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Abstract

Entanglement entropy plays an important role in characterizing the buildup of correlations in
quantum many-body systems, particularly in non-equilibrium settings. In integrable systems
such as free fermions, its dynamical growth can exhibit Page-curve-like behavior and admits an
effective large-scale description through generalized hydrodynamics. This raises the question
of whether similar entropy dynamics are intrinsically quantum, or whether analogous features
can arise in purely classical systems.

In this work, we compare entropy and correlation dynamics in quantum free fermionic
systems and the classical hard rod gas. Both systems admit a coarse-grained hydrodynamic
description. In the quantum case, the Yang—Yang entropy depends only on quasiparticle mode
occupation densities, whereas in the classical hard rod gas the entropy additionally involves the
local particle density through an excluded-volume contribution arising from hard-core inter-
actions between rods. While generalized hydrodynamics successfully captures entanglement
entropy growth in the quantum case, classical hydrodynamic entropy does not generically re-
produce non-monotonic behavior, with its evolution depending on the choice of initial condi-
tions.

To probe correlations beyond hydrodynamic entropy, we compute mutual information in
classical hard rod systems, to the extent analytically tractable for this interacting system. Mu-
tual information exhibits non-monotonic behavior—an initial rise followed by decay—with the
late-time behavior depending on the system configuration, saturating to a non-zero value in
finite systems and decaying to zero in the presence of an infinite reservoir.

These results clarify the extent to which Page-curve-like behavior can emerge in classical
systems and highlight the distinct roles played by entropy, correlations, and hydrodynamic

descriptions in classical and quantum integrable systems.
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Chapter 1

Introduction

1.1 Entanglement and Non-equilibrium Dynamics

Non-equilibrium dynamics in many-body systems aims to understand how correlations and in-
formation evolve with time after a perturbation [1-3]. When an isolated system is driven out of
equilibrium, its subsequent evolution results in redistribution of energy, particles and correla-
tions across space. Interactions between particles within the system give rise to nontrivial col-
lective behavior, even without external perturbation. Understanding these correlations is central

to condensed matter physics, statistical mechanics and quantum information theory [1,2].

In quantum systems, correlations between subsystems can be quantified using entanglement
entropy [4,5]. Rather than tracking individual microscopic degrees of freedom, entanglement
entropy quantifies the quantum-mechanical correlation between spatial regions. As a system
evolves, entanglement typically increases as quasiparticles or excitations propagate and estab-
lish correlations between initially disconnected regions. This quasiparticle picture of entangle-
ment spreading was developed by Calabrese and Cardy [3, 6]. This growth of entanglement
provides a powerful probe of the underlying dynamical structure [7].

One of the most explored settings is that of a quantum quench, where a system is prepared
in an initial state that is not an eigenstate of the Hamiltonian governing its subsequent evolution
[1,3]. After the quench, entanglement entropy often grows linearly at early times in integrable
models, reflecting ballistic propagation of quasiparticles [3, 6]. Logarithmic growth is also
possible in certain cases such as Luttinger liquid systems [8]. In finite systems or systems
coupled to reservoirs, this growth may eventually saturate according to a volume-law scaling
of entanglement entropy [2,7].

In quantum systems such as free fermions or bosons coupled to reservoirs, it has been
observed that the entanglement entropy can exhibit non-monotonic behavior and may even
decay to zero at long times for particular system-reservoir configurations [9]. This behavior of
entropic growth followed by a subsequent decay resembles the so-called Page curve. The Page

curve was originally introduced in the context of black hole evaporation to describe the time



2 Chapter 1. Introduction

evolution of entanglement entropy of Hawking radiation, where the entropy initially increases
and eventually decreases back to zero [10, 11].

These observations naturally raise a conceptual question. Entanglement entropy is funda-
mentally a quantum measure, rooted in the structure of the reduced density matrix and tensor
product structure of the Hilbert space. Is the observed rise-and-decay behavior intrinsically
tied to quantum entanglement, or does it reflect more general features of correlation transport
that might also appear in classical systems? Addressing this question requires a framework that
allows a controlled comparison between quantum and classical dynamics at the level of entropy

and correlations and their hydrodynamic description.

1.2 Integrable Systems and Generalized Hydrodynamics

A key distinction in non-equilibrium many-body physics is between integrable and non-integrable
systems. In general, interacting systems conserve only a few physical quantities like energy and
particle number. Therefore, they are expected to thermalize at long time scales. Local observ-
ables for non-integrable systems are described by the canonical Gibbs ensemble at large times.
This is the essence of the Eigenstate Thermalization Hypothesis (ETH) [12-14].

Integrable systems, in contrast, are characterized by the existence of an extensive set of
conserved charges that strongly restrict their dynamics. These additional conservation laws
effectively restrict scattering processes and prevent thermalization. Instead, local observables
relax to a generalized equilibrium described by a Generalized Gibbs Ensemble (GGE), which
incorporates all conserved quantities through corresponding Lagrange multipliers [15,16]. The

GGE density matrix can be written as

PGGE exp(—ZAnQn) (1.1)

An are fixed by the expectation values of the conserved charges Q,,.

GGE is only useful for understanding the stationary properties of the system. To get the full
time-dependent evolution of integrable systems we need a coarse-grained, large scale frame-
work. At large macroscopic spacetime scales, we can study the dynamics of the system by a
continuum description in terms of local conserved charge densities and currents. For integrable
systems, this leads to the framework of generalized hydrodynamics (GHD), which is a natural
extension of normal hydrodynamics [17, 18]. The state of the system is described by a local
phase-space occupation function which follows the Euler equations governed by quasiparticle
velocities.

Generalized Hydrodynamics thus provides a powerful description of entropy and corre-
lation transport in integrable models. Within this framework entropy growth and large time
evolution can be analyzed in quantum systems such as free fermions and bosons, which we

consider in the following sections.
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1.3 Page-Curve-Like Behavior in Quantum Systems

Understanding entanglement entropy gives us great insight into the dynamics of non-equilibrium
systems. We divide a system into a region A and its complement A. Even when the initial
state contains little or no entanglement, unitary evolution typically generates correlations be-
tween the two regions. The entanglement entropy therefore quantifies how quantum correla-
tions spread across the bipartition as the system evolves.

In integrable systems, this growth can be understood through the quasiparticle picture intro-
duced by Calabrese and Cardy [3,6]. At the time of the quench, the dynamics can be described
in terms of quasiparticles, which are stable elementary excitations labeled by a momentum (or
rapidity) k and characterized by a dispersion relation €. These quasiparticles are created in
pairs with opposite momenta and propagate ballistically through the system with group veloci-
ties vy = ‘Zik". At a given time ¢, only those quasiparticle pairs for which one particle lies inside
A while its partner lies in A contribute to the entanglement entropy. Their contributions are
additive. For a subsystem consisting of an interval of length ¢, the quasiparticle picture pre-
dicts the following expression for the von Neumann entanglement entropy in the scaling limit
t,{ — oo with 1 // fixed takes the form [19,20]

dk dk
Sa(t) =2t —vs+€/ — Sk,
Al0) 2|vile<t 27r| Klsi 2wl 2T ¢

where s; denotes the contribution to the entanglement entropy associated with a quasiparti-
cle pair of momentum k.

This behavior reflects the causal spreading of correlations in many-body systems. If the
quasiparticle velocities are bounded by a maximal velocity vpyax, correlations can only prop-
agate within an effective light-cone region |x| < vpaxt, consistent with the Lieb—Robinson
bound [21]. For early times satisfying 2viaxt < ¢, the second term in the above expression
vanishes and the entropy grows linearly in time. This regime corresponds to the continual ar-
rival of entangled quasiparticle pairs across the boundaries of the subsystem. At later times,
when 2viact 2 ¢, quasiparticles have traversed the subsystem and the entropy approaches a

value that scales with the subsystem size ¢, consistent with the volume-law.

1.4 Classical Integrable Systems and the Hard Rod Gas

Classical integrable systems provide a natural setting for exploring whether Page-curve-like en-
tropy dynamics can occur without quantum entanglement. Specifically, we can ask if transport
of classical correlations can produce similar behavior as that of entropy in quantum systems.
A simple well-known model to probe this is the classical one-dimensional hard rod gas.
The system consists of identical rods of mass m and length a, which undergo elastic collisions.

The hard rod potential prevents the overlap of these rods, so the separation between the centers



4 Chapter 1. Introduction

is at least a.

The hard rod gas is an integrable classical system with simple dynamics [22]. During
collisions, the rods exchange their velocities, so their velocities remain conserved. Effectively,
only the positions of the rods change after a collision. This allows us to map the 1D hard rod
gas to a system of ordered point particles with ballistic propagation [23, 24].

In classical systems, correlations are characterized through statistical measures defined on
joint probability distributions. This motivates the use of mutual information as a measure of

correlations between a system and a reservoir in classical hard-rod systems.

1.5 Mutual Information as a Classical Correlation Measure

Mutual Information is used to quantify correlations between two subsystems in classical statis-
tical systems. For two spatial regions A (system) and B (reservoir), their mutual information
I(A : B) measures the statistical dependence between their degrees of freedom. It is based on
the joint probability distribution as well as the probability distribution of each region individu-
ally. If the configurations of the two regions are completely independent, the joint distribution
factorizes and their mutual information vanishes. Therefore, a non-zero mutual information
indicates the presence of shared information between the two subsystems. This gives a clear
picture about how correlations and number fluctuations are transported across the interface. In
this thesis we investigate whether mutual information in classical systems can exhibit Page-
curve-like dynamics similar to entanglement entropy in quantum systems. We analyze both
the microscopic dynamics and hydrodynamic descriptions for classical particle systems and

compare them with known results from quantum systems.

1.6 Scope and Organization of the Thesis

This thesis focuses on the study of correlation dynamics in one-dimensional many-body sys-
tems and the comparison between quantum entanglement entropy and classical measures of
correlation. Our analysis considers both microscopic descriptions of particle dynamics and
coarse-grained hydrodynamic frameworks in order to understand how correlations propagate
between a subsystem and a reservoir.

The primary classical model considered in this work is the one-dimensional hard rod gas,
an integrable system with ballistic dynamics and a well-defined hydrodynamic description.
Correlations between the system and reservoir are quantified using mutual information, which
allows us to study the transport and growth of classical correlations. In addition to the hard
rod model, we also examine diffusive dynamics of Brownian particles across a semi-permeable
interface as a complementary setting for understanding correlation transport.

The remainder of the thesis is organized as follows. Chapter 2 introduces the quantum
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fermionic model and reviews the calculation of entanglement entropy together with its hydro-
dynamic description. Chapter 3 presents the classical hard rod model and derives the corre-
sponding entropy functional within a hydrodynamic framework. Chapter 4 develops the for-
mulation of mutual information for classical particle systems and discusses both ballistic and
diffusive dynamics. Chapter 5 discusses the comparisons between microscopic calculations
and hydrodynamic predictions. Finally, Chapter 6 summarizes the main results and discusses

possible extensions and future directions of this work.



Chapter 2

Quantum Free Fermions: Microscopic

and Hydrodynamic Description

This chapter is largely based on work done in [9]. The chapter is devoted to the study of a
free fermionic chain defined on a uniformly spaced lattice, where a finite system is coupled to
a large reservoir through a local defect Free fermionic models allow for an exact treatment of
non-equilibrium dynamics because their quadratic Hamiltonian can be described precisely in
terms of single-particle modes.

Initially, all fermions occupy the finite subsystem while the reservoir is empty. Once the
coupling between the two regions is switched on, particles propagate across the junction and
correlations build up between the system and the reservoir. The resulting dynamics provides
a natural setting to study the evolution of entanglement and particle transport in an integrable
quantum system.

The microscopic dynamics can be analyzed exactly using the correlation matrix formalism,
while GHD provides a complementary coarse-grained description in terms of quasiparticle
transport. In this chapter we review the model and the scattering properties of the defect, then
review the correlation matrix approach used to compute the von Neumann (entanglement) en-
tropy, and finally present the hydrodynamic description of the system. The free fermion model
serves as a useful reference case whose exact solution provides insight into the corresponding

hydrodynamic behavior that will later be compared with classical particle systems.

2.1 Model and Quench Setup

We consider a one-dimensional lattice of spinless fermions occupying sites labeled by integers
n. The fermionic creation and annihilation operators at site n are denoted by ¢! and &,, respec-
tively. The system consists of a finite segment coupled to a much larger reservoir through a

local defect.
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a
S N) 1 N g Filled system 1 " & Empty reservoir +o0
O G e e e Qe ) = = = = @ ©) o o o o O mmmsmuas
A P | N,
k k
o © A
=0 t>0
o(z,k) =1 t(z, k) =1
-N+1 » -N+1 »
no(z,k) =0 ny(z, k) =0
- .

Figure 2.1: A schematic of the free fermion system

The lattice extends from n = —N + 1 to n = Nj, where N, > N. The sites n < 0 form
the finite subsystem, while the sites n > 1 constitute the reservoir. Initially the subsystem is
completely filled with fermions and the reservoir is empty. At time ¢ = 0, the two regions are
coupled through a local defect at the junction, after which the system evolves unitarily.

The dynamics are governed by a nearest-neighbour tight-binding Hamiltonian of the form
A=Y e, 2.1)

where the matrix elements 4;; describe the hopping amplitudes. Away from the junction the

lattice is homogeneous, with
hij = —8(6;j+1+ 6it1,5), (2.2)

where g denotes the nearest-neighbour hopping strength. The corresponding single-particle

dispersion relation of the homogeneous chain is
E(k) = —2gcosk. (2.3)

At the boundary between the subsystem (=N +1 < i, j <0) and the reservoir (1 <i, j < Np),
the coupling is modified by a local defect. The precise form of this defect determines the

scattering properties at the junction, which will be discussed in the next section.

2.2 Local Defects and Scattering Theory

The coupling between the subsystem and the reservoir occurs through a local defect at the
junction between sites n = 0 and n = 1. This defect breaks the translational invariance of the
homogeneous tight-binding chain and introduces scattering of single-particle excitations.

In the thermodynamic limit (N — o), the dynamics near the junction can be understood in
terms of a single-particle scattering problem. An incoming plane wave from the left is partially

transmitted into the reservoir and partially reflected back into the subsystem. The scattering
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properties of the junction are characterized by the reflection and transmission probabilities,

denoted by Ry and T, respectively [25].

In this work we consider three types of local defects, which differ in how the coupling
matrix elements /;; are modified at the junction. The resulting scattering coefficients determine

how quasiparticles propagate between the subsystem and the reservoir.

2.2.1 Conformal Defect

The conformal defect is a finely tuned junction designed such that the reflection and trans-
mission probabilities are independent of momentum. This property is associated with scale

invariance in the low-energy limit.

The defect modifies both the hopping amplitude across the junction and the on-site poten-
tials at the two sites adjacent to it:

ho1 =hip=—g&c, hoo = —h11 =1/g* — &% (2.4)

Introducing the dimensionless parameter

A =5 2.5)
8
the resulting scattering probabilities are
T, =A%  R,=1-2% (2.6)

Notably, both probabilities are independent of the wave vector k. This momentum-independent
transmission is a defining property of conformal defects and reflects the scale-invariant struc-

ture of the junction.

2.2.2 Hopping Defect

In the hopping defect, only the hopping amplitude across the junction is modified while the

on-site potentials remain unchanged:
hoji =hio=—8  hoo=hi1=0. 2.7

This configuration models a weak link or tunneling barrier between the subsystem and the
reservoir. In contrast to the conformal defect, the scattering coefficients now depend on the

momentum of the incoming particle.
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The reflection probability takes the form

(A2 —1)?
R, = 2.8
KT A 1—2A2c0s(2k) (2.8)
with transmission probability
T, =1—Ry. 2.9

2.2.3 Density Defect

The density defect corresponds to a localized potential perturbation at the junction. In this case
the hopping amplitude remains unchanged while the on-site potentials at the junction sites are
modified:

hoo =hi1 = ge, hoy =hip=—g. (2.10)

Such a defect can be interpreted as a local potential barrier or well. The resulting reflection

probability is given by
A2(A —2cosk)?
R, = (2 —2cosk) : Q.11
24242+ A% —4A3cosk+2(A%2 — 1) cos(2k)
with
T, =1—Ry. (2.12)

2.2.4 Scattering Ansatz

The reflection and transmission coefficients are obtained by solving the single-particle scatter-
ing problem at the junction. We consider an incoming plane wave from the subsystem side with

wave vector k. The stationary wavefunction takes the form

eikn + rke—ikn, n< 0,
Yy = . (2.13)
tretkn, n>1,

where r; and #; denote the reflection and transmission amplitudes. The corresponding energy

follows from the dispersion relation of the homogeneous chain,
E = —2gcosk. (2.14)

Substituting this ansatz into the time-independent Schrodinger equation at the defect sites
yields a set of linear equations for r; and #;. Solving these equations leads to the expressions
for Ry = |rk|2 and T;, = ]tk\z given above. The detailed derivation for each type of defect is
presented in Appendix A.
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2.3 Correlation Matrix Formalism

The microscopic dynamics of the free fermionic system can be computed exactly using the
correlation matrix formalism. Since the Hamiltonian is quadratic in fermionic operators, the
many-body state remains Gaussian during the time evolution. As a consequence, all physical

observables can be expressed in terms of the two-point correlation functions.

2.3.1 Quadratic Fermionic Hamiltonian

We consider a finite-dimensional, non-interacting fermionic system described by the quadratic

Hamiltonian [9]

fe;, (2.15)
where cAj and ¢; are fermionic creation and annihilation operators at lattice site 7, and h;; are the

single-particle hopping matrix elements of the tight-binding Hamiltonian.

It is convenient to introduce the column vector of annihilation operators
_ i (At N AF
=" D= (T ). (2.16)

In this notation the Hamiltonian can be written in compact matrix form as
H=D'hD, (2.17)

where £ is the single-particle tight-binding Hamiltonian matrix.

2.3.2 Heisenberg Time Evolution

The time evolution of the fermionic operators follows from the Heisenberg equation of motion,

d@j (l) . R
7 :—l;hjncn(t). (2.18)
In vector form this becomes D
t
dt( ) = —ihD(t). (2.19)

The formal solution is therefore

D(r)=eMD(0), D' (t)=D(0)e™. (2.20)
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2.3.3 Correlation Matrix

The equal-time correlation matrix is defined as
Cij(1) = (& (1)2(1))- 2.21)

Using the operator evolution above, the correlation matrix evolves according to the similar-
ity transformation
C(1) = e™C(0)e™ ™, (2.22)

This relation allows the exact computation of the microscopic dynamics of the system.

2.3.4 Initial State

In the quench protocol considered here, the finite subsystem (sites —N + 1 to 0) is initially com-
pletely filled with fermions, while the reservoir (sites 1 to N;) is empty. The initial correlation

matrix therefore takes the form

; = .
! 0, otherwise.

2.3.5 Observables from the Correlation Matrix

Once C(t) has been computed, physical observables can be obtained directly from its matrix
elements.

The local particle density at site i is given by
p(i,t) = (&) (1)éi(r)) = Cult). (2.24)
Similarly, the particle current across the junction between sites 0 and 1 can be written as
1(1) = 2gcIm | (€ (1)21 (1)) | = 2g¢Im[Cor (1)) (225)

The derivation of the current operator from the Heisenberg equation of motion is provided

in Appendix C.

2.4 Entanglement Entropy from Mode Occupations

The entanglement between the finite subsystem and the reservoir can be computed directly
from the correlation matrix [26]. Since the Hamiltonian is quadratic in fermionic operators,

the many-body state remains Gaussian during the time evolution. A key consequence of this
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property is that the reduced density matrix of any subsystem is completely determined by its
two-point correlation functions.
To quantify the entanglement between the subsystem and the reservoir, we restrict the full

correlation matrix C(¢) to the subsystem sites. Let
A={-N+1,...,0} (2.26)
denote the set of subsystem sites. The subsystem correlation matrix is defined as
Ca(t) = [Cij(1)] i ieA” (2.27)
Since Cy4(¢) is Hermitian, it admits a unitary diagonalization
Ca(1) =UTAU, (2.28)

where
A = diag(my,my,...,my) (2.29)

contains the eigenvalues of the subsystem correlation matrix. These eigenvalues satisfy
0<my <1, (2.30)

and can be interpreted as occupation probabilities of a set of single-particle entanglement
modes.

The unitary matrix U defines new fermionic operators

iy =Y Uycs, (231)

icA

which diagonalize the subsystem correlation matrix,
(ayap) = meSyp. (2.32)

For Gaussian fermionic states the reduced density matrix of the subsystem can be written
as the exponential of a quadratic operator, often referred to as the entanglement Hamiltonian.
In the basis that diagonalizes the correlation matrix, the reduced density matrix factorizes into
independent fermionic modes. Each mode behaves as an effective two-level system with occu-
pation probability my.

As a consequence, the von Neumann entropy of the subsystem can be expressed entirely in

terms of the eigenvalues of the correlation matrix,

=

— Y [m¢lnmg+ (1 —mg) In(1 —my)]. (2.33)
(=1
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Thus, the entanglement entropy is completely determined by the single-particle eigenval-
ues of the subsystem correlation matrix. A detailed derivation of this relation is provided in

Appendix B.

2.5 Hydrodynamic Description and Yang-Yang Entropy

The microscopic description presented in the previous sections allows the exact computation
of observables using the correlation matrix. However, at large spatial and temporal scales it is
often more convenient to use a coarse-grained description of the dynamics. For integrable sys-
tems this is provided by the framework of generalized hydrodynamics (GHD) [17, 18], which
describes the evolution of the system in terms of semiclassical quasiparticles.

2.5.1 Quasiparticle Picture

In integrable systems the elementary excitations behave as stable quasiparticles labeled by their
momentum k. Instead of tracking the microscopic fermionic operators, GHD describes the

system through a coarse-grained phase-space occupation density
ny(x,k) € [0,1], (2.34)

which represents the local occupation probability of quasiparticles with momentum k around
position x at time ¢.

This function can be interpreted as the hydrodynamic analogue of the microscopic correla-
tion matrix, providing a coarse-grained description of particle occupations in both position and

momentum space.

2.5.2 Free Fermionic Case

For the tight-binding Hamiltonian introduced in Section 2.1, the single-particle dispersion re-
lation is
E(k) = —2gcosk. (2.35)

The corresponding quasiparticle group velocity is

JE (k
V= % =2gsink. (2.36)
In the bulk of the system the quasiparticles propagate ballistically with velocity v;. At the
defect located at x = 0, however, they can be partially reflected or transmitted according to the

reflection and transmission probabilities Ry and 7; derived in Section 2.2.
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2.5.3 Euler Hydrodynamic Equation

The evolution of the quasiparticle occupation function follows from the conservation of parti-
cles in phase space. For free fermions the momentum k is conserved during the motion, and

the occupation density obeys the Euler-scale transport equation [9]
Iy (x,k) + vi dxny (x,k) = 0, Vi = 2gsink. (2.37)

This equation simply expresses that quasiparticles propagate ballistically along trajectories

with constant momentum and velocity vy.

The solution of this equation is obtained by transporting the initial occupation profile along
the quasiparticle trajectories,
nt(ka) = nO(x_th7k)a (2.38)

subject to the boundary conditions imposed by the reflecting wall at x = —N and the par-

tially transmitting defect at x = 0 and
no(x,k) =0(—x) —0(—x—N)

Once n;(x,k) is known, hydrodynamic observables can be obtained by integrating over
momentum. For instance, the particle density is
T dk

p(x,t) = . Ent(x,k), (2.39)

and the total number of particles in the subsystem is

N(t) = / " dxp(nn). (2.40)

—N

2.5.4 Yang-Yang Entropy

Within the hydrodynamic framework the entropy associated with the local quasiparticle dis-
tribution is given by the Yang—Yang entropy. This entropy was originally derived by Yang
and Yang in their thermodynamic Bethe ansatz description of one-dimensional integrable sys-
tems [27]. In that context, the entropy arises from counting the number of microscopic config-

urations corresponding to a given distribution of quasiparticles and holes in rapidity space.

In the hydrodynamic description this information is encoded in the local occupation func-
tion n; (x, k), which represents the probability that a quasiparticle state with momentum k near
position x is occupied. The Yang—Yang entropy therefore measures the number of ways of

arranging occupied and unoccupied quasiparticle states.
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For fermionic quasiparticles it takes the form [9]

T dk

Shydro (X,1) = —/nﬁ[nt(x,k)lnnt(x,k)—k(l ~ (k) In(1 —nt(x,k))]. (2.41)

We define the entropy of the subsystem and of the reservoir as

(5) ’ (R) N
St = /_ sian(nr), S0 = [ dxsnan(en) (2.42)

Physically, this entropy measures the local combinatorial freedom of arranging particles
and holes among the available quasiparticle states. In particular, a configuration with n; = 0 or
n; = 1 corresponds to a fully empty or fully occupied set of states and therefore carries zero
entropy.

This expression has the same functional form as the entropy obtained from the microscopic
correlation matrix in Section 2.4. In that case the entropy was expressed in terms of the eigen-

values my of the subsystem correlation matrix,

S(t) ==Y [melnmg+ (1 —my)In(1—my)]. (2.43)
l

In the hydrodynamic description the function n,(x,k) plays an analogous role to the mi-
croscopic occupation numbers my. The Yang—Yang entropy therefore represents the coarse-

grained, hydrodynamic counterpart of the microscopic entanglement entropy.

2.6 Comparison Between Microscopic and Hydrodynamic Re-

sults

In this section we compare the exact microscopic results obtained from the correlation matrix
formalism with the predictions of the hydrodynamic description introduced in the previous
section. The comparison is performed for three types of defects: conformal, hopping, and
density defects.

We analyze three observables: the particle density profile, the current across the junction,
and the entanglement entropy. The microscopic quantities are computed numerically from the
correlation matrix, while their hydrodynamic counterparts are obtained from the occupation
function n; (x, k).

The numerical simulations are performed for a finite subsystem of size N = 80 coupled
to a reservoir of size N, = 4096, with hopping amplitude g = 0.5. The defect strength is
parameterized by A = g./g = 0.8. The time evolution of the correlation matrix is computed
numerically, and observables are extracted from C(¢) as described in the previous sections.

Hydrodynamic predictions are obtained from the coarse-grained occupation function n,; (x,k).
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2.6.1 Density Profiles

We first compare the spatial density profiles predicted by the microscopic dynamics and by

generalized hydrodynamics.
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(a) Exact numerical density (b) Hydrodynamic prediction

Figure 2.2: Density profiles for the conformal defect
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Figure 2.3: Density profiles for the hopping defect
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Figure 2.4: Density profiles for the density defect
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The hydrodynamic description captures the overall evolution of the density profile remark-
ably well. In particular, the ballistic propagation of the density fronts and their broad spatial
structure are reproduced accurately for all three types of defects.

The microscopic results exhibit additional oscillatory structures that are absent in the hy-
drodynamic prediction. These oscillations originate from coherent single-particle interference
effects and are therefore intrinsically microscopic. Since generalized hydrodynamics describes
the system only at the Euler (coarse-grained) scale, such oscillations are averaged out in the
hydrodynamic description.

Slight deviations are also observed near the reflecting wall at x = —N, where additional
reflections produce interference effects that are not captured within the coarse-grained hydro-

dynamic framework.

2.6.2 Power-law decay of the entropy

At late times the entropy exhibits a clear power-law decay. To analyze this behavior more

clearly we examine the entropy on a log-log scale.

ate-time decay (log-log| ate-time decay (log-log , Late-time decay (log-log), fitted exponent = 0.3
Late-time d (log-log) Late-time d (log-log) 5 IOL ime d (log-log), fitted 0.331
e i o S 0| T e e e —— — AS(t)=5(t) - S.
ref. slope —1/3

12 | = AS(t)=5(t) - S. -12 | = AS(t) =5(t) - S. N\

ref. slope —1 ref. slope —1/2 \

Figure 2.5: Log-log plots of the late-time entropy decay for the three defects

From the slopes of these curves we observe approximate decay exponents

SE)~t7t V2 3 (2.44)

for the conformal, hopping, and density defects respectively, which was also shown in [9].

These distinct exponents reflect the different scattering properties of the defects and the
resulting large-time asymptotics of the quasiparticle phase-space distribution. The appearance
of clear power-law behavior further supports the hydrodynamic picture of entropy dynamics at

long times.

2.6.3 Entanglement Entropy

Finally, we examine the time evolution of the entanglement entropy of the subsystem.
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Comparison of Hydrodynamic and Exact Entropy (Conformal Defect)
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For all three defects the entropy initially grows linearly in time, reflecting the steady flow
of quasiparticles across the junction. This growth continues until the so-called Page time, after
which the entropy begins to decrease as the subsystem progressively empties. The Page time
corresponds approximately to the time at which the quasiparticle front reaches the boundary of
the subsystem.

Overall, the hydrodynamic entropy provides an accurate coarse-grained description of the

microscopic entanglement dynamics.

2.7 Summary

The results presented in this chapter reproduce the main findings of [9], who studied the dy-
namics of a finite fermionic subsystem coupled to a reservoir through a defect using both
microscopic and hydrodynamic methods. Reproducing these results serves as an important
benchmark for the present work and allows us to verify the numerical implementation of the
correlation matrix dynamics and its hydrodynamic description.

Having established this correspondence for the quantum free-fermion system, we next in-
vestigate whether similar hydrodynamic structures emerge in classical particle systems. In the
following chapter we study the dynamics of classical hard rods and explore the connection

between hydrodynamic entropy and classical mutual information.



Chapter 3

Classical Hard Rod Gas: Microscopic
Model and Hydrodynamics

In the previous chapter, we studied the non-equilibrium dynamics of a quantum free-fermion
system and showed that the hydrodynamic description accurately reproduces the evolution of
the entanglement entropy of a subsystem coupled to a reservoir. This naturally raises the ques-
tion of whether similar hydrodynamic entropy structures can appear in purely classical particle

systems.

In this chapter, we investigate the dynamics of a one-dimensional gas of classical hard rods.
We first introduce the microscopic hard-rod model and derive the associated entropy functional,
and then analyze the hydrodynamic evolution of this entropy for a system coupled to a reservoir.
Both the quantum and classical cases share the same coarse-grained structure: entropy counts
the number of microscopic configurations compatible with a given coarse-grained distribution.
In the quantum case these are occupation configurations of single-particle modes; here they are

phase-space configurations of rods consistent with the distribution f(x,z,v)

3.1 Microscopic Hard Rod Dynamics

We consider a one-dimensional classical gas of M identical hard rods of length a > 0 [22,
28]. Each rod is characterized by a position ¢;(¢) and velocity p;(t), with j =1,...,M. For
convenience, we set the mass of each rod to unity so that the velocity and momentum coincide.

We use M instead of N as we use N for boundary conditions.

The hard-core constraint prevents rods from overlapping, and the coordinates therefore sat-

isfy the ordering condition

QI+1(I)_QJ(I)ZC% ]:177M_1 (31)

20
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Between collisions, the rods move ballistically with constant velocity.

q;(t) = pj. (3.2)

When two rods collide their velocities are exchanged. Equivalently, one may label the parti-
cles such that the velocities remain attached to the same labels while the particle coordinates
undergo jumps of size +a at collision events. In this representation particle trajectories are
piecewise linear, with discontinuous shifts of the positions arising from the hard-core interac-
tion.

It is convenient to introduce the microscopic phase-space density [29]

n(x,t,v) =

Mt

O(x—qj(t))d(v—pj). (3.3)
The quantity
n(x,t,v)dxdv

represents the number of rods whose positions lie in the interval [x,x+ dx| and whose velocities
lie in [v,v 4+ dv]. Because velocities are conserved in collisions (up to exchange of particle
labels), the velocity v acts as a conserved label in the hydrodynamic description.

The microscopic density satisfies the local conservation law
3tn(x,t,v)+8xj(x,t,v) =0, 3.4)

where j(x,7,v) denotes the corresponding current density.

At the hydrodynamic (Euler) scale it is convenient to work with a coarse-grained phase-
space distribution obtained by averaging the microscopic field over mesoscopic space-time
cells. We define

f(x,t,v) = (n(x,t,v)), (3.5)

where (-) denotes the average with respect to the local generalized Gibbs ensemble (GGE) [29].

Physically, f(x,z,v) is obtained by averaging n over a mesoscopic region around (x,t), large

enough to contain many particles but small compared to the scale of macroscopic variation.
Macroscopic observables can be obtained by integrating the distribution over velocities. In

particular the particle density and current are

plt) = [[dvfierm),  jxn = [ dvofeer). (3.6)

Due to the finite size of the rods, interactions affect the propagation of particles through
repeated collisions. While individual collisions simply exchange velocities, their cumulative
effect leads to a systematic renormalization of particle trajectories at the coarse-grained level.

In the hydrodynamic description, the rods thus act as quasiparticles whose propagation is
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dressed by excluded-volume interactions. It is therefore natural to introduce an effective veloc-
ity vegr(v), defined as the velocity at which quasiparticles with bare velocity v are transported
in the interacting medium.

For the hard-rod gas, the effective velocity is given by [28,29]

() = =2 = 3.7
where .
u= E/dvvf(x,t,v) (3.8)

is the local mean velocity. The denominator 1 — ap represents the fraction of available free
space due to the excluded volume of the rods. The numerator v — apu captures the net shift in
particle trajectories induced by collisions with surrounding rods. Together, these contributions
determine the effective propagation velocity of quasiparticles in the interacting medium.

The fields introduced above provide the basic hydrodynamic description of the hard-rod
gas. In the following section we derive the corresponding entropy functional associated with

the coarse-grained phase-space distribution f(x,7,v).

3.2 Derivation of the Hard-Rod Entropy Functional

We now derive the entropy functional associated with the coarse-grained phase-space distri-
bution f(x,¢,v) introduced in the previous section. Such entropy functionals for integrable

systems have been previously obtained within hydrodynamic and fluctuation frameworks [30].

3.2.1 Mesoscopic phase-space description

Consider a mesoscopic spatial cell
I = [x,x+ Ax],

where Ax is large compared to microscopic scales (Ax >> a) so that the cell contains many

rods but small on macroscopic hydrodynamic scales. We partition velocity space into bins
Ba:[vd,Va+AV], OCZl,Z,...,M.
The occupation number of bin « is defined as

Ny := /dx’ av' n(x'Vse). 3.9
1 By

A local macrostate specified by the hydrodynamic distribution f(x,z,v) corresponds to fix-
ing the velocity histogram
Ng =~ f(x,1,v4) AxAv, Va. (3.10)
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The total number of rods in the cell is therefore

Neell 1= ZNa ~ Ax/ av f(x,t,v) = p(x,t)Ax. (3.11)

3.2.2 Local entropy density

The entropy density is defined as the entropy per unit length associated with the mesoscopic
cell 7, |

=kp lim —logQ(/; A2

S()C,l) kBA;ElOAX 0og ( ’{NOC})7 (3.12)

where Q(I; {Ny}) denotes the number of microscopic configurations compatible with the con-
straints described earlier. The limit Ax — 0O is understood in the hydrodynamic sense: Ax is
taken to be small compared to macroscopic variation length scales while remaining large com-
pared to microscopic scales such as the rod length a, so that the cell contains many rods and

local thermodynamic descriptions apply.

3.2.3 Counting microscopic configurations

Since velocities are conserved in collisions and the hard-core constraint affects only spatial con-
figurations, the counting of microstates factorizes into independent velocity and configurational

contributions.

Velocity assignment multiplicity The number of ways to assign velocities to the rods such

that exactly Ny, rods lie in bin By, is multinomial,

Ncell!
[IoNa!

Qve1({Na}) = (3.13)

Configurational volume. For N . rods in a segment of length Ax, the available configura-

tional phase-space volume [24] is

1

-Q'conf(NcellvAx) = N ll'
cell:

(Ax ja). (3.14)

:2

I
—_

J

Total number of microstates Combining the two contributions gives

1 Neeln .
Q(I; {Na}> = Qvel({Na})-Qconf(Ncellan) = " H(Ax_]a)- (3.15)
1o No! s
Hence
Neenl
logQ(I;{Ng}) = ZlogNa‘ + Y log(Ax— ja). (3.16)

J=1



24 Chapter 3. Classical Hard Rod Gas: Microscopic Model and Hydrodynamics

3.2.4 Velocity contribution

Using Stirling’s approximation logm! ~ mlogm —m,
logNg! >~ NglogNg — Ng.
Substituting Ny, ~ f(x,1,ve)AxAv yields

_Aileogzvaz __ / dv f(x,1,v)log f(x,1,v) — p (x,1) log (AxAV) + p (x,1) +const. (3.17)
o R

The first term represents the usual mixing entropy associated with the velocity distribution.
Here and in the following, the constant term denotes terms independent of the local distribution
f(x,t,v) and therefore irrelevant for the hydrodynamic entropy.

3.2.5 Configurational contribution

Rewrite '
log(Ax — ja) = logAx—|—10g<1 — ﬂ) :
Ax
Then
Neet Neent Clj
log(Ax— ja) = NenlogAx+ Y 10g<1 _ —). (3.18)
j=1 j=1 Ax

Introducing p = Ne;1/Ax and approximating the sum by an integral,

aj a .
Y= y=-dJ,
gives
S Ncenl TICYA D N L R 3.19
52°g(_5>_5/0 og(1—y)dy. (3.19)

Evaluating the integral,

ap
/0 log(1—y)dy = —(1—ap)log(1 —ap) —ap,

we obtain

Neenl

Z log(Ax — ja) = plogAx — <é — p) log(1 —ap) — p + const. (3.20)
j=1

Ax
3.2.6 Entropy functional

Combining (3.17) and (3.20), the terms £p cancel and the dependence on plogAx cancels

between the velocity and configurational contributions. The entropy density therefore takes the
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form [29]

s(x,1) = —kB/Rdvf(x,t,v) log f(x,1,v) — kg(é - p(x,t)) log(1 —ap(x,1)) +const. (3.21)

Here p(x,t) = [dv f(x,t,v). The remaining term proportional to p log Av depends only on
the choice of velocity discretization and not on the functional form of f(x,#,v). It therefore
contributes an additive constant to the entropy density and can be omitted, as only variations of

the entropy functional are physically relevant. We next proceed to the point hard-rod limit.

3.3 Point-Particle Limit (a — 0)

The hard-rod entropy functional derived in the previous section reduces to the ideal-gas form
in the limit where the rod length vanishes. Before taking this limit it is convenient to introduce
the free density
flx1,v) /
t,v) = ———= t)=|[d t,v). 3.22
I’l(X, ,V) 1—ap(x,t)’ p(X, ) R Vf<x7 ,V) ( )
This quantity represents the velocity distribution per unit available length (1 —ap), and is com-
monly used in the hydrodynamic description of hard rods. In these variables the effects of
excluded volume are absorbed into the relation between f and n, while the resulting hydrody-
namic evolution takes a simpler convective form, as we will see in the next section.
In the point-particle limit a — O the excluded-volume correction vanishes and the free den-

sity reduces to the usual phase-space occupation function,

lim n(x,t,v) = f(x,t,v). (3.23)

a—0

We now examine the corresponding limit of the entropy functional. Using the expansion
log(1—ap) = —ap +0(a®),

the configurational contribution becomes

_(é —p) log(1 —ap) =p+0(a).

Hence, up to additive constants,

S()C,l) —0> —kB/de(x,l7V) Ing(x,t,v) +kBp<x7t) = —kB/de(X,f,V) (logf(x,t,v) - 1)7
a—

(3.24)

which is the standard mixing entropy of an ideal classical gas (up to the usual coarse-graining

conventions).
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This result shows that the hard-rod entropy functional continuously connects to the ideal-
gas entropy in the limit of vanishing rod length. In the following sections we will use this

point-particle description to analyze the hydrodynamic evolution of the system.

3.4 Hydrodynamic Evolution and Boundary Conditions

At the Euler scale the dynamics of the coarse—grained phase-space distribution f(x,z,v) is
governed by a kinetic transport equation. This equation describes the ballistic propagation of

quasiparticles together with the effects of collisions arising from the finite size of the rods.

3.4.1 Euler-scale transport equation

The hydrodynamic evolution of the velocity-resolved density f(x,z,v) is given by [29]

0, f(x,1,v) + Ok (vest[f](v) f (x,2,v)) =0, (3.25)

where vegr[f](v) denotes the effective propagation velocity of quasiparticles, which depends
on the local distribution f. For notational simplicity, we will suppress the explicit functional

dependence on f and write it as veg(v), with the dependence on f implied.

3.4.2 Effective velocity

For a hard-rod gas the effective velocity depends on the local distribution through [29]

a
1 —ap

veet f1(V) = v+ /Rdw (v—w)f(x,t,w), (3.26)

where p(x,t) is the local particle density and u(x,7) is the local mean velocity, as defined in
Section 3.1.
The effective velocity can be written in the equivalent form

vV—apu

1—ap

Veff(V) = (3.27)

Physically, a tracer particle with bare velocity v experiences collisions with surrounding

rods, which renormalize its propagation velocity to veg(v).

3.4.3 Free density variables and point hard-rod limit

We introduce the free density given by equation 3.22, which represents the density per unit of

available free length.



3.4. Hydrodynamic Evolution and Boundary Conditions 27

In terms of free density n(x,#,v) the hydrodynamic equations take a simpler form. Using

mass conservation one finds

on(x,t,v) + vege(v) dyn(x,1,v) = 0. (3.28)

Thus the fields n(x,z,v) behave as normal modes of the hard-rod fluid and propagate along
characteristic trajectories with velocity veg(v). The free density plays a role analogous to the
quasiparticle occupation function in integrable quantum systems. In the point-particle limit

a — 0, the effective velocity reduces to the bare velocity, veg(v) = v.

3.4.4 Boundary conditions

In the point-particle limit @ — 0, quasiparticles propagate along straight-line trajectories, and

boundary effects can be incorporated directly at the level of these trajectories.

We consider a finite system occupying the interval [—N, 0] connected to a reservoir at x > 0.
A reflecting boundary is imposed at x = —N, while the interface at x = 0 acts as a localized
defect.

The effect of boundaries is therefore implemented by specifying how trajectories are mod-

ified upon reaching x = —N and x = 0.
At the left boundary x = —N, particles are perfectly reflected, corresponding to a reversal
of velocity,
V— —V. (3.29)
Thus, trajectories undergo specular reflection at x = —N.

At the interface x = 0, quasiparticles are partially transmitted into the reservoir and partially
reflected back into the system. This is encoded by assigning weights to trajectories: a quasi-
particle crossing the defect is transmitted with probability 7'(v) and reflected with probability
R(v), with

T(v)+R(v)=1. (3.30)

These coefficients determine the contribution of each trajectory in the construction of the
solution. In particular, trajectories that undergo multiple reflections at the defect acquire factors

of R(v), while each transmission event contributes a factor of 7'(v).

The full solution is obtained by summing over all trajectories consistent with these boundary

processes, as described in the next subsection.
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3.4.5 Point Hard-Rod Hydrodynamic Solutions

In the point-particle limit the transport equation can be solved analytically. We consider an

initial state in which the system occupies the interval [—N, 0] while the reservoir is empty,
no(x,v) =g(v)[6(—x) — 0(—x—N)], (3.31)

where g(v) is the momentum distribution. In our calculations we choose a Maxwell-Boltzmann

distribution
0= exp( (3.32)
V) = xp| ——= | . )
§ 2m02 P\ 262
with
2 kBT
0" = —

m

The full time-dependent solution is constructed by tracing quasiparticle trajectories and in-
corporating the boundary processes described in the previous subsection, including reflections
at x = —N and partial reflection and transmission at x = 0. Explicit expressions for the phase-
space distribution n,(x,v) are obtained by summing over these image trajectories, as described

in the cases below:

Case 1: Filled system, empty reservoir The system initially occupies the interval [—N, 0]

while the reservoir is empty,
no(x,v) = g(v)[0(—x) — 6(—x—N)]. (3.33)

Each term in the sum corresponds to trajectories undergoing multiple reflections between
the boundary and the defect, with factors R, and T, accounting for reflection and transmission

events.

The time-evolved distribution on the system side (x < 0) is
n(x <0,v) =g(v)O(v) i R} [0(—x—2sN+1tv) —O(—x—2sN —2N +1tv)]
s=0
+g(v)®(—v) i {R5+1 [0(x— 25N —1v) — 6(x — 25N — N — 1v)]
5=0
FRS[O(—x+ 25N +1v) — B(—x+ 25N — N +1v)] } (3.34)

On the reservoir side (x > 0) one obtains

n(x >0,v) =g(v)O(v) i TR} [0(—x—2sN +1tv) — O(—x—2sN — 2N +1tv)]. (3.35)
s=0
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Case 2: Empty system, filled reservoir We now consider the opposite configuration where

the reservoir [0, Lyes| is initially filled while the system is empty,
no(x,v) = g(v)0(x)0(Lyes — X). (3.36)

Particles can enter the system only if they move toward the defect, which corresponds to

v < 0. The resulting distribution on the system side is

”t(x < O7V) = g(V)G)(_V) Z TvRi [6 (XO)Q(Lres _XO) + 6(xl)e(Lres _xl) ) (3.37)
s=0
with
xo = —vt — (2sN —x), xp=—vt—(2(s+1)N +x). (3.38)

The distribution on the reservoir side is

n(x>0,v) =g(v)0(x —vt)0(Lyes — (x — vt))
+g(V)R,O(—x—vt)0(Les — (—x — 1))

+g(v) i T?R$6(—x — vt — 25N) O (Lyes — (—x — vt — 25N))). (3.39)
s=0

Case 3: Closed system If the reservoir is absent the system is confined to the interval [—N, 0]
with reflecting boundaries. The hydrodynamic solution is

ny(x,v) = g(v) i [0(—x—2sN +1tv) — 0(—x—2sN —N +1v)]. (3.40)
s=0

General initial state The previous cases correspond to unit filling of either the system or the

reservoir. For partially filled configurations the initial distribution can be written as
I’lo(x, V) = psg(v) [6 (_x) - 9(_x - N)] + pRg(V)G(x) Q(Lres - x)7 (3.41)

where pg and pg denote the initial filling fractions of the system and reservoir respectively,
which satisfy
0 < Ps,Pr < 1.

Because the hydrodynamic equation is linear, the time—evolved distribution is simply the
superposition

_ (8) (R) 342

I’lt(X,V)—pSI’lt (X,v)—l—pRn, (X,V), (3.42)

where n,(S) and nt(R) denote the solutions of Case 1 and Case 2 respectively.
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3.5 Hydrodynamic Entropy Dynamics

In this section we compute the hydrodynamic entropy using the phase-space distribution f(x,#,v)
obtained in the previous section. We first consider the point hard-rod limit (a = 0), where the
solution is analytic, and then compare with finite hard rods.

The hydrodynamic entropy is computed from the phase-space distribution using the local

entropy density derived earlier. In the point-particle limit, this reduces to

s(x,t) = —/dvn(x,t,v)logn(x,t,v)+/dvn(x,t,v), (3.43)

where n(x,t,v) is the free density.
The system and reservoir entropies are obtained by integrating the entropy density over the

corresponding spatial regions,

0 LlnaX
Stvan) = [ dvs(en). S0 = [ dxsten). (3.44)

These expressions are evaluated numerically using the analytic solutions for n(x,z,v) ob-

tained in the previous section. In the plots, we have taken R = 1 — A2, T = A2, where A € R.

3.5.1 Point Hard-Rods: Filled System and Empty Reservoir

We first analyze the system entropy for Case 1 as shown in Fig. 3.1. As the variance o increases,
the peak value of the entropy also increases since a broader velocity distribution allows particles
with higher momenta, resulting in a larger initial entropy. In all cases the entropy decreases with
time as particles leave the subsystem and enter the reservoir. Larger values of o lead to a faster

decay since particles with higher velocities exit the subsystem more rapidly.
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Figure 3.1: Hydrodynamic entropy of the system of point hard rods st)

hydro (t) vs time for some
values of 0. Parameters used are N = 100 and A = 0.8.

The time evolution of reservoir entropy for Case-1 is shown in Fig. 3.2

500t .
400+ o
s
° 300¢ 1
~T0O
x>
“ 200+ .
— g = 2.0
100} 0=5.0
ol | | | | _. o=10.(? |
0 200 400 600 800 1000

Figure 3.2: Hydrodynamic entropy of the reservoir of point hard rods S}(II;BHO

values of o. Parameters used are N = 100 and A = 0.8, L,.; = 60000

(t) vs time for some

All plots begin with zero hydrodynamic entropy and increase with time until saturation.
Higher o results in a higher maximal entropy because of accessibility to higher momentum
modes. This also results in faster entropy saturation.
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Next, we examine the behavior of the total entropy of the system.

Sheio(t) = Siahio (1) + Sy ()

550 7
500 T
=
2 450} -
83
— C
D 400t -
— g =2.0
350 0=5.0 7
— g =10.0
300 E 1 1 1 1 1 T
0 200 400 600 800 1000

Figure 3.3: Total hydrodynamic entropy of the system of point hard rods S}(ltyogo (t) over time for

different values of 6. The parameters used are N = 100, A = 0.8, and L5 = 60000.

The total system entropy increases and approaches a steady finite value at long time. Larger
o has a larger initial growth. This indicates that the entropy generated during the transport
process because of the defect saturates once the particle distribution becomes stationary. Now

we move on to Case 2 of the point hard rods.

3.5.2 Point Hard-Rods: Empty System with Filled Reservoir

In this configuration the subsystem is initially empty and particles enter only through transmis-
sion across the defect. This leads to a non-monotonic entropy evolution: the subsystem entropy
first increases as particles enter the system, reaches a maximum, and subsequently decreases as

particles leave the subsystem again.
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Figure 3.4: Hydrodynamic entropy of the system of point hard rods St(li)dro (1) vs time for differ-
ent values of ¢. Parameters used are N = 100, A = 0.8, L,.;, = 2000

The initial entropy is zero as shown in the Fig. 3.4 because of absence of any particles. As
more and more particles enter the system the entropy gradually increases, the early time growth
is dependent on o. After reaching a peak, the entropy gradually decreases because the particles

start leaving the system again, and this results in the curve decaying to zero eventually.
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Figure 3.5: Hydrodynamic entropy of the reservoir of point hard rods S}(llye()iro (t) vs time for
different values of . Parameters used are N = 100, A = 0.8, Les = 2000,

For this plot, the spatial integration domain is taken as Lyax = Lres + Vmax?, growing adap-
tively to contain all particle trajectories at each time step. Initially, the entropy starts from a
high value and then decreases to reach the minimum as particles travel from the reservoir to

the system. This corresponds to the same point which had a maximum for the system entropy.
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After this particles begin to leave the subsystem again, leading to an increase in the reservoir
entropy which eventually approaches a constant value at long times. Now we move to finite
hard rods.

3.6 Finite Hard Rods

The hard rods have size a > 0. We highlight two specific cases: In the first case the reservoir
size satisfies L > N, effectively acting as an infinite reservoir since particles do not reach the
right boundary within the simulated time window. In the second case, we have a finite reservoir
L = 2N and there is also an additional right wall ensuring reflection back into the system, so
all the hard rods remain in [—N,L]. For both cases, we have the distribution function fy =
Pog(v)[0(—x) — 6(—x— N)|, where py is the initial particle density of the system as defined in

earlier sections.

3.7 Numerical Implementation

The transport equation d;n + vegr dyn = 0 is solved on a discrete grid of N, spatial cells x; (i =
0,...,Ny—1)and N, velocity points v; (k =0,...,N, — 1), with time advancing in discrete steps

labelled by superscript ¢. The effective velocity at spatial cell i and velocity mode k is

Vi — apil;

4
ap, (3.45)

VfoI:i7 k] —
where p; = [ f(xi,v,¢)dv is the local physical density, u; = ([ f(x,v,t)vdv)/p; is the local
mean velocity, and f is related to n via

f= ﬁ n® = / ndv, (3.46)
where n(%) is the zeroth velocity moment of n. This is the inverse of the free-density trans-
formation n = f/(1 —ap). The effective velocity vegli,k] is recomputed from the current
density profile at every time step. Unlike the point-particle case, where the exact solution
n(x,v,t) =no(x—vt,v) is available, the hard-rod veg depends on the instantaneous local density
p(x,7) and mean velocity u(x,t), making a closed-form solution unavailable.

The time evolution uses a first-order upwind scheme,

A Ve, K] (n[i,k] —nli— 1,k]) vegr|i, k] > 0,

Vestli, K] (n[i+ 1,k —n[i,k]) vest[i, k] <0,

n A k) = n'[i, k] (3.47)

with an adaptive time step At = CFL x Ax/max; x |veft[i, k]| and CFL = 0.45 is the Courant-

Friedrichs-Lewy number, ensuring numerical stability.



3.7. Numerical Implementation 35

At cells adjacent to a physical boundary, the upwind stencil requires a neighbouring value
that lies outside the domain. This is supplied by a ghost cell — a fictitious cell placed just
outside the boundary whose value is set by the boundary physics at each time step and used

only in the flux computation.

Left wall (x = —N): Perfect reflection: ngposi[k] = 1[0, ket[k]], where ketlk] = N, — 1 —k
is the reflection index satisfying v . = —vi, which follows from the symmetry of the uniform

velocity grid about zero.

Defect (x = 0): The defect sits between cells iy (last system cell) and ig (first reservoir
cell), with f;, [k] = f(xi,,v,t) and fi.[k] = f(xi, vk,t) denoting the physical distribution at the
two cells immediately flanking the defect. Ghost distributions are constructed by applying the

scattering rule to f,

fghost,iL [k] =R- fiL [kref[k]] +T 'fiR [k]» Veff[iLa k] < 07 (3-48)
fghost,iR [k] =T 'fiL [k] +R- fiR [kref[k”» Veff[iRak] > 07 (3-49)

where the first (second) term in each equation is the reflected (transmitted) contribution.
These are converted back to n vian = f/(1 —ap), where p is computed from the full interface
distribution (both ghost and bulk modes) to correctly account for hard-rod exclusion at the

boundary.

Right boundary: In Case 1 (infinite reservoir), no left-movers arrive from the reservoir
at any time: the reservoir is initially empty and, in the absence of a right wall, no mechanism
exists to reverse particle trajectories. Consequently f;,[k] = O for all modes with v; < 0, and
equations (3.48)—(3.49) reduce to

fghost,iL [k] =R- fiL [kref[k]]7 Veff[ika] < 07 (350)
fghost,iR [k] =T- fiL [k]7 Veff[iR7k] > 07 (351)

representing a single incoming stream from the system splitting into a reflected component re-
entering the system and a transmitted component entering the reservoir. The right boundary at
x = L is absorbing (nghost = 0), with L chosen large enough that the density wavefront never
reaches it within 7. In Case 2 (finite reservoir), the right wall at x = 2N is perfectly reflecting,
with ghost cell ngnosi[k] = n[Ny — 1, keeg[k]], identical in form to the left wall. This generates
left-movers that return to the defect, activating the full two-sided scattering rule (3.48)—(3.49).

The entropy density

s(xi,t) = —/flnfdv— (é —p,-) In(1 —ap;) (3.52)
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is evaluated at each recorded time step, where f is recovered from n via equation (3.46). Sgys

and S;s are obtained by spatial integration using the trapezoidal rule.

3.7.1 Finite Hard Rods: Infinite Reservoir

200 -7 :
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o
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t

Figure 3.6: Hydrodynamic entropy of the system of finite hard rods over time for o = 1.
Parameters used are N = 100, L = 20000, a =0.2, po =0.6,T =0.7, R=0.3

As shown in the Fig. 3.6, initially the reservoir entropy is zero, and the system entropy is
maximal. As the system evolves, more and more hard rods leave the system so the entropy
decreases with time and goes to zero. The reservoir entropy grows and saturates with time as
does the total entropy.

t

Figure 3.7: Rate of hydrodynamic entropy production of finite hard rods Sl(lt;)(;)ro (1) vs time for

o = 1. Parameters used are N = 100, L = 20000, a =0.2, pp =0.6, T =0.7,R=0.3
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This plot shows the rate of hydrodynamic entropy production in the whole setup. S(t)
remains non-negative, consistent with the Second Law of Thermodynamics and goes to zero at

long time as all particles leak into the reservoir eventually.

Next we move to the finite reservoir case, where L ~ 2N.

3.7.2 Finite Hard Rods: Finite Reservoir
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Figure 3.8: Hydrodynamic entropy of the system of finite hard rods S}(;)dro(t) over time for

o = 1. Parameters used are N = 100, L =200,a=0.2, pp =0.6, T =0.7, R=0.3

Unlike the one-sided case where entropy only ever flows out of the system, as the fig. 3.8 shows
the system and reservoir will exchange particles back and forth through the defect, so both
Sl(lizjm and S}(lljzlro should eventually equilibrate as the system reaches a steady state. The relative

s and S&)

magnitude of hydro hydro

depends on the initial particle densities in the two regions. In
the present setup, where the reservoir is initially empty, the system entropy initially dominates

before equilibration.
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Figure 3.9: Rate of hydrodynamic entropy production of finite hard rods Sg;é)m(t vs time for

)
o = 1. Parameters used are N = 100, L =200,a=0.2, pp=0.6, T =0.7,R=0.3

The rate of hydrodynamic entropy production for the setup is more or less similar and
remains non-negative.

The total hydrodynamic entropy in all the case approaches a finite value at late times. At the
Euler scale, the bulk dynamics are advective and do not generate entropy [17,29]. Therefore,
entropy production is localized at the defect where particles are partitioned into transmitted
and reflected components. Since the initial system contains a finite number of rods, the particle
current through the defect vanishes asymptotically, causing the entropy production rate to decay

to zero and the total entropy to saturate.

3.8 Summary

In this chapter we introduced the microscopic model of a classical hard-rod gas and derived the
corresponding hydrodynamic entropy functional. The Euler-scale transport equation governing
the coarse-grained phase-space distribution was then analyzed for a finite system coupled to a
reservoir through a defect.

Analytical solutions were obtained in the point-particle limit, while finite hard rods were
studied numerically by solving the hydrodynamic transport equation. The resulting entropy
dynamics shows the transfer of entropy between the system and reservoir depending on the
initial configuration, as well as entropy production associated with stochastic mixing at the
defect.

These results provide the classical hydrodynamic counterpart to the quantum entropy dy-
namics studied in the previous chapter and set the stage for the comparison with classical in-

formation measures discussed in the next chapter.



Chapter 4
Mutual Information in Classical Systems

In this chapter we investigate the correlations between different regions of the classical hard
rod system studied previously. To quantify these correlations we use classical mutual infor-
mation, which measures the statistical dependence between two subsystems through their joint
probability distribution.

We first introduce the general definition of mutual information and its formulation for
phase—space fluctuations. We then compute the resulting correlation dynamics for different
configurations, including Brownian diffusion with a semi-permeable interface, followed by
non-interacting ballistic particles, and finite hard-rod systems. The analytical results are com-
plemented by numerical simulations which allow us to compute the mutual information and

analyze its time evolution.

4.1 Definition and General Framework

We begin by introducing the mutual information between two subsystems A and B, which
quantifies the statistical dependence between their configurations.

Let X4 and Xp denote the microscopic configurations of particles in regions A and B, respec-
tively. The statistical state of the system at time ¢ is described by the joint probability density
P, (X4, Xp), with marginal distributions

Pp s (Xy) :/dXBB(XA7X8)7 4.1)

Py (X5) = / Xy P,(Xa, X5). 42)

The mutual information is defined as [31]

4.3)

P(Xa, X,
I(A:B;t):/dXAdXBB(XA,XB) log{ (X4 Xp) ]

Py 4(Xa) P (XB)

This quantity vanishes when the configurations in the two subsystems are statistically inde-

39
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pendent.

An equivalent representation can be written in terms of Shannon differential entropies,

H[A] = — / Pp+(Xy) log Py (Xa)dXy, (4.4)
H[B] = - / Py, (Xg) log Ps (Xs) dXp, 4.5)
HIA,B] = — / P.(X4,Xg) log P.(Xa, X5) dXs dXg, (4.6)

which leads to the identity

I(A:B;t) = H|A] + H[B] — H|A, B]. @.7)

4.2 Phase-Space Fluctuations and Occupation Statistics

We now discuss the statistical origin of the correlations between the system and the reservoir.
The system is partitioned into two spatial regions and particles can move between them through
the interface. Fluctuations in the particle distribution across this interface generate correlations
between the two regions.

The microscopic configuration of the classical system consists of the phase-space coordi-
nates (x;,v;) of all particles. The statistical state of the system at time ¢ is described by the

M -particle probability density (to avoid confusion with the system boundary at x = —N)
B(xl, vy XML Ve ,VM).

In the present setup the spatial domain is divided into two regions, denoted A and B.
Throughout this chapter we take A = [-N,0] , B = (0,e), which correspond to the system
and the reservoir respectively. The microscopic configuration can therefore be decomposed
into the degrees of freedom belonging to each region, X = (X4,Xp) where X4 and Xp denote
the particle coordinates located in regions A and B.

The mutual information introduced in Eq. (4.3) depends on the joint probability density
P,(X4,Xp) and its marginals

Pys(Xa) = /dXBB(XA,XB), Pp(Xp) = /dXAPz(XA,XB)-

Physically, Py ; (X4 ) represents the probability density of observing a configuration Xy in region
A, irrespective of the configuration in region B, and similarly for Pg(X3).

Since the configuration X, specifies the particle coordinates in region A, it also determines
the number of particles Ny occupying that region. Configurations with different values of

Ny therefore correspond to distinct sectors of the configuration space. Hence, the marginal
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distribution can be decomposed as

M
Pprs(Xa) =Y P(Na=k)P(Xs | Ny = k) (4.8)
k=0
This equation simply represents probability conservation over different particle number sec-
tors and is equivalent to the marginal distribution defined above. Note that the time dependence
is not always mentioned in P(N4 = k) for a more compact notation.
The statistics of these sectors are determined by the single-particle occupation probabilities.

For a particle initially located at y, the probability of being found in region A at time ¢ is

palnt) = /A g(x,1]y) dx 4.9)

while the probability of being in region B is

pp(1) = /B g(x,tly) dx (4.10)

with pa(y,t) + ps(y,t) = 1. Here g(x,t|y) denotes the single-particle propagator whose
explicit form depends on the microscopic dynamics of the model under consideration.
In the following sections we study mutual information for several systems, beginning with

the case of Brownian diffusion.

4.3 Brownian Diffusion with Semi-Permeable Membrane

4.3.1 Physical Setup

We consider a collection of M independent Brownian particles evolving in 1D in the presence
of a reflecting wall at x = —N and a semi-permeable membrane at x = 0. The spatial domain is
partitioned into

A= (—N,0), B = (0,00)

All particles initially start in region A at positions y; € A. The goal is to compute classical
mutual information between the degrees of freedom in the two regions. Each particle under-
goes overdamped diffusion with diffusion constant D. The interface at x = 0 allows partial

transmission between the two regions and is characterized by a parameter K.

4.3.2 Single-Particle Dynamics

We introduce the single particle propagator g(x,t|y) defined on the domain (—N,e) which

satisfies the diffusion equation
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9g(x,t]y) = D dug(x,1]y)

with initial condition
g(X,O|y):6(X—y), yEA

At the reflecting wall x = —N, we impose the Neumann boundary condition
2,g(~N,tly) = 0.
The single-particle propagator must satisfy
galxtly) =glxtly)| o, » e&s(xtly)=glxtly)| .,
The interface conditions are

ang(O_,lbi) = ang(OJrat’y)a

—D,g(0,1]y) = x [g4(07,t]y) — g8(0",1]y)].

4.11)

(4.12)
(4.13)

The first condition expresses conservation of probability flux across the interface, so that the

particles leaving system A reach system B. The second condition is a permeable boundary

condition, which controls partial transmission with the parameter k. The limits k¥ = 0 and

K — oo correspond respectively to a perfectly reflecting interface and perfect transmission. In

case of partially absorbing boundary conditions, the second term vanishes.

The explicit expression for the single-particle propagator can be derived using standard

methods, as done in the Appendix E.

4.3.3 Occupation Probabilities

The occupation probabilities introduced in Section 4.2 can now be evaluated using the diffusion

propagator.

0
patit) = [ sawily)dr,

and
pe(n) = /0 gn(x,1ly)dx,

with pa(v,7) + p(y,t) = 1 by probability conservation.

We also introduce conditional spatial densities

(4.14)
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gB(x7t|y)
]y) = EELID) cB 415
patrly) = 2T @.15)

which are normalized within their respective regions.

4.3.4 Entropy Decomposition

Let X denote the particle position at time 7 with the probability density g(x,z|y). Each particle
can either be in region A or B as both are disjoint.
Therefore we introduce a discrete random variable R, which shows the region occupied by
the particle.
A, X €A,
B, X€EB.

R=R(X) =
We can also represent the position variable by
X = (R, Xg),

where Xg denotes the particle coordinate conditioned on the region. This representation is
one-to-one: given X the pair (R, Xg) is uniquely determined, and conversely (R, Xg) uniquely
reconstructs X. It is a simple reparameterization of the original random variable.

The Shannon entropy of the particle position is
H(X) =~ [ glnily)ogs(.rly)dx (@.16)
Applying the entropy chain rule to the decomposition X = (R, Xg) yields
H(X) = H(R)+H(Xg|R), (4.17)

where H (R) is the entropy of the discrete region variable and H (Xg|R) is the conditional entropy
of the position within each region, which represents the spatial fluctuations in each region.

Using the decomposition of the probability density

PAPA(be’)a XGA,
pePB(x,tly), x€B,

g(x7t|y) =

where p4 and pp are normalized conditional densities in the two regions, the entropy of the

particle position becomes

H(X)=H(R)+ paH(pa)+ psH(ps) (4.18)

A detailed derivation of this entropy decomposition is provided in Appendix F.
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4.3.5 Mutual Information

We now consider the degrees of freedom localized in regions A and B as two subsystems. A
single particle can occupy only one region at a time, so the spatial degrees of freedom in A and
B do not fluctuate simultaneously.

The entropy associated with region A therefore contains two contributions: the uncertainty
of whether the particle is in region A, and the conditional spatial entropy given that it is there.
This gives

H' = H(R)+ paH (pa).

Similarly, the entropy associated with region B is
HE' = H(R) + pH (pp).
The full entropy of the particle position is
Hap = H(R) + paH (pa) + psH (pp) (4.19)
The mutual information between the two regions is defined as
I(A:B) = H + HR' — Hup (4.20)

Substituting the expressions above shows that the conditional spatial entropy terms cancel

exactly, yielding
I(A:B) = H(R) = —palogpa — pglog ps (4.21)

Thus, for independent Brownian particles the mutual information between the two spatial
regions is entirely determined by the occupation probability in each region. Spatial fluctuations
within each region do not generate additional correlations between A and B.

For M independent particles starting at positions {y;}, the mutual information is additive:

M=

I(A:B)(t) = [—PA(yi,f)IOgPA()’i,f) _PB()’iat)long()’iat)] :

1

1

4.3.6 Numerical Scheme

The computation of mutual information requires evaluation of the occupation probabilities

0
patit) = [ glrly)dx, 422)

from which the mutual information follows via the binary entropy formula. We consider two

distinct numerical implementations corresponding to different physical setups.
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Scheme I: Effective infinite-reservoir model

In this approach, the system is restricted to the domain [—N, 0] and the coupling to the reservoir

is modeled through an absorbing (Robin) boundary condition at x = 0,
—Dd,g(0,1) = xkg(0,1). (4.23)

The absorbing boundary condition is physically equivalent to coupling to an infinite reser-
voir: once a particle crosses x = 0 it propagates freely and never returns. We use pp = 1 — pa,
which follows from probability conservation alone without requiring explicit integration over
B.

The diffusion equation is solved numerically using a method-of-lines approach, in which
space is discretized on a uniform grid while time evolution is handled using an implicit solver.

The reflecting boundary at x = —N is imposed via
dvg(—N,t) = 0.

The initial condition is taken as a narrow Gaussian approximation to the delta function
centered at y. The resulting propagator g(x,¢|y) is integrated numerically over the domain
[—N,0] to obtain py(y,1).

The mutual information is then computed by summing the binary entropy contributions
over all initial particle positions.

This scheme provides an efficient representation of diffusion into an effectively infinite

reservoir, where particles do not return once they cross the boundary.

Scheme II: Finite reservoir with explicit membrane

In the second approach, the reservoir is treated explicitly by extending the domain to [—N, L],

with reflecting boundary conditions imposed at both ends,
dvg(—N,t) =0, dvg(L,t) =0.
The interface at x = 0 is modeled by a semi-permeable membrane satisfying

ang(O_vt) = ang(0+7t)7 (424)
_Daxg(()?t) - K[gA(O_vt)_gB(O+at)]' (425)

The diffusion equation is solved using a Crank—Nicolson finite-difference scheme on a

uniform spatial grid. The resulting discretization leads to a linear system of the form

Ag" =Bg",
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where the matrices A and B incorporate both diffusion and boundary conditions.

The interface conditions are implemented directly in this system, ensuring flux continuity

and controlled transmission across the membrane.

In this formulation, total probability is conserved and particles can move between the sys-

tem and reservoir in both directions.

Instead of evolving individual particles, the numerical scheme evolves a continuous density
profile corresponding to an ensemble of independent particles initially distributed in region A.
The occupation probabilities are obtained by integrating the density over the respective regions,

and the mutual information is computed from the resulting probabilities.

Comparison of the two schemes

The two numerical approaches correspond to different physical limits. Scheme I provides an
effective description of coupling to an infinite reservoir, where particles are irreversibly lost,

leading to decay of mutual information at long times.

In contrast, Scheme II describes a finite closed system with conserved mass, where par-
ticles can move between the two regions and the mutual information approaches a non-zero

equilibrium value determined by the relative sizes of the domains.

Together, these schemes allow us to probe both transient and steady-state aspects of infor-

mation dynamics in diffusive systems.

4.3.7 Plots

We now illustrate the behavior of the mutual information for independent diffusing particles in
the presence of a semi-permeable interface. The numerical results shown below correspond to

different boundary conditions and reservoir configurations.

Case 1: Partially absorbing boundary conditions We consider a partially absorbing bound-

ary in the interface of the system and the reservoir and plot the MI for this case.
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Figure 4.1: Mutual information /(A : B) for M = 4 Brownian particles; x = 0.5, 1, 5,20

The figure shows the mutual information /(A : B) for M = 4 Brownian particles for different
values of the permeability k. The parameter k controls the strength of coupling between region
A and region B. For smaller k, particle escape is slower and the mutual information peak occurs
at later times; it is also slightly higher because the information (or correlations) between the
two regions is shared for a longer duration. As K increases, particles escape more rapidly into
region B, causing the mutual information to peak earlier and decay faster, indicating a quicker
loss of correlations between the two regions. This setup effectively mimics coupling to an

infinite reservoir, since particles crossing the boundary do not return to the system region.

Case 2: Partially transmitting boundary with a finite reservoir In this case, the system
region A is coupled to a finite reservoir region B through a partially transmitting membrane at
x = 0 with permeability k. The flux across the membrane is proportional to the density differ-
ence between the two sides, allowing particles to diffuse between the regions while conserving
the total mass. Since both regions are finite with reflecting boundaries, particles eventually dis-
tribute uniformly across the entire domain. At equilibrium the probability of finding a particle

in region A approaches the geometric ratio

N

- —,
PAT NTL

where N and L denote the lengths of regions A and B respectively. Consequently, the mutual

information approaches the constant value given by the binary entropy

I(A:B) = —palogpa — (1 — pa)log(1—pa).
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Figure 4.2: Mutual information /(A : B) for diffusion across a partially transmitting membrane
with a finite reservoir; N = 8, L = 40.

Figure 4.2 shows the time evolution of the mutual information for the finite reservoir setup.
Starting from an initially localized configuration in region A, the mutual information grows as
particles diffuse through the membrane and the uncertainty in the particle number in region A
increases. The mutual information reaches a maximum at intermediate times when the fluctu-
ations in Ny are largest. At longer times the system relaxes toward equilibrium and the mutual
information approaches the constant value predicted by the geometric ratio py = N/(N +L).

We now move to ballistic non-interacting particles.

4.4 Ballistic Non-Interacting Particles

We consider M non-interacting particles undergoing ballistic motion, with deterministic trajec-
tories x;(f) = x;(0) +v;(0)r and velocities drawn independently from a Maxwell-Boltzmann

distribution. The corresponding single-particle propagator is

1 (x ‘)’)2 1.26
t X [) —_— . .2
gbal(x, ‘y) 2%63[2 © ( 2631‘2 ( )

Since the particles evolve independently and no ordering constraints are present, the general

derivation of Section 4.3 applies directly with gy, replacing the diffusion propagator. The
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mutual information is therefore given by

S

I(A:B,t) = [_pA(yi:t)logPA(yiat)_pB()’iJ)lOgPB()’iat)7

1

I
—_

where pa(yi,t) = [y 8bai(%,]yi) dx and pp(yi;t) = 1= pa(yi,1)-
Thus, ballistic dynamics does not introduce any new features beyond those already captured
in the Brownian analysis. We remark that the exact form of g (x,#|y) would be modified in the

presence of a defect at x = 0, but the structure of the mutual information remains unchanged.

We now turn to the classical hard rod system introduced in the previous chapter. In contrast
to the Brownian case, correlations between the two regions arise from the excluded-volume

interaction and the resulting ordering constraints between particles.

4.5 Finite Hard Rods

We consider M hard rods of length a evolving in one dimension, in the presence of a reflecting
wall at x = —N and a partially transmitting defect at x = 0. We derive the mutual information
between the spatial regions

A=[-N,0], B = (0,00)

from the exact microscopic joint probability distribution. We note that the analysis for point

hard rods is also the same, only with the limit a — O.

4.5.1 Coordinate Mapping and Ordered Configuration Space

Let x1,...,x) denote the rod centers satisfying the hard-core constraint
X1<xp—a<--- <xM—(M—1)a.
It is convenient to introduce the coordinate map [23,24]
qgi=xi—(i—1)a,
which transforms the system into ordered point particles
91 <q2<--<gm-

The Jacobian of this transformation is unity, and the configuration space becomes the or-

dered simplex
Su=A{q1 < <qu}.
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This mapping removes the hard-core constraint by compressing the excluded volume, at the
cost of introducing a nontrivial permutation structure in the probability distribution.

The spatial partition translates into g-coordinates as
x <0 <<= ¢qg<—(i—1)a.

This index-dependent boundary arises from the excluded volume shift and must be retained
in all subsequent calculations. It is equivalent to the uniform physical boundary x; < O in real

space.

4.5.2 Exact Joint Probability Distribution

Let
gi(q,t) = /du g(q,u,t | gio, uio)

denote the single-particle position propagator obtained from the transport equation with reflect-
ing wall and stochastic defect.

Because hard rods interact only through excluded volume, the hard-rod mapping reduces
the dynamics to ordered point particles in the compressed coordinates ¢;. Collisions between
rods correspond to exchanges of particle labels, which leads to a sum over permutations of
independent propagators.

The exact M-particle joint probability density in g-space is therefore

M
PCI(q7t) = ( Z gi(q(i(i)7t)) 1q1<~~-<qM~
1

oESy i=

Here Sy, denotes the permutation group of M elements, and the indicator function 1,5, «...<,,
restricts the density to the ordered sector. Outside this sector the probability density vanishes.
The sum over permutations encodes the exchange of particle labels due to collisions and is

the fundamental source of correlations in the system.

4.5.3 Number Distribution Across the Partition

Let A = [—N,0] denote the region to the left of the defect. We define the number of rods in A

as

M
NA - Z 1x,-<0-
i=1

Using the coordinate mapping,

X <0 <= qi<—(i—1)a.
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Because the coordinates are ordered (g1 < --- < gu), the particles in region A always form

a contiguous block {qi,...,qx} for some k.
The probability that exactly & rods lie in A is therefore

PNa=0)= | Pa.nd.

k

where the integration domain is
Qo ={q < <qu}n{qg < —(k—1Da}N{gi1 > —ka},

This domain implements the physical condition that exactly the first k ordered particles lie
to the left of the boundary x = 0.

The above integral over the ordered simplex determines the full number distribution.

4.5.4 Conditional Structure and Residual Correlations

As discussed in the previous subsection, fixing the occupation number N4 = k restricts the

ordered coordinates to the sector

Qi =1{q1 < <qu}{qg < —(k—1)a} N {qx+1 > —ka},

where the binding constraints g < —(k — 1)a and g, > —ka ensure that exactly the first k
coordinates satisfy x; = ¢; + (i — 1)a < 0, with all remaining ordering constraints propagating
automatically from g; < --- < gp.

Within this sector the coordinates naturally separate into those belonging to region A,

namely ¢q1,...,qk, and those belonging to region B, namely g 1,...,qum-

However, this separation of coordinates does not imply factorization of the probability den-

sity. The joint distribution is given by

oceSyi=1

Pq(‘l»t) = ( Z Hgi(qG(i)»t)) 1y <.<qu

Specifically, permutations ¢ that assign label i < k to a position g; with j > k generate cross-
terms of the form §;(¢;) &;(g;) coupling A-coordinates to B-coordinates. As a result, even

within a fixed sector €2, the configurations in the two regions remain statistically correlated.

Therefore, in general,

P(Xs,Xp|No=k) #P(Xs | Ny =k)P(Xp | Ng=M —k).
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The full joint probability distribution can be decomposed as

M
P(X4,Xg) = Y P(Ns = k) P(Xa,Xp | Na = k),
k=0

which follows from the law of total probability.

The marginal distributions are similarly given by

M
Py(Xa) =Y P(Noa=k)P(X4 | Ny =k),
k=0
M
Py(Xg) =) P(Np =M —k)P(Xp | Ng =M —k).
k=0

Since N4y = Na(Xy) is a deterministic function of the microscopic configuration X4, one
simply counts the rod centres satisfying x; < 0. The conditional density satisfies P(Xy | Ny =
k) = 0 whenever N4 (X4 ) # k, so only the single term k = N4 (Xy4) contributes.

4.5.5 Mutual Information Decomposition

We now derive the structure of the mutual information explicitly. Using the decomposition

expression from earlier subsection, we obtain

P(Xa,XB) _ P(Ny = k) P(X4,Xp | Ny = k)

PA(XA)PB(XB) P(NA = k)P(XA ‘ Ny = k) ~P(NB :M—k)P(XB | Np :M—k)
1 P(Xs. Xg|Nys=k
P(Ns=k) P(Xa | Na=k)P(Xg | Ng =M —k)
Taking the logarithm,
P(X4,X5) P(X4,Xg | Ny = k)
log —————~-— = —logP(Ny =k)+1o . (4.28)

S ) Pe) P = o N ) P (X [Ny = M)

Substituting (4.28) into the definition (4.3), and noting that k = N4 (Xy4) varies across the
integration domain, we decompose the domain into disjoint sectors {Qk}ﬁ’lz o on each of which

k is constant,
P(X4,Xp | No = k)
(X4 |[Na=k)P(Xp|Ng=M—k) |’
(4.29)

M
IA:B)=Y /Q dXydXp P(Xa,Xp) | —logP(Ny = k) —HogP
k=0"">%

Within each sector €, substituting P(X4,Xp) = P(Ns = k) P(X4,Xp | N4 = k) and using the
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normalization [ P(Xa,Xp | Na = k) dXadXp = 1, the first term gives

M
— ) P(Njy = k)logP(Ns = k) = H(Ny)
k=0
This is the Shannon entropy of the particle-number distribution.
The second term is identified as the conditional mutual information between the configura-

tions in the two regions given Ny =k,

P(Xa,Xp | No = k)
(Xa | Na =k) P(Xp | Ng =M — k)

I(XA ZXB |NA :k) :/ dXAdXBP(XA,XB |NA :k)IOgP
Qi

Thus, the mutual information decomposes as

I(AZB) :H(NA)—l— fP(NA :k>I(XA : Xp |NA :k)
k=0

This decomposition separates two distinct contributions:

* the entropy H(N,) arising from fluctuations in the number of particles across the inter-

face,

* a conditional mutual information term /(X4 : Xp | Ny = k), arising from mixed permuta-

tions in the joint PDF which captures residual correlations within each sector.

Computing the second term requires integrating the full M-body conditional distribution
over the 2M-dimensional sector €2, a task not reducible to single-particle propagators and
analytically intractable in closed form. We therefore compute H(Ny4), which captures correla-
tions arising from particle-number fluctuations across the defect and is fully determined by the

single-particle propagators g;.

4.5.6 Calculation of the Number Distribution

As shown in the previous subsection, the mutual information can be decomposed into a con-
tribution from particle-number fluctuations and an additional contribution arising from correla-
tions within each sector.

We focus on the particle-number contribution, which is determined by the distribution
P(Njy = k). This quantity can be computed directly from the microscopic joint probability
distribution.

Using the ordered-coordinate representation,

M
P,(q,t) = ( Z Hgi(QG(i)vt)) Ly <<qus

oSy i=1
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the probability that exactly k rods lie in region A is obtained by integrating over the sector
Qo ={q1 < <gu}n{g < —(k—1)a} N{qgrs1 > —ka},

giving
PNy =K) = [ Pifa.)d
Qe
The functions g;(g,t) are the single-particle position propagators obtained from the phase-
space propagator g(x,u,t|xq,ug) by integrating over velocities. The many-body distribution is
constructed from these propagators along with the permutation sum, which encodes the effects

of collisions.

The derivation of the propagator g; for the reflecting wall at x = —N and the partially trans-
mitting defect at x = 0 is presented in Appendix G.

4.5.7 Numerical Scheme

The particle-number distribution P(N4 = k,t) is computed by explicitly enumerating the dis-
crete configurations generated by the single-particle propagator derived in Appendix G. The

procedure follows directly from the structure of the propagator.

For each particle i with initial condition (g;o, %), the position propagator g;(g,t) at time ¢ is
represented as a finite set of weighted peaks {(gia,Wiq«)}, corresponding to all admissible
trajectories with defect encounter times #; < ¢. For particles with initial velocity u;p < 0, the
particle first reflects elastically off the wall at ¢ = —N before reaching the defect; the peak

enumeration accounts for this initial wall reflection before applying the defect scattering rules.

The many-body configurations are constructed by selecting one peak for each particle and
considering all permutations of particle labels. For each choice of peaks and each permutation

o € Sy, the configuration
q=(9o(1)>---»96(m))

is retained only if it satisfies the global ordering constraint ¢; < --- < gp7, implementing the

indicator function 1,, <...<,, in the joint PDF. The corresponding joint weight is

M
W<q> - Hwi,am
i=1

where w; ¢, denotes the weight of the peak selected from particle i, implementing the product

of single-particle propagators in the microscopic joint distribution.
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For each valid ordered configuration q, the occupation number in region A is computed as

M
Na(q) = Z 1)< (j-1)a>
=1

using the hard-rod coordinate mapping x; = ¢; + (j — 1)a. The number distribution is then

obtained by accumulating weights over all configurations with fixed occupation number,

P(Na=kt)= Y w(q)
q:Na(q)=k

Finally, the number-fluctuation contribution to the mutual information is computed as

M
H(Ny,t) =—Y P(Ns=k,1)logP(Ns =k,1).
k=0

The computation involves a sum over all combinations of single-particle peaks and permuta-

tions, with cost scaling factorially in M, restricting exact evaluation to small system sizes.

4.5.8 Numerical Results for Finite Systems

Using the numerical scheme described above, the number distribution P(Ny = k,¢) is evaluated

exactly, allowing the leading contribution to the mutual information to be computed as

M
H(Ny,t) =—Y P(Na=k,1)logP(Ns =ki1).
k=0
We now present the time evolution of this quantity for finite systems with particle numbers
M=2,...,6.
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Figure 4.3: Time evolution of H(Ny,t), the dominant contribution to the mutual information
I(A : B,t), for finite hard-rod systems. The number of configurations grows factorially with M,
limiting the exact evaluation to M < 6.

These figures show the time evolution of the particle-number contribution to the mutual in-
formation, given by the Shannon entropy H (N, ), for a finite system with M rods (M =2,...,6).
At t = 0 the configuration of particles is completely known, and therefore the occupation num-
ber Ny is fixed. The number distribution is thus sharply peaked and H(N4) = 0. In this limit,

the full mutual information vanishes as well.

Over time, particles move from the system to the reservoir. This introduces uncertainty
in the number of particles located in region A, broadening the distribution P(Ny = k,t). Con-
sequently, H(N4) increases from zero and reaches a maximum at intermediate times. As the
particle number increases, the peak value becomes larger, reflecting the greater number of pos-
sible particle-number configurations in the subsystem. A broader distribution of Ny leads to a
larger entropy and therefore a larger value of H(N,4). The time at which the maximum occurs
also shifts slightly to later times, since a larger number of particles must be transmitted through

the defect before the uncertainty in N4 becomes maximal.

At later times the particles transmit through the defect and move away from region A.
The occupation number distribution again becomes sharply peaked and H (N ) correspondingly
decreases towards zero. In the present setup with an infinite reservoir, the occupation number
becomes deterministic at long times, so that H(N4) — 0. Naturally, the mutual information
also vanishes, /(A : B) — 0.
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4.6 Summary

In this chapter we studied the mutual information between two spatial regions of classical
particle systems separated by an interface. We first introduced the general definition of mutual
information in terms of the joint probability distribution of microscopic configurations.

For Brownian diffusion with a semi-permeable interface, the particles are independent but
each occupies only one region at a time; the mutual information is therefore exactly equal to
the Shannon entropy of the discrete region variable, /(A : B) = H(R), determined entirely by
the occupation probabilities. For non-interacting ballistic particles the mutual information has
the same structure, with the ballistic propagator gy, replacing the diffusion propagator.

For the hard-rod system, the ordering constraint and the permutation structure of the joint
PDF prevent an exact closed-form result. Starting from the exact microscopic joint distribution,

we derived the decomposition

M
I(A:B)=H(Na)+ ) P(Nga=k)I(Xa: Xp | Ny =k),

k=0
where H(N,) captures correlations arising from particle-number fluctuations across the defect
and the second term encodes residual microscopic correlations within each occupation sector.
Since 1(X4 : Xp | N4 = k) > 0 for every k, H(Ny4) is an exact lower bound on the full mutual
information. The correction term is not analytically tractable, as it requires the full M-body
conditional distribution and is not reducible to single-particle propagators. We therefore com-
puted H(N4) exactly using the discrete peak structure of the ballistic propagator. Numerical
results for M = 2,...,6 illustrate the growth, peak, and decay of H(Ny,t) over time, with the

peak value and timescale both increasing with the number of particles.
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Discussion

The results presented in this work investigate the relationships among transport, entropy, and
correlations in integrable many-body systems coupled to a reservoir via a partially transmitting
defect. Two microscopic models were considered: a quantum system of free fermions and a
classical gas of hard rods. For both systems, the dynamics were studied at two complementary
levels of description: the microscopic evolution of the underlying particles and the Euler-scale
hydrodynamic description provided by generalized hydrodynamics. Although the hydrody-
namic equations governing transport take similar forms in these models, the physical interpre-
tation of entropy and correlations differs significantly between the quantum and classical cases.
In particular, this work reproduces the microscopic and hydrodynamic entropy dynamics of a
fermionic system coupled to a reservoir and extends the analysis to classical hard-rod gases in
order to compare thermodynamic entropy with information-theoretic measures of correlations.

Generalized hydrodynamics describes integrable fluids in terms of quasi-particle densities
that propagate ballistically through the system. At the Euler scale, these equations govern the
transport of conserved quantities. In this regime, the entropy density satisfies a local continuity
equation, implying that entropy is transported with the quasiparticle flow rather than being
generated in the bulk at the Euler scale.

For the fermionic system, the microscopic dynamics were analyzed using the correlation-
matrix formalism, which allows for the exact computation of the von Neumann entanglement
entropy. In parallel, the hydrodynamic entropy was obtained using the generalized hydrody-
namics framework. A comparison of the two descriptions shows excellent agreement between
the microscopic entanglement entropy and the hydrodynamic prediction. This agreement is
consistent with the quasiparticle picture of entanglement spreading in integrable quantum sys-
tems, in which pairs of entangled quasiparticles propagate ballistically through the system and
carry both thermodynamic entropy and quantum correlations. The late-time decay of the en-
tropy follows a power-law behavior whose exponent depends on the form of the reflection co-
efficient R(k). Since the defect is introduced phenomenologically in the present setup, different
choices of R(k) primarily modify the late-time scaling behavior while leaving the qualitative

hydrodynamic picture and the structure of the entropy dynamics unchanged.
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The classical hard-rod gas exhibits a qualitatively different microscopic interpretation. In
this system, the hydrodynamic density represents a coarse-grained phase-space description of
particle configurations, and the entropy reflects the configurational disorder of this particle
distribution. When particles encounter the partially transmitting defect, they are reflected or
transmitted with fixed probabilities. This stochastic scattering introduces mixing between par-
ticles originating from the system and the reservoir, leading to uncertainty in the number of
particles remaining in the subsystem and constituting the source of entropy production, while

the bulk dynamics remain purely advective at the Euler scale.

The correlations generated by this stochastic process can be quantified through the mutual
information between the system and the reservoir. In the hard-rod system, the structure of the
joint probability distribution prevents an exact factorization, and the mutual information does
not admit a closed-form expression. Instead, it can be decomposed into a contribution arising
from particle-number fluctuations and a conditional contribution encoding residual correlations
within each occupation sector. The particle-number term provides a lower bound on the full
mutual information, while the conditional term remains analytically intractable and depends on
the full many-body distribution.

The dynamics of the particle-number contribution display a rise-and-fall structure that re-
sembles the qualitative shape of a Page curve. Initially, the particle number in the subsystem
is fixed and the mutual information therefore vanishes. As particles are transmitted through
the defect, fluctuations in the particle number increase and this contribution grows. At late
times, the behavior depends on the system configuration: in the presence of an effectively in-
finite reservoir the mutual information decays to zero, while in finite systems it saturates to a
non-zero value. Although this behavior resembles the qualitative features of the Page curve
observed in quantum systems, its origin is purely classical, arising from stochastic particle-

number fluctuations rather than quantum entanglement.

A related observation arises in the case of Brownian particles, where the stochastic dy-
namics lead to a particularly simple structure for the correlations between the system and the
reservoir. In this case, the mutual information reduces to a binary entropy associated with
the probability of a particle being located in either region. In a finite system with reflecting
boundaries the long-time distribution of particles approaches a uniform equilibrium state. As
a result, the probability of finding a particle in the subsystem approaches the geometric ratio
determined by the sizes of the two regions, and the mutual information saturates at a constant
value given by the corresponding binary entropy. In contrast, when the subsystem is coupled
to an effectively infinite reservoir, for example through partially absorbing (Robin) boundary
conditions, particles that leave the system do not return and the occupation probability of the
subsystem eventually vanishes. In this case the mutual information exhibits a rise-and-fall
behavior analogous to a Page curve. This provides a simple example in which correlations
generated by stochastic transport can be expressed directly in terms of the Shannon entropy of

a two-outcome process.
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These results highlight an important distinction between thermodynamic entropy and information-
theoretic measures of correlations. Hydrodynamic descriptions retain only coarse-grained in-
formation about local densities and currents. Consequently, while hydrodynamics successfully
captures the transport of thermodynamic entropy, it does not encode the microscopic correla-
tions responsible for the mutual information dynamics observed in the classical system. Fur-
thermore, the hydrodynamic equations do not distinguish between the transport of quasiparti-
cles in the quantum system and the transport of classical coarse-grained particle distributions.
Although the mathematical structure of the transport equations may be similar, the physical

interpretation of entropy and correlations can therefore differ substantially.

5.1 Limitations

Some limitations of the present analysis should be noted.

The numerical calculations necessarily involve finite system sizes and finite observation
times, which limit direct access to the asymptotic regime. In particular, the exact evaluation
of the mutual information in the classical hard-rod system requires the computation of the full
probability distribution of particle configurations. The number of possible configurations grows
factorially with particle number, making direct enumeration computationally expensive. In the
present work, the calculations were therefore restricted to particle numbers up to N = 6, beyond
which the computational cost increases significantly.

The hydrodynamic description employed in this work is restricted to the Euler scale and
therefore neglects subleading corrections such as diffusive effects. While this approximation
captures the leading ballistic transport of conserved quantities, it does not account for fluc-
tuations and broadening effects that may become relevant at longer times or in more refined
descriptions.

In the classical hard-rod system, the analysis of correlations was restricted to the contribu-
tion arising from particle-number fluctuations, which provides a lower bound on the full mutual
information. The remaining conditional contribution, which encodes correlations within each
occupation sector, was not evaluated due to its dependence on the full many-body distribution.
This term cannot be expressed in terms of single-particle propagators and requires access to the

full joint distribution.



Chapter 6
Conclusion

This thesis investigated the relationship between transport, entropy, and correlations in inte-
grable many-body systems coupled to a reservoir through a partially transmitting defect. Using
both microscopic calculations and Euler-scale hydrodynamic descriptions, we analyzed entropy
and correlation dynamics in a quantum system of free fermions and a classical gas of hard rods.

The results show that hydrodynamic entropy accurately reproduces the large-scale behavior
of entanglement entropy in the fermionic system, while in the classical hard-rod model cor-
relations arise from stochastic particle-number fluctuations generated by the defect. Although
the resulting particle-number contribution to the mutual information displays a Page-curve-like
structure, its origin is purely classical and differs fundamentally from quantum entanglement.

These findings highlight an important distinction between thermodynamic entropy and
information-theoretic measures of correlations: while hydrodynamic descriptions capture en-
tropy transport, they do not encode the microscopic correlation structures present in many-body
systems.

Future work could focus on extending the classical analysis to larger particle numbers using
more efficient numerical or sampling methods, as well as developing approaches to estimate
the conditional contributions to the mutual information. It would also be of interest to explore
more general settings, including different defect dynamics or non-integrable systems, in order

to further clarify the relationship between classical correlations and quantum entanglement.
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Appendix A

Derivation of Reflection and Transmission

Coefficients

In this appendix we derive the reflection and transmission coefficients for the local defects
introduced in Chapter 2 by solving the single-particle scattering problem for the tight-binding
Hamiltonian.

The scattering state is written as

eikn + rke—ikn7 n< 0’
V, = . E = —2gcosk, (A.1)
tpen. n>1,

where r;, and #; denote the reflection and transmission amplitudes.
The amplitudes are obtained by imposing the time-independent Schrédinger equation at the

defect sites.

A.1 Conformal Defect

For the conformal defect the modified couplings at the junction are

ho1 =hip=—g&c, hoo = —h11 =1/g> — &% (A.2)

Applying the Schrodinger equation at sites n =0 and n = 1 gives

Eyo=—gW_1—8& Wi +1/8*— 82 W, (A.3)
E%:—gcvfo—g%—\/gz—g%%- (A.4)

Using the scattering ansatz

vo=e¢ *tne* w=14r, y =1~ v=ne* (A.5)
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and solving the resulting equations yields
_ _ 2 _ 8¢
tk—)., rno== 1—1, A== (A.6)
8
Therefore
T, = |lk|2=lz, R, = |I”k|2: 1—12. (A7)
A.2 Hopping Defect
For the hopping defect only the hopping across the junction is modified,
ho1=hi1o=—gc. (A.8)
The Schrodinger equation at the defect sites becomes
Eyo=—gy_1—8 V1, (A9)
Eyi = —g: Yo —g V. (A.10)
Substituting the scattering ansatz gives
_ —ik ik ik
E(1+ry) =—gle ™4 rie™) — getre™, (A.11)
Ene™ = —g.(14ry) — gtre' . (A.12)
Solving for r; and #; using E = —2gcosk yields
2igg. sink g—g
I = 55—, t= >S5 (A.13)
g2 — g2e2ik g2 — g2e2ik
The reflection and transmission probabilities are therefore
A% —1)2
Ry ( ) T, =1—Ry, (A.14)

T A4+ 1-—222cos(2k)’

where A = g./g.

A.3 Density Defect

For the density defect the hopping amplitudes remain unchanged while the on-site potentials

are modified,

hoo=hi1 = ge.

(A.15)
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The Schrodinger equation at the defect sites becomes

Eyy=—gy_1— gy +g W, (A.16)
Eyi=—gWo—8V¥r+8: V1. (A.17)

Substituting the scattering ansatz gives

E(1+r) = —gle *+re®) — gne™ +g.(1+1y), (A.18)
Ene™ = —g(1+rp) — gtpe™ + gotpe™. (A.19)

Solving for the amplitudes yields the reflection probability

A%(A —2cosk)?

R, =
224 A =423 cosk+2(A2 — 1) cos(2k)’

(A.20)

with
T,=1-R,, A=2C (A21)



Appendix B

Derivation of the Entanglement Entropy

Formula

In this appendix we derive the relation between the entanglement entropy of a subsystem and
the eigenvalues of its correlation matrix for Gaussian fermionic states. It is based on the work
by [26]

B.1 Gaussian Structure of the Reduced Density Matrix

For a quadratic fermionic Hamiltonian the many-body state is Gaussian, meaning that all
higher-order correlation functions can be expressed in terms of two-point correlators via Wick’s

theorem.

If the global state is Gaussian, the reduced density matrix of a subsystem A obtained by

tracing out its complement A

is also Gaussian. It can therefore be written as the exponential of a quadratic operator,

1
Pa = Z—AeXp (— Z hﬁCjCj) s (BZ)

i jEA

where /;; defines the entanglement Hamiltonian.

B.2 Diagonalization of the Correlation Matrix
The reduced density matrix is completely determined by the subsystem correlation matrix
Cij=(clc}), i jeA. (B.3)
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Since C is Hermitian it can be diagonalized as
C=U'AU, (B.4)

where
A = diag(my,my,...,my) (B.5)

The unitary matrix U defines new fermionic operators

ar =Y Uyci, (B.6)
icA

which diagonalize the correlation matrix,

(abap) = mpSy. (B.7)

B.3 Factorization of the Reduced Density Matrix

In the basis of the entanglement modes ay, the reduced density matrix becomes diagonal and

factorizes into independent fermionic degrees of freedom,

Ny
pa=[1rpe (B.8)
/=1
where
e—&]a;ag
- B.9
P= e (B.9)

Each entanglement mode therefore behaves as an independent fermionic two-level system.

B.4 Occupation Number Representation

In the occupation-number basis {|0), |1)} of the fermionic mode ¢, the reduced density matrix

o 10 5.10)
P T \o ou ) '

The average occupation of the mode is therefore

takes the form

+ + e & 1
my = (ajar) = Tr(ajarpr) = 5 = - (B.11)

This relation can be inverted to obtain

egzln(l_"”). (B.12)

my
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B.5S Entanglement Entropy

The von Neumann entropy of the subsystem is

Sq = —TI'(pA ll’lpA).
Since ps = @, pv, the entropy is additive over the modes,
Na
SA = Z S(;
(=1
where

S¢ = —Tr(pelnpy).

Evaluating the trace for the two-level density matrix gives
Sg = —mglnmg — (1 — mg) ln(l — mg).

Summing over all modes yields
Ny
Sp=— Z [mglnmﬁ— (1 —mg) ln(l —mg)] ,
=1

which is the result used in the main text.

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)



Appendix C

Derivation of the Current Operator

In this appendix we derive the expression for the particle current across the junction between

the subsystem and the reservoir.

C.1 Heisenberg Equation of Motion

The particle number operator at site i is

dii; N

Il

dt iH, A
For the quadratic Hamiltonian

H = Zhjkcjck,
Jk
one finds
.8 = Y (hyel e~ hicler).

J

Therefore

dn,

C.2 Current Across the Junction

At the junction between sites 0 and 1, the hopping amplitude is hg; = h19 =

At A
=iy (hyele;—hicler).
J

(C.1)

(C.2)

(C.3)

(C4)

(C.5)

—gc. The time

evolution of 7 therefore involves only this term, leading to the identification of the current

operator

o1 = ige <6061 ) Co)

68

(C.6)
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Taking expectation values gives the average current
10) = (fo1) = 2g.1m [ (@ (&1 (1)]. (ek)
Using the definition of the correlation matrix,
Cijt) = (& (1¢(1)), (C8)
the current can be written as
1(1) = 2g.Im[Co1 (1)]. (C.9)



Appendix D

Entropy Increase under Defect-Induced
Mixing
In this appendix we show that the hard-rod entropy functional increases under the mixing in-

duced by a defect that reflects and transmits particles with probabilities R, T satisfying R+ T =
1.

D.1 Entropy functional

The local thermodynamic entropy density of the hard-rod gas is

1
s(7:0) =~ v toe )~ (5~ p ) 0e(1 - ap) (0.1)
where
p= /Rdvf(v). (D.2)
It is convenient to write

s(f,p) = Svel(f) ‘I’Sconf(p)a (D.3)

with 1
salf) == [avfioes.  samlp) =~ (1-p)logli-ap). @

D.2 Mixing at the defect

Let f7.(v) and fg(v) denote the velocity distributions arriving at the defect from the left and
right. After scattering the outgoing distribution is

fmV) =RfL(v) + T fr(v), R, T >0, R+T=1. (D.5)
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The corresponding density is

Pm = RpL + TpR7
where PLR = fdvayR(v).
D.3 Velocity entropy
Define
¢(x) = —xlogx
Since
¢H(x) =—--< 07

the function ¢ is strictly concave. The velocity entropy can therefore be written

sa() = [dve(fv)).

Using Jensen’s inequality for concave functions,
¢(Rx+Ty) = Rp(x) +T9(y),

we obtain
Svel(fm) > Rsvel(fL) + Tsvel(fR)a

with equality only if f7.(v) = fr(v).

D.4 Configurational entropy

Define

g(p)=— (é—p)log(l—ap), 0<p<-.

A direct computation gives

a

1 _

so g(p) is strictly concave. Applying Jensen’s inequality yields

Sconf(l)m) > Rsconf<pL) + Tsconf(pR)7

with equality only when p; = pg.

(D.6)

D.7)

(D.8)

D.9)

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)
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D.5 Total entropy

Combining the two inequalities gives

S(fin»Pm) = Rs(fr.pL) + Ts(fr,Pr)- (D.15)

Equality holds only if
fi(v)=fr(v) and pp=pg. (D.16)

D.6 Interpretation

The defect mixes the incoming velocity distributions according to

fn=RfL+Tfr. (D.17)

Since the hard-rod entropy functional is concave in both f and p, such mixing necessarily
increases the entropy unless the two distributions are identical. Repeated scattering events
therefore generate entropy until the velocity distributions on both sides coincide, at which point

entropy production ceases.



Appendix E

Calculation of Green’s function for a

Brownian particle with a square barrier

In this appendix, we derive the single-particle propagator for a brownian particle with a square
barrier. There are many analytical methods of solving the Fokker-Planck equation with the

specific boundary conditions [32] but we follow the Laplace Transform approach.

We compute the propagator g(x,¢|y) for an overdamped Brownian particle diffusing on the
semi-infinite domain x € [—N, ) with a reflecting wall at x = —N and a localized defect at

x = 0 modeled by a narrow square barrier potential supported on [0, €].

E.1 Brownian dynamics and Fokker-Planck equation

We consider overdamped Langevin dynamics in an external potential U (x),
dX;, = —uU'(X;)dt +v2Ddw,, (E.1)

where D is the diffusion constant, u is the mobility, and W; is a Wiener process. The associated

Fokker—Planck (Smoluchowski) equation for the propagator g(x,7|y) reads

dg(x,tly) = = (xtly),  J(x,tly) = —Dog(x,tly) — nU'(x) g(x,tly). (E.2)

Equivalently,
9ig(x,tly) = (D org(x,tly) +uU'(x) g(x,1y)) . (E.3)

The initial condition is
g(x,0[y) = 6(x—y). (E4)
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E.2 Wall and defect condition

The reflecting wall at x = —N imposes zero probability flux:
J(=N,tly) =0. (E.5)

The defect at x = 0 is implemented energetically via a square barrier potential on [0, €].

Remark: A defect could alternatively be modeled by a d-localised drift term in the Fokker—
Planck equation. However, we observed that such a perturbation doesn’t lead to partial re-
flection and transmission as we needed. Therefore, in order to obtain a physically transparent
partially transmitting interface consistent with detailed balance, we instead model the defect as

a narrow square potential barrier of height Uy and width €.

E.3 Square barrier potential profile

We choose the following piecewise constant potential profile:

0, —-N<x<0,
Ux)=4qUy, 0<x<Eg, Up > 0. (E.6)

0, x>e¢,
We denote 8 = (kgT)~! and the Boltzmann factor
o :=e P e (0,1]. (E.7)
Since U’(x) = 0 in each open interval (—N,0), (0,€), and (&,00), the propagator satisfies
the pure diffusion equation in each region.

E.4 Piecewise formulation

We decompose the propagator into three pieces

gl(x7t|y)a —N§X<0,
g(x1ly) =< gr(x,tly), 0<x<e, (E.8)
g3(x,tly), x>e€.

In each region,
agi(x,1ly) = Dougi(x,tly),  i=1,2,3. (E.9)
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We focus on the physically relevant case where the initial point lies in the “system’ part,
ye <_Na0>7 (E.10)
so that the initial conditions are

g1(x,0y) =06(x—y),  &(x0[y)=0,  g(x0[y)=0. (E.11)

Reflecting wall. Since U’(x) = 0 in region 1, the flux is simply J = —Dd.g1, thus
axgl(_N7t|y) =0. (E.12)
Matching at x = 0 and x = €. Because U(x) is discontinuous at x = 0 and x = €, one must
impose:
1. continuity of the flux J (probability conservation),

2. the Boltzmann-weighted continuity across a potential step.

In the present piecewise constant case the flux continuity reduces to continuity of d,g at each

interface, since U’(x) = 0 in the bulk of each region.

At x =0 we impose
£(07,tly) = agi(07,1y),  9g2(07,1ly) = g1 (0™ ,2]y). (E.13)
At x = € we impose
gt ily) =alga(eT tly),  dwes(e’rly) = dueale” 1ly). (E.14)
Finally, normalizability of the probability density implies the decay condition

g3(x,tly) =0 (x — +o0). (E.15)

E.5 Laplace transform in time
We introduce the Laplace transform

gi(x,sly) ::/ e ¥ gi(x,tly)dt, s >0, i=1,2,3. (E.16)
0
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With the bulk diffusion equation (E.9) and initial conditions (E.11), the Laplace-transformed

equations become

D0y 81 (x,s]y) —sgi(x,s|y) = —8(x—y), —N<x<0, (E.17)
D di8a(x,s]y) —sga(x,s|y) =0, 0<x<e, (E.18)
Daxx§3(xvs’y)_s§3(x7s‘y) =0, X >E. (E.19)

We define

h)
K= \/; > 0. (E.20)

E.6 General solutions in each region
Region 3 (x > €). Imposing decay at infinity yields
23(x,sly) =Ae ™ (E.21)
Region 2 (0 < x < €). The general solution reads
22(x,s|y) = Beosh(kx) + Csinh(kx). (E.22)
Region 1 (—N < x < 0). Due to the source term at x =y € (—N,0), we solve piecewise:

gr(x,sly), —N<x<y,

8
g1(x,sly) = A1> (E.23)
87 (x,8]y), y<x<0.
Imposing the reflecting (Neumann) wall at x = —N is conveniently achieved by using the coor-
dinate (x+N). We take
< —
g7 (x,s]y) —Pcosh(K(x+N)), —N<x<y, (E.24)
g7 (x,5]y) = Qcosh(k(x+N)) +Rsinh(k(x+N)),  y<x<O. (E.25)

Indeed, dycosh(k(x+N)) = ksinh(k(x+ N)) vanishes at x = —N.

E.7 Jump conditions at the source point x =y
The Green’s function properties imply:
1. continuity at x =y,

2. ajump in the derivative fixed by the delta source.
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7

Explicitly,
gr sly) = g7 (,s1y),
1

ax§1>(yas|y) _ax:g\1<<yas|y> = _B

E.8 Matching conditions in Laplace space

The matching conditions (E.13) and (E.14) apply identically to the Laplace transforms.

(E.26)

(E.27)

At x=0. From (E.22) one has g,(0) = B and dyg>(0) = xC. Evaluating (E.25) at x = 0 (i.e.

x+ N = N) yields

21(07) = Qcosh(kN) + Rsinh(kN), g1(07) = k[Qsinh(kN) + Rcosh(kN)]. (E.28)

Thus,

B = o [Qcosh(kN)+Rsinh(kN)],  C = Qsinh(kN) + Rcosh(kN).

At x =¢€. Using (E.22) and (E.21),

~

g2(€) = Bcosh(xe) 4 Csinh(ke), 0:82(€) = x[Bsinh(ke) + Ccosh(ke)],
g3(e) = Ae™ ¢, 0x83(€) = —KkAe "¢,

The interface conditions (E.14) imply

Ae ¢ = o~ ! [Bcosh(ke) + Csinh(ke)],
—«kAe *® = k[Bsinh(ke) + Ccosh(ke)].

Eliminating A yields the transfer relation

C cosh(k¢€) + o sinh(xe)

B sinh(ke) + acosh(ke)

For completeness, A is obtained from (E.32):

A = e* 0! [Bcosh(ke) + Csinh(ke)].

(E.29)

(E.30)
(E.31)

(E.32)
(E.33)

(E.34)

(E.35)
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E.9 Closed-form coefficients Q and R

To simplify notation, define
Cy :=cosh(kN), Sy := sinh(kN), C¢ := cosh(ke), Se :=sinh(ke), (E.36)

and introduce

= % (E.37)
Define further the combinations
E:=Sv+aMCy, A:=Cny+oMSy. (E.38)
Letu:=y+N € (0,N) and denote
C, := cosh(ku), S, = sinh(xu). (E.39)

Using the jump conditions (E.26)—(E.27) together with the interface transfer relation, one ob-

tains explicitly

C, C, A
R=-——% =22 E.40
Dk’ 0 Dk = ( )

Finally, from continuity at x = y one finds
P = Q+ R tanh(xu). (E41)

The remaining coefficients B,C,A are then given by (E.29) and (E.35).

E.10 Final Laplace-space Green’s function

Letv:=x+N € (0,N). The Laplace-transformed propagator is:

Region 1 (—N < x < 0).

R P cosh(kv), —N <x<y,
gi1(x,sly) = (E.42)
Q cosh(kv) + R sinh(kv), y<x<0,

with P, Q, R given in (E.40)—(E.41).

Region 2 (0 < x < ¢€).
22(x,s|y) = Bcosh(kx) + Csinh(kx), (E.43)
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where
B = a(QCn+RSy), C = 0Sy+RCy. (E.44)
Region 3 (x > €).
23(x,sly) =Ae™™, (E.45)
with A given by (E.35).
E.11 Return to g;(x,z|y)
The time-domain propagators are obtained by inverse Laplace transformation:
gilxtly) =27 @il (), i=1,2,3. (E46)
In particular, using the Bromwich inversion formula,
1 e
gi(x,tly) = / e gi(x,sly)ds, Y > 0. (E.47)
Y

2mi



Appendix F

Derivation of the Entropy Decomposition

In this appendix we derive explicitly the decomposition of the Shannon entropy of the particle
position into a contribution from the region label and conditional spatial entropies as discussed

in Section 4.5

F.1 Position distribution

Consider the probability density g(x,¢|y) of the particle position X at time ¢, given an initial
position y. The spatial domain is partitioned into two disjoint regions

A=(=N,0), B=/(0,00),

so that
ANB=0, AUB = (—N,o0).

The probability density can therefore be written piecewise as

galx,tly), x€A,
gs(x,tly), x€B.

g(xJ]y) =

The probabilities that the particle occupies the two regions are

paGit) = [ eateab)dr,  patnn) = [ gatraly)dr,

with
pa(y,t) +pp(yt) =1.

80



F.2. Conditional spatial densities 81

F.2 Conditional spatial densities

Within each region we introduce normalized conditional densities

gA(x7t|y)
X, ty) = ———-, X€EA,
palrly) pa(nt)

ga(x,t]y)
x,tly) = 22 xE€B.
Ps(x,11y) pa(y,t)

By construction these densities satisfy the normalization conditions

/pA(x,t\y)dx: 1, /pB(x,t|y)dx: 1.
A B

F.3 Entropy of the particle position
The Shannon differential entropy of the particle position is defined as
H(X) = = [ glxtly) logg(x.rly)dv.
Since the spatial domain is the union of the two regions, the integral splits into two parts,

H(X) =~ [ gatr.tly)logga(rry)dx— [ gnlx.rly)logga(x.rly)dx.

F.4 Substitution of conditional densities
Using the definitions
ga(x,1ly) = papa(x,t]y), ga(x,1y) = papr(x,1]y),
the entropy becomes
HX) == [ papaely)tog[papa(.y)]dv— [ papala.ly)tog[papa(.ly)]dx.
Using the logarithmic identity
log(ab) =loga+logb,
we obtain

H(X) = = | papa(x) (1og pa+1ogpa())dx— [ paps(x) (1og pa-+log pa(x)) .
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F.5 Separating the integrals
Expanding the integrals gives
HX) == [ papao)togpadi— [ papa()logpa(v)dx

- /B papp(x)log pgdx — /B paPp(x)log pp(x)dx.

The first and third terms contain constants inside the integrals, so they simplify using the

normalization of the conditional densities. For example,

— /A pAPA(x)log padx = —pslog pa /A pa(x)dx = —palogpa.

Similarly,
- /B pepPa(x)log ppdx = —pglog ps.

F.6 Identification of spatial entropies
The remaining terms can be written as
—PpA /A pa(x)logpa(x)dx

and
—DB /BpB (x)log pp(x)dx.

We therefore define the conditional spatial entropies

H(pa) == [ pal)logpa(x)dx,

H(ps) =~ [ pu(x)logpalx)dx.

Substituting these definitions yields

H(X) = —palogpa — pplog pp+ paH(pa) + peH(pB).

F.7 Final decomposition

Defining the entropy of the region label

H(R) = —palogpa — pplog pa,
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we obtain the decomposition
H(X) = H(R)+ paH(pa) + pH(ps).

This expression shows that the total entropy of the particle position consists of two contri-
butions: the entropy associated with the uncertainty of which region the particle occupies, and

the conditional spatial entropy within each region.



Appendix G

Derivation of the Single-Particle

Propagator

As discussed in Section 4.5, in this appendix we determine the single-particle propagator

g((],l/t,t ’ CIO,MO)7

which enters the many-body construction. This is the Green’s function of the ballistic transport

equation in the presence of

* a perfectly reflecting wall at g = —N,

* apartially transmitting defect at g = 0.

Throughout we assume gg € (—N,0).

G.1 Transport Equation
The propagator satisfies the Liouville equation
dg+udyg =0,

with initial condition

g(q,u,0 | qo,u0) = 6(q —qo) 6 (u— uo).

In the absence of boundaries the solution follows from characteristics:

8iree(q, U1 | qo,u0) = 6(q — qo — uot) 6 (u — up).
Thus motion is purely ballistic with constant velocity.

84
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G.2 Boundary Rules

Reflecting wall at g = —N. At the wall elastic reflection occurs:
u—m—Uu.

This boundary is deterministic and preserves probability.

Defect at ¢ = 0. At the defect scattering is stochastic:
transmission with probability T (u), reflection with probability R(u) = 1 — T (u).

Reflection reverses the velocity,

u— —u,

while transmission preserves it. Once transmitted into g > 0, the particle propagates freely and

does not return.

G.3 Method of Images and Renewal Expansion

Let
vV = u, E(t) =qo+t.

Define the first defect hitting time ¢, (if v > 0):

fqa = __qo7
1%
and the round-trip time between defect and wall:
2N
T=—"-.
V]

The successive defect encounter times are

ty=1t4+s7T, s=0,1,2,...

whenever defined.

For any fixed ¢, only finitely many ¢ satisfy #; < ¢. These times determine the admissible

number of defect reflections.
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G.4 Transmitted Sector (g > 0)

To reach ¢ > 0 at time ¢, the particle must have transmitted once.
If transmission occurs after s defect reflections (at time #;), the associated probability weight
is

T(v)R(v)*.

After transmission the motion is free into ¢ > 0. Thus the transmitted contribution is

g>(q,u,t | qo,v) = i T(V)R(v)*8(q— & (1) +2sN) 8 (u—v) 1>y,
s=0

The indicator function enforces causality: only those defect encounters that have occurred
by time ¢ contribute. Note that we didn’t need it for the hydrodynamic case in point hard rods

because we were evolving densities and not the green’s function.

G.5 Reflected Sector (¢ < 0)

If no transmission has occurred by time ¢, the particle remains in (—N,0). Suppose exactly s

defect reflections have occurred. The associated probability weight is
R(v)*.
The admissible time window for exactly s reflections is
te <t <tgiq.

Using the image construction for the reflecting wall, the reflected sector splits according to

the final velocity.

(i) Final velocity u = v (even total reflections).

[e)

87 (gut) = Y RO Vi, | 8(a — E (1) +25N) +8(g+ E (1) — 25N = 2N) | S(u—v).
s=0

(ii) Final velocity « = —v (odd total reflections).

(o)

¢ (qut) = Y ROV My <iay, 8(g+E(1) —25N) S(u+v).
s=0

G.6 Full Green’s Function

The exact propagator is
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(g ut | qo,v) = g=(q,u,0) + ¢ (qyu,1) + 85 (q,u,1).

This construction:
* solves the Liouville equation away from the boundaries,
* satisfies elastic reflection at ¢ = —N,

* implements stochastic scattering at g = 0,

* preserves total probability:

/Nd‘]/d“g(q,%t | QOMO) =1

G.7 Position Propagator

The position propagator entering the many-body construction is

gi(g.t) = /du g(q,u,t | qio, uip)-

Integrating over u yields

gi(q.1) = Y T (uio)R(ui0)*8(q — qio — uiot +25N) 1>,
s=0

o)

+ Y R(uio) Vy<r<r,, [5(61 — gio — ujot +2sN) + 8(q + gio + uiot — 2N — 2N)}
s=0

(o)

+ Z R(uio)“_l lt‘y§t<t‘y+1 5(q + qi0 + ujot — 2SN) .
s=0

For fixed ¢, only finitely many s contribute.

G.8 Independence from Rod Length

The propagator g depends only on single-particle ballistic dynamics and boundary scattering
rules. It is independent of the rod length a.

The hard-core interaction enters the many-body problem only through the ordering con-
straint imposed by the hard-rod mapping.
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