulo all torsion. Let Z[X,Y], be the abelian group of
homogeneous polynomials of degree n in two variables X and Y. Make Z[X, Y], into a I'-
module: ify = (2%) € 'and P € Z[X, Y], then define (yP)(X,Y) = P(dX —bY, —cX +
aY’). The abelian group M, can also be made into a I"-module by the action g{«, f} =
{ga,gp} forall g € T" and {a, f} € M. Define the I'-module M, = Z[X, Y |x_2 ®7 My
with the [ acting diagonally.

Definition 2.2.1. (Modular Symbols) For an integer k > 2 and a congruence subgroup T,
the space M, (T") of weight k modular symbols for T is the quotient of My, by all the relations
vyr — x for x € My, and v € G and by any torsion.

For P € Z[X,Y|x—2 and v € SLy(Z) the associated Manin symbol is
[P, A] :=7(P ©{0,00}) € M(I)

WhenT' = I'i(N) and if v = (24), 7/ = (9 %) € I'i(N) are such that (¢,d) = (¢, d')
(mod N), then [P,~] = [P,+']. Hence, the Manin symbol [P, 7] is determined by P and the
lower two entries ¢, d of the matrix 7. So we take [P, (¢, d)] itself to be a Manin symbol. For

the following theorem, see, for example, Stein [25, Prop. 8.3].
Theorem 2.2.1. The Manin Symbols generate M (T").

One can define Hecke operators on the space of modular symbols; see Stein [25, Section
8.3]. There is also an action of (! | ) on the space of modular symbols. This action commutes
with the Hecke action. Its isotypic component will be denoted by M, (T")*.

Theorem 2.2.2. Let Si(T'), Sp(') denote the space of holomorphic and anti-holomorphic
cusp forms respectively. Then the pairing (-,-) : (Si(T') @ Si(T")) x M(T") — C

B8 B8
(f1 ), P ® {0, B}) > / £ ()P 1)dz + / fo(2)P (2. 1)dz
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is Hecke equivariant, i.e., for © € My (') we have (T,,(f1, f2),z) = (f1, f2, Tn(2)).

For a cusp form f € Sy(NN), the associated L-function is

o0
an

D(s, f) = o and /0 f(it)ts% = (2m)~°T'(s)D(s, f), R(s)>0. (2.9

n=1

Consider the modular symbols X7Y*~277 @ {0, 00} for j = 0,1,2,..., k — 2. Then the non-
degenerate and Hecke equivariant bilinear pairing (-, -) of these modular symbols against the
cusp form f is equal to
(f, XY 277 ®{0,00}) = f(2)2dz =it / fit)tdt.
0 0
Hence, by (2.9), we get the following relation between the bilinear pairing and the special
value of L-function. Form =1,2..., k —1,

D(m, f) = % S(f, XY R @ {0, 00})). (2.10)

Form =1,2...,k — 1, define algebraic part of L(m, f) by:

Dimf) 1 (LXMWY eUglooch)
Cov_DD(Lf)  m-DI (rie{oed) o b
2.11)
Dimf) 1 (LXTYRROVeosd)
Comy—Dr D) m-1 AV @{os)) T A
2.12)

Here we present the algorithm to calculate the algebraic part of the special values D(m, f).

Input: The first d Fourier coefficients a(1, f) = 1, a(2, f),..., a(d, f) of a normalized
eigenform f € Si(SLy(Z)) which are assumed to be real. (Here d is the dimension of

Sk(SL2(Z)).)

. D(m,f) _
Output: EENE=T TN form=24,....k—2.

Step 1. Find a basis by, b, , ..., b, for the space M (SLy(Z), Q).

Step 2. Express the Manin symbols (,0, 1) for i odd and 0 < i < k — 3 in terms of the basis
by,by,...,b;. Let A~ = [a;;] be the matrix with rational entries such that (i,0,1) =

d g —
Zj:l ajibj .
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Step 3.

Step 4.

Step 5.

Step 6.

Step 7.

Compute the matrices M, , ..., M, for the action of the Hecke operators T5,", ..., T,
on M, (SLy(Z), Q)™ with respect to the basis b, , b, ,...,b,.

Form the matrix
tM{ - CL(2’ f)Id

Ei == :
tMc; - a’(d7 f)Id
Row-reduce the matrix £~ and pick any non-zero vector w™ :=*(wy, wy , wy , ..., wy)
from the null space of L.
Compute the % x 1 column matrix £/ := ‘A~ -w™. Let ¢y, cs, . . ., c;_3 be the entries
of .
1 Ci .
Return: — —fori=1,3,...,k—3.

(Z— 1)' C1

This is the desired output by (2.12) and

Xi-lyk—2—(i-1) i
(f7 ®{O’OO}):C— forZ=1,3,k_3
(f,Y*2®{0,00}) “

See [|[17, Section 2.3] for a proof of the algorithm and an algorithm for odd critical values.
They are originally due to Manin [[14]. See for a computational example when
the level is not necessarily 1.



Chapter 3

Explicit computations of some L-values

The aim of this chapter is to compute the ratios of Rankin-Selberg L-values for congruent
cusp forms and verify if the ratios are congruent. Also, an example is given which uses the
second algorithm in the previous chapter. Towards the end a precise conjecture is stated based
on the examples.

3.0.1 Sturm’s criterion for congruence between cusp forms

To check congruence between cusp forms we will use the following criterion of Sturm [26];
see also Stein [25, p. 173].

Theorem 3.0.1 (Sturm). Let [ be a prime ideal of a number field E. Let f,g € My(T', Og) be
modular forms of weight k for a congruence subgroup I of level N with Fourier coefficients
in the ring of integers O of E. Let m = [SLy(Z) : T']. Suppose

a(n, f) =a(n,g) (mod )

for all

kl—’;’ otherwise.

. {'f—m—mT if f =9 € ST, 0),

Then f = g (mod [).

The bound for n in the above theorem is called the Sturm bound for I' and weight k.

19
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3.1 Examples verifying congruence

3.1.1 524(SL2(Z)) X SlQ(SLQ(Z))

The dimension of S54(SLo(Z)) is 2. There are no old forms as the level is 1. The two distinct
newforms, say, b’ and h” have Fourier expansions:

W=q+(Bo)g* + -,
W' = q+ (=6 +1080)¢” +-- -,

where 5y = 121/144169. The coefficients are in the number field Q(/5y). The prime number
144169 is ramified in the number field Q(/;). Let the prime ideal lying above 144169 be
[144169. Also, h’p = h'" = I/ and h;j = h"? = h” as the coefficients are totally real. Their
difference is

B —h' = (28, — 1080)¢* + - - - .

The ideal factorization of (25, — 1080) in the number field Q(,) is

1 1 1
—By—23 1)) ([2, =By —22))%- — By — 2
(2 -2)0 (2 50— 22)7 (3,350 -23))
1 1
~ (<3, T 22)) - ((144169, T 72062) ).
Therefore, since the Sturm bound is 2 for Sy4(SLy(Z)), by Theorem one has:

h'=n" (mod [144169)7

The space S;(I'o(N)) = S12(SLy(Z)) is of dimension 1 and generated by the unique
Ramanujan cusp form A. Put h = A. The Fourier expansion of h is ¢ — 24¢® + - - -.

Theorem 3.1.1. For b/, h" € S94(SLo(Z)) and h € S15(SL2(Z)) as above, and any integer
m with 18 < m < 22, one has:

L(m,h x ) _  L(m,hxh") TR
Lim+1,hx ) Lim+1,hxh" 14169

This is verified using the algorithm given in Section R.2.1].

Values of D(23, 1/ x h) and D(23,h” x h)

As Step 1, fix the basis B = {1/, h""} of So4(SLo(Z)) consisting of newforms. Proceed to Step
2. The critical point is 23. So put » = 0 and A = k¥’ — k — 2r = 12. The Eisenstein series
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to be considered is £ y(z, 1) = EY, (2, 1). The space of Eisenstein series of weight 12 and
trivial character is of dimension 1. The g-expansion of EY, ; is

65520 134250480 , 11606736960 ,
+ + q

4
691 ¢ 691 ¢ 691 +0(d).

ET2,1(27 ]1) =1+

Furthermore,

48936 , n 132852132 4

RSB (2, 1) = h.Efy (2, 1) = o)
019 Efyq(2, 1) foi(z, 1) =q+ 691 q 691 q° +0(q")

Also, h.E7,(z, 1) is a modular form (in fact, a cusp form) of weight 24. So there is no need
to take the holomorphic projection. Proceed to Step 4. In terms of the basis B = {h/, A"}

ho B (1) = [ 27017 B+ 50418272 " 27017 B+ 49202507
9-F121 U 2390898696 99620779 2390898696 99620779
For Step 5 one gets

D23,k x h)  (W*. g8\ E; \) 2017 . 50418272

_— - = — J—

T2 (1 1) O w20 W) *\ 2390898696 ' 99620779

Similarly, for the pair (h”, h) one gets

D@3, xh) (" he sy 27017 49202507
7T24<h”, h”> = 7T24<h”, h//> - Bo +

2390898696 99620779
Values of D(22,h' x h) and D(22,h” x h)

As the basis is already fixed proceed to Step 2. For the critical point 22 put » = 1 and so
A = k" —k —2r = 10. So the Eisenstein Series is £ y(z,1) = Ej (2, 1) and its ¢-
expansion is

E}yq(z, 1) = 1 — 264q — 135432¢° — 5196576¢" — 69341448¢" — 515625264¢° + O(q¢°).
Proceeding to Step 4, by Lemma P.1.2, there are unique hg and h; satisfying
95§))ET0,1(Z’» 1) = ho + 85 'h
Using the recursive relations in Lemma calculate the holomorphic projection hy :

5 24 , 977148

ho= ——q— —¢?— 54 0(q"
0 K 11q T (¢%)

223 365440 \ 223 355405 \
ranana =P — W+ (- Bo — h
38060616 1585859 38060616 1585859
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Proceeding to the last Step 6,

D2, x h) (W70 Eioy) (W, ho) . 223, 36540
AR w2 R w2 kY \ 380606160 1585859
Similarly,
D@2,h" xh) ([ 223 g 355405
w24 Ry T TP\ 380606160 1585859 )

Ratios of successive critical values

Since N = 1 and x and x’ are trivial, we have Ly (s, xx') = ((s), the Riemann Zeta function.
It is well known that:

691 L

Therefore, fori = 1, 2
Loo(22,h x W')((8) 13650

Loo(23,h x W)((10) — 83611

The ratios of the special values of the completed L-functions are

L(22,h x I) 1 51866 L(22,hx h") 1 51686

_ d = :
L(23,h x ) 1905750 T 317605 2° L(23,h x 1) 1905750 T 317625

The ideal factorization of the quantity éggz;xh’fg — Egg}}gzx; in the number field Q(f,) is

((2 21450 — 23)) ((2 214 By — 22) (3, iﬁo _ 23))—1 . (<3 21460 - 22))
((5’ 21 21>)3 ‘ (< 210~ 19)) ((7, 2—1460 - 20))1 : ((7, T 18))1

(<11, iﬁo — 20))2 : ((11, ﬂﬁo — 14) )2 ((144169, iﬁo - 72062)).

Hence

L(22,h x ) _ L(22,h x ") (m0d luasso)
L(23,h x W') — L(23,h x h") 11697

Other ratios
For m = 21, 20, 19, the ideal factorization of

L(m,h x k') L(m,h x h")

Lim+1,hx k) Lim+1,hxh"
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in the number field Q(5) are stated below. The method of computation is along the same
lines as in the previous sub-sections.

L@2Lhx I)  L2Lh x 1)
L(22,h x /) L(22,h x h”)

(2 21~ 23) o ( ﬂﬂo - 22)>1-<(3, iﬁo - 23))3-<(3, iﬁo - 22>)3
((57 3250 — 21))1 : (<5, iﬁo — 19) )7t ((7, iﬁo . 20))1 . ((7, iﬁo _ 18>)1

1 1 1
((17, 5 — 21> )t (<17, 57 - 7) )L ((144169, TR 72062> ),

L(20,h x 1) L(20,h x ")
L1,k x 1) L(21,h x h”)

(2 210~ 23) o ( , ﬂBO - 22) )7 ( (3, iﬂo - 23) )~ ((3, iﬁo - 22))—1
((5’ 5150 — 21))1-((5, 1P — 19))1~(<103, iﬁo + 18) )1 (103, 2—1450 + 40))1

1
((144169, i+ 72062> ),

and,

L(19,h x 1) L(19,h x I")
L(20,h x h')  L(20,h x h”)

(2 —60—23) -1 ( 0—22)) ((7 21450—2())) ((77550_18)_1
((17 - 0—21)) ' (( 50—7)) <(19’i5°_15))1'((19’iﬁo—11>)1

1
((144169, 3P0+ 72062> ).

The critical point m = 18

When the critical point under consideration is m = 18, the Eisenstein series is no longer
holomorphic. Sor = 5 and A = 24 — 12 — 2r = 2; the characters of f, f’ and g are all trivial.
The correct Eisenstein series is a non-holomorphic one:

—12
E3,(z,1) = m+1—24q—72q2—---
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See Miyake [[15, Chapter 7]. By using Lemma the holomorphic projection A to be
5 10536 , 212004 4

ho = — — O(q*

0= “ousr ¢t 2usmd 353 ¢ TOW)
- 1103 385240 N, (1103 835605\,
~ \ 86055052776 " 3585627199 86055052776 ° 3535627199 )

A similar calculation like in the previous sub-sections yields the ideal factorization of

L(18,h x I')  L(18,h x h")

L(19,h x ')~ L(19,h x h")

= (<37 iﬁo - 23))1 ~(<3, iﬂo - 22) )7t ((5, iﬁo _ 21))1 . ((5, iﬁo _ 19>)1.
((77 2—1450 — 20))‘1 : ((7, iﬁo - 18))‘1 : ((17, 2—1460 - 21))—1 . ((17, iﬁo . 7))—1.

1
((144169, 550+ 72062) ).

This completes the verification of Thm. for all successive ratios of critical points to the
right of the line of symmetry.

3.1.2 Sgo(SLQ(Z)) X Sl2(SL2(Z))

The space S30(SLo(Z)) is again of dimension 2. Call the newforms ~’ and h”. The form A’ is
a Galois conjugate of h’. The Fourier coefficients of 4’ and A" lie in the number field Q(/3)
where [3; satisfies the polynomial 2% — 86402 — 454569984. The prime 51349 is ramified in
Q(1)- Let [51349 be the prime ideal lying above 51349. Like in , one verifies that b’ = h”
(mod l51349). Take h = A to be Ramanujan cusp form which is of weight 12 and level 1. Then

exactly like in the we get:

Theorem 3.1.2. For b/, h" € S30(SLo(Z)) and g € S12(SLa(7Z)) as above, and for an integer
m with 21 < m < 28, one has:
L(m,h x h') L(m,h x h")
Lim+1,hxh)  Lim+1,hxh")

(mod [51349) .

3.1.3 813(F0(3),X) X SG(F()(?)))

Let x be the unique quadratic character modulo 3. All the eigenforms in Si5(I'1(3)) =
S13(T'0(3), x') are newforms. The g-expansions of the newforms are

W = q+ 729¢% + (4096)¢* + O(¢°),
W' = q+11¢* + (=311 — 675)¢° + (—4328)¢" + O(¢”),
W' =q+—1¢* + (311 — 675)¢° + (—4328)¢* + O(¢"),
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where vy = /—8424. It can be checked that h” and h" are Galois conjugates of each other,
and in fact, hy, = h"? = K" and b)) = N7 = h" as the coefficients are in the imaginary
quadratic field Q(v4). However, i’ and h” are not Galois conjugate of each other, since the
coefficients of i are in Q; also, h), = h'* = I/, Using the Sturm bound (Thm. B.0.1)) one

verifies
R'=h" (mod l3),

where ;3 = ((13, £1)) is the prime ideal lying above (13) C Z in the number field Q(1,).

The space Ss(I'9(3)) is one-dimensional, spanned by g whose Fourier expansion is
h=q—6¢"+9¢° + 4¢* + O(¢°).

Ratios of successive critical values

Theorem 3.1.3. For b/, h" € S13(I0(3),X") and h € Ss(I'y(3)) as above, and for an integer
mwith 9 <m < 11, one has:

L(m,h x 1) L(m, h x h")

d 1y).
Tt Lhx i) — Limt Lhxhyy medhs)

The ratios of the Rankin-Selberg L-values are calculated exactly as in the previous sub-
sections. The reader should keep in mind that h"? = b h"P = h", (R h") = (K"'P h""*) =
(" k"), and Ly(s,x'x) = L(s,x’) is the Dirichlet L-function for the unique quadratic

character modulo 3. The ideal factorization of the difference of the ratios % —
%, for m = 11, in the number field Q(z4) is given by:

LO1,hx K) L1,k x k") 1\ 1 ) 1
_ —([2. = : — 1])2. — 9
Loz xw) pazaxwy - A\ Big ) (Bgn ) ((3gn+2))

: ((5, %ul - 2) )t ((5, 1—181/1 - 3) y“teanTt. ((13, %81/1>) - (<71, 1_18”1 + 20) )L

So they are congruent modulo [;3; the same conclusion holds for the other ratios as well.

3.1.4  Sos(SLy(Z)) x Si3(To(3), x')

Unlike the previous examples, here k£ > k" and the cusp form of higher weight & is fixed, and
the modular forms of lower weight &’ vary in a congruence class.

For the weight k£ = 26 cusp form, take h € Sas(SL2(Z)) with g-expansion
h = q — 48¢* — 195804¢® — 33552128¢* — 741989850¢° + 93985924¢° + O(¢").

and view it as an element of Sys(I'1(3)).
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We take two cusp forms of weight 13 and level 3. In order to have consistency of notations
we call the nebentypus character, which is the non-trivial primitive character modulo 3, to be
X'. It is already established that 2’ = h” (mod [;3), where [;3 is the prime ideal lying above
(13) C Z in Q(v), where i = —8424.

As a Hecke module, the 7-dimensional space So6(I'1(3)) decomposes into a sum of:

1. a 2-dimensional subspace with a basis of the old forms h and h := (3) - f = f(32),

2. a2-dimensional subspace with a basis consisting of a newform and its nontrivial Galois
conjugate,

3. a 3-dimensional subspace with a basis consisting of a newform and its two distinct
Galois conjugates.

This data is obtained from the L-functions and modular forms database LMFDB [?]. As there
are in total 5 newforms, finding an extension of Q(;) containing all the Fourier coefficients
of such newforms is computationally taxing. Instead, as a work around, we compute a basis
consisting of Fourier coefficients in Q, for the space in (2) and for the space in (3). This can
be achieved in SAGE by applying the decomposition() command on any Hecke operator
away from the level.

If hy is the holomorphic projection and hy = cof + ¢1f + - -+ € Sas(I'1(3)) then it is no
longer true that (h, hy) = co(h, h), since (h, h) # 0. Hence ¢,y is not the correct L-value.
So while returning the L-value this has to be taken into account. The relation between (h, h)
and (h, h) is as follows: Suppose i € Si(I';(IN)) be a newform. Let a(p, h) be its coefficient
at p. In S, (To(Np)), taking h(z) = h(pz) one has:

A B B _p™a(p,h)
(hy B)rovp) = (M(p2), h(2))rovp) = (M(2), B(D2))ro(vp) = E—

See Bellaiche [2, p. 284].

<hv h>F0(Np)'

Ratios of special values

In this example, we verify the congruence in all cases except one recorded in the following
theorem:

Theorem 3.1.4. For h € Sas(SLo(Z)) and b/, h" € S135(I'0(3), X') as above, and an integer
m with 19 < m < 23, one has:
L(m,h x h'")

L(im,h x W) (mod I13)
Lim—+1,hx W)~ L(m+1,h x h") 1

Forthe ratios of the right extreme critical values, one has for the Rankin—Selberg convolutions,
the congruence:
D(24,h x h') D(24,h x h")

= dl
D hxl) — Do) (modhs):
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however, for the ratios of completed L-values, one has:

L(24,h x K"
L(25,h x B

L(24,h x h')
L(25,h x 1)

§é (mod [13).

For 19 < m < 23, the congruence is verified as in the previous sections. In the exceptional
case m = 24, the non-congruence for the ratios of extreme critical values is explained like this.
The character of f € Si(I';(3)) is trivial modulo 3 and the character of g, g2 € Sk(I'0(3), X’)
is the non-trivial quadratic character modulo 3. So

Loo(24,h X B)Ly(2-24+2 =26 —13,xx) _ Loo(24,h x B")L(11,x') _ 60951
Loo(25,h x W) Ly(2-25+2—26 — 13,xy')  Loo(25,h x h")L(13,y) 444808

The first few prime ideals (written in the increasing order of their norms) appearing in the

ideal factorization of the quantity égg}}iiz:g — ﬁgggiﬁ;g in the number field Q(v) is

(<2’ %8”1))_9 ' ((3’ 1—18V1 + 1))2 : ((5, 1_18”1 - 2))‘1 : ((5, 1—18u1 - 3))—1
'((7’ 1_18”1 + 3) )_2'(<7’ 11—8V1 + 4))_2-((13, %m) )~2-(19) 7 ( (31, 11—8u1 + 6))—1 .

Hence

/ "
In fact, Dt 1 ot
s (DEQSZ T h/; - DE%Z T h//g) =1 (3.2)
The reason for non-congruence is due to the ratio ﬁg;i:i of the abelian L-functions. Since

L(13, x) has in it the generalized Bernoulli number B3, = —1445626/3 = —1-2-371.7.
13? - 47, the congruence modulo P15 in (B.2) gets ‘cancelled’ by the 13% in the denominator

of % explaining the non-congruence in (B.1); see also Section 6.3.6.

3.15 SQ4(SL2(Z)) X MlQ(SLQ(Z))

We may also vary the modular forms in a congruence class with one being cuspidal and the
other an Eisenstein series. In this section, we vary the lower weight modular forms of weight
k' = 12, with one form being the Ramanujan A-function, and the other form the weight
12 Eisenstein series. More precisely, let h be the newform of weight £/ = 24 for SLy(Z)
with g-expansion h = q + Soq® + (—4853y + 195660) ¢* + O(q*), where S, satisfies the
polynomial z? — 1080z — 20468736 € Q[z]. This is one of the newforms from Section
B.1.1. For the smaller weight | = 12, take b/ := A € S15(SLy(Z)) and h" := Eyy(z) =
691/65520 + g + - -- € M;2(SL2(Z)), the Eisenstein series of weight 12 and level 1. The
well-known Ramanujan congruence asserts that 2’ = h” (mod 691).
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Theorem 3.1.5. For f € S94(SLy(Z)) and g1, 92 € M12(SLa(Z)) as above

L(m,h x ') L(m,h x h")
Tt Lhx i) = LimtLhxhy (modlen) form=2221,20,19,18.

The p-th Fourier coefficient of Ey; being p'! + 1, one has L(s, h X E19) = L(s,h)L(s +
11, h), it is probably more enlightening to write the above congruence as:

Lim,h xA) ~_ L(m,h)L(m —11,h) (mod Lsg1)
Lim+1,hxA) — L(m+1,h)L(m—10,h) ot

In a similar vein, by Shimura [?, Lem. 1], one has:

D(s,h)- D(s—11,h)
((2s — 34) ’

D(s,h x ") =

where ((s) is the Riemann zeta function and D(s, f) = Y_>° | a(n, f)n~5. Therefore,

D(m,h,h")  ¢(2m+2—34) D(m,h) D(m—11,h)

D(m+1,hh")  ((2m —34) D(m —10,h) D(m+1,h)

B (<2w1—_1>2 “?Zﬁ f§4?;4>) ' ((W—ngﬁ}g - 10, h))

D(m —11,h)
(2mv/—=1)"'D(m +1,h) )
The first term inside (- - -) is rational due to well known result on the special values of the
Riemann zeta function. The second and the third term are algebraic due to equations (.11)

and (2.12). Hence we use the algorithm described in Section to calculate the ratios of

. m,hxh' . m, m,h .
the special values % The ratios \/%()m{ ) s and 5 \/%()m_)z b depending

on the parity of m are summarized in the table.
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m D(m,h)
(=27v/—1)™—1D(Lh) m D(m,h)
1 1 (_27].\/_71)m72D(27h)
2 1
3 __569__g 16757416
T 1882576080070 T 196101675 4 __L g _ 5o
5 3403 By + ~Avs11069 151200000 ~ 630000
218993544000 0 T 1562365500 6 1 g4 12031
7 L lT0sy g 854671739 2659392070 T 1108080
17869873190400 70 ~ 744578049600 8 1783 __1188 g 5312293
9 6538127 B + 10060850717 T 8037273600070 T 3348864000
1250891123328000°0 T 52120463472000 10 8 31327
1 300417 By — 169463087 2344204800 0+ 97675200
774361171584007°0 — 3226504881600 12 84T Y 371437
13 390477 B + 169463087 T 602795520000 T 2511648000
77436117158400°0 T 3226504881600 14 By + 31827 31327
15 | = 0538127 __g 10060850717 2344204800 0 T 97675200
1250891123328000°0 ~ 52120463472000 16 1783 115 5312293
17 147089 B + 854671739 T 8037273600070 T 3348864000
17869873190400 70 T 744578049600 18 By + 12031
19 3403 B 40511069 26593920 0 1108080
T 2189935440000 T 4562365500 20 1 8 50291
91 569 By + 16757416 151200000 ~ 630000
1882576080070 T 106101675
22 1
23 —1
From the table above one concludes
L(22,h x h") 19153 . 23359724
L(23,h x h') 3052249200 63588525

Similarly, for the other ratios in the right hand side of Thm.3.1.5 are determined. For the
left hand side of Thm.B.1.3, note that % and the ratios of successive critical values

% have already been calculated in Sect.B.1.1. The prime ideal factorization of the

difference of the ratios has the following shape:

1 . 1
L(23,h x 1) 1375150—-20>) 1-(<73,5150_.6))

-((691,§%ﬁ%——12)) -((691,§%ﬁ%—%658))- ((23003,52504—2325)).

L(22,h x 1)

L(22,h x 1) (
L(23,h x b")

The only prime that ramifies in Q(/) is 144169. The ideal lg9; := (691) C Q(fy) is split and
has the factorization ((691, 5; 5 — 12)) - ((691, 5330 + 658)). Hence

L(22,h x h')
L(23,h x 1)

CL(22,h x W)
= L(23,h x i) (mod fgo).

Same conclusion holds for other ratios as well.
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3.2 An example for the algebraic part of D(m, f)

321 S5(T1(4))

In this section we shall see the second algorithm in action when the level is not necessarily 1.

Theorem 3.2.1. Let f € S5(T'1(4)) be a newform with g-expansion f(q) = q—4¢*+16¢*+- - -.
Then
DS _ . DE.J)_ 5

D2.f) 5 " Da,pH 12

Proof. The space of modular symbols is generated by the following Manin basis

= [X?,(0,3)], e2 := [X?,(1,2)], e3 := [X?,(2,3)], es := [X?,(3,3)].

Express the modular symbols b; := [Y3,(0,1)], by := [XY? (0,1)], b3 := [X?Y,(0,1)],
by := [X?3,(0,1)] in terms of the Manin symbols.

1 8 4 2
b1 = 061 + —e9 + —€3 + —€4, bg = 061 + 062 — 563 + 064,

3 3 3
1 2 1
b3 = 061 — 562 — 563 — 564, b4 = —e1 + 062 + 063 + 064.

Note that we write the modular symbols X7 ~'Y*~2-0=1) & {0, oo} equivalently as the Manin
symbol [ X7~y =2-G=1 (0, 1)].
So the matrix A in algorithm in Section in our case is
0 1/3 8/3 4/3
0 0 -2/3 0
A= . (3.3)
0 —1/9 —2/9 —1/9
—1 0 0 0

From the previous equations one obtains

(F.b0) = O(f, 1) + 5 (Fre2) + S(Fre) + 5, e4),
2
(f? b2) = 0(f7 61) + 2(]07 62) - %(f 63) 1( ) (34)
(f,b?,):O(f,el)_§(f,62)_§(f,63)_§( es),
(f,ba) = =(f,e1) + 0(f, e2) + O(f, e3) + O(f, e4).
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The matrix of the Hecke operator 75 in terms of the Manin basis is

6 0 0 0
0 -3 0 -1

B= . (3.5)
4 -8 —4 8
0 -4 0 0

It is known that T5(f) = a(p, f)f = —4f. Invoking the Hecke equivariance of the pairing
(+,-) in Theorem and using the first equation in (3.4 we get

—A(f,e1) = (—Af, 1) = (Ta(f), 1) = (f, Ta(ex)) = (f, 16e1 + des)
— 20(f,e1) +4(f.e3) =0 (Due to the bilinearity of the pairing (-, ))

The relation Th(e;) = 16e; + 4es is due to the first column in (B.5). Similarly,

20 0 4 0 (f,e1) 0
0o 1 -8 —4 ,€ 0
(fen) | 6
0O 0 0 O (f,es) 0
0 -1 8 4 (f,eq) 0
The matrix B — a(2, f)1, is nothing but the one in (B.6).
20 0 4 0
1 -8 —4
B _a(27f)]4 =
0 0
0 -1 8 4

Combine the equations (B.4) and (B.g) to get

—_

1000 0 F £ F)\[((fib) 0
01000 0 %2 0 (f,b2) 0
oo1oo & 2 1 (f,b3) 0
0001 1 0 0 0 (f,00) | 0
00002 0 4 0|(e)]| o
0000 0 1 -8 —4|[(fe) 0
00000 O 0 O (f,es) 0
0000 0 -1 8 4/ \(fie) 0
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The above system of equations after row reduction is equivalent to solving the following
system of equations.

I
_
o

100000 = BN\ [(fib) 0
010000 2 0 (f, b2) 0
001000 ¥ 3 (f,bs) 0
000100 - 0 (f,00) ] |0
000010 L ol|ren| |o
000001 =8 —4]](fe) 0
00000O0 O O (f,e3) 0
000000 O O (f,es) 0
Hence
(f>bl)—%6(]0,63)—2“764):0,
(ba) + 5 (fse9) =0,
(F,b3) + 5 (Fres) + 2 (fea) =0,
(Fb2) = 2 (fre9) =0,
Assuming (f,e3) # 0and 2(f, e3) + (f,eq) # 0 we get
(b)) _ =3 (Fb) =5
(f,b2) 10 (f,br) 24
The claim follows from the equations (2.11)) and (2.12). [l

If the algorithm is implemented in SAGE one might get a different Manin basis but the
ratios will be the same.

3.3 A conjecture on the Rankin-Selberg L-functions

Recall, we wanted to investigate whether

L(m,h x 1) L(m, h x 1)
W=n" dl) = ’ = ’ dn?
(mod ) Tt Lhx i)~ Lim+ sk medl

Keeping the above examples in mind which lend credence to this principle, while accounting
for the exceptional situation as in Thm. B.1.4, we formulate the following conjecture:


www.sagemath.org
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Conjecture 3.3.1. Let ', h" € S (N, x') and h € Si(N, x) be normalized newforms with
K —k > 2 (resp., k — k' > 2) depending on whether k' > k (resp., k > k'.) Let | C
Q(h)Q(R)Q(R") be a prime ideal such that

a(n,h') =a(n,h") (mod ) foralln € N.

For an integer m with # —1<m<E —2(resp. % —1<m <k —2), assume:

L "YLar(2 2—k — !
" so(m, h X W)Ly (2m + k' — k., xx') > 0. 3.7)
Lo(m+1,h x M)Ly(m+4—Fk —k, xx')
Then for all such m one has the congruence:
L(m,h x K L(m,h x h"
(mhx i) —_ _LOmh X W) - oqn. (3.8)

Lim+1,h x 1) L(m+1,h x h")

In the preceding section this was verified in many examples. Especially, note that the hy-
pothesis (B.7) has been introduced to take care of the exceptional situation in [Theorem 3.1.4;
see also for another explanation. In the upcoming chapters notations will be
set-up and some classical results will be recalled. In the final chapter, a variation of the con-
jecture will be proved using the machinery of Eisenstein Cohomology developed by Harder
and Raghuram [7].



Chapter 4

Cohomology groups and automorphic
L-functions

In this chapter we set-up some notations and recall some classical results.

4.1 Preliminaries

Throughout A/, " € Sy (N', x')"" and h € Si(N, x)"" are newforms. Fix a large number
field E containing the Fourier coefficients of h, h’, h”. The ideal [ in the ring of integers O
of E such that #’ = h” (mod [). We also make the assumption that [ > 5, where | = [N Z.

Let £ denote the [-adic completion of E and O, the ring of integers of Ey. Fix ¢ : £, = C
an embedding throughout. Suppose V' is any Og, O, E, £} module then V' ® C will mean
V ®, C. We suppress the notation © when context is clear.

4.1.1 Basic notations

Let GG, be the algebraic group GL,,/Q with the chain of subgroups
G,>B,=T1,U,>T, D Z,,

where B, is the upper triangular Borel subgroup, 7;, the torus consisting of all the diagonal
matrices, U, the unipotent radical of the Borel, and 7, the center of G,,. Let X*(7},) denote
the group of characters of 7}, which is free abelian group on the basis ey, e,, .. .e,, where
e; : diag(ty,te,...,t,) — t;fori = 1,2,...,n. Then §,, = e; + ey + --- + e, is the
determinant character. Let vi,72,...,7-1 € X§(T,) = X*(1,) ® Q be the fundamental
dominant weights with respect to the usual pairing. Let A,, denote the set of roots and A! is
the subset of positive roots with respect to B,,. Let 11,, denote the set of simple roots e; — e;
fori =1,--- ,n— 1. Let W, denote the Weyl group of (G, which will be identified with the
set of permutation matrices.

34
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We will be using rank-one Eisenstein cohomology when the ambient group is G4 =
GL,/Q. In that context, we will let P denote the standard parabolic subgroup of G, cor-
responding to the deletion of the simple root e; — ez of I1,. Then P is the (2, 2) block upper
matrices in G4. Let Up denote the unipotent radical of P and x : P — P/Up = Mp be the
projection onto the Levi quotient Mp = G5 X G5. (The notation G5 standing for GL,/Q will
cause absolutely no confusion as we won’t use any exceptional group.) The simple roots of
Mp are Iy, = {e; — ey, €3 — e, }. The Weyl group of the Levi is denoted by W** which is
isomorphic to Z /27 x 7 /27 and realized as a subgroup of the Weyl group W, of G,.

The set WP = {w € Wy | w™a > 0,Va € II, } is the set of Kostant representatives
which is in bijection with the right cosets W, \W,; there are six elements in . They are

enumerated in Section 5.1|.

4.1.2 Sheaves and cohomology

Locally symmetric spaces

Let A denote the ring of adeles and Ay C A denote the finite adeles. If SO(n) denotes the
standard special orthogonal group as a subgroup of G,,(R), then let K, o, = SO(n) x Z,,(R)°,
where (-)° denotes the connected component of the group. Let K; C G, (A;) be an open
compact subgroup. The adelic locally symmetric space is

Si) = Gu(Q\Ga(A)/ Koo - K.

Highest weight representations

A weight 1 = bye; + --- + b,e, is integral if by, ... b, € Z, and dominant if b; > --- >
b,. For such a dommant integral weight, let M, denote the finite dimensional irreducible
representation of GG, with highest weight p which is defined over Q. For A = E, Ej, C, define
M4 = M, g®A. Foranintegerm € Zput u(m) = p1+médy,; then M) = M, ®@det™.

Sheaves and their cohomology

Letm: Gn(A)/Kpoo X Ky — S be the projection. For A = F, E, C, define a sheaf/\/luA
whose sections over an open U C S Kf is given by:

M a(U) = {s: 77 (U) = Mya | s(7.9) = vs(g) Vv € G2(Q)}.

Let H ‘(Sﬁgf), M ., i) denote the sheaf cohomology groups. For A = E, Ey, C, one has iso-
morphisms for changing the base: H’(S%, Ma) = H’(S%, M) @A MK p C Ky
then there is a natural map H'(Sé(l)f, M, g)— H'(S;?z)f, /K/leE), letting us define

H*(S™, MVME) = colimeH'(Sﬁgf)7 MVME)
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The mirahoric congruence subgroups in G5 and G4

For a prime p and an integer n,, > 0, let

K,(n,) = {9 € GLy(Z,) | g = :; j (mod p™)}.

~

For a positive integer N, put n, = v,(/N) and let /& (N) be the subgroup of GLy(Z) defined

as K1(N) = [[,.., Kp(ny). Similarly, in G4, define
( kook o ok ok )
ok %k
K, == ¢g9€GLy(Zy) | g = (mod p"?)
%k ok %
0001
\ /

and define K} to be the subgroup of GL,(Z) by KV = [l K"

Inner cohomology of GL,/Q

For the level structure K;(/N) in G, abbreviate sz)(N) = Sgl)(N). For A = E,E,C,

let H}! (SEZ) (N), M u,2) denote the inner cohomology group, by which one means the image
of cohomology with compact supports inside full cohomology. If S denotes the set all the
finite places p|NN, then the action of the Hecke algebra H3 = ®;W C>(G2(Qy) ) Ga(Zy))

on H} (Sf) (N), MVME) is semi-simple. Let Coh(Go, u, K1(IN)) denote the set of all isotypic
components of H(S\*(N), M, ).

Representation at infinity

We will assume the weight 4 1s regular. Given an absolutely simple Hecke module o, €

Cohy(Go, i1, K1(N)), under the embedding F; = C, the module o is the K; (N )-invariants of
the finite part of a cuspidal automorphic representation which (up to a minor abuse of notation)
will be denote o; its representation at infinity o, is an essentially discrete series representation
D, of GLy(R) such that such that the relative Lie algebra cohomology H'(g2, K2 o0, D, ®
M,, ) is nonzero. The notations are as in [[7, Section 3.1].

4.1.3 Integral structures on cohomology groups for GL,
Highest weights for modular forms

For an integer k£ > 2, define:
M = (k‘ — 2)'}/1 + (k’/Q — 1)52 = (k’ — 2)61 + Oeg.
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The underlying Q-vector space of M,,, consists of homogeneous polynomials of degree k —2
in two variables X and Y with coefficients in Q. If the £ is clear from context then p := .
Also, k > 2 if and only if py is a regular weight. Similarly, an integer £’ > 2 determines a
i’ = p. Hereafter the weights 1 and 4/ will be assumed to be regular.

Integral sheaves

Assume N > 3. One can also re-define the sheaf M e With respect to the projection:

™ Go(Q\ (Ga(R)/ K x GlAY)) = SP(N)
In this case, sections over an open set U is given by:

MM,E ={5:m'(U) > M,p® AEEOO)] 5 is locally constant,
95 - 8(%00,97) € M, p and §(zo, grky) = k;l - S$(Zoo,g97) YV kp e Kq(N)}.
Take M, o,, to be the O p—lattice generated by X7Y "2~ Itis clear that for A = O, E, Oy, E;, C,

one has M, o, ® A = M, 4. Itis also clear that M, o, ® Op is stable under the action of
K1(N).For A = O, E, Oy, E, C, define:

—~

M, a={5: m  (U) — M, 0, ® @E\ § is locally constant,
9 - 8(0, 9f) € M0, ® A and 5(xe, grks) = k:;l - $(To0s gf) ¥V kf € Ki(N)}.

If N = 1,2 we do usual modifications; see Hida [9, Section 5.3.2].

Classical cohomology groups

Let H denote the complex upper half space which is acted upon by SL,(R) in the usual way.
The group I';(N) = GL3 (Q) N K, (N) is the congruence subgroup of SLy(Z) of matrices
which are congruent to (} %) modulo N. Put X;(N) = I'y(N)\H. Let 7y : H — X;(N) be
the canonical projection. For A = Op, E, Oy, E}, C, and an open set U C X;(N), define

M, 4(U)={s: T (U) = M4 |s is locally constant;
s(7(2)) =7 -s(2), Vy € ['1(N), z € H}.

Given a gy € G2(Ay), one can express gy = vk for some v € G2(Q) and ky € K;(N).
The map G(Q)(9oo, 9£) K200 K1(N) — T'1(N)y 19 - v/—1 is a homeomorphism between
SP(N) — X1(N), giving then an isomorphism of sheaves M, 4 — M, ,, from which
one has:

H} (S (N), Mya) = H} (X1(N),M,, 1), A=Og E,OE.C
Furthermore, there is also a canonical isomorphism

HY (X1(N), M, 4) = H} (T1(N), M,,.4),
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where the latter are the parabolic cohomology groups defined by Shimura [22, Chapter 8]; see
also Hida []10, Appendix]. Since O, E, E}, C are all flat Og—modules one gets

H!l(rl(N)vMMOE) ® A= Hll(rl(N>7Mu7A) for A = O[7E>E[7(C-

See Hida [[10, p. 168] which in turn implies

—~

Hll(SF)(N)’Mu,OE) ®A= H!l(S?)(N)anM,A) for A = O[7E7 EUC' (41)

When the

Avoiding torsion in integral cohomology

For an integer N > 1, define a finite set of prime ideals:
Sy :={p | p is a prime ideal of O which divides N}. (4.2)
Similarly, for an integer k > 2, define another finite set of prime ideals:

Sr = {p| pisaprime ideal of O over any prime p < k}. (4.3)
If I ¢ Sy USy then by Hida [9, (1.14;)], the cohomology group H,l(Sf)(N), /K/lvu,@E) has no
[-torsion.

Tate twists

For A = Op, E, Oy, E;, C it is clear that M, , = M, .,y 4 due to sheaves being defined by
the action of v € SLy(R). Hence we fix one integral structure, namely the image of

H}'(Py(N), My0,) (resp. HY (F'i(N), M,,0,)) (4.4)

in all of the cohomology groups H} (5> (N}, Mumy.) (resp. HY(S (), Mumy.,)) With
m € Z. It should be kept in mind that the twists appear when one considers the action of an
integral Hecke algebra on integral cohomology.

For any of the cohomology groups we will be considering, the notation A 7(...) will be used
to denote the images of the integral cohomology group in the rational cohomology group. The
is done to ensure there are no torsion cohomology classes. As noted above, for G5 = GL,/Q,
if we avoid a suitable finite set of primes as in then there is no [-torsion and we may
simplify the notation H,'(...) to H!(...).
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4.1.4 Cohomology of the Levi quotient Mp = G5 x G5
Kiinneth isomorphisms

The weights ;. and 1/ give a highest weight ;1 + ¢’ for Mp. For A = E| E}, C, denote the coho-
mology group at degree 2 of the locally symmetric space associated to the Levi quotient Mp
by H?(SNT s /\/luﬂ,,A) Here the level structure K (N) x K;(N'), and coefficient system
is M,,1,s 4. If the weights ;. and 1’ are regular, then the notion of inner and strongly inner
cohomology in [7] coincide. Moreover, we have a Kiinneth isomorphism:

HE(SNE v My a) = HESP(N), My, 1) @4 HE(SE (N'), My a).

Integral structures

Via the Kiinneth isomorphism above, the image of
H (S (N'), Myop) @0, HIS? (N'). Muwo,) < HHSNE v My )
gives an Op-lattice which will be denoted H2(Sn7". x» M w0y )- Similarly, an Oy lattice:
HA(SNT yis My 0g,) © HE(SNT i, Myt ).

Suppose for the moment, 2 and S are commutative rings with 1 and R — S is a ring
homomorphism, and if M and N are R-modules then (M ®r N) ®g S = (M ®g S) ®s
(N ®g S). Applying this for O — A, for A = O, E, E, C, we get

(S%EN’v MH+IL,70E> ®op A= ]:I' (S]J\%SN’: M;H—u’,A)' 4.5)

There will be variations on the cohomology of the Levi (as when we look at both sides of
an intertwining operator), but the same recipe as above will be adopted for all variations.

4.1.5 Rankin—Selberg L-functions
Relation between classical and automorphic L-functions

Given newforms h € Si(N, x)"V and b’ € Si. (N, x')™" as above, consider highest weights
p=pur = (k—2,0)and i/ = pp = (K’ — 2,0), and Hecke modules in inner cohomology
o € Coh(Gy, ) and ¢’ € Coh(Go, 1) such that

o ZTM(h)| - |2 0! =T [TH (4.6)

where h and h'” are the C-valued automorphic forms on GL»(A) attached to h and '” and I1(h)
and II(h"?) are the cuspidal automorphic representations generated by h and h'’” respectively.
The reason for taking h'? for o’ (instead of A’ itself) will become clear in (4.7) below. The
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reader is referred to Raghuram and Tanabe [[19] for details of the dictionary between the mod-
ular forms and cohomological cuspidal representations. In particular, one has the following
relations:

1
Lis.0) = Lis+5.h), L(s,0") = L(s+kz—;,h),

and similarly for ¢/, b’ and £’. Furthermore, for an integer m, the Tate-twist o (—m) has coho-
mology with respect to y(m), then we have the following relation between the automorphic-
representation theoretic and the classical Rankin—Selberg L-functions:

L(s,0(—m) x ") = L(s+k —m—1,h x I/). (4.7

All this applies just the same to the pair h € Si(N, x)"" and h” € Sy (N, x")"V.

Setting-up the context of Eisenstein cohomology

To apply the machinery of [[7], we will be looking at the intertwining operator:
Ty (5)]s——2 : *Ind$ (o(—m) x ') — *Ind$(0'(2) x o(—m — 2)),

which in loc. cit., gives a rationality result for the ratio:

L(—2,0(=m) xd")  L(=2—-m,0x0o")  L(k'—=m—3hxh)
L(—=1,0(—m) x o")  L(—=1—m,o xo")  L(k'—m—2,hxh)’

provided m satisfies the constraints imposed by combinatorial lemma which is exactly equiv-
alent to the above L-values being critical; from the factthat {m € Z | k < m < k' —1} being
the critical set of L(s, ' x h), imposes the following bounds on permissible Tate-twists m:

-1 <m<kK—-k-3.

Furthermore, to carry out [[7], the data (1 (m), g ) needs to be on the right of the unitary axis

(required for a certain Eisenstein series to to be holomorphic), which is the condition:

kK —2 k—2
2 2

kK —k

-2+ — 2.

+ m) >0 <— m <
Hence, as m varies from —1 to % — 2, we are looking at the string of ratios of L-values

from the rightmost up to a little more than the central value:

LK —2,h x 1) L(K —3,h x 1) L[ M= b x 1)

LK —1,hx ) Lk —2,hx k) " L] < w)

If we are on the left of the unitary axis, then reversing the direction of the intertwining operator
and using the functional equation offers the possibility of a result for all successive ratios
critical values exactly as in [7]; see the discussion in Sect.[6.3.4.
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4.2 Hecke algebras and Gorenstein property

4.2.1 Classical Hecke algebras

For A = O, E, Oy, E}, define A sub-modules of the space of classical cusp forms Si(N) :=
Sk(T1(N))tobe Si(N, A) = {f =>_.",a(n, f)g" € Sk(N) |a(n, f) € A Vn € N}. Recall
a theorem of Shimura, Deligne, Rapoport and Katz; see Hida []11, Chapter 3].

Theorem 4.2.1. For A = Og, E, Oy, E| the space Sy(N, A) is an A-module of full rank in
Sk(N), i.e.,
Sp(N,A) ®, C = Sk(N). (4.8)

For A = Og, E, Oy, E; define h, (N, A) C End4(Sk(N, A)) to be the usual Hecke algebra
generated by the operators 7'(p) for all primes p and T'(p, p) for p + N. Due to the perfect
pairing (-,-) : Sp(N, A) x hi(N,A) — A, (f,T) — a(1, f|T), Hida [11, Theorem 3.17],
one gets hp(N,Op) ® A = hy(N, A) for A = E, Oy, E;, C and

Sk(N, A) = Homyu (hi(N, A), A) (as hx(N, A)-modules) . (4.9)

4.2.2 Formalism of a Gorenstein datum

Suppose R is the ring of integers of a local field of characteristic 0 and [ C R will be the
unique maximal principal ideal of R. Let T be a commutative R-algebra with 1 which is also
finite and free as an R-module. Since R is complete T is complete as well. It is well known
that T has only finitely many maximal ideals and each such ideal £ defines an idempotent
eg € T. Furthermore, eeT = Tgand T = ) ,eeT = @T¢, where the sum is over the
finitely many maximal ideals. Let H be a fixed free R—module and also a T-module (not
necessarily free) and £ C T a fixed maximal ideal. Observe He = eoH and so He <— H. In
applications we will be under the following assumptions:

1. There is a T¢ equivariant isomorphism ®¢ : T¢ = Heg,
2. Hompg_moq (Te, R) = T as Te modules.

The second assumption is the definition of a ring (here T¢) being Gorenstein. Hereafter
call the tuple (R, T, H, £) which satisfies the the above assumptions to be a freely Gorenstein
datum.

4.2.3 Presence of two congruent morphisms

Assume now there are two distinct R-algebra morphisms ©',0” : T — R such that their
compositions with the map R — R/[ are the same, i.c.,

—/ —!

© =0,
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where, © := © (mod I) and @ := ©” (mod [); the kernels of © and ©" are the same;
put £ := ker® = ker® . Hence the morphisms ©' and ©” factors through Ty which will
be denoted by the same symbols. It will be assumed that (R, T, H, £) is a freely-Gorenstein
datum.

Lemma 4.2.1. Under the T ¢-equivariant isomorphism, say Ve : Hompg_oq (Te, R) = Ty,
one has

Ue(0), Ue(O") & ITe, We(O) — We(O") € [Ty
The algebra Tg acts on V¢ (O') and Vo(O") by the characters ©' and ©" respectively.

Proof. The natural map Hompg_,04(Te, R) ®r R/l — Hompg_poq(Te, R/[) is an isomor-
phism. Since T is a free R-module, fix an R basis {e;}?, of Tg to get a dual basis {e; }} ,
of Homp_mod(Te, R). Suppose >, ;e maps to the 0 element of Hompg_moa(Te, R/[). Then
evaluating at e; we see thatr; € [foralli = 1,-- -, n. Therefore, the element (>, e/ ) ®1 =
0 in Homp_04(Te, R) ®r R/ which proves injectivity. Using the dual basis e, one can show
it is surjective as well.

Due to the isomorphism V¢ we get the commutative diagram

~ via Ug

HOl’l’lR,mOd (Tg, R) > Tg

! }

HOl’nR_mod(Tg, R) QR R/[ _ Tg QR R/[

Nl lw

Hompa_mea(Te, R/T) —2 T T /T,

Since © = ©" in Homp_mod (Te, R/I) we have that W (@/) — Uy (@//) =W, (@, - @”) =
0 in T¢/ITe. Due to the commutativity of the above diagram the first assertion is true as
O(1)=0"1)=1¢1L

Now, for the second claim. Forall¢ € Tg onehast-©’ = ©'(¢)©' since forall z € T we
have (t - ©')(z) = ©'(at) = ©'(tx) = ©'(t)O'(z). Since V¢ is Te equivariant it is R—linear
aswellandsot - We(O') = We(t-0O') = V(O (1)O') = O (1)U (O). O

Lemma 4.2.2. Set v(0') := ($g o Ve)(O') and v(©") := (Pg 0 Ue)(O"). On the vectors
v(©') and v(©"), the algebra T acts by © and ©", respectively. Moreover,

v(0), v(©") & leeH, and v(©')—v(0") € legH.

Proof. Follows from and that both W and ®¢ are Ty equivariant. O
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4.2.4 Specializing to a particular T and H

Take T to be the Hecke algebra hy (N, Oy) and H the cohomology group H}' (X (N'), Mﬂ/@[).
Let © : hy (N, Of) — O (resp., O : hyy (N, Or) — Oy) be the morphisms 7'(p) — a(p, ')
(resp., T'(p) — a(p,h”)). Let £ C hp(N’, O;) be the maximal ideal determined by the hy-
pothesis © = ©” (mod [). Assume E is large so that T/£ = O/

Let o : Gg — GLy(T/£) be the Galois representation modulo [ attached to the Hecke
algebra morphism ©'. It is a semi-simple representation determined by

Trace ge(Frob,) = a(p,h') (mod [) and det e/ (Frob,) = x'(p)p* ' (mod I).
(4.10)
for p 4 N'l. This was constructed first by Deligne. See Gross [0, p. 483, Proposition 11.1].
Consider the twist poY'~* of the representation of pe by the character \’~ " which satisfies:

Trace go X'~ ' (Frob,) = a(p, )X’ *(p) (mod ) and
det o' (Frob,) = X' *(p)p* ™' (mod [). (4.11)

for p 4 N'l. This is the mod [ representation attached to the newform A”” = > >°  a(n, h')q"
or equivalently the Hecke algebra morphism O : 1y, (N', 1) — Oy, T(p) — X' *(p) a(p, h),
due to a(p, h) = X' (p) a(p, h) for pt NI'. Hence e is irreducible if and only if ggrx' ! is
irreducible. Also, the maximal ideal of hy (N', O;) determined by ©’ and ©” are the same.

Theorem 4.2.2. Assume | > k' and the Galois representation oe is irreducible. Then
(0[7 hk’(va O[)7 H!l(Xl(N/)v MM,(’X)(EI)’ 2) (412)
is a freely Gorenstein datum.

Proof. The Oy-freeness of H"(X,(N"), M, » )(¢') is due to the fact I > &’. Tt is proved in
Faltings and Jordan [55, Theorem 2.1] that hy (N, Oy)¢ is Gorenstein. The freeness condition
in the definition of a freely Gorenstein datum follows from the perfect pairing between Hecke
algebras and cusp forms as in (#.9) and the Eichler-Shimura isomorphism. ]

As a historical remark, the Gorenstein property of [-adic weight 2 Hecke algebras of prime
level were first studied by Mazur. In the ordinary case, this property is necessary and sufficient
for pe to appear with multiplicity-one in the [-torsion points of the Jacobian of modular curve.
Later for weights £’ > 2 it was shown that the corresponding Hecke algebras were Gorenstein.
See Hida [|11], Chapter 3 and Chapter 5] and the references therein for an alternative proof of
Gorensteiness using Taylor-Wiles system.

4.2.5 Explicit congruent cohomology classes

Theorem 4.2.3. There are cohomology classes Ov;'/ (h'P) and Ov;', (h"'P) inside the cohomology
group }NI}(S?) (N, ./f\/lv#/,ol)(e’) on which hy (N', Oy) acts by ©'P and ©"? respectively. They
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are non-zero modulo | but their difference is 0 modulo |, i.e.,

O (R), o () NS (N'), Myr.0)(€) @13
vy (W) = *uga (") € LSV (N'), Myr.0)(€): |
Also, fix a non-zero modulo [ cohomology class for the cusp form h:
v (h) € H (517 (). Muo)(¢ x 0p) \ TS (N), Muo)(¢ x op),  (4.14)

—~ ~ —~

where F1/(S1(N), M) (¢ x 0) is H!(SY(N), M) () V(ST (N), My (¢
O'f).
It is helpful to keep in mind that Ov;/,(h’p) = °v° (R'?) and Ov;/(h) = °y¢_(h) for

w(= p(=m)
any m,n € Z. Only the action of the Hecke algebra is different on these vectors. Fix the

notations

M+M (b, 0P) = Ovzl(h) ;(h/p) OU;//( 2)+pu( 2)(h/p h) = OU,Z/’(—Q)(h/p) ®OUZ/(2)(h)a
uw /(h, ) = Ovzl(h) (h”p) OUG( +u(2)(h” h) = va;/(fz)(h”p) ®OUZ/(2)(h)-
(4.15)

The vectors °v5 (h) ® °v¢, (h*") are in the isotypic components H? (SMP o My ) (& X
oy ® o) for” € {'” }. Similar comments apply to the other vectors.

Corollary 4.2.1. The vectors Ovzlw, (h,h'P), ovzlw, (h, h"*) are not zero modulo |, but are con-
gruent modulo |, i.e.,

“peipe (0 07, 20 (1) & THE (SN o, Miy,0)(€),
’ ;+/1« (hv h/p) - Uu+u’(hv h//p) S [H' (SJJ\\gNHMWru’,OI)(g/)
Similarly,
O1)6,( (h/p h) Ov€,’(—2)+,u(2)(h‘”p7h) Q [H' (SJA\;I’ZN7MM/(_Q).;,.u(g)»O[)(g/)?
° ;( 2)+u(2) (h h) ,u/’(—2)+u(2)(h”p7h) S [H' (S%I;N,M#,(72)+N<2)7O[)(g/).

The reader should note that the auxiliary cusp form h has no bearing on the choice of the
prime [. So we don’t impose the hypothesis that [ ¢ Sy, where £ is the weight of the form h.



Chapter 5

Integral structures on induced spaces

Here, a formalism of defining an integral structure on the invariant subspace of an induced
space through Mackey isomorphism is given. The following, combined with the double coset
representatives calculation in the next section, will enable us to give integral structure on
induced space considered in [[7] in the next chapter.

Suppose V' is an admissible Mp(Af)-module over E (resp., Ey). After inflating it to
P(Ay), let “Ind(V') denote the algebraically induced space from P(Af) to GLy(Ay). If Ky is
an open compact subgroup of GL,(A ), then one has the Mackey isomorphism:

“Ind(V)Kr 5 ) VESTED g S g(¢p), (5.1)
s

§rEP(Af)\GLa(Af)/ Ky

where K}WP (&r) = kp(P(Ay) NEr Ky 5]71) is a subgroup of Mp(Ay) for every &;. Suppose

Mp Mp
now each Vs €/) has an Og (resp. O))lattice, say oy Ky T &y )7 then an Og (resp. O))—
lattice in “Ind(V)%7 is defined to be all the vectors ¢ in the algebraically induced space such
that (&) € °VEr T (€),

In this chapter the double coset representatives will be enumerated when Ky = K }V +N'
From Corollary 5.2.1| of this chapter one obtains

Theorem 5.0.1. Let V' be an admissible M p(A f)-module, K }V N be the mirahoric subgroup

A

of GL4(Ay) of level N + N’ and K(M) is the congruence subgroup of GLy(Z) of level M
then
“Ind(V)KJ]‘HNI = @ Y EL (M) x Ky (M)

MM’
MM'=NN'

With the choice of the integral structure on “Ind(V)KJJCV - say ° CLInd(V)KJ]‘V " as men-

45
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. . .. . - ey ” KN+N
tioned in the beginning, it is clear that if ¢, ¢ € “Ind(V)"¢ then
¢ — ¢ el <° “md(V)5 ) =

> (") = apief™) e (EBC’VK“NN//M“Kl(M)) -
M M

(The notation fJ(IN) is explained at the end of this chapter.)
This observation will enable us to construct congruent vectors °¢’; and °¢’; in an induced

space defined in with the help of Corollary 4.2.1|.

5.1 Double coset representatives

In the next chapter, we define certain specific vectors in induced representations built from

the vectors in Section 4.2.5. Towards this, while using the Mackey isomorphism [Eq. (5.1),

we need to understand double cosets: first locally and then globally at all the finite places.
Specifically, in this section, we calculate an explicit set of representatives =, of the double

cosets P(Q,)\GL4(Q,)/ Kgﬁ"; , where K, »™ is the Mirahoric subgroup of GL4(Z,) of
level n,, + n;, and P is the (2,2) parabolic subgroup.

5.1.1 Calculation for the Borel and principal congruence subgroups

[Theorem 5.1.1 and Corollary 5.1.1| below are essentially due to Januszewski [[12]. We follow
closely the notation therein and reproduce the proof with a minor modification. Recall the
Iwahori decomposition of Q, points of G,, = GL,,/Q.

Gn(@p) = H Bn(@p)wjna

wGWn

where B,, is the set of upper triangular matrices, W,, is the Weyl group identified with the set
of permutation matrices and /,, is the Iwahori subgroup of G,,(Z,). Let J,,, denote the set of
principal congruence subgroup of level m of G,,(Z,), i.e., the set of matrices of g € G,,(Z,)
such that ¢ = 1 (mod p™). Let R,,, C Z, denote the complete set of coset representatives
{0,p,p% -+ ,p" '} of Z,,/p™Z,. Then the set

Rm == {’f’ = (Tij)ij c IN|7ﬂij < Rm}

forms a complete set of (left) coset representatives for I,,/.J,,. For w € W, we have the
obvious inclusion: B,,(Q,)wsJ,, C B,(Q,)wl,, for s € R,,. We have

B.(Qwl, = | ) Bu(Q,)ws .

SGRm
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The cosets on the right need not be distinct. The following theorem shows that we can take
the union over a smaller set of representatives and still get B(Q,)w/y. Before stating it we
need some more notations. Let Up denote the unipotent radical of B,, consisting of strictly
upper triangular matrices and U denote the unipotent radical of the opposite Borel subgroup
B~ of lower triangular matrices of G,,. For a fixed w € W, define B* := B,,(Q,) Nwl,w™*
and RY := R,z Nw Uz (Q,)w.

Theorem 5.1.1. For a fixedw € W, the set Ry,  forms a complete system of coset represen-
tatives for B(Q,)\B(Q,)wl,/ Jn, i.e.,

B.(Q)wl, = | Bu(Q)wsJp.

w
SERWB

Proof. The map sending the coset BYwsJ,, — B,(Q,)wsJ,, for s € R,,, is injective.
Clearly, it is surjective as well. So it is enough to show that wRy, 5 forms a system of repre-
sentatives for B*\ BYwl,,/J,,. Consider the following

Assumption 5.1.1. One can find elements u® = 1,,uD u® ... u™ € BY and recur-
sively define v () ... ¢ c I where r® = 1 and r+tY = wu®w - r® forv > 1,
such that r™ € w™ Uy (Z,)w.

From this assumption it follows if we define u := u™~V ... u(1) € B¥, then

1 —1, n—1_.

w-wrw ! = w-w luwrw™t = wwtu 1

wWDwrw™ = wr™w™! € Uy (Z,).
Suppose s € R, is a representative of the left coset wtuwr.J,, € I, /Jum then it follows
wsd,, = uwrJ,, = B%wsJ,, = BYwrJ,,.

So ws represents the same double coset as wr in BY\ BYwl,,/J,, . Since s € w™uwrJ,,
this implies wsw™' € wwrw='.J,, C Uz(Z,) )y, hence s € w Uy (Z,)wJ,,, whence s €
Ry Nw UG (Zy)w = B O

Assumption 5.1.1 can be shown by changing the definition of the (n — v, n — v) entry of
u(®) as in Januszewski [[12, Prop. 2.2]. This is possible because here u*) € B, (Q,) and not
justin Up(Q,) as in loc.cit.

Corollary 5.1.1. With the notations as in the previous theorem we have

B.(Q)wl, = [ Bu(Q)wsJn.

SE’R% B
In other words, the double cosets in the previous theorem are all disjoint.

Proof. Assume two of the cosets, B,,(Q,)wsJ, = B,(Qp)ws'J,, for s,s" € R}, p are the
same. This means BYwsJ,, = B“ws'J,,. Since B = B,(Q,) N wl,w™' = B,(Z,) N
wl,w!, we see that there exists u € B C B,(Z,) and j € J,, such that uws = ws'j.
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Observing that J,, is normal in G,,(Z,) we get that u = ws'w™ - ws™ w™'j’ for some j' €

Jm. But both the elements ws'w™! and ws™'w™" are in U (Z,) from the previous theorem.
Combined with the fact that u € B, (Z,) and v € Ugz(Z,)J,, we get u = 1,, (mod J,,,) if
and only if u € J,,. Then for some j” € J,, depending on u we have uws = wsj” = ws';j

because J,,, is normal in G,,(Z,)), hence s = s’ (mod J,,), whence s = s'. O

5.1.2 Calculation for the parabolic and the mirahoric subgroups

Now we focus on G4 = GL,/Q, and P the (2, 2) parabolic subgroup of with the Levi decom-
position P = MpUp. Let U, be the opposite unipotent radical contained in 5, . The Iwahori
decomposition gives

Gi(@Q) = [[ P@)w,

weW P

where W7 is the set of Kostant representatives. This is due to the fact that the Weyl group
of the Levi Wy, C P(Q,) and there is a bijection between Wy, \W, = W For a fixed
w € Wy define P¥ := P(Q,) NwlLw ! and RY := R,, N w *Up(Q,)w. (This RY is
different from the one in the previous subsection; this abuse of notation will not cause any
confusion.)

Theorem 5.1.2. For a fixed w € WY the set RY, forms a complete system of coset represen-
tatives for P(Q,)\P(Q,)wly/Jm, ie.,

P@)wly = [] P(QpwsJpn.

SERY

Moreover, we have from the Iwahori decomposition

H H P(Q,)wsJp,.

weWP seRY,

Proof. (The proofis essentially the same as Theorem 5.1.1.) The map P¥ws.J,, — P(Q,)wsJ,,,
for s € R,,, is injective. Clearly, it is surjective as well. So it is enough to show that wR;"
forms a system of representatives for P\ P“wly/J,,. Suppose IAssumption 5.1.1 holds for

u € Uz(Q,), giving @ M 4@ 43 e B and v M @ G @ ¢ I, Define
u® € P(Z,) and r® € I, by

"
4
u® = _Taw%)aw(l)

0 0
1 0
0 @ 1
4
0 T ow(@)ow(3)

= o O O

0

Here o, is the image of w under the usual (group) isomorphism W, = S4, where S, is the
permutation group of the set {1 2,3,4}. It is clear that u® € P and wr®w=! € Uy (Z,).
Therefore if u = u®u®uPu® then u - wrw= € wlhyw ' NUL(Z,). The rest of the argu-
ments are essentially the same as in Theorem 5.1.1| and [Corollary 5.1.1]. O
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Recall the notations 1, = v, (V) and n;, = v,(N’), and K, » »7 is the mirahoric subgroup
of GL4(Z,) of level n,, + nj,. Since J,,, 1, C K§p+n’7, from one gets

Corollary 5.1.2. The setJ, ey r{ws|s € Ry Jﬂ%} contains a complete set of coset represen-
tatives for P(Qp)\G4(@p)/KgﬁnP.

The representatives in the above corollary up to left action of P(Q,,) and right action of

K, " need not be distinct.

5.2 Explicit representatives

For¢, € P(Q,)\GL4(Q,)/K," "™ define K['(¢,) = P(Q,) N&K," ¢,  and K)7 (&) =
k(K[ (&)) denote its projection onto the Levi quotient via the canonical map kp : P —
P/Up = Mp. Since we need a explicit set of representatives, first, the set W will be deter-
mined.

Lemma 5.2.1. The following matrices are the explicit set of Kostant representatives W for
the (2,2)-Parabolic subgroup P of GL,/Q.

1988 1893 303
Wr= 10010 ) W2=\0100 ) W3= 11000 |>
0001 0001 0001
1382 0382 0852
We=1|0100 ) Ws=11000]> Ws=1\{1000 |-
0010 0010 0100

Proof. Recall, the definition W? = {w € W, | w™'a > 0,Va € Iy, }. Since [y, =
{e; — ey, e3 — e, }, a simple check shows that the enumerated elements indeed belong to wr,
Since they are distinct and a total of six, they are all the elements of W% due to the fact

WP & WMe\W,. O
So (Corollary 5.1.2 may be restated as that US_, {w;s|s € R;”; s } cONtains a complete set
p
, 1000
of coset representatives for P(Qp)\G4(Qp)/KSP+n”. For u = (g?l o 8) € Up(Z,), and
x3 x4 01

i = 4,5, 6, the matrices u; := w; 'uw;, explicitly given by:

are clearly in K;ﬁn;’. Therefor P(Qp)wisKgﬁn;’ = P(@p)wiK;p+n;’ fori = 4,5,6, and

(&
' RN TR VA

/
np+np

Lemma 5.2.2.



CHAPTER 5. INTEGRAL STRUCTURES ON INDUCED SPACES 50

(i) PQwsk"™™ = P(Qus K" ™ = P(Qy)uwek," ™ = P(Q)&" K"

np+ny, -1
(i) K}(&") = rp(P(Q) N & I,E" ) = Ky(n, + 1)) x GLa(Zy).
Proof. For (i), observe that

0090 0010 nptn
—_ P
Wy = W6\ 1000 and 1000 | € Kp
0001 0001
and, similarly,
1000 1000 /
_ 0010 0010 np+ny,
0001 0001

Hence P((@p)w4Kg”+n;0 = P(Qp)wg,[(gﬁn;’ = P(Qp)wﬁK;ern;’. To get the last equality of
(1), further observe that

1000 1000 100 0 0010
we — [0-101 0100 010 -1 0100
6~ 10010 0010 001 0 1000
0001 0101 000 1 0001
o AN CTEE AR
: - - 0100 ptny .
with 0010 € P(Q,) and 0010 {1000 € K, . This completes the proof

of (i).
ey (0) z-nptny £(0)~1 nh+np 1
For (ii), since P(Q,) N & ' Kp™ 7y = P(Q,) NwsKp" "wg ', and for an element

ki1 k12 kis kia k33 k3 k31 k32

_ [ ko1 koo k23 kog ) np+ny, —1 __ [ k43 kaq k41 ka2 s
k= ( Tt b o k34) in K, , one has wgkwg ™ = il e il I (1) follows. ]

ka1 kaz ka3 kag

From Lemma 5.2.2, and the discussion preceding it, one has:

+np

n, ny,+np
U P(Qp)wisKp = P(Qp>£;(70)Kp :

i=4,5,6 sGRnp+ ,

'p

ko3 kog ko1 ka2

Now, we will consider the other double cosets represented by w;s with ¢ = 1,2, 3, and s as

before. For an element u € U, (Z,,) as before, and for i = 1,2, 3, the matrices u; := w; Luw;

arc
it 0o
_ _ 1 _ 01 00
Uy = | 212210 ), U2= ootlol]>» Us=1\Vo0010]-
x3 T4 01 z3 0 1 0x3 x4 1

Fori = 1,2,3, if w; 'uw; € RY_, then since R;fp 4n C Iy, it is necessary that either
P

/
Np+ny,

X1, T2,%3,Ts € ply, OF T1,T3,T4 € PLy, OF T3,24 € pZ, depending on whether 7 = 1

-
»

Bw8o

- +ny
or 2 or 3. Henceforth, assume v,(x3), v,(z4) > 0. Moreover, P(Q,)wyw; ‘uw;K,"" * =
! ’
P(@p)quﬁn” since w; € K"

Lemma 5.2.3. For u € Up(Z,) such that uw € R, fori = 1,2,3, The double coset

np+n,

P(Q,)uk, " is also represented by one of the elements:

< ? 00
¢ = (086190,
pl 01

[eNelelod
.

for some 0 < j <n, + n;.
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1
Proof. Let u = (g

O OO

0
8) € Up(Zy), with v,(2), v,(w) > 0. If both w, z = 0 then u €
1

g o

) 0100
K, " S0 assume that’s not the case. If necessary, conjugating u by the matrix ([1, 9o 8>
0001

which belongs to both P(Q,) and K}J”*”{ assume v,(z) > v,(w) > 0 with v,(w) # oo orin
other words v,(z) > v,(w) > 0 and w # 0. If z = 0 then we skip to the next step. If z # 0
then since

1000 2~ twptr ()=o) 0 00 1 000 w1 zp~ (vp(2)—vp(w)
01 (i) 8 _ 7pvp(2)—vp(w) 100 pvp(z)—vp(w) 100 0
Twol (2~ tw—y)pr ) =er () y 10 0 001 0
0 w01
. . . n,+n .
and the observation that the last two matrices are in K,” ", one is reduced to the case that
z = 0. Define 2’ := (zz 7 w — y)p*»® ) Tt is clear that 2’ € Z,. Again, if y = 0 then
skip to the next step. If y # 0 then since
1 0 00
0p~rWy 00
0 0 10
0 0 01

1 0 00 1 0 0
[ 0o yp® 00 0 1 0
- z’ 0 10 0 prW 1
0 wy tup(y) 01 0 0 0
. . . n,+n
and the observation that the last two matrices are in X,”  ” and so one can assume y = 0.

)
Note that v, (wy 1p*®) = v,(w). Finally, due to
: )
0
0
1

0 1000
0 — 0100
0] — 0010
1 0cO1

it can be assumed 2’ = 0. Finally, if necessary, conjugate by a diagonal matrix which is in
both P(Q,) and K, »™™ and what remains is one of the £ O

0
0
1
0

oo O
—OO O

~
—=o OO

0
1
0
c

OO
o=OO
(=] lerlen]
OO+
oOoO+—O
o= OO

Theorem 5.2.1. For 0 < i < n, + n,,, we have K (51(,“) = Kp(n, +ny, —i) x Kpy(i). In
particular,

EMe(e0) = K, (n)) x Ky(n,), and KMP(E™) = K,(n,) x K,(n).

1]211 212 7]213 214 4

— 21 k2o kog koa pT P

Proof. For k = (k31 bon s k34> € K, note that
ka1 kaz kag kaa

k11 *k14p%+k12 k13 k14
(D) .06~ ka1 —koap'+ka2 ka3 koy
527 ]{ng - k31 —k3ap'+k32 k33 k34 : (52)
ko1p'+ka1 *(k24pl+k44)pl+k22pl+k42 ko3p'+kas koap'+kaa
. . . np+nl) np+n’
The case ¢ = 0 has already been proved. For ¢ = n, + n’, since (mp iy € K, 7, observe
§4 P> y4 p B

that

np+nt np+n’ npdn’ . (ny+n. )L
KNG Y) = ke(P(Q) NG RGTTG T

p
= kp(P(Q,) N K" ") = GLa(Z,) x Ky(n, +nl).
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Assume now that 0 < 7 < n, + n;,. Since kyy =1 (mod p™ %), one has kyp™ + ky = 1
(mod p'). Also, since vp(ks2) > 1), + n,, one has v, (kgop™) > 1, + 0, — i. The (4,2)-entry

. N—1
of the matrix in (5.2)) is O (because we are looking at a situation when &(f) k:&(f) isin P(Q,)),
which is

— (k’24pi + k‘44)pi + kgop' + kap = (—k’24pi + koo )p" — kaap' + kuz = 0
— (—]{324pi + ]{?22) = k?44 — k}42p_i =1 (l’l’lOd pnp—&-n;)—i)'

In other words, under the assumption ff,“kf}f)il € P(Q,), the (2,4) and the (4,4) entry of
the matrix in (5.2) are congruent to 1 (mod p"»*™ ") and 1 (mod p°), respectively. Since
kaip' + ka1 = 0, we get that v,(ka1) > n, 4+ nf, — i. Similarly, v,(kasp’ + kag) > i as
v(ky3) > n;, + ny,. Also, note that —k3ap' + k3o =0 = v,(ks2) > i > 0and ks; = 0. Now,
calculating the determinant by expanding the last row we get

Zy > deth = —kag[ka1(- -+ ) — ksa(- -+ ) + kaz(krakaa — kikay)]

4 kgl ] = kaol ]+ k|-
= —kual0 = p'(- ) + ksg(krakay — p" ()]
_|_pnp+”;£>[. . ] _p”pJF”;z[...] +p”p+”§>[. . ]

= —k44]{?33k’11k522 + pl( c ) + pn”+";_i(- N ) (after re-grouping).

This shows that %1 k9 and k33k44 are units in Z, as 0 < i < n, + n;,. Therefore,

kin —kup' + ko , , ,
det , = —(1€24pZ - k22>k11+(k14p1 - /f12)/€21 = kikot+p'(---) €Z,;.
ko1 —kaap" + ko2

Similarly,

k k
det I
kosp' + kag  Foap’ + kuy

Combined with the previous observations v, (k21) > n, + n, — i and v, (kozp™ + ky3) > i,
and (—koup’ + kap) =1 (mod p™ %) and koyp™ + kyy = 1 (mod p’) shows that

KMP(é())CK(n +n, — Kp(

For the reverse containment take an arbitrary ((¢4),(% Y )) € Ky(n, +n}, — i) x K,(i).
Then, one checks that

a b
= c d+d’—1 c’p_’ d' — 1
== ’ a’
k 0 b'p
—cp’ (l—d) 0

.. np+ny, 0) 7 ()1 a /
1spr+ ,f;(z)kfzg) GP(Qp)andKJP( k’fp ): cdvcg'>)' N
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5.2.1 A corollary for global level structures

Leti = (i,)pnnr Withi, € {0, ,n, +n,}. Set

£J(g) _ H {géip)} % H {1,} € GL4(A;), N, = H p», NO = NN'/N;.

p|NN' ptNN’ p| NN’
Corollary 5.2.1. For K; = K}V
K™ (€)= Ki(NW) x Ky(NG),
In particular, if i = (), NN (tesp., i = (n;,),nn) We have
K7'™(&f) = Kyu(N') x Ko(N) - (resp., K" (€f) = Ki(N) x Ki(N').)

As a shorthand for the notation 5](}) when ¢ = (m,,),nn Will be denoted as fj(pM) where
M = ,p". Hence K7 §(M) = Ki(NN'/M) x K{(M). Note that in particular
p|NN I f ;
K" (€)= Ky(N') x Ki(N) and K™ (¢ = K1(N) x Ki(N').



Chapter 6

The main theorems on the ratios of
L-values

In this chapter we use the formalism and the calculation of double coset representatives from
the previous chapter to give integral structures on algebraically induced representations given
in Harder and Raghuram [[7].

6.1 Integral structures on the induced space

Specialize by considering the mirahoric subgroups; let K = K N+N"For Hecke modules
in inner cohomology ¢’ € Coh(Go, ') and 0 € Cohy(Ga, ), and for A = E, Ey, C, define
I3(of,0%, €, A) to be the isotypic component

N+N/
Kf

“Ind (H!2(SMP7 My A)E @ 0p @ Ulf)) )
where ¢ = ¢ x €. Similarly, one can define the isotypic spaces
[f(af, 0}, e, A), Lf(a}(2),af(—2), €, A), If(a}/(Z), or(=2),€, A).

The latter two are algebraically induced representations of the isotypic components of coho-
mology of the Levi with coefficients M /(_2)4,(2),4. The subscript 4 in I3(...) is because
these induced spaces appear in the cohomology of the boundary strata 9pS*) with certain
coefficients at degree 4; see for some details.

Now, collect all these induced spaces (for A = E, Ey, C):

Bu+p, A= B B Blos0}e.A),

€/ o€Cohi(Ga,u) o’ €Cohy(Ga2,u’)

B +u2.0 =0 @ @ I[0h2).04(-2).¢ .

¢/ oeCoh (GQ,,U,) O'/ECOh!(GQ,p/)

54
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The notations I3 (u + g/, €', A) and I3 (' (—=2) + p(2), €, A) will mean the & = ¢ x ¢ iso-
typic component. There are only finitely many summands because we have taken K ]JCV N
invariants.

Applying the isomorphism in [Eq. (5.1) and Corollary 5.2.1| one gets for A = E, E;,C
Bt =@ @ HE W Muwa) @),

E/ MMI
MM/=NN’
L((=2) + > P H(Si o Mu2u).4) (@)

e M,M'
MM'=NN'

Now we can appeal to the discussion in the beginning of [Chapter J; the Oy or O—lattice
are clear; define for A° = Og, O;:

[S(M+M A%) @ @ H' Sj\j\gxMuMWruﬁAc’)’
€ M,M'
MM'=NN'

I (u'(=2) + =B P H(S\ o Mu-2u@.a0)-
€ M,M’
MM'=NN'
These are lattices in I3 (p + p1/, A) and I3 (11/(—2) + u(2), A) respectively when A = E, E}.
It follows from the definitions that for A = Oy, E, E, C:

I (p+ 1, Op) @o, A2 I3 (p+ 4/, A), and
(1 (=2) + p(2), Op) ®o, A = I3 (1 (<2) + p(2), A).

6.2 Congruence of the Eisenstein operator

6.2.1 Review of the work Harder and Raghuram

We briefly summarize the technical results of [[7]; especially, Section 5.3.7, Theorem 5.12,
and the proof of Theorem 6.2 in Section 6.3.7.

Here we assume that the pair of weights (u, 1') satisfies the conditions of the combinatorial
lemma (see [[7, Lem. 7.14]); this then gives us A a weight on GL,/Q which is of the form
A =w"" (u+ ) for a Kostant representative w € W with [(w) = 2 = dim(Up)/2. The
Eisenstein operator comes about as follows: assume the pair of weights (y, ') is on the right
of the unitary axis. For 7/ € Cohy(Gs, p) and 7 € Coh(G5, i1) the image of the composition
of maps:

(S M)\E)K N+N' t* (85 (4) M}\E)KNHV
{R4

T ISy 7 B) @ I(74(2), 74(~2). €, E)
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is a k.-dimensional subspace of I3 (7,7}, €, E) @& I3(7}(2), 74(—2), €, E), where k. is the
common dimension of the two summands I3 (¢, 7}, €, E) and I3(7}(2), 7¢(—2), €, E). The
image, denoted by J*(7/, 7¢,€, E), is of the form

I (rp1 € B) = {(bf, 05 + Tais(1, 7' € E)g) | &5 € I3 (75,74, E)}
where the Eisenstein operator Tg; is such that
Teis(1, 7, €, E) ®, C=Ty(-2, 7@ 1)°.
The Eisenstein operator is a rational ‘avatar’ of the map induced in cohomology by the stan-
dard intertwining operator which is only defined at the transcendental level.

Now collect all the summands by running over all the Hecke modules in inner cohomology.

Define:
4 4
ERM/ = E E E SRTN},E,.
¢ J’, T

Tl
Applying the above discussion on the Eisenstein operator, the image

! /
NN ¢ NN

HY(SW, Myp) s 5 HYOSW, My g)™s
R®

5 (p+ 1 E) ® [ (1(=2) + p(2), E) (6.1)

is a k-dimensional subspace of I3(u + p', E) @ I3 (i (—2) + u(2), E), where k now is the

common dimension of I3 (u+ /', E) and I3 (1 (—2) +1(2), E). The image of the composition

of maps, denoted by J(u, i/’ E), is of the form:

34(M7M,7E) = @@@{(¢fa¢f+TEiS(T7T,7€,7E)¢f)| ¢f € IE(TﬁT}’EI’E)}'

T T

Define an F—linear morphism from the sum of induced representations to this image as
follows:
T - L (p+ ', B) = 3 (p il E),
given by

/ /
§ ¢Tf,7'},€/ = E (¢7’f,7'},6/ ’ ¢Tf ,‘r]’,,e/ + Tgis (7-; T,€, E)¢Tf,7’},€’)?
T,7/ € T,7/ €
and, similarly, define an F—linear morphism from the image to the sum of induced represen-

tations:
w(=2)4+u(2) | ~
Ty (=2+u) . J4(/l, NI,E) — 15(//(-2) + /L(Q),E)

given by
Z (¢7’f,7},e’ ) ¢Tf,7’},5/ + TEis (7-7 T/7 6/7 E)QbT.f,T},e/) — Z TEis (T7 7—/7 6/7 E) (b'rf,TJ’,,E’a
7,7/ € 7! 7€

where ngTfJ},E/ € I3(ry, Tt €, ).
For A = F, E;, C define
Teis(1, 7', €, A) i= Tgis(, 7', €, E) @ A. (6.2)
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6.2.2 Another integral structure on the induced space
Using define an Og—lattice of full rank in J4(y, i/, E) as follows:

N+N'

R,
3 (u, ', Op) :=Tm (H4(35 D M) 34(u,u’,E)) !
3,y A) =T, i, Op) @0, A for A= Oy, E,C.

(2143 16 the I-adic completions will again be denoted by the

pAp
same symbols. The E—linear isomorphisms 7T2 + and e (241 peed not preserve the Op—

lattices in either of the co-domains. Also, to obtain the main result for other critical values,
one would also like to consider Tate twists. For an integer m with —1 < m < K-k _

2
consider the ideals

{33' €Op | Z: 7-"g(m)-i-u’ ([éf<:u(m) + 1 OE)) C j4(:“(m)v H, OE>}?
{z € Op | a7 CIHE (3 u(m), 1, Or)) C I (H(=2) + p(2 + m), Op)},

/
The extension of 77, , and 74

(6.3)

and define the union of their supports to be the set Sg;s of primes which we would like to
avoid in Eisenstein cohomology. By definition it follows that Sg;s = Sgis(u, ¢/, m) depends
only on the weights 1/ and p and the finitely many Tate twists and not on any of the isotypic
components of the cohomology group of the Levi. The following lemma follows from the
definition of Sg;:

Lemma 6.2.1. If' | & Sgj then

Lo (Lf(u( )+u 0)) C 3 (u(m), 1, 0y),

2)+p(2+m) 4 (64)
by CHHEE (5 (u(m), 1, 00) C I3 (1 (=2) + (2 +m), Oy).

6.2.3 Congruence of the Eisenstein operator

Theorem 6.2.1. Let gb} € Ip(of,0%, €, E) and ¢ € 170y, 0%, ¢ E[) Assume that | € Sg.
Also, assume ¢'; and ¢'; are integral in that they are in I} S+ €, O)). We have:

gb’f Egb;i (mod ) = TEiS(O',O'/,EI,E[)qf)/f ETEiS(a,U”,e’,E[)gb;i (mod ).

Proof. Suppose B C V and B’ C V' are O lattices inside E; vector spaces. Let T : V — V’
be a morphism of vector spaces such that 7'(B) C B’ then for z,y € V one has z = y
(mod [), which, by definition means x — y € [B, implies 7'(z) = T'(y) (mod [), which, by
definition, means T'(z) — T'(y) € IB'. Since [ & Sgis one has ¢y — ¢} € [ (IF(n+ 1/, €, O)) .
From which one gets 7, , . (¢}) — 7,0 (¢F) € [(T* (1, i/, €, Oy)). Hence,

7Tg’(—2)+u(2) (7,0 (0)) — 4 H(=2)+n(2) (7w (0)) € LI (1 (—2) + u(2),€,00),
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whence,

Tyis(0,0", €, B¢y — Tis(o, 0", €, )} € 1(IZ (1 (=2) + p(2),€,0y)) .

]

Define vectors in the induced space I3 (1 + 1/, €, O,) :
op¢ _ ¢\ o, ()
ey = 4 e R0 & =8 ey = | e b=
0 §r # gf 0 & # gf _

Similarly, define vectors for the pair (h,h”). Then the vectors are in the induced spaces
°¢ € I3 (oy, o, €, Ey) and °¢; € I3 (oy, o', €, Ey). From the definition of IT(p+ !, e, 0)
it follows that °¢'; = °¢; (mod [). We get the following

Corollary 6.2.1. Tgis(0, 0", €, Ey)°¢); = Tgis(0,0", ¢, E)°¢ (mod [).

6.3 Computing the Eisenstein operator on the special vec-
tors

In this section the effect of Txis(0, o, €', Ei) @ C on °¢'; will be determined. To do so we shall
introduce periods attached to cohomology classes by comparing them with certain canonically
defined vectors at the transcendental level.

6.3.1 Periods attached to the cohomology classes
For GL,/Q

For a dominant integral weight ;1 for GL,/Q, recall from §.1.2, the relative Lie algebra co-
homology H 1(92, Ks00,D, ® M, c) is nonzero. It is a two-dimensional space, on which
for the action of O(2)/SO(2), one has both the trivial and sign character appearing; for each
character ¢ of O(2)/SO(2), the €'-isotypic component H' (g2, K3 o, D, ® M, c)(€') is one-
dimensional. Fix a basis w<_ (1) for this one-dimensional space as in [7, Section 5.2.1].

Now, in our situation of A’ € Si/(N',x")"¥ and h € Si(N, x)"", let h and h’” be C-
valued automorphic forms on GLy(A) attached to ~ and i, respectively. Let hy and h';’
denote their restrictions to GL,(A f) respectively. We have isomorphisms

HHSP(N), M) (€ @ ay),
HH (SP(N'), My c)(€ ® o)

D9 : H'(g2, Ko.00, D, @ M,,c)(¢') @ Chy

oy
Oy« H' (g2, Koo, Dy ® My ) (€) @ ChY =
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between one-dimensional spaces. But there are vectors which already the span one dimen-
sional target-spaces, namely the base change of Ov;' (h) and Ov;', (h'?) to C via the embedding

t. Hence, there are two complex numbers Qfl(fb’@), (', 0") and Q€ (®(a), i1, o) such that
Py (WS (1) @ WF) = Q (Vg ', 0") “vp ()

and
o) (W (1) @ hy) = Q° (P2, p, o) vy, ().

Exactly as in [[7, Section 5.2.4], there is an invariance with respect to even Tate twists; for the
generators of the relative Lie algebra cohomology, one has w¢_ (1(2m)) = w<_ (1), and hence
for the periods:

/

Q° ((I)ZQ)7 M7(2m)7 07(_2m)) = QEI(CDEQ)v :u?a U?)' (65)

For the Levi quotient M p

The discussion above on periods for GL; naturally boot-straps via Kiinneth theorem for pe-
riods for the cohomology classes for the Levi Mp = GL, x GL,. Begin by fixing the basis
element we, (p+p') for H (g2, K 00, D,0M . c) (€)@ H (g2, K200, D @M, c)(€') defined
as w (u+p') == wS, (1) @wS, (1) One has the isomorphism @, from the one-dimensional

(Hl(gg, K300, @ Myuc)(€) @ H' (g2, Koo, D @ Mmc)(ﬁ')) ® (Chy © Ch)

to the one-dimensional space
2(gMp M o v !
Hi(SyEn Mugpwc) (€ @'y ® O’f).

Using the the base change of the element °v¢, ,(h, h'?) generating the target space, gives us

!
a period QO (., wS. (1 + 1), 0 ® “o’). Analogously, there is a map ®,;,, a basis element
wS, (1 (—2) + p(2)) = w, (1 (—2)) @ wS_ (u(2)) for the weight ' (—2) + 1(2) and the repre-
sentation 0’(2) ® o(—2) spanned by the vector ovf;, (—2)u() (R h). Using (6.5) one has the
following period relation:

Theorem 6.3.1.

QO (Pagp, wio(u + 1), 0 @10") = QF (g, wie(1/(=2) + p(2)),'0"(2) © ‘o (~2)).
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For the ambient group GL;/Q

The discussion above on periods for cohomology classes for the Levi M p naturally boot-straps
via Delorme’s lemma for periods for the cohomology classes for the ambient group GL4/Q.
By Delorme’s lemma one has the isomorphism between the relative Lie algebra cohomology
of a parabolically induced representation with that of the inducing representation:

Hl(QQu KQ,OO, ]DN ® MN,C)(GI) ® Hl(gg, KQ,OO, ]DH' & Mu’,C)(E,)
> HY(gy, Kino, " Ind(D, @ D) © My ) (€ x €),

Recall that we had assumed the pair of weights (u, 11') satisfies the conditions of the combi-
natorial lemma which gave a weight A on GL, which is of the form A = w™' - (u + /) for
a Kostant representative w with [(w) = 2 = dim(Up)/2. The vector w_ (1 + ') is now
also to be thought of as a generator for the cohomology group on GL, via Delorme’s lemma.
Similarly, for w<_ (1/'(—2) + u(2)).

At the finite places fix vectors in the one-dimensional space of invariants under
of induced representations which are supported only on one double-coset:

N+N'
Kf

W € aIndG“(Af( or®0 )KN+ , e "‘IndG4Af( 1(2) @ op(=2)%
such that

h; @ b (N - h?(2) ® hy(—2 _ ™
w;<sf>—{0f® o #EW and w}<£f>—{0f<)® ARy

We have an isomorphism @4 between the one-dimensional space

!
KN+N

H* (94, Ks 00, Ind(D, @ D,y) @ My c)(€' % €') @ “Ind x B! Yoy @ al)5s

and the space I3 (o7, o', €, C) (see Chapter 5) giving a period construction via comparison of
chosen basis elements:

Oy (WS, (n+ 1) @U)) = QF (Pagy, i (+ '), 0 @ ') °). (6.6)
Similarly, we have a map <I> y such that

(Wi (1 (=2) + p(2)) @ ) = O (Pagy, wi (1 (=2) + p(2)),0'(2) ® 0(—2))

6.3.2 The standard intertwining operator on the special vectors

The reader is referred to [[7, 6.3.3] for the definition and notations for the standard intertwining
operator.
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At the infinite place

Recall that we have assumed (i, i) satisfies the conditions of [[7, Lem. 7.14]; in particular,
the values of L(s, 0. X o) are finite at s = —1 and s = —2. Define an operator between
induced representations:

Toc(000 ® 07, alndJGD:;OO (Dy @ D) — alndgim (D (2) @ Dpu(—2))
such that the map it induces at the level of the relative Lie algebra cohomology is pinned down
by:
Toc(0o0 ® 05)* (wig (p + 1)) = wi(1'(=2) + p(2)).

On the other hand, there is the standard intertwining operator
Tu(=2,00 ®0%) : “Ind$> (D, ® D) — *Ind5> (D, (2) @ Dy (—2)).

The operator Tioc (0o ® 07, )® and the map induced at the level of cohomology by the standard
intertwining operator are equal up to a scalar multiple. From [7, Thm. 7.25], there exists a
c., € Q* such that

, L(—2,05 X o)
c
CL(—1,00 X o)

o

Ty(—2,00 @ 0. ) (') = Tioc(00o @ 01)°.

Hence

, L(—2,000 X 0W) o

o T(Low x U,V)w;(u’(—2)+u(2))- (6.7)

Tu(=2,00 @ 0l)* (Wi (n + 1)) =

At the finite places

Let Sy denote the set of all finite places where either o or o’} is ramified; it is the support of
the integer N N'. Let S denote S together with the archimedean place. We will now compute
the effect of the standard intertwining operator at all finite places:

G(Ay) G(Af)
Ty(=2,05 @ 0y) : aIndP(A;)(Uf ®o}) = aIndP(A;)(an) ® o(—2))

on the vector ¢;. By one-dimensionality of invariants under the mirahoric K }V N’ the oper-
ator maps ¢ to a multiple of 2/;} This is stated in the following

Theorem 6.3.2. There exists a nonzero constant c’sf c B, such that

L3(=2,0 x ") -
Tst(—Q,Uf ® U})w/f - C/Sf LS(—l,U x U’V) }
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Proof. It is enough to compute the value (74(2, 0 @ o)) (f}N/)). Going through the def-
initions, there is a ¢ € C* such that T (—2,0; ® a})(@b’f(f}N/))) =c h’]f’(Q) ® hy(—2). The
scalar ¢ can be determined by evaluating at 1 € Mp(Ay) as (h’f(Z) ®@hy(-2))(1)=1€C.
At the unramified places p ¢ Sy this is exactly the calculation of Langlands (known as the
Gindikin-Karpalevic formula) that the constant is the ratio of local L-values. The conver-
gence is guaranteed here and c¢g, = [ <. ¢/ are local constants which are in £ follows from
. : f peSf P
the main result in [?]. ]

When the levels N” and N of A’ and h are square-free and coprime to each other, the local
constants are calculated in Section 6.4, where it is shown that c’sf is exactly the product of
ratios of the correct local L-values.

At the global level

Recall once again that we have assumed (u, ¢') satisfies the conditions of [[7, Lemma 7.14];
in particular, s = —1 and s = —2 are critical points for L(s,o X ¢"). Furthermore, we now
assume that the pair (u, ¢') is on the right of the unitary axis guaranteeing holomorphy of
an Eisenstein series; see Thm. 6.4 in [[7, 6.3.6]. The consequence of these conditions for the

classical Rankin—Selberg L-functions were discussed in Section 4.1.5.

Theorem 6.3.3. Under Tgis(0,0', €, Ey) ®, C the image of ° ¢’y is

L5(—2,0 x o), ~
/ / o 4/ / / ? o/
(Tiis(o, 0", €', EY) ®, C) ¢y = CooCs; L3(—1,0 x o) r

Proof. The map Tis(0, 0", € )@EC : I3 (o, o, €e,C) — If(a}(Q), os(—2),€,C) after using
the isomorphisms ® 4 and ® 4 is the same as the map Ty(—2, 000 ®0)* RTy(—2,07® a}).
The theorem follows from (ﬁ) and [Theorem 6.3.2. And the result follows from the fact that
the periods in are equal. ]

6.3.3 The main results on the right of the unitary axis

Recall our notations: the cusp forms h € S(N, x)"Vand 1/, " € S (N, x')""; the weights
p=(k—2,0)and i/ = (K’ —2,0) which we assume are regular, i.e., k', k > 2; a number field
FE containing all the Fourier coefficients of h, h’, h”; the Hecke modules o € Coh(G5, i) and
o', 0" € Coh(Gy, ') such that for an embedding ¢ : £ = C one has: o = II(h)| - |7#/2+1,
o' = I(h?)| - |7F/>*1 and o” = II(h"?)| - |7*¥'/>*1 where II(h) (resp., II(h’?), IL(h’?)) is the
unitary cuspidal automorphic representation attached to h (resp., h'?, h"'?). The pair (u, p') is
such that s = —1 and s = —2 are critical points for L(s,o x ¢") ([[7, Lemma 7.14]) and is
on the right of the unitary axis ([7, 6.3.6]).
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Theorem 6.3.4. For notations and assumptions as above, suppose | is a prime ideal in E
outside of Sy U Sys U Sgis U Sr_, and such that for all n € N, we have a(n,h’) = a(n,h”)
(mod [) then

< / Ls'f(_270 X UN) " lef(_270- X UW)) el (68)

SIS (Loxov)  SIISH(—1,0 x o)

Proof. From one has

L3 (=2,0 x o), -,
' s I
ILS1(—=1,0 x a™)

(TEiS(Ua OjvelaE[) ®L ) ¢f

Similarly, from for the pair (o, 0”) one has

// // LS ( 270 X Ullv)oq;//
Coo SfLSf( 1,0 x o) I

(TEiS(Ua Oﬂa 6,7 E[) ®L ) ¢

Note that ¢/, = ¢/, because they depend only on the representations at infinity and o/ = o7_.
Applying [Theorem 6.2.1| for the vectors Ogb’f and Ogb’; and then base-changing to C one gets

(Teis(0, 0", ¢, B) @, C °¢) (€)= (Tiis 0, 0", €, B) @, C @) (€))  (mod 1)

where 2 = y (mod [) means that 2 — y € [HZ(Sx/ n /f\/lvux(_g)w(g),o[) ®, C. By
one has

, LS (=2,0 x o),

L5 (~2,0 x o™), -
C C
S IS (— 1,0 x o)

1 ()
_C CSfLSf( 1,0 XU”V) ¢f(§f ) (1’1’10(‘1 [).

")

Since °g5’f(§}N)) = Oqs’;(gjfv)) (mod [)), one has

., LS (=2,0 x o") .y LS (=2,0 x o)
d ¢ —c c
IS (1,0 x o) I LSi(—1,0 x o'V)

) °¢ (€M) =0 (mod 1)

But °<5’f(§](cN)) = “( o (R?) @ °v;/(2)(h) # (0 (mod [). Hence (6.3.4) follows since | ¢
Ser.- O

Theorem 6.3.5. Let ', h" € Sy (N',x') and h € Si.(N,x) with k', k > 2 and k' — k > 2.
Assume | € S,y U Sievel U Sgis U S If for all n € N, we have a(n,h') = a(n,h"”) (mod ),
and the Galois representations attached to h' and h" modulo | are both absolutely irreducible
then, for integer m and —1 < m < =% — 1,

Lsf(k’—m—?),hxh’)_ oy L = m =3, )
IS5 (F —m—2,hx i) SIS —m — 2, h x h")

cs, (m) €l (6.9)

where cg (m) = [, xn: ¢,(m) and ¢ (m) = T,y n: cp(m) with ¢,(m), ¢;(m) € E.
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Proof. Recall the identification H}(Sf) (N), ./K/lvuﬁol) ~ (SN, Mu(m),o[). Now apply
to the pair (14(m), i’) and then use the dictionary between classical and auto-
morphic L-functions. []

Theorem 6.3.6. Let the notations and assumptions be as in Theorem 6.3.5. Further assume
that the levels N and N' are square-free and relatively prime. Then for —1 < m < % -1

LK —m—3hxh) LK —m—2hxh"
(W=m=3hxW) LkK=—m=2hxh) (6.10)
LW —m—3,hx I L —m—2hx ")

Proof. Under the hypothesis on the levels N and N’, for p| NN', it is proved in

that
Ly(K'—3—m,h xh)

LK —2—m hx )
Similarly for ¢(m). Then the congruence in becomes exactly (6.10). O

c(m) =

6.3.4 The left of the unitary axis

If the pair (u, ¢’) is on the left of the unitary axis, then we reverse the direction of the inter-
twining operator and consider the intertwining operator

Tu()]sm2 : “dS (40’ (2) X ‘o(—m — 2)) — *Ind$ (‘o (—m) x ‘0’)).

Now we are in the right of the unitary axis for the pair (1/(—2), u(m + 2)). One can now

define ‘([h? E-linear isomorphisms analogous to 7, , and 75 (=24u@tm) oy Wg/(_z) Fa(mt2)
w(m

and 75 ML Enlarge the set Sg;s and S.__ if necessary, which we shall denote again by Sgis
and S.__ respectively.

Assuming [ ¢ Sweight U Slevel U SEis usS
one gets

foranintegermand’“’T’k—l <m<¥k —k—2

Coo 7

L% (2,0" x o(—m)Y)
L54(3,0" x o(—m)Y)

L% (27 o' x J(_m)v) ~I!
153,00 x o(=m)) 5™

which is equivalent to

Cs, (m) el

LS (m+k+1,h7 xh)

LS (m+k + 1,k x h*)
— C
LSi(m—+k+2,he x he) 1

LS (m + k + 2, h'? x hr) <

Cs, (m) (m)

Yet we cannot conclude, using the functional equation, that the ratios to the left of the line of
the symmetry are congruent modulo [, because [ ¢ Sgis U S, ensures that

LS (m+k+ 1,1 x h?) & (m) L3 (m+k+1,h" x h?)
LSr(m+ k4 2,k x he)’ >V LSi(mA4 k + 2, b x he)
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are in O but they need not be in O[°. Therefore, if one further assumes that the quantities in
(6.11)) are [-adic units then one gets, using the functional equation, for k < m < k' — 1:

) LS+ (m, b x 1) i ) L35 (m, h x h")
SIS m L x i) SIS m 1,k x b

As before, if the levels N and N’ are square-free and relatively prime then for k < m < k' —1

L(m,h x I) L(m, h x h")

Lim+1,hx k) L(m+1hxh")

6.3.5 Varying the modular forms of lower weight

For convenience take twists j(—m) instead of 4(m). Only for the integers 3 < m < k—k'+1
two successive L-values are critical. The pair (u(—m), i) is on the right of the unitary axis
only for integers m and k_Tk/ +1 <m < k— k' + 1. Then going through the above proof with
a newly defined Sg;s and S.__ one gets

Theorem 6.3.7. Let h € Si.(N,x) and b/, h" € S/ (N',x") with k', k > 2 and k — k' > 2.
Assume | € Sy U Siever U Sgis U S If a(n, h') = a(n,h”) (mod 1) for all n > 1, and the
Galois representations attached to h' and h" modulo | are both absolutely irreducible, then
for an integer m such that k’Tk/ +1<m<k—Fk+1,onehas

d(mf%W+m—&hxw_ﬂwmfﬁw+m—&th)
SIS 4+ m —2,h x ') > LSr(k4+m —2,h x h")

where c (m) = [, nn ¢,(m) and cg (m) = [1,yn ¢p(m) with ¢;,(m), ¢;(m) € E. If the
levels N and N' are square-free and relatively prime then
LK +m—3hxh") LK +m-3hxh")

- [
L +m—2hx i) L +m—2hxh’) -

The reader should bear in mind that c’sf (m), c’s’f (m) in [Theorem 6.3.5 and [Theorem 6.3.7
are different. When one is on the left of the unitary axis same remarks as in
applies here.

6.3.6 A non-example

Recall the non-example from where the ratios of the Rankin—Selberg L-values
at certain critical values are not congruent. We had h € Sy6(SLo(Z)) and 1/, h” € S13(I'1(3)).
The newform /' had rational Fourier coefficients and 4" had coefficients in K := Q(1/—8424),
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an imaginary quadratic extension and [ was a prime ideal of K lying above 13. It happened
that for alln € N

L(24,h x ')
L(25, 1’ x h)

L(24,h x B")

N — "
a(n,h’) = a(n,h"”) (mod ) but L(25.h < )

= (mod [). (6.12)
The levels are square-free and coprime to each other yet the congruence for the ratios of
this particular L-values failed. There are two reasons our main theorem does not hold here.
First the hypothesis [ > £’ is violated as [ = k'’ = 13. The second being the hypothesis
that the mod [ Galois representation g/ obtained from A’ is irreducible is not satisfied here.
To see this observe that there is an Eisenstein series Ey3 € Mj3(I'1(3)) with g-expansion
By = 280 + ¢ — 4095¢* 4 ¢* 4+ 16773121¢* - - - and that

E13 =h=hn" (mOd [),

which can be seen from Sturm’s bound. It should be observed however that the ratios of L-
values at other critical points are still congruent modulo [ even though it follows outside the

purview of the

6.4 Local calculation

Let 0, and o/, denote the local representations of II(h)| - [~*/**! at p and II(h?)| - |~*/2+!
respectively at a prime p|/NN’. From the Lemma on double coset representatives, both the

G4 / K"p-’_n; Gy / Knp-m; ; i / B
spaces I (s,0,®0,)"  and Ip*(—s,0,®0,)"?  are one-dimensional. Let ¢, and ¢,
respectively span those one-dimensional spaces. Again from the same lemma ¢, is supported

only on the double coset P(Qp)ﬁz()n;’)[(;}v "*N and ¢/, is supported on P(Q,) ,()"p)KéV N

Consider the standard intertwining operator T(s, 0, ® ;) : [géé%')(& op ® 0,) —

]G4 (Qp)

P, (—$:0, ® 0p) given by the integral

(Tuls,0, ® 7)) (g) = / o A ug

01
it is a map between two one-dimensional spaces there exists ¢, € C, such that (Ty(—2, 0, ®
Tp)P)(9) = -

Hereafter we assume N and N’ are square-free and coprime to each other. Due to which
there is a constraint on the local representations o, and o,,. Either 0, = St ® X, is a twist
of tbe Steigbe.rg reprt?sentation by an unramified character apd o, = W'(X’Lp, Xl?p) is an un-
ramified principal series representation or o, = (X1 5, X2,) is an unramified principal series
representation and o, & St ® X, is a twist of the Steinberg representation by an unramified

character.

0010
where wy = ((1) 9 (1)> . We know from [[7] that the integral converges when s = —2. Since
00
n
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The main result of this section, [Theorem 6.4.1], is to evaluate the constant c;, when o, =

!~

St ® x, is a twist of the Steinberg representation by an unramified character and o, =
T(X1 s X2,,) 1s an unramified principal series representation. It will turn out to be the ratio of
the correct local L-values. The same proof goes through for other possible twists accounting
for the other critical L-values. The other case when o, = 7(x1,, X2) and 0, = St ® y;, as

well.

6.4.1 Digression on ‘correct’ local Euler factors

For s € CandRe(s) > 0 the local Euler factor L, (s, h x h') whenp { NN’ is as follows: Sup-
pose L—a(p, h) X +x(p)p* ' X* = (1 -, X)(1—F,X) and 1 —a(p, h) X + X (p)p" ' X* =
(1 - X)(1 - 3,X) then

Ly(s,h x B) ' = (1 — a,Bp %) (1 — a,Bop” ") (1 — o Bp ") (1 — a, Bp~ "), (6.13)

Note that 1 — a(p, h)p~ + x(p)p*'p~2* and 1 — a(p, W' )p~* + x'(p)p* ~'p~2* are precisely
L,(s,h) ' and L,(s, ')~ ' respectively. Here L(s, h) and L(s, h') are the completed L-functions
attached to the modular forms h and A'.

Now, if p|N and p t N’ then L,(s,h)™" = 1 — a(p,h)p * and L,(s,h')™' = 1 —
a(p,h)p~* + x'(p)p*¥ ~'p~2*. With the calculation of Langlands mentioned in
as a cue, it would be expected that the effect of the standard intertwining operator at the place
p will give the ratio

Ly(s,hx b)) (L—a(p,h)Bp~*)(1 — alp, h)B,p~°)
Ly(s+1,hx I) — (L—a(p,h)Bpp==1)(1 — a(p, h)Bp==~1)’

A similar discussion holds in the cases when p t NV and p| N’ or when p divides both N and
N'.

In the sequel we shall show that this is indeed true for all p| NN’ when N and N’ are
square-free and coprime to each other.

6.4.2 Fixing canonical new vectors

Let 0, = St ® x,, where Y, is unramified, hence n, = 1. Fix the new vector v, € St ® x,

Igj((g:))(] Y%x,, | - |7Y%x,) as follows: It is a map v, : Go(Q,) — C such that
(Op (tl t*g)) up)(12) = Xp(t1)xp(t2), vp(l2) =1  andvy(w) = —1/p, (6.14)
where w := (% !). See Schmidt [21, Sect.2.1]. This normalization is a little different

from the one given in loc.cit. This is done so that there is a canonical isomorphism between
o, = St ® X, and the G(Q,) representation generated by the restriction h|q,(g,) which is
obtained by mapping the new vector of one space to the new vector of the other. This mapping
determines .
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For o, = m(X} ,, X5,,)> an unramified principal series representation, one has 7, is 0. The
characters x} , and x5, are unramified. The normalized spherical vector of o, is a function
vy, : G5(Q,) — C such that

(o, (" 1)) vn) (1) = [ty 12X, (t1) X (£2). (6.15)

Again there is a canonical isomorphism between o, = (X ,, X5 ,) and the G2(Q,) represen-
. s~ / / /
tation generated by the.restrlctl'on h’”| Ga(@y) apd (X1 s 'sz).
One has the following relations with Fourier coefficients:

Xp(p) =0 2alp,h),  Xi,(P)+Xa,®) =p Palp,h?), X, P)xs,P) = PF 2 ().

(6.16)

6.4.3 Fixing vectors in the induced space

Given f, € I5%(s,0, ® 0,), since f,(g9) € V;, ® Vi, and the local representations be-
ing sub-representations of induced representations, one can evaluate f,(g) at an element of

m € Mp(@,) to got: f,(g)(m) = (m- f,(9))(1) = fy(m - g)(1). So one can identify
the induced vector f,(g) with the complex number f,(g)(1). Next, since n, = 1,n;, = 0

and so n,, + n;, = 1, the coset representative &()np) in is an element of K, s

Hence P(Q,) ,(,"”) K;Hn” = P(@p)14Kg;}+np. To make evaluations less cumbersome we
take £ = 1,. Fix the vectors in IS4 (2,0, ® o,) and 154(2, 0, ® 0,,) by:

o&™) =v, @0, and G EM) =1, @, (6.17)
respectively. So, qb;(g;n”))(l) = (v, ® v})(1) = 1 and ¢/ ( )y (w, 1) = v, (W) @ v,(1) =
—1/p, where (w, 1) € Mp(Q,). Since qB; is normalized as qE;( I(,””))(l) = 1, to determine the
scalar c;,, it is enough to evaluate the integral at 1, i.e.,

¢y = (Tu(=2,0, ® 0,)9,) (6" (1) = (Tu(~2. 0, ® 7,)8,)(14) (1)
This constant ¢, will be shown to be exactly the ratio of the local L-values:

Theorem 6.4.1. Assume the levels N and N' are square-free and coprime to each other. With
the notations as above

Ly(K —3,h x )
L,(K —2,h x V)’

I
Cp—

~/

In the sequel only the constant will be evaluated in the case 0, = St ® X, and o, =
7(X1 s X2,)- The other calculation can be done analogously. Same comment goes for the
twists of the representation.
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6.4.4 Certain formal integrals

Fix a measure on Q, by pr dg = 1. Fix the product measure dz,dxodxsdz, on Up(Q,) nor-
malized by vol(Up(Z,)) = 1. Suppose m = (mq, ms2) € Mp(Q,) then for f, € C(G4(Q,))

/fp < (5131 z9 1 )m ) dl‘ld(L’QdIgdZE4 = 513 /fp ((ﬂﬂl z9 1 )) dI1d$2d$3d$4,
x3 xq4 01 x3 Tq4 01

(6.18)
where dp(m) = | det(mq)|?| det(ms)| 2.
Let zy, x9, 23,24 € @;. Define

o= (7 Vot = (v Vot = (0 oty = ().
(e )t = (o= ()t = ()

For any x;’s as above and M € Z formally define the operators

Tonw) = [ 8@ gle)dn,  Toulw) = [ dn 619)
xiEQp $i€(@p
vp(x4)<M vp(z;)>M

where o7 (t(z;)) = (0, ® 0,,) (t(73)).

Lemma 6.4.1. One has

(Tso(z1)@,) (£ (1) + (T<o(z1)d),) (£)) (1) = (6.20)

Similarly,

1 —pxp(P)Xi, (")
1= p?xp(p)X1, (P71’
1= pxp(p)xa, (")
1= p? xp(P)Xp (P71
L= pxp(p)xa, (")
1 —p? xp(p)Xa, (071

(Tso(22),) (€ (1) + (T<o(x2)d),) (£)) (1) =

(Tso(23),) (€ (1) + (T<o(a3)d),) (£)) (1) =

(Too(z)d,) (€ (1) + (T<o(z4)d),) (£)) (1) =

Proof. We prove it only when 7 = 1. Other cases are similar.

& () (D) +(Teo(z1) ) (7)) (1) = 1+ / Sp(t(x)'? (g (t(x1))e)) (€5)) (D) day,

xier
vp(21)<0
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the right hand side evaluates to

) (€5)) (1) day

/
p

(t(x1))¢

/
gﬁ

further simplifying as

>0 X p)xap )Y

1
1+(p

=T
|
2=
&~
==
e
Q| &
= | <
NS
_ |
!
Il
VR
—~
—

1,0

1p
(p) x1p(P

P* xp(P)X
»

1—p?x

)

p—1

1+ <
The convergence is guaranteed here because we will be in the context of [[7].

Some matrix identities

Let us record some matrix identities in GL,(Q,) which will be useful in the computation.

SO O

[ejelit e B e)
]

0

ai o

—O 8l O

oo sH
SOoO—O

| —OO

—OOoO

oo s -
oo~ O
lﬂlb STRS)

— o8V O

oo o o
SO — O
O 2TV O

1% 3 s

oo OV
SO —=HO
OHIBO O
— O OO

~_
7 N

oo —
o O —HO
o= OO
— O OO

oSO —
oo —HO
O - OO
— O OO

N———

—

|
VR

oo o
SO —=HO
OHIBO O
— O OO

N——

7N

SO O

o —=H O

O—=2ITVO
8=

—O | (Sl
3

N—
N\

SO o
OO —=HO
o= OO

Q
1700

O o~
SO — O
O 2BV O

1An_'V 3 oI

SO O
oo~ ©

o
| —ols TS

—O O 9lg

N———

Il
RS

o oo
o O 3O
o —HOO
—HI8SOOoOO

~~
VRS

S OO
—H8SO—O
o —HOO
— 00O

N~
VRS

OO
SO —=HO
o003
—0Oo Q

N———

i

|
VRS

S OO
—Hso—HO
o —HOO
— O0O

N———

—

|

—
o co-
o ogo
o —oo
—lsooo

SO O
o —H O

S
+

— 0
=) ,a.wia
I
—O O 9|3

N~ —
/N

(=Rl ]
SO— O

~
| —oeo

— OO0

oo
SO —~ ©

o
] —ol3 3

— O O vl
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Some integral identities.

Define the following matrices in Uy(Q,), where Uy is the unipotent radical of the upper trian-

gular By C G4 = GL4/Q.
o1 e
90 ),u(x4):(001 /54)’
01 000 1

101/21 0
o) = (337'8)  utea) = (
00 0 1
where z1, x9, 13,74 € Q;.

Lemma 6.4.2. If f, € C*(G4(Q,)) with f,(ug) = f(g) for all u € Us(Q,) we have the
following three identities:

1000
/fp (t(xg)_lu(arg)_l (% :,312 g ?) u(ajg)t(ajg)) dxidrodry
T4

0 0 0 10
11/x2 0 — 01
o 170 ) ulws) =1{ 98¢
0 0 1 00

OO O
~

0
9 ) ) dridrodry, (6.21)
1

(=9
~
—~
~
—~
8
N—r
N—
_
~
o
o
7 N
VR
o8B o~
Fymo
o~oo

1
— Sp(t(aa)? / . <( iy )) dondzy, (622)

The integral on the right is the same as

00 o 100
/fp ? ”4 10 | | deydwodry, = /fp 5 72 10| ) doydrydry
0 L“ 01 0 o1

which evaluates to
0 —1
[o{(Fs) (G4t
x3

0
1

or~oo
—ooo
cocod|~

0
0
1
0

) dxuhadx4

8
Boo o

0
1
0
0

2 6 100
= 6P f; :% éo dI1d$2d$4,
1

cocod |-
oo~ o©
oo o
ocBor

2
T4
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the last equality is due to (6.18). This completes the verification of (6.21]). The other integrals
are similar. N

6.4.5 The evaluation

The purpose of this section is to evaluate the constant
g;"w) (1)dxsdrydasda,
10 z1 22
= /gzﬁ;) <w01 (8 ok ""64)) (1)dxsdridrsdry. (6.24)
000 1

This is due to our choice &(,np) = 1,. Writing out the evaluation at 1 makes the notation
cumbersome so we shall drop it and assume implicitly.

Eliminating the variable =3

Split the innermost integral as

] o |
/xgEQp /xger: vp(x3)>0 23€Qp: vp(x3)<0

0 /
5 8) € K, ”+n”, hence the first integral is
1

If 3 € Q) and v,(w3) < 0, then second integral is

1 10 x1 x2 (1](1)88 0010
/¢>; wy | §o% ) ) desdryduydry = /¢; o 22 10 090 8 ) ) desdrydwydas.
000 1 0 2401 01zx30

which can be written as
00 1000 0—1100
00 88?(1) 0510 d[L‘gdl’4dl’1diEQ
59 0100 1000
0 z3 0001
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/ 6100 5
/ o8 (<z1 2o 1 0) u(r3)t(w3) (8
0 z4 01 0

xgeQ;f, vp(x3)<0
which can be written as
) , L0100 ;
[ et (et (4 A utearan (§
xgEQ;, vp(x3)<0

which in turn becomes

Op(t(3))!*a) (t(x3)) - &,
/ ((

x36@§<7 vp(x3)<0
Using the notation in (6.19) we can write the above integral as

ST
T<0(t(ZE3)) {/ ¢;((ml zo 1 0) (8 8 (1) é))d$1d1‘4d$2
0 2401 0100
(e (3855 (1138
- T<0(t(x3)) ¢p % 00 1 %4 Wol o010 dl’ldﬂf4d$2
000 1 0100
(-t (0005 (89060
= T<0(t($3)) (bp Wy 00 1 z(‘)4 1000 dl‘1d$4dl’2 .
000 1 0001
The last integral equals
10 xz1 22
T<0(t<$3)) |:/ ¢; <U}0_1 (8(1) (1) :%4>)d$1d$4d1’2:|. (626)
000 1
(6.27)

Combine (6.25) and (6.26)) to get

Eliminating the variable z,
Carrying out a very similar computation with the the inner integral in (6.27), by splitting it up
+ S , the integral I equals

s J o= ]
1€Qp 21€Qp: vp(21)>0  21€Q}, vp(21)<0
1 100 z2
I = (Tzo(l‘g) + T<0([E3))(TZQ(ZE1) + T<0(ZE1)) |:/ qﬁ;) <’I,UO_ (8 [1) (1) %4>)dl’4dl’2:| . (628)
000 1
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Eliminating the variable x,

Once again, carrying out a very similar computation with the the inner integral in (6.28), we
now get

I = (T>o(x3) + T<O($3))E€200£$1) + Teo(z1)) [ .
o [ (§51F) o]+ o o (441 )]

Eliminating the variable x,

There are two integrals in (6.29) to be evaluated now. The second integral in (6.29) will turn
out to be 0, i.e.,

0 xzo
0 ) wo) diy = 0. (6.30)
01

0
1
0
0

To see this, split the integral [ = i + i , and observe that

22€Qp 22€Qp: vp(22)>0  22€Qp: vp(x2)<0
0
1
0
1

, _1 10
[ e (g
00
00) e K™ ¢ PQLE ™ and ¢ i d in th
2210 p p) L4 FKp an gbp 1S not supported 1n the coset
01
n

22€Qp: vp(z2)>0
/0
pt

o—oo

~ooB

N———
g

S

N
QU
&
no
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because (

P(@)1iK,

O OO

”. Similarly,

By once again splitting the integral as [ = i + i ; the first of
22€Qp 22€Qp: vp(22)>0  22€Qp: vp(x2)<0
which equals

/ ¢;<w0—1( %%2))&2: / ¢ (wy ' )dzs = (v, ® v,)(1);

22€Qp: vp(x2)>0 22€Qyp: vp(x2)>0
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(the last equality is due to the facts, that wy' = sz(?”p)KlKg for some Q € P(Q,) and

Ky, K, € K;L;*"p and that ¢, is supported in P(Q,) ,S”P)K,?“"” and on the double coset it
takes the value v, @ v,. Recall that in the beginning of the evaluation the evaluation at 1 was
assumed implicitly.) The latter integral over v,(z2) < 0 is

[ el

22€Qp: vp(z2)<0

Again due to the fact ¢, is not supported in P(Q,)1,K b v, Therefore,

) dl’g = Tzo(x2)¢;(§;gnp))

Final evaluation

Using the above calculations, (6.29) reduces to

I = (Txo(ws) + T<0(1U3))1(f200£$1) + To(21)) o
(ol [ (§5EF) e o f (o (451 )]

which reduces to

(T>o0(ws) + Teo(@s))(Ts0(x1) + T<o(z1)) (T>0($4) {/ % (wol <

ooo
OO

which in turn simplifies as

(T>0(x3) + T<o(3))(T>0(71) + T<o(21)) (T>0(1‘4) {T>0($2)¢;(€,§"”))(1)D :
Using for x9, x1 and x3, we get:

(T =pxp(@)Xi, (07" L—pxp(p) X5,(™")\ L,k —3,h x })
[__(1—ﬁxMMXLMTU)( ’ )__LAH—thhW

1= p*xp(p) Xo,(P7")
The last equality is due to (6.16).
Similar computation yields the results for the other possible twists as well.
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