
Multiplier theorem on the
Heisenberg group

A Thesis

submitted to

Indian Institute of Science Education and Research, Pune

in partial fulfillment of the requirements for

the BS-MS Dual Degree Programme

by

Moksh Juneja

Roll No. 20211233

Indian Institute of Science Education and Research,

Pune

Dr. Homi Bhabha road,

Pashan, Pune 411008, INDIA

April 2026

Supervisor: Dr. Divyang Bhimani

All rights reserved©





CERTIFICATE

This is to certify that this dissertation entitled Multiplier theorem on the Heisen-

berg Group towards the partial fulfillment of the BS-MS dual degree programme at the

Indian Institute of Science Education and Research, Pune represents study/work carried

out by Moksh Juneja at Indian Institute of Science Education and Research, Pune un-

der the supervision of Dr. Divyang Bhimani, Assistant Professor, Department of

Mathematics, during the academic year 2025-2026.

Dr. Divyang Bhimani

Assistant Professor

Department of Mathematics

IISER Pune

Committee:

Supervisor: Dr. Divyang Bhimani (IISER Pune)

Expert: Dr. Aparajita Dasgupta (IIT Delhi)

i





This thesis is dedicated to my grandmothers

for whom knowledge was always the goal.

iii





DECLARATION

I hereby declare that the matter embodied in the report entitled “Multiplier theorem

on the Heisenberg group” is the result of the work carried out by me at the Depart-

ment of Mathematics, Indian Institute of Science Education and Research (IISER) Pune,

under the supervision of Dr. Divyang Bhimani, and the same has not been submitted

elsewhere for any other degree. Wherever others contribute, every e!ort is made to indi-

cate this clearly, with due reference to the literature and acknowledgment of collaborative

research and discussions.

Moksh Juneja

20211233

v





Acknowledgments

I am extremely thankful to Dr Divyang Bhimani for letting me pursue this thesis.

With the help of his guidance and vision, this project came to fruition and his support

helped me progress. His benevolence gave me the freedom to explore but not stray away

from my goals. His questions and ideas made me realise the gaps in my arguments which

helped me make a more thorough thesis.

I am grateful for the support and joy my parents gave me. Without them, I wouldn’t be

able to enjoy the process of learning. They gave me the luxury to search and pursue what

I liked. My brother, Kushagra Juneja taught me to do what I enjoy and to question

simple everyday things. Discourses with him, were probably the most insightful ones and

which forced me to look from a di!erent perspective.

My family far from home, Sarthak,Ayush, Prateek,Rakshaditya, Sushant, Sanchit

and Akarsh who gave me the much needed breaks and pep-talks. They taught me that

sometimes we need to sit back and relax. My peers , Vishnu and Christopher with

whom I could discuss new ideas, good or stupid and make the learning journey much more

enjoyable and insightful. A special thanks to Suhana for being present for me emotionally

and mentally, from thousands of kilometers away. Her maturity and caring nature not

only perked me up but gave me fuel to move forward. My oddities were calmed by her

patience and support. I am thankful to my seniors Ramandeep, Cli!ord, Yuv, Vachan

and Daksh for giving me guidance and sharing their experience.

I also extend my thanks to people who I have not mentioned but have played a significant

role in shaping who I am.

Lastly, I extend my gratitude to IISER Pune for providing me this opportunity and the

resources to complete this thesis.

vii





Abstract

The question of boundedness of operators is of importance in analysis. We look into the

operators which act on the frequency space of functions, that is those operators which

act on the Fourier transform of an L
p function, 1 < p < →. Our operators are given by

multiplication with a certain function called the multiplier. The boundedness conditions

of these operators, on the Euclidean space have been solved. This thesis asks the bound-

edness question for the case of a non-abelian group called the Heisenberg group (Hn).

Our main theorem gives a smoothness condition of the multiplier, constrained to the

dimension of Hn. This is smoothness condition is similar to Mikhil’s condition for bound-

edness of multipliers on R
n.

We use the tools developed by Stein, improving the theory given by Littlewood and

Paley. These tools are the g↑functions, which we can bound and so get the bounds for

our multiplier. To use this on H
n we have to move all the required ideas and machinery

from R
n to Hn. To move all the required machinery we need some understanding of certain

family of functions like the Hermite functions and the Laguerre functions.

In essence, this thesis uses the tools and ideas developed for the Euclidean space, to

tackle the problem of boundedness of multipliers and then builds analogues of it for the

Heisenberg group. These tools are then put to use to show that under certain conditions,

the boundedness of a multiplier can be established. We can further expand on this study

by looking into the unsolved problems in R
n and ask the same in H

n.
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Notations

Notation Description
ω
z Translation by z

ε
h Scaling by h

f̂ Fourier transform of f
f
→ Inverse Fourier transform

T
↑ Adjoint of the operator T

ϑh Schrodinger representation of Hn corresponding to h ↓= 0
ϑ Schrodinger representation corresponding to h = 1
↭ω Lambda twisted convolution

S(Rn) Schwartz space on R
n

S
↓(Rn) Space of tempered distributions on R

n

C
1 Space of continuous di!erentiable functions

C
↔(X) Space of smooth functions on the space X

C
↔

0 Space of smooth functions with compact support
R

↑
R \ {0}

Mp,q(Rn) Space of bounded linear operators from L
p(Rn) to L

q(Rn)
Mp(Rn) Space of Lp multipliers on R

n

h
n Heisenberg Lie algebra

H
n Heisenberg Lie group

H
n

pol
Polarized Heisenberg Lie group

H
n

red
Reduced Heisenberg Lie group

S(Hn) Space of Schwartz functions on H
n

S2 Space of Hilbert-Schmidt operators on L
2(Rn)

Sp(n,R) Set of linear transformations of 2n dimensional vector space over the
field R which preserve a non-degenerate, skew-symmetric, bilinear form

L
2(R↑

, S2, dµ) Space of square integrable functions on R
↑, taking values in S2 with

measure dµ

Bf Bargmann transform of function f

Fn Fock space
hε Hermite function of order ϖ
h
ω

ε
ϱ↑scaled Hermite function of order ϖ

Hε Hermite polynomials of degree ϖ

”ε,ϑ Special Hermite functions
L
ε

m
Laguerre polynomial of type ϖ

Qk Projection operator on L
2(Rn), onto the kth eigenspace spanned by

{hε : |ϖ| = k}

#(G) Linear space of entry functions on G spanned by the entries of finite-
dimensional irreducible representations of G

xiii



1 Introduction

Joseph Fourier studied the problem of the solutions of the heat equation in 1807, which

marked the beginning of Fourier transform, and in general harmonic analysis. Since then

a lot of developments have been made in the domain and still, a lot of questions remain

unanswered.

We assume some familiarity with topics in analysis, like Measure theory, theory of dis-

tribution and basic Fourier analysis. Our goal in this section is to have a ground level

understanding of what multipliers are, and develop su$cient tools to study their behavior.

1.1 Preliminaries

To begin our study we first recall certain definitions and theorems from the Euclidean

harmonic analysis and harmonic analysis on locally compact abelian groups. These re-

sults can be found in any standard textbook on harmonic analysis. The results here have

be taken from the books Classical Fourier Analysis by L. Grafakos and A First Course

in Harmonic Analysis by Anton Deitmar.

Definition 1.1 (Distribution function). For a measurable function f on X the distribu-

tion function of f is defined as

df (k) = µ({x ↔ X : |f(x)| > k})

We have the following alternative for the L
p norm of a function, using the distribution

function.

Proposition 1.1. For f ↔ L
p(Rn

, µ) with 0 < p < →, we have

↗ f ↗
p

Lp ↘ p

∫
↔

0

k
p↗1

df (k) dk

Proof. We can write the distribution function as the integral of the characteristic function

1



of the corresponding set and by interchange of limits, made possible by Fubini’s theorem

we get

p

∫
↔

0

k
p↗1

df (k dk) =

∫

Rn

∫
|f(x)|

0

pk
p↗1

dk dµ(x)

=

∫

Rn

|f(x)|p dµ(x)

= ↗ f ↗
p

Lp

We now define the weak L
p space as

Definition 1.2. For any p in 0 < p < →, we define the weak L
p(Rn) space as the set of

all µ-measurable functions such that

↗ f ↗Lp,→ = inf

{
C > 0 : df (k) ↘

C
p

kp
, ≃k > 0

}

= sup{ϖ df (ϖ)
1/p

}

is finite. By definition, weak L
↔(Rn) is L

↔(Rn).

We have the following containment for the weak L
p(Rn) space.

Proposition 1.2. For any f ↔ L
p(Rn) and 0 < p ↘ → we have

↗ f ↗Lp,→ ↘↗ f ↗Lp

Which means that we have L
p(Rn) ⇐ L

p,↔(Rn) for p ↓= →.

2



Proof. By Chebyshev’s inequality we have

k
p
df (k) ↘

∫

{x:|f(x)|>k}

|f(x)|p dx

for which LHS is ↗ f ↗Lp,→ by definition and RHS is at most ↗ f ↗
p

Lp .

This containment of weak L
p in L

p space leads us to define

Definition 1.3. Operators that map L
p to L

q are called strong type (p, q). Operators that

map L
p to L

q,↔ are called weak type (p, q).

We next have two interpolation theorems which significantly ease the task of showing

boundedness for operators acting on any L
p(Rn).

Theorem 1.1 (Marcinkiewicz Interpolation Theorem). Let (X,µ) and (Y, ς) be measure

spaces and let 0 < p0 < p1 ↘ → and T be a sublinear operator on L
p0(X)+L

p1(X), taking

values in the space of measurable functions on Y . Assume that we have the bounds

↗ T (f) ↗Lp0,→(Y ) ↘ A0 ↗ f ↗Lp0 (X) ≃ f ↔ L
p0(X)

↗ T (f) ↗Lp1,→(Y ) ↘ A1 ↗ f ↗Lp1 (X) ≃ f ↔ L
p1(X)

where A0 and A1 are positive constants. Then for any p0 < p < p1 and for any f ↔ L
p(X)

we have the estimate

↗ T (f) ↗Lp(Y ) ↘ A ↗ f ↗Lp(X)

where we have A depending on p, p0, p1, A0 and A1.

Note that if the operator is sub-linear and of weak type (p0, p0) and weak type(p1, p1) then

it is of strong type(p,p) for p0 < p < p1. This assumes weak estimates and compensates

it by being valid for the larger class of sub-linear functions.

Our next theorem is only valid for linear operators and assumes stronger end-point esti-

mates, but gives a more natural bound for the intermediate spaces.
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Theorem 1.2 (Riesz-Thorin Interpolation theorem). Let (X,µ) and (Y, ς) be two measure

spaces and let T be a linear operator defined on the set of all simple functions on X and

taking values in the set of all measurable functions on Y . Let 1 ↘ p0, q0, p1, q1 ↘ → and

assume the following bounds

↗ T (f) ↗Lq0 ↘ M0 ↗ f ↗Lp0

↗ T (f) ↗Lq1 ↘ M1 ↗ f ↗Lp1

for all simple functions f on X. Then for any 0 < φ < 1 such that

1

p
=

1↑ φ

p0
+

φ

p1
and

1

q
=

1↑ φ

q0
+

φ

q1

we have the bound

↗ T (f) ↗Lq ↘ M
1↗ϖ

0 M
ϖ

1 ↗ f ↗Lp

for any simple function f on X. The operator T has a unique bounded extension which

acts on L
p(X,µ) and gives functions in L

q(Y, ς) because of density of simple functions.

The proof of both the theorems are omitted and can be consulted in [3].

Next we define a smoothing operation called the convolution of two functions

Definition 1.4 (Convolution). Let f, g ↔ L
1(Rn), then the convolution of f and g is

given by

(f ⇒ g)(x) =

∫

Rn

f(y)g(x↑ y) dy

First it is easy to see that the integral is bounded by the L
1 norms of f and g and so it

makes sense. Next we see that it is a smoothening operation as we have

Theorem 1.3 (Minkowski’s inequality). For 1 ↘ p ↘ → and for g ↔ L
p(Rn) and f ↔

L
1(Rn) we have

↗ f ⇒ g ↗Lp(Rn) ↘↗ f ↗L1(Rn)↗ g ↗Lp(Rn)

4



We have a more general inequality,

Theorem 1.4 (Young’s inequality). Let 1 ↘ p, q, r ↘ → be such that

1 +
1

r
=

1

p
+

1

q

Then for any f ↔ L
p(Rn) and g ↔ L

q(Rn) we have

↗ f ⇒ g ↗Lr(Rn) ↘↗ f ↗Lp(Rn)↗ g ↗Lq(Rn)

Now we move to define the notion of Fourier transform. Before that we need to define a

space with which we can easily work.

Definition 1.5 (Schwartz function). A smooth complex valued function f on R
n is called a

Schwartz function if for any multi-indices ϖ, ↼ we have a positive constant Kε,ϑ satisfying

sup
x↘Rn

|x
ε
↽
ϑ
f(x)| = Kε,ϑ < →

We denote the Schwartz space on R
n by S(Rn).

Example 1.1. The Gaussian function e
↗x

2
is a prototypical example of a Schwartz space

function.

Definition 1.6 (Fourier transform). For a function f ↔ S(Rn), define its Fourier trans-

form at ⇀ as

f̂(⇀) =

∫

Rn

f(x)e↗2ϱx·ς
dx

The Fourier transform of a Schwartz function is a Schwartz function, that is; if f ↔ S(Rn)

then f̂ ↔ S(Rn).

The following properties of the Fourier transform are an easy check

Proposition 1.3. For f, g ↔ S(Rn), x, y, ⇀ ↔ R
n
, b ↔ C, ϖ be a multi-index and t > 0 we

have

5



1. → f̂ →L→ ↑→ f →L1

2. ⊋f + g = f̂ + ĝ

3. b̂f = bf̂

4. ⊋ω y(f)(ε) = e
→2ωiy·ε

f̂(ε)

5. (e2ωix·yf(x))̂(ε) = ω
y(f̂)(ε)

6. (ϑt(f))̂ = t
→n

ϑ
t
↑1
(f̂)

7. (ϖϑ
f )̂(ε) = (2ϱiε)ϑf̂(ε)

8. ϖϑ
f̂(ε) = ((↓2ϱix)ϑf(x))̂(ε)

9. ⊋f ↔ g = f̂ ĝ

We now define the inverse of this transform.

Definition 1.7 (Inverse Fourier transform). For f ↗ S(Rn) we define the inverse Fourier

transform as

f
↑(x) = f̂(↓x)

As the name suggests, this operation should be the reverse of Fourier transform, and so

we have

Theorem 1.5. For functions f, g, h ↗ S(Rn) we have

1.
∫
Rn f(x)ĝ(x) dx =

∫
Rn f̂(x)g(x) dx

2. (Fourier Inversion) (f̂)↑ = f = (f↑)̂

3. (Planceherel’s identity) → f →L2=→ f̂ →L2=→ f
↑
→L2

4.
∫
Rn f(x)g(x) dx =

∫
Rn f̂(x)g↑(x) dx

6



We can extend this definition of Fourier transform from functions in S(Rn) to functions

in L
1
↘ L

2(Rn) and so to functions in L
2(Rn), which gives us the nice result

Theorem 1.6 (Plancherel theorem). The Fourier transform is an isometric, isomorphism

on L
2(Rn). That is, we have

→ f →L2 = → f̂ →L2

This covers the very basic requirements for Fourier transform on R
n. We now change the

space from R
n to any Locally compact abelian group (LCA group).

To define the Fourier transform on LCA groups we need the notion of the dual group and

the characters of a group.

Definition 1.8 (Character). A character ς of a finite abelian group G is a group homo-

morphism to the circle group T (the unit torus). The set of all characters of the group G

is given by Ĝ.

Definition 1.9 (Dual group). The set Ĝ, along with the pointwise product forms an

abelian group, called the dual group of G or the Pontryagin dual of G.

Now we can define the Fourier transform for functions f ↗ l
2(G), for a finite group G.

Definition 1.10. The Fourier transform for a function f ↗ l
2(G) is given by

f̂(ς) =
1√
|G|

≃f,ς⇐ =
1√
|G|

∑

g ↓G

f(g)ς(g)

Note that we have an additional factor of 1⇒
|G|

which doesn’t come up in the definition

of the Fourier transform on R
n. This is because of the choice of our character on R

n, if

instead of e2ωix·ε we use, eix·ε we will get a normalizing factor of 1
↔
2ω
.

Similar to L
2(Rn) isomorphism of Fourier transform, we have

Theorem 1.7. The Fourier transform gives an isomorphism of the Hilbert spaces l2(G) ⇑

7



l
2(Ĝ). The same can also be done for Ĝ to get the map f ⇓⇑

ˆ̂
f , for which we have

ˆ̂
f(ϑg) = f(g→1)

Similarly, we define the notion convolution product on finite abelian groups as

Definition 1.11 (Convolution product for groups). For f, g ↗ l
2(G), we define the con-

volution product as

(f ↔ g)(a) =
1√
|G|

∑

b↓G

f(b)g(b→1
a)

Similar to the Euclidean case, we have that Fourier transform turns convolution product

into pointwise product, that is

Theorem 1.8. For f, g ↗ l
2(G), we have

⊋f ↔ g = f̂ ĝ

We can move our setup from finite abelian group to locally compact abelian groups.

Definition 1.12 (LCA group). A metrizable, φ-locally compact abelian group is called an

LCA group.

Example 1.2.

• The group (R,+) with the usual topology on R makes it an LCA group

• Using the discrete metric on a finite abelian group, we can make it an LCA group.

Parallel to the development of characters and dual groups for finite abelian groups we

have characters and dual groups for LCA groups as well.

Definition 1.13 (Character on LCA group). We define the character of a metrizable

8



abelian group G, as the continuous group homomorphism from G to the circle group T.

That is, the map ς : G ⇑ T satisfying

ς(ab) = ς(a)ς(b)

The set of characters of the group G is given as Ĝ.

Example 1.3.

• For the group Z, we have the maps k ⇓⇑ e
2ωikx as the characters for x ↗ R \ Z.

• For R, the characters are given by the maps x ⇓⇑ e
2ωixy for y ↗ R.

Here too, the pointwise product makes Ĝ into an abelian group called the dual group or

the Pontryagin dual of G.

From previous example we can easily see that Ẑ is isomorphic to R\Z and R̂ is isomorphic

to R.

One last thing we need before we can define the Fourier transform on an LCA group is

the notion of integration. This integration is called the Haar integration.

Definition 1.14 (Integral). We call a linear functional I, an integral on C0(G), if for

any f ↗ C0(G), we have

f ⇔ 0 =↖ I(f) ⇔ 0

The integral is called left invariant if we have

I(Lsf(x)) = I(f(s→1
x)) = I(f(x))

We will always have such a functional which we can call the integral of a group G. This

is due to the following theorem

Theorem 1.9. For any LCA group G, there exists a non-zero left-invariant integral G,

9



unique up to scaling.

This theorem ensure that we can define convolution and Fourier transform on any suitable

LCA group.

Example 1.4.

• The Haar integral on R is given by the usual Lebesgue integration, that is

I(f) =

∫
↗

↗

f(x) dx

• For R \ Z, the Haar integral is given by

I(f) =

∫
↗

0

f(x) dx

Definition 1.15 (Fourier transform for LCA groups). Let Ĝ be the dual group of G then

the Fourier transform of a function f on G is defined to be the function f̂ : Ĝ ⇑ C given

by

f̂(ς) =

∫

G

f(x)ς(x) dx

where ς is a character.

It is easy to see that this definition encapsulates the cases of finite abelian groups and the

case of Rn. For convolution also we have a similar result which would capture the ideas

previously established.

Theorem 1.10. For functions f, g ↗ L
1(G) which are bounded and continuous we have

(f ↔ g)(x) =

∫

G

f(xy→1)g(y) dy

exists for any x ↗ G and we have

⊋f ↔ g(ς) = f̂(ς)ĝ(ς)

10



for any ς ↗ Ĝ.

The only thing now remaining is the L2 correspondence we had for Rn, for any LCA group

G, that is the Plancherel theorem equivalent for any LCA group.

Theorem 1.11. For an LCA group G, we have a unique Haar measure on Ĝ such that

for any bounded, continuous and measurable function f on G, we have

→ f →L2 = → f̂ →L2

That is, Fourier transform gives an isomorphism between L
2(G) and L

2(Ĝ).

1.2 Motivation

Operators that commute with translation play a central role in our study and in general

as well. We begin by defining commuting with translation.

The translation operator is given by ωz, for z ↗ R
n acting on the space of functions on

R
n, and is given by

(ω zf)(x) = f(x↓ z)

Definition 1.16 (Translation). A vector space, X, of measurable functions on R
n, is

closed under translation if we have ωz(f) ↗ X, ↙z ↗ R
n and f ↗ X.

Definition 1.17 (Scaling). A vector space X, of measurable functions on R
n, is closed

under scaling if we have ϑ
h(f) ↗ X, ↙h ↗ R

n and f ↗ X, where

ϑ
h
f(x) = f(hx) whereh, x ↗ R

n

Definition 1.18. For vector spaces V and W , of measurable functions on R
n, that are

closed under translation. And if T is an operator from V to W then T commutes with

translation if

T (ω z(f))(x) = ω
z(T (f))(x) ↙f ↗ X, ↙x, z ↗ R

n

11



An automatic consequence of this definition is that any convolution operator commutes

with translation. A more remarkable result holds true.

Theorem 1.12. Let 1 ↑ p, q ↑ ∝ and T be a bounded linear operator from L
p(Rn) toLq(Rn)

that commute with translation. Then we have a unique tempered distribution ↼ such that

T (f)(x) = (f ↔ ↼)(x) ↙f ↗ S

Before we can move to prove this we need the following lemmas

Lemma 1.1. Under the hypothesis of the theorem, for f ↗ S(Rn), the distributional

derivatives of T (f) are L
q functions that satisfy

ϖ
ϑ
T (f) = T (ϖϑ

f) for all multi-indices↽

Proof. Let ↽ be the vector (0, · · · , 1, · · · , 0), j th entry is 1. Let f, g ↗ S(Rn), then we

already know

ω
→hej(g)↓ g

h
↓ ϖjg ⇑ 0 in S as h ⇑ 0

and so this convergence holds in L
p as well as

T

(
ω
→hej(g)↓ g

h
↓ ϖjg

)
⇑ 0 in L

qas h ⇑ 0

This gives us that

≃ϖjTf, g⇐ = ↓

∫

Rn

T (f)ϖjg dx

= ↓ lim
h↘0

∫

Rn

T (f)

(
ω
→hej ↓ I

h
g dx

)

= lim
h↘0

∫

Rn

((
I ↓ ω

hej

h

)
′ T (f)

)
dx

= lim
h↘0

∫

Rn

T

(
I ↓ ω

hej

h
f

)
g dx

=

∫
T (ϖjf) dx

12



where the second last equality is due to commutation with translation and last one is

because of the L
p convergence shown above.

Lemma 1.2. For 1 ↑ q ↑ ∝ and h ↗ L(Rn), if all the distributional derivatives of h

are also in L
q, then h is almost everywhere equal to a continuous function H satisfying

H(0) ↑ Cn,q

∑

|ϑ|≃n+1

→ ϖ
ϑ
h →Lq

Proof. Fix ⇀R to a be a smooth function with compact support, such that ⇀R = 1 for

|x| ↑ R and ⇀ = 0 for |x| ⇔ 2R. For h ↗ L
q then ⇀Rh ↗ L

1. Our idea of proof is the

existence of inverse Fourier Transform of an L
1 function, and so the original function is

a.e. equal to a continuous function.

We have

1 ↑ Cn(1 + |x|)→(n+1)
∑

|ϑ|≃n+1

|(↓2ϱix)ϑ|

which follows from the inequality

|x|
k
↑ Cn,k

∑

|ϖ|=k

|x|
ϖ

and so we have

|⇀̂Rh(x)| ↑ Cn (1 + |x|)→(n+1)
∑

|ϑ|≃n+1

|(↓2ϱix)ϑ⇀̂Rh(x)|

↑ Cn (1 + |x|)→(n+1)
∑

|ϑ|≃n+1

→ (ϖϑ(⇀Rh))̂ →L1

↑ Cn (2
n
R

n
↼n)

1/q↓(1 + |x|)→(n+1)
∑

|ϑ|≃n+1

→ (ϖϑ(⇀Rh))̂ →Lq

↑ Cn,r (1 + |x|)→(n+1)
∑

|ϑ|≃n+1

→ ϖ
ϑ
h →Lq

using the boundedness of ϖϑ
⇀R and the Leibniz’ rule. This gives us that → ⇀̂Rh →L1 is

13



bounded and so the Fourier inversion holds. As R > 0 were arbitrary and ⇀R = 1 for

|x| ↑ R, we get h is a.e. equal to a continuous function. For the inequality regarding

|H(0)|, now it becomes trivial as |H(0)| ↑→ ⇀̂1h →L1 .

We can now finish the proof of our theorem. Define a linear functional, u on S by

≃u, f⇐ = (Tf)(0)

then we have

|Tf(0) = |≃u, f⇐| ↑ Cn,q

∑

|ϑ|≃n+1

→ ϖ
ϑ
T (f) →Lq

↑ Cn,q

∑

|ϑ|≃n+1

→ T (ϖϑ
f) →Lq

↑ Cn,q → T →Lp↘Lq

∑

|ϑ|≃n+1

→ ϖ
ϑ
f →Lp

↑ Cn,q → T →Lp↘Lq

∑

|ϑ|,|ϖ|≃N

sϑ,ϖ(f)

where sϑ,ϖ are the semi-norms of f we have used the boundedness of T and the fact that

the ↽th derivatives of f ↗ S are bounded. Hence u is a tempered distribution. Setting

↼(x) = u(↓x) and using the fact that convolution of a Schwartz function with a tempered

distribution is in C
↗ , we can write T (f) = f ↔ ↼, to see this

(f ↔ ↼)(x) = ≃↼, ω
x(f̃)⇐

= T (ω→x(f))(0)

= ω
→x(T (f))(0) (T commutes with translation)

= T (f)(x)

this hold for f ↗ S.

We denote the set of all bounded linear operators from L
p(Rn) to L

q(Rn) that commute

14



with translation by Mp,q(Rn). In fact this space is a Banach space with respect to the

operator norm and owing to the characterisation of Mp,q given by the above theorem,

studying the properties of the tempered distribution su!ces to understand T .

We next see that the only case to consider is for 1 ↑ p ↑ q ↑ ∝.

Theorem 1.13. Mp,q = {0} whenever 1 ↑ q < p < ∝.

Proof. For f ↗ C
↗

0 and h ↗ R
n we have,

→ ω
h(T (f)) + T (f) →Lq = → T (ωh(f) + f) →Lq ↑ → T → → ω

h(f) + f →Lp

Letting h ⇑ ∝, we get

21/q → T (f) →Lq ↑ → T → 21/p → f →Lp

which holds if and only if T = 0.

Next we will see the usefulness of the adjoint of an operator which will help us get results

for the dual of the spaces Mp,q(Rn). This works because of the following theorem

Theorem 1.14. For 1 < p ↑ q < ∝ and T ↗ Mp,q(Rn), we can define T on L
q
↓
(Rn),

so that it maps L
q
↓
(Rn) with norm

→ T →
Lq↓↘Lp↓ = → T →Lp↘Lq

Which means we have the identification

M
q
↓
,p

↓
(Rn) = Mp,q(R

n)

Proof. The proof follows from the fact that if T is given by convolution with u ↗ S
⇐ then

15



T
⇒ is also given by convolution, but with ¯̃u ↗ S

⇐. We also require the identity

f ↔ ¯̃u = ( ¯̃f ↔ u) f ↗ L
q
↓

which show that T is well defined on L
q
↓
. The only thing left is to show that T and T

⇒

have the same norm in L
p
↓
. This is easily seen from the above equality and so we get that

→ T →Lp↘Lq=→ T
⇒
→
Lq↓↘Lp↓=→ T →

Lq↓↘Lp↓

We now study the specific cases of p = 1 = q and p = 2 = q and characterise them

in terms of the properties of the associated distribution. For other cases of p = q the

characterisation is still unknown.

Theorem 1.15. An operator T is in M
1,1(Rn) if and only if it is given by the convolution

with a finite Borel (complex valued) measure. The norm of the operator is equal to the

total variation of the measure.

We will not provide a proof for this case but it can be looked up in [3], the theorem is

stated here to show what we mean by characterisation of an operator. We will now look

into the case of p = 2 = q.

Theorem 1.16. The operator T lies in M
2,2(Rn) if and only if it is given by a convolution

with u ↗ S
⇐ whose Fourier transform û is an L

↗ function. The norm of T : L2
⇑ L

2 is

equal to → û →L→.

Proof. If û ↗ L
↗, Plancherel’s theorem gives

∫

Rn

|f ↔ u|
2
dx =

∫

Rn

|f̂(ε)û(ε)|2 dε ↑ → û →
2
L→ → f̂ →

2
L2

and so → T →L2↘L2 ↑ → û →L→ , giving T in M
2,2(Rn). For the converse claim, we show
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that û is a bounded function. For R > 0, we define ⇀r ↗ C
↗

0 which is supported on the ball

B(0, 2R) and is equal to 1 on the ball B(0, R). The product ⇀Rû = ((⇀R)↑ ↔ u)̂ = T (⇀↑

R
)̂,

is an L
2 function and on the ball B(0, R), ⇀Rû = û. Hence û is in L

2(B(0, R)) for any

arbitrary R hence is locally square integrable.

For f ↗ L
↗(Rn) having compact support, fû ↗ L

2 and we can use Plancherel’s theorem

again along with boundedness of T to get

∫

Rn

|f(x)û(x)|2 dx =

∫

Rn

|T (f↑(x))|2 dx ↑ → T →L2↘L2

∫

Rn

|f(x)|2 dx

Hence for any bounded function with compact support f we have

∫

Rn

(→ T →
2
L2↘L2 ↓ |û(x)|2)|f(x)|2 dx ⇔ 0

For f = |B(x, r)|→1
ςB(x,r) for r > 0 giving → T →L2↘L2 ⇔ |û(x)|2 for almost all x. Using

this with the previous bound → T →L2↘L2 ↑ → û →L→ , we get the bounds of T .

Definition 1.19. For 1 ↑ p < ∝, denote by Mp(Rn) the space of all bounded functions

m on R
n such that

Tm(f) = (f̂m)↑ f ↗ S

is bounded on L
p(Rn) (Or is a bounded extension of an operator which was initially defined

on a dense subspace). The norm of m is defined by

→ m →Mp = → Tm →Lp↘Lp

The definition implies that m ↗ Mp ∞ T ↗ M
p,p. The elements of Mp are called L

p

multipliers or Lp Fourier multipliers. By the previous two theorems we know that M2 =

L
↗ and M1 is the space of finite Borel measures. We also get that m ↗ Mp ∞ m ↗ Mp↓
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and we have the bound

→ m →Mp = → m →Mp↓ 1 < p < ∝

We also have these spaces to be nested, this is because of Riesz-Thorin Interpolation

theorem which is, for 1 ↑ p ↑ q ↑ 2, we have

M1 ∈ Mp ∈ Mq ∈ M2 = L
↗

Example 1.5. Consider the function m(ε) = e
2ωiε·b, then for all b ↗ R

n we have,

Tmf(x) = (f̂(ε)m(ε))↑(x)

= (e2ωiε·bf(ε))↑

= f(x+ b)

And so m ↗ L
p with → m →Lp= 1.

Proposition 1.4. For 1 ↑ p < ∝ the space Mp along with the norm → · →Mp is a

Banach space and is closed under pointwise multiplication.

Proof. The case 1 ↑ p ↑ 2 is su!cient. For pointwise product we just correspond each

multiplier to its operator and then composition of these operator will give us the closure

under pointwise multiplication. what we mean is

→ m1m2 →Mp=→ Tm1Tm2 →Lp↘Lp ↑ → m1 →Mp → m2 →Mp

Hence, Mp is an algebra. For completeness we use the completeness of L↗, which contains

all Mp. Let m be the limit, in L
↗ norm, of the Cauchy sequence {mj}j. Then for a fixed
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f ↗ S, we have

Tmj(f)(x) =

∫

Rn

f̂(ε)mj(ε)e
2ωix·ε

dε ⇑

∫

Rn

f̂(ε)m(ε)e2ωix·ε dε = Tm(f)(x)

a.e by Lebesgue dominated theorem. {mj}j is bounded in Mp, because it is Cauchy in

Mp and so sup
j
→ mj⇑Mp

↑ C. We can now use Fatou’s lemma to get

∫

tn

|Tm(f)|
p
dx =

∫

Rn

lim inf
j↘↗

|Tmj(f)|
p
dx

↑ lim inf
j↘↗

∫

Rn

|Tmj(f)|
p
dx

↑ lim inf
j↘↗

→ mj →
p

Mp
→ f →

p

Lp

↑ C
p
→ f →

p

Lp

giving m ↗ Mp. We also get that for µj ↗ Mp and µj ⇑ µ a.e., then µ is in Mp and

satisfies

→ µ →Mp ↑ lim inf
j↘↗

→ µj⇑Mp

From this we can see that the Cauchy sequence {mj}j goes to m in Mp.

Finally we note some properties of multipliers.

Proposition 1.5. For all m ↗ Mp, 1 ↑ p < ∝, x ↗ R
n
, and h > 0 we have

1. → ω
x(m) →Mp= → m →Mp

2. → ϑ
h(m) →Mp= → m →Mp

3. → m̃ →Mp= → m →Mp

4. → e
2ωi(·)·x

m →Mp= → m →Mp

5. → m ′ A →Mp= → m →Mp A is an orthogonal matrix.
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The proof of these properties are straightforward and hence omitted.

We state a multiplier theorem, due to, Mikhlin which will be similar to our multiplier

theorem.

Theorem 1.17 (Mikhlin). Let m be a complex valued bounded function on R
n
\ {0} such

that it satisfies

|ϖ
ϑ

y
m(y)| ↑ A|y|

→|ϑ|

for all multi-indices |↽| ↑
[
n

2

]
+ 1. Then we have for all 1 < p < ∝, m lies in Mp(Rn)

and has the estimate

→ m →Mp ↑ Cn max (p, (p↓ 1)→1)(A+ → m →L→)

Moreover, the operator sending f to (f̂m)↑ is weak (1,1).

We will look into a similar theorem which will state the conditions in terms of the partial

derivatives of the multiplier, but instead of Rn, it will be on H
n. But first we need to have

some knowledge of the Heisenberg group which will be our next theme.
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2 The Heisenberg Group

The novel idea of quantization for explanation of the physical world and establishing the

quantization of the Poisson brackets, the Heisenberg’s canonical commutation relations

gave these ideas a mathematical footing. These commutation relations come up as the

structure equations of the Lie algebra over the Heisenberg group, and hence the name.

To work with the Heisenberg group we need its representations, atleast the irreducible

ones. The nice part of this is that it admits only one faithful, unitary and irreducible

representations, upto unitary equivalence. This simplifies our work by letting us focus

on only one representation. This is the result of “Stone-von Neumann” theorem. It also

allows us to use the pleasant features of each ‘area’ without worrying much about the

other representations, provided we can interchange the two. We’ll see this when we will

look into the representation of Heisenberg group onto the Fock space.

2.1 Heisenberg’s commutation relations

Hamiltonian Mechanics

Newton gave us the laws governing the motion of any particle, which then in turn lead

to the mathematisation of physics. The forces acting on any particle is involved in the

second order di”erential equation, the knowledge of which, then gives us the motion of

the particle being completely determined by its velocity and position at any time of our

choosing. Hence, we can say that the ‘state’ of a particle is completely determined its

velocity and position.

This notion is changed slightly in the Hamiltonian Mechanics by replacing the velocity

of the particle with its momentum, and so the we get the state space namely, the Phase

Space R
2n, with coordinates

(p, q) = (p1, p2, ..., pn, q1, q2, ..., qn) (1)
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for a particle with p as its momentum vector and q as its position vector. Every observable

is real-valued function of the phase space and so is a function of momentum and position.

Next we are tasked with the time evolution of the system and how it is represented. The

time evolution of the system is given by certain transformations of the phase space. The

distinguishing feature of Hamiltonian mechanics is that these transformations leave the

following di”erential form invariant.

# =
n∑

j=1

dpj ∋ dqj

where # is a translation-invariant bilinear form on the tangent space R
2n of the phase

space R2n. {When R
2n is identified with the tangent space at any point of R2n, then # is

the symplectic form on R
2n, which is denoted by the brackets [(p, q)(p⇐, q⇐)] = pq

⇐
↓ p

⇐
q

}

We call the di”eomorphisms which preserve the above symplectic form as symplec-

tomorphisms, these form a group of linear transformations, that is, the group of all

T ↗ GL(2n,R) such that we have

[T (p, q), T (p⇐, q⇐)] = [(p, q), (p⇐, q⇐)] (2)

and we call it the symplectic group Sp(n,R). The form # is degenerate and so we can

identify the tangent vectors with cotangent vectors, and so we will have to each tangent

vector X at (p, q), the cotangent vector ⇁X at (p, q) such that

⇁X(Y ) = #(Y,X) (3)

For a function on R
2n i.e. a smooth observable, we can associate a vector field Xf to its
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one form df , we call this vector field the Hamiltonian vector field of f and is given by

df(Y ) = #(Y,Xf ) (4)

or

Xf =
n∑

j=1

(
ϖf

ϖpj

ϖ

ϖqj
↓

ϖf

ϖqj

ϖ

ϖpj

)
(5)

And now we can define the Poisson bracket of two smooth observables f and g as

{f, g} = #(Xf , Xg) =
n∑

j=1

(
ϖf

ϖpj

ϖg

ϖqj
↓

ϖf

ϖqj

ϖg

ϖpj

)

as is easily seen that it is skew-symmetric and as usual this satisfies the Jacobi identity.

Hence we have that, the space of smooth observables is a Lie algebra, and the map f ⇑ Xf

is a Lie algebra homomorphism and the following relation holds

[Xf , Xg] = X{f,g} (6)

We can easily see that the kernel of the above mentioned Lie algebra homomorphism has

the kernel which consists of constant functions and the Poisson bracket of the coordinates

of the phase space satisfies the relations

{pj, pk} = {qj, qk} = 0 {pj, qk} = ϑjk

The coordinates for which above commutation relations hold are called the canonical

coordinates and the canonical transformations of R
2n map one canonical coordinate

system to another.

Hence, we get the Hamiltonian Mechanical formulations that canonical commutations

23



equations are given by

[Xj, Xk] = [Yj, Yk] = 0, [Xj, Yk] = ϑj,kK (7)

for Xj, Xk, Yj, Yk are the basic observables and K is a constant such that K2 = ↓1. also

the condition that the only allowed transformations of R2n are those that preserve the

symplectic form #.

Using these as our building blocks we now look at the basic construction of Heisenberg

Group.

2.2 The Heisenberg group

We can use the commutation relations to define the Heisenberg Lie algebra using which

we would be able to define the Heisenberg group.

First, we define a map m : Rn
↓⇑ Mn+2(R) as,

m(x, y, k) =





0 x1 · · · xn k

0 0 · · · 0 y1

...
...

. . .
...

...

0 0 · · · 0 qn

0 0 · · · 0 0





and also define M : Rn
↓⇑ Mn+2(R)

M(x, y, k) = I +m(x, y, k)

We can see by trivial matrix multiplication that

m(x, y, k)m(x⇐
, y

⇐
, k

⇐) = m(0, 0, xy⇐) (8)
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and

M(x, y, k)M(x⇐
, y

⇐
, k

⇐) = M(x+ x
⇐
, y + y

⇐
, k + k

⇐ + xy
⇐) (9)

We can now use the commutator of the matrices to define a Lie bracket on the space of

matrices and hence give it a Lie algebra structure. Using the commutator, we have the

following

[m(x, y, k),m(x⇐
, y

⇐
, k

⇐)] = m(0, 0, xy⇐ ↓ yx
⇐) (10)

and because of (10) we have

m(x, y, k)2 = m(0, 0, xy) & m(x, y, k)t = 0 for t ⇔ 3

and hence we have

e
m(x,y,k) = I +m(x, y, k) +

1

2
m(x, y, k)2 = M(x, y, k +

1

2
xy) (11)

The Heisenberg group has 2n+ 1 one parameter subgroups, each given corresponding to

a coordinate, that is

βi = {(kei, 0, 0) : k ↗ R}, and βn+i = {(0, kei, 0) : k ↗ R}

for 1 ↑ j ↑ n and β2n+1 = {(0, 0, t) : t ↗ R}, where ei are the canonical basis vectors

in R
n. Corresponding to these subgroups, we have the left invariant vector fields on H

n

which are given by

Xj =

(
ϖ

ϖxj

↓
1

2
yj

ϖ

ϖt

)
1 ↑ j ↑ n

and

Yj =

(
ϖ

ϖyj
+

1

2
xj

ϖ

ϖt

)
1 ↑ j ↑ n

and

T =
ϖ

ϖt

25



as can be verified easily, these vector fields satisfy the commutation relations of Hamil-

tonian mechanics and so are aptly capturing the physical nature and presenting them

in a mathematical setting. Even more so, we have that the Heisenberg Lie algebra is

isomorphic to the Lie algebra of matrices m(p, q, t) defined above.

Definition 2.1 (Polarized Heisenberg group). The polarized Heisenberg group is the space

R
2n+1 with the identification (p, q, t) = M(p, q, t) and the group operation is given by the

multiplication of the corresponding matrices. It is denoted by H
pol

n
.

We can use this as the definition of Heisenberg Group but use a slightly di”erent notion

of group operation which uses the symplectic form on R
2n. To that extent, we can easily

verify that

exp(m(x, y, k)) exp(m(x⇐
, y

⇐
, k

⇐)) = exp(m(x+ x
⇐
, y + y

⇐
, t+ t

⇐ +
1

2
(xy⇐ ↓ yx

⇐))) (12)

If we use this group law along with the identification of (x, y, k) ↗ R
2n+1 with the ex-

ponential em(X), we get a group namely, the Heisenberg Group and denote it by Hn.

Hence we get two correspondences of R2n+1, that are:-

1.X ↓⇑ m(X) ↓⇑ e
m(X)

2.X ↓⇑ M(X)

and each have their own corresponding group law. The correspondence X ↓⇑ m(X) is

a Lie algebra homomorphism from hn to {m(X) : X ↗ R
2n+1

} and the exponential map

is the bijective correspondence between {m(X) : X ↗ R
2n+1

} and {M(X) : X ↗ R
2n+1

}.

We also see that

(x, y, k) ↓⇑ (x, y, k +
1

2
xy)
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is the isomorphic map between Hn and H
pol

n
, and is also the exponential map from hn.

A simple calculation shows that for Hn the identity is (0, 0, 0) and the inverse of (p, q, t) is

(→p,→q,→t) and for Hn

pol
the identity is (0, 0, 0) and inverse of (p, q, t) is (→p,→q,→t+pq).

We have C = {(0, 0, t) : t ↑ R} as the center of both Hn and H
pol

n
.

We can also identify R2n with C
n then the symplectic form becomes Im(z·w), for z = p+iq

and w = p
→ + iq

→. This doesn’t change much of what we have seen, it just changes the

identification of Hn = R
n
↓ R

n
↓ R with the group operation

(p, q, t)(p→, q→, t→) = (p+ p
→
, q + q

→
, t+ t

→ +
1

2
(pq→ → p

→
q))

to the identification H
n = C

n
↓ R with the group operation

(z, t)(w, s) = (z + w, t+ s+
1

2
Im(z · w))

and z · w =
∑

n

i=1 ziwi.

The Automorphisms of Heisenberg Group

Definition 2.2 (Automorphism). In an algebraic structure such as a group, a ring, or

vector space, an automorphism is simply a bijective homomorphism of an object into itself.

In essence, an automorphism is a bijective map, from a set, sayX, to itself which preserves

the algebraic property of the set.

Let Aut(Hn) and Aut(hn) denote the automorphism groups of Hn and H
n

pol
as a group

and as a Lie algebra, respectively. The important thing to note is the underlying space is

same for both Aut(Hn) and Aut(hn), that is R2n+1 and any automorphism first has to be
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an isomorphism of R2n+1 and then preserve the algebraic properties. To this extent, we

have the following:

Theorem 2.1. Aut(Hn) = Aut(hn)

Proof. For T ↑ Aut(hn), we have T linear and preserves the Lie bracket, now use this fact

with

XY = X + Y + [X, Y ]

for X, Y ↑ R
2n+1 to get that T (XY ) = T (X)T (Y ).

For S ↑ Aut(Hn), and for elements x, y which have [x, y] = 0 using the above equality we

get that S commutes with constants. Hence we get

cS(xy) = cS(x) + cS(y) + c
2
S([x, y])

and from lim s ↔ 0 we get that S is linear and also preserves the Lie bracket, hence

S ↑ Aut(Hn)

We have seen that that the automorphism groups are equal for the Heisenberg group and

the Heisenberg Lie algebra, we now want to classify, if we can, the possible elements of

this Automorphism group. For that we first see that we have the following as the possible

elements of Aut(Hn) or of Aut(hn).

1. Dilation maps : Any map Da such that

Da(x, y, k) = (ax, ay, a2k)

is an automorphism of Hn, because of distributive property of multiplication.

2. Conjugation maps : As Hn is a group, the inner automorphism maps

(l,m, n)(x, y, k)(l,m, n)↑1 = (x, y, k + ly →mx)
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are group homomorphisms and lie in Aut(Hn).

3. Symplectic maps : Maps which preserve the Symplectic form on R
2n. Let S ↑

Sp(R2n) be arbitrary, that is S is an automorphism of R2n which preserves the sym-

plectic form. Then the maps of the form

(x, y, k) ↗↔ (S(x, y), k)

are in Aut(Hn).

4. Inversion maps : The maps for which we have

(x, y, k) ↗↔ (y, x,→k)

are also in Aut(Hn) because of interchange of the first two coordinates and the dis-

tributivity of negative sign.

Also, this map is not inversion in the usual sense (that is (x, y, z, ) ↗↔ (→x,→y,→z))

but rather it inverts only the last coordinate and rotate R2n about the axis by ω

2 rads

in the clockwise direction.

Lastly, this maps has only two elements as

(x, y, k) ↗↔ (y, x,→k) ↗↔ (x, y, k)

There can be more automorphisms of Hn, but as our next result shows these will be only

those that are a combination of those given above.

Theorem 2.2. Every automorphism of Hn can be uniquely written as T1T2T3T4 where T1 is

a Symplectomorphism, T2 is a Conjugation, T3 is a Dilation and T4 is Inversion.

Proof. Any automorphism of Hn has to

• be linear
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• send the center to center

• be a group homomorphism

Using these we can see that any T ↑ Aut(Hn) sends (x, y) ↑ R
2n to A(x, y) where

A ↑ GL(n,R), because A is linear and is an isomorphism of R2n because det(A) ↘= 0.

T also sends the set C = {(0, 0, k) : k ↑ R} to itself, is a group homomorphism and is

linear so, using the above observation we have

T (x, y, k) = (A(x, y), lx+my + nk)

which we can reduce to the map (x, y, k) ↗↔ (B(x, y), k), where B ↑ GL(n,R), using the

automorphisms T4, T3, T2. Now the above map is an H
n automorphisms if and only if B is

in Sp(R2n). Uniqueness follows from the order of T1, T2, T3 and T4, and hence the theorem.

2.3 The Schrödinger Representation of Hn

Now that we have a group, we want to do some analysis on it and for that we need the

group’s representations. The Schrödinger representations of Hn are the most useful and

easy to understand. For this we define the function ωh : Hn
→↔ U(L2(Rn) as

ωh(p, q, t)f(x) = (ω(hp, q, ht)f)(x) =)e2ωite(2ωiq·x)+(ωip·q)f(x+p) (13)

here U(L2(Rn)) is the space of unitary operators on the L
2(Rn). These operators are

continuous on the Schwartz space and can be extended to continuous operators on the

space of tempered distributions. As can be seen easily, ωh is an operator on L
2(Rn), for

a fixed h ↑ R. We claim that it is in fact a unitary operator on L
2(Rn).

Proposition 2.1. For every h ↑ R, ωh is a unitary operator on L
2(Rn).

Proof. We show the claim is true for h = 1 and other cases follow easily. Also e
2ωit doesn’t
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have much role to play so we can ignore it for the time being and let ω(p, q) correspond

to ω(p, q, t) without any consequences in the evaluation of the norm. Now we show that

≃ ω(p, q)f ≃L2(Rn)=≃ f ≃L2(Rn)

and that ω(p, q) is onto to complete our claim.

We first show that ω(p, q) is onto; let g ↑ L
2(R)n and define f on R

n as

f(x) = e
2ωiq·x+ωiq·p(g → p)

Then a simple calculation shows that (ω(p, q)f)(x) = g(x).

We observe that for f(x) = (ω(→q,→p)g)(x), and by definition of ωh, we have

≃ f ≃L2(Rn) = ≃ (ω(→q,→p)g)(x) ≃L2(Rn)

=

∫

Rn

|e
(↑2ωip·x)↑(ωip·q)

g(x→ q)|2 dx

⇐

∫

Rn

|g(x→ q)|2 dx

= ≃ g ≃L2(Rn)

(14)

Similarly, for g(x) = (ω(p, q)f)(x) we get ≃ g ≃L2(Rn) ⇐≃ f ≃L2(Rn)

and so we get

≃ f ≃L2(Rn)=≃ (ω(p, q)f)(x)) ≃L2(Rn)

The essential thing in the proof was that irrespective of the inputs (p, q) of ω, the in-
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equalities hold and so the norm of the image function could be bounded by norm of

f.

And so for any h we have ωh is a unitary representation of Hn on L
2(Rn) and the corre-

sponding representation dωh of hn given by

dωh = 2εi(hpD + qX + tI)

where Xf(x) = xf(x) and Df(x) = h

2ωi
εf(x)
εx

. The representation ωh is called the

Schrödinger Representation of Hn with parameter h.

A more elegant structure comes out when we take the symplectic form rather than the

Euclidean inner product to pair (p, q) and (D,X) in the exponent. So we define

ω
→(p, q, t) = ω(→q, p, t) = e

2ωit
e
2ωi(pX↑qD)

and so we get

e
2ωi(pX↑qD)

f(x) = e
2ωipx↑ωipq

f(x→ q)

[e2ωi(pX↑qD)
f ]↓(ϑ) = e

↑2ωqϑ+ωipq
f̂(ϑ → p)

The physical interpretation of the above equations says that the average value of the

position (momentum) of e2ωi(pX↑qD)
f is just the translation of the average value of the

position (momentum) by q (p). Nonetheless we stick to the usual ω, but no harm comes

in knowing how to go from one representation to another.

The automorphism map ω(p, q, t) →↔ ω(→q, p, t) gives us the Symplectic version from the

Euclidean version, and for the operators we have the Fourier transform as

Fω(p, q, t, )F↑1 = ω
→(p, q, t)
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To see if the representation is faithful or not we look at the kernel of the map ω, which we

see is the set {(0, 0, s) : s ↑ Z}. Now using this kernel we define the reduced Heisenberg

Group as the quotient

H
red

n
= Hn/{(0, 0, s) : s ↑ Z)}

There is no change in notation, but it goes without mention that t ↑ [0, 1)

Integrated Representation

We defined ωh as a unitary operator on L
2(Rn) and our main focus was on h = 1, but h

can be any real number and so we need a continuous version of the representations of Hn,

which we see now.

For a function ! ↑ L
1(Hn

red
), we can define

ω(!) =

∫

Hn
red

!(X)ω(X) dX =

∫∫∫
!(p, q, t)ω(p, q, t) dp dq dt (15)

with ≃ ω(!) ≃⇐≃ ! ≃1. The question of how ω(!) acts on L
2(Rn) can be answered by

using the definition of the ω acting on L
2(Rn) and is given by

(ω(!)f)(x) =

∫

Hn
red

!(X)(ω(X)f)(x) dX

Because the variable t doesn’t have much role to play, we consider the Fourier series of

! ↑ H
n

red
about the variable t, that is

!(p, q, t) =
↔∑

j=↑↔

!j(p, q)e
2ωij·t (16)

The assumption here is that the series is interpreted as a Cesàro
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or Abel mean. This expansion simply gives

ω(!) =
↔∑

↔

∫∫∫
!k(p, q)ω(p, q)e

2ωi(k+1)t
dp dq dt

=

∫∫
!↑1(p, q, t)ω(p, q, t) dp dq

(17)

because of the integral in t being from 0 to 1 and so the only surviving term will be for

k + 1 = 0.

Hence we can instead consider ω to be a representation of L1(R2n) with a special convo-

lution structure called the twisted convolution. Hence we can define for F ↑ L
1(R2n),

we have

(ω(F )f)(x) =

∫∫
F (p, q)(ω(p, q, )f)(x) dp dq

=

∫∫
F (y → x, q)eωiq(x+y)

f(y) dy dq
(18)

From the theory of integral operators we get that the kernel of the integral operator ω(F )

is given by

KF (x, y) =

∫
F (y → x, q)eωiq(x+y)

dq

= F
↑1
2 F

(
y → x,

x+ y

2

) (19)

and so we get the following result

Theorem 2.3. The map ω from L
1(Rn) to the space of bounded operators on L

2(Rn),

extends uniquely to a bijection from S
→(R2n) to the space of continuous linear maps from

S(Rn) to S
→(R)n. It also maps L

2(Rn) unitarily onto the space of Hilbert-Schmidt

operators on L
2(Rn), and ω(F ) is compact operator on L

2(Rn) fro all F ↑ L
1(Rn)

Before we delve into the proof we look at what this theorem says; the first claim says

that we can extend, uniquely, the map ω to the Schwartz Space on R
2n with the image

of ω giving a bounded linear map from Schwartz Space on R
n to the space of tempered

distributions on R
n.
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The next claim brings out the compactness of the operator ω(F ) and gives us a way to

construct Hilbert-Schmidt operators on L
2(Rn) from L

2(R2n) functions.

Proof. We need the kernel KF to make sense, for F an arbitrary tempered distribution,

the kernel (24) makes sense and so we get KF as a tempered distribution. Now the

first claim is just a simple application of Schwartz Kernel theorem(Appendix D).

Explicitly for this case, we have the map

f →↔

∫
KF (·, y)f(y) dy

which connects S(Rn) to S
→(R)n.

As for the second claim, we use the fact that on L
2(Rn), Fourier transform is unitary and

so for any F ↑ L
2(Rn), ω(F ) is a Hilbert-Schmidt operator with the kernel KF . Finally,

for F ↑ L
1
⇒ L

2, ω(F ) is compact and so for F ↑ L
1
, ω(F ) is compact as the norm limit

of compact operators is compact and ≃ ω(F ) ≃⇐≃ F ≃1, where the norm on ω(F ) is the

operator norm.

Now we look at how the integrated representation interact with the original representation

of Hn

Proposition 2.2. For F ↑ S
→(R2n) and p, q ↑ R

n, we have

ω(F )ω(p, q) = ω(G) & ω(p, q)ω(F ) = ω(H)

where

G(a, b) = e
ωi(pb↑qa)

F (a→ p, b→ q) & H(a, b) = e
ωi(aq↑bp)

F (a→ p, b→ q)

The proof is straight forward so we omit it.

We turn to the fact that convolution on L
1(Hn

red
) makes it into a Banach algebra and so
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we have

(F ⇑G)(X) =

∫
F (Y )G(Y ↑1

X) dY =

∫
F (XY

↑1)G(Y ) dY

and when the integrated representation of the convolution product is take we get that it

is the product of the integrated representations, what we mean is

ω(F ⇑G) =

∫∫
F (XY

↑1)G(Y )ω(X) dX dY = ω(F )ω(G)

Now we want to transfer this algebraic structure to L
1(R2n) and from as previously seen

the only remaining term is for k = →1 we get that only for the k = →1 it works and so

using that as a starting point we have for ϖ ↑ L
1(Rn)

ω(ϖ) = ω(ϖ0) where ϖ0(p, q, t) ↑ L
1(Hn

red
), ϖ0(p, q, t) = ϖ(p, q)e↑2ωt

and so we get for ϖ,ϱ ↑ L
1(R2n)

(ϖ0 ⇑ ϱ0)(p, q, t, ) = e
↑2ωit

∫∫
ϖ(a, b)ϱ(p→ a, q → b)eωi(aq↑bp)

da db (20)

That is, if we define a new “convolution” operation, ↭, such that the above equation

holds we get

(ϖ0 ⇑ ϱ) = (ϖ↭ ϱ)0

Definition 2.3 (Twisted convolution). The twisted convolution is the operation given by

(ϖ↭ ϱ)(p, q) =

∫∫
ϖ(a, b)ϱ(p→ a, q → b)eωi(aq↑bp)

da db

where ϖ,ϱ are in L
1(R2n).

It is set up in such a way that we get the relation,

ω(ϖ↭ ϱ) = ω(ϖ)ω(ϱ)
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Due to the non-commutativity of H
n, we see that the twisted convolution is also not

commutative, but it has an even better result as compared to ordinary convolution

Proposition 2.3. For ϖ,ϱ ↑ L
2(R2n) we have ≃ ϖ↭ ϱ ≃2 ⇐≃ ϖ ≃2≃ ϱ ≃2

It simply follows from Theorem 2.3, the fact that ω(ϖ↭ϱ) = ω(ϖ)ω(ϱ) and the Schwartz

inequality.

2.4 Fourier-Wigner Transform

Now that we have a representation of Hn, the question is to ask what its matrix coe”-

cients are and the closely related what the characters are of the representation ωh. First

we define what, irreducible representations and matrix coe”cients are

Definition 2.4 (Irreducible representations). An irreducible representation, say #, of a

group on the vector space V, is a group representation that has no nontrivial, invariant

subspaces of V .

What this means is that the only #-invariant subspaces are the trivial subspace {0} and

the whole space V .

Definition 2.5. Matrix coe!cient of a group G is a complex valued function fv,F on G

such that we have

fv,F = F ⇓ ω that is fv,F (g) = F (ω(g)v)

where ω is a linear representation of the group G and F is a continuous linear functional

on G

For our case let f, g ↑ L
2(Rn), then define the function

V (f, g)(p, q) = ⇔ω(p, q)f, g↖ =

∫
e
2ωiqx+ωipq

f(x+ p)g(x) dx (21)

We have omitted e
2ωit as (ω(p, q, t)f)(x) = e

2ωit(ω(p, q, 0)f)(x) and so it doesn’t add or
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remove any information available to us, hence for simplicity we choose to omit it. We call

V (f, g)(p, q) the Fourier-Wigner transform.

Proposition 2.4. For f, g ↑ S(Rn) we have

V (f, g)(p, q) =

∫
e
2ωiq·x

f(x+
p

2
)g(x→

p

2
) dx (22)

Proof. Put x = y →
p

2 in (21) to get (22)

Proposition 2.5. V : S(Rn)↓ S(Rn) →↔ S(R2n) is a bilinear mapping.

Proof. The bilinearity is a simple check, which is due to the inner product on L
2(Rn), as

for the mapping from S(Rn)↓ S(Rn) to S(R2n), we use the fact that for h ↑ S(R2n), the

function H on R
2n defined by

H(p, q) =

∫

Rn

e
2ωiq·y

h(p, y) dy

is in S(R2n).

And so, setting h(p, y) = f(y + p

2)g(p→
p

2) gives our claim

This proposition then gives us the following.

Theorem 2.4. V maps S(Rn) ↓ S(Rn) into S(R2n) and has a unique extension from

S
→(Rn)↓S

→(Rn) into S
→(R2n). We also have that V is sesquilinear and unitary on L

2(Rn)

and we have

⇔V (f, g), V (ϖ,ϱ)↖ = ⇔f,ϖ↖⇔g,ϱ↖ (23)

Now that we have a relation between the Fourier-Wigner transform and the function

f, g ↑ L
2 we can easily show that ωh is an irreducible representation.

Theorem 2.5. For h ↑ R\{0}, the representation ωh is irreducible.
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Proof. Let ωh be a reducible representation, then Ṽ which is closed, non-zero and invariant

under ωh is a proper subspace of L2 and let f ↑ Ṽ be a non-zero element. Then we have

some g /↑ Ṽ . If g↙Ṽ then g↙f and so g↙ωh(p, q)f , that is V (f, g)(p, q) = 0 ∝ p, q ↑ R
n.

Also, by (23) we have

0 =≃ V (f, g)(p, q) ≃22=≃ f ≃
2
2≃ g ≃

2
2

That is g = 0 and so Ṽ = L
2(Rn)

Proposition 2.6. For any a, b, c, d ↑ R
n we have

V (ω(a, b)f, ω(c, d)g)(p, q) = e
ωi(dp+da↑aq↑cq↑cb+bp)

V (f, g)(p+ a→ c, q + b→ d) (24)

Proof. We have

⇔ω(p, q) ω(a, b)f, ω(c, d)g↖ = ⇔ω(→c,→d) ω(p, q) ω(a, b)f, g↖

= ⇔ω(p+ a→ c, q + b→ d,
1

2
(dp+ da→ aq → cq → cb+ bp)f, g↖

which gives us (24).

As for matrix elements of the integrated representation we have

⇔ω(!)f, g↖ =

∫
ω(!)f(x)g(x) dx =

∫ [∫
!(p, q)ω(p, q)f(x) dp dq

]
g(x) dx

=

∫∫
!(p, q)V (f, g)(p, q) dp dq

(25)

If ! = V (f, g), then we have

⇔ω(!)f, g↖ =

∫∫
V (f, g)(p, q)V (f, g)(p, q) dp dq = ⇔f, f↖⇔g, g↖
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by (21) and (23). So for ϖ ↑ L
2(Rn) we have

⇔ω(!)ϖ,ϱ↖ =

∫∫
V (f, g)(p, q)V (ϖ,ϱ)(p, q) dp dq

= ⇔ϖ, f↖⇔ϱ, g↖

= ⇔ϖ, f↖⇔g,ϱ↖

which gives

ω(!)f = ⇔ϖ, f↖g (26)

where ! = V (f, g)

This means that if ! is a Fourier-Wigner transform then the range of operators ω(!) on

L
2 is one dimensional. This becomes useful when we want to get the twisted convolution

of the Fourier-Wigner transforms.

For !i = v(ϖi,ϱi) i = 1, 2 we have

V (ϖ1,ϱ1)↭ V (ϖ2,ϱ2) = ⇔ϱ2,ϖ1↖V (ϖ2,ϱ1) (27)

We’ll now calculate the Fourier-Wigner transform of Gaussian, as they play an integral

role in our theory.

Proposition 2.7. For ϖ(x) = 2n/4e↑ωx
2
, ! = V (ϖ,ϖ) and !ab = V (ϖ, ω(a, b)ϖ) we have

i.) !(p, q) = e
→ω
2 (p2+q

2)

ii.) !ab(p, q) = V (ϖ, ω(a, b)ϖ)(p, q) = e
ωi(bp↑aq)

e
→ω
2 [(p↑a

2)+(q↑b)2]

iii.) ω(!)ω(a, b)ω(!) = e
→ω
2 (a2+b

2)
ω(!)

iv.) !↭ !ab = e
→ω
2 (a2+b

2)!
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Proof. i.)

!(p, q) = 2n/2
∫

e
2ωiqx

e
↑ω[x+(p/2)]2↑ω[x↑(p/2)]2

dx

= 2n/2e(
→ω
2 )p2

∫
e
2ωiqy

e
↑2ωx2

dx = e
→ω
2 (p2+q

2)

This comes directly from Appendix A

ii.) Follows from i.) and (24)

iii.) As ! is the conjugate of a Fourier-Wigner transform we use (27).

iv.) ω(!ab) = e
ωi(bp↑aq)

V (ϖ,ϖ)(p → a, q → b) = ω(a, b)ω(!) by Proposition 2.2, and so

ω(!↭ !ab) = ω(!)ω(!ab) = ω(!)ω(a, b)ω(!). Hence by iii.) we get

ω(!↭ !ab) = e
→ω
2 (a2+b

2)
ω(!)

and as ω is faithful, we get iv.).

The Fourier-Wigner transform of the functions f, g ↑ L
2(Rn) can be seen as the inverse

Fourier transform, about q of the function f
(
x+ p

2

)
g
(
x→

p

2

)
and so we can ask about

the Fourier transform of the Fourier-Wigner transform.

Definition 2.6 (Wigner transform). The Fourier transform of the Fourier-Wigner trans-

form of two functions f, g ↑ S(Rn), denoted by W, is the transform

W (f, g)(x, ϑ) = ⊋V (f, g)(x, ϑ) = (2ε)↑n/2

∫
e
↑iϑ·p

f

(
y +

p

2

)
g

(
y →

p

2

)
dp

The Wigner transform satisfies the following identity
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Theorem 2.6 (Moyal’s Identity). For f, g,ϖ,ϱ ↑ S(Rn) we have

⇔W (f, g),W (ϖ,ϱ)↖ = ⇔f, g↖⇔ϖ,ϱ↖

This is the same identity as (23) but for Wigner transform.

Proof. If we put F (a, b) = f(a)g(b) and G(a, b) = ϖ(a)ϱ(b) for a, b ↑ R
n and define

U : S(R2n) ↔ S(R2n) as

(UH)(x, ϑ) = (2ε)↑n/2

∫

R2n

e
↑iϑ·p

H

(
y +

p

2
, y →

p

2

)
dp x, ϑ ↑ R

n

Then by using the Plancherel theorem, the inner product ⇔UF,UG↖ can be simplified to

get

⇔UF,UG↖ =

∫

Rn

∫

Rn

F

(
x+

p

2
, x→

p

2

)
G

(
x+

p

2
, x→

p

2

)
dp dx

Now the proof follows from the simple substitution u = x+ p

2 and v = x→
p

2 .

We have a result which is parallel to Proposition 2.6 for the Wigner transform

Proposition 2.8. 1. For a, b, c, d ↑ R
n and f, g ↑ S(Rn) we have

W (ω(a, b)f,ω(c, d)g)(x, ϑ)

= e
i{(a↑c)·x+(b+d)·ϑ}

e
1
2 i(a·d↑b·c)

W (f, g)

(
x+

b+ d

2
, ϑ →

a+ c

2

)

2. W (g, f) = W (f, g) f, g ↑ S(Rn).

The proofs of these two claims are pretty straight forward.

2.5 Stone-von Neumann Theorem

We have shown that ωh is a unitary (Proposition 2.1), irreducible (Theorem 2.5) rep-

resentation of Hn for h ↘= 0 ↑ R. Now we can ask, if for some other irreducible, unitary
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representation, #, of Hn do we have a relation connecting # to ωh. This becomes the

main theme of this section, the Stone-von Neumann theorem shows that if such a # ex-

ists, whose image of the center of Hn is non-trivial, then it is unitarily equivalent to ωh.

Theorem 2.7 (Stone-vone Neumann Theorem). For a unitary representation # of Hn on

a Hilbert space H, such that #(0, 0, k) = e
2ωihk

I, for some h ↑ R\{0}. Then H =
⊕

Hϖ,

where Hϖ’s are mutually orthogonal, invariant subspaces of H, such that #|Hε are unitary

equivalent to ωh for each ς.

Proof. The idea of the proof is to construct elements in H that mimic the Gaussian

function in the L
2(Rn) then these elements can be unitarily mapped to the Gaussian,

which will give the map intertwining the two representations.

As before we have the following notation

ϖ(x) = 21/4e↑ωx
2
, ϖ

ab(x) = ω(a, b)ϖ(x), ! = V (ϖ,ϖ), !ab = V (ϖ,ϖab)

and by Proposition 2.7, we have

⇔ϖ
pq
,ϖ

ab
↖ = !ab(p, q), !↭ !ab = e

→ω
2 (a2+b

2)!

For # too, we can set #(p, q) = #(p, q, 0) and get #(p, q)#(r, s) = e
ωi(ps↑qr)

#(p+ r, q + s).We also consider the integrated version of #

#(F ) =

∫∫
F (p, q)#(p, q) dp dq (F ↑ L

1(Rn))
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and similarly we have

#(F )#(G) = #(F ↭G), (28)

#(F )#(a, b) = #(G) G(p, q) = e
ωi(aq↑bp)

F (p→ a, q → b) (29)

#(s, b)#(F ) = #(H) H(p, q) =ωi(bp↑aq)
F (p→ a, q → b) (30)

As for #(F ) = 0, we have for any u, v ↑ R
n,

0 = ⇔#(a, b)#(F )#(→a,→b)u, v↖ =

∫∫
e
2ωi(bp↑aq)

F (p, q)⇔#(p, q)u, v↖ dp dq

which gives F (p, q)⇔#(p, q)u, v↖ = 0 for all u, v and a.e. (p, q), or F = 0 a.e., which means

that # is faithful

Now using the above mentioned properties we get the following

1. #(!)#(a, b)#(!) = #(!↭ !ab) = e
→ω
2 (a2+b

2)#(!), for F = ! defined previously.

2. ! is real and even and for (a, b) = (0, 0), we have that #(!)2 = #(!),

3. As #(F ) is unitary, we have ⇔#(F )f, g↖ = ⇔f,#(F )g↖ that is, #(F ) is self adjoint.

So we get that #(!) projects orthogonally onto H, say I and is non-zero as it is faithful.

We use the nice property that, for any (a, b) in range of I, a = #(!)a, b = #(!)b. This

helps us compute the inner product on the I, using (28), (29) and (30), above.

So if we have an orthonormal basis for the I, say fi and let Ii be the closed linear span

of #(!)fi, then for i ↘= j, we have
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⇔#(p, q)f,#(r, s)g↖ = ⇔#(→r,→s)#(p, q)#(!)fi,#(!)fj↖

= e
ωi(ps↑qr)

e
→ω
2 [(p↑r)2+(q↑s)2]

⇔fi, fj↖

= 0

(31)

Also every Ii, is # invariant by definition and so we can take P = (
⊕

Ii)↗, which is also

invariant under # and P = 0, using the previous argument repetitively.

We see that similarity in (31) and in Proposition 2.7, (iv), giving the desired map

#(a, b)fi →↔ ϖ
ab. Now it is straight forward that for any u ↑ H and g ↑ L

2(Rn),

≃ u ≃H = ≃ g ≃L2(Rn). We can extend the above map by linearity and continuity to get a

unitary map from H to L
2(Rn).

The only thing remaining is to check that #|Ii is equivalent to ω for any i. This observation

is a simple consequence of the equality

⇔f
ab
, f

cd
↖ = ⇔ϖ

ab
,ϖ

cd
↖ for any a, b, c, d

We’ll now see how Stone-von Neumann Theorem helps us in classifying the irre-

ducible, unitary representations of Hn. Before we give the proper characterisation, we

define what an intertwining operator is.

Definition 2.7. Given two unitary representations, say ω1 and ω2 of a group G, on H1 andH2

respectively. An intertwining operator is a map T : H1 →↔ H2, such that

ω2(g)T = Tω1(g) for all g ↑ G

The set of all such T , intertwining ω1 to ω2, is denoted by C(ω1, ω2), and if C(ω1, ω2) has a

unitary representation then ω1 and ω2 are said to be unitary equivalent.
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The hypothesis that #(0, 0, t) = e
2ωiht

I, can be derived from Schur’s lemmas(Appendix

D); For # an irreducible, unitary representation of Hn, on a Hilbert space H, we have

C(#,#) = {cI : c ↑ C}. It is also a unitary representation and so we have that

#(X)#(X)↘ = I. Also, we have that #(X) ↑ C(#,#) for any X ↑ Z (the center ofHn).

Hence we get that #(X), X ↑ Z, maps into {cI : c ↑ C, |c| = 1} homeomorphically and

so #(0, 0, k) = e
2ωikh for someh ↑ R.

• For h ↘= 0, we have by Stone-von Neumann theorem, that # is unitary equivalent

to some ωh.

• For h = 0, we get that # maps Z into the 0-operator, which basically means that

# maps Hn/Z ′ R
2n into {cI : c ↑ C, |c| = 1}. Now we know that the irreducible

representations of R2n are just homomorphisms into the circle group, that is (p, q) →↔

e
2ωi(pa+bq).

These observations, when written succinctly give us the following theorem

Theorem 2.8. Every irreducible representation of Hn is unitarily equivalent to one and

only one of the following

1. ωh : (h ↑ R\{0}), acting on L
2(Rn)

2. φab(p, q, t) = e
2ωi(ap+bq): (a, b ↑ R

n) acting on C

2.6 Fourier Transform on Heisenberg Group

We have completely classified the irreducible, unitary representation of Hn. Now we can

ask the question of ‘What will be the group Fourier transform on H
n?’ For this we need

a measure and a function space on H
n, as a set Hn = C

n
↓ R, we can take the Lebesgue

measure (dz dx) to be Haar measure on H
n as it is left and right invariant, making H

n

unimodular. The function space we take is the usual Lp(Hn).
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The Fourier transform of f ↑ L
1(Hn) is the operator acting on L

2(Rn) as

f̂(↼)g(x) =

∫

Hn

f(p, q, t)[ω(p, q, t)g](x) dp dq dt

where g ↑ L
2(Rn) and ω(p, q, t) is the Schrödinger representation.

The operator is bounded on L
2(Rn) as

|⇔ω(p, q, t)g, h↖| ⇐≃ g ≃L2≃ h ≃L2

and so

|⇔f̂(↼)g, h↖| ⇐ ≃ f ≃L1 ≃ g ≃L2 ≃ h ≃L2

Thus f̂ satisfies the norm

≃ f̂ ≃⇐≃ f ≃L1

For a function on H
n, we can split it and write

f
ϱ(z) =

∫
↔

↑↔

f(z, t)eiϱt dt, z = p+ iq

that is fϱ is the inverse Fourier transform of f in the t variable. We can plug this in the

definition of f̂ to get

f̂(↼)g =

∫

Cn

f
ϱ(z)ωϱ(z)g dz

and so our operators of interest take the form

Wϱ(f) =

∫

Cn

f(z)ωϱ(z) dz

for f being a suitable function on C
n. For ↼ = 1, this is called the Weyl transform.

The Weyl transform also arises in the study of pseudo-di$erential operators and so is an

important bridge between our study and the study of pseudo-di$erential operators.

The two important properties of Weyl transform that we need are:
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1. W1 is a continuous map from S(Rn) to S(Rn).

2. We have the relation

W1(f)g(y) =

∫

Cn

f(z) (ω1(z)g) (y) dz

for g → L
2(Rn) and f a function on C

n.

From (1) above, we can extend the Weyl transform to L
2(Cn) and (2) tells us that the

Weyl transform is an integral operator, which can be written explicitly as

W1(g)ε(y) =

∫

R2n

g(p+ iq)ei(p·y+
1
2 (p·q))ε(y + q) dp dq

so the kernel of W1 is given by

Kf (y, ϑ) =

∫

Rn

f(p, ϑ ↑ y)e
i
2x·(ω+y)

dp

where f(p, q) = f(p+ iq). For su!ciently nice f , that is f → L
1
↓ L

2(Cn), the kernel Kf

is in L
2(Rn) and so W1(f) is a Hilbert-Schmidt operator.

Moving forward we will use ϖ(z, t) where z = p + iq which we can split even further as

ϖε(z, 0) = ϖε(z).

Let S2 be the Hilbert space of Hilbert-Schmidt operators on L
2(Rn) with inner product

given by ↔T, S↗ = tr(TS→). L
2(R→

, S2, dµ(ϱ)) is the space of functions on R
→, taking

values in S2 and are square integrable with respect to the measure dµ(ϱ) where dµ(ϱ) =

(2ω)↑n↑1
|ϱ|

n
dϱ. Similar to the case in R

n, the group Fourier transform on H
n gives an

isomorphism between L
2(Hn) and the space L

2(R→
, S2, dµ(ϱ)).

Theorem 2.9. (Plancherel Theorem) The group Fourier transform is an isometric iso-

morphism between L
2(Hn) and L

2(R→
, S2, dµ(ϱ)).

Proof. We show the claim for f → L
1
↓L

2(Hn) and then by denseness we can extend it to
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all of L2(Hn). We have for f → L
2(Hn),

|ϱ|
↑1

↘ f̂(ϱ) ↘2
HS

= (2ω)

∫

Cn

|f
ε(z)|2 dz

This can be derived from the Plancherel Theorem. But by definition of fε, we have

∫
↘ f̂(ϱ) ↘2

HS
dµ(ϱ) =

1

2ω

∫ ∫

Cn

|f
ε(z)|2 dz dϱ

Again by Euclidean Plancherel theorem we get

↘ f̂ ↘L2(R→,S2,dµ) = ↘ f ↘L2(Hn)

We can ask if there is an inversion formula also, the answer is positive. We will look at

the case for ϱ = 1, the other cases will be a simple application of change of variable and

Euclidean Fourier inversion. To this we observe that

ϖ(w)→W (g) =

∫

Cn

g(z)ϖ(↑w)ϖ(z) dz

=

∫

Cn

g(z)e↑i/2Im(w·z)
ϖ(z ↑ w) dz

=

∫

Cn

g(z + w)e↑i/2Im(w·z)
ϖ(z) dz

where we have used ϖ(↑w)ϖ(z) = e
↑

i
2 Im(w·z)

ϖ(z↑w), in the second equality and a change

of variables in the third one.

This shows that ϖ(w)→W (g) = W (Gw), where

Gw(z) = g(z + w)e↑
i
2 Im(w·z)
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and so the kernel of W (G) is given by

Kw(ς, ς) = e
i
2p·qe

↑ip·ϑ

∫

Rn

e
ix·(ϑ↑ q

2 )g(x, q) dx

Hence the formula tr(ϖ(w)→W (g)) =
∫
Rn Kw(ς, ς) dς gives us

tr(ϖ(w)→W (g)) = e
i
2p·q

∫

Rn

e
↑p·ϑ

(∫

Rn

e
ix·(ϑ↑ q

2 )g(x, q) dx

)
dς

To define the trace of an operator on an Hilbert space, we need it to be of trace class, for

the trace of an arbitrary operator need not be finite, much less be of the above form.

Definition 2.8 (Trace class). For a separable Hilbert space H, with {ei}
↓

i=1 as the or-

thonormal basis, and for an operator T : H ≃ H which is bounded on H, then the trace

of T is given by

Tr(T ) = ↔Tei, ei↗

and T is of trace class if we have

Tr(|T |) < ⇐

where |T | =
⇒
T →T is the positive semi-definite Hermitian square root

For our case ϖ(w) and W (g) are Hilbert-Schmidt operator and so their product is of trace

class.

Now that the trace makes sense, we can combine it with the Euclidean Fourier inversion

gives us

tr(ϖ(w)→W (g)) = (2ω)ng(w)

and so we have

Theorem 2.10. (Fourier Inversion) For all f → S(Hn), we have the inversion formula

f(z, t) =

∫
↓

↑↓

tr(ϖ(z, t)→f̂(ϱ)) dµ(ϱ)
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As in the Euclidean case, the group Fourier transform takes convolution into products,

and the space L
1(Hn) becomes a (non commutative) Banach algebra.

We will next introduce a di”erent representation of Hn, though we’ll stick to the Schrodinger

representation, and see how it gives rise to functions which play a central role in our study.
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3 Hermite functions and the sub-Laplacian

We saw the representations of H
n as operators on L

2(Rn). Parallelly, we can have a

representation on the space of functions acting on the complex plane, which will give

us much nicer functions to work with. This new space, called the Fock space, has the

advantage that we can use complex analytic techniques on it to get fruitful information

from it.

3.1 Bargmann transform and the Fock space

We have for ε0(x) = 2
n
2 e

↑ϖx
2
, ↘ ε0 ↘2= 1 and by Proposition 2.7, f ↑≃ V (f,ε0) is an

isometry, that is

V (f,ε0)(p, q) = ↔f, ϖ(↑p,↑q)ε0↗

= 2
n
4

∫
f(x)e2ϖiqx↑ϖipq

e
↑ϖ(x↑p)2

dx

= 2
n
4 e

↑ω
2 (p2+q

2)

∫
f(x)e2ϖx(p+iq)↑ϖx↑

ω
2 (p+iq)

dx

(32)

If we consider the realisation R
2n

⇑ C
n, and setting z = p + iq in above (32), we can

define

Bf(z) = 2
n
4

∫
f(x)e2ϖxz↑ϖx

2
↑

ω
2 z

2
dx

Using the above properties we see that B is an isometry from L
2(Rn) into L2(Cn

, e
↑ϖ|z

2
|
dz)

and for f → L
2(Rn), Bf converges uniformly in any compact subset of Cn, this gives

that Bf is an entire function on C
n. Here dz is the Lebesgue measure on C and so

e
↑ϖ|z

2
|
dz is a measure with a nice weight.

This function Bf on C
n is called the Bargmann Transform of the function f , and the

image space of Bf , that is the space L
2(Cn

, e
↑ϖ|z|

2
dz) is called the Fock space.

Fn =

{
F : F is entire onCn

, & ↘ F ↘
2
F
=

∫
|F (z)|2e↑ϖ|z|

2
dz < ⇐

}

Now that we have made a connection between L
2(Rn) and the Fock space, which consists
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of entire functions on C
n, we can use these nicer properties of the entire functions and

get new properties for the representations of Hn. One of them is the existence of an

orthonormal basis for Fn.

Theorem 3.1. Let

φϱ(z) =

√
ω|ϱ|

↼!
z
ϱ

Then the family of functions {φϱ : |↼| ⇓ 0} forms an orthonormal basis for Fn

Proof. The proof uses the Gamma function, for which we have

(z ↑ 1)! = #(z) =

∫
↓

o

s
z↑1

e
↑s

ds, forz → Z
+

Using the standard inner product on L
2(Cn), we have

√
↼!↽!

ω|ϱ|+|ς|
↔φϱ, φς↗F =

n∏

1

∫

C

z
ϱj

j
zj

ςje
↑ϖ|zj |

2
dzj

=
n∏

1

∫
↓

0

∫ 2ϖ

0

e
iφ(ϱj↑ςj)r

ϱj+ςj+1
e
↑ϖr

2
d⇀ dr

The integral is non zero in ⇀ only for ↼j = ↽j, for every j and so we are left with RHS

being equal to

(2ω)n
n∏

1

∫
↓

0

r
2ϱj+1

e
↑ϖr

2
dr =

n∏

0

∫
↓

0

(
t

ω

)ϱj

e
↑ϖt

dt =
↼!

ω|ϱ|

that is, we have ϱ!
ϖ|ε| ↘ φϱ ↘

2
F
= ϱ!

ϖ|ε| , which gives the orthonormality of the set.

If we restrict our domain to just balls of radius r centered at 0, Br = {z → C
n :

|z| ⇔ r} and let ar,ϱ = ω
↑|ϱ|

∏
n

1

∫
r

0 t
ϱje

↑t
dt, then {a

↑1/2
r,ϱ z

ϱ
} is an orthonormal set in

L
2(Cn

, e
↑ϖ|z|

2
dz). Now we use the fact that F → Fn is entire and analytic. As F is

analytic on Br, we can write its Taylor series about 0, let it be F (z) =
∑

bϱz
ϱ, this series

converges uniformly to F , on Br for any radius r. We also have the ↼th Fourier coe!cient
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of F as

↔F, a
↑1/2
r,ϱ

z
ϱ
↗F = a

↑1/2
r,ϱ

bϱ↔z
ϱ
, z

ϱ
↗ = a

↑1/2
r,ϱ

bϱ

So by Parseval’s identity, we have

∫

Br

|F (z)|2e↑ϖ|z|
2
dz =

∑
ar,ϱ|bϱ|

2

As r ≃ ⇐, we have ↘ F ↘
2
F
=

∑
|↔f, φϱ↗F |

2

A nice observation pops up in the proof of the theorem, it gives us that the Fourier series

of F → Fn, with respect to the basis φϱ, is the Taylor series of F . And we have, by

Schwartz inequality for integrals, that

|F (z)| =
∣∣∣
∑

bϱ(ω
|ϱ|
/↼!)1/2zϱ

∣∣∣

⇔

(∑
|bϱ|

2
)1/2 (∑

(ω|ϱ|
/↼!)|z|2ϱ

)1/2

=↘ F ↘F e
ω
2 |z|

2

(33)

This inequality shows that F ↑≃ F (z) is a bounded linear functional on Fn, and so by

Riesz Representation Theorem we have Ez → Fn (the evaluation map) such that

F (z) = ↔F,Ez↗F

for which Ez can be easily obtained as

Ez(w) =
∑

↔Ez, φϱ↗Fφϱ(w) =
∑

φϱ(z)φ(w) =
∑

(ω|ϱ|
z
ϱ
w

ϱ
/↼!) = e

ϖwz (34)

We have an observation which eases the determination of entire functions.

Proposition 3.1. An entire function E(z, w) of z and w is uniquely determined by its

restriction to the diagonal z = w.

Proof. Substituting u and v as functions of z andw, we get u = 1
2(z+w) and v = ↑

1
2i(z↑w)

which gives us a function G(u, v) = K(z, w). Hence, G is entire and given its values for

real u and v, which is possible only for w = z, hence the claim.
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This can now be extended to a bounded operator on Fn, for which we have that a bounded

operator T , can be uniquely determined by KT (z, z) = ↔TEz, Ez↗.

We now bring this property back to the Schrödinger representations. Hence, we have the

transferred representation ↽ as

↽(p+ iq, t)B = Bϖ(p, q, t)

Calculating for ↽ gives us

↽(z, t)F (x) = e
↑

ω
2 |z|

2
↑ϖxz+2ϖit

F (x+ z)

The magic comes for ε0 (Gaussian) ,

Bε0(x) = 2n/2e↑
ω
2 |x|

2

∫
e
↑2ϖxy↑2ϖy2

dx = 1 = E0(x)

which gives for z = r + is

B(ϖ(r, s)ε0)(x) = e
↑

ω
2 |z|

2
E↑z(x)

giving Ew to lie in the range of B and so B(L2(Rn)) = Fn for we have ↔F,Ew↗F = 0 only

for F = 0.

The important role of Fock-Bargmann representations are displayed when we take the

inverse Bargmann transform for the functions that form the orthonormal basis for the

Fock space, that is B
↑1
φϱ(x). These Bargmann inverted functions are called the ↼th,

normalized, n-dimensional Hermite functions and denote them by h̃ϱ.

Hermite functions play a huge role in the theoretical development of the Heisenberg group,

they have been extensively studied for they have a very special property of giving an

orthonormal basis for L
2(Rn) and the fact that they are eigenfunctions of the Fourier

transform. Now we have motivation to define the inverse of the Bargmann transform.
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We know that B is unitary and for a function in F → Fn, and f → L
2(Rn) we have

↔B
↑1
F, f↗ = ↔F,Bf↗Fn = 2n/4

∫∫
F (z)f(z)e2ϖxz↑ϖx

2
↑(ϖ/2)z2↑ϖ|z|

2
dx dz

giving

B
↑1
F (x) = 2n/4

∫
F (z)e2ϖxz · e

(ϖ/2)z2↑ϖ|z|
2
dz

if the integral makes sense, that is absolutely convergent. For F being a polynomial or

satisfying the bound |F (z)| ⇔ Ce
k|z|

2
, for some k <

ϖ

2 ; this need not be the case for

a general function in the Fock space for those we can approximate the function by the

Taylor series, apply the inverse transform to the terms of the series and then take the

limit, in L
2 norm of the resulting functions. With this we can define the Bargmann

Kernel as

B(z, x) = 2n/4e2ϖxz↑ϖx
2
↑(ϖ/2)z2

z → C
n
, x → R

n

and so using this we can simplify our transforms as

Bf(z) =

∫
B(z, x)f(x) dx, B

↑1
F (z) =

∫
B(z, x)F (z)e↑ϖ|z|

2
dz

3.2 Hermite Functions

We now come to the Hermite functions which we motivated by the inverse Bargmann

transform of the basis of the Fock space.

We will utilise the operators

Aj =
⇒
ωB(Xj + iDj)B

↑1
A

→

j
=

⇒
ω(Xj ↑ iDj)B

↑1
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Then for w = r + is,→ C we have define

⇁

⇁wj

=
1

2

(
⇁

⇁rj
↑ i

⇁

⇁sj

)
,

⇁

⇁wj

=
1

2

(
⇁

⇁rj
+ i

⇁

⇁sj

)

Hence, we have

AjF =

⇒
ω

2ωi
B

(
⇁

⇁sj
+ i

⇁

⇁sj

)
ϖ(r, s)B↑1

F |r=0=s

=
1
⇒
ω

⇁

⇁wj

↽(w)F |w=0

=
1
⇒
ω

⇁F

⇁zj

and similarly for A→ we get

A
→
F =

⇒
ωzjF

The domains of Aj and A
→

j
are

{
F → Fn : ↼F

↼zj
→ Fn


and {F → Fn : zjF↔Fn}, respectively.

Moreover they satisfy commutation relations which are somewhat similar to our initial

ones.

[Aj, Ak] = [A→

j
, A

→

k
] = 0, [Aj, A

→

k
] = δjkI

Let ej be the multi-index whose jth entry is 1 and all other entries are 0 then we have

Ajφϱ =
⇒
↼jφϱ↑ej , A

→

j
φϱ =


↼j + 1φϱ+ej

and φϱ↑ej = 0 if ↼j = 0. Especially, we get

φϱ =
1

⇒
↼!

(A1→)
ϱ1 · · · (A→

n
)ϱnφ0

Using these we define operators

Zj =
1
⇒
ω
B

↑1
AjB, Z

→

j
=

1
⇒
ω
B

↑1
A

→

j
B
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and for a multi-index ↼, we have Z
ϱ = Z

ϱ1
1 , · · · , Z

ϱn
n

and similarly for Z→. We then have

Z
→

j
f(x) = xjf(x)↑

1

2ω

⇁f

⇁xj

= ↑
1

2ω
e
ϖx

2 ⇁

⇁xj

(e↑ϖx
2
f(x))

and so

Z
→ϱ
f(x) =

(
↑

1

2ω

)|ϱ|

e
ϖx

2

(
⇁

⇁x

)
(e↑ϖx

2
f(x))

This can be further simplified by the fact that h̃0(x) = 2n/4e↑ϖx
2
and so we get

h̃ϱ(x) =

√
1

↼!
(B↑1

A
→ϱ
φ0)(x) =

2n/4
⇒
↼!

(
↑

1

2
⇒
ω

)|ϱ|

e
ϖx

2

(
⇁

⇁x

)ϱ

(e↑2ϖx2
)

In comparison to the classical Hermite function, this function varies by a constant and

some scaling to the argument. More precisely, for h̃j(x) = (↑1)jex
2
/2 d

j

dxj e
↑x

2
, we have the

relation

h̃j(x) =
21/4
2jj!

hj(
⇒

2ωx)

Some properties of the Hermite functions are in order

1. We have for x → R
n and ↼, a multi-index

h̃ϱ(x) = h̃ϱ1(x1) · · · h̃ϱn(xn)

2. Hϱ(x) = 2n/4+|ϱ|


ϖ|ε|

ϱ! x
ϱ+ (terms with degree less than ↼). Every polynomial of

degree ⇔ k on R
n is a linear combination of Hermite polynomials of degree ⇔ k.

3. We have

Zjh̃ϱ =

√
↼j

ω
hϱ↑1, Z

→

j
h̃ϱ =

√
↼j + 1

ω
hϱ+1

4.

2ω(D2 +X
2) = 2ωx2

↑
1

2ω

d
2

dx2

is called the Hermite operator corresponding to our case, the standard Hermite op-
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erator is given by

x
2
↑

(
d

dx

)2

5. The Hermite function, h̃k is the eigenfunction of the Hermite operator with eigenvalue

(2k + 1). This gives us the eigenfunctions and eigenvalues of the n-dimensional

Hermite operator as

2ω(D2 +X
2)h̃ϱ = (2|↼|+ n)h̃ϱ

6. {h̃ϱ} form an orthonormal base of L2(Rn).

7. Hermite functions are also the eigenfunctions of the Fourier transform, that is

F h̃ϱ = (↑1)|ϱ|h̃ϱ

We will see that these Hermite functions will be the basic tools that we will be using for

our study of functions and operators on the Heisenberg Group.

We now use the Fourier-Wigner transform to define the special Hermite functions

$ϱ,ς(z) = (2ω)↑n/2

∫

Rn

e
ix·ϑ

hϱ

(
ς +

y

2

)
hς

(
ς ↑

y

2

)
dς

= V (hϱ, hς)(z) for z = x+ iy

(35)

Proposition 3.2. The functions $ϱ,ς form a complete orthonormal system for L
2(Cn).

Proof. The orthonormality is a direct consequence of the Hermite functions and the

Fourier-Wigner transform. The completeness uses the fact that hϱ forms an orthonormal

basis of L
2(Rn), the Weyl transform and the Plancherel theorem for the Weyl trans-

form.
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Next we define a Laguerre polynomial of type ↼ > ↑1 as

L
ϱ

m
(t)e↑t

t
ϱ =

1

m!

(
d

dt

)m

(e↑t
t
m+ϱ)

and more generally we have

L
ϱ

m
(z) =

n∏

i=1

L
ϱi
mi

(
1

2
|zi|

2

)

and so the special Hermite functions can be written in terms of these Laguerre functions

as

$ϱ,ϱ(z) = (2ω)↑n/2
n∏

i=1

Lϱj

(
1

2
|zj|

2

)
e

↑1
4 |zj |

2

The reason to introduce these new families of functions is to use the spectral decomposition

of certain nice operators. The special Hermite functions are eigenfunctions of the operator

L = ↑%z +
1

4
|z|

2
↑ i

n∑

i=1

(
xj

⇁

⇁yj
↑ yj

⇁

⇁xj

)

here %z is the standard Laplacian on C
n. The special Hermite functions then satisfy

L($ϱ,ς) = (2|↽|+ n)$ϱ,ς

The important thing to note here is the fact that the eigenvalue only depends on the value

of |↽| and is independent of ↼. So for a fixed |↽| = k we can define it’s k↑th eigenspace as

the span of {$ϱ,ς : ↼, ↽ → N
n
, |↽| = k}. Obviously, this is an infinite dimensional space.

We can now expand functions in L
2(Cn) using the special Hermite expansion as

f(z) =
∑

ϱ

∑

ς

↔f,$ϱ,ς↗$ϱ,ς

This series converges in the L
2 norm.

The Laguerre functions on the other hand are related to the sub-Laplacian on H
n as we
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will see and using its eigenfunctions we will get a similar decomposition of functions in

L
2(Hn).

3.3 Laguerre functions

We saw that special Hermite functions form an orthonormal system in L
2(Cn) and they

can be expressed in the form of Laguerre functions, so it is natural to assume that Laguerre

functions would satisfy the same. We first give the definition of the Laguerre function.

Definition 3.1 (Laguerre functions). The family of functions defined recursively by

L0(x) = 1, L1(x) = 1↑ x

Li+1(x) =
(2i+1↑x)Li(x)↑iLi↑1(x)

i+1

We can also write it in the closed form as

Lk(x) =
n∑

i=0

(
k

i

)
(↑1)i

i!
x
i

The Laguerre polynomials are the solutions to the second order linear di”erential equation,

the Laguerre di!erential equation given by

xy
↗↗ + (1↑ x)y↗ + ny = 0

Lemma 3.1. We have the orthogonality relation

∫
↓

0

L
ϱ

k
(t)Lϱ

j
(t)e↑t

t
ϱ
dt =

#(k + ↼ + 1)

#(k + 1)
δjk

Proof. We first integrate Lϱ

k
(t)tϱe↑t with a polynomial function, f . Then by definition of

L
ϱ

k
(t) and repeated application of integration by parts we get

∫
↓

0

f(t)Lϱ

k
(t)e↑t

t
ϱ
dt =

1

k!

∫
↓

0

f
(k)(t)e↑t

t
k+ϱ

dt
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If the degree of f is less than k then the integral is 0. Hence we can choose k̃ = max(j, k)

and get value for j ↖= k.

For j = k we put f(t) = L
ϱ

k
(t) and then the k↑th derivative of f(t) is (↑1)k. Hence

giving ∫
↓

0

L
ϱ

k
(t)Lϱ

j
(t)e↑t

t
ϱ
dt =

1

k!

∫
↓

0

t
k+ϱ

e
↑t

dt

and we are done.

We also have a generating function identity, for |w| < 1, for the Laguerre functions

↓∑

k=0

L
ϱ

k
(t)wk =

(
1

1↑ w

)ϱ+1

e
↑

w
1↑w t

This can be seen from the definition of Lϱ

k
(t) and the binomial expansion of (1↑w)↑(ϱ+1).

Using this identity we have

∑

|ς|=k

$ς,ς(z) = (2ω)↑n/2
L
n↑1
k

(
1

2
|z|

2

)
e
↑|z

2
|/4

if we let

ϕk(z) = L
n↑1
k

(
1

2
|z|

2

)
e
↑|z|

2
/4

then we have

Proposition 3.3. For a function f → L
2(Hn), we have

f = (2ω)↑n

↓∑

k=0

f ↭ ϕk

Proof. For f, g → L
2(Rn), we have

↔V ($ϱ,ς)f, g↗ = (2ω)n/2↔Vf (g),$ϱ,ς↗ = (2ω)n/2↔f, hϱ↗↔hς, g↗
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and so we have

↔W ($ϱ,ς ↭ $µ,↽)f, g↗ = (2ω)n/2↔W ($µ,↽)f, hϱ↗↔hς, g↗

= (2ω)n/2↔f, hµ↗↔h↽ , hϱ↗↔hς, g↗

because of orthogonality of {hϱ}, we get

$ϱ,ς ↭ $µ,↽ = (2ω)n/2δς,µ$ϱ,↽

or

$ϱ,ς ↭ $µ,↽ = (2ω)n/2δϱ,↽$ς,µ

Let the projection of f onto the eigenspace spanned by {$ϱ,ς : ↼, ↽ → N
n
, |↽| = k}, given

by Qkf is

Qkf =
∑

|ς|=k

∑

ϱ

↔f,$ϱ,ς↗$ϱ,ς

If we now use the fact that $ϱ,ς ↭ $µ,↽ = (2ω)n/2δϱ,↽$ς,µ on f and its projection, we get

f ↭ $ς,ς =
∑

ϱ

↔f,$ϱ,ς↗$ϱ,ς

which in view definition of ϕk(z) gives the claim.

We also have

W ($ϱ,ϱ)f = (2ω)n/2↔f, hϱ↗hϱ

and so we can say that the projection of L2(Rn) onto the k↑th eigenspace ({hϱ : |↼| = k})

will be given by the Weyl transform of εk acting on the function, that is

W (ϕk)f = (2ω)n/2
∑

|ϱ|=k

↔f, hϱ↗hϱ = (2ω)nQkf

For radial functions, the situation becomes even simpler, for them the Weyl transform is
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nothing but the Laguerre transform. Consider

▷k(r) =

(
21↑n

k!

(k + n+ 1)!

)1/2

L
n↑1
k

(
1

2
r
2

)
e
↑r

2
/4

These functions form an orthonormal basis for the space L
2(R+

, r
2n↑1

dr), and so we can

expand f(z) = f(r), r = |z| as

f(r) =
↓∑

k=0

(∫
↓

0

f(s)▷k(s)s
2n↑1

ds

)
▷k(r)

Parallelly, we can write

f(z) =
↓∑

k=0

Rk(f)ϕk(z)

where

Rk(f) =
21↑n

k!

(k + n↑ 1)!

∫
↓

0

f(s)ϕk(s)s
2n↑1

ds

Orthogonality simplifies it even further to give

f ↭ ϕk = (2ω)n
↓∑

k=0

Rk(f)Pk

This result and the fact that Weyl transform turn twisted convolutions to multiplication

motivates the claim.

Theorem 3.2. For f a radial, in the complex variable, function on H
n (f → L

1(Hn)) we

have

f̂(ϱ) =
↓∑

k=0

Rk(ϱ, f)Qk(ϱ)

where Rk(ϱ, f) = Rk(fε)

Proof.

f̂(ϱ) =

∫

Hn

f(w, t)ϖε(w, t) dw dt
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Putting ϕ
ε

k
(z) = L

n↑1
k


1
2 |ϱ||z|

2

e
↑|z|

2
/4 and f

ε(z) =
∫
f(z, t)eiεt dt we see that

Qk(ϱ) =

∫

Cn

ϕ
ε

k
(z)ϖε(z) dz

Now that we have all the ingredients we just have to put them together to get the claim.

Now that we have some working knowledge of the special Hermite functions and Laguerre

functions, we can now move to study the sub-Laplacian.

3.4 The sub-Laplacian on H
n

The Laplacian on R
n, %, is a translation and rotation invariant di”erential operator that

is homogeneous of degree 2.

Definition 3.2. An operator T is of homogeneous of degree ↼ if we have

T (f(rz)) = r
ϱ
T (f(z)) r > 0, z → R

n

Definition 3.3. A Laplacian is a second order di!erential operator % on a group G, such

that

1. It is bi-invariant.

2. It is elliptic.

3. It is formally self-adjoint.

4. It maps constant functions to zero.

For the Heisenberg group, left translations are given by

Lgf(w) = f(g↑1
w) g, h → H

n
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and rotations by

Rkf(w, t) = f(kw, t) k → U(t)

where U(t) is the group of n↙ n unitary matrices,and dilations by

δrf(w, t) = f(rw, r2t)

clearly rotations and dilations are automorphisms of Hn. A di”erential operator is said

to be left invariant if it commutes with Lg, for any element g of the Heisenberg group.

Similarly, it is said to be rotation invariant if it commutes with Rk, for any k in H
n. The

homogeneity definition remains the same but as the dilation is non-isotropic on H
n, we

say a di”erential operator, T, is of homogeneous degree ↼ if T (f(δrg)) = r
ϱ
T (f(g)). The

sub-Laplacian (or Kohn-Laplacian) is the unique, up to a constant multiple, left invariant,

rotation invariant, di”erential operator of homogeneous degree 2.

The sub-Laplacian is explicitly given by

L = ↑

n∑

j=1

(X2
j
+ Y

2
j
)

where Xj and Yj are the left-invariant vector fields introduced earlier. The expression of

sub-Laplacian can be further simplified to get

L = ↑%z ↑
1

4
|z|

2
⇁
2
t
+R⇁t

where %z is the Laplacian on C
n and

R =
n∑

j=1

(
xj

⇁

⇁yj
↑ yj

⇁

⇁xj

)

We will look at the joint spectrum of L and T = ⇁t, which commutes and so the joint

spectrum is well defined. The definition and the properties of joint spectrum are out of

the scope our study, we will just take it as (L, ⇁t).
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For X, a left invariant vector field on H
n, and ϖ is a representation , we can take ϖ(X) to

be the skew-adjoint operator on C
↓ vectors of the representation. If ϖ acts on a Hilbert

space H then for an element, P , of the universal enveloping algebra of left invariant

di”erential operators on H
n, we have

P (↔ϖ(g)u, v↗) = ↔ϖ(g)ϖ(A)u, v↗ g → H
n and u, v → H

Using this, we consider the eigenfunctions of P which can be split into the cases when P

is in the center of the universal enveloping algebra and when it is not.

For P in the center, by Schur’s relations we have ϖ(P ) = ϱI, whenever ϖ is irreducible.

Hence any element ↔ϖ(g)u, v↗ is an eigenfunction of of P .

For P not in the center we have, ↔ϖ(g)u, v↗ is the eigenfunction whenever u an eigenfunc-

tion of ϖ(p).

The sub-Laplacian is left-invariant di”erential operator and so we can take P = L for the

above case and then calculate ϖ(L). In the Schrodinger representation we have

ϖε(Xj)f(x) = ↑iϱxjf(x)

and

ϖε(Yj)g(x) =
⇁

⇁xj

g(y)

hence giving

ϖε(L) = ↑%+ ϱ
2
|x|

2 = H(ϱ)

H(ϱ) is called the scaled Hermite operator. It has

h
ε

ϱ
(x) = |ϱ|

n/4
hϱ(|ϱ|

1/2
x)

as the eigenfunctions with eigenvalues (2|↼|+ n)|ϱ|.
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Hence we get that ↔ϖε(w, t)hε

ϱ
, h

ε

ς
↗ are the eigenfunctions of the sub-Laplacian, with the

same eigenvalues, (2|↼|+ n)|ϱ|. Now we bring in the special Hermite functions which we

defined before, to get

↔ϖε(w, t)h
ε

ϱ
, h

ε

ς
↗ = (2ω)n/2eiεt$ϱ,ς(

⇒

ϱw) forϱ > 0

and

↔ϖε(w, t)h
ε

ϱ
, h

ε

ς
↗ = (2ω)n/2eiεt$ϱ,ς(

⇒

↑ϱw) forϱ < 0

At the same time we see that,

iT (↔ϖε(w, t)h
ε

ϱ
, h

ε

ς
↗) = ↑ϱ↔ϖε(w, t)h

ε

ϱ
, h

ε

ς
↗

that is, ↔ϖε(w, t)hε

ϱ
, h

ε

ς
↗ are also the eigenfunctions of iT .

We substitute

ϕk(w) = (2ω)n/2
∑

|ϱ|=k

$ϱ,ϱ(w)

For radial functions, we then have e
iεt
ϕk(


|ϱ|w) as the radial eigenfunctions of L, and

so we substitute further

e
ε

k
(w, t) = e

iεt
ϕk(


|ϱ|w)

After all this, we have that e
ε

k
(w, t) are the joint eigenfunctions of L and T . The joint

spectrum is called the Heisenberg fan, given by

S = {(ϱ, (2k + n)|ϱ|) : ϱ → R
+
, k → N}

Theorem 3.3. For f → L
2(Hn) we have

f(w, t) =
↓∑

k=0

f ∝ e
ε

k
(w, t) dµ(ϱ)

dµ(ϱ) = |ϱ|
↑n↑1(2ω)↑n↑1 is the Plancherel measure on H

n.
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The proof doesn’t introduce any novel ideas, it is a collective application of the previously

defined theorems and decomposition.

Proof. By Fourier inversion we have

f(w, t) =

∫
→

→

tr(ωω(w, t)
↑
f̂(ε)) dµ(ε)

Let ε > 0, for ε < 0 the proof is similar, then we have due to orthonormality of hω

ε

tr(ωω(w, t)
↑
f̂(ε)) = e

iωt
∑

ε

→ωω(w)
↑
f̂(ε)hω

ε
, h

ω

ε
↑

Plugging in f̂ and expanding ωω(w)hω

ε
(x) in terms of hω

ϑ
and then simplifying using special

Hermite functions we get

tr(ωω(w, t)
↑
f̂(ε)) = (2ϑ)neiωt

∑

ε

∑

ϑ

(∫

Cn

f
ω(z)!ε,ϑ(

↓

εz) dz

)
!ε,ϑ(

↓

εw)

This is the especial Hermite expansion of F ω(z) and so we can write it as

∑

ε

∑

ϑ

(∫

Cn

f
ω(z)!ε,ϑ(

↓

εz) dz

)
!ε,ϑ(

↓

εw) = (2ϑ)↓n

→∑

k=0

f
ω
↔ω ϖ

ω

k
(w)

Hence we get

tr(ωω(w, t)
↑
f̂(ε)) =

→∑

k=0

f ↔ e
ω

k
(w, t)

Now just plug it back into the Fourier inversion formula to get the claim.

Similar to the Euclidean case, we also have an equality connecting the L
2 norm of f and

the “Fourier coe”cients”, that is the Plancherel theorem for the previous expansion

Theorem 3.4. For f ↗ L
2(Hn) we have the following equality

↘ f ↘
2
2 = (2ϑ)↓2n↓1

→∑

k=0

∫
→

→

∫

Cn

|f ↔ e
ω

k
(z, 0)|2ε2n

dz dε
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Proof. We show the claim holds for ε > 0, for ε < 0 a similar calculation holds. We have,

tr(f̂(ε)↑f̂(ε)) =

∫

Cn

f(z, t)tr(ωω(z, t)
↑
f̂(ε)) dz dt

and in view of previous theorem along with the special Hermite expansion of fω we get

tr(f̂(ε)↑f̂(ε)) = (2ϑ)↓n
ε
n

→∑

k=0

∫

Cn

|f
ω
↔ω ϖ

ω

k
(z)|2 dz

Now we apply the Plancherel theorem to get

↘ f ↘
2
2= (2ϑ)↓2n↓1

→∑

k=0

∫
→

↓→

∫

Cn

|f
ω
↔ω ϖ

ω

k
(z)|2ε2n

dz dε

and now use

f
ω
↔ω ϖ

ω

k
(w) = f ↔ e

ω

k
(w, 0)
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4 Littlewood-Paley-Stein theory

Now that we have some idea of the problem we will look into the machinery required to

tackle it.

For the case of L2 we have nice orthogonality relations which help us compare the norm

of the function with the norm of its Fourier transform. For p ≃= 2 this comparison might

not be even possible. For us to get the estimates we look at the theory of Littlewood and

Paley.

Example 4.1. Let ϱ be a Schwartz space function whose Fourier transform is positive

and supported in
(
⇐

1
4 ,

1
4

)
. For a function, gm whose Fourier transform is translated by

m from that of the Fourier transform of ϱ, that ĝm(ς) = ϱ̂(ς ⇐ m). Hence we have

gm(x) = e
2ϖim·x

ϱ(x) and we can have ĝm to have disjoint supports and so for su!ciently

large N we’ll have
N∑

m=0

↘ gm ↘
p

Lp= (N + 1) ↘ ϱ ↘
p

Lp

Also,

↘

N∑

m=0

gm ↘
p

Lp =

∫

Rn

∣∣∣∣
e
2ϖi(N+1)x

⇐ 1

e2ϖix ⇐ 1

∣∣∣∣
p

|ϱ(x)|p dx

⇒ c

∫

|x|<
1
10 (N+1)→1

(N + 1)p|x|p

|x|p
|ϱ(x)|p dx

= Cϱ(N + 1)p↓1

ϱ is non-zero in a neighbourhood of 0 and so

↘

∑

m

gm ↘
p

Lp ⇑ Cp

∑

m

↘ gm ↘
p

Lp

will not hold for gm for p > 2.

Definition 4.1. Let # be an integrable function on R
n and j ↗ Z. Then we define the
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Littlewood-Paley operator φj associated to # as

φj(f) = f ↔#2→j , where #2→j(x) = 2jn#(2jx)

Thus we have

⊋#2→j(ς) = #̂(2↓j
ς)

for all ς in R
n. If # is a Schwartz space function and f is a tempered distribution, then

φj(f) is well defined.

Say #̂ is supported in some annulus 0 < a < |ς| < b < ⇓ then Fourier transform of the

Littlewood-Paley operator will be supported in the annulus a2j < |ς| < b2j. This means

that φj is removing all frequencies except for those contained in a2j < |ς| < b2j. We can

bring a and b closer to get the values for frequencies close to 2j.

The map

f ⇔↖

(
∑

j↔Z

|φj(f)|
2

)1/2

is called the square function associated with the Littlewood-Paley operator. Using this

map we can get the L
p orthogonality relations which are given by the Littlewood-Paley

theorem.

Theorem 4.1 (Littlewood-Paley). For # an integrable C
1 function on R

n, whose mean

value is 0 and which satisfies the condition

|#(x)|+ |↙#(x)| ⇑ B(1 + |x|)↓n↓1

Then we have the following

1. For any function f in L
p and p, 1 < p < ⇓ , we have a constant Cn < ⇓ such that

↘

(
∑

j↔Z

|φj(f)|
2

)1/2

↘Lp ⇑ CnBmax (p, (p⇐ 1)↓1
↘ f ↘Lp(Rn))
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2. For any f in L
1(Rn) we have a constant C ↗

n
< ⇓ such that

↘

(
∑

j↔Z

|φj(f)|
2

)1/2

↘L1,↑(Rn) ⇑ C
↗

n
B ↘ f ↘1

Conversely, let # be a Schwartz space function such that it

1. #̂ is compactly supported away from the origin and

∑

j↔Z

|#̂(2↓j
ς)|2 = 1 ς ↗ R

n
\ {0}

or

2. #̂ = 0 and
∑

j↔Z

|#̂(2↓j
ς)|2 = 1 ς ↗ R

n
\ {0}

Then for any given tempered distribution f such that the function
(∑

j↔Z
|φj(f)|2

)1/2

is

in L
p for some 1 < p < ⇓, we have a unique polynomial P such that f ⇐ P coincides

with an L
p function and satisfies the bound

↘ f ⇐ P ↘Lp(Rn) ⇑ CBmax (p, (p⇐ 1)↓1) ↘

(
∑

j↔Z

|φj(f)|
2

)1/2

↘Lp(Rn)

where C is a constant that depends on n and #.

The proof of this theorem is quite involved and doesn’t help us for we are working in

a di$erent space. But we’ll prove the Littlewood Paley theorem for compact groups,

after developing the required machinery. The proof of this theorem can be found in any

standard text.

73



4.1 Littlewood-Paley Theorem

Before we state and proof the Littlewood-Paley theorem for compact groups we need some

definitions.

Moreover, % may be taken to be of the form
∑

n

i,j=1 aijXiXj , for (aij) being a strictly

positive-definite, constant matrix and X1 · · ·Xn form the basis of the Lie algebra of G.

Note that the uniqueness is not a part of the definition. For R2 also, ς
2

ςx2 + 5 ς
2

ςy2
can be

taken as the Laplacian instead of the usual ς
2

ςx2 +
ς
2

ςy2
.

Definition 4.2. Consider a Hilbert space H and let {T (t) : t ↗ R
+
} be a collection of

linear operators on H satisfying the properties

1. T (t+ s) = T (t)T (s) for t, s ↗ R
+.

2. T (0) = I, I is the identity operator.

3. Map t ⇔↖ T (t) is continuous on R
+.

Then {T (t)}t↘0 is a strongly-continuous semi-groups.

Definition 4.3. A contraction semigroup is a semigroup that satisfies

↘ T (s) ↘ ⇑ 1

Definition 4.4. The infinitesimal generator of a semigroup is the operator J such that

J f = lim
s≃0

T (s)f ⇐ f

s

The domain of J is {f ↗ H : lims≃0
T (s)f↓f

s
exists}.

We now have a precursor theorem which will give the existence of these nice semigroups

and using which we will get the main theorem.

Theorem 4.2. There exist operators T (s), 0 < s < ⇓ such that
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1. Each T (s) is a bounded operator on L
p(G), 1 ⇑ p < ⇓ of norm 1.

2. {T (s)} form a strongly continuous semigroup.

3. T (s) is self adjoint for any s > 0, on L
2(G).

4. T (s) is positive (i.e. f ⇒ 0 =∝ T (s)f ⇒ 0) and T (s)1 = 1.

5. The Laplacian % is the infinitesimal generator of the semigroup.

6. There exists a C
→ function, Ks on (G′ (0,⇓)) such that

T (s)f(x) = Ks ↔ f(x) s > 0

Proof. We stray away from the convention, for an eigenfunction ↼ of %, with eigenvalue

ε, we have %↼ = ⇐ε↼. This has the advantage of giving all eigenvalues of % as non-

negative because of →%f, f↑ ⇑ 0, for any f ↗ C
→(G) and →·, ·↑ is the usual inner product

on L
2(G). This holds due to the strict positivity of the coe”cients, (aij) in the expansion

of %.

By Peter-Weyl decomposition, we only need to work with the space of entry functions &

as they are dense in L
2(G). Let {↽ij(x)} be a representation class ⇀, i.e. ↽ij is an entry

function, of the group G and put ⇁ij = %↽ij. We have the relation

↽ij(ax) =
∑

k

↽ik(a)↽kj(x)

and similarly

↽ij(xa) =
∑

k

↽ik(x)↽kj(a)

This gives us ⇁ij(ax) =
∑

k
⇁ik(a)↽kj(x) by right invariance of% and ⇁ij(xa) =

∑
k
⇁ik(x)↽kj(a)

by left invariance. Set x = 1 to get

⇁ij(y) =
∑

k

⇁ik(1)↽kj(y) and ⇁ij(y) =
∑

k

↽ik(y)⇁kj(1)

75



Hence by Schur’s lemma we get that the matrix {⇁ij(1) = ⇐εεI} and so %↽ = ⇐εε↽ for

any ↽ in the vector space spanned by the entries of {↽ij}.

By Peter-Weyl theorem we also get the decomposition L
2(G) =

∑
ε↔! ∞Hε where Hε is

vector space spanned by the entries of {↽ij} of class ⇀. Our previous argument then show

that this decomposition is and eigenfunction decomposition with respect to %. So we pick

an orthonormal bases for all Hε say 1,↽1(x),↽2(x · · · ) then each one is an eigenfunction

of % with eigenvalue µi > 0.

& is the space of all finite linear combinations of ↽i and for any function f =
∑

i
ai↽i in

& we have %f =
∑

i
⇐µi⇀i↽i which indicates to putting T (s) = e

s” for functions in &.

The extension of T (s) from & to L
2(G) as a bounded linear operator is obvious form the

fact

↘ T (s)f ↘
2
2=

∑

i

|e
↓µit⇀i|

2
⇑

∑

i

|⇀i|
2 =↘ f ↘

2
2

Hence T (s) is a strongly continuous semigroup of self adjoint operators on L
2 which have

T (s)1 = 1.

The resolvent R(ε,%) is the operator (εI ⇐ %)↓1 for ε > 0. We will use a fact from

semigroup theory that each T (s) is positive if and only if R(ε,%) is positive for ε > 0.

Using this we show that T (s) is positive on &.

Let ↼ ↗ & and ↼ ⇒ 0 and R(ε,%)↼ = ψ ↗ &, then εψ ⇐%ψ = ↼ ⇒ 0. If ↼ < 0 then we

have a point x0 ↗ G such that ψ is minimum due to G being compact and ψ(x0) < 0, also

%ψ(x0) ⇒ 0 as ψ is minimum at x0. Hence εψ(x0)⇐%ψ(x0) < 0 but this contradicts the

positivity of ↼. Hence giving T (s) to be positive.

We can extend T (s) : & ↖ & which maps 1 into 1 to T (s) : C(G) ↖ C(G) with norm

1. By Riesz representation theorem we have, for any x0 ↗ G and s > 0 we can define a

positive linear functional on C(G) as

(T (s)f)(x0) =

∫

G

f(x)dµt

x0
(x)
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where dµt

x0
is a positive measure of total mass 1. Also, by bi-linearity µ

t

x0
(E) = µ

t

1(x
↓1
0 E)

and so we can write

(T (s)f)(x0) = f ↔ µ
t

1(′0) ∈f ↗ C(G)

Now it is easy to see that T (s)f is Lp bounded. Hence we have shown the claim for all

except 6. For which we will need a form of the Sobolev lemma.

Lemma 4.1 (Sobolev). For f ↗ C
→

0 (Rn) we have

sup
x↔Rn

|f(x)| ⇑ A

∑

0⇐ |ε|⇐N

↘
∂

∂xε
f ↘2

where N is any integer greater than n

2 and A depends only on n.

The proof is quite a straightforward application of Plancherel theorem and the property

of Fourier transform to change multiplication into di$erentiation.

For our case, we need the above lemma for a compact Lie group G, instead of Rn.

Lemma 4.2. Let f ↗ C
→(G), then

↘ f ↘→ ⇑ A

N∑

l=0

↘ %l
f ↘2

where N is any integer greater than n

2 and A depends only on G.

The splitting of our Laplacian into the basis of the Lie algebra g helps us give the inequality

↘ Xkf ↘2 ⇑ C ↘ %f ↘
1/2
2 ↘ f ↘

1/2
2

where Xk is in the basis of g. Which can be further bounded by

C(↘ %f ↘2 + ↘ f ↘2)
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by using the inequality 2ab ⇑ a
2 + b

2. Doing this for all basis elements Xi of g we get

↘ D(X1 · · ·Xn)f ↘2 ⇑ C̃p

N∑

l=0

↘ %l
f ↘2

where D(x1 · · ·Xn) is in the universal enveloping algebra of G, of degree ⇑ N . From the

Sobolev lemma we can show

↘ f ↘→ ⇑ ↘ D(X1 · · ·Xn)f ↘2

holds for f with small enough support and in the canonical coordinates. By a partition

of unity argument this can be extended to the general case, and so we are done.

We use this lemma on the eigenfunctions, ↽i which gives

sup
x↔G

|↽i(x)| ⇑ C(1 + µi)
N

for any N >
1
2dim G. Hence, for g ↗ & and u = T (s)g we have

%l
u(x, t) =

∑
(⇐µk)

l
e
↓µktak↽k(x)

and so we have the bound

↘ %l
u(t) ↘22 =

∑
µ
2l
k
e
↓2µkt|ak|

2
⇑ Ct

↓2l
∑

|ak|
2 = Ct

↓2l
↘ f ↘

2
2

Now using above bound with the fact that
(

ς

ςt

)
u(x, t) = %u(x, t) we get

↘
∂
k

∂tk
%l

u(x, t) ↘L2(G) ⇑ Ct
↓M

↘ f ↘2

where C and M depend on only k and l.

Now we use the Sobolev lemma and get u(x, t) ↗ C
→(G′ (0,⇓)) for any g ↗ L

2(G). For

g ↗ L
1 we can take T (s) = T

(
s

2

)
T
(
s

2

)
and as it is a composition of continuous operators
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we get that T (s) maps L1 to C
→(G′ (0,⇓)).

The theorem gives the existence of a semigroup which satisfies the heat equation, rather

we want the semigroup which is roughly defined as the solution of the Laplace’s equation.

What we mean is

P (s)f(x) = u(x, t)

is the solution of the di$erential equation

((
∂
2

∂t2

)
+%

)
u = 0

with the boundary condition that

u(x, 0) = f(x)

Let f ↗ & then we can decompose it into the spectral projections of the % and so get

f =
∑

i
ai↽i ↗ &. Then putting

P (s)f =
∑

i

e
↓µ

1/2
i t

ai↽i t ⇒ 0

will satisfy Laplace’s equation. Or formally we can say,

P (s) = e
↓s”

1/2
i

With regards to P (s) we have a similar theorem as before which gives us su”cient knowl-

edge of the semigroup {P (s) : s ⇒ 0}.

Theorem 4.3. For P (s) as defined above, on & we have

1. A bounded extension from & to L
p, 1 ⇑ p ⇑ ⇓, and on C(G).

2. ↘ P (s)f ↘p ⇑ ↘ f ↘p↓ for all f and s ⇒ 0.

3. P (s) is a self adjoint operator on L
2(G).
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4. P (s) is positive, that is f ⇒ 0 =∝ P (s)f ⇒ 0.

5. %1/2 is the infinitesimal generator of P (s), that is lims≃0
P (s)f↓f

s
= (⇐%)1/2f for

f ↗ &.

Proof. We will use the properties of T (s) and the identity

e
↓φ =

1
↓
ϑ

∫
→

0

e
↓u

↓
u
e
↓φ

2
/4u

du ▷ > 0

Hence we get

P (s)f =
1
↓
ϑ
=

∫
→

0

e
↓u

↓
u
T

s
2
/4u

f du s > 0

Hence the Lp norm of P (s)f can now be bounded by the boundedness of T (s) and so the

theorem holds.

The image function in C
→(G′ (0,⇓)) is called the Poisson integral of f .

We define the Littlewood-Paley g⇐function as

g(f)(x) =

(∫
→

0

s|↙u(x, s)|2 ds

)1/2

f ↗ L
p(G)

where |↙f |
2(x, s) =

(
ςf

ςt

)2
+ |↙xf |

2 and |↙f |
2(x) =

∑
ij
aij(Xjf)(Xjf).

This g⇐function will be very useful in achieving our goal and it lies in L
p(G), as we show

next.

Theorem 4.4. For f ↗ L
p(G), 1 < p < ⇓ , we have g(f) also in L

p(G) and the bound

↘ g(f) ↘p ⇑ Ap ↘ f ↘p

where Ap only depends on p.

Proof. Before we tackle the proof we require a series of lemmas which will be used in our

proof.
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Lemma 4.3 (Lemma A). For any function f , define the maximal function, F̃ as F̃ (x) =

sup
s>0 |P (s)f(x)|. Then for 1 < p ⇑ ⇓ we have the bound

↘ F̃ ↘p ⇑ Cp ↘ f ↘p

for any f ↗ L
p and Cp independent of f .

Lemma 4.4 (Lemma B). For a positive, harmonic function u(x, s) on G ′ (0,⇓), that

is %u = 0 and u > 0. We have

%u
p = p(p⇐ 1)up↓2

|↙u(x, s)|2

for any p ⇒ 1.

Lemma 4.5 (Lemma C). Let F (x, s) ↗ C
→(G ′ (0,⇓)) and let t|ςF

ςt
| ↖ 0 as t ↖ 0 or

as t ↖ ⇓. Then we have

∫
→

0

∫

G

%F (x, s) dx ds =

∫

G

F (x, 0) dx ⇐

∫

G

F (x,⇓) dx

We for the time being assume these lemmas and give the proof after we prove our main

theorem.

We prove the theorem in 2 parts. The first part will deal with 1 < p ⇑ 2 and will be

used in the second part

Part 1 Consider f ↗ C
→(G) which is strictly positive and its Poisson integral u(x, s) ↗

C
→(G′ [0,⇓]) and u(x, s) > 0. So we get (u(x, s))p ↗ C

→(G′ [o,⇓]) and t
ςF

ςt
↖ 0 as

t ↖ 0 or t ↖ ⇓. So by [Lemma B] we get that %F ⇒ 0.

Also,

(g(f)(x))2 =

∫
→

0

s|↙u|
2
ds =

1

p(p⇐ 1)

∫
→

0

s u(x, s)2↓p%u
p(x, s) ds
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holds because of [Lemma B] and this can now be bounded by F̃ , the maximal function

(g(f)(x))2 ⇑ Ap(F̃ (x))2↓p

∫
→

0

s%F (x, s) ds

Now by [Lemma C] we have,

∫

G

∫
→

0

s%F (x, s) ds dx =

∫

G

F (x, 0) dx ⇐

∫

G

F (x,⇓) dx

⇑

∫

G

F (x, 0) dx

=

∫

G

|f(x)|p dx

Hence we get

↘ g(f) ↘p
p

⇑ A

∫

G

(F̃ (x))(2↓p)/p

(∫
→

0

s%F (x, s) ds

)p/2

dx

⇑ A

(∫

G

|F̃ (x)|p dx

)(2↓p)/2 (∫

G

∫
→

0

s%F (x, s) ds dx

)p/2

⇑ B ↘ f ↘
p(2↓p)/2
p

· ↘ f ↘
p
2
/2

p

= C ↘ f ↘
p

p

where 2nd inequality holds because of Holder’s inequality and so we are done for 1 < p ⇑

2.

Part 2 Let p ⇒ 4 and q be conjugate to p

2 , that is
1
q
+ 2

p
= 1, and so 1 < q ⇑ 2. Let f

have L
p norm 1. We can get

↘ g(f) ↘2
p
= sup

∫

G

(g(f)(x))2ψ(x) dx

where supremum is taken over all ψ ↗ C
→ such that ↘ ψ ↘q ⇑ 1. The idea is to reduce

the g(f)2 in terms of g⇐functions and F̃ which we can bound easily. So our goal reduces
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to show

∫

G

g(f)2(x)ψ(x) dx ⇑ Ap

[∫

G

f(x)2ψ(x) dx+

∫

G

F̃ (x)g(f)g(ψ)(x) dx

]
(1)

The bi-invariance of % helps it commute with any element of the basis, Xj, of the vector

field. So any function will also commute with Xj, what we are getting at is T (s) =

e
s”
, s > 0 and P (s) commute with Xj. This holds for & and passing to a general C→

function is a usual limiting argument.

{P (s) : s > 0} is a semigroup and so u(x, s1 + s2) = P (s1)u(x, s2). Now using commuta-

tivity we get

Xj u(x, t) = P (t/2)Xju(x, t/2) and
∂

∂t
u(x, t) = P (t/2)

∂u

∂t
u(x, t/2)

By change definition of |↙u|
2 and change of basis of the Lie algebra we can write

|↙u|
2 =

∑

i

(Xiu)
2 +

(
∂u

∂t

)2

To show that (1) holds we need the estimate

∫

G

(g(f)(x))2ψ(x) =

∫
→

0

∫

G

s|↙u(x, s)|2ψ(x) dx ds

⇑ A

∫
→

0

∫

G

s|↙u(x, s)|2ψ(x, s) ds (2)

where ψ(x, s) is the Poisson integral of ψ.

In view of the commutative argument before we just need to show that |Xju(x, s)|2 ⇑
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P (s/2)(|Xju(x, t/2)|2) and similarly for (ςu
ςt
)2. Which means that

Xju(x, s) = P (s/2)Xju(x, s) =

∫

G

ps/2(xy
↓1)Xju(y, s/2) dy

⇑

(∫

G

ps/2(xy
↓1)|Xju(y, s/2)|

2
dy

)1/2

= (P (s/2)(Xju)
2)1/2

where pt is the Poisson kernel and the inequality follows from Holder’s, and so we get

|↙u(x, s)|2 ⇑ P (s/2)(|↙u(x, s/2)|2)

Finally, we combine all the above arguments to get (2), that is

∫

G

(g(f)(x))2ψ(x) ⇑

∫
→

0

∫

G

sP (s/2)(|↙u(x, s/2)|2)P (s/2)ψ(x) dx

=

∫
→

0

∫

G

s|↙u(x, s/2)|2ψ(x, s/2) dx ds

where first inequality holds due to self-adjointness of P (s/2), and so we get our claim (2).

Replace |↙u(x, s)|2 by 1
2%u

2(x, s) in (2) to get

∫

G

(g(f)(x))2ψ(x) ⇑ A

∫
→

0

∫

G

s(%u
2(x, s))ψ(x, s) dx ds

We can use the product rule on the right hand side if we take M = (u(x, s))2 and N = ψ

in

%(MN) = (%M)N + M(%N) + 2
∑

ij

aij(XiM)(XjN) + 2

(
∂M

∂t

)(
∂N

∂t

)
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which gives

∫

G

(g(f)(x))2ψ(x) ⇑ A

∫
→

0

∫

G

s%(fg) dx ds

⇐ 2A

∫
→

0

∫

G

∑

ij

aijXj(u
2(x, s))Xiψ(x, s) dx ds

⇐ 2A

∫
→

0

∫

G

(
∂u

2(x, s)

∂s

)(
∂ψ(x, s)

∂s

)
dx ds

= A(I1 ⇐ I2)

The estimate for I1 is given by [Lemma C], which gives

I1 =

∫

G

M(x)N(x) dx⇐ (positive term)

=

∫

G

f
2(x)ψ(x) dx⇐ (positive term)

⇑

∫

G

f
2(x)ψ(x) dx

For I2, we use the fact Xju
2 = 2uXju and ςu

2

ςs
= 2uςu

ςs
to get

I2 = 4

∫
→

0

∫

G

s u(x, s)

[
∑

ij

aij(Xju(x, s)Xiψ(x, s)) +

(
∂u(x, s)

∂s

)(
∂ψ(x, s)

∂s

)
dx ds

⇑ 4

∫
→

0

∫

G

s u(x, s)|↙u(x, s)||↙ψ(x, s)| dx ds

⇑ 4

∫

G

F̃ (x)(g(f))(x)(g(ψ))(x) dx

where the last inequality is due to Schwartz inequality. This altogether gives us (1).

Now apply Holder’s inequality to (1) and [Lemma A] to get the estimate

∫

G

(g(f)(x))2ψ(x) dx ⇑ Ap[↘ f ↘
2
p
+ ↘ F̃ ↘p↘ g(ψ) ↘q]

⇑ Bp[↘ f ↘
2
p
+ ↘ F̃ ↘p↘ g(f) ↘p]

⇑ Cp[↘ f ↘
2
p
+ ↘ f ↘p↘ g(f) ↘q]

where we have used that ↘ g(ψ) ↘q ⇑ Aq for ↘ ψ ↘q ⇑ 1. Now we can finally take
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the supremum over all ψ whose norm is less than or equal to 1, and get our claim for

1 < p < ⇓.

We are still left with the proofs of our lemmas which we have used very frequently.

Lemma A. To prove this lemma we have to go out of our area and take the following

theorem for granted.

Theorem 4.5 (Hopf-Dunford-Schwartz). For T (t), a measurable semigroup of operators

on L
p(M, dµ), which are bounded operators on L

p for each p ↗ [1,⇓] then the maximal

function defined as

Mf(x) = sup
s>0

(
1

s

∫
s

0

|(T (t)f)(x)| dt

)

satisfies the inequalities

1. ↘ Mf ↘p ⇑ Ap ↘ f ↘p for each p with 1 < p < ⇓

2.µ({x ↗ M : Mf(x) > ⇀}) ⇑
A

⇀
↘ f ↘1 for each a > 0 and f ↗ L

1

where A is independent of f and ⇀.

We will only use the first result for the proof of our lemma as it controls T (s) and in turn

P (s), which is nothing but the average of T (s) with certain weight. We can re-write P (s)

as

P (s)f = s
↓2

∫
→

0

g

(
y

t2

)
T

y
f dy

where g(x) = 1
2
⇒
ϖ
e
↓1/4y

y
↓3/2, and we have g(x) and xg(x) in L

1(0,⇓). We now integrate
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by parts P (s)f to get

|P (s)f(x)| =

∣∣∣∣⇐t
2

∫
→

0

(
1

y

∫
y

0

T (s)f(x) ds

)(
y
d

dy
g

(
y

t2

))
dy

∣∣∣∣

⇑ sup
y>0

∣∣∣∣
1

y

∫
y

0

T (s)f(x) ds

∣∣∣∣ ·
(
t
↓2

∫
→

0

∣∣∣∣y
dg

dy

(
y

t2

)∣∣∣∣ dy
)

⇑ A sup
y>0

∣∣∣∣
1

y

∫
→

0

T (s)f(x) ds

∣∣∣∣

where A =↘ xg
↗(x) ↘1 and so (s)f is bounded by the maximal function of f for each s > 0,

and so the lemma holds by Hopf-Dunford-Schwartz.

Lemma B. The proof is straightforward and follows from the fact that Xj correspond to

∂/∂t in canonical coordinates, which give

Xju
p = pu

p↓1
Xju and

∂

∂t
u
p = pu

p↓1 ∂

∂t
u

Next step is to do this again and then add the two identities, which will give our claim.

Lemma C. For any f ↗ C
→(G) we can write

∫

G

Xjf(x) dx =

∫

g

1 ·Xjf(x) dx = ⇐

∫

G

(Xj1)f(x dx)

Also observe that,

∫
→

0

t
∂
2

∂t2
F (x, t) dt = t

∂F

∂t

∣∣∣∣
→

0

⇐

∫
→

0

∂F

∂t
(x, t) dt

= F (x, 0) ⇐ F (x,⇓)

Now our claim can be shown from the fact that

∫
→

0

s

∫

G

%F (x, s) dx ds =

∫
→

0

s

∫

G

∂
2
F

∂t2
(x, s) dx ds
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We have shown that g⇐functions are L
p bounded for functions on the compact group G.

This in itself is a big result and helps show a lot of nice results for the case of compact

groups. But we need this kind of theorem for an even more general space, which luckily

we have.

Theorem 4.6. If f ↗ L
p(M, dx) then g1(f) ↗ L

p(M, dx) and we have the inequality

↘ g1(f) ↘p ⇑ Ap ↘ f ↘p

for 1 < p < ⇓.

Here (M, dx) is a sigma finite measure space.

The proof of this theorem would require even more theory to be developed which, at this

point, we cannot achieve and so we take it for granted that the theorem holds, and hope

to prove it at a later time.

With this theorem, we can tackle our problem of the boundedness of multiplier on the

Heisenberg group.

We had stated our motivation for studying the problem at the beginning, we wanted to

look into the problem of multipliers on Heisenberg Group. The Heisenberg group being a

Nilpotent group gives us a very nice entry point to study Fourier Transform in a general

setting.

One way to study the topic is to look at the problems in Euclidean space and then ask

same (or at least similar) questions for our space. We look into the necessary conditions

for the boundedness of the multipliers on Heisenberg Group.

4.2 The theorem

Our main theorem of interest is
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Theorem 4.7. Let m be a ◁ times di”erentiable function that satisfies

|m
k(t)| ⇑ C|1 + t|

↓k for k = 0, 1, 2 · · · , ◁

for ◁ satisfying

◁ =






n+ 2 for n is even

n+ 3 for n is odd

Then m(L) is a bounded operator on L
p(Hn), for 1 < p < ⇓.

The way we tackle this problem is using the g and g
↑ given by the Littlewood-Paley-

Stein theory. The proof for the theorem is simple but requires certain propositions which

make our life simpler even more. We’ll begin with the preliminary requirements to develop,

or at least motivate the tools.

We need a contraction semi-group corresponding to the sub-Laplacian (L) to get the

aforementioned g functions. This can be done thanks to a theorem of Folland, we’ll only

use part of its implications.

Theorem 4.8 (Folland). There is a unique semi-group {T
t : t > 0} of linear operators

on (L1 + L
→)(H) that satisfy

1. T t
f = f ↔ ht for ht(x) = h(x, t) ↗ C

→(Hn
, (0,⇓)) with h(x, t) ⇒ 0 ∈ t, x and


H
ht(x) dx = 1 ∈ t > 0

2. {T t
} forms a contraction semi-group on L

p(Hn), for 1 ⇑ p ⇑ ⇓ and is strongly

continuous for p ≃= ⇓.

3. T t is self adjoint, positive and conservative operator.

where positive means T
t
f ⇒ 0 for f ⇒ 0 and conservative means T

t1 = 1.

For the proof we require a theorem of Hunt and the result of Hörmander, which are given

in the Appendix D.

89



Proof. Let C̃ be the space of smooth functions which are constant outside of a compact

set and choose a basis for the Lie algebra of Hn, let it be {Yi}
N

i=0. Let the completion of

the above space be given by C̃1 and C̃2 corresponding to the norms

→ f →=→ f →→ +
N∑

j=1

→ Xjf →N +
N∑

j,k

→ XjXkf →→

and the uniform norm, respectively. Using Hunt’s theorem, we get strongly continuous

semi-group {T
t
} on C̃2 satisfying,

1. There exists a probability measure ωt on H
n, for every t > 0 such that T

t
f(x) =

∫
Hn f(xy↑1) dωt(y) (which is equal to f ↑ dωt(x), for nicely defined dωt).

2. The infinitesimal generator of {T t
} is defined on C̃2 and coincides with L.

Next, we have limt↓0 ωt(E) = 0 for 0 ↓ E ↔ H
n, this is due to y

↑1 = 0 · y
↑1 and

T
t
f(0) =

∫
Hn f(y↑1) dωt(y). Using the symmetricity of L, we have dωt(y) = dωt(y↑1). The

action of L on D̃ determines the semi-group {T
t
}, due to denseness and by the definition

of L annihilating the constants.

We next define the function ht(x) = h(x, t) as the distribution on H
n
↗ (0,↘) given by

≃h, u⇐ v⇒ =

∫
→

0

∫

Hn

u(x)v(t) dωt(x) dt u ↓ C̃(Hn), v ↓ D̃((0,↘))

By (2.) above, we have ≃h,Lu ⇐ v⇒ = ≃h, u ⇐
dv

dt
⇒, giving us a solution to the equation

(
L+ d

dt

)
f = 0. Now by Hörmander we have that

(
L+ d

dt

)
is hypoelliptic. Hence, we

get that h ↓ C
→(Hn

↗ (0,↘)), dωt(x) = h(x, t), h(x, t) ⇑ 0 ⇓(x, t) and
∫
h(x, t) dx = 1.

The self-adjointness follows from the fact that dωt(y) = dωt(y↑1). The first and the third

claim are done.

For the strongly continuous part we use (1.) and Young’s inequality.

Now that we have a contraction semi-group corresponding to the sub-Laplacian, we can
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define the g functions and then use them to prove our claim.

1.) g(f, w)2 =

∫
→

0

t
2k↑1

|εtf(w)|
2
dt

2.) g
↔(f, w)2 =

∫

Hn

∫
→

0

t
↑n(1 + t

↑2
|v|

4)↑k
|εtf(v

↑1
w)|2 dt dw

Now we can show that these g functions satisfy the property

Theorem 4.9.

1. For k ⇑ 1, → gk(f) →2= 2↑k
→ f →2

2. For 1 < p < ↘, A → f →p ⇔→ gk(f) →p ⇔ B → f →p.

3. If k >
n+1
2 and p > 2, we have → g

↔

k
(f) →p ⇔ C → f →p

Before we move to the proof of the theorem we see that (3.) directly gives the boundedness

of g↔ and so we just need to have g(m(L)f) be bounded by some g
↔(f) and then by (3.),

our main theorem is proved.

Proof. To show (1.), we use the Plancherel theorem for the simple case of k = 1, other

cases will follow suit and so will be omitted.

→ g1(f) →
2
2=

∫
→

0

∫

Hn

t|εtT
t
f(w)|2 dw dt

The integral corresponding to w can be written using the Plancherel theorem and so we

have ∫

Hn

|εtT
t
f(w)|2 dw =

∫
→ ˆ(εtT tf)(ϑ) →2

HS
dµ(ϑ) dt

The Hilbert-Schmidt operator can be written in terms of the ϑ-scaled Laplacian, i.e

ˆ(εtT tf)(ϑ) = ↖f̂(ϑ) exp(↖tH(ϑ))H(ϑ)
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and so the Hilbert-Schmidt operator norm will be given by

∑
(2N + n)2|ϑ|2 exp(↖2t(2N + n)|ϑ|) → f̂(ϑ)!ω

N
→
2
2

which when integrated against t dt gives us the first claim.

The second claim follows from the theory g functions and we have seen its proof earlier.

The third claim also makes sense once we see that for k >
n+1
2 , (1 + t

↑2
|w|

4)↑k becomes

integrable and so we can bound the L
p norm of g↔ function by L

p norm of f , because of

Hölder’s inequality on L
2 and then we can use our first claim.

4.3 The proof

Now that we have shown our claim about the g functions to hold true, we claim that the

following inequality holds for the above mentioned g functions

gk+1(m(L)f) = g
↔

k
(f)

for some k >
n+1
2 and p > 2. For p < 2, we can use duality argument to conclude the

boundedness of m(L) onLp(Hn).

Set st(w) = T
t
f(w) and St(w) = T

t(m(L)f)(w), then we have the easily verifiable equality

St+u(w) = (Gt ↑ su)(w)

where we have Ĝt(ϑ) =
∑

→

N=0 e
↑t(2N+n)|ω|

m(|ϑ|(2N + n))QN(ϑ).

We now di”erentiate the above equality, once with respect to u and k times with respect
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to t; this gives us the forms inside the integral of the g functions.

ε
k

t
εu[T

2t(m(L)f)] = ε
k

t
Gt ↑ εuSu

ε
k+1
t

St+u = ε
k+1
t

[T t(m(L)f)] = Ft ↑ εtT
t
f for u = t

and for Ft, we have F̂t(ϑ) = (↖1)k
∑

→

N=0((2N + n)|ϑ|)ke↑t(2N+n)|ω|
m((2N + n)|ϑ|)QN(ϑ).

This is a result of the action of Fourier transform on di”erentiation and multiplication.

And so we have by the boundedness of convolution and the Cauchy-Schwartz inequality

|ε
k+1
t

T
2t(m(L)f)(w)| ⇔

∫
|Ft(v)||εtT

t
f(v↑1

w)| dw ⇔ G
1
t
·G

2
t
(w)

where we have

1. G
1
t
=

∫
|Ft(v)|(1 + t

↑2
|v|

4)k dv

2. G
2
T
(w) =

∫
(1 + t

↑2
|v|

4)↑k
|εtT

t(v↑1
w)|2 dv

Observe that G2
t
(w) looks very similar to g

↔, for which we have a very nice estimate, and

so if for the product of G1
t
·G

2
t
(w), we have the bound K ·t

↑n↑2k↑1
·G

2
t
(w), then integrating

it against the measure t
2k+1

dt, we’ll get the inequality

gk+1(m(L)f, w) ⇔ g
↔

k
(f, w)

and so we will be done with our claim of the Multiplier theorem. So the only thing

remaining to show is the following

Lemma 4.6. Under the assumptions of our main theorem, we have the estimate K ·

t
↑n↑sk↑1 for the function G

1
t
when k is the smallest integer greater than n+1

2

Proof. We split the above integral into two parts, idea behind it? (1+ t
↑2
|v|

4)k can easily

be bounded by say 2k, if we have t
↑2
|v|

4
⇔ 1, and so the only remaining part is the one
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with |Ft(w)|2, for which we use the Plancherel theorem (again), we still have to look for

the appropriate powers powers of t; those can be derived from the Fourier transform of

the function Ft.

The thing to note is the absence of a factor of t2k in the coe#cient of e(↑2t(2N+n)|ω|)
m((2N+

n)|ϑ|) in |F̂t(ϑ)|2, which when plugged into the integral and substituted appropriately

would gives us t
↑n↑2k↑1

· C as the bound for the integral. Hence, we are done with the

first part for which |w| ⇔
↙
t.

We still have to deal with the part that has |w| >
↙
t, which will require a little more

e”ort than before. The idea of the proof sits on the decomposition of Fourier transform

of functions in terms of Laguerre Polynomials, for which we have certain nice estimates

and on the fact that the di”erential operator, along with the hypothesis of our theorem

“brings down” a factor when it acts on our multiplier m.

Before we go into the analysis of the second case, we simplify certain notations;

1.
∫
|w|>

↗
t
(1 + t

↑2
|v|

4)k|Ft(w)|2 dw = J

2. For w = (z, s),

J ⇔ C1t
↑2k

∫
→

0

∫

Hn

(s2 + |z|
4)k|Ft(z, s)|

2
dz ds

= C1t
↑2k

∫
→

0

∫

Hn

|(is↖ |z|
2)kFt(z, s)|

2
dz ds

3. G = (is↖ r
2)kFk(z, s)

Then the Fourier transform of G can be decomposed in terms of its projection on the

Heisenberg fan, given by

Ĝ(ϑ) =
→∑

N=0

Rn(ϑ, is↖ |z|
2)kFt)QN(ϑ)
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Then if

∫ →∑

N=0

|Rn(ϑ, (is↖ r
2)kFt)|

2 (N + n↖ 1)!

N !
dµ(ϑ) ⇔ C2t

↑n↑1 for |z|2 = r
2

we are done. So put !(N,ϑ) = (↖1)k[(2N +n)|ϑ|]ke↑t(2N+n)|ω|
m((2N +n)|ϑ|), this means

that RN(ϑ, f) = !(N,ϑ) and for RN(ϑ, (is ↖ r
2)kFt) = !k(N,ϑ). This reduces the

problem to the bounds of !k(N,ϑ). The essence of the idea is similar to the previous one,

concerning the absence of the factor of t2k, and for that we have the following lemma.

Lemma 4.7. Under the hypothesis of our main theorem, we have for some ϖ > 0,

|!k(N,ϑ)| ⇔ C3 exp[↖ϖ(2N + n)|ϑ|]

Proof. The proof uses the expansion of RN(ϑ, f) for a radial function f , which is given by

RN(ϑ, f) = Cn

N !

(N + n↖ 1)!

∫
→

0

f̃(r,ϑ)Ln↑1
N

(2|ϑ|r2)e↑|ω|r
2
r
2n↑1

dr

where f̃(r,ϑ) is the Euclidean Fourier transform of f in the real variable(s). We will now

look for the case of ϑ > 0.

Recall the property of Fourier transform

(ixf(x))̂ (ϑ) =
d

dϑ
f̂(ϑ)

Using this for (isf )̂ (ϑ) we get

RN(ϑ, isf) =
d

dϑ
RN(ϑ, f)↖ Cn

N !

(N + n↖ 1)!

∫
→

0

f̃(z,ϑ) ·
d

dϑ
[Ln↑1

N
(2ϑr2)e↑ωr

2
]r2n↑1

dr

(36)
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Now we use the recursion formula for Laguerre Polynomials, which says that

d

dx
L
ε

n
(x) =

1

x

[
nL

ε

n
(x)↖ (n+ ϱ)Lε

n↑1(x)
]
= ↖L

ε+1
n↑1(x)

Using this, computing the derivatives and the product rule we get

RN(ϑ, isf) =
d

dϑ
RN(ϑ, f)↖

N

ϑ
[RN(ϑ, f)↖RN↑1(ϑ, f)] +RN(ϑ, r

2
f)

which gives us !1(N,ϑ) as

!1(N,ϑ) =
ε!

εϑ
↖

N

ϑ
[!(N,ϑ)↖ !(N ↖ 1,ϑ)]

Now, we know that !(N,ϑ) is a function of the product !((2N + n)ϑ), and so if we keep

this product constant, we can change the derivatives above from ϑ to N , to get

!1(N,ϑ) =
1

2

n

ϑ

ε!

εN
+

N

ϑ

[
ε!

εN
+ !(N,ϑ)↖ !(N ↖ 1,ϑ)

]

We can put $! = !(N,ϑ)↖ !(N ↖ 1,ϑ) and

S! =
ε

εN
!, D! =

ε

εN
!↖$!, T! = ND!

and using these we can re-write the above equation as

!1(N,ϑ) =
1

ϑ

[
n

2
S + T

]
!(N,ϑ)

For any k, we see that !k(N,ϑ) can be obtained by a combination of actions of di”eren-

tiation and the operator $, and hence we can write

!k(N,ϑ) = ϑ
↑k

∑

i+j+m=k

aijmS
i
T

j
S
m!(N,ϑ)

So we only have to study the action of operators S and T , defined above, on !(N,ϑ) to
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get the appropriate bounds.

The action of Sm on ! can be better understood from the fact that !(N,ϑ) is a function

of product of (2N + n) and ϑ and so S
m(!(N,ϑ)) = !m((2N + n)ϑ)(wϑ)m and because

of the hypothesis of the theorem, we know that a factor of (2N + n)↑m can be pulled.

We ask if the same thing can be done for the operator T , if so, then we can pull out a

factor of (2N + n)↑m↑j↑i = (2N + n)↑k and so we’ll get a bound for |!k|
2 and because

k >
n+1
2 , we get our claim. Hence, the last thing to study is the action of the operator

T

Lemma 4.8. For the aforementioned T
j we have

T
j! =

∑
CpqmN

p
D

q
{$m!}

and the sum has the limits extending for all p, q,m such that j + p ⇔ 2q +m ⇔ 2j

Proof. We’ll use Principle of mathematical induction on j. The base case of j = 1 follows

trivially from the definition of T . Now assume that the equality holds for some j, now

consider the case j + 1, that is

T
j+1! =

∑
CpqmND(Np

D
q($m!))

where j + p ⇔ 2q +m ⇔ 2j We have to use the nice property of $ that

$(fg)(N) = $f(N)g(N) + F (N ↖ 1)$g(N)

Using this we can get $(Np
D!) = $(Np)D! + (N ↖ 1)pD($!), because D and $

commute.

We also have the following equalities

1. $(Np) = N
p
↖ (N ↖ 1)p = pN

p↑1
↖

∑
p↑2
i=0 biN

i
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2. (N ↖ 1)pD($!) = N
p
D($ς)↖

∑
p↑1
i=0 aiN

i
D($!).

3. ϑ

ϑN
(Np

D!) = pN
p↑1

D!+N
p
D

(
ϑ!
ϑN

)

Now D = ϑ

ϑN
+$ and so

D(Np
D!) =

(
ε

εN
+$

)
(Np

D!)

= pN
p↑1

D!+N
p
D

(
ε!

εN

)
↖ pN

p↑1
D!

+

(
p↑2∑

i=0

biN
i


D!↖N

p
D($!) +

p↑1∑

i=0

aiN
i
D($!)

= N
p
D

(
ε

εN
+$

)
!+

p↑1∑

i=0

aiN
i
D($!) +

p↑2∑

i=0

biN
i
D!

= N
p
D

2!+
p↑1∑

i=0

aiN
i
D($!) +

p↑2∑

i=0

biN
i
D!

(37)

Now we can plug this into the case j + 1 and get that

T
j+1 =

∑

p,q,m

CpqmN
p+1

D
q+1($m

ς) +
∑

p,q,m

Cpqm

p↑1∑

i=0

aiN
i+1

D
q($m+1!)

+
∑

p,q,m

Cpqm

p↑2∑

i=0

biN
i+1

D
q($m!)

which is the required form of the lemma.

Using Taylor’s integral form we can write

D!(N) =

∫ 1

0

t
ε
2

εN2
!(N ↖ 1 + t,ϑ) dt

This shows that the action of D brings down a factor of N↑2 and so D
q will bring a factor

of N↑2q, when applied to !. The action of $m, on !, will bring a factor of N↑m, and so

with the previous lemma giving us the form of T , we have that T brings down, a factor

of Np↑2q↑m which means it essentially brings down a factor of N↑j.
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Hence, we have that S
i
T

j
S
m when acts on !(N,ϑ), brings a factor of N↑i↑j↑k = N

↑k,

and so we get the bound for !k(N,ϑ), giving us the theorem.
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5 Appendices

This Appendix will contain all the important results which we have used, either with

proof or just their statements. These have been compiled here without any motivation,

which if we delve into would be another extensive thesis in itself.

5.1 Appendix A (Gamma Function)

For a complex number z with Re(z) > 0, we have the following function

%(z) =

∫
→

0

e
↑t
t
z↑1

dt

We can use integration by parts to evaluate this integral and get a recurring relation for

the gamma function. which comes out to be

%(z) = z%(z ↖ 1)

and %(n) = (n↖ 1)!, where z has positive real part and n ↓ Z
+.

This function also shows up in evaluating the integral of the Gaussian function e
↑|x|

2
, and

gives a rather nice identity

%

(
1

2

)
=

↙
φ

The gamma function has an intimate connection with the volume of a unit ball and the

surface of a unit sphere. This is happens because we can easily switch into the polar

coordinates. Let ↼n↑1 be the surface area of the unit ball in n-dimensions and ωn be the

volume of the unit ball in n-dimensions. Then we have

↼n↑1 =
2φ

n
2

%(n2 )
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and

ωn =
φ

n
2

%(n2 + 1)
=

↼n↑1

n

5.2 Appendix B (Spherical Coordinates)

We can change the Cartesian coordinates into spherical coordinates for ease of integration,

and similarly we should be able to reverse this change, that is, go to Cartesian coordinates

from spherical coordinates. This change is given by

∫

RSn→1

F (x) dµ(x) =

∫
ϖ

y1=0

· · ·

∫
ϖ

yn→2=0

∫ 2ϖ

yn→1=0

F (x(y))J(n,R, y) dyn↑1 dyn↑2 · · · dy1

for 0 ⇔ y1, y2, · · · , yn↑2 ⇔ φ and 0 ⇔ ↽ = yn↑1 ⇔ 2φ where J(n,R, y) is the Jacobian

of the transformation, x(y) = x1(y1, · · · , yn↑1), · · · , xn↑1(y1, · · · , yn↑1) and

x1 = R cos y1

x2 = R sin x1 cos y2

...

xn↑1 = R sin y1 sin y2 · · · sin yn↑2 cos yn↑1

xn = R sin y1 sin y2 · · · sin yn↑2 cos yn↑1

For n ⇑ 2, we have a useful formula which helps in computing the integrals over a sphere

S
n↑2. Let f be a function over Sn↑1, then we have

∫

RSn→1

f(x) dµ(x) =

∫
R

↑R

∫
↗
R2↑s2Sn→2

f(s, y) dy
Rds

↙
R2 ↖ s2

To achieve this we put, y↘ = (y2, y3, · · · , yn↑1) and x
↘ = x

↘(y↘). Now we can use our

previous result and write the integral on left as
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∫

RSn→1

f(x)dµ(x) =

∫
ϖ

y1=0

[∫
ϖ

y2=0

· · ·

∫ 2ϖ

yn→1=0

f(R cos y1, R sin y1x
↘)J(n↖ 1, 1, y↘) dy↘)

]
Rdy1

(R sin y1)2↑n

=

∫
ϖ

y1=0

∫

Sn→2

f(R cos y1, R sin y1x
↘) dµ(x↘)Rn↑1(sin y1)

n↑2
dy1

Again, changing the variables to s = R cos y1 for y1 ↓ (0, φ), we get the following

∫

RSn→1

f(x) dµ(x) =

∫
R

↑R

∫

Sn→2

f(s,
↙

R2 ↖ s2↽) d↽


(
↙

R2 ↖ s2)n↑2 Rds
↙
R2 ↖ s2

which can now be rescaled to fit our claim.

5.3 Appendix C (Schur’s Orthogonality Relations)

Lemma 5.1 (Schur’s Lemma 1). Let φ1 and φ2 be irreducible, finite dimensional repre-

sentations of G onto the vector space V1 and V2 respectively. Suppose that A : V1 ∝ V2 is

a linear transformation that satisfies φ1(g)A = Aφ2(g) for all g ↓ G. Then either A = 0

or A is an isomorphism.

Proof. From the hypothesis it is straightforward that

1. ker(A) is a φ2-invariant subspace of V2.

2. Im(A) is a φ1-invariant subspace of V1.

Hence we get ker(A) = 0 orV2 and Im(A) = 0 orV1.

Lemma 5.2 (Schur’s Lemma 2). Let φ be a finite dimensional representation of G on a

vector space V . If A : V ∝ V satisfies Aφ(G) = φ(g)A for all g ↓ G, then A is a multiple

of the identity operator.

Proof. As φ(g)(A↖ϑI) = (A↖ϑI)φ(g) for any g ↓ G,ϑ ↓ C, by previous Lemma we have

A↖ ϑI = 0 or else is invertible. As ϑ was arbitrary we can choose it to be the eigenvalue
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of A, which forces A = ϑI.

Theorem 5.1 (Schur). Let φ1 and φ2 be irreducible finite dimensional unitary represen-

tations of G. Let φ1(g) = {φ
1
ij
(g)} and similarly φ2(g) = {φ

2
ij
(g)}. Then if φ1 and φ2 are

equivalent we have

1.
∫
G
φ
1
ij
(g)φ2

kl
(g) dg = 0 for each i, j, k, l.

2.
∫
G
φ
1
ij
(g)φ1

kl
(g) dg =

ϱ
kl
ij

deg(ϖ1)
⇀
kl

ij
is 1 for i = k and j = l; 0 elsewhere.

Proof. Let B be any linear transformation from V2 ∝ V1 and putting

A =

∫

G

φ1(g)Bφ2(g
↑1) dg

we see that Aφ2 = φ1A and as φ1 and φ2 are not equivalent A is not an isomorphism and

so A = 0. As B was arbitrary we can take it to be with only a single non-zero entry and

so the first claim holds.

Again let B be a linear transformation but now from V1 to V2 and set

A =

∫

G

φ1(g)Bφ2(g
↑1) dg

Again φ1A = Aφ1 and A = ϑI, so
∫
G
φ1(g)Bφ2(g↑1) dg = ϑI. The trace of the two

matrices will be equal and so we get tr(B) = ϑ · deg(φ1). Again if B is taken to have 1 as

its only non-zero value, then we get the trace of B to be either 0 or 1, depending upon

the location of the non-zero entry. Finally, we use the fact that

φ
1
kl
(g) = φ

1
kl
(g↑1)

plugging this in gives us the second claim.
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5.4 Appendix D

This appendix will solely contain the theorems which we will use in our study and whose

proofs are omitted.

Theorem 5.2. Let A be an n↗n complex matrix such that A = A
† and Re(A) is positive

definite. Then for any z ↓ C
n,

∫
e
↑ϖxAx↑2ϖizx

dx =
1

det(A)
e
↑ϖA

→1z

where branch of the square root is determined by the condition 1↙
det(A)

> 0, when A is

real and positive definite.

Theorem 5.3 (Schwartz-Kernel Theorem). Let U and V be open sets in R
n, then every

distribution f ↓ D
↘(X↗Y ) defines a continuous linear map F : D(Y ) ∝ D

↘(X) such that

≃f, u⇐ v⇒ = ≃Fv, u⇒

for every u ↓ D(U), v ↓ D(V ). Conversely,for every such continuous linear map F there

exists one and only one distribution f ↓ D
↘(U ↗ V ) such that the above equality holds.

The distribution k is nothing but the kernel of the map K.

For the next theorem, we need some prior notation For X0, X1, · · · , Xr be the first order

homogeneous di”erential operators in an open set & ′ R
n with C

→ coe#cients , and

c ↓ C
→(&). Then let P be of the form

P =
r∑

1

X
2
j
+X0 + c

Theorem 5.4 (Hörmander). Let P be of the above form and assume that the operators

Xj1 , [Xj1 , Xj2 ], [Xj1 , [Xj2 , Xj3 ]], · · · , [Xj1 [Xj2 [Xj3 · · ·Xjk
]]] where ji = 0, 1, · · · , r there ex-

ist n which are linearly independent at any given point in &. Then we have that P is

hypoelliptic.
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Theorem 5.5 (Hunt). Let (St) be a positive semi-group on the Lie group G. Its infinites-

imal generator M is defined on at least C2 and has there the representation

Mf(⇁) =
∑

aiXif(⇁) +
∑

aijXiXjf(⇁)

+

∫

G↑\{→}

[
f(⇁σ)↖ f(⇁)↖

∑
Xif(⇁)gi(σ)

]
G(dσ)

Here the matrix (aij) is symmetric positive semi-definite and G is a positive measure

on Gc \ {1} for which the integral
∫
ς(σ)G(dσ) is finite. The restriction of M to C

2

determines the semi-group (St). The measure G and the operator $2 ∞
∑

aijXiXj

are determined by M , independently of the choice of the basis X1, X2, · · · , Xn and the

functions gi. Conversely, if the transformation is defined as above, and if the matrix (aij)

and the measure G satisfy the conditions above, then M is the restriction to C
2 of the

infinitesimal generator of exactly one probability semi-group.

Theorem 5.6 (Spectral Theorem). To every self-adjoint operator A in H corresponds a

unique resolution E of the identity, on the Borel subsets of the real line, such that

≃Ax, y⇒ =

∫
→

→

t dEx,y(t) (x ↓ D(A), , y ↓ H)

Moreover, E is concentrated on the spectrum of A, σ(A) ′ (↖↘,↘), in the sense that

E(σ(A)) = I
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