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Abstract

Asymmetric emission of gravitational waves (GWs) during a binary black hole (BBH)
merger leads to a recoil of the remnant black hole, commonly known as a black hole (BH)
kick. The final stage of a BBH merger where the final BH which is in the perturbed
state settles down by emitting gravitational radiation is known as ringdown. Using the
linear black hole perturbation theory, ringdown is modeled as a linear superposition
of damped sinusoids. Neglecting the effect of BH kicks in ringdown waveform models
can introduce systematic biases in the inferred parameters. The recoil motion induces
relativistic effects in the waveform, primarily Doppler shift and aberration: Doppler shift
modifies the Quasi-normal mode frequencies, while aberration leads to mode mixing and
affects the mode amplitudes. In this thesis, we investigate the systematic biases that
arise when these effects are not incorporated in the ringdown model. Previous studies
have primarily considered only the frequency shifts due to Doppler effects. Because the
Doppler shift is degenerate with the remnant mass, neglecting this effect leads to biases
in the estimated final mass. Aberration, on the other hand, introduces biases in the mode
amplitudes and final spin through mode mixing. After incorporating these effects in the
waveform model, we further study the prospects for detecting BH kicks using ringdown
measurements alone. Due to the degeneracy between Doppler shift and the final mass,
including only the Doppler effect does not allow an independent measurement of the kick,
using only ringdown. We find that incorporating aberration does not significantly break
this degeneracy, as the kick also couples to the mode amplitudes. Consequently, detecting
kicks from ringdown observations alone remains challenging. Nevertheless, these effects
must be accounted for to avoid systematic biases, particularly for future GW detectors

where higher signal-to-noise ratios will make such biases more significant.
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Chapter 1

Introduction

Shortly after proposing the General Theory of Relativity (GR) in 1915, Einstein predicted
the existence of Gravitational Waves (GWs). The first indirect evidence for GWs came
in 1974 with the discovery of the binary pulsar PSR B1913+16 by Russell Hulse and
Joseph Taylor [1]. They observed that the orbit of the system was gradually shrinking at
a rate in excellent agreement with the energy loss predicted by GR due to GW emission.
However, the first direct detection of GWs occurred several decades later in 2015, when
the twin LIGO [2] detectors in Hanford and Livingston observed the merger of two black
holes (BHs) with masses of 36 M, and 29M,, located about 1.4 billion light-years from
Earth [3]. So far, more than 200 compact binary mergers have been detected across the

four observing runs of the GW detector network. [4, 5].

Gravitational Waves have opened an entirely new window of ‘listening’ to the Universe,
offering unprecedented opportunities to explore fundamental physics, astrophysics, and
cosmology. Over the last decade, signals from compact binary mergers have opened up
various scientific avenues; some of them are testing GR in the strong field regime ([6] and
references therein) , studying BH population properties [7—11] and learning about stellar
progenitors [12-16]. Owing to the short duration of the signal and the limited sensitivity
of the detector, several important aspects remain challenging to probe, which include GW
memory effects ([17] and references therein) , post-merger dynamics beyond the linear
order [18-25] and binaries with eccentric inspirals [26-30]. In 2025, the LIGO detectors
recorded the event GW250114 which is the loudest recorded GW signal until now having
a Signal-to-Noise Ratio (SNR) of 76 [31]. This event allowed us not only to perform a
suite of tests spanning inspiral, merger and ringdown which constitute the most stringent

single-event verification of GR, but also test Hawking’s area law and Kerr nature of BHs
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Figure 1.1: The Black Holes (BHs) and Neutron Stars (NSs) as detected through the GW
and Electromagnetic (EM) channel. Credit: Aaron M. Geller, Northwestern University

[32] along with revealing BH horizon signatures [33|. In the coming years, as existing
detectors become more sensitive and new observatories come online, GW signals will
be observed with higher SNR in a widened frequency spectrum. Consequently, subtle
physical effects will be needed to be incorporated in the waveform models in order to

minimize systematic biases in parameter estimation and tests of fundamental physics.

Gravitational waves emitted during a compact binary merger carry away system’s
energy, angular momentum, and linear momentum. If the emission of the GWs is
anisotropic, there is a non-zero flux of linear momentum which results in the recoil of
the compact object formed after the merger [34-37]. During a binary BH coalescence,
since most of the linear momentum is radiated near the merger [38-44| | this recoil ve-
locity is also as termed the kick velocity. The detection of such BH kicks would provide
direct evidence that the system emits linear momentum through gravitational radiation.
GW190412 [45] and GW200129 065458 [46] have shown evidence for a non-zero kick ve-
locity until now. Black hole kicks have striking astrophysical implications. When binary
black holes (BBHs) merge in dense stellar clusters, their remnants can merge with other
BHs in the cluster, leading to formation of heavier and heavier BHs in a process known as
hierarchical mergers. Hierarchical mergers are one of the primary mechanisms proposed
for forming BHs with masses above ~ 65M. A necessary condition for the hierarchical
mergers to take place is that the clusters should retain the remnant BHs and they should
be close enough to merge in a Hubble time. Black hole kicks can be as large as hundreds
to thousands of km s [47-52| whereas the escape velocity of, for example, globular
clusters is about ~ 2 — 180 km s~! and that of nuclear star clusters is ~ 10 — 1000 km

s~1 [53]. If the remnant BH escapes the cluster due to large kick velocity, the hierarchical



merger channel is effectively suppressed [45, 54-59].

Kicks are also crucial for the merger of supermassive black holes (SMBHs). Kicks
of the order of ~ 1000 km s~! can exceed the escape velocity of galaxies, thus ejecting
the SMBH from the host galaxy [54, 60]. Kicks, thus need to be understood well, to
accurately predict the expected merger rate for LISA [60-62]. In addition, some of the
gas tightly bound to a BH will remain attached even if the black hole receives a large recoil
velocity. Such high-recoiling BHs could carry their gas into interstellar or intergalactic
space, potentially giving rise to quasars outside the galaxies |54, 55, 63-70]. Even if the
kick velocity is not high enough to eject the BH out of the galaxy, they can still displace
the BH formed after the merger thus oscillating about the galaxy core for time scales
as large as ~ 10Myr. The amplitudes of these oscillations can be as large as ~ 200
pc and thus affect the galaxy core dynamics [63, 65, 66]. Recoiling SMBHs can produce
electromagnetic (EM) signatures, including shifts in broad emission lines, flaring accretion
disks, tidal disruption events from nearby stars, and hyper-compact stellar systems|71].
While a few EM candidates for recoiling SMBHs have been proposed, none have been
confirmed, making GW observations currently the most promising avenue for studying
BH kicks [72-74].

Black hole kicks also play an important role for the waveform modeling community.
They can be used as a diagnostic for checking the consistency of waveform models from
different families with each other [75]. They can also be used to assess the accuracy of
waveform models. Refs. [76-78] have studied the relationship between BH kicks and mul-
tipole asymmetries. In Ref. [77], the authors presented a tool for testing the performance
of waveform models with multipole asymmetries which helped them fix an inconsistency
in the phase definition of the phenomenological waveform model IMRPhenomX04a. In Ref.
[78], the authors showed neglecting subdominant asymmetries leads to differences in ve-

1

locity computations upto 210 km s~ and can induce introduce systematic biases in the

inference of masses and spin geometry.

Traditionally, from compact binary merger GW signals, the kick has been com-
puted using fitting formulae inspired by the Post-Newtonian (PN) theory which are
calibrated to Numerical Relativity (NR) [40, 41, 43, 44, 79]. Recently, other methods
have been proposed to compute the kick velocity along the line-of-sight (LoS) using
Doppler Shift [80, 81] and interaction of higher harmonics [82]. A modern day approach
to compute the kick velocity is using 1.) the surrogate models NRSur7dg4Remnant [83],
NRSur3dq8Remnant [84] which are trained on NR simulations from the SXS catalogs, 2.)
BHPTNRSurRemnant [85] based on BHPT simulations and 3.) gwModel_kick_q200_GPR,
gwModel_kick_prec_flow [86] which are trained on NR simulations from SXS and RIT

catalogs and BHPT simulations. Bustillo et al. [87] also demonstrates computing the



direction of the kick velocity using higher-harmonic modes. A complementary approach
to model the complete kick profile vy is to compute the linear momentum flux using a
waveform approximant or the Newman Penrose scalar |75, 88, 89]. Borchers and Ohme
[75] performed a systematic study to investigate the kick velocity by computing linear
momentum flux using different state-of-the-art waveform models. They found that the
kick velocity estimated by different waveform models was inconsistent with each other,

hinting towards waveform systematics, and proposed a kick-based tuning to the models.

A perturbed BH formed after the merger of two BHs relaxes into its stable state by
emitting gravitational radiation which is known as ringdown. Within the linear perturba-
tion theory, ringdown can be modeled as a linear superposition of damped sinusoids (also
known as quasi-normal modes (QNMs)). The Inspiral-Merger-Ringdown (IMR) system-
atics as described in Ref. [75] can be bypassed if we estimate the kick using ringdown
alone. If we assume that 1.) the accumulation of kick is done before the start time of our
analysis and 2.) we neglect any ‘anti-kick’ [42, 90], then the modification of the ringdown
model to incorporate the effect of the kick becomes easier, as the kick is just a constant
velocity. Results from NR simulations have shown that kicks can reach values as high as
~ 5000 km s7t [47, 50, 79, 91-93]. Recently, Ref. [94] has reported that kicks can reach
values as large as ~ 28000 km s~! for more finely tuned spin configurations. However,
since scenarios in which kicks in BBH mergers reaching above 2 percent of speed of light
is rare we assume that kicks are non-relativistic. This results in modifying the ringdown
waveform through 1.) Doppler shifts of the QNM frequencies [95] and 2.) aberration
[96, 97| (both in the non-relativistic limit). This approach allows for less biased measure-
ments of the remnant black hole’s recoil velocity, bypassing the systematic uncertainties
of full IMR models while relying solely on the late-time ringdown signal. Building on the

modified ringdown model, this thesis focuses on investigating two key aspects:

e Explore the systematic biases on the model parameters when a modified waveform
(hence referred to as kicked waveform) is analyzed with an unmodified waveform

(hence referred to as Kerr waveform).

e To see whether we can detect the kick velocity or does it suffer from any degeneracy

with other parameters.

The rest of the thesis is structured as follows. In chapter 2, we start with some
theoretical background on GWs and describe the ringdown model. In chapter 3, we
detail about how we will modify the ringdown model to incorporate Doppler Shift and
aberration. In chapter 4, we will develop the mathematical and analytical tools that will
be used for studying systematic biases and detectability prospects. In chapter 5, we will

explore the systematic biases only when Doppler shift is incorporated and we will also

4



discuss why we can’t estimate the kick using only the Doppler shift. In chapter 6, we will
explore the systematic biases and detectability prospects when both Doppler shift and
aberration effects are included. Finally, we will summarize, draw conclusions and discuss

possible future directions in chapter 7.






Chapter 2

Gravitational Waves

2.1 Gravitational waves in Linearised gravity

In GR, Einstein’s Field Equations (EFEs) are given by
1
R, — éRgW = 81T, (2.1)

where R, is the Ricci tensor, R is the Ricci scalar, g, is the metric tensor and 7}, is
the stress-energy tensor. In the linearized approximation to GR, the spacetime metric

g is written as a small perturbation about flat Minkowski spacetime
G = M + Py [hw| < 1. (2.2)

where 7),,,,is the Minkowski metric and 5, represents a small perturbation. Under Lorentz
transformations of the background spacetime, h,,, transforms as a rank-two tensor. Thus,
it can be interpreted as a tensor field propagating on a fixed flat background. The
perturbation A, initially contains ten independent components. However, not all of these
correspond to physical degrees of freedom; some can be eliminated through appropriate
gauge choices. Imposing the Lorenz gauge condition, (9”%1, = 0, where BW = hu —

(nuwh/2) is the trace reversed metric perturbation with h = n*”h,,, EFEs reduce to the

uvs
simple wave equation.

- 1
Dhuu = - 67TGT;W, (23)

ct



where [0 is the d’Alembertian operator. In vacuum, Eqn. (2.3) reduces to
Ohu =0, (2.4)

which admit plane-wave solutions of the form (traveling in the k direction)

By = AeFer” (2.5)

with k* = (w/c, k) and w/c = |k|. Two important features follow from this result; First,
since the d’Alembertian operator is given by O = —(1/¢?)0? + V2, Eqn. 2.4 implies that
GWs travel at the speed of light. Second the Lorenz gauge condition imposes A*"k, = 0
which implies that GWs are transverse i.e. the perturbation is orthogonal to the direction
of propagation. The Lorenz gauge has imposed four conditions effectively reducing the

number of degrees of freedom from ten to six.

While staying in the Lorenz gauge, the degrees of freedom can be further reduced by

a coordinate transformation of the form z# — x* 4 &* with
0, = 0. (2.6)
This boils down to the set of conditions

R =0, h',;=0, & hy=0, (2.7)

7

which is known as the transverse-traceless (TT) gauge. The TT gauge (Eqn. 2.6) further
reduces the degrees of freedom by four which leaves us with two degrees of freedom.
Denoting the metric in TT gauge by A and rotating the frame such that k points in
the z— direction (i.e. k% = (w/¢,0,0,—w/c) ), we get

pyo

Rewriting A,, = A, and A, = Ay, we get hy = A e and hy, = A e, We
therefore get

hh =hiel, + hyer,, (2.9)
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Figure 2.1: The deformation of a ring of test masses due to the + and x polarizations
incident orthogonally. Image taken from Ref. [98].
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where e, and e, are the polarization tensors and are given by
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For a wave traveling in a general direction n’, we can obtain hz;T by

1
hh = |PlP" - 3 i P | By, (2.11)
where P; = 5; — n'n; is the projection operator and all the indices can take the values

(1,2,3).

2.2 Gravitational Wave Strain

The interaction of GW polarizations with a ring of freely falling test masses is illustrated
in Fig. 2.1. As a GW propagates perpendicular to the plane of the ring, it produces
time-dependent quadrupolar distortions in the proper separations between the masses.
The two independent polarization states generate distinct deformation patterns and are
therefore referred to as the “+” and “Xx” polarizations. In ground-based laser interfer-
ometric detectors such as LIGO, the suspended mirrors at the ends of the orthogonal
arms serve as effective test masses. A passing GW induces a differential change in the

arm lengths, which is measured with high precision through laser interferometry. The

9



detector output is thus directly sensitive to the strain produced by the incident GW.

Gravitational Wave detectors measure the strain h(t) by measuring the fractional
change in the difference between the arm lengths 6L, and dL,. It is written as a scalar
product

. . <
h(t) T = Fha()(niny —ngng) =h - D, (2.12)

> And >+ X
where D= (n; ® n; — ns @ ny)/2 is the Detector tensor and h=h, e +hy e 1is the

wave tensor. The response of the detector is therefore given by

h(t) = h-i-(t? A)F+(,[7Z)> 97 Qb) + h>< <t7 A)FX (1/% 9’ ¢)7 (213)

where F; , are the antenna pattern functions. For BBH mergers in a quasi-circular orbit,
the strain h(t) depends on 15 parameters 8 = {my, ms, X1, X2.i> AL, te, Pe, @, 0, L, ¢}, where
m o are the masses of the BHs, x1; and x2; are the dimensionless spins of the BHs, d, is
the luminosity distance to the source, t. is the time of coalescence, ¢, is the coalescence
phase, (a, 0) are the right ascension and declination respectively which together constitute
the sky location, ¢ is the angle between the line of sight (LoS) and the angular momentum

vector and v is the polarization angle.

The polarizations can be combined to form the complex amplitude H = h, + thy.
This complex amplitude can be decomposed into angular and temporal components.
The angular dependence characterizes the radiation pattern, and hence the geometrical
structure of the source, while the time-dependent coefficients describe the dynamical
evolution of the system. The angular decomposition is done in terms of spin weighted

spherical harmonics (SWSHs) ,Y'™ (4, ¢g) of spin weight -2:

o  +L

H(t; A 1 00) = Z Z HY™ (1 0) Y "™ (1, 00), (2.14)

=2 m=—{

where H*™ are the (¢, m)—modes of the GW and depend on time and intrinsic parameters
and luminosity distance, together denoted by \. (¢, ¢o) is the location of the observer as

seen from the source.! The modes are defined as
HY™ = /H(t; A 4, 00) —oY 5 (1 o) dSY, (2.15)

where _oY“™(1, @) is the complex conjugate of _,Y“™ (1, pg) and df2 represents the ele-

mental solid angle and the integration is over the limits (¢, o) € [0, 7] x [0, 27).

Ly can also be considered as the initial phase of the orbit.

10
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Figure 2.2: Different stages of a BBH merger: inspiral, merger and ringdown. Image
taken from Ref. [99].

2.3 The Ringdown Model

The GW strain from a BBH merger, can be split into three stages: inspiral, merger
and ringdown. The inspiral stage corresponds to the two BHs slowly spiraling inwards
towards each other, the merger stage corresponds to the highly non-linear stage where the
BHs are merging and the ringdown corresponds to the stage where the newly formed BH
goes from a perturbed state to an equilibrium. Since, this thesis focuses exclusively on
the ringdown phase, we now present a detailed discussion of the corresponding ringdown

waveform model.

Linear Black Hole Perturbation Theory (BHPT) has been employed to study the GWs
emitted from a perturbed BH. Leaver [100] proved that each multipolar component of
the waveform in Eqn. 2.14 at intermediate times—after the “prompt response” and before

the onset of power-law tails—is described by

o0
He’m — ZA&m’ne*i(wl,m,n(t7t0)+¢é,myn)’ (216)

n=0

where ¢y is some arbitrary start time. The oscillations are called Quasi-Normal Modes
(QNMs), because unlike the normal modes, these are exponentially decaying modes (for
reviews on the subject, refer [101]). wrmn = 27 fomm — 1/ To.mn is the complex frequency
whose real part is the mode frequency and the inverse of the imaginary part is the damping
time. In the linearised theory, the complex frequencies are completely determined by the

BH properties and do not depend on the nature of the perturbation. No-hair theorem,
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thus dictates that the frequencies are then completely characterised by the mass (M)
and spin (xr) of the BH.

The QNMs always come “in pairs”. For a Kerr BH, for a given (¢,m) and a given
value of a = xyM; the eigenvalue problem admits two solutions: one with positive real
part of the frequency, the other with negative real part of the frequency and different
damping time. They are the “regular” and “mirror” QNMs respectively (refer Fig. 1.6 of
Ref. [102]).? Denoting the mirror QNM frequency with a prime, they are related to the

regular frequencies by

i i
ffmn - _ff—mny Temn — Tl—mn,;

= w, =—w . 2.17
Imn {—mn

Writing Qemn = T fomnTemn Where Qpny, is the quality factor, Ref. [103] gave simple fitting
functions for the quality factor and the frequency which can be inverted to obtain the

mass and the spin of the BH:

«Fﬁmn:Mf ffmn:fl+f2(1_Xf)f37 (218)
Qemn = @1 + g2(1 — x5)*®. (2.19)

The amplitude Ay, ,, and the phase ¢y, ,, are determined by the astrophysical process
causing the perturbation and in the case of a BBH merger, would depend on the properties
of progenitors BHs. Each (¢, m) mode contains an infinite number of damped sinusoids
characterised by the overtone index n. The real parts of the complex frequencies of all
of them are almost the same but the damped sinusoids are numbered in such a way that
the 7y mn > Timner for all n. Green’s function techniques imply that the amplitudes
Ay mn can be factorized as a product of complex ‘excitation factors’ Ey,, , which depend

only on the remnant mass and spin and complex-valued, initial data dependent integrals

[Z,m,n'

Even though the angular decomposition of GWs is done in terms of SWSHs, they
are not ideal for studying the perturbations of a Kerr BHs that are formed after a BBH
merger. Teukolsky showed that it is most conveniently studied in terms of spin-weighted
spheroidal harmonics (S*™ (1, p; aw) instead of SWSHs, so that the ringdown waveform
is

o 4 oo
H(t; A\ 1, 00) = Z Z ZAg’m,n eTiwemanlt=to)tdemn) _ GEM () porcy ) (2.20)

(=2 m=—L n=0

2They can be alternatively split into prograde and retorgrade modes which have a physical meaning:
prograde (retrograde) modes are those that are corotating (counterrotating) with the spin of the BH.
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Here, (¢, ¢0) is the sky location of the observer from the source and ¢, = awrmy is
the oblateness parameter which depends on the BH spin a = M;x; and the complex
frequency wy . In the limit ¢ — 0, the spheroidal harmonics reduce to SWSHs. To
then relate the two decompositions, one can express the spheroidal harmonics in terms

of spherical harmonics,

SS&m(% $o; C) —s Y&m(ba @0) + Z CE,El,m(C>SYZ ’m(Lv QOO)’ (221>
040

where Cy ;. (c) are the spherical-spheroidal mode-mixing coefficients and hence we arrive
at
HEm — Z A&m,ne—i(wz,m,n(t—to)+¢z,m,n)Ow,m(C). (2.22)
n,l

The waveform therefore is

) +£

H(t; /\, . 900) _ Z Z Z Z Aﬁ,m,n e—i(we,m,n(t—to)+¢z,m,n)ce’e,7m(c> _2yﬁ ,m(L7 900)7

(=2 m=—Ln=0 ¢’ —yp

min

(2.23)

where £,,;, = max(|m/|,|s|).

As we will see in section 3.1.1, aberration also induces mode-mixing between different
modes. To isolate the effect on the systematic biases and detectability prospects caused by
mode-mixing due to aberration, we will ignore mode-mixing due to spheroidal harmonics.
That is, we will decompose the ringdown waveform in terms of spherical harmonics and
not spheroidal harmonics. Although the validity of this assumption starts to break down
as we increase the spin of the BH, this will be a first step in understanding the role of

mode-mixing due to aberration.
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Chapter 3

Black Hole kicks

Since GWs emit linear momentum, anisotropic emission will lead to the emission of a non-
zero flux of linear momentum from the system. The anisotropy in the emission comes due
to some inherent asymmetry in the system such as unequal masses, anti-aligned spins,
etc. To conserve the linear momentum, a kick is imparted to the remnant black hole in
the direction opposite to the flux of linear momentum, which is given by [88]

dFP; r?

— lim — 12
ST A 1

where df2 is the elemental solid angle and ['is the unit radial vector. For quasi-circular
binaries, the kick is a function of the mass ratio and the spins of the black holes at some
initial epoch [104] . Kicks for precessing binaries (i.e. spins not aligned with the orbital
angular momentum) can reach up to ~ 5000 km s~ [47, 49-51, 93, 105] where as that for
non-precessing (i.e. spins aligned with the orbital angular momentum) binaries can reach
up to ~ 500 km s~ [106, 107]. From an astrophysical point of view, kicks can largely
influence the BBH merger rate [45]. For the waveform modeling community, kicks can be
used as an important diagnostic to compare the waveform models from different families
and to develop accurate models [75-77|. Thus in this chapter, we will see the effect of
the kick on the observed ringdown waveform to correctly model the kick and look for any
biases in the estimated parameters. Along with that, we will also explore if the correct

modeling can detect the kick from the ringdown analysis.
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3.1 Effect of kick on gravitational waveform

In this section, we discuss the modifications to the ringdown waveform due to the kick.
We will refer to [96] for this section. When a moving source emits Electromagnetic (EM)
waves, it is well known the frequencies of the waves are Doppler shifted in the direction of
propagation. Along with it, they also exhibit the effect of aberration. Like EM waves, the
speed for GWs is also finite and the same for all observers, so a correspondence between
EM waves and GWs can be established. Doppler shift has been studied in great detail in
the context of GWs [80, 82, 95, 104] (also refer the supplemental material with Ref. [104])
but it is only very recently that the effect of aberration has been studied in this context
[96, 97, 108]. Both these effects can be studied by applying Lorentz transformation to the
wave propagation vector. By applying Lorentz transformation to the wave propagation
vector, we discuss how the waveform transforms from the source frame to the observer
frame in which the source is moving at some 3-velocity v. We adopt the units system

where ¢ = G = 1.

We start by introducing the reference frames employed in this analysis. Let the
z'—axis be along the angular momentum (spin) of the remnant BH and 2’— and y'—axis
in the plane perpendicular to z’—axis. In the polar-coordinate system, let 8" be the polar
angle i.e. angle between the direction vector and the z’—axis and ¢’ be the azimuthal
angle i.e. angle between the projection of direction vector in the 2’ — ¢y’ plane and the
2’ —axis.! 'We consider an observer far away from the source such that the spacetime
around the observer is flat except for the GWs. The remnant BH is moving at a velocity
v = (g, vy, v,) in the observer frame. Set the frame of the observer (¢, z,y, z) or (t,7,0, ¢)
parallel to the frame of the source (¢',2',y/,2") or (t',r',0',¢’) in the limit of vanishing

velocity.

In the observer and source frames respectively, the direction vectors of unit length
(from the source to the observer) are given by e, = (sin# cos¢,sinfsin¢,cosf), el =
(sin®’ cos ¢, sin @ sin ¢, cos §'). Therefore the 4-wave vectors are k = w(1,e,) and k' =

w'(1,el). The Lorentz boost matrix is

Y —VVz —YUy —YVz
2 2 2
2.2 v
—yv, 1+ Vs T Valy T Vs
Av) = . K K . 27 , (3.2)
-y, Lwvgv, 14+ 202 Lo
Y 1+y 727y 1+v 7y 1+~ Y72
2 2 2
— o - 7 02
I e L VLS o wevi

In standard GW convention, §’ corresponds to ¢ (inclination angle).
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where v = v/1 — v? is the Lorentz factor. In this setup, the 4-vectors transform in the

following way
A(—v
S % 0. (3.3)

Applying Lorent boost &’ = A(v)k, we get the time component to be

~

ko = w(y + (—Yve€r, — YUy€r, — Y€1)
= W'Y(l - <’U7 e7’>)
= W' =wy(1— (v, e,))

/ /
— w= u S (3.4)

1= (v,er)) (1 —-v)

where (-, -) is the Euclidean dot product and v, := (v, e,) = v, sinf cos ¢+ v, sin fsin ¢ +
v, cosf is the velocity along the Line of Sight (LoS) and is a function of the angles
(0, ®). This is the standard relativistic Doppler shift for a source moving at an arbitrary

direction.?

The first spatial component of the wave vector will be

- [ 7>, 7 7
/
kl = w _—’)/’Uw —+ <]. -+ 11 /}/U:p> €r, -+ mvxvyerz + Tvmvzers)
- 2
= w __ryvm + €p, + 1+ ’va <'l), e"’>:|
- 2
o [t en + ] (3.5)
Similarly, the other spatial components of the wave vector will be
~ ’yz
/
k2 = Ww |i—")/?)y + €r, + mvyvr} s (36)
~ ’)/2
ky = w |—yv, rs + —— 00| . 3.7
3 w{’yv+ea+1+vvv} (3.7)

Therefore, the Eqns. 3.5, 3.6 and 3.7 can be combined and written as

2
! 7 P}/
|- : 3.8
W'el, w[ 'y'u+er—|—1+7vv} (3.8)

Substituting Eqn. 3.4, we get

2
e, — v+ 1=
el = L (3.9)
(1 =)

2In certain references, you might see a plus sign in the denominator. Here we have a minus sign
because we have defined the direction vector from the source to the observer.
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To obtain 8 = 0(0',¢), ¢ = ¢(6',¢ ), from the z—component of Eqn. 3.9, we get
cos® = D(0,¢)(cos0 + C (0, d)v.). (3.10)

where D(0,6) == 1/7(1 = v,(6,)) and C(8,9) := (20,(6,6)/(1 + 7)) — 7. Similarly
from the x— and y— components, we get

fan g = €:ﬂ _ (sin@sing + C(0, ¢)v,) (3.11)

el ~ (sinfcos¢ + C(0, 9)v,)

As mentioned in Ref. [96], the effect of polarization rotation does not enter at the

first order, so we don’t study that effect.

3.1.1 Non-relativistic limit

Since we have assumed that we will be considering non-relativistic velocities, we will be
incorporating the Doppler shift and the aberration effect in the waveform only up to the

first order in v. To first order in v, Eqns. 3.4 and 3.9 respectively reduce to

w=w'(l+uv,), (3.12)
e.=e.(1+v,)—w, (3.13)

where according to our convention, v, is positive if it is directed towards the observer.
Let A be the operation for aberration by which the wave in the source frame transforms
to the observer frame, so that we have H'(0,¢) = AH(6',¢ ). Taylor expanding H'(, ¢)

we get

dH’
L 0.0
v=0 dv

H'(6,¢) ~ H'(6, ¢)

v=0

'y , de’ , d¢’
—_ [AH(Q ,¢ )]'u:O —|— v |:(99/H (8, gb)a V0 —|— (‘3¢/H ((9, d))a 7_)—0:| .
Since 0'|,—o = 0 and ¢'|,—o = ¢, we get
i de d¢’

+O[AH( )

T 0,H(0,6) 2

v=0 dv

H/(Q,QS) = H(@, ¢) +v |:89’[AH(9/a Qb )]E o dv

)
v0:|

Ao U:J . (3.14)

=H(0,¢)+v {0@[1(9, O)—

dv
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Using cos ' = e, and tan¢’ = e;y/e;z, from Eqn. 3.13, we get

z — Ur 9
50 = % (3.15)
Uz sing — v, cos @

5 =

(3.16)

sin 6

Now we have dv(df'/dv) = 60" and dv(d¢’/dv) = 6¢’. Since dv = v — 0 = v, we can

replace the derivatives with the quantities computed above. So Eq. 3.14 becomes

H'(0,¢) = H(0,¢) + sir119 OpH (8, ¢)(v, — v, cosh)
+ 0sH (8, ¢) (v, sin ¢ — v, cos (ﬁ)} : (3.17)

Using Eqn. 2.14, decompose the complex amplitude in terms of SWSHs. The angular

dependence is encoded only in the SWSHs, so using their differential properties, we get

) l 00 l
! m m 1 m m
H(0,0) =3 3 Hm Lyt W{< Ceost) S ST HIma( LY
(=2 m=—t (=2 m=—t

o0 14
(vg sin ¢ — vy, cos @) Z Z HY™0,( QY“”)]
=2 m=—/{

[e'S) l

1 e*i(j)(] . ew)J_
= § gbm | ytm L —, 9)Ht™ + ytm
P m_g< Y [(“ v cosf) ( 2i (2Y“™)+

(v, sin ¢ — v, cos ¢) H ™ im( _QY&’”)] ) (3.18)

Decomposing the LHS as well, we get

%) V4 9

¢
Z Z H'E™ L ybm — Z Z Hb™ ( Yhm g L |:(Ux sin ¢ — v, cos ¢)im( _Y“™)+

sin 6

e(igy LY — (g LY )} )
2 |

(v, — vy cos 6)
( (3.19)

where &4 = /(¢ Fm)({ + 1 £ m). The modes can be extracted using Eqn. 2.15. Rewrit-

ing v, sin ¢ — v, cos ¢ = F(v_e?) = (v_e" — v e ) /(2i) where vy = v, + iv,, we get

/ > z, !’ ! l¢ - _{LQS ! ’ =,
HZ,m _ Hﬁ,m + Z Z HK m [Zm,/ v_e vye€ _2yﬁ ,m _QYZ’mdQ+
l

= =, 21sind
! z - r 9 _/Ld) !’ ! -,
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" v, — v, cos f)e'® V.
%/ ( 7 ) _2Y£ ,m/—1 _2yf,mdQ )

oo ! !/

=2m/=-1

After this, we proceed numerically and compute the expressions in Mathematica. As
an example, we consider that the source emits all the modes up to £ = 10 and compute

the (2,2) mode in the observer frame. The expression as obtained from Eqn. 3.20 is

5 1 13 4 /5 [ 2
H/ 2,2 H21+§(3—2UZ)H22+— H31 _\/jUZH?)Q_'_l? Ev—i—HSg
fv H41—|—4 / U+H43 / l /_,UJrHSS
—\/—v H671+ Ev H63+—v H™ 4 — ¢y, H™
168 57 84\/5 *

/ 211 /1 / /133
HS 1 H9 1 —’U+H9’3
33 264 15

62 [14
—\/35 _H 4 = LHY3, 3.21
HETAGEH T3V 105"t (3:21)

There a few important points to note here:

e An (¢,m) mode in the observer frame has contributions from the modes in the source
frame of the orders m — 1, m,m + 1 but of all orders ¢' = max(2,|m — 1]),....,00
Let’s make this more clear with an example. If the source emits radiation in all the
2 < 0 < oo, |m| < ¢ modes, then the (2,2) mode in the observer frame would be
a combination of (¢,1), (¢,2), (¢,3) modes where 2 < ¢ < co. On the other hand,
if the source were to emit only (2,2) mode®, the observer would observe all the
(4,1),(¢,2),(¢,3) modes where 2 < ¢ < oo.

e The contribution to the (¢, m) mode in the observer frame comes from the m — 1
mode due to v_, from the m + 1 mode due to v, and from the m mode due to v,.
In this case, the (¢',1) mode comes with v_ = v, —iv,, (¢,2) mode comes with v,

and (¢, 3) mode comes with vy = v, + 1v,.

We also obtain a numerically computed expression for the same case computed from
Eqn. 32 from Ref. [96] which we don’t show here. We find a schematic agreement in

both the expressions however the numerical coefficients differ from each other. While

3In principle, the source cannot emit only (2,2) mode: there will also be a (2, —2) mode but just to
have an understanding, consider this.
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implementing the modifications due to aberration effect, we will be implementing Eqn.

3.21 to study the biases and detectability prospects.

3.1.2 Modifying the ringdown model

In this section, we will describe the final waveform that we will be using for analyzing
the systematic biases and detectability prospects when both Doppler shift and aberration
effect have been taken into account. Substituting Eqn. 2.16 in Eqn. 3.20, we see that in

the observer frame, the ringdown mode H’*™ has the form

oo
H/Km — E A&m’n671(w2,m,nt+¢[,m,n)

n=0
+ Z Z Apr ot me” W a0 ) L im! T 4 éI2 — é13 (3.22)
' m’ n=0 o 2 2

Considering all the modes for the analysis is computationally prohibitive, hence we con-
sider only the most dominant modes in the source frame which are the (220) and (330)

modes. Incorporating the Doppler shift as well, Eqn. 3.21, reduces to

2 .
[H22]obs = (1 — §vz> [AQQOQ*Z(OJQQO(t*to)(1+vr)+¢>220)} -

2 )
(”v m) [Agermit-tse o] (o, ivy). (329

This will be the model that we will be using in chapter 6 to investigate systematic biases

and detectability prospects.

After describing the computational tools for the analysis in the next chapter, we will
perform the analysis step-by-step. That is first we will only incorporate the Doppler shift
in the model in chapter 5. We will then go on to incorporating both Doppler shift and

aberration in chapter 6.
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Chapter 4

Bayesian Parameter Estimation

After studying the modifications to the waveform, we now turn to the analysis of the signal
within the realistic framework of detector noise. In GW data analysis, matched filtering
is employed to search for signals buried in noisy data. More precisely, the detection
procedure is based on maximizing the likelihood (or equivalently, the log-likelihood) of
the data given a signal model under the assumption of stationary Gaussian noise. The
matched-filter signal-to-noise ratio (SNR) naturally arises from this likelihood formalism
and serves as a convenient detection statistic. Once a GW signal has been identified
through search pipelines, the next objective is to determine the nature of the source
and its physical configuration. This requires estimating the parameters of the system
that generated the observed signal. Parameter estimation is challenging because the
detector data contains both the GW signal and instrumental noise. Consequently, the
source parameters are inferred within the framework of Bayesian inference. This approach
provides not only the most probable values of the parameters but also their associated
statistical uncertainties arising from detector noise. We discuss the basic time domain
Bayesian inference technique and a few important quantities we report in the remaining

sections of this thesis.

4.1 Time domain Bayesian analysis

Bayesian inference is based on Bayes’ theorem, which provides a consistent rule for up-

dating probabilities in light of new information. For two events A and B, the theorem
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states
BJA)P(A)

paB) = 2 5] (4.1)

where P(A|B) is the conditional probability of A given B. In GW data analysis, we aim
to infer the source parameters € from the observed detector data d. Applying Bayes’

theorem yields!,
P(d|6)P(6)

P(OV) = =

(4.2)

Here, P(0|d) is the posterior probability density of the parameters, P(6) is the prior
distribution encoding our assumptions before analyzing the data (henceforth denoted by
7(0)) and P(d|6) is known as the likelihood (henceforth denoted by £(d|#)) which quan-
tifies how well a model with parameters 6 explains the observed data. The denominator
P(d) = [ £(d|0)d8 is the evidence (or marginalized likelihood), denoted Z, and ensures

proper normalization of the posterior distribution.

The transient GW signals recorded in the LIGO-Virgo detectors are readily analyzed
in the Fourier domain. This choice is primarily driven by the advantages it offers, par-
ticularly in the likelihood computation as the instrumental noise is well described as a
stationary Gaussian process. However, frequency domain analysis has certain disadvan-
tages when it comes to analyzing particular segments of data, especially the ringdown,
as it does not meet these basic requirements: it is not possible to enforce cyclic bound-
ary conditions which prevents the noise covariance matrix from being diagonal and it is
not possible to avoid spectral leakage without corrupting the signal. In spite of these
difficulties, attempts have been made to resort to full or partial Fourier domain analyses
[109-112|. However, issues such as coupling of the pre-truncation point data and post-
truncation point data due to overwhitening filter and spectral leakage arise which can
result in the contamination of ringdown measurements. An approach to address these
issues is to abandon the assumption of circular boundary conditions and work in the
time domain [113]. A mathematically equivalent strategy is the gating-and-inpainting
approach which uses a frequency domain formulation [114-116], however this approach
destroys the diagonality of the Fourier covariance matrix. The efficiency of each method
over the other depends on the length of the signal [101] (Refer to table 6 of Ref. [101]
for a summary of different analyses techniques used). We will resort to time domain
Bayesian analyses when it comes to analyzing ringdown data. We will refer to [113] for

details and we will review the essential components here.

IHere we always assume that we know what the underlying model is i.e. given some parameters 6,
we know what the signal would look like.
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4.1.1 Modeling the likelihood in time domain

We first write the data d in the detector as
d(t) = h(t) + n(t) (4.3)

where h is the GW signal that we expect to be there and n is the instrumental noise in the
detector i.e. the data in the detector when no GW signal is present. The noise is modeled
as a discrete time random process, represented by a set of random variables n; = n(t;),
when sampled at times ¢;. Assuming Gaussianity, the process can be completely described
by its mean E[ng] (which for convenience, we can set it to zero) and its covariance matrix
Ci; = Elninj— E[ng]] = E[n;n;] (with the only condition that it is positive semi-definite).
For an N—vector n = {ng, ns......,nxy_1} drawn from such a process, C' will be a N x N

matrix and the log-probability of the draw will be
1
log P(n) = ) Z n;C;;'nj 4 constant, (4.4)
,J

where C~! is the inverse of the covariance matrix. For a stationary random process, the

covariance matrix becomes a symmetric Toeplitz matrix?,

Cij = p(li = 31), (4.5)

where p(k) is the auto-covariance function (ACF), which can be estimated empirically by

auto-correlating a long stretch of noise-only data.

Once we have the covariance matrix, we can analyze a noisy data d(t) with a model
defined after some truncation time t¢,,;. Assuming the data was presampled at some set
of times t;, we will index the such that ¢ = 0 corresponds to the first sample at or after

the specified truncation time,
to = min({¢; such that tge < t;}). (4.6)

With this convention, the log-likelihood for data after ¢4+ can be written as

N-1

log P(d|n) = —% > (di — hy)Cyt(di = hy) (4.7)

1,j=0

This likelihood is completely agnostic about times before ¢3. Note that it is not sufficient

to set h(t) = 0 before ty3. Such a model predicts no signal before ty, at which point the

2A Toeplitz matrix A is a matrix that satisfies Aij = Aig1j41-
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template turns on sharply—this is not agnostic for times before t,. With this likelihood and
appropriate prior probabilities, we can use Eqn. 4.2 to compute the posterior probability

of the source parameters.

4.2 Quantities of Interest

In this section, we define some other useful quantities. We first define the SNR which is
used as a detection statistic which tells us how “loud” the signal is, which will be used
to compare systems with different parameters by bringing them on the same footing as
far as observation is concerned. Then we define the overlap which is used to see how

“similar” two waveforms are, which will be used to compare different waveforms.

4.2.1 Signal-to-Noise Ratio (SNR)

Using Eqn. 4.3, one might think that we can detect a signal only when |h(t)| > |n(t)|, but
this is not true. If we know h(t) and have an idea of the typical scales of the variations
of the noise, then it can be shown that it suffices to have hy > ng\/7T, where hyq is the
characteristic amplitude of h(t), ng is the characteristic function of n(t), T is the time
observation and 7 is a typical characteristic time scale, e.g. time period of the oscillating
function h(t). The technique used to dig out a GW signal from a much larger noise
is called matched-filtering and the quantity used in GW data analysis to measure the
“loudness” of the GW signal is the Signal-to-Noise Ratio (SNR). Here we define the SNR
in time domain. The uncertainties of the posterior distributions of the parameters reduce

as the SNR increases.

Generically, the Signal-to-Noise Ratio (SNR) is defined as the ratio of the expectation
of data when signal is present to the root-mean-square value of the data when the signal
is absent. Eqn. 4.4 motivates us to define an inner product incorporating data only after

tstart, fOr any two time series x; = x(t;) and y; = y(¢;):

N-1
(zly),, = Z T Cigl Y. (4.8)

1,7=0

Using the notion of distance given by Eqn. 4.8, it can be shown that the definition of
SNR boils down to the following quantity which is the optimal SNR (for an arbitrary
time series x;)

SNRoy[to] = ||zl = (x]2)/?. (4.9)

to
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By the same token, the matched-filtered SNR of a signal h; in some data d; = s; + n;, is

o (4.10)

where t; in the above equations denote the truncation time and we will drop it to make
the notation simpler. The matched-filtered SNR gives us a notion of the ‘overlap’ of the
signal with the data whereas the optimal SNR gives us a notion of what the SNR we

could achieve in an ideal condition (i.e. zero noise).

For multiple detectors, the SNRs are added quadratically, i.e.

SNRerlto] = /> (SNRyfto + 61,2 (4.11)

where the sum is over each detector I, and SNR;[ty + 6t;] is the SNR at the I*"* detector
(matched filtered or optimal), evaluated at respective truncation times shifted by dt with

respect to ?y.

4.2.2 Overlap

In the spirit of the inner product defined in the previous section, the overlap between two

time series h(t) and g(t) is defined as

g
O 9) = 7511y {lg) (4.12)

This quantity is used to see how ‘similar’ the two time series are. The mismatch between

the two waveforms is then defined as

(hlg)
(hlh) (glg)’

which tells us how ‘different’ are the two time series. This quantity provides us about

MM=1-0=1- (4.13)

an idea of the bias i.e. the larger the mismatch, the greater the expected bias. So this
quantity will be used as an useful diagnostic before moving to parameter estimation of

where in the parameter space we can expect a higher bias.
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Chapter 5

Doppler Shift

Having looked at the imprints of the kick velocity on the waveform up to the first order
in velocity in chapter 3, we now focus on exploring the detectability prospects of the kick
and the systematic biases on the parameters if a kicked waveform is analyzed without
incorporating the effects of the kick. In this chapter, we will first incorporate only the
Doppler shift and then in the next chapter we will incorporate both the Doppler shift
and the mode-mixing effect due to aberration. We first explore what kinds of systematic
biases we have from ringdown analysis alone using the methods discussed in the previous
chapter. We then discuss about the degeneracy between the final mass and the kick
[95] and present a mathematical analysis of the biases observed in the Bayesian analysis.
Owing to the degeneracy, we then discuss why it is not possible to detect the kick and
mass simultaneously using only the ringdown analysis. We then explore the detectability
prospects of the kick using a back-of-the-envelope argument where we consider that the

final mass has been accurately estimated using inspiral to break the degeneracy.

5.1 Systematic biases

When analyzing real data, the most we can do is compare different waveform models
and determine which provides a better fit to the observations. In the context of GW
data analysis, such comparisons are typically performed using the Bayes factor (or, more
generally, the odds ratio), which quantifies the relative support that the data provide
for one model over another. However, with real data we cannot determine whether any

inferred parameter is biased, since the true underlying model and the true parameter
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values are unknown. In situations where observations of the types of systems we wish
to study are not yet available or sparse, we must rely on simulated data. To assess
the potential importance of a given physical effect, we therefore assume a fiducial “true”
model that includes this effect and generate simulated signals based on it. We can then
analyze these signals with models that either include or neglect the effect, allowing us to

evaluate the impact of its omission.

In this case, we will assume that a kicked model (i.e. Doppler shifted ringdown model)
will be the true model and analyze it with a Kerr model (i.e. the ringdown model which
does not have the Doppler shift). The analysis will be two-fold: first we will compare
the two models using overlaps to see how ‘similar’ the waveforms are. Here, we will be
looking at the mismatches between waveforms for 3 different cases: 1.) waveform having
only (2,2,0) mode, 2.) waveform having (2,2,0) and (2,2,1) modes and 3.) waveform
having (2,2,0) and (3,3,0) mode. This will be a first step in understanding where in
the parameter space can we expect a significant bias in the Bayesian analysis. Next, we

perform Bayesian inference to quantitatively assess the bias on the parameters.

5.1.1 Mismatches: 220

We consider the ringdown model without kick is of the following form
hy 4+ihy = A0 e~ Hwz20lt=to)+220) Y22, ) (5.1)
and the Doppler shifted model is
hy 4+ihy = A0 e~ w220(Fvr)(t=to)+d220) Y 22(; (50, (5.2)

We look at the mismatches as a function of the final mass My, final spin s and the kick
velocity v, (which is along the LoS) and fix all the other parameters. The fixed parameters
are: Assg=1x 1072 ¢9s9 = 7/3, + = 7/4 and ¢y = 0. We compute mismatches for
LIGO Hanford detector at its design sensitivity and Einstein Telescope. We use the
aLIGODesignSensitivityT1800044 and EinsteinTelescopeP1600143 Power Spectral
Densities (PSDs) from PyCBC to compute the ACFs using the prescription described in
[113]. We compute overlaps for the waveforms as detected by detectors such that the

detector is equally sensitive to both the polarizations.

In Fig. 5.1, we plot the mismatches between Kerr and kicked waveforms as a function
of v, (kick velocity along the LoS) assuming the aLIGO PSD in the top row and ET

PSD in the bottom row. In the left plots we look at the mismatches as a function of
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Figure 5.1: Mismatches between Kerr and kicked waveforms (only the 220 mode) as-
suming the aLIGO (top row) and ET (bottom row) sensitivity. Left plots show the
mismatches as a function of v, and My for a fixed spin x; = 0.6. Right plots show the
mismatches as a function of v, and xy for a fixed mass My = 100 M.

mass for a fixed spin value of xs = 0.6. In the right plots we look at the mismatches as
a function of spin for a fixed mass value of My = 100 My. In all the plots we see that
the mismatches increase with increase in the magnitude of kick. In the left plots, we see
that, for a particular v,, the mismatches are independent of the final mass. In the right
plots, we see that, for a particular v,, the mismatches increase with increase in spin, so

the maximum mismatch is for the extremal Kerr case.

A possible explanation for this behavior is the following. Overlap is the normalised
inner product of the two waveforms. So the quantity that determines the overlap is the
phase difference. The phase difference between a Kerr model and a kicked model (for

single mode-model) is

A(blmn = (27Tflmn(t - 250)(1 + Ur) + lemn) - (27Tflmn(t - tO) + (blmn)
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= 0,27 flnt, (5.3)

where we set tg = 0 in the last equation. Since the frequency is inversely proportional to
mass and time is directly proportional to mass, the phase difference does not depend on
the mass. The phase difference further is directly proportional to the the kick velocity
and spin (due to the frequency). Therefore, higher is the spin or kick, more is the phase
difference, lesser is the overlap and higher is the mismatch. Since frequency increases with
increase in spin, mismatch increases with increase in spin. This explains the independence

of mismatch with mass and the dependence on kick and spin.

5.1.2 Mismatches: 220+221

Along with the (220) mode, we consider the first overtone of the (22) mode in the model.
As described in section 2.3, the overtones in a particular mode have almost the same
frequency and are characterised by their damping time: 74, , > Ty, m n+1 for all n. So the

overtone (221 mode) is a shorter lived sinusoid than the fundamental (220) mode.
hy +ihy = {AQ,ZO e~ ilw220(t=t0)02.2,0)
+ Az €i(w2’2’l(tt0)+¢2’2’1)} 72Y2’2(57 ©o) (5.4)
and the Doppler shifted model will be
hy +ihy = {AZ?,O e~ Hw2,2,0(14vr)(t—to)+¢2,2,0)

+ Aso1 e_i(wm’l(1+W)(t_t0)+¢2‘2’1)} —2Y2’2(L: ©o). (5.5)

As done in section 5.1.1, we look at the mismatch plots as a function of the final mass
My, final spin s and the kick velocity v, (which is along the LoS) and fix all the other
parameters (values are the same as were considered in the previous subsection). In this
case, now there two extra fixed parameters: the amplitude As2; and phase ¢5 57 of the
(2,2,1) mode. However, they cannot be fixed arbitrarily. We will briefly review their
connection with the amplitude and phase of the (2,2,0) mode and direct the reader to
Ref. [117] for more details (also refer to [118-120] for more details on the subject).

As mentioned in section 2.3, the QNM’s complex amplitude (i.e. Agy,,e”*®mn) can be
written as

Clmn = IlmnElmn7 (56>
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where [, is known as the source factor that depends on the initial-data integrals and
Ej.n is known as the excitation factor that depends on the final mass and final spin
[100, 118-123]. Now if we assume that the source term Ij,,, is the same for all overtones
i.e. does not depend on the index n (I}, = I,), it means that all the overtones are
excited simultaneously at some time. If we let that time (relative to the peak of the

strain) be t,e.¢, then we have

. (2,2)
—iw t
E(272,n,+) ~ e (2,2,n,4) "pert 0(2727717_‘_). (57>

(2,2

So, we see that

Caon, _ Lo, eH(waany —waony 32, (5.8)

Cozn,  Eaon,
i.e. the amplitude ratios depend only the excitation factors and the time of perturbation
(when the overtones were excited). Therefore, essentially, the amplitude ratio only de-
pends on the final spin.! Looking at the figures 7 (which gives magnitude of Es,) and
8 (which gives the phase of Es,) in Ref. [117], we approximately extract the values of
the excitation factors and phases for our desired configurations. Therefore we fit just
the complex amplitude for the 220 mode and complex amplitude for 221 mode can be

obtained from the relation mentioned above.

We consider the same setup as described in the previous section. The values of the
amplitude and phase of the (221) overtone for each case are then determined using the
prescription described in the previous paragraph. In Fig. 5.2, we plot the mismatches
between Kerr and kicked waveforms as a function of v, (kick velocity along the LoS)
assuming the aLIGO PSD in the top row and ET PSD in the bottom row. In the left
plots we look at the mismatches as a function of mass for a fixed spin value of x; = 0.6.
In the right plots we look at the mismatches as a function of spin for a fixed mass value
of My =100 M.

Here, we see the same trends as we see in Fig. 5.1. But, in Fig. 5.2, we see that the
mismatches are lesser than the corresponding plots in the Fig. 5.1. A possible explanation
for the mismatches being less is the following. Firstly, the 221 mode is a very short lived
mode (it roughly dies out in a couple of cycles). Secondly, the initial amplitude of 221
mode is higher than the 220 mode, so it is the dominant mode in the early times. Now
overlap is the inner product of the normalized waveforms and the overlap depends on
the dephasing between the waveforms. From Eqn. 5.3 (even though it was for a single
mode, it holds generally that the phase difference grows with time), we see that the

phase difference increases with time. Therefore, since the 221 mode is short-lived, it dies

!Since it is a dimensionless quantity and it depends on the final spin and final mass only, it should
not depend on the final mass.
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Figure 5.2: Same as Fig. 5.1 but for the overtone ringdown model.
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to the overlap where a significant phase difference has not yet appeared increases.

the (220,221)-model, the initial part of the waveform (till some time ¢; up to which the
(221) mode dies out) contributes about ~ 99% to the overlap where as in the case of the

(220) only model, the contribution from the waveform till that time ¢; is about ~ 96.5%.

This explains the decrease in the overlaps when the (221) mode is present.

5.1.3 Mismatches: 220+330

We further want to include subdominant modes to explore the missmatch. Thus we

consider the ringdown model without kick (not Doppler shifted) in this case will be

h+ + th = A2 2.0 eii(w2,270(t*t0)+¢2,2,0)
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Figure 5.3: Mismatches between Kerr and kicked waveforms (having (220) and (330)
modes) assuming the al.IGO sensitivity. Left plot shows the mismatches as a function of
v, and My for a fixed spin xy = 0.6. Right plot shows the mismatches as a function of
v, and x for a fixed mass My = 100 M. The amplitude ratio Aszg/A2e is 0.3 and the
relative phase difference ¢330 — 99 is zero in this case.

A3 30 e*i(w3,3,0(t*to)+¢3,3,o) 72}/373([/’ (100) (59)
and the corresponding Doppler shifted model will be

hy +ihy = A2,270 e~ w2,2,0(14vr) (t—t0)+62,2,0) 72}/272(%@0) +
As 30 e~ waao(lu)(t=to)tésa0) y33(, ). (5.10)

Unlike the case of a (220, 221)-modes model, in this case, there are fitting formulae
proposed for the initial 330-mode amplitude as a function of progenitor spins and mass
ratio but, to the best of our knowledge, there does not exist a “clean” model like the

previous case that models the amplitude ratio of 330-mode as a function of the final spin.

As an illustrative case, we look at the mismatches for this model assuming only the
alLIGO PSD and only a particular amplitude ratio. We consider the same setup as
described in section 5.1.1. The (330) mode being the subdominant mode, we fix the
amplitude ratio Agzg/Agso to 0.3 and the initial phase difference of the modes ¢339 — Pazg
to zero. In Fig. 5.3, we have plotted the mismatches for the (220, 330)-modes model. We
again see the same trend as we saw in the previous cases—for a particular kick value, the
mismatches are independent of the final mass and increase with increase in spin. Along
with that, we see that the mismatches are greater than the 220-only case. This happens
since the damping time of the (330) mode is very similar to the (220) mode and the
frequency of the (330) mode is more than the (220) mode over the spin range. Since the

mismatches depend on the dephasing of the waveform, higher frequency leads to higher
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dephasing within a given time. Hence, we see higher mismatches for the (220,330)-modes
model than the (220)-only mode model.

5.1.4 Bayesian Analysis for computing systematic bias

The mismatch analysis done in the previous subsections gives us an idea about where in
the parameter space we can expect a higher bias. It reveals that the biases should not
depend on the value of the final mass and they should increase with increase in the final
spin. Also, the degeneracy between the kick and the final mass indicates that only the
final mass will exhibit a bias. So in this section, we analyse the biases using Bayesian
parameter estimation for a ringdown model with just the 220 mode. We describe the
setup for Bayesian analysis. We inject Doppler shifted waveforms with nonzero kick
velocities in gaussian noise in a network of LIGO Hanford and Livingston detectors at
their design sensitivity. We fix the initial phase ¢y to 0, angle of inclination ¢ to 7/4,
angle of polarisation ¢ to 0, sky location (a,d) to (2.25, 1.25) rad. To demonstrate the
independence of bias on the value of the final mass, we consider two mass cases: 50M,
and 100M,, and to demonstrate the dependence of bias on the final spin, we consider five
spin cases: [0.4, 0.6, 0.8, 0.9, 0.95]. We consider 13 cases of kick velocity uniformly spaced
between [-0.03c, 0.03¢c|. We find the amplitude Ajyy and phase ¢o9 of the mode to fix the
network SNR to 30, 50 and 100 using scipy.optimize.minimize function. For all these
cases, during parameter estimation, we assume the kick to be zero and estimate the final
mass, final spin, amplitude and phase (M, as, Asag, d220).> We consider uniform priors
over the final mass in the range 20 < M; < 200, final spin in the range 0.01 < ay < 0.99
and phase in the range 0 < ¢999 < 27m. We consider a log-uniform prior over the amplitude

in the range —24 < log(Asgn) < —18.

In Fig. 5.4, we plot the ratio of the systematic error to the statistical error of the final

mass and final spin. The ratio is defined as

B, = P _ [Piny = el (5.11)
Pstat o

where o is the standard deviation of the parameter distribution, p,,.q is the median value
of the distribution and p;,; is the injected value. If the ratio is greater than 1, then it
implies that the systematic error is more than the statistical error and hence the analysis
is flawed and we will have an incorrect inference of the parameter. The left column shows

the ratios for final mass and right column shows the ratios for the final spin. The top

2For performing the PE, we use a pipeline developed by our collaborator Dr. Akash Kumar Mishra
that uses the dynesty sampler to sample the posterior distributions. Ref. [124] describes the sampling
framework used in this pipeline.
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Figure 5.4: The ratios of systematic errors to the statistical errors. Left column shows
the ratios for the final mass and the right column shows the ratios for the final spin. The
top row shows the ratios for a network SNR of 30, middle for 50 and the bottom for 100.
Line styles indicate the final mass of the system and the line colors indicate the final
spin of the system in the legends of each plot. The shaded region indicates where the
statistical error (1-o error) is greater than the systematic error.
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row shows the plots for a network SNR. of 30, middle for 50 and the bottom one for 100.

We see that it only the final mass that is biased and not the final spin. We explain
this observation in the next section. Even though not clear from the lesser SNR plots,
as it was seen in the mismatch plots, the bias is independent of the value of the final
mass. For a fixed kick velocity, the bias increases as the spin increases. As the SNR
increases, this pattern becomes clearer and the number of systems having the systematic
error greater than the statistical error increases. This happens because of the decrease
in the statistical error when the SNR increases. In the network of aLIGO detectors, a
kick of ~ 0.02c along the line-of-sight induces significant biases on the mass for systems
with ay > 0.8 for a network SNR of 30, with a; > 0.6 for a network SNR of 50 and with
ay > 0.4 for a network SNR of 100. The importance of taking the biases into account
increases for 3G detectors where they are routinely expected to see ringdown signals with

SNR greater than 100.

5.2 Degeneracy between kick and final mass

We see how the mass-kick degeneracy comes about in the case of ringdown model. The

Doppler shift factor is £ = 14w, in the non-relativistic case. Therefore the Doppler-shifted

D

frequency is wy, .

= {Wimn. As we have seen before in section 2.3, frnn = qemn(Xyr)/Ms
and Temn = Bomn(X7) M where aymn(xr) and Benn(x ) are functions of the final spin
only [103]. Therefore the Doppler-shifted frequency and damping time would be f2 =
Eqomn(Xs) /My and 72 = Bumn(x )My /€. Now if we define M, /¢ as some new quantity
M}, then we see that fy,,, = Oégmn<Xf)/M]/c and Ty, = Bgmn(xf)M}. That is this new
quantity M} mimics as the final mass. Physically it means that if we don’t consider the
Doppler shift in our model, we will measure the mass of the system to be M} instead of
M. We further see that the Doppler shifted ringdown model with mass M; is exactly
identical to the ringdown model without incorporating the Doppler shift with mass M}
So we don’t expect any other parameter than the final mass to be biased during a Bayesian

analysis. This explains the observations of the biases noted in the previous section.

The second consequence of this mass-kick degeneracy is that without an independent
measurement of the final mass or the kick velocity, it is not possible for us to break this
degeneracy. This happens because of the absence of a length scale or a mass scale in
vacuum GR. This can be better understood through the following analogy. Suppose we
want to measure the frequencies of sound emitted by a moving source. What we actually
measure are the Doppler shifted frequencies. We cannot infer the source frequencies and

the speed of the source both from this measurement alone. We need an independent
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measurement of at least one of them to infer the other solely based on the measurement
of the observed frequencies. This means that if the Doppler shift is incorporated in the
waveform, then because of the degeneracy, we would not be able to infer the kick velocity

and the mass together.

5.3 Detectability prospects

We now explore the detectability prospects using the back-of-the-envelope argument men-
tioned in [80] where we assume that the final mass has been accurately estimated from the
inspiral. Let M; be the final mass as estimated from the inspiral and let M, be the final
mass as measured from the ringdown. Since we have assumed that the kick is imparted

instantaneously at the merger, we can write
M, = M;(1 —v,) (5.12)

If we assume that the mass estimated from the inspiral is accurate i.e. we know the true
mass, we can neglect the error in M;. Differentiating the equation,we get
_|ang]

| = = (5.13)

So kicks of magnitude v, can be detected if the final mass is measured with a fractional
accuracy of < v,. As done in the previous section, we inject signals into Gaussian noise
in a network of LIGO Hanford and LIGO Livingston detectors at their design sensitivity.
We fix the initial phase ¢g to 0, angle of inclination ¢ to 7/4, angle of polarisation v to
0, sky location («,d) to (2.25, 1.25) rad. We inject systems with different masses and
different spins and find the amplitude Ay and phase ¢22¢ of the (220) mode by fixing

the SNR using the same function as mentioned in previous section.

In Fig. 5.5, we look at the fractional error in mass as a function of SNR for 2 cases
of the final mass: M; = [50M, 200M ] which is indicated by the line style and 4 cases
of final spin: ay = [0.4,0.6,0.8,0.9] which is indicated by the line color. From the plots
seen in the previous sections, we see that the biases are independent of the mass and
it increases as we increase the spin. This is also evident from Fig. 5.5. The fractional
error is independent of the final mass which implies that the detection of the kick is not
affected by the mass as long as the signal lies within the detector sensitivity band. We
also see that for a particular value of the SNR, the fractional error decreases as the final
spin increases which implies that higher spinning systems will be more favourable for a

possible detection of the kick. We would also like to note that given the initial mass ratio
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Figure 5.5: Fractional error in mass as a function of the SNR. This is shown different
true final mass indicated by the line style and true final spin indicated by the line color.

and progenitor spins, fitting formulae [83, 104] also predict the final kick vector. So this
method can also be used as a diagnostic to check the consistency between kick estimated

from the fitting formulae and kick estimated from this method.

In this chapter, we looked at the systematic biases due to the Doppler shift and saw
why it is not possible to detect the kick from the ringdown alone due to the degeneracy.
In the mismatch plots, we saw that addition of an over-dominant short-lived mode on
top of the (220) mode decreases the mismatch and hence configurations which excite
these types of modes/overtones may not be suitable for kick detection. We also saw that
addition of a sub-dominant long-lived mode increases the mismatch and hence such con-
figurations would be favorable for kick detection. What we conclude is that the mismatch
essentially depends on the lifetime of the most dominant mode in the waveform: if it is
short lived, then the mismatch is low and vice-a-versa. Further, we also looked at the
systematic biases on the intrinsic parameters as obtained from the Bayesian analysis for
the (220)-mode only case and saw that the biases are independent of mass and increases
with increase in spin. Using a back-of-the-envelope argument, we further looked at the
detectability prospects of the kick if the mass is inferred from the inspiral. Having looked
at the systematic biases due to the Doppler shift, we now incorporate the aberration

effect in the model along with the Doppler shift.
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Chapter 6

Aberration

After studying the systematic biases induced due to the Doppler shift, we now incorporate
the aberration effect which induces mode-mixing and corrections to the mode amplitudes.
As mentioned in section 3.1.2, we consider only the dominant and the leading subdomi-
nant mode in the source frame which are the (220) and (330) modes. Let v, = ¥ - €, be

the velocity along the line of sight. So the (22) mode in the observer frame will be

9 .
[H22]obs = (1 — gvz) [Amoe—z(wzzo(t—to)(1+vr)+¢>220)} . +

2 )
(17, / ﬁ> [Aggoe (wssoltmto) o) ¥os0)] | (4, 4 iv,), (6.1)

where the subscripts obs and src mean observer and source respectively. Here, we will
investigate the systematic biases for two special cases of the kick velcity: 1.)v, = v, =
0,v, # 0 and 2.)v, = v, = v,. Further, we employ Bayesian inference to investigate the
detectability of the kicks and evaluate whether they can be inferred after incorporating

the aberration effect.

6.1 Systematic Biases

Here, we consider two different cases to look at the systematic biases. Firstly, we consider

that v, = v, = 0 and vary v, from —0.03c¢ to 0.03c. The model in this case will be

(6.2)

2 .
[H22]obs = (1 — §UZ) |:A220€_l(w220(t_t())(1+vr)+¢220)j|
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As done in chapter 5, we inject signals in Gaussian noise considering a network of LIGO
Hanford and Livingston detectors at their design sensitivity and recover them with the
same ringdown model assuming kick velocity to be zero. We describe the setup of this
Bayesian analysis. We fix the initial phase @y to 0, angle of inclination ¢ to 7/4, angle
of polarisation ¢ to 0, sky location («,d) to (2.25, 1.25) rad. We inject systems with
different masses and different spins and find the amplitude Asog and phase ¢999 of the
(220) mode for each case by fixing the SNR using the same function as mentioned in

previous chapter.

In Fig. 6.1, we plot the ratio as defined in Eqn. 5.11 on the amplitude of the 220
mode in the top row, final mass in the middle row and final spin in the bottom row for
different true values of v,. We do this for two cases of network SNR-50 and 150. From
the bottom plots, we see that for the final spin, the systematic errors are always less
than the statistical errors. We expect this to happen since, for this particular case, the
modification due to the aberration effect comes only in the mode amplitude-the quality
factor as defined in Eqn. 2.19 that determines the final spin is not affected. Further, due
to Doppler shift, the systematic errors for the final mass increase with increasing kick.
We see the same trends as seen in Fig. 5.4. From the top row, we also note that the
mode amplitudes are biased. This is evident from the model as the modification comes
in the mode amplitude. However, contrary to the plots of the final mass, we see that the
biases on the amplitudes increase as the final spin decreases. We also see that the biases

increase with increase in the mass. We do not have a clear explanation for these trends.

In the second case, we consider v, = v, = v, = v; and vary v; from —0.01c to 0.01c.
The model in this case will is given by Eqn. 6.1. We keep the same setup as the previous
case. Here we have two extra parameters: the amplitude and the phase of the 330 mode.
We fix the amplitude ratio of the 330 mode to the 220 mode (Aszy/A20) to 0.3 and
the phase of the 330 mode to zero. As done before, we use the same ringdown model
assuming kick velocity to be zero (i.e. a non-aberrated non-Doppler shifted model with

just the (220) mode) to recover the injected signal.

In Fig. 6.2, we plot the ratio as defined in Eqn. 5.11 on the amplitude of the 220
mode in the top row, final mass in the middle row and final spin in the bottom row for
different true values of v = v;4/3. We do this for two cases of SNR-50 and 150. For the
biases in final mass in the middle row, we see the same trends as seen in Fig. 6.1 and
5.4. In the bottom row, we see that the systematic error for the final spin can be more
than the statistical error. This happens since we are trying to recover a two-mode model
with a one-mode model. Beyond the Doppler shift, the frequency profile of the waveform
changes due to the addition of two modes and hence the spin recovery is affected. As

for the ratios of the errors of the amplitudes, we see that they are comparable in value
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Figure 6.1: The ratios of systematic errors to the statistical errors of the amplitude,
final mass and final spin for the model in Eqn. 6.2 in the top, middle and bottom rows
respectively. Left (right) column shows the ratios for a network SNR of 50 (150). Line
styles indicate the final mass of the system and the line colors indicate the final spin of
the system in the legends of each plot. The shaded region indicates where the statistical
error (1-0 error) is greater than the systematic error.
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Figure 6.2: The ratios of systematic errors to the statistical errors of the amplitude,
final mass and final spin for the model in Eqn. 6.1 in the top, middle and bottom rows
respectively. Left (right) column shows the ratios for a network SNR of 50 (150). Line
styles indicate the final mass of the system and the line colors indicate the final spin of
the system in the legends of each plot. The shaded region indicates where the statistical
error (1-o error) is greater than the systematic error.
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Mf(MQ) ayf L ®o Q d (0 (4 A330/A220 ®330
50 09 |x/4] 0 |225]-1.25| 0 | 0.01c 0.3 0

Table 6.1: Injected parameter values for the injections to explore the detectability
prospects. The angles are in radians and all the components of kick are the same
(v = vy = v, = v;). The posteriors are plotted in Fig. 6.3 and 6.4.

with the ratios from Fig. 6.1. However, here we don’t record any notable trends between

different curves.

6.2 Detectability

Ref. [96] showed that aberration can, in principle, break the degeneracy between the mass
and the kick. However, in the case of the aberrated ringdown model (Eqn. 3.20), unlike
the Doppler shifted model, it is not straightforward to determine whether the kick remains
degenerate with the mass. To investigate this issue, we resort to numerical calculations
along with Bayesian parameter estimation techniques. Specifically, we compute the (22)
mode in the observer frame numerically (Eqn. 3.21). As the fiducial signal model, we
include only the dominant mode and the leading subdominant mode in the source frame
as our true model (Eqn. 6.1). We inject the signal into Gaussian noise in a network
of LIGO Hanford and Livingston detectors at their design sensitivities. The injected
parameters are listed in table 6.1. We consider two cases where choose the amplitude
and phase of the 220 mode by fixing the network SNR to 50 and 150.

Bayesian analysis being computationally expensive, we estimate only a subset of the
injected parameters. We first keep the final mass, final spin, angle of inclination and
the velocity components as the free parameters: (My,ar,t,v,,vy,v,). We choose flat
uniform priors over the final mass in the range 20 < M, < 300, final spin in the range
0.01 < ay < 0.99, inclination in the range 0 < ¢+ < 7 and velocity components in the range
—1 <wv; < 1. In Fig. 6.3, we show the corner plot of the estimated parameters, including
their one-dimensional marginalized and two-dimensional joint posterior distributions. All
the parameters are recovered well-the injected values are within the 1 — ¢ bounds from
the median values of the parameters. We list the injected values, median values along
with their upper and lower 1 — o bounds and maximum a-posteriori (MAP) values in
table 6.2. The statistical errors decrease as we increase the network SNR. We further
see that the recovery of the x— and y—components of the velocity is better than the
z—component. Apart from that, we would like to note another observation. Generally,

when Bayesian parameter estimation is employed, a positive correlation between the final
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Figure 6.3: Posteriors for final mass My, final spin ay, angle of inclination ¢ and the
velocity (vg, vy, v,). Teal lines represent the injected values. The contours show 68 % and
95 % credible regions in the 2D corner plots. The black color represents the SNR 50 case
and orange color represents the SNR 150 case.

Parameter | Injected values MAP values Median values
SNR 50 | SNR 150 SNR 50 SNR. 150
My (My) 50 49.72 51.19 52.99 1L 48.71F316T
ag 0.9 0.8987 | 0.8985 | 0.89971300%3% | 0.89901) 903075
L m/4 0.7728 | 0.7539 | 0.6968+31722 0.81611395152
Vg, 0.01 0.008473 | 0.01422 | 0.00598670:020m | 0.01218F994951
Uk, 0.01 0.1500 | 0.01943 | 0.008358%9:92959 | (.007947+5:01047
Uk, 0.01 0.6348 | 0.04425 | 0.00748879233% | —(.02984 13199

Table 6.2: Injected, maximum a-posteriori (MAP), and median posterior values shown
in Fig. 6.3. The +10 uncertainties are shown with the median values for network SNRs
of 50 and 150.
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Figure 6.4: Posteriors for final mass My, final spin ay, amplitude of the 220 mode Asy,
phase of the 220 mode ¢990, angle of inclination ¢ and the velocity (v, vy, v,). Teal lines
represent the injected values. The contours show 68 % and 95 % credible regions in the
2D corner plots.

mass and final spin is obtained. However, this correlation does not appear here. We don’t

have a clear explanation for this recovery.

We now perform a Bayesian analysis of the same setup but this time vary the am-
plitude and phase of the (220) mode. So now the varying parameters are (M, ar, Aaso,
$220, Ls Vg, Uy, ;). We choose the same priors as the last parameter estimation run. We
choose flat uniform prior for phase in the range 0 < ¢999 < 27 and a log uniform prior for
the amplitude of the 220 mode in the range —24 < log Assp < —18. We report the result
in Fig. 6.4. In Fig. 6.4, we show the corner plot of the estimated parameters, including
their one-dimensional marginalized and two-dimensional joint posterior distributions. We
see a clear degeneracy between the mass and the z—component of the kick velocity in

the lower left 2D corner plot. Along with this degeneracy, keeping the amplitude as free
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Parameter | Injected values | MAP values Median values
Mj(My) 50 104.9 91.73751 56
as 0.9 0.7364 0.737740 000005
. /4 0.008247 0.02918 (03008
Asng 8.347 x 1072 | 2.065 x 10722 | 1.173 x 10~ 22+1.149x1072
220 2.976 3.985 4.068+9 4743
Uk, 0.001 —0.999 —0.998610 001018
vk, 0.001 0.1 0.1550*5 6107
V. 0.001 0.6348 0.4553 153563

Table 6.3: The injected, maximum a-posteriori (MAP) and the median values of the
posterior as shown in Fig. 6.4. The +1 — o errors are also shown along with the median
values.

parameter, for this model we see new degeneracies: amplitude Aso is degenerate with
the z—component of the velocity v, and the angle of inclination ¢ is degenerate with the
x—component of the velocity v,. Due to these degeneracies, we see that the recovery of
all the other parameters is also affected. The median values along with their upper and
lower 1-o errors, maximum a-posteriori (MAP) values and the injected values are shown
in table 6.3. This analysis shows that the detection of BH kick from ringdown analysis

remains challenging.

In this chapter, we first looked at the systematic biases due to the aberration effect.
Along with the bias in the final mass, we see a bias in the mode amplitude and the final
spin. The bias in the amplitude arises due to the direct modification of the amplitude due
to the aberration effect. The bias in the spin arises due to the change in the waveform
frequency profile due to the addition of two damped sinusoids. We further explored the
detectability prospects using Bayesian parameter estimation since commenting about the
degeneracy is not trivial as was the case in Doppler shift. As an illustrative case, we
take the model as given by Eqn. 6.1 and first vary the final mass, final spin, angle of
inclination and the velocity components in the parameter estimation run. This analysis
reveals that it is possible to break the degeneracy between mass and the kick and all the
injected values are recovered within their 1 — o bounds. We then perform a more general
Bayesian analysis by varying the amplitude and the phase of the (220) mode along with
other parameters. In this analysis, we see that the degeneracy between mass and kick
velocity is retained. Along with that, we also encounter new degeneracies: amplitude
Agyg is degenerate with the z—component of the velocity v, and the angle of inclination
¢ is degenerate with the xr—component of the velocity v,. We further plan to explore

the recovery of the parameters by varying a single component of the velocity and study
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the correlations between different parameters. This will be particularly useful for the 3G

detectors as they are expected to see higher mass systems with higher SNRs.
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Chapter 7

Conclusions and Outlook

In case of binary black hole mergers, gravitational radiation carries away not only energy
and angular momentum but also linear momentum. The asymmetric emission of this
linear momentum flux during the merger results in a recoil of the remnant black hole,
commonly referred to as a black hole kick. The magnitude of this kick can reach several
thousand kilometers per second depending on the masses and spins of the progenitor

black holes.

To explore the effect of such a kick, ref. [81] modifies the nonprecessing phenomeno-
logical IMRPhenomD waveform, which splits the GW signal into three phases (inspiral,
intermediate, and merger/ringdown) that are “stitched” together via step functions. The
authors only modify the ringdown phase by replacing the real and imaginary components
of the ringdown frequency: (frp, faamp) — (frD, faamp)(1 + v,). With this modified
waveform they study the measurability of the kick imparted to the remnant black hole.
However, ref. [75] shows that waveform models from different families show inconsisten-
cies in their kick predictions when computed using the linear momentum flux hinting

towards significant systematics between waveform models of different families.

In this thesis, we investigate the impact of the recoil velocities on the gravitational
wave ringdown signal from binary black hole mergers. Since most of the kick is imparted
close to the merger, we model its effect on the ringdown waveform by assuming a constant
kick velocity of the remnant black hole during the ringdown phase. The motion of the
remnant black hole relative to the observer introduces relativistic effects in the observed
waveform, primarily in the form of Doppler shifts and aberration. Since the velocities are

non-relativistic, we incorporate them in the non-relativisitic limit.
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In chapter 3, we obtain the modified ringdown waveform due to the Doppler shift
and aberration effect in their non-relativistic limits. In chapter 5, we start by looking
at mismatches between Doppler shifted waveforms and non-Doppler shifted waveforms.
This is done for three cases of ringdown models containing 1.) (220) mode only, 2.)
(220,221) modes and (220,330) modes. This mismatch analysis overall shows that the
mismatch between a Doppler shifted waveform and a non-Doppler shifted waveform is
independent of the final mass and increases with increase in spin. This means that as
long as the signal lies in the frequency band of the detector, for a particular SNR, it is
the final spin and not the final mass that determines how different a kicked waveform will
be from a one that is not kicked. The biases observed in the ringdown model with (220,
330) modes is almost always greater than the biases observed in the model with only the
(220) mode which in turn is greater than the model with the (220, 221) modes. So the

mismatch essentially is dictated by the lifetime of the most dominant ringdown mode.

To investigate the systematic biases, we further employ Bayesian analysis where we
inject Doppler shifted waveforms in Gaussian noise and analyze them with non-Doppler
shifted waveforms. Bias plots on the final mass and final spin show that the final mass is
biased whereas the final spin is not. This is explained using the degeneracy between the
final mass and kick velocity. The same trends which were seen in the mismatch plots were
seen in the Bayesian analysis as well i.e. the ratio of the systematic error to the statistical
error is independent of the mass and increases with increase in spin. For example, for
M; = 50My,v,/c = 0.015 and SNR 100, the ratios of the systematic errors to the
statistical errors are ~[1.5, 1.5, 2.2, 3, 4.5| for final spins of a; = [0.4,0.6,0.8,0.9,0.95]
respectively. Using a back-of-the-envelope argument, we also explored the detectability
prospects of the kick assuming the final mass is estimated accurately using the inspiral.
This analysis reveals that a kick of 0.01¢ could be measured at a network SNR of 80.

In chapter 6, we then investigate the effect of aberration in the ringdown model.
Aberration introduces mode-mixing and corrections in the mode amplitudes in the ring-
down model. Bayesian analysis reveals that along with final mass, the mode amplitudes
and final spin are biased if non-aberrated non-Doppler shifted model is used to analyze
aberrated Doppler shifted model. We then perform Bayesian analysis to investigate the
detectability prospects for a chosen aberrated model. We vary the final mass, final spin,
angle of inclination and the three components of velocity and see that the degeneracy of
the final mass and kick is broken. The injected values are recovered within the 1 — o
bounds for all the parameters. We note that the transverse components (z and y) of the
velocity are recovered better than the z component of the velocity. For a network SNR

of 150, v, # 0 is measured with 1 — ¢ confidence.

We than perform a more general analysis of the same setup by keeping the amplitude
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and the phase of the (220) mode as free parameters along with the aforementioned pa-
rameters. We see that new degeneracies are introduced in this general setup: amplitude
Aoggq is degenerate with the z—component of the velocity v, and the angle of inclination
¢ is degenerate with the r—component of the velocity v,. These new degeneracies affect

the recovery of all the parameters and none of the parameters are recovered well.

As a key objective for the future, to further investigate the detectability prospects
of the kick velocity observed in Chapter 6, it would be useful to first consider a more
restricted model with fewer free parameters. In particular, we plan to set two components
of the kick velocity to zero and retain only one non-zero component, and then study the
recovery of this parameter. We also plan to incorporate inspiral-informed priors on the
remnant mass, spin, and amplitude when estimating the kick velocity. Finally, measur-
ing the kick would be particularly promising for observations with next-generation GW
detectors, where higher signal-to-noise ratios are expected to provide tighter constraints

and more accurate estimates of the recoil velocity.
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